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Abstract

Quasi-Static Impact of Foldcore Sandwich Panels
Joseph M. Gattas
Magdalen College

A thesis submitted for the degree of Doctor of Philosophy in the Department of
Engineering Science, University of Oxford. Trinity Term, 2013.

This thesis considered the design of new and improved foldcore sandwich panels
suitable for high-performance energy absorption applications. This was achieved
by utilising origami geometry design techniques to alter foldcore structures such
that they possessed different mechanical behaviours and failure modes. The major
findings of this thesis were in three areas as follows.

First, a modified planar foldcore geometry was developed by introducing sub-
folds into a standard foldcore pattern. The new geometry, deemed the indented
foldcore, successfully triggered a high-order failure mode known as a travelling
hinge line failure mode. This was found to have a much higher energy absorption
than the plate buckling failure mode seen in an unmodified foldcore structure. A
comprehensive numerical, theoretical, and experimental analysis was conducted on
the indented core, which included the development of a new foldcore prototyping
method that utilised 3D printed moulds. It was shown that compared to available
commercial honeycomb cores, the indented foldcore had an improved uniformity
of energy absorption, but weaker overall peak and crushing stresses.

Second, rigid origami design principles were used to develop extended foldcore
geometries. New parametrisations were presented for three patterns, to complete
a set of Miura-derivative geometries termed first-level derivatives. The first-level
derivative parametrisations were then combined to create complex, piecewise ge-
ometries, with compatible faceted sandwich face geometry also developed. Finally,
a method to generate rigid-foldable, curved-crease geometry from Miura-derivative
straight-crease geometry was presented. All geometry was validated with physical
prototypes and was compiled into a MATLAB Toolbox.

Third, the performance of these extended foldcore geometries under impact load-
ings was investigated. An investigation of curved-crease foldcores showed that they
were stronger than straight-crease foldcores, and at certain configurations can po-
tentially match the strength, energy-absorption under quasi-static impact loads,
and out-of-plane stiffness of a honeycomb core. A brief investigation of foldcores
under low-velocity impact loadings showed that curved-crease foldcores, unlike
straight-crease foldcores, strengthened under dynamic loadings, however not to
the same extent as honeycomb. Finally, an investigation of single-curved foldcore
sandwich shells was conducted. It was seen that foldcore shells could not match
the energy-absorption capability of an over-expanded honeycomb shell, but cer-
tain core types did exhibit other attributes that might be exploitable with future
research, including superior initial strength and superior uniformity of response.

Keywords: quasi-static impact, foldcore, folded shell structures, curved-crease,
origami, single-curved sandwich shell.
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Chapter 1

Introduction

1.1 Rigid Origami Geometry and Foldcores

Rigid origami are a set of origami patterns that permit continuous motion between
folded states without the need for twisting or stretching of the facets between the
creases (Tachi, 2009). As such, they can be readily manufactured from rigid en-
gineering sheet materials such as timber (Weinand, 2009), metal (Schenk et al.,
2011), or composites (Heimbs et al., 2010). Among many rigid origami patterns,
the Miura pattern is one of the most commonly used in engineering, architectural,
and design applications, as it possesses additional useful characteristics includ-
ing developability, flat-foldability, and a planar single degree-of-freedom kinematic

mechanism.

Alterations to Miura pattern attributes allows for the creation of derivative rigid-
foldable patterns with a larger range of surface geometries, including non-zero sin-
gle and double curvature (Khaliulin, 2005). Miura and Miura-derivative patterns
have been used for many recent applications, including deployable folded plate
shelters (De Temmerman et al., 2007; Kiinstler and Trautz, 2011; Gioia et al.,
2012), sub-sea pipelines (Albermani et al., 2011), and vehicle crash boxes (Ma

and You, 2011). However their most prevalent engineering use is seen in foldcore
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sandwich panels (Miura, 1972).

Foldcore sandwich panels consist of a partially folded core based on the Miura
pattern, which is then sandwiched between two stiff facings, Figure 1.1. They
have recently been investigated in the aerospace and composite engineering indus-
tries as a potential substitute to honeycomb panels, as they possess a number of
favourable properties that are not possible with other types of high-performance
sandwich panel, including ready adaptation for curved profiles, continuous internal
channels that prevent moisture build-up (Heimbs, 2013), isotropic strength coeffi-
cients (Miura, 1972), and the ability to continuously manufacture foldcores from

an unfolded sheet (Kling, 2006).

Figure 1.1: Foldcore sandwich panel with Miura core pattern.

1.2 Energy-Absorbing Sandwich Panels

Energy-absorbing devices are employed in a wide range of everyday situations to
reduce the risk of injury and damage to impacting objects, be they pedestrians,
cyclists, vehicles, or structures. Many of these devices are required to absorb a
maximum of energy with a minimum weight, and in these cases energy-absorbing

sandwich panels can be utilised.

Applications of such panels can be found in aerospace structures, where impact-
resistant components include the nosecone, wing leading edge, engine nacelle, ver-

tical and horizontal stabiliser leading edges, fuselage, and front and rear bulkheads
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of an aeroplane, Figure 1.2. These components must resist bird-strike, explosion,
or crash loads, and in many cases are required to further withstand high static
loads. There are also many potential applications in vehicle safety systems, where
thin panel components that are required to absorb energy include the car bonnet,
to protect pedestrians, cyclists, and motorists during front-on collisions; and door

panels to protect the vehicle occupants during side-on collisions.

Figure 1.2: Impact resistant aircraft components a) nosecone, b) wing leading
edge, ¢) engine nacelle, d) and e) vertical and horizontal stabiliser leading edges
f) fuselage structure, g) and h) front and rear pressure bulkheads.

Hexagonal honeycomb core sandwich panels are often used for these high-performance
applications, as they possess very efficient static properties and a high energy-
absorbing failure mode. These have been successfully tested as energy-absorbing
components of aircraft (Meng et al., 2009) and vehicles (Asadi et al., 2007), but
suffer several drawbacks, including a non-uniform failure mode and anticlastic cur-
vature when bent. This last attribute is particularly problematic, as many of the
above mentioned components require single or double-curvature. Several honey-
comb variants have been designed to overcome this anticlastic behaviour (Hexcel
Corporation, 1999), however the available core geometries and shell curvatures are
limited. Moreover, the honeycomb shapes have to be severely distorted to form

curved surfaces.

Numerous studies have suggested the possibility of developing curved foldcore

panel geometry using origami design techniques (Miura, 1972; Nojima and Saito,

3
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2006; Fischer et al., 2009; Talakov, 2010; Alekseev, 2011; Kiinstler and Trautz,
2011), however the mechanical performance of such structures remains an unex-

plored area.

1.3 Aim, Scope, and Layout

The aim of this dissertation is to design new and improved foldcore sandwich
panels suitable for high-performance energy-absorption applications. It is achieved
by utilising origami geometry design techniques to alter core structures in order
to achieve different mechanical behaviours and failure modes. The focus of the
thesis is on aluminium foldcores, which possess ductile failure modes. This thesis
is also limited to the consideration of Miura-derivative rigid origami geometry, as

the majority of existing foldcores possess a basic Miura core geometry.

The thesis structure consists of four chapters as follows. Chapter 2 is a literature
review encompassing research in the two areas of energy-absorbing sandwich panels
and origami geometry. In the first area, particular focus is given to sandwich panels
used in energy-absorbing applications. In the second area, particular focus is given

to rigid origami geometry and Miura-derivative origami patterns.

Chapter 3 shall use origami design techniques to develop a modified foldcore ge-
ometry that has much-improved energy absorption attributes. The new geometry,
deemed the indented foldcore, is first analysed with an extensive numerical and the-
oretical investigation. Two experimental studies are then conducted on the new
geometry, with the second study developing a new manufacturing method that
utilises 3D printed moulds. Comparisons are made with both existing foldcores

and commercially available aluminium honeycomb cores.

Chapter 4 covers three topics related to the development of extended foldcore
geometry. New parametrisations for three rigid plate geometries are presented.

These complete a set of Miura-derivative geometries termed first-level derivatives,
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generated by altering a single characteristic of a base Miura pattern. It will then be
shown how these can be combined with compatible core and face geometry to form
complex sandwich panel assemblies with a minimum parametrisation. Finally, a
method to generate rigid-foldable curved-crease geometry from Miura-derivative
geometry is presented. All geometry presented in the chapter is validated with

physical prototypes and is compiled into a MATLAB Toolbox.

Chapter 5 examines the application and performance of extended foldcore geom-
etry by applying the manufacturing and numerical analysis methods developed in
Chapter 3 to the extended geometries developed in Chapter 4. Four studies are
conducted: the quasi-static impact resistance of planar curved-crease foldcores,
the out-of-plane stiffness and dynamic impact loading of planar foldcores, the per-
formance of selected planar foldcores in complete sandwich panel assemblies, and
the performance of single-curved foldcore sandwich shells. Where possible, com-

parisons between new foldcore designs and existing honeycomb panels are made.

Conclusions and discussion on future work are given in Chapter 6, which concludes

the dissertation.
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Literature Review

2.1 Energy-Absorbing Sandwich Structures
2.1.1 General Principles

A large range of protective structures and devices are employed in every day sit-
uations to reduce the risk of injury and damage to people, property, and the
environment. Typically this damage arises from a low or high-speed impact be-
tween different objects, be they pedestrians, cyclists, vehicles, or structures. All
energy absorption devices are designed to convert the kinetic energy from these
impacts into a different, less damaging forms of energy during contact. Regardless
of application or form, a good energy absorption device should have the following

properties (Lu and Yu, 2003):

o [rreversible energy conversion: Energy absorbers should convert kinetic en-

ergy to inelastic energy to avoid elastic snapback.

e Restricted and constant reactive force: A low peak force, P, limits peak
acceleration and a constant reactive force, F,,, avoids high rates of deceler-

ation.
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e Long stoke: An increase in crush displacement h, equals an increase work

done by the energy absorber.

o Lightweight with high Specific Energy Absorption capacity (SEA): SEA is

defined as the energy absorbed per unit mass.

e Stable and repeatable deformation mode: Generally impacts have uncertain
working loads, so energy absorbers must work reliably across range of loading

conditions.

e Low cost and ease of installation: Typically energy absorbers are single-use

devices, and need to be replaced after every accident.

The performance of a device in the first four metrics can be assessed using its force-
displacement response, measured as the reacting force on an object when impact-
ing the energy-absorbing device. Two results on this plot are of key interest: the
maximum crush force P,,,;, and average crush force F,,,. Good energy-absorbing
devices should have a low maximum force P,,,, to limit damaging peak accelera-
tions, and a high, constant average force P4, paired with a long stroke prior to
reaching the densification region hg, in order to absorb maximum impact energy,
defined as £/ = P,,3hq. The ratio of maximum to average crush force is defined
as the uniformity ratio U, with ideal energy-absorbing devices possessing a ratio
approaching unity, corresponding to a rectangular profile on a force-displacement
plot. These values are highlighted on the force-displacement plot generated from

the crush of a honeycomb cell under out-of-plane impact, Figure 2.1.

Peak force P

max

Average force P,

PN

Energy absorption £

h (mm) h,

Figure 2.1: Force-displacement response and failure mode of a honeycomb cell.
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2.1.2 Energy Absorbing Sandwich Panels

The structural sandwich panel was one of the first lightweight and high-performance
structural elements developed by engineers (Gay and Hoa, 2007). Consisting of two
thin facings bonded to a lighter core, sandwich panels were initially used because
they possess a very high weight-specific bending stiffness. However, sandwich pan-
els have subsequently been found to be capable of possessing high weight-specific
energy absorption properties, and have therefore been employed in related appli-
cations. For example, multi-layered corrugated fibreboard sandwich panels can
be used in packaging applications, due to their low cost and their near-uniform
force-displacement response under impact loadings (Rouillard and Sek, 2007; Wang
et al., 2011). Selected sandwich cores with notable energy-absorbing attributes are

briefly discussed below.

Eggbox Core

Eggbox cores are a type of core structure that can be designed to have a very
efficient energy-absorbing failure mode. At certain configurations, the eggbox core
possesses a travelling hinge line failure mode, in which shell inversion occurs at
the narrow end of the conical egghbox unit and propagates through the core along
a circular travelling hinge line (Deshpande and Fleck, 2003). This plasticizes a
large area of core material twice, once as it rolled into the travelling hinge line and
again when it unrolled out of the travelling hinge line, and as such absorbs large
amounts of energy. The core exhibits a low reaction force at the initial inversion,
and then the reaction force gradually increases as the travelling hinge line expands
across a larger cross-section of the conical unit, Figure 2.2. The failure mode is
very sensitive to imperfections, which causes the core to revert to a non-symmetric
failure mode. This sensitivity is a problematic attribute for an energy absorbing

device and so the eggbhox core is rarely employed.
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Figure 2.2: Force-displacement response and failure mode of an eggbox core.

Honeycomb Core

In aeronautical applications, lightweight components are needed that are able to
resist high static loads and/or high impact loads. For example, with reference
to Figure 1.2, structural components include fuselage structure and front and rear
pressure bulkheads. Impact-resistant components include the nosecone, wing lead-
ing edge, engine nacelle, and vertical and horizontal stabiliser leading edges. These
latter components must resist bird-strike, explosion, or crash loads, and therefore
energy-absorption design criteria must be considered in design, often in addition

to severe static load cases.

Hexagonal honeycomb cores are commonly used for such high-performance ap-
plications, as they possess both a very high stiffness-to-weight ratio and a high
energy-absorbing failure mode. The force-displacement plot generated from the
crushing a honeycomb core is as shown in Figure 2.1. It can be seen that there
is an extremely high initial peak force arising from the hexagonal geometry, giv-
ing the core a high stiffness-to-weight ratio. This peak is followed by a steep
post-buckling reduction in force and subsequent oscillations in the reaction force.
These oscillations occur as sequential folding elements form in the core cell walls,
which is a typical honeycomb core failure mode (Wierzbicki, 1983; Wierzbicki and
Abramowicz, 1984). This method of failure forms a large number of static hinge
lines across the honeycomb core, resulting in a high average reactive force and a

large amount of energy absorption (Zarei Mahmoudabadi and Sadighi, 2011; Giglio
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et al., 2012; Kee Paik et al., 1999). Despite this high average force, the failure mode
is non-uniform, in that there is there is a large difference between peak and aver-
age reaction forces. Various methods to improve the honeycomb uniformity have
been suggested, including pre-crushing the honeycomb core (Hexcel Corporation,
2006b), or arranging multilayer honeycomb configurations (Yang and Qiao, 2008)
Although not directly related to honeycomb cores, a previous study by Ma and
You (2011) has used rigid-origami design principles to alter the failure mode of
a thin-walled tube from a progressive folding element mode similar to that seen
in a honeycomb core, to an improved travelling hinge line failure mode similar to
that seen in an eggbox core. Meng et al. (2009) investigated a honeycomb en-
ergy absorption device attached to the floor of an aircraft fuselage, to mitigate
crash impact loads. Asadi et al. (2007) investigated an aluminium honeycomb
bonnet which was shown to be capable of producing a controlled deceleration of a

pedestrian head impact.

Foam and Lattice Cores

Foam cores can also be used to give sandwich panels with good weight-specific
strength and energy absorption capabilities (Ashby, 2000), and with the addi-
tional useful property of exhibiting an ideal, uniform force-displacement response
during failure (Crupi and Montanini, 2007). This uniform failure mode arises from
the continuous failure at the micro-scale of individual foam ligaments. Foam cores
also possess additional useful properties, including the ability to incorporate in-
tegral face skins during manufacture (Crupi et al., 2013), the ability to control
core performance at both the microscale and macroscale through alterations to
the foam structure and foam density respectively (Di Landro et al., 2002), and
the ability to form complex geometric profiles, to be discussed separately in the
next section. Zheng et al. (2011) investigated foam panels as energy absorption

devices attached to the floor of an aircraft fuselage, similar to the honeycomb

10
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panel investigation discussed above. Ryan et al. (2010) investigated aluminium
foam core orbital debris shields. The study demonstrated that foam cores could
have superior energy-absorption to existing honeycomb core debris shields, as sec-
ondary impacts on individual foam ligaments could assist with impactor break-up

and thus energy-absorption.

Various methods to improve the energy-absorption capability of foam cores through
the direct alteration of foam cell geometry have also been proposed. Zhou et al.
(2012) demonstrated that a graded foam core, that is a foam core with variable
density through the panel thickness, can have superior impact resistance to a typ-
ical constant-density core. Studies have also investigated methods to manufacture
foams directly at a micro-scale using selective laser melting. This manufactur-
ing technique allowed for the creation of lattice cores, which are foam cores with
regular, bespoke, foam cell geometry (McKown et al., 2008; Smith et al., 2011).
The lattice core cells could be directly altered to improve energy-absorption, for

example by reinforcing a tetrahedral-like foam cell with vertical column ligaments.

2.1.3 Sandwich Shells

For many applications, sandwich shells with single or double-curvature are re-
quired. When typical honeycomb cores are bent, orthogonal axes of the core
bend about reversed radii of curvature, forming an anticlastic surface that is not
suitable for single-curved sandwich shells. There are several honeycomb variants
designed to overcome this anticlastic behaviour, including Ox-core, Flex-Core, and
Double-Flex, however their capabilities are restricted for several reasons. Ox-core
is obtained when a standard honeycomb is over-expanded such that the hexagonal
core cells are stretched towards a rectangular configuration (Hexcel Corporation,
1999), Figure 2.3(b). This decreases the lateral shear strength and increases the

longitudinal shear strength, thus increasing and decreasing their radii of curva-

11
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tures respectively and enabling a single-curved core to be formed. Flex-Core and
Double-Flex are altered cell configurations that are similarly designed to reduce
anticlastic behaviours, but are further capable of high weight-specific compressive
properties that can exceed that of comparable planar honeycombs (Hexcel Cor-
poration, 2006a), Figure 2.3(c). While capable of fitting tighter curvatures than
Ox-Core, Flex-Core and Double-Flex are still limited by a maximum bend radius,
beyond which cell geometry is warped and mechanical properties are reduced.
Guida et al. (2008) investigated birdstrike on a tailplane leading edge constructed

from a Flex-Core sandwich panel.

\// ~ // \\v\

Figure 2.3: Honeycomb, Ox-Core, and Flex-Core unit cell geometries.

Foam cores can be more easily employed for sandwich shell applications, due to
the homogeneous nature of the foam material. They can be manufactured either
by trimming a block of foam to a desired shape and bonding suitable faces, or by
directly casting the foam within a mould. A common and much-studied example
of such a shell is protective helmets, which consist of expanded polystyrene foam
core with polycarbonate face sheets (Di Landro et al., 2002). High-performance
aluminium foam shells were investigated by Shen et al. (2010), and were seen to
potentially have superior blast resistance to flat plates, due to an improved collapse

mode and the panel curvature favourably reflecting the blast wave.

12
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2.2 Origami Geometry

2.2.1 Miura and Miura-Derivative Origami Patterns

The Miura pattern, Figure 2.4, is a fundamental origami pattern that is commonly
used for engineering and architectural applications. Miura and Miura-derivative
geometry will be extensively used in this thesis and so existing geometric conven-

tions are discussed here.

The Miura pattern unfolds with a single degree-of-freedom kinematic mechanism
along a planar surface. It is constructed from a symmetric, degree-4 vertex, which
is to say that it consists of four intersecting crease lines which are symmetric about
a horizontal centreline, Figure 2.5(a). The kinematics of such a vertex is a special
case of a general 4-degree vertex described in Huffman (1976), and is shown in
existing literature (Tachi, 2010) to possess several useful characteristics, includ-
ing: developability, it can be folded from a continuous flat sheet; flat-foldability, all
panels are co-planar when the pattern is fully folded (Hull, 2006); rigid-foldability,
the pattern folds without twisting or stretching of the facets between the creases;
and tessellation, it utilises a repetitive unit cell geometry constructed from a sin-
gle repeating plate size (Klett and Drechsler, 2011). Pioneering applications of the
Miura pattern include foldable subway maps and packaged solar panels for space
deployment (Miura, 2009). Recent application has been seen in the aerospace in-
dustry with foldcore sandwich panels, consisting of a partially folded Miura pattern

sandwiched between two stiff facings, to be discussed separately in Section 2.3.

(a) Unfolded or developed (b) Partially-folded with repeated unit  (c¢) Flat-folded
Figure 2.4: Folded states of a Miura pattern.

13
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Alterations to various Miura pattern attributes allows for the creation of deriva-
tive rigid-foldable patterns with a larger range of surface geometries, including
non-zero single and double curvature. Khaliulin (2005) explored techniques for
generating derivative patterns from a base Miura geometry and listed many of
derivative geometries. Derivative patterns have been used for many recent appli-
cations, including: curved foldcores (Nojima and Saito, 2006; Fischer et al., 2009;
Talakov, 2010; Alekseev, 2011; Zakirov and Alexeev, 2006), folded plate shelters
(De Temmerman et al., 2007; Weinand, 2009; Kiinstler and Trautz, 2011; Gioia
et al., 2012), sub-sea pipelines (Albermani et al., 2011), and vehicle crash boxes
(Ma and You, 2011).

Geometric modelling approaches used in studies vary widely, as particular ge-
ometric parameters are typically only derived as needed. This thesis adopts the
consistent parametrisation developed in Wu (2010) for the base Miura pattern and
two single-curved derivative geometries: the Arc and Arc-Miura patterns. These
three parametrisations are briefly outlined here as they will be extensively used in

later chapters.

Miura Pattern

An unfolded unit of the Miura pattern, constructed from four identical parallelo-
gram plates, is shown in Figure 2.5(a). It can be seen that the unfolded configu-
ration can be completely determined by three parameters: side lengths a and b,

and sector angle ¢.

Four parameters are useful in defining a particular folded configuration: dihedral
angles 04 or 07, and edge angles 14 or 1z, Figure 2.5(b). Unit vectors ¢; and ¢y
are defined as aligned along crease a and b folded directions respectively, Figure

2.5(b). The dot product of these two vectors gives the following relationship:

(14 cosnz)(1 — cosna) = 4cos® ¢ (2.1)

14
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(a) Crease pattern and constants (b) Configuration variables

(c¢) Unit cell geometry

Figure 2.5: Parameters of the Miura pattern.

Applying the cosine law to triangles formed by auxiliary lines perpendicular to
straight and zigzag creases allows the following two relationships to be established

between dihedral and edge angles:
cosna = sin® ¢ cosf; — cos? ¢ (2.2)
cosny = sin® ¢ cos 4 + cos® ¢ (2.3)

Equations (2.1-3) can be combined to form the following explicit relationship

between the two dihedral angles:

4(cosfy — 1)

04=1
cosva * (cosfz + 1)(cos2¢p — 1) +4

(2.4)

The edge angles can be related to unit cell variables length [,, width [;, and height
l;, Figure 2.5(c), with:
la = 2asin(na/2) (2.5)
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I, = 2bsin(nz/2) (2.6)
Iy = acos(na/2) (2.7)

Using the above parameters, we can express the locations of all vertices in any
folded configuration. For the pattern shown in Figure 2.5(a), number all its m
straight pattern lines from the bottom and n zigzag lines from the left. The vertex
at the intersection of the " straight crease line and the j*" zigzag crease line is
denoted by V%, where i = 1,2,..m, and j = 1,2,...n. In a 3D Cartesian coor-
dinate system with origin and orientation shown in Figure 2.5(c), the coordinate

vector (z,y,z) of V% can be given as:

. (j — 1asin(na/2) for odd i 28)
(j — Dasin(na/2) + beos(nz/2)  for even i

y = (i — 1)bsin(nz/2) (2.9)

L 0 for odd j (210

acos(na/2)  for even j

To summarise, twelve parameters have been defined in the Miura pattern: a, b, ¢,m,
n,04,07,m4,nz2,la,lp, and ;. The first five parameters are collectively called the
pattern constants, as they remain constant regardless of the pattern folded state.
The remaining seven parameters are collectively called the pattern variables, as
they vary for different folded configurations of the same pattern. Amongst these,
six independent geometric relations have been established, Equations (2.1-3) and
(2.5-7), thus six independent parameters are required to find all remaining pa-
rameters and a unique Miura pattern configuration. Typically, when a pattern is
given, the five constants are known, so any of its potential folded shapes can be
plotted by specifying a single additional variable parameter. The folded process
depicted in Figure 2.4 was generated from a pattern with constants a = b = 30mm,

¢ =m/3, m=n =7, and by varying parameter 6, from 7 to 0.
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Arc Pattern

Flipping the crease orientation for alternative zig-zag lines in a Miura pattern
generates an Arc pattern. To retain foldability, the flipped crease must have a
flipped polarity, which causes all pattern vertices to lie along a longitudinally-

curved arc profile, hence the pattern name.

An unfolded repeating unit of the Arc pattern, constructed from four identical
trapezoidal plates, is shown in Figure 2.6(a). Three pattern constants are defined
as before: side lengths a; and b, and sector angle ¢. Two more dependent constants
are useful to derive: side length as = 2bcos ¢ + a1, where a; < as, and panel width

w = bsin ¢.

Y.

(a) Crease pattern and constants

(¢) Front (r-0) projection

Figure 2.6: Arc pattern geometry.

The configuration parameters 04, 67,14,77, are as defined for the Miura pattern,

17
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and so Equations (2.1-3) remain valid, Figure 2.6(b). An additional folded width

parameter w is convenient to define:

w = bsin(nz/2) = wsin(nz/2)/sin ¢ (2.11)

The front projection of a partially folded unit is shown in Figure 2.6(c), where it
can be seen that vertices lie along an arc of radius R. The central angles subtended
by creases a; and as can be denoted by angles &; and & respectively. The following

relations can be found using triangle geometry:

€14 & = 2(m —14) (2.12)
R=a)/(2sin(&,/2)) (2.13)
R = ay/(25in(6/2)) (2.14)

Given an Arc pattern with m straight and n zigzag pattern lines, the location of
any vertex V% (i = 1,2,...,m, j = 1,2,...,n) in a folded configuration can be
derived in a 3D cylindrical coordinate system with orientation and origin shown
in Figure 2.6, where (z,y, 2)=(rcos#,y,rsinf). The three components (r,0,y) of

V%I can be given as:

r=R (2.15)
(=D& +&)/2 for odd i and odd j
b (=D& +&)/24+ (& —&1)/2 for odd 7 and even j (2.16)
(J—2)(& +&)/2+ & for even i and odd j
(J—D(&+&)/24+ &+ (& —&)/2 for even i and even j

y = (i — 1)bsin(nz/2) (2.17)

In total, seven relations, Equations (2.1-3) and (2.11-14), are found amongst eight
variable parameters 1z, na, 0z, 04, w, R, &, and &. Thus, six independent
parameters are sufficient to uniquely determine a pattern: five pattern constants
plus one variable. The sequence shown in Figure 2.7 is created with a; = 40mm,

b=20mm, ¢ = 7/4, m =7, n =5, and specifying 04 between 7 and 7 /4.
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a) Folding sequence simulated in MATLAB

(b) Folding sequence of a paper card prototype

Figure 2.7: Arc pattern folding motion.

Arc-Miura Pattern

Altering the alignment of alternate zig-zag creases on a Miura base pattern creates
an Arc-Miura pattern. It is named after the fact that its layout bears a similarity
with that of the Miura pattern, except that M- and V-vertices lie along concentric
curved arc profiles. Here, M-vertices are defined as vertices found at the intersec-
tion of three mountain creases and one valley crease, and V-vertices as vertices

found at the intersection of three valley creases and one mountain crease.

An unfolded unit of the Arc-Miura pattern, constructed from four identical trape-
zoidal plates, is shown in Figure 2.8(a). It can be seen that M-vertices and V-
vertices have different sector angles ¢, and ¢ respectively. This gives the pattern
four distinct side lengths, a1, as, by, and by, with the stipulation that ¢; > ¢s,
ay < ag, and b; < by. Among these six parameters, only four are independent, as

by sin ¢1 = by sin @9, and as + by cos @1 = aq + by cOS Ps.

A partially folded Arc-Miura unit is shown in Figure 2.8(b). It can be thought
of as the combination of two overlapping Miura units, one M-vertex with sector
angle ¢, and one V-vertex with sector angle ¢,. A common lateral dihedral angle
0 exists between the two, however the remaining configuration parameters are

different. If subscript M or V denotes an M- or V-vertex configuration variable,
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(a) Crease pattern and constants (b) Configuration variables

(c) Front (r-0) projection

Figure 2.8: Arc-Miura pattern geometry.

two longitudinal dihedral angles, 6,7, and 6y 7, and four edge angles, Nz, Nvz,

N, and Ny 4, can be defined. Equations (2.1-3) can be reformulated at both M-

and V-vertices to give the following six equations:
(14 cosnarz)(1 — cosnara) = 4cos® ¢y
cos Nara = sin’ ¢y cos Oy — cos® ¢y
cos Nz = sin® ¢y cos B4 + cos? ¢y
(14 cosnyz)(1 — cosnya) = 4cos? gy
cos Ny 4 = sin® ¢y cos By — cos? o

cos Ny z = sin? ¢y cos 04 + cos® ¢,

(2.18)
(2.19)
(2.20)
(2.21)
(2.22)

(2.23)

A sectional view of the curved Arc-Miura profile is shown in Figure 2.8(c). It can
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be seen that all M-vertices and all V-vertices lie along concentric radii R; and Rs
respectively, and each unit is subtended by fold angle £. From triangle geometry,

the following equations can be established:

§=nva—Tma (2.24)
Ry = /(@ + 3 — 2may cosny )/ (2(1 — cos)) (225)
Ry = \/(a% + a2 — 2ayas cosmura)/(2(1 — cos€)) (2.26)

Given an Arc-Miura pattern with m straight and n zigzag lines, the location of
any vertex V% (i = 1,2,...,m, j = 1,2,....,n) in a folded configuration can be
derived in a 3D cylindrical coordinate system where (x,y, z)=(r cos6,y,rsinf),
with origin and orientation shown in Figure 2.8. The three components (r,0,y) of

V%I can be given as:

R, for odd 7

T = (2.27)
R, for even j
Jj—1)¢/2 for odd i and odd j
J—=1&/2+&n for even 7 and odd j

J—2)/2+ & — a2 for odd i and even j

)
) (2.28)
)
J—2)6/2+ &+ &2 for even i and even j

y = (i — )by sin(nuz/2) (2.29)

where &5 and &,; are the central angles subtended by creases as and by respectively.

They can be derived from the law of cosines as below:
€40 = arccos((R} + R — a3)/(2R1Ry)) (2.30)

&1 = arccos((2R] — b3 cos*(narz/2))/(2R7)) (2.31)

To summarise, for an Arc-Miura pattern we have associated twelve variables, 0,7,
Ovz, Oa, Mz, Iz, M, Mvas & Eazs S, Ba and Ry, with eleven Equations (2.18-

26), (2.30-31). Thus seven independent parameters, six constants and one variable,
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are required to uniquely determine a pattern. For example, the sequence shown
in Figure 2.9 is generated with a; = 40mm, b; = 40mm, ¢, = 47/9, ¢ = 77 /9,

m =n =7, and by specifying 64 continuously changing from 7 to 0.

(a) Folding sequence simulated in MATLAB

q

(b) Folding sequence of card prototype
Figure 2.9: Arc-Miura folding motion.

