
Modelling droplet impact in
fluid-structure interaction

problems

Michael Negus

Keble College

University of Oxford

A thesis submitted for the degree of

Doctor of Philosophy

October 2022



Acknowledgements

Completing this thesis over the past four years has been one of the most fulfilling

and challenging tasks I have ever undertaken, and it would not have been possible

without the support and guidance of the people who stuck around me throughout the

process.

First of all, I would like to thank my supervisors, Professor James Oliver, Dr

Matthew Moore and Dr Radu Cimpeanu. Their continued expertise and guidance

has helped me mature into a more confident researcher and all-round human. I want

to particularly thank them for supporting me continuously throughout these turbulent

few years, whether in-person or remotely.

I have been incredibly fortunate to have been surrounding by an amazing group of

friends and colleagues in the Mathematical Institute, including (but not limited to)

Edwina Yeo, Helen Saville, Amy Kent, Matthew Shirley, Philip Winchester, Arkady

Wey and George Atkinson. Thank you for the coffee breaks, afternoon walks, virtual

lunches, cross-continental trips and, most of all, for putting up with my regular rants.

My transition into the bizarre world of Oxford was made incredibly enjoyable by

all those I met at Keble in my first year, and have stuck around right until the end.

In particular, I want to thank Caiban Butcher, Heike Kuhn, James Paterson and

Joanna Perks for making my time in Oxford so enjoyable. And of course, I want to

thank Shannon Brunette for being by my side from day one, I could not have done

this without your care and support, and I am forever grateful for that.

In addition, I want to thank Laurence Cullen and Ellie Winter for graciously

showing me their immense hospitality and support over the last two months in the

challenging final stages of writing this thesis.

Lastly, I want to thank my entire family for always believing in me, and showing

me the love and support that brought me here. I would have never thought this boy

from Camborne could have reached this point, and I owe it to you all that I am here.



Abstract

The impact of a liquid droplet onto a deformable substrate is a physical phe-

nomenon that appears ubiquitously in both natural and industrial contexts. The

fluid-structure interaction between the droplet and the substrate results in a complex

and highly nonlinear system, and is a significant modelling challenge. In this thesis,

analytical and numerical modelling techniques for these systems are presented with

the aim of providing physical insight and quantitative predictions on the dynamics of

the droplet as the properties of the substrate are changed.

In Chapter 1, we motivate the thesis by outlining relevant real-world scenarios

involving droplet impact onto deformable substrates, and present a review of the

existing literature. In Chapter 2, we setup the canonical droplet impact system that

will be used throughout the thesis, including the statement of governing equations,

non-dimensionalisation and any assumptions that apply throughout. We present an

analytical model for this system in Chapter 3, where we exploit the small timescale of

impact phenomena to derive a matched asymptotic solution based on Wagner’s theory

of impact. To validate the analytical model and investigate regimes which Wagner

theory cannot reach, a numerical modelling technique is then considered in Chapter

4, where we use the volume-of-fluid method to conduct direct numerical simulations

of the system. We present a novel approach to model the fluid-structure interaction

within a two-phase scenario by employing a moving frame coordinate transformation.

In Chapters 5 and 6, we apply the previously developed models to study droplet

impact onto a spring-supported plate and an elastic membrane, respectively. We find

how the deformation of the substrate affects the dynamics of the droplet via slowing

down the spreading, decreasing the pressure and reducing the amount of fluid ejected

across the substrate. By making use of both modelling techniques, we explore a wide

range of substrates by varying the elasticity, tension, mass and dampening properties

of the substrate. We then quantify how changing these physical properties of the

substrate affects the dynamics of the droplet and in turn the displacement of the

substrate during the impact process. Finally, in Chapter 7, we summarise the main

results and discuss directions for further work.
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Chapter 1

Introduction

1.1 Motivation and background

The impact of a liquid droplet onto a deformable substrate is a physical phenomenon

that appears ubiquitously in both natural and industrial contexts. The 
uid-structure

interaction between the droplet and the substrate results in a complex and highly

nonlinear system, and poses a signi�cant modelling challenge. In this thesis, analytical

and numerical modelling techniques for these systems are presented with the aim of

providing physical insight and quantitative predictions on the dynamics of the droplet

as the properties of the substrate are changed.

Scienti�c interest in these droplet impact systems originates at least as far back

as Worthington (1877) [99], who used early photographic techniques to categorise the

shapes of droplets impacting onto a plate. Much progress has been made since then,

and modern research in the area involves a collaboration of experimental, mathemat-

ical and computational approaches. The dynamics of droplet impact depends on the

complex interplay between a number of physical properties of the system, such as the

inertia of the droplet, the viscosity and surface tension of the liquid and surrounding

gas, the gravitational forces and the material properties of the substrate. Depending

on the physical context, the importance of each of these factors will di�er, however

for this thesis we will focus on inertia-dominated regimes, such as the scenario of

falling raindrops, which are typically on the millimetric scale with a terminal velocity

of approximately 9 m/s. However, there are a wealth of other regimes which are of

interest for their applications in both nature and industry (which we will detail in

the following), and we direct the reader to Josserand and Thoroddsen (2016) [48] for

a more extensive review on droplet impact.

The focus of investigation into droplet impact can depend on a number of im-

portant phenomena relevant to industry and nature. Example quantities of interest
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include the maximum width of spreading across the substrate or the entrapment of

gas between the impacting droplet and the substrate. However one phenomenon

which has received particular attention in recent years is splashing. The de�nition of

splashing di�ers between authors, but for this thesis we use the de�nition outlined

in Yarin (2006) [102], which is when at any point during the impact, the interface

of the droplet breaks apart and numerous small secondary droplets are ejected. Un-

derstanding splashing is important for a wide range of contexts. In some instances,

splashing can be non-ideal such as for inkjet printing (Derby (2010) [21]) or medical

contexts where splashing of infectious 
uids needs to be prevented (Harrel and Moli-

nari (2004) [36]). Equally, sometimes splashing is desirable, such as on the surface of

a car windscreen where rain droplets need to be broken up and dispersed (Gaylard et

al. (2017) [28]), and for the distribution of pesticides on the leaves of crops (Knoche

(1994) [50]). It is thought that splashing is driven by instabilities in the liquid-gas in-

terface as the droplet spreads across the surface, and that these instabilities are more

likely to occur when the liquid is travelling faster. Thus a quantity of interest for

many experimental practitioners is the so-calledsplashing threshold, which is de�ned

to be the velocity threshold in which droplets either splash or do not splash if their

velocity is above or below the threshold upon impact. The value of the splashing

threshold is a contentious point in the literature, and di�erent authors' derivations of

its value have varying levels of agreement with experimental results (see Palacios et

al. (2013) [68] for a thorough experimental study). Whilst historically most formulae

of the splashing threshold have only taken into account the Reynolds and Weber num-

bers of the droplet (such as Mundo et al. (1995) [64]), numerous experimental studies

have shown that a wealth of other properties of the system can alter the splashing

threshold. For example, Xu et al. (2005) [101] showed that decreasing the pressure

in the surrounding air can suppress splashing, and Xu (2007) [100] found that the

roughness of the substrate can promote splashing behaviour.

There have also been recent research e�orts to investigate how deformation of the

substrate can a�ect the splashing threshold. In the experimental study of Pepper et

al. (2008) [72], identical millimetric ethanol droplets were impacted onto an elastic

sheet in which the tension could be adjusted. They found that by reducing the

tension in the membrane, the splashing could be suppressed, therefore raising the

splashing threshold. Through laser interferometry techniques, they measured that

the deformation in the membrane was greater during the impact when the tension

was decreased, thus meaning that the compliance of the substrate was linked to the

reduction in splashing. Instabilities in the lamellae, the thin sheets of liquid that
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is ejected across the substrate that can eventually break up into the splash, were

observed within the �rst few hundred microseconds of the impact, and the resulting

splash was seen after approximately one millisecond. Thus the early times of the

impact process were identi�ed as being important in understanding the dynamics

of the splash. Using high-speed video imaging, they found that the velocity and

deceleration of the lamella was lower during the �rst hundred microseconds for the

cases with lower membrane tension, indicating that the membrane acted to slow down

the spreading of the droplet across the membrane at early times, far before the splash

actually occurred. The fact the lamella velocity was lower in these low tension cases

provided a possible explanation as to why the splashing was suppressed, as lower

lamella velocities meant they were less prone to Rayleigh-Taylor-type instabilities

from the air.

A similar experimental investigation was carried out by Howland et al. (2016)

[46], where high-speed millimetric ethanol droplets were impacted onto silicone gels

of di�erent sti�nesses. They found that the splashing threshold was increased when

the sti�ness of the substrate (measured by its Young's modulus) was decreased. The

reduction in splashing in these cases was also determined to be due to deformations

in the substrate, as they also tested the impact of a droplet onto a glass slide coated

with a 3 � m thick coating of gel, in which they found the impact on this surface to be

much more violent than impacts onto deep substrates made of the same gel. Using

high-speed photography, they showed that the ejection of the lamella was signi�cantly

slowed down during the impacts onto softer gels, which is similar to the �ndings of

Pepper et al. (2008) [72] when impacting onto membranes with lower tension. By

conducting direct numerical simulations, Howland et al. (2016) [46] found that the

pressure in the droplet was reduced when the substrate deformation was higher. When

the pressure in the droplet is lower, the lamella will be ejected at a lower speed, thus

making the droplet less likely to splash.

Both Pepper et al. (2008) [72] and Howland et al. (2016) [46] identi�ed that the

early stages of the impact process when the lamella is �rst ejected onto the substrate

as being important for determining whether or not the droplet splashes at later times.

However, there is currently not a full understanding into the physical mechanisms at

play during these early times due to the di�culty of experimentally measuring the

small length-scales and short time-scales of the process. These studies emphasise the

importance of the early times of the impact with regard to splashing, however we are

yet to de�ne what categorises the di�erent timescales of the droplet impact process

as a whole. Although these de�nitions are not strict, in the following we will detail
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four di�erent stages of impact that will be relevant to the discussions in this thesis,

and the experimental and modelling challenges that they present.

1.1.1 Pre-impact

Prior to impact, the droplet will be travelling downwards towards the substrate

through the surrounding gas. When the droplet is far away from the substrate,

so long as the droplet velocity is much less than the speed of sound of the gas (which

is approximately 343 m/s in air), the surrounding gas will readily move away from

the droplet and will have little in
uence on the droplet. However, as the droplet

approaches the substrate, a region of high pressure in the gas will form below the

droplet, as it cannot escape as easily as before. This region of high-pressure gas can

cause the bottom of the droplet to dimple prior to impact, an e�ect referred to as

air-cushioning. The dimple at the bottom of the droplet will cause it to make con-

tact with the substrate o�-centre, and, after touchdown, this dimple can contract

to form a bubble, which was observed using high-speed photography techniques by

Thoroddsen et al. (2003) [90]. With the advancement of recent imaging capabilities,

there has been a wealth of experimental investigations studying the dynamics of these

entrapped bubbles, and we direct the reader to Josserand and Thoroddsen (2016) [48]

for an extensive review.

Early models of the e�ects of air-cushioning in two-dimensions were derived by

Wilson (1991) [98], Smith et al. (2003) [83] and Korobkin et al. (2008) [53], where

usually the entrapped air was modelled as a thin, viscous layer and the bulk 
uid

was treated as inviscid. The dimensional arguments of these articles are summarised

well in Mandre et al. (2009) [58]. Hicks and Purvis (2010) [39] extended the theory

to axisymmetric impacts, allowing for the air-cushioning of droplet impact to be

modelled under the condition that the surface tension and viscosity of the liquid can

be neglected. As well as impact on solid surfaces, air-cushioning has also been studied

for impact on a porous-medium (Hicks and Purvis (2017) [41]) and droplet impact

onto liquid layers and other droplets of the same 
uid (Hicks and Purvis (2011) [40]).

If the substrate in question is deformable, the high-pressure air layer can also act

to deform the substrate prior to impact as well as the droplet. The recent studies

of Pegg (2019) [69] and Henman et al. (2021) [38] applied air-cushioning models to

droplets impacting onto deformable substrates, while Pegg (2019) [69] considered the

axisymmetric impact of a droplet onto an elastic plate and Henman et al. (2021) [38]

consider the two-dimensional impact onto a more generalised substrate. Typically,

the deformation of the substrate in these cases acted to delay the touchdown time of
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the droplet more than would be the case were the substrate stationary. However, for

many physically relevant cases, the force required to deform a solid substrate will be

much greater than that of the liquid droplet, so typically the air-cushioning mainly

a�ects the droplet; nevertheless there may be regimes in which this deformation has

an important role to play in the impact dynamics, such as impact onto leaves.

1.1.2 Early impact

Shortly after touchdown, the bulk of the droplet will still be una�ected by the impact.

It is only in a small region near the substrate that the droplet starts to change its

shape as it begins to spread across the surface. Mathematical progress can be made

at this early impact stage by �nding approximate solutions to the 
ow under the

assumption that the droplet has been slightly perturbed from its initial pro�le. As

observed experimentally by Thoroddsen (2002) [89], the lamella is ejected at very

early times, where the bulk of the droplet is still relatively unperturbed. Since the

lamella is ejected so early, Howland et al. (2016) [46] proposed that the deformation of

the soft surface during this stage has a major impact on whether the droplet splashes

at later times, which motivates the need for analytical models to understand the

dynamics of this stage.

To review early time droplet impact problems, we �rst focus on the closely-related

�eld of the water-entry of solid bodies into a body of liquid, usually under the as-

sumption that the body is travelling fast enough that the viscosity, surface tension

and surrounding gas can be safely neglected. The earliest studies of this problem

were by von K�arm�an (1929) [93] and Wagner (1932) [94], who investigated the force

felt on the 
oats of a seaplane as it landed on water. Wagner modelled the 
oat as a

long wedge falling downwards and impacting into a stationary pool of liquid. A key

part of Wagner's theory was that, for a su�ciently shallow body pro�le, the problem

is analogous to the impact on a free surface of a 
at plate whose width is changing

in time (see Korobkin and Pukhnachov (1988) [56] for an extensive review). This

signi�cantly simpli�es the problem, and allows a leading-order solution to be found

using complex variable techniques. This \
at plate analogy" is why these methods

fall under so-calledWagner theory.

In the following years, Wagner theory was extended from its original formulation.

Upon impact, high velocity jets of 
uid travel up the sides of the wedge, as seen ex-

perimentally by Greenhow (1987) [32]. Wagner was aware of these jets, however did

not solve the 
ow problem for these, as he was primarily concerned with calculating
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the hydrodynamic force felt by the wedge, and, to leading-order, the jets do not con-

tribute to this force. However, as shown by Cointe et al. (2004) [19], half of the kinetic

energy given to the 
uid from the impactor goes into the jets, meaning they cannot

be neglected if energy is to be conserved. Wagner theory has also been extended to

consider non-wedge shaped bodies, such as blunt bodies (Korobkin and Pukhnachov

(1981) [55]), cylinders (Cointe and Armand (1987) [18]) and parabolas (Howison et

al. (1991) [45]), and Wagner theory was formalised using matched asymptotic expan-

sions by Wilson (1989) [97] and Howison et al. (1991) [45]. This analytical framework

has also been extended to three-dimensional bodies, with approximate solutions via

numerical algorithms given by Korobkin (1982) [51] and Howison et al. (1991) [45].

As �rst considered by Howison et al. (2005) [44], the Wagner theory formulation

can be applied to the early times of droplet impact. A key assumption in Wagner

theory is that the impacting body has a small deadrise angle, meaning that close to

the point of contact, the body is almost 
at. If we zoom in to the point of contact of

a 
uid impacting onto a substrate at early times, then the radius of curvature of the

undisturbed free surface is much larger than the size of the contact region between

the liquid and substrate. Therefore, the impacting 
uid will look almost 
at from

this point of view. It is for this reason that the results of Wagner theory for water-

entry problems can be almost immediately transferred to droplet impact problems.

Subsequently, the force felt on an axisymmetric paraboloid impacting into a deep

pool (see Oliver (2002) [66]) will be the same as the force the substrate feels after

an impact of an axisymmetric droplet (see Philippi (2016) [74]). This mathematical

equivalence allows the application of years of research into water-entry problems to

be constructively adapted to problems in 
uid impact.

Wagner theory can be utilised for 
uid impacts on various types of substrates.

Due to its simplifying assumptions of neglecting viscosity, the chemical properties of

the substrate do not play a role in the theory. Subsequently, the results derived when

considering liquid impact on a solid substrate can be readily transformed to liquid-

liquid impacts, such as droplet impact on a liquid layer in Howison et al. (2005)

[44] and droplet-droplet impacts in Cimpeanu and Moore (2018) [15]. The studies

of Oliver (2002) [66] and Moore (2014) [62] considered both two-dimensional and

three-dimensional impactors with time dependent vertical velocities. These results

can be transformed to consider 
uid impact onto substrates which can move in the

vertical direction. To create a simple model of a movable substrate, a physical law

coupling the displacement of the substrate to the hydrodynamic force from the 
uid

can be used (such as was considered by Negus et al. (2021) [65]). Wagner theory has
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also been used to model wave impact onto an Euler beam (Korobkin (1998) [52]) and

droplet impact onto an elastic plate (Pegg et al. (2018) [70]). However, more complex

deformable substrates, such as elastic half-spaces and oil-coated substrates, have not

yet been considered.

