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Abstract

This thesis is concerned with the evaluation, in-situ, of the elastic strain energy
release rate of cracks. This can define the criteria for crack propagation, and it is
usually necessary to obtain this via calculation from the geometry and applied load.
A new method is proposed, based on the conjoint use of digital image correlation
to measure full-field displacements and finite element to extract the strain energy
release rate of surface cracks. It has been extended to 3-D datasets with the use
of digital volume correlation and tomographic imaging. A finite element model
with imported full-field displacements measured by DIC/DVC acting as boundary
conditions is solved and the J-integral is calculated. For linear elastic materials,
modal contributions can be separated via the interaction integral.

The method has been benchmarked using synthetic datasets to assess its
sensitivity to noise and experimental uncertainties. It is very robust to experimental
noise and can be used without knowledge of the specimen geometry and applied
loads. The application of the method in 2-D is demonstrated in an analysis of
experimental data for a mode I fatigue crack, introduced to an aluminium alloy
compact tension specimen. Analysis of mixed-mode cracks in 2-D is shown on
a PMMA sample with the Arcan geometry. In 3-D, static loading of a fatigue
crack in nodular graphite cast iron is studied and the results from the method are
compared with those obtained via a field-fitting approach.

Diffraction analysis of polycrystalline materials can determine the full tensor
of the elastic strains within them. Maps of elastic strains can thus be obtained
typically using synchrotron X-rays or neutrons. A method is presented to calculate
the elastic strain energy release rate of a crack from 2-D diffraction strain maps. The
diffraction data is processed via a finite element approach to obtain the parameters
required to calculate the J-integral. A validation is presented using a synthetic
dataset from a finite element model. Its experimental application is demonstrated
in an analysis of synchrotron X-ray diffraction strain maps of a propagating fatigue
crack in a bainitic steel, before and after an overload.

Finally, a complex case study of stable fracture propagation in polygranular
isotropic nuclear graphite is presented. Synchrotron X-ray tomography and strain
mapping by diffraction were combined with DVC and image analysis to extract the
full-field displacements and elastic crystal strains. The displacement fields have



been analysed using the developed methods to extract the critical strain energy
release rate for crack propagation. Non-linear properties described the effect of
microcracking on the elastic modulus in the fracture process zone. The analysis
was verified by comparison of the predicted and measured elastic strain fields.



Contents

1 Literature review 1
1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 How to characterize a crack? . . . . . . . . . . . . . . . . . . . . . . 3

1.2.1 Background theory . . . . . . . . . . . . . . . . . . . . . . . 3
1.2.2 The J-integral method . . . . . . . . . . . . . . . . . . . . . 6

1.3 Quantification of a crack from imaging methods . . . . . . . . . . . 8
1.3.1 Analytical solutions . . . . . . . . . . . . . . . . . . . . . . . 8
1.3.2 Field fitting approach . . . . . . . . . . . . . . . . . . . . . . 9
1.3.3 J-integral approaches . . . . . . . . . . . . . . . . . . . . . . 12
1.3.4 Stereovision and 3-D datasets . . . . . . . . . . . . . . . . . 14

1.4 Diffraction methods for crack characterization . . . . . . . . . . . . 18
1.4.1 Diffraction techniques overview . . . . . . . . . . . . . . . . 18
1.4.2 Full-field strain mapping applied to crack characterization . 22

1.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2 FE optimized J-integral calculation from DIC 27
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
2.2 Method for analysis of DIC-measured full-field displacements . . . . 28

2.2.1 Digital Image Correlation (DIC) Analysis . . . . . . . . . . . 28
2.2.2 Finite Element (FE) treatment . . . . . . . . . . . . . . . . 31
2.2.3 Production of synthetic image datasets . . . . . . . . . . . . 35

2.3 Synthetic and Experimental datasets . . . . . . . . . . . . . . . . . 37
2.3.1 Pure Mode I - Synthetic Datasets . . . . . . . . . . . . . . . 37
2.3.2 Mixed mode - synthetic datasets . . . . . . . . . . . . . . . . 41
2.3.3 Mode I Fatigue crack experimental dataset . . . . . . . . . . 41
2.3.4 Mixed mode crack in brittle PMMA experimental dataset . . 45

2.4 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . 47
2.4.1 Synthetic Datasets . . . . . . . . . . . . . . . . . . . . . . . 47
2.4.2 Mode I Fatigue crack in an Aluminium CT specimen . . . . 55
2.4.3 Mixed-mode fracture in brittle PMMA . . . . . . . . . . . . 64

2.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

ix



x Contents

3 J-integral calculation from diffraction mapping 69
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
3.2 Numerical method . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
3.3 Synthetic and experimental datasets . . . . . . . . . . . . . . . . . 81

3.3.1 Synthetic dataset . . . . . . . . . . . . . . . . . . . . . . . . 81
3.3.2 Experimental dataset . . . . . . . . . . . . . . . . . . . . . . 83

3.4 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . 88
3.4.1 Synthetic benchmark results . . . . . . . . . . . . . . . . . . 88
3.4.2 Experimental results . . . . . . . . . . . . . . . . . . . . . . 93

3.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

4 3-D J-integral Calculation from DVC Measurements 107
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107
4.2 Method for the analysis of 3-D displacement fields . . . . . . . . . . 108

4.2.1 DVC analysis . . . . . . . . . . . . . . . . . . . . . . . . . . 108
4.2.2 Finite Element (FE) treatment . . . . . . . . . . . . . . . . 113
4.2.3 Synthetic DVC data . . . . . . . . . . . . . . . . . . . . . . 118

4.3 Synthetic and experimental datasets . . . . . . . . . . . . . . . . . 119
4.3.1 Synthetic dataset . . . . . . . . . . . . . . . . . . . . . . . . 119
4.3.2 Experimental dataset – Static loading of a fatigue crack in

cast iron . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121
4.4 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . 128

4.4.1 Synthetic benchmark results . . . . . . . . . . . . . . . . . . 128
4.4.2 Static loading of a fatigue crack in cast iron - Results . . . . 129

4.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

5 Characterisation of Crack Strain Fields in Polygranular Graphite145
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146
5.2 Experimental Details . . . . . . . . . . . . . . . . . . . . . . . . . . 150

5.2.1 Material . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150
5.2.2 Specimen geometry . . . . . . . . . . . . . . . . . . . . . . . 150
5.2.3 Synchrotron X-ray diffraction and tomography . . . . . . . . 152
5.2.4 Loading sequence . . . . . . . . . . . . . . . . . . . . . . . . 153

5.3 Analysis Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154
5.3.1 X-ray Tomography and Digital Volume Correlation . . . . . 154
5.3.2 Strain Mapping by Diffraction . . . . . . . . . . . . . . . . . 155

5.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157
5.4.1 Load versus crosshead displacement data . . . . . . . . . . . 157
5.4.2 Tomography and DVC analysis . . . . . . . . . . . . . . . . 158
5.4.3 Diffraction map analysis . . . . . . . . . . . . . . . . . . . . 165



Contents xi

5.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171
5.5.1 General Discussion . . . . . . . . . . . . . . . . . . . . . . . 171
5.5.2 J-integral calculation of the strain energy release rate . . . . 173

5.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 183

6 General Discussion 185
6.1 Direct vs. indirect analysis of 2-D and 3-D displacement fields . . . 185

6.1.1 Precision and uncertainty in data and material properties . . 185
6.1.2 Mixed-mode loading . . . . . . . . . . . . . . . . . . . . . . 190
6.1.3 Engineering application . . . . . . . . . . . . . . . . . . . . 190

6.2 Crack closure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 191
6.3 J-integral from diffraction strain mapping . . . . . . . . . . . . . . 192

7 Conclusion 195

8 Further Work 197
8.1 Crack propagating through a residual stress field . . . . . . . . . . . 197
8.2 Tomography informed modelling . . . . . . . . . . . . . . . . . . . . 200
8.3 Multi-axial diffraction calibration . . . . . . . . . . . . . . . . . . . 201



xii



επειδ αµαρτη, κεινoσ oυκετ εστ ανηρ αβoνλoσ oυδ
ανoλβoσ, oστισ εσ κακoν πεσων ακειται µηδ
ακινητoσ πελει.

All men make mistakes, But a good man yields when
he knows his course is wrong, And repairs the evil.
The only crime is pride.

— Sophocles’s Antigone
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1.1 Introduction

The study of defect formation and crack propagation in materials has been tackled

using different approaches by the scientific community in the last century. From

an engineering point of view, different models have been written to predict the

material response for a given loading. The main interest is to be able to ensure

the soundness of structures.

1



2 1.1. Introduction

However, to be able to determine such models, the fracture behavior of ma-

terials must be thoroughly studied. A goal of this work is to develop full-field

based methods that can retrieve a maximum of information from experimental

datasets. For instance, the analysis of results where the experimental boundary

conditions might be poorly characterized due to friction effects or rig compliance,

or indeed measurements of components in service, becomes possible when full-field

measurements allow accurate determination of the sample loading state. The use

of finite element modelling coupled with full-field measurement also allows the

determination of the constitutive laws for material damage by reverse-engineering

techniques. These approaches constitute a basis for both quantification of crack

driving forces and crack detection methods.

The first part of this literature review will show how the failure of elastic

and elastic-plastic materials can be theorized and what characterizes the crack

driving forces. Emphasis will be put on the J-integral as a method to quantify

a crack from its full-field data.

The second part will review the different methods used to obtain quantitative

information on a crack from datasets obtained via imaging techniques. The use

of Digital Image/Volume Correlation coupled with full-field calculations will be

underlined due to its ease of implementation, its competitive level of error and the

possibility to deal with 3-D datasets when coupled with suitable imaging methods.

In a third part, the case of diffraction methods will be tackled. Diffraction based

methods allow full-field measurements of the elastic strain tensor. The analysis of

those data provides additional important information on the stress field of the crack.

State of the art methods using diffraction to quantify cracks will be presented.



1. Literature review 3

1.2 How to characterize a crack?

1.2.1 Background theory

A crack in a material is within a thermodynamic system and its energy balance

determines if the crack can propagate or not. This energy balance, widely discussed

in Griffith’s and Inglis’ works [1, 2] for linear elastic materials, is an equilibrium

between the surface energy of the material (proportional to the work required to

create new surfaces) and the elastic energy supplied by the internal strains and

external forces. In order for the crack to propagate, the energy balance must exceed

equilibrium conditions; this observation allowed Griffith’s to develop his failure

stress fracture criterion for perfectly elastic materials. In the case of materials like

metals that exhibit plasticity, Griffith criterion significantly underestimates the

fracture strength. Work from Irwin and Orowan [3, 4] generalized this approach

to account for energy dissipated by plastic deformation.

The strain energy release rate approach (or energy release rate), proposed in

1956 by Irwin [5] defines the “strain energy release rate” G, which is a measure

of the energy available to propagate the crack by a unit surface area; it can also

be seen as the elastic energy that will be released from the structure when the

crack does propagate. A critical value of the strain energy release rate can be

determined. This is equal to the energy needed to extend the crack and is denoted

Gc. This quantity is considered as the fracture toughness of the material and is

independent to the loading state and crack geometry.

For any crack in a linear elastic body, it was proven using analytical analysis

[6–8] that the stress field in vicinity of the crack tip is proportional to 1/
√
r, r

being the distance from the crack tip. The proportionality constant K is the stress

intensity factor (SIF) at the crack tip. Each mode of loading (Figure 1.1) produces

a different K value (noted KI , KII and KIII).
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Figure 1.1: Crack loading modes (a) Mode I (b) Mode II (c) Mode III [9].

The analytical expressions of the stress, strain and displacement fields ahead of

a crack tip in linear elastic, isotropic materials can be determined when the SIF

and crack loading modes are known. One of the most commonly used analytic

expressions for those fields ahead of the crack tip are the Williams’ series [8].

The main interest of the SIF is that analytical solutions for K exist for a given

loading and sample geometry.

G = K2
I

E ′
+ K2

II

E ′
+ K2

III

2µ (1.1)

In linear elastic materials, the stress intensity factor K and the energy release

rate G are directly linked by Equation (1.1) where E ′ = E for plane stress and

E ′ = E/(1− ν2) for plane strain. Therefore, for a given mode of loading, a critical

value Kc exists and is the value of SIF required to propagate the crack. Being able

to determine Gc or Kc is of high interest as it will allow definition of the crack’s

stress and strain field and so determine the change of energy linked to an increment

of crack length; both Gc or Kc are a description of the crack driving force.
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In the case of mixed mode loading, the energy release rate contribution of

each mode are additive (Equation (1.1)). However, the calculated energy release

rate can only be used directly as a fracture initiation criterion if self-similar crack

growth (i.e. the crack keeps the same shape whilst it grows) is assumed; this is

rarely true under mixed-mode loading. In those cases, a Maximum Energy Release

Rate criterion (MERR) can be used, which considers the energy release rate for

crack propagation directions and states that fracture will happened in the direction

where the value is maximal [10, 11].

In ductile materials like metals or polymers, linear elastic fracture mechanics

(LEFM) does not apply in the crack tip region where a yield zone is present. The

approach proposed by Irwin estimates the plastic zone size from the yield strength

of the material and the SIF value using the analytical stress field formulation [6]. In

the case where the plastic region is sufficiently small compared to the dimensions of

the sample, the small scale yielding approximation can be considered; it can hence

be assumed that the SIF is still a good description of the stress and displacement

field and that it represents the crack “driving force”.

If the plastic zone size is too large to allow the use of the small scale yielding

approximation, an alternative is to rely on the fact the plastified material takes less

stress than the part of the material that remained elastic. An effective crack length,

longer than the actual crack length, can be defined and allow the use of LEFM.

This approach does not reflect the physical reality of the phenomenon.

To extend LEFM to elastic-plastic materials, the elastic-plastic behaviour can

be treated as nonlinear elastic. This assumption is valid if no unloading occurs (i.e.

no crack propagation). The energy release rate can be defined in the same way

than for elastic materials, but its meaning changes. For linear elastic materials,

it represents the energy released with an increment of crack growth. However,

in the case of elastic-plastic materials it represents the energy released with an

increment of crack growth plus the energy absorbed by the specimen due to plastic
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deformation. Work by Hutchinson, Rice and Rosengren [12, 13] (commonly referred

as the HRR solution) demonstrates that for nonlinear elastic materials, the energy

release rate also characterize the crack tip stress and strain field. In the case

where the plastic region is too large, the HRR solution is not valid anymore but

the energy release rate keeps its meaning.

One shall therefore understand the interest of determining the strain energy

release rate for both linear elastic and elastic-plastic materials as it characterizes the

crack “driving force”. It represents the deformation field around the crack tip that

is sufficient to cause crack propagation. The next sections will detail the methods

that can be used in this endeavour and how they have been applied.

1.2.2 The J-integral method

The J-integral is a method to calculate the energy release rate in elastic and

nonlinear elastic materials, independently developed by Cherepanov and Rice in

1967 [14, 15]. It is also applicable to elastic-plastic materials when the assumptions

detailed in the previous section are met. The J-integral is defined as a path-

independent contour integral that is equivalent to the energy release rate. Its value

is zero over a closed contour and is independent of the path of integration; those

two properties are demonstrated in the literature [15].

Figure 1.2: Typical J-integral integration contour.
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J =
∫

Γ

(
Wdy − Ti

∂ui

∂x
ds
)

(1.2)

An illustration of such a contour is given on Figure 1.2 for a homogeneous body

containing an opened crack. The expression of J is stated in Equation (1.2) where

Γ is the contour, the strain energy density is W and T is the traction vector defined

by the relation Ti = σijnj where n is the normal to the path; when multiplied by

the displacement vector, the traction vector gives the work associated with the

surface traction. The formulation of J can also be modified to take into account a

field that includes residual stresses or thermal stresses [16]. The J-integral can also

be formulated as a surface or area integral using Green’s theorem [17], this makes

it convenient to implement in finite element analyses (area and volume integration

are easier to implement numerically than contour and surface integrations). For

3-D cases, the J-integral can be defined as a volume integral [18].

The meaning of the value of strain energy release rate calculated from the

J-integral should be well understood. In the case of a monotonic, quasi-static

loading where an inelastic model is considered; the J-integral characterizes the

crack-tip conditions thus defining both the energy available to propagate the crack

and provides a single parameter defining the crack tip fields.

In the case of cyclic loading of a linear or non-linear elastic material, no problem

is encountered since the range of J-integral in the cycle simply describes the change

of the elastic strain field that affects very small scale plasticity at the crack tip.

However, with the assumption of inelastic behaviour the material does not follow

the same path at loading and unloading. This can lead to erroneous values of

strain energy density if significant yield has occurred in the material and depending

on the shape of the stress-strain curve.

This can be mitigated by considering each cycle separately as a monotonic

loading step with full-field methods (e.g. DIC) that allows one to take the reference
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step just at the beginning of the cycle. This minimises the inelastic deformation in

the cycle. In the case where a crack is propagating under constant load range there

would be no significant plasticity in a single cycle compared to previous cycles, so

the elastic assumption is quite satisfactory. However, if the J-integral is calculated

with the assumption of an elastic-plastic material, the meaning of J-integral is

quite different as it includes the plastic energy dissipated during the crack growth

increment plus the energy required to propagate the crack.

With more complex material models (e.g. softening with strain), it is possible

to calculate a correct value of the strain energy release rate, via the J-integral, that

retains its energy balance meaning even if it loses the crack tip field definition aspect.

1.3 Quantification of a crack from imaging meth-
ods

1.3.1 Analytical solutions

The strain energy release rate can be calculated from the applied loads using

continuum mechanics analytical solutions or finite element (FE) methods with

knowledge of the specimen geometry and applied load or displacement boundary

condition [19, 20]. Analytical solutions exist for simple crack shapes whilst the

FE approach can handle more complex designs. Elastic-plastic fracture mechanics

also enables the extraction of SIF or energy release rate via measurement of the

crack opening displacements [21, 22]. This can be done by monitoring crack

length and crack mouth opening and using the relationship between crack tip

opening displacement (CTOD) and energy release rate demonstrated by Shih

(Equation (1.3) where δt is the CTOD, σ0 is the yield stress and dn is a function

of the material’s parameters) [23].

δt = dn
J

σ0
(1.3)
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However, in some cases these solutions can be inadequate or inaccurate. For

instance, residual stresses from manufacturing or crack closure following fatigue

overloads, which may not be well quantified, can act against the applied loads

that are the known boundary conditions; these effects are particularly important

in stress corrosion [24] and fatigue [25], but may also affect fracture propagation

[26]. Uncertainties in the true boundary conditions acting on a crack, such as

in a real engineering component or a small-scale mechanics test of non-standard

geometry where factors such as friction and misalignment can be significant, may

also prevent accurate calculation of the crack field [27].

1.3.2 Field fitting approach

Consequently, there is an interest in defining the crack field by direct measurement

of the deformation surrounding the crack. Typically, this deformation is measured

between two successive observations that show the change in the field with a change

in the applied load. Various approaches have been proposed, but such measurements

are not routinely used since the analysis methods are quite complex and can be

sensitive to measurement uncertainties. The most general method is the field fitting

approach, which fits a theoretical field (such as the Williams field solution) to the

measured displacement field in order to retrieve the SIF.

An early method by Chiang used speckle interferometry [28]; the SIF was

estimated by relating the displacements at the Young’s fringes to the square root of

their distance from the crack tip. A similar approach is used by Barker [29] on moiré

fringes analysis, he used a least square fit to the Westergaard stress function, a less

general version of the Williams’ series, to determine the SIF of a mode I crack; both

of those techniques suffered from the fact that data was only present at the location

of the fringes and thus provided a limited quantity of data to fit. Shortly afterwards,

Huntley [30] determined the SIF from a full-field displacement field, obtained by

double exposure laser speckle photography, via a least square fit to the Williams’
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Figure 1.3: Line integral as implemented by Huntley [30], each dot represent the position
of a measured displacement vector.

series; he also compared the results with those obtained with a path J-integral and

concluded that the field fitting approach is superior. This is probably due to the fact

the J-integral was evaluated over a line and not an area (Figure 1.3), which is not a

good practice in terms of noise reduction and is probably at issue here when using it

on experimental data, also the spatial resolution of the results was probably at issue.

Digital image correlation (DIC) has since been more widely used to measure

the displacement field, being more readily applied than interferometry methods.

The method is based on tracking of recognizable patterns between two images that

allows full-field and precise measurement of displacements. Developed in 1982 by

Peters and Ranson [31], the approach is based on the maximization of a correlation

coefficient to determine displacements between image subsets. The correlation

coefficient for each subset is optimized using rigid body displacement of the subset

and the first-order displacement gradients describing the local deformation values

of the subset [32]. The second-order displacement gradient can also be included

in the correlation analysis and has been shown to improve DIC accuracy [33]. A

number of researches were also conducted to decrease the computation time linked
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to the process and optimize the solver’s algorithms [34, 35]. The strength of the

DIC analysis is that it can provides the displacement field values all over the

sample surface, providing a trackable speckle is present in the region of interest.

It therefore provides a higher data density than interferometry methods and it

is also easier to automate the analysis.

The first application of DIC related to fracture mechanics can be attributed to

McNeill [36]; in his paper, DIC was used to retrieve the displacement field next

to the crack tip region on three ASTM standard PMMA specimens and the stress

intensity factor was evaluated by fitting of the analytical linear elastic displacement

field. The obtained results are compared with the analytical solution calculated

from the apply load. With the use of PMMA, which can be regarded as perfectly

brittle, McNeill proved the feasibility and accuracy of the method but does not

tackle problems that could appear in ductile or quasi-brittle materials where the

displacement field differs from the theory.

Since then, DIC has increasingly been used in fracture research. Liu and Lyons

[37] studied crack tip deformation fields of Inconel 718 at high temperatures and

related the growth rate of creep cracks to the stress intensity factors obtained using

McNeill’s method [36]. In this study, the deviation of the strain field behaviour from

the analytical model was measured and the presence of plasticity was proven, however

the authors judged the difference sufficiently small to be neglected. Additionally,

this study demonstrated the interest of DIC as a non-contact method for probing the

displacement field of a sample located in a furnace (this aspect is treated in detail in

[38]). A variety of works using least-square fitting of analytical displacement fields to

retrieve the SIF can also be found in the literature, applied to different materials like

cements [39], energetic materials (e.g. solid propellant fuel) [40], and wood [41], etc.

The field-fitting method was also extended to mixed mode loading [42–44].

However, the least-squares technique is quite sensitive to accurate definition of

the crack tip location, as highlighted by McNeill [36]. Recently, specific terms
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of the Williams’ series were used to provide information about the position of

the crack tip [45], which improved the precision of the SIF calculation. As an

example for comparison, in 1987, McNeil’s [36] average error in the KI value was

15% with a maximum of 45% compared to the ASTM standard geometry analytical

solution; in 2006 and 2008, Réthoré and Roux [43, 46] both claim an average 7%

error in KI and find values different by ∼15% when working on the same dataset

with different field fitting approaches.

1.3.3 J-integral approaches

Due to the shortcomings discussed in the previous section (i.e. sensitivity to

crack tip position uncertainty, necessity to rely on a displacement field that

can be correctly defined analytically, etc.), the field-fitting methods might be

advantageously replaced by direct evaluation of the J-integral from the full-field

measured data. This is of particular interest in cases where the displacement

field cannot be described by an analytical solution due to damage, an atypical

material law or a complex loading history.

This approach has been implemented by Becker et al. within the JMAN

framework [47, 48], where the strain energy release rate is determined from an area

J-integral applied to DIC measurements. However, DIC can fail to determine the

displacement vectors satisfactorily in the vicinity of edges or discontinuities in the

displacement field, such as close to a crack [36]. Several methods have been offered

to alleviate this problem. Réthoré proposed an algorithm based on enrichment of

finite element-based DIC subsets [49], while Poissant and Barthelat [50] offered

a modification of the DIC algorithm to allow the subsets to split along the crack

path. Both methods aim at producing correct DIC data next to the crack path.

These solutions are quite complex and are not generally applied, however, it is

quite common in DIC analysis to simply exclude those doubtful measurements in

the vicinity of the crack (i.e. masking). Consequently, data are missing from the
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crack tip region where the highest strains (i.e. steepest displacement gradients)

occur. In the context of the J-integral evaluation, data are also missing near to

the traction-free surfaces of the crack. One solution to this problem has been

proposed by Molteno [51] who used linear interpolation in the crack tip and crack

flank region, while Yoneyama [52] proposed a finite element method to smooth

the measured DIC displacement field. One should also consider that evaluation of

J-integral from experimental data requires good quality data of the displacement

field for the integral to converge. This quality can be difficult to obtain due to

experimental constraints. This is why an approach based on FE post-treatment

of the displacement fields [52–55] is of particular interest as it provides a clean

displacement field, representative of the experiment, from which the J-integral

can be calculated without convergence problems.

Another issue regularly encountered is the ability to compute stresses from strains

in the case of complex material behaviours. This can be done by implementing

a finite-element treatment layer between the full-field measurement step and the

J-integral calculation step. This is used by Caimmi [55] to compute stresses from

DIC-measured strains using a hyperplastic material model. With specific materials

like composites, modified formulations of the J-integral can be used. Catalanotti

[56] proposes a J-integral that takes into account the ply directions and the energy

dissipation acting on a cohesive zone. He applied it to DIC measurement of a

CT (compact tension) composite sample.

The case of mixed-mode cracks can also be solved using J-integral-like approaches.

The interaction integral (M -integral) [57] can be used to separate the different

modal contributions, however it is limited to a contour going through an elastic

field due to the analytical auxiliary fields it uses. An example of the use of the

interaction integral on DIC displacement fields can be found in the literature [42,

43, 58]. More recently the decomposition method offered by Molteno [51] allows

separation of the mode I, II and III SIFs providing the crack path is known.
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Figure 1.4: Stereo-vision set-up. Two cameras and two lights. Picture from GOM
website (www.gom.com).

1.3.4 Stereovision and 3-D datasets
Stereovision and 3-D DIC

A major problem with DIC measurements and other full-field methods is out-of-

plane displacement. Out-of-plane displacement can be defined as displacement of

the sample towards or away from the camera’s imaging plane. Even if limited by an

adequate experimental design, it will originate parasitic strains in a single camera

DIC analysis that does not use suitable optics. Also for the study of mode III

fracture, one must be able to measure out-of-plane displacements.

In stereovision systems, two cameras are looking at the same region in space

(Figure 1.4) and have a given depth of field that allow them to acquire a sharp

image for a range of distances from the camera. Each camera thus has a focused

imaging volume. The images of samples included in the overlapped volume between

the two camera focused imaging volume can be processed simultaneously (after

mutual calibration of the cameras), using a 3-D DIC algorithm to retrieve both

in-plane and out-of-plane displacements.

Like standard DIC, 3-D DIC has been applied to fracture mechanics; in 1994,

Luo [59] measured in-plane and out-of-plane displacement next to the crack tip of a

stainless steel specimen. He showed that the measured out-of-plane displacement

in vicinity of the crack tip is such that it would have impacted a standard DIC
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analysis. In 1995, Helm [60], from the same group, published a standard calibration

procedure and experimental set-up to perform 3-D DIC analysis that is still used

nowadays in most of available codes. More recently, mixed-mode stress intensity

factors for modes I, II and III have been determined for elastic materials on 3-D

DIC calculated displacement fields using both field-fitting and integral approaches

[51, 61]. The limitation of such techniques is that the determined field concerns

the surface of the sample, and this can be not representative of the full specimen

thickness in ductile materials; there is therefore an interest in determining the

full-field displacements within the full volume of a sample.

In this work, the determination of mode III stress intensity factors from 3-D

DIC datasets will not be considered. However, 3-D DIC will be used to obtain

accurate displacement fields that are not affected by the out-of-plane displacement

of the sample.

Digital volume correlation

Even if quantification of cracks in 3-D bodies is now routinely performed in FE

frameworks, its application to full-field data is rare in the literature. Full-field

data in 3-D can be obtained by the combined use of 3-D imaging methods and

Digital Volume Correlation. The 3-D datasets are obtained using techniques like

computed tomography [62], magnetic resonance imaging [63] or positron emission

tomography [64]. The technique must be adapted to the type of material and

length scale of interest.

Digital Volume Correlation (DVC) is a method that follows the same concepts

than DIC but is applied to 3-D volume images. Correlation between an original

and a deformed volume allows one to retrieve 3-D displacement vectors in the

volume of interest. For DIC analysis, it is common to apply a speckle to the surface.

However, for tomography it is necessary that trackable features must naturally

be present in the material for the analysis to work, they can be an effect of the
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Figure 1.5: Damage in femoral bone, as shown in Bay’s paper [65]. The damaged region
is highlighted in the strain by a region of higher strain values. The natural microstructure
of condyle bone makes DVC analysis feasible.

microstructure (Figure 1.5) [65] or of the contrast between constituents of the

material. The DVC method was first used in 1999 by Bay to study damage in

trabecular bone from X-ray tomographs (Figure 1.5) [65]. The original algorithm

was subject to several limitations and was later progressively improved in terms

of speed and accuracy by several authors [66–68].

Digital volume correlation has been used in the domain of fracture mechanics to

do both quantitative and qualitative analysis of cracks. Between 2009 and 2011,

Limodin and Réthoré [69–71] applied DVC analysis to tomography observations

of a fatigue crack in nodular graphite cast iron; the crack length and opening

displacements were observed and the SIFs were extracted by least-square field fitting

of selected 2-D slices of the volume, the DVC results are also used as boundary

conditions to retrieve the SIFs by FE calculation.

In 2013, Mostafavi et al. published works [72, 73] where they studied crack

propagation in polygranular graphite using a stable geometry chevron notch
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Figure 1.6: εzz strain map of a short crack in magnesium alloy as measured by Marrow
et al [74]. Opening modes can be studied by looking at the Ux, Uy and Uz displacement.
The underlying grain map was obtained using diffraction contrast tomography (DCT).

sample. Synchrotron tomography was used with DVC to study the crack opening

displacement. The crack opening displacement was compared with cohesive FE

models to highlight the presence of a fracture process zone. The SIFs were calculated

from the observed crack length that was an input to the FE model. In 2014, Marrow

et al [74] performed a quantitative characterization of a short fatigue crack in a

magnesium alloy using micro-tomography coupled with DVC. This work showed

the possibility of accurately determining the opening displacement and opening

modes of three-dimensional cracks (Figure 1.6) the study was also interested in the

effect of the crystal orientation on the crack propagation mechanism.
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1.4 Diffraction methods for crack characteriza-
tion

1.4.1 Diffraction techniques overview

In crystalline materials, elastic strains can be quantified by the analysis of diffraction

patterns, obtained with monochromatic X-ray diffraction (XRD), energy-dispersive

polychromatic X-ray diffraction (EDXRD) or neutron diffraction (ND) [75–77].

The periodic planes of atoms in the crystal lattice scatter the incoming radiation

creating spherical waves that are not observable in most of the directions because

of destructive interferences. The specific directions where constructive interference

of the waves is observed are determined by Bragg’s law (Equation (1.4)) where

d is the spacing between the diffracting planes, θ is the incident angle, n is an

integer and λ is the incident beam wavelength.

2d sin θ = nλ (1.4)

X-ray diffraction methods in laboratory equipment only allow probing of a

thin layer of the material due to strong attenuation; the brilliance of synchrotron

high-energy X-rays can be used to look at specimens of the order of 10 mm

thickness, depending of the material atomic number. Neutron diffraction presents

the possibility of being able to go through much thicker samples, however as neutron

cross-section does not behave linearly with increasing atomic number, its use is

also limited depending on the constituting material (Figure 1.7).

The laboratory techniques will not be presented here as they have limited

interest in establishing full-field strain maps, except in the case of EBSD analysis.

In the XRD synchrotron technique [76], a monochromatic X-ray beam is targeted

at the sample and a detector imaging plate is located a few meters away from the

sample (Figure 1.8a). For a polycrystalline sample with no texture, each grain

will create one or more (depending on symmetry) diffraction spot pair for each of
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Figure 1.7: Penetration depth in an element for different incoming particles. The
penetration depth is measured as the depth necessary to reduce the beam intensity by a
factor 1/e [78].

diffracting plane family; the azimuth at which the spots are created is a function

of the grain orientation. Therefore, with a sufficiently large number of grains,

diffraction rings (i.e. all azimuths are “occupied”) will be formed on the detector

(Figure 1.8b). Following Bragg’s law (Equation (1.4)) one can then determine the

interplanar spacing for grains at different orientations by measuring the position

of the ring at the different azimuths.

The EDXRD technique uses a polychromatic (white beam) synchrotron X-Ray

beam targeted at the sample [76]. A multi-element horseshoe shaped detector

(Figure 1.9) is placed a few meters away from the sample. For each element of

the detector, the intensity vs. wavelength is recorded; as the fixed θ position of

the detector is known, intensity peaks are observed for wavelengths that verifies

Bragg’s law (Equation (1.4)). From the position of those peaks, one can determine

the interplanar spacing value. The d-spacing value is determined for each detector

element thus providing this information at different azimuthal values (i.e. different

grain orientations).



20 1.4. Diffraction methods for crack characterization

Figure 1.8: (a) Diffraction experiment set-up at Diamond Lightsource (b) Example
diffraction rings from XRD with a gilsocarbon graphite sample.

Figure 1.9: EDXRD horseshoe detector, I12 EH2 Diamond synchrotron.
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With pulsed neutron sources, the principle is similar to EDXRD with the

difference that the measured value is a time of flight [79]. The time of flight

(i.e. particle speed) is proportional to the wavelength as defined by de Broglie’s

matter wave theory. It can therefore be linked to the d-spacing value. In steady-

state reactor neutron sources, the scattering is measured as a function of the

2θ angle [79], similarly to what is done in synchrotron XRD, using a detector

covering a large range of angles.

In all these methods, for a given position of the beam hitting the sample, a given

gauge volume of grains will diffract and the interplanar spacing of the diffracting

planes can be determined for this volume. As the elastic strain consists of a change

in the lattice spacing, it can be calculated from a strain free value of the d-spacing

and the current d-spacing using Equation (1.5). By performing the measurements

at multiple azimuths the full strain tensor may be obtained using the procedure

described in [76] and shown in detail in Chapter 3 of this thesis.

εhkl = dhkl − d0
hkl

d0
hkl

(1.5)

Realization of those measurements at several positions in the sample allows

creation of elastic strain maps of the specimen. Those are frequently obtained

using synchrotron X-ray diffraction techniques (Figure 1.10b) thanks to the short

acquisition time per point (from 0.1 to a few seconds depending on the size of the

gauge area and the dead time of the acquisition system [76]). Such mapping is less

common with pulsed neutron source diffraction where the exposure time is usually

longer (of the order of 60 seconds with the recent improvements in detectors [76]).

However they can be realised with less time constraints with steady state neutron

sources (Figure 1.10a).
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(a)

(b)

Figure 1.10: (a) Map of longitudinal strains from steady state neutron source diffraction,
the sample is a 12.5 mm thick ferritic steel plate [76] (b) Synchrotron XRD map of measured
longitudinal strains in a TIG welded 3 mm thick Al plate [76, 80].

1.4.2 Full-field strain mapping applied to crack character-
ization

Maps of elastic strains are of particular interest in the study of residual stresses. For

example, neutron and X-ray diffraction have been used to study residual stresses in

vicinity of weld heat affected zones in TIG welding [81] or the effect of inclusions in

the strain repartition in metal matrix composites [82]. In the domain of fracture, the

first applications were to study the crack-tip strain distributions of a fatigue crack
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Figure 1.11: Map of the stresses (MPa) in the crack loading direction calculated from
the synchrotron XRD analysis (a) at overload (b) after overload, at minimum load [84].

and the effect of overloads and closure on it [83, 84]. In Figure 1.11, the residual

stresses induced by the overload are clearly observed. The mechanical shielding effect

of crack bridging in stress corrosion cracking was also studied by these methods [85].

Combined diffraction strain mapping, X-ray tomography and FE modelling [86]

has also been used to study the effect of overloads on fatigue cracks. Crack closure

was highlighted by visual observation of the tomographs whilst the residual stress

map post-overload was compared with predictions from FE modelling. Crack elastic

strain field in complex geometry composite materials can also be studied and the

matrix and fibre strains can be separated providing the fact those are made of

different materials and thus generate different diffraction peaks (Figure 1.12). This

allowed crack field quantification and development of FE models [87].

Diffraction analysis of elastic strains can also be combined with strain mea-

surement methods such as image and volume correlation [88], allowing the link

between elastic crystal strains and bulk strains to be made and the possibly to

see the effect of damage from such measurements.

To support such studies, it is useful to quantify the crack field, for instance

to determine the stress intensity factor of a crack. Least-square field fitting of

the theoretical Williams’ series to the strain maps was used to this end and

applied to the study the relationship between the SIF value and the growth rate

(da/dN) for a fatigue crack [89]. In this thesis, a method to apply the J-integral

to elastic strain maps (i.e. only the strains are known, not the displacements)
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Figure 1.12: (a) fibre and (b)matrix elastic strains for the same region of a Ti-6Al-
4V/SiC fibre composite sample as determined in [87]. The use of different diffraction
peaks allows the separation between matrix and fibre strains.

is presented and discussed in Chapter 3; this is of particular interest when the

elastic strain field shape might not follow theoretical fields due to the presence

of a damaged area in the sample.

1.5 Conclusion

In this first chapter, the basic principles of fracture mechanics such as the notion

of stress intensity factor and J-integral were briefly presented; their evaluation is

the objective of this work. Then methods for crack quantification were presented

alongside with key works and state of the art applications. The emphasis has

been on works that involving use of image and volume correlation techniques

as well as diffraction strain mapping techniques as they are the techniques of



1. Literature review 25

choice in this thesis.

From this literature review different points of the current state of the art in

crack quantification techniques were highlighted. Firstly, most of the techniques

rely on the assumption of linear elasticity or on the assumption that the material

displacement/strain fields follow a given analytical solution. In this work a method

based on the J-integral is offered that does not make those assumptions. Additionally,

the recurrent problem of J-integral contour definition and stresses calculation is

offered to be addressed by the use of FE processing of measured displacement or

strains. A lack of versatility in the current techniques is also observed with the

development by authors of case-specific approaches or codes that often cannot

deal with challenges like complex crack shape or complex material laws, this

approach discussed in this thesis aims at mitigating this point. Finally, a limited

number of works were found coupling several full-field measurement techniques

like image/volume correlation and diffraction mapping. Those type of experiment

are particularly interesting for fully characterizing a material behaviour and one

example will be presented in this work.
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Until they become conscious they will never rebel,
and until after they have rebelled they cannot become
conscious.

— George Orwell’s 1984

2
FE optimized J -integral calculation from

DIC

Contents
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . 27
2.2 Method for analysis of DIC-measured full-field dis-

placements . . . . . . . . . . . . . . . . . . . . . . . . . . 28
2.2.1 Digital Image Correlation (DIC) Analysis . . . . . . . . 28
2.2.2 Finite Element (FE) treatment . . . . . . . . . . . . . . 31
2.2.3 Production of synthetic image datasets . . . . . . . . . . 35

2.3 Synthetic and Experimental datasets . . . . . . . . . . 37
2.3.1 Pure Mode I - Synthetic Datasets . . . . . . . . . . . . . 37
2.3.2 Mixed mode - synthetic datasets . . . . . . . . . . . . . 41
2.3.3 Mode I Fatigue crack experimental dataset . . . . . . . 41
2.3.4 Mixed mode crack in brittle PMMA experimental dataset 45

2.4 Results and Discussion . . . . . . . . . . . . . . . . . . . 47
2.4.1 Synthetic Datasets . . . . . . . . . . . . . . . . . . . . . 47
2.4.2 Mode I Fatigue crack in an Aluminium CT specimen . . 55
2.4.3 Mixed-mode fracture in brittle PMMA . . . . . . . . . . 64

2.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . 68

2.1 Introduction

As presented in the literature review, the J-integral is a way to calculate the strain

energy release rate from full-field displacement data. In a linear elastic body, it

27
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describes the potential elastic energy that is available to propagate the crack and

increases its surface area. In this chapter, a robust and efficient method is developed

and demonstrated to obtain the crack’s strain energy field, as the J-integral, by

using measurements of the surface displacement field. The analysis method makes

use ofa finite element approach, and is highly versatile and easy to implement,

being also able to deal with noisy datasets and missing data close to the crack. The

use of standardised FE software to perform the J-integral calculation alleviates

the difficulties that may occur in efficient definition of integration contours. The

method is benchmarked using synthetic datasets to assess the sensitivity to image

resolution, uncertainty in the crack tip position, crack tip plasticity and camera

noise. The possibility to separate modal components of the stress intensity factors

via the application of the interaction integral is also considered.

A validation experiment is presented that compares the obtained J-integral

with the conventional evaluation for a fatigue pre-crack in a standard compact

tension specimen of an aluminium alloy. Finally, the decomposition of the stress

intensity factors modal contributions is presented in an analysis of data from a

brittle PMMA Arcan geometry specimen.

2.2 Method for analysis of DIC-measured full-
field displacements

2.2.1 Digital Image Correlation (DIC) Analysis

The objective of the DIC analysis is to measure the change in the displacement

field as a crack is loaded, and to identify the crack path and crack tip. An image

dataset containing an original view and a deformed view of the sample surface

is obtained, and this dataset is analysed by DIC using a two-step approach to

provide two different results for the displacement field (Figure 2.1). The first step,

A, is to retrieve the displacement vectors with optimal precision. The second
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step, B, is to determine the crack tip position and the crack path, with optimal

spatial resolution. In both steps a Least Square Matching (LSM) algorithm [90]

has been used for the DIC; this efficient algorithm has the advantage of being

insensitive to intensity changes between images. Each subset (known sometimes

as an “interrogation window”) provides a displacement vector. The displacement

vector precision decreases, and noise increases (i.e. displacement uncertainty), with

decreasing subset size, as smaller subsets contain less information [91]. In this work,

the software Davis (version 8.3.0) from LaVision has been used for the DIC analyses,

but other tools are available, such as Ncorr (an open-source Matlab software1),

and could be used equivalently. In the Davis software, the subsets are equally

spaced and usually square. The resulting displacement vectors lie on a regular grid

with an interval that depends on the final subset size and overlap; for instance, a

final subset size of 32 pixels × 32 pixels with 50% overlap results in a grid with

16 pixels interval (i.e. a step size of 16 pixels).

For the Step A analysis, the crack and its surroundings are masked (i.e. box

PQRS, Figure 2.1), so its discontinuity does not perturb the accuracy of the

description of the displacement field that surrounds it. The mask is obtained by

excluding those displacement vectors with low correlation coefficient (typically, for

a good quality image, a correlation coefficient threshold of 0.8 is used).

The subjective choice of the correlation coefficient threshold is dependent of the

data and should be determined such as it removes outliers and poor quality results

(e.g. next to the crack lips) but does not censor too many vectors. The correlation

coefficient value can be chosen empirically by looking at the strain maps where

abnormalities in the displacement field are highlighted. The correlation coefficient

threshold is then adjusted by trial and error until a good compromise between

number of remaining vectors and data cleanliness is obtained.
1http://www.ncorr.com/
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The subset size in this analysis step is chosen to give a good compromise between

low uncertainty in the calculated displacements and sufficient spatial resolution to

map the variations in the displacement field. From a dataset of known rigid body

displacement applied to the sample, the DIC error vs. subset size curve can be

obtained. It is an exponential function increasing when the subset size decrease;

its observation allows the choice of the smallest subset size (i.e. maximization of

the spatial resolution) in the region where the error is still small. A relatively large

subset size tends to be used (such as 64 × 64 pixels to 128 × 128 pixels).

The Step B analysis is performed using a small subset size, typically 8 × 8 pixels.

Such a subset does not provide a good quantitative evaluation of the displacement

field because of the increased uncertainty in its results, but it is a convenient

method to determine the crack path and crack tip position. Subsets that overlap

the discontinuity of the crack tend to abnormally high displacement gradients (i.e.

strain) and/or a low correlation coefficient. These can be used to segment the

results dataset, by thresholding, to identify the coordinates of the crack path with

a precision of about one subset step size. The method applied here has been chosen

for its simplicity, but more sophisticated methods, e.g. based on edge detection

algorithms such as the phase congruency method [Cinar2015], may also be used.

After completing both steps, the vectors of the displacements in the plane of

the surface of the sample have been determined with good precision to define the

crack field (Step A). The data lie on a regular grid, which is not fully populated

due to censoring (i.e. masking) of low quality DIC results in the vicinity of the

crack. Other regions, remote from the crack, may also have censored vectors where

the correlation quality is low, this may be due to loss of camera focus or parasitic

light reflections in optical observations. The crack path has also been determined

(Step B), and is described using a finer grid within the masked region.
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2.2.2 Finite Element (FE) treatment

A finite element approach is used to extract the J-integral from the DIC-measured

displacement fields. This is done by importing the displacement field as a set of

full-field boundary conditions into a finite element model of the crack. A software

tool (OUR-OMA) has been written to facilitate this; coded in Python, it runs

inside the Abaqus software via its scripting capability2. A FE model is created

that is registered with the DIC analysis results (Figure 2.1a) so that the Step A

DIC dataset and the FE model share the same coordinate system. The spacing

of the nodes of the FE mesh is chosen to be coincident with the Step A DIC

result grid, using square elements. The FE nodes are at the same positions as the

DIC grid nodes, which make the two grids inherently registered. This avoids the

requirement for interpolation when subsequently applying the DIC displacement

field to the FE mesh. The FE mesh is then locally refined to insert the crack

within the region where the Step A displacement vectors have been censored. A

rectangular bounding box is defined that contains the crack and matches the masked

region. This region is remeshed separately using the Step B description of the

crack path, with nodes doubled along the crack path to allow the crack to open.

The mesh within the bounding box is attached to the nodes of the surrounding

coarse mesh in the FE model (Figure 2.1b, c). The mesh density at the crack

tip is aimed to be 3 times finer than the Step A mesh, as a good mesh quality

cannot be achieved if the mesh density difference is too large between the two

regions. This is done using a constraint established in the FE meshing tool that

allows the mesh density to change during meshing to converge towards the finest

2OUR-OMA (Oxford University Reinjection-Optimized Meshing Add-on): the software is
available from the author as a GUI or command line version, compatible with Abaqus version 6.10
to 6.13. The GUI version, distributable as an Abaqus plugin, can deal with common experimental
cases (e.g. straight cracks). The command line version is more versatile (e.g. kinked and curved
cracks).
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achievable mesh density with good quality elements3.

The results from Step A are injected onto the model by enforcing node displace-

ments to the measured displacement vectors. These local boundary conditions are

applied everywhere except in a “free” region that is free to deform in accordance

with its surrounding boundary conditions and material properties (i.e. box P’Q’R’S’,

Figure 2.1d). This free region includes the remeshed region (PQRS) that surrounds

the crack and can be extended to further censor the Step A DIC dataset. After

“injecting” the displacement field data into the FE simulation using OUR-OMA,

the FE software can be used to assign a material law to the model. Plane stress or

plane strain elements may be used. In this work the Abaqus FE software package

(version 6.13) has been used, and both linear elastic and inelastic (Ramberg-

Osgood) material laws have been examined, as they are both compatible with

the J-integral calculation.

The Abaqus software implements the domain integral method to calculate the

J-Integral. It uses the Virtual Crack Extension method, which applies a virtual

displacement field (Q-field) to increase the crack length and so evaluate the change

in strain energy. To define the Q-field properly, the software requires the definition

of a q-vector; this is normal to the crack front, and, if a 3D geometry is considered

[92], also lies in the local plane of the crack. In the 2D model considered here,

the q-vector is chosen to be collinear with the linear segment of the crack path

that is closest to the crack tip. The J-integral calculation is performed over

several contours to check for contour independency, and thus retrieves the potential

elastic strain energy release rate of crack propagation that is due to the measured

displacement field (Figure 2.1e). In the Abaqus analysis, the contours start from

the crack tip and expand radially.
3In Abaqus, this is done by selecting the “Allow the number of elements to increase only”

constraint when defining the local mesh seeds. The minimum aimed mesh side, set to 1/3 of the
Step A mesh density by default, can be modified at will.
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As a further step, it is possible for linear elastic materials to separate both

the mode I and II stress intensity factors using the interaction integral method

[61, 93, 94]; the case of mode III loading, that requires 3-D DIC techniques to

extract the out-of-plane displacement is not discussed here. The interaction integral

calculation is natively defined in Abaqus software and can be calculated alongside

J-integral for elastic problems.
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Figure 2.1: Steps of the J-integral calculation process. DIC Analysis – the displacement
field is obtained in a two-step analysis with a coarse (step A) and fine (step B) subset size
to map the field precisely and identify the crack path. Finite Element Processing - (a) FE
mesh registered with the coarse DIC grid. (b) The region containing the crack [PQRS]
is deleted for remeshing. (c) The crack is inserted in the re-meshed region, nodes are
doubled on the crack path. (d) Boundary conditions are enforced on the FE nodes, except
in the free region P’Q’R’S’, which always includes the region PQRS. (e) The J-integral is
calculated.
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2.2.3 Production of synthetic image datasets

To examine the sensitivity of the J-integral calculation method to the input data

quality, it is necessary to evaluate datasets with known image noise, crack geometry

and deformation. Experimentally, these depend on the applied load and material

properties such as elastic modulus. However, obtaining these in a controlled

manner via experiments is challenging and it is of interest to be able to vary

these factors independently. These constraints can be fulfilled using synthetic

datasets, which allow comparison between an input J-integral and the output

calculated via DIC analysis.

The objective is to produce synthetic deformed images for any displacement field.

The image needs to be equivalent to that obtained experimentally by a camera

viewing the surface of a deforming sample (in-plane deformation), and the image also

needs to be suitable for DIC analysis. For a crack, a description of its displacement

field is required that can be used to deform the image. The Williams’ series [8, 95]

provide an analytical solution for the displacement field around a crack in an elastic

material. They are widely used to evaluate crack displacement fields [36], and could

be applied to deform an image. However, the Williams’ series are only relevant

to linear elastic materials. The Hutchinson-Rice-Rosengren (HRR) solutions [12,

13] for crack tip strain and displacement fields in power law hardening solids are

also available and can be used to simulate elastic-plastic materials. However, for

both methods the assumptions made (e.g. infinitely large solid) and their limitation

to certain loading conditions restrict their versatility. Finite element simulations

can provide the crack displacement field for more general conditions and material

properties, which may then be used to deform an image to create a synthetic dataset.

A MatLab-coded tool, ODIN, was developed to produce the synthetic images, which

could then be evaluated to assess the accuracy of the DIC/FE analysis method.

ODIN uses an input displacement field, obtained from a FE simulation, to deform
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digital images for subsequent DIC analysis. As the displacement field is obtained

from a finite element model, this allows datasets to be generated with any material

law for any crack geometry and boundary conditions. As new surface creation is

supported in FE simulations, the progressive effects of crack propagation on the

displacement field may also be simulated, but that has not been done in this work.

The actual FE output is a simulated displacement field and the connectivity

of the elements. These are used together to deform an input image of a speckle

pattern. The ODIN code examines each FE element in turn, identifying the pixels

in the original image that are within that element. Using the element’s nodal

displacements, the displacement of each pixel within the element is calculated

by interpolation with the element shape function; the shape function is a linear

weighting function that, for each point within the element, returns the weight of

each element node. The result is a cloud of points that describe how each of the

pixels of the original image is translated to its new position in the deformed image.

The pixel displacements are not integers of the pixel size, so interpolation is required

to obtain the pixel intensities of the deformed image.

In this work a bi-cubic interpolator is used [96] as a compromise between

computation time and interpolation quality. Background padding (black pixels)

is added to either the original reference or deformed image, according to the

displacement field to produce a dataset with reference and deformed images of

the same size. It is important that the mesh density is sufficiently fine in the FE

model used to generate the displacement field that is then applied within ODIN

to deform an image; in testing of the ODIN code, it was found that interference

was observed between the interpolators implemented in the DIC algorithm and

ODIN when large FE elements were used. Such interference is characterized by

stripes in the strain field subsequently obtained by DIC analysis of the deformed

image (Figure 2.2). Empirically, it was found that keeping the number of pixels

per element below 20 × 20 avoided this.
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Figure 2.2: DIC analysis run on the same FE model with different mesh sizes (a) average
of 36 × 36 pixels per element (b) average of 6×6 pixels per element.

In summary, the developed ODIN code can create synthetic images of a deformed

sample with any material law that is implemented in the FE software. In the

following section, ODIN will be used to develop image datasets for benchmarking

tests to assess the accuracy of the J-integral calculation method.

2.3 Synthetic and Experimental datasets

2.3.1 Pure Mode I - Synthetic Datasets

The benchmarking tests with synthetic datasets were performed to quantify the

inherent errors arising in the calculation of the J-integral. The aim was to separately

investigate the effect of different parameters (image resolution, noise, etc.). The

examined case simulates a straight crack, normal to the edge of a 60 × 60 mm plate;

the plane stress condition was assumed. The initial crack length was 15 mm, and it
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was loaded in pure mode I with tension applied to the two edges of the plate as

fixed displacement boundary conditions to achieve the desired stress intensity factor.

The other edges were not constrained. Two materials laws have been examined;

a linear elastic model with the properties of an austenitic stainless steel (Young’s

modulus E=170 GPa, Poisson’s ratio ν=0.33) and an inelastic, Ramberg-Osgood

model optimized to fit the Al 2024-T351 stress/strain tensile curve (E=73 GPa,

yield stress σy=350 MPa, exponent=7.5, yield offset = 1.31, ν=0.3) [97]. A mesh

with a square element size of 0.1 mm side length was used; agreement (less than

0.5% difference) was obtained between the SIF obtained by the elastic FE solution

and the SIF obtained from the analytical solution for this geometry [98]. The

non-linear inelastic models were implemented at two applied stress intensity factors

to examine the effect of crack tip plasticity. The linear elastic model needed to

consider only one stress intensity factor.

The synthetic image is a 16-bit uncompressed TIFF file with a well-defined

and optimal speckle pattern. This was obtained by processing of optical images;

two different images of a porous concrete surface were averaged and a Gaussian

blur was applied. A section of the resulting image (500 × 500 pixels) is shown in

Figure 2.3a. This image contains features of different sizes, has a good occupation

of the levels of grey spectrum (Figure 2.3b) and presents low periodicity, as shown

by its autocorrelation map [99] (Figure 2.3c).

Experiments are typically constrained by the magnification of the digital image

relative to the measured displacements, as it is usual for the speckle pattern to

be optimised for the imaging system. To simulate this situation, the pattern was

maintained as a constant in terms of pixels (i.e. an individual speckle is always the

same size in pixels), and the effect of magnification was investigated by changing

the pixel size relative to the displacement field. This was done by defining the

camera pixel size, and so also determines the physical area of the displacement field

that is contained in a given subset of N × N pixels (Figure 2.4). An alternative
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Figure 2.3: (a) Section of the optimized speckle pattern (500 × 500 pixels) used for the
synthetic images. (b) Full image histogram (2048 × 2048 pixels) of the speckle pattern,
the horizontal scale uses a bin size of 40 greyscale intensity levels. (c) Autocorrelation
map of the full image for different shifts. The correlation coefficient is 1 when no shift is
operated, and the autocorrelation peak has a full width at half height of 4 pixels. The
non-periodicity of the pattern demonstrates its suitability for DIC analysis.

analysis could be done with a constant pixel size and variation of the image area

(e.g. upper row of Figure 2.4), but this would increase uncertainty in the DIC

measurements at high magnification as the speckle pattern would become non-

optimal. To investigate the effect of image resolution on the quality of the results,

datasets were created with different camera pixel size. The linear elastic model

was used to produce 3 different datasets at 17, 22 and 33 µm/pixels. The inelastic

datasets were at 17 µm/pixels only.

The effect of image noise was studied using the 17 µm/pixel dataset of the linear

elastic crack. Additive white Gaussian noise for signal-to-noise ratios (SNR) from

45 dB to -5 dB was applied to both undeformed and deformed images; the SNR
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Figure 2.4: The camera pixel size is adjusted so that the speckle pattern remains
constant and optimal. The upper row (dash-line cross) shows the effect of a fixed pattern
size not correctly optimized to the camera pixel size. The lower row shows the case
investigated in this work where the pattern speckle size is effectively optimized for the
different magnifications.

was the same for both images and with different random distributions. The noise

power was evaluated as its variance and the signal power as a root mean square of

the pixel intensity [100]. A good image quality in an experiment would be expected

to have SNR values between 40 dB and 60 dB, hence the noise levels investigated

represent the range from medium image quality (45 dB) to very poor quality (-5

dB). The conditions of the obtained datasets are summarised in Table 2.1. Each

dataset comprised the original image and its state after deformation using ODIN.

The FE solutions used to deform the images were obtained in Abaqus using the

relevant elastic or inelastic material law.
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Table 2.1: Summary of parameters used to produce the synthetic datasets with different
material models (linear elastic or elastic-plastic). The applied K field is calculated using
FE and the indicated material model. The pixel size, image dimensions and amount
of noise (signal to noise ratio, SNR) that were used in ODIN to produce the synthetic
deformed images are shown.

Material
model

Applied KI

(MPa.m0.5)
Pixel size
(µm/pixel)

Image size
(pixels) SNR (dB)

Linear Elastic 112.7
17 3600×3600 -5, 0, 5, 10,

15, 45, ∞
22 2700×2700 ∞
33 1800×1800 ∞

Ramberg-
Osgood

37.2 17 3600×3600 ∞47.7

2.3.2 Mixed mode - synthetic datasets

The interaction integral is an additional layer that one can use above the J-integral

calculation to separate modal contributions [61]. This was not the core of this

thesis work and so was not benchmarked against FE-simulation data. However, a

feasibility study of the method is presented in the experimental section, and a similar

benchmark to the one presented for the pure Mode I method could be performed.

2.3.3 Mode I Fatigue crack experimental dataset

An experimental dataset was obtained using a fatigue pre-cracked Compact Tension

(CT) specimen of an aluminium (Al2024) alloy. The sample machining and pre-

cracking was performed with the help of Dr Mostafavi at the University of Bristol,

the rest of the testing was made at the University of Oxford with the help of Dr

Dyson and Mr Cinar at the Department of Engineering.

The material was provided by Airbus Group as a 20 mm thickness plate in

the T351 condition (i.e. solution heat treated and stress-relieved by stretching).

The specimen dimensions, compliant with ASTM E399-09 [101], are specified on

Figure 2.5a; the specimen thickness B is 20 mm and the orientation is LT. The

Young’s modulus, E, of the tested material was measured to be 72.5 ± 3 GPa
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using a resonance method4 [102] with a sample of dimensions 71.7 × 20.0 × 3.67

mm; the value quoted in the literature [103] for Al2024 is 73.1 GPa. The Vickers’

hardness was determined at 146 ± 12 (standard deviation for 10 measurements);

the literature value for the T351 heat treatment is 139 [103].

The specimen was fatigue pre-cracked at a frequency of 10 Hz at a load ratio

(maximum/minimum load) of 0.1. Load shedding and optical observation on one

surface maintained the maximum applied stress intensity factor below 15 MPa.m0.5;

this corresponds to 45% of the reported mode I plane strain fracture toughness,

KIc, of 34 MPa.m0.5 for this alloy in the T351 heat treatment [103]. The pre-crack

was propagated to an average depth of 4.95 mm from the notch tip (a range of

±0.25 mm was measured on either side of the sample after pre-cracking) to obtain

a ratio a/W = 0.5 (i.e. a/W = 0.499±0.004 mm), where a is the crack length and

W is the specimen width (60 mm). The maximum load at the end of fatigue pre-

cracking was 7.43 kN, which was applied over the final 1.5 mm of crack propagation.

After pre-cracking, one surface of the sample was polished with grit-600 SiC paper

and cleaned with ethanol. A non-reflective speckle pattern consisting of white

and black spots was then applied using spray paint (Hammerite® smooth white

& Rust-oleum® satin black) from a distance of ∼1 m. A clip-gauge displacement

transducer (Instron 2620-604 Extensometer, precision better than 0.1%) measured

the crack mouth opening with load. The clip gauge was attached to knife-edges

(thickness 7 mm) that were mounted on the sample edge (Figure 2.5a). The crack

mouth opening displacement (CMOD) at the specimen surface was calculated

from the clip gauge, using a correction coefficient for the actual location of the

gauge. The correction was obtained via a 3D linear elastic FE model of the test

specimen for a crack depth a/W=0.5, and was determined from the calculated

opening displacement at the location of the gauge for five different values of CMOD
4The sample used for the resonance method was excited in flexural resonance. The uncertainty

in the obtained modulus comes mainly from measurement uncertainties in the plate dimensions of
± 10 µm.
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in the 3D-FE model, a least-squares linear fit (R2>0.99) was applied to the results

to find the correction coefficient, which was 0.9752.

The stereo-DIC system comprised 2 CMOS Toshiba-Teli CSB4000CL-10A

cameras, each capturing an image size of 2008 × 2047 pixels with a 10-bit depth.

The cameras were positioned approximately 160 mm from the sample surface,

on the same height with a 20◦ angle between cameras (Figure 2.5b). With this

set-up, the achieved pixel size was 15 µm/pixel on the re-projected images, as

determined from the calibration parameters. Image acquisition was performed

using an in-house LabVIEW code with 2 PCI-1428 acquisition cards, which allowed

synchronized capture with timing accuracy better than 1 ms. A 058-5 LaVision 3D

calibration plate was placed on the surface of a test specimen that was positioned

in the mechanical test frame (Instron 5982, with a 100 kN load cell). Lighting was

achieved using two 36-LED spotlights, with one placed above each camera. The DIC

calibration, using LaVision Davis 8.3.0 software, applied the polynomial calibration

algorithm and the obtained re-projection error was less than 0.4 pixels for both

cameras - the re-projection error is the mean difference between the positions of the

calibration marks in the calibration image and their known positions, after correction.

The sample was loaded in a series of quasi-static cycles that progressively

increased in magnitude up to 25 kN. An initial pre-load of 130 N was applied, and

after each cycle the sample was unloaded to the same pre-load. Images were recorded

at the maximum load and minimum load in each cycle. DIC analysis of images

at the maximum and minimum loads was performed relative to both the initial

pre-loaded reference state (“extra-cycle”), and also to the minimum loaded state

at the end of the previous cycle (“intra-cycle”). In each case, the Step A analysis

employed a square subset dimension of 32 pixels with an overlap between subsets of

75%. A threshold correlation coefficient of 0.85 was used to censor the displacement

vector results; additionally, all vectors within 0.5 mm (equivalent to one subset

size) of the crack path were censored. The step B analysis to detect the crack path
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(a)

(b)

Figure 2.5: The experiment geometry: (a) CT specimen dimensions and clip-gauge
position, the dotted box shows the area viewed only by one of the two cameras of the set-
up, and the smaller solid box represents the calibrated area that was in common between
the two cameras; the specimen thickness is 20 mm. (b) Schematic of the experimental
set-up with a 20◦ angle between the two cameras.
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used a square subset dimension of 9 pixels with 75% overlap. A straight crack was

assumed and was fitted to the crack path, which was segmented from the strain

data with a threshold that selected the top 1% of values of the maximum normal

strain histogram. Example images of the obtained displacement fields and strain

maps for crack segmentation are presented in the results section (Section 2.4.2).

The surface crack path and crack tip positions were subsequently verified by optical

microscopy, and the crack front straightness across the sample was verified by

optical examination after breaking open the sample at ambient temperature.

2.3.4 Mixed mode crack in brittle PMMA experimental
dataset

The mixed-mode decomposition via the interaction integral method was performed

on an experimental dataset obtained by Molteno et al. and published in [51].

Arcan geometry [104] specimens, that allows mode I to mode II loading with

a range of mixed-mode states via a simple tensile test, were used. The sample

set-up is presented in Figure 2.6.

In the experiments that provided the dataset, the samples were machined in

PMMA, which is a linear isotropic elastic material at room temperature; its nominal

properties are E=3 GPa and ν=0.36. Sharp pre-cracks were cut using a razor blade

from the tip of the notch. Two different specimen thickness were available, 6 and 12

mm. The critical values of KI and KII obtained from analytical solutions that were

detailed in Molteno’s paper are respectively of 1.7 MPa.m0.5 and 1.31 MPa.m0.5.

Molteno performed 7 different loading angles per sample thickness (i.e. 14

samples were tested), between 0◦ and 90◦ by steps of 15◦ increments. The loading

was applied at a speed of 0.25 mm.min−1 and digital images of the sample surface

were captured at a frequency of 1 Hz using a calibrated LaVision 3-D DIC system.

Further details on the experimental set-up, camera calibration and acquisition

system can be found in the original paper.



46 2.3. Synthetic and Experimental datasets

Figure 2.6: (a) Arcan specimen geometry, two different sample width were used, 6 mm
and 12 mm. (b) Schematic of the Arcan fixtures, the position of the loading pins choses
the amount of mode I and mode II loading. Picture from [51].

The last images obtained before any crack propagation occurred were used to

perform the DIC analysis. For the 12 mm thick specimen at 0◦ and the 6 mm

thick specimen at 45◦, crack branching was observed in a propagation direction

inconsistent with the expected one from the applied loading. This is illustrated

on Figure 2.7 for the 12 mm thick specimen loaded at 0◦ where pure mode I is

expected. The crack is propagating with an angle of ∼45◦ from the pre-crack; this

should not be possible with mode I loading. Those data were discarded from the

analysis as their occurrence was attributed to a probable data labelling error.

The DIC analysis was performed using a Least Square Matching algorithm

in Davis 8.3.0 software with a square subset of size 45 pixels and an overlap of

75% for the Step A analysis. The obtained data was corrected for rigid body

displacement and rigid body rotation using the approach described in [105], this

was performed to remove parasitic movements that could have happened due to

the rig compliance. The approach first determines the rigid body displacement as

the average of displacement vectors then the rigid body rotation by solving for the

rotation matrix. The Step B analysis, to detect crack path was not performed as the

surface crack path and crack tip positions were determined by optical microscopy
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Figure 2.7: Maximum normal strains of the 12mm thick specimen loaded at 0◦ (pure
mode I) at the image just after fracture occurred. The strain scale is quantitative and
the only aim is to detect the crack path. Such a crack propagation path is not normal for
a pure Mode I crack.

observations of the un-broken samples made by Molteno prior to the experiment,

those observations are conservatively expected to have an accuracy of 0.1 mm.

2.4 Results and Discussion

2.4.1 Synthetic Datasets

For the linear elastic synthetic datasets, the relative error was evaluated between

the J-integral obtained via the ODIN/OUR-OMA route and that calculated directly

from the initial FE-model, which had provided the input to ODIN for the deformation

of the images. As the position of the crack in the synthetic images is known precisely,

the two-step DIC analysis was not required and it was sufficient to analyse the

images with a single subset size to measure the displacement field. The effects on the

J-integral of the image resolution, image noise and error in crack tip position were

considered. In each case, the J-integral calculation was obtained for a set of different

dimensions of the free region (P’Q’R’S’) in both horizontal and vertical directions.
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Effect of Free Region Size

A normalization of the free region size is done on the basis that in any elastic

material, the same normalised free region should include the same strain field

contributions, independently of the crack size, loading or elastic modulus. The

normalized free region size in both directions (i.e. PQ parallel and PS perpendicular

to crack propagation direction) is obtained using Equation (2.1), where Lmn is

the normalized region size, l is the region dimension in mm, CMODME is the

crack mouth opening displacement at edge of the region in mm, aME is the crack

length within the free region (aME<l) in mm, E is the material’s Young’s modulus

in GPa and B is a constant of 1 GPa.mm−1 used to make the normalized value

dimensionless. This normalization factor scales the free region size by the crack tip

opening displacement (ratio of the CMOD and crack length) and Young’s modulus

of the material - for an elastic material, the normalisation factor is proportional

to K as CTOD ∝ K2/E [106]. The normalization values used in the synthetic

datasets are presented in Table 2.2.

Lmn = aME/CMODME

E
× l ×B (2.1)

Table 2.2: Parameters used in the free region normalization for each of the synthetic
datasets. The mask length in mm is multiplied by (B×aME)/(E×CMODME) to obtain
the normalized mask length.

Elastic Datasets Inelastic Datasets

aME (mm) 15 15

CMODME (mm) 2.44 0.17 (K=37.2 MPa.m0.5)
0.25 (K=47.7 MPa.m0.5)

E (GPa) 170 73
(B × aME)/(E ×
CMODME) 0.036 1.21 & 0.82

A DIC analysis of the elastic 17 µm/pixel image dataset was made using a subset

of 64 × 64 pixels, with 75% overlap. As the crack tip position was known precisely,
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very good agreement was obtained with the J-integral that was calculated with

OUR-OMA using the original FE simulation that provided the image-deforming

displacement field; the relative error varies from 0.06% to 0.3% when the SNR

is infinite (i.e. no noise added). Varying the dimension of the free region in the

direction parallel to the crack has no significant effect on the J-integral error

(normalized region dimensions from 7.4 to 23.8). For changes in the free region

dimension in the direction perpendicular to the crack, slightly higher errors (∼0.83%)

are obtained for very small free region size (below 6.5) when uncertainties in the

displacement field measured near the crack borders cause convergence issues.

There was no measurable effect of applied image noise up to 15 dB, while the

addition of extreme image noise (-5 dB) gave an uncertainty in the J-integral between

0.8% and 2.7%. Varying the free region size in the direction parallel to the crack

path had no influence on the J-integral error, nor could a trend be observed for an

effect of the free region size in the direction perpendicular to the crack. This analysis

is for a crack loaded in pure mode I, however a greater sensitivity would be expected

with mixed mode loading, with both free region dimensions having an impact.

The J-integral analysis is found to be quite robust, so long as the contours

remain within the free region. The free region is mechanically connected to the

surrounding full displacement field, and using contours that directly sample the DIC

data, rather than those using displacements within the free region that is bounded

by data, results in a loss of convergence if noise is present in the DIC data. This is

illustrated in Figure 2.8a, in which the distance of the outer contour from the crack

tip is linearly proportional to the contour number. This example considers the same

free region size (P’Q’R’S’) with the 17 µm/pixel dataset, and makes a comparison

of synthetic data with a SNR of 96 dB and with a SNR of 45 dB. The separation

between successive contours is 400 µm, and those contours with number above 24

extend beyond the free region. The J-integral obtained for the contours beyond

the free region for the 45 dB data does not converge, but for low levels of noise (96
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dB), the method is shown to perform well even for contours within the DIC data.

A comparison of the current FE based OUR-OMA method and the JMAN method

[48] is also shown in Figure 2.8b for a data with a SNR of 45 dB. The free region in

the FE method reduces the scatter significantly compared to the JMAN method.

When the integration contours are taken inside the free-region, and this is often

necessary with experimental data, the approach is very noise robust as it uses indirect

FE-calculated fields and allow quantification of the SIF where other approaches

using direct measurements (such as JMAN) are affected by the noise in the data.

Effect of Image Resolution

The analysis of the 17 µm/pixel, 22 µm/pixel and 33 µm/pixel linear elastic datasets

examined the sensitivity to image resolution, relative to the displacement field. The

DIC analysis was performed with square subset sizes of 64, 96 and 128 pixels, with

datasets that had no noise added to the images. To aid direct comparison, the

subset sizes are expressed in mm in Figure 2.9. The effect of free region size at the

lower resolutions was similar to that reported above for the elastic 17 µm/pixel data

set, so each point in the figure is the average result for the full range of free region

sizes (parallel to crack: 7.4-23.8; perpendicular to crack: 8.2-26.3); the error-bars

are the standard deviation of each range of free region. There is a general trend for

increasing error in the J-integral as the physical size of the subset increases, but

the effect is not large and the error remains below 1% in all cases except for the

largest pixel size dataset analysed with the largest subset size. The observed trend

is attributable to two effects. First, the error increases with decreasing resolution

as the number of features available within each subset to track the same portion

of the displacement field decreases; this is related to the DIC analysis. Second,

the mesh size of the FE model is dependent on the mesh size of the DIC analysis

in order to reduce interpolation errors. However, even with a refined mesh in the
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(a)

(b)

Figure 2.8: Illustration of the J-integral loss of contour independency that is caused by
DIC noise when exiting the free region (around contour 25). The free region is included
in the P’Q’R’S’ box. (a) Schematic representation of the contour numbers – contours 5,
20, and 30 are shown; contours 5 and 20 are included in the free region and contour 30
includes data out of the free region. (b) Calculated J-integral value normalized by the
theoretical value for different contours and different noise levels. Comparison is made
between the OUR-OMA method and the JMAN method [48] for data with 45 dB SNR.
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Figure 2.9: Effect of image pixel size and DIC subset size on the error in the calculated
J-integral.

free region, for a coarse DIC subset size the FE mesh is insufficiently refined, so

this error component is related to the FE analysis.

Effect of Crack Position Uncertainty

The effect of uncertainty in the crack tip position was examined using the linear

elastic dataset at 17 µm/pixel, for a DIC analysis with a subset of 64 × 64 pixels

and an overlap of 75% for step A. No noise was added. Free regions with normalized

size between 10.7 and 23.8 in the direction parallel to the crack and 9.8 and 26.2 in

the direction perpendicular to the crack were considered. Using OUR-OMA, the

DIC results were injected into FE models in which the crack length was changed by

up to ±50 pixels from its known position, equivalent to ±850 µm or an error in a/W

of 1.4%. The obtained uncertainty is reported in Figure 2.10 as the average error

for the full range of free region sizes. There is no specific trend in the effect of the

free region size, and the error bars are the standard deviation for the range of region

size. With a small uncertainty in crack tip position (±10 pixels) with noise-free

data, the J-integral error is between 0.5 and 1.5%. With greater uncertainty in the

crack tip position, the J-integral error becomes more significant, but it remains low
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Figure 2.10: Effect of erroneous crack tip position on the J-integral error.

(4 ± 2%). In [43] the authors estimated a 7% uncertainty in the determination of

the stress intensity factor by a field fitting method, for an uncertainty in crack tip

position of 40 pixels, which is similar to the maximum uncertainty obtained here.

Effects of Inelastic Deformation

The inelastic cases are illustrated in Figure 2.11a, in which the crack tip plastic

zone is represented by the elements in the initial FE model in which plastic strain

predicted using the Ramberg-Osgood law develops during the last solver increment.

The small plastic zone size, at an applied stress intensity factor of ∼37 MPa.m0.5, is

3.2 mm measured in the crack plane, and represents a small scale yielding condition.

The larger plastic zone size, at an applied stress intensity factor of ∼48 MPa.m0.5 is

8.7 mm measured similarly, and exceeds the small scale yielding condition. The

DIC analysis used a subset size 96 × 96 pixels for step A with a 75% overlap. The

same Ramberg-Osgood material law was used in the evaluation of the J-integral

from the injected displacement field, and the effect of the free region was examined

as previously. The crack tip position was known precisely and no noise was added.

The average J-error was 0.48% (±0.14%) for the small scale yielding case

and 0.49% (±0.22%) for the large scale yielding case. In each case, the range of

normalised free region size investigated was from 20 to 60 in the X direction and
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from 9 to 70 in the Y direction for the small plasticity dataset and from 13 to

41 in the X direction and from 6 to 46 in the Y direction for the large plasticity

dataset. In the case of the small plastic zone size, the plasticity is essentially

contained in the free region whereas in the larger plastic zone case, the plasticity

always exceeds the free region. In both cases, very little effect of the free region

size was observed in the J-integral error. Hence, in the case where the material law

is well known, the strain energy release rate can be determined accurately from

the displacement field, even for significant plasticity.

The displacement fields obtained for inelastic deformation were also analysed

with the assumption of linear elastic properties (E=70 GPa, ν=0.3) (i.e. small

scale yielding). The effect of the free region size was examined, as before. Examples

are shown in Figure 2.11b and c for free regions of the same physical size with

normalised dimensions of X = 37 for the small plasticity dataset and X = 27 for the

large plasticity case. The J-integral error increases with the amount of plasticity,

and tends to decrease when the free region is close to crack, and also when it

was more remote. For a free region width that could reasonably be achieved in

experiment (i.e. Y<10), the J-integral error is less than 5% with the assumption

of small scale yielding, even for the large plasticity case. The observed behaviour

may be rationalised by considering that when the free region is small, greater

information on the deformation around the crack is available, which leads to lower

uncertainty in the evaluation of the J-integral. However, the reason for the low

error with a very large free zone is unclear.



2. FE optimized J-integral calculation from DIC 55

Figure 2.11: (a) The plastic zone sizes used for the inelastic Ramberg-Osgood material
law analysis (left) small plastic region (right) large plastic region - the (black) rectangles
show the minimum (dashed line) and maximum (solid line) free regions. Relative error
in J-integral determination when small scale yielding condition is assumed. (b) Small
plastic region (c) Large plastic region.

2.4.2 Mode I Fatigue crack in an Aluminium CT specimen

The fracture surface and the surface trace of the crack are shown in Figure 2.12a. The

crack was straight and uniform within the ASTM E399-09 requirements [101]; the

average crack surface length is 4.95 mm, measured on each side (±0.25 measurement

precision) from the notch tip (a/W=0.499), and the average crack length across

the specimen was 5.19 mm (a/W=0.503). The standard deviation of 5 evenly

spaced measurements along the crack front was 0.12 mm, with a maximum length

of 5.49 mm (a/W=0.508). The crack mouth opening displacement (CMOD) is

shown in Figure 2.12b for the loaded and unloaded condition as a function of the

maximum applied load. The clip gauge was zeroed with the initially unloaded
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samples, before application of the pre-load. The CMOD under load increased

linearly with load until 20 kN load (i.e. applied K < 39 MPa.m0.5) and then rises

more steeply. The unloaded CMOD, measured at 130 N, is approximately constant

at 0.2 mm, and then rises as the peak applied load increases above approximately

15 kN (i.e. applied K > 29 MPa.m0.5).

The literature value of KIc for this specimen is of 34 MPa.m0.5 and is obtained

for loads exceeding 18.5 kN. However, the sample was loaded up to 23 kN before

failure. This behaviour is attributed to the specimen thickness, that is not large

enough to impose the plane strain condition. Instead, the specimen is experiencing

a combination of plane strain condition in its centre and plane stress condition

closer to the surfaces. This can be confirmed by the observation of the fracture

surface (Figure 2.13) that shows signs of the plane stress conditions by exhibiting

shear lips of ∼5 mm long from each surface of the specimen. Fracture toughness

increases in ductile materials under plane stress, so this mixed plane strain/plane

stress behaviour is expected to produce the higher KIc value that is observed.

The specimen compliance data are shown in Figure 2.12c as a function of the

maximum applied load. Several measures of compliance may be obtained from the

data: the maximum compliance was calculated as the ratio of maximum CMOD to

maximum applied load; the intra-cycle loading compliance is the ratio of the change

in CMOD between the minimum and maximum load in each cycle to the applied

load range; and the intra-cycle unloading compliance is the ratio of the change

in CMOD between the maximum load of one cycle and the successive unload to

the range in applied load. The theoretical compliance (Vm/P ), calculated using

Equation (2.2) [107] is 36.33 µm/kN (±0.25). The uncertainty in the theoretical

compliance is due mostly to uncertainty in the measured Young’s modulus; the

measurement uncertainty in crack length make a negligible contribution.

The measured maximum compliance is very close to the ASTM E399-09 theoret-

ical compliance. Initially slightly lower (e.g. 1% difference at 2.5 kN), the maximum



2. FE optimized J-integral calculation from DIC 57

compliance increases gradually with increasing load up to about 15 kN, and then

continues to rise at a rate that increases with increasing load. The intra-cycle loading

and unloading compliances are almost identical and are initially lower than the

maximum compliance. They approach the theoretical compliance as the maximum

load increases, with the greatest changes occurring up to a maximum load of 7.5 kN

and then above around 15 kN, where both increase significantly with applied load.

The displacement fields obtained from the DIC analysis at each load stages were

corrected for rigid body displacement. An example of the corrected displacement

field for a load of 15.5 kN is shown on Figure 2.13. The shape of the displacement

field corresponds to what is expected for a crack loaded in mode I.

The DIC observations showed no measurable increase in crack length at the

specimen surface, but plastic tearing and blunting both occurred sub-surface during

the experiment, as indicated by the fracture surface (Figure 2.12a). An increasing

in crack length by plastic tearing would increase both the intra-cycle unloading

compliance and the maximum compliance, whereas crack blunting by plasticity

would increase the loading compliance and the unloaded CMOD, with no significant

effect on the intra-cycle unloading compliance. The reduced intra-cycle compliance

below 7.5 kN may be attributed to plasticity-induced crack closure that was

introduced by the fatigue pre-cracking. The effect of closure may also be apparent in

the difference between the maximum compliance and the theoretical compliance at

low loads. The increase in intra-cycle compliance above around 15 kN, accompanied

by increased unloaded CMOD, can be attributed to crack tip plasticity. Above 24

kN, the difference between the unloading and loading intra-cycle compliance shows

that plastic tearing to extend the average crack length has also occurred. Hence,

the crack may be considered as fully open above approximately 7.5 kN, which was

the maximum applied during fatigue-precracking. At loads above this, there is a

progressive increase in the amount of crack tip plastic deformation, which becomes

significant above 15 kN as greater crack tip plasticity develops.
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Figure 2.12: (a) Optical microscopy of the surface crack and the fracture surface. The
specimen surface in vicinity of the cracked region was cleaned with ethanol prior to taking
the picture in order to remove the paint pattern applied for the DIC analysis. (b) The
crack mouth opening displacement (CMOD) measured in the loaded and unloaded states.
(c) Specimen compliance measured as a function of maximum applied load, compared with
the theoretical elastic compliance predicted using Equation (2.2). The CMOD uncertainty
is 10 µm, and the compliance uncertainty is ±0.1 µm/kN.

Figure 2.13: DIC calculated displacement field (at 15.5 kN) after rigid body displacement
and rotation correction.
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Figure 2.14: Example results of the DIC analysis (at 15.5 kN). The origin of the x-y
coordinates is at an arbitrary position. (a) y-displacement change measured for a large
subset (64 × 64 pixels, overlap 75%). (b) maximum normal strain obtained with small
subsets (9 × 9 pixels, overlap 75%). The dashed boxes show the locations of the free region
used in the J-integral analysis, and also the zoomed image of the crack. The position of
the crack tip, obtained by segmentation of the strain data (small subset analysis) is also
marked.
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The ASTM E399 standard [101] was used to calculate the applied stress intensity

factor, K, from the measured specimen dimensions, surface crack length and applied

load. This is compared with a 3-D FE simulation for the same specimen dimensions,

obtained using the inelastic Ramberg-Osgood model for Al2024-T351. The FE

simulation assumed hard frictionless contact between the loading pins and the

sample, with displacement controlled boundary conditions at the loading pins to

achieve the reaction forces equivalent to the applied load. The standard and FE

simulation agree within 3% up to 15 kN applied load, above which the 3-D FE

simulation increases non-linearly with increasing load due to plastic deformation.
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The rise above 15 kN is also observed in the experimental data and is due to

plasticity (Figure 2.12c). At higher loads, the measured maximum compliance is

greater than the inelastic FE simulation. This may be due to uncertainties in the

FE model definition and also the development of tearing in the experimental data.

The DIC-measured surface displacement fields were used to calculate J-integral

values with the OUR-OMA method (Figure 2.14a). A small subset analysis

(Figure 2.14b) was used to identify the crack position, the maximum normal strains

values shown on the figure are unfiltered and their sole purpose is to determine

the displacement discontinuity of the crack path by segmentation of the apparent

strain field. These strains do not correctly define the crack tip strain field due to

the inherent noise of displacements measured with small subsets, but the crack

can be segmented easily using a strain threshold. The free region was fixed with

dimensions of 6.4 × 3.1 mm; hence its normalized width ranged from 0.90 to 13.9

as the crack opening changed with load. The J-integral calculation was performed

with contours that were only within the free region, as the experimental noise from

the image acquisition and 3D-DIC analysis prevented calculation of the J-integral

using the DIC data region. The experimental data could not be analysed using the

JMAN code [48] due to this noise. For comparison with the standard calculation,

the calculated J-integral values were converted to stress intensity factors using

Equation (2.3), and are presented in Figure 2.15.

The extra-cycle analysis used the displacement fields relative to the initial

reference 130 N preload, and the intra-cycle analysis used the relative displacement

fields between the previous unload and the maximum load of each cycle. Each

J-integral analysis was performed using linear elastic properties (plane stress, E =

73.1 GPa, ν=0.3) and also the inelastic Ramberg-Osgood model for the Al2024-T351

alloy. The crack tip position is known to within 15 pixels from the step B DIC

analysis, and the maximum difference between surface and average crack length is

similar at 240 µm, which is 16 pixels, hence from the benchmarking of synthetic
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datasets, if the material law is correctly defined, the expected uncertainty in the

evaluated J-integral is approximately 1.5%. When the small scale yielding condition

is assumed (i.e. the elastic case), then an additional bias of 5% is expected. When

combined with the 4% uncertainty in Young’s modulus value, a propagation of

error analysis gives an uncertainty in K of 2.2% when using the inelastic model and

3.2% when assuming small scale yielding. These uncertainties have been applied

to the data in Figure 2.15. The relative difference between the stress intensity

factors obtained by analysis of the measured displacement field, and that obtained

using Equation (2.2), is shown in Figure 2.15b.

K =
√
J × E ′ (2.3)

Figure 2.15 shows that, with the assumption of small scale yielding (i.e. elastic

behaviour), the extra-cycle DIC-based J-integral calculation obtains a higher stress

intensity factor than the ASTM standard calculation. The standard analysis

is relative to a zero load rather than the 130 N preload, but the effect of this

is vanishingly small, so the difference is largely due to the neglect of crack tip

plasticity. Crack tip plasticity increases the displacements around the crack and

so causes the strain energy close to the crack tip to be overestimated when the

J-integral is calculated with the assumption of linear elasticity. The error increases

at loads above 7.5 kN, since there is no significant development of crack tip plasticity

expected below the fatigue pre-cracking maximum load. The intra-cycle elastic

analysis shows a similar but smaller difference, as it is affected only by the plasticity

that develops in individual cycles, rather than the total plasticity.

Crack closure, or the residual stress field associated with this, also has an effect,

but it appears to quite complex; the difference between the extra-cycle and intra-

cycle elastic J-integral analyses below 7.5 kN indicates that the displacement field

around the crack is not simply linear elastic, despite the stability of the minimum
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CMOD that is observed in Figure 2.12b. Incorporating the correct elastic-plastic

material law into the J-integral analysis provides a better agreement between

the applied and measured stress intensity factor, particularly for the extra-cycle

analysis that considers the total development of plasticity with increasing load;

good agreement with the applied stress intensity factor is obtained, even when

significant plasticity develops (i.e. above 15 kN load).

It is important to note that the J-integral analysis makes no use of the

experimentally measured load, nor of the actual geometry of the test specimen.

The analysis uses only the measured displacement field around the crack and an

elastic or inelastic material law. The ASTM standard calculation is obtained

with knowledge of the specimen geometry, crack length and the applied load, and

the assumption of small scale yielding. In the specimen geometry used here, the

effects of crack tip plasticity on the ASTM standard calculation are not significant

except at high loads, as shown by the 3-D elastic plastic simulation of the test

specimen (Figure 2.15a), since the crack tip plastic zone is small compared to

the specimen geometry and crack length. The measured displacement field can

be used to calculate the field applied to a crack, with good accuracy as a stress

intensity factor or J-integral, without knowledge of the crack geometry and applied

load, if the correct elastic-plastic material law is employed. Significant errors may

arise when crack tip plasticity is neglected.

The image-based analysis uses the displacement field that is measured in the

region surrounding the crack, but it is not immune to the effects of local effects close

to the crack tip, such as the residual stresses from crack closure that can influence

the development of the displacement field. In principal, these local effects might be

extracted by using displacements measured very local to the crack tip. However,

convergence problems will occur due to noise in these data. Direct measurements

of the crack tip field, such as via diffraction methods that record elastic strains, are

needed in this case. These can be analysed using the method presented in Chapter 3.
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(a)

(b)

Figure 2.15: Comparison between K values from J-integral, FE modelling and theory.
The error in the K values was determined from benchmark tests. (a) absolute values. (b)
relative values.
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2.4.3 Mixed-mode fracture in brittle PMMA

The DIC-measured surface displacement was used with the OUR-OMA method.

The free region was fixed with dimensions of 6 × 6 mm centred on the crack tip.

The J-integral calculation was performed over 20 contours; 10 contours were only

within the free region while the 10 further contours included increasing area of

the experimental data. Contours were centred on the crack tip with the largest

contour probing data up to 6 mm away from the crack tip (Figure 2.16). The

normalized size of the masked region is not relevant as the proposed normalising

criteria is applicable for pure mode I crack only. The crack tip position is known

within 0.1 mm from the optical microscopy observation.

The obtained KI and KII values are plotted on Figure 2.17, the error bars

represent the standard deviation over the 20 integration contours. In this analysis,

the SIF values are extracted and analysed; however, Abaqus software can also

implement a maximum strain energy release rate criterion5 to predict crack deflection

angle. It could be of interest, in future work, to look at the validity of this prediction

by comparing it with the available experimental data.

The Figure 2.17a exhibits the expected trend with the sample being loaded in

pure mode I at 0◦ and pure mode II at 90◦. Good agreement is obtained between

the two different sample thicknesses. Figure 2.17b shows the same data as a 1-to-1

plot between mode I and mode II using the values normalized by the theoretical

critical values in pure mode I or mode II loading, KIc and KIIc. The dotted line

is the best quadratic fit to the data and gives the evolution trend of the KI to

KII ratio required for criticality. This curve shows that the linear assumption

is erroneous and is of interest for modelling as it allows to define a multi-modal

crack initiation criterion for this material.
5A maximum energy release rate criterion assumes that in an elastic solid, fracture occurs

along the plane oriented at the angle to the plane of the existing crack that maximizes the energy
release rate.
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Figure 2.16: DIC determined displacement field for the 6 mm thick sample loaded at
0◦ and 90◦ (i.e. pure mode I and pure mode II). The crack path is shown as a white
line. Black and red dashed rectangles respectively show the free region and the largest
integration contour.

Figure 2.17: (a) Mode I and II stress intensity factors determined by the interaction
integral for the different Arcan sample orientations. (b) 1-to-1 plot of the normalized SIF
values. Normalisation was done by dividing the value by the analytical critical SIF. The
dotted line is an order 2 polynomial fit of the data.
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Figure 2.18: Crack tip positions used for the benchmark shown in blue circles, the
original (detected) crack tip position is shown as a red cross. Axis show deviation from
original crack tip in mm.

As no FE benchmarking on the interaction integral was made and that literature

highlighted the fact that the method was sensible to crack tip uncertainty [61]; the

sensitivity to crack tip position change was evaluated by looking at the change in the

KI and KII value induced by a change in crack tip position definition. The 6 mm

thick sample loaded at 15◦ was chosen as a test dataset and the analysis was run for

24 different positions of crack tip positioned radially at 0.1, 0.3 and 0.5 mm from the

original crack tip (Figure 2.18). For each crack tip position, the deviation from the

original SIF value was calculated in % of the original value and plotted on Figure 2.19.

From those data, the expected error for this experiment is conservatively

estimated between 5-10% for both mode I and mode II values considering the

accuracy in the crack tip position detected by optical microscopy by Molteno was

judged to be of 0.1 mm. It is interesting to note how the mode I component is

affected by error in the Y position whilst mode II component is affected by error in

the X position. The error in the SIF value grows quickly with error in the crack

tip position; confirming that the interaction integral method is to be used only
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(a)

(b)

Figure 2.19: Mode I and Mode II relative change in % due to change in the crack tip
position. (a) Mode I (b) Mode II.

in cases where the crack tip position in accurately determined. It is advised to

combine DIC with another method for crack tip position identification like optical

microscopy to gain enough confidence in the crack tip position. Due to the use of

subsets and the loss of DIC quality next to crack faces, it is often difficult to achieve

the same kind of accuracy in crack tip position determination via DIC techniques

compared to human detection approaches. In many cases, visual detection of the

crack in the camera image allow detection of the crack tip with an accuracy of a few
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pixels, which, depending of the camera pixel size, is often sufficient to give good

confidence in the use of the interaction integral approach. Also, as DIC is a surface

measurement technique, it is important to verify that the crack tip position on the

sample surface is representative of the crack tip position through the sample.

2.5 Conclusion

A method to determine the crack strain energy release rate from measured dis-

placement fields has been presented, using digital image correlation (DIC) datasets.

The method uses a Finite Element framework and is easy to implement. The full-

field DIC measurements are used to apply boundary conditions for finite element

calculation of the J-integral. The method is insensitive to the specimen geometry,

does not require prior knowledge of the loading and may be applied when DIC

measurements in the vicinity of the crack are not trustworthy. The method has been

benchmarked on synthetic datasets to assess the errors arising from uncertainty in

crack tip position, image noise and the incorrect assumption of small scale yielding.

Like any full-field method, the choice of the material law must be considered

carefully as it can be the major source of error. Application of the method to

experimental data for an elastic-plastic material shows that the crack field (as a

stress intensity factor) can be obtained with good accuracy, without knowledge

of the specimen geometry and applied loads. Additionally, it was shown that for

mixed-mode data, the interaction integral can be used to separate different modal

contributions, however when using this method, extra care must be taken to insure

the crack tip position is well determined.
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3.1 Introduction

A recurrent fracture mechanics requirement is to quantify the field surrounding a

crack that controls its propagation. With that aim, it is important to quantify the

elastic strains around the crack, and various techniques exist that allow their point

wise determination. In the previous chapter, the digital image correlation method

has been presented, however image based methods cannot separate elastic and

plastic strains (without the examination of image sequences that include unloading).

69
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The analysis of diffraction patterns, obtained with monochromatic X-ray diffraction

(XRD), Energy-Dispersive polychromatic X-ray diffraction (EDXRD) or neutron

diffraction (ND) can achieve this goal [75, 76], where a set of point measurements

can be used to map the elastic strain field.

Determining the surrounding elastic strain field is particularly important in

cases where residual stresses are present and may modify the behaviour of the

cracked material. This is the case with fatigue crack closure. In fatigue loading

under LEFM conditions, Paris’ law stipulates that the crack advance per fatigue

cycle (da/dN) is linked to the range of applied stress intensity factor in the cycle

(∆K) by a power law; the law can also be influenced by the maximum stress

intensity factor, Kmax. However, this relation can break down with fatigue closure,

particularly close to the fatigue propagation threshold, and the understanding of

this phenomenon is paramount for engineering applications where crack closure

can impact the fatigue life predictions from Paris’ law.

The first observation of fatigue crack closure was made by Elber [25, 26] using

microscopic observations; he showed that when progressively loading a fatigue

propagated crack, some portion of the crack remains closed until a given load is

reached. He proposed a modified formulation of Paris’ law to account for crack

closure by suggesting the use of an effective stress intensity factor range ∆Keff to

replace ∆K and take account for crack closure. ∆Keff is defined in Equation (3.1)

where Kmax is the maximum applied SIF in the fatigue cycle and Kop is the value

of the SIF at which the fatigue crack is fully opened.

∆Keff = Kmax −Kop (3.1)

The mechanisms that can cause closure are multiple and can occur simultaneously.

Plasticity induced closure is due to the crack leaving a wake of plastically deformed

material, and as this is constrained within the elastically deformed bulk of the
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Figure 3.1: Mechanism of the plasticity induced closure. The compressive residual
stresses from the previous loads close the crack. Picture from efatigue.com.

sample then residual stresses are developed whilst propagating (Figure 3.1). This

phenomenon is most significant at the surface in ductile materials as the plastic

zone is larger in the plane stress conditions at the surface where the out-of-plane

flow of the material is not constrained. In a different manner, roughness induced

closure is due to a rough crack surface causing the crack faces or lips (i.e. at the

surface) to contact earlier than expected; this mechanism is more present under

mode II or mode III loading of the crack due to the tortuosity of the crack [108].

Different approaches have been used to highlight the effects of crack closure. For

example, Zhang [109] used SEM measurement of the crack opening displacement to

highlight the crack closure point and closure stresses (Figure 3.2). The problem

of this approach is the same as the one noted for DIC in Chapter 2; it only

gives information on the specimen surface that could behave differently than the

bulk material. Alternatively, the specimen’s mechanical compliance [110] can be

monitored to make similar measurements, this approach is less sensitive to differences

between surface and bulk behaviour as it measures their combined effect and can be

coupled with the COD measurement approach. It has been observed that closure is

mostly dominated by surface effects and is only significant in plane stress conditions

[111, 112], so surface observations may be sufficient. However, it would be ideal to

be able to measure closure at surface and in the interior of the sample.
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Figure 3.2: Crack closure point (identified by the red arrow) and closure stresses as
determined by Zhang via in-situ SEM observation [109].

The possibility to create maps of the elastic strain field is particularly interesting

to study residual stresses related issues. For instance, in [81] and [113] the authors

use neutron and X-ray diffraction to map residual elastic strains in a TIG welded

aluminium thin plate sample; because of the shape of the specimen, they probe strain

values that are representative of the whole specimen thickness. Their observations

allow them to validate a 3-D shell FE model (a shell element is a type of element

suitable when thickness is small compared to other dimensions) that allows prediction

of residual stresses caused by TIG welding of Al-2024. In [114] the mechanical

shielding effect of crack bridging in stress corrosion cracking is observed via X-ray

diffraction mapping to provide an explanation for the observed R-curve behaviour.

Elastic strain maps have also been used to study fatigue crack overloads and

their effect on closure. In the early work from Allison [83], a calibration curve

between XRD strains and bulk stresses was demonstrated (Figure 3.3a). Allison

compared XRD determined residual stresses after overload with theoretical solutions

for different types of steels and highlighted cases where theory did not explain
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(a) (b)

Figure 3.3: (a) XRD to bulk stress calibration curve as shown by Allison [83] for a
1020 Steel sample (b) Dependence of the crack tip residual stress on the applied SIF at
overload for 1020 Steel samples.

experimental results. For example, theory predicts that the maximum crack tip

residual stress will be equal to the material yield strength regardless the SIF of the

overload; however, he observes a dependence of the crack tip residual stress on the

overload SIF (Figure 3.3b). Allison encouraged the development of FE approaches

that can capture those phenomena over the use of theory.

In [84], two full-field techniques, DIC and X-ray diffraction (EDXRD) were

used conjointly. DIC provided the total strain measurement and was also used

to measure the crack opening displacement profiles at the surface. Both EDXRD

maps and COD profiles from DIC show shielding in the measurements made after

the overload; this is illustrated in Figure 3.4 where the line profile of the crack

opening stress at maximum load for different cycles, before and after overload, is

shown. The effect of the compressive residual stresses induced by the overload are

clear with a progressive recovery after 37k cycles. In [86], combined diffraction

strain mapping and X-ray tomography were used to validate an FE model capable

of determining the residual stresses after an overload and in the following crack
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Figure 3.4: Effect of the overload and subsequent cycles on the loaded crack tip stress
field [84].

propagation steps. Tomography was solely used for qualitative observations of the

crack geometry and of the closed region at unloaded step.

Those different works could have benefited of a more quantitative analysis of

the full-field data through the calculation of the SIF values via the techniques

presented in this thesis or via field-fitting approaches. However, this is not widely

applied in the literature. An example on determination of the SIF value using a

least-square field fit to elastic strain maps obtained by synchrotron X-ray diffraction

on a Ti-6Al-4V sample can be found in [89]. Even though it was noted that the

classical LEFM equations do not apply in the plastic zone the authors did not

discuss the sensitivity of the field-fitting approach to this issue. It can be observed

from the fitted field that the LEFM equations are not able to fully capture the

compressive wake of the crack (Figure 3.5).

The contour integral method based on the J-integral formulation is an alternative

to field fitting methods, which have previously been applied to full-field displacement

data to obtain stress intensity factors [115]. Following the work presented in Chapter
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Figure 3.5: Comparison between the XRD measured strain field and the fitted LEFM
field from [89]. The LEFM fit is good ahead of the crack, but is not able to capture the
compressive wake.

2, where the J-integral was applied on full-field displacement data, it will here be

applied to full-field strain measurements. A choice was made not to develop the

method within the Abaqus framework as some of the steps could not be readily

implemented within it. Instead, the MatLab code allowing direct evaluation of the

J-integral from a measured crack displacement field and developed by Becker et

al. [48], known as the JMAN method, was adopted and developed further. The

original JMAN Matlab code takes as its input the full-field displacements from

an image correlation analysis. It allows the user to define integration contours

over which the J-integral is calculated, using the element-based virtual crack

extension formulation [92].

A search of the literature finds no methods to determine the J-integral from

strain-only datasets, such as those obtained by diffraction. However, there is

a strong motivation to do this, as the J-integral method has some advantages

over the field fitting methods. In particular, it is robust to uncertainties in the

crack tip position and to poor definition of the field in the crack vicinity, and

does not rely on theoretical assumptions of the field shape. This is particularly

interesting where phenomena not explained by LEFM occur in the sample, such

as observed on Figure 3.5. In this chapter, a method to determine the J-integral

from elastic strain-only datasets is presented and benchmarked on a finite element
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dataset. The effect of uncertainties in the measured strain data is also studied.

The technique is then demonstrated on synchrotron EDXRD elastic strain maps

around a crack tip in a bainitic steel compact tension (CT) specimen to study

the effect of overload on a fatigue crack.

3.2 Numerical method

Firstly, it is necessary to go back to the mathematical formulation of the J-integral

to identify the terms than can be determined directly from the diffraction analysis

and the terms that could be at issue. The finite element formulation of the J-integral,

as expressed by Rice and Cherepanov and modified for finite element formulations

[14, 15], for a crack lying on the x axis is formalized by Equation (3.2), where σij

represents the 2-D stress tensor components; Ui the displacement components; W

represents the strain energy density that for linear isotropic materials can be defined

as 1
2
∑

ij σijεij; and q is the virtual crack extension function whose value is 1 inside

the inner integration contour and 0 outside the outer integration contour and is

differentiable at all its points. The shape of the q-field is chosen to be linear here,

as the shape of this field has been proven not to have an impact on the J-integral

calculations [16]. The last term of the equation, Ael, expresses the element area.

J =
∑

elements

[(
σxx

dUx

dx
+ σxy

dUy

dx
−W

)
dq

dx
+
(
σxy

dUx

dx
+ σyy

dUy

dx

)
dq

dy

]
Ael (3.2)

The full 2-D elastic strain tensor can be obtained from an adequate treatment

of diffraction data with methods similar to the one presented in [116]. For example,

for an XRD analysis, the original (i.e. reference state) interplanar spacing d0ini

and its change to reach the deformed stage ∆d0 can be obtained at all azimuthal

angles, the normal strain at all these angles can be calculated as ∆d0/d0ini. An

ellipse (or another function, such as sine, depending on the authors) is then fitted

to these strains and its principal axes are determined. The principal strains εI and
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Figure 3.6: Diagram of the strain tensor calculation. The strain values are determined
at each β azimuth position. Those value can be represented by the blue ellipse and its
principal axis (red) are found. The rotation angle θ is used to retrieve the full tensor.

εII are read at the principal axis of the ellipse and the angle θ between the ellipse

principal axis and horizontal axis is determined (Figure 3.6). The strain tensor can

be calculated using Equation (3.3). In EDXRD mode, the use of several detectors

positioned at different azimuthal angles permits the same type of processing.

R =
[
cos θ − sin θ
sin θ cos θ

] [
εxx εxy

εxy εyy

]
= RT

[
εI 0
0 εII

]
R (3.3)

Despite the full strain tensor having been determined, not all the terms required

in Equation (3.2) are known, so there is a missing value problem. In particular,

dUy/dx cannot be directly extracted from the shear strain, as εxy = dUy/dx+dUx/dy

and both terms of the sum cannot be considered as equal. All other values are

either determined directly from the strain measurement technique, the finite element

shapes or can be calculated using the elastic modulus (i.e. the stress terms). The

case of complex stress/strain relationship, or challenges that can occur when working



78 3.2. Numerical method

with materials where the crystal specific modulus differs from the bulk modulus,

will be tackled in the discussion of this thesis.

To address this missing value problem, the Uy displacement field must be

obtained from the measured elastic strains, and then differentiated with respect

to x. Integration of the strains in order to obtain the displacements was judged

not suitable as the strain field include a discontinuity at the location of the crack,

where the displacement field function is non-continuous (i.e. jump due to the

crack) so cannot be integrated. Instead a finite element approach that does not

require one to know precisely the position of the discontinuity (i.e. crack path

and crack tip) has been applied.

The elastic strain map obtained by diffraction can be considered as equivalent to

the elastic strains of a mesh of square quadrilateral elements where each element is

centred on the measured εxx, εyy and εxy values (Figure 3.7a). The mesh elements

can be defined as plane strain or plane stress depending on the region probed

by diffraction. They have reduced integration formulation; this means that the

elements only have one integration point (i.e. Gauss point) that is established at

each element’s centre, where the diffraction data has been collected.

In a conventional FE simulation, the elastic strains at the integration points

are computed using the displacements of the element nodes. In the analysis

developed here, the compatibility conditions for linear elastic materials are used

to solve the displacement field from the input strain field. Thus, the diffraction-

measured elastic strains are used to find the originating displacement field, which

is required to obtain the J-integral.

Consider the case of a diffraction-measured elastic strain map that is represented

by a FE mesh of N × N quadrilateral 4-node elements, the nodes are labelled as

shown in Figure 3.7b; for each element a set of 3 equations can be defined that links

the element node displacements to strains (one for each strain component), those

are shown in Equations (3.4) to (3.6). This gives a total of 3N2 equations.
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(a)

(b)

Figure 3.7: Definition of the problem for the determination of the displacement field. (a)
Each strain measurement point is at the Gauss point of a reduced integration quadrilateral
element. The aim is to retrieve the displacement at each element node. (b) Each element
node is labelled and the undeformed element sizes are lx and ly.

εxx = [(ux2 + ux3)− (ux1 + ux4)]
2lx

(3.4)

εyy = [(uy4 + uy3)− (uy1 + uy2)]
2ly

(3.5)

εxy = [(ux3 + ux4)− (ux1 + ux2)]
2ly

+ [(uy2 + uy3)− (uy1 + uy4)]
2lx

(3.6)

There are 2 unknown orthogonal displacement values per node, so the total

number of unknowns in the problem is 2(N+1)2. Therefore, any model with more

than 5 × 5 elements will be over-constrained (the problem can be considered over-

constrained when the number of equations is larger than the number of unknowns;

in this case this occurs for 3N2 > 2(N+1)2, i.e. N>5) and so can be solved and

optimized to obtain the displacement field from the strain values. It is important

to note that the elements next to the crack path are excluded from the analysis

in order to avoid defining mesh connectivity where it is inappropriate. Neither
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the crack path nor the crack tip does need to be known precisely so long as no

physically unconnected elements are left connected (i.e. more elements can be

set as unconnected than necessary).

The system of equations can be solved in MatLab when expressed in its matrix

formulation such that MX=B (Equation (3.7)) where B contains the elements’ strain

values, X contains the elements’ node displacements and M ensures the correct

definition of the Equations (3.4) to (3.6). The matrix can be correctly populated as

the element connectivity is known by the MatLab code (i.e. list of the nodes and

element labels and list of the node labels for each element). The elements next to the

crack path do not appear in the matrix equation; if a node is shared by four excluded

elements, no displacement values will be calculated at this node. The size of the

three matrices M, X and B are respectively (3N2;2(N+1)2), (2(N+1)2;1) and (3N2;1).

M



ux1
uy1
ux2
uy2
ux3
uy3
...


=



εxx1
εyy1
εxy1
εxx2
εyy2
εxy2
...


(3.7)

A linear least-square solver with a “trust-region-reflective” algorithm [117] that is

implemented natively in MatLab was chosen. By default, the algorithm evaluates an

approximate solution at each iteration via the method of preconditioned conjugate

gradients (CG); in this case, the CG method was observed to induce noise in the

results. It was therefore replaced by a direct Cholesky factorisation method that is

computationally more expensive, but was found to provide better quality results.

It is interesting to note that theoretically the solution is not unique as different

displacement fields with different amount of rigid body displacement (RBD) or

rigid body rotation (RBR) are valid solutions to the problem. Because of this, the

solved displacement field should be corrected for RBD and RBR using the approach

presented in [105]. The RBD vector is determined as the average vector of the
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displacement field and subtracted from the uncorrected field. The rotation matrix

is then solved for, the Euler’s rotation angles are calculated and the rotation is

corrected. In practice, for all the observed cases, the solver converged on solutions

with negligible quantities of RBD and RBR (less than ×10−3 degrees on rotation

angles and ×10−6 mm RDB) thus making the correction unnecessary.

This method was incorporated within the JMAN Matlab code from Becker et

al. [48] to create JMAN-S (i.e. “JMAN Strain”). The developed code allows one to

use the elastic strain field from a diffraction experiment, without any displacement

data, as an input to calculate the J-integral for a crack. In the calculation of the

J-integral, stresses are obtained directly from the strains, using the crystal elastic

modulus specific to the crystal planes of the diffraction analysis. The dUy/dx term

is obtained from the solved displacement field, and elastic strains are obtained from

the diffraction data. This is acceptable when the material’s bulk elastic modulus

is close to the elastic modulus of the diffracting crystal planes. Cases where the

crystal and bulk elastic moduli differ will be considered in the discussion.

In the case where the experimental procedure does not provide a strain map

on a regular grid, an interpolation step could be used to format the data correctly.

However, in most experiments data are acquired on a regular rectangular grid. A

future development could be to accept non-rectangular elements, so that irregular

maps could be analysed without an interpolation step; this approach then raises

additional difficulty in the definition of the contours and has not been implemented.

In the current form, rectangular (or square) elements of uniform dimension are used.

3.3 Synthetic and experimental datasets

3.3.1 Synthetic dataset

To benchmark the method, a 2-D finite element model of a pure mode I horizontal

edge crack in a plate was created in the Abaqus FE software (version 6.13). Bi-linear,
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four-node, plane stress quadrilateral elements with reduced integration were used

with a linear elastic material model with a modulus representative of an austenitic

stainless steel (E=190 GPa, ν=0.3). Each element was a square of 0.6 × 0.6 mm.

The sample was loaded using displacement boundary conditions, the bottom of the

plate was encastred whilst the top of the plate was uniformly pulled by 150 µm

(Figure 3.8a). The resulting elastic strain field (εxx, εyy and εxy) determined by the

FE solution (Figure 3.8b) at all integration points was exported and used as an

input for JMAN-S. An area of 40 × 40 mm around the crack tip was considered,

with the sampling points lying on a regular grid of step size 0.6 mm.

The accuracy of the method was evaluated by comparing the obtained elastic

strain energy release rate with that calculated directly by the original FE solution.

The quality of the solver result was also investigated.
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(a)

(b)

Figure 3.8: (a)FE model used for generating the synthetic strain dataset. The applied
displacement is shown as blue arrows; crack path is shown as a red line. (b) εxx and εyy

strain fields obtained from the FE model.

3.3.2 Experimental dataset

The experimental application was designed and realised by Dr Chris Simpson

(University of Manchester), the data was made available to this study after the

experiment. The author of this thesis takes no credit for producing the data.

In the experiment, EDXRD was used to obtain elastic strain maps of a 5 ×

5 mm region centred on a fatigue crack tip in a bainitic steel Compact Tension

specimen (W=50 mm, B=10 mm and a/W=0.45 as defined in ASTM standard

geometry [107]; the fatigue crack was introduced prior to the experiment using
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Figure 3.9: Crack growth rate as a function of ∆K obtained at two different R-ratios
of 0.1 and 0.4 for bainitic steel. (C. Simpson, University of Manchester).

standard load shedding, to a maximum stress intensity factor 10.5 MPa.m0.5; this

correspond to 20% of KIc (∼52 MPa.m0.5) for this material.

A 3-D DIC system was concomitantly used to gather images of the specimen

surface of a 7 × 7 mm region centred on the fatigue crack tip. The images had

a resolution of 2048 × 2048 pixels and the camera calibration had a maximum

reprojection error of 0.058 pixels.

Prior to the main experiment, the crack growth rate (da/dN) as a function

of the applied ∆K for the used bainitic steel was determined by Dr Simpson in

an experiment following the ASTM E647 standard [118]. This was done for R-

ratios of 0.1 and 0.4. Little difference is observed between the two R-ratio data

except at low ∆K values (Figure 3.9).

The strain data were obtained at the I12-JEEP (Joint Engineering, Environ-

mental, and Processing) beamline at the UK Diamond Light Source as part of

experiment EE12205. A 100 kN servo-hydraulic Instron machine was used to load

the specimen in situ in the X-ray beam. The path length through the specimen
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thickness was 10 mm and each strain map was a combination of 2 scans: a fine scan,

used next to the crack tip, with a gauge measurement volume of 50 × 50 × 4000

µm; and a coarser scan used in the wider area with a gauge measurement volume of

100 × 100 × 4000 µm. All the results were interpolated onto a regular square grid

of step size 100 µm using a bi-linear interpolator. The diffracting gauge volume was

at the specimen mid-thickness; a plane strain condition could therefore be assumed.

The {110} Bragg diffraction peak was used and treatment of data from the

23-elements EDXRD detector allowed the creation of εxx, εyy and εxy maps using

the pyXe python package1 that uses a technique similar to the one described in

Section 3.2 to retrieve the full strain tensor. The data analysis to produce all the

strain maps was performed by Dr Simpson.

The experiment consisted in taking strain maps and surface images of the

unloaded and loaded sample before applying an overload, after applying an overload

and at different stages of crack propagation, by fatigue, through the overload

affected region. At each step the average crack length was measured using an

elastic resistivity method (ACPD - alternating current potential drop). Data were

obtained from two different samples with two different R-ratio, the R-ratio being

the ratio of maximum load over minimum load applied in one cycle. One sample

was cycled at an R-ratio of 0.1 and the other at a ratio of R=0.4. In each case

the monitored average crack length was used with the analytical solution of the

SIF in a CT specimen in order to apply the same minimal and maximal KI value

on the sample. In the R=0.1 case, Kmin=3 MPa.m0.5 and Kmax=30 MPa.m0.5; in

the R=0.4 case, Kmin=18 MPa.m0.5 and Kmax=45 MPa.m0.5, thus in both cases

the ∆K is identical. This methodology was therefore designed to use different

loads to achieve the same K values throughout the crack propagation steps. At

overload, the applied K was 60 MPa.m0.5 for both samples.
1PyXe is a software developed by Simpson, C. (2016). DOI. 10.5281/zenodo.50185
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Figure 3.10: Loading applied to the two test specimens. The red symbols show the
states where a diffraction map was taken. The number of cycles between each diffraction
maps is indicated above the arrows. (a) Sample cycled at R=0.1. (b) Sample cycled at
R=0.4.

Figure 3.10 displays the load cycles applied to the two samples. At each step,

the fatigue crack was propagated to extend the crack by about 0.5 mm, and the

fatigue cycling was stopped for the strain and 3D-DIC observation. For each of the

diffraction maps, the load and crack length (Figure 3.11a) are known thus allowing

calculation of the theoretical K value from the formula given in the ASTM standard

[107]. The crack growth rate (da/dN) was also determined (Figure 3.11b). After

the experiment, the samples were broken open via fatigue loading and fractography

observations2 confirmed that the crack front was straight.

2Performed by Dr C. Simpson
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(a)

(b)

Figure 3.11: (a) Crack length from notch determined by ACPD for different number of
cycles for the two samples cycled at different R-ratios. More crack length measurements
than diffraction maps were made. (b) Crack growth rate measured via ACPD as a function
of crack length from overload. The main overload (OL) is marked, and an accidental
small overload (OL) is shown in red. Data from C.Simpson (University of Manchester).
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3.4 Results and discussion

3.4.1 Synthetic benchmark results

The JMAN-S method was applied to the FE exported elastic strain field of the

benchmark model. A mask of 4 elements width was applied on the crack path and

extended 2 elements beyond the crack tip. The masked elements are excluded from

the contour integral and the displacement solving step. The mask can be seen on

Figure 3.12a as the white region. This is necessary to define both the start and

end of the integration contour, and more importantly the unconnected regions in

the displacement field solution. The known material properties, detailed previously,

are used for the calculation of stresses from strains.

Solved displacement field quality

The Finite Element strain field with the applied mask was solved, using the method

detailed in Section 3.2, to obtain the originating displacement field. The solver

always converged on a solution; Figure 3.12a shows the Uy displacement field, which

is the most significant displacement for a crack parallel to the x-axis and loaded in

Mode I and the only field used in the later calculation of the J-integral to determine

the dUy/dx component. The FE displacements have been corrected for rigid body

movement, so the displacement at the crack tip is zero.

Comparison of the displacement field that is obtained from the strains with

original displacements in the FE model (Figure 3.12b) shows that the code accurately

retrieved the original displacement values from the strain data at all positions in

the sample. Numerically, the maximum deviation between the solved displacement

and the original FE displacement is around 2 µm with an average error of 0.48 ±

0.31 µm. This degree of accuracy is of course due to the absence of experimental

noise but proves the validity of the approach to solve the displacement fields.
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(a)

(b)

Figure 3.12: (a) Uy displacement field solved from the FE strain data, the white area
is the applied masked used for the displacement solving step. The black rectangle is the
fixed inner J-integral contour and the dotted rectangle is the outer integration contour.
(b) Original FE displacements versus JMAN-S displacements, the red line corresponds to
a 1 to 1 relationship, R2=0.998.
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Figure 3.13: J-integral calculation from FE strain dataset using JMAN-S and original
FE data. The J-integral value is normalized by the original FE J-integral value.

J-integral accuracy and contour independence

The J-integral was evaluated both using JMAN-S on the FE strain field with the

solved displacements, and on the original FE model via Abaqus. Multiple contours

were considered to check for path independency; the outer contours were centred on

the crack tip and extended radially in all directions. In JMAN-S the inner contour

had a fixed size of 4 × 4 mm, also centred on the crack tip (Figure 3.12a). In the

Abaqus FE model, the inner contour is collapsed onto the crack tip.

It is important to note that the JMAN-S method, as with other contour integral

methods, does not need to know the crack tip position precisely. The JMAN-S J-

integral converged (Figure 3.13) within 4 contours with less than 0.5% relative error.

The convergence of the original FE model within 2 contours is shown for comparison.

Effect of uncertainty and binning on J-integral calculation

The benchmark presented in the previous section considers a noise-free dataset

where the strains were directly obtained from an FE model. In experimental strain

measurement techniques, uncertainties are present in the determination of the

strain tensor and are inherent to the strain analysis method. They are originated
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by errors in the peak-fitting/correlation algorithms used and/or parasitic sample

displacements during the experiment. An estimation of the errors in the strain

measurements for X-ray and neutron diffraction data can be found in [88]. Those

errors are estimated to 20 µε for X-ray diffraction [88] and 50 µε for neutron

diffraction [119], those values can be compared to the strains shown on Figure 3.8b

corresponding to an austenitic stainless steel specimen being loaded at its KIc value.

To study the effect of those errors on the J-integral calculation, the previous

FE generated dataset was altered with additive zero mean white Gaussian noise of

standard deviation 20 and 50 µε, which are typical of X-ray and neutron diffraction

respectively [88]. Each strain field (εxx, εyy and εxy) was added to a different random

distribution. This approach is not strictly representative of a real case dataset as

the noise distributions in the different strain fields cannot be considered independent

but suffices to benchmark the effect of uncertainty on the method.

In both cases, the Uy displacement field was successfully solved and the J-integral

converged on a solution. The error in the J-integral was calculated by comparing

the determined value with the original FE value. Figure 3.14 shows the errors for

the different datasets, the error bars are the standard deviation of the measurement

on the contours where the J-integral calculation converged. Even in the most

detrimental case (i.e. neutron diffraction) the achieved accuracy was better than 5%.

Another variable to consider when benchmarking the method is the XRD gauge

area compared to the field of the SIF of the crack. The experimentalist determines

the XRD gauge area to control the number of grains in the diffraction pattern.

Whilst a small gauge area gives a better spatial resolution, it is not always possible

to use it if the material is coarse grained or due to acquisition time constraints (if

fewer grains diffract, the signal intensity is lower and the acquisition time must

be increased). A large gauge area will average the strains over the gauge area

and will impact the J-integral calculation.
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Figure 3.14: Average error in the J-integral for a dataset without noise and two datasets
simulating the noise level present in typical XRD and neutron diffraction datasets (20
and 50 µε respectively).

In order to be able to relate the benchmark results with experimental results,

different gauge area sizes were normalised. As diffraction techniques probe the elastic

strains, it was considered that the measured strains were directly proportional to the

stress intensity factor and the normalisation was achieved by dividing the gauge side

length by the SIF. Although the normalisation uses the SIF that is to be determined

by the technique, this does not pose a problem in most of the configurations where

an estimate of the SIF can be determined prior to the experiment via analytical

solutions or Finite Element modelling.

The J-integral value was determined on noiseless data for 5 different simulated

gauge sizes. The increase in gauge area was simulated by averaging the data points

included in one gauge element. The results are presented on Figure 3.15 where the

error bars represent the standard deviation of the error over 13 different contours.

Even for large gauge areas, the method performs well. This could be because the

method relies on a contour integral that uses data from the far field where the

gradient in strains is less important and it is therefore less impacted by large gauge

areas than crack tip strains where the gradient is steep.

For the type of material used in this benchmark (austenitic stainless steel), the
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Figure 3.15: Effect of diffraction gauge area on the J-integral error. The gauge area
side length (in µm) is normalised by the SIF (in MPa.m0.5).

typical gauge area on specimen surface used for X-ray diffraction techniques would

be between 502 and 1002 µm2. At the critical value of KIc (∼52 MPa.m0.5), the

normalised gauge size is between 1-2 so the expected J-integral error (without

noise) is lower than 0.5%.

3.4.2 Experimental results

Examples of the experimental diffraction map data, obtained at an applied stress

intensity factor of 30 MPa.m0.5 before overload (sample “R0.1” in its first cycle, c.f.

Figure 3.10) and after overload and 20k cycles of fatigue are shown in Figure 3.16.

Qualitatively speaking, the (a), (b) and (c) maps, obtained before the overload,

follow the pattern expected for a horizontal crack loaded in mode I. The effect

of the overload is clearly seen on maps (d), (e) and (f) as it leaves a wake of

residual compressive strains, particularly important in the εyy (d) map as the

crack is loaded in mode I.

Similar maps were obtained for all the steps shown in Figure 3.10 and processed

through the JMAN-S method to calculate the J-integral. The {110} specific
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Figure 3.16: EDXRD strain maps for a theoretical applied K value of 30 MPa.m0.5.
(a)(b)(c) Before overload. (d)(e)(f) After overload and 20k cycles. The original crack path
is shown in white. The crack propagated during fatiguing is shown in red. The overload
was applied on the crack shown in white.



3. J-integral calculation from diffraction mapping 95

modulus of 210 GPa [120] was used in the computation of the stresses; the bulk

tensile elastic modulus for bainitic steel is between 205-210 GPa. For comparison

with the applied stress intensities in the experiments, the J-integral values have

been converted to stress intensity factors using Equation (3.8), which is valid for

plane strain condition and pure mode I loading, where the tensile elastic modulus

is 210 GPa and Poisson’s ratio is 0.3.

KI =
√
J
( E

1− ν2

)
(3.8)

Pre-overload results

The case of the data obtained before the overload will first be treated as their

interpretation is straight forward and provide a good estimate of the method accuracy.

Four different maps are available for the data before overload; they are taken atKmin

and Kmax for the two samples “R0.1” and “R0.4”. For those maps, the measured

SIF value via the JMAN-S analysis is expected to be the same as the applied K

as no significant crack closure should be present. In all the 4 cases, the calculated

J-integral converged and was contour independent (Figure 3.17a). The results are

summarised in Figure 3.17b, in comparison with the applied stress intensity values.

The SIF values determined with the JMAN-S method show good agreement with

the applied stress intensity factors. The uncertainty in the applied value, mostly due

to crack length determination errors, is estimated to be less than ±0.5 MPa.m0.5.

The random error in the stress intensity factor obtained via JMAN-S is taken as the

standard deviation over the last 10 contours, and is less than 2 MPa.m0.5 in all cases.

Data from the benchmark allows evaluation of the expected calculation accuracy.

In this case, the data comes from XRD that is expected to induce an error of

∼0.5% and the normalised gauge size for the experiment linearly varies between

30 and 2 for Kapplied varying between 45 and 3; this should add an uncertainty

between 1.5% and 3%. Considering that the uncertainty can be considered as
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(a)

(b)

Figure 3.17: (a) J-integral contour independence and convergence at different applied
stress intensity factors, the outer contour distance to crack tip increase linearly with each
contour. (b) Comparison of the applied stress intensity factor Kapplied with the JMAN-S
calculated values. Experimental data gradient is 0.93 showing a systematic error of 7%.
The same legend is used in both graphs to clarify which sample the data are from.
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cumulative, the expected accuracy of the JMAN-S results in this experimental case

is estimated between 0.5% and 2%. This is less than the 2 MPa.m0.5 standard

deviation over the different contours.

There is a systematic difference between the applied and calculated stress

intensity factors. This systematic error is of 7% determined from Figure 3.17b

as the difference between the experimental data gradient and the unit gradient.

This may be due to extrinsic effects such as alignment errors in the loading of the

crack, or the difference between the bulk and crystal elastic behaviour, and is the

subject of further investigation and calibration studies. It is difficult to quantify

the effect of error in the elastic modulus on the results as it not only changes the

SIF value calculated from the J value but also changes the stress field calculated

from the measured strains. Here the approximate error in the Young’s modulus

E is of 2.5%; by only considering the calculation of the SIF from Equation (3.8)

and not the strain/stress error this can generate an additional uncertainty of 1.25%

on the results. Nonetheless, the agreement between the expected and measured

stress intensity factors is good.

Overload effect

All the acquired diffraction data were processed in the same way as presented

in the previous section. The {110} specific modulus of 210 GPa was used and

the calculated J-integral values were converted to stress intensity factors using

Equation (3.8). In all cases, the J-integral converged on a solution, was contour

independent and the solved displacement field looked as expected.

Figure 3.18 presents the calculated SIF values for the two samples (“R0.1” and

“R0.4”) determined from the strain measurement using the JMAN-S method. In

all cases, apart for the overload, the applied load was aiming at generating SIF

values of Kmin=3 MPa.m0.5, Kmax=30 MPa.m0.5 in the sample “R0.1” and Kmin=18
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Figure 3.18: Stress intensity factor values determined with the JMAN-S method for
the (a) “R0.1” sample and the (b) “R0.4” sample. The theoretically applied SIF value is
shown as green dotted lines. The red crosses show the values at Kmax and the blue circles
the value at Kmin. The dotted region contains measurements obtained before cycling. An
effect of the crack overload is observed on the subsequent cycles.

MPa.m0.5, Kmax=45 MPa.m0.5 in the sample “R0.4”. At overload, the applied K

was of 60 MPa.m0.5 in both samples.

The size of the plastic zone produced by the overload is estimated by simple

theory (Equation (3.9) considering σyield = 570 MPa) to have a radius ry of 17.6

mm, which is quite substantial. At no point during the experiment has the crack

propagated out of this region; this experiment is the case of a crack propagating

through a changing stress field induced by residual stresses left by the overload.

The effect of the overload on the elastic strain fields of the post-overload loaded

cycles can be clearly observed with a significant reduction occurring on the Kmax

value (Figure 3.19c). In both specimens a reduction of 10 ± 3.5 % in Kmax after
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Figure 3.19: (a) ∆K measured for the two samples at different crack propagation
increments. (b) Kmin value at the different crack propagation steps. (c) Kmax value at
different crack propagation steps. The green dotted lines show the theoretically applied
values.

overload is seen and this even after the crack has propagated by more than 2 mm.

ry = 1
2π
( K

σyield

)2
(3.9)

The 3-D DIC analysis of the surface images was performed by Mr Cinar

(University of Sheffield) using LaVision’s Davis software that implements a Least

Square Matching (LSM) algorithm. The subset size was of 21 × 21 pixels and the

step size between subsets of 5 pixels. For both samples, the image used as a reference

was the sample, loaded at Kmin, before overload. The resulting displacement field

was then analysed by Mr Cinar using the codes and procedure developed in this

thesis (Chapter 2) by considering the surface as plane stress and using bainitic
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Figure 3.20: Stress intensity factor values determined, for the successive observations,
using the method developed in Chapter 2 on the DIC data. (a) “R0.1” sample. (b) “R0.4”
sample. The red crosses show the values at Kmax and the blue circles the value at Kmin.
The dotted region contains measurements obtained before cycling. An effect of the crack
overload is observed on the subsequent cycles.

steel elastic properties of E = 210 GPa and ν=0.3. Some of the results have been

included in this thesis to aid the discussion of the diffraction data analysis.

The DIC determined Kmin and Kmax values at all propagation steps for both

samples are presented in Figure 3.20. The calculated values at the loaded overload

step are not trustworthy as plasticity occurred and the calculation is made using

a linear elastic model. The effect of the plasticity induced by the overload can

clearly be observed on the subsequent cycles; as the DIC reference image was

taken before overload, the calculated K values include the non-recovered (plastic)

deformation, thus shifting both the Kmin and Kmax values upwards. However, the
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Figure 3.21: Comparison of the ∆K values obtained from the DIC data and the XRD
data. The theoretically applied ∆K is shown as a green dotted line. Data at overload are
not shown on the graph.

∆K value remains in the expected range (Figure 3.21), showing that the elastic

deformation applied during cycles is the expected one.

Comparison of XRD and DIC calculated ∆K (Figure 3.21) shows that surface

DIC finds higher values than JMAN-S analysis from XRD. This can be attributed to

the residual stresses within the body (i.e. see Figure 3.16), that must then interact

in a non-linear manner with the applied loading to produce the ∆K experienced

by the crack and measured by the XRD measurements. The DIC approach only

captures the intra-cycle elastic deformation of the surface.

The crack grow rate (da/dN) directly measured by ACPD (Figure 3.11b) can be

compared with the da/dN predicted from the JMAN-S and DIC determined ∆K

(Figure 3.19a and Figure 3.21) using Paris’ law constants extracted from Figure 3.9.

This comparison is shown in Figure 3.22 for both R-ratios of 0.1 and 0.4.

The da/dN obtained via XRD and ACPD shows the same trends whilst the

DIC data predicts a rather constant crack growth rate with no influence of the

overload. For the “R0.1” sample, significant shielding is present in the measured
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stresses after the overload and this progressively recovers when the crack has

propagated more than 0.5 mm. In the “R0.4” sample, no shielding of the da/dN

is observed after the overload.

From these results, one could draw the conclusions that crack closure is present

in the “R0.1” sample and not in the “R0.4” sample and that DIC measurements are

not sensitive enough to detect closure. This is the case if only Kmax and Kmin in the

cycle are considered. However, DIC data was gathered throughout the load cycles

and can be analysed by the same method to retrieve the SIF value at different loads

within each cycles. The full data are not shown here (the SIF values were provided

by Mr A. Cinar), but are summarised in Figure 3.23 as the rate change of the SIF

with respect to load (i.e. dK/dL) for the cycles before and after the overload.

For an open, elastic crack, dK/dL is expected to be constant and is weakly

sensitive to crack length in a compact tension specimen. For clarity, the data of all

the post-overload cycles for each sample have been averaged and the overload cycle

data have been omitted (they are similar to the pre-overload data over the same load

range). The reported values are the average for both loading and unloading, which

were similar. For the “R0.4” sample, there is no significant difference in dK/dL

before and after overload. However, for the “R0.1” sample, dK/dL is significantly

reduced at low load (< 4 kN) after the overload. This demonstrates that crack

closure affects the specimen; at low loads the compressive residual stresses reduce

the effect of the applied load on the crack opening and this is observed in the

development of the displacement field around the crack, which is used to evaluate

the SIF. Similar trends would be expected to be seen in the measurement of crack

opening profile. The direct measurement of the SIF by diffraction is, however, more

sensitive that its evaluation via the surface displacement field.

This analysis would have benefited of the acquisition of tomography data that

would have allowed the precise determination of the crack shape. Calculation

of the SIF values along the crack front from Digital Volume Correlation (DVC)
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Figure 3.22: Comparison of the crack growth rate (da/dN) determined by direct ACPD
measurement and predicted from the JMAN-S calculated ∆K (Figure 3.19), the DIC
calculated ∆K (Figure 3.21) and Paris’ law (Figure 3.9). Data for sample cycled at a
R-ratio of (a) 0.1 and (b) 0.4.

results might be then also be possible, although it is likely that the bainitic steel

microstructure would not provide sufficient tomography contrast.
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Figure 3.23: Rate of change of SIF with load during the load cycles for the two specimens
before and after overload. The data of all cycles for each sample after overload have been
averaged for clarity. The error bars are the larger of either the estimated 5% uncertainty
in SIF or the standard deviation of the averaged values.

3.5 Conclusion

A novel technique is presented to characterize the crack driving force of a crack, as

a J-integral elastic strain energy release rate, from diffraction-measured 2-D elastic

strain datasets. In principle, it can be used with any experimental method that

retrieves the full 2-D elastic strain tensor. The technique has been benchmarked on

synthetic data for the effects of noise and spatial averaging and shown to calculate

the J-integral with good accuracy. The data shown in this chapter should allow

an experimentalist to carefully choose the experimental conditions to optimise

the calculation of the J-integral.

The main interest of the approach is that it does not assume an analytical field.

For diffraction techniques, the field is always elastic, but this can be affected by

residual stresses and non-linear deformation that will impact field fitting techniques.

The critical step is the solution of the equivalent displacement field, using a finite

element approach and the compatibility conditions in linear elastic mechanics, the

FE approach used is noise robust and computationally efficient.

Other integrals, such as the interaction integral or the decomposition method

[51] could be implemented with little extra work to study mixed-mode datasets. The
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analysis of data obtained via EBSD (electron backscatter diffraction) measurements

(e.g. [121]) is also feasible.
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The most mentally deranged people are certainly
those who see in others indications of insanity they
do not notice in themselves.

— Lev Tolstoï The Devil
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4.1 Introduction

The J-integral technique and its application on 2-D cases has been presented in the

previous chapters. A strength of this method is that it can be readily transposed to

3-D cracks to determine the variation of the strain energy release rate along the

crack front, which may not necessarily be straight. Coupled with the experimental

107
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methods of X-ray tomography and Digital Volume Correlation, the 3-D J-integral

can be evaluated on a 3-D experimental displacement field.

The calculation of J-integral values for 3D cracks is a well-established technique

for FE modelling [16, 92, 94]. Calculation of the J-integral from measured

displacement field removes the assumption of the stress/strain field shape that

is required for field-fitting (e.g. [69]). Also it is interesting to note that in the

literature, all cases of SIF measurement from 3-D cracks using field-fitting are

actually made on a set of 2-D slice planes chosen along the crack front.

The method described here is derived from that previously applied to 2-D data

(Chapter 2). It can deal with large datasets (e.g. several tomographs stitched

together), is versatile in terms of sample geometry and material law and it is able

to tackle complex crack paths. It uses standardised FE software to perform the

calculation, to deal with missing data and to define the integration contours.

The technique itself is first presented followed by a benchmark analysis that

is based on the use of synthetic datasets in order to assess the uncertainty in the

calculated J-integral. An experiment to examine straight and corner fatigue cracks,

under static loading, in nodular graphite cast iron is then analysed.

4.2 Method for the analysis of 3-D displacement
fields

4.2.1 DVC analysis
General considerations

Digital Volume Correlation is a feature tracking method, presented in the Chapter

1, which determines the full-field displacement in a 3-D sample from two volume

images of this sample at different load states. In this work, the volume images

are obtained via X-ray tomography. The aim of the DVC analysis is to retrieve

the displacement field with the best compromise between the noise present in the

calculated displacement field and spatial resolution of the matrix of displacement
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vectors; ultimately this is a function of the image quality (i.e. signal to noise

ratio, presence of artefacts, image histogram, etc.) and the size of the trackable

features. The LaVision Davis software (ver. 8.3.0) was used for this purpose. It

uses a subset based approach where the volume is divided into cuboidal (typically

cubic) subsets of known size whose movement and deformation is tracked between

the original and deformed volume image.

Unlike 2-D experiments with DIC, for which it is possible to add a speckle

pattern to the observed surface, the experimental parameters in DVC are harder,

or indeed impossible, to control. Whilst the image quality can be optimised by

the careful choice of imaging parameters (i.e. X-ray energy, pixel size, etc.) and

reconstruction codes, some experimental set-ups can limit the number of projection

angles, which then affects the tomograph quality [122]. Similarly, the sample

chemistry and its distribution can drastically affect the tomograph quality (e.g.

high-attenuation inserts within low-attenuation matrices [123]). Also artefacts

known as ring artefacts [124] are common in synchrotron tomography, they are due

to dead pixels on the scintillators and form large bright rings in the data. Despite

methods existing to attenuate the problem [125], they are a major issue for volume

correlation if present. It is important to note that the effect of artefacts on DVC

is linked to their nature; if the artefact is attached to a feature of the material

(e.g. case of metal artefacts), it could act as a trackable feature and the impact

on DVC will be less. However, artefacts that don’t displace with the material

(e.g. ring artefacts) are particularly detrimental.

The size of the trackable features is also hard to control, some materials such

as bone [65] or graphite [73] will present a microstructure that is well adapted

to achieve good spatial resolution when other materials will not be suitable to

provide good DVC results unless large DVC subsets are used where the size of the

trackable pattern is large compare to the imaged area.
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Because of those reasons and because of the increase in computational complexity

due to the dimensionality of the data, DVC data often lie on a coarser grid than

DIC results, though recently, analysis have been performed on ∼20003 pixel data

with a subset size of 323 pixel in a thermal barrier coating. Similarly, DVC typically

achieves lower accuracy than its 2-D counterpart; for example, with trabecular

bone, that provides a very good quality pattern for DVC, an accuracy of ∼0.1

voxel was observed [126]. This is to compare with accuracy of DIC, that can be

lower than 0.01 pixel, tested on computer generated optimal patterns [35]; the

subset size used in [35] is of 31 pixel.

DVC Analysis Procedure

Prior to the DVC analysis, the raw data for the 3-D volumes typically has filters

applied to it (e.g. median filter) to reduce noise [127] and empty regions around

the sample are masked (i.e. padded with 0 values) using a thresholding approach

so as to prevent the DVC software from attempting to achieve correlation within

void. This reduction in the searchable area can also considerably speed-up the

calculation, which is important for large 3-D datasets where the analysis can be

lengthy (∼a few hours). Compromise can also be made on the image bit depth.

Typically, modern acquisition systems will gather images as 16-bit data (i.e. 65536

levels of grey); for faster processing time and because of RAM limitations, many

authors downscale the data to 8-bit [128] (i.e. 256 levels of grey). The downscaling

is realised after optimisation of the dynamic range of the original volume to limit the

loss of information, however this procedure often uses bins of the order of 200 levels,

so it is clear that a large amount of information is lost in the process. However, no

thorough estimation of the effect of this parameter was found in the literature.

The DVC analysis in this work was performed in the LaVision Davis software,

version 8.3.0. The use of a high-end workstation with multiple CPUs and a large

quantity of RAM is generally required especially as the analysis is run on 16-bit
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image volumes, as the available hardware allowed it. Two subset-based algorithms

are implemented for DVC in this version of Davis; one using Fast Fourier Transform

(FFT) [129] and the other using direct correlation [66]. Both were used, with the

selected algorithm being the one that achieved the best accuracy in a rigid body

displacement test for the data of interest. Additionally, the analysis of a rigid

body displacement test was performed with different subsets sizes; the subset size

that gave the better spatial resolution without failing to correlate in large areas

or giving high errors in the displacement field was chosen. Once the correlation

algorithm and the subset size have been selected, the analysis was run with an

overlap between subsets chosen between 25% and 75% (values allowed by DaVis

software) to improve the spatial resolution of the displacement field. Here again, a

compromise between spatial resolution and computational time must be decided.

Vectors with a low correlation coefficient are then removed in a post-processing step;

typically, a threshold of 0.8 was applied. The censored vectors were not replaced

using the neighbouring displacement field as the FE approach used to deal with

the DVC results is able to tackle the case of incomplete data.

After these steps, the vectors of the displacements in the sample have been

determined and the data lie on a regular 3-D grid which is not fully populated

due to the masking in poorly correlated areas. A mask is also applied in the

vicinity of the crack tip, the size of the mask is chosen by looking at the strain

data and estimating the extent of the abnormally high strain region that signifies

errors in the DVC results.

Crack surface determination

Determination of the crack surface in 3-D is more complicated than for 2-D cases. If

the material microstructure allows the use of small subset sizes, a method similar to

the one presented in Chapter 2 can be used. A region of interest of the data is selected

around the cracked area and the DVC analysis is run on this volume using small



112 4.2. Method for the analysis of 3-D displacement fields

subsets. The outlier strain values in the results can then be use to threshold the data

points belonging to the crack surface. It is important to note that for a 3-D dataset,

this approach can generate a large quantity of data and requires a good hardware

set-up, hence this approach was not used in the current work for 3-D datasets.

Another approach, developed by Cinar [Cinar2015], segments the crack surface

from the 3D displacement field by using an edge detection algorithm based on

the phase congruency method [Cinar2015]. It provides a quick way of evaluating

the crack surface, the resolution of the technique also depends on the size of

the DVC subsets.

Finally, segmentation of the crack directly from the tomographic data is possible

[130]; depending on the material, the pixels containing the crack can be thresholded

using a simple intensity threshold or using more complex methods like watershed

segmentation [131]. For particularly complex materials or challenging data (i.e.

interconnected pores or where intensity levels are affected by beam hardening

artefacts), the crack can be manually segmented by iterating through the 2-D slices

[132], although this process is particularly time consuming.

In all cases, those methods provide a definition of the crack surface as a 3-D

cloud of points. In the current form of the 3-D analysis J-integral technique, only

crack surfaces that are contained in a plane can be dealt with. A plane is therefore

fitted through the cloud of points and the points are projected on this plane to

define a crack surface that is suitable for the rest of the analysis (Figure 4.1).
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Figure 4.1: Qualitative example of the definition of a complex crack surface in 3-D. Axis
units show the position in voxels. The original cloud of points is shown in blue, the crack
projected on the best fit plane is shown in pink. Voxel size is 1.4 µm. Data obtained in a
nodular graphite cast iron sample from Lachambre’s work [133].

4.2.2 Finite Element (FE) treatment

In the original 2-D J-integral analysis method, the crack geometry is defined as

a part of the mesh of DIC subsets. This avoids the need to interpolate the DIC

results onto a different mesh, but there is cost of an increased complexity in the

data processing flow due to the fact that the crack region must be remeshed in the

FE model. In Abaqus, calculation of the J-integral requires a tetrahedron mesh in

2-D and a hexahedron mesh in 3-D; meshing algorithms for hexahedrons are much

more complex than tetrahedron ones and therefore, in the 3-D case, the complexity

cost would be too significant to proceed in a remeshing in a similar manner than

for the 2-D case. The analysis method has been modified to overcome this problem.

In the first step, a finite element model of the tomographed volume of the

specimen is created. This volume is not necessary a model of the full specimen

geometry and only represents the area or interest. The model is registered in

position and orientation with the tomograph (Figure 4.3); this can easily be done as

the specimen dimensions are known and the coordinates of reference points can be

extracted from the tomograph data to aid precise registration. Those reference points
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Figure 4.2: Example of q-vector definition at a few crack front nodes for the crack shown
in Figure 4.1.

can be features of the sample design (e.g. a notch, a sharp corner, a hole, etc.) or

fiducial markers that have been added to the specimen (e.g. metal or ceramic balls).

The planar crack surface determined previously is then added to the model to

permit a faithful definition of the crack path. Although the crack surface, in the

current stage of development, must be contained in one plane, the crack front does

not have to be a straight line. In the case of a curved crack front, a simple Python

script is used with the Abaqus Python engine to correctly define the q-vectors as

perpendicular to the crack plane surface normal and with the crack front tangent

at the point where the q-vector is defined (Figure 4.2).

Next, a 3-D hexahedron finite element mesh is generated on the model (Fig-

ure 4.3), the use of hexahedron mesh is mandatory as the J-integral is not formulated

for other common element types in Abaqus. The mesh density is refined in the

vicinity of the crack tip, aiming for a global mesh density that is close to the DVC

mesh density whilst allowing a sufficiently good mesh quality for FE simulation.

A set of “forbidden” nodes is then defined (Figure 4.3). They represent nodes

where no boundary conditions from the DVC data will be applied (e.g. nodes in

the vicinity of the crack where the correlation coefficient of the DVC data is low).

As in the 2-D case, it is important not to leave free any surface that is not in the
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experimental design; for example, when working with a region-of-interest model

(i.e. model of a volume located inside the sample) all exterior surfaces should be

constrained by DVC-measured displacements.

Finally, the DVC-measured displacement field datasets (stitched together in the

case of multiple tomographs of a large volume) are interpolated onto the nodes

of the finite element mesh. The choice of the interpolator can affect the quality

of the results. In this work two different interpolators have been used depending

on the data. The tri-linear interpolator natively implemented in MatLab is very

computationally efficient and performs well as long as there is no steep gradients

in the displacement field (i.e. with steep gradient the residuals are high). For

other datasets, a neural-network type interpolator can be used; it may necessitate

processing the data by chunks as it is computationally intensive. This applies

Radial Basis Functions (RBF) as neurons and has been developed in MatLab

to use multiquadric or polyharmonic splines as activation functions. It provides

much better interpolation on fields containing steep displacement gradients and

discontinuities. The downside is an increased computation time and memory

consumption. If needed, this interpolation scheme can also be used on large

datasets by dividing them into chunks, a MatLab code automates this process.

The interpolation step is particularly time consuming and must be run on the 3

components of the displacement field. This step has been parallelised and the use

of a high-end workstation can considerably accelerate this step.

Once the displacement field at the position of the Abaqus nodes has been

obtained, this data must be fed into the Abaqus model as boundary conditions

(BC) on the nodes. Because of the amount of BCs in a typical dataset, the Abaqus

Python engine is not suitable to perform this task, instead the Abaqus Input File

system is used. An Abaqus Input File (INP file) is a text file containing keywords

that completely define an Abaqus model (nodes, elements, connectivity, etc.). For

the application developed here, an INP file without the BCs is generated from
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Abaqus and this file is parsed using a Python script to append the BC generated

from the interpolation step in MatLab. The treatment chain is automated in

MatLab from the reading of the DVC result file to the creation of the final INP

file via calls to Python functions from the MatLab code.

The FE model is then run with the selected material properties and the J-

integral values at each defined set of crack path nodes are extracted (Figure 4.3).

For linear elastic materials, it is possible to use the interaction integral technique

to retrieve Mode I, II and III stress intensity factors [94]. The extraction of the

J-integral and/or stress intensity factors from the Abaqus output database file

has been automated in Python.
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Figure 4.3: Analysis procedure of DVC results by Finite Element analysis.
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4.2.3 Synthetic DVC data

Due to the large variety of 3-D datasets that could exist, the benchmarking approach

used in Chapter 2 on 2-D data was not applicable to the 3-D case. Rather than

trying to obtain the most exhaustive benchmark for all 3-D cases, it was decided

to run a benchmark that was tailored to the analysed experimental cases. The

methodology is based on post-treatment of FE data to simulate DVC data from the

experiment and then proceed to their analysis. It is time efficient as the developed

codes can readily be used for other models. It is of interest for the experimentalist

to follow this procedure prior to an experiment so that the achievable precision

in the determination of the J-integral is known.

The first step consists of the creation of a FE model of the tomographed region

of the sample. In addition of the usual mesh refinement in the cracked region, the

mesh should be sufficiently refined at all points to ensure creation of good synthetic

DVC results. As a rule, to provide enough data points for the analysis, it was

observed that the mesh size (i.e. average length of element’s sides) should be at

least half the subset size of the simulated DVC analysis.

In comparison with what was done in Chapter 2, a FE-simulated displacement

field is adjusted to behave as if captured by DVC rather than adjusting an image

using the FE displacement and running DVC on the image. Both approaches will

capture the effect of issues such as steep displacement gradient relative to subset

dimensions or presence of a crack in the material. However, the approach used in

this chapter will not faithfully simulate the presence of noise in the image data.

The FE results are then exported and fed into a MatLab code (“DVC_generate”)

that takes as input a FE displacement field (in mm), a pixel size (in mm/pixel),

a subset size (in pixels) and an overlap between subsets (in %). The MatLab

code determines the position of each subset in the FE results and uses linear

interpolation to determine the displacement vector value at each subset corner.
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The displacement vector attributed to the subset is the average value of each of its

8 nodes displacements. With this approach, the averaging effect of large subsets

and the effect of overlap is correctly simulated. Noise can also be added to the

DVC displacement field as a post-processing if needed.

4.3 Synthetic and experimental datasets

4.3.1 Synthetic dataset

A FE model of a semi-circular corner crack of radius depth 2 mm in a rectangular

volume of 5 × 5 × 7 mm was created in Abaqus 6.13 (Figure 4.4a). The crack

plane was perpendicular to the Z-axis. The mesh size was imposed not to be larger

than 100 µm, this should empirically allow accurate simulation of DVC results with

subsets bigger than 200 µm; this correspond to ∼60 pixels with an experimental pixel

size of 3.25 µm/pixel. The mesh was locally refined in the crack tip vicinity. A linear

elastic material with the properties of nodular graphite cast iron was applied to the

model, the Young’s modulus E was 140 GPa and the Poisson’s ratio ν was 0.27.

The loading was applied as displacement boundary conditions; the top surface

of the model was pulled up on the Z axis by 25 µm whilst the bottom surface was

pulled down on the Z axis by 25 µm (Figure 4.4a, a multiplier of ×5 is applied in

the figure to allow a better visualisation of the crack opening). The stress intensity

factor along the crack front, calculated using Abaqus, varies between 42 MPa.m0.5

and 46 MPa.m0.5 with those loading conditions.

The displacement field from the FE model was exported and used as an input

for the DVC_generate MatLab code with a set pixel size of 3.25 µm/pixel, an

overlap of 50% and subset sizes of 32, 64, 96 and 128 pixels. This treatment

generated different pseudo-DVC results files that were used for the J-integral

calculation. The effect of the MatLab code on the displacement field is illustrated
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(a)

(b)

Figure 4.4: (a) Finite element model of the dataset used for the benchmark. The
colormap shows the VonMisses stresses. The black arrows indicate the direction of the
loading. The dashed line shows the crack front. (b) Section of the Uz displacement field
at the 45◦ section plane.
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Figure 4.5: Example of the effect of the simulated DVC analysis on the original FE
dataset. The loss of spatial resolution and averaging due to the subset size of 1283 pixels
is shown. This profile was obtained for a fixed (X,Y ) position corresponding to a point
on the 45◦ plan at 1 mm behind the crack tip position.

on Figure 4.5 where the loss of spatial resolution can be observed as well as the

averaging effect in the crack tip vicinity.

The process described in Figure 4.3 was used to calculate the J-integral from

the pseudo-DVC results. The crack front position was considered as known and all

the nodes included in a radius of 0.75 mm from the crack front nodes were assigned

to the “Forbidden Nodes” selection. This corresponds to ∼230 pixels with the used

pixel size. The same FE model that produced the pseudo-DVC results was used as

a base for DVC displacement injection. The mesh size was not modified.

4.3.2 Experimental dataset – Static loading of a fatigue
crack in cast iron

Material

The experimental dataset was obtained on custom made nodular graphite cast iron

samples, provided by Prof. Buffière (Mateis, INSA Lyon) and previously studied
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using tomography by Buffière [69, 71]; a similar material was used by Marrow and

Buffière in early studies of fatigue cracks using tomography [134]. The nodular

graphite cast iron used is a ductile material with a Young’s modulus of E=140

GPa, a yield strength σy=315 MPa and a Poisson’s ration ν=0.27. The billet

used to create the samples contains 3.4 wt% carbon and was ferritised at 880◦C

then air quenched. This material is particularly suitable for DVC analysis as it

contains 14 vol% of graphite nodules of average diameter 45 µm that constitute

good trackable features for the algorithm.

Sample geometry

The sample design is shown in Figure 4.6. The machining occurred in two parts;

first the cylinder and thread were made using conventional machining then a CNC

electro-discharge machining (EDM) tool was used to cut the central part of the

sample. Due to the thickness of this part, milling was not an option as it would

have resulted in sample failure.

Two types of samples were produced, one with an edge notch at one corner (EN)

and one with a straight notch (SN), the dimensions of both are shown on Figure 4.6.

The SN geometry was aimed at generating a straight crack and a uniform stress

intensity factor at all position of the crack front whilst the EN geometry was aimed

at generating a more complex, non-linear crack front to challenge the analysis.

Four samples of each type were produced but not all of those were tested. All

the notches were cut by EDM with a wire diameter of 300 µm thus generating a

blunted notch with a tip diameter close to 300 µm.

Original plan & Pre-cracking

The original plan was to perform in-situ fatigue crack propagation at the synchrotron

imaging facility on beam line I12 at the Diamond Light Source, adapters were

machined to allow cycling of the samples on a hydraulic Instron tensile test machine,
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Figure 4.6: Sample geometry used for the experiment. The notch was cut in the region
indicated by the red dashed line. Two types of notches were used: edge notch (EN) and
straight notch (SN).

and preliminary tests were done before the allocated beam time to verify the

conditions for crack initiation. Care was taken in the alignment and the design to

ensure pure mode-I loading and reduced vibrations. Radiography and tomography

was planned to be used to carefully monitor the crack initiation at small steps of

fatigue cycling. However, due to a last minute major failure of the hydraulic pump

for the servo-hydraulic loading rig a few days before the scheduled beam time, the

experiment had to be redesigned within a tight schedule.

The samples were fatigue pre-cracked prior to the experiment then statically

loaded. The fatigue pre-cracking was made on a hydraulic Instron 100 kN tensile
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machine located at the ISIS neutron source (Engin_X beamline), which is at the

same site as the Diamond Light Source. The samples were screwed into a metallic

rod that was fixed in the bottom grip and secured with a lock nut. The top of

the sample was clamped in V-shaped grips. No sliding of the sample in the top

grip was observed during the fatiguing.

Due to their geometry, and the impossibility to monitor crack initiation via

tomography as planned, the sample proved to be complex to fatigue pre-crack.

The blunted notch forces the use of cycling at a relatively high K to obtain crack

initiation in an acceptable number of cycles. As soon as the crack initiates, it

propagates quickly due to the high applied K.

The fatigue cycles were performed at a frequency of 15 Hz in load control

mode; displacement control mode would have been preferable to limit the risk of

sample failure but the waveform controller at Engin_X proved to be capricious

and would not respect the assigned values especially in displacement control mode.

There was insufficient time to retune the PID controller to improve the feedback

in displacement control for these specimens.

For the SN samples, the cycling was made with a R=0.1 and a Kmax value

equals to 65% of the critical SIF in mode I. For the EN sample, the aim was to

obtain a Kmax value of 60% Kcrit at the deepest notch position (∼0.9 mm). The

loads producing those settings were determined using the analytical solution for

a straight edge crack and were input in the machine; the loads oscillate between

3.8 kN and 0.38 kN. The Instron waveform generator was then used to fatigue the

sample in load control mode. Probably due to the age of the machine, the limit

loads were triggered one or two times (depending on the samples) during the cycling

but every time before crack initiation was visible. The limit load was set to 5.0

kN, therefore the maximum plastic zone size due to those overloads before crack

initiation is 0.46 mm according to Irwin’s theory. However, the predicted maximum

plastic zone size of the propagated crack when loaded at 3.8 kN is 4 mm in the SN
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Figure 4.7: EN sample after fatigue loading, the crack is clearly visible at naked eye
and indicated by a red arrow.

sample with the crack length of 2.7 mm and 2.3 mm in the EN sample with a crack

length of 2.4 mm. Therefore, all the material ahead of the crack tip is expected

to have some amount of plastic deformation in it, this could have been avoided in

the original experimental design where crack initiation would have been picked up

early and displacement control could have been used on the I12 Instron.

For both type of samples, pre-tests showed that failure with those loading

parameters occurred after 50k-70k cycles. The samples were therefore fatigued

for 30k cycles then by step of 5k cycles until a crack was spotted on the sample

surface using optical observation with a magnifying glass. An example of a fatigue

crack introduced in an EN sample is shown on Figure 4.7.

Due to the difficulty of controlling crack propagation, several samples were

broken or overly deformed plastically during the pre-cracking stage. Two samples,

one SN and one EN were prepared for the rest of the experiment.
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Figure 4.8: Shimadzu machine in place on the I12 EH2 rotation stage.

Synchrotron X-ray tomography

A monochromatic beam of energy 80 keV was used and radiographs were recorded

using a PCO.4000 CCD camera (2560 × 2160 pixels, 16-bit depth), with optics

selected to image an area of 8.3 × 7.0 mm (i.e. 3.24 µm per pixel). Tomography

was performed with 3000 projections over an angle range going from -75.1◦ to 72.7◦,

thus 32.2◦ were lost compared to a full 180◦ scan. The limited angle tomography

was due to the presence on the rotation stage of a Shimadzu 10kN tensile machine

used to load the sample1 (Figure 4.8).

The reconstruction was performed using a standard back-filtered projection
1The Shimadzu was transported from Oxford to the Diamond Light Source for the experiment.
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algorithm [124]. Additional treatment of the radiographs was needed due to the

bad quality of the scintillator generating very large (10-20 pixels diameter) rings in

the data that could not be corrected for using typical ring correction algorithms.

The approach used here consisted of thresholding out the faulty scintillator pixels in

the projections using an intensity threshold then replacing them using the median

value of the neighbouring pixels. All of the reconstruction process was implemented

in MatLab and parallelized on a 2-GPUs workstation (2 × NVidia Titan X) for

improved computational speed. No specific correction was applied for the limited

angle tomography as the data quality looked sufficient, the reconstruction algorithm

was simply informed of the reduced angular range of the data.

Loading sequence

Prior to the loading, the fatigue precracked samples had to be re-machined to fit in

the Shimadzu in-situ tensile machine used to replace the broken Instron machine.

The 5 kN Shimadzu machine was only equipped with flat grips of maximum opening

7 mm so 15 mm on each end of the samples was machined down on the lathe to a

diameter of 6.9 mm. The material was sufficiently ductile for the grips’ teeth to bite

in it and prevent any slipping during loading. However, gripping a cylindrical shape

with flat grips does not guarantee a good sample to load axis alignment and despite

care being taken when aligning the sample, misalignment was expected in the results.

The original plan was to study the relationship between the fatigue crack

propagation rate and the local crack stress intensity factor values2. This was not

possible due to the failure of the Instron hydraulic rig and so static loading of

the pre-crack had to be used instead. A reference tomograph was obtained at the

pre-load of 50 N followed by a rigid body displacement tomograph (movement of

30 µm) at the same load. The samples were then loaded by steps of 400 N until

the peak load of 4000 N, at each load step a tomograph was recorded. The final
2Additional beam time has been allocated by Diamond in March 2017 to compensate for the

experimental problems, and crack propagation will then be studied.



128 4.4. Results and discussion

load of 4000 N was chosen to exceed the maximum load applied during cycling

(excluding accidental overloads).

4.4 Results and discussion

4.4.1 Synthetic benchmark results

The J-integral results along the crack front for the 4 pseudo-DVC datasets were

exported and compared to the J-integral values obtained in the original FE model at

the same positions. The relative error in % for each of those positions was calculated

and averaged for each data. The data is shown on Figure 4.9 where the error bars

are the standard deviation of the error along the crack front. No relationship was

observed between the error value and the position along the crack front.

An exponential relationship can be observed between the subset size and the

relative error in the J-integral. Those results suggest that one should aim at

using the smallest subset size result possible; this makes sense as small subset size

induces less averaging of the underlying displacement field and therefore produces

more accurate results, especially in the regions where the displacements gradients

are high. In this case, the DVC results were synthetically produced using the

“DVC_generate” MatLab code and the process described in the previous section.

With this method, it is not detrimental to the data quality, in terms of noise, to

produce DVC results with small subset sizes. However, in the case of a real DVC

analysis, the use of small subsets, due to the lower quantity of data included in

them, will increase the uncertainty in the determined field.

In DVC, the relationship between subset size and results uncertainty is also

linked by an exponential relationship due to the loss of information with reducing

subset size, so it is important to perform a rigid body displacement test on the

sample to produce the subset size to uncertainty curve and compare this curve with

the curve obtained in Figure 4.9 in order to determine the best compromise in term
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Figure 4.9: Relationship between DVC subset size and relative error in the J-integral.
The overlap between subsets is fixed to 50% in this case.

of subset size. In the case of nodular graphite cast iron imaged with the pixel size

considered here, a 32 pixels subset size will be chosen. The expected error in the

J-integral will therefore be 1%. This constitutes a non-conservative estimate of

the J-integral error as the displacement field noise has not been considered in the

error analysis. However, as shown in Chapter 2 for 2-D datasets, the FE approach

presented here is robust to image noise and only severe noise (i.e. SNR < 15 dB)

caused an increase in the error of up to 2%.

A similar procedure to the one described here can be used on any sample

geometry and any material, prior to the experiment, to determine the expected

error in the J-integral with the current set-up. This is particularly important

when choosing the imaging parameters.

4.4.2 Static loading of a fatigue crack in cast iron - Results
Crack segmentation

For both the SN and EN samples, the crack was easily segmented from visual

observation of the tomography slices (Figure 4.10). In the SN sample, the crack was

well centred on the notch through all the sample thickness with an average deviation

from centreline of 15 µm and a maximum deviation of 29 µm. The crack depth
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Figure 4.10: Example slice of the tomograph used for the visual crack segmentation.
The radiographs are taken at unload state. (left) straight notch sample, yz-plane, x=2.5
(right) edge notch sample, slice at 45◦ at pre-load stage of 50 N. Slices position is indicated
on Figure 4.11.

through the SN sample is shown on Figure 4.11a, the crack front is straight over

∼3 mm then deviates and is reduced by ∼40 %. In the EN sample, the crack also

propagated from the centre of the notch with an average deviation from the centreline

of 17 µm and a maximum deviation of 32 µm. The crack profile in the EN sample

is shown in Figure 4.11b, the crack front lies on a circle of radius 2.4 mm ± 77 µm.

Those visual detection of the crack path, even if cumbersome to perform, is

considered to be more accurate than crack paths obtained via other techniques,

such a segmentation, and were used as input for the crack definition step when

building the FE model for the J-integral calculation. It can be noted from the

observation of Figure 4.10 that at unload, the SN specimen’s crack appears more

closed than the EN one that remains open.

When the flat surface of the specimen was positioned perpendicularly to

the incident beam, artefacts linked to the limited angle tomography were more

pronounced, generating a kind of “directional wind” in the reconstruction that
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(a)

(b)

Figure 4.11: Crack depth identified by visual observation of the tomographs in (a) SN
sample where the crack length is measured from the notch tip position. (b) EN sample,
the red line represents the notch end position and the blue points represent the observed
crack. Slices presented in Figure 4.10 are shown by a green line.
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can be seen on Figure 4.10 left. However, when the sample was rotated 45deg

from this position, less artefacts were observed (Figure 4.10 right). This is due

to interactions between the sample geometry and the information included in the

missing projection angles but the mechanisms are not fully understood. The use

of an iterative reconstruction algorithm rather than the standard back-filtered

projection approach could reduce the issue.

Digital volume correlation analysis

Digital volume correlation analysis was performed on the 16-bit datasets; a 3-D

median filter of radius 1 pixels was applied on the volumes before correlation for

noise reduction purposes. In all cases the pre-loaded 50 N tomograph was used

as a reference. The exterior of the sample and the cut notch were masked in

the reference tomograph using knowledge of the specimen geometry and MatLab

post-treatment of the data.

The analysis was performed in LaVision’s Davis using the FFT algorithm, with

a final subset size of 323 pixel and an overlap between subsets of 50%. A multipass

approach was used with 2 passes at 2563 pixel then 2 passes at 963 pixel and 2 passes

at 323 pixel. After each pass, the vectors with a correlation coefficient lower than

0.85 were discarded. The DVC results were exported as text files and post-treated

in MatLab to correct for rigid body movement and rotation using the technique

presented in [105] and previously used in this thesis.

A DVC analysis on a known rigid body displacement set was performed on

the SN sample, it is representative of nodular graphite cast iron under the current

imaging conditions and it was therefore not necessary to perform such a test for

the EN sample. The applied displacement value was 30 µm and the retrieved

displacement was of 29.51 µm with a standard deviation over the sample of 1.54

µm, this correspond to an accuracy of ∼0.15 pixel.
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(a)

(b)

Figure 4.12: FE models with the crack definition from the tomographs. (a) SN sample
(b) EN sample, the notch is not modelled and replaced by extending the crack in its plane;
this is equivalent and simplifies the model definition.

For the SN sample, the analysis was performed for 5 different load steps of

800, 2000, 3200, 3600 and 4000 N. For the EN sample, the 3200, 3600 and 4000

N load steps were analysed.

Finite element models

Finite element models of the tomographed region of the samples were created in

Abaqus 6.13. They were registered with the reference tomograph and the crack

path determined from the tomograph was defined in the models (Figure 4.12).
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The models were meshed using hexahedrons of average side length 200 µm, apart

from in the crack path region where the mesh was refined to 25 µm to allow for

better FE calculations and J-integral contour definitions. The material was defined

as linear elastic with the properties identified for nodular graphite cast iron (E=

140 GPa, ν=0.27). The analysis was run a first time with the supposed well-aligned

boundary condition from the experimental loading to obtain a reference value of the

SIF along the crack front at max load (i.e. 4000 N) as the crack geometry was not

standard. The loading was simulated by preventing the bottom face of the model

from moving in the Z direction and by applying a pressure load of 160 MPa (this

corresponds to 4000N over a 5 × 5 mm surface) on the top face of the sample.

The forbidden nodes were defined in the crack vicinity and in areas where

the DVC results were not of sufficient quality. For both samples, this concerned

all vectors within a region of 200 µm close to the sample edges and a region

of 1 mm radius around the crack front. The J-integral contours used for the

calculation of the results were taken in the “free-to-deform” region within the

forbidden nodes of the crack vicinity.

DVC results were interpolated at the location of the FE nodes using a natural

neighbour interpolation algorithm. This takes a weighting average of the natural

neighbours of a point. The natural neighbours are found using Voronoi tessellation

[135]. Natural neighbour interpolation is a good compromise between speed and

accuracy and was judged sufficient here over the neural network technique as the

DVC data was sufficiently smooth.

Abaqus input files with the experimental displacement applied were automatically

created from the MatLab code and solved in Abaqus 6.13. The J-integral results as

well as the stress intensity factor values from the interaction integral were exported

at regular positions along the crack front.
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Figure 4.13: Mode I stress intensity factors along the crack front for the different
loadings. A clear effect of the misaligned loading can be observed. For an aligned loading
of 4000 N, the expected value is around 30 MPa.m0.5

SIF measurements and discussion, SN sample

The SIF values for modes I, II and III were extracted along the crack front for the 5

analysed load steps of 800, 2000, 3200, 3600 and 4000 N. The values are plotted on

Figure 4.13. The first observation is that the SIF value decreases along the crack

front. This is attributed to misaligned loading, and can be confirmed by inspecting

the FE model deformed by the DVC displacements. This is shown in Figure 4.14,

for the load step of 4000 N, where a multiplier of 50× has been applied on the

displacements to allow visualisation of the deformation, which is clearly misaligned.

To highlight the effect of misalignment, the stress intensity factor value at each

side of the sample (i.e. X=0.2 and X=4.8 mm to avoid any surface effect) is plotted

as a function of the mouth notch opening from the DVC results (Figure 4.15a);

the full notch opening vs. KI value is presented for the 4000 N dataset. The

ratio of opening between left and right is constant through load steps and equal

to 2.3 ± 0.19 (Figure 4.15b).

For the 4000 N datasets, the mode I SIF values obtained from the full-field

DVC measurements were compared with FE simulations results (Figure 4.16). Two
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Figure 4.14: FE model deformed by the DVC measured displacements for a load of
4000 N, a multiplier of 50× is applied on the displacement field.

different FE models were used; one considering a perfectly aligned loading and the

other one making use of the left/right misalignment ratio of 2.3 (Figure 4.15b) to

apply a linear profile to the load distribution with total load of 4000 N. In both

cases the predicted values are significantly higher than expected, the misaligned

left/right FE load is however able to capture the same trend as the experimental

data. A possible bending moment due to misaligned loading between the front and

the back of the specimen was however not considered in the simulation and might

reduce the SIF value and bring the FE results and experiment in agreement.

To investigate this further, an approach was used where only the far-field

boundary conditions would be applied (i.e. case of a large “free-to-deform” area).

This was done for the 3200 N and the 4000 N datasets, DVC displacements

were applied only from measurements at a distance of 0.8 mm from the top and

bottom of the tomographed region. No significant difference (∼1.2 MPa.m0.5 in

average for KI values) between the two analyses was found. This suggests that

the dominant effect here is the misalignment, since phenomena such as closure

would be expected to mostly affect the displacements close to crack tip. This
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(a)

(b)

Figure 4.15: (a) Mode I SIF value on each side of the notch as a function of the notch
opening. Two different regimes are observed but no closure can be highlighted. The
complete SIF value vs. notch opening profile is presented for the 4000 N load step. (b)
Left/right opening ratio, the average value is shown as a red dashed line.
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Figure 4.16: Comparison of the mode I SIF obtained for the 4000 N load step data
from the DVC boundary conditions and from two FE models, one with aligned loading,
one using the calculated ratio of 2.3 (Figure 4.15b) to simulate the misalignment. In both
cases the predicted values are too high.

Figure 4.17: Notch opening versus load compared from the experimental data and the
DVC simulations.
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however does not explain the difference between the predicted FE result and DVC

results; additionally, this cannot be attributed to yield as the load of 4000 N has

already been exceeded during pre-cracking.

Figure 4.15a shows that the crack field is elastic and governed by the notch

opening, this is consistent with the statement that the far-field is sufficient to

correctly describe the crack field. The data presented in Figure 4.17 shows a

disconnect between the applied loading and the notch opening. Neither of the

FE models, aligned and misaligned can describe the experimental observation.

There is no reason to question the reliability of the load measurements, and checks

have since been performed to verify the linear response of the load cell. The

implication is that the simple assumption of misaligned load is insufficient, and

the DVC measured displacements provide the best description of the boundary

conditions applied to the test specimen. The simple response of the load cell is

an unreliable description of the loading applied to the misaligned test specimen.

The steep change in the trend observed in the DVC notch opening results might

be interpreted as crack closure, but the similar results using near and remote

displacements suggests that closure is negligible. The change in gradient may

reflect a change in specimen alignment with applied load, This, however, does not

prevent the characterisation of the actual loading of crack by calculation of the

J-integral from the measured displacement field.

When considering the 4000 N load step, it can be seen from the different modes

of stress intensity factor that despite the non-centred loading, the main component

is mode I (Figure 4.18a). Other modes exist but does not have a major contribution,

except as the edge X=5 is approached. In order to validate the analysis method,

the results obtained via the J-integral approach with the interaction integral were

compared with results from Réthoré (Figure 4.18b) using a field fitting approach

described in [46], the analysis was performed by Dr Réthoré, who then provided the

results. This comparison is particularly interesting as the only data in common is the
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original X-ray projections dataset. The reconstruction algorithm used by Réthoré is

the one provided by the ESRF on their website3, the DVC is performed with his own

code, based on a different implementation of DVC than the one utilised in Davis;

Réthoré’s approach considers that all subsets are linked to each other. The SIF

calculation is performed using field fitting of William’s series using a technique that

is fully documented in Lachambre’s thesis [133]. Despite a totally different analysis

chain, the agreement between the results produced by the two methods is clear.

This observation validates the method presented in this thesis. When using the

interaction integral, the method is sensitive to changes in the crack tip position

(as discussed in Chapter 2), this is also the case of the field fitting method and

both methods are on equal grounds with regards to this problem. In terms of

versatility, the FE approach presented here is interesting as it can handle any

crack geometry as long as a model of it can be created. However, in Réthoré’s

approach, complex crack shapes require definition of cutting planes in the data

on which the field fitting is performed, those are cumbersome to define. Also

the FE method can use complex material models (see Chapter 5) that cannot be

described using field-fitting approaches that assume the linear elastic Williams’

series. The FE approach presented here also provide a good noise robustness as the

J-integral contours are taken within the FE area, this reduces the effect of noise

in the DVC data that would affect methods based on direct field measurements

such as shown in Chapter 2 for 2-D examples.

SIF measurements and discussion, EN sample

The same type of analysis was performed on the EN sample data. Due to the

lower compliance of the sample, the loading of the crack was better aligned, this

was verified for the 4000 N load step by comparing the crack opening profile on

the left and right surface (Figure 4.19). A slight misalignment can be observed
3PyHst2 software available at: https://forge.epn-campus.eu/html/pyhst2/
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(a)

(b)

Figure 4.18: (a) SIF calculations for the different modes for the 4000 N load step.
Data obtained using the interaction integral and the method presented in this thesis. (b)
Comparison with the values obtained from the same tomography dataset, using Réthoré’s
DVC analysis and field fitting approach. Réthoré’s data is plotted with symbols, J-integral
data is plotted as lines.



142 4.4. Results and discussion

Figure 4.19: Left and right crack mouth opening displacement on the EN sample at a
load of 4000 N.

with an average ratio between opening profiles of 1.3 ± 0.5, however the shape

of the misalignment is not easily characterizable.

The crack is essentially loaded in mode I (Figure 4.20). The red line showed

on Figure 4.20 is the mode I SIF value for the FE model with applied boundary

load conditions to simulate a vertical loading of 4000 N (i.e. perfect alignment).

The bottom surface of the FE model is not allowed to move in the Z direction

and the top surface is applied a uniform pressure of 160 MPa. The hypothesis

of perfect alignment is expected to give a reasonably good approximation due to

the observations made in Figure 4.19. The mode I stress intensity factor obtained

from the DVC displacement field is consistently ∼4 MPa.m0.5 lower than the stress

intensity for perfect alignment.

A comparison of the Mode I SIF values along the crack front for the three different

analysed load steps is shown on Figure 4.21. Interestingly, very little difference is

observed between the applied load of 3600 N and 4000 N. The significant change

between the mode I SIF value at 3200 N and 3600 N is at this stage unexplained.

The analysis of the DVC data using far field data (DVC displacement only applied
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Figure 4.20: Stress intensity factor values for the different modes in the EN sample
loaded at 4000 N. The red line shows the analytical result for a FE model with the
corresponding load.

Figure 4.21: Mode I SIF for three different applied loads. The change between 3200 N
and 3600 N is at this stage unexplained.
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on 0.8 mm on the top and bottom of the specimen) produced no different results

for the tested cases of 3200 N and 4000 N, the average difference in the mode

I SIF values was of 0.3 MPa.m0.5.

In both experimental samples, the same phenomenon of an unclear relationship

between the measured applied load and the full-field DVC data can be observed. The

change of behaviour for loads higher than 3200 N in both cases is hard to explain.

The data do not show any significant effect of crack closure. An issue with the load

cell measurements is to be considered. This will demonstrate the importance of

full-field methods over analytical calculations. At present, the proposed method

is shown to be able to determine what the crack is actually experiencing with no

a priori knowledge of the applied loading or loading direction.

4.5 Conclusion

In this chapter, a method to calculate 3-D J-integral from DVC results has been

presented. It is based on the processing of the DVC displacement fields using a

FE approach. The different modal contributions can also be extracted using the

3-D interaction integral. The method was benchmarked and was found to be in

good agreement with other approaches like field-fitting. The approach proposed

here has the interest to be versatile in terms of crack shapes and materials models

it can use. It is also noise robust thanks to the FE determination of the fields

where the integral is calculated on.

The application of the method was demonstrated on two experimental datasets

and highlighted the importance of using full-field data when the loading con-

ditions are uncertain.
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5.1 Introduction

Isotropic polygranular graphite is used in the UK’s advanced gas cooled (AGR)

nuclear fission reactors as a neutron moderator and reflector. These are load-bearing

components, keyed in a structure that forms the reactor core [136, 137]. Their

integrity is critical to the safe operation of the reactor. Some future high temperature

nuclear fission reactor systems will also employ polygranular graphite in structural

components [138]. Dimensional change of the graphite, caused by fast neutron

irradiation and thermal gradients, can develop tensile stresses that have the potential

to cause fracture [137]. An improved understanding and knowledge of the criteria for

crack initiation and propagation in graphite under different stress states is important

to support the structural integrity assessment of these graphite components [139].

Graphite is generally treated as a linear elastic material and its structural

integrity is assessed using linear elastic fracture mechanics that assumes brittle

fracture [140–143]. This leads to conservative design in non-irradiated graphite

at least, as it is a quasi-brittle material that can exhibit non-linear mechanical

behaviour [88, 144], development of permanent set after straining [145] and a rising

fracture resistance (J-R curve) with crack propagation [88]. Reports of the latter

are quite variable and appear to depend on the method of study. For instance, two

studies in the same grade of coarse grained graphite used an analysis of the full-field

displacements to obtain the J-integral [47] and direct measurement of the energy

required to extend the crack length [146]; both found a rising R-curve behaviour

(i.e. increase in fracture resistance with increasing crack length) that reached a

plateau after significant crack growth (>50 mm), but differed by a factor of two.

A recent study in a fine grained graphite compared compliance based methods to

measure the critical strain energy release rate with a simple linear elastic fracture

mechanics calculation of the stress intensity factor [147]. Rising fracture resistance

was observed similarly by both analyses with no plateau, though the extent of crack
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propagation was less than 10 mm in this case. Polygranular graphite also exhibits

effects of size and stress state on strength [73], and these are not fully explained

by Weibull-type approaches that consider the relative stressed volumes within a

strain gradient [148, 149]. It has been proposed that some of these differences may

arise from extrinsic factors, such as crack bridging, that may depend on specimen

geometry; these would act to shield the crack tip and reduce the local stress and

strain energy field [150]. Knowledge of the failure criterion in graphite is required

to resolve these issues, as well as better observations of the stresses and strains

that develop in graphite during mechanical loading.

Full-field displacement mapping is a powerful tool to measure deformation

at surfaces. The strain field may be derived from the displacement field, and

displacement field mapping by both DIC and the related technique of electronic

speckle pattern interferometry (ESPI) has been employed for the early detection

and study of fracture nuclei in polygranular graphite [151–154], to which the strain

field is very sensitive. The surface length of observed cracks can be measured and

their depth may be estimated from the opening displacements [151]. Full-field

displacement data also allow characterization of the crack tip field, which describes

the condition for crack propagation. This can be done via field-fitting or J-integral

approaches as presented in the Chapters 1,2 and 4.

Elastic strains can be studied using diffraction to measure the interatomic planar

spacing (see Chapters 1 and 3) and diffraction strain mapping can also be used

to quantify the crack field as a stress intensity factor, and a least-square field

fitting of the theoretical Williams’ series to strain maps has been used to study the

relationship between the SIF value and the growth rate (da/dN) for a fatigue crack

[89]. In Chapter 3, the domain integral method to calculate the J-integral from a

measured crack field [48] was extended to the analysis of diffraction data [155].

Diffraction of X-rays and neutrons has been used to study the tensile and flexural

behaviour of a coarse grained polygranular graphite [88]. The study confirmed
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that tensile strain produced permanent deformation, whilst the behaviour under

compressive loading was essentially elastic. Significantly, the applied tensile strain

reduced the bulk elastic modulus and relaxed the substantial thermally induced

residual elastic strains within the graphite crystals. Both of these effects were

attributed to microcrack development. Microcracking is commonly observed in

quasi-brittle materials, such as graphite [156] and concretes [157], and a microcracked

fracture process zone has been observed ahead of the crack tip in nuclear graphite

[72, 73]. An analogy may be established between the fracture process zone and the

plastic zone in ductile materials [158] as they both dissipate energy and lead to

higher fracture resistance. Fracture process zones can be simulated in structural

integrity calculations using cohesive models, which implement a traction-separation

law, in materials such as concrete [157, 159, 160], graphite [161] and ceramic

composites [162]. Such models are important to bridge the gap between specimen

tests that provide property data, and the predictive simulation of the performance

of larger engineering components.

The structural integrity assessment of nuclear graphite presents some complica-

tions, since its elastic modulus and strength increase with fast neutron irradiation

[137] and decrease with radiolytic oxidation [163], but there are few data for the

effects of irradiation on fracture resistance [164]. Better understanding of fracture

behaviour may increase confidence in structural integrity assessments. However, if

the fracture of irradiated graphite is to be understood, then non-irradiated graphite

should first be addressed. Various fracture criteria for graphite have been proposed

that may define a suitable cohesive model, including stress, strain and energy-based

criteria [146, 165]. Energy-based criteria use thermodynamic principles, whilst strain

and stress criteria have the advantage of being well suited to engineering design.

To determine which criterion provides the most accurate description, detailed

observations of the stress and strain states in the crack tip field are required.
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Three-dimensional observations of deformation and damage through high-

resolution X-ray computed synchrotron tomography and Digital Volume Correlation

(DVC) in polygranular graphite are presented. Polygranular graphite is very well

suited to this type of analysis, as it has significant porosity that is distributed over

a wide range of length scales [73, 88, 137] that provide the necessary "speckle"

contrast for DVC.

In this chapter, the progressive development of the deformation ahead of a quasi-

static propagating crack in polygranular graphite is simultaneously characterised

via synchrotron X-ray diffraction to measure the elastic strain field, and digital

volume correlation of X-ray computed tomographs to measure the total strain field

via the displacement field. The objective is to identify the fracture propagation

criterion for non-irradiated graphite. This would allow more accurate simulation

of fracture and damage nucleation in different specimen or component geometries.

It may also guide the development of test techniques to extract the properties of

irradiated nuclear graphites, which would need to be applied to small, non-standard,

test specimens due to the practical difficulties of obtaining substantial specimens

from operating reactors [166]. The experimental observations provide the crack’s

dimensions and its mode of opening under load in three-dimensions. These are

implemented as boundary conditions in a finite element simulation with non-linear

material properties to describe the microcracking behaviour of graphite, and the

predicted stresses are verified by comparison with the experimental observations

by diffraction. The calculated crack field is then used to obtain the strain energy

release rate in equilibrium with the stable crack as a J-integral, which describes

the criterion for mode I crack propagation.
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5.2 Experimental Details

5.2.1 Material

The material is one of the graphites used in the UK Advanced Gas-cooled Reactor

fleet. Manufactured by Graftech (formally UCAR) and supplied by EDF Energy

Generation, the moulded IM1-24 Gilsocarbon (GCMB grade) polygranular nuclear

graphite has weakly anisotropic properties. Depending on orientation, the reported

Young modulus, E, is between 11.6 and 11.9 GPa, with a Poisson ratio, ν, of 0.2 and

a tensile strength, σt, between 19 to 20 MPa at a strain of approximately 2.5 × 10−3

[167]. The same grade has been studied in previous works by Mostafavi et al. [72,

73, 88, 153]. The graphite in this work was from the same billet as the specimens of

the previous study of Gilsocarbon graphite under tensile and flexural loading [88].

5.2.2 Specimen geometry

The test specimen (Figure 5.1a) was designed to facilitate tomography and diffraction

observations whilst fracture was propagated quasi-statically from a stress concen-

trating notch. Conventional grinding was used to prepare the specimen, except for

the notch that was cut with a tip radius of 0.5 mm by electro-discharge machining.

Loading was applied by driving a vertical steel wedge (10◦ tip angle) into the notch

under displacement control. The vertical side-grooves encouraged straight crack

propagation from the notch tip in a region of near-uniform thickness, and the stiffness

of the specimen was increased by the greater thickness towards the outer edges.

The digitally-controlled loading rig was equipped with a 1 kN load cell (± 1

N precision); the balancing tensile load was taken by an external polycarbonate

tube (internal diameter 50 mm, external diameter 60 mm) that was X-ray and

optically transparent. Previous studies [72, 73] had demonstrated the importance

of wedge alignment for uniform loading of the notch, so a thrust bearing allowed

free rotation of the wedge around the vertical axis. The specimen was also rigidly
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Figure 5.1: (a) The specimen, with wedge inserted, showing a pair of steel balls attached
as fiducial points. The specimen is within the polycarbonate tube of the loading rig,
which has been discoloured by exposure to high energy X-rays (b) Side-view drawing of
the specimen (c) Top view drawing of the specimen (d) Regions of diffraction maps and
tomography within the specimen. The dimensions of a single diffraction measurement
point (“diffracting area”), within the mapped XRD area, are shown.

mounted via its screw thread (M24) to a single-axis horizontal slider. The wedge

was centred in the slot at the start of the experiment, with the aid of radiographs.

Preparatory tests determined the typical crack initiation load and verified that

straight crack propagation was reproducible over distances in excess of 5 mm, which

was satisfactory for the planned experiment. For crack lengths approaching 10 mm

from the notch, there was a variable tendency for the crack plane to deviate.
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5.2.3 Synchrotron X-ray diffraction and tomography

The experiment was conducted at the Joint Engineering, Environmental and

Processing (JEEP – I12) beam line at the Diamond Light Source in the UK

[168]. Radiographs were recorded using a PCO.4000 CCD camera (2560 × 2160

pixels, 16-bit depth), with optics selected to image an area of 8.3 × 7.0 mm (i.e.

3.24 µm/pixel). X-ray diffraction images were recorded using a Thales Pixium

RF4343, 42 × 42 cm detector (2880 × 2881 pixels, 16-bit depth), located at a

distance of 2.55 m from the specimen. At the chosen mono-chromatic X-ray beam

energy (81.04 keV), this distance allowed the collection of Bragg diffraction rings

up to a 2θ angle of about 5.5◦ (i.e. maximum {hkl} of {011} for graphite). Ceria

powder diffraction observations were used to calibrate the detector distance from

the vertical rotation axis of the specimen stage. Slits were used to reduce the

incident X-ray beam to a size of 1.5 × 1.5 mm for the diffraction observations.

They were removed for radiography and tomography. The exposures were 1 second

for each diffraction pattern and 0.3 seconds for radiographs.

Tomographs were recorded with 3000 radiographs over a 180◦ rotation, and a

standard back-filtered projection algorithm [124] was used for the image reconstruc-

tions. For noise reduction, a slice-by-slice 2-D median filter of 1 pixel radius was

applied to the horizontal slices of the reconstructed 3-D volumes using the software

ImageJ [169]. At each observation, three overlapping tomographs were acquired to

record a total volume of 17.0 × 7.0 × 7.0 mm, the overlap between tomographs

was 2 mm in the vertical axis (Figure 5.1d). The maximum path length of X-rays

through the specimen was greater than the dimension of the tomographed volume,

but due to the low X-ray attenuation of graphite, no corrections for the specimen

geometry were applied in the reconstruction of these region-of-interest tomographs.

The diffraction maps were collected in the x-y plane, with the beam oriented in

the z-direction (Figure 5.1d). The measurement points were positioned at 750 µm
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intervals, by translation of the specimen, to map a rectangular region measuring 20

mm in the y direction and 10 mm in the x direction. Due to the beam slits, each

diffracting gauge volume had a 50% overlap at the incident surface with adjacent

measurements. The mapped region was centred horizontally on the notch tip, and

positioned vertically to include the notch tip and the region beyond. Radiographs

of the specimen with the steel fiducial balls attached to its surface were used to

align the notch parallel to the beam.

Computer scripts were used to control the experiment, in particular automating

the detector and specimen movements for the changeover between imaging and

diffraction modes, the diffraction mapping and the collection of consecutive overlap-

ping tomographs. A synchrotron X-ray beam interruption occurred near to the end of

the allocation period of the experiment, and one diffraction map was acquired during

a transient of the X-ray monochromator temperature. This slightly affected the beam

energy, and these data were corrected using the procedure described in Section 5.4.3.

5.2.4 Loading sequence

A reference tomograph and a reference diffraction map were obtained with the wedge

inserted at a pre-load of 8 N. The wedge was then inserted further in displacement

control at a rate of 0.2 mm/min whilst the load was monitored. Visual inspection

of radiographs was used to assess the approximate increment of the crack length,

and the wedge insertion was arrested at constant displacement when the crack

was judged to have propagated a sufficient distance. A set of tomographs and a

diffraction map were obtained of the loaded specimen, which was then unloaded

completely by removal of the wedge, and tomography and diffraction mapping were

repeated. This procedure was cycled to obtain 5 sets of loaded and unloaded data of

a progressively propagated crack, although the available beam time did not permit

the collection of a final set of tomographs of the unloaded specimen in the 5thcycle.
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5.3 Analysis Methods

5.3.1 X-ray Tomography and Digital Volume Correlation

Image thresholding and segmentation methods that are commonly used to quantify

the dimensions of cracks in X-ray tomographs are difficult to apply in nuclear

graphite due to the high levels of connected porosity [73]. Hence, the tomographs

of the loaded specimen were visually inspected, slice-by-slice, to identify the crack

tip position at intervals of 50 pixels (∼160 µm) across the specimen thickness. The

uncertainty in the assessment of crack tip position at each point was conservatively

estimated to be 32 µm (i.e. 10 pixels).

Digital Volume Correlation (DVC) analysis was applied to all tomographs to

retrieve the displacement field relative to the reference tomograph. The 16-bit

images were first converted to 8-bit; the extreme values of the 8-bit range (i.e. 0

and 255) were assigned to the same minimum and maximum grey level values that

were observed in the 16-bit data for all the scans, with the objective of reducing the

potential data loss in this process. Each tomograph was cropped to 2560 × 1536 ×

2112 voxels to remove the majority of the empty volume outside of the specimen.

The DVC analysis was performed using the LaVision DaVis (Version 8.1) software,

employing a multipass FFT-based algorithm; the first pass used cubic subset sizes of

2563 voxels with an overlap between subsets of 75% and the second pass 1283 voxels

with 75% overlap. All points with a correlation coefficient below 0.8 were discarded

(i.e. set to NaN values). For each observation, the 3 overlapping tomographs were

processed separately and the displacement vector data were stitched by averaging

in the overlapped region. On comparison of the average vector representative of

each tomograph in the overlap region, the magnitude of the difference between

vectors was less than 2.0 µm (i.e. 0.6 voxel). This was regarded as a measure of

the uncertainty in the DVC measurement of displacements. The combined dataset

was then corrected for small rigid body displacements and rigid body rotations,
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measured relative to the reference, using the method described in [73]. The final

data have a coordinate system defined such that: the lowest point of the notch tip

is at y = 0 and the y axis is positive towards the bottom of the specimen; the x axis

is positive towards the right, with the notch tip at x = 4.5 mm; and the z axis is in

the X-ray beam propagation direction, with centre of the notch at z = 1.5 mm.

5.3.2 Strain Mapping by Diffraction

The raw diffraction data are images of the Bragg diffraction rings, containing all

reflections to a maximum Bragg angle of ∼5.5◦. An example X-ray diffraction

pattern is shown in Figure 5.2. A large slit size of 1.5 mm was chosen as the

diffraction patterns from smaller slits can be affected by local texture in the coarse

Gilsocarbon microstructure [137, 170]. The (002) ring located at 2.55◦ was of

interest as it has the highest intensity and the anisotropic graphite crystal has its

largest elastic compliance normal to this plane; the effect of tensile loading on this

reflection has been studied previously by Marrow et al. [88] using a cross-correlation

methodology to measure diffraction peak shifts with improved precision. Each

ring centre was determined by ellipse fitting, and then data averaging was done by

binning at 1◦ intervals of azimuth angle, so that for each sector a radial intensity

profile was obtained by integration. The cross-correlation method was applied to

measure the shift of the (002) peak (i.e. the change in ring radius) relative to the

reference diffraction data at the same position on the specimen, so retrieving the

principal strains and their azimuth orientation. A rotation matrix was applied to

the principal strain diagonal tensor to retrieve the strains εxx, εyy and εxy in the

coordinate system of the specimen. This was done for all of the 378 diffraction

patterns that constituted each diffraction map, and the data were visualized using

contour plot methods in MatLab. Strains calculated by this analysis method in

polygranular graphite have a random measurement error of 1.2 × 10−5 [88].
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Figure 5.2: Example X-ray diffraction image for Gilsocarbon graphite, with a line profile
of the measured intensity (16-bit) along the radius at 0◦ at a sample to detector distance
of 2.55 m. The (002) Bragg reflection is marked. The pixel size is 148 µm.

Applied loads may cause movements of the specimen along the direction of the

beam that will have a geometric magnifying or diminutive effect on the diffraction

ring radius [88], which introduces artificial strains. The experiment set-up did not

permit calibration of the specimen to detector distance (e.g. with a ceria reference)

once loading has commenced, so the effects of specimen movements were corrected

for each diffraction data point by direct measurement of the specimen position,

relative to the calibrated rotation axis, using the raw tomography/DVC results.

These had not been corrected for rigid body movements, and so measured the

specimen position in the frame of reference of the synchrotron. The displacements

along the beam were determined by first averaging the DVC-measured displacements

through the specimen thickness in the beam direction. These had a spatial interval

of ∼100 µm, so the obtained 2-D displacement field was interpolated to obtain the

displacement at the exact position of each diffraction measurement. In the previous

study of a tensile test of graphite [88], the corrections for specimen movement

were quite significant due to the flexibility of the load train, but in this case, due

to the high rigidity of the loading jig, the maximum movement was between 6

and 10 µm in the z direction and did not change significantly with applied load.
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Without correction, this movement would introduce a strain bias of approximately

4 × 10−6. There is no measurable error from the positioning reproducibility of the

Pixium detector between diffraction observations; this was measured using image

correlation of diffraction images to be better than 1 µm.

5.4 Results

5.4.1 Load versus crosshead displacement data

The raw data of the load vs. crosshead displacement for the 5 load cycles are

presented in Figure 5.3, in which the red crosses identify the recording of diffraction

maps and tomographs whilst the specimen was maintained under load at a fixed

wedge displacement. The load at these observations was manually recorded, before

and after each mapping and imaging sequence, and did not reduce by more than

12% over each period. Contact between the wedge and the test specimen above 10 N

is apparent in the initial loading of each cycle – the wedge was removed completely

between each cycle. The data are offset in displacement between cycles, which

is attributed to damage that occurred at the contact between the wedge and the

specimen. The reported displacements do not correctly represent the wedge position

in the specimen’s notch during unloading. This is due to friction that allowed slack

movement in the thrust bearing to be taken up when the crosshead displacement was

reversed, before the wedge itself was removed. A software issue affected data logging

during cycles 2 and 3 and fewer load/displacement data points are available to show

the loading curves, so the trend line has been fitted through the available data.
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Figure 5.3: Load – crosshead displacement data for all cycles. Loading is shown with
solid symbols, and unloading with open symbols. For cycle 2 and cycle 3, the loading
curve is traced through the available data using a quadratic best-fit (both R2 > 0.99).
Tomographs and diffraction maps were collected at the points labelled “Load 1” etc.

5.4.2 Tomography and DVC analysis

The radiographs (e.g. Figure 5.4), were adequate to assess the approximate position

of the crack tip during the experiment, but are not sufficiently sensitive for reliable

measurements of the crack dimensions. This was done using the tomography data.

Example sections of a tomograph of the specimen (cycle 3, loaded) are presented in

Figure 5.5. Automatic segmentation of the crack is unreliable due to the high density

of connected pores, so a manual slice-by-slice segmentation was done to provide

a 3-D visualization of the crack. This confirms a straight crack has propagated

parallel to the notch plane. The crack is continuous, with some bridged regions
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Figure 5.4: Radiograph taken at cycle 3 (Loaded), used for approximate monitoring of
crack length during the experiment.

apparent as holes in the crack [150]. Some of the bridges near to the crack tip

may be positions where the crack opening displacement is too small, compared

to the voxel size, to provide sufficient contrast [153].

The crack’s geometry was also measured using a 3-D edge detection analysis

(E-D) that employs a method [Cinar2015] based on phase congruency. Applied

to the displacement field, it is very sensitive to the discontinuity of the crack.

The positional uncertainty depends on the interval between displacement vectors,

which in this case is 100 µm. The crack opening displacements were obtained

from the difference between the closest DVC displacement vectors on either side of

the crack, with an uncertainty that depends on the DVC measurement precision

(i.e. ∼2 µm). Applied to the DVC data (Figure 5.6a), this provides a direct 2-D

measurement of the crack opening profile over the crack plane (Figure 5.6b), and

shows that the crack does not fully close when the load is removed. The crack

length was measured using both the visual analysis of the tomographs (loaded)

and the edge detection analysis of the displacement field (loaded and unloaded).
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Figure 5.5: The crack at cycle 3, loaded. (a) 3-D visualization of the manual segmentation
of the crack (each square on the grid is 320 µm). (b) xz-planar slice (c) yx-planar slice.
The position of slice in (b) is shown as a dotted line in (c). Artifacts due to the “region
of interest” tomography can be seen in the central section of (c), close to the rotation
axis, and also at the mouths of the side-grooves in (b). (d) zoomed view of the crack tip
region, which is outlined by a dashed box in (c). Some crack bridges are indicated in by
arrows in (a) and (b).

Measurements were made of the crack depth from the notch across the specimen

thickness (Figure 5.7a); the standard deviation of the observations provides the

uncertainty in crack tip position, which was around 0.4 mm for both types of

analysis. A good agreement is observed between the two methods for the loaded

crack, but the edge-detection analysis of the unloaded displacements consistently

shows a shorter crack length than the loaded data.

The observations for the loaded crack define its shape (Figure 5.7b). Crack
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Figure 5.6: (a) Example map of the Ux displacement field obtained by DVC of
tomographs (cycle 3, loaded), shown in the xy plane at z=1.5 mm, compared with
(b) edge-detection (E-D) applied to the same displacement field by phase-congruency, the
technique produces a binary image. Pixels detected as part of an edge (i.e. crack) are
shown in yellow. The crack tip position, detected by E-D, is shown as a red circle; (c)
3-D measurement of the crack opening displacements for cycle 3 (Loaded and Unloaded)
using the E-D method. The notch tip is at y=0.



162 5.4. Results

initiation occurred in cycle 1, which is also indicated by the reduction in the

load/displacement gradient observed above 40 N (Figure 5.3), but the crack did

not propagate fully across the specimen thickness; in this cycle the maximum

deviation of the observed crack front from the average crack length (including the

notch depth) was ∼8%, measured using edge detection. There was no significant

propagation of the crack front in the second cycle. This is consistent with the

linear load/displacement trace measured during loading in cycle 2, although in

this cycle the crack developed fully across the specimen thickness to achieve a

more uniform crack length. The load peak in cycle 4 and the load plateau in

cycle 5 indicate further crack extension, which is confirmed by the tomographs,

and although the load/displacement data in cycle 3 are sparse, there is a clear

decrease in the load/displacement gradient above 40 N that is consistent with

crack propagation. In cycles 2 to 5, the maximum deviation of the crack front

from the average crack length, measured by edge detection, was ∼5%, (average

1.7%). The visual analysis of the tomographs shows that the crack was always

within 0.4 mm of the central plane of the specimen, except for cycle 5 where the

crack deviated by up to 1 mm at some positions. In all cycles, the maximum

deviation of the crack plane was less than 17◦, measured over an arbitrary distance

of 2 mm from the crack tip, thus in terms of the closest relevant standard (e.g.

ASTM 647 [118]) the crack was essentially planar.

Two different analysis methods were used to assess the mode I crack openings

(Figure 5.8). The first (DVC) had been applied in previous studies [72] and

measures the difference between the Ux displacements on either side of the crack

in the direction perpendicular to the notch plane. These were obtained at a fixed

position of z = 1.5 mm that is close to the specimen’s central axis, along two 0.4

mm wide bands running in the x direction that are located at approximately 0.4

mm on either side of the crack. The distance between each DVC data point is

∼ 0.1 mm, so 4 points were averaged at each y position. Data points where the
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Figure 5.7: Measurement of the crack length. (a) Average crack depths (measured from
notch tip at y=0), obtained by assessment of the crack tip position by visual inspection
of tomographs and edge-detection analysis of the DVC displacement field. The crack tip
position, assessed from the location of the strain peak measured by diffraction, is also
shown; (b) Crack depth across the specimen thickness, measured under load – the full
symbols show data obtained by edge-detection analysis (measurement error ∼100 µm) of
the DVC displacement field, open symbols show data obtained by visual inspection of
tomographs (measurement error ∼30 µm).
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standard deviation of the averaged points was higher than their average value were

censored. The censored points are less than 1% of the data and arise from poor

DVC correlation; they were preferentially located at the bottom of the tomographs

(probably due to the shape of the X-ray beam) and therefore affect regions where

the tomographs overlapped (shown in light grey in Figure 5.8a and b). The second

method (E-D) used the edge-detection method to identify the discontinuity of the

crack [Cinar2015]; the crack opening displacement was obtained as the relative

displacement between the displacement vectors closest to the discontinuity, so no

data were extracted ahead of the crack tip. Here also, the position z = 1.5 mm

was considered. Both crack opening profiles are quite similar, as shown by the

examples in Figure 5.8a and b, and both show the residual opening of the crack

after unloading that is visualised in Figure 5.6b. The crack tip position is sharply

defined by the edge-detection method, but the DVC analysis shows a significant

zone ahead of the loaded crack tip, several mm in length, with a measureable

displacement difference across the crack plane. Observed previously [72], this has

been attributed to the effect of microcracking in the fracture process zone. It is

not found by the edge detection method, which is sensitive to steeper gradients in

the displacement field. The full-field analysis of tomographs provides 3-D vector

displacement data, so the relative displacements that create mode II and mode III

shearing of the crack faces can also be examined. Measurements were extracted

using the edge-detection analysis, at the crack mouth (i.e. at y = 0) at all z positions

and were averaged (Figure 5.8c). The mode I displacement at this position increases

with crack length. There is no significant mode II displacement in any observation,

nor is there a significant mode III displacement until the final observation at the

longest crack length. Hence the crack is loaded in mode I, except for the final

observation (cycle 5), which has mixed mode loading.
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Figure 5.8: Measurements of the crack opening displacements. The mode I opening
profile was obtained by both direct DVC analysis and edge detection (E-D) processing
of the displacement field. The data are recorded at the centreline position, (z=1.5) in
the (a) loaded and (b) unloaded states (the region where tomographs overlap is indicated
in light grey). In (c) the mode I, mode II and mode III crack mouth displacements are
shown for the loaded state. The data are taken at the notch position (i.e. y=0) averaged
along the z direction.

5.4.3 Diffraction map analysis
XRD strain maps and profiles

The elastic strains εxx, εyy and εxy, measured by diffraction mapping of the change

in the (002) interplanar spacing, are presented in Figure 5.9 for both the loaded

and unloaded states for each of the loading cycles. In the loaded state, there

is a tensile peak in the strain field ahead of the notch that moves further from

the notch with successive load cycles. When unloaded, a region of compressive
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strain extends to approximately the same position. This is shown in more detail in

Figure 5.10, using the strain εxx. The data are the average, at the same distance,

of the elastic strains in a band of 3 mm thickness that is parallel to the notch

plane; this band is identified in Figure 5.10 (see εxx unloaded, cycle 1). The strains

are presented as a function of distance from the crack tip, identified by the visual

examination of the tomographs at that location (i.e. Figure 5.7), for which the

positional uncertainty is approximately 30 µm. The peak strain is, on average,

located at the crack tip position and there is a gradual increase in strain from

cycles 1 to 5. There are tensile strains behind the crack tip when it is loaded,

over a distance that increases to 5 mm as the crack propagates, and these strains

become generally compressive when the load is removed.

Correction for the monochromator temperature transient

The cycle 5 (loaded) data presented in Figure 5.9 and Figure 5.10, was corrected for

a transient of the X-ray monochromator temperature. The synchrotron produces a

white X-ray beam with a range of energy, and a monochromator is used to select a

single energy (i.e. wavelength), with a narrow energy spread. The design used at the

I12 beamline is based on a bent Laue monochromator [171]; the X-ray beam passes

through two silicon crystals which can be bent to change the energy bandwidth

and flux. The monochromator temperature affects the thermal load on the silicon

crystals and therefore the monochromatic X-ray beam energy. The monochromator

is cooled by liquid nitrogen and its normal operation temperature is around -10◦C.

During the experiment a beam failure occurred before the start of cycle 5 (at 1:50

am), and the outage allowed the monochromator to cool. After the beam was

restored (at 3:30 am), the experiment was resumed. A period of 15 minutes was

allowed before data collection resumed, as it was assumed the monochromator

temperature had stabilized sufficiently by this time. However, sensor data extracted

after the experiment (Figure 5.11) reveals the monochromator temperature did not
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Figure 5.9: Diffraction maps for all load and unload states. The region used for the
strain profiles that are presented in Figure 5.10 is defined on cycle1, Unloaded (εxx).
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Figure 5.10: Elastic strain profiles measured by diffraction, presented as εxx, as a function
of distance from the crack tip. Data for the loaded state are shown in full symbols, and
the unloaded state in open symbols. The crack tip position was determined from the
visual observation of tomographs. The expected uncertainty in strain measurement is
1.2 × 10−5. (a) linear axis scale (b) log-log axis scale (loaded data ahead of the crack
tip only, for clarity). The dashed line shows the gradient of the theoretical linear elastic
singularity (1/r0.5).



5. Characterisation of Crack Strain Fields in Polygranular Graphite 169

Figure 5.11: The variation in monochromator temperature with time after the beam
outage. The beam was restored at 03:30. Cycle 5 (loaded) diffraction mapping was done
in period I and tomography in period II. Cycle 5 (unloaded) diffraction mapping was
performed in period III.

stabilize until at least 6:45 am. The period of diffraction mapping of cycle 5 (loaded)

is indicated in Figure 5.11 by region I. Region II shows the collection of the cycle

5 loaded tomographs and region III is the period of cycle 5 (unloaded) diffraction

mapping. During the cycle 5 (loaded) diffraction acquisition, the monochromator

temperature rose by about 25◦C, and its average was more than 50◦C below the

stable monochromator temperature of the previous scans.

The correction for the effect of the transient in the monochromator temperature

on the cycle 5 (loaded) diffraction data, relative to cycles 1 to 4, was realized by

considering that unstressed regions of the specimen should have constant properties

throughout the experiment. Two regions were chosen, measuring 1.5 × 3.75 mm

and located 0.75 mm above the notch tip on each side of the notch, and the 8

measurements in each were averaged to obtain a single value per diffraction map.

The data are presented in Figure 5.12 as the change in d(002) relative to the reference

diffraction map; the error bars are the standard deviation of the measurements.

The data had already been corrected for rigid body movement, using the DVC

of the tomographs, as described in the main text.
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Figure 5.12: The apparent change in d(002) (i.e. ∆d spacing) , relative to the reference
measurement, calculated in unstressed regions for both loaded and unloaded states. The
dashed line is the average for cycles 1 to 4 in the loaded condition.

For cycles 1 to 4 (loaded), the average change in d(002) relative to the unloaded

reference is approximately 3.0 × 10−4 Å. The variations for the unloaded data in

cycles 1 to 4 are negligible, and also for cycle 5 (unloaded) when the monochromator

temperature had stabilised. This bias indicates a geometric effect, caused by a

repeatable change of specimen to detector distance of 0.4 µm when the specimen

is loaded. The movement of 0.4 µm is smaller than the precision of displacement

measurement by DVC of tomographs, and its effect on d(002) is quite small,

producing an equivalent strain of approximately 2.3 × 10−5. The change in d(002)

for cycle 5 (loaded), relative to the average of the previous loaded observations, is

5.3 × 10−4 Å, which is more significant and adds a further strain of approximately

4.0 × 10−5 to all the data. It represents an average monochromatic X-ray energy

change of ∼0.2 eV. The cycle 5 (loaded) diffraction data were corrected uniformly by

adjustment of the X-ray wavelength that was used to calculate d(002). Radiographs

are insensitive to such small changes in beam energy, so no correction was needed

for the tomographs that were recorded during the temperature transient.
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5.5 Discussion

5.5.1 General Discussion

The crack is approximately planar with a reasonably straight crack front (Figure 5.7b)

and it is loaded predominantly in mode I (Figure 5.8c), except for the final

observation at the longest length that has a significant component of mode III

shear. The average crack tip position is identified similarly by both visualisation

and measurement of the crack opening displacements, to within approximately 0.5

mm (Figure 5.7a), so the crack is visualised well by X-ray tomography at 3.24 µm

voxel resolution. The crack opening displacement data show the crack remains

open when unloaded, with an opening that is approximately 20-30% of the crack

opening displacement of the previous loading step (Figure 5.8). This is consistent

with previous measurements [72], and may be attributed to the fracture surface

roughness that prevents full closure of the crack.

The fracture process zone is apparent as a zone of increased displacement ahead

of the loaded crack tip (Figure 5.8), which is shown by the difference between

the edge-detection and the direct DVC measurements. The XRD maps in the

unloaded state show significant compressive strains in the crack wake (Figure 5.9

and Figure 5.10a). The previous diffraction study of tensile loading in graphite

[88] also found a compressive strain change relative to the as-received condition

after the application of small tensile strains. This was proposed to be the result

of relaxation, via microcracking, of the significant thermal residual stresses that

exist in the microstructure after cooling from the high temperature graphitisation

treatment. The observation of compressive strains in the crack wake is further

evidence of a fracture process zone that is damaged by tensile strain. Its size remains

approximately 2 mm as the crack extends. The tensile strain profiles (Figure 5.10b)

for cycles 2 and 3 exhibit the classical inverse square root singularity of an elastic

crack field. However, this cannot be affirmed for cycle 1, 4 and 5. It is expected
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Figure 5.13: Tensile data for Gilsocarbon graphite from [88]. Relationship between
tensile stress and crystal strain, measured for d(002). The red line shows the 2ndorder
polynomial fit, the parameters are shown in Table 5.1.

that non-linear deformation and micro-cracking damage in the fracture process

zone could affect the shape of the elastic crack field.

Table 5.1: Fitted parameters for the 2ndorder polynomial fit to Figure 5.13, the fitted
equation is y = B1x2 +B2x, where y is stress (MPa) and x is strain.

B1 2.94 × 104

B2 9.65 × 107

The objective of the work presented in this chapter is to determine the fracture

criterion for graphite. As the observations of the loaded crack were obtained in static

equilibrium with the applied deformation that caused it to propagate, it is assumed

that the states of stress and strain ahead of the crack tip are representative of this

criterion. The simplest fracture propagation criterion would be a critical strain or

stress [143, 172, 173], which might be assessed at some characteristic distance from

the crack tip. The magnitude of the total strain in the fracture process zone can be

estimated using the mode I displacement difference measured by DVC across the
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Figure 5.14: The crack tip opening displacement, measured by DVC at a distance
of 0.5 mm ahead of the visually observed crack tip, as a function of the average crack
length. The crack tip stress (i.e. the peak stress ahead of the crack tip), σxx, measured
perpendicular to the crack plane is calculated from the XRD determined peak strain, εxx,
using the empirical relationship measured in [88] (reproduced in Figure 5.13).

crack plane at an arbitrary distance of 0.5 mm ahead of the crack tip (Figure 5.14).

The displacement difference has no significant trend with crack length, and it has an

average value of 7.4 µm: measured over a gauge length of 0.8 mm, this represents

an approximate strain of 9.25 × 10−3. This might support a total strain criterion.

However, the diffraction-measured elastic strains ahead of the crack tip increase in

magnitude with crack extension (i.e. the peak strains in Figure 5.10), which suggests

that a constant strain failure criterion is insufficient. A best fit to the relationship

between applied stress and the elastic strain measured by diffraction, obtained in a

tensile test [88] (Figure 5.13), was used to estimate the stress at the strain peak

(Figure 5.14). Both the elastic strain and stress increase as the crack extends, so a

stress criterion is also insufficient to describe the condition for crack propagation.

5.5.2 J-integral calculation of the strain energy release rate

The crack field governs the rate of release of elastic strain energy that is available

for crack extension. It is necessary condition for crack propagation that this exceeds

the energy required to extend the crack by surface creation and associated non-
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reversible damage mechanisms. The elastic strain energy release rate of the strain

field of a crack is described by its J-integral [15]. The displacement field data

obtained by DVC were therefore analysed to calculate the J-integral in the loaded

specimen as the crack was quasi-statically extended, to investigate whether this

described the necessary fracture criteria. The analysis method, which injects the

displacement field into a Finite Element (FE) simulation as the boundary conditions

is presented in Chapter 4. It does not need to assume that the crack field follows

a particular function, such as the singularity of a stress concentration in a linear

elastic material. This is of particular utility for quasi-brittle materials such as

graphite, which exhibits a non-linear stress-strain relationship and a change in

elastic modulus with tensile strain [88].

FE model design

Three-dimensional finite element (FE) models (Abaqus 6.13) of the crack were

meshed with eight-node linear brick elements that used full integration (i.e. 8

integration points per element). The element mesh size was 45 µm in the crack

tip region, increasing to 250 µm at positions remote from the crack tip to reduce

computational cost. Each FE model was registered in position and orientation with

the reference tomograph, and so was also registered with the displacement field

provided by the DVC analysis. A planar crack was defined with constant length

across the specimen thickness, using the average crack lengths measured by the

visual observation of the tomographs. A full model of the test specimen is not

required in this analysis, and the model has the same dimensions as the DVC data

(a figure of the model is shown in Figure 5.15a), which are on a regular 3-D grid of

96 µm intervals (323 voxels). This does not match the FE mesh, so the DVC data

were interpolated onto the FE mesh using a Radial Basis Function (RBF) network

interpolator, based on the techniques described in [174] and coded in MatLab.
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(a)

(b)

Figure 5.15: (a) View of the FE model used for the J-integral calculation. (b) Position
of the forbidden nodes (in red) where no boundary conditions from DVC are applied.

The DVC data were censored (i.e. masked) close to the crack tip where DVC

may give erroneous results due to steep strain gradients and the discontinuity of

the crack [50]; the mask was applied to a volume of 1.5 mm width, centred on the

notch and extending 3 mm beyond the crack tip (the arrangement of the mask is

presented in Figure 5.15b). The FE model calculates the displacements within the

masked region, since the displacements of the nodes at its boundary are provided

by the DVC measurements. The J-integral integration contours are within the

masked region, as the noise in the DVC data did not allow reliable calculation of
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a contour-independent J-integral from the directly measured displacements. No

experimental data from the fracture process zone were used, as it was within the

masked region. The J-integral was calculated over 20 contours to verify contour

independency and the volume integral approach natively implemented in Abaqus

was used [92]. This provided a J-integral evaluation at all the nodes along the crack

front. These were averaged, and the standard deviation, which was greater than

the variation between contours, was used as a measure of the uncertainty of the

J-integral. The analysis makes no use of the applied load-displacement data (i.e.

Figure 5.3). Due to the computationally intensive aspect of the problem, each FE

model was run on a high-end workstation using CPU parallelization over 8 cores.

The J-integral calculations were performed for the displacement fields obtained

in the loaded condition of each cycle. Two material models were implemented:

(i) an isotropic linear elastic model with typical bulk properties of Gilsocarbon

graphite [167] (E=11600 MPa, ν=0.20); and (ii) an isotropic non-linear elastic model

described with a custom UMAT (User-defined MATerial law) coded in Fortran,

which determines the element’s elastic modulus as a function of the maximal

principal tensile strain in the element.

Definition of the UMAT (User-defined MATerial)

A previous study of Gilsocarbon graphite used X-ray tomography and diffraction [88]

to study the non-linear tensile stress/strain relationship, and softening of Young’s

modulus with increasing tensile strain. The Young’s modulus was measured from the

total strain change during unloading via digital image correlation of radiographs, and

crystal elastic strain via the change in interplanar spacing d(002). The relationships

between (i) the tensile elastic modulus and total strain and (ii) tensile stress and

elastic crystal strain are reproduced in Figure 5.16a and Figure 5.16b.

A further analysis of the raw data from that work finds that the crystal modulus

for d(002), measured during unloading from the change in crystal strain with stress,
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was constant and unaffected by the maximum applied stress (Figure 5.16b). Its

average value was 61.2 GPa, with a standard deviation of 6.1 GPa. Single crystal

graphite is most compliant perpendicular to the (002) plane, with an elastic modulus

of 36 GPa [175]. Assuming a random arrangement of graphite crystals within the

diffracting gauge volume, and integrating over all orientations to obtain the average

strain in response to a uniaxial stress, the effective modulus is increased by a factor

of π/2 (i.e. to 56.6 GPa). This approaches the experimental measurements of the

crystal elastic modulus, which may be influenced by the local crystal texture of

the filler particles and matrix. These data support the view that tensile damage

in graphite is affected by the accumulation of micro-cracks that reduce the bulk

elastic modulus [153, 157]. The stress is carried by the crystal lattice, which

has constant elastic modulus.

The effect of strain on elastic modulus was extrapolated by assuming that

microcracking has an equivalent effect as increased porosity, which can be simulated

using the relationship for the change of elastic modulus with porous fraction of

the material [176]. This is described by Equation (5.1) where E0 is the elastic

modulus of a non-porous material, P is the porosity fraction, a is a constant and

n is the power law exponent. For interconnected pores of irregular shapes, such

as observed in polygranular graphite, n=4.12 [176].

E = E0(1− aP )n (5.1)

Gilsocarbon graphite has an initial porosity P0 of 0.18 [47, 73]. Assuming a

linear relationship between the maximum principal tensile strain and the change

in porosity; one can rewrite the relationship as Equation (5.2).

E = E0(1− a(P0 + Aε+B))n (5.2)
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The values of E0, A and B are undetermined, so the relationship was fitted to

the data obtained in [88] using a non-linear GRG solver (within Excel) and the

assumption that a = 1. The fit is compared with the data in Figure 5.16a. The

converged parameters are given in Table 5.2, which shows the parameter B has

negligible magnitude and that the assumption of a linear relationship between strain

and porosity is sufficient, within the data at least. The function was coded as a

UMAT (User-defined MATerial law) for the finite element simulation of Gilsocarbon

graphite, with limits that the modulus was constant at 11.9 GPa with compressive

strain and also constant for tensile strains above 1%. The latter limit was introduced

to avoid numerical instability.

Table 5.2: Fitted parameters (Equation (5.2)) for the effect of tensile applied strain on
the elastic modulus of Gilsocarbon graphite.

E0 28.3 GPa
A 36.34
B 6.8 × 10−7

P0 0.18
n 4.12
a 1

Model quality assessment versus experimental data

The results were assessed by comparison of the σxx stress profiles calculated by FE

with stresses calculated from the diffraction measured strains (εxx) (Figure 5.10)

using the tensile calibration curve obtained in [88] (Figure 5.13). Due to the

diffraction slit size, each XRD data point represents the average stresses in a region

measuring 1.5 × 1.5 mm, projected through the specimen thickness. To allow a

direct comparison, the FE data were binned over a 1.5 mm gauge length with a

moving average (Figure 5.17a), which has the effect of reducing the maximum stress

reported close to the crack tip. The assumption of linear elasticity significantly
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(a)

(b)

Figure 5.16: Tensile data for Gilsocarbon graphite from [88]: (a) Change of Young’s
modulus with applied strain, and the Graphite UMAT for this relationship implemented
in Abaqus. (b) The crystal modulus for d(002) with maximum applied stress, measured
during unloading. The red dashed line shows the average value for all points at 61.2 GPa.
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Figure 5.17: (a) Stress profiles (σxx) perpendicular to the crack plane for cycle 3
(Loaded), presenting a comparison between the XRD data and FE data with constant and
UMAT-defined elastic properties. The positions of the XRD data are measured relative
to the crack tip position defined by the visual observations of the tomographs. The “raw”
data is binned in the x direction over 1.5 mm, this has little effect on the data. The
“binned” data has an additional binning applied on the y axis, it reproduces the averaging
effect of the XRD slit size. (b) A 1-to-1 comparison between the XRD and FE stress data
for all points with a distance ahead of the crack tip. Error in the stresses is estimated
around ±0.8 MPa.

increases the stresses, even with binning, whereas the UMAT provides a generally

good agreement with the experimental data for all the load cycles (Figure 5.17b),

particularly at high stress. The poor agreement at lower stresses in cycle 4 may

be due to DVC errors arising from artifacts in the tomography data for this cycle.

These are ring artifacts, caused by defects in the optical imaging system. They

can come from different issues like dust on the scintillator, the optics and/or the

detector or faulty pixels on the sensor. This generates artifacts at a fixed position

on the radiographs that become rings in the reconstructed image and influence

the DVC measured strains [124].

Strain energy release rates

The J-integral was calculated from the FE simulations, using both a constant elastic

modulus and the UMAT properties (Figure 5.18). Higher values are obtained with

constant elastic modulus due to the higher stresses close to the crack tip compared
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to the UMAT, which reduces the elastic modulus with increasing tensile strain.

The results from the first cycle (Load 1) are unlikely to be valid as the curved

crack front (i.e. Figure 5.7) would reduce the deformation measured by DVC, and

so reduce the calculated strain energy. The ring artefacts that influence the total

strains in cycle 4 affect only the lower stressed regions (Figure 5.17b), and so do

not significantly affect the J-integral calculation. For the last cycle (Load 5), the

shear strains from the significant Mode III loading add to the J-integral, which does

not separate the strain energy contributions of the different modes. To calculate

the mode I strain energy release rate under mixed mode conditions would require

the use of a 3-D interaction integral, which is beyond the scope of the current

work. For cycles 2 to 4, the J-integral strain energy release rate calculated with

the assumption of linear elasticity is substantially higher than the one calculated

with the strain dependent UMAT. The respective average values are of 424 ± 47

J.m−2 and 190 ± 25 J.m−2 (i.e. Figure 5.10). However, with the strain dependent

UMAT, predicted stresses are quite consistent with the diffraction measurements,

thus giving higher confidence in the values determined via this route.

Previous studies of fracture propagation in Gilsocarbon graphite have reported a

range of values of fracture propagation resistance. Direct measurements of the work

of fracture, via the change in specimen compliance with crack length in compact

tension specimens [150], obtained a fracture resistance that rose from 100 to 400

J.m−2 as the crack extended up to 30 mm in length. Computed tomographs showed

the crack front was bowed and also bridged by substantial ligaments of material.

Such significant bridging may introduce a mechanical shielding effect that can

contribute significantly to the apparent fracture resistance [114]. Crack bowing

could also lead to errors in the assessment of crack length, and the consequent

work of fracture, and this may have affected some earlier studies of Gilsocarbon

graphite [146, 177] that relied on surface observations. Significant crack bowing was

avoided in studies of Gilsocarbon that used double-torsion specimens [47], in which
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the fracture resistance to propagate the crack, measured over distances up to 50

mm, reached a plateau of 500 J.m−2. Its separation into the elastic strain energy

release rate and the non-linear inelastic work, by analysis of the load-displacement

traces following the method of Sakai [178], showed the elastic energy component was

constant at around 250 J.m−2. More recently, direct measurements of the total work

of fracture in chevron-notched specimens of Gilsocarbon graphite [179] , reported

values of between 200-300 J.m−2, with an increase with specimen size. Small chevron

specimens do not develop significant inelastic deformation or crack bridging, so

their total fracture energy would be expected to approach the intrinsic toughness of

the microstructure. The elastic strain energy release rate was calculated directly

from the crack field in this study (Figure 5.18), and its value of approximately 200

J.m−2 is quite consistent with the independent measurements obtained in the same

material. It measures the intrinsic fracture resistance of the microstructure, as

graphite is a quasi-brittle material that exhibits no significant plastic deformation.

The total fracture resistance also includes the extrinsic contributions from the

development of redundant microcracking in the specimen that does not contribute

directly to crack propagation, and crack wake processes such as bridging. Both

may depend on the specimen and crack geometry. Wake processes that depend on

friction that may also be sensitive to the mode of crack loading [180].

In summary, the analysis of the experimental data presented in this paper shows

that the mode I strain energy release rate in the crack tip field provides a satisfactory

fracture propagation criterion for polygranular graphite. Direct analysis of the crack

field, as done in this work, serves to measure the intrinsic fracture resistance of the

microstructure. However, to predict unstable fracture propagation in engineering

components, and also to analyse fracture tests to assess material properties, it would

be important to take into account also the redundant damage in the microstructure

and other extrinsic factors that can increase the apparent work of fracture.
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Figure 5.18: Strain energy release rate determined as a J-integral as a function of the
crack length, which was determined via visual observation of the tomographs. The y-error
bar is the standard deviation of the J-integral values along the crack front.

5.6 Conclusion

Tensile strain reduces the elastic properties of polygranular nuclear graphite, and this

reduces the stress field at the crack tip. This has been demonstrated by synchrotron

X-ray tomography, analysed by digital volume correlation, and synchrotron X-ray

diffraction to map the total strain and elastic strain fields of a statically loaded crack.

Finite element simulation, with a suitable material law and directly measured

boundary conditions of the deformation acting on the crack, can be used to calculate

the elastic strain field, which can be expressed as a J-integral. The value obtained

for a mode I crack that is in static equilibrium is the intrinsic fracture resistance

of polygranular nuclear graphite.
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Qu’est-ce qu’il y aurait à la fin si tout était au
commencement ?

— Victor Hugo Notre-Dame de Paris
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6.1 Direct vs. indirect analysis of 2-D and 3-D
displacement fields

6.1.1 Precision and uncertainty in data and material prop-
erties

The techniques presented in this thesis to extract the J-integral from 2-D and 3-D

displacement fields provide a means of obtaining the elastic strain energy release

rate of a loaded crack either by direct calculation from the measured full-field

displacement or indirect calculation from a FE-calculated field that is determined

by using the measured full-field displacements as a boundary condition. Both

approaches calculate fields of strain and stress, which can then be analysed by

185



186 6.1. Direct vs. indirect analysis of 2-D and 3-D displacement fields

field fitting to obtain the stress intensity factor (and hence the J-integral) or via

calculation of the J-integral using the energy domain integral method.

The indirect-FE approach, which is described in Chapter 2 for 2-D cases and

in Chapter 4 for 3-D cases, has the interest of being very robust to experimental

noise, because the J-integral is calculated by the domain integral method over a

FE-driven region where the fields are calculated by the FE solution and are therefore

essentially noise free. This is illustrated in Figure 2.8b, for instance, which shows

no effect of image noise on the indirect-FE method for an applied noise of SNR

45 dB. Direct field-fitting approaches, such as developed by McNeil or Roux [36,

43] are also interesting in their insensitivity to noise as they calculate a “best-fit”

solution to the field (hence the name), thus averaging the effects of noise over the

dataset. Roux’s noise analysis of a field fitting approach [43] demonstrates that

field fitting is very robust to noise. The dominant error is shown to come from

the unknown geometry of the crack (i.e. uncertainty in crack tip position) and

overpowers the noise error by a factor of 10.

The same trend has been observed for the indirect-FE approach in Chapter 2

where the error stays unchanged for image noise lower than 15 dB SNR (very high

noise level) but the crack tip position uncertainty induces more significant errors

(Figure 2.10). The indirect-FE approach seems however to perform slightly better

than direct field fitting with, at comparable crack tip position uncertainties, an

average error of 4 ±2% vs. 7% for Roux’s field fitting technique [43].

Direct-FE calculation of the J-integral, as exemplified by the Becker et al.

JMAN approach [48] is per se theoretically insensitive to crack tip position as the

integration contour does not need to contain the crack tip [15], but is quite sensitive

to experimental noise (as shown in Figure 2.8), and so can only be successful with

very good quality data. For instance, in Figure 2.8, the direct-FE evaluation is

correct for an SNR of 96 dB but not feasible at 45 dB. A good image quality in

an experiment would be expected to have SNR values between 40 dB and 60 dB.
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Despite progress made in image/volume correlation algorithm development, such

as use of the second-order displacement gradients or Newton-Raphson solvers [33,

34], in many cases the noise levels in experimental works are not acceptable for

direct J-integral calculation (e.g. Figure 2.8).

It is possible to use smoothing on the data before field fitting in order to lower

the field-fitting residuals [133], and a similar method could allow direct calculation

of J-integral from smoothed experimental results, but this is less preferable than

using an indirect-FE calculation. This is because in the indirect approach, the

smoothing of the effects of displacement noise is, so to speak, performed by the

FE layer and the calculation is informed by the material properties and continuum

mechanics. Indirect field-fitting of the FE results is not of interest as it does not

present advantages over the indirect-FE approach, it was not considered in this

work. However, more complex hybrid cases are to be considered. For example,

Réthoré and Lachambre’s approach [133] that is used in Chapter 4 and later referred

as a direct field-fitting approach makes use of a DVC algorithm that implements

mechanical regularisation of the results [46] (i.e. the DVC “expects” the material to

behave as linear elastic). This constitutes a form of smoothing and its implications

are discussed in detail in Lachambre’s thesis work [133].

Consequently, either direct field fitting or indirect-FE approaches have to be

used with noisy data. For 2-D datasets, this noise can come from a range of

factors such as the strain magnitude being small compared to image resolution, the

illumination changing during the experiment or surface speckle variations as in the

case of long corrosion tests [181] which have the effect of increasing uncertainty

in the displacement field. In the case of 3-D datasets (e.g. tomographs), DVC

currently presents a level of uncertainty that is an order of magnitude larger than

DIC data (Section 4.2.1; estimated at similar subset sizes in [35, 126], DIC achieved

an accuracy of ∼0.01 pixels and DVC of ∼0.1 voxel) and is unlikely to produce

datasets that direct calculation of the J-integral is able to cope with.
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However, analysis of the same DVC results via direct field-fitting [46, 133]

and indirect-FE approaches have been demonstrated in Chapter 4 on cast iron

samples and both methods give similar values (Figure 4.18b). Synthetic benchmark

predicted an uncertainty of less than 5% for the indirect-FE approach whilst the

uncertainty of the direct field-fitting technique was evaluated to 5-10% in the

benchmarks presented by Lachambre [133].

In the case of uncertainty in the material law, for instance when the measurements

are made within the plastic zone (Section 2.4.2, Figure 2.15 where the J-integral

is evaluated in an Al sample deforming plastically at the crack tip) or when a

microcracked fracture process zone is present ahead of the crack (Figure 5.17

where the stress field ahead of a crack is graphite is affected by the fracture

process zone), both direct and indirect techniques experience issues. In the direct

approach, measured strains are correct as they are derived from the displacement

field but the calculated stresses are erroneous. Hence the direct approach will

return incorrect values of the J-integral. This case was not explored in this

thesis for the presented examples, as the direct approach was ruled out due to

experimental noise. In the indirect-FE case, both strains and stresses in the FE

regions are affected by uncertainty in the material law as they are determined from

the displacement boundary conditions. However, they are self-consistent with the

imposed material law and therefore allow calculation of a contour independent

J-integral value. The sensitivity to errors in the material law can be qualitatively

predicted; for example, when using an indirect-FE approach that assumes linear

elasticity with a material that deforms plastically, one knows that the evaluated

J-integral values will be artificially high.

It is therefore important to seek to correctly define the material law to obtain

meaningful strain energy release rate values for the indirect-FE calculation of

the J-integral. An example of the determination of a ductile metal properties

via comparison of modelling and DVC results can be seen in [182] in which



6. General Discussion 189

Ramberg-Osgood parameters for an Al-SiC composite are determined by optimizing

the residuals between experimental and simulated displacement fields from an

indentation test. In this thesis, an approach is presented in Chapter 5 where

FE calculated stresses are compared to XRD obtained stresses (Figure 5.17) to

validate a non-linear model for the material law. Field fitting suffers the same

problem as the indirect-FE method in terms of sensitivity to an erroneous material

law with the additional drawback that analytic solutions only exist for a limited

number of material laws, such as linear elastic and Ramberg-Osgood laws, so the

field fitting technique cannot be implemented with complex laws. The indirect-FE

method can utilise any material law than can be described in Abaqus including

specific user defined materials (UMAT).

Approaches have been proposed to allow the experimentalist to assess the

accuracy of the strain energy release rate calculation prior to the experiment based

on synthetically deformed images in 2-D or modified FE displacement fields in 3-D;

codes to automate this task have been developed. Those approaches are useful

as they aid the experimental design, they produce displacement fields that can

then be analysed using any of the pre-cited methods.

To sum-up, field fitting is comparable to indirect-FE calculation with linear

elastic materials, since the FE region where the contours are taken from will

reproduce the theoretical fields. However, field fitting implementation complexity

increases when in problems with complex crack fronts, especially in 3-D. To address

this with field fitting, slicing planes have to be defined in the data and the measured

displacements have to be interpolated onto those [133]. The indirect-FE method

utilises the well-established FE methods that have been developed to cope with

complex crack geometries [16]. A major strength of the FE approach developed

in this thesis is also that it can be extended to complex cases such as anisotropic

materials, atypical material laws (e.g. hyper-elastic materials [55]) and presence

of residual stress fields, without additional development costs.
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6.1.2 Mixed-mode loading

The use of the interaction integral to separate modal contributions in 2-D and

3-D cracks is presented in this work (Figure 2.17 & Figure 4.18a). The effect of

mixed mode loading on the crack propagation direction has not been tackled, but

could be done for linear elastic materials using the maximum energy release rate

criterion [10] for example. When looking at mixed-mode cases, the application

of the indirect method presented in this work over the field-fitting approach is

restricted as the interaction integral analysis is limited to linear elastic materials

[94]. However, the indirect-FE approach can handle anisotropic strain/stress

relations (not demonstrated here) which is particularly interesting for some industrial

alloys/materials that have anisotropic properties due to texture (e.g. Inconel 718

[183], cfc-Pu [184] which has a Zener ratio of 7.03, or Ga-As with a maximum

ratio of anisotropy of 1.6 [185], etc.).

6.1.3 Engineering application

The developed method is suitable for the analysis of cracks in real components as

long as DIC (or possibly DVC) data can be obtained on the engineering part in

response to a quantified load variation (e.g. pressure cycle or thermal transient).

This has the potential to better inform structural integrity assessments [186]. Some

industrial facilities are already equipped in DIC systems and perform tomographs

for quality control purposes. Because the developed method uses software widely

applied in industry (i.e. Abaqus and MatLab) its implementation as part of

industrial processes is more straight forward. The versatility and the robustness of

the solution makes this method a good candidate for analysis of real components.

The already existing FE material models of components can be used, as is, but with

full-field measurements rather than estimated boundary conditions thus increasing

the confidence in the predictions of the SIF. The main difficulty of analysing 3-D

datasets compared to 2-D datasets is the increase in computational cost. However,



6. General Discussion 191

the methods presented in this thesis do not require more computation power than

the image or volume correlation analysis itself (respectively for 2-D and 3-D cases).

The FE model calculation times increase with the complexity of the material model,

but this would also be the case for a simple FE simulation.

6.2 Crack closure

Crack closure is a complex problem in the interpretation of fatigue test data and

the prediction of fatigue crack growth rates in engineering components that are

subjected to variable amplitude loading such as overloads. The phenomenon is due

to residual stresses from plastic deformation in the vicinity of the crack [25, 26]

(Figure 3.1). Those residual stresses should only affect the displacement field close

to the crack. This was shown by Beretta et al. in [187] where they investigated

crack closure in a Haynes 230 alloy after fatigue pre-cracking without overload. In

Beretta’s work, DIC was used to calculate the surface full-field displacements and

field fitting was applied on two areas, one including only displacements close to

the tip (“local field”) and a larger area (“global field”). The fitted linear elastic

SIF value using the local field exhibited effects of closure whilst the SIF value from

the global field agreed with the analytical solution (Figure 6.1).

The same approach can be used with the indirect J-integral method by using

either global field or local field boundary conditions to make the calculations.

However, in Chapter 4 (Section 4.4.2) no difference could be found between the SIF

values calculated using local and global field boundary conditions but nor could the

presence of closure have been proven via observations of crack opening displacements.

The question to consider is then; how close to the crack tip do the local field

needs to be assessed to allow the quantification of the effect of closure? In the study

of Haynes 230 [187], an answer is partially given with the closure being highlighted

by a significant difference between the SIF value evaluated from a region of 300
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Figure 6.1: Data from Beretta’s paper on crack closure in Haynes 230 [187]. (a) Two
different area of the DIC displacement fields are used for the direct field fitting SIF
calculation. The red and black regions respectively represent the local and global field
case. (b) Calculated SIF values from the local and global regions at increasing applied
loads and comparison with the analytical solution.

µm centred on the crack tip vs. a region of 600 µm for the global field calculation

(Figure 6.1). In this case, the theoretical plastic zone radius calculated from Irwin’s

theory is of 600 µm. This is representative of Haynes 230 in the given loading

conditions but will change with experimental conditions and materials. Work exists

on simulating the residual stresses of crack closure [86], and the work presented in

Chapter 3 of this thesis shows that these can be measured by diffraction. Further

work is clearly needed to ensure that measurements are performed at length scales

that are relevant to the length scale of the residual stress and deformation.

6.3 J-integral from diffraction strain mapping

The J-integral calculation from diffraction measurements is particularly interesting

when it comes to studying residual stress effects, as the study of the bainitic steel

in Chapter 3 demonstrates their measurement and effect on crack growth rates.

The integration contours are taken on measured strain and stress data, so this

is a “direct” method, a part of the fields used for the calculation are solved by
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enforcing compatibility conditions, which is similar to the in-direct method. The

method is less subject to noise than its displacement based counterpart as strains

are measured directly and are less noisy than those obtained by differentiation of

a DIC displacement field. The solved fields are also expected to bring some noise

robustness in the calculation but this was not formally proved.

The J-integral calculation from diffraction data was demonstrated on materials

undergoing linear elastic deformation when the bulk elastic modulus of the material

and the specific modulus of the diffracting crystal plane are equivalent (Chapter 3,

a bainitic steel where both bulk elastic modulus and {110} specific modulus are

210 GPa is used). This is not the case in all materials, for example in zirconium

[188], the elastic modulus along (0001) is of 124.8 GPa, whilst the bulk elastic

modulus is of 98 GPa. This poses a problem if the fracture behaviour or zirconium

is to be studied by analysis of strain maps obtained from the (0001) diffraction

ring for example. The same case can happen for materials like titanium, which

has a bulk modulus of 110 GPa and crystal moduli that vary between 104 and 146

GPa [188], or graphite (Chapter 5) where in addition of anisotropy there is a large

difference between crystal and bulk properties due to porosity.

For materials where Ebulk (elastic bulk modulus of the polygranular material) is

very different to EXtal (elastic modulus along the diffracting crystal plane direction),

but no non-linearity is observed between the crystal measured strains εXtal and

bulk strains εbulk, the bulk strains can be obtained from measurements of the

crystal strains (Equation (6.1)); hence the bulk elastic modulus can be used to

determine the bulk stress field.

σbulk = Ebulkεbulk
σbulk = EXtalεXtal

}
⇔ εbulk = EXtalεXtal

Ebulk
(6.1)

The J-integral calculation of strain energy can then be performed on equivalent

bulk data generated from crystal data. To this aim, the measured values of εXtal are
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converted to εbulk using Equation (6.1). This ensures consistency as the J-integral

is calculated on equivalent bulk stresses and equivalent bulk strains.

In the cases where a non-linear behaviour exists between the bulk strain and

the crystal strains, a more thorough calibration that covers all the strain levels

observed in the diffraction maps is necessary to define the relationship between

the crystal measured strains εXtal and bulk strains εbulk. Additionally, a material

model must be available to determine the bulk stresses.

In Chapter 5, diffraction data from graphite is presented. It is a complex case

where the bulk and crystal modulus are different but also the bulk modulus shows

non-linearity with increasing strains due to damage (Figure 5.16a). However, the

crystal modulus is not subject to damage (Figure 5.16b). Indeed, an increasing load

causes microcracking that elastically “softens” the bulk but does not impact the

crystal behaviour. The J-integral calculation from those diffraction map was not

presented in this work as discussions on how to tackle this case are still ongoing.

One approach would be to convert the crystal strains to bulk strains using the

calibration data obtained via a uniaxial tensile test [88]. Then to use the bulk

material model to calculate the bulk stresses. One difficulty in this case is that

the complex bulk material, which was defined in Abaqus via a UMAT (Section

5.5.2), is not readily implementable in JMAN-S. It is doable but require additional

work. The calculated strain energy release rate should be equivalent to the one

calculated from a method interested in the bulk data such as DVC results. If this

is not observed, then the calibration might not be sufficiently refined. For example,

in Chapter 5 a uniaxial tensile test is used to obtain the calibration data. It could

however be interesting to have such data for biaxial loadings.



I go on working at science, and in fact I am turned
into a sort of machine for observing facts and grinding
out conclusions.

— Charles Darwin

7
Conclusion

Quantification of the crack fields is necessary to understand failure mechanisms.

This can be achieved through the calculation of the crack strain energy release

rate or stress intensity factor. A method based on finite element treatment of

full-field measurement from image and volume correlation results was presented.

The calculation of the strain energy release rate has been demonstrated for a 2-D

(Chapter 2) and a 3-D (Chapters 4&5) crack via calculation of the J-integral of

the elastic deformation field. The J-integral contours can be calculated in a FE

governed region, driven by DIC/DVC measured boundary conditions to give the

method great noise robustness compared to direct J-integral approaches and similar

to field-fitting approaches. The achieved accuracy is of the same order of magnitude

than field fitting techniques and seems slightly better.

In the case of mixed-mode loading in a linear elastic material, the different

modal contributions can be separated by the use of the interaction integral, this

was demonstrated in 2-D and 3-D cases. Complex strain/stress relationships and

crack shapes can be analysed without increasing the complexity of the analysis, this

constitutes a significant advantage over current field-fitting techniques.
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A method has been developed to calculate the strain energy release rate from

measurements of the elastic strains obtained by diffraction techniques. This is well

suited to the analysis of strain fields that are affected by residual stresses or crack

closure. In the case of materials that exhibit complex crystal strain to bulk stress re-

lationships, a calibration procedure is needed but was not demonstrated in this work.

The combine use of image/volume correlation and diffraction methods on the

same specimen has been demonstrated with an in-depth characterisation of the crack

fields and permits the measurement of the failure criterion in complex materials.



I’m a great believer in luck, and I find the harder I
work the more I have of it.

— Thomas Jefferson
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8.1 Crack propagating through a residual stress
field

The FE package used in this thesis (i.e. Abaqus) offers the possibility to calculate

the strain energy release rate of cracks that have a residual stress field acting on

them. This is promising for the study of crack closure or could be used to study a

crack in a welded joint for example. As mentioned in the discussion, the local/global

approach can be used to quantify crack closure.

Alternatively, it could be interesting to acquire on one sample two datasets

at different length scale with different optical systems. One would be optimized

to retrieve the local field and the other one the global field. This could solve the

problem that in most experiments, the set-up is optimised for the collection of the

global field data and thus give a low spatial resolution of the local field. Another idea,

197



198 8.1. Crack propagating through a residual stress field

which will be explored in this section, would be to use the global field in conjunction

with residual stress measurement from diffraction method. Such an approach could

be implemented on the data presented in Chapter 3 as DIC data and EDXRD data

are available. However, one believes that this experiment could be enriched notably

by the use of tomography and by the collection of additional strain maps.

It would be of interest to design an experiment, similar to the one presented

in Chapter 3, with diffraction being used to map the strain field and tomography

to obtain full-field displacement data. This experiment that would require the

use of synchrotron techniques would allow better understanding of the closure

mechanisms in metals and would propose an approach to study it that could then

be extended to other materials.

The diffraction technique can be chosen to either be EDXRD or XRD depending

on the specimen thickness. XRD has a lower penetration depth than EDXRD

(the monochromator used for XRD reduces the available X-ray intensity); for

instance in stainless steel, XRD cannot penetrate more than 5-10 mm at 100 keV

[189]. The diffraction map will only be representative of the residual stresses in

a gauge volume region; this can be adjusted to acquire maps representative of

the surface or mid-plane elastic strains in the sample. The acquisition of 3-D

diffraction maps (3DXRD) [190] has recently been proven feasible for a Ni-Ti alloy

with more than 15000 grains, this method is still limited to the study of a small

number of grains as spotty diffraction patterns are needed. It is not yet suitable

to relatively large scale fracture mechanics.

The analysed material would ideally have the same crystal and bulk modulus

to alleviate the issues raised in the discussion. The chosen material needs to be

of interest for engineering applications but should not present too much complex

behaviour to start with (e.g. microcracking, fibre debonding, etc.). It also needs

to have a naturally occurring good tomography contrast to allow the use of DVC
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on it. A good candidate could be the cast magnesium alloy (WE43) already

studied by tomography in [182].

The tomography analysis will allow characterisation of the crack path and crack

tip position, thus giving information on its geometry, which can be simulated in a 3-D

FE model. The DVC analysis of the tomography data will provide the displacement

field that can be used both for the strain energy release rate calculations and for the

measurement of the crack opening displacements. This could be done simply via the

edge detection method developed by Mr Cinar [Cinar2015] and used in Chapter 5.

Limited angle tomography will be used due to the necessity to apply in-situ

fatigue loading to the sample. This was proven to be feasible in Chapter 4 and

to allow sufficient quality tomographs to be analysed by DVC. The hydraulic

fatigue rig that was planned to be used in Chapter 4 can be used at Diamond

synchrotron to perform the loading.

As in Chapter 3, the sample can be deliberately overloaded to induce residual

stresses and diffraction maps and tomographs can be acquired before and after

overload and with crack propagation. The residual stress map can be obtained

by comparing the unloaded sample diffraction patterns at a given stage with

the original unloaded sample.

To sum up, diffraction maps of the mid-plane and closer to the specimen surface

will be obtained, as this is where residual stress differences are expected. Tomography

data will provide full-field displacement via DVC analysis, and allow measurement

of local crack growth rates. The SIF values can be calculated using the techniques

presented in Chapters 2 to 4 from: diffraction maps (surface and middle-plane), DVC

without considering the residual stresses obtained from diffraction (as this was done

in Chapter 3), DVC informed of residual stresses (surface and middle-plane). For

the DVC data, the effect of local vs. global boundary conditions can also be studied.

This experiment is more complete than the one presented in Chapter 3 as the

tomography data allow to take into account the 3-D crack shape. Also it should
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give information on whether crack closure only affects the surface and will allow

better understanding of how those effects can be studied by full-field methods.

8.2 Tomography informed modelling

The area of tomography informed modelling is also worth exploring with for instance

multi-phase materials. The case of cement [191] or plastic bonded explosives (PBX)

[192] can be cited as examples where the material contains multiple phases of

different mechanical properties. An example is shown for a cement paste and

PBX in Figure 8.2.

To study a crack propagating in such a material, it is not correct to consider the

material as homogenous. If the indirect J-integral calculation approach is applied

to those materials, the free region need to be aware of the microstructure to yield

correct results. In the case of PBX, a crack will not behave similarly if it is in

the neighbourhood of a high stiffness or low stiffness.

The tomography data can be used with specific image processing software (e.g.

ParaView) to create a FE model where the mesh faithfully defines the material

microstructure and where different material models are affected to the segmented

regions. The correct strain and stresses can then be determined by the FE solution

in the “free to deform” region and the J-integral calculation will provide correct

results. It is important to keep in mind that exact modelling of the microstructure is

computationally expensive and that alternative methods exists to only consider the

microstructure in the areas where it plays a role in the sample behaviour. Such an

approach is presented by Saucedo-Mora with FEMME (multi-scale Finite Element

Microstructure MEshfree fracture model) technique [193].

For such analysis to be possible it is important than the tomograph pixel size

and resolution are sufficient to accurately define both the crack path and the

microstructure. If the crack is very large compared to the microstructure (e.g.
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(a)

(b)

Figure 8.1: (a) Example of the 3-D microstructure of a cement paste sample from
[191]. The cube is 100 µm3, the red regions represent anhydrous cement grains and the
blue regions are pores. (b) 3-D microstructure of a reconstruction of a PBX sample.
Unpublished work by the author in collaboration with Dr C. Siviour (University of Oxford).
The crystals are shown in light green and the matrix in blue.

cast iron sample in Chapter 4), the effect of the microstructure on it will be

reduced and it is not of interest to use a tomography informed modelling approach.

This approach could also be interesting in the case of bio-materials such as bones

where the porosity fraction is high. Here again it is important to understand

what is measured by DVC at the used pixel size and resolution. If the speckle

tracked by DVC is due to the modelled microstructure itself, the DVC results

will inform on the bulk behaviour but will not be suitable to be applied on a fine

microstructure FE model. However, if the DVC is able to track patterns in the

phases themselves, the approach can be used.

Interestingly, the case of multi-materials seems not possible to tackle with

field-fitting approaches as no analytical solution will exist.

8.3 Multi-axial diffraction calibration

To follow the problem raised in the discussion regarding calculation of J-integral

from strain maps in materials where the bulk and crystal moduli are very different,
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it would be worth running a model experiment where first time a calibration curve

is obtained and then maps at known applied SIF values are acquired. This can be

achieved by using a standard CT specimen geometry with a known crack length. The

crack length can be accurately determined by tomography prior to the experiment.

A good candidate material could be Zirconium as is exhibits crystal elastic

anisotropy and texture and is well characterized in literature [188]. The calibration

presented in Chapter 5 for Gilsocarbon graphite is obtained using a uniaxial loading.

However, it could be of interest to obtain a multiaxial calibration map to increase

confidence in the stresses calculated ahead of a crack tip. Indeed, stresses in this

region are multiaxial and the effect on this on the calibration is unclear.

An experimental design such as the bi-axial loading device (Figure 8.2a) de-

veloped by Erinosho [194] could be used for this purpose. They can be used with

some specimen geometries (Figure 8.2b) that are meant to generate a range of

multi-axis loadings that are identified from FE simulation and allow characterisation

of the material with a limited number of tests. The obtained calibration than be

used with the approach described in the discussion to convert measured crystal

strains to bulk strains and calculate the bulk stresses. The SIF values obtained

from those maps with the method presented in Chapter 3 can be compared with

data from the analytical solution. It is important to note that this experiment,

to be performed, requires the use of a synchrotron facility.

The experiment in itself (i.e. validation of the technique) will not provide novelty

on the characterisation of zirconium but would pave the way for the application

of the JMAN-S technique to a larger range of engineering alloys.
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(a)

(b)

Figure 8.2: (a) Biaxial loading set-up as designed by Erinosho et al. in [194]. (b)
Perforated cruciform specimen used by Cooreman [195]. The specimen allows generation
of a range of strain states within the hachured region.
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It wasn’t my war!

— John Rambo
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