2.2.2 Curved-Crease Origami Patterns

Curved crease origami differs from prismatic, or straight crease origami, in that
the folded surface of the pattern is bent during the folding process. Curved-crease
arrangements are widely studied in mathematics, where differential geometric anal-
ysis is used to investigate folded shapes (Demaine et al., 2011a,b; Huffman, 1976).
The potential for adapting such geometries for use in engineering application has
long been known (Miura, 1972), however limited studies in this area have been
conducted. This is in part because of the difficulty in parametrising curved-crease
geometries, but more so because of the difficulty in manufacturing curved surfaces
from rigid sheet materials. For instance, Buri et al. (2011) constructed beams from
curved timber sheets fitting curved-crease origami geometry, but sheet curvature

was seen to cause warping in the assembled structure.

To overcome these limitations, recent studies have suggested the possibility of de-
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veloping rigid-foldable approximations of curved-crease geometries. This is done
by fitting rigid planar quadrilateral plates, or a PQ mesh, to a curved surface. The
PQ mesh can be generated with manual rulings on a physical prototype (Tachi,
2011), or solved using intensive computer processes (Kilian et al., 2008). Rigid-
foldable curved-crease origami patterns have two advantages over bent-surface
curved-crease origami patterns: it is simpler to simulate folding motion as they
can be designed to a possess single degree-of-freedom kinematic mechanism, and
they are simpler to construct from rigid engineering sheet materials as the pat-
tern panels maintain zero-local curvature. PQ mesh fitting has successfully been
used in industrial applications of curved-crease geometry. For example, Epps and
Verma (2013) used the technique to manufacture and fold curved-crease architec-

tural facades.

23



Chapter 2. Literature Review

2.3 Foldcore Sandwich Structures

2.3.1 Foldcore Panels

Foldcore sandwich panels, Figure 1.1, have been created as a potential substitute
for honeycomb panels, as they possess a number of favourable properties that
are not possible with other types of high-performance sandwich panel (Heimbs,
2013). For example, a foldcore can be designed to have isotropic strength coeffi-
cients (Miura, 1972), can be insensitive to manufacturing defects (Heimbs et al.,
2007), and can be continuously manufactured by folding a flat sheet (Zakirov and

Alekseev, 2007; Basily and Elsayed, 2004; Kling, 2006).

Foldcores also have reasonably high weight-specific properties, particularly out-of-
plane impact resistance, due to the formation of an efficient plate buckling failure
mode (Heimbs, 2013; Nguyen et al., 2005). A force-displacement response gener-
ated from this plate-buckling mode is shown in Figure 2.10. The high initial force
occurs because of the high buckling resistance of the core plates, which are con-
tinuously supported on four sides from the core architecture. Post-buckling, the
foldcore undergoes a significant reduction in reaction force as it collapses about
stationary hinge lines formed across buckled core regions. Although efficient in
terms of energy absorption capability, the foldcore still possesses the same draw-
back as the honeycomb core, namely a steep reduction in post-buckling reaction

force causing a non-uniform force-displacement response.

)

h (mm) hy

Figure 2.10: Force-displacement response and failure mode of a foldcore.
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2.3.2 Foldcore Shells

Numerous studies have suggested the possibility of developing curved foldcore
panel geometry using origami design techniques (Miura, 1972; Nojima and Saito,
2006; Fischer et al., 2009; Talakov, 2010; Alekseev, 2011; Kiinstler and Trautz,
2011). Such structures are hypothesised to be capable of a much wider range of
curvatures than honeycomb variants, with the further benefit of a unit geome-
try that can be optimised for particular mechanical behaviours. The mechanical

performance of such structures remains an unexplored area.
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Indented Foldcores

The foldcore has been found to fail with a plate buckling failure mode when sub-
jected to out-of-plane impact loads. Despite good energy absorption capability, the
plate buckling mode possesses a very non-uniform stress-displacement response.
In the past, various methods have been exploited to alter the design of energy
absorption devices to increase their energy absorption capability. For instance,
indentations have been used in thin-walled crash boxes to achieve more uniform
failure responses (Ma and You, 2011). This chapter explores the possibility of in-
troducing an indentation to a foldcore to trigger a failure mode with substantially

improved energy absorption capabilities.
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3.1 Preliminary Study

3.1.1 Geometry

The indented foldcore geometry is simply created by introducing a small indent
along top ridge of standard foldcore pattern. The unfolded and folded configura-

tions of both core types are shown in Figure 3.1.

& _______ %_ >

(a) Standard foldcore

AN

Vi
v

_——— im0 AN - — -

7.7

177

111

Lot

(b) Indented foldcore
Figure 3.1: Unfolded crease pattern, on left; folded configuration, on right.

As discussed in Section 2.2, the standard foldcore unit geometry is a Miura pattern
that can be uniquely identified with four parameters: side lengths a and b, pattern
angle ¢, and a single pattern variable to define the folded configuration, for example
edge angle 4. An additional plate thickness parameter ¢, is also introduced as the
foldcore has non-zero thickness. This is used to calculate core density «, which is

the volume of core plates V), contained in a unit volume V:

Vp  4dabt,sing ¢, 2sin ¢
a=—= =

_ v P 3.1
1% Lolpls a sin(n,) sin(nz/2) (3.1)

It can be seen from the indented foldcore crease pattern that the indent can be

thought of as a short, inverted Miura pattern with side length a;, where the sub-
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script ¢ denotes indent. For geometric compatibility, the inverted Miura segment
must have the same b and ¢ as the original Miura segment, and to preserve rigid
foldability it must have the same, although inverted, folded configuration. There-
fore a single extra dimensional constant, a;, is needed to uniquely define the in-
dented pattern. It is also convenient to define the standard side length a, = a —a;
and the dimensionless indented ratio p* = a;/a. Henceforth the superscript * shall
be used to denote dimensionless parameters. Note that from Equations (2.5-7) it
can be seen that an indented foldcore will have identical length [, and width [,
width to a standard foldcore with identical a, b, ¢, and 14 parameters, but will

have a smaller height, equal to:

ly = ascos(na/2) (3.2)

3.1.2 Hypothetical Collapse Mechanism

The inverted ridge on the indented foldcore geometry is hypothesised to act as
a line imperfection that could an trigger an initial plate failure at the core ridge,
which would then develop into a top-down travelling hinge line. This failure would
be similar to the efficient failure mode of the eggbox core discussed in Section
2.1.2. However, it differs from the eggbox core in that the travelling hinge line
would maintain a constant length throughout the duration of the crush, Figure

3.2, creating a near-uniform force-displacement response.

(a) Eggbox failure (b) Indented foldcore hypothetical failure
Figure 3.2: Travelling hinge line failure modes.
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3.1.3 Numerical Study

To assess whether the indented foldcore exhibits the hypothesised failure mode,
a numerical study was conducted on an indented and standard foldcore with a
set of arbitrarily chosen initial geometric parameters. A standard model, A1%,
had geometric parameters a = 30.8mm, b = 15.4mm, ¢ = 7/3, na = 27/3, and
t, = 0.49mm. This gave a core with /; = 15mm and o = 4%, which is similar to
commonly available honeycomb cores. Henceforth the superscript s shall be used
to denote a standard model. The indented model A1 was given identical geometry,
except with the indented parameter set to p* = 1/15. To define identical geometry,
it is convenient to replace the parameters b and ¢, with dimensionless aspect ratios
b* = b/a and density «, which from Equation (3.1) is seen to be proportional to
tp/a. Models A1° and Al are depicted in Figure 3.1(a) and (b), respectively, and
their relevant geometric parameters are listed in Table 3.1.

Table 3.1: Initial foldcore parameters.

*

Model Qg b* P a ) Nz nA
(mm) ) ) (°)
A1* | 30,8 05 0  0.04]60.0 120.0 109.5

Al 30.8 0.5 0.067 0.04|60.0 120.0 109.5

A numerical simulation of both cores being crushed between two rigid bodies was
conducted using a quasi-static, large-displacement analysis in finite element soft-
ware ABAQUS/Explicit. The core mesh was constructed with S4R shell elements
with mesh size approximately equal to a/80. A small bend radius was used in place
of the sharp ridge crease lines seen in the idealised origami geometry, as this is a
more realistic approximation of the shape of a formed metallic foldcore, Figure 3.3.
A ductile, annealed, pure aluminium material was selected for the analysis, with
isotropic elastic-plastic material properties of £ = 69GPa, v = 0.33, oy = 28MPa,
oy = 83MPa, p = 2710kg/m?, and strain hardening data obtained from material

sample tests are shown in Table 3.2.
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Table 3.2: True plastic stress-strain data for aluminium material.

Strain 0.0 0.004 0.021 0.054 0.095 0.132
Stress (MPa) | 28 43.8 60.0 71.5 786 83.3

(a) Standard foldcore (b) Indented foldcore
Figure 3.3: Meshed unit geometries with ridge bend radius.

Fixed boundary conditions were applied along the four base edges, and periodic
boundary constraints applied along side edges. Loading was applied by crushing
the structure between two rigid panels, with the top plate given smooth-step crush
displacement of up to approximately 65%l;. To ensure a quasi-static analysis, the
loading velocity was set at 2m/s, which limited the kinetic energy to internal
energy ratio to be less than 5%, as recommended in the Abaqus User Manual
(Simulia, 2009). Top panel contact, bottom panel contact, and self-self contact
were all modelled with surface-surface tangential friction conditions, with a friction

coefficient of 0.25.

3.1.4 Simulation Results and Discussion

From the numerical analysis, the force-displacement responses of the indented and
standard models were obtained. To facilitate comparison between the models,
crush force P and crush displacement h are normalised to dimensionless stress
and strain parameters 0* = /oy = P/(l,lyoy) and h* = h/l; respectively. The
energy absorption E* is the integral of dimensionless stress-strain curve, and the
total energy absorbed, £, is attained at the densification strain, h* = h};. The
densification strain h}; varies slightly between cores but is typically seen to be

between 0.55 and 0.65. From these values, the average dimensionless stress is
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'2 : : ".‘O Al =
&l : s A4 = -
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b- 1 m ’t’
0 02 j* 0.4 0.6 0 02 % 04 0.6
(a) Dimensionless stress-strain responses (b) Dimensionless energy absorption

h*=10%

0 MPa

h*=28%

mid-plate top-plate

stationary hinge travelling hinge line
line (plate buckling)
(¢) Von-Mises stress in model A1® (d) Von-Mises stress in model A1l

Figure 3.4: Results of initial numerical models.

calculated as, oy, = Ej /h%, and the uniformity ratio U* is defined as U* =

O-:nax/o-;’ug: mal‘/Pll’Ug'

Dimensionless responses for the initial numerical models are shown in Figure
3.4(a)-(b), and relevant values summarised in Table 3.3. It can be seen that the
indented core has a significantly different failure response to the standard core,
indicating that the indent was successful in altering the failure mode of the fold-
core. It can be seen that compared with the standard core, the indented core has

a reduction in oy, of 37.2% and an increase in o7, of 5.1%.

Inspection of the core failure modes, Figure 3.4(c)-(d), shows that the indented
core initially has plasticity along the top ridge near the indent, in contrast to

mid-plate in the standard core. The standard core continues to weaken after this
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Table 3.3: Results of initial study models.

Model | R} EY o Owg U"
x1073 | x107% %1073

A1° 0.6 4.7 16.9 7.8 2.2
Al 0.57 4.7 10.6 8.2 1.3

initial buckling, whereas the indented buckling line propagates until approximately
h* = 23% to create a slight travelling hinge line, after which secondary plate
buckling occurs towards the base supports. This confirms that an indent is capable
of forming a more suitable energy-absorbing failure mode with travelling hinge
lines, however the optimum geometry to maximise energy-absorption has yet to

be explored.
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3.2 Parametric Study

3.2.1 Geometry

The next stage in the investigation of the indented foldcore is to assess the effect
of each geometric parameter on the formation of a particular failure mode. There
are six foldcore parameters of interest, which can be placed into two categories:
parameters ¢, n4, and 71z, which control the configuration of the core plates, and

parameters b* = b/a, p*, and «, which control the core plate aspect ratios.

Pattern Configurations

Plate angle ¢, longitudinal edge angle 14, and lateral edge angle 7, are related
by Equation (2.1). Keeping one parameter constant while varying the other two
allows an investigation into the effect of each parameter on the failure mode of
an indented core. Four models were generated for each of the three parameters,
with geometry for the twelve models chosen to create good distribution across the

configuration space of Equation (2.1), see Figure 3.5.

T

27/3¢

n, |

/3t

0 /3

Figure 3.5: Distribution of pattern configuration models.
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B5S. .

(c) Constant 74 models
Figure 3.6: Pattern configuration model geometry.

Models B1, B2, B3, and B5 possess a constant ¢ parameter and so represent dif-
ferent folded configurations of the same base pattern. Models C1, C2, C3, and C5
possess a constant 774 and represent different longitudinal steepness configurations.
Similarly, the constant n; models D1, D2, D4, and D5 correspond to different lat-
eral steepness configurations. The skipped model number in each set, that is B4,
C4, and D3, are those that correspond to the base geometry Al. The twelve unit
geometries are shown in Figure 3.6 and the altered parameters are shown in Table
3.4(a). Note the aspect ratio parameters are not listed as they are the same as

those for model A1l given in Table 3.1.

Aspect Ratios

As before, a range of models were generated for each of the three aspect ratio
parameters, b*, p*, and «, by altering the geometry of the base model A1. Models
E1, E2, E4, and E5 range from a wide to a narrow foldcore unit geometry, with side

length aspects of b* = 2,1,0.25, and 0.125 respectively. Models F1, F2, F3, and F5
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Table 3.4: Parametric study model parameters.

(a) Pattern configuration models (b) Aspect ratio models
Model | ¢ Nz n Model | b* p* o
SENYINY

Al | 60.0 109.5 120.0 Al | 05 0.067 0.04
B1 60.0 429 65.0 E1l 2.0 0.067 0.04
B2 60.0 69.6 75.0 E2 1.0 0.067 0.04
B3 60.0 90.0 90.0 E4 0.25 0.067 0.04
B5 60.0 117.7 150 E5 0.125 0.067 0.04
C1 77.2 109.2 45.0 F1 0.5 0.0 0.04
C2 70.7 109.6 70.0 F2 0.5 0.017 0.04
C3 64.8 109.4 95.0 F4 0.5 0.056 0.04
Ch 56.6 108.3 140 F5 0.5 0.25 0.04
D1 36.9 45.1 120.0 G1 0.5 0.067 0.02
D2 52.5 90.7 120.0 G3 0.5 0.067 0.06
D4 70.6 134.9 120.0 G4 0.5 0.067 0.08
D5 77.1 150.1 120.0

(b) Indent aspect ratio p* models

Figure 3.7: Aspect ratio model geometry.

range from a small to large indent depth, with indent aspects of p* = 0,0.017,0.05,
and 0.25 respectively. Finally, models G1, G3, and G4 range from low to high
densities of o = 2%, 6%, and 8%, respectively. The skipped model number in each
set, that is E3, F3, and G2, are those that correspond to the base geometry Al.
The eight unit geometries of the E and F models are shown in Figure 3.7 and
the altered parameters for all eleven models are shown in Table 3.4(b). Note the

configuration parameters are not listed as they are the same as model Al.
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3.2.2 Simulation Results and Discussion

The twenty-four pattern configuration and aspect ratio models were numerically
analysed under quasi-static loading in the manner previously described. Dimen-

sionless results and representative failure modes are shown and discussed below.

Pattern Configuration Results

A range of failure modes is seen in the constant ¢ models B1-B5. Model B1 exhibits
a plate buckling behaviour, typified by a sharp initial peak force followed by a steep
drop in reaction force, Figure 3.8(a). Inspection of the stress plot, Figure 3.9(a),
shows the hinge lines formed during the initial buckle remain stationary for the
crush duration. Models B2 and B3 show the start of a travelling hinge line failure
mode, typified by a double-peak in the force-displacement plot. From the stress
plot, Figure 3.9(b), it can be seen that this double-peak corresponds to an initial
inversion about the indent, a slight dip in strength as this buckle propagates, and
then a second peak prior to the onset of plate buckling at approximately h* = 20%.
The second peak is very brief as the hinge line does not propagate for long, and
so the models are still considered to be dominated by plate buckling behaviours.
Models B4 and B5 exhibit the same failure previously discussed for model A1, that
is initial buckling and subsequent propagation around the top indent, followed by

buckling and rotation about the base supports.

Relevant values from the stress-displacement plots are listed in Table 3.5. By
plotting the uniformity ratio against the average stress for each model we are able
to establish an optimum model for energy-absorption, that is the model with a low
U* with a high o7, , Figure 3.8(b). Model B3 is seen to be the optimum model of

B1-B5, showing that a short-duration travelling hinge line failure mode is better

suited for energy-absorption applications than a plate buckling mode.
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(a) Dimensionless stress-strain responses (b) Energy absorption suitability
Figure 3.8: Dimensionless results of constant ¢ models B1-B5.
h*=10% h*=10% 83 MPa

initial travelling

plate buckling with
i i i hinge line

stationary hinge lines

h*=28% h*=28%

subsequent plate
buckling

h*=44% h*=44%

(a) Model B1 (b) Model B3
Figure 3.9: Hinge formation and Von-Mises stress in constant ¢ models
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Table 3.5: Results of configuration parameter numerical models.

Model | R} EY 0o Opg  U”
x1073 | x107%  x1073

Al | 057 47 | 106 82 13

B1 0.60 7.5 31.7 125 25
B2 0.60 10 31.5 16.7 1.9
B3 0.58 9.9 27.6 172 1.6
B5 0.56 0.7 2.0 1.3 1.6

C1 0.60 9.5 34.5 15.8 22
C2 0.60  10.5 32.9 174 1.9
C3 0.57 10.4 22.0 183 1.2
Ch 0.56 1.8 4.4 3.2 1.4

D1 0.51 6.0 16.8 11.8 14
D2 0.60 6.5 14.1 108 1.3
D4 | 057 28 8.2 4.9 1.7
D5 0.58 2.0 7.2 34 21

The stress-displacement plots of the constant 1, models C1-C5 are shown in Figure
3.10(a). Models C1, C2, and C3 each show the double-peak which signifies an
initial inversion and travelling hinge formation. However the duration of the second
peak, which represents the time before the travelling hinge is lost to plate buckling
behaviours, varies considerably for each model. From Figure 3.11(a), it can be seen
that in model C1 this secondary buckling occurs almost immediately after initial
inversion at h* = 10%. However in model C3, Figure 3.11(b), plate buckling does
not occur until approximately h* = 35%, and so the travelling hinge line was

maintained over a much longer period.

Relevant energy-absorption values from Table 3.5 are plotted in Figure 3.10(b).

Model C3 has exceptional energy-absorption properties, with the highest o nd

8
the lowest U*. This shows that a greater duration for which the travelling hinge
line is present corresponds to a smaller disparity between the peak and average
stress, and therefore a much better energy-absorption capability. It also causes a

near-ideal uniformity, with model C3 possessing a uniformity of 1.2 that is close

to the ideal value of unity.
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Figure 3.10: Dimensionless results of constant 1z models.
h*=10% h*=10% 83 MPa
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(a) Model C1 (b) Model C3
Figure 3.11: Hinge formation and Von-Mises stress in constant 7z models
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A slightly different pattern is seen in the constant 74 models D1-D5, with the
steepest configuration D1 having a plate buckling mode with the highest specific
energy absorption, Figure 3.12(a). Inspection of the plate stresses shows that this
plate buckling occurs about the long diagonal of the core plates, as opposed to the
middle or top of the core plates as seen above. Although this model has a higher
04y than the travelling hinge line failure seen in the remaining models, the failure

mode seen in model D2 is still judged to be the optimum arrangement as it has a

better uniformity ratio, Figure 3.12(b).
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(a) Dimensionless stress-strain responses (b) Energy absorption suitability

Figure 3.12: Dimensionless results of constant n4 models.

To summarise, pattern configuration parameters strongly affect the location of
the initial plate buckling and subsequent formation and duration of travelling
hinge line failure modes. Steep patterns can cause either plate buckling, or initial
hinge inversion followed immediately by plate buckling, that is to say no hinge

line propagation, shown in Figure 3.9(a) and Figure 3.11(a). These modes have

*

avg DUt generally poor U*, due to the sharp reduction in

reasonably high values of o
reaction stress following the initial buckle. Shallower patterns typically cause top-

plate buckling, followed by buckling and rotation about the base supports, shown

*

in Figure 3.4(d). These give failure modes with a poor o7,

but generally good U*.
Between these two extremes exist core configurations that allow travelling hinge
formation and propagation at high stress levels, creating cores with both a uniform

stiffness response and a high specific energy absorption, shown in Figure 3.11(b).
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Aspect Ratio Results

The dimensionless stress-strain results of the five side length aspect ratio models
E1-E5 are shown in Figure 3.13(a) and Table 3.6. Three distinct failure modes are
seen. The narrowest model E5, with b* = 0.125, shows a beam buckling failure
mode, typified by an initial peak stress followed by an immediate post-buckling
stress reduction, Figure 3.14(a). The widest model E1, with 0* = 2, has a plate
buckling mode that is similar to the beam buckling mode, but with a less severe
post-buckling stress reduction, Figure 3.14(b). Inspection of the plate stresses
shows that the plate aspect of model E5 is too narrow to cause plate buckling and

the plate aspect of model E1 is too wide to allow a travelling hinge line to form.

35 ; : : ' ' : 3.57 o5
E4
EI® °-
ol e e
0 0 G:jg 10> 20
(a) Dimensionless stress-strain responses (b) Energy absorption suitability

Figure 3.13: Dimensionless results of side length aspect b* models.

N

83 MPa

0 MPa

(a) Narrow model E5 (b) Wide model E1
Figure 3.14: Von-Mises stress of side length aspect models at h*=10%.

The middle aspect ratio, model E3 with b* = 0.5, exhibits the previously seen
travelling hinge failure mode. The two final models, E2 and E4, show failure
modes that are combinations of the three discussed above. From Figure 3.13(b)
we can see that in terms of energy absorption suitability, the beam buckling mode

is least suited, with a very high U*, and that the travelling hinge line mode is
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Table 3.6: Results of aspect ratio numerical models.

Model | R} EY 0o Opg  U”
x1073 | x107%  x1073

Al | 057 47 | 106 82 13

E1 0.54 24 7.4 4.4 1.7
E2 0.55 3.5 8.2 6.3 1.3
E4 0.60 4.5 12.6 7.6 1.7
E5 0.52 2.6 17.1 5.1 3.4

F1 0.60 4.7 16.9 7.8 2.2
F2 0.60 4.6 17.1 7.6 2.2
F3 0.60 2.5 12.8 9.1 1.4
F5 0.41 1.2 3.6 3.0 1.2

Gl 0.55 1.4 3.0 2.5 1.2
G3 060 98 20.7 16.3 1.3
G4 ]0.60 16.7 33.0 278 1.2

again better suited than the plate buckling mode.

The dimensionless stress-strain plots of the indent aspect models F1-F5 are shown
in Figure 3.15(a) and relevant values are summarised in Table 3.6. It can be
seen that there is no change in the failure mode from F1 to F2, indicating that
a minimum threshold indent depth must be reached before the indent is effective
at changing the core failure mode. In this case the minimum threshold is reached
in model F3 with p* = 0.05. Increasing the indent depth significantly beyond this
minimum threshold does not provide any further advantage, with models F4 and
F5 both having poorer performance in terms of energy-absorption capabilities,
Figure 3.15(b). Model F3 is therefore judged to possess the best indent aspect

ratio.

Finally, results of the four density study models G1-G4 are shown in Figure 3.16(a).
It can be seen that denser models have a stronger response and that the failure
mode remains essentially unchanged up to model G4, with a density of a = 8%.
Inspection of the stress distribution of model G4, Figure 3.16(b) confirms that it
fails in a similar manner to model A1, Figure 3.6(c), with the main difference being

a larger area of stress distribution across the thicker core plates.
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(a) Dimensionless stress-strain responses (b) Energy absorption suitability

Figure 3.15: Dimensionless results of indent aspect a; models.

G4
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<
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(a) Dimensionless stress-strain responses (b) Von-Mises stress of G4 at h* = 28%

Figure 3.16: Dimensionless results of density o models.

The results of the twenty-one models A1-F5 have been collated and plotted in
Figure 3.17(a). Note that the density study models G1-G4 are excluded, as models
of different densities are not directly comparable on a o, -U* plot. It can be seen
that model C3 is the optimum indented model, with a 123.1% improvement in

*

Oy and a 7.7 % reduction in U*, compared to the initial geometry Al.

3.2.3 Standard Foldcore Optimisation and Comparison

In order to fairly compare the improved indented geometry with a standard fold-
core, an improved standard foldcore geometry need also be established. Therefore
seventeen equivalent standard models, A1°-E5°, were constructed from indented
model geometric parameters, with the four indent aspect models excluded. Note
that the superscript s is used here to indicate a standard, unindented foldcore.

Results from the standard foldcore numerical simulations are listed in Table 3.7
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Table 3.7: Results of equivalent standard models.

Model | R} EY 0o Opg  U”
x1073 | x107%  x1073

A1* | 0.60 47 | 169 78 22

B1* | 0.60 8.4 37.6 14 2.7
B2® | 0.60 11.3 42.0 18.8 2.3
B3* | 0.60 108 36.5 179 21
B5° | 0.60 1.2 3.3 1.9 1.8

C1® | 0.60 11.1 51.4 18,5 2.8
Cc2¢* 1060 11.8 46.2 19.7 24
C3® ] 0.60 9.2 32.8 153 2.2
C5° | 0.60 2.3 6.8 3.9 1.8

D1®* 1053 6.8 19.1 129 1.5
D2* | 0.60 5.6 17.8 93 20
D4® | 0.60 4.7 15.5 79 20
D5* | 0.60 3.7 14.5 6.2 24

E1® 1 0.60 4.5 13.5 7.4 1.9
E2% 10.55 9.5 14.8 10.0 1.5
E4° 1 0.60 6.0 17.3 10.0 1.8
E5° |1 0.53 2.8 14.1 5.3 2.7

3.51 o 3.5
x X
% | . « | Y D
- . L ) . - ‘\*Al,’ ' **
| | *- * -~ *
° *x ok * Tk
o0 'A’.i . . 2N * %
: o ?/’ ° (C3./‘,
oL . . s NACE- SN (X || S .
0 Gavg x10 20 0 ng x10 20
(a) Indented models (b) Standard models

Figure 3.17: Distribution of indented and standard model results.

and plotted in Figure 3.17(b). It can be seen that the standard configuration with

the highest o, is C2°, with a 152.3% improvement in o}, and a 7.4% increase

g g

in U*, compared to the initial model A1°. Also highlighted in Figure 3.17(b) is

model C3%, which is seen to have a 22.3% lower o*

avg compared to model C2°.

Indented and standard foldcores are therefore seen to have different optimum con-
figurations, with C3 optimum for the former and C2° optimum for the latter. This

is unsurprising since they involve different failure modes, as will be seen below.
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(a) Energy absorption suitability (b) Dimensionless stress-strain responses

Figure 3.18: Comparison of optimum indented and standard models.

Figure 3.18(a) shows a direct comparison between the optimised indented geom-
etry C3, the equivalent standard geometry C3°, and the optimised standard C2°.
Comparing C3 and C3?, it can be seen that the indented model offers a significant
improvement, with a large increase of 19.6% in o7, and a large reduction of 45.4%
in U*. Comparing C3 and C2° the indented model is again seen to be an improve-
ment, with a slight reduction of 7.2% in o7, but a large reduction of 50.7% in U*.

By either comparison, it can be seen that the indented core is much better suited

for energy-absorption applications requiring a uniform stress response.

Figure 3.19 shows the hinge formation and stress propagation for the C3 and C2°
models. It can clearly be seen that the uniform indented response is due to a
very stable travelling hinge line progression. The initial hinge formation at the
top ridge of the pattern keeps the remaining plate area relatively undistorted,
allowing the inversion to propagate and the resisting stress to remain high. By
comparison, the standard core has a higher initial stress because the initial plate
buckle plasticises a larger area, however this distorts the rest of the core plates,
causing them to subsequently collapse at a reduced stress level. If model C3 is
taken as an optimum travelling hinge line failure mode, and model C2? is taken as
an optimum plate buckling failure mode, it can be concluded that the travelling

hinge line is better suited for energy-absorption purposes.
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(a) Optimum indented model C3 and standard model C2°
83 MPa

initial travelling
hinge line

stationary hinge line-

(b) Model C3 and C2% at h* = 10%

propagated travelling
hinge line 4/

(c) Model C3 and C2° at h* = 28%

Figure 3.19: Side view and projected view showing Von-Mises stress and hinge
propagation on optimal indented (left) and standard (right) foldcores.
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As a final comparison, models C3 and C2° were rerun with different densities
of @ = 2%,6%, and 8%. These results, along with the original o = 4% mod-
els, are listed in Table 3.8 and plotted in Figure 3.20. It can be seen that the
usefulness of indent fades at higher densities, that is to say that in comparison
to standard models at the same density, the indented models have an increas-
ingly lower oy, and decreasingly lower U*, as the density increases. Inspection
of two stress-displacement curves at a higher density, Figure 3.20(b), shows that
the travelling hinge line failure mode is still present, however it does not appear
to strengthen at the rate that the plate buckling mode does. A possible expla-
nation for this is suggested in the following section. In terms of uniformity, the
indented response is approximately constant whereas the standard core improves
as the density increases. These two differences combine to erode the benefits of

employing an indented foldcore as the density increases.

Table 3.8: Optimal foldcore geometries at alternative densities.

C3 C2s
o O-:nam O-ng U* O-Zmaw O-zjvg U*
x107%  x1073 x1073  x1073

0.02] 74 5.1 1.4 14.7 5.0 2.9
0.04 | 220 18.3 1.2 46.2 19.7 2.4
0.06 | 41.8  35.0 1.2 84.5 38.0 2.2
0.08 | 69.7 56.4 1.2 124.0  66.0 1.9

3.5 150
L 2% (C2")
I 0 @2
5 A 6 <
- 8% K
* ©
L 2% (C3)
A% % 8%
1.0 HE . . . . .
0 O, x10° 80 0 02 5% 04 0.6
(a) Energy absorption suitability (b) Models C2°* and C3 at o = 8%

Figure 3.20: Comparison of optimum foldcore geometries at different densities.
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3.3 Analytical Prediction of Ideal Failure Mode

Using the energy method, it is possible to develop a theoretical prediction of the
energy absorbed by an idealised travelling hinge line failure mode. Based on the
method used in Wierzbicki and Abramowicz (1984), the model states that the
energy absorbed in the crushing of a thin-walled element is the sum of energy

absorbed by:

e F: Travelling plastic hinge lines.
e [5: Intersection points between two travelling hinge lines.

e F5: Stationary (static) hinge lines.

