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Abstract

This thesis is concerned with the development and analysis of a discrete counter-

part of the well-known De-Giorgi-type regularity theory for solutions of elliptic

partial differential equations in the setting of finite element approximations. We

consider a finite element space consisting of piecewise affine functions on shape-

regular triangulations of polyhedral Lipschitz domains Ω ⊂ Rn. We identify

conditions for the mesh and the data to prove a global a priori Hölder-norm

bound for finite element approximations of solutions to linear elliptic equations

of the form −div(A∇u) = f − divF , where A ∈ L∞(Ω;Rn×n) is a uniformly

elliptic matrix-valued function and F ∈ Lp(Ω;Rn) and f ∈ Lq(Ω) are given

functions for p > n and q > n
2 . After proving a Caccioppoli-type inequality

for discrete subsolutions, we use iteration techniques to establish a priori L∞-

and Hölder-norm bounds. In particular, all estimates are proved for adaptively

refined, highly graded meshes.

Next, we establish a local L∞-norm bound for finite element approximations

of solutions to p-Laplacian systems on non-obtuse meshes. Again, we do not

require our mesh to be quasi-uniform but we do allow highly graded meshes. As

there is no natural notion of a positive part for vector functions, we use different

techniques than in the scalar, linear uniformly elliptic case.

We then apply the results to the finite element approximation of solutions to

a system that describes the steady flow of a chemically reacting incompressible

fluid. The convergence of a series of approximations was already established in

the literature in two space dimensions, but the lack of a De-Giorgi-type regu-

larity theory in the finite element setting prevented a direct generalisation to

the physically relevant case of three space dimensions. We show that the theory

that was developed in this thesis is under certain restrictions strong enough to

overcome this limitation, thus enabling us to extend the convergence theory for

finite element approximations of the problem to three space dimensions.
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Chapter 1

Introduction

In 1957, the nineteenth problem (“Are all solutions of regular problems in the calculus of

variations analytic?”) from David Hilbert’s famous list of 23 problems [41] presented at the

Second International Congress of Mathematicians in Paris at the turn of the century was

finally solved independently by Ennio de Giorgi [18] and John Nash [52]. As an intermediate

result, De Giorgi proved that functions u ∈W 1,2, which satisfy an inequality that estimates

the norm of ∇u in terms of the norm of u locally on a level set are Hölder continuous. He

then proved that solutions to elliptic equations satisfy this inequality, whereby he deduced

local Hölder-continuity of weak solutions to linear equations. Hence, by using existing

results of Hopf [42] and Morrey [51] to deduce higher regularity of solutions to elliptic

partial differential equations and respective problems form the Calculus of Variations he

thereby solved Hilbert’s nineteenth problem.

Since then, the De-Giorgi-Nash-Moser estimate has been a well-known fact: Given a

bounded domain Ω ⊂ Rn, a uniformly elliptic matrix-valued function A ∈ L∞(Ω;Rn×n)

and functions f ∈ Lq(Ω;R) and F ∈ Lp(Ω;Rn) with q > n
2 and p > n, weak solutions

u ∈W 1,2
0 (Ω;R) to

−div(A∇u) = f − divF on Ω,

u = 0 on ∂Ω
(1.1)

are in fact Hölder continuous. De Giorgi’s iteration technique turned out to be flexible

enough to be applied to a variety of non-linear or parabolic problems. For further references,

we refer for example to [21] and [28].

While the finite element method is one of the most general and powerful techniques for

the numerical approximation of solutions to partial differential equations, there is currently

no discrete counterpart of the De Giorgi theory for elliptic boundary-value problems of

the form (1.1) under the regularity hypotheses on the functions A, f and F stated above.

Our first aim is to fill this gap by identifying conditions under which De-Giorgi-type reg-
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ularity results hold in the discrete setting, for continuous piecewise affine finite element

approximations of the problem (1.1).

First, we will survey the available literature. As a model problem, most authors study

Poisson’s equation:
−∆u = f in Ω,

u = 0 on ∂Ω.
(1.2)

The first step on the way to proving Hölder regularity is usually a local L∞-bound on

the solution. The earliest result of this kind in the finite element literature was given

by Nitsche in [54], where the author proved an O(h) error bound in the L∞-norm for

equations of the form −div(A∇u)+cu = f in two space dimensions with a uniformly elliptic

A ∈W 1,∞(Ω,R2×2), a nonnegative function c ∈ L∞(Ω) and f ∈ L2(Ω) on a convex domain

Ω, subject to a homogeneous Dirichlet boundary condition, and a continuous, piecewise

affine approximation on α–κ-regular triangulations of granularity h > 0. (i.e. the size of

any angle is bounded below by α and the ratio of the side-lengths of any two triangles is

bounded above by κ.) Then, Helfrich proved in [40] that this error bound was optimal in

the case of f ∈ L2(Ω) and piecewise affine approximations, and the order of convergence

could not be improved. In [17], Ciarlet and Raviart extended Nitsche’s result to n space

dimensions with f ∈ Lq(Ω) and q > n
2 on regular simplicial subdivisions of nonnegative type.

(In the case of Poisson’s equation in two space dimensions, a triangulation is guaranteed to

be of nonnegative type if all angles are non-obtuse.)

On a polygonal domain in R2 with a quasi-uniform mesh, with f ∈ L∞(Ω) and a

finite element space consisting of piecewise affine functions, Natterer [53] proved a uniform

regularity result in weighted Sobolev spaces to deduce an error bound of order O(h2−ε) in the

L∞-norm. Soon thereafter, Schatz and Walbin [56] proved a local L∞-best-approximation

property. They analysed approximate solutions to

−div(a∇u) + b · ∇u+ du = f

for smooth uniformly elliptic matrix-valued functions a, vector-valued functions b and scalar-

valued functions c on a quasi-uniform and shape-regular mesh with a few additional technical

assumptions on the finite element space that are, for example, satisfied by Lagrange or

Hermite elements. Their final result is given by the following estimate between the analytical

solution u and the finite element approximation uh on a triangulation of Ω of granularity

h:

‖u− uh‖L∞(Ω1) ≤ C

((
log

1

h

)r
‖u− χ‖L∞(Ω) + ‖u− uh‖W−p,q(Ω)

)
.

Here, W−s,p(Ω) is the dual of W s,p′

0 (Ω) with s > 0, 1 < p < ∞, and 1
p + 1

p′ = 1, r is 1 if

the optimal order in the mesh size h in which finite element functions can approximate Lq
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functions is 2 (as is the case for a continuous, piecewise affine finite element approximation)

or higher and 0 if this order is 3 or higher, χ is an arbitrary finite element function and

Ω1 b Ω and C is a positive constant independent of h and χ. Choosing χ ≡ 0 yields

a uniform L∞-estimate, given L∞-regularity of the solution to the continuous problem u.

The methods of proof of these results are based on pointwise estimates for discrete Green’s

functions. This also implies that a generalization of those results to non-linear equations

using the same technique is impossible.

An alternative way to prove uniform Hölder-norm bounds is obtainingW 1,p-norm bounds

for p > n first and then using the continuous embedding W 1,p(Ω) ↪→ Cα(Ω) with α = 1− n
p .

In two space dimensions and with piecewise affine elements, Rannacher and Scott [55]

showed the W 1,p-stability of the Ritz-projection for p ≥ 2 on triangulations which satisfy

the condition that each triangle contains a circle of radius c1h and is contained in a circle

of radius c2h with positive constants c1 and c2 (i.e. quasi-uniformity and shape-regularity).

Therein, they used this result to deduce that the W 1,p-norm of the approximation error

behaves like O(h) and the Lp-norm behaves like O(h2), thereby eliminating the logarithmic

factor that appeared in all previous results for piecewise affine elements.

If one considers the more general class of elliptic problems of the form −div(A∇u) =

f − divF with A ∈ L∞(Ω;Rn×n) a uniformly elliptic, matrix-valued function, f ∈ L
pn
p+n (Ω)

and F ∈ Lp(Ω;Rn), p ∈ (1,∞), subject to a homogeneous Dirichlet boundary condition, on

a bounded open convex polyhedral domain in n = 2 or n = 3 space dimensions, one obtains a

uniform W 1,p-norm bound on a sequence of finite element approximations on quasi-uniform

triangulations for all p ∈ (2, 2 + ε) with a possibly small ε as a direct consequence of

Proposition 8.6.2 in [11] and Theorem 5.1 of [37]. However, this indirect approach does not

yield a uniform Hölder-norm bound for a sequence of finite element approximations in more

than n = 2 space dimensions.

A De-Giorgi-type iteration is used in the paper by Aguilera and Caffarelli [3] to prove an

h-uniform Cα-estimate at least for continuous piecewise affine approximations of solutions

at least to Laplace’s equation ∆u = 0. The authors assert without proof that their results

generalize to more difficult equations. In this paper, a quasi-uniform, shape-regular and

uniformly acute mesh is assumed.

As before, another approach to establish a uniform Hölder-norm bound is to first prove a

uniform W 1,∞(Ω)-norm bound. In [38], the authors established a W 1,∞-best-approximation

property for finite element approximations of solutions to Poisson’s equation (1.2). They

assumed quasi-uniform meshes and a conforming finite element space Sh of piecewise poly-
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nomials of arbitrary degree k ≥ 1 and a smooth right-hand side f to prove that

‖∇(u− uh)‖L∞(Ω) ≤ C inf
χ∈Sh

‖∇(u− χ)‖L∞(Ω), (1.3)

where uh ∈ Sh is the finite element approximation of the solution of equation (1.2) and u

is the solution in the continuous case. By taking χ ≡ 0 followed by the application of the

triangle inequality, this implies that

‖∇uh‖L∞(Ω) ≤ C‖∇u‖L∞(Ω).

Together with standard regularity theory for solutions to equation (1.2) with a smooth

right-hand side f and the well known embedding W 1,∞ ↪→ Cα, this implies a uniform

Hölder-estimate for uh. However, a bound on ‖∇u‖L∞(Ω) does not always exist for all

domains Ω and the results only hold for Poisson’s equation.

If one assumes Cα-regularity of A in equation (1.1), an a priori Cα-bound and optimal

error estimates for finite element approximations of solutions to elliptic systems are proved in

[31]. The author uses local comparison arguments to prove estimates in Camapanato spaces

to extend the results of [55] to elliptic systems. Again, the finite element space consists of

piecewise affine functions. However, there is no Cα-regularity of solutions to equation (1.1)

even in the continuous case for systems. This suggests that to derive estimates that only

require A ∈ L∞(Ω;Rn×n), we have to use a different technique.

All of the results that we cited above assumed a quasi-uniform triangulation of the

domain Ω and exclude highly graded meshes. This excludes finite element schemes that are

based on an adaptive refinement of the mesh. The strategy of the schemes is the following.

One solves the problem on a coarse grid and then estimates the local errors. After that,

one marks simplices based on those estimates and locally refines the mesh. In short, the

scheme is given by the flow

Solve→ Estimate→ Mark→ Refine.

The first proof of linear error reduction for the Poisson problem −∆u = f using this

scheme was given in [32] by Dörfler. Therein, the author used piecewise affine elements and

newest vertex bisection. The proposed marking strategy ensures that that the marked edges

contribute at least to a fixed proportion of the global error estimator. However, the initial

mesh had to be fine enough, dependent of the oscillations of the right-hand side f . In [50],

the latter restriction was avoided by extending the marking strategy to not only ensure that

sufficiently many simplices are marked such that they contribute to a fixed proportion of the

error estimator, but also to a fixed proportion of the data oscillation error. The authors also

include finite element approximations of solutions to the equation −div(A∇u) = f where A
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is assumed to be a piecewise constant, uniformly elliptic matrix-valued function. This was

extended in [49] to include not only Lipschitz-continuous, uniformly elliptic matrix-valued

functions A, but also lower order terms, i.e. finite element approximations to solutions to

the equation −div(A∇u) + b · ∇u+ cu = f .

To the best of our knowledge, there is no a priori regularity theory for finite element

approximations to elliptic equations on highly graded meshes at the time this thesis was

written. Here, we use the term a priori in the sense that we want to have knowledge about

regularity properties of the sequence of approximate solutions, uniformly with respect to

the mesh size, and uniform bounds on the respective norms of the sequence of approximate

solutions without the need to compute said approximations. In [19], the authors obtain

a best approximation property as in inequality (1.3) for solutions to Poisson’s equation

(1.2) for f ∈ L∞(Ω) on slowly varying (a technical condition that is stronger than shape-

regularity but weaker than quasi-uniformity) meshes in 2 and 3 space dimensions. The

approach is again based on Galerkin orthogonality and point-wise estimates for discrete

Green’s functions.

A well studied nonlinear generalisation of the Poisson problem is the p-Poisson problem

that is given by

−div(|∇u|p−2∇u) = f

for p ∈ (1,∞). Obviously, |∇u|p−2 is neither uniformly elliptic nor bounded for p 6= 2

and the natural space for weak solutions is W 1,p. In [36], the authors use piecewise affine

functions on triangulations of the domain Ω ⊂ R2 where the diameter of the triangles is

bounded above by h. They prove the strong convergence uh → u as h → 0 and the error

estimate

‖uh − u‖W 1,p(Ω) ≤ C1‖u‖
1
p−1

W 2,p(Ω)
‖u‖

p−2
p−1

W 1,p(Ω)
h

1
p−1

for a constant C1 and p ≥ 2 and

‖uh − u‖W 1,p(Ω) ≤ C2‖u‖
1

3−p
W 2,p(Ω)

‖u‖
2−p
3−p
W 1,p(Ω)

h
1

3−p

a constant C2 and 1 < p < 2. Note that this requires u ∈W 2,p(Ω), which is not guaranteed

for general data f . However, it is satisfied in a wide range of cases. Those estimates were

improved in [16]. Therein, the authors assumed a slightly more general class of degenerate

or singular elliptic equations that includes the p-Laplacian and a conforming finite element

space of piecewise polynomials. They proved the estimates

‖u− uh‖W 1,p(Ω) ≤ C‖u− vh‖
s
W 1,p,(Ω)
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for all vh in the respective finite element space with s = p
2 for 1 < p < 2 and s = 2

p for

p > 2. If we assume piecewise affine functions and u ∈ W 2,p(Ω), this implies that there is

a constant C such that

‖u− uh‖W 1,p(Ω) ≤ Ch
s

by the Bramble-Hilbert Lemma. (See [11][Lemma 4.3.8].)

Barrett and Liu achieved a major breakthrough in the analysis of the finite element

approximation of solutions to the p-Poisson problem in [7]. Therein, the authors found that

the natural quantity to estimate the error is given by the quasi-norm

|v|(p,σ) =

(∫
Ω

(|∇u|+ |∇v|)p−σ|v|σ dx

) 1
p

.

The authors use a finite element space of piecewise affine functions Vh in two space dimen-

sions. The main error estimate follows from the approximation property given by

|u− uh|(p,2+δ2) ≤ C|u− vh|(p,2−δ2)

for any δ1 ∈ [0, 2), δ2 ≥ 0 and vh ∈ Vh, where u is the solution to the continuous problem

and uh ∈ Vh its finite element approximation, and vh is any element of the finite element

space. For 1 < p < 2 this leads to optimal W 1,p(Ω)-error bounds

‖u− uh‖W 1,p(Ω) ≤ Ch

if u ∈ W 3,1(Ω) ∩ C2, 2−p
p
(
Ω
)
. In the degenerate case p > 2, the authors obtain the optimal

convergence order for the error in the W 1, 4
3 (Ω)-norm if u ∈W 1,∞(Ω)∩W 2,2(Ω). Building on

works of Babuška and others (see [6] and [5]), Ainsworth and Kay analysed the convergence

of the p-method for the approximation of solutions to the p-Poisson problem in n = 2 space

dimensions in [4]. (Here, the p in p-method means the polynomial degree of the elements

and is not to be confused with the exponent p in the p-Laplacian.) The p-method refers

to increasing the polynomial degree of the elements instead of decreasing the granularity

of the partition (referred to as the h-method). The rate of convergence in terms of the

number of degrees of freedom is shown to be at least equal to that of the h-method while

achieving exponential convergence in the case of smooth solutions. This was primarily

achieved by extending the approximation theory to Lp-spaces. The first convergence result

for an adaptive algorithm for the p-Poisson problem was given in [60]. The author used

finite element spaces consisting of piecewise affine functions in n space dimensions on shape-

regular meshes. The only discrete regularity result that was used therein is the stability

estimate ‖∇uh‖Lp(Ω) ≤ C‖f‖W−1,p′ (Ω) that follows directly from the variational formulation

of the p-Poisson problem. First steps towards establishing results on adaptive methods for
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approximations of solutions of the p-Poisson problem have been made in [46], where the

authors proved local a posteriori error estimators from above and below that may be used

for the mark step of an adaptive scheme. In [24], a sharper semi-norm a posteriori error

estimate is proved to establish a linear error reduction result for an adaptive algorithm

to approximate solutions to the ϕ-Laplacian equation −div
(
ϕ(|∇u|)
|∇u| ∇u

)
= f , where ϕ is

an N-function that satisfies the ∆2-condition and ϕ′(t) ∼ tϕ′′(t). (For precise definitions,

see Definition 4.12.) In [10], this was further improved by showing quasi-optimality and

avoiding an interior node condition, which demanded that every marked triangle and all of

its faces contain a new node. Little seems to be known about a priori regularity results

to finite element approximations of solutions to p- or ϕ-Laplacian equations or systems. In

[25], a discrete maximum principle for piecewise affine approximation on non-obtuse meshes

was given.

Let us now briefly discuss our own results. In Theorem 3.25, we will prove a uniform

a priori Hölder estimate on discrete solutions to −div(a∇uh) = f − divF . On the one

hand, we allow adaptively refined, highly graded meshes and only require shape-regularity,

which is an improvement over [19]. We also only require A ∈ L∞(Ω;Rn×n); in particular,

we will not assume Hölder continuity of A as in [31]. Furthermore, the De-Giorgi-type

iteration technique is flexible enough to include scalar, uniformly elliptic nonlinearities, see

Theorem 3.30. Therefore, our results are a first step towards similar estimates for more

complex, non-linear problems. On the other hand, we have a few restrictions. The theorem

is only valid for finite element spaces of piecewise affine functions. Additionally, we shall

assume that there is a function G ∈ Lp(Ω;Rn), such that −divG ≥ |divF | in the sense of

distributions (cf. Assumption ? in Definition 3.10). This assumption is satisfied in a number

of non-trivial cases, but it is restrictive, in particular because it implies that divF has to

be a signed measure. We also require the mesh to be A-non-obtuse. Even with A being the

identity matrix, which means that A-non-obtuseness becomes the regular non-obtuseness,

this condition is still restrictive. In general, the common algorithms (for example the one

proposed in [57]) for local mesh refinement produce obtuse angles. However, avoiding the

assumption of uniform acuteness as in [3] allows us to include important special cases such

as the n-dimensional hypercube with a Kuhn-simplex triangulation that gets locally refined.

We will prove a local L∞-estimate for discrete solutions to systems of the form

−div(|∇u|p−2∇u) = f − divF

in Theorem 4.25. We are able to allow fully adaptive refinement of the mesh, but still need

the triangulation to be non-obtuse. If we assume a uniformly acute triangulation of the do-

main, we also find local L∞-estimates to ϕ-Laplacian systems of the form−div
(
ϕ′(|∇u|)
|∇u| ∇u

)
=

7



0. This is not only an interesting result in itself, but the locality of the estimates suggests

that it may be a first step towards local L∞-error estimates for nonlinear elliptic problems.

However, the derivation of those error estimates is beyond of the scope of this project.

In Chapter 5, we will apply a generalized version of Theorem 3.30 to the finite element

scheme that was proposed in [43] to approximate solutions to a system that models the flow

of a chemically reacting, non-Newtonian fluid, that is given by

divu = 0, (1.4)

div(u⊗ u)− div (S(c,Du)) = ∇p+ f, (1.5)

div(cu)− div(k(Du, c)∇c) = 0. (1.6)

where u : Ω→ Rn is the velocity field, p : Ω→ R is the pressure field and c : Ω→ R is the

concentration of hyluronan. For more details and precise definitions, we refer to Section 5.1.

In Theorem 5.12, we will extend Theorem 3.25 to include equations with lower order terms

on uniformly acute meshes. This will allow us to prove a De-Giorgi-type estimate for c as

a finite element approximation to a solution to equation (1.6). This allows us to generalise

the convergence result of [43] to include n = 3 space dimensions without the regularisation

that was necessary in [44].
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Chapter 2

Preliminaries

In this chapter, we will introduce function spaces, mesh conditions and some other defi-

nitions which will be needed in the thesis. The first section contains a brief overview of

classical properties of Lebesgue and Sobolev spaces. In the second section, we will introduce

the finite element spaces that we will be working with and prove some important properties

of these spaces.

2.1 Lebesgue and Sobolev spaces

We will now review some important elementary definitions and properties of Lebesgue and

Sobolev spaces. First, we will introduce a few notational conventions.

For two non-negative expressions a and b, we will write a . b if there is a positive

constant C such that a ≤ Cb. We will write a & b if there is a constant c > 0 such that

a ≥ cb. If we have a . b and a & b, we will write a ∼ b. If this notation is used within a

proof, the implicit constants are allowed to depend on the quantities that the constants in

the respective theorem or lemma depend on. If this notation is used outside of proofs, it will

be either clear from the context or stated explicitly, what the implicit constants depend on.

The maximum of two real numbers x and y will be denoted either by max{a, b} or in short

by a∨ b. The positive part of an expression u will be denoted by uu := u∨ 0. (Note that u

is not the standard notation for the positive part. In Definition 3.9, we will introduce the

nodal positive part of a piecewise affine function and denote it with the standard + because

this notion will be used more frequently than the point-wise expression that we shall denote

by u.) For a measurable set A ⊂ Rn, we will denote its Lebesgue-measure by |A| and its

characteristic function by χA. We will start by providing a precise definition of a Lipschitz

domain.

Definition 2.1 (cf. [2] 4.9). A bounded domain Ω ⊂ Rn is a Lipschitz domain, if for all

x ∈ ∂Ω, there is a neighbourhood Ux such that Ux∩∂Ω is the graph of a Lipschitz continuous

9



function.

Next, we need the spaces of p-integrable functions

Definition 2.2 (cf. [2] Chapter 2). Let Ω ⊂ Rn be a domain. For p ≥ 1, a measurable

function f : Ω→ Rm is p-integrable, if∫
Ω
|f |p dx <∞.

The space of equivalence classes of almost everywhere equal p-integrable functions is denoted

by Lp(Ω;Rm). If the target space or the domain are clear, we will omit those. We will use

equivalence classes and representatives of those classes interchangeably. Equipped with the

norm

‖f‖Lp(Ω) =

(∫
Ω
|f |p dx

) 1
p

,

the space Lp is a Banach space. The space of essentially bounded functions is denoted by

L∞, its norm is given by

‖f‖L∞(Ω) = ess sup
x∈Ω

|f(x)|.

We will use the terms sup and ess sup interchangeably.

We will also need the notions of weak derivative and Sobolev spaces.

Definition 2.3 (cf. [2], Chapter 3). Given p ≥ 1 and an open set Ω, a function f ∈
Lp(Ω;Rm) is weakly partially differentiable in the direction xi, if there is are measurable

functions ∂xif : Ω→ Rm for all i ∈ {1, . . . , n}, such that∫
Ω
f · ∂xiϕdx = −

∫
Ω

(∂xif) · ϕdx

for all ϕ ∈ C∞0 (Ω,Rm). A function f : Ω→ Rm belongs to the Sobolev space W k,p if f and

all its weak partial derivatives are in Lp(Ω). The norm is given by

‖f‖p
Wk,p(Ω)

=
∑
|α|≤k

‖∂αf‖pLp(Ω).

Furthermore, we will denote the completion of C∞0 (Ω) under the W k,p-norm by W k,p
0 (Ω).

We will now collect a few useful facts and basic properties of those spaces.

• Young’s inequality: ab ≤ ap

p + bp
′

p′ for a, b ≥ 0, 1 < p <∞ and 1 = 1
p + 1

p′ .

• Hölder’s inequality: ‖fg‖Lp(Ω) ≤ ‖f‖Lp1 (Ω)‖g‖Lp2 (Ω) for p, p1, p2 ∈ [1,∞] and 1
p =

1
p1

+ 1
p2

.
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• Density (Meyers–Serrin): For 1 ≤ p <∞ and k ∈ N, we have

W k,p(Ω) = C∞(Ω) ∩W k,p(Ω)
‖·‖

Wk,p(Ω) .

Next, we will give the two most important versions of Poincaré’s inequality. For a proof,

see for example [2][Theorem 6.30].

Theorem 2.4 (Poincaré’s inequality). Let Ω ⊂ Rn be a Lipschitz-domain that is bounded

in at least one direction. Then, there exists a constant C > 0 that depends on the domain

and p ∈ [1,∞), such that ∫
Ω
|u|p dx ≤ C

∫
Ω
|∇u|p dx

for all u ∈W 1,p
0 (Ω).

One of the most general type of domains where a Poincaré-type inequality holds is a so

called α-John domain. We will cite this definition from [27]. First we shall define α-cigars

and α-carrots.

Definition 2.5. Given a rectifiable path γ that is parametrised by arch-length and an angle

α > 0, we define the α-cigar along γ as

cig(γ, α) :=
⋃

t∈[0,|γ|]

{
B(γ(t),

1

α
min{t, |γ| − t})

}

and the α-carrot along γ as

car(γ, α) :=
⋃

t∈[0,|γ|]

{B(γ(t), αt)} .

An example of an α-cigar is shown later in Figure 2.5 and an example of an α-carrot is

shown later in Figure 2.4.

Definition 2.6. A domain Ω ⊂ Rn is called an α-John domain, α > 0, if every pair of

distinct points a, b ∈ Ω can be joined by a rectifiable path γ such that

cig(γ, α) ⊂ Ω.

Remark 2.7. Obviously, any bounded convex set is an α-John domain.

Theorems 3.8 and 5.1 of [27] then prove the following proposition.

Proposition 2.8. Let Ω be a bounded α-John domain for some α > 0. Then, for all

f ∈W 1,q(Ω) holds

‖f − 〈f〉Ω‖Lq(Ω) ≤ Cdiam(Ω)‖∇f‖Lq(Ω).

The constant C only depends on α, n and q.
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Proof. Theorem 3.12 of [27] guarantees that Ω satisfies an emanating chain condition with

constants only depending on Ω. Then Theorem 5.1 of [27] guarantees that Poincaré’s

inequality is true in weighted Sobolev spaces. As we have chosen the weight w ≡ 1, the

dependence of the constant on the weight can be dropped.

Fore more details on the Poincaré constant of star shaped sets that arise in the context

of finite element methods, see [61]. Following arguments from [23][Lemma 8.2.3], we will

now show that it is not necessary to subtract the average over the entire domain. In fact,

it is enough to subtract the average over a subset ω ⊂ Ω as long as |ω||Ω| is bounded below.

Corollary 2.9. Let Ω be a bounded α-John domain. Furthermore, let ω ⊂ Ω be a measurable

set with |ω||Ω| ≥ β > 0. Then, there is a C > 0, such that for all f ∈W 1,q(Ω), we have

‖f − 〈f〉ω‖Lq(Ω) ≤ C
(

1 +
1

β

)
diam(Ω)‖∇f‖Lq(Ω).

C depends only on α, n, q.

Proof. By the triangle inequality, we have

‖f − 〈f〉ω‖Lq(Ω) ≤ ‖f − 〈f〉Ω‖Lq(Ω) + ‖〈f〉ω − 〈f〉Ω‖Lq(r). (2.1)

From Proposition 2.8, we know that

‖f − 〈f〉Ω‖Lq(Ω) ≤ Cdiam(Ω)‖∇f‖Lq(Ω), (2.2)

where C is the constant from Proposition 2.8 that only depends on α, n and q. On the

other hand, we find

‖〈f〉ω − 〈f〉Ω‖Lq(r) = |〈f〉ω − 〈f〉Ω||Ω|
1
q (2.3)

We estimate

|〈f〉ω − 〈f〉Ω| =
∣∣∣∣−∫
ω

f dx−−
∫
ω

〈f〉Ω dx

∣∣∣∣
=
|Ω|
|ω|

1

|Ω|

∣∣∣∣∫
ω
f − 〈f〉Ω dx

∣∣∣∣
≤ 1

β|Ω|

∫
Ω
|f − 〈f〉|dx

≤ 1

β|Ω|
1
q

‖f − 〈f〉Ω‖Lq(Ω)

(2.4)

where we have used Hölder’s inequality in the last step. Combining inequalities (2.2), (2.3)

and (2.4) yields

‖〈f〉ω − 〈f〉Ω‖Lq(r) ≤
C

β
diam(Ω)‖∇f‖Lq(Ω). (2.5)

Now combining inequalities (2.1), (2.2) and (2.5) proves the Corollary.
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The next function space that we will need is the space of Hölder continuous functions.

Let us write

osc
A
f := sup

x∈A, y∈A
|f(x)− f(y)|

for the oscillations of a function f : Ω→ Rm on a set A ⊂ Ω. For m = 1, this simplifies to

osc
A
f = sup

A
f − inf

A
f.

Definition 2.10. We will say a function f : Ω → Rm is Hölder continuous with the

exponent α, if

sup
x,y∈Ω

|f(x)− f(y)|
|x− y|α

≤ C (2.6)

for some constant C. The smallest constant C that satisfies this inequality for a function

f will be denoted by |f |Cα(Ω). Note that |·|Cα(Ω) is a seminorm on the space of Hölder-

continuous functions Cα
(
Ω
)
. Inequality (2.6) can be simplified to

osc
B(x0,R)

f ≤ CRα

for all x0 ∈ Ω and R > 0 with B(x0, R) ⊂ Ω.

Finally, we will give the most important embedding theorems.

Theorem 2.11. Suppose that Ω is a bounded open Lipschitz domain. The following em-

beddings are continuous:

• W 1,p(Ω) ↪→ Lp
?
(Ω) with 1

p = 1
p? + 1

n and 1 ≤ p < n,

• W 1,p(Ω) ↪→ Cα
(
Ω
)

for n < p ≤ ∞ and 0 ≤ α ≤ 1− n
p .

The first embedding will be referred to as the Sobolev embedding, the second one as Morrey’s

embedding. Furthermore, the following embeddings are compact:

• W 1,p(Ω) ↪→ Lp
?
(Ω) with 1

p <
1
p? + 1

n and 1 ≤ p < n,

• W 1,n(Ω) ↪→ Lp(Ω) for all p ∈ [1,∞),

• Cα
(
Ω
)
↪→ Cβ

(
Ω
)

for α > β.

For more details see [2], Chapters 4 and 6.
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2.2 Finite element spaces, triangulations and mesh condi-
tions

This section is based on the third the section of a joint paper with Lars Diening and Endre

Süli, entitled Uniform Hölder-norm bounds for finite element approximations of second-

order elliptic equations, submitted to the IMA Journal of Numerical Analysis on 9 April

2020, and available from arXiv:2004.09341 [math.NA]. In this section, we will introduce

common mesh conditions that will be used throughout and prove properties of the corre-

sponding triangulations. We will always assume that Ω ⊂ Rn is a polyhedral Lipschitz

domain and Th is a triangulation of that domain. Here, by a triangulation of Ω we mean a

subdivision of Ω into closed n-dimensional simplices with pairwise disjoint interiors, whose

union is Ω and the intersection between two simplices is either empty or a complete sub-

simplex. The (0-dimensional) vertices of the simplices will be referred to as nodes, the

1-dimensional intersections between two simplices will be referred to as edges and the n−1-

dimensional (n ≥ 3) intersections between two simplices will be referred to as faces. First,

we will define the Lagrange basis for a triangulation.

Definition 2.12. Let Th be a triangulation of the polyhedral Lipschitz domain Ω ⊂ Rn. For

a node xi of the triangulation Th, we define the associated Lagrange basis function ψi via

ψi(xj) = δi,j and ψi is an affine function of n variables on any T ∈ Th.

Now, we will define different mesh conditions.

Definition 2.13. We call a triangulation Th shape-regular with shape-regularity parameter

Γ > 1, if one has, for each T ∈ Th,

hT ≤ Ri,TΓ, (2.7)

where Ri,T is the radius of the largest n-dimensional ball contained in T (which we shall

refer to as the inscribed ball of T ) and hT := diamT .

Next, we will introduce two important notions: A-nonobtuseness and uniform A-acuteness.

Definition 2.14. Let A ∈ L∞(Ω;Rn×n) be a uniformly elliptic matrix-valued function. We

call a triangulation Th of Ω A-non-obtuse, if∫
T
A∇ψi · ∇ψj dx ≤ 0 (2.8)

for any T ∈ Th where ψi and ψj are the Lagrange basis functions of Vh that are associated

with the nodes xi and xj (see Definition 2.12) and for any i 6= j.
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We will call a triangulation Th uniformly A-acute with the acuteness constant γ if the

estimate ∫
T
A∇ψi · ∇ψj dx ≤ −γ‖∇ψi‖L2(T )‖∇ψj‖L2(T ) (2.9)

holds for any T ∈ Th and any i 6= j with T ⊂ suppψi ∩ suppψj.

Note that if A is the product of a scalar function and the identity matrix, this defini-

tion coincides with the geometric idea of a non-obtuse triangulation. The existence and

construction of uniformly A-acute and A-non-obtuse triangulations is discussed in detail in

[15].

We will now recall a few properties of shape-regular families of triangulations Th. For any

simplex T ∈ Th, there is an invertible affine transformation BT with bounded inverse that

maps T onto the simplex in Rn with the nodes (0, . . . , 0), (hT , 0, . . . , 0), . . . , (0, . . . , 0, hT ).

The norms of the gradients of BT and its inverse are uniformly bounded for all T ∈ Th and

the bound only depends on the shape-regularity parameter Γ. Furthermore, for any node

xi of a simplex T ∈ Th we have that

|∇ψi| ∼ h−1
T , (2.10)

where the implicit constant only depends on the shape-regularity constant Γ and the di-

mension n. Furthermore, if T ∈ Th and S ∈ Th have a nonempty intersection, we have

hT ∼ hS . (2.11)

Again, the implicit constant in equation (2.11) only depends on the shape-regularity con-

stant and the dimension. For simplicity, for any set A contained in Ω, we will write

Ω(A) :=
⋃

T∈Th :T∩A 6=∅

T,

and the interior of that set is then

Ω(A) := Ω(A) \ ∂Ω(A).

In particular, we will write Pi := Ω({xi}) for any patch around a node xi. We will also

write

Ω′(A) :=
⋃

i :xi∈A
Pi. (2.12)

In short, Ω(A) is the union of all simplices that touch A whereas Ω′(A) is the union of all

simplices that have a node in A.
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Figure 2.1: T and Ω(Ω(T ))

Lemma 2.15. Let Th be a shape-regular triangulation of Ω. Let T ∈ Th be a simplex and

hT = diamT . Then, there exists a σ > 0 that only depends on the shape-regularity constant

Γ and the dimension, such that

dist
(
T,Ω(Ω(T )) \ Ω (T )

)
≥ σhT .

Note that dist
(
T,Ω(Ω(T )) \ Ω (T )

)
= dist (T,Ω \ Ω (T )) if Ω(T ) ∩ ∂Ω = ∅.

Proof. Given T ∈ Th, let Sj ∈ Th, j = 1, . . . , N , be the collection of all those simplices

that have non-empty intersection with T . Thanks to the shape-regularity of Th the integer

N only depends on the shape-regularity parameter Γ. As dist
(
T,Ω(Ω(T )) \ Ω (T )

)
≥

minj=1,...,N Ri,Sj , where Ri,Sj is the radius of the maximal ball inscribed in Sj , the assertion

follows from shape-regularity, which implies that Ri,Sj ∼ hSj , and the equation (2.11),

which guarantees that hSj ∼ hT for all j = 1, . . . , N . See also Figure 2.1.

We want to be able to deal with domains that are not convex. For example in Pacman-

domains we could run into situations, where Ω(x0, B) contains two different connected

components. We will only want to look at the connected component that contains the

centre x0.

Definition 2.16. For x0 ∈ Ω and R > 0, we write B(x0, R) for the connected component of

B(x0, R) ∩ Ω that contains x0. Note that for B(x0, R) ⊂ Ω, we have B(x0, R) = B(x0, R).
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Lemma 2.15 is essential to prove the following statement.

Lemma 2.17. Let Th be a shape-regular triangulation of the polyhedral domain Ω. Suppose

that x0 ∈ T for some T ∈ Th and R ≥ hT . There exists a number Q > 1 that only depends

on the shape-regularity parameter Γ, the Lipschitz constant of the boundary of Ω and the

dimension, such that

Ω(B(x0, R)) ⊂ B(x0, QR). (2.13)

Proof. Each simplex S ∈ Th is a bounded set; there is therefore an R̃ > 0 such that

Ω(B(x0, R)) ⊂ B(x0, R̃). If we denote the radius of the circumscribed ball of S ∈ Th by Rc,S

and use shape-regularity as defined in Definition 2.13, we find that

R̃ ≤ R+ max
S∈Th :S∩T 6=∅

Rc,S . R+ max
S∈Th :S∩T 6=∅

hS . (2.14)

If S ⊂ Ω (T ), we have S ∩ T 6= ∅ by definition, and equation (2.11) and the assumption

R ≥ hT therefore yield

hS ≤ σ̃hT ≤ σ̃R (2.15)

for some σ̃ that only depends on the shape-regularity constant and the dimension.

We denote the length of the shortest path between S and x0 in B(x0) by dΩ(x0, S). If

S ⊂ Ω \ Ω(T ), we also have x0 ∈ Ω \Ω (S) and B(x0, R)∩ S 6= ∅, and therefore dΩ(S, x0) ≥
dist

(
S,Ω(Ω(S)) \ Ω(S))

)
. Together with Lemma 2.15 this implies that dΩ(x0, S) ≥ σhS .

As Ω is Lipschitz and therefore satisfies a uniform exterior cone condition, there is a constant

σΩ > 1 that depends on the Lipschitz constant of the boundary, such that dΩ(x0, S) ≤ σΩR.

In total, we find

σR ≥ dΩ(x0, S) ≥ dist
(
S,Ω

(
Ω(S)

))
≥ σhs (2.16)

for S ⊂ Ω \ Ω(T ). Inserting inequalities (2.15) and (2.16) into inequality (2.14) now yields

R̃ ≤ (1 + max{σΩ
σ ,

1
σ̃})R, which proves the lemma for Q = 1 + max{σΩ

σ ,
1
σ̃}.

Lemma 2.18. Let Th be a shape-regular triangulation of the polyhedral domain Ω. There

exists a constant κ > 0 that only depends on the shape-regularity constant Γ, such that for

any T ∈ Th, x0 ∈ T and R ≥ hT , we have

B(x0, κR) ⊂ Ω′(B(x0, R)). (2.17)

Proof. Recall that hT = diamT . Thus, all nodes of T belong to B(x0, R). In particular,

this means that Ω(T ) ⊂ Ω′(B(x0, R)). Now assume that there is an S ∈ Th such that

B(x0, R)∩S 6= ∅, but none of the nodes of S belong to B(x0, R). (If that were not the case,

we would have B(x0, R) ⊂ Ω′(B(x0, R)) and there would be nothing to show.) We connect
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a point on ∂B(x0, R)∩S with x0 by a line-segment and denote the length of the part of the

segment within S by a and the part outside of S by b. (See Figure 2.2.) Then, we have

R = a+ b. (2.18)

We know that

a ≤ diamS = hS . (2.19)

On the other hand x0 /∈ Ω(S). Denote the point that a and b share by x1 and as before,

denote the length of the shortest path between x1 and x0 by dΩ(x1, x0). Then, we have

dΩ(x1, x0) ≥ dist(S,Ω(Ω(S)) \ Ω(S)) ≥ σhS (2.20)

by Lemma 2.15. Again, because Ω is Lipschitz and it therefore satisfies an exterior cone

condition, there is a constant σΩ that only depends on the Lipschitz constant of Ω, such

that

dΩ(x0, x1) ≤ σΩb. (2.21)

Inequalities (2.19), (2.20) and (2.21) yield a ≤ σσΩb. Using this in the equality (2.18) gives

R = a+ b ≤
(

1 +
σΩ

σ

)
b. (2.22)

As this is true for all simplices S ∈ Th that intersect B(x0, R) and do not have a node in

B(x0, R), this implies inclusion (2.17) for κ = σ
σ+σΩ

.

Remark 2.19. Our choice of B(x0, R) instead of only B(x0, R) near the boundary is nec-

essary to exclude cases where two different connected components of Ω ∩B(x0, R) might be

connected in Ω via an arbitrarily long path and therefore the simplices in this other compo-

nent might be very big compared to the ones in the component we were starting in. We will

see in Section 3.4, where we will discuss regularity at the boundary, that this approach still

leads to a Cα-estimate.

Now, we will define the finite element space that we will be working on.

Definition 2.20. Given a triangulation Th of the domain Ω, we denote the space of con-

tinuous functions that are affine on every T ∈ Th by Vh. Note that Vh ⊂ W 1,∞(Ω) and we

can write
uh =

∑
i

uh(xi)ψi,

∇uh =
∑
i

uh(xi)∇ψi
(2.23)
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Figure 2.2: S and B(x0, R)

for any uh ∈ Vh with the Lagrange basis functions ψi introduced in Definition 2.12. This

also shows that we can write a projection Πh onto Vh for every continuous function f as

Πhf =
∑
i

f(xi)ψi. (2.24)

Πhf is also called the Lagrange interpolant of f . Furthermore, we will denote the space of

continuous functions that are affine on every T ∈ Th and zero on ∂Ω by Vh,0 := W 1,1
0 (Ω)∩Vh.

We will collect a few lemmas about functions defined on triangulations. In particular,

this will lead to a stronger version of Poincaré’s inequality. We will always assume that

Vh and Vh,0 are finite element spaces associated with a shape-regular triangulation Th of a

polyhedral domain Ω. In particular, this means that (2.10) is true. Πh will always denote

the Lagrange projection operator onto Vh as defined in equation (2.24).

Lemma 2.21. Let Th be a shape-regular triangulation of the polyhedral Lipschitz domain

Ω. For all f ∈ C0
(
Ω
)
, we have

sup
T
|Πhf | ≤ sup

T
|f |. (2.25)
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Furthermore, there is constant C that depends on the shape-regularity constant of the mesh

and the dimension, such that for any T ∈ Th and f ∈ C1
(
T
)
, we have

sup
T
|f −Πhf |+ sup

T
hT |∇Πhf | ≤ C sup

T
hT |∇f |. (2.26)

on all T ∈ Th.

Proof. As an affine function on a simplex T , Πhf attains its maximum and minimum on T

on one of the nodes of T . This means that we have

sup
T
|Πhf | ≤ max

xi∈T
|Πhf | = max

xi∈T
|f | ≤ sup

T
|f |,

which proves the inequality (2.25). The bound supT |f −Πhf | ≤ supT hT |∇f | is standard

from approximation theory. To prove that supT hT |∇Πhf | . supT hT |∇f |, we can assume

that f(x) = 0 for some x ∈ T because ∇f = ∇(f − c) for all f ∈ C1
(
T
)

and all constants

c. Write IT for the index set of the n+ 1 indices of the nodes of T . We also use the relation

(2.10) to get

sup
T
|∇Πhf | = sup

T

∣∣∣∣∣∑
i

f(xi)∇ψi

∣∣∣∣∣ ≤ (n+ 1) max
T
|f(xi)|h−1

T . max
T
|∇f |.

This concludes the proof of inequality (2.26).

The following important Lemma 2.23 is true for polynomials defined on simplices T ∈ Th.

We will denote the space of polynomials of degree k or lower by Pk.

Remark 2.22. Let a1, . . . , am ∈ Pk. Then, a1 · · · am = 0 if and only if at least one of the

functions a1, . . . , am is identically zero.

Lemma 2.23. Let a1, . . . , am ∈ Pk. Then,

m∏
j=1

max
T
|aj | ∼ −

∫
T

∣∣∣ m∏
j=1

aj

∣∣∣ dx. (2.27)

The constant hidden in the ∼ depends on k, n, m and the shape-regularity parameter of T .

Proof. Since the expressions on both sides of (2.27) are homogeneous in a1, . . . , am, it suffices

to show that there are constants c and C such that 0 < c ≤ −
∫
T

∣∣∣∏m
j=1 aj

∣∣∣ dx ≤ C for any

a1, . . . , am ∈ Pk with maxT |a1| = · · · = maxT |am| = 1 and any shape-regular simplex T .

Obviously, we can choose C = 1. We will prove the existence of c with a compactness

argument. Equation (2.27) is invariant under linear scaling. Thus, we can assume that

hT = 1 in the sense of Definition 2.13. First, we fix a shape-regular simplex T and note

that the mapping g : (a1, . . . , am) 7→ −
∫
T |a1 · · · am|dx is continuous on P⊗mk , as this space
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is finite-dimensional and all norms are equivalent. Furthermore, the set {(a1, . . . , am) :

maxT |a1| = · · · = maxT |am| = 1} ⊂ P⊗mk is closed and bounded and therefore compact.

Thus, it suffices to show that g(a1, . . . , am) > 0 for any (a1, . . . , am) with maxT |a1| = · · · =
maxT |am| = 1 to get

inf
maxT |a1|=···=maxT |am|=1

−
∫
T

|a1 · · · am| dx > 0. (2.28)

Assume the contrary, i.e. −
∫
T |a1 · · · am|dx = 0. Then, a1 · · · am = 0 on T . But, because

of Remark 2.22, this implies that at least one of the a1, . . . , am has to be identically zero,

which contradicts maxT |a1| = · · · = maxT |am| = 1.

If we now fix a node x0 of T , we define the set A ⊂ Rn×n as the set of n-tuples

(x1, . . . , xn) that, together with x0, form a shape-regular simplex with diameter hT = 1

and see that A is bounded and closed and therefore compact. Furthermore, the mapping

f : A → R defined via

(x1, . . . , xn) 7→ inf
maxT |a1|=···=maxT |am|=1

−
∫

convhull(x0,...,xn)

|a1 · · · am| dx

is continuous. This means that it suffices to show that f(a1, . . . , an) > 0 to prove (2.27).

But this is obviously true due to the inequality (2.28).

Furthermore, we have the following identity.

Lemma 2.24. For all fh, gh ∈ Vh and a, b ∈ R, we have

Πh(fhgh)− fhgh = Πh

(
(fh − a)(gh − b)

)
− (fh − a) (gh − b) .

Proof. Πh is linear and constant functions are contained in Vh. This means that we have

Πh(agh) = agh, Πh(bfh) = bfh and Πh(ab) = ab. This leaves us with

Πh

(
(fh − a)(gh − b)

)
− (fh − a) (gh − b)

= Πh(fhgh)−Πh(agh)−Πh(bfh) + Πh(ab)− fhgh + agh + bfh − ab

= Πh(fhgh)− fhgh.

