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Abstract

In this thesis we study the mean-field random cluster model, a random graph model in which,

relative to the Erdős–Rényi model, graphs are biased to have a greater or lesser number of

components, such that, in essence, large-deviations behaviour of the Erdős–Rényi model is

seen. This model was independently proven to have an Erdős–Rényi-like phase transition by

Stepanov [58, 59] and Bollobás, Grimmett and Janson [16], and was proven to have a critical

window by Luczak and Łuczak [43]. We make progress towards demonstrating that the mean-

field random cluster model also possesses a metric space scaling limit in its critical window,

of the kind shown to exist for the Erdős–Rényi random graph by Addario-Berry, Broutin and

Goldschmidt [3, 2].

We begin by reviewing results from the literature on scaling limits, and on limits of se-

quences of component sizes, for the Erdős–Rényi model; we also review existing results for the

mean-field random cluster model. We go on to offer several results that form partial proofs of

the existence of a scaling limit for the latter model, for differing values of the clustering para-

meter q, as well as some results which, while not proofs, are suggestive that the missing pieces

can be filled. Along the way, we prove a number of results of independent interest about both

models, including that the fixed-edge-count (as opposed to independent-edge) version of the

Erdős–Rényi model has a scaling limit. We conclude by reviewing what would be necessary to

complete the partial proofs, and make additional suggestions for future research.
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Conventions

• We shall use N to denote the set {1, 2,3, . . . }, and let Z¾0 := N∪ {0 }.

• We will let [n] = {1, . . . , n }.

• For a set A and k ∈ Z¾0, let A(k) = {B ⊆ A : |B|= k }.

• For functions f , g : [0,∞)→ R, we say that f (x) is “asymptotically equivalent” to g(x),

denoted f (x)∼ g(x), as x → a ∈ [0,∞) (resp. as x →∞) if f (x)/g(x)→ 1 as x → a

(resp. as x →∞). Similarly, for sequences (an)n∈N and (bn)n∈N, we say that an ∼ bn as

n→∞ if an/bn→ 1 as n→∞.

• For a graph G = (V (G), E(G)), where V (G) denotes its vertex set and E(G) its edge set,

we let |G| be its number of vertices, and e(G) its number of edges. In addition, we let

c(G) be its number of connected components.

• For a sequence of events (An)n∈N, “with high probability” (abbreviated to “w.h.p.”) will

mean that An occurs with probability tending to 1 as n→∞.

• We shall sometimes refer to a connected component of a graph simply as a “component”.
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Chapter 1

Introduction

We begin by considering the Erdős–Rényi random graph G (n, p), in which every one of the
�n

2

�

possible edges appears in the graph independently with probability p. This model undergoes

a phase transition, where, for p = κ/n with κ constant, the large-n behaviour is very different

either side of κ = 1. This phase transition was first discussed by Erdős and Rényi [27]—

although the authors in fact consider the related model G (n, m), in which, of the
�n

2

�

possible

edges, m are chosen without replacement, and these are inserted into the graph. (Erdős and

Rényi had first discussed this model in [26]; the first discussion of G (n, p), without mention

of the phase transition, was by Gilbert [30].)

To state the phase transition result, we first introduce some notation for stochastic bound-

ing, which is adapted from [13, Defns. 14.4-3 and 14.4-4].

Definition 1.1. Let (Xn)n∈N be a sequence of random variables and (an)n∈N a sequence of

positive constants. Then we say that Xn = Op(an) if, for every ε > 0, there exist K > 0, N ∈ N

such that for all n¾ N ,

P
��

�

�

�

Xn

an

�

�

�

�

¶ K

�

¾ 1− ε.

We say that Xn = Ωp(an) if X−1
n = Op

�

a−1
n

�

, and we say that Xn = Θp(an) if Xn = Op(an) and

Xn = Ωp(an).

In the same setting, we say that Xn = op(an) if Xn/an
p
→ 0, and we say that Xn =ωp(an) if

X−1
n = op

�

a−1
n

�

.

Remark. It is easy to show that, if Xn = op(an), then Xn = Op(an); this in turn implies that,

if Xn = ωp(an), then Xn = Ωp(an). It is clearly impossible to have both that Xn = op(an) and

Xn =ωp(an).

We now describe the behaviour of G (n, p) on either side of its phase transition (see, for

1



example, [34, Thms. 4.4 and 4.8 and Cor. 4.13] for a statement with proof):

Theorem 1.2. Let Gn ∼ G (n,κ/n), for some constant κ ∈ (0,∞) \ {1 }. For i ∈ N, let C (n)i

denote the i-th largest component of Gn. Then:

• If κ < 1, then
�

�C (n)1

�

�= Op(log n).

• If κ > 1, then there exists a constant ζκ > 0 such that

�

�C (n)1

�

�

n
p
→ ζκ;

additionally,
�

�C (n)2

�

�= Op(log n).

So we see that, below the phase transition, we only see small components of order log n;

meanwhile, above the phase transition, there is a unique order-n “giant component”, with

other components being also of order log n. The critical threshold occurs at κ= 1.

The discussion in this thesis starts with a result of Aldous [6]. This gives the limiting

behaviour of the connected component sizes in an Erdős–Rényi random graph G ∼ G (n, p) for

values of p in the so-called “critical window” around κ = 1. Moreover, it gives the limiting

behaviour of the number of surplus edges in each connected component, which we now define.

Definition 1.3. For a connected component C , let s(C) denote its number of surplus edges, i.e.

s(C) = e(C)− |C |+ 1.

For a general graph G, let s(G) denote its number of surplus edges, which is the sum of the

number of surplus edges in each of its components—or, alternatively, let

s(G) = e(G)− |G|+ c(G) (1.1)

where c(G) is the number of components in G.

Remark. So a component has s surplus edges if it has s edges more than would be necessary

to form a tree.

We need one more technical definition: that of an excursion of a function (adapted from

[55, p. 311]).

Definition 1.4. For a continuous function f : A→ R, where A⊆ R is an interval, an excursion

of f is a function g : [0,σ]→ R, such that, for some [a, b] ⊆ A with σ = b− a:

2



• for all x ∈ [0,σ], g(x) = f (a+ x);

• g(0) = g(σ) = 0; and

• g(x) 6= 0 for x ∈ (0,σ).

The corresponding excursion interval is (a, b), and the length of the excursion g is σ = b− a.

We now set up Aldous’s theorem. Fix some constant λ ∈ R. For sufficiently large n that

this is well-defined, let C (n)1 , C (n)2 be the connected components of G ∼ G (n, p) in descending

order of size, where p = 1/n+λn−4/3 + o
�

n−4/3
�

. (We break ties arbitrarily.)

Let B(t) be a one-dimensional Brownian motion, let X (t) = B(t) − t2/2 + λt, and let

Y (t) = X (t) − inf0¶s¶t X (s). Let C = (γ1,γ2, . . . ) be the vector of excursion lengths of Y (t)

above, sorted into decreasing order. (It is a non-trivial fact that such an ordering is possible

almost surely, which is implied by the result, Theorem 1.5, that follows.) Let Wi , an open

interval in [0,∞), be the excursion interval of length γi .

Conditionally on (Y (t), t ¾ 0), let (N(t), t ¾ 0) be an inhomogeneous Poisson process,

with rate Y (t) at time t. Let νi be the number of points occurring in the interval Wi . (Equival-

ently, draw the graph of Y , and place a Poisson process of intensity 1 on the plane; let νi be

the number of points lying in the plane during the interval Wi which lie strictly between the

graph and the horizontal axis.) Let S= (ν1,ν2, . . . ).

Define the vector

Cn =
�
�

�C (n)1

�

�,
�

�C (n)2

�

�, . . .
�

,

where, if C (n)k does not exist, we say that
�

�C (n)k

�

�= 0. Define

Sn =
�

s
�

C (n)1

�

, s
�

C (n)2

�

, . . .
�

similarly.

Theorem 1.5 ([6, Cor. 2]).
�

n−2/3Cn,Sn

� d
→ (C,S), (1.2)

with convergence in the l2 norm for the first coordinate, and the product topology for the second.

Remark. Aldous states this result only for p = 1/n+ λn−4/3 exactly, but his proof extends to

allowing the extra o
�

n−4/3
�

error term.

This is a beautiful result connecting two seemingly unrelated mathematical objects—a

random graph, and a Brownian motion. The connection is given by the fact that a certain

3



exploration process for the graph, the depth-first walk, converges in distribution to X ; Aldous

proves this as a step towards the proof of Theorem 1.6. We give the algorithm for the depth-

first search, and then the result.

Algorithm A (Depth-first search). We assume we are carrying out the algorithm on a graph

on n vertices, whose labels form a totally ordered set.

1. Initialise Xn(0) = In(0) = Nn(0) = 0, and set all vertices to be sleeping, and the stack to be

empty.

2. For each i = 1, . . . , n:

(a) If the stack is non-empty, set the new current vertex, vi , to be the vertex at the top of the

stack, kill it, and remove it from the stack. Otherwise, set vi to be the lowest-labelled

sleeping vertex, and immediately kill it.

(b) If any sleeping vertices are adjacent to the current vertex, vi , wake them up and add

them to the top of the stack in order of label, with the lowest-labelled at the top. Let

ζi be the number of such vertices discovered.

(c) Set Xn(i) = Xn(i − 1) + ζi − 1.

(d) Set In(i) =min { In(i − 1), Xn(i) }.

(e) Let ηi be the number of awake (but not dead) vertices adjacent to the current vertex,

and let Nn(i) = ηi + Nn(i − 1).

3. The algorithm terminates after n iterations—or, equivalently, it terminates at the conclusion

of the current iteration once all vertices are dead.

Remark. In relation to step 2(e), it is not possible for any vertices currently dead to have any

edges joining them to the current vertex, except for any edge already discovered at a previous

step. This is discussed in Section 2.3.

In order to illustrate this process, we provide a worked example in Figure 1.1. It can be

checked by carefully inspecting the algorithm that the number of vertices on the stack on the i-

th iteration after step 2(a) (i.e. just before we start querying edges) is exactly Xn(i−1)−In(i−1),

and the number of components whose exploration is completed by the end of the i-th iteration

is exactly −In(i).

4
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Step i

X9(i) and I9(i)

N9(i)

Step i

3 3
iteration

Figure 1.1: A worked example of the depth-first search, Algorithm A, for a graph on [9] =

{1, . . . , 9 }. The top of the diagram demonstrates the state of the graph at the start of the

algorithm and after each of the nine iterations. At lower-right, the values of the processes X9,

I9 and N9 are graphed.
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Theorem 1.6 ([6, § 2.2]). Let Gn ∼ G
�

n, 1/n+λn−4/3 + o
�

n−4/3
��

. Then

�

n−1/3Xn

��

tn2/3
��

, Nn

��

tn2/3
���

t¾0

d
→ (X , N)

as n→∞ with respect to the Skorokhod metric on the space of càdlàg functions, where, for B a

Brownian motion, we take

X (t) := B(t) +λt −
t2

2
,

and where, conditional on X , we take N to be an inhomogeneous Poisson process of rate X (t)−

inf0¶s¶t X (s) at time t.

Remark. Note that, as In is a continuous functional of Xn, we also have, by the Continuous

Mapping Theorem, joint convergence of the correspondingly rescaled In to the running in-

fimum of X . Further note that, again, Aldous only states this for p = 1/n + λn−4/3, but the

proof can be appropriately modified.

Remark. Aldous actually proved this result using a subtly different algorithm, the breadth-first

search: the only difference is the order in which vertices are added to or removed from the

stack, and, as the vertices of an Erdős–Rényi random graph are exchangeable, the distributional

statement is unchanged.

Aldous’s result does not give us complete information, however, about the metric properties

of the limit object. This question was answered by Addario-Berry, Broutin, and Goldschmidt

in a pair of papers [2, 3], which showed that the Erdős–Rényi model, in its critical window,

possesses a scaling limit. We will discuss their work, and related results, in Chapter 2, as it is

a fundamental starting point for the work that follows.

The aim of this thesis is to present work leading to a similar result for a model known as

the random cluster model, in its mean-field form; we denote this G (n, p, q) (where n ∈ N,

p ∈ (0, 1), and q > 0), and define it by saying that, if Gn ∼ G (n, p, q), then, for any graph G

on n vertices,

P(Gn = G) =
pe(G)(1− p)(

n
2)−e(G)qc(G)

∑

H pe(H)(1− p)(
n
2)−e(H)qc(H)

,

taking the sum over all graphs H on n vertices; here, e(G) (resp. c(G)) denotes the number

of edges (resp. connected components) of G. (In their paper introducing the model, Fortuin

and Kasteleyn [28] use the word “cluster” as synonymous with “connected component”.) Note

that, when q = 1, this corresponds exactly to the Erdős–Rényi model G (n, p).

This model is known also to have an Erdős–Rényi-like phase transition, though now at

6



f (q)/n for some function of q [16, 58, 59]; when q < 2, for which f (q) = q, it is known to

have a form of critical window, when p = q/n+λn−4/3 for λ ∈ R [43].

This thesis provides work towards a proof of the existence and form of the scaling limit

of this model in its critical regime, that is, we conjecture, similar to that of the Erdős–Rényi

model. Although we do not succeed in finding a complete result, we present a number of

different partial proofs; as part of this, we prove a collection of results about the Erdős–Rényi

and random cluster models, some of which are of independent interest.

Following the literature review on scaling limits and related concepts in Chapter 2, we

will discuss more fully the existing results in the literature about the random cluster model, in

Chapter 3. In this latter chapter, we also give an idea of the intended proof strategy that guides

much of the work in this thesis. Then, in Chapter 4, we provide a selection of results that allow

us to compare the exploration process for that model to the one for the Erdős–Rényi model that

is relatively well-understood. That chapter also contains some results about the Erdős–Rényi

exploration process (e.g. Proposition 4.6, Proposition 4.13) that, as far as the author is aware,

are not contained within the existing literature. As a brief interlude, in Chapter 5 we prove

that G (n, m), the model Erdős and Rényi first studied in [26], has the same scaling limit as

G (n, p), throughout its own critical window; that concludes Part I of this thesis.

Part II provides the bulk of the results about the random cluster model. The aforemen-

tioned proof strategy (which appears in Section 3.2), which is intended to give a result similar

to Theorem 1.5, has two major issues which prevent it from being a completed proof; we were

able to solve one of them for q < 1, and the other for q > 1. To each of these solutions we

devote a chapter (Chapters 6 and 7, respectively). Subsequently, in Chapter 8, we discuss an

alternate potential proof strategy; we also show in that chapter that, conditionally on conver-

gence of the rescaled sequence of component sizes, a metric space scaling limit must follow.

Finally, in Chapter 9, we review the unresolved problems from this thesis, as well as suggesting

some other avenues for future research.
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Part I

Review and preliminaries
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Chapter 2

Review: scaling limits of random

graphs

As discussed towards the end of the introduction, this thesis considers an extension of the

work of Addario-Berry, Broutin and Goldschmidt [3, 2], which extends Theorem 1.5 proved by

Aldous [6] to provide a limiting structure for critical Erdős–Rényi random graphs. We discuss

that work in this chapter—particularly the content of [3], the first of their pair of papers.

Towards the end of this chapter, we also describe the work of Janson and Spencer [40]

on limiting component sizes of the critical Erdős–Rényi random graph. They give an explicit

description of these sizes as a point process on [0,∞), which will prove useful in the chapters

that follow.

2.1 Definitions

Definition 2.1. Let M = (X , d) be a metric space. For α > 0, we can define the metric space

αM = (X ,αd), where αd is the usual definition for scalar multiples of functions; that is, αM

is M with all distances rescaled by α.

Given two metric spaces, we may define a notion of distance between them; here, we

use the Gromov–Hausdorff distance (for a reference, see, for instance [19, Defn. 7.3.1 and

Thm. 7.3.25]).

Definition 2.2. Let (M , d) be a metric space. Then the Hausdorff distance between two com-

pact subsets X , Y of M is given by

dH(X , Y ) = inf {ε > 0 : X ⊆ Fε(Y ) and Y ⊆ Fε(X ) } , (2.1)

11



where, for X ⊆ M , Fε(X ) :=
�

x ∈ M : infy∈X d(x , y)¶ ε
	

.

Definition 2.3. The triple (X , d,ρ) is a rooted metric space if (X , d) is a metric space and ρ is

a point in X .

Definition 2.4. Let Mcmp be the class of rooted compact metric spaces. Then the Gromov–

Hausdorff distance is a pseudometric onMcmp given by, for (X , d,ρ), (X ′, d ′,ρ′) ∈Mcmp,

dGH(X , X ′) = inf
�

max
�

dH

�

φ(X ),φ′(X ′)
�

,δ
�

φ(ρ),φ′(ρ′)
�		

, (2.2)

where the infimum is taken over all choices of metric space (M ,δ) and all isometric embed-

dings φ : X → M and φ′ : X ′→ M .

Remark. Note that, for two rooted compact metric spaces X , X ′ (we suppress the specification

of the metric and the root), dGH(X , X ′) = 0 if and only if there is a root-preserving isometry

between X and X ′. (For unrooted metric spaces, the analogous result is stated, e.g., in [33,

Prop. 3.6], with the rooted case being an easy consequence of this.)

Definition 2.5. We define M to be the set of equivalence classes of rooted compact metric

spaces under dGH, with metric induced by dGH. (By the remark above, this is also the set

of rooted isometry classes of such spaces.) Abusing notation slightly, we likewise denote the

metric on equivalence classes by dGH.

We defineMPol to be the subset ofM in which the metric spaces are Polish spaces: that is,

complete, separable metric spaces.

Remark. We will often refer to convergence of metric spaces to other metric spaces, and similar,

since it is more concise and unlikely to cause too much confusion; formally, we are referring

to the convergence of the equivalence classes discussed in the preceding definition.

Definition 2.6. Let M and Mn, for n ∈ N, be random objects in MPol. We say that M is the

metric space scaling limit of the sequence (Mn) if there exists a sequence (αn) such that, in

the metric dGH, it holds that αnMn
d
→ M as n →∞. That is, if, for all bounded continuous

functions φ :MPol→ R (where R is endowed with the standard Euclidean metric),

E[φ(αnMn)]→ E[φ(X )]

as n→∞.

When it is clear what kind of scaling limit we mean, we will sometimes just write scaling

limit.

12



Remark. Given a definition for a distance between sequences of (equivalence classes of) metric

spaces, we can define an analogous notion of the scaling limit of such objects.

We can consider graphs as rooted metric spaces by considering the space of their vertices,

with distance given by the graph distance and root given by the lowest-labelled vertex.

Addario-Berry, Broutin and Goldschmidt [3] found the scaling limit of an Erdős–Rényi

random graph, considered as a sequence of metric spaces—each being a metric space, endowed

with the graph distance. An important part of this paper (and its companion, [2]) is finding

the scaling limit of an Erdős–Rényi graph conditioned to be connected—which, informally, can

be identified with a component of a critical Erdős–Rényi graph. We describe this below, but

we first need to define another structure, the Brownian continuum random tree.

2.2 The Brownian continuum random tree

The Brownian continuum random tree was first defined by Aldous in a series of three papers

[7, 8, 9]; since it is a necessary ingredient in the proof of the Erdős–Rényi scaling limit that

we discuss in the sequel, we introduce it here.

The Brownian continuum random tree is an example of a real tree, a type of object whose

definition we quote from [3, p. 371].

Definition 2.7. A metric space M = (X , d) is a real tree if, for all x , y ∈ X :

(a) there is a unique isometry fx ,y : [0, d(x , y)] → M such that fx ,y(0) = x and such that

fx ,y(d(x , y)) = y; and

(b) for any continuous, injective map g : [0, 1]→ M with g(0) = x and g(1) = y , we have

that g([0,1]) = fx ,y([0, d(x , y)]).

Remark. That is, in a real tree, there is a unique path between any two points x and y , and

this path is of length d(x , y).

We now set up the machinery we will need to define the Brownian continuum random

tree. Fix σ > 0. Given a continuous function f : [0,σ]→ [0,∞), with f (0) = 0 = f (σ), we

can define a pseudometric d∗f on [0,σ] by

d∗f (x , y) =











f (x) + f (y)− 2 minu∈[x ,y] f (u) for x ¶ y;

d∗f (y, x) for x > y .
(2.3)
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Figure 2.1: The diagram above illustrates, on the left, a function f , and, on the right, the real

tree T f corresponding to it. Along the segments of T f are indicated their lengths.

This means that we can obtain a metric space T f from [0,σ] by identifying all points x , y

where d∗f (x , y) = 0: given a function f satisfying the hypotheses just stated, let ∼ f be the

equivalence relation on [0,σ] where we say that x ∼ f y if and only if d∗f (x , y) = 0. Then,

given f again, we can define the metric space (T f , d f ) by

T f = [0,σ]/∼ f (2.4)

with metric d f being the induced metric provided by d∗f .

The object (T f , d f ) (which we abbreviate to T f , taking the d f as implicit) is a real tree [3,

p. 372]. The collapsing of [0,1] into T f , for a particular function f , is illustrated in Figure 2.1.

Heuristically, we can think of it as being formed when we apply glue to the underside of the

function f , and then squeeze it together from both ends.

The Brownian continuum random tree is a special case of this construction.

Definition 2.8 ([42]). Let (B(t) : t ¾ 0) be a standard Brownian motion. Define random

variables L = sup { x ¶ 1 : B(x) = 0 } and R= inf { x ¾ 1 : B(x) = 0 }. For 0¶ t ¶ 1, let

e(t) =
|B(L + (R− L)t)|

p
R− L

. (2.5)

Then e = (e(t) : 0¶ t ¶ 1) is a Brownian excursion of length 1, which may alternatively be

called a standard Brownian excursion, or simply a Brownian excursion. Let the Brownian excur-
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sion of length σ, e(σ) = (e(σ)(t) : 0¶ t ¶ σ), have distribution given by:

�

e(σ)(t) : 0¶ t ¶ σ
� d
=
�p
σe
� t
σ

�

: 0¶ t ¶ σ
�

. (2.6)

Definition 2.9. Let e be a Brownian excursion. Then the random object T2e is a Brownian

continuum random tree (or Brownian continuum random tree).

The Brownian CRT is the scaling limit of uniform random labelled trees:

Theorem 2.10 ([7], Thm. 8). Let Tn be a uniformly chosen random tree on [n] = {1, . . . , n },

considered as a metric space endowed with the graph distance. Then n−1/2Tn
d
→ T, where T is

the Brownian continuum random tree.

It is the scaling limit of many other random trees, as well; a list of some of these is given

by Albenque and Goldschmidt [5, p. 1].

2.3 Tilted trees and a scaling limit

In this section and the next, we discuss the work of Addario-Berry, Broutin and Goldschmidt

[2] on the scaling limit of an Erdős–Rényi random graph in the critical window. Although

we will state the results formally, we mostly aim to give a heuristic description of their work;

we will return to discuss some of the technicalities later, in Chapter 8, when we apply their

methods to the model of interest for this thesis—as well as in Chapter 5, where we prove an

analogous result for G (n, m), rather than G (n, p).

We first consider the limiting behaviour of a component of such a graph—or more formally,

the behaviour of an Erdős–Rényi random graph with an appropriately chosen probability and

number of edges, conditioned to be connected.

We can consider exploring a component through depth-first search. We defined this for

general graphs as Algorithm A (stated on p. 4), and so we may apply it to connected graphs

as a particular case. Note that we differ slightly from some other authors in our convention

for what we consider the stack, in that we consider the current vertex not to be part of the

stack. This will make notation simpler later on, though it adds some slight complications in

the connected-graph case.

Definition 2.11. When applying Algorithm A, if vertex w is discovered on step i, at which

point vi is the current vertex, we say that w is a child of vi , and vi is the parent of w.

15



Remark. Note that every vertex but one in a connected graph has exactly one parent; that

exception is the lowest-labelled vertex, which has no parent.

It can be checked that, when the algorithm is applied to a connected graph of size n, the

function Xn : {0, . . . , n } → Z is defined so that Xn(i) is the number of vertices on the stack after

step (a) of iteration i+1—unless there is no iteration i+1 because the exploration is complete,

in which case it takes the value −1. Then it can be seen that Xn(i)¾ 0 for i = 0, . . . , n−1 and

Xn(n) = −1.

Recall that the “surplus” of a connected graph is the number of edges contained within

it additionally to those required to form a tree on those vertices. We cannot, from just this,

identify which are the surplus edges, since, in general, there is more than one spanning tree

of the graph. However, we can use Algorithm A to form a particular spanning tree:

Definition 2.12. Let the depth-first-search tree of G be the subgraph of G with vertex set [n]

in which the only edges retained are those joining each vertex (but 1) to its parent.

We can then take as a convention that the surplus edges in the component are those not

contained within the depth-first-search tree. They must therefore be edges that could not have

been discovered by step (c) of the algorithm; at iteration i they are edges between the current

vertex, vi , and vertices already on the stack when the children of vi are explored. The number

of such vertices is Xn(i): the number of vertices on the stack at the start of the iteration (that

is, at the end of iteration i − 1). So the number of possible surplus edges is
∑n−1

i=0 Xn(i); note

that, if we interpolate between the points of the process Xn(i) by considering Xn(btc), it is the

number of points in Z¾0×Z¾0 that lie strictly below the function, as shown in Figure 2.2. This

motivates the following definition, of which we will make use later.

Definition 2.13. For a connected graph G on n vertices whose labels form a totally-ordered

set, its area is defined as

a(G) :=
n−1
∑

i=0

Xn(i),

where Xn(i) is defined via Algorithm A.

There is an even more direct correspondence between these points and the possible surplus

edges. Consider the Xn(i − 1) vertices on the stack during iteration i, once the current vertex

has been removed. The stack structure means that the vertex k-th in the stack during iteration i

(for 1¶ k ¶ Xn(i−1)), counting up from the bottom, will (since vertices are only removed from

the stack at the start of an iteration) be v j , for the first value of j ¾ i such that Xn( j−1) = k−1

(so that the stack, during iteration j, has k− 1 vertices on it).
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Figure 2.2: On the left is shown a depth-first-search tree for a graph. This corresponds to

graphs with these solid black edges and some number (possibly none) of the coloured dashed

edges, which are drawn between each vertex v and vertices on the stack at the time v is

explored. No other edges can be present, as they would change the depth-first-search tree.

On the right, meanwhile, is the corresponding set of values of Xn(i), with the horizontal axis

labelled not with values of i, but with the labels of the vertices in the order they are explored—

shown at point i on the axis is the label of vi+1. Note that there are six entries of Z¾0 × Z¾0

below the points in the sequence. Each corresponds to a possible surplus edge, namely that

between vertices with given labels—the label directly below the cross, and the label at the next

circle directly to the right of the point. This correspondence is indicated by the edge and cross

colours.

The black “curve” shown is Xn(btc), for t ∈ [0,8], and the number of possible surplus edges

can also be thought of as the area under this curve.

Thus, each point in Z¾0×Z¾0 under the curve can be mapped to a unique possible surplus

edge: if the point is at (i − 1, k), for i ∈ [n− 1] and 0 ¶ k < Xn(i − 1), it represents the edge

joining vi with v j for j = sup { p > i : Xn(p− 1) = k }, which vertex will be the (k+1)-th in the

stack when vi is the current vertex. This is illustrated in Figure 2.2.

This means that we can construct a component of an Erdős–Rényi random graph by a

two-stage procedure: choose a depth-first-search tree, and then select surplus edges that cor-

respond to points in the area under the depth-first walk on the tree.

Borrowing notation from [3], let Gp
n ∼ G (n, p), conditioned on being connected. Mean-

while, define a graph G̃p
n as follows: define T̃ p

n to be a tree on [n] chosen such that, for each

possible tree T ,

P
�

T̃ p
n = T

�

∝ (1− p)−a(T ),
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with a(T ) being the area under the tree, as in Definition 2.13. Then, for each surplus edge

allowed by Algorithm A, insert it independently with probability p. This graph is G̃p
n .

Then the following holds.

Proposition 2.14 ([3, Propn. 8]). For n ∈ N and p ∈ (0,1), G̃p
n

d
= Gp

n .

Remark. This is an exact distributional statement, so p can depend on n.

To see how this relates to the Brownian CRT, we first consider a “tilted” Brownian excursion,

defined by the following change of measure from Addario-Berry, Broutin and Goldschmidt [3,

(3)].

Definition 2.15. For σ > 0, let

E (σ) = { f ∈ C([0,σ]) : f (0) = f (σ) = 0, f (s)> 0 for s ∈ (0,σ) }

be the set of excursions on [0,σ], where C([0,σ]) denotes the set of all continuous functions on

[0,σ]. We consider it the space of excursions on [0,σ] when we endow it with the supremum

norm.

We set E := E (1).

Recall from (2.6) that e(σ) is a Brownian excursion of length σ > 0, which is almost surely

an element of E (σ).

Definition 2.16. We define the law of an tilted excursion of length σ > 0, ẽ(σ), by saying that,

for any Borel subsetB ⊆ E (σ) of the space of excursions on [0,σ],

P
�

ẽ(σ) ∈B
�

=
E
�

1{e(σ)∈B} exp
�∫ σ

0 e(σ)(u)du
	

�

E
�

exp
�∫ σ

0 e(σ)(u)du
	� . (2.7)

If we don’t specify a length, we will mean the tilted excursion of length 1, which we denote ẽ.

Remark. This is well-defined, as the moment generating function of the area under a Brownian

excursion of length one is finite for all values of the argument [36, § 13]; the fact that it is

finite for all other lengths follows by Brownian scaling.

We return to the discrete setting.

Definition 2.17. Let T be a tree on [n]. For a vertex v ∈ T , let the height of v be hT (v) :=

dT (1, v), where dT is the graph distance on T .

18



Remark. If the vertex set is not [n] but has a (partial) order with respect to which there is

a minimal element, we can still make this definition work by considering distances from the

minimal element instead. We will need to do so, for instance, when we come to consider

components of a larger graph.

Definition 2.18. Let G be a connected graph on [n] with depth-first-search tree T . Then the

DFS-height of v in G, hG(v), is given by hG(v) = hT (v).

Definition 2.19. Let HG : {0, . . . , n } → Z¾0 be the height function of the depth-first-search

tree of G, defined by

HG(i) =











hG(vi+1) i = 0, . . . , n− 1;

0 i = n.

When it is clear to which graph G we are referring, we will sometimes suppress G in the

above, and write simply h(v) and H(i).

Now, let Xn be the function described above, applied to Gp
n (which we recall is distributed

as G (n, p), conditioned on being connected). Let Hn = HGp
n
. Fix σ > 0, and say that, for

t ∈ [0,σ], X̃ (σ)n (t) = (σ/n)
1/2Xn(bnt/σc); define H̃(σ)n (t) analogously. Then, in fact, the

following holds:

Theorem 2.20 ([3]). Suppose p = p(n) is chosen so that np2/3 → σ as n → ∞. Then, as

n→∞,
�

X̃ (σ)n , H̃(σ)n

� d
→
�

ẽ(σ), 2ẽ(σ)
�

,

with the convergence in distribution in the uniform norm.

Remark. Note that the two copies of ē(σ) on the right-hand side are the same realisation of the

excursion. Note also that, in the full critical Erdős–Rényi random graph, in which p ∼ 1/n,

we expect to have components of size Θp

�

n2/3
�

. So, when we are considering such a graph

conditioned to be connected, taking p = Θ
�

n−3/2
�

is the correct scaling to see similar behaviour.

(We have p = Θ
�

n−3/2
�

here, rather than p ∼ cn−3/2 for any particular c, to allow for the

randomness in the sizes of the components in the full graph on that n2/3 scaling.)

The individual convergence of the terms in the ordered pair in Theorem 2.20 is given by

Theorems 12 and 15 of [3]; that they converge to the same realisation is implied by the proof

of the latter, specifically using Lemma 16 of the same paper.

It is worth taking a minute to work out why we need to consider both the depth-first

walk and the height function. The depth-first walk is easier to analyse, with a distribution
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that can be characterised more readily by the distribution of the random graph. Moreover,

the surplus edges truly are generated by the points lying beneath the depth-first walk, not

the height function. However, it is the height function that more directly characterises the

depth-first-search tree, which we put together with the surplus edges to obtain the graph.

Moving on, we now discuss why we obtain a tilted excursion. As noted by Aldous [9,

Thm. 23] (see also [8, Thm. 2]), the height function of a uniform tree converges (when appro-

priately rescaled) to twice an un-tilted Brownian excursion. So, considering Proposition 2.14,

we might expect the height function of an appropriately biased choice of tree to converge to

an appropriately biased excursion—and in fact Definition 2.16 gives the continuous analogue

of the bias applied to the discrete trees. (In fact, in the case of the uniform tree, it is again

true that the depth-first walk and the height function converge to scalar multiples of the same

realisation of the excursion—see [46, Thm. 2], applied to a Galton–Watson tree with Poi(1)

offspring distribution.)

There is, in fact, a close relationship between the height function and distances between

arbitrary pairs of vertices in the tree. Recall that, for k ∈ [n], the vertex vk is the k-th vertex

explored in depth-first order.

Lemma 2.21. If dT is the graph distance on the depth-first tree, then, for i ¶ j,

Hn(i) +Hn( j)− 2 min
k∈{ i,..., j }

Hn(k)¶ dT (vi , v j)¶ Hn(i) +Hn( j)− 2 min
k∈{ i,..., j }

Hn(k) + 2. (2.8)

Remark. Compare [3, Lma. 17].

Proof. This is obvious if i = j, so suppose not.

There are two cases: either v j is a descendant of vi , or the most recent common ancestor

of vi and v j is some third vertex. (The vertex vi cannot be a descendant of v j because of the

depth-first ordering.) In the first case, the distance between the two vertices is simply the

difference in their heights, which is given by the left-hand side, since every vertex explored

between the i-th and j-th is a descendant of vi and so has height greater than Hn(i).

In the second case, there is some most recent common ancestor v, which has some child

w that is an ancestor of v j (possibly v j itself). Let k(w) satisfy w= vk(w). Since j > i, we must

have that w is a higher-labelled child of v than the child that is an ancestor of the i-th vertex,

so k(w)> i, and meanwhile, as w is an ancestor of v j , k(w)¶ j. Moreover, no vertex closer to

the root than w is explored between i and j, since we are still exploring the descendants of v.
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So

h(w) = 2 min
k∈{ i,..., j }

Hn(k).

Now h(w) = h(v) + 1, and dT (vi , v j) is the distance down the tree from vi to v, and then back

up to v j , which is given by

(h(vi)− h(v)) + (h(v j)− h(v)) = h(vi) + h(v j)− 2h(v) = h(vi) + h(v j)− 2h(w) + 2

= Hn(i) +Hn( j)− 2 min
k∈{ i,..., j }

Hn(k) + 2,

the right-hand side.

Note the similarity between (2.8) and (2.3), the latter expression being the one given above

for the pseudometric applied to [0, 1] given a function. Also, note that, when rescaled, the

discrepancy vanishes as n→∞. Hence this is suggestive that in fact the discrete depth-first

tree converges to the tree encoded by the appropriately sized tilted excursion, and indeed that

is the case [3, pp. 385–386].

We have not yet addressed what happens in the limit to the surplus edges. Recall we have

identified a correspondence between surplus edges and points in a grid under the curve, where

we select each point independently with probability p. As we rescale with increased n, this grid

of points moves closer together, and meanwhile the probability of choosing each decreases.

This is the situation in which we might expect a Poisson point process to appear in the limit,

provided that the number of available points and the probability of selecting each compensate

each other appropriately.

But note that, in Theorem 2.20, to achieve convergence, we rescale the lengths of the

excursions by a multiple of n, and the heights by a multiple of n1/2—so that, overall, the

excursions are “growing like” n3/2. Since we have chosen p so that np2/3 → σ, this implies

that n3/2p converges, and so we have the right scaling for a Poisson process to emerge.

So, in the limit, we imagine a Poisson process in the area under the curve ẽ(σ), which

generates the surplus edges. In the discrete picture, each added point corresponds to joining

the vertex represented by the x-coordinate with that represented by the next “time”, to the

right, at which the process’s value equals the y-coordinate. But as the depth-first walk Xn and

the height process Hn converge to the same excursion (up to a scalar constant), this corresponds

in the limit to generating a Poisson process under the curve used to form the tree, and then

joining the corresponding points in the tree. (As the limit process of the height function is twice

that of the depth-first search, this process will have half the rate.) By “corresponding points”
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we mean the points that are the continuous-time analogues of the discrete notion we just

discussed: so, for a point (x , y) under the excursion, we’d want to join the point represented

by time x by the point represented by the next time after x that the process takes the value y .

(See Figure 2.3 for an illustration of this.)

Of course, this is a purely heuristic argument, but it turns out (though we omit the technical

details here) to give us the right idea to construct the limit object of appropriately-rescaled

connected components of a critical Erdős–Rényi random graph—we consider, for each σ > 0,

a random object M (σ), which we will shortly define.

Before we do, we define the following function g, whose definition we borrow from [3,

§ 4].

Definition 2.22. Fixσ > 0. Let h ∈ E (σ), and letQ ⊆ [0,σ]×[0,∞) be a countable set. Then

we define g(h,Q) as follows. First take Th = [0,σ]/∼h (as given by (2.4)), and for x ∈ [0,σ],

let t(x) denote the point in Th corresponding to x (formally, when Th is considered as a space

of equivalence classes on [0,σ], we let t(x) be the class to which x belongs). Further, for each

point (x , y) ∈Q such that 2y < h(x), we identify the points t(x) and t(z), where

z = inf {u> x : h(u) = 2y } .

(Formally, we create a new equivalence relation ∼ on Th which is generated by the set of

relations t(x)∼ t(z) for pairs above, and create the metric space Th/∼, with the metric being

the induced one.) The resulting metric space is g(h,Q).

Remark. The factors of 2 that appear in this construction give it a slightly awkward character.

They derive from the fact that our tree is constructed from the excursion corresponding to the

height process, whereas our point setQ is related to the excursion corresponding to the depth-

first search—and, though these are based on the same tilted Brownian excursion, there is a

factor of 2 difference between them, as given in Theorem 2.20. This means that it is natural,

when giving a definition of the function g, to rescale one or the other.

Figure 2.3 gives an illustration of the process of identifying the points.

The object g(h,Q) is not a real tree, because it contains cycles. However, its local structure

is akin to that of a real tree. We call such an object an R-graph (see [4, Defn. 2.2] for a formal

definition).

Remark. Defining this formally relies on a definition of a real tree, which relies on a number

of technical metric space results that are beyond the scope of this thesis.
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Figure 2.3: The diagram above illustrates the identification forming the structure described

in Theorem 2.24. The tree on the right is the tree T f corresponding to the function f shown

on the left. The point selected from under its area (shown after the y-coordinate is scaled

by 2, as required by the definition of g) then corresponds to two points on the tree, which

are identified with each other. (Note that in this example only points directly underneath

one of the three local maxima of the function correspond to leaves. In a tree formed from a

Brownian excursion, this is true of almost all points, so the x-coordinate of a point selected

from a Poisson process applied to the area under the curve will almost always correspond to a

leaf.)

Definition 2.23. Let M (σ) = g
�

2ẽ(σ),P
�

, where P is a Poisson point process on [0,σ] ×

[0,∞) of rate 1.

M (σ) will be our limit object, and thus we can now state the theorem.

Theorem 2.24 ([3, Thm. 22]). Let σ > 0, and let m= m(n) be a sequence of integers such that

n−2/3m→ σ as n→∞. Let p = p(n) ∈ (0,1) satisfy np→ 1. Then, as n→∞,

n−1/3Gp
m

d
→M (σ),

in the Gromov–Hausdorff distance.

To extend this to the whole graph, as opposed to just a single connected component, we

need to define a metric, or at least a topology, on a sequence of (isometry classes of) metric
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spaces. We therefore define the metric

dseq(A,B) =

�∞
∑

i=1

dGH(Ai , Bi)
4

�
1
4

, (2.9)

where A = (A1, A2, . . . ) and B = (B1, B2, . . . ) are sequences of metric spaces. (Of course, this

may take the value∞ if the sequence on the right-hand side does not converge.)

We can now state the theorem.

Theorem 2.25 ([3], Thm. 24). Let M(n) = (M (n)1 , M (n)2 , . . . ) be a sequence of metric spaces such

that M (n)i is the i-th largest component of G ∼ G (n, p), treated as a metric space with the graph

distance. Let Z (n)i =
�

�M (n)i

�

�, and let Z(n) = (Z (n)1 , Z (n)2 , . . . ). Then there exist Z,M such that

�

n−2/3Z(n), n−1/3M(n)
� d
→ (Z,M),

with convergence in the first co-ordinate in l2, and in the second co-ordinate in the metric dseq.

Moreover, the law of Z is given by Theorem 1.5, while M= (M1, M2, . . . , ) is such that, condition-

ally on Z, the random metric spaces M1, M2, . . . are independent and Mi
d
=M (Zi).

Let us briefly summarise how this result is obtained. Theorem 2.24 shows that the explor-

ation of a component of G ∼ G (n, p), conditionally on its size, behaves as a tilted excursion of

that size, with surplus edges given by a binomial point process under the excursion. It is also

obvious that all components, conditionally on their sizes and numbers of surplus edges, are

independent, so the Mi must be conditionally independent too.

The only thing then left is to obtain convergence in the metric dseq rather than in the

product topology. To do this, the authors prove a bound on the height of the discrete depth-

first-search trees (biased in a corresponding discrete way to ẽ(σ)) to show that large trees do

not occur arbitrarily far down the sequence.

This is, again, a heuristic description. We will return to some of the details of their proof

when we come to adapt it later.

By way of illustration, in Figure 2.4, we provide some random graphs simulated for finite n

at various points in the critical window, where we can begin to observe the limiting structure—

including the n2/3 scaling and shape of the largest component.
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(a) n = 10,000, λ = −1/2; whole graph. In

this realisation
�

�C (10,000)
1

�

�= 277.

(b) n = 100,000, λ = −1/2; largest compon-

ent. In this realisation
�

�C100,000)
1

�

�= 881.

(c) n = 10,000, λ = 0; whole graph. In this

realisation
�

�C (10,000)
1

�

�= 442.

(d) n = 100,000, λ = 0; largest component.

In this realisation
�

�C (100,000)
1

�

�= 2,668.

(e) n= 10,000, λ= 1/2; whole graph. In this

realisation
�

�C (10,000)
1

�

�= 317.

(f) n= 100,000, λ= 0; largest component. In

this realisation
�

�C (100,000)
1

�

�= 6,737.

Figure 2.4: Simulations of various Erdős–Rényi random graphs for finite n, which correspond

to points in the critical window. For n = 10,000, note that n2/3 ≈ 460, and for n = 100,000,

we have n2/3 ≈ 2,200, giving us some idea of typical scales for the graphs. Made with R [54],

using the igraph package [21].
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2.4 A point process of component sizes

To conclude our discussion of the Erdős–Rényi random graph, we now discuss results of Janson

and Spencer [40]. In this paper, they consider, for Gn ∼ G (n, p)with p = 1/n+λn−4/3, rescaled

component sizes given by

ξ
(n)
i =

�

�C (n)i

�

�

n2/3
.

They note that these may be placed into a random (multi)set

Ξn =
¦

ξ
(n)
i : i ∈ [c(Gn)]

©

(where, as ever, c(G) denotes the number of components of the graph G); they may then be

considered as a point process on (0,∞]—or, alternatively, as a random measure on (0,∞],

with point masses at the points of the set, which allows us to write, say, Ξn(A) to denote

|Ξn ∩ A|. They note that it follows immediately from the results of Aldous [6] that this set

converges to some Ξ in the vague topology, defined as follows:

Definition 2.26. Let R=R((0,∞)) (resp. R=R((0,∞])) be the class of Borel measures µ

on (0,∞) (resp. (0,∞]) such that µ(A) ∈ Z¾0 (and in particular is finite) for every relatively

compact Borel set A ⊆ (0,∞) (resp. (0,∞]). Then the vague topology on R is defined such

that, given µ1,µ2, . . . ∈R, and any µ ∈R, we have µn→ µ as n→∞ if and only if, for every

real-valued continuous function f on (0,∞) (resp. (0,∞]) with compact support,

∫

f dµn→
∫

f dµ

as n→∞.

Remark. Kallenberg [41, p. 169] provides a reference for the vague topology.

Further, Aldous [6] noted that Ξ could be considered as the set of lengths of excursions

of reflected Brownian motion with parabolic drift, as we discussed in Chapter 1. (We will

sometimes write Ξ = Ξ(λ) to emphasise the dependence on λ.) The contribution of Janson

and Spencer in [40] is, among other things, to give an alternative description of Ξ in terms of

its intensity and its Palm distributions—concepts which we now define.

Definition 2.27 ([60, 61]). For a point process on (0,∞), an intensity function, if one exists,
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is a function f such that, for all Borel sets A⊆ (0,∞)

E[Ξ(A)] =
∫

A
f (x)dx .

Remark. It is possible to define this in other ways: for instance, by letting intensity correspond

to the probability of seeing a point in an interval, rather than the expected number of points

(as in [22]). For a simple point process, in which a.s. no two points of the process coincide,

these definitions coincide.

Definition 2.28 ([40, §8]). For a point process Ξ on a suitable space S, the Palm distributions

are the conditional distributions of Ξ given the presence of a point s ∈S, denotedL(Ξ | s ∈ Ξ).

Remark. The event on which we are conditioning in the definition above has probability 0 in

many cases; a justification of this is given in Kallenberg [41, Ch. 12].

We now state the results of Janson and Spencer that we will use. Recall that e is a standard

Brownian excursion, and define A=
∫ 1

0 e(u)du.

Theorem 2.29.

(a) [40, Thm. 4.1] The intensity Λ= Λ(λ) of Ξ(λ) is given by

Λ(λ)(x) =
1
p

2π
x−5/2Ψ

�

x3/2
�

exp

�

−
1
6

x3 +
λ

2
x2 −

λ2

2
x

�

,

where

Ψ(t) := E
�

etA
�

.

(b) [40, Thm. 8.1] The Palm distributionL
�

Ξ(λ)
�

� s ∈ Ξ(λ)
�

equals, for every s > 0, the distribu-

tion of Ξ(λ−s) +δs, where δs is a point-mass at s.

Remark. In Corollary 8.4, the authors note that Ξ is actually a.s. simple, resolving the ambi-

guity about the meaning of “intensity”.

This formulation is particularly useful in calculations. For instance, as in the authors’ Co-

rollary 4.2, we can see that, if Zε =
∑

ξ∈Ξ ξ1{ξ>ε},

E[Zε] =
1
p

2π

∫ ∞

ε

x−3/2Ψ
�

x3/2
�

exp

�

−
1
6

x3 +
λ

2
x2 −

λ2

2
x

�

dx . (2.10)

We will use Theorem 2.29 to prove similar results in Chapter 7. However, we note that to

convert from the integral representation to more-explicit asymptotic representations, we will
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need asymptotics for the function Ψ. We have these: quoting [40, (3.4)], as t →∞,

Ψ(t)∼
1
2

t2et2/24, (2.11)

which, for instance, tells us that the integral in (2.10) is finite. Meanwhile, we can exploit the

fact that Ψ is a moment-generating function to find asymptotics for t ↓ 0; for instance, that

Ψ(t) = 1+ tE[A] +O
�

t2
�

,

when A (as in the theorem) is the area under a standard Brownian excursion. We discuss this

in more detail later.
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Chapter 3

The random cluster model:

introduction

In this thesis, we will consider the mean-field random cluster model, or the random cluster model

on the complete graph. We start by motivating the definition; we then define the random cluster

model in general, before specifying the setting of interest to this work.

We start by mentioning the Potts model, first described in the literature by Potts in 1951

[51]; this is a model used in statistical mechanics, which describes the behaviour of a collection

of particles where each can have one of q ∈ N spin values. As it is not particularly relevant to

our discussions, we do not discuss it in detail here, except to note that, in the q = 2 case, it is

equivalent to the better-known Ising model (see Wu [63], who also gives an overview of the

model and of some of its applications in statistical mechanics).

The random cluster model, devised by Fortuin and Kasteleyn [28], was introduced as a

tool by which to analyse the Potts model, though it has since become the subject of research

interest in its own right (see Grimmett [32] for an overview). It is defined on a connected

graph G, and is the distribution in which each (not necessarily connected) subgraph H of G is

chosen at random with probability proportional to

pe(H)(1− p)e(G)−e(H)qc(H)

where e(H) (resp. e(G)) denotes the number of edges of H (resp. G), and c(H) denotes the

number of (connected) components in H. Clearly if q = 1 this corresponds to Bernoulli percol-

ation on the graph G, but the value of q biases the graph to have more or fewer components.

When q ∈ N, the connection to the Potts model can be described as follows. Suppose we
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consider the random cluster model on G; call the random graph thus obtained H. Assign,

uniformly at random, a spin state from the set [q] to each component of H; then assign each

vertex the spin state of the component to which it belongs, before removing the structure of H,

leaving only the vertices (which we may still consider as vertices of G). Then the spin states of

the vertices behave according to the Potts model for particles on G. (See Grimmett [32, § 1.4]

for a reference.)

Physicists are usually interested in taking the base graph G to have some particular geo-

metry, such as taking G to be a lattice (potentially an infinite one, adapting the definition of

the model appropriately). This covers many of the settings discussed in [32]. However, in this

thesis, we will be interested in the mean-field random cluster model, or the random cluster

model on the complete graph, in which we take G to be the complete graph Kn (for some

n ∈ N). To state the model more explicitly, we have that every possible graph H on [n] occurs

with probability
pe(H)(1− p)(

n
2)−e(H)qc(H)

Z(n, p, q)
, (3.1)

where c(H) denotes the number of (connected) components of H; here,

Z(n, p, q) :=
∑

H

pe(H)(1− p)(
n
2)−e(H)qc(H), (3.2)

where the sum is taken over all graphs H on [n]. We denote this by G (n, p, q). Since from

now on we will only deal with the mean-field setting, we will often use the unqualified phrase

“random cluster model” to refer to this setting.

If q = 1, this would be, as described above, Bernoulli percolation on the complete graph—

that is to say, the Erdős–Rényi model, G (n, p). Consequently, taking q < 1 in G (n, p, q) biases

towards having fewer components than G (n, p); taking q > 1 biases towards having more

components.

Before we go on, we note that it is possible to define a model G (n, m, q), analogously to

G (n, m): if Gn ∼ G (n, m, q), we take Gn to be a random graph on n vertices and m edges,

choosing each possibility H with probability proportional to qc(H). We will not discuss this

version of the random cluster model in great detail, but will make some comments about it in

Section 8.1.

Similarly to the Erdős–Rényi model, if we consider G (n,κ/n, q), with q constant, it can

be shown that, for n → ∞, this model exhibits a phase transition in the size of the largest

component as κ passes through a critical value. (This was proved independently by Stepanov
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[58, 59] and Bollobás, Grimmett and Janson [16].) The critical value of κ, which we denote

as κc, depends on q as follows [16, Eqn. (2.1)]:

κc(q) =











q if q ∈ (0, 2];

2 q−1
q−2 log(q− 1) if q > 2.

(3.3)

(For q > 2, Stepanov [58, p. 195] gives the value of κc implicitly in terms of the expressions

(1−α)
eακc − 1
α

= q (3.4)

and
α2κc

2

�

1
q
− 1

�

−
ακc

q
− log(1−α) = 0, (3.5)

which he asserts can be solved to attain a function κc(q) for q > 2; Bollobás, Grimmett and

Janson [16, p. 299] implicitly show that the correct value of α is (q − 2)/(q − 1), which does

indeed solve both equations.)

As in the Erdős–Rényi model, we see a giant component for large κ, with other components

being microscopic components of order log n; for small κ, we only see the small components.

Theorem 3.1.

(a) [58, 16] For κ > κc, the number of vertices in the largest component of the graph is C1n+

Op(n3/4
p

log n), for some constant C1 depending on κ and q, with the second largest com-

ponent being w.h.p. a tree, of order C2 log n + op(log n), for a constant C2 depending on κ

and q.

(b) [16, Thm. 2.1] For κ < κc, the largest component of the graph is of size D log n+Op(log log n),

for a constant D depending on κ and q.

Remark. The part of Theorem 3.1(a) concerning the largest component is from [58, pp. 201–

202]; that concerning the second-largest component is from [16, Thm. 2.2]. Each paper con-

tains (weaker) statements about the other component. Meanwhile Theorem 3.1(b) is also

given in slightly weaker form by [58, pp. 200–201].

Note that we have much more detailed information about the component sizes, in both

regimes, for the Erdős–Rényi model, but the above theorems tell us that the basic behaviour

is the same.

We move on to the case κ = κc: here, if q > 2, then we see something that looks like

either the supercritical regime or the subcritical regime described above [16, Thm. 2.3] (or
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[58, pp. 202–203]). For q < 2, Stepanov [58, p. 202] concludes that the largest component

contains Op

�

n3/4
p

log n
�

vertices; he obtains a weaker bound for q = 2.

For q < 2, Luczak and Łuczak [43] prove a stronger result about this critical regime, and

indeed show the existence of a critical window around κ= q (= κc).

Theorem 3.2 ([43, Thm. 17]). Let G ∼ G (n, p, q), where q ∈ (0,2) and p = q/n+λn−4/3, for

some λ ∈ R. Then, if
�

�C (n)i

�

� is the size of the i-th largest component of G,

�

�C (n)1

�

�,
�

�C (n)2

�

�= Θp

�

n2/3
�

.

Luczak and Łuczak [43] also show that, for q = 2, this only holds for λ < 0, and that the

behaviour is different for λ¾ 0.

Theorem 3.3 ([43, Thm. 18, (ii) and (v)]). Let G ∼ G (n, p, 2), where p = 2/n+ λn−4/3, for

some λ ∈ R. Then, if λ < 0, letting
�

�C (n)i

�

� denote the size of the i-th largest component of G,

�

�C (n)1

�

�,
�

�C (n)2

�

�= Θp

�

n2/3
�

.

If λ > 0, instead we have that there exists a function l = l(n,λ) = (1+ o(1))
p

3λn5/6 such that,

for all a ∈ R,

lim
n→∞

n2/3

p
2λ
P
�

�

�C (n)1

�

�=

�

l +
an2/3

p
2λ

��

=
1
p

2π
e−a2/2.

Remark. So, for λ > 0, the size of the largest component is approximately normally distributed,

with mean on the order of n5/6 and standard deviation on the order of n2/3. Meanwhile, if we

take λ= λ(n) and assume λ→ 0 as n→∞, we get different behaviour depending on the rate

of this latter convergence to 0. The precise details are not germane to the discussions in this

thesis; we will give an overview in Section 9.2, when discussing avenues for future research.

We work towards a proof of the existence of a scaling limit for all q ∈ (0,2). Specifically,

we aim to prove the following.

Conjecture 3.4. Let G(n) ∼ G (n, p, q), where q ∈ (0,2) and p = q/n+λn−4/3, for some λ ∈ R.

Let C (n)i be the i-th largest component of G(n), which we treat as a metric space using the graph

distance; likewise, treat G(n) as a sequence of its components, treated as metric spaces and listed

in decreasing order of size.

Then there exists C = (C1,C2, . . .), a sequence of random metric spaces, such that

n−1/3G(n)
d
→C
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where convergence is in the metric dseq defined in (2.9).

The difficulty is in proving the convergence of the component sizes and numbers of surplus

edges, as evidenced by the following lemma, whose proof is immediate from the form of the

measure (3.1).

Lemma 3.5. Let G̃ ∼ G (n, p), and let G ∼ G (n, p, q), for any n ∈ N, p ∈ [0, 1] and q ∈ (0,∞).

Let ` ∈ N, and let a= (a1, . . . , a`) ∈ N` satisfy

• a1 ¾ a2 ¾ · · · ;

•
∑`

i=1 ai = n.

Let Ci (resp. C̃i) be the i-th largest component of G (resp. G̃), and let A (resp. Ã) be the event that,

for all i, |Ci|= ai (resp.
�

�C̃i

�

�= ai). Then the distribution of G̃ conditional on Ã is identical to the

distribution of G conditional on A.

So, conditionally on the component structure, we just have an Erdős–Rényi random graph.

But note that, for q 6= 1, if G is at the critical point then G̃ will not be, and vice versa.

This strongly suggests that the bulk of the necessary work in proving Conjecture 3.4 is in

showing that the component sizes converge. Indeed, we will show in Theorem 8.19 that this

truly is all that is necessary to prove the conjecture.

We can also conjecture something about the form of the limit sequence of component sizes.

Specifically, we conjecture the following.

Conjecture 3.6. Let Cn =
�
�

�

�C (n)1

�

�

� ,
�

�

�C (n)2

�

�

� , . . .
�

be the decreasing sequence of component sizes in

Gn ∼ G (n, p, q), where p = q/n+λn−4/3. Then

n−2/3Cn
d
→ C, (3.6)

in l2, where C is under a measure P̃ that we characterise as follows.

Under the measure P, let C be the sequence of excursion lengths, in decreasing order, of X − I ,

where, for a Brownian motion B(t), we have X (t) = B(t)+λt/q−t2/2, and I(t) = inf0¶u¶t X (u).

Let Lλ be the limit in probability, as t →∞, of
∫ t

0 (X (u)− I(u))du− (log t)/2. Then, in (3.6),

C has the law that it does under P̃, where

dP̃
dP
=

exp{(q− 1)Lλ}
E[exp{(q− 1)Lλ}]

, (3.7)

in which E denotes expectation under P.
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There are several implicit assertions in this conjecture, such as that Lλ exists and is almost

surely finite, and that E[exp{(q− 1)Lλ}] <∞. In fact, we can prove that Lλ exists (Proposi-

tion 7.1) and that, for q > 1, the expectation is finite (implied by Proposition 7.2), though we

could not prove this for q < 1. We also have good evidence for the rest of this conjecture, as

we will discuss in Section 3.2. Before that, though, we provide a fundamental lemma for the

results that will follow.

3.1 Changing measure

We note the following result which underpins our approach. Henceforth, let Pn,p,q be a prob-

ability measure under which Gn ∼ G (n, p, q). Let Pn,p = Pn,p,1, so that, under Pn,p, the graph

Gn follows the Erdős–Rényi model. Let En,p,q (resp. En,p) denote expectation with respect to

Pn,p,q (resp. Pn,p). For an interval A ⊆ R, let D(A) be the space of càdlàg functions from A to

R, equipped with the Skorokhod metric.

Proposition 3.7. For any bounded measurable functional f : D([0, n])2→ R, and for any n ∈ N,

p ∈ (0, 1) and q > 0,

En,p,q[ f (Xn(b·c), In(b·c))] =
En,p

�

f (Xn(b·c), In(b·c)) q−Xn(n)
�

En,p

�

q−Xn(n)
�

=
En,p̃

�

f (Xn(b·c), In(b·c)) qNn(n)
�

En,p̃

�

qNn(n)
� ,

where

p̃ =
p

p+ q(1− p)
. (3.8)

Remark. Note that, by definition, if p ∈ (0,1), then p̃ ∈ (0,1) too, so this is a well-defined

measure change.

Note that, if p = q/n+λn−4/3, then

p̃ =
1
n
+

λ

qn4/3
+O

�

1
n2

�

(3.9)

as n→∞. So we have transformed our problem from one about the random cluster model

in what we know, from Theorem 3.2, to be its critical window, to one about the Erdős–Rényi

model in its own critical window. Moreover, we note that theλn−4/3 term in the random cluster

model setting translates to a λn−4/3/q term in the Erdős–Rényi setting, which is indicative of

why, in (3.7), we defined the limit distribution by changing measure with respect to the limit
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of the “λ/q” point in the Erdős–Rényi critical window.

Before we go on to outline our approach, we must give the proof of Proposition 3.7, which

is due to Christina Goldschmidt (personal communication).

Proof of Proposition 3.7. For the first equality, we simply need to note that −In(i) records the

number of components whose exploration was completed by the end of step i, and that there-

fore −In(n) is the total number of components of the graph; this is equal to −Xn(n), since at

the end of the exploration we are trivially at the end of a component. The first equality then

follows immediately from the distribution (3.1) of the random cluster model.

For the second part, we need to rewrite (3.1). For a graph G, let s(G) denote the number

of surplus edges it has, as in Definition 1.3, so that, as in (1.1),

s(G) = e(G)− |G|+ c(G).

From this, we have that, for graphs H on n vertices, if Gn ∼ G (n, p, q),

Pn,p,q(Gn = H)∝
�

p
1− p

�e(H)
qc(H)

=
�

p
1− p

�e(H)
qs(H)−e(H)+n

∝
�

p
q(1− p)

�e(H)
qs(H) (3.10)

=
�

p̃
1− p̃

�e(H)
qs(H),

where the last line is obtained by multiplying the top and bottom of the fraction in (3.10)

by (p+ q(1− p))−1. Since Nn(n) records the total number of surplus edges in the graph, this

gives the second part of the claim.

As well as letting us deal with a critical Erdős–Rényi graph rather than an off-critical one,

this helps us in another way. We expect that, in the off-critical case, we are dealing with large-

deviations behaviour of the graph by considering qc(Gn), since c(Gn) = Θp(n). (For example,

Puhalskii [53, Thm. 2.2] shows this, in particular, for p = κ/n for all κ > 0, from which the

general case of p ∼ κ/n follows by an appropriate coupling.) By contrast, as we will see in

Theorem 8.14, in the case of a critical Erdős–Rényi graph, Nn = Θp(log n); since qlog n = nlog q,

this suggests the measure change has a much less drastic effect.

Before we go on, we provide some illustrations of graphs drawn from the random cluster

model for finite n (along with an Erdős–Rényi graph, for reference), in Figure 3.1; these are
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(a) n = 10,000, q = 1/2; whole graph. In this

realisation
�

�C (10,000)
1

�

�= 364.

(b) n= 100,000, q = 1/2; largest component.

In this realisation
�

�C100,000)
1

�

�= 1,842.

(c) n = 10,000, q = 1; whole graph. In this

realisation
�

�C (10,000)
1

�

�= 716.

(d) n = 100,000, q = 1; largest component.

In this realisation
�

�C (100,000)
1

�

�= 2,760.

(e) n = 10,000, q = 3/2; whole graph. In this

realisation
�

�C (10,000)
1

�

�= 516.

(f) n = 100,000, q = 3/2; largest component.

In this realisation
�

�C (100,000)
1

�

�= 1,410.

Figure 3.1: Simulations of graphs drawn from G (n, p, q), taking in each case p = q/n exactly.

The q = 1 (Erdős–Rényi) case was simulated using a standard function in the package used;

for q = 1/2 rejection sampling was used, exploiting Proposition 3.7, and for q = 3/2 the

simulation is an approximate one using the Metropolis–Hastings algorithm. Made with R

[54], using the igraph [21] and progress [20] packages.
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chosen to correspond to the λ= 0 point in the critical window.

3.2 Heuristics for a suggested proof

The rest of this thesis will be devoted to results towards a proof of Conjecture 3.4. More

specifically, we will mostly work towards the following conjecture, which is an analogue to

Theorem 1.6 (Aldous’s result from [6] on convergence of the exploration process). Consider

exploring Gn using the exploration process we defined above for a component of a graph,

Algorithm A, defined on p. 4, which we recall is denoted (Xn, In, Nn) = (Xn(i), In(i), Nn(i))
n
i=0.

Conjecture 3.8. There exists a process X on [0,∞) with running infimum I under some measure

P such that, for all t > 0 and all bounded continuous functionals f : D([0, t])2→ R,

En,p,q

�

f
�

n−1/3Xn

��

sn2/3
��

, n−1/3 In

��

sn2/3
��

: 0¶ s ¶ t
��

→ E[ f (X (s), I(s) : 0¶ s ¶ t)]

as n→∞.

As in the case of the Erdős–Rényi graph, the conjecture would only give us that the explor-

ation process converges, not that the sequence of component sizes does—towards the end of

Section 6.2, we will also discuss how to carry out the conversion. We include In in the conjec-

ture to emphasise that it too converges; it is also useful to consider them separately as, for the

Erdős–Rényi model (and, as we shall see in Proposition 4.3, for the random cluster model) the

pair (Xn, In) and the difference Xn − In are Markov processes, but the individual processes Xn

and In are not, in general. However, the convergence of In is implicit from the convergence of

Xn.

Remark. We only include Xn and In in Conjecture 3.8, and not Nn, the surplus edge process.

This is for two reasons. Firstly, an Nn term will appear in the heuristic calculations that follow

(as well as in our formal proofs later on), and it will make these calculations simpler if this is

the only term involving this process. Secondly, it is not necessary: as Proposition 4.3 shows,

Nn has a conditional distribution (given Xn and In) that can be written down explicitly, and

worked with separately should Xn and In converge; moreover, in Section 8.2 we will show

that we only need convergence of the rescaled component sizes to obtain a full metric space

scaling limit, and the component sizes are not affected by the number of surplus edges.

We now give heuristics for a proof of the above conjecture. By Proposition 3.7, we see that,
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for p̃ as above, and a bounded continuous functional f ,

En,p,q

�

f
�

n−1/3Xn

��

sn2/3
��

, n−1/3 In

��

sn2/3
��

: 0¶ s ¶ t
��

=
En,p̃

�

f
�

n−1/3Xn

��

sn2/3
��

, n−1/3 In

��

sn2/3
��

: 0¶ s ¶ t
�

qNn(n)
�

En,p̃

�

qNn(n)
� .

We cannot simply take the limit of the right-hand side using Aldous’s result from [6] (our The-

orem 1.6), as we are no longer just looking at a functional of the process up to time
�

tn2/3
�

—

that is, of
�

n−1/3Xn

��

sn2/3
��

, n−1/3 In

��

sn2/3
��

: 0¶ s ¶ t
�

—but rather one which extends to

times in the exploration outside the n2/3 timescale. However, we expect that, for large T ¾ t,

the number of points arriving in the interval
��

T n2/3
�

+ 1, n
�

should be approximately inde-

pendent, for large n, of what happens up to time
�

T n2/3
�

. This would be exactly the case if

we knew that Xn

��

T n2/3
��

= In

��

T n2/3
�

− 1
�

−1 (i.e., if we were at the end of a component),

and, since the components appear in the exploration in size-biased random order, we expect

to see smaller and smaller components, and for this therefore increasingly to be the case. So,

informally, we would expect the approximate independence to hold.

Using this, we would have

En,p,q

�

f
�

n−1/3Xn

��

sn2/3
��

, n−1/3 In

��

sn2/3
��

: 0¶ s ¶ t
��

≈
En,p̃

�

f
�

n−1/3Xn

��

sn2/3
��

, n−1/3 In

��

sn2/3
��

: 0¶ s ¶ t
�

qNn(bT n2/3c)
�

En,p̃

�

qNn(bT n2/3c)
�

×
En,p̃

�

qNn(n)−Nn(bT n2/3c)
�

En,p̃

�

qNn(n)−Nn(bT n2/3c)
�

=
En,p̃

�

f
�

n−1/3Xn

��

sn2/3
��

, n−1/3 In

��

sn2/3
��

: 0¶ s ¶ t
�

qNn(bT n2/3c)
�

En,p̃

�

qNn(bT n2/3c)
� ,

(3.11)

with the approximation improving as T grows. Since we are now approximately working on

the n2/3 timescale, we would hope to be able to use Aldous’s result—Theorem 1.6—to deduce

using that

En,p̃

�

f
�

n−1/3Xn

��

sn2/3
��

, n−1/3 In

��

sn2/3
��

: 0¶ s ¶ t
�

qNn(bT n2/3c))
�

En,p̃

�

qNn(T n2/3)
�

→
E
�

f (X (s), I(s) : 0¶ s ¶ t)qN(T )
�

E
�

qN(T )
� ,

(3.12)

as n→∞, where X , I and N are Aldous’s limit processes. This can be done using the bounded

convergence theorem for q < 1, though it would require some additional machinery for q > 1.
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Taking the limit in T is not going to be immediately possible, since N(T ) → ∞ almost

surely as T →∞ (a consequence, for instance, of Proposition 4.1(ii) of [31]), and thus the

expectations in both numerator and denominator tend to 0 for q < 1, and to ∞ for q > 1.

However, we can hope that an appropriately compensated process might converge. Condition-

ally on X , we have that N(T ) ∼ Poi
�

∫ T
0 (X (u)− I(u))du

�

, and so, applying the tower law we

have

E
�

f (X (s), I(s) : 0¶ s ¶ t)qN(T )
�

= E

�

f (X (s), I(s) : 0¶ s ¶ t)exp

¨

(q− 1)

∫ T

0

(X (u)− I(u))du

«�

,

and similarly for the denominator. Then, if we can find some deterministic function Z(T ) such

that
exp

¦

(q− 1)
∫ T

0 (X (u)− I(u))du
©

Z(T )
d
→ L (3.13)

for some almost-surely non-zero random variable L (whose distribution implicitly depends

on q), and such that the sequence qN(T )/Z(T ) is uniformly integrable, then we should have,

dividing through the top and bottom of the fraction by Z(T ), that

E
�

f (X (s), I(s) : 0¶ s ¶ t)qN(T )
�

E
�

qN(T )
� →

E[ f (X (s), I(s) : 0¶ s ¶ t)L]
E[L]

as T →∞. Then we would have that

lim
n→∞
En,p,q

�

f
�

n−1/3Xn

��

sn2/3
��

, n−1/3 In

��

sn2/3
��

: 0¶ s ¶ t
��

=
E[ f (X (s), I(s) : 0¶ s ¶ t)L]

E[L]
,

which would yield Conjecture 3.8. (We may also be able to say something explicit about the

distribution of L.)

When it comes to considering the limiting behaviour of qN(T ), we will show later (Corol-

lary 7.3) that N(T ) = Θp(log T ), so we would hope to be dealing with a polynomial-order

measure-change term—that is, something comparatively small. (Proposition 7.2 makes this

more precise.) We also note that this proof method is consistent with Conjecture 3.6 above

about the distribution of the limit component sizes, in terms of a measure change from the

Erdős–Rényi case, as long as we take the right choice of Z(T ). So evidence for this proof

method is evidence towards that conjecture.
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There are two major problems with the above ideas that prevent them from immediately

providing a proof:

Problem 1: We need to make rigorous the notion of the independence of the far future from

the early part of the process, as in (3.11).

Problem 2: We need to find an appropriate function Z, as in (3.13).

Eventually, we will consider how to address these problems, but first, in Chapter 4, we discuss

preliminary results allowing us to compare the Erdős–Rényi and random-cluster exploration

processes. Chapter 5 then takes a brief detour concerning the G (n, m) form of the Erdős–Rényi

model.

In Chapter 6, we use the results from Chapter 4 to resolve Problem 1 in the q < 1 case. For

q > 1, we do not have a resolution to this problem. Furthermore, there is an additional issue:

for the case q < 1, the convergence in (3.12) followed by the bounded convergence theorem,

but an integrability result would be needed in the larger-q case. We discuss this in more detail

towards the end of Chapter 6.

However, we can resolve Problem 2 for q > 1: we do so in Chapter 7, using an approach

originating with Janson and Spencer [40], which suggests that, in the calculation above, the

correct function Z(T ) to take is Z(T ) ∝ exp{(q− 1)(log T )/2} = T (q−1)/2, as required for

Conjecture 3.6 to hold. Problem 2 remains unsolved in the case q < 1; we discuss towards the

end of that chapter why the method fails.

Of course, there’s no reason to think that the heuristic proof above is the only valid method.

Going forward, then, in Chapter 8, we outline an alternative (though still incomplete) method

that might be used to show that the sequence of component sizes converges. Later in the

same chapter, we finally discuss components as metric spaces, showing that, were a proof of

convergence of the component sizes to be found, this is sufficient to show the existence of a

scaling limit.
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Chapter 4

Preliminary results

This chapter will be devoted to proving preliminary results, predominantly concerning the

Erdős–Rényi model. These results will be used in the proofs relating to the random cluster

model in Chapter 6.

In Section 4.1 we establish that, for q < 1, we may couple a critical random cluster graph

to a critical Erdős–Rényi graph; we establish in Section 4.2 that this means that we can nest the

corresponding exploration processes too, as well as noting that, for any p and q, the exploration

process for the random cluster model is a Markov process. Having established the possibility of

comparison, in Section 4.3 we establish some useful results about the Erdős–Rényi exploration

process. Finally, in Section 4.4, we consider adding a small number of vertices to, or deleting

a small number of vertices from, an Erdős–Rényi-type graph, demonstrating that the effect on

the exploration is negligible, which will be necessary in the proofs in Chapter 6.

All of these results are related to the problems discussed at the end of the last chapter; we

will discuss the connections as we go along.

Some of these results are of independent interest: for example, in Proposition 4.13, we

prove that the reflected limit process described by Aldous (in the theorem we quoted as The-

orem 1.6) converges to 0 as the time t →∞.

4.1 Glauber dynamics and coupling

Our aim in this section will be to prove the following proposition, which allows us to compare

the random cluster model (for q < 1) and the Erdős–Rényi model.

41



Proposition 4.1. Let q ∈ (0,1); let λ(1) ∈ R, and let λ(2) =max
�

0,λ(1)/q
	

. Define

p(1) =
q
n
+
λ(1)

n4/3
;

p(2) =
1
n
+
λ(2)

n4/3
.

Let G(1) ∼ G
�

n, p(1), q
�

, and let G(2) ∼ G
�

n, p(2)
�

. Then, for all sufficiently large n that p(1) ∈

(0, 1) and p(2) ∈ (0, 1), we have that G(1) ¶st G(2), in the sense that we may couple G(1) and G(2)

so that G(1) is a subgraph of G(2).

We will prove this by considering Glauber dynamics; that is, a Markov chain (in our case,

a continuous-time one) whose stationary distribution is the random graph in question.

Let Gn denote the set of all graphs of size n, and let B = (bGH) be a square matrix indexed

by Gn, where:

• for all G, H ∈Gn with G 6= H, we have bGH ¾ 0; and

• for all G ∈Gn, we have

bGG = −
∑

H∈Gn
H 6=G

bGH .

(That is, B is a plausible generator matrix.) As noted by Grimmett [32, §8.2], if B satisfies the

condition that, whenever bGH > 0,

bHG

bGH
=

pe(G)(1− p)−e(G)qc(G)

pe(H)(1− p)−e(H)qc(H)
, (4.1)

then a continuous-time Markov chain on Gn with generator B, if it is irreducible, has as its

stationary distribution G (n, p, q). (Indeed, it is also reversible.)

Grimmett in fact gives an example of such a chain [32, (8.1)]; we define a slightly different

one. However, we will use the same idea bGH = 0 whenever G and H differ by more than one

edge. Specifically, for any graph G and any e ∈ [n](2), let G−e denote the graph G with e

removed (if indeed it was present in G in the first place), and G+e denote G with e added (if it

was not already present). Let [n](2) denote the set of size-2 subsets of [n]. Then we take, for

all G ∈Gn, and for all e ∈ [n](2),

bG−e ,G+e
=
�

1− p(2)
�

�

p(1)

1− p(1)

�

q−Ie,G ;

bG+e ,G−e
= 1− p(2),

(4.2)

42



where

Ie,G = 1{e is a bridge in G+e },

an edge e of a graph G being a bridge if and only if there is no path between the endpoints of

e in G − e; note that it is exactly when Ie,G = 1 that c(G−e ) and c(G+e ) differ, with G−e having

one more component than G+e .

It can then be checked that these transition rates satisfy (4.1) for the case p = p(1), and

that a chain with generator B, where

bGG = −
∑

H∈Gn
H 6=G

bGH

and

B = (bGH)G,H∈Gn

is irreducible. (The latter holds because, in the corresponding jump chain, there is always a

positive probability that the next graph is any graph that is differs from the current one by one

edge; in this way we can construct a sequence of moves to pass from any graph on [n] to any

other.) Thus its invariant distribution is G (n, p(1), q).

Note in particular that, taking q = 1 and replacing p(1) with p(2) in (4.2), we obtain a chain

with invariant distribution G
�

n, p(2)
�

that has transition rates

bG−e ,G+e
= p(2)

bG+e ,G−e
= 1− p(2).

(4.3)

This is equivalent to setting up a separate, independent chain for each edge, with two states

“on” and “off”, in which we switch from “off” to “on” at rate p(2) and make the reverse trans-

ition at rate 1− p(2). It is from this that we derive the chains used in the proof of the following

lemma.

Lemma 4.2. Let q ∈ (0,1), and λ(1) ∈ R; define λ(2), p(1) and p(2) as in Proposition 4.1. Then,

for sufficiently large n that p(1), p(2) ∈ (0,1), there exists a pair of continuous-time Markov chains
�

G(1)s

�

s¾0 and
�

G(2)s

�

s¾0, whose state space is the set of all graphs of size n, such that:

(I) G(1)0 = G(2)0 ∼ G
�

n, p(1), q
�

;

(II)
�

G(1)s

�

is stationary;
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(III)
�

G(2)s

�

has as its stationary distribution G
�

n, p(2)
�

, and G(2)s
d
→G

�

n, p(2)
�

as s→∞;

(IV) For all s ¾ 0, we have G(1)s ¶ G(2)s .

Proof. Start by taking G(1)0 = G(2)0 ∼ G
�

n, p(1), q
�

as an initial distribution, so that (I) is im-

mediately satisfied. We proceed by constructing a means to update the graphs such that the

transition rates in G(1) satisfy (4.2), and the rates in G(2) satisfy (4.3).

For each e ∈ [n](2), define two Poisson processes U (e) and S(e), independent of each other

and across choices of e; let U (e) have rate p(2) and S(e) have rate 1− p(2). Then, for each e, at

each event time t of U (e), add e to G(2)t− , if it is not already present, to form G(2)t ; likewise, if t

is an event time of S(e), remove e from G(2)t− to form G(2)t . This forms a chain whose transition

rates satisfy (4.3), noting that, with probability 1, all the event times are distinct, which gives

(III).

Now, to form G(1), we still (for each e, and if possible) remove e from G(1) at time t if it is

an event time of S(e). However, we will thin each chain U (e). If t is an event time of U (e), and

e is not present in G(1)t− , then with probability

�

p(1)
�

1− p(2)
�

p(2)
�

1− p(1)
�

�

q−Ie,G , (4.4)

with G = G(1)t− , we add e to G(1)t− to form G(1)t , and otherwise we do nothing. These rates likewise

satisfy (4.2); however, it remains to show that the quantity in (4.4) is a valid probability—that

is, that it lies between 0 and 1.

Since q−Ie,G ∈
�

1, q−1
	

where q−1 > 1, it is sufficient to show that, for all sufficiently large

n,
p(1)

�

1− p(2)
�

qp(2)
�

1− p(1)
� ∈ [0,1]

It is clear that this is non-negative, as long as n is sufficiently large. Then note that it is less

than or equal to 1 if and only if

p(2) ¾
p(1)

q+ (1− q)p(1)
,

which in turn holds if and only if

λ(2) ¾ n4/3

�

p(1)

q+ (1− q)p(1)
−

1
n

�

=
λ(1) − (1− q)q/n2/3 − (1− q)λ(1)/n

q+ (1− q)q/n+ (1− q)λ(1)/n4/3
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This holds for all n with our choice of λ(2), showing (II).

Now suppose that t is an event time of one of the Poisson processes U (e) or S(e), for some

e, and suppose that G(1)t− ¶ G(2)t− . Then one of three things happens at time t: either e is set

to be missing in both graphs G(1)t and G(2)t , or e is set to be present in both graphs, or (if t

was an addition time, e was not present in G(1)t− , and the event gets “thinned out”) e is set to

be present in G(2)t but not in G(1)t . Thus G(1)t ¶ G(2)t . We note that nothing changes between

event times (and that there are countably many of them which tend to infinity—i.e. the chain

does not explode, which holds because the state space is finite). Then, by induction on the

countably many event times, G(1)t ¶ G(2)t for all t, and so (IV) is satisfied also.

Proof of Proposition 4.1. Take G(1) and G(2) as in Lemma 4.2; then G(1)t
d
→G (n, pG , q) trivially,

and (non-trivially, but rather as a consequence of Markov chain theory on finite state spaces)

G(2)t
d
→G (n, pH), both as t →∞. Indeed, they converge jointly, so that the sequence

Pk =
�

G(1)k , G(2)k

�

k∈N

converges in distribution. Thus, by Skorokhod’s representation theorem, we may consider a

probability space on which the sequence Pk converges almost surely, so that there is a random

limit object P =
�

G(1), G(2)
�

in (Gn)
2 where Pk → P almost surely. However, G(1)k ¶ G(2)k a.s.

for each k, so, since (Gn)
2 is a discrete and finite space, this relation must hold for the limit

object too, so G(1) ¶ G(2). But we know that G(1) ∼ G
�

n, p(1), q
�

and G(2) ∼ G
�

n, p(2)
�

.

4.2 Nesting of exploration processes

We will now start to consider the exploration process for the random cluster model. Recall that

Pn,p denotes the measure on which our random graph, G, is distributed according to G (n, p),

and that Pn,p,q is the same for G (n, p, q).

Consider exploring the random cluster model using Algorithm A (which we stated on p. 4).

Recall that, for any graph, the number of vertices on the stack on the i-th iteration after step

2(a) (i.e. just before we start querying edges) is exactly Xn(i−1)− In(i−1), and the number of

components whose exploration is completed by the end of the i-th iteration is exactly −In(i).

If q = 1 (i.e. under Pn,p), the processes (Xn, In), (Xn, In, Nn) and Xn − In are all time-

inhomogeneous Markov chains (by the independence of edges). Moreover, we have that

the following distributional statements hold: for i = 1, . . . , n, conditionally on the triple
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(Xn(i − 1), In(i − 1), Nn(i − 1)):

ζi ∼ Bin(n− i − Xn(i − 1) + In(i − 1), p);

ηi ∼ Bin(Xn(i − 1)− In(i − 1), p).

For G (n, p, q) with general q, we will not have such neat distributional statements—if we

did, it would likely make it much easier to find a limit for the exploration process. However,

we can still make some observations about the exploration process.

Proposition 4.3. The processes (Xn(k), In(k))0¶k¶n and (Xn(k), In(k), Nn(k))0¶k¶n are both

Markovian under the measure Pn,p,q. Further, conditionally on (Xn(k), In(k), Nn(k)), the pair

(Xn(k+ 1), In(k+ 1)) is independent of Nn(k+ 1), with

ηk+1 = Nn(k+ 1)− Nn(k)∼ Bin(Xn(k)− In(k), p).

Moreover, if Yn(k) = Xn(k)− In(k), then (Yn)0¶k¶n is a Markov chain.

Remark. The explicit statement of the distribution of Nn is further evidence that it really is the

component size distribution wherein lies the fundamental difference lies between G (n, p) and

G (n, p, q).

Proof. We show only the claims about (Xn, In, Nn); the claims about (Xn, In) and Yn may be

shown similarly.

We set up notation. For each k ∈ Z¾0, let X(k)n = (Xn(0), . . . , Xn(k)) ∈ Zk+1; define I(k)n

and N(k)n analogously for each k. Suppose we have a sequence (xk, ik, nk)k∈Z¾0 in Z3. For each

k ∈ N, let x(k) = (x0, . . . , xk) ∈ Zk+1; let i(k) ∈ Zk+1 and n(k) ∈ Zk+1 be defined analogously.

Finally, denote, for each k, the events

E(k) =
�

X(k)n = x(k), I(k)n = i(k),N(k)n = n(k)
	

,

and

Ek = {Xn(k) = xk, In(k) = ik, Nn(k) = nk } ;

note that these events implicitly depend on our choice of the sequence (xk, ik, nk)k∈Z¾0 .

Then we can express the Markov property as the statement that, for any k ∈ N and for any
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choice of the sequence such that Pn,p,q

�

E(k)
�

> 0,

Pn,p,q

�

Ek+1

�

� E(k)
�

= Pn,p,q(Ek+1 | Ek). (4.5)

To show that this holds, note that, since the number of components of the graph is −In(n), we

have

Pn,p,q

�

Ek+1

�

� E(k)
�

=
Pn,p,q

�

E(k+1)
�

Pn,p,q

�

E(k)
� =
En,p

�

1E(k+1)q−In(n)
�

En,p

�

1E(k)q−In(n)
� =
En,p

�

1Ek+1
q−In(n)

�

� E(k)
�

En,p

�

q−In(n)
�

� E(k)
� , (4.6)

where we apply Proposition 3.7 twice for the second equality, and divide the numerator and

denominator by Pn,p

�

E(k)
�

for the third. But, under Pn,p, the process (Xn, In, Nn) is a Markov

process, since under this measure Gn ∼ G (n, p). So it holds that

Pn,p,q

�

Ek+1

�

� E(k)
�

=
En,p

�

1Ek+1
q−In(n)

�

� Ek

�

En,p

�

q−In(n)
�

� Ek

� ,

and reversing the series of steps in (4.6) gives us (4.5).

For the distributional statements, note that, under Pn,p, in fact, given Ek, the entire se-

quence (Xn(k+ 1), . . . , Xn(n)) is conditionally independent of Nn(k+1), since they can be de-

termined by inspection of disjoint collections of independent edges—and hence, by the defin-

ition of In, so is the entire collection (Xn( j), In( j) : j = k+ 1, . . . , n). So in fact

En,p

�

1Ek+1
q−In(n)

�

� Ek

�

= En,p

�

1{Xn(k+1)=xk+1,In(k+1)=ik+1}q
−In(n)

�

� Ek

�

Pn,p(Nn(k+ 1) = nk+1 | Ek),

and reversing the steps in (4.6) again on the left-hand term gives us that in fact

Pn,p,q(Ek+1 | Ek) = Pn,p,q(Xn(k+ 1) = xk+1, In(k+ 1) = ik+1 | Ek)Pn,p(Nn(k+ 1) = nk+1 | Ek),

showing (since xk+1, ik+1 and nk+1 were arbitrary) the claimed conditional independence.

Moreover, under Pn,p, and conditionally on Ek, we have that Nn(k+1)−Nn(k) has the claimed

binomial distribution.

Remark. Although the process In is measurable with respect to Xn, it does not hold that the

processes Xn and (Xn, Nn) are Markovian in general, because the step distributions depend on

the value of In, which in turn depends on the history of Xn.

When the stack size reaches 0, we can say something stronger about the residual graph.
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Proposition 4.4. Conditionally on Xn(k)− In(k) = 0, we have Gn\{ v1, . . . , vk } ∼ G (n− k, p, q),

up to relabelling of vertices.

Proof. We prove this conditionally on Xn(k) = In(k) = x and Nn(k) = n for some x , n ∈ Z,

such that the probability of that event is non-zero. The claimed result follows by averaging.

When we inspect Algorithm A, the fact that Xn(k)−In(k) = 0—i.e. that the stack is empty—

tells us that there are no edges between { v1, . . . , vk } and { vk+2, . . . , vn }, because there can

never be any edges between pairs of vertices such that, at the end of any step of the explor-

ation, one is dead and one is sleeping. This may mean that vk completed the exploration of

a component (which would be the case if In(k) = In(k − 1) − 1), but this is not necessarily

true: it may be that some vertices in { v1, . . . , vk } are connected to vertices in the rest of the

graph, but if so they can only be connected through the vertex vk+1. The effect of this is that,

in either case, the number of components of Gn \ { v1, . . . , vk } is equal to the number of com-

ponents in Gn spanned by { vk+1, . . . , vn }, which in turn is equal to −In(n) + In(k). That is, if

Xn(k) = In(k), then

c(Gn \ { v1, . . . , vk }) = −In(n) + In(k). (4.7)

We also note that, under Pn,p, then the distribution of Gn \ { v1, . . . , vk } is independent of

(Xn(k), In(k), Nn(k)), since they are determined by inspecting disjoint collections of the inde-

pendent edges in Gn.

Now, redefining notation from the proof of Proposition 4.3, let the event

Ek = {Xn(k) = In(k) = x , Nn(k) = m, { v1, . . . , vk }=W } ,

where W ∈ [n](k) is some (non-random) size-k subset of [n] such that Pn,p,q(Ek) > 0. (We

have already chosen x and m such that the probability that Xn(k) = In(k) = x and Nn(k) = m

is non-zero.) Then, for any graph H on [n] \W , it holds, similarly to (4.6), that

Pn,p,q(Gn \ { v1, . . . , vk }= H | Ek) =
En,p

�

1{Gn\{ v1,...,vk }=H}q
−In(n)

�

� Ek

�

En,p

�

q−In(n)
�

� Ek

�

=
q−xEn,p

�

1{Gn\{ v1,...,vk }=H}q
−In(n)+In(k)

�

� Ek

�

q−xEn,p

�

q−In(n)+In(k)
�

� Ek

�

=
En,p

�

1{Gn\{ v1,...,vk }=H}q
c(Gn\{ v1,...,vk })

�

� Ek

�

En,p

�

qc(Gn\{ v1,...,vk })
�

� Ek

� ,

where the last equality follows by (4.7). But, by the independence of Gn \ { v1, . . . , vk } from
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(Xn(k), In(k), Nn(k)) under Pn,p, we can remove part of the conditioning, giving

Pn,p,q(Gn \ { v1, . . . , vk }= H | Ek) =
En,p

�

1{Gn\{ v1,...,vk }=H}q
c(Gn\{ v1,...,vk })

�

� { v1, . . . , vk }=W
�

En,p

�

qc(Gn\{ v1,...,vk })
�

� { v1, . . . , vk }=W
� .

Then note that, under Pn,p and conditionally on its vertex labels, the random graph Gn \

{ v1, . . . , vk } is an Erdős–Rényi graph with on those vertices with probability p. Applying Pro-

position 3.7 again gives the result we need.

Remark. An important point to note is that nowhere in the above proof do we use the specific

choices of vi made in step 2(a) of Algorithm A (although we do also need to choose a vertex

from the stack, if the stack is non-empty, so that it still holds that Xn(i)− In(i) is the number

of vertices on the stack when we start exploring). This means, for instance, that we would

obtain the same results (Propositions 4.3 and 4.4) if we made a uniform random choice of

vertex from the stack.

This observation is important because we will need to change our choice of “current vertex”

to prove the following proposition, which is the main result of this section.

Proposition 4.5. Let q ∈ (0,1), and λG ∈ R. Define:

λH =max
§

λG

q
, 0
ª

;

pG =
q
n
+
λG

n4/3
;

pH =
1
n
+
λH

n4/3
.

Let (Xn, In, Nn) (resp.
�

X ′n, I ′n, N ′n
�

) be an exploration using Algorithm A of G (n, pG , q) (resp.

G (n, pH)), except that we choose our new vi after each iteration by making a uniform ran-

dom pick from the stack. Then it is possible to couple (Xn, In, Nn) and
�

X ′n, I ′n, N ′n
�

such that

Xn(i)− In(i)¶ X ′n(i)− I ′n(i) for all i, and such that Nn(i)−Nn(i−1)¶ N ′n(i)−N ′n(i−1) for all

i.

To address why this change is necessary, we note that we are aiming to exploit the fact

that we have a nested coupling of the two random graphs—say, G ∼ G (n, q/n, q) (q < 1) and

H ∼ G (n, 1/n)—such that G ¶ H. To obtain the nesting of the exploration processes, we need

to explore the vertices of the two graphs simultaneously and in the same order, while still

exploring, in each, one component at a time. In general, this will not be a criterion satisfied

by the depth-first order for either.
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This motivates the following algorithm.

Algorithm B.

We explore graphs G and H simultaneously, where G is a subgraph of H. We will maintain

separate stacks, called the G- and H-stacks, and have separate labels (“G-sleeping”, “H-awake”

etc.), for each graph.

1. Initialise XG(0) = IG(0) = NG(0) = 0, and likewise for H. Set all vertices to be sleeping,

and both stacks to be empty.

2. For each i = 1, . . . , n:

(a) If the G-stack is non-empty, set the new current vertex, vi , to be a uniform random

vertex from the G-stack, which is immediately killed and removed from both stacks.

Otherwise, if the H-stack is non-empty, set vi to be a uniform random vertex from the

H-stack, which is immediately killed and removed from that stack; if both stacks are

empty, set vi to be a uniform random sleeping vertex, and immediately set it to be both

G-dead and H-dead.

(b) If any G-sleeping vertices are adjacent to vi in G, make them G-awake and add them

to the G-stack. Let ζi,G be the number of such vertices discovered. Repeat for H.

(c) Set XG(i) = XG(i − 1) + ζi,G − 1, and similarly for H.

(d) Set IG(i) =min { IG(i − 1), XG(i) }, and similarly for H.

(e) Let ηi,G be the number of G-awake vertices adjacent to vi , and similarly for H. Let

NG(i) = NG(i − 1) +ηi,G , and similarly for H.

We note that Algorithm B is well-defined—that is, vi is a vertex from the G-stack when the

G-stack is non-empty, and from the H-stack when the H-stack is non-empty. We note further

by induction that, for all i = 0, . . . , n, the G-stack, after iteration i, is a subset of the H-stack.

We now use this algorithm to couple the exploration processes.

Proof of Proposition 4.5. Take P to be a probability measure where

G ∼ G (n, pG , q);

H ∼ G (n, pH);

G ¶ H,
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the existence of which is implied by Proposition 4.1.

We use Algorithm B to explore G and H simultaneously. We claim that the equalities in

distribution (XG , IG , NG)
d
= (Xn, In, Nn) and (XH , IH , NH)

d
=
�

X ′n, I ′n, N ′n
�

hold. If so, then, as

noted above, the stack size in the exploration of G is always less than or equal to that of H.

But the stack size (after Step 2(a)) is XG(i) − IG(i) for G, and similarly for H, so that, for

i = 0, . . . i − 1

XG(i)− IG(i)¶ XH(i)− IH(i).

Finally, we have that XG(n)−IG(n) = 0= XH(n)−IH(n), since we are at the end of a component

(the last one), which means that both processes hit a new infimum. So, for all i, we have

XG(i)− IG(i)¶ XH(i)− IH(i).

Correspondingly, ηi,G (resp. ηi,H) counts the number of edges discovered from vi to other

vertices on the stack in the exploration of G (resp. H) at iteration i. But the stack for G is a

subset of that for H, so we consider a subset of the possible edges as surplus edges; moreover,

if any possible surplus edge exists in G, then, since G ¶ H, that edge is present (and a surplus

edge) in H. So NG(i)− NG(i − 1) ¶ NH(i)− NH(i − 1), and the algorithm gives a coupling of

the kind required.

It remains to show that the equalities in distribution hold. Define the following:

Ae,G = { e is an edge in G } ;

Ie,G = 1Ae,G
;

Fi,G = σ
�

v j for j ¶ i, Ie,G for e ∈ [n](2) with v j ∈ e for some j ¶ i
�

,

and similarly for H. In addition, define

Gi = σ
�

Fi,G ,Fi,H

�

.

Then we just need that, for the marginal explorations, the choices of vi are appropriately

distributed. That is, for i = 1, . . . , n:

(A) conditionally on Fi−1,G , we have that vi is a uniform pick from the G-stack if the G-stack

is non-empty, and otherwise a uniform pick from the G-sleeping vertices; and

(B) conditionally on Fi−1,H , we have that vi is a uniform pick from the H-stack if the H-stack

is non-empty, and otherwise a uniform pick from the H-sleeping vertices.

This follows by induction, and from the exchangeability of vertex labels in both the Erdős–
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Rényi model and the random cluster model.

Specifically, even though we only consider the H-stack if the G-stack is empty, it holds by

the exchangeability of vertex labels and the uniform random choices we are making that the

G-stack is always, conditionally on its size and the vertices on the H-stack, a uniform random

subset (of that size) of the H-stack. So, when considering only the marginal distribution of the

exploration of H, choosing a uniform random vertex from the G-stack amounts to choosing a

uniform random vertex from the H-stack. Similarly, when the G-stack is empty but the H-stack

isn’t, the H-stack is (again conditionally on its size and the G-exploration) a uniform subset

(of that size) of the G-sleeping vertices, so a uniform pick from the H-stack is, in the marginal

distribution for G, a uniform pick from the G-sleeping vertices.

Before we move on, we note briefly that essentially the same proof may be used to show

the following proposition (whose proof we therefore omit).

Proposition 4.6. Let (Xn, In, Nn) be an exploration of G (n, p1), and let
�

X ′n, I ′n, N ′n
�

be an explor-

ation of G (n, p2), both using Algorithm A, except that we choose our new vi after each iteration

by making a uniform random pick from the relevant stack. Suppose p1 ¶ p2. Then it is possible

to couple (Xn, In, Nn) and
�

X ′n, I ′n, N ′n
�

such that Xn(i)− In(i) ¶ X ′n(i)− I ′n(i) for all i, and such

that Nn(i)− Nn(i − 1)¶ N ′n(i)− N ′n(i − 1) for all i.

Remark. This does not immediately follow from setting q = 1 in Proposition 4.5, because we

didn’t consider arbitrary changes of the probability parameter there. However, as suggested

above, the proof method transfers over almost identically, using the standard subgraph coup-

ling of Erdős–Rényi graphs with different edge probabilities.

4.3 The Erdős–Rényi exploration process

Now that we have established a comparison with the critical Erdős–Rényi random graph, we

prove some preliminary results about the Erdős–Rényi random graph scaling limit. We consider

the exploration process given by Algorithm A for G
�

n, 1/n+λn−4/3
�

, with λ ∈ R. In this

section, to avoid unnecessarily cluttering notation, we will drop references to the measure

under which we are working, since this will usually be obvious, and we will just use P and E

throughout. Specificity will return in the following section.

We let X , I and N be the limiting processes defined by Aldous in [6], introduced above in
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Theorem 1.5; for reference, these are defined, where B is a Brownian motion on [0,∞), by

X (t) = B(t) +λt −
t2

2
(4.8)

I(t) = inf
s¶t

X (s), (4.9)

with, conditionally on (X (t) : t ¾ 0), the process N being an inhomogeneous Poisson process

on [0,∞) with intensity X (t)− I(t) at t.

4.3.1 Approaching zero

We wish to prove the following.

Proposition 4.7. For T > 0,ε > 0, let the event En(T,ε) be defined by

En(T,ε) =
�

Xn(k) = In(k) for some k ∈
��

T n2/3
�

,
�

(T + ε)n2/3
��	

∩
�

Nn

��

(T + ε)n2/3
��

= Nn

��

T n2/3
��	

.

Then

lim
T→∞

lim
n→∞
P
�

En(T, 1/T )c
�

= 0. (4.10)

That is, we want to show that, for sufficiently large times T , the reflected process X − I

will hit 0 very soon after T , and no further Poisson points will be detected in the time between

T and the time where the process hits 0.

To explain why this is useful, imagine we had a similar result for the random cluster model.

If we knew exactly that the exploration hit 0 at
�

T n2/3
�

, then we could state precisely the

behaviour of the exploration for the random cluster model, by Proposition 4.4, and indeed we’d

have (by the Markov property) independence of the residuary from the explored portion—

addressing Problem 1 in Section 3.2, which discussed showing “approximate independence”

between these parts. (In fact, in Section 6.1, we will be able to use the comparison established

in the preceding two sections to establish the analogous result for the random cluster model

in the case q < 1.)

Such a result doesn’t completely address the problem, because we only know that we hit

0 in a short space of time, not the exact point. We might hope this gives us the approximate

independence we seek, though; in fact, it does, aided by the fact that we can also show that

it is unlikely we see any more surplus edges in that short space of time. The results that will

eventually allow us to make this rigorous are discussed in Section 4.4.
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Note that we know that the limit in (4.10) in n exists, because we know that the scaling

limit for G
�

n, 1/n+λn−4/3
�

exists. It will therefore be helpful to have some bounds on the

probability of certain events in the limit process.

Lemma 4.8. For all ε > 0 and T ¾ 0,

P(X (T )− I(T )> ε)¶ e−(T−2λ)ε, (4.11)

and so, in particular, X (T )− I(T )
p
→ 0 as T →∞.

Proof. This is trivial for T ¶ 2λ, so assume T > 2λ.

Note that
�

B̃(T )(s)
�

0¶s¶T defined by

B̃(T )(s) = B(T − s)− B(T )

is a Brownian motion run for time T . Extend it to a BM on [0,∞). Then define, for s ¾ 0,

X̃ (T )(s) = B̃(T )(s) +
s(2T − s)

2
−λs,

and, for 0¶ s ¶ T ,

J̃ (T )(s) = inf
s¶u¶T

X̃ (T )(u).

Then it holds that, for 0¶ s ¶ T :

X̃ (T )(s) = X (T − s)− X (T );

J̃ (T )(s) = I(T − s)− X (T ).

We are interested in

P(X (T )− I(T )> ε) = P
�

J̃ (T )(0)< −ε
�

= P
�

inf
0¶u¶T

X̃ (T )(u)< −ε
�

. (4.12)

Now define Ỹ (T ) by

Ỹ (T )(s) = B̃(T )(s) + s
�

T
2
−λ

�

,
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noting that, for 0¶ s ¶ T , Ỹ (T )(s)¶ X̃ (T )(s). Thus

P
�

inf
0¶u¶T

X̃ (T )(u)< −ε
�

¶ P
�

inf
0¶u¶T

Ỹ (T )(u)< −ε
�

¶ P
�

inf
s¾0

Ỹ (T )(s)< −ε
�

¶ P
�

inf
s¾0

Ỹ (T )(s)¶ −ε
�

.

(4.13)

Now Ỹ (T ) is a Brownian motion with linear drift term T/2 − λ. For b > 0, let τ−ε be

defined by

τ−ε = inf
�

s ¾ 0 : Ỹ (T )s = −ε
	

,

which may take the value∞ if Ỹ (T ) never hits −ε. Then it can be shown (see, for example,

[17, Eqn. 2.2.0.2(1)]) that, for T ¾max {0,2λ },

P
�

inf
s¾0

Ỹ (T )(s)¶ −ε
�

= P(τ−ε <∞) = e−(T−2λ)ε.

Hence, from (4.13), for such T ,

P
�

inf
0¶u¶T

X̃ (T )(u)< −ε
�

¶ e−(T−2λ)ε,

which, coupled with (4.12), gives us (4.11). The final assertion follows since, by definition,

X (T )− I(T )¾ 0.

We next give a deterministic technical lemma, which allows us to compare between the

Brownian motion with quadratic drift (i.e., X ), and a Brownian motion with (appropriately

chosen non-zero starting point and) linear drift—crucially, even when their respective infima

are subtracted. Indeed, it is more general than that.

Lemma 4.9. Let f , f̃ : [0,∞)→ R be continuous functions, and d, d̃ ∈ R, such that, for all s,

f (s) + d ¶ f̃ (s) + d̃, and such that f̃ − f is a (weakly) increasing function on [0,∞). Define:

m(s) =min
n

inf
0¶u¶s

f (u),−d
o

;

m̃(s) =min
n

inf
0¶u¶s

f̃ (u),−d̃
o

.

Let y(s) = f (s)−m(s) and ỹ(s) = f̃ (s)− m̃(s). Then y(s)¶ ỹ(s) for all s ¾ 0.

We defer the proof to Appendix A (p. 179).

So that we can apply this, we show a useful result about a Brownian motion with linear
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drift which shows that, if it starts sufficiently close to its past infimum it is unlikely to get very

far away again in unit time. Once we use the lemma above to convert back to the quadratic

drift case, we will be able to use this to show that the area under the process across a unit time

interval is small, reducing the “space” in which surplus edges can appear—and thus allowing

us to show that it is unlikely we will have any.

Lemma 4.10. Let (W (s))s¾0 be a Brownian motion, and let T > 0 be non-random. Let Q(s) =

W (s)−Ms+ ε/2. Let

P(s) =min
n

inf
0¶u¶s

Q(u), 0
o

,

and let R(s) = Q(s)− P(s). Then, for M →∞ and ε = ε(M) → 0, with ε > 0 for all M and

M2e−εM → 0 as M →∞,

P(∃u ∈ [0, 1] s.t. R(u) = ε) = O
�

e−εM
�

.

Remark. Note that M2e−εM → 0 (as M →∞) implies that εM →∞ as M →∞, which will

be required in the proof.

As Peskir [50] notes, R is a reflected Brownian motion with (linear) drift −M , started

at ε/2. This is therefore a question about a hitting time of such a process, which has been

analysed in several sources (e.g. [62, 29, 35]). We will use the following result, taken from

[29].

Lemma 4.11 ([29, (3.7)]). Let B(µ) be a Brownian motion with linear drift µ > 0, started at

x ¾ 0. Fix b ¾ x, and define

D(t) =max

�

sup
0¶u¶t

B(µ)(u)− b, 0

�

.

Let

τ= inf
�

t ¾ 0 : B(µ)(t)− D(t) = 0
	

.

Then, for δ > 0,

E
�

e−δτ
�

=
re−s(b−x) − se−r(b−x)

re−sb − se−r b
, (4.14)

where r = r(δ,µ) and s = s(δ,µ) are given by

r := −µ+
Æ

µ2 + 2δ

56



and

s := −µ−
Æ

µ2 + 2δ.

Proof of Lemma 4.10. We note that τ, as defined in Lemma 4.11, can be expressed as

τ= inf

�

t ¾ 0 : B(µ)(t) = 0 or B(µ)(t)− sup
0¶u¶t

X (u) + b = 0

�

= inf
�

t ¾ 0 : R′(t) = 0
	

,

where R′ is a Brownian motion with drift µ, started at x , reflected at b. Taking x = ε/2, b = ε

and µ = M , we have that R′
d
= ε − R. So τ is identically distributed to the first hitting time of

R at ε.

Hence, our result is equivalent to showing that P(τ¶ 1) = O
�

e−εM
�

. We apply Lemma 4.11

by noting that

P(τ¶ 1) = P
�

e−τ ¾ e−1
�

¶ eE
�

e−τ
�

, (4.15)

by Markov’s inequality. Thus, in turn, it is sufficient to show that

E
�

e−τ
�

= O
�

e−εM
�

.

It can be straightforwardly verified that, as M →∞,

r = r(1, M) = Θ
�

M−1
�

(4.16)

and

s = s(1, M) = −2M +Θ
�

M−1
�

. (4.17)

Moreover,

r − s = 2
Æ

µ2 + 2δ = 2M +Θ
�

M−1
�

. (4.18)

Manipulating (4.14) (with the appropriate substitutions for b and x) and using (4.16)–(4.18)

gives us that

E
�

e−τ
�

= esε/2

�

1−
se(s−r)ε/2

r

��

1−
se(s−r)ε

r

�−1

= O
�

e−εM
��

1+O
�

M2e−εM
���

1+O
�

M2e−2εM
��

= O
�

e−εM
�

,
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provided that M2e−εM → 0 as M →∞. With (4.15), this completes the result.

We now shift back to the quadratic drift case.

Lemma 4.12. As T →∞, for α= α(T )→ 0 with T2e−αT → 0,

P
�

X (T + s)− I(T + s)> α for some s ∈ [0, 1)
�

�

� X (T )− I(T )¶
α

2

�

= O
�

e−Tα
�

.

Proof. As notational setup, we take R(s) as in Lemma 4.10, i.e. a reflected Brownian motion

with linear drift −M , started at α/2. We assume T > λ, and set M = T − λ. (Note that, as

T →∞, M →∞ and α(T )→ 0 with αM = αT −αλ→∞.)

Let AT,α = {X (T + s)− I(T + s)¾ α for some s ∈ [0, 1) }. Then

P
�

X (T )− I(T )¶
α

2

�

P
�

X (T + s)− I(T + s)¾ α for some s ∈ [0,1)
�

�

� X (T )− I(T )¶
α

2

�

= E
�

1AT,α
1{X (T )−I(T )¶ α2 }

�

= E
h

E
�

1AT,α
1{X (T )−I(T )¶ α2 }

�

�

� X (T ), I(T )
�
i

,

by the tower law.

Now we apply Lemma 4.9, so that we can consider the computationally-easier linear drift

case instead. If F(s) = X (T + s) and d = −I(T ), then, taking f = F in the statement of

Lemma 4.9, then the y(s) from that lemma equals X (T + s) − I(T + s) exactly. Now take

F̃(s) = F(s) + α/2 − X (T ) + s2/2 and d̃ = 0, so that ỹ has identical distribution to R. In

Lemma 4.9, let f̃ = F̃ . Then, on the event

n

X (T )− I(T )¶
α

2

o

,

the condition that f + d ¶ f̃ + d̃ is satisfied, as is the condition that f̃ − f is an increasing

function; thus, by Lemma 4.9, y(s) ¶ ỹ(s). As such, on this event we have found a coupling

of X (T + s)− I(T + s) and R(s) such that X (T + s)− I(T + s)¶ R(s).

Then, if there exists a (random) point s ∈ [0,1) such that X (T + s)− I(T + s)¾ α, certainly

there exists s ∈ [0,1) such that R(s) ¾ α. Let CT,α = {R(s)¾ α for some s ∈ [0,1) }, noting

that the distribution of R implicitly depends on T . Then

E
�

1AT,α
1{X (T )−I(T )¶ α2 }

�

�

� X (T ), I(T )
�

¶ E
�

1CT,α
1{X (T )−I(T )¶ α2 }

�

�

� X (T ), I(T )
�

;

58



applying the tower law again thus gives us that

E
h

E
�

1AT,α
1{X (T )−I(T )¶ α2 }

�

�

� X (T ), I(T )
�
i

¶ E
�

1CT,α
1{X (T )−I(T )¶ α2 }

�

= P
�

CT,α

�

�

� X (T )− I(T )¶
α

2

�

P
�

X (T )− I(T )¶
α

2

�

= P
�

CT,α

�

P
�

X (T )− I(T )¶
α

2

�

,

since CT,α depends only on F̃ , which is independent of (X (T ), I(T )) (as these depend only on

the process (Bs)0¶s¶T ). Therefore,

P
�

X (T + s)− I(T + s)¾ α for some s ∈ [0, 1)
�

�

� X (T )− I(T )¶
α

2

�

¶ P(∃u ∈ [0,1] s.t. R(u) = α)

= O
�

e−αM
�

= O
�

e−Tα
�

,

by Lemma 4.9, as required.

We are now in a position to prove the main result about the Erdős–Rényi exploration limit.

Proof of Proposition 4.7. Let

E(T,ε) = {X (u) = I(u) for some u ∈ [T, T + ε] and N(T + ε) = N(T ) } .

We will take ε = 1/T . We then seek to prove that, as T →∞,

P
�

X (u)> I(u) for all u ∈
�

T, T +
1
T

��

→ 0 (4.19)

and

P
�

N
�

T +
1
T

�

> N(T )
�

→ 0; (4.20)

this is sufficient, by the union bound, to prove the claim, since, by Theorem 1.6,

limsup
n→∞

P(En(T,ε)c) = lim
n→∞
P(En(T,ε)c) = P(E(T,ε)c).
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We take (4.19) and (4.20) in turn. For (4.19), we can write, for any δ > 0,

P
�

X (u)> I(u) for all u ∈
�

T, T +
1
T

��

¶ P(X (T )− I(T )> δ) + P
�

X (u)> I(u) for all u ∈
�

T, T +
1
T

�

�

�

�

�

X (u)− I(u)¶ δ
�

.

(4.21)

Now by Lemma 4.8, for sufficiently large T , we have P(X (T )− I(T )> δ)¶ e−(T−2λ)δ.

For the second term, let

τ= inf {u¾ 0 : X (T + u) = I(T + u) } ,

and, for 0¶ u¶ τ, define

L(u) = X (T + u)− X (T ) +
u2

2
+δ.

L is a Brownian motion with linear drift −(T −λ) on [0,τ], started at δ. For an independent

Brownian motion B′, define that for u> 0,

L(u+τ) = L(τ) + B′(u)− (T −λ)u,

so that we have a Brownian motion with linear drift on [0,∞). It can be verified that, for

0¶ u¶ τ and conditional on X (T )− I(T )¶ δ, we have X (T +u)− I(T +u)¶ L(u); moreover,

L is independent of (X (T ), I(T )) by the Markov property. In particular, this means that, if

τL = inf {u¾ 0 : L(u) = 0 }, then τL ¾ τ, and so

P
�

X (T )> I(T ) for all u ∈
�

T, T +
1
T

�

�

�

�

�

X (T )− I(T )¶ δ
�

= P
�

τ >
1
T

�

�

�

�

X (T )− I(T )¶ δ
�

¶ P
�

τL >
1
T

�

.

Now, the density function of τL is given, according to [17, Eqn. 2.2.0.2] and for t ¾ 0, by

fτL
(t) =

δ
p

2πt3/2
exp

�

−
(δ− (T −λ)t)2

2t

�

as t → ∞, with P(τL <∞) = 1 [17, Eqn. 2.2.0.2(1)]; that is to say, τL has an inverse

Gaussian distribution with mean δ/(T −λ) and shape parameter δ2.
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Therefore

E[τL] =
δ

T −λ

and

Var(τL) =
1
δ2

�

δ

T −λ

�3

=
δ

(T −λ)3
.

Thus, by Chebyshev’s inequality,

P
�

τL >
1

T −λ

�

¶
δ

(T −λ)(1−δ)2
,

as long as δ < 1. So take δ = 1/2, say. Then, putting everything into Equation (4.21), we

have that

P
�

X (u)> I(u) for all u ∈
�

T, T +
1
T

��

¶ e−(T−2λ)/2 +
2

T −λ
→ 0,

as required. (It is possible to optimise over δ to obtain a tighter bound, but we do not need

to.)

We move on to (4.20). For T > 1, note that 0 ¶ N(T + 1/T )− N(T ) ¶ N(T + 1)− N(T ),

so it suffices to show that P(N(T + 1)− N(T )> 0) → 0 as T → ∞. Moreover, note that,

conditional on the processes (X , I), if we define

A(T ) =

∫ T+1

T
(X (u)− I(u))du

then N(T + 1)− N(T )∼ Poi(A(T )).

Now we split: for any α > 0,

P(N(T + 1)− N(T )> 0)

¶ P(X (T )− I(T )> α) + P(∃u ∈ [0, 1] s.t. X (T + u)− I(T + u) = 2α | X (T )− I(T )¶ α)

+ P(N(T + 1)− N(T )> 0 | X (T )− I(T )¶ α; ∀u ∈ [0,1], X (T + u)− I(T + u)< 2α).

(4.22)

We choose α = T−1/2. Again, we can use the fact that P(X (T )− I(T )> α) ¶ e−(T−2λ)α for

sufficiently large T . Meanwhile, by Lemma 4.12, we have that, if T2e−αT → 0 as T → ∞
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(which is the case here),

P(∃u ∈ [0, 1] s.t. X (T + u)− I(T + u) = 2α | X (T )− I(T )¶ α) = O
�

e−2Tα
�

.

Finally, by the Poisson distribution, the last term is easy to deal with:

P
�

N(T + 1)− N(T )> 0
�

�

� X (T )− I(T )¶ α;∀u ∈ [0, 1], X (T + u)− I(T + u)< 2α
�

= E
�

1− e−A(T )
�

� X (T )− I(T )¶ α;∀u ∈ [0, 1], X (T + u)− I(T + u)< 2α
�

¶ 1− e−2α = O(α),

since f (x) = 1− e−x is an increasing function of x , and the conditioning implies A(T )¶ 2α.

Then we have, by (4.22),

P(N(T + 1)− N(T )> 0)¶ e−T1/2+2λT−1/2
+O

�

e−2T1/2
�

+O
�

T−1/2
�

→ 0,

as required.

As an aside, we note that we can put together the “ingredients” above in a different way

to strengthen the final assertion of Lemma 4.8.

Proposition 4.13. X (T )− I(T )→ 0 almost surely as T →∞.

Proof. Let AT,α = {X (T + s)− I(T + s)¾ α for some s ∈ [0,1) }, as in the proof of Lemma 4.12.

Then

P
�

AT,α

�

¶ P
�

X (T )− I(T )>
α

2

�

+ P
�

X (T + s)− I(T + s)> α for some s ∈ [0,1)
�

�

� X (T )− I(T )¶
α

2

�

.

By Lemma 4.8, we have that

P
�

X (T )− I(T )>
α

2

�

¶ e−(T−2λ)α/2.

Meanwhile, we note that we may adapt the proofs of Lemmas 4.10 and 4.12 to show that, for

fixed α > 0,

P
�

X (T + s)− I(T + s)¾ α for some s ∈ [0, 1)
�

�

� X (T )− I(T )¶
α

2

�

= O
�

e−Tα
�

.
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Thus, we have that

P
�

AT,α

�

¶ e−(T−2λ)α/2 +O
�

Te−Tα
�

= O
�

e−Tα/2
�

.

From this, we see that
∞
∑

k=1

P
�

Ak,α

�

<∞,

and thus, by the first Borel–Cantelli lemma,

P
�

Ak,α infinitely often
�

= 0

for all α > 0. The event
�

Ak,α infinitely often
	

is equivalent to the event that there exist

infinitely large values t such that X (t)− I(t)¾ α. So

P
�

⋃

α>0

{∀T > 0 ∃t ¾ T s.t. X (t)− I(t)> α }
�

= P

�

∞
⋃

j=1

§

∀T > 0 ∃t ¾ T s.t. X (t)− I(t)>
1
j

ª

�

= lim
j→∞
P
�

∀T > 0 ∃t ¾ T s.t. X (t)− I(t)>
1
j

�

= 0.

Hence P(X (t)− I(t)→ 0) = 1.

4.3.2 Convergence of expectations

We have, by Aldous’s Theorem 1.6 that, when (Xn, In, Nn) is the exploration process (via the

depth-first search, Algorithm A) for G (n, p),

�

n−1/3Xn

��

n2/3s
��

, n−1/3 In

��

n2/3s
��

, Nn

��

n2/3s
���

s¾0

d
→ (X (s), I(s), N(s))s¾0.

This, of course, doesn’t show that the corresponding expectations converge. Our aim in this

section is to prove the following results, which will be useful technical lemmas later. Through-

out this subsection, we slightly generalise to take p = 1/n+λn−4/3 + o
�

n−4/3
�

.

Lemma 4.14. Fix s > 0, and, for each n ∈ N, define some Kn(s), such that n−2/3Kn(s) → s.

Then, as n→∞,

E
�

n−2/3
�

Xn(Kn(s))− In(Kn(s))
2��→ E

�

(X (s)− I(s))2
�

; (4.23)
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moreover,

E[Nn(Kn(s))]→ E[N(s)]. (4.24)

Lemma 4.15. As s ↓ 0,

E
�

(X (s)− I(s))2
�

→ 0 and E[N(s)]→ 0.

For Lemma 4.14, we will consider a discrete-time Markov chain defined as follows: under

Pn,p, define the process X̃n, for k ∈ Z¾0, by

X̃n(k) =
k
∑

i=1

�

ζ̃i − 1
�

,

where

ζ̃
i.i.d∼ Bin(n, p).

Define

Ĩn(k) = inf
0¶i¶k

X̃n(i).

The utility of studying this process comes from the following lemma.

Lemma 4.16. We may couple Xn and X̃n such that, for all k, we have Xn(k) ¶ X̃n(k), with

X̃n(k)− Xn(k) an increasing function of k.

Proof. We note that, conditional on Fi−1, we have ζi ∼ Bin(n− k− Xn(i) + In(i), p), so we

may couple, for all i, the random variables ζi and ζ̃i so that ζi ¶ ζ̃i . The result follows.

The process X̃n is easier to analyse than Xn because it is a random walk. In particular, it is

skip-free to the left: that is, P
�

X̃n(k+ 1)− X̃n(k)< −1
�

= 0. (This latter property it shares with

Xn). A collection of results about such processes are given by Brown, Peköz and Ross [18]; we

cite the one that will be of use below, which comes from the proof of their Proposition 7.

Proposition 4.17 ([18]). Let Sk =
∑k

i=1 Yi , where Yi ∈ Z ∩ [−1,∞) a.s., and E[Yi] > 0. For

r ∈ N, let Tr ∈ N∪ {∞} be the first hitting time of −r. Then P(T−r <∞) = cr , where c is the

only solution in (0, 1) of

E
�

cYi
�

= 1.
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In our case, Yi = ζ̃i − 1, Sk = X̃n(k), and

E
�

cYi
�

= c−1(1− p+ pc)n.

Lemma 4.18. Fix λ > 0 and u> 0, and recall that p = 1/n+λn−4/3+an, where an = o
�

n−4/3
�

is some sequence. Then there exist constants β = β(λ, u) ∈ (0, 1), C = C(λ, u) > 0 and D =

D
�

λ, u, (an)n∈N
�

, such that, for all x > 0, for all k ∈
�

0, . . . ,
�

un2/3
�	

, and for all in n ∈ N such

that n¾ D,

P
�

X̃n(k)− Ĩn(k)¾ xn1/3
�

¶ Cβ x .

Proof. We will show this first for p = 1/n+λn−4/3 exactly (i.e. an = 0 for all n), before moving

on to the general case. We note that

P
�

X̃n(k)− Ĩn(k)¾ xn1/3
�

¶ P
�

X̃n(k)¾
x
2

n1/3
�

+ P
�

Ĩn(k)¶ −
x
2

n1/3
�

.

We have that X̃n(k) + k ∼ Bin(nk, p). We can use a Chernoff bound for this: we have (for

instance, by [34, Thm. 2.21]) that, for all t > 0,

P
�

X̃n(k) + k ¾ nkp+ t
�

¶ exp

�

−
t2

2(nkp+ t/3)

�

.

Here we want

t =
x
2

n1/3 + k(1− np) =
x
2

n1/3 −
kλ

n1/3
,

which we have to check is greater than 0. Since k ¶
�

un2/3
�

, this holds for x > 2λ(u+ 1), so

fix some ε ∈ (0,1), which does not depend on x , k and n, and suppose x ¾ 2λ(u+1)/(1− ε).

(We will return to the case of smaller x later.)

We then get that, for all k ¶
�

un2/3
�

(¶ (u+ 1)n2/3),

P
�

X̃n(k)¾
x
2

n1/3
�

¶ exp

(

−

�

xn1/3/2− kλn−1/3
�2

2k
�

1+λn−1/3
�

+ xn1/3/3− 2kλn−1/3/3

)

¶ exp

�

−x
(1/2− (u+ 1)λ/x)2

n−1/3/3+ 2(u+ 1)/x + 4(u+ 1)λn−1/3/(3x)

�

.

From the fact that n¾ 1 and x ¾ 2λ(u+ 1)/(1− ε) (and ε < 1), we have that

P
�

X̃n(k)¾
x
2

n1/3
�

¶ exp

�

−x
ε2

4(1− 2ε/3+ (1− ε)/λ)

�

, (4.25)
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where ε and λ do not depend on k, x or n. Thus we can find C1 and β1 such that

P
�

X̃n(k)¾
x
2

n1/3
�

¶ C1β
x
1 , (4.26)

for all n and for all x > 0, taking C1 large enough to cover the case of x < 2λ(u+ 1)/(1− ε)

as well.

We move on to Ĩn. Let Ĩn(∞) = infk¾0 X̃n(k), where − Ĩn(∞) ∈ Z¾0 ∪ {∞}. Then, for all

k ∈ Z¾0,

P
�

Ĩn(k)¶ −
x
2

n1/3
�

¶ P
�

Ĩn(∞)¶ −
x
2

n1/3
�

= P
�

Ĩn(∞)¶ −
l x

2
n1/3

m�

= P
�

T−dxn1/3/2e <∞
�

(with the notation T−r taken from Proposition 4.17), where the last inequality holds by the

skip-free property. Applying Proposition 4.17, we have that

P
�

T−dxn1/3/2e <∞
�

= cdxn1/3/2e ¶ c xn1/3/2,

for a constant c ∈ (0, 1) that solves c = (1− p+ pc)n. (As an aside, note that this immediately

gives us that P
�

Ĩn(∞) = −∞
�

= 0.) Let d = 1− c, so we need to solve

1− d = (1− pd)n

for d ∈ (0, 1). Note that, since x is not present in its definition, d (and hence c) are independent

of x . Using the bound that (1− y)n ¶ 1− ny + n2 y2/2, we can rearrange to get

d ¾
2(np− 1)

n2p2
=

2λn−1/3

�

1+λn−1/3
�2 ¾

2λn−1/3

(1+λ)2
.

Since d is independent of x , we can therefore find a constant D2 = 2λ/(1+λ)2 > 0 such that,

for all x > 0 and for all n ∈ N, we have d ¾ D2n−1/3, and thus c ¶ 1− D2n−1/3.

Take x > 0, and n> D3
2 . Then we have, combining the above, that

P
�

Ĩn(k)¶ −
x
2

n1/3
�

¶
�

1− D2n−1/3
�xn1/3/2

¶ exp
�

−
x D2

2

�

,
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which means that certainly in these cases we can find β2 ∈ (0,1) and C2 > 0 such that

P
�

Ĩn(k)¶ −
x
2

n1/3
�

¶ C2β
x
2 . (4.27)

Thus, combining (4.26) and (4.27), there exist C1, C2 > 0 and β1,β2 ∈ (0, 1) such that, for

all x > 0, for all k ¶
�

n2/3u
�

and for all all n> D3
2 ,

P
�

X̃n(k)− Ĩn(k)¾ xn1/3
�

¶ C1β
x
1 + C2β

x
2 .

Taking β = max {β1,β2 } and C = C1 + C2, we see that the claim of the lemma holds on the

restriction that an = 0 for all n.

For the general case, where (an)n∈N is arbitrary, suppose we take X̃ ′n to be the same process

but with p = 1/n + (λ + 1)n−4/3, defining Ĩ ′n to be the running minimum accordingly, and

assume n to be sufficiently large that an ¶ n−4/3. Then we may use a discrete-time analogue

of Lemma 4.9 to couple our processes such that

X̃n(k)− Ĩn(k)¶ X̃ ′n(k)− Ĩ ′n(k).

We may then apply the result above to X̃ ′n to obtain the claimed result.

Proof of Lemma 4.14. We start by showing (4.23), noting that, via Vitali’s convergence the-

orem, it is sufficient to show that the sequence (Pn)n>D3
is uniformly integrable, where

Pn := n−2/3(Xn(Kn(s))− In(Kn(s)))
2,

and D3 is a constant chosen to be at least the D from Lemma 4.18, and is also sufficiently large

that, for all n ¾ D3, we have Kn(s) ¶ (s + 1)n2/3 (which is possible since n−2/3Kn(s) → s as

n→∞). That is, since Pn is non-negative, we wish to show that

lim
K→∞

sup
n>D3

E
�

Pn1{Pn¾K}
�

= 0.

Note firstly that

E
�

Pn1{Pn¾K}
�

= KP(Pn ¾ K) +

∫ ∞

K
P(Pn ¾ x)dx .

For λ > 0, for all n> D3 and for all x > 0, we use Lemma 4.18 (with u= s+1) in conjunction

67



with Lemma 4.16 and a discrete analogue of Lemma 4.9 to show that, for C > 0 and β ∈ (0, 1)

depending only on s and λ,

P(Pn ¾ x) = P
�

Xn(Kn(s))− In(Kn(s))¾ n1/3px
�

¶ Cβ
p

x ,

since Xn− In is non-negative. For λ¶ 0, we obtain a similar uniform bound in n and x by using

Proposition 4.6 to couple Xn − In, coming from the exploration of G (n, p), to the analogous

process for G (n, 1/n+ n−4/3). Thus, for all n and K ,

E
�

Pn1{Pn¾K}
�

¶ CKβ
p

K +

∫ ∞

K
Cβ
p

x dx ¶ C

�

K +
2

(logβ)2
−

2
p

K
logβ

�

β
p

K ,

so that

0¶ lim
K→∞

sup
n>D3

E
�

Pn1{Pn¾K}
�

¶ lim
K→∞

sup
n>D3

C

�

K +
2

(logβ)2
−

2
p

K
logβ

�

β
p

K = 0,

since β ∈ (0, 1). Thus (4.23) holds.

As it will be useful in the sequel, we note further that an easy consequence of the above is

that

E
�

n−1/3(Xn(Kn(s))− In(Kn(s)))
�

→ E[X (s)− I(s)]. (4.28)

Indeed, we may make a further observation. By Lemma 4.8, the values of C and β above also

imply that, for n> D3 and k ¶ Kn(s) (¶ (s+ 1)n2/3),

E
�

n−1/3(Xn(k)− In(k))
�

=

∫ ∞

0

P
�

Xn(k)− In(k)¾ xn1/3
�

dx ¶
∫ ∞

0

Cβ x dx =
C

(− logβ)
,

(4.29)

where the constants C and β depend on s and λ, but not on k or n.

We now consider (4.24). Fix δ > 0, and note that n−2/3Kn(s) → s as n →∞. Then, by

the tower law, we firstly have that, for all sufficiently large n,

E[Nn(Kn(s))] = E



p
Kn(s)−1
∑

k=0

(Xn(k)− In(k))



= pn1/3
Kn(s)−1
∑

k=0

n−1/3E[Xn(k)− In(k)]

= np

∫ s+δ

0

µn(u)1{n2/3u<Kn(s)} du,

where we define

µn(u) = E
�

n−1/3
�

Xn

��

un2/3
��

− In

��

un2/3
����

.
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By (4.28), we have that, for all u > 0, the function µn(u)→ µ(u) := E[X (u)− I(u)]. In fact,

we have that, on [0, s+δ],

µn(u)1{n2/3u<Kn(s)} → µ(u)1{u¶s}.

Thus, by the bounded convergence theorem applied with the bound in (4.29), it holds that,

as n→∞,

∫ s+δ

0

µn(u)1{n2/3u<Kn(s)} du→
∫ s+δ

0

µ(u)1{u¶s} du=

∫ s

0

µ(u)du,

and of course np→ 1. Hence

E[Nn(Kn(s))]→
∫ s

0

µ(u)du= E
�∫ s

0

(X (u)− I(u))du

�

= E[N(s)],

(applying Tonelli’s Theorem for the first equality, and the tower law for the second), giving

(4.24).

Before we prove Lemma 4.15, we define some technical notation: we set

Erf(x) :=











2p
π

∫ x
0 e−t2

dt for x ¾ 0;

−Erf(−x) for x < 0,

and we define Erfc(x) := 1− Erf(x).

Proof of Lemma 4.15. We first note that, by Lemma 4.9, we may couple X − I to X̂ − Î , where

X̂ is a Brownian motion with constant linear drift λ (starting at 0) and Î its running infimum,

such that X − I ¶ X̂ − Î . (This is similar to what we did in the proof of Lemma 4.12.) Hence

it must hold that, for all s > 0,

0¶ E[X (s)− I(s)]¶ E
�

X̂ (s)− Î(s)
�

= E
�

X̂ (s)
�

−E
�

Î(s)
�

. (4.30)

It is easy to obtain that E
�

X̂ (s)
�

= λs = o(1) as s ↓ 0. Now, we may use [17, Eqn. 2.1.1.4],

which tells us that, for y ¾ 0,

P
�

− Î(s)¾ y
�

=
1
2

Erfc
�

y
p

2s
+λ

s

s
2

�

+
1
2

e−2λy Erfc
�

y
p

2s
−λ

s

s
2

�

. (4.31)

Using the fact that E[Y ] =
∫∞

0 P(Y ¾ y)dy for a non-negative random variable Y , we can
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use the previous equation to obtain that

E
�

Î(s)
�

=
1
2
λs−

�

1
2λ
+

1
2
λs
�

Erf
�

λ

s

s
2

�

−
s

s
2π

e−λ
2s/2 = o(1) (4.32)

as s ↓ 0. Thus E
�

X̂ (s)
�

−E
�

Î(s)
�

→ 0 as s ↓ 0, giving us from (4.30) that E[X (s)− I(s)]→ 0.

