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ABSTRACT

Ensuring safety and stability is critical when using reinforcement learning (RL) to control safety-critical systems.
However, model-free RL algorithms usually suffer from low sample efficiency, and employing widely-used
methods like dual ascent to solve constrained RL problems may be challenging due to their sensitivity to
hyperparameters. To address these difficulties, in this work, we first propose an augmented Lagrangian-based
method to maintain safety and stability through state-wise control Lyapunov function (CLF) and pre-defined
control barrier function (CBFs) constraints in non-constrained Markov decision process (non-CMDP) settings.
To handle tasks without pre-defined CBFs, we extend this method by training a barrier certificate jointly with
the control policy, supported by theoretical guarantees to ensure monotonically improved control performance.
Moreover, we investigate the issue of infeasibility arising from the presence of multiple state-wise constraints.
A practical algorithm, Neural ordinary differential equations-based Lyapunov-Barrier Actor-Critic (NLBAC),
is further designed by integrating the proposed method with the Soft Actor-Critic (SAC) and leveraging
neural ordinary differential equations (NODEs) for system modeling. Comparisons with baselines and ablation
experiments demonstrate that our algorithm achieves superior performance in terms of safety and driving the
system towards the desired state with higher sample efficiency.

1. Introduction

Random explorations, inherent in most reinforcement learning (RL)
algorithms, may lead to actions with catastrophic consequences. Thus,
ensuring safety in RL has become a focal point in recent research
[1,2]. Many existing safe RL approaches use constrained Markov de-
cision process (CMDP) settings [3-5], and various techniques have
been proposed, including trust region policy optimization [6,7], and
primal-dual update [8-10]. However, these approaches enforce safety
constraints as cumulative costs along trajectories over time, while
many real-world applications require enforcing safety at each individ-
ual state [11]. State-wise safety is particularly important in safety-
critical applications such as autonomous driving and robotics, where
even a single violation can result in irreversible consequences [12]. For
example, in autonomous driving tasks, an RL-controlled self-driving car
may prioritize maximizing the reward over ensuring safety by driving
at high speeds, and without efficient safety constraints, this can greatly
increase the risk of collisions. Importantly, unlike the cumulative safety
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constraints used in CMDPs, which allow temporary violations as long
as the cumulative safety cost remains within a threshold, collision
avoidance must be enforced at every time step to ensure safe operation.

Other examples include robotic manipulation, where enforcing
state-wise constraints is essential for preventing damage to hardware,
ensuring human safety, and maintaining operational constraints. A
robot handling fragile objects must release them only when placed on
a stable surface; otherwise, improper release may cause irreversible
damage [11]. Additionally, in drone navigation, preventing unsafe con-
ditions such as sudden altitude drops necessitates the strict enforcement
of instantaneous safety constraints.

Despite the necessity of enforcing safety constraints at every indi-
vidual state, many existing constrained RL methods rely on the dual
ascent update, which is primarily applied to ensure constraint satisfac-
tion for CMDPs. Furthermore, this approach may require sophisticated
hyperparameter tuning and a long training process to obtain satisfac-
tory results, mainly because of its sensitivity to hyperparameters like
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learning rates [13]. This may result in many safety violations during
learning.

An increasing focus has emerged on integrating control approaches
with RL to help ensure safety [14]. Concepts like safe set algorithm
(SSA) [15], constraint decay function (CDF) [16], Hamilton-Jacobi-
Bellman(HJB) equation [17], model predictive controller [18], and
control barrier function (CBF) [19-25] have been employed to enable
safety in RL. However, in many previous studies [19,20,26], a physics-
based control-affine nominal model of the system is required. Also,
requiring the pre-defined CBF to be affine with respect to the state [19],
or using the continuous version of the CBF despite computing control
actions in discrete time [20,23], could potentially limit the applicability
of these algorithms.

Previous studies employing neural barrier certificates [27-30] have
demonstrated promising results in reducing safety violations, and such
methods are effective in tasks involving adversarial attacks, which
require a robust training process [31], as well as in tasks demand-
ing probabilistic safety guarantees due to model uncertainties [32].
However, many of them require system models, precise labeling of
safe and unsafe states, and the condition that time derivatives should
be negative to learn neural barrier certificates, while safety labels are
usually given by human demonstrations [27,28] that can be rough in
practice, or by certain functions [33] with additional computation for a
separate safe policy and relevant conditions. In [32], extra computation
is required for distributional RL, while in [29], the barrier function
condition is defined based on the expected value, and thus some unsafe
states can still be visited.

In addition, maintaining stability is significant in many tasks, and
the Lyapunov framework has found application in learning [34,35].
In [36,37], Lyapunov functions are used in model-free RL to help guar-
antee stability, though facing the potential problem of having relatively
low sample efficiency. Taken together, ensuring both state-wise safety
and stability with RL-based controllers is essential for achieving reliable
performance in safety-critical systems. Most existing approaches in
constrained RL focus on either safety or stability in isolation. How-
ever, purely safety-focused RL methods can lead to overly conservative
policies [2], resulting in lower rewards, extended trajectories, and
potentially suboptimal task completion. Conversely, stability-focused
RL methods risk violating safety constraints, which can have severe
consequences in safety-critical applications. A long-standing challenge
in combining both aspects is the issue of infeasibility caused by im-
posing both safety and stability constraints simultaneously [38], and
addressing this challenge efficiently is crucial for enabling more reliable
RL applications across a wide range of tasks.

Sample efficiency is another critical aspect that needs to be consid-
ered in RL. Conventional model-free RL algorithms often exhibit lower
sample efficiency compared to model-based approaches. Moreover,
reliable models of systems can offer valuable guidance for maintaining
both safety and stability in controlled agents. However, when em-
ploying neural networks to directly approximate the transition, there
is an implicit assumption that all data is collected with the same
discretization step. Consequently, all predictions can only be made with
that discretization step as well. Inspired by the fact that many physical
systems are modeled by differential equations, neural ordinary differ-
ential equations (NODEs) [39] can be leveraged to approximate the
real dynamics [40]. However, these earlier studies integrating NODEs
with RL did not take safety and stability of the controlled system into
consideration, and the tendency for approximation errors to propagate
remains.

Some previous studies [41,42] investigate state-wise constraints by
adapting common CMDPs to special subclasses of CMDPs. However,
these methods are still developed within a CMDP framework, limiting
constraints to be formulated solely based on the instantaneous cost of
the state-action-transition tuple. To address the limitations of existing
methods, this work departs from CMDP-based RL approaches by di-
rectly incorporating state-wise constraints like discrete-time CBFs with
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high relative degree, which requires multiple future states, and neural
Lyapunov and barrier certificates with theoretical guarantees in non-
CMDP settings. Compared to other CBF-based methods that often rely
on specific assumptions about the constraints’ form, such as linearity
for quadratic programming solvers [19,20], our method accommodates
tasks with diverse dynamics and pre-defined CBFs without such re-
strictions. Importantly, the infeasibility issue that arises from applying
multiple state-wise constraints simultaneously is explicitly investigated
in this work. The schematic of the proposed algorithm is shown in Fig.
1. Detailed contributions made in this work are:

1. With control Lyapunov function (CLF) and pre-defined CBFs,
we propose a method to achieve state-wise stable and safe RL in
non-CMDP settings by using the augmented Lagrangian method
(ALM). Also, we investigate the infeasible states from which the
controlled system’s approach towards the desired state, driven
by CLF, will cause immediate safety violations due to the task
setting, and then design an additional RL-based backup controller
to achieve and maintain safety while encouraging exploration at
such infeasible states.

2. For tasks without pre-defined CBFs, we first prove that the
cumulative discounted value of a specifically defined signal is
a barrier certificate. We then propose a policy update method
whose constraint is such a barrier certificate which is easy to train
in a principled way without requiring additional expert demon-
strations. We further theoretically prove that the set of states
where safety is maintained monotonically expands if the control
policy is updated according to the proposed method because of
the barrier certificate, and show the monotonic improvement of
the control performance in terms of the cumulative discounted
reward, which will finally converge to an optimal solution under
certain assumptions. Moreover, the infeasibility caused by the
addition of CLF is also studied, and we show that the controlled
system will learn to avoid those infeasible states as training
proceeds.

3. We provide a practical implementation called Neural ordi-
nary differential equations-based Lyapunov-Barrier Actor-Critic
(NLBAC) by combining the proposed method with Soft Actor-
Critic (SAC) [43] where policy, value, Lyapunov and barrier (if
no pre-defined CBFs are available) functions are approximated by
multi-layer neural networks. This algorithm alleviates the prob-
lem of large error propagation that is challenging for model-based
RL by applying NODEs for modeling and using a shorter predic-
tion horizon compared to those in many previous model-based
RL studies. We further evaluate our algorithm in four widely-used
tasks. The results indicate that NLBAC achieves satisfactory per-
formance in reducing safety violations and driving the controlled
system towards the destination with higher sample efficiency.
Ablation studies show better performance of the ALM for non-
CMDP constrained RL problems compared to the widely-used dual
ascent update.

Compared to our previous work [26], this paper removes the need
for a nominal model, and we make changes to the update of Lagrangian
multipliers to avoid extra hyperparameter tuning. The QP-based backup
controller in [26] is replaced with an RL-based backup controller when
pre-defined CBFs are used, making the algorithm directly applicable
to tasks with nonconvex constraints. Also, different from [26] and our
workshop paper [44], an integration with neural barrier certificates
is provided here, together with theoretical analysis. We also present
comparisons to more baselines in more tasks, and ablation studies
comparing ALM to the dual ascent update are also included.
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Fig. 1. Schematic of the proposed NLBAC algorithm, which includes a Lyapunov network for stability, pre-defined CBFs or neural barrier certificates for safety, and neural ODEs
for modeling. The algorithm operates as follows: If pre-defined CBF is available, both safety and stability constraints are applied during the training of the primary controller
network, while the backup controller network is trained with only the safety constraint to handle the issue of infeasibility. If no pre-defined CBF is available, the safety constraint
is imposed by using a neural barrier certificate, and the policy without pre-defined CBF is trained together with the stability constraint. The output junction denotes that action
signals are computed by one of the two policies, depending on the availability of pre-defined CBF.

2. Preliminaries and problem statement
2.1. Preliminaries

2.1.1. Markov decision process

Consider a Markov decision process (MDP) defined by the tuple
M= X, V,T,r,y). X C R" and ' c R™ are state and control input
spaces which are both bounded, and x, € X is the state at time 1,
u;, € U is the control signal at time #,. The reward is denoted as r, and
y is the discount factor. 7 denotes the dynamics. For a system with
dynamics

(€Y

by fixing the control signal to u, between consecutive times #, and #,,,
we have:

X, = (x4,

Tl

FOpu )y, @

=X, +
Tk

.

following (1).

2.1.2. Safety
Here we first define the following subspaces [45].

* X,io: Set of states where safety violation occurs.

* Xirec: Set of states x ¢ X, but under any controller, the
trajectory starting from x, = x will enter &, at least once
with a positive probability, i.e., Vz € II, 3k > 0, such that
Pr(x; € &,j,) >0, where IT denotes the set of all policies.

* Xunsafe = Xvio U Xipree is the unsafe set, and Xgpe = X\ Xypsate 1S
safe set.

Remark 1. For any x,; = x € X, there exists controller x, such that
Vk > 0, Pr(x; € X,) = 0, which means any trajectory starting from
x € Xgupe Will enter X5, and cause safety violations with probability
0, and then it is said that safety is maintained for state x under such
control policy z. Furthermore, a policy that maintains safety for all
x € Xgupe is denoted as #* € IT*, where IT° is the set of controllers
under which Vk > 0, Pr(x, € X,;,) =0 for any trajectory starting from

any x, € Xafe-

With m distinct state-wise safety constraints, if given pre-defined
functions A;,i € [1, ..., m] whose super-level sets

Co= {xrk € thi(xtk) >0} 3

satisfy ('L, Cio C Xgpe, the system is then safe if (L, C; is for-
ward invariant. Since RL generates the control signal discretely, here
discrete-time CBFs [46] are used and a list of functions can be defined:

D o(x;,) = h,-(x,k)
D; 1 (x;) 1= AD; o(x;, ,up, ) + K 1 (P o(x;,))

iy, (xy) 1= Ay (xyps ) + K (D1 (6 ) “

where r; is the relative degree [47,48], A, ;(x, .u,) = @ ;(x, )~
D;i(x,), J=0,1,...,r; = 1, and «; ;(-) are class K functions satisfying
K; ;(x) < x, where j = 1,...,r;, for the ith safety constraints.

Definition 1 (Discrete-time Control Barrier Function [46]). For the system
(2), the pre-defined function 4; : R” — R is called a discrete-time CBF
of relative degree r; if there exists @; ;(x, ), j = 0,1,...,r; defined by
(4) and C;; which are super-level sets of @, ;(x; ) defined similarly to
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(3), j=0,1,...,r; — 1 such that for all x, € ﬂ;’:_ol Cij»

@, (x,) 2 0. ®)

Given the existence of a CBF, a controller satisfying (5) will make
the set ﬂ;_}) C;,; forward invariant. Consequently, safety is maintained

if there exists a controller such that Vi € [1,...,m], (5) holds for all
-1
x, €Ly ﬂ;=0 Cij-

2.1.3. Stability

For stabilization tasks, the system state is required to eventually
reach a goal state. As in [26], define an additional cost signal as
c(xy uy,) = ”x’kH - xdesired‘ where x,  ~is the next state following
(2), and xgegireq is the desired state (goal). Furthermore, define the
cost function under the controller z as c,(x;,)
E,, .l
inition.

= ]Eu,k Nﬂc(xlk ’ u,k

]. Based on [36], we provide the following def-

Xtrp1 ~ Xdesired

Definition 2. The system is stable in mean cost if the condition
lim, By ., [cz(x;,)] = 0 holds, where v is the state distribution at
time ¢, under z.

Define L”(x, ) = E. ., [ X2, rics(x,,,,)] as the value function of the
cost at x,, , where y, is the discount factor, and 7 = {x, ,x, . %, ... }
is a trajectory under controller r starting from x, . [26] shows that the
system is stable in mean cost if there exist a positive constant # and a
controller z, such that

B o (L7000 = L7, )] < BB, [L7(x,). ©)

Here y,(x) is the sampling distribution. Such L” is called exponentially
stabilizing CLF, abbreviated CLF hereafter.

2.1.4. Neural ordinary differential equations (NODEs)

In many cases, the precise system dynamics or even a necessary
nominal model are unknown. Neural networks are important tools for
estimating dynamics, and there has been a rise in considering neural
network hidden layers as states [49,50]. Chen et al. [39] expanded
on this notion by introducing an ODE to model continuous dynamics
%, =F, (tk,fc,k,u,k) where %, = x, and F,, is a neural network with
parameter y. NODEs allow simple incorporation of prior information
(such as control-affine property, where 7, = f,,, (t, %, )+8,, (tc, X, Juz, )-
By assuming a constant control signal, i.e., u, = u,,x € [t},t;4), we
have:

Tyl
R =% +/ F, (;{,xl,u,k>d)( @)

Tk

which can be used to estimate (2).
2.2. Definition of the stable and safe control problem
Building upon the previous subsection, here we define:

Problem 1. For a system described by (2), given a desired goal state
Xdesired € Xsafes @ Set &y which is the set of x, denoting initial states
such that X, C Xy, find a controller z producing sequence {u;, };»g
such that the state sequence {x, };, following (2) satisfies:

1. Safety: Vk > 0, Pr(x; € X,) =0.
2. Stability: lim, o, E, ., [e(x,)] =0.

Remark 2. In this paper, we only consider cases where X is a
connected set and where there exists at least one control policy that
enables the system to reach Xgegreq from x, without passing through
X,io- We exclude tasks where no such path exists, particularly when
X;, and Xqesireq Delong to different parts of Xg,r that are completely

separated by X,;,.
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3. Training with pre-defined control barrier functions
3.1. Controller update via ALM

When pre-defined CBFs are available, to achieve state-wise safety
and stability (approaching the desired goal state at every timestep),
a more stringent state-wise version of CBF constraints (5) and CLF
constraint (6) is proposed:

~@,, (x,) <0, Vx, €X.Vie(l,....m],

b4 b4 T, (8)
L(x, )= L™ (x, )+ fL™(x, ) <0, Vx, € X,

where {x, . Xty } are future states following a primary con-

Xpppgr o
troller z, according to (2), and thus (8) are constraints that z, should
satisfy. It is noteworthy that the CBF constraints are also imposed when
X;, € Xunsafe> 2iming to obtain a control policy that is able to drive
the agent from X, cre 10 Xsare and then maintain safety. Although
the dual ascent update has been widely used in previous studies, this
method is sensitive to hyperparameters and can lead to lengthy and
possibly oscillating training processes with many constraint violations.
To quickly find feasible solutions under state-wise constraints, here we
first convert inequality constraints (8) to equality ones as

ReLU (=@, (x,,)) =0, Vx, € X,Vi€[l,....m],
ReLU (L7 (x,,, ) = L™(x,) + BL™(x,)) =0, Vx, € X.

©)]
Therefore, we obtain the constrained optimization problem:
n}[}’n Exlk (=% (xfk )]
st. Y ReLU(-®,,(x,)) =0 Viell,..,m],
Xty ex 10
Z ReLU (L (x,, )= L"(x, ) + BL™(x,)) =0,
Xty €ex

where V™ (x,) = E.,, [X27'r(x,,,,)] is the value function under the
primary policy z,. The commonly used dual ascent update relies on
the application of a Lagrangian function, however, here we enhance
the Lagrangian function by incorporating an additional squared term,
resulting in an augmented Lagrangian function. This squared term
helps accelerate convergence and reduce sensitivity to hyperparame-
ters, mitigating issues such as oscillation during training. Based on this
augmented Lagrangian function, the augmented Lagrangian method
can be effectively utilized to handle complex constraints, leading to
improved performance in constrained reinforcement learning tasks. To
elaborate, denote the Lagrangian multipliers for CBF and CLF con-
straints in Problem (10) as 4; and ¢, respectively. Additionally, let
¢ > 0 represent a penalty parameter that increases monotonically
with the number of updates and approaches infinity as the updates
progress. Using these parameters, the augmented Lagrangian function
is formulated as follows:

Loy 2 ) =y, [—V”p(x,k )] + 4| Y ReLU (-, (x,))
i=1 ex
2

+ ;% Y ReLU(~®;, (x,))
i= ex an

+¢| Y ReLU(L™(x,, )= L™ (x,) + PL™(x,))
Xt ex
2
+ % Y ReLU(L™(x,,,) - L™(x,)+ pL™(x,))
Xij, €eX
In this equation, the first term on the right-hand side corresponds to
the objective function of Problem (10). The second term enforces the
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safety constraints based on CBFs, as described in Problem (10), with
the third term being its corresponding squared penalty term with the
penalty parameter c. Also, m represents the number of CBF constraints.
Similarly, the fourth term imposes the stability constraints derived from
the CLF, and the fifth term is its corresponding squared penalty term.
With function (11), the augmented Lagrangian method can be applied
to solve the state-wise constrained RL problem in non-CMDP settings, as
shown in Algorithm 1. Furthermore, considering practical needs, such
as approximating necessary functions and reducing the computational
burden, a practical implementation with more detailed descriptions is
provided in Section 5.

Algorithm 1 State-Wise Stable and Safe RL via ALM

Input: Initialized policy #), Lagrangian multipliers ) and ¢°, penalty
parameter ¢, factor p, € (1, 00), maximum number of iterations J.
1: for j=0,1,...,J do
2 m e argmin,,p Li(my A, 80
j+1 i,
3 MU <A+ (Zx,kGX ReLU( - KD,»,,‘_(x,k)))
. . . J -
T A Y (Zx,keX ReLU (L% (x, )~ L
5. ¢t p.cl
6: end for
Output: =’

() + L7 x,) )

Remark 3. Different from [42], which solves problems in a special
subclass of CMDPs, the method proposed here can directly handle
state-wise constraints in non-CMDP settings via ALM, which allows
for constraints that are not solely based on the instantaneous cost
of the state-action-transition tuple. Also, by updating the Lagrangian
multipliers following Lines 3 and 4, this method eliminates the need to
tune a learning rate for updating the Lagrangian multipliers, as required
in [26,42]. Moreover, while CBF and CLF constraints are obtained
in a model-based manner here, this method can still be applied to
model-free RL or other tasks with trajectory-based constraints by simply
changing the constraints used, and thus has broad applicability.

3.2. Backup controller design

When state-wise CLF and CBF constraints are considered simulta-
neously, there may exist some states where the controlled system’s
approach towards the goal xgegireq, driven by the CLF constraint, will
cause immediate safety violations. Therefore, the following definition
is given:

Definition 3. & feasible 1S the set of states where there exists no
controller such that the agent can further approach towards the goal
Xgesired @ccording to the CLF constraint without causing immediate
safety violations.

At x; € Xjpfeasible> ONCe the controller satisfies the CLF constraint
and drives the controlled agent to approach towards Xgesreq, Safety
violations will happen, which means the pre-defined CBF constraint is
violated. At such states, priority should be given to safety constraints.
Rather than using a QP-based controller or other manually specified
stochastic policy, here we use an additional RL-based backup controller.
This approach can handle nonconvex constraints, and for a primary
RL-based controller 7, trained with CBF and CLF constraints, the cor-
responding RL-based backup controller z, can be designed to be the
solution of the following constrained optimization problem:

l’Illl’l IE‘(r My N”b[ I/”p(xfkﬂ)]

Z ReLU (-, (x,,)) a2)
X

=0Viel[l,...,m].

The definition of (D” _is the same as that of @; ., except that the states

{x, X Xy } used in the objective function and constraints
k+1 k+2 ktrj
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are future states following the backup controller r,. The objective
function in Problem (12) reflects the intention of only using the backup
controller r, for one step and then switching back to the primary
controller 7, while maximizing the cumulative discounted reward. The
augmented Lagrangian function for updating r, is given as

l:cb (”b’ 'lb,i) = ]Ex,k gy ~Tp [_Vﬂp (xtkﬂ )]

m
+ ) Ay ReLU (-®° (x,))
2 kZElX e 13)

2

+ 7” z ReLU (-}, (x,)) | »
= EX

i=1

E]

where 4,; and ¢, are Lagrangian multipliers for CBF constraints and the
penalty parameter to update 7.

When X, € Xjppeqsivle, the control signals generated may impede the
system’s swift approaching towards x4s;eq When CBF constraint is sat-
isfied instead. For instance, the agent is forbidden to cross an obstacle
by the CBF constraints while the CLF constraint requires it to do so to
reach xgegreq- The agent therefore gets stuck close to the obstacle (see
Fig. 2), which is easy to detect. Based on the aforementioned analysis,
the policy z, is activated when the agent is detected to be trapped for
some time. The primary controller is reinstated when the agent moves a
certain distance away from the trapped position, or the time threshold
for using the backup controller is exceeded. These conditions can be
encoded in the implementation easily. Moreover, when integrated with
SAC, an additional advantage of using the proposed RL-based backup
controller is that SAC can encourage exploration by simply tuning a
hyperparameter that sets the required lower bound of entropy, denoted
as H,. The exploration and exploitation inherent in SAC with CBFs
as constraints allow the system to escape trapped positions through
diverse actions, without significantly reducing the rewards obtained.
The detailed implementation is provided in Section 5.

4. Training with learned barrier certificate

It is common for useful pre-defined CBFs to be unavailable before
training. In this section, we present a convenient way to extend the
proposed method to tasks without pre-defined CBFs by using neural
barrier certificates, and provide corresponding theoretical analysis.

4.1. Neural barrier certificates

We investigate a barrier certificate rather than a composite Lya-
punov barrier function because, by decoupling Lyapunov and barrier
certificates, each can be plug-and-played in new tasks with different
goals or different safety constraints. A previous study [51] showed that
the value function of a fixed policy that tries to maintain safety greedily
can be modified to be a CBF to separate X, and X,s.c.. However, here
we need to update the policy jointly with a learned barrier certificate
to satisfy both state-wise stability and safety constraints in an online
manner. Therefore, firstly, we provide the following definition:

Definition 4. Three sets dependent on the control policy z are defined:

© X0 Set of states x & Xy, but under the controller z, the
trajectory starting from x, = x will enter X,;, at least once with
a positive probability, i.e., 3k > 0, such that Pr(x; € Xy) >0

under the controller .

- XT = X, U X" is the unsafe set under n, and X*_ =
unsafe vio irrec N safe
xX\X" is the safe set under r, i.e., for every x, = x € X~
unsafe To safe’

under the controller z, for all k > 0, Pr(x, € VIO) = 0, namely

the safety is maintained under z.

Later, &7 . will be considered instead since r is changing during
learning. For further analysis, the following assumptions are provided:
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Assumption 1.
bounded by r,

The reward signal obtained at any timestep is upper

max and lower bounded by r,,;,, respectively.

Assumption 2. There exists an upper bound N such that all trajecto-

ries starting from x, € X7 _ will enter the set X, at least once within
0 irrec

N steps under the controller .

Assumption 1 is widely used in many existing RL research to set an
upper bound for the value function. Assumption 2 requires that a safety
violation will happen reasonably soon after entering &7 . Further, the
definition of a barrier certificate is listed below:

Definition 5.
properties hold:

H™ is a barrier certificate of the policy = if following

. T b4 .
\‘/x,k e Xunsafe’ H (x,k) < 05

. Vx, €XT. ., H7(x,)>0;

© Vx, €XT., H”(x,k+l)—H”(x,k) > —eH”(x; ) where ¢ € (0,1) and

safe
Xy,,, is the next state following the controller z.
Then, based on Assumption 2 and Definition 5, we provide the
following lemma:

Lemma 1. Introduce an additional barrier signal as

b(x,) = {d I x & K- (14)
D lfx € Xvim

where d = 0 and D < 0 are constants. Under Assumption 2, the function
H™(x,)=E,., [, 7 blxy,,, )], where y € (0,1) is the discount factor and
(X1, X1, X1y -+ } IS @ trajectory under controller x starting from x,, ,
is a barrier certificate of policy r.

T =

Proof. When x;, € Xs’;fe, by Definition 4, under the controller =, for
all i > 0, Pr(xt;m € Xyip) = 0. Therefore, H”™(x,) = H”(xtm) =
E,..[X2,7'd] = 0 given d = 0, and hence the second property in
Definition 5 is satisfied. When x, € &7 ., according to Definition
4, there exists n > 0 such that Pr(x, , € &y;,) > 0 under the controller
r, and therefore ]EX% ) [b(x,m)] < 0. Furthermore, under Assumption 2,

N
we have n < N. Thus, we have:

o0
H (x,) =E e[ 70, )] < 7By, | [b0x,,,,)]
i=0

<N Ex,w [b(x,m )] <0,

since y € (0, 1). Therefore, the first property in Definition 5 is satisfied.
Also, when x, € X7 , by Definition 4, x, € X*_ , and thus
k safe k+1 safe i

H”(x,k+] )—H”"(x; ) =0-0=—eH"(x; ). Therefore, the third property in
Definition 5 is satisfied. In sum, all three properties for being a barrier
certificate are satisfied, and thus, the function H T(x,,) is a barrier

certificate of policy z. []

Remark 4. It is noteworthy that due to the setting d = 0, which
indicates Vx, € XL, H™(x,)=0, the range of ¢ in the third condition
of Definition 5 can also be changed to ¢ > 1.

Common methods in previous studies using barrier functions require
the forward invariance of a pre-defined safe set, which can be inaccu-
rate and conservative in practice, or rely on an extra safe policy and
system dynamics to train a barrier certificate by imposing additional
conditions on derivatives. Different from these prior works, this method
uses a barrier certificate that, by design, has a more negative value
when more severe safety violations occur, and 0 when safety is main-
tained at every subsequent timestep under the current policy z. Also,
this certificate can be directly trained, as a value function, following
standard RL algorithms in a model-free, convenient, and principled
way.
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4.2. Theoretical analysis

A lemma showing the convergence of the barrier certificate of a
fixed policy r is presented below.

Lemma 2. For a fixed control policy r, consider a mapping H® : X - R
and the Bellman operator:

B*[H(x; )] = b(x, )+ v Z 7y, |x, VH (x;, ) (15)
u,k

where x,  is the next state following x;, and u, according to the de-

terministic system dynamics, by defining q as the number of updates and

H9*!' = B7[HY), the sequence HY will converge to the barrier certificate

H”™ when q — co.

Proof. For any two mappings H and H’, define the maximum norm
as:

noo_ o
|H - H'|lo _xr,rkugSelH(x’k) H (xtk)l

Then,

IB7[H]~ B"[H'lllo = max |B"[H(x, )]~ B*[H'(x,)]|
Xpy, €x

= max |y Y, au, 1x, )[HCx,, ) — H' (x, )l
Xty €ex gy

<y max 2 x|, I H = H' || .-
x,kEX Uy

Therefore, ||B*[H] — B"[H']lly, < vIlH — H'||,. Since y € (0,1), the
Bellman operator B” is a y contraction mapping. According to [52,
Proposition A.26], it can be concluded that H U(xy,) will converge to
H™(x,) for x, €X when g - 0. [J

Denote 7, to be the control policy obtained at nth time, then we
need to solve the following constrained optimization problem, for all
x,, € &, to obtain the policy 7, :

T,y = argmin —]Eu, N,,V”n(x,w) (16a)
rell k
sto—H™(x, )+ H™(x,)—eH™(x,) <0 Vx; €&, (16b)

where x,  is the next state following x, and u, according to the
system dynamics. Different from previous studies [16] applying region-
wise policy improvement that firstly separate the whole state space X
into different regions according to certain functions, e.g., constraint
decay function (CDF), and then solve different optimization problems
on different regions with the safety being enhanced by minimizing
safety-related objective functions, in our proposed method, the safety is
required and achieved by applying the barrier certificate as a constraint
of a constrained optimization problem defined and should be solved for
each x, € X. This proposed method avoids dividing & into different
regions based on values output by a certain neural network trained dur-
ing the learning process to approximate functions like the CDF, thereby
circumventing additional errors, such as misclassifications of states,
that occur when the neural network’s approximation is inaccurate.

Then, we prove that by solving Problem (16) iteratively, under
certain assumptions, the set A’:;fe will converge to Xy, and V™ will
converge to an optimal solution on Xg,. The additional assumption
required is given as follows:

Assumption 3. For any state x, € X where there exists at least one
policy that satisfies the constraint (16b), the solution r,,; obtained
by solving Problem (16) via constrained optimization methods will
satisfy the constraint (16b) at x, . For states x, where no policy that
satisfies the constraint (16b) exists, the policy z,,, satisfies 7, (x; ) =
argmax,e H™(x, ) where x,  is the next state following z.
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Assumption 3 means that once at least one control policy exists to
satisfy the constraint (16b) at x; , such policy (policies) will be searched
for, and the policy 7,41 Teturned by solving Problem (16) will be one of
them. Vx, € X’ ” , @, satisfies (16b) and at least r,; can be set equal
to x,,. For Xu safe’ there may exist some states x, € Xu”saf such that no
policy satisfying (16b) exists. At such states, =, is the policy under
which the next state x, , has the maximum value H™(x, , ).

Then, we provide the following theorem:

Theorem 1. Suppose that initial policy =, satisfies X;"e # ¢, and denote
the control policy obtained by iteratively solving Problem (16) as {x,},>o-
Under Assumptions 1 and 3, when ¢ > 1, the safe set under the obtained

policy monotomcally expands, ie., Xsafe « X:a"f:‘, and will converge to

Kafer L€, lim,_, Xs e = Xyqfe- Additionally, for the objective function V",
V7n(x, ) < V7+i(x, ) holds for all x, € Xs"a}e

Proof. Firstly we show that the set Xs';"fe monotonically expands.

For all x, € Xsa"fe the condition in Problem (16) requires
H™(x, )2(l-eH"(x,)=0forx,  following the newly obtained
controller x,,,. Therefore, x, € é\,’sa”fe and similarly, ‘\7’x,0 S Xs’;"fe
the trajectory {xfo’xn’xfz’ ...} under the policy z,,; remains in X ’?afe
without entering X,;, with a positive probability. Thus, x, € X !
since 41 (x,)) = Epng,,, [ S50 7005, )] = Bpng, [0 7] = 0
When € > 1, if 3x, € &, . such that under the new policy z,,,,,
H™(x,,,,)=max,eg H™(xf ) =0, where x,  follows the policy 7,
and x;;c » follows any other policy z, then, according to the previous

analysis, the following states {x, ., .. } will stay within Xsafe

Xtryzr Xt
k+3 k+4”
under 7r,1 +1, and therefore x;
b(x; ) =

Based on the aforementioned analysis, given X’

T+l o Tptl —
€ X since H™+(x, ) = 0 given

. # #, it can be

concluded that the set é\.’ te monotonically expands, 1 e Xsafe C X;"f’; !
Secondly, we show hm,HQo Xs’:i"fe = Xgp'. Since {Xsafe}nzo is an

increasing sequence of sets, i.e., X:a”fe c X:;f‘; ! for each n, then
lim,_ X7 = u® X% > there exists a
number Z € Z* spec1f1c to x, such that Vi 2 Z x, € X%

there exist control policies maintaining safety for x, , which indicates
X;, € X, and therefore U X7 C Xgp. Also, Vx, & UX X7
assume there exists at least a control policy under which safety can be
maintained for x, , according to Assumption 3 which implies that the
number M € Z* such that under the new policy z,,, (xfk+1) =
max ey H™ (xp ) =0, where x,  follows the policy 7y, and X

o0 n
00 Vgafe afer DECause Vx, € U7 X
. Hence,
safe
n=1""safe’
search is performed on the whole policy space, there exists a positive
follows any other policy z, then, according to the previous analysis,

H™+1(x, ) = and x;, € Xsa"f’; !, which contradicts with the condition
that x,, 95 U Safe Hence, there exists no control policy r to achieve

H"(x,) = O wh1ch indicates either x, € Xy, or Vxz, the trajectory
starting from x, will enter X;, with a positive probability. Thus, by
definition, x; € Xyj, U Xjrrec = Xynsafe- SINCE Xgpre = X\ Xypsate, We have

X;, & Xsare- Because Vx, ¢ Ui]XQ}e, we have x, & X, equivalently

we have Vx, € Xgpe, X, € U X”” o> namely Xgre C UY Xsa"fe Given

u® X C X, andksafeCu X” , we have X —U X, and
= safe sare

safe s;arfe safe’
thus lim,_, o, X, = Xsare-

Furthermore, for any policy =,
objective function in Problem (16), we have:

Vx, € X"

o> according to the

T,
Uy~ Ve (xfk 1) z IEM’ ~Ty v n(x’k+1)

where x,  is the next state following z,,, and x/  is the next state
Tkt n+l Tkt

following z,. Such r,,; must exist because at least r,,; can be chosen

1 Here, we consider cases where each update results in a nonzero-measure
expansion of the identified safe set if new safe states are found.
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to be equal to r,,. Therefore,

Vin(x, ) =r(x,) + yEu’ ~, V”"(xtkﬂ)
< r(xtk) + yE"xk Tt Ve n(x’kﬂ)
2
< r(x’k) + ]Euxk Tt [yr(x’kﬂ) T E“rkH Tt v (xfk+2 ]

SO ) + By Trr(ey,, )+ 77y )+ ]
= V' 7n+l (xtk)
Thus, Vx, € X7

safe’

VE(x,) < V(x,). O

Based on Theorem 1, a proposition can be given as follows:
Proposition 1. If there exists Z € Z* such that Vi > Z, XsIZfe = X;}e,
then, the objective function V"» will converge, i.e., lim,,_, ., Vm}e = V*, where
V*(x,) 2 V(x,), Vo € IT° and Vx, € Xy
Proof. According to Theorem 1, Vi > Z, X:a"fe oo X:a"fe = Xafes
and thus when n - oo, V7 is optimized on the set X,,z.. By Theorem 1,
Vn(x, ) < Vri(x, ) forall x, € Xgype. Given the reward signal is upper
bounded, i.e., r(x; ) < ryq forall x, € X, V7in(x, ) < rl"fx is also upper
bounded, and thus V" will converge to a V* with the corresponding
policy z*. At convergence, it follows that for all 7 € II° and x,, € X,

= lim

By mrt VG V2B, LVEGE )
where xtk+1 is the next state following »* and x5 » is the next state
following =. Hence,
V*(x,k) =r(x, )+ VEu, iV (x,k I)
2 r(x;, )+ J’Eu, SV (xrk |

2 1) + By il ) +1PE, VG

Tk+2

2 r(x,)+ E”[yr(x;iﬂ) + yzr(x;Lz) + ...

=V (x,)

for all x; € X, which means the converged V* has a larger or equal
value compared to the value function of any other policy = € II?,
Le, V*(x, ) 2 V7*(x,), Vx € II° and Vx, € Xge. [

Remark 5. In practical implementation, it is usually difficult to find
the optimizer of Problem (16) on the whole policy set at each iteration,
and therefore gradient-based methods are commonly applied, which
means 7, is usually found in a neighborhood of ,. Thus, a locally
optimal solution, whose safe set is a subset of X,,¢, and value function is
only locally optimal, is usually obtained in real implementation which
is described in Section 5.

4.3. Combination with the CLF constraint

Similar to the previous section, CLF constraint can be added to Prob-
lem (16) to have a new constrained optimization problem, which
has equality constraints and is listed below, to additionally maintain
stability:

7,41 = argmin —]Eu! V)
T

st. ) ReLU(=H™(x, )+ H"™(x,)—eH™(x,)) =0,
Xty ex a7

Y ReLU(L™(x,)— L™(x,)+BL™(x,)) =0,
Xty €X

where x,  is the next state following x, and u, according to the
system dynamics. Moreover, adding the CLF constraint offers an extra
benefit that, as the controller is updated to drive the agent towards the
desired state xgegireq, CErtain states near xgeseq may have their safety
easily maintained by the updated controller that directly drives the
agent to reach xgegreq- Then, the safe set will monotonically expand,
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as stated in Theorem 1. Problem (17) will still be solved by using the
augmented Lagrangian method. However, still, there may exist x, €
Xinreasible that we hope to avoid. Therefore, we introduce the following
assumption:

Assumption 4. Vn > 0 and Vx, € Xjjreqsiple> the probability that
the policy r,,,; obtained by solving Problem (17) via the augmented
Lagrangian method satisfies the CLF constraint is positive.

This assumption assumes that when the agent is within Xjteasible
where no feasible solution exists to simultaneously maintain safety and
drive the agent closer to the goal according to the CLF constraint,
for each iteration, there is a positive probability that the augmented
Lagrangian method outputs a control policy that satisfies the CLF
constraint, thereby driving the agent closer to the goal and causing
immediate safety violations. Then, a proposition is given:

Proposition 2. Suppose 3Z € Z* such that x, € safe, then, under
Assumption 4, when n — oo, for any trajectory that starts from x, and
is driven by =, obtained by solving Problem (17) iteratively, Pr(x, €
Xinfeasible) =0, Vk > 0.
Proof. Since x, € X% Vi > Z, whenn - o, x, € X and

safe’ 0 safe
H7n(x, ) =0. Because Vn >0 and Vx,;C € Xinfeasibles Pr(x,;{ 1 Xyio) > 0
according to Assumption 4 and the definition of A} ¢e,giple, it can be
concluded that

H1(xg) = by ) + 7 pIE AN |y JH 1 (xy ) <0

u,k
since Pr(H”"n+! (x, ) < 0) > 0 given Pr(x,k € Xiio) > 0. Because
Vn>Z, H™(x;) = 0> H "n(xZ /) for any Xy € Xinfeasible> ANy trajectory
starts from x, w1ll not enter meeasnble with‘a positive probability under
7, when n —» o due to the neural barrier certificate. [

According to Proposition 2, the controlled system will be prevented
from visiting X feasivle due to the neural barrier certificate. There-
fore, under such circumstances, the backup controller proposed in the

previous section where pre-defined CBFs are used can be not necessary.
5. Practical implementation with SAC and NODEs

In this section, we provide a practical implementation, which is
called Neural ordinary differential equations-based Lyapunov-Barrier
Actor-Critic (NLBAC) by combining the proposed method with Soft
Actor-Critic (SAC) and applying neural ordinary differential equations
(NODEs) for system modeling. Specifically, depending on whether pre-
defined CBFs are available, two versions of the algorithm NLBAC are
given separately with individual pseudocodes.

If useful pre-defined CBFs are given prior to the training process,
then, according to (4), future states {x,M,x,M,.. X, } under the
controller z,, where r; is the relative degree, are requlred When a
learned barrier certificate is used, x,  is also required to construct
Problem (17). Therefore, predictions must be made in a real imple-
mentation. Without nominal models, instead of conventional neural
networks, we choose NODEs to directly approximate the dynamics of
the system, since NODEs offer adaptability to discretization steps due
to their inherent capability to learn the continuous form of system
dynamics which are usually differential equations. To train the NODE
model, we use state sequences X = { Xppr Xp s X } and correspond-
ing control sequences U = {u,,u, ,...,u4, ,  } whose elements are
collected during the system’s interaction with the environment and then
stored in the replay buffer which saves all data, including states x,,
action signals u, , reward signals r, , cost signals ¢, and barrier signals

:, (if used). The model then computes the approximated state sequence
{fc,Hl s fc,m, ,)?,Hh } based on (7). The loss function used to train the
NODE model is:

Zl Xtpwi ~ ’k+x 18
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Comparisons showing NODEs have better performance in modeling
compared to conventional neural networks are provided on our GitHub
page at the link shown in Section 6.

Instead of using the learned system dynamics to generate imaginary
rollouts to help train value functions, we utilize the output of the
learned NODE:s to construct CLF and CBFs for clearly guiding the con-
troller to satisfy stability and safety constraints quickly. Therefore, the
prediction horizon equals the relative degree r; or 1, which alleviates
the problem of large error propagation since r; is usually not large.

In the implementation, we construct constrained optimization prob-
lems (10) and (17) based on the batch D sampled from the replay
buffer, which is common practice in RL. Here we first consider the case
where pre-defined CBFs are available. Denote the parameters of the
primal RL-based control policy #, and action-value networks Qf" =
1,2 by 6, and ¢;, and use L,, referred to as the Lyapunov network, to
approximate L"» with parameters v. By applying the Soft Actor-Critic
(SAC) (other popular RL algorithms, such as Deep Deterministic Policy
Gradient [53] and Proximal Policy Optimization [54] could also be
applied) and the sampled data, the objective function of Problem (10)
is rewritten as:

_Rep =" Exzk ~Dé~N [JII=1H12 Qd’j (x’k ’ agp(xfk 4 é)) (19)
—a,log 7, (g (x,k,.f)lx,k)],

where ¢ ~ WN(0,I) and u9 denotes the action generated by the
controller 7, The loss functlons Jom(Qp.)s Jy ((x ) and J; =, (L,) used
to update Q¢,’l = 1,2, coefficient ap, and Lyapunov network L, are

given as:
Tor(Qy) =B iy xyy, )~DE~N [[rtk +7( JTE}IIZ Orarg.,

CHN X C AN )

— aylog my g, (%, E)1%,,,,)) = Qg Gt ). (20)
o, @) = =@, X By _p ey [log g, @, (x,,, O)Ix,) + H], @n
T (L) =B o, o~ [[c,k +VeLiarg, (i) = Ly (xy, )]2]_ (22)

Here L, can also be designed as an action-value network in the imple-
mentation. Furthermore, a surrogate augmented Lagrangian function
based on neural networks and sampled data is given:

m
L0, 2, 0) = —R% + 3" 4| D ReLU (-, (x,,))
i=1 Xty €D

+ i% > ReLU(
i=1 x,kED

2
—d,,(x,))
23)

+¢| D) ReLU(L,(%,,,) = Ly(x,)+ BL,(x,))
‘(rkED

2

Z ReLU(L,(%,,,) = L,(x,) + PL,(x,))
ED

where {2,k+],2,k+2,...,

’Acfkw, } are predicted future states, output by the
NODE model, following the controller mg,. To reduce the computa-
tional burden of the typical augmented Lagrangian method, which
involves repeated minimization of L£)*"" over 6, by RL with 4, ¢, and
¢ that are also updated, we use a different timescale method to update
action-value networks (including the Lyapunov network) and the policy
network with different learning rates. Delayed update [12] is also
applied, which is shown in Algorithm 2.

With respect to the backup controller z;, which is parameterized by
0,, by applying SAC, the objective function of Problem (12) is rewritten
as:

—R% — — B, ~Dn [jnzl'}g Qy, (x,,. g, (x;,. ) = @, log 7y, (g, (x,,.. E)x,,)]-
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The loss function to update the coefficient q, is:
o (@) ==y XEy, peoy [log 7, (@, (x;,, E)lx;, ) + Hy] 24

where H,, can be tuned to encourage exploration. Similarly, a surrogate
augmented Lagrangian function for updating 6, can be given:

m
q:rr(gb! App) = —R% + Z Ap, 2 RELU(_(D"[)v” (x”‘))

i=1 x;, €D
) (25)

m
+ Z%b Y. ReLU(-®}, (x,))
i=1 €D

With these elements, the complete algorithm NLBAC, when pre-defined
CBFs are available, is provided in Algorithm 2.

Algorithm 2 Neural Ordinary Differential Equations-based Lyapunov-
Barrier Actor-Critic (NLBAC) with Pre-defined CBFs
Input: Maximum number of iterations N, initialized NODE parame-
terized by y, action-value networks Qy4,» Lyapunov network L,
primary controller network y,s Qps Lagrangian multipliers A; and
¢, backup controller network z,, @, Lagrangian multipliers 4,
penalty parameter ¢ and c,, factor p, € (1, ), learning rates »; > #,,
n3, delay steps n,,, n;, and n,,.
1: forn=0,1,...,N do
2:  if nmodn, =0 then
3 v <y —-mV,70
4. endifve—v—nV,J (L),
5. ¢ < i —m Vg Jow(Qy) for i € {1,2};
vev=mV,Jin (L)
6: gp -« 011 - n2V9p£iurr(9pv A,ﬁ (95
a, < a,— r]zvap.l,xp(ap)
if nmodn; =0 then

by bt e (T, ep ReLU(= @, (x,)) )
% (et+e(Z, epReLU(Ly ()~ Ly(x,) +L,(x,)) )
10:  end if

11: c«p.Xc
12:  if nmodn;, =0 then

13: 0, < 0, — nzvgbﬁgz‘”wb, Abi)
ay — ay =0V, Iy, (@)
14: if nmod (n, X n;) = 0 then
15: A < gy (2)%673 ReLU( - cb;fri(x,k)))
16: end if
17: Cp < P Xy
18: end if

19:  if Backup controller should be used according to the conditions
specific to the task then

20: u, ~ mg, (uy, |x, ) and apply u,,
21:  else
22: w, ~ 7wl lx,) and apply u,, and store the pair

(X4, s Uy s Ty €1y » Xy, ) D the replay buffer
23:  end if
24: end for
Output: g5 7o, Q¢l,i =1,2,and L,

Then we consider the case where the learned barrier certificate is
used. With a slight abuse of notation, denote the parameter of the
RL-based controller by 0, and define the parameters of the action-
value networks and the Lyapunov network similarly to the previous
part where pre-defined CBFs are used. The barrier certificate H” is
parameterized by w as H,, and in this implementation, H, is de-
signed as an action-value function and trained by minimizing the TD
error in SAC for better sample efficiency. Therefore, the constraint
based on the barrier certificate in Problem (17) can be rewritten as
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Zmev ReLU(=H,(%,,, -8, )+ Hy(x, u, ) —€H,(x, . u,)) = 0, where
%,,,, is the next state predicted by the NODE given x, and u, = 7,(x,),
and 4, = my(%,,, ). Here, the loss function Jy(H,) to update H,, is:

Jy=(H,) =E(x,k gy by Xy I~D [ [bfk + yHm’g»w(xtkH M )

(26)
- Ha)(xtk ) utk )] 2] s

where u, = my(x, ). The objective function of Problem (17) is given

as:

0

R ertificate =~ Extk ~Di~N [}2}% Q¢j (xfk Uy (xfk :€))

(27)
— alog my(iy(x,, , ’g’)lx,k)],

and a surrogate augmented Lagrangian function is further provided as

follows:

csurr 0.4, =-R

c¢,certificate certificate

m
+ 24
i=1

Z ReLU(—Hw(fc,kH S )+ Ho(xou ) = eHy(x,,, u,k))
Xpy, €D

m
c N .
+ Z 5 z ReLU(—Hw(x,kH,u,kH) + Hw(x,k,u,k) - eHw(x,k,u,k)) 2
i=1 €D

+¢ z ReLU(L,(y,,,) = Ly(x,) + BL,(x,))

Xppe €D

+§ > ReLU(L,(%

Xt €D

)= L,(x,) + AL, (x;,))

Tk+1
(28)

Then, the algorithm NLBAC, when a learned barrier certificate is used,

is shown in Algorithm 3.

Algorithm 3 Neural Ordinary Differential Equations-based Lyapunov-
Barrier Actor-Critic (NLBAC) with Learned Barrier Certificate
Input: Maximum number of iterations N, initialized NODE parame-
terized by w, action-value networks (0P barrier certificate H,,
Lyapunov network L,, primary controller network =,, @, La-
grangian multipliers 4; and ¢, penalty parameter ¢, factor p, €
(1, ), learning rates n, > #,, n3, delay steps n,,, n;.
1: forn=0,1,..., N do
2:  if nmodn, =0 then
3 v —w—mV, 7t
4. endifv<—v—nV,J.(L);
5y — b —mVy Jor(Qy) fori € {1,2};
vev=—mV,Jiz(L),
0~ o-nV,Jy(H,)
6 <0~ ”2V9£Zflcrértificate
a —a—mVJ(a)
if nmodn; =0 then

b At o (B, ep RELU (= HyfRyy,ylly, )+ Hylx )

_eHw(x,k,u,k)));

(9,4,

9: Ce—C+c (ZX% en ReLU(LV(fc,kH) = L,(x,)+ ﬁLV(x,k)))

10:  end if

11: c«p.Xc

122w, ~ m(u,lx,) and apply u,, and store the pair

(x,k Uy Tis oy b ) in the replay buffer
13: end for

Output: 7y, Qy,i=1,2, and L,

1 Xty
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Positions
where the
unicycle
might get
trapped near

Obﬂades\. . .

&

(a) The unicycle environment. The blue point is the
controlled unicycle, the green circle is the destination
(desired state), and the red circles are obstacles to
avoid. Some positions where the unicycle can get
trapped due to the infeasibility are shown
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(b) The quadrotor environment. The green ball rep-
resents the destination that the controlled quadrotor
should reach, while the red ball is an obstacle that
needs to be avoided. Additionally, the quadrotor is
required to remain within the blue rectangular area
for safety.

Fig. 2. “Unicycle” and “Quadrotor” tasks.

6. Experiments

In this section, we evaluate the proposed NLBAC algorithm (with
either pre-defined CBFs or neural barrier certificates) on four tasks to
answer the following research questions:

1. Does the NLBAC algorithm result in a decreasing number of
safety violations during training and achieve zero or near-zero
safety violations by the end of training?

2. Does the NLBAC algorithm effectively drive the controlled
agent towards the desired state?

3. Does the NLBAC algorithm exhibit better sample efficiency
compared to other baseline methods?

Baselines. Baselines compared here are CMDP-based or developed
to solve state-wise constraints, and range from model-free to model-
based approaches. CMDP baselines include MBPPO-Lagrangian [55],
CPO [6], PPO-Lagrangian and TRPO-Lagrangian [56]. SAC-RCBF [20]
is the baseline for hard safety constraints with CBFs. Additionally,
LAC [36] is used as the model-free baseline combining CLF for stability.
These baselines encompass diverse approaches, and are representative
works in the field of constrained RL.

Environments. We conduct experiments on four widely-used tasks*
for safe model-based RL studies [19,20,23,57,58]. These tasks are care-
fully selected and ordered to progressively demonstrate the capabilities
of the proposed NLBAC algorithm. The progression moves from lower-
dimensional systems (e.g., Unicycle) to higher-dimensional systems
(e.g., Car Following), from static obstacle environments (e.g., Unicycle)
to dynamic obstacle environments (e.g., Car Following and PVTOL),
and from systems with lower relative degrees (e.g., Unicycle and Car
Following) to those with higher relative degrees (e.g., PVTOL). Ad-
ditionally, the tasks transition from simpler gym-based environments
to more sophisticated physics-engine-based scenarios (e.g., Quadrotor),
providing a comprehensive evaluation of the algorithm’s adaptability
and effectiveness. Details of these four tasks are provided below:

Unicycle: This task is designed to evaluate the proposed algorithm
in a simpler environment with a low-dimensional state space and pre-
defined CBFs of relative degree one. Both versions of the algorithm

2 Codes are on our GitHub page: https://github.com/LiqunZhao/Neural-
ordinary-differential-equations-based-Lyapunov-Barrier-Actor-Critic-NLBAC.
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(with pre-defined CBFs and with neural barrier certificates) are tested
with static obstacles. In this experiment setup, a unicycle is tasked with
reaching the designated location, i.e., the destination, while avoiding
collisions with obstacles, as shown in Fig. 2(a). The real dynamics of
the system is:

Cos(é‘,k) 0
=|sin(6,) 0 |(u, +uy,)
0 1.0

X,k

Here x;, =[xy, %y, 6, k]T is the state where x;, and x,, represent the
X-coordinate and Y-coordinate of the unicycle and 6, _is the orientation

at the timestep #. The control signal 4, = [”tk’a’rk]T comprises linear
velocity v, and angular velocity w, . The time interval used in this
experiment is 0.02 s. gy, = —O.l[cos(erk),O]T. As to NODE-based
models, the input of network f is the state with the dimension of 3,
and the output dimension is 3; the input of network ¢ is the state with
the dimension of 3, and the output dimension is 6 (which is then be
resized as [3,2]). Then, a point at a distance / b ahead of the unicycle is
considered to establish safety constraints for collision-free navigation,
and the function p : R? —» R? is defined as:

=[] 1, [0

2y sin(G,k)
The reward signal is formulated as —K,(v, — v,)*> + K,A4d, where
v, represents the predefined velocity, Ad denotes the reduction in the
distance between the unicycle and the destination in two consecutive
timesteps, and K, and K, are coefficients set to 0.1 and 30, respectively.
An additional reward of 500 will be given if the unicycle reaches a
small neighborhood of the destination. The cost signal is given by

— T
p(xtk+|)_p(xdesired)” where P(Xgesired) = [X1desired: X2desired] denotes

the position of the desired location. Pre-defined CBFs, if provided, are
hi(x,,) = %((p(x,k) ~ Pobs, )* — 6%) where Pobs, Tepresents the position of
the ith obstacle, and 6 is the minimum required distance between the
unicycle and obstacles. Hence, the relative degree is 1 and the planning
horizon for NODEs predictions is 1. When no pre-defined CBFs are
available, the neural barrier certificate will be learned jointly with the
controller by using additional barrier signals with D = —20.

When pre-defined CBFs are used, the inability to satisfy safety and
stability constraints simultaneously at state x;, € Xjpfeasible CaN cause
the unicycle to become trapped near obstacles. In such cases, the


https://github.com/LiqunZhao/Neural-ordinary-differential-equations-based-Lyapunov-Barrier-Actor-Critic-NLBAC
https://github.com/LiqunZhao/Neural-ordinary-differential-equations-based-Lyapunov-Barrier-Actor-Critic-NLBAC
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backup controller takes over from the primary controller. The primary
controller is reinstated when the unicycle moves a long distance away
from the trapped position, or when the predefined time threshold for
using the backup controller is exceeded.

Car Following: This task is designed to evaluate the proposed algo-
rithm in an environment with a higher-dimensional state space and
pre-defined CBFs of relative degree two. The version of the algorithm
with pre-defined CBFs is tested with dynamic obstacles. This environ-
ment simulates a chain of five cars following each other on a straight
road. The objective is to control the acceleration of the 4th car to
maintain a desired distance from the 3rd car while avoiding collisions
with other cars. The real dynamics of all cars except the 4th one is given
by:

N 0 ,
Xipi = [ 6’] + [1+d,.] a,; Vi€{l,235).

Each state of the system is denoted as x, ; = [p,, ;. U,k_,-]T, indicating the
position p, ; and velocity v, ; of the ith car at the timestep 7, d; = 0.1.
The time interval used in this experiment is 0.02 s. The predefined
velocity of the 1st car is v, —4sin(t;), where v, = 3.0. Its acceleration is
given as a, ; = k,(v; — 4sin(ty) — v, ;) where k, = 4.0. Accelerations of
Car 2 and 3 are given by:

Yo {ku(vs =0 ) = ky(Primt = P ) Prict = Pyl < 6.5
ted —

ky(vg = vy, i) otherwise,

where k;, =20.0 and i = 2,3. The acceleration of the 5th car is:

k(g = vy, 5) = kp(pr, 3 = Py 5)s |Pr, 3 — Py 51 < 13.0
5=
K otherwise.

kl)(U_y - Utk ,5)=

The model of the 4th car is as follows:

. v 0
o 5] (o

where u, _is the acceleration of the 4th car, and also the control signal
generated by the controller at the timestep 7.

The reward signal is defined to minimize the overall control effort,
and an additional reward of 2.0 is granted during timesteps when
d, = py3 — Py4> which is the distance between the 3rd and 4th
car, falls within [9.0, 10.0]. This range is defined as the desired region
for d, . Thus, the cost signal is determined as ”d,k+l - ddesired”, where
dgesired = 9-5. CBFs are defined as hy(x; ) = p; 3~ p;, 4 — 6 and hy(x, ) =
Pip4 — Pr.s — 6, with 6 being the minimum required distance between
the cars. Hence, the relative degree is 2 and the planning horizon for
making predictions using NODE is 2.

When we use NODEs to model this system, we assume that we
do not have the priori information that this system is control-affine.
The input of network F is (tk,fc,k,u,k) with the dimension of 12, and
the output dimension is 10. When a safety constraint is violated if
two types of constraints cannot be satisfied simultaneously, the 4th
car might be in close proximity to the 5th car in order to make d,
be within [9.0,10.0]. In such cases, the backup controller is activated.
The primary controller is reactivated when the 4th car moves beyond
the dangerous area, namely out of the vicinity of the 5th car, or when
the predetermined time threshold for utilizing the backup controller is
exceeded.

Planar Vertical Take-Off and Landing (PVTOL): This task evaluates
the proposed algorithm in an environment with both static and dynamic
obstacles, more complex system dynamics, and pre-defined CBFs of
relative degree three. Both versions of the algorithm (with pre-defined
CBFs and with neural barrier certificates) are tested in scenarios with
static obstacles. In this experiment, a quadcopter is required to reach
a destination while avoiding obstacles and keeping within a specified
range along the y-axis and a specific distance from a safety pilot along
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the x-axis. The real dynamics of the system is:

Vit 0 0
Vg, 0 0
0 0 1
X, = . + u, .
K —sin(6; ) X f;, 0 0]
cos(6; ) X f;, —1.0 0 0
0 1 0

Here x, =[xy, , %y, .0, ul,k,UQ,k,f,k]T is the state where x, and x,,,
represent the X-coordinate and Y-coordinate of the quadcopter and 6,
is the orientation at the timestep #,. v, , vy, are velocities along X and
Y axis, and f;_is the thrust. The control signal u, = [ug, k"”rk]T includes
the derivative of the thrust and angular velocity. The time interval used
in this experiment is 0.02 s.

The reward signal is defined to minimize the distance from the
destination, and an additional reward of 1500 will be given if the
quadcopter reaches a small neighborhood of the destination. The cost
signal is the current distance from the destination, and the safety
operator tracks the quadcopter via a proportional controller along the
x-axis. When pre-defined CBFs are used, collision avoidance and con-
finement within specific ranges along the x-axis and y-axis are ensured
by those fixed CBFs, following a similar approach to the previous two
environments. The relative degree, and therefore the planning horizon
for NODEs predictions, is 3. When no pre-defined CBFs are available,
the neural barrier certificate will be learned jointly with the controller
by using additional barrier signals with D = -0.1.

For NODE-based models, the input of network f is the state of
dimension 6, and the output dimension is 6; the input of network g
is the state with the dimension of 6, and the output dimension is 12
(which is then be resized as [6,2]). The conditions for activating the
backup controller resemble those in the previous two tasks.

Quadrotor: This task evaluates the proposed algorithm in a sophisti-
cated physics-engine-based environment. The version of the algorithm
using neural barrier certificates is tested. This is a stabilization task
which is modified from safety-control-gym [58]. In this task, the 2D
quadrotor needs to approach towards and finally arrive at a desired
destination, while keeping both the vertical and horizontal positions
within a pre-defined range, and avoiding the collision with an obstacle
shown in Fig. 2(b). A more detailed description, including the state,
action, and system dynamics, can be found in [58]. The reward signal is
designed to minimize the distance between the current position and the
goal position, which is also defined to be the cost signal. An additional
reward of 250 is given when the quadrotor reaches the goal. In this
task, no pre-defined CBFs are provided, and therefore, a neural barrier
certificate will be learned jointly with the control policy. We define the
barrier signal as D; = —1.0 when the quadrotor’s position is not within
the pre-defined range, and D, = —10.0 when the quadrotor collides with
the obstacle.

For the NODE used to model the system dynamics, we also assume
that we do not have any prior information. Different from previous
tasks, here states and actions are normalized before being used as the
input of the NODE, and outputs of the NODE are denormalized before
being used as predictions. The input dimension of the NODE is 8, and
the output dimension is 6.

Compute Resources. Our code runs on Intel Platinum 8628 (Cas-
cade Lake), 2.90 GHz CPUs, and NVIDIA Tesla V100 GPUs.

Experimental results and comparisons. Simulations were con-
ducted for the tasks where pre-defined CBFs are available (“Unicycle”,
“Car Following”, and “PVTOL”); the results are depicted in Fig. 3. Since
in these tasks, high rewards are granted when the system approaches
and achieves the desired state (destination), we use the cumulative
reward as a measure, where a higher cumulative reward can indicate
better convergence to the destination. In the experiments, our frame-
work demonstrates superior performance, yielding consistently higher
cumulative rewards compared to baselines, which suggests that the
controlled agents, under our framework, can more efficiently approach
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Fig. 3. The cumulative reward and cumulative safety cost of each episode in “Unicycle”, “Car Following” and “PVTOL” tasks are compared between the proposed NLBAC (with
pre-defined CBFs and in blue) and baselines. Each curve illustrates the average across ten experiments employing different random seeds, with the shaded area denoting the

standard error.

and reach their desired states (destinations) in much fewer episodes.
Moreover, the fluctuations observed in the cumulative rewards are
notably smaller than those exhibited by other baselines. This indicates
that the systems can quickly recover to their previous high reward
levels after experiencing deterioration. This is attributed to the CLF,
which explicitly makes the algorithm goal-oriented. Also, compared
to the model-free LAC methods with Lyapunov certificates, our algo-
rithm utilizes NODEs for effective modeling, and utilizes state-wise CLF
constraints instead of expectation-based constraints, resulting in better
performance.

Concerning safety, our framework exhibits much fewer violations
compared to other baselines except for SAC-RCBF. By using pre-defined
CBFs to enforce state-wise safety constraints, our methods result in
substantially fewer safety violations compared to CMDP-based model-
free baselines. The model-based baseline MBPPO-Lagrangian did not
perform well in our experiments. This could be due to its reliance
on CMDP-based constraints and extensive use of imaginary rollouts
to update parameters, which may introduce error aggregation. When
compared to SAC-RCBF, our NLBAC framework achieves higher cumu-
lative rewards with the assistance of CLF, ultimately reaching zero or
near-zero safety violations without requiring a good nominal model.
Additionally, our framework avoids the need to solve a QP, making it
directly applicable to nonconvex settings, and enabling the integration
of techniques like neural barrier certificates.

Furthermore, our algorithm requires the fewest interactions with
the environment to achieve a good performance with regard to reward

and safety, which means it has higher sample efficiency. This suggests
its potential applicability in scenarios where data availability may be
limited.

We also conduct evaluations of NLBAC using neural barrier cer-
tificates in the “Unicycle”, “PVTOL” and “Quadrotor” tasks, with the
results presented in Fig. 4. Similarly, even without good nominal mod-
els or pre-defined CBFs, NLBAC with neural barrier certificate achieves
satisfactory performance compared to other baselines. However, since
the neural barrier certificate is trained jointly with the control policy
from scratch, while the fixed pre-defined CBFs may be well-defined,
more safety violations may be observed at the beginning of the training
process if a neural barrier certificate is used.

To better show the comparisons between different algorithms, here
we present some statistics in Table 1. These statistics are obtained by
calculating the average value of the cumulative rewards and cumulative
safety costs of the last 50 episodes run by each algorithm, and the
result shows that our method achieves the highest average cumulative
rewards, and zero or near-zero average cumulative safety costs.

To provide a clearer understanding of the computational complexity
of the proposed algorithm, we calculated the training times of NLBAC
and the baseline algorithms across all four tasks, ensuring that each
algorithm was trained for the same maximum number of episodes.
For example, in the Unicycle, Car Following, and PVTOL tasks, every
algorithm was trained for 200 episodes, while in the Quadrotor task,
each algorithm was trained for 1100 episodes. These statistics are
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Fig. 4. The cumulative reward and cumulative safety cost of each episode in “Unicycle”, “PVTOL” and “Quadrotor” tasks are compared between the proposed NLBAC (with neural
barrier certificate and in blue) and baselines. For “Unicycle” and “PVTOL”, each curve illustrates the average across ten experiments employing different random seeds, with the
shaded area denoting the standard error. For “Quadrotor”, each curve illustrates the average across five experiments employing different random seeds, and the baseline SAC-RCBF

is not performed due to the lack of a nominal model.

Table 1
Average cumulative reward and average cumulative safety cost on tasks.

Environments NLBAC (ours) SAC-RCBF LAC MBPPOL CPO PPO-Lagrangian TRPO-Lagrangian

ACR ACSC ACR ACSC ACR ACSC ACR ACSC ACR ACSC ACR ACSC ACR ACSC
. 692.59 (pre-defined CBFs) 0.00

Unicycle . ” 489.80 0.00 -261.06 53.99 —198574.01 6.61 221.08 4.99 —17658.89 3.48 —48140.71 15.72
663.71 (learned barrier certificate)  0.51

Car following 185.31 (pre-defined CBFs) 0.00 155.26 0.00 38.21 137.52 -0.22 295.46 1.76 63.21 13.50 233.39 1.39 140.53
1498.47 (pre-defined CBFs) 0.66

PVTOL . ) 82.31 4.54 -403.53 259310.51 -27.09 6309.82 -1286.91 921072.58 -800.51 508446.27 -1529.78 939415.86
1498.60 (learned barrier certificate) 0.28

Quadrotor 259.34 (learned barrier certificate) 0.09 N.A. N.A.  109.29 1624.35 90.08 1835.45 239.28 207.69 60.74 2083.70 239.70 204.88

ACR and ACSC mean Average Cumulative Reward and Average Cumulative Safety Cost, respectively. The best results have been marked in bold.

The state spaces X of “Unicycle”, “Car Following” and “PVTOL” tasks are set to be large, and therefore some baselines result in large negative ACRs and substantial ACSCs when the controlled agent is

driven significantly far from the desired state and violates the position-based safety constraints severely.

summarized in Table 2. As can be seen, NLBAC consistently demon-
strates a competitive balance between computational efficiency and
performance. Specifically, compared to SAC-RCBF, NLBAC achieves
significantly shorter training times across all tasks, reflecting its supe-
rior efficiency. This is especially notable in tasks like PVTOL, where
SAC-RCBF required over 26 h, while NLBAC completed training in
less than 3 h. This is possibly due to the computational overhead
of its differentiable QP layer for safety. While model-free baselines
(e.g., PPO-Lagrangian and CPO) require less training time with the
same maximum number of episodes, they generally underperform in
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cumulative rewards and safety costs. Furthermore, NLBAC achieves
markedly better safety and performance metrics than MBPPOL and
LAC, despite requiring comparable or slightly longer training times,
which justifies its computational cost.

Next, the control signals generated by the controller trained with
NLBAC are plotted to demonstrate its effectiveness. For this purpose,
we chose the Car Following task. As shown in Fig. 5, the applied control
signal is always within the allowed boundary of —3 to 3. The distance
between the third and fourth cars is roughly maintained within 9 to 10,
which is the desired region, while the distances between the third and
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Table 2
Running times of different algorithms on tasks.
Environments NLBAC SAC-RCBF LAC MBPPOL  CPO PPO-Lagrangian TRPO-Lagrangian
. . 2 h 3 min (pre-defined CBFs) . . . . . .
Unicycle (200 episodes) 2 h 58 min (learned barrier certificate) 9h43min 1h45min 3h1min 17 min 49 s 20 min 50 s 16 min 56 s
Car following (200 episodes) 2 h 43 min (pre-defined CBFs) 5h 30 min 49 min 1 h 13 min 6 min 32 s 5 min 50 s 6 min 49 s
PVTOL (200 episodes) 2h 52 min (pre-defined CBFs) )y oq i 9 b 35 min 1 h54min 20min 175 19 min 34s 21 min 58 s
2 h 16 min (learned barrier certificate)
Quadrotor (1100 episodes) 40 min 8 s (learned barrier certificate) N.A. 20min 20 s 2h 18 min 6 min 11 s 10 min 11 s 6 min 31 s
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Fig. 5. Control signals generated during deployment for the “Car Following” task.

fourth cars and the fourth and fifth cars remain greater than the mini-
mum safety threshold of 2.5. These results demonstrate the algorithm’s
capacity to effectively maintain both the desired inter-vehicle distances
and safety constraints during deployment.

Sensitivity Analysis. Robustness is key for the successful appli-
cation of RL algorithms to uncertain safety-critical tasks. Here, we
evaluate the robustness of control policies after being trained with
NLBAC in the presence of external disturbance and parameter uncer-
tainties. The sensitivity analysis was conducted on two tasks: Unicycle
and PVTOL. The following modifications were made to the original
settings introduced earlier:

+ Unicycle: a disturbance term Ug, = —a[cos(Gtk),O]T is applied,
aiming to represent the effect of a sloped surface. The disturbance
coefficient « is systematically varied from 0 to 0.9 in increments
of 0.1.
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» PVTOL: Horizontal wind disturbances are introduced into the
system dynamics in the form of a force term F,, with increments
from O to 0.9 in steps of 0.1.

For parameter uncertainties:
+ Unicycle: a scaling factor § was applied to the linear velocity
terms in the dynamics, modifying the equations to:

p cos(9,k) 0
p sin(B,k) 0 (u,k + ud’,k),
0 1.0

th =

where ug;, = —0.1[cos(8,), 0]”. The scaling factor g is varied from
0.6 to 1.5 in increments of 0.1.
» PVTOL: Parameter uncertainty is introduced by applying a scal-

ing factor § to the angular velocity term in the dynamics. The
modified control input matrix for angular velocity was scaled by
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6 is incremented from 0.6 to 1.5 in steps of 0.1, and the system’s
performance was assessed accordingly.

The performance of the proposed NLBAC algorithm under exter-
nal disturbances and parameter uncertainties during deployment after
training is presented in Figs. 6 and 7, respectively. We include SAC as
an additional baseline for comparison.

As shown in Fig. 6, during deployment after the training process
is complete, the proposed algorithm NLBAC demonstrates robust per-
formance under external disturbances of varying magnitudes. Both
cumulative rewards and safety costs of the NLBAC algorithm remain
at superior levels compared to other baselines on both tasks, achiev-
ing high cumulative rewards while maintaining zero or near-zero cu-
mulative safety violations (the curve for cumulative safety costs of
NLBAC overlaps with the curve of SAC-RCBF). Importantly, NLBAC
achieves these results without significant fluctuations or performance
deterioration.
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SAC achieves good cumulative rewards but fails to maintain low
cumulative safety costs, rendering it less suitable for safety-critical
applications. On the other hand, SAC-RCBF demonstrates robust safety
performance during deployment under various external disturbances,
maintaining near-zero safety violations. However, it cannot achieve
high cumulative rewards, even with prior knowledge of the system
dynamics.

Similar to the analysis of external disturbances, as shown in Fig.
7, during deployment, when parameter updates are finalized, NLBAC
demonstrates robust performance under parameter uncertainties of
varying magnitude. Both the cumulative rewards and safety costs of the
NLBAC algorithm remain at favorable levels compared to other base-
lines. Notably, in the Unicycle task, the cumulative rewards obtained
by controllers trained with NLBAC show some noticeable degradation.
However, overall, NLBAC achieves strong performance without signifi-
cant fluctuations, demonstrating robustness to parameter uncertainties
during deployment.

While SAC achieves high cumulative rewards, it fails to maintain
low cumulative safety costs. Furthermore, MBPPOL exhibits significant
performance variation under different system parameters, showing its
sensitivity to parameter uncertainties.

These results demonstrate the ability of NLBAC to handle external
disturbances and parameter uncertainties during deployment while
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Fig. 7. The effects of parameter uncertainties during deployment on the cumulative reward and cumulative safety cost in the “Unicycle” and “PVTOL” tasks. In the cumulative
safety cost plots (right column), the curve representing NLBAC overlaps with that of SAC-RCBF, making only the SAC-RCBF curve visible. In subfigure (d), an upper limit has been
applied to standard errors to enhance clarity by reducing excessively large shaded areas.

achieving reliable performance in terms of both cumulative rewards
and cumulative safety costs.

Ablation Studies We also compare results obtained by our NLBAC
algorithm with those obtained by using the commonly-used dual ascent
update. All other parameters remain consistent for comparison, and
the results are depicted in Fig. 8. In the “unicycle” environment, five
different fixed learning rates are used. In the “Car Following” and
“PVTOL” environments, linear decay and exponential decay are used
respectively to dynamically adjust the learning rates for more extensive
comparisons. The results indicate that the dual ascent update results
in much more safety violations compared to ALM, which eventually
achieves high rewards, while introducing the least safety violations
throughout most of the training process. This suggests that more sophis-
ticated parameter tuning for the learning rate, including the selection
of initial values and decay types, and perhaps other hyperparameters,
may be necessary when utilizing the dual ascent update, whereas ALM
demonstrates superior performance.

7. Conclusions and future work

This paper presents the NLBAC algorithm, designed to guarantee
both state-wise safety and stability for controlled systems by leveraging
the Augmented Lagrangian Method and Neural ODEs. The algorithm
supports tasks with either pre-defined Control Barrier Functions or
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learned barrier certificates, and addresses the issue of infeasibility
when multiple state-wise constraints are imposed. Experimental re-
sults demonstrate that NLBAC achieves higher cumulative rewards,
fewer safety violations, and improved sample efficiency compared to
baselines.

This research can have potential long-term impact on the rele-
vant fields. The use of neural ODEs enhances model precision, im-
proves adaptability to different discretization steps, and mitigates error
propagation, contributing to good system modeling in the field of
model-based RL. Additionally, our investigation into the infeasibility of
enforcing multiple state-wise constraints simultaneously introduces an
effective alternative to composite Lyapunov-Barrier functions, enabling
principled constraint handling in RL without requiring additional la-
beled data. Moreover, our results demonstrate that replacing dual
ascent updates with the Augmented Lagrangian Method efficiently
reduces constraint violations and improves learning efficiency, making
it a valuable and practical tool for constrained RL. These insights
collectively contribute to the development of state-wise stable and safe
RL algorithms for future applications.

While the algorithm’s effectiveness is validated across several tasks,
the discrepancies between real dynamics and NODE-based models
should be further minimized. Potential solutions include ensemble
NODE models, and using Gaussian dynamic models, which can be
trained using maximum likelihood. We plan to address this question
in future work for solving more diverse tasks.
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