This concludes the proof.

This leads to the following estimate.

Lemma 2.25. There are constants C1 and C2 that depend on the shape-regularity constant

and the dimension, such that for all vh, wh ∈ Vh, we have

max
T
|vhwh −Πh(vhwh)|+ max

T
hT |∇(vhwh −Πh(vhwh))|

≤ C1−
∫
T

|vh − 〈vh〉T | dy−
∫
T

|wh − 〈wh〉T | dy
(2.29)
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and
max
T
|vhwh −Πh(vhwh)|+ max

T
hT |∇(vhwh −Πh(vhwh))|

≤ C2hT −
∫
T

|∇vh| dy−
∫
T

|wh − 〈wh〉T | dy
(2.30)

for any T ∈ Th.

Proof. Because vh, wh are affine functions on every T ∈ Th, we deduce by an inverse estimate

that

max
T

hT |∇(vhwh −Πh(vhwh))| . max
T
|vhwh −Πh(vhwh)|. (2.31)

Now, Lemma 2.24 yields

max
T
|vhwh −Πh(vhwh)| = max

T
| (vh − 〈vh〉T ) (wh − 〈wh〉T )

−Πh ((vh − 〈vh〉T ) (wh − 〈wh〉T )) |.
(2.32)

Combining this with the triangle inequality and inequality (2.25) gives

max
T
|vhwh −Πh(vhwh)| . max

T
|(vh − 〈vh〉T ) (wh − 〈wh〉T )|

≤ max
T
|(vh − 〈vh〉T )|max

T
|(wh − 〈wh〉T )| .

(2.33)

We can now apply Lemma 2.23 to inequality (2.33) to get

max
T
|vhwh −Πh(vhwh)| . −

∫
T

|vh − 〈vh〉T | dx−
∫
T

|wh − 〈wh〉T | dx, (2.34)

which proves the bound (2.29). The bound (2.30) follows directly from equation (2.29) by

Poincaré’s inequality on T .

Remark 2.26. On the right-hand side of equations (2.29) and (2.30), the integral means

can be dropped, because we have

−
∫
T

|vh − 〈vh〉|dx ≤ −
∫
T

|vh|dx+−
∫
T

|〈vh〉|dx ≤ 2−
∫
T

|vh|dx.

Next, we will prove a Jensen type inequality.

Lemma 2.27. For every non-negative ηh ∈ Vh and q ≥ 1 we have

ηqh ≤ Πh(ηqh).

Proof. Recall that we denote the Lagrange basis functions of Vh by ψi. (See Definition

2.12.) We know that ∑
i

ψi = Πh(1) = 1.

This allows us to use Jensen’s inequality to get

ηqh(x) =
(∑

j

ψj(x)ηh(xj)
)q
≤
∑
j

ψj(x)ηqh(xj) =
(
Πh(ηqh)

)
(x).
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Finally, we will prove two versions of Poincaré’s inequality for functions in Vh.

Lemma 2.28 (Poincaré’s inequality on patches). There is a constant C > 0 that depends

on the dimension and the shape-regularity constant, such that the following holds: Let xi

be a node of the triangulation Th and Pi = Ω(xi) the respective patch and let vh ∈ Vh be a

function with vh(x0) = 0 for some node x0 ∈ Pi. Then, we have Poincaré’s inequality on

Pi, that is ∫
Pi

|vh|dx ≤ Chi
∫
Pi

|∇vh|dx,

where hi = hT for some T ∈ Th with T ⊂ Pi in the sense of Definition 2.13. Note, that any

S, T ∈ Th with S, T ⊂ Pi share the node xi, which means that hT ∼ hS by equation 2.11

and the notion of hi makes sense.

Proof. Let T0 ⊂ Pi a simplex that has x0 as a node. Note that diamPi ∼ hi and |T0| ∼ |Pi|
by shape-regularity. Then, Poincaré’s inequality yields

∫
Pi

∣∣vh − 〈vh〉T0

∣∣ dx . hi ∫
Pi

|∇vh| dx. (2.35)

On the other hand, we have Poincaré’s inequality on T0 because vh is affine on any T ∈ Th
and we get∫

Pi

∣∣〈vh〉T0

∣∣ dx ≤ |Pi|
|T0|

∫
T0

|vh| dx .
∫
T0

|vh|dx . hi
∫
T0

|∇vh| dx ≤ hi
∫
Pi

|∇vh|dx. (2.36)

Combining equations (2.35) and (2.36) yields∫
Pi

|vh|dx ≤
∫
Pi

∣∣vh − 〈vh〉T0

∣∣ dx+

∫
Pi

∣∣〈vh〉T0

∣∣ dx . hi ∫
Pi

|∇vh| dx.

This concludes the proof.

Theorem 2.29 (Poincaré’s inequality for Vh). Let Th be a shape-regular triangulation of

the polyhedral Lipschitz domain Ω with respective finite element space Vh. Let vh ∈ Vh

nonnegative function and let Θ =
⋃
i Ti \ ∂ (

⋃
i Ti) be a connected set with diameter R for a

set of simplices {Ti} ⊂ Th. Suppose∣∣∣∣∣∣Θ ∩
 ⋃
vh(xi)=0

Pi

∣∣∣∣∣∣ ≥ γ|Θ| (2.37)

for some γ > 0. Then, there is a constant C > 0 that only depends on γ, the Poincaré

constant of Θ, the shape-regularity constant Γ of the mesh and the dimension, such that∫
Θ
|vh| dx ≤ CR

∫
Θ
|∇vh|dx.
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Proof. First, note that Θ is a bounded Lipschitz domain and therefore, its Poincaré constant

is finite. Let N be the index set of nodes that are either nodes xi with vh(xi) = 0 or that

are connected to one of those nodes in Θ by an edge. We write wh :=
∑

i∈N vh(xi)ψi and

w̃h :=
∑

i/∈N vh(xi)ψi. Note that vh = wh + w̃h and w̃h = 0 on Θ∩
(⋃

vh(xi)=0 Pi

)
and thus,

−
∫

Θ∩
(⋃

vh(xi)=0 Pi

) w̃ dx = 0. Therefore, assumption (2.37) implies that we can use Poincaré’s

inequality from Corollary 2.9 on w̃h. This leaves us with∫
Θ
|w̃h| dx . R

∫
Θ
|∇w̃h|dx. (2.38)

On the other hand, we know that wh has a zero on every patch Pi ∩ Θ = Ω(xi) ∩ Θ

for any node xi ∈ Θ because every node xi with wh(xi) 6= 0 has i ∈ N and is therefore

connected to a node with v(xj) = 0 by an edge. This means that we can use Lemma 2.28

on any of those patches. This gives∫
Θ
|wh|dx ≤

∑
i∈N

∫
Pi∩Θ

|wh|dx .
∑
i∈N

hi

∫
Pi∩Θ

|∇wh|dx.

We have hi . R. Furthermore, the shape-regularity of Th guarantees that each simplex can

only be part of a uniformly bounded number of patches. Thus, we get∫
Θ
|wh| dx . R

∫
Θ
|∇wh|dx. (2.39)

Adding the inequalities (2.38) and (2.39) yields∫
Θ
|vh| dx ≤

∫
Θ
|wh| dx+

∫
Θ
|w̃h| dx . R

(∫
Θ
|∇wh|dx+

∫
Θ
|∇w̃h|dx

)
. (2.40)

We define

O :=

(⋃
i∈N

Pi

)
∩Θ.

Note that by definition, if i ∈ N , then Pi has a node where vh has a zero. Therefore, we get∫
O
|∇vh|dx &

∑
i∈N

∫
Pi∩Θ

|∇vh|dx &
∑
i∈N

h−1
i

∫
Pi∩Θ

|vh| dx, (2.41)

where hi is the diameter of one of the simplices T ⊂ Pi and where we have used the fact

that any T ∈ Th is only part of finitely many patches and Lemma 2.28.

For simplicity, let us write ΨN =
∑

i∈N ψi. On each T ∈ Th, we therefore have |ΨN | ≤ 1

and |∇ΨN | . h−1
T . Furthermore, we can write

wh = Πh (vhΨN ) .

Thus, we can use equation (2.26) and the product rule to find

|∇wh| . |∇vh|+ h−1
T |vh| (2.42)
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on every T ∈ Th. Additionally, we have∫
O
|∇wh| dx ≤

∑
i∈N

∫
Pi∩Θ

|∇wh|dx. (2.43)

Combining inequalities (2.42), (2.43) and equation (2.11) yields∫
O
|∇wh| .

∑
i∈N

∫
Pi∩Θ

|∇vh|+ h−1
i |vh|dx. (2.44)

Therefore, we can combine inequalities (2.41) and (2.44) to get∫
O
|∇wh| .

∫
O
|∇vh|dx. (2.45)

Analogously, we find ∫
O
|∇w̃h|dx .

∫
O
|∇vh|dx. (2.46)

Now note that wh = 0 on Θ \O. As vh = wh + w̃h, we therefore have

|∇vh| = |∇wh|+ |∇w̃h| (2.47)

on Θ \ O. This means that we can finally combine inequalities (2.45), (2.46) and (2.47) to

find ∫
Θ
|∇wh|+ |∇w̃h|dx .

∫
Θ
|∇vh|dx. (2.48)

Together with inequality (2.40), that completes the proof.

We will want to apply the Poincaré inequality to sets of the form Ω(B(x0, R)). It

remains to be shown that the Poincaré constant of those sets stays uniformly bounded. As

we might have a highly refined mesh, Ω(B(x0, R)) might have a lot of small spikes, which

makes it impossible to use the Lipschitz condition for the bound on the Poincaré constant.

However, the fact that all the spikes have an angle that is uniformly bounded below because

of the shape-regularity of the mesh, it is possible to show that Ω(B(x0, R)) is always α-

John with α bounded below. By Corollary 2.9 it is enough to show that a set of the form

Ω(B(x0, R)) ∪ B(x0, R) is indeed an α-John domain. Note that if B(x0, R) ⊂ Ω, we have

Ω(B(x0, R)) ∪B(x0, R) = Ω(B(x0, R)).

Lemma 2.30. Let Th be a shape-regular triangulation of the polyhedral Lipschitz-domain

Ω. Then, for any x0 ∈ Ω and R > 0, the set

Ω(B(x0, R)) ∪B(x0, R)

is an α-John domain, where α only depends on the shape-regularity constant Γ, the Lipschitz

constant of ∂Ω and the dimension n.
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Figure 2.3: B(x2,
σ
2hT ) in a patch

Proof. We will prove the theorem in three steps. We will first show that if a simplex T ∈ Th
touches B(x0, R), but is not completely in B(x0, R), there is indeed a ball B(y0, r) ⊂
B(x0, R)∩Ω(T ) with r & hT . In a second step, we will show that that given a set Θ that is

a union of m simplices that are connected via faces (i.e. (n− 1)-dimensional subsimplices),

there is a constant σm that depends only on the shape-regularity constant of Th and m,

such that given T ⊂ Θ, there is an α-carrot in Θ that ends in B(y, r) ⊂ Θ if r ≤ σmhT and

starts in y0 ∈ Θ \ B(y, r) ∩ T . In a third step, we will conclude that Ω(B(x0, R) is indeed

α-John.

Let us first assume that we are away from the boundary of Ω, i.e. we have B(x0, R) =

B(x0, R).

STEP 1: For a T ∈ Th, assume T∩B(x0, R) 6= ∅ and T 6⊂ B(x0, R), thus ∂B(x0, R)∩T 6=
∅. Take a point x1 ∈ B(x0, R)∩T . By Lemma 2.15 we know that dist(T,Ω(Ω(T ))\Ω(T )) ≥
σhT (σ only depends on shape-regularity.) Denote the point that is σ

2 away from x1 on the

radius between x0 and x1 by x2. Thus, B(x2,
σ
2hT ) ⊂ B(x0, R) ∩ Ω(T ) (See Figure 2.3.),

which concludes Step 1.

STEP 2. Consider a collection of m simplices Ti ∈ Th, i ∈ I, for some index set I
with m ∈ N elements, such that for any i ∈ I, there is a j ∈ I, such that Ti ∩ Tj is an

(n − 1)-dimensional subsimplex. We write Θ =
⋃
i∈I Ti. We take two arbitrary points x1

and x2 in Θ. Recall the definition of the α-carrot car(γ, α) from Definition 2.5:

car(γ, α) :=
⋃

t∈[0,|γ|]

{B(γ(t), αt} .
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We want to show that there is a ζ > 0 that only depends on the shape-regularity parameter

Γ and m, such that if x1 ∈ T for some T ∈ Th and B(x2, r) ⊂ Θ for r = ζhT , there exists a

rectifiable path γ that connects x1 and x2 and an α > 0 such that car(γ, α) ⊂ Θ and α is

bounded below by a constant that only depends on ζ, m and the shape-regularity constant

Γ. Let us first construct γ. Denote the T ∈ Th with x1 ∈ T by T1 and the one with x2 ∈ T
by T2. Let us now construct the shortest sequence {Si}

mx1,x2
i=1 of simplices with S1 = T1,

Smx1,x2
= T2 and Si ∩ Si+1 is an (n − 1)-dimensional subsimplex. Obviously, mx1,x2 ≤ m.

Denote the centre of the largest inscribed ball of Si by yi. Now, we connect x1 with y1

by a line, then y1 with y2, and so on, and finally ymx1,x2
with x2. (See Figure 2.4.) From

equation (2.11) we know that there is an σ0 > 1 such that hSi ≤ σm0 hT and the radii of

the largest inscribed balls of Si (denoted by ri are bounded below by σ1
σm0

for some positive

σ1 < 1 that only depends on shape-regularity. Therefore m σ1
σm0
hT ≤ |γ| ≤ (m + 2)σm0 hT .

(Those constants could be improved by noting that going from T to the next simplex, and

so on, the diameter of the next simplex is only smaller or larger by a factor σ and one could

work with a geometric series instead of just taking the minimum/maximum there.) There

is a maximum angle α1 that is only bounded by shape-regularity such that the beginning

of the carrot car(γ, α) is still in T1. Furthermore, we need to have α ≤ α2 := ζ
(m+2)σm0

to

ensure that the end of the carrot is still in Θ. Therefore, car(γ,min{α1, α2}) ⊂ Θ. This

completes Step 2.

STEP 3: If the two points that we want to connect via an α-cigar are in B(x0, R),

the existence of the respective cigar is trivial. If one point x1 lays outside of B(x0, R),

it has to be in a simplex T ∈ Th that intersects the circle. By Step 1, we find a ball

B1(x̃1,
σ
2hT ) ⊂ B(x0, R) ∩ Ω(T ) that has a radius of σ

2hT . As it is also in the patch

around T , we can find a rectifiable path γ1 from x1 to x̃1 and an angle α1 ≤ 1, such that

car(γ1, α1) ⊂ Ω(B(x0, R)) by Step 2. (ζ = σ
2 , m is the number of simplices in Ω(T ) that

is bounded above by a constant that only depends on shape-regularity and the dimension.)

The angle α is bounded below by a constant that only depends on shape-regularity and the

dimension as the number of simplices in a patch is bounded above by those two quantities.

If the second point x2 is in B(x0, R), we can just connect x̃1 and x0 by a line and then

x0 and x2 by another line and denote the path by γ0. Then, the α1-cigar cig(γ1 ∪ γ2, α1)

lies completely in Ω(B(x0, R)). If x2 is also not in B(x0, R) and in S ∈ Th, we construct

B(x̃2,
σ
2hS) as above in Step 2 and the respective carrot car(γ2, α2) by step 1. We then

connect the x̃1 and x0 by a line and then we connect x0 and x̃2 by a line and denote the

respective path by γ0. Then, the cigar cig(γ1 ∪ γ0 ∪ γ2,min{α1, α2}) lies completely in

Ω(B(x0, R)). (See Figure 2.5.) This completes the proof away from the boundary of Ω.
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Figure 2.4: α-carrot in a set of three simplices.

If we are near the boundary of Ω, we note that we are indeed looking at the set

Ω(B(x0, R)) ∪ B(x0, R). Thus, by definition this contains B(x0, R) as before and is con-

nected. To find the balls in Step 2, we are looking at Ω(T ) ∪ (B(x0, R) \ Ω(B(x0, R)). For

the parts outside of Ω the role of shape-regularity is played by the outer cone condition

that is satisfied by a Lipschitz domain. Then, the constants depend also on the Lipschitz

constant of the boundary ∂Ω.

We will also need a lemma that concerns connecting pairs of nodes in an A-non-obtuse

mesh in a way that allows us to work as if we were on a uniformly A-acute mesh. This

seems to be a small change but allows us, for example, in the case where A is the identity

matrix to use meshes that are generated by newest vertex bisection on a square, which are

important cases, especially if we consider that it is one of the novelties of our approach

that we do not demand quasi-uniformity of the mesh, i.e. we do not need hT from equation

(2.10) to be uniform on the entire domain.

Lemma 2.31. Let Th be an A-nonobtuse, shape-regular triangulation of a polyhedral domain

Ω ⊂ Rn. Denote the nodes of a simplex T ∈ Th by x0, . . . , xn. Then, there is a constant

τ ∈ (0, 1) that only depends on the dimension n and the shape-regularity parameter Γ of

Th, such that any pair of nodes xj and xk of T can be connected by a sequence of distinct
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Figure 2.5: α-cigar in Ω(B(x0, R)).

nodes {xj = y0, y1, . . . , yN = xk} of T , with N ≤ n and without loops, belonging to the same

simplex T and such that

−
∫

Ω
A∇ψi · ∇ψi+1 dx ≥ τ

∫
Ω
A∇ψi · ∇ψi dx, i = 0, . . . , N − 1, (2.49)

where ψi is the basis function associated with the node yi in the sense of Definition 2.12

Proof. The proof proceeds in two steps. For two Rn-valued functions ζ and ξ defined on Ω

we shall write

〈ζ, ξ〉T,A :=

∫
T
Aζ · ξ dx and 〈ζ, ξ〉A :=

∫
Ω
Aζ · ξ dx.

STEP 1. Let L ⊂ {0, . . . , n} and M := {0, . . . , n} \L with L,M 6= ∅. We will show that

max
l∈L,m∈M

(−〈∇ψl,∇ψm〉T,A) ≥ τ max
r∈{0,...,n}

〈∇ψr,∇ψr〉A (2.50)

for some τ > 0 that depends on the shape regularity constant Γ. Since the 〈∇ψl,∇ψm〉T,A ≤
0 for l 6= m, it suffices to prove that

(I) :=
∑

l∈L,m∈M
(−〈∇ψl,∇ψm〉T,A) & max

r∈{0,...,n}
〈∇ψr,∇ψr〉A.

As
∑n

r=0 ψr = 1 on T and L ∪M = {0, . . . , n}, we obtain

(I) =
∑
l∈L

(
− 〈∇ψl,∇1〉T,A +

∑
m∈L
〈∇ψl,∇ψm〉T,A

)
=
∑
l,m∈L

〈∇ψl,∇ψm〉T,A =: (II).
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Now define η :=
∑

l∈L ψl. Since η(xm) = 0 for some m ∈M and A is uniformly elliptic, we

obtain by Poincaré’s inequality, Lemma 2.23 and inverse estimates that

(II) = 〈∇η,∇η〉T,A ≥ c‖∇η‖
2
L2(T ) ∼ h

−2
T ‖η‖

2
L2(T ) ∼ h

−2
T |T | ‖η‖

2
L∞(T )

∼ h−2
T |T | ∼ max

r∈{0,...,n}
〈∇ψr,∇ψr〉T,A ∼ max

r∈{0,...,n}
〈∇ψr,∇ψr〉A,

where we have used the shape-regularity of the triangulation. That completes Step 1.

STEP 2. Let us now assume that we were not able to find a sequence without loops

that connects xj and xk so that inequality (2.49) holds for the τ from step 1. (Note that if

a sequence that satisfies inequality (2.49) had loops, we could simply remove the loop from

the sequence and it would still satisfy inequality (2.49).) This would imply that we can find

disjoint sets L ⊂ {1, . . . , n} and M ⊂ {1, . . . , n} with j ∈ L and k ∈M such that inequality

(2.50) does not hold, but this is obviously a contradiction.

We will also need the following formula for the scalar product of the gradients of two

functions in Vh on simplices.

Lemma 2.32. Let Th be a triangulation of the polyhedral domain Ω. Let vh, wh ∈ Vh be

arbitrary finite element functions. We write vh(xi) =: vi and wh(xi) =: wi for all nodes xi

and IT = {i : xi ∈ T}. Then, on each T ∈ Th we have that

∇vh · ∇wh = −1

2

∑
i,j∈IT
i 6=j

(vi − vj) · (wi − wj)∇ψi · ∇ψj . (2.51)

Proof. We know that
∑

i ψi ≡ 1 and therefore
∑

i∇ψi ≡ 0. This gives∑
i,j∈IT
i 6=j

(vi − vj) · (wi − wj)(−∇ψi · ∇ψj) =
∑
i,j∈IT

(vi − vj) · (wi − wj)(−∇ψi · ∇ψj)

= −
∑
i∈IT

vi · wi ∇ψi ·
(∑
j∈IT

∇ψj
)
−
∑
j∈IT

vj · wj ∇ψj ·
(∑
i∈IT

∇ψi
)

+
∑
i,j∈IT

vi · wj(∇ψi · ∇ψj) +
∑
i,j∈IT

vj · wi(∇ψi · ∇ψj)

= 2∇vh · ∇wh,

which proves the claim.

For the modulus of the gradient of a function from Vh, we can find an even simpler

formula.
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Lemma 2.33. Let Th be a shape-regular triangulation of the polyhedral domain Ω ⊂ Rn with

respective finite element space Vh. For any simplex T ∈ Th, we write IT := {i : xi ∈ T}.
For any vh ∈ Vh, we have

|∇vh| ∼
1

hT

∑
i∈IT

|vh(xj)− vh(xi)| (2.52)

on any T ∈ Th with diameter hT . The implicit constant only depends on the shape-regularity

constant and the dimension.

Proof. The shape-regularity of the triangulation Th implies that for every T ∈ Th, there is

an affine transformation ΓT : Rn → Rn with |∇ΓT | ≤ C and |∇Γ−1
T | ≤ C, where C does only

on the shape-regularity constant and the dimension, that maps T to the simplex spanned

by the points (0, . . . , 0), (hT , 0, . . . , 0),· · · , (0, . . . , 0, hT ). Without loss of generality, assume

that xj gets mapped on (0, . . . , 0). On this simplex, we have

|∇(vh ◦ Γ−1
T )| = 1

hT

∑
i∈IT

|vh(xj)− vh(xi)|2
 1

2

∼ 1

hT

∑
i∈IT

|vh(xj)− vh(xi)|, (2.53)

where we have used the equivalence of norms in Rn in the last step. This means that we

can write vh = vh ◦ Γ−1
T ◦ ΓT and use equation (2.53) and the boundedness of the gradients

of ΓT and Γ−1
T to conclude the proof of the lemma.
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Chapter 3

Cα-regularity of discrete solutions
to linear elliptic equations

In this chapter, we will show a priori regularity results for discrete solutions to linear

elliptic partial differential equations. We will give a brief overview of the De Giorgi theory

for this type of equations. The subsequent sections will focus on developing a discrete De

Giorgi theory. The chapter is based on the joint paper with Lars Diening and Endre Süli,

entitled Uniform Hölder-norm bounds for finite element approximations of second-order

elliptic equations, submitted to the IMA Journal of Numerical Analysis on 9 April 2020,

and available from arXiv:2004.09341 [math.NA].

3.1 Local Hölder continuity in the continuous case

First, we will present a brief overview of the proof of the local Hölder continuity of weak

solutions to elliptic equations. The result was first established by De Giorgi and indepen-

dently by Nash and Moser. This is, by now, a classical result in the PDE analysis literature,

however since our proof of the discrete counterpart of this result proceeds along similar, but

much more technical lines, readers may find this short overview helpful, regardless. The

main ideas of the proofs in this section have been used in [14]. For simplicity, we will restrict

ourselves to the homogeneous case. We begin by proving the Caccioppoli inequality stated

in the next theorem.

Theorem 3.1. Let Ω ⊂ Rn be a domain and A ∈ L∞(Ω;Rn×n) a uniformly elliptic matrix-

valued function, i.e., there is a d > 0 such that

A(x)v · v ≥ d|v|2 (3.1)

for any v ∈ Rn and almost all x ∈ Ω. Let u ∈W 1,2(Ω) be a weak solution to div(A∇u) = 0,

i.e., ∫
Ω
A∇u · ∇ϕdx = 0 (3.2)
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for all ϕ ∈W 1,2
0 (Ω). Then, we have that∫

Ω
|∇(u− c)u|2|η|2 dx ≤ C

∫
Ω
|(u− c)u|2|∇η|2 dx (3.3)

for any function η ∈ C∞0 (Ω) and any c > 0, where (u− c)u = (u− c) ∨ 0 and a constant C

that only depends on ‖A‖L∞(Ω) and d.

Proof. We test equation (3.2) against ϕ = (u−c)uη2. Note that ∇u = ∇(u−c) = ∇(u−c)u
on supp (u− c)u. This gives

0 =

∫
Ω
A∇u · ∇

(
η2(u− c)u

)
dx

=

∫
Ω
A∇(u− c)u · ∇((u− c)u)η2 dx+

∫
Ω
A∇(u− c)u · 2(∇η)η(u− c)u dx

=: I + II.

(3.4)

We use the uniform ellipticity of A to deduce that

I &
∫

Ω
|∇(u− c)u|2η2 dx. (3.5)

The boundedness of A, Hölder’s inequality, and Young’s inequality yield

|II| .
∫

Ω
|∇(u− c)u||η||∇η||(u− c)u| dx

≤ ε
∫

Ω
|∇(u− c)u|2|η|2 dx+ Cε

∫
Ω
|(u− c)u|2|∇η|2 dx.

(3.6)

Inserting the inequalities (3.5) and (3.6) into equation (3.4) and absorbing the first term of

II into I proves the claim.

Theorem 3.2. Let Ω ⊂ Rn be a domain and A ∈ L∞(Ω;Rn×n) a uniformly elliptic matrix-

valued function. There is a constant C > 0, that depends only on ‖A‖L∞(Ω), d and n, such

that if u ∈W 1,2(Ω) is a weak solution to div(A∇u) = 0, we have, for every c > 0,

sup
B(x0,R)

|(u− c)u|2 ≤ C −
∫

B(x0,2R)

|(u− c)u|2 dx (3.7)

for any ball B(x0, R) with B(x0, 2R) ⊂ Ω.

Proof. We define γk = γ∞
(
1− 2−k

)
and Bk := B

(
x0,
(
1 + 2−k

)
R
)

where γ∞ > 0 is is to

be chosen later. Clearly, γ0 = 0, limk→∞ γk = γ∞, and B(x0, 2R) = B0 ⊃ B1 ⊃ · · · ⊃ Bk ⊃
Bk+1 ⊃ · · · ⊃ B(x0, R). We then define compactly supported C∞-functions ϕk such that

suppϕk ⊂ Bk, 0 ≤ ϕk ≤ 1,

ϕk ≡ 1 on Bk+1,

|∇ϕk| . R−12k,

(3.8)

33



and the sequence

Uk := −
∫

B(x0,2R)

∣∣(u− c− γk)u∣∣2|ϕk|2 dx, k = 0, 1, . . . . (3.9)

We use scaling-invariant norms |||·|||p with p ∈ [1,∞) defined by |||f |||pp := −
∫
B(x0,2R) |f |

p dx

and apply Hölder’s inequality, the Sobolev embedding theorem, and equation (3.3) to get

(assume that n ≥ 3 for simplicity, and let 2? := 2n/(n−2) denote the critical Sobolev index;

the bounds below are easily adjusted in the case of n = 2 to reach the desired conclusion

by choosing 2? as a large positive integer):

Uk ≤ |||(u− c− γk)uϕk|||22? |||χ{u−c>γk}∩suppϕk |||
2
n

. R2|||∇((u− c− γk)uϕk)|||22|||χ{u−c>γk}∩suppϕk |||
2
n

. R2
(
|||∇((u− c− γk)u)ϕk|||22 + |||(u− c− γk)u∇ϕk|||22

)
|||χ{u−c>γk}∩suppϕk |||

2
n

. R2|||(u− c− γk)u∇ϕk|||22 |||χ{u−c>γk}∩suppϕk |||
2
n
,

(3.10)

where in the transition to the last line we applied Theorem 3.1. Note that the constant that

appears from the Sobolev embedding theorem only depends on the dimension because the

cutoff function ϕk ensures that (u−c−γk)uϕk = 0 outside of B(x0, 2R). For the first factor

on the right-hand side in the final line of inequality (3.10) we use that |∇ϕk| . R−12k and

ϕk−1 ≡ 1 on suppϕk (see (3.8)), and that (γk) is monotonic increasing sequence, to get

|||(u− c− γk)u∇ϕk|||22 . R
−222k|||(u− c− γk−1)uϕk−1|||22. (3.11)

On {u− c > γk}, we have

u− c− γk−1 > γk − γk−1 = γ∞

(
2−(k−1) − 2−k

)
= γ∞2−k. (3.12)

Together with inequality (3.12) this yields∫
B(x0,2R)

[(u− c− γk−1)u]2ϕ2
k−1 dx ≥

∫
suppϕk

χ{u−c>γk}[(u− c− γk−1)u]2 dx

≥ γ2
∞ 2−2k|suppϕk ∩ {u− c > γk}|.

(3.13)

We can use inequality (3.13) to obtain the following weak-type estimate:

|||χ{u−c>γk}∩suppϕk |||
2
n

=

(
|suppϕk ∩ {u− c > γk}|

|B(x0, 2R)|

) 2
n

. 22k

(
|||(u− c− γk−1)uϕk−1|||22

γ2
∞

) 2
n

.

(3.14)

Inserting the inequalities (3.11) and (3.14) in inequality (3.10) yields, with a positive con-

stant C, independent of γ∞ and k,

Uk ≤ C23kUk−1

(
Uk−1

γ2
∞

) 2
n

, k = 1, 2, . . . .

34



This then allows us to apply Corollary 3.32 from the Appendix with b = 23 and α = 2/n and

γ = γ2
∞ := Cn/223n2/4U0, to deduce that Uk → 0 as k →∞, and therefore (u−c−γ∞)u = 0

a.e. on B(x0, R), regardless of the sign of u− c. Hence, |(u− c)u|2 ≤ γ2
∞ on B(x0, R). On

the ball B(x0, R) ⊆
⋂
k∈N supp ηk this means that

|(u− c)u|2 ≤ γ2
∞ ∼ U0 ≤ −

∫
B(x0,2R)

|(u− c)u|2 dx,

because γ0 = 0 and 0 ≤ ϕ0 ≤ 1, which then implies (3.7).

From this result one can deduce the local Cα-continuity of weak solutions.

Theorem 3.3. Let Ω ⊂ Rn be a domain and A ∈ L∞(Ω;Rn×n) a uniformly elliptic matrix-

valued function, i.e. there is a d > 0, such that A(x)v · v ≥ d|v|2 almost everywhere for all

v ∈ Rn. Let u ∈ W 1,2(Ω) be a weak solution to div(A∇u) = 0. Then, there are constants

C > 0 and α > 0 that only depend on ‖A‖L∞(Ω), d and n, such that

osc
B(x,r)

u ≤ Crα

for all r ∈ (0, R] such that B(x, 4R) ⊂ Ω.

To prove Theorem 3.3 we require the following intermediate result.

Lemma 3.4. Under the assumptions of Theorem 3.3, for each γ ∈ (0, 1) there exists a

τ ∈ (0, 1) that depends on γ, ‖A‖L∞(Ω), d and n such that for every ball B(x0, R) such

that B(x0, 4R) ⊂ Ω, with u ≤ 1 on B(x0, 4R) and |{u ≤ 0} ∩B(x0, 2R)| ≥ γ|B(x0, 2R)|,
we have that

sup
B(x0,R)

u ≤ 1− τ. (3.15)

Proof. We define

λk := 1− 2−k, uk :=
1

1− λk
(u− λk)u, Ak := B(x0, 2R) ∩ {uk > 0}.

As, by hypothesis, u ≤ 1 on B(x0, 4R), it follows that uk ≤ 1 on Ak. Furthermore, we have

uk > 0 on Ak by definition of Ak. By applying Theorem 3.2 to u with c = λk we deduce

that

sup
B(x0,R)

uk .

(
−
∫

B(x0,2R)

|uk|2 dx

) 1
2

=

(
1

|B(x0, 2R)|

∫
Ak

|uk|2 dx

) 1
2

.

(
|Ak|
Rn

) 1
2

. (3.16)

If we can find a k̄ such that |Ak̄| ≤ βRn for a sufficiently small β, we will have that uk̄ ≤ 1
2

on B(x0, R).
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Assume that uk+1 > 0 on some set. There, we then have that

0 <
u−

(
1− 1

2k+1

)
1

2k+1

= 2k+1

(
u− 1 +

1

2k
− 1

2k
+

1

2k+1

)
≤ 2k+1

(
u− λk −

1

2k+1

)
= 2

(
uk −

1

2

)
.

This means that

Ak+1 ∩
{

0 < uk <
1

2

}
= ∅. (3.17)

We have
{

0 < uk <
1
2

}
⊂ Ak and Ak+1 ⊂ Ak. This yields

|Ak| ≥
∣∣∣∣({0 < uk <

1

2

}
∩B(x0, 2R)

)
∪Ak+1

∣∣∣∣ =

∣∣∣∣({0 < uk <
1

2

}
∩B(x0, 2R)

)∣∣∣∣+|Ak+1| .

(3.18)

Note that if x ∈ Ak+1 then uk(x) ≥ 1
2 , and if x ∈ B(x0, 2R)\Ak+1 then 0 < uk(x) < 1

2 . Note

also that we have |B(x0, 2R) ∩ {uk = 0}| ≥ γ|B(x0, 2R)|. Therefore, we can use Poincaré’s

inequality to get

|Ak+1| = 2

∫
Ak+1

1

2
dx ≤ 2

∫
Ak+1

1

2
dx+ 2

∫
B(x0,2R)\Ak+1

uk dx

= 2

∫
B(x0,2R)

min

{
uk,

1

2

}
dx

. R
∫
B(x0,2R)

∣∣∣∣∇(min

{
uk,

1

2

})∣∣∣∣ dx

= R

∫
{0<uk< 1

2}∩B(x0,2R)
|∇uk| dx

≤ R

(∫
B(x0,2R)

|∇uk|2 dx

) 1
2
∣∣∣∣{0 < uk <

1

2

}
∩B(x0, 2R)

∣∣∣∣ 1
2

.

(3.19)

By inequality (3.3), with η ∈ C∞0 (B(x0, 4R)) such that η ≡ 1 on B(x0, 2R) and |∇η| . R−1,

we find that

R2

∫
B(x0,2R)

|∇uk|2 dx .
∫
B(x0,4R)

|uk|2 dx . Rn. (3.20)

Now, by inserting inequalities (3.18) and (3.20) into inequality (3.19) yields

|Ak+1| ≤ R
n
2 (|Ak| − |Ak+1|)

1
2 .

Consequently, we can use the iteration from Lemma 3.33 to deduce the existence of a k̄

such that uk̄ ≤ 1
2 on B(x0, R). This gives

2k̄
(
u− 1 +

1

2k̄

)
≤ 1

2

and therefore

u ≤ 1− 1

2k̄+1
,

which proves the lemma for τ = 1
2k̄+1 .
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Proof of Theorem 3.3. First, note that osc(c1u + c2) = |c1| oscu for constants c1, c2 ∈ R.

We define ũ := u − 1
2

(
infB(x0,2R) u+ supB(x0,2R) u

)
and ˜̃u = 1

‖ũ‖L∞(B(x0,2R))
ũ. This gives

oscB(x0,2R)
˜̃u = 2. As u is a solution to −div(A∇u) = 0, −u is a solution as well. Note

that we have either |{˜̃u ≤ 0} ∩B(x0, 2R)| ≥ 1
2 |B(x0, 2R)| or |{−˜̃u ≥ 0} ∩B(x0, 2R)| ≥

1
2 |B(x0, 2R)|. Thus we can assume that |{˜̃u ≤ 0} ∩B(x0, 2R)| ≥ 1

2 |B(x0, 2R)| without

loss of generality. Of course, this means that |{ũu = 0} ∩B(x0, 2R)| ≥ 1
2 |B(x0, 2R)|; also,

clearly, −1 ≤ ˜̃u ≤ 1, and we can therefore apply Lemma 3.4 with γ = 1
2 to deduce the

existence of a τ ∈ (0, 1) such that

osc
B(x0,R)

˜̃u ≤ 1 + sup
B(x0,R)

˜̃u ≤ 2− τ = osc
B(x0,2R)

˜̃u− τ

= osc
B(x0,2R)

˜̃u− τ

2
osc

B(x0,2R)

˜̃u =

(
1− τ

2

)
osc

B(x0,2R)

˜̃u = 2−α1 osc
B(x0,2R)

˜̃u,
(3.21)

with α1 := − log2(1− τ
2 ) ∈ (0, 1) (because τ ∈ (0, 1)). Hence, upon rescaling (3.21),

osc
B(x0,R)

ũ ≤ 2−α1 osc
B(x0,2R)

ũ.

Now, Lemma 3.34 with κ = 0, C = 0, σ = 1
2 and ϕ(ρ) := oscB(x0,2ρ) ũ gives

osc
B(x0,r)

ũ ≤ osc
B(x0,2r)

ũ = ϕ(r) .
( r
R

)α
ϕ(R),

for some α ∈ (0, α1) and 0 ≤ r ≤ R. This then implies, with R held fixed, the assertion of

the theorem by noting that oscB(x0,r) u = oscB(x0,r) ũ.

3.2 A discrete Caccioppoli-type inequality

In this section, we prove a discrete version of inequality (3.3). First, we will define what we

mean by an approximate solution to an elliptic partial differential equation. In our case,

the existence is guaranteed by the Lax-Milgram Theorem.

Definition 3.5. Let A ∈ L∞(Ω;Rn×n) be a uniformly elliptic matrix-valued function. Fur-

thermore, let F ∈ Lp(Ω;Rn) and f ∈ Lq(Ω) be given functions with p > n and q > n/2.

Furthermore, let Th be a triangulation of the polyhedral domain Ω and Vh the corresponding

finite element space. We call uh ∈ Vh,0 an approximate solution to

−div(A∇u) = f − divF

with zero Dirichlet boundary condition provided that we have∫
Ω
A∇uh · ∇ϕh dx =

∫
Ω
fϕh dx+

∫
Ω
F · ∇ϕh dx (3.22)

for every ϕh ∈ Vh,0.
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To prove the Caccioppoli inequality (3.3) we had to test equation (3.2) against (u −
c)u|η|2. In the discrete case however, (uh − c)u|η|2 is not an admissible test function in

equation (3.22) because it is not in Vh,0. In particular, this leads to the conclusion that

we will have to use a nodal version (uh − c)+ of (uh − c)u. This unfortunately means

that ∇(uh − c)+ and ∇uh will not coincide on supp (uh − c)+ any more. To overcome

this problem, we will introduce the notion of discrete subsolution, prove a Caccioppoli-type

inequality for discrete subsolutions, and prove that the nodal version (uh − c)+ is indeed a

discrete subsolution under an additional assumption on the right-hand side, which we shall

state.

Definition 3.6. Let A ∈ L∞(Ω;Rn×n) be a uniformly elliptic matrix-valued function and

let F ∈ Lp(Ω;Rn) and f ∈ Lq(Ω) be given functions with with p > n and q > n/2.

Furthermore, let Th be a triangulation of the polyhedral domain Ω and Vh the corresponding

finite element space. We call uh ∈ Vh,0 a discrete subsolution to

−div(A∇u) = f − divF

provided that we have∫
Ω
A∇uh · ∇ϕh dx ≤

∫
Ω
fϕh dx+

∫
Ω
F · ∇ϕh dx (3.23)

for every ϕh ∈ Vh,0 with ϕh ≥ 0 on Ω. Of course, every solution in the sense of equation

(3.22) is automatically a subsolution in the sense of inequality (3.23).

Henceforth we shall concentrate on the case of n ≥ 3 and recall that 2? := 2n/(n− 2).

The statements and proofs of the results below are easily adjusted in the case of n = 2.

Theorem 3.7 (Caccioppoli inequality for discrete subsolutions). Let A ∈ L∞(Ω;Rn×n) be

a uniformly elliptic matrix-valued function (i.e. A(x)v · v ≥ d|v|2 almost everywhere for

all v ∈ Rn) and let F ∈ Lp(Ω;Rn) and f ∈ Lq(Ω) be given functions with 1
p = 1

n −
δ
n

and 1
q = 2

n −
δ
n , where δ > 0. Furthermore, let Th be a shape-regular triangulation of the

polyhedral domain Ω and Vh the corresponding finite element space. There is a constant

C > 0 that depends on n, ‖A‖L∞(Ω), d, and the shape-regularity constant Γ such that the

following holds: Let uh ∈ Vh be a discrete subsolution to −div(A∇u) = f − divF in the

sense of inequality (3.23), let η ∈ C∞0 (Ω) be nonnegative, and define ηh = Πhη. Then, we

have∫
Ω
|∇uh|2|ηh|2 dx ≤ C

∫
Ω
|uh|2|∇ηh|2 dx

+ C
(
‖F‖2Lp(Ω) + ‖f‖2Lq(Ω)

)(
‖ηh‖2L2? (suppuh) + ‖∇ηh‖2L2(suppuh)

)
|supp ηh ∩ suppuh|

2δ
n .

(3.24)
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Proof. We write ρh = Πh

(
η2
h

)
and test equation (3.23) against ϕh = Πh (ρhuh) to get

L :=

∫
Ω
A∇uh · ∇Πh (ρhuh) dx ≤

∫
Ω
fΠh (ρhuh) dx+

∫
Ω
F · ∇Πh (ρhuh) dx. (3.25)

First we will consider the left-hand side of equation (3.25):

L =

∫
Ω
A∇uh · ∇Πh (ρhuh) dx

=

∫
Ω
A∇uh · ∇ (ρhuh) dx−

∫
Ω
A∇uh · ∇ (ρhuh −Πh (ρhuh)) dx

=: LI − LII .

(3.26)

Next we decompose LI in equation (3.26) once more to get

LI =

∫
Ω
ρhA∇uh · ∇uh dx+

∫
Ω

(A∇uh · ∇ρh)uh dx =: LI1 + LI2 . (3.27)

For LI1 we use that A is uniformly elliptic (cf. inequality (3.1)) to get∫
Ω
ρhA∇uh · ∇uh dx ≥ d

∫
Ω
ρh|∇uh|2 dx =: L̃I1 . (3.28)

For LI2 in equation (3.26) we use that A ∈ L∞(Ω;Rn×n) to get∣∣LI2∣∣ ≤ ‖A‖L∞(Ω)

∫
Ω
|∇uh||∇ρh||uh| dx

.
∑
T∈Th

|T |max
T
|∇uh|max

T
|∇ρh|max

T
|uh| =: RI .

(3.29)

We will now estimate the term LII in inequality (3.26). By Lemma 2.25 (cf. inequality

(2.30)), A ∈ L∞(Ω;Rn×n) and Remark 2.26 we get∣∣LII ∣∣ ≤ ∑
T∈Th

|T |max
T
|∇uh| max

T

∣∣∇(ρhuh −Πh(ρhuh))
∣∣

.
∑
T∈Th

|T |max
T
|∇uh|max

T
|∇ρh|max

T
|uh| = RI .

(3.30)

Substituting inequalities (3.30) and (3.29) into equation (3.27), and inserting equation (3.27)

and inequality (3.29) into (3.26), and then equation (3.26) back into (3.25) yields

L̃I1 =

∫
Ω
ρh|∇uh|2 dx .

∑
T∈Th

|T |max
T
|∇uh|max

T
|∇ρh|max

T
|uh|

+

∫
Ω
fΠh (ρhuh) dx+

∫
Ω
F · ∇Πh (ρhuh) dx =: RI +RII +RIII .

(3.31)

Next, note that for any T ∈ Th we have

max
T
|∇ρh| = max

T

∣∣∇Πh(η2
h)
∣∣ . max

T
|∇(η2

h)| . max
T
|ηh|max

T
|∇ηh|, (3.32)
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where we have used the stability of the Lagrange projection Πh in the second step. This

allows us to estimate RI from inequality (3.31):

RI .
∑
T∈Th

|T |max
T
|∇uh|max

T
|ηh|max

T
|∇ηh|max

T
|uh|.

Now we use Lemma 2.23 to get

RI .
∑
T

|T | −
∫
T

|∇uh||ηh| |∇ηh||uh| dx.

By applying Young’s inequality this yields

RI ≤
∑
T∈Th

|T |
(
ε−
∫
T

|∇uh|2|ηh|2 dx+ Cε−
∫
T

|∇ηh|2|uh|2 dx

)

for any ε > 0. Finally, we note that we know from Lemma 2.27 that η2
h ≤ ρh and get

RI ≤ εL̃I1 + Cε

∫
Ω
|∇ηh|2|uh|2 dx (3.33)

after performing the sums. We can now insert inequality (3.33) into (3.31) and absorb εL̃I1

into the left-hand side to get

L̃I1 =

∫
Ω
ρh|∇uh|2 dx .

∫
Ω
|∇ηh|2|uh|2 dx

+

∫
Ω
fΠh (ρhuh) dx+

∫
Ω
F · ∇Πh (ρhuh) dx =: R̃I +RII +RIII .

(3.34)

We will now consider RII in inequality (3.34). Let S := {T ∈ Th : T ⊂ supp ηh ∩
suppuh}; we then have that

∣∣RII ∣∣ =

∣∣∣∣∫
Ω
fΠh (ρhuh) dx

∣∣∣∣ ≤∑
T∈S
|T |

−∫
T

|f | dx

max
T
|uhρh| .

We can now use inequality (2.25) to deduce that

∣∣RII ∣∣ ≤∑
T∈S
|T |

−∫
T

|f | dx

max
T
|uh|

(
max
T
|ηh|
)2

.

Using Lemma 2.23, we get

∣∣RII ∣∣ .∑
T∈S
|T |

−∫
T

|f | dx

−∫
T

|uhηh|dx

−∫
T

|ηh|dx


=
∑
T∈S
|T |−2‖f‖L1(T )‖uhηh‖L1(T )‖ηh‖L1(T ).
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Recall that f ∈ Lq(Ω) with 1
q = 2

n −
δ
n and δ > 0. Hölder’s inequality yields∣∣RII ∣∣ .∑

T∈S
|T |−2‖f‖Lq(T )|T |

1− 2
n

+ δ
n ‖uhηh‖L2? (T )|T |

1
2

+ 1
n ‖ηh‖L2? (T )|T |

1
2

+ 1
n

=
∑
T∈S
|T |

δ
n ‖f‖Lq(T )‖uhηh‖L2? (T )‖ηh‖L2? (T ).

Now note that 1
q + 1

2? + 1
2? + δ

n = 1. We can use Hölder’s inequality for sums to get

∣∣RII ∣∣ . (∑
T∈S
|T |

) δ
n
(∑
T∈S
‖f‖qLq(T )

) 1
q
(∑
T∈S
‖uhηh‖2

?

L2? (T )

) 1
2?
(∑
T∈S
‖ηh‖2

?

L2? (T )

) 1
2?

.

(3.35)

As the interiors of the elements T involved in the sums above are disjoint, we know that∑
T∈S
‖g‖rLr(T ) = ‖g‖r

Lr(
⋃
T∈S T) (3.36)

for any 1 ≤ r < ∞ and any g ∈ Lr
(⋃

T∈S T
)
. Using this in inequality (3.35) and noting

that S ⊂ suppuh gives∣∣RII ∣∣ . ∣∣supp ηh ∩ suppuh
∣∣ δn ‖f‖Lq(Ω)‖uhηh‖L2? (Ω)‖ηh‖L2? (suppuh).

Young’s inequality and the Sobolev embedding theorem then yield

∣∣RII ∣∣ . ε‖∇ (uhηh)‖2L2(Ω) + Cε
∣∣supp ηh ∩ suppuh

∣∣ 2δ
n ‖f‖2Lq(Ω)‖ηh‖

2
L2? (suppuh). (3.37)

Note that
‖∇ (uhηh)‖2L2(Ω) . ‖uh∇ηh‖

2
L2(Ω) + ‖ηh∇uh‖2L2(Ω)

≤
∫

Ω
ρh|∇uh|2 dx+

∫
Ω
|uh|2|∇ηh|2 dx,

(3.38)

where we used Lemma 2.27 in the second step. Finally, substituting this into inequality

(3.37) gives ∣∣RII ∣∣ . ε∫
Ω
ρh|∇uh|2 dx+ ε

∫
Ω
|uh|2|∇ηh|2 dx

+ Cε
∣∣supp ηh ∩ suppuh

∣∣ 2δ
n ‖f‖2Lq(Ω)‖ηh‖

2
L2? (suppuh).

(3.39)

We will now focus on RIII in inequality (3.34). Splitting it up into a sum over simplices
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and using inequality (2.25) yields

∣∣RIII ∣∣ =

∣∣∣∣∫
Ω
F · ∇

(
Πh (uhρh)

)
dx

∣∣∣∣
≤
∑
T∈S
|T | −
∫
T

|F |dx max
T
|∇Πh (uhρh)|

.
∑
T∈S
|T | −
∫
T

|F |dx max
T
|∇ (uhρh)|

≤
∑
T∈S
|T | −
∫
T

|F |dx max
T
|(∇uh) ρh|+

∑
T∈S
|T | −
∫
T

|F | dx max
T
|(∇ρh)uh|

=: RIII1 +RIII2 .

(3.40)

We rearrange RIII1 from inequality (3.40) and use Lemma 2.23:

RIII1 .
∑
T∈S
|T | −
∫
T

|F | dx −
∫
T

|(∇uh)ηh|dx −
∫
T

|ηh| dx

=
∑
T∈S
|T |−2

∫
T
|F | dx

∫
T
|(∇uh)ηh| dx

∫
T
|ηh|dx.

Recall that F ∈ Lp(Ω) with 1
p = 1

n −
δ
n . Hölder’s inequality gives

RIII1 .
∑
T∈S
|T |−2‖F‖Lp(T )|T |

1− 1
n

+ δ
n ‖(∇uh)ηh‖L2(T )|T |

1
2 ‖ηh‖L2? (T )|T |

1
2

+ 1
n

=
∑
T∈S
|T |

δ
n ‖F‖Lp(T )‖(∇uh)ηh‖L2(T )‖ηh‖L2? (T ).

Now Hölder’s inequality for sums and the identity (3.36) give

RIII1 . |supp ηh ∩ suppuh|
δ
n ‖F‖Lp(Ω)‖(∇uh)ηh‖L2(Ω)‖ηh‖L2? (suppuh).

Finally, we can use η2
h ≤ ρh (by Lemma 2.27) and Young’s inequality to get

RIII1 . ε
∫

Ω
|∇uh|2ρh dx+ Cε‖F‖2Lp(Ω)|supp ηh ∩ suppuh|

2δ
n ‖ηh‖2L2? (suppuh). (3.41)

Next we considerRIII2 from inequality (3.40). Recall maxT |∇ρh| . maxT |ηh|maxT |∇ηh|
as in inequality (3.32). We get

RIII2 .
∑
T∈S
|T | −
∫
T

|F | dx max
T
|uh|max

T
|ηh|max

T
|∇ηh|.

With Lemma 2.23, this becomes

RIII2 .
∑
T∈S
|T |−2

∫
T
|F | dx

∫
T
|uhηh| dx

∫
T
|∇ηh|dx.
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Completely analogously to RIII1 , we get

RIII2 ≤ ε‖∇(uhηh)‖2L2(Ω) + Cε|supp ηh ∩ suppuh|
2δ
n ‖F‖2Lp(Ω)‖∇ηh‖

2
L2(suppuh).

We use inequality (3.38) to deduce that

RIII2 ≤ ε
∫

Ω
|∇uh|2ρh dx+ ε

∫
Ω
|uh|2|∇ηh|2 dx

+ Cε|supp ηh ∩ suppuh|
2δ
n ‖F‖2Lp(Ω)‖∇ηh‖

2
L2(suppuh).

(3.42)

Inserting inequalities (3.41) and (3.42) into inequality (3.40) and using Poincaré’s in-

equality on the last factor in the second summand in (3.41) gives, after renaming constants,∣∣RIII ∣∣ ≤ ε ∫
Ω
|∇uh|2ρh dx+ ε

∫
Ω
|uh|2|∇ηh|2 dx

+ Cε|supp ηh ∩ suppuh|
2δ
n ‖F‖2Lp(Ω)‖∇ηh‖

2
L2(suppuh).

(3.43)

We can finally substitute inequalities (3.39) and (3.43) into inequality (3.34) and absorb

the

ε

∫
Ω
|∇uh|2ρh dx

term into the left-hand side. This yields∫
Ω
ρh|∇uh|2 dx .

∫
Ω
|∇ηh|2|uh|2 dx

+ |supp ηh ∩ suppuh|
2δ
n

(
‖ηh‖2L2? (suppuh) + ‖∇ηh‖2L2(suppuh)

)(
‖F‖2Lp(Ω) + ‖f‖2Lq(Ω)

)
.

(3.44)

Using η2
h ≤ ρh from Lemma 2.27 on the left-hand side proves inequality (3.23) and the

theorem.

This discrete Caccioppoli inequality has the following direct corollary.

Corollary 3.8. Let A ∈ L∞(Ω;Rn×n) be a uniformly elliptic matrix-valued function (i.e.

A(x)v · v ≥ d|v|2 for all v ∈ Rn) and let F ∈ Lp(Ω;Rn) and f ∈ Lq(Ω) be given functions

with 1
p = 1

n −
δ
n and 1

q = 2
n −

δ
n , where δ > 0. Furthermore, let Th be a shape-regular

triangulation of the polyhedral domain Ω and Vh the corresponding finite element space.

Then, there is a constant C > 0 that only depends on ‖A‖L∞(Ω), d, n and the shape-

regularity constant Γ, such that the following holds: Let uh ∈ Vh be a discrete subsolution

to −div(A∇u) = f − divF in the sense of inequality (3.23), let η ∈ C∞0 (Ω) be nonnegative

and define ηh := Πhη. Then, we have∫
Ω
|∇ (uhηh)|2 dx ≤ C

∫
Ω
|uh|2|∇ηh|2 dx

+
(
‖F‖2Lp + ‖f‖2Lq

)(
‖∇ηh‖2L2(suppuh) + ‖ηh‖2L2? (suppuh)

)
|supp ηh ∩ suppuh|

2δ
n .

(3.45)
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Proof. We use that∫
Ω
|∇ (uhηh)|2 .

∫
Ω
|∇uh|2|ηh|2 dx+

∫
Ω
|uh|2|∇ηh|2 dx

and apply Theorem 3.7.

We will now introduce the nodal maximum of two functions in Vh. This will also lead

to a suitable notion of the positive part of a continuous piecewise affine function.

Definition 3.9. Let Th be a triangulation of the polyhedral domain Ω and Vh the corre-

sponding finite element space of continuous piecewise affine functions. We define the nodal

maximum of two functions vh ∈ Vh and wh ∈ Vh as

vh g wh :=
∑
i

(vh(xi) ∨ wh(xi))ψi.

Furthermore, we define the nodal positive part of a function vh ∈ Vh as

(vh)+ := vh g 0 =
∑
i

(vh(xi))u ψi,

where we have denoted the point-wise positive part by tu = t ∨ 0.

We will also need the following technical assumption of F , which will be referred to as

assumption (?), to be able to prove a subsolution property for the nodal maximum of two

subsolutions to equation (3.23).

Definition 3.10. For p > n, let F ∈ Lp(Ω;Rn). We will say that F satisfies assumption

(?) if there exists a G ∈ Lp(Ω;Rn) such that∫
Ω
G · ∇ϕdx ≥

∣∣∣∫
Ω
F · ∇ϕdx

∣∣∣ ≥ 0 (3.46)

for any nonnegative ϕ ∈ C∞0 (Ω). By density, this inequality extends to all nonnegative

ϕ ∈W 1,p′

0 (Ω).

Remark 3.11. The condition (3.46) is restrictive, but still admits several nontrivial cases.

First and foremost, it includes every F ∈ Lp(Ω;Rn) where divF has a fixed sign as a

distribution, with G := −(sgn divF )F . It also includes cases such as the following, where

divF changes sign in the sense of distributions: suppose that n = 2, Ω = (−2, 2)2 and, for

x = (x1, x2)T ∈ Ω, let

F (x) :=

{
−e1 for |x1| ≥ 1,
e1 for |x1| < 1,
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where e1 = (1, 0)T. Obviously F ∈ L∞(Ω;R2) and divF = 2δ−1 ⊗ χ(−2,2) − 2δ1 ⊗ χ(−2,2),

where δt denotes the Dirac-distribution concentrated on the point t ∈ R. Consider the

function G defined by

G(x) =


3e1 for x1 ≤ −1,
e1 for − 1 < x1 < 1,
−e1 for x1 ≥ 1,

which gives divG = −2δ−1⊗χ(−2,2)−2δ1⊗χ(−2,2), whereby div(G±F ) = −4δ±1⊗χ(−2,2) ≤ 0

in the sense of distributions, and therefore assumption (?) is satisfied in this case. In

general, (?) is fulfilled if there is an Lp-function G with −divG ≥ |divF | in the sense of

distributions. The restrictive feature that excludes a variety of functions F ∈ Lp(Ω;Rn)

where divF is a signed measure is the fact that we have required G to be in Lp(Ω,Rn), as

well.

This leads to the following theorem, which connects the notions of positive part and

subsolution.

Theorem 3.12. Let Th be an A-nonobtuse triangulation of the polyhedral domain Ω. Let

uh ∈ Vh be a discrete subsolution to −div(A∇vh) = f1 − divF1 and suppose that vh ∈ Vh
is a discrete subsolution to −div(A∇wh) = f2 − divF2 for Lp-functions F1 and F2 (for

p > n) and Lq-functions f1 and f2. Suppose further that F1 satisfies assumption (?) from

Definition 3.10 with dominating function G1 ∈ Lp(Ω;Rn) and F2 satisfies assumption (?)

with dominating function G2 ∈ Lp(Ω,Rn). Then, uh g vh is a discrete subsolution to

−div(A∇(vh g wh)) ≤ f1 ∨ f2 − div(G1 +G2).

Proof. As a first step, we will show that∫
Ω
A∇(uhgvh)·∇ψj dx ≤

∫
Ω

(f1∨f2)ψj dx+

(∫
Ω
F1 · ∇ψj dx

)
∨
(∫

Ω
F2 · ∇ψj dx

)
(3.47)

for all j. So we fix an arbitrary j and assume w.l.o.g. that uh(xj) ≥ vh(xj) and therefore

uh(xj)∨ vh(xj) = uh(xj). As Th is A-nonobtuse, we have
∫

ΩA∇ψi ·∇ψj dx ≤ 0 for all i 6= j

from equation (2.8) and find∫
Ω
A∇uh · ∇ψj dx =

∑
i

uh(xi)

∫
Ω
A∇ψi · ∇ψj dx

= uh(xj)

∫
Ω
A∇ψj · ∇ψj dx+

∑
i 6=j

uh(xi)

∫
Ω
A∇ψi · ∇ψj dx

≥ (uh(xj) ∨ vh(xj))

∫
Ω
A∇ψj · ∇ψj dx+

∑
i 6=j

(uh(xi) ∨ vh(xi))

∫
Ω
A∇ψi · ∇ψj dx

=

∫
Ω
A∇(uh g vh) · ∇ψj dx.

(3.48)
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On the other hand, we have ∫
Ω

(f1 ∨ f2)ψj dx ≥
∫

Ω
f1ψj dx (3.49)

and (∫
Ω
F1 · ∇ψj dx

)
∨
(∫

Ω
F2 · ∇ψj dx

)
≥
∫

Ω
F1 · ∇ψj dx. (3.50)

Combining inequalities (3.48), (3.49) and (3.50) with∫
Ω
A∇uh · ∇ψj dx ≤

∫
Ω
F1 · ∇ψj + f1ψj dx,

which follows from the fact that uh is a discrete subsolution to −div(A∇u1) = f1 − divF1,

yields inequality (3.47). We will now use the fact that F1 and F2 satisfy assumption (?)

and therefore inequality (3.46) with dominating functions G1 and G2 respectively. We thus

have that(∫
Ω
F1 · ∇ψj dx

)
∨
(∫

Ω
F2 · ∇ψj dx

)
≤
(∫

Ω
G1 · ∇ψj dx

)
∨
(∫

Ω
G2 · ∇ψj dx

)
≤
∫

Ω
(G1 +G2) · ∇ψj dx.

(3.51)

Together with inequality (3.47) this gives∫
Ω
A∇(uh g vh) · ∇ψj dx ≤

∫
Ω

(f1 ∨ f2)ψj dx+

∫
Ω

(G1 +G2) · ∇ψj dx. (3.52)

In general, for a nonnegative ϕh ∈ Vh,0 we write ϕh =
∑

j ϕh(xj)ψj and use the fact

that both sides of inequality (3.52) are linear in ψj :∫
Ω
A∇(uh g vh) · ∇ϕh dx =

∑
j

ϕh(xj)

∫
Ω
A∇(uh ∨ vh) · ∇ψj dx

≤
∑
j

ϕh(xj)

∫
Ω

(f1 ∨ f2)ψj dx+

∫
Ω

(G1 +G2) · ∇ψj dx

=

∫
Ω

(f1 ∨ f2)ϕh dx+

∫
Ω

(G1 +G2) · ∇ϕh dx.

This implies that uhgvh is a discrete subsolution for the right-hand side f1∨f2−div(G1+G2)

and proves the theorem.

By setting f1 = f , F1 = F , f2 = 0 and F2 = 0 we deduce the following immediate

corollary.

Corollary 3.13. Let Th be an A-nonobtuse triangulation of the polyhedral domain Ω. Let

uh be a discrete subsolution to −div(A∇u) = f − divF for F ∈ Lp(Ω) and f ∈ Lq(Ω), with

p and q as previously. Furthermore, suppose that F satisfies assumption (?) from Definition

3.10 with dominating function G ∈ Lp(Ω,Rn) and let c ∈ R be a constant. Then the nodal

positive part (uh − c)+ is a discrete subsolution to −div(A∇w) = |f | − divG.
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Proof. We have ∫
Ω
A∇(uh − c)+ · ∇ϕh dx ≤

∫
Ω
F · ∇ϕh + |f |ϕh dx.

for any nonnegative ϕh ∈ Vh,0. Recall that we defined the nodal positive part as (uh−c)+ =

(uh − c) g 0 in Definition 3.9. We have ±f ∨ 0 ≤ |f | and ±
∫

Ω F · ∇ϕdx ≤
∫

ΩG · ∇ϕdx.

Because vh ≡ 0 solves −div(A∇vh) = 0, we can apply Theorem 3.12 with f1 = f , F1 = F ,

f2 ≡ 0 and F2 ≡ 0 to deduce the assertion of the corollary.

Finally, Corollary 3.13 yields the desired discrete Caccioppoli-type inequalities for the

truncated functions (uh − c)+ with c ∈ R, which we now state and prove.

Corollary 3.14. Let Th be an A-nonobtuse triangulation of the polyhedral domain Ω. Let

uh be a discrete subsolution to −div(A∇u) = f − divF for F ∈ Lp(Ω;Rn) and f ∈ Lq(Ω),

with p and q as previously defined. Furthermore, suppose that F satisfies assumption (?)

from Definition 3.10 with dominating function G ∈ Lp(Ω,Rn). Let ηh be as in Theorem

3.7. Then, there are constants C1 and C2 that only depend on ‖A‖L∞(Ω), d, n and the

shape-regularity constant Γ, such that, for any c ∈ R we have the following bounds:∫
Ω
|∇(uh − c)+ηh|2 dx ≤ C1

∫
Ω

(uh − c)2
+|∇ηh|

2 dx+
(
‖G‖2Lp(Ω) + ‖f‖2Lq(Ω)

)
·
(
‖∇ηh‖L2(supp (uh−c)+) + ‖ηh‖2L2? (supp (uh−c)+)

)
|supp ηh ∩ supp (uh − c)+|

2δ
n ,

(3.53)

and∫
Ω
|∇ ((uh − c)+ηh)|2 dx ≤ C2

∫
Ω

(uh − c)2
+|∇ηh|

2 dx+
(
‖G‖2Lp(Ω) + ‖f‖2Lq(Ω)

)
·
(
‖∇ηh‖L2(supp (uh−c)+) + ‖ηh‖2L2? (supp (uh−c)+)

)
|supp ηh ∩ supp (uh − c)+|

2δ
n .

(3.54)

Proof. Corollary 3.13 guarantees that (uh− c)+ is a discrete subsolutions to −div(A∇w) =

|f | − divG. Furthermore (uh − c)+ is obviously nonnegative. Thus we can apply Theorem

3.7 and Corollary 3.8 to deduce the stated claims.

3.3 Interior Cα-estimates for approximate solutions

We will now prove the desired uniform a priori Cα-bound for sequences of continuous

piecewise affine finite element approximations in the interior of Ω. To this end, we will first

prove an L∞-bound, and will then deduce the discrete Cα-bound. We emphasize that we

have not, so far, assumed any kind of (quasi-)uniformity of the triangulation, nor shall we

do so. Our results therefore apply on graded and adaptively refined triangulations. The

main result of this subsection is encapsulated in the following theorem.
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Theorem 3.15. Let 1
p = 1

n −
δ
n and 1

q = 2
n −

δ
n for some δ > 0, let f ∈ Lq(Ω), suppose that

the function F ∈ Lp(Ω;Rn) satisfies assumption (?) from Definition 3.10 with dominating

function G ∈ Lp(Ω;Rn) and let A ∈ L∞(Ω;Rn×n) be a uniformly elliptic matrix-valued

function (i.e. A(x)v · v ≥ d|v|2 with d > 0 almost everywhere for all v ∈ Rn). Furthermore,

let uh ∈ Vh be the finite element approximation to the solution u of −div(A∇u) = f−divF in

the sense of Definition 3.5 on a shape-regular, A-nonobtuse triangulation Th of the polyhedral

domain Ω with respective finite element space Vh, i.e.,∫
Ω
A∇uh · ∇ϕh dx =

∫
Ω
fϕh dx+

∫
Ω
F · ∇ϕh dx (3.55)

for any function ϕh ∈ Vh,0. Furthermore, assume that uh|∂Ω ∈ Cβ(∂Ω). Let κ and Q be the

constants from equation (2.13) and inclusion (2.17). Assume that x0 ∈ T for some T ∈ Th
and B(x0, 4κ

−1QR′) ⊂ Ω for some R′ ≥ hT . Then, there is an α > 0 and a C > 0 that only

depend only on ‖A‖L∞(Ω), d, δ, the shape-regularity constant Γ, the dimension n, ‖f‖Lq(Ω),

‖G‖Lp(Ω) and ‖uh‖L∞(∂Ω), such that, for every ball B(x0, R) ⊂ Ω,

osc
B(x0,R)

uh ≤ CRα. (3.56)

Remark 3.16. The assumption B(x0, 4κ
−1QR′) ⊂ Ω for some R′ ≥ hT requires a certain

fineness of the mesh. If there is no ball that satisfies this condition, we refer to the discussion

of regularity near the boundary in Section 3.4 of this Chapter.

The hypotheses of Theorem 3.15 will be assumed to hold throughout this section. We

will need a few additional technical lemmas concerning the projections of the functions ϕk,

which we have defined in equation (3.8). Before stating these, we introduce the following

notation.

Definition 3.17. For a constant λ∞ > 0 that is to be chosen later, a radius R > 0, x0 ∈ Ω,

such that B(x0, 2R) ⊂ Ω, and k = 0, 1, 2..., let

λk :=
(

1− 2−k
)
λ∞ and Bk := B

(
x0,
(

1 + 2−k
)
R
)
,

and consider a sequence of nonnegative C∞-functions η̃k, such that

χBk ≤ η̃k ≤ χBk+1
and |∇η̃k| ≤ 2k+1R−1.

We then define, for any triangulation Th,

ηk := Πhη̃k.

Lemma 3.18. Let Bk and ηk be defined as in Definition 3.17. Then, we have
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(a) maxΩ |∇ηk| . 2kR−1;

(b) If maxT |ηk+1| > 0 for some T ∈ Th, then we have maxT |ηk| = 1;

(c) maxT |∇ηk+1| . 2k+1R−1 maxT |ηk|;

(d) If a is a polynomial, we have −
∫
T |a|

2|∇ηk+1|2 dx . R−222(k+1) −
∫
T |a|

2η2
k < dx.

The implicit constants only depend on the shape-regularity constant Γ and the dimension n.

Proof. Assertion (a) is clear since

max
Ω
|∇ηk| = max

Ω
|∇ (Πhη̃k) | ≤ max

Ω
|∇η̃k| . 2kR−1

by equation (2.26). For assertion (b), we note that if maxT |ηk+1| > 0, there is at least one

node x0 with ηk+1(x0) > 0 and therefore x0 ∈ Bk and ηk(x0) = η̃k(x0) = 1. Assertion (c) is

a direct consequence of assertions (a) and (b). The inequality stated in assertion (d) follows

by using Lemma 2.23:

−
∫
T

|a|2|∇ηk+1|2 dx ∼ max
T
|a|2 max

T
|∇ηk+1|2

. 22(k+1)R−2 max
T
|a|2 max

T
|ηk|2 ∼ 22(k+1)R−2−

∫
T

|a|2η2
k dx.

That completes the proof of the lemma.

We will also need a discrete counterpart of the weak-type estimate (3.14), which we shall

now state.

Lemma 3.19. Consider ηk as in Definition 3.17 and let Ak := {η2
k|(vh − λk − c0)+|2 > 0}

for some c0 ∈ R and vh ∈ Vh. Then, we have

|Ak+1| ≤ C
22k

λ2
∞

∫
Ω
|ηk(uh − λk − c0)+|2 dx (3.57)

where the constant C > 0 only depends on n and the shape-regularity constant Γ.

Proof. First observe that Ak+1 is a union of finitely many Ti ∈ Th. On every such Ti, we

have maxTi ηk = 1 by Lemma 3.18, assertion (b), as maxTi ηk+1 > 0. For at least one node

x0 of Ti we have vh(x0) > λk+1 + c0, and therefore

(vh(x0)− λk − c0)+ = vh(x0)− λk − c0 > λk+1 − λk = 2−kλ∞.
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Using this and Lemma 2.23 we get

|Ti| ≤
22k

λ2
∞
|Ti|max

Ti
(vh − λk − c0)2

+ max
Ti

η2
k

∼ 22k

λ2
∞
|Ti| −
∫
Ti

(vh − λk − c0)2
+η

2
k dx =

22k

λ2
∞

∫
Ti

(vh − λk − c0)2
+η

2
k dx.

As the Ti are disjoint and supp ηk ⊂ Ak+1, summing over all i yields the assertion of the

lemma.

This result allows us to prove a discrete version of the L∞-estimate from Theorem 3.2.

We shall again confine ourselves to the case when n ≥ 3 and write 2? := 2n/(n − 2); the

proofs below are easily adjusted when n = 2.

Theorem 3.20. Assume that all the assumptions of Theorem 3.15 are satisfied. Further-

more, let x0 ∈ T for some T ∈ Th be a point such that B(x0, 2R) ⊂ Ω for some R ≥ hT .

There is a constant C > 0 that only depends on n, ‖A‖L∞(Ω), d, δ and the shape-regularity

constant Γ, such that

max
Ω′(B(x0,R))

(uh − c)2
+ ≤ C −

∫
Ω(B(x0,2R))

(uh − c)2
+ dx+ C

(
‖G‖2Lp + ‖f‖2Lq

)
R2δ (3.58)

for all c ∈ R, with Ω′(B(x0, R)) as defined in (2.12).

Proof. For B = B(x0, R) we use the notation 2B := B(x0, 2R). Using the notions from

Definition 3.17, we define the sequence

ak := −
∫

Ω(2B)

(uh − λk − c)2
+η

2
k dx for k = 0, 1, 2, . . . .

We write Ak := {(uh − λk − c)2
+η

2
k > 0} as in Lemma 3.19 and use Hölder’s inequality to

deduce that

ak+1 = −
∫

Ω(2B)

(uh − λk+1 − c)2
+η

2
k+1 dx

.

 −
∫

Ω(2B)

∣∣(uh − λk+1 − c)+ηk+1

∣∣2? dx


2

2? (
|Ak+1|
|Ω(2B)|

) 2
n

.

(3.59)

We have assumed that R ≥ hT . Recall that there is a Q > 2 such that Ω(2B) ⊂ B(x0, QR)

by inequality (2.13). This means that we have |Ω(2B)| ∼ Rn. Using this and the Sobolev

embedding theorem in inequality (3.59) gives

ak+1 . R
2 −
∫

Ω(2B)

|∇((uh − λk+1 − c)+ηk+1)|2 dx

(
|Ak+1|
Rn

) 2
n

. (3.60)
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Note that this version of the Sobolev embedding also requires Poincaré’s inequality. How-

ever, the cutoff function ηk+1 guarantees that (uh − λk+1 − c)+ηk+1 vanishes outside of

Ω(2B) ⊂ B(x0, 2QR). Therefore, the Poincaré constant is the one of a ball. We will

consider the factors separately. For the first one we can apply the discrete Caccioppoli

inequality (3.54) to get

−
∫

Ω(2B)

|∇((uh − λk+1 − c)+ηk+1)|2 dx

. −
∫

Ω(2B)

(uh − λk+1 − c)2
+|∇ηk+1|2 dx

+
1

|Ω(2B)|

(
‖G‖2Lp(Ω) + ‖f‖2Lq(Ω)

)
|supp ηk+1 ∩ supp (uh − λk+1 − c)+|

2δ
n

·
(
‖ηk+1‖2L2? (supp (u−λk+1−c)+) + ‖∇ηk+1‖2L2(supp (u−λk+1−c)+)

)
.

Now, by applying Lemma 3.18, assertion (d), to the first summand −
∫

Ω(2B)(uh − λk+1 −
c)2

+|∇ηk+1|2 dx (with a = (uh − λk+1 − c)+) on every simplex T ∈ T and then adding up,

and by using the bound maxΩ |∇ηk| ≤ 2kR−1 from Lemma 3.18, assertion (a), together

with ηh ≤ 1, |Ω(2B)| & |B(x0, 2R)| ≥ Rn and |Ak+1| ≤ |supp ηk+1| . Rn (and therefore(
|Ak+1|
Rn

)
. 1) to estimate the second summand, we deduce that

−
∫

Ω(2B)

|∇((uh − λk+1 − c)+ηk+1)|2 dx

.
24k

R2
−
∫

Ω(2B)

|(uh − c− λk)+|2|ηk|2 dx

+R2δ−2
(
‖G‖2Lp(Ω) + ‖f‖2Lq(Ω)

)(( |Ak+1|
Rn

)1− 2
n

+ 2δ
n

+ 22k |Ak+1|
Rn

)
.

With the weak-type estimate (3.57) and because λk+1 > λk, this becomes

−
∫

Ω(2B)

|∇((uh − λk+1 − c)+ηk+1)|2 dx

.
24k

R2
−
∫

Ω(2B)

|(uh − c− λk)+|2|ηk|2 dx+R2δ−2
(
‖F‖2Lp(Ω) + ‖f‖2Lq(Ω)

)

· 24k

λ2
∞

 −
∫

Ω(2B)

|ηk(uh − λk − c)+|2 dx+

 −
∫

Ω(2B)

|ηk(uh − λk − c)+|2 dx


1− 2

n
+ 2δ
n (

λ2
∞
) 2
n
− 2δ
n


=

24k

R2

ak +

(
ak + a

1− 2
n

+ 2δ
n

k

(
λ2
∞
) 2
n
− 2δ
n

) R2δ
(
‖G‖2Lp(Ω) + ‖f‖2Lq(Ω)

)
λ2
∞

 .

(3.61)
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For the second factor of inequality (3.60) we use the weak-type estimate (3.57) to get

(
|Ak+1|
Rn

) 2
n

≤

22k

λ2
∞
−
∫
Ω

|ηk(uh − λk − c)+|2 dx

 2
n

= 2
4k
n

(
ak
λ∞

) 2
n

.

(3.62)

Substituting inequalities (3.61) and (3.62) into inequality (3.60) yields

ak+1 . 24(1+ 1
n)kak

( ak
λ2
∞

) 2
n

+

((
ak
λ2
∞

) 2
n

+

(
ak
λ2
∞

) 2δ
n

)
R2δ

(
‖G‖2Lp(Ω) + ‖f‖2Lq(Ω)

)
λ2
∞

 .

If we now choose λ2
∞ ∼ max

{
R2δ

(
‖F‖2Lp(Ω) + ‖f‖2Lq(Ω)

)
,−
∫

Ω(2B)(uh − c)
2
+ dx

}
, we obtain

ak+1 . 24k(1+ 1
n

)ak

((
ak
λ2
∞

) 2
n

+

(
ak
λ2
∞

) 2δ
n

)
.

With the help of Corollary 3.32 we get ak → 0, as k →∞, if

λ2
∞ ∼ a0 ≤ −

∫
Ω(2B)

(uh − c)2
+ dx.

Because limk→∞ ak = 0, passing to the limit k →∞ in the definition of ak we deduce that

(uh− c)2
+ ≤ λ2

∞ on Ω′ (B(x0, R)) ⊂
⋂
k supp ηk. By recalling our choice of λ2

∞ we thus have

on Ω′ (B(x0, R)) ⊂
⋂
k supp ηk the following bound:

(uh − c)2
+ ≤ λ2

∞ . max


(
‖G‖2Lp(Ω) + ‖f‖2Lq(Ω)

)
R2δ, −

∫
Ω(2B)

(uh − c)2
+ dx


∼
(
‖G‖2Lp(Ω) + ‖f‖2Lq(Ω)

)
R2δ + −

∫
Ω(2B)

(uh − c)2
+ dx,

which proves the stated claim.

Next we will prove an estimate showing that if a value of uh is small at a node, then it

cannot be too large at neighbouring nodes. By enabling us to control not only the maximum

of a function on a simplex, but also its minimum, this will help us to recover a property

analogous to the one in inequality (3.17) that will be a discrete version of Lemma 3.4.

Lemma 3.21. Under the assumptions of Theorem 3.15, let vh be a discrete subsolution to

−div(A∇u) = f − divF with 0 ≤ vh ≤ 1. Then, there exist constants C > 0, τ ∈ (0, 1) and

N > 0 that depend only on d, the shape-regularity parameter Γ and the dimension n such

that if xi and xj are nodes of the same simplex T ∈ Th with ∂T ∩ ∂Ω = ∅, then we have

vh(xj) ≤ 1− τN + τNvh(xi) + C
(
‖F‖Lp(Ω) + ‖f‖Lq(Ω)

)
hδT . (3.63)
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Proof. We follow the ideas from [3], Lemma 1.7. By Lemma 2.31, we can connect the nodes

xi and xj by a sequence of nodes {xi = y0, y1, . . . , yN = xj} belonging to the same simplex

T with

−
∫

Ω
A∇ψi · ∇ψi+1 dx ≥ τ

∫
Ω
A∇ψi · ∇ψi dx, i = 0, . . . , N − 1, (3.64)

where we denote by ψi the basis function associated with the node yi in the sense of

Definition 2.12 and τ ∈ (0, 1) only depends on the shape-regularity parameter Γ of the

triangulation. Also note that all of the yi are nodes of the same simplex T , which means

that N ≤ n. We denote the remaining nodes of Th by yi with i ≥ N + 1. We shall prove

the claim by induction over the sequence of nodes connecting xi and xj . The base step

(corresponding to N = 0 when xj = xi) is clear. Suppose therefore that N ≥ 1.

Let vh be a discrete subsolution to −div(A∇u) = f − divF , such that 0 ≤ vh ≤ 1.

Fix an integer k ∈ {0, . . . , N − 1}, test equation (3.23) against ϕh = ψk+1 and write

vh =
∑

l vh(xl)ψl and 〈f, g〉A :=
∫

ΩAf · g dx for all f, g ∈ L2(Ω;Rn) to get

∑
l

vh(yl)〈∇ψl,∇ψk+1〉A =

∫
Ω
A∇vh · ∇ψk+1 dx ≤

∫
Ω
F · ∇ψk+1 + fψk+1 dx.

This leads to

vh(yk+1) ≤ −
∑
l 6=k+1

〈∇ψl,∇ψk+1〉A
〈∇ψk+1,∇ψk+1〉A

vh(yl)

+

∫
Ω

F · ∇ψk+1

〈∇ψk+1,∇ψk+1〉A
dx+

∫
fψk+1

〈∇ψk+1,∇ψk+1〉A
dx

=: I + II + III.

(3.65)

First, we consider term I. Since 0 ≤ vh ≤ 1, and because Th is A-nonobtuse in the sense of

inequality (2.8), we find that

I = −
∑
l 6=k+1

〈∇ψl,∇ψk+1〉A
〈∇ψk+1,∇ψk+1〉A

vh(yl)

= −
∑

l 6=k,k+1

〈∇ψl,∇ψk+1〉A
〈∇ψk+1,∇ψk+1〉A

vh(yl)−
〈∇ψk,∇ψk+1〉A
〈∇ψk+1,∇ψk+1〉A

vh(yk)

≤
∑
l 6=k+1

− 〈∇ψl,∇ψk+1〉A
〈∇ψk+1,∇ψk+1〉A

+
〈∇ψk,∇ψk+1〉A
〈∇ψk+1,∇ψk+1〉A

− 〈∇ψk,∇ψk+1〉A
〈∇ψk+1,∇ψk+1〉A

vh(yk).

Since 0 = ∇1 =
∑

l∇ψl and therefore −
∑

l 6=k+1
〈∇ψl,∇ψk+1〉A
〈∇ψk+1,∇ψk+1〉A

=
〈∇ψk+1,∇ψk+1〉A
〈∇ψk+1,∇ψk+1〉A

= 1, we

get

I ≤ 1 +
〈∇ψk,∇ψk+1〉A
〈∇ψk+1,∇ψk+1〉A

− 〈∇ψk,∇ψk+1〉A
〈∇ψk+1,∇ψk+1〉A

vh(yk)

= 1 +
〈∇ψk,∇ψk+1〉A
〈∇ψk+1,∇ψk+1〉A

(1− vh(yk)).
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Because the sequence yi satisfies inequality (3.64), this becomes

I ≤ 1− τ + τvh(yk). (3.66)

Next we consider term II from inequality (3.65). We know that suppψk+1 = Ω(yk+1)

and 0 ≤ ψl ≤ 1. Hence, ‖ψk+1‖Lr(Ω) ∼ h
n
r
T as yk+1 ∈ T . By equation (2.10) we find

that ‖∇ψk+1‖Lr(Ω) ∼ h
n
r
−1

T . By the uniform ellipticity of A we have 〈∇ψk+1,∇ψk+1〉A ≥
d‖∇ψk+1‖2L2(Ω). This gives

II .

‖F‖Lp(Ω)‖∇ψk+1‖
L(1− 1

n+ δ
n)
−1

(Ω)

‖∇ψk+1‖2L2(Ω)

∼ ‖F‖Lp(Ω)
hn−2+δ
T

hn−2
T

∼ ‖F‖Lp(Ω)h
δ
T . (3.67)

Analogously, we find for term III, using Hölder’s inequality, that

III .

‖f‖Lq(Ω)‖ψk+1‖
L(1− 2

n+ δ
n)
−1

(Ω)

‖∇ψk+1‖2L2(Ω)

∼ ‖f‖Lq(Ω)
hn−2+δ
T

hn−2
T

∼ ‖f‖Lq(Ω)h
δ
T . (3.68)

Inserting the inequalities (3.66), (3.67) and (3.68) into inequality (3.65) gives

vh(yk+1) ≤ 1− τ + τvh(yk) + C
(
‖F‖Lp(Ω) + ‖f‖Lq(Ω)

)
hδT . (3.69)

Now assume that

vh (yk) ≤ 1− τk + τkvh (xi) + C
(
‖F‖Lp(Ω) + ‖f‖Lq(Ω)

)
hδT

k−1∑
m=0

τm.

We recall that y0 := xi and calculate

vh (yk+1) ≤ 1− τ + τvh (yk) + C
(
‖F‖Lp(Ω) + ‖f‖Lq(Ω)

)
hδT

≤ 1− τ + τ

(
1− τk + τkvh(y0) + C

(
‖F‖Lp(Ω) + ‖f‖Lq(Ω)

)
hδT

k−1∑
m=0

τm

)
+ C

(
‖f‖Lq(Ω) + ‖F‖Lp(Ω)

)
hδT

= 1− τk+1 + τk+1vh(y0) + C
(
‖F‖Lp(Ω) + ‖f‖Lq(Ω)

)
hδT

k∑
m=1

τm

+ C
(
‖F‖Lp(Ω) + ‖f‖Lq(Ω)

)
hδ

= 1− τk+1 + τk+1vh(y0) + C
(
‖F‖Lp(Ω) + ‖f‖Lq(Ω)

)
hδT

k∑
m=0

τm.

By induction, this proves by setting k = N−1 and recalling again that y0 := xi and yN = xj

the bound

vh (xj) ≤ 1− τN + τNvh (xi) + C
(
‖F‖Lp(Ω) + ‖f‖Lq(Ω)

)
hδT

N−1∑
m=0

τm.

Because
∑N−1

m=0 τ
m is bounded and depends only on N ≤ n and τ , which depends only on

the shape-regularity parameter, we deduce the assertion of the lemma.
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This leads to the following lemma, which is a discrete version of Lemma 3.4. It is a

generalisation of ideas from [3], where the discussion was restricted to Laplace’s equation

on a quasi-uniform mesh.

Lemma 3.22. Under the assumptions of Theorem 3.15, let B(x0, R) be a ball with R ≥ hT
and B(x0, QR) ⊂ Ω where Q is the constant from inequality (2.13) and x0 ∈ T for some

T ∈ Th. Furthermore, let vh be a discrete subsolution to −div(A∇u) = f − divF with

0 ≤ vh ≤ 1 on B(x0, QR). Assume further, that we have∣∣∣ ⋃
i : vh(xi)=0

Pi ∩ Ω(B(x0, 2R))
∣∣∣ ≥ ζ|Ω(B(x0, 2R))| (3.70)

for this ball and some ζ > 0. Then, there exist constants R0, θ ∈ (0, 1) and C > 0 that only

depend on ζ, n, ‖A‖L∞(Ω), d, δ and the shape-regularity parameter Γ, such that

sup
Ω′(B(x0,R))

vh ≤ 1− θ + C
(
‖G‖Lp(Ω) + ‖f‖Lq(Ω)

)
Rδ (3.71)

for any R ∈ (hT , R0).

Proof. We recall our notational convention 2B := B(x0, 2R) and define, for any R ≥ hT ,

µ := 1− τN

4
, λk := 1− (1− µ)k, vk :=

1

1− λk
(vh − λk)+, Ak := Ω(2B) ∩ {uk > 0}.

Again, the operation (...)+ is meant in a nodal sense and N and τ are the constants from

Lemma 3.21.

As we have vh ≤ 1, we have 0 ≤ vk ≤ 1 as well. Note that vk is a subsolution to

−div(A∇v) = |f |
(1−µ)k

− divG
(1−µ)k

because of Corollary 3.13, so the local L∞-estimates from

Theorem 3.20 hold. This means that we get

sup
Ω′(B)

vk .

(
−
∫

Ω(2B)

v2
k dx

) 1
2

+ C

(
‖G‖Lp + ‖f‖Lq

(1− µ)k

)
Rδ

.

(
|Ak|
Rn

) 1
2

+ C

(
‖G‖Lp + ‖f‖Lq

(1− µ)k

)
Rδ.

(3.72)

If we can find a k̄ such that |Ak̄| ≤ βRn+CβR
n+2δ for a small β, we will have vk̄ ≤ 1

2 +C̃Rδ.

Assume that vk+1(xi) > 0 for some xi ∈ Ω(2B). Because the sequence (λk)k≥0 is strictly

monotonic increasing, if vk+1(xi) > 0 for some xi ∈ Ω(2B), as has been assumed, then
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vh(xi)− λk > vh(xi)− λk+1 > 0, whereby (vh(xi)− λk)+ = vh(xi)− λk. Hence, we have

0 < vk+1(xi) =
vh(xi)− λk+1

1− λk+1
=

1− λk
1− λk+1

vh(xi)− λk
1− λk

+
λk − λk+1

1− λk+1

=
1− λk

1− λk+1
vk(xi) +

λk − λk+1

1− λk+1

=
vk(xi)

1− µ
+

(1− µ)k+1 − (1− µ)k

(1− µ)k+1

=
vk(xi)

1− µ
+

1

1− µ
(1− µ− 1)

=
vk(xi)− µ

1− µ
,

and therefore

µ < vk(xi). (3.73)

We also define a sequence Rk, such that

C (‖G‖Lp + ‖f‖Lq)
(1− µ)k

(2QRk)
δ =

τN

4
. (3.74)

By inequality (2.7) and inclusion (2.13), we know that

2QR ≥ diam (Ω (B(x0, 2R))) ≥ hS (3.75)

for any S ∈ Th with S ⊂ Ω(B(x0, 2R)), as long as R ≥ hT . By combining equality (3.74)

and inequality (3.75) we have that

C (‖G‖Lp + ‖f‖Lq)
(1− µ)k

hδS ≤
τN

4
(3.76)

for any R ∈ [hT , Rk] and any S ⊂ Ω(2B).

Assume that R ≤ Rk for some k. Again, note that vk is a subsolution to −div(A∇v) =
|f |

(1−µ)k
− divG

(1−µ)k
. This means, by Lemma 3.21, that for any node xj of the same simplex

S ⊂ Ω(B(x0, 2R)) as xi, we get

1− τN

4
= µ < vk(xi) ≤ 1− τN + τNvk(xj) + C

(
‖G̃‖p + ‖f̃‖q

)
hδS

≤ 1− τN + τNvk(xj) +
C (‖G‖p + ‖f‖q)

(1− µ)k
hδS .

Now recall that R ≤ Rk and note the equality (3.76) to get

1− τN

4
≤ 1− τN + τNvk(xj) +

τN

4
, (3.77)

which implies that vk(xj) >
1
2 . Together with the already established bound 1

2 ≤ µ < vk(xi)

this gives

Ak+1 ⊂
{
vk >

1

2

}
∩ Ω(B(2R)),
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as vk(xk) >
1
2 at all nodes of Ak+1, because if an S ∈ Th satisfies S ⊂ Ak, there is a node x0

of S such that vk(x0) > λk+1, and this means that we have shown that vk(xj) ≥ 1
2 for any

other node of that simplex S by inequality (3.77). Furthermore, as we are using piecewise

affine basis functions, we know that maxS vh and minS vh are attained at a node on any

simplex S ∈ Th. Therefore, we get

{
0 < vk <

1

2

}
∩Ak+1 = ∅.

However, as we have
{

0 < vk <
1
2

}
∩ Ω(2B) ⊂ Ak and Ak+1 ⊂ Ak, it follows that

|Ak| ≥
∣∣∣∣({0 < vk <

1

2

}
∩ Ω(2B)

)
∪Ak+1

∣∣∣∣ =

∣∣∣∣{0 < vk <
1

2

}
∩ Ω(B(2R))

∣∣∣∣+ |Ak+1|.

(3.78)

Now note that if vh(xi) = 0, we also have vk(xi) = 0. This means that inequality (3.70) holds

for all vk with the same constant ζ. This allows us to use the Poincaré-type inequality from

Theorem 2.29. By Corollary 2.9 and Lemma 2.30, we conclude that the Poincaré constant

of Ω(B(x0, 2R)) only depends on the shape-regularity constant Γ. (Note that we are far

away from the boundary, so the dependence on the Lipschitz constant of the boundary can

be dropped.)

|Ak+1| ≤ 2

∫
Ω(2B)

min

{
vk,

1

2

}
dx

. R
∫

Ω(2B)

∣∣∣∣∇(min

{
vk,

1

2

})∣∣∣∣ dx

≤ R
∫

Ω(2B)∩{0<vk< 1
2
}
|∇vk|dx

≤ R

(∫
Ω(2B)

|∇vk|2 dx

) 1
2
∣∣∣∣{0 < vk <

1

2

}
∩ Ω(B(2R))

∣∣∣∣ 1
2

.

Here, the min is meant in the pointwise rather than in the nodal sense. As we have

0 ≤ vk ≤ 1, we can apply the discrete Caccioppoli-type inequality (3.54) to deduce that

R2

∫
Ω(2B)

|∇vk|2 dx .
∫
B(2Q2R)

|vk|2 +
C
(
‖G‖2Lp + ‖f‖2Lq

)
(1− µ)k

Rn+2δ

. Rn + CkR
n+2δ.

This gives

|Ak+1| .

(
Rn +

C
(
‖G‖2Lp + ‖f‖2Lq

)
(1− µ)k

Rn+2δ

) 1
2
∣∣∣∣{0 < vk <

1

2

}
∩ Ω(2B)

∣∣∣∣ 1
2

.
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Combining this with (3.78) yields

|Ak+1| .

(
Rn +

C
(
‖G‖2Lp + ‖f‖2Lq

)
(1− µ)k

Rn+2δ

) 1
2

(|Ak| − |Ak+1|)
1
2 .

Note that |A0| . Rn. With the help of Lemma 3.33 we deduce that, for any R ≤ Rk,

|Ak| ≤

√
maxi≤k

(
CRn +

C(‖G‖2Lp+‖f‖2
Lq)

(1−µ)i
Rn+2δ

)√
|A0|

√
k

.

√
C√
k
Rn +

√
C
(
‖G‖2Lp + ‖f‖2Lq

)
k(1− µ)k

Rn+δ,

where we have used that that all norms on R2 are equivalent, so in particular
√
x2 + y2 ∼

|x|+ |y|. This means that for every β > 0, there exists a k̄ such that, for any R ≤ Rk̄,

|Ak̄| ≤ βRn + Cβ (‖G‖Lp + ‖f‖Lq)Rn+δ.

Now, choose β small enough, such that inequality (3.72) gives, for some C > 0,

sup
Ω′(B(R))

vk̄ ≤
1

2
+ C (‖G‖Lp + ‖f‖Lq)Rδ.

Recall that vk = (vh−λk)+

1−λk . Then, we get on Ω′(B(R)) that

vh(x) ≤ (1− λk̄)vk̄(x) + λk̄

≤ (1− λk̄)
(

1

2
+ C (‖G‖Lp + ‖f‖Lq)Rδ

)
+ λk̄

=
1

2
(λk̄ + 1) + (1− λk̄)C (‖G‖Lp + ‖f‖Lq)Rδ

=
1

2

(
2− (1− µ)k̄

)
+ (1− λk̄)C (‖G‖Lp + ‖f‖Lq)Rδ

≤ 1− 1

2
(1− µ)k̄ + C (‖G‖Lp + ‖f‖Lq)Rδ

= 1− 1

2

(
τN

4

)k̄
+ C (‖G‖Lp + ‖f‖Lq)Rδ.

This proves the lemma with θ = 1
2

(
τ
4

)k̄
and R0 = Rk̄.

Lemma 3.22 allows us to prove a bound on the oscillation of uh, stated in the following

lemma. Again, it is a generalisation of a result from [3].

Lemma 3.23. Under the assumptions of Theorem 3.15, let R0 be the constant from Lemma

3.22, let x0 ∈ T for some T ∈ Th and R ∈ (hT , R0), and suppose that B(x0, 2QR) ⊂ Ω.

Then, there exist constants θ ∈ (0, 1) and C > 0 that only depend on n, ‖A‖L∞(Ω), d, δ and

the shape-regularity parameter Γ, such that

osc
Ω′(B(x0,R))

uh ≤ (1− θ) osc
B(x0,2QR)

uh + C (‖G‖Lp + ‖f‖Lq)Rδ. (3.79)
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Proof. We begin by noting that uh is by construction continuous on Ω. As osc(cuh + d) =

|c| oscuh, we first set ũh = uh − 1
2

(
maxΩ(2B) uh + minΩ(2B) uh

)
. We then rescale to ˜̃uh =

ũh/‖ũh‖L∞(Ω(2B)) to get −1 ≤ ˜̃uh ≤ 1 on Ω(2B). Then, ˜̃uh is still an approximate solution

to −div(A∇u) = f̃ − divF̃ with a rescaled right-hand side, i.e., for f̃ = f/‖ũh‖L∞(Ω(2B))

and F̃ = F/‖ũh‖L∞(Ω(2B)) and

2 = osc
Ω(2B)

˜̃uh ≤ osc
B(x0,2QR)

˜̃uh.

Note that ⋃
i :u+(xi)=0

Pi =
⋃

i :uh(xi)≤0

Pi

and  ⋃
i :uh(xi)≤0

Pi

 ∪
 ⋃
i :−uh(xi)≤0

Pi

 = Ω.

This means that the inequality (3.70) is satisfied for at least one of the functions (˜̃uh)+ and

(−˜̃uh)+. Note that uh is a finite element solution and F̃ and −F̃ both satisfy assumption

? with the dominating function G̃ = G/‖ũh‖L∞(Ω(2B)). Thus, both (˜̃uh)+ and (−˜̃uh)+ are

subsolutions, with right-hand sides |f̃ |, G̃. As osc ˜̃uh = osc(−˜̃uh), we are free to choose the

one for which inequality (3.70) holds.

We can therefore apply Lemma 3.22 to either (˜̃uh)+ or (−˜̃uh)+ and get

osc
Ω′(B(R))

˜̃uh ≤ sup
B(R)

(˜̃uh)+ + 1 ≤ 2− θ +D
(
‖G̃‖Lp + ‖f̃‖Lq

)
Rδ

=

(
1− θ

2

)
osc

B(x0,2QR)

˜̃uh +
D (‖G‖Lp + ‖f‖Lq)
‖ũh‖L∞(Ω(2B))

Rδ.

Hence, after multiplying through by ‖ũh‖L∞(Ω(2B)), using that oscuh = ‖ũh‖L∞(Ω(2B)) osc ˜̃uh,

and redefining θ  1
2θ we have that

osc
Ω′(B(x0,R))

uh ≤ (1− θ) osc
B(x0,2QR)

uh +D (‖G‖Lp + ‖f‖Lq)Rδ,

which completes the proof.

We are now ready to prove the interior Hölder-regularity result from Theorem 3.15.

Proof of Theorem 3.15. We will prove inequality (3.56) for different values of R. If

R ∈ [hT , R0]

(see the conditions of Lemma 3.23 and equation (2.7)), we can follow arguments that were

used in the proof of [8] for the non-discrete case and use Lemma 3.23 to get

osc
Ω′(B(x0,R))

uh ≤ (1− θ) osc
B(x0,2QR)

uh +D
(
‖G‖Lp(Ω) + ‖f‖Lq(Ω)

)
Rδ. (3.80)
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Now, the inclusion (2.17) guarantees that there is a κ > 0 depending on shape-regularity,

such that B(κR) ⊂ Ω′(B(R)). This gives, together with inequality (3.80), that

osc
B(x0,κR)

uh ≤ (1− θ) osc
B(x0,2QR)

uh +D
(
‖G‖Lp(Ω) + ‖f‖Lq(Ω)

)
Rδ, (3.81)

which allows us to apply Lemma 3.34 with ϕ(r) = oscB(2Qr) uh, β = 2Qκ−1, τ = κ
2Q ,

1− θ = (2Qκ−1)−α1 and α2 = δ. If it turns out that δ ≥ α1, we can use a weaker norm for

f and F in our Caccioppoli estimates that result in a smaller δ. This leaves us with

osc
B(x0,R)

uh ≤
(
C

Rδ0
+ C

)
Rδ. (3.82)

For R ≤ hT , assume first that B(x0, R) ⊂ Ω(T ). We note that uh is piecewise affine on

every S ∈ Th. Denote by Luh,S the Lipschitz constant of uh on a simplex S ∈ Th. For a ball

B(x0, R) we have that

osc
B(x0,R)

uh ≤

 max
S∈Th

S∩B(x0,R)6=∅

Luh,S

R. (3.83)

On the other hand, the Luh,S are given by

Luh,S =
oscBi,S uh

2Ri,S
, (3.84)

where Bi,S is the inscribed ball of S and Ri,S its radius. Denote by y0 the centre of Bi,S .

We then find using inequality (3.82) that

osc
Bi,S

uh ≤ osc
B(y0,hS)

uh . h
δ
S . (3.85)

By shape-regularity, we have Ri,S & hS . Substituting this and inequality (3.85) into (3.84)

yields

Luh,S ∼ h
δ−1
S . (3.86)

Because B(x0, R) ⊂ Ω(T ), we get hS ∼ hT for all S ∈ Th with S ∩ B(x0, R) 6= ∅ from

equation (2.11). Inserting this, together with the relation (3.86), into inequality (3.83)

yields

osc
B(x0,R)

uh . h
δ−1
T R ≤ Rδ. (3.87)

By Lemma (2.15) there is a σ > 0, depending only on the shape-regularity constant, such

that if B(x0, R)∩ (Ω \ Ω(T )) 6= ∅, we necessarily have R ≥ σhT . However, we can then use

inequality (3.82) to deduce that

osc
B(x0,R)

uh ≤ osc
B(x0,hT )

uh . h
δ
T ≤

1

σδ
Rδ. (3.88)
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Taking C as the maximum constant from inequalities (3.82), (3.90), (3.87) and (3.88) finally

gives

osc
B(x0,R)

uh ≤ CRδ

and proves inequality (3.56) in the case of R < hT . Finally, we will focus on the case

R > R0. First, note that

osc
B(x0,R)

uh ≤ osc
B(x0,R)

(uh)+ + osc
B(x0,R)

(−uh)+. (3.89)

Furthermore, we have 2CQ
(

4
τN

)k̄+1
Rδ ≥ 1 and get

osc
B(x0,R)

(uh)+ = osc
B(x0,R)

((uh)+ − ζ) ≤ 2‖(uh)+ − ζ‖L∞(B(R))

≤ 4CQ‖(uh)+ − ζ‖L∞(B(x0,R))

(
4

τN

)k̄+1

Rδ
(3.90)

for every constant function ζ. We will now show that ‖(uh)+ − ζ‖L∞(B(x0,R)) is uni-

formly bounded. For simplicity, we write vh = ((uh)+ − ‖uh‖L∞(∂Ω))+. We set ζ =

〈vh〉Ω(B(x0,2κ−1QR)) and note that (uh)+ ≥ 0 to find

‖(uh)+ − 〈vh〉Ω(B(x0,2κ−1QR))‖L∞(B(x0,R))

≤
∥∥((uh)+ − ‖uh‖L∞(∂Ω)

)
+
− 〈vh〉Ω(B(x0,2κ−1QR))

∥∥
L∞(B(x0,R))

+ ‖uh‖L∞(∂Ω)

= ‖vh − 〈vh〉Ω(B(x0,2κ−1QR))‖L∞(B(x0,R))
+ ‖uh‖L∞(∂Ω).

(3.91)

Applying inequality (3.58) from Theorem 3.20 yields∥∥(vh − 〈vh〉Ω(B(x0,2κ−1QR))

)
+

∥∥2

L∞(B(x0,R))

≤C1 −
∫

Ω(B(x0,2κ−1QR))

|vh − 〈vh〉Ω(B(x02κ−1QR))|2 dx+ C2

(
‖f‖2Lp(Ω) + ‖G‖2Lq(Ω)

)
R2δ.

(3.92)

Recall from Lemma 2.30, that the Poincaré constant of Ω(B(2κ−1QR))) only depends on

the shape-regularity constant Γ. Thus, we can use Poincaré’s inequality to find

R−n‖vh − 〈vh〉Ω(B(2κ−1QR))‖2L2(Ω(B(2κ−1QR)))

.R2−n‖∇vh‖2L2(Ω(B(2κ−1QR))) ≤ R
2−n
0 ‖vh‖2L2(Ω).

where we have used R > R0 in the last step. Note that vh = (uh − ‖uh‖L∞(∂Ω))+ = 0 on

∂Ω. Furthermore, vh is a non-negative discrete subsolution to −div(A∇vh) ≤ |f | − divG.

Thus, we can test against vh and find

‖∇vh‖2L2(Ω) .
∫

Ω
A∇vh · ∇vh dx ≤

∫
Ω
F · ∇vh + fvh dx.
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We can now use Hölder’s inequality and the Sobolev embedding theorem. Also note that

p > n ≥ 2 and q > n
2 ≥

2n
n+2 ; hence,

‖∇vh‖2L2(Ω) ≤ ‖∇vh‖L2(Ω)‖F‖L2(Ω) + ‖f‖
L

2n
n+2 (Ω)

‖uh‖L2? (Ω)

. ‖∇vh‖L2(Ω)‖F‖Lp(Ω) + ‖f‖Lq(Ω)‖∇vh‖L2(Ω).

Using Young’s inequality gives

‖∇vh‖2L2(Ω) .
(
‖f‖2Lp(Ω) + ‖G‖2Lq(Ω)

)
.

Together with inequalities (3.91), (3.92) and (3.90) this gives a uniform bound on oscB(x0,R)+
(uh)+.

The same estimates are true for (−uh)+. Therefore, inequality (3.89) proves inequality

(3.56) for R ≥ R0 and thus, completes the proof of Theorem 3.15.

3.4 Cα-Regularity at the boundary

So far we have always assumed that we are far away from the boundary ∂Ω of Ω. In order

to prove uniform Hölder regularity up to the boundary we will use suitable truncations of

uh to be able to use uhη
2
h as a test function in equation (3.23) even if ηh is not necessarily

compactly supported in Ω. For convenience we will write Ωc := Rn \ Ω.

Definition 3.24. A domain Ω ⊂ Rn satisfies a uniform outer cone condition if, for any

x ∈ ∂Ω, there is a cone C with C ∩ Ω = ∅, with its tip at x and angle greater than some

α0 > 0. In particular, this means that the complement Ωc is fat in the sense that there is a

µ0 > 0, such that for any x ∈ ∂Ω and R > 0, we have

|B(x,R) ∩ Ωc| ≥ µ0|B(x,R)|. (3.93)

We note that a Lipschitz polyhedral domain automatically satisfies a uniform cone

condition and µ0 depends only on the Lipschitz constant of the boundary. This allows us

to state the main theorem of the section.

Theorem 3.25. Let Ω ⊂ Rn be a polyhedral domain (which thereby satisfies a uniform outer

cone condition in the sense of Definition 3.24). Furthermore, let p, q be defined via 1
p = 1

n−
δ
n

and 1
q = 2

n−
δ
n , let f ∈ Lq(Ω) and let F ∈ Lp(Ω;Rn) satisfy assumption (?) with dominating

function G ∈ Lp(Ω;Rn), and let A ∈ L∞(Ω;Rn×n) be a uniformly elliptic matrix-valued

function (i.e. A(x)v · v ≥ d|v|2 for all v ∈ Rn). Let Th be an A-nonobtuse, shape-regular

triangulation of the polyhedral domain Ω with respective finite element spaces Vh and Vh,0.

Let uh ∈ Vh be a continuous piecewise affine finite element approximation to the solution of

the equation −div(A∇u) = f − divF . Furthermore, assume that uh|∂Ω ∈ Cβ(∂Ω). There
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are constants α ∈ (0, 1) and C, that only depend on |uh|∂Ω|Cβ , ‖A‖L∞(Ω), d, δ, ‖f‖Lq(Ω),

‖G‖Lp(Ω), β, the Lipschitz constant of ∂Ω, diamΩ and the shape-regularity parameter Γ of

Th such that

uh ∈ Cα(Ω)

and

|uh|Cα(Ω) ≤ C.

Again, we will break down the proof into several lemmas. Recall from Definition 2.16

that we write B(x0, R) for the connected component of B(x0, R) ∩ Ω that contains x0.

Taking only the connected component is important that the estimates from Lemma 2.17

and Lemma 2.18 hold near the boundary.

Henceforth we shall assume that n ≥ 3 and write 2? := 2n/(n−2). The proofs are easily

adjusted in the case of n = 2.

Theorem 3.26. Let Th be an A-nonobtuse, shape-regular triangulation of the polyhedral

domain Ω. Let uh be a nonnegative subsolution to −div(A∇uh) = f −divF for F ∈ Lp and

f ∈ Lq. Furthermore, suppose that F satisfies assumption (?) from Definition 3.10 with

dominating function G. For any η ∈ C∞(Rn) define ηh := Πhη. Suppose furthermore that

uh = 0 on ∂Ω ∩ supp ηh. Then, there is a C > 0 that only depends on n, δ, ‖A‖L∞(Ω), d

and the shape-regularity parameter Γ of Th, such that∫
Ω
|∇uh|2|ηh|2 dx ≤ C

∫
Ω
u2
h|∇ηh|

2 dx

+ C
(
‖F‖2Lp(Ω) + ‖f‖2Lq(Ω)

)(
‖∇ηh‖L2(suppuh) + ‖ηh‖2L2? (suppuh)

)
|supp ηh|

2δ
n .

(3.94)

Proof. Note that Πh(uhΠh(η2
h)) ∈ Vh,0 because we assumed that uh = 0 on ∂Ω ∩ supp ηh.

This means that we can test inequality (3.23) against ϕh = Πh(uhΠh(η2
h)) and follow the

steps of the proof of Theorem 3.7.

Thus we arrive at the following L∞-norm bound that is valid near the boundary.

Theorem 3.27. Under the assumptions of Theorem 3.25, suppose that vh is a discrete sub-

solution to −div(A∇u) = f−divF . Suppose furthermore that vh = 0 on ∂Ω∩Ω(B(x0, 2R))

for some ball B(x0, R). For every c ≥ 0, we then have

sup
Ω′(B(x0,R))

(vh−c)2
+ ≤ CR−n

∫
Ω(B(x0,2R))

(vh−c)2
+ dx+C

(
‖f‖2Lq(Ω) + ‖G‖2Lp(Ω)

)
R2δ (3.95)

for a constant C > 0 that only depends on n, ‖A‖L∞(Ω), d, δ and the shape-regularity

parameter Γ of Th.
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Proof. By Theorem 3.12, (vh − c − λk)+ (in the notation of the proof of Theorem 3.20)

is a non-negative subsolution. We also have (vh − c − λk)+ = 0 on ∂Ω ∩ Ω(B(x0, 2R))

because c ≥ 0, λk > 0 and vh = 0 on ∂Ω∩Ω(B(x0, 2R)). Therefore, the result follows using

inequality (3.94) and proceeding as in the proof of Theorem 3.20.

Lemma 3.28. Under the assumptions of Theorem 3.25, let vh ∈ Vh be a discrete subsolution

to the equation −div(A∇u) = f − divF with 0 ≤ vh ≤ 1. Then, there exist constants

τ ∈ (0, 1), N > 0 and C > 0 that only depend on n, δ, ‖A‖L∞(Ω), d and the shape-regularity

parameter Γ of Th such that if xi and xj are nodes of the same simplex T ∈ Th with vh = 0

on Ω(T ) ∩ ∂Ω then we have

vh(xi) ≤ 1− τN + τNvh(xj) + C
(
‖F‖Lp(Ω) + ‖f‖Lq(Ω)

)
hδT . (3.96)

Proof. We would like to follow the steps in the proof of Lemma 3.21, which requires being

able to test equation (3.23) against Lagrange basis functions ψi. If xi ∈ Ω, we have ψi ∈ Vh,0
and inequality (3.65) holds. Let us therefore assume that xi ∈ ∂Ω. We then have that

vh(xi) = 0 because of the assumption vh = 0 on Ω(T ) ∩ ∂Ω. This yields the following

inequality: ∫
Ω
A∇vh · ∇ψi dx =

∑
j

vh(xj)

∫
Ω
A∇ψj · ∇ψi dx

=
∑
j 6=i

vh(xj)

∫
Ω
A∇ψj · ∇ψi dx ≤ 0,

(3.97)

where we have used in the last step that the mesh is A-nonobtuse. Inequality (3.65) thereby

simplifies to

vh(yk+1) ≤ −
∑
l 6=k+1

〈∇ψl,∇ψk+1〉A
〈∇ψk+1,∇ψk+1〉A

vh(yl). (3.98)

This means that we can proceed as in the proof of Lemma 3.21 from here on.

This leads to the following variant of Lemma 3.22.

Lemma 3.29. Under the assumptions of Theorem 3.25, let B(x0, R) be a ball with R ≥
hT where x0 ∈ T for some T ∈ Th. Furthermore, let vh be a discrete subsolution to

−div(A∇u) = f − divF with 0 ≤ vh ≤ 1 on B(x0, QR). Assume further that

|B(x0, QR) ∩ Ωc| ≥ µ0|Ω(B(x0, QR))| (3.99)

for some µ0 > 0, where Q is the constant from inclusion (2.13) and vh = 0 on ∂Ω ∩
Ω
(

Ω(B(2R))
)

.
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Then, there exist constants R0, θ ∈ (0, 1) and C > 0 that only depend on n, ‖A‖L∞(Ω),

d, δ, the Lipschitz constant of ∂Ω and the shape-regularity parameter Γ of Th such that

sup
Ω′(B(x0,R))

vh ≤ 1− θ + C
(
‖G‖p + ‖f‖q

)
Rδ (3.100)

for any R ∈ (hT , R0).

Proof. We can follow the proof of Lemma 3.22 step by step, because the condition vh = 0 on

∂Ω ∩ Ω
(

Ω(B(2R))
)

ensures that inequalities (3.94), (3.95) and (3.96) hold. Furthermore,

assumption (3.99) guarantees, together with vh = 0 on ∂Ω∩Ω
(

Ω(B(2R))
)

, that Poincaré’s

inequality can be applied to vh on Ω(B(x0, QR) ∪B(x0, QR) where vh is extended by zero

outside of Ω(B(x0, QR)). By Corollary 2.9 and Lemma 2.30, the Poincaré constant of

Ω(B(x0, QR) ∪ B(x0, QR) only depends on shape-regularity and the Lipschitz constant of

the boundary.

This now allows us to prove Theorem 3.25.

Proof of Theorem 3.25. If we have B(x0, 4κ
−1QR′) ⊂ Ω for an x0 ∈ T for some T ∈ Th and

R′ ≥ hT , Theorem 3.15 yields

osc
B(x0,R)

uh . R
α.

On the other hand, if B(x0, 4κ
−1QR′) ∩ ∂Ω 6= ∅ for every R′ ≥ hT , we write uh = (uh)+ −

(−uh)+ and consider (uh)+ and (−uh)+ separately; both are nonnegative subsolutions in

Vh. We write ξ = min{β, δ} (See assumptions of Theorem 3.25). Let us consider (uh)+.

We can assume that uh(x) = 0 for some point of ∂Ω because we are only interested in

oscillations and could consider uh − uh(x). Recall that uh|∂Ω ∈ Cβ(∂Ω) ⊂ Cξ(∂Ω) and

write |uh|∂Ω|Cξ = D. Then, we have ((uh)+ − D diam(Ω)ξ)+ ∈ Vh,0. By Theorem 3.27,

this gives that ((uh)+ − D diam(Ω)ξ)+ is uniformly bounded, which means that (uh)+ is

uniformly bounded by supΩ

(
((uh)+ −D diam(Ω)ξ)+

)
+Ddiam(Ω)ξ.

If R ≥ hT and B(x0, 4κ
−1QR) ∩ Ωc 6= ∅, we know that B(y, κ−1QR) ⊂ B(x0, 5κ

−1QR)

for some y ∈ ∂Ω and together with inequality (3.93) this gives assumption (3.99). We can

also assume that uh(y) = 0. We write

vh =
((uh)+ −DRξ)+

‖((uh)+ −DRξ)+‖L∞(B(x0,5κ−1QR))

with D = c5κ−1QR. This means that

osc
B(x0,5κ−1QR)

vh = ‖vh‖L∞(B(x0,5κ−1QR)) = 1
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and

vh|∂Ω∩B(x0,5κ−1QR) = 0.

Note that vh is a discrete subsolution to

−div(A∇v) =
1

‖((uh)+ −DRξ)+‖L∞(B(x0,5κ−1QR))

(−divG+ f).

Hence we can apply Lemma 3.29 for R ∈ [hT ,
1
5κR0] to get

sup
B(x0,κR)

vh ≤ 1− θ + C
‖G‖Lp(Ω) + ‖f‖Lq(Ω)

‖((u)+ −DRδ)+‖L∞(B(x0,5κ−1QR))

Rξ.

This leads to

osc
B(x0,κR)

(uh)+ = sup
B(x0,κR)

(uh)+ ≤ sup
B(x0,κR)

((uh)+ −DRξ)+ +DRξ

= ‖((uh)+ −DRξ)+‖L∞(B(x0,5κ−1QR)) sup
B(x0,κR)

vh +DRξ

≤ (1− θ)‖((uh)+ −DRξ)+‖L∞(B(x0,5κ−1QR))

+
(
C‖G‖Lp(Ω) + C‖f‖Lq(Ω) +D

)
Rξ

≤ (1− θ)‖(uh)+‖L∞(B(x0,5κ−1QR))

+
(
C‖G‖Lp(Ω) + C‖f‖Lq(Ω) +D

)
Rξ

≤ (1− θ) osc
B(x0,5κ−1QR)

(uh)+ +
(
C‖G‖Lp(Ω) + C‖f‖Lq(Ω) +D

)
Rξ.

(3.101)

This means that we can apply Lemma 3.34 to deduce that

osc
B(x0,R)

(uh)+ .
(
‖G‖Lp(Ω) + ‖f‖Lq(Ω) +D

)
Rξ.

The proofs for R ≤ hT and R ≥ 1
5κR0 are completely analogous to the respective parts in

the proof of Theorem 3.15. We then repeat this argument for (−uh)+. By combining the

resulting bound on oscB(x0,R)(−uh)+ with the above bound on oscB(x0,R)(uh)+ we deduce

that

osc
B(x0,R)

(uh) ≤ C
(
‖G‖Lp(Ω) + ‖f‖Lq(Ω) +D

)
Rξ. (3.102)

To finish the proof, we finally have to look at cases where B(x0, R) has multiple con-

nected components. On a single connected component we have

|uh(x)− uh(y)| ≤ C
(
‖G‖Lp(Ω) + ‖f‖Lq(Ω) +D

)
|x− y|ξ

by inequality (3.102). Now, let x and y be two points in Ω(B(x0, R)) that are in different

connected components. We find points a, b ∈ ∂Ω with |a− b| ≤ |x− y|, such that |x− a| ≤
|x− y| and |y − b| ≤ |x− y| and a is in the same connected component of Ω(B(x0, R)) as
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x and b is in the same connected component as y (for example by just connecting x and y

by a line and taking a and b as the intersections between that line and ∂Ω). Recall that

uh|∂Ω = D and therefore, we have |u(a)− u(b)| ≤ D|a− b|ξ. Therefore, we can write

|u(x)− u(y)| ≤ |u(x)− u(a)|+ |u(a)− u(b)|+ |u(b)− u(y)|

≤ C
(
‖G‖Lp(Ω) + ‖f‖Lq(Ω) +D

) (
|x− a|ξ + |a− b|ξ + |b− y|ξ

)
.

(3.103)

Note that 0 < ξ < 1. From Jensen’s inequality we deduce that (aξ1+aξ2+aξ3) ≤ 3
(

1
3(a+ b+ c)

)ξ
.

This and |x− a|+ |a− b|+ |b− y| ≤ 3|x− y| yield together with inequality (3.103) that

|u(x)− u(y)| ≤ C
(
‖G‖Lp(Ω) + ‖f‖Lq(Ω) +D

)
3
(1

3
(|x− a|+ |a− b|+ |b− y|)

)ξ
≤ C

(
‖G‖Lp(Ω) + ‖f‖Lq(Ω) +D

)
3|x− y|ξ.

Finally, this proves

|uh|Cα(Ω) . ‖G‖Lp(Ω) + ‖f‖Lq(Ω) +D,

which completes the proof.

We conclude with the application of the discrete De Giorgi theory to a nonlinear elliptic

problem.

Theorem 3.30 (Uniformly elliptic nonlinear equations). Let Th be a shape-regular, non-

obtuse triangulation of the polyhedral Lipschitz domain Ω with associated finite element

space Vh. Furthermore, let F ∈ Lp(Ω;Rn) satisfy assumption (?) from Definition 3.10 with

dominating function G ∈ Lp(Ω). and let f ∈ Lq(Ω) with q and p defined as in Theorem

3.25. Let a : Ω×R×Rn → R satisfy 0 < d ≤ a(·, ·, ·) ≤ D <∞. Furthermore, let uh ∈ Vh,0
be a discrete solution to −div(a(x, uh,∇uh)∇uh) = f − divF , i.e., a function uh ∈ Vh, that

satisfies ∫
Ω
a(x, uh,∇uh)∇uh · ∇ϕh dx =

∫
Ω
fϕh dx+

∫
Ω
F · ∇ϕh dx (3.104)

for all ϕh ∈ Vh,0. Furthermore, assume that∣∣uh|∂Ω

∣∣
Cβ(Ω)

≤ D′

for constants β > 0 and D′ > 0. Then, there are exist α ∈ (0, 1) and C > 0 depending only

on n, d, D, ‖f‖Lq(Ω), δ, ‖G‖Lp(Ω,Rn), diam Ω ,D′, β, the Lipschitz constant of ∂Ω and the

shape-regularity parameter Γ of Th, such that

|uh|Cα(Ω) ≤ C.
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Proof. First note that any nonobtuse triangulation is A-nonobtuse if A has the form 1n×n.

The same steps as in the proof to Theorem 3.12 (with f2 = 0 and F2 = 0) show that∫
Ω
a(x, uh,∇uh)∇(uh − c)+ · ∇ϕh dx ≤

∫
Ω
fϕh dx+

∫
Ω
G · ∇ϕh dx (3.105)

for any non-negative ϕh ∈ Vh,0. Because a(x, uh,∇uh)1n×n is a uniformly elliptic matrix

for any x ∈ Ω, uh(x) ∈ R and ∇uh(x) ∈ Rn, we can follow the proofs of Theorem 3.25 and

Theorem 3.15.

In this chapter, we have shown that under the condition of shape-regularity and A-non-

obtuseness, discrete solutions to −div(a∇u) = f − divF are uniformly Hölder-continuous

up to the boundary of the domain Ω if F satisfies condition ? from Definition 3.10 and if a

is bounded and uniformly elliptic. In the next chapter, we will analyse discrete solutions to

p- and ϕ-Laplacian systems where a is given by |∇u|p−2 or ϕ(|∇u|)|∇u|−1, respectively, and

therefore fails to be uniformly elliptic or bounded. We will derive uniform L∞-estimates.

3.5 Appendix

We will now give the proofs of the technical iteration Lemmas that were used in this Chapter.

Lemma 3.31 (Fast geometric convergence, cf. [21] Lemma 4.1). Let α > 0, C > 0 and

b > 1 be real numbers and (ak) a sequence of nonnegative real numbers with the properties

0 ≤ ak+1 ≤ Cbka1+α
k ,

0 ≤ a0 ≤ C−
1
α b−

1
α2 .

Then we have ak ≤ C−
1
α b−

1+kα

α2 → 0 as k →∞.

Proof. We use induction:

The base case k = 0 follows directly from the second property.

The induction step is straightforward: let ak ≤ C−
1
α b−

1+kα

α2 for some k then we get

ak+1 ≤ Cbka1+α
k ≤ Cbk

(
C−

1
α b−

1+kα

α2

)1+α

≤ CbkC−1− 1
α b−

1+(k+1)α

α2 −k = C−
1
α b−

1+(k+1)α

α2 .

From this we easily deduce the following result.
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Corollary 3.32. Let α > 0, C > 0, b > 1 and γ > 0 be real numbers and ak a sequence of

nonnegative real numbers, such that

0 ≤ ak+1 ≤ Cbkak
(
ak
γ

)α
.

Then we have ak → 0 as k →∞ if γ = a0C
1
α b

1
α2 .

Proof. Apply Lemma 3.31 to the sequence
(
ak
γ

)
.

Lemma 3.33 (cf. [3] A2). Suppose that a sequence (ak) with ak > 0 satisfies

a2
k+1 ≤ ck(ak − ak+1)

for some bounded, nonnegative sequence ck. Then, we have that

ak+1 ≤
√

maxi≤k ci
√
a0√

k
, k ≥ 1.

Proof. Since we necessarily have ak ≥ ak+1 ≥ 0, we get via a telescoping sum

k a2
k+1 ≤

k∑
i=1

a2
i+1 ≤

k∑
i=1

ck(ai − ai+1)

≤
(

max
i≤k

ci

)
(a1 − ak+1) ≤

(
max
i≤k

ci

)
a1.

Dividing by k and taking the square root concludes the proof.

Lemma 3.34 (cf. [8], Lemma B.3). Assume that ϕ(ρ) is a real-valued, nonnegative, non-

decreasing function defined on the interval [0, R1], and that we have C,α1, α2 > 0 with

α2 ≤ α1 and 0 < β < 1, such that

ϕ(βR) ≤ βα1ϕ(R) +ARα2

for all R ≤ R1 such that βR ≥ R0. Then, there is a c > 0 such that for all R0 ≤ r ≤ R ≤ R1

we have

ϕ(r) ≤ c
(( r

R

)α2

ϕ(R) + Crα2

)
.
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Chapter 4

Local Boundedness of discrete
solutions to p-Laplacian systems

We will now focus on p-Laplacian systems. Unfortunately, there is no natural notion of

a positive part for vector-valued functions. This means that we have to find a different

truncation to apply the De-Giorgi-iteration method. This only leads to an L∞-estimate

on the solution itself, not on truncated solutions. However, the latter would be needed

to obtain Cα-estimates the way we did in the case of uniformly elliptic equations, which

means that we have to restrict ourselves to L∞-estimates. On the other hand, we will be

able to drop the subsolution method which means that we are able to work with right-hand

sides that do not satisfy assumption (?). For uniformly acute meshes, we will show an L∞-

estimate for homogeneous ϕ-Laplacian systems, a common generalisation of the p-Laplace

equation. Before that, we will give a brief overview of the proof of a local L∞-estimate in

the continuous case. We note that in the non-discrete case a vast range of regularity results

is available. Interior C1,α-estimates for minimisers for variational problems exhibiting p-

growth are available since the 60s, see for example [59, 58, 45, 33, 20, 1, 30] and the references

therein.

4.1 The continuous case

We will first define a weak solution to a p-Laplacian system. For simplicity, we will restrict

ourselves to the homogeneous case. However, we will have a non-zero right-hand side in the

discrete case. The techniques are again inspired by [14] (where it was used for linear scalar

equations).

Definition 4.1. Let Ω ⊂ Rn be a domain and let p ∈ (1,∞) be a fixed real number. We

call a function u ∈ W 1,p(Ω;Rm) a weak solution to the equation −div
(
|∇u|p−2∇u

)
= 0 if
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we have ∫
Ω
|∇u|p−2∇u · ∇ϕdx = 0 (4.1)

for every ϕ ∈ C∞0 (Ω;Rm). By density, this extends to all ϕ ∈ W 1,p
0 (Ω;Rm). Note that ·

means the Frobenius matrix scalar product or the usual vector scalar product depending on

the context. However, it will always be clear which scalar product is meant.

We will now give the main theorem of this section. For the sake of clarity, we will restrict

ourselves to the case p ∈ (1, n). However, the proofs are easily adjusted for p ≥ n by taking

an arbitrary large q instead of p? when using the Sobolev embedding theorem.

Theorem 4.2. For p > 1, let u ∈W 1,p(Ω;Rm) be a weak solution to

−div
(
|∇u|p−2∇u

)
= 0. Let x0 ∈ Ω and R > 0 be such that B(x0, 2R) ⊂ Ω. Then, we have

that

sup
B(x0,R)

|u|p ≤ C −
∫

B(x0,2R)

|u|p dx (4.2)

for a constant C > 0 that only depends on p and n.

To be able to prove this theorem, we need a new truncation.

Definition 4.3. For any λ > 0 and v ∈ Rm, we define

Sλv = (|v| − λ)u
v

|v|
(4.3)

for |v| > 0 and Sλv = 0 for |v| = 0.

Remark 4.4. We will later show that |Sλx− Sλy| ≤ |x− y| in inequality (4.29). Let us

write (δε,iv)(x) = 1
ε (v(x + εei) − v(x)) almost everywhere for the difference quotient in

i-direction, where ei is the respective unit vector. We find

|δε,i(Sλv)| ≤ |δε,iv|

almost everywhere. Therefore, we get

‖δε,i(Sλv)‖Lp(Ω′) ≤ ‖δε,iv‖Lp(Ω′)

for all ε > 0 and all Ω′ ⊂ Ω with dist(Ω′, ∂Ω) > ε. By [48][Theorem 1.49], we know that

‖δε,iv‖Lp(Ω′) stays bounded if v ∈ W 1,p(Ω). Therefore, ‖δε,i(Sλv)‖Lp(Ω′) also stays bounded

and we can conclude with [48][Theorem 1.49] that Sλv ∈W 1,p
loc (Ω) if v ∈W 1,p(Ω) and Sλ is

applied point-wise almost everywhere.
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To be able to prove a Caccioppoli-type inequality for Sλu, we need the following propo-

sition. Note that this section is meant to guide the reader through the non-discrete case to

help understand the discrete case. We will use some more formal calculations that have to

be justified.

Proposition 4.5. Let λ > 0 and p ∈ (1,∞) and let v ∈W 1,p(Ω;Rm). Almost everywhere,

we get

∇v · ∇Sλv ≥
(|v| − λ)u
|v|

|∇v|2. (4.4)

Proof. First, we recall that for any function f ∈ W 1,p(Ω), we have ∇(fu) = χ{f>0}∇f
and ∇|f | = (signf)∇f (see [47][Remark 1.2, Lemma 1.7]). By approximating Sλv by

Sλ,εv =
(
√
|v|2+ε−λ)u√
|v|2+ε

v and then taking the limit ε→ 0, we find

∇Sλv =
|v| − λ
|v|

∇v +
v

|v|
∇|v| − |v| − λ

|v|
v

|v|
∇|v|

on {|v| > λ}. Together with ∇|v| = v
|v|∇v and by taking the scalar product with ∇v, this

gives

∇Sλv · ∇v =
|v| − λ
|v|

|∇v|2 +

(
1− |v| − λ

|v|

) ∣∣∇|v|∣∣2. (4.5)

Using 0 ≤ |v|−λ|v| ≤ 1 proves the claim.

Furthermore, applying the Cauchy–Schwarz inequality to inequality (4.4) and dividing

by |∇v| (for |∇v| 6= 0) yields

|∇Sλv| ≥
(|v| − λ)u
|v|

|∇v| (4.6)

almost everywhere. For |∇v| = 0, inequality (4.6) simplifies to |∇Sλv| ≥ 0 which is obviously

true.

We are now able to prove a Caccioppoli-type inequality.

Lemma 4.6. For p ∈ (1,∞), let u ∈W 1,p(Ω;Rm) be a weak solution to −div(|∇u|p−2∇u) =

0. Then, there exists a constant C > 0 that only depends on p and n, such that∫
Ω

(|u| − λ)u
|u|

|∇u|p|η|p dx ≤ C
∫

Ω

(|u| − λ)u
|u|

|u|p|∇η|p dx (4.7)

for every nonnegative η ∈ C∞0 (Ω;R) and every λ > 0.

Proof. We know that Sλu ∈ W 1,p
loc by Remark 4.4. Therefore, (Sλu)ηp ∈ W 1,p

0 (Ω) is an

admissible test function. We test equation (4.1) against ϕ = Sλuηp to get

0 =

∫
Ω
|∇u|p−2∇u · ∇ (Sλuηp) dx

=

∫
Ω
ηp|∇u|p−2∇u · ∇Sλudx+

∫
Ω
|∇u|p−2∇u · ∇η Sλu pηp−1 dx := I + II.

(4.8)
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First, we use inequality (4.4) on I from equation (4.8) to get

I ≥
∫

Ω

(|u| − λ)u
|u|

|∇u|p|η|p dx. (4.9)

Recall |Sλu| = (|u|−λ)u. Then, we estimate II from equation (4.8) with Young’s inequality

to get

II .
∫

Ω
|∇u|p−1|∇η||η|p−1|u|(|u| − λ)u

|u|
dx

≤ ε
∫

Ω

(|u| − λ)u
|u|

|∇u|p|η|p dx+ Cε

∫
Ω

(|u| − λ)u
|u|

|u|p|∇η|p dx.

(4.10)

Now, inserting inequalities (4.9) and (4.10) into equation (4.8) and absorbing the term

ε

∫
Ω

(|u| − λ)u
|u|

|∇u|p|η|p dx

into the left-hand side proves inequality (4.7) and thus, the lemma.

Lemma 4.6 allows us to prove the local L∞-estimate stated in Theorem 4.2.

Proof of Theorem 4.2. We define the sequence

λk = λ∞

(
1− 2−k

)
(4.11)

where λ∞ is to be chosen later. Furthermore, we define the nested balls

Bk = B(x0, R(1 + 2−k)) and C∞-functions ηk with

χBk ≤ ηk ≤ χBk+1
, (4.12)

|∇ηk| . R−12k. (4.13)

We define the sequence ak := −
∫
B(x0,2R) |Sλku|

pηpk dx. Using the scaling-invariant norms

|||f |||qq := −
∫
B(x0,2R) |f |

q dx, Hölder’s inequality and the Sobolev embedding theorem, we find

that

ak+1 = |||Sλk+1
uηk+1|||pp ≤ |||Sλk+1

uηk+1|||pp?
( |suppSλk+1

u ∩Bk|
|B(x0, 2R)|

) p
n

. Rp|||∇
(
Sλk+1

uηk+1

)
|||p
p

( |suppSλk+1
u ∩Bk|

|B(x0, 2R)|

) p
n

(4.14)

for p ∈ (1, n). For p ≥ n the proof is easily adjusted by taking a large enough (depending

only on n and p) positive number instead of p? as Lq(Ω) ↪→ W 1,p(Ω) for all q ∈ (1,∞) in

this case. We know that |u| ≥ λk+1 on suppSλk+1
u. On this set, we therefore have

|Sλku| ≥ λk+1 − λk = λ∞

(
2−k − 2−(k+1)

)
= λ∞2−(k+1). (4.15)
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Together with ηk ≡ 1 on supp ηk+1 = Bk, inequality (4.15) yields

ak = −
∫

B(x0,2R)

|Sλku|
pηpk dx ≥ |B(x0, 2R)|−1 2−p(k+1)

λp∞
|suppSλk+1

u ∩Bk|. (4.16)

On the other hand, we use the product rule and the convexity of t 7→ tp to find

|||∇
(
(Sλk+1

u)ηk+1

)
|||p
p
. |||

(
∇Sλk+1

u
)
ηk+1|||

p

p
+ |||Sλk+1

u∇ηk+1|||pp. (4.17)

Define λ = 1
2(λk+1 + λk) and assume that |u| > λk+1. Then, we have

(|u| − λ)u
|u|

≥ λk+1 − λ
λk+1

=
2−k − 2−(k+1)

2
(
1− 2−(k+1)

) & 2−k. (4.18)

Using this and |∇Sλk+1
u| ≤ |∇u|, we find that

−
∫

B(x0,2R)

|∇Sλk+1
u|pηpk+1 dx . 2k −

∫
B(x0,2R)

(|u| − λ)u
|u|

|∇u|pηpk+1 dx. (4.19)

This means that we can apply inequality (4.7) to inequality (4.19) to get

−
∫

B(x0,2R)

|∇Sλk+1
u|pηpk+1 dx . 2k −

∫
B(x0,2R)

(|u| − λ)u
|u|

|u|p|∇ηk+1|p dx. (4.20)

Now, assume that |u| > λ. Analogously to inequality (4.18), we then find that

|Sλku|
|u|

>
λ− λk
λk

≥ 2−(k+2). (4.21)

Inserting this into inequality (4.20) yields

−
∫

B(x0,2R)

|∇Sλk+1
u|pηpk+1 dx . 2(p+1)k −

∫
B(x0,2R)

|Sλku|
p|∇ηk+1|p dx, (4.22)

where we have also used that |u|−λ|u| ≤ 1. Furthermore, we have ηk ≡ 1 on supp ηk+1 = Bk

from inequality (4.12) and |∇ηk+1| . R−12k by definition in equation (4.13). Using this in

inequality (4.22) gives

−
∫

B(x0,2R)

|∇Sλk+1
u|pηpk+1 dx . 2(2p+1)kR−p −

∫
B(x0,2R)

|Sλku|
p|ηk|p dx. (4.23)

We can now use inequality (4.23) and |Sλk+1
u| ≤ |Sλku| in inequality (4.9) to get

|||∇
(
Sλk+1

uηk+1

)
|||p
p
. R−p2(2p+1)k|||Sλkuηk|||

p
p. (4.24)

Finally, we can insert inequalities (4.16) and (4.24) into inequality (4.14) to get

ak+1 . 2(2p+1+ p
n)kak

(
ak
λp∞

) p
n

. (4.25)

If we choose λp∞ ∼ a0, we can apply Corollary 3.32 to conclude that ak → 0 and therefore

sup
B(x0,R)

|u|p ≤ λp∞ ∼ a0 ≤ −
∫

B(x0,2R)

|u|p dx.

This proves Theorem 4.2.
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4.2 The discrete truncation Sλ

We want to prove a similar L∞-estimate in the discrete setting. If we apply the truncation

Sλ pointwise on a function uh ∈ Vh, the result would in general no longer be in Vh. This

means that we have to use a nodal version of the truncation.

Definition 4.7. Let Th be a triangulation of the polyhedral domain Ω ⊂ Rn and Vh the

respective finite element space with values in Rm and Lagrange basis functions ψi. For any

uh ∈ Vh and λ > 0, we define

Sλuh :=
∑
i

Sλuh(xi)ψi =
∑
i

(|uh(xi)| − λ)u
|uh(xi)|

uh(xi)ψi = Πh(Sλuh). (4.26)

The crucial estimate in the continuous case is ∇Sλu ·∇u &
(|u|−λ)u
|u| |∇u|

2. In order to be

able to prove similar estimates in the discrete setting, we need estimates on the difference

of two truncated vectors. We will give the most important ones in the following lemma.

Lemma 4.8. Let Sλ be defined as in equation (4.3). Then, we have

(Sλx− Sλy) · (x− y) ≥ 1

2

(
(|x| − λ)u
|x|

+
(|y| − λ)u
|y|

)
|x− y|2, (4.27)

(Sλx− Sλy) · (x− y) ≥ |Sλx− Sλy|2, (4.28)

|x− y| ≥ |Sλx− Sλy| (4.29)

for every λ ∈ R and every x, y ∈ Rm.

Proof. It is easier to work with

Tλx := x− Sλx =

{
x, if |x| ≤ λ,
λ x
|x| if |x| > λ.

(4.30)

As a first step, we will show that

(x− Tλx) · (z − Tλx) ≤ 0 (4.31)

for every x ∈ Rm and every z ∈ B(0, λ) ⊂ Rm. For the more general case of orthogonal

projections onto convex sets in Rm instead of the specific projection Tλ, this inequality is

shown in [26, Lemma 10]. Inequality (4.31) is obviously true for |x| ≤ λ because x−Tλx = 0

in that case. Therefore, let us assume that |x| > λ. The (m − 1)-dimensional hyperplane

Lx through Tλx ∈ ∂B(0, λ) that is tangential to the ball B(0, λ) ⊂ Rm is characterised by

the equation Lx = {y ⊂ Rm : (y − Tλx) · (x − Tλx) = 0}. B(0, λ) is convex. This implies

that Lx separates x and B(0, λ). This means that we can deduce (z− Tλx) · (x− Tλx) ≤ 0.
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B(0, λ)

π
2

Tλx

z

α

x

Lx

Figure 4.1: The projection Tλ

For reference, see that the angle α in Figure 4.1 is necessarily larger than or equal to π
2 .