Then we have that

E[N(s)] = E
�∫ s

0

(X (u)− I(u))du

�

=

∫ s

0

E[X (u)− I(u)]du

by Tonelli’s theorem. Since E[X (u)− I(u)] is continuous at 0, we have by the bounded con-

vergence theorem that the integral converges to 0 as s ↓ 0, completing the proof for N .

For the result for (X − I)2, we note that

0¶ E
�

(X (s)− I(s))2
�

¶ E
�

�

X̂ (s)− Î(s)
�2�¶ 2E

�

X̂ (s)2
�

+ 2E
�

Î(s)2
�

,

with the last bound following somewhat crudely by the parallelogram law. It is easy to calculate

that E
�

X̂ (s)2
�

= λ2s2 + s = o(1) as s ↓ 0. We can then use (4.31), and the fact that E
�

Y 2
�

=
∫∞

0 P
�

Y 2 ¾ z
�

dz = 2
∫∞

0 yP(Y ¾ y)dy for a non-negative random variable Y , to deal with

E
�

Î(s)2
�

. Via somewhat long-winded calculations, we obtain that

E
�

Î(s)2
�

=
1
2
λ2s2 + s+

�

1
2λ2
−

1
2
λ2s2 − s

�

Erf
�

λ

s

s
2

�

−
�

λs+
1
λ

�s

s
2π

e−λ
2s/2 = o(1)

(4.33)

as s ↓ 0. This completes the proof.

4.4 Small additions and deletions

We have established that, in the exploration process, once we are at a sufficiently large time

(on an n2/3 timescale), we will, after any such time, rapidly hit a point k where Xn(k) = In(k).

We know that we hit such a point rapidly, but we don’t know precisely when in the small

interval this occurs. It will be important to show that this doesn’t make much difference, in

order to make rigorous the notion of “approximate independence” indicated by Problem 1.

We will prove two propositions motivated by the above. Recall that, for any graph H, s(H)
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denotes the number of surplus edges it has, given by

s(H) = e(H)− |H|+ c(H).

We make the following technical definition.

Definition 4.19. Define:

kn(T ) =
��

T +
1
T

�

n2/3
�

;

kn(T ) =
�

T n2/3
�

; and

δn(T ) = kn(T )− kn(T ).

Remark. Note that δn(T ) is equal to either
�

n2/3/T
�

or
�

n2/3/T
�

, depending on the values of

T and n.

Proposition 4.20. Let n ∈ N, T > 0, and suppose that, for some c ∈ R, p = p(n) satisfies

(np − 1)n1/3 → c as n → ∞. Work under Pn−kn(T ),p
, and form Gn−kn(T )

from Gn−kn(T )
by

deleting all vertices with labels strictly larger than n − kn(T ) (and any edges incident to such

vertices). Then

lim
T→∞

limsup
n→∞

En−kn(T ),p

�

s
�

Gn−kn(T )

�

− s
�

Gn−kn(T )

��

= 0.

Proposition 4.21. Let n ∈ N, T > 0, q ∈ (0,1) and c ∈ R. Let p = q/n + λn−4/3, and let

p′ = p′(n) satisfy (np′ − 1)n1/3 → c as n → ∞. We let P∗n,T be a probability measure with

respect to which G(1) ∼ G
�

n− kn(T ), p, q
�

, and where G is formed from G(1) by

• adding in vertices n− kn(T ) + 1, . . . , n− kn(T ), and,

• for each possible edge incident to a new vertex, inserting it with probability p′, independently

for each possible edge and independently of G(1).

Then

lim
T→∞

lim sup
n→∞

E∗n,T

�

s(G)− s
�

G(1)
��

= 0.

The construction in Proposition 4.21 may seem an artificial construction, but it will turn

out to be the one we need in the q < 1 setting later. The one in Proposition 4.20 is more

natural—we prove it both because it is a useful lemma for the other result, and because it is

itself the result we would need if we were able to adapt this method for the q > 1 case. We

will see this in Lemma 4.24.
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Note that the quantities inside the expectations in both of the propositions above are non-

negative, as shown by this lemma.

Lemma 4.22. If G ¶ H, then s(G)¶ s(H).

Moreover, suppose G1, G2, H1 and H2 are graphs such that G1 and G2 are on the same vertex

set with G1 ¶ G2, and H1 and H2 are on the same vertex set with H1 ¶ H2. Moreover suppose

G1 ¶ H1, and G2 ¶ H2, not necessarily on the same vertex set. Then

s(H1)− s(G1)¶ s(H2)− s(G2).

Proof. The first part of the lemma is obvious by considering the effect on the formula e(G)−

|G|+ c(G) for the number of surplus edges of first adding the new vertices, and then the new

edges. The second part may be argued similarly, by starting with H1 (with subgraph G1), and

considering adding in first the edges in E(G2)\E(G1), and then the remaining edges necessary

to form H2. Note that, in the first stage, when we add an edge that is in G2 but not in H2, if it

increases the number of G-surplus edges, it must also increase the number of H-surplus edges,

since at any stage the vertex sets of the components of G are contained within the vertex sets

of the components of H.

Before we begin the proofs of our main propositions, we need one more lemma.

Lemma 4.23. Fix s ∈ Z¾0. Choose s vertices uniformly at random without replacement from a

given graph G on m vertices, with components C1, C2, . . . (listed in descending order of size, with

ties broken arbitrarily). Let N denote the number of components to which the s vertices belong.

Then

s ¾ E[N]¾ s−
s2

2m(m− 1)

∑

i

|Ci|
2 .

Remark. In applying this, we will take the stack at a particular time to be the random set of

vertices in the hypotheses of the lemma—so this will give a bound on the number of compon-

ents of G \{ v1, . . . , vk } at time k, across which the stack vertices are distributed. Although the

stack vertices are not a uniform random subset of the unexplored vertices, the exchangeability

of the vertices, and the independence of edges, mean that this does not affect the distribution.

(Alternatively, we may consider exploring the graph using the modified algorithm in which,

when given a choice of awake or of sleeping vertices, we choose one uniformly at random

rather than choosing the most-recently awoken, or the lowest-labelled; this gives an explora-

tion process with identical distribution, and a set of stack vertices which truly are a uniform
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random subset of the unexplored vertices.)

Proof. The first inequality is obvious, as is the second when s = 0. So suppose s > 0.

Consider choosing the s vertices one at a time, and let vk (k = 1, . . . , s) be the k-th vertex

chosen. We compare to the case where all vertices “land” in different components. Then, each

time a vertex lands in a component already seen, the maximal number of components we can

hope to cover is reduced by 1.

In other words, we have that

N = s−
s
∑

k=1

1Ak
,

where

Ak =
�

vk is in the same component as v j for some j < k
	

.

Now let

B j,k =
�

v j and vk are in the same component
	

;

then

N ¾ s−
∑

1¶ j<k¶s

1B j,k
,

so

E[N]¾ s−
∑

1¶ j<k¶s

P
�

B j,k

�

= s−
�

s
2

�

P
�

B1,2

�

,

since the vks are exchangeable.

Now note that
�s

2

�

¶ s2/2, and that

P
�

B1,2

�

=
∑

i

P(v1, v2 ∈ Ci) =
∑

i

|Ci| (|Ci| − 1)
m(m− 1)

¶
1

m(m− 1)

∑

i

|Ci|
2 .

We will start with the proof of Proposition 4.20, and then use it to prove Proposition 4.21.

Proof of Proposition 4.20. Clearly Gn−kn(T )
∼ G

�

n− kn(T ), p
�

, so we have that

En−kn(T ),p

�

s(G)− s
�

Gn−kn(T )

��

= En−kn(T ),p

�

s
�

Gn−kn(T )

��

−En−kn(T ),p

�

s
�

Gn−kn(T )

��

.

We now couple these two graphs in a different way. Consider exploring Gn−kn(T )
using

Algorithm A. Then we let G∗n(T ) = Gn−kn(T )
\
�

v1, . . . , vδn(T )
	

, recalling that vi denotes the

i-th vertex explored—so G∗n(T ) is the residual graph when we remove the first δn(T ) vertices

explored in the depth-first search. (Recall that δn(T ) = kn(T )− kn(T ).) Under Pn−kn(T ),p
, it
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holds that G∗n(T )∼ G
�

n− kn(T ), p
�

, up to relabelling of vertices. Hence,

En−kn(T ),p

�

s
�

Gn−kn(T )

��

−En−kn(T ),p

�

s
�

Gn−kn(T )

��

= En−kn(T ),p

�

s
�

Gn−kn(T )

�

− s
�

G∗n(T )
�

�

,

and it is sufficient to show the right-hand side tends to 0. Here, the right-hand side is the

expected number of surplus edges created by adding the early vertices v1, . . . vδn(T ) back into

G∗n(T ). Let C(v) denote the component to which the vertex v belongs. Let S be the number of

vertices on the stack after iteration δn(T ) (noting that, if vδn(T )+1 is on the stack at this point,

we have not yet removed it—as we will shortly do at the start of iteration δn(T ) + 1). Let M

be the number of components of G∗n(T ) to which the stack vertices belong. Note that, as all

edges of Gn−kn(T )
are independent, G∗n(T ) is independent of S, though the distribution of M is

influenced by both.

Then it is straightforward that

s
�

Gn−kn(T )

�

− s
�

G∗n(T )
�

= Nn−kn(T )
(δn(T )) + S −M . (4.34)

Now, as the vertices of G∗n(T ) are exchangeable, it holds that (under Pn−kn(T ),p
), conditionally

on S, the random variable M is distributed like the number of components spanned by S

vertices chosen at random from Gn−kn(T )
∼ G

�

n− kn(T ), p
�

.

By Lemma 4.23, it then holds that,

En−kn(T ),p
�

M
�

� G∗n(T ), S
�

¾ S −
S2

2
�

n− kn(T )
��

n− kn(T )− 1
�

∑

i

�

�C∗i
�

�

2
,

where we write C∗i for the i-th-largest component of G∗n(T ). By the tower law, and using the

distribution asserted above for G∗n(T ), we have

En−kn(T ),p
�

M ′
�

� S
�

¾ S −
S2

2
�

n− kn(T )
��

n− kn(T )− 1
�En−kn(T ),p

�

∑

i

|Ci|
2

�

¾ S −
S2

2
�

n− kn(T )
��

n− kn(T )− 1
�En,p

�

∑

i

|Ci|
2

�

,

(4.35)

where, under Pm,r for any m and r, we take Ci to be the i-th-largest component of Gm. (The last

inequality in (4.35) holds because, if Gi ∼ G (mi , p) (i = 1,2) with m1 ¶ m2, we may couple the

graphs such that G1 ¶ G2). Now, as a consequence of Theorem 1.5, since n1/3(np−1)→ c ∈ R,

it holds that there exists a constant A (which clearly can be chosen not to depend on T) such
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that

En,p

�

∑

i

|Ci|
2

�

¶ An4/3,

and thus

En−kn(T ),p
[M | S]¾ S −

AS2n4/3

2
�

n− kn(T )
��

n− kn(T )− 1
� . (4.36)

Hence, using the tower law and (4.34),

En−kn(T ),p

�

s
�

Gn−kn(T )

�

− s
�

G∗n(T )
�

�

¶ En−kn(T ),p

�

Nn−kn(T )
(δn(T ))

�

+
An4/3En−kn(T ),p

�

S2
�

2
�

n− kn(T )
��

n− kn(T )− 1
� .

But S ¶ Xn−kn(T )
(δn(T ))− In−kn(T )

(δn(T )) + 1. So we have that

En−kn(T ),p

�

s
�

Gn−kn(T )

�

− s
�

G∗n(T )
�

�

¶ En−kn(T ),p

�

Nn−kn(T )
(δn(T ))

�

+
An2

2
�

n− kn(T )
��

n− kn(T )− 1
�En−kn(T ),p





�

Xn−kn(T )
(δn(T ))− In−kn(T )

(δn(T )) + 1
�2

n2/3



.

Then, by Lemma 4.14, as n→∞, the right-hand side converges to

E
�

N (λ−T )
�

1
T

��

+
A
2
E
�

�

X (λ−T )
�

1
T

�

− I (λ−T )
�

1
T

��2
�

, (4.37)

where (for this proof only) we say that
�

X (ρ), I (ρ), N (ρ)
�

is the limiting process in Theorem 1.6

for G
�

n, 1/n+ρn−4/3
�

.

Assume without loss of generality that T > λ. Then the expression in (4.37) can easily be

shown to be bounded above by

E
�

N (0)
�

1
T

��

+
A
2
E
�

�

X (0)
�

1
T

�

− I (0)
�

1
T

��2
�

.

By Lemma 4.15, this tends to 0 as T →∞, thus proving the claim.

Proof of Proposition 4.21. Let λ+ =max {λ, 0 }, and define

p′′ =max
§

p′,
1
n
+
λ+

n4/3q

ª

,

so that n1/3(np′′ − 1) → max { c,λ+ } as n → ∞. Then, applying Proposition 4.1 (which
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couples Erdős–Rényi and random cluster graphs) and the standard coupling of Erdős–Rényi

graphs across different values of the probability parameter, we may add edges to the graph

to produce a graph G′ ∼ G
�

n− kn(T ), p′′
�

—that is, we can couple G to this G′ such that

G ¶ G′. Let G(1)′ ∼ G
�

n− kn(T ), p′′
�

be the subgraph of G′ induced by
�

1, . . . , n− kn(T )
�

.

Then, applying Lemma 4.22, it holds that

0¶ s(G)− s
�

G(1)
�

¶ s
�

G′
�

− s
�

G(1)′
�

,

and hence

0¶ E∗n,T

�

s(G)− s
�

G(1)
��

¶ En−kn(T ),p′′
�

s
�

Gn−kn(T )

��

−En−kn(T ),p′′

�

s
�

Gn−kn(T )

��

.

We now apply Propostion 4.20 to the right-hand side to obtain the result.

To see how Proposition 4.21 and Proposition 4.20 might be useful, we fix some q ∈ (0,2)\

{1 }, and define the event

Zn(T, k) = { inf { i ¾ T : Xn(i)− In(i) = 0 }= k } ,

as well as the quantities:

sn

�

T,
1
T

�

= max
kn(T )¶k¶kn(T )

En,p

�

qNn(n)−Nn(k)
�

� Zn(T, k)
�

; (4.38)

mn

�

T,
1
T

�

= min
kn(T )¶k¶kn(T )

En,p

�

qNn(n)−Nn(k)
�

� Zn(T, k)
�

; and (4.39)

rn

�

T,
1
T

�

=
mn(T, 1/T )
sn(T, 1/T )

. (4.40)

Thus rn(T, 1/T ) quantifies, if k is the first time the reflected process hits zero in the interval

in question—i.e.
��

T n2/3
�

,
�

(T + 1/T )n2/3
��

—how much the expectation of q, raised to the

power of the number of surplus edges not yet discovered by k, can change depending on the

value of k, assuming such a value exists. We prove that this variability is negligible in the limit,

in a certain sense.

Lemma 4.24. For all q ∈ (0,2) and λ ∈ R, when, for

p̂ =
q
n
+

λ

n−4/3
,
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we take

p =
p̂

p̂+ q(1− p)
,

then

lim
T→∞

lim inf
n→∞

rn

�

T,
1
T

�

= 1. (4.41)

Remark. We will use this lemma when we provide our partial proof of the convergence of the

exploration process in Section 6.2.

For this we will use the following technical lemma.

Lemma 4.25. For m1, m2 ∈ N, and for any r ∈ (0, 1), we may couple G1 ∼ G (m1, r) and

G2 ∼ (m2, r) such that G1 ¶ G2.

We omit the proof, which follows by considering adding additional vertices and carrying

out independent “coin flips” for the potential new edges.

Proof of Lemma 4.24. We note that, under Pn,p and conditionally on the event Zn(T, k), the

graph on the unexplored vertices vk+1, . . . , vn is simply distributed as an Erdős–Rényi graph

on those unexplored vertices (with the same value of the parameter p). Moreover, we note

that the process (Xn(k+ i), In(k+ i), Nn(k+ i))i¾0 has conditional distribution identical to the

unconditional distribution of the process (Xn−k(i), In−k(i), Nn−k(i))i¾0. Thus

En,p

�

qNn(n)−Nn(k)
�

� Zn(T, k)
�

= En−k,p

�

qNn−k(n−k)
�

.

Now note that, by Lemma 4.25, for m1 ¶ m2, we can (for any r) couple G1 ∼ G (m1, r)

and G2 ∼ G (m2, r) so that G1 ¶ G2. Thus, by Lemma 4.22, s(G1) is stochastically dominated

by s(G2). This means that we can see that the extremal values of k are going to provide the

extrema of En−k,p

�

qNn−k(n−k)
�

, but that the order varies with the sign of q− 1. Hence, we will

split into cases.

We start with q < 1. Then we have, by the above, that

sn

�

T,
1
T

�

= En−kn(T ),p

h

qNn−kn(T )

�

n−kn(T )
�

i

and

mn

�

T,
1
T

�

= En−kn(T ),p

�

qNn−kn(T )(n−kn(T ))
�

.
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Now, for a fixed graph G on [m], consider adding x ∈ N extra vertices, which we label

m+ 1, . . . , m+ x . Let the probability measure Qr be such that, under it, we insert each edge

between two vertices in {m+ 1, . . . , m+ x }, and each edge from one of these vertices into

[m], independently with probability r. Call the new graph H. Then we may define

Ψ(G, x , r) = EQr

�

qs(H)−s(G)
�

,

where the expectation is taken with respect to the measure Qr . Note that Lemma 4.22 tells us

that s(H)− s(G) ¾ 0; note that Ψ(G, x , r) only depends on the component sizes of G, which

will allow us to apply Proposition 3.7.

Then it holds that

En−kn(T ),p

�

qNn−kn(T )(n−kn(T ))
�

= En−kn(T ),p

h

qNn−kn(T )

�

n−kn(T )
�

Ψ
�

Gn−kn(T )
,δn(T ), p

�
i

,

and so, recalling that under Pn,p,q we have Gn ∼ G (n, p, q), we have that

rn

�

T,
1
T

�

=
En−kn(T ),p

h

qNn−kn(T )

�

n−kn(T )
�

Ψ
�

Gn−kn(T )
,δn(T ), p

�
i

En−kn(T ),p

h

qNn−kn(T )

�

n−kn(T )
�

i

= En−kn(T ),p̂,q

�

Ψ
�

Gn−kn(T )
,δn(T ), p

��

(by Proposition 3.7)

= EA

�

qs(H)−s(G)
�

, (4.42)

where this last expectation is taken under a probability measure PA for which:

• G ∼ G
�

n− kn(T ), p̂, q
�

, in which p̂ = q/n+λn−4/3;

• H is formed from G by:

– adding vertices labelled with n− kn(T ) + 1, . . . n− kn(T ), and,

– for each possible edge incident to one of the new vertices, including it with prob-

ability p, all new edges being independent and independent of G.

Now note that, by Jensen’s inequality,

EA

�

qs(H)−s(G)
�

¾ qEA[s(H)−s(G)].

78



However, by Proposition 4.21,

lim
T→∞

limsup
n→∞

EA[s(H)− s(G)] = 0

(note that PA implicitly depends on T and n). This, and the fact that qs(H)−s(G) ¶ 1, implies

that

lim
T→∞

lim inf
n→∞
EA

�

qs(H)−s(G)
�

= 1,

so that, by Equation (4.42),

lim
T→∞

lim inf
n→∞

rn

�

T,
1
T

�

= 1. (4.43)

Observing that the case q = 1 is trivial, we now consider the case where q > 1. In this

case,

sn

�

T,
1
T

�

= En−kn(T ),p

�

qNn−kn(T )(n−kn(T ))
�

and

mn

�

T,
1
T

�

= En−kn(T ),p

h

qNn−kn(T )

�

n−kn(T )
�

i

.

For a fixed graph G on [m], consider deleting the x highest-labelled vertices to form a graph

H. Then let

Φ(G, x) = qs(H)−s(G)

(where we may note that, by Lemma 4.8, s(H)− s(G)¶ 0, so Φ(G, x)¶ 1). Thus it holds that

En−kn(T ),p

h

qNn−kn(T )

�

n−kn(T )
�

i

= En−kn(T ),p

�

qNn−kn(T )(n−kn(T ))Φ
�

Gn−kn(T )
,δn(T )

��

,

giving, via Proposition 3.7 (and similarly to above),

rn

�

T,
1
T

�

= En−kn(T ),p
�

qs(H)−s(G)
�

, (4.44)

in which G = Gn−kn(T )
and H is formed from G by deleting the δn(T ) highest-labelled vertices.

Again, we may apply Jensen’s inequality, to conclude that

En−kn(T ),p
�

qs(H)−s(G)
�

¾ q−En−kn(T ),p
[s(G)−s(H)],
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and, by Proposition 4.20 this time, we have that

lim
T→∞

limsup
n→∞

En−kn(T ),p
[s(G)− s(H)] = 0.

As qs(H)−s(G) ¶ 1, we can use (4.44) to conclude, similarly to above, that

lim
T→∞

lim inf
n→∞

rn

�

T,
1
T

�

= 1.
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Chapter 5

Interlude: A scaling limit for G (n, m)

Moving away from G (n, p) for a while—and from results of direct relevance to our later proofs

connected to the random cluster model—we recall that the model G (n, m), where n ∈ N and

m ∈ Z∩
�

0,
�n

2

��

, is the model in which a graph is selected uniformly at random from all graphs

with n vertices and m edges. Here, we extend Theorem 1.5 and Theorem 2.25, which were

results about G (n, p), by showing that near-identical results hold for G (n, m) also. To do this,

we use some of the machinery established in the previous chapter.

5.1 Convergence of the exploration process

We first prove an analogue of Theorem 1.6. Analogously to the notation we defined in Sec-

tion 3.1, we suppose that, under the measure Pn,m, the graph Gn ∼ G (n, m). Consider explor-

ing Gn using Algorithm A (as defined on page 4).

We begin with a technical lemma.

Lemma 5.1. Fix t > 0, and let p = 1/n+λn−4/3 for some λ ∈ R. As n→∞,

Pn,p

��

�Xn

��

n2/3 t
��

+ Nn

��

n2/3 t
���

�> n1/3 log n
�

→ 0.

Proof. We start by observing that

Pn,p

��

�Xn

��

n2/3 t
��

+ Nn

��

n2/3 t
���

�> n1/3 log n
�

¶ Pn,p

�

�

�n−1/3Xn

��

n2/3 t
���

�>
1
2

log n
�

+ Pn,p

�

Nn

��

n2/3 t
��

>
1
2

n1/3 log n
�

.
(5.1)

For the first term, fix some C > 0. Then by Theorem 1.6,

Pn,p

��

�n−1/3Xn

��

n2/3 t
���

�> C
�

→ P(|X (t)|> C).
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But, for sufficiently large n,

Pn,p

�

�

�n−1/3Xn

��

n2/3 t
���

�>
1
2

log n
�

< Pn,p

��

�n−1/3Xn

��

n2/3 t
���

�> C
�

.

Hence, for all C ,

0¶ limsup
n→∞

Pn,p

�

�

�n−1/3Xn

��

n2/3 t
���

�>
1
2

log n
�

< P(|X (t)|> C).

But X (t) is a.s. finite, so P(|X (t)|> C) ↓ 0 as C →∞. So the first term in (5.1) converges to

0.

For the second term, note by Markov’s inequality that

Pn,p

�

Nn

��

n2/3 t
��

>
1
2

n1/3 log n
�

¶
E
�

Nn

��

n2/3 t
���

n1/3(log n)/2
,

and use Lemma 4.14 to show that the right-hand side tends to 0.

Recall that, in Theorem 1.6, we had a pair of processes (X , N) such that X (t)
d
= B(t) +

λt− t2/2 where B is a Brownian motion; then, conditionally on X , N(t) is an inhomogeneous

Poisson process of rate X (t)− inf0¶s¶t X (s).

Theorem 5.2. If the process (Xn, Nn) is the exploration process from Gn ∼ G (n, m) in which

m=
n− 1

2

�

1+λn−1/3 +O
�

n−2/3
��

,

then
�

n−1/3Xn

��

tn2/3
��

, Nn

��

tn2/3
���

t¾0

d
→ (X , N)

in the Skorokhod metric.

Remark. The O
�

n−2/3
�

in the statement of the theorem above is not optimal; with more careful

calculations, it is potentially possible to extend the result to o
�

n−1/3
�

, as in Theorems 1.5

and 1.6.

The proof of this theorem is partly due to Christina Goldschmidt (personal communica-

tion). In the proof we will need to invoke the following local limit theorem with an explicit

error.

Lemma 5.3. Let m=
�

1+λn−1/3O
�

n−2/3
��

(n−1)/2. There is a universal constant C for all m′
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satisfying
�

�m′ −m+
�

n2/3 t
��

�¶ n1/3 log n,

and for all sufficiently large n, giving that, if

M̃n(t)∼ Bin

�

�

n−
�

n2/3 t
�

2

�

, p

�

,

then
�

�

�

�

P
�

M̃n(t) = m′
�

−
1

p
2πm

�

�

�

�

¶ C
(log n)2

n5/6
. (5.2)

The proof involves careful calculations similar to those we will use to prove (5.7) below;

we defer it to Appendix A (p. 177).

Proof. We show that, as n → ∞, for all t > 0 and for all continuous bounded real-valued

functions f ,

En,m

�

f
�

n−1/3Xn

��

n2/3s
��

, Nn

��

n2/3s
��

: 0¶ s ¶ t
��

→ E[ f (X (s), N(s) : 0¶ s ¶ t)]. (5.3)

Let p = 1/n + λn−4/3, so that m =
�n

2

�

p + O
�

n1/3
�

. We know from Theorem 1.6 that the

equivalent expression to (5.3) converges, namely that

En,p

�

f
�

n−1/3Xn

��

n2/3s
��

, Nn

��

n2/3s
��

: 0¶ s ¶ t
��

→ E[ f (X (s), N(s) : 0¶ s ¶ t)].

Pick a function f , and suppose that | f | ¶ C for some constant C > 0. Let Mn be the

number of edges of Gn. This, of course, is identically equal to m under Pn,m, but is random

under Pn,p—specifically, Mn ∼ Bin
��n

2

�

, p
�

. Then we have that

En,m

�

f
�

n−1/3Xn

��

n2/3s
��

, Nn

��

n2/3s
��

: 0¶ s ¶ t
��

= En,p

�

f
�

n−1/3Xn

��

n2/3s
��

, Nn

��

n2/3s
��

: 0¶ s ¶ t
� �

� Mn = m
�

=
En,p

�

f
�

n−1/3Xn

��

n2/3s
��

, Nn

��

n2/3s
��

: 0¶ s ¶ t
�

1{Mn=m}
�

Pn,p(Mn = m)
.

Let

En =
� �

�Xn

��

n2/3 t
��

+ Nn

��

n2/3 t
���

�¶ n1/3 log n
	

,
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so that, by Lemma 5.1, En occurs with high probability. It is sufficient to show that

En,p

�

f
�

n−1/3Xn

��

n2/3s
��

, Nn

��

n2/3s
��

: 0¶ s ¶ t
�

1{Mn=m}1Ec
n

�

Pn,p(Mn = m)
→ 0, (5.4)

and that

En,p

�

f
�

n−1/3Xn

��

n2/3s
��

, Nn

��

n2/3s
��

: 0¶ s ¶ t
�

1{Mn=m}1En

�

Pn,p(Mn = m)

→ E[ f (X (s), N(s) : 0¶ s ¶ t)].

(5.5)

We will make use of a local limit theorem for Mn. We start with (5.4), and specifically its

denominator: we note

dTV(Bin(N , p), Poi(N p)) = p

�

1
p

2πe
+O

�

min

�

1, p+
1

p

N p

���

(5.6)

(see, e.g., [48, (39)], which cites Prokhorov [52]). We have N =
�n

2

�

, and so the right-hand

side is O
�

n−1
�

. Hence,

�

�

�

�

P
�

Bin
��

n
2

�

, p
�

= m
�

− P
�

Poi
��

n
2

�

p
�

= m
�

�

�

�

�

= O
�

1
n

�

.

Meanwhile, let an =
�n

2

�

p−m = O
�

n1/3
�

, so that, carrying out asymptotic calculations on the

probability mass function for the Poisson distribution,

P
�

Poi
��

n
2

�

p
�

= m
�

=
1

p
2πm

�

1+O

�

a2
n

m

��

�

1+O
�

1
m

��

=
1

p
2πm

+O
�

n−5/6
�

,

since m= Θ(n). Hence

Pn,p(Mn = m) =
1

p
2πm

+O
�

n−5/6
�

. (5.7)

Having estimated the denominator, we move on to the numerator. Since f is bounded, it

is then sufficient to show that

Pn,p

�

{Mn = m } ∩ Ec
n

�

= o
�

n−1/2
�

in order to establish (5.4). By analysing Algorithm A, we see that, after step
�

n2/3 t
�

of the

process, we have discovered that there are exactly Xn

��

n2/3 t
��

+
�

n2/3 t
�

tree edges, and exactly

Nn

��

n2/3 t
��

surplus edges, which are incident to at least one of the vertices v1, . . . , vbn2/3 tc. We

know nothing about edges both of whose ends are later vertices in the exploration.
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Let (Fk)k=0,...,n be the natural filtration of (Xn(k), Nn(k))k=0,...,n. Then we can write

{Mn = m }=
�

M̃n(t) = m−
�

n2/3 t
�

− Xn

��

n2/3 t
��

− Nn

��

n2/3 t
��	

,

where M̃n(t) is distributed as the number of edges in a copy of G
�

n−
�

n2/3 t
�

, p
�

that is inde-

pendent of Fbn2/3 tc, and so

M̃n(t)∼ Bin

�

�

n−
�

n2/3 t
�

2

�

, p

�

.

Thus,

Pn,p

�

{Mn = m } ∩ Ec
n

�

= En,p

h

P
�

M̃n(t) = m−
�

n2/3 t
�

− Xn

��

n2/3 t
��

− Nn

��

n2/3 t
��

�

�

�Fbn2/3 tc
�

1Ec
n

i

¶ Pn,p

�

Ec
n

�

sup
k
P
�

Bin

�

�

n−
�

n2/3 t
�

2

�

, p

�

= k

�

.

The supremum here is attained by the probability that the binomial random variable is equal

to its mode. So

sup
k
P
�

Bin

�

�

n−
�

n2/3 t
�

2

�

, p

�

= k

�

= P
�

Bin

�

�

n−
�

n2/3 t
�

2

�

, p

�

=

�

�

n−
�

n2/3 t
�

2

�

p

��

,

= O
�

n−1/2
�

,

by a similar argument to that used above to prove (5.7). Meanwhile, by Lemma 5.1, P
�

Ec
n

�

→ 0

as n→∞. So

Pn,p

�

{Mn = m } ∩ Ec
n

�

= o
�

1
n1/2

�

,

and thus we have established (5.4).

We move on to (5.5). For brevity, write

Fn,t = f
�

n−1/3Xn

��

n2/3s
��

, Nn

��

n2/3s
��

: 0¶ s ¶ t
�

.
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Then, we can write

En,p

�

f
�

n−1/3Xn

��

n2/3s
��

, Nn

��

n2/3s
��

: 0¶ s ¶ t
�

1{Mn=m}1En

�

= En,p

�

Fn,t1{M̃n(t)=m−bn2/3 tc−Xn(bn2/3 tc)−Nn(bn2/3 tc)}1En

�

= En,p

h

Fn,tP
�

M̃n(t) = m−
�

n2/3 t
�

− Xn

��

n2/3 t
��

− Nn

��

n2/3 t
��

�

�

�Fbn2/3 tc
�

1En

i

,

where again M̃n(t) is distributed as the number of edges in a copy of G
�

n−
�

n2/3 t
�

, p
�

that is

independent of the pre-
�

n2/3 t
�

process, and so

M̃n(t)∼ Bin

�

�

n−
�

n2/3 t
�

2

�

, p

�

.

Now let n′ = n−
�

n2/3 t
�

. Fix some m′ ∈ Z¾0, where

�

�m′ −m+
�

n2/3 t
��

�¶ n1/3 log n. (5.8)

(We note that the lower bound on m′ tends to infinity as n does, and so in particular, if n

is sufficiently large, (5.8) will crudely constrain m′ ¾ 1.) By Lemma 5.3 above, there is a

universal constant C for all such m′, and for all sufficiently large n, giving that

�

�

�

�

P
�

M̃n(t) = m′
�

−
1

p
2πm

�

�

�

�

¶ C
(log n)2

n5/6
.

(We allow C to depend on t.) From this, we can write that

En,p

h

Fn,tP
�

M̃n(t) = m−
�

n2/3 t
�

− Xn

��

n2/3 t
��

− Nn

��

n2/3 t
��

�

�

�Fbn2/3 tc
�

1En

i

= En,p

�

Fn,t

�

1
p

2πm
+O

�

(log n)2

n5/6

��

1En

�

=
1

p
2πm
En,p

�

Fn,t1En

�

+O

�

(log n)2

n5/6

�

using the fact that f is bounded. From this and from (5.7), we have that

En,p

�

f
�

n−1/3Xn

��

n2/3s
��

, Nn

��

n2/3s
��

: 0¶ s ¶ t
�

1{Mn=m}1En

�

Pn,p(Mn = m)

=
(2πm)−1/2En,p

�

Fn,t1En

�

+O
�

n−5/6(log n)2
�

(2πm)−1/2 +O
�

n−5/6
�

=
En,p

�

Fn,t1En

�

+ o(1)

1+ o(1)
→ E[ f (X (s), N(s) : 0¶ s ¶ t)]
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by Theorem 1.6, using the fact that En is Fbn2/3 tc-measurable, and (by Lemma 5.1) has prob-

ability tending to 1 as n→∞ (and also, again, the fact that f is bounded and continuous).

This establishes (5.5), and completes the proof.

5.2 Component sizes and a scaling limit

We want to establish an analogue of Theorem 1.5 for G (n, m). Let Cn be the sequence of

component sizes, and Sn the number of surplus edges, in Gn ∼ G (n, m), and let C and S be

the objects defined in Chapter 1—that is, C is the decreasing sequence of excursion lengths of

X − I , and the i-th entry of S is the number of points of a rate 1 Poisson process that occur

under the excursion whose length was the i-th entry of C.

Theorem 5.4. Fix λ ∈ R, and, for each n ∈ N, set

m= m(n) =
n− 1

2

�

1+λn−1/3 +O
�

n−2/3
��

.

As n→∞,
�

n−2/3Cn,Sn

� d
→ (C,S), (5.9)

with convergence in the l2 norm for the first coordinate, and the product topology for the second.

So we need to convert from convergence of the exploration process to l2 convergence of

the component sizes, and to product convergence of the number of surplus edges.

We first show that the component sizes converge when treated as a point process, ana-

logously to [6, Lma. 8] of Aldous. For the i-th largest component C (n)i of Gn ∼ G (n, m), let

L
�

C (n)i

�

= k− 1 if the first vertex of C (n)i to be explored is chosen as vk. Let

Θn =
¦�

n−2/3
�

�C (n)i

�

�, n−1/3 L
�

C (n)i

��

: i ¾ 1
©

. (5.10)

Similarly, define the set of pairs

Θ = { (|ei| , L(ei)) : i ¾ 1 } ,

where ei is the i-th-longest excursion of X − I , where |ei| is its length, and where L(ei) is its

left end-point. (We know this is well-defined—i.e. that there is a largest excursion, a second-

largest, etc.—because it is the same limit object as for G (n, p).) Recall the definition of the

vague topology from Definition 2.26.
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Lemma 5.5. As n→∞,

Θn
d
→ Θ

with convergence in the vague topology.

We omit the proof; it follows from Theorem 5.2 and [6, Lma. 7], in much the same way

that Aldous proves [6, Lma. 8].

To obtain the l2 convergence part of Theorem 5.4, we will need to use [6, Propn. 15],

which, for reference, we quote here. To set up some notation (borrowed from [6], with some

minor tweaks), for a countable index set I , let l2
+(I) be the set of sequences x =

�

xγ : γ ∈ I
�

such that each xγ ¾ 0 and
∑

γ x2
γ <∞. We also need to define the concept of a size-biased

random ordering, which we do now.

Definition 5.6 ([6, § 3.3]). Let Y=
�

Yγ : γ ∈ I
	

be a set indexed by some countable index set

I , with Y ∈ l2
+(I). For each γ ∈ I , define Eγ to be a random variable, such that, conditional on

Y, we have Eγ ∼ Exp
�

Yγ
�

, with
�

Eγ
�

γ∈I being (conditionally) independent.

Then, for each a ∈ [0,∞), define

S(a) =
∑

γ:Eγ<a

Yγ <∞

a.s. (by the assumption that Y ∈ l2
+(I)). Then define Sγ = S

�

Eγ
�

. Then the size-biased point

process or SBPP associated with Y is the set Θ =
��

Yγ, Sγ
�

: γ ∈ I
	

.

Given a size-biased point process Θ =
��

yγ, sγ
�

: γ ∈ I
	

, write

π(Θ) =
�

yγ : γ ∈ I
	

.

Finally (as far as our notation is concerned), if Y is a sequence indexed by I such that, for

all k, there is a k-th-largest entry in Y, let ordY be that sequence rearranged into descending

order; otherwise, it is not well-defined.

Proposition 5.7 ([6, Propn. 15]). Let I1, I2, . . . and I∞ be index sets. Let Yn ∈ l2
+(In) for each

n ∈ N ∪ {∞}, and let Θn be the associated size-biased point process. Suppose Θn
d
→ Θ∞ as

n→∞, where Θ∞ is a point process satisfying the following three conditions:

(1) If (y, s) ∈ Θ∞, then
∑

y ′:(y ′,s′)∈Θ∞,
s′<s

y ′ = s;
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(2) As s0→∞,

max { y : (y, s) ∈ Θ∞ for some s > s0 }
p
→ 0;

(3) Almost surely,

sup { s : (y, s) ∈ Θ∞ for some y }=∞.

Then Y∞ = ordπ(Θ∞) is well-defined and in l2, and ordYn
d
→ ordY∞ in l2.

Note that this result only imposes conditions on the candidate limit object. But the can-

didate limit in the G (n, m) case is identical to that for G (n, p), so conditions (1)–(3) hold for

it, and the required vague convergence holds by Lemma 5.5. Thus the proof of Theorem 5.4

follows in an almost identical way to the proof by Aldous [6, § 3.3 and § 3.4] of the analogous

result for G (n, p), and we consequently omit it.

Now we just need to show that a metric space scaling limit exists. We show this in the

product topology, rather than convergence in the metric dseq defined by (2.9), though it is

potentially possible to extend the result.

Theorem 5.8. Let M(n) = (M (n)1 , M (n)2 , . . . ) be a sequence of metric spaces such that M (n)i is the

i-th largest component of Gn ∼ G (n, m), treated as a metric space with the graph distance, where

m= m(n) =
n− 1

2

�

1+λn−1/3 +O
�

n−2/3
��

.

Let Z (n)i =
�

�M (n)i

�

�, and let Z(n) = (Z (n)1 , Z (n)2 , . . . ). Then there exist Z,M such that

�

n−
2
3 Z(n), n−

1
3 M(n)

� d
→ (Z,M),

with convergence in the product topology, using dGH, the Gromov–Hausdorff distance, to measure

the distance between (isometry classes of) metric spaces. Moreover, the law of Z is given by The-

orem 5.4, while M = (M1, M2, . . . , ) is such that, conditional on Z, M1, M2, . . . are independent

and Mi
d
=M (Zi).

Remark. So the scaling limit is the same as that for G (n, p) with appropriately chosen p.

Proof. We note firstly that, conditionally on being connected and on having a given number

of surplus edges, a copy of G (n, m) is identically distributed to a copy of G (n, p) (they are

both uniform picks from all the possible graphs). Informally, this means that, conditional

on a sequence of component sizes and surplus edge counts, the two graphs are identically

distributed.
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Let S(n) be the sequence of surplus edge counts for Gn ∼ G (n, m) (so that S(n)i is the num-

ber of surplus edges in M (n)i ), and let S be the corresponding limit sequence implied by The-

orem 5.4 (with i-th entry Si). Then that theorem tells us that

�

n−2/3Z(n),S(n)
� d
→ (Z,S)

in the product topology. Exploiting the conditional equality in distribution above, it is then im-

plicit from [2, p. 748] that the corresponding sequences of metric spaces M(n) converge in the

product topology (and jointly with Z(n) and S(n)); the components are formed using the same

function g given by Definition 2.22, but with different arguments to the function. Specifically,

conditionally on Z and S, the i-th entry in M, labelled Mi , is distributed as g
�

2e′,S
�

, where

• e′ is distributed such that, for any appropriate function f ,

E
�

f
�

e′
��

=
E
h

f
�

e(Zi)
�

�

∫ Zi

0 e(Zi)
�Si
i

E
h
�

∫ Zi

0 e(Zi)
�Si
i ,

where e(σ) is a Brownian excursion of length σ;

• conditionally on e′, we take S to be a set of Si points uniformly chosen from the area

under e′.

Thus we have that, in the product topology,

�

n−2/3Z(n),S(n), n−1/3M(n)
� d
→ (Z,S,M). (5.11)

But since the object M described above was simply the scaling limit for G (n, p) conditional on

Z and S, and since Z and S are the same objects that appear in the limit of G (n, p) (in both

cases for p = 1/n + λn−4/3), it follows that M must be the scaling limit of G (n, p)—and so,

conditioned only on Z, it must have the distribution asserted. So, dropping S(n) and S from

(5.11), we have the result claimed.

Remark. To convert this to use dseq we would need a bound on the heights of the depth-first

search trees of G (n, m), along the lines of [3, Lma. 25].
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Part II

Results for the random cluster model
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Chapter 6

q < 1: Handling the discrete

exploration process

In this chapter, we make progress towards showing that the exploration process for the random

cluster model converges, at least in the case where q < 1.

We return to the heuristic proof given in Section 3.2, noting that we gave two problems

with it that remained to be resolved. In Section 6.1, we show that, using the comparison

established in Section 4.2, we may show that the exploration process for the critical random

cluster model with q < 1 is well-behaved for large times, in that it rapidly reaches 0 without

any surplus edges being added in the intervening time; effectively, this resolves Problem 1

from Section 3.2 for q < 1. We use this, in Section 6.2, to give a proof that the exploration

process converges, conditionally on also resolving Problem 2. At the end of that section, we

show that this is sufficient in order to show that the rescaled sequence of component sizes

converges in l2.

In Section 6.3, we discuss possible approaches to resolving Problem 1 in the case where

q > 1. In the next chapter, we will see that, for q > 1, it is Problem 2 that is easier to resolve.

6.1 Approaching zero, revisited

We now give an extension of Proposition 4.7 to the critical random cluster model for q < 1.

We let (X , I , N) be an exploration of G according to Algorithm A under Pn,p,q.

Proposition 6.1. Fix q ∈ (0, 1) and λ ∈ R, and define p = p(n,λ, q) = q/n+λn−4/3. As before,
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let the event En(T,ε) be defined by

En(T,ε) =
�

Xn(k) = In(k) for some k ∈
��

T n2/3
�

,
�

(T + ε)n2/3
��	

∩
�

Nn

��

(T + ε)n2/3
��

= Nn

��

T n2/3
��	

.

Then

lim
T→∞

lim sup
n→∞

Pn,p,q

�

En

�

T,
1
T

�c�

= 0.

Remark. This time we do—at this point—require the lim sup in n rather than a limit, since we

have not yet established the existence of any sort of limit for G (n, p, q).

Proof. We prove the claim for (Xn, In, Nn) where this is an exploration of Gn ∼ G (n, p, q) ac-

cording to Algorithm A, but modified to select the new vertex uniformly at random from the

stack; as there is an equality in distribution, this establishes the result for the unmodified

Algorithm A too.

Define

p′ =
1
n
+

max {λ, 0 }
qn4/3

;

then, take the measure P whose existence was established by Proposition 4.5, in which a copy

of the exploration for G (n, p, q)—which we label (Xn, In, Nn)—is coupled to an exploration

(X ′n, I ′n, N ′n) for G (n, p′), with, for all i,

Xn(i)− In(i)¶ X ′n(i)− I ′n(i)

and

Nn(i)− Nn(i − 1)¶ N ′n(i)− N ′n(i − 1).

It is then clear that, if X ′n(k) = I ′n(k) for some k ∈
��

T n2/3
�

,
�

(T + ε)n2/3
��

, then, for that k,

we have Xn(k) = In(k). Similarly,

0¶ Nn

��

(T + ε)n2/3
��

− Nn

��

T n2/3
��

¶ N ′n
��

(T + ε)n2/3
��

− N ′n
��

T n2/3
��

,

so if N ′n
��

(T + ε)n2/3
��

= N ′n
��

T n2/3
��

then Nn

��

(T + ε)n2/3
��

= Nn

��

T n2/3
��

. Thus, applying
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this coupling we have that

Pn,p,q

�

En(T,ε)c
�

¶ Pn,p′
�

En(T,ε)c
�

.

This means that

0¶ limsup
T→∞

limsup
n→∞

Pn,p,q

�

En(T, 1/T )c
�

¶ limsup
T→∞

lim sup
n→∞

Pn,1/n

�

En(T, 1/T )c
�

.

By Proposition 4.7, the right-hand side is equal to 0. Hence

lim sup
T→∞

lim sup
n→∞

Pn,q/n,q

�

En(T, 1/T )c
�

= 0,

establishing the claim.

This, combined with the results in Section 4.4, is essentially enough to address Problem 1

in Section 3.2 in the case where q < 1. We show how in the next section.

6.2 A limit for the exploration process

We now put together a partial proof of the existence, and form, of the limit of the exploration

process, in the case where q < 1. This proof follows the strategy outlined in Section 3.2, but

this time we make sure our arguments are rigorous. We first state a conjecture for the missing

part.

Conjecture 6.2. Fix λ ∈ R, and define (X , I , N) to be real-valued processes on [0,∞) with

distributions given by:

X (t) = B(t) +λt −
t2

2
;

I(t) = inf
0¶s¶t

X (t);

(N(t))t¾0 is a Poisson process of rate X (t)− I(t)

(where B(t) is a Brownian motion). Then, for q ∈ (0, 1), there exists a function Dq(T ) > 0 such

that the random process
�

Rq(T )
�

T¾0, where

Rq(T ) :=
1

Dq(T )
exp

¨

(q− 1)

∫ T

0

(X (u)− I(u))du

«

, (6.1)
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is uniformly integrable, and converges in probability as T → ∞ to a random variable that is

almost surely positive.

Remark. For q ∈ (1, 2) we can prove this, as we prove in Chapter 7. Indeed, our proofs will

imply that we can find Dq(T ) for q ∈ (0, 1) such that the asserted convergence in probability

to a non-zero random variable takes place, but the uniform integrability in this setting has

proven elusive. Nevertheless, this conjecture seems plausible.

Theorem 6.3. Fix q ∈ (0,1). Let f be a bounded function, and let λ and (X , I , N) be defined as

in Conjecture 6.2. Then, if that conjecture holds,

lim
n→∞
En,p,q

�

f
�

n−1/3Xn

��

sn2/3
��

, n−1/3 In

��

sn2/3
��

: 0¶ s ¶ t
��

=
E
�

Rq f (X (s), I(s) : 0¶ s ¶ t)
�

E
�

Rq

� ,

for some almost surely positive random variable Rq.

Proof. First, for T,ε > 0, define the event E′n(T,ε) by

E′n(T,ε)

=
�

for some k ∈
��

T n2/3
�

,
�

(T + ε)n2/3
��

, Xn(k) = In(k) and Nn(k) = Nn

��

T n2/3
��	

.

Then, immediately, E′n(T,ε) ⊇ En(T,ε) as defined in Proposition 6.1. So, by that result, it holds

that

lim
T→∞

lim sup
n→∞

Pn,p,q

�

E′n

�

T,
1
T

�c�

= 0.

In turn, we have that

En,p,q

�

f
�

n−1/3Xn

��

sn2/3
��

, n−1/3 In

��

sn2/3
��

: 0¶ s ¶ t
��

= En,p,q

�

f
�

n−1/3Xn

��

sn2/3
��

, n−1/3 In

��

sn2/3
��

: 0¶ s ¶ t
�

1E′n(T,1/T )

�

+En,p,q

�

f
�

n−1/3Xn

��

sn2/3
��

, n−1/3 In

��

sn2/3
��

: 0¶ s ¶ t
�

1E′n(T,1/T )c
�

.

(6.2)

Since f is a bounded function, we have by Proposition 6.1 that

lim
T→∞

limsup
n→∞

En,p,q

�

f
�

n−1/3Xn

��

sn2/3
��

, n−1/3 In

��

sn2/3
��

: 0¶ s ¶ t
�

1E′n(T,1/T )c
�

= 0. (6.3)
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We now consider the other term. By Proposition 3.7, we have that

En,p,q

�

f
�

n−1/3Xn

��

sn2/3
��

, n−1/3 In

��

sn2/3
��

: 0¶ s ¶ t
�

1E′n(T,1/T )

�

=
En,p̃

�

qNn(n) f
�

n−1/3Xn

��

sn2/3
��

, n−1/3 In

��

sn2/3
��

: 0¶ s ¶ t
�

1E′n(T,1/T )

�

En,p̃

�

qNn(n)
�

=
En,p̃

�

qNn(n) f
�

n−1/3Xn

��

sn2/3
��

, n−1/3 In

��

sn2/3
��

: 0¶ s ¶ t
�

1E′n(T,1/T )

�

En,p̃

�

qNn(n)1E′n(T,1/T )

� pn

�

T,
1
T

�

,

(6.4)

where

pn

�

T,
1
T

�

=
En,p̃

�

qNn(n)1E′n(T,1/T )

�

En,p̃

�

qNn(n)
�

= Pn,p,q

�

E′n(T, 1/T )
�

by another application of Proposition 3.7. By Proposition 6.1, we then have that

lim
T→∞

lim inf
n→∞

pn

�

T,
1
T

�

= 1, (6.5)

and clearly pn(T, 1/T )¶ 1.

Now consider the numerator of the fraction in (6.4). For brevity, we will write

Fn,t = f
�

n−1/3Xn

��

sn2/3
��

, n−1/3 In

��

sn2/3
��

: 0¶ s ¶ t
�

.

We will partition the event E′n(T, 1/T ) as follows. Define the events

Zn(T, k) =
�

inf
�

i ¾
�

T n2/3
�

: Xn(i)− In(i) = 0
	

= k
	

(6.6)

and

Mn(T, k) =
�

Nn(k)− Nn

��

T n2/3
��

= 0
	

. (6.7)

Then

E′n

�

T,
1
T

�

=
b(T+1/T )n2/3c

⊔

k=bT n2/3c
(Zn(T, k)∩Mn(T, k)) =

kn(T )
⊔

k=kn(T )

(Zn(T, k)∩Mn(T, k)), (6.8)
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letting
⊔

denote a disjoint union, and recalling the meaning of kn(T ) and kn(T ) from Defini-

tion 4.19; thus, we may write

En,p̃

�

qNn(n)Fn,t1E′n(T,1/T )

�

=
kn(T )
∑

k=kn(T )

En,p̃

�

qNn(n)Fn,t1Zn(T,k)1Mn(T,k)
�

=
kn(T )
∑

k=kn(T )

En,p̃

�

qNn(n)−Nn(k)qNn(bT n2/3c)Fn,t1Zn(T,k)1Mn(T,k)

�

,

(6.9)

where we have used the fact that, for each k, we are working on the event Mn(T, k).

Now, by the Markov property for Yn = Xn − In (Proposition 4.3), for each k in the sum,

conditionally on Zn(T, k), we have that

qNn(bT n2/3c)Fn,t1Mn(T,k)

is independent of

qNn(n)−Nn(k);

thus, for each k, we have that

En,p̃

�

qNn(n)−Nn(k)qNn(bT n2/3c)Fn,t1Zn(T,k)1Mn(T,k)

�

= En,p̃

�

qNn(bT n2/3c)Fn,t1Zn(T,k)1Mn(T,k)

�

En,p̃

�

qNn(n)−Nn(k)
�

� Zn(T, k)
�

.

Recall that, in (4.38)–(4.40), we defined:

sn

�

T,
1
T

�

= sup
kn(T )¶k¶kn(T )

En,p̃

�

qNn(n)−Nn(k)
�

� Zn(T, k)
�

;

mn

�

T,
1
T

�

= inf
kn(T )¶k¶kn(T )

En,p̃

�

qNn(n)−Nn(k)
�

� Zn(T, k)
�

;

rn

�

T,
1
T

�

=
mn(T, 1/T )
sn(T, 1/T )

.

With these definitions, for each k,

En,p̃

�

qNn(bT n2/3c)Fn,t1Zn(T,k)1Mn(T,k)

�

mn

�

T,
1
T

�

¶ En,p̃

�

qNn(n)−Nn(k)qNn(bT n2/3c)Fn,t1Zn(T,k)1Mn(T,k)

�

¶ En,p̃

�

qNn(bT n2/3c)Fn,t1Zn(T,k)1Mn(T,k)

�

sn

�

T,
1
T

�

,
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which means, summing back over k and using (6.8) and (6.9), that

En,p̃

�

qNn(bT n2/3c)Fn,t1E′n(T,1/T )

�

mn

�

T,
1
T

�

¶ En,p̃

�

qNn(n)Fn,t1E′n(T,1/T )

�

¶ En,p̃

�

qNn(bT n2/3c)Fn,t1E′n(T,1/T )

�

sn

�

T,
1
T

�

.

For the denominator of the fraction in (6.4), we can obtain analogous bounds by simply

setting f ≡ 1. Substituting both sets of bounds into (6.4), we obtain

En,p̃

�

qNn(bT n2/3c)Fn,t1E′n(T,1/T )

�

En,p̃

�

qNn(bT n2/3c)1E′n(T,1/T )

� pn

�

T,
1
T

�

rn

�

T,
1
T

�

¶ En,p,q

�

Fn,t1E′n(T,1/T )

�

¶
En,p̃

�

qNn(bT n2/3c)Fn,t1E′n(T,1/T )

�

En,p̃

�

qNn(bT n2/3c)1E′n(T,1/T )

�

pn(T, 1/T )
rn(T, 1/T )

.

(6.10)

By Lemma 4.24, we have that

lim
T→∞

lim inf
n→∞

rn

�

T,
1
T

�

= 1,

and clearly rn(T, 1/T )¶ 1. It remains to show that the other term, which expands out to

En,p̃

�

qNn(bT n2/3c) f
�

n−1/3Xn

��

sn2/3
��

, n−1/3 In

��

sn2/3
��

: 0¶ s ¶ t
�

1E′n(T,1/T )

�

En,p̃

�

qNn(bT n2/3c)1E′n(T,1/T )

� , (6.11)

behaves appropriately. Since q < 1, we have a bounded function of

�

n−1/3Xn

�

sn2/3
�

, n−1/3 In

�

sn2/3
�

, Nn

�

sn2/3
��

0¶s¶T ,

and so, by Theorem 1.6 and various technical theorems (e.g. the continuous mapping theorem,

the bounded convergence theorem), it holds that this converges, as n→∞, to

E
�

qN(T ) f (X (s), I(s) : 0¶ s ¶ t)1E′(T,1/T )
�

E
�

qN(T )1E′(T,1/T )
� ,

where

E′(T,ε) = {∃x ∈ [T, T + ε] : X (x)− I(x) = 0 and N(x) = N(T ) } .

Now recall that, conditionally on (X , I), we have that N(T ) ∼ Poi
�

∫ T
0 (X (u)− I(u))du

�

,
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and that N(T + 1/T )− N(T ) is conditionally independent of N(T ). Hence, by the tower law,

E
�

qN(T ) f (X (s), I(s) : 0¶ s ¶ t)1E′(T,1/T )
�

E
�

qN(T )1E′(T,1/T )
�

=
E
�

E
�

qN(T ) f (X (s), I(s) : 0¶ s ¶ t)1E′(T,1/T )

�

� X , I
��

E
�

E
�

qN(T )1E′(T,1/T )

�

� X , I
��

=
E
�

f (X (s), I(s) : 0¶ s ¶ t)E
�

qN(T )
�

� X , I
�

E
�

1E′(T,1/T )

�

� X , I
��

E
�

E
�

qN(T )
�

� X , I
�

E
�

1E′(T,1/T )

�

� X , I
��

=
E
�

f (X (s), I(s) : 0¶ s ¶ t)exp
�

(q− 1)
∫ T

0 (X (u)− I(u))du
�

E
�

1E′(T,1/T )

�

� X , I
�

�

E
�

exp
�

(q− 1)
∫ T

0 (X (u)− I(u))du
�

E
�

1E′(T,1/T )

�

� X , I
�

�

=
E
�

f (X (s), I(s) : 0¶ s ¶ t)exp
�

(q− 1)
∫ T

0 (X (u)− I(u))du
�

1E′(T,1/T )

�

E
�

exp
�

(q− 1)
∫ T

0 (X (u)− I(u))du
�

1E′(T,1/T )

� . (6.12)

Dividing the top and bottom of (6.12) by the non-random expression Dq(T ) in the statement

of Conjecture 6.2—see (6.1)—we obtain that

E
�

f (X (s), I(s) : 0¶ s ¶ t)exp
�

(q− 1)
∫ T

0 (X (u)− I(u))du
�

1E′(T,1/T )

�

E
�

exp
�

(q− 1)
∫ T

0 (X (u)− I(u))du
�

1E′(T,1/T )

�

=
E
�

Rq(T ) f (X (s), I(s) : 0¶ s ¶ t)1E′(T,1/T )
�

E
�

Rq(T )1E′(T,1/T )
� .

(6.13)

Then, assuming Conjecture 6.2, it holds that there is an almost surely positive random

variable Rq such that Rq(T )
p
→ Rq as T → ∞ (with Rq > 0 a.s.), with this process being

uniformly integrable. Indeed, we have that jointly

�

Rq(T ), f (X (s), I(s) : 0¶ s ¶ t),1{E′(T,1/T )}
� p
→
�

Rq, f (X (s), I(s) : 0¶ s ¶ t), 1
�

as T →∞ (because marginal convergence in probability implies joint convergence in prob-

ability). Then, by the continuous mapping theorem, as T →∞

Rq(T ) f (X (s), I(s) : 0¶ s ¶ t)1{E′(T,1/T )}
p
→ Rq f (X (s), I(s) : 0¶ s ¶ t),

and of course this process is still uniformly integrable (since for each T it is bounded in absolute

value by Rq(T ) times the bound on | f |). By setting f ≡ 1, we have that

Rq(T ) f (X (s), I(s) : 0¶ s ¶ t)1{E′(T,1/T )}
p
→ Rq f (X (s), I(s) : 0¶ s ¶ t)

as T →∞, and again we still have uniform integrability. Thus, applying Vitali’s convergence

100



theorem, we have that the quantity on the right-hand side of (6.13) converges as T →∞ to

E
�

Rq f (X (s), I(s) : 0¶ s ¶ t)
�

E
�

Rq

� ,

where the denominator is necessarily positive.

Then, by (6.2) and (6.10), we have firstly that

lim sup
n→∞

En,p,q

�

f
�

n−1/3Xn

��

sn2/3
��

, n−1/3 In

��

sn2/3
��

: 0¶ s ¶ t
��

¶ lim sup
T→∞

limsup
n→∞

En,p,q

�

f
�

n−1/3Xn

��

sn2/3
��

, n−1/3 In

��

sn2/3
��

: 0¶ s ¶ t
�

1E′n(T,1/T )

�

+ limsup
T→∞

lim sup
n→∞

En,p,q

�

f
�

n−1/3Xn

��

sn2/3
��

, n−1/3 In

��

sn2/3
��

: 0¶ s ¶ t
�

1E′n(T,1/T )c
�

︸ ︷︷ ︸

=0

¶ lim sup
T→∞

limsup
n→∞

En,p̃

�

qNn(bT n2/3c) f
�

Xn(bsc), In(bsc) : 0¶ s ¶ tn2/3
�

1E′n(T,1/T )

�

En,p̃

�

qNn(bT n2/3c)1E′n(T,1/T )

�

×
limsupT→∞ limsupn→∞ pn(T, 1/T )
lim infT→∞ lim infn→∞ rn(T, 1/T )

¶ E
�

Rq f (X (s), I(s) : 0¶ s ¶ t)
�

,

and similarly that

lim inf
n→∞
En,p,q

�

f
�

n−1/3Xn

��

sn2/3
��

, n−1/3 In

��

sn2/3
��

: 0¶ s ¶ t
��

¾ lim inf
T→∞

lim inf
n→∞

En,p,q

�

f
�

n−1/3Xn

��

sn2/3
��

, n−1/3 In

��

sn2/3
��

: 0¶ s ¶ t
�

1E′n(T,1/T )

�

+ lim inf
T→∞

lim inf
n→∞

En,p,q

�

f
�

n−1/3Xn

��

sn2/3
��

, n−1/3 In

��

sn2/3
��

: 0¶ s ¶ t
�

1E′n(T,1/T )c
�

︸ ︷︷ ︸

¾0

¾ lim inf
T→∞

lim inf
n→∞

En,p̃

�

qNn(bT n2/3c) f
�

Xn(bsc), In(bsc) : 0¶ s ¶ tn2/3
�

1E′n(T,1/T )

�

En,p̃

�

qNn(bT n2/3c)1E′n(T,1/T )

�

× lim inf
T→∞

lim inf
n→∞

pn

�

T,
1
T

�

× lim inf
T→∞

lim inf
n→∞

rn

�

T,
1
T

�

= E
�

Rq f (X (s), I(s) : 0¶ s ¶ t)
�

.

Since we have that the limsup and lim inf in n of the same quantity are bounded, respectively,

above and below by the same value, this must be a limit in n, completing the proof.

Remark. Note that one can apply Vitali’s convergence theorem directly to the numerator and

denominator of (6.12), since the quantities inside the expectations are uniformly bounded

in T (and so uniformly integrable) and converge in distribution (because they converge in
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probability). However, as we will see in Proposition 7.1,
∫ T

0 (X (u)− I(u))du
p
→ ∞, so, for

q < 1, both the numerator and the denominator converge to 0. As such, we need to find an

appropriate compensating function.

This shows that (conditionally on the conjecture) the exploration process converges. While

this is of some independent interest, we’re more interested in using it as a lemma to show that

the sequence of component sizes, appropriately rescaled, converges. This certainly holds in

the vague topology, as we now show. (In the following corollary, we will use the term “twisted”

to refer to a measure change. This might more normally be referred to as a “tilted” process,

but we reserve the word “tilted” for the tilted excursions from Definition 2.16, and related

objects and distributions.)

Corollary 6.4. Suppose Conjecture 6.2 holds. For C (n)i , let L
�

C (n)i

�

= k − 1 if the first vertex of

C (n)i to be explored is chosen as vk. Let

Θn =
¦�

n−2/3
�

�C (n)i

�

�, n−1/3 L
�

C (n)i

��

: i ¾ 1
©

,

and, if E is the set of excursions of the reflected limit process (i.e. the Erdős–Rényi process “twisted”

by Rq), let

Θ = { (|e| , L(e)) : e ∈ E } ,

where |e| and L(e) are the length and left end-point of e, respectively. Then

Θn
d
→ Θ

in the vague topology.

We omit the proof; it follows from Theorem 6.3 above by the proof of [6, Thm. 8] (or the

proof of Lemma 5.5).

To convert this into convergence in l2, we would need to use Proposition 5.7, which im-

poses three criteria on the limit object. We know (e.g. by [6, § 3.4]) that all three criteria

hold for the untwisted object. But then, applying the definition of the measure change via Rq,

these criteria transfer to the twisted object straightforwardly. Thus we have established the

following.

Corollary 6.5. If Conjecture 6.2 holds, then, for Gn ∼ G (n, p, q)with q < 1 and p = 1/n+qn−4/3,

as n→∞,

n−2/3Cn
d
→ C
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in l2, where C is the well-defined ordered list of excursion lengths of the reflected limit process

(again, the Erdős–Rényi process “twisted” by Rq).

Note that this is all consistent with Conjecture 3.6 about the form of the limit distribution of

component sizes. Indeed suppose,
∫ T

0 exp
¦

(q− 1)
∫ T

0 (X (u)− I(u))du
©

− (log T )/2 converges

in probability, in such a way that Conjecture 6.2 holds with

Dq(T )∝ exp
§

q− 1
2

log T
ª

= T (q−1)/2. (6.14)

If so, then we would have shown Conjecture 3.6.

In fact, the convergence in probability does hold (even for q < 1, by the continuous map-

ping theorem), and, for q > 1 (instead of q < 1), we have that the equivalent of Conjecture 6.2

holds, for Dq(T ) as in (6.14). We will see this in the next chapter.

6.3 Problems for q > 1

There are key steps that are missing to make the argument in the previous section work for

q > 1. We discuss the problems here.

6.3.1 Approximate independence

In Section 6.1 we showed a result that gives us an “approximate independence” for earlier and

later stages of the random cluster model exploration process, if q < 1. The proof relied on

bounding that exploration process by the process for the Erdős–Rényi graph, but this method

cannot be applied for q > 1, because here the same arguments used to make the comparison

(those in Section 4.1) show that the Erdős–Rényi process provides a lower bound, rather than

an upper bound.

Though we did not prove this, a possible approach may involve the “fundamental lemma”

given in [16], which we present here.

Lemma 6.6 ([16, Lma. 3.1]). Let Gn ∼ G (n, p, q), for any feasible values of the parameters. Let

r ∈ (0, 1). Independently colour each component of Gn red with probability r, and green with

probability 1− r; let G(1)n be the red subgraph, and G(2)n the green subgraph. Let N1 be the number
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of red vertices. Then, conditionally on N1 = n1, and up to (a random) relabelling of the vertices:

G(1)n ∼ G (n1, p, qr); and

G(2)n ∼ G (n− n1, p, q(1− r)),

with these two subgraphs being (conditionally) independent.

The utility of this for q ∈ (1, 2) is that, by setting r = 1/2, we obtain two graphs with

q ∈ (0, 1), which we have already considered. The authors of [16] typically take instead the

choice of r = 1/q, which makes the red subgraph an instance of the Erdős–Rényi model;

potentially we too could use this approach, but taking r = 1/2 makes the red and green

subgraphs exchangeable, slightly simplifying some of our argument. On the other hand, while

our method has shortcomings (as we will see), these would not be resolved by the choice of

r = 1/q.

We now attempt to characterise the distribution of N1.

Lemma 6.7. In the setting of Lemma 6.6, take q ∈ (1,2), p = q/n+λn−4/3, and r = 1/2. Then,

as n→∞ (and working under Pn,p,q for each n),

N1 =
n
2
+Op

�

n2/3
�

.

The Op

�

n2/3
�

requires some control on the component sizes; otherwise, informally, a single

very large component, or “too many” medium-sized components, could make the variance of

N1 too large. Of course, we do not know the exact distribution of the component sizes (it is

part of what we are aiming to prove), but a result of Luczak and Łuczak [43] gives us enough

control to get the result above. We state that result here.

Theorem 6.8 ([43, Thm. 17, (ii) and (iii)]). Let 0 < q < 2, let np/q = 1+ ε where ε = ε(n)

is a function (possibly taking negative values) tending to 0 as n → ∞. Let C1 be the largest

component of Gn ∼ G (n, p, q).

(a) Let a ∈ R and let εn1/3→ a as n→∞. Then, for n→∞,

|C1|= Θp

�

n2/3
�

.
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(b) If εn1/3→∞, then there exists a function

l = l(n, p) = (1+ o(1))
2εn
2− q

∈ N

such that
|C1| − l
p

2n/εq

d
→ N(0,1).

Remark. Theorem 3.2, given above, and Theorem 6.8, are both simplifications of Theorem 17

in [43]. In fact, the authors give a local limit theorem for case (b); however, the central limit

theorem is implied by their proof. Note in this case that |C1|= Θp(εn).

We first state and prove a weaker result giving control on N1, with a (relatively) easy proof.

Lemma 6.9. In the setting of Lemma 6.7,

N1 =
n
2
+ op(n).

Proof. Let I1, I2, . . . be an i.i.d. sequence of Bern(1/2) random variables, independent of Gn.

Then we can set

N1 =
∑

i

|Ci| Ii .

where Ci is the i-th-largest component of Gn. We can condition on Gn and apply the law of

total variance to conclude that, working under the measure P= Pn,p,q,

Var(N1) = E

�

Var

�

∑

i

|Ci| Ii

�

�

�

�

�

Gn

��

+ Var

�

E

�

∑

i

|Ci| Ii

�

�

�

�

�

Gn

��

= E

�

1
4

∑

i

|Ci|
2

�

+ Var
�n

2

�

=
1
4
E

�

∑

i

|Ci|
2

�

.

However, Theorem 6.8 tells us that, with high probability, |C1| = Θp

�

n2/3
�

. So let Bn be the

event that |C1| ¾ n3/4; we know, then, that Bc
n is true with high probability. Note also that, as

the components are in order,

∑

i

|Ci|
2 ¶ |C1|

∑

i

|Ci|= n |C1| .
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Then we have that

E

�

∑

i

|Ci|
2

�

¶ nE[|C1|] = nP(Bn)E[|C1| | Bn] + nP
�

Bc
n

�

E
�

|C1|
�

� Bc
n

�

¶ n2P(Bn) + n7/4 = o
�

n2
�

.

Since E[N1] = n/2 trivially, the result follows by Chebyshev’s inequality.

This bound is obviously weaker than the one that we will obtain from Lemma 6.7, though

we will need to “bootstrap” from it: that is, we can combine this will a further use of the a

priori bounds on the component sizes from Theorem 6.8 to obtain the stronger result.

Proof of Lemma 6.7. Equivalently to the statement of the lemma, we show that for any se-

quence ωn→∞ as n→∞, we have that

Pn,p,q

�
�

�

�N1 −
n
2

�

�

�¾ωnn2/3
�

→ 0.

(This equivalence is given by [37, Lemma 3].) We observe, that, as G(1)n and G(2)n are exchange-

able, the distribution of N1 is symmetric about n/2, so it is sufficient to show that

Pn,p,q

�

N1 ¾
n
2
+ωnn2/3

�

→ 0

as n→∞. We also restrict, without loss of generality, to considering ωn = o
�

n1/3
�

.

We prove this by contradiction. Suppose there were to exist δ > 0 and an increasing

sequence (nk)k∈N in N such that, for all k, if we define

Ak =
n

N1 ¾
nk

2
+ωnk

n2/3
k

o

then

Pnk ,p,q(Ak)¾ δ.

for all k. Define a new probability measure Qk by

Qk(·) = Pnk ,p,q(· | Ak).
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We now let N1(k) represent N1 distributed according to Pnk ,p,q, and define

ε(k) =
2N1(k)p

q
− 1=

2N1(k)
q

 

q
nk
+
λ

n4/3
k

!

− 1,

so that, almost surely under Qk,

ε(k)¾
2ωnk

n1/3
k

+
λ

qn1/3
k

+
2λωnk

qn2/3
k

,

and in particular ε(k)n1/3
k → ∞ almost surely under any coupling of the Qks. Now, from

Lemma 6.9, we also have that ε(k)→ 0 in probability, so that, by Skohorod’s Representation

Theorem, there exists a measure Q that couples the Qks so that in fact ε(k)→ 0 almost surely

as k →∞. Then the random vector ε = (ε(k))k∈N satisfies the conditions of Theorem 6.8,

part (b), applied to the red graph, so, if C (n)1 is the largest component of the red subgraph,

�

�C (n)1

�

�= Θp(ε(k)N1(k)).

Note that, working under Q, it holds that ε(k)N1(k) =ωp

�

n2/3
�

. Thus, under Q, and working

with C1 (the largest component in G),

|C1|=ωp

�

n2/3
�

.

That is to say, for all (large) M > 0

Pnk ,p,q

�

|C1|¶ Mn2/3
�

� Ak

�

=Qk

�

|C1|¶ Mn2/3
�

→ 0,

which implies, as Pnk ,p,q

�

Ac
k

�

¶ 1−δ, that for all M > 0,

limsup
n→∞

Pnk ,p,q

�

|C1|¶ Mn2/3
�

¶ 1−δ.

However, this contradicts Theorem 6.8 applied to G, which says that

|C1|= Θp

�

n2/3
�

;

since each Ak has positive probability, this applies under the measureQ as well. Thus the claim

is shown.
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This bound on N1 will tells us that the red and green subgraphs, although containing a

random number of vertices, are both within the critical window for the random cluster graph

established by Luczak and Łuczak [43]. However, they are at random (dependent) positions

in the critical window, and we don’t have much control over where precisely they fall. This

therefore does not appear to be quite enough to show that the following conjecture holds.

Conjecture 6.10. Proposition 6.1 can be extended to the case q ∈ (1,2).

One might try to find a proof that involved breaking down the exploration into explorations

of the red and green subgraphs, and claiming that, since Proposition 6.1 holds for these, the

same result holds for the overall graph. This simplification, however, omits the fact that we

need to identify, at a given time in the exploration of the overall graph, how far we might be

through the exploration each of the subgraphs—we need to know that, as we take the limit in

n and then in T , we are progressing through the red and green sub-explorations appropriately

quickly. We were unable to resolve this problem.

6.3.2 Integrability and the limit in n

In our argument in Section 6.2 above, we dealt with quantities of the form

qNn(bT n2/3c),

where we needed the convergence of their expectation (or, rather, their expectations when

multiplied by a bounded function) when n →∞. For q ∈ (0, 1) we have no issues here, by

the bounded convergence theorem and the known convergence in distribution. For q ∈ (1,2),

we observe that, by the tower law,

En,p̃

�

qNn(bT n2/3c)Mn

�

= En,p̃



exp







log(p̃q+ 1− p̃)
bT n2/3c
∑

i=1

(Xn(i)− In(i))







Mn



,

for any sequence of uniformly bounded random variables (Mn)n∈N defined on the same prob-

ability spaces. It is sufficient to show that the sequence inside the expectation is uniformly

integrable. Since Mn is uniformly bounded, it is in turn sufficient to show that



exp







(q− 1)
bT n2/3c
∑

i=1

(Xn(i)− In(i))











n∈N

is uniformly integrable. If we can show this, then the conjecture below would be true.
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Conjecture 6.11. Let p = 1/n + λn−4/3, let Gn ∼ G
�

n, 1/n+λn−4/3
�

, and let (Xn, In, Nn) be

the usual depth-first exploration process. If (Mn)n∈N is a sequence of uniformly bounded σ(Xn)-

measurable random variables that converge in distribution to M, then for all q ∈ (1, 2), as n→

∞,

En,p̃

�

qNn(bT n2/3c)Mn

�

→ E
�

qN(T )M
�

.
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Chapter 7

q > 1: Convergence and integrability

Problem 2 (in the heuristic proof given in Section 3.2) required us to find a function Dq(t)

such that
exp

¦

(q− 1)
∫ t

0 (X (u)− I(u))du
©

Dq(t)
d
→ Rq > 0

a.s. (where (X , I , N) is the limit process given by Theorem 1.6), and for that to have sufficient

uniform integrability properties that convergence of the expectation holds too. This problem

remains unresolved in the case q < 1, but turns out to be solvable in the case q > 1. We thus

we obtain a candidate limit object in that setting.

Specifically, we will prove the following propositions.

Proposition 7.1. Let X be the appropriately rescaled limit of the exploration process for the

random graph G
�

n, 1/n+λn−4/3
�

, and let I be the running infimum of X. Then there exists a

random variable Lλ such that, as t →∞,

∫ t

0

(X (u)− I(u))du−
1
2

log t
p
→ Lλ.

Proposition 7.2. For all q ∈ (1,2), and for all λ ∈ R, the collection of random variables

�

exp

�

(q− 1)

�∫ t

0

(X (u)− I(u))du−
1
2

log t

���

t¾0

is uniformly integrable.

The point here is that, for any bounded continuous functional f , we can conclude that, as
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T →∞,

E

�

f (X (s), I(s) : 0¶ s ¶ t)exp

¨

(q− 1)

�

∫ T

0

(X (u)− I(u))du−
1
2

log t

�«�

→ E[ f (X (s), I(s) : 0¶ s ¶ t)exp{(q− 1)Lλ}],

which is exactly what we needed in our heuristic proof. (Though this solves Problem 2, recall

that Problem 1 remains to be solved in the q > 1 case.)

Remark. As an aside, these results essentially tell us that the number of surplus edges dis-

covered up to time t in the limit of the Erdős–Rényi exploration process (in the critical win-

dow) grows as (1/2) log t. We will therefore also prove this corollary, which is a weak law of

large numbers for that process:

Corollary 7.3. For (X , I , N) the Aldous limit process, and with any λ ∈ R,

N(t)
log t

p
→

1
2

as t →∞.

To prove these propositions, we will use results of Janson and Spencer [40], which we

discussed in Section 2.4—these consider the Erdős–Rényi exploration’s limit process as a point

process of excursion lengths. Their approach applies more naturally to the process X − I con-

sidered up until a given local time at 0, as opposed to a given “real” time. Thus, in Section 7.1

we prove analogues of Propositions 7.1 and 7.2 in this local time setting. Section 7.2 is then

devoted to converting these results back to the real-time setting. In Section 7.3 we discuss in

more detail where and why the proofs in this chapter fail for q < 1, outlining what future work

would be needed.

7.1 Results in terms of local time

Recall from Section 2.4 the point process Ξ(λ) which represents the component sizes of the

scaling limit of G
�

n, 1/n+λn−4/3
�

. The main result we will use to analyse this was already

given as Theorem 2.29(a); we restate it here for convenience.

Theorem 7.4 ([40, Thm. 4.1]). The intensity measure of Ξ(λ) has density

Λ(λ)(x) :=
1
p

2π
x−5/2Ψ

�

x3/2
�

exp

�

−
x3

6
+

x2λ

2
−

xλ2

2

�

,
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where, if A is the area under a standard Brownian excursion,

Ψ(t) := E
�

etA
�

. (7.1)

Before we go on, we will make some useful observations about the function Ψ, which we

will need in our analysis. First, a technical lemma.

Lemma 7.5. Suppose
∑∞

k=0 ak xk is a power series that converges for all x ∈ R, with ak > 0 for

all sufficiently large k. Suppose also that ak ∼ bk as k→∞. Then
∑∞

k=0 bk xk converges for all

x ∈ R, and as x →∞,
∞
∑

k=0

bk xk ∼
∞
∑

k=0

ak xk.

We defer the proof of this lemma to Appendix A (p. 181).

In [40, (3.4)], the authors show that

Ψ(t)∼
1
2

t2et2/24 (7.2)

as t → ∞. We extend their proof to show that the k-th derivative of Ψ is asymptotically

equivalent to the k-th derivative of the right-hand side of (7.2).

Lemma 7.6. For all k ∈ N,
dkΨ(t)

dtk
∼

1
2
(12)−k t2+ket2/24

as t →∞.

Proof. We have

Ψ(t) =
∞
∑

`=0

E
�

A`
�

`!
t`,

whenever the sum is well-defined. It is also given in [40] that E
�

A`
�

∼
p

18`(12e)−`/2``/2.

Thus, by Lemma 7.5 applied in conjunction with Lemma 4.1(ii) of [38] (which says that, for

γ < 1 and b ∈ R,

∞
∑

k=1

kbkγk xk

k!
∼ (1− γ)−1/2(eγx)b/(1−γ) exp

¦

(1− γ)(eγx)1/(1−γ)
©

as x →∞), the power series converges for all t > 0, and hence has infinite radius of con-

vergence. By a standard result of analysis, this means we may differentiate the power series
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term-by-term, to obtain (after reparametrising the sum) that

Ψ(k)(t) =
∞
∑

`=0

E
�

A`+k
�

`!
t`.

We note that, by the asymptotic behaviour of E
�

A`
�

given above,

E
�

A`+k
�

∼
p

18(`+ k)(12e)−(`+k)/2(`+ k)(`+k)/2 ∼
p

18(12)−k/2`1+k/2``/2(12e)−`/2.

Then, applying Lemma 7.5 and [38, Lma. 4.1(ii)] again, we obtain the claimed result.

7.1.1 Towards a limit

We now study the pointset that is the limit of rescaled component sizes of G
�

n, 1/n+λn−4/3
�

,

which we called Ξ(λ). Let Di be the i-th-largest element of Ξ(λ), which [6] proved was well-

defined. Then let Ãi(Di) denote the area under the associated excursion. Note that Ãi(x) is

distributed as the area under a tilted Brownian excursion of length x; see Definition 2.16 and

Theorem 2.25. Also note that, given Ξ(λ), the random variables Ãi are independent.

Let L(t) be the local time at 0 of the process X − I , evaluated at time t. (We may define

this, e.g., by

L(t) = lim
n→∞

2−nU
�

t, 2−n
�

where U(t,ε) denotes the number of upcrossings by X−I of the interval [0,ε] completed before

time t—see, for instance, [56, (14.8)].) It can be shown that L(t) = −I(t): for reflected

Brownian motion, the equivalent statement is a result of Lévy (see [56, Thm. 14.7]), from

which the result for our process with quadratic drift follows by the Cameron–Martin–Girsanov

formula, which establishes that the two processes are absolutely continuous with respect to

one another. (See also Aldous [6, p. 846].) This representation of the local time of a reflected

process as the infimum of the unreflected process will be useful for calculations in Section 7.2.

Now, for each i, let Li(Di) denote the local time at 0 at which Di occurs in the reflected

process (it is clear from the definition of L(t) that this function is constant throughout values

of t belonging to any excursion interval). By [6, (72)], we have that Li(x) ∼ Exp(x), and

that, moreover, the Li(Di) are conditionally independent across i, given Ξ(λ). Moreover, the

random variables Ãi can depend only on the excursion lengths of X − I ; so, conditionally on

Ξ(λ),

(Li(Di))i∈N⊥⊥
�

Ãi(Di)
�

i∈N.
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(Aldous [6, pp. 846–847] uses this fact implicitly in his proof of the density of the excursion

measure of his process with respect to that of reflected Brownian motion. Alternatively, it can

be shown by a limit argument from the discrete object.)

Let τ denote the right-continuous inverse local time, which satisfies

τ(`) =
∞
∑

i=1

Di1{Li(Di)¶`}.

Let τ̌ denote the left-continuous version instead; i.e., define

τ̌(`) =
∞
∑

i=1

Di1{Li(Di)<`}.

Then we take

I(`) :=

∫ τ(`)

0

(X (u)− I(u))du=
∞
∑

i=1

Ãi(Di)1{Li(Di)¶`}, (7.3)

and

Ǐ(`) :=

∫ τ̌(`)

0

(X (u)− I(u))du=
∞
∑

i=1

Ãi(Di)1{Li(Di)<`}. (7.4)

Since there are only countably many excursions, I = Ǐ on [0,∞) except at countably many

points (these points being random).

It will be useful to prove some properties of Ã(x), the area under a tilted Brownian excur-

sion of length x . Define Φ= logΨ, and note that, from (7.2) and Lemma 7.6,

Φ(t) =
t2

24
+O(log t); (7.5)

Φ′(t) =
Ψ′(t)
Ψ(t)

∼
t

12
; (7.6)

and

Φ′′(t) =
Ψ′′(t)
Ψ(t)

−
�

Ψ′(t)
Ψ(t)

�2

= o
�

t2
�

. (7.7)

Note also that as A is non-negative, Ψ is an increasing function, and so Φ is too.

Lemma 7.7. Let Ã(x) be the area under a tilted Brownian excursion of length x, and let Ψ̃x be
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its moment generating function. Then

Ψ̃x(t) = exp
�

Φ
�

(t + 1)x3/2
�

−Φ
�

x3/2
�	

. (7.8)

Proof. Let A(x) be the area under a Brownian excursion of length x (so A= A(1)). Then

Ψ̃x(t) = E
�

etÃ(x)
�

=
E
�

e(t+1)A(x)
�

E
�

eA(x)
� =

E
�

e(t+1)x3/2A
�

E
�

ex3/2A
� =

Ψ
�

(t + 1)x3/2
�

Ψ
�

x3/2
�

= exp
�

Φ
�

(t + 1)x3/2
�

−Φ
�

x3/2
�	

,

where the third equality follows by Brownian scaling.

We now have all the machinery we need to show that I(`)− E[I(`)] has an almost sure

limit as `→∞, and similarly for Ǐ. To simplify the proof a little, we will state and prove the

following lemma.

Lemma 7.8. For all ` ∈ [0,∞), I(`) = Ǐ(`) a.s.

Proof. By definition, I(`)¾ Ǐ(`). Now

E
�

I(`)− Ǐ(`)
�

= E

�∞
∑

i=1

Ãi(Di)1{Li(Di)=`}

�

=
∞
∑

i=1

E
�

E
�

Ãi(Di)1{Li(Di)=`}
�

� Di

��

=
∞
∑

i=1

E
�

E
�

Ãi(Di)
�

� Di

�

P(Li(Di) = ` | Di)
�

= 0,

by the conditional independence of Ãi(Di) and Li(Di) and the fact that Li(x) ∼ Exp(x). So

we have a non-negative random variable with expectation 0, which must therefore be almost

surely equal to 0, completing the proof.

We next investigate the asymptotics of the expectation of the process I. As is conventional,

let γ represent the Euler–Mascheroni constant (γ = 0.57721 . . . [1, p. 3]). Further, define the

constant

Cλ =
γ

4
+

∫ ∞

1

1
p

2π
x−1Ψ′

�

x3/2
�

exp

�

−
x3

6
+

x2λ

2
−

xλ2

2

�

dx

+

∫ 1

0

1
p

2π
x−1

�

Ψ′
�

x3/2
�

exp

�

−
x3

6
+

x2λ

2
−

xλ2

2

�

−
s

π

8

�

dx .
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Proposition 7.9. Cλ is a finite constant. Moreover, let f (`) = E[I(`)]; then, as `→∞,

f (`) =
1
4

log`+ Cλ + o(1).

Remark. Note that f (`) = E
�

Ǐ(`)
�

also, by Lemma 7.8.

To prove this, we first need a technical lemma, whose proof we defer to Appendix A

(p. 180).

Lemma 7.10. As `→∞,

∫ 1

0

x−1
�

1− e−`x
�

dx = γ+ log`+O
�

`−1e−`
�

.

With this in hand, we can prove the proposition.

Proof of Proposition 7.9. Using the tower law, we have that

f (`) = E

�

E

�∞
∑

i=1

Ãi(Di)1{Li(Di)¶`}

�

�

�

�

�

Ξ(λ)

��

= E

�∞
∑

i=1

E
�

Ãi(Di)
�

� Di

�

E
�

1{Li(Di)¶`}
�

� Di

�

�

= E

�∞
∑

i=1

E
�

Ã(Di)
�

� Di

�

(1− exp{−`Di})

�

, (7.9)

where we use the previously-noted conditional independence for the second line. For the

expectation of the area term, we use Lemma 7.7; we have that E
�

Ã(x)
�

= Ψ̃′x(0), where

Ψ̃′x(t) = x3/2Φ′
�

(t + 1)x3/2
�

Ψ̃x(t).

Hence,

E
�

Ã(x)
�

= x3/2Φ′
�

x3/2
�

, (7.10)

and, substituting into (7.9), we have that

f (`) = E

�∞
∑

i=1

D3/2
i Φ′

�

D3/2
i

�

(1− exp{−`Di})

�

.
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By Theorem 7.4, we obtain

f (`) =

∫ ∞

0

x3/2Φ′
�

x3/2
��

1− e−`x
�

Λ(λ)(x)dx

=

∫ ∞

0

1
p

2π
x−1Ψ′

�

x3/2
��

1− e−`x
�

exp

�

−
x3

6
+

x2λ

2
−

xλ2

2

�

dx , (7.11)

noting from (7.6) that Ψ′(t) = Φ′(t)Ψ(t) for all t.

We will split this integral into two parts, integrating separately over the intervals (0,1]

and (1,∞). (Note that the integrand is non-negative, so both these component integrals are

non-negative.) We start with the integral over (1,∞). Define

ϕ(x) =
1
p

2π
x−1Ψ′

�

x3/2
�

exp

�

−
x3

6
+

x2λ

2
−

xλ2

2

�

;

via Lemma 7.6, this is asymptotically equivalent to

1

24
p

2π
x7/2 exp

�

−
x3

8
+

x2λ

2
−

xλ2

2

�

,

so ϕ is integrable over (1,∞). Hence, using the dominated convergence theorem with ϕ as

a dominating function, it holds that, as `→∞,

∫ ∞

1

1
p

2π
x−1Ψ′

�

x3/2
��

1− e−`x
�

exp

�

−
x3

6
+

x2λ

2
−

xλ2

2

�

dx

→
∫ ∞

1

1
p

2π
x−1Ψ′

�

x3/2
�

exp

�

−
x3

6
+

x2λ

2
−

xλ2

2

�

dx .

(7.12)

For the integral over (0,1], note that, as x ↓ 0,

Ψ′
�

x3/2
�

exp

�

−
x3

6
+

x2λ

2
−

xλ2

2

�

= Ψ′(0) +O(x) = E[A] +O(x),

since Ψ is the moment generating function of A. Indeed, Spencer [57, (4.3)] gives that E[A] =
p

π/8, so that

Ψ′
�

x3/2
�

exp

�

−
x3

6
+

x2λ

2
−

xλ2

2

�

=
s

π

8
+O(x). (7.13)
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We therefore consider the decomposition

∫ 1

0

1
p

2π
x−1Ψ′

�

x3/2
��

1− e−`x
�

exp

�

−
x3

6
+

x2λ

2
−

xλ2

2

�

dx

=
1
4

∫ 1

0

x−1
�

1− e−`x
�

dx

+

∫ 1

0

1
p

2π
x−1

�

Ψ′
�

x3/2
�

exp

�

−
x3

6
+

x2λ

2
−

xλ2

2

�

−
s

π

8

�

�

1− e−`x
�

dx .

We have already established in Lemma 7.10 that

1
4

∫ 1

0

x−1
�

1− e−`x
�

dx =
γ

4
+

1
4

log`+ o(1). (7.14)

Meanwhile (7.13) (together with results about the continuity of moment generating functions

within their radius of convergence) allows us to conclude that there is a bound, uniform in `,

on the second integral, so we may apply the bounded convergence theorem to conclude that

∫ 1

0

1
p

2π
x−1

�

Ψ′
�

x3/2
�

exp

�

−
x3

6
+

x2λ

2
−

xλ2

2

�

−
s

π

8

�

�

1− e−`x
�

dx

→
∫ 1

0

1
p

2π
x−1

�

Ψ′
�

x3/2
�

exp

�

−
x3

6
+

x2λ

2
−

xλ2

2

�

−
s

π

8

�

dx .

(7.15)

Putting together (7.12), (7.14) and (7.15), and noting that they sum to (7.11), gives the

result.

We next wish to show that I and Ǐ, compensated by their means, converge almost surely.

To do this, we set up some notation. Noting that τ(0) = 0 a.s., let

J(k) =

∫ τ(k2)

τ((k−1)2)
(X (u)− I(u))du.

Then, for ` ∈ N, we have that

I
�

`2
�

=
∑̀

k=1

J(k)

almost surely, and that

f
�

`2
�

=
∑̀

k=1

E[J(k)].

We now establish a bound for E[J(k)].
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Lemma 7.11. Let g(k) = E[J(k)]. As k→∞, g(k) = O
�

k−1
�

.

We defer the proof of this lemma to Appendix A (p. 182).

Lemma 7.12. Var(J(k)) is finite for all k, and, as k→∞,

Var(J(k)) = O
�

k−13/4
�

.

Proof. We only explicitly prove the asymptotic result; that all the relevant quantities are finite

can be read off from the bounds obtained to prove the asymptotics.

We have that

Var(J(k)) = E
�

J(k)2
�

−E[J(k)]2

= E





�∞
∑

i=1

Ãi(Di)1{(k−1)2<Li(Di)¶k2}

�2


−E

�∞
∑

i=1

Ãi(Di)1{(k−1)2<Li(Di)¶k2}

�2

= X1(k) +X2(k)−X3(k), (7.16)

where we define

X1(k) = E

�∞
∑

i=1

Ãi(Di)
21{(k−1)2<Li(Di)¶k2}

�

, (7.17)

X2(k) = E







∞
∑

i=1

∞
∑

j=1
j 6=i

Ãi(Di)1{(k−1)2<Li(Di)¶k2}Ã j

�

Dj

�

1{(k−1)2<L j(Dj)¶k2}






, (7.18)

and

X3(k) = E

�∞
∑

i=1

Ãi(Di)1{(k−1)2<Li(Di)¶k2}

�2

. (7.19)

We start with X1(k), where we have that

X1(k) = E

�∞
∑

i=1

Ãi(Di)
21{(k−1)2<Li(Di)¶k2}

�

= E

�∞
∑

i=1

D3
i

h

Φ′′
�

D3/2
i

�

+Φ′
�

D3/2
i

�2i�
e−(k−1)2Di − e−k2Di

�

�

=

∫ ∞

0

x3
�

Φ′′
�

x3/2
�

+Φ′
�

x3/2
�2��

e−(k−1)2 x − e−k2 x
�

Λ(λ)(x)dx

=

∫ ∞

0

1
p

2π
x1/2Ψ′′

�

x3/2
�

�

e−(k−1)2 x − e−k2 x
�

exp

�

−
x3

6
+

x2λ

2
−

xλ2

2

�

dx
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(by the tower law and Theorem 7.4, since we have that

E
�

Ã(x)2
�

= Ψ̃′′x (0) = x3
�

Φ′′
�

x3/2
�

+Φ′
�

x3/2
�2�

from Lemma 7.7).

We will split this integral into two parts, integrating over
�

0, k−3/2
�

and
�

k−3/2,∞
�

. We

start with the latter, noting that the integral over (k−3/2,∞) is bounded above by

e−k−3/2(k−1)2

p
2π

∫ ∞

k−3/2

x1/2Ψ′′
�

x3/2
�

exp

�

−
x3

6
+

x2λ

2
−

xλ2

2

�

dx = O
�

e−k1/2
�

;

the last equality holds as the integrand here is, from Lemma 7.6, asymptotically equivalent to

1
288

x13/2 exp

�

−
x3

8
+

x2λ

2
−

xλ2

2

�

,

a function integrable over (0,∞).

For the left-hand integral, over
�

0, k−3/2
�

, we note that, for k ¾ 2, the function

rk(x) := e−(k−1)2 x − e−k2 x (7.20)

attains its maximum over x ∈ R at

xmax =
2

2k− 1
log
�

k
k− 1

�

; (7.21)

if k = 1, it approaches its supremum over x ∈ [0,∞) as xmax→∞. Substituting (7.21) into

the expression for rk, we obtain that, as k→∞,

rk(xmax) = O
�

1
k

�

,

so we can find a constant C1 independent of k such that, for all k ¾ 1 and for all x ∈ [0,∞),

we have rk(x) ¶ C1k−1 (including the k = 1 case by taking C1 ¾ 1). Meanwhile, we can find

a constant C2 such that, for all x ∈ [0,1],

1
p

2π
Ψ′′
�

x3/2
�

exp

�

−
x3

6
+

x2λ

2
−

xλ2

2

�

¶ C2,

and clearly we can choose C2 to be independent of k.
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Applying these bounds, and integrating, gives us that

∫ k−3/2

0

1
p

2π
x1/2Ψ′′

�

x3/2
�

�

e−(k−1)2 x − e−k2 x
�

exp

�

−
x3

6
+

x2λ

2
−

xλ2

2

�

dx ¶
2C1C2

3
k−13/4.

Thus, overall, we have that

X1(k) = O
�

k−13/4
�

. (7.22)

We return to (7.16). To evaluate X2(k), we will additionally require Theorem 2.29(b).

This gives us the Palm distribution for the point process; we have that

X2(k) =

∫ ∞

0

∫ ∞

0

x3/2Φ′
�

x3/2
�

�

e−(k−1)2 x − e−k2 x
�

Λ(λ)(x)

× y3/2Φ′
�

y3/2
�

�

e−(k−1)2 y − e−k2 y
�

Λ(λ−x)(y)dy dx .

If we evaluate this together with X3(k) (as defined in (7.19)), we obtain the expression

X2(k)−X3(k) =

∫ ∞

0

∫ ∞

0

x3/2Φ′
�

x3/2
�

�

e−(k−1)2 x − e−k2 x
�

Λ(λ)(x)y3/2Φ′
�

y3/2
�

×
�

e−(k−1)2 y − e−k2 y
�

Λ(λ)(y)

�

Λ(λ−x)(y)
Λ(λ)(y)

− 1

�

dy dx ,

(7.23)

where
Λ(λ−x)(y)
Λ(λ)(y)

− 1= exp
§

−
x y(x + y − 2λ)

2

ª

− 1. (7.24)

We note from (7.22), and the fact that (7.16) is a non-negative expression, that, for some

constant C3 > 0, this expression must be bounded below by −C3k−13/4. If λ ¶ 0, in fact

(7.24) is bounded above by 0 for all x , y > 0; we have thus established, via (7.16), that

Var(J(k)) = O
�

k−13/4
�

, proving the claim for non-positive λ.

Otherwise, if λ > 0, we note that (7.24) is negative if x > 2λ or y > 2λ; meanwhile, on

[0,2λ]× [0,2λ], we can find C4 > 0 (depending only on λ) such that for all x , y ∈ [0,2λ],

Λ(λ−x)(y)
Λ(λ)(y)

− 1¶ C4 x y .

Applying this in (7.23) gives an upper bound on X2(k)−X3(k) of

X2(k)−X3(k)¶ C4

�

1
p

2π

∫ 2λ

0

Ψ′
�

x3/2
�

�

e−(k−1)2 x − e−k2 x
�

exp

�

−
x3

6
+

x2λ

2
−

xλ2

2

�

dx

�2

,

122



since the integrand now separates into two identical expressions in x and y . Similarly to our

treatment of X1(k), we integrate separately over
�

0,λk−3/2
�

and
�

λk−3/2, 2λ
�

to obtain that

the integral (before squaring) is O
�

k−5/2
�

, so we have that

−C3k−13/4 ¶ X2(k)−X3(k)¶ C5k−5,

for constants C3 > 0 and C5 > 0. Substituting this, and (7.22), into (7.16) gives the claim.

We now come to the main result in this subsection, which is a local-time analogue of

Proposition 7.1. Recall that

I(`) :=

∫ τ(`)

0

(X (u)− I(u))du=
∞
∑

i=1

Ãi(Di)1{Li(Di)¶`},

Ǐ(`) :=

∫ τ̌(`)

0

(X (u)− I(u))du=
∞
∑

i=1

Ãi(Di)1{Li(Di)<`}

and

f (`) = E[I(`)] = E
�

Ǐ(`)
�

.

Proposition 7.13. The quantities I(`)− f (`) and Ǐ(`)− f (`) converge almost surely, as `→∞,

to the same limit.

Proof. We start with the claim about I. It is sufficient to show that, for k ∈ N, the sequence

I
�

k2
�

− f
�

k2
�

converges almost surely as k→∞. Indeed,

I
�
�p

`
�2�

− f
�
�p

`
�2�

− g
� p

`
£�

¶ I(`)− f (`)

¶ I
�
 p

`
£2�

− f
�
 p

`
£2�

+ g
� p

`
£�

,

whence the result follows by a standard sandwiching argument, since we already know that

g(k)→ 0 as k→∞ (by Lemma 7.11).

It remains to show that
k
∑

j=1

(J( j)− g( j))

converges almost surely as k→∞. Define the event

E j =
�

|J( j)− g( j)|> j−13/12
	

.
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Then, if P
�

E j infinitely often
�

= 0, it holds, by the Weierstrass M -test, that we do indeed have

almost sure convergence (since we already know that J( j)− g( j) is a.s. finite for all j).

But, by Chebyshev’s inequality and Lemma 7.12,

P
�

E j

�

¶ j13/6 Var(J( j)) = O
�

j−13/12
�

,

so that
∞
∑

j=1

P
�

E j

�

<∞.

Thus, P
�

E j infinitely often
�

= 0, by the first Borel–Cantelli lemma. Thus I(`) − f (`) does

indeed converge almost surely to some limit.

An almost-identical argument shows that Ǐ(`)− f (`) converges almost surely. Note also

that I and Ǐ are, almost surely, equal except at only countably many points in [0,∞); if the

limits had different values, it is a standard result of analysis that there would exist some M

such that the functions were distinct for all ` ¾ M , giving a contradiction. Thus the limits

must be almost surely equal.

Call the limit L′
λ
, so that, almost surely,

I(`)− f (`)→ L′λ

and

Ǐ(`)− f (`)→ L′λ.

At present we know very little about L′
λ
.

For our heuristic proof method, it would be useful to know that, for all q ∈ (0,2) and for

all λ ∈ R,

E
�

e(q−1)(I(`)− f (`))
�

→ E
�

e(q−1)L′
λ

�

as `→∞, to derive similar results in real time. (Note that it is non-trivial that the right-hand

side even exists; if it does, however, for some q > 1 and also for some q < 1, it implies that all

moments of L′
λ

exist.)

To see why this is useful, recall that we need to consider quantities of the form qN , where

N is some number of surplus edges discovered by the Aldous limit process, up to a certain

point in its “exploration”. Suppose N(`), then, is the number of surplus edges discovered up
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to the point where the local time at 0 first hits `. Then, conditionally on X and I ,

N(`)∼ Poi

�

∫ τ̌(`)

0

(X (u)− I(u))du

�

,

so

E
�

qN(`)
�

� X , I
�

= exp{(q− 1)I(`)},

and so we need the expectation of the right-hand side to be well-behaved as `→∞.

Fortunately the necessary results will hold as long as a suitable uniform integrability prop-

erty holds, which we prove in the next subsection.

7.1.2 Uniform integrability

We seek a local time analogue of Proposition 7.2. To do so, we first seek a bound on the

moment generating function of quantities of the form

∑

x∈Ξ(λ)
φ(x)

for general (Borel-measurable) non-negative functions φ : [0,∞) → [0,∞) (recalling that

Ξ(λ) is the point process of component sizes in the limit process). A bound is given for certain

point processes by Błaszczyszyn and Yogeshwaran [14, Lma. 3.1], which, for reference, we

give shortly (in slightly adapted form). To state it, we first need a definition.

Definition 7.14 ([14, Defn. 1.2]). A point process Ξ on Rd is α-weakly sub-Poisson if, for any

disjoint Borel subsets (Bi)i∈N of Rd ,

E

�

∏

i

Ξ(Bi)

�

¶
∏

i

E[Ξ(Bi)].

Remark. The terminology “α-weakly sub-Poisson” comes from [14], in which αk is used to

denote the k-th-order moment measure of the point process.

Lemma 7.15 ([14, Lma. 3.1]). Let Ξ be a simple point process on Rd with intensity Λ, which is

α-weakly sub-Poisson. Let φ : Rd → [0,∞) be Lebesgue measurable. Then

E

�

exp

¨

∑

x∈Ξ
φ(x)

«�

¶ exp

�∫

Rd

�

eφ(x) − 1
�

Λ(x)dx

�

.

However, this result is not directly applicable in our case because our point process is only

α-weakly sub-Poisson in the case where λ¶ 0. We thus modify their results appropriately.
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We first note the following bound on Λ(λ)(x).

Lemma 7.16. For any x , y ¾ 0, and any λ ∈ R,

Λ(λ−y)(x)¶ Λ(λ)(x)exp

�

xλ2

2

�

=: Λ̃(λ)(x). (7.25)

Proof. We established in the previous section (or can see easily by algebraic manipulations)

that

Λ(λ−y)(x) = Λ(λ)(x)exp
§

−
x y(x + y − 2λ)

2

ª

. (7.26)

We first note that, if λ ¶ 0, the exponential is bounded above by 1 for all x , y ¾ 0, and the

result follows immediately. So we assume λ > 0.

The argument of the exponential above can be written as

−
x
2

y2 +
x(2λ− x)

2
y ,

a quadratic in y that, for x ¾ 0, is maximised at y = (2λ− x)/2. However, if x > 2λ, then this

is negative; since we only consider y ¾ 0, the function is in fact decreasing for all (relevant)

y , and the exponent is in fact always negative. So, for x > 2λ, we have

Λ(λ−y)(x)¶ Λ(λ)(x)¶ Λ(λ)(x)exp

�

xλ2

2

�

,

the second inequality being trivial. Meanwhile, if x ¶ 2λ, we substitute in y = (2λ− x)/2 to

give that

Λ(λ−y)(x)¶ Λ(λ)(x)exp

�

xλ2

2

�

.

We set up some notation for the results that follow. As usual, let λ ∈ R; let φ : (0,∞)→

[0,∞) be a Borel-measurable function, and let

Vλ,φ =
∞
∑

i=1

φ(Di). (7.27)

For all k ∈ N, define the sets of compositions of k

Sk =
�

( j, i) : j ∈ [k], i=
�

i1, . . . , i j

�

, i1, . . . , ik ∈ N, i1 + · · ·+ i j = k
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(so, in particular, we require i1, . . . ik ¾ 1), and define

S= { (k, j, i) : k ∈ N, ( j, i) ∈Sk } .

Finally, for all (k, j, i) ∈S, define

I (λ,φ)(k, j, i)

=

∫ ∞

0

· · ·
∫ ∞

0

φ(x1)
i1 · · ·φ

�

x j

�i jΛ(λ)(x1)Λ
(λ−x1)(x2) · · ·Λ(λ−x1−···−x j−1)

�

x j

�

dx j · · · dx1,

and, similarly, define

Ĩ (λ,φ)(k, j, i) =

∫ ∞

0

· · ·
∫ ∞

0

φ(x1)
i1 · · ·φ

�

x j

�i j Λ̃(λ)(x1) · · · Λ̃(λ)
�

x j

�

dx j · · · dx1,

where Λ̃ is defined in Lemma 7.16.

Before we go on, we note the following corollary to Lemma 7.16, whose proof is immediate

upon inspecting the formulae for I and Ĩ , and applying that lemma.

Corollary 7.17. For all λ ∈ R and for all measurable φ : (0,∞)→ [0,∞),

I (λ,φ)(k, j, i)¶ Ĩ (λ,φ)(k, j, i).

We now show that moments of Vλ,φ (and Ṽλ,φ) may be expressed in a convenient way in

terms of the integrals defined above.

Lemma 7.18. Fix λ ∈ R and φ : (0,∞) → [0,∞), where φ is measurable. Let Ξ̃(λ) be a

Poisson point process with intensity function Λ̃(λ), and let

Ṽλ,φ =
∑

x∈Ξ̃(λ)
φ(x).

Then there exists a collection of non-negative constants
�

c(k)j,i : (k, j, i) ∈S
�

, which do not

depend on λ or φ, such that:

(I) for all k ∈ N, the k-th moment of Vλ,φ may be expressed as

∑

( j,i)∈Sk

c(k)j,i I (λ,φ)(k, j, i);
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(II) for all k ∈ N, the k-th moment of Ṽλ,φ may be expressed as

∑

( j,i)∈Sk

c(k)j,i Ĩ (λ,φ)(k, j, i).

Remark. The proof here is similar to that of [40, Cor. 8.7], which gives an exact formula for the

integral for the case where φ(x) = 1{x∈B}, for a Borel set B; the hypotheses of our statement

are significantly more general, and the conclusion is consequently much weaker.

Proof. We prove this by induction on k; our inductive hypothesis will be that, for each k, both

(I) and (II) hold, and that, for ( j, i) ∈ Sk, the constants c(k)j,i do not depend on either λ or φ.

For k = 1, this clearly holds by Campbell’s theorem (see, e.g., [22, (9.5.2)]).

Now suppose it holds for k = 1, . . . , k′ − 1. Then let

F(x ,Ξ) = φ(x)V (Ξ)k
′−1,

where we treat V as a function of a generic point process Ξ given by

V (Ξ) =
∑

x∈Ξ
φ(x).

Since F is a non-negative function, [40, Thm. 8.2] gives

E
h

�

V
�

Ξ(λ)
��k′

i

= E

�∞
∑

i=1

φ(Di)
�

V
�

Ξ(λ)
��k′−1

�

= E

�∞
∑

i=1

F
�

Di ,Ξ
(λ)
�

�

=

∫ ∞

0

φ(x)E





 

φ(x) +
∑

y∈Ξ(λ−x)

φ(y)

!k′−1


Λ(λ)(x)dx

=
k′
∑

i=1

�

k′ − 1
i − 1

�

∫ ∞

0

φ(x)iE





 

∑

y∈Ξ(λ−x)

φ(y)

!k′−i


Λ(λ)(x)dx ,

using the binomial theorem. We note that the term in the sum where i = k′ can be expressed

as
∫ ∞

0

φ(x)k
′
Λ(λ)(x)dx;

for the other terms, we apply the inductive hypothesis. Noting that binomial coefficients are

all non-negative, we have (I). Since the constants c(k
′)

j,i are generated only by the constants for

k = k′ − 1, and by the binomial theorem, they do not depend on λ or on φ.
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Moreover, as Ξ̃(λ) is a Poisson point process, it holds that

E
h

�

V
�

Ξ̃(λ)
��k′

i

=
k′
∑

i=1

�

k′ − 1
i − 1

�

∫ ∞

0

φ(x)iE











∑

y∈Ξ̃(λ)
φ(y)





k′−i





Λ̃(λ)(x)dx ,

which similarly gives us (II); since the constants are generated in an identical way as in (I),

using the constants for k = k′ − 1 and the binomial theorem, they must also be the same.

Lemma 7.19. We may bound

E
�

exp
�

Vλ,φ

	�

¶ exp

�∫ ∞

0

�

eφ(x) − 1
�

Λ̃(λ)(x)dx

�

. (7.28)

This proof follows the strategy of the proof from [14] of our Lemma 7.15; as previously

noted, that result is not directly applicable because our point process is only α-weakly sub-

Poisson (as in Definition 7.14) in the case where λ¶ 0.

Proof. We start by noting that, since Ξ̃(λ) is a Poisson point process, an exact formula for

E
�

exp
�

Ṽλ,φ

	�

is known (see, for instance, [22, (9.4.17)]); we have that

E
�

exp
�

Ṽλ,φ

	�

= exp

�∫ ∞

0

�

eφ(x) − 1
�

Λ̃(λ)(x)dx

�

. (7.29)

where the right-hand side of (7.29) is exactly the right-hand side of (7.28);

Now we consider Vλ,φ , for which we use the expansion of the moment generating function:

namely, that

E
�

exp
�

Vλ,φ

	�

= 1+
∞
∑

k=1

1
k!
E
�

V k
λ,φ

�

. (7.30)

Since Vλ,φ is non-negative, so are all its moments. Moreover, by part (I) of Lemma 7.18, we

have that

E
�

V k
λ,φ

�

=
∑

( j,i)∈Sk

c(k)j,i Iλ,φ(k, j, i),

where the c(k)j,i are all non-negative. Thus we may apply Corollary 7.17, followed by part (II)

of Lemma 7.18, to obtain that

E
�

V k
λ,φ

�

¶
∑

( j,i)∈Sk

c(k)j,i Ĩλ,φ(k, j, i) = E
�

Ṽ k
λ,φ

�

.
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Substituting this bound into (7.30) tells us that

E
�

exp
�

Vλ,φ

	�

¶ 1+
∞
∑

k=1

1
k!
E
�

Ṽ k
λ,φ

�

= E
�

exp
�

Ṽλ,φ

	�

.

Combining with (7.29) gives the result.

Proposition 7.20. Fix q ∈ (1, 2). Then, for all ` > 0, the quantity E
�

e(q−1)(I(`)− f (`))
�

is finite;

moreover, there exists r > 1 such that e(q−1)(I(`)− f (`)) is bounded in Lr as `→∞.

Proof. We first show that there exists r > 1 such that

G(`, r) := E

�

exp

¨∞
∑

i=1

r(q− 1)Ãi(Di)1{Li(Di)¶`}

«�

is finite, which in particular implies the first part of the claim. Using the tower law, and the

conditional independence of the Ãi and Li terms, we have that

G(`, r) = E

�∞
∏

i=1

E
�

exp
�

r(q− 1)Ãi(Di)1{Li(Di)¶`}
	 �

� Di

�

�

= E

�∞
∏

i=1

�

exp
¦

Φ
�

r ′D3/2
i

�

−Φ
�

D3/2
i

�©

�

1− e−`Di
�

+ e−`Di
�

�

,

where we take r ′ := r(q − 1) + 1 > 1; this follows by Lemma 7.7. We now apply the explicit

formula from Lemma 7.19 using

φ(x) = log
��

1− e−`x
�

exp
�

Φ
�

r ′x3/2
�

−Φ
�

x3/2
�	

+ e−`x
�

¾ 0,

thus obtaining that

G(`, r)¶ exp

�∫ ∞

0

�

1− e−`x
��

Ψ
�

r ′x3/2
�

−Ψ
�

x3/2
�� 1
p

2π
x−5/2 exp

�

−
x3

6
+

x2λ

2

�

dx

�

(using the fact that Φ= logΨ).

We split log G into two parts; let

Y1(`, r) =

∫ 1

0

�

1− e−`x
��

Ψ
�

r ′x3/2
�

−Ψ
�

x3/2
�� 1
p

2π
x−5/2 exp

�

−
x3

6
+

x2λ

2

�

dx

and

Y2(`, r) =

∫ ∞

1

�

1− e−`x
��

Ψ
�

r ′x3/2
�

−Ψ
�

x3/2
�� 1
p

2π
x−5/2 exp

�

−
x3

6
+

x2λ

2

�

dx ,
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so that log G(`, r) = Y1(`, r) +Y2(`, r). We start with Y2(`, r), first bounding the 1 − e−`x

term above by 1. This gives a bound on the integrand that is independent of `; moreover, we

note from (7.2) that this bound is, as x →∞, asymptotically equivalent to

1

2
p

2π
r ′2 x1/2 exp

¨�

r ′2 − 4
�

x3

24
+

x2λ

2

«

.

This is integrable if
�

r ′
�2 − 4 < 0, which holds for r > 1 if and only if r < 1/(q − 1). We can

choose such an r, since q < 2; take, for instance,

r =
q

2(q− 1)
,

which gives r ′ = (q+ 2)/2. Hence, we have that Y2(`, r) is finite for all ` > 0, and moreover

that Y2(`, r) = O(1) as `→∞.

We now consider Y1; we will continue to use the choice of r (and hence that of r ′) that

we just established. Note that, as x ↓ 0, it holds that

Ψ
�

r ′x3/2
�

−Ψ
�

x3/2
�

=
E[A]q

2
x3/2 +O

�

x3
�

;

thus, we may choose C6 > 0 (independent of `) such that, for all x ∈ (0, 1),

�

Ψ
�

r ′x3/2
�

−Ψ
�

x3/2
�� 1
p

2π
x−5/2 exp

�

−
x3

6
+

x2λ

2

�

¶
qE[A]
2
p

2π
x−1 + C6

p
x (7.31)

by considering the behaviour of the whole function near x .

Then we have that

Y1

�

`,
q

2(q− 1)

�

¶
qE[A]
2
p

2π

∫ 1

0

x−1
�

1− e−`x
�

dx + C6

∫ 1

0

p
x
�

1− e−`x
�

dx

=
qE[A]
2
p

2π
log`+O(1),

using Lemma 7.10 for the asymptotics of the first integral.

Thus we have shown that log G(`, r) is finite for all ` > 0 for this choice of r, and moreover

that

log G
�

`,
q

2(q− 1)

�

¶
qE[A]
2
p

2π
log`+O(1),
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which shows that

E
�

er(q−1)(I(`)− f (`))
�

¶ `qE[A]/(2
p

2π) exp{O(1)− q f (`)/2}. (7.32)

We note moreover, from Proposition 7.9, that

f (`) =
E[A]
p

2π
log`+O(1);

substituting into (7.32) gives us that, as `→∞,

E
�

er(q−1)(I(`)− f (`))
�

= O(1),

since the terms in ` cancel. Hence the quantity e(q−1)(I(`)− f (`)) is bounded in Lr for r =

q/(2(q− 1)).

We note that the above argument may be adapted to show that, for q = 2, the expectation

E
�

e(q−1)(I(`)− f (`))
�

is finite if λ < 0. This fails for λ ¾ 0 when q = 2, and also for all values of

λ when q > 2. This is consistent with our expectation that it should be possible to extend a

proof for q < 2 to the case where q = 2 and λ < 0, but not to the other cases. This expectation

comes from the facts that:

• by Theorem 18 of [43], if q = 2, it is only when λ < 0 that the largest components are

of order Θp

�

n2/3
�

, and

• there is a completely different critical behaviour for q > 2, as given by [16] and [58].

Corollary 7.21. Fix q ∈ (1, 2). Then, for all ` > 0, the quantity E
�

e(q−1)(Ǐ(`)− f (`))
�

is finite;

moreover, there exists r > 1 such that e(q−1)(Ǐ(`)− f (`)) is bounded in Lr as `→∞.

Proof. This is immediate from Lemma 7.8—i.e. the fact that, for all `¾ 0, a.s. Ǐ(`) = I(`).

Recall that L′
λ

is the almost sure limit of I(`) − f (`) as ` → ∞, whose existence was

established in Proposition 7.13. We now give our local-time analogue of Proposition 7.2.

Corollary 7.22. As `→∞, the collection of random variables

�

e(q−1)(I(`)− f (`))
�

`¾0
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is uniformly integrable; moreover,

E
�

e(q−1)(I(`)− f (`))
�

→ E
�

e(q−1)L′
λ

�

.

The equivalent result holds for Ǐ.

Proof. The first part follows immediately from the fact that a collection of random variables

bounded in Lr for r > 1 is uniformly integrable; the second then follows from this and Pro-

position 7.13, via Vitali’s convergence theorem.

7.2 Converting to “real” time

We now wish to prove Propositions 7.1 and 7.2 using the local-time analogues that we have

established (Proposition 7.13 and Corollary 7.22).

For this, we will need a way to convert between the two settings. Fortunately, we have one:

we can use the fact that, as described at the start of Section 7.1, the local time at t is given

by −I(t). Meanwhile, we have already constructed τ and τ̌, the right- and left-continuous

inverse local times, respectively. Thus we have that

τ̌(−I(t))¶ t ¶ τ(−I(t)). (7.33)

We first establish some control on the behaviour of I(t). Recall that we fix λ ∈ R, and

define, for B(t) a Brownian motion,

X (t) = B(t)−
t2

2
+λt;

I(t) = inf
0¶u¶t

X (u).

Lemma 7.23. As t →∞,

I(t) = −
t2

2
+λt +Op

�

t1/2
�

.

In the proof, we make use of a comparison with two Brownian motions with a linear drift:

X (t)(x) = B(x) +
t2

2
+ (λ− t)x
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and

X(t)(x) = B(x) +
�

λ−
t
2

�

x ,

with the same B as above. Note that, for 0¶ x ¶ t,

X(t)(x)¶ X (x)¶ X (t)(x),

and so, if we define

I (t)(x) = inf
0¶u¶x

X (t)(x)

and similarly for I(t), we have that, for all x ∈ [0, t],

I(t)(x)¶ I(x)¶ I (t)(x).

We will use these bounds in our proof.

Proof. Fix a,µ ∈ R. Let

X (a,µ)(x) = B(x) + a−µx ,

and let

I (a,µ)(x) = inf
0¶u¶x

X (a,µ)(u).

We seek the mean and variance of I (a,µ)(x). We first consider the case where a = 0.

Recall that

Erf(x) =











2p
π

∫ x
0 e−t2

dt for x ¾ 0;

−Erf(−x) for x < 0,

and Erfc(x) = 1− Erf(x).We established in (4.32) that

E
�

I (0,µ)(x)
�

= −
1
2
µx +

�

1
2µ
+

1
2
µx
�

Erf
�

−µ
s

x
2

�

−
s

x
2π

exp

�

−
µ2 x

2

�

= −µx −
1

2µ
+
�

1
2µ
+

1
2
µx
�

Erfc
�

µ

s

x
2

�

−
s

x
2π

exp

�

−
µ2 x

2

�

.

(7.34)
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Similarly, we calculated the second moment in (4.33), obtaining

E
�

I (0,µ)(x)2
�

= x +
µ2 x2

2
+
�

1
µ
+µx

�s

x
2π

exp
�

−µ2 x/2
	

+ Erf
�

−µ
s

x
2

�

�

1
2µ2
− x −

µ2 x2

2

�

= 2x −
1

2µ2
+µ2 x2 +

�

1
µ
+µx

�s

x
2π

exp
�

−µ2 x/2
	

+ Erfc
�

µ

s

x
2

�

�

1
2µ2
− x −

µ2 x2

2

�

.

Then

Var
�

I (0,µ)(x)
�

= 3x −
3

4µ2
+

�

1
µ2
+
µ2 x2

2
+

x
2

�

Erfc
�

µ

s

x
2

�

−µx
s

x
2π

exp

�

−
µ2 x

2

�

−
�

�

µx
2
+

1
2µ

�

Erfc
�

µ

s

x
2

�

−
s

x
2π

exp

�

−
µ2 x

2

��2

.

(7.35)

Clearly taking a 6= 0 simply induces a shift in the distribution of I (a,µ)(x) compared to when

a = 0, so it must hold that

E
�

I (a,µ)(x)
�

= a+E
�

I (0,µ)(x)
�

and

Var
�

I (a,µ)(x)
�

= Var
�

I (0,µ)(x)
�

.

Now we note that

X (t) = X (t
2/2,t−λ) and X(t) = X (0,t/2−λ),

so we may use (7.34) to conclude that, as t →∞,

E[I(t)]¶ E
�

I (t)(t)
�

=
t2

2
− (t −λ)t +O

�

1
t

�

= λt −
t2

2
+O

�

1
t

�

and

E[I(t)]¾ E
�

I(t)(t)
�

= −
� t

2
−λ

�

t +O
�

1
t

�

= λt −
t2

2
+O

�

1
t

�

,

so indeed

E[I(t)] = λt −
t2

2
+O

�

1
t

�

. (7.36)
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Similarly, we note using (7.35) that

Var
�

I(t)(t)
�

, Var
�

I (t)(t)
�

= 3t +O
�

1
t2

�

.

Hence, using Chebyshev’s inequality, we have that

I(t)(t), I (t)(t) = λt −
t2

2
+Op

�

t1/2
�

.

Since I(t)(t)¶ I(t)¶ I (t)(t), this completes the proof.

We are now in a position where we can prove Proposition 7.1, one of the main results of

this section. We first restate it, for convenience.

Proposition 7.1. There exists a random variable Lλ such that, as t →∞,

∫ t

0

(X (u)− I(u))du−
1
2

log t
p
→ Lλ.

Proof. We first note that I(t)→−∞ almost surely as t →∞ (e.g. since X (t) does). So, from

Proposition 7.13, it holds that

∫ τ(−I(t))

0

(X (u)− I(u))du− f (−I(t))→ L′λ

and

∫ τ̌(−I(t))

0

(X (u)− I(u))du− f (−I(t))→ L′λ

almost surely. We recall (7.33), namely that

τ̌(−I(t))¶ t ¶ τ(−I(t)),

Thus, by a sandwich argument, it holds that

∫ t

0

(X (u)− I(u))du− f (−I(t))→ L′λ (7.37)

almost surely.
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We now assess f (−I(t)), noting that, by Proposition 7.9,

f (−I(t)) =
1
4

log(−I(t)) + Cλ + o(1),

where the o(1) term converges to 0 almost surely. Meanwhile, it holds, by Lemma 7.23, that

f (−I(t)) =
1
4

log

�

t2

2
−λt +Op

�

t1/2
�

�

+ Cλ + op(1)

=
1
4

log

�

t2

2

�

1+Op

�

1
t

��

�

+ Cλ + op(1)

=
1
2

log t −
1
4

log2+ Cλ + op(1).

Putting this together with (7.37) gives the result, where we take

Lλ = L′λ +
1
4

log 2− Cλ.

Remark. We believe this convergence holds almost surely as well, though did not show this.

The evidence (while admittedly somewhat weak) starts with the fact that the analogous con-

vergence is almost sure in the local-time setting, and there’s no real reason to expect that that

should fail when we convert to “real” time. In the local-time setting, each excursion is added

in its entirety to the integral as it occurs, whereas in “real” time we add each excursion pro-

gressively; however, we wouldn’t expect this to cause too many problems, especially as the

excursions get smaller and smaller (in particular, we know that X (t)− I(t)→ 0 almost surely,

by Proposition 4.13). All this being said, convergence in probability is strong enough for our

subsequent results.

Before we go on, we prove Corollary 7.3, which we recall is a weak law of large numbers

for the number of surplus edges in the limit process.

Proof of Corollary 7.3. Conditionally on X and I , we know that

N(t)∼ Poi

�∫ t

0

(X (u)− I(u))du

�

.
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Fix an arbitrary ε > 0. Then

P
��

�

�

�

2N(t)
log t

− 1

�

�

�

�

> ε

�

¶ P

 �

�

�

�

�

2
∫ t

0 (X (u)− I(u))du

log t
− 1

�

�

�

�

�

>
ε

2

!

+ P

 

�

�

�

�

2N(t)
log t

− 1

�

�

�

�

> ε

�

�

�

�

�

�

�

�

�

�

2
∫ t

0 (X (u)− I(u))du

log t
− 1

�

�

�

�

�

¶
ε

2

!

.

That the first term on the right-hand side converges to 0 as t → ∞ follows from Proposi-

tion 7.1, so it suffices to show that the second term also converges to 0. We note that we can

write this second term as

P

 

2N(t)
log t

> 1+ ε

�

�

�

�

�

�

�

�

�

�

2
∫ t

0 (X (u)− I(u))du

log t
− 1

�

�

�

�

�

¶
ε

2

!

+ P

 

2N(t)
log t

< 1− ε

�

�

�

�

�

�

�

�

�

�

2
∫ t

0 (X (u)− I(u))du

log t
− 1

�

�

�

�

�

¶
ε

2

!

.

(7.38)

To simplify notation slightly, suppose that (P(λ))λ>0 is a family of random variables such

that P(λ) ∼ Poi(λ). We note that, as a standard property of the Poisson distribution, we may

couple these such that P(λ1) ¶ P(λ2) whenever λ1 ¶ λ2. Further, we let Λ be a random

variable independent of the family (P(λ))λ>0.

Then, taking Λ=
∫ t

0 (X (u)− I(u))du, the first term in (7.38) is equal to

P
�

P(Λ)> (1+ ε)
1
2

log t

�

�

�

�

�

1−
ε

2

�1
2

log t ¶ Λ¶
�

1+
ε

2

�1
2

log t
�

¶ P
�

P
�

�

1+
ε

2

�1
2

log t
�

> (1+ ε)
1
2

log t
�

,

using the coupling established for the family (P(λ))λ>0. We then have that, by Chebyshev’s

inequality,

P
�

P
�

�

1+
ε

2

�1
2

log t
�

> (1+ ε)
1
2

log t
�

¶
(1+ ε/2)(log t)/2
ε2(log t)2/16

=
8(1+ ε/2)
ε2 log t

→ 0

as t →∞. A similar argument shows that the second term in (7.38) also converges to zero,

completing the proof.

We now proceed towards a proof of Proposition 7.2—i.e., to show that

�

exp

�

(q− 1)

�∫ t

0

(X (u)− I(u))du−
1
2

log t

���

t¾0

is uniformly integrable. We first give a very weak bound on the random variables in the family.
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Lemma 7.24. Fix λ ∈ R and θ > 1, not depending on t. Then as t →∞,

E
�

exp

�

θ

∫ t

0

(X (u)− I(u))du

��

= O
�

t3/2eθ
2 t3/2+λθ t2

�

.

This is far from optimal (indeed, we will later show that the quantity on the left is of

polynomial order in t), but we will need to “bootstrap” from this bound in order to reach that

conclusion. The proof of Lemma 7.24 is obtained via comparison to Brownian motion with

linear drift; we defer the proof to Appendix A (p. 183).

Now, to show the uniform integrability, we will consider separately the cases where −I(t)

is “large” and “small”, starting with the small case.

Lemma 7.25. The collection of random variables

�

exp

�

(q− 1)

�∫ t

0

(X (u)− I(u))du−
1
2

log t

��

1{I(t)¾−αt2}

�

t¾0

is bounded in Lr , for the same r as in Proposition 7.20.

Proof. As in the statement of the lemma, let r > 1 take the value given by Proposition 7.20,

and let θ = r(q− 1). Fix α > 1/2. Then

E
�

exp

�

θ

∫ t

0

(X (u)− I(u))du−
θ

2
log t

�

1{I(t)¾−αt2}

�

¶ E
�

eθ(I(−I(t))− f (αt2))1{I(t)¾−αt2}

�

exp
§

θ f
�

αt2
�

−
θ

2
log t

ª

¶ E
�

eθ(I(αt2)− f (αt2))1{I(t)¾−αt2}

�

exp
§

θ f
�

αt2
�

−
θ

2
log t

ª

,

since I is increasing in its argument. But then

E
�

eθ(I(αt2)− f (αt2))1{I(t)¾−αt2}

�

¶ E
�

eθ(I(αt2)− f (αt2))
�

¶ sup
`>0
E
�

eθ (I(`)− f (`))
�

<∞,

by Proposition 7.20. Meanwhile, by Proposition 7.9, as t →∞,

exp
§

θ f
�

αt2
�

−
θ

2
log t

ª

= exp
§

θ

4
log
�

αt2
�

+ Cλ + o(1)−
θ

2
log t

ª

= exp{logα+ Cλ + o(1)};

since f is also well-defined and finite for all t > 0, this implies that

sup
t>0

exp
§

θ f
�

αt2
�

−
θ

2
log t

ª

<∞.
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Thus we can find a uniform bound on

E
�

exp

�

θ

∫ t

0

(X (u)− I(u))du−
θ

2
log t

�

1{I(t)¾−αt2}

�

for all t > 0, and so

exp

�

(q− 1)

∫ t

0

(X (u)− I(u))du−
q− 1

2
log t

�

1{I(t)¾−αt2}

is bounded in Lr .

The large −I(t) case is much harder. For it, we will prove the following lemma.

Lemma 7.26. Fix α > 0, θ > 0 and t > 0. Then the random variables

exp

�

θ

∫ t

0

(X (u)− I(u))du

�

and

1{I(t)¶−αt2}

are negatively correlated.

This will allow us to separate the indicator function and the exponential, and bound them

separately.

To prove Lemma 7.26, we will quote a version of the FKG inequality, by Ma and Privault

[45], for which we need the following definition.

Definition 7.27. Let a, b ∈ R with a < b. For continuous functions f1, f2 : [a, b]→ R, define

that f1 ´ f2 if and only if, for all s, u with a ¶ s ¶ u¶ b,

f1(u)− f1(s)¶ f2(u)− f2(s).

Theorem 7.28 ([45, Thm. 3.1]). Consider a probability space (Ω,F ,P) in which Ω is the set of

continuous functions from [0,1] to R, and in which we equip Ω with the partial order´. Let X , Y

be real-valued random variables on this space such that, if f1 ´ f2, then X ( f1) ¶ X ( f2) almost

surely, and similarly for Y . Then

Cov(X , Y )¾ 0.

Remark. If a random variable X satisfies the hypothesis of the theorem, we say it is an increasing

function of the state space. We note, by a simple scaling argument, that Theorem 7.28 also
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holds for continuous functions on [a, b], for any a, b ∈ R with a < b.

Proof of Lemma 7.26. We can (almost surely) consider the random variables in the statement

as random variables on the space of continuous paths over [0, t], with the probability meas-

ure being chosen so that the paths have the same law as (X (s))0¶s¶t . Let (Ω,F ,P) be this

probability space. We now seek to apply the extension of Theorem 7.28 to functions on [0, t].

Define real-valued random variables on the space by

R1 : f 7→ exp

�

θ

∫ t

0

�

f (u)− inf
0¶s¶u

f (s)
�

du

�

and

R2 : f 7→ −1{inf0¶s¶t f (s)¶−αt2}.

It then suffices, by Theorem 7.28, to show that R1 and R2 are both increasing functions of the

state space.

Suppose f1, f2 ∈ Ω with f1 ´ f2, noting that this is precisely the condition that f2 − f1 is a

non-decreasing function of its argument. Since we only need to show almost surely that, for

i = 1, 2, Ri( f1)¶ Ri( f2), we assume that f1(0) = f2(0) = 0, so that

f1(u)¶ f2(u) for all u ∈ [0, t]. (7.39)

Then, by Lemma 4.9 (taking d = d̃ = 0), it holds that, for all u ∈ [0, t],

f1(u)− inf
0¶s¶u

f1(s)¶ f2(u)− inf
0¶s¶u

f2(s),

and so R1( f1) ¶ R1( f2). Meanwhile, applying (7.39) again, we see that, if inf0¶s¶t f2(s) ¶

−αt2, then inf0¶s¶t f1(s)¶ −αt2. So R2( f1)¶ R2( f2).

We already have Lemma 7.24 to bound the expectation of the exponential, so we need a

bound on the large-deviations behaviour of I(t). We apply the following explicit bound, which

appears in [23], and is a special case of Schilder’s theorem.

Lemma 7.29 ([23, Lma. 5.2.1]). Let B(t) be a Brownian motion. Then for all t > 0 and δ > 0,

P
�

sup
0¶u¶t

|B(u)|¾ δ
�

¶ 4e−δ
2/(2t).
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Lemma 7.30. Let λ ∈ R. Fix δ > 0, and let c > 1/2+δ. Then, for sufficiently large t (in terms

of δ and λ),

P
�

I(t)¶ −c t2
�

¶ 4e−(c−1/2−δ)2 t3/2.

Proof. If λ ¾ 0, take t ¾ 2λ; if λ < 0, take t ¾ −λ/δ. Then, for all such t, we have from

Lemma 7.29 that

P
�

I(t)¶ −c t2
�

= P
�

∃u ∈ [0, t] s.t. B(u) +λu−
u2

2
¶ −c t2

�

¶ P
�

∃u ∈ [0, t] s.t. B(u)¶ −
�

c −
1
2
−δ

�

t2
�

¶ P
�

sup
0¶u¶t

|B(u)|¾
�

c −
1
2
−δ

�

t2

�

¶ 4e−(c−
1
2−δ)

2
t3/2.

We are now ready to bound our exponentiated random variable restricted to the case of

large −I(t).

Lemma 7.31. Fix θ > 0, and take α > θ + 1. Then, as t →∞,

E
�

exp

�

θ

∫ t

0

(X (u)− I(u))du

�

1{I(t)¶−αt2}

�

→ 0.

Proof. By Lemma 7.26, it holds that

E
�

exp

�

θ

∫ t

0

(X (u)− I(u))du

�

1{I(t)¶−αt2}

�

¶ E
�

exp

�

θ

∫ t

0

(X (u)− I(u))du

��

P
�

I(t)¶ −αt2
�

.

By Lemma 7.24,

E
�

exp

�

θ

∫ t

0

(X (u)− I(u))du

��

= O
�

t3/2eθ
2 t3/2+λθ t2

�

.

Meanwhile,

P
�

I(t)¶ −c t2
�

¶ 4e−(α−1)2 t3/2

by Lemma 7.30, taking δ = 1/2 (since α > 1). So

E
�

exp

�

θ

∫ t

0

(X (u)− I(u))du

�

1{I(t)¶−αt2}

�

= O
�

t3/2e[θ
2−(α−1)2]t3/2+λθ t2

�

→ 0,

since α− 1> θ .
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Finally, we can prove the second main proposition of this chapter.

Proof of Proposition 7.2. Taken together, we can use Lemmas 7.25 and 7.31 to show that

�

exp

�

(q− 1)

�∫ t

0

(X (u)− I(u))du

�

− (1/2) log t

��

t¾0

is bounded in Lr for the same r as in Proposition 7.20. Since this r > 1, we have that the

collection is uniformly integrable.

7.3 q < 1

We discuss here what in the argument above fails for q < 1. Proposition 7.1 doesn’t refer to q

at all, so the missing piece is in extending Proposition 7.2 to q ∈ (0,1).

Essentially, the problem here is finding an analogue of Lemma 7.19. We noted before that

that was an adaptation of a result from [14] about quantities like

E

�

exp

¨

∑

x∈Ξ
φ(x)

«�

,

where Ξ is a point process, and φ is a non-negative function. For q < 1, the form of the

expression in Proposition 7.2 indicates that we will need to consider quantities of the form

E

�

exp

¨

−
∑

x∈Ξ
φ(x)

«�

instead (since the argument of the exponential is multiplied by q−1, which is now negative).

In fact, Błaszczyszyn and Yogeshwaran [14] have an analogous result that applies to such

quantities, which we state here.

Definition 7.32 ([14, Defn. 1.2]). A point process Ξ on Rd is ν-weakly sub-Poisson if, for any

Borel subset B ⊆ Rd ,

P(Φ(B) = 0)¶ exp{−E[Φ(B)]}. (7.40)

Remark. As with α-weakly sub-Poisson processes, the notation comes from [14], in which ν(B)

is used to denote the void probability, P(Φ(B) = 0).

Lemma 7.33 ([14, Lma. 3.2]). Let Ξ be a simple point process on Rd with intensity Λ. Let
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φ : Rd → [0,∞) be Lebesgue measurable. Then

E

�

exp

¨

−
∑

x∈Ξ
φ(x)

«�

¶ exp

�∫

Rd

�

e−`(x) − 1
�

Λ(x)dx

�

if and only if Ξ is ν-weakly sub-Poisson.

In our case, there is no value of λ for which Ξ(λ) is ν-weakly sub-Poisson, and in fact it isn’t

possible to find an approximation of this property by using a result like Lemma 7.16, either.

So we would need a completely different approach to find an appropriate bound.
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Chapter 8

Other approaches

We complete our proofs related to the random cluster model in this chapter, with some results

of a somewhat different flavour to the heuristic proof offered in Section 3.2, but which may,

with further research, provide an alternative approach to proving that the rescaled component

sizes of the random cluster model converge, and thence that a scaling limit exists. The two

sections of this chapter are largely independent of each other.

In Section 8.1 we outline an alternative potential proof strategy from the heuristic one

we have been following, as well as some results which suggest it may be plausible to follow

this route. Then, in Section 8.2, we show that, if the sequence of component sizes converges

appropriately, then the scaling limit must follow.

8.1 A limit for component sizes

We recall that, in Proposition 3.7, we observed that Pn,p,q can be written as a measure change

from Pn,p̃ by qs(Gn), where s(Gn) is the number of surplus edges in Gn, and

p̃ =
p

p+ q(1− p)
.

We also observed that, when p is in the critical window for the random cluster model, p̃ is in

the critical window for Erdős–Rényi.

In our heuristic proof in Section 3.2, we then split s(Gn) into surplus edges discovered

before and after a time
�

T n2/3
�

in the exploration process (for some T > 0), so we could

apply Aldous’s limit theorem (quoted here as Theorem 1.6); we argued that the post-
�

T n2/3
�

part was approximately independent of the part captured by the Aldous limit, and, since it

appeared on the top and bottom of a fraction, it cancelled. The problem when q > 1 was
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showing that this approximate independence held; when q < 1, the problem was that, to

make the approximate independence valid, we needed to take the limit in T after the limit in

n, and, even allowing for the fact that we could multiply the top and bottom of the fraction

by some compensating function of T , and could find a candidate function, we couldn’t show

that the appropriate uniform integrability held to allow convergence of expectations.

An alternative approach would be to consider directly compensating the expression in-

volving qs(Gn), without the split. For this, we would need that there was some function D(n, q)

such that
qs(Gn)

D(n, q)

is uniformly integrable, as n→∞, and has a non-degenerate limit as n→∞.

We provide some calculations that suggest this is plausible, adapting an approach of Noy,

Rasendrahasina, Ravelomanana and Rué [49]. First, we set up some notation.

Definition 8.1. The excess of a connected graph G is defined by

x(G) := (e(G)− |G|)+,

where a+ := max { a, 0 }. The excess of a general graph G is the sum of the excess of its

components (or, equivalently, e(G)−|G|+ t(G), where t(G) is the number of tree components

in G).

A connected graph (or equivalently a component of a graph) is complex if it has non-zero

excess; that is, if it has strictly more edges than vertices. It is unicyclic if it has equal numbers

of edges and vertices (or, equivalently, if it contains exactly one cycle).

Remark. It can be easily checked that, when s(G) denotes the number of surplus edges in a

graph G, then

s(G) = x(G) + u(G) + p(G), (8.1)

where u(G) is the number of unicyclic components, and p(G) the number of complex compon-

ents, in G.

We now quote the theorem of Noy, Rasendrahasina, Ravelomanana and Rué [49] that we

will use.

Theorem 8.2. For n ∈ N, let

m= m(n) =
jn

2

�

1+λn−1/3
�

k

.
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For k, r ∈ N, let pk(n, m, r) be the probability that G (n, m) has total excess r, with k unicyclic

components. There exist constants C1 > 0 and R > 0 such that, for all n ∈ N, for all k ∈ N and

for all r ¾ R, then

pk(n, m, r)¶ e−(log n)/6 ((log n)/6)k

k!
× C1 exp

§

λr2/3 −
�

log
�

4
3

�

−
1

12

�

r
ª

.

This is a slightly stronger version of the second part of [49, Thm. 4.3], which is in fact

implied by their proof of that result.

Note that Theorem 8.2 concerns G (n, m), not G (n, p). This is why our calculations are only

indicative, not conclusive, for results about G (n, p), and hence about G (n, p, q), the model of

interest. (Later we will make some remarks about how we might approach G (n, m, q), where

this result is more directly relevant.)

Before we go on, we will simplify our notation slightly: let Nn be the number of surplus

edges in Gn. (This conflicts slightly with our previous notation for exploration processes: note

that Nn here is equal to Nn(n) there.) We now state our indicative lemma.

Lemma 8.3. Let

m= m(n) =
jn

2

�

1+λn−1/3
�

k

.

There exists q ∈ (1, 2) such that, for all q ∈ (0, q),

sup
n∈N

n−(q−1)/6En,m

�

qNn
�

<∞.

Proof. Let

µ := log
�

4
3

�

−
1

12
> 0,

(the value is approximately 0.204); assume ε < µ. Then, routinely (since, for all sufficiently

large r, we have λr2/3 ¶ εr), it follows from Theorem 8.2 that there exists a constant C2 > 0

such that, for all n, k and r,

pk(n, m, r)¶ e−(log n)/6 ((log n)/6)k

k!
× C2e(−µ+ε)r (8.2)

(noting that C2 depends on ε).

Take

q = eµ/2 ≈ 1.11
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(in particular, q ∈ (1, 2)), and pick q ∈ (1, q). Choose ε satisfying

0< ε < µ− 2 log q = 2 log q− 2 logq.

Let Xn, Un and Pn be the excess, number of unicyclic components and number of complex

components of Gn. Then, by (8.1),

En,m

�

qNn
�

= En,m

�

qXn+Un+Pn
�

¶ En,m

�

q2Xn+Un
�

,

since the number of complex components is bounded above by the excess (each complex com-

ponent has excess at least one). So, by (8.2)

En,m

�

qNn
�

¶
∑

k,r

q2r+kpk(n, m, r)¶ C2

∞
∑

k=0

qke−(log n)/6 ((log n)/6)k

k!

∞
∑

r=0

exp{r[2 logq−µ+ ε]}

= C2 exp
§

1
6
(q− 1) log n

ª

(1− exp{2 logq−µ+ ε})−1,

since 2 log q − µ + ε < 0, where for the sum in k we used the formula for the probability

generating function of the Poisson distribution. Since

exp
§

1
6
(q− 1) log n

ª

= n(q−1)/6,

the result holds.

Observing that the case q = 1 is trivial, we now suppose we take q ∈ (0, 1). Then we have,

using (8.1) that

En,m

�

qNn
�

¶ En,m

�

qXn+Un
�

.

Take any ε ∈ (0,µ); then

En,m

�

qNn
�

¶ C2 exp
§

1
6
(q− 1) log n

ª

(1− exp{log q−µ+ ε})−1.

The result follows as before.

Remark. Note that in the above, for q > 1, we took the bound Pn ¶ Xn—we bounded the

number of complex components above by the excess. It is the tail behaviour in r of pk(n, m, r)

(where r represents the excess) that governs whether or not the sums converge, and con-

sequently constrains what values of q we can take. We may therefore be able to increase the

value of q if we could find a better bound for Pn that didn’t rely on the excess; alternatively, it
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may be possible to evaluate or bound directly the probability that G (n, m) has a given number

of unicyclic components, a given excess and a given number of complex components.

Conjecture 8.4. Lemma 8.3 can be extended to all q ∈ (0,2).

Conjecture 8.5. Let p = 1/n+λn−4/3. Then, as n→∞, for all q ∈ (0, 2),

En,p

�

qNn
�

= O
�

n−(q−1)/6
�

.

This doesn’t immediately follow from Lemma 8.3 by averaging over m, because the fact

that the number of surplus edges is in the exponent means that an atypical number of edges

might dominate the expectation, and Theorem 8.2 doesn’t give us enough control to ensure

that it doesn’t. Theorem 8.2 was, we recall, essentially the second part of [49, Thm. 4.3];

while the first part of that result gives us tighter bounds on pk(n, m, r), it is only for a more

restricted range of k, and so doesn’t quite give enough control either.

However, suppose Conjecture 8.5 holds. In that case, there is still some additional ma-

chinery needed to get a proof of convergence of the (rescaled) sequence of component sizes.

Hence, in the rest of this section, we first, in Subsection 8.1.1, develop some technical results

similar to those from Section 7.1, but working with component sizes, instead of with local

time within the exploration process. Then, in the following subsection, Subsection 8.1.2, we

outline our potential alternative proof strategy, which will rely on Conjecture 8.5 and a fur-

ther conjecture; Subsection 8.1.3 will address how we might go about proving that conjecture.

We close the section with some very brief remarks on adapting this method for G (n, m, q), in

Subsection 8.1.4.

8.1.1 Janson and Spencer, revisited

In Section 7.1, we considered, for the limit process, the components in time order in the ex-

ploration. Specifically, we considered the total area under components that had appeared by a

given local time at 0, say `, and we let `→∞. We showed that, appropriately compensated,

this approached a limit random variable, and that the moment generating function also con-

verged in a certain range of its argument.

It will be useful in the sequel to have a version of this in which we consider components in

decreasing order of size. Specifically, using the notation from the previous chapter, we want
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to consider the random variable given by

∞
∑

i=1

Ãi(Di)1{Di¾ε},

where Di is the i-th-largest element in the point process Ξ(λ), and show that this, when ap-

propriately compensated, converges in probability as ε ↓ 0, with suitable uniform integrability

properties.

First let us calculate the mean of this random variable. Abusing notation slightly, we

(re)define

I(ε) =
∞
∑

i=1

Ãi(Di)1{Di¾ε}

and

f (ε) = E[I(ε)].

Proposition 8.6. Define

Aλ =

∫ ∞

1

1
p

2π
x−1Ψ′

�

x3/2
�

exp

�

−
x3

6
+

x2λ

2
−

xλ2

2

�

dx

+

∫ 1

0

1
p

2π
x−1

�

Ψ′
�

x3/2
�

exp

�

−
x3

6
+

x2λ

2
−

xλ2

2

�

−
s

π

8

�

dx.

Then Aλ <∞,and, moreover, as ε ↓ 0,

f (ε) = −
1
4

logε + Aλ + o(1).

Proof. We assume without loss of generality that ε < 1. As in the previous chapter, we apply

the tower law (cf. (7.9) and Theorem 7.4 (cf. (7.11)) to obtain that

f (ε) = E

�∞
∑

i=1

D3/2
i Φ′

�

D3/2
i

�

1{Di¾ε}

�

=

∫ ∞

ε

1
p

2π
x−1Ψ′

�

x3/2
�

exp

�

−
x3

6
+

x2λ

2
−

xλ2

2

�

dx .

(Recall that we gave asymptotics for Ψ in (7.2) and Lemma 7.6, and for Φ in (7.5), (7.6) and

(7.7).) We note that the integral is finite, and that the integral over (1,∞) is the first term
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in the expression for Aλ. Moreover, recalling that Ψ′(0) =
p

π/8, we note that, as x ↓ 0, the

integrand behaves as
1

4x
+O(1).

So we note that

∫ 1

ε

1
p

2π
x−1Ψ′

�

x3/2
�

exp

�

−
x3

6
+

x2λ

2
−

xλ2

2

�

dx

=
1
4

∫ 1

ε

1
x

dx +

∫ 1

ε

1
p

2π
x−1

�

Ψ′
�

x3/2
�

exp

�

−
x3

6
+

x2λ

2
−

xλ2

2

�

−
s

π

8

�

dx .

The second integrand is bounded on [0,1], so converges to the other term in the expression

for Aλ. Meanwhile the first integral is equal to −(logε)/4.

We will now want some control on the variance, akin to Lemma 7.12 and Proposition 7.13.

We (re)define, for each k ∈ N

J(k) =
∞
∑

i=1

Ãi(Di)1{k−3¶Di<(k−1)−3}

(interpreting 0−3 as∞), and let

g(k) = E[J(k)].

We note that, by similar calculations to those above

g(k) =

∫ (k−1)−3

k−3

1
p

2π
x−1Ψ′

�

x3/2
�

exp

�

−
x3

6
+

x2λ

2
−

xλ2

2

�

dx = O
�

1
k

�

.

Lemma 8.7. The variance Var(J(k)) is finite for all k, and, as k→∞,

Var(J(k)) = O
�

k−4
�

.

Proof. We follow the proof of Lemma 7.12 almost directly. We note that if we define

X1(k) = E

�∞
∑

i=1

Ãi(Di)
21{k−3¶Di<(k−1)−3}

�

,

X2(k) = E







∞
∑

i=1

∞
∑

j=1
j 6=i

Ãi(Di)
21{k−3¶Di<(k−1)−3}Ã j

�

Dj

�2
1{k−3¶Dj<(k−1)−3}






, and

X3(k) = E[J(k)]
2 = E

�

Ãi(Di)1{k−3¶Di<(k−1)−3}
�2

,
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then

Var(J(k)) = X1(k) +X2(k)−X3(k). (8.3)

Here we may express

X1(k) =

∫ (k−1)−3

k−3

1
p

2π
x1/2Ψ′′

�

x3/2
�

exp

�

−
x3

6
+

x2λ

2
−

xλ2

2

�

dx .

Note that the integrand has a sufficiently light tail at ∞ that X1(1) < ∞. Moreover, the

(non-negative) integrand is bounded above on [0, 1] by F1 x1/2, for some F1 > 0, so, for k ¾ 2

X1(k)¶
2F1

3

�

1
(k− 1)9/2

−
1

k9/2

�

= O
�

1
k11/2

�

. (8.4)

Then, for the other two terms, we have that

X2(k)−X3(k)

=

∫ (k−1)−3

k−3

∫ (k−1)−3

k−3

x3/2Φ′
�

x3/2
�

Λ(λ)(x)y3/2Φ′
�

y3/2
�

Λ(λ)(y)

�

Λ(λ−x)(y)
Λ(λ)(y)

− 1

�

dy dx

(8.5)

(cf. (7.23)) where again

Λ(λ−x)(y)
Λ(λ)(y)

− 1= exp
§

−
x y(x + y − 2λ)

2

ª

− 1. (8.6)

We note immediately (from (8.3) and (8.4)) that this is bounded below, for some F2 > 0,

by −F2k−11/2; we can also check that it is finite for all k, proving the finiteness claim in the

lemma. Since the integrand in (8.5) is non-positive when λ ¶ 0, in this case we are done.

Otherwise (i.e. if λ > 0), note that (8.6) is negative if (but not only if) x > 2λ and y > 2λ; let

Kλ be the smallest k ∈ N \ {1 } such that k−3 ¶ 2λ (i.e. Kλ =
�

8λ3
�

). Then we can find F3 > 0

(depending only on λ) such that, for all x , y ∈
�

0, (Kλ − 1)−3�,

Λ(λ−x)(y)
Λ(λ)(y)

− 1¶ F3 x y ,

so that we may bound, for k ¾ Kλ, and upon substituting for Φ′ and Λ,

X2(k)−X3(k)¶ F3

 

1
p

2π

∫ (k−1)−3

k−3

Ψ′
�

x3/2
�

exp

�

−
x3

6
+

x2λ

2
−

xλ2

2

�

dx

!2

= O
�

1
k4

�

,

since the integrand is bounded on [0,1]; this completes the proof.
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Proposition 8.8. The quantity I(ε)− f (ε) converges almost surely, as ε ↓ 0.

Proof. We follow the proof of Proposition 7.13. First, assume WLOG that ε < 1; then if we

define

k(ε) =
�

ε−3
�

and k(ε) =
�

ε−3
�

,

we see that

I
�

k(ε)−3
�

− f
�

k(ε)−3
�

− g
�

k(ε)
�

¶ I(ε)− f (ε)¶ I
�

k(ε)−3
�

− f
�

k(ε)−3
�

+ g
�

k(ε)
�

.

Since g(k)→ 0 as k→∞, it is sufficient by a sandwiching argument to prove that, as k→∞

through N,

I
�

k−3
�

− f
�

k−3
�

=
k
∑

j=1

(J( j)− g( j)) (8.7)

converges almost surely. For j ∈ N, let E j be the event

E j =
� �

�J j − g( j)
�

�> j−4/3
	

.

Then, using Lemma 8.7 and Chebyshev’s inequality, we can show that

P
�

E j

�

= O
�

j−4/3
�

as j → ∞. But then
∑

j P
�

E j

�

<∞, so by the first Borel–Cantelli lemma, it must be that

P
�

E j infinitely often
�

= 0. By the Weierstrass M -test, since all the J( j)s are a.s. finite, the

sum in (8.7) converges almost surely.

Call the limit random variable L↓
λ
. As with Lλ and L′

λ
in the previous chapter, we know

very little about this random variable other than that it exists.

We now seek to show the uniform integrability property that we had in the local time

setting (cf. Subsection 7.1.2, and in particular Corollary 7.22).

Proposition 8.9. Fix q ∈ (1,2). As ε ↓ 0, the collection of random variables

�

e(q−1)(I(ε)− f (ε))
�

ε>0
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is uniformly integrable; moreover,

E
�

e(q−1)(I(ε)− f (ε))
�

→ E
�

e(q−1)L↓
λ

�

<∞.

Proof. By the proof of Corollary 7.22, it suffices to show that the random variables are bounded

in Lr , for some r > 1. To show this, we follow the proof of Proposition 7.20.

Define

G↓(ε, r) = E

�

exp

¨∞
∑

i=1

r(q− 1)Ãi(Di)1{Di¾ε}

«�

By the tower law, and using the fact that (Ai(Di))i¾1 are conditionally independent given

(Di)i¾1, it holds that

G↓(ε, r) = E

�∞
∏

i=1

�

exp
¦

Φ
�

r ′D3/2
i

�

−Φ
�

D3/2
i

�©

1{Di¾ε} +1{Di<ε}

�

�

= E

�

exp

¨∞
∑

i=1

�

Φ
�

r ′D3/2
i

�

−Φ
�

D3/2
i

��

1{Di¾ε}

«�

,

where we take r ′ = r(q− 1) + 1> 1 as in the last chapter. Using Lemma 7.19 with

φ(x) =
�

Φ
�

r ′x3/2
�

−Φ
�

x3/2
��

1{x¾ε},

we obtain

G↓(ε, r) = exp

�∫ ∞

ε

�

Ψ
�

r ′x3/2
�

−Ψ
�

x3/2
�� 1
p

2π
x−5/2 exp

�

−
x3

6
+

x2λ

2

�

dx

�

.

Assume WLOG that ε < 1, and split the integral into two integrals, over [ε, 1) and [1,∞).

The latter can be shown to be finite (by almost exactly the same argument as in the proof of

Proposition 7.20) if we choose r ′ so that
�

r ′
�2 − 4 < 0; as in that proof, we therefore take

r = q/(2(q − 1)), so that r ′ = (q + 2)/2. It remains to consider the other integral, which

governs the behaviour as ε ↓ 0. Using the bound on the integrand given by (7.31), there is a

constant F4 > 0 such that

∫ 1

ε

�

Ψ
�

r ′x3/2
�

−Ψ
�

x3/2
�� 1
p

2π
x−5/2 exp

�

−
x3

6
+

x2λ

2

�

dx ¶
∫ 1

ε

�q
8

x−1 + F4

�

dx

= −
q

32
logε + F4(1− ε).
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So we have that

G↓
�

ε,
q

2(q− 1)

�

¶ exp
n

−
q
8

logε +O(1)
o

.

Hence,

E
�

er(q−1)(I(ε)− f (ε))
�

¶ exp
§

−
q
8

logε +
r(q− 1)

4
logε +O(1)

ª

,

by Proposition 8.6. But r(q− 1)/4= q/8, which completes the proof.

8.1.2 An alternative proof strategy

We now outline an alternative possible proof strategy for convergence of the sequence of com-

ponent sizes in l2, for G (n, p, q). It will use the machinery from the previous section, and will

be conditional on Conjecture 8.5 and on one further conjecture, which we now state.

Conjecture 8.10. Let C (n)i be the i-th largest component of Gn ∼ G (n, p), where p = 1/n +

λn−4/3 +O
�

n−2
�

. Let Ã(n)i

�
�

�C (n)i

�

�

�

be the area corresponding to the component C (n)i . Then there

exists c ∈ R such that, for all δ > 0,

lim
ε↓0

limsup
n→∞

Pn,p

�

�

�

�

�

�

∑

i

n−1Ã(n)i

�
�

�C (n)i

�

�

�

1n
n−2/3

�

�C (n)i

�

�<ε
o −

1
4

log
�

n2/3ε
�

+ c

�

�

�

�

�

¾ δ

�

= 0.

This is a slightly abstract condition; why we need this specifically will become clear in our

conditional proof.

Theorem 8.11. Let Cn be the decreasing sequence of component sizes in Gn, and let C, under the

measure P, have the law of the limit in distribution of n−2/3Cn when Gn ∼ G
�

n, 1/n+λn−4/3/q
�

.

Now, instead, let Gn ∼ G (n, p, q), where q ∈ (1, 2) and

p =
q
n
+
λ

n4/3
.

Assume Conjectures 8.5 and 8.10 hold. Then, as n → ∞, the sequence of sequences (Cn)n∈N

converges in distribution in l2. Moreover, when C is as above, the distributional limit can be

described as a measure change for C. Specifically, let P̃ be defined by

dP̃
dP
=

exp
¦

(q− 1)L↓
λ

©

E
�

exp
¦

(q− 1)L↓
λ

©� ,

where E denotes expectation under P, and L̃↓
λ

is the random variable whose existence is established

by Proposition 8.8, defined on the same probability space as C in the natural way. Then the limit
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random variable is C under the measure P̃.

Proof. Much like in Proposition 3.7, it holds that, for any continuous bounded real-valued

function f : l2→ R,

En,p,q

�

f
�

n−2/3Cn

��

=
En,p̃

�

f
�

n−2/3Cn

�

qNn
�

En,p̃[qNn]
, (8.8)

where p̃ = p/(p+q(1− p)). We previously noted, in (3.9), that p̃ = 1/n+ λ̃n−4/3+O
�

n−2
�

, so

we have quantities that are in the critical window. By the portmanteau theorem, it is sufficient

to show that the right-hand side converges for all f .

Now, let Ã(n)i

�
�

�C (n)i

�

�

�

be the area corresponding to the component C (n)i in Gn. Fix some

arbitrary d > 0. Then define, for n ∈ N and ε > 0,

X (n,ε) =
∑

i

n−1Ã(n)i

�
�

�C (n)i

�

�

�

1n
n−2/3

�

�C (n)i

�

�¾ε∨n−2/3
o +

1
4

log
�

ε ∨
�

dn−2/3
��

,

where x ∨ y =max { x , y }. Now, as n→∞, under En,p̃, by Theorem 1.6, we have

X (n,ε)
d
→
∑

i

Ãi(Di)1{Di¾ε} +
1
4

logε =: X (∞,ε). (8.9)

(This isn’t quite immediate from the continuous mapping theorem, say, because the indicator

function introduces a discontinuity; however, it can be deduced from Skohorod’s representa-

tion theorem and the fact, as implied by Janson and Spencer [40], that almost surely there is

no i ∈ N such that Di = ε.) Then, by Propositions 8.6 and 8.8 we see that, as ε ↓ 0,

X (∞,ε)
d
→ L̃↓

λ

for some random variable L̃↓
λ
. (This random variable differs from L↓

λ
by the non-random con-

stant Aλ identified in Proposition 8.6.)

Now note that, as ε ↓ 0

X (n,ε)
d
→
∑

i

n−1Ã(n)i

�
�

�C (n)i

�

�

�

1n
n−2/3

�

�C (n)i

�

�¾n−2/3
o +

1
4

log
�

n−2/3
�

=
∑

i

n−1Ã(n)i

�
�

�C (n)i

�

�

�

−
1
6

log n+ c

=: X (n, 0),

where c = (log d)/4 (indeed, this convergence holds almost surely). Since d > 0 was arbitrary,
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c ∈ R is arbitrary.

We seek to use the principle of accompanying laws to show that this also converges in

distribution, as n→∞, to L̃↓
λ
; specifically we use [12, Thm. 3.2], which requires us to show

that, for all δ > 0,

lim
ε↓0

limsup
n→∞

Pn,p̃(|X (n, 0)− X (n,ε)|¾ δ) = 0; (8.10)

by that theorem, (8.10) is enough to show that X (n, 0)
d
→ L̃↓

λ
. Here, assuming WLOG that

ε > n−2/3,

X (n, 0)− X (n,ε) =
∑

i

n−1Ã(n)i

�
�

�C (n)i

�

�

�

1n
n−2/3

�

�C (n)i

�

�<ε
o −

1
6

log n−
1
4

logε + c.

We suppose, as asserted by Conjecture 8.10, that (8.10) holds, so that indeed X (n, 0)
d
→ L̃↓

λ

for some value of c.

We return to (8.8). Note that, conditionally on the processes Xn and In,

Nn ∼ Bin

�

∑

i

Ã(n)i

�
�

�C (n)i

�

�

�

, p̃

�

under Pn,p̃. So, by the tower law,

En,p̃

�

f
�

n−2/3Cn

�

qNn
�

= En,p̃

�

f
�

n−2/3Cn

�

(1− p̃+ p̃q)
∑

i Ã(n)i

�
�

�C (n)i

�

�

�

�

= En,p̃

�

f
�

n−2/3Cn

�

(1− p̃+ p̃q)nX (n,0)+n(log n)/6−nc�

=
�

e−c(q−1)n(q−1)/6 + o(1)
�

En,p̃

�

f
�

n−2/3Cn

�

(1− p̃+ p̃q)nX (n,0)�,

since

(1− p̃+ p̃q)−nc = e−c(q−1) +O
�

n−1/3
�

and

(1− p̃+ p̃q)n(log n)/6 = n(q−1)/6 +O
�

log n
n1/3

�

.

Hence, in (8.8), we divide top and bottom by e−c(q−1)n(q−1)/6 to obtain that

En,p,q

�

f
�

n−2/3Cn

��

= (1+ o(1))
En,p̃

�

f
�

n−2/3Cn

�

(1− p̃+ p̃q)nX (n,0)�

En,p̃

�

(1− p̃+ p̃q)nX (n,0)�

(where the denominator is achieved by setting f ≡ 1 in the calculations above). We claimed
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that X (n, 0) converges in distribution as n→∞. Note that

(1− p̃+ p̃q)nX (n,0) = exp{nX (n, 0) log(1− p̃+ p̃q)}.

By the continuous mapping theorem and similar results on limits in distribution, we can show

that this converges in distribution to

exp
¦

(q− 1)L̃↓
λ

©

,

and by the continuous mapping theorem again,

f
�

n−2/3Cn

�

(1− p̃+ p̃q)nX (n,0) d
→ f (C)exp

¦

(q− 1)L̃↓
λ

©

, (8.11)

since n−2/3Cn
d
→ C by Theorem 1.5.

Now, for any r > 1, note that

En,p̃

�

(1− p̃+ p̃q)rnX (n,0)�

= (1− p̃+ p̃q)−rn(log n)/6+crnEn,p̃

�

exp
¦

r
∑

Ã(n)i

�
�

�C (n)i

�

�

�

log(1− p̃+ p̃q)
©�

¶ (1+ o(1))n(q̃−1)/6En,p̃

�

q̃Nn
�

, (8.12)

where

q̃ := r(q− 1) + 1> q

(since (r − 1)(q − 1) > 0). Choose r sufficiently close to 1 that q̃ < 2. Then, assuming

Conjecture 8.5, we have that (8.12) is bounded as n→∞, so the family

�

(1− p̃+ p̃q)nX (n,0)�

n∈N

is uniformly integrable as it is bounded in Lr . Conseequently, it follows from (8.11) and Vitali’s

convergence theorem that, as n→∞,

En,p̃

�

f
�

n−2/3Cn

�

(1− p̃+ p̃q)nX (n,0)�→ E
�

f (C)exp
¦

(q− 1)L̃↓
λ

©�

and (by setting f ≡ 1 again) that

En,p̃

�

(1− p̃+ p̃q)nX (n,0)�→ E
�

exp
¦

(q− 1)L̃↓
λ

©�

.
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Since L̃↓
λ

differs only from L↓
λ

by a deterministic constant, the result follows.

8.1.3 Proving Conjecture 8.10

One of the missing conjectures, Conjecture 8.10, is the criterion in the principle of accompa-

nying laws. To prove it, one approach might be to apply Chebyshev’s inequality, provided we

could show that, for some c,

lim
ε↓0

limsup
n→∞

�

�

�

�

En,p

�

n−1Ã(n)i

�
�

�C (n)i

�

�

�

1n
n−2/3

�

�C (n)i

�

�<ε
o

�

−
1
4

log
�

n2/3ε
�

− c

�

�

�

�

= 0. (8.13)

This would mean it was sufficient to bound the variance of the sum of the areas.

In fact, we can note by the tower law that, as n→∞,

En,p

�

n−1Ã(n)i

�
�

�C (n)i

�

�

�

1n
n−2/3

�

�C (n)i

�

�<ε
o

�

=
p
n
En,p

�

N<εn

�

=
�

1+O
�

n−1/3
��

En,p

�

N<εn

�

,

where N<ε is the number of surplus edges deriving from components of size less than εn2/3.

Thus, an equivalent statement to (8.13) is obtained by replacing the left-hand side of that

equation by En,p[Nn].

In the rest of this section, we will look at how we might prove (8.13), specifically by again

attempting to exploit (8.1). We write

N<εn = U<εn + E<εn + C<εn , (8.14)

where U<εn , E<εn and C<εn are the number of unicyclic components of size < εn2/3, the excess

contributed by components of size < εn2/3, and the number of complex components of size

< εn2/3, respectively, in Gn. We now state and prove some results here that go partway towards

showing the final result about N<εn . We will throughout take p = 1/n+λn−4/3.

Proposition 8.12. There is a constant C such that

lim
ε↓0

limsup
n→∞

�

�

�

�

En,p

�

U<εn

�

−
1
4

log
�

n2/3ε
�

− C

�

�

�

�

= 0

Our proof of this result is essentially the approach taken by Durrett [25, § 2.7], with addi-

tional precision in our approximations.

Proof. Let Un,k denote the number of unicyclic components of size k in Gn. Then, as the
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smallest possible unicyclic component has size 3,

En,p

�

U<εn

�

=
dεn2/3e−1
∑

k=3

En,p

�

Un,k

�

. (8.15)

Let uk be the number of connected unicyclic graphs on [k]. Then it follows by linearity of

expectation that

En,p

�

Un,k

�

=
�

n
k

�

uk

�

1+λn−1/3

n

�k�

1−
1+λn−1/3

n

�k(n−k)+(k2)−k

,

an expression obtained in [25]. Similarly, using Cayley’s formula, if Tn,k is the number of size-k

trees in Gn, we see (again as obtained in [25]) that

En,p

�

Tn,k

�

=
�

n
k

�

kk−2

�

1+λn−1/3

n

�k−1�

1−
1+λn−1/3

n

�k(n−k)+(k2)−(k−1)

, (8.16)

so that

En,p

�

Un,k

�

= En,p

�

Tn,k

� uk

kk−2

�

1+λn−1/3

n

��

1−
1+λn−1/3

n

�−1

. (8.17)

We therefore start by analysing (8.16).

Let δk satisfy
1
k!
=

ek

kk+1/2
p

2π
(1+δk).

Since, by Stirling’s approximation,

k!= e−kkk+1/2
p

2π
�

1+O
�

1
k

��

,

we have that δk = O
�

k−1
�

. So

En,p

�

Tn,k

�

= n





k−1
∏

j=1

�

1−
j
n

�





ek

k5/2
p

2π

�

1+λn−1/3
�k−1

�

1−
1+λn−1/3

n

�kn−k2/2−3k/2+1

× (1+δk).

We note that all k in (8.15) are bounded above by εn2/3, which is crudely bounded (for all

sufficiently large n) by n7/10. So we take this bound on k. Then we may see by routine algebra
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that, as n→∞,

�

1−
1+λn−1/3

n

�kn−k2/2−3k/2+1

= exp

�

−k+
k2

2n
−

kλ
n1/3

+
k2λ

2n4/3
+O

�

n−3/10
�

�

,

where the O
�

n−3/10
�

is uniform in k (that is, if we write

�

1−
1+λn−1/3

n

�kn−k2/2−3k/2+1

= exp

�

−k+
k2

2n
−

kλ
n1/3

+
k2λ

2n4/3
+ a(n, k)

�

,

there is a constant D > 0 independent of n and k such that, for all sufficiently large n, and for

all choices of k ¶ n7/10, we have |a(n, k)|¶ Cn−3/10). Similarly we can show that

k−1
∏

j=1

�

1−
j
n

�

= exp

�

−
k2

2n
−

k3

6n2
+O

�

n−1/5
�

�

,

the big-O term again being uniform in k. So

En,p

�

Tn,k

�

= n
1

k5/2
p

2π

�

1+λn−1/3
�−1

exp

�

k log
�

1+λn−1/3
�

−
λk
n1/3

+
λk2

2n4/3
−

k3

6n2

�

× (1+δk)
�

1+O
�

n−1/5
��

,

with the same uniformity.

We return to (8.17). Let δ′k satisfy

uk =
s

π

8
kk−1/2

�

1+δ′k
�

;

here, by Bollobás [15, Proof of Cor. 5.19], δ′k = O
�

k−1/2
�

. Then

En,p

�

Un,k

�

=
1

4k
exp

�

k log
�

1+λn−1/3
�

−
λk
n1/3

+
λk2

2n4/3
−

k3

6n2

�

�

1+δ′′k
��

1+O
�

n−1/5
��

,

where δ′′k = δk +δ′k +δkδ
′
k = O

�

k−1/2
�

. Expanding the log, and summing up, we get

En,p

�

U<εn

�

=
�

1+O
�

n−1/5
��

dεn2/3e−1
∑

k=3

1
4k

exp

�

−
λ2k

2n2/3
+
λk2

2n4/3
−

k3

6n2

�

+
�

1+O
�

n−1/5
��

dεn2/3e−1
∑

k=3

δ′′k
4k

exp

�

−
λ2k

2n2/3
+
λk2

2n4/3
−

k3

6n2

�

.

(8.18)

(Throughout, all O
�

n−1/5
�

terms have been uniform in k, so we can take them outside the

sum.)
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We start with the first term in (8.18), which we may express as

dεn2/3e−1
∑

k=3

1
4k
+
dεn2/3e−1
∑

k=3

1
4k

�

exp

�

−
λ2k

2n2/3
+
λk2

2n4/3
−

k3

6n2

�

− 1

�

=
1
4

�

log
�

εn2/3
�

−
3
2
+ γ+O

�

n−2/3
�

�

+
dεn2/3e−1
∑

k=3

1
4k

�

exp

�

−
λ2k

2n2/3
+
λk2

2n4/3
−

k3

6n2

�

− 1

�

,

where the big-O term is in n, treating ε as constant (since we will take the limit in n before

the limit in ε, this term will have vanished before we consider the limit in ε), and, as before,

γ is the Euler–Mascheroni constant. Now define

fn(x) =
1

4bxc

�

exp

�

−
λ2bxc
2n2/3

+
λbxc2

2n4/3
−
bxc3

6n2

�

− 1

�

1{x<dεn2/3e}

for all x ∈ [3,∞), so that

dεn2/3e−1
∑

k=3

1
4k

�

exp

�

−
λ2k

2n2/3
+
λk2

2n4/3
−

k3

6n2

�

− 1

�

=

∫ dεn2/3e

3

fn(x)dx .

Set v = bxc/n2/3. Then the argument of the exponential is the cubic

−
λ2

2
v +

λ

2
v2 −

1
6

v3,

which, by standard calculus, we may show is everywhere strictly decreasing in v. Since it

evaluates to 0 at v = 0, we have that fn(x)¶ 0 for all x ∈ [3,∞). Thus

0¶
∫ dεn2/3e

3

(− fn(x))dx ¶
∫ εn2/3+1

3

1
4(x − 1)

�

1− exp

�

−
λ2 x

2n2/3
+
λx2

2n4/3
−

x3

6n2

��

dx

=

∫ ε+n−2/3

3n−2/3

1

4
�

u− n−2/3
�

�

1− exp

�

−
λ2

2
u+

λ

2
u2 −

1
6

u3

��

du

→
∫ ε

0

1
4u

�

1− exp

�

−
λ2

2
u+

λ

2
u2 −

1
6

u3

��

du

as n→∞, using the fact that the cubic is decreasing in the first line, and taking u = xn−2/3

for the substitution in the second. This is finite, as the integrand tends to λ2/8 as u ↓ 0; thus,

the integral tends to 0 as ε ↓ 0.