The analytical solution for the velocity �eld found from Wagner theory can be

used to �nd the distribution of the kinetic energy of the impacting liquid, as derived

by Cointe et al. (2004) [19] for water-entry problems. This type of energy analysis

was conducted by Korobkin and Khabakhpasheva (2006) [54] for wave impact onto

an elastic plate and Scolan (2004) [81] for the water-entry of an elastic conical shell.

In the context of droplets impacting onto soft substrates, such as in Howland et al.

(2016) [46], this analysis could give insight into the mechanism by which splashing is

suppressed by �nding the amount of energy that is lost deforming the substrate.

One of the shortcomings of using Wagner theory to model the early stages of

impact is that it relies on neglecting the in
uence of viscosity, surface tension and

the surrounding gas. As discussed in the previous subsection, we know that in some

instances surrounding gas can cause a bubble to be entrapped inside the droplet

upon impact, resulting in the droplet initially contacting the substrate o�-centre. By

neglecting the surrounding gas, traditionally the Wagner model does not take this

entrapped bubble into account in the early time dynamics, assuming that the droplet

initially touches the substrate at its centre. However, pre-impact air cushioning e�ects

have recently been incorporated into post-impact Wagner theory by Moore (2021)

[63]. It is di�cult to assess the e�ects of neglecting these physical e�ects, including

viscosity and surface tension, via direct comparisons with experiments due to the

short time-scales and small length-scales. Thus, numerical methods provide a viable

alternative for cross-validation, which we will detail in the following subsection.

1.1.3 Intermediate impact

The Wagner model relies on the assumption that the droplet has only been perturbed

from its initial shape in a small region close to the initial point of contact. Thus, as

discussed in greater depth in Chapters 5 and 6, the Wagner model begins to break

down once the droplet has spread across the substrate enough such that the contact

region is of the same order of size as the diameter of the droplet. Typically, during

this intermediate time, the upper part of the droplet still remains relatively una�ected

by the impact (for example see Figure 2 in Howland et al. (2016) [46]), but the rest of

the droplet has been signi�cantly deformed from its initial shape. At this timescale,
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one must usually resort to numerical methods in order to model the dynamics. Com-

putational modelling of such systems poses a considerable challenge, since we need to

model a two-phase 
ow problem with high contrast in density and viscosity between

the phases, as well as taking surface tension into account. E�cient computation of

such systems has only been realistically possible within the last 10-15 years with the

development of advanced computational 
uid dynamics algorithms. We will brie
y

review recent advances in the e�orts to model these systems numerically here, and

provide a more extensive review of such computational methods in Chapter 4.

Although there are numerous numerical methods available for modelling two-phase


ow, the volume-of-
uid (VOF) method has become one of the most popular choices

over the last decade. Direct numerical simulation (DNS) methods using the VOF

method use a continuous scalar �eld to distinguish between the liquid and gas phases,

and solve the full Navier-Stokes equations and advects this scalar �eld with the 
uid


ow. The scalar function is then used to reconstruct the interface location between

the two 
uid phases. VOF methods are attractive as they are inherently mass con-

serving, unlike similar methods such as the level set method (see Mirjalili et al. (2017)

[59] for a more comprehensive discussion). However, one of the challenges of the VOF

method is the accurate determination of surface tension, as often the interface location

is only given piecewise, which makes accurate determination of the interface curva-

ture di�cult. Some of the most popular implementations of the VOF method are the

open-source codesGerris (https://gfs.sourceforge.net/), and its successorBasilisk

(http://basilisk.fr/). Gerris was �rst introduced by Popinet (2003) [75] as an incom-

pressible 
ow solver for the Euler equations. One of the strengths ofGerris was its

use of adaptive grid re�nement. Many two-phase 
ow problems are multi-scale, with

localised areas of interest. This is often the case in droplet impact, where typically

the dynamics of the problem are localised close to the droplet interface, with the bulk

of the droplet remaining predominately undisturbed at early-to-intermediate times.

With adaptive grid re�nement, areas of interest in the problem can be resolved to

high accuracy, whilst keeping the computational grid coarse in other regions. Thus

Popinet (2003) [75] developed an e�cient implementation of the VOF scheme that

allowed for accurate computation at a fraction of the cost of schemes that use a uni-

form grid. Subsequently, in Popinet (2009) [76],Gerris was extended to solve the full

Navier-Stokes equations, including a second-order accurate scheme for determining

the e�ect of surface tension in two-phase 
ow problems. In the last decade, this has

opened the way for researchers to study a variety of droplet impact systems using
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DNS. Some notable examples include Thoraval et al. (2012) [88], whereGerris ' adap-

tive grid capabilities allowed them to observe a von K�arm�an vortex street within an

impacting droplet onto a liquid pool; Philippi et al. (2016) [74] studied the impact of

a droplet onto a solid surface and provided extensive cross-comparisons between the

DNS predictions and axisymmetric Wagner theory; and Cimpeanu and Papageorgiou

(2018) [16] developed DNS for studying three-dimensional droplet impact onto solid

substrates at arbitrary angles.

The open-source codeBasilisk, the successor ofGerris, was �rst presented by

Popinet (2015) [77].Basilisk implements the same VOF scheme asGerris, but within

the framework of theC programming language [79], which more readily allows users

to develop additional features to the code. This makesBasilisk a popular option

amongst the research community over closed-source 
uid dynamics packages such as

Ansys Fluent [3] and COMSOL Multiphysics [20]. As a result,Basilisk has been at

the centre of many of the most recent developments in DNS methods.

As the e�cient simulation of two-phase 
ows has only recently become possi-

ble, the progress in including 
uid-structure interaction into these simulations is

still in its infancy. A particular challenge in this regard is resolving the triple-

contact points where liquid, gas and solid meet as the droplet spreads across the

substrate. In this endeavour, recent developments in theBasilisk community have

included initial implementations of three-phase 
ow simulations (for example, see

http://basilisk.fr/sandbox/vatsal/ThreePhase/), which can handle these triple con-

tact points. However, two-phase 
ow simulations which include a moving embedded

boundary are not currently supported byBasilisk, and this has been identi�ed as a

high-priority avenue for future development.

1.1.4 Late impact

The late time of impact is characterised as when the entire droplet interface has been

signi�cantly deformed by the impact, and the droplet begins to 
atten and spread

across the substrate. Many factors such as the impact speed, viscosity and surface

tension determine the dynamics at this time, a complex behaviour which is extensively

reviewed by Yarin (2006) [102] and Bonn et al. (2009) [10]. The properties of the

substrate have a particularly important role to play at this late time, as the kinetic

energy of the droplet is progressively balanced and eventually dominated by capillary

e�ects. Typically, droplets at these late times either break up into a crown splash, or

otherwise the droplet reaches a maximum spreading radius once the kinetic energy

of the droplet has been completely converted into surface energy. If the substrate
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is hydrophobic, the surface energy can then cause the droplet to retract back and

eventually rebound o� the substrate, otherwise if the surface is wettable, the droplet

can remain in place after spreading (see Yarin (2006) [102] for a full discussion). Many

experimental investigations focus on these late time dynamics, as they typically occur

over a longer time and length scale than the early-to-intermediate stages, making them

more readily observed using video acquisition techniques. Particular experimental

focus on the in
uence of the interaction between the droplet and a movable substrate

has gained ground in recent years. Inspired by the natural phenomenon of rain droplet

impact onto leaves, Gart et al. (2015) [27] investigated the impact of droplets onto

the end of cantilever beams. They found that oscillations induced in the beam by

the droplet a�ected the late-time spreading of the droplet, and the vibrations had

the capacity to propel the droplet o� the beam vertically. Similarly, Weisensee et al.

(2017) [95] studied the impact of droplets onto elastic superhydrophobic substrates,

and found that the oscillations induced by the impact could reduce the amount of time

the droplet made contact with the substrate before it is repelled o� at the rebound

stage. For this thesis, we will not investigate the late impact stage in detail, however

a wealth of analytical and computational investigations of this stage exist, such as

the studies by Eggers et al. (2010) [24] and Wildeman et al. (2016) [96].

1.2 Aim and structure of thesis

The aim of this thesis is to investigate the 
uid-structure interaction of a high-speed

droplet impacting onto a movable substrate at the early-to-intermediate time stages.

As discussed in the previous section, these timescales are di�cult to measure exper-

imentally due to their multi-scale features and rapidly changing topologies. In addi-

tion, the studies of Pepper et al. (2008) [72] and Howland et al. (2016) [46] identi�ed

the early time of impact to be critical in determining whether or not a droplet splashes

when impacting onto a deformable substrate, and the exact mechanism for which the


uid-structure interaction can suppress splashing is still unknown. In this endeavour,

we will employ two di�erent modelling strategies, using an analytical model based

on inviscid Wagner theory and direct numerical simulations using the volume-of-
uid

solver Basilisk. The analytical modelling will allow us to gain deeper insight into the

early time dynamics of the impact at little to no computational cost, with the DNS

being used to cross-validate the results of the analytical model and assess the e�ects

of the features of the system neglected by the analytical model. The DNS will also be

used to explore the intermediate timescale of the problem which is out of reach of the
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analytical model, however coming at a much greater computational cost. By utilising

the analytical model, we will be able to explore a wide range of substrate parameter

spaces at low computational cost, which can then inform us of regimes of interest to

explore more extensively via DNS. By developing these two models in tandem, we

will be able to use the results of each model to inform the direction we take the other,

in order to develop a modelling framework that can be used to extensively investigate

these 
uid-structure interaction systems.

We begin the thesis in Chapter 2, where we de�ne the governing equations and

modelling assumptions that we will use throughout the thesis for both the analytical

model and the DNS. The analytical model is derived in Chapter 3 for both two-

dimensional and axisymmetric impact onto a movable substrate, and in Chapter 4 we

present the framework developed and used to conduct the DNS. In Chapter 5, we ap-

ply the analytical model and DNS to study the axisymmetric impact of a droplet onto

a spring-supported plate, and in Chapter 6 we do the same for the two-dimensional

impact of a droplet onto an elastic membrane. Finally, in Chapter 7, we conclude the

thesis and discuss avenues for future work.

1.3 Statement of originality

The analytical model derived in Chapter 3 is predominantly based on previous inviscid

Wagner theory studies, however originality arises from deploying these models in the

context of droplet impact onto movable substrates. We are not aware of any previous

study which determined the jet dynamics across a substrate moving in space and time

in two dimensions as in§3.2.5. We also believe the consideration of the outer-outer

region in an axisymmetric coordinate system in§3.3.5 is original. The derivation of the

composite force in§3.2.8 and§3.3.7 is also novel, as its determination was motivated

by comparisons to results from the DNS. Previous studies modelling droplet impact

using Basilisk do exist, and the linearised boundary setup from§4.4.2 was originally

considered by Howland et al. (2016) [46]. To the best of our knowledge however,

the moving frame setup for impact onto a rigid moving substrate in§4.4.1 is a new

contribution to the �eld. The novel work of modelling impact onto a spring-supported

plate in Chapter 5 is published in Negus et al. (2021) [65], although in this thesis we

explore the parameter space in greater detail. For Chapter 6, the normal modes

method for the analytical model was previously utilised by Korobkin (1998) [52] for

wave impact onto an Euler beam and Pegg et al. (2018) [71] for droplet impact
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onto elastic plates, but the solution via the �nite di�erence method in§6.1.2 and the

cross-comparisons between the analytical model and DNS in this chapter are original.
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Chapter 2

System de�nitions

2.1 Setup and modelling assumptions

We consider the impact of a liquid droplet onto an initially 
at impermeable substrate,

where the droplet is initially spherical with radius R�
d at a height H � > 0 above

the substrate. Here and hereafter, all dimensional quantities are denoted with a

superscript � . The droplet is travelling downwards towards the substrate at speed

V � , and is surrounded by an incompressible gas. A Cartesian coordinate system

(x � ; y� ; z� ) is de�ned such that the top surface of the substrate initially lies in the

z� = 0 plane, the droplet falls along thez� > 0 axis, and the bottom of the droplet

is at x � = 0, y� = 0, z� = H � at the onset. The substrate is taken to be symmetric

about the z� axis, with its centre at x � = z� = 0. The system is initialised at a

time t � = t �
0 = � H � =V� , such that if the gas were absent and the substrate were

stationary, then the bottom of the droplet would impact at t � = 0. A schematic of

the general setup att � = t �
0 is shown in Figure 2.1.

We assume that the 
uids comprising the droplet and the surrounding gas have

densities � �
l , � �

g and viscosities� �
l , � �

g respectively. We take the interface between

the liquid and gas as in�nitesimally thin, with a constant surface tension coe�cient

denoted by� � . The acceleration due to gravity is� g� = � g� n̂ z, wheren̂ z is the unit

vector in the z� -direction. Throughout this thesis, we study the early time scenarios

where we assume the inertial e�ects of the impact are more signi�cant than the e�ects

of viscosity, surface tension and gravity. Hence we assume that the droplet Reynolds

number Re, Weber number We and Froude number Fr2 are large throughout the early

stages of impact; these are de�ned by:

Re =
� �

l R�
dV �

� �
l

; We =
� �

l R�
dV � 2

� �
; Fr2 =

V � 2

g� R�
d

: (2.1)
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Figure 2.1: Schematic diagram for the general impact setup for an initially spherical
droplet of radius R�

d falling towards an initially 
at substrate at speed V � .

We also assume that the inertial and viscous e�ects in the surrounding gas are much

smaller than those in the liquid. By de�ning the density and viscosity ratios as

� R =
� �

g

� �
l

; � R =
� �

g

� �
l

; (2.2)

then this corresponds to assuming that� R � 1 and � R � 1, such that the Reynolds

and Weber numbers in the gas are much smaller than in the liquid. As an illustrative

example, consider the impact of a droplet of water with density� �
l = 998 kg/m 3,

radius R�
d = 1 mm and velocity V � = 5 m/s, surrounded by air under atmospheric

conditions, such is typical for raindrops. In this scenario, the Reynolds, Weber and

Froude numbers in the liquid are

Re � 4990; We � 342; Fr2 � 2550; (2.3)

and with corresponding density and viscosity ratios

� R � 1:20� 10� 3; � R � 1:83� 10� 2; (2.4)

such that our assumptions on these dimensionless quantities are clearly sensible for

this case.

Within the bulk of the droplet and gas, we assume that the 
uid velocities are

much less than their respective sound speeds, meaning the 
ow can be assumed to be
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incompressible. However, the presence of the gas means there will be a pressure build

up prior to the impact with the substrate, causing the bottom of the droplet to dimple

and eventually entrap a thin layer of air, as seen experimentally by, for example,

Thoroddsen et al. (2003) [90]. This phenomenon is known as air cushioning, and as

discussed by Mandre et al. (2009) [58], compressibility e�ects in this small region can

become signi�cant due to the high pressure build up. For simplicity, in this study,

we assume the gas remains incompressible throughout, and note how incompressible

models for this entrapped gas layer such as the one derived by Hicks & Purvis (2010)

[39] still �nd good agreement with experimental results.

When the liquid and gas have a �nite viscosity, the no-slip boundary condition

applies at the surface of the substrate. However, for the analytical model in Chapter

3, we neglect the in
uence of the viscosity and therefore cannot apply a slip condition

on the substrate. The points at which the liquid, gas and substrate meet are known

as triple-contact points, and the angle between the tangent of the liquid-gas interface

and the tangent to the substrate at these points is referred to as the contact angle. For

sessile droplets in equilibrium, this contact angle is determined via the Young equation

(see Good (1992) [30]), which balances the surface tension forces between the liquid,

gas and substrate. Typically, if the substrate has a contact angle between 0� and 90� ,

then it is described aswettable, whilst substrates with a contact angle between 90�

and 180� are described ashydrophobic. However, it is observed experimentally that

the contact angles whilst the droplet is spreading, and also receding, across substrates

di�er from the equilibrium contact angle, an e�ect known as contact angle hysteresis

(see Yarin (2006) [102] for a comprehensive review). The dynamics of the contact

points have a strong in
uence on the late time splashing behaviour of the droplet.

However for the purposes of this thesis, we focus on inertia-dominated regimes at

the early times of impact, where only the spreading contact angle is considered. For

the analytical model, we �nd in §3.2.5 that the inviscid theory cannot make any

predictions about where the contact points are, as the leading-order solutions give

that the jets have an in�nite extent. For the direct numerical simulations in Chapter

4, we assume that the contact angle is 90� for all times, which models the substrate

as somewhere in the middle of the range between wettable and hydrophobic. If the

models presented in this thesis were to be extended to model the later time splashing

behaviour, then a dynamic contact angle model would need to be incorporated into

the simulations, such as was considered by Yokoi et al. (2009) [103] using the coupled

level set and volume of 
uid (CLSVOF) method.
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We assume that the substrate deforms in response to the stresses from the liquid

and gas. We will consider two di�erent types of physical substrate with their respec-

tive governing equations determining the nature of this 
uid-structure interaction. In

both cases, we will assume that the deformation of this substrate is small in com-

parison to the length scale of the droplet. This is seen experimentally both in the

droplet impact onto elastic membrane experiments conducted by Pepper et al. (2008)

[72] and the impact onto soft silicone gels conducted by Howland et al. (2016) [46],

where the substrate deformations at early times were found to be orders of magnitude

smaller than the droplet radii. Due to this small deformation, we assume that the

gas below the substrate remains relatively undisturbed during impact, such that we

assume it remains at a constant atmospheric pressure and exerts a negligible amount

of stress on the substrate. Finally, we assume that the 
uid and the substrate remain

symmetric about thez� axis for all time.

2.2 Dimensional governing equations

Denoting the variables in the liquid and gas with a subscriptl and g respectively, the

incompressible Navier-Stokes equations are assumed to hold in each 
uid,

� �
i

�
@u �

i

@t�
+ ( u �

i � r � )u �
i

�
= � r � p�

i + � �
i r � 2u �

i � � �
i g� ; (2.5)

r � � u �
i = 0; (2.6)

where i = l; g, u �
i is the velocity vector andp�

i is the pressure in each 
uid. The

kinematic condition at the interface between the droplet and the gas, located at

z� = h� (x � ; y� ; t � ), is given by

u �
i � n̂ z =

@h�

@t�
+ u �

i � r � h� on z� = h� (x � ; y� ; t � ); (2.7)

whereh� needs to be determined as part of the problem. We also have continuity of

velocity and normal stress across the interface, given by

u �
g = u �

l ; n̂ � [T �
g � T �

l ] = � � � � � n̂ on z� = h� (x � ; y� ; t � ); (2.8)

wheren̂ is the unit normal vector to the interface pointing into the gas,T �
i is the

Cauchy stress tensor in each 
uid, de�ned by

T �
i = � p�

i I + � �
i

�
r � u �

i + ( r � u �
i )T

�
; (2.9)
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and � � = � r � � n̂ is the curvature of the interface, equal to� 2=R�
d at t � = t �

0.

The vertical position of the top surface of the substrate is de�ned to be atz� =

� w� (x � ; y� ; t � ). As the substrate is impermeable, we apply the kinematic boundary

condition given by

u �
i � n̂ z = �

@w�

@t�
� u �

i � r � w� on z� = � w� (x � ; y� ; t � ): (2.10)

Far from the droplet, we assume that the surrounding gas remains stationary and

undisturbed at all times, so that

u �
g ! 0; p�

g � p�
atm � � �

gg� z� as x � 2 + y� 2 + z� 2 ! 1 ; (2.11)

wherep�
atm denotes atmospheric pressure. Initially, att � = t �

0, the liquid has a uniform

downwards velocityV � ,

u �
l � � V � n̂ z at t � = t �

0; (2.12)

while the centre of the droplet is atz� = H � + R�
d, meaning the interface position

h� (x � ; y� ; t �
0) satis�es

x � 2 + y� 2 + ( h� (x � ; y� ; t �
0) � H � � R�

d)2 = R�
d

2: (2.13)

The velocity of the gas and the pressure in both phases are initialised such that they

satisfy the far-�eld conditions (2.11) and the boundary conditions at the interface of

the droplet (2.7)-(2.8) at t � = t �
0.

In this thesis, we consider two speci�c physical models for the substrate. The

�rst we refer to as a spring-supported plate, which consists of a rigid, planar, circular

plate supported by a Hookean spring and a linear dashpot. As the plate is rigid, we

have w� (x � ; y� ; t � ) = w� (t � ) in this case. The spring has a spring constantk� , the

dashpot has a damping factorc� , and the plate has a total massM � , a radius L �

and is assumed to be in�nitesimally thin. A schematic of the spring-supported plate

setup is shown in Figure 2.2. Att � = t �
0, the plate is assumed to be in equilibrium,

hence by Newton's third law, the force due to the compression of the spring balances

the weight of the plate. Denoting the net hydrodynamic force applied to the plate

in the downwards direction � n̂ z as F � (t � ), the displacement of the plate from this

equilibrium is governed by

M � •w� (t � ) = F � (t � ) � c� _w� (t � ) � k� w� (t � ); w� (t �
0) = _w� (t �

0) = 0 ; (2.14)

where the overdot denotes di�erentiation with respect to time. The net hydrodynamic

forceF � (t � ) is equal to the sum of the contributions from the hydrodynamic pressure
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Figure 2.2: Schematic diagram for the spring-supported plate setup considered in
Chapter 5.

and viscous stress above and below the plate. Assuming that the gas below the plate

is at a constant atmospheric pressurep�
atm and exerts a negligible amount of force due

to viscous stress, then

F � (t � ) =
ZZ

p
x � 2+ y � 2 � L �

z� = � w � (t � )

(p� � p�
atm ) � 2� � @v�

@z�
dx � dy� ; (2.15)

where v� is the velocity in the z� direction, and we takep� = p�
l , � � = � �

l , v� = v�
l

where the plate is wetted andp� = p�
g, � � = � �

g, v� = v�
g where the plate is unwetted.

We will consider the spring-supported plate setup in detail in Chapter 5.

The second substrate model is that of anelastic membrane. For this model, we

only consider the two-dimensional case, where ally� dependence is dropped, so that

the membrane location isz� = � w� (x � ; t � ). The membrane has a width 2L � in the

x � direction with the centre at x � = 0, a thickness � � , a density � �
m , is held under a

constant uniform tension per unit lengthT � , has a Young's modulus value ofE � and

a moment of inertia I � = � � 3=3. The elastic membrane setup att = t �
0 is depicted

in Figure 2.3. We assume that the width 2L � is of the same order of magnitude as

the droplet radius R�
d, and that the membrane's thickness� � is much smaller than

L � . Under these assumptions, we model the displacement of the membrane using the
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Figure 2.3: Schematic diagram for the elastic membrane setup considered in Chapter
6.

linear beam equation, which is given in Howell et al. (2008) [43] by

� � � �
m

@2w�

@t� 2 � T � @2w�

@x� 2 + E � I � @4w�

@x� 4 = p� (x � ; � w� (x � ; t � ); t � ) � p�
atm � 2� �

i
@v�i
@z�

; (2.16)

where the right-hand side of (2.16) represents the sum of the net forcing due to

the di�erence between the pressure above and below the membrane and the viscous

stress. The membrane is taken to be simply supported at the end points, giving the

boundary conditions

w� =
@2w�

@x� 2 = 0 at x � = � L � : (2.17)

We assume that the droplet is initialised at a heightH � large enough that the viscous

stress is zero and the pressure is atmospheric on the substrate att � = t �
0, so we have

the initial condition for w� (x � ; t � ) given by

w� =
@w�

@t�
= 0 at t � = t �

0: (2.18)

We will consider the elastic membrane setup in detail in Chapter 6.

Finally, it will be informative for our analysis to determine the energy distribution

within the system. This energy distribution was relevant to the experiments of How-

land et al. (2016) [46], where it was found that droplet splashing can be inhibited

by impacting onto soft substrates of varying sti�nesses. They found that droplets

impacting onto the soft substrates needed up to 75% more kinetic energy to splash

in comparison to impact onto a solid substrate. However, it was also found that the

energy absorbed by the softer substrate was only a few percent more than the rigid

substrates, meaning energy loss to the substrate could not alone account for the high
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energy requirement to splash on a soft substrate. By observing that the bulk of the

droplets were relatively una�ected by the di�erence in the substrate sti�nesses, they

concluded that this so-called splash-suppression mechanism must remove energy from

the ejection sheet, which thus makes it slower and less likely to break up into a splash.

The ejection of this sheet happens at times currently too early to experimentally ob-

serve, however it is vital to understand how the substrate deformation a�ects the

emergence of the ejection sheet in order to understand these observations.

In the absence of thermal 
uctuations, the droplet will have three components of

energy: kinetic, gravitational potential and surface energy. In general, this energy

will not be conserved due to energy loss from viscous dissipation in both the liquid

and gas, as well as through the 
uid-structure interaction with the substrate. As

the droplet is initially travelling downwards at constant speed in the lab frame, it

will initially have a high kinetic energy in the lab frame, and at early times this will

change by a small amount once it impacts the substrate. Therefore it is instead more

informative for our analysis to consider the energy in a frame moving downwards at

the initial droplet velocity, such that at t � = t �
0, the droplet will only have potential

and surface energy. Therefore, by de�ning the variables in the moving frame with a

prime 0, we have

x � = x � 0; y� = y� 0; z� = z� 0 � t � ; u � = u � 0 � V � n̂ z: (2.19)

If we de�ne the droplet domain by 
 � (t � ), then the kinetic, gravitational potential

and surface energy of the droplet are given by

E �
K (t � ) =

1
2

� �
l

ZZZ


 � (t � )
ju � 0j2 dx � 0dy� 0dz� 0 (2.20)

E �
P (t � ) = � �

l g�
ZZZ


 � (t � )
z� 0dx � 0dy� 0dz� 0 (2.21)

E �
S(t � ) = � �

ZZ

@
 � (t )
dS� ; (2.22)

where @
 � (t � ) is the boundary of the droplet and dS� is the surface element of the

droplet.

2.3 Non-dimensionalisation

We take the initial droplet radius, R�
d, and speed,V � , as the characteristic length and

velocity scales, respectively, so we non-dimensionalise by setting

(x � ; y� ; z� ; h� ) = R�
d(x; y; z; h); u �

i = V � u i ; (2.23)
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Then, by choosing the inertial pressure scaling, the pressure and force on the substrate

are non-dimensionalised by

p�
i = p�

atm + � �
l V � 2pi ; F � (t � ) = � �

l V � 2R�
d

2F (t): (2.24)

For the time and the substrate position variables, we introduce an arbitrary parameter

� > 0, where

t � = � 2 R�
d

V �
t; w � = � 2R�

dw; (2.25)

such that the choice of� allows the study of either early (� � 1) or intermediate

(� = 1) stages of impact. If the substrate and gas were not present, then the bottom

of the droplet at time t would be at z = � � 2t, so we have chosen the scaling for the

substrate positionz = � � 2w(x; y; t) to have the same order.

Under the scalings (2.23)-(2.25), the momentum and continuity equations in each

phase (2.5)-(2.6) become

� i

�
1
� 2

@u i

@t
+ ( u i � r )u i

�
= � r pi +

� i

Re
r 2u i �

� i

Fr2n̂ z; (2.26)

r � u i = 0; (2.27)

where � l = 1; � l = 1 and � g = � R ; � g = � R . The impermeability condition on the

substrate (2.10) becomes

u i � n̂ z = �
@w
@t

� � 2u i � r w on z = � w(x; y; t); (2.28)

while the interface conditions (2.7)-(2.8) become

u i � n̂ z =
@h
@t

+ u i � r h; ug = u l ; n̂ � [T g � T l ] = �
�

We
n̂ on z = h(x; y; t); (2.29)

where

T i =
1

� �
l V � 2 T �

i = �
�

p�
atm

� �
l V � 2 + p

�
I +

� i

Re

�
r u i + ( r u i )T

�
; (2.30)

and � = � r � n̂ is the non-dimensional curvature of the interface. The far-�eld

conditions in the gas (2.11) become

ug ! 0; pg � �
� g

Fr2 z as x2 + y2 + z2 ! 1 ; (2.31)

and at t = t0 = V � t �
0=R�

d, the initial conditions for the 
uid variables are

u l � � n̂ z; x2 + y2 + ( h(x; y; t0) � H � 1)2 = 1; (2.32)

where H = H � =R�
d and the initial conditions for ug and p are chosen to satisfy the

boundary conditions (2.29) and far-�eld conditions (2.31).
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For the spring-supported plate, we de�ne the dimensionless plate radius byL =

L � =R�
d, so that the governing equation forw� (t � ) (2.14) becomes

�
� 2

•w(t) + � _w(t) + � 2
w (t) = F (t); w(t0) = _w(t0) = 0 ; (2.33)

where

� =
M �

� �
l R�

d
3 ; � =

c�

� �
l V � R�

d
2 ; 
 =

k�

� �
l V � 2R�

d

; (2.34)

and the non-dimensional hydrodynamic force is given by

F (t) =
ZZ

p
x2+ y2 � L

z= � � 2w(t)

p �
2�
Re

@v
@z

dx dy ; (2.35)

where we takep = pl , � = � l , v = vl where the plate is wetted andp = pg, � = � g, v =

vg where the plate is unwetted. We refer to� as the mass ratio, as it is proportional

to the ratio of the mass of the plate to the mass of the droplet. The damping factor,

� , measures the strength of the resistance to motion due to the damping from the

dashpot, and the sti�ness factor,
 , measures the strength of the restoring force due

to elastic compression of the spring.

For the elastic membrane case, we de�ne the dimensionless membrane width by

2L, whereL = L � =R�
d, and the governing equation forw� (x � ; t � ) (2.16) becomes

�
� 2

@2w
@t2

� � 2�
@2w
@x2

+ � 2

@4w
@x4

= pi (x; � � 2w(x; t ); t) �
2� i

Re
@v
@z

; (2.36)

where

� =
� �

m

� �
l

�; � =
T �

� �
l R�

dV � 2 ; 
 =
E �

3� �
l V � 2 � 3; � =

� �

R�
d

: (2.37)

Here, we refer to� as the thickness factor, as it represents the ratio between the

thickness of the membrane� � and the radius of the dropletR�
d. For any given � , � is

referred to as the density factor, as it is proportional to the ratio between the density

of the membrane� �
m and the liquid � �

m . The tension factor,� , measures the strength

of the tension in the membrane and the sti�ness factor,
 , measures the strength of

the substrate sti�ness, given by the Young's modulusE � . The boundary and initial

conditions for the elastic membrane are

w =
@2w
@x2

= 0 at x = � L; w =
@w
@t

= 0 at t = t0: (2.38)

We discuss the additional assumptions made of the physical parameters for the sub-

strate models in Chapters 5 and 6 respectively.
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In this inertial regime, we non-dimensionalise the energy by

E � (t � ) = � �
l V � 2R� 3E(t);

such that the kinetic, potential and surface energies (2.20)-(2.22) in the moving frame

are given by

EK (t) =
1
2

ZZZ


( t )
ju0j2 dx0dy0dz0 (2.39)

EP (t) =
1

Fr2

ZZZ


( t )
z0dx0dy0dz0 (2.40)

ES(t) =
1

We

ZZ

@
( t)
dS : (2.41)

The governing equations presented in this section will be solved both using an ana-

lytical modelling technique that we describe in Chapter 3, and using direct numerical

simulations which we detail in Chapter 4.
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Chapter 3

Analytical model

In the this chapter, we present an analytical model for the droplet impact system

presented in Chapter 2. The modelling technique we utilise is known asWagner

theory, an inviscid model that dates back to Wagner (1932) [94], where the theory

was developed to model the impact of seaplanes on water. The method was much

later formalised using the approach of matched asymptotic expansions by Cointe and

Armand (1987) [18], Cointe (1989) [17], Wilson (1989) [97] and Howison et al. (1991)

[45]. Since then, Wagner theory has become one of the most popular methods for

modelling the impact of solid bodies into liquid pools.

The mathematical formulation of Wagner theory is such that it is also well char-

acterised for studying systems where the liquid instead impacts onto a solid body or

another liquid. In particular, Wagner theory can be applied to model droplet im-

pact problems at early times, such as by Howison et al. (2005) [44], Philippi et al.

(2016) [74] and Cimpeanu and Moore (2018) [15]. For this thesis, we aim to model

droplet impact problems where the substrate is deformable, such that, in general, the

substrate has both non-zero velocity and curvature upon impact. Notable examples

relating to this problem include Korobkin (1998) [52], where Wagner theory was used

to model the impact of a two-dimensional wave onto an elastic beam, and Pegg et al.

(2018) [71], who modelled the impact of a three-dimensional droplet onto an elastic

plate.

In this chapter, we apply Wagner theory to model the early-time dynamics of a

droplet impacting onto a generalised deformable substrate, in both two-dimensional

and three-dimensional geometries. In Chapters 5 and 6, we will apply the solutions

found in this chapter to two speci�c deformable substrate setups, namely a spring-

supported plate and an elastic membrane. We do not consider the elastic membrane in

three dimensions, hence in this chapter we only derive the three-dimensional solutions

for a rigid substrate setup. However the work of Pegg et al. (2018) [71] does utilise
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axisymmetric Wagner theory to model the impact of a three-dimensional droplet onto

a non-rigid elastic plate.

3.1 Assumptions

Based on the assumptions made in§2.1, for the analytical model we consider the

regime in which the Reynolds, Weber and Froude numbers, given by (2.1), are large;

and where the density and viscosity ratios, given by (2.2), are small. This means (at

leading order) we may neglect the in
uence of the liquid viscosity, surface tension,

gravity and the surrounding gas. With these assumptions, the droplet-gas interface

is subject to negligible tangential stress. Although the termfree surfaceis generically

used for a surface that is a priori unknown, and has to be determined as part of the

solution, it is also used more speci�cally for an unknown surface that is, additionally,

subject to zero tangential stress, and we adopt this latter terminology within the

analytical model. As the gas phase is ignored, all expressed quantities are in the

liquid, and the subscript l is dropped for brevity. In this context, the droplet impacts

the substrate at t = 0, where the displacement and velocity of the substrate are both

zero at t = 0.

Under these assumptions, the 
ow is irrotational fort < 0 and hence by Kelvin's

circulation theorem will remain irrotational for t > 0. Therefore a velocity potential,

� , can be introduced, such thatu = r � . The continuity equation (2.27) transforms

to Laplace's equation for� , i.e.

r 2� = 0; (3.1)

and by integrating the momentum equation (2.26) we obtain Bernoulli's equation,

p +
1
� 2

@�
@t

+
1
2

jr � j2 = a(t); (3.2)

for an arbitrary time-dependent functiona(t). The boundary conditions on the sub-

strate and free surface (2.28)-(2.29) become

@�
@z

= �
@w
@t

� � 2r � � r w; on z = � w(x; y; t); (3.3)

@�
@z

=
1
� 2

@h
@t

+ r � � r h; on z = h(x; y; t); (3.4)

p = 0; on z = h(x; y; t): (3.5)

As we have neglected the gas phase, the problem is initialised att = 0, with

the bottom of the droplet just making contact with the substrate. Without loss of
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generality, we takea(t) = 1 =2, as we have the freedom to add spatially independent

terms to � without a�ecting the solution, and this choice allows us to set the initial

conditions from (2.32) to be

� = � z; x2 + y2 + ( h(x; y; 0) � 1)2 = 1: (3.6)

Although in this chapter, the position of the substratez = � � 2w(x; y; t) is left in

a general form, we will need to make assumptions on the solution forw later in order

for the leading-order asymptotic solutions to remain valid. We will make clear when

these additional assumptions are required and return to them in Chapters 5 and 6

when we investigate the 
uid-structure interaction in greater detail.

We study the early times of these impact phenomena using the method of matched

asymptotic expansions assuming that the parameter� from (2.25) is small. The

spatial problem breaks down into distinct asymptotic regions, in which we �nd the

leading-order asymptotic expansions for the velocity potential, free surface location

and pressure, and we use the method of matched asymptotic expansions to ensure

these quantities match across the liquid domain.

3.2 Two-dimensional impact

In this section, we consider the impact of a two-dimensional droplet, meaning we drop

any dependence ony in the governing equations and focus on the (x; z) coordinate

system. The droplet is then considered to be initially circular in the (x; z) plane.

Although this limits the physical applicability of the model, studying the problem

in two-dimensions allows us to make more mathematical progress by building on

previous studies involving Wagner theory for the impact of curved bodies onto liquid

pools [44, 45, 52, 66, 94] and gains us physical insight into the dynamics. In two-

dimensions, the governing equations (3.1)-(3.6) hence become

@2�
@x2

+
@2�
@z2

= 0; in the liquid; (3.7)

p +
1
� 2

@�
@t

+
1
2

" �
@�
@x

� 2

+
�

@�
@z

� 2
#

=
1
2

; in the liquid; (3.8)

@�
@z

+
@w
@t

+ � 2 @�
@x

@w
@x

= 0; on z = � � 2w(x; t ); (3.9)

@�
@z

�
1
� 2

@h
@t

�
@�
@x

@h
@x

= 0; on z = h(x; t ); (3.10)

p = 0; on z = h(x; t ); (3.11)
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with initial conditions given by

� (x; z; 0) = � z; for x2 + ( z � 1)2 � 1; (3.12)

x2 + ( h(x; 0) � 1)2 = 1; for x2 � 1; (3.13)

The system (3.7)-(3.13) is a set of non-linear, second-order partial di�erential equa-

tions for the velocity potential � , free surface locationh and pressurep. It will at

times be convenient to work directly with the velocity, given by

u = ( u(x; z; t); v(x; z; t)) =
�

@�
@x

;
@�
@z

�
: (3.14)

3.2.1 Asymptotic structure

Were the substrate not present, the droplet would continue to fall undisturbed for

t > 0, creating a region of 
uid below thex axis referred to as thepenetration

region. At early times, this region would have anO(�
p

t) horizontal extent. However,

as illustrated in Figure 3.1, with the substrate present, the free surface is violently

displaced close to the point of contact, and the 
uid is ejected across the substrate

into two thin jets. The points at which the free surface becomes vertical at the root

of these jets are referred to as theturnover points, and at early times we assume their

horizontal extent is on the same order as the horizontal extent of the penetration

region. We hence de�ne thex-coordinates of these turnover points to be

x = � �d(t); (3.15)

as depicted in Figure 3.1, whered(t) is an unknown such thatd(t) = O(1) as � ! 0,

and must be determined as part of the solution.

As � ! 0, the problem breaks down into four distinct spatial regions, as depicted

in Figure 3.1. TheO(� ) � O(� ) region close to the centre of the substrate is referred

to as the outer region, where to leading order the substrate appears 
at and the

governing equations transform into a mixed-boundary value problem in the upper

half plane. The outer solution breaks down close to the turnover points, where the

velocity and pressure become singular, which is corrected by introducing inner regions

of sizeO(� 3) � O(� 3) in which the free surfaces turns over, ejecting 
uid into the jets.

The thin, fast-moving jets are of sizeO(� ) � O(� 3), emanating across the surface of

the substrate from the inner regions, where we assume the jets do not detach from the

substrate. Finally, in the outer-outer region, for which (x; z) = O(1) � O(1), the bulk

of the droplet is largely una�ected by the impact, and experiences small perturbations

driven by the dynamics in the outer region close to the point of contact.
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Figure 3.1: Schematic of the asymptotic structure of the two-dimensional system.
The horizontal extent of the inner regions and the displacement of the substrate
z = � � 2w(x; t ) are exaggerated for visual clarity.

In the following, we will consider all of these regions in detail. As our eventual

aim is to model the 
uid structure interaction between the droplet and the substrate,

we draw particular focus on how the substrate motion a�ects the solutions for the

velocity, free surface location and pressure of the droplet. To determine the position

of the substrate in Chapters 5 and 6, we also need to determine the solution for

the pressure along the surface of the substrate and the resulting hydrodynamic force

exerted by the droplet onto the substrate.

3.2.2 Imposed substrate

The asymptotic analysis conducted in this chapter will keep the substrate position

z = � � 2w(x; t ) general, as we will �nd solutions forw(x; t ) in Chapters 5 and 6

by solving (2.33) and (2.36) respectively. However, as we will see later, many of the

leading-order solutions presented in this chapter cannot be found exactly for all forms

of w(x; t ), such as the pressure in the liquid domain of the outer region, meaning we

have to resort to numerical methods. To better understand the e�ect the substrate

motion has on the 
uid, we will consider three di�erent examples throughout this

chapter where the substrate motion is imposed (i.e. the motion is independent of the


uid problem). The forms of these imposed substrate cases will be such that they

share important features of the spring-supported plate and elastic membrane systems

considered in Chapters 5 and 6, but in addition are of a form that we can �nd exact

28



solutions without having to rely on numerical methods. In particular, in Appendix

A, we �nd that the leading-order solutions presented in this chapter can be solved

exactly if the substrate at time t is given by an even quadratic function inx. Given

this, we choose three di�erent imposed substrate solutions forw(x; t ). For all of these

examples, we take� = 0:1, and consider times fromt = 0 up to t = 1.

The �rst case is simply where the substrate is stationary, such thatw(x; t ) � 0.

This will be an important control case in which we can compare to the moving

substrate cases to see the e�ects the substrate motion has on the 
uid.

As we will see later in Chapter 5, the solutions for the spring-supported plate posi-

tion from (2.33) exhibit an initial acceleration stage, followed by oscillatory behaviour

due to the elasticity of the spring. Therefore, for the second imposed substrate case,

we consider a rigid body motionw(x; t ) = w(t), where w(t) is given by

w(t) = q(t2 + 1 � cos(!t )) ; (3.16)

where we takeq = 0:1 and ! = 3, and we have that w(0) = _w(0) = 0. The

parametersq and ! are chosen to ensure thatw(t) = O(1) when t = O(1), and that

the oscillation is not initially too strong. We plot w(t) and its time derivatives _w(t)

and •w(t) in Figure 3.2. As we can see from Figure 3.2, the solution forw(t) from

(3.16) starts with an initial acceleration stage due to thet2 term, and after t � 0:5,

the velocity changes direction once the cosine term becomes large enough.

In Chapter 6, we will solve the membrane equation (2.16) forw(x; t ) using a

normal modes expansion, a spectral method where we expressw(x; t ) as a sum of

cosines. As for the analytical model, the substrate is initially 
at and is contacted by

the droplet at its centre. We will see in Chapter 6 that at early times the substrate

displaces close to the origin, and the horizontal extent of the displacement grows with

time as the droplet spreads. Some of the asymptotic solutions, such as the pressure

in the liquid away from the substrate, cannot be solved exactly when the spatial

displacement of the substrate is given by these trigonometric terms. However, as we

detail in Appendix A, we can �nd exact solutions when the displacement is given by

an quadratic in x. Exploiting this, the third imposed substrate case is given by a

time-dependent quadratic function

w(x; t ) = w(t)

 

1 �
x2

�
�a

p
t
� 2

!

; (3.17)

wherew(t) is given by (3.16) andw(x; t ) has roots at x = � �a
p

t, where we choose

a = 1:25 for this chapter. The solution forw(x; t ) in this case is shown in Figure
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Figure 3.2: Flat imposed substrate solution from (3.16), and its time derivatives,
whereq = 0:1 and ! = 3.

3.3 for 0 � t � 1. It is worth noting that for t > 0, the solution w(x; t ) ! �1 as

x ! 1 , however, as can been seen in Figure 3.3, we maintainw(x; t ) = O(1) along

the wetted region of the substrate for the timescales chosen. In addition, att = 0,

the substrate velocity given by� w(x; t ) = qx2 (! 2 + 2) =(2a2� 2), which is non-zero

everywhere apart fromx = 0. However, for the analytical model, the droplet only

touches the substrate atx = 0 at t = 0, so the initial condition for w away fromx = 0

does not a�ect the analytical solutions.

In Appendix A, we �nd the leading-order solutions to the problem in the case of

a general quadratic substrate given byw(x; t ) = a(t) + b(t)x2=�2, wherea(t) and b(t)

are O(1). The three imposed substrate cases detailed above can all be expressed in

this form with appropriate choices ofa(t) and b(t), and we will use these solutions

throughout this chapter to provide examples of how the substrate motion can a�ect

the 
uid problem. However note that these imposed substrate cases are only con-

sidered as illustrative examples, and are not representative of all types of substrate

motion or necessarily physically realistic.

3.2.3 Outer region

The outer region follows the structure of previous works on two-dimensional Wagner

theory [44, 45]. It is de�ned to be the region above the substrate, close to the turnover

points, where we expect the velocity to beO(1) as it enters from above. Given that

the turnover points are at x = � �d(t), the relevant outer scalings are given by

x = � x̂; z = � ẑ; � = � �̂; h = � 2ĥ; p = p̂=�; w(x; t ) = ŵ(x̂; t ): (3.18)

Upon substituting (3.18) into (3.7)-(3.11) and asymptotically expanding the outer

variables (�̂; ĥ; p̂; ŵ; d) = ( �̂ 0; ĥ0; p̂0; ŵ0; d0) + o(1) as � ! 0, the mixed boundary
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Figure 3.3: Curved imposed substrate solution from (3.17), where� = 0:1 and a =
1:25. The lines are plotted in equal temporal spacing fromt = 0 (blue) to t = 1 (red).

value problem in the upper half plane is given by

@2�̂ 0

@̂x2
+

@2�̂ 0

@̂z2
= 0; for ẑ � 0; (3.19)

p̂0 = �
@̂� 0

@t
; for ẑ � 0; (3.20)

@̂� 0

@̂z
= �

@̂w0

@t
; on jx̂j < d 0(t); ẑ = 0; (3.21)

@̂� 0

@̂z
=

@̂h0

@t
; on jx̂j > d 0(t); ẑ = 0; (3.22)

�̂ 0 = 0; on jx̂j > d 0(t); ẑ = 0: (3.23)

The boundary condition (3.23) is derived by combining the dynamic boundary con-

dition on the free surface (3.11) with the leading-order Bernoulli equation (3.20), and

then integrating with respect to time and applying the initial condition (3.6).

The far-�eld conditions as we tend towards the outer-outer region state that, to

leading-order, the 
ow is travelling downwards with unit speed and the free surface

is parabolic in x̂, such that

�̂ 0(x̂; ẑ; t) � � ẑ as x̂2 + ẑ2 ! 1 ; ĥ0(x̂; t ) �
1
2

x̂2 � t as x̂2 ! 1 : (3.24)

In order to match with the inner regions, we require that the potential�̂ 0 has a

square-root singularity at the turnover points [45], i.e.

�̂ 0 = O
�
(d0(t)2 � (x̂ + i ẑ)2)1=2

�
as x̂ + i ẑ ! � d0(t); (3.25)
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as well as the so-called Wagner condition [94]

ĥ0(� d0(t); t) = � ŵ0(� d0(t); t); (3.26)

which states that the leading-order free surface meets the substrate at the turnover

points. We note that in this symmetric two-dimensional setup, the Wagner condition

can be derived on the basis of global conservation of mass at leading order, as in

Wilson (1989) [97], but is formally a matching condition with the inner regions.

To close the leading-order problem, the initial conditions of the system are

�̂ 0(x̂; ẑ;0) = � ẑ; ĥ0(x̂; 0) =
1
2

x̂2; ŵ0(x̂; 0) = 0; d0(0) = 0 : (3.27)

3.2.3.1 Solution for the velocity potential

The mixed boundary value problem (3.19)-(3.23) can be solved using the Riemann-

Hilbert method, considered in detail by Gakhov (1966) [26], though we follow more

closely the work of Gillow (1998) [29]. We start by de�ning the complex velocity

potential

W(�; t ) = �̂ 0 + i  ̂ 0;

where  ̂ 0 is the leading-order streamfunction and� = x̂ + i ẑ. Without loss of gener-

ality, we specify that  ̂ 0(0; 0; t) = 0. It follows that W ! i� as � ! 1 , so we de�ne

the function

F (�; t ) = i (W(�; t ) � i� ) = iW (�; t ) + �;

such that F (�; t ) is bounded as� ! 1 . We can also analytically continueF onto

the whole complex plane using the Schwarz re
ection formula,

F (�; t ) = F (�; t ) for ẑ < 0: (3.28)

Note that for jx̂j > d 0(t), ẑ = 0+ , we have

Im(F (x̂ + 0 i; t )) = � Re(W(x̂ + 0 i; t )) = � �̂ 0 = 0;

where Re and Im denote the real and imaginary part of a complex number, respec-

tively. So by the Schwarz re
ection formula (3.28), we have Im(F (x̂ � 0i; t )) = 0 and

we can conclude thatF (�; t ) is continuous across the ^x axis whenjx̂j > d 0(t). For

jx̂j < d 0(t), ẑ = 0+ , we make use of the Cauchy-Riemann equations for�̂ 0 and  ̂ 0 to

conclude,
@̂ 0

@̂x
= �

@̂� 0

@̂z
=

@̂w0

@t
;
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and by integrating with respect to x̂ we have

 ̂ 0(x̂; 0; t) =
Z x̂

0
ŵ0t (s; t) ds = mt (x̂; t );

where the subscriptt denotes partial di�erentiation with respect to t and m(x̂; t ) is

de�ned by

m(x̂; t ) =
Z x̂

0
ŵ0(s; t) ds : (3.29)

This means that

Re(F (x̂ + 0 i; t )) = � Im(W(x̂ + 0 i; t )) + x̂ = x̂ � mt (x̂; t ):

for jx̂j < d 0(t). Therefore, using the Schwarz re
ection formula (3.28), we �nd we

have a discontinuity across the ^x axis given by

F (x̂ + 0 i; t ) = � F (x̂ � 0i; t ) + 2( x̂ � mt (x̂; t )) for jx̂j < d 0(t):

As F is bounded at x̂ = � d0(t) and at in�nity, the solution for F is found via the

Riemann-Hilbert method [29] to be given by

F (�; t ) =
(� 2 � d0(t)2)1=2

2�i

Z d0 (t )

� d0 (t )

2(s � mt (s; t))
(s2 � d0(t)2)1=2(s � � )

ds ;

where the branch cut for the square root is taken to be alongjx̂j � d0(t); ẑ = 0, with

(� 2 � d0(t)2)1=2 � � as � ! 1 . The solution for the complex velocity is therefore

given by

W(�; t ) = i� �
(� 2 � d0(t)2)1=2

�

Z d0 (t )

� d0 (t )

s
(s2 � d0(t)2)1=2(s � � )

ds
| {z }

I 1

+
(� 2 � d0(t)2)1=2

�

Z d0 (t )

� d0 (t )

mt (s; t)
(s2 � d0(t)2)1=2(s � � )

ds :

(3.30)

As mt (s; t) is unknown, we can only evaluate the �rst integral in (3.30) explicitly,

labelled I 1. The evaluation of I 1 via contour integration is given in Appendix B by

(B.2), resulting in the solution for the leading-order complex velocity potential being

given by

W(�; t ) = �̂ 0 + i  ̂ 0

= i (� 2 � d0(t)2)1=2

"

1 �
1
�

Z d0 (t )

� d0 (t )

mt (s; t)
p

d0(t)2 � s2(s � � )
ds

#

:
(3.31)
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We can also di�erentiate (3.31) with respect to� to �nd the leading-order velocities

û0 and v̂0 in the outer region to be given by

û0 � i v̂0 =
i�

(� 2 � d0(t)2)1=2

"

1 �
1
�

Z d0 (t )

� d0 (t )

mt (s; t)
p

d0(t)2 � s2(s � � )
ds

#

�
i (� 2 � d0(t)2)1=2

�

Z d0 (t )

� d0 (t )

mt (s; t)
p

d0(t)2 � s2(s � � )2
ds ;

(3.32)

which we note are singular as� ! � d0(t), motivating the need to study the inner

regions in§3.2.4.

3.2.3.2 Solution for the free surface location

In order to �nd the location of the free surfacêh0(x̂; t ), we must integrate the leading-

order kinematic boundary condition on the free surface (3.22) with respect to time.

To this end, we de�ne the leading-order displacement potential �0, �rst considered

by Korobkin (1982) [51], by

� 0(x̂; ẑ; t) =
Z t

0
�̂ 0(x̂; ẑ; � ) d� : (3.33)

For determining the displacement potential, we assume that the leading-order

solution for the turnover point d0(t) has an inverse! 0(x̂), such that

x̂ = d0(t) () t = ! 0(x̂): (3.34)

It follows that ! 0(x̂) only exists if _d0(t) > 0 for all t. If at any point _d0(t) � 0,

then the outer problem would be equivalent to the water exit problem discussed in

Howison et al. (1991) [45] and Gillow (1998) [29]. In these studies, it was shown that

the water exit problem is unstable to perturbations in they direction, and hence for

the purposes of this study, we will assume that_d0(t) > 0 for all t.

Given the de�nition of ! 0(x̂) (3.34), for jx̂j < d 0(t), ẑ = 0, we have

@� 0

@̂z
=

Z t

0

@̂� 0

@̂z
d� =

Z ! 0 (x̂ )

0

@̂h0

@t
d� �

Z t

! 0 (x̂ )

@̂w
@t

d�

= ĥ0(x̂; ! 0(x̂)) � ĥ0(x̂; 0) � ŵ0(x̂; t ) + ŵ0(x̂; ! (x̂)) = �
1
2

x̂2 � ŵ0(x̂; t );

(3.35)

where we made use of the leading-order kinematic boundary conditions on the sub-

strate (3.21) and the free surface (3.22), as well as the Wagner condition (3.26). As,
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by (3.23), �̂ 0 = 0 for jx̂j > d 0(t), ẑ = 0, we also have that � 0 = 0 there. Therefore

the governing equations for the leading-order displacement potential are

@2� 0

@̂x2
+

@2� 0

@̂z2
= 0 for ẑ > 0; (3.36)

@� 0

@̂z
= �

1
2

x̂2 � ŵ0(x̂; t ) on jx̂j < d 0(t); ẑ = 0; (3.37)

@� 0

@̂z
= ĥ0(x̂; t ) �

1
2

x̂2; on jx̂j > d 0(t); ẑ = 0; (3.38)

� 0 = 0; on jx̂j > d 0(t); ẑ = 0; (3.39)

with far-�eld and initial conditions given by

� 0(x̂; ẑ; t) � � tẑ as x̂2 + ẑ2 ! 1 ; � 0(x̂; ẑ;0) = 0; (3.40)

and in addition we know from (3.25) that � 0 is bounded as ^x + i ẑ ! � d0(t).

Similar to the solution presented in§3.2.3.1, we solve this mixed boundary value

problem for � 0 using the Riemann-Hilbert method. We �rst de�ne the complex

displacement potential by

G(�; t ) = i (� 0 + i 	 0 � it� ); (3.41)

where 	 0 is de�ned in terms of the streamfunction ̂ 0 by

	 0 =
Z t

0
 0(x̂; ẑ; � ) d� ;

and we know that G is bounded as� ! 1 . By the Cauchy-Riemann equations, we

have@� 0=@̂z = � @	 0=@̂x, so by integrating the kinematic condition on the substrate

(3.37) with respect tox̂, we have

	 0(x̂; 0; t) =
1
6

x̂3 + m(x̂; t ) for jx̂j < d 0(t); (3.42)

where recallm(x̂; t ) is de�ned in (3.29) as the integral ofŵ0 in x̂. As before, we

now analytically continueG onto the whole complex plane using the Scharz re
ection

formula

G(�; t ) = G(�; t ) for ẑ < 0: (3.43)

As with F (�; t ), we have that Im(G(x̂ + 0 i )) = 0 for jx̂j > d 0(t), ẑ = 0+ , and

hence by the Schwarz re
ection formula,G(�; t ) is continuous across the ^x axis for

jx̂j > d 0(t). For jx̂j < d 0(t), we have the jump condition

G(x̂ + 0 i; t ) = � G(x̂ � 0i ) + 2
�

tx̂ �
1
6

x̂3 � m(x̂; t )
�

: (3.44)
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Since G is bounded at x̂ = � d0(t) and at in�nity, we apply the Riemann-Hilbert

method [29] to �nd

G(�; t ) =
(� 2 � d0(t)2)1=2

�i

Z d0 (t )

� d0 (t )

ts � s3=6
(s2 � d0(t)2)1=2(s � � )

ds
| {z }

I 2

�
(� 2 � d0(t)2)1=2

�i

Z d0 (t )

� d0 (t )

m(s; t)
(s2 � d0(t)2)1=2(s � � )

ds :

(3.45)

As before, the evaluation the �rst integral in (3.45), labelledI 2, is given in Appendix

B by (B.4). The solution for the complex displacement potential is therefore

� 0 + i 	 0 =
i
6

�
� 3 � (� 2 � d0(t)2)3=2

�
+ i

�
t �

d0(t)2

4

�
(� 2 � d0(t)2)1=2

�
i (� 2 � d0(t)2)1=2

�

Z d0 (t )

� d0 (t )

m(s; t)
p

d0(t)2 � s2(s � � )
ds :

(3.46)

We determine the leading-order free surface location̂h0 by solving the kinematic

boundary condition (3.38), so we must �nd the solution for@� 0=@̂z on jx̂j > d 0(t),

ẑ = 0. To this end, we di�erentiate (3.46) with respect to � to �nd

d
d�

(� 0 + i 	 0) =
@� 0

@̂x
� i

@� 0

@̂z

=
i
2

�
� 2 � � (� 2 � d0(t)2)1=2

�

+
i�

(� 2 � d0(t)2)1=2

"

t �
d0(t)2

4
�

1
�

Z d0 (t )

� d0 (t )

m(s; t)
p

d0(t)2 � s2(s � � )
ds

#

�
i (� 2 � d0(t)2)1=2

�

Z d0 (t )

� d0 (t )

m(s; t)
p

d0(t)2 � s2(s � � )2
ds :

(3.47)

Then, without loss of generality, we let� = x̂ for x̂ > d 0(t), noting that for

x̂ < � d0(t), we haveĥ0(x̂; t ) = ĥ0(� x̂; t ) by symmetry. Hence by taking the imaginary

part of (3.47) and substituting into (3.38), we �nd the solution for ĥ0(x̂; t ) to be

ĥ0(x̂; t ) =
1
2

x̂
p

x̂2 � d0(t)2

+

p
x̂2 � d0(t)2

�

Z d0 (t )

d0 (t )

m(s; t)
p

d0(t)2 � s2(s � x̂)2
ds

�
x̂

p
x̂2 � d0(t)2

"

t �
d0(t)2

4
�

1
�

Z d0 (t )

� d0 (t )

m(s; t)
p

d0(t)2 � s2(s � x̂)
ds

#

;

(3.48)

for x̂ > d 0(t). Note that later we will see that the term inside the �nal bracket is

O(
p

x̂2 � d0(t)2) as x̂ ! d0(t), so that ĥ0(x̂; t ) is still bounded at the turnover points.
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3.2.3.3 Solution for the turnover point

Besides the substrate position ^w0(x̂; t ), the solutions for the velocity potential (3.31)

and the free surface (3.48) also depend on the unknown position of the turnover point,

d0(t). Given that we know �̂ 0 = O((d0(t)2 � � 2)1=2) as � ! � d0(t), we can �nd an

equation for d0(t) by enforcing that

� 0 + i 	 0 = C� + O((d0(t)2 � � 2)3=2) as � ! � d0(t); (3.49)

whereC� are complex constants. Speci�cally, in the following we �nd an asymptotic

expansion of the solution for the complex displacement potential in (3.46) as� !

d0(t), and ensure that anyO((d0(t)2 � � 2)1=2) terms cancel out.

Without loss of generality, we let� = d0(t)(1 + � ), where 0< � � 1, and �nd the

leading-order expansion of (3.46) as� ! 0. We de�ne the m(s; t) dependent integral

in (3.46) to be I 3, and in Appendix B, the expansion ofI 3 as� ! 0 is given by (B.7),

such that

I 3 =
Z d0 (t )

� d0 (t )

m(s; t)
p

d0(t)2 � s2(s � � )
ds

= �
�m (d0(t); t)

p
2�d 0(t)

+ 2
Z d0 (t )

0

ŵ0(s; t)
p

d0(t)2 � s2
ds + O(

p
� ):

(3.50)

By substituting the expansion for I 3 given by (3.50) into (3.46) and enforcing that

the O(
p

� ) terms cancel out, we conclude that

t �
d0(t)2

4
=

2
�

Z d0 (t )

0

ŵ0(s; t)
p

d0(t)2 � s2
ds ; (3.51)

which is an implicit equation for d0(t) that is coupled to the problem for ŵ0. By

substituting s = d0(t) sin(� ), we can write (3.51) as

t �
d0(t)2

4
=

2
�

Z �= 2

0
ŵ0(d0(t) sin(� ); t) d� ; (3.52)

which agrees with equation (11) in Korobkin (1998) [52].

The speed of the turnover point, _d0(t)=�, is also of interest, so by di�erentiating

(3.52) with respect tot, we �nd

1 �
_d0(t)d0(t)

2
=

1
�

d
dt

Z �= 2

� �= 2
ŵ0(d0(t) sin(� ); t) d�

=
1
�

Z �= 2

� �= 2

_d0(t) sin(� )ŵ0x̂ (d0(t) sin(� ); t) + ŵ0t (d0(t) sin(� ); t) d�

=
_d0(t)

�d 0(t)

Z d0 (t )

� d0 (t )

sŵ0x̂ (s; t)
p

d0(t)2 � s2
ds +

1
�

Z d0 (t )

� d0 (t )

ŵ0t (s; t)
p

d0(t)2 � s2
ds ;
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and hence re-arranging for_d0(t) yields the solution

_d0(t) =
�

1 �
1
�

Z d0 (t )

� d0 (t )

ŵ0t (s; t)
p

d0(t)2 � s2
ds

�

�  
d0(t)

2
+

1
�d 0(t)

Z d0 (t )

� d0 (t )

sŵ0x̂ (s; t)
p

d0(t)2 � s2
ds

!

:

(3.53)

This is an explicit equation for _d0(t), which may be found onced0(t), ŵ0t (x̂; t ) and

ŵ0x̂ (x̂; t ) are known. We can see that in order for_d0(t) to be positive, as was required

in our derivation of the displacement potential, the numerator and denominator of

(3.53) must have the same sign.

For the case of a 
at, stationary substrate, wherew(x; t ) � 0, the turnover point

and its derivative are given by

d0(t) = 2
p

t; _d0(t) =
1

p
t
: (3.54)

In Figure 3.4, we plot the turnover point evolution for the stationary substrate case,

given by (3.54), as well as the rigid and curved substrate examples, with solution given

by (A.2). It can be seen that the rigid, moving substrate motion acts to decrease the

spreading of the droplet in comparison to the stationary case. However the speed of

the turnover point is increased in the curved substrate case.

The reasoning for the di�erences in the turnover point evolution between the cases

is more clear when observing the shape of the free surfaces given in Figure 3.5. In

Figure 3.5, the solid lines denote the free surface location at ^z = � ĥ0, the dashed lines

show the free surface location at ^z = � � ŵ(x̂; t ), black lines denote the stationary

substrate case, and the red and blue lines denoting the rigid and curved moving

substrate cases, respectively. For the rigid moving substrate case, we can see how the

free surface falls below the ^x axis as expected due to the plate motion, and similarly

for the curved substrate case, the free surface moves upwards along the substrate as

it spreads. For all of these cases, the far-�eld condition for̂h0 (3.24) is independent

of the substrate motion. This means that, in order to conserve mass, the horizontal

spreading of the rigid moving substrate case must be slower than the stationary

substrate case as the 
uid falls below the ^x axis. Similarly, the horizontal spreading

must be faster in the curved substrate case as the 
uid moves up the substrate above

the x̂ axis. This explains the relationship between the turnover points in Figure 3.4.
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Figure 3.4: Leading-order solutions for the turnover point location ^x = d0(t), given
by (3.51).

3.2.3.4 Solution for the pressure

It is important to understand the pressure distribution within the droplet, as it is

the pressure on the substrate drives the substrate motion governed by (2.33) and

(2.36). The leading-order pressure is given by Bernoulli's equation (3.20), giving ^p0 =

� @̂� 0=@t. Substituting this into the governing equations for the velocity potential

(3.19), (3.20), (3.21) and (3.23) yields

@2p̂0

@̂x2
+

@2p̂0

@̂z2
= 0 for ẑ � 0; (3.55)

@̂p0

@̂z
=

@2ŵ0

@t2
; on jx̂j < d 0(t); ẑ = 0+ ; (3.56)

p̂0 = 0; on jx̂j > d 0(t); ẑ = 0+ ; (3.57)

with the far-�eld condition given by

p̂0 ! 0 asx̂2 + ẑ2 ! 1 ; (3.58)

and in addition we know from (3.25) that

p̂0 = O((d0(t)2 � (x̂ + i ẑ)2)� 1=2) as x̂ + i ẑ ! � d0(t): (3.59)

We now de�ne a new complex potential given by

H (�; t ) = � i (p̂0 + i q̂0) = q̂0 � i p̂0; (3.60)
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Figure 3.5: Leading-order solutions for the free surface location in the outer region ^z =
� ĥ0(x̂; t ) given by (3.48) (solid lines), alongside the substrate location ^z = � � ŵ0(x̂; t )
(dotted lines). The black lines denote the stationary substrate case, the red lines
denote the rigid moving substrate case (with ^w0 given by (3.16)) and the blue lines
denote the curved moving substrate case (with ^w0 given by (3.17)).

where � q̂0 is the time-derivative of the streamfunction ̂ 0, and we have thatH is

bounded as� ! 1 . By the Cauchy-Riemann equations, we know@̂p0=@̂z = � @̂q0=@̂x,

so for jx̂j < d 0(t), ẑ = 0+ ,

@̂q0

@̂x
= �

@̂p0

@̂z
= �

@2ŵ0

@t2
=) q̂0 = � K (t) �

Z x̂

0
ŵ0tt (�; t ) d� = � K (t) � mtt (x̂; t );

whereK (t) is an unknown function oft. As before, we analytically continueH onto

the whole complex plane by de�ning

H (�; t ) = H (�; t ) for ẑ < 0: (3.61)

As p̂0 = 0 for jx̂j > d 0(t), ẑ = 0+ , we knowH (�; t ) is continuous across the ^x axis for

jx̂j > d 0(t), and for jx̂j < d 0(t) we have the jump condition

H (x̂ + 0 i; t ) = � H (x̂ � 0i; t ) � 2(K (t) + mtt (x̂; t )) for jx̂j < d 0(t):

As H is unbounded at � = � d0(t) and bounded as� ! 1 , the solution to the
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Riemann-Hilbert problem [29] is given by

H (�; t ) =
1

(� 2 � d0(t)2)1=2

2

6
6
6
4

A(t) �
K (t)
�i

Z d0 (t )

� d0 (t )

(s2 � d0(t)2)1=2

s � �
ds

| {z }
I 4

3

7
7
7
5

�
1

�i (� 2 � d0(t)2)1=2

Z d0 (t )

� d0 (t )

(s2 � d0(t)2)1=2mtt (s; t)
s � �

ds ;

(3.62)

where A(t) is an unknown function of t to be determined. The solution for the

labelled integral,I 4, is derived in Appendix B and given by (B.9). Note thatH (�; t ) =

iW t (�; t ), where Wt is the time derivative of the complex potentialW = �̂ 0 + i 0, so

the solution for Wt is

Wt (�; t ) =
i (K (t)� � A(t))
(� 2 � d0(t)2)1=2

� iK (t)

+
i

� (� 2 � d0(t)2)1=2

Z d0 (t )

� d0 (t )

p
d0(t)2 � s2mtt (s; t)

s � �
ds :

(3.63)

In order to determine the unknownsA(t) and K (t), we �nd the asymptotic be-

haviour of the solutions forW(�; t ) from (3.31) and Wt (�; t ) from (3.63) as � ! 1

and compare the coe�cients of the powers of� . First, expanding (3.63) for � ! 1 ,

we have

Wt (�; t ) = �
iA (t)

�

+
i

� 2

"
K (t)d0(t)2

2
�

1
�

Z d0 (t )

� d0 (t )

p
d0(t)2 � s2mtt (s; t) ds

#

+ O
�

1
� 3

�

= �
iA (t)

�
+

iK (t)d0(t)2

2� 2
+ O

�
1
� 3

�
;

(3.64)

where we used the fact thatmtt (s; t) is odd in s to evaluate the integral. Next, we

expand the solution forW(�; t ) from (3.31) as� ! 1 , giving

W(�; t ) = i�
�

1 �
d0(t)2

2� 2

� "

1 +
1

��

Z d0 (t )

� d0 (t )

mt (s; t)
p

d0(t)2 � s2

�
s
�

�
ds

#

+ O
�

1
� 3

�

= i� +
i
�

"

�
d0(t)2

2
+

1
�

Z d0 (t )

� d0 (t )

smt (s; t)
p

d0(t)2 � s2
ds

#

+ O
�

1
� 3

�
;

(3.65)

where we again used the fact thatmt (s; t) is odd in s to evaluate the integrals with

odd integrands. Here, we note that there are noO(1=� 2) terms in the expansion for
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W(�; t ) as � ! 1 , which means there should be none inWt (�; t ) either. Therefore

by comparing to the expansion (3.64), we conclude thatK (t) = 0.

To determine A(t), we focus on theO(1=� ) terms. First, we simplify the �nal

integral that appears in (3.65),

Z d0 (t )

� d0 (t )

smt (s; t)
p

d0(t)2 � s2
ds =

Z d0 (t )

� d0 (t )

p
d0(t)2 � s2ŵ0t (s; t) ds ; (3.66)

and then comparing theO(1=� ) term of (3.64) with the time derivative of the O(1=� )

term of (3.65) yields the solution forA(t) given by

A(t) =
d
dt

"
d0(t)2

2
�

1
�

Z d0 (t )

� d0 (t )

p
d0(t)2 � s2ŵ0t (s; t) ds

#

= d0(t) _d0(t)

"

1 �
1
�

Z d0 (t )

� d0 (t )

ŵ0t (s; t)
p

d0(t)2 � s2
ds

#

�
1
�

Z d0 (t )

� d0 (t )

p
d0(t)2 � s2ŵ0tt (s; t) ds :

(3.67)

Therefore the solution forWt is

Wt (�; t ) = �
i

(� 2 � d0(t)2)1=2

"

A(t) �
1
�

Z d0 (t )

� d0 (t )

p
d0(t)2 � s2mtt (s; t)

s � �
ds

#

; (3.68)

where the leading-order pressure is given by

p̂0 = Re

(
i

(� 2 � d0(t)2)1=2

"

A(t) �
1
�

Z d0 (t )

� d0 (t )

p
d0(t)2 � s2mtt (s; t)

s � �
ds

#)

; (3.69)

and A(t) is given by (3.67).

In Figure 3.6, we plot the solution for the pressure (3.69) in the stationary sub-

strate case (left) and the rigid moving substrate case (right), att = 0:5 for � = 0:1. In

both cases, we can see how the pressure diverges close to the turnover points, shown

with black dots, as re
ected by the square-root singularity in (3.69) as� ! � d0(t).

Referring to Figure 3.2, we can see that at this time, the moving substrate is acceler-

ating downwards, subsequently giving a lower pressure than the stationary substrate

case both due to theA(t) term given by (3.67) and the contour integral in (3.69). We

have also plotted a number of streamlines from (3.31). For the stationary substrate,

we can see how the kinematic boundary condition on the substrate (3.21) enforces

that the vertical velocity for jx̂j < d 0(t) is zero, meaning the streamlines hence all

terminate for jx̂j > d 0(t), where the kinematic boundary condition on the free surface
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Figure 3.6: Leading-order solutions for the pressure in the outer region (3.69), where
the stationary substrate case is plotted for ^x < 0, and the rigid moving substrate case
is plotted for x̂ > 0. The solid lines show the streamlines from (3.31).

(3.22) is applied to enforce the 
uid velocity matches the free surface velocity. How-

ever for the moving substrate case, we have a non-zero velocity forjx̂j < d 0(t), which

means some of the streamlines do terminate on the substrate, as seen in Figure 3.6.

It is worth noting that the pressure in the moving substrate cases can also become

greater than the stationary substrate case, such as situations where the substrate is

accelerating upwards towards the droplet (i.e. see later times of Figure 3.2).

3.2.4 Inner region

In the previous subsection, we saw how the leading-order solutions for the velocity

and pressure diverge close to the turnover points. As these should be �nite physically,

this motivates considering inner regions surrounding each turnover point to resolve

the 
ow locally. Without loss of generality, given that the problem is symmetric inx,

we focus on the inner region surrounding the right hand turnover point. In previous

two-dimensional Wagner theory studies, such as Wilson (1989) [97] and Moore (2014)

[62], it was found that the inner region has to be two orders of magnitude smaller

than the outer region with an O(1=�) velocity in order to match. Motivated by this,
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we introduce the inner variables

x = �d(t) + � 3~x; z = � � 2w(�d(t); t) + � 3~z;

� = � 2
h

_d(t)~x � �w t (�d(t); t)~z + ~�
i

; h = � � 2w(�d(t); t) + � 3~h; p =
1
� 2

~p;
(3.70)

where we validate these scalings later by matching with the outer region solutions

in §3.2.4.4. We then substitute (3.70) into (3.7)-(3.11) and expand (~�; ~h; ~p) =

( ~� 0; ~h0; ~p0) + o(1) as � ! 0, such that to leading-order in� , we have

@2 ~� 0

@~x2
+

@2 ~� 0

@~z2
= 0 in the 
uid ; (3.71)

~p0 +
1
2

2

4

 
@~� 0

@~x

! 2

+

 
@~� 0

@~z

! 2
3

5 =
1
2

_d0(t)2 in the 
uid ; (3.72)

@~� 0

@~z
= 0 on ~z = 0; (3.73)

@~� 0

@~x
@~h0

@~x
=

@~� 0

@~z
on ~z = ~h0(~x; t ); (3.74)

 
@~� 0

@~x

! 2

+

 
@~� 0

@~z

! 2

= _d0(t)2 on ~z = ~h0(~x; t ); (3.75)

subject to the far-�eld condition

~� 0 � � _d0(t)~x + S(t) Re
�

i
p

~x + i ~z
�

as ~x + i ~z ! 1 ; (3.76)

whereS(t) is determined via matching with the outer region in§3.2.4.4.

The resulting problem is a quasi-static Helmholtz 
ow, which is summarised in

Figure 3.7. The 
uid enters in from above, and either ends up in the jet, heading

towards ~x ! 1 , or into the outer region for ~x ! �1 . The dashed line in Figure 3.7

shows the streamline which divides these two portions of the 
ow, which ends at the

relative stagnation point A. The far-�eld condition (3.76) implies that the 
ow enters

from above with velocity ~u0 � � _d0(t). Combining this with the kinematic condition

on the free surface (3.75) and conservation of mass, we must have that

~� 0 � _d0(t)~x; ~h0 ! J (t); as ~x ! 1 in the jet; (3.77)

where J (t) is the asymptotic jet thickness, and must be determined as part of the

solution.
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Figure 3.7: The leading-order problem for the right-hand inner region for~� 0 and ~h0.
The dashed line is the dividing streamline that passes through the stagnation point
A (relative to the frame moving with the inner region). The asymptotic jet thickness
is denoted byJ (t).

3.2.4.1 Solution for the velocity potential

We now solve for the velocity potential. We start by constructing the complex po-

tential
fW(~�; t ) =

1
_d0(t)

�
~� 0 + i ~ 0

�
; (3.78)

where~� = ~x+ i ~z, ~ 0 is the leading-order inner streamfunction and the factor of 1= _d0(t)

is to simplify the resulting algebra. Without loss of generality, we set~ 0(0; 0; t) = 0.

We then de�ne the complex velocity,fW 0, by

fW 0 =
dfW

d~�
=

1
_d0(t)

(~u0 � i ~v0) ; (3.79)

where ~u0 and ~v0 are the leading-order velocities in the ~x and ~z directions respectively,

given in terms of ~� 0 by

~u0 =
@~� 0

@~x
; ~v0 =

@~� 0

@~z
: (3.80)

In the following, we will determine the complex potentialfW using the hodograph

technique, which involves �nding a conformal map from the liquid domain in the
fW plane to that in the fW 0 plane. Given the governing equations (3.71)-(3.77), the

potential and hodograph planes are depicted in Figures 3.8a and 3.8b respectively,
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(a) Potential plane.

(b) Hodograph plane.

Figure 3.8: The potential and hodograph planes, wherefW and fW 0 are de�ned in
(3.78) and (3.79) respectively. The blue regions map to the liquid domain and the
labelled points map to those in Figure 3.7.

where the blue regions denote the liquid domain and the labelled points correspond

to those in Figure 3.7.

To �nd the conformal mapping from the fW-plane to the fW 0-plane, we �rst intro-

duce a new complex variable� and map thefW plane to the upper half of the� -plane,

depicted in Figure 3.9. Using the conformal map given by Figure 26 of Appendix 2

in Brown and Churchill (2009) [12], we have

fW = k(t) �
J (t)

�
[� + log( � ) � i� + 1] ; (3.81)

where the branch cut for log(� ) is taken to be the negative real axis, such that log(� )

is real on the positive real axis. Herek(t) is an integration variable that, as discussed

by Oliver (2002) [66], cannot be determined from the leading-order problem. As seen

in Figure 3.9, (3.81) maps all of the labelled points onto the real axis.
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Figure 3.9: The � plane, de�ned in terms of the complex velocity potentialfW in
(3.81). The labelled points map to those in Figure 3.7, and the red line maps to the
streamlines along the substrate and the free surface.

Next, we construct a map from the hodograph planefW 0 onto the � plane, which is

found by �rst applying a M•obius transformation to map the semi-circle to a quarter

plane, and then squaring to map that to the upper-half plane. The resulting mapping

is hence

� = �

 
fW 0 � 1
fW 0+ 1

! 2

:

Re-arranging this equation forfW 0, taking the root which maps E from � = 1 to
fW 0 = i , we have

fW 0 =
1 + i� 1=2

1 � i� 1=2
; (3.82)

where the branch cut for� 1=2 is taken to be along the negative real axis, with� 1=2 > 0

on the positive real axis.

We now have expressions forfW and fW 0 in terms of � in (3.81) and (3.82) respec-

tively. To complete the solution, we need to �nd~� as a function of� . We �rst make

the following change of variables to (3.82),

1 + i� 1=2

1 � i� 1=2
= fW 0 =

dfW

d~�
=

dfW
d�

d�

d~�
; (3.83)

where by (3.81),
dfW
d�

= �
J (t)

�

�
1 +

1
�

�
; (3.84)

so by re-arranging (3.83), we have an ODE for~� given by

d~�
d�

=
1 � i� 1=2

1 + i� 1=2

dfW
d�

= �
J (t)

�
(1 + � � 1)(1 � i� 1=2)

1 + i� 1=2
= �

J (t)
�

�
� � 1 � 2i� � 1=2 � 1

�
:
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Integrating with respect to � then yields the solution for ~� given by

~� = ~� 0 +
J (t)

�

�
� + 4 i� 1=2 � log(� )

�
; (3.85)

where ~� 0 is an integration constant. By comparing Figures 3.7 and 3.9, we know

~x = 0 when � = 1 and ~z ! J (t) as � # 0, giving ~� 0 = J (t)( � 1=� + i ). Therefore, the

solution for the complex potential and velocity are given parametrically in terms of

� by the set of equations

~� 0 + i ~ 0 = _d0(t)k(t) �
_d0(t)J (t)

�
[� + log( � ) � i� + 1] ; (3.86)

~u0 � i ~v0 = _d0(t)
1 + i� 1=2

1 � i� 1=2
; (3.87)

~� = ~x + i ~z =
J (t)

�

�
� + 4 i� 1=2 � log(� ) + i� � 1

�
; (3.88)

where we can use Figure 3.9 de�ning the� -plane to aid in �nding the solutions at

the points labelled in the schematic diagram for the inner region, Figure 3.7. This

solution is equivalent to the inner region solution considered by Oliver (2002) [66] for

in�nite depth water entry, except in our case the 
uid enters from above and has a

�nite velocity as ~z ! 1 .

3.2.4.2 Solution for the free surface location

The free surface is located at ~z = ~h0(~x; t ), lying along the line B 0EC in Figure 3.7.

From the depiction of the � plane in Figure 3.9, we can see that the free surface is

parameterised by� = � for 0 < � < 1 . Substituting this value of � into (3.88) for

~z = ~h0, we have the parametric solution

�
~x; ~h0(~x; t )

�
=

J (t)
�

�
� � log(� ) � 1; � + 4

p
�

�
; (3.89)

which is multivalued in ~x. As � ! 0, the solution tends towards the jet region,

while as� ! 1 , the solution tends towards the outer region, with the turnover point

location at � = 1.

Given the solution for the free surface location (3.89), we can �nd the speci�c

value of the height of the free surface above the substrate at the turnover curve to be

H (t) = ~h0(0; t) =
�

1 +
4
�

�
J (t); (3.90)

which we �nd by setting � = 1 in (3.89).
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3.2.4.3 Solution for the pressure

The leading-order pressure in the inner region is given by Bernoulli's equation (3.72),

which we re-write in terms of the complex velocityfW 0 as

~p0 =
1
2

2

4 _d0(t)2 �

 
@~� 0

@~x

! 2

�

 
@~� 0

@~z

! 2
3

5 =
_d0(t)2

2

�
1 �

�
�
� fW 0

�
�
�
2
�

: (3.91)

Substituting in the solution for fW 0 in terms of � from (3.82), we have the para-

metric solution for the pressure in the inner region

~p0 =
_d0(t)2

2

 

1 �

�
�
�
�
1 + i� 1=2

1 � i� 1=2

�
�
�
�

2
!

; (3.92)

where the solution for~� = ~x + i ~z in terms of � is given by (3.88). Hence the pressure

in the inner region is higher when_d0(t) is higher, such as was the case for the curved

substrate solution shown in Figure 3.4.

As the inner region is quasi-steady, we can divide ~p0 by _d0(t)2 to �nd a time-

independent representation of the pressure, which we plot in Figure 3.10, along with

a representative number of streamlines.

It is worth noting here that we have found that the leading-order solutions for the

velocities and pressure in the inner region are �nite, correcting for the singularities in

their counterparts from the outer region local to the turnover points. In particular,

we �nd that the maximum value for ~p0 is given by

max(~p0) =
_d0(t)2

2
; (3.93)

and that this maximum occurs at the relative stagnation point where� = � 1. Sub-

stituting this value of � into (3.88), we �nd this maximum occurs at ~x = � 6J (t)=� ,

~z = 0, which can be seen visually in Figure 3.10.

3.2.4.4 Matching with the outer region

The only unknown left to be determined in the inner region is the jet thickness,

J (t). We can determine this by matching the leading-order solutions for the velocity

potential in the outer and inner regions via an intermediate variable technique. We

�rst express the outer variables in terms of the inner variables such that

x̂ = d(t) + � 2~x; ẑ = � �w (�d(t); t) + � 2~z; �̂ = �
h

_d(t)~x � �w t (�d(t); t)~z + ~�
i

:

49



Figure 3.10: Leading-order solution in the right-hand inner region. The colour shows
the leading-order solution for the pressure, given by (3.92), scaled by_d0(t)2. The solid
lines show the streamlines, which are lines of constant~ 0 given by (3.86), with the
dashed line showing the dividing streamline ending at the relative stagnation point.
The spatial coordinates (~x; ~z) are expressed in terms of the jet thickness,J (t).

Next, we use capital letters to denote an intermediate variable, and de�ne

x̂ = d(t) + � � X; ẑ = � �w (�d(t); t) + � � Z; �̂ = � � � 1
h

_d(t)X � �w t (�d(t); t)Z + �
i

;

where 0< � < 2. We then need to write down the leading-order solutions for the

velocity potential in the outer and inner regions in the intermediate variables and

match their expansions as� ! 0.

First, recall that the leading-order solution for the velocity potential in the inner

region is given by (3.86),

~� 0 = _d0(t)k(t) �
_d0(t)J (t)

�
Re (� + log( � ) + 1) ;

~x + i ~z = � � � 2(X + iZ ) =
J (t)

�

�
� + 4 i� 1=2 � log(� ) + i� � 1

�
:

Given that the branch cut for � 1=2 is taken along the negative real axis, and� 1=2 > 0

on the positive axis, the far-�eld expansion asj� j ! 1 gives

� � � � � 2 �
J (t)

(X + iZ ) � 4i� �= 2� 1
r

�
J (t)

(X + iZ );
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and hence substituting this expansion into the leading-order velocity potential and

expanding for� ! 0 results in

� = � 2� � ~� � � _d0(t)X + 4� 1� �= 2 _d0(t)

r
J (t)

�
Re

�
i
p

X + iZ
�

: (3.94)

Next, recall that the leading-order solution for the velocity potential in the outer

region is given by (3.31),

�̂ 0 = Re

 

i (� 2 � d0(t)2)1=2

"

1 �
1
�

Z d0 (t )

� d0 (t )

mt (s; t)
p

d0(t)2 � s2(s � � )
ds

#!

(3.95)

where

� = x̂ + i ẑ = d(t) � i�w (�d(t); t) + � � (X + iZ ):

We employ the same method that was used to determine the contour integral in

§B.3 to �nd the expansion of the integral in (3.95) to be given by

1
�

Z d0 (t )

� d0 (t )

mt (s; t)
p

d0(t)2 � s2(s � � )
ds = B(t) + O

 s

1 �
�

d0(t)

!

; (3.96)

for � ! d0(t), where

B(t) =
1
�

Z d0 (t )

� d0 (t )

ŵ0t (s; t)
p

d0(t)2 � s2
ds :

For the square-root term in (3.95), given that 0< � < 2, we have

(� 2 � d0(t))1=2 �

8
>><

>>:

� �= 2
p

2d0(t) (X + iZ )1=2 if � < 1;

� 1=2
p

2d0(t)
�

X + iZ + d1(t) � i ŵ0(d0(t); t)
� 1=2

if � = 1;

� 1=2
p

2d0(t) (d1(t) � i ŵ0(d0(t); t))1=2 if � > 1:

as� ! 0. If � � 1, then given the expansion for the integral (3.96) and the expansion

for (� 2� d0(t)2)1=2, we can only match with (3.94) if� = 1. In this case, the asymptotic

size of the intermediate region would be the same as the �rst-order correction to the

turnover point, �d1(t), meaning we cannot have an overlap between the two leading-

order solutions at this scale. Therefore we must have 0< � < 1, in which case the

outer expansion local to the inner region is

� � � _d0(t)X + � 1� �= 2
p

2d0(t)(1 � B (t))Re
�

i
p

X + iZ
�

; (3.97)

and matching (3.94) and (3.97) gives the asymptotic jet thickness as

J (t) =
� (1 � B (t))2d0(t)

8 _d0(t)2
; B (t) =

1
�

Z d0 (t )

� d0 (t )

ŵ0t (s; t)
p

d0(t)2 � s2
ds : (3.98)
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The solutions forJ (t) for the stationary, the rigid moving and the curved moving

substrates are shown in Figure 3.11. It is clear that the downwards motion of the

substrate, which acts to increaseB(t) given by (3.98), results in the jet thickness of

the moving substrate cases to be smaller than the stationary substrate. Interestingly,

even though the turnover point evolution is faster in the curved substrate case (see

Figure 3.4), the resulting jet thickness is smaller than the rigid substrate case.

3.2.5 Jet region

Upon impact, the 
uid near the bottom of the droplet is violently disturbed and is

ejected into two jets emanating from the turnover points. From the leading-order

inner solutions derived in§3.2.4, we know these jets are ejected with a largeO(1=�)

horizontal velocity with a small O(� 3) thickness. Without loss of generality, in this

section we consider the jet emanating from the right-hand inner region, where the

left-hand jet is given by symmetry inx. We follow the methods previously employed

for solving the jet regions, such as by Wilson (1989) [97], where in addition we take

into account the time-dependency of the shape of the substrate.

We consider a curvilinear frame moving with the substrate, parameterised by

(x0; z0), where x0 = x and z0 is distance along the from the point (x0; � � 2w(x0; t)) in

the upwards normal direction from the substrate. Ifi and j are the unit coordinate

vectors in the (x; z) plane, then the substrate is parameterised by

R 0(x0; t) = x0i � � 2w(x0; t)j ; (3.99)

and the unit tangent and normal vectors to the substrate atx = x0 are

e(x0; t) =
1

q(x0; t)

�
i � � 2wx (x0; t)j

�
; n(x0; t) =

1
q(x0; t)

�
� 2wx (x0; t)i + j

�
; (3.100)

whereq(x0; t) =
p

1 + � 4wx (x0; t)2. Given this, a point with coordinates (x0; z0) in the

moving frame corresponds to a point in the lab frame with position vector

r (x0; z0; t) = R 0(x0; t) + z0n(x0; t)

=
1
q

�
x0+ � 4wwx

�
e(x0; t) +

�
� 2

q
(x0wx � w) + z0

�
n(x0; t):

(3.101)

The scale factor for thex0 derivative is given by

M (x0; z0; t) =

�
�
�
�

@r
@x0

�
�
�
� = (1 + z0� (x0; t)) q(x0; t); (3.102)
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Figure 3.11: Solutions for the asymptotic jet thickness,J (t), given by (3.98).

where � (x0; t) = � 2wxx (x0; t)=q(x0; t)3 is the curvature of the substrate. The scale

factor for the z0 derivative is 1, therefore the gradient operator in the curvilinear

frame is given by

r 0 =
1

M
e

@
@x0

+ n
@

@z0
: (3.103)

We can also de�ne the operators for the divergence and curl in the moving frame

acting on a vectorF = Fee + Fnn from Appendix 2 of Batchelor (1999) [7] to be

r 0 � F =
1

M

�
@Fe
@x0

+
@

@z0
(MF n )

�
; (3.104)

r 0 � F =
k
M

�
@Fn
@x0

�
@

@z0
(MF e)

�
: (3.105)

In the moving frame, the 
uid velocity is given by u0 = u0e+ v0n and the substrate

velocity is U 0 = R 0
t=�2 = U0e + V 0n, where

U0(x0; t) = wt (x0; t) sin
�
� 2� (x0; t)

�
; V 0(x0; t) = � wt (x0; t) cos

�
� 2� (x0; t)

�
; (3.106)

where we de�ne� 2� (x0; t) to be the angle from the vertical of the substrate atx0, such

that

tan
�
� 2� (x0; t)

�
= � 2wx (x0; t): (3.107)

This means the moving frame is rotating with a spatially dependent angular velocity

� � t local to any point r , where di�erentiating (3.107) with respect to t gives

� 2� t
�
1 + tan 2(� 2� )

�
= � 2wxt =) � t =

wxt

1 + � 4w2
x

=
wxt

q2
: (3.108)
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The lab frame velocity is then given byu = u0 � � tk � r , where k is the unit

vector in the y direction, and

k � r = �
�

� 2

q
(x0wx � w) + z0

�
e +

1
q

�
x0+ � 4wwx

�
n; (3.109)

In order to transform the continuity equation (2.27) into the moving frame, we

need to determine the divergence of� tk � r , which is given by

r 0 � (� tk � r ) = � t [r � (r 0 � k) � k � (r 0 � r )] + ( r 0� t ) � (k � r )

= �
� x0t

M

�
� 2

q
(x0wx � w) + z0

�
;

(3.110)

where we determined thatr 0 � r = 0 using (3.105). Therefore, the continuity

equation (2.27) in the moving frame is given by

u0
x0 +

@
@z0

(Mv 0) = � x0t

�
� 2

q
(w � x0wx ) � z0

�
: (3.111)

As we assume the 
ow is irrotational in the lab frame, such thatr � u = 0, we must

also determine

r 0 � (� tk � r ) = � t r 0 � (k � r ) + ( r 0� t ) � (k � r )

=
�
2� t +

� x0t

qM

�
x0+ � 4wwx

�
�

k;
(3.112)

such that the irrotationality condition in the moving frame is

v0
x0 �

@
@z0

(Mu 0) = 2 M� t +
� x0t

q

�
x0+ � 4wwx

�
(3.113)

By transforming the time-derivative to the moving frame coordinates, we have

that the convective derivative in the moving frame is given by

1
� 2

@
@t

+
�

u0 � U 0 �
1
� 2

z0n t (x0; t)
�

� r 0;

wheren t (x0; t)=�2 = � t (x0; t)e(x0; t). By de�ning the pressure in the moving frame by

p = p0, the tangential and normal components of the momentum equations (2.26) are

given by

1
� 2

u0
t + � tv0+

1
M

(u0 � U0 � z0� t ) (u0
x0 + �qv 0) + ( v0 � V 0)u0

z0 = �
1

M
p0

x0; (3.114)

1
� 2

v0
t � � tu0+

1
M

(u0 � U0 � z0� t ) (v0
x0 � �qu 0) + ( v0 � V 0)v0

z0 = � p0
z0: (3.115)
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If the free surface of the jet is atz0 = h0(x0; t) in the moving frame, then the boundary

conditions at the substrate (3.9) and free surface (3.10)-(3.11) are given by

v0 � V 0 = 0 on z0 = 0; (3.116)

v0 � V 0 =
1
� 2

h0
t +

1
M

(u0 � U0 � h0� t ) h0
x0; p0 = 0 on z0 = h0(x0; t): (3.117)

From the leading-order solution in the inner region from§3.2.4, we know the 
uid

is ejected into the jet at a tangential velocityO(1=�) with a thicknessO(� 3). In order

to balance the continuity equation (3.111), the relevant jet scalings are

x0 = � �x; z0 = � 3 �z; w(x0; t) = �w(�x; t );

u0 =
1
�

�u; v0 = �
�wt (x0; t)
q(x0; t)

+ � �v; h0 = � 3�h; p0 = � �p:
(3.118)

Then, expanding (�u; �v; �h; �p; �w) = (�u0; �v0; �h0; �p0; �w0) + o(1) as � ! 0, we have that

q =
p

1 + � 2 �w2
�x = 1 + O(� 2); � =

�w�x �x

q3
= �w0�x �x + O(� )

U0 =
� �wt �w�x

q
= � �w0t �w0�x + O(� 2); V 0 = �

�wt

q
= � �w0t + O(� );

M = (1 + � 3 �z� )q = 1 + O(� 2); � t =
�w�xt

�q2
=

1
�

�w0�xt + O(1):

Note that this means, to leading-order, the irrotationality condition (3.113) re-

duces to �u0�z = 0, which means �u0 is independent of �z, and we subsequently write

�u0(�x; �z; t) = �u0(�x; t ). The continuity equation (3.111) and kinematic boundary con-

dition on the substrate (3.116) reduce to

�u0�x + �v0�z = 0 for �z � 0; �v0 = 0 for �z = 0; (3.119)

which, given that �u0 is independent of �z, means we can integrate the continuity

equation with respect to �z to �nd that � v0 = � �z�u0�x . The leading-order tangential

momentum equation (3.114) then reduces to

�u0t + �u0 �u0�x = 0; (3.120)

and substituting the solution for �v0 into the leading-order kinematic boundary con-

dition at the free surface (3.117) gives

�h0t + �u0
�h0�x + �h0 �u0�x = 0: (3.121)
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Finally, by �nding the leading-order normal momentum equation (3.115), integrating

with respect to �z and applying the dynamic boundary condition (3.117) on �z = h0,

we have that the pressure is given by

�p0 = �
�

�w0tt + 2 �w0�xt �u0 + �w0�x �x �u2
0

�
(�h0 � �z): (3.122)

To match with the inner solution, we take the boundary conditions for �u0 and
�h0 to be at �x = d0(t) and match them to the far-�eld conditions of the inner region

travelling into the jet (3.77), such that

�u0(d0(t); t) = 2 _d0(t); �h0(d0(t); t) = J (t): (3.123)

The horizontal velocity �u0 and free surface location�h0 are found by solving (3.120)-

(3.121), which are the zero-gravity shallow water equations. As (3.120) is independent

of �h0, we can solve (3.120) for �u0 using the method of characteristics. We �rst param-

eterise the boundary conditions (3.123), which are time-dependent, with a parameter

� such that

t = �; �x = d0(� ); �u0(d0(� ); � ) = 2 _d0(� ); �h0(d0(� ); � ) = J (� ): (3.124)

The characteristic equations for (3.120), parameterised by� > 0, are

@t
@�

= 1;
@�x
@�

= �u0;
@�u0

@�
= 0;

hence by integrating with respect to� and applying the boundary conditions (3.124)

at � = 0, we have a parametric solution for �u0(�x; t ) given by

t = � + �; �x = 2 _d0(� )� + d0(� ); �u0 = 2 _d0(� ): (3.125)

In order to determine the solution for �h0 from (3.121), we must �nd @�u0=@�x in

terms of the characteristic parameters� and � . The change of variables from (�; � )

to (�x; t ) is described by the matrix equation
2

6
6
6
4

@
@�

@
@�

3

7
7
7
5

=

2

4
2 _d0(� ) 1

2•d0(� )� + _d0(� ) 1

3

5

| {z }
J

2

6
6
6
4

@
@�x

@
@t

3

7
7
7
5 (3.126)

whereJ is the Jacobian matrix. The parameterisation is only valid if the Jacobian is

invertible, which means we must have

det(J) = _d0(� ) � 2•d0(� )� 6= 0: (3.127)
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Assuming det(J) 6= 0, we can invert the matrix equation (3.126) to �nd

@�u0

@�x
=

2•d0(� )

2•d0(� )� � _d0(� )
:

Thus, the characteristic equations for (3.121) are

@t
@�

= 1;
@�x
@�

= 2 _d0(� );
@�h0

@�
= �

2•d0(� )

2•d0(� )� � _d0(� )
�h0; (3.128)

where again by integrating with respect to� and applying the boundary conditions

(3.123), we have a parametric solution for�h0 given by

t = � + �; �x = 2 _d0(� )� + d0(� ); �h0 =
_d0(� )J (� )

_d0(� ) � 2•d0(� )�
: (3.129)

Finally, we can remove the� parameter by substituting in � = t � � , and hence

the parameterised solutions for �u0 and �h0 is

�u0 = 2 _d0(� ); �h0 =
_d0(� )J (� )

_d0(� ) � 2•d0(� )( t � � )
; (3.130)

with

�x = 2 _d0(� )( t � � ) + d0(� ); (3.131)

where 0< � � t and t > 0. From the solution for _d0(t) in (3.53), we have _d0(t) � 1=
p

t

as t ! 0, so from (3.131) we can see that the jet has an in�nite extent in the �x

direction. However, the free surface height�h0 ! 0 as �x ! 1 , such that the area

of the jet remains �nite. In addition, as _d0(t) only has a square-root singularity at

t = 0, from (3.131) we see that att = 0, the parametric solution (3.131) gives �x = 0,

re
ecting that the jets do not emerge until t > 0.

The evolution of the free surface of the jet�h0 for the three example cases is shown

in Figure 3.12, fort ranging from 0 to 1, where the solid lines denote the free surface

location and the dashed lines plot the evolution of the jet root�h0(d0(t); t) = J (t)

(which are plotted beyondt = 1 for visualisation purposes). The resulting free surface

pro�les are determined by the solutions for the turnover pointd0(t) (see Figure 3.4)

and the jet thickness J (t) (see Figure 3.11), and it can clearly be seen how the

evolution of these free surfaces is a�ected by these quantities at their point of origins.

However we can also see di�erences in the resulting shapes of the free surface, in

particular for the 
at moving substrate case, which begins to have a pileup near the

jet root at later times.
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Figure 3.12: Leading-order solutions for the free surface location in the jet regions
given by �z = �h0(�x; t ) from (3.130) (solid lines). The lines are plotted in equal tem-
poral steps fromt = 0 to t = 1. The dashed lines plot the evolution of the point
�h0(d0(t); t) = J (t), and are plotted beyondt = 1 for illustrative.

Given the solutions for �u0 and �h0, the leading-order pressure (3.122) can then be

found by parameterising the solution for �w0 and its derivatives with �x from (3.131).

It is worth noting that if �w0 � 0, then �p0 = 0, and the pressure in the jets is instead

O(� 2).

3.2.6 Outer-outer region

The �nal region to resolve is the outer-outer region, which contains the portion of

the droplet above the outer region and away from the point of contact with the

substrate. In this early time regime, we expect the bulk of the droplet to remain

mostly una�ected by the substrate and continue to move downwards with unit speed,

with small perturbations felt due to the regions of high pressure close to the substrate.

In order to �nd the scalings for the outer-outer region, we �rst study the far-�eld

behaviour of the leading-order solutions for the velocity potential and free surface

position in the outer region. Expanding the outer solution for the complex velocity

potential W(�; t ) (3.31) as� = x̂ + i ẑ ! 1 gives

W = �̂ 0 + i 0 = i� �
iD (t)

�
+ O

�
1
� 3

�
; (3.132)
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where

D(t) =
d0(t)2

2
�

1
�

Z d0 (t )

d0 (t )

p
d0(t)2 � s2ŵ0t (s; t) ds : (3.133)

In addition, expanding the outer solution for the free surface location̂h0 (3.48) as

x̂ ! 1 gives

ĥ0(x̂; t ) =
1
2

x̂2 � t �
E(t)
x̂2

+ O
�

1
x̂4

�
; (3.134)

where

E(t) =

" �
t �

d0(t)2

8

�
d0(t)2

2
�

1
�

Z d0 (t )

� d0 (t )

p
d0(t)2 � s2ŵ0(s; t) ds

#

: (3.135)

Moreover, since@̂h0=@t= @̂� 0=@̂z on the free surface, we have that_E(t) = D(t).

As the outer variables are de�ned by ^x + i ẑ = ( x + iz)=�, �̂ = �=� and ĥ = h=�2,

then the far-�eld limits (3.132) and (3.134) motivate de�ning the outer-outer variables

by

� = � z + � 2� ; h(x; t ) = 1 �
p

1 � x2 � � 2t + � 4H � (x; t ); p = P; (3.136)

where the� in the de�nition of h takes into account the top and bottom half of the

droplet. Given these scalings, the governing equations in the outer-outer region are,

@2�
@x2

+
@2�
@z2

= 0 in the 
uid ; (3.137)

P +
@�
@t

+
� 4

2
jr � j2 � � 2 @�

@z
= 0 in the 
uid ; (3.138)

@H�

@t
�

x
p

1 � x2

@�
@x

�
@�
@z

+ � 4 @�
@x

@H�

@x
= 0 on z = h(x; t ); (3.139)

P = 0; on z = h(x; t ); (3.140)

with initial conditions

�( x; z; 0) = 0; H � (x; 0) = 0: (3.141)

We then expand (� ; H � ; P) = (� 0; H � 0; P0)+ o(1) as � ! 0, which results in the

following boundary value problem in the circlez = h(x; 0),

@2� 0

@x2
+

@2� 0

@z2
= 0 for x2 + ( z � 1)2 � 1; (3.142)

@� 0

@t
= � P0 for x2 + ( z � 1)2 � 1; (3.143)

� 0 = 0 on x2 + ( z � 1)2 = 1; (3.144)
@H� 0

@t
�

x
p

1 � x2

@� 0

@x
�

@� 0

@z
= 0 on x2 + ( z � 1)2 = 1; (3.145)
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with the matching conditions

� 0 � �
D(t)z

x2 + z2
as x2 + z2 ! 0; H � (x; t ) � �

E(t)
x2

as x ! 0: (3.146)

The unique solution for � 0 which satis�es the boundary conditions on the interface

and the matching condition at the origin is given by

� 0(x; z; t) =
D(t)(x2 + ( z � 1)2 � 1)

2(x2 + z2)
; (3.147)

which we can readily check satis�es Laplace's equation (3.142). We then determine

the leading-order perturbations to the horizontal and vertical velocity components,

given by u � � 2U0 and v � � 1 + � 2V0 as � ! 0, by

U0 =
@� 0

@x
=

2D(t)xz
(x2 + z2)2

; V0 =
@� 0

@z
=

D(t)(z2 � x2)
(x2 + z2)2

: (3.148)

Applying (3.148) at z = h(x; 0) = 1 �
p

1 � x2, the leading-order kinematic bound-

ary condition on the free surface (3.145) gives,

@H� 0

@t
=

D(t)

2(1 � x2 �
p

1 � x2)
;

which we solve by integrating with respect to time, applying the initial condition

H � (x; 0) = 0, and recalling that _E(t) = D(t) to �nd

H � 0(x; t ) =
E(t)

2(1 � x2 �
p

1 � x2)
; (3.149)

which satis�es the far-�eld condition for H � 0 (3.146) asx ! 0. Finally, the leading-

order pressure in the outer-outer regionP0(x; z; t) is given by the Bernoulli equation

(3.143),

P0(x; z; t) = �
@� 0

@t
=

A(t)(1 � x2 � (z � 1)2)
2(x2 + z2)

; (3.150)

where by the solution forA(t), given by (3.67), we have _D(t) = A(t).

The pressureP0 from (3.150) is shown in Figure 3.13 at timet = 0:5, where

the stationary substrate case is shown forx < 0 and the curved moving substrate

case forx > 0. The decay of the pressure away from the origin is clear, with the

inset showing the pressure singularity close to the point of contact. Similar to the

outer pressure shown in Figure 3.6, the curved substrate solution has a lower pressure

than the stationary substrate due to the downwards acceleration of the substrate at

t = 0:5. Indeed, the pressure in the outer-outer region is driven byA(t), which is the

leading-order coe�cient of the pressure from the outer region given in (3.69).
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Figure 3.13: Leading-order solution for the pressure in the outer-outer region (3.150),
where the stationary substrate case is plotted forx < 0 and the curved moving
substrate case forx > 0. The inset shows the pressure singularity close to the origin.

3.2.7 Pressure on the substrate

The solution for the substrate in Chapters 5 and 6 is found by solving (2.33) or

(2.36) respectively, both of which depend on the pressure along the substrate either

explicitly or via the force (2.35). In the previous sections, we found the leading-order

solutions for the pressure in the four asymptotic regions, and here we evaluate them

along the substrate, as well as deriving an additive composite expansion.

The outer solution (3.69) evaluated at the substrate forjx̂j < d 0(t) is given by

p̂0(x̂; 0; t) =
1

p
d0(t)2 � x̂2

"

A(t) �
1
�

�
Z d0 (t )

� d0 (t )

p
d0(t)2 � s2mtt (s; t)

s � x̂
ds

#

; (3.151)

where the integral is interpreted in a principal value sense. To evaluate the inner

solution for the pressure (3.92) at the substrate, we let� = � e� 2� , where�1 < � <

1 , in the solution for ~x + i ~z (3.88) to �nd a parametric solution for the pressure given

by

~p0(~x; 0; t) =
2 _d0(t)2e� �

(1 + e� � )2
; ~x =

J (t)
�

�
2� � e� 2� � 4e� � � 1

�
: (3.152)
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For the jet solution, we let �z = 0 in (3.122) to �nd

�p0(�x; 0; t) = �
�

�w0tt + 2 �w0�xt �u0 + �w0�x �x �u2
0

� �h0; (3.153)

where �u0 and �h0 are given by (3.130). Note we do not have a contribution from the

outer-outer region as it does meet the substrate.

Recall that p = O(1=�) in the outer region, p = O(1=�2) in the inner regions

and p = O(� ) in the jet regions. Thus it is clear then that the pressure along the

substrate is dominated by the outer and inner regions, and is negligible in the jets

by comparison. This motivates us to form a composite expansion based on the outer

and inner regions, as it is this pressure that will a�ect the substrate deformation

at leading-order. To do this, we use an intermediate variable technique to �nd the

overlap pressure between the outer and the inner. Following from the matching

conducted in §3.2.4.4, here choosing� = 1=2, we de�ne an intermediate variable

x̂ = d(t) + � 1=2X . Substituting this into the leading-order solution for the pressure in

the outer region (3.151) and expanding for� ! 0 with X = O(1) gives

p̂0(d(t) + � 1=2X; 0; t)

=
1

� 1=4
p

2d0(t)
p

� X

0

B
B
B
@

A(t) +
1
�

Z d0 (t )

� d0 (t )

mtt (s; t)
p

d0(t) + s
p

d0(t) � s
ds

| {z }
I

1

C
C
C
A

+ O(� 1=4);

whereX < 0. We can simplify the integral, which we denote byI , via integration by

parts such that

I =
Z d0 (t )

� d0 (t )

mtt (s; t)
p

d0(t) + s
p

d0(t) � s
ds

= 2
Z d0 (t )

� d0 (t )

p
d0(t)2 � s2ŵ0tt (s; t) ds +

Z d0 (t )

� d0 (t )

mtt (s; t)
p

d0(t) � s
p

d0(t) + s
ds :

Given that mtt (s; t) is odd in s, we re-arrange to �nd that

I =
Z d0 (t )

� d0 (t )

p
d0(t)2 � s2ŵ0tt (s; t) ds ;

and therefore, by retaining only the leading-order term, we de�ne the overlap pressure

poverlap (x; t ) =
C(t)

p
2�d0(t)

p
�d0(t) � x

; (3.154)
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where

C(t) = A(t) +
1
�

Z d0 (t )

� d0 (t )

p
d0(t)2 � s2ŵ0tt (s; t) ds

= d0(t) _d0(t) (1 � B (t)) ;

(3.155)

whereA(t) and B(t) are given by (3.67) and (3.98), respectively.

Combining (3.151), (3.152) and (3.154), we create an additive composite expansion

for the pressure along the substrate (forx > 0) given by

pcomp(x; t ) = H (�d0(t) � x)
�

1
�
p̂0(x=�; 0; t) � poverlap (x; t )

�

+
1
� 2

~p0(x=�3 � d0(t)=�2; 0; t);
(3.156)

whereH is the Heaviside step function. Forx < 0, by the symmetry of the problem we

have that pcomp(x; t ) = pcomp(� x; t ). The solution for the pressure along the stationary

substrate for � = 0:1 at t = 1 for is shown in Figure 3.14, with the composite pressure

pcomp(x; t ) shown as the solid black line, and the corresponding outer solution ^p0=�

and inner solution ~p0=�2, shown as the red dashed and blue dotted lines respectively.

Note how we have an exponential decay in the composite pressure oncex exceeds the

turnover point as we tend towards the jet region.

In Figure 3.15, we show the evolution of the composite pressurepcomp(x; t ) with

solid lines, plotted with equal temporal spacing fromt = 0:05 to 1. The dashed

lines show the evolution of the maximum pressure, given by (3.93) (which we again

plot for t beyond 1 for visual clarity). For the stationary substrate case, we see that

the maximum value of the pressure decreases uniformly in time, corresponding to

the solution for the maximum pressure in the inner region (3.93). It is clear that

the rigid moving substrate case has a much lower pressure along the substrate than

the stationary substrate case, as well as a slower horizontal evolution due to the

corresponding slower turnover point velocity depicted in Figure 3.4. At later times it

can be seen how the oscillation of the substrate causes the maximum pressure curve

to have a corresponding oscillatory evolution. For the curved substrate, the pressure

is comparatively higher, which is due to the higher turnover point velocity increasing

the pressure in the inner region given by (3.152).

3.2.8 Force on the substrate

In this subsection, we �nd the force that the droplet exerts downwards onto the

substrate, which is needed to solve (2.33) to �nd the substrate position in the spring-

supported plate case presented in Chapter 5.
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Figure 3.14: Solution for the pressure along the stationary substrate for� = 0:1 at
t = 1. The leading-order outer solutionp̂0=� (3.151) is plotted with the red dashed
line, the leading-order inner solution ~p0=�2 with the blue dotted line and the additive
composite solution between the inner and outerpcomp(x; t ) (3.156) with the solid black
line. The vertical dashed grey line denotes the leading-order turnover point location
at x = �d0(t).

In this inviscid regime, the downwards pointing force on the substrate (2.35) is

given by

F (t) =
Z L

� L
p(x; � � 2w(x; t ); t) dx ; (3.157)

where we assume thatL � � such that the outer and inner regions are contained

within the bounds of the substrate. In the previous subsections, we found that the

pressure in the outer region isO(1=�), while in the inner regions the pressure is

O(1=�2). However, the outer region has anO(� ) width, whilst the inner regions have

a O(� 3) width. This means the force has anO(1) contribution from the outer regions,

with only an O(� ) contribution from the inner regions. Given this, the leading-order

solution for the force as� ! 0 is given byF (t) � F0(t) is given by integrating the

pressure across the outer region, where

F0(t) =
Z d0 (t )

� d0 (t )
p̂0(x̂; 0; t) dx̂

= �A (t) �
1
�

Z d0 (t )

� d0 (t )
�
Z d0 (t )

� d0 (t )

p
d0(t)2 � s2mtt (s; t)

p
d0(t)2 � x̂2(s � x̂)

dsdx̂ ;

(3.158)

where the solution forp̂0 along the substrate is given by (3.151). It is worth noting

that by expanding (3.53) ast ! 0, we have that _d0(t) � 2=d0(t) as t ! 0, which

means thatF0(0) = 2 � , despite the fact thatd0(0) = 0. This means that the substrate
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Figure 3.15: Temporal evolution of the composite pressure on the substratepcomp(x; t )
(3.156), plotted with solid lines in equal intervals fromt = 0:05 to 1. The dashed
lines plot the evolution of the maximum pressure given by (3.93).

experiences a sudden instantaneous force once the droplet makes contact. As we will

see in the next section, this is not the case in three-dimensions, where we �nd that

the leading-order force is zero att = 0.

Whilst this gives the leading-order force, in the previous subsection we derived an

additive composite expansion for the pressurepcomp(x; t ) using the outer and inner

expansions. In the following, we will directly integratepcomp(x; t ) from � L to L to

�nd what we refer to as the composite force,Fcomp(t). As pcomp is an additive com-

posite expansion, we can consider the contributions from each term in the expansion

separately, and sum their contributions at the end. We already found the contribu-

tion from the outer term in (3.158), so we start with the contribution from the inner

term.

As the inner solution (3.152) is given in terms of the parameter� , we must change

the integration variable from x to � . In order to do this, we de�ne a time-dependent

function c(t) such that x = �d0(t) + � 3~x = 0 when � = � log(c(t)), where c(t) is given
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implicitly by

c(t)2 + 4c(t) + 2 log(c(t)) + 1 =
�d 0(t)
� 2J (t)

: (3.159)

Given this, the contribution to Fcomp(t) from the inner pressure term is given by

Finner (t) = 2 �
Z 1

� log(c(t ))

2 _d0(t)2e� �

(1 + e� � )2
�

J (t)
�

�
2 + 2e� 2� + 4e� �

�
d�

=
8� _d0(t)2J (t)

�

Z 1

� log(c(t ))
e� � d� =

8� _d0(t)2J (t)c(t)
�

;

(3.160)

where we replaced the upper limit of the integral by1 as this only introduces ex-

ponentially small errors due to the exponential decay of ~p0 as ~x ! 1 . In practice,

(3.159) has to be solved numerically to �ndc(t) onced0(t) and J (t) are known.

Finally, we determine the contribution from the overlap pressure term, given by

(3.154), as

Foverlap (t) = 2
Z �d 0 (t )

0

C(t)
p

2�d0(t)
p

�d0(t) � x
dx = 2

p
2C(t)

= 2
p

2d0(t) _d0(t) (1 � B (t)) ;

(3.161)

where we substituted in the expression forC(t) from (3.155). Therefore, the composite

force Fcomp(t) is given by,

Fcomp(t) = �A (t) �
1
�

Z d0 (t )

� d0 (t )
�
Z d0 (t )

� d0 (t )

p
d0(t)2 � s2mtt (s; t)

p
d0(t)2 � x̂2(s � x̂)

dsdx̂

+
8� _d0(t)2J (t)c(t)

�
� 2

p
2d0(t) _d0(t) (1 � B (t)) :

(3.162)

Note that Fcomp(t) is not an asymptotic expansion forF (t), rather it is simply a result

of integrating the composite pressure (3.156) fromx = � L to L. This means that

if we expandFcomp(t) to leading-order as� ! 0, we should be left withF0(t). To

con�rm this, we expand c(t) � c0(t) as � ! 0, �nding

c0(t) =
1
�

s
�d 0(t)
J (t)

; (3.163)

and substituting this expansion into (3.160) gives

Finner (t) �
8 _d0(t)2J (t)

�

s
�d 0(t)
J (t)

= 8 _d0(t)2

r
d0(t)J (t)

�
= 2

p
2(1 � B(t))d0(t) _d0(t);

where we made use of theJ (t) given by(3.98). This means thatFinner (t) � Foverlap (t)

as � ! 0, and therefore, as anticipated, we have thatFcomp(t) � F0(t) as � ! 0.
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Figure 3.16: Solutions for the force on the substrate. The dashed lines show the
leading-order forceF0(t) (3.158), while the solid lines show the composite force
Fcomp(t) (3.162).

In Figure 3.16, we show the force for the three imposed substrate cases, where

the dashed lines denote the leading-order forceF0(t) and the solid lines denote the

composite forceFcomp(t). For the stationary substrate case, wherew(x; t ) � 0, we

�nd that F0(t) = �A (t) = 2 � for all time. However it can be seen that the composite

force does decrease in time, and althoughFcomp(t) � F0(t) as � ! 0, this does indicate

how the inner regions have an increasing e�ect on the force as time is increased. As

we will see in later chapters, we �nd that the composite forceFcomp(t) agrