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Abstract

This thesis is concerned with the development and analysis of a discrete counter-
part of the well-known De-Giorgi-type regularity theory for solutions of elliptic
partial differential equations in the setting of finite element approximations. We
consider a finite element space consisting of piecewise affine functions on shape-
regular triangulations of polyhedral Lipschitz domains @ C R™. We identify
conditions for the mesh and the data to prove a global a priori Holder-norm
bound for finite element approximations of solutions to linear elliptic equations
of the form —div(AVu) = f — divF, where A € L*>®(Q;R™*") is a uniformly
elliptic matrix-valued function and F € LP(;R™) and f € L9(Q2) are given
functions for p > n and ¢ > 5. After proving a Caccioppoli-type inequality
for discrete subsolutions, we use iteration techniques to establish a priori L°°-
and Holder-norm bounds. In particular, all estimates are proved for adaptively

refined, highly graded meshes.

Next, we establish a local L°°-norm bound for finite element approximations
of solutions to p-Laplacian systems on non-obtuse meshes. Again, we do not
require our mesh to be quasi-uniform but we do allow highly graded meshes. As
there is no natural notion of a positive part for vector functions, we use different

techniques than in the scalar, linear uniformly elliptic case.

We then apply the results to the finite element approximation of solutions to
a system that describes the steady flow of a chemically reacting incompressible
fluid. The convergence of a series of approximations was already established in
the literature in two space dimensions, but the lack of a De-Giorgi-type regu-
larity theory in the finite element setting prevented a direct generalisation to
the physically relevant case of three space dimensions. We show that the theory
that was developed in this thesis is under certain restrictions strong enough to
overcome this limitation, thus enabling us to extend the convergence theory for

finite element approximations of the problem to three space dimensions.
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Chapter 1

Introduction

In 1957, the nineteenth problem ( “Are all solutions of regular problems in the calculus of
variations analytic?”) from David Hilbert’s famous list of 23 problems [41] presented at the
Second International Congress of Mathematicians in Paris at the turn of the century was
finally solved independently by Ennio de Giorgi [18] and John Nash [52]. As an intermediate
result, De Giorgi proved that functions v € W12, which satisfy an inequality that estimates
the norm of Vu in terms of the norm of u locally on a level set are Holder continuous. He
then proved that solutions to elliptic equations satisfy this inequality, whereby he deduced
local Hélder-continuity of weak solutions to linear equations. Hence, by using existing
results of Hopf [42] and Morrey [51] to deduce higher regularity of solutions to elliptic
partial differential equations and respective problems form the Calculus of Variations he
thereby solved Hilbert’s nineteenth problem.

Since then, the De-Giorgi-Nash-Moser estimate has been a well-known fact: Given a
bounded domain € C R"™, a uniformly elliptic matrix-valued function A € L(Q;R™*™)
and functions f € LI(;R) and F € LP(;R™) with ¢ > 5 and p > n, weak solutions
u € W01’2(Q;R) to

—div(AVu) = f — divF on ,
(1.1)
u =0 on 0f2
are in fact Holder continuous. De Giorgi’s iteration technique turned out to be flexible
enough to be applied to a variety of non-linear or parabolic problems. For further references,
we refer for example to [21] and [28].

While the finite element method is one of the most general and powerful techniques for
the numerical approximation of solutions to partial differential equations, there is currently
no discrete counterpart of the De Giorgi theory for elliptic boundary-value problems of
the form (1.1) under the regularity hypotheses on the functions A, f and F' stated above.
Our first aim is to fill this gap by identifying conditions under which De-Giorgi-type reg-



ularity results hold in the discrete setting, for continuous piecewise affine finite element
approximations of the problem (1.1).
First, we will survey the available literature. As a model problem, most authors study
Poisson’s equation:
—Au = fin §,
u = 0 on 0f.

The first step on the way to proving Hoélder regularity is usually a local L°°-bound on

(1.2)

the solution. The earliest result of this kind in the finite element literature was given
by Nitsche in [54], where the author proved an O(h) error bound in the L*°-norm for
equations of the form —div(AVu)+cu = f in two space dimensions with a uniformly elliptic
A € Whee(Q,R?*2), a nonnegative function ¢ € L*>°(Q) and f € L?(£2) on a convex domain
), subject to a homogeneous Dirichlet boundary condition, and a continuous, piecewise
affine approximation on a—k-regular triangulations of granularity h > 0. (i.e. the size of
any angle is bounded below by « and the ratio of the side-lengths of any two triangles is
bounded above by k.) Then, Helfrich proved in [40] that this error bound was optimal in
the case of f € L?(Q) and piecewise affine approximations, and the order of convergence
could not be improved. In [17], Ciarlet and Raviart extended Nitsche’s result to n space
dimensions with f € L(€2) and ¢ > § on regular simplicial subdivisions of nonnegative type.
(In the case of Poisson’s equation in two space dimensions, a triangulation is guaranteed to
be of nonnegative type if all angles are non-obtuse.)

On a polygonal domain in R? with a quasi-uniform mesh, with f € L>®(Q) and a
finite element space consisting of piecewise affine functions, Natterer [53] proved a uniform
regularity result in weighted Sobolev spaces to deduce an error bound of order O(h?~¢) in the
L>°-norm. Soon thereafter, Schatz and Walbin [56] proved a local L*-best-approximation

property. They analysed approximate solutions to
—div(aVu) +b-Vu+du = f

for smooth uniformly elliptic matrix-valued functions a, vector-valued functions b and scalar-
valued functions ¢ on a quasi-uniform and shape-regular mesh with a few additional technical
assumptions on the finite element space that are, for example, satisfied by Lagrange or
Hermite elements. Their final result is given by the following estimate between the analytical

solution w and the finite element approximation u; on a triangulation of €2 of granularity

h: B
1 T
Ju— uhHLOO(Ql) <C <<log h) Ju— XHLOO(Q) + [Ju — UhHW—m(Q)) :

Here, W~5P(Q) is the dual of Wos’pl(Q) with s >0, 1 < p < oo, and %+ ﬁ =1,7is 1if
the optimal order in the mesh size h in which finite element functions can approximate L4



functions is 2 (as is the case for a continuous, piecewise affine finite element approximation)
or higher and 0 if this order is 3 or higher, x is an arbitrary finite element function and
Q; € Q and C is a positive constant independent of h and x. Choosing y = 0 yields
a uniform L*°-estimate, given L*°-regularity of the solution to the continuous problem u.
The methods of proof of these results are based on pointwise estimates for discrete Green’s
functions. This also implies that a generalization of those results to non-linear equations
using the same technique is impossible.

An alternative way to prove uniform Hélder-norm bounds is obtaining W P-norm bounds
for p > n first and then using the continuous embedding WP (Q) < C%(Q) with o = 1 — 2.
In two space dimensions and with piecewise affine elements, Rannacher and Scott [55]
showed the W'P-stability of the Ritz-projection for p > 2 on triangulations which satisfy
the condition that each triangle contains a circle of radius c;h and is contained in a circle
of radius coh with positive constants ¢; and co (i.e. quasi-uniformity and shape-regularity).
Therein, they used this result to deduce that the WP-norm of the approximation error
behaves like O(h) and the LP-norm behaves like O(h?), thereby eliminating the logarithmic
factor that appeared in all previous results for piecewise affine elements.

If one considers the more general class of elliptic problems of the form —div(AVu) =
f—divF with A € L*°(2; R™*") a uniformly elliptic, matrix-valued function, f € L%(Q)
and F' € LP(Q;R™), p € (1,00), subject to a homogeneous Dirichlet boundary condition, on
a bounded open convex polyhedral domain in n = 2 or n = 3 space dimensions, one obtains a
uniform WP-norm bound on a sequence of finite element approximations on quasi-uniform
triangulations for all p € (2,2 + &) with a possibly small £ as a direct consequence of
Proposition 8.6.2 in [11] and Theorem 5.1 of [37]. However, this indirect approach does not
yield a uniform Hoélder-norm bound for a sequence of finite element approximations in more
than n = 2 space dimensions.

A De-Giorgi-type iteration is used in the paper by Aguilera and Caffarelli [3] to prove an
h-uniform C“-estimate at least for continuous piecewise affine approximations of solutions
at least to Laplace’s equation Au = 0. The authors assert without proof that their results
generalize to more difficult equations. In this paper, a quasi-uniform, shape-regular and
uniformly acute mesh is assumed.

As before, another approach to establish a uniform Hélder-norm bound is to first prove a
uniform W% (Q2)-norm bound. In [38], the authors established a W1*°-best-approximation
property for finite element approximations of solutions to Poisson’s equation (1.2). They

assumed quasi-uniform meshes and a conforming finite element space .Sy, of piecewise poly-



nomials of arbitrary degree & > 1 and a smooth right-hand side f to prove that
— o) < C inf — < (Q)s 1.3
IV (u = up)|| oo () < Il IV (u =)l oo (o) (1.3)

where up, € S, is the finite element approximation of the solution of equation (1.2) and u
is the solution in the continuous case. By taking x = 0 followed by the application of the

triangle inequality, this implies that
V|| o () < ClIVUll oo )

Together with standard regularity theory for solutions to equation (1.2) with a smooth
right-hand side f and the well known embedding W1 <+ (%, this implies a uniform
Hélder-estimate for u,. However, a bound on [[Vul| ) does not always exist for all
domains €2 and the results only hold for Poisson’s equation.

If one assumes C%-regularity of A in equation (1.1), an a priori C“-bound and optimal
error estimates for finite element approximations of solutions to elliptic systems are proved in
[31]. The author uses local comparison arguments to prove estimates in Camapanato spaces
to extend the results of [55] to elliptic systems. Again, the finite element space consists of
piecewise affine functions. However, there is no C*-regularity of solutions to equation (1.1)
even in the continuous case for systems. This suggests that to derive estimates that only
require A € L (Q;R™*™), we have to use a different technique.

All of the results that we cited above assumed a quasi-uniform triangulation of the
domain 2 and exclude highly graded meshes. This excludes finite element schemes that are
based on an adaptive refinement of the mesh. The strategy of the schemes is the following.
One solves the problem on a coarse grid and then estimates the local errors. After that,
one marks simplices based on those estimates and locally refines the mesh. In short, the

scheme is given by the flow
Solve — Estimate — Mark — Refine.

The first proof of linear error reduction for the Poisson problem —Awu = f using this
scheme was given in [32] by Dorfler. Therein, the author used piecewise affine elements and
newest vertex bisection. The proposed marking strategy ensures that that the marked edges
contribute at least to a fixed proportion of the global error estimator. However, the initial
mesh had to be fine enough, dependent of the oscillations of the right-hand side f. In [50],
the latter restriction was avoided by extending the marking strategy to not only ensure that
sufficiently many simplices are marked such that they contribute to a fixed proportion of the
error estimator, but also to a fixed proportion of the data oscillation error. The authors also

include finite element approximations of solutions to the equation —div(AVu) = f where A



is assumed to be a piecewise constant, uniformly elliptic matrix-valued function. This was
extended in [49] to include not only Lipschitz-continuous, uniformly elliptic matrix-valued
functions A, but also lower order terms, i.e. finite element approximations to solutions to
the equation —div(AVu) +b- Vu + cu = f.

To the best of our knowledge, there is no a priori regularity theory for finite element
approximations to elliptic equations on highly graded meshes at the time this thesis was
written. Here, we use the term a prior: in the sense that we want to have knowledge about
regularity properties of the sequence of approximate solutions, uniformly with respect to
the mesh size, and uniform bounds on the respective norms of the sequence of approximate
solutions without the need to compute said approximations. In [19], the authors obtain
a best approximation property as in inequality (1.3) for solutions to Poisson’s equation
(1.2) for f € L*°(Q) on slowly varying (a technical condition that is stronger than shape-
regularity but weaker than quasi-uniformity) meshes in 2 and 3 space dimensions. The
approach is again based on Galerkin orthogonality and point-wise estimates for discrete
Green’s functions.

A well studied nonlinear generalisation of the Poisson problem is the p-Poisson problem
that is given by

—div(|VulP2Vu) = f

for p € (1,00). Obviously, |Vul? =2 is neither uniformly elliptic nor bounded for p # 2
and the natural space for weak solutions is WP, In [36], the authors use piecewise affine
functions on triangulations of the domain Q C R? where the diameter of the triangles is
bounded above by h. They prove the strong convergence u;, — u as h — 0 and the error
estimate
1 p=2 L
loan =l < Cillull ooyl 70
for a constant C7 and p > 2 and
1 2-p .
loan — wllroy < Collullf 2oyl oo™
a constant Cy and 1 < p < 2. Note that this requires u € W?P(), which is not guaranteed
for general data f. However, it is satisfied in a wide range of cases. Those estimates were
improved in [16]. Therein, the authors assumed a slightly more general class of degenerate
or singular elliptic equations that includes the p-Laplacian and a conforming finite element

space of piecewise polynomials. They proved the estimates

lv = unllwrp@y < Cllw = vallie. ()



for all vy, in the respective finite element space with s = % forl <p<2ands = % for
p > 2. If we assume piecewise affine functions and v € W2P(Q), this implies that there is
a constant C' such that

lu — unllyrpg) < CR°

by the Bramble-Hilbert Lemma. (See [11][Lemma 4.3.8].)
Barrett and Liu achieved a major breakthrough in the analysis of the finite element
approximation of solutions to the p-Poisson problem in [7]. Therein, the authors found that

the natural quantity to estimate the error is given by the quasi-norm

ol = ( JOZE: !WDP“’!v\"dx)

The authors use a finite element space of piecewise affine functions V4, in two space dimen-

sions. The main error estimate follows from the approximation property given by

[u = unlpatsy < Clu—vnlgs s,

for any 01 € [0,2), 02 > 0 and vy, € V3, where u is the solution to the continuous problem
and uy, € V}, its finite element approximation, and vy is any element of the finite element

space. For 1 < p < 2 this leads to optimal WP (Q)-error bounds
[ = unllyrpy < Ch

if u € W3H(Q)N 02’27717 (ﬁ) In the degenerate case p > 2, the authors obtain the optimal
convergence order for the error in the Wwhs (Q)-norm if u € WH*(Q)NW?22(Q). Building on
works of Babuska and others (see [6] and [5]), Ainsworth and Kay analysed the convergence
of the p-method for the approximation of solutions to the p-Poisson problem in n = 2 space
dimensions in [4]. (Here, the p in p-method means the polynomial degree of the elements
and is not to be confused with the exponent p in the p-Laplacian.) The p-method refers
to increasing the polynomial degree of the elements instead of decreasing the granularity
of the partition (referred to as the h-method). The rate of convergence in terms of the
number of degrees of freedom is shown to be at least equal to that of the h-method while
achieving exponential convergence in the case of smooth solutions. This was primarily
achieved by extending the approximation theory to LP-spaces. The first convergence result
for an adaptive algorithm for the p-Poisson problem was given in [60]. The author used
finite element spaces consisting of piecewise affine functions in n space dimensions on shape-
regular meshes. The only discrete regularity result that was used therein is the stability
estimate ||Vup|| ) < C||f ||W_1,p/(ﬂ) that follows directly from the variational formulation

of the p-Poisson problem. First steps towards establishing results on adaptive methods for



approximations of solutions of the p-Poisson problem have been made in [46], where the
authors proved local a posteriori error estimators from above and below that may be used
for the mark step of an adaptive scheme. In [24], a sharper semi-norm a posteriori error

estimate is proved to establish a linear error reduction result for an adaptive algorithm

to approximate solutions to the ¢-Laplacian equation —div ( w‘(gulf‘)Vu) = f, where ¢ is
an N-function that satisfies the Ag-condition and ¢'(t) ~ t¢”(t). (For precise definitions,
see Definition 4.12.) In [10], this was further improved by showing quasi-optimality and
avoiding an interior node condition, which demanded that every marked triangle and all of
its faces contain a new node. Little seems to be known about a priori regularity results
to finite element approximations of solutions to p- or p-Laplacian equations or systems. In
[25], a discrete maximum principle for piecewise affine approximation on non-obtuse meshes
was given.

Let us now briefly discuss our own results. In Theorem 3.25, we will prove a uniform
a priori Holder estimate on discrete solutions to —div(aVuy) = f — divF. On the one
hand, we allow adaptively refined, highly graded meshes and only require shape-regularity,
which is an improvement over [19]. We also only require A € L*°(Q; R™*™); in particular,
we will not assume Hoélder continuity of A as in [31]. Furthermore, the De-Giorgi-type
iteration technique is flexible enough to include scalar, uniformly elliptic nonlinearities, see
Theorem 3.30. Therefore, our results are a first step towards similar estimates for more
complex, non-linear problems. On the other hand, we have a few restrictions. The theorem
is only valid for finite element spaces of piecewise affine functions. Additionally, we shall
assume that there is a function G € LP(€;R"), such that —divG > |divF| in the sense of
distributions (cf. Assumption  in Definition 3.10). This assumption is satisfied in a number
of non-trivial cases, but it is restrictive, in particular because it implies that divF' has to
be a signed measure. We also require the mesh to be A-non-obtuse. Even with A being the
identity matrix, which means that A-non-obtuseness becomes the regular non-obtuseness,
this condition is still restrictive. In general, the common algorithms (for example the one
proposed in [57]) for local mesh refinement produce obtuse angles. However, avoiding the
assumption of uniform acuteness as in [3] allows us to include important special cases such
as the n-dimensional hypercube with a Kuhn-simplex triangulation that gets locally refined.

We will prove a local L*°-estimate for discrete solutions to systems of the form
—div(|Vul’?Vu) = f — divF

in Theorem 4.25. We are able to allow fully adaptive refinement of the mesh, but still need
the triangulation to be non-obtuse. If we assume a uniformly acute triangulation of the do-

main, we also find local L*°-estimates to p-Laplacian systems of the form —div ( %VU) =



0. This is not only an interesting result in itself, but the locality of the estimates suggests
that it may be a first step towards local L*°-error estimates for nonlinear elliptic problems.
However, the derivation of those error estimates is beyond of the scope of this project.

In Chapter 5, we will apply a generalized version of Theorem 3.30 to the finite element
scheme that was proposed in [43] to approximate solutions to a system that models the flow

of a chemically reacting, non-Newtonian fluid, that is given by

dive = 0, (1.4)
div(u ® u) — div (S(¢c, Du)) = Vp + f, (1.5)
div(cu) — div(k(Du, c)Ve) = 0. (1.6)

where u : 2 — R" is the velocity field, p : 2 — R is the pressure field and ¢ : 2 — R is the
concentration of hyluronan. For more details and precise definitions, we refer to Section 5.1.
In Theorem 5.12, we will extend Theorem 3.25 to include equations with lower order terms
on uniformly acute meshes. This will allow us to prove a De-Giorgi-type estimate for ¢ as
a finite element approximation to a solution to equation (1.6). This allows us to generalise
the convergence result of [43] to include n = 3 space dimensions without the regularisation

that was necessary in [44].



Chapter 2

Preliminaries

In this chapter, we will introduce function spaces, mesh conditions and some other defi-
nitions which will be needed in the thesis. The first section contains a brief overview of
classical properties of Lebesgue and Sobolev spaces. In the second section, we will introduce
the finite element spaces that we will be working with and prove some important properties

of these spaces.

2.1 Lebesgue and Sobolev spaces

We will now review some important elementary definitions and properties of Lebesgue and
Sobolev spaces. First, we will introduce a few notational conventions.
< b if there is a positive

~

constant C' such that a < Cb. We will write a 2 b if there is a constant ¢ > 0 such that

For two non-negative expressions a and b, we will write a

a > cb. If we have a < b and a 2 b, we will write a ~ b. If this notation is used within a
proof, the implicit constants are allowed to depend on the quantities that the constants in
the respective theorem or lemma depend on. If this notation is used outside of proofs, it will
be either clear from the context or stated explicitly, what the implicit constants depend on.
The maximum of two real numbers = and y will be denoted either by max{a, b} or in short
by aVb. The positive part of an expression u will be denoted by ui := u V0. (Note that 4
is not the standard notation for the positive part. In Definition 3.9, we will introduce the
nodal positive part of a piecewise affine function and denote it with the standard + because
this notion will be used more frequently than the point-wise expression that we shall denote
by +.) For a measurable set A C R", we will denote its Lebesgue-measure by |A| and its
characteristic function by x4. We will start by providing a precise definition of a Lipschitz

domain.

Definition 2.1 (cf. [2] 4.9). A bounded domain Q C R™ is a Lipschitz domain, if for all
x € 0N, there is a neighbourhood U, such that U, NOSY is the graph of a Lipschitz continuous



function.
Next, we need the spaces of p-integrable functions

Definition 2.2 (cf. [2] Chapter 2). Let @ C R™ be a domain. For p > 1, a measurable
function f: Q — R™ is p-integrable, if

/]f\pdx<oo.
Q

The space of equivalence classes of almost everywhere equal p-integrable functions is denoted
by LP(Q;R™). If the target space or the domain are clear, we will omit those. We will use

equivalence classes and representatives of those classes interchangeably. Equipped with the

1l oy = ( [ dx) 3

the space LP is a Banach space. The space of essentially bounded functions is denoted by

norm

L, its norm is given by

11l ey = esssup | £(x)].
e
We will use the terms sup and esssup interchangeably.

We will also need the notions of weak derivative and Sobolev spaces.

Definition 2.3 (cf. [2], Chapter 3). Given p > 1 and an open set Q, a function f €
LP(Q;R™) is weakly partially differentiable in the direction x;, if there is are measurable

functions Oy, f : Q@ — R™ for alli € {1,...,n}, such that
|1 tnpde=— [ @.0) s
Q Q

for all ¢ € C°(1,R™). A function f : Q — R™ belongs to the Sobolev space WkP if f and

all its weak partial derivatives are in LP(S). The norm is given by

1 oy = D 10% -

|a|<k
Furthermore, we will denote the completion of C§°(Q2) under the W*P-norm by Wéc’p(Q).

We will now collect a few useful facts and basic properties of those spaces.

e Young’s inequality: ab<£+bp fora,b>0,1<p<ooand1=1+ pi.

S \

o Holder’s inequality: /gl o) < 1fllor(o)l9llLr () for p.p1,p2 € [1,00] and | =
it

10



e Density (Meyers—Serrin): For 1 < p < co and k € N, we have
Whe(Q) = () 0 k() Twere,

Next, we will give the two most important versions of Poincaré’s inequality. For a proof,

see for example [2][Theorem 6.30].

Theorem 2.4 (Poincaré’s inequality). Let Q@ C R™ be a Lipschitz-domain that is bounded

in at least one direction. Then, there exists a constant C > 0 that depends on the domain

/ lulP do < C/ |Vul? dz
Q Q

and p € [1,00), such that

for all u € Wol’p(Q).

One of the most general type of domains where a Poincaré-type inequality holds is a so
called a-John domain. We will cite this definition from [27]. First we shall define a-cigars

and a-carrots.

Definition 2.5. Given a rectifiable path v that is parametrised by arch-length and an angle

a > 0, we define the a-cigar along v as

asr) = | {80 2wt -]

t€[0,]~]

and the a-carrot along v as

car(y,a) == | {B(y(1),at)}.

te(0,]7]

An example of an a-cigar is shown later in Figure 2.5 and an example of an «-carrot is

shown later in Figure 2.4.

Definition 2.6. A domain Q C R" is called an a-John domain, o > 0, if every pair of
distinct points a,b € Q can be joined by a rectifiable path v such that

cig(v,a) C Q.
Remark 2.7. Obviously, any bounded convex set is an a-John domain.

Theorems 3.8 and 5.1 of [27] then prove the following proposition.

Proposition 2.8. Let Q be a bounded a-John domain for some o > 0. Then, for all
f € WhHi(Q) holds
1f = (Dl paggy < Cdiam(Q)[V £ -

The constant C only depends on o, n and q.

11



Proof. Theorem 3.12 of [27] guarantees that ) satisfies an emanating chain condition with
constants only depending on . Then Theorem 5.1 of [27] guarantees that Poincaré’s
inequality is true in weighted Sobolev spaces. As we have chosen the weight w = 1, the

dependence of the constant on the weight can be dropped. O

Fore more details on the Poincaré constant of star shaped sets that arise in the context
of finite element methods, see [61]. Following arguments from [23][Lemma 8.2.3], we will

now show that it is not necessary to subtract the average over the entire domain. In fact,

it is enough to subtract the average over a subset w C €2 as long as ‘Q‘ is bounded below.

Corollary 2.9. Let Q be a bounded a-John domain. Furthermore, let w C € be a measurable

set with £ ‘Q| > B> 0. Then, there is a C > 0, such that for all f € W9(Q), we have

1 = ol <c< B)diamm)nwuwm

C depends only on a, n, q.

Proof. By the triangle inequality, we have

1 = (Pl < 1 = Dl + 1o — (el (2.1)
From Proposition 2.8, we know that
1f = <f>9||Lq(Q) < Cdiam(Q)va”LQ(Q)v (2.2)

where C' is the constant from Proposition 2.8 that only depends on a, n and ¢. On the

other hand, we find

1) = (Pl agy = [(Fw — (Hall2 (23)
We estimate
[{(f)w ‘][fdm—][ fadz
= @ L Hadx
(2.4)
< BIQ\ / F = (f)da
m‘;llf (Pl oo

where we have used Hoélder’s inequality in the last step. Combining inequalities (2.2), (2.3)
and (2.4) yields

C .
145 = (Dallzagy < FARmEIV S za(0 (2.5)
Now combining inequalities (2.1), (2.2) and (2.5) proves the Corollary. O

12



The next function space that we will need is the space of Holder continuous functions.

Let us write

oicf = sup |f(z) — f(y)]

z€EA,yeA

for the oscillations of a function f: ) — R™ on a set A C 2. For m = 1, this simplifies to
= — inf f.
osc f Sljlp f in f

Definition 2.10. We will say a function f : @ — R™ is Hélder continuous with the

exponent o, if

@)~ 1wl _

sup

(2.6
z,y€ ’x - y’a )

for some constant C. The smallest constant C that satisfies this inequality for a function
f will be denoted by ‘f|Ca(§) Note that ||Ca(§) is a seminorm on the space of Holder-
continuous functions C'* (ﬁ) Inequality (2.6) can be simplified to

osc f<CR"
B($07R)

for all xy € Q and R > 0 with B(xg, R) C Q.
Finally, we will give the most important embedding theorems.

Theorem 2.11. Suppose that Q) is a bounded open Lipschitz domain. The following em-

beddings are continuous:
o WLP(Q) — LP"(Q) with % = % —i—% and 1 <p<n,
° Wl’p(Q)%Ca(ﬁ) forn <p< oo andOSagl—%.

The first embedding will be referred to as the Sobolev embedding, the second one as Morrey’s

embedding. Furthermore, the following embeddings are compact:
o WHP(Q) — LP"(Q) with % < # +1and1<p<n,
e WLn(Q) — LP(Q) for all p € [1,0),
o C© (ﬁ) — CP (ﬁ) for a > .

For more details see [2], Chapters 4 and 6.
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2.2 Finite element spaces, triangulations and mesh condi-
tions

This section is based on the third the section of a joint paper with Lars Diening and Endre
Siili, entitled Uniform Hélder-norm bounds for finite element approximations of second-
order elliptic equations, submitted to the IMA Journal of Numerical Analysis on 9 April
2020, and available from arXiv:2004.09341 [math.NA]. In this section, we will introduce
common mesh conditions that will be used throughout and prove properties of the corre-
sponding triangulations. We will always assume that 2 C R" is a polyhedral Lipschitz
domain and 7}, is a triangulation of that domain. Here, by a triangulation of 2 we mean a
subdivision of € into closed n-dimensional simplices with pairwise disjoint interiors, whose
union is § and the intersection between two simplices is either empty or a complete sub-
simplex. The (0-dimensional) vertices of the simplices will be referred to as nodes, the
1-dimensional intersections between two simplices will be referred to as edges and the n —1-
dimensional (n > 3) intersections between two simplices will be referred to as faces. First,

we will define the Lagrange basis for a triangulation.

Definition 2.12. Let Tp, be a triangulation of the polyhedral Lipschitz domain 2 C R™. For
a node xz; of the triangulation Ty, we define the associated Lagrange basis function ; via

Yi(x;) = 0i; and ; is an affine function of n variables on any T € Ty,.
Now, we will define different mesh conditions.

Definition 2.13. We call a triangulation T;, shape-reqular with shape-reqularity parameter
I' > 1, if one has, for each T € Ty,

hr < R; T, (2.7)

where R; 7 is the radius of the largest n-dimensional ball contained in T (which we shall

refer to as the inscribed ball of T) and hy := diam T.
Next, we will introduce two important notions: A-nonobtuseness and uniform A-acuteness.

Definition 2.14. Let A € L>®(Q; R™ ™) be a uniformly elliptic matriz-valued function. We

call a triangulation Ty, of Q@ A-non-obtuse, if

/ AV - Vipjda < 0 (2.8)
T

for any T € Ty, where ¢; and 1); are the Lagrange basis functions of Vj, that are associated
with the nodes x; and x; (see Definition 2.12) and for any i # j.
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We will call a triangulation Ty uniformly A-acute with the acuteness constant vy if the

estimate
| AV 9000 < 19 199 (2.9)

holds for any T € Ty, and any i # j with T' C supp1; N supp ;.

Note that if A is the product of a scalar function and the identity matrix, this defini-
tion coincides with the geometric idea of a non-obtuse triangulation. The existence and
construction of uniformly A-acute and A-non-obtuse triangulations is discussed in detail in
[15].

We will now recall a few properties of shape-regular families of triangulations 7. For any
simplex T € Tj, there is an invertible affine transformation By with bounded inverse that
maps 7" onto the simplex in R™ with the nodes (0, ...,0), (h7,0,...,0), ..., (0,...,0,h7).
The norms of the gradients of By and its inverse are uniformly bounded for all T" € 7}, and
the bound only depends on the shape-regularity parameter I'. Furthermore, for any node

x; of a simplex T € T, we have that
[Vl ~ byt (2.10)

where the implicit constant only depends on the shape-regularity constant I' and the di-

mension n. Furthermore, if T' € T, and S € 7}, have a nonempty intersection, we have
hr ~ hs. (2.11)

Again, the implicit constant in equation (2.11) only depends on the shape-regularity con-

stant and the dimension. For simplicity, for any set A contained in €2, we will write
Q)= |J T
TeT;, : TNAFD

and the interior of that set is then
Q(A) :=Q(A) \ 0Q(A).

In particular, we will write P; := Q({z;}) for any patch around a node z;. We will also

write

)= |J P (2.12)

i:x;EA
In short, Q(A) is the union of all simplices that touch A whereas '(A) is the union of all

simplices that have a node in A.
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Figure 2.1: T and Q(Q(T))

Lemma 2.15. Let T, be a shape-regular triangulation of . Let T € Ty, be a simplex and
hr = diamT. Then, there exists a o > 0 that only depends on the shape-reqularity constant

I' and the dimension, such that

dist (T, QT \ 0 (T)) > ohy.

Note that dist (T, QQT) \ 2 (T)) — dist (T, 2\ Q(T)) if QT) N 92 = 0.

Proof. Given T' € Ty, let S; € Ty, 5 = 1,..., N, be the collection of all those simplices
that have non-empty intersection with 7. Thanks to the shape-regularity of 7T; the integer
N only depends on the shape-regularity parameter I'. As dist (T,Q(Q(T)) \Q(T)) >

min;—1,_ N Ris;, where Ris; is the radius of the maximal ball inscribed in S;, the assertion

follows from shape-regularity, which implies that R; g, ~ hg;, and the equation (2.11),
which guarantees that hg;, ~ hr for all j =1,..., N. See also Figure 2.1. O

We want to be able to deal with domains that are not convex. For example in Pacman-
domains we could run into situations, where Q(zg, B) contains two different connected
components. We will only want to look at the connected component that contains the

centre xg.

Definition 2.16. For xy € Q and R > 0, we write B(xg, R) for the connected component of
B(xg, R) N Q) that contains xo. Note that for B(xg, R) C Q, we have B(xg, R) = B(xo, R).
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Lemma 2.15 is essential to prove the following statement.

Lemma 2.17. Let Ty, be a shape-regular triangulation of the polyhedral domain €. Suppose
that g € T for some T € Ty, and R > hp. There exists a number Q > 1 that only depends
on the shape-reqularity parameter I, the Lipschitz constant of the boundary of Q and the
dimension, such that

Q(B(xo, R)) C B(zo, QR). (2.13)

Proof. Each simplex S € 7, is a bounded set; there is therefore an R > 0 such that

Q(B(zo, R)) C B(xo, R). If we denote the radius of the circumscribed ball of S € T}, by R, 5
and use shape-regularity as defined in Definition 2.13, we find that

R<R+ R.s SR+ max  hg. (2.14)

max 5SS
SETh : SNT#D SETh : SNT#D

If SC Q(T), we have SNT # 0 by definition, and equation (2.11) and the assumption
R > hr therefore yield
hs <Ghr <GR (2.15)

for some & that only depends on the shape-regularity constant and the dimension.

We denote the length of the shortest path between S and zg in B(xo) by da(xo,S). If
S c Q\ Q(T), we also have g € Q\ Q(S) and B(zg, R) NS # 0, and therefore do(S, zo) >
dist (S, Q(Q(S)) \ Q(S))). Together with Lemma 2.15 this implies that dg(zo, S) > ohs.

As Q is Lipschitz and therefore satisfies a uniform exterior cone condition, there is a constant

oo > 1 that depends on the Lipschitz constant of the boundary, such that do(xg,S) < oqR.
In total, we find

oR > do(zo, S) > dist (S, Q (Q(S))) > oh, (2.16)
for S € Q\ Q(T). Inserting inequalities (2.15) and (2.16) into inequality (2.14) now yields
R<(1+ max{ %2, % )R, which proves the lemma for @ = 1 + max{%2, % . O

Lemma 2.18. Let Ty be a shape-reqular triangulation of the polyhedral domain Q). There
exists a constant k > 0 that only depends on the shape-reqularity constant I', such that for

any T € T, xg € T and R > hp, we have
B(zo,kR) C Q' (B(xo, R)). (2.17)

Proof. Recall that hy = diamT. Thus, all nodes of T belong to B(zg, R). In particular,
this means that Q(T) C Q' (B(xo, R)). Now assume that there is an S € T, such that
B(zg, R) NS # 0, but none of the nodes of S belong to B(xo, R). (If that were not the case,
we would have B(zg, R) C Q' (B(zo, R)) and there would be nothing to show.) We connect
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a point on 0B(xg, R) NS with xo by a line-segment and denote the length of the part of the
segment within S by a and the part outside of S by b. (See Figure 2.2.) Then, we have

R=a+b. (2.18)

We know that
a < diam S = hg. (2.19)

On the other hand xg ¢ ©(S). Denote the point that a and b share by x; and as before,
denote the length of the shortest path between z1 and zg by do(x1,x0). Then, we have

do(x1, o) > dist(S, Q(Q2(S)) \ Q(5)) > ohg (2.20)
by Lemma 2.15. Again, because {2 is Lipschitz and it therefore satisfies an exterior cone
condition, there is a constant oo that only depends on the Lipschitz constant of €2, such
that

da(zo, 1) < oqb. (2.21)

Inequalities (2.19), (2.20) and (2.21) yield a < ooqb. Using this in the equality (2.18) gives

R=a+b< (1+2)0. (2.22)
o

As this is true for all simplices S € Ty, that intersect B(xo, R) and do not have a node in
B(xo, R), this implies inclusion (2.17) for k = 7. O

Remark 2.19. Our choice of B(xg, R) instead of only B(xo, R) near the boundary is nec-
essary to exclude cases where two different connected components of QN B(xg, R) might be
connected in 2 via an arbitrarily long path and therefore the simplices in this other compo-
nent might be very big compared to the ones in the component we were starting in. We will
see in Section 3.4, where we will discuss reqularity at the boundary, that this approach still

leads to a C'“-estimate.
Now, we will define the finite element space that we will be working on.

