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S9 Comparison of Fröhlich-hydrogenic approximations to ∆EB to ab initio values in SrTiO3 17

S10Convergence of phonon screening with number of excited states 20

References 21

1



Material Structure a ( Å) c/a Space Group Identifier
AlN Wurtzite 3.128 1.604 P63mc mp-661
CdS Zincblende 4.200 1 F43m mp-2469
GaN Wurtzite 3.215 1.630 P63mc mp-804
MgO Halite, Rock Salt 3.010 1 Fm3m mp-1265

SrTiO3 Cubic Perovskite 3.852 1 Pm3m mp-5229

Table S1 Studied materials, their structure, lattice parameters, space group, and identifier in the Materials Project database [1].
We performed geometry optimization for the atomic positions of these systems using DFT within the PBE exchange-correlation
functional, keeping their lattice parameters fixed, with the exception of SrTiO3, for which we used the local density approximation
(LDA) and optimized both the atomic positions and its lattice parameter (the LDA has been discussed in the literature to yield
more accurate results for structural properties of SrTiO3 compared to PBE [2]).

S1 Computational Details

Table S1 summarizes the different systems studied in this work, the specific structure in which these are studied,

their lattice parameter, as well as their space group and identifier in the Materials Project database [1]. For all

studied materials with the exception of SrTiO3, we start by performing a geometry optimization of their atomic

positions, leaving the lattice parameters fixed. For this we employ DFT, as implemented within the Quantum

Espresso software package [3], and we use the generalized gradient approximation (GGA) as formulated by

Perdew, Burke and Ernzerhof (PBE) [4]. For SrTiO3 we employ the local density approximation (LDA) [5]

and optimize both the atomic positions and lattice parameters of this system; the LDA has been discussed in

the literature to yield more accurate results for the phonon properties of SrTiO3 compared to PBE [2]. For all

calculations we employ scalar-relativistic optimized norm-conserving Vanderbilt pseudopotentials (ONCV) [6]

with standard accuracy, taken from Pseudo Dojo [7]. Specifically, these include three valence electrons for Ga,

two valence electrons for Al, three valence electrons for Sr, four valence electrons for Ti, two valence electrons

for O, two valence electrons for N, two valence electrons for S, three valence electrons for Mg, and four valence

electrons for Cd. We employ DFPT using PBE, with the exception of SrTiO3 for which we employ LDA to

compute the phonon dispersions of the studied materials on a 6 × 6 × 6 grid of q-points. Using the DFT-PBE

Kohn-Sham wavefunctions (LDA for SrTiO3) as a starting point, we perform GW calculations as implemented

within the BerkeleyGW code [8], choosing the calculation parameters to converge the quasiparticle band gaps

within 0.1 eV, following Refs. [9, 10] and using a generalized plasmon pole model [11] to compute the dielectric

function at finite frequencies. Specifically, we employ the following parameters for the GW calculation: AlN

(400 bands, 32 Ry polarizability cutoff, 6×6×6 half-shifted k-grid), CdS (500 bands, 40 Ry polarizability cutoff,

6 × 6 × 6 half-shifted k-grid), GaN (400 bands, 40 Ry polarizability cutoff, 4 × 4 × 4 half-shifted k-grid), MgO

(600 bands, 50 Ry polarizability cutoff, 6 × 6 × 6 Γ-centered k-grid), SrTiO3 (1000 bands, 14 Ry polarizability

cutoff, 6× 6× 6 half-shifted k-grid). Moreover, we have verified the validity of the plasmon pole approximation,

by comparing the computed exciton binding energies for the example cases of CdS and MgO to those obtained

when computing the dielectric function within full frequency calculations. We find that this leads to a change

of less than 0.5 meV to the computed values.

The electronic BSE kernel is computed on the same k-grid as the GW eigenvalues, for four valence and

four conduction bands, with the exception of SrTiO3, where nine valence bands and three conduction bands
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are employed instead. For SrTiO3, the valence and conduction bands that the kernel is computed on are

disentangled from other bands, we can therefore interpolate the kernel on a dense grid, for the same bands.

For the remaining systems we interpolate the kernel on a fine grid, for three valence and a single conduction

band. For all cases, we use the patched sampling technique [12] to interpolate the kernel onto a patch drawn

from a fine 100 × 100 × 100 grid, converging the size of the patch to ensure an accuracy of 1 meV or better for

the exciton binding energy, as described in detail in Ref. [12]. We find that a patch around Γ with a crystal

coordinate cutoff of 0.09 is sufficient to converge the observables of interest in this study for all systems but

MgO and SrTiO3. For these two systems we extrapolate to the Nk → ∞ limit by following the convergence

rate of the value of ∆EF-H
B obtained through the numerical integration of Eq. (19) of the main manuscript (see

Section S5). Furthermore, we have tested the impact of computing the kernel on a coarse grid with more valence

and conduction bands prior to interpolation, for all systems but SrTiO3. Computing the kernel on 8 valence

and 8 conduction bands results in a change of less than 1 meV for the computed exciton binding energies.

To obtain the electron-phonon matrix elements gmnν(k,q) on the same fine patch for the k- and q-grid we

employ Wannier-Fourier interpolation [13], using modified versions of the Wannier90 [14] and EPW [15] codes,

in order to ensure the gauge consistency of the electron-phonon matrix elements computed from EPW and the

exciton coefficients computed using BerkeleyGW, using a workflow that will be described elsewhere [16].
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Material me (a.u.) mh (a.u.) ao (Å) re (Å) rh (Å)
AlN 0.30 0.70 11.3 10.8 7.0
CdS 0.12 2.01 29.4 30.5 7.5
GaN 0.15 1.01 21.1 17.3 6.7
MgO 0.34 5.00 6.1 11.6 3.0

SrTiO3 0.39 1.22 10.2 9.9 5.6

Table S2 Estimated exciton Bohr radii ao, electron-/hole-polaron radii re,h, and electron/hole effective masses me,h of the studied
systems.

S2 Estimated exciton and polaron radii of studied systems

Table S2 summarizes the exciton Bohr radius ao and the electron-/hole-polaron radii re,h of the studied systems.

The exciton bohr radius is estimated as ao = 1/(2EBµ)1/2 within the Wannier-Mott model, where EB the con-

verged BSE exciton binding energies given in Table I of the main manuscript, and µ the exciton effective mass

1/µ = 1/me + 1/mh, with me and mh the effective mass of the electron and hole, respectively. A more quanti-

tatively accurate calculation of the exciton radius would require using first-principles methods that accurately

capture this quantity [17]. The estimated electron-/hole-polaron radii are obtained as re,h = 1√
2me,hωLO

[18], un-

der the assumption of weak, Fröhlich-like electron-phonon coupling. While recent development of first-principles

methodologies now allows more accurate computation of the spatial extent of electron and hole polarons [19],

the values reported in Table S2 indicate that our studied materials are within the regime where the lattice

polarization associated with the two polarons may interfere significantly, as described elsewhere [20, 21].

Moreover, Table S2 summarizes the electron and hole effective masses. We compute the effective masses

for the top/bottom of the valence and conduction bands respectively using the finite difference formula 1
m∗ =

E(δk)+E(−δk)−2E(Γ)
δk2 , taking δk to be equal to 0.01 (in crystal coordinates) along each spatial direction, and we

average over the three spatial directions. The energies E are computed at the GW level.
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S3 Finite temperature expression for phonon kernel

At zero temperature the phonon kernel is written as

Kph
cvk,c′v′k′(Ω) = ⟨cvk| 1

2πi

∫ ∞

−∞
dω W ph(r, r′;ω)

[
1

Ω − ω − (ϵc′k′ − ϵvk) + iη
+

1

Ω + ω − (ϵck − ϵv′k′) + iη

]
e−iηω |c′v′k′⟩

(1)

The kernel can be analytically continued into the complex plane ω → z and then evaluated at the boson

imaginary Matsubara frequencies as the screened interaction is proportional to the bosonic phonon propagator.

To proceed, we write the expression for phonon screening in a simpler form

W ph(r, r′; z) =
∑
qν

g∗ν(r′)Dqν(z)gν(r) =
∑
ν

g∗ν(r′)
2ωqν

z2 − ω2
q.ν

gν(r). (2)

Evaluating the frequency convolution at finite temperature requires the summation over the discrete bosonic

Matsubara frequencies iΩm/iωn, so we can write K(Ω) → K(iΩm) and iΩn/iωn = i 2πnβ which gives

Kph
cvk,c′v′k′(iΩm) =

1

β

∑
qν

∑
iωn

gcc′ν(k′,q)g∗vv′ν(k′,q)Dqν(iωn)

[
1

iΩm + iωn − (ϵc′k′ − ϵvk)
+

1

iΩm + iωn − (ϵck − ϵv′k′)

]
.

(3)

The way to evaluate these summations is by first evaluating the contour integral of infinite radius, which contains

all the poles of the function. This integral is weighted by the boson occupation factor nB(z) which contains

simple poles at all the Matsubara frequencies, all of equal residue 1
β . Then we send the contour to zero radius

as the result is independent of the radius of the path to obtain the result of the summation

I =

∮
C

dz

2πi
f(z)nB(z) =

∑
i

Res(ai), (4)

where

f(z) = Dqν(z)

[
1

iΩm + z − (ϵc′k′ − ϵvk)
+

1

iΩm + z − (ϵck − ϵv′k′)

]
. (5)

The poles of f(z) occur at

a1 = +ωqν

a2 = −ωqν

a3 = (ϵc′k′ − ϵvk) − iΩm

a4 = (ϵck − ϵv′k′) − iΩm

an = iωn = i
2πn

β
.

(6)
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Evaluation of this integral therefore gives (dropping the summation over the phonon modes)

I =
1

β

∑
iωn

Dqν(iωn)

[
1

iΩm + iωn − (ϵc′k′ − ϵvk)
+

1

iΩm + iωn − (ϵck − ϵv′k′)

]
+

NB(ωqν)

[
1

iΩm + ωqν − (ϵc′k′ − ϵvk)
+

1

iΩm + ωqν − (ϵck − ϵv′k′)

]
+

NB(−ωqν)

[
1

iΩm − ωqν − (ϵc′k′ − ϵvk)
+

1

iΩm − ωqν − (ϵck − ϵv′k′)

]
+

2ωqν

[
NB((ϵc′k′ − ϵvk) − iΩm)

((ϵc′k′ − ϵvk) − iΩm)2 − ω2
qν

+
NB((ϵck − ϵv′k′) − iΩm)

((ϵck − ϵv′k′) − iΩm)2 − ω2
qν

]
.

(7)

We now send the contour radius to zero, since the result is independent of this quantity. This means we can

evaluate the Matsubara frequency summation which gives the kernel

−Kph
cvk,c′v′k′(iΩm) = NB(ωqν)

[
1

iΩm + ωqν − (ϵc′k′ − ϵvk)
+

1

iΩm + ωqν − (ϵck − ϵv′k′)

]
+

NB(−ωqν)

[
1

iΩm − ωqν − (ϵc′k′ − ϵvk)
+

1

iΩm − ωqν − (ϵck − ϵv′k′)

]
+

2ωqν

[
NB((ϵc′k′ − ϵvk) − iΩm)

((ϵc′ − ϵvk) − iΩm)2 − ω2
qν

+
NB((ϵck − ϵv′k′) − iΩm)

((ϵck − ϵv′k′) − iΩm)2 − ω2
qν

] (8)

Now, noting that NB((ϵc′ − ϵv) − iΩm) = NB(ϵc′ − ϵv) (for iΩm as bosonic Matsubara frequencies) and that

NB(−ωqν) = NB(ωqν) + 1, we can rewrite this as

−Kph
cvk,c′v′k′(iΩm) = NB(ωqν)

[
1

iΩm + ωqν − (ϵc′k′ − ϵvk)
+

1

iΩm + ωqν − (ϵck − ϵv′k′)

]
+

[NB(ωqν) + 1]

[
1

iΩm − ωqν − (ϵc′k′ − ϵvk)
+

1

iΩm − ωqν − (ϵck − ϵv′k′)

]
−

2ωqν

[
NB(ϵc′k′ − ϵvk)

((ϵc′k′ − ϵvk) − iΩm)2 − ω2
qν

+
NB(ϵck − ϵv′k′)

((ϵck − ϵv′k′) − iΩm)2 − ω2
qν

] (9)

Finally, we can split the last two terms into their partial fractions as

2ωqν

((ϵc′k′ − ϵvk) − iΩm)2 − ω2
qν

=
1

iΩm − (ϵc′k′ − ϵvk) − ωqν
− 1

iΩm − (ϵc′k′ − ϵvk) + ωqν
(10)

which gives

−Kph
cvk,c′v′k′(iΩm) =NB(ωqν)

[
1

iΩm + ωqν − (ϵc′k′ − ϵvk)
+

1

iΩm + ωqν − (ϵck − ϵv′k′)

]
+

[NB(ωqν) + 1]

[
1

iΩm − ωqν − (ϵc′k′ − ϵvk)
+

1

iΩm − ωqν − (ϵck − ϵv′k′)

]
+

NB(ϵc′k′ − ϵvk)

[
1

iΩm − (ϵc′k′ − ϵvk) − ωqν
− 1

iΩm − (ϵc′k′ − ϵvk) + ωqν

]
+

NB(ϵck − ϵv′k′)

[
1

iΩm − (ϵck − ϵv′k′) − ωqν
− 1

iΩm − (ϵck − ϵv′k′) + ωqν

]
.

(11)
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This expression simplifies to

−Kph
cvk,c′v′k′(iΩm) =

NB(ωqν) −NB(ϵc′k′ − ϵvk)

iΩm + ωqν − (ϵc′k′ − ϵvk)
+

NB(ωqν) −NB(ϵck − ϵv′k′)

iΩm + ωqν − (ϵck − ϵv′k′)
+

NB(ωqν) + 1 + NB(ϵc′k′ − ϵvk)

iΩm − ωqν − (ϵc′k′ − ϵvk)
+

NB(ωqν) + 1 + NB(ϵck − ϵv′k′)

iΩm − ωqν − (ϵck − ϵv′k′)
.

(12)

The phonon kernel has four poles corresponding to the electron-hole pair absorption and emission of a phonon,

which are weighted by the relevant Bose factors. Analytically continuing iΩm → ω+ iη gives the finite tempera-

ture expression for the retarded Kph and the zero temperature result is regained by sending the Bose occupation

factors to zero. We now re-insert the summation over the electron-phonon vertices and phonon modes to get

the full result

Kph
cvk,c′v′k′(iΩm) = −

∑
ν

gcc′ν(k′,q)g∗vv′ν(k′,q)

[
NB(ωqν) −NB(ϵc′k′ − ϵvk)

iΩm + ωqν − (ϵc′k′ − ϵvk)
+

NB(ωqν) −NB(ϵck − ϵv′k′)

iΩm + ωqν − (ϵck − ϵv′k′)

+
NB(ωqν) + 1 + NB(ϵc′k′ − ϵvk)

iΩm − ωqν − (ϵc′k′ − ϵvk)
+

NB(ωqν) + 1 + NB(ϵck − ϵv′k′)

iΩm − ωqν − (ϵck − ϵv′k′)

]
,

(13)

which corresponds to eq.(8) of the main manuscript.
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S4 Imaginary part of the phonon kernel as an exciton dissociation

rate

Here we outline in greater detail the arguments, using scattering theory and many-body perturbation theory

techniques [22, 23], that establish the imaginary part of the diagonal elements of the phonon kernel in the

unperturbed exciton basis as related to the rate of the dissociation channel for excitons into free electron-hole

pairs, due to the absorption of a single phonon.

Within the GW -BSE formalism and accounting for phonon screening, the dynamics of a system of excitons

and phonons is described by the Hamiltonian

H = (Eck − Evk)δvv′δcc′δkk′ + Keh
cvk,c′v′k′ + Hph + Kph

cvk,c′v′k′ , (14)

where Hph is the phonon Hamiltonian and HBSE = (Eck − Evk)δvv′δcc′δkk′ + Keh
cvk,c′v′k′ is the usual bare BSE

Hamiltonian.

At temperature T the initial (bare exciton) state of Fig. 1 of the main manuscript is a particular eigenstate

of the Hamiltonian Hi = HBSE + Hph :

Hi |S,NB + 1⟩ = ES
i |S,NB + 1⟩ , (15)

with energy ES
i = ΩS + (NB + 1)ωLO. We consider here the example of an LO phonon with occupation NB at

temperature T , but the same holds for any phonon mode. The absorption of a single phonon can lead to a final

(free electron-hole) state, which also can be expressed as an eigenstate of the distinct but related Hamiltonian

