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Abstract

In this thesis we study the mean-field random cluster model, a random graph model in which,
relative to the Erd6s—Rényi model, graphs are biased to have a greater or lesser number of
components, such that, in essence, large-deviations behaviour of the Erd6s—Rényi model is
seen. This model was independently proven to have an Erd6s—Rényi-like phase transition by
Stepanov [58, 59] and Bollobds, Grimmett and Janson [16], and was proven to have a critical
window by Luczak and Luczak [43]. We make progress towards demonstrating that the mean-
field random cluster model also possesses a metric space scaling limit in its critical window,
of the kind shown to exist for the Erd6s—Rényi random graph by Addario-Berry, Broutin and
Goldschmidt [3, 2].

We begin by reviewing results from the literature on scaling limits, and on limits of se-
quences of component sizes, for the Erd6s—Rényi model; we also review existing results for the
mean-field random cluster model. We go on to offer several results that form partial proofs of
the existence of a scaling limit for the latter model, for differing values of the clustering para-
meter g, as well as some results which, while not proofs, are suggestive that the missing pieces
can be filled. Along the way, we prove a number of results of independent interest about both
models, including that the fixed-edge-count (as opposed to independent-edge) version of the
Erdés-Rényi model has a scaling limit. We conclude by reviewing what would be necessary to

complete the partial proofs, and make additional suggestions for future research.
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Conventions

e We shall use N to denote the set {1,2,3,...}, and let ZZ° :=NuU{0}.
e Wewilllet [n]={1,...,n}.
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(resp. as x — o). Similarly, for sequences (a, ),y and (b,),cy, We say that a,, ~ b, as

n— oo ifa,/b, - 1asn— oo.

e For a graph G = (V(G), E(G)), where V(G) denotes its vertex set and E(G) its edge set,
we let |G| be its number of vertices, and e(G) its number of edges. In addition, we let

¢(G) be its number of connected components.

e For a sequence of events (A,,),ey, “with high probability” (abbreviated to “w.h.p.”) will

mean that A, occurs with probability tending to 1 as n — oo.

e We shall sometimes refer to a connected component of a graph simply as a “component”.
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Chapter 1

Introduction

We begin by considering the Erdés—Rényi random graph %(n, p), in which every one of the ('21)
possible edges appears in the graph independently with probability p. This model undergoes
a phase transition, where, for p = k/n with x constant, the large-n behaviour is very different
either side of k = 1. This phase transition was first discussed by Erdés and Rényi [27]—
although the authors in fact consider the related model ¥(n, m), in which, of the (g) possible
edges, m are chosen without replacement, and these are inserted into the graph. (Erd6s and
Rényi had first discussed this model in [26]; the first discussion of ¥4(n, p), without mention
of the phase transition, was by Gilbert [30].)

To state the phase transition result, we first introduce some notation for stochastic bound-

ing, which is adapted from [13, Defns. 14.4-3 and 14.4-4].

Definition 1.1. Let (X,,),ey be a sequence of random variables and (a,),ey @ sequence of

positive constants. Then we say that X, = Op(ay,) if, for every £ > 0, there exist K > 0, N €N

IF’X”
a

n

such that foralln > N,

<K)>1—€.

We say that X, = Q,(a,) ifX;1 = Op(agl), and we say that X,, = ©,(a,) if X, = O,(a,) and
Xn = Qp(ay,).
In the same setting, we say that X, = op(a,) if X,,/a, 5 0, and we say that X, = wp(a,) if

K, = 0y(a;?)

n

Remark. It is easy to show that, if X,, = o,(a,), then X,, = O,(a,); this in turn implies that,
if X, = wp(ay,), then X, = Q(a,). It is clearly impossible to have both that X,, = o,(a,) and

Xn = wp(ay).

We now describe the behaviour of ¥(n, p) on either side of its phase transition (see, for



example, [34, Thms. 4.4 and 4.8 and Cor. 4.13] for a statement with proof):

Theorem 1.2. Let G, ~ ¥(n,x/n), for some constant k € (0,00)\ {1}. Fori € N, let Ci(n)

denote the i-th largest component of G,. Then:
e Ifx <1, then |C§")| = 0, (logn).
o If k > 1, then there exists a constant {, > 0 such that

0
17 s, %

n

additionally, Cé")| = 0,(logn).

So we see that, below the phase transition, we only see small components of order logn;
meanwhile, above the phase transition, there is a unique order-n “giant component”, with
other components being also of order logn. The critical threshold occurs at x = 1.

The discussion in this thesis starts with a result of Aldous [6]. This gives the limiting
behaviour of the connected component sizes in an Erdés—Rényi random graph G ~ %(n, p) for
values of p in the so-called “critical window” around x = 1. Moreover, it gives the limiting

behaviour of the number of surplus edges in each connected component, which we now define.

Definition 1.3. For a connected component C, let s(C) denote its number of surplus edges, i.e.

s(C)=e(C)—|C|+1.

For a general graph G, let s(G) denote its number of surplus edges, which is the sum of the

number of surplus edges in each of its components—or, alternatively, let

s(G) =e(G)— |G| +¢c(G) (1.1)

where ¢(G) is the number of components in G.
Remark. So a component has s surplus edges if it has s edges more than would be necessary
to form a tree.

We need one more technical definition: that of an excursion of a function (adapted from
[55, p. 311]).
Definition 1.4. For a continuous function f : A — R, where A C R is an interval, an excursion
of f is a function g : [0,0] — R, such that, for some [a,b] CAwith c =b—a:

2



e forall x €[0,0], g(x) = f(a+ x);
e g(0)=¢g(o)=0; and
e g(x)#0 for x €(0,0).
The corresponding excursion interval is (a, b), and the length of the excursion g is ¢ = b —a.

We now set up Aldous’s theorem. Fix some constant A € R. For sufficiently large n that
this is well-defined, let C%"), Cé”) be the connected components of G ~ 4(n, p) in descending
order of size, where p = 1/n+ An~%/3 + o(n_4/ 3). (We break ties arbitrarily.)

Let B(t) be a one-dimensional Brownian motion, let X(t) = B(t) — t?/2 + At, and let
Y(t) = X(t) —infyc,<, X(s). Let C = (y1,72,.-.) be the vector of excursion lengths of Y (t)
above, sorted into decreasing order. (It is a non-trivial fact that such an ordering is possible
almost surely, which is implied by the result, Theorem 1.5, that follows.) Let W;, an open
interval in [0, 00), be the excursion interval of length v;.

Conditionally on (Y (t),t = 0), let (N(t),t = 0) be an inhomogeneous Poisson process,
with rate Y (t) at time t. Let v; be the number of points occurring in the interval W;. (Equival-
ently, draw the graph of Y, and place a Poisson process of intensity 1 on the plane; let v; be
the number of points lying in the plane during the interval W; which lie strictly between the
graph and the horizontal axis.) Let S = (v, v,,...).

Define the vector

¢ =(|cf].|c5”

),

where, if C]En) does not exist, we say that |C]£n)| = 0. Define

5, = ((c)(c”)...)

similarly.
Theorem 1.5 ([6, Cor. 2]).

(n2%c,,8,) > (C,S), (1.2)

with convergence in the [? norm for the first coordinate, and the product topology for the second.
Remark. Aldous states this result only for p = 1/n + An~*/3 exactly, but his proof extends to
allowing the extra o(n_4/ 3) error term.

This is a beautiful result connecting two seemingly unrelated mathematical objects—a

random graph, and a Brownian motion. The connection is given by the fact that a certain

3



exploration process for the graph, the depth-first walk, converges in distribution to X; Aldous
proves this as a step towards the proof of Theorem 1.6. We give the algorithm for the depth-

first search, and then the result.

Algorithm A (Depth-first search). We assume we are carrying out the algorithm on a graph

on n vertices, whose labels form a totally ordered set.

1. Initialise X,(0) = I,,(0) = N,(0) = 0, and set all vertices to be sleeping, and the stack to be

empty.
2. Foreachi=1,...,n:

(a) If the stack is non-empty, set the new current vertex, v;, to be the vertex at the top of the
stack, kill it, and remove it from the stack. Otherwise, set v; to be the lowest-labelled

sleeping vertex, and immediately kill it.

(b) If any sleeping vertices are adjacent to the current vertex, v;, wake them up and add
them to the top of the stack in order of label, with the lowest-labelled at the top. Let

; be the number of such vertices discovered.
(e SetX,()=X,(i—1)+;—1.
(d) SetI,(i)=min{I,(i—1),X,(i)}.

(e) Let n; be the number of awake (but not dead) vertices adjacent to the current vertex,

and let N, (i) = n; + N,(i—1).

3. The algorithm terminates after n iterations—or, equivalently, it terminates at the conclusion

of the current iteration once all vertices are dead.

Remark. In relation to step 2(e), it is not possible for any vertices currently dead to have any
edges joining them to the current vertex, except for any edge already discovered at a previous

step. This is discussed in Section 2.3.

In order to illustrate this process, we provide a worked example in Figure 1.1. It can be
checked by carefully inspecting the algorithm that the number of vertices on the stack on the i-
th iteration after step 2(a) (i.e. just before we start querying edges) is exactly X,,(i—1)—I,,(i—1),
and the number of components whose exploration is completed by the end of the i-th iteration

is exactly —I,(i).
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Figure 1.1: A worked example of the depth-first search, Algorithm A, for a graph on [9] =
{1,...,9}. The top of the diagram demonstrates the state of the graph at the start of the
algorithm and after each of the nine iterations. At lower-right, the values of the processes Xy,

Iy and Ny are graphed.



Theorem 1.6 ([6, § 2.2]). Let G, ~ 9(n,1/n+An~43 + o(n_4/3)). Then

(X, (L2 ]), N[22 ])) sy S 0N

as n — o0 with respect to the Skorokhod metric on the space of cadlag functions, where, for B a
Brownian motion, we take
2
t
X(t):=B(t)+ At — %
and where, conditional on X, we take N to be an inhomogeneous Poisson process of rate X (t) —

infyc,<; X(s) at time t.

Remark. Note that, as I, is a continuous functional of X,,, we also have, by the Continuous
Mapping Theorem, joint convergence of the correspondingly rescaled I, to the running in-
fimum of X. Further note that, again, Aldous only states this for p = 1/n+ An~*/3, but the

proof can be appropriately modified.

Remark. Aldous actually proved this result using a subtly different algorithm, the breadth-first
search: the only difference is the order in which vertices are added to or removed from the
stack, and, as the vertices of an Erd6s—Rényi random graph are exchangeable, the distributional

statement is unchanged.

Aldous’s result does not give us complete information, however, about the metric properties
of the limit object. This question was answered by Addario-Berry, Broutin, and Goldschmidt
in a pair of papers [2, 3], which showed that the Erd6s—-Rényi model, in its critical window,
possesses a scaling limit. We will discuss their work, and related results, in Chapter 2, as it is
a fundamental starting point for the work that follows.

The aim of this thesis is to present work leading to a similar result for a model known as
the random cluster model, in its mean-field form; we denote this ¥(n,p,q) (wWhere n € N,
p € (0,1), and g > 0), and define it by saying that, if G, ~ ¥(n, p,q), then, for any graph G

on n vertices,
pe(G)(l _p)(g)—e(G)qC(G)

S peE)(1 — p) ) —et) ge’

P(G,=G)=

taking the sum over all graphs H on n vertices; here, e(G) (resp. c(G)) denotes the number
of edges (resp. connected components) of G. (In their paper introducing the model, Fortuin
and Kasteleyn [28] use the word “cluster” as synonymous with “connected component”.) Note
that, when g = 1, this corresponds exactly to the Erd6s—Rényi model ¥(n, p).

This model is known also to have an Erd6s—-Rényi-like phase transition, though now at



f(q@)/n for some function of q [16, 58, 59]; when q < 2, for which f(q) = g, it is known to
have a form of critical window, when p =q/n + An~%/3 for L € R [43].

This thesis provides work towards a proof of the existence and form of the scaling limit
of this model in its critical regime, that is, we conjecture, similar to that of the Erdés—Rényi
model. Although we do not succeed in finding a complete result, we present a number of
different partial proofs; as part of this, we prove a collection of results about the Erdés—-Rényi
and random cluster models, some of which are of independent interest.

Following the literature review on scaling limits and related concepts in Chapter 2, we
will discuss more fully the existing results in the literature about the random cluster model, in
Chapter 3. In this latter chapter, we also give an idea of the intended proof strategy that guides
much of the work in this thesis. Then, in Chapter 4, we provide a selection of results that allow
us to compare the exploration process for that model to the one for the Erd6s—Rényi model that
is relatively well-understood. That chapter also contains some results about the Erd6s—Rényi
exploration process (e.g. Proposition 4.6, Proposition 4.13) that, as far as the author is aware,
are not contained within the existing literature. As a brief interlude, in Chapter 5 we prove
that ¢¥(n,m), the model Erdés and Rényi first studied in [26], has the same scaling limit as
4(n, p), throughout its own critical window; that concludes Part I of this thesis.

Part II provides the bulk of the results about the random cluster model. The aforemen-
tioned proof strategy (which appears in Section 3.2), which is intended to give a result similar
to Theorem 1.5, has two major issues which prevent it from being a completed proof; we were
able to solve one of them for ¢ < 1, and the other for ¢ > 1. To each of these solutions we
devote a chapter (Chapters 6 and 7, respectively). Subsequently, in Chapter 8, we discuss an
alternate potential proof strategy; we also show in that chapter that, conditionally on conver-
gence of the rescaled sequence of component sizes, a metric space scaling limit must follow.
Finally, in Chapter 9, we review the unresolved problems from this thesis, as well as suggesting

some other avenues for future research.






Part 1

Review and preliminaries






Chapter 2

Review: scaling limits of random

graphs

As discussed towards the end of the introduction, this thesis considers an extension of the
work of Addario-Berry, Broutin and Goldschmidt [3, 2], which extends Theorem 1.5 proved by
Aldous [6] to provide a limiting structure for critical Erd6s—Rényi random graphs. We discuss
that work in this chapter—particularly the content of [3], the first of their pair of papers.
Towards the end of this chapter, we also describe the work of Janson and Spencer [40]
on limiting component sizes of the critical Erd6s—-Rényi random graph. They give an explicit
description of these sizes as a point process on [0, 0o ), which will prove useful in the chapters

that follow.

2.1 Definitions

Definition 2.1. Let M = (X,d) be a metric space. For a > 0, we can define the metric space
aM = (X, ad), where ad is the usual definition for scalar multiples of functions; that is, aM

is M with all distances rescaled by a.

Given two metric spaces, we may define a notion of distance between them; here, we
use the Gromov-Hausdorff distance (for a reference, see, for instance [19, Defn. 7.3.1 and

Thm. 7.3.25]).

Definition 2.2. Let (M, d) be a metric space. Then the Hausdorff distance between two com-

pact subsets X,Y of M is given by

dy(X,Y)=inf{e >0:X CF,(Y)and Y CF,(X)}, 2.1)

11



where, for X C M, F (X) := {x EM:inf xd(x,y)<e¢ }

Definition 2.3. The triple (X, d, p) is a rooted metric space if (X,d) is a metric space and p is

a point in X.

Definition 2.4. Let ./, be the class of rooted compact metric spaces. Then the Gromov-

Hausdorff distance is a pseudometric on ./, given by, for (X,d, p),(X’,d’, p") € My,

dou(X,X") = inf { max { dy(¢ (X), ¢'(X")), 5(¢(p), ¢'(p")) } }, (2.2)

where the infimum is taken over all choices of metric space (M, &) and all isometric embed-

dings ¢ : X > M and ¢’ : X' > M.

Remark. Note that, for two rooted compact metric spaces X,X’ (we suppress the specification
of the metric and the root), dgy(X,X’) = 0 if and only if there is a root-preserving isometry
between X and X’. (For unrooted metric spaces, the analogous result is stated, e.g., in [33,

Prop. 3.6], with the rooted case being an easy consequence of this.)

Definition 2.5. We define .# to be the set of equivalence classes of rooted compact metric
spaces under dgp, with metric induced by dgy. (By the remark above, this is also the set
of rooted isometry classes of such spaces.) Abusing notation slightly, we likewise denote the
metric on equivalence classes by dgy.

We define .#p, to be the subset of .# in which the metric spaces are Polish spaces: that is,

complete, separable metric spaces.

Remark. We will often refer to convergence of metric spaces to other metric spaces, and similar,
since it is more concise and unlikely to cause too much confusion; formally, we are referring

to the convergence of the equivalence classes discussed in the preceding definition.

Definition 2.6. Let M and M,, for n € N, be random objects in .#p,. We say that M is the

metric space scaling limit of the sequence (M, ) if there exists a sequence (a,) such that, in
d

the metric dgy, it holds that a,M,, = M as n — oo. That is, if, for all bounded continuous

functions ¢ : Ap, — R (where R is endowed with the standard Euclidean metric),

El¢(a,M;)] = E[¢(X)]

asn— 0o,
When it is clear what kind of scaling limit we mean, we will sometimes just write scaling
limit.

12



Remark. Given a definition for a distance between sequences of (equivalence classes of) metric

spaces, we can define an analogous notion of the scaling limit of such objects.

We can consider graphs as rooted metric spaces by considering the space of their vertices,
with distance given by the graph distance and root given by the lowest-labelled vertex.

Addario-Berry, Broutin and Goldschmidt [3] found the scaling limit of an ErdG6s—Rényi
random graph, considered as a sequence of metric spaces—each being a metric space, endowed
with the graph distance. An important part of this paper (and its companion, [2]) is finding
the scaling limit of an Erd6s—-Rényi graph conditioned to be connected—which, informally, can
be identified with a component of a critical Erd6s—Rényi graph. We describe this below, but

we first need to define another structure, the Brownian continuum random tree.

2.2 The Brownian continuum random tree

The Brownian continuum random tree was first defined by Aldous in a series of three papers
[7, 8, 9]; since it is a necessary ingredient in the proof of the Erdés—Rényi scaling limit that
we discuss in the sequel, we introduce it here.

The Brownian continuum random tree is an example of a real tree, a type of object whose

definition we quote from [3, p. 371].
Definition 2.7. A metric space M = (X, d) is a real tree if, for all x,y € X:

(a) there is a unique isometry f, , : [0,d(x,y)] — M such that f, ,(0) = x and such that

fx,y(d(x:y)) =Y, and

(b) for any continuous, injective map g : [0,1] — M with g(0) = x and g(1) = y, we have

that g([0,1]) = f , ([0,d(x, y)]).

Remark. That is, in a real tree, there is a unique path between any two points x and y, and

this path is of length d(x, y).

We now set up the machinery we will need to define the Brownian continuum random
tree. Fix o0 > 0. Given a continuous function f : [0,0] — [0, 00), with f(0) =0 = f (o), we

can define a pseudometric d}k on [0,0] by

f(X) +f(y)_2minu€[x,y]f(u) for x < Y
di(x,y) = (2.3)

d}k(y,x) forx > y.

13



T

0.6 0.5 f

0.45
015 0.5
0.25
0.2
0.2
0 >
0 1

Figure 2.1: The diagram above illustrates, on the left, a function f, and, on the right, the real

tree Ty corresponding to it. Along the segments of T are indicated their lengths.

This means that we can obtain a metric space Ty from [0, 0] by identifying all points x, y
where d}“ (x,y) = 0: given a function f satisfying the hypotheses just stated, let ~; be the
equivalence relation on [0, o] where we say that x ~; y if and only if d}K (x,¥) = 0. Then,

given f again, we can define the metric space (Tf,dy) by
Ty =[0,0]/ ~¢ (2.4)

with metric d; being the induced metric provided by d}k.

The object (Tf,d;) (which we abbreviate to T, taking the d; as implicit) is a real tree [3,
p- 372]. The collapsing of [0, 1] into T, for a particular function f, is illustrated in Figure 2.1.
Heuristically, we can think of it as being formed when we apply glue to the underside of the
function f, and then squeeze it together from both ends.

The Brownian continuum random tree is a special case of this construction.

Definition 2.8 ([42]). Let (B(t) : t = 0) be a standard Brownian motion. Define random

variables L =sup{x <1:B(x)=0}andR=inf{x>1:B(x)=0}. For0<t <1, let

_ B+ R-L1)0))

e(t) T

(2.5)

Then e = (e(t): 0 < t < 1) is a Brownian excursion of length 1, which may alternatively be

called a standard Brownian excursion, or simply a Brownian excursion. Let the Brownian excur-

14



sion of length o, (@ = (e(?)(t) : 0 < t < ), have distribution given by:

t
(D(0:0<c<0) L (Voe( ) 0<t<0) 2.6)
o
Definition 2.9. Let e be a Brownian excursion. Then the random object Ty, is a Brownian

continuum random tree (or Brownian continuum random tree).
The Brownian CRT is the scaling limit of uniform random labelled trees:

Theorem 2.10 ([7], Thm. 8). Let T, be a uniformly chosen random tree on [n] = {1,...,n},
d
considered as a metric space endowed with the graph distance. Then n"Y/?>T, — T, where T is

the Brownian continuum random tree.

It is the scaling limit of many other random trees, as well; a list of some of these is given

by Albenque and Goldschmidt 5, p. 1].

2.3 Tilted trees and a scaling limit

In this section and the next, we discuss the work of Addario-Berry, Broutin and Goldschmidt
[2] on the scaling limit of an Erdés—Rényi random graph in the critical window. Although
we will state the results formally, we mostly aim to give a heuristic description of their work;
we will return to discuss some of the technicalities later, in Chapter 8, when we apply their
methods to the model of interest for this thesis—as well as in Chapter 5, where we prove an
analogous result for ¢(n, m), rather than ¥(n, p).

We first consider the limiting behaviour of a component of such a graph—or more formally,
the behaviour of an Erd6s—Rényi random graph with an appropriately chosen probability and
number of edges, conditioned to be connected.

We can consider exploring a component through depth-first search. We defined this for
general graphs as Algorithm A (stated on p. 4), and so we may apply it to connected graphs
as a particular case. Note that we differ slightly from some other authors in our convention
for what we consider the stack, in that we consider the current vertex not to be part of the
stack. This will make notation simpler later on, though it adds some slight complications in

the connected-graph case.

Definition 2.11. When applying Algorithm A, if vertex w is discovered on step i, at which

point v; is the current vertex, we say that w is a child of v;, and v, is the parent of w.
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Remark. Note that every vertex but one in a connected graph has exactly one parent; that

exception is the lowest-labelled vertex, which has no parent.

It can be checked that, when the algorithm is applied to a connected graph of size n, the
function X,, : {0,...,n} — Z is defined so that X, (i) is the number of vertices on the stack after
step (a) of iteration i + 1—unless there is no iteration i +1 because the exploration is complete,
in which case it takes the value —1. Then it can be seen that X,,(i) = 0 fori =0,...,n—1 and
X,(n)=-1.

Recall that the “surplus” of a connected graph is the number of edges contained within
it additionally to those required to form a tree on those vertices. We cannot, from just this,
identify which are the surplus edges, since, in general, there is more than one spanning tree

of the graph. However, we can use Algorithm A to form a particular spanning tree:

Definition 2.12. Let the depth-first-search tree of G be the subgraph of G with vertex set [n]

in which the only edges retained are those joining each vertex (but 1) to its parent.

We can then take as a convention that the surplus edges in the component are those not
contained within the depth-first-search tree. They must therefore be edges that could not have
been discovered by step (c) of the algorithm; at iteration i they are edges between the current
vertex, v;, and vertices already on the stack when the children of v; are explored. The number
of such vertices is X,,(i): the number of vertices on the stack at the start of the iteration (that
is, at the end of iteration i — 1). So the number of possible surplus edges is Z::g X,(i); note
that, if we interpolate between the points of the process X,(i) by considering X,(| t]), it is the

number of points in Z7° x Z=° that lie strictly below the function, as shown in Figure 2.2. This

motivates the following definition, of which we will make use later.

Definition 2.13. For a connected graph G on n vertices whose labels form a totally-ordered

set, its area is defined as

n—1
a(G) = D X, (),

i=0
where X, (i) is defined via Algorithm A.

There is an even more direct correspondence between these points and the possible surplus
edges. Consider the X, (i — 1) vertices on the stack during iteration i, once the current vertex
has been removed. The stack structure means that the vertex k-th in the stack during iteration i
(for1 < k < X,,(i—1)), counting up from the bottom, will (since vertices are only removed from
the stack at the start of an iteration) be v;, for the first value of j > i such that X, (j —1) = k—1

(so that the stack, during iteration j, has k — 1 vertices on it).
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Figure 2.2: On the left is shown a depth-first-search tree for a graph. This corresponds to
graphs with these solid black edges and some number (possibly none) of the coloured dashed
edges, which are drawn between each vertex v and vertices on the stack at the time v is
explored. No other edges can be present, as they would change the depth-first-search tree.
On the right, meanwhile, is the corresponding set of values of X, (i), with the horizontal axis
labelled not with values of i, but with the labels of the vertices in the order they are explored—
shown at point i on the axis is the label of v;,;. Note that there are six entries of Z”° x Z>°
below the points in the sequence. Each corresponds to a possible surplus edge, namely that
between vertices with given labels—the label directly below the cross, and the label at the next
circle directly to the right of the point. This correspondence is indicated by the edge and cross
colours.

The black “curve” shown is X, (| t]), for t € [0,8], and the number of possible surplus edges

can also be thought of as the area under this curve.

Thus, each point in Z>° x Z>° under the curve can be mapped to a unique possible surplus
edge: if the point is at (i —1,k), fori € [n—1] and 0 < k < X,,(i — 1), it represents the edge
joining v; with v; for j =sup{p >1i:X,(p —1) = k}, which vertex will be the (k + 1)-th in the
stack when v; is the current vertex. This is illustrated in Figure 2.2.

This means that we can construct a component of an Erdés—Rényi random graph by a
two-stage procedure: choose a depth-first-search tree, and then select surplus edges that cor-
respond to points in the area under the depth-first walk on the tree.

Borrowing notation from [3], let G5 ~ %(n, p), conditioned on being connected. Mean-
while, define a graph G as follows: define T to be a tree on [n] chosen such that, for each
possible tree T,

P(TP =T) oc (1—p) ™,
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with a(T) being the area under the tree, as in Definition 2.13. Then, for each surplus edge
allowed by Algorithm A, insert it independently with probability p. This graph is GZ.
Then the following holds.

Proposition 2.14 ([3, Propn. 8]). For n € N and p € (0,1), G? 4 GP.

Remark. This is an exact distributional statement, so p can depend on n.

To see how this relates to the Brownian CRT, we first consider a “tilted” Brownian excursion,
defined by the following change of measure from Addario-Berry, Broutin and Goldschmidt [3,

3]

Definition 2.15. For o > 0, let

&9 ={fec(0,0]):f(0)=f(c)=0,f(s)>0forse(0,0)}

be the set of excursions on [0, o], where C([0, o]) denotes the set of all continuous functions on
[0,0]. We consider it the space of excursions on [0, 0] when we endow it with the supremum
norm.

We set & = &0,

Recall from (2.6) that e(°) is a Brownian excursion of length o > 0, which is almost surely

an element of &(°).

Definition 2.16. We define the law of an tilted excursion of length o > 0, &), by saying that,

for any Borel subset B C &) of the space of excursions on [0, 0],

E[ﬂ{e(g)egg} exp{fg e@(w) du}]
E[exp{fg el@)(u) du}]

P(&l?) e B) = (2.7)

If we don’t specify a length, we will mean the tilted excursion of length 1, which we denote é.

Remark. This is well-defined, as the moment generating function of the area under a Brownian
excursion of length one is finite for all values of the argument [36, § 13]; the fact that it is

finite for all other lengths follows by Brownian scaling.

We return to the discrete setting.

Definition 2.17. Let T be a tree on [n]. For a vertex v € T, let the height of v be hy(v) =

dr(1,v), where dy is the graph distance on T.
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Remark. If the vertex set is not [n] but has a (partial) order with respect to which there is
a minimal element, we can still make this definition work by considering distances from the
minimal element instead. We will need to do so, for instance, when we come to consider

components of a larger graph.

Definition 2.18. Let G be a connected graph on [n] with depth-first-search tree T. Then the

DFS-height of v in G, hg(v), is given by hg(v) = hy(v).

Definition 2.19. Let H; : {0,...,n} — Z>° be the height function of the depth-first-search
tree of G, defined by
he(viyz1) i1=0,...,n—1;
Hg(i) =
0 i=n.
When it is clear to which graph G we are referring, we will sometimes suppress G in the
above, and write simply h(v) and H(i).
Now, let X,, be the function described above, applied to G- (which we recall is distributed
as ¥(n,p), conditioned on being connected). Let H, = Hgr. Fix 0 > 0, and say that, for
t € [0,0], }?fl“)(t) = (o/n)l/ZXn(Lnt/UJ); define Hff)(t) analogously. Then, in fact, the

following holds:

Theorem 2.20 ([3]). Suppose p = p(n) is chosen so that np*®* — o as n — oo. Then, as
n— o9,

o ~ d
(R () S (&, 26),
with the convergence in distribution in the uniform norm.

Remark. Note that the two copies of &) on the right-hand side are the same realisation of the
excursion. Note also that, in the full critical Erd6s—Rényi random graph, in which p ~ 1/n,
we expect to have components of size @p(nz/ 3). So, when we are considering such a graph
conditioned to be connected, taking p = @(n_?’/ 2) is the correct scaling to see similar behaviour.
(We have p = @(n‘B/ 2) here, rather than p ~ cn™>/? for any particular c, to allow for the

2/3

randomness in the sizes of the components in the full graph on that n“/*® scaling.)

The individual convergence of the terms in the ordered pair in Theorem 2.20 is given by
Theorems 12 and 15 of [3]; that they converge to the same realisation is implied by the proof
of the latter, specifically using Lemma 16 of the same paper.

It is worth taking a minute to work out why we need to consider both the depth-first

walk and the height function. The depth-first walk is easier to analyse, with a distribution
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that can be characterised more readily by the distribution of the random graph. Moreover,
the surplus edges truly are generated by the points lying beneath the depth-first walk, not
the height function. However, it is the height function that more directly characterises the
depth-first-search tree, which we put together with the surplus edges to obtain the graph.

Moving on, we now discuss why we obtain a tilted excursion. As noted by Aldous [9,
Thm. 23] (see also [8, Thm. 2]), the height function of a uniform tree converges (when appro-
priately rescaled) to twice an un-tilted Brownian excursion. So, considering Proposition 2.14,
we might expect the height function of an appropriately biased choice of tree to converge to
an appropriately biased excursion—and in fact Definition 2.16 gives the continuous analogue
of the bias applied to the discrete trees. (In fact, in the case of the uniform tree, it is again
true that the depth-first walk and the height function converge to scalar multiples of the same
realisation of the excursion—see [46, Thm. 2], applied to a Galton-Watson tree with Poi(1)
offspring distribution.)

There is, in fact, a close relationship between the height function and distances between
arbitrary pairs of vertices in the tree. Recall that, for k € [n], the vertex v, is the k-th vertex

explored in depth-first order.

Lemma 2.21. If dr is the graph distance on the depth-first tree, then, for i < j,

Hn(i)+Hn(j)—2k min H,(k) < dr(v;,v;) < Hn(i)+Hn(j)—2k min‘}Hn(k)+2. (2.8)
S el

Lyeees] seees]
Remark. Compare [3, Lma. 17].

Proof. This is obvious if i = j, so suppose not.

There are two cases: either v; is a descendant of v;, or the most recent common ancestor
of v; and v; is some third vertex. (The vertex v; cannot be a descendant of v; because of the
depth-first ordering.) In the first case, the distance between the two vertices is simply the
difference in their heights, which is given by the left-hand side, since every vertex explored
between the i-th and j-th is a descendant of v; and so has height greater than H,(i).

In the second case, there is some most recent common ancestor v, which has some child
w that is an ancestor of v; (possibly v; itself). Let k(w) satisfy w = vy,. Since j > i, we must
have that w is a higher-labelled child of v than the child that is an ancestor of the i-th vertex,

so k(w) > i, and meanwhile, as w is an ancestor of v;, k(w) < j. Moreover, no vertex closer to

the root than w is explored between i and j, since we are still exploring the descendants of v.
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So

Now h(w) = h(v) + 1, and dr(v;,v;) is the distance down the tree from v; to v, and then back

up to v;, which is given by

(h(vi) =h(v)) + (h(v;) —h(v)) = h(v;) + h(v;) — 2h(v) = h(v;) + h(v;) — 2h(w) + 2

=H,(i)+H,(j))—2 min H,(k)+2,
kedi,....j}

Ty,

the right-hand side. O

Note the similarity between (2.8) and (2.3), the latter expression being the one given above
for the pseudometric applied to [0,1] given a function. Also, note that, when rescaled, the
discrepancy vanishes as n — 00. Hence this is suggestive that in fact the discrete depth-first
tree converges to the tree encoded by the appropriately sized tilted excursion, and indeed that
is the case [3, pp. 385-386].

We have not yet addressed what happens in the limit to the surplus edges. Recall we have
identified a correspondence between surplus edges and points in a grid under the curve, where
we select each point independently with probability p. As we rescale with increased n, this grid
of points moves closer together, and meanwhile the probability of choosing each decreases.
This is the situation in which we might expect a Poisson point process to appear in the limit,
provided that the number of available points and the probability of selecting each compensate
each other appropriately.

But note that, in Theorem 2.20, to achieve convergence, we rescale the lengths of the
excursions by a multiple of n, and the heights by a multiple of n'/2—so that, overall, the
excursions are “growing like” n®/2. Since we have chosen p so that np%/®> — ¢, this implies

that n3/2

p converges, and so we have the right scaling for a Poisson process to emerge.

So, in the limit, we imagine a Poisson process in the area under the curve é(o), which
generates the surplus edges. In the discrete picture, each added point corresponds to joining
the vertex represented by the x-coordinate with that represented by the next “time”, to the
right, at which the process’s value equals the y-coordinate. But as the depth-first walk X,, and
the height process H,, converge to the same excursion (up to a scalar constant), this corresponds
in the limit to generating a Poisson process under the curve used to form the tree, and then

joining the corresponding points in the tree. (As the limit process of the height function is twice

that of the depth-first search, this process will have half the rate.) By “corresponding points”
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we mean the points that are the continuous-time analogues of the discrete notion we just
discussed: so, for a point (x, y) under the excursion, we’d want to join the point represented
by time x by the point represented by the next time after x that the process takes the value y.
(See Figure 2.3 for an illustration of this.)

Of course, this is a purely heuristic argument, but it turns out (though we omit the technical
details here) to give us the right idea to construct the limit object of appropriately-rescaled
connected components of a critical Erd6s—Rényi random graph—we consider, for each o > 0,
a random object M@, which we will shortly define.

Before we do, we define the following function g, whose definition we borrow from [3,

§ 41.

Definition 2.22. Fix o > 0. Leth € &%), and let 2 C [0, 0] x[0, 00) be a countable set. Then
we define g(h, £) as follows. First take T;, = [0, 0]/ ~4, (as given by (2.4)), and for x € [0, 0],
let t(x) denote the point in T}, corresponding to x (formally, when T, is considered as a space
of equivalence classes on [0, o], we let t(x) be the class to which x belongs). Further, for each

point (x, y) € £ such that 2y < h(x), we identify the points t(x) and t(z), where

gz=inf{u>x:h(u)=2y}.

(Formally, we create a new equivalence relation ~ on T, which is generated by the set of
relations t(x) ~ t(z) for pairs above, and create the metric space T}/ ~, with the metric being

the induced one.) The resulting metric space is g(h, 2).

Remark. The factors of 2 that appear in this construction give it a slightly awkward character.
They derive from the fact that our tree is constructed from the excursion corresponding to the
height process, whereas our point set £ is related to the excursion corresponding to the depth-
first search—and, though these are based on the same tilted Brownian excursion, there is a
factor of 2 difference between them, as given in Theorem 2.20. This means that it is natural,

when giving a definition of the function g, to rescale one or the other.

Figure 2.3 gives an illustration of the process of identifying the points.
The object g(h, £) is not a real tree, because it contains cycles. However, its local structure
is akin to that of a real tree. We call such an object an R-graph (see [4, Defn. 2.2] for a formal

definition).

Remark. Defining this formally relies on a definition of a real tree, which relies on a number

of technical metric space results that are beyond the scope of this thesis.
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Figure 2.3: The diagram above illustrates the identification forming the structure described
in Theorem 2.24. The tree on the right is the tree Ty corresponding to the function f shown
on the left. The point selected from under its area (shown after the y-coordinate is scaled
by 2, as required by the definition of g) then corresponds to two points on the tree, which
are identified with each other. (Note that in this example only points directly underneath
one of the three local maxima of the function correspond to leaves. In a tree formed from a
Brownian excursion, this is true of almost all points, so the x-coordinate of a point selected

from a Poisson process applied to the area under the curve will almost always correspond to a

leaf.)

Definition 2.23. Let .#£(7) = g(ZE(U),g), where & is a Poisson point process on [0,0] x

[0, 00) of rate 1.
M) will be our limit object, and thus we can now state the theorem.

Theorem 2.24 ([3, Thm. 22]). Let o > 0, and let m = m(n) be a sequence of integers such that

n—2/3

m— o asn— o0. Let p=p(n) €(0,1) satisfy np — 1. Then, as n — oo,

n 3G S,

in the Gromov-Hausdorff distance.

To extend this to the whole graph, as opposed to just a single connected component, we

need to define a metric, or at least a topology, on a sequence of (isometry classes of) metric
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spaces. We therefore define the metric

) i
dseq(A,B) = (Z dGH(Ai:Bi)4) , (2.9)

i=1

where A = (A1,A,,...) and B = (B, B,,...) are sequences of metric spaces. (Of course, this
may take the value oo if the sequence on the right-hand side does not converge.)

We can now state the theorem.

Theorem 2.25 ([3], Thm. 24). Let M™ = (M("),Mén), ...) be a sequence of metric spaces such
that M l.(n) is the i-th largest component of G ~ %(n, p), treated as a metric space with the graph

. and let Z(W = (Z(") AR ..). Then there exist Z, M such that

distance. Let Zl.(") = |Ml.(”) 152y s

(n=2/32M =13 5 (z, M),

with convergence in the first co-ordinate in 12, and in the second co-ordinate in the metric dgeq-
Moreover; the law of Z is given by Theorem 1.5, while M = (M, M, ..., ) is such that, condition-

. . d
ally on Z, the random metric spaces My, M, ... are independent and M; = .4 %0.

Let us briefly summarise how this result is obtained. Theorem 2.24 shows that the explor-
ation of a component of G ~ ¥(n, p), conditionally on its size, behaves as a tilted excursion of
that size, with surplus edges given by a binomial point process under the excursion. It is also
obvious that all components, conditionally on their sizes and numbers of surplus edges, are
independent, so the M; must be conditionally independent too.

The only thing then left is to obtain convergence in the metric dyq rather than in the
product topology. To do this, the authors prove a bound on the height of the discrete depth-
first-search trees (biased in a corresponding discrete way to &) to show that large trees do
not occur arbitrarily far down the sequence.

This is, again, a heuristic description. We will return to some of the details of their proof
when we come to adapt it later.

By way of illustration, in Figure 2.4, we provide some random graphs simulated for finite n
at various points in the critical window, where we can begin to observe the limiting structure—

including the n?/® scaling and shape of the largest component.
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(a) n = 10,000, A = —1/2; whole graph. In

this realisation
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(c) n = 10,000, A = 0; whole graph. In this

realisation |C§10’OOO)| =442,
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(e) n=10,000, A = 1/2; whole graph. In this

realisation |C§10’000)| =317

(b) n = 100,000, A = —1/2; largest compon-

ent. In this realisation |C 100, 000)| = 881.

(d) n = 100,000, A = 0; largest component.

In this realisation |C{'**"*| = 2,668.

(f) n=100,000, A = 0; largest component. In

this realisation =6,737.

Figure 2.4: Simulations of various Erdés—Rényi random graphs for finite n, which correspond

to points in the critical window. For n = 10,000, note that n*/® ~ 460, and for n = 100,000,

we have n?/® ~ 2,200, giving us some idea of typical scales for the graphs. Made with R [54],

using the igraph package [21].



2.4 A point process of component sizes

To conclude our discussion of the Erdés—Rényi random graph, we now discuss results of Janson
and Spencer [40]. In this paper, they consider, for G, ~ 9(n, p) with p = 1/n+An"*>3, rescaled

component sizes given by

(where, as ever, c(G) denotes the number of components of the graph G); they may then be
considered as a point process on (0, oo ]—or, alternatively, as a random measure on (0, o],
with point masses at the points of the set, which allows us to write, say, =,(A) to denote
|2, NA|. They note that it follows immediately from the results of Aldous [6] that this set

converges to some = in the vague topology, defined as follows:

Definition 2.26. Let R = R((0, 00)) (resp. R = R((0, oo ])) be the class of Borel measures u
on (0, 00) (resp. (0, 00 ]) such that u(A) € Z*° (and in particular is finite) for every relatively
compact Borel set A C (0, 00) (resp. (0,00]). Then the vague topology on fR is defined such
that, given uq, U,, ... € R, and any u € R, we have u,, — u as n — oo if and only if, for every

real-valued continuous function f on (0, 0o) (resp. (0, oo ]) with compact support,

ffdunﬁffdu

as n — OQ.

Remark. Kallenberg [41, p. 169] provides a reference for the vague topology.

Further, Aldous [6] noted that = could be considered as the set of lengths of excursions
of reflected Brownian motion with parabolic drift, as we discussed in Chapter 1. (We will
sometimes write = = Z* to emphasise the dependence on A.) The contribution of Janson
and Spencer in [40] is, among other things, to give an alternative description of = in terms of

its intensity and its Palm distributions—concepts which we now define.

Definition 2.27 ([60, 61]). For a point process on (0, ©0), an intensity function, if one exists,
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is a function f such that, for all Borel sets A € (0, 00)

E[E(A)] = J f(x)dx.
A

Remark. It is possible to define this in other ways: for instance, by letting intensity correspond
to the probability of seeing a point in an interval, rather than the expected number of points
(as in [22]). For a simple point process, in which a.s. no two points of the process coincide,

these definitions coincide.

Definition 2.28 ([40, §8]). For a point process Z on a suitable space &, the Palm distributions

are the conditional distributions of Z given the presence of a point s € &, denoted Z(Z | s € ).
Remark. The event on which we are conditioning in the definition above has probability 0 in
many cases; a justification of this is given in Kallenberg [41, Ch. 12].

We now state the results of Janson and Spencer that we will use. Recall that e is a standard
Brownian excursion, and define A = f 01 e(u)du.

Theorem 2.29.

(a) [40, Thm. 4.1] The intensity A = AW of E®) is given by

1 14 A, A
AP (x) = —=x"52(x*?) exp{ —=x® + Zx% — x
V2T 6 2 ’

where

W(t) :=E[e"].

(b) [40, Thm. 8.1 ] The Palm distribution .55’(5“) | se E(A)) equals, for every s > 0, the distribu-

=(4

tion of EA79) + 5, where &, is a point-mass at s.

Remark. In Corollary 8.4, the authors note that = is actually a.s. simple, resolving the ambi-
guity about the meaning of “intensity”.

This formulation is particularly useful in calculations. For instance, as in the authors’ Co-

rollary 4.2, we can see that, if Z, = > ;= E1(z>e),

E[Z]—L Oox—3/2\11(x3/2)ex _lx3+&xz_l_2x dic 2.10)
< V2r ), P176 2 2 ' '

We will use Theorem 2.29 to prove similar results in Chapter 7. However, we note that to

convert from the integral representation to more-explicit asymptotic representations, we will
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need asymptotics for the function ¥. We have these: quoting [40, (3.4)], as t — oo,
1o /24
Y(t) ~ Et e , (2.11D)

which, for instance, tells us that the integral in (2.10) is finite. Meanwhile, we can exploit the

fact that ¥ is a moment-generating function to find asymptotics for t | 0; for instance, that
W(t) =1+ tE[A]+O(t?),

when A (as in the theorem) is the area under a standard Brownian excursion. We discuss this

in more detail later.
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Chapter 3

The random cluster model:

introduction

In this thesis, we will consider the mean-field random cluster model, or the random cluster model
on the complete graph. We start by motivating the definition; we then define the random cluster
model in general, before specifying the setting of interest to this work.

We start by mentioning the Potts model, first described in the literature by Potts in 1951
[51]; this is a model used in statistical mechanics, which describes the behaviour of a collection
of particles where each can have one of g € N spin values. As it is not particularly relevant to
our discussions, we do not discuss it in detail here, except to note that, in the g = 2 case, it is
equivalent to the better-known Ising model (see Wu [63], who also gives an overview of the
model and of some of its applications in statistical mechanics).

The random cluster model, devised by Fortuin and Kasteleyn [28], was introduced as a
tool by which to analyse the Potts model, though it has since become the subject of research
interest in its own right (see Grimmett [32] for an overview). It is defined on a connected
graph G, and is the distribution in which each (not necessarily connected) subgraph H of G is

chosen at random with probability proportional to

pe(H)(l — p)e(G)—e(H)qC(H)

where e(H) (resp. e(G)) denotes the number of edges of H (resp. G), and c¢(H) denotes the
number of (connected) components in H. Clearly if ¢ = 1 this corresponds to Bernoulli percol-
ation on the graph G, but the value of g biases the graph to have more or fewer components.

When ¢ € N, the connection to the Potts model can be described as follows. Suppose we
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consider the random cluster model on G; call the random graph thus obtained H. Assign,
uniformly at random, a spin state from the set [q] to each component of H; then assign each
vertex the spin state of the component to which it belongs, before removing the structure of H,
leaving only the vertices (which we may still consider as vertices of G). Then the spin states of
the vertices behave according to the Potts model for particles on G. (See Grimmett [32, § 1.4]
for a reference.)

Physicists are usually interested in taking the base graph G to have some particular geo-
metry, such as taking G to be a lattice (potentially an infinite one, adapting the definition of
the model appropriately). This covers many of the settings discussed in [32]. However, in this
thesis, we will be interested in the mean-field random cluster model, or the random cluster
model on the complete graph, in which we take G to be the complete graph K,, (for some

n € N). To state the model more explicitly, we have that every possible graph H on [n] occurs

with probability
e(H) (1 — p)(5)—e(H) ge(H)
p(A—p) q 3.1
Z(n,p,q)
where c(H) denotes the number of (connected) components of H; here,
Z(n,p,q) = Y p“(1 — p)()—<ltgelth), (3.2)
H

where the sum is taken over all graphs H on [n]. We denote this by ¥(n,p,q). Since from
now on we will only deal with the mean-field setting, we will often use the unqualified phrase
“random cluster model” to refer to this setting.

If ¢ = 1, this would be, as described above, Bernoulli percolation on the complete graph—
that is to say, the Erd6s—Rényi model, ¥4(n, p). Consequently, taking g < 1 in ¥(n, p, q) biases
towards having fewer components than %(n,p); taking q > 1 biases towards having more
components.

Before we go on, we note that it is possible to define a model ¥(n, m,q), analogously to
%(n,m): if G, ~ 9%(n,m,q), we take G,, to be a random graph on n vertices and m edges,

<) We will not discuss this

choosing each possibility H with probability proportional to g
version of the random cluster model in great detail, but will make some comments about it in
Section 8.1.

Similarly to the Erd6s—Rényi model, if we consider ¥(n,«/n,q), with q constant, it can

be shown that, for n — ©0, this model exhibits a phase transition in the size of the largest

component as k passes through a critical value. (This was proved independently by Stepanov
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[58, 59] and Bollobés, Grimmett and Janson [16].) The critical value of x, which we denote

as k., depends on q as follows [16, Eqn. (2.1)]:

q if g € (0,2];
K(q) = (3.3)
—1 .
25 log(g—1) ifg>2.

(For q > 2, Stepanov [58, p. 195] gives the value of k. implicitly in terms of the expressions

=q (3.4)

and

2
1
¢ KC(— - 1) e jog(1—a) =0, (3.5)
2 g q

which he asserts can be solved to attain a function x.(q) for ¢ > 2; Bollobas, Grimmett and
Janson [16, p. 299] implicitly show that the correct value of a is (¢ —2)/(q — 1), which does
indeed solve both equations.)

As in the Erd6s—Rényi model, we see a giant component for large x, with other components

being microscopic components of order log n; for small k, we only see the small components.
Theorem 3.1.

(a) [58, 16] For k > k., the number of vertices in the largest component of the graph is Cyn +
0,(n%/*/logn), for some constant C, depending on k and g, with the second largest com-

P
ponent being w.h.p. a tree, of order Cylogn + o,(logn), for a constant C, depending on «

and q.

(b) [16, Thm. 2.1 ]For k < K, the largest component of the graph is of size D log n+0,(loglog n),

for a constant D depending on k and q.

Remark. The part of Theorem 3.1(a) concerning the largest component is from [58, pp. 201-
202]; that concerning the second-largest component is from [16, Thm. 2.2]. Each paper con-
tains (weaker) statements about the other component. Meanwhile Theorem 3.1(b) is also

given in slightly weaker form by [58, pp. 200-201].

Note that we have much more detailed information about the component sizes, in both
regimes, for the Erd6s—Rényi model, but the above theorems tell us that the basic behaviour
is the same.

We move on to the case k = k,: here, if ¢ > 2, then we see something that looks like

either the supercritical regime or the subcritical regime described above [16, Thm. 2.3] (or
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[58, pp. 202-203]). For q < 2, Stepanov [58, p. 202] concludes that the largest component
contains Op(nB/ 4,/log n) vertices; he obtains a weaker bound for g = 2.
For q < 2, Luczak and fuczak [43] prove a stronger result about this critical regime, and

indeed show the existence of a critical window around kK = q (= k).

Theorem 3.2 ([43, Thm. 17]). Let G ~ %(n, p,q), where q € (0,2) and p = q/n+ An~*/3, for

some A € R. Then, if |Ci(n)| is the size of the i-th largest component of G,
617 |G3"| = €p(n*%).

Luczak and Luczak [43] also show that, for ¢ = 2, this only holds for A < 0, and that the

behaviour is different for A = 0.

Theorem 3.3 ([43, Thm. 18, (ii) and (V)]). Let G ~ 9(n, p,2), where p = 2/n + An~*/3, for

some A € R. Then, if A <0, letting |Cl.(n)| denote the size of the i-th largest component of G,
[617] G5 = €p(n*%),

If . > 0, instead we have that there exists a function | = [(n, 1) = (14 0(1))v/3An°/® such that,

forall a e R,

2/3 2/3 1
lim “—P(|G§")| = {l + 2 D =—— /2
oo V2R vaxl)” Vax
Remark. So, for A > 0, the size of the largest component is approximately normally distributed,

5/6 2/3

with mean on the order of n>/® and standard deviation on the order of n“/°. Meanwhile, if we
take A = A(n) and assume A — 0 as n — 00, we get different behaviour depending on the rate
of this latter convergence to 0. The precise details are not germane to the discussions in this

thesis; we will give an overview in Section 9.2, when discussing avenues for future research.

We work towards a proof of the existence of a scaling limit for all g € (0,2). Specifically,

we aim to prove the following.

Conjecture 3.4. Let G™ ~ ¥(n, p,q), where q € (0,2) and p = q/n+ An~*/3, for some A € R.
Let Ci(n) be the i-th largest component of G™, which we treat as a metric space using the graph
distance; likewise, treat G™ as a sequence of its components, treated as metric spaces and listed
in decreasing order of size.

Then there exists € = (6, 6, ...), a sequence of random metric spaces, such that

UG g
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where convergence is in the metric dgeq defined in (2.9).

The difficulty is in proving the convergence of the component sizes and numbers of surplus
edges, as evidenced by the following lemma, whose proof is immediate from the form of the

measure (3.1).

Lemma 3.5. Let G ~ 9(n, p), and let G ~ 4(n,p,q), foranyn €N, p €[0,1] and q € (0, 00).

Let { €N, and let a=(ay,...,a;) e N satisfy

® a,=2ay=--;

Y4
e > _a;=n

Let C; (resp. C;) be the i-th largest component of G (resp. G), and let A (resp. A) be the event that,
foralli, |C;| = a; (resp. |C’i’ = a;). Then the distribution of G conditional on A is identical to the

distribution of G conditional on A.

So, conditionally on the component structure, we just have an Erdés—Rényi random graph.
But note that, for g # 1, if G is at the critical point then G will not be, and vice versa.

This strongly suggests that the bulk of the necessary work in proving Conjecture 3.4 is in
showing that the component sizes converge. Indeed, we will show in Theorem 8.19 that this
truly is all that is necessary to prove the conjecture.

We can also conjecture something about the form of the limit sequence of component sizes.

Specifically, we conjecture the following.

(n)
.|cS

Conjecture 3.6. Let G, = (‘Ci”)

ye- ) be the decreasing sequence of component sizes in

G, ~ %(n,p,q), where p=q/n+ An"*3. Then
—2/3 d
n C,—C, (3.6)

in 12, where C is under a measure P that we characterise as follows.

Under the measure P, let C be the sequence of excursion lengths, in decreasing order, of X —1I,
where, for a Brownian motion B(t), we have X (t) = B(t)+At/q—t2/2, and I(t) = infy, <, X (10).
Let L, be the limit in probability, as t — o0, of fOt(X(u) —I(u))du—(logt)/2. Then, in (3.6),

C has the law that it does under P, where

dF __expllg—1Ly)
dP  El[exp{(q—1)L;}]’

3.7

in which E denotes expectation under P.
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There are several implicit assertions in this conjecture, such as that L, exists and is almost
surely finite, and that E[exp{(q¢ —1)L;}] < oo. In fact, we can prove that L, exists (Proposi-
tion 7.1) and that, for g > 1, the expectation is finite (implied by Proposition 7.2), though we
could not prove this for g < 1. We also have good evidence for the rest of this conjecture, as
we will discuss in Section 3.2. Before that, though, we provide a fundamental lemma for the

results that will follow.

3.1 Changing measure

We note the following result which underpins our approach. Henceforth, let P be a prob-

n,p,q

ability measure under which G, ~ ¥(n,p,q). Let P, , =P, ,, ;, so that, under P, ,, the graph

n,p>

G,, follows the Erd6s—-Rényi model. Let E (resp. E, ,) denote expectation with respect to

n,p,q

P, ,q (resp. P, ). For an interval A C R, let D(A) be the space of cadlag functions from A to

R, equipped with the Skorokhod metric.

Proposition 3.7. For any bounded measurable functional f : D([0,n])? — R, and for any n € N,

p€(0,1)and q >0,

B p[f Kn(L- D, L1 1)) g0
E,,[q %]
B[ Xl D, (D) ]
]En,p[qN"(”)]

B polf Gl D, (L] =

>

where

p

. 3.8
p+q(l1—p) 38

p=
Remark. Note that, by definition, if p € (0,1), then p € (0, 1) too, so this is a well-defined
measure change.
Note that, if p = q/n+ An~*/3, then

.1 A 1
p=—+ +O(E) (3.9)

n qn4/3

as n — 00. So we have transformed our problem from one about the random cluster model
in what we know, from Theorem 3.2, to be its critical window, to one about the Erd6s—Rényi

—4/3 term in the random cluster

model in its own critical window. Moreover, we note that the An
model setting translates to a An~#3/q term in the Erdés—Rényi setting, which is indicative of

why, in (3.7), we defined the limit distribution by changing measure with respect to the limit
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of the “A/q” point in the Erdés—Rényi critical window.
Before we go on to outline our approach, we must give the proof of Proposition 3.7, which

is due to Christina Goldschmidt (personal communication).

Proof of Proposition 3.7. For the first equality, we simply need to note that —I, (i) records the
number of components whose exploration was completed by the end of step i, and that there-
fore —I,,(n) is the total number of components of the graph; this is equal to —X,,(n), since at
the end of the exploration we are trivially at the end of a component. The first equality then
follows immediately from the distribution (3.1) of the random cluster model.

For the second part, we need to rewrite (3.1). For a graph G, let s(G) denote the number

of surplus edges it has, as in Definition 1.3, so that, as in (1.1),
s(G) =e(G) — |G| + c(G).
From this, we have that, for graphs H on n vertices, if G, ~ 4(n, p, q),

p e(H) @)
— c
Popa(Gn =) o< 12 _p) q

e(H)

_( p ) S(H)—e(H)+n

= q
1—p

o (L)e(H)qS(H) (3 10)
q(1-p) '

_ ( p )e(H) S(H)
- ~ q )
1—-p

where the last line is obtained by multiplying the top and bottom of the fraction in (3.10)
by (p +q(1—p))~*. Since N,(n) records the total number of surplus edges in the graph, this

gives the second part of the claim. O

As well as letting us deal with a critical Erd6s—Rényi graph rather than an off-critical one,
this helps us in another way. We expect that, in the off-critical case, we are dealing with large-
deviations behaviour of the graph by considering q°(°»), since ¢(G,) = ©,(n). (For example,
Puhalskii [53, Thm. 2.2] shows this, in particular, for p = x/n for all k¥ > 0, from which the
general case of p ~ k/n follows by an appropriate coupling.) By contrast, as we will see in
Theorem 8.14, in the case of a critical Erd6s-Rényi graph, N,, = ©,(logn); since qlo8" = nlosd,
this suggests the measure change has a much less drastic effect.

Before we go on, we provide some illustrations of graphs drawn from the random cluster

model for finite n (along with an Erdés—Rényi graph, for reference), in Figure 3.1; these are
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(a) n =10,000, g = 1/2; whole graph. In this

realisation |C§10’000)| = 364.

(c) n = 10,000, g = 1; whole graph. In this

realisation |C§10’000)| =716.

(b) n=100,000, g = 1/2; largest component.
In this realisation |C11 00’000)| =1,842.

4

& o

(d) n = 100,000, g = 1; largest component.

In this realisation |C§100’000)| = 2,760.

(e) n =10,000, g = 3/2; whole graph. In this

realisation |C‘§10’000)| =516.

(f) n = 100,000, g = 3/2; largest component.

In this realisation |C§100’000)| = 1,410.

Figure 3.1: Simulations of graphs drawn from %(n, p, q), taking in each case p = q/n exactly.

The g = 1 (Erdés-Rényi) case was simulated using a standard function in the package used;

for ¢ = 1/2 rejection sampling was used, exploiting Proposition 3.7, and for ¢ = 3/2 the

simulation is an approximate one using the Metropolis—Hastings algorithm. Made with R

[54], using the igraph [21] and progress [20] packages.



chosen to correspond to the A = 0 point in the critical window.

3.2 Heuristics for a suggested proof

The rest of this thesis will be devoted to results towards a proof of Conjecture 3.4. More
specifically, we will mostly work towards the following conjecture, which is an analogue to
Theorem 1.6 (Aldous’s result from [6] on convergence of the exploration process). Consider
exploring G,, using the exploration process we defined above for a component of a graph,

Algorithm A, defined on p. 4, which we recall is denoted (X, I,, N,,) = (X,(i), I,,(1), N,,(i));_,-

Conjecture 3.8. There exists a process X on [0, o0) with running infimum I under some measure

P such that, for all t > 0 and all bounded continuous functionals f : D([0,t])? = R,
En’p’q[f(n_1/3Xn([sn2/3J), n_1/31n([sn2/3j) :0<s< t)] - E[f(X(s),I(s):0<s<t)]

asn— oQ.

As in the case of the Erd6s—Rényi graph, the conjecture would only give us that the explor-
ation process converges, not that the sequence of component sizes does—towards the end of
Section 6.2, we will also discuss how to carry out the conversion. We include I,, in the conjec-
ture to emphasise that it too converges; it is also useful to consider them separately as, for the
Erd6s-Rényi model (and, as we shall see in Proposition 4.3, for the random cluster model) the
pair (X,,,I,) and the difference X, — I, are Markov processes, but the individual processes X,
and I,, are not, in general. However, the convergence of I, is implicit from the convergence of

X,.

Remark. We only include X,, and I, in Conjecture 3.8, and not N,,, the surplus edge process.
This is for two reasons. Firstly, an N,, term will appear in the heuristic calculations that follow
(as well as in our formal proofs later on), and it will make these calculations simpler if this is
the only term involving this process. Secondly, it is not necessary: as Proposition 4.3 shows,
N, has a conditional distribution (given X,, and I,,) that can be written down explicitly, and
worked with separately should X,, and I, converge; moreover, in Section 8.2 we will show
that we only need convergence of the rescaled component sizes to obtain a full metric space

scaling limit, and the component sizes are not affected by the number of surplus edges.

We now give heuristics for a proof of the above conjecture. By Proposition 3.7, we see that,
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for p as above, and a bounded continuous functional f,

Bl (55, L2 1, (502 ) 0 <5 < )]
By 5[ (13X, (|50 ), n 71 BL, (50?5 ]) : 0 <5 < ) gMlm)]
]En’p[an(n)] :

We cannot simply take the limit of the right-hand side using Aldous’s result from [6] (our The-
orem 1.6), as we are no longer just looking at a functional of the process up to time |_tn2/ 3 J—
that is, of (n_l/SXn([snz/?’J), n_l/gln(|_sn2/3j) :0<s < t)—but rather one which extends to

times in the exploration outside the n?/3

timescale. However, we expect that, for large T > t,
the number of points arriving in the interval [|_Tn2/ 3J +1, n] should be approximately inde-
pendent, for large n, of what happens up to time |_Tn2/ 3 J This would be exactly the case if
we knew that Xn(|_Tn2/3J) = In(|_Tn2/3J —1)—1 (i.e., if we were at the end of a component),
and, since the components appear in the exploration in size-biased random order, we expect
to see smaller and smaller components, and for this therefore increasingly to be the case. So,

informally, we would expect the approximate independence to hold.

Using this, we would have

B[, (L5 D1 572 )0 <5 < )]
Enp| f (72X, ([sn22 ), 2r (50?2 ) s < s < £) (LT D) |
En’ﬁl:an(l_Tnz/?’J)]
Ep 5[ g LD ] (3.11)
" En’ﬁl:an(n)—Nn(LTnZ/BJ)]
wp [ (072X ([sn?2 ), 1P (502 ]) 0 < s < ) (LD ]
En’ﬁl:an(l_TnzﬁJ)] )

~

E

with the approximation improving as T grows. Since we are now approximately working on

2/3

the n“/~ timescale, we would hope to be able to use Aldous’s result—Theorem 1.6—to deduce

using that

En,ﬁ[f(n_l/BXn(L5n2/3J): Tl_1/3ln(|_8n2/3J) L0<s < t) qNH(LTnz/SD)]
[ ]
E[f(X(5),1(s): 0 <s < t)gV ]
- E[qN(T)]

(3.12)

3

asn — 00, where X, I and N are Aldous’s limit processes. This can be done using the bounded

convergence theorem for q < 1, though it would require some additional machinery for g > 1.
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Taking the limit in T is not going to be immediately possible, since N(T) — oo almost
surely as T — oo (a consequence, for instance, of Proposition 4.1(ii) of [31]), and thus the
expectations in both numerator and denominator tend to O for ¢ < 1, and to oo for g > 1.
However, we can hope that an appropriately compensated process might converge. Condition-
ally on X, we have that N(T) ~ Poi(fOT X(uw)—I(u)) du), and so, applying the tower law we

have
E[f(X(),1(s): 0<s < )g"™]
T
=E| f(X(s),I(s):0<s< t)exp{(q_l)f (X(u)—I(u))du}],
0

and similarly for the denominator. Then, if we can find some deterministic function 3(T) such

that T
exp{(q—l)fO (X(U)—I(U))du} a .,
3(T)

(3.13)

for some almost-surely non-zero random variable L (whose distribution implicitly depends
on q), and such that the sequence ¢¥{™)/3(T) is uniformly integrable, then we should have,

dividing through the top and bottom of the fraction by 3(T), that

E[f(X(),16):0<5s < 0)q"P]  E[f(X(s),1(s): 0 <5 < 0)L]
E[qN(D] E[L]

as T — oo. Then we would have that

lim En’p’q[f(n_l/an(I_snz/BJ), n_l/sln(tsn2/3J) :0Ss < t)]

o _ E[f(X(s),I(s): 0<s < t)L]
N E[L] ’

which would yield Conjecture 3.8. (We may also be able to say something explicit about the
distribution of L.)

When it comes to considering the limiting behaviour of ¢¥™, we will show later (Corol-
lary 7.3) that N(T) = ©,(log T), so we would hope to be dealing with a polynomial-order
measure-change term—that is, something comparatively small. (Proposition 7.2 makes this
more precise.) We also note that this proof method is consistent with Conjecture 3.6 above
about the distribution of the limit component sizes, in terms of a measure change from the
Erd6s-Rényi case, as long as we take the right choice of 3(T). So evidence for this proof

method is evidence towards that conjecture.
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There are two major problems with the above ideas that prevent them from immediately

providing a proof:

Problem 1: We need to make rigorous the notion of the independence of the far future from

the early part of the process, as in (3.11).
Problem 2: We need to find an appropriate function 3, as in (3.13).

Eventually, we will consider how to address these problems, but first, in Chapter 4, we discuss
preliminary results allowing us to compare the Erd6s—Rényi and random-cluster exploration
processes. Chapter 5 then takes a brief detour concerning the ¥(n, m) form of the Erd6s—-Rényi
model.

In Chapter 6, we use the results from Chapter 4 to resolve Problem 1 in the g < 1 case. For
q > 1, we do not have a resolution to this problem. Furthermore, there is an additional issue:
for the case q < 1, the convergence in (3.12) followed by the bounded convergence theorem,
but an integrability result would be needed in the larger-q case. We discuss this in more detail
towards the end of Chapter 6.

However, we can resolve Problem 2 for g > 1: we do so in Chapter 7, using an approach
originating with Janson and Spencer [40], which suggests that, in the calculation above, the
correct function 3(T) to take is 3(T) o< exp{(q—1)(log T)/2} = T V/2  as required for
Conjecture 3.6 to hold. Problem 2 remains unsolved in the case g < 1; we discuss towards the
end of that chapter why the method fails.

Of course, there’s no reason to think that the heuristic proof above is the only valid method.
Going forward, then, in Chapter 8, we outline an alternative (though still incomplete) method
that might be used to show that the sequence of component sizes converges. Later in the
same chapter, we finally discuss components as metric spaces, showing that, were a proof of
convergence of the component sizes to be found, this is sufficient to show the existence of a

scaling limit.
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Chapter 4

Preliminary results

This chapter will be devoted to proving preliminary results, predominantly concerning the
Erd6s-Rényi model. These results will be used in the proofs relating to the random cluster
model in Chapter 6.

In Section 4.1 we establish that, for ¢ < 1, we may couple a critical random cluster graph
to a critical Erd6s—Rényi graph; we establish in Section 4.2 that this means that we can nest the
corresponding exploration processes too, as well as noting that, for any p and q, the exploration
process for the random cluster model is a Markov process. Having established the possibility of
comparison, in Section 4.3 we establish some useful results about the Erdés—Rényi exploration
process. Finally, in Section 4.4, we consider adding a small number of vertices to, or deleting
a small number of vertices from, an Erd6s—Rényi-type graph, demonstrating that the effect on
the exploration is negligible, which will be necessary in the proofs in Chapter 6.

All of these results are related to the problems discussed at the end of the last chapter; we
will discuss the connections as we go along.

Some of these results are of independent interest: for example, in Proposition 4.13, we
prove that the reflected limit process described by Aldous (in the theorem we quoted as The-

orem 1.6) converges to 0 as the time t — ©0.

4.1 Glauber dynamics and coupling

Our aim in this section will be to prove the following proposition, which allows us to compare

the random cluster model (for g < 1) and the Erdés—Rényi model.
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Proposition 4.1. Let q € (0,1); let AV € R, and let A® = max{0,A(1)/q}. Define

Let GV ~ ‘g(n,p(l),q), and let G ~ %(n,p(z)). Then, for all sufficiently large n that p(") €
(0,1) and p® € (0,1), we have that G <, G, in the sense that we may couple GV and G®

so that G is a subgraph of G®.

We will prove this by considering Glauber dynamics; that is, a Markov chain (in our case,
a continuous-time one) whose stationary distribution is the random graph in question.
Let &, denote the set of all graphs of size n, and let B = (bgy) be a square matrix indexed

by &,,, where:
e forall G,H € &, with G # H, we have bsy = 0; and

e forall G € 8,, we have

b =— Z by

He®,
H#G

(That is, B is a plausible generator matrix.) As noted by Grimmett [32, §8.2], if B satisfies the

condition that, whenever by > 0,

bug _ p*901—p) g @
~ peli)(1 — p)—e(H)ge()’

(4.1)
ben

then a continuous-time Markov chain on &,, with generator B, if it is irreducible, has as its
stationary distribution ¥(n, p,q). (Indeed, it is also reversible.)

Grimmett in fact gives an example of such a chain [32, (8.1)]; we define a slightly different
one. However, we will use the same idea bgy = 0 whenever G and H differ by more than one
edge. Specifically, for any graph G and any e € [n]@, let G, denote the graph G with e
removed (if indeed it was present in G in the first place), and G: denote G with e added (if it
was not already present). Let [n]® denote the set of size-2 subsets of [n]. Then we take, for

all G € &, and for all e € [n]®,

(€3]
_ 2 p —Ig.
b, ;= (1-p ))(1 _p(1))q %

bgsg- =1 —p®,

4.2)
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where

Ie,G = ll{e is a bridge in G:}f

an edge e of a graph G being a bridge if and only if there is no path between the endpoints of
e in G —e; note that it is exactly when I, ; = 1 that ¢(G,) and ¢(G)) differ, with G, having
one more component than G.

It can then be checked that these transition rates satisfy (4.1) for the case p = p‘V), and

that a chain with generator B, where

bge =— Z bou

He®,
H#G

and

B = (bgr)g nes,

is irreducible. (The latter holds because, in the corresponding jump chain, there is always a
positive probability that the next graph is any graph that is differs from the current one by one
edge; in this way we can construct a sequence of moves to pass from any graph on [n] to any
other.) Thus its invariant distribution is ¥(n, p(l), q).

Note in particular that, taking ¢ = 1 and replacing p™ with p® in (4.2), we obtain a chain

with invariant distribution %(n, p(z)) that has transition rates

boca; =P 4.3)

— 2
bgs - =1 —p®.
This is equivalent to setting up a separate, independent chain for each edge, with two states
“on” and “off”, in which we switch from “off” to “on” at rate p‘® and make the reverse trans-
ition at rate 1—p®). It is from this that we derive the chains used in the proof of the following

lemma.

Lemma 4.2. Let q € (0,1), and AV € R; define A®, p( and p® as in Proposition 4.1. Then,
for sufficiently large n that p™, p® € (0, 1), there exists a pair of continuous-time Markov chains

(V)50 and (G2)

s whose state space is the set of all graphs of size n, such that:

=0

1) _ (2 .
M Gy =G, ~9(n,pW,q);
an (Gs(l)) is stationary;
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d
i (Gs(z)) has as its stationary distribution %(n,p(z)), and Gs(z) - %(n,p(z)) ass — oo;

(IV) For all s = 0, we have Gs(l) < Gs(z).

Proof. Start by taking G(()l) = G(()Z) ~ ‘ﬁ(n, p(l),q) as an initial distribution, so that (I) is im-
mediately satisfied. We proceed by constructing a means to update the graphs such that the
transition rates in GV satisfy (4.2), and the rates in G satisfy (4.3).

For each e € [n]®), define two Poisson processes U'® and S(¢), independent of each other
and across choices of e; let U have rate p(z) and S have rate 1 — p(z). Then, for each e, at
each event time t of U®), add e to GE), if it is not already present, to form GEZ) ; likewise, if t
is an event time of S, remove e from GEE) to form GEZ). This forms a chain whose transition
rates satisfy (4.3), noting that, with probability 1, all the event times are distinct, which gives
(I1).

Now, to form G, we still (for each e, and if possible) remove e from GW at time ¢ if it is
an event time of S©. However, we will thin each chain U, If t is an event time of U®), and

e is not present in GEI_), then with probability

M(1—p@
(M)q 44

p(z)(l —p(l))

withG = Ggl_), we add e to Ggl_) to form GEI), and otherwise we do nothing. These rates likewise
satisfy (4.2); however, it remains to show that the quantity in (4.4) is a valid probability—that
is, that it lies between 0 and 1.

Since g ¢ € { 1,q71 } where g~ > 1, it is sufficient to show that, for all sufficiently large

(1= p@)
qp(z)(]_ —p(l))

It is clear that this is non-negative, as long as n is sufficiently large. Then note that it is less

€[0,1]

than or equal to 1 if and only if

1)
JPLE) P
q+(1—q)pW
which in turn holds if and only if
2@ > n4/3[L _ l}
q+Q1—q@p® n

B A _—(1— q)q/n2/3 — —q)?t(l)/n
g+ —q)g/n+ (1 —g)AM)/n4/3
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This holds for all n with our choice of A(z), showing (II).

Now suppose that t is an event time of one of the Poisson processes U®) or S, for some
e, and suppose that GEI_) < GEE) Then one of three things happens at time t: either e is set
to be missing in both graphs GED and GEZ), or e is set to be present in both graphs, or (if t
was an addition time, e was not present in Gg, and the event gets “thinned out”) e is set to
be present in ng) but not in GEI). Thus GEU < GEZ). We note that nothing changes between
event times (and that there are countably many of them which tend to infinity—i.e. the chain
does not explode, which holds because the state space is finite). Then, by induction on the

countably many event times, Gfl) < GEZ) for all ¢, and so (IV) is satisfied also. O

d
Proof of Proposition 4.1. Take G and G® as in Lemma 4.2; then Ggl) — ¥9(n, pg,q) trivially,
and (non-trivially, but rather as a consequence of Markov chain theory on finite state spaces)

d
GEZ) — ¥Y(n, py), both as t — oo. Indeed, they converge jointly, so that the sequence

P, = (G, G](f))keN

converges in distribution. Thus, by Skorokhod’s representation theorem, we may consider a
probability space on which the sequence P, converges almost surely, so that there is a random
limit object P = (G(l), G(z)) in (¢,)* where P, — P almost surely. However, G](cl) < G,((Z) a.s.
for each k, so, since (05,1)2 is a discrete and finite space, this relation must hold for the limit

object too, so G < G@. But we know that GM) ~ ¢(n, p™M, q) and G ~ ¢(n, p?). O

4.2 Nesting of exploration processes

We will now start to consider the exploration process for the random cluster model. Recall that
PP, , denotes the measure on which our random graph, G, is distributed according to 4(n, p),

and that P is the same for ¥(n, p,q).

n,p,q
Consider exploring the random cluster model using Algorithm A (which we stated on p. 4).
Recall that, for any graph, the number of vertices on the stack on the i-th iteration after step
2(a) (i.e. just before we start querying edges) is exactly X, (i—1)—1I,(i—1), and the number of
components whose exploration is completed by the end of the i-th iteration is exactly —I,,(i).
If ¢ = 1 (i.e. under P, ), the processes (X,,I,), (Xp,I,,N,) and X,, — I, are all time-

inhomogeneous Markov chains (by the independence of edges). Moreover, we have that

the following distributional statements hold: for i = 1,...,n, conditionally on the triple
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(Xp(i=1),1,(i = 1), N, (i — 1)):

{i~Bin(n—i—X,(i—1)+1,(i—1),p);

ni~ Bin(Xn(i —1) _In(i - 1),P)

For ¢(n, p,q) with general q, we will not have such neat distributional statements—if we
did, it would likely make it much easier to find a limit for the exploration process. However,

we can still make some observations about the exploration process.

Proposition 4.3. The processes (X,(k),I,(k))o<k<n and (X,(k),I,(k),N,(k))o<k<n are both

Markovian under the measure P Further; conditionally on (X, (k),I,(k),N,(k)), the pair

np.q
(X,(k+1),I,(k+ 1)) is independent of N,,(k + 1), with

N1 = Np(k +1) =N, (k) ~ Bin(X, (k) — I,,(k), p).

Moreover; if Y, (k) = X (k) — I,(k), then (Y,)o<k<n is a Markov chain.

Remark. The explicit statement of the distribution of N,, is further evidence that it really is the

component size distribution wherein lies the fundamental difference lies between %(n, p) and

%(n,p,q).

Proof. We show only the claims about (X,, I,, N,,); the claims about (X,,,I,) and Y, may be
shown similarly.

We set up notation. For each k € Z7°, let Xg‘) = (X,(0),...,X,(k)) € Zk*; define Ig‘)
and Ng‘) analogously for each k. Suppose we have a sequence (xy, i, Ny )xez>o in Z°. For each
k €N, let X0 = (x,,...,x;) € Z¥1; let i € Z*+! and n®) € Zk*1 be defined analogously.

Pinally, denote, for each k, the events
k k k k +(k k k

and

Ek = {Xn(k) = xkﬁln(k) = ik’Nn(k) = ng };

note that these events implicitly depend on our choice of the sequence (xy, iy, Ny )rez>0-

Then we can express the Markov property as the statement that, for any k € N and for any
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E®) > 0,

choice of the sequence such that ]P’n’p,q(

Pn,p,q (Ek+1 | E(k)) = Pn,p,q(Ek+1 | Ek)- (45)

To show that this holds, note that, since the number of components of the graph is —I,,(n), we

have

Popq(E*™)  Enp[lpeng ™) B, [1g,, ¢ | E®]

P = =
P (E(k)) ]En,p[ﬂE(k)q—In(n)] ]En’p[q—ln(n) | E(k)]

n,p,q(EkH | E(k)) = , (4.6)

1,p,q

where we apply Proposition 3.7 twice for the second equality, and divide the numerator and

denominator by ]P’n’p(E(k)) for the third. But, under P, ,, the process (X, I,,N,) is a Markov

n,p>

process, since under this measure G,, ~ %4(n,p). So it holds that

]En’p[]]'Ek+1q_In(n) | Ek:l
En,p[q_l"(n) | Ek]

Pn,p,q(EkH | E(k)) =

>

and reversing the series of steps in (4.6) gives us (4.5).

For the distributional statements, note that, under PP, ,, in fact, given E;, the entire se-

n,p»
quence (X,,(k +1),...,X,(n)) is conditionally independent of N,,(k + 1), since they can be de-
termined by inspection of disjoint collections of independent edges—and hence, by the defin-

ition of I,,, so is the entire collection (X,(j),I,(j):j=k+1,...,n). So in fact

EnpLr,, a7 | Ei]

=Enpl Lix, (ki) (et i 14" | Ex JPrp (No(k + 1) = g | Ep),

and reversing the steps in (4.6) again on the left-hand term gives us that in fact
]Pn,p,q(Ek+1 | Ek) = ]Pn,p,q(Xn(k + 1) = Xk+1> In(k + 1) = ik+1 | Ek)Pn,p(Nn(k + 1) = N4 | Ek):

showing (since x;,q, ix4; and ng,,; were arbitrary) the claimed conditional independence.

Moreover, under P, ,, and conditionally on E;, we have that N, (k+1)—N,,(k) has the claimed

n,p>

binomial distribution. O

Remark. Although the process I,, is measurable with respect to X,, it does not hold that the
processes X, and (X,,, N,) are Markovian in general, because the step distributions depend on

the value of I,, which in turn depends on the history of X,,.

When the stack size reaches 0, we can say something stronger about the residual graph.
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Proposition 4.4. Conditionally on X, (k)—I,(k) =0, we have G,\{vy,...,v } ~ %(n—k,p,q),

up to relabelling of vertices.

Proof. We prove this conditionally on X,,(k) = I,,(k) = x and N,,(k) = n for some x,n € Z,
such that the probability of that event is non-zero. The claimed result follows by averaging.

When we inspect Algorithm A, the fact that X,,(k)—I,,(k) = O—i.e. that the stack is empty—
tells us that there are no edges between {vy,..., v} and {v;;s,...,V, }, because there can
never be any edges between pairs of vertices such that, at the end of any step of the explor-
ation, one is dead and one is sleeping. This may mean that v, completed the exploration of
a component (which would be the case if I,,(k) = I,,(k — 1) — 1), but this is not necessarily
true: it may be that some vertices in {v;,...,V; } are connected to vertices in the rest of the
graph, but if so they can only be connected through the vertex v;;. The effect of this is that,
in either case, the number of components of G, \ {v,..., v, } is equal to the number of com-
ponents in G, spanned by {vi;1,...,V, }, which in turn is equal to —I,(n) + I,,(k). That is, if
X, (k) =1,(k), then

(G \{vi,-.., v }) =—I,(n) + (k). 4.7)

We also note that, under P, ,, then the distribution of G, \ {vy,..., v} is independent of

n,ps
(X,(k),I,(k),N,(k)), since they are determined by inspecting disjoint collections of the inde-
pendent edges in G,,.

Now, redefining notation from the proof of Proposition 4.3, let the event
E. ={X,(k)=1,(k)=x,N(k)=m,{vy,...,w } =W},

where W € [n]® is some (non-random) size-k subset of [n] such that P, q(E) > 0. (We
have already chosen x and m such that the probability that X, (k) = I,,(k) = x and N,,(k) =m

is non-zero.) Then, for any graph H on [n]\ W, it holds, similarly to (4.6), that

E
Pn,p’q(Gn\{Vl,...,Vk} =H | Ek) —
E,p[q | E]

B T Enp[LiG\ (v, }=H)]
= q_xEn,p[q_In(n)+In(k) | Ek]

0 | ]

3

En,p [qC(Gn\{ ViV }) | Ek]

where the last equality follows by (4.7). But, by the independence of G, \ {v;,..., v, } from
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(X, (k), I,(k), N, (k)) under P, ,, we can remove part of the conditioning, giving

E ]l .....
Pn,p,q(Gn\{vla"';vk}:H|Ek)=

Then note that, under P, , and conditionally on its vertex labels, the random graph G, \
{v1,..., v } is an Erd6s-Rényi graph with on those vertices with probability p. Applying Pro-

position 3.7 again gives the result we need. O

Remark. An important point to note is that nowhere in the above proof do we use the specific
choices of v; made in step 2(a) of Algorithm A (although we do also need to choose a vertex
from the stack, if the stack is non-empty, so that it still holds that X, (i) — I,,(i) is the number
of vertices on the stack when we start exploring). This means, for instance, that we would
obtain the same results (Propositions 4.3 and 4.4) if we made a uniform random choice of

vertex from the stack.

This observation is important because we will need to change our choice of “current vertex”

to prove the following proposition, which is the main result of this section.

Proposition 4.5. Let ¢ € (0, 1), and A; € R. Define:

A
AHzmax{?G,O};

1, %,
Po =1 " s
N
Pa =" s

Let (X,,1,,N,) (resp. (X;’I;’Né)) be an exploration using Algorithm A of 4(n,pg,q) (resp.
9(n,py)), except that we choose our new v; after each iteration by making a uniform ran-
dom pick from the stack. Then it is possible to couple (X,,I,,N,) and (X/,I’,N") such that

Xa()—1I,(1) <X (1) =1, (i) for all i, and such that N, (i) —N,(i —1) < N/ (i) =N/ (i — 1) for all

i

To address why this change is necessary, we note that we are aiming to exploit the fact
that we have a nested coupling of the two random graphs—say, G ~ ¥(n,q/n,q) (@ < 1) and
H ~ %(n,1/n)—such that G < H. To obtain the nesting of the exploration processes, we need
to explore the vertices of the two graphs simultaneously and in the same order, while still
exploring, in each, one component at a time. In general, this will not be a criterion satisfied

by the depth-first order for either.
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This motivates the following algorithm.

Algorithm B.
We explore graphs G and H simultaneously, where G is a subgraph of H. We will maintain
separate stacks, called the G- and H-stacks, and have separate labels (“G-sleeping”, “H-awake”

etc.), for each graph.

1. Initialise X;(0) = I;(0) = N;(0) = 0, and likewise for H. Set all vertices to be sleeping,

and both stacks to be empty.
2. Foreachi=1,...,n:

(a) If the G-stack is non-empty, set the new current vertex, v;, to be a uniform random
vertex from the G-stack, which is immediately killed and removed from both stacks.
Otherwise, if the H-stack is non-empty, set v; to be a uniform random vertex from the
H-stack, which is immediately killed and removed from that stack; if both stacks are
empty, set v; to be a uniform random sleeping vertex, and immediately set it to be both

G-dead and H-dead.

(b) If any G-sleeping vertices are adjacent to v; in G, make them G-awake and add them

to the G-stack. Let {; ; be the number of such vertices discovered. Repeat for H.
() SetXs(i) =Xg(i —1)+{; ¢ —1, and similarly for H.
(d) SetI;(i) =min{I;(i—1),X;(i)}, and similarly for H.

(e) Let m; ¢ be the number of G-awake vertices adjacent to v;, and similarly for H. Let

Ng(i) = Ng(i — 1) + n; 6, and similarly for H.

We note that Algorithm B is well-defined—that is, v; is a vertex from the G-stack when the
G-stack is non-empty, and from the H-stack when the H-stack is non-empty. We note further
by induction that, for all i = 0,...,n, the G-stack, after iteration i, is a subset of the H-stack.

We now use this algorithm to couple the exploration processes.

Proof of Proposition 4.5. Take P to be a probability measure where

G~ Y% (n,pg,q);
H~ (g(n:pH);

G<H,
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the existence of which is implied by Proposition 4.1.

We use Algorithm B to explore G and H simultaneously. We claim that the equalities in
distribution (X, Ig,Ng) 4 (X, I,,N,) and (Xg, Iy, Ny) 4 (X;,I;,Nr’l) hold. If so, then, as
noted above, the stack size in the exploration of G is always less than or equal to that of H.
But the stack size (after Step 2(a)) is X;(i) — I;(i) for G, and similarly for H, so that, for
i=0,...i—1

X(1) = I(1) < Xp () — Iy (D).

Finally, we have that X;(n)—I;(n) = 0 = Xy (n)—Iy(n), since we are at the end of a component
(the last one), which means that both processes hit a new infimum. So, for all i, we have
Xe(i) —Io(1) < Xpu(D) — In(D).

Correspondingly, n; ¢ (resp. ; ) counts the number of edges discovered from v; to other
vertices on the stack in the exploration of G (resp. H) at iteration i. But the stack for G is a
subset of that for H, so we consider a subset of the possible edges as surplus edges; moreover,
if any possible surplus edge exists in G, then, since G < H, that edge is present (and a surplus
edge) in H. So Ng(i) —Ng(i — 1) < Ny(i) — Ny (i — 1), and the algorithm gives a coupling of
the kind required.

It remains to show that the equalities in distribution hold. Define the following:

A.c={eisanedgein G};

Ig=14,,;

Fic= O'(Vj forj<i,I, g foree [n]® with v; € e for some j < i),
and similarly for H. In addition, define
4 =0(Fi6,Fin)-

Then we just need that, for the marginal explorations, the choices of v; are appropriately

distributed. Thatis, fori=1,...,n:

(A) conditionally on &;_; ;, we have that v; is a uniform pick from the G-stack if the G-stack

is non-empty, and otherwise a uniform pick from the G-sleeping vertices; and

(B) conditionally on #;_, ;;, we have that v; is a uniform pick from the H-stack if the H-stack

is non-empty, and otherwise a uniform pick from the H-sleeping vertices.
This follows by induction, and from the exchangeability of vertex labels in both the Erdés—
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Rényi model and the random cluster model.

Specifically, even though we only consider the H-stack if the G-stack is empty, it holds by
the exchangeability of vertex labels and the uniform random choices we are making that the
G-stack is always, conditionally on its size and the vertices on the H-stack, a uniform random
subset (of that size) of the H-stack. So, when considering only the marginal distribution of the
exploration of H, choosing a uniform random vertex from the G-stack amounts to choosing a
uniform random vertex from the H-stack. Similarly, when the G-stack is empty but the H-stack
isn’t, the H-stack is (again conditionally on its size and the G-exploration) a uniform subset
(of that size) of the G-sleeping vertices, so a uniform pick from the H-stack is, in the marginal

distribution for G, a uniform pick from the G-sleeping vertices. O

Before we move on, we note briefly that essentially the same proof may be used to show

the following proposition (whose proof we therefore omit).

Proposition 4.6. Let (X,,I,,N,) be an exploration of %(n, p,), and let (Xr/v I;I,Né) be an explor-
ation of 4(n, p,), both using Algorithm A, except that we choose our new v; after each iteration
by making a uniform random pick from the relevant stack. Suppose p; < p,. Then it is possible
to couple (X,,1,,N,) and (XT/I’IT/'L’NT{l) such that X, (i) — I,(i) < X/ (i) = I' (i) for all i, and such

that N,(i)—N,(i—1) < N/(i) =N (i —1) for all i.

Remark. This does not immediately follow from setting ¢ = 1 in Proposition 4.5, because we
didn’t consider arbitrary changes of the probability parameter there. However, as suggested
above, the proof method transfers over almost identically, using the standard subgraph coup-

ling of Erd6s—Rényi graphs with different edge probabilities.

4.3 The Erdés-Rényi exploration process

Now that we have established a comparison with the critical Erd6s—Rényi random graph, we
prove some preliminary results about the Erd6s—Rényi random graph scaling limit. We consider
the exploration process given by Algorithm A for %(n, 1/n+An~% 3), with A € R. In this
section, to avoid unnecessarily cluttering notation, we will drop references to the measure
under which we are working, since this will usually be obvious, and we will just use P and E
throughout. Specificity will return in the following section.

We let X, I and N be the limiting processes defined by Aldous in [6], introduced above in
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Theorem 1.5; for reference, these are defined, where B is a Brownian motion on [0, 00), by

2
X(t)=B(t)+ At —% (4.8)

I(t)= Sir<1£X(s), (4.9)

with, conditionally on (X(t) : t = 0), the process N being an inhomogeneous Poisson process

on [0, co) with intensity X (t) —I(t) at t.

4.3.1 Approaching zero

We wish to prove the following.

Proposition 4.7. For T > 0,¢& > 0, let the event E, (T, €) be defined by

E,(T, &) = { X,(k) = I,(k) for some k € [| Tn?/?|,| (T +e)n*?]]}

N{N,(|(T +&)n?]) = N, (| Tn?*? ) }.

Then

lim lim P(E,(T,1/T)°)=0. (4.10)

T—oon—

That is, we want to show that, for sufficiently large times T, the reflected process X — I
will hit 0 very soon after T, and no further Poisson points will be detected in the time between
T and the time where the process hits 0.

To explain why this is useful, imagine we had a similar result for the random cluster model.
If we knew exactly that the exploration hit O at |_Tn2/ 3 J, then we could state precisely the
behaviour of the exploration for the random cluster model, by Proposition 4.4, and indeed we’d
have (by the Markov property) independence of the residuary from the explored portion—
addressing Problem 1 in Section 3.2, which discussed showing “approximate independence”
between these parts. (In fact, in Section 6.1, we will be able to use the comparison established
in the preceding two sections to establish the analogous result for the random cluster model
in the case g < 1.)

Such a result doesn’t completely address the problem, because we only know that we hit
0 in a short space of time, not the exact point. We might hope this gives us the approximate
independence we seek, though; in fact, it does, aided by the fact that we can also show that
it is unlikely we see any more surplus edges in that short space of time. The results that will

eventually allow us to make this rigorous are discussed in Section 4.4.
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Note that we know that the limit in (4.10) in n exists, because we know that the scaling
limit for %(n, 1/n+An~* 3) exists. It will therefore be helpful to have some bounds on the

probability of certain events in the limit process.

Lemma 4.8. Foralle >0and T = 0,
P(X(T)—I(T)>¢) < e (T72Me, (4.11)

and so, in particular, X(T)—I(T) 2 0asT - o0.

Proof. This is trivial for T < 2A, so assume T > 2A.

Note that (B(T(s)) defined by

0<s<T
BM(s)=B(T —s)—B(T)

is a Brownian motion run for time T. Extend it to a BM on [0, o). Then define, for s = 0,

£0(s) = BD(s) + ST =)
2

—As,
and, for0<s<T,
JDE) = inf D).
()= nf, XD
Then it holds that, for 0 <s < T:

XM (s)=X(T —s)—X(T);

JM(s)=1(T —s)—X(T).
We are interested in
PX(T)—I(T) > &) =P(J(0) < —¢) = ]P’( inf XD < —g). (4.12)

Osu<T

Now define ¥(7) by
. ~ T
Y(T)(S) = B(T)(S) +S(E — A),
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noting that, for 0 <s < T, YT (s) < X("(s). Thus

IP’( inf XM(w) < —s) < ]1»( inf 7(M(w) < —g)
O<u<T O<u<T

< p(mf?m(s) < —e) (4.13)
520
< ]P’(inff/(n(s) < —e).
520
Now ¥(T) is a Brownian motion with linear drift term T/2 — A. For b > 0, let T_, be

defined by

T_€=inf{s>O:l7s(T)=—£},

which may take the value oo if Y(I) never hits —e. Then it can be shown (see, for example,

[17, Eqn. 2.2.0.2(1)]) that, for T = max{0,2A },

]P’(inf?(T)(S) < —8) =P(1_, < 00) = 724,

520

Hence, from (4.13), for such T,

IF’( inf XMw) < —8) < e (17212

0<u<T
which, coupled with (4.12), gives us (4.11). The final assertion follows since, by definition,

X(T)—I(T) > 0. O

We next give a deterministic technical lemma, which allows us to compare between the
Brownian motion with quadratic drift (i.e., X), and a Brownian motion with (appropriately
chosen non-zero starting point and) linear drift—crucially, even when their respective infima

are subtracted. Indeed, it is more general than that.

Lemma 4.9. Let f, f : [0, 00) — R be continuous functions, and d, de R, such that, for all s,

f(s)+d < f(s)+d, and such that f — f is a (weakly) increasing function on [0, 00). Define:

m(s) = min { Ogisf(u), —d } ;

m(s) = min { Og}isf(u), —d }

Let y(s) = f(s)—m(s) and y(s) = f(s) —m(s). Then y(s) < y(s) forall s = 0.

We defer the proof to Appendix A (p. 179).

So that we can apply this, we show a useful result about a Brownian motion with linear
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drift which shows that, if it starts sufficiently close to its past infimum it is unlikely to get very
far away again in unit time. Once we use the lemma above to convert back to the quadratic
drift case, we will be able to use this to show that the area under the process across a unit time
interval is small, reducing the “space” in which surplus edges can appear—and thus allowing

us to show that it is unlikely we will have any.

Lemma 4.10. Let (W(s)),>o be a Brownian motion, and let T > 0 be non-random. Let Q(s) =
W(s)—Ms+¢e/2. Let

P(s) = min { ogisQ(H)’ 0 } s

and let R(s) = Q(s) — P(s). Then, for M — oo and ¢ = ¢(M) — 0, with € > 0 for all M and

M?e™*M 5 0as M — oo,
P(due[0,1]s.t. R(u)=¢) = O(e_gM).

Remark. Note that M%2e~*M — 0 (as M — 00) implies that eM — oo as M — oo, which will

be required in the proof.

As Peskir [50] notes, R is a reflected Brownian motion with (linear) drift —M, started
at €/2. This is therefore a question about a hitting time of such a process, which has been
analysed in several sources (e.g. [62, 29, 35]). We will use the following result, taken from

[29].

Lemma 4.11 ([29, (3.7)]). Let B™ be a Brownian motion with linear drift u > 0, started at

x 2 0. Fix b 2 x, and define

D(t)= max{ sup B™(w)—b,0 }

Osust

Let

t=inf{t>0:BW(t)-D(t)=0}.

Then, for 6 > 0,
pe—s(b=x) _ gp=r(b=x)

E[¢%] = , (4.14)

re—sb —gse-rb

where r =r(6,u) and s = s(6, u) are given by

ri=—u+yu2+26
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and

si=—U— 4/ U2 +20.

Proof of Lemma 4.10. We note that 7, as defined in Lemma 4.11, can be expressed as

T=inf{t>O:B(“)(t)=00rB(“)(t)— sup X(u)+b=0}=inf{t>O:R’(t):O},

O<u<t

where R’ is a Brownian motion with drift u, started at x, reflected at b. Taking x = ¢/2, b=¢
and u = M, we have that R’ de_R Sotis identically distributed to the first hitting time of
Rate.

Hence, our result is equivalent to showing that P(7 < 1) = O(e_gM ) We apply Lemma 4.11
by noting that

P(t<1)=P(e " >e!)<eE[e"], (4.15)

by Markov’s inequality. Thus, in turn, it is sufficient to show that
E[e_f] = O(e_EM).

It can be straightforwardly verified that, as M — oo,

r:r(l,M):(a(M_l) (4.16)
and
s=s(1,M)=—2M+06(M™"). (4.17)
Moreover,
r—s=2¢/u2+25 =2M +0(M1). (4.18)

Manipulating (4.14) (with the appropriate substitutions for b and x) and using (4.16)—(4.18)

gives us that

_ _ -1
E[e_f] :esg/z(l_se(s r)s/Z)(l_se(s r)s)
r r

=0(e™)(1+0(M?eM))(1+ 0(M?e M) = 0(e~*M),
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provided that M2e™*™ — 0 as M — oo. With (4.15), this completes the result. O
We now shift back to the quadratic drift case.

Lemma 4.12. As T — oo, for a = a(T) — 0 with T2¢9T - 0,
]P’(X(T +s)—I(T +s)> a forsomes €[0,1) | X(T)—I(T) < %) - O(e—Ta)‘

Proof. As notational setup, we take R(s) as in Lemma 4.10, i.e. a reflected Brownian motion
with linear drift —M, started at a/2. We assume T > A, and set M = T — A. (Note that, as
T — 00, M — oo and a(T) — 0 with aM = aT —aA — 00.)

Let Ay, = {X(T +s)—I(T +s) = a for some s € [0,1) }. Then

IP(X(T)—I(T) < g)IP(X(T +5)—I(T +5)> a for some s € [0,1) | X(T)—I(T) < %)

= IE[]IAT’a]l{X(T)—I(T)gg}]

= E[E[]IAT,[X]I{X(T)—I(TK%} ‘ X(T), I(T)]]:

by the tower law.

Now we apply Lemma 4.9, so that we can consider the computationally-easier linear drift
case instead. If F(s) = X(T +s) and d = —I(T), then, taking f = F in the statement of
Lemma 4.9, then the y(s) from that lemma equals X(T +s) — I(T + s) exactly. Now take
F(s) = F(s)+ a/2—X(T)+s2%/2 and d = 0, so that ¥ has identical distribution to R. In

Lemma 4.9, let f = F. Then, on the event
{X(T)—I(T) <

3

the condition that f + d < f +d is satisfied, as is the condition that f — f is an increasing

MR

function; thus, by Lemma 4.9, y(s) < ¥(s). As such, on this event we have found a coupling
of X(T +s)—I(T +s) and R(s) such that X(T +s) —I(T +5s) < R(s).

Then, if there exists a (random) point s € [0, 1) such that X(T +s)—I(T +s) = a, certainly
there exists s € [0,1) such that R(s) > a. Let Cr, = {R(s) = a for some s € [0,1)}, noting

that the distribution of R implicitly depends on T. Then

E[“Ar,a]l{X(T)—I(T)sz—*}

X(T),1(T) ] < E[Le,, L ixryicry<s) ‘X(T),I(T)];
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applying the tower law again thus gives us that

E[E[HAT,G]I{X(T)—I(TK%} ’X (T)’I(T)]] <E[te, Luarrimes)
_]P(cm %) (X(T) I(T) < )

=B(Cro)B(x(D)-1(1) < 5),

X(T)—I(T) <

since Cy, depends only on F, which is independent of (X(T),I(T)) (as these depend only on

the process (B;)p<s;<7). Therefore,

]P’(X(T +5s)—I(T +5s) = a for some s €[0,1) ‘X(T)—I(T) < %)
<P(Jue[0,1]s.t. R(u) =a)

=0(e™*M)=0(e""%),

by Lemma 4.9, as required. O
We are now in a position to prove the main result about the Erdés—Rényi exploration limit.

Proof of Proposition 4.7. Let
E(T,e)={X(w)=1(u) forsomeu e [T, T+¢e]and N(T +&)=N(T)}.
We will take € = 1/T. We then seek to prove that, as T — 0o,
P(X(u)>[(u) for alluE[T,T+%})—>O (4.19)
and
IF’(N(T+%)>N(T)) — 0; (4.20)
this is sufficient, by the union bound, to prove the claim, since, by Theorem 1.6,

limsupP(E, (T,&)) = hm P(E,(T,e)) =P(E(T, £)°).

n—,oo
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We take (4.19) and (4.20) in turn. For (4.19), we can write, for any 6 > 0,

IP’(X(u) >I(u)forallue [T,T+ %D
SPX(T)—I(T) > 5)+]P’(X(u) >(u) forallue [T,T+ %] ‘X(u)—[(u) < 5).

(4.21)

Now by Lemma 4.8, for sufficiently large T, we have P(X(T)—I(T) > §) < e (T7215,

For the second term, let
t=inf{u=20:X(T+u)=I(T +u)},

and, for 0 < u < 7, define

2
L(u) = X(T +u)—X(T) + ”? +5.

L is a Brownian motion with linear drift —(T — A) on [0, 7], started at §. For an independent

Brownian motion B’, define that for u > 0,
Lu+7)=L(7)+B'(w)— (T —A)u,

so that we have a Brownian motion with linear drift on [0, c0). It can be verified that, for
0 <u < 7 and conditional on X(T)—I(T) < &, we have X(T +u)—I(T +u) < L(u); moreovet,
L is independent of (X(T),I(T)) by the Markov property. In particular, this means that, if

7; =inf{u>0:L(u)=0}, then 7; = 7, and so

IP(X(T) > [(T) for all u € [T, T+ H ‘X(T)—I(T) < 5) _ IF’(T > % ‘X(T)—I(T) < 5)
<IP’(TL > %)

Now, the density function of 7; is given, according to [17, Eqn. 2.2.0.2] and for t = 0, by

_ _ 2
£ (D)= _M}

1)
V2mt3/2 exp{ 2t

as t — oo, with P(7; < 00) = 1 [17, Eqn. 2.2.0.2(1)]; that is to say, T; has an inverse

Gaussian distribution with mean &/(T — A) and shape parameter 52.
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Therefore
E[7,]=

and

1068 Y 5
Var(TL)Zﬁ(m) :m

Thus, by Chebyshev’s inequality,

IP’( - 1 ) < o

T X )

PTr—A) T (T-00a-6)2

as long as 6 < 1. So take 6 = 1/2, say. Then, putting everything into Equation (4.21), we
have that

1 2
IP’(X(u) >I(u) forallu e [T, T+ ?D e (T21/2 4 " 0,

as required. (It is possible to optimise over § to obtain a tighter bound, but we do not need
to.)

We move on to (4.20). For T > 1, note that 0 S N(T +1/T)—N(T) < N(T +1)—N(T),
so it suffices to show that P(N(T +1)—N(T)>0) —» 0 as T — 0o. Moreover, note that,

conditional on the processes (X, I), if we define

T+1
A(T)= f (X (u)—I(u))du

T

then N(T + 1) — N(T) ~ Poi(A(T)).

Now we split: for any a > 0,

P(N(T +1)—N(T) > 0)
<SPX(T)=I(T)>a)+P@Euec[0,1]s.t. X(T +wW)—I(T +w) = 2a | X(T)—I(T) < a)
+P(N(T+1)—N(T)>0|X(T)—I(T)< a; Vue[0,1], X(T +u) —I(T +u) < 2a).

(4.22)

We choose a = T~/2. Again, we can use the fact that P(X(T)—I(T)> a) < e (T2 for

—aT

sufficiently large T. Meanwhile, by Lemma 4.12, we have that, if T2e —0as T — oo
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(which is the case here),
P(Aue[0,1]s.t. X(T +u)—I(T +u) =2a | X(T)—I(T) < a) = 0(e27%).
Finally, by the Poisson distribution, the last term is easy to deal with:

P(N(T +1)—N(T) >0 ‘ X(T)—I(T) < a; Yu € [0,1],X(T +u) — I(T +u) < 2at)
=E[1—eD | X(T)—I(T) < a; Yu € [0,1],X(T +u)—I(T +u) < 2a]

<1—e2*=0(a),

since f(x) =1—e™ " is an increasing function of x, and the conditioning implies A(T) < 2a.

Then we have, by (4.22),
P(N(T +1)—N(T) > 0) < e 724" 1 o(e72") 4 o(171/2) -5 0,

as required. O

As an aside, we note that we can put together the “ingredients” above in a different way

to strengthen the final assertion of Lemma 4.8.
Proposition 4.13. X(T)—I(T) — 0 almost surely as T — ©o.

Proof. LetAr, ={X(T +s)—I(T +s) > a for some s € [0,1) }, as in the proof of Lemma 4.12.

Then

a
P(Ar,) < ]P’(X(T)—I(T) > E)

+]P’(X(T +5)—I(T +5)> a for some s € [0,1) | X(T)—I(T) < g)
By Lemma 4.8, we have that
P(X(T)—I(T) > %) < e (T—2Ma/2,

Meanwhile, we note that we may adapt the proofs of Lemmas 4.10 and 4.12 to show that, for

fixed a > 0,

P(X(T +8) = I(T +5) > a for some s €[0,1) | X(T) = 1(T) < g) =0(eT).
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Thus, we have that
P(Ar,) < e T=2D4/2 4 o(Te~T%) = 0(e~T%2).

From this, we see that
oo
D P(Are) < 00,
k=1

and thus, by the first Borel-Cantelli lemma,
}P’(Ak’a infinitely often) =0

for all @ > 0. The event {Ak,a infinitely often} is equivalent to the event that there exist

infinitely large values t such that X(t)—I(t) = a. So

IP’(U (VT >03t>T st X(t)—I(t)>a})

a>0
( {VT>03t>Ts.t.X(t)—I(t)>1,})
j J

j=1
= lim IP(VT >03t=Ts.t. X(t)—I(t) > j) =0.
]—)OO
Hence P(X(t)—1(t)—>0)=1. O

4.3.2 Convergence of expectations

We have, by Aldous’s Theorem 1.6 that, when (X,,,I,,N,) is the exploration process (via the

depth-first search, Algorithm A) for ¥(n, p),

(n_1/3Xn(|_n2/3sJ), n_1/3ln(|_n2/3sJ),Nn(LHZ/gsJ))S>O i (X(s),1I(s),N(5))s>0-

This, of course, doesn’t show that the corresponding expectations converge. Our aim in this
section is to prove the following results, which will be useful technical lemmas later. Through-

out this subsection, we slightly generalise to take p = 1/n+ An~*/3 + o(n=*/3).

Lemma 4.14. Fix s > 0, and, for each n € N, define some &,(s), such that n=2/ 38,(s) — s.

Then, as n — o0,

E[n %X, (80(5)) — L (8a(5))%) ] = E[(X () — I(s))*]; (4.23)
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moreover,
E[N,(8,(s))] = E[N(s)]. (4.24)
Lemma 4.15. As s | 0,
E[(X(s)—1I(s))*] >0 and E[N(s)] — 0.

For Lemma 4.14, we will consider a discrete-time Markov chain defined as follows: under

P, ,, define the process X,, for k € Z7°, by

k
X,()=>(¢—1),
i=1

where

U\
=

Bin(n, p).

Define

I(k)= infkf(n(i).

0sis<

The utility of studying this process comes from the following lemma.

Lemma 4.16. We may couple X,, and X,, such that, for all k, we have X, (k) < X,(k), with

X, (k) —X,(k) an increasing function of k.

Proof. We note that, conditional on &;_;, we have {; ~ Bin(n—k —X,,(i) + I,(i), p), so we

may couple, for all i, the random variables {; and 4 ; so that {; < 4 ;. The result follows. [

The process X, is easier to analyse than X,, because it is a random walk. In particular, it is
skip-free to the left: that is, ]P’(}? 2(k+1)—=X, (k) < —1) = 0. (This latter property it shares with
X,). A collection of results about such processes are given by Brown, Pekéz and Ross [18]; we

cite the one that will be of use below, which comes from the proof of their Proposition 7.

Proposition 4.17 ([18]). Let S, = Zle Y;, where Y; € ZN[—1,00) a.s., and E[Y;] > 0. For
r €N, let T, e NU{ 00} be the first hitting time of —r. Then P(T_, < 00) = c", where c is the

only solution in (0,1) of
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Inour case, Y; =; — 1, S, = X,,(k), and
E[c']=c'(1—p+pc)

Lemma 4.18. Fix A > 0 and u > 0, and recall that p = 1/n+An"*3+a,, where a, = o(n_4/3)
is some sequence. Then there exist constants 3 = p(A,u) € (0,1), C = C(A,u) > 0and D =
D()L, u, (an)neN), such that, for all x > 0, for all k € {0, e, |—un2/3-| }, and for all in n € N such
that n = D,

P(X (k) —I,(k) > xn'/3) < cp~.

Proof. We will show this first for p = 1/n+An~*/® exactly (i.e. a, = 0 for all n), before moving

on to the general case. We note that
(X, (k) — I (k) > xn'/?) < P(;Zn(k) > %nl/?’) +P(fn(k) < —%nl/B).

We have that X,,(k) + k ~ Bin(nk,p). We can use a Chernoff bound for this: we have (for

instance, by [34, Thm. 2.21]) that, for all t > 0,

- t2
P(X.(k)+k=2nkp+t)< _
(%alk) nkp + t) eXp{ 2(nkp+t/3)}
Here we want
X 1/3 kA

S Ve —np)== 2
t—2n +k(1—np) 2n 75

which we have to check is greater than 0. Since k < |—un2/ 3-|, this holds for x > 2A(u+ 1), so
fix some ¢ € (0, 1), which does not depend on x, k and n, and suppose x = 2A(u+1)/(1—¢).

(We will return to the case of smaller x later.)

We then get that, for all k < |—un2/3-| (< (u+1)n?3),

(xnl/B/Z—k?m_l/g)2
1+ kn—1/3) +xnl/3/3 —2kAn=1/3/3

(1/2—(u+1)A/x)? }
n=1/3/3+2u+1)/x +4(u+1)An"1/3/(3x) |

< exp{—x

From the fact that n > 1 and x = 2A(u+1)/(1 —¢) (and ¢ < 1), we have that

2

g X 13 _ €
P(Xn(k) = 5" ) < exp{ x4(1 _28/3_'_(1_8)/)0}, (4.25)

65



where ¢ and A do not depend on k, x or n. Thus we can find C; and f3; such that
P(Xn(k) > %nl/B) <GB, (4.26)

for all n and for all x > 0, taking C; large enough to cover the case of x < 2A(u+1)/(1—¢)
as well.
We move on to I,,. Let I,,(00) = infi> X,,(k), where —I,(00) € ZZ° U { 0o }. Then, for all
kez?°,
]P(fn(k) < —§n1/3) < P(fn(oo) < —§n1/3) - P(fn(oo) < —[fnl/BD
= ]P)(T_l'xnl/g/z'l < oo)

(with the notation T_, taken from Proposition 4.17), where the last inequality holds by the

skip-free property. Applying Proposition 4.17, we have that
]P’(T_[xnl/s/z] < oo) = C[xnl/s/z] < an1/3/2,

for a constant ¢ € (0, 1) that solves ¢ = (1 —p + pc)™. (As an aside, note that this immediately

gives us that ]P’(fn(oo) = —oo) =0.) Let d =1—c, so we need to solve
1-d=1-—pd)"

ford € (0,1). Note that, since x is not present in its definition, d (and hence c¢) are independent

of x. Using the bound that (1 —y)* < 1—ny +n2y?2/2, we can rearrange to get

_ -1/3 -1/3
i> 2(np—1) _ 2An > 2An '
n2p2 (1+ An—l/S)z (1+2)2

Since d is independent of x, we can therefore find a constant D, = 2A/(1+A)? > 0 such that,
for all x > 0 and for all n € N, we have d > D,n""/3, and thus ¢ < 1—Dyn~ /5.

Take x > 0, and n > Dg’. Then we have, combining the above, that

- 1/3 xD
]P’(In(k) < —gnl/?’) < (1 —Dzn_l/?’)xn /2 < exp(—Tz),
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which means that certainly in these cases we can find f3, € (0,1) and C, > 0 such that
]P(Tn(k) < —gnl/g) < G,pE. (4.27)

Thus, combining (4.26) and (4.27), there exist C;,C, > 0 and f3;, 5 € (0, 1) such that, for

all x > 0, for all k < |—n2/3u-| and for all all n > D23,
P(X (k) —I,(k) = xn!/3) < €1 BT + C,B5.

Taking 3 = max{f;, .} and C = C; + C,, we see that the claim of the lemma holds on the
restriction that a, = 0 for all n.

For the general case, where (a, ),y is arbitrary, suppose we take X ' to be the same process
but with p = 1/n + (A + 1)n™*/3, defining T , to be the running minimum accordingly, and
assume n to be sufficiently large that a, < n™*/3. Then we may use a discrete-time analogue

of Lemma 4.9 to couple our processes such that
X (k) =T (k) < X (k) — I (k).

We may then apply the result above to X / to obtain the claimed result. O

Proof of Lemma 4.14. We start by showing (4.23), noting that, via Vitali’s convergence the-

orem, it is sufficient to show that the sequence (P, )~ p, is uniformly integrable, where
Py i= 2P (X0 (Ra()) = L (8a(5)))%,

and D5 is a constant chosen to be at least the D from Lemma 4.18, and is also sufficiently large
that, for all n > D5, we have £,(s) < (s + 1)n?/® (which is possible since n2/38,(s) — s as

n — o0). That is, since P, is non-negative, we wish to show that

lim sup IE[Pn]l{pn>K}] =0.

K—oo n>Djy

Note firstly that

oo
E[P,1(p >k | = KP(P, > K) +J P(P, = x)dx.
K

For A > 0, for all n > D5 and for all x > 0, we use Lemma 4.18 (with u = s+ 1) in conjunction
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with Lemma 4.16 and a discrete analogue of Lemma 4.9 to show that, for C > 0 and 8 € (0,1)

depending only on s and A,
P(P, > x) = P(X,(8,(5)) — [,(8,(s)) = n'/?vx) < CBYY,

since X, —I,, is non-negative. For A < 0, we obtain a similar uniform bound in n and x by using
Proposition 4.6 to couple X, —I,,, coming from the exploration of ¥(n,p), to the analogous

process for ¢(n,1/n+n"*3). Thus, for all n and K,

o
2 24K
IE[PH]I{PHZK}]<CK/5R+J Cﬂﬁdx<c(1<+ S — ‘/—)/3”,
K (logp)* logp
so that
2 2V K
0< lim sup ]E[Pn]l{p >K}:| < lim sup C(K+ 5 — \/_)[5‘/? =0,
K—00 ps>p, " K—00 n>p, (logﬁ) log ﬁ

since 3 € (0,1). Thus (4.23) holds.
As it will be useful in the sequel, we note further that an easy consequence of the above is
that

E[n 13X, (8,(5)) — [,(8,()) ] = E[X(s) — I(s)]. (4.28)

Indeed, we may make a further observation. By Lemma 4.8, the values of C and 3 above also

imply that, for n > Dy and k < &,(s) (< (s + 1)n%/?),

oo oo

_ 1/3 X = ——"
P(X, (k) = I, (k) > xn )dx<‘L CP™dx = 0 By’
(4.29)

E[n 13X, (k) — I, (k)] = J
0

where the constants C and 8 depend on s and A, but not on k or n.
We now consider (4.24). Fix § > 0, and note that n=%/3&,(s) — s as n — 00. Then, by

the tower law, we firstly have that, for all sufficiently large n,

fa(s)—-1 Ru(s)—1
EINL(RaDI=E|p D (k) =L, (k) | =pn'® > 0 PELX, (k) —1,(k)]
k=0 k=0

s+0
=np J .U’n(u)]l{n2/3u<ﬁn(s)} du,
0

where we define

() = B[~ 206, (|un®? ) — 1, ([un®” )]
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By (4.28), we have that, for all u > 0, the function u,(u) — u(u) := E[X(u) —I(u)]. In fact,

we have that, on [0,s + 6],

Mn(u)ﬂ{n2/3u<ﬁn(s)} - .U‘(u)]l{uSS}'

Thus, by the bounded convergence theorem applied with the bound in (4.29), it holds that,

asn— 090,

s+0 s+0 s
J Un(u)]l{nz/3u<ﬁn(5)} du — f H(u)]l{u<s} du= J w(u) du,
0

0 0

and of course np — 1. Hence

E[N; (R,())] —>J p(u)du = E[J (X(u)—I(u))du} =E[N(s)],
0 0

(applying Tonelli’s Theorem for the first equality, and the tower law for the second), giving

(4.24). O

Before we prove Lemma 4.15, we define some technical notation: we set

2 X —t2
= |“e U dt forx=0;
Erf(x) := /7 fo

—Erf(—x) for x <0,

and we define Erfc(x) := 1 — Erf(x).

Proof of Lemma 4.15. We first note that, by Lemma 4.9, we may couple X —I to X —I, where
X is a Brownian motion with constant linear drift A (starting at 0) and I its running infimum,
such that X —I < X —I. (This is similar to what we did in the proof of Lemma 4.12.) Hence

it must hold that, for all s > 0,
0 <E[X(s)—I(s)] SE[X(s)—I(s)] =E[X(s)]—E[{(s)]- (4.30)

It is easy to obtain that E[X’(s)] =As =o0(1) as s | 0. Now, we may use [17, Eqn. 2.1.1.4],

which tells us that, for y = 0,

i = Lpe( 2L \ﬁ) 1,2 (L_ \/E)
P( I(s)>y)—2Erfc(\/2_S+A 5 ) g B Wor M3 ) (4.31)

Using the fact that E[Y] = f Ooo P(Y = y)dy for a non-negative random variable Y, we can
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use the previous equation to obtain that

]E[f(s)] = %As — (% + %As) Erf(k %) — ‘/ 25—7_66_)\25/2 =o0(1) (4.32)

ass | 0. Thus ]E[)A((s)] —E[f(s)] — 0 ass | 0, giving us from (4.30) that E[X(s)—1I(s)] — 0.

Then we have that

E[N(s)]= E|:f (X(u)—I(u))du] = f E[X(u)—1I(u)]du
0 0

by Tonelli’s theorem. Since E[X(u)—I(u)] is continuous at 0, we have by the bounded con-
vergence theorem that the integral converges to 0 as s | 0, completing the proof for N.

For the result for (X —I)?, we note that
0 <E[(X(s)—I(s))*] <E[(X(s)— f(s))z] < 2E[X(s)?] + 2E[[(s)],

with the last bound following somewhat crudely by the parallelogram law. It is easy to calculate
that ]E[)A((s)z] = A%s2 +s=o0(1) ass | 0. We can then use (4.31), and the fact that E[Yz] =
f Ooo IP’(Y2 = z) dz = Zfooo yP(Y = y)dy for a non-negative random variable Y, to deal with

E[f (s)z]. Via somewhat long-winded calculations, we obtain that

A 1 1 1 s 1Y [ s _j2
]E[I(S)z] = 51252+s+(ﬁ—ikzsz—s)Erf(k\/;)—(kﬁrX) ﬂe A%s/2 =o0(1)

(4.33)

as s | 0. This completes the proof. O

4.4 Small additions and deletions

We have established that, in the exploration process, once we are at a sufficiently large time

(on an n?/3

timescale), we will, after any such time, rapidly hit a point k where X, (k) = I,,(k).
We know that we hit such a point rapidly, but we don’t know precisely when in the small
interval this occurs. It will be important to show that this doesn’t make much difference, in

order to make rigorous the notion of “approximate independence” indicated by Problem 1.

We will prove two propositions motivated by the above. Recall that, for any graph H, s(H)
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denotes the number of surplus edges it has, given by
s(H) =e(H)— |H|+ c(H).

We make the following technical definition.

Definition 4.19. Define:

kn(T) = KT + %)nz/?’J;

k (T)= |_Tn2/3J; and

§,(T) =kn(T)—k, (T).

Remark. Note that 6,(T) is equal to either an/ 3/ TJ or |—n2/ 3/ T-|, depending on the values of

T and n.

Proposition 4.20. Let n € N, T > 0, and suppose that, for some ¢ € R, p = p(n) satisfies
(np —1)n'/® - c as n —» oo. Work under Py (r),p» and form G, 3 1) from Gy (1) by
deleting all vertices with labels strictly larger than n — k,(T) (and any edges incident to such

vertices). Then

lim limsup Enk (1),p I:S(Gn—kn(T)) - S(Gn—En(T))] =0.

T—00 posoo

Proposition 4.21. Let n € N, T > 0, g € (0,1) and ¢ € R. Let p = q/n+ An~*3, and let

1/3

p’ = p'(n) satisfy (np’ —1)n'/> — c as n — oo. We let P; ;. be a probability measure with

respect to which G ~ ‘ﬁ(n —EH(T),p,q), and where G is formed from GV by
e adding in vertices n —EH(T) +1,...,n—k,(T), and,

e for each possible edge incident to a new vertex, inserting it with probability p’, independently

for each possible edge and independently of GV.

Then

lim limsup IE:;T[S(G) —s(G(l))] =0.

T—00 pooc0

The construction in Proposition 4.21 may seem an artificial construction, but it will turn
out to be the one we need in the g < 1 setting later. The one in Proposition 4.20 is more
natural—we prove it both because it is a useful lemma for the other result, and because it is
itself the result we would need if we were able to adapt this method for the g > 1 case. We

will see this in Lemma 4.24.
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Note that the quantities inside the expectations in both of the propositions above are non-

negative, as shown by this lemma.

Lemma 4.22. If G < H, then s(G) < s(H).
Moreover, suppose Gy, Gy, H, and H, are graphs such that G; and G,, are on the same vertex
set with G; < Gy, and H, and H, are on the same vertex set with H; < H,. Moreover suppose

G, < Hy, and G, < H,, not necessarily on the same vertex set. Then
s(H1) —s(Gy) < s(Hp) —s(Gy).

Proof. The first part of the lemma is obvious by considering the effect on the formula e(G) —
|G| + ¢(G) for the number of surplus edges of first adding the new vertices, and then the new
edges. The second part may be argued similarly, by starting with H; (with subgraph G;), and
considering adding in first the edges in E(G,) \ E(G;), and then the remaining edges necessary
to form H,. Note that, in the first stage, when we add an edge that is in G, but not in H,, if it
increases the number of G-surplus edges, it must also increase the number of H-surplus edges,
since at any stage the vertex sets of the components of G are contained within the vertex sets

of the components of H. O
Before we begin the proofs of our main propositions, we need one more lemma.

Lemma 4.23. Fix s € Z=°. Choose s vertices uniformly at random without replacement from a
given graph G on m vertices, with components Cy, Co, ... (listed in descending order of size, with
ties broken arbitrarily). Let N denote the number of components to which the s vertices belong.

Then
2
S 2
>E[N]=s——— > |GI?.
s>E[N]>s Zm(m_l)Z| 1

Remark. In applying this, we will take the stack at a particular time to be the random set of
vertices in the hypotheses of the lemma—so this will give a bound on the number of compon-
ents of 4\ {vy,..., v } at time k, across which the stack vertices are distributed. Although the
stack vertices are not a uniform random subset of the unexplored vertices, the exchangeability
of the vertices, and the independence of edges, mean that this does not affect the distribution.
(Alternatively, we may consider exploring the graph using the modified algorithm in which,
when given a choice of awake or of sleeping vertices, we choose one uniformly at random
rather than choosing the most-recently awoken, or the lowest-labelled; this gives an explora-

tion process with identical distribution, and a set of stack vertices which truly are a uniform
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random subset of the unexplored vertices.)

Proof. The first inequality is obvious, as is the second when s = 0. So suppose s > 0.

Consider choosing the s vertices one at a time, and let v, (k =1,...,s) be the k-th vertex
chosen. We compare to the case where all vertices “land” in different components. Then, each
time a vertex lands in a component already seen, the maximal number of components we can
hope to cover is reduced by 1.

In other words, we have that

N =S—Zs:]lAk,
k=1

where
A= {vk is in the same component as v; for some j <k } .
Now let
Bj,= {vj and v are in the same component} ;
then
Z LENE
1<j<k<s
SO

since the v; s are exchangeable.

Now note that (5) <s%/2, and that

P(B1,) = ZMVP% €C)= Z lCrrll((rlf = 1) m(ml—l) Zlcilz' -

We will start with the proof of Proposition 4.20, and then use it to prove Proposition 4.21.

Proof of Proposition 4.20. Clearly G, _z m~Y (n —k,(T), p), so we have that

En 11056 =5(G, k(1)) ] = Bty rp[ () ]~ Bty [ (Gt emy)

We now couple these two graphs in a different way. Consider exploring G, (1) using
Algorithm A. Then we let G;(T) = Grrk (1) \ {vl, s Vs (T) }, recalling that v; denotes the
i-th vertex explored—so G(T) is the residual graph when we remove the first 5,(T) vertices

explored in the depth-first search. (Recall that 6,(T) = k,(T) — k,(T).) Under Prk (1)p> it
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holds that G;(T) ~ ¢ (n —En(T), p), up to relabelling of vertices. Hence,

En, 110 5(Crt (1) ] = Bk (o[ 5(Catn) ] = Encty [ $(Gooeymy ) —s(G3(D) ]

and it is sufficient to show the right-hand side tends to 0. Here, the right-hand side is the
expected number of surplus edges created by adding the early vertices vy,...vs (1) back into
G:(T). Let C(v) denote the component to which the vertex v belongs. Let S be the number of
vertices on the stack after iteration 6,(T) (noting that, if vs (1741 is on the stack at this point,
we have not yet removed it—as we will shortly do at the start of iteration §,(T)+ 1). Let M
be the number of components of G*(T) to which the stack vertices belong. Note that, as all
edges of G,y (r) are independent, G;(T) is independent of S, though the distribution of M is
influenced by both.

Then it is straightforward that

(Gt (1)) = S(GA(T)) = Nog (1) (8a(T)) +S — M. (4.34)

Now, as the vertices of G'(T) are exchangeable, it holds that (under Prk (1),p) conditionally
on S, the random variable M is distributed like the number of components spanned by S
vertices chosen at random from Gn—En(T) ~Y (n —EH(T), p).

By Lemma 4.23, it then holds that,

2
s

x _ s? .
IEn—kn(T),p[M | Gn(T),S] =S 2(n—En(T))(n—En(T)— 1) Z:: |Ci

where we write C;* for the i-th-largest component of G;(T). By the tower law, and using the

distribution asserted above for G;(T), we have

SZ
En i (p[M'|S]>S— 2(n—Tea(T)) (= Kn(T) - 1)En—in(r),p[zi: |Ci|2:|

>5— s )En,p[ZICiIZ],
i

2(n—kn(D))(n—ky(T)— 1

(4.35)

where, under IP,,, . for any m and r, we take C; to be the i-th-largest component of G,,. (The last
inequality in (4.35) holds because, if G; ~ ¢(m;,p) (i = 1, 2) with m; < m,, we may couple the
graphs such that G; < G,). Now, as a consequence of Theorem 1.5, since n'/3(np—1) - c € R,

it holds that there exists a constant A (which clearly can be chosen not to depend on T) such
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that

]En,p |:Z |C1|2:| < An4/3,
i

and thus
A52n4/3
Eny (nplM|S]=S— — — : (4.36)
2(n—T(T))(n—ka(T)— 1)
Hence, using the tower law and (4.34),
Bk, (1)p [S(Gn—@nm) —S(Gi(T))]
APE, g (1) p[S?]
< Eng (1,0 Not, (0(8n(T) ] + —7 = :
2(n—kn(T))(n—kn(T)— 1)
But S < Xn—kn(T)(5n(T)) —In_kn(T)(én(T)) + 1. So we have that
Enk,(1).p [S(Gn—@nm) —S(Gi(T))]
< Eneg (10| Nook (1) (8(T)) ]
2
An? (X (1 (Ba(TN = Ty (1) (8,(T)) + 1)

+ Enk,(1)p n2/3

2(n—kn(T))(n—kn(T)— 1)

Then, by Lemma 4.14, as n — oo, the right-hand side converges to

OIS (G O RO B

where (for this proof only) we say that (X ) 1P N (p)) is the limiting process in Theorem 1.6
for 9(n,1/n+ pn=*/3).
Assume without loss of generality that T > A. Then the expression in (4.37) can easily be

shown to be bounded above by

o))

By Lemma 4.15, this tends to 0 as T — oo, thus proving the claim. O

Proof of Proposition 4.21. Let A, = max{A,0}, and define

1 A
" __ ’ = +
p _max{p’n+n4/3q }’

so that n'/3(np” —1) — max{c,A,} as n — oo. Then, applying Proposition 4.1 (which
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couples Erdés—-Rényi and random cluster graphs) and the standard coupling of Erdés—Rényi
graphs across different values of the probability parameter, we may add edges to the graph
to produce a graph G’ ~ ¥(n—k (T),p”)—that is, we can couple G to this G’ such that
G <G. Let G ~ %(n—En(T),p”) be the subgraph of G’ induced by (1,...,n—En(T)).

Then, applying Lemma 4.22, it holds that
0<s(6)—s(GW) <s(6")—s(G1),
and hence

0< EZ,T[S(G) _S(G(l))] S Eng (1), [S(Gn—kn(T))] — B % [S(Gn—inm)]-

We now apply Propostion 4.20 to the right-hand side to obtain the result. O

To see how Proposition 4.21 and Proposition 4.20 might be useful, we fix some q € (0,2)\

{1}, and define the event
Z (T, k) ={inf{i> T :X,(i)—I,(i))=0} =k},

as well as the quantities:

1
sn(T, —) = max_ ]En’p[qN"(”)_N"(k) | Z,(T, k)]; (4.38)
TJ ok (T)<k<ky(T)
1
mn(T, —) = min_ ]En,p[qN"(”)_Nn(k) | Z,.(T, k)]; and (4.39)
TJ K (T)<k<ky(T)
1\ my(T,1/T)
T, = |= 22 4.40
r"( T) 52(T, 1/T) (*49)

Thus r,(T,1/T) quantifies, if k is the first time the reflected process hits zero in the interval
in question—i.e. [[Tnz/ 3J, |_(T +1/T)n? 3J:|—how much the expectation of g, raised to the
power of the number of surplus edges not yet discovered by k, can change depending on the
value of k, assuming such a value exists. We prove that this variability is negligible in the limit,

in a certain sense.

Lemma 4.24. For all q € (0,2) and A € R, when, for
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we take

N

p
D=7 "
p+q(l1—p)
then
T 1
lim liminf rn(T, —) =1. (4.41)
T—o00 n—00 T

Remark. We will use this lemma when we provide our partial proof of the convergence of the

exploration process in Section 6.2.

For this we will use the following technical lemma.

Lemma 4.25. For my,m, € N, and for any r € (0,1), we may couple G; ~ ¥(mq,r) and

Gy ~ (my, 1) such that G < G,.

We omit the proof, which follows by considering adding additional vertices and carrying

out independent “coin flips” for the potential new edges.

Proof of Lemma 4.24. We note that, under P, , and conditionally on the event Z,(T, k), the
graph on the unexplored vertices vy ,...,V, is simply distributed as an Erdés-Rényi graph
on those unexplored vertices (with the same value of the parameter p). Moreover, we note
that the process (X, (k + 1), I,,(k + 1), N,(k +1));>( has conditional distribution identical to the

unconditional distribution of the process (X, (i), I, (i), Ny (i));>o. Thus
E, [V | 7,(T,10)] = By p[ ],

Now note that, by Lemma 4.25, for m; < m,, we can (for any r) couple G; ~ ¥(my,r)
and G, ~ ¥(m,, ) so that G; < G,. Thus, by Lemma 4.22, s(G;) is stochastically dominated
by s(G,). This means that we can see that the extremal values of k are going to provide the
extrema of ]En_k’p[qN"*k(”_k)], but that the order varies with the sign of ¢ — 1. Hence, we will
split into cases.

We start with g < 1. Then we have, by the above, that

1 N = o (n—k,(T)
Sn(T, ?) = EH—EH(T),PI:q n kn(T)( )]

and

1 N, —k (T
m”(T’?) = By g, (ryp[ @ @),
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Now, for a fixed graph G on [m], consider adding x € N extra vertices, which we label
m+1,...,m+ x. Let the probability measure Q, be such that, under it, we insert each edge
between two vertices in {m+1,...,m+ x }, and each edge from one of these vertices into

m], independently with probability r. Call the new graph H. Then we may define
[m], ind dently with probabili Call th h h defi
\I/(G, x’ r) — EQr [qS(H)—S(G)],

where the expectation is taken with respect to the measure Q.. Note that Lemma 4.22 tells us
that s(H) —s(G) = 0; note that ¥(G, x, ) only depends on the component sizes of G, which
will allow us to apply Proposition 3.7.

Then it holds that
- —k N - —kn(T
En—kn(T),p[an fu(ry (1 _n(T))] = En—in(T),pl:q n—kn(T)(n ( ))\P(Gn—ﬁn(ﬂ’ 5n(T),p)],

and so, recalling that under P we have G,, ~ ¥(n,p,q), we have that

n,p,q

(T 1) ]EH_EH(T),p[an—En(T)(n—kn(T))\p(Gn_En(T),5n(T),p)}
ol T,

T E [anf%nm(”—En(T))}

H_En(T);p
= EH_EH(T),ﬁ,q[‘I’(Gn_zn(T), 5n(T),P)] (by Proposition 3.7)
=Eal¢9], (4.42)

where this last expectation is taken under a probability measure P, for which:
e G~ %(n—EH(T),f),q), in which p = q/n + An~%/3;
e H is formed from G by:

— adding vertices labelled with n — EH(T) +1,...n—k,(T), and,

- for each possible edge incident to one of the new vertices, including it with prob-

ability p, all new edges being independent and independent of G.

Now note that, by Jensen’s inequality,

Ep[q7 5] 3 gBalstD-s(6],
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However, by Proposition 4.21,

lim limsupE,[s(H)—s(G)]=0

T—00 pnoseoo

(note that P, implicitly depends on T and n). This, and the fact that ¢*#=(® < 1, implies
that

lim liminfEA[qs(H)_s(G)] =1,

T—o00 n—00

so that, by Equation (4.42),
lim liminfrn(T, %) =1. (4.43)

T—0o0 n—o0

Observing that the case ¢ = 1 is trivial, we now consider the case where ¢ > 1. In this

case,

L N, —k, (T
Sn(T,—) = Ep_(1,p ¢ ()]

and

For a fixed graph G on [m], consider deleting the x highest-labelled vertices to form a graph
H. Then let

(G, x) = ¢

(where we may note that, by Lemma 4.8, s(H) —s(G) < 0, so ®(G, x) < 1). Thus it holds that

]En—En(T),p[qN"_E"(T)(n_kn(T))] =Eyg, (ryp @O Ee(G oy (1),5,(1) |

giving, via Proposition 3.7 (and similarly to above),

1 _
rn(T, ;) =B (1), T 9], (4.44)

in which G = Gk (1) and H is formed from G by deleting the §,(T) highest-labelled vertices.

Again, we may apply Jensen’s inequality, to conclude that

_ —E, _ G)—s(H
En—kn(T),p[qS(H) s(G):I > g B K (1),pLs(G)—=s( )]’
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and, by Proposition 4.20 this time, we have that

lim limsupE,  (1),[s(G)—s(H)]=0.

T—00 poseo

s(H)—s(G)

Asq < 1, we can use (4.44) to conclude, similarly to above, that

T—00 n—o0

lim lim infrn(T, l) =
T
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Chapter 5

Interlude: A scaling limit for ¥(n, m)

Moving away from %(n, p) for a while—and from results of direct relevance to our later proofs
connected to the random cluster model—we recall that the model ¥(n, m), where n € N and
mezn [O, (g)], is the model in which a graph is selected uniformly at random from all graphs
with n vertices and m edges. Here, we extend Theorem 1.5 and Theorem 2.25, which were
results about ¥(n, p), by showing that near-identical results hold for ¢(n, m) also. To do this,

we use some of the machinery established in the previous chapter.

5.1 Convergence of the exploration process

We first prove an analogue of Theorem 1.6. Analogously to the notation we defined in Sec-
tion 3.1, we suppose that, under the measure P, ,,,, the graph G, ~ 94(n, m). Consider explor-
ing G, using Algorithm A (as defined on page 4).

We begin with a technical lemma.

Lemma 5.1. Fixt >0, and let p=1/n+ An_4/3forsome AER. Asn — 00,
]P’n,p(|Xn(|_n2/3tJ) +Nn(|_n2/3tJ)\ >nl/3 logn) — 0.

Proof. We start by observing that

Pn,p(|Xn(|_n2/3tJ) +Nn(|_n2/3tJ){ >nl/3 logn)

(5.1)
< Pn,p(\n_l/?’Xn(an/Stm > %logn) +]P>n’p(Nn(|_n2/3tJ) > %nl/3 logn).

For the first term, fix some C > 0. Then by Theorem 1.6,

Py p(|n2X, ([ n*3t])] > €) = P(IX(D)] > ©).
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But, for sufficiently large n,

Pn,p(\n—1/3xn(tn2/3tj)| > %logn) <Py ,(|n73x, (%3¢ ])| > ©).

Hence, for all C,

0< limsup]P’n’p(|n‘1/3Xn(|_n2/3tJ)| > %logn) <P(X(t)| > C).

n—oQ

But X(t) is a.s. finite, so P(|X(t)| > C) | 0 as C — oo. So the first term in (5.1) converges to

0.
For the second term, note by Markov’s inequality that
1 E[Ny([n*¢])]
P, No(| 0?3t |) > =n'/31 )< ,
n’p( (ln*Pe]) gt oen n1/3(logn)/2
and use Lemma 4.14 to show that the right-hand side tends to 0. O

Recall that, in Theorem 1.6, we had a pair of processes (X,N) such that X(t) 4 B(t) +
At —t2/2 where B is a Brownian motion; then, conditionally on X, N(t) is an inhomogeneous

Poisson process of rate X (t) — infy<,<; X (s).

Theorem 5.2. If the process (X,,, N,,) is the exploration process from G,, ~ %(n, m) in which

=" (14 A+ 0(n ),

then

(n_l/SXn(I_tnz/3J),Nn(Lfnz/SJ))t>o R (X,N)

in the Skorokhod metric.

Remark. The O(n_z/ 3) in the statement of the theorem above is not optimal; with more careful
calculations, it is potentially possible to extend the result to o(n_l/ 3), as in Theorems 1.5

and 1.6.

The proof of this theorem is partly due to Christina Goldschmidt (personal communica-
tion). In the proof we will need to invoke the following local limit theorem with an explicit

error.

Lemma 5.3. Let m = (1 + An_1/30(n_2/3))(n— 1)/2. There is a universal constant C for all m’
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satisfying

m’—m+|_n2/3tJ| <n'logn,

and for all sufficiently large n, giving that, if

i, (6) ~ Bin((n _ [,212/3 tJ),p),

then

2
‘P(Mn(t)=m’)— L ‘<C(logn)

Mo < 576 (5.2)

The proof involves careful calculations similar to those we will use to prove (5.7) below;

we defer it to Appendix A (p. 177).

Proof. We show that, as n — oo, for all t > 0 and for all continuous bounded real-valued

functions f,

En’m[f(n_l/BXn([nz/gsD,Nn(an/gsJ) 0<s< t)] —>E[f(X(s),N(s):0<s<t)]. (5.3)

Let p = 1/n+ An~*/3, so that m = (3)p + O(n'/3). We know from Theorem 1.6 that the

equivalent expression to (5.3) converges, namely that

]En’p[f(n_lﬁXn(LnZ/BsJ),Nn(|_n2/3sJ) :0<s< )] - E[f(X(s),N(s): 0 <s < t)].

Pick a function f, and suppose that |f| < C for some constant C > 0. Let M, be the
number of edges of G,. This, of course, is identically equal to m under P, ,,, but is random

under P, ,—specifically, M,, ~ Bin((g), p). Then we have that

En’m[f(n_l/an(an/gsJ),Nn(an/BsJ) :0<s< t)]
= [ (172, (25 )y (255 [): 0 < 5 < €) | My = m]

Enp[f (2 Xn([n*Ps [),Na([n*s ) : 0 <5 < )L gpt,=m ]
np(M —m)

Let

E,= { |Xn(|_n2/3tJ) +Nn(|_n2/3tJ)| <n'/? logn},
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so that, by Lemma 5.1, E,, occurs with high probability. It is sufficient to show that

En,p[f(n_l/BXn(an/BsJ),Nn(|_n2/35J) :0<s< t)ll{anm}]lEg]

P (M, =m) -0, (5.4)
and that
E, [ f (072X, (| n*s |), Na([n*s ]) : 0 <s < )Ly, =y L, ]
]Pn,p(Mn = m) (55)

- E[f(X(s),N(s): 0<s < t)].

We will make use of a local limit theorem for M,,. We start with (5.4), and specifically its

denominator: we note

dry(Bin(N, p),Poi(Np)) = p[ ‘/% + O(min{ 1,p+ J% }):| (5.6)

(see, e.g., [48, (39)], which cites Prokhorov [52]). We have N = (g), and so the right-hand

side is O(n_l). Hence,

(mn{(3)) =)= (e () =m)| ()

Meanwhile, let a,, = (g)p —m= O(nl/ 3), so that, carrying out asymptotic calculations on the

probability mass function for the Poisson distribution,

(1 O R () R0 e

since m = ©(n). Hence

1

Brp(Mp =m) = —=+ o(n=°/8). (5.7)

Having estimated the denominator, we move on to the numerator. Since f is bounded, it

is then sufficient to show that
IP’n,p({ M,=m}n E,‘;) = o(n_l/z)

in order to establish (5.4). By analysing Algorithm A, we see that, after step |_n2/ 3tJ of the
process, we have discovered that there are exactly X n(|_n2/ 3 tJ)+|_n2/ 3 tJ tree edges, and exactly
Nn(|_n2/ 3tJ) surplus edges, which are incident to at least one of the vertices vy, ..., Vn2/3e |- We

know nothing about edges both of whose ends are later vertices in the exploration.
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{M, =m}={M,(t) = m—|n*t|=x,(|n*t|) = N,(|n**t]) },

where M, (t) is distributed as the number of edges in a copy of ‘ﬁ(n — |_n2/ 3tJ, p) that is inde-

pendent of | n2/3t |» and so

M, (¢) ~ Bin((n B LEZ/StJ),p).

Thus,

P,,({M,=m}NES)

= [0 = m L5, (7 ) - )| 0 0]
<P,,(E;) SliPP(Bin((n B LZZ/BtJ),p) = k).

The supremum here is attained by the probability that the binomial random variable is equal

to its mode. So

(7))o )|

= O(n_l/z),

by a similar argument to that used above to prove (5.7). Meanwhile, by Lemma 5.1, ]P’(Efl) -0

asn— 0. So
1
P, ,({M,=m}nES)= o(—)

nl/2

and thus we have established (5.4).

We move on to (5.5). For brevity, write

Fpe = f(n7 3%, (| n?3s]), No(| n?3s]) s 0 < s < ¢t).
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Then, we can write

By Lf (0120 (10275 ), Na([ 25 ) : 0 < 5 < €)Tgyg, =y 1, ]

= En,p[Fn’f]l{Mn(t)=m—Ln2/3tJ—Xn(Ln2/3fJ)—Nn(Ln2/3tJ)}]lEn]

= By F P (11,06 = m— [ 02 | = X, (1236 ) = N, ([0 [) | 2 )1, |

where again M,(t) is distributed as the number of edges in a copy of ¥(n—|n?/®t |, p) that is

independent of the pre-|_n2/ 3tJ process, and so
M, (t) ~ Bin((n B [ZZ/StJ),p).
Now let n’ = n—|n?/3t|. Fix some m’ € Z*°, where
|m’—m+|_n2/3tJ| < n'logn. (5.8)

(We note that the lower bound on m’ tends to infinity as n does, and so in particular, if n
is sufficiently large, (5.8) will crudely constrain m’ > 1.) By Lemma 5.3 above, there is a

universal constant C for all such m’, and for all sufficiently large n, giving that

2
‘P(Mn(t)zm’)— L ‘<c(1°g”)

v2nmm h ns/6

(We allow C to depend on t.) From this, we can write that

By p [ FuP(11,06) = m— 12 )=, ([0 ) = Ny (02 ]) | 2 )1,

_ 1 (log n)?
N E“’P[F (—/m i O( ns/6 ))1’5]

1 (logn)?
= —znmEn’p[Fn’t]lEn] + o( —376

using the fact that f is bounded. From this and from (5.7), we have that

B (5, (72 W75 ) 0 <5 < )1,
Py (M, =m)
@2rm)?E, ,[F, 1z |+0(n~%%(logn)?)
B (2rm) V2 + O(n—5/6)
_ En,p[Fn,t]lEn] +0(1)
1+0(1)

S E[f(X(s),N(s):0<s<t)]

86



by Theorem 1.6, using the fact that E,, is ?an/at J-measurable, and (by Lemma 5.1) has prob-
ability tending to 1 as n — oo (and also, again, the fact that f is bounded and continuous).

This establishes (5.5), and completes the proof. O

5.2 Component sizes and a scaling limit

We want to establish an analogue of Theorem 1.5 for ¥(n,m). Let C, be the sequence of
component sizes, and S, the number of surplus edges, in G,, ~ ¥(n,m), and let C and S be
the objects defined in Chapter 1—that is, C is the decreasing sequence of excursion lengths of
X —1, and the i-th entry of S is the number of points of a rate 1 Poisson process that occur

under the excursion whose length was the i-th entry of C.

Theorem 5.4. Fix A € R, and, for each n € N, set
n—1 -1/3 —2/3
m=m(n) = T(1+An +O(n ))

Asn— 00,

d
(n*c,,s,) > (C,S), (5.9)
with convergence in the 1% norm for the first coordinate, and the product topology for the second.

So we need to convert from convergence of the exploration process to [2 convergence of
the component sizes, and to product convergence of the number of surplus edges.

We first show that the component sizes converge when treated as a point process, ana-
logously to [6, Lma. 8] of Aldous. For the i-th largest component Cl.(") of G, ~ ¥(n,m), let

L(Ci(")) = k — 1 if the first vertex of Cl.(n) to be explored is chosen as vy. Let
0, ={(n??|c|,n7L(cV)) i =1}, (5.10)
Similarly, define the set of pairs
©={(le;l,L(e;)):i>1},

where e; is the i-th-longest excursion of X — I, where |e;| is its length, and where L(e;) is its
left end-point. (We know this is well-defined—i.e. that there is a largest excursion, a second-
largest, etc.—because it is the same limit object as for 4(n,p).) Recall the definition of the

vague topology from Definition 2.26.
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Lemma 5.5. Asn — oo,

with convergence in the vague topology.

We omit the proof; it follows from Theorem 5.2 and [6, Lma. 7], in much the same way
that Aldous proves [6, Lma. 8].

To obtain the [? convergence part of Theorem 5.4, we will need to use [6, Propn. 15],
which, for reference, we quote here. To set up some notation (borrowed from [6], with some
minor tweaks), for a countable index set I, let li(I ) be the set of sequences x = (x}, tyel )
such that each x, > 0 and ZY x? < o0o. We also need to define the concept of a size-biased

random ordering, which we do now.

Definition 5.6 ([6, § 3.3]). LetY = { Y, :yel } be a set indexed by some countable index set
I,withYe li(I ). For each y € I, define E, to be a random variable, such that, conditional on
Y, we have E, ~ Exp(YY), with (EY)YQ being (conditionally) independent.