The material is assumed to be rigid-perfectly plastic with a constant value of flow

stress o, to account for strain-hardening. The plastic flow stress can be calculated

oyoy
= 3.3
% =\Trn (3:3)

Given plate thickness ¢, the material compressive strength IV, and plastic bending

by (Santosa, 2000):

moment M, per unit length are then:

N, = ooty (3.4)

o, t2 Nt
M, = 41”: 4?’ (3.5)

3.3.1 Ej: Travelling Hinge Lines

A kinematically admissible collapse mechanism is assumed for a single core element
based on the travelling hinge line failure mode observed in the numerical models,

specifically model C3, Figure 3.21(a). This mechanism forms four cylindrical trav-
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elling hinge surfaces, C7, Cs, C3, and Cy. As each travelling hinge sweeps through
an area of material, energy is dissipated through the bending and unbending of
the plate material to radius r. The energy dissipated by this travelling hinge line
is equal to:

M,
E =24~ (3.6)

where A, is the area of material plasticised by the travelling hinge. From the
assumed kinematic mechanism, Figure 3.21(b), it can be see that the final crush

height 0,4, is equal to half of the total core height:

Omaz = lt/2 = ascos(na/2)/2 (3.7)

Projecting this deformation onto the unfolded core plates, it can be seen that the
total area of plasticised plate is equal to half of the area of the inclined plates,
Figure 3.21(c). The energy absorbed by the four travelling hinge lines is therefore
given by:

E, = 4%%() sin ¢ (3.8)

3.3.2 E5: Intersection of Travelling Hinge Lines

At the intersection of two discontinuous travelling hinge lines, a localised toroidal
zone of stress from material discontinuity arises. In the assumed collapse mech-
anism, core symmetry constraints cause four of these intersection zones to form,
T1,T,, T3, and Ty, Figure 3.21(a). From Wierzbicki and Abramowicz (1984), the
following simplified formula is given for the rate of energy dissipation E over the
deformed surface, assuming the contribution to energy dissipated from circumfer-

ential extension is large relative to that from continuous bending:

E’:/Novtsm“dA (3.9)
A q
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initial position \

\:a. RANIEN lS )
‘»\§i<§: e Mo | max

X)
)
L A\\

(a) Assumed mechanism (b) Sectional view

deformed position —/

travelling hinge direction

(c) Area plasticised by travelling hinge lines (d) Toroidal surface at intersection points
Figure 3.21: Idealised collapse mechanism for indented foldcore.
where V; is the tangential velocity of the plate over the deformation surface, and
q, k, and A are the radius, rotation angle and area of the deformed plate over the
toroidal surface respectively, shown in Figure 3.21(d). The surface element dA can

be reformulated as:

dA = qdrrdk (3.10)

where —1z/2 <7 <nz/2and na/2 < kK <7 —n4/2

This allows Equation (3.9) to be reformulated as:

. nz/2  [m—na/2
E = Nthr/ / sin kdkdT
n

—nz/2Jna/2
nz/2
:2N0Vt7’cos(77A/2)/ dr

—nz/2

= 2N, Vircos(na/2)nz (3.11)

The vertical velocity of the top plate V can be defined relative to the vertical
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displacement of the top crushing plate § as V = 4. From geometry, this can be

related to tangential velocity V; by:
V, = V/cos(na/2) = 0/ cos(na/2) (3.12)
Substituting Equations (3.12) and (3.5) into Equation (3.11) gives the following:

E= SMOnZtﬁé (3.13)
p

The total energy per travelling hinge intersection can then be found by integrating

this equation over the total crush height given in Equation (3.7).

. 71 5maw
/E = SMOT]Z—/ do
tp 0

E = 4asMot£nZ cos(na/2) (3.14)
P

The total energy absorbed by the four travelling hinge intersection points is there-
fore given by:

Ey = 16a5Mot£nZ cos(na/2) (3.15)
p

3.3.3 Total Energy

No static hinge lines are formed in the assumed collapse mechanism, so the total
energy absorbed is equal to the sum of energy from the cylindrical travelling hinge

lines and their toroidal intersections:

E=FE +FE,
bsin ¢

= 4a5M0 < + 4tinZ COS(”A/2)>

p

= 4a M, <ﬁ + kgr) (3.16)
r

where ky = bsin ¢ and kg = 41 cos(na/2)/t,

The hinge radius 7 is chosen to give a minimum energy solution. This is found
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when the derivative of Equation (3.16) with respect to r is equal to zero:

dE
dr

r=/ki/ka (3.17)

k
0 = da,M, (——; + k;g)
r

Substituting Equations (3.17) and (3.5) into Equation (3.16) gives expressions for
total energy E, and the average reaction force needed to generate this energy

absorption P:

E= SGSMO\/ ]{?lkg

= 4daso,t, \/btp sin ¢nz cos(na/2) (3.18)
b B E
5max CLS/Z COS(UA/2)
= 80,t, \/tpb sin ¢nz/ cos(na/2) (3.19)

Note that these equations have been formulated to show total energy absorbed up
to the maximum crush displacement ,,,,. However Equations (3.8) and (3.15)
can be reformulated as a function of § to show that E varies linearly with crush
displacement, and P is a constant value independent of crush depth. As the

reaction force is constant, P = P,y = Ppaz, and U = 1.

Finally the previous equation can be reduced to a dimensionless value as follows:

P P
g = =
lyoy  4oyabsin(nz/2)sin(na/2)
_ 9l [ty nz5mO L (3.20)

oy a\l b cos(na/2) sin(nz/2) sin(n4/2)

3.3.4 Theoretical and Numerical Comparison

Theoretical values for o* for the four alternate density C3 models are listed in

Table 3.9. Theoretical values were calculated with ¢ = 16.4mm, b = 8.2mm, ¢, as
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shown in Table 3.9, and configuration parameters as shown in Figure 3.19(a). o,
was obtained with Equation 3.3 using the aforementioned values of oy and oy and
a typical aluminium strain hardening exponent of n = 0.22. Figure 3.22 shows the

theoretical stress plotted against oy, ,, and o, from Table 3.8.

Table 3.9: Theoretical crush stress for model C3 at alternative densities.

*

« t, o
(mm) | x1073

0.02 0.13 8.4
0.04 0.27 23.9
0.06 0.40 43.8
0.08 0.53 67.5

50 - '_ _C_3,;06= 8_%’ i 50 nu'mericall G,Zf,x ,
7 7 ' %
= : =l theoretical O —
%k . H % 2
theoretical: ,
o | numerical ; © %
I I 7~ “—numerical O,
C3, 0= 4% ' y
0 02 jx 04 06 0 002 004006 008 010
(a) Responses of a = 4% and a = 8% models (b) Comparison at different densities

Figure 3.22: Comparison of numerical and theoretical stresses for model C3.

It is apparent that the theory can accurately predict the maximum stress achieved
in the C3 models, with a maximum overestimation of 14.1% at o = 2% and under-
estimation of 3.1% at o = 8%. However is also apparent that there are two flaws
in the theoretical model. First, there is a dip in stiffness that occurs during the
initial plate inversion that is not accounted for in the current theory. Second, the
theoretical collapse mechanism predicts that the travelling hinge should exist until
h* = 50%, whereas numerical models show plate buckling behaviours dominate
past approximately h* = 35%. A comparison of the theoretical and numerical
displacement of model C3 at o = 4%, Figure 3.23(a) confirms that the assumed
theoretical collapse mechanism is valid over the region that the travelling hinge
line exists, and that once plate buckling behaviours occur beyond this point the
assumed mechanism is no longer valid. The two flaws mean that the theoretical

model is unable to accurately predict the average crush force.
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~undeformed

.

(a) Model C3 (b) Model Al

Figure 3.23: Comparison of numerical and theoretical displacements.

Although good correlation is seen for model C3, the theory poorly predicts the

maximum force of other indented models. For example, model Al had o =

max
10.6 x 1073 but is predicted by theory to have o* = 20.1 x 1073, Inspection of the
numerical and theoretical displacements, Figure 3.23(b), shows that the assumed
mechanism still appears to be reasonably valid over the travelling hinge region,

and so this discrepancy may be indicative of more serious errors in the theoretical

derivation.

To summarise, the current theory is a simplified model that appears to provide
a good approximation of maximum crushing stress of the optimum indented ge-
ometry, but not for other models that exhibit travelling hinge modes. Also, as
theoretical predictions for foldcore plate buckling behaviour do not yet exist, the
current theory cannot predict when a particular failure mode, be that plate buck-
ling or travelling hinge line, might occur. As a final note, it was seen that the
travelling hinge stress, Equation (3.20), was proportional to t'5, whereas typical
plate buckling loads are proportional to t2. This may explain why, in Section
3.2.3, the plate buckling mode was seen to strengthen at a faster rate at increasing

densities, compared to the travelling hinge line mode.
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3.4 Experiments on Large-Scale Models

An experimental investigation was conducted on indented and standard foldcores
constructed with a relatively large core height of approximately 40mm. It is un-
common to use sandwich panels at this thickness, however these large initial models

enable close observation of foldcore failure modes.

3.4.1 Geometry and Material

The indented core was designed using the ideal indented foldcore geometry pre-
sented in Section 3.2. Unit dimensions were chosen as a = 60mm, b = 30mm,
¢ =64.8°, 14 = 95° and p* = 0.067. To facilitate material draw during manufac-
ture, 2mm fillets were also included at the foldcore ridge locations, giving a final
unit height of [, = 36mm, Figure 3.24. The total core was constructed using four
units, two each in the longitudinal and lateral directions, for a global length L and
global width W as shown in Table 3.10. Note the nomenclature for height [; is

replaced with the equivalent global height H for consistency.

Figure 3.24: Indented foldcore constructed with ¢, = 1mm aluminium sheet.
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The standard core was designed with equivalent geometry to the indented model,
with identical values for a, b, ¢, and 14, and with p* = 0, Figure 3.25. 2mm fillets
were again added at foldcore ridge locations to give global dimensions as shown
in Table 3.10. Both indented and standard cores were constructed from a pure
aluminium sheet material at two sheet thicknesses, ¢, = 0.5mm and 1.0mm, with

resulting densities listed in Table 3.10.

Figure 3.25: Standard foldcore constructed with ¢, = Imm aluminium sheet.

3.4.2 Manufacturing Method

To form the standard foldcore, an aluminium sheet was first trimmed to approxi-
mately match the ideal crease pattern of the core geometry, although it was nec-
essary to introduce two slight alterations. First, front and back tabs were added
to the trimmed sheet to allow the eventual clamping of the foldcore during test-
ing. Second, the width of the trimmed sheet was slightly truncated to prevent the

material from catching on the mould edge during forming, Figure 3.26.

Male and female steel dies were used to form the foldcore in a single punch process,

Figure 3.27(a). These dies were mounted on a mechanical punch press and aligned
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6.4mm truncated width

/T T T T~ 7 - - - -~ 7 - - - -~ 7 - - - -~

L[ [ ]

e

27.2mm original width

Figure 3.26: Ideal crease pattern and trimmed aluminium sheet.

(b) Single-punch forming sequence

Figure 3.27: Manufacturing process for standard foldcore.

with corner guide pins. The trimmed sheet was placed between the dies and

stamped into the final folded configuration, Figure 3.27(b).

The indented core was formed in a two-stage process. First, a standard core was

formed as just described and placed in a set of indented forming dies, Figure
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(b) Second punch to form indent

Figure 3.28: Manufacturing process for indented foldcore.

3.28(a). Second, as the standard and indented geometries were designed to be
equivalent apart from the indent, the indented dies simply punched the indent

into the core without altering the remaining core plates, Figure 3.28(b).

Table 3.10 shows the final formed dimensions of all foldcores to the nearest half
millimeter. The two standard models with ¢, = 0.5mm and 1.0mm are given
the models names Mi05 and Mil0 respectively. Similarly the indented models are
named Ind05 and Ind10. It can be seen that the formed dimensions are close to
the designed dimensions. The maximum formed error is seen in the 1mm models,
which are approximately 5% wider than designed. These may indicate that some
spring back has taken place and/or that the material was not fully drawn during
stamping. Inspection of the plates shows that the Mil0 and Ind10 models formed
without significant visual imperfections, Figures 3.24 and 3.25, however the Mi05
and Ind05 models have some visible buckling ripples, Figure 3.29. Note that the

density value shown in Table 3.10 is calculated from design dimensions.
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Table 3.10: Global dimensions of large-scale experimental prototypes.

Formed Designed
Model tp « L w H L W H
Mi10 1.0 0.038 | 182.0 90.0 38.0 177.0 87.0 39.0
Mi05 0.5 0.019 | 184.0 88.5 37.0 as above
Ind10 1.0 0.040 | 181.0 90.0 35.0 | 177.0 &7.0 36.5
Ind05 0.5 0.020 | 180.0 88.5 35.5 as above

(a) Standard foldcore

(b) Indented foldcore
Figure 3.29: Foldcores constructed with ¢, = 0.5mm aluminium sheet.
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3.4.3 Experimental Method and Results

Three samples of each foldcore type were constructed for testing. These were
then annealed at 345°C to remove residual manufacturing stresses. Tensile tests
were conducted on annealed material samples for both sheet thicknesses. The
material properties given in Table 3.2 were the annealed material properties of the
0.5mm aluminium sheet. Although ostensibly the same aluminium alloy, the 1mm
aluminium sheet was found to be a slightly stronger and less ductile material than
the 0.5mm sheet, with oy = 37TMPa, oy = 106MPa, and strain hardening data as

shown in Table 3.11.

Table 3.11: True plastic stress-strain data for 1mm thick aluminium sheet.

Strain 0 0.005 0.014 0.044 0.052
Stress (MPa) | 36.8 89.2 98.2 105.5 106.4

For testing, the prototypes were restrained by clamping the front and back edge
tabs to a rigid baseplate, Figure 3.30. These were placed into an INSTRON
Universal Testing machine and crushed under quasi-static loads. Loading was
applied by a rigid top plate descending at a rate of 2mm/min to a total crush
depth of approximately 65% of the model height H, which was 24mm for the

indented models and 26mm for the standard models.

The force-displacement response of the crushing plate was obtained for each test.
As before, force P and displacement h values are normalised to dimensionless
stress 0* = P/(LWoy) and strain h* = h/H, shown in Figure 3.31(a)-(d). Each
graph shows the response of the three tested prototypes, referred to with model
subscripts 1-3. These responses are averaged to obtain a typical response, referred
to without a subscript. Relevant prototype results are summarised in Table 3.12.
It can be seen that there is good repeatability for each geometry, with a maximum

variation from average of 9%, seen in prototype Ind10s.
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Table 3.12: Large-scale prototype results.

Model | o}, O g U~
x107%  x107*
Mi10, | 294 11.5  2.56
Mil0, | 27.9 11.2 2.50
Mil0s | 26.7 105 2.54
Mi10 | 27.9 11.1 253
Mi05, | 3.7 21 1.78
Mi05, | 3.7 22 170
Mi05s3 | 3.7 20 1.87
Mi05 3.7 21 1.78

Iclamped edge tabsk___

Model | 0,00 Opog  U”
x107%  x107?
Ind10, | 26.9 16.2  1.66
Ind10, | 25.8 15.8  1.64
Ind10s | 23.1 13.9  1.66
Ind10 | 25.2 153 1.65
Ind05, | 3.7 22 170
Ind05, | 3.7 22 1.67
Ind053 | 3.7 23 162
Ind05 3.7 22 1.66

Figure 3.30: Prototype restraint and loading.
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(a) Mil0 prototypes
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(d) Ind05 prototypes

Figure 3.31: Dimensionless stress-strain responses of large-scale prototypes.
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3.4.4 Numerical and Theoretical Comparison

1mm Prototypes

A comparison of experimental results for Mil0 and Ind10 is shown in Figure
3.32(a). It can be seen that the indent is successful in triggering an improved
energy-absorbing response, with a reduction in o7,,, of 9.6% and an increase in
Oy Of 38.6%, compared with the standard model. Inspection of the final fail-
ure modes of these cores, Figure 3.32(b)-(c), shows that their final failure modes

are significantly different, with mid-plate buckling in the standard core and ridge

buckling indicative of a travelling hinge line in the indented core.

30
T\ Milo
of "« Ind10 ,
[ % ] L N DY S
=Ll NO T !
b} !
0 nx 065

(b) Crushed Mil0 with mid-plate failure (c¢) Crushed Ind10 with top-plate failure
Figure 3.32: Comparison of ¢, = Imm prototype responses.

A comparison of numerical and experimental results is shown in Figure 3.33 and
Table 3.13. The theoretical prediction is also included for the indented foldcore,
calculated as o* = 24.8 x 1073. The numerical results are obtained from mod-
els analysed in the same manner as described in the previous chapter, with two

differences: 1mm sheet material properties replace the previously used material
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Table 3.13: Results of ¢, = Imm models.

Mi10 Ind10
Result O Tovg U | 0} T g U~
x107%  x1073 x107%  x1073
Experimental | 27.9 11.1 253 | 252 153 1.65
Numerical 30.2 13.2 229 | 23.3 15.0 1.55
30— 30 —
A | P ~~Theory
. i “M110 . " Ind10
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(a) Standard (b) Indented
Figure 3.33: Experimental, numerical, and theoretical results of £, = Imm models.
properties, and the entire core geometry is constructed, rather than a single pe-
riodic unit geometry. This is because there are very few foldcore units used in

large-scale models, and so it is likely that free edge effects will be significant.

It can be seen that there is good correlation between numerical and experimental
predictions for the standard foldcore, with a maximum difference of 18.9% in
Oaug Of Mil0. There is also good correlation between the numerical, theoretical,
and experimental predictions for the indented foldcore. It can also be seen that
there are slight discrepancies in the indented numerical and experimental curves,
specifically the double-hump shown in the numerical but not the experimental
curve. This might be attributable to plate tearing behaviour, which is observed in

experimental models but not accounted for in the numerical material definition.

It might also be due to imperfect formation of the indent.

The theoretical prediction is seen to still be able to provide a good estimate of
0 . but is too simple to capture other behaviours seen in the stress-displacement

response. Several of these shortcomings were discussed previously, and of partic-

ular note in this case is the decreasing, rather than uniform, stress-displacement
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response. This is believed to be primarily attributable to free-edge effects arising
with the removal of periodic boundary constraints. Unfortunately the manufactur-
ing method used here cannot be used for larger core tessellations and thus used to
establish the validity of the periodic unit geometry analysis method, however this
will be considered in depth in the following section. Finally, a direct comparison
of failure modes, Figure 3.34, shows that numerical models accurately predict the

experimental failures.

h*=10%

(a) Standard

(b) Indented
Figure 3.34: Failure modes of ¢, = Imm models.

0.5mm Prototypes

A comparison of Mi05 and Ind05 experimental responses is shown in Figure 3.35(a).

It can be seen that the indent does not significantly alter the failure mode of
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the foldcore. There is a slight increase in o7, of 7.8% however this is likely to
be attributable to the increased density of the indented foldcore, rather than a
change in failure mode. Inspection of the final failure modes of these cores, Figure

3.35(b)-(c), confirms that there is no significant change in the final crushed shape,

with mid-plate buckling occurring in both.

10
".’S I
o
ol = Mi05
T «Ind05
0 h* 0.65

(a) Dimensionless stress-strain comparison

(b) Crushed Mi05 prototype (¢) Crushed Ind05 prototype
Figure 3.35: Comparison of ¢, = 0.5mm prototype results.

A comparison of numerical and experimental results is shown in Figure 3.36 and
Table 3.14. The theoretical prediction for the indented core is also in Figure
3.36(b), calculated as o* = 6.9 x 1073. It can be seen that there is poor correspon-
dence between numerical and experimental predictions for both foldcore types,

which is significantly different to the results seen for the ¢, = 1lmm model results.
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Table 3.14: Results of ¢, = 0.5mm models.

Mi05 Ind05
Result O Tovg U | 0} T g U~
x107%  x1073 x107%  x1073
Experimental 3.7 2.1 1.78 3.7 2.2 1.66
FE 8.2 3.1 2.70 6.0 3.8 1.56
10 10
"PO :'u‘ R
I EAY
® [°
—Siti ~CEE
) Mi05
0 e 0.65

(a) Standard
Figure 3.36: Comparison of results of ¢, = 0.5mm models.

(b) Indented

This discrepancy might be attributable to visible plate buckling observed in the

t, = 0.5mm models, Figure 3.29, that was not observed in the ¢, = 1mm models.

For reasons that will be discussed in Section 3.5.4, the effect of these imperfections

in the large-scale numerical models cannot easily be studied at this stage. However,

the following section shall develop a method to introduce geometric imperfections

into small-scale numerical models, thus allowing an investigation into the effect of

geometric imperfections on foldcore failure modes.
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3.5 Experiments on Small-Scale Models

A second, small-scale experimental investigation was conducted into standard and
indented foldcores constructed with a height of approximately 10mm. Whereas
the previous large-scale models enabled close observation of core failure modes,
the small-scale models are designed to be directly comparable to commercially-
available aluminium honeycomb cores. For reasons that will be discussed below,
the small-scale cores also allow an investigation into the effect of geometric imper-

fections on observed core failure modes.

3.5.1 Geometry

Foldcores were designed to be comparable with the Corex 1/4” 3000 Alloy Series
honeycomb (Corex Honeycomb, 2013), which has previously been analysed with
attached sandwich faces under out-of-plane quasi-static impact loads in Kee Paik
et al. (1999). The selected honeycomb core had cell size s = 6.4mm (1/4”), cell
wall thickness ¢, = 0.0625mm, density o = 3.0%, height H = 10mm, and was
constructed from aluminium alloy 3003-H19, Figure 3.37(a). To match this hon-
eycomb, small-scale aluminium foldcores were constructed with approximately the
same height and density, which gave an optimum indented foldcore with ¢ = 15mm,
b="7.5mm, ¢ = 64.8°, N4 = 95°, p* = 0.067, and ¢, = 0.2mm. This gave a global
height H = 9.5mm and density o = 3.2%, Figure 3.37(b). A standard foldcore
was designed with equivalent geometry except with p* = 0, for H = 10.1mm and
a = 3.0%, Figure 3.37(c). The standard foldcore was designed with an equivalent
geometry, rather than an optimum standard geometry, as it considerably reduces
the number of moulds required for manufacturing, discussed further below. Both
foldcores were constructed from a ductile, pure aluminium to ensure formability

of the indent.
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(¢) Standard foldcore
Figure 3.37: Small-scale aluminium prototypes.
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3.5.2 Manufacturing Method

The small-scale aluminium foldcores were created with a new sequential stamping
method that utilises 3D printed male and female moulds. To form the standard
foldcore, three mould pairs were printed corresponding to gradually steepening
folded pattern configurations. These folded configurations were chosen such that
the width contraction of the unit geometry between each stage would be small and
reasonably constant, which gave configurations set at ny = 150°, ng = 120°, and

na = 95°, Figure 3.38(a).

Male and female dies were designed at each configuration such that an aluminium
sheet could be stamped with a two-by-nine unit assembly. Each die was manu-
factured with solid ABS plastic on a Stratasys Dimension SST 3D printer, and
consisted of the core geometry centred on a base plate with alignment holes placed
at each corner, Figure 3.38(b)-(d). The 3D printer had a minimum bead size of
0.25mm which caused notable surface texturing on the printed moulds but other-

wise matched the designed mould geometry very closely, Figure 3.38(e).

To form the standard foldcore, an aluminium sheet was first trimmed to a suitable
width and placed between the initial male and female mould pair. In this instance,
a suitable width was deemed to be eight units of the unfolded pattern geometry,
which ensured that when the sheet was placed between a pair of moulds, Figure
3.39(a), there was no sheet material overhanging the mould edges. Once placed
between the moulds, the moulds were hammered together to stamp a single formed
row into the sheet. Guide pins were placed through corners of the mould pairs
to ensure proper mould alignment during hammering. This was repeated contin-
uously, using the previously stamped row to align the next row to be stamped.
Once a sheet was fully stamped with the initial mould configuration, the entire
process was then repeated with the next two mould configurations to create the

final standard foldcore, Figure 3.39(b).

69



Chapter 3. Indented Foldcores

R R

) Unit geometry set at n4 = 150°, 120°, and 95°.

(b) Initial mould at n4 = 150° (¢) Mould at g = 120°

(d) Mould at n4 = 95° (e) 0.25mm print resolution
Figure 3.38: 3D printed male and female standard foldcore dies.

The indented foldcores were created by stamping a formed standard sheet in an
additional set of indented moulds, similar to the method used to manufacture the
large-scale indented models. The fourth set of moulds were designed to match
the optimal indented geometry, however the small size of indent, a; = 1mm, ap-
proached the resolution limit of the 3D printer and therefore was not able to prop-
erly invert the top ridge. Instead, complete inversion was achieved by manually

pressing the ridge into place with the side of an awl, Figure 3.40.
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Table 3.15: Global dimensions of small-scale prototypes.

Formed Designed
Model Na L w H L W H
(°) | (mm) (mm) (mm) | (mm) (mm) (mm)
Standard 150 | 116.9 1064 3.4 1159 107.7 3.9
Standard 120 | 105.0 105.0 7.3 103.9 1045 7.5
Standard 95 | 89.7 100.3 10.0 | 8.5 98.0 10.1
Indented 95 ‘ as above 9.2 ‘ as above 9.4
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(b) Sheets formed by moulds 1, 2, and 3
Figure 3.39: Sequential stamping of standard foldcore.

Table 3.15 shows the formed and designed dimensions of the foldcores at each stage

of manufacture. It can be seen that the final formed dimensions are all within 3%

of the designed dimensions, indicating that the 3D printed sequential stamping

method is an effective way to prototype small-scale foldcores. Visual inspection of

the standard foldcores also showed few visible imperfections in the core plates, how-

ever inspection of the indented foldcores showed moderate imperfections around

the manually-formed inverted ridge, Figure 3.40.
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e e S A T

Figure 3.40: Manually formed indented foldcore.

3.5.3 Experimental Method and Results

Prior to testing, all foldcores were annealled at 345°C to remove residual man-
ufacturing stresses. Tensile tests were conducted on annealed material samples.
The 0.2mm thick aluminium foil was found to have similar properties to the pre-
viously used 0.5mm thick sheet, with oy = 24MPa, oy = 106MPa, and plastic
stress-strain data given in Table 3.16(a).

Table 3.16: True plastic stress-strain data for small-scale prototypes.

(a) Foldcore aluminium foil

0 0.007 0.019 0.048 0.106 0.183 0.260
239 384 519 678 836 96.1 1058

(b) Honeycomb 3003-H19 alloy

0 0.006 0.011 0.018
195.0 209.8 2154 216.0

Strain
Stress (MPa)

Strain
Stress (MPa)

It was not possible to obtain a material sample for the 3003-H19 alloy used in
the honeycomb core prototype, however approximate material properties were ob-
tained from literature (Kee Paik et al., 1999; Boyer, 2002) as oy = 195MPa,

oy = 211MPa, and plastic stress-strain data given in Table 3.16(b).
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For testing, the cores were bonded to a single aluminium face sheet, with thickness
t; = 1.0mm, using ET538 Permabond epoxy slow-cured at room temperature for
24 hours. These were then trimmed to a 70mm by 70mm area to create the final

testing samples, shown in Figure 3.37.

Three samples of each core type were crushed between two rigid plates in an
INSTRON Universal Testing machine at a quasi-static loading rate of 1mm/min.
They were crushed to approximately 65% of the core height, and the force-displacement
response was obtained and converted to dimensionless values. Relevant values are
listed in Table 3.17 and responses for each core are shown in Figure 3.41. The
model designations Mi02, Ind02, and HC are used denote the average response
of the standard, indented, and honeycomb cores respectively. As before, the sub-
scripts 1-3 are appended to the model designations to denote each prototype sam-
ple response. It can be seen that there is good repeatability for the Mi02 and HC

models and reasonable repeatability for the Ind02 models.

3.5.4 Numerical Analysis with Geometric Imperfections

The experimental prototypes were constructed with a new manufacturing method,
and so it was thought likely that they contained significant manufacturing defects.
To assess the potential effect of these defects, numerical models for Mi02, Ind02,
and HC were constructed with included geometric imperfections. To generate
geometric imperfections, linear combinations of the first ten buckling modes of each
core type were superimposed on the original, unbuckled core geometry. Unbuckled
Mi02 and Ind02 numerical models were constructed in an identical manner to that
described in Section 3.1. The unbuckled HC model was similar, but with additional

periodic boundary constraints applied to the unit cell as shown in Figure 3.42.

The first ten buckling modes of each core type were generated with a static buckling

analysis on the core geometry under out-of-plane loading, applied as a unit line

73



Chapter 3. Indented Foldcores

Table 3.17: Small-scale prototype results.

Model | o}, Ong  U” Model | o}, Oy U”
x107*  x107* x1073  x1073

Mi02, | 11.7 7.5 155 HC, 15.5 7.8 199

Mi02, | 12.2 74 1.64 HC, 16.3 75 218

Mi023 12.9 7.8 1.65 HC; 174 7.6 2.29

Mi02 12.2 7.7 1.58 HC 16.4 7.6 2.15

Ind02, | 11.1 8.4 1.33
Ind02, | 13.2 8.5 1.56
Ind023 | 12.1 8.4 1.44
Ind02 11.8 8.4 1.41

o g 065 0 T e 065

(a) Standard Mi02 foldcore (b) Indented Ind02 foldcore
30

(¢) HC honeycomb core

Figure 3.41: Dimensionless stress-strain response responses of scall-scale t, =
0.2mm prototypes.

load along the top edges of the unit geometry. Linear combinations of these modes
were superimposed on unbuckled geometry such that the maximum displacement
in each case was equivalent to 125% t,, equal to the minimum 3D printer bead
size of 0.25mm. For example, an imperfect geometry generated from the first
buckling mode, with a maximum buckled displacement of x mm, is generated
with coefficients 9y + (1.25¢,/x)d; + 002 + ... + 0019, where Jy is the initial nodal
coordinates, d; to d1p are the nodal displacements for each buckled mode, and

the (1.25¢,/x) coefficient is applied to give an imperfect geometry with a final
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maximum displacement of 0.25mm.

Periodic face

Periodic edge Periodic edge
Periodic edge

Figure 3.42: Periodic boundary conditions on standard, indented, and honeycomb
unit geometries.

Note that while this assumption of a 125% ¢, maximum displacement is reasonable
for the foldcores formed using the 3D printed moulds, it is questionably applica-
ble for the honeycomb cores. However, as the honeycomb cores were manually
expanded and bonded, it was thought that there would still be geometric imper-

fections, and so the 125% t, maximum displacement was retained for consistency.

Selected force-displacement results for various failure modes are reduced to di-
mensionless parameters and shown in Figure 3.43. The designation FE is used
for numerical models with perfect, unbuckled geometry. The designation FE/, is
used to denote a model with geometric imperfections generated from mode M.
For instance, FE| is generated from the first buckling mode and FE{ is generated

from the eighth buckling mode.

Note that the use of periodic boundary constraints meant that the generated buck-
ling modes were all high-order mid-plate buckling modes. When the method was
applied to the large-scale experimental geometry, which was modelled with free side
boundaries instead of periodic boundary constraints, the generated buckling modes
were all free-edge buckling modes. When superimposed, these modes caused very
little geometric imperfection in the core plates away from the buckled free edge,
and so this method could not be used to investigate the geometric imperfections

of Ind05 and Mi05.
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| Mode 2 I Mode 6 g

| Mode 1 i Mode 5 §
o p* 065
(b) Ind02

30 ' ' ' ' ' ' Mode 1 Mode 5

(c) HC
Figure 3.43: Dimensionless stress-strain responses, on left; buckled modes at ex-
aggerated scale, on right.

3.5.5 Numerical Comparison

For each core type, a worst-case buckled shape is selected as a representative

imperfect numerical model and given the designation FE’. The worst-case buckled

*

avg» Which occurs

shape is defined as the buckled shape that causes the lowest o
at mode 2, 1, and 5 in cores Mi02, Ind02, and HC respectively. Numerical and

experimental values are listed in Table 3.18 and results are plotted in Figure 3.44.