Hf = (Eck − Evk)δvv′δcc′δkk′ + Hph, where

Hf |(ck, vk′), NB⟩ = Ef |(ck, vk′), NB⟩ , (16)

with Ef = Eck−Evk′ +NBωLO. The initial and final states are described as eigenstates of different Hamiltoni-

ans, apparently complicating a straightforward interpretation of the scattering process, as one needs to ensure

orthogonality between these wavefunctions [24]. However, this complication is resolved using the arguments of

the theory of rearrangement collisions [25, 26, 27]. We can define a renormalized final free electron-hole state

|χf ⟩, which satisfies orthogonality to the initial state |S,NB + 1⟩, as [28]

|χf ⟩ = |(ck, vk′), NB⟩ + (Ef −H − iη)−1Keh |(ck, vk′), NB⟩ . (17)

State |χf ⟩ may be used to define a generalized S-matrix for the scattering process, which to first order in the

electron-phonon interaction and within the Born approximation is written as

SBorn
gen = 2πiδ(Ef − Ei) ⟨(ck, vk′), NB |Kph |S,NB + 1⟩ . (18)
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Employing the optical theorem for this S-matrix in standard fashion, Im[Kph
SS(ΩS , T )] can be interpreted as the

rate of this exciton dissociation process, namely

2|Im[Kph
SS(ΩS , T )]|≈ τ−1

S (T ). (19)
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Figure S1 Convergence of the exciton binding energy shift of CdS due to phonon screening at 0K, with respect to the number of
k-points in a patch centered around the Γ-point of a 100× 100× 100 grid.
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Figure S2 Convergence of the exciton binding energy shift of GaN due to phonon screening at 0K, with respect to the number of
k-points in a patch centered around the Γ-point of a 100× 100× 100 grid.

S5 Convergence of the first-principles phonon kernel

Figures S1 and S2 demonstrate the convergence of the real part of Kph in CdS and GaN respectively, i.e. the

correction ∆EB to their exciton binding energy from phonons. By employing a patch taken from a 100×100×100

regular grid, we are able to demonstrate convergence within less than 1 meV at 0 K, for a patch cutoff of 0.09

(in crystal coordinates) around Γ, corresponding to 6, 859 k/q-points.

For SrTiO3 convergence is more challenging to achieve. Fig. S3 demonstrates the values of ∆EF-H
B,gen. con-

tributed by the LO-1 phonon, as predicted by Eq. (19) when using the generalized Fröhlich vertex of Eq. (26).

In order to fully converge ∆EB we have to compute the sum of Eq. (19) on a grid of 29, 791 k/q-points (corre-

sponding to a patch with a cutoff of 0.15 around Γ in crystal coordinates, drawn from a 100× 100× 100 regular

grid), which is possible to do within this numerical integration employing the hydrogenic and Fröhlich formulas.

However, convergence at the same level is very challenging to achieve from first principles. When employing

our ab initio workflow, we were able to compute the phonon kernel on a Γ-centered patch with a cutoff of 0.09

(crystal coordinates), which includes 6, 859 k/q-points, obtaining ∆EB values of −31.1 meV and −7 meV for

the LO-1 and LO-2 phonons respectively. For the same grid size, the numerical integration of Eq. (19) gives
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Figure S3 Convergence of the exciton binding energy shift of SrTiO3 due to phonon screening from the LO-1 mode at 0K,
with respect to the number of k-points in a patch centered around the Γ-point of a 100 × 100 × 100 grid, as computed through
numerical integration of the approximate Eq. (19) employing the generalized Frölich vertex of Eq. (26). The point in the black
circle corresponds to the maximum grid size which was accessible through our ab initio workflow, and which is extrapolated to the
Nk → ∞ limit as discussed in the text.

corrections of −33.6 meV and −7 meV for these two phonons respectively. Therefore, for the LO-2 phonon the

two levels of theory are in perfect agreement at 0 K, whereas for the LO-1 phonon, the first-principles workflow

gives a correction which is equal to 92.7% of the ∆EF-H
B,gen. value of Fig. S3 on the same grid size (circled in black).

Consequently, in order to estimate the ab initio values at the Nk → ∞ limit, for the LO-1 phonon contribu-

tion to ∆Eab initio
B , we take 92.7% of the converged value of ∆EF-H

B,gen. as estimated from Eq. (19) (−38 meV),

which is equal to −35 meV (Table II main manuscript). For the LO-2 phonon the ab initio and the generalized

Fröhlich-hydrogenic results on the patch of 6, 859 k/q-points are identical, we therefore simply extrapolate the

first-principles contribution to ∆EB from this phonon from the slightly under-converged value of −7 meV, to

the Nk → ∞ limit of −8 meV. This same method for extrapolating to Nk → ∞ is used for the phonon screening

of the MgO exciton by the LO phonon of this material.
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Material Thermal Expansion Coefficient (K−1) Reference ∆a/a(∆T = 300 K) (%)
AlN 6.9 · 10−6 [29] 0.2
CdS 4.5 · 10−6 [30] 0.14
GaN 6 · 10−6 [31] 0.18
MgO 3.2 · 10−5 [32] 1

SrTiO3 3 · 10−5 [33] 0.9

Table S3 Thermal expansion coefficients of the studied systems, as found in the literature, and percentage of change to the a
lattice constant assuming linear thermal expansion over 300K.

S6 Effect of thermal expansion

In Table S3 we report the coefficients of linear thermal expansion of the systems we study here, as found in the

literature. For SrTiO3 we take a representative value for room temperature as reported for the zero external

pressure case in Ref. [33]. Assuming linear thermal expansion over the temperature range 0−300 K, we estimate

the percentage of change ∆a/a to the lattice constant over these temperatures for each material. We see in

Table S3 that for AlN, CdS, and GaN, the lattice constants change by at most 0.2%, we therefore neglect this

effect for the range of temperatures we are concerned with here. For MgO and SrTiO3 there is a more significant

change of approximately 1% to the lattice constant. For these two materials we have repeated the calculations of

the bare and phonon-screened exciton binding energy, in order to evaluate the importance of thermal expansion.

Starting with MgO, expanding its lattice constant by 1% decreases the bare exciton binding energy of this

system to 305 meV, compared to the 327 meV value of Table I in the main manuscript. The LO phonon frequency

also decreases from 84 meV to 81 meV. However, the ab initio phonon screening of the exciton remains almost

unchanged, with the effect reduced by a mere 0.5 meV compared to the value of Table I.

For SrTiO3, upon expansion of the lattice by 1%, the bare exciton binding energy reduces from 122 meV to

107 meV, while the LO-1 phonon also reduces its energy from 98 meV to 94 meV. While we were not able to

obtain fully first-principles values for the phonon screening of the exciton of SrTiO3 at this modified configuration

due to the emergence of imaginary phonons, taking the q → 0 limit and using the model of Eq. (25) of the main

manuscript, we obtain ∆Eq→0
B = −61 meV, compared to ∆Eq→0

B = −65 meV when not accounting for thermal

expansion, which suggests a 6% decrease in the effect of phonon screening on the exciton binding energy.

Overall, we find that the effect of thermal expansion can lead to a small decrease of the screening of the

exciton from phonons. This change in phonon screening is generally modest due to the fact that both ωLO and

EB are reduced upon expansion of the lattice, making the change in their ratio less significant. The reduction

of the exciton binding energy due to thermal expansion, combined with the small effect of thermal expansion on

phonon screening, will result to an overall larger decrease of exciton binding energies when thermal expansion

and phonon screening are accounted for concurrently, and lead to better agreement with experimental values.

Nevertheless, the temperature-dependent reduction of exciton binding energies due to phonon screening remains

the dominant effect, as seen here even for MgO and SrTiO3, the systems with the greatest effect of thermal

expansion among the studied ones.
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S7 Phonon screening from acoustic modes

As seen in the main manuscript, and specifically, in Figures 3 and 5, acoustic phonons can result in a substantial

reduction of the exciton binding energy in CdS and GaN. Moreover, among the systems studied in this work,

AlN is the only other case where acoustic phonons contribute to phonon screening. What these materials have

in common is that all three are piezoelectric [34, 35], enabling a large coupling of the electrons with acoustic

phonons [22], with the average electron-phonon coupling of acoustic modes scaling monotonically with the

experimental piezoelectric constants, as seen in Fig. S4.

As shown previously, ignoring quadrupole terms in the Wannier-Fourier interpolation of the electron-phonon

matrix elements of acoustic phonons can lead to an overestimation of the magnitude of g in the vicinity of Γ [36].

Therefore, it is possible that inclusion of quadrupole corrections will lead to a modest reduction of the predicted

screening of the exciton binding energy by acoustic phonons. Nevertheless, the contribution of acoustic phonons

to screening excitons will be important in piezoelectric materials, highlighting the importance of going beyond

the simple picture within which optical phonons are the only ones contributing to this effect.
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Figure S5 Contribution of emission and absorption of different phonon modes to the exciton binding energy shift of CdS due to
phonon screening, as a function of temperature. Here ⟨ωq⟩ denotes the average frequency of a particular phonon branch.