Then, for each a € [0, 00), define

S(a) = Z Y, <oo
v:E, <a
a.s. (by the assumption that Y € li([ )). Then define S, =S (EY) Then the size-biased point
process or SBPP associated with Y is the set © = { (Yy, SY) tyel }

Given a size-biased point process © = { ( yy,sy) vy el }, write
n((—)):{y},:yel}.

Finally (as far as our notation is concerned), if Y is a sequence indexed by I such that, for
all k, there is a k-th-largest entry in Y, let ordY be that sequence rearranged into descending

order; otherwise, it is not well-defined.

Proposition 5.7 ([6, Propn. 15]). Let I;,I,,... and I, be index sets. Let Y, € li([n)for each
d
n € NU{oo}, and let ©, be the associated size-biased point process. Suppose ©, — O, as

n — oo, where ©, is a point process satisfying the following three conditions:

(1) If (,5) € O, then



(2) Assy— 090,

max{y : (y,s) € O for some s > sy} LN 0;

(3) Almost surely,

sup{s: (y,s) € O for some y } = 0o.

Then Yoo = ord (O ) is well-defined and in 12, and ord Y, 4 ord Y., in I2.

Note that this result only imposes conditions on the candidate limit object. But the can-
didate limit in the ¥(n, m) case is identical to that for ¥(n, p), so conditions (1)—(3) hold for
it, and the required vague convergence holds by Lemma 5.5. Thus the proof of Theorem 5.4
follows in an almost identical way to the proof by Aldous [6, § 3.3 and § 3.4] of the analogous
result for 4(n, p), and we consequently omit it.

Now we just need to show that a metric space scaling limit exists. We show this in the
product topology, rather than convergence in the metric d,, defined by (2.9), though it is

potentially possible to extend the result.

Theorem 5.8. Let M = (M (n),Mén), ...) be a sequence of metric spaces such that Ml.(n) is the

i-th largest component of G, ~ %(n, m), treated as a metric space with the graph distance, where
n—1 -1/3 —2/3
m=m(n) = T(1+ln +O(n ))

Let Zl.(") = |Ml.(n) and let ZW = (Zi"), Zén), ...). Then there exist Z,M such that

(n_%Z(”), n_%M(”)) i (Z, M),

with convergence in the product topology, using dgy, the Gromov-Hausdorff distance, to measure
the distance between (isometry classes of) metric spaces. Moreover, the law of Z is given by The-
orem 5.4, while M = (M;, M, ...,) is such that, conditional on Z, M, M,, ... are independent

and M; 4 AL
Remark. So the scaling limit is the same as that for ¢(n, p) with appropriately chosen p.

Proof. We note firstly that, conditionally on being connected and on having a given number
of surplus edges, a copy of ¥(n, m) is identically distributed to a copy of ¥(n,p) (they are
both uniform picks from all the possible graphs). Informally, this means that, conditional
on a sequence of component sizes and surplus edge counts, the two graphs are identically

distributed.
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Let $( be the sequence of surplus edge counts for G, ~ ¢(n,m) (so that Sl.(") is the num-
ber of surplus edges in M i(”)), and let S be the corresponding limit sequence implied by The-

orem 5.4 (with i-th entry S;). Then that theorem tells us that
(n=23zm s S, (z,8)

in the product topology. Exploiting the conditional equality in distribution above, it is then im-
plicit from [2, p. 748] that the corresponding sequences of metric spaces M converge in the
product topology (and jointly with Z( and $("); the components are formed using the same
function g given by Definition 2.22, but with different arguments to the function. Specifically,

conditionally on Z and S, the i-th entry in M, labelled M;, is distributed as g(2e’ , ,7), where

e ¢’ is distributed such that, for any appropriate function f,

N CRER
PLA]= ]E[(fozie(zi))si]

where e(?) is a Brownian excursion of length o;

e conditionally on €', we take & to be a set of S; points uniformly chosen from the area

under e’.

Thus we have that, in the product topology,
(n=2/3zm M n=1/3mm) S (z, 5, M). (5.11)

But since the object M described above was simply the scaling limit for ¢(n, p) conditional on
Z and S, and since Z and S are the same objects that appear in the limit of ¢(n,p) (in both
cases for p = 1/n+ An~#/3), it follows that M must be the scaling limit of ¢(n, p)—and so,
conditioned only on Z, it must have the distribution asserted. So, dropping S and S from

(5.11), we have the result claimed. O

Remark. To convert this to use dsq we would need a bound on the heights of the depth-first

search trees of ¢¥(n, m), along the lines of 3, Lma. 25].
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Part 11

Results for the random cluster model
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Chapter 6

g < 1: Handling the discrete

exploration process

In this chapter, we make progress towards showing that the exploration process for the random
cluster model converges, at least in the case where q < 1.

We return to the heuristic proof given in Section 3.2, noting that we gave two problems
with it that remained to be resolved. In Section 6.1, we show that, using the comparison
established in Section 4.2, we may show that the exploration process for the critical random
cluster model with g < 1 is well-behaved for large times, in that it rapidly reaches 0 without
any surplus edges being added in the intervening time; effectively, this resolves Problem 1
from Section 3.2 for ¢ < 1. We use this, in Section 6.2, to give a proof that the exploration
process converges, conditionally on also resolving Problem 2. At the end of that section, we
show that this is sufficient in order to show that the rescaled sequence of component sizes
converges in 2.

In Section 6.3, we discuss possible approaches to resolving Problem 1 in the case where

g > 1. In the next chapter, we will see that, for g > 1, it is Problem 2 that is easier to resolve.

6.1 Approaching zero, revisited

We now give an extension of Proposition 4.7 to the critical random cluster model for q < 1.
We let (X, I,N) be an exploration of G according to Algorithm A under P, , .

Proposition 6.1. Fix g € (0,1) and A € R, and define p = p(n, A,q) = q/n+ An"*/3. As before,
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let the event E, (T, €) be defined by

En(T, &) = {X,(k) = I,(k) for some k € [| Tn®*3 |, | (T + &)n*?|]}

N{NL(|(T +e)n?]) =N, (| Tn?*?|) }.

Then

- 1\¢
Tllm limsupP, , 4 (En(T, ?) ) =0.

—O0 n—ooo

Remark. This time we do—at this point—require the lim sup in n rather than a limit, since we

have not yet established the existence of any sort of limit for ¢(n, p,q).

Proof. We prove the claim for (X,,,I,,, N,,) where this is an exploration of G, ~ %(n,p,q) ac-
cording to Algorithm A, but modified to select the new vertex uniformly at random from the
stack; as there is an equality in distribution, this establishes the result for the unmodified
Algorithm A too.

Define

, 1 max{A,0}

p:H+ T3

B

then, take the measure P whose existence was established by Proposition 4.5, in which a copy
of the exploration for ¥(n, p,q)—which we label (X,,,I,,N,,)—is coupled to an exploration

(X/,1',N’) for 4(n,p"), with, for all i,
X, (1) = I,(1)) < X, () — 1, (i)
and

N,())—N,(i—1)<N/(i)—N/(i—1).

It is then clear that, if X/ (k) = I’ (k) for some k € [| Tn?® |,| (T + €)n*® |], then, for that k,

we have X, (k) =I,,(k). Similarly,
0 < M7+ )y ([ 0% ]) < N(LCr + e - 70 ),

soif N/(| (T + e)n?®|) = N/(| Tn?*? |) then N,,(| (T + £)n?® |) = N,,(| Tn?®/?]). Thus, applying
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this coupling we have that

Prpg (En(T,)) < ]P)n,p’(En(T, £)%).
This means that

0< limsuplimsupIP’n’p,q(En(T, 1/T)C) hmsuphmsupIP’n 1/n(E (T,1/T)¢ )

T—oo n—o0 T—oo

By Proposition 4.7, the right-hand side is equal to 0. Hence

limsupimsupP,, g/ o (E(T,1/T)) =0

T—oo n—o0
establishing the claim. O

This, combined with the results in Section 4.4, is essentially enough to address Problem 1

in Section 3.2 in the case where q < 1. We show how in the next section.

6.2 A limit for the exploration process

We now put together a partial proof of the existence, and form, of the limit of the exploration
process, in the case where q < 1. This proof follows the strategy outlined in Section 3.2, but
this time we make sure our arguments are rigorous. We first state a conjecture for the missing

part.

Conjecture 6.2. Fix A € R, and define (X,I,N) to be real-valued processes on [0, 00) with

distributions given by:

X(t)=B(t)+At——

I(t) = inf X(t);

0<s<t

(N(t))s>0 is a Poisson process of rate X(t) —I(t)

(where B(t) is a Brownian motion). Then, for q € (0, 1), there exists a function ©,(T) > 0 such

that the random process (Rq(T))T>0’ where

eXP{(q—l)J X(w— I(u))du} (6.1)
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is uniformly integrable, and converges in probability as T — o0 to a random variable that is

almost surely positive.

Remark. For q € (1,2) we can prove this, as we prove in Chapter 7. Indeed, our proofs will
imply that we can find ©,(T) for q € (0, 1) such that the asserted convergence in probability
to a non-zero random variable takes place, but the uniform integrability in this setting has

proven elusive. Nevertheless, this conjecture seems plausible.

Theorem 6.3. Fix q € (0,1). Let f be a bounded function, and let A and (X,I,N) be defined as
in Conjecture 6.2. Then, if that conjecture holds,
nlggo En,p,q[f(n_l/?’Xn([snz/BJ), n_1/31n(|_sn2/3J) :0<s < t)]
_ E[qu(X(s),I(s) :0<s< t)]

E[R,]

2

for some almost surely positive random variable R,,.

Proof. First, for T,e > 0, define the event E, (T, ¢) by

/
E (T,¢)

= {for some k & [| Tn3 |, | (T + £)n®/3 |], X,,(k) = I(k) and N, (k) = N, (| Tn*3]) } .

Then, immediately, ET’I(T, €) 2 E,(T, ) as defined in Proposition 6.1. So, by that result, it holds

that

C
lim limsupP, (E’(T, l) ) =0.
T »P>q n T

—00 n—oo

In turn, we have that

Bl (175K, (L5 ), (sn ) 0 <5 < 1)
= En’p’q[f(n_l/SXn(Lsnz/SJ), n_l/SIn(I_snz/SJ) :0Ss < t)]lE;l(T’l/T)] (6.2)

+En’p’q[f(n_l/an([snz/BJ),n_l/gln(L5n2/3J) :0<s < t)]lET/I(T’l/T)C].

Since f is a bounded function, we have by Proposition 6.1 that

lim limsupE, ,, [f(n_l/BXn([snz/BJ),n_l/BIn(Lsnz/BJ) :0Ss < t)ﬂE;(T,l/T)c] =0. (6.3)

T—00 poseoo
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We now consider the other term. By Proposition 3.7, we have that

En,p,q[f(n_l/BXn(Lsnz/?’J), n_1/31n(|_sn2/3J) :0<s < t)]lE;l(T,l/T)]

En’ﬁ[an(”)f(n_1/3Xn(|_sn2/3J), n_1/31n(|_sn2/3J) :0<s < t)]lE;(T,l/T)]

En’p[an(n)]
En’ﬁ[an(”)f(n_1/3Xn(|_sn2/3J), n_1/3In(|_sn2/3J) :0<s < t)]lE;l(T,l/T)] 1
= pn( ) _):
En,ﬁ[qN"(n)]lE,’l(T,l/T)] T
(6.4)
where
(r1)- Enp[ 6" Ly
"\UT)T Ey[ghm]
= Pn,p,q(Erll(T’ 1/T))
by another application of Proposition 3.7. By Proposition 6.1, we then have that
lim liminf Tl =1 (6.5)
i, Hminfp| 7.7 ) =1, -
and clearly p,(T,1/T) < 1.
Now consider the numerator of the fraction in (6.4). For brevity, we will write
For= f(n_l/?’Xn(LanBJ), n_l/gln(tsnz/?’]) :0<s < t).
We will partition the event Er’l(T, 1/T) as follows. Define the events
Z (T, k) = {inf{i>|Tn*? | : X, ()~ L,())=0} =k} (6.6)
and
M,(T,k) = {N,(k)—N,(| Tn*?])=0}. (6.7)
Then
1 [(T+1/T)n??3 | %,(T)
g(r)= 1 @@onm@o= [| Goonm@, 68
k= Tn2/3] k=k, (T)
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letting | | denote a disjoint union, and recalling the meaning of k,(T) and En(T ) from Defini-

tion 4.19; thus, we may write

ka(T)
En,f)[an(n)Fn,t]lEr’l(T,l/T):l= Z ]En,f;[qN”(n)Fn,t]lzn(T,k)]an(T,k)]
k=k (T)
(6.9)

(T)
- 2/3
_ Z En,p[qN”(") N, (k) gNa(L T J)Fn,fﬂzn(T,k)]an(T,k)];
k=k,(T)

where we have used the fact that, for each k, we are working on the event M, (T, k).
Now, by the Markov property for Y,, = X, — I,, (Proposition 4.3), for each k in the sum,

conditionally on Z,(T, k), we have that

2/3
qN”(LTn J)Fn,t]an(T,k)

is independent of

an(n)—Nn(k);

thus, for each k, we have that

o 2/3
En’ﬁ[qwn(n) Ny () N (L T J)Fn,tﬂzn(T,k)ﬂMn(T,k)]

2/3 —
= En,f)[an(l‘Tn J)Fn,tﬂZn(T,k)ﬂMn(T,k)]En,f)[an(n) Nn(k) \ Z,(T, k)]

Recall that, in (4.38)-(4.40), we defined:

1 _
Sn(T: ?) = sup_ En,p[qN”(") N, (k) | Zn(T,k)];
k, (T)<k<kn(T)
1
mn(T,—) = inf_ E,[q" 0 z (T, 0)];
TJ)  k(m<k<k (m)
(T 1) m,(T,1/T)
il = =——
T s,(T,1/T)

With these definitions, for each k,
2/3 1
]En’Pl:an(l_Tn J)Fn,t]IZH(T,k)]an(T,k)]mn(T: ?)
— 2/3
< En’ﬁ[qzvn(n) MO (LT DF, 1 ZH(T’k)]an(T’k)]

2/3 1
< ]En’p I:qul(l_TTl J)Fn,t]lzn(T,k)]an(T,k)]SH(T’ ?),
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which means, summing back over k and using (6.8) and (6.9), that
2/3 1

]En,fyl:an(l-Tn J)Fn,t]lET/l(T,l/T)]mn(T’ ?)
< En,p[qN”(n)Fn,t]lE;(T,l/T)]

2/3 1
< En,f)[an([Tn J)Fn,t]lE;l(T,l/T)]sn(T’ ?).

For the denominator of the fraction in (6.4), we can obtain analogous bounds by simply

setting f = 1. Substituting both sets of bounds into (6.4), we obtain

2/3
En,ﬁ[qN“(LT" J)Fn,t]IE,’I(T,l/T):I 1 1
(r5)n(r7)

By p[ (T D1, T T

n,p (T,l/T):I

< IlEn,p,q I:Fn,tﬂE;(T,l/T):I (6.10)

2/3
Enp[ ¢V, | pocr 1)
- )
En,ﬁl:an(l'Tnz 3J)]]_ET,I(T’]_/T)i| rn(T) 1/T)

<

By Lemma 4.24, we have that

lim liminfrn(T, %) =1,

T—o00 n—0o0
and clearly r,(T,1/T) < 1. It remains to show that the other term, which expands out to

En,p[an(LT”Z/BJ)f(n‘l/BXn(Lsnz/BJ), n_1/31n([sn2/3j) :0<s < t)]lE,g(T,l/T)]

, (6.11)
En,ﬁ[qN"(LanD]lE;(TJ/T)]

behaves appropriately. Since g < 1, we have a bounded function of
(n_l/BXn(snz/?’), n_l/SIn(snz/S),Nn(snz/g))ogng,

and so, by Theorem 1.6 and various technical theorems (e.g. the continuous mapping theorem,

the bounded convergence theorem), it holds that this converges, as n — oo, to

E[q" D f (X(5),1(5): 0 <5 < OLpry/m]
E[q¥D1gr11)]

>

where

E(T,e)={3x€[T,T+¢e]:X(x)—I(x)=0and N(x)=N(T)}.
Now recall that, conditionally on (X,I), we have that N(T) ~ Poi(foT(X (w)—1I(u)) du),
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and that N(T +1/T)— N(T) is conditionally independent of N(T). Hence, by the tower law,

E[q"Df(X(s),1(s): 0 <5 < O)Lgr1/m) ]
E[qN(T)]lE’(T,l/T)]
_E[E[¢"DfF(X(5),1(5): 0 <5 < )lprymy | X, 1]
- E[E[¢" D1 p(r1/m) | X, T]]
E[f(X(s),I(s): 0 <s < t)E[q X, B[ Lp(raym | X,1]]
E[E[¢"™ | X, I]E[Lgra/my | X, 1]]
E[f)16):0<s < Dexp((q—1) [y K@)~ 1) du)E[ Ly | X.1]]
E[exp((q—1) [y () — 1) du )E[Lpr1/7y | X,1]]
CE[fX(),16):0<s < Oexp((q—1) [y (0(w) 1) du)Lprrm
E[exp((q—1) [} ¢(w) — 1)) du) Ly | '

(6.12)

Dividing the top and bottom of (6.12) by the non-random expression D,(T) in the statement

of Conjecture 6.2—see (6.1)—we obtain that

E[£(X(s),1(s) : 0 <5 < t)exp((q—1) [ (X(u) — 1)) due) L g1/ |
E[exp((q—1) [y (X(u) ~ 1)) du)Lprm |
E[R,(T)f (X(s),1(s):0 <5< t)pr1/m]
E[R(T)Lp(r1/1)] .

(6.13)

Then, assuming Conjecture 6.2, it holds that there is an almost surely positive random
variable R, such that R,(T) EA R, as T — oo (with R, > 0 a.s.), with this process being

uniformly integrable. Indeed, we have that jointly

(Ry(T), f(X(5),I(s): 0 <s <t), ]1{E,(T1m}) = (Rg, fF(X(5),I(s): 0<s<t),1)

as T — oo (because marginal convergence in probability implies joint convergence in prob-

ability). Then, by the continuous mapping theorem, as T — ©o

R(T)f (X(s),1(s): 0<s < t)Npi(r1/1)} gqu(X(s),I(s) :0<s <),

and of course this process is still uniformly integrable (since for each T it is bounded in absolute

value by R (T) times the bound on |f|). By setting f = 1, we have that
p
R (T)f(X(s),I(s): 0<s < t)Upi(r1/ryy = Ref (X(s),I(s): 0<s<t)

as T — oo, and again we still have uniform integrability. Thus, applying Vitali’s convergence
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theorem, we have that the quantity on the right-hand side of (6.13) converges as T — ©0 to

E[R,f(X(s),I(s): 0<s<t)]
E[R,] ’

where the denominator is necessarily positive.

Then, by (6.2) and (6.10), we have firstly that

limsupEn’p’q[f(n_l/SXn(Lsnz/SJ), n_l/gln(Lsnz/SJ) :0<s < t)]

n—0oo

< limsuplimsupE, , , [f(n_l/an(Lsnz/SJ), n_l/gln(tsnz/gJ) :0<s< t)]lE,g(T,1/T)]

T—-0o0o n—o0

+limsuplimsupE, Yy [f(n_l/BXn(Lsnz/BJ) —137 (|_sn2/3J) 0<s< )]lE/(T 1/T)c]

T—oo n—oo

=0
2/3
o B[P (XD L Us ) s 0 <5 < en?P) gy |
< limsuplimsup N, ([ Tn2/2])
Too0  n—oo En’i,[q n ]1E,Q(T,1/T)]

limsup;_, o limsup, oo po(T,1/T)
X
liminf;_, oo liminf, oo 7,(T,1/T)

E[qu(X(s),I(s) :0<s < t)],

and similarly that

limianEn’p,q[f(n_l/an(Lsnz/BJ),n_l/gln(Lsnz/SJ) :0<s < t)]

n—-oo

= liminf liminf En’p’q[f(n_1/3Xn(|_sn2/3J), n_l/SIn([sn2/3J) :0<s < f)]lE,;(m/T)]

T—00o n—o0

+limin lim inf Epp o £ (072X, (|50 ), n 1 R1, (|50 ) 10 <5 < )Ly rye

>0
2/3
o B[ @ U DA (s L(Us ) s 0 < s < 0P Ly 1|
= liminf liminf o
- — 00
fmeo ]En,p[qN”(LTn J)]IET’I(T,I/T)]

1 1
x liminf lim inf pn(T, —) hmmf liminf r ( ?)

T—00 n—0oQ T T—oo n—o0

=E[R,f(X(s),I(s): 0<s<t)].
Since we have that the lim sup and liminf in n of the same quantity are bounded, respectively,
above and below by the same value, this must be a limit in n, completing the proof. O

Remark. Note that one can apply Vitali’s convergence theorem directly to the numerator and
denominator of (6.12), since the quantities inside the expectations are uniformly bounded

in T (and so uniformly integrable) and converge in distribution (because they converge in
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probability). However, as we will see in Proposition 7.1, f OT(X (w)—I(u))du EA 00, so, for
g < 1, both the numerator and the denominator converge to 0. As such, we need to find an

appropriate compensating function.

This shows that (conditionally on the conjecture) the exploration process converges. While
this is of some independent interest, we’re more interested in using it as a lemma to show that
the sequence of component sizes, appropriately rescaled, converges. This certainly holds in
the vague topology, as we now show. (In the following corollary, we will use the term “twisted”
to refer to a measure change. This might more normally be referred to as a “tilted” process,
but we reserve the word “tilted” for the tilted excursions from Definition 2.16, and related

objects and distributions.)

Corollary 6.4. Suppose Conjecture 6.2 holds. For Ci(n), let L(Ci(”)) = k — 1 if the first vertex of

Cl.(n) to be explored is chosen as vy. Let
0, ={(n2|c|,nL(cV)) iz 1},

and, if € is the set of excursions of the reflected limit process (i.e. the ErdGs—Rényi process “twisted”
by Ry), let

©={(lel,L(e)):ec ¢},

where |e| and L(e) are the length and left end-point of e, respectively. Then
0,50

in the vague topology.

We omit the proof; it follows from Theorem 6.3 above by the proof of [6, Thm. 8] (or the
proof of Lemma 5.5).

To convert this into convergence in 12, we would need to use Proposition 5.7, which im-
poses three criteria on the limit object. We know (e.g. by [6, § 3.4]) that all three criteria
hold for the untwisted object. But then, applying the definition of the measure change via R,
these criteria transfer to the twisted object straightforwardly. Thus we have established the

following.

Corollary 6.5. If Conjecture 6.2 holds, then, for G, ~ %(n, p,q) withq < 1and p = 1/n+qn™*/3,
asn— oo,

d
n_2/3Cn —C
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in 12, where C is the well-defined ordered list of excursion lengths of the reflected limit process

(again, the Erd6s—Rényi process “twisted” by R).

Note that this is all consistent with Conjecture 3.6 about the form of the limit distribution of
component sizes. Indeed suppose, f OT exp{(q —-1) fOT X(w)—1(u)) du} — (log T)/2 converges
in probability, in such a way that Conjecture 6.2 holds with

—1
2

Dy(T) ¢ exp{ d log T} = T-1/2, (6.14)

If so, then we would have shown Conjecture 3.6.
In fact, the convergence in probability does hold (even for g < 1, by the continuous map-
ping theorem), and, for g > 1 (instead of g < 1), we have that the equivalent of Conjecture 6.2

holds, for ©4(T) as in (6.14). We will see this in the next chapter.

6.3 Problems for g > 1

There are key steps that are missing to make the argument in the previous section work for

q > 1. We discuss the problems here.

6.3.1 Approximate independence

In Section 6.1 we showed a result that gives us an “approximate independence” for earlier and
later stages of the random cluster model exploration process, if ¢ < 1. The proof relied on
bounding that exploration process by the process for the Erdés—Rényi graph, but this method
cannot be applied for g > 1, because here the same arguments used to make the comparison
(those in Section 4.1) show that the Erd6s—Rényi process provides a lower bound, rather than
an upper bound.

Though we did not prove this, a possible approach may involve the “fundamental lemma”

given in [16], which we present here.

Lemma 6.6 ([16, Lma. 3.1]). Let G, ~ ¥(n, p,q), for any feasible values of the parameters. Let
r € (0,1). Independently colour each component of G, red with probability r, and green with

probability 1—r; let Gfll) be the red subgraph, and Gflz) the green subgraph. Let N; be the number
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of red vertices. Then, conditionally on Ny = n;, and up to (a random) relabelling of the vertices:

Gr(ll) ~ (g(nl’p’ qr): and

G@ ~ 9(n—ny,p,q(1—r)),

with these two subgraphs being (conditionally) independent.

The utility of this for g € (1,2) is that, by setting r = 1/2, we obtain two graphs with
q € (0, 1), which we have already considered. The authors of [16] typically take instead the
choice of r = 1/q, which makes the red subgraph an instance of the Erdés-Rényi model;
potentially we too could use this approach, but taking r = 1/2 makes the red and green
subgraphs exchangeable, slightly simplifying some of our argument. On the other hand, while
our method has shortcomings (as we will see), these would not be resolved by the choice of
r=1/q.

We now attempt to characterise the distribution of N;.

Lemma 6.7. In the setting of Lemma 6.6, take g € (1,2), p =q/n+ An~*3 and r =1/2. Then,

as n — oo (and working under P, , , for each n),
_n 2/3
N, = E+op(n 13).

The Op(nz/ 3) requires some control on the component sizes; otherwise, informally, a single
very large component, or “too many” medium-sized components, could make the variance of
Nj too large. Of course, we do not know the exact distribution of the component sizes (it is
part of what we are aiming to prove), but a result of Luczak and Luczak [43] gives us enough

control to get the result above. We state that result here.

Theorem 6.8 ([43, Thm. 17, (i) and (iii)]). Let 0 < q < 2, let np/q = 1 + & where ¢ = ¢(n)
is a function (possibly taking negative values) tending to 0 as n — o0. Let C; be the largest

component of G,, ~ %(n, p,q).

(@) Let a € R and let en'/®* — a as n — oo. Then, for n — 0o,

IC,| =©,(n?*?).
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(b) If en'/® — oo, then there exists a function

2
[=1(n,p)=(1+0(1) =1 eN
2—q
such that
Cyl—1
GI=L 4 o,

v 2n/eq

Remark. Theorem 3.2, given above, and Theorem 6.8, are both simplifications of Theorem 17
in [43]. In fact, the authors give a local limit theorem for case (b); however, the central limit

theorem is implied by their proof. Note in this case that |C;| = ©,(en).

We first state and prove a weaker result giving control on N;, with a (relatively) easy proof.

Lemma 6.9. In the setting of Lemma 6.7,

n
N, = > + op(n).

Proof. Let I,I,,... be an i.i.d. sequence of Bern(1/2) random variables, independent of G,,.

Then we can set
N =Z|Ci|1i~
i

where C; is the i-th-largest component of G,,. We can condition on G,, and apply the law of

a)

total variance to conclude that, working under the measure P="P, , .,

1 Gn)] +Var(E|:Zi:|Ci|1i

- E[%Z |ci|2] +Var(g)

Var(N;) = E[Var(z ICil 1;

= %]E|:2|Ci|2].

1

However, Theorem 6.8 tells us that, with high probability, |C;| = ©,(n*?). So let B, be the
event that |C;| = n®/%; we know, then, that B; is true with high probability. Note also that, as

the components are in order,

Yllclr<lial ) Icl =n|c.
i i
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Then we have that

E[Z |Cl-|2] < nE[|C|]=nP(B,)E[|Cy| | B,]+nP(BS)E[|Cy| | BS]

< n?P(B,) + n’l* = o(nz).

Since E[N; ] = n/2 trivially, the result follows by Chebyshev’s inequality. O

This bound is obviously weaker than the one that we will obtain from Lemma 6.7, though
we will need to “bootstrap” from it: that is, we can combine this will a further use of the a

priori bounds on the component sizes from Theorem 6.8 to obtain the stronger result.

Proof of Lemma 6.7. Equivalently to the statement of the lemma, we show that for any se-
quence w, — 00 as n — 00, we have that

n

N12

Pn’p,q( ‘ = wnnz/s) — 0.

(This equivalence is given by [37, Lemma 3].) We observe, that, as Gr(ll) and G,(lz) are exchange-

able, the distribution of N; is symmetric about n/2, so it is sufficient to show that

n
Pn,p,q(Nl = 2 + wnn2/3) —0

as n — 00. We also restrict, without loss of generality, to considering w, = o(nl/ 3 )
We prove this by contradiction. Suppose there were to exist & > 0 and an increasing

sequence (1 ),y in N such that, for all k, if we define

then

Py, pq(AK) = 6.

for all k. Define a new probability measure Q; by

Q() = ]Pnk,p,q(' | Ag)-
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We now let N; (k) represent N; distributed according to P and define

n,p,q°

4/
q ny n,

so that, almost surely under Q,

20y, A 20wy,
e(k) > R R
o8 qmn qmn

and in particular s(k)n}{/ 3 5 0o almost surely under any coupling of the Q;s. Now, from
Lemma 6.9, we also have that (k) — 0 in probability, so that, by Skohorod’s Representation
Theorem, there exists a measure Q that couples the Qs so that in fact e(k) — 0 almost surely
as k — oo. Then the random vector ¢ = (e(k))iey satisfies the conditions of Theorem 6.8,

part (b), applied to the red graph, so, if an) is the largest component of the red subgraph,
|| = 0, (e(k)N; (k).

Note that, working under Q, it holds that e(k)N; (k) = a)p(nz/ 3). Thus, under Q, and working

with C; (the largest component in G),

|C1l = wp(nz/?’).
That is to say, for all (large) M > 0

P p.q(|C1l S MNP | A) = Qi(IC; | < Mn?/?) — 0,
which implies, as Pnk,p,q(Ai) <1-—6, that for all M > 0,
hr?lsogppnk’p’q(lcﬂ < Mn2/3) <1-6.

However, this contradicts Theorem 6.8 applied to G, which says that

1C1| = 8,(n*?);

since each A, has positive probability, this applies under the measure QQ as well. Thus the claim

is shown. W
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This bound on N; will tells us that the red and green subgraphs, although containing a
random number of vertices, are both within the critical window for the random cluster graph
established by Luczak and Luczak [43]. However, they are at random (dependent) positions
in the critical window, and we don’t have much control over where precisely they fall. This

therefore does not appear to be quite enough to show that the following conjecture holds.
Conjecture 6.10. Proposition 6.1 can be extended to the case q € (1, 2).

One might try to find a proof that involved breaking down the exploration into explorations
of the red and green subgraphs, and claiming that, since Proposition 6.1 holds for these, the
same result holds for the overall graph. This simplification, however, omits the fact that we
need to identify, at a given time in the exploration of the overall graph, how far we might be
through the exploration each of the subgraphs—we need to know that, as we take the limit in
n and then in T, we are progressing through the red and green sub-explorations appropriately

quickly. We were unable to resolve this problem.

6.3.2 Integrability and the limit in n

In our argument in Section 6.2 above, we dealt with quantities of the form

g (T ),

where we needed the convergence of their expectation (or, rather, their expectations when
multiplied by a bounded function) when n — ©o. For g € (0,1) we have no issues here, by
the bounded convergence theorem and the known convergence in distribution. For q € (1, 2),

we observe that, by the tower law,

|_Tn2/3J

E, 5| @ D, | =B, 5 | expq log(Bg+1-5) D (X(D)—1,(1)) } M, |,
i=1

for any sequence of uniformly bounded random variables (M,,),,cy defined on the same prob-
ability spaces. It is sufficient to show that the sequence inside the expectation is uniformly

integrable. Since M,, is uniformly bounded, it is in turn sufficient to show that

I_Tnz/sj
exp{ (q—1) D (X,()—L,(0)
i=1

neN
is uniformly integrable. If we can show this, then the conjecture below would be true.
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Conjecture 6.11. Let p = 1/n+ An~*3, let G, ~ 9(n,1/n+ An~*/3), and let (X, 1,,N,) be
the usual depth-first exploration process. If (M,),cy is a sequence of uniformly bounded o (X,)-
measurable random variables that converge in distribution to M, then for all q € (1,2), as n —

oo

2

]En,p[an(LTnz/BJ)Mn] - E[¢"DM].
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Chapter 7

g > 1: Convergence and integrability

Problem 2 (in the heuristic proof given in Section 3.2) required us to find a function ©(t)

such that

exp{(q—1) [ (X(w) —1(w)) du} 4 a
9,(1) 1

a.s. (where (X, I,N) is the limit process given by Theorem 1.6), and for that to have sufficient
uniform integrability properties that convergence of the expectation holds too. This problem
remains unresolved in the case q < 1, but turns out to be solvable in the case ¢ > 1. We thus
we obtain a candidate limit object in that setting.

Specifically, we will prove the following propositions.

Proposition 7.1. Let X be the appropriately rescaled limit of the exploration process for the
random graph éﬁ(n, 1/n+An 3), and let I be the running infimum of X. Then there exists a

random variable L, such that, as t — 00,
‘ 1
f (X() = I(w))du— logt 51,
0

Proposition 7.2. For all q € (1,2), and for all A € R, the collection of random variables

(exp{(q — 1)|:J X()—I(u))du— 1 log t]})
0 2 t20

is uniformly integrable.

The point here is that, for any bounded continuous functional f, we can conclude that, as
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T — o0

T
E| f(X(s),I(s):0<s< t)exp{(q—l)[J (X(u)—l(u))du—%logt}}]
0

— E[f(X(s),1(s): 0 <s < t)exp{(q—1)L,}],

which is exactly what we needed in our heuristic proof. (Though this solves Problem 2, recall

that Problem 1 remains to be solved in the g > 1 case.)

Remark. As an aside, these results essentially tell us that the number of surplus edges dis-
covered up to time t in the limit of the Erdés-Rényi exploration process (in the critical win-
dow) grows as (1/2)logt. We will therefore also prove this corollary, which is a weak law of

large numbers for that process:

Corollary 7.3. For (X,1,N) the Aldous limit process, and with any A € R,

N(t) p 1
q —_—
logt 2

ast— oQ.

To prove these propositions, we will use results of Janson and Spencer [40], which we
discussed in Section 2.4—these consider the Erd6s—Rényi exploration’s limit process as a point
process of excursion lengths. Their approach applies more naturally to the process X —I con-
sidered up until a given local time at 0, as opposed to a given “real” time. Thus, in Section 7.1
we prove analogues of Propositions 7.1 and 7.2 in this local time setting. Section 7.2 is then
devoted to converting these results back to the real-time setting. In Section 7.3 we discuss in
more detail where and why the proofs in this chapter fail for ¢ < 1, outlining what future work

would be needed.

7.1 Results in terms of local time

Recall from Section 2.4 the point process ) which represents the component sizes of the
scaling limit of %(n, 1/n+An~% 3). The main result we will use to analyse this was already

given as Theorem 2.29(a); we restate it here for convenience.

Theorem 7.4 ([40, Thm. 4.1]). The intensity measure of EM has density

3 L2 2
AP(x) = %x‘s/z\ll(x?’/z) exp{—% + % - %},
var
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where, if A is the area under a standard Brownian excursion,
w(t) :=E[e"]. (7.1)
Before we go on, we will make some useful observations about the function ¥, which we

will need in our analysis. First, a technical lemma.

Lemma 7.5. Suppose Z;:z 0 a,.x* is a power series that converges for all x € R, with a; > 0 for
all sufficiently large k. Suppose also that a; ~ by as k — oo. Then Z;:Z 0 b xk converges for all

x €R, and as x — 00,

oo o0
Z bpxk ~ Z a.xk.
k=0 k=0

We defer the proof of this lemma to Appendix A (p. 181).

In [40, (3.4)], the authors show that
1, t2/24
Y(t) ~ Et e (7.2)

as t —» o0o. We extend their proof to show that the k-th derivative of ¥ is asymptotically

equivalent to the k-th derivative of the right-hand side of (7.2).

Lemma 7.6. Forall k € N,
dvw(t) 1

~ =(12 —kt2+k€t2/24
dtk 2( )

ast — oQ.

Proof. We have

o E[Af
qj(t)=z [e' ]tf,
{=0 :

whenever the sum is well-defined. It is also given in [40] that E[Al] ~ +/180(12e)t/2¢t/2,
Thus, by Lemma 7.5 applied in conjunction with Lemma 4.1(ii) of [38] (which says that, for

y<land b €R,

i kb KTk ok ~ B B
ZTNQ_Y) l/z(er)b/(l Y)exp{(l_y)(eyx)l/(l Y)}
k=1 :

as x — 00), the power series converges for all t > 0, and hence has infinite radius of con-

vergence. By a standard result of analysis, this means we may differentiate the power series
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term-by-term, to obtain (after reparametrising the sum) that

o0 ]E A€+k
\Il(k)(t) = Z ¥tl.
= £!