Inspection of the foldcore results shows that the perfect FE models give a poor

76



Chapter 3. Indented Foldcores

Table 3.18: Results of ¢, = 0.2mm imperfect geometry numerical models.

Mi02 Ind02 HC
Result | o} .. a;vg U* o U;Ug U o szg U*
x107%  x107° x107%  x1073 x107%  x1073
Exp 12.2 7.7 1.58 | 11.8 8.4 1.41 | 16.4 7.6  2.15
FE 22.9 11.8 1.93 | 19.5 11.3 1.72 | 29.4 8.8 3.36
FE 13.9 8.1 1.71 ] 14.0 8.9 1.57 | 22.5 8.8  2.57

o pE 065
(c) HC
Figure 3.44: Comparison of ¢, = 0.2mm numerical and experimental responses.

prediction of the observed experimental results, much like that observed for the
Mi05 and Ind05 models. However, the imperfect FE' models give a much im-
proved numerical prediction for both foldcores. For Mi02, FE’ predictions for o,
and o, =~ are within 14% and 6% of experimental results respectively. For Ind02,

avg

FE' predictions for o}, and o}, are within 19% and 6% of experimental results

respectively.

These results show that both standard and indented foldcores can be highly sensi-
tive to geometric imperfections. This is particularly detrimental for the indented
foldcore, where imperfections cause a mid-plate buckling mode to form, rather

than the originally predicted travelling hinge line failure mode. Comparisons of
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the observed experimental and imperfect numerical failure modes for both the
foldcores are shown in Figure 3.45(a)-(b) and it can be seen that the numerical

models successfully predict a mid-plate buckling mode for both core types.

* and o*

Inspection of the honeycomb results shows that FE' predictions for o, . avg

are within 37% and 16% of experimental results respectively. It can also be seen
that numerical and experimental models show a typical honeycomb sequential
folding failure mode, Figure 3.45(c). There are two notable attributes of the hon-
eycomb response. First, the crushing stress value for this particular core is given
as 1.62MPa by the manufacturer. Dividing this value by oy gives a dimensionless
value of o7, = 8.3 x 107%, which is with 10% of the experimental and numerical

results. Second, this value is insensitive to geometric imperfections, with both FE

*

and FE’ possessing the same o7, .

The slight discrepancies for all core types are likely due to larger geometric im-
perfections than those accounted for in the FE' models. This is particularly likely
for the indented core with the manually formed ridge, and the honeycomb core
where the effect of over or under-expansion was not considered. Free-edge effects
may also be a contributing factor in the slight over-prediction of the numerical
models. However, it can be seen that the discrepancies are relatively minor, and
so it can be concluded that the numerical models with pre-buckled plate geometry

are successfully able to predict core failure responses.
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(¢) HC

Figure 3.45: Final crushed core samples, on left; comparison of experimental (grey)
and numerical (green) unit failure modes, on right.
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3.5.6 Comparison of Foldcore and Honeycomb Responses

The experimental foldcore and honeycomb prototypes are constructed from sig-
nificantly different aluminium alloys and so their responses are not directly com-
parable. However, the validated foldcore numerical models can be rerun with the
honeycomb material properties, given in Table 3.16(b). As this material has a yield
stress of 195MPa, the new equivalent models are given the designations Mi02-195
and Ind02-195.

Results from perfect and imperfect numerical models for both standard and in-
dented cores are shown in Table 3.19 and Figure 3.46(a). As before, the standard

Mi02-195 model is significantly affected by the introduction of geometric imperfec-

*

tions, with FE’ showing a 20% reduction in o7,

compared to FE. Interestingly, the
indented results show that for this material, Ind02-195 is insensitive to geometric
imperfections. The travelling hinge mode is retained in FE’, which only has a 6%
reduction in o, compared to FE. Without foldcore plate buckling solutions or
more extensive experimental data on foldcores constructed with different materi-
als, it is difficult to explain why standard foldcores remain sensitive, but indented
foldcores appear to become insensitive at stronger but less ductile materials. This
phenomenon may be a contributing factor as to why the travelling hinge mode was

only seen in the Ind10 models, which were constructed from a stronger but less

ductile material than the Ind05 and Ind02 models.

A direct comparison between imperfect standard, indented, and honeycomb core
types is shown in Figure 3.46(b). It can been seen that the honeycomb core has

the best crushing resistance, with a o7, = 8.8 x 1073. However the indented core

has succeeded in its stated aim of generating a uniform failure response, with the
lowest U* = 1.39 at a crushing stress of 0%, = 5.3 x 1072, Both of these values

avg

are significant improvements on those of the standard core, which has the highest

U* = 2.60 and lowest o = 3.2 x 1073.

avg
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Table 3.19: Results of foldcore models with 3003-H19 material properties.

Mi02-195 Ind02-195
Result | o}, .. Omg U | Opaa Ong U~
x107%  x1073 x107%  x1073
FE 12.9 40 325| 76 56  1.36
FE 8.3 32 260 7.3 53  1.39
30 30
@ oty HC
() =]
=2 FE S
s Ind02-195 ' x|
Yol e fMi02-195 FER O |
0 h* 065 0 h* 0.65

(a) Mi02-195 and Ind02-195 responses

(b) FE' comparison

Figure 3.46: Dimensionless stress-strain responses of aluminium alloy 3003-H19

models.

To summarise, the indent significantly improves the response of a foldcore con-

structed from aircraft-grade aluminium alloys, in terms of suitability for energy-

absorption applications. While the improvement is perhaps not enough to make it

a competitive alternative to existing honeycombs, it does show that sub-folds can

be designed into a foldcore to improve its performance under impact loading.
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3.6 Conclusion

This chapter has demonstrated the energy-absorption capabilities of a new, in-
dented foldcore geometry under out-of-plate quasi-static impact loads. A numer-
ical parametric study established an optimum indented geometry. This was seen
to possess a travelling hinge line failure mode with a high, uniform reaction stress.
In contrast, an optimum standard foldcore was seen to possess a stationary hinge
failure mode, which had non-uniform stress response typified by a significant weak-
ening after initial hinge formation. Based on numerical observations, a theoretical
prediction for the energy absorption of an idealised indented foldcore failure mode
was developed. The theoretical model was able to provide a good approximation

of the maximum crushing stress of the optimum indented geometry.

Large-scale experimental testing demonstrated that foldcores constructed with no
visible geometric imperfections, that is Mil0 and Ind10, exhibited failure modes
and responses as numerically and theoretically predicted. Small-scale experimental
testing showed that when present, geometric imperfections suppress the travelling
hinge line failure mode, and thus eliminate the advantage of indented foldcores
over standard foldcores. A method for incorporating geometric imperfections into

numerical models was developed to confirm these experimental observations.

Finally, foldcores were simulated with high-strength aluminium alloys, in order to
be comparable to existing honeycomb cores. It was seen that with this material, the
travelling hinge mode was retained even with geometric imperfections. However
even with a preserved travelling hinge line failure mode, indented foldcores were
seen to be substantially weaker than honeycomb cores, and so are unlikely to be a

competitive alternative for high-performance energy absorption applications.
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Extended Foldcore Geometry

As discussed in Section 2.2, Wu (2010) began the process of developing and
parametrising a family of rigid origami patterns developed from a Miura-base
pattern, but it is incomplete. This chapter continues this process by deriving new
parametrisations for three rigid plate geometries: the Non-Developable Miura pat-
tern, the Non-Flat Foldable Miura pattern, and the Tapered Miura pattern. These
parametrisations complete a group of patterns deemed the first-level derivatives,
generated by changing a single characteristic of the Miura base pattern. This is
followed with methods to combine these first-level derivatives to generate new,
complex piecewise geometries. Subsequently, two methods to create new types
of foldcores are presented: a method to attach faces to single-curved and piece-
wise patterns to create folded sandwich structures, and a method to alter Miura-

derivative patterns to generate rigid-foldable curved-crease geometries.
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4.1 First-Level Derivative Geometries

4.1.1 Non-Developable Miura Pattern

For many applications, folded plate structures can be manufactured and assembled
from individually-cut plates, rather than an intact continuous sheet. As such,
developability is not a necessarily a pattern requirement. Removing developability
from the Miura pattern allows for the creation of a Non-Developable Miura pattern,

which retains flat-foldable and rigid-foldable characteristics.

The crease pattern for a Non-Developable Miura unit is simply obtained by re-
moving the shaded materials shown in Figure 4.1(a), where b; and b, are the inner
and outer zigzag side lengths and Ab = (b, — b;)/2. An unfolded configuration is
therefore determined by the same five parameters of the Miura pattern, a, b;, ¢,
m, and n, plus one additional constant b, or Ab. Four dependant constants are
also useful to define: long side length a? = a* + Ab? 4+ 2aAb cos ¢, long sector angle

¢ = asin ¢/ay, short side length a? = a? + Ab* —2aAb cos ¢, and short sector angle
¢s = asing/as.

To parametrise the Non-Developable Miura variables, it is convenient to consider
a folded half-unit of the pattern, shown in Figure 4.1(b), which is formed by taking
the portion of the unfolded core plates between dot-dash centrelines of each panel
row, Figure 4.1(a), and connecting common short and long edges a; and ¢;. Points
A, B, and C on the boundary edge of this half-unit form a configuration equivalent
to the longitudinal edge of a Miura pattern, with longitudinal edge lengths AB =
BC = a, a sector angle of ¢ between longitudinal edges and lateral edges AD
and BE, and longitudinal and lateral edges lying in perpendicular planes. We can
therefore define auxiliary parameters 4 and 7 as used for the Miura pattern and

related by Equation (2.1). These auxiliary angles can be used to find projected side

lengths PS, QR, and QP from AD, BE, and AB respectively. These projected
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(b) Half-unit of the folded configuration (¢) Complete folded configuration

joined edge

(d) Cylindrical coordinate orientation (e) Side (r-0) projection

Figure 4.1: Non-Developable Miura pattern geometry.

side lengths can be used to solve ZQOR in the right-angled triangles AOPS
and AOQR. This angle is deemed the lateral panel rotation ~, where tanvy =

(QR — PS)/QP. This can be expressed in terms of existing parameters as:

Absin(nz/2)

t -
s acos(na/2)

(4.1)

Four additional parameters can be defined at the joined longitudinal edge: the
joined edge angles 1z; and 1,;, long side dihedral angle 04;, and short side dihedral

angle 045, Figure 4.1(c). Note that dihedral angle 6 is equivalent to that in a
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Miura pattern and so can be found with Equation (2.2). Equating lengths AA’
and PP’ and then considering triangles APOP’ and AADA’ gives:

cosnz; = 1 —sin®(n,/2)(1 + cos 27) (4.2)

Similarly, equating lengths AC' and DF and considering triangles AABC and
ADFEF, gives:

a? + a? —2a2(1 + cosny)
2a,a,

(4.3)

COSMNa; =

Equation (2.3) can be reformulated with appropriate edge and sector angles to

give the following two equations:

cosz; — cos® ¢y

O = 4.4
cos 0 4 7o (4.4)
a2
cosbs = o8 UZ? 5 Cos” s (4.5)
sin” ¢,

It should be noted that unlike developable patterns, the long joined edge in the
Non-Developable Miura pattern forms both a mountain and a valley crease polarity
during deployment, which is to say that the dihedral angle 4, varies between 0

and 27. The polarity flip occurs when 64, = 7.

Finally, the assembled folded configuration of the Non-Developable Miura pattern
forms a laterally curved profile with M-vertices and V-vertices lying along concen-
tric curved profiles with radii R, and R; respectively. Different radii subscripts are
used to that of the previous section as the pattern curvature is about a different

axis. From Figure 4.1(b) these are found from projected side lengths R, = OR

and R; = OS:
. bz Sln(?’]z/Q)
hi = 2sin~y (46)
_ b,sin(nz/2)
Bo= g D

Given a pattern with m joined lines and n zigzag lines and an origin and orientation
as shown in Figure 4.1(d)-(e), the location of any vertex V% (i = 1,2,...,m,

j = 1,2,...,n) can be plotted in cylindrical coordinates, where (z,y,z) = (z,
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rcos@,rsinf). The three components (z,r,0) of V* can be given as:

R; for odd j
r = (4.8)
R, for even j
0=2(—1) (4.9)
(j — Dasin(na/2) for odd 7 and odd j
(j — Dasin(na/2) — Abcos(nz/2) for odd 7 and even j
xr=
(j — Dasin(na/2) + b; cos(nz/2) for even i and odd j
(7 — Dasin(na/2) + (b; + Ab) cos(nz/2)  for even i and even j

(4.10)
To summarise, there are ten configuration variables na, 1z, 0z, 01, 045, N4, 1Nz;,
R;, R,, and 7, related by nine Equations (2.1), (2.3), (4.1-7). Therefore any folded
configuration can be determined by specifying six dimensional constants and one
configuration variable. The folding sequence in Figure 4.2 is found with a = 40mm,

b, = 40mm, b; = 30mm, ¢ = 7/3, m = 11, n = 4, and varying 64 from 0 to 27/3.

(b) Folding sequence of aluminium prototype

Figure 4.2: Non-Developable Miura pattern folding motion.
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4.1.2 Non-Flat Foldable Miura Pattern

Flat-foldability can be a useful characteristic for certain applications, for example
it can allow deployable structures to be folded for storage. However it is not nec-
essary for other applications, including foldcore construction. A planar non-flat
foldable Miura variant is shown in Figure 4.3(a), and is used for packaging applica-
tions (Tessellated Group, 2013) as it forms a panel at a fully-folded configuration.
This planar variant is not parametrised here, as it can be plotted with trivial mod-
ifications to the Miura parametrisation in Section 2.2. Another non-flat foldable
Miura variant exists that causes the pattern to fold along a curved profile, Figure
4.3(b). It has the same axis of curvature as that of the Non-Developable Miura
pattern and so may be useful as an alternative. Henceforth the term Non-Flat

Foldable Miura pattern shall refer to the curved variant.

.

| V. 4

(b) Curved Non-Flat Foldable Miura variant

Figure 4.3: Partially-folded and near fully-folded half-units of Non-Flat Foldable
Miura variants.
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An unfolded unit of the Non-Flat Foldable Miura pattern is shown in Figure 4.4(a).
It is similar to the Non-Developable Miura pattern, except that triangle plates
replace the removed portions of the Non-Developable pattern. It can be completely
realised from six pattern constants: a, ¢, m, and n as used previously, plus inner
and outer zigzag side lengths b; and b,. Additional dependant constants Ab, a;, as,
¢, and ¢, can be found in the same manner as described in the previous section,
and two additional constants, triangle plate width and sector angle, are given by
w = Absin¢ and ¢, = ™ — ¢5 — ¢, respectively. The ability of a pattern to be
flat-folded is determined by the Kawasaki-Justin theorem (Kawasaki, 1989), which
states that flat-foldable patterns will have alternately added and subtracted sector
angles summing to 0. Summing sector angles around the central vertex confirms

the pattern as non-flat foldable, with ¢s — ¢y, + ¢s — O+ P — &1 = 2(ds — 1) # 0.

(b) Folded configuration (c) Side (r-6) projection

Figure 4.4: Non-Flat Foldable Miura pattern geometry.

In the same manner as described in the previous section, auxiliary variables 174 and
1z can be defined along perpendicular planes of the half-unit geometry, and then

used to derive the required configuration variables. Four panel rotation angles can
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be defined: global panel rotation angles ¢ and (i, and local panel rotation angles
v and . Equation (4.1) remains valid for 7 and the following two relations can

be established using projected side lengths and triangle geometry:

_ wcosy
cosa = oy cos(a2) (4.11)
(=7/2—v—« (4.12)

The folded geometry can be parametrised using cylindrical co-ordinates, Figure
4.4(b)-(c), with M-vertices and V-vertices lying along concentric circles with radii
R, and R; respectively. The following three relationships between remaining vari-

ables can be established with projected side lengths:

b sin(nz/2)
B = 2sin ¢ (4.13)
R, = v/(R; + acos(n4/2) sin o/ cosy)? + w? (4.14)
sin ¢, = % (4.15)

0
Dihedral and edge angles can derived from auxiliary variables. However this pro-
cess is extensive and very similar to that described for the Non-Developable Miura
pattern and so is not shown here. Given a Non-Flat Foldable Miura pattern
with m straight lateral lines and n zigzag lines, the location of any vertex V%’
(i =1,2,...,m, 7 = 1,2,...,n) can be plotted in cylindrical coordinates, where
(z,y,2z) = (x, rcosf,rsinf) and origin and orientation as shown in Figure 4.4.

The three components (z,7,0) of V¥ can be given as:

R; for odd j
r = (4.16)

R, for even j

2(i" — 1)¢ for odd j
=< 2(i' —2)/2¢ +(  for even j and odd i (4.17)

2(i' —2)/2¢ — ¢, for even j and even i
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(j — 1)asin(na/2) for odd j and odd

B (j — Dasin(na/2) + b; cos(nz/2) for odd j and even ¢’

o (j — Dasin(na/2) + Abcos(nz/2) for even 7 and odd ¢’
(7 = Dasin(na/2) +

(b; — Ab) cos(nz/2)  for even j and even ¢’
(4.18)

— 1)asin(na/2

Note that the sub-designation ¢ = (mod(i,2) + i)/2 is used where it gives a more

concise parametrisation.

To summarise, seven Equations (2.1), (4.1), and (4.11-15) exist amongst eight pat-
tern variables, 14, 1z, Ry, R;, (, (&, 7, and a. Therefore any folded configuration
can be found by specifying six dimensional constants and one configuration vari-
able. An example folding sequence is shown in Figure 4.5 for a Non-Flat Foldable
pattern with parameters a = 15mm, b, = 40mm, b; = 30mm, ¢ = 7/3, m = 9,
n =5, and varying 64 continuously from 7 /10 to 7. From the folding sequence it

can be seen that the pattern is developable, but not flat-foldable.

(b) Folding sequence of paper card prototype
Figure 4.5: Non-Flat Foldable Miura folding motion.
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4.1.3 Tapered Miura Pattern

A tapered Miura pattern is obtained by inclining the straight crease lines of a
Miura pattern so that they form a polar, rather than a parallel, configuration.
This causes the pattern to deploy in a polar (r-0), rather than a rectilinear (z-y)

manner, although the pattern remains globally planar.

A unit consists of four panels aligned along polar lines meeting at a centre point.
The angular constant p designates the angle between these polar lines, Figure
4.6(a). Constants a and ¢ can be defined for both the close and far vertices, denoted
by subscripts ¢ and f respectively. Two of these are dependent parameters, as
¢r = ¢.— p, and a. = aysin ¢/ sin ¢.. Panels on the same radial ring are identical
in size, however side length b increases for each added j** radial ring. The panel
length b along the j zigzag crease from the origin is therefore denoted b; and
found with the following equation, to give six independent, dimensional pattern
constants:

bj =by + (j — 1)a.sin p/sin ¢y (4.19)

The angular relationships established between ¢, 04, 07, 17 , and n4 for the Miura
pattern, Equations (2.1-3), can be reformulated for both close and far vertices,
with a common 0, across the polar creases. This gives the following six equations

between seven variables, 0.4, 074, 02, Nez, Nfz, Nea, Nya:

oS 1oy = sin? ¢, cos f.4 + cos® ¢, (4.20)
COS Nen = sin® ¢, cos O, — cos® ¢, (4.21)
(14 cosnez)(1 — cosnea) = 4cos(¢e)? (4.22)
cosnyz = sin® ¢y cos 04 + cos® ¢ (4.23)
cosnpa = sin® ¢; cosf; — cos® ¢f (4.24)
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-
-
-
-

._9/,/// \P b/
A c

(a) Crease pattern and constants

(b) Configuration variables

Figure 4.6: Tapered Miura pattern geometry.
(14 cosnz)(1 —cosnsa) = 4cos(¢r)? (4.25)

The folded geometry can be parametrised using cylindrical co-ordinates, which are
found with three additional pattern variables: folded angular parameter p, and
radii R.; and Ry;, Figure 4.6(b). The following three equations can be found

from geometry:

p=(Nez —Nz)/2 (4.26)
R.; = b;sin(nsz/2)/sinp (4.27)
Ry =bj(m —sinn.z/2)/sinp (4.28)

Given a Tapered Miura pattern with m polar lines and n zigzag lines, the location
of any vertex V% (i = 1,2,...m, j = 1,2,....,n) can be plotted in cylindrical

coordinates, where (z,y,z) = (rcosf,rsinf,z) and origin and orientation are as
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shown in Figure 4.6. The three components (r,0,z) of V% can be given as:

R.; for odd ¢

. (4.29)
Ry ; for even ¢
0d=0i—1)p (4.30)
0 for odd j
L (4.31)
a.cos(nea/2)  for even j

In total, nine Equations (4.20-28) are found amongst ten variables, 0.4, 07, 1.7,
Nea, O¢a, Nyz, Nga, p, Rej and Ry ;. Therefore any folded configuration can be
found by specifying six dimensional constants and one configuration variable. An
example sequence is shown in Figure 4.7 for a Tapered Miura pattern with param-
eters a. = 60mm, by = 40mm, ¢. = 7/3, ¢y = 27/9, m =n =5, and 0.4 varying

continuously from 0 to 7.

o o Vo T

(a) Folding sequence simulated in MATLAB

s | e

(b) Folding sequence of paper card prototype

Figure 4.7: Tapered Miura pattern folding motion.

The Tapered Miura pattern can fold to a fan-like structure, which forms a closed
geometry at certain pattern configurations. Analogous closed configurations ex-
ist for other Miura-derivative patterns. While deriving these closure conditions,
several patterns displayed interesting behaviour that might be useful for bi-stable
structures. This particular application is outside the scope of this thesis but closure

and bi-stability are briefly discussed in Appendix A.
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4.2 Piecewise Geometries

4.2.1 Piecewise Geometries

By utilising the consistent parametrisation for the above set of Miura-derivative
patterns, complex piecewise geometries can be created with preserved rigid-foldable
characteristics. Piecewise geometries are created by taking an initial pattern,
termed a master pattern, and attaching additional slave patterns that share com-
mon edge vertices. The common vertices can be used to remove redundant pa-
rameters in the slave patterns, thus forming complex geometry with a minimum
number of required parameters. Adopting terminology from (Klett and Drechsler,
2011), such a process is a bottom-up method for generating freeform rigid-foldable
geometry, as opposed to top-down methods that allow for the creation of con-
tinuously varied freeform geometries by perturbing rigid pattern vertices within
allowed kinematic constraints. The process is demonstrated below by way of three

examples.

To create rigid-foldable patterns with a variable longitudinal radius of curvature,
piecewise geometries can be formed from combinations of Miura, Arc, and Arc-
Miura patterns. For example, Figure 4.8(a) shows a master Miura pattern con-
nected to a slave Arc-Miura pattern along a common edge. Geometric compatibil-
ity allows for the removal of four redundant slave parameters, bj = 0™, ¢ = ¢,
m® = m™, and any configuration variable at that vertex, for example 67, = 07.
Superscripts m and s are used to denote master and slave pattern parameters re-
spectively. As there are seven parameters required to define an Arc-Miura pattern,
three remaining parameters are required to completely define the piecewise assem-
bly. These can be set to create geometric forms as required, for instance Figure
4.8(b) shows a Miura/Arc-Miura/Miura rigid-foldable arch, where a® is chosen to

give a constant panel depth across straight and curved segments, and n® and ¢; are
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chosen such that the final configuration bends around a semi-circle. Assembling
freeform geometries in this manner creates folded plate structures with a minimum
number of panel sizes, for example only two panel sizes are required to form the

Miura/Arc-Miura/Miura arch.

b= b

(a) Master (clear) and slave (b) Arch shape with varying longitudinal curvature
(shaded) patterns

Figure 4.8: Piecewise geometries formed from Miura/Arc-Miura assembly.

Geometries with varying lateral curvature can be created by connecting Miura,
Non-Developable Miura, and Non-Flat Foldable Miura patterns. An example
assembly with half-units of a master Miura pattern connected to a slave Non-
Developable Miura is shown in Figure 4.9(a). The usage of a half-unit is necessary
so that there is a common edge between the two patterns. Four slave parame-
ters can be removed, a® = a™, ¢* = ¢, n®* = n™, and a configuration variable,
for example 7% = n’y. The three remaining slave parameters b7, b7, and m®, can
be specified as desired. For example, Figure 4.9(b) shows a geometry with slave
Non-Developable Miura patterns designed such that the straight Miura segments
lie along perpendicular planes in the final configuration. Three panel sizes are

required to create the geometry.

As a final example, piecewise geometries can be created by pairing a master pattern
with self-similar slave patterns. This is equivalent to a commonly-used method for
altering rigid patterns which consists of altering adjacent plate side lengths to
create a varied rigid-foldable geometry. An example of this type of geometry is
shown in Figure 4.10(a), in which master and slave Tapered Miura patterns are

connected along a common edge. Five redundant slave parameters can be removed:
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(a) Master (clear) and slave (b) Rectangular box shape with varying lateral curvature
(shaded) patterns

Figure 4.9: Piecewise geometries formed from Miura/Non-Developable Miura as-
sembly:.

by =071, 9o = &'y ¢ = @', m® =m™, and a configuration variable, for example
03, = 07,. This leaves two parameters free to be used as desired. The assembly
shown in Figure 4.10(b) is created with Tapered Miura patterns with alternating
values for a., creating a conical assembly. Sequential values for a. could instead be
defined so that the folded assembly fits a shallow, doubly-curved spherical surface.
When modifying the Tapered Miura pattern in this manner, the number of required
panel sizes does not change between planar, conical, or spherical geometries, with

a single panel size per radial ring retained for all cases.

(a) Master (clear) and slave (b) Conical shape formed with alternating Tapered Miura
(shaded) patterns patterns.

Figure 4.10: Piecewise geometries formed from Tapered Miura pattern assembly.

97



Chapter 4. Extended Foldcore Geometry

4.3 Folded Sandwich Structures

When attempting to use curved first-level derivative patterns for the core of a
foldcore structure, a problem is encountered. The patterns do not possess a smooth
inner and outer surface, rather they have a jagged inner and outer surface that
arises from only pattern vertices lying along radii of curvature. Attempting to
attach continuously curved faces to these core patterns to form sandwich structures
results in a sandwich panel that has weak point connections between core and face,

Figure 4.11(a).

A new method is proposed to attach faceted inner and outer sandwich faces to
single-curved Miura-derivative patterns. Termed folded sandwich structures, the
new panels are able to achieve a continuous line connection between core and face
sheets, Figure 4.11(b). The geometric requirements for faceted faces are presented

below for four single-curved core patterns.

4.3.1 Non-Developable Miura Core

Faceted inner and outer sandwich faces are designed on a single core unit such
that when connected, the face sheets lie along core edges, and when tessellated
with the core unit, the face geometry forms a continuous inner and outer surface,
Figure 4.12. This process will first be demonstrated for a Non-Developable Miura

type core pattern.

The Non-Developable pattern has vertices located at inner and outer radii, so
by kinking the face plate at these vertices, they will lie continuously along the
inner and outer core edges. For each core unit, this creates an inner and outer
face each with two facets of the same length, Figure 4.13(a)-(b). Using triangle

geometry, the following expressions for inner and outer face length, deemed [N”
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(a) Traditional sandwich panels with continuously curved face sheets and point contacts
between core and faces

(b) Folded sandwich structure with faceted face sheets and line connections between
core and faces
Figure 4.11: Comparison of traditional sandwich panel and folded sandwich struc-

ture.

and [P respectively, can be found relative to Non-Developable core parameters

established in Section 4.1:

INP = Ri/2(1 — cos(27)) (4.32)

INP = Ry\/2(1 — cos(27)) (4.33)
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(a) Unfolded core, top; and faces, bottom b) Perspective view of assembled panel

Figure 4.12: Tessellation of single unit of core and faceted face geometry, shown
in the darker shade.

ND
and
D

) Unfolded core and face patterns

(b) Alignment and assembly (c) Face lengths

Figure 4.13: Non-Developable Miura folded sandwich structure.
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4.3.2 Non-Flat Foldable Miura Core

Faceted sandwich faces can be designed for a Non-Flat Foldable Miura core in a
similar way to that just described for the Non-Developable Miura pattern. Faces
are kinked about inner and outer core vertices to create a folded sandwich that
[NF

possesses two facet lengths along the outer edge, [, INF

and [;;", and one facet length
along the inner edge, [N, shown in Figure 4.14. From triangle geometry the
following expressions for face lengths can be found relative to Non-Flat Foldable

core parameters established in Section 4.1:

T = Rov/2(1 — cos(2¢y)) (4.34)
105 = Ro\/2(1 — cos(2¢ — 2¢3)) (4.35)
INF = Riv/2(1 — cos(20€)) (4.36)

NF

0,1
NF

0,2

S~

C ! C
.
l.NF
A > A D

) Unfolded core and face patterns

(b) Alignment and assembly (c) Face lengths
Figure 4.14: Non-Flat Foldable Miura folded sandwich structure.
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Additional core parameter constraints can be introduced to design particular face
lengths, for example the relation 2w = b, sin(nz/2) can be used to create a panel

NF _ JNF
where [ = 1,5

4.3.3 Arc-Miura Core

Unlike the previous cores, the Arc-Miura pattern does not possess a continuous
outer or inner edge along the direction of curvature. It is still possible to attach
faceted faces to a unit, Figure 4.15(a)-(b), however the face sheets have different
core contact conditions over alternate spans. The first span is continuously bonded
along the zigzag edges of the core pattern and the second span hangs unsupported
between core zigzags. This means that two face lengths are required for both inner
and outer faces, z;jf{” , lféW , lflM , and l;‘g” , Figure 4.15(c). From triangle geometry

the following expressions can be found relative to the Arc-Miura core parameters

shown in Section 2.2:

lop1 = Ri\/2 — 2cos&py (4.37)

loja = Ri\/2 — 2cos(€ — &) (4.38)
lif1 = Ran/2 — 2cos(&p + 2642 — €) (4.39)
lz‘f’Q = R2 \/2 -2 COS(2§ - §b1 - 25(12) (440)

In a similar manner to that discussed for the previous core, it is possible to design
Arc-Miura core geometry for particular face length requirements, for example to

reduce or remove the length of the unsupported face sections.
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C Ia C T
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A Zo,l 10,2 Zi,] Zi,Z

(a) Unfolded core and face patterns

(b) Alignment and assembly (c) Face lengths
Figure 4.15: Arc-Miura folded sandwich structure.

4.3.4 Arc Core

Using the Arc pattern as a core structure again creates a panel with different face
bonding conditions. For an Arc core, every zigzag crease lies along the same outer
radius. The outer face can therefore be continuously connected along both the core
zigzag and straight patterns mountain-crease lines. As there are no core vertices
along the inside radius, the inner face is attached only along portions of straight

valley-crease pattern lines, Figure 4.16(a)-(b).

This creates two facet lengths for the outer face, lél, l;‘fQ, and one facet length for

the inner face length [, Figure 4.16(c). These can be related to Arc parameters

shown in Section 2.2 with the following equations:

1)y = R\/2 —2cos(& — &)/2 (4.41)

1)y = R\/2 —2cos& (4.42)
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o Rcos(&1/2) —wecos(04/2)
’ cos((& + &)/4)

12 = Rin/2 — 2cos((& + &)/2) (4.44)

(4.43)

where R; is an auxilliary inner radius parameter.

VAR
Nl

D G

(b) Alignment and assembly (c) Face lengths

Figure 4.16: Arc folded sandwich structure.