This proves inequality (4.31). We will now show that

0 ≤ (Tλx− Tλy) · (x− y) ≤ 1

2

(
min{|x|, λ}
|x|

+
min{|y|, λ}
|y|

)
|x− y|2. (4.32)

Obviously, we have Tλy ∈ B(0, λ) for all y ∈ Rm. This allows us to apply inequality (4.31)

to get

(Tλx− Tλy) · (x− y)

= (Tλx− Tλy) · (x− Tλx)︸ ︷︷ ︸
≥0

+ (Tλx− Tλy) · (Tλy − y)︸ ︷︷ ︸
≥0

+|Tλx− Tλy|2

≥0.

This proves the lower bound in inequality (4.32). For the upper bound, we distinguish three

cases.

(a) Assume that |x|, |y| ≤ λ. In this case, inequality (4.32) simplifies to 0 ≤ (x− y) · (x−
y) = |x− y|2, which is obviously true.

(b) Assume that |x|, |y| ≥ λ.
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We calculate

(Tλx− Tλy) · (x− y) =

(
λ

|x|
x− λ

|y|
y

)
· (x− y)

= λ

(
|x|+ |y| −

(
1

|x|
+

1

|y|

)
x · y

)

= λ

(
1

|x|
+

1

|y|

)(
|x||y| − x · y

)
= λ

(
1

|x|
+

1

|y|

)
1
2

(
|x− y|2 −

∣∣|x| − |y|∣∣2)
≤ 1

2

(
λ

|x|
+

λ

|y|

)
|x− y|2,

which is exactly the upper bound in equality (4.32).

(c) Assume that |y| ≤ λ ≤ |x|.

Let α := λ
|x| ; then 0 ≤ α ≤ 1 and we calculate

(Tλx− Tλy) · (x− y) =
(
αx− y

)
· (x− y)

= α|x|2 + |y|2 − (α+ 1)x · y

=
α+ 1

2
|x− y|2 +

α− 1

2︸ ︷︷ ︸
≤0

(|x|2 − |y|2)︸ ︷︷ ︸
≥0

≤ α+ 1

2
|x− y|2.

This is also exactly the upper bound in inequality (4.32) and therefore concludes the

proof of inequality (4.32).

Then, we use the definition of Tλ in equation (4.30) and find

(Sλx− Sλy) · (x− y) = |x− y|2 − (Tλx− Tλy) · (x− y). (4.33)

This means that we can use inequality (4.32) in equation (4.33) to find

(Sλx− Sλy) · (x− y) ≥ |x− y|2 − 1

2

(
min{|x|, λ}
|x|

+
min{|y|, λ}
|y|

)
|x− y|2

≥ 1

2

(
|x| −min{|x|, λ}

|x|
+
|y| −min{|y|, λ}

|y|

)
|x− y|2.

Now, note that |x| −min{|x|, λ} = (|x| − λ)u. This proves inequality (4.27).

For the proof of inequality (4.28) we use equation (4.31) to find that

(x− Tλx) · (Tλy − Tλx) ≤ 0. (4.34)
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With inequality (4.34), we estimate

|Tλx− Tλy|2 − (Tλx− Tλy) · (x− y)

=(Tλx− x) · (Tλx− Tλy) + (y − Tλy) · (Tλx− Tλy) ≤ 0.
(4.35)

Now, combining inequality (4.35) with the identity

|Sλx− Sλy|2 − (Sλx− Sλy) · (x− y) = |Tλx− Tλy|2 − (Tλx− Tλy) · (x− y)

proves inequality (4.28). Inequality (4.29) is obvious for Sλx− Sλy = 0. If Sλx− Sλy 6= 0,

inequality (4.29) follows directly from inequality (4.29) by the Cauchy-Schwarz inequality

and dividing by |Sλx− Sλy|.

In the case of a uniformly elliptic triangulation Th, the previous lemma allows us to get

a similar estimate to inequality (4.4) in the discrete case.

Lemma 4.9. Let Th be a shape-regular, uniformly acute triangulation of the polyhedral

domain Ω and let Vh ⊂ C(Ω;Rm) be the respective finite element space. There exists a

constant C > 0 that only depends on n, the shape-regularity parameter Γ and the uniform

acuteness of the mesh, such that for any uh ∈ Vh and λ > 0, we have, on every T ∈ Th,

∇uh · ∇Sλuh ≥ C max
T

(
(|uh| − λ)u
|uh|

)
|∇uh|2. (4.36)

Proof. Given a T ∈ Th, we write IT := {i : xi ∈ T} and denote the node with |uh(x0)| =

maxT |uh| by x0. For simplicity, we write ui := uh(xi). On T , we use equation (2.51) from

Lemma 2.32 and inequality (4.27) from Lemma 4.8 to get

∇uh · ∇Sλuh =
1

2

∑
i,j∈IT

(ui − uj) · (Sλui − Sλuj)(−∇ψi · ∇ψj)

≥ 1

2

∑
i,j∈IT

(
(|ui| − λ)u
|ui|

+
(|uj | − λ)u
|uj |

)
|ui − uj |2(−∇ψi · ∇ψj)

≥ (|u0| − λ)u
|u0|

∑
i∈IT

|u0 − ui|2(−∇ψi · ∇ψ0).

(4.37)

On the other hand we know that Th is uniformly acute. This means that inequality (2.9)

implies that −∇ψi · ∇ψj > ε1|∇ψi| |∇ψj |. Furthermore, the shape-regularity of Th implies

inequality (2.10) which gives |∇ψi||∇ψj | > ε2. Together with the triangle inequality, this yields

|∇uh|2 =
1

2

∑
i,j∈IT

|ui − uj |2(−∇ψi · ∇ψj)

≤ 2
∑
i,j∈IT

|ui − u0|2(−∇ψi · ∇ψj)

≤ 2(n+ 1)

ε1ε2

∑
i∈IT

|ui − u0|2(−∇ψ0 · ∇ψi).

(4.38)

Combining inequalities (4.37) and (4.38) concludes the proof of inequality (4.36).
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Unfortunately, the condition of uniform acuteness is necessary, even in the case of a

scalar function uh. Take for example a triangle with vertices x0 = (0, 0), x1 = (1, 0) and

x2 = (0, 1) and let u0 = λ, u1 = λ(1 + ε) and u2 = 0 with ε > 0. Then,

(∇ψj · ∇ψk)j,k=0,...,2 =

 2 −1 −1
−1 1 0
−1 0 1


and (Sλuh)(x0) = 0, (Sλuh)(x1) = ελ, (Sλuh)(x0) = 0. Thus,

∇uh · ∇Sλuh = ε2λ2,

max
T

(|uh| − λ)u
|uh|

|∇uh|2 =
ε

1 + ε
(1 + ε2)λ2 ≥ ελ2.

This implies that inequality (4.36) cannot hold if we allow right angles. In the case of a

triangulation that is only non-obtuse we therefore have to rely on a weaker estimate, which

we state in the following lemma.

Lemma 4.10. Let Th be a non-obtuse triangulation of the polyhedral domain Ω and let

Vh ⊂ C(Ω;Rm) be the respective finite element space. Then, we have

∇uh · ∇Sλuh ≥ |∇Sλuh|2. (4.39)

Proof. This follows directly from equation (2.51) and inequality (4.28).

We will also need a second interesting property of Sλ that is given in the following

lemma.

Lemma 4.11. Let Th be a shape-regular triangulation of the polyhedral domain Ω ⊂ Rn and

let Vh ⊂ C(Ω;Rm) be the respective finite element space. There is a constant C > 0 that

only depends on n and the shape-regularity constant Γ, such that, for any λ > 0, uh ∈ Vh,

and T ∈ Th, we have

max
T
|Sλuh||∇uh| ≤ C max

T
|uh||∇Sλuh|. (4.40)

Proof. We fix an arbitrary T ∈ Th and write IT := {i : xi ∈ T}. Without loss of generality,

we assume that x0 is the node with maxT |uh| = |u(x0)|. On T , Lemma 2.33 implies that

|∇Sλuh| ∼ h−1
T

∑
i∈IT

|Sλuh(xi)− Sλuh(x0)|. (4.41)

This means that we can combine inequality (4.27) from Lemma 4.8 and inequality (4.41)

to get

|∇Sλuh| & h−1
T

∑
i∈IT

(
(|uh(x0)| − λ)u
|uh(x0)|

+
(|uh(xi)| − λ)u
|uh(xi)|

)
|uh(x0)− uh(xi)|

≥ h−1
T

(|uh(x0)| − λ)u
|uh(x0)|

∑
i∈IT

|uh(x0)− uh(xi)|
(4.42)
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on T . Now, Lemma 2.33 implies |∇uh| ∼ h−1
T

∑
i∈IT |u0 − ui| on T , which gives

|∇Sλuh| &
(|uh(x0)| − λ)u
|uh(x0)|

|∇uh| (4.43)

on T . Together with the fact that (|uh(x0)| − λ)u = maxT |Sλuh|, this concludes the proof

of inequality (4.40).

4.3 L∞-estimates for discrete solutions to ϕ-Laplacian sys-
tems

Inequality (4.36) is strong enough to give a local L∞-bound not only for solutions to p-

Laplacian systems, but also for the ϕ-Laplacian system. In order to do that, we have to

introduce N-functions and their basic properties. Those are standard in the analysis of

Orlicz spaces; see for example [22] or [39]. Because we rely on inequality (4.36), we need to

restrict ourselves to uniformly acute meshes.

Definition 4.12. We call a function ϕ : R+
0 → R+

0 an N-Function, if it satisfies

ϕ(t) =

∫ t

0
ϕ′(s)ds (4.44)

with a left-continuous function ϕ′ : R+
0 → R+

0 that satisfies

ϕ′(0) = 0, (4.45)

ϕ′(t) > 0 for t > 0, (4.46)

ϕ′(s) ≤ ϕ′(t) for s ≤ t. (4.47)

If there is a constant c ∈ R that is independent of t, such that ϕ satisfies

ϕ(2t) ≤ cϕ(t) (4.48)

for every t ≥ 0, we say that ϕ fulfils the ∆2-condition and denote the smallest constant c

by ∆2(ϕ). We say f : Ω→ Rm belongs to the Orlicz-class Lϕ(Ω) if and only if we have∫
Ω
ϕ(|f |) dx <∞.

Note that Lϕ(Ω) is a convex set but in general not a vector space. For ϕ(t) = tp, we

have Lϕ(Ω) = Lp(Ω). We can deduce the following properties of N-functions from Definition

4.12.
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Proposition 4.13. Let ϕ : R+
0 → R+

0 be an N-function. Then, ϕ is a strictly monotonically

increasing, convex function. If ∆2(ϕ) <∞, we have

ϕ(t) ∼ ϕ′(t)t, (4.49)

where the implicit constant depends on ∆2(ϕ). Furthermore, there is a number Θ > 1 that

depends on ∆2(ϕ), such that for every t ∈ (0, 1) and every s ∈ R+
0 , we have

ϕ(ts) ≤ tΘϕ(s). (4.50)

Proof. Convexity and monotonicity of ϕ are standard. Equation (4.49) can be found in

[22][Equation 2.4], inequality (4.50) is an easy consequence of [39][Lemma 2.2.7].

We will also have to define the conjugate N-function.

Definition 4.14. Let ϕ be an N-function. We denote the right inverse of ϕ′ by (ϕ′)−1 and

define the conjugate N-function via

ϕ∗(t) =

∫ t

0
(ϕ′)−1ds.

This function is gains its importance from the following properties.

Proposition 4.15. Let ϕ, ϕ∗ be a pair of conjugate N-functions that both satisfy the ∆2-

condition. Then, Young’s inequality is true. This means that there is a constant Cε for

every ε > 0, such that

st ≤ εϕ(s) + Cεϕ
∗(t) (4.51)

for every s, t > 0, where Cε depends on ε, ∆2(ϕ) and ∆2(ϕ∗).

Furthermore, we have

ϕ∗(ϕ′(t)) ∼ ϕ(t), (4.52)

where the implicit constant only depends on ∆2(ϕ) and ∆2(ϕ∗).

We are now able to define ϕ-Laplacian systems.

Definition 4.16. Let Ω ⊂ Rn be a domain and ϕ an N-function. We call a function

u ∈ W 1,1(Ω;Rm) with ∇u ∈ Lϕ(Ω) weakly ϕ-harmonic, if it is a weak solution to ∆ϕu :=

div
(
ϕ′(|∇u|)
|∇u| ∇u

)
= 0, i.e. ∫

Ω

ϕ′(|∇u|)
|∇u|

∇u · ∇ψ dx = 0

for every ψ ∈ C∞0 (Ω;Rm). This extends to every function ψ ∈ W 1,1(Ω;Rm) with ∇ψ ∈
Lϕ(Ω).
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We will now give the definition of a discrete solution to this equation.

Definition 4.17. Let Ω ⊂ Rn be a polyhedral domain and let ϕ be an N-function. Let

Th be a triangulation of Ω with respective finite element spaces Vh and Vh,0. We call a

function uh ∈ Vh with values in Rm discretely ϕ-harmonic, if it is a discrete solution to

∆ϕu := div
(
ϕ′(|∇u|)
|∇u| ∇u

)
= 0, i.e.∫

Ω

ϕ′(|∇uh|)
|∇uh|

∇uh · ∇ρh dx = 0 (4.53)

for every ρh ∈ Vh,0.

To prove a local L∞-estimate for discrete solutions to the ϕ-Laplacian system, we will

have to use inequality (4.36). This means that we have to assume a uniformly acute mesh.

The main theorem of this section reads as follows.

Theorem 4.18. Let Th be a shape-regular, uniformly acute triangulation of the polyhedral

domain Ω with the respective finite element space Vh ⊂ C(Ω;Rm). Let ϕ be an N-function

with ∆2(ϕ) < ∞ and ∆2(ϕ∗) < ∞ and let uh ∈ Vh be a discrete solution to −∆ϕu = 0

in the sense of Definition 4.17. Furthermore, let B(x0, R) be a ball with B(x0, 2R) ⊂ Ω.

Then, there exists a constant C > 0 that only depends on n, ∆2(ϕ), ∆2(ϕ∗), the uniform

acuteness of the mesh and the shape-regularity parameter Γ, such that

sup
Ω′(B(x0,R))

ϕ

(
|uh|
R

)
≤ C −

∫
Ω(B(x0,2R))

ϕ

(
|uh|
R

)
dx.

First, we will prove a Caccioppoli-type inequality for discrete solutions to ϕ-Laplacian

systems. Before we start, we note that, given an N-function ϕ with ∆2(ϕ) <∞, there holds

ϕ(ηq−1t) ≤ ηqϕ(t) for any 0 ≤ η ≤ 1 and any q ≥ q′ = Θ
Θ−1 because of inequality (4.50).

Lemma 4.19 (Caccioppoli inequality for the ϕ-Laplace system). Under the assumptions

of Theorem 4.18, let q ∈ N be such that we have

ϕ∗(sq−1t) ≤ sqϕ∗(t) (4.54)

for every t ∈ R+
0 and every s ∈ (0, 1). Suppose also that η ∈ C∞0 (Ω) with 0 ≤ η ≤ 1 and

write ηh := Πhη. Then, we have∑
T∈Th

max
T

(|uh| − λ)u
|uh|

∫
T
ϕ (|∇uh|) ηqh dx ≤ C

∑
T∈Th

max
T

(|uh| − λ)u
|uh|

∫
T
ϕ (|uh||∇ηh|) dx

(4.55)

for every λ > 0, where the constant C > 0 only depends on n, ∆2(ϕ), ∆2(ϕ∗), the uniform

acuteness of the mesh and the shape-regularity parameter Γ.
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Proof. We test equation (4.53) against ρh = Πh (Sλuhη
q). This gives

0 =

∫
Ω

ϕ′(|∇uh|)
|∇uh|

∇uh · ∇Πh

(
Sλuhη

q
h

)
dx =

∫
Ω

ϕ′(|∇uh|)
|∇uh|

∇uh · ∇
(
Sλuhη

q
h

)
dx

+

∫
Ω

ϕ′(|∇uh|)
|∇uh|

∇uh · ∇
(
Πh

(
Sλuhη

q
h

)
− Sλuhηqh

)
dx

=: I + II.

(4.56)

We will first look at I in equation (4.56). We get

I =

∫
Ω

ϕ′(|∇uh|)
|∇uh|

∇uh · (∇Sλuh) ηqh dx

+ q

∫
Ω

ϕ′(|∇uh|)
|∇uh|

∇uh · (∇ηh)Sλuhη
q−1
h dx =: I1 + I2.

(4.57)

In our notation from equations (4.56) and (4.57), these two equations leave us with

I1 ≤ |I2|+ |II|. (4.58)

Note that uh is affine on every T ∈ Th, which means that ∇uh and ∇Sλuh are constant on

every T ∈ Th. This means that the notation ∇vh(T ) makes sense for every vh ∈ Vh. With

equations (4.36) and (4.49), we find

I1 =
∑
T∈Th

ϕ′(|∇uh(T )|)
|∇uh(T )|

∇uh(T ) · ∇Sλuh(T )

∫
T
ηqh dx

&
∑
T∈Th

max
T

(|uh| − λ)u
|uh|

ϕ′(|∇uh(T )|)|∇uh(T )|
∫
T
ηqh dx

&
∑
T∈Th

max
T

(|uh| − λ)u
|uh|

∫
T
ϕ(|∇uh|)ηqh dx.

(4.59)

For I2 from equation (4.57), we note that |(Sλuh)(xi)| = (|uh| − λ)u(xi) at every node xi

and that any function in Vh takes its maximum over a T ∈ Th at a node. This gives

I2 .
∑
T∈Th

|T |ϕ′(|∇uh(T )|)|∇ηh(T )|max
T
|ηh|q−1 max

T
|Sλuh|

=
∑
T∈Th

|T |max
T

(|uh| − λ)u
|uh|

ϕ′(|∇uh(T )|) max
T

ηq−1
h |∇ηh(T )|max

T
|uh|.

(4.60)

We use Young’s inequality (4.51) in inequality (4.60) to get

I2 . ε
∑
T∈Th

|T |max
T

(|uh| − λ)u
|uh|

ϕ∗
(

max
T

ηq−1ϕ′(|∇uh(T )|)
)

+ Cε
∑
T∈Th

|T |max
T

(|uh| − λ)u
|uh|

ϕ

(
max
T
|uh||∇ηh(T )|

)
.
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We now use equation (4.54), ϕ∗(ϕ′(t)) ∼ ϕ(t) from equation (4.52), and inequality (2.27)

to get

I2 ≤ ε
∑
T∈Th

|T |max
T

(|uh| − λ)u
|uh|

ϕ(|∇uh(T )|) max
T

ηqh

+ Cε
∑
T∈Th

|T |max
T

(|uh| − λ)u
|uh|

ϕ

C −∫
T

|uh||∇ηh|dx

 .

(4.61)

We use inequality (2.27), ∆2(ϕ) <∞ and Jensen’s inequality in inequality (4.61) to get

I2 . ε
∑
T∈Th

max
T

(|uh| − λ)u
|uh|

∫
T
ϕ(|∇uh|)ηqh dx

+ Cε
∑
T∈Th

max
T

(|uh| − λ)u
|uh|

∫
T
ϕ(|uh||∇ηh|) dx.

(4.62)

Now, we will focus on II from equation (4.56). We get

II ≤
∫

Ω
ϕ′(|∇uh|)

∣∣∇ (Πh

(
Sλuhη

q
h

)
− Sλuhηqh

)∣∣dx
≤
∑
T∈Th

|T |ϕ′(|∇uh(T )|) max
T

∣∣∇ (Πh

(
Sλuhη

q
h

)
− Sλuhηqh

)∣∣.
We use equation (2.30) from Lemma 2.25 in this inequality to deduce that

II .
∑
T∈Th

|T |ϕ′(|∇uh(T )|) max
T
|Sλuh|max

T
|∇ηqh|

.
∑
T∈Th

|T |ϕ′(|∇uh(T |) max
T
|Sλuh||∇ηh(T )|max

T
ηq−1
h .

This is the same term as the right-hand side of equation (4.60). We can therefore follow

the exact same steps as for I2 to get

II ≤ ε
∑
T∈Th

max
T

(|uh| − λ)u
|uh|

∫
T
ϕ(|∇uh|)ηqh dx

+ Cε
∑
T∈Th

max
T

(|uh| − λ)u
|uh|

∫
T
ϕ(|uh||∇ηh|) dx.

(4.63)

This means that we can insert the inequalities (4.59), (4.62) and (4.63) into equation (4.58)

and absorb into the left-hand side to get∑
T∈Th

max
T

(|uh| − λ)u
|uh|

∫
T
ϕ (|∇uh|) ηqh dx .

∑
T∈Th

max
T

(|uh| − λ)u
|uh|

∫
T
ϕ (|uh||∇ηh|) dx.

This proves the Lemma.

For our De-Giorgi-type iteration, we will again need sequences of cut-off functions and

nested balls.
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Definition 4.20. For λ∞ > 0, we define

λk := λ∞

(
1− 2−k

)
.

Furthermore, let B(x0, R) ⊂ Ω be a ball with B(x0, 2R) ⊂ Ω. We define the sequence of

balls Bk = B
(
x0,
(
1 + 2−k

)
R
)

and the sequence of functions η̃k ∈ C∞0 (Ω) such that

χBk+1
≤ η̃k ≤ χBk , (4.64)

|∇η̃k| . R−12k. (4.65)

Define ηk := Πh(η̃k).

We will state a corollary analogous to inequality (4.24). Note that the natural scaling

for solutions to ϕ-Laplacian systems is u(x)→ Ru
(
x
R

)
. Therefore, the natural quantity to

estimate is ϕ
(
|u|
R

)
.

Corollary 4.21. We define Bk and λk as in Definition 4.20. Under the assumptions of

Lemma 4.19, there are constants α > 0 and C > 0 that only depend on n, ∆2(ϕ), ∆2(ϕ∗),

the uniform acuteness of the mesh and the shape-regularity parameter Γ, such that

R −
∫

Ω(B(x0,2R))

∣∣∣∣∇
(
ϕ

(∣∣Sλk+1
uh
∣∣

R

)
ηqk+1

)∣∣∣∣dx ≤ C2αk −
∫

Ω(B(x0,2R))

ϕ

(∣∣∣∣SλkuhR

∣∣∣∣) ηqk dx

for every k ∈ N.

Proof. For simplicity, we writeB := Ω(B(x0, 2R)). We note that
∣∣∇|Sλk+1

uh|
∣∣ ≤ |∇Sλk+1

uh|
and calculate

R−
∫
B

∣∣∣∣∇
(
ϕ

(∣∣Sλk+1
uh
∣∣

R

)
ηqk+1

)∣∣∣∣ dx
. −
∫
B

ϕ′
( |Sλk+1

uh|
R

)
|∇Sλk+1

uh|ηqk+1 dx+−
∫
B

ϕ

( |Sλk+1
uh|

R

)
R|∇ηk+1|ηq−1

k+1 dx

:= I + II.

(4.66)

For I in equation (4.66), we use Young’s inequality (4.51) and equation (4.52) to find

I . −
∫
B

ϕ∗
(
ϕ′
( |Sλk+1

uh|
R

))
ηqk+1 dx+−

∫
B

ϕ(|∇Sλk+1
uh|)ηqk+1 dx

∼ −
∫
B

ϕ

( |Sλk+1
uh|

R

)
ηqk+1 dx+−

∫
B

ϕ(|∇Sλk+1
uh|)ηqk+1 dx =: I1 + I2.

(4.67)

First, we will look at I1. This is easy because ϕ is monotonic increasing, |Sλk+1
uh| ≤ |Sλkuh|

and ηk+1 ≤ ηk. We get

I1 ≤ −
∫
B

ϕ

(
|Sλkuh|
R

)
ηqk dx. (4.68)
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For I2 in inequality (4.67), we want to use Lemma 4.19. Let us define

λ =
λk+1 + λk

2
.

On simplices T ∈ Th where ∇Sλk+1
uh 6= 0, we have maxT |uh| > λk+1 and, analogously to

inequality (4.21), we therefore get

max
T

(|uh| − λ)u
|uh|

≥ λk+1 − λ
λk+1

=
2−k − 2−(k+1)

2
(
1− 2−(k+1)

) ≥ 2−(k+2)

on those simplices. For I2 from equation (4.67), this leads to

I2 ≤ 2k+2 1

|B|
∑
T∈Th

max
T

(|uh| − λ)u
|uh|

∫
T
ϕ
(
|∇Sλk+1

uh|
)
ηqk+1 dx.

Now, we deduce that |∇Sλk+1
uh| ≤ |∇uh| from inequality (4.39) via the Cauchy–Schwarz

inequality to get

I2 ≤ 2k+2 1

|B|
∑
T∈Th

max
T

(|uh| − λ)u
|uh|

∫
T
ϕ(|∇uh|)ηqk+1 dx.

This enables us to use Lemma 4.19 to establish

I2 .
2k

|B|
∑
T∈Th

max
T

(|uh| − λ)u
|uh|

∫
T
ϕ (|uh||∇ηk+1|) dx

≤ 2k

|B|
∑
T∈Th

|T |max
T

(|uh| − λ)u
|uh|

ϕ

(
max
T
|uh||∇ηk+1(T )|

)
,

(4.69)

where we have used the fact that ϕ is monotonic increasing in the last step. Note that

t 7→ t−λ
t is increasing for t > λ. Furthermore, on simplices T ∈ Th with maxT (|uh|−λ)u 6= 0,

we obviously have maxT |uh| > λ. On those simplices, we therefore get

maxT (|uh| − λk)u
maxT |uh|

= max
T

|uh| − λk
|uh|

≥ λ− λk
λ

=
1
2

(
2−(k+1) − 2−k

)
1− 2k+1 − 2k+2

≥ 2−(k+2). (4.70)

Furthermore, we know from equations (4.65) and (2.26) that

|∇ηk+1(T )| . 2k

R
. (4.71)

We can use inequalities (4.70) and (4.71) to find

ϕ

(
max
T
|uh||∇ηk(T )|

)
≤ ϕ

(
C22k max

T

|Sλkuh|
R

)
χsupp ηk+1

. (4.72)

Later, we will want to use inequality (4.50). We write l for the lowest natural number with

l ≥ q
Θ . Lemma 3.18 (b) ensures that for simplices T ⊂ supp ηk+1, we have maxT ηk = 1.

This allows us to insert maxT η
l
k into inequality (4.72) to get

ϕ

(
max
T
|uh||∇ηk(T )|

)
≤ ϕ

(
C22k max

T

|Sλkuh|
R

max
T

ηlk

)
. (4.73)
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Sλkuh is affine on T and ηlk a polynomial of degree l. This means that we can use equation

(2.27) and Jensen’s inequality in inequality (4.73) to find

ϕ

(
max
T
|uh||∇ηk(T )|

)
≤ ϕ

−∫
T

C ′22k |Sλkuh|
R

ηlk dx


≤ −
∫
T

ϕ

(
C ′22k |Sλkuh|

R
ηlk

)
dx.

(4.74)

Recall that ϕ satisfies the ∆2-condition. Using inequalities (4.48) and (4.50), we can deduce

from inequality (4.74) that

ϕ

(
max
T
|uh||∇ηk(T )|

)
≤ ∆2(ϕ)log2(C′)+2k−

∫
T

ϕ

(
|Sλkuh|
R

)
ηlΘk dx. (4.75)

By the definition of l, we have lΘ ≥ q. We also write β := 2 log2(∆2(ϕ)). This leaves us

with

ϕ

(
max
T
|uh||∇ηk(T )|

)
. 2βk−

∫
T

ϕ

(
|Sλkuh|
R

)
ηqk dx. (4.76)

Now, we can insert inequality (4.76) into inequality (4.69) to get

I2 .
2(1+β)k

|B|
∑
T∈Th

|T |max
T

(|uh| − λ)u
|uh|

−
∫
T

ϕ

(
|Sλkuh|
R

)
ηqk dx.

Finally, we use that maxT
(|uh|−λ)u
|uh| ≤ 1 to get

I2 .
2(1+β)k

|B|
∑
T∈Th

|T | −
∫
T

ϕ

(
|Sλkuh|
R

)
ηqk dx

= 2(1+β)k−
∫
B

ϕ

(
|Sλkuh|
R

)
ηqk dx.

(4.77)

We will consider at II from inequality (4.66). We use Young’s inequality (4.51) to get

II = −
∫
B

ϕ

( |Sλk+1
uh|

R

)
R|∇ηk+1|ηq−1

k+1 dx

. −
∫
B

ϕ

( |Sλk+1
uh|

R

)
Rq|∇ηk+1|q dx+−

∫
B

ϕ

( |Sλk+1
uh|

R

)
ηqk+1 dx

=: II1 + II2.

(4.78)

For II2, we use |Sλk+1
uh| ≤ |Sλkuh|, the monotonicity of ϕ, and ηk+1 ≤ ηk to get

II2 = −
∫
B

ϕ

( |Sλk+1
uh|

R

)
ηqk+1 dx ≤ −

∫
B

ϕ

(
|Sλkuh|
R

)
ηqk dx. (4.79)
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To deal with II1, we once more define l as the lowest natural number with l ≥ q
Θ where

Θ is the constant from inequality (4.50). From Lemma 3.18 (b), we know that we have

maxT ηk = 1 on all relevant simplices T ⊂ supp ηk+1 and inequalities (4.65) and (2.26)

imply |∇ηk+1| . 2k+1R−1. This gives

II1 ≤
1

|B|
∑
T∈Th

|T |ϕ
(

maxT |Sλk+1
uh|

R

)
Rq|∇ηk+1|(T )q

.
1

|B|
∑
T∈Th

T⊂supp ηk+1

|T |ϕ
(

maxT |Sλk+1
uh|

R
max
T

ηlk

)
2qk.

(4.80)

Completely analogously to inequalities (4.73) to (4.76), we have

ϕ

(
maxT |Sλk+1

uh|
R

max
T

ηlk

)
. −
∫
T

ϕ

( |Sλk+1
uh|

R

)
ηqk dx. (4.81)

Inserting inequality (4.81) into inequality (4.80) and using |Sλk+1
uh| ≤ |Sλkuh| finally yields

II1 .
2qk

|B|
∑
T∈Th

|T | −
∫
T

ϕ

( |Sλk+1
uh|

R

)
ηqk dx ≤ 2qk−

∫
B

ϕ

(
|Sλkuh|
R

)
ηqk dx. (4.82)

Recall from inequalities (4.66), (4.67), and (4.78) that

R−
∫
B

∣∣∣∣∇
(
ϕ

(∣∣Sλk+1
uh
∣∣

R

)
ηqk+1

)∣∣∣∣ dx . I1 + I2 + II1 + II2. (4.83)

Inserting inequalities (4.68), (4.77), (4.79), and (4.82) into inequality (4.83) and defining

α = max{1 + β, q} yields

R−
∫
B

∣∣∣∣∇
(
ϕ

(∣∣Sλk+1
uh
∣∣

R

)
ηqk+1

)∣∣∣∣dx . 2αk−
∫
B

ϕ

(∣∣∣∣SλkuhR

∣∣∣∣) ηqk dx.

We also need a new weak-type inequality in the spirit of equation (3.57).

Lemma 4.22. Under the assumptions of Theorem 4.18, we define ηk and λk as in Definition

4.20. Then, there are constants α > 0 and C > 0 that only depend on n, ∆2(ϕ), ∆2(ϕ∗)

and the shape-regularity parameter Γ, such that

∣∣supp
(
ηk+1Sλk+1

uh
)∣∣ ≤ C 2αk

ϕ
(
λ∞
R

) ∫
Ω
ϕ

(
|Sλkuh|
R

)
ηqk dx.

The uniform acuteness of the triangulation Th is not necessary.
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Proof. Note that supp
(
ηk+1Sλk+1

uh
)

is the closure of the disjoint union of the interiors of

those simplices T ∈ Th with maxT |uh| > λk+1 and maxT ηk+1 > 0. The former implies that

2k+1

(
max
T
|uh| − λk

)
≥ 2k+1(λk+1 − λk) = λ∞ (4.84)

on the relevant T ∈ Th. On the other hand, maxT ηk+1 > 0 implies maxT ηk = 1 by Lemma

3.18 (b). Again, we define l ∈ N as the lowest natural number with l ≥ q
Θ , where Θ is the

constant from equation (4.50). Together with equation (4.84) and the monotonicity of ϕ,

we find that

|T | ≤ 1

ϕ
(
λ∞
R

) |T |ϕ(2k+1 max
T

|Sλkuh|
R

max
T

ηlk

)
. (4.85)

Now, we can apply Lemma 2.23, Jensen’s inequality, and inequalities (4.50) and (4.48) to

inequality (4.85) to get

|T | ≤ 1

ϕ
(
λ∞
R

) |T |ϕ
C2k+1−

∫
T

|Sλkuh|
R

ηlk dx


≤ 1

ϕ
(
λ∞
R

) |T | −∫
T

ϕ

(
C2k+1 |Sλkuh|

R
ηlk

)
dx

.
2log2(∆2(ϕ))k

ϕ
(
λ∞
R

) ∫
T
ϕ

(
|Sλkuh|
R

)
ηqk dx.

Finally, summing over all T with maxT |uh| > λk+1 and maxT ηk+1 > 0 concludes the proof

of the corollary.

This allows us to prove the local L∞-estimate for ϕ-harmonic functions.

Proof of Theorem 4.18. We define Bk and ηk as in Definition 4.20 and q as in Corollary

4.21. Now, we write

ak := −
∫

Ω(B(x0,2R))

ϕ

(
|Sλkuh|
R

)
ηqk dx.

Using scaling-invariant norms |||f |||p :=
(
−
∫

Ω(B(x0,2R)) |f |
p dx

) 1
p
, Hölder’s inequality, and the

Sobolev embedding theorem, we estimate

ak+1 =

∣∣∣∣∣∣∣∣∣∣∣∣ϕ( |Sλk+1
uh|

R

)
ηk+1

∣∣∣∣∣∣∣∣∣∣∣∣
1

≤
∣∣∣∣∣∣∣∣∣∣∣∣ϕ( |Sλk+1

uh|
R

)
ηk+1

∣∣∣∣∣∣∣∣∣∣∣∣
1?

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣χsupp

(
ϕ

( |Sλk+1
uh|

R

)
ηqk+1

)
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
n

≤ R
∣∣∣∣∣∣∣∣∣∣∣∣∇(ϕ( |Sλk+1

uh|
R

)
ηqk+1

)∣∣∣∣∣∣∣∣∣∣∣∣
1


∣∣∣∣supp |Sλk+1

uh|ηqk+1

∣∣∣∣
|Ω(B(x0, 2R))|


1
n

,

(4.86)
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where we have used that ϕ(t) = 0 if and only if t = 0. We use Corollary 4.21 to find that

R

∣∣∣∣∣∣∣∣∣∣∣∣∇(ϕ( |Sλk+1
uh|

R

)
ηqk+1

)∣∣∣∣∣∣∣∣∣∣∣∣
1

. 2αk −
∫

Ω(B(x0,2R))

ϕ

(
|Sλkuh|
R

)
ηqk dx = 2αkak. (4.87)

Lemma 4.22 implies that∣∣supp
(
|Sλk+1

uh|ηk+1

)∣∣
|Ω(B(x0, 2R))|

.
2α
′k

ϕ
(
λ∞
R

) −
∫

Ω(B(x0,2R))

ϕ

(
|Sλkuh|
R

)
ηqk dx = 2α

′k ak

ϕ
(
λ∞
R

) . (4.88)

Finally, inserting inequalities (4.87) and (4.88) into inequality (4.86) yields

ak+1 . 2

(
α+α′

n

)
k
ak

(
ak

ϕ
(
λ∞
R

)) 1
n

. (4.89)

We choose λ∞ such that ϕ
(
λ∞
R

)
∼ a0. By Corollary 3.32, inequality (4.89) therefore implies

that ak → 0 . Using the monotonicity of ϕ, this therefore gives

max
Ω′(B(x0,R))

ϕ

(
|uh|
R

)
≤ ϕ

(
λ∞
R

)
∼ a0 ≤ −

∫
Ω(B(x0,2R))

ϕ

(
|uh|
R

)
dx.

This proves the theorem.

4.4 L∞-estimates for discrete solutions to p-Laplacian sys-
tems

The restriction to uniformly acute meshes in Lemma 4.9 is quite restrictive, because many

standard examples of local refinement algorithms produce right angles. See for example a

square domain with newest vertex bisection. This is why we want to use only Lemmas 4.10

and 4.11. Unfortunately, this means that we have to choose different approaches for the

singular 1 < p < 2 and degenerate 2 < p < n cases of the p-Laplacian system. This implies

that we cannot use this technique for the ϕ-Laplacian case. We begin with a definition of

a discrete solution to a p-Laplacian system.

Definition 4.23. Let Th be a triangulation of the polyhedral domain Ω ⊂ Rn with re-

spective finite element spaces Vh ⊂ C(Ω;Rm) and Vh,0 ⊂ C(Ω;Rm). For 1 < p < n, we

assume F ∈ L
n
p−1 (Ω;Rm×n) and f ∈ L

n
p (Ω;Rm). We say that uh is a discrete solution to

−div
(
|∇u|p−2∇u

)
= −divF + f , if we have∫

Ω
|∇uh|p−2∇uh · ∇ϕh dx =

∫
Ω
F · ∇ϕh dx+

∫
Ω
f · ϕh dx (4.90)

for all ϕh ∈ Vh,0.
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Remark 4.24. If p ≥ n, we would have to assume F ∈ Lp′+δ(Ω,Rn) and f ∈ L1+δ(Ω).

The following theorems and lemmas are stated and proved in the case p < n. The proofs are

easily adjusted by using the fact that for p ≥ n, we have W 1,p ↪→ Ls for all s ∈ (1,∞) and

using a very large exponent instead of p?. How large the exponent has to be only depends

on p, n, δ and the shape-regularity parameter Γ.

We will now state the main theorem of the section. We will assume 1 < p < n.

Theorem 4.25. Let Th be a shape-regular, non-obtuse triangulation of the polyhedral do-

main Ω ⊂ Rn with respective finite element spaces Vh ⊂ C(Ω;Rm) and Vh,0 ⊂ C(Ω;Rm).

Given 1 < p < n and 0 < δ < p − 1, define q and r via 1
q = p−1

n −
δ
n and 1

r = p
n −

δ
n .

Let F ∈ Lq(Ω;Rm×n) and f ∈ Lr(Ω;Rm) be given functions, and let uh ∈ Vh be a discrete

solution to −div(|∇uh|p−2∇uh) = −divF + f in the sense of Definition 4.23. Furthermore,

let B(x0, R) be a ball with B(x0, 2R) ⊂ Ω and R ≥ hT , where x0 ∈ T for some T ∈ Th.

Then, we have

sup
Ω′(B(x0,R))

|uh|p ≤ C −
∫

Ω(B(x0,2R))

|uh|p dx+ C
(
‖f‖p

′

Lr(Ω(B(x0,2R))) + ‖F‖p
′

Lq(Ω(B(x0,2R)))

)
Rp
′δ,

where the constant C only depends on p, n, δ and the shape-regularity parameter Γ.

First, we need a Caccioppoli-type inequality for the function uh.

Lemma 4.26. Under the assumptions of Theorem 4.25, there is a constant C > 0 that only

depends on p, n, δ and the shape-regularity constant Γ, such that∫
Ω
|∇uh|p|ηh|p dx ≤C

∫
Ω
|uh|p|∇ηh|p dx

+ C
(
‖F‖p

′

Lq(supp ηh) + ‖f‖p
′

Lr(supp ηh)

) ∣∣supp ηh ∩ suppuh
∣∣1− pn+p′ δ

n

(4.91)

for any ηh ∈ Vh,0 with 0 ≤ ηh ≤ 1.

Proof. We write ρh := Πh

(
ηph
)

and test equation (4.90) against ϕh = Πh(uhρh). This leaves

us with

LI + LII :=

∫
Ω
|∇uh|p−2∇uh · ∇ (uhρh) dx

+

∫
Ω
|∇uh|p−2∇uh · ∇ (Πh (uhρh)− uhρh) dx

=

∫
Ω
F · ∇Πh (uhρh) dx

+

∫
Ω
f ·Πh (uhρh) dx =: RI +RII .

(4.92)
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First, we look at LI .

LI =

∫
Ω
|∇uh|p−2∇uh · ∇ (uhρh) dx

=

∫
Ω
|∇uh|pρh dx+

∫
Ω
|∇uh|p−2∇uh · ∇ρhuh dx

=: LI1 + LI2 .

(4.93)

For LI2 , we find

|LI2 | ≤
∫

Ω
|∇uh|p−1|∇ρh||uh|dx

≤
∑
T∈Th

|T ||∇uh(T )|p−1|∇ρh(T )|max
T
|uh| =: LIII .

(4.94)

For LII from equation (4.92), we use Lemmas 2.23 and 2.25 to find

LII =
∑
T∈Th

|T | −
∫
T

|∇uh|p−2∇uh · ∇ (Πh (uhρh)− uhρh) dx

≤
∑
T∈Th

|T ||∇uh(T )|p−1 max
T

∣∣∇ (Πh (uhρh)− uhρh)
∣∣

.
∑
T∈Th

|T ||∇uh(T )|p−1 max
T
|uh||∇ρh(T )| = LIII .

(4.95)

So far, we have shown that∫
Ω
|∇uh|pρh dx = LI1 . LIII +RI +RII . (4.96)

We also use inequality (2.26) to find

|∇ρh(T )| = max
T

∣∣∇Πh(ηph)
∣∣ . max

T
|∇(ηph)| . max

T
|ηp−1
h |max

T
|∇ηh|. (4.97)

We use equation (4.97), Young’s inequality, equation (2.27) and Jensen’s inequality to con-

clude that

LIII .
∑
T∈Th

|T ||∇uh(T )|p−1 max
T
|uh||∇ηh(T )|max

T
|ηh|p−1

. ε
∑
T∈Th

|T ||∇uh(T )|p max
T
|ηh|p + Cε

∑
T∈Th

|T |max
T
|uh|p|∇ηh(T )|p

. ε
∑
T∈Th

|T ||∇uh(T )|p max
T
|ρh|+ Cε

∑
T∈Th

|T |

−∫
T

|uh|dx

p

|∇ηh(T )|p

. ε
∑
T∈Th

|T ||∇uh(T )|p−
∫
T

|ρh| dx+ Cε
∑
T∈Th

|T | −
∫
T

|uh|p dx|∇ηh(T )|p

= ε

∫
Ω
|∇uh|pρh dx+ Cε

∫
Ω
|uh|p|∇ηh|p dx.

(4.98)
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Inserting inequality (4.98) into inequality (4.96) and absorbing the ε-term into the left-hand

side then yields ∫
Ω
|∇uh|pρh dx .

∫
Ω
|uh|p|∇ηh|p dx+RI +RII . (4.99)

Now, we can focus on RI from equation (4.92). With the help of inequality (2.26), we

find

RI =

∫
Ω
F · ∇Πh (uhρh) dx

≤
∑
T∈Th

|T | −
∫
T

|F | dxmax
T

∣∣∇Πh (uhρh)
∣∣

≤
∑
T∈Th

|T | −
∫
T

|F | dxmax
T

∣∣∇ (uhρh)
∣∣

≤
∑
T∈Th

|T | −
∫
T

|F | dxmax
T
|uh||∇ρh(T )|

+
∑
T∈Th

|T | −
∫
T

|F | dxmax
T
|ηh|p|∇uh(T )| =: RI1 +RI2 .

(4.100)

First, we will look at RI1 in inequality (4.100). Let us define S := {T ∈ Th : T ⊂
supp ηh ∩ suppuh}. We use inequality (4.97) and equation (2.27) to get

RI1 =
∑
T∈Th

|T | −
∫
T

|F |dxmax
T
|uh||∇ρh(T )|

.
∑
T∈S
|T | −
∫
T

|F |dxmax
T
|uh||∇ηh(T )|max

T
|ηh|p−1

.
∑
T∈S
|T | −
∫
T

|F |dx−
∫
T

|uh||∇ηh|dx.

(4.101)

Now, applying Hölder’s inequality for sums and Jensen’s inequality to inequality (4.101)

yields

RI1 .

∑
T∈S
|T |

−∫
T

|F | dx

q
1
q

·

(∑
T∈S
|T |

)1− p−1
n
− 1
p

+ δ
n

·

∑
T∈S
|T |

−∫
T

|uh||∇ηh|dx

p
1
p

≤

∑
T∈S
|T | −
∫
T

|F |q dx

 1
q

·
∣∣supp ηh ∩ suppuh

∣∣1− p−1
n
− 1
p

+ δ
n

·

∑
T∈S
|T | −
∫
T

|uh|p|∇ηh|p dx

 1
p

.

(4.102)
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This means that we can carry out the sums and use Young’s inequality to get

RI1 . ‖F‖Lq(supp ηh)

∣∣supp ηh ∩ suppuh
∣∣1− p−1

n
− 1
p

+ δ
n ‖uh∇ηh‖Lp(Ω)

. ‖F‖p
′

Lq(supp ηh)

∣∣supp ηh ∩ suppuh
∣∣1− pn+p′ δ

n + ‖uh∇ηh‖pLp(Ω).
(4.103)

For RI2 in inequality (4.100), we can analogously write

RI2 =
∑
T∈Th

|T | −
∫
T

|F |dxmax
T
|ηh|p|∇uh(T )|

.
∑
T∈S
|T | −
∫
T

|F |dx−
∫
T

ηh|∇uh| dxmax
T
|ηh|p−1

≤
∑
T∈S
|T | −
∫
T

|F |dx−
∫
T

ηh|∇uh| dx.

(4.104)

Using Hölder’s inequality for sums and Jensen’s inequality in inequality (4.104) then yields

RI2 .

∑
T∈S
|T |

−∫
T

|F |dx

q
1
q (∑

T∈S
|T |

)1− p−1
n
− 1
p

+ δ
n

·

∑
T∈S
|T |

−∫
T

ηh|∇uh|dx

p
1
p

.

∑
T∈S
|T | −
∫
T

|F |q dx

 1
q ∣∣supp ηh ∩ suppSλuh

∣∣1− p−1
n
− 1
p

+ δ
n

·

∑
T∈S
|T | −
∫
T

ηph|∇uh|
p dx

 1
p

.

(4.105)

Then, we can carry out the remaining sums in inequality (4.105) and use Lemma 2.27 to

get

RI2 .

(∫
Ω
ρh|∇uh|p dx

) 1
p

‖F‖Lq(supp ηh)

∣∣supp ηh ∩ suppuh
∣∣1− p−1

n
− 1
p

+ δ
n . (4.106)

This means that we can use Young’s inequality in inequality (4.106) to get

RI2 ≤ ε
∫

Ω
ρh|∇uh|p dx+ Cε‖F‖p

′

Lq(supp ηh)

∣∣supp ηh ∩ suppuh
∣∣1− pn+p′ δ

n . (4.107)

For RII from inequality (4.96) as defined in equation (4.92), we estimate

RII =

∫
Ω
f ·Πh (uhρh) dx ≤

∑
T∈Th

|T | −
∫
T

|f | dxmax
T
|uh|max

T
|ηh|p. (4.108)
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Now, recall the assumption 0 ≤ ηh ≤ 1 and estimate inequality (4.108) with equation (2.27)

to get

RII .
∑
T∈S
|T | −
∫
T

|f | dx−
∫
T

|uh|ηh dx. (4.109)

Again, we use Hölder’s inequality for sums and Jensen’s inequality in inequality (4.109):

RII .

∑
T∈S
|T |

−∫
T

|f | dx

r
1
r

·

(∑
T∈S
|T |

)1− p−1
n
− 1
p

+ δ
n

·

∑
T∈S
|T |

−∫
T

|uh|ηh dx

p?


1
p?

.

∑
T∈S
|T | −
∫
T

|f |r dx

 1
r

·

(∑
T∈S
|T |

)1− p−1
n
− 1
p

+ δ
n

·

∑
T∈S
|T | −
∫
T

|uh|p
?

ηp
?

h dx

 1
p?

.

(4.110)

Carrying out the sums in inequality (4.110) yields

RII . ‖f‖Lr(supp ηh)‖uhηh‖Lp? (Ω)

∣∣supp ηh ∩ suppuh
∣∣1− p−1

n
− 1
p

+ δ
n . (4.111)

The Sobolev–Poincaré inequality allows us to estimate

‖uhηh‖Lp? (Ω) . ‖∇ (uhηh)‖Lp(Ω) ≤ ‖uh∇ηh‖Lp(Ω) + ‖ηh∇uh‖Lp(Ω). (4.112)

Then, inserting inequality (4.112) into inequality (4.111) gives

RII . ‖f‖Lr(supp ηh)‖uh∇ηh‖Lp(Ω)

∣∣supp ηh ∩ suppuh
∣∣1− p−1

n
− 1
p

+ δ
n

+ ‖f‖Lr(supp ηh)‖ηh∇uh‖Lp(Ω)

∣∣supp ηh ∩ suppuh
∣∣1− p−1

n
− 1
p

+ δ
n ,

(4.113)

which means that we can apply Young’s inequality to get

RII . ‖uh∇ηh‖pLp(Ω) + ε

∫
Ω
|∇uh|pρh dx+ Cε‖f‖p

′

Lr(supp ηh)

∣∣supp ηh ∩ suppuh
∣∣1− pn+p′ δ

n .

(4.114)

We are now able to insert inequalities (4.102) and (4.107) into inequality (4.100) and then

inequalities (4.100) and (4.114) into inequality (4.127) and absorb the ε-terms into the

left-hand side to get∫
Ω
|uh|pηph dx . 2(2+p)k

∫
Ω
|uh|p|∇ηh|p dx

+
(
‖f‖p

′

Lr(supp η) + ‖F‖p
′

Lq(supp ηh)

) ∣∣∣∣supp ηh ∩ suppuh

∣∣∣∣1− pn+p′ δ
n

and thus, conclude the proof of the lemma.

First, we will look at the singular case 1 < p < 2.
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Lemma 4.27. Under the assumptions of Theorem 4.25, let p ∈ (1, 2). Let ηh ∈ Vh,0 be a

cut-off function satisfying 0 ≤ ηh ≤ 1 and define λk as in Definition 4.20. Then, we have∫
Ω
|∇Sλk+1

uh|pηph dx ≤ C2(2+p)k

∫
Ω
|Sλkuh|

p|∇ηh|p dx

+ C
(
‖f‖p

′

Lr(supp ηh) + ‖F‖p
′

Lq(supp ηh)

) ∣∣∣∣supp ηh ∩ supp
(
S 1

2
(λk+λk+1)uh

)∣∣∣∣1− pn+p′ δ
n

+ C
(
‖f‖Lr(supp ηh) + ‖F‖Lq(supp ηh)

)
‖(∇Sλkuh) ηh‖Lp(Ω)

·
∣∣∣∣supp ηh ∩ supp

(
S 1

2
(λk+λk+1)uh

)∣∣∣∣1− 1
p
− p−1

n
+ δ
n

,

(4.115)

where the constant C > 0 depends only on p, n and the shape-regularity constant Γ.

Proof. Fix k ∈ N and define λ = 1
2(λk + λk+1) and write ρh = Πh

(
ηph
)
. We test equation

(4.90) against ϕh = Πh(Sλuhρh). This gives

LI + LII :=

∫
Ω
|∇uh|p−2∇uh · ∇ (Sλuhρh) dx

+

∫
Ω
|∇uh|p−2∇uh · ∇ (Πh (Sλuhρh)− Sλuhρh) dx

=

∫
Ω
F · ∇Πh (Sλuhρh) dx

+

∫
Ω
f ·Πh (Sλuhρh) dx =: RI +RII .

(4.116)

First, we look at LI .

LI =

∫
Ω
|∇uh|p−2∇uh · ∇ (Sλuhρh) dx

=

∫
Ω
|∇uh|p−2∇uh · (∇Sλuh) ρh dx+

∫
Ω
|∇uh|p−2∇uh · (∇ρh)Sλuh dx

=: LI1 + LI2 .

(4.117)

For LI1 , we recall that Lemma 4.10 implies ∇Sλuh · ∇uh ≥ |∇Sλuh|2 to find

LI1 =

∫
Ω
|∇uh|p−2∇uh · (∇Sλuh) ρh dx ≥

∫
Ω
|∇uh|p−2|∇Sλuh|2ρh dx. (4.118)

Now, note that ∇vh is constant on any T ∈ Th for every vh ∈ Vh and write ∇vh(T ) for that

matrix. Furthermore, Lemma 4.11 implies that

|∇Sλuh(T )|maxT |uh| & |∇uh(T )|maxT |Sλuh|. We also know that maxT ρh = maxT η
p
h.

Using this in equation (4.125) yields

LI1 ≥
∑
T∈Th

|T ||∇uh(T )|p−2|∇Sλuh(T )|2 max
T
|ρh|

&
∑
T∈Th

|T ||∇uh(T )|pmaxT |Sλuh|2

maxT |uh|2
max
T

ηph.

(4.119)
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We will now focus on LI2 from equation (4.117). We find

|LI2 | ≤
∫

Ω
|∇uh|p−1|∇ρh||Sλuh| dx

≤
∑
T∈Th

|T ||∇uh(T )|p−1|∇ρh(T )|max
T
|Sλuh| =: LIII .

(4.120)

For LII from equation (4.116), we proceed as in inequality (4.95) to find

LII .
∑
T∈Th

|T ||∇uh(T )|p−1 max
T
|Sλuh||∇ρh(T )| = LIII . (4.121)

Inserting equation (4.117) and inequalities (4.119), (4.120) and (4.121) into equation (4.116)

yields ∑
T∈Th

|T ||∇uh(T )|pmaxT |Sλuh|2

maxT |uh|2
max
T

ηph . LIII +R1 +R2. (4.122)

For simplicity, we write S := {T ∈ Th : maxT |uh| > λ, T ⊂ supp ηh}. We use equation

(4.97) to get

LIII .
∑
T∈S
|T ||∇uh(T )|p−1 maxT |Sλuh|

maxT |uh|
max
T
|uh|max

T
|ηh|p−1|∇ηh(T )|. (4.123)

Now, we use Young’s inequality in equation (4.123) and note that p′ > 2 because 1 < p < 2

and maxT ρh = maxT η
p
h. This gives

LIII ≤ ε
∑
T∈S
|T |
(

maxT |Sλuh|
maxT |uh|

)p′
|∇uh(T )|p max

T
|ηh|p

+ Cε
∑
T∈S
|T |max

T
|uh|p|∇ηh(T )|p

≤ ε
∑
T∈S
|T |
(

maxT |Sλuh|
maxT |uh|

)2

|∇uh(T )|p max
T
|ρh|

+ Cε
∑
T∈S
|T |max

T
|uh|p|∇ηh(T )|p.

(4.124)

Putting this in inequality (4.122) and absorbing into the left-hand side gives∑
T∈Th

|T ||∇uh(T )|pmaxT |Sλuh|2

maxT |uh|2
max
T

ηph .
∑
T∈S
|T |max

T
|uh|p|∇ηh(T )|p +R1 +R2. (4.125)

For T ∈ S, we have maxT |uh| > λ by definition. This allows us to estimate

maxT |Sλkuh|
maxT |uh|

= max
T

(|uh| − λ)u
|uh|

≥ λk+1 − λ
λk+1

≥ λk+1 − λk
2 (λk+1)

=
2−k − 2−(k+1)

2
(
1− 2−(k+1)

) ≥ 2−(k+2),

which leads to∑
T∈S
|T |max

T
|uh|p|∇ηh(T )| . 2pk

∑
T∈S
|T |
(

max
T
|Sλkuh|

)p
|∇ηh(T )|p. (4.126)
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Therefore, we can apply Lemma 2.23 and Jensen’s inequality to inequality (4.124) to con-

clude that ∑
T∈S
|T |max

T
|uh|p|∇ηh(T )| . 2pk

∑
T∈S
|T |

−∫
T

|Sλkuh|dx

p

|∇ηh(T )|p

. 2pk
∑
T∈S
|T | −
∫
T

|Sλkuh|
p dx|∇ηh(T )|p

≤ 2pk
∫

Ω
|Sλkuh|

p|∇ηh|p dx.

Putting this into inequality (4.125) gives∑
T∈Th

|T ||∇uh(T )|pmaxT |Sλuh|2

maxT |uh|2
max
T

ηph . 2pk
∫

Ω
|Sλkuh|

p|∇ηh|p dx+R1 +R2. (4.127)

Now, we look at RI from equation (4.116). In direct analogy to inequality (4.100), we

get

RI ≤
∑
T∈S
|T | −
∫
T

|F | dxmax
T
|Sλuh||∇ρh(T )|

+
∑
T∈S
|T | −
∫
T

|F | dxmax
T
|ηh|p|∇Sλuh(T )| =: RI1 +RI2 .

(4.128)

For RI1 , we proceed as in inequalities (4.101) and (4.102) to find

RI1 ≤

∑
T∈S
|T | −
∫
T

|F |q dx

 1
q

·
∣∣supp ηh ∩ suppSλuh

∣∣1− p−1
n
− 1
p

+ δ
n

·

∑
T∈S
|T | −
∫
T

|Sλuh|p|∇ηh|p dx

 1
p

.

(4.129)

In analogy to inequality (4.103), we carry out the sums and use Young’s inequality to get

RI1 . ‖F‖Lq(supp ηh)

∣∣supp ηh ∩ suppSλuh
∣∣1− p−1

n
− 1
p

+ δ
n ‖Sλuh∇ηh‖Lp(Ω)

. ‖F‖p
′

Lq(supp ηh)

∣∣supp ηh ∩ suppSλuh
∣∣1− pn+p′ δ

n + ‖Sλkuh∇ηh‖
p
Lp(Ω),

(4.130)

where we have also used that |Sλkuh| ≥ |Sλuh|.
For RI2 in inequality (4.128), we apply the same steps as in inequalities (4.104) and

(4.105) to get

RI2 .

∑
T∈S
|T | −
∫
T

|F |q dx

 1
q ∣∣supp ηh ∩ suppSλuh

∣∣1− p−1
n
− 1
p

+ δ
n

·

∑
T∈S
|T | −
∫
T

ηph|∇Sλuh|
p dx

 1
p

.

(4.131)
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After that, we can carry out the remaining sums in inequality (4.131) and use |Sλuh| ≤
|Sλkuh| to get

RI2 . ‖ηh∇Sλkuh‖Lp(Ω)‖F‖Lq(supp ηh)

∣∣supp ηh ∩ suppSλuh
∣∣1− p−1

n
− 1
p

+ δ
n . (4.132)

For RII from inequality (4.122) as defined in equation (4.116), we proceed as in inequal-

ities (4.109) to (4.113) to get

RII . ‖f‖Lr(supp ηh)‖Sλuh∇ηh‖Lp(Ω)

∣∣supp ηh ∩ suppSλuh
∣∣1− p−1

n
− 1
p

+ δ
n

+ ‖f‖Lr(supp ηh)‖ηh∇Sλuh‖Lp(Ω)

∣∣supp ηh ∩ suppSλuh
∣∣1− p−1

n
− 1
p

+ δ
n .

Using Young’s inequality on the first summand finally yields

RII . ‖Sλkuh∇ηh‖
p
Lp(Ω) + ‖f‖p

′

Lr(supp ηh)

∣∣supp ηh ∩ suppSλuh
∣∣1− pn+p′ δ

n

+ ‖f‖Lr(supp ηh)‖ηh∇Sλuh‖Lp(Ω)

∣∣supp ηh ∩ suppSλuh
∣∣1− p−1

n
− 1
p

+ δ
n .

(4.133)

Finally, inserting inequalities (4.130) and (4.132) into inequality (4.128) and then inequali-

ties (4.128) and (4.133) into inequality (4.127) yields∫
Ω
|∇Sλk+1

uh|pηph dx . 2(2+p)k

∫
Ω
|Sλkuh|

p|∇ηh|p dx

+
(
‖f‖p

′

Lr(supp ηh) + ‖F‖p
′

Lq(supp ηh)

) ∣∣supp ηh ∩ suppSλuh
∣∣1− pn+p′ δ

n

+
(
‖f‖Lr(supp ηh) + ‖F‖Lq(supp ηh)

)
‖∇Sλkuhηh‖Lp

∣∣supp ηh ∩ suppSλuh
∣∣1− 1

p
− p−1

n
+ δ
n ,

and thus, proves the lemma.

Unfortunately, this bound is not strong enough to apply the De Giorgi iteration tech-

nique directly. The idea is now to iterate the application of the previous lemma until the

exponent on the measure of the small set in the last summand is large enough.

Lemma 4.28. Under the assumptions of Theorem 4.25, define λk, ηh and Bk as in Defi-

nition 4.20. Furthermore, assume p ∈ (1, 2) and

λp∞ ≥ max


(
‖F‖p

′

Lq(Ω(B(x0,2R))) + ‖f‖p
′

Lr(Ω(B(x0,2R)))

)
Rp
′δ, −

∫
Ω(B(x0,2R))

|uh|pηp0 dx

 .

(4.134)

Then, there are constants C, α1, α2, α3 for every m ∈ N, that do not depend on k, but only
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on m, p, n, and the shape-regularity constant Γ, such that

−
∫

Ω(B(x0,2R))

|∇Sλk+m
uh|pηpk+m dx ≤ C2α1k −

∫
Ω(B(x0,2R))

R−p|Sλkuh|
pηpk dx

+ C2α2k

R−p −
∫

Ω(B(x0,2R))

|Sλkuh|
pηpk dx


1− p

n
+p′ δ

n (
λ∞
R

)p( pn−p′ δn)

+ C2α3k

R−p −
∫

Ω(B(x0,2R))

|Sλkuh|
pηpk dx


(

1− 1
p
− p−1

n
+ δ
n

)(∑m−1
i=0

1

pi

)

·
(
λ∞
R

)p(1−
(

1− 1
p
− p−1

n
+ δ
n

)(∑m−1
i=0

1

pi

))

(4.135)

for every k ∈ N.

Proof. We define

ak := R−p −
∫

Ω(B(x0,2R))

|Sλkuh|
pηpk dx,

bk := −
∫

Ω(B(x0,2R))

|∇Sλk+1
uh|pηpk dx.

Note that both sequences are decreasing. To simplify our notation, we write

Ω(B(x0, 2R)) =: B. First, we will show that bk .
λp∞
Rp . Note that supp ηk ⊂ B for all k ∈ N.

We use the Caccioppoli inequality (4.91) for uh from Lemma 4.26 to find

bk ≤ b1 ≤ −
∫
B

|∇uh|p|η1| dx . −
∫
B

|uh|p|∇η1|p dx

+R−n
(
‖F‖p

′

Lr(B) + ‖f‖p
′

Lq(B)

)
|supp η1 ∩ suppuh|1−

p
n

+δ p
′
n .

(4.136)

Recall maxT |∇ηk+1| . R−12k maxT ηk from Definition 4.20 and Lemma 3.18 (c). We find

−
∫
B

|uh|p|∇η1|p dx ≤ |B|−1
∑
T∈Th

|T |max
T
|uh|p max

T
|∇η1|p

≤ |B|−1R−p
∑
T∈Th

|T |
(

max
T
|uh|max

T
|η0|
)p (4.137)

and apply Lemma 2.23 and Jensen’s inequality to inequality (4.137) to get

−
∫
B

|uh|p|∇η1|p dx . |B|−1R−p
∑
T∈Th

|T |

−∫
T

|uh||η0| dx

p

. |B|−1R−p
∑
T∈Th

|T | −
∫
T

|uh|p|η0|p dx

= a0.

(4.138)
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Furthermore, we know from equation 2.13 that |B| ∼ Rn and as supp η0 = B, this implies

that |supp η1 ∩ suppuh| . Rn. Inserting this and inequality (4.138) into inequality (4.136)

and using the assumptions λp∞ ≥
(
‖F‖p

′

Lq(B) + ‖f‖p
′

Lr(B)

)
Rp
′δ and λ∞ ≥ −

∫
B |uh|

pηp0 dx = a0

(from inequality (4.134)) yields that

bk .
λp∞
Rp

. (4.139)

Now, we want to start an induction over m. We use inequality (4.115) to find

bk+1 . 2(2+p)k−
∫
B

|Sλkuh|
p|∇ηk+1|p dx

+ |B|−1
(
‖f‖p

′

Lr(B) + ‖F‖p
′

Lq(B)

) ∣∣∣∣supp ηk+1 ∩ supp
(
S 1

2
(λk+λk+1)uh

)∣∣∣∣1− pn+p′ δ
n

+ |B|−1
(
‖f‖Lr(B) + ‖F‖Lq(B)

)
‖∇Sλkuhηh‖Lp(Ω)

·
∣∣∣∣supp ηh ∩ supp

(
S 1

2
(λk+1+λk+1)uh

)∣∣∣∣1− 1
p
− p−1

n
+ δ
n

.

(4.140)

Completely analogously to the calculations in inequalities (4.137) and (4.138), we find

−
∫
B

|Sλkuh|
p|∇ηk+1|p dx . 2kak. (4.141)

Next, we will use the weak-type estimate from Lemma 4.22. Furthermore, recall from

equation 2.13 that |B| ∼ Rn. Additionally, recall that we assumed that

λp∞ ≥
(
‖f‖p

′

Lr(B) + ‖F‖p
′

Lq(B)

)
Rδp

′
.

We find that

R−n
(
‖f‖p

′

Lr(B) + ‖F‖p
′

Lq(B)

) ∣∣∣∣supp ηk+1 ∩ supp
(
S 1

2
(λk+λk+1)uh

)∣∣∣∣1− pn+p′ δ
n

. R−n2α2k
(
‖f‖p

′

Lr(B) + ‖F‖p
′

Lq(B)

)(
R−pR−n

∫
B
|Sλuh|pηpk dx

)1− p
n

+p′ δ
n

· λ−p(1− p
n

+p′ δ
n)

∞ R(p+n)(1− p
n

+p′ δ
n)

. 2α2k
(
‖f‖p

′

Lr(B) + ‖F‖p
′

Lq(B)

)R−p−∫
B

|Sλuh|pηpk dx

1− p
n

+p′ δ
n

· λ−p∞
(
λ∞
R

)p( pn−p′ δn)
Rp
′δ

. 2α2ka
1− p

n
+p′ δ

n
k

(
λ∞
R

)p( pn−p′ δn)
.

(4.142)
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Analogously, we get

|B|−1
(
‖f‖Lr(B) + ‖F‖Lq(B)

)
‖(∇Sλkuh) ηh‖Lp(Ω)

·
∣∣∣∣supp ηh ∩ supp

(
S 1

2
(λk+1+λk+1)uh

)∣∣∣∣1− 1
p
− p−1

n
+ δ
n

. R−n2α3k
(
‖f‖Lr(B) + ‖F‖Lq(B)

)R−p−∫
B

|Sλkuh|
pηph dx

1− 1
p
− p−1

n
+ δ
n

· ‖(∇Sλkuh) ηh‖Lp(Ω)R
−n
pR

n
p λ
−p
(

1− 1
p
− p−1

n
+ δ
n

)
∞ R

n
(

1− 1
p
− p−1

n
+ δ
n

)
R
p
(

1− 1
p
− p−1

n
+ δ
n

)

= 2α3ka
1− 1

p
− p−1

n
+ δ
n

k b
1
p

k

(
λ∞
R

)p( p−1
n
− δ
n)
,

(4.143)

where we have also used that
(
‖f‖Lr(B) + ‖F‖Lq(B)

)
Rδ ≤ λ

p
p′
∞ . From now on, we will use

the αi as generic positive constants that are allowed to change from line to line. We insert

the inequalities (4.141), (4.142), and (4.143) into inequality (4.140) to get

bk+1 . 2α1kak + 2α2ka
1− p

n
+p′ δ

n
k

(
λ∞
R

)p( pn−p′ δn)
+ 2α3ka

1− 1
p
− p−1

n
+ δ
n

k b
1
p

k

(
λ∞
R

)p( p−1
n
− δ
n)
.

(4.144)

Recall that bk .
λp∞
Rp from inequality (4.139). Then, inequality (4.144) is exactly inequality

(4.135) for m = 1 and serves as a base case for an induction proof. Therefore, let us assume

that inequality (4.135) is true for some m ∈ N. Then, we find

bk+m+1 . 2α1kak+m + 2α2ka
1− p

n
+p′ δ

n
k+m

(
λ∞
R

)p( pn−p′ δn)

+ 2α3ka
1− 1

p
− p−1

n
+ δ
n

k+m b
1
p

k+m

(
λ∞
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)p( p−1
n
− δ
n)

. 2α1kak + 2α2ka
1− p

n
+p′ δ

n
k

(
λ∞
R

)p( pn−p′ δn)

+ 2α3ka
1− 1

p
− p−1

n
+ δ
n

k b
1
p

k+m

(
λ∞
R

)p( p−1
n
− δ
n)
.

(4.145)
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Using inequality (4.135) on bk+m leaves us with

b
1
p

k+ma
1− 1

p
− p−1

n
+ δ
n

k

(
λ∞
R

)p( p−1
n
− δ
n)

. a
1− 1

p
− p−1

n
+ δ
n

k

(
λ∞
R

)p( p−1
n
− δ
n)

·

2α1kak + 2α2ka
1− p

n
+p′ δ

n
k

(
λ∞
R

)p( pn−p′ δn)

+2α3ka

(
1− 1

p
− p−1

n
+ δ
n

)(∑m−1
i=0

1

pi

)
k

(
λ∞
R

)p(1−
(

1− 1
p
− p−1

n
+ δ
n

)(∑m−1
i=0

1

pi

)) 1
p

.

The equivalence of norms in R3 then yields

b
1
p

k+ma
1− 1

p
− p−1

n
+ δ
n

k

(
λ∞
R

)p( p−1
n
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n
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n

k

(
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·
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1
p(1− p

n
+p′ δ
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k

(
λ∞
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(4.146)

We will look at the three terms separately. For the first one, we use Young’s inequality to

get

a
1− 1

p
− p−1

n
+ δ
n

k

(
λ∞
R

)p( p−1
n
− δ
n)
a

1
p

k

. a
1− p

n
+p′ δ

n
k

(
λ∞
R

)p( pn−p′ δn)
+ ak.

(4.147)

For the second one, we recall p′

p = p′ − 1 and calculate

a
1− 1

p
− p−1

n
+ δ
n

k

(
λ∞
R

)p( p−1
n
− δ
n)
a

1
p(1− p

n
+p′ δ

n)
k

(
λ∞
R

) p
n
−p′ δ

n

= a
1− p

n
+p′ δ

n
k

(
λ∞
R

)p( pn−p′ δn)
.

(4.148)
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For the third one, we finally get

a
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p
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n
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n

k
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)(∑m−1
i=0

1

pi

)
1
p

k

(
λ∞
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1
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(4.149)

Inserting inequalities (4.147), (4.148) and (4.149) into inequality (4.146) completes the

induction step and concludes the proof.

Proof of Theorem 4.25 in the singular case 1 < p < 2. We know that
∑∞

i=0
1
pi

= p
p−1 = p′.

We choose an m0 ∈ N, such that

p′ −
m0−1∑
i=0

1

pi
= p′

δ − ε
n

(
1− 1

p
− p− 1

n
+
δ

n

)−1

(4.150)

for some ε ∈ (0, δ).

Furthermore, choose λp∞ = d1 max{
(
‖F‖p

′

Lr(Ω(B(x0,2R))) + ‖f‖p
′

Lq(Ω(B(x0,2R)))

)
Rp
′δ,
∫

Ω |uh|
pηp0 dx},

where the constant d1 > 1 is to be chosen later. For simplicity, we define the scaling-

invariant norms |||g|||ss := −
∫

Ω(B(x0,2R)) |g|
s dx and define the sequence

ak = |||R−1Sλkm0
uhηkm0 |||

p

p
. (4.151)

Hölder’s inequality and the Sobolev embedding theorem yield

ak+1 =
∣∣∣∣∣∣R−1Sλ(k+1)m0

uhη(k+1)m0

∣∣∣∣∣∣p
p
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|||p
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(
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|

Rn

) p
n

.
∣∣∣∣∣∣∇(Sλ(k+1)m0

uhη(k+1)m0

)∣∣∣∣∣∣p
p

(
|suppSλ(k+1)m0

uh ∩ supp η(k+1)m0
|

Rn

) p
n

.
∣∣∣∣∣∣∇(Sλ(k+1)m0

uh)η(k+1)m0

∣∣∣∣∣∣p
p

(
|suppSλ(k+1)m0

uh ∩ supp η(k+1)m0
|

Rn

) p
n

+
∣∣∣∣∣∣Sλ(k+1)m0

uh∇(η(k+1)m0
)
∣∣∣∣∣∣p
p

(
|suppSλ(k+1)m0

uh ∩ supp η(k+1)m0
|

Rn

) p
n

.

(4.152)

The weak-type estimate from Lemma 4.22 yields

|suppSλ(k+1)m0
uh ∩ supp η(k+1)m0

|
Rn

. 2pk|||Sλkm0
uhηkm0 |||

p

p
R−p

Rp

λp∞
= 2pkak

Rp

λp∞
. (4.153)
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Analogously to inequalities (4.137) and (4.138), we find

|||Sλ(k+1)m0
uh∇(η(k+1)m0

)|||p
p
. 2pkak. (4.154)

Finally, inequality (4.135) gives that

|||∇(Sλ(k+1)m0
uh)η(k+1)m0
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1
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(4.155)

Now note that our choice of m0 in equation (4.150) implies that(
1− 1

p
− p− 1

n
+
δ

n

)(m0−1∑
i=0

1

pi

)
= 1− p

n
+ p′

ε

n
.

Inserting this into inequality (4.155) yields the bound

|||∇(Sλ(k+1)m0
uh)η(k+1)m0

|||p
p

. 2α1kak + 2α2ka
1− p

n
+p′ δ

n
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(
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+ 2α3ka
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n
+p′ ε

n
k

(
λp∞
Rp

) p
n
−p′ ε

n

.
(4.156)

This means that we can insert inequalities (4.153), (4.154) and (4.156) into inequality (4.152)

to get

ak+1 . 2β1kak

(
Rpak
λp∞

) p
n

+ 2β2kak

(
Rpak
λp∞

)p′ δ
n

+ 2β2kak

(
Rpak
λp∞

)p′ ε
n

.

Corollary 3.32 implies that ak → 0 if λp∞ & Rpa0. The implicit constant also determines

d1. This means that |Sλ∞uh| = 0 on Ω′(B(x0, R)). Together with

λp∞ = d1 max{(‖F‖p
′

Lr(Ω(B(x0,2R))) + ‖f‖p
′

Lq(Ω(B(x0,2R))))R
p′δ, −

∫
Ω(B(x0,2R))

|uh|p dx},

this leaves us with

sup
Ω′(B(x0,R))

|uh|p ≤ λp∞ ∼ −
∫

Ω(B(x0,2R))

|uh|p dx

+
(
‖F‖p

′

Lr(Ω(B(x0,2R))) + ‖f‖p
′

Lq(Ω(B(x0,2R)))

)
Rp
′δ

and thus, proves Theorem 4.25 for 1 < p < 2.

Now, we will focus on the degenerate case 2 < p < n. We will find a similar Caccioppoli-

type inequality that we can iterate. In this case, we have p′ < 2. This means the problematic

term is not the one that comes from F and f , but the one that comes from the p-Laplacian

operator itself.
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Lemma 4.29. Under the assumptions of Theorem 4.25, fix 2 < p < n and let ηh ∈ Vh,0 be

a cut-off function with 0 ≤ ηh ≤ 1. Furthermore, define λk as in Definition 4.20. Then,

there is a constant C > 0 that only depends on p, n and the shape-regularity constant Γ,

such that∫
Ω
|∇Sλk+1

uh|pηph dx ≤ C2pk
(∫

Ω
|Sλkuh|

p|∇ηh|p dx

) 1
p
(∫

Ω
|∇Sλkuh|

pηph dx

)1− 1
p

+ C

∫
Ω
|Sλkuh|

p|∇ηh|p dx

+ C
(
‖f‖p

′

Lq(supp ηh) + ‖F‖p
′

Lr(supp ηh)

) ∣∣supp ηh ∩ suppSλk+1
uh
∣∣1− pn+p′ δ

n .

(4.157)

Proof. We write ρh = Πh(ηph) and test equation (4.90) against ϕh = Πh

(
ρhSλk+1

uh
)

to get∫
Ω
|∇uh|p−2∇uh · ∇

(
Sλk+1

uhρh
)

dx

+

∫
Ω
|∇uh|p−2∇uh · ∇

(
Πh

(
Sλk+1

uhρh
)
− Sλuhρh

)
dx

=

∫
Ω
F · ∇Πh

(
Sλk+1

uhρh
)

dx+

∫
Ω
f ·Πh

(
Sλk+1

uhρh
)

dx.

(4.158)

We write S := {T ∈ Th : T ⊂ suppSλk+1
uh ∩ supp ηh}. Completely analogously to the

singular case (see equations (4.116) to (4.122)), we find∫
Ω
|∇uh|p−2|∇Sλk+1

uh|2ρh dx ≤
∑
T∈S
|T ||∇uh(T )|p−1 max

T
|Sλk+1

uh||∇ρh(T )|

+

∫
Ω
F · ∇Πh

(
Sλk+1

uhρh
)

dx+

∫
Ω
fΠh

(
Sλk+1

uhρh
)

dx =: L+RI +RII .

(4.159)

We have assumed p > 2; this allows us to use |∇Sλk+1
uh| ≤ |∇uh| (from inequality (4.39))

to get∫
Ω
|∇Sλk+1

uh|pρh ≤
∑
T∈S
|T ||∇uh(T )|p−1 max

T
|Sλk+1

uh||∇ρh(T )|

+

∫
Ω
F · ∇Πh

(
Sλk+1

uhρh
)

dx+

∫
Ω
fΠh

(
Sλk+1

uhρh
)

dx =: L+RI +RII .

(4.160)

We will look at L from inequality (4.160). Note that we have maxT |uh| > λk+1 on

the relevant simplices T ∈ S. This means that maxT |uh|
maxT |Sλkuh|

< 2k. Therefore, we can use

inequality (4.40) from Lemma 4.11 to get

|∇uh(T )| = maxT |uh|
maxT |Sλkuh|

|∇uh(T )|maxT |Sλkuh|
maxT |uh|

. 2k|∇Sλkuh| (4.161)

on every T ∈ S. This enables us to use inequality (4.161) and Lemma 2.27 to estimate L

from inequality (4.159):

L =
∑
T∈S
|T ||∇uh(T )|p−1 max

T
|Sλk+1

uh||∇ρh(T )|

. 2(p−1)k
∑
T∈S
|T ||∇Sλkuh(T )|p−1 max

T
|Sλkuh|max

T
|ηh|p−1|∇ηh(T )|.

(4.162)
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Now, we use Hölder’s inequality for sums and Lemma 2.23 in inequality (4.162).

L . 2pk

∑
T∈Th

|T ||∇Sλkuh|
p max

T
|ηh|p

1− 1
p
∑
T∈Th

|T |max
T
|Sλkuh|

p|∇ηh|p
 1

p

. 2pk

∑
T∈Th

|T ||∇Sλkuh(T )|p
−∫

T

|ηh| dx

p1− 1
p

·

∑
T∈Th

|T |

−∫
T

|Sλkuh|dx

p

|∇ηh(T )|p


1
p

.

(4.163)

Then, we apply Jensen’s inequality to inequality (4.163) and carry out the sums to get

L . 2pk

∑
T∈Th

|T ||∇Sλkuh(T )|p−
∫
T

|ηh|p dx

1− 1
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|T | −
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|Sλkuh|
p dx|∇ηh(T )|p

 1
p

= 2pk
(∫

Ω
|∇Sλkuh|

p|ηh|p dx

)1− 1
p
(∫

Ω
|Sλkuh|

p|∇ηh|p dx

) 1
p

.

(4.164)

For RI and RII from equation (4.160), we proceed exactly as in inequalities (4.100) to

(4.114) to get

RI +RII . ε
∫

Ω
ρh|∇Sλk+1

uh|p dx+

∫
Ω
|Sλk+1

uh|p|∇ηh|p dx

+ Cε

(
‖F‖p

′

Lr(supp ηh) + ‖f‖p
′

Lq(supp ηh)

) ∣∣supp ηh ∩ suppSλk+1
uh
∣∣. (4.165)

We can now insert inequalities (4.164) and (4.165) into inequality (4.160) and absorb the

ε-term into the left-hand side, which gives inequality (4.157) and therefore concludes the

proof of the Lemma.

Again, we will iterate the application of this inequality.

Lemma 4.30. Let 2 < p < n. Under the assumptions of Theorem 4.25, we define ηk and

λk as in Definition 4.20. Furthermore, assume that

λp∞ ≥ max


(
‖f‖p

′

Lq(Ω(B(x0,2R))) + ‖F‖p
′

Lr(Ω(B(x0,2R)))

)
Rp
′δ, −

∫
Ω(B(x0,2R))

|uh|pηp0 dx

 .

(4.166)

Then, for every m ∈ N, there are constants C, α1, α2, α3, that only depend on m, p, n and

107



the shape-regularity constant Γ, but not on k, such that

−
∫

Ω(B(x0,2R))

|∇Sλk+m
uh|p|ηk+m|p dx ≤ C2α1k −

∫
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R−p|Sλkuh|
p|ηk|p dx

+ C2α2k

 −
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R−p|Sλkuh|
p|ηk|p dx


1− p

n
+p′ δ

n (
λp∞
Rp

) p
n
−p′ δ

n

+ C2α3k

 −
∫
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R−p|Sλkuh|
p|ηk|p dx
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1− 1

p′m (
λp∞
Rp

) 1
p′m

.

(4.167)

Proof. We write B := Ω(B(x0, 2R)) and define the decreasing sequences

ak := −
∫
B

R−p|Sλkuh|
p|ηk|p dx,

bk := −
∫
B

|∇Sλkuh|
p|ηk|p dx.

(4.168)

With inequality (4.157), we find that

bk+1 . 2pk
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 1
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n .

(4.169)

The derivation of inequalities (4.141) and (4.142) does not depend on p. Therefore, we can

insert both into inequality (4.169) to get

bk+1 . 2α1kak + 2α2ka
1− p

n
+p′ δ

n
k

(
λp∞
Rp

) p
n
−p′ δ

n

+ 2α3ka
1
p

k b
1
p′
k ,

(4.170)

where α1, α2 and α3 are generic positive constants that can change during the proof. From

inequalities (4.136) to (4.139) we know that bk .
λp∞
Rp . Inserting this into inequality (4.170),

we get the bound

bk+1 . 2α1kak + 2α2ka
1− p

n
+p′ δ

n
k

(
λp∞
Rp

) p
n
−p′ δ

n

+ 2α3ka
1
p

k

(
λp∞
Rp

) 1
p′

, (4.171)

which serves as a base case to prove inequality (4.167) via induction. For the induction

step, we assume that inequality (4.167) is true for some m ∈ N. We then use inequality
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(4.171) to get that
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From this, the equivalence of norms in R3 gives the bound
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)
.

(4.172)

Young’s inequality yields

a
1
p

k a
(1−n

n
+p′ δ

n) 1
p′

k

(
λp∞
Rp

)( pn−p
′ δ
n) 1

p′

. ak + a
1−n

n
+p′ δ

n
k

(
λp∞
Rp

) p
n
−p′ δ

n

. (4.173)

Furthermore, we have
1

p′
− 1

p′m+1
+

1

p
= 1− 1

p′m+1
. (4.174)

Now, inserting inequality (4.173) and equation (4.174) into inequality (4.172) completes the

induction and therefore proves the Lemma.

This allows us to prove Theorem 4.25 for the degenerate case 2 < p < n.

Proof of Thoerem 4.25 for 2 < p < n. For simplicity, we write B := Ω(B(x0, 2R)) and use

the scaling-invariant norms |||g|||ss := −
∫
B |g|

s dx. Furthermore assume that

λp∞ = d1 max

(‖f‖p′Lq(B) + ‖F‖p
′

Lr(B)

)
Rp
′δ,−
∫
B

|uh|pηp0 dx


for a constant d1 > 1 that is to be chosen later. Define m0, such that

1

p′m0
=
p

n
− ε (4.175)

for some ε > 0. We write

ak := −
∫
B

R−p|Sλm0k
uh|pηpkm0

dx
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and estimate with Hölder’s inequality and the Sobolev-embedding:

ak+1 = R−p
∣∣∣∣∣∣Sλ(k+1)m0

uhη(k+1)m0

∣∣∣∣∣∣p
p

. R−p
∣∣∣∣∣∣Sλ(k+1)m0

uhη(k+1)m0

∣∣∣∣∣∣p
p?

(
|suppSλm0(k+1)

uh ∩ supp ηm0(k+1)|
|B|

) p
n

.

∣∣∣∣∣∣∣∣∣∣∣∣∇(Sλ(k+1)m0
uhη(k+1)m0

)∣∣∣∣∣∣∣∣∣∣∣∣p
p

(
|suppSλm0(k+1)

uh ∩ supp ηm0(k+1)|
|B|

) p
n

.

∣∣∣∣∣∣∣∣∣∣∣∣(∇Sλ(k+1)m0
uh

)
η(k+1)m0

∣∣∣∣∣∣∣∣∣∣∣∣p
p

(
|suppSλm0(k+1)

uh ∩ supp ηm0(k+1)|
|B|

) p
n

+
∣∣∣∣∣∣Sλ(k+1)m0

uh∇
(
η(k+1)m0

)∣∣∣∣∣∣p
p

(
|suppSλm0(k+1)

uh ∩ supp ηm0(k+1)|
|B|

) p
n

.

(4.176)

The weak-type estimate from Lemma 4.22 yields analogously to inequality (4.153) that

|suppSλ(k+1)m0
uh ∩ supp η(k+1)m0

|
Rn

. 2pk|||Sλkm0
uhηkm0 |||ppR−p

Rp

λp∞
= 2pkak

Rp

λp∞
. (4.177)

Analogously to inequality (4.154), we find that

|||Sλ(k+1)m0
uh∇

(
η(k+1)m0

)
|||pp . 2pkak. (4.178)

Then, we can use inequality (4.167) from Lemma 4.30 and our choice of m0 in equation

(4.175) to get

|||∇
(
Sλ(k+1)m0

uh

)
η(k+1)m0

|||pp

. 2α1kak + 2α2ka
1− p

n
+p′ δ

n
k

(
λp∞
Rp

) p
n
−p′ δ

n

+ 2α3ka
1− p

n
+ε

k

(
λp∞
Rp

) p
n
−ε
.

(4.179)

This means that we can insert inequalities (4.177), (4.178) and (4.179) into inequality (4.176)

to get

ak+1 . 2β1ak

(
Rp

λp∞
ak

) p
n

+ 2β2kak

(
Rp

λp∞
ak

)p′ δ
n

+ 2β3kak

(
Rp

λp∞
ak

)ε
. (4.180)

Furthermore, we recall that we also assumed

λp∞ = d1 max

(‖f‖p′Lq(B) + ‖F‖p
′

Lr(B)

)
Rp
′δ,−
∫
B

|uh|pηp0 dx

 .

Thus, we can use Corollary 3.32 to fix d1 large enough to deduce ak → 0 because λp∞
Rp is

large enough in comparison to a0. This implies that

sup
Ω′(B(x0,R))

|uh|p . λp∞ . −
∫

Ω(B(x0,2R))

|uh|p dx

+
(
‖f‖p

′

Lq(Ω(B(x0,2R)))0 + ‖F‖p
′

Lr(Ω(B(x0,2R)))

)
Rp
′δ.

and therefore proves Theorem 4.25 in the degenerate case 2 < p < n.
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We have completed the proof of Theorem 4.25. We have shown a uniform L∞-estimate

for discrete solutions to −div(|∇u|p−2∇u) = f − divF for 1 < p < ∞ on non-obtuse

meshes. In the next chapter, we will briefly discuss future plans and a possible application

of Theorem 3.25.
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Chapter 5

Application to incompressible
chemically reacting fluids

In this chapter, we will discuss the application of the theory that was developed in Chapter

3 to a more complex problem. We will look at a finite element approximation of generalized

Navier–Stokes type system that describes steady flows of a chemically reacting incompress-

ible non-Newtonian fluid. For example, this model is used to describe synovial fluids where

there is a small concentration of hyaluronan. This concentration is small enough to describe

the fluid as a single substance, but it significantly influences the properties of that fluid. The

system was analysed in [12] and [13], while its finite element approximation was introduced

in [43]. However, the authors had to restrict themselves to two dimensions in this paper.

The case of three dimensions was tackled in [44]. Because of the lack of a discrete De Giorgi

theory, the system was regularized in three dimensions. Then, the authors proved conver-

gence of the finite element approximation of the regularized system and finally proved that

the regularized system converges to the real system using a continuous De Giorgi estimate.

If not indicated otherwise, we will follow the argumentation of [43]. Our main contribution

here is that, by using the discrete De Giorgi theory we are able to avoid the two-stage

passage to the limit from [44], and extend the results of [43] to three space dimensions.

5.1 The system of equations

First, we will introduce the system of equations. We will follow [43]. On a domain Ω ⊂ Rn,

it is given by

divu = 0, (5.1)

div(u⊗ u)− div (S(c,Du)) = ∇p+ f, (5.2)

div(cu)− div(qc(c,∇c,Du)) = 0. (5.3)
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Here, u : Ω → Rn is the velocity field, p : Ω → R is the pressure field and c : Ω → R
is the concentration of hyaluronan. We also define the symmetric part of the gradient

Du = 1
2(∇u + ∇u†). S : R × Rn×nsym → Rn×nsym denotes the stress tensor and qc : R ×

Rn × Rn×nsym → Rn denotes the diffusive flux. Equation (5.1) describes mass conservation

in incompressible fluids, equation (5.2) is the momentum equation and the concentration

equation (5.3) describes the diffusion of hyaluronan. Note that the dependence of the stress

tensor on the concentration of hyluronan c and the dependence of the flux qc on the velocity

u couples the equations in a very complex way. Indeed, we will see that the space that u

belongs to depends on c. Let cd ∈ W 1,p(Ω) be a given positive function for p > n. We

prescribe the following Dirichlet boundary conditions:

u|∂Ω = 0, (5.4)

c|∂Ω = cd|∂Ω. (5.5)

We assume that the matrix-valued function S satisfies the following conditions:

|S(s,A)| . |A|r(s)−1 + 1, (5.6)

(S(s,A1)− S(s,A2)) · (A1 −A2) ≥ 0, (5.7)

S(s,A) ·A & |A|r(s) + |S|r
′(s) − γ. (5.8)

Here, r is a given Hölder-continuous function with 1 < r− < r(s) < r+ < ∞ and r′ is its

Hölder conjugate that is given by 1 = 1
r(s) + 1

r′(s) . Note that · indicates the (Frobenius)

matrix scalar product or the usual vector scalar product depending on the context, but it

will always be clear which scalar product is meant. Here, we can see that the main difficulty

in analysing those equations is the coupling of the momentum equation and the diffusion

equation via the variable exponent r(s). If r was a constant, the estimates (not necessarily

the equations, though) would decouple and the analysis would be rather straightforward.

(See for example [9] for the analysis of a finite elements approximation of solutions to the p-

Stokes system.) For the concentration flux, we assume that qc(s, a,A) is linear with respect

to the second variable and satisfies

|qc(s, a,A)| . |a|, (5.9)

qc(s, a,A) · a & |a|2. (5.10)

In [43], the authors give

S(s,B) = ν(s,B)B, qc(s, a,A) = K(s,A)a
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as prototypical examples with ν(s,B) ∼
(
κ1 + κ2|B|2

) r(s)−2
2

, where κ1 and κ2 are positive

constants and K is uniformly elliptic and bounded. Because of the assumptions of Theorem

3.30, we will assume here that K(x,A) = k(x,A) is a scalar function.

Inequality (5.6) suggests that we have to use variable-exponent spaces for the velocity

field u. We will now give the precise definition of those spaces. Following [43], we will

introduce these spaces spaces and their properties without proof.

Definition 5.1. Let r : Ω→ (1,∞) be a measurable function. We define space Lr(·) by

Lr(·)(Ω) =

{
u ∈ L1

loc(Ω) :

∫
Ω
|u(x)|r(x) dx

}
(5.11)

and equip it with the standard Luxemburg-norm

‖u‖Lr(·)(Ω) := inf

{
λ > 0 :

∫
Ω

∣∣∣∣u(x)

λ

∣∣∣∣r(x)

dx ≤ 1

}
. (5.12)

This is a Banach space. Its dual space is given by Lr
′(·)(Ω) with 1 = 1

r(x) + 1
r′(x) . We also

define the respective Sobolev spaces via

W 1,r(·)(Ω) =
{
u ∈ Lr(·)(Ω) ∩W 1,1

loc (Ω) : |∇u| ∈ Lr(·)
}

(5.13)

equipped with the norm

‖u‖W 1,r(·)(Ω) = inf

{
λ > 0 :

∫
Ω

∣∣∣∣∇uλ
∣∣∣∣r(x)

+

∣∣∣∣uλ
∣∣∣∣r(x)

dx ≤ 1

}
. (5.14)

For r ≡ p, those spaces are equal to Lp(Ω) and W 1,p(Ω). In analogy with classical spaces,

we will also need

W
1,r(·)
0 (Ω) :=

{
u ∈W 1,r(·)(Ω) : u = 0 on ∂Ω

}
, (5.15)

W
1,r(·)
0,div (Ω) :=

{
u ∈W 1,r(·)

0 (Ω) : divu = 0
}
, (5.16)

L
r(·)
0 (Ω) :=

{
u ∈ Lr(·)(Ω) :

∫
Ω
u(x) dx = 0

}
. (5.17)

We will also need the log-Hölder space Clog(Ω) of functions r : Ω→ R that satisfy

|r(x)− r(x)| ≤
Clog(r)

− log |x− y|
(5.18)

for some constant Clog(r). Obviously, Clog(Ω) ⊂ Cα(Ω) for all α > 0.

We will collect a few properties of those spaces in the following proposition from [43][Proposition

5.2]. Note that the assumption that Ω is a bounded Lipschitz domain is sufficient, but not

in all cases necessary. For example, property (a) only requires Ω to be an extension domain

(see [23][Theorem 9.1.7]).
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Proposition 5.2. Let Ω be a bounded Lipschitz domain. For r ∈ Clog(Ω) with 1 < r− ≤
r ≤ r+ <∞, we have the following properties:

(a) Density: C∞
(
Ω
)‖·‖

W1,r(·)(Ω) = W 1,r(·)(Ω).

(b) Embedding: If r+ < n, we have W 1,r(·)(Ω) ↪→ Lq(·)(Ω) for q(x) ≤ r?(x) with 1
r(x)−

1
n =

1
r?(x) for all x ∈ Ω. The embedding is compact, if q(x) < r?(x) for all x ∈ Ω.

(c) Hölder-type inequality:

‖uv‖Lr(·)(Ω) ≤ 2‖u‖Lr1(·)(Ω)‖v‖Lr2(·)(Ω)

if 1
r(x) = 1

r1(x) + 1
r2(x) for all x ∈ Ω.

(d) Poincaré’s inequality:

‖u‖Lr(·)(Ω) ≤ C(Ω, Clog(r))diam(Ω)‖∇u‖Lr(·)(Ω)

for all u ∈W 1,r(·)
0 (Ω).

(e) Korn’s inequality:

‖∇u‖Lr(·)(Ω) ≤ C(Ω, Clog(r))‖Du‖Lr(·)(Ω)

for all u ∈W 1,r(·)(Ω;Rn).

With those definitions in place, we can define the problem that we want to solve. Note

again that we use the symbol · for the scalar product of vectors or matrices, depending on

the context.

Definition 5.3. Let r : R → [r−, r+] be a Hölder-continuous function with r− > 1 and

r+ < ∞ and let Ω ⊂ Rn be a domain. Furthermore, let f ∈
(
W 1,r−

0 (Ω;Rn)
)′

and cd ∈
W 1,p(Ω) be given functions for p > n. We want to find c ∈ W 1,2(Ω) ∩ Cα(Ω) for some

α > 0 with c|∂Ω = cd|∂Ω, u ∈W 1,r(c)
0 (Ω;Rn), and p ∈ L(r(c))′

0 (Ω), such that∫
Ω
S(c,Du) · ∇ψ − (u⊗ u) · ∇ψ dx− 〈divψ, p〉 = 〈f, ψ〉 ∀ψ ∈W 1,∞

0 (Ω;Rn), (5.19)∫
Ω
ν divudx = 0 ∀ν ∈ Lr(c)

′

0 (Ω), (5.20)∫
Ω
qc(c,∇c,Du) · ∇ϕ− cu · ∇ϕ = 0 ∀ϕ ∈W 1,2

0 (Ω). (5.21)

With the help of the inf-sup condition

sup
0 6=v∈W 1,r(c)

0 (Ω,Rn),‖v‖
W1,r(c)(Ω)

≤1

〈divv, q〉 & ‖q‖Lr(c)′ (Ω) ∀q ∈ Lr(c)0 (Ω)
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that is proved in [43][Proposition 2.5] we can guarantee the existence of a pressure and

restate the problem in an equivalent way where we only allow divergence-free test functions

for the momentum equation.

Definition 5.4. Let r : R → [r−, r+] be a Hölder-continuous function with r− > 1 and

r+ < ∞ and let Ω ⊂ Rn be a domain. Furthermore, let f ∈
(
W 1,r−

0 (Ω;Rn)
)′

and cd ∈
W 1,p(Ω) be given functions for p > n. We want to find c ∈ W 1,2(Ω) ∩ Cα(Ω) for some

α > 0 with c|∂Ω = cd|∂Ω, and u ∈W 1,r(c)
0,div (Ω;Rn) such that∫

Ω
S(c,Du) · ∇ψ − (u⊗ u) · ∇ψ dx = 〈f, ψ〉 ∀ψ ∈W 1,∞

0,div(Ω;Rn), (5.22)∫
Ω
qc(c,∇c,Du) · ∇ϕ− cu · ∇ϕ = 0 ∀ϕ ∈W 1,2

0 (Ω;R). (5.23)

The existence of solutions to this problem was shown in [12] for r− > max
{

2n
n−2 ,

n
2

}
.

This threshold was improved in [13] to r− > n
2 . Note that r− > n

2 is exactly the bound that

guarantees c ∈ Cα(Ω) via the classical De Giorgi theory. In the following section, we will

define finite element spaces to formulate the finite element approximation of the problem

stated in equations (5.22) and (5.23) and prove the existence of solutions to the discrete

problem.

5.2 The finite element approximation

In [43] the authors are very general in their definition of finite element spaces. For the space

for the approximation of the concentration, we will have to restrict ourselves to piecewise

affine functions. By T mh , we will denote a sequence of shape-regular triangulations of the

polyhedral Lipschitz domain Ω ⊂ Rn.

We define the spaces Xm
h ⊂ C(Ω;Rn) and Qmh ⊂ L∞(Ω;R) as finite-dimensional sub-

spaces. We also assume that on each simplex T ∈ T mh , functions in Xm
h are in W 1,∞(T ).

Furthermore, we assume that Xm
h has a locally supported basis, which means that if

suppψ ∩ T 6= ∅ for some basis function ψ and T ∈ T mh , we have suppψ ⊂ Ω(T ). For

Pmh we assume that the basis consists of piecewise polynomials. For each basis function p,

we require supp p = T for some T ∈ T mh . As before, we will write Xm
h,0 for the space of

all Xm
h -functions that vanish at the boundary of Ω. Furthermore, we need the discretely

divergence-free space Xm
h,div that is defined as

Xm
h,div := {vh ∈ Xm

h,0 : 〈divvh, q〉 = 0 ∀Qmh }. (5.24)

We will also need the subspace of Qmh of functions that vanish in the mean, i.e.

Qmh,0 :=

{
qh ∈ Qmh :

∫
Ω
qh dx = 0

}
. (5.25)
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Furthermore, we will need the following approximability assumptions:

inf
vh∈Xm

h,0

‖v − vh‖W 1,s(Ω) → 0 ∀vh ∈W 1,s
0 as m→∞, (5.26)

inf
qh∈Qmh

‖q − qh‖Ls(Ω) → 0 ∀qh ∈ Ls0 as m→∞. (5.27)

For Xm
h,0, we need a projection Πm

h,div : W 1,1
0 → Xm

h that preserves the discrete diver-

gence, i.e.,

〈divv, qh〉 = 〈divΠm
h,divv, qh〉 ∀v ∈W

1,1
0 , qh ∈ Qmh , (5.28)

and is locally W 1,1-stable, i.e.,

−
∫
T

|Πm
h,divv|+ hT |∇Πm

h,divv|dx . −
∫

Ω(T )

|v|+ hT |∇v|dx (5.29)

for all T ∈ T mh and v ∈ W 1,1. Note that this also implies W 1,s-stability for all s ∈ [1,∞].

Using this, we also find

‖v −Πm
h,divv‖W 1,s(Ω)

≤ ‖v − z‖W 1,s(Ω) + ‖Πm
h,divv − z‖W 1,s(Ω)

. ‖v − z‖W 1,s(Ω)

for all z ∈ Xm
h and s ∈ [1,∞], which implies that

‖v −Πm
hdivv‖W 1,s(Ω) . inf

z∈Xm
h

‖v − z‖W 1,s(Ω) → 0 (5.30)

as m → ∞ by the approximability assumption from equation (5.26). With the help of the

key-estimate (see [29] for the proof and more details)−∫
Q

|f(y)| dy


r(x)

. −
∫
Q

|f(y)|r(y) dy + |Q|m (5.31)

for every cube or ball Q ⊂ Rn with |Q| ≤ 1 and

−
∫
Q

|f |dx ≤ |Q|−m,

we also find a stability result in the variable exponent space. (The implicit constant depends

on |r|Clog(Ω)). To this end use the equivalence of norms in finite-dimensional spaces, a scaling

117



argument, the W 1,1-stability of Πm
h,div and the key estimate (5.31) to find

∫
T
|∇Πm

h,divf(x)|r(x) dx .
∫
T

−∫
T

|Πm
h,div∇f(y)| dy

r(x)

dx

.
∫
T

 −∫
Ω(T )

|∇f(y)|dy


r(x)

dx

.
∫
T

 −∫
Ω(T )

|∇f(y)|r(y) dy + hnT

 dx

.
∫

Ω(T )
|∇f(x)|r(x) dx+ |T |max

T∈Th
hnT .

(5.32)

Now, we can just add up inequality (5.32) over all T ∈ T mh and note the finite overlap of

the patches Ω(T ) to find∫
Ω

∣∣∇Πm
h,divf(x)

∣∣r(x)
dx .

∫
Ω
|∇f(x)|r(x) dx+ |Ω|max

T∈Th
hnT . (5.33)

Analogously, we need a projection Πm
h,Q : L1(Ω)→ Qmh that satisfies a stability condition:

−
∫
T

|Πm
h,Qq|dx . −

∫
Ω(T )

|q|dx. (5.34)

Similarly to Πm
h,div, this implies Ls(Ω)-stability and ‖Πm

h,Qv − v‖Ls(Ω)
→ 0. The existence of

the projection Πm
h,div of course depends on the choice of the discrete velocity and pressure

spaces. For example, one can use continuous piecewise quadratic functions for the discrete

velocity space Xm
h and discontinuous piecewise constants for the discrete pressure space

Qmh . For more details, see for example [9].

In [43], a similar property is assumed for the discrete concentration space. We will have

to use the space of piecewise affine functions to apply the theory from Chapter 3. In this

chapter, we will again write V m
h and V m

h,0 for this space. Because of inequalities (2.25) and

(2.26), the same stability properties hold for the projections onto this space.

We are now able to state the finite element approximation of the problem given in equa-

tions (5.19), (5.20) and (5.21). Note that we enforce the skew-symmetry of the convective

term in the momentum equation because uh is no longer point-wise divergence-free.

Definition 5.5. Given a sequence of triangulations T mh with respective finite element spaces

Xm
h , Pmh and V m

h and cd ∈ W 1,p(Ω) for p > n, then (umh , p
m
h , c

m
h ) ∈ Xh,0 ×Qmh,0 × V m

h is a
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finite element solution to equations (5.19) to (5.21), if

1

2

∫
Ω

((umh ⊗ vh) · ∇umh − (umh ⊗ umh ) · ∇vh) dx

+

∫
Ω
S(cmh , Du

m
h ) ·Dvh dx− 〈divvh, p

m
h 〉 = 〈f, vh〉 ∀vh ∈ Xm

h,0,

(5.35)∫
Ω

(divumh ) qh = 0 ∀qh ∈ Pmh ,

(5.36)∫
Ω
qc(c

m
h ,∇cmh , Dumh ) · ∇ϕh −

1

2
(cmh u

m
h · ∇ϕh − umh · ∇cmh ϕh) dx = 0 ∀ϕh ∈ V m

h,0

(5.37)

with cmh = Πm
h,V cd on ∂Ω.

Analogously to the continuous case, we want to simplify this problem by allowing only

discretely divergence-free test functions. The discrete inf-sup condition

sup
06=vh∈Xm

h,0,‖vh‖W1,rm (Ω)
≤1
〈divvh, qh〉 & ‖qh‖L(rm)′ (Ω) ∀qh ∈ Qmh,0 (5.38)

if rm → r in Cα(Ω) for some α ∈ (0, 1) that was proved in Proposition 3.8 of [43] guarantees

the existence of a discrete pressure pmh in this case. Furthermore, we have S(c,Du) · ∇v =

S(c,Du) ·Dv.

We get the following set of equations.

Definition 5.6. Given a sequence of triangulations T mh with corresponding finite element

spaces Xm
h , Qmh and V m

h and cd ∈W 1,p(Ω) for p > n, we say that (umh , c
m
h ) ∈ Xm

h,0,div × V m
h

is a finite element solution to equations (5.22) and (5.23), if

1

2

∫
Ω

((umh ⊗ vh) · ∇umh − (umh ⊗ umh ) · ∇vh) dx

+

∫
Ω
S(cmh , Du

m
h ) ·Dvh dx = 〈f, vh〉 ∀vh ∈ Xm

h,0,div,

(5.39)∫
Ω
qc(c

m
h ,∇cmh , Dumh ) · ∇ϕh −

1

2
(cmh u

m
h · ∇ϕh − umh · ∇cmh ϕh) dx = 0 ∀ϕh ∈ V m

h,0

(5.40)

with cmh = Πm
h,V cd on ∂Ω.

In [43], the existence of solutions to equations (5.39) and (5.40) is proved with the help

of the following lemma that is a consequence of Brouwer’s fixed point theorem and given in

[34][Chapter 9].
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Lemma 5.7. Given a continuous function f : RM → RM that satisfies

∃R > 0 : ∀
(
x ∈ RM : |x| = r

)
: f(x) · x ≥ 0,

there exists an x ∈ B(0, r) such that f(x) = 0.

Following the arguments of [43], prove the existence of solutions to equations (5.19) to

(5.21) and to equations (5.39) and (5.40).

Lemma 5.8. Given a sequence of triangulations T mh with respective finite element spaces

Xm
h , Pmh and V m

h and cd ∈ W 1,p(Ω) for p > n, then there exist sequences (umh , p
m
h , c

m
h ) ∈

Xh,0×Qmh,0×V m
h and (umh , c

m
h ) ∈ Xm

h,0,div×V m
h that are finite element solutions to equations

(5.19) to (5.21) in the sense of Definition 5.5 or to equations (5.22) and (5.23) in the sense

of Definition 5.6, respectively.

Proof. We follow the arguments of [43]. First, we show the existence of solutions to equa-

tions (5.22) and (5.23). Let us use L2-orthonormal bases {xi}Ni=1 and {vi}Mi=1 of Xm
h,0,div

and V m
h,0, respectively. For simplicity, we write cmd = Πm

h,V cd. The solutions umh and cmh will

have the form

umh =
N∑
i=1

αixi cmh =
M∑
i=1

βivi + cmd .

It is enough that equations (5.39) and (5.40) are satisfied for any basis function as test

function, i.e.,

1

2

∫
Ω

((umh ⊗ umh ) · ∇xi − (umh ⊗ xi) · ∇umh ) dx

+

∫
Ω
S(cmh , Du

m
h ) · ∇xi dx = 〈f, xi〉 ∀i ≤ N, (5.41)∫

Ω
qc(c

m
h ,∇cmh , Dumh ) · ∇vi −

1

2
(cmh u

m
h · ∇vj − umh · ∇cmh vj) dx = 0 ∀j ≤M. (5.42)

The strategy is the following: we will start with cm1 = cmd and prove the existence of a

solution um1 to equation (5.41) for cmh = cm1 . We will then prove the existence of a solution

cm2 to equation (5.42) for umh = um1 . This process can then be iterated and gives rise to the

sequences umk and cmk . Finally, we will prove that those sequences converge to solutions to

equations (5.39) and (5.40).

For simplicity, we write α = (α1, . . . , αN ) ⊂ RN and for a given α, we write ũ(α) =∑N
i=1 αixi and define the function A : RN → RN via

A(α) := (A1(α), . . . , AN (α))
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where we define

Aj(α) : =

∫
Ω
Sc(c

m
1 , Dũ(α)) · ∇xj

+
1

2
((ũ(α)⊗ ũ(α)) · ∇xj − (ũ(α)⊗ xj) · ∇ũ(α)) dx− 〈f, xj〉.

Note that this expression is linear in the xj entries. This means that if we take the scalar

product A(α)·α, the skew-symmetric part vanishes. Using equation (5.8) and the embedding

from Proposition 5.2 and r > r−, we get

A(α) · α =

∫
Ω
Sc(Dũ(α), cm1 ) · ∇ũ(α) dx− 〈f, ũ(α)〉

≥ C1

∫
Ω
|Dũ(α)|r◦c

m
1 dx− C2 − |〈f, ũ(α)〉|

≥ C1

∫
Ω
|Dũ(α)|r

−
dx− C2 − ‖f‖(

W 1,r−
0 (Ω)

)′‖ũ(α)‖
W 1,r−

0 (Ω)

≥ C1‖ũ(α)‖r
−

W 1,r−
0 (Ω)

− C2 − C(ε)‖f‖(r
−)′(
W 1,r−

0 (Ω)
)′ − ε‖ũ(α)‖r

−

W 1,r−
0 (Ω)

≥ (C1 − ε)‖ũ(α)‖r
−

L2(Ω) − C3,

where we have also used the Sobolev embedding theorem and r− > n
2 . Recall that we

have chosen the basis {xi}Mi=1 to be L2-orthonormal. Thus, we have ‖ũ(α)‖L2(Ω) = |α|.
Therefore, we get A(α) · α ≥ 0 for |α| ≥ C3

C1−ε . This means that we can apply Lemma

5.7 and deduce that there exists an ᾱ ∈ RM such that A(ᾱ) = 0. Therefore, ũ(ᾱ) =: um1

satisfies equation (5.39) for cmh = cmd .

Before we can proceed with the iteration, we have to derive a bound on the Lr
−

(Ω)-norm

of Dum1 and therefore, by Korn’s inequality, the W 1,r−(Ω)-norm of um1 . We test equation

(5.39) against vh = um1 and note that the skew-symmetric part vanishes again to get∫
Ω
S(cm1 , Du

m
1 ) · ∇um1 dx = 〈f, um1 〉.

Then, the coercivity of S that was given in equation (5.8) yields∫
Ω
|Dum1 |

r(cm1 ) dx− C ≤ ‖f‖(
W 1,r−

0 (Ω)
)′‖um1 ‖W 1,r− (Ω)

.

Now, we can apply Young’s inequality to the right-hand side. Furthermore, note that the

Hölder-type inequality from Proposition 5.2 implies that Lr(·)(Ω) ↪→ Lr
−

(Ω). This gives

‖Dum1 ‖
r−

Lr− (Ω)
≤ C(ε)‖f‖(r

−)′(
W 1,r−

0 (Ω)
)′ + ε‖um1 ‖

r−

W 1,r− (Ω)
+ C2.
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This means that we can use Korn’s inequality and absorb ε‖um1 ‖
r−

W 1,r− (Ω)
into the left-hand

side to get

‖um1 ‖W 1,r− (Ω)
≤ C. (5.43)

Note that C is independent of m.

For the iteration scheme, we will now take um1 and will prove the existence of a cm2 that

satisfies equation (5.40) for umh = um1 . Recall that we defined {vi}Mi=1 to be an orthonormal

basis for V m
h,0. For any β ∈ RM , we write β = (β1, . . . , βM ) and c̃(β) = cmd +

∑M
i=1 βivi. We

define the continuous function B : RM → RM via

B(β) := (B1(β), . . . , BM (β)) (5.44)

with

Bi(β) :=

∫
Ω
qc(c̃(β),∇c̃(β), Dum1 ) · ∇vi −

1

2
(c̃(β)um1 · ∇vi −∇c̃(β) · um1 vi) dx. (5.45)

For the scalar product B(β) · β, we write

B(β) · β =

∫
Ω
qc(c̃(β),∇c̃(β), Dum1 ) · ∇(c̃(β)− cmd ) dx

− 1

2

∫
Ω
c̃(β)um1 · ∇(c̃(β)− cmd ) dx

+
1

2

∫
Ω
∇c̃(β) · um1 (c̃(β)− cmd ) dx.

(5.46)

The terms in the skew-symmetric convective term that contain c̃(β) twice will cancel out,

which means that equation (5.46) simplifies to

B(β) · β =

∫
Ω
qc(c̃(β),∇c̃(β), Dum1 ) · ∇(c̃(β)− cmd ) dx

+
1

2

∫
Ω
c̃(β)um1 · ∇cmd −∇c̃(β) · um1 cmd dx.

(5.47)

We can add a zero in the second term of the right-hand side of equation (5.47) to get

B(β) · β =

∫
Ω
qc(c̃(β),∇c̃(β), Dum1 ) · ∇(c̃(β)− cmd ) dx

+
1

2

∫
Ω

(c̃(β)− cmd )um1 · ∇cmd −∇(c̃(β)− cd) · um1 cmd dx

=: I + II + III.

(5.48)

Note that qc is linear in its second variable. We estimate I from equation (5.48) with the

help of the coercivity (5.10) and boundedness (5.9) of qc. Hence,

122



I =

∫
Ω
qc(c̃(β),∇(c̃(β)− cmd ), Dum1 ) · ∇(c̃(β)− cmd ) dx

+

∫
Ω
qc(c̃(β),∇cmd , Dum1 ) · ∇(c̃(β)− cmd ) dx

≥ C1‖∇(c̃(β)− cmd )‖2L2(Ω) − C2

∫
Ω
|∇cd||∇(c̃(β)− cmd )|dx

≥ C1‖∇(c̃(β)− cmd )‖2L2(Ω) − ε‖∇(c̃(β)− cmd )‖2L2(Ω) − C(ε)‖∇cmd ‖
2
L2(Ω)

≥ (C1 − ε)‖c̃(β)− cmd ‖
2
L2(Ω) − C,

(5.49)

where we have also used Young’s inequality and the uniform boundedness of ‖∇cd‖L2(Ω).

For II from equation (5.48), we choose t > 2 such that 1
2 −

1
t ≤

1
(r−)?

. This means that

1
t + 1

(r−)?
+ 1

2 ≥ 1 and t ≥ 2?. Therefore, we can use the Sobolev embedding theorem and

Young’s inequality to estimate II:

2|II| =
∣∣∣∣∫

Ω
(c̃(β)− cmd )um1 · ∇cmd dx

∣∣∣∣
. ‖c̃(β)− cmd ‖Lt(Ω)‖u

m
1 ‖L(r−)? (Ω)

‖∇cmd ‖L2(Ω)

. ‖∇(c̃(β)− cmd )‖L2(Ω)‖u
m
1 ‖W 1,r− (Ω)

≤ ε‖∇(c̃(β)− cmd )‖2L2(Ω) + C(ε)‖um1 ‖W 1,r− (Ω)
.

(5.50)

For III from equation (5.48), we can use that cmd is uniformly bounded to find

2|III| =
∣∣∣∣∫

Ω
∇(c̃(β)− cmd ) · um1 cmd dx

∣∣∣∣
≤ ‖cmd ‖L∞(Ω)‖u

m
1 ‖L2(Ω)‖∇(c̃(β)− cmd )‖L2(Ω)

≤ ε‖∇(c̃(β)− cmd )‖2L2(Ω) + C(ε)‖um1 ‖
2
W 1,r− (Ω)

,

(5.51)

where we have also used the embedding W 1,r−(Ω) ↪→ L2(Ω) and Young’s inequality. Note

that the L2-orthonormality of the vi and Poincaré’s inequality yield

‖∇(c̃(β)− cmd )‖2L2(Ω) & ‖c̃(β)− cd‖L2(Ω) = |β|2.

Furthermore, recall from inequality (5.43) that ‖um1 ‖W 1,r− (Ω)
is uniformly bounded. Now,

we can insert equations (5.49), (5.50) and (5.51) into equation (5.48) to get

B(β) · β & C‖∇(c̃(β)− cmd )‖2L2(Ω) − C
′ & |β|2 − C ′. (5.52)

Thus, we can apply Lemma 5.7 to deduce the existence of a β̄ ∈ RM with a uniformly

bounded norm, such that B(β̄) = 0. This implies the existence of a cm2 ∈ V m
h that satisfies

equation (5.39) for um = um1 .

123



We will now prove a uniform L2-bound on ∇cm1 . We test equation (5.40) against ϕh =

cm2 − cmd ∈ V m
h,0 to get∫

Ω
qc(c

m
2 ,∇cm2 , Dum1 ) · ∇(cm2 − cmd ) dx

−
∫

Ω

1

2
(cm2 u

m
1 · ∇(cm2 − cmd )− umh · ∇cmh (cm2 − cmd )) dx = 0.

After cancelling out the terms that contain cm2 twice in the skew-symmetric term, bound-

edness (5.9) and coercivity (5.10) of qc then yield

‖∇cm2 ‖
2
L2(Ω) .

∫
Ω
|∇cm2 ||∇cmd |+

1

2
(cm2 u

m
1 · ∇cmd − umh · ∇cmh cmd ) dx

≤ ε‖∇cm2 ‖
2
L2(Ω) + C(ε)‖∇cmd ‖

2
L2(Ω) +

1

2

∫
Ω

(cm2 u
m
1 · ∇cmd − um1 · ∇cm2 cmd ) dx,

(5.53)

where we have also used Young’s inequality in the last step. Now, we recall that ‖cmd ‖L∞(Ω)

is uniformly bounded by ‖cd‖L∞(Ω) and that r− > n
2 and therefore W 1,r−(Ω) ↪→ L2(Ω) for

all n ≥ 2. We use the Sobolev embedding theorem and Young’s inequality to get∣∣∣∣∫
Ω
um1 · (∇cm2 )cmd dx

∣∣∣∣ . ‖cmd ‖L∞(Ω)

∫
Ω
|∇cm2 ||um1 |dx

≤ ε‖∇cm2 ‖
2
L2(Ω) + C(ε)‖um1 ‖

2
L2(Ω)

≤ ε‖∇cm2 ‖
2
L2(Ω) + C(ε)‖um1 ‖

2
W 1,r− (Ω)

.

(5.54)

Now, we use integration by parts and the triangle inequality to find that∣∣∣∣∫
Ω
cm2 u

m
1 · ∇cmd dx

∣∣∣∣ ≤ ∣∣∣∣∫
Ω
um1 · (∇cm2 )cmd dx

∣∣∣∣+

∣∣∣∣∫
Ω

(divum1 )cmd c
m
2 dx

∣∣∣∣. (5.55)

Note that (r−)′ =
(
1− 1

r−

)−1
<
(
1− 2

n

)−1 ≤
(

1
2 −

1
n

)−1
. This means that we can use the

Sobolev embedding theorem and Young’s inequality to find that∣∣∣∣∫
Ω

(divum1 )cmd c
m
2 dx

∣∣∣∣ ≤ ‖cmd ‖2L∞(Ω)‖divum1 ‖Lr− (Ω)
‖cm2 ‖L(r−)′ (Ω)

. ‖um1 ‖W 1,r− (Ω)
‖∇cm2 ‖L2(Ω)

≤ ε‖∇cm2 ‖
2
L2(Ω) + C(ε)‖um1 ‖

2
W 1,r− (Ω)

.

(5.56)

This enables us to insert inequalities (5.54), (5.55) and (5.55) into inequality (5.53) and

absorb the ε-terms into the left hand side to find

‖∇c2
n‖L2(Ω) . ‖∇c

m
d ‖

2
L2(Ω) + ‖um1 ‖

2
W 1,r− (Ω)

≤ C. (5.57)

where we have used the m-uniform boundedness of ‖∇cmd ‖L2(Ω) and ‖um1 ‖W 1,r− (Ω)
from

inequality (5.43).
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Now, we can iterate this procedure. We find um2 that solves equation (5.39) for cmh = cm2 .

Then we take cm3 as the solution to equation (5.40) with umh = um2 . For m ∈ N, the iteration

gives sequences {cmk }∞k=0 and {umk }∞k=1 where cmk solves equation (5.40) for umh = umk and

umk solves equation (5.39) for cmh = cmk−1. By induction, the estimate (5.43) holds for all umk

and the bound (5.57) holds for all cmk .

Now, we equip the finite-dimensional spaces V m
h,0 and Xm

h,0,div with the norms ‖·‖W 1,2(Ω)

and ‖·‖
W 1,r− (Ω)

, respectively. Then, the Bolzano–Weierstraß theorem guarantees the exis-

tence of (strongly) convergent subsequences of {cmk }∞k=0 and {umk }∞k=1. Without relabelling

the subsequences, this means that

umk → ũmh , (5.58)

cmk − cmd → c̃mh − cmd (5.59)

for some ũmh ∈ Xm
h,div and c̃mh . It remains to show that the pair (ũmh , c̃

m
h ) solves equations

(5.39) and (5.40).

Because we are working on finite dimensional spaces, all norms are equivalent, so we

also have strong convergence in W 1,∞(Ω) for both, {cmk }∞k=1 and {umk }∞k=1. This implies

uniform convergence. Therefore, we have

umk → ũmh , Dumk → Dũmh , cmk → c̃mh , ∇ukn → ∇ũmh

almost everywhere uniformly. Furthermore, S and qc are continuous, which leads to

S(cmk , DU
m
k )→ S(c̃mh , Dũ

m
h ), qc(c

m
k ,∇cmk , Dumk )→ qc(c̃

m
h ,∇c̃mh , Dũmh )

almost everywhere uniformly. This allows us to pass to the limit k →∞ in equations (5.39)

and (5.40) to get

1

2

∫
Ω

((ũmh ⊗ ũmh ) · ∇vh − (ũmh ⊗ vh) · ∇ũmh ) dx

+

∫
Ω
S(c̃mh , Dũ

m
h ) · ∇vh dx = 〈f, vh〉 ∀vh ∈ Xm

h,0,div,∫
Ω
qc(c̃

m
h ,∇c̃mh , Dũmh ) · ∇ϕh −

1

2
(c̃mh ũ

m
h · ∇ϕh − ũmh · ∇c̃mh ϕh) dx = 0 ∀ϕh ∈ Vh,0.

The boundary condition c̃mh = cmd on ∂Ω is fulfilled by construction. This establishes the

existence of a discrete solution to equations (5.39) and (5.40) for any m ∈ N. If we go

back to Problem Q and equations (5.19) to (5.21), the discrete inf-sup condition (5.38)

guarantees the existence of a discrete pressure pmh .
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Before we proceed, we will verify a few estimates of the form of inequalities (5.43) and

(5.57).

Lemma 5.9. Let umh ∈ Xm
h,0,div and cmh ∈ V m

h satisfy equations (5.39) and (5.40). Define

µ = max{r+, n
n−2 − ε} for some ε > 0. Then, we have∫

Ω
|∇umh |

r(cmh ) dx+

∫
Ω
|S(cmh , Du

m
h )|r

′(cmh ) dx ≤ C1, (5.60)∫
Ω
|∇cmh |

2 dx+

∫
Ω
|qc(cmh ,∇cmh , Dumh )|2 dx ≤ C2, (5.61)

‖pmh ‖Lµ′ (Ω) ≤ C3. (5.62)

The constants C1, C2 and C3 do not depend on m.

Proof. We test equation (5.39) against ϕh = umh . The skew-symmetric term vanishes, so we

get ∫
Ω
S(cmh , Du

m
h ) ·Dumh dx = 〈f, umh 〉. (5.63)

We can apply inequality (5.8) to the left-hand side of equation (5.63) and the standard

duality estimate on the right-hand side of equation (5.63) to get∫
Ω
|Dumh |

r(cmh ) + |S(cmh , Du
m
h |
r′(cmh ) − C1 ≤ ‖f‖(

W 1,r−
0 (Ω)

)′‖umh ‖W 1,r− (Ω)
.

Then, we can use Korn’s inequality and Young’s inequality to prove inequality (5.60).

Now, we test equation (5.40) against cmh − cdn. This leaves us with∫
Ω
qc(c

m
h ,∇cmh , Dumh ) · ∇(chh − cmd )− 1

2
(cmh u

m
h · ∇(cmh − cmd )− umh · ∇cmh (cmh − cmh )) dx = 0.

We proceed as in inequalities (5.53) to (5.56) to deduce

|∇cmh |
2 . 1 + ‖umh ‖

2
W 1,r− (Ω)

. (5.64)

Note that inequality (5.9) implies |qc(cmh ,∇cmh , Dumh )|2 . |∇cmh |
2. Then, inequality (5.60)

and (5.64) imply inequality (5.61).

Finally, the discrete inf-sup condition (5.38) yields

‖pmh ‖Ls′ (Ω) . sup
06=vh∈Xm

h,0,‖vh‖W1,s(Ω)≤1
〈divvh, p

m
h 〉 (5.65)

for all s > 1. For an arbitrary vh ∈ Xm
h,0, we can use the PDE (5.19) to get

〈divv, pmh 〉 ≤
∣∣∣∣∫

Ω
S(cmh , Du

m
h ) ·Dvh +

1

2
(umh ⊗ vh · ∇umh − umh ⊗ umh · ∇vh) dx− 〈f, vh〉

∣∣∣∣
. ‖S(cmh , u

m
h )‖

L(r(cmh ))
′
(Ω)
‖Dvh‖Lr(cmh )

(Ω)
+ ‖vh‖W 1,r− (Ω)

‖f‖
W−1,r− (Ω)

+ ‖umh ‖L(r−)∗ (Ω)
‖vh‖Ls? (Ω)‖u

m
h ‖W 1,r− (Ω)

+ ‖umh ‖
2
L(r−)? (Ω)

‖vh‖W 1,s(Ω),

(5.66)
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where 1
s = 1− 2

(r−)?
. For r− > n

2 , this means that s < n
n−2 . Now, we deduce from inequality

(5.6) and (r − 1)r′ = r that

‖S(cmh , u
m
h )‖

L(r(cmh ))
′
(Ω)
. ‖umh ‖

W
1,r(cmh )(Ω)

. (5.67)

By the Sobolev embedding theorem, we also have

‖umh ‖L(r−)? (Ω)
‖vh‖Ls? (Ω)‖u

m
h ‖W 1,r− (Ω)

. ‖umh ‖
2
L(r−)? (Ω)

‖vh‖W 1,s(Ω). (5.68)

Let us now define µ = max{s, r+}. Then, W 1,µ(Ω) ↪→ Lr(c
m
h )(Ω) and W 1,µ(Ω) ↪→ Ls(Ω).

This and inequalities (5.65), (5.66), (5.67) and (5.68) yield inequality (5.62) which completes

the proof of the lemma.

5.3 Elliptic equations with lower order terms

In the convergence analysis of the sequences umh and cmh that satisfy equations (5.39) and

(5.40) which were defined in the previous section, we want to apply the theory from Chapter

3 to equation (5.23). Before we can proceed, we have to generalise Theorem 3.25 to include

lower order terms. Obviously, we cannot guarantee that umh c
m
h satisfies Assumption (?) from

Definition 3.10. Thus, any attempt to see the lower order terms as part of the source term

is bound to fail. One could integrate by parts, but then we would need a bound on ∇cmh and

in general, it is not possible to bound it in a stronger norm than L2. In n = 3 dimensions

this would limit us to the case r− > 2, which would not include Newtonian fluids.

After an integration by parts, equation (5.40) will have the following form. Let A ∈
L∞(Ω;Rn×n) be a uniformly elliptic matrix-valued function and let b ∈ Lp(Ω;Rn), c ∈ Lq(Ω)

and g ∈ Cα ∩ Vh be given functions with 1
p = 1

n −
δ
n and 1

q = 2
n −

δ
n for some δ > 0 and

α > 0. We look at functions uh ∈ Vh that satisfy∫
Ω
A∇uh · ∇ϕh + buh · ∇ϕh + cuhϕh dx = 0,

uh|∂Ω = g|∂Ω

(5.69)

for all ϕh ∈ Vh,0. This means that we have to deal with lower order terms. The näıve

approach of seeing buh as part of the source term and using the theorems in Chapter 3

is bound to fail because we cannot guarantee that buh satisfies Assumption (?), that in

is core is a regularity assumption. However, the only part in Chapter 3 where we used

assumption (?) was Theorem 3.12, where we proved the subsolution property of the nodal

maximum of two discrete solutions. Under additional assumptions on the mesh, we can

prove a subsolution property even in the case where buh does not satisfy Assumption (?).
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Lemma 5.10. For given functions A ∈ L∞(Ω;Rn×n) and b ∈ Lp(Ω;Rn), f, g ∈ Lq(Ω;R)

where A is uniformly elliptic, 1
p = 1

n−
δ
n , and 1

q = 2
n−

δ
n , let Th be a shape-regular, uniformly

A-acute triangulation of the polyhedral Lipschitz domain Ω ⊂ Rn. Furthermore, let uh ∈ Vh
and vh ∈ Vh satisfy the inequalities∫

Ω
A∇uh · ∇ϕh + buh · ∇ϕh dx ≤

∫
Ω
fϕh dx ∀ϕh ∈ Vh,0 with ϕh ≥ 0, (5.70)∫

Ω
A∇uh · ∇ϕh + buh · ∇ϕh dx ≤

∫
Ω
gϕh dx ∀ϕh ∈ Vh,0 with ϕh ≥ 0 (5.71)

with

uh|∂Ω = w1|∂Ω,

vh|∂Ω = w2|∂Ω.

for some given functions w1, w2 ∈ Cα(∂Ω).

Then, the nodal maximum uh g vh satisfies the inequality∫
Ω
A∇(uh g vh) · ∇ϕh dx+

∫
Ω

(uh g vh)b · ∇ϕh dx ≤
∫

Ω
(f ∨ g)ϕh dx (5.72)

for all nonnegative ϕh ∈ Vh,0 if maxT∈Th hT is small enough.

Proof. For simplicity, we write

A(u, v) =

∫
Ω
A∇u · ∇v dx+

∫
Ω
ub · ∇v dx.

Obviously, this form is bilinear in u and v. Using the uniform A-acuteness of the triangu-

lation Th (i.e. inequality (2.9)), we find

−A(ψi, ψj) = −
∫

Ω
A∇ψi · ∇ψj dx−

∫
Ω
ψib · ∇ψj dx

≥ cε‖∇ψi‖L2(Ω)‖∇ψj‖L2(Ω) − ‖b‖Lp(Ω)‖ψi∇ψj‖Lp′ (Ω)

(5.73)

for i 6= j and 1
p + 1

p′ = 1. If the respective supports of ψi and ψj have a non-empty overlap,

we have hi ∼ hj ∼ hT . Inequality (2.10) yields

‖∇ψi‖L2(Ω) ∼ ‖∇ψj‖L2(Ω) ∼ h
n
2
−1

T (5.74)

and

‖ψi∇ψj‖Lp′ (Ω) ∼ h
n
p′−1

T = hn−2+δ
T . (5.75)

Now, we insert equations (5.74) and (5.75) into inequality (5.73). For some constants c1 > 0

and c2 > 0, we get

−A(ψi, ψj) ≥ c1h
n−2
T − c2‖b‖Lph

n−2+δ
T = hn−2

T

(
c1 − c2‖b‖Lph

δ
T

)
. (5.76)
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If we now choose maxT∈T hT ≤ c2
c1
‖b‖Lp(Ω), we conclude that

−A(ψi, ψj) ≥ 0. (5.77)

This implies that we can proceed as in equation (3.48). First, we fix some j and assume

w.l.o.g. that u(xj) ≥ v(xj) and note that equation (5.72) becomes A(uh, ϕh) ≤
∫

Ω fϕh dx.

Using inequality (5.77), we estimate

A(uh g vh, ψj) =
∑
i

(uh(xi) ∨ vh(xi))A(ψi, ψj)

= (uh(xj) ∨ vh(xj))A(ψj , ψj) +
∑
i 6=j

(uh(xi) ∨ vh(xi))A(ψi, ψj)

≤ uh(xj)A(ψj , ψj) +
∑
i 6=j

uh(xi)A(ψi, ψj)

= A(uh, ψj) ≤
∫

Ω
fψj dx ≤

∫
Ω

(f ∨ g)ψj dx.

(5.78)

Now, we write ϕh =
∑

j ϕh(xj)ψj with ϕh(xj) ≥ 0 and use inequality (5.78) find

A(uh g vh) =
∑
j

ϕh(xj)A(uh g vh, ψj) ≤
∑
j

ϕh(xj)

∫
Ω

(f ∨ g)ψj dx =

∫
Ω

(f ∨ g)ϕh dx.

This proves the lemma.

A similar property to inequality (5.75) has been shown with a similar technique in [62]

for b ∈ L∞(Ω) in order to prove a discrete maximum principle for linear elliptic equations.

Note that this is the only point where we needed assumption (?) in our proofs in Chap-

ter 3. Recall that uh ∈ Vh implies uh ∈ L∞(Ω). (However, the L∞-norm of uh is not

necessarily uniformly bounded, a priori.) Therefore, we can apply Theorems 3.20 and 3.27

to equation (5.69) with F = uhb and f = uhc because ‖uhb‖Lp(Ω) ≤ ‖uh‖L∞(Ω)‖b‖Lp(Ω) and

‖uhc‖Lq(Ω) ≤ ‖uh‖L∞(Ω)‖c‖Lq(Ω). We will now show that it is indeed possible to deduce a

uniform L∞-bound on uh in this case.

Lemma 5.11. For a given uniformly elliptic function A ∈ L∞(Ω;Rn×n) and a function

b ∈ Lp(Ω;Rn)with 1
p = 1

n −
δ
n for some δ > 0, let Th be a shape-regular, uniformly A-acute

triangulation of the polyhedral Lipschitz domain Ω ⊂ Rn. Let uh ∈ Vh be a discrete solution

to equation (5.69). Then, there is a uniform global bound on ‖uh‖L∞(Ω) that is independent

of the mesh size, provided that maxT∈T hT ≤ C for some constant C that depends only on

the shape-regularity constant Γ, the uniform A-acuteness of Th, ‖b‖Lp(Ω), and δ.

Proof. For interiour balls away from the boundary, Theorem 3.20 implies

sup
Ω′(B(x0,R))

|uh|2 ≤ C1 −
∫

Ω(B(x0,2R))

|uh|2 dx+ C2‖uh‖2L∞(Ω)

(
‖b‖2Lp(Ω) + ‖c‖2Lq(Ω)

)
R2δ. (5.79)
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For balls near the boundary, we define G = max∂Ω g. Then, Theorem 3.27 implies

sup
Ω′(B(x0,R))

|uh|2 ≤ C3R
−n
∫

Ω(2B(x0,R))
|uh|2 dx

+ C4‖uh‖2L∞(Ω)

(
‖b‖2Lp(Ω) + ‖c‖2Lq(Ω)

)
R2δ +G2.

(5.80)

Let us now choose R = R0 := (2 max{C2, C4}(‖b‖2Lp(Ω) + ‖c‖2Lq(Ω))
− 1

2δ in inequalities (5.79)

and (5.80). Also recall from equation 2.13 that |Ω(B(x0, R))| ∼ Rn. This gives

sup
Ω′(B(x0,R0))

|uh|2 ≤ CR−n0

∫
Ω(B(x0,R0))

|uh|2 dx+
1

2
‖uh‖2L∞(Ω) +G2. (5.81)

Note that
∫

Ω(B(x0,R)) |uh|
2 dx ≤

∫
Ω |uh|

2 dx. This means that we can take the supremum

over all x0 ∈ Ω to find

‖uh‖2L∞(Ω) = sup
x0∈Ω

sup
Ω′(B(x0,R0))

|uh|2

≤ CR
n
2δ

∫
Ω
|uh|2 dx+

1

2
‖uh‖2L∞(Ω) +G2.

Therefore, we can absorb the term 1
2‖uh‖

2
L∞(Ω) into the left-hand side. This proves the

uniform boundedness of ‖uh‖L∞ . The same result can be attained by using the discrete

maximum principle as stated in [62] after generalizing it to include b ∈ Ln(Ω;Rn).

This allows us to apply Theorem 3.25 to discrete solutions to equation (5.69) with

F = uhb and f = uhc to find a uniform global bound on |uh|Cα(Ω) for some α > 0. Let us

summarize the result in a theorem.

Theorem 5.12. Let Ω ⊂ Rn be a polyhedral Lipschitz domain. For a given uniformly

elliptic A ∈ L∞(Ω;Rn×n), let Th be a shape-regular and uniformly A-acute triangulation of

Ω with respective finite element spaces Vh and Vh,0. Let g ∈ Vh, b ∈ Lp(Ω) and f ∈ Lq(Ω)

be given functions with |g|Cβ(Ω) ≤ C for some C and β > 0, 1
p = 1

n −
δ
n and 1

q = 2
n −

δ
n for

some δ > 0. Let uh ∈ Vh satisfy∫
Ω
A∇uh · ∇ϕh + buh · ∇ϕh + cuhϕh dx = 0,

uh|∂Ω = g|∂Ω

(5.82)

for all ϕh ∈ Vh,0. Then, there are constants C1 > 0, α > 0 that that depend only on n, d,

‖A‖L∞(Ω), ‖b‖Lp(Ω), ‖c‖Lq(Ω), β, |g|Cβ(Ω), diam(Ω) and the shape-regularity parameter Γ,

such that

|uh|Cα(Ω) ≤ C1

if maxT∈Th hT ≤ C2 where C2 is a constant that depends only on the shape-regularity pa-

rameter Γ of Th, the uniform A-acuteness of Th, ‖b‖Lp(Ω), and δ.
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Proof. Lemma 5.11 gives a uniform bound on ‖uh‖L∞(Ω). Hence, we have ‖ub‖Lp(Ω) .

‖b‖Lp(Ω) and ‖uc‖Lq(Ω) . ‖c‖Lq(Ω). Lemma 5.10 guarantees that the nodal positive part(uh−
c)+ satisfies a subsolution property. This means that we can apply Theorem 3.25 on uh

with F = ub and f = uc without having to require ub to satisfy assumption (?) because the

only part in the proof of Theorem 3.25 where those conditions were needed, were the proofs

of the subsolution properties. This gives a uniform Hölder-norm bound and completes the

proof.

Finally, we can apply the theory to the discrete concentration equation (5.37).

Theorem 5.13. Let T mh be a sequence of uniformly acute triangulations of the polyhedral

Lipschitz domain Ω ⊂ Rn with a uniformly bounded shape-regularity parameter Γ with

respective finite element spaces as defined in Section 5.2. Furthermore, assume qc(x, v,A) =

k(x,A)v for a scalar function k ∈ L∞(R×Rn×n;R) with k(x,A) ≥ k− > 0. Let umh ∈ Xm
h,div

and cmh ∈ V m
h solve equations (5.39) and (5.40). Then, there is an α > 0, such that |cmh |Cα(Ω)

is bounded uniformly in m, provided that maxT∈T mh hT is small enough.

Proof. The function cmh satisfies equation (5.40), i.e.∫
Ω
k(cmh , Du

m
h )∇cmh · ∇ϕh −

1

2
(cmh u

m
h · ∇ϕh − umh · ∇cmh ϕh) dx = 0 (5.83)

for all ϕh ∈ Vh,0. After an integration by parts in the last summand of the left-hand side,

this becomes∫
Ω
k(cmh , Du

m
h )∇cmh · ∇ϕh − cmh umh · ∇ϕh −

1

2
cmh (divumh )ϕh dx = 0 (5.84)

for all ϕh ∈ Vh,0. As k is a scalar function, a uniformly acute triangulation T mh is al-

ways uniformly k-acute. We have defined the boundary condition for cmh as cmd = Πh,V cd.

The Lagrange interpolation projection is obviously stable under the Hölder-seminorm, i.e.

|cmd |Cβ(Ω) ≤ |cd|Cβ(Ω).

Recall from equation (5.60) from Lemma 5.9 that∫
Ω
|∇umh |

r(cmh ) dx ≤ C.

Because r ≥ r−, this implies that ‖umh ‖
r−

W 1,r− (Ω)
is uniformly bounded. Furthermore, recall

that r− > n
2 which means that there is a δ > 0, such that 1

r− = 2
n −

δ
n . Therefore, we

have ‖divumh ‖
L( 2

n−
δ
n)
−1

(Ω)
≤ ‖umh ‖W 1,r− (Ω)

. Furthermore, the Sobolev embedding theorem

implies that ‖umh ‖
L( 1

n−
δ
n)
−1

(Ω)
≤ ‖uh‖W 1,r− (Ω)

.

This means that we can apply Theorem 5.12 with a = k(cmh , Du
m
h ), b = −umh and

c = −1
2divumh to conclude the proof.
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5.4 Convergence Analysis

We are now able to prove the convergence of the sequences that were defined in Section 5.2.

We will follow the arguments of [43]. However, because of Theorem 5.13, these arguments

also apply to the physically relevant case of n = 3 space dimensions.

First, let us now collect the convergence results that we can extract from the bounds

which we have proved in Lemma 5.9 and Theorem 5.13. We will use the reflexivity of the

spaces in question and the compact Sobolev embedding. From equation (5.60), we see that

we can extract subsequences (not relabelled), such that

umh ⇀ u weakly in W 1,r−

0 (Ω;Rn), (5.85)

umh → u strongly in Ln+ε(Ω;Rn), ε > 0 (5.86)

S(cmh , u
m
h ) ⇀ S̃ weakly in L(r+)

′
(Ω;Rn×n). (5.87)

Equation (5.62) yields

pmh ⇀ p weakly in Lµ
′
(Ω) (5.88)

for µ = max{r+, n
n−2 + ε}. Furthermore, equation (5.61) gives

cmh ⇀ c weakly in W 1,2(Ω), (5.89)

qc(c
m
h ,∇cmh , Dumh ) ⇀ q̃ weakly in L2(Ω;Rn). (5.90)

Finally, we use Theorem 5.13 and the fact that Cβ(Ω) ↪→ Cα(Ω) compactly for β < α. This

gives

cmh → c strongly in Cβ(Ω). (5.91)

First, we have to establish the fact that the limit u is indeed in W
1,r(c)
0,div (Ω;Rn). We have

cmh → c in Cβ(Ω) from equation (5.91). This means that for a given ε > 0, we can choose

m large enough to have |r(cmh )− r(c)| < ε
Θ with a Θ > 1 that is large enough such that

r(c)− Θ+1
Θ ε > 1. From the estimate in inequality (5.60), we deduce that

C1 ≥
∫

Ω
|∇umh |

r(cmh ) dx ≥
∫

Ω∩{|∇umh |>1}
|∇umh |

r(cmh ) dx

≥
∫

Ω∩{|∇umh |>1}
|∇umh |

r(cmh )−r(c)+r(c)−ε dx ≥
∫

Ω∩{|∇umh |>1}
|∇umh |

r(c)−Θ+1
Θ

ε dx.

(5.92)

Furthermore, it is obvious that∫
Ω∩{|∇umh |≤1}

|∇umh |
r(c)−Θ+1

Θ
ε dx ≤ C̃1. (5.93)

Adding up the inequalities (5.92) and (5.93) yields∫
Ω
|∇umh |

r(c)−Θ+1
Θ

ε dx . 1. (5.94)
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By reflexivity of the respective spaces, inequality (5.94) allows us to find a subsequence (not

relabelled), such that

umh ⇀ u weakly in W 1,r(c)−Θ+1
Θ

ε(Ω). (5.95)

Thus, we have ∫
Ω
|∇umh |

r(c)−Θ+1
Θ

ε dx . 1. (5.96)

Therefore, we can use Fatou’s Lemma for ε→ 0 to deduce the desired estimate∫
Ω
|∇u|r(c) dx . 1. (5.97)

Analogously to inequalities (5.92) to (5.97), we can find∫
Ω

∣∣S̃∣∣r′(c) dx . 1. (5.98)

Now, we need to check that we indeed have divu = 0. We take an arbitrary v ∈ C∞0 (Ω)

and test divumh against Πm
h,Qv. Then, umh ∈ Xm

h,div implies that

0 =

∫
Ω

(
Πm
h,Qv

)
divumh dx

=

∫
Ω

(
Πm
h,Qv − v

)
divumh dx+

∫
Ω
v (divumh − divu) dx+

∫
Ω
vdivudx.

(5.99)

Note that Πm
h,Qv → v strongly in Ls(Ω) for all s ∈ (1,∞) by inequality (5.34). Together

with the bound (5.60), this means that∫
Ω

(
Πm
h,Qv − v

)
divumh dx→ 0 (5.100)

as m→∞. Furthermore, the weak convergence (5.85) implies that∫
Ω
v (divumh − divu) dx→ 0 (5.101)

as m → ∞. Therefore, letting m → ∞ in equation (5.99) implies together with equations

(5.100) and (5.101) that ∫
Ω
vdivudx = 0 ∀v ∈ C∞0 (Ω). (5.102)

Of course, this implies divu = 0 almost everywhere in Ω.

With a similar technique, we can also verify the limit of the convective term in the

momentum equation. For an arbitrary v ∈ W 1,∞(Ω;Rn), we have Πm
h,X,divv → v strongly

in W 1,s(Ω) for all s ∈ [1,∞) by equation (5.30). Furthermore, note that W
1,r(cm)
0 (Ω) ↪→

L2(1+ε)(Ω) for some ε > 0 because n ≥ 2 and r− > n
2 . Therefore, we can deduce∫

Ω
(umh ⊗ umh ) · ∇Πm

h,X,divv dx→
∫

Ω
u⊗ u · ∇v dx (5.103)
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as m → ∞. Now, we are assuming r− > 2n
n+1 . This is a restriction only for n = 2 where

it translates to r− > 4
3 . For n ≥ 3, we have n

2 ≥
2n
n+1 . This leads to (r−)? > (r−)′ and

we therefore have the compact embedding W 1,r−

0 (Ω) ↪→ L(r−)′+ε(Ω) for some ε > 0. This

means that we can find some s ∈ (1,∞), such that

‖umh ⊗Πm
h,X,divv − u⊗ v‖L(r−)′ (Ω)

≤‖umh ⊗
(
Πm
h,X,divv − v

)
‖
L(r−)′ (Ω)

+ ‖(umh − u)⊗ v‖
L(r−)′ (Ω)

≤‖umh ‖L(r−)′+ε(Ω)
‖Πm

h,X,divv − v‖Ls(Ω)
+ ‖umh − u‖L(r−)′+ε(Ω)

‖v‖Ls(Ω).

(5.104)

The first summand tends to zero as m → ∞ because of property (5.30) of the projec-

tion operator, while ‖umh ‖L(r−)′+ε(Ω)
stays bounded because of the continuous embedding

W 1,r−

0 (Ω) ↪→ L(r−)′+ε(Ω) and the estimate from inequality (5.60). The second summand

of inequality (5.104) also tends to zero as m → ∞ because of the weak convergence of umh

in W 1,r−

0 (Ω) and the compact embedding L(r−)′+ε(Ω) ↪→ W 1,r−

0 (Ω). Therefore, we have

umh ⊗Πm
h,X,divv → u⊗ v strongly in L(r−)′(Ω) and thus∫

Ω
(umh ⊗Πm

h,X,divv) · ∇umh dx→
∫

Ω
(u⊗ v) · ∇udx = −

∫
Ω

(u⊗ u) · ∇v dx (5.105)

as m→∞, where we have also used that divu = 0 a.e. in Ω from equation (5.102).

Additionally, we note that divΠm
h,X,divv → divv strongly in Ls(Ω) for all v ∈ W 1,∞(Ω)

because of equation (5.30). Together with the weak convergence pmh ⇀ p in Lµ
′
(Ω) for some

µ′ > 1 from equation (5.88), this yields

〈pmh ,divΠm
h,X,divv〉 → 〈p,divv〉 (5.106)

as m→∞. Similarly, we get∫
Ω
S(cmh , Du

m
h ) ·DΠm

h,X,divv dx→
∫

Ω
S̃ ·Dv dx (5.107)

as m → ∞ because of the weak convergence from equation (5.87). Finally, we test the

velocity equations (5.35) and (5.39) against Πm
h,X,divv for an arbitrary v ∈W 1,∞

0 (Ω;Rn) and

v ∈ W 1,∞
0,div(Ω;Rn) respectively and use the limits (5.103), (5.105), (5.106), and (5.107) to

pass to the limit m→∞. We get∫
Ω
S̃ ·Dv − (u⊗ u) · ∇v dx− 〈divv, p〉 = 〈f, v〉 ∀v ∈W 1,∞

0 (Ω;Rn), (5.108)∫
Ω
S̃ ·Dv − (u⊗ u) · ∇v dx = 〈f, v〉 ∀v ∈W 1,∞

0,div(Ω;Rn). (5.109)

Next, we will look at the concentration equation (5.40). From the strong Cβ(Ω)-convergence

of cmh (5.91) follows the strong convergence cmh → c in L∞(Ω) as m → ∞. Together with

the strong L2(Ω)-convergence of umh from equation (5.86), this yields

‖umh cmh − uc‖L2(Ω) ≤ ‖u
m
h − u‖L2(Ω)‖c‖L∞(Ω) + ‖umh ‖L2(Ω)‖c

m
h − c‖L∞(Ω) → 0. (5.110)

134



Analogously, we have Πm
h,V v → v strongly in W 1,2(Ω) for all v ∈ W 1,2

0 (Ω) by the stability

and approximability properties of V m
h . Furthermore, the weak convergence umh ⇀ u in

W 1,r−

0 (Ω) from equation (5.85) implies strong convergence in Ln+ε(Ω) for some ε > 0

because r− > n
2 and the compact Sobolev embedding theorem. Additionally, note that

1
2? >

(
1
2 −

1
n(1+ε)

)−1
= 2n(1+ε)

n−2+nε . This gives

‖umh Πm
h,V v − uv‖L2(Ω)

≤‖umh ‖Ln+ε(Ω)‖Π
m
h,V v − v‖

L
2n(1+ε)
n−2+nε (Ω)

+ ‖umh − u‖Ln+ε(Ω)‖v‖
L

2n(1+ε)
n−2+nε (Ω)

≤‖umh ‖Ln+ε(Ω)‖Π
m
h,V v − v‖W 1,2(Ω)

+ ‖umh − u‖Ln+ε(Ω)‖v‖W 1,2(Ω) → 0

(5.111)

as m→∞. Therefore, we can combine the strong L2(Ω)-convergence of umh Πm
h,V v and the

weak W 1,2(Ω)-convergence of cmh from equation (5.89) to find∫
Ω

Πm
h,V vu

m
h · ∇cmh dx→

∫
Ω
vu · ∇cdx (5.112)

as m→∞ for every v ∈ W 1,2
0 (Ω). Recall divu = 0 a.e. in Ω from equation (5.102). Thus,

an integration by parts in equation (5.112) yields∫
Ω

Πm
h,V vu

m
h · ∇cmh dx→ −

∫
Ω
cu · ∇v dx (5.113)

as m → ∞ for every v ∈ W 1,2
0 (Ω). Furthermore, recall the strong L2(Ω)-convergence

umh c
m
h → uc from equation (5.110). Together with Πm

h,V v → v strongly in W 1,2(Ω), this

gives ∫
Ω
cmh u

m
h · ∇Πm

h,V v dx→
∫

Ω
cu · ∇v dx (5.114)

as m → ∞ for every v ∈ W 1,2
0 (Ω). Finally, the weak convergence q(cmh ,∇cmh , Dumh ) ⇀ q̃

from equation (5.90) yields∫
Ω
qc(c

m
h ,∇cmh , Dumh ) · ∇Πm

h,V v dx→
∫

Ω
q̃ · ∇v dx (5.115)

as m→∞ for every v ∈W 1,2
0 (Ω).

After testing the concentration equation (5.37) against vh = Πm
h,V v for an arbitrary

v ∈ W 1,2
0 (Ω), we can let m → ∞ and with the help of equations (5.113), (5.114) and

(5.115), we get ∫
Ω
q̃ · ∇v − cu · ∇v dx = 0. (5.116)

Comparing equations (5.109) and (5.116) with equations (5.22) and (5.23), we see that the

only thing that remains to be shown is to verify that u and c satisfy equations (5.22) and

(5.23) is the identification of the limits S̃ = S(c,Du) and q̃ = qc(c,∇c,Du).
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Let us first make the technical assumption

lim
m→∞

∫
Ω

((S(cmh , Du
m
h )− S(ch, Du)) · (Dumh −Du))

1
4 dx = 0 (5.117)

that we shall prove in the Appendix. Recall from the monotonicity assumption on S in

inequality (5.7) that the integrand of equation (5.117) is nonnegative. Therefore, equation

(5.117) is also true when integrating over a set Ωλ ⊂ Ω defined by

Ωλ := {x ∈ Ω : |Du| ≤ λ}

for a given arbitrary constant λ > 0. Furthermore, we can find a not relabelled subsequence

of the integrands in equation (5.117) that converges to zero pointwise almost everywhere in

Ω and therefore also in Ωλ ⊂ Ω. For an arbitrary ε > 0, we now can use Egoroff’s Theorem

(See Theorem 2.22 in [35]) to find a set Ωε
λ ⊂ Ωλ such that the sequence of integrands

converges uniformly on Ωε
λ and |Ωλ \ Ωε

λ| < ε. Obviously, this also implies

(S(cmh , Du
m
h )− S(cmh , Du)) · (Dumh −Du)→ 0 (5.118)

almost everywhere uniformly on Ωε
λ. Therefore, we get

lim
m→∞

∫
Ωελ

(S(cmh , Du
m
h )− S(cmh , Du)) · (Dumh −Du) dx = 0. (5.119)

Additionally, S(cmh , Du) → S(c,Du) in Ls(Ωε
λ;Rn×n) for all s ∈ [1,∞) because of the

boundedness of Du on Ωε
λ, the boundedness of S from inequality (5.6) and cmh → c from

equation (5.91) and the uniform convergence theorem. Thus, we get∫
Ωελ

S(cmh , Du) · (Dumh −Du) dx→ 0 (5.120)

as m → ∞, where we also have used the weak convergence Dumh ⇀ Du from equation

(5.85). Furthermore, the weak convergence S(cmh , Du
m
h ) ⇀ S̃ from equation (5.87) yields∫

Ωελ

S(cmh , Du
m
h ) ·Dudx→

∫
Ωελ

S̃ ·Dudx (5.121)

as m→∞. Combining equations (5.119), (5.120) and (5.121) yields∫
Ωελ

S(cmh , Du
m
h ) ·Dumh dx→

∫
Ωελ

S̃ ·Dudx (5.122)

as m→∞.

Let us now fix an arbitrary A ∈ L∞(Ω;Rn×n). The monotonicity of S from equation

(5.7) gives ∫
Ωελ

(S(cmh , Du
m
h )− S(cmh , A)) · (Dumh −A) dx ≥ 0. (5.123)
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We will now use equation (5.122), the strong Lq(Ωε
λ;Rn×n)-convergence S(cmh , A)→ S(c, A)

and the weak Lr
−

(Ω;Rn×n)-convergence Dumh ⇀ Du to take the limit m→∞ in equation

(5.123). This gives

0 ≤
∫

Ωελ

S̃ · (Du−A)− S(c, A) · (Du−A) dx

=

∫
Ωελ

(
S̃ − S(c, A)

)
· (Du−A) dx.

(5.124)

We now want to use Minty’s trick. Recall that Du is bounded on Ωε
λ. This means that

inequality (5.124) is true for A = Du ± ηB for all arbitrary B ∈ L∞(Ω;Rn×n) and η > 0.

Therefore, we get

±
∫

Ωελ

(
S̃ − S(c,Du± ηB)

)
·B dx ≥ 0. (5.125)

S is continuous by definition. We can take η → 0 thanks to the dominated convergence

theorem and get ∫
Ωελ

(
S̃ − S(c,Du)

)
·B dx = 0. (5.126)

We conclude

S̃ = S(c,Du) a.e. on Ωε
λ. (5.127)

By construction, we have limε→0 limλ→0 |Ω \ Ωε
λ| = 0. Therefore, we can let ε → 0 and

λ→ 0 in equation (5.127) to finally find

S̃ = S(c,Du) a.e. on Ω. (5.128)

Now, recall that from equation (5.117), we can extract a subsequence of integrands that

converges almost everywhere in Ω. Furthermore, recall from equation (5.91) that cmh → c

in Cβ(Ω) and that S is strictly monotonic and continuous from equation (5.7). Therefore,

we have

Dumh → Du a.e. on Ω. (5.129)

Additionally, recall that qc(c,∇c,Du) was assumed to be continuous and linear with respect

to the second variable. Thus, we find

qc(c
m
h ,∇cmh , Dumh ) ⇀ qc(c,∇c,Du) weakly in L2(Ω;Rn) (5.130)

with the help of equations (5.89), (5.91) and (5.129) and the dominated convergence theo-

rem. On the other hand, we know from equation (5.90) that qc(c
m
h ,∇cmh , Dumh ) ⇀ q̃ weakly

in L2(Ω;Rn). Combining this with the weak limit in equation (5.130), we get

q̃ = qc(c,∇c,Du). (5.131)
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Finally, combining equations (5.128) and (5.131) with the limits (5.108), (5.109) and (5.116)

proves that the limits u, c, p solve the systems (5.19)–(5.21) or (5.22)–(5.23).

In this chapter, we have extended the result of [43] to n = 3 or more space dimensions.

We do not rely on regularization of the equations like in [44] any more, but have to restrict

ourselves to uniformly acute triangulations, piecewise affine functions for the discrete con-

centration space and a concentration flux of the form qc(c,∇c,Du) = k(c,Du)∇c with a

scalar function k.

5.5 Appendix

We will need a discrete version of the Lipschitz truncation in the variable exponent setting.

This was first analysed in [25] and then generalised in [43, Theorem 3.15].

Theorem 5.14. Let Ω ⊂ Rn be a polyhedral Lipschitz domain and let vmh ∈ Xm
h,div, rm ∈

Cα(Ω) be sequences that satisfy 0 < r− ≤ rm ≤ r+ <∞ and∫
Ω
|∇vmh |

rm(x) dx ≤ C, (5.132)

vmh ⇀ v weakly in W 1,r−

0 (Ω;Rn), (5.133)

rm → r strongly in Cα
(
Ω;R

)
(5.134)

for some C > 0, α > 0.

Then, for every j ∈ N, there exists a sequence λmj with (2j)2j ≤ λmj ≤ (2j+1)2j+1
and a

sequence vmj ∈ Xm
h ⊂W 1,∞(Ω,Rn) with

‖∇vmj ‖L∞(Ω)
. λmj ≤

(
2j+1

)j+1
. (5.135)

Furthermore, we can extract a subsequence {vmj }∞m=1 (not relabelled) for all j ∈ N, such

that

vmj → vj strongly in Ls(Ω;Rn) ∀s ∈ (1,∞), (5.136)

vmj ⇀ vj weakly in W 1,s(Ω;Rn) ∀s ∈ (1,∞), (5.137)

∇vmj ⇀∗ ∇vj weakly-* in L∞(Ω;Rn×n) (5.138)

for some vj ∈W 1,∞(Ω;Rn). Additionally, we have

‖vj‖Lr(Ω) ≤ C (5.139)

and can extract a (not relabelled) subsequence, such that

vj ⇀ v (5.140)
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weakly in W 1,s(Ω) for any s ∈ (1,∞).

Moreover, if we extend vmh by zero outside of Ω, we have

{x ∈ Ω : vmj 6= vmh } ⊂ {x ∈ Ω : M(∇vmh ) > κλmj } (5.141)

where M is the Hardy–Littlewood maximal function and κ is a constant that depends on the

shape-regularity constant Γ of the mesh, that is defined in the following way:

Uλ(v) ∩ Ω ⊂ Ω(Uλ(v)) ⊂ Uκλ(v) ∩ Ω (5.142)

where Uλ(v) := {x ∈ Rn : M(v) > λ}. Furthermore, the following estimate is true for all

n, j: ∫
Ω

∣∣∇vmj χ{vmj 6=vmh }∣∣rm(x)
dx .

∫
Ω

∣∣λmj χ{vmj 6=vmh }∣∣rm(x)
dx .

1

2j
. (5.143)

Proof. [43, Theorem 3.15].

Proposition 5.15 (Discrete Bogovskĭı Operator). Let rm be a sequence in Cα(Ω) with

rm → r for m → ∞ and 0 < r− ≤ rm ≤ r+ < ∞. Furthermore, let B : L
rm(·)
0 (Ω) →

W
1,rm(·)
0 (Ω,Rn) be the classical Bogovskĭı operator in varying exponent spaces that is given

by

divBf = f (5.144)

with

‖Bf‖W 1,r(·)(Ω;Rn) ≤ ‖f‖Lr(·)(Ω). (5.145)

For more details see [23][Theorem 14.3.15.]. Then, the operators K : Lr
m(·)(Ω)→ Lr

m(·)(Ω)

and Bmh : divXm
h → Xm

h that are defined by∫
Ω
fΠm

h,Qg dx =

∫
Ω
gKf dx for all g ∈ L(rm)′(·)(Ω) (5.146)

Bmh (f) = Πm
h,divBKf (5.147)

have the following properties:

(a) For all f ∈ Lrm(·)(Ω), we have

‖Kf‖Lrm(·)(Ω) . sup
q∈Qmh ,‖q‖L(rm)′(·)(Ω)

≤1

∫
Ω
fq dx.

(b) For all fh ∈ divXm
h and qh ∈ Qmh , we have∫

Ω
div(Bmh fh)qh dx =

∫
Ω
fhqh dx.
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(c) If fmh is a sequence with fmh ⇀ f weakly in W 1,s
0 (Ω;Rn) as m→∞, we have

Bmh divfmh ⇀ Bdivf weakly in W 1,s
0 (Ω;Rn).

Proof. See [43], Section 3.4.

Lemma 5.16. Under the assumptions of Chapter 5, sections 5.1 and 5.2, we have∫
Ω

((S(cmh , Du
m
h )− S(cmh , Du)) · (Dumh −Du))

1
4 dx = 0.

Proof. We follow the argumentation in [43]. First note that we can use the monotonicity

assumption on S from inequality (5.7). Furthermore, we use the boundedness of S from

inequality (5.6) and the (m-uniform) boundedness of ‖Dumh ‖Lr(cmh )
(Ω)

and ‖Du‖Lr(c)(Ω) from

inequalities (5.60) and (5.97), respectively. We find

0 ≤ lim sup
m→∞

∫
Ω

((S(cmh , Du
m
h )− S(cmh , Du)) · (Dumh −Du))

1
4 dx ≤ L <∞. (5.148)

Thus, it suffices to show L = 0. For an arbitrary (but fixed) γ > 0, let us define

Aγ = {x ∈ Ω : |Du| > γ}. (5.149)

We decompose the integral in inequality (5.150):∫
Ω

((S(cmh , Du
m
h )− S(cmh , Du)) · (Dumh −Du))

1
4 dx

≤
∫
Aγ

((S(cmh , Du
m
h )− S(cmh , Du)) · (Dumh −Du))

1
4 dx

+

∫
Ω\Aγ

((S(cmh , Du
m
h )− S(cmh , Du)) · (Dumh −Du))

1
4 dx

=:Am(γ) +Bm(γ).

(5.150)

To be able to estimate Am(γ), we use a weak-type estimate and r− > 1 together with

Hölder’s inequality and the embedding Lr(c)(Ω) ↪→ L1(Ω) from Proposition 5.2 (b) to find

that

|Aγ | ≤
∫

Ω

|Du|
γ

dx .
1

γ
. (5.151)

Again, we use the boundedness of S from inequality (5.6) and the (m-uniform) boundedness

of ‖Dumh ‖Lr(cmh ) and ‖Du‖Lr(c) from inequalities (5.60) and (5.97), respectively. Together

with Hölder’s inequality and inequality (5.151), this yields

Am(γ) . |Aγ |
1
2 .

1
√
γ
. (5.152)
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Now, recall the truncation Tγ from equation (4.30):

TγX =

{
X if |X| ≤ γ,
γ X
|X| if |X| > γ

(5.153)

for X ∈ Rn×n. Obviously, we have TγDu = Du on Ω \ Aγ . Thus, we can find for Bm(γ)

from equation (5.150):

Bm(γ) =

∫
Ω\Aγ

((S(cmh , Du
m
h )− S(cmh , TγDu)) · (Dumh − TγDu))

1
4 dx

≤
∫

Ω
((S(cmh , Du

m
h )− S(cmh , TγDu)) · (Dumh − TγDu))

1
4 dx,

(5.154)

where we have used that the integrand is nonnegative thanks to the monotonicity of S

from inequality (5.7). We want to use the discrete Lipschitz truncation. Because cmh → c in

Cβ
(
Ω
)
, the assumptions of Theorem 5.14 are satisfied and therefore, we can find a sequence

um,jh that satisfies (5.135) to (5.143). We decompose the integral once more and use Hölder’s

inequality to find

Bm(γ) ≤

(∫
{umh =um,jh }

((S(cmh , Du
m
h )− S(cmh , TγDu)) · (Dumh − TγDu)) dx

) 1
4

|Ω|
3
4

+

(∫
{umh 6=u

m,j
h }

((S(cmh , Du
m
h )− S(cmh , TγDu)) · (Dumh − TγDu))

1
2 dx

) 1
2

· |{um,jh 6= umh }|
1
2

=: Bm,j(γ)|Ω|
3
4 + B̃m,j(γ)|{um,jh 6= umh }|

1
2 .

(5.155)

We will first look at B̃m,j(γ). We use the estimate on M(∇u) on {um,jh 6= umh } from

equation (5.141) with a weak-type estimate, the L1(Ω)-stability of the Hardy–Littlewood

maximal function together with λmj ≥
(
2j
)(2j) from inequality (5.135) and the uniform

Lr
−

(Ω)-bound on ∇umh from inequality (5.60). We have that

|{um,jh 6= umh }| ≤ |{M(Dum,jh ) > λmj }| .
∫
Rn

M(Dum,jh )

λmj
.

1

(2j)(2j))
. (5.156)

Hence, we find

B̃m,j(γ)|{um,jh 6= umh }|
1
2 .

1

2j
. (5.157)

Now, we will look at Bm,j(γ) from inequality (5.155). Note that we are working on the set

{umjh = umh }. We rewrite the integral:(
Bm,j(γ)

)4
=

∫
Ω

(S(cmh , Du
m
h )− S(cmh , TγDu)) ·

(
Dum,jh − TγDu

)
dx

−
∫
{umh 6=u

m,j
h }

(S(cmh , Du
m
h )− S(cmh , TγDu)) ·

(
Dum,jh − TγDu

)
dx.

(5.158)
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First, we will look at the second summand of equation (5.158). Recall that |TγDu| ≤ γ and

the bound of Dum,jh from inequalities (5.135) and (5.143). We also use Young’s inequality,

the weak-type estimate (5.157) and the bound on the growth of S from inequality (5.6) to

get ∣∣∣∣∣
∫
{umh 6=u

m,j
h }

(S(cmh , Du
m
h )− S(cmh , TγDu)) ·

(
Dum,jh − TγDu

)
dx

∣∣∣∣∣
≤
∫
{umh 6=u

m,j
h }

S(cmh , Du
m
h ) ·Dum,jh dx

+ C(γ)

∫
{umh 6=u

m
h }

(
|S(cmh , Du

m,j
h )|+ |Dum,jh |+ 1

)
dx

. C(γ)

(∫
{umh 6=u

m
h }

∣∣∣∇um,jh

∣∣∣r(cmh )
dx+

∣∣{umh 6= um,jh }
∣∣)

.
C(γ)

2j
.

(5.159)

This leaves us with the first summand of the right-hand side of equation (5.158). We will

have to use the weak formulation of the problem. However, um,jh is not necessarily discretely

divergence-free and therefore not an applicable test-function. However, with the help of the

discrete Bogovskĭı operator in the variable exponent context that is given by Proposition

5.15 we can approximate um,jh by a discretely divergence-free function with zero trace. We

define

wm,jh := Bm
(

divum,jh

)
, (5.160)

vm,jh := um,jh − wm,jh . (5.161)

The convergence statement for the discrete Lipschitz truncation in equation (5.137) and

for the discrete Bogovskĭı operator in Proposition 5.15 (c) and the compact embedding

Ls(Ω) ↪→W 1,s
0 (Ω) yield

vm,jh ⇀ uj − B(divuj) =: vj weakly in W 1,s
0 (Ω;Rn), (5.162)

vm,jh → vj strongly in Ls(Ω;Rn) (5.163)

for any s ∈ (1,∞) as m→∞. Obviously, we have um,jh = vm,jh +wm,jh . Hence, we can write∫
Ω

(S (cmh , Du
m
h )− S (cmh , TγDu)) ·

(
Dum,jh − TγDu

)
dx

=

∫
Ω
S(cmh , Du

m
h ) ·Dvm,jh dx+

∫
Ω
S(cmh , Du

m
h ) ·Dwm,jh dx

−
∫

Ω
S(cmh , Du

m
h ) · TγDudx−

∫
Ω
S(cmh , TγDu) ·

(
Dum,jh − TγDu

)
dx

=: Bm,j
1 +Bm,j

2 −Bm
3 (γ)−Bm,j

4 (γ).

(5.164)

142



Let us first look at Bm,j
2 . Recall the definition wm,jh = Bmdivum,jh . We use the uniform

boundedness of ‖S(cmh , Du
m
h )‖

L
r(cm

h
)
(Ω)

from inequality (5.60) and Hölder’s inequality in

variable exponent spaces (see Proposition 5.2 (c)) to find∫
Ω
S(cmh , Du

m
h ) ·Dwm,jh dx . ‖Dwm,jh ‖

L
r(cmh )(Ω)

. ‖Πm
h,divBK(divum,jh )‖

W
1,r(cm

h
)
(Ω)
. (5.165)

Recall the stability of Πm
h,div in the variable exponent setting from inequality (5.33). We

find ∥∥Πm
h,divBK(divum,jh )

∥∥
W

1,r(cm
h

)
(Ω)
.

(∥∥BK(divum,jh )
∥∥
W

1,r(cm
h

)
(Ω)

+ max
T∈T nh

hmT

)β
(5.166)

for some β > 0 that depends on r+ and r−. The Bogovskĭı operator is bounded as an

operator from L
r(·)
0 (Ω) to W 1,r(·)(Ω;Rn) (see inequality (5.145)). Together with Proposition

5.15 (a), this yields∥∥BK(divum,jh )
∥∥
W

1,r(cm
h

)
(Ω)
.
∥∥K(divum,jh )

∥∥
L
r(cm

h
)
(Ω)

. sup
q∈Qmh ,‖qh‖L(r(cm))′ (Ω)

≤1

∫
Ω

(divum,jh )qh dx.
(5.167)

Now, we use the fact that umh is discretely divergence free and Hölder’s inequality to find∫
Ω

(divum,jh )qh dx =
∑
T∈T mh

T⊂{um,jh =umh }

∫
Ω

(divumh )qhχT dx

+
∑
T∈T mh

T⊂Ω({um,jh 6=umh })

∫
Ω

(divum,jh )qhχT dx

≤
∥∥∥∥(divum,jh )χ

Ω({um,jh 6=umh })

∥∥∥∥
L
r(cm

h
)
(Ω)

∥∥∥∥qhχΩ({um,jh 6=umh })

∥∥∥∥
L
r′(cm

h
)
(Ω)

≤
∥∥∥∥(∇um,jh )χ

Ω({um,jh 6=umh })

∥∥∥∥
L
r(cm

h
)
(Ω)

∥∥qh∥∥Lr′(cmh )
(Ω)
.

(5.168)

Then, the inclusion (5.142) and inequality (5.143) yield∥∥∥∥(∇um,jh )χ
Ω({um,jh 6=umh })

∥∥∥∥
L
r(cm

h
)
(Ω)

. 2−
j

r+ . (5.169)

Therefore, we can combine inequalities (5.166), (5.167), (5.168) and (5.169) to find

∥∥Πm
h,divBK(divum,jh )

∥∥
W

1,r(cm
h

) .

(
2−

j

r+ + max
T∈T mh

hnT

)β
(5.170)

Together with inequality (5.165), this yields∫
Ω
S(cmh , Du

m
h ) ·Dwm,jh dx .

(
2−

j

r+ + max
T∈T mh

hnT

)β
(5.171)
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and therefore

lim sup
m→∞

Bm,j
2 . 2−j

β

r+ . (5.172)

We will now look at Bm,j
1 from equation (5.164). By testing equation (5.39) against

vm,jh , we obtain∫
Ω
S(cmh , Du

m
h ) ·Dvm,jh dx = −1

2

∫
Ω

(
(umh ⊗ v

m,j
h ) · ∇umh − (umh ⊗ umh ) · ∇vm,jh

)
dx+ 〈f, vm,jh 〉.

With the help of equations (5.86), (5.109), (5.102) and (5.162), we can pass to the limit and

get

lim
m→∞

∫
Ω
S(cmh , Du

m
h ) ·Dvm,jh dx =

∫
Ω

(u⊗ u) · ∇vj dx+ 〈f, vj〉 =

∫
Ω
S̃ ·Dvj dx. (5.173)

Then, recall vj = uj − B(divuj). We use the boundedness of ‖S̃‖Lr′(c)(Ω) and weak lower-

semicontinuity to find∫
Ω
S̃ ·DB(divuj) dx . ‖B(divuj)‖Lr(c)(Ω) . lim sup

m→∞

∥∥Πm
h,divBK(divum,jh )

∥∥
W

1,r(cm
h

)
(Ω)
.

(5.174)

Hence, we can use inequality (5.170) to find∫
Ω
S̃ ·DB(divuj) dx . 2−j

β

r+ (5.175)

and therefore

lim
m→∞

Bm,j
1 .

∫
Ω
S̃ ·Duj dx+ 2−j

β

r+ . (5.176)

For the analysis ofBm
3 (γ) from equation (5.164), we use the weak convergence of S(cmh , Du

m
h )

from equation (5.87) to find

lim
m→∞

Bm
3 (γ) = lim

m→∞

∫
Ω
S(cmh , Du

m
h ) · Tγ(Du) dx =

∫
Ω
S̃ · Tγ(Du) dx. (5.177)

Now, we will look at Bm,j
4 from equation (5.164). We use the strong Cα

(
Ω
)
-convergence

cmh → c from equation (5.91) and the weak Ls(Ω)-convergence Duj,mh ⇀ Duj from equation

(5.137) to find

lim
m→∞

Bm,j
4 (γ) = lim

m→∞

∫
Ω
S(cmh , TγDu) ·

(
Dum,jh − TγDu

)
dx

=

∫
Ω
S(c, TγDu) ·

(
Duj − TγDu

)
dx.

(5.178)

Finally, we insert the estimates (5.172), (5.176), (5.177) and (5.178) into equation (5.164)

and together with inequalities (5.155), (5.157) (5.158) and (5.159) and the equivalence of

norms in finite dimensions, this yields

lim
m→∞

Bm(γ) ≤ C
(∫

Ω

(
S̃ − S(c, TγDu)

)
·
(
Duj − TγDu

)
dx

) 1
4

+ C(γ)
(

2−j + 2−j
β

4r+

) (5.179)
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for any j ∈ N. Thus, we can combine the inequalities (5.150), (5.152) and (5.179) to find

lim
m→∞

∫
Ω

((S(cmh , Du
m
h )− S(cmh , Du)) · (Dumh −Du))

1
4 dx

≤C
(∫

Ω

(
S̃ − S(c, TγDu)

)
·
(
Duj − TγDu

)
dx

) 1
4

+ C(γ)
(

2−j + 2−j
β

r+

)
+

C
√
γ
.

(5.180)

Then, we can take the limit j → ∞ in inequality (5.180) and use the weak convergence

Duj ⇀ Du from equation (5.140) to find

lim
j→∞

lim
m→∞

∫
Ω

((S(cmh , Du
m
h )− S(cmh , Du)) · (Dumh −Du))

1
4 dx

≤C
(∫

Ω

(
S̃ − S(c, TγDu)

)
· (Du− TγDu) dx

) 1
4

+
C
√
γ
.

(5.181)

Finally, we can use the pointwise convergence TγDu→ Du and the dominated convergence

theorem to take the limit γ →∞ in equation (5.181) and have therefore proven that∫
Ω

((S(cmh , Du
m
h )− S(cmh , Du)) · (Dumh −Du))

1
4 dx = 0.
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Chapter 6

Conclusions

In this thesis, we have investigated a finite element counterpart of the regularity theory of

De Giorgi for elliptic partial differential equations. Chapter 3 was concerned with linear

equations of the form

−div(A∇u) = f − divF in Ω,

u = g on ∂Ω

where A ∈ L∞(Ω;Rn×n) is a given matrix-valued, uniformly elliptic function, and f ∈
Lq(Ω), F ∈ Lp(Ω;Rn) and g ∈ Cα(∂Ω) are given functions for q > n

2 , p > n and α > 0. We

have analysed finite element approximations in spaces of piecewise affine functions Vh. The

proof of a uniform Hölder-norm bound was based on the notion of a discrete subsolution,

i.e. functions uh ∈ Vh that satisfy∫
Ω
A∇uh · ∇ϕh dx ≤

∫
Ω
F · ∇ϕh dx+

∫
Ω
fϕh dx

for every non-negative function ϕh ∈ Vh,0. The first main ingredient is a Caccioppoli-type

inequality for discrete subsolutions that locally estimates ∇uh in terms of uh, which was

given in Theorem 3.7 for discrete subsolutions on shape-regular meshes:∫
Ω
|∇uh|2|ηh|2 dx .

∫
Ω
|uh|2|∇ηh|2 dx

+
(
‖F‖2Lp(Ω) + ‖f‖2Lq(Ω)

)(
‖ηh‖2L2? (suppuh) + ‖∇ηh‖2L2(suppuh)

)
|supp ηh ∩ suppuh|

2δ
n

for every cutoff-function η ∈ Vh,0. For a De-Giorgi-type strategy, this estimate has to be

true for truncations of the solution. In the continuous case, one of the most commonly

used truncations is given by the positive part (u − c)u. The point-wise truncation of a

discrete subsolution would not belong to Vh, which is why we had to use a nodal positive

part (uh − c)+ =
∑

i(uh(xi) − c)uψi, where the ψi are the Lagrange basis functions of

Vh. Then, the second main ingredient is the proof that for a discrete subsolution uh,
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the truncation (uh − c)+ is indeed a discrete subsolution, as well. This step required the

following two conditions: The mesh has to be A-non-obtuse, i.e. A∇ψi · ψj ≤ 0 for all

i 6= j and F had to satisfy assumption (?), i.e. there has to be a G ∈ Lp(Ω;Rn) such that∫
ΩG ·∇ϕdx ≥

∣∣∫
Ω F · ∇ϕdx

∣∣ for all non-negative functions ϕ ∈ C∞0 (Ω). With those results

in place, we were able to prove a local L∞-estimate

max
Ω′(B(x0,R))

(uh − c)2
+ . −

∫
Ω(B(x0,2R))

(uh − c)2
+ dx+

(
‖G‖2Lp + ‖f‖2Lq

)
R2δ

for all c ∈ R. Then, we focussed on establishing the desired a priori Cα
(
Ω
)
-norm estimate.

In Lemma 3.21, we established an estimate that guarantees that if uh is small at some node

xi, it cannot be too large on neighbouring nodes. Then, the most important step was the

oscillation decay given in Lemma 3.23:

osc
Ω′(B(x0,R))

uh ≤ (1− θ) osc
B(x0,2QR)

uh + C (‖G‖Lp + ‖f‖Lq)Rδ.

This allowed us to prove a uniform a priori estimate of the Cα-norm of solutions far from

the boundary of the domain Ω. With analogous techniques, we were also able to prove

similar estimates up to the boundary of Ω in the subsequent section.

The main restrictions of the theorems that were proved in this chapter were the assump-

tion that the mesh is A-non-obtuse and that F satisfies assumption (?). If one were able to

find truncations that don’t rely on the discrete subsolution technique, it might be possible

to relax those conditions and make the theory applicable to a wider class of problems.

Chapter 4 was devoted to local estimates for finite element approximations of solutions

to p- and ϕ-Laplacian systems. Here, the approach of using subsolutions no longer works

as for vector-functions there is no natural notion of a positive part. This meant that we

had to establish properties of the alternative truncation

Sλx = (|x| − λ)u
x

|x|
for x ∈ Rm. Again, this truncation had to be applied in a nodal way to guarantee that

Sλvh ∈ Vh for any vh ∈ Vh. We then assumed a uniformly acute mesh and looked at finite

element approximations of the ϕ-Laplacian system

−div

(
ϕ′(|∇u|)
|∇u|

∇u
)

= 0 in Ω,

u = g on ∂Ω

for an N-Function ϕ with max{∆2(ϕ),∆2(ϕ∗)} <∞. We first proved the Caccioppoli-type

inequality

R −
∫

Ω(B(x0,2R))

∣∣∣∣∇
(
ϕ

(∣∣Sλk+1
uh
∣∣

R

)
ηqk+1

)∣∣∣∣dx . 2αk −
∫

Ω(B(x0,2R))

ϕ

(∣∣∣∣SλkuhR

∣∣∣∣) ηqk dx
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for λk = λ∞
(
1− 2−k

)
and cut-off functions ηk with nested balls as support that were

precisely defined in Definition 4.20. Using a De-Giorgi-type iteration technique, this then

allowed us to prove a local L∞-estimate for finite element approximations to solutions to

ϕ-Laplacian systems:

max
Ω′(B(x0,R))

ϕ

(
|uh|
R

)
. −

∫
Ω(B(x0,2R))

ϕ

(
|uh|
R

)
dx.

For p-Laplacian systems (i.e. ϕ(t) = p−1tp), we were able to prove a similar local L∞-

estimate. The specific structure of the p-Laplacian allowed us to use slightly different

approaches for the degenerate case p > 2 and the singular case 1 < p < 2 which enabled us

to also allow meshes that are only non-obtuse.

The main factor that prevents us from proving a Hölder-norm-estimate as in Chapter

3 is the fact that this L∞-norm bound is only valid for uh itself and not for a truncated

function. However, the regularity theory for the continuous problem even yields a C1,α-

norm bound. (See [30].) It is possible that finding a truncation that allows us to prove

an L∞-norm bound for truncated discrete solutions would enable us to prove a uniform

Hölder-norm bound. A different practical extension would be to extend the local L∞-norm

estimates of the discrete solutions to local L∞-estimates of the approximation error that

would help to extend the analysis of adaptive schemes for p- and ϕ-Laplacian equations.

In Chapter 5, we showed an application of the discrete De Giorgi theory to prove con-

vergence of a finite element approximation of solutions to a system of equations that models

the steady flow of a chemically reacting non-Newtonian fluid, that is given by∫
Ω
S(c,Du) · ∇ψ − (u⊗ u) · ∇ψ dx− 〈divψ, p〉 = 〈f, ψ〉 ∀ψ ∈W 1,∞

0 (Ω;Rn),∫
Ω
ν divudx = 0 ∀ν ∈ Lr(c)

′

0 (Ω),∫
Ω
qc(c,∇c,Du) · ∇ϕ− cu · ∇ϕ = 0 ∀ϕ ∈W 1,2

0 (Ω).

To be able to apply the discrete De Giorgi theory to the concentration equation, we have

extended the results of Chapter 3 to equations which include lower order terms under the

condition of that the mesh is uniformly acute. Then, we were able to prove an h-uniform

Hölder-norm bound for the concentration c that lead to the strong Cβ-convergence of a

subsequence. Hence, we were able to extend the result of [43] to three space dimensions.
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[27] L. Diening, M. Růžička, and K. Schumacher. A decomposition technique for John

domains. Ann. Acad. Sci. Fenn. Math., 35(1):87–114, 2010.

[28] L. Diening, T. Scharle, and S. Schwarzacher. Regularity for parabolic systems of

Uhlenbeck type with Orlicz growth. J. Math. Anal. Appl., 472(1):46–60, 2019.

[29] L. Diening and S. Schwarzacher. On the key estimate for variable exponent spaces.

Azerb. J. Math., 3(2):62–69, 2013.

[30] L. Diening, B. Stroffolini, and A. Verde. Everywhere regularity of functionals with

ϕ-growth. Manuscripta Math., 129(4):449–481, 2009.

[31] G. Dolzmann. Optimal convergence for the finite element method in Campanato spaces.

Math. Comp., 68(228):1397–1427, 1999.

[32] W. Dörfler. A convergent adaptive algorithm for Poisson’s equation. SIAM J. Numer.

Anal., 33(3):1106–1124, 1996.

[33] L. C. Evans. A new proof of local C1,α regularity for solutions of certain degenerate

elliptic p.d.e. J. Differential Equations, 45(3):356–373, 1982.

[34] L. C. Evans. Partial differential equations, volume 19 of Graduate Studies in Mathe-

matics. American Mathematical Society, Providence, RI, second edition, 2010.

[35] I. Fonseca and G. Leoni. Modern methods in the calculus of variations: Lp spaces.

Springer Monographs in Mathematics. Springer, New York, 2007.

151



[36] R. Glowinski and A. Marrocco. Sur l’approximation, par éléments finis d’ordre un,
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