We note that, by the asymptotic behaviour of JE[A[ ] given above,
E[ATK] ~ V18(L + k)(12e) 1HR2 (g + k) EHRI2 ~ /18(12) K21 +k/20t/2(12¢) /2,
Then, applying Lemma 7.5 and [38, Lma. 4.1(ii)] again, we obtain the claimed result. O

7.1.1 Towards a limit

We now study the pointset that is the limit of rescaled component sizes of ¥ (n, 1/n+An~4/3 ),
which we called Z®). Let D; be the i-th-largest element of =), which [6] proved was well-
defined. Then let A;(D;) denote the area under the associated excursion. Note that A;(x) is
distributed as the area under a tilted Brownian excursion of length x; see Definition 2.16 and
Theorem 2.25. Also note that, given 2, the random variables A; are independent.

Let L(t) be the local time at O of the process X — I, evaluated at time t. (We may define
this, e.g., by

L(t) = lim 27U(¢,27)

where U(t, £) denotes the number of upcrossings by X—I of the interval [0, £ ] completed before
time t—see, for instance, [56, (14.8)].) It can be shown that L(t) = —I(t): for reflected
Brownian motion, the equivalent statement is a result of Lévy (see [56, Thm. 14.7]), from
which the result for our process with quadratic drift follows by the Cameron—-Martin—-Girsanov
formula, which establishes that the two processes are absolutely continuous with respect to
one another. (See also Aldous [6, p. 846].) This representation of the local time of a reflected
process as the infimum of the unreflected process will be useful for calculations in Section 7.2.

Now, for each i, let L;(D;) denote the local time at O at which D; occurs in the reflected
process (it is clear from the definition of L(t) that this function is constant throughout values
of t belonging to any excursion interval). By [6, (72)], we have that L;(x) ~ Exp(x), and
that, moreover, the L;(D;) are conditionally independent across i, given =M. Moreover, the
random variables A; can depend only on the excursion lengths of X — I; so, conditionally on

E(l)’

(Li(D;))ien 1L (Ai(Di))iEN'
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(Aldous [6, pp. 846-847] uses this fact implicitly in his proof of the density of the excursion
measure of his process with respect to that of reflected Brownian motion. Alternatively, it can
be shown by a limit argument from the discrete object.)

Let T denote the right-continuous inverse local time, which satisfies
o0
T(0) = Z Di11.(p)<ey-
i=1
Let T denote the left-continuous version instead; i.e., define
oo
(€)= Z D11, (p)y<ey-
i=1
Then we take
7(0) e3¢}
3(3) = f (X(u)—I(u)) du = ZAi(Di)]l{Li(Di)<[}’ (73)
0 i=1
and
(0) (%)
3(6) = f (X(u)—I(u)) du = ZAi(Di)]l{Li(Di)<l}' (74)
0 i=1

Since there are only countably many excursions, J = J on [0, 00) except at countably many
points (these points being random).
It will be useful to prove some properties of A(x), the area under a tilted Brownian excur-

sion of length x. Define & = log ¥, and note that, from (7.2) and Lemma 7.6,

2

®(t) = ;—4 + O(logt); (7.5)
ey Y@ ot
(t) = v " 12 (7.6)
and
. () V()
$ (t)=W(t))—(\p((t))) =o(t?). (7.7)

Note also that as A is non-negative, ¥ is an increasing function, and so @ is too.

Lemma 7.7. Let A(x) be the area under a tilted Brownian excursion of length x, and let ¥, be
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its moment generating function. Then
U .(t)= exp{@((t + 1)x3/2) — d>(x3/2)}. (7.8)

Proof. Let A(x) be the area under a Brownian excursion of length x (so A=A(1)). Then

o] EleT] B[] g (e +1)x3/2)
7 — tA(x) | — — —
‘I/x(t) = E[e ] = E[eA(X)] - E[eXB/zA] - ‘I/(X?’/Z)

= exp{<I>((t + 1)x3/2) — ‘P(xg/z)},

where the third equality follows by Brownian scaling. O

We now have all the machinery we need to show that J(£) —E[J(£)] has an almost sure
limit as { — oo, and similarly for J. To simplify the proof a little, we will state and prove the

following lemma.
Lemma 7.8. For all £ €[0, 00), 3(¢) = J(¢) a.s.

Proof. By definition, J(¢) = J(£). Now

E[3(0)-3(0)] = E[Zﬁi(Di)]l{Li(DiH}}
i=1

e

...
Il
-

E[E[A;(D))11,(p,)=¢) | Di]]

e

,..
I
—_

E[E[4,(D) | D;JP(L:(D))=¢|D)] =0,

by the conditional independence of A;(D;) and L;(D;) and the fact that L;(x) ~ Exp(x). So
we have a non-negative random variable with expectation 0, which must therefore be almost

surely equal to 0, completing the proof. O

We next investigate the asymptotics of the expectation of the process J. As is conventional,
let y represent the Euler—-Mascheroni constant (y = 0.57721... [1, p. 3]). Further, define the

constant

(o]
1 3 22’ )LZ
Cl=r+ —x_lkIJ’(x?’/z)exp{—x—+x——x— dx
4 ), v2¢ 6 2 2

1
1 o3 x* x4 xA? T
+ | — v — == S | dx.
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Proposition 7.9. C, is a finite constant. Moreover; let f (£) =E[J(£)]; then, as { — 00,
1
fl)= y logf + C; + o(1).

Remark. Note that f(£) = E[ﬁ(f)] also, by Lemma 7.8.

To prove this, we first need a technical lemma, whose proof we defer to Appendix A

(p. 180).

Lemma 7.10. As { — oo,
1
J x_l(l — e_ex)dx =y +logl+ O(ﬂ_le_"}).
0

With this in hand, we can prove the proposition.

Proof of Proposition 7.9. Using the tower law, we have that

-]

[ oo
=E ZE[Ai(Di) | D E[ L1020 | Di]]
Li=1

f)=E E[ZAi(Di)ﬂ{Li(Di)<l}

i=1

=E Z]E[A(Di) \ Di](l—exp{—ﬂDi})i|, (7.9)

Li=1

where we use the previously-noted conditional independence for the second line. For the

expectation of the area term, we use Lemma 7.7; we have that ]E[A(x)] = @;(O), where
WL (6) = x320'((t + 1)x/2) ¥, (¢).

Hence,

E[A(x)] = x*?¢/(x*/?), (7.10)

and, substituting into (7.9), we have that

FO)=E iD?/ZtP/(DiB/Z)(l—exp{—ﬂDi}) :
i=1
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By Theorem 7.4, we obtain

)= J x3/2<I>’(x3/2)(1 — e_“)Am(x)dx
0

* “q(U3)2 —ix { x3  x2A x?LZ}
= ——x ¥(x 1—e expy —— + — — — ;dx, (7.11)
fo 7 VN Jexp| =5+ 3 7

noting from (7.6) that ¥’(t) = &'(¢)¥(t) for all t.

We will split this integral into two parts, integrating separately over the intervals (0,1]
and (1, oo). (Note that the integrand is non-negative, so both these component integrals are
non-negative.) We start with the integral over (1, 00). Define

= — |\ —_— - \.
#09 o (%) exe 6 2 2 )

via Lemma 7.6, this is asymptotically equivalent to

1 712 o p{ x3 4 x22 xlz}
x'“expi——+———71,
2421 8 2 2

so ( is integrable over (1, 00). Hence, using the dominated convergence theorem with ¢ as

a dominating function, it holds that, as { — oo,

oo
L 1/ (32)(] — ot _x x4 xA?
Jl mx ‘Il(x )(1 e )exp{ 6 + 2 2 dx

oo
1 3 2 2
. J —x_I\I/’(x?’/z)exp{—x— + XA _ &} dx.
1 V2T 6 2 2

For the integral over (0, 1], note that, as x | 0,

3

w'(x%/2) exp{—% + XZTA — 3%2} =1'(0) + O(x) = E[A] + O(x),

since ¥ is the moment generating function of A. Indeed, Spencer [57, (4.3)] gives that E[A] =
v/ 1/8, so that

3 2}, AZ
v/(x*2) exp{—% + XT - XT} - \/§+ 0(x). (7.13)
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We therefore consider the decomposition

1 3 2 2
L g (32) (] — et _xT xTA xAT
fo mx g (x )(1 e )exp{ 5 + 2 2 dx

1

1
= ZJ;) x_l(l —e_ex)dx

1
1 a3 {xs’ x22 xkz} 7'5) —tx
+ —X U x ex —_t————  — — 1—e dx.
|| = (veemen S+ - - F o)

1
1
—f x_l(l—e_éx)dxzz+ log? +o(1). (7.14)
4, 4

Al

Meanwhile (7.13) (together with results about the continuity of moment generating functions
within their radius of convergence) allows us to conclude that there is a bound, uniform in £,

on the second integral, so we may apply the bounded convergence theorem to conclude that

3

1
| Y 3/2 X 2L xA? s —ix
—x N S G = d
J()«/erx((x e g )¢ )dx
1
- | —x" ¥ (xV")exp{——+——— 11—/ = |dx.
Lw/_Zﬂ ( (¥ exp) —"g+ = == 8

Putting together (7.12), (7.14) and (7.15), and noting that they sum to (7.11), gives the

(7.15)

result. O

We next wish to show that J and J, compensated by their means, converge almost surely.

To do this, we set up some notation. Noting that 7(0) =0 a.s., let

T(kz)
J(k) :J (X(u) —I(u))du.
T((k—1)?)

Then, for £ € N, we have that

{
3(62) => (k)
k=1

almost surely, and that

{
£(62) =D EI(K)].
k=1

We now establish a bound for E[J(k)].

119



Lemma 7.11. Let g(k) = E[J(k)]. As k — oo, g(k) = 0(k™).
We defer the proof of this lemma to Appendix A (p. 182).

Lemma 7.12. Var(J(k)) is finite for all k, and, as k — oo,
var(J (k) = O(k™13/4),

Proof. We only explicitly prove the asymptotic result; that all the relevant quantities are finite
can be read off from the bounds obtained to prove the asymptotics.

We have that

Var(J (k) = E[J (k)2 ] —E[J (k)]?

oo 2 o0 2
=E (ZAi(Di)]l{(k—1)2<Li(Dl~)<k2}) _E[ZAi(Di)]l{(k—l)2<Li(Di)<k2}
i=1 i=1
= X, (k) + Xy (k) — X5(k), (7.16)
where we define
oo
Xi(k) = ]E|:ZA1‘(D1‘)2]1{(k—1)2<Li(Dl~)<k2}:|, (7.17)
i=1
(e elNe o]
.%:Z(k) = ]E ZZ D )l{(k 1)2<L (D )<k2}A (D )]l{(k 1)2<L (D )<k2} (718)
i=1 j=1
Jj#
and
00 2
X3(k) = ]E|:ZAi(Di)]l{(k—l)2<Li(Di)<k2}:| . (7.19)
i=1
We start with X;(k), where we have that
X1(k) = {ZA (D)L 1)2<Ly(D; )<k2}:|
_ [Z Dg[ //( 3/2) P ( 3/2) ](e—(k—l)zDi _ e—kzDi):|
1
= f I:@”(x3/2) +& (x3/2)2](e_(k_1)2x — e_kzx)/\m(x) dx
3 2), AZ
J _Xl/zq,u(xs/z)(e—(k—l)zx —e_kzx)exp{—% i XT _ XT dx
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(by the tower law and Theorem 7.4, since we have that
E[A(x)Z] = @;’(O) — x3[<I>”(x3/2) + (I)/(xg/z)Z]

from Lemma 7.7).
We will split this integral into two parts, integrating over [0, k=3/ 2] and (k‘g/ 2 oo) We

3/2

start with the latter, noting that the integral over (k™°/¢, 00) is bounded above by

e_k73/2(k_1)2 (oe]

V2T k—3/2

3 2 2
xl/Z\IJ”(x?’/z)exp{—% n % . %} do = O(e_kuz);

the last equality holds as the integrand here is, from Lemma 7.6, asymptotically equivalent to

1 3 22’ AZ
 x132egpl X XA XA
288 8 2 2

a function integrable over (0, o).

For the left-hand integral, over [0, k=3/ 2], we note that, for k = 2, the function
re(x) = e~ (k=1x _ p—k*x (7.20)

attains its maximum over x € R at

Xmax = 2 lo( k ) (7.21)
max_zk_1 g k—1) .

if k =1, it approaches its supremum over x € [0, ©0) as x,x — 0. Substituting (7.21) into

the expression for ry, we obtain that, as k — oo,

i) =0 )

so we can find a constant C; independent of k such that, for all k = 1 and for all x € [0, c0),
we have r(x) < C;k™! (including the k = 1 case by taking C; = 1). Meanwhile, we can find
a constant C, such that, for all x € [0, 1],

3 ZA Xlz
R ZECTO P B SO . P
Ty ew =g+ T m - 2

and clearly we can choose C, to be independent of k.
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Applying these bounds, and integrating, gives us that

—3/2 3

k 2 2
1 Xl/zq,//(xs/z)(e—(k—l)zx _e—k%c)exp{_x_ X A xA }dx < 2C1Cy 1374
0 vam 3

Thus, overall, we have that

x,(k) = o(k™13/%). (7.22)

We return to (7.16). To evaluate X,(k), we will additionally require Theorem 2.29(b).

This gives us the Palm distribution for the point process; we have that

0o oo
%Z(k) — f J XB/Zq)/(XB/Z)(e—(k—l)zx _ e_kzx)A(M(X)
0 0

% yB/Zq)/(yB/Z)(e—(k—l)Zy _ e_ka)A(A—x)(y) dy dx.
If we evaluate this together with X5(k) (as defined in (7.19)), we obtain the expression

oo o0
%2(k)—3€3(k)=J f xs/zq)/(xs/z)(e—(k—l)zx_e—kzx)A(A)(x)yz/zq)/(ys/z)
0 0
(A—x)
12y _ k2 Ao A0
x(e Y _e J’)A (y)( AD(y) 1 |dydx,
(7.23)

where

AG=(y) - exp{_xy(x +y—227) } _1 (7.24)

AN (y) 2

We note from (7.22), and the fact that (7.16) is a non-negative expression, that, for some

constant C3 > 0, this expression must be bounded below by —C;k™13/4. If A < 0, in fact

(7.24) is bounded above by 0 for all x,y > 0; we have thus established, via (7.16), that
Var(J(k)) = O(k‘lB/ 4), proving the claim for non-positive A.

Otherwise, if A > 0, we note that (7.24) is negative if x > 2A or y > 2A; meanwhile, on

[0,2A] x [0,2A], we can find C, > 0 (depending only on A) such that for all x,y € [0,2A],

A*(y)

—1< .
AD(yy LS

Applying this in (7.23) gives an upper bound on X,(k) — X3(k) of

1 2 2 2 X le xkz ’
%2(]{) %3(k) < C4( J_J;) v (X )(e Y—e X)EXP{ 6 }dx) 5

122



since the integrand now separates into two identical expressions in x and y. Similarly to our
treatment of X;(k), we integrate separately over [0, Ak—3/ 2] and (Ak_3/ Z,ZA) to obtain that

the integral (before squaring) is O(k_s/ 2), so we have that
—Cak 13/ < x5 (k) — X5(k) < Csk ™3,

for constants C3 > 0 and C; > 0. Substituting this, and (7.22), into (7.16) gives the claim. O

We now come to the main result in this subsection, which is a local-time analogue of

Proposition 7.1. Recall that
7(¢) e3¢}
3(0) = f X(w)—I(uw))du= ZAi(Di)]l{Li(DiKZ}’
0 i=1

T(0) [e%}
3(0) == J X(u)—I(u))du = ZAi(Di)]l{Li(Di)<Z}
0 —

i=1

and

£ =EDO]=E[3©)].

Proposition 7.13. The quantities 3(£)—f (£) and J(£)— f (£) converge almost surely, as £ — 00,

to the same limit.

Proof. We start with the claim about J. It is sufficient to show that, for k € N, the sequence

J(kz) —f (kz) converges almost surely as k — 00. Indeed,

(Ve )=+ (LVel ) ([ Vil <30 - s
<[ V)= ([ Vel ) +e([ VD),

whence the result follows by a standard sandwiching argument, since we already know that
g(k) - 0 as k » oo (by Lemma 7.11).

It remains to show that

k
UORFI0))
j=1

J

converges almost surely as k — o0. Define the event

E;={l()—g(l>ji"12}.
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Then, if ]P’(E ; infinitely often) = 0, it holds, by the Weierstrass M-test, that we do indeed have
almost sure convergence (since we already know that J(j) — g(j) is a.s. finite for all j).

But, by Chebyshev’s inequality and Lemma 7.12,
P(E;) < j*3/Var(J(j)) = o(j**/'?),

so that

21@(13]-) < o0.

Thus, ]P’(E ; infinitely often) = 0, by the first Borel-Cantelli lemma. Thus J(¢) — f(£) does
indeed converge almost surely to some limit.

An almost-identical argument shows that J(¢) — f ({) converges almost surely. Note also
that J and J are, almost surely, equal except at only countably many points in [0, 00); if the
limits had different values, it is a standard result of analysis that there would exist some M
such that the functions were distinct for all £ = M, giving a contradiction. Thus the limits

must be almost surely equal. O

Call the limit L}, so that, almost surely,
30 - F(0) > 1}
and
3O - ) - L.

At present we know very little about L;L.
For our heuristic proof method, it would be useful to know that, for all g € (0,2) and for
all A €R,
E[e@-DIO )] , Blea-DL5 ]

as { — oo, to derive similar results in real time. (Note that it is non-trivial that the right-hand
side even exists; if it does, however, for some g > 1 and also for some g < 1, it implies that all
moments of L% exist.)

To see why this is useful, recall that we need to consider quantities of the form g~ , where
N is some number of surplus edges discovered by the Aldous limit process, up to a certain

point in its “exploration”. Suppose 91(¢), then, is the number of surplus edges discovered up
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to the point where the local time at O first hits £. Then, conditionally on X and I,

(L)
N ~ Poi(f X(w)—I(u) du),
0

SO

E[q™" | X,I]=exp{(g—1)3()},

and so we need the expectation of the right-hand side to be well-behaved as { — oo.
Fortunately the necessary results will hold as long as a suitable uniform integrability prop-

erty holds, which we prove in the next subsection.

7.1.2 Uniform integrability

We seek a local time analogue of Proposition 7.2. To do so, we first seek a bound on the

moment generating function of quantities of the form

D o)

xe=™)

for general (Borel-measurable) non-negative functions ¢ : [0,00) — [0, 00) (recalling that
=) is the point process of component sizes in the limit process). A bound is given for certain
point processes by Blaszczyszyn and Yogeshwaran [14, Lma. 3.1], which, for reference, we

give shortly (in slightly adapted form). To state it, we first need a definition.

Definition 7.14 ([14, Defn. 1.2]). A point process = on R¢ is a-weakly sub-Poisson if, for any

disjoint Borel subsets (B;);cy of R,
E[l_[ E(Bi)] <[ [Ee=®)1.
i i
Remark. The terminology “a-weakly sub-Poisson” comes from [14], in which a* is used to
denote the k-th-order moment measure of the point process.

Lemma 7.15 ([14, Lma. 3.1]). Let Z be a simple point process on RY with intensity A, which is

a-weakly sub-Poisson. Let ¢ : RY — [0, 00) be Lebesgue measurable. Then
E[exp{z ¢(x)}] < exp{J (e¢(x) — 1)A(x) dx}.
x€= Rd

However, this result is not directly applicable in our case because our point process is only

a-weakly sub-Poisson in the case where A < 0. We thus modify their results appropriately.
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We first note the following bound on A™(x).

Lemma 7.16. For any x,y =20, and any A € R,
A A x2? XA
AP () < AW (x) exp (= AP (x). (7.25)

Proof. We established in the previous section (or can see easily by algebraic manipulations)

that

(7.26)

AP (x) = AP(x) exp{_xy(x +y=2) }

We first note that, if A < 0, the exponential is bounded above by 1 for all x,y > 0, and the
result follows immediately. So we assume A > 0.

The argument of the exponential above can be written as

X 2+x(27t—x)

5 5 Y

a quadratic in y that, for x = 0, is maximised at y = (2A—x)/2. However, if x > 2A, then this
is negative; since we only consider y = 0, the function is in fact decreasing for all (relevant)

y, and the exponent is in fact always negative. So, for x > 2A, we have

(A—y) ) ) xA?
AV (x) < AV (x) < AYW(x)exp — [

the second inequality being trivial. Meanwhile, if x < 2A, we substitute in y = (24 —x)/2 to

give that

AZ
AP (x) < Am(x)exp{%}. O

We set up some notation for the results that follow. As usual, let A € R; let ¢ : (0,00) —

[0, o) be a Borel-measurable function, and let

Vig = 6(D)). (7.27)
i=1

For all k € N, define the sets of compositions of k

Gr={0G.D:jelkli=(ir,....i;)i1,..,ix EN,iy + -+ +1; =k}
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(so, in particular, we require i;,...1; = 1), and define
6= {(k:])I) ke Na(])I) € Gk}
Finally, for all (k, j,i) € &, define

1*9)(k, j,1)

=f f ¢(x1)i1...¢(xj)ijA(A)(xl)A(A_xl)(xz)...A(A_xl_"'_xj—l)(xj)dxj...dxl’
0 0

and, similarly, define
o0 oo .
= .. i i~ >
I(A"p)(k,],l):f J ¢(x1)1---(,b(xj)’Am(xl)---Am(xj)dxj---dxl,
0 0

where A is defined in Lemma 7.16.
Before we go on, we note the following corollary to Lemma 7.16, whose proof is immediate

upon inspecting the formulae for I and I, and applying that lemma.

Corollary 7.17. For all A € R and for all measurable ¢ : (0,00) — [0, 00),
19k, j,1) < TPk, j, 1).
We now show that moments of V, 4 (and XN/,W,) may be expressed in a convenient way in

terms of the integrals defined above.

Lemma 7.18. Fix A € R and ¢ : (0,00) — [0, 00), where ¢ is measurable. Let Z* be a

Poisson point process with intensity function AWM, and let

Vig= > o(x).

x€E)

Then there exists a collection of non-negative constants (cj(.ki) 1 (k,j,1) e 6), which do not

depend on A or ¢, such that:

(D for all k €N, the k-th moment of V, 4 may be expressed as

k ..
D IOk, j, i)
(Jj,1)e6;
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(D for all k €N, the k-th moment of \N/A,d, may be expressed as

D TRk, j i),

(,)e6y

Remark. The proof here is similar to that of [40, Cor. 8.7], which gives an exact formula for the
integral for the case where ¢ (x) = 1,p), for a Borel set B; the hypotheses of our statement

are significantly more general, and the conclusion is consequently much weaker.

Proof. We prove this by induction on k; our inductive hypothesis will be that, for each k, both
() and (I1) hold, and that, for (j,i) € &;, the constants cJ(.ki) do not depend on either A or ¢.
For k = 1, this clearly holds by Campbell’s theorem (see, e.g., [22, (9.5.2)]).

Now suppose it holds for k =1,...,k’ — 1. Then let

F(x,E) = ¢(x)V(E)F T,

where we treat V as a function of a generic point process = given by

V(E) =D $(x).

XEE

Since F is a non-negative function, [40, Thm. 8.2] gives

== ]=2[ S0 |
E[ 3 F(D;, =W ]

i=1

oo K'—1
J $(x)E (¢>(x)+ >, ¢(y)) AP (x) dx
0

yGE(l*X)

Y K—i
Z f $(x)'E ( >, ¢(y)> AP (x)dx,
=1

yEE(A—x)

using the binomial theorem. We note that the term in the sum where i = k’ can be expressed

as

J ¢ () AP (x) dx;
0

for the other terms, we apply the inductive hypothesis. Noting that binomial coefficients are

/
all non-negative, we have (I). Since the constants cj(.ki) are generated only by the constants for

k = k' —1, and by the binomial theorem, they do not depend on A or on ¢.
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Moreover, as =) is a Poisson point process, it holds that

—i

K’ ) k
E[(V(é“)))k’]=;(ki__1l) fo SOIE|[ D 60| [APmax,

yeE®

which similarly gives us (II); since the constants are generated in an identical way as in (I),

using the constants for k = k’ — 1 and the binomial theorem, they must also be the same. [

Lemma 7.19. We may bound

E[exp{Vi4}]< exp{J (e — 1)/1(1)(x)dx}. (7.28)
0

This proof follows the strategy of the proof from [14] of our Lemma 7.15; as previously
noted, that result is not directly applicable because our point process is only a-weakly sub-

Poisson (as in Definition 7.14) in the case where A < 0.

Proof. We start by noting that, since 2 is a Poisson point process, an exact formula for

E[exp{f/&(i, }] is known (see, for instance, [22, (9.4.17)]); we have that

]E[exp{\N/Mp }] = exp{f (e¢(") — 1)/\(A)(x)dx}. (7.29)
0

where the right-hand side of (7.29) is exactly the right-hand side of (7.28);
Now we consider V} 4, for which we use the expansion of the moment generating function:

namely, that

E[exp{V 4}]= 1+ilﬂ£[v{j¢]. (7.30)

Since V) 4 is non-negative, so are all its moments. Moreover, by part (I) of Lemma 7.18, we
have that
k| — (k) 72, ;.
E[vi,]= D B, i,
(j,i)EGk

k)

where the c](.’i are all non-negative. Thus we may apply Corollary 7.17, followed by part (II)

of Lemma 7.18, to obtain that

B[Vi,]< D) ik gD =E[7f, ]
(ides
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Substituting this bound into (7.30) tells us that

E[exp{VA,d,}] <1+

M8

SB[y ] = Elexp{7,}]

=
Il
it

Combining with (7.29) gives the result. O

Proposition 7.20. Fix q € (1,2). Then, for all £ > 0, the quantity E[ e DO~ O] is finite;

moreover, there exists r > 1 such that el DO~ js bounded in L™ as £ — oo.

Proof. We first show that there exists r > 1 such that

G, r) = E|:exp{z r(q— 1)Ai(Di)]l{Li(Di)<€} }:|

i=1

is finite, which in particular implies the first part of the claim. Using the tower law, and the

conditional independence of the A; and L; terms, we have that

G, r)= E|:l_[ E[exp{r(q - 1)Ai(Di)]1{Li(Di)<Z}} | Di]:|

:E[ﬁ(exp{q,(m;/z)_cp(pf/z)}(l_e—wl-)ﬂ—wf)},

i=1

where we take r’ := r(q—1) + 1 > 1; this follows by Lemma 7.7. We now apply the explicit

formula from Lemma 7.19 using
¢ (x) =log((1—e ) exp{@(r'x*?) —&(x*/?)} +e*) > 0,
thus obtaining that

G, r) < exp{f Oo(1 —e ) (w(r'x%?) - \p(x3/2))Lx—s/z exp(_x_3 + xz_l) dx}
’ 0 V2n 6 2

(using the fact that & = log ¥).

We split log G into two parts; let

3 2
——x/? exp(—x— + ﬂ) dx

1
_ _—lx 1.3/2) _ 3/2
@l(e,r)—fo(l e Y(r ) = w(x2)) o 6 "2

and

Oo —tx / 1 _ 3 27(,
S B R R e e 8
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so that logG(€, 1) = D,(€, ) + V5L, 7). We start with 9),(¢, r), first bounding the 1 — e~
term above by 1. This gives a bound on the integrand that is independent of {; moreover, we
note from (7.2) that this bound is, as x — ©o, asymptotically equivalent to

2 3 2
1 e exp (r—4)x X A .
V2m 24 2

This is integrable if (r’)z —4 < 0, which holds for r > 1 if and only if r < 1/(q —1). We can

choose such an r, since g < 2; take, for instance,

r= q
2(q—1)

which gives r’ = (q + 2)/2. Hence, we have that ),(£, r) is finite for all £ > 0, and moreover
that 2),(¢,r) =0(1) as { — oo.
We now consider 9);; we will continue to use the choice of r (and hence that of r’) that

we just established. Note that, as x | 0, it holds that
ElA
\Il(r’x3/2) — \P(x3/2) = —[2 lq X324 O(XS);

thus, we may choose Cg > 0 (independent of £) such that, for all x € (0,1),

3 2
(\D(r’x3/2) —\I!(xg/z))‘/%_nx_s/2 exp(—% + %) < %x‘l + Cev/x (7.31)

by considering the behaviour of the whole function near x.

Then we have that

q qE[A]
%(e’ 2(q_1)) S o0V )

= M log? +0O(1),

2421

1 1

xH1—e™)dx + C6J Vx(1—e ) dx

0

using Lemma 7.10 for the asymptotics of the first integral.
Thus we have shown that log G(¢, r) is finite for all £ > O for this choice of r, and moreover

that

q qE[A]
logG(Z, Z(q—l)) < 2‘/%logﬁ +0(1),

131



which shows that
E[ @ DOOO)] < ga=AV(2V27) exp(0(1) — qf (£)/2}. (7.32)

We note moreover, from Proposition 7.9, that

_5l4) |
f)= 1/%logﬂ +0(1);

substituting into (7.32) gives us that, as { — oo,
E[ "D = o(1),
since the terms in ¢ cancel. Hence the quantity e DCO—F®) js bounded in L" for r =

q/(2(q —1)). O

We note that the above argument may be adapted to show that, for ¢ = 2, the expectation
E[e(q_l)(j(“_f (“)] is finite if A < 0. This fails for A 2 0 when g = 2, and also for all values of
A when q > 2. This is consistent with our expectation that it should be possible to extend a
proof for g < 2 to the case where ¢ =2 and A < 0, but not to the other cases. This expectation

comes from the facts that:

e by Theorem 18 of [43], if ¢ = 2, it is only when A < O that the largest components are

of order ®p(n2/ 3), and
e there is a completely different critical behaviour for g > 2, as given by [16] and [58].

Corollary 7.21. Fix q € (1,2). Then, for all £ > 0, the quantity E[e(q_l)(ﬁ(‘z)_f (Z))] is finite;

moreover, there exists r > 1 such that @ DOOFO) is bounded in L™ as £ — oo.
Proof. This is immediate from Lemma 7.8—i.e. the fact that, for all £ > 0, a.s. J(£) = 3(¢). O

Recall that L;L is the almost sure limit of J(¢) — f(£) as £ — oo, whose existence was

established in Proposition 7.13. We now give our local-time analogue of Proposition 7.2.

Corollary 7.22. As { — o0, the collection of random variables

—1)(3(0)—f [
(e(q YA ( )))[20
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is uniformly integrable; moreover,
E[e(q—l)(ﬁ(é)—f(l))] N I[g[e(q—l)L’l ]

The equivalent result holds for 3.

Proof. The first part follows immediately from the fact that a collection of random variables
bounded in L" for r > 1 is uniformly integrable; the second then follows from this and Pro-

position 7.13, via Vitali’s convergence theorem. O

7.2 Converting to “real” time

We now wish to prove Propositions 7.1 and 7.2 using the local-time analogues that we have
established (Proposition 7.13 and Corollary 7.22).

For this, we will need a way to convert between the two settings. Fortunately, we have one:
we can use the fact that, as described at the start of Section 7.1, the local time at t is given
by —I(t). Meanwhile, we have already constructed T and 7, the right- and left-continuous

inverse local times, respectively. Thus we have that
T(=I(t)) < t < T(=I(t)). (7.33)

We first establish some control on the behaviour of I(t). Recall that we fix A € R, and

define, for B(t) a Brownian motion,

t2
X(t)=B(t)— - + At;

I(t)= inf X(u).

o<sus<t

Lemma 7.23. As t — o9,

2
I(t)= —% + At +0,(t1/2).

In the proof, we make use of a comparison with two Brownian motions with a linear drift:

XO(x)=B(x)+ t2_2 +(A—t)x
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and
t
X(o(x) = B(x) + (;\ — 5)x,
with the same B as above. Note that, for 0 < x < t,
X((x) < X(x) <X (x),

and so, if we define

1D(x)= inf XO(x)

Osu<x

and similarly for I(,), we have that, for all x € [0, t],
Ieoy(x) < I(x) <I1V(x).

We will use these bounds in our proof.

Proof. Fix a,u € R. Let

X@W(x)=B(x) +a—pux,

and let

1@M(x)= inf X@M(y).

Osus<x

We seek the mean and variance of I(@*)(x). We first consider the case where a = 0.

Recall that

2 X 42
= [“e7" dt for x = 0;
Erf(x)={ /" Jo
—Erf(—x) for x <0,

and Erfc(x) = 1 — Erf(x).We established in (4.32) that
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Similarly, we calculated the second moment in (4.33), obtaining

E[10M(x)?]
2,2 2,2
_ usx 1 X 9 X 1 u“x
=x+ 2 +(;+,ux)1/§exp{—,u x/2}+Erf(—,u\/g)|:2—‘u2—x— 2 ]
_ 1 b o (1 [x 5 x\[ 1 u?x?
_2x—2—‘u2+,u x +(E+MX) ﬁexp{—,u x/2}+Erfc(,u\/;)[2—“2—x— > |
Then
3 1 2.2 2
Var(I(O’“)(x))=3x——+ IR Erfc(,u\/z)—,ux‘/iexp KX
4u? u2 2 2 2 27
1 26 TP
- (E+—)Erfc(u\/¥)— iexp B
2 2u 2 27 2

Clearly taking a # 0 simply induces a shift in the distribution of I{**)(x) compared to when

)

a = 0, so it must hold that
E[10M(x)] = a+E[ 1M (x)]
and
Var(l(a’“)(x)) = Var(l(o’“)(x)).
Now we note that
x () = x(t?/2,t=2) and X = x(0t/2-1)
so we may use (7.34) to conclude that, as t — oo,
t2 1

E[1()] <E[10(6)] = tz—z—(t—k)t+0(%) —ae-S +o(?)

and

E[I(0)] > E[Iy(6)] = —(é —A)e+ o(%) —At— g + o(l),

t
so indeed

t2 1

135



Similarly, we note using (7.35) that
1
Var(I(t)(t)),Var(I(t)(t)) =3t+ O(t_z)
Hence, using Chebyshev’s inequality, we have that
t? 1/2
Iy (0, 1D(t) = At — 5+ 0,(t'2).

Since I((t) < I(t) < 1()(t), this completes the proof. O

We are now in a position where we can prove Proposition 7.1, one of the main results of

this section. We first restate it, for convenience.

Proposition 7.1. There exists a random variable L, such that, as t — 00,

f (X(w) — () du—2logt > L,
0 2

Proof. We first note that I(t) — —oo almost surely as t — oo (e.g. since X(t) does). So, from

Proposition 7.13, it holds that

T(=I(t))
f X W) —I(w)du—f(=I(t)) = L}
0

and
T(-I(1)
f (X (@) —I)du—f(=I(t)) = L}
0
almost surely. We recall (7.33), namely that
t(—1(0)) S t < T(=1(8),
Thus, by a sandwich argument, it holds that

J X@)—I)du—f(-I(t)) > L (7.37)
0

almost surely.
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We now assess f(—I(t)), noting that, by Proposition 7.9,

F-I(0) = 5 log(—I(1)) + G +o(1)

where the o(1) term converges to O almost surely. Meanwhile, it holds, by Lemma 7.23, that

f(=I(t)) = %log(g —At+ Op(tl/z)) +Cj +0,(1)

= %log(g[l + Op(%)D +Cy +0p(1)

1 1
=—logt—=1log2+C, +0,(1).
5 logt—7log2+C; +0,(1)
Putting this together with (7.37) gives the result, where we take
, 1
LA:LA+ZIOg2_Cl' O

Remark. We believe this convergence holds almost surely as well, though did not show this.
The evidence (while admittedly somewhat weak) starts with the fact that the analogous con-
vergence is almost sure in the local-time setting, and there’s no real reason to expect that that
should fail when we convert to “real” time. In the local-time setting, each excursion is added
in its entirety to the integral as it occurs, whereas in “real” time we add each excursion pro-
gressively; however, we wouldn’t expect this to cause too many problems, especially as the
excursions get smaller and smaller (in particular, we know that X(t)—I(t) — O almost surely,
by Proposition 4.13). All this being said, convergence in probability is strong enough for our

subsequent results.

Before we go on, we prove Corollary 7.3, which we recall is a weak law of large numbers

for the number of surplus edges in the limit process.

Proof of Corollary 7.3. Conditionally on X and I, we know that

N(t) ~ Poi(J X(u)—1I(u) du).
0
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Fix an arbitrary € > 0. Then

P(M_1\>g)@(
logt

2[,X@—1w@)du 5)

of : )

logt 2
2N(t)
That the first term on the right-hand side converges to 0 as t — oo follows from Proposi-

logt

N | ™

logt

—1‘>8

2f0t(X(u)—I(u))du_1’ c

tion 7.1, so it suffices to show that the second term also converges to 0. We note that we can

1<
2

2 [, (X(w)— I(w)du e 5)
2

logt
To simplify notation slightly, suppose that (P(1));s¢ is a family of random variables such

write this second term as

(2N(t)
Pl ——>1+¢
logt

(ZN(t)
+P| L <1—¢
logt

2 [ (X(w) — (W) du
logt B

(7.38)

that P(A) ~ Poi(A). We note that, as a standard property of the Poisson distribution, we may
couple these such that P(1;) < P(A,) whenever A; < A,. Further, we let A be a random
variable independent of the family (P(1))3o.