Definition 2.20. Given a triangulation Ty, of the domain €2, we denote the space of con-
tinuous functions that are affine on every T € Ty by Vi. Note that Vi, C WH(Q) and we
can write
up =Y up(i)thi,
i

(2.23)

Vup = un(w:) Vi
i
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Figure 2.2: S and B(zo, R)

for any uy, € Vi, with the Lagrange basis functions ; introduced in Definition 2.12. This

also shows that we can write a projection I, onto Vi, for every continuous function f as
Onf =Y fz:)i (2.24)
i
Iy, f is also called the Lagrange interpolant of f. Furthermore, we will denote the space of
continuous functions that are affine on everyT' € Ty, and zero on 08 by Vi, o == Wol’l(Q)ﬁVh.

We will collect a few lemmas about functions defined on triangulations. In particular,
this will lead to a stronger version of Poincaré’s inequality. We will always assume that
Vi, and V}, o are finite element spaces associated with a shape-regular triangulation 7, of a
polyhedral domain Q. In particular, this means that (2.10) is true. II, will always denote

the Lagrange projection operator onto V}, as defined in equation (2.24).

Lemma 2.21. Let 7}, be a shape-regular triangulation of the polyhedral Lipschitz domain
Q. Forall f €C° (ﬁ), we have

sup [II f| < sup | f]. (2.25)
T T
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Furthermore, there is constant C' that depends on the shape-reqularity constant of the mesh

and the dimension, such that for any T € T;, and f € C* (T), we have
Sup |f =TI f] + Sup hr| VI, f] < CSl%p hr|V f. (2.26)

on all T € Ty,

Proof. As an affine function on a simplex T, IT;, f attains its maximum and minimum on T'

on one of the nodes of T'. This means that we have
sup |y, f| < max [TI;, f| = max | f| < sup|f],
T z; €T z; €T T

which proves the inequality (2.25). The bound supy |f — I, f| < supy hr|V f| is standard
from approximation theory. To prove that supy hp|VII, f| < supp hp|V f], we can assume
that f(z) = 0 for some z € T because Vf = V(f —¢) for all f € C* (T) and all constants
c. Write Z7 for the index set of the n + 1 indices of the nodes of T. We also use the relation

(2.10) to get

sup |VII}, f| = sup < (n+1)max|f(z;)|h;' < max|Vf|.
T T T T

Z f(zi) Vi,

This concludes the proof of inequality (2.26). O

The following important Lemma 2.23 is true for polynomials defined on simplices T € Ty,.

We will denote the space of polynomials of degree k or lower by Pj.

Remark 2.22. Let ay,...,am € Py. Then, a1 ---ap = 0 if and only if at least one of the

functions ay, ..., an, is identically zero.

Lemma 2.23. Let ai,...,a, € Pr. Then,
m m
i| o~ | dx. 2.2
Hmj@x|a3| ][‘Ha]‘ x (2.27)

The constant hidden in the ~ depends on k, n, m and the shape-reqularity parameter of T'.

Proof. Since the expressions on both sides of (2.27) are homogeneous in ay, . . ., @, it suffices
to show that there are constants ¢ and C such that 0 < ¢ < fT )Hy;l aj‘ dz < C for any
ai,...,am € P with maxy |a;| = --+ = maxy |a,,| = 1 and any shape-regular simplex T'.
Obviously, we can choose C = 1. We will prove the existence of ¢ with a compactness
argument. Equation (2.27) is invariant under linear scaling. Thus, we can assume that
hr = 1 in the sense of Definition 2.13. First, we fix a shape-regular simplex 7" and note

that the mapping ¢ : (a,...,an) — fT |ay -+ - ap| dz is continuous on P,?m, as this space
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is finite-dimensional and all norms are equivalent. Furthermore, the set {(ai,...,am) :
maxy |a1]| = -+ = maxy |a,| = 1} C PP™ is closed and bounded and therefore compact.
Thus, it suffices to show that g(ai,...,an) > 0 for any (a1, ..., an) with maxy [a;| =--- =

maxy |a,| =1 to get

inf ][\al | da > 0. (2.28)
maxr |ai|=-=maxr |am|=1
T
Assume the contrary, i.e. fT |ay -+ am|dez = 0. Then, aj---a, = 0 on T. But, because
of Remark 2.22, this implies that at least one of the aq,...,a; has to be identically zero,
which contradicts maxy |a;| = - -+ = maxr |an| = 1.

If we now fix a node xg of T, we define the set A C R"™*™ as the set of n-tuples
(z1,...,zy) that, together with zg, form a shape-regular simplex with diameter hy = 1
and see that A is bounded and closed and therefore compact. Furthermore, the mapping
f: A — R defined via

(T1,...,@p) — inf ][ lay - am|de
maxr |a1|=-=maxr |am|=1
convhull(zg,...,xn)
is continuous. This means that it suffices to show that f(a1,...,a,) > 0 to prove (2.27).
But this is obviously true due to the inequality (2.28). O

Furthermore, we have the following identity.

Lemma 2.24. For all fr,gn, € Vi and a,b € R, we have

Iy (fagn) — fagn = On((fn — a)(gn — b)) — (fa —a) (gn — b) -

Proof. 11, is linear and constant functions are contained in V;. This means that we have
Iy (agn) = agp, Up(bfr) = bfn and I (ab) = ab. This leaves us with

Iy ((fn — a)(gn — b)) — (fun — a) (gn — b)
= Iy (fngn) — Mn(agn) — p(bfn) + Up(ab) — frgn + agn + bfn — ab

=10, (fron) — fagn-

This concludes the proof. ]

This leads to the following estimate.

Lemma 2.25. There are constants C1 and Co that depend on the shape-reqularity constant

and the dimension, such that for all vy, wy € Vy, we have
m}ix "thh — Hh(vhwh)\ + m%tx hr |V(’thh — Hh(vhwh))|

= Cl][ [on — (vn)7] dy][ |wp, — (wp)r| dy (2.29)
T T
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and
max lopwp, — I (vpwp)| + max hr |V (vpwp, — g (vwp))|

2.30
S CghT ][ |Vvh| dy][ \wh — <’LUh>T‘ dy ( )

T T
for any T € Ty,

Proof. Because vy, wy, are affine functions on every T € Ty, we deduce by an inverse estimate

that
max hr |V (vpwp, — Iy (vawn))| S max [opwy, — Ia(vawn)]- (2.31)
Now, Lemma 2.24 yields

max [vpwp, — Ly (vpwn)| = max | (vp — (va)7) (wh — (wa)7)

(2.32)
— Iy ((vn = (vn)1) (Wi = (wp)7)) |-

Combining this with the triangle inequality and inequality (2.25) gives

max [opwy, — Ly (vpwn)| S max | (v — {op)7) (wp — (wn)7)|
(2.33)

< max |(vp — (vp)7)| max [(wn — (wa)T)| -
We can now apply Lemma 2.23 to inequality (2.33) to get

ma o, — Ty (v 5][ lvn — (o) dz ][ (o — (wn)7| de, (2.34)

T T
which proves the bound (2.29). The bound (2.30) follows directly from equation (2.29) by

Poincaré’s inequality on T'. O

Remark 2.26. On the right-hand side of equations (2.29) and (2.30), the integral means

can be dropped, because we have

]lwh (o] dz <][]vh]dx+][ (o) d < 2][\vh\dx.
T T T T

Next, we will prove a Jensen type inequality.

Lemma 2.27. For every non-negative ny € Vi and ¢ > 1 we have

ni <IIy(nj).

Proof. Recall that we denote the Lagrange basis functions of Vj, by ;. (See Definition

2.12.) We know that
D b =M,(1) =1
i
This allows us to use Jensen’s inequality to get

(ij 77h -Tj ) Z% 77h xj (Hh(nZ))(x)
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Finally, we will prove two versions of Poincaré’s inequality for functions in V},.

Lemma 2.28 (Poincaré’s inequality on patches). There is a constant C' > 0 that depends
on the dimension and the shape-reqularity constant, such that the following holds: Let x;
be a node of the triangulation Ty, and P; = Q(x;) the respective patch and let vy, € V}, be a

function with vy(x9) = 0 for some node xg € P;. Then, we have Poincaré’s inequality on

PB;, that is
/ \vh]danghi/ |V | de,
j 3

where h; = hy for some T € Ty, with T C P; in the sense of Definition 2.13. Note, that any
S, T € Ty, with S,T C P; share the node x;, which means that hy ~ hg by equation 2.11

and the notion of h; makes sense.
Proof. Let Ty C P; a simplex that has z¢ as a node. Note that diamP; ~ h; and |Ty| ~ | P
by shape-regularity. Then, Poincaré’s inequality yields

/ lon — (on)1p | Az S hi/ |V | da. (2.35)
Pi Pl'

On the other hand, we have Poincaré’s inequality on T because vy, is affine on any T € Tj,

and we get

/‘UhTO

Combining equations (2.35) and (2.36) yields

/|’Uh|d:E</ ’Uh— tho|dx—|—/ |th0|daz<h/ |Vop| de.

This concludes the proof. ]

/ loplde < | |oplde Shi [ |Voplde < hi/ |Vuop|dz.  (2.36)
To P;

\T | To

Theorem 2.29 (Poincaré’s inequality for V3). Let Ty be a shape-reqular triangulation of
the polyhedral Lipschitz domain @ with respective finite element space Vy. Let vy, € Vp
nonnegative function and let © = J,; T; \ 0 (U, Ti) be a connected set with diameter R for a
set of simplices {T;} C Tp. Suppose

on( U & =0 (2:37)
vp (27)=0
for some v > 0. Then, there is a constant C' > 0 that only depends on ~, the Poincaré

constant of ©, the shape-regularity constant I' of the mesh and the dimension, such that

/ lop|do < C’R/ |V | de.
(C] ©

23



Proof. First, note that © is a bounded Lipschitz domain and therefore, its Poincaré constant
is finite. Let N be the index set of nodes that are either nodes x; with v (z;) = 0 or that
are connected to one of those nodes in © by an edge. We write wy, := Y ien Un(Ti)Y; and
Wy, = Zi¢]\/ vp (). Note that vy, = wyp, +wp, and W, = 0 on ON (th(mi)zo R) and thus,

fQH(Uuh(zi):o Pi
inequality from Corollary 2.9 on wy. This leaves us with

) wda = 0. Therefore, assumption (2.37) implies that we can use Poincaré’s

/ |y dz < R/ V| da. (2.38)
C) S]

On the other hand, we know that wy, has a zero on every patch P, N0 = Q(z;) N O
for any node x; € © because every node x; with wp(x;) # 0 has i € N and is therefore
connected to a node with v(x;) = 0 by an edge. This means that we can use Lemma 2.28

on any of those patches. This gives

wy,| dz < / wp|de <
/@r < [l

ieEN

> hi/ V| dz.

ieN P;NOe
We have h; < R. Furthermore, the shape-regularity of 7, guarantees that each simplex can

only be part of a uniformly bounded number of patches. Thus, we get

/ \wh|dx§R/ V| da. (2.39)
S (€]

Adding the inequalities (2.38) and (2.39) yields

/\vhdxg/ ]wh\dx—i—/ ]u?h\dng(/ ]th\dx—i—/ \vwhydx). (2.40)
(S (€] (€] C] €]

We define

O := <Upi)m@.

1eN
Note that by definition, if i € N/, then P; has a node where v, has a zero. Therefore, we get

/ |Vup| dz 2 Z/ |Vup| dz 2 Z h;l/ |vp,| de, (2.41)
(0] ;MO

ieN 7 b ieN Fine
where h; is the diameter of one of the simplices T' C P; and where we have used the fact
that any T € Tj, is only part of finitely many patches and Lemma 2.28.
For simplicity, let us write War = >, - 1i. On each T' € Ty, we therefore have |W | <1

and |V | < byl Furthermore, we can write
wy, = 1Ty (v W) -
Thus, we can use equation (2.26) and the product rule to find
[Vwn| < [Vou| + hz' |vsl (2.42)
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on every T € Tp. Additionally, we have
/ Vaop| de < Z/ Vawy| da (2.43)
ieN

Combining inequalities (2.42), (2.43) and equation (2.11) yields
/|vwhy < Z/ \Vup| 4 hy oy da. (2.44)
O ieN P;NO

Therefore, we can combine inequalities (2.41) and (2.44) to get

/\th]</ |Vup| da. (2.45)

Analogously, we find
/ V| dz S / |Vop| de. (2.46)
o O

Now note that wp, =0 on © \ O. As v, = wy, + Wy, we therefore have
|Vop| = [Vwy| + |V (2.47)

on © \ O. This means that we can finally combine inequalities (2.45), (2.46) and (2.47) to
find

/ V| + [Vibn| dz < / Vop| da. (2.48)
(C] e
Together with inequality (2.40), that completes the proof. O

We will want to apply the Poincaré inequality to sets of the form Q(B(zo, R)). It
remains to be shown that the Poincaré constant of those sets stays uniformly bounded. As
we might have a highly refined mesh, Q(B(zo, R)) might have a lot of small spikes, which
makes it impossible to use the Lipschitz condition for the bound on the Poincaré constant.
However, the fact that all the spikes have an angle that is uniformly bounded below because
of the shape-regularity of the mesh, it is possible to show that Q(B(zg, R)) is always a-
John with o bounded below. By Corollary 2.9 it is enough to show that a set of the form
Q(B(xo, R)) U B(xo, R) is indeed an a-John domain. Note that if B(xg, R) C 2, we have
Q(B(xo, R)) U B(zo, R) = Q(B(z0, R)).

Lemma 2.30. Let T} be a shape-reqular triangulation of the polyhedral Lipschitz-domain
Q. Then, for any xg € Q and R > 0, the set

Q(B(zg, R)) U B(zo, R)

is an a-John domain, where o only depends on the shape-regularity constant I, the Lipschitz

constant of 02 and the dimension n.
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Figure 2.3: B(x2, $hr) in a patch

Proof. We will prove the theorem in three steps. We will first show that if a simplex T € Tj,
touches B(xo, R), but is not completely in B(zo, R), there is indeed a ball B(yg,r) C
B(zo, R)NQ(T) with r 2 hp. In a second step, we will show that that given a set © that is
a union of m simplices that are connected via faces (i.e. (n — 1)-dimensional subsimplices),
there is a constant o, that depends only on the shape-regularity constant of 7; and m,
such that given 7' C ©, there is an a-carrot in © that ends in B(y,r) C O if r < op,hr and
starts in yo € © \ B(y,r) N T. In a third step, we will conclude that Q(B(xo, R) is indeed
a-John.

Let us first assume that we are away from the boundary of Q, i.e. we have B(zg, R) =
B(xo, R).

STEP 1: For aT € Ty, assume TNB(xo, R) # 0 and T ¢ B(xo, R), thus 0B(xo, R)NT #
(). Take a point 21 € B(xg, R)NT. By Lemma 2.15 we know that dist(7", Q(Q(T))\Q(T)) >
ohr (o only depends on shape-regularity.) Denote the point that is § away from 1 on the

radius between g and x; by xa. Thus, B(xa, $hr) C B(xo, R) N Q(T) (See Figure 2.3.),

which concludes Step 1.

STEP 2. Consider a collection of m simplices 1; € Ty, i € Z, for some index set 7
with m € N elements, such that for any ¢ € Z, there is a j € Z, such that 7; N T} is an
(n — 1)-dimensional subsimplex. We write © = J;c7 T;. We take two arbitrary points x;

and 2 in ©. Recall the definition of the a-carrot car(y, a) from Definition 2.5:

car(y, a) := U {B(y(t),at}.

te[0,]]
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We want to show that there is a { > 0 that only depends on the shape-regularity parameter
I' and m, such that if z; € T for some T € Tj, and B(x2,7) C © for r = (hp, there exists a
rectifiable path « that connects z; and z2 and an o > 0 such that car(y,a) C © and « is
bounded below by a constant that only depends on (, m and the shape-regularity constant

I". Let us first construct . Denote the T' € T, with x1 € T by 11 and the one with xo € T

by T5. Let us now construct the shortest sequence {Si}?izll’” of simplices with S7 = 77,
S, v, = T2 and S; N Siqq is an (n — 1)-dimensional subsimplex. Obviously, mz, 2, < m.

Denote the centre of the largest inscribed ball of S; by ;. Now, we connect x; with y;
by a line, then y; with y2, and so on, and finally ym,, ,, with zs. (See Figure 2.4.) From
equation (2.11) we know that there is an o9 > 1 such that hg, < o{*hr and the radii of
the largest inscribed balls of S; (denoted by r; are bounded below by f% for some positive
o1 < 1 that only depends on shape-regularity. Therefore mch}nhT < |yl < (m+2)oy’hr.
(Those constants could be improved by noting that going from 7" to the next simplex, and
so on, the diameter of the next simplex is only smaller or larger by a factor ¢ and one could
work with a geometric series instead of just taking the minimum/maximum there.) There
is a maximum angle oy that is only bounded by shape-regularity such that the beginning

of the carrot car(y, ) is still in 7. Furthermore, we need to have a < ag := 0 to

ensure that the end of the carrot is still in ©. Therefore, car(y, min{aj,as}) C ©. This
completes Step 2.

STEP 3: If the two points that we want to connect via an a-cigar are in B(zg, R),
the existence of the respective cigar is trivial. If one point z; lays outside of B(zo, R),
it has to be in a simplex T" € 7T, that intersects the circle. By Step 1, we find a ball
Bi(Z1, $hr) C B(zo,R) N Q(T) that has a radius of $hr. As it is also in the patch
around 7', we can find a rectifiable path v; from z; to £; and an angle ; < 1, such that
car(yi,a1) C Q(B(zo, R)) by Step 2. (¢ = %, m is the number of simplices in Q(T') that
is bounded above by a constant that only depends on shape-regularity and the dimension.)
The angle « is bounded below by a constant that only depends on shape-regularity and the
dimension as the number of simplices in a patch is bounded above by those two quantities.
If the second point z9 is in B(zg, R), we can just connect ¥; and z¢ by a line and then
xo and x9 by another line and denote the path by 7. Then, the aj-cigar cig(y1 U2, aq)
lies completely in Q(B(xo, R)). If z2 is also not in B(xp, R) and in S € Tj, we construct
B(Z2,5hs) as above in Step 2 and the respective carrot car(vyz,a2) by step 1. We then
connect the #; and zg by a line and then we connect xy and Zs by a line and denote the
respective path by 7. Then, the cigar cig(y1 U vy U 72, min{ay, as}) lies completely in
Q(B(xo, R)). (See Figure 2.5.) This completes the proof away from the boundary of 2.
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Figure 2.4: a-carrot in a set of three simplices.

If we are near the boundary of 2, we note that we are indeed looking at the set
Q(B(zp, R)) U B(xg, R). Thus, by definition this contains B(zg, R) as before and is con-
nected. To find the balls in Step 2, we are looking at Q(7T) U (B(xo, R) \ Q(B(xo, R)). For
the parts outside of {2 the role of shape-regularity is played by the outer cone condition
that is satisfied by a Lipschitz domain. Then, the constants depend also on the Lipschitz
constant of the boundary 0f). O

We will also need a lemma that concerns connecting pairs of nodes in an A-non-obtuse
mesh in a way that allows us to work as if we were on a uniformly A-acute mesh. This
seems to be a small change but allows us, for example, in the case where A is the identity
matrix to use meshes that are generated by newest vertex bisection on a square, which are
important cases, especially if we consider that it is one of the novelties of our approach
that we do not demand quasi-uniformity of the mesh, i.e. we do not need hp from equation

(2.10) to be uniform on the entire domain.

Lemma 2.31. Let T be an A-nonobtuse, shape-regular triangulation of a polyhedral domain
Q C R™. Denote the nodes of a simplex T € T, by xq,...,x,. Then, there is a constant
7 € (0,1) that only depends on the dimension n and the shape-regularity parameter T' of

Th, such that any pair of nodes x; and xj, of T can be connected by a sequence of distinct
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Figure 2.5: a-cigar in Q(B(zo, R)).

nodes {x; = yo,y1,...,yn = x} of T', with N < n and without loops, belonging to the same
simplex T and such that

- / AVsz : V¢i+1 dz > T/ AVzpz . sz dx, 1= O, oo ,N — 1, (2.49)
Q Q
where 1; is the basis function associated with the node y; in the sense of Definition 2.12

Proof. The proof proceeds in two steps. For two R™-valued functions ¢ and & defined on {2

we shall write

Cpa = [ AC-€dn and (6= [ AC-ga
STEP 1. Let L € {0,...,n} and M :={0,...,n}\ L with L, M # (. We will show that

emax (Ve V), a) = T x| (Vibr, Vibr) 4 (2.50)

for some 7 > 0 that depends on the shape regularity constant I'. Since the (Vy, Vi) 4 <
0 for [ # m, it suffices to prove that

(= 3, (Vo Vimlpa) 2 max (Vi Vi),

leL,meM et

As > gtr=1onT and LUM = {0,...,n}, we obtain

n=> <— (VL Vi a+ > <vwz,wm>T,A> = D (VU Vem)p s = (1),

meL l,meL
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Now define n := ) ;. 9. Since n(xp,) = 0 for some m € M and A is uniformly elliptic, we

obtain by Poincaré’s inequality, Lemma 2.23 and inverse estimates that

(I1) = (Y0, V) a = el Vnlizery ~ b2 nl7zer) ~ B2 T 0 Foe
~ P T) > max (Vi Vib)g, ~ max (Vi Vi) o,

RN 0% r€0,...,n

where we have used the shape-regularity of the triangulation. That completes Step 1.
STEP 2. Let us now assume that we were not able to find a sequence without loops
that connects z; and zj, so that inequality (2.49) holds for the 7 from step 1. (Note that if
a sequence that satisfies inequality (2.49) had loops, we could simply remove the loop from
the sequence and it would still satisfy inequality (2.49).) This would imply that we can find
disjoint sets L C {1,...,n}and M C {1,...,n} with j € L and k € M such that inequality
(2.50) does not hold, but this is obviously a contradiction. O

We will also need the following formula for the scalar product of the gradients of two

functions in V}, on simplices.

Lemma 2.32. Let Ty be a triangulation of the polyhedral domain Q2. Let v, wn € Vy be
arbitrary finite element functions. We write vy, (x;) =: v; and wp(x;) =: w; for all nodes x;

and It = {i:x; € T}. Then, on each T € T}, we have that

1
VUh . th = —5 E (’UZ' — Uj) . (’U)Z‘ — wj)Vwi . V'Iﬂj (2.51)
biclr
(¥

Proof. We know that ). ¢; = 1 and therefore ), Vi); = 0. This gives

D (wi—vy) - (wi —w)(=Vehi - Vi) = D (v = v)) - (wi — wy) (= Vi - Vaby)

i,j€IT i,j€lp
i#]

== wvi-w; Vi (ij) — > vy w; Vi - (Zw)

i€l JjelT jelr i€l
+ Y o w (V- V) + > vy wi(Vei - Vi)

t,jEIT i,jEIT

= QVU;L . th,

which proves the claim. O

For the modulus of the gradient of a function from Vj, we can find an even simpler

formula.
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Lemma 2.33. Let T, be a shape-regqular triangulation of the polyhedral domain Q C R™ with
respective finite element space V. For any simplex T € Ty, we write Zp := {i : x; € T'}.

For any vy, € V3, we have

1
Vonl ~ 7 3 fon(as) — o) (2.52)
T
€L
on any T € Ty, with diameter hp. The implicit constant only depends on the shape-regularity

constant and the dimension.

Proof. The shape-regularity of the triangulation 7, implies that for every T € Ty, there is
an affine transformation I'r : R® — R™ with |[VI'z| < C and |[VI';'| < C, where C' does only
on the shape-regularity constant and the dimension, that maps 7" to the simplex spanned
by the points (0, ...,0), (hr,0,...,0),---, (0,...,0,hp). Without loss of generality, assume
that z; gets mapped on (0,...,0). On this simplex, we have
3
Vo T = o | 3 fenl) — en@ |~ 3 fenla) - enla)l, (2:53)
1€l 1€Zr

where we have used the equivalence of norms in R" in the last step. This means that we
can write v, = v, o T2' o I'p and use equation (2.53) and the boundedness of the gradients

of I'r and I‘;l to conclude the proof of the lemma. O
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Chapter 3

C%regularity of discrete solutions
to linear elliptic equations

In this chapter, we will show a priori regularity results for discrete solutions to linear
elliptic partial differential equations. We will give a brief overview of the De Giorgi theory
for this type of equations. The subsequent sections will focus on developing a discrete De
Giorgi theory. The chapter is based on the joint paper with Lars Diening and Endre Siili,
entitled Uniform Hélder-norm bounds for finite element approximations of second-order
elliptic equations, submitted to the IMA Journal of Numerical Analysis on 9 April 2020,
and available from arXiv:2004.09341 [math.NA].

3.1 Local Holder continuity in the continuous case

First, we will present a brief overview of the proof of the local Holder continuity of weak
solutions to elliptic equations. The result was first established by De Giorgi and indepen-
dently by Nash and Moser. This is, by now, a classical result in the PDE analysis literature,
however since our proof of the discrete counterpart of this result proceeds along similar, but
much more technical lines, readers may find this short overview helpful, regardless. The
main ideas of the proofs in this section have been used in [14]. For simplicity, we will restrict
ourselves to the homogeneous case. We begin by proving the Caccioppoli inequality stated

in the next theorem.

Theorem 3.1. Let Q C R™ be a domain and A € L>®(Q;R™™) a uniformly elliptic matrix-

valued function, i.e., there is a d > 0 such that
A(z)v-v > d|v)? (3.1)

for any v € R™ and almost all x € Q. Let u € WH2(Q) be a weak solution to div(AVu) = 0,
1.e.,

/ AVuy-Vedzr =0 (3.2)
Q
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for all p € W01’2(Q). Then, we have that

/ V(u— e3Pt de < © / \(u— &)+ |V da (3.3)
9] Q

for any function n € C§°(Q2) and any ¢ > 0, where (u —c¢)+ = (u—c¢) V0 and a constant C
that only depends on [|A| ;0 (q) and d.

Proof. We test equation (3.2) against ¢ = (u—-c)in?. Note that Vu = V(u—c) = V(u—c)1

on supp (u — ¢);. This gives
0= /QAVU -V (n*(u—c)i) da
= / AV(u—c)i - V((u—c))n*dr + / AV (u—c)1 - 2(Vn)n(u —¢)1 dx (3.4)
Q Q

= T+1I.

We use the uniform ellipticity of A to deduce that

I 2/ IV (u—¢)i[*n? da. (3.5)
Q

The boundedness of A, Holder’s inequality, and Young’s inequality yield

1) < / IV (u— )4l Vall(u — ¢)4] dz
@ (3.6)
<e /Q 1V (u— ) Pl de + C. /Q (u— )4 V2 de.

Inserting the inequalities (3.5) and (3.6) into equation (3.4) and absorbing the first term of
11 into I proves the claim. ]

Theorem 3.2. Let Q C R™ be a domain and A € L>®(Q;R™ ™) a uniformly elliptic matriz-
valued function. There is a constant C' > 0, that depends only on [|A (g, d and n, such
that if w € WH2(Q) is a weak solution to div(AVu) = 0, we have, for every ¢ > 0,

swp (=<0 [ - (3.7)
B(CC(),R)
B(z0,2R)
for any ball B(xg, R) with B(xg,2R) C Q.
Proof. We define v = Yoo (1 — 2*’“) and B, := B (wo, (1 + 2*’“) R) where v, > 0 is is to

be chosen later. Clearly, 79 = 0, limg_,o0 Y& = Yoo, and B(x¢,2R) = By D By D -+- D By D
Bpi1 D -+ D B(zg, R). We then define compactly supported C*°-functions ¢y such that

supppr C By, 0< ¢, <1,
@r =1 on Byyq, (3-8)
Vi < R712F,
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and the sequence

2
Uy := ][ [(w—c— )4 o da, k=0,1,.... (3.9)
B(z0,2R)
We use scaling-invariant norms |||-[||,, with p € [1,00) defined by ||| f][[} := JCB(xo,zR) |f|P d
and apply Holder’s inequality, the Sobolev embedding theorem, and equation (3.3) to get
(assume that n > 3 for simplicity, and let 2* := 2n/(n—2) denote the critical Sobolev index;
the bounds below are easily adjusted in the case of n = 2 to reach the desired conclusion
by choosing 2* as a large positive integer):
2 2
Ur < [ll(w = ¢ = )+ @rlllo- X fu—csmdnsupp i I,
2 2
S BRIV ((u = ¢ = 1)+ o) 21X fu—esynsupp o I 510
< 1 (19 el Verll? > (3:10)
S u—c—y)41)erllz + l(w—c = 7)1 Vorllz ) 11X {u—csmnsupp eIl
2 2
S R2|H(u —C—= Wk)+V<Pkm2 |||X{u—c>’¥k}ﬁsupptpk ’an

where in the transition to the last line we applied Theorem 3.1. Note that the constant that
appears from the Sobolev embedding theorem only depends on the dimension because the
cutoff function ¢y ensures that (u—c—~) ik = 0 outside of B(zg,2R). For the first factor
on the right-hand side in the final line of inequality (3.10) we use that |V < R7!12¥F and

wr—1 = 1 on supp ¢y, (see (3.8)), and that (%) is monotonic increasing sequence, to get
I = e = 30+ Veaull S B222 (1 — ¢ = 1) o I3 (3.11)
On {u — ¢ > v}, we have
U—C— Vool > Yk — Vel = VYoo <2*(k*1) — 2*k> = 70027k, (3.12)

Together with inequality (3.12) this yields

[ lwmemmeiPdadez [ el - e - wo)ifde
B(z0,2R) SUpp @ (313)

> ~2 272 |supp g N {u — ¢ > e}

We can use inequality (3.13) to obtain the following weak-type estimate:

2 2\ 2
I I = (lBuepen N fu—e > by oo (I = e = ) ol
{u—c>~ }nsupp ey Il |B(z0, 2R)| N 2z .

(3.14)
Inserting the inequalities (3.11) and (3.14) in inequality (3.10) yields, with a positive con-
stant C, independent of ., and k,

2
00

U, < C2%U,_, (U’“> T k=1,2,....

34



This then allows us to apply Corollary 3.32 from the Appendix with b = 23 and a = 2/n and
y=nk = C™/2237* /4 to deduce that Uy — 0 as k — oo, and therefore (u—c—7u0)1 = 0
a.e. on B(xg, R), regardless of the sign of u — ¢. Hence, |(u — ¢)1|* <2 on B(zp, R). On
the ball B(zg, R) C (\,cn SUpp 7% this means that

(u— )3 <2 ~ U < ][ (u— )4 da,
B(z0,2R)

because 79 = 0 and 0 < g < 1, which then implies (3.7). O
From this result one can deduce the local C*-continuity of weak solutions.

Theorem 3.3. Let Q C R™ be a domain and A € L>®(Q;R™ ™) a uniformly elliptic matrix-
valued function, i.e. there is a d > 0, such that A(z)v-v > d|v|* almost everywhere for all
v € R, Let u € WH2(Q) be a weak solution to div(AVu) = 0. Then, there are constants
C >0 and o> 0 that only depend on ||Al| e (q), d and n, such that

osc u<COr®
B(z,r)

for all r € (0, R] such that B(z,4R) C Q.
To prove Theorem 3.3 we require the following intermediate result.

Lemma 3.4. Under the assumptions of Theorem 3.3, for each v € (0,1) there exists a
7 € (0,1) that depends on 7y, ||Al pe(q), d and n such that for every ball B(zo, R) such
that B(xo,4R) C Q, with u < 1 on B(zg,4R) and |[{u < 0} N B(xo,2R)| > ~|B(zo,2R)|,
we have that

sup u<1-—r7. (3.15)
B(zo,R)

Proof. We define

1
A i=1— 27k, Uug :

=1 @A Ap = Blao, 2R) 0 {u > 0}
— Ak

As, by hypothesis, u < 1 on B(xg,4R), it follows that ux < 1 on Ag. Furthermore, we have
ur > 0 on Ag by definition of A;. By applying Theorem 3.2 to v with ¢ = A\, we deduce
that

1 1 1
2 1 20 \2 o 14kl 2
sup up < ( ][ \uk|2dx> = < |up| da:) < < . (3.16)
B(zo,R) |B(z0,2R)| J 4, Rn
B(z9,2R)
If we can find a k such that |Az| < BR" for a sufficiently small 3, we will have that ug < %

on B(xg, R).
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Assume that ugy1 > 0 on some set. There, we then have that

w— (1 - 557) 111
0 < 2 — 2k‘+1 -1 4+ — 4
k1+1 2k 2k 2k+1

2
1 1
k+1 _ I
<2 (u—)\k—2k+1>—2(uk 2).

Ak+1 N {0 <up < } = (. (317)

We have {O <ug < %} C Ay and Agy1 C Ag. This yields

This means that

1
|Ag| > ’<{0 <ug < 2} ﬂB(.’Eo,QR)> UAgi

= ‘({0 < < ;} N B(:cQ,QR)> ‘+]Ak+1].

(3.18)
Note that if 2 € Ay then uy(z) > %, and if © € B(zo, 2R)\ Ag41 then 0 < uy(z) < 1. Note
also that we have |B(zo,2R) N {uy = 0}| > v|B(x0, 2R)|. Therefore, we can use Poincaré’s
inequality to get

1 1
|Ak+1|:2/ da:§2/ dx—l—2/ uy do
Apt 2 Apt 2 B(z0,2R)\Ak+1

) 1
2/ min {uk, } dz
B(z0,2R)

1
SR/ V(min{uk,}>‘ dx
B(zo.2R) 2 (3.19)
= R/ |Vug| dz
{0<Uk< }OB 270,2R)
1 1
2 ’ 1 2
<R < |Vug| da:) {0 <up < } N B(xp,2R)
B(z0,2R) 2

By inequality (3.3), with n € C§°(B(z0,4R)) such that = 1 on B(z¢,2R) and [Vn| < R,

we find that
RQ/ |Vug|* dz < / lup|* dz < R™. (3.20)
B(z0,2R) B(z0,4R)

Now, by inserting inequalities (3.18) and (3.20) into inequality (3.19) yields

VI

|Aps1] < R? (|Ag| — |Aksa])? -

Consequently, we can use the iteration from Lemma 3.33 to deduce the existence of a k

such that uz < 5 on B(zg, R). This gives
2k 1+ )<l
u— — =
2k ) = 2

usl=ofy

and therefore

which proves the lemma for 7 = . O
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Proof of Theorem 3.5. First, note that osc(ciu + c2) = |e1]|oscu for constants c¢1,c2 € R.
We define 1:L =u— % (infB(xO’QR) U+ SUPB(4, 2R) u) and 0 = mﬂ. This gives
OSCB(z0,2R) & = 2. As u is a solution to —div(AVu) = 0, —u is a solution as well. Note
that we have either |{a < 0} N B(xg,2R)| > 1|B(z0,2R)| or |{—@ >0} N B(z0,2R)| >
3|B(z0,2R)|. Thus we can assume that [{a <0} N B(zo,2R)| > 3|B(z0,2R)| without
loss of generality. Of course, this means that [{@; = 0} N B(zo,2R)| > 5|B(z0,2R)|; also,
clearly, —1 < @ < 1, and we can therefore apply Lemma 3.4 with v = % to deduce the

existence of a 7 € (0, 1) such that

osc u<1+ sup Wu<2—T= os¢c w-—T
B(zo,R) B(zo,R) B(z0,2R)
(3.21)
= T = T ~ _ =
= o0sc u——= osc u=|1—= osc uw=2"% osc 4,
B(x0,2R) 2 B(z0,2R) 2 ) B(z0,2R) B(z0,2R)
with ap 1= —logy(1 — ) € (0,1) (because 7 € (0,1)). Hence, upon rescaling (3.21),

osc <27 osc 4.
B(zo,R) B($0,2R)

Now, Lemma 3.34 with k =0, C =0, 0 = § and ¢(p) = 0SCR(z,2p) U gives

r o
y < ~ < (L R
Bgssoc’r)u < B((;S,C%) o=o(r) S (R) ¢(R),

for some a € (0, 1) and 0 <7 < R. This then implies, with R held fixed, the assertion of

the theorem by noting that oscp(y,,,) u = 08CB(y,r) U- O

3.2 A discrete Caccioppoli-type inequality

In this section, we prove a discrete version of inequality (3.3). First, we will define what we
mean by an approximate solution to an elliptic partial differential equation. In our case,

the existence is guaranteed by the Lax-Milgram Theorem.

Definition 3.5. Let A € L (Q;R™™ ™) be a uniformly elliptic matriz-valued function. Fur-
thermore, let F € LP(Q;R™) and f € LY(Q) be given functions with p > n and q > n/2.
Furthermore, let Ty, be a triangulation of the polyhedral domain  and V}, the corresponding

finite element space. We call up, € Vi, 0 an approximate solution to
—div(AVu) = f — divF
with zero Dirichlet boundary condition provided that we have
/ AVuy - Vopdx = / fondr + / F-Vypdx (3.22)
Q Q Q
for every pn € Vi p.
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To prove the Caccioppoli inequality (3.3) we had to test equation (3.2) against (u —
¢)i|n®. In the discrete case however, (u, — ¢)i|n* is not an admissible test function in
equation (3.22) because it is not in Vj, 0. In particular, this leads to the conclusion that
we will have to use a nodal version (up — ¢)4+ of (up — ¢);+. This unfortunately means
that V(up — ¢);+ and Vuy, will not coincide on supp (up, — ¢); any more. To overcome
this problem, we will introduce the notion of discrete subsolution, prove a Caccioppoli-type
inequality for discrete subsolutions, and prove that the nodal version (uj — ¢)+ is indeed a
discrete subsolution under an additional assumption on the right-hand side, which we shall

state.

Definition 3.6. Let A € L (Q;R™ ™) be a uniformly elliptic matriz-valued function and
let FF € LP(Q;R™) and f € L1(Q) be given functions with with p > n and q¢ > n/2.
Furthermore, let Ty, be a triangulation of the polyhedral domain  and V}, the corresponding

finite element space. We call up, € Vi, 0 a discrete subsolution to
—div(AVu) = f — divF
provided that we have

/AVuh -Vppdx < / foen da:+/ F-Voypdx (3.23)
Q Q Q

for every @n € Vo with o > 0 on Q. Of course, every solution in the sense of equation

(3.22) is automatically a subsolution in the sense of inequality (3.23).

Henceforth we shall concentrate on the case of n > 3 and recall that 2* := 2n/(n — 2).

The statements and proofs of the results below are easily adjusted in the case of n = 2.

Theorem 3.7 (Caccioppoli inequality for discrete subsolutions). Let A € L (; R™™) be

a uniformly elliptic matriz-valued function (i.e. A(x)v-v > d\v]2 almost everywhere for
all v € R") and let F € LP(;R™) and f € L1(Q) be given functions with % =1_ %
and é = % — %, where § > 0. Furthermore, let Ty, be a shape-reqular triangulation of the
polyhedral domain Q and Vj, the corresponding finite element space. There is a constant
C > 0 that depends on n, HAHLOO(Q), d, and the shape-regqularity constant I' such that the
following holds: Let uj, € Vi, be a discrete subsolution to —div(AVu) = f — divF in the
sense of inequality (3.23), let n € C3°(2) be nonnegative, and define ny, = Ilpn. Then, we

have

/ Vun Pl 2 dz < C / fun V2 de
Q Q

25
+C (IF1 @) + 1100 ) (11732 apprn) + IV g ) 150PD 7 O DD |
(3.24)
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Proof. We write p, = IIj, (7) and test equation (3.23) against ¢, = I, (ppup) to get

L:= / AVuy, - VI, (ppup) da < / fy, (ppup) dx + / F - VI, (ppuyp) dz. (3.25)
Q Q Q)

First we will consider the left-hand side of equation (3.25):

L= / AVuy, - VII, (ppup) dz
Q

2
= / AVuy -V (ppup) dz — / AVuy, -V (prup — Iy, (ppuy,)) dz (3.26)
Q Q
=:L;— L.
Next we decompose Ly in equation (3.26) once more to get
Ly = / prnAVuy - Vuy do + / (AVuyp, - Vpp)upde =: Ly, + Ly,. (3.27)
Q Q
For Ly, we use that A is uniformly elliptic (cf. inequality (3.1)) to get
/ pnAVuy, - Vuy, de > d/ pn|Vuy|* dz =: Ly, (3.28)
Q Q
For Ly, in equation (3.26) we use that A € L>(Q; R™™") to get
L] < 141y [ V0]V dz
@ (3.29)

< =
< Z ]T\mng]Vuh\ mj@x]Vph\ mj@x]uhl : Ry.
TETh
We will now estimate the term Lj; in inequality (3.26). By Lemma 2.25 (cf. inequality
(2.30)), A € L*°(;R™ ™) and Remark 2.26 we get

}L[[} < Z |T’ mj@quhl mj@x ‘V(phuh — Hh(phuh))|

T (3.30)

< =
< Z |T]mj@x|Vuh]mjgx\Vph]m7@x|uh| R;.
TeTh

Substituting inequalities (3.30) and (3.29) into equation (3.27), and inserting equation (3.27)
and inequality (3.29) into (3.26), and then equation (3.26) back into (3.25) yields

P = [ oIVl e S 3 (T g [V max [V g o
TeTn (3.31)
+/ Sy (prup) do +/ F - VI, (ppur) do =: Ry + Rir + Rypr.
Q Q

Next, note that for any T € T}, we have

max |Vpn| = max [VIT, (nj) | < max [V (75)] < max nn| max [V, (3.32)
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where we have used the stability of the Lagrange projection II; in the second step. This

allows us to estimate R; from inequality (3.31):

R; < Z \T]mj@x\Vuh\sz}x\nh\m%X\Vnh!mjgxx\uh\.
TeTh

Now we use Lemma 2.23 to get

R<YIT ][ Vaan ol V70 fun] e
T T

By applying Young’s inequality this yields

Ri< ST <5][ Vun2ln? da + 05][ Vo 2 a2 dx)
T T

TeTh

for any € > 0. Finally, we note that we know from Lemma 2.27 that 772 < pp and get
Ri<ely + cé./ Vi 2lun? de (3.33)
Q

after performing the sums. We can now insert inequality (3.33) into (3.31) and absorb eL,

into the left-hand side to get

L= [ pulVundo s [ 19 unf? do

@ @ (3.34)

+/ Iy, (prup) dz -l-/ F - VI, (ppup) de =: Ry + R + Ryyr.
Q Q

We will now consider R;; in inequality (3.34). Let S := {T" € T, : T C suppnp N
supp up }; we then have that

|Rir| = ‘/anh (pnup) dz

< T d .
< S 11| f 1f1de | maxlunpn]
T

TeS
We can now use inequality (2.25) to deduce that
2
Rl < T d .
Rl < S0 ( f 171 | g (mpoc )
TeS T
Using Lemma 2.23, we get

Rl < 30 IT] ]l|frda: f\uhnh\dx frnhdx
T T T

TeS

= Z ’T|_2HfHL1(T)HuhnhHLl(T)thHLl(T)'
TeS
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Gl _2 6 T s o
Recall that f € LI(Q) with 7=n—nand 0 > 0. Holder’s inequality yields

—92 1-249 1.1 1,1
[Rir] S T2 oy T il g2 oy | T | o oy | T2
TeS

8
= Z T~ ”fHLQ(T)HuhnhHLQ*(T)H77h||L2*(T)‘
TeS

Now note that % + 2% + 2% + % = 1. We can use Hélder’s inequality for sums to get

: : & -
an»g(Zm) (ZHinq(T)> (Znuhnhniwm) (ZII%I%MT)) .

TeS TeS TeS TeS
(3.35)

As the interiors of the elements T" involved in the sums above are disjoint, we know that
> Mgl =9z, oo 1) (3.36)
TeS

for any 1 < r < oo and any g € L" (UTGS T). Using this in inequality (3.35) and noting
that S C supp uy gives

9
|RH‘ N ‘SUPP Np () sUpp Uh‘ " ||f”LQ(Q)|’uh77h||L2*(Q)||77hHL2*(suppuh)‘

Young’s inequality and the Sobolev embedding theorem then yield

26
|Ri1| S ellV (unnn) 172 + Ce|supp an Osuppun| ™ || Fl ooy 1m0l 22 quppruy: 337

Note that ) ) )
IV (wnnn) 22y S lunVnllzz) + mnVunllzzq)

(3.38)
< /Qph\vuh\Qdf’f * /Q [un[*| V| d,

where we used Lemma 2.27 in the second step. Finally, substituting this into inequality
(3.37) gives

IRyl 5s/ph\vuh\2dx+5/ a2V dz
Q Q (3.39)

2.2 2
+ Cz|supp p N supp un | ™ || F | zaoy 1701 22* (supp up)-

We will now focus on Ryyy in inequality (3.34). Splitting it up into a sum over simplices
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and using inequality (2.25) yields

‘R[][‘ = ‘/QF V(Hh (uhph))dx

<
< 3171 1Pl do mgx 91 (unpn)
T

TeS

S 30171 1Fldo mx |V (uip) (3.40)
Tes

<
< S0 171 1Pl do mgx (V) ol + 3 (T 1F]do | (V)
Tes Tes

=: Ry, + R,
We rearrange Ryyy, from inequality (3.40) and use Lemma 2.23:

Rin < ST ][ |F|dz ][ (Y )mn] da ][ o] de
T T T

TeS

=3 ]T\Q/ |F|dx/ (Vuh)nh]dx/ | dez.
T T T

TeS

: 1 _ )
Recall that F' € LP(Q)) with p = g

% . Holder’s inequality gives

_ 148 1 1,1
Rirr, S Y AT NF oy T w7 1 (Vun)mnll g2y T12 | 2 oy 1 T2
TeS

8
= Z T~ ||F||Lp(T)||(Vuh)77h||L2(T)||77h||L2*(T)-
TeS

Now Hélder’s inequality for sums and the identity (3.36) give
Rir, < [suppna Nsupp uh|%HFHLP(Q)H(vuh)nh”LQ(Q) ”Uh”L?*(suppuh)-
Finally, we can use 7],% < pp, (by Lemma 2.27) and Young’s inequality to get
R, S [ 1V on do -+ Coll Pl aplsuppm O suppunl ¥ [nl e e (341)
Next we consider Ryyy, from inequality (3.40). Recall maxy |Vpp| < maxy || maxy |V

as in inequality (3.32). We get

Rty § 3771 1Pl do g un | g s s (9.
TeS T

With Lemma 2.23, this becomes

Rin S \T]_Q/T]F]dx/T\uhnh\dx/T]Vnh\dx.

TeS
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Completely analogously to Ryrr,, we get

g

2 2 2
RIII2 S 5‘|V(uh77h)||L2(Q) + C€|Supp h N SuppUh| |FHLP(Q)||vnh||L2(suppuh)'

We use inequality (3.38) to deduce that

Ry, S€/ IVuh|2phdw+€/ |un|*| Vi) dz
Q Q (3.42)

2 2 2
+ Ce|supp i, Nsupp up| ™ | Fl| 7o) VR 72 (supp ) -

Inserting inequalities (3.41) and (3.42) into inequality (3.40) and using Poincaré’s in-

equality on the last factor in the second summand in (3.41) gives, after renaming constants,

|Rip1] SE/ |Vuh|2Phde’+€/ Jup [*| Vg | da
Q Q (3.43)

2 2 2
+ C‘S‘Suppnh (1 supp uh‘ " HFHLP(Q)anhHLQ(suppuh)'

We can finally substitute inequalities (3.39) and (3.43) into inequality (3.34) and absorb
the

5/ |V |y d
Q

term into the left-hand side. This yields

/ ol Vun 2 de < / IV Plunf? de
Q Q

25
+ lsuppmn O suppunl ® (1132 quppn) + 1900 2supp ) ) (112 + 11200y ) -
(3.44)

Using 77}% < pp, from Lemma 2.27 on the left-hand side proves inequality (3.23) and the

theorem. O

This discrete Caccioppoli inequality has the following direct corollary.

Corollary 3.8. Let A € L®(Q;R™ ™) be a uniformly elliptic matriz-valued function (i.e.
A(z)v-v > dv|* for all v € R") and let F € LP(Q;R™) and f € LI(Q) be given functions
1_ 4 2 3

~ — = and % = o — o, where 6 > 0. Furthermore, let Ty be a shape-regular

with % =
triangulation of the polyhedral domain ) and Vj the corresponding finite element space.
Then, there is a constant C > 0 that only depends on ||AHL°°(Q)7 d, n and the shape-
reqularity constant I', such that the following holds: Let up € Vi, be a discrete subsolution
to —div(AVu) = f — divF in the sense of inequality (3.23), let n € C3°(2) be nonnegative

and define np, := lyn. Then, we have

/ IV (unm) P < C / an 2V ? da
Q Q (3.45)

26

2 2 2 2 =
+ (113 + 17130 ) (1902 upp ) + 1781172 upp ) 1510PP 7 (1 stpD A | =
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Proof. We use that

/ IV () 2 < / Vun 2 da + / 2V 2 d
Q Q Q
and apply Theorem 3.7. O

We will now introduce the nodal maximum of two functions in V},. This will also lead

to a suitable notion of the positive part of a continuous piecewise affine function.

Definition 3.9. Let T, be a triangulation of the polyhedral domain Q and Vj, the corre-
sponding finite element space of continuous piecewise affine functions. We define the nodal

mazximum of two functions vy, € Vi, and wp, € V, as

v Y wy, 1= Z (vn(x) V wp(x;)) ;.

i

Furthermore, we define the nodal positive part of a function vy, € V, as

(on)s =va YO = (vn(:)) i,

%

where we have denoted the point-wise positive part by ti =1tV 0.

We will also need the following technical assumption of F', which will be referred to as
assumption (%), to be able to prove a subsolution property for the nodal maximum of two

subsolutions to equation (3.23).

Definition 3.10. For p > n, let F' € LP(;R™). We will say that F' satisfies assumption
(x) if there exists a G € LP(S;R™) such that

/G-chdxz ‘/F-chdx‘ >0 (3.46)
Q Q

for any nonnegative ¢ € C§°(2). By density, this inequality extends to all nonnegative
o € WaP'(Q).

Remark 3.11. The condition (3.46) is restrictive, but still admits several nontrivial cases.
First and foremost, it includes every F € LP(Q;R™) where divF has a fized sign as a
distribution, with G := —(sgn divF) F. It also includes cases such as the following, where
divF changes sign in the sense of distributions: suppose that n = 2, Q = (—2,2)% and, for
r=(r1,12)T € Q, let

| —er for|z| >1,
F(SU) T { €1 f01“ |:E1| < 1,
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where e; = (1,0)T. Obviously F € L>®(;R?) and divF = 25_1 ® X(=2,2) — 201 ® X(—2,2),
where Oy denotes the Dirac-distribution concentrated on the point t € R. Consider the

function G defined by
3er  forx < —1,
G(z) = el for —1<ux1 <1,
—e1  forxzp >1,

which gives divG = —20_1@X(—2,2) —201®X(—2,2), whereby div(GEF) = —4011®@X(—2,2) <0
in the sense of distributions, and therefore assumption (x) is satisfied in this case. In
general, (%) is fulfilled if there is an LP-function G with —divG > |divF| in the sense of
distributions. The restrictive feature that excludes a variety of functions F € LP(Q;R")
where divF is a signed measure is the fact that we have required G to be in LP(Q2,R"™), as

well.

This leads to the following theorem, which connects the notions of positive part and

subsolution.

Theorem 3.12. Let T, be an A-nonobtuse triangulation of the polyhedral domain Q. Let
up € Vi, be a discrete subsolution to —div(AVuy) = f1 — divFy and suppose that v, € V},
is a discrete subsolution to —div(AVwy,) = fo — divFy for LP-functions Fy and F» (for
p > n) and Li-functions fi and fo. Suppose further that Fy satisfies assumption (x) from
Definition 3.10 with dominating function G1 € LP(;R™) and Fy satisfies assumption (%)

with dominating function Gy € LP(2,R™). Then, up Y vy is a discrete subsolution to
—diV(AV(Uh Y ’Ujh)) < fl V f2 — diV(Gl + GQ)

Proof. As a first step, we will show that

/AV(thvh)~V¢jdeS/(fl\/fg)wjdw—l- </ Fl-V¢jdx>\/</ Fg‘VdedI) (3.47)
Q Q Q Q

for all j. So we fix an arbitrary j and assume w.l.o.g. that up(z;) > vs(z;) and therefore
up(x5) Vop(x;) = up(x;). As Ty is A-nonobtuse, we have [, AVip; - Vip;da < 0 for all i # j
from equation (2.8) and find

/Q AVuy, - Vi; dx—zi:uh(:vi) /Q AVY; - Vep; da

= un(z;) / AVY; -V de + Y up(x;) / AVY; - Vip; da
: 7 : (3.48)
> (un(ey) V on(ay)) [ AV, Vo + 3 (un(os) Vonlai)) [ AV - Vo do
Q ] Q

:/Av(uhwh)-wjdx.
Q
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On the other hand, we have

/(f1\/f2)1/fjd:c2/f1¢jdx (3.49)
Q Q

(/ Fl-V¢jdx> v </ Fy -V dx) z/Fl-wjdx. (3.50)
Q Q Q

Combining inequalities (3.48), (3.49) and (3.50) with

and

/Avuh-wj dx</F1-ij+f1¢jdw,
Q Q

which follows from the fact that uj, is a discrete subsolution to —div(AVu) = f1 — divFy,
yields inequality (3.47). We will now use the fact that F; and F, satisfy assumption (x)
and therefore inequality (3.46) with dominating functions G7 and G5 respectively. We thus
have that

(/QFl-ijdaj>\/</QFg-ijdx> < </QG1-V¢jdx>\/</QG2-V¢jdx>

(3.51)
< / (G1 + Ga) - Vi, dx.
Q

Together with inequality (3.47) this gives

/ AV(uh Y ’Uh) -Vpjdr < /(f1 vV fg)lbj dx +/ (Gl + GQ) -Vp; de. (3.52)
Q Q Q

In general, for a nonnegative ¢ € V3o we write ), = Zj on(xj)1; and use the fact

that both sides of inequality (3.52) are linear in 1);:

/QAV(Uh Y vp) - Vopda = Z on(z5) /Q AV (up V vy) - Vip da
J
< ;@h(l‘j) /Q(fl V f2)Y; dw + /Q (G1+ Ga) -V da

:/(fl\/fQ)SthiU‘F/ (G1+ G2) - Vpp da.
0 Q

This implies that up, Y vy, is a discrete subsolution for the right-hand side f1V fo—div(G1+G2)

and proves the theorem. ]

By setting fi = f, F1 = F, fo = 0 and F;, = 0 we deduce the following immediate

corollary.

Corollary 3.13. Let Ty, be an A-nonobtuse triangulation of the polyhedral domain . Let
up, be a discrete subsolution to —div(AVu) = f — divF for F € LP(Q) and f € L1(Q), with
p and q as previously. Furthermore, suppose that F satisfies assumption (x) from Definition
3.10 with dominating function G € LP(2,R™) and let ¢ € R be a constant. Then the nodal

positive part (up, — ¢)+ is a discrete subsolution to —div(AVw) = | f| — divG.
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Proof. We have

/AV(U]IL—C)_A'_‘VQO}LdIES/F‘Vg@h+|f|g0hdx.
Q Q

for any nonnegative ¢y, € V}, 9. Recall that we defined the nodal positive part as (up, —c)+ =
(up — ¢) Y 0 in Definition 3.9. We have £f V0 < |f| and & [, F - Vodz < [, G - Vedz.
Because v, = 0 solves —div(AVwvy) = 0, we can apply Theorem 3.12 with fy = f, F} = F,
fo =0 and F> = 0 to deduce the assertion of the corollary. O

Finally, Corollary 3.13 yields the desired discrete Caccioppoli-type inequalities for the

truncated functions (up — ¢)4+ with ¢ € R, which we now state and prove.

Corollary 3.14. Let T;, be an A-nonobtuse triangulation of the polyhedral domain Q. Let
up, be a discrete subsolution to —div(AVu) = f — divF for F' € LP(;R™) and f € LI(Q),
with p and q as previously defined. Furthermore, suppose that F satisfies assumption (%)
from Definition 3.10 with dominating function G € LP(Q,R™). Let ny be as in Theorem
3.7. Then, there are constants Cy and Cy that only depend on [|Al|p(q), d, n and the

shape-reqularity constant 1", such that, for any ¢ € R we have the following bounds:

[ ¥ = o < 6 [ (= VP ds+ (16130 + 17w
a Q (3.53)

20

2 <0
(19 2 supp (am—er) 1032 qupp a1 ) 1500 DD (1, = )] 7

and

19 = erml*do < €2 [ un = 01Vl do -+ (1G ey + 1/ a0 .

2 26

(I8l s 1)+ 182 s ey ) 15UPP T 5P (1 =€)
Proof. Corollary 3.13 guarantees that (uj, — ¢)4 is a discrete subsolutions to —div(AVw) =
|f| — divG. Furthermore (uj, — ¢)4 is obviously nonnegative. Thus we can apply Theorem

3.7 and Corollary 3.8 to deduce the stated claims. O

3.3 Interior ('“-estimates for approximate solutions

We will now prove the desired uniform a priori C%bound for sequences of continuous
piecewise affine finite element approximations in the interior of 2. To this end, we will first
prove an L°°-bound, and will then deduce the discrete C*-bound. We emphasize that we
have not, so far, assumed any kind of (quasi-)uniformity of the triangulation, nor shall we
do so. Our results therefore apply on graded and adaptively refined triangulations. The

main result of this subsection is encapsulated in the following theorem.
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1_1_§
Theorem 3.15. Let 5 =n"m

the function F € LP(Q;R™) satisfies assumption (x) from Definition 3.10 with dominating
function G € LP(S;R™) and let A € L®(Q;R™™) be a uniformly elliptic matriz-valued
function (i.e. A(z)v-v > dv|* with d > 0 almost everywhere for allv € R"). Furthermore,

and % =2_9 forsomed >0, let f € LI(Q), suppose that

n n

let up, € Vi, be the finite element approzimation to the solution u of —div(AVu) = f—divF in
the sense of Definition 3.5 on a shape-regular, A-nonobtuse triangulation Ty of the polyhedral

domain ) with respective finite element space Vi, i.e.,
/ AVuy, -V dx = / fondr + / F -V, dx (3.55)
Q Q Q

for any function py, € Vi,o. Furthermore, assume that up|asq € CP(0). Let k and Q be the
constants from equation (2.13) and inclusion (2.17). Assume that xo € T for some T € T,
and B(xg,4x 'QR') C Q for some R' > hy. Then, there is an o > 0 and a C > 0 that only
depend only on ||A|| s (q), d, 0, the shape-regularity constant ', the dimension n, || f||a(q),

Gl o) and [[unllpee (g, such that, for every ball B(zo, R) C €,

osc up < CR“. 3.56
5O U < (3.56)

Remark 3.16. The assumption B(zg, 4k 'QR') C Q for some R > hr requires a certain
fineness of the mesh. If there is no ball that satisfies this condition, we refer to the discussion

of regqularity near the boundary in Section 3.4 of this Chapter.

The hypotheses of Theorem 3.15 will be assumed to hold throughout this section. We
will need a few additional technical lemmas concerning the projections of the functions ¢,
which we have defined in equation (3.8). Before stating these, we introduce the following

notation.

Definition 3.17. For a constant Moo > 0 that is to be chosen later, a radius R > 0, xg € €2,
such that B(xo,2R) C Q, and k =0,1,2..., let

M= (1-2") A and  By=B (w0, (1+27%) R),
and consider a sequence of nonnegative C°-functions 1, such that
XBr < Mk < XBiy and Vi < 281 RL.
We then define, for any triangulation Tp,
M = g7
Lemma 3.18. Let By and n be defined as in Definition 3.17. Then, we have
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(a) maxq |Vng| S 2kR-1.
(b) If maxr |ng41| > 0 for some T € Ty, then we have maxy || = 1;
(c) maxy |Vnry1| < 257 R™ maxy |y
(d) If a is a polynomial, we have f..|a?|Vii1|? de < R7222(+D £ |a|?n? < dx.
The implicit constants only depend on the shape-regularity constant I' and the dimension n.

Proof. Assertion (a) is clear since
max [V | = max |V (i) | < max [Vij| < 2"R71

by equation (2.26). For assertion (b), we note that if maxp |ng41| > 0, there is at least one
node xo with ng11(z9) > 0 and therefore z¢ € By and nx(xg) = 1k (x9) = 1. Assertion (c) is
a direct consequence of assertions (a) and (b). The inequality stated in assertion (d) follows

by using Lemma 2.23:

Flal? V1P do ~ g af sy (9
T

5 22(k’+1)R—2 mj@X ‘a’2 mj@x |77k‘2 ~ 22(k+1)R—2][ ‘a’2nz dr.
T
That completes the proof of the lemma. O

We will also need a discrete counterpart of the weak-type estimate (3.14), which we shall

now state.

Lemma 3.19. Consider ny, as in Definition 3.17 and let Ay := {nZ|(vs, — A\, — co)+|* > 0}

for some ¢y € R and v, € Vi,. Then, we have

22k
|Ags1| < C)\Q/ Ik (un, — A — o)+ dz (3.57)
oo J 2
where the constant C > 0 only depends on n and the shape-regularity constant T'.

Proof. First observe that A, is a union of finitely many 7; € 7;,. On every such T;, we
have maxr, n = 1 by Lemma 3.18, assertion (b), as maxr, n4+1 > 0. For at least one node

xo of T; we have vy (xg) > Agr1 + co, and therefore

(Uh(:L'o) —A; — Co)+ = ’Uh(xo) —Ap —Co > )\k+1 — A = 27]6)\00.
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Using this and Lemma 2.23 we get

2k
IT;| < o —|T] max(vh — M\ —co)d mTaxnk

2% 2%k 2 9
‘T’][ Uh_)\k +77kd$_)\2/ (Uh_/\k_CO)Jrnkdx'

As the T; are disjoint and suppny C Ag41, summing over all ¢ yields the assertion of the

lemma. O

This result allows us to prove a discrete version of the L*-estimate from Theorem 3.2.
We shall again confine ourselves to the case when n > 3 and write 2* := 2n/(n — 2); the

proofs below are easily adjusted when n = 2.

Theorem 3.20. Assume that all the assumptions of Theorem 3.15 are satisfied. Further-
more, let xg € T for some T € Ty, be a point such that B(xg,2R) C Q2 for some R > hy.
There is a constant C' > 0 that only depends on n, || Al Lo (0 , d, § and the shape-reqularity

constant I, such that

—02 <C ][ — )i da+C(|G7 74) R® 3.58

s, (= < (un = )% de +C (IGII5, + 1£174) (3.58)
Q(B(z0,2R))

for all c € R, with Q' (B(zo, R)) as defined in (2.12).

Proof. For B = B(zo, R) we use the notation 2B := B(zo,2R). Using the notions from

Definition 3.17, we define the sequence
ay = ][ (uh—)\k—c)in,%dx for k=0,1,2,....
Q(2B)
We write Ay, := {(up, — Ay — ¢)2n7 > 0} as in Lemma 3.19 and use Holder’s inequality to

deduce that

Ag+1 = ][ (un — g1 — C)?i-nl%—&-l dx

Q(2B)
1 ) (3.59)
< |(un = Mep1 — ©) ' d Al )
~ ][ h k+1 +Mk+1 x ‘9(23)’
Q(2B)

We have assumed that R > hp. Recall that there is a @ > 2 such that Q(2B) C B(zg, QR)
by inequality (2.13). This means that we have |[Q2(2B)| ~ R™. Using this and the Sobolev
embedding theorem in inequality (3.59) gives

2
A B
apy1 S R? ][ IV ((un = A1 — ©)mern)| da <|}1§21|> : (3.60)
Q(2B)
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Note that this version of the Sobolev embedding also requires Poincaré’s inequality. How-
ever, the cutoff function 7.1 guarantees that (up — A\gr1 — ¢)4nK+1 vanishes outside of
Q(2B) C B(wo,2QR). Therefore, the Poincaré constant is the one of a ball. We will

consider the factors separately. For the first one we can apply the discrete Caccioppoli

inequality (3.54) to get

][ IV ((un, — M1 — €)1r1)|? da

Q(2B)
S (un = Ayt = €)1 Vi [* da
Q(2B)
1 9 ) N
+ m (HGHLP(Q) + ”f”LlI(Q)) |supp N1 N supp (up, — Agr1 — ) 4|

2 2
’ (||77k+1||L2*(supp (u—Ag4+1—C)+) + ||vnk+1||L2(SUPP (U_Ak+1—c)+)) ’
Now, by applying Lemma 3.18, assertion (d), to the first summand fQ(2B) (up — A1 —
)2 |Vngs1|>de (with @ = (up, — Ag41 — ¢)4) on every simplex T € T and then adding up,
and by using the bound maxgq |Vn| < 2°R™! from Lemma 3.18, assertion (a), together

with n, < 1, |Q2(2B)| 2 |B(z0,2R)| > R" and |Agt+1] < [suppnk+1| S R™ (and therefore

(lAI’%ifgll) < 1) to estimate the second summand, we deduce that

IV ((un — Aes1 — €)1ierr)])? do

Q(2B)
< 24k A , 2d
~ R? |(up — ¢ = Ag)+ [ |” d
Q(2B)
2,25
— Ak I Ak
+ B2 (Gl @y + 1 Eacey) ((\ )5 )

With the weak-type estimate (3.57) and because \xy+1 > A, this becomes

][ IV (Cun — Moyt — €)mesn)|? da

Q(2B)
24k 2 2 26—2 2 2
ST 1 Mun—c= M Plmdo+ B2 (1F Iy + 171 u)
Q(2B)
1—-2,28
24k 2 2 2 \2-2
e I R Y T R N (%)
* \aen) 0(2B)
26 2 2
i 2z o aay BB (G120 + 11200
:ﬁ ak+<ak+ak " "()\go)" ") 2
(3.61)
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For the second factor of inequality (3.60) we use the weak-type estimate (3.57) to get

2
A o 22k
('lg:l') < )\2][|nk(uh—)\k—c)+\2d$
)

2
ak [ ap \™

Substituting inequalities (3.61) and (3.62) into inequality (3.60) yields

= 2 25\ P26 2 9
Q41 S 24<1+%)kak < af >n " << ag > n " ( ag > n> R (HGHLP(Q) + HfHLq(Q)>

3

(3.62)

X A X AL,

If we now choose A2, ~ max {RQ‘S (HFH%ZJ(Q) + ||fH2Lq(Q)> ,fQ(QB)(uh - dx}, we obtain

2 2
1 ay n ag n
app1 S 200 gy <<)\2> + </\2> ) .
[o.¢] (0]

With the help of Corollary 3.32 we get ap — 0, as k — oo, if
M2~ ag < ][ (up, — €)% dz.
Q(2B)
Because limy_, o, ar = 0, passing to the limit £k — oo in the definition of a; we deduce that
(up, — )% < A% on ' (B(z0, R)) C (), supp 7. By recalling our choice of A2, we thus have
on Q' (B(zo, R)) C (), supp i the following bound:

(= 2 < X% Smaaxd (IGInay + Iflen) B f (=)t do

~ (16 ey + 17 ey B+ (un =) da,

which proves the stated claim. O

Next we will prove an estimate showing that if a value of uy is small at a node, then it
cannot be too large at neighbouring nodes. By enabling us to control not only the maximum
of a function on a simplex, but also its minimum, this will help us to recover a property

analogous to the one in inequality (3.17) that will be a discrete version of Lemma 3.4.

Lemma 3.21. Under the assumptions of Theorem 3.15, let vy, be a discrete subsolution to
—div(AVu) = f — divF with 0 < v, < 1. Then, there exist constants C >0, 7 € (0,1) and
N > 0 that depend only on d, the shape-reqularity parameter I' and the dimension n such
that if x; and z; are nodes of the same simplex T € Ty, with 0T N IQ = (), then we have

vp(zj) <1 - N+ TN’Uh(:Ei) +C <||F||LP(Q) + HfHLq(Q)) haT' (3.63)
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Proof. We follow the ideas from [3], Lemma 1.7. By Lemma 2.31, we can connect the nodes
x; and x; by a sequence of nodes {x; = yo,y1,...,yn = x;} belonging to the same simplex
T with

- / Avwz : V?,Z)Z'+1 dz > 7’/ AV% . sz dl‘, 1= O, oo ,N - 1, (3.64)
Q Q

where we denote by 1; the basis function associated with the node y; in the sense of
Definition 2.12 and 7 € (0,1) only depends on the shape-regularity parameter I' of the
triangulation. Also note that all of the y; are nodes of the same simplex 7', which means
that N < n. We denote the remaining nodes of 7; by y; with ¢ > N + 1. We shall prove
the claim by induction over the sequence of nodes connecting z; and x;. The base step
(corresponding to N = 0 when x; = ;) is clear. Suppose therefore that N > 1.

Let vy, be a discrete subsolution to —div(AVu) = f — divF, such that 0 < v, < 1.
Fix an integer k € {0,...,N — 1}, test equation (3.23) against ¢, = 11 and write
vp = > vn(@)dy and (f,g)a == [ Af - gda for all f,g € L*(;R") to get

S () (T, Vi) 4 = /Q AV - Vify do < /Q F Vet + i de.
l

This leads to

Vi,V
onle) < - Z <é¢7lfj-1 %Z)Z;i?fxvh(yl)

Ikt 1
. 3.65
+/ - Vi dx+/ T da (3:65)
o (VUit1, Vipp)a (Vky1, Vbiy1) a
= I+ II+1III.

First, we consider term I. Since 0 < v, < 1, and because T, is A-nonobtuse in the sense of

inequality (2.8), we find that

<v¢la V¢k+1>A
I e
l;«;d <V¢k+1,vwk+1)A”h(yl)

Vi,V Vb, V
> <é¢fil gzzljf;fh(yl)‘ WV V) vn(Yk)

(Vbpt1, Vibgy1) a
(Vo Vienda | (Vi Vibirida (Vo Vokeda

S l;;rl - <V¢k+1, v¢k+1>A <V¢k+1, V¢k+1>A <V¢k+1, V¢k+1>A

I#k,k+1

. Vi,V v ,V
Since 0 = V1 = 7, V¢, and therefore — 3, ., <é¢:il-1,$z):f§A = évz’zivz::iiﬁ =1, we

get

I<1+ (Vir, Vip)a (Ve Vibgia)a on(e)

(Vrs1, Vi) a  (Vigr, Vi) a
(Vib, Vibria)a (1= on ().

(Vrt1, Vippi)a

=1+
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Because the sequence y; satisfies inequality (3.64), this becomes
I<1—-7+ T’L)h(yk). (3.66)

Next we consider term IT from inequality (3.65). We know that supp ¢pr1 = Q(yrr1)
and 0 < ¢y < 1. Hence, [[¢p11]1rq) ~ hj% as yk+1 € T. By equation (2.10) we find
that [Vl prq) ~ hi_l. By the uniform ellipticity of A we have (Vipi1, V1) 4 >
dHVz/JkHH%Q(Q). This gives

L AN n2ts

Q
75 Q) NPy

< ~ N E | oy B 3.67

T

-2
hy
Analogously, we find for term I11, using Holder’s inequality, that

||f”L<1(Q)HwarlHL(l,%Jr%)*l Q

IS Sl
vak-l—l ||%2 Q) La@)

hn—2+5

T
n—2
hT

~ N loehr (3.68)
Inserting the inequalities (3.66), (3.67) and (3.68) into inequality (3.65) gives

Uh(Yrt1) <1 =7+ Top(ye) +C (HFHLP(Q) + ||f”Lq(Q)> hg“- (3.69)

Now assume that
1

b
v (k) < 1 =75+ Mo, (23) + C <HFHLP(Q) + HfHLq(Q)) hi Z "
m=0

We recall that gy := z; and calculate

on (1) <1 =7+ 704 () + C (1Fl oy + 1/ ey ) B

k—1
<torir (1o rt ) 0 (1 W) 13 )
m=0

+C (IIflza() + |1 Fllzr(ey) By
k
= 1= 7 7 0) + C (1P oy + 11l ) B D 7™
m=1
+ € (IFllzogey + 1oy ) B

k
=1 0) 4 O (Il + 1 a1 D 7
m=0

By induction, this proves by setting k = N —1 and recalling again that yo := x; and yy = z;
the bound

N-1
vp (z) <1 - ™+ Ny, (i) + C (HFHLI’(Q) + HfHLQ(Q)> héT Z "
m=0

Because Z%;(l) 7™ is bounded and depends only on N < n and 7, which depends only on

the shape-regularity parameter, we deduce the assertion of the lemma. ]
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This leads to the following lemma, which is a discrete version of Lemma 3.4. It is a
generalisation of ideas from [3], where the discussion was restricted to Laplace’s equation

on a quasi-uniform mesh.

Lemma 3.22. Under the assumptions of Theorem 3.15, let B(xq, R) be a ball with R > hr
and B(zg, QR) C Q where @ is the constant from inequality (2.13) and xo € T for some
T € Ty. Furthermore, let vy be a discrete subsolution to —div(AVu) = f — divF with
0 <wvp <1 on B(xy,QR). Assume further, that we have

U RNQB@,2R)| = (B, 2R) (3.70)
i:vp(x4)=0

for this ball and some ¢ > 0. Then, there exist constants Ry, 6 € (0,1) and C > 0 that only
depend on (, n, HAHLoo(Q), d, 6 and the shape-regularity parameter T', such that

sup o < 1=0+C (Gl ey + 1/l agey) B (3.71)
Q' (B(zo,R))

for any R € (h7, Rp).

Proof. We recall our notational convention 2B := B(zg,2R) and define, for any R > hp,

N
T 1
=1——, Ni=1—(1—p)* =
o 1 k ( w)", v 1=

(vh — k)4, Ap = Q2B) N {ug > 0}.

Again, the operation (...); is meant in a nodal sense and N and 7 are the constants from
Lemma 3.21.

As we have v, < 1, we have 0 < v, < 1 as well. Note that v, is a subsolution to
—div(AVv) = L dvG hecause of Corollary 3.13, so the local L>-estimates from

(1-p*  (A-p)*
Theorem 3.20 hold. This means that we get

1

2 1Gllzr + [1fllze\ 15
sup v SJ( ][ Ude> +C< R
FB) g (1 —p)k

Q(2B) (3.72)
1
[ Akl ) 2 1Gllze + 1 fllLa ) 15
< [ A IlLe 7 [N Le
~(Rn o (el p.

If we can find a k such that |Aj| < BR”—}—CBR"“‘S for a small 3, we will have v, < %—FC’R‘S.
Assume that vg41(x;) > 0 for some x; € Q(2B). Because the sequence (A;)k>0 is strictly

monotonic increasing, if vgyi(xz;) > 0 for some x; € Q(2B), as has been assumed, then
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vp(zi) — Mg > vp(x;) — Ags1 > 0, whereby (vp(x;) — A\g)+ = vp(zi) — Ag. Hence, we have

Uh(:lii) — )\k+1 _ 1-— )\k Uh(:]}i) — )\k /\k — )\k+1
1= Apt1 [P VEE R Y T — Agg1
1— X

vp(zi) (1= p)* — (1 —p)*
f (= et
- qk(_x:j + 1iu(1 —p—1)
(@) —
L—p

0 < vptr(zi) =

Ak — Akt1
1= Agt1

)

and therefore
< vg(z;). (3.73)

We also define a sequence Ry, such that

C UGl + [flz2) o
Lo R =T )

By inequality (2.7) and inclusion (2.13), we know that

2QR > diam (Q (B(z0, 2R))) > hs (3.75)

for any S € T, with S C Q(B(zg,2R)), as long as R > hp. By combining equality (3.74)
and inequality (3.75) we have that

CGlzr + 11 £1ze) v
(1= p)*
for any R € [hr, Ry] and any S C Q(2B).

Assume that R < Ry, for some k. Again, note that vy is a subsolution to —div(AVwv) =
|f] divG@

=k (A=pk-
S C Q(B(z0,2R)) as x;, we get

(3.76)

This means, by Lemma 3.21, that for any node x; of the same simplex

N
- N .
1—— =p<vp(r) <1—7Y 4+ 7Nop(2) + C <||GHP + ”f”q) h

1
(G, + 1£lle)
(I—wk ¥

Now recall that R < Ry and note the equality (3.76) to get

C
<1-7VN +Tva(a;j) +

7_N 7_N

- < 1—TN+TNU]€($]‘)+T, (3.77)

which implies that vg(z;) > 5. Together with the already established bound £ < pu < vg(;)
this gives

Ak+1 C {Uk > ;} N Q(B(QR)),
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as vg(zg) > % at all nodes of A1, because if an S € T, satisfies S C Ay, there is a node zg
of S such that vg(20) > Agt1, and this means that we have shown that vy(z;) > 1 for any
other node of that simplex S by inequality (3.77). Furthermore, as we are using piecewise
affine basis functions, we know that maxg v, and ming vy are attained at a node on any

simplex S € Tp. Therefore, we get

1
{O<'Uk<2}mAk+1:®

However, as we have {0 <y < %} NQ(2B) C Ay and Agy1 C Ay, it follows that

1
|Ag| > ‘({0 < v < 2} ﬂQ(QB)) U Agt1

= '{0 <y < ;} N Q(B(ZR))‘ + |Ags1]-
(3.78)
Now note that if vj,(z;) = 0, we also have vg(z;) = 0. This means that inequality (3.70) holds
for all v with the same constant (. This allows us to use the Poincaré-type inequality from
Theorem 2.29. By Corollary 2.9 and Lemma 2.30, we conclude that the Poincaré constant
of Q(B(zo,2R)) only depends on the shape-regularity constant I'. (Note that we are far
away from the boundary, so the dependence on the Lipschitz constant of the boundary can

be dropped.)

1
|Apt1] < 2/ min {vk, } dz
Q(2B) 2

SR/ V(min{vk,1}>‘ dx
Q(2B) 2

R |Voug| dx

IN

/Q(zB)m{o<vk<;}

1
2
R </ Vvk\Qd:c>
Q(2B)

Here, the min is meant in the pointwise rather than in the nodal sense. As we have

1
2

IN

{0 < < ;} NQ(B(2R))

0 < v <1, we can apply the discrete Caccioppoli-type inequality (3.54) to deduce that

(G 2 2
RZ/ ‘vvk|2 dLU 5/ |Uk;|2 _|_ (H HLP + ’lLfHLQ>Rn+25
Q(2B) B(2Q%R) (1—n)

S R" + CpR".

This gives

=

1
C (IG13 + 1£113.) Rn+25> 2

< n

{0 < < ;} NQ(2B)

57



Combining this with (3.78) yields

(IGIZe + 1£170) nios
R
(1—p)*

Note that |Ag| < R™. With the help of Lemma 3.33 we deduce that, for any R < Ry,

\/ max;< (CR" + —(”G! f:)“f lqu)R”+25> V40|

1
2
|Amns<R”+ )(MM—Mmﬂﬁ-

Al <

|Ag| < T
< @Rn n C (IIGl3, + ||f||Lq)Rn+5
~VEk k(1 — p)*

where we have used that that all norms on R? are equivalent, so in particular /a2 + y2 ~
|z| + |y|. This means that for every 3 > 0, there exists a k such that, for any R < Ry,

|45 < BR" + Cs (|Gl Lr + || fllza) B
Now, choose (8 small enough, such that inequality (3.72) gives, for some C' > 0,

sup vp < o +C(HG||LP+||f||Lq)R‘S
2 (B(R)

Recall that vy, = % Then, we get on '(B(R)) that
— ARy

vp(z) < k(@
1= (5 +C UG + 1) B ) +
)+

)+ Ak

—~~

<

(1=A)C (IGe + [If | pa) R

=N N

(2 (=) + 0= 2)C (UGl + 11 llze) B

(1= ) +C(G|1o + [|f]| 1) R?

N~ N

|
_
|

TN F
(%) +cact + 1l &

This proves the lemma with 6 = % (f) and Ry = Ry, O
Lemma 3.22 allows us to prove a bound on the oscillation of uy, stated in the following
lemma. Again, it is a generalisation of a result from [3].

Lemma 3.23. Under the assumptions of Theorem 3.15, let Ry be the constant from Lemma
3.22, let xg € T for some T € T, and R € (hr, Ry), and suppose that B(xg,2QR) C €.
Then, there exist constants 6 € (0,1) and C' > 0 that only depend on n, [|A (g, d, 6 and
the shape-reqularity parameter I'; such that

<(1-90 c(|G RY. 3.79
ey (5C U S ( )B(I%)?QCC)R) up + C (||Glle + || fllLa) (3.79)
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Proof. We begin by noting that uy, is by construction continuous on Q. As osc(cuy +d) =
|c| oscup, we first set a, = up — % (maXQ(QB) up, + ming(2p) uh). We then rescale to a), =
@p/||tnl Lo (0e2B)) to get =1 < iy, < 1 on Q(2B). Then, 1y, is still an approximate solution
to —div(AVu) = f — divF with a rescaled right-hand side, i.e., for f = f/anll Lo (2m))
and F' = F/||in]| o 02p)) and

2= osc up < 0SC Up.

Q(2B) " B(20,2QR)
Note that
U n= U »
t:ug (z;)=0 i:up(z;)<0
and

iiup(2)<0 i —up(2;)<0
This means that the inequality (3.70) is satisfied for at least one of the functions () and
(—ip) 4. Note that wy, is a finite element solution and F' and —F both satisfy assumption
* with the dominating function G = G/|tn[ oo ((2))- Thus, both (ip)+ and (—1p)4 are
subsolutions, with right-hand sides |f|, G. As osc @y, = osc(—1uy,), we are free to choose the
one for which inequality (3.70) holds.
We can therefore apply Lemma 3.22 to either ()4 or (—y)s and get
Oy T S SO (@) ¥ 126+ D (1G11Ls + 11 7llse ) B

-(1-9) - DGl + 1 flle) s

osc  up + =
2/ B(20,2QR) HuhHLoo(Q(QB))

Hence, after multiplying through by ||t || 1. 25)), using that oscuy = ||in || Lo (28)) 0S¢ ap,

and redefining 6 ~ %9 we have that

2 (SEC U <(1-9) 5SS + D (|Glle + I f]le) R,
which completes the proof. O
We are now ready to prove the interior Holder-regularity result from Theorem 3.15.
Proof of Theorem 3.15. We will prove inequality (3.56) for different values of R. If
R € [hr, Ry)

(see the conditions of Lemma 3.23 and equation (2.7)), we can follow arguments that were

used in the proof of [8] for the non-discrete case and use Lemma 3.23 to get

osc  up < (1-10 osc up+ D (|G + RS. 3.80
@ (Blao.R) ( )B(xo,QQR) h (G e () + 1/ llo(e) (3.80)
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Now, the inclusion (2.17) guarantees that there is a k > 0 depending on shape-regularity,
such that B(kR) C '(B(R)). This gives, together with inequality (3.80), that

<(1-0 D (|G R? 3.81
5O U < ( )B(mfgfchR) up + D (|Gl o) + [1fl2a(e)) R, (3.81)

which allows us to apply Lemma 3.34 with ¢(r) = oscpg) un, B = 20k, T = %,
1—-60=02Qx )™ and ap = §. If it turns out that § > a1, we can use a weaker norm for
f and F in our Caccioppoli estimates that result in a smaller §. This leaves us with

C
<|=4+C)R. 3.82
Bl " <R8+ > (382)

For R < hp, assume first that B(xg, R) C Q(T"). We note that uy, is piecewise affine on
every S € Ty. Denote by L, g the Lipschitz constant of u; on a simplex S € Ty, For a ball
B(zo, R) we have that

osc  up < max L R. 3.83
Bao.R) " SET, unS (3.83)
SQB(IQ,R)#(D
On the other hand, the L,, ¢ are given by
OSCBi,S Up,

Lus = R (3.84)

where B; g is the inscribed ball of S and R; s its radius. Denote by yo the centre of B; g.
We then find using inequality (3.82) that

1)
oscup < osc up S hg. (3.85)
Bis B(yo,hs) 5

By shape-regularity, we have R; g 2 hg. Substituting this and inequality (3.85) into (3.84)
yields
Ly, s ~h5t (3.86)

Because B(xg, R) C Q(T), we get hg ~ hp for all S € T, with S N B(xg, R) # () from
equation (2.11). Inserting this, together with the relation (3.86), into inequality (3.83)
yields

osc wup <hSTIR < RO, 3.87
Blagr) T N = (3.87)

By Lemma (2.15) there is a ¢ > 0, depending only on the shape-regularity constant, such
that if B(xo, R) N (Q2\ Q(T)) # 0, we necessarily have R > ohp. However, we can then use
inequality (3.82) to deduce that

1
< < pd < — RS, 3.88
Blaor) " Blaghr) T = g0 (359
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Taking C' as the maximum constant from inequalities (3.82), (3.90), (3.87) and (3.88) finally
gives

osc up < CR®
B(:Co,R)

and proves inequality (3.56) in the case of R < hp. Finally, we will focus on the case

R > Ry. First, note that

< —up) 3.89
Byt S sy )+ ¥ p0a, (Tun) (3.89)

Furthermore, we have 2CQ (TiN)k+1 R® > 1 and get

0sc = 0SC — <2 — o
B(zo,R)(Uh)+ B(xO,R)((uh)-i- Q) < 2|[(un)+ = Cll e (B(rY)

4\ FH (3.90)
< 4CQ|[(un)+ = Cll oo (B(zo,R)) <7_N> R

for every constant function . We will now show that ||(un)+ — Cllpe0(p(zo,r)) IS uni-
formly bounded. For simplicity, we write vy, = ((un)+ — [[unllp=(gn))+- We set ( =

(VUn)Q(B(zo,2v-1QR)) and note that (up)+ >0 to find

[ (un)+ — <’Uh>Q(B(x0,2fF1QR))HLoo(B(me))

< ((Uh)+ - ”Uh||L°°(8Q)>+ - <Uh>Q(B(:co,2leR))HL ) + lunllpoepo)  (3.91)

> (B(zo,

= |lvp — <Uh>Q(B(xo,2H*1QR))HLoo(B(Z,OVR)) + HUhHLoo(aQ)-
Applying inequality (3.58) from Theorem 3.20 yields

| (vr — (VR)Q(B(zo.26-1QR))) + Hioo(B(me))

3.92
<Cy ][ [on — (Vh)aB@e2n—1qRy|” dz + Ca (||f”%p(9) + ||GHQLq(Q)) g, (392
Q(B(x0.25~1QR))

Recall from Lemma 2.30, that the Poincaré constant of Q(B(2s 'QR))) only depends on

the shape-regularity constant I'. Thus, we can use Poincaré’s inequality to find

R™"|lon — <Uh>Q(B(2H*1QR)) ”%2(9(3(2/1*16,2}%)))

SRVl T2 pon-1omy) < Bo " lonlTz )

where we have used R > Ro in the last step. Note that vy, = (un — [|un|[ 1o (90))+ = 0 on
0. Furthermore, v, is a non-negative discrete subsolution to —div(AVuvy) < |f] — divG.

Thus, we can test against vy, and find

||Vvh\|%2(m < /QAVvh -V dx < /QF-Vvh + fop dax.
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We can now use Hélder’s inequality and the Sobolev embedding theorem. Also note that

2n .
p>n=>2and q> 5 > =% hence,

IVoRl 720y < IVORll 20| Fllz2) + HfHLnQﬁ"(Q)HuhHLW(Q)
S IVl 2@y 1 F ey + 1 f Lo I Vonl L2 )-

Using Young’s inequality gives

I9unl20) S (171300 + 1G 10y ) -

Together with inequalities (3.91), (3.92) and (3.90) this gives a uniform bound on oscp(zy r), (Uh)+-
The same estimates are true for (—up)4. Therefore, inequality (3.89) proves inequality

(3.56) for R > Ry and thus, completes the proof of Theorem 3.15. O

3.4 (*Regularity at the boundary

So far we have always assumed that we are far away from the boundary 0Q2 of 2. In order
to prove uniform Ho6lder regularity up to the boundary we will use suitable truncations of
up, to be able to use uhn}% as a test function in equation (3.23) even if 7, is not necessarily

compactly supported in §2. For convenience we will write Q¢ := R"™\ Q.

Definition 3.24. A domain 2 C R™ satisfies a uniform outer cone condition if, for any
x € 09, there is a cone C with C N Q = 0, with its tip at x and angle greater than some
ag > 0. In particular, this means that the complement )¢ is fat in the sense that there is a

o > 0, such that for any x € 0 and R > 0, we have
|B(a, R) N 9] > uo| B(a, R)|. (3.93)

We note that a Lipschitz polyhedral domain automatically satisfies a uniform cone
condition and pp depends only on the Lipschitz constant of the boundary. This allows us

to state the main theorem of the section.

Theorem 3.25. Let Q C R"™ be a polyhedral domain (which thereby satisfies a uniform outer

cone condition in the sense of Definition 3.24). Furthermore, let p, q be defined via % = %—%
and % =2_ %, let f € L1(Q) and let F € LP(Q;R™) satisfy assumption (x) with dominating

function G € LP(Q;R™), and let A € L®(Q;R™ ™) be a uniformly elliptic matriz-valued
function (i.e. A(x)v-v > dv|* for all v € R"). Let Ty, be an A-nonobtuse, shape-regqular
triangulation of the polyhedral domain Q with respective finite element spaces Vi, and Vi, .
Let up, € Vi, be a continuous piecewise affine finite element approrimation to the solution of

the equation —div(AVu) = f — divF. Furthermore, assume that uy|sq € CP(0). There
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are constants o € (0,1) and C, that only depend on |up|oa|os, HAHLOO(Q), d, ¢, Hf||Lq(Q),
||G||L,,(Q), B, the Lipschitz constant of 90, diam€) and the shape-reqularity parameter T’ of
Th, such that

up € CY(Q)

and

|Uh|ca(§) <C.

Again, we will break down the proof into several lemmas. Recall from Definition 2.16
that we write B(zo, R) for the connected component of B(xg, R) N § that contains xo.
Taking only the connected component is important that the estimates from Lemma 2.17
and Lemma 2.18 hold near the boundary.

Henceforth we shall assume that n > 3 and write 2* := 2n/(n—2). The proofs are easily

adjusted in the case of n = 2.

Theorem 3.26. Let T, be an A-nonobtuse, shape-reqular triangulation of the polyhedral
domain Q. Let up, be a nonnegative subsolution to —div(AVuy) = f —divF for F € LP and
f € L1. Furthermore, suppose that F satisfies assumption (x) from Definition 3.10 with
dominating function G. For any n € C®(R"™) define ny, := lpn. Suppose furthermore that
up = 0 on N Nsuppnn. Then, there is a C > 0 that only depends on n, 0, HAHLOO(Q), d
and the shape-reqularity parameter I' of Tp, such that

/ Vun Pl dz < C / G| Vn? da
Q Q (3.94)

25
+C (IF ey + 1)) (190 2ouppany + 170032 uppag) ) 150D 281 7

Proof. Note that Hh(uhHh(ng)) € Vi because we assumed that up = 0 on 02 N supp 7.
This means that we can test inequality (3.23) against ¢, = II;(upIlz (7)) and follow the
steps of the proof of Theorem 3.7. O

Thus we arrive at the following L°°-norm bound that is valid near the boundary.

Theorem 3.27. Under the assumptions of Theorem 3.25, suppose that vy, is a discrete sub-
solution to —div(AVu) = f—divF. Suppose furthermore that vy, = 0 on OQNQ(B(xo, 2R))

for some ball B(xg, R). For every ¢ > 0, we then have

sup  (op—c)} <CR™" / (vn =% do+C (I 1}u(q) + Gl Fn(ey ) B (3.95)
Q' (B(zo,R)) Q(B(z0,2R))

for a constant C > 0 that only depends on n, HAHLw(Q), d, 6 and the shape-reqularity
parameter I' of Tp,.
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Proof. By Theorem 3.12, (v;, — ¢ — Ag)+ (in the notation of the proof of Theorem 3.20)
is a non-negative subsolution. We also have (v, — ¢ — A\¢)+ = 0 on 9Q N Q(B(xo,2R))
because ¢ > 0, A, > 0 and v, = 0 on 9NN Q(B(zo,2R)). Therefore, the result follows using
inequality (3.94) and proceeding as in the proof of Theorem 3.20. O

Lemma 3.28. Under the assumptions of Theorem 3.25, let vy, € Vi, be a discrete subsolution
to the equation —div(AVu) = f — divF with 0 < vy, < 1. Then, there exist constants
7€ (0,1), N >0 and C > 0 that only depend on n, 9, ||AHLOO(Q), d and the shape-reqularity
parameter I' of Ty, such that if x; and x; are nodes of the same simplex T' € Ty, with v, = 0

on QT') N OQ then we have
on(@i) < 1=+ 70n(@5) + C (IFll oy + 1 ooy ) B (3.96)

Proof. We would like to follow the steps in the proof of Lemma 3.21, which requires being
able to test equation (3.23) against Lagrange basis functions ;. If z; € Q, we have ¥; € V3 o
and inequality (3.65) holds. Let us therefore assume that x; € 9. We then have that

vp(z;) = 0 because of the assumption v, = 0 on Q(7) N 9N. This yields the following

inequality:

/QAVUh -V dx = Z vp () /Q AVY; - Vi do

J
= th(ﬂfj)/ AV@Z@ : v¢7, dx < O,
i#i ¢
where we have used in the last step that the mesh is A-nonobtuse. Inequality (3.65) thereby

(3.97)

simplifies to

(Vi Vi) a

v < - v .
n(Yrs1) < %;1 TR (3.98)
This means that we can proceed as in the proof of Lemma 3.21 from here on. ]

This leads to the following variant of Lemma 3.22.

Lemma 3.29. Under the assumptions of Theorem 3.25, let B(zo, R) be a ball with R >
hr where xg € T for some T € Tn. Furthermore, let vy be a discrete subsolution to
—div(AVu) = f — divF with 0 < v, <1 on B(xo, QR). Assume further that

| B(wo, QR) N Q°| = p10[QB(zo, QR))| (3.99)

for some pg > 0, where Q is the constant from inclusion (2.13) and vy, = 0 on 9Q N

0 (9BER)).
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Then, there exist constants Ry, 6 € (0,1) and C > 0 that only depend on n, ”AHLOO(Q);
d, 0, the Lipschitz constant of 02 and the shape-reqularity parameter I' of T;, such that

sup v <1—0+C (Haup + Hqu> R (3.100)
¥ (B(x0,R)

for any R € (hr, Ry).

Proof. We can follow the proof of Lemma 3.22 step by step, because the condition v, = 0 on
NN (Q(B(2R))) ensures that inequalities (3.94), (3.95) and (3.96) hold. Furthermore,

assumption (3.99) guarantees, together with vy, = 0 on 9Q N2 (W), that Poincaré’s
inequality can be applied to v on Q(B(xg, QR) U B(xo, QR) where v}, is extended by zero
outside of Q(B(zo, QR)). By Corollary 2.9 and Lemma 2.30, the Poincaré constant of
Q(B(xp, QR) U B(xo, QR) only depends on shape-regularity and the Lipschitz constant of
the boundary. ]

This now allows us to prove Theorem 3.25.

Proof of Theorem 3.25. If we have B(zg,4x 'QR’) C Q for an zq € T for some T € Ty, and
R’ > hp, Theorem 3.15 yields

osc up S R
B(SL‘U,R)

On the other hand, if B(xg,4x 'QR') N IQ # () for every R > hp, we write u, = (up)y —
(—up)+ and consider (up)+ and (—up)y+ separately; both are nonnegative subsolutions in
V. We write £ = min{f3, 6} (See assumptions of Theorem 3.25). Let us consider (up)4.
We can assume that up(z) = 0 for some point of 02 because we are only interested in
oscillations and could consider u; — up(z). Recall that up|sn € CP(0Q) C CE(99) and
write |up|oalce = D. Then, we have ((up)s+ — D diam(Q)%); € Vi 0. By Theorem 3.27,
this gives that ((uz); — D diam(Q)¢), is uniformly bounded, which means that (up)y is
uniformly bounded by supg (((us)+ — D diam(Q)%);) + Ddiam(€2)*.

If R > hy and B(wg, 4k 'QR) N Q° # ), we know that B(y, s 'QR) C B(zo,5x 'QR)
for some y € 99 and together with inequality (3.93) this gives assumption (3.99). We can

also assume that up(y) = 0. We write

((up)+ — DR®) ¢
[((wr)+ — DRE) || oo (B(ao 5510 R))

vp =
with D = ¢k~ 'QR. This means that

0sC on = llopll o ) _
B(x075K/_1QR) h H h”L (8(1;0755 lQR))
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and
VnloonB(we,5x-1QR) = 0-
Note that vy, is a discrete subsolution to

1
[ ((un)+ — DR§)+"L°°(B(960,5K_1QR))

—div(AVv) = (—divG + f).

Hence we can apply Lemma 3.29 for R € [hr, %KR()] to get

1G Loy + 1f 1l Lage)

sup v, <1-60+4+C RS,
B(zo,xR) H((U)+ - DR6)+HL°°(B(9UO,5/Q_1QR))
This leads to
osc (up)y = sup (up)y < sup ((up)y — DR®). + DR®
B(zo,xR) B(zo,xR) B(zo,kR)
= || ((un)+ — DRE)JrHLOO(B(xo,Em*lQR)) sup v, + DR
B(zo,~R)
< (1= O (wn) s — DR+l g s ety
+ (CI|Gll oy + Cllfll oy + D) RE (3.101)

S (]‘ - 9)||(uh)+||L00 B(Z'O 5571QR))
+ (CllGlILo(@) + Cll fllzag) + D) B

<@-0),  osc o (un)s+ (ClClm@ + Cllf ey + D) R

This means that we can apply Lemma 3.34 to deduce that

G D) RE.
B((a)&i?R)(Uh) (H HLP (Q) + ”fHLq + )

The proofs for R < hy and R > %KZRQ are completely analogous to the respective parts in
the proof of Theorem 3.15. We then repeat this argument for (—up)4. By combining the
resulting bound on oscp(y, r)(—un)+ With the above bound on oscp(y, g)(un)+ we deduce
that

o056, (08) < C (Gl + [ lni) + D) RS (3.102)
CL’O,

To finish the proof, we finally have to look at cases where B(xo, R) has multiple con-

nected components. On a single connected component we have

Jun(x) = un(y)] < C (1G]l o) + If | ooy + D) = — yl*

by inequality (3.102). Now, let x and y be two points in Q(B(zo, R)) that are in different
connected components. We find points a,b € 0Q with |a — b| < |z — y|, such that |z — a| <

|r —y| and |y — b| < |z —y| and a is in the same connected component of Q(B(xo, R)) as
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x and b is in the same connected component as y (for example by just connecting x and y
by a line and taking a and b as the intersections between that line and 02). Recall that

up|an = D and therefore, we have |u(a) — u(b)| < D]a — b|°. Therefore, we can write

lu(@) — u(y)| < |u(@) — u(a)| + [u(a) — u(b)] + [u(b) — u(y)]
(3.103)
< C(IGllzry + I fllzacy + D) (J# = al* + Ja = bl* + b — y|*).

Note that 0 < £ < 1. From Jensen’s inequality we deduce that (a1+a2+a3 3 (% a+b+c) )g.

This and |x — a| + |a — b| + |b — y| < 3|x — y| yield together with inequality (3.103) that

1
lu(z) — u(y)| < C ([|Gllrr) + 1l Lage) + D) 3(5(\95 —al+]a—b[+[b— Z/|))§
< C(IG ey + 1 fllLa) + D) 3|z — yl*.

Finally, this proves
|Uh|ca(§) S Gller) + 1 fllza) + D,

which completes the proof. O

We conclude with the application of the discrete De Giorgi theory to a nonlinear elliptic

problem.

Theorem 3.30 (Uniformly elliptic nonlinear equations). Let T, be a shape-reqular, non-
obtuse triangulation of the polyhedral Lipschitz domain € with associated finite element
space Vi,. Furthermore, let F € LP(Q;R™) satisfy assumption (%) from Definition 3.10 with
dominating function G € LP(QQ). and let f € LY(Q) with q and p defined as in Theorem
3.25. Leta : Q@ x RxR"™ = R satisfy 0 < d < a(:,-,-) <D < oo. Furthermore, let u, € Vi, o
be a discrete solution to —div(a(z,up, Vup)Vuy) = f —divF, i.e., a function u, € Vy,, that
satisfies

/a(a:,uh,Vuh)Vuh-chh de = / fon dx—l—/ F-Vypdx (3.104)
Q Q Q

for all pp, € Vi o. Furthermore, assume that
|“h|3§2’cﬂ(ﬁ) <D

for constants 8 > 0 and D' > 0. Then, there are exist a € (0,1) and C > 0 depending only
onn,d, D, ||f||Lq(Q), 0, ||GHLP(Q gny, diam Q ,D’, B, the Lipschitz constant of 9 and the
shape-reqularity parameter I' of Ty, such that

|Uh|ca(§) <C.
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Proof. First note that any nonobtuse triangulation is A-nonobtuse if A has the form 1, .

The same steps as in the proof to Theorem 3.12 (with fo = 0 and F» = 0) show that
/ a(x,up, Vup)V(up — ¢)+ - Vo dz < / fondr + / G -Vopdx (3.105)
Q Q Q

for any non-negative ¢, € V3. Because a(x, up, Vup)lyxy is a uniformly elliptic matrix
for any z € Q, up(z) € R and Vuy(z) € R™, we can follow the proofs of Theorem 3.25 and
Theorem 3.15. O]

In this chapter, we have shown that under the condition of shape-regularity and A-non-
obtuseness, discrete solutions to —div(aVu) = f — div F' are uniformly Holder-continuous
up to the boundary of the domain €2 if F' satisfies condition * from Definition 3.10 and if a
is bounded and uniformly elliptic. In the next chapter, we will analyse discrete solutions to
p- and @-Laplacian systems where a is given by |[Vu[P~2 or o(|Vu|)|Vu| !, respectively, and

therefore fails to be uniformly elliptic or bounded. We will derive uniform L°°-estimates.

3.5 Appendix

We will now give the proofs of the technical iteration Lemmas that were used in this Chapter.

Lemma 3.31 (Fast geometric convergence, cf. [21] Lemma 4.1). Let o > 0, C' > 0 and

b > 1 be real numbers and (ar) a sequence of nonnegative real numbers with the properties
0 < a1 < CbFa,te,
N R
0 § a S C ab a?,

1. _ 14+ka
Then we have ap < C"ab 2 — 0 as k — oo.

Proof. We use induction:

The base case k = 0 follows directly from the second property.
1+ka

The induction step is straightforward: let ap < C—ab~ a2 for some k then we get

1 1+ka\ l+a
ake < Crapt™ < CVF (Cmp o)
1 _1+(k+1)a_ 1 _1+(k+1)o¢
<CchCclab 2 F=Cab T az

From this we easily deduce the following result.
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Corollary 3.32. Leta >0, C >0, b > 1 and v > 0 be real numbers and aj, a sequence of

nonnegative real numbers, such that

0 < apy1 < ObFay, <a’“>
v

Then we have a, — 0 as k — oo if v = aoCéba%.
Proof. Apply Lemma 3.31 to the sequence (%’“) O

Lemma 3.33 (cf. [3] A2). Suppose that a sequence (ay) with ai > 0 satisfies

a%—&-l < ci(ar — ag41)

for some bounded, nonnegative sequence ci. Then, we have that

max; Ci+/Q
Qg < Y jg Sk>1

Proof. Since we necessarily have ap > ai11 > 0, we get via a telescoping sum

k k
2 2
kap <) aiy <) eplai —aip)
i=1 i=1

< ’ — < ) )
- <i<akX Cl) (a1 — agq1) < <112a<a]§< c1> ai
Dividing by k and taking the square root concludes the proof. n

Lemma 3.34 (cf. [8], Lemma B.3). Assume that ¢(p) is a real-valued, nonnegative, non-
decreasing function defined on the interval [0, R;1], and that we have C,a1, a9 > 0 with

as < ap and 0 < B <1, such that
¢(BR) < ' ¢(R) + AR™

for all R < Ry such that BR > Ry. Then, there is a ¢ > 0 such that for all Ro <r < R < R;

we have

o(r) <c ((%)W o(R) + Cr‘“) .
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Chapter 4

Local Boundedness of discrete
solutions to p-Laplacian systems

We will now focus on p-Laplacian systems. Unfortunately, there is no natural notion of
a positive part for vector-valued functions. This means that we have to find a different
truncation to apply the De-Giorgi-iteration method. This only leads to an L*°-estimate
on the solution itself, not on truncated solutions. However, the latter would be needed
to obtain C“-estimates the way we did in the case of uniformly elliptic equations, which
means that we have to restrict ourselves to L*-estimates. On the other hand, we will be
able to drop the subsolution method which means that we are able to work with right-hand
sides that do not satisfy assumption (x). For uniformly acute meshes, we will show an L>°-
estimate for homogeneous @-Laplacian systems, a common generalisation of the p-Laplace
equation. Before that, we will give a brief overview of the proof of a local L*°-estimate in
the continuous case. We note that in the non-discrete case a vast range of regularity results
is available. Interior C1'®-estimates for minimisers for variational problems exhibiting p-
growth are available since the 60s, see for example [59, 58, 45, 33, 20, 1, 30] and the references

therein.

4.1 The continuous case

We will first define a weak solution to a p-Laplacian system. For simplicity, we will restrict
ourselves to the homogeneous case. However, we will have a non-zero right-hand side in the
discrete case. The techniques are again inspired by [14] (where it was used for linear scalar

equations).

Definition 4.1. Let Q C R™ be a domain and let p € (1,00) be a fized real number. We
call a function u € WHP(Q;R™) a weak solution to the equation —div (]Vu|p72Vu) =0 if
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we have

/ \VulP~*Vu - Vodz =0 (4.1)
Q

for every ¢ € C3°(C;R™). By density, this extends to all ¢ € Wol’p(Q;]Rm). Note that -
means the Frobenius matriz scalar product or the usual vector scalar product depending on

the context. However, it will always be clear which scalar product is meant.

We will now give the main theorem of this section. For the sake of clarity, we will restrict
ourselves to the case p € (1,n). However, the proofs are easily adjusted for p > n by taking

an arbitrary large ¢ instead of p* when using the Sobolev embedding theorem.

Theorem 4.2. Forp > 1, let u € WHP(Q; R™) be a weak solution to
—div (|Vu\p72Vu) =0. Let xg € Q and R > 0 be such that B(zo,2R) C Q. Then, we have
that
sup |ulf <C ][ lul? dz (4.2)
B(Io,R)
B(z0,2R)

for a constant C' > 0 that only depends on p and n.
To be able to prove this theorem, we need a new truncation.

Definition 4.3. For any A > 0 and v € R™, we define

Sy = (Jo| - A)ﬁ (4.3)

for |v| >0 and Syv =0 for |v| = 0.

Remark 4.4. We will later show that |Sxz — Sxy| < |z — y| in inequality (4.29). Let us

write (0e,v)(z) = L(v(z + ee;) — v(x)) almost everywhere for the difference quotient in

i-direction, where e; is the respective unit vector. We find
10c,i(Sav)| < |0c 0]
almost everywhere. Therefore, we get
||5€,i(8>\v)”[,p(9/) < ||5€,iv”LP(Q’)

for all e > 0 and all ' C Q with dist(Q,0Q) > . By [/8][Theorem 1.49], we know that
||557¢UHLP(Q,) stays bounded if v € WIP(Q). Therefore, ||5€,¢(SAU)||L,,(Q,) also stays bounded
and we can conclude with [48][Theorem 1.49] that Syv € I/Vli’f(ﬂ) if v € WYP(Q) and S is

applied point-wise almost everywhere.
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To be able to prove a Caccioppoli-type inequality for Syu, we need the following propo-
sition. Note that this section is meant to guide the reader through the non-discrete case to
help understand the discrete case. We will use some more formal calculations that have to

be justified.

Proposition 4.5. Let A > 0 and p € (1,00) and let v € WHP(Q; R™). Almost everywhere,

we get
Vv - VS > W\V@\Q. (4.4)

Proof. First, we recall that for any function f € WP(Q), we have V(fi) = x>0} V.f

and V|f| = (signf) Vf (see [47][Remark 1.2, Lemma 1.7]). By approximating S\v by
Sy o0 = WIFre);

d then taking the limit 0 find
\/m vV an en taking e llmit € — U, we I
- A - A
VS = il Vo + iVM - LiVM

[l [l ol o]

on {|v] > A}. Together with V|v| = % Vv and by taking the scalar product with Vv, this

[v]
gives
o] = A
[l

VS - Vo = IVou|? + <1— id _A> {V|v||2. (4.5)

[l

Using 0 < =2 < 1 proves the claim. O

[v]

Furthermore, applying the Cauchy—Schwarz inequality to inequality (4.4) and dividing
by |Vul| (for [Vu| # 0) yields

(‘”";’A)ﬂw (4.6)

almost everywhere. For |Vv| = 0, inequality (4.6) simplifies to |V.Syv| > 0 which is obviously

VS| >

true.

We are now able to prove a Caccioppoli-type inequality.

Lemma 4.6. Forp € (1,00), let u € WHP(;R™) be a weak solution to —div(|Vul|P~*Vu) =
0. Then, there exists a constant C > 0 that only depends on p and n, such that

/ Ul =X gy g < 0/ (el =X ooy de (4.7)
Q Jul Q |ul

for every nonnegative n € C°(Q;R) and every A > 0.
Proof. We know that Syu € W'? by Remark 4.4. Therefore, (Syu)n? € WyP(Q) is an

admissible test function. We test equation (4.1) against ¢ = Syun? to get

0= / \VulP2Vu - V (SyunP) dz

2 (4.8)

= / nP|VulP~2Vu - VSyu dx + / IVulP2Vu - Vi SyupnpP~da == I + I1.
Q Q
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First, we use inequality (4.4) on I from equation (4.8) to get

1> / MWuﬂnlpdx. (4.9)
Q Jul
Recall [Syu| = (Ju| —A)4. Then, we estimate 11 from equation (4.8) with Young’s inequality
to get
115 [ wup= it 0

(4.10)
~ A — ).

< W)*\vuywpdﬁce/ (el =D o7 da

Q |ul Q |ul
Now, inserting inequalities (4.9) and (4.10) into equation (4.8) and absorbing the term
~ A
5/ Mwuw’wpdx
Q |ul

into the left-hand side proves inequality (4.7) and thus, the lemma.

O
Lemma 4.6 allows us to prove the local L°°-estimate stated in Theorem 4.2.
Proof of Theorem 4.2. We define the sequence
Mo = Aoo (1 - z—k) (4.11)
where Ay is to be chosen later. Furthermore, we define the nested balls
By, = B(xg, R(1 + 27%)) and C*°-functions n;, with
XBr < Mk < XBjyrs (4.12)
V| < R712F. (4.13)

We define the sequence aj, = f B( ) 1S, ulPny, dz. Using the scaling-invariant norms

z0,2R
IFIE = f B(z0.2R) |f|? dz, Holder’s inequality and the Sobolev embedding theorem, we find

that

ya
]suppSAkHu N Bk]> n
|B(z0,2R)|

ya
|supp Sy, ,,u N Bk|> n
| B(x0,2R)|

for p € (1,n). For p > n the proof is easily adjusted by taking a large enough (depending

s = ISl < 1Sy umeally,
(4.14)

< P Sy ) I

only on n and p) positive number instead of p* as L4(Q) — WP(Q) for all ¢ € (1,00) in

this case. We know that |u| > Apy1 on supp Sy, ., u. On this set, we therefore have

1Satt] > Mopt — Mo = Moo (2*’“ - 2*(’”1)) = Aoo2~ (kD) (4.15)
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Together with n, = 1 on supp nx4+1 = By, inequality (4.15) yields
127 Pk+1)

ap = ][ |S,\ku|p17£ dz > |B(z0,2R)|” N

B(z0,2R)

|supp Sy, , ,u N Bg|. (4.16)

On the other hand, we use the product rule and the convexity of ¢ — t? to find

IV (Sner@mes ) < MV Sx 41 w) Mot )+ NSneiau Va1, (4.17)
Define A = £ (Ag41 + A) and assume that |u| > Agy1. Then, we have
) _ “k _ o—(k+1)
(Jul =Nt S M1 —A 2 2 > 9k, (4.18)
A1 2 (1 —2-(k+D)

Using this and |VSy, , ,u| < [Vu|, we find that

|ul

(Jul = A);
T+ IVulPny,, da. (4.19)

k
|VS>\k+1u|an+l dz <2
B(z0,2R) B(x0,2R)
This means that we can apply inequality (4.7) to inequality (4.19) to get

ul — A
PP PP a. @20)

Now, assume that |u| > A. Analogously to inequality (4.18), we then find that

VS ulPmq dz S 2k

B(z0,2R) B(z0,2R)

|SAkU| - A— A > o—(k+2). (4.21)
|ul Ak
Inserting this into inequality (4.20) yields
][ VS ulP g da S 2Pk ][ |Sx, ulP| Vg1 |P de, (4.22)
B(z0,2R) B(z0,2R)

|ul=A

where we have also used that m

< 1. Furthermore, we have ny = 1 on suppng+1 = Bk

from inequality (4.12) and |V 1| < R™12F by definition in equation (4.13). Using this in

inequality (4.22) gives

FovSal de 2@ R S e @2
B(20,2R) B(#0,2R)

We can now use inequality (4.23) and [Sy,,u| < [Sy, u| in inequality (4.9) to get
IV (Sxe s I S RTP2EPFDR|Sy e[, (4.24)

Finally, we can insert inequalities (4.16) and (4.24) into inequality (4.14) to get

p

api1 S 2(2p+1+%)kak (;f) i (4.25)

If we choose M5, ~ ag, we can apply Corollary 3.32 to conclude that a; — 0 and therefore

sup |ulf <N ~ap < ][ |ul? dz.
B(zo,R
(wo.R) B(z0,2R)

This proves Theorem 4.2. ]
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4.2 The discrete truncation S

We want to prove a similar L*-estimate in the discrete setting. If we apply the truncation
S) pointwise on a function uy € Vj, the result would in general no longer be in V3. This

means that we have to use a nodal version of the truncation.

Definition 4.7. Let T be a triangulation of the polyhedral domain Q@ C R™ and V}, the
respective finite element space with values in R™ and Lagrange basis functions ;. For any
up, € Vi and A > 0, we define

quh = ZS)\uh(xl)z/Jz = Z wuh(xz)wz = Hh(S)\uh). (4.26)

= lun(@i)|

The crucial estimate in the continuous case is VSyu-Vu 2 %\Vu!? In order to be
able to prove similar estimates in the discrete setting, we need estimates on the difference

of two truncated vectors. We will give the most important ones in the following lemma.

Lemma 4.8. Let Sy be defined as in equation (4.3). Then, we have

1 x| — M) —A)j
(S-S (=) 2 5 (DL WD
2 |z| |yl
(Sxz = Say) - (x —y) > |Sae — Sayl, (4.28)
[z —y| > [Sxz — Syl (4.29)
for every A € R and every x,y € R™.
Proof. 1t is easier to work with
Top e Sipo T if |z| < A, (4.30)
METETOET N i ] > A ‘
As a first step, we will show that
(x —Thx) - (z—Thz) <0 (4.31)

for every € R and every z € B(0,\) C R™. For the more general case of orthogonal
projections onto convex sets in R™ instead of the specific projection T, this inequality is
shown in [26, Lemma 10]. Inequality (4.31) is obviously true for |x| < A because v —Thz = 0
in that case. Therefore, let us assume that |z| > A. The (m — 1)-dimensional hyperplane
L, through Thz € 9B(0, \) that is tangential to the ball B(0,\) C R™ is characterised by
the equation L, = {y C R™ : (y — Thx) - (z — Thx) = 0}. B(0,\) is convex. This implies
that L, separates  and B(0,\). This means that we can deduce (z —Thz) - (z — Thx) < 0.
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Figure 4.1: The projection T

For reference, see that the angle a in Figure 4.1 is necessarily larger than or equal to 7.

This proves inequality (4.31). We will now show that

1 /min{|z|,A\} min{|y|,\}
0< (=T o —y) < g (P 4 A oy (4.32)

Obviously, we have Thy € B(0, ) for all y € R™. This allows us to apply inequality (4.31)
to get

(The = Thy) - (z —y)

= (Thz — Thy) - (z — Tax) + (Thx — Tay) - (Tay — y) HTaa — Thyl?
>0 >0

>0.

This proves the lower bound in inequality (4.32). For the upper bound, we distinguish three

cases.

(a) Assume that |z|, |y| < A. In this case, inequality (4.32) simplifies to 0 < (z —y) - (z —

y) = |& — y|?, which is obviously true.

(b) Assume that |z, |y| > .
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We calculate

(Thaz — Thy) - ( ~ Y > (z—y)

Q“*w‘ F fOxy)
(g + 71 ) Gl = 2-9)
(5

‘>; (I — w2 — 1] — wI?)

A
(A r—y
2(u|\|>' *

which is exactly the upper bound in equality (4.32).

IN

(¢) Assume that |y| < \ < |z|.

Let o := ﬁ; then 0 < a < 1 and we calculate

(T —Thy) - (x—y) = (ax —y) - (z —y)
=alz]* + [y]* - (a+ D)z -y

-1
= eyl O (ol )
VSO >0
Oé+1 2
< _
< —5—lz—yl

This is also exactly the upper bound in inequality (4.32) and therefore concludes the
proof of inequality (4.32).

Then, we use the definition of T in equation (4.30) and find
(Syz = 8ay) - (z —y) = e —y* = (Da — Tay) - (z — ). (4.33)

This means that we can use inequality (4.32) in equation (4.33) to find

1 /min{|x|, A min{|y|, A
(S0 =S+ (a =) 2 oyt = 5 (P0ERAy mBEA Y,

1 <|a:| —min{je|, A}yl —min{lyl,k}> iz — g

Now, note that |z| — min{|z|, A\} = (|z| — A)+. This proves inequality (4.27).
For the proof of inequality (4.28) we use equation (4.31) to find that

(x —Thx) - (Thy — Thr) <0. (4.34)
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With inequality (4.34), we estimate
The — Thyl* — (Tha — Thy) - (x —y)
=Tz —z)- (The —Thy) + (y — Thy) - (The — Thy) < 0.
Now, combining inequality (4.35) with the identity

(4.35)

Saz — Say* — (Saz = Say) - (z —y) = |The — Thayl* — (D — Thy) - (z —y)

proves inequality (4.28). Inequality (4.29) is obvious for Sxz — Syy = 0. If Syx — Sy # 0,
inequality (4.29) follows directly from inequality (4.29) by the Cauchy-Schwarz inequality
and dividing by |Sxx — Syy/. O

In the case of a uniformly elliptic triangulation 7, the previous lemma allows us to get

a similar estimate to inequality (4.4) in the discrete case.

Lemma 4.9. Let T, be a shape-regular, uniformly acute triangulation of the polyhedral

domain Q and let Vi, C C(Q;R™) be the respective finite element space. There exists a

constant C > 0 that only depends on n, the shape-reqularity parameter I' and the uniform

acuteness of the mesh, such that for any up, € Vi, and A > 0, we have, on every T € Ty,
Vuy, - VS up, > C max (M) \Vuh|2. (4.36)

T |un|
Proof. Given a T € Ty, we write It := {i : x; € T} and denote the node with |up(xo)| =
maxrp |up| by xo. For simplicity, we write u; := up(x;). On T, we use equation (2.51) from

Lemma 2.32 and inequality (4.27) from Lemma 4.8 to get

Vuy, - VSyuy, = % Z (i — uj) - (Saui — Sxuy) (= Vb - Vb))

i, j€Ip
1 (Juil =N+ Ul =N, 2 o o
B 7z,j€IT < || " ]IuJ" > ui =PV V) (4a)
(Juo| = M)
> 0Iuo\ =3 Juo = wil (= Vs - Vo).

i€l
On the other hand we know that 7}, is uniformly acute. This means that inequality (2.9)
implies that —V); - Vib; > €1|V);| |V1);]. Furthermore, the shape-regularity of 7;, implies

inequality (2.10) which gives %ﬁ'\ > g9. Together with the triangle inequality, this yields
1
2 2
Vup|” = 5 Z ui — u;|"(=Vip; - Vij)
Z7]€IT
<23 us — u (= Ve - Viby) (4.38)
i:jEIT
2(n+1
< 2nt1) D Jui = uol* (= Vo - V).
€1€2 !
i€l
Combining inequalities (4.37) and (4.38) concludes the proof of inequality (4.36). O
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Unfortunately, the condition of uniform acuteness is necessary, even in the case of a
scalar function uy. Take for example a triangle with vertices o = (0,0), x; = (1,0) and
x2 = (0,1) and let ug = A\, u1 = A(1 4+ ¢) and up = 0 with € > 0. Then,

2 -1 -1

(Vap; - Vp)jk=0,.2=1—-1 1 0
-1 0 1

and (Shup)(xo) =0, (Sxup)(z1) = e, (Sxyup)(xo) = 0. Thus,

Vuy, - VSyup = 52)\2,

— )
maxM\Vuh\Q = L(1 + )N > )2
T |uh| 1+4+¢

This implies that inequality (4.36) cannot hold if we allow right angles. In the case of a
triangulation that is only non-obtuse we therefore have to rely on a weaker estimate, which

we state in the following lemma.

Lemma 4.10. Let T, be a mon-obtuse triangulation of the polyhedral domain € and let
Vi, € C(Q;R™) be the respective finite element space. Then, we have

Vuy, - VS up > |VS)\uh|2. (4.39)

Proof. This follows directly from equation (2.51) and inequality (4.28). O

We will also need a second interesting property of Sy that is given in the following
lemma.

Lemma 4.11. Let Ty be a shape-regular triangulation of the polyhedral domain 2 C R™ and
let Vi, € C(Q;R™) be the respective finite element space. There is a constant C' > 0 that
only depends on n and the shape-reqularity constant ', such that, for any A > 0, up € Vp,
and T € Ty, we have

max |Saun || Vup| < C’mj@x |up ||V Sxup). (4.40)

Proof. We fix an arbitrary T € Tj, and write Zp := {i : x; € T'}. Without loss of generality,

we assume that zg is the node with maxy |up| = |u(x)|. On T, Lemma 2.33 implies that
\VS,\uh] ~ h;l Z ]S,\uh(xz) — S,\uh(.%'())‘. (4.41)
€L

This means that we can combine inequality (4.27) from Lemma 4.8 and inequality (4.41)

to get
|V Sxun| 2 h;l Z ((\Uh(fﬁo)\ ~Ms + (Jun(z:)| /\)+> lun(z0) — up (i)

= |un(o)] |un ()|

(4.42)

1 (Jun(zo)| = M)+ .
> hT ‘Uh(xo)‘ ZGZIT |uh($0) - Uh(l’l)|
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on T. Now, Lemma 2.33 implies |Vuy,| ~ hp! > iz, w0 — ui| on T', which gives

(Jun(zo)| = A)
|un (o)

on T. Together with the fact that (Jup(xo)| — A\)+ = maxy |Syup|, this concludes the proof

of inequality (4.40). O

IV Syun| > |V (4.43)

4.3 L*-estimates for discrete solutions to y-Laplacian sys-
tems

Inequality (4.36) is strong enough to give a local L*°-bound not only for solutions to p-
Laplacian systems, but also for the p-Laplacian system. In order to do that, we have to
introduce N-functions and their basic properties. Those are standard in the analysis of
Orlicz spaces; see for example [22] or [39]. Because we rely on inequality (4.36), we need to

restrict ourselves to uniformly acute meshes.

Definition 4.12. We call a function ¢ : Rg‘ — RS‘ an N-Function, if it satisfies

go(t):/o ¢'(s)ds (4.44)

with a left-continuous function ¢’ : Rg — ]R(T that satisfies

#(0) =0, (1.45)
' (t) >0 fort >0, (4.46)
'(s) < ¢ (t) for s < t. (4.47)
If there is a constant ¢ € R that is independent of t, such that ¢ satisfies
p(2t) < cp(t) (4.48)

for every t > 0, we say that ¢ fulfils the Aq-condition and denote the smallest constant c
by As(p). We say f: Q — R™ belongs to the Orlicz-class L?() if and only if we have

/ (| f]) dz < oo,
Q

Note that £#(Q2) is a convex set but in general not a vector space. For ¢(t) = tP, we
have £L?(92) = LP(£2). We can deduce the following properties of N-functions from Definition
4.12.
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Proposition 4.13. Let ¢ : Rar — Rg be an N-function. Then, @ is a strictly monotonically

increasing, convex function. If Ag(p) < 0o, we have

p(t) ~ ¢'(t)t, (4.49)

where the implicit constant depends on Aa(p). Furthermore, there is a number © > 1 that

depends on As(p), such that for every t € (0,1) and every s € RY, we have

p(ts) < t%(s). (4.50)

Proof. Convexity and monotonicity of ¢ are standard. Equation (4.49) can be found in

[22][Equation 2.4], inequality (4.50) is an easy consequence of [39][Lemma 2.2.7]. O
We will also have to define the conjugate N-function.

Definition 4.14. Let ¢ be an N-function. We denote the right inverse of @' by (©')~! and

define the conjugate N-function via

t
)= [ @)
0
This function is gains its importance from the following properties.

Proposition 4.15. Let o, ¢* be a pair of conjugate N-functions that both satisfy the Ao-
condition. Then, Young’s inequality is true. This means that there is a constant C. for
every € > 0, such that

st < ep(s) + Cep™(t) (4.51)

for every s,t > 0, where C. depends on €, Ag(p) and Aq(p*).

Furthermore, we have
e (£'(t) ~ (), (4.52)

where the implicit constant only depends on Aa(p) and Az(p*).
We are now able to define p-Laplacian systems.

Definition 4.16. Let Q@ C R" be a domain and ¢ an N-function. We call a function
u € WHH O R™) with Vu € LP(2) weakly o-harmonic, if it is a weak solution to Ayu :=

div (%VU) =0, i.e.

/
/ FIVD Gy vy de =0
a [Vul

for every 1 € C°(Q;R™). This extends to every function » € WhHL(Q;R™) with Vi €
L7(9).
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We will now give the definition of a discrete solution to this equation.

Definition 4.17. Let Q C R" be a polyhedral domain and let ¢ be an N-function. Let
Tn be a triangulation of €1 with respective finite element spaces Vi, and V9. We call a
function up, € Vi with values in R™ discretely @-harmonic, if it is a discrete solution to

Apu = div (%VU) =0, i.e.

' ([Vun|)
Yy, - Vppda = 0 4.53
T o -

for every pp, € Vi g.

To prove a local L*-estimate for discrete solutions to the ¢-Laplacian system, we will
have to use inequality (4.36). This means that we have to assume a uniformly acute mesh.

The main theorem of this section reads as follows.

Theorem 4.18. Let T, be a shape-regular, uniformly acute triangulation of the polyhedral
domain Q with the respective finite element space Vi, C C(2;R™). Let ¢ be an N-function
with Aa(p) < 0o and Ax(¢*) < oo and let up € V3, be a discrete solution to —Ayu = 0
in the sense of Definition J.17. Furthermore, let B(xo, R) be a ball with B(xg,2R) C €.
Then, there exists a constant C' > 0 that only depends on n, Aa(p), Aa(p*), the uniform

acuteness of the mesh and the shape-regularity parameter I, such that
sup @ <uh’> <C ][ ® (’uh’> dzx.
@ (B@oR) \ B R
Q(B(z0,2R))

First, we will prove a Caccioppoli-type inequality for discrete solutions to (p-Laplacian
systems. Before we start, we note that, given an N-function ¢ with As(¢) < oo, there holds

o(nT=) < nip(t) forany 0 <n <1 and any ¢ > ¢ = % because of inequality (4.50).

Lemma 4.19 (Caccioppoli inequality for the ¢-Laplace system). Under the assumptions
of Theorem 4.18, let ¢ € N be such that we have

gp*(sq_lt) < slp*(t) (4.54)

for every t € RY and every s € (0,1). Suppose also that n € Cg°() with 0 < n < 1 and
write Ny, := lyn. Then, we have

up| — A)j up| — A)j
5 s (=2 [ dn < € 5 e P8 [ o) a0
TET h T TeTn n T

(4.55)
for every A > 0, where the constant C' > 0 only depends on n, Aa(p), Az(p*), the uniform

acuteness of the mesh and the shape-regularity parameter T'.
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Proof. We test equation (4.53) against pp, = IIp (Sxupn?). This gives

©'(|Vunl|) q /@’(]Vuh]) q
0= ———=Vuy - VII; (S\u dox = ———Vuy -V (S\u dx
/Q |V "  (Shunry) o |Vu| vV (Syunh)

/
\% .
+/ LAY, ( uhDVuh -V (Hh (SAuhng) — SAUM?Z) dx (4.56)
o [Vunl
=1+l
We will first look at I in equation (4.56). We get
/
\%
I :/ MVuh - (VSyup) nf da
o [Vl (4.57)
/ v _ :
+ Q/ = Uh‘)vuh - (V) Sxunnm, Yo =1 + I,
o [Vul
In our notation from equations (4.56) and (4.57), these two equations leave us with
I <|L|+ |I1]. (4.58)

Note that uy is affine on every T' € Ty, which means that Vuy and VSyuy are constant on
every T € Tp,. This means that the notation Vv, (T) makes sense for every v, € Vj,. With
equations (4.36) and (4.49), we find

Z (’0 |Vuh Vuh(T)'VSAuh(T)/ nf da
T

ZZmTaX(| h' Ve (1 (1)) [V (T I/ (4.59)

TeTh |uh|

Z max (] = )+/<,0(\Vuh|)772dx.

TET, [l

For Iy from equation (4.57), we note that |(Sxup)(x;)] = (Jun| — A)4(x;) at every node x;

and that any function in V}, takes its maximum over a 1" € T;, at a node. This gives

/ q—1
LS Y, 1" (IVun(T) DIV (T) | max np " max | Syun|
TETh
(4.60)

up, _
= 5 g 2 (T )] gt 9 () g
TeTh

We use Young’s inequality (4.51) in inequality (4.60) to get

B<e Y Mimax L=V (i1 (T ()
TET g [unl r

+0. 3 g P20 (i 9m 1)

TeT
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We now use equation (4.54), p*(¢'(t)) ~ ¢(t) from equation (4.52), and inequality (2.27)
to get

(lun| = A);
ILy<e> |T| mj@xTJrgpﬂVuh(T)\)mjgxng

TeTh
(4.61)

40 Y (w2 {0 f v o
TeT) r ’uh’
h T

We use inequality (2.27), Aa(¢) < oo and Jensen’s inequality in inequality (4.61) to get

— A\
I Se Z mTaX(|uh|)+/ o(|Vup|)nf da
T

|un|
T (4.62)

up| — A)J
w0 3 U v o

fer |up|

Now, we will focus on IT from equation (4.56). We get

171 < /ng'(]Vuh])‘V (Hh (Skuhng) — S)\uhT]Z) ’ dz

< D ITI (IVun(T)|) max |V (I, (Sxunmy) — Sxuntiy)|
TeTh

We use equation (2.30) from Lemma 2.25 in this inequality to deduce that

11 < T\ T H
S 3 1716/ Tun(T)) ]Sy g V]
h

< T / T T q—1
NT;I | (IVun(T1) max [Sxun| [V (T) | max ),
h

This is the same term as the right-hand side of equation (4.60). We can therefore follow

the exact same steps as for Iy to get

IT<e Z max ————— (unl = A+ / o(|Vug|)nf da
rer, T |un| T
(] = ) (4.63)
Up
+Ce Y e =2 [ (g |9
TeT; h T

This means that we can insert the inequalities (4.59), (4.62) and (4.63) into equation (4.58)
and absorb into the left-hand side to get

)
Z max = |uh| ™ N+ /@(\Vuh\)n;’ldxﬁ Z mTaXW/SD(WhHV??hD dz
T

TeTh TeT, ’

This proves the Lemma. O

For our De-Giorgi-type iteration, we will again need sequences of cut-off functions and

nested balls.
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Definition 4.20. For Ao, > 0, we define
M i= Ao (1-27F).

Furthermore, let B(zg, R) C Q be a ball with B(xg,2R) C Q. We define the sequence of
balls B, = B (xo, (1 + 2"“) R) and the sequence of functions 7, € C3°(2) such that

XBii1 < Tk < XBy (4.64)
Vie| S R7'2". (4.65)

Deﬁne Nk ‘= Hh(ﬁk)

We will state a corollary analogous to inequality (4.24). Note that the natural scaling
for solutions to p-Laplacian systems is u(z) — Ru (%) Therefore, the natural quantity to

estimate is ¢ <|“|>.

Corollary 4.21. We define By and A as in Definition 4.20. Under the assumptions of
Lemma 4.19, there are constants o > 0 and C > 0 that only depend on n, Aa(p), Aa(e*),

the uniform acuteness of the mesh and the shape-reqularity parameter I', such that

> 17,3 dz

Proof. For simplicity, we write B := Q(B(wo,2R)). We note that |V|Sy,  ,up|| < [VSh,,, un

S, Un

dz < 29k
v < A

Sy, up
R ][ ‘V (so (‘ k}_{ ‘) nZH) < ][ ®
o Q(B(x0,2R))

B(z0,2R))

for every k € N,

and calculate

ofle (25

|Sxe s Ul |Sn s Un| _ (4.66)
o () sseminta ot f o () RVl ds
B

B
=1+ 11

dx

=

For I in equation (4.66), we use Young’s inequality (4.51) and equation (4.52) to find

* 1S Uh\
I 5][80 (90/ <k+R1 "7]3+1 dx +][90(|V5/\k+1uh|)7713+1 dx
B B

(4.67)
Snenl g d q _.
~TP\T R ) k@Y + 1+ e(IVSx, . un)nyy, dz = 1 + L.

B B

First, we will look at I;. This is easy because ¢ is monotonic increasing, |Sx, ., un| < [Sx, us|

L S][w <w> ni da. (4.68)
B
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For I, in inequality (4.67), we want to use Lemma 4.19. Let us define

_ Akt1 + Ak
—

A

On simplices T' € Tj where VSy,, up # 0, we have maxr lup| > Ag+1 and, analogously to

inequality (4.21), we therefore get

max (Jun| =Nt _ Apy1 — A _ 2=k — 9= (k+1) > 9—(k+2)
T lunl T Ak 2 (1—2-(kt1)) =

on those simplices. For Iy from equation (4.67), this leads to

1 (Jun| = M)
I, < 2k+2® E m%XT—F / P (|VS>\k+1uh|) 7713—&—1 dz.
TET, h T

Now, we deduce that [VSy, , us| < |Vuy| from inequality (4.39) via the Cauchy-Schwarz
inequality to get

1 (Jun] = A)4
B2 22 S (DS 9
TeT, h T

This enables us to use Lemma 4.19 to establish

2 (0 = V) /
I < — max ———— up ||V dx
2 1 ‘uh‘ TQO(’ hH 77k+1|)

(4.69)

2 (lun| = 2+
< @ Z ’T|m,1§X Tg@ mj@X|Uh||V77k+l(T)| ,
TeTh h

where we have used the fact that ¢ is monotonic increasing in the last step. Note that

t— % is increasing for ¢ > A. Furthermore, on simplices T' € T, with maxz(|Jup|—A) 1 # 0,

we obviously have maxyp |up| > A. On those simplices, we therefore get

maxr (jup| — Ag)y lup| = M _ A= X 3 (270D —27k)
maxr |up| T lun|  — A 1 — 2k+1 — 2k+2

> 2= (k42 (4.70)

Furthermore, we know from equations (4.65) and (2.26) that
k

2
Vi1 (T S - (4.71)
We can use inequalities (4.70) and (4.71) to find
Sxg U
© <mj@x ]uhHVnk(T)|> < <C’22k max ’kR|> Xsupp k41 - (4.72)

Later, we will want to use inequality (4.50). We write [ for the lowest natural number with
I > &. Lemma 3.18 (b) ensures that for simplices 7" C supp 741, we have maxpn, = 1.

This allows us to insert maxy 7} into inequality (4.72) to get
@ | max Jup||[Vir(T)] ) < ¢ [ C22% max [ ] max 1}, | . (4.73)
T - T R T
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Sy, up is affine on T and nfc a polynomial of degree [. This means that we can use equation

(2.27) and Jensen’s inequality in inequality (4.73) to find

S
® (mqf}X’UhHV%(T)’) <@ ][CIQ%M;M% dz
T

< ][ © <C’22’“‘SA%W|772> da.
T

Recall that ¢ satisfies the As-condition. Using inequalities (4.48) and (4.50), we can deduce
from inequality (4.74) that

’ Sy, u
¢ (mpxlunl F()]) < Aot fo (Buil) o qn )
T

(4.74)

By the definition of I, we have 1© > q. We also write 3 := 2logy(A2(p)). This leaves us
with
S
o (mectunll V(D)) £ 2 £ (220 (4.76)
T

Now, we can insert inequality (4.76) into inequality (4.69) to get

(1+B)k -\
I < 2 Z |T'| max (Jun )\)+][<P (‘S)\kuh’> ny, da.

PR Y R

Finally, we use that maxy (unl=X+ <1 to get

[un]
S, U
S i fo () s
T

TET;,
— 2(1+,8)k][(p (W) n? da.
B

We will consider at I7 from inequality (4.66). We use Young’s inequality (4.51) to get

|21 Unl _
I :][¢ <k1+%1 RV |nft da
B

| Sxg1 Ul |Sxq Unl 4.78
5][90 <k+R1 RV |? da +][<P % nZJrldx ( )
B B

=1L +1I5.

I < 9(1+8)k
2 ~

B
(4.77)

For I3, we use [Sy,,up| < |S, un|, the monotonicity of o, and 91 < mp to get

s
Ih = ][ o <| A’“;{uh') i, do < ][ " (’SA]’“%U’LU i de. (4.79)
B B
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To deal with Iy, we once more define [ as the lowest natural number with [ > % where
© is the constant from inequality (4.50). From Lemma 3.18 (b), we know that we have
maxy nr = 1 on all relevant simplices 7' C suppni+1 and inequalities (4.65) and (2.26)
imply |Viry1| < 281 R™1. This gives

maxr |Sx, ., Un|
1L < — E q )4
1 ]B\ | ( R R |V"7k+1|( )

TeTh
1 maxr ‘S)\k uh] 1 k (480)
< — |T|<,0< L maxn) | 297
R o
h
TCsupp Ng+1
Completely analogously to inequalities (4.73) to (4.76), we have
maxr ‘S)\ uh\ ’S/\ uh’
o (MR ) < o (P ) (481)
T

Inserting inequality (4.81) into inequality (4.80) and using [Sy,, ,ux| < [S), us| finally yields
Sy unl | S un|
II <7§ bl nid <2qk][ e B0 ) p? da.
P '][ (F ke R a8

Recall from inequalities (4.66), (4.67), and (4.78) that

ofi ().

Inserting inequalities (4.68), (4.77), (4.79), and (4.82) into inequality (4.83) and defining
a =max{1l+ 3, q} yields
> ni da.

S
f o (o (P25 o ooz f o (25
B

de <L+ I+ 1L+ 1. (4.83)

We also need a new weak-type inequality in the spirit of equation (3.57).

Lemma 4.22. Under the assumptions of Theorem 4.18, we define ny, and Ay as in Definition
4.20. Then, there are constants o > 0 and C > 0 that only depend on n, As(p), Az(¢*)

and the shape-regularity parameter I', such that

20k S
‘supp (77k+15/\k+1uh)‘ < Ccp (/\%) /Q(‘O (‘ A]k%uh’) ni da.

The uniform acuteness of the triangulation T, is not necessary.
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Proof. Note that supp (77k+1 Sxi +1uh) is the closure of the disjoint union of the interiors of

those simplices T' € T;, with maxy |up| > Ag4+1 and maxy g1 > 0. The former implies that
gk+1 <mj§x |up| — /\k) > M (i — M) = Ao (4.84)

on the relevant T' € 7;,. On the other hand, maxr ni+1 > 0 implies maxr n; = 1 by Lemma
3.18 (b). Again, we define [ € N as the lowest natural number with [ > &, where © is the
constant from equation (4.50). Together with equation (4.84) and the monotonicity of ¢,

we find that

1
T < —~—
¢ (%)

Now, we can apply Lemma 2.23, Jensen’s inequality, and inequalities (4.50) and (4.48) to

S
|T|p <2k+1 max | A}}u“ mj@xni) . (4.85)

inequality (4.85) to get

7| < ITle czk“][’&k“h‘ L dz

¥ (%)

/\ |T][ < 2k+1‘8)\kuh|,’7;€> dx

2log2(A2(<P)) ‘S)\kuh’ q
B — d )
v (%) /T(p ( R ) "

Finally, summing over all 7" with maxp |up| > Ag41 and maxg g1 > 0 concludes the proof

N

of the corollary. m
This allows us to prove the local L*>°-estimate for ¢p-harmonic functions.
Proof of Theorem 4.18. We define By and 7 as in Definition 4.20 and ¢ as in Corollary

Sy u
ay = ][ © <| ’\]’“__{ h’) ni dz.

Q(B(x0,2R))

4.21. Now, we write

1

Using scaling-invariant norms ||| f[||,, := (fﬂ( B(z0.2R) Vil dx) ' Holder’s inequality, and the

Sobolev embedding theorem, we estimate

. |S)\k+1uh‘
ag+1 = |||P T Mk+1

S Uh)
< ;1 k u
B H’@ < R e Xoupp (@(7‘%“21 hl)m[iﬂ)

S q
< R‘HV <(p <‘S)\k+1uh‘> 77q > SUPP| )\k+1Uh|77k+1
- R Al |Q(B(z0,2R))| ’
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v ||n (4.86)

S|=




where we have used that ¢(t) = 0 if and only if £ = 0. We use Corollary 4.21 to find that

S S
R’HV (@ <‘ )\k;%lu}t‘) nZ+1> S 20k ][ ) (’ /\;{Uh|> 77,% dx = 2%%qy. (4.87)
1

z0,2R
Lemma 4.22 implies that
su Sxq U 20’k S /
| pizEEB(A“ng;Tl)‘ S () <| Aguh|> nl de = 2% (af ) (4.88)
Zo, == =
PR ain.am) ThR
Finally, inserting inequalities (4.87) and (4.88) into inequality (4.86) yields
1
a1 S 2<a+%>kak ( af ) : (4.89)
» (%)

We choose A\, such that ¢ (%‘J) ~ ag. By Corollary 3.32, inequality (4.89) therefore implies

that ap — 0 . Using the monotonicity of ¢, this therefore gives

|un| Ao ][ |un|
)< ) ~ap < — | dz.
Q/(g@im) Y ( R )~ e R a0 = 14 R v

Q(B(z0,2R))

This proves the theorem. O

4.4 L*°-estimates for discrete solutions to p-Laplacian sys-
tems

The restriction to uniformly acute meshes in Lemma 4.9 is quite restrictive, because many
standard examples of local refinement algorithms produce right angles. See for example a
square domain with newest vertex bisection. This is why we want to use only Lemmas 4.10
and 4.11. Unfortunately, this means that we have to choose different approaches for the
singular 1 < p < 2 and degenerate 2 < p < n cases of the p-Laplacian system. This implies
that we cannot use this technique for the ¢-Laplacian case. We begin with a definition of

a discrete solution to a p-Laplacian system.

Definition 4.23. Let T, be a triangulation of the polyhedral domain @ C R™ with re-
spective finite element spaces Vi, C C(;R™) and Vi o C C(E;R™). For 1 < p < n, we
assume F € LP%(Q;R”‘X”) and f € L%(Q;Rm). We say that uyp, is a discrete solution to
—div (]Vu\p_QVu) = —divF' + f, if we have

/ ]Vuh\pQVuh -Vopdx = / F-Vo,dx + / fonpde (4.90)
Q Q Q
for all pp, € Vi .
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Remark 4.24. If p > n, we would have to assume F € LPT(QR") and f € L'T9(Q).
The following theorems and lemmas are stated and proved in the case p < n. The proofs are
easily adjusted by using the fact that for p > n, we have WP < L* for all s € (1,00) and
using a very large exponent instead of p*. How large the exponent has to be only depends

on p, n, § and the shape-reqularity parameter I.
We will now state the main theorem of the section. We will assume 1 < p < n.