4.3.5 Piecewise Core

Piecewise folded sandwich structures can be created for the piecewise core pat-
terns developed in Section 4.2. There are two methods with which compatible,
continuous sandwich faces can be attached to piecewise core structures. The first
method entails using the slave piecewise pattern parameters to design a panel with
constant depth across all joined core segments. This allows the sandwich faces to
be attached as designed above without the need for alterations. For example the
Miura/Arc-Miura/Miura sandwich assembly shown in Figure 4.17 was designed

such that the inner and outer radii of the Arc-Miura geometry met tangentially
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with the top and bottom surfaces of the Miura geometry.

NNV NN VRN NN NN
[ [ LS ST S

(a) Unfolded core patterns

(b) Perspective and side view

Figure 4.17: Piecewise folded sandwich structure designed with constant panel
depth across connected segments.

In certain instances it is impossible to design piecewise core geometry that pos-
sesses a constant panel depth. In these instances, faceted sandwich panel faces
can be extended or trimmed as needed to form a continuous surface. For example,
Figure 4.18 shows an Arc-Miura/Arc/Arc-Miura piecewise core geometry which
has a varying panel depth. To form a continuous inner surface, small face plates
are extended from the Arc-Miura geometry to meet with trimmed face plates on

the Arc geometry.
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extended Arc-
Miura faces

trimmed
Arc faces

(b) Perspective and side view

Figure 4.18: Piecewise folded sandwich structure designed with varying panel
depth across connected segments.
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4.4 Curved-Crease Miura Pattern

A common method for creating curved-crease origami geometry is to invert sec-
tions of known developable surface, such as a cylinder or cone (Demaine et al.,
2011b). This is a relatively inefficient way to generate curved-crease geometry, as
it requires defining a developable surface and an intersecting cutting plane, and

then calculating the elliptical curve that occurs at the intersection of the two.

Cutting Plane

N

AN

AN

\ \
\ \
\ \
\
1

Figure 4.19: Curved-crease surface created from the inversion of a developable
cylindrical surface.

By reversing this process, that is to say by first defining an elliptical surface and
then projecting this ellipse along reflected axes, a much simpler method to generate
curved-crease geometry is obtained. Furthermore, by fitting this ellipse through
a known rigid origami pattern, specifically a Miura-derivative pattern, geometric
solutions for projected axes direction, unit volume, pattern closure, and folded
sandwich faces can be reused. Once this elliptical surface is obtained it can be
sub-divided into prismatic rigid origami slices by enforcing a common edge angle
at slice interfaces. This forms a PQ mesh, as discussed Section 2.2, and is also
an embodiment of the piecewise geometries discussed in Section 4.2. It therefore

allows simple simulation of pattern folded motion. Reducing the curved-crease
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geometry to an assembly of planar rigid origami plates also removes the need
to consider local curvature of the projected elliptical surface. These two stages,
deemed the ellipse creation and rigid subdivision stages respectively, can be used

together to create parametrisations for rigid-foldable curved-crease geometry.

4.4.1 Ellipse Creation

An elliptical curve is defined through three sequential zigzag points in a prismatic
Miura base pattern, Figure 4.20(a). Equivalent ellipses can be defined through
zigzag creases to either side of the initial ellipse, and a curved surface projected
between them. This projection is along the longitudinal folded axes of the base
pattern, Figure 4.20(b). This process successfully creates a developable, curved-
crease surface for two reasons: any specified elliptical curve will form the inter-
section of some cutting plane and a developable surface, and the folded axes of a
prismatic origami pattern form a reflection in the plane in which the zigzag nodes
lie. The surface developed in this way is deemed a Curved-Crease Miura pattern.

Henceforth the designation Curved-Crease will be shortened to CC.

Projection
Directions

(a) Elliptical curve through three points (b) Projection along longitudinal axes

Figure 4.20: Curved crease geometry creation on a rigid prismatic base pattern.

The process for determining the ellipse in a CC-Miura pattern is as follows. The

uw! — v7 plane is defined as coplanar with three j** zigzag nodes. The j™ ellipse
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(u/,v7) can be generally defined in this plane as:

(= gf (=)’

c? d?

=1 (4.45)

where ¢, d, g, and h are ellipse coefficients. As all j** zigzags on a prismatic Miura
pattern are identical, the ellipse through a singular zigzag need only be solved,

and the so the superscript j is replaced with ’.

The three known zigzag points do not provide enough information to find the four
ellipse coefficients and a unique ellipse, rather they specify a family of possible
elliptical curves. One additional parameter must be specified to determine a unique
ellipse. This is defined as the gradient parameter ¢, which is the the initial gradient
of the elliptical curve in the v’ — v’ plane, Figure 4.21(a). By defining ¢ in addition

to the base pattern geometry, a unique ellipse can be found from the following

equations:
h=B/2 (4.46)
207
7= [4C' — Btan y) (4.47)
c=C-—g (4.48)
g2
d=B/2\[1/(1-%) (4.49)
where B = 2bsin(nz/2) and C' = bcos(nz/2) (4.50)

Gradient parameter ¢ is limited to minimum and maximum bounds, ¢,,;, and
Omaz- The lower and upper limits of ¢ correspond to minimum and maximum
values of coefficient g, at g = —oo and g = 0 respectively, Figure 4.21(b). Substi-
tuting these values of g into Equation (4.47) allows the bounds to be determined

as a function of the prismatic base pattern geometry as follows:

Omin = 4C/B, when g — —o0 and (4.51)

Omaz = 7/2, when g =0 (4.52)
Note that an ellipse with gradient ¢ = ¢, at ¢ — —o0 is equivalent to a
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Base

L h !
Yo — = f :
i c .
(a) Base and ellipse geometric parameters (b) Lower and upper bounds of ¢

Figure 4.21: Ellipse fitted through three zigzag points.

parabola through the three original zigzag points. For geometry creation purposes
it is often more convenient to express Equation (4.45) as a parametric function of

t, where (—tym <t < tum):

u =g+ ccost (4.53)

v =h+dsint (4.54)
cB

tiim = tan — 4.55

! arctan 2dg (4.55)

It is possible to unroll the elliptical curve of the initial projected curved surface in
order to obtain a crease pattern. This is achieved in two steps. First, the original
ellipse is projected along the axes of each fold direction, Figure 4.22(a), to obtain
a new ellipse in the u), — v}, plane that represents the perpendicular section of the

developable surface:

i, = o S23A/2) (4.56)

sin(na)
vh =1 (4.57)

Second, the projected ellipse is unrolled onto the u} — v} plane to obtain the final

crease pattern, Figure 4.22(b). The equation to find the length s(¢) of an elliptical
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(a) Perpendicular projected ellipse (b) Unrolled pattern

Figure 4.22: Crease pattern unrolled from a folded configuration.

arc is inexact and must be integrated by parts:

uy = uy (4.58)

vy = s(t) (4.59)

To summarise, the Miura pattern requires six independent parameters to define
a,b, ¢, m, and n, plus any configuration variable. Using the above equations any
CC-Miura configuration can therefore be found by specifying seven parameters:
a,b, , m,n, a configuration variable, and the gradient parameter ¢, where ¢,,;, <

()0 < meam-

4.4.2 Rigid Subdivision

The projected elliptical surface creates a developable surface, however it does not
consider any bending within the structure, nor does it allow the folding motion of
the surface to be easily found. As discussed in the literature review, approximating
a surface as a PQ mesh is can overcome these problems. Here, a PQ mesh is
created by subdividing the elliptical surface into rigid origami strips connected

along common longitudinal edges. It is demonstrated next for a CC-Miura pattern.
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The curved-crease pattern is split into S strips for every row of panels in the
prismatic base pattern, where S is termed the division number. The pattern now
possesses a total of s longitudinal crease lines where s = S(m — 1) 4+ 1. Specifying
S =1 creates a geometry corresponding to the prismatic base pattern. A higher S
gives a closer approximation of the curved surface, Figure 4.23. Unless otherwise

stated, all CC-patterns in this chapter have S = 4.

k=3

Figure 4.23: Curved crease pattern divided into S = 1,2, and 4 divisions.

The spacing distribution between split crease lines can be chosen as desired. In the
simplest case, the lines can be set to be equidistant in the y direction. However
this thesis shall adopt a slightly more complex spacing scheme in which crease lines
split the elliptical curve into regular t;,,/S angular divisions of the parameter ¢,
Figure 4.24(a). This was seen to give a more regular approximation of the original

elliptical surface than a laterally equidistant division scheme.

Vertices W*J are calculated at the intersection of the k' divided longitudinal
crease lines and the ;™ zigzag crease (k = 1,2,...;s, 7 = 1,2,...,n). Note that
the k, s, and W"*J terms have replaced the i, m, and V% terms used to define
prismatic pattern vertices. In a 3D Cartesian coordinate system with origin and
orientation shown in Figure 4.23(a), the coordinate vector (z%7, ykJ zkJ) of Wi

can be given as:

2™ = (j — Dasin(naset/2) + u'(tF) (4.60)
ykJ — (/{,‘ k- 1)bSin(n§,Set/2) + ’Ul(tk) (4.61)
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. 0 for odd j
2 = / (4.62)

acos(na,set/2) for even j

where u/(t*) and v/(t*) are coordinates of the subdivided elliptical curve obtained
by substituting t* = #;;,,(k'/S — 1) into Equations (4.53-54). Note that the sub-
designation &’ = mod(k — 1,25) is used where it gives a more concise parametri-
sation and the subscript set denotes a pattern variable obtained from prismatic

base geometry at the folded configuration used to set the CC-Miura pattern.

(a) Straight-line segments be- (b) K rigid strips
tween subdivided points

Figure 4.24: Projected curved surface split into rigid strips.

Closer inspection of the subdivided CC-Miura geometry shows that it forms a
planar quadrangle mesh which is equivalent to a piecewise assembly of K Miura
pattern strips (K = 1,2,...,s — 1), where the K strip is bounded by the k and
k + 1 longitudinal crease lines, and the j = 1 and j = n zigzag crease lines. The
folding motion of this piecewise assembly can be simulated once the six parameters

of each Miura strip are known.

Fortunately, these parameters can be simply derived. Each Miura strip is one-
plate wide, that is to say has m® = 2, and possesses the same number of panels
in the longitudinal direction as the prismatic base pattern, n® = n. Here, the
superscript K denotes a parameter for the K*" rigid strip, and non-superscripted

parameters denote a parameter from the prismatic base geometry. All strips share
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two additional parameters with the prismatic base pattern: longitudinal edge angle
n% = na and side length o = a, Figure 4.24(b). The remaining two parameters
for each segment, lateral sector angle ¢X and side length b* can be calculated from

the vertex coordinates with the following equations:

pE — ||Wk+1,1 . Wk1|| _ \/(xk—f—l,l _ xk,1)2 + (yk+1,1 _ yk,1)2 (4.63)

+ bK 2 _ ||Wk’1 _ Wk+1,2|

— ) ’ ) J— T
= /W W W — arccos KLK

(4.64)

Expressions for the length between two vertices and the angle between three ver-
tices will be used for other curved-crease pattern development and so it is conve-

nient to define them in general terms:

W — Wt = (aRT = T (g — g+ (PR = 2R (4.65)
F? + G? — H?

2FG

SWHEIWSTV T = arccos

(4.66)

where F' = ||[Wh — V1]

, G = [|[Wst —We||, and H = ||WkI — Wer|. If
convenient, terms in these expressions will be substituted for named rigid strip

parameters, as was done for Equations (4.63-64).

Once m&, n¥ o, b¥ and ¢X are known, the folding motion of each rigid strip can
be easily found by defining pattern variable n% between upper and lower bounds
nf{ mae a0d nﬁi min- Lhe upper bound simply occurs when the pattern is completely
flat, n% ... = @ The lower bound corresponds to the maximum compressible
configuration of the curved-crease model, which is calculated by assuming that
this state occurs when the outermost rigid strip is folded completely flat, which is

to say when n}, = 0, Figure 4.25. From Equation (2.3) this occurs at:
COS N i = Sin” @' — cos® @' (4.67)

It is believed that this is the first analytical prediction for the maximum com-
pressibility of curved-crease origami patterns. A comparison between the unfolded
rigid strip assembly and the unrolled projected ellipse (uj, v4) given by Equations

(4.58-59) is shown in Figure 4.25(b), with good agreement seen.
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N\ AN
N\ AN

{ ’
o (uj' 3v§)
(a) Isometric view

(b) Top view
Figure 4.25: Maximum and minimum limits of curved-crease foldability.

A comparison between the folding motion of the simulated geometry and the alu-

minium prototype, set at dimensions a = 60mm, b = 60mm, ¢ = 7/3, n, = 7/2,

m =3, n =3, and ¢ = Y, also shows good agreement, Figure 4.26.

Figure 4.26: Comparison of folding motion of simulated (left) and aluminium
prototype (right) CC-Miura pattern.
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The PQ mesh created by the rigid subdivision is an embodiment of the piecewise
geometries discussed previously and provides two major benefits: there is no need
to consider local surface bending effects as the rigid strips can be assumed to remain
planar during folding, and the assembly of rigid strips possesses a single degree-
of-freedom kinematic mechanism that allows the folding motion of the pattern to

be simply calculated.

4.4.3 Tessellations

As a final comment on the creation of the CC-Miura pattern, it should be noted
that many different curves can be defined through three nodes on a prismatic
base pattern, beyond the simple elliptical curve discussed above. More complex
conic curves can be derived by fitting partial elliptical curves through half-units
of the base prismatic geometry, and can still be completely defined with the single
gradient parameter . Different curves defined with the same gradient on the same

prismatic base are termed tessellations.

Tessellation 1 is defined as the geometry obtained by fitting the basic ellipse
through sequential zigzags in the manner described above, Figure 4.27(a). Tessel-
lation 2 is defined as the geometry obtained by fitting an ellipse and a reversed
ellipse through sequential zigzags, and so corresponds to commonly seen curved-
crease patterns which possess a continuous curve, Figure 4.27(b). Note that the
shown Tessellation 2 pattern has a doubled number of divisor lines, S = 8, to

better approximate the continuous curve.
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(a)
Figure 4.27: Two tessellations of the CC-Miura pattern unit geometry.

Tessellation 1

(b) Tessellation 2

These alternate tessellations can be realised by pointing the u/(t*) and v'(t*) terms

in Equations (4.60-61) to a different parametric curve. For example, Tessellation

2 is generated with new expressions:

(1) = |

V(t) =

(

(g + ccos(2tF + tim)) /2

(g + ccos(2th — t1m)) /2

\

(
(h + dsin(2t* + t,,))/2

\ (h + dsin(2t* — t13,))/2

for0<k <S+1
(4.68)

for S+1<k <28

for0<k <S+1
(4.69)

for S+1 <k <28

Many other tessellations can be formed in this manner, however they are less

obviously suitable for foldcore design and so are not otherwise considered in this

thesis.
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4.5 Extension to General Rigid Origami

4.5.1 Curved-Crease Tapered Miura Pattern

As the name suggests, the Curved-Crease Tapered Miura pattern is created by
applying the ellipse creation and rigid subdivision stages to a prismatic Tapered
Miura base pattern. Where the CC-Miura pattern can be conceptually thought
of as the developable surface created from the inversion of a cylindrical surface,
the CC-Tapered Miura pattern can be thought of as a developable surface created

from the the inversion of a conical surface, Figure 4.28.

Cutting Plane

Figure 4.28: Curved-crease geometry from the inversion of a conical surface.

Ellipse Creation
Ellipses fitted through zigzag creases on a prismatic Tapered Miura base are shown

in Figure 4.29(a). It can be seen that unlike the CC-Miura pattern, sequential

ellipses expand to fit the base geometry, causing a conical surface to be projected.
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(a) Elliptical curves through zigzag creases (b) Projected surface

Figure 4.29: Curved crease geometry creation.

From Equation (4.19), it is known that the side length of sequential zigzags b; scales
linearly for each j** zigzag crease line. Therefore in the simplest embodiment, each
ellipse is assumed to have the same gradient parameter ¢, Figure 4.29(b), and
elliptical coefficients for the 5 ellipse, Figure 4.29(a), are obtained by substituting
the b, for b in Equations (4.46-50). The coefficients are given superscripts k7, o7, d?,
and ¢ and substituted into Equations (4.53-54) to give the j elliptical curve

(u?,v7) as a parametric function of ¢:
W = ¢’ + ¢ cost (4.70)
v/ =h) + & sint (4.71)

where —t;,, < t < tym. As the straight crease lines in the CC-Tapered Miura
pattern are not parallel, the limits for the gradient parameter ¢ differ to that for
the CC-Miura pattern. The lower bound ¢,,;, remains unchanged from Equation
(4.51), but the upper bound is changed to @ya; = 7/2 4 p , recalling that p is
the angular rotation of the folded primatic base geometry. Note that this is for
the case where an ellipse is defined through the three nodes of the zigzag crease
in a close-far-close vertice sequence, as shown in Figure 4.29. It is also possible
to define an ellipse in a far-close-far vertice sequence. In this instance the upper

limit of the gradient parameter is Y = 7/2 — p.
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Rigid Subdivision

The CC-Tapered Miura can subdivided into rigid strips in the same manner as the
CC-Miura pattern, except with radial rather than parallel divisor lines. Vertices
W*J are calculated at the intersection of the k** divided radial crease lines and
the j zigzag crease (k = 1,2,...,s, j = 1,2,....,n). If a 3D Cartesian coordinate
system with origin and orientation shown in Figure 4.29(a) is used, the coordinate

vector (x4, yMi 2%3) of WHI can be given as:

a™ = R, jcos O + uF () (4.72)
y* = R, ;sin @ + o™ (%) (4.73)
. 0 for odd j
ZFd = (4.74)
a.cos(n.4/2)  for even j

where R, ; is given by Equation (4.27), § = (k—k'—1)ps.:/S, and rotated elliptical
coordinates (u*?,v¥7) are obtained by rotating the (u/,v7) ellipse to match the

orientation of the corresponding three-node zigzag on the base pattern:

ukd (¢ cos(0 + pser) —sin(0 + pge w (t*
()] |cos(f+ pser) (0 + Pset) (") (4.75)

VRI(ER) || sin(0 + paer)  cos(0+ peer) | |07 (EF)

As before, t* = t;;,,(k'/S — 1) and k' = mod(k — 1,2S5). Note that a 3D Cartesian
system was used, rather than the cylindrical coordinate system used previously for
the Tapered Miura pattern, as it is simpler to incorporate the rotated u*7 and v*7

terms.

Inspection of subdivided CC-Tapered Miura PQ mesh shows that it is equivalent
to a piecewise assembly of prismatic Tapered Miura rigid strips. As was done for
the CC-Miura pattern, solving parameters for K rigid strips (K = 1,2,...,s — 1)
will allow the folded motion of the entire assembly to be simulated. Each rigid

strip requires seven parameters to completely determine. The number of panels in
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each strips are known and so parameters m” = 2 and n® = n can be eliminated.
Two parameters for the first strip are equivalent to the base prismatic geometry,
side length a! = a., and longitudinal edge angle 7}, = n.4. These two parameters

can be removed in the remaining strips by equating shared crease parameters,

K+1

K+l = aff and 7., = nffA, Figure 4.30.

a

(a) Radial divisor lines and exploded rigid strips (b) Crease pattern

Figure 4.30: Rigid subdivision of CC-Tapered Miura pattern.

The three remaining constant parameters can calculated directly from pattern
vertex coordinates. The simplest three independent parameters to calculate are
b, bl and ¢X. Two of these, bi and ¢X, are given by Equations (4.63-64),
substituting bX for b%, aX for o, and ¢ for ¢*. The final parameter is found

by substituting appropriate vertices into Equation (4.65) to give the following

expression:

b = W2 = WhR = R (R (476)

To summarise, eight parameters are required to completely determine the rigid
strip assembly in a CC-Tapered Miura pattern: seven for the base prismatic pat-
tern and one additional gradient parameter. The folding motion of the rigid strip
assembly can then be found by adjusting a variable parameter in the piecewise as-
sembly, most directly with 7! ,. Folding motion simulated in this manner is shown

in Figure 4.31 and good correlation is seen with a comparative physical prototype.

121



Chapter 4. Extended Foldcore Geometry

Figure 4.31: Comparison of folding motion of simulated (left) and prototype (right)
CC-Tapered Miura pattern.

4.5.2 Curved-Crease Arc Pattern

The Curved-Crease Arc pattern is created by applying the ellipse creation and
rigid subdivision steps to a prismatic Arc base pattern. Similar to the CC-Miura
pattern, it can conceptually be thought of as a developable surface created by
inverting the portion of cylinder intersected by cutting planes, although in the

case of the CC-Arc pattern alternate cutting planes are reversed, Figure 4.32.

122



Chapter 4. Extended Foldcore Geometry

rReversed

Cutting
Plane \

N

Figure 4.32: Alternate reversed cutting planes and inversion of cylindrical surface.

Ellipse Creation

Zigzag lines on an Arc pattern have identical side lengths, but an alternately
reversed orientation. Therefore elliptical curves on a CC-Arc pattern have identical
ellipse parameters for every j* zigzag, with alternate ellipses reversed. Defining
the j elliptical axis orientation (u/,v7) as shown in Figure 4.33 allows elliptical
parameters be found with Equations (4.46-49) and the elliptical curve to be plotted
with Equations (4.53-54). As all ellipses are identical, the superscript j is again
replaced with /. Permissible bounds for ¢ remain unchanged from that used for

the CC-Miura geometry.

Rigid Subdivision

The projected cylindrical surface is subdivided into planar strips to generate the
CC-Arc pattern. Vertices W*J are calculated at the k' divisor lines and the j*
zigzag crease (k =1,2,...;s, j = 1,2,...,n). In a 3D Cartesian coordinate system

with orientation as shown in Figure 4.34(a), the coordinate vector (x*9, ykd, 2*7)
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(a) Elliptical curve through three points (b) Projected curved surface
Figure 4.33: Curved-Crease Arc geometry creation.

of Wk is:
2 = Rcos 6 + u™ (t*) (4.77)
) b si 2 )
o = (k— K — 1)—8”1(77;’8“/ ) 4 R (4.78)
2F9 = Rsin 6 4 w*I (%) (4.79)

where R is given by Equation (2.14), 6 is given by odd i values in Equation
(2.16), and rotated elliptical coordinates (u*7,v*7 w*7) are obtained by rotating
the (u/,v’) ellipse to match the orientation of the corresponding three-node zigzag

on the base pattern:

ko (th cos(0 + 7
@] feoso 0y ol

vRI(tR) | = 0 1 (4.80)
. _ . V' (t*)

wh (tF) sin(f0+6”) 0

where 67 is the rotation of the corresponding three-node zigzag, given by:

b _ (m+& +&)/2 for odd j (481)
—(r+& +&)/2  foreven j

Again, a 3D Cartesian system was used, rather than a cylindrical coordinate sys-

tem, as it is simpler to incorporate the rotated u*7 v*J and w* terms.
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The subdivided CC-Arc pattern gives a PQQ mesh composed of prismatic Arc pan-
els. Unlike previous CC-patterns, different rigid parameters must be formulated
for each panel, rather than each strip. Therefore the PQ mesh is equivalent to a
prismatic assembly of K by J Arc panels (K =1,2,...,s =1, J =1,2,...,n—1)
where the (K™, J™") panel is bounded by the k and k + 1 longitudinal crease lines

and the j and 7 + 1 zigzag crease lines, Figure 4.34.

3,2 4,2
____________ K=4,J=2 .74611 =a,
N N
| A
I
iz
u2- Y
L5
.!/l"'l/
2
1l
41 < ——ﬂ
= a] d)]
(a) Divisor lines and exploded rigid panels (b) Crease pattern

Figure 4.34: Rigid subdivision of CC-Arc pattern.

To simulate the pattern folding motion, the six parameters of every Arc panel must
be defined. The two panel size parameters can be eliminated, m®/ = m® = 2 and
n® = 2, and the longitudinal edge angle is constant across all panels and equal
to the base prismatic pattern, nf = n4. Note that the superscript %/ denotes a
parameter for the (K J") panel, however only the superscript ¥ is used when all
J panels possess the same parameter. Parameters for the first strip correspond to
the prismatic base geometry: a{("] = a; for odd J and ag( ! = ay for even J. Pa-
rameters in remaining panels can be related across shared edges with af“"] = af"]
for odd J and a{ﬂu = af("] for even J. Two final, parameters, b% and ¢¥, are
identical for all J can be found by substituting af* for a® in Equations (4.63-64).

The CC-Arc pattern can therefore be completely determined from seven parame-

ters: six for the prismatic geometry and an additional ellipse gradient parameter.
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There is seen to be good correlation between the simulated folding motion of a

piecewise CC-Arc assembly and a comparative prototype, Figure 4.35.

Figure 4.35: Comparison of folding motion of simulated (left) and plastic prototype
(right) CC-Arc pattern.
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4.5.3 Curved-Crease Arc-Miura Pattern

The Curved-Crease Arc-Miura pattern is created by applying the ellipse creation
and rigid subdivision process to a prismatic Arc-Miura base pattern. As was
seen for previous patterns, it can conceptually be thought of as a developable
surface created by inverting the portion of a cylinder intersected by cutting planes,
although in the case of the CC-Arc-Miura pattern, alternate cutting planes have

non-parallel inclination angles.

Ellipse Creation

Zigzag lines on an Arc-Miura pattern have alternate lengths for odd and even j

creases, and so it is necessary to define two elliptical curves. The first elliptical

curve is located along the Arc-Miura mountain crease and so BM and C™ are found

by substituting mountain crease parameters b; for b and 7y, for 1z in Equation

(4.50). Mountain ellipse parameters ¢™, d™, g™ and h™, can be found with an

additional mountain gradient parameter ¢ and using Equations (4.46-50). The
M M

first elliptical curve (v, v™), Figure 4.36(a), can then be plotted by using these

parameters in Equations (4.53-54).

(a) Elliptical curves through three points (b) Projected curved surface

Figure 4.36: Curved-Crease Arc-Miura geometry creation.
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The second ellipse is found at Arc-Miura valley creases, and it can be plotted once
valley gradient parameter ¢" is obtained. To do this, BY and CV are first defined
with Equation (4.50) by substituting valley crease parameters by for b and ny 5 for
nz. Using the projected prismatic base pattern geometry shown in Figure 4.36(b),
ellipse parameter ¢"° can then be related to the first ellipse with similar triangle

geometry:

g" =g¥cy oM (4.82)

Substituting this value into Equation (4.47) gives:

2 Vv 9 Vi,V
tan " = ot ;f /97) (4.83)

The remaining parameters ¢',d", and hY, can be found by substituting BY, CV,
and ¢" into Equations (4.46), (4.48-49). The second elliptical curve (u",v") can

then be plotted by using these parameters in Equations (4.53-54).

Rigid Subdivision

The projected elliptical surface is subdivided into planar strips to generate the
CC-Arc-Miura pattern. Vertices W7 are calculated at the intersection of the
k" divisor line and the j* zigzag crease (k = 1,2,....,s, j = 1,2,..,n). In a
3D Cartesian coordinate system with orientation as shown in Figure 4.37(a), the

coordinate vector (x%7, y*7 k7)) of Wk is:

7 = Rcos 6 + u™i (t*) (4.84)

. 1 2 :
yk7-7 _ (k‘ . k‘, . 1)62 Sln(m\;z,set/ ) + Uk7](tk) (485)
2" = Rsin 6 4 w7 (%) (4.86)

where R is given by Equation (2.27) and 6 is given by odd i values in Equation
(2.28).
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Rotated elliptical coordinates (u®7,v*7 w*7) for odd j lie along the first ellipse,
and are obtained by rotating the (u™,v*) ellipse to match the orientation of the

corresponding three-node zigzag on the base pattern:

ulI (%) cos(0 + /24 &1 /2) 0
‘ uM (%)

ok (tR) | = 0 1 for odd j (4.87)
| v (t%)

wh (tF) sin(0 +7/2 4+ &,/2) 0

where t* = t;,,(k'/S — 1) and ty, is calculated by substituting mountain ellipse
parameters into Equation (4.55). To ensure the nodes along the k™ divisor line run
parallel between mountain and valley ellipses, a different method is used to find
rotated elliptical coordinates on the second elliptical curve. First, (u" (%), v" (%))
are obtained by reformulating Equations (4.53-54) such that v™ (¢¥) and vV (t¥)

form a straight k™ divisor line:
vV (1%) = oM (tF) (4.88)

1% I % (vV (%) — hV)?
U (tk) =g +c \/1 — (A7 )2 (4.89)

The rotated elliptical coordinates (u®7, v*J wkJ) for even j are then obtained with:

ukd (%) cos(0 + /24 &2/2) 0
. u” (%)

ok (ER) | = 0 1 for even j (4.90)
. v’ (th)

wh (tF) sin(0 + /24 &2/2) 0

where & is obtained by substituting by for by and 7,4 for 1y 2z in Equation (2.31).
Again, a 3D Cartesian system was used, rather than a cylindrical coordinate sys-

tem, as it is simpler to incorporate the rotated u*7 v*7 and w*’ terms.

The subdivided CC-Arc-Miura pattern forms a PQ mesh composed of a K by J
piecewise assembly of prismatic Arc-Miura panels, Figure 4.37(a). To simulate
the folding motion of the CC-Arc-Miura assembly, the seven parameters required
for each Arc-Miura panel must be defined. The two panel size parameters can be

found with m® = nf = 2. All panels also possess the same folded longitudinal edge
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angle as the base pattern: n{f, = nya. As was done for the CC-Arc pattern, panel
superscript %/ is replaced with © when all J panels possess the same parameter

value.

—_ 32 22
3 S G2 =4

TN -
21 11 Y.
a,’ =a, v
(a) Divisor lines and exploded rigid panels (b) Crease pattern

Figure 4.37: Rigid subdivision of CC-Arc-Miura pattern.

A side length parameter of the first odd J panel matches the base prismatic pat-
tern, a}"] = ap. This parameter can eliminated in remaining odd J panels with

K7 — f57 . Similarly for the first even J panel

common edge constraints: a; =
ag"] = ay, and for remaining even J panels af“’”’ = a{{"]. Three remaining inde-
pendent constant parameters are required, b, X and ¢X, which can be calculated
directly from pattern vertex locations. They are constant for all J. Constants b

and ¢X can be calculated by substituting a{("] for o and b for b¥ in Equations

(4.63-64). The final constant ¢& is the found with:
¢§( — Zwk,lwk,Zwlel,Q (491)

for which the general solution was given in Equation (4.66). The CC-Arc-Miura
pattern can therefore be completely defined with eight parameters: seven for the
base prismatic pattern plus an additional gradient parameter. The folding motion
can be simulated by adjusting a variable parameter in the piecewise assembly, most
directly with n{,,. A comparison of the simulated folding motion and prototype

folding is shown in Figure 4.38 with good correlation seen.
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Figure 4.38: Comparison of folding motion of simulated (left) and plastic prototype
(right) CC-Arc-Miura pattern.

4.5.4 Piecewise and Folded Sandwich Geometry

Apart from convenient parametrisation, there are numerous advantages to defin-
ing curved-crease origami patterns from a rigid prismatic base pattern, stemming
from the fact that various geometric solutions for the prismatic base geometry
are preserved in the curved-crease geometry. For example, the unit volume of the
prismatic base is preserved in the CC-variant, which will be seen in Chapter 5 to
allow direct comparison of straight-crease and curved-crease foldcore performance.

It also preserves piecewise and folded sandwich assembly methods.
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Piecewise Curved-Crease Geometry

Although the curved-crease patterns developed above are piecewise geometries
themselves, they can also be attached to dissimilar unit geometries to create
curved-crease geometries with varying curvature. This is done most simply by
defining a piecewise prismatic geometry in the manner described in Section 4.2,

and then applying the ellipse creation and rigid subdivision stages.

As an example, the piecewise arch pattern shown in Figure 4.8 is taken as a base
prismatic pattern. A gradient ¢©™ is defined on the master Miura pattern, and
an equivalent ©* is defined on a slave Arc-Miura pattern to preserve compatible
edge geometry, Figure 4.39. This is then decomposed into rigid strips to simulate

the folding motion of the entire structure.

Figure 4.39: Curved-crease piecewise geometries formed from Miura/Arc-Miura
assemblies.

Folded Sandwich Structures and Pattern Closure

Equations presented in Section 4.3 for the attachment of folded sandwich faces to
various prismatic base patterns are preserved in the CC-variants, allowing straight-

forward design of curved-crease folded shell structures. It should also be noted
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that Equations for the closure conditions of the curved Tapered Miura, Arc, and
Arc-Miura patterns presented in Appendix A are preserved in their CC-variants.

Examples demonstrating both of these aspects are shown in shown in Figure 4.40.

(¢) Preserved closure condition in prismatic and curved-crease Tapered Miura patterns

Figure 4.40: Preserved geometric solutions for curved-crease patterns.
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4.6 Conclusion

To conclude, this chapter has extended foldcore geometry concepts in numerous
ways. Three new first-level derivative patterns were developed from a Miura-base
geometry. The parametrisations allow straightforward simulated folding motion
and have been validated by comparison with physical prototype folding motion.
It was then shown how the consistent parametrisation across the set of first-level
derivative geometries allowed for them to be combined into complex, rigid-foldable,
piecewise geometries. A new method for attaching faceted faces to single-curved
and piecewise cores was then shown. These folded sandwich structures were shown
to possess a continuously connected edge between face and core structures. It is
believed this feature will allow for the creation of much stronger sandwich panels,

to be explored in the next chapter.

A new method for generating rigid-foldable, curved-crease geometry from Miura-
derivative prismatic base patterns has been developed. The two stages of the
method, the ellipse creation stage and rigid subdivision stage, were first demon-
strated on a Miura base pattern to generate a Curved-Crease Miura pattern. It
was shown that a single additional parameter was necessary to completely define
the curved-crease variant. The process was then applied to the Tapered Miura,
Arc, and Arc-Miura patterns to generate curved-crease variants for each. Finally,
it was shown how the method provided several additional benefits in addition to
the minimum parametrisation. These included the ability to alter the ellipse cre-
ation method to generate different curved-crease tessellations, and the ability to
preserve geometric solutions of the prismatic base pattern, including pattern clo-
sure and faceted face geometry. All parametrisations presented in the chapter have

been compiled into a MATLAB Toolbox for subsequent work.
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Extended Foldcore Analysis

The following chapter will use techniques developed in Chapter 3 to examine the
impact resistance of the foldcores constructed with curved-creases. They will be as-
sessed relative to the previously examined straight-crease foldcores and honeycomb
cores. Additional properties for all planar core types will then be investigated, in-

cluding out-of-plane stiffness and failure under low-velocity dynamic impact loads.

Assembled foldcore sandwich panels with attached top and bottom faces will then
be examined. Differences between core and panel failure modes are assessed, and
the findings used to develop a panel numerical model that incorporates core-face
bonding. Finally, single-curved foldcore sandwich shells will be examined. Fold-
core sandwich shells are constructed at two curvatures: both at and beyond the

curvature limit of existing single-curved honeycomb panels.
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5.1 Curved-Crease Foldcores

5.1.1 Preliminary Numerical Analysis

Geometry

As discussed in Section 4.4, a curved-crease geometry can be designed with a
straight-crease base pattern and an additional gradient parameter . It is unknown
what effect ¢ might have on foldcore performance, so a preliminary numerical
study was conducted on curved-crease foldcores with different ¢ values, and a
base geometry designed to be comparable with the small-scale foldcores studied
in Section 3.5. As such, curved-crease geometries were designed using the Mi02
experimental configuration as a base pattern, with a = 15mm, b = 7.5mm, ¢ =
64.8°, na = 95°, ny = 109.4°, and a = 3.0%. Gradient minimum and maximum
bounds were calculated from Equations (4.50-52) as @i, = 0.955 and @pee =
1.571. | so initial numerical models were set up for three different gradients: ¢,in,

©maz, and a gradient chosen to be halfway between the two, taken as ¢,y = 1.263.

Different tessellations can also be defined for the same base geometry and ¢, so
each gradient was applied to the two tessellations discussed in Section 4.4.3, for a
total of six models. Model designations G1™, G2T!, and G3™ denote the three
gradients of the first tessellation, and G172, G272, and G3™ denote the three
different gradients of the second tessellation. The total plate area A, is equal to
the sum of the areas of the rigid strips composing the curved-crease geometry, and
was slightly different for each gradient. Therefore the plate thickness was scaled
to give a matching density. Relevant parameters for all six models are listed in

Table 5.1 and selected models shown in Figure 5.1.
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Table 5.1: Preliminary curved-crease foldcore geometric parameters and results.

Model | Tess. ¢ A, tp Oz Omg  U”
(mm?) (mm)
G1™ 1 0955 4171 0.195 | 245 13,5 1.81
G2™! 1 1.263 4259 0.191 | 242 135 1.79
G3T! 1 1.571 436.6 0.187 | 23.8 13.2 1.81
G1™2 2 0.955 417.1 0.195 | 274 143 1.92
G212 2 1263 4259 0.191 | 299 16.0 1.87
G3™2 2 1571 436.6 0.187 | 324 17.7 1.83

(a) G3T! (b) G172
Figure 5.1: Unit geometries of selected curved-crease foldcore models.

5.1.2 Simulation Results and Discussion

The unit foldcore geometries were analysed numerically with the method described
in Chapter 3 and the material properties listed in Table 3.16. These initial numeri-
cal models did not include geometric imperfections but did include a small material
radius at pattern ridge locations. The dimensionless stress-strain responses of the

cores are shown in Figure 5.2(a)-(b) and relevant values summarised in Table 5.1.

Comparing different gradients, it can be seen that the choice of gradient param-
eter did not significantly affect the performance of the first tessellation models.
However it did affect the second tessellation models, with the maximum gradient
model G3™* having a 23.8% higher o7, than the minimum gradient model G1™,
Comparing the two tessellations, it can be seen that the second tessellation sig-

*
avg

nificantly outperforms the first tessellation, with G3™2 having a 34.1% higher o

than G3T! . All cores have comparable, low uniformity ratios.
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0 02 p* 04 06 0 02 p* 04 0.6
(a) Dimensionless stress-strain responses of (b) Dimensionless stress-strain responses of
first tessellation models second tessellation models

h*=10% convex _—convex

stationary

stationary :
hinges

hinge

concave concave
stationary stationary
hinge hinges
h*=28%

subsequent

collapse stationary
0 MPa hinge
(c) Von-Mises stress in model G3™1 (d) Von-Mises stress in model G3™2

Figure 5.2: Results of preliminary curved-crease numerical models.

Inspection of the Von-Mises stresses, Figure 5.2(c)-(d), shows that curved-crease

foldcores possess a complex cylindrical plate buckling mode. For both tessellations,

initial stationary hinge lines form across the top of the convex and bottom of the

concave surface. In T1 models, the core subsequently collapses about these lines.

In contrast, for T2 models, the subsequent failure of the top hinges shows that

top hinge lines spread diagonally across the sinusoidal profile to connect with the

adjacent convex hinges lines. The bottom hinge lines spread laterally to the convex

plates to create an additional convex hinge line. This might explain the stronger

T2 response, or it could be attributable to the different T1 and T2 cylindrical

aspects, to be discussed further in Section 5.1.4.
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5.1.3 Experimental Analysis

Manufacturing Method

The method described in Section 4.4 allows for the simulation of curved-crease
pattern folding motion, and so the sequential stamping manufacturing method
developed in Section 3.5 can be again used to construct small-scale curved-crease
prototypes. Prototypes were built for both of the tessellations discussed in the

previous section, with a gradient parameter of ¢ = Y42, Figure 5.3.

(a) First tessellation Ca02

(b) Second tessellation Ch02
Figure 5.3: Small-scale curved-crease aluminium prototypes.
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For sequential stamping, 3D printed male and female moulds for both tessellations
were designed at gradually steepening folded pattern configurations, set at n4 =
150°, na = 120°, and n4 = 95°, Figures 5.4(a) and 5.5(a). The process to form
a sheet was identical to that described previously, where an aluminium sheet was
stamped row-by-row through three steepening moulds, Figures 5.4(b) and 5.5(b).
Note that due to material availability, the sheet material used for these prototypes
had thickness ¢, = 0.2mm, which was slightly thicker than the 0.187mm thickness
used for the ,,,, models of the previous section. The resultant foldcores had a
density of a = 3.2% and were given the designation Ca02 for tessellation one, and

Cb02 for tessellation two.

Table 5.2 shows the formed and designed dimensions of both core types at each
stage of manufacture. Compared to the straight-crease formed dimensions of Table
3.15, there is a larger variation between designed and formed dimensions, partic-
ularly in the formed width W. In the Ca02 and Cbh02 prototypes, this width was
found to be on average 14.0% and 8.8% larger than the design width, respectively.
This is compared to a 2.3% width variation in the straight-crease cores, and less
than 4% variation in length and height dimensions. To seek an explanation of why
curved-crease cores suffer width irregularities, a plot of unit width versus folded
configuration was produced and marked with the unit width for each sequential
mould, Figure 5.6. It can be seen that compared to straight-crease geometries,
there is a much higher change in width between the second and third folded con-
figurations of the curved-crease geometries. The formed curved-crease sheet might
therefore not have properly contracted in the final manufacture stamping stage,
instead stretching across the mould geometry. This is only a partial explanation
of the width error, as it does not explain why the Ca02 variation was higher than
the Cb02 variation when they both have the same unit width contraction. It is
thought that Ca02 could have further problems from material not being drawn
into the sharp crease between unit geometries. This might suggest that there are

practical limits of the ¢,,4, relating to manufacturability.
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(a) Unit geometries
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(b) Formed sheets
Figure 5.4: Sequential stamping of Ca02 at ns = 150°, 120°, and 95°.
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(b) Formed sheets
Figure 5.5: Sequential stamping of Cb02 at n4 = 150°, 120°, and 95°.
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Table 5.2: Global dimensions of curved-crease prototypes.

Formed Designed
Model na L w H L W H

(°) | (mm)  (mm)  (mm) | (mm) (mm) (mm)

Ca02 150 | 117.1 1158 34 | 117.1 1152 3.9
Ca02 120 | 1054 1140 76 | 103.9 1104 76
Ca02 95 | 90.8 111.7 9.7 88.5 98.0 10.1

Cb02 150 | 116.6 1152 3.0 | 117.1 1152 3.9
Cb02 120 | 105.7 1128 7.3 | 1039 1104 7.6
Cb02 95 | 89.6 106.6 9.6 88.5 98.0 10.1

14.0r 5 5
Ca02/ o o= ] A
Cb02 \ |
T L L Mi02/ !
g i Ind02 !
o ! ! ]
— | | 2
S ] e
13.0F | RS S I
1 1 % o
s E ][5
I | Mould 14 5
MOU.ld 3 N Mould 2 : g
) ! : ! ! : ! \ /
95 120 nA(O) 150 180

Figure 5.6: Width contraction of straight-crease and curved-crease foldcores.

These width errors could potentially be overcome with improvements to the manu-
facturing process. For example, additional sequential moulds could be introduced
to reduce the width contraction in the final forming step, or print quality around
the sharp crease in the first tessellation could be refined. However such improve-
ments to the manufacturing process were deemed to be inconsequential at this
early stage of curved-crease assessment, as errors attributable to material stretch-
ing were hypothesised to be minor compared to the geometric defects already
introduced by the relatively crude hand-stamping process. This will be further
examined in the following section, where a method to incorporate both material

and geometric imperfections into numerical models is developed.
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Experimental Method and Results

The formed core sheets were annealed to remove residual stresses, epoxy-bonded
to aluminium face sheets, and trimmed to a 70mm x 70mm area. Three samples
for both tessellations were crushed in an INSTRON Universal Testing Machine
in the manner described in Section 3.5. Dimensionless stress-strain values are
summarised in Table 5.3 and responses shown in Figure 5.7. The non-subscripted
model designations Ca02 and Cb02 are used to denote the average response of the
first and second tessellations, respectively. Subscripts 1 — 3 are used to denote
individual prototype responses.

Table 5.3: Curved-crease prototype results.

Model | 07, .. Tavg U Model | 07,0 Tavg U~
x107% %1073 x107% %1073
Ca02, 17.1 9.0 1.90 Cb02, 19.5 12.2 1.60
Ca02, 16.1 8.3 1.95 Cb02; 15.4 9.4 1.64
Ca023 15.6 8.9 1.75 Cb025 16.5 10.2 1.62
Ca02 | 15.7 8.7 1.80 Cb02 | 17.1 106  1.62
35 — 35
o] |
A Ca02 A
b ‘ ‘\\a :'(~ b o ‘-~C\b(~)2 x:
0 02 % 04 06 0 02 p* 04 06
(a) Ca02 (b) Cb02

Figure 5.7: Dimensionless stress-strain response of curved-crease prototypes.

The experimental results shows reasonable repeatability. For the first tessellation,

*

individual values for oy,,, are within 8.9% of the average, and values for o},

max

are within 4.7% of the average. Slightly larger variation is seen in the second

*
max

tessellation, where values for o are within 14.2% of the average, and values for

*

Onyg are within 15.1% of the average. Crucially, prototypes for each tessellation

exhibit the similar failure modes.
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Straight-Crease and Curved-Crease Experimental Comparison

The straight-crease prototypes of Section 3.5 were built from the same material
and at approximately the same density as the curved-crease prototypes, so all
foldcore prototypes can be direct compared. Figure 5.8 shows the experimental
responses of Mi02, Ind02, Ca02, and Cb02. It can be seen that curved-crease cores
have higher reaction stresses, with Cb02 seen to have the highest energy absorption
capability, slightly better than that of Ca02, with an 8.9% higher o7 . and a 21.8%

higher ¢* . In relation to the straight-crease foldcores, Cb02 has a 40.2% higher

avg*

*

Oae compared to Mi02 and a 25.0% higher o7, compared to Ind02. In terms of

uniformity of response, it can be seen that the indented core, still has the lowest

U*, and a comparatively high ¢ ~that is only slightly below that of the Ca02.

avg

It should be noted when making these comparisons that only the indented cores
were tested at an optimal geometry. The standard foldcores were tested at an
equivalent, non-optimal geometry to reduce manufacturing costs, although as dis-
cussed in Section 3.5.6, are incapable of matching the low uniformity ratio of the
indented cores even at an optimal geometry. The curved-crease cores were con-
structed using the standard geometry as a base geometry, following a minimum
parameter study on the effect of the gradient parameter. As such, improvements
in performance arising from curved-crease parameter optimisation are probable.

This will be investigated in later sections.

0 02 jp* 04 0.6

Figure 5.8: Comparison of curved-crease and straight-crease prototype responses.
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Numerical and Experimental Comparison

Comparative numerical models with perfect and imperfect geometries were set up
for each tessellation in the manner described in Section 3.5.4, that is to say with
geometric imperfections generated through the superposition of the first ten core
buckling modes. Modes were linearly superimposed on unbuckled geometry such
that the maximum displacement in each case was again equivalent to 125% t,,
with the worst-case mode selected as the imperfect geometry and designated FE'.
Perfect models were again designated FE. Numerical and experimental results are

plotted in Figure 3.44 and relevant values summarised in Table 5.4.

0 02 p* 04 06 0 02 p* 04 06
(a) Ca02 (b) Cb02
Figure 5.9: Comparison of numerical and experimental curved-crease responses.

The perfect and imperfect numerical models have different failure modes, with the
imperfect models having a failure mode seen to match that of the experimental

models, discussed further below. The second tessellation in particular is drastically

*

affected by the presence of geometric imperfections, with a 37.8% reduction in o, .

This is compared to a 23.1% reduction for the first tessellation. Despite predicting
the failure mode, it can be seen that the FE' models give a poor prediction of

*

experimental stresses. For tessellations one and two, predictions for o} . are

*

35.8% and 37.4% over experimental values, respectively, and predictions for o7,

are 35.1% and 19.1% over experimental values, respectively. This is much higher
than error seen for the straight-crease cores and is more than can be accounted for

by the moderate variation seen between individual experimental prototype results.
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It was hypothesised that a second, material imperfection could be introduced
into the curved-crease models to better approximate experimental errors and ac-
count for the forming errors discussed in preceding section. As such, a sec-
ond set of numerical models were created that incorporated both geometric and
material imperfections, designated FE”. The material imperfection was imple-
mented by reducing the core sheet thickness in proportion to the degree that
formed width was stretched beyond the designed width. This gave a relation of
ty = tpWiesigned /Wiormed, Where t, equals the imperfect material thickness and val-
ues for W are those given in Table 5.2. Such a method for approximating the
material stretch contains several simplifying assumptions, including that the ma-
terial stretch is constant across the core and that the contribution of spring-back
to the difference in formed width dimensions is negligible. However it is a very
rapid method for accounting for material imperfections and will be seen below
to be adequate for present purposes. The reduced sheet thicknesses were calcu-
lated as t; = 0.175mm for the first tessellation and ¢ = 0.185mm for the second

tessellation.

Results for FE” models are summarised in Table 5.4 and plotted in Figure 5.10.
It can be seen that additional material imperfection inclusion gives significantly

better predictions of experimental stresses than FE’. For tessellations one and

*

e are 10.8% and 25.1% over experimental values,

two, FE” predictions for o

*

g A€ 5.6% and 2.9% over experimental values,

respectively, and predictions for o
respectively. It also shows that despite simplifying assumptions, the method used

to approximate the material imperfections were adequate.

A comparison between experimental and FE” unit failure modes is shown in Figure
5.11. Although not shown, there was little discernible difference between the FE’
and FE” failure modes. The change in energy absorption from FE’ to FE” is also
much less than that from FE to FE’. This justifies the assumption of the previous

section that foldcore behaviour under impact loading is more sensitive to geometric
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Table 5.4: Numerical and experimental curved-crease results.

Ca02 Cb02
Result [opn Trvg U~ o Trvg U~
x1073  x1073 x107%  x1073
Experimental | 15.7 8.6 1.82 | 17.1 105 1.62
FE 27.5 15.1 1.82 35.6 20.1 1.77
FE 21.3 11.6 1.83 23.5 12.5 1.87
FE” 17.4 9.1 1.92 214 10.8 1.98
35 : 35

_o%x10”

0 02 jp* 04 06 0 02 p* 04 06
(a) Cal2 (b) Ch02

Figure 5.10: Comparison of FE” numerical and experimental curved-crease re-
sponses.

imperfections than material imperfections. The tessellation one numerical model
successfully predicts cylindrical plate buckling at the top of the convex surface
and the base of the concave surface, Figure 5.11(a). The tessellation two numerical
model successfully predicts plate buckling across the top of the two convex surfaces

and across the bottom edge of the two concave surfaces, Figure 5.11(b).
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(b) Ch02
Figure 5.11: Final crushed curved-crease core samples, on left; comparison of
experimental (grey) and numerical (green) unit failure modes, on right.

5.1.4 Parametric Study

The comparison of straight-crease and curved-crease foldcores in the previous sec-
tion showed that a curved-crease configuration, at either tessellation, had superior
energy-absorption to the indented and standard foldcores of Chapter 3. It was
thought likely that a further improved foldcore could be found with a parametric

study on curved-crease foldcore parameters.
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Geometry

The geometric parameters used to explore the standard foldcore configuration
space were reused for the curved-crease parametric study. Thirteen configuration
parameter values, shown in Table 3.4, were used corresponding to models B1-
B5, C1-C5, and D1-D5, excluding C4 and D3 which are identical to B4. Each
configuration parameter model was run at three aspect ratios, b* = 0.5, 1.0, and
2.0, and two tessellations, for a total of seventy-eight models. From the results of
Section 5.1.1, @4 was assumed to be optimum for all configurations and so the
gradient parameter was set as ¢ = @nq = 7/2 for all models. Model designations
used for the original pattern configuration models were retained, but superscripted
with the aspect ratio and tessellation. For example, a second tessellation C2 model
run at an aspect ratio of b* = 0.5 was deemed C2°%12. Selected models are shown
in Figure 5.12. Note that models C3%>T! and C3%5™2 are equivalent to models
G3™ and G3™? from Section 5.1.1, respectively.

0.5,T1 0.5,T1

B3 Cl

0.5,T1 0.5,T1

D2 D5

(a) b* = 0.5, first tessellation

0.5,T2 0.5,T2

B3 Cl

D20.5,T2 DSO.S,TZ

(b) b* = 0.5, second tessellation

1.0,T2 1.0,T2 1.0,T2

B3 Cl D2

(¢) b* = 1.0, second tessellation

Figure 5.12: Selected curved-crease parametric study models geometry.
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Numerical Analysis

Numerical models were analysed in the manner described previously, with results
summarised in Table 5.5. Results of the thirty-nine first tessellation models were
collated and plotted in Figure 5.13(a). It can be seen that C1%5T! is the optimum
first tessellation model. Compared to the initial geometry C3%%T! it has an 80.2%

increase in o and a 52.3% increase in o* . for an increase in U* of 18.2%.

max avg’

The results of the second tessellation models were collated and plotted in Figure
5.13(b). It can be seen that model B2%5T2 is the optimum second tessellation
model in terms of energy-absorption. Compared to the initial geometry C3%T!,

and a 34.4% increase in o* . for a reduction in U*

it has a 22.5% increase in o7, g

max

of 8.7%. Model C1°*T2 is also highlighted as it has an extremely high peak stress,

78.7% higher than C3%%™! and a similar o7, to B2%512,

avg

3.5r b*=0.5| 3.5 b*=05
. 4p*=1.0 . 4b*=1.0
*b*=2.0 - .o *b*=2.0
. N A .

* [ e . :A * T . A A Y
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(a) First tessellation (b) Second tessellation

Figure 5.13: Energy-absorption suitability of curved-crease parametric models.

Comparison of First and Second Tessellations

Comparing the first and second tessellation results, it is evident that the second
tessellation generally has a much better energy absorption capability than the first,
agreeing with the findings of Section 5.1.1. However an interesting trend is seen
when comparing second tessellation b* = 1.0 models with the first tessellation
b* = 0.5 models, Figure 5.14(a). It can be seen that they all have values of o7,,,

and oy, within 10% of their corresponding partner.
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Table 5.5: Curved-crease parametric study results.

(a) First tessellation (b) Second tessellation
Model | 0% .. o U* Model | 0}0s Tang Ur
x107%  x1073 x107%  x107°

B120TL | 9227 76 3.01 B120T2 | 251 8.7 288
B220T1 | 950 82  3.06 B220T2 | 277 121 230
B320TL | 929 83 277 B320T2 | 26.7 115 232
B420TL | 96 6.5  1.48 B420T2 | 114 70 1.62
B520TL | 24 1.3 184 B520T2 | 25 1.6 1.56
C120TL | 96.1 8.0  3.27 C120T2 | 326 11.8 276
0220TL | 955 88 291 22012 1 30.0 102 2.93
C320T1 | 188 77 244 C320T2 | 252 81 313
(520,71 6.5 3.0 2.16 (520,12 5.3 3.6 1.50
D120TL | 145 76 1.92 D120T2 | 14.8 9.6  1.53
D220T1 | 116 7.3 1.58 D220T2 | 13.0 82  1.59
D420.T1 3.8 4.4  1.97 D42:0,T2 8.3 53  1.59
D520 | 8.2 3.3 246 D5%0T2 | 11.4 4.8 239
B1LOTL | 9259 9.7 268 B110T2 | 270 11.2 241
B2lOTL | 319 12.6  2.53 B210T2 | 348 16.6  2.10
B31OTL | 282 11.9 237 B310T2 | 309 14.5 213
B410TL | 105 59 177 B410T2 | 124 70 178
B5LOTL | 2.2 1.2 181 B5LOT2 1 3.3 1.6 212
C1-0T | 32,7 142 231 C1to12 | 413 20 2.06
C210TL | 993 11.7 249 C210T2 | 36.6 152 240
C3L0TL | 931 10.1  2.30 C310T2 | 9264 131 2.02
C5LOTL 55 26 212 C510T2 8.0 3.7 214
D1M0TL | 153 85  1.81 D102 | 216 11.6  1.87
D2L0TL | 120 6.6  1.82 D210T2 | 14,8 9.3  1.60
D4M0TL | 83 44 191 D410T2 | 1238 71 1.81
D50 81 3.6 227 D502 | 158 57 278
B105TL | 322 11.8 274 B10>T2 | 334 16.7  2.01
B20>TL | 359 15.8 227 B205T2 | 397 23.8  1.67
B30-5T | 322 13.7  2.36 B3%5T2 | 355 192 1.85
B405T1 | 135 6.7 2.00 B405T2 | 152 78 195
B5O5TL | 2.2 1.2 185 B505T2 | 34 1.5 225
C105TL | 429 20.1  2.14 C105T2 | 579 23.2 249
C205TL | 39 4 16.1 245 C205T2 1492 230 214
C305TH | 238 132 1.81 C305T2 | 324 17.7  1.83
C505TL | 58 30  1.95 C505T2 1 6.3 33 191
D1%5T | 17.0 10.6  1.60 D1%5T2 | 20.5 13.3 154
D205TL | 145 8.7  1.66 D205T2 | 18.1 9.3 195
D4%5T1 | 10.3 59 175 D4%5T2 | 20.9 73 286
D50-5.T1 98 39 253 D5%512 | 223 6.5  3.41
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(a) Energy-absorption suitability (b) Dimensionless stress-strain responses
Figure 5.14: Comparison of selected T1 and T2 responses.
h*=10%

hinge line

hinge line

h*=28% h*=28%

105 MPa

h*=44% h*=44%

(a) C]_O.S,Tl (b) Cll‘O’T2
Figure 5.15: Von-Mises stress and failure modes of paired T1 and T2 models.

152



Chapter 5. Extended Foldcore Analysis

Inspection of the dimensionless stress-strain curves of one of these pairs, for exam-
ple C1%5T! and C11%*2 shown in Figure 5.14(b), shows that the two have remark-
ably similar profiles. This is confirmed with inspection of the plate stress of both
models, Figure 5.15, where it can be seen that the failure modes are almost iden-
tical. The only difference is the location of the concave hinge line, which is at the
bottom of the C1%%T! but the top of C11%T2. To explain this effect, recall from
Section 4.4.3 that a second tessellation curve defined on a given straight-crease
base has half the period of a first tessellation, see Equations (4.68-69). Therefore
a second tessellation curve at a double-width aspect ratio can be expected to give
identically proportioned cylindrical segments to a first tessellation, with the only
difference being that alternate segments are reversed on the second tessellation to

form a continuous sinusoidal profile.

The trend is seen to a slightly lesser extent at other foldcore configurations. For
example, comparing b* = 2.0, T2 models with the 0* = 1.0, T1 models, the
reaction stresses of paired tessellations are typically within 20% each other, while
still exhibiting similar failure modes. This also occurs for B1, B5, C5, and D1
b* = 1.0, T2 and b* = 0.5, T1 models, which were omitted from Figure 5.14(a).
Models for which this pattern isn’t displayed include the very shallow B5, D4,
and D5 models. Comparison of these failure modes, Figure 5.16 shows that T2
models, compared to T1 models, exhibit a more well-defined convex hinge line that
continues from the concave hinge line on the reversed core section.

h*=44% 105 MPa h*=44%

concave

hinge lin%
. ; 0 MPa

concave
hinge line

convex
hinge line

(a) D40.5,T1 (b) D41‘0’T2
Figure 5.16: Comparison of paired T1 and T2 models with dissimilar failure modes.

To conclude, altering the tessellation of a curved-crease foldcore is unlikely to
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provide significant energy-absorption capability beyond that achievable with direct
changes to the aspect ratio. Second tessellation models typically have comparable,
or slightly improved failure modes and energy-absorption to a half-aspect first
tessellation model set at the same configuration. Therefore the remainder of this

thesis will restrict consideration to second tessellation foldcores.

Comparison of Optimum and Experimental T2 Configurations

Compared to the initial model C3%%%2 model B2°%T? was seen to have a sig-

*

wog and model C1%>™2 was seen to have a significantly higher

nificantly higher o

*

Uma:z: :

To explain why this might have occurred, their dimensionless stress-strain
responses and failure modes were compared in Figures 5.17 and 5.18, respectively.
The high peak force of model C1%%T2 appears to correspond with a large number
of initial static hinge lines forming in the core. These hinges are highlighted with
arrows in Figure 5.18(b) at h* = 10%, where it can be seen that model C1%%12
has a total of six initial hinge lines, whereas models B2%>12 and C3°%12, Figure
5.18(a) and 5.18(c), respectively, each have just four initial hinges. It is interest-
ing to note that this proportion of initial hinge lines corresponds approximately
with the relative o _ of models C1°%>12 and B2%%12 which was 57.9 x 10~% and

max

39.7 x 1073, respectively.

A 0512
£~Cl1

/i

0 02 jp* 04 0.6

Figure 5.17: Dimensionless stress-strain responses of selected curved-crease nu-
merical models.
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h*=10%
v v
A A
h*=28%
v
A
h*=44%
h*=61%
(a) B20'5’T2 (b) ClO.S,TQ (C) C30'5’T2

Figure 5.18: Selected curved crease foldcore Von-Mises stress plots on deformed
core (top) and top view of undeformed core (bottom). Arrows denote new hinge
line formation.
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The high average reaction stress of model B2%5T2  Figure 5.18(a), appears to
correspond with a high number or static hinge lines appearing with some regularity
as the crush progresses. Four additional hinges appear at approximately h* = 28%
and a further two hinges at h* = 44%. Additional hinges are also seen later in
model C1°%T2 with four hinges at approximately h* = 44%. For both core types,
these additional hinges correspond with an increase in reaction stress, Figure 5.17.

30.5,T2

Two hinges also appear in C at approximately h* = 20%, which may be

responsible for the gradual reduction in peak stress, rather than the steep reduction

seen in model (195712

Therefore a total of ten hinges lines appears in both
B20%T2 and C1°%12 models, compared to six hinge lines in model C3%%%2. This
is very approximately proportional to o = of the models, which was 23.8 x 1073,

avg

23.2 x 1073, and 17.7 x 1072 in models B2%>12 C19512 and C3%%T2, respectively.

These results suggest that there might be a predictable, progressive cylindrical
plate buckling failure mode similar to that seen in honeycomb cores. An analytical
solution for this would enable prediction of curved-crease foldcore crushing stresses,

but is outside the scope of the present work. It will be considered in future work.

Comparison of Foldcore and Honeycomb Responses

A final numerical comparison was conducted between the two improved curved-
crease foldcore comparisons and the previously investigated honeycomb core. Mod-
els C195T2 and B2%%12 were rerun with the 195MPa yield stress aluminium ma-
terial given in Table 3.16(b), and designated C1-195%%T2? and B2-195%512  respec-
tively. Both perfect FE and imperfect FE' numerical models were constructed,
with imperfect geometry again generated with a superposition of low-order buck-
ling modes. The imperfect material models FE” were not used here, as it was
thought that minimal material imperfections were likely to be introduced were
a proper manufacturing process used. Results are summarised in Table 5.6 and

plotted in Figure 5.19.
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Table 5.6: Results of curved-crease models with 3003-H19 material properties.

B2-1950512 C1-195%512
Result | o07,.. Trvg U~ [opn Tavg U~
x1073  x1073 x1073  x1073
FE 18.6 6.6 2.82| 24.1 9.0  2.69
FE 17.1 6.3 2.71 22.6 8.2 2.76
30 30
FE 0.5.12 .
LEfC1-195 I
R i

0 h* 065 0 h* 0.65
(a) Ca02-195 and Cb02-195 responses (b) FE' comparison
Figure 5.19: Dimensionless responses of curved-crease 3003-H19 alloy models.
In terms of sensitivity of the high-strength curved-crease models, it can be seen
that both are reasonably insensitive. Between FE and FE' models, there is only
a reduction in 7, of 4.5% in B2-195°%"2 and 8.9% in C1-195">™2. In compar-
ison to straight-crease cores of the same material studied in Section 3.5.6, the

*

e and

curved-crease FE' core is seen to be vastly superior both in terms of o
Onug> although Ind02-195, which retained the travelling hinge failure mode, still
retains the best uniformity ratio. In comparison to the commercial honeycomb,
Figure 5.19(b), it can be seen that C1-195%%™2 offers comparable performance in

all metrics. From values listed in Table 3.18, the honeycomb core is seen to have

and a 7.3% higher o7, , compared to C1-195%-%12,

*
the same o g

max

To conclude, an improved configuration of the curved-crease foldcore, obtained
from a parametric study, appears to offer comparable energy-absorption capabili-
ties to commercially available honeycomb cores. Future work will develop improved
manufacturing methods and attempt to experimentally validate the numerical find-
ings of the last two sections. Further study of the curved-crease failure modes may
also lead to additional improvements, for example by introducing sub-folds that

improve the observed progressive cylindrical plate buckling mode.
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5.2 Static and Dynamic Loads

The foldcore studies presented up to this point have focused exclusively on the
energy-absorption of core structures under quasi-static impact loads. For successful
application, further core attributes must be assessed. This section shall conduct
a brief numerical investigation into two important core behaviours: out-of-plane

compressive stiffness and energy-absorption under low-velocity impact loads.

5.2.1 Out-of-Plane Stiffness

Sandwich panel stiffness and strength is often a critical design parameter, particu-
larly for sandwich applications requiring combined structural and impact-resistant

performance. Previous foldcore experimental studies have indirectly assessed out-

*
max?

of-plane strength through o but were too crude to enable direct measurement
of out-of-plane stiffness. This section shall therefore use numerical models to gain

a preliminary understanding of foldcore stiffness.

Six cores were selected for analysis. Four cores correspond to experimental config-
urations: HC, Mi02-195, Ind02-195, and Cb02-195. Two cores correspond to the
optimum standard foldcore and curved-crease foldcore configurations: C2-195° and
C1-195%%12 respectively. All models were run with the 195MPa yield stress alu-
minium material given in Table 3.16(b). Static analyses on geometrically perfect
FE and imperfect FE' cores were conducted, with an out-of-plane loading applied
as a unit line load along the top edges of the each unit cell geometry. The total
applied load was averaged over the core unit area to give and out-of-plane applied
pressure of . The resulting displacements of the top nodes were averaged to give
an out-of-plane displacement ¢;, and strain €, = J;,/h. Out-of-plane stiffness F,

was then calculated as F, = o/g,. Calculated values are shown in Table 5.7.
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Table 5.7: Out-of-plane stiffness of selected core types.

EO
FE FE/
Model (MPa) (MPa)
HC 1842.7 1584.7
Mi02-195 4475 263.9
C2-195° 912.0 702.2
Ind02-195 293.6  233.6
Cbh02-195 A74.7  450.6
C1-195%%T2 | 14777 1445.3

There are several interesting behaviours seen from the core stiffness results. First,
in terms of magnitude of stiffness, it can be seen that honeycomb is the stiffest
overall core type, and that C1-195%%12 is the stiffest foldcore. It has a comparable
E, to that of honeycomb, with an FE’ value for E, that is only 8.8% below that of
honeycomb. Of the remaining foldcores, it can be seen that the standard C2-195°

has the next highest E,, and that the indented Ind02-195 has the lowest FE,.

Comparing FE and FE’ stiffness values gives an indication of core sensitivity to ge-
ometric imperfections. It can be the curved-crease foldcores are almost completely
insensitive, with C1-195%%T2 and Cb02-195 having a reduction in £, of only 2.2%
and 5.1%, respectively, from FE to FE'. Honeycomb is also reasonably insensitive,
with a reduction of 14.0%. The straight-crease foldcores are all very sensitive, with
Ind02-195, C2-195%, and Mi02-195 having a reduction in E, of 20.4%, 23.0%, and

41.0%, respectively.

To conclude, curved-crease foldcores are have a higher out-of-plane stiffness that
is less sensitive to geometric imperfections, compared to straight-crease foldcores.
In comparison to honeycomb cores, foldcore type C1-195%%12 is the only foldcore
with a comparable out-of-plane stiffness. It was also the only foldcore seen to have
comparable strength and energy-absorption capabilities to honeycomb cores. As
such, it might be a suitable alternative or replacement for honeycomb cores in

applications requiring combined structural and impact-resistant performance.
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5.2.2 Low-Velocity Impact Loads

An important consideration in assessing sandwich panels as energy absorption
devices is the change in behaviour from quasi-static to dynamic impact loads.
Many cellular cores exhibit strengthening under dynamic loading, a phenomenon
which is extensively studied in literature. Zhao et al. (2005) identified four major
mechanisms for this rate sensitivity: pressure of the air trapped in core cells,
shock enhancement effects, strain rate sensitivity of the constituent materials, and
micro-inertia effects. For open-cell foams and honeycombs, it was seen that air
compression effects are not applicable. Similarly for low-velocity impacts, below

approximately 45m/s, shock effects were seen to be negligible.

Many studies have considered the low-velocity impact of aluminium cores (Adams
and Maheri, 1993; Hazizan and Cantwell, 2003; Mines et al., 1998; Deshpande and
Fleck, 2000). These have typically found the material to be strain rate insensitive,
with Zhao et al. (2005) confirming that there is less than 10% increase in flow stress
from constituent material strain rate sensitivity. However these and other studies
have found that at dynamic loads, peak and average stresses can increase by 20-
50% for velocities up to 35m/s (Goldsmith and Sackman, 1992; Zhao and Gary,
1998). It is typically observed that there are no significant changes in honeycomb
progressive collapse failure mode, and so enhancements have been attributed to
lateral inertia in individual folding element formations (Mines et al., 1998; Harrigan

et al., 1999).

This section will conduct a brief numerical investigation into whether similar in-
ertial effects are observed in foldcores. This is simply done by rerunning the
six foldcore geometries considered in the previous section with a low-velocity im-
pact speed of 20m/s. Dynamic numerical results are shown bracketed in Table
5.8, with a superscript d used to denote dynamic models. Selected dimensionless

stress-strain responses are plotted in Figure 5.20.
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*

» ap and

Comparing honeycomb FE' and FE'® responses, it can be seen that o

*

0y increased by 36.5% and 25.9%, respectively. Inspection of the dimensionless

stress-strain responses, Figure 5.20(a), show the dynamic reaction stress increases
at locations corresponding to progressive folding element formation, which agrees

with that previously reported in literature.

Comparing straight-crease foldcore FE' and FE? responses, it can be seen that

Mi02-195, Ind02-195, and C2-195° have an increase in o, of 2.3%, 7.1%, and

avg

6.7%, respectively. They also have an increase in oF  of 21.4%, 20.2%, and

max

*
max

43.0%, respectively. The large increase in o is likely attributable to inertia of
the initial hinge line causing a peak stress close to that of a perfect geometry. A
similar effect has been reported for pre-crushed honeycomb, where an introduced
geometric imperfection lowered the peak stress under quasi-static loads, but not
under dynamic loads. The low increase in o7, suggests that subsequent failure
is not rate sensitive. Inspection of the Mi02-195 and Ind02-195 responses, Fig-
ure 5.20(b)-(c), confirms this. The plate buckling failure mode is preserved for

the standard foldcore and the travelling hinge line failure mode preserved for the

indented foldcore.

Finally, comparing the curved-crease foldcore FE' and FE'® responses, it can be

seen that Cb02-195 and C1-195°%T2 have an increase in o, of 15.3% and 15.9%,

avg

respectively and an increase in o, of 6.9% and 5.7%, respectively. The small in-

crease in peak stress likely occurs because the quasi-static FE' and FE models were
seen to have comparable peak stresses, and so dynamically there is only a small rel-

50.5,T2

ative increase. From the C1-19 response, Figure 5.20(d), it can be seen that

the increase in oy, is attributable to larger peak stresses at progressive hinge for-
mations. This is similar to the effect reported for honeycomb, where micro-inertia
strengthening was seen at every new hinge formation in the progressive collapse.

As C1-195%%12 does not strengthen to the same extent as honeycomb, the latter

is judged to be have superior impact resistance under dynamic load conditions.
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Table 5.8: Results of numerical dynamic models.

(a) HC (d) Ind02-195
Model | o}, Tovg U~ Model | 0}, Tovg Ur
x1073 x1073 x1073 x1073
FE 294 8.8 3.34 FE 7.6 5.6 1.36
(FEd) (35.2) (10.1) (3.49) (FEd) (9.4) (7.2) (1.3)
FE 22.5 8.8 2.56 FE 7.3 5.3 1.38
(FE) | (30.7) (11.1) (2.77) (FE?) | (8.8) (5.7)  (1.55)
(b) Mi02-195 (e) C2-195°
FE 12.9 4.0 3.23 FE 17.4 5.2 3.36
(FEd) (13.4) (5.1) (2.62) (FEd) (19.1) (6.2) (3.10)
FE 8.3 3.2 2.59 FE 12.0 3.9 3.07

(FE) | (10.1) (3.3) (3.08)
(c) Cb02-195

FE 147 6.5 2.26
(FEY) | (15.0) (7.4) (2.02)
FE 134 46 291
(FE) | (14.3) (5.3) (2.69)

(FEY) | (17.1) (4.2) (4.12)

(f) C1-1950-5T2

FE 241 9.0  2.68
(FEY) | (24.5) (11.1) (2.2)
FE/ 226 82 276
(FE) | (23.9) (9.5) (2.52)

(a) HC

(c) Ind02
Figure 5.20: Dimensionless stress-strain responses of selected cores under low-
velocity impact loading.

(b) Mi02-195

S
(d) C1-1950-5T2
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5.3 Foldcore Sandwich Panels

Foldcore analysis preceding this point has focused exclusively on foldcores bonded
to a single face. While this enabled close observation and optimisation of core
failure modes, the vast majority of energy-absorbing sandwich panel applications
require both faces to be bonded to the core in order to maximise weight-specific
properties. This section will conduct a brief numerical and experimental study to

assess how foldcore behaviour changes when part of a full sandwich panel.

5.3.1 Geometry and Manufacture

Three planar foldcores are selected for further investigation: the small-scale stan-
dard foldcore Mi02 and honeycomb core HC of Section 3.5, and the second curved-
crease tessellation Cb02 of Section 5.1. The indented foldcore was not included, as
the attachment of a second face is certain to suppress the top-down travelling hinge
failure mode, without which the indented core was seen to provide no significant

benefit over the standard foldcore.

Core geometry and construction for three selected cores was identical to that de-
scribed in their respective sections. Two face sheets were attached with ET538
Permabond epoxy slow-cured at room temperature for 24 hours. The face sheets
were a pure aluminium sheet with thickness ¢; = 1.5mm and material properties
similar to that given in Table 3.2. The designations Mi02-S, Cb02-S, and HC-S are
used to denote sandwich panel prototypes. Section views of HC-S and Ch02-S are

shown in Figure 5.21. Mi02-S is not shown as it is identical in section to Ch02-S.
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(b) Cb02-S
Figure 5.21: Section view of selected sandwich panel prototypes.

5.3.2 Experimental Analysis

Three samples for each sandwich type were trimmed to a 70mm x 70mm area and
crushed in an INSTRON Universal Testing Machine in the manner described in
Section 3.5. Relevant dimensionless stress-strain values are summarised in Table
5.9 and responses shown in Figure 5.22. Good repeatability is seen for all three

sandwich types.

5.3.3 Numerical Analysis

Foldcore sandwich panel numerical models were set up in a manner similar to that
for core-only simulations, except with two major changes: face constraints and
adhesive contact surface offsets. Face constraints were included by attaching top
and bottom sandwich faces to the core structure with rigid tie constraints. Rigid
tie constraints were used, rather than an adhesive element, as no de-bonding was
seen in experimental testing. The rigid ties were placed along node lines at the
left and right bottom ridge edges, and the central top ridge edge, Figure 5.23.
Periodic boundary restraints were placed on core and face sheets along all sides
of the unit sandwich geometry, with a fixed restraint applied to a single node on

the bottom face to prevent free body motion. Note that a honeycomb sandwich
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Table 5.9: Sandwich panel prototype results.

Model O e T avg U* Model | o7}, T g U*
x107*  x107? x107%  x1073

Mi02-S; | 13.8 6.7  2.05 HC-S; | 18.3 91 201

Mi02-S, | 13.3 8.1 1.63 HC-S, | 17.1 89 193

Mi02-S; | 14.3 7.3 1.96 HC-S3 | 158 8.5 1.86

Mi02-S 13.8 7.3 1.88 HC-S | 16.7 8.8  1.89

Cb02-S, 21.6 116  1.87
Cb02-S, | 21.0 11.1 1.89
Cb02-S3 | 20.1 109 1.84
Cb02-S 20.8 11.2 1.86

0 %065 0 %065

(a) Mi02-S (b) Cb02-S

30

=i . -HC-S

>

£

ol A . .

0 %065

(¢) HC-S

Figure 5.22: Dimensionless stress-stain responses of sandwich panel prototypes.

numerical model was not constructed as the alteration of honeycomb core failure

modes with and without bonded faces has been extensively studied in literature.

From prototype measurements, the adhesive layer used to bond face and core
sheets was seen to be between 0.2 and 0.7mm thick, per side. This was hypoth-
esised to cause a reduction in foldcore stroke length, and so was incorporated in
numerical models with a contact offset condition. An average contact offset of
0.4mm specified, towards the inside surface of both face sheets. The numerical

sandwich models were rerun for both Mi02-S and Cb02-S geometries, with results
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Core-face
nodelines

Core-face
nodelines

Periodic edges

(a) Mi02-S numerical unit geometry (b) Cb02-S numerical unit geometry

Figure 5.23: Sandwich panel unit geometry and core-face node line interfaces.

summarised in Table 5.10 and selected dimensionless stress-strain results shown
in Figure 5.24. Perfect FE, imperfect geometry FE', and imperfect material and
geometry FE” models were run when appropriate, with geometric and material

imperfections identical to those used for core-only numerical models.

Table 5.10: Numerical model sandwich panel results.

Mi02-S Ch02-S
Result | 07,42 Tavg U~ [opin Tavg U~
x107%  x1073 x107%  x107*
FE 25.2 11.3 223 | 39.0 16.7  2.34
FE’ 14.1 8.3 1.71 ] 29.1 14.0  2.09
FE” N/A 25.3 11.9 213
30 30

0 h* 0.65
(a) Mi-S (b) Cb-S
Figure 5.24: Comparison of sandwich panel numerical and experimental dimen-
sionless stress-strain responses.

5.3.4 Discussion

A comparison of the dimensionless stress-strain responses for the sandwich pan-

els and their corresponding core-only prototypes is shown in Figure 5.25. Both
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foldcores exhibit a similar change in behaviour when placed in a sandwich panel

*
max?

assembly, with an increase in o and a decrease in stroke length.

o pE 065
(a) Mi02 and Mi02-S (b) Cb02 and Cb02-S

0 h* 0.65

(¢c) HC and HC-S

Figure 5.25: Comparison of sandwich panel and core-only dimensionless stress-
stain responses.

The increased peak force was hypothesised to be simply attributable to an in-
creased core stiffness from top ridge restraint, and the decreased stroke length
was hypothesised to be simply attributable to a reduction in effective crush height
caused by the thickness of the face adhesive layers. As such, these two factors were
incorporated into sandwich numerical models. For Mi02-S, it can be seen that the
sandwich numerical models successfully predict both the increased peak stress and

* and o* ~are seen to be within 2.6%

reduced stroke length. FE’ values for o}, g

and 12.7% of experimental values, respectively. Similarly, the Cb02-S model suc-

*

cessfully predicted the experimental sandwich behaviour, with FE” values for o, ...

and oy, within 21.6% and 6.4% of experimental values, respectively.

*

avg» the foldcore sandwich panel responses are

In terms of average reaction stresses o

*

avg for both foldcore sandwich

essentially unchanged from core-only models, with o

panels within 6% of core-only prototypes. This suggests that the failure more of the
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foldcores also remained essentially unchanged. Mi02-S FE' and Cb02-S FE” core
failures are shown in Figure 5.26, with sandwich faces removed for clarity. It can
be seen that the failure modes are unchanged from the core-only numerical failure
modes shown in Figures 3.45(a) and 5.11(b), respectively. Note the prototype
sandwich panel core failures could not be shown, as the face sheets could not be

removed without distorting the crushed core plates.

(a) Mi02-S FE'S (b) Ch02-S FE”
Figure 5.26: Crushed sandwich panel cores.

Finally, the honeycomb sandwich panel had a o7}, . and the stroke length that

remained almost unchanged from the core-only response. It also showed a slight

1 k
increase of 16% for o7,

which was simply attributed to the stabilising effect of

the sandwich faces.

To conclude, the attachment of sandwich panel faces does not significantly al-
ter the impact resistance of either the straight-crease foldcore, the curved-crease
foldcore, or the honeycomb core. Therefore the conclusions made in previous hon-
eycomb comparison Sections 3.5.6 and 5.1.3 are unchanged. This study has also
successfully validated a numerical sandwich model for use in the following analysis

of foldcore sandwich shells.
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5.4 Foldcore Sandwich Shells

As discussed in Section 2.1, existing single-curved honeycomb sandwich shells are
limited in terms of possible local unit geometries and global panel curvatures.
The following section aims to conduct a preliminary investigation into whether
straight-crease, single-curved foldcore sandwich shells offer a performance benefit
over existing curved honeycomb variants, in terms of out-of-plane impact resis-

tance.

5.4.1 Preliminary Numerical Analysis

R120 Sandwich Panel Geometry

Three foldcore shells, with Arc-Miura, Non-Developable Miura, and Non-Flat Fold-
able Miura core types, were designed with an inner radius of 120mm and an outer
radius of 130mm. This bend radius was selected as it is equivalent to the curva-
ture limit beyond which the shear strength coefficients of single-curved honeycomb
variants deteriorate (Hexcel Corporation, 2006a). The Arc pattern was excluded
as a core type, as the panel depth varies widely at different orientations, which
would cause a correspondingly wide variation in impact resistance. It is therefore

unsuitable for impact resistance and is excluded from the present study.

In addition to the two radii, the foldcores were designed such that they spanned a
total rotation of approximately m/4, and had a configuration and density similar
to the planar foldcore prototypes when constructed from a ¢, = 0.2mm aluminium
sheet. The geometric parameters for each foldcore shell are listed in Table 5.11, and
the shells shown in Figure 5.27(a), (c), and (e). The model designations AM02-R,
NDO02-R, and NF02-R are used to denote 120mm radius foldcores with Arc-Miura,

Non-Developable Miura, and Non-Flat Foldable Miura core types, respectively.
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Table 5.11: Single-curved foldcore shell geometric parameters.
Model a b [0) m n o ¢ bijo 04 dyw o
(mm)  (mm) (%) (°)  (mm) (mm) | (mm)
AMO2-R | 15 75 648 3 60.4 - 127.8 | 12.2  0.029

NDO2-R 15 75 648 17 - 6.9 1314 | 22.6 0.029
NF02-R 15 75 648 9 - 26.5 1285 | 22.6 0.028

AMO2-r | 124 75 648 3 58.6 - 100.0 | 10.4 0.041
NDO2-r | 12.8 75 625 17 - 6.4 100.0 | 16.1 0.041
NFO02-r | 124 75 635 13 - 15.8 100.0 | 15.2 0.040

W W O | W wo

PEAR

(a) AMO02-R (b) AMO2-r

(e) NFO2-R

Figure 5.27: Isometric and sectional views of foldcore sandwich shell geometry.

NF02-r
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R60 Sandwich Panel Geometry

A second set of three foldcore shells were designed at a tight curvature, with an
inner radius of 60mm and an outer radius of 70mm. The same three core types
were used as above, and their required geometric parameters selected with the
same rationale, except with the panels spanning a total rotation of approximately
/3. The model designations AMO02-r, ND02-r, and NF02-r are used to denote
60mm radius foldcores with an Arc-Miura, Non-Developable Miura, and Non-Flat
Foldable Miura core types, respectively. Parameters are listed in Table 5.11 and

the foldcores shown Figure 5.27(b), (d), and (f).

Numerical Analysis and Discussion

Numerical models for each shell type were set up in a similar manner to that
described in Section 5.3, with two minor differences. First, the shell numerical
models consisted of a unit core geometry tessellated in the direction of curvature,
and so the end periodic boundary constraints were removed. Side periodic con-
straints were retained. Second, the faceted face geometries developed in Section
4.3 were used for the ND and NF models, however not for the AM models, due
to difficulties in meshing a common node line for core and face tie constraints.
Instead, continuously curved inner and outer faces were used. These sandwich as-
semblies were crushed between a single-curved rigid base plate and a planar rigid
top plate, in a direction perpendicular to the foldcore curvature. Remaining nu-
merical model features, including material properties, contact conditions, loading

speed, and core-face ties, were all as described previously.

The force-displacement responses of the preliminary numerical models are shown
in Table 5.12 and Figure 5.28(a)-(b). Note that the dimensionless parameter o*

is not used in this case, as the crush area varies with crush height h. Instead, to
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Table 5.12: Preliminary foldcore shell numerical model results.

(a) R120 foldcores (b) R60 foldcores
Model Pz Pag U Model | P;,.. Prog U
AMO2-R | 1.34 1.00 1.34 AMO2-r | 2.23 1.61 1.39
NDO2-R | 1.14 0.97 1.17 NDO2-r | 2.12 177 1.20
NF02-R | 0.84 0.60 1.40 NFO02-r | 1.67 1.10  1.52

0 Tk 065

(a) R120 force-displacement plots
1.25 ' ' ' ' ' ' 1.25

_ _ ND02-I'>,f//

gt g .o ~AMO2-r}

£ £ T

&l & T “NF02-r

0 e 0.65 0 h* 0.65

(c¢) R120 energy absorption plots (d) R60 energy absorption plots

Figure 5.28: Normalised responses of preliminary numerical shell models.

enable comparison between different foldcores, the force parameter is normalised
by unit width with P* = P/(d,oy) where unit widths d,, are given in Table 5.11.
The dimensionless height parameter h* is as used previously. Figure 5.28(c)-(d)
shows the normalised energy absorption calculated as the integral of the P* — h*

curve.

Comparing the three R120 model responses shown in Figure 5.28(a) and (c), it
can be seen that ND02-R and AMO02-R have similar force-displacement responses,
with Py, within 3.1% and P, within 17.5% of each other, respectively. The
third foldcore NF02-R has a different force-displacement response, which is seen
to be much weaker than the NDO02-R and AMO02-R responses. All three R120

foldcores have very uniform failures, with a minimum uniformity of U* = 1.17
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in NDO2-R approaching the ideal ratio of unity. A similar trend is seen in the
R60 foldcore responses, Figure 5.28(b) and (d), where it can be seen that AM02-r
and NDO2-r possess similar behaviours, and NF02-r possesses a different, weaker
response. The R60 foldcores are all seen to have a stronger response than their
R120 comparators, however this is most likely largely attributable to the increased
density of the R60 foldcores. There is still good uniformity for all R60 core failure

responses.

To explain the similarity between ND and AM responses, and the uniformity of
the foldcore responses, the failure modes and Von-Mises stresses of all six foldcores
are plotted in section and projected onto an unfolded pattern geometry, Figure
5.29. Note that as the non-developable ND02-R and NDO02-r cores cannot be
unfolded, their stress is projected onto an equivalent area Miura pattern. From
the stress distributions in the unit cell geometries, it can be seen that the ND
and AM cores have similar plate buckling failures in unit cells, particularly in cells
which are impacted in a near-perpendicular direction. The slightly higher P}
of the AM-type cores can be attributed to two such cells being initially impacted
simultaneously. The failure mode of the units is seen to be similar to the Mi02 cores
of Chapter 3, suggesting that a planar Miura-base foldcore unit can be altered for
single-curvature and be expected to retain a similar failure mode. The failure of
the NF cores shows that the different NF unit geometry causes a weaker, wide-
plate type buckling mode. The larger spacing between impacted NF units also
causes it to be have a less uniform response than the ND or AM types, at both

curvatures. The ND cores have a smooth collapse progression across adjacent unit

cells, and so have the most uniform response.
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TSN X OPEEE3Y W

(a) From top to bottom, AM120, ND120, and NF120, at h* = 32%

> % 4&%%&3); L

(b) From top to bottom, AM60, ND60, and NF60, at h* = 32%

Figure 5.29: Von-Mises stress plots in sectional view, on left; and unfolded projec-
tion, on right.

5.4.2 Experimental Analysis

Results from the preliminary numerical study suggest that the ND and AM type
foldcores are capable of preserving significant impact resistance at longitudinal and
lateral curvatures, respectively. Therefore the next stage of the single-curved fold-
core investigation will construct prototypes of these two foldcores for comparison
with a single-curved honeycomb variant. An Ox-core honeycomb variant was cho-
sen for comparison, as it can be manufactured by over expanding the honeycomb

used for the planar HC prototypes in Section 3.5.
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R120 Core Manufacture

The foldcore shells were manufactured using a two-stage sequential stamping pro-
cess similar to that used for the small-scale indented foldcores. First, planar fold-
cores with similar unit cell geometry were manufactured as described in Section
3.5. Second, the planar cores were stamped in a further mould pair correspond-
ing to the final curved R120 geometry, with the additional moulds for AMO02-R
and NDO2-R shown in Figure 5.30. As the curved unit cell geometry was only
slightly different to the planar unit cell geometry, is was thought that such a pro-
cess would introduce few additional imperfections, and indeed inspection of the
formed foldcores, 5.31(a)-(b), shows that the foldcore shells have acceptably few

visible defects.

To form the comparative honeycomb core, the Corex 1/4” 3000 Alloy Series hon-
eycomb used previously was over-expanded as shown in Figure 5.31(c), and subse-
quently bent to the desired radius. The over-expanded core has a slightly reduced
density compared to the original honeycomb, with a core density of approximately

a = 2.8%.

Figure 5.30: AM02-R mould geometry, on left; ND02-R mould geometry, on right.
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(c) Unbent OX-R core
Figure 5.31: R120 prototype formed cores.

R60 Core Manufacture

The construction of R60 foldcores, AMO02-r and ND02-r, was attempted using the
process described for the R120 core manufacture, expect with a different first-stage
planar geometry. The planar geometry was designed with parameters a = 12.4mm,
b = 7.5mm, ¢ = 63.5°, m = 9, n = 5, and sequential folded configurations set
at na = 142°, 105°, and 75.5°. The two subsequent curved mould pairs were set
corresponding to the final shape of the AM02-r and NDO2-r cores. The final formed
cores are shown in Figure 5.32 and it can be seen that there is extensive damage in

the core structures, with widespread cracking at crease locations in both foldcores.
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(a) AMO2-r core (b) ND02-r core
Figure 5.32: R60 prototype formed cores.

This cracking occurred in the final stage of the planar core stamping, and is
thought primarily attributable to the very large width contraction required for
the unit geometry. This unit width contraction, from unfolded to final configura-
tion, is 3.1mm, compared to 2.1 mm required for the curved-crease prototypes, and
1.3mm required for the straight-crease and R120 prototypes. It is possible that
additional moulds could successfully form R60 foldcore prototypes, but due to time
and budget constraints these are excluded from the present study. An R60 Ox-
core prototype, deemed OX-r, is still constructed for later numerical comparison

purposes, using the over-expanded core shown in Figure 5.31(c).

Experimental Method and Results

Continuously curved top and bottom faces were manufactured for the three R120
cores and the OX60 core by rolling 1.5mm aluminium plates through a sheet metal
bender to the desired face radius. These were bonded to the curved foldcores in the

manner described previosly, and were trimmed to approximately an 80mm width
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and 90mm arc length, in the case of the R120 prototypes, and 60mm arc length, in
the case of the OX-r prototype, Figure 5.33. Three samples for both tessellations
were crushed in an INSTRON Universal Testing Machine in the manner described
in Section 3.5, except with a curved hardwood baseplate designed to fit the inside

core radius, Figure 5.34.

(c) OX-R (d) OX-r
Figure 5.33: Single-curved sandwich shell prototypes.

PO e oS AT

Figure 5.34: R120 and R60 rigid base plates.

Relevant values for the single-curved prototypes are summarised in Table 5.13
and the normalised force-displacement responses plotted in Figure 5.35. The non-
subscripted model designations AM02-R, ND02-R, OX-R, and OX-r are used to
denote the average response of the corresponding three individual prototype re-
sponses, designated with subscripts 1 — 3. It can be seen that there is good

repeatability for all prototypes.

Numerical Analysis

Comparative numerical models with perfect and imperfect geometries were set up

for the AMO02-R and NDO02-R experimental prototypes, with FE models identical
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Table 5.13: Single-curved prototype results.

Model | P, Ph, U Model | P Ph, U
AMO2-R; | 0.74 0.61 1.21 OX-R; | 0.57 041 1.38
AMO2-R, | 0.72 0.54 1.33 OX-Rs | 0.59 0.45 1.30
AMO2-R5; | 0.80 0.61 1.31 OX-Rs | 0.58 044 1.30
AMO2-R | 0.75 0.59 1.27 OX-R | 0.58 044 1.33
NDO2-R; | 0.83 0.66 1.26 OX-r; | 0.53 0.37 1.45
NDO02-Ry | 0.82 0.66 1.25 OX-ry 0.51 038 1.34
NDO02-R5; | 0.84 0.67 1.26 OX-r3 0.49 0.34 1.46
NDO02-R 0.83 0.66 1.25 OX-r 0.51 0.36 1.41

(=)

(=]

e 0.65 L 0.65
(a) AMO2-R (b) NDO2-R
1.2 1.2
£) £l
£ gl
* S *
= i TTN-0X-R il
"""" COX-r
0 h* 065 0 I 0.65
(c) OX-R (d) OX-r

Figure 5.35: Normalised force-displacement responses of single-curved prototypes.

to those used in the preliminary numerical study. Imperfect geometry was gen-

erated by superimposing buckling modes generated from an inwards radial unit

load applied along the outer core ridges. Note that a second method for gener-

ating buckled imperfections, calculated from a buckled single cell unit geometry

tessellated along the radius of curvature, was trialled and was seen to provide

a near-identical force-displacement response as the first imperfection generation

method.
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Relevant values from numerical models are summarised in Table 5.14, and results
plotted in Figure 5.36(a)-(b). The perfect and imperfect sandwich models are given
the designation FE-S and FE-S', respectively. Comparing FE-S and FE-S’ models,
it can be seen that the single-curved shells are much less sensitive to the geometric
imperfections, compared to planar panels. This is thought to be attributable to
the oblique angle with which single-curved core units are impacted. This causes an
eccentric load to be applied to the core units, which is likely to cause a low-energy

failure mode formation prior to the introduction of imperfect numerical geometry.

Comparing numerical and experimental results, it can be seen that there is rea-
sonable correlation between FE-S" models and experimental results, although the
error is higher than for previous planar model comparisons. For AM02-R, the max-
imum variation in P*_ _and P is 24.6% and 32.7%, respectively. For ND02-R,

max avg

the maximum variation in P, and Py, is 17.9% and 20.2%, respectively. These
additional sources of error are likely due to a complex variety of factors, including
material deformation occurring as a result of the fourth stamping stage, imperfect
bonding and trimming during sandwich panel assembly, and differences between

the alignment of numerical and experimental cores relative to the top crushing

plate.

However one additional factor, de-bonding between core and face panels, is thought
to be the main cause for the numerical-experimental discrepancies. Some de-
bonding was seen in both AM02-R and NDO02-R prototypes, typically at the out-
ermost core units towards the middle and final stages of the crush. As numerical
models use rigid ties constraints between core and face surfaces, this de-bonding
behaviour was not accounted for in the numerical simulation. As an approximate
method for assessing the effect of de-bonding, core-only numerical models were
analysed. This was done as core-only geometry was considered analogous to an
extreme lower-bound corresponding to complete de-bonding. These models were

given the designations FE-C and FE-C’ and results are shown in Table 5.14 and
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Table 5.14: Comparison of numerical and experimental foldcore shell results.

AMO2-R NDO02-R
Result Proe Pawg U | Praw Poyy U”
Experimental | 0.75  0.59 1.27 | 0.83 0.66 1.25
FE-S 1.34 1.00 134 | 1.14 097 1.17
FE-S' 094 078 1.19| 098 0.79 1.23
FE-C 091 067 137 081 0.65 1.25
FE-C' 0.61 054 1.15| 0.75 0.57 1.31

o

k065

(a) AMO2-R (b) ND0O2-R
Figure 5.36: Comparison of experimental and numerical FE-S" and FE-C' re-
sponses.

Figure 5.36(c)-(d). It can be seen that there is better correlation with experiments
in the middle and final stages of the crush, suggesting that experimental face de-
bonding, and the lack of such behaviour in comparative FE-S models, is the main

cause of numerical and experimental discrepancies.

It is possible to include core-face de-bonding in numerical models, but only after
an extensive adhesive testing process. This is only tangentially relevant to the
primary purpose of the present study, which is to investigate single-curved core
failure modes and energy absorption mechanisms. The FE-S’ numerical models

are judged to be adequate the this purpose and so will not be further refined.
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5.4.3 Discussion

Foldcore Sandwich Shell Comparison

A direct comparison between R120 foldcore prototypes is shown in Figure 5.37. It
can be seen that the ND120 type shell is slightly stronger than the AM02-R type,
with a 10.7% higher Py . and an 11.9% higher P, . This is a fairly negligible
difference that is within the tolerance of manufacturing and experimental errors.
As such, the conclusions made in Section 5.4.1, specifically that ND and AM type

shells have similar plate buckling unit failures and correspondingly similar energy-

absorption capabilities, are unchanged.

0
Figure 5.37: Comparison of ND02-R and AMO02-R experimental prototypes.

k065

R120 Honeycomb Comparison

For direct comparison with the honeycomb sandwich shells, the AMO02-R and
NDO2-R FE-S" models were rerun with the honeycomb material properties given
in Table 3.16(b). Note that only core properties were changed to the high-strength
alloy, with face sheet material remaining unchanged from previous models, which
matched the constructed OX prototypes. The new foldcore models were given
the designation AM02-R-195 and NDO02-R-195. Relevant values are summarised
in Table 5.15(a), the normalised force-displacement responses of the two foldcore
FE-S’ numerical models are plotted alongside the response of the OX-R experi-

mental results in Figure 5.38(a), and the normalised energy absorption of the three
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Table 5.15: Results of shell models with 3003-H19 material properties.

(a) R120 results (b) R60 results
Model | Py Ph, U Model | P:,, Pi, U
OX-R 0.58 0.44 1.33 OX-r 0.51 0.36 1.41

AMO2-R-195 | 0.43  0.31 1.40 AM-r-195 | 0.35 0.24 1.42
ND02-R-195 | 0.37  0.30 1.23 ND-r-195 | 0.27 0.21 1.28

1.2 03
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et NDO02-R-195 =

Q. ; Zeu NDO02-R-195 g
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(a) Force-displacement comparison (b) Energy absorption comparison

Figure 5.38: Normalised responses of R120 3003-H19 shells.

responses are shown in Figure 5.38(b).

In comparing the shell responses, there are several interesting features to note.
First, it can be seen that the honeycomb shell is stronger than either of the fold-
cores, with a 35-57% higher Py . and 42-47% higher P;, . However, it can be
seen that despite having an overall lower peak stress, the AM02-R-195 core has
a higher initial stress, which suggests that is might be capable of higher static
strength than an Ox-Core. Also of note is the ND02-R-~195 response, which is seen
to have an extremely good uniformity ratio of U* = 1.23. As with the indented
foldcore, this low uniformity might therefore make the ND-type foldcore suitable
for applications where uniformity of response is critical, for example bicycle hel-
mets. Both of these favourable foldcore features are likely to be controllable or

improvable with changes to foldcore geometric parameters, an ability that is not

possible with commercial honeycomb. This will be examined in the next section.
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R60 Honeycomb Comparison

Although the R60 foldcore prototype construction was not successful, exploratory
AMO2-r and ND02-r FE-S" numerical models can be constructed in the same man-
ner as was done for R120 numerical comparison models. R60 core geometry is
obtained from Section 5.4.1, with material thickness reduced to ¢, = 0.15mm so
that the foldcores and OX-r core had comparable densities of approximately 3%.
The foldcore FE-S' models were run directly with high-strength alloy material
properties and given the designations AM02-r-195 and ND02-r-195. The numer-
ical, normalised foldcore responses are plotted alongside the OX-r experimental

response in Figure 5.39. Relevant values are summarised in Table 5.15(b).

1.2 0.3
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(a) Force-displacement comparison (b) Energy absorption comparison

Figure 5.39: Normalised responses of R60 3003-H19 shells.

The honeycomb again has the strongest overall force, the AM-type core has the
highest initial force, and the ND-type core has the most uniform response. It
should again be reiterated that these findings are preliminary, as non-validated
numerical foldcore models are being compared to experimental honeycomb re-
sults. The overestimation of foldcore performance by rigid-tie numerical bonding
constraints is likely to be more extensive for R60 cores than it was for R120 cores.
However, the R60 foldcore performance has been penalised with extensive geomet-
ric imperfections, with the buckled geometry displacement magnitude of 0.25mm
giving geometric imperfections of 167%t, relative to the reduced R60 core thick-

ness.
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5.4.4 Parametric Study

As has been seen previously, a parametric study on foldcore geometry can signifi-
cantly improve energy absorption capability. A brief parametric study is conducted
here on an ND-type R120 shell to similarly assess potential improvements to failure

modes and energy absorption capabilities.

Geometry

A set of ND-type foldcores was designed according to the R120 geometric con-
straints, that is an inner radius of 120mm, an outer radius of 130mm, a total
rotation of w/4, and a density of approximately 3%. A Non-Developable Miura-
type geometry requires seven parameters to completely define, not including the
t, parameter which is altered directly to give the required density. Applying the
above design constraints results in a four free variables. As the core has side pe-
riodic boundary constraints and is normalised by panel depth, n is set to 3. The
remaining three variables therefore make up the configuration space, and are set as
m, ¢, and a dimensionless parameter Ab* = Ab/a = (b,—b;)/(2a). These three pa-
rameters, along with the design dimensions, are substituted into Equations (A.4),

(4.6-7) to solve for dimensional constants and the configuration variable.

Four values of ¢ were selected corresponding to those used for the planar D2-D5
models, that is ¢ = 52.50°, 64.8°, 70.6°, and 77.1°. These were each run at m = 17
and m = 11 and Ab* = 1/50 and Ab* = 1/37.5. Designations P1-P4 were used
to denote models with a given ¢, and superscripted to denote a given Ab* and
m. For example, P25%17 has ¢ = 64.8°, Ab* = 1/50, and m = 17, which closely
corresponds to the NDO02-R experimental configuration. Model parameters are

listed in Table 5.16 and shell geometries are shown in Figure 5.40.
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Table 5.16: ND-type sandwich shell parameter study parameters.
Model a b; b, o m n tp 04 dy

(mm)  (mm) (mm) (°) (mm) (%) | (mm)

P1°0:17 18.2 8.8 9.5 525 17 0.21 119.7| 30.5
P2°0:17 15.2 7.3 79 648 17 020 1314 | 228
P3°0:17 14.2 6.8 74 706 17 0.19 1389 | 20.1
P450.17 13.3 6.4 6.9 771 17 0.19 149.7 | 175

P137517 | 155 9.9 10.8 525 17 017 994 | 23.7
P237517 | 12,8 8.2 8.9 648 17 0.15 108.1 | 16.0
P337517 1 11.9 7.6 82 70.6 17 0.13 113.7 | 129
P437517 1 11.0 7.1 0o Tl 17 0.11 1215| 94

p150.11 26.6 127 13.8 525 11 0.26 143.7 | 49.2
p250.11 227 109 11.8 648 11 0.26 153.4 | 40.9
p350.1t 216 104 11.2 706 11 0.25 158.8 | 38.3
P40 20.7 9.9 108 771 11 0.25 165.5 | 36.3

P1375H 1208 133 145 525 11 0.23 1305 | 36.6
P23t 176 112 122 64.8 11 0.23 1420 | 289
P33l | 165 106 115 70.6 11 0.22 149.0 | 26.3
P437511 | 157 10.0 109 771 11 0.22 1582 | 242

W W W W[ WWWW|WwwwWwWw|wwww

50,17 50,17 50,17
P2 P3

(b) Ab* =1/37.5, m = 17

50,11 50,11 50,11

P3
(¢) Ab* =1/50, m =11
37.5,11 37.5,11 375,11 375,11

Pl P2 P3 P4
(d) Ab* =1/37.5, m =11

Figure 5.40: ND-type sandwich shell parametric study models.

186



Chapter 5. Extended Foldcore Analysis

Numerical Analysis and Discussion

Numerical models were analysed in the manner described previously, with results
summarised in Table 5.17 and a scatter plot of the relative model energy-absorption
suitability shown in Figure 5.41(a).

Table 5.17: Results of ND-Type sandwich shell parametric study models.

Model | Py.. Py, U Model | Py.. Pr, U
P1°%17 | 0.89 0.79 1.13 P15%1t | 0.43 0.34 1.26
p25017 | 1.14 097 1.17 p25%11 | (.54 0.40 1.35
P3%017 | 1.34 1.01  1.33 P3°%1 | 0.50 0.38 1.32
P4°%17 | 1.40 1.01  1.39 P4°%11 | 0.51 0.35 1.46
P13517 | 1.12 092 1.22 P1351 | 0.69 0.53 1.30
p23517 | 1.32 1.10 1.20 p23511 | .78 0.61 1.28
P33»17 | 1.35 1.15  1.17 P33t | 0.74 0.63 1.17
P43>17 | 1.46 1.12  1.30 p43511 | 0.87 0.69 1.26
3.5 m=11
“m=17 2:3
w
-)
p3 57

F P150,11-\~ PZSO’”\ ' \
1.0 NS B o)

0 P* (mm) 1.2 0 h* 0.65

avg
(a) Energy absorption suitability (b) Normalised force-displacement responses

Figure 5.41: Numerical responses of ND-Type shell parameter study models.

It can be seen that the parametric study yields a configuration with modest im-
provement in energy-absorption capacity, P3*>7. Compared to the experimental
0,17

, it has an increase in P*__ of 18.4% and an increase in P

- 5
configuration P2 max avg

of 18.5%, for a comparable uniformity. Comparison of the two P25%!7 and P33%17
normalised force-displacement responses, Figure 5.41(b), shows they have a very
similar shape, suggesting similar failure modes. Inspection of the Von-Mises stress
of both cores, Figure 5.42(a)-(b), confirms this. It can be seen that they both
possess the plate buckling failure mode discussed in Section 5.4.1, with core fail-

ure smoothly progressing across adjacent unit cell collapses to give a very uniform
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reaction stress.

Referring again to Figure 5.41(a), the lowest performing single-curved foldcore is
P15%1 Compared to the optimum P3%>'7 it has a 61.7% lower P*__ and a 70.4%

max

lower PZ . although inspection of the Von-Mises stresses, 5.42(c) shows that it

avg’
has a similar unit cell failure. The low performance of P1°%!! might simply be
explained by the fact that it has the highest foldcore unit cell volume relative to
the crush height, and so has a low reaction force when normalised over the impacted
panel width d,,. P33%17 has the second- lowest of foldcore unit volume, just behind
P43>17 This suggests that in general, for a given design radius, a foldcore shell
configuration with a lower unit cell volume will have a higher energy-absorption

435,17

capability, although exceptions exist at geometric extremes, i.e. P , so this is

only an approximate relationship.

To conclude, this study has shown that even over a limited, three-variable con-
figuration space, a parametric study on an ND-type foldcore shell can generate
significant changes in energy-absorption capability, without necessarily causing a
change in failure mode. Foldcore shells with different core types and design radii
were excluded from the present study, due to the aforementioned shortcomings
of the existing numerical and experimental methods. Future studies will develop
more robust experimental construction methods, and improved core-face bonding
properties for numerical simulations, to allow a more comprehensive parametric

investigation of foldcore shell performance.
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h*=28% h*=28% 105 MPa

(a) P250,17 (b) P335,17
h*=10%
h*=28%

ey

(C) P150’11
Figure 5.42: Selected foldcore shell Von-Mises stress and core failure modes in
isometric view (top) and section view (bottom). Top shell face is omitted for
clarity.
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5.5 Conclusion

This chapter has presented several findings relating to the performance of extended
foldcore geometries under impact loading. First, numerical analyses and experi-
mental testing on planar curved-crease geometries showed that a maximum value
for the gradient parameter gave the best energy-absorption for a given configu-
ration. An experimental study was then conducted on curved-crease geometries
with an optimum gradient parameter, with small-scale curved-crease prototypes
constructed that were comparable to the small-scale foldcores of Chapter 3. There
was generally good correlation between experimental and simulated responses and
failure modes, although several shortcomings of the present manufacturing method
were highlighted, relating to improper material contraction across the curved-
crease foldcore width. A parametric study on curved-crease parameters established
an optimum configuration that had comparable energy-absorption to a honeycomb
core, and superior energy-absorption to the standard and indented straight-crease

foldcores.

Three brief studies were then conducted on other important markers of foldcore
performance. The first study assessed the out-of-plane stiffness of various foldcore
types. In general, curved-crease foldcores were stiffer than straight-crease foldcores,
with the optimum curved-crease configuration having a comaprable stiffness to
honeycomb. The second study assessed inertial effects in foldcores under low-
velocity impacts. It was seen that there was minimal strengthening in the standard
and indented foldcores, and moderate strengthening in the curved-crease foldcores,
although not to the extent seen for honeycomb. Finally, the failure of complete
sandwich panels was assessed. It was seen that the attachment of sandwich faces

did not significantly alter the impact resistance of any of the core types.
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A numerical and experimental investigation was then conducted into single-curved
foldcore sandwich shells. An initial study showed Non-Developable Miura and Arc-
Miura type foldcores to have similar impact resistance to each other, and superior
impact resistance to Non-Flat Foldable type foldcores. Prototypes of ND and AM-
type sandwich panels were then successfully constructed at a 120mm inside radius
of curvature, but could not be constructed at a tighter 60mm inside radius of cur-
vature. Experimental prototypes were tested under quasi-static impact loads and
the results used to validate numerical models. These were rerun with high-strength
aluminium material properties and compared to the experimental performance of
an over-expanded type honeycomb sandwich panel. It was seen that the the Ox-
Core has superior impact resistance than either foldcore type, however the AM-
type shells possessed superior initial strength, and the ND-type shells possessed
superior response uniformity, properties which might be exploitable with further
single-curved foldcore shell research. A brief parametric study on ND-type shells
was seen to produce modest improvements in energy-absorption capability but no

change in failure mode.

There are several short-comings in the present single-curved sandwich shell inves-
tigation. It was seen that the rigid-tie core-face constraints did not accurately
predict face de-bonding behaviour. Similarly, it was seen that existing manufac-
turing methods were unable to produce R60 foldcores and so it is unknown if
the numerical models used to predict foldcore behaviour at this radius are accu-
rate. However, numerical models were judged to be adequate to give preliminary
insight into shell energy-absorption mechanisms, which was the primary goal of
this study. It is expected that numerical and experimental shortcomings will be
rectified in future foldcore shell investigations. Future investigations should also
consider curved-crease foldcore shell geometries and non-local impact loading sce-

narios, for example global failure of arch-like structures under impact loading.
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Conclusion

This thesis has been primarily concerned with the development and improvement
of foldcore sandwich panels suitable for high-performance energy absorption ap-
plications. The major findings of this thesis can be briefly summarised with the

following four conclusions:

The introduction of sub-folds to existing foldcore geometry can alter fold-

core failure modes and generate significant improvements in foldcore energy

absorption capabilities.

e Rigid origami design principles can be used to vastly extend the range of

available foldcore geometries.

e Curved-crease foldcore geometries were seen to have significantly improved
energy absorption capabilities compared to straight-crease foldcores, and can
potentially match the strength, energy absorption under quasi-static impact

loads, and out-of-plane stiffness of a honeycomb core.

e Single-curved foldcore sandwich shells could not match the energy absorp-
tion capability of an over-expanded honeycomb shell, but certain core types
did exhibit other attributes that might be exploitable with future research,

including superior initial strength and superior uniformity of response.
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6.1 Summary of Findings

6.1.1 Indented Foldcores

Chapter 3 presented a new, indented foldcore developed by introducing sub-folds
in the form of a small indent along the top ridge of a standard foldcore. It was
shown that the indent can successfully trigger a high-order failure mode known as
a travelling hinge line failure mode. This failure mode was seen to have a much
higher and more uniform energy absorption than the plate buckling failure mode
seen in standard foldcores. A numerical analysis established an optimum standard
and indented geometry with maximum energy absorption. Based on numerical
observations, a theoretical prediction for the energy absorption of an idealised
indented foldcore failure mode was developed, which was able to provide a good
approximation of the maximum crushing stress of the optimum indented geometry;,

but not for other geometries that also exhibit travelling hinge modes.

Two experimental studies were conducted to validate and expand the numerical
and theoretical findings. Large-scale prototypes, with no visible geometric im-
perfections, exhibited travelling hinge line failure modes as predicted. A new
method for prototyping foldcores utilising 3D printed moulds was then developed,
which enabled construction of standard and indented aluminium foldcores that
were directly comparable to existing commercial honeycombs. This manufactur-
ing method introduced geometric imperfections into foldcore prototypes, which
were seen to suppress indented foldcore travelling hinge line failure modes. These
imperfections were incorporated into numerical models to give good prediction of
experimental results, both for stress-strain responses and observed failure modes.
Imperfect numerical models were rerun with honeycomb aluminium material prop-
erties, and it was shown that compared to honeycomb cores, the indented foldcore

have an improved uniformity of energy absorption, but a weaker overall response.
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6.1.2 Extended Foldcore Geometry

Chapter 4 utilised rigid origami design principles to develop extended foldcore
geometry in several ways. Three new patterns were parametrised to complete a
set of Miura-base first-level derivative geometries. The parametrisations allowed
simple simulation of pattern folding motion and were validated by comparison
with physical prototypes. It was then shown how the consistent parametrisation
across the set of first-level derivative geometries allowed for them to be combined
into complex, rigid-foldable, piecewise geometries. A new method for attaching
faceted sandwich faces to single-curved and piecewise cores was then shown, with
faceted faces shown to possess a continuously connected edge between face and

core structures.

A new method for generating rigid-foldable, curved-crease geometry from Miura-
derivative prismatic base patterns was then developed. The two stages of the
method, the ellipse creation stage and rigid subdivision stage, were first demon-
strated on a Miura base pattern to generate a Curved-Crease Miura pattern. It
was shown that a single additional parameter was sufficient to completely define
the curved-crease variant. The process was then applied to the Tapered Miura,
Arc, and Arc-Miura patterns to generate curved-crease variants for each. Finally,
it was shown how the method provided several benefits in addition to the minimum
parametrisation. These included the ability to alter the ellipse creation method to
generate different curved-crease tessellations, and the ability to preserve geometric
solutions of the prismatic base pattern such as closure and faceted face geometry.
All parametrisations presented in this thesis have been compiled into a MATLAB
Toolbox that is freely available to use for research purposes. It can be downloaded

from www.joegattas.com/resources.
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6.1.3 Extended Foldcore Analysis

Chapter 5 conducted numerical and experimental analyses on several of the ex-
tended foldcore geometries developed in Chapter 4. An experimental study on
curved-crease geometries with ¢ = ¢, showed that curved-crease foldcores were
significantly stronger than straight-crease foldcores, but more susceptible to mate-
rial stretching during manufacture. A parametric study on curved-crease foldcore
was then conducted, with two main findings. First, second tessellation models
were seen to have comparable failure modes and energy-absorption to half-aspect
first tessellation models. From this it was concluded that altering the tessellation
of a curved-crease foldcore was unlikely to provide significant energy-absorption
capability beyond that achievable with direct changes to the plate aspect ratio.
Second, an improved configuration of the curved-crease foldcore was found, which
appeared to offer a comparable strength and energy-absorption capabilities to a

honeycomb core.

Three brief studies were then conducted on related aspects of straight-crease and
curved-crease planar foldcore performance. The first study considered core out-of-
plane stiffnesses. Curved-crease foldcores were seen to have a higher out-of-plane
stiffness that was less sensitive to geometric imperfections, compared to straight-
crease foldcores. The optimum curved-crease foldcore configuration was the only
foldcore with a comparable out-of-plane stiffness to a honeycomb core. The sec-
ond study considered change in core failure with dynamic, rather than quasi-static
loading. Curved-crease foldcores were the only foldcore that saw a substantial
increase in energy absorption under dynamic loading. This was attributed to
micro-inertial strengthening of progressive hinge lines during collapse, similar to
that seen in honeycomb. Despite this, it did not strengthen to the same extent
as honeycomb, and so the latter was judged to be have superior impact resistance

under dynamic load conditions. The third study considered how the attachment
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of sandwich panel faces would alter the impact resistance and failure modes of var-
ious core types, excluding consideration of the indented foldcore. Failure was not
significantly altered for any sandwich type, although the small changes in sandwich

performance were successfully incorporated into sandwich numerical models.

The final study of Chapter 5 considered the performance of straight-crease, single-
curved sandwich shells. It was shown that Non-Developable Miura and Arc-Miura
type shells have similar impact resistance to each other, and superior impact resis-
tance to Non-Flat Foldable type shells. Prototypes of ND and AM-type sandwich
shells were successfully constructed at a 120mm inside radius of curvature, but
could not be constructed at at tighter 60mm inside radius of curvature. Foldcore
numerical models were run with high-strength aluminium material properties and
compared to the experimental performance of an over-expanded honeycomb sand-
wich shell. It was seen that the over-expanded honeycomb had a better energy
absorption capacity than either of the foldcores. However the AM-type foldcore
possessed superior initial strength, and the ND-type possessed superior response
uniformity. A brief parametric study on ND-type shells suggested that in gen-
eral, for a given design radius, a foldcore shell configuration with a lower unit cell

volume will have a higher energy-absorption capability.
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6.2 Future Work

This thesis has established preliminary results for a large number of new types
of foldcore sandwich structures, and as such has opened up many more avenues
for research. In brief, the majority of these open research questions pertain to
applying the foldcore improvement methods developed in Chapter 3 to extended
geometries of Chapter 5. Specifically, altering the core failure mode through the in-
troduction of sub-folds was seen to substantially increase the standard Miura-type
foldcore response. Such an alteration might therefore also be capable of improving
curved-crease foldcores and single-curved foldcore shells. Similarly, curved-crease
geometry was seen to provide significant improvement to straight-crease geometries
for planar foldcores, and so it likely that curved-crease single-curved shells would
improve upon the performance of the studied single-curved straight-crease shells.
The development of improved manufacturing methods would assist with these in-
vestigations, and also allow experimental validation of the optimum curved-crease
configuration performance, and a better investigation of tight-radius foldcores and

foldcore shell de-bonding.

In terms of geometry development, the rigid-foldable curved-crease approxima-
tion developed in this thesis provides a convenient method to fold curved-crease
geometries, but does not answer many fundamental questions pertaining to such
shapes. For instance, it is unknown how a rigid-strip curved-crease approximation
is different to an exact, curved-crease surface, and whether these differences af-
fect curved-crease foldcore modelling, manufacture, and performance. In pursuit
of improved foldcore shells, it might also be useful to develop Non-Developable

Miura and Non-Flat Foldable Miura curved-crease variants.
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Appendix A

Pattern Closure and Bi-Stability

Curved shells are often employed in applications requiring a cylindrical or semi-
cylindrical geometry. Although the folded shells developed in the thesis were not
used in this particular way, the geometric closure conditions for closed cylindrical
configurations are defined here for completion. While deriving closure conditions,
it was noticed that several patterns displayed geometric behaviour that might be
useful in creating new bi-stable structures. Again, this particular application was

outside the scope of this thesis, but is highlighted here for completion.

Tapered Miura Pattern

The Tapered Miura pattern is a planar pattern, so closure conditions refer to the
point during pattern folding at which the polar creases form a closed ring. From

geometry shown in Figure 4.6, it can be seen that this occurs at:

2
p = " form= 5,7,9... (A.1)

m—1

where the superscript ' is used to denote a closed pattern parameter. By combining

Equations (4.21), (4.23-24), and (4.26), is it possible to obtain an expression for
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p as a function of a single variable 7y, and constants ¢. and ¢;:

p=HZ _ arccos cos ¢ (A.2)
2 in2 cos? ¢
\/1 __ sin be (1 . f )

sin? of cos?(nsz/2)

Figure A.1(a) shows p plotted against variable 7z for different values of ¢. and ¢;.
If the closed parameter p’ is plotted for a certain pattern, in this case a Tapered
Miura pattern with a. = 20, b; = 10, ¢; = 60°, ¢o = 70°, m = 35, n = 5, there are
two possible configurations that coincide with the closure condition. Plotting these
configurations, Figure A.1(b), confirms that the same Tapered Miura pattern has
two closed states. It is possible that this phenomenon may be used to create bi-
stable folded plate structure, for example if core plates are able to deform elastically

up to a certain point, the structure might snap between the alternative unstressed

configurations.
/4
Base Geometry
[ oo Variable ¢, -7 7~
| Variable ¢, -~ *
. S
: v
P 5m/18
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(a) Variation of p with ¢1, ¢2, and nyz (b) Two closed configurations

Figure A.1: Closure conditions of Tapered Miura pattern.

Non-Developable Miura Closure Conditions

From geometry shown in Figure 4.1, it can be seen that a Non-Developable Miura

pattern forms a closed cylinder when:

—

m_lform:5,7,9... (A.3)
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By combining Equations (2.1) and (4.1), is it possible to obtain the following

expression for 4 as function of constants Ab/a and ¢ and a single variable 74:

<Ab\/2(1 — cosna — 2cos? gb))
v = arctan [ —

a sin? 74

By plotting 7 against 74 it is possible to show the effect of Ab/a and ¢ on the rate
of closure of the cylinder, Figure A.2(a). It can be seen that there is a one-to-one
mapping between the 4 domain and v range, and so there can only be a single
closed configuration at + for a given pattern. The unique closed configuration of
a Non-Developable pattern with a = 30, b; = 30, b, = 40, ¢ = 7/3, m = 13, and

n = 7 is shown in Figure A.2(b).

/2
Base Geometry 7
- Variable ¢ s
| T Variable Ab/a v
’)/ -
0
(a) Variation of v with Ab/a, ¢, and na (b) Unique closed configuration

Figure A.2: Closure conditions of Non-Developable Miura pattern.

Non-Flat Foldable Miura

From geometry shown in Figure 4.4, it can be seen that a Non-Flat Foldable Miura

pattern forms a closed cylinder at:

¢ = T 1 for m =5,9,13... (A.4)

" —
By combining Equations (4.1) and (4.11-12), is it possible to obtain an expression

for ¢ as function of constants Ab/a and ¢ and a single variable 74:

Absi
¢ =m/2 + 4+ arccos (ﬁ% cos ’y) (A.5)
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where ~y is a function of Ab/a, ¢, and 14 as given by Equation (A.4). By plotting
¢ against 14 it is possible to show the effect of Ab/a and ¢ on the rate of closure
of the cylinder, Figure A.3(a). Similar to that seen in the Non-Developable Miura
pattern, there is a one-to-one mapping between the n4 domain and { range. There-
fore there is at most a single closed configuration for a given Non-Flat Foldable
cylinder, with an example shown for a geometry with a = 40, b; = 20, b, = 60,

¢ =m/3, m =45 n =7 in Figure A.3(b).

/2

; Base Geometry
I b Variable ¢ T
\Abla=2——~ ~ 777 Variable Ab/a |

0

(a) Variation of ¢ with Ab/a, ¢, and na (b) Unique closed configuration
Figure A.3: Closure of a Non-Flat Foldable Miura pattern.

Arc-Miura Closure Conditions

The following two equations are obtained from Wu (2010) to describe the closure
condition of an Arc-Miura pattern and the variable £ as a function of two constants,

¢1 and ¢, and a single variable 1, 4:

& =dr/(n—1) for odd n (A.6)
A+ Bcosnya
— - A.
& = arccos (B+Acos77MA> A (A7)

where A = cos2¢; — cos2¢s and B = 1 — cos 2¢; cos 2¢9. The variation of this
equation with relevant parameters was not explored in Wu (2010) and is shown here
for completion. The effect of ¢, ¢2, and np,4 on the closure rate is shown in Figure

A.4(a). It can be seen that for certain pattern geometries, there are two possible
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configurations that coincide with the closure condition for a given geometry. The
two closed configurations of an example geometry with a; = 30, by = 30, ¢; = 60°,
¢g = 45°, m = 4, n = 25 are shown in Figure A.4(b). Similar to that seen in the
Tapered Miura pattern, this feature may allow for the creation of bi-stable folded

plate structures that are able to snap between stress-free configurations.

w2 <. Base Geometry ——

g ~ Variable ¢, ---- 1

L, 4m *Variable ¢, -- - |
T~ -

S 6 |

TjMA

(a) Variation of & with ¢; and ¢s. (b) Two closed configurations
Figure A.4: Closure conditions of Arc-Miura pattern.

Arc Closure Conditions

As with the Arc-Miura pattern, the closure condition for an Arc pattern is obtained
from Wu (2010) as:
(n—3)

(= 1; for odd n (A.8)

My =
From Equation (2.1), plotted in Figure 3.5, it can be seen that 7,4 is a function of
a single pattern constant ¢ and pattern variable 7, a relationship which is known

to produce a one-to-one mapping between the two dihedral angles. Therefore the

Arc pattern has at most a single closed configuration for a given pattern geometry.

211