S8 Phonon screening due to phonon emission and absorption, and

wavevector dependence

Eq. (9) of the main manuscript for the phonon kernel allows us to identify the separate contributions of phonon

absorption and emission to the phonon kernel. For CdS, we visualize in Fig. S5 the impact of these effects on the

exciton binding energy. Notably, phonon emission is already active at low temperatures, while phonon absorption

only provides a minor contribution. This is intuitive, as the relevant phonons are unavailable to be absorbed

from the environment at low temperatures, according to Eq. (9). The precise temperature where phonons

become available to be absorbed may also depend on the level of theory used to obtain phonon frequencies (for

example on the exchange-correlation functional [37] or the inclusion of anharmonic effects [38]). Despite this

expected sensitivity, we expect the contribution of the absorption term to ∆EB at small temperatures will be

small. On the other hand, the phonon emission term survives even when NB(ωq,ν , T ) → 0, and indeed the 0 K

results of Table I of the main manuscript are entirely due to phonon emission. As the temperature increases,

the contribution of phonon absorption to the screening of the exciton becomes more substantial, and eventually

emission and absorption contribute equally.

We also examine the wavevector dependence of the phonon screening correction to the exciton binding

energy, for the different phonons of CdS, and at different temperatures, in Figures S6-S9. We see that at low

temperatures the emission of high-frequency LO phonons dominates the correction, in agreement with Fig. S5.

These polar modes exhibit a Fröhlich-like 1/q dependence in their electron-phonon matrix elements, leading

the correction to the exciton binding energy to exhibit an overall 1/q2 dependence. At higher temperatures

low-frequency acoustic phonons start contributing, which generally show a slower decay.

14



0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175
|q| (a.u.)

0.00

0.05

0.10

0.15
E B

 (m
eV

)

T=1 K
Mode 1
Mode 2
Mode 3
Mode 4
Mode 5
Mode 6

Figure S6 Dependence of the phonon-resolved correction ∆EB to the exciton binding energy of CdS, as a function of the phonon
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Figure S7 Dependence of the phonon-resolved correction ∆EB to the exciton binding energy of CdS, as a function of the phonon
wavevector |q|, at T = 100K.
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S9 Comparison of Fröhlich-hydrogenic approximations to ∆EB to ab

initio values in SrTiO3

The model of Eq. (19) of the main manuscript only includes the effect of the highest frequency LO phonon, of

98 meV. One could therefore expect that comparing the value of ∆EB obtained through the numerical integration

of Eq. (19) (−51 meV) to the ab initio value which is just due to the highest frequency LO phonon (−36 meV at

0 K) might improve agreement, but in fact it only makes the agreement between the two worse. The derivation

of Eq. (19) from the full expression of Eq. (9), relies on two approximations. Specifically, excitons are assumed to

be hydrogenic as described within the Wannier-Mott picture, and the electron-phonon interaction is considered

ωm,q=0 (meV) ∆ϵm
20 391.08
57 9.68
98 2.18

Table S4 Phonons with finite contributions to the static dielectric constant ϵ0 of SrTiO3.
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to be entirely dominated by the long-range Fröhlich coupling of electrons to LO phonons. Therefore, at least

one of these two approximation has to be violated for this system in order to explain the discrepancy between

the Fröhlich-hydrogenic ∆EF-H
B and first-principles ∆Eab initio

B values of Table I of the main manuscript.

We first examine the validity of the hydrogenic model in SrTiO3. In Fig. S10 we compare the exciton

wavefunction as computed within the BSE to the hydrogenic model described by Eq. (18) of the main manuscript,

on a Γ-centered patch with a cutoff of 0.15 (in crystal coordinates), which is necessary to satisfy the normalization

of the wavefunction within 1%. We see that the two are in good agreement, with some small deviations close

to the zone center.