Returning to (8.18), it remains to show that there is a constant d ∈ R such that

lim
ε↓0

lim sup
n→∞

�

�

�

�

�

�

dεn2/3e−1
∑

k=3

δ′′k
4k

exp

�

−
λ2k

2n2/3
+
λk2

2n4/3
−

k3

6n2

�

− d

�

�

�

�

�

�

= 0. (8.19)
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Redefine

fn(x) =
δ′′bxc

4bxc
exp

�

−
λ2bxc
2n2/3

+
λbxc2

2n4/3
−
bxc3

6n2

�

1{x<dεn2/3e},

so that
dεn2/3e−1
∑

k=3

δ′′k
4k

exp

�

−
λ2k

2n2/3
+
λk2

2n4/3
−

k3

6n2

�

=

∫ dεn2/3e

3

fn(x)dx .

Now, as n→∞,

fn(x)→
δ′′bxc

4bxc
=: f (x).

Moreover, we have argued that the argument of the exponent is always negative, so that, for

all n, and for x ¾ 3,

| fn(x)|¶

�

�

�δ′′bxc

�

�

�

4bxc
= g(x),

where
∫ ∞

3

g(x)dx =
∞
∑

k=3

�

�δ′′k

�

�

4k
<∞

as δ′′k = O
�

k−1/2
�

. So, by the dominated convergence theorem,

dεn2/3e−1
∑

k=3

δ′′k
4k

exp

�

−
λ2k

2n2/3
+
λk2

2n4/3
−

k3

6n2

�

→
∞
∑

k=3

δ′′k
4k

as n → ∞. (Note that this constant does not depend at all on ε.) This shows (8.19), and

hence the result follows.

Having shown this, and comparing the result just obtained with (8.13) and (8.14), it would

remain, in order to get (8.13), to show that there are constants D1 and D2 such that

lim
ε↓0

limsup
n→∞

�

�En,p

��

�E<εn − D1

�

�

��

�= 0

and

lim
ε↓0

lim sup
n→∞

�

�En,p

��

�C<εn − D2

�

�

��

�= 0.

For the other two parts, however, we have only been able to show that the expectations of E<εn

and C<εn are O(1) as n→∞. In both cases, we can do so by bounding above by En and Cn,

the total excess and total number of complex components, respectively. The expectation of the

latter converges, by [44, Thm. 2]; we bound the former in the next lemma.

Lemma 8.13. If p = 1/n+λn−4/3, then En,p[En] = O(1) as n→∞.
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Proof. We note that En may alternatively be expressed as

En =
∑

i

�

e
�

C (n)i

�

−
�

�C (n)i

�

�

�

+
,

where C (n)i , as usual, denotes the i-th largest component of Gn—in other words, it is the

number of surplus edges in each component, after the first such edge. Writing in this way

lets us check, by careful enumeration of cases, that adding edges to a graph can only increase

its excess. By combining this with the standard coupling of G (n, p) across values of p, we see

that En = En(λ) is a weakly increasing function of λ. So we restrict without loss of generality

to λ¾ 1.

For n, m ∈ N (with m¶
�n

2

�

), let Gn,m ∼ G (n, m): the uniform random graph with n vertices

and m edges. By essentially the same argument as above, the expected excess of Gn,m must be

a weakly increasing function of m. Then it is standard that

Gn
d
= Gn,Mn(λ)

where Mn(λ) ∼ Bin
��n

2

�

, p
�

, independently of
�

Gn,m

�

m∈N. Let En,m denote the excess of Gn,m.

Then it holds that

En,p[En] = En,p

h

En

�

�

� Mn(λ)>
n
2
+λn2/3

i

Pn,p

�

Mn(λ)>
n
2
+λn2/3

�

+En,p

h

En

�

�

� Mn(λ)¶
n
2
+λn2/3

i

Pn,p

�

Mn(λ)¶
n
2
+λn2/3

�

¶
��

n
2

�

− n
�

Pn,p

�

Mn(λ)>
n
2
+λn2/3

�

+E
�

En,n/2+λn2/3

�

. (8.20)

By a result of Janson, Knuth, Łuczak and Pittel [39, Thm. 6], the second term here converges

as n→∞, so in particular is O(1).

The first term, meanwhile, is a product of an O
�

n2
�

term and a binomial probability, where

En,p[Mn(λ)] =
�n

2

��

1/n+λn−4/3
�

= n/2+λn2/3/2+O(1). We apply a Chernoff bound, noting

(e.g. from [47, (4.2)]) that

Pn,p

�

Mn(λ)¾ (1+δ)
�

n
2

�

p
�

¶ e−µδ
2/3

as long as δ ∈ (0,1). Here we wish to take

δ =
n/2+λn2/3 −

�n
2

�

p
�n

2

�

p
=
λn2/3/2+O(1)

n/2+O
�

n2/3
� = λn−1/3 +O

�

n2/3
�

,
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and hence δ ∈ (0,1) for sufficiently large n, since we restricted to λ¾ 1. So

Pn,p

�

Mn(λ)>
n
2
+λn2/3

�

¶ exp
§

−
1
3

�

n
2

�

p
�

λn−1/3 +O
�

n−2/3
��2
ª

= exp
§

−
1
6

n1/3
ª

= o
�

n2
�

,

in particular. So the first term in (8.20) tends to 0 as n→∞, completing the proof.

As an aside, while we couldn’t prove the result we wanted, we note that we can use essen-

tially the “ingredients” above to prove the following result.

Theorem 8.14. Let p = 1/n+λn−4/3. Then, as n→∞,

En,p[Nn] =
1
6

log n+O(1).

We use the decomposition in (8.1) again. The only result missing to turn the results above

into a proof of this theorem is a bound on En,p

�

Un,k

�

for large k, which can be used to prove

that

En,p[Un] =
1
6

log n+O(1).

We state this below.

Lemma 8.15. Fix λ ∈ R. Then there exists a constant C > 0 such that, for all n ∈ N with

1
n
+
λ

n4/3
∈ (0,1),

and for all k ∈ N with k ¶ n,

En,p

�

Un,k

�

¶ C
1
k

exp

�

k log
�

1+λn−1/3
�

−
λk
n1/3

+
λk2

2n4/3
−

k3

6n2

�

.

We omit the proof; it follows the strategy of the first part of the proof of Proposition 8.12.

We have mostly discussed showing (8.13) in this subsection. Recall, however, that this

alone would not be enough to give Conjecture 8.10, as, to apply Chebyshev’s inequality, we

would need a bound on the variance that we do not currently possess.

8.1.4 Adapting for G (n, m, q)

We briefly address how we might adapt this proof strategy (i.e. the proof of Theorem 8.11)

for G (n, m, q). Much of it translates in a straightforward manner—and of course we already

have an equivalent to Conjecture 8.5, in the form of Lemma 8.3. The problem of finding an
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equivalent to Conjecture 8.10 remains unsolved, however.

8.2 A conditional scaling limit for the random cluster model

Suppose we have convergence in distribution of an ordered sequence of component sizes for

G
�

n, q/n+λn−4/3, q
�

(by the method outlined in the previous section, by a proof along the

lines of the heuristic one in Section 3.2, or in some other way). In this section, we show that

this, applying methods of Addario-Berry, Broutin and Goldschmidt [3], is sufficient to obtain

a form of metric space scaling limit for the components.

We have already noted in Lemma 3.5 that, conditionally on the ordered sequence of com-

ponent sizes, a random cluster graph and an Erdős–Rényi graph have identical (conditional)

distribution. In particular, this implies that G (n, p) and G (n, p, q), conditioned on being con-

nected, likewise have identical (conditional) distribution. However, we note that, starting

with a critical random cluster graph, the Erdős–Rényi graph to which we are comparing will

be sub- or supercritical, depending on whether q < 1 or q > 1. Hence, if we condition on the

typical n2/3 sizes of the components for the random cluster graph, we will be conditioning on

a large-deviations behaviour for the Erdős–Rényi graph.

However, much of the machinery developed in [3] can be modified to get us the result we

need. We first recall some notation from Chapter 2. We define Gp
m to have the distribution

of G (m, p), conditional on being connected. (Informally, this is equivalent to a component of

G (n, p)—or, by Lemma 3.5, a component of G (n, p, q)—conditioned on having size m.) We

take the tree T̃ p
m to be a random tree on [m] chosen such that, for any such tree T ,

P
�

T̃ p
m = T

�

∝ (1− p)−a(T ),

where a(T ) is the area of the tree as defined in Definition 2.13.

We borrow some further definitions from [3, p. 387], and define, for a tree T with depth-

first walk X , and for a countable subset Q ⊆
�

Z¾0
�2

, that GX (T,Q) is the graph formed by

adding to T the edges corresponding to the points in Q ∩ X , where we define

S ∩ f := { (x , y) ∈ S : 0¶ y ¶ f (x) } .

(We discussed how such points can correspond to edges in Section 2.3, and gave an illustrated

example in Figure 2.2.) Finally, we say thatQp is a Binomial pointset of probability p, which is
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a random subset of
�

Z¾0
�2

in which each point is included independently with probability p.

Our adaptation of the proof in Addario-Berry, Broutin and Goldschmidt [3] begins with

their Lemma 18, which we may apply directly.

Lemma 8.16 ([3, Lma. 18]). Let p ∈ (0, 1). Let T̃ p
m be a tree on [m] sampled in such a way that

P
�

T̃ p
m = T

�

∝ (1− p)−a(T ), and let
�

X̃m(i)
�

0¶i<m be the associated depth-first walk. Take Qp

independent of T̃ p
m. Then

Gp
m

d
= GX

�

T̃ p
m,Qp

�

.

Here, informally, we are using this to consider a component of size m within a graph of

size n. Where we differ from [3] is that we will consider p so that np→ q instead of np→ 1.

To that end, we note the following lemma:

Lemma 8.17. Let p = p(m) be such that mp2/3→ q2/3σ as m→∞. Pick a labelled tree T̃ p
m on

[m] in such a way that

P
�

T̃ p
m = T

�

∝ (1− p)−a(T )

and let X̃m be the associated depth-first walk. Let Qp be independent. Let

Pm =
§�

i
σ

m
, j
s

σ

m

�

: (i, j) ∈Qp
ª

.

Then

�s

σ

m
X̃m

�j�m
σ

�

·
k�

,Pm ∩
�s

σ

m
X̃m

�j�m
σ

�

·
k�

��

d
→
�

q−1/3ẽ(σq2/3)
�

q2/3·
�

,P q ∩
�

q−1/3ẽ(σq2/3)(q2/3·)
��

(8.21)

as n→∞, where P q is a homogeneous Poisson point process of rate q on [0,∞)2, and P q is

independent of ẽ(σ). Convergence in the first co-ordinate is in D([0,σ], [0,∞)) equipped with

the Skorokhod topology, and in the second co-ordinate is in the sense of Hausdorff distance.

Proof. This directly follows from the fact that, when we replace σ by q2/3σ in Lemma 19 of

[3], we have that if

Pm,q =

��

i
σq2/3

m
, jq1/3

s

σ

m

�

: (i, j) ∈Qp

�

,
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then

�

q1/3
s

σ

m
X̃m

���

m
σq2/3

�

·
��

,Pm,q ∩
�

q1/3
s

σ

m
X̃m

���

m
σq2/3

�

·
����

d
→
�

ẽ(σq2/3),P 1 ∩ ẽ(σq2/3)
�

;

(8.22)

the left-hand side of (8.21) is exactly the left-hand side of (8.22), except with distances in the

y-direction rescaled by q−1/3, and in the x-direction rescaled by q−2/3.

To simplify notation, let us define the random excursion ẽ(σ,q) : [0,σ]→ [0,∞), by

ẽ(σ,q) d
:= q−1/3ẽ(σq2/3)�q2/3·

�

, (8.23)

so that the right-hand side of (8.21) becomes

�

ẽ(σ,q),P q ∩ ẽ(σ,q)
�

.

We will analogously (cf. Defn. 2.23) define the random metric space

M (σ,q) = g
�

2ẽ(σ,q),P q
�

,

using the function g defined at Definition 2.22 which is the continuous analogue to GX above.

We can then adapt Theorem 22 of [3]—given as Theorem 2.24 here—to get a limit for a

component of G (n, p, q) in its critical window.

Theorem 8.18. Let σ > 0. Let m= m(n) ∈ Z¾0 be a sequence of integers such that n−2/3m→ σ

as n→∞, and let p = p(n) ∈ (0,1) be such that pn→ q. Then, as n→∞,

n−1/3Gp
m

d
→M (σ,q),

in the Gromov–Hausdorff distance.

The proof is nearly identical to the proof of Theorem 22 of [3], except relying on our

Lemma 8.17 instead of [3, Lma. 19]. (The proof also relies on Lemma 16 of the same paper,

but that applies exactly to our setting, simply by replacing σ by q2/3σ in its hypotheses.)

Consequently, we omit this proof.

Having considered the component picture, it remains to consider the entire graph. The

following theorem may be proved using the first part of the proof of [3, Thm. 24].
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Theorem 8.19. Let Gn ∼ G (n, p, q), for q ∈ (1,2) and p = q/n+λn−4/3. For i ¾ 1, let C (n)i be

the i-th largest component of Gn, with ties broken arbitrarily. Define

Cn =
�
�

�C (n)1

�

�,
�

�C (n)2

�

�, . . .
�

,

where, if C (n)k does not exist, we say that
�

�C (n)k

�

�= 0. Suppose it holds that

n−2/3Cn
d
→ C= (C1, C2, . . .)

in l2
↘, the space of decreasing non-negative sequences x= (x1, x2, . . .) such that

∞
∑

i=1

x2
i <∞,

equipped with the l2 norm. Let M(n) =
�

M (n)1 , M (n)2 , . . .
�

be the sequence in which M (n)i is C (n)i

treated as a metric space equipped with the graph distance. Then it holds that

�

n−2/3Cn, n−1/3Mn

� d
→ (C,M),

where M = (M1, M2, . . .) is a sequence of metric spaces such that, conditional on Z, we have

(Mi)i∈N all independent, and Mi
d
= M (Ci ,q). Convergence in the first co-ordinate is still in l2

↘,

while convergence in the second co-ordinate is in the product topology, the distance between the

individual metric spaces in the sequence being taken to be Gromov–Hausdorff distance.

Note here we have convergence of the sequence of metric spaces in the product topology,

rather than in the metric dseq defined in (2.9). It is potentially possible to extend the result to

this metric.
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Chapter 9

Outlook

We conclude by summarising what remains, following the results in this thesis, in order to

prove the existence of the scaling limit of the random cluster model. We also discuss some

possibilities for future related research.

9.1 Completing the proof of a scaling limit for q ∈ (0,2)

The results in Section 8.2 show that a full proof of the scaling limit of this model rests on show-

ing that the sequence of component sizes converges, which we formally state as a conjecture

now.

Conjecture 9.1. Let Gn ∼ G (n, p, q), for q ∈ (1, 2) and p = q/n+λn−4/3. For i ¾ 1, let C (n)i be

the i-th largest component of Gn, with ties broken arbitrarily. Define

Cn =
�
�

�C (n)1

�

�,
�

�C (n)2

�

�, . . .
�

,

where, if C (n)i does not exist, we say that
�

�C (n)i

�

�= 0. Then there exists a random sequence C such

that

n−2/3Cn
d
→ C

in l2
↘, the space of decreasing non-negative sequences x= (x1, x2, . . .) such that

∞
∑

i=1

x2
i <∞,

equipped with the l2 norm.

We have outlined two major possible proof strategies, one of which directed the bulk of
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the work in this thesis—the one which we described in Section 3.2. We recall that this strategy

would provide a proof of Conjecture 9.1 for some values of q ∈ (0, 2) \ {1 } if either the first

of the following conjectures holds, or both of the other two do. (All further conjectures in this

section are restated from earlier in the thesis, preserving their numbering.)

Conjecture 6.2. Fix λ ∈ R, and define (X , I , N) to be real-valued processes on [0,∞) with

distributions given by:

X (t) = B(t) +λt −
t2

2
;

I(t) = inf
0¶s¶t

X (t);

(N(t))t¾0 is a Poisson process of rate X (t)− I(t)

(where B(t) is a Brownian motion). Then, for q ∈ (0, 1), there exists a function Dq(T ) > 0 such

that the random process
�

Rq(T )
�

T¾0, where

Rq(T ) :=
1

Dq(T )
exp

¨

(q− 1)

∫ T

0

(X (u)− I(u))du

«

, (6.1)

is uniformly integrable, and converges in probability as T → ∞ to a random variable that is

almost surely positive.

Remark. This, if proven, would give us Conjecture 9.1 in the range q ∈ (0,1).

Conjecture 6.10. Fix q ∈ (1,2) and λ ∈ R, and define p = p(n,λ, q) = q/n+ λn−4/3. Let the

event En(T,ε) be defined by

En(T,ε) =
�

Xn(k) = In(k) for some k ∈
��

T n2/3
�

,
�

(T + ε)n2/3
��	

∩
�

Nn

��

(T + ε)n2/3
��

= Nn

��

T n2/3
��	

,

where (Xn, In, Nn) is the exploration process defined by Algorithm A, applied to the graph Gn ∼

G (n, p, q).

Then

lim
T→∞

lim sup
n→∞

Pn,p,q

�

En

�

T,
1
T

�c�

= 0.

Conjecture 6.11. Let p = 1/n + λn−4/3, let Gn ∼ G
�

n, 1/n+λn−4/3
�

, and let (Xn, In, Nn) be

the usual depth-first exploration process. If (Mn)n∈N is a sequence of uniformly bounded σ(Xn)-

measurable random variables that converge in distribution to M, then for all q ∈ (1, 2), as n→
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∞,

En,p̃

�

qNn(bT n2/3c)Mn

�

→ E
�

qN(T )M
�

.

Remark. Conjecture 6.10, which we state more explicitly here than on its previous appearance,

taken together with Conjecture 6.11, would be sufficient to prove Conjecture 9.1 in the range

q ∈ (1,2).

Aside from the approach from Section 3.2, there is the approach in Theorem 8.11. We

recall that this relied on two conjectures, which we restate.

Conjecture 8.5. Let p = 1/n+λn−4/3. Then, as n→∞, for all q ∈ (0, 2),

En,p

�

qNn
�

= O
�

n−(q−1)/6
�

.

Conjecture 8.10. Let C (n)i be the i-th largest component of Gn ∼ G (n, p), where p = 1/n +

λn−4/3 +O
�

n−2
�

. Let Ã(n)i

�
�

�C (n)i

�

�

�

be the area corresponding to the component C (n)i . Then there

exists c ∈ R such that, for all δ > 0,

lim
ε↓0

limsup
n→∞

Pn,p

�

�

�

�

�

�

∑

i

n−1Ã(n)i

�
�

�C (n)i

�

�

�

1n
n−2/3

�

�C (n)i

�

�<ε
o −

1
4

log
�

n2/3ε
�

+ c

�

�

�

�

�

¾ δ

�

= 0.

If both of the above could be proven, then we would have that Conjecture 9.1 holds, and

hence that a scaling limit exists. (This is irrespective, therefore, of whether we can prove either

of Conjectures 6.2 and 6.10.)

Thus an obvious possible direction for future research would to be to prove any of the

above conjectures. Alternatively, there may be some other approach not addressed in this

thesis, by which one could prove Conjecture 9.1.

Note Conjecture 9.1 makes no assertion about the distribution of C. We provided a conjec-

ture for this in Conjecture 3.6. We supposed that, under the measure P, C was the sequence of

excursion lengths, in decreasing order, of X − I , where, for a Brownian motion B(t), we have

X (t) = B(t)+λt/q− t2/2, and I(t) = inf0¶u¶t X (u); then, we let Lλ be the limit in probability,

as t →∞, of
∫ t

0 (X (u)− I(u))du− (log t)/2. We then conjectured that C has the law that it

does under P̃, where
dP̃
dP
=

exp{(q− 1)Lλ}
E[exp{(q− 1)Lλ}]

, (9.1)

in which E denotes expectation under P.

This conjecture follows naturally from the heuristic proof in Section 3.2, and we have

found good evidence for it via our results in Chapter 8. In Section 8.1, we found evidence
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for an alternative measure change, where instead we took a random variable corresponding

to summing the area under the excursions in decreasing order of length, and compensating

appropriately. We conjecture that these two random variables differ only by a constant, and

so the two measure changes are equivalent.

9.2 q ¾ 2

Apart from a brief reference in Chapter 3, we have not discussed what happens when q ¾ 2. In

the case of the strict inequality q > 2, taking again p = κ/n, we know that the phase transition

occurs at

κ= 2
q− 1
q− 2

log(q− 1)

[16, (1.4)], and, for this value of κ, we w.h.p. see something “like” either the sub- or super-

critical regimes, with non-vanishing probability of either case ([16, Thm. 2.3] or [58, pp. 202–

203]). Both papers use slightly informal statements along these lines (though only [58] asserts

explicitly that the probability of neither case vanishes). To state this more formally (taking a

lead from [16, p. 299], we mean (e.g.) that, for anyω=ω(n)→∞ as n→∞, we have that

there exist constants c = c(q) and d = d(q) such that, if we let

E(1)n =







�

�

�

�

�C (n)1

�

�− c log n
�

�

�

log log n
<

1
ω







and

E(2)n =

¨

�

�

�

�

�

�

�C (n)1

�

�

n
− d

�

�

�

�

�

<
1
ω

«

,

then P
�

E(1)n ∪ E(2)n

�

→ 1 as n→∞, with limsupn→∞ P
�

E(i)n

�

> 0 for i = 1, 2.

Thus the critical behaviour in this setting is of a completely different nature.

There is perhaps more possible interest when q = 2. Here, the phase transition (when

p = κ/n) occurs at κ = 2 [16, (1.4)]; moreover, there are a number of possible near-critical

behaviours, which we enumerate below (adapted from Theorem 18 of Luczak and Łuczak

[43].

Theorem 9.2 ([43, Thm. 18]). Let q = 2, and let p = (1 + ε)2/n, for some ε = ε(n). Let

Gn ∼ G (n, p, 2), and let C (n)i be the i-th largest component of Gn. Then, as n→∞:
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(1) if εn1/3→−∞, w.h.p. Gn has no complex components, and

�

�C (n)1

�

�=
2
ε2

�

log
�

n |ε|3
�

−
5
2

log log
�

n |ε|3
�

+Op(1)
�

;

(2) if εn1/3→ λ < 0, then
�

�C (n)1

�

�,
�

�C (n)2

�

�= Θp

�

n2/3
�

, with Gn having Op(1) complex components

all of size Θp(1);

(3) if ε = o
�

n1/3
�

but εn1/2→−∞, then w.h.p.
�

�C (n)1

�

� is the only complex component,

�

�C (n)1

�

�= Θp

�√

√ n
|ε|

�

,

and
�

�C (n)2

�

�= Op

�

|εn| log

�

1

n |ε|3

��

;

(4) if εn1/2→ c ∈ R, then w.h.p.
�

�C (n)1

�

� is the only complex component,
�

�C (n)1

�

� = Θp

�

n3/4
�

, and
�

�C (n)2

�

�= Op

�p
n log n

�

; and

(5) if εn1/2→∞ but ε = o(1), then w.h.p.
�

�C (n)1

�

� is the only complex component,

�

�C (n)1

�

�= (1+ o(1))
p

3εn+Op

�s

n
ε

�

(where the o(1) term is a deterministic error), and

�

�C (n)2

�

�=
�

1+ op(1)
� log

�

n2ε3
�

3ε
.

Remark. Parts of the result above have been quoted earlier in this thesis. In [43] the authors

gave many of the big-O-in-probability statements above as local limit theorems, which are in

some sense more precise than the big-O statements, but do not directly imply them; their proof

method shows that the above results do, in fact, hold.

We conjecture that everything above holds in case (2) above.

Conjecture 9.3. Conjecture 9.1, about a limit for the component sizes, also holds in the case

where q = 2 and λ < 0.

Remark. We have already noted that there is evidence for this, such as the fact that Proposi-

tion 7.20 extends to this case; we note this formally here.
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Proposition 9.4. Theorem 8.19, which shows that a metric space scaling limit holds if the rescaled

component sizes converge, also holds in the case where q = 2 and λ < 0.

We do not write out the proof, simply noting that there is nothing in the proof of The-

orem 8.19 that requires q < 2.

In the other cases, it may be that more can be shown than was shown in Theorem 9.2,

for instance about the distributions of smaller component sizes. We do not make any specific

conjectures, but note that it is potentially an avenue for future research.

9.3 Universality

Results in the literature (e.g. [10, 11, 24]) imply that there is, in fact, a universality class

of random graph models “surrounding” the Erdős–Rényi model whose exploration processes

converge to the process found by [6], including critical versions of the configuration model

and the rank-one inhomogeneous random graphs. It would be natural to expect that a similar

result holds for graphs related to the mean-field random cluster model—for instance, biasing

instances of a graph G distributed according to the configuration model by qc(G), where c(G),

as before, denotes the number of components of G; or, alternatively, the equivalent for rank-

one inhomogeneous random cluster graphs. If Conjecture 9.1 could be shown, it would be a

natural direction to try to prove that the scaling limit is universal, in the sense that it holds for

“similar” models such as these.
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Appendix A

Additional proofs

Here we include certain proofs of (mostly technical) results that, for overall clarity, were omit-

ted from the main body of this thesis. For reference, we will restate each result itself before

the corresponding proof.

Lemma 5.3. Let m=
�

1+λn−1/3O
�

n−2/3
��

(n−1)/2. There is a universal constant C for all m′

satisfying
�

�m′ −m+
�

n2/3 t
��

�¶ n1/3 log n,

and for all sufficiently large n, giving that, if

M̃n(t)∼ Bin

�

�

n−
�

n2/3 t
�

2

�

, p

�

,

then
�

�

�

�

P
�

M̃n(t) = m′
�

−
1

p
2πm

�

�

�

�

¶ C
(log n)2

n5/6
. (5.2)

(Originally stated on page 82.)

Proof. By (5.6), we have that there exists C1 > 0 such that

�

�

�

�

P
�

M̃n(t)−m′
�

− P
�

Poi
��

n′

2

�

p
�

= m′
�

�

�

�

�

¶
C1

n
(A.1)

for all sufficiently large n, and for all valid choices of m′. Let

a′n =
�

n′

2

�

p−m′,
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so that there exists C2 > 0 such that, for all sufficiently large n and for all valid m′,

�

�a′n
�

�¶
�

�

�

�

�

n−
�

n2/3 t
�

2

�

p−m+
�

n2/3 t
�

�

�

�

�

+
�

�m−
�

n2/3 t
�

−m′
�

�¶ C2n1/3 log n,

by (5.8) and the fact that

�

n−
�

n2/3 t
�

2

�

p−m+
�

n2/3 t
�

=
�

n
2

�

p−m+
�

n2/3 t
�

−

�

n2/3 t
�

(2n− 1) +
�

n2/3 t
�2

2

�

1
n
+O

�

n−4/3
�

�

= O
�

n1/3
�

,

which doesn’t depend on m′. (Again, taking crude bounds, we can observe that, for sufficiently

large n, this constrains
�

�a′n/m
′
�

�¶ 1/2, say.) Then, similarly to our calculations in the proof of

Theorem 5.2, we have that

P
�

Poi
��

n′

2

�

p
�

= m′
�

=
exp

�

−m′ − a′n
	�

m′ + a′n
�m′

m′!

=
1

p
2πm′

exp

�

−a′n +m′ log

�

1+
a′n
m′

��

¶
1

p
2πm′

(using Stirling’s formula and the fact that log(1+ x)¶ x for all x > −1); likewise, we see that

there are constants C3, . . . , C6 > 0 such that, for all appropriate n and m′,

P
�

Poi
��

n′

2

�

p
�

= m′
�

¾
1

p
2πm′

exp

�

−a′n +m′ log

�

1+
a′n
m′

��

�

1+
C3

m′

�−1

¾
1

p
2πm′

exp

(

−C4

�

a′n
�2

m′

)

�

1+
C3

m′

�−1

¾
1

p
2πm′

�

1− C5
(log n)2

n1/3

�

¾
1

p
2πm′

− C6
(log n)2

n5/6
.

Thus
�

�

�

�

P
�

Poi
��

n′

2

�

p
�

= m′
�

−
1

p
2πm′

�

�

�

�

¶ C6
(log n)2

n5/6
(A.2)

for all such n and m′.

It can be similarly observed that there exists C7 > 0 such that, for all appropriate n and

m′,
�

�

�

�

1
p

2πm′
−

1
p

2πm

�

�

�

�

¶
C7

m5/6
.

Putting this together with (A.1) and (A.2) gives (5.2).
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Lemma 4.9. Let f , f̃ : [0,∞)→ R be continuous functions, and d, d̃ ∈ R, such that, for all s,

f (s) + d ¶ f̃ (s) + d̃, and such that f̃ − f is a (weakly) increasing function on [0,∞). Define:

m(s) =min
n

inf
0¶u¶s

f (u),−d
o

;

m̃(s) =min
n

inf
0¶u¶s

f̃ (u),−d̃
o

.

Let y(s) = f (s)−m(s) and ỹ(s) = f̃ (s)− m̃(s). Then y(s)¶ ỹ(s) for all s ¾ 0.

(Originally stated on page 55.)

Proof. It is evident that m, m̃, y and ỹ all inherit their continuity from f and f̃ .

Now suppose for some s that ỹ(s) = 0, so that f̃ (s) = m̃(s). Then, for u¶ s,

f̃ (u)¾ f̃ (s);

also, since u¶ s, and f̃ − f is increasing,

f (u)− f̃ (u)¾ f (s)− f̃ (s).

Hence, for all u¶ s,

f (u)¾ f (s);

that is, f (s) = m(s), and hence y(s) = 0. So for such values of s, we have ỹ(s)¾ y(s).

Now suppose that ỹ(s) > 0; note that, by construction, y(s) > 0. Then there are two

cases: either {u¶ s : y(u) = 0 } is empty, or it is non-empty. If it is empty, then, y(u) > 0 for

u ∈ [0, s]. Thus it holds that m(s) = −d. (The proof is by contradiction. Note m(s) ¶ −d.

Then if m(s) < −d, then there exists u ¶ s such that f (u) = m(s). But then, by the continuity

of f̃ , there exists v < u such that f̃ (v) = −d; at the infimum v∗ of such points, by continuity

f (v∗) = −d, but m(v∗) = −d here too, giving a contradiction.)

Note that in this case, since y(u) > 0 for all u ∈ [0, s], by the first part ỹ(u) > 0 for all

u ∈ [0, s], and so by the same argument m̃(s) = −d̃. Then

y(s) = f (s) + d ¶ f̃ (s) + d̃ = ỹ(s).

Now suppose there exists u ¶ s such that y(u) = 0. Let u∗ = sup {u¶ s : ỹ(u) = 0 }; note

that y(u∗) = 0, by continuity. Now for u ∈ (u∗, s], we have y(u) > 0; this implies that m is
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constant on [u∗, s] (in a similar contradiction argument to that above). So

y(s) = y(s)− y(u∗) = f (s)− f (u∗).

But now ỹ(u)> 0 on (u∗, s] as well, and by the same argument m̃(u) is constant on [u∗, s], so

ỹ(s)− ỹ(u∗) = f̃ (s)− f̃ (u∗). So

y(s) = f (s)−m(s)− f (u∗) +m(u∗) = f (s)− f (u∗)¶ f̃ (s)− f̃ (u∗) = ỹ(s)− ỹ(u∗)¶ ỹ(s)

as ỹ is a non-negative function by definition, where the first inequality holds because f̃ − f is

an increasing function.

Lemma 7.10. As `→∞,

∫ 1

0

x−1
�

1− e−`x
�

dx = γ+ log`+O
�

`−1e−`
�

.

(Originally stated on page 117.)

Proof. The integrand is bounded over (0, 1], so, by the Bounded Convergence Theorem,

∫ 1

0

x−1
�

1− e−`x
�

dx = lim
ε↓0

∫ 1

ε

x−1
�

1− e−`x
�

dx .

Evaluating this integral, we have that

∫ 1

ε

x−1
�

1− e−`x
�

dx = − logε −
∫ `

ε`

e−u

u
du

= − logε − E1(ε`) + E1(`)

(substituting u= `x in the first line), where E1 is defined as

E1(x) =

∫ ∞

x

e−u

u
du.

Now, by [1, eqn. 5.1.11] (and standard results about power series), it holds that, as u ↓ 0,

E1(x) = −γ− log x +O(x). (A.3)
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Thus, it holds that (for fixed `, as ε ↓ 0),

∫ 1

ε

x−1
�

1− e−`x
�

dx = − logε + γ+ log(ε`) +O(ε) + E1(`);

taking the limit in ε gives

∫ 1

0

x−1
�

1− e−`x
�

dx = γ+ log`+ E1(`).

The result then follows from the fact that, for x > 0,

E1(x)¶
1
x

∫ ∞

x
e−u du= x−1e−x .

Lemma 7.5. Suppose
∑∞

k=0 ak xk is a power series that converges for all x ∈ R, with ak > 0 for

all sufficiently large k. Suppose also that ak ∼ bk as k→∞. Then
∑∞

k=0 bk xk converges for all

x ∈ R, and as x →∞,
∞
∑

k=0

bk xk ∼
∞
∑

k=0

ak xk.

(Originally stated on page 113.)

Proof. We first check the series converges. It is sufficient to consider x > 0, and it is also

sufficient to show convergence of the sequence of partial sums sK(x) =
∑∞

k=L bk xk, where L is

chosen so that bK > 0 for all K ¾ L. Then, we have a monotone sequence (sK)K¾L . Moreover,

since bk/ak → 1 as k→∞, there exists M such that, for all k ¾ L, we have that bk/ak ¶ M .

Thus, for all K ¾ L,

sK(x)¶ M
K
∑

k=L

ak xk ¶ M
∞
∑

k=L

ak xk <∞,

and we have a monotone sequence bounded above, which therefore converges.

Now fix ε > 0. Then there exists Kε ∈ N (with Kε ¾ L) such that, for all k > Kε,

�

�

�

�

bk

ak
− 1

�

�

�

�

¶ ε.

Then
∑∞

k=0 bk xk

∑∞
k=0 ak xk

¶ 1+ ε +

∑Kε
k=0(bk − (1+ ε)ak)xk

∑∞
k=0 ak xk

. (A.4)

But we note that, since ak > 0 for all k ¾ Kε,

x−Kε
∞
∑

k=0

ak xk ¾ aKε+1 x + aK −O
�

x−1
�

→∞
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as x →∞. Hence, if we divide through the numerator and the denominator of the fraction

on the right-hand side of (A.4) by xKε , we see that that fraction converges to 0. It therefore

holds that

limsup
x→∞

∑∞
k=0 bk xk

∑∞
k=0 ak xk

¶ 1+ ε

for all ε > 0. By an analogous argument, we can show that

lim inf
x→∞

∑∞
k=0 bk xk

∑∞
k=0 ak xk

¾ 1− ε,

thus completing the result.

Lemma 7.11. Fix λ ∈ R. Let

g(k) = E





∫ τ(k2)

τ((k−1)2)
(X (u)− I(u))du



,

where, for a Brownian motion B(t), we take X (t) = B(t)+λt − t2/2, and I(t) = inf0¶u¶t X (u),

and define τ to be the right-continuous inverse local time at 0 of X − I . Then g(k) = O
�

k−1
�

.

(Originally stated on page 120.)

Proof. By a method similar to that used in the proof of Proposition 7.9, we have that

g(k) =

∫ ∞

0

1
p

2π
x−1

�

e−(k−1)2 x − e−k2 x
�

Ψ′
�

x3/2
�

exp

�

−
x3

6
+

x2λ

2
−

xλ2

2

�

dx . (A.5)

We split this integral at 1, noting first that the integral over [1,∞) is bounded above by

1
p

2π
e−(k−1)2

∫ ∞

1

x−1Ψ′
�

x3/2
�

exp

�

−
x3

6
+

x2λ

2
−

xλ2

2

�

dx = O
�

e−k2+2k
�

,

as the integrand is now integrable and independent of k. Meanwhile, if D (independent of k)

is chosen such that
1
p

2π
Ψ′
�

x3/2
�

exp

�

−
x3

6
+

x2λ

2
−

xλ2

2

�

¶ D

for all x ∈ [0, 1], then the section of the integral in (A.5) over (0,1) is bounded above by

D

∫ 1

0

x−1
�

e−(k−1)2 − e−k2 x
�

dx = D

�

∫ 1

0

x−1
�

1− e−k2 x
�

dx −
∫ 1

0

x−1
�

1− e−(k−1)2
�

dx

�

= D
�

2 log k− 2 log(k− 1) +O
�

k−2e−(k−1)2 x
��

= O
�

k−1
�
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as k→∞, by Lemma 7.10.

For the next lemma, take X and I as in the statement of Lemma 7.11.

Lemma 7.24. Fix λ ∈ R and θ > 1, not depending on t. Then as t →∞,

E
�

exp

�

θ

∫ t

0

(X (u)− I(u))du

��

= O
�

t3/2eθ
2 t3/2+λθ t2

�

.

(Originally stated on page 139.)

For the proof we will need the following result taken from Williams [62].

Theorem A.1 ([62, Thm. 1]). Let Y (µ) be a Brownian motion with drift µ, started at 0, reflected

(from below) at 0, and define, for c > 0

τ(µ)(c) = inf
�

t ¾ 0 : Y (µ)(t) = c
	

.

Fix β > 0. Then

E
�

e−βτ(c)
�

=
eµc

cosh(γc) +µ sinh(γc)/γ
,

where γ=
p

µ2 + 2β .

We will also need the following lemmas:

Lemma A.2. In the setting of Theorem A.1, if c > t |µ|,

P
�

sup
0¶u¶t

Y (µ)(u)¾ c

�

¶
2c

c +µt
e−µ

2 t/2+µc−c2/(2t).

Proof. We note that, for all β > 0,

P
�

sup
0¶u¶t

Y (µ)(u)¾ c

�

= P
�

τ(µ)(c)¶ t
�

¶ eβ tE
�

e−βτ
(µ)(c)

�

, (A.6)

by Markov’s inequality. Take

β =
c2

2t2
−
µ2

2
> 0

for the range of values of c specified. Then, as defined in Theorem A.1, γ= c/t, and thus

E
�

e−βτ(c)
�

=
ceµc

c cosh(c2/t) +µt sinh(c2/t)
=

2ceµc

(c +µt)ec2/t + (c −µt)e−c2/t

¶
2c

c +µt
eµc−c2/t ,

183



since c − µt > 0 by the constraint we have taken on c. Applying this bound in (A.6), and

substituting again for β , gives the result.

Lemma A.3. In the setting of Lemma A.2, we have that, for all α > 0,

E
�

exp

�

α

∫ t

0

Y (µ)(u)du

��

¶ e2αt2|µ| + 4αt
p

2πteαt2(2µ+αt)/2.

Proof. We first note that
∫ t

0

Y (µ)(u)du¶ t sup
0¶u¶t

Y (µ)(u).

So, using the fact that, if X is a non-negative random variable, then E[X ] =
∫∞

0 P(X ¾ x)dx ,

we have that

E
�

exp

�

α

∫ t

0

Y (µ)(u)du

��

¶ 1+

∫ ∞

1

P
�

exp

�

αt sup
0¶u¶t

Y (µ)(u)

�

¾ v

�

dv

= 1+αt

∫ ∞

0

eαtcP
�

sup
0¶u¶t

Y (µ)(u)¾ c

�

dc, (A.7)

substituting c = (αt)−1 log v.

We may now use Lemma A.2 to obtain a bound on the integral over (2 |µ| t,∞): namely,

αt

∫ ∞

2|µ|t
eαtcP

�

sup
0¶u¶t

Y (µ)(u)¾ c

�

dc ¶ αt

∫ ∞

2|µ|t

2c
c +µt

eαtc−µ2 t/2+µc−c2/(2t) dc

=
2cαt
c +µt

eαt2(2µ+αt)/2

∫ ∞

2|µ|t
e−(c−t(µ+αt))2/(2t) dc

¶ 4αt
p

2πteαt2(2µ+αt)/2,

since, for all µ ∈ R and for all c > 2 |µ| t, we have that c/(c +µt)¶ 2.

Meanwhile, we have for the integral over [0, 2 |µ| t] that

αt

∫ 2|µ|t

0

eαtcP
�

sup
0¶u¶t

Y (µ)(u)¾ c

�

dc ¶ αt

∫ 2|µ|t

0

eαtc dc = e2αt2|µ| − 1.

Proof of Lemma 7.24. In the setting of Lemma A.3, takeµ= λ and x = 0. Then, by Lemma 4.9,

we can couple X and Y (λ) such that, for all u¾ 0,

Y (λ)(u)¾ X (u)− I(u).

The result follows from Lemma A.3.
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arXiv: 1411.3417 [math.PR]. 2014.

185



[11] S. Bhamidi, S. Sen and X. Wang. Continuum limit of critical inhomogeneous random

graphs. Probab. Theory Related Fields 169.1-2 (2017), pp. 565–641.

[12] P. Billingsley. Convergence of probability measures. Second. Wiley Series in Probability

and Statistics: Probability and Statistics. A Wiley-Interscience Publication. John Wiley

& Sons, Inc., New York, 1999. ISBN: 0-471-19745-9.

[13] Y. M. M. Bishop, S. E. Fienberg and P. W. Holland. Discrete multivariate analysis: theory

and practice. With the collaboration of Richard J. Light and Frederick Mosteller. The

MIT Press, Cambridge, Mass.—London, 1975.

[14] B. Błaszczyszyn and D. Yogeshwaran. Clustering and percolation of point processes.

Electron. J. Probab. 18 (2013), no. 72, 20.

[15] B. Bollobás. Random graphs. Second. Vol. 73. Cambridge Studies in Advanced Mathem-

atics. Cambridge Univ. Press, Cambridge, 2001. ISBN: 978-0-521-79722-1.

[16] B. Bollobás, G. Grimmett and S. Janson. The random-cluster model on the complete

graph. Probab. Theory Related Fields 104.3 (1996), pp. 283–317.

[17] A. N. Borodin and P. Salminen. Handbook of Brownian motion—facts and formulae.

Second. Probability and its Applications. Birkhäuser Verlag, Basel, 2002. ISBN: 978-

3-7643-6705-3.

[18] M. Brown, E. A. Peköz and S. M. Ross. Some results for skip-free random walk. Probab.

Engrg. Inform. Sci. 24.4 (2010), pp. 491–507.

[19] D. Burago, Y. Burago and S. Ivanov. A course in metric geometry. Vol. 33. Graduate

Studies in Mathematics. American Mathematical Society, Providence, RI, 2001. ISBN:

0-8218-2129-6.

[20] G. Csárdi and R. FitzJohn. progress: Terminal Progress Bars. R package version 1.2.2.

2019. URL: https://CRAN.R-project.org/package=progress.

[21] G. Csárdi and T. Nepusz. The igraph software package for complex network research.

InterJournal Complex Systems (2006), p. 1695.

[22] D. J. Daley and D. Vere-Jones. An introduction to the theory of point processes. Vol.

II. Second. Probability and its Applications (New York). General theory and structure.

Springer-Verlag, New York, 2008. ISBN: 978-0-387-21337-8.

186

https://CRAN.R-project.org/package=progress


[23] A. Dembo and O. Zeitouni. Large deviations techniques and applications. Vol. 38.

Stochastic Modelling and Applied Probability. Corrected reprint of the second (1998)

edition. Springer-Verlag, Berlin, 2010. ISBN: 978-3-642-03310-0.

[24] S. Dhara, R. van der Hofstad, J. S. H. van Leeuwaarden and S. Sen. Critical window for

the configuration model: finite third moment degrees. Electron. J. Probab. 22 (2017),

Paper No. 16, 33.

[25] R. Durrett. Random graph dynamics. Vol. 20. Cambridge Series in Statistical and Probab-

ilistic Mathematics. Cambridge Univ. Press, Cambridge, 2007. ISBN: 978-0-521-86656-

9.
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