Theorem 4.25. Let T, be a shape-regular, non-obtuse triangulation of the polyhedral do-
main @ C R™ with respective finite element spaces Vi, C C(;R™) and Vo C C(S;R™).
Given 1 < p<nand 0 < § < p—1, define q and r vmé:%—% and%:%—%.
Let F € LY(Q;R™ ™) and f € L"(Q;R™) be given functions, and let uj, € Vj, be a discrete
solution to —div(|Vus|[P"*Vuy) = —divF + f in the sense of Definition 4.25. Furthermore,
let B(xo, R) be a ball with B(xo,2R) C Q and R > hr, where xg € T for some T € Tp,.

Then, we have
S < © ][ [unl? dz + € (1715 ooy 1N Es(apion 2my)) B
€ (B(a0.R)
(B (0 2R))

where the constant C only depends on p, n, § and the shape-reqularity parameter T.
First, we need a Caccioppoli-type inequality for the function wy,.

Lemma 4.26. Under the assumptions of Theorem 4.25, there is a constant C' > 0 that only
depends on p, n, 6 and the shape-reqularity constant I', such that

/ Vunllnnl? de <C / [PV P d
Q Q

c(|F|¥ 4 N =R
(4.91)

for any ny € Vi o with 0 < np, < 1.

Proof. We write py, := 11}, (ng) and test equation (4.90) against ¢y, = IIj,(uppp). This leaves

us with
Li+ L= / Vun P2V - V (uppp) dz
Q
+ / \Vuh\p_QVuh -V (Hh (uhph) — uhph) dx
@ (4.92)
— [ PV (i) s
Q

+ / f -1y (uppr) de =: Ry + Ryy.
Q
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First, we look at L.
L= / \Vup|P2Vuy, - V (uppp) da
Q
= / |Vup|Ppp do + / \Vup|P~2Vuy, - Vppup da
Q Q

=Ly + L[2.

For Lyp,, we find

L] < /Q VP~V pil | d

<y |THVUh(T)|p_1|VPh(T)!mgXthl =: L1
=

For L;; from equation (4.92), we use Lemmas 2.23 and 2.25 to find

Lip= Y T4 [VupP Yy - V (I (uppr) — uppp) da

<D T Vup (TP max |V (T, (unpn) — unpn)|
TeT

< Y TV ()P e un |V i (7)| = Lirr.
TeT,

So far, we have shown that
/ \Vup|Ppopde = L1, $ L + Ri + Ry
Q

We also use inequality (2.26) to find

—1
Von(T)| = max |VILL ()| S max [V ()| S max ;™| max [V

(4.93)

(4.94)

(4.95)

(4.96)

(4.97)

We use equation (4.97), Young’s inequality, equation (2.27) and Jensen’s inequality to con-

clude that

L < T )Pt T p-1
mNT; [V (T)] mjaXIUhHVnh( )\mjaxmh\
h

<o 3 TV (P max nl? + Co S [T ma fu |V (T)

TeTh TeT
D

< p P
Se S ITITu)P mpxlonl + - Y (7] f faldo | [90,(7)

TeTy TETs T

<e 3 ITVun(T)P ][ ldz+C. ST ][ fun? da V(T
T T

TeTh TeT

26/ Vuh\pphd$+05/ un|? [V |P dz.
Q Q
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Inserting inequality (4.98) into inequality (4.96) and absorbing the e-term into the left-hand
side then yields
[ vt < [ funl [ o+ R+ R (199)
Q Q

Now, we can focus on R; from equation (4.92). With the help of inequality (2.26), we
find
Rr = / F -V, (uppn) dx

< Z T |F\dxm7§X‘VHh (unpn)|

TeTh
<
<Y ][ 7| do g |V () a0

< im) ][ 7| o max [un [V (T)]
TeT

+ 3 1T1 4 |F| dw o[V (T)| = R, + R,
First, we will look at Ry, in inequality (4.100). Let us define S == {T' € T, : T C
supp n, Nsupp up, . We use inequality (4.97) and equation (2.27) to get

-3 ][ 1] ma [y [V ()

TeT,
<Y ]1 L] i g [V () | e (@101
TeS
<Y ][ F|d ][ unl [V de
TeS
Now, applying Holder’s inequality for sums and Jensen’s inequality to inequality (4.101)
yields
N 1_p=l_1,35
n p n
ry < (S ][ Fla| | - (Z |T|>
TeS TeS
X
(S ][ un [V d
TeS
. (4.102)
q
_p=1_1.38
< !T|][\quﬂf - |supp g Nsuppuy |~ T
TeS
S ][ [un PV [P
TeS
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This means that we can carry out the sums and use Young’s inequality to get

RIl ~ ||F||Lq suppnh)lsuppnh (M supp Uh} ||uhV77h||LP(Q)

(4.103)

SIFNY s quppyy [S1PP 78 N sUDD g |77 0 "+ lun Vg

For Ry, in inequality (4.100), we can analogously write

_ p
Ri = 3 171{ |F| domgx onf? |V ()

<> yT\][Fydm][nhlwh!dwmaxmh\p (4.104)

Tes "

<3 |T|][F|dx][nh|whrdx

Tes "

Using Holder’s inequality for sums and Jensen’s inequality in inequality (4.104) then yields

a\ 3 =
R, < (S ][ F|de <Z|T|>
TeS TeS
NG
Z]T\ ][nh\Vuh|da:
TeS "
s (4.105)
’ 1=l 146
N IT][!Fquw |[supp 775 N supp Syup|* g
TeS
1
p
S ][ VP de
TeS

Then, we can carry out the remaining sums in inequality (4.105) and use Lemma 2.27 to

get

3o

1
1 1

_7_7_‘_7

Ry, < </Q on|Vup|? da:) | Fll 1q Suppnh)‘suppnh N supp uh‘ P, (4.106)
This means that we can use Young’s inequality in inequality (4.106) to get

p 1=24p' %
Ry, ph|Vuh| dz + C; ]|F||Lq (supp ) }Supp 1k N supp up | . (4.107)

For R; from inequality (4.96) as defined in equation (4.92), we estimate

RU/f I, (uppp) do < Z ]T|][\f|dxmax\uh\maxlnh\p (4.108)
TETh
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Now, recall the assumption 0 < n, < 1 and estimate inequality (4.108) with equation (2.27)
to get

Ry <Y ][ 1o f ugln . (4.109)

Tes T

Again, we use Holder’s inequality for sums and Jensen’s inequality in inequality (4.109):

r\ % 1-p=l_1ys P\ 7
s (St finee] ) (> |1 (f s
TeS TeS TeS T
7 1-i-148 o
<(xmfura) () (o
Tes Tes Tes
(4.110)
Carrying out the sums in inequality (4.110) yields
j—p=1_1.54
Rt S o supp) [ennn ]| Lo 0y [SUpP 70 O sUpp g |-~ 7 727 (4.111)
The Sobolev—Poincaré inequality allows us to estimate
Huhﬁh”Lp*(Q) S ||V(Uh77h)||Lp(Q) B HuhvnhHLp(Q) + thvuhHLP(Q)' (4.112)
Then, inserting inequality (4.112) into inequality (4.111) gives
1ol 1ys
Rt S F1 e supp 160 V00| 1oy [sDD 710 1 sUDD 0| CAC
el s (4.113)
+ 11 (supp o 170 Vttn | o [P 74 N sUpD | CAEN
which means that we can apply Young’s inequality to get
/ 1-24 s
Rip S unVonll7mq) + 5/Q Vup i dz + Cell F I qupp yy [SUPP 1 N supp g |77
(4.114)

We are now able to insert inequalities (4.102) and (4.107) into inequality (4.100) and then
inequalities (4.100) and (4.114) into inequality (4.127) and absorb the e-terms into the
left-hand side to get

/ un P dae < 2249k / un P |V P d
Q Q

1-24pr 8
supp 7 (1 supp up,

R (E A

and thus, conclude the proof of the lemma. O

First, we will look at the singular case 1 < p < 2.
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Lemma 4.27. Under the assumptions of Theorem 4.25, let p € (1,2). Let np, € Vi be a
cut-off function satisfying 0 < np < 1 and define \i as in Definition 4.20. Then, we have

/Q IV Sy, unlPi dz < C2ZHD /Q (S, un P Val? da

’ / 1—%4—1?/%
+C (HprT(SUppnh) + HFHZEA(SUanh)) SUPP 7h (1 SUPP (S%(/\H/\kﬂ)uh)
+C (112 appr) *+ 1F zatsuppmn) ) 1O Sncum) 1l o
e
- |supp 75, N supp (S%(Ak"!‘)\k-‘rl)uh) ,
(4.115)

where the constant C > 0 depends only on p, n and the shape-reqularity constant T.

Proof. Fix k € N and define A = %()\k + Agt1) and write pp, = I (77‘2). We test equation
(4.90) against @y = I (Sxuppr). This gives

L+ L= / |Vuh|p72Vuh -V (Sxuppp) dz
Q

* /Q |V [P~*Vuy, - V (T, (Syunpn) — Saunpn) dz

(4.116)
= /QF - VIIy, (S\uppn) dz
+ /Q f -1y (Sxuppp) dz =: Ry + Ryy.
First, we look at Lj.
L= /Q \VupP~*Vuy, - V (Syunpp) dzx
= /Q [VunlP*Vup, - (VSxun) pp da + /Q IVup|P~*Vuy, - (Vn) Sauy, dz (4.117)
=Ly, +Ly,.
For Ly, , we recall that Lemma 4.10 implies V.Syuy, - Vuy > \VS,\uhIQ to find
Ly, = /Q \Vun|P~2Vuy, - (VSyup) pn da > /Q \Vun|P =2V Syup|* o, dzz. (4.118)

Now, note that Vuy, is constant on any T € Ty, for every vy, € V}, and write Vo (T) for that
matrix. Furthermore, Lemma 4.11 implies that
|V Sxaup(T)| maxy [up| 2 |Vup(T)| maxy [Syup|. We also know that maxz p, = maxy ).

Using this in equation (4.125) yields

Ly > )" !T\!Vuh(T)!p_Q\VSAUh(T)\Qmz%}x\Ph!

TETh
mescr [Shan (4.119)
23 TV () N
Ter, maxrp |up|
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We will now focus on Ly, from equation (4.117). We find

|Lp,| S/ V[P~V pp| | Syun | dz
Q

» (4.120)
< 3 TR (D) [V pn(T) max [Sxunl = Lir.
TET,
For Lj; from equation (4.116), we proceed as in inequality (4.95) to find
p—1 _
Lir S |T||Vu(T)| max [Sxup|[Von(T)| = Lirr- (4.121)

TeT,

Inserting equation (4.117) and inequalities (4.119), (4.120) and (4.121) into equation (4.116)
yields

maxr |S\u
> |T|!Vuh(T)|pL)‘h2‘ max 7} < L+ Ry + Ra. (4.122)
Ter, maxy |up| T

For simplicity, we write S := {T" € Tj, : maxy |up| > A\, T C suppnp}. We use equation
(4.97) to get

p—1maxy |Syup|

Lir S ) |T|Vun(T)| max [up | max [7,[" ¥ (T)). (4.123)

= maxrp |up|

Now, we use Young’s inequality in equation (4.123) and note that p’ > 2 because 1 < p < 2

and maxy pp, = maxyp7,. This gives

Vun(T) P v
e ) [ un () g

Lir<e Z |T|

TeS

+ C: Tz;g T max lup |V (T) [P
€

maxy [Shu
<e 3 (el h’) Vun(D)? max 4]

Tes maxr \uh\

+Ce Tz;g [T max [un|” [V (T) P
S

(maXT |S>\uh| b

(4.124)

Putting this in inequality (4.122) and absorbing into the left-hand side gives
maxr |S)u
> \THVuh(T)]pL’\hJ maxn) <> T max [un|” [V (T) P + Ry + Ry. (4.125)
TET, maxy |up| r TeS
For T' € S, we have maxy |up| > A by definition. This allows us to estimate

maxr ‘SAkUh| _ (|uh| — )\)_;_ )\k-i-l - )\k—f—l — )\k _ Q_k — 2_(k+1) > 27(k+2)
maxrp |up| T |un] A1 2(Mgr) 2 (1 — 2—(k+1)) - ’

which leads to

p
S 7 gl 90T < 24 X (71 (gl Sy, ) V(P (2120
TeS TeS
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Therefore, we can apply Lemma 2.23 and Jensen’s inequality to inequality (4.124) to con-

clude that

P
S I g s PV (1) £ 2% 37|17 ][rsxkuh\dx V(TP
TeS TeS
<oty ][ Sa,unl? de |V (T))?
TeS

S 2pk/ |S,\kuh]p\Vnh]pdx.
Q

Putting this into inequality (4.125) gives

> TIVup (D)

TeTh

S
wmaxnp < ka/ |Sx,un|P|Vp P de + Ry + Re. (4.127)
maxy |up| T
Now, we look at R; from equation (4.116). In direct analogy to inequality (4.100), we
get

Ri<Y \T]][ [F|d mas [Syun [V (T)
TeS

(4.128)

+ Z ]T|][ |F| dx max Inn|P |V Sxun(T)| =: Ry, + Ry,.

TeS
For Ryp,, we proceed as in mequahtles (4.101) and (4.102) to find
. _71_l+§
Ry < |T\][ |F|?dz }supp Ny, N supp S,\uh| P
TeS

(4.129)

P
(x yT|][ |Stun P [V [P da

TeS

In analogy to inequality (4.103), we carry out the sums and use Young’s inequality to get

R, S F M o supp o [S1PP 7 N 5UPD Syup | T !!Swhvnhlle(Q)

o (4.130)
S IFNY o quppy [51PP 70 N 5UDD Syup [ " 1S5 wn V175 (g
where we have also used that |Sy, up| > [Sxup|.

For Ry, in inequality (4.128), we apply the same steps as in inequalities (4.104) and

(4.105) to get

1
q

Ry, Z |T][ |F|7dz | |suppn, N supp Saup| R
TeS
(4.131)

S ][ |V Syunl? da

TeS
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After that, we can carry out the remaining sums in inequality (4.131) and use |Syup| <

|Sx,un| to get
j—p=l_1.36
Rp, S thVSAkuhHLp(Q)HF\|Lq(8uppnh)‘supp N, N supp SAUh‘ n TpThn (4.132)

For R;; from inequality (4.122) as defined in equation (4.116), we proceed as in inequal-
ities (4.109) to (4.113) to get

j—p=l_1.36
Ri1 S 1 2 supp ) 15308 V11| 1o () [SUPP 775, 1 sUpp Sxus | pin
_E_l_;'_é

1
F 1 2 (supp ) 170V Sx U 1o () [sUPD 71 (VsUPP Syup |~ 7 7
Using Young’s inequality on the first summand finally yields

P p/ 1—%4']9/%
Rir S 193unVnl o) + 1F1Er supp ) [S1PP 70 0 supp Sy | (4.133)

j—p=l_1.36
11 2 supp oy 110V St || 1o ) [SUPD 71 O SUPD S| P
Finally, inserting inequalities (4.130) and (4.132) into inequality (4.128) and then inequali-
ties (4.128) and (4.133) into inequality (4.127) yields

/Q VS, unlPnf d S 220k /Q (S, un PV ? da

P )
ntPn

/ / 1—
+ (”prT(Suppnh) T HFH]Z‘I(suppnh)) ‘Suppnh Msupp S)‘uh‘

—1
_l_LJ’_é

1
+ (HfHLT(suppnh) + HFHL‘I(suppnh)) HVS)\kuhnh||Lp|Supp Tih N supp S)\Uh’ P " "
and thus, proves the lemma. O
Unfortunately, this bound is not strong enough to apply the De Giorgi iteration tech-

nique directly. The idea is now to iterate the application of the previous lemma until the

exponent on the measure of the small set in the last summand is large enough.

Lemma 4.28. Under the assumptions of Theorem 4.25, define \i, np, and By as in Defi-

nition 4.20. Furthermore, assume p € (1,2) and

/ / /5
38,2 i 3 (1P Wiy + 1 aipioomn) % lalPafas
Q(B(z0,2R))
(4.134)

Then, there are constants C, a1, as, as for every m € N, that do not depend on k, but only
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on m, p, n, and the shape-regularity constant I, such that

][ IV S un P A < €228 ][ R7P|Sy, up|Pn, dz

Q(B(z0,2R)) Q(B(%0,2R))
1=24v'3
A N\P(E=P'R)
+C2%2k | R7P ]Z |Sxeun|Pnh de (;)

+ 2%k | R7P ][ |Sxeun|Pnh de
Q(B(20,2R))
Moo \ P (13- 5142) (527 51))
‘\ R
for every k € N.

Proof. We define

ag == R7P ][ | S unlPmy, da,

Q(B(z0,2R))
by = ][ |VS>\k+1uh|p77],Z dx.
Q(B(z0,2R))
Note that both sequences are decreasing. To simplify our notation, we write

Q(B(x0,2R)) =: B. First, we will show that by < )éi’;. Note that suppn, C B for all k € N.
We use the Caccioppoli inequality (4.91) for uy, from Lemma 4.26 to find

b < by < ][ Vun Pl de < ][ fun | P da
B B (4.136)

— / / 1—-2 5IL/
+ B (I, ) + £ 125 ) Isuppm supp '~ 0%

Recall maxy |V, 1| < R712F maxy gy, from Definition 4.20 and Lemma 3.18 (c). We find

PIVim|Pde < B[ T » i
FlunPITmp e < 1B S [T i P g T

TeT;,
b " ) (4.137)
<|B|"'R7P
< B R 3 17 (g onl mpx o]
TeT,
and apply Lemma 2.23 and Jensen’s inequality to inequality (4.137) to get
P
Flunpiompde 157 R Y (11 f funfm]da
B TEn T
(4.138)

SIBIT'R™ YT unlPlmol” da
TET,

= ap.
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Furthermore, we know from equation 2.13 that |B| ~ R™ and as suppny = B, this implies
that |[suppm Nsuppuy| < R™. Inserting this and inequality (4.138) into inequality (4.136)
and using the assumptions M5, > <||F||2;:q(B) + Hpr,T(B)> RP and Ao > f 5 [up [Pl dz = ao
(from inequality (4.134)) yields that

)\p
br S T (4.139)
Now, we want to start an induction over m. We use inequality (4.115) to find
b1 S 2(2+p)k][ [Sxeunl” Vi |P da
1 ! / 1_%+p,%
1B (I )+ 1F ) fsupp s 0500 (S30,00,0741) (4.140)

#1817 (1l 3) + 1P Lags ) 19 Scuntnll oo

* |supp np, M supp (S%@Hﬁxkﬂ)“h)

Completely analogously to the calculations in inequalities (4.137) and (4.138), we find
][|S/\kuh|p|V77k+1|p dz S 2kak~ (4.141)

Next, we will use the weak-type estimate from Lemma 4.22. Furthermore, recall from

equation 2.13 that |B| ~ R"™. Additionally, recall that we assumed that

> (11 ) + IF W ) ) B
We find that

1_£+p/§

n n

(HfH”r Bt HFHLq(B) SUPP Nk+1 M SUPP (S%QHAM)%)

1=’y
SR (U1 gy + 1) (BB [ Sy )

. /\_p(l_%""p,E)R(p-i-n)(l—%-‘rp'%)

o0

P8

I=ntrn (4.142)

S 2% (1) + N o) | 7 f ISvanlo do
B

P_pd
()

P_,8
< 2a2ka1—%+p'% )\ﬁ p(n P n)
~ k R .
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Analogously, we get

BI7 (1F1srey + IF o) 107 Svc0n) il

1,l,ﬂ+é

P n n

- |supp 1y, N supp <Sl(}\k+l+>\k+1)uh)

T Snun) il 5 REAL TR (1) a1 )

1 -1,35 1 (5 —w
_ gask 1T T <)‘oo> S
- k k R

(4.143)

P
where we have also used that <HfHLT(B) + HFHLq(B)> R% < \Z. From now on, we will use
the «; as generic positive constants that are allowed to change from line to line. We insert

the inequalities (4.141), (4.142), and (4.143) into inequality (4.140) to get

, p(2=r'7) 1-1op=iys o p(5 =)
bk:+l S ZOélk‘ak + 2a2ka11€—%+p% Aoo + 2055]6 +nbp )\OO )
R R
(4.144)

Recall that by < )}%L‘; from inequality (4.139). Then, inequality (4.144) is exactly inequality
(4.135) for m = 1 and serves as a base case for an induction proof. Therefore, let us assume

that inequality (4.135) is true for some m € N. Then, we find

1-l_p=14s 1 p(B-7)
Y, <A°°>

(4.145)
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Using inequality (4.135) on by, leaves us with

1ooqodoesiys fh p(5-12)
Ok 4m R
< 1—%—?’71-5-% Aoo p(5r-12)
a —_
o2)
ark agk %+P/% Aco oo
221k qy + 207k q, (R

() (e
k .

1 1
a1k, p ask p
2%"%ap + 2% ay

(1-240'2) [ Ao Py (4.146)
R

+

R

gaak, (13540 (S 1) (Aoo>p(1<1;”;1+z>(m )t

We will look at the three terms separately. For the first one, we use Young’s inequality to

get

(4.147)

PE-0) 1

1—lop=ly s /N p(P -5 1-24p'8) /Ao
a/k p n Jrn <R> als( n+pn) <R>
by (4.148)

3k

)
7p/5
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For the third one, we finally get

p—1 4

1-1oplg <>\OO>P(n—n)
Clk i

(1-3+2t48) ez, 1) ()\ p(-(-52 50 2) - (50 2) (B 51)

R
Inserting inequalities (4.147), (4.148) and (4.149) into inequality (4.146) completes the

(mieetas)(sr, ) (Am>p(1—(1—p—;+n)( Fo3r))

induction step and concludes the proof. O

Proof of Theorem 4.25 in the singular case 1 < p < 2. We know that » ;2 ]% = % =p.

We choose an mg € N, such that

mo—1 -1
R - 1 p-1 4§
p-3 S =p== <1——p +> (4.150)
=0

for some ¢ € (0, 6).
Furthermore, choose A% = d; maX{(HFHpr(Q(B(xogR))) + HfHI[;/Q(Q(B(zOQR)))) R, [o [un|"nf) dz},
where the constant d; > 1 is to be chosen later. For simplicity, we define the scaling-

invariant norms |[||g|||5 := JEQ(B(IO 9R)) lg|® dz and define the sequence
ax = H|R_15Akmouh7)kmol|\z. (4.151)

Holder’s inequality and the Sobolev embedding theorem yield

41 = \HR_15A<k+1>m0“h77<k+1>mo\Hi
S RPN g W 1o 7, ( RUCE U};;nﬂ SRR m0|)
S Y (S w1 1ymo ) H\Z <|Supp SA(M"LOUI}%: e kH)mO') 7 (4.152)
TS I 22 Pt ]
1S5y 007 i ) ('Supp Patryng TP n(k“)m“') %

The weak-type estimate from Lemma 4.22 yields

Rp
—opk,
ay N

[SUPD S 41 1)mg Uh 1 SUPP N (Je-1)mo |

- (4.153)

Rp
k
2p |||S)\km0uh77kmo|”pR p)\p
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Analogously to inequalities (4.137) and (4.138), we find
H|S/\(k+1)m0 uhv(”(k-ﬁ-l)mo)”’i S 2pkak- (4-154)

Finally, inequality (4.135) gives that

k k124 s (XS
’HV(SA(kH)mO uh)n(k+1)mo|”§ S 2%ay + 2% ay, <°°

(4.155)
mo— —(1—-L1_p=1.6 m—1 1
(TR ) ()
Now note that our choice of my in equation (4.150) implies that
1 p—1 &\ (&1 e
o (E2) 1
P n n —~p n n
Inserting this into inequality (4.155) yields the bound
|||V(S>\(k+1)m0Uh)n(k+1)moH|§
2 e (4.156)

p
F) /\P n P
ark ask 1—£+p,* oo
<20y 292, T

P
P n P

0 | guakgl =5 (2o

Rp

Ry

This means that we can insert inequalities (4.153), (4.154) and (4.156) into inequality (4.152)

P )
RP n RP L RP p
k1 S 2%k, < /\pak> + 27k gy, < pak> + 2%k, ( )\pak>

oo AC)O o0
Corollary 3.32 implies that ay — 0 if M5, > RPag. The implicit constant also determines
dy. This means that |Sy__up| = 0 on Q' (B(zg, R)). Together with

to get

Ny =dy max{(”FHPT(Q(B(IO’QR))) + ||f||iq(Q(B(xO72R))))Rp,67 ][ lup|” dz},
Q(B(x0,2R))

this leaves us with

sw ol <M~ [ s
' (B(z0,R))
Q(B(z0,2R))

/ / /6
(1P I o 2y + M a(eupas 2y ) B
and thus, proves Theorem 4.25 for 1 < p < 2. O

Now, we will focus on the degenerate case 2 < p < n. We will find a similar Caccioppoli-
type inequality that we can iterate. In this case, we have p’ < 2. This means the problematic
term is not the one that comes from F and f, but the one that comes from the p-Laplacian

operator itself.
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Lemma 4.29. Under the assumptions of Theorem 4.25, fix 2 <p <n and let n, € Vi, 0 be
a cut-off function with 0 < np < 1. Furthermore, define Ay as in Definition 4.20. Then,
there is a constant C > 0 that only depends on p, n and the shape-reqularity constant T,
such that

1 1—1
p p
/§2|V5Ak+1uh|p77z dz < O2P </Q |Sx,un [’ Von|? dfﬂ) </Q |V.Sx, unlPnl dﬂ?)

+C/ |Sxeunl” V[P da (4.157)
Q

' ! 1-24 s
+C <||f||§q<suppnh) + IIFHPT(suppnh)) |supp 7y, N supp Sy, un| 7P

Proof. We write py, = II(n}) and test equation (4.90) against ¢p, = II, (ppSh,,,un) to get
/ ]Vuh]p_QVuh -V (S,\k+1uhph) dx
Q
+ / ]Vuh\p_2Vuh -V (Hh (S)\k+1uhph) — S,\uhph) dz (4.158)
Q

:/QF - VI, (S)\k+1uhph) d.%—l—/Qf - 11, (SAkJrluhph) dzx.

We write S := {T' € T, : T C supp Sx,,un Nsuppn,}. Completely analogously to the
singular case (see equations (4.116) to (4.122)), we find

[ Va8 e < 3 [TV mpx S5l 90 (T)
“ Tes (4.159)

+/ F - VII, (S)\k+1uhph) d$+/ fIy (S)\k+1uhph) dz =: L+ Ry + Ryy.
Q Q

We have assumed p > 2; this allows us to use [VSy,, up| < [Vuy| (from inequality (4.39))
to get

[ VSscnlon < 3 DIV e Sa, V()
TeS (4.160)

+/QF‘ V11, (S)\kJrluhph) d(L’—i—/Qth (S)\k+1uhph) dez =: L+ Ry + Ryj.

We will look at L from inequality (4.160). Note that we have maxy |up| > A1 on

maxy |up|

_maxr JUrl -~ 9k Therefore, we can use
maxr |S, up|

the relevant simplices T' € §. This means that
inequality (4.40) from Lemma 4.11 to get

maxrp |up|
T =——"F"7"— T
V(D)) = o V(T

S
w < levs)\kuh‘ (4.161)
maxy |up|
on every T' € §. This enables us to use inequality (4.161) and Lemma 2.27 to estimate L

from inequality (4.159):
L= [TV max|Sy,., unl[Von(T)]
TeS

S 2R N T |V Sy, up (T) P max [ Sy, up| max |7 [P~ [V (T).
TeS

(4.162)
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Now, we use Holder’s inequality for sums and Lemma 2.23 in inequality (4.162).

1-1 1
P P
ke
LS5 ) |TVSy unl” max [y [” > T max [ Sy, un|"| Vi [”
T€Th TET;,
p\ 1-3
S22 DTV Saun(T)P ][lnh!dx (4.163)

TeT,

ST f 1Sy un| dz rvm )P

TeTh

Then, we apply Jensen’s inequality to inequality (4.163) and carry out the sums to get
1—1 1
P P

L2 | X TV, un @) f lnl da STy ][|5Akuh|f’dx|wh< "

TeTh T TeTh,

1—1 1
P P
= ork </Q VS, unl?|nnl? d$> </Q |Sxeun PV nnl? d$>
(4.164)

For R; and Ry from equation (4.160), we proceed exactly as in inequalities (4.100) to
(4.114) to get

Rr+ Ry 55/ ph’VS)\kHuh’pdx—}—/ |S,\k+1uh|p\V7yh|pdx
Q (4.165)

Ce (IIFIIPT(Supp% + ||f||Lq (supp ) ) |supp 75, N supp Sy, ,, |-

We can now insert inequalities (4.164) and (4.165) into inequality (4.160) and absorb the
e-term into the left-hand side, which gives inequality (4.157) and therefore concludes the
proof of the Lemma. O

Again, we will iterate the application of this inequality.

Lemma 4.30. Let 2 < p < n. Under the assumptions of Theorem 4.25, we define n, and

A as in Definition 4.20. Furthermore, assume that

N2 > max (HfH Bleo.2R) +HFH%Q(B(IOQR))))RP’(S, ]Z Jup [P dae
Q(B(z0,2R))
(4.166)

Then, for every m € N, there are constants C', ay, oo, ag, that only depend on m, p, n and
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the shape-reqularity constant I', but not on k, such that

][ VS Wl |Migm|P dz < C2°0F ][ R7P|Sy, up [’ |” dz

Q(B(z0,2R))

Q(B(w0,2R))

1=+’
i A2 v’y
+ C2% ][ R7P|Sx unl’ g |P d <Rp> (4.167)
Q(B(z0,2R))
11—+
pm 1
ask -p Py, |P Aoo \ P
+C2 ][ R7P|S5 unl"ng|” dz ¥ :
Q(B(z0,2R))
Proof. We write B := Q(B(xg,2R)) and define the decreasing sequences
a 3:][R_p|5)\kuh’p|77k’p dz,
B (4.168)
b 12][ VS, unl?nel” da.
B
With inequality (4.157), we find that
1 1—1
P P
bk+1 S 2pk fSAkuh\p]Vnk+1\p d.’B ][VS)\kuh‘png_i_l dx
B B

(4.169)

+][ |S,\kuh|p|V77k+1|p dx
B

. / ’ 1—2yp/ 8
+R "(Hflliq(B) +HFHPT(B)) |[supp g1 N supp Sy yun| 7T

The derivation of inequalities (4.141) and (4.142) does not depend on p. Therefore, we can
insert both into inequality (4.169) to get

3

)
7pl;

_p_ 8 [ )P 11
bit1 SQalkak_}_kaai Eyp' s < 00) +2a3ka£b£ 7 (4.170)

RP
where a1, as and ag are generic positive constants that can change during the proof. From

inequalities (4.136) to (4.139) we know that by < )1‘%;. Inserting this into inequality (4.170),
we get the bound

Sk
e

s
k k 1*%4’?’% AIOJO Pn k 1 )\go
bk+1 g 241 ap + 242 Q. <m + 243 CL;S ﬁ s (4171)
which serves as a base case to prove inequality (4.167) via induction. For the induction

step, we assume that inequality (4.167) is true for some m € N. We then use inequality
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(4.171) to get that

)
k1S AN\ TP 11
1k 2 n 3
bktm+1 S S 2% m + 2% Cftm RP +2 ak+mbk+m
R

1-24p'8 (A
< 2a1k 2a2k n n
N ag + ay, Ry

1 p L é 1 p /1m 4
k p 1 P_;’_p )\ n n 1— i )\OO P
+ 293%qF (ak—i-ak <RP> +a, " T .

From this, the equivalence of norms in R? gives the bound

P _ é
k k 1 P+p )\p n n
bitmy1 S 2 ay +2%"a <RP
1 no 81 p N\ (2-p'2)5 11 1 /D N T
Oé3k‘ v (1 +p )7 )\;OO n n/p Iy p/m+1 +p )\;.o P
+ 2 <ak +ayay T + ag T
(4.172)
Young’s inequality yields
1 p 19
b () A&)<f—pn>ﬁ ngps (M)
Furthermore, we have
1 1 1 1
" - Pt =1- pmtl (4.174)

Now, inserting inequality (4.173) and equation (4.174) into inequality (4.172) completes the

induction and therefore proves the Lemma. ]
This allows us to prove Theorem 4.25 for the degenerate case 2 < p < n.

Proof of Thoerem 4.25 for 2 < p < n. For simplicity, we write B := Q(B(zg, 2R)) and use

the scaling-invariant norms ||g|||% := f 5 |g|° dz. Furthermore assume that
/ ’ 's
3 = dvmax S (111, + 11 ) B2 f funl?r o

for a constant dy > 1 that is to be chosen later. Define mg, such that

/m
p 0

1 p

for some € > 0. We write

_ —p PP
k —][R S mgr Wh [ M A
B
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and estimate with Holder’s inequality and the Sobolev-embedding;:

k1 = BP0 UG 1)mo |H§

- [SUPP S, (k1) Uk N SUPP Ny (4 1) \ ™
SR pms)\(kﬂ)mouhn( ( | B
|supp S Up, N SUPP Mg (k+1) |
< ‘HV (SA UpT) ) ( ottt ol
~ (k+1)m (k+1)mo
0 ) |B| (4.176)
P [ |supp Si,, 1) W O SUPD Ny (h41)]
N m (VS/\(kH)mo uh) N(k+1)ymo < |B|
p

|supp 5)\ up M suppn (k+1) |
1183kt 11mg 48V (g 1ymo) 11 ( BT -

The weak-type estimate from Lemma 4.22 yields analogously to inequality (4.153) that

SUPD Sx 1+ 1y Wh (Y SUPD N (k4 1)mp | __RP RP
(k+1)mg o mo ,f, 2pkH|S>\kmOuh77kmo’H£R P)\T = 2pkak)\7' (4.177)
oo o0
Analogously to inequality (4.154), we find that
115X 1ymg @0 Y (Mt 1ymo ) 1115 S 27 (4.178)

Then, we can use inequality (4.167) from Lemma 4.30 and our choice of mgy in equation

(4.175) to get

11V (St 1) ek 17m 1

—pays (A 2ge (M7 E
< 9aik agk 1 Z-I—p n ask n € 0
S 2%%%ay + 2%%%a,, T +2%%q, v .

This means that we can insert inequalities (4.177), (4.178) and (4.179) into inequality (4.176)

3k

"
n

(4.179)

to get

P )
RP n RP L RP €
ari1 S 27 <>\pak> + 282k, <>\pak) + 283k, <)\pak) . (4.180)

o0 o0 oo

Furthermore, we recall that we also assumed
3, = dymas 3 (17155 + 1F I ) B ]lruhrpné’ da

Thus, we can use Corollary 3.32 to fix d; large enough to deduce ar — 0 because ’}%’{; is

large enough in comparison to ag. This implies that

sup  unl” SN < ][ funl? de

QI(B(x07R)) Q(B(Io,QR))
'§
+ (11 oo 2o + IF I @aten amy) B
and therefore proves Theorem 4.25 in the degenerate case 2 < p < n. O
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We have completed the proof of Theorem 4.25. We have shown a uniform L°-estimate
for discrete solutions to —div(|Vu[P ?Vu) = f — divF for 1 < p < oo on non-obtuse
meshes. In the next chapter, we will briefly discuss future plans and a possible application
of Theorem 3.25.
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Chapter 5

Application to incompressible
chemically reacting fluids

In this chapter, we will discuss the application of the theory that was developed in Chapter
3 to a more complex problem. We will look at a finite element approximation of generalized
Navier—Stokes type system that describes steady flows of a chemically reacting incompress-
ible non-Newtonian fluid. For example, this model is used to describe synovial fluids where
there is a small concentration of hyaluronan. This concentration is small enough to describe
the fluid as a single substance, but it significantly influences the properties of that fluid. The
system was analysed in [12] and [13], while its finite element approximation was introduced
n [43]. However, the authors had to restrict themselves to two dimensions in this paper.
The case of three dimensions was tackled in [44]. Because of the lack of a discrete De Giorgi
theory, the system was regularized in three dimensions. Then, the authors proved conver-
gence of the finite element approximation of the regularized system and finally proved that
the regularized system converges to the real system using a continuous De Giorgi estimate.
If not indicated otherwise, we will follow the argumentation of [43]. Our main contribution
here is that, by using the discrete De Giorgi theory we are able to avoid the two-stage

passage to the limit from [44], and extend the results of [43] to three space dimensions.

5.1 The system of equations

First, we will introduce the system of equations. We will follow [43]. On a domain @ C R",

it is given by

divu = 0, (5.1)
div(u ® u) — div (S(¢, Du)) = Vp + f, (5.2)
div(cu) — div(ge(c, Ve, Du)) = 0. (5.3)
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Here, u : 2 — R" is the velocity field, p :  — R is the pressure field and ¢ : Q@ — R
is the concentration of hyaluronan. We also define the symmetric part of the gradient
Du = 3(Vu+ Vul). S : R x Rgym — REy, denotes the stress tensor and g. : R X
R™ x Ry — R denotes the diffusive flux. Equation (5.1) describes mass conservation
in incompressible fluids, equation (5.2) is the momentum equation and the concentration
equation (5.3) describes the diffusion of hyaluronan. Note that the dependence of the stress
tensor on the concentration of hyluronan ¢ and the dependence of the flux ¢, on the velocity
u couples the equations in a very complex way. Indeed, we will see that the space that u
belongs to depends on c. Let ¢g € WP(Q) be a given positive function for p > n. We

prescribe the following Dirichlet boundary conditions:

U|8Q =0, (5.4)

cloq = caloq- (5.5)

We assume that the matrix-valued function S satisfies the following conditions:

1S(s, A)] S A7 41, (5.6)
(5(87 Al) - S(SaAQ)) : (Al - A2> Z Ov (57)
S(s,A) - AZ A" 418" — 4, (5.8)

Here, 7 is a given Holder-continuous function with 1 < 7~ < r(s) < r* < oo and 7’ is its
Holder conjugate that is given by 1 = % + Wls) Note that - indicates the (Frobenius)
matrix scalar product or the usual vector scalar product depending on the context, but it
will always be clear which scalar product is meant. Here, we can see that the main difficulty
in analysing those equations is the coupling of the momentum equation and the diffusion
equation via the variable exponent r(s). If  was a constant, the estimates (not necessarily
the equations, though) would decouple and the analysis would be rather straightforward.
(See for example [9] for the analysis of a finite elements approximation of solutions to the p-

Stokes system.) For the concentration flux, we assume that ¢.(s, a, A) is linear with respect

to the second variable and satisfies

|gc(s,a, A)| < al, (5.9)
qe(s,a,A)-a 2 ]a|2. (5.10)

In [43], the authors give

S(s,B) =v(s,B)B, qe(s,a,A) = K(s,A)a
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r(s)—2

as prototypical examples with v(s, B) ~ (/11 + 52\B|2> *  where k1 and ks are positive

constants and K is uniformly elliptic and bounded. Because of the assumptions of Theorem
3.30, we will assume here that K (z, A) = k(z, A) is a scalar function.

Inequality (5.6) suggests that we have to use variable-exponent spaces for the velocity
field u. We will now give the precise definition of those spaces. Following [43], we will

introduce these spaces spaces and their properties without proof.

Definition 5.1. Let r: Q — (1,00) be a measurable function. We define space L0 by

L'OQ) = {u € LL.(): /Q u(z)|"® daz} (5.11)

and equip it with the standard Luxemburg-norm

HUHLTH(Q) := inf {)\ >0: /
Q
_1 1

This is a Banach space. Its dual space is given by L’”/(‘)(Q) with 1 = @ T @ We also

u(z)
A

()
dz < 1} : (5.12)

define the respective Sobolev spaces via

whrO(Q) = {ue L@ nWl@) : |Vul € 170} (5.13)
equipped with the norm
. Vo |["@) u|"®

For r = p, those spaces are equal to LP(Q) and W'P(Q). In analogy with classical spaces,

we will also need
WwirO(Q) = {u e WLWOQ) :u=0 on 89} : (5.15)
Woit (@) i= {u e wg"0(Q) : divu = 0}, (5.16)
L(Q) = {u e 'O(Q) : /Q u(z) dz = 0} . (5.17)
We will also need the log-Hélder space Clog(2) of functions r : Q — R that satisfy

. Ciog(r)
r(e) = rla)] < e

for some constant Clog(r). Obviously, Ciog(Q) C C*(Q) for all a > 0.

(5.18)

We will collect a few properties of those spaces in the following proposition from [43][Proposition
5.2]. Note that the assumption that €2 is a bounded Lipschitz domain is sufficient, but not
in all cases necessary. For example, property (a) only requires 2 to be an extension domain

(see [23][Theorem 9.1.7]).
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Proposition 5.2. Let Q be a bounded Lipschitz domain. For r € Clog(Q) with 1 < r~ <

r <rt < oo, we have the following properties:
(a) Density: C> (Q)H hwire _ = wirO(Q).

(b) Embedding: Ifr* < n, we have W0)(Q) < LIO(Q) for q(z) < 7 (z) with -1

T(JL’) n

—r*%m) for all z € Q. The embedding is compact, if q(x) < r*(z) for all x € Q.

(c) Hélder-type inequality:

||UUHLT(')(Q) < 2||U||LT1(~>(Q)||U||LT2(~)(Q)

if % = Tl%x) + TQ%:E) for all x € Q.
(d) Poincaré’s inequality:
[ull Lrer @) < C(8, Clog(r))diam () [[Vul| £ro) (o
for alluw e Wp" ().
(e) Korn’s inequality:
190l 103y < C Cuog (D1 Dull e
for all u € WO (Q; R™),

With those definitions in place, we can define the problem that we want to solve. Note
again that we use the symbol - for the scalar product of vectors or matrices, depending on

the context.

Definition 5.3. Let r : R — [r~,r"] be a Holder-continuous function with r— > 1 and
rt < oo and let Q C R™ be a domain. Furthermore, let f € (VVO1 (;R™) ) and cq €
WLP(Q) be given functions for p > n. We want to find c € WH2(Q) N CY(Q) for some
a > 0 with c|pq = cqlaq, v € Wol’r(c)(Q;R”), and p € Lg(c)),(ﬂ), such that

/Q S(e, Du) - Vi — (u@u) - Vo — (divib,p) = (f,)  Vap € WES(QR™),  (5.19)
/Qudivu dz =0 Vv € LS(C)I(Q), (5.20)
/Qqc(c, Ve, Du) -V —cu- Vo =0 Yo € Wy?(Q). (5.21)

With the help of the inf-sup condition

sup (dive, q) 2 lallprer  Va € Lo Q)

O#UEW()LT(C) (Qan)vHval,r(c) (Q)Sl
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that is proved in [43][Proposition 2.5] we can guarantee the existence of a pressure and
restate the problem in an equivalent way where we only allow divergence-free test functions

for the momentum equation.

Definition 5.4. Let r : R — [r~,r"] be a Holder-continuous function with r~ > 1 and
T < 0o and let Q C R"™ be a domain. Furthermore, let f € (WOH (;R™) ) and cq €
Wl’p(Q) be given functions for p > n. We want to find c € WH2(Q) N C¥(Q) for some

a > 0 with clpq = cqlaq, and u € Wl(;(f) (; R™) such that

/ S(e,Du)- Vi — (u@w) - Vode = (f,4) Vb € W (R"), (5.22)
Q k)
/ qc(e,Ve,Du) - Vo —cu- Ve =0 Vo € W&’Z(Q;R). (5.23)
Q
The existence of solutions to this problem was shown in [12] for = > max {%, %}

This threshold was improved in [13] to 7~ > &. Note that r~ > % is exactly the bound that
guarantees ¢ € C%(Q) via the classical De Giorgi theory. In the following section, we will
define finite element spaces to formulate the finite element approximation of the problem
stated in equations (5.22) and (5.23) and prove the existence of solutions to the discrete

problem.

5.2 The finite element approximation

In [43] the authors are very general in their definition of finite element spaces. For the space
for the approximation of the concentration, we will have to restrict ourselves to piecewise
affine functions. By 7,", we will denote a sequence of shape-regular triangulations of the
polyhedral Lipschitz domain £ C R™.

We define the spaces X C C(;R") and Q7" C L>°(;R) as finite-dimensional sub-
spaces. We also assume that on each simplex T € T7,™, functions in X[ are in W1o°(T)).
Furthermore, we assume that X;" has a locally supported basis, which means that if
suppy NT # () for some basis function ¢ and T" € 7,™, we have suppy) C m For
P we assume that the basis consists of piecewise polynomials. For each basis function p,
we require suppp = T for some T" € 7,™. As before, we will write Xy for the space of
all X;"-functions that vanish at the boundary of 2. Furthermore, we need the discretely

divergence-free space X'y, that is defined as
Xi'aiy = {vn € Xp : (divop, @) =0 VQp'}. (5.24)

We will also need the subspace of Q}" of functions that vanish in the mean, i.e.
Qho = {qh €Qy: / gndx = 0} . (5.25)
Q
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Furthermore, we will need the following approximability assumptions:

inf = |lv—vnllyprs) =0 Vo, € T/Vol’S as m — oo, (5.26)
’UhGX,TO
inf |lg—anllps) =0 Van € L as m — . (5.27)
q}LEQ;Ln

_— 1,1 . .
For X", we need a projection II}"y; « Wy — X;" that preserves the discrete diver-
gence, i.e.,

(divo, gn) = (divIT v, qn) Yo € W'l qn € QI (5.28)

and is locally Wl!-stable, i.e.,

][|Hhm,divv| + hT|VHhm7din| dz < ][ |v| + hp|Vo| dx (5.29)
T oT)
for all T € T;™ and v € W1, Note that this also implies W1*-stability for all s € [1, oc].
Using this, we also find

lv — ZfdivUHWLs(Q) <v— ZHWLS(Q) + 07 iy — Z||W1,s(Q) S o= Z”WLS(Q)

for all z € X;* and s € [1, 00], which implies that

m .
v — thivUHWLS(Q) S Zg)l(f;n v — ZHWLS(Q) —0 (5.30)

as m — oo by the approximability assumption from equation (5.26). With the help of the

key-estimate (see [29] for the proof and more details)
r(z)
flrwia| < furervaer (5:31)
Q Q

for every cube or ball @ C R" with |Q| <1 and

]1 flde < 1QI™,
Q

we also find a stability result in the variable exponent space. (The implicit constant depends

on MCI @)). To this end use the equivalence of norms in finite-dimensional spaces, a scaling
og
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argument, the Wl -stability of 17" 4;, and the key estimate (5.31) to find

/ ’Vthw ‘ r@ )d$</ ][’thlv y)|dy dx
T

Q(T) (5.32)

< /T ][Nf@)r’“(y)dyw% dz

QT)

5/ VA do -+ 7] g 1
)

Now, we can just add up inequality (5.32) over all 7" € 7, and note the finite overlap of
the patches Q(7') to find

/ VI £ ()| dar < /Q V(@) da + | max b (5.33)

Analogously, we need a projection I}, : L(2) — Q" that satisfies a stability condition:
][HZ:LQq| dz < ][ lq| d. (5.34)
T QT

Similarly to II}";;,, this implies L#(Q)-stability and ||II}" 'V — — 0. The existence of

Wl
the projection iy of course depends on the choice of the discrete velocity and pressure
spaces. For example, one can use continuous piecewise quadratic functions for the discrete
velocity space X}" and discontinuous piecewise constants for the discrete pressure space
Qy'. For more details, see for example [9].

In [43], a similar property is assumed for the discrete concentration space. We will have
to use the space of piecewise affine functions to apply the theory from Chapter 3. In this
chapter, we will again write V;™ and V,% for this space. Because of inequalities (2.25) and
(2.26), the same stability properties hold for the projections onto this space.

We are now able to state the finite element approximation of the problem given in equa-

tions (5.19), (5.20) and (5.21). Note that we enforce the skew-symmetry of the convective

term in the momentum equation because uy is no longer point-wise divergence-free.

Definition 5.5. Given a sequence of triangulations T, with respective finite element spaces
XM, P oand Vi and cg € WIP(Q) for p > n, then (W, pi*, ") € Xp o X Qo X Vi
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finite element solution to equations (5.19) to (5.21), if
1
5 /Q ((up' @ vp) - Vg — (up' @ uyp') - Vo) do

—i—/ S(cy', Duy') - Dvp dx — (divep, pp') = (f,vn) Vo € X3,
Q

(5.35)

/ (divup') gn =0 Vq, € P,
! (5.36)

[ et Ve, Du) - Vi = Sty Vin =l Ve de =0 Vi € Vi
(5.37)

with ¢t = 1Y cq on oQ2.

Analogously to the continuous case, we want to simplify this problem by allowing only

discretely divergence-free test functions. The discrete inf-sup condition

sup (diven, ) 2 lanlpomry  Van € Qg (5.38)
O#UheX;er():”’Uhllwl,rm (Q)Sl

if r™ — rin C*(Q) for some « € (0, 1) that was proved in Proposition 3.8 of [43] guarantees
the existence of a discrete pressure p}* in this case. Furthermore, we have S(c, Du) - Vv =
S(c, Du) - Dv.

We get the following set of equations.

Definition 5.6. Given a sequence of triangulations T;" with corresponding finite element
spaces X", QM and V;™ and cqg € WIP(Q) for p > n, we say that (uf*,c") € Xio.aiw X Vi

is a finite element solution to equations (5.22) and (5.23), if

1
) /Q ((up @ vp) - Vup' — (up @up') - Vuy) dz

—1—/ S(ch', Dup') - Dvpdx = (f,vn)  Von € Xp0 qivs
Q

(5.39)
1
/ geler’, Ve, Dup) - Veon — S(epup’ - Vion — up - Veg'on) do =0 Yor € Vil
Q
(5.40)

with ¢t = 17", cq on 5.

In [43], the existence of solutions to equations (5.39) and (5.40) is proved with the help
of the following lemma that is a consequence of Brouwer’s fixed point theorem and given in
[34][Chapter 9].
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Lemma 5.7. Given a continuous function f : RM — RM that satisfies
IR>0:V(zeRM:|z|=7): f(z) -2 >0,
there exists an x € B(0,r) such that f(x) = 0.

Following the arguments of [43], prove the existence of solutions to equations (5.19) to

(5.21) and to equations (5.39) and (5.40).

Lemma 5.8. Given a sequence of triangulations T," with respective finite element spaces
X7, B oand Vi and ¢q € WLP(Q) for p > n, then there exist sequences (upt,ppt, i) €
Xno X QZ?O x Vi and (u, cj') € XiTO,div x V;™ that are finite element solutions to equations
(5.19) to (5.21) in the sense of Definition 5.5 or to equations (5.22) and (5.23) in the sense
of Definition 5.6, respectively.

Proof. We follow the arguments of [43]. First, we show the existence of solutions to equa-
tions (5.22) and (5.23). Let us use L%-orthonormal bases {z;}}¥, and {v;}}, of X30.div
and Vh%, respectively. For simplicity, we write ¢}’ = Hzrfvcd. The solutions u;* and cj* will
have the form

N M

up' = Z ;T oy = Z Bivi + ¢lf".

i=1 i=1

It is enough that equations (5.39) and (5.40) are satisfied for any basis function as test

function, i.e.,

1
: /Q (W @) - Vi — (uff @ 1) - Vuft) da
—I-/ S(ept, Dup') - Va;de = (f,x;) Vi< N, (5.41)
Q
1
/ qe(ep',Vep', Duy') - Vu; — §(cznuhm -Vvj —up' - Vepvj)de =0 Vi< M. (5.42)
Q

The strategy is the following: we will start with c¢* = ¢J' and prove the existence of a
solution uf" to equation (5.41) for ¢j* = c{*. We will then prove the existence of a solution
cy' to equation (5.42) for uy" = u*. This process can then be iterated and gives rise to the
sequences u;’ and c;'. Finally, we will prove that those sequences converge to solutions to
equations (5.39) and (5.40).

For simplicity, we write o = (ay,...,ay) C RY and for a given «, we write @(a) =

ZZ]\L L @iz; and define the function 4 : RY — R via

Ala) = (A1), ..., An(a))
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where we define

Note that this expression is linear in the x; entries. This means that if we take the scalar
product A(a)-a, the skew-symmetric part vanishes. Using equation (5.8) and the embedding

from Proposition 5.2 and r > r~, we get

Ala) -a= /QSC(DfL(a),cT) -Via(a)dz — (f, u(w))
>y [ D)™ do - € - [{f.(w)
Q

> Du " dx — - - r||w -
2 G | 1D 4= O = Wl g o Bl o

—Cy—C)IfIY

> Cilla(a)] .
0

o  —elli(a)

”W&”‘(Q)
> (C1 = &)[[a(a)| 72 () — Cs,

where we have also used the Sobolev embedding theorem and r~ > 5. Recall that we

have chosen the basis {z;}*, to be L2-orthonormal. Thus, we have la(a)ll L2y = |l

Therefore, we get A(a) - a > 0 for |a] > C?LE. This means that we can apply Lemma
5.7 and deduce that there exists an @ € RM such that A(a) = 0. Therefore, @(a) =: u}"
satisfies equation (5.39) for ¢j* = ¢l

Before we can proceed with the iteration, we have to derive a bound on the L™ (€2)-norm
of Duf* and therefore, by Korn’s inequality, the W1~ (2)-norm of u}*. We test equation

(5.39) against v, = u]" and note that the skew-symmetric part vanishes again to get
[ St D) G do = (1),
Q
Then, the coercivity of S that was given in equation (5.8) yields

o[

[ D as—c < [~

(o™ @)
Now, we can apply Young’s inequality to the right-hand side. Furthermore, note that the

Holder-type inequality from Proposition 5.2 implies that LT(')(Q) — L" (). This gives

IDu - o) < CEI el e g+ Co

(Y
(wom™ @)
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This means that we can use Korn’s inequality and absorb 6HU’{‘HTM;L,._ (o Into the left-hand
side to get
<C. (5.43)

HUTHWLT* ()

Note that C'is independent of m.

For the iteration scheme, we will now take u]* and will prove the existence of a cj* that
satisfies equation (5.40) for uJ" = uf". Recall that we defined {v;}}, to be an orthonormal
basis for V. For any 8 € RM | we write 3 = (B4, ...,Hu) and &(3) = cp+ Zf‘il Biv;. We

define the continuous function B : RM — RM via

B(B) == (B1(8),- .., Bu(B)) (5.44)
with
Bi(8) = [ ae(8), Ve(8). D) - Vs = S - Vs = Ve(3) - u'vi)do. (5.45)
For the scalar product B(3) - 8, we write
)-8 = [ ae3). VB Du) - V(E(B) - i o
/ B - V(E(B) - ) da (5.46)

/ Veé(s) - u*(é(B) — cft) de.

The terms in the skew-symmetric convective term that contain ¢(8) twice will cancel out,

which means that equation (5.46) simplifies to

). 5= / 4:(E(8), V&(B), Dul) - V(&(B) — ) da
(5.47)

2 /Qc(ﬁ) Vet = Ve(p) - ultcy da.

We can add a zero in the second term of the right-hand side of equation (5.47) to get

) 8= / e (8), Dui) - V(&(8) — i) d
2 /Q(C(ﬂ) — -V = V(E(B) — cq) - ultcf do (5.48)
= I+1I+1III

Note that g, is linear in its second variable. We estimate I from equation (5.48) with the

help of the coercivity (5.10) and boundedness (5.9) of ¢.. Hence,
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I= / qc(€(B), V(&(B) — '), Dui") - V(&(B) — ¢g') da
Q

+A%WMVﬁﬂﬂWV@m—ﬁMx
5.49
> CUY(E(8) — ey — Ca [ Ve 9(6(8) - )] d (5:49)
> UV (EB) — ) oy — IV EB) — ) oy — CEIVER ooy

> (O — &) [[&(8B) = ¢ I20) — C

where we have also used Young’s inequality and the uniform boundedness of [|Veq| 12

For IT from equation (5.48), we choose ¢ > 2 such that 2 — 1 < =y This means that

r— )*'

% + (T})* + % > 1 and t > 2*. Therefore, we can use the Sobolev embedding theorem and

Young’s inequality to estimate I[:

2|11 = ‘/ ) — Mt - Vi da
1E8) — o Il o |V (5.50)
< IVEB) — )z et e
< eIV (@B) — ) 220 + CEIF o,
For 111 from equation (5.48), we can use that ¢}’ is uniformly bounded to find
21111 = ~uftet dx
SWHMw a2y IV E8) = ) 2y (5-51)

< e[ V(EB) — )22y + CEIT I g

where we have also used the embedding W™ () < L?(Q2) and Young’s inequality. Note
that the L?-orthonormality of the v; and Poincaré’s inequality yield

IV (E(8) — )72y 2 1E(8) — call 2y = 18I%:

Furthermore, recall from inequality (5.43) that ||u® is uniformly bounded. Now,

lwi= @)
we can insert equations (5.49), (5.50) and (5.51) into equation (5.48) to get

B(B)-8 2 CIV(EB) - ci)ll32@) — C' 2 18 = C. (5.52)

Thus, we can apply Lemma 5.7 to deduce the existence of a f € RM with a uniformly
bounded norm, such that B(3) = 0. This implies the existence of a ¢J' € V;™ that satisfies

equation (5.39) for u™ = uf".
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We will now prove a uniform L2-bound on Vcf*. We test equation (5.40) against ¢y =

eyt —cyt € V' to get

/Qqc(c’gn, Vey', Dul') - V(cy' — ) dz

1 m,,m m m m m m m
_/92((;2% V(R — ) — - VR (P — ¢)) dz = 0.

After cancelling out the terms that contain ¢ twice in the skew-symmetric term, bound-

edness (5.9) and coercivity (5.10) of g. then yield
1
IV ey S [ IVEFIITER |+ H(cfa - Ve = uft - Veie) da

< SV oy + CEVER Iy + 5 | (Bl Ve = uf - V) da.
(5.53)
where we have also used Young’s inequality in the last step. Now, we recall that |||, @
is uniformly bounded by /¢4l () and that 7~ > 3 and therefore WL (Q) < L*(Q) for
all n > 2. We use the Sobolev embedding theorem and Young’s inequality to get

/ upt - (Vegt)ey' do
Q

< el ey /Q V|| de
< el Ve 72 + CENUT 720 (5.54)
< eIVl 72y + CENUT - o)

Now, we use integration by parts and the triangle inequality to find that

< +

/ cyul’ - Veg' dz
Q

/ ult - (Vey)ey' do
Q

/(divu’f‘)c&"cgn dz|. (5.55)
Q

Note that (r~) = (1 - T%)*l < (1- %)71 <(3- %)71. This means that we can use the

Sobolev embedding theorem and Young’s inequality to find that

2 .
< 12 eyl o 1 g

/ (divu*)cj ey’ dx
Q

< el Ve 220y + COIT I 1 (0

This enables us to insert inequalities (5.54), (5.55) and (5.55) into inequality (5.53) and
absorb the e-terms into the left hand side to find

192 20) S IVERI @) + 67 1y gy < C- (5.57)

where we have used the m-uniform boundedness of ||Vc]'|| 2(q) and g gy @ from

inequality (5.43).
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Now, we can iterate this procedure. We find u3" that solves equation (5.39) for ¢ = cj".
Then we take c§* as the solution to equation (5.40) with u}* = u3’. For m € N, the iteration
gives sequences {c;'}7°, and {u}'}?°, where ¢} solves equation (5.40) for u}" = u}’ and
up’ solves equation (5.39) for ¢j* = ¢} ;. By induction, the estimate (5.43) holds for all u}"
and the bound (5.57) holds for all .

Now, we equip the finite-dimensional spaces V;" and X} 4, with the norms ||-[yy1.2(q)
and H'le,r(g)v respectively. Then, the Bolzano—Weierstrafl theorem guarantees the exis-
tence of (strongly) convergent subsequences of {c}'}7, and {u]'}32,. Without relabelling

the subsequences, this means that

uyt — @ (5.58)

cp—cy = ey —cy (5.59)

for some uy' € X hdiv and ¢;". It remains to show that the pair (a}',¢}") solves equations
(5.39) and (5.40).

Because we are working on finite dimensional spaces, all norms are equivalent, so we
also have strong convergence in W1 (Q2) for both, {c{*}?°, and {u}?2,. This implies

uniform convergence. Therefore, we have
up' = @y, Dupt — Dap', =&, Vup — Vi
almost everywhere uniformly. Furthermore, S and ¢, are continuous, which leads to
S(C;fnv DUIT) - S(ézn’ Da;zn)a QC(C}?’ ver, Du?) - QC(EZLv Ve, Dﬂ?)

almost everywhere uniformly. This allows us to pass to the limit ¥ — oo in equations (5.39)

and (5.40) to get

1
5 [ (@ @) To - @ @ w) - Vi) do
Q
+/ S(ey', Dupt) - Vup doe = (f,v)  Voup, € XITO,diV’
0
~“m TAm )~m Lom-m ~m ~m
/QQc(Ch , Ve, Dup') - Ve, — Q(Ch ap' - Ve, — " - Vey'op) dr =0 Von € V.

The boundary condition ¢' = ¢ on 0f1 is fulfilled by construction. This establishes the
existence of a discrete solution to equations (5.39) and (5.40) for any m € N. If we go
back to Problem Q and equations (5.19) to (5.21), the discrete inf-sup condition (5.38)

guarantees the existence of a discrete pressure pj". O
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Before we proceed, we will verify a few estimates of the form of inequalities (5.43) and

(5.57).

Lemma 5.9. Let uj® € X[ 4, and ¢t € V7 satisfy equations (5.39) and (5.40). Define

p = max{rt, s —¢c} for some e > 0. Then, we have

/ (V| R da + / 1S(c, Du) ") dz < ¢y, (5.60)
Q Q
/ |vcm2dx+/ lge(&P, Ve, DU |* da < Co, (5.61)
Q Q
123 | L () < Cs- (5.62)

The constants Cq, Co and C3 do not depend on m.

Proof. We test equation (5.39) against ¢}, = uj'. The skew-symmetric term vanishes, so we
get
/ S(cy', Dup') - Dupt dz = (f,up"). (5.63)
Q

We can apply inequality (5.8) to the left-hand side of equation (5.63) and the standard
duality estimate on the right-hand side of equation (5.63) to get

/Q | Du? ")+ 1S (e, Dut | E) — ¢y < 171 sy =y I8 = o

Then, we can use Korn’s inequality and Young’s inequality to prove inequality (5.60).

Now, we test equation (5.40) against ¢}* — c;il. This leaves us with
/Qqc(CZLv Vep', Dujt) - V(cp — cit) = %(CZ”UZ” V(e — i) —up' - Vei(ey' —af)) dz = 0.
We proceed as in inequalities (5.53) to (5.56) to deduce
VA S 1+ I g (5.64)

Note that inequality (5.9) implies |g.(c}?, Ve, Dui)|* < [Vey|*. Then, inequality (5.60)
and (5.64) imply inequality (5.61).
Finally, the discrete inf-sup condition (5.38) yields

1P | L () < sup (divon, py') (5.65)
Oivhexgﬂlov”vhllwl,S(Q>§1

for all s > 1. For an arbitrary v, € X}, we can use the PDE (5.19) to get

1
(divo, ppty < ‘/ S(cpt, Dup*) - Doy, + 5 (uft @vp, - Vup' —up' @ up' - Vop) dao — (f, vp)
Q

< m o / m _ _
S 1S(ep’s up )HL(’”(CZ")) (Q)HDUhHLr(ch )(9) + thle,r (Q)HfHW—l,r Q)

gl e oo g I gy + T2 e g o8 oy
(5.66)
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1_
-

where —
(5.6) and (r — 1)r' = r that

1 ﬁ For = > %, this means that s < 5. Now, we deduce from inequality

m m , < m . .
ISR (o)) gy S T8 o) (5.67)

By the Sobolev embedding theorem, we also have

2
[uh! | e o [0l om oy 1 vy @y S 1R I (@ 0o - (5.68)

Let us now define y = max{s,7*}. Then, W"*(Q) — L7()(Q) and Wh#(Q) < L*(9Q).
This and inequalities (5.65), (5.66), (5.67) and (5.68) yield inequality (5.62) which completes
the proof of the lemma. O

5.3 Elliptic equations with lower order terms

In the convergence analysis of the sequences u}* and ¢} that satisfy equations (5.39) and
(5.40) which were defined in the previous section, we want to apply the theory from Chapter
3 to equation (5.23). Before we can proceed, we have to generalise Theorem 3.25 to include
lower order terms. Obviously, we cannot guarantee that u}'c} satisfies Assumption (x) from
Definition 3.10. Thus, any attempt to see the lower order terms as part of the source term
is bound to fail. One could integrate by parts, but then we would need a bound on V' and
in general, it is not possible to bound it in a stronger norm than L?. In n = 3 dimensions
this would limit us to the case r~ > 2, which would not include Newtonian fluids.

After an integration by parts, equation (5.40) will have the following form. Let A €
L*>(; R"*™) be a uniformly elliptic matrix-valued function and let b € LP(;R™), ¢ € LI(Q)

1_ ¢ 2

and g € C* NV}, be given functions with % = —+ and % = - % for some § > 0 and

a > 0. We look at functions uy € V}, that satisfy

/QAVuh -Von + bup - Vop, + cuppp de =0, (5.60)

uploa = gloa

for all @5, € V3. This means that we have to deal with lower order terms. The naive
approach of seeing buy as part of the source term and using the theorems in Chapter 3
is bound to fail because we cannot guarantee that buj, satisfies Assumption (x), that in
is core is a regularity assumption. However, the only part in Chapter 3 where we used
assumption () was Theorem 3.12, where we proved the subsolution property of the nodal
maximum of two discrete solutions. Under additional assumptions on the mesh, we can

prove a subsolution property even in the case where buy, does not satisfy Assumption (x).
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Lemma 5.10. For given functions A € L*°(Q;R"™™ ™) and b € LP(Q;R"™), f,g € LI(R)

where A is uniformly elliptic, % = %— %, and % = %— %, let Ty, be a shape-reqular, uniformly

A-acute triangulation of the polyhedral Lipschitz domain Q@ C R™. Furthermore, let up € Vj,

and vy, € Vy, satisfy the inequalities
/QAVUh -V + bup, - Vo, doe < /QfSOh dx Vo € Vio with ¢, > 0, (5.70)
/QAVuh -Vop + buy - Vo da < /Qggoh dz Von € Vo with o, >0 (5.71)
with
up oo = wilaq;
vploa = w2|aq.

for some given functions wy,we € C(0N).

Then, the nodal maximum wup, Y vy, satisfies the inequality

/ AV (up, Y vp,) - Vo, do + / (up, Y vp)b- Ve do < /(f V g)endz (5.72)
Q Q Q
for all nonnegative oy, € Vy, o if maxyeT;, hr is small enough.

Proof. For simplicity, we write
A(u,v) = / AVu - Vode +/ ub - Vo dz.
Q Q

Obviously, this form is bilinear in « and v. Using the uniform A-acuteness of the triangu-

lation 7}, (i.e. inequality (2.9)), we find

—A(¢i, wj) = — /Q AVK/JZ . V’lﬁj dx — /leb . VI/)J dz

> cel[ Vil gy V93 2y — 10l oy 16705 1 o

(5.73)

for i # j and ;1) + 1% = 1. If the respective supports of ; and v; have a non-empty overlap,

we have h; ~ h;j ~ hy. Inequality (2.10) yields

n_g
IVYill 2y ~ IVl 12y ~ Pt (5.74)

and

n

o1 n—
|W@'V¢j||Lp’(Q) ~hp  =hyp . (5.75)

Now, we insert equations (5.74) and (5.75) into inequality (5.73). For some constants ¢; > 0

and ¢y > 0, we get
AW ) 2 el — elbl 2 = h? (e - el b)) (5.76)
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If we now choose maxrer hr < 2||b]|1»(€2), we conclude that

— A(¥i, ;) > 0. (5.77)

This implies that we can proceed as in equation (3.48). First, we fix some j and assume
w.lo.g. that u(x;) > v(z;) and note that equation (5.72) becomes A(up, pn) < [, fon dz.
Using inequality (5.77), we estimate

Alun Y vn, 5) = > (un (i) V on (i) A, 1)
= (un(z;) V on () Al ) + D (un(wi) V o (:)) A, 1))
i#]
< up () Ay, ) + Y un(wi) A, 1))
fy
= Awny) < [ posar< [ (£ ) dn

(5.78)

Now, we write o, = >, ¢n(z;)1h; with ¢p(z;) > 0 and use inequality (5.78) find

Alun Y o) = 3 oneg) Alun Y o, 3) < Y () /Q (v gy da = /Q (f V g)gn da.

J

This proves the lemma. O

A similar property to inequality (5.75) has been shown with a similar technique in [62]
for b € L*°(Q) in order to prove a discrete maximum principle for linear elliptic equations.

Note that this is the only point where we needed assumption (%) in our proofs in Chap-
ter 3. Recall that up € Vj, implies up € L>®(Q). (However, the L*°-norm of uy is not
necessarily uniformly bounded, a priori.) Therefore, we can apply Theorems 3.20 and 3.27
to equation (5.69) with F' = upb and f = upc because |[upb| 1oy < unll oo () llbll £p (o) and
luncll Loy < llunll oo yllcll La)- We will now show that it is indeed possible to deduce a

uniform L°°-bound on uj, in this case.

Lemma 5.11. For a given uniformly elliptic function A € L (Q;R™ ™) and a function

b e LP(Q; R™)with % = % — % for some § > 0, let Ty, be a shape-reqular, uniformly A-acute
triangulation of the polyhedral Lipschitz domain 2 C R™. Let up € Vi, be a discrete solution
to equation (5.69). Then, there is a uniform global bound on ||up|| [ (q) that is independent
of the mesh size, provided that maxper hy < C for some constant C that depends only on

the shape-regularity constant T', the uniform A-acuteness of Ty, HbHLp(Q), and §.

Proof. For interiour balls away from the boundary, Theorem 3.20 implies

s fuf <0 ][ [unl? A + CalunllF o gy (160300 + oy ) B2 (5.79)
(B(zo.R)) Q(B(z0,2R))
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For balls near the boundary, we define G = maxyq ¢g. Then, Theorem 3.27 implies
2 —-n 2
swp Junl* < G [ jun d
Q' (B(xo,R)) Q(2B(20,R)) (5.80)
+ Callunll ey (100700 + elacey ) B2 + G2

Let us now choose R = Ry := (2 max{Cs, C’4}(Hb||%p(9) + ||cH%q(Q))_Tlé in inequalities (5.79)
and (5.80). Also recall from equation 2.13 that [Q(B(zo, R))| ~ R". This gives

. 1
sup  Junl? < CR; / unPdz 4 Slunluey + G2 (58)

Q' (B(zo,Ro0)) Q(B(z0,R0))

Note that fQ(B(:EO R) lup|? dz < Jo lup|? dz. This means that we can take the supremum
over all g € € to find

HUhH%oo(Q) = sup Sup ’Uhfz
o€ Q’(B(xo,Ro))

n 1
< CR? / \uh\de + *HuhH%w(Q) +G2
Q 2

Therefore, we can absorb the term %Huh”%w(g) into the left-hand side. This proves the
uniform boundedness of |[up|/;«. The same result can be attained by using the discrete

maximum principle as stated in [62] after generalizing it to include b € L™(§2; R™). O

This allows us to apply Theorem 3.25 to discrete solutions to equation (5.69) with
F = upb and f = upc to find a uniform global bound on |uh|0a(ﬁ) for some a > 0. Let us

summarize the result in a theorem.

Theorem 5.12. Let 2 C R”™ be a polyhedral Lipschitz domain. For a given uniformly
elliptic A € L>®(Q; R™™), let Tp, be a shape-regular and uniformly A-acute triangulation of
Q with respective finite element spaces Vi, and V. Let g € Vi, b € LP(Q) and f € L)

be given functions with ‘g‘cg(ﬁ) < C for some C and 8 > 0, zl) = % — % and % = % — % for
some § > 0. Let up € Vi satisfy
AVuy, - Voo + buy, - Vop, + cuppp dz = 0,
/Q i i v (5.82)
uplaq = gloa

for all oy, € Vi 0. Then, there are constants C1 > 0, a > 0 that that depend only on n, d,
1Al oo )5 10l o ()s M€l Laga)s B ‘g‘cg(ﬁ), diam(Q2) and the shape-regularity parameter T,
such that

|Uh|ca(§) <
if maxreT;, hr < Co where Cy is a constant that depends only on the shape-regularity pa-

rameter I' of Ty, the uniform A-acuteness of Th, |[b 1r(q), and 6.
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Proof. Lemma 5.11 gives a uniform bound on [[up||pe(q). Hence, we have [[ub| ;) <
1b]] 1 () and [Jucl| a(qy < llell fo(q)- Lemma 5.10 guarantees that the nodal positive part(uj,—
¢)+ satisfies a subsolution property. This means that we can apply Theorem 3.25 on uy,
with F' = ub and f = wuc without having to require ub to satisfy assumption (x) because the
only part in the proof of Theorem 3.25 where those conditions were needed, were the proofs
of the subsolution properties. This gives a uniform Hoélder-norm bound and completes the

proof. O
Finally, we can apply the theory to the discrete concentration equation (5.37).

Theorem 5.13. Let T," be a sequence of uniformly acute triangulations of the polyhedral
Lipschitz domain Q@ C R™ with a uniformly bounded shape-reqularity parameter I' with
respective finite element spaces as defined in Section 5.2. Furthermore, assume q.(x,v, A) =
k(z, A)v for a scalar function k € L>®°(R xR "™ R) with k(x, A) > k~ > 0. Let uj® € X;"..
and ¢t € V™ solve equations (5.39) and (5.40). Then, there is an o > 0, such that ‘Cﬂca(ﬁ)

is bounded uniformly in m, provided that maxperm hy is small enough.

Proof. The function c}* satisfies equation (5.40), i.e.
1
| R DIV Vn - (e Vi - Ve de =0 (583)
Q

for all ¢y, € V3 9. After an integration by parts in the last summand of the left-hand side,
this becomes

1
/ k(cp', Dup')Vept - Vo, — cptup' - Vo, — 56’,”{‘(divu2”)cph dz =0 (5.84)
Q

for all ¢, € V0. As k is a scalar function, a uniformly acute triangulation 7,™ is al-
ways uniformly k-acute. We have defined the boundary condition for ¢j* as ' = IIj ycq.
The Lagrange interpolation projection is obviously stable under the Holder-seminorm, i.e.

‘C(Tin’(jﬁ(ﬁ) < ‘Cd’Cﬁ(ﬁ)-
Recall from equation (5.60) from Lemma 5.9 that

/ (V") dz < C.
Q

H;;M_ @ is uniformly bounded. Furthermore, recall
2 é

that r~— > 2 which means that there is a § > 0, such that T,% = £ — 2 Therefore, we

2 n n

Because r > 7, this implies that ||u}

have ||divu}|| (2-5) . Furthermore, the Sobolev embedding theorem
L\n 7n ()

implies that HUZL”L(%_%)fl(Q < ||uh||W1,,,_(Q).

< ey g

This means that we can apply Theorem 5.12 with a = Ek(¢}', Du}'), b = —u}* and

c= —%divu? to conclude the proof. ]
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5.4 Convergence Analysis

We are now able to prove the convergence of the sequences that were defined in Section 5.2.
We will follow the arguments of [43]. However, because of Theorem 5.13, these arguments
also apply to the physically relevant case of n = 3 space dimensions.

First, let us now collect the convergence results that we can extract from the bounds
which we have proved in Lemma 5.9 and Theorem 5.13. We will use the reflexivity of the
spaces in question and the compact Sobolev embedding. From equation (5.60), we see that

we can extract subsequences (not relabelled), such that

upt —u weakly in Wol’r_ (Q;R™), (5.85)
uf* —u  strongly in L""¢(Q;R™),e >0 (5.86)
St ul) —~ S weakly in L) (Q; R™™). (5.87)
Equation (5.62) yields

P —p  weakly in L* (Q) (5.88)

for = max{r*, -5 4 ¢}. Furthermore, equation (5.61) gives
ar —c¢  weakly in WH(Q), (5.89)
ge(?, Ve, DUy — G weakly in L?(Q; R™). (5.90)

Finally, we use Theorem 5.13 and the fact that C%(Q) < C*(Q) compactly for # < a. This
gives

ey — e strongly in C*(Q). (5.91)

First, we have to establish the fact that the limit v is indeed in VVO1 ’(;(f)(Q; R™). We have
™ — ¢ in CP(Q) from equation (5.91). This means that for a given € > 0, we can choose
m large enough to have |r(¢j') —r(c)| < g with a © > 1 that is large enough such that

r(c) — e‘HE > 1. From the estimate in inequality (5.60), we deduce that

C) > / (V") da > / (V") da
0 Qn{|Vupr|>1}

., o (5.92)
2/ ’vum’r(c r(c)+r(c)— € de >/ ‘VU’ZL‘T‘(C)—Té dz.
on{|Vup|>1} on{|Vur[>1}
Furthermore, it is obvious that
/ (V"= dz < . (5.93)
on{|vur|<1}

Adding up the inequalities (5.92) and (5.93) yields

/ VUl O 4z < 1. (5.94)
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By reflexivity of the respective spaces, inequality (5.94) allows us to find a subsequence (not
relabelled), such that

©41
) 3

upt = u weakly in W1©="5-¢(Q). (5.95)

Thus, we have

/ V€= 4g < 1. (5.96)
Q

Therefore, we can use Fatou’s Lemma for ¢ — 0 to deduce the desired estimate
/ V" dz < 1. (5.97)
Q
Analogously to inequalities (5.92) to (5.97), we can find
/ 15" dz < 1. (5.98)
Q

Now, we need to check that we indeed have divu = 0. We take an arbitrary v € C5°(9)

and test divu}' against v Then, u}* € X iy implies that
0= /Q (I gv) divuy de

= / (I gv — v) divuy dz —i—/ v (divuy' — divu) dz —|—/ vdivu dz.
Q Q Q

(5.99)

Note that II}'ov — v strongly in L?(€2) for all s € (1,00) by inequality (5.34). Together
with the bound (5.60), this means that

/ (I v — v) divey dz — 0 (5.100)
Q
as m — oo. Furthermore, the weak convergence (5.85) implies that
/ v (divuy' — dive) de — 0 (5.101)
Q

as m — oo. Therefore, letting m — oo in equation (5.99) implies together with equations

(5.100) and (5.101) that
/ vdivude =0 Vo € C5°(Q). (5.102)
)

Of course, this implies dive = 0 almost everywhere in €.

With a similar technique, we can also verify the limit of the convective term in the
momentum equation. For an arbitrary v € W1°(Q;R"), we have I} ¢ g0 — v strongly
in Whs(Q) for all s € [1,00) by equation (5.30). Furthermore, note that Wol’r(cm)(Q) —

L2(+9)(Q) for some £ > 0 because n > 2 and r~ > 5. Therefore, we can deduce

/ (up' @ up') - VI x giyv dz — / u®u-Vode (5.103)
Q Q
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as m — oo. Now, we are assuming r~ > ﬂ?—fl This is a restriction only for n = 2 where
. _ 4 2 . _ _
it translates to r~ > 3. For n > 3, we have 5 > =% This leads to (r~)* > (r~)" and

we therefore have the compact embedding W)™ (Q) < L )*(Q) for some & > 0. This
means that we can find some s € (1,00), such that
Jup' @ TR x giy¥ —u @ U||L(ry(m
<l ® (IR i = )l oy + 1 = ) © 01l g (5.104)
SH“ZHHL<7-—>'+5(Q) ”H;Zx,divv - UHLs(Q) + [Jup' — U||L<r—)'+s(g)HU”Ls(Q)'
The first summand tends to zero as m — oo because of property (5.30) of the projec-
tion operator, while [[up’ ||, ;- () Stays bounded because of the continuous embedding
WOLF (Q) — LU7+4(Q) and the estimate from inequality (5.60). The second summand
of inequality (5.104) also tends to zero as m — oo because of the weak convergence of u}’
in Wy () and the compact embedding L") +£(Q) < Wy (). Therefore, we have

up' @I ¢ 4,0 — u ® v strongly in L7 (Q) and thus

/ (up' @ I x qiyv) - Vuy' dz — /(u ®wv)-Vudr = — / (u®u)-Vodz (5.105)
Q Q Q

as m — oo, where we have also used that divu = 0 a.e. in § from equation (5.102).
Additionally, we note that divII}y 4, v — divv strongly in L* () for all v € WH>(Q)
because of equation (5.30). Together with the weak convergence p;* — p in L/"(Q) for some

' > 1 from equation (5.88), this yields
(pp, diVHZfX’divv) — (p, divv) (5.106)
as m — oo. Similarly, we get
/QS(CZ”,DU?) - DIy giyv do — /QS' - Dvdzx (5.107)

as m — oo because of the weak convergence from equation (5.87). Finally, we test the
velocity equations (5.35) and (5.39) against I} 4, v for an arbitrary v € Wol’oo(Q; R™) and
v € Wol’(;?,(Q;R”) respectively and use the limits (5.103), (5.105), (5.106), and (5.107) to

pass to the limit m — oco. We get
/ S-Dv— (u®u)-Vodz — (dive,p) = (f,v) Yo e Wy ™ (4 R"), (5.108)
Q
/ S.Dv— (u®u)-Vodz = (f,v) VUGW&’;&(Q;R”). (5.109)
Q b

Next, we will look at the concentration equation (5.40). From the strong C?(Q)-convergence
of ¢j* (5.91) follows the strong convergence c;* — ¢ in L>(€2) as m — oo. Together with

the strong L?({2)-convergence of u}" from equation (5.86), this yields
lub’ch’ = ucll 2y < llup" = ull 2oyllell oo @) + lurll 2@ lleh” = €llpeo(@) = 0 (5.110)
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Analogously, we have II}";,v — v strongly in Wh2(Q) for all v € VVO1 2(Q) by the stability
and approximability properties of V;™. Furthermore, the weak convergence u;' — u in
W, " () from equation (5.85) implies strong convergence in L""¢(2) for some ¢ > 0

because r~ > 5 and the compact Sobolev embedding theorem. Additionally, note that

-1
1 1 1 _ 2n(1+4e) . .
3 > (5 - m) = fi—27ne- Lhis gives

||uanZfVU - UUHLQ(Q)

m m o mo__
<[fup, ||Ln+€(Q)||Hh,VU U||L%(Q) + [Jup, u”Ln+€(Q)HUHL%(Q) (5.111)

<llwi [ o (@) IR0 = Vll o) + Ui = wllpose @y l0llw2() = 0

as m — oo. Therefore, we can combine the strong L?({2)-convergence of u["II}",v and the

weak Wh2(Q)-convergence of ¢* from equation (5.89) to find
/ hyvuy - Vep'dr — / vu - Vedx (5.112)
Q Q

as m — oo for every v € W01’2(Q). Recall divu = 0 a.e. in Q from equation (5.102). Thus,

an integration by parts in equation (5.112) yields
/ Uy oup' - Veg' de — —/ cu-Vodx (5.113)
Q Q

as m — oo for every v € WO1 2(€2). Furthermore, recall the strong L2(2)-convergence
uptcp’ — uc from equation (5.110). Together with Hp"yv — v strongly in Wh2(Q), this
gives

/ cpup - VI vdr — / cu-Vodx (5.114)
Q Q

as m — oo for every v € Wol’Z(Q). Finally, the weak convergence ¢(c}*, Vep', Duy') — ¢

from equation (5.90) yields
/ qe(cp’s Vep's Dup') - VIRyvdr — / Gg-Vvdx (5.115)
Q Q

as m — oo for every v € WOI’Q(Q).
After testing the concentration equation (5.37) against vy, = 'y v for an arbitrary
v € Wol’z(Q), we can let m — oo and with the help of equations (5.113), (5.114) and
(5.115), we get
/Q(j-Vv—cu-Vvdx:O. (5.116)

Comparing equations (5.109) and (5.116) with equations (5.22) and (5.23), we see that the
only thing that remains to be shown is to verify that u and c satisfy equations (5.22) and

(5.23) is the identification of the limits S = S(¢, Du) and § = q.(c, Ve, Du).
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Let us first make the technical assumption

lim | ((S(c], Du) — S(cp, D)) - (Duj* — D)) da = 0 (5.117)

m—r0o0 Q

that we shall prove in the Appendix. Recall from the monotonicity assumption on S in
inequality (5.7) that the integrand of equation (5.117) is nonnegative. Therefore, equation
(5.117) is also true when integrating over a set Q2 C Q defined by

Q) :={x € Q:|Du|l <A}

for a given arbitrary constant A > 0. Furthermore, we can find a not relabelled subsequence
of the integrands in equation (5.117) that converges to zero pointwise almost everywhere in
Q and therefore also in ) C Q. For an arbitrary £ > 0, we now can use Egoroff’s Theorem
(See Theorem 2.22 in [35]) to find a set Q5 C €, such that the sequence of integrands

converges uniformly on Q5 and |Q) \ Q5| < e. Obviously, this also implies
(S(ept, Duy) — S(ept, Du)) - (Dup* — Du) — 0 (5.118)
almost everywhere uniformly on 5. Therefore, we get

lim (S(ept, Dup') — S(c', Du)) - (Dup' — Du) da = 0. (5.119)
Additionally, S(c¢j*, Du) — S(c,Du) in L*(Q5;R™™") for all s € [1,00) because of the
boundedness of Du on 5, the boundedness of S from inequality (5.6) and ¢;* — ¢ from
equation (5.91) and the uniform convergence theorem. Thus, we get
S(c¢pt, Du) - (Duy' — Du)dx — 0 (5.120)
05
as m — oo, where we also have used the weak convergence Duj’ — Du from equation
(5.85). Furthermore, the weak convergence S(c*, Duj*) — S from equation (5.87) yields
S(ept, Dup') - Dudx — S Dudz (5.121)
9 95
as m — oo. Combining equations (5.119), (5.120) and (5.121) yields
S(cy', Dup') - Dupt dez — S . Dudx (5.122)
25 Q5
as m — oo.
Let us now fix an arbitrary A € L>(Q; R™*™). The monotonicity of S from equation
(5.7) gives
/ (S(c, Dul) — (e, A)) - (Du — A)da > 0. (5.123)
&5
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We will now use equation (5.122), the strong L9(€Q5; R"*")-convergence S(cj*, A) — S(c, A)
and the weak L™ (Q; R™™"™)-convergence Duj* — Du to take the limit m — oo in equation
(5.123). This gives

og/ S.(Du—A)—S(c,A)- (Du— A)dz

A (5.124)
-,

(S ~ S(e, A)> - (Du— A)du.
We now want to use Minty’s trick. Recall that Du is bounded on Q5. This means that
inequality (5.124) is true for A = Du + nB for all arbitrary B € L>®(; R"*") and n > 0.

<,

S is continuous by definition. We can take n — 0 thanks to the dominated convergence

£
A

Therefore, we get
(S — S(c, Du+ nB)) .Bdz > 0. (5.125)

€
A

theorem and get

/ (5‘ — (e, Du)) Bdz = 0. (5.126)
Q5
We conclude

S = S(c, Du) a.e. on Q5. (5.127)
By construction, we have lim._,qlimy_,o |2\ Q5| = 0. Therefore, we can let ¢ — 0 and

A — 0 in equation (5.127) to finally find

S = S(¢, Du) a.e. on €. (5.128)

Now, recall that from equation (5.117), we can extract a subsequence of integrands that

converges almost everywhere in (). Furthermore, recall from equation (5.91) that ¢j* — ¢

in C#(Q) and that S is strictly monotonic and continuous from equation (5.7). Therefore,
we have

Dup' — Du a.e. on €. (5.129)

Additionally, recall that ¢.(c, Ve, Du) was assumed to be continuous and linear with respect

to the second variable. Thus, we find
qe(cl, Ve, DUl — qo(c, Ve, Du) weakly in L(€; R™) (5.130)

with the help of equations (5.89), (5.91) and (5.129) and the dominated convergence theo-
rem. On the other hand, we know from equation (5.90) that g.(c}*, V', Duj*) — ¢ weakly
in L2(€;R™). Combining this with the weak limit in equation (5.130), we get

q = qc(c, Ve, Du). (5.131)

137



Finally, combining equations (5.128) and (5.131) with the limits (5.108), (5.109) and (5.116)
proves that the limits u, ¢, p solve the systems (5.19)—(5.21) or (5.22)—(5.23).

In this chapter, we have extended the result of [43] to n = 3 or more space dimensions.
We do not rely on regularization of the equations like in [44] any more, but have to restrict
ourselves to uniformly acute triangulations, piecewise affine functions for the discrete con-
centration space and a concentration flux of the form ¢.(c, Ve, Du) = k(¢, Du)Ve with a

scalar function k.

5.5 Appendix

We will need a discrete version of the Lipschitz truncation in the variable exponent setting.

This was first analysed in [25] and then generalised in [43, Theorem 3.15].

Theorem 5.14. Let Q C R" be a polyhedral Lipschitz domain and let vy* € Xdeiv’ r’m e

CY(Q2) be sequences that satisfy 0 < r~ <r™ <rt < oo and

/ Vo™ @ 4z < (5.132)
Q
vpt = weakly in Wol’r_ (;R™), (5.133)
'’ —r strongly in C (;R) (5.134)

for some C >0, a > 0.
Then, for every j € N, there exists a sequence " with (20)? < A< (292 and a
sequence v;" € X" C Whee(Q,R™) with

|V

m m j+1\J+1
J HLoo(Q) 5 A]’ < (2]+ ) . (5.135)

Furthermore, we can extract a subsequence {v7'}70_; (not relabelled) for all j € N, such

that

vt = vj strongly in L°(2; R™) Vs € (1,00), (5.136)
vt — v weakly in W (Q;R™) Vs € (1, 00), (5.137)
Vot =% Vu;  weakly-* in L>(Q; R"*™) (5.138)

for some v; € Whe°(Q;R™). Additionally, we have
10l ey < € (5.139)
and can extract a (not relabelled) subsequence, such that
v — (5.140)
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weakly in WH3(Q) for any s € (1,00).

Moreover, if we extend vy* by zero outside of Q, we have
{re Qv #Fvp'} C{z € Q: M(Vuy') > kAJ'} (5.141)

where M is the Hardy—Littlewood maximal function and k is a constant that depends on the

shape-reqularity constant I' of the mesh, that is defined in the following way:
Ux(v) NQ C QUx(v)) C Uga(v)NQ (5.142)

where Uy(v) := {x € R" : M(v) > A}. Furthermore, the following estimate is true for all
n,j:
Vol @ g < [ |am ) gy < 5.143

Proof. [43, Theorem 3.15]. O

Proposition 5.15 (Discrete Bogovskii Operator). Let r™ be a sequence in C*(§2) with
r™ — r form — oo and 0 < r~ < r"™ < rt < co. Furthermore, let B : Lgm(')(Q) —
WOLTm(')(Q,R”) be the classical Bogouvskii operator in varying exponent spaces that is given

by
divBf = f (5.144)

with
1Bflwirey@rny < 1 llro - (5.145)

For more details see [23][Theorem 14.3.15.]. Then, the operators K : L™ ) (Q) — L™ ()(Q)
and By : divXj" — X;" that are defined by

/ fIogde = / gKfdz  forallge LU O(Q) (5.146)
Q Q
By (f) = jlq . BES (5.147)

have the following properties:

(a) For all f € L™ 0)(Q), we have

1K Al ooy sup | fade

~ qEQT7‘|q||L(rm)’(»)(Q>S1
(b) For all fy € divX}" and g, € QF, we have

/ div(B}! fr)gn dz = / fnan dz.
Q Q
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(c) If f* is a sequence with f]"* — f weakly in WOI’S(Q;R") as m — 0o, we have

By'div fi* — Bdivf weakly in W&’S(Q; R™).

Proof. See [43], Section 3.4. O

Lemma 5.16. Under the assumptions of Chapter 5, sections 5.1 and 5.2, we have
[ (s pup) = (e D)) - (Dt~ D do =,
Q

Proof. We follow the argumentation in [43]. First note that we can use the monotonicity
assumption on S from inequality (5.7). Furthermore, we use the boundedness of S from
inequality (5.6) and the (m-uniform) boundedness of || Dup'([ , reepm)
inequalities (5.60) and (5.97), respectively. We find

@ and |[Dul| () () from

0< limsup/ ((S(ept, Dup') — S(cpt, Du)) - (Dup' — Du))i dz < L < 0. (5.148)
Q

m—ro0

Thus, it suffices to show L = 0. For an arbitrary (but fixed) v > 0, let us define
A, ={z € Q:|Du| >~} (5.149)
We decompose the integral in inequality (5.150):
/Q((S(CZL, Duj') — S(cit, Du)) - (Dup® — Du))i dz

< / ((S(e, Du) — S(cit, Du)) - (Duf? — Du))¥ da
A, (5.150)

+ [ (S Dup) - (e D) - (Dt - D do

Q\A,
=A™ () + B"().

To be able to estimate A™(y), we use a weak-type estimate and r~ > 1 together with

Holder’s inequality and the embedding L"(¢)(Q) < L'(Q) from Proposition 5.2 (b) to find

that

D 1
|A7|§/‘u|d:ﬂ§. (5.151)
Q 7 Y

Again, we use the boundedness of S from inequality (5.6) and the (m-uniform) boundedness
of | Dup'||, ey and [[Duf|;r() from inequalities (5.60) and (5.97), respectively. Together
with Holder’s inequality and inequality (5.151), this yields

A™(9) S A7 < (5.152)

Sl
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Now, recall the truncation T, from equation (4.30):

X if | X| <7,

Tx=4"," (5.153)
Vixg X[ >y

for X € R™". Obviously, we have T,Du = Du on Q \ A,. Thus, we can find for B™(v)

from equation (5.150):

B™(y) = / ((S(cft, Dupt) — S(cit, Ty Du)) - (Dt — T, Du))* da
N4, 1 (5.154)
< /Q (S(ejr, Dut) — (e, T, Du)) - (Dl — T, Du)) da,

where we have used that the integrand is nonnegative thanks to the monotonicity of S
from inequality (5.7). We want to use the discrete Lipschitz truncation. Because ¢} — ¢ in
ch (ﬁ), the assumptions of Theorem 5.14 are satisfied and therefore, we can find a sequence
uzn’j that satisfies (5.135) to (5.143). We decompose the integral once more and use Holder’s
inequality to find

1
1

B"(3) < ( o, (SR DU — (e D) - (Duft —T:.Du) dx) lf

ol

’ </ ((S(eft, Du?) = (e T, D)) - (Duf — T, Du)) dx)
up Ay }

g
= B + B £ u
(5.155)
We will first look at B™7 (). We use the estimate on M (Vu) on {uZ” # up'} from
equation (5.141) with a weak-type estimate, the L'(2)-stability of the Hardy-Littlewood
maximal function together with A7 > (2j )(2j) from inequality (5.135) and the uniform
L™ (2)-bound on Vu}* from inequality (5.60). We have that

M(Dup™) _ 1

I L] < miy S My <
[yt # )] < M) > A7) s T S (5.156)
Hence, we find
~ . mei m 1 1
B™ () {up™ # ui}* S 55 (5.157)

Now, we will look at B™J(y) from inequality (5.155). Note that we are working on the set

{uhmj = uj'}. We rewrite the integral:

m,j 4 m m m m,j
(B™(v)) = /Q (S(cp', Duy') — S(cp', TyDu)) - (Duh 7 T—YDU) dz
. (5.158)
- /{ o, (SUEE D) = SR T D) (Dupd —7,Du) da.
up Fup
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First, we will look at the second summand of equation (5.158). Recall that |7 Du| < v and
the bound of Duzl’j from inequalities (5.135) and (5.143). We also use Young’s inequality,
the weak-type estimate (5.157) and the bound on the growth of S from inequality (5.6) to
get

/ (S(&r, Dul) — S(¢, T, Du)) - (Duzn’j - TvDu> da
{uh #uznﬂ}
S/ - S(ept, Dugt) -DuZl’j dz
upFuy '}
+ C’(v)/ (\S(chm,Du;”Jn + DU + 1) dz (5.159)
{up#uy)

i r(ch) m i
(7) (/ ‘Vuhul h dm+\{uh #uhu}’)
{upr#up*}

()
2
This leaves us with the first summand of the right-hand side of equation (5.158). We will

<

Q

A

7 is not necessarily discretely

have to use the weak formulation of the problem. However, u}"
divergence-free and therefore not an applicable test-function. However, with the help of the
discrete Bogovskii operator in the variable exponent context that is given by Proposition
5.15 we can approximate uT’j by a discretely divergence-free function with zero trace. We

define

wptd = B (divay ) (5.160)
vzl’j = uzﬁb’j — w}T’j. (5.161)

The convergence statement for the discrete Lipschitz truncation in equation (5.137) and
for the discrete Bogovskii operator in Proposition 5.15 (¢) and the compact embedding
L3(Q) < W, *(Q) yield

U]T’j — ! — B(dive’) =: v/ weakly in W&’S(Q;R"), (5.162)
U]T’j — v strongly in L*(2; R") (5.163)
for any s € (1,00) as m — oo. Obviously, we have uZL’j = vzl’j + wzl’j . Hence, we can write

/ (S (¢, DulM) — S (¢, T, Du)) - (Du;”ﬂ‘ - T,YDu> da

Q

= [ S(c¢7*, Du?) - Dv™ dx + / S(e™, Dul™) - Dw™ dz
| sttt pu)- Do as+ [ s Du) - D 160

- /Q S(e, DUl - Ty Duda — /Q S(c, Ty Du) - (Du;j"j —TvDu) da

=: B{" + By — BY(v) — B (7).
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Let us first look at Bgz 7. Recall the definition whm’j = Bmdivu;?’j. We use the uniform
boundedness of ||.S(c}*, Duy") HLT(C;?)(Q)

variable exponent spaces (see Proposition 5.2 (¢)) to find

from inequality (5.60) and Hoélder’s inequality in

/ S(eft, Dut)- D dae S [Dwp|| oy S TR BR(divag™)| (5.165)
Q L\ /() ’

WI’T(C;L”)(Q)'
Recall the stability of I}y in the variable exponent setting from inequality (5.33). We
find

8
|17 45, BEC (divu™ )| 1, ey S <HBIC diva )| ey @ )+Tnéz¥% hT) (5.166)

for some B > 0 that depends on r* and r~. The Bogovskil operator is bounded as an
operator from LS(')(Q) to W) (Q; R") (see inequality (5.145)). Together with Proposition
5.15 (a), this yields

HBIC(divuh ) le r(em HIC divug” 7 e (@)

< sup /(dlvu Nap da. (5.167)
Q

a€Qp"llanll riemyy gy <1

Now, we use the fact that uj* is discretely divergence free and Holder’s inequality to find

/ (divuzl’j Jqn dx = Z / divuy")gnxr d
Q2 TeT™
TC{u;LnJ:uh}
+ > / (dive™)gnxr do
TeT™
e sy (5.168)
(divuy, ™) x ARX (14,79 Ly
H v UG AED| ey g | XD | e g
m,j
Then, the inclusion (5.142) and inequality (5.143) yield
i
(V™ )y <9 i, (5.169)
H h Q({u ]iu }) LT(CZL)(Q)

Therefore, we can combine inequalities (5.166), (5.167), (5.168) and (5.169) to find

. B
|IT03 5 BIC(divey ™) || 1oy S <2 = +711r€1%>f hT> (5.170)

Together with inequality (5.165), this yields

, B
/ S(cpt, Duy') - Dwy™ da < <2 F + max hT> (5.171)
Q TGTm
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and therefore
< y
limsup By < 277F. (5.172)

m—r00

We will now look at Bln’j from equation (5.164). By testing equation (5.39) against

vy, ’], we obtain

, 1 , . ,

/ S(cpt, Duy') - Dvy™ da = —2/ ((uZI @u;7) - Vgt — (up' @ up') - VUZL’J) dz + (f,v;"7).
Q Q

With the help of equations (5.86), (5.109), (5.102) and (5.162), we can pass to the limit and

get

lim [ S(&F, Duf) - Doy da = /

(u®u)-ijdx+<f,vj>—/S-vadx. (5.173)
Q

Then, recall v/ = u/ — B(dive’). We use the boundedness of ||.S|| ') (@) and weak lower-

semicontinuity to find

/ S . DB(dive’) dz < ||B(divuj)||Lr<c)(Q) < limsup HHZfdivBIC(divuhm’j)
Q m—00

levr(%”)(g)'

(5.174)

Hence, we can use inequality (5.170) to find

- . .3
/ §. DB(dive/)de < 27975 (5.175)
Q
and therefore
- . .8

lim B < / S Dul dx + 2797 (5.176)

m—oQ Q

For the analysis of B5"(y) from equation (5.164), we use the weak convergence of S(cj}*, Duy}")

from equation (5.87) to find

lim BY'(y) = lim [ S(c¢f", Du}) - T, (Du) dx:/QS-TW(Du) dz. (5.177)

m—00 m— 00 (o)

Now, we will look at BZL’j from equation (5.164). We use the strong C'“ (ﬁ)—convergence
eyt — c from equation (5.91) and the weak L*(£2)-convergence Dufl’m — D/ from equation
(5.137) to find

lim By (y) = lim A S(ept, TyDu) - (DuZw — TvDu> dx

A (5.178)
— / S(e, TVDu) . (Du] — TvDu) dz.
Q

Finally, we insert the estimates (5.172), (5.176), (5.177) and (5.178) into equation (5.164)
and together with inequalities (5.155), (5.157) (5.158) and (5.159) and the equivalence of

norms in finite dimensions, this yields

N

lim B™(y) <C ( /Q (S — S(e, TvDu)) . (Dw! — T, Du) da;)

(5.179)
+C() (277 +2775)
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for any j € N. Thus, we can combine the inequalities (5.150), (5.152) and (5.179) to find

lim [ ((S(cT, DulM) — S(cT, Du)) - (Dul — Du))i dz

m=roo Jo
<C </ﬂ (S - S(c, TyDu)> - (Dw? — Ty Du) d:z:> ! (5.180)
+C(y) (277 + 2‘%%) + \%

Then, we can take the limit j — oo in inequality (5.180) and use the weak convergence
Du? — Du from equation (5.140) to find

lim lim [ ((S(E Du™) — S(c!, Du)) - (Dul™ — Du))3 dz

Jj—oom—o0 Jo

(5.181)

<C (/Q (S — S(e, TwDu)> - (Du — T, Du) oL«;;>le + \%

Finally, we can use the pointwise convergence T, Du — Du and the dominated convergence

theorem to take the limit v — oo in equation (5.181) and have therefore proven that

/Q ((S(cpt, Dup') — S(cyt, Du)) - (Dup* — Du))% dz = 0.
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Chapter 6

Conclusions

In this thesis, we have investigated a finite element counterpart of the regularity theory of
De Giorgi for elliptic partial differential equations. Chapter 3 was concerned with linear

equations of the form

—div(AVu) = f — divF in Q,

u = g on 02

where A € L*°(Q;R"™ ™) is a given matrix-valued, uniformly elliptic function, and f €
Li(Q), F € LP(;R™) and g € C¥(0N2) are given functions for ¢ > 4, p > n and a > 0. We
have analysed finite element approximations in spaces of piecewise affine functions V},. The
proof of a uniform Holder-norm bound was based on the notion of a discrete subsolution,

i.e. functions uy € Vj, that satisfy

/AVuh-chhde/F-Vaphdx—i-/faphdyc
Q Q Q

for every non-negative function ¢ € Vj, 9. The first main ingredient is a Caccioppoli-type
inequality for discrete subsolutions that locally estimates Vuy in terms of up, which was

given in Theorem 3.7 for discrete subsolutions on shape-regular meshes:

[ VunPinnfde S [ fun P19 da
Q Q
2 2 2 2 20
+ (IF ey + 151 a0y ) Il 725 suppun) T IV 01172 (supp ) ) 18UPP 70 M sUPD 1|

for every cutoff-function 7 € Vj, 9. For a De-Giorgi-type strategy, this estimate has to be
true for truncations of the solution. In the continuous case, one of the most commonly
used truncations is given by the positive part (u — ¢);. The point-wise truncation of a
discrete subsolution would not belong to V}, which is why we had to use a nodal positive
part (up — )4 = > . (up(zs) — ¢)49;, where the ¢); are the Lagrange basis functions of

V. Then, the second main ingredient is the proof that for a discrete subsolution wyp,
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the truncation (uj, — ¢)+ is indeed a discrete subsolution, as well. This step required the
following two conditions: The mesh has to be A-non-obtuse, i.e. AV, -1p; < 0 for all
i # j and F had to satisfy assumption (x), i.e. there has to be a G € LP(€2;R"™) such that
JoG-Vedz > | [, F - Ve dz| for all non-negative functions ¢ € C§°(£2). With those results

in place, we were able to prove a local L*>-estimate

s, —cf S -0t dot (161, + 11%,) B
Q(B(z0,2R))
for all ¢ € R. Then, we focussed on establishing the desired a priori C“ (ﬁ)—norm estimate.
In Lemma 3.21, we established an estimate that guarantees that if uy, is small at some node
x;, it cannot be too large on neighbouring nodes. Then, the most important step was the

oscillation decay given in Lemma 3.23:

<(1-0 C (|G R,
w5 00 gy O (N 4 1)

This allowed us to prove a uniform a priori estimate of the C*-norm of solutions far from
the boundary of the domain 2. With analogous techniques, we were also able to prove
similar estimates up to the boundary of €2 in the subsequent section.

The main restrictions of the theorems that were proved in this chapter were the assump-
tion that the mesh is A-non-obtuse and that F' satisfies assumption (x). If one were able to
find truncations that don’t rely on the discrete subsolution technique, it might be possible
to relax those conditions and make the theory applicable to a wider class of problems.

Chapter 4 was devoted to local estimates for finite element approximations of solutions
to p- and p-Laplacian systems. Here, the approach of using subsolutions no longer works
as for vector-functions there is no natural notion of a positive part. This meant that we

had to establish properties of the alternative truncation
x

Sz = (o] = Ay

||

for z € R™. Again, this truncation had to be applied in a nodal way to guarantee that
Shvp € Vy, for any vy, € V. We then assumed a uniformly acute mesh and looked at finite

element approximations of the p-Laplacian system

/
_div (“Ww) —0inQ,

u = g on 0f)

for an N-Function ¢ with max{Asa(¢), A2(¢*)} < co. We first proved the Caccioppoli-type

dz < 20% ][ © (‘ SA;’zuh ) i dz

Q(B(x0,2R))

inequality

L))

Q(B(x0,2R))
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for A = Ao (1 — 2*) and cut-off functions 7, with nested balls as support that were
precisely defined in Definition 4.20. Using a De-Giorgi-type iteration technique, this then
allowed us to prove a local L*>-estimate for finite element approximations to solutions to

p-Laplacian systems:

u U
it (7)2 f ()
Q(B(z0,2R))

For p-Laplacian systems (i.e. ¢(t) = p~!tP), we were able to prove a similar local L*-
estimate. The specific structure of the p-Laplacian allowed us to use slightly different
approaches for the degenerate case p > 2 and the singular case 1 < p < 2 which enabled us
to also allow meshes that are only non-obtuse.

The main factor that prevents us from proving a Holder-norm-estimate as in Chapter
3 is the fact that this L®°-norm bound is only valid for wj itself and not for a truncated
function. However, the regularity theory for the continuous problem even yields a C1:°-
norm bound. (See [30].) It is possible that finding a truncation that allows us to prove
an L°°-norm bound for truncated discrete solutions would enable us to prove a uniform
Holder-norm bound. A different practical extension would be to extend the local L®°-norm
estimates of the discrete solutions to local L*°-estimates of the approximation error that
would help to extend the analysis of adaptive schemes for p- and p-Laplacian equations.

In Chapter 5, we showed an application of the discrete De Giorgi theory to prove con-
vergence of a finite element approximation of solutions to a system of equations that models

the steady flow of a chemically reacting non-Newtonian fluid, that is given by
| Ste.u)- V6~ (o) Vods — (divip) = (f) V6 € WS (QRY)
/Qudivu dz =0 Vv € LS(C)/(Q),
/Qqc(c, Ve,Du) - Vo —cu-Ve=0 Yo € Wol’z(Q).

To be able to apply the discrete De Giorgi theory to the concentration equation, we have
extended the results of Chapter 3 to equations which include lower order terms under the
condition of that the mesh is uniformly acute. Then, we were able to prove an h-uniform
Hélder-norm bound for the concentration ¢ that lead to the strong CP-convergence of a

subsequence. Hence, we were able to extend the result of [43] to three space dimensions.
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