Then, taking A = f Ot (X (u)—I(u))du, the first term in (7.38) is equal to

IP(P(A) >(1+ e)%logt

1 1
(1—£)—logt<A<(1+£)—logt)
2)2 2)2
<]P’(P((1+£)llo t)>(1+8)110 t)

using the coupling established for the family (P(A));~o. We then have that, by Chebyshev’s

inequality,

e\1 1 (1+¢e/2)(logt)/2 8(1+¢/2) .
P(P((l + E)Elog t) >(1+ s)ilog t) < 200gt)?/16 eZlogt 0

as t — oo. A similar argument shows that the second term in (7.38) also converges to zero,

completing the proof. O

We now proceed towards a proof of Proposition 7.2—i.e., to show that

(exp{(q — 1)[J XW)—I(u)du— 1 log t]})
0 2 =0

is uniformly integrable. We first give a very weak bound on the random variables in the family.
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Lemma 7.24. Fix A € R and 6 > 1, not depending on t. Then as t — 09,

E[eXP{Q J X (u) —1(u)) du}] = O(t3/2692t3/2+19t2).
0

This is far from optimal (indeed, we will later show that the quantity on the left is of
polynomial order in t), but we will need to “bootstrap” from this bound in order to reach that
conclusion. The proof of Lemma 7.24 is obtained via comparison to Brownian motion with
linear drift; we defer the proof to Appendix A (p. 183).

Now, to show the uniform integrability, we will consider separately the cases where —I(t)

is “large” and “small”, starting with the small case.

Lemma 7.25. The collection of random variables

(exp{(q - 1)(f X () —I(w)du— % log f) } ﬂ{](t)?—aﬂ})
0 t=0

is bounded in L", for the same r as in Proposition 7.20.

Proof. As in the statement of the lemma, let r > 1 take the value given by Proposition 7.20,

and let 8 =r(q—1). Fix a > 1/2. Then

t
0
E|:€Xp{ 0 f X(w)—I(u))du— E log t}]l{l(t)Z—atz}]
0
0
< ]E[ee(j(—f(t))—f(atz))]1{1(t)>_atz}] exp{ 0f (at?)— ) log t}

2\_ 2 0
< ]El:eg(j(at ) f(at ))1{I(t)>—at2}:| exp{@f(atz) - E ].Og t},
since J is increasing in its argument. But then

E[ee(ﬁ(atz)—f(atz))]l {I(t)>_at2}] < E[ee(j(atz)—f(atz))] < supE[e?0O~F )] < oo,
>0

by Proposition 7.20. Meanwhile, by Proposition 7.9, as t — oo,

exp{@f(atz) - g log t} = exp{% log(atz) +C; +o0(1)— % log t}

= exp{loga + C; +o(1)};
since f is also well-defined and finite for all t > 0, this implies that

supexp{@f(atz)—%log t} < 00.

t>0
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Thus we can find a uniform bound on

]E[exp{@ f Xw)—I(u))du— % log t}]l{l(t)>_at2}i|
0

for all t > 0, and so

exp{(q 1) f (X (@)~ 1)) du— L tog t}nmp_atz}
0

is bounded in L". O

The large —I(t) case is much harder. For it, we will prove the following lemma.

Lemma 7.26. Fixa> 0, 6 > 0 and t > 0. Then the random variables

exp{@ f X(u)—1I(u) du}
0

and

Lircty<—ar2)
are negatively correlated.

This will allow us to separate the indicator function and the exponential, and bound them
separately.
To prove Lemma 7.26, we will quote a version of the FKG inequality, by Ma and Privault

[45], for which we need the following definition.

Definition 7.27. Let a,b € R with a < b. For continuous functions f;, f5 : [a, b] — R, define

that f; < f, if and only if, for all s,u witha <s <u < b,

Fw) = f1(s) < fow) — fo(s).

Theorem 7.28 ([45, Thm. 3.1]). Consider a probability space (2, % ,P) in which  is the set of
continuous functions from [0, 1] to R, and in which we equip Q with the partial order <. Let X,Y
be real-valued random variables on this space such that, if f; < fo, then X(f;) < X(f,) almost
surely, and similarly for Y. Then

Cov(X,Y)=0.

Remark. If arandom variable X satisfies the hypothesis of the theorem, we say it is an increasing

function of the state space. We note, by a simple scaling argument, that Theorem 7.28 also
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holds for continuous functions on [a, b], for any a, b € R with a < b.

Proof of Lemma 7.26. We can (almost surely) consider the random variables in the statement
as random variables on the space of continuous paths over [0, t], with the probability meas-
ure being chosen so that the paths have the same law as (X(s))p<s<;- Let (2, Z,P) be this
probability space. We now seek to apply the extension of Theorem 7.28 to functions on [0, t].

Define real-valued random variables on the space by

Ry:f eXP{QJO (f(u)—ogiuf(s))du}

and

Ry f = —Tiing o fs)<—ar?}-

It then suffices, by Theorem 7.28, to show that R; and R, are both increasing functions of the
state space.

Suppose fi, fo € Q with f; < f,, noting that this is precisely the condition that f, — f; is a
non-decreasing function of its argument. Since we only need to show almost surely that, for

i=1,2, R;(f1) < R;(fy), we assume that f;(0) = f,(0) = 0, so that
f1W) < fo(w) for allu € [0, t]. (7.39)

Then, by Lemma 4.9 (taking d = d = 0), it holds that, for all u € [0, t],

A — ogliufl(s) < fo(w)— Ogsliufz(s),
and so R;(f1) < Ry(fy). Meanwhile, applying (7.39) again, we see that, if infy<,<; fo(s) <
—atz, then infogsgt fl(S) < _atz. So RZ(fl) < Rz(fz) O

We already have Lemma 7.24 to bound the expectation of the exponential, so we need a
bound on the large-deviations behaviour of I(t). We apply the following explicit bound, which

appears in [23], and is a special case of Schilder’s theorem.

Lemma 7.29 ([23, Lma. 5.2.1]). Let B(t) be a Brownian motion. Then for all t > 0 and & > 0,

P( sup |B(u)| > 6) < 4e70%/@0),

o<sus<t
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Lemma 7.30. Let A €R. Fix 6 > 0, and let ¢ > 1/2+ 6. Then, for sufficiently large t (in terms
of 6 and A),

P(I(t) < —ct?) < 4 (¢71/2-00°C/2,

Proof. If A = 0, take t = 2A; if A < 0, take t = —A /6. Then, for all such t, we have from

Lemma 7.29 that

2
P(I(t) < —ctz) = IP(EIu €[0,t]s.t. B(u)+ Au— uE < —ctz)

< IP(EIu e[0,t]s.t. B(w) < —(c - % — 6)«*?)

1 2
< P( sup B> (e= 3 - 5)t2) < 4eto)'ene |

o<su<t

We are now ready to bound our exponentiated random variable restricted to the case of

large —I(t).

Lemma 7.31. Fix 6 > 0, and take a > 0 + 1. Then, as t — 09,

E[exp{@ JO t(X(u)—I(u))du}]l{l(t)g_aﬂ}} —0.
Proof. By Lemma 7.26, it holds that
E[exp{e Jot(x(u) —1I(u)) du}n{,(t)g_atz}]
< E[exp{@ ft(X(u) —I(u))du”uv(f(t) < —at?).
0
By Lemma 7.24,

E[GXP{QJ X(w)—I(uw)) du}] = O(t3/2692f3/2+19t2).
0

Meanwhile,

P(I(t) < —ct?) < 4e~ (@ D0/

by Lemma 7.30, taking 6§ = 1/2 (since a > 1). So

t
E[EXP{GJ X (W) —I(w)) du}]l{f(t)<—at2}] = O(t3/26[92—(a—1)2]t3/2+7L6t2) Lo,
0

sincea—1> 0. O
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Finally, we can prove the second main proposition of this chapter.

Proof of Proposition 7.2. Taken together, we can use Lemmas 7.25 and 7.31 to show that

(exp{(q — 1)[J XW)—1I(u) du] —(1/2) logt})
0 20

is bounded in L" for the same r as in Proposition 7.20. Since this r > 1, we have that the

collection is uniformly integrable. O

7.3 qg<l1

We discuss here what in the argument above fails for ¢ < 1. Proposition 7.1 doesn’t refer to q
at all, so the missing piece is in extending Proposition 7.2 to g € (0, 1).
Essentially, the problem here is finding an analogue of Lemma 7.19. We noted before that

that was an adaptation of a result from [14] about quantities like

E[exp{;m)”,

where = is a point process, and ¢ is a non-negative function. For ¢ < 1, the form of the

expression in Proposition 7.2 indicates that we will need to consider quantities of the form

fol o]

instead (since the argument of the exponential is multiplied by g — 1, which is now negative).
In fact, Blaszczyszyn and Yogeshwaran [14] have an analogous result that applies to such

quantities, which we state here.

Definition 7.32 ([14, Defn. 1.2]). A point process = on R¢ is y-weakly sub-Poisson if, for any
Borel subset B C RY,

P(®(B) =0) < exp{—E[®(B)]}. (7.40)

Remark. Aswith a-weakly sub-Poisson processes, the notation comes from [14], in which v(B)

is used to denote the void probability, P(®(B) = 0).

Lemma 7.33 ([14, Lma. 3.2]). Let £ be a simple point process on R with intensity A. Let
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¢ :RY - [0, 00) be Lebesgue measurable. Then

E|:exp{—z qb(x)}i| < exp{J (e_e(x) — 1)A(x)dx}
x€E Rd
if and only if 2 is v-weakly sub-Poisson.
In our case, there is no value of A for which =) is v-weakly sub-Poisson, and in fact it isn’t
possible to find an approximation of this property by using a result like Lemma 7.16, either.

So we would need a completely different approach to find an appropriate bound.
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Chapter 8

Other approaches

We complete our proofs related to the random cluster model in this chapter, with some results
of a somewhat different flavour to the heuristic proof offered in Section 3.2, but which may,
with further research, provide an alternative approach to proving that the rescaled component
sizes of the random cluster model converge, and thence that a scaling limit exists. The two
sections of this chapter are largely independent of each other.

In Section 8.1 we outline an alternative potential proof strategy from the heuristic one
we have been following, as well as some results which suggest it may be plausible to follow
this route. Then, in Section 8.2, we show that, if the sequence of component sizes converges

appropriately, then the scaling limit must follow.

8.1 A limit for component sizes

We recall that, in Proposition 3.7, we observed that P can be written as a measure change

n,p,q

from P, 5 by q*(%) where s(G,,) is the number of surplus edges in G,, and

p

p=——"7T—-.
p+q(1—p)

We also observed that, when p is in the critical window for the random cluster model, p is in
the critical window for Erdés—-Rényi.

In our heuristic proof in Section 3.2, we then split s(G,) into surplus edges discovered
before and after a time |_T n?/ 3J in the exploration process (for some T > 0), so we could
apply Aldous’s limit theorem (quoted here as Theorem 1.6); we argued that the post-|_Tn2/ 3J
part was approximately independent of the part captured by the Aldous limit, and, since it

appeared on the top and bottom of a fraction, it cancelled. The problem when g > 1 was
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showing that this approximate independence held; when q < 1, the problem was that, to
make the approximate independence valid, we needed to take the limit in T after the limit in
n, and, even allowing for the fact that we could multiply the top and bottom of the fraction
by some compensating function of T, and could find a candidate function, we couldn’t show
that the appropriate uniform integrability held to allow convergence of expectations.

An alternative approach would be to consider directly compensating the expression in-
volving ¢*("), without the split. For this, we would need that there was some function D(n, q)

such that

D(n,q)

is uniformly integrable, as n — oo, and has a non-degenerate limit as n — ©co.
We provide some calculations that suggest this is plausible, adapting an approach of Noy,

Rasendrahasina, Ravelomanana and Rué [49]. First, we set up some notation.

Definition 8.1. The excess of a connected graph G is defined by

x(G) = (e(G) = 1G|)4,

where a, := max{a,0}. The excess of a general graph G is the sum of the excess of its
components (or, equivalently, e(G)— |G|+ t(G), where t(G) is the number of tree components
in G).

A connected graph (or equivalently a component of a graph) is complex if it has non-zero
excess; that is, if it has strictly more edges than vertices. It is unicyclic if it has equal numbers

of edges and vertices (or, equivalently, if it contains exactly one cycle).

Remark. It can be easily checked that, when s(G) denotes the number of surplus edges in a
graph G, then
s(G) =x(G)+u(G) + p(G), (8.1)

where u(G) is the number of unicyclic components, and p(G) the number of complex compon-

ents, in G.

We now quote the theorem of Noy, Rasendrahasina, Ravelomanana and Rué [49] that we

will use.

Theorem 8.2. For n €N, let

m=m(n) = [g(l + An_l/?’)J.
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For k,r € N, let pi(n,m,r) be the probability that ¢4(n,m) has total excess r, with k unicyclic
components. There exist constants C; > 0 and R > 0 such that, for all n € N, for all k € N and

forall r Z R, then

1 6)~ 1
pe(m, ) < ¢~008/ (( og}:)/ ) % C, exp{/lrz/?’ _ (log(g) _ E)r}

This is a slightly stronger version of the second part of [49, Thm. 4.3], which is in fact
implied by their proof of that result.

Note that Theorem 8.2 concerns ¥(n, m), not ¢4(n, p). This is why our calculations are only
indicative, not conclusive, for results about ¥(n, p), and hence about ¥(n, p,q), the model of
interest. (Later we will make some remarks about how we might approach ¥(n, m,q), where
this result is more directly relevant.)

Before we go on, we will simplify our notation slightly: let N, be the number of surplus
edges in G,,. (This conflicts slightly with our previous notation for exploration processes: note

that N,, here is equal to N,,(n) there.) We now state our indicative lemma.

Lemma 8.3. Let

m=m(n)= [%(1 + An_l/B)J.

There exists q € (1,2) such that, for all g € (0,q),

Proof. Let

(the value is approximately 0.204); assume ¢ < u. Then, routinely (since, for all sufficiently
large r, we have Ar%/® < er), it follows from Theorem 8.2 that there exists a constant C, > 0

such that, for all n, k and r,

1 6)
Pl m, 1) < e—(logn)/(»% % Celtrer 8.2)

(noting that C, depends on ¢).
Take

g=e"?~1.11
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(in particular, q € (1,2)), and pick g € (1,q). Choose ¢ satisfying
0<e<u—2logg=2logq—2loggq.

Let X,, U, and P, be the excess, number of unicyclic components and number of complex

components of G,. Then, by (8.1),
Enm[@" ] = En [0 P ] < B, [ g0 ],

since the number of complex components is bounded above by the excess (each complex com-

ponent has excess at least one). So, by (8.2)

- ((logn)/6)* <
Enm[d™]< D0 pilnm,r) < C; 3 qte (sm/OS=2 0 S fexp(r[21ogg — i+ 1)
k,r k=0 : r=0

1
= ¢, exp{g(q—1)logn}(1—exp{mogq—u+e})—1,

since 2logq — u + € < 0, where for the sum in k we used the formula for the probability

generating function of the Poisson distribution. Since

1
exp{g(q —-1) logn} = n(@-1/6

the result holds.
Observing that the case g = 1 is trivial, we now suppose we take q € (0,1). Then we have,
using (8.1) that

Epml @™ ] SEp [P ]

Take any ¢ € (0, u); then

1 _
En’m[qN“] <G, exp{g(q — 1)logn}(1 —exp{logg—u+¢€}) 1

The result follows as before. O

Remark. Note that in the above, for ¢ > 1, we took the bound P, < X,,—we bounded the
number of complex components above by the excess. It is the tail behaviour in r of pi(n,m,r)
(where r represents the excess) that governs whether or not the sums converge, and con-
sequently constrains what values of g we can take. We may therefore be able to increase the

value of q if we could find a better bound for P, that didn’t rely on the excess; alternatively, it
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may be possible to evaluate or bound directly the probability that ¢(n, m) has a given number

of unicyclic components, a given excess and a given number of complex components.

Conjecture 8.4. Lemma 8.3 can be extended to all q € (0, 2).
Conjecture 8.5. Let p = 1/n+ An"*/3. Then, as n — oo, for all q € (0, 2),

B p[0] = O 4%)

This doesn’t immediately follow from Lemma 8.3 by averaging over m, because the fact
that the number of surplus edges is in the exponent means that an atypical number of edges
might dominate the expectation, and Theorem 8.2 doesn’t give us enough control to ensure
that it doesn’t. Theorem 8.2 was, we recall, essentially the second part of [49, Thm. 4.3];
while the first part of that result gives us tighter bounds on p;(n,m,r), it is only for a more
restricted range of k, and so doesn’t quite give enough control either.

However, suppose Conjecture 8.5 holds. In that case, there is still some additional ma-
chinery needed to get a proof of convergence of the (rescaled) sequence of component sizes.
Hence, in the rest of this section, we first, in Subsection 8.1.1, develop some technical results
similar to those from Section 7.1, but working with component sizes, instead of with local
time within the exploration process. Then, in the following subsection, Subsection 8.1.2, we
outline our potential alternative proof strategy, which will rely on Conjecture 8.5 and a fur-
ther conjecture; Subsection 8.1.3 will address how we might go about proving that conjecture.
We close the section with some very brief remarks on adapting this method for ¥(n,m,q), in

Subsection 8.1.4.

8.1.1 Janson and Spencer, revisited

In Section 7.1, we considered, for the limit process, the components in time order in the ex-
ploration. Specifically, we considered the total area under components that had appeared by a
given local time at O, say ¢, and we let { — 0o. We showed that, appropriately compensated,
this approached a limit random variable, and that the moment generating function also con-
verged in a certain range of its argument.

It will be useful in the sequel to have a version of this in which we consider components in

decreasing order of size. Specifically, using the notation from the previous chapter, we want

149



to consider the random variable given by
oo
ZAi(Di)]l{Di>a},
i=1

where D; is the i-th-largest element in the point process Z*), and show that this, when ap-
propriately compensated, converges in probability as ¢ | 0, with suitable uniform integrability
properties.

First let us calculate the mean of this random variable. Abusing notation slightly, we

(re)define

o0
3e) =D A psq
i=1

and

f(e)=E[3(e)].

Proposition 8.6. Define

X2A xA?

B :JOOL _1\11/( 3/2) {_x_3+___}d
2 1 1/%x b'e exp 6 5 5 b’y
+ J 1 L x‘l[‘l'/(x3/2) exp{—x—3 + —XZA — —XAZ } — E] dx.
o V21 6 2 2 8
Then A, < oo,and, moreover, as € | 0,

fle)= —% loge +A; +o(1).

Proof. We assume without loss of generality that € < 1. As in the previous chapter, we apply

the tower law (cf. (7.9) and Theorem 7.4 (cf. (7.11)) to obtain that
o0
P
i=1

1 L /( o3/2 x2 x2A 0 xA?
= - 7 4+ Y dx.
JE 1/z_x (x )exp 5 X

(Recall that we gave asymptotics for ¥ in (7.2) and Lemma 7.6, and for ¢ in (7.5), (7.6) and

(7.7).) We note that the integral is finite, and that the integral over (1, 00) is the first term
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in the expression for A;. Moreover, recalling that ¥/(0) = 4/7/8, we note that, as x | 0, the

integrand behaves as
1
— +0(1).
2 Fo)

So we note that

e V2T
1 1 3 2 2
1 1 1 X XA XA 3
== | Zdx+ | ——=x7¥(x? —— =y 5 dx
4J8 X * . \/ﬂx [ (X )exp 6 2 2 8 X

The second integrand is bounded on [0, 1], so converges to the other term in the expression
for A,. Meanwhile the first integral is equal to —(log €)/4. O

We will now want some control on the variance, akin to Lemma 7.12 and Proposition 7.13.

We (re)define, for each k € N

oo
J(k) = ZAi (D)1 f3<p,<(k—1)-3}

i=1

(interpreting 072 as 00), and let
g(k) =E[J(K)].

We note that, by similar calculations to those above

(k—1)73 3 2 2
1 X X“A  xA 1

k = —X_l\I—’/ X3/2 ex {——+———}dX:O(—)
so=| = (x¥*)expy ==+ —= == .

Lemma 8.7. The variance Var(J(k)) is finite for all k, and, as k — oo,
Var(J(k)) = O(k_4).

Proof. We follow the proof of Lemma 7.12 almost directly. We note that if we define

oo
X (k)=E ZAi(Di)zll{k—3<Di<(k—1)—3} ,
i=1

(ool o]
- - 2
Xy(k)=E ZZAi(Di)z]l{k—3<Di<(k—1)‘3}A]'(Dj) Lfi-s<p,<(k-1)3} | » and
i=1j=1
J#i
2 ~ 2
X3(k) =E[J(K)]* = E[A;(D)1 s <p, <k—1)-3} | »
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then

Var(J(k)) = X, (k) + Xy (k) — X5(K). (8.3)
Here we may express
(k—1)73 3 2 2
1 x°  x*A  xA
X,(k)= ——x20"(x%/?) ex {——+———}dx.
1(k) o o ( ) P 6 D) 5

Note that the integrand has a sufficiently light tail at oo that X;(1) < oo. Moreover, the

(non-negative) integrand is bounded above on [0, 1] by F;x'/2, for some F; > 0, so, for k > 2

2F 1 1 1
Falk) = Tl((k— 172 k9/2) - O(kT/Z)' (64

Then, for the other two terms, we have that
Xy (k) — X3(k)

(k=12 p—1)73 A(A_X)(y)
:f J x3/2¢/(x3/2)A(A)(x)y3/2¢/(y3/2)A(l)(y)(T_1)dydx
s s AM(y)

(8.5)

(cf. (7.23)) where again

API(y) 1 :exp{_xy(x+y_2m}_1. oo

A0 >
We note immediately (from (8.3) and (8.4)) that this is bounded below, for some F, > 0,
by —F,k™11/2; we can also check that it is finite for all k, proving the finiteness claim in the
lemma. Since the integrand in (8.5) is non-positive when A < 0, in this case we are done.
Otherwise (i.e. if A > 0), note that (8.6) is negative if (but not only if) x > 2A and y > 24; let
K, be the smallest k € N\ {1} such that k2 < 21 (i.e. K; = [813]). Then we can find F3 > 0

(depending only on A) such that, for all x,y € [0, (K — 1)_3],

AY(y)

—1< F3xy,
AD(y) Y

so that we may bound, for k > K, and upon substituting for " and A,

(k=1)7 3,2 2 2
1 x°  x“A xA 1
X (k)—%3(k) < F v (x*2 ——+==—-—=—1d :O(_)’
(k) — X5 (k) 3(m e T L
since the integrand is bounded on [0, 1]; this completes the proof. O
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Proposition 8.8. The quantity J(e) — f (&) converges almost surely, as € | 0.
Proof. We follow the proof of Proposition 7.13. First, assume WLOG that ¢ < 1; then if we
define
k(e) = |_€_3J and k(e) = [8_31,
we see that

(ko)) — £ (Rk(e)) — g (k(e)) < 3(e)— £ () < I(k(e)®) — £ (k(e) %) + g (K(e))-

Since g(k) — 0 as k — o0, it is sufficient by a sandwiching argument to prove that, as k —» 0o

through N,
k
B E Y EFI6)) 8.7)

j=1

converges almost surely. For j €N, let E; be the event
E={|7;—g()] >}
Then, using Lemma 8.7 and Chebyshev’s inequality, we can show that
P(E;) =0(*")

as j — oo. But then ). jIP’(Ej) < 00, so by the first Borel-Cantelli lemma, it must be that
]P’(Ej infinitely often ) = 0. By the Weierstrass M-test, since all the J(j)s are a.s. finite, the

sum in (8.7) converges almost surely. O

Call the limit random variable Lﬁ. As with L, and L% in the previous chapter, we know
very little about this random variable other than that it exists.
We now seek to show the uniform integrability property that we had in the local time

setting (cf. Subsection 7.1.2, and in particular Corollary 7.22).

Proposition 8.9. Fix g € (1,2). As ¢ | 0, the collection of random variables

—1)(3(e)—
(e(q )(5(e) f(e)))€>0
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is uniformly integrable; moreover,
E[e@DOE-fED] E[e(q—mﬁ] < oo,

Proof. By the proof of Corollary 7.22, it suffices to show that the random variables are bounded
in L", for some r > 1. To show this, we follow the proof of Proposition 7.20.

Define
Gl(& r)= ]E|:eXP{Z r(q— 1)Ai(Di)]1{Di>£} }]

i=1
By the tower law, and using the fact that (A;(D;));>; are conditionally independent given

(D;);>1, it holds that

—

Il
-

GMer) = E[ (exp{8(+'DY) = (DY)} 50y + ]1{Di<£})]
1

_ E[exp{i@(rbfﬂ) —2(D}?) ) 1pse) } ]

i=1

where we take r’ =r(q—1)+ 1> 1 as in the last chapter. Using Lemma 7.19 with
() = (2(r'x*?) = (x*2)) (15,

we obtain

21

0o 3 2
Glle,r) = exp{Jt€ [\I/(r’xs/z) - \Il(x3/2):|‘/L_x_5/2 exp(—% + %) dx}.

Assume WLOG that ¢ < 1, and split the integral into two integrals, over [¢,1) and [1, 00).
The latter can be shown to be finite (by almost exactly the same argument as in the proof of
Proposition 7.20) if we choose r’ so that (r’ )2 —4 < 0; as in that proof, we therefore take
r = q/(2(q — 1)), so that r’ = (g + 2)/2. It remains to consider the other integral, which
governs the behaviour as ¢ | 0. Using the bound on the integrand given by (7.31), there is a

constant F, > 0 such that

1 3 9 1
/.3/2Y _ 3/2Y1_ L 52 X7 xTA (2 -1 )
JE [\Il(r X ) \I/(x )]—mx exp( vy + - )dx <J; d +F4 )dx

= —?:1—2 loge + Fu(1—¢).
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So we have that

Gl(e, 2(qq— 1)) < exp{—%logs + O(l)}.

Hence,
r(g—1)

E[ e DOE=F D] < exp{—% loge + loge + 0(1)},

by Proposition 8.6. But r(q — 1)/4 = q/8, which completes the proof. O

8.1.2 An alternative proof strategy

We now outline an alternative possible proof strategy for convergence of the sequence of com-
ponent sizes in [2, for ¢4(n, p,q). It will use the machinery from the previous section, and will

be conditional on Conjecture 8.5 and on one further conjecture, which we now state.

Conjecture 8.10. Let Cl.(") be the i-th largest component of G, ~ ¥(n,p), where p = 1/n +

A3 1 0(n2). Let A(i")(|Ci(") D be the area corresponding to the component Cl.("). Then there

>5) =0

This is a slightly abstract condition; why we need this specifically will become clear in our

exists ¢ € R such that, for all 6 > 0,

le n—oo

limlimsup P, ,, (

S AP ) frs]c

i

1 2/3
<€} ~2 log(n s) +c

conditional proof.

Theorem 8.11. Let C,, be the decreasing sequence of component sizes in G,, and let C, under the
measure P, have the law of the limit in distribution of n=%/>C,, when G,, ~ ‘ﬁ(n, 1/n+ An_4/3/q).

Now, instead, let G, ~ %(n,p,q), where q € (1,2) and

Assume Conjectures 8.5 and 8.10 hold. Then, as n — 09, the sequence of sequences (C,),en
converges in distribution in 2. Moreover, when C is as above, the distributional limit can be

described as a measure change for C. Specifically, let P be defined by

d_I?’_ exp{(q—l)Li}
dp E[exp{(q—l)Li}]’

where E denotes expectation under P, and f./ll is the random variable whose existence is established

by Proposition 8.8, defined on the same probability space as C in the natural way. Then the limit
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random variable is C under the measure P.

Proof. Much like in Proposition 3.7, it holds that, for any continuous bounded real-valued

function f : 1> > R,

E,5[f (n7°C,)q™ ]
En,[) [an] ’

E,,qlf(n?C,)]= (8.8)

where p = p/(p+q(1—p)). We previously noted, in (3.9), that p = 1/n+An~*/3 +O(n‘2), o)
we have quantities that are in the critical window. By the portmanteau theorem, it is sufficient
to show that the right-hand side converges for all f.

Now, let Agn)(|Cl.(") |) be the area corresponding to the component Cl.(") in G,. Fix some

arbitrary d > 0. Then define, forn € Nand € > 0,

X(n,e)= Z “_1A(in)(|ci(n) |)]l{n2/3

i

} + %log(e \% (dn_z/?’)),

>evn—2/3

cm

where x Vy = max{x,y }. Now, as n — oo, under E,, 5, by Theorem 1.6, we have

n,p>

d ~ 1
X(n,e) > ZAi(Di)]l{Di%} + 7 loge =: X(o0,¢). (8.9)

1

(This isn’t quite immediate from the continuous mapping theorem, say, because the indicator
function introduces a discontinuity; however, it can be deduced from Skohorod’s representa-
tion theorem and the fact, as implied by Janson and Spencer [40], that almost surely there is

no i € N such that D; = ¢.) Then, by Propositions 8.6 and 8.8 we see that, as ¢ | 0,

d .
X(oo,e)—>Lﬁ

for some random variable Z.i. (This random variable differs from Li by the non-random con-
stant A, identified in Proposition 8.6.)

Now note that,as ¢ | 0

X(Tl, 8) i Z n_lA(in)(|Ci(n)|)]l{n2/3 Ci(n)
1
1 1
= Zi:n 1AE”)(|CI.(H)|) - glogn +c

=:X(n,0),

1 _
>n*2/3} + Z log(n 2/3)

where ¢ = (logd)/4 (indeed, this convergence holds almost surely). Since d > 0 was arbitrary,
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¢ € R is arbitrary.

We seek to use the principle of accompanying laws to show that this also converges in
distribution, as n — oo, to Zi ; specifically we use [12, Thm. 3.2], which requires us to show
that, for all 6 > 0,

limlimsupP, 5(|1X(n,0)—X(n, )| = §) = 0; (8.10)

&‘lO n— o0

d -~
by that theorem, (8.10) is enough to show that X(n,0) — Li. Here, assuming WLOG that

€ > n_2/3,

X(n,0)—X(n,e) = Z n_lAEn)OCi(n)D]l{nz/3|c.(”)

i

1) Lioge +
— —=10€n— —10g € C.
<} Tglogn gl

d -
We suppose, as asserted by Conjecture 8.10, that (8.10) holds, so that indeed X(n,0) — Li
for some value of c.

We return to (8.8). Note that, conditionally on the processes X,, and I,

N, ~ Bin(ZAE”)(\Ci(”) ). p)
i

under P, 5. So, by the tower law,

(n)
¢

E,pf (n72°C,)a" | =E,p [f (2, )1~ p+ pg A )]

= E, ;[ f (n72/3C,)(1 — p + pq) X (Oynllogm/6=nc]

= (7D 4 o), 5[ £ (7€)1 =B+ p)™ ],

since

(1—p+pg) "= e—cla-D) 4 O(n_l/?’)

and
(1= + pg)"0eem/® = pa=1/6 1 o(—l"lg ”).
nl/3
Hence, in (8.8), we divide top and bottom by e ¢(@~Dn(@=1)/6 o obtain that
42 6,)1 =5 + 5™ "]
By 5[(1—p +pg)™ "]

Bl (125C,)] = 1+ 0(1) 2

(where the denominator is achieved by setting f = 1 in the calculations above). We claimed
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that X(n,0) converges in distribution as n — oo. Note that
(1—p +pg)™ ™ = exp{nX(n,0)log(1 - + pq)}.

By the continuous mapping theorem and similar results on limits in distribution, we can show

that this converges in distribution to
exp{(q— DL} },
and by the continuous mapping theorem again,
F(n2Pe)1—p+pa)™ O S f(Q)exp{(g - DI}, (8.11)

d
since n=%/3C,, = C by Theorem 1.5.

Now, for any r > 1, note that

E,5[(1=p+5g)™ "]
=(1-p +ﬁq)—rn(logn)/6+crnEn’ﬁ[exp{rZA(in)UCi(n)D log(1—p +ﬁQ)}]

< (140N V/eE, (g ], (8.12)

where

G=r(q—1)+1>q

(since (r —1)(q — 1) > 0). Choose r sufficiently close to 1 that § < 2. Then, assuming

Conjecture 8.5, we have that (8.12) is bounded as n — oo, so the family

(=5 +p™ ™),

is uniformly integrable as it is bounded in L". Conseequently, it follows from (8.11) and Vitali’s

convergence theorem that, as n — oo,
Enp[f (722C,)(1— b+ pg)™ V] — E[ £ (C)exp{(g — DL} } ]
and (by setting f = 1 again) that

En’f,[(l —p +f)q)”X(”’0):| — ]E[exp{(q - 1)]3“].
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Since Z)l\ differs only from L/l1 by a deterministic constant, the result follows. O

8.1.3 Proving Conjecture 8.10

One of the missing conjectures, Conjecture 8.10, is the criterion in the principle of accompa-
nying laws. To prove it, one approach might be to apply Chebyshev’s inequality, provided we

could show that, for some c,

1
= Be)—cl =
<}} 4log(n2 3¢)—c|=0. (8.13)

limlimsup |E,, , |:n—1A(in) ( | Ci(n) |)]l {n,z/s

el0 n—ooo

¢
L

This would mean it was sufficient to bound the variance of the sum of the areas.

In fact, we can note by the tower law that, as n — oo,

En,p[n—lAEn)({ci(n)D]l{n2/3|Ci(n) <8}] = %En,p[N:E] - (1 + O(n—l/s))En,p[N;s]’

where N<¢ is the number of surplus edges deriving from components of size less than en?/3.

Thus, an equivalent statement to (8.13) is obtained by replacing the left-hand side of that
equation by E, ,[N,].
In the rest of this section, we will look at how we might prove (8.13), specifically by again

attempting to exploit (8.1). We write
Nn<€ = Un<8 +En<€ + Cn<5, (8.14)

where U=, E~° and C~° are the number of unicyclic components of size < en?/3, the excess
contributed by components of size < £n?>, and the number of complex components of size
< en?/3, respectively, in G,. We now state and prove some results here that go partway towards

showing the final result about N~¢. We will throughout take p = 1/n+ An~*/3.

Proposition 8.12. There is a constant C such that

lim lim sup En’p[U;*"] — % log(n*3¢)—C|=0

el0 n—ooo

Our proof of this result is essentially the approach taken by Durrett [25, § 2.7], with addi-

tional precision in our approximations.

Proof. Let U, denote the number of unicyclic components of size k in G,. Then, as the
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smallest possible unicyclic component has size 3,

|-€n2/3-|—1

EH,P[UifE] = Z En,p[Un,k]- (8.15)
k=3

Let u; be the number of connected unicyclic graphs on [k]. Then it follows by linearity of

expectation that

n 14+ An1/3\* 1+ An"1/3 Knk+()*
mltnd=(Ju(Z5—) (-2 |

n

an expression obtained in [25]. Similarly, using Cayley’s formula, if T, ; is the number of size-k

trees in G,,, we see (again as obtained in [25]) that

k
n 1+ An 3\ 14 A 2/3 KR+ G)~0)
Eppl Tok | = K2 — 1—— , 8.16
np[ Tk ] (k) ( . . (8.16)
so that .
u (1+ An~1/3 1+ An 3\
Enp[Uni] = Enpl Toi] ) ( - -] . (8.17)

We therefore start by analysing (8.16).
Let &, satisfy
1 k

e
k' == —kk+1/2m(1 +5k)'

Since, by Stirling’s approximation,
1
k! = e_kkk+1/2\/27t(1 + O(E)),

we have that 5, = 0(k™!). So

k—1 : k —1/3\ kn—k*/2-3k/2+1
_ ] e —1/3\k-1( 1+ An
Epp[ Tox] =n ]_!(1 n) s An) (1 —
]:
X (1 + 6k)

We note that all k in (8.15) are bounded above by £n?/3, which is crudely bounded (for all

sufficiently large n) by n’/1°. So we take this bound on k. Then we may see by routine algebra

160



that, as n — oo,

—k2 /92—
1——F—- = exp

_ r~ MM —-3/10
. k- n1/3+2n4/3+o(n )}

where the O(n_3/ 10) is uniform in k (that is, if we write

2
(1 12 ool A

n 2n nl/3  2n4/3

there is a constant D > 0 independent of n and k such that, for all sufficiently large n, and for

all choices of k < n”/1° we have |a(n, k)| < Cn3/19). Similarly we can show that

k—1 . 2 3

J k k _
I 1(1‘;):"”‘?{‘5—@*0(“ 1/5)}’
j=1

the big-O term again being uniform in k. So

E [T k]:n;
el = e o

x (1+ 5k)(1 + O(n_l/s)),

2 3
-1/3 -1 -1/3\ _ & Ak — k—
(1+2an7'/3) eXp{klog(l +An"1%) n3 T o on2

with the same uniformity.

We return to (8.17). Let &) satisfy

u, = \/gkk_lﬂ(l +67);

here, by Bollobés [15, Proof of Cor. 5.19], 5’k = O(k_l/z). Then

1 B Ak Ak kP B
En,p[Un,k] = 4—kexp{klog(1 +An 1/3)— 7 + e _ﬁ}(l +57)(1+0(n 1/5)),

where &7 = 6, + &, + 6.6, = O(k™/2). Expanding the log, and summing up, we get

[snz/B]—l

- 1 A2k k2 K3
En[Usf]=(1+0(n)) > @exp{‘m+m‘@}
kZS (8.18)
[en2/3]—1

B 57 A2k Ak2 K3
+(1+O(n 1/5)) ; 4—;exp{—2n2/3+2n4/3—@}.

(Throughout, all O(n“l/ > ) terms have been uniform in k, so we can take them outside the

sum.)
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We start with the first term in (8.18), which we may express as

en?/31-1 en2/31—1
B N S U PN (S S TR <)
4k 4k P 2n2/3  2n4/3  6n2

k=3 k=3
[en2/3]-1 ; 9 3
_1 2/3y_3 —2/3 1 Ak AT k|
= 4[log(5n ) 2 +y +O(n ) + kz:?; 4% exp on2/3 + n4/3  6n2 11,

where the big-O term is in n, treating ¢ as constant (since we will take the limit in n before
the limit in ¢, this term will have vanished before we consider the limit in €), and, as before,

y is the Euler-Mascheroni constant. Now define

1[ {lZLXJ AxP xP
€x

)= 25| &P\ " 22l T 2nes o2 }_1]1{x<[m2/31}

for all x € [3, 00), so that

|-€n2/3-|—1 1 )sz A.kz k3 e |'€n2/3'| ;
; | TP\ 225 Tann e T, £.(x)dx.

Set v =|x]/n?/3. Then the argument of the exponential is the cubic

which, by standard calculus, we may show is everywhere strictly decreasing in v. Since it

evaluates to 0 at v = 0, we have that f,(x) <0 for all x €[3, 00). Thus

[en?/3] en?P+1 2 2 3
1 Ax AX x
0< ~fa(x))dx < a0 —D| L TP\ T 00n Toan d

—2/3

e+n 2
1 1
= —[1—exp{—x—u+&u2——u3}}du
3n—2/3 4(u— n—2/3) 2 2 6

£ 2
- i[1—exp{—)\—u+&uz—lu?’}]du
0 4u 2 2 6

as n — 00, using the fact that the cubic is decreasing in the first line, and taking u = xn™2/3
for the substitution in the second. This is finite, as the integrand tends to A2/8 as u | 0; thus,
the integral tendsto O as € | O.

Returning to (8.18), it remains to show that there is a constant d € R such that

|-€n2/3-|—1 1/
lim li Z Ok _ Xk + Ak —d|l=0 (8.19)
elg)l lrll'l'_l)ilip o 4k exp 2n2/3  2n4/3  6n2 e ’
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Redefine
LxJ Alx]  AlxP Lxf
falx) = 4x] eXp{_ 2n23 " 20t 6n2 }H{Kfenm]}’

so that
|-£n2/3-|—1 5;{’ A2k Ak2 k3 [8n2/3]
2, w"l’{‘m+m‘@}=L Julx) .

Now, as n — 090,
1/

x] .
falx) — ax f00).

Moreover, we have argued that the argument of the exponent is always negative, so that, for

all n, and for x = 3,

g
|fn ()] < ax] = g(x),

where
o] ) |5/k/
g(x)dx = Z Tk < 0o
3 k=3

as o /k/ = O(k_l/ 2). So, by the dominated convergence theorem,

[£n2/3]—1 /" oo </
5k A%k AKk2 k3 6k

E —= exp{ — +———— E —
~ 4k 2n2/3 = 2n4/3  6n2 1 4k

as n — 00. (Note that this constant does not depend at all on £.) This shows (8.19), and

hence the result follows. O

Having shown this, and comparing the result just obtained with (8.13) and (8.14), it would

remain, in order to get (8.13), to show that there are constants D; and D, such that

lim lim sup |]En,p[|E:8 —D1|]| =0

{;‘lo n—oQ

and

lim lim sup |]En’p[|Cn<£ —D2|]| =0.

el0 n—ooo

For the other two parts, however, we have only been able to show that the expectations of E~*
and C;° are O(1) as n — o0o. In both cases, we can do so by bounding above by E, and C,,
the total excess and total number of complex components, respectively. The expectation of the

latter converges, by [44, Thm. 2]; we bound the former in the next lemma.
Lemma 8.13. If p=1/n+An"*3, then E, ,[E,] = 0(1) as n — oo.
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Proof. We note that E,, may alternatively be expressed as

ANCCRE RN
i

where Ci(n), as usual, denotes the i-th largest component of G,—in other words, it is the
number of surplus edges in each component, after the first such edge. Writing in this way
lets us check, by careful enumeration of cases, that adding edges to a graph can only increase
its excess. By combining this with the standard coupling of ¥%(n, p) across values of p, we see
that E,, = E, (1) is a weakly increasing function of A. So we restrict without loss of generality
toA=1.

Forn,m €N (withm < (g)), let G, ,, ~ 9(n, m): the uniform random graph with n vertices
and m edges. By essentially the same argument as above, the expected excess of G, ;, must be

a weakly increasing function of m. Then it is standard that

d
Gn = Gn,Mn(A)

where M,(1) ~ Bin((g), p), independently of (Gn’m)m oy- Let B, denote the excess of G, .

Then it holds that

IEn,p[En] = IEn,p |:En

M,(A) > g + Anz/g]IPn,p(Mn(l) > g + Anz/B)

+ En,p[En

M,(A) < % + Anz/?’]]Pn,p(Mn(A) < g + Anz/?’)

< ((Tzl) - n)]P)n’p (Mn(zr) > g + AnZ/S) + ]E[EH,TI/2+ZHZ/3:|- (8.20)

By a result of Janson, Knuth, Luczak and Pittel [39, Thm. 6], the second term here converges
as n — 090, so in particular is O(1).

The first term, meanwhile, is a product of an O(nz) term and a binomial probability, where
E,p[M,(2)] = (g)(l/n + An_4/3) =n/2+An2%3/2+0(1). We apply a Chernoff bound, noting
(e.g. from [47, (4.2)]) that

Pn,p(Mn(A) >(1+ 6)(g)p) < o H0%/3

as long as 6 € (0,1). Here we wish to take

_ 2+ =()p  an®3/2+0Q1) _
B (Hp B n/2+ 0(n2/3) B

An 3 4 O(nz/g),
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and hence 6 € (0, 1) for sufficiently large n, since we restricted to A = 1. So

n 2/3) < {_1(”) -1/3 -2/3 2} _ {_1 1/3} — (2
]P’n,p(Mn(k)> 2 + An < exp 3l p(?Ln +O(n )) exp 6n o(n ),

in particular. So the first term in (8.20) tends to 0 as n — 00, completing the proof. O

As an aside, while we couldn’t prove the result we wanted, we note that we can use essen-

tially the “ingredients” above to prove the following result.

Theorem 8.14. Let p = 1/n+ An~*/3. Then, as n — oo,
1
E,p[N,]= ‘ logn + O(1).

We use the decomposition in (8.1) again. The only result missing to turn the results above
into a proof of this theorem is a bound on En,p[Un’k] for large k, which can be used to prove
that

1
E, (U] = g logn+ O(1).
We state this below.

Lemma 8.15. Fix A € R. Then there exists a constant C > 0 such that, for all n € N with
1 A
vl (0,1),

and for all k € Nwith k < n,

1 _1/3 Ak k2 i3
]En,p[Un,k]<CE3XP{k108(1+An )—mﬁ'm—@ .
We omit the proof; it follows the strategy of the first part of the proof of Proposition 8.12.
We have mostly discussed showing (8.13) in this subsection. Recall, however, that this
alone would not be enough to give Conjecture 8.10, as, to apply Chebyshev’s inequality, we

would need a bound on the variance that we do not currently possess.

8.1.4 Adapting for ¥(n,m,q)

We briefly address how we might adapt this proof strategy (i.e. the proof of Theorem 8.11)
for 4(n,m,q). Much of it translates in a straightforward manner—and of course we already

have an equivalent to Conjecture 8.5, in the form of Lemma 8.3. The problem of finding an
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equivalent to Conjecture 8.10 remains unsolved, however.

8.2 A conditional scaling limit for the random cluster model

Suppose we have convergence in distribution of an ordered sequence of component sizes for
%(n,q /n+an~ 3,q) (by the method outlined in the previous section, by a proof along the
lines of the heuristic one in Section 3.2, or in some other way). In this section, we show that
this, applying methods of Addario-Berry, Broutin and Goldschmidt [3], is sufficient to obtain
a form of metric space scaling limit for the components.

We have already noted in Lemma 3.5 that, conditionally on the ordered sequence of com-
ponent sizes, a random cluster graph and an Erdés-Rényi graph have identical (conditional)
distribution. In particular, this implies that ¢(n, p) and ¥(n, p,q), conditioned on being con-
nected, likewise have identical (conditional) distribution. However, we note that, starting
with a critical random cluster graph, the Erd6s—Rényi graph to which we are comparing will
be sub- or supercritical, depending on whether g < 1 or ¢ > 1. Hence, if we condition on the

2/3 sizes of the components for the random cluster graph, we will be conditioning on

typical n
a large-deviations behaviour for the Erd6s—-Rényi graph.

However, much of the machinery developed in [3] can be modified to get us the result we
need. We first recall some notation from Chapter 2. We define G, to have the distribution
of ¢¥(m, p), conditional on being connected. (Informally, this is equivalent to a component of

%(n, p)—or, by Lemma 3.5, a component of ¥(n, p,q)—conditioned on having size m.) We

take the tree T, to be a random tree on [m] chosen such that, for any such tree T,
P(TP =T) oc (1—p)™D,

where a(T) is the area of the tree as defined in Definition 2.13.
We borrow some further definitions from [3, p. 387], and define, for a tree T with depth-
first walk X, and for a countable subset £ C (220)2, that GX(T, £) is the graph formed by

adding to T the edges corresponding to the points in £ N X, where we define
INf={(,y)e:0<y<f(x)}.

(We discussed how such points can correspond to edges in Section 2.3, and gave an illustrated

example in Figure 2.2.) Finally, we say that 27 is a Binomial pointset of probability p, which is
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a random subset of (Z>O)Z in which each point is included independently with probability p.
Our adaptation of the proof in Addario-Berry, Broutin and Goldschmidt [3] begins with

their Lemma 18, which we may apply directly.

Lemma 8.16 ([3, Lma. 18]). Let p € (0,1). Let T2 be a tree on [m] sampled in such a way that

P(Th=T) oc (1—p) ™", and let (X,,(1)) be the associated depth-first walk. Take QP

o<i<m

independent of Th. Then

d o
GP = GX(T?, 2P).

Here, informally, we are using this to consider a component of size m within a graph of
size n. Where we differ from [3] is that we will consider p so that np — q instead of np — 1.

To that end, we note the following lemma:

Lemma 8.17. Let p = p(m) be such that mp?/® — q*/*c as m — o0o. Pick a labelled tree T, on
[m] in such a way that

P(T2 =T) oc (1—p)~D

and let X, be the associated depth-first walk. Let 2P be independent. Let

Q’mz{(i%,j\/%):(i,j)egp}.

Then

() Doan (V5 GHD))

S (q—l/sé(aqw)(qz/a.), 210 (q—1/3é(0‘12/3)(q2/3.)))

(8.21)

as n — 00, where 29 is a homogeneous Poisson point process of rate q on [0,00)%, and 21 is
independent of &%), Convergence in the first co-ordinate is in D([0,c],[0, 00)) equipped with

the Skorokhod topology, and in the second co-ordinate is in the sense of Hausdorff distance.

Proof. This directly follows from the fact that, when we replace o by ¢*°c in Lemma 19 of

[3], we have that if
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then

(ql/B\/%zm(K#)-D,@m,q”( 1/3\/7Xm Kaqz/g)D)) (8.22)

4 (), 1 o)),

the left-hand side of (8.21) is exactly the left-hand side of (8.22), except with distances in the

y-direction rescaled by g~/3, and in the x-direction rescaled by q—2/°. O

To simplify notation, let us define the random excursion &9 : [0,0] — [0, c0), by
8@ L g-1/3g(00) (2/3.), (8.23)
so that the right-hand side of (8.21) becomes
(é(a,q), 29N é(a,q))_
We will analogously (cf. Defn. 2.23) define the random metric space
HoD = g(zé(a,q)’gq),

using the function g defined at Definition 2.22 which is the continuous analogue to G* above.
We can then adapt Theorem 22 of [3]—given as Theorem 2.24 here—to get a limit for a

component of ¥(n, p,q) in its critical window.

—2/3

Theorem 8.18. Let o > 0. Let m = m(n) € Z=° be a sequence of integers such that n=2/>m — o

as n — 0o, and let p = p(n) € (0, 1) be such that pn — q. Then, as n — oo,
n_l/?’Ga i /ﬂ(cr,q)’

in the Gromov-Hausdorff distance.

The proof is nearly identical to the proof of Theorem 22 of [3], except relying on our
Lemma 8.17 instead of [3, Lma. 19]. (The proof also relies on Lemma 16 of the same paper,
but that applies exactly to our setting, simply by replacing o by ¢*/c in its hypotheses.)
Consequently, we omit this proof.

Having considered the component picture, it remains to consider the entire graph. The

following theorem may be proved using the first part of the proof of [3, Thm. 24].
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Theorem 8.19. Let G, ~ 94(n,p,q), for g € (1,2) and p = q/n+ An~*/3. Fori > 1, let Cl.(”) be

the i-th largest component of G, with ties broken arbitrarily. Define

)

where, if C]En) does not exist, we say that |C,En)| = 0. Suppose it holds that

c,=(|c™], e

d
n~?3c, > C=(Cy,C,,...)

in 12\, the space of decreasing non-negative sequences X = (x1, X5, ...) such that

00
E X2< (ee)

i B
i=1

equipped with the 1> norm. Let M) = (Mgn),Mén), .. ) be the sequence in which Ml.(n) is Ci(n)

treated as a metric space equipped with the graph distance. Then it holds that
d
(n72¢,,n1*M,) > (€M),

where M = (Mq, M,,...) is a sequence of metric spaces such that, conditional on Z, we have
(M;);ey all independent, and M; = M (€9, Convergence in the first co-ordinate is still in 12,
while convergence in the second co-ordinate is in the product topology, the distance between the

individual metric spaces in the sequence being taken to be Gromov-Hausdorff distance.

Note here we have convergence of the sequence of metric spaces in the product topology,
rather than in the metric d,, defined in (2.9). It is potentially possible to extend the result to

this metric.
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Chapter 9

Outlook

We conclude by summarising what remains, following the results in this thesis, in order to
prove the existence of the scaling limit of the random cluster model. We also discuss some

possibilities for future related research.

9.1 Completing the proof of a scaling limit for q € (0,2)

The results in Section 8.2 show that a full proof of the scaling limit of this model rests on show-
ing that the sequence of component sizes converges, which we formally state as a conjecture

now.

Conjecture 9.1. Let G, ~ 4(n,p,q), for g € (1,2) and p = q/n+ An"*/3. For i > 1, let Cl.(") be

the i-th largest component of G,, with ties broken arbitrarily. Define

)

where, if Cl.(”) does not exist, we say that \Ci(")| = 0. Then there exists a random sequence C such

C,= (|C§n) ) Cén)

that

d
n_2/3Cn —C

in 12\, the space of decreasing non-negative sequences X = (x1, X5, ...) such that

00
E X2< (ee)

i 5
i=1

equipped with the 1? norm.

We have outlined two major possible proof strategies, one of which directed the bulk of
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the work in this thesis—the one which we described in Section 3.2. We recall that this strategy
would provide a proof of Conjecture 9.1 for some values of g € (0,2) \ {1} if either the first
of the following conjectures holds, or both of the other two do. (All further conjectures in this

section are restated from earlier in the thesis, preserving their numbering.)

Conjecture 6.2. Fix A € R, and define (X,I,N) to be real-valued processes on [0, 00) with

distributions given by:

X(t)=B(t)+ At ——;

I(t)= inf X(t);

0<s<t

(N(t));>0 is a Poisson process of rate X(t) —I(t)

(where B(t) is a Brownian motion). Then, for q € (0, 1), there exists a function ©4(T) > 0 such

that the random process (Rq(T))Do’ where

Ry(T) = = (T)exp{(q—l)f X (w)— I(u))du} 6.1)

is uniformly integrable, and converges in probability as T — o0 to a random variable that is

almost surely positive.
Remark. This, if proven, would give us Conjecture 9.1 in the range q € (0, 1).

Conjecture 6.10. Fix g € (1,2) and A € R, and define p = p(n, A,q) = q/n+ An"*3. Let the

event E, (T, €) be defined by

En(T, &) = { X,(k) = I,(k) for some k € [| Tn?/?|,| (T +e)n*?]]}
L+ on ) =T ),

where (X,,,1I,,N,) is the exploration process defined by Algorithm A, applied to the graph G, ~

¥(n,p,q).
Then

- 1\°
Thm limsupP, , 4 (En(T, ¥) ) =0.

—00 n—oo

Conjecture 6.11. Let p = 1/n+ An~*3, let G, ~ 9(n,1/n+ An"*3), and let (X,,I,,N,) be
the usual depth-first exploration process. If (M,),cy 1S a sequence of uniformly bounded o (X,)-

measurable random variables that converge in distribution to M, then for all q € (1,2), as n —
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E

n,p

[ D, ] B[gNDm ]

Remark. Conjecture 6.10, which we state more explicitly here than on its previous appearance,
taken together with Conjecture 6.11, would be sufficient to prove Conjecture 9.1 in the range

ge(1,2).

Aside from the approach from Section 3.2, there is the approach in Theorem 8.11. We

recall that this relied on two conjectures, which we restate.

Conjecture 8.5. Let p = 1/n+ An*/3. Then, as n — oo, for all q € (0, 2),

En}p[an] — O(n—(q—l)/6)_

Conjecture 8.10. Let Cl.(n) be the i-th largest component of G, ~ ¥(n,p), where p = 1/n +

An~43 4 O(n_z). Let A(in)ﬂCi(n) D be the area corresponding to the component Cl.("). Then there

>5)-0

If both of the above could be proven, then we would have that Conjecture 9.1 holds, and

exists ¢ € R such that, for all 6 > 0,

limlimsup P, ,, (

el0 n—ooo

S A (¢ frear]co

i

1 2/3
<8} ~2 log(n e) +c

hence that a scaling limit exists. (This is irrespective, therefore, of whether we can prove either
of Conjectures 6.2 and 6.10.)

Thus an obvious possible direction for future research would to be to prove any of the
above conjectures. Alternatively, there may be some other approach not addressed in this
thesis, by which one could prove Conjecture 9.1.

Note Conjecture 9.1 makes no assertion about the distribution of C. We provided a conjec-
ture for this in Conjecture 3.6. We supposed that, under the measure PP, C was the sequence of
excursion lengths, in decreasing order, of X — I, where, for a Brownian motion B(t), we have
X(t)=B(t)+At/q—t?/2, and I(t) = infyc,<, X (u); then, we let L, be the limit in probability,
ast — 0o, of fot(X(u) —1I(u))du— (logt)/2. We then conjectured that C has the law that it

does under P, where
dp _ _exp{(g—1)L,}
dP  Elexp{(q—1)L}]°

(9.1

in which E denotes expectation under P.
This conjecture follows naturally from the heuristic proof in Section 3.2, and we have

found good evidence for it via our results in Chapter 8. In Section 8.1, we found evidence
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for an alternative measure change, where instead we took a random variable corresponding
to summing the area under the excursions in decreasing order of length, and compensating
appropriately. We conjecture that these two random variables differ only by a constant, and

so the two measure changes are equivalent.

92 g=2

Apart from a brief reference in Chapter 3, we have not discussed what happens when q = 2. In
the case of the strict inequality g > 2, taking again p = k/n, we know that the phase transition

occurs at

q

—1
K=2 log(g—1)
q—2

[16, (1.4)], and, for this value of k, we w.h.p. see something “like” either the sub- or super-
critical regimes, with non-vanishing probability of either case ([ 16, Thm. 2.3] or [58, pp. 202—
203]). Both papers use slightly informal statements along these lines (though only [58] asserts
explicitly that the probability of neither case vanishes). To state this more formally (taking a
lead from [16, p. 299], we mean (e.g.) that, for any w = w(n) — oo as n — 0o, we have that

there exist constants ¢ = c¢(q) and d = d(q) such that, if we let

“Ci'ﬂ—clogn‘ 1

loglogn w

1) _
EW =

and

(n)
Eﬁ”={‘@—d

: }
<=1
«w

then P(ED UE®) — 1 as n — oo, with limsup,,_, o, P(E®?) > 0 for i = 1,2.

Thus the critical behaviour in this setting is of a completely different nature.

There is perhaps more possible interest when g = 2. Here, the phase transition (when
p = k/n) occurs at k = 2 [16, (1.4)]; moreover, there are a number of possible near-critical
behaviours, which we enumerate below (adapted from Theorem 18 of Luczak and Luczak

[43].

Theorem 9.2 ([43, Thm. 18]). Let ¢ = 2, and let p = (1 + £)2/n, for some ¢ = e(n). Let

G, ~%(n,p,2), and let Cl.(n) be the i-th largest component of G,. Then, as n — 0Q:
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(1) if en'/®* — —oo, w.h.p. G,, has no complex components, and
m|_ 2 3)_° 3 :
€] = 55 log(nlef®) - loglog(nlef*) +0,(1)

(2) ifen'/® = A <0, then |C§") C§H)| =©,(n*?), with G, having 0,(1) complex components

B

all of size ©,(1);

(3) ife= o(nl/?’) but en'/? — —o0, then w.h.p. \C%n)| is the only complex component,

| _ n
o=\ i)
|C(")|=O(|£nllog( ! ))
2 p Tl|8|3 ’

(4) if en'/? - ¢ €R, then w.h.p. |C§n)’ is the only complex component,

|C§”)’ = Op(ﬁlog n); and

and

Cin)| = @p(n3/4), and

(5) if en'/?> — oo but & = 0(1), then w.h.p. |C§")| is the only complex component,

|c) = (1 +0(1))v3en + Op(\/é)

(where the o(1) term is a deterministic error), and

log(n283)

m) _ _J

|C2n | =(1+0,(1)) 3¢

Remark. Parts of the result above have been quoted earlier in this thesis. In [43] the authors
gave many of the big-O-in-probability statements above as local limit theorems, which are in

some sense more precise than the big-O statements, but do not directly imply them; their proof

method shows that the above results do, in fact, hold.

We conjecture that everything above holds in case (2) above.

Conjecture 9.3. Conjecture 9.1, about a limit for the component sizes, also holds in the case

where g =2 and A < 0.

Remark. We have already noted that there is evidence for this, such as the fact that Proposi-

tion 7.20 extends to this case; we note this formally here.
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Proposition 9.4. Theorem 8.19, which shows that a metric space scaling limit holds if the rescaled

component sizes converge, also holds in the case where ¢ =2 and A < 0.

We do not write out the proof, simply noting that there is nothing in the proof of The-
orem 8.19 that requires q < 2.

In the other cases, it may be that more can be shown than was shown in Theorem 9.2,
for instance about the distributions of smaller component sizes. We do not make any specific

conjectures, but note that it is potentially an avenue for future research.

9.3 Universality

Results in the literature (e.g. [10, 11, 24]) imply that there is, in fact, a universality class
of random graph models “surrounding” the Erd6s—Rényi model whose exploration processes
converge to the process found by [6], including critical versions of the configuration model
and the rank-one inhomogeneous random graphs. It would be natural to expect that a similar
result holds for graphs related to the mean-field random cluster model—for instance, biasing
instances of a graph G distributed according to the configuration model by ¢(¥, where c(G),
as before, denotes the number of components of G; or, alternatively, the equivalent for rank-
one inhomogeneous random cluster graphs. If Conjecture 9.1 could be shown, it would be a
natural direction to try to prove that the scaling limit is universal, in the sense that it holds for

“similar” models such as these.

176



Appendix A

Additional proofs

Here we include certain proofs of (mostly technical) results that, for overall clarity, were omit-

ted from the main body of this thesis. For reference, we will restate each result itself before

the corresponding proof.

Lemma 5.3. Let m = (1 + An_l/BO(n_Z/B))(n— 1)/2. There is a universal constant C for all m’

satisfying

|m'—m+|_n2/3tJ| <n'logn,

and for all sufficiently large n, giving that, if

Wi, (6) ~ Bin((n _ [;lz/StJ)’p),

then

2
‘P(Mn(t)zm’)— ! ‘<c(1°g”).

2nm ns/6

(Originally stated on page 82.)

Proof. By (5.6), we have that there exists C; > 0 such that

‘P(Mn(t) —m')— ]P’(Poi((r;/)p) = m’)

for all sufficiently large n, and for all valid choices of m’. Let

n/
a;=(2)p—m’,

<

=1
n
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so that there exists C, > 0 such that, for all sufficiently large n and for all valid m’,

g <

. +|m—|_n2/3tJ—m’| < C,n'2logn,

(n - LnZ/StJ)p —m+|n2]

2

by (5.8) and the fact that

(n— |_n2/3tJ)p Cm4+ [nZ/BtJ

2
|_n2/3tJ(2n— D+ |_n2/3tJ2

= (;)p . . (% + O(n_4/3)) —o(n'?),

which doesn’t depend on m’. (Again, taking crude bounds, we can observe that, for sufficiently
large n, this constrains \a;/ m’| < 1/2, say.) Then, similarly to our calculations in the proof of

Theorem 5.2, we have that

e(roi{ (7)) =) - exp{om’ —a (' + )"

m’!
1 b a,
= expi—a. +m'logl 1+ —
v2nrm’ p{ " g( m’
< 1
2mm’

(using Stirling’s formula and the fact that log(1 + x) < x for all x > —1); likewise, we see that

there are constants Cs, ..., Cg > 0 such that, for all appropriate n and m’,

]P’(Poi((n/) ) = m/) = ! expd —a’ +m’log| 1+ a_; (1 + %)_1
2 JP)~ T P17 & m’ m’
(a,)"

! c, 2 (1+C3)_1
expy — —
2mm’ P *m m’

< 1 1—¢ (log n)? S 1 c (log n)?
T Vza\" 7 o0 )T ammw ° nSle
Thus
MCAR T (logn)?
’P(POI(( 2 )p) - ) - 2mm’ S8 ps/s (A-2)

for all such n and m’.

It can be similarly observed that there exists C, > 0 such that, for all appropriate n and

/

m,
1 1 C,
Vanm  2mm|  mS/e
Putting this together with (A.1) and (A.2) gives (5.2). O
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Lemma 4.9. Let f, f : [0, 00) — R be continuous functions, and d, de R, such that, for all s,

f(s)+d < f(s)+d, and such that f — f is a (weakly) increasing function on [0, 00). Define:
m(s) = min { Oir&f<sf(u), —d } ;
m(s) = min { Oil&isf(u), —d } .

Let y(s) = f(s)—m(s) and y(s) = f(s)— m(s). Then y(s) < y(s) forall s = 0.

(Originally stated on page 55.)

Proof. It is evident that m, 11, y and ¥ all inherit their continuity from f and f.

Now suppose for some s that ¥(s) = 0, so that f (s) =m(s). Then, for u <s,

fFw = fs);

also, since u <s, and f — f is increasing,

fF@)—F@) = f(s)=fs).

Hence, for all u <s,

fu) = f(s);

that is, f(s) = m(s), and hence y(s) = 0. So for such values of s, we have y(s) = y(s).

Now suppose that j(s) > 0; note that, by construction, y(s) > 0. Then there are two
cases: either {u <s:y(u) =0} is empty, or it is non-empty. If it is empty, then, y(u) > O for
u € [0,s]. Thus it holds that m(s) = —d. (The proof is by contradiction. Note m(s) < —d.
Then if m(s) < —d, then there exists u < s such that f (u) = m(s). But then, by the continuity
of f, there exists v < u such that f(v) = —d; at the infimum v* of such points, by continuity
f(v*) =—d, but m(v*) = —d here too, giving a contradiction.)

Note that in this case, since y(u) > 0 for all u € [0,s], by the first part y(u) > 0 for all

u €[0,s], and so by the same argument m(s) = —d. Then

y($)=f(s)+d < f(s)+d =F(s).

Now suppose there exists u < s such that y(u) = 0. Let u* =sup{u <s: y(u) =0}; note

that y(u*) = 0, by continuity. Now for u € (u*,s], we have y(u) > 0; this implies that m is
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constant on [u*,s] (in a similar contradiction argument to that above). So

y()=y(s)—yW) = f(s)—fu).

But now j(u) > 0 on (u*,s] as well, and by the same argument r(u) is constant on [u*,s], so

F(s)—y(w*) = f(s)— f(u*). So
Y(E) = f(s)=m(s) = f )+ mu?) = f(5) = f (W) < F (&) = f (W) = F(5) =y () < F(s)

as  is a non-negative function by definition, where the first inequality holds because f — f is

an increasing function. O

Lemma 7.10. As { — oo,
1
f x_l(l — e_ex)dx =y +logl+ O(E‘le_l).
0

(Originally stated on page 117.)

Proof. The integrand is bounded over (0, 1], so, by the Bounded Convergence Theorem,

1 1
f x_l(l—e_ex)dx=limj x_l(l—e_zx)dx.
0 el0 €

Evaluating this integral, we have that

¢ —u

1
f x_l(l—e_e")dxz—loge— ¢ du
€ et U

=—loge —E (el) + E{(£)

(substituting u = £x in the first line), where E; is defined as

oo e_u
Ei(x)= J ” du.
X

Now, by [1, eqn. 5.1.11] (and standard results about power series), it holds that, asu | 0,

E{(x) =—y —logx + O(x). (A.3)

180



Thus, it holds that (for fixed £, as ¢ | 0),
1
J x_l(l — e‘“) dx =—loge +y +log(el) + O(e) + E;(£);
taking the limit in ¢ gives
1
J x_l(l - e_fx) dx =v +1logl + E;(£).
0
The result then follows from the fact that, for x > 0,
1 = —u -1,—x
E;(x)< = e tdu=x""e". O
X X

Lemma 7.5. Suppose szi 0 a;x* is a power series that converges for all x € R, with a; > 0 for
all sufficiently large k. Suppose also that a; ~ by as k — 0o. Then Z;i o b xk converges for all

x € R, and as x — ©9,

oo o
Z bexk ~ Zakxk.
k=0 k=0

(Originally stated on page 113.)

Proof. We first check the series converges. It is sufficient to consider x > 0, and it is also
sufficient to show convergence of the sequence of partial sums sg(x) = Z,Z L b, xk, where L is
chosen so that by > 0 for all K = L. Then, we have a monotone sequence (s )g>;. Moreover,
since by /a;, — 1 as k — o0, there exists M such that, for all k = L, we have that b;/a; < M.

Thus, forall K = L,
K

o0
sg(x) < MZakxk < MZakxk < 00,
k=L k=L

and we have a monotone sequence bounded above, which therefore converges.

Now fix € > 0. Then there exists K, € N (with K, = L) such that, for all k > K,

b
-k _1 <eg
Ak
Then .
> bxk ¢ (b —(1+ &)a)xk
Lo DX <1+8+Zk_0 K £ (A4

> oo arxk D s axk

But we note that, since a; > 0 for all k = K,

xKe Z akxk 2 ag 41X +ag — O(x_l) — 00
k

(o)
=0
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as x — 00. Hence, if we divide through the numerator and the denominator of the fraction
on the right-hand side of (A.4) by xX¢, we see that that fraction converges to 0. It therefore

holds that

oo k
k=0 biX

lim sup <l+e

x—00 Yo axk
for all € > 0. By an analogous argument, we can show that

o0 k
_abrx
liminf —Zk_o k

=Z1—e¢,
X— 00 Z;:ZO akxk

thus completing the result. O

Lemma 7.11. Fix A € R. Let

T(kz)

g(k)=E f X —I(w)du |,
T((k—1)2)

where, for a Brownian motion B(t), we take X(t) = B(t) + At —t2/2, and I(t) = infy<,<, X (1),

and define T to be the right-continuous inverse local time at 0 of X —I. Then g(k) = O(k‘l).
(Originally stated on page 120.)
Proof. By a method similar to that used in the proof of Proposition 7.9, we have that

xX2A xA?

_ ! —1( ,—(k—=1)%x __ _—k>x \q,/( +3/2 x°
g(k)—J;) EX (e —e )‘-IJ (X )exp _€+T_T dx. (AS)

We split this integral at 1, noting first that the integral over [1, oo) is bounded above by

©0 3 2 2
L e (- 1)? x 1 (x312) exp{—x— + XA _ &} dx = O(e_k2+2k),
V21 1 6 2 2

as the integrand is now integrable and independent of k. Meanwhile, if D (independent of k)

is chosen such that

3 2 2
L\I//(XB/Z)exp _x_+ﬂ_& <D
van 6 2 2

for all x € [0, 1], then the section of the integral in (A.5) over (0, 1) is bounded above by

1

D f 1 x_l(e_(k_l)2 — e_kz") dx = D|:f 1 x_l(l — e_kz") dx — J x_l(l — e_(k_l)z) dx
0 0

0

= D[ 2logk —2log(k — 1) + Ok 2e~ 1) | = o(k )
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as k —» oo, by Lemma 7.10. O
For the next lemma, take X and I as in the statement of Lemma 7.11.

Lemma 7.24. Fix A € R and 6 > 1, not depending on t. Then as t — 09,
t
2.3 2
E[exp{G f (X (w) —I(u))du}] = o(tB/zee £/2470¢ )
0

(Originally stated on page 139.)

For the proof we will need the following result taken from Williams [62].
Theorem A.1 ([62, Thm. 1]). Let Y™ be a Brownian motion with drift u, started at 0, reflected
(from below) at O, and define, for ¢ > 0

() = inf{ t=>0:YW()=c¢ } .

Fix B > 0. Then
eMc

E[ePT©] = ’
[e ] cosh(yc) + usinh(yc)/y

where y = v/ u2+2p.
We will also need the following lemmas:

Lemma A.2. In the setting of Theorem A.1, if ¢ > t |ul,

P| sup YW(w)=c | < € gut/2rmect20),
O<us<t c+ ut

Proof. We note that, for all § > 0,

IP( sup YW (u) > c) = ]P’(T(“)(c) < t) < e/jt]E[e_ﬁT(“)(c)], (A.6)

Oosust

by Markov’s inequality. Take
2l
p=——7>0

T o2 2

for the range of values of ¢ specified. Then, as defined in Theorem A.1, y = c/t, and thus

E[e_ﬂf(c)] _ Ce“c _ 2C€Mc
~ ccosh(c2/t) 4+ utsinh(c2/t) (¢ + pt)e/t + (c — ut)e—<?/t
< 2C eMC—CZ/[
c+ut ’
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since ¢ — ut > 0 by the constraint we have taken on c. Applying this bound in (A.6), and

substituting again for 3, gives the result. O

Lemma A.3. In the setting of Lemma A.2, we have that, for all a > 0,
t
E[exp{a J YW(w) du}] < 2 4 4t/ 2mret Crran)/2
0

Proof. We first note that

o<u<t

t
J YWW)du<t sup YW(u).
0

So, using the fact that, if X is a non-negative random variable, then E[X] = f o P(X = x)dx,

0

we have that

t [ee)
E[exp{af Y®(u) du}] <1 +J P(exp{at sup Y(“)(u)} = v) dv
0 1 0<u<t

oo
=1+ atJ e‘mP( sup YW (u) > c) dc, (A.7)
0

0<u<t
substituting ¢ = (at) ' logv.

We may now use Lemma A.2 to obtain a bound on the integral over (2 |u| t, ©0): namely,

o o 2
atf e““P( sup YWw) > c) dc < atJ 2 patemitt/2Hue—c/(20) g
zlult o<us<t 2|.U|f C+,U,t

2 oo
_ 2cat (at*2utat)/2 e~ (c—tlu+an)?/(26) 4.
c+ut 2

lult
< 4atv2mredt @utat)/2.

since, for all u € R and for all ¢ > 2|u| t, we have that ¢/(c + ut) < 2.

Meanwhile, we have for the integral over [0, 2 |u] t] that

2|ult 2|ult s
atJ e““IF’( sup YW(u) > c) dc < atf e*cdc = g2l 1, O
0 O<u<t 0

Proof of Lemma 7.24. In the setting of Lemma A.3, take y = A and x = 0. Then, by Lemma 4.9,

we can couple X and YW such that, for all u = 0,
YP(w) = X () —1(u).

The result follows from Lemma A.3. O
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