We now move to examine the agreement between the first-principles electron-phonon matrix elements g, and

those predicted by the Fröhlich model gFr, for the LO-1 phonon, in Fig. S11, for a small region close to Γ. It

is immediately apparent that the Fröhlich model consistently overestimates the first-principles values for the

electron-phonon matrix elements, with the ratio
g2
Fr

g2 equal to approximately 4/3. Since the correction to the

exciton binding energy is proportional to |gqν |2 it is reasonable to expect a similar overestimation, compared

to the ab initio value. Indeed, if we naively multiply the first-principles value of −36 meV for the LO-1 phonon

by 4/3 we get ∆EB = −48 meV, in very close agreement to the value of −51 meV predicted by the numerical

integration of Eq. (19). Therefore most of the discrepancy can be attributed to the deviations of the Fröhlich

vertex from its ab initio value, with the remaining difference likely due to the small differences between the

hydrogenic and BSE exciton wavefunctions, see Fig. S10.

We now examine the reason behind this observed failure of the Fröhlich model. Unlike other systems studied

here and presented in Table I, SrTiO3 is the only material with more than a single LO phonon contributing to

phonon screening, as seen in Fig. 9 of the main manuscript, as well as the only system among the studied ones

where more than a single phonon mode m contributes to the low-frequency dielectric constant ϵ0. Following

Ref. [40] we decompose ϵ0 as ϵ0 = ϵ∞ +
∑

m ∆ϵm, and the phonon modes m with finite ∆ϵm contribution are

given in Table S4, as computed from DFPT. The largest contribution to ϵ0 comes from the soft polar mode with

a frequency of 20 meV at Γ. This phonon does not contribute to the phonon screening of the exciton binding

energy, due to its weak electron-phonon coupling around Γ [41], where the exciton coefficients are finite, and
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also because of its significantly lower energy compared to the exciton binding energy of 122 meV.

This large contribution to ϵ0 by a phonon that ultimately does not contribute to phonon screening suggests

that using ϵ0 to estimate the Fröhlich coupling of the LO-1 and LO-2 modes will lead to an overestimation

of the vertex g compared to a full first-principles calculation, as indeed we found in Fig. S11. The standard

Fröhlich vertex was generalized in Ref. [39] to describe long-range electron-phonon interactions in anisotropic

materials and within a mode-resolved picture for each phonon, as given in Eq. (26). This so-called ab initio

Fröhlich vertex, perfectly reproduces the full first-principles values of the electron- phonon matrix elements

close to q = 0, as shown in Fig. S12 for the LO-1 phonon, and the same being true for the LO-2 phonon.

This suggests that using Eq. (26) to describe the electron-phonon matrix element in Eq. (19) will restore good

agreement between the first-principles ∆Eab initio
B and numerically-integrated value of ∆EF-H

B,gen., with the latter

now based on the hydrogenic model for excitons and the generalized Fröhlich model. Indeed in Table II of the

main manuscript we show that by applying these two levels of theory to the phonon modes LO-1 and LO-

2, we recover close-to- perfect agreement between the results of Eq. (19) and taking the real part of Eq. (9).

Any remaining discrepancy is attributed to the differences between the hydrogenic model and BSE in terms of

describing the exciton wavefunction, see Fig. S10.
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S10 Convergence of phonon screening with number of excited states

We have examined the effects of the off-diagonal elements of the Kph matrix to all orders, by explicitly diagonal-

izing the ΩSδSS′ +Kph
SS′(ΩS) matrix, for an increasing number of excited states NS . The perturbed eigenvalues

are obtained as Ω̃S , and the correction due to phonon screening is computed as ∆EB = Ω̃S − ΩS , where ΩS

the bare BSE eigenvalues. We perform this analysis for two systems, CdS and MgO. The correction rapidly

converges with the number of excited states included, and even when for CdS we account for the effects of

250 exciton states, the change to ∆EB compared to only diagonalizing a 3 × 3 matrix (i.e. only including the

first three exciton states), and to the first-order perturbative correction reported in our manuscript, is less than

0.1 meV, see Fig. S13. For MgO we included up to 60 states in the perturbation of the bare BSE, and we find the

impact of states 4−60 to be less than 0.1 meV, see Fig. S14. It is therefore safe to include only the first manifold

of degenerate excitons in the calculation of Kph and work within first-order perturbation theory for systems

with small off-digonal matrix elements, as the ones we study here. It is worth noting that including the effect

of off-diagonal terms and higher-lying states results in a very small reduction of the phonon-induced correction.

This is due to this being a second-order effect, and the perturbation being proportional to
|Kph

SS′ (ΩS)|2

ΩS−Ω′
S

. For

corrections to the lowest-lying excitons, ΩS − Ω′
S ≤ 0, leading to the small reduction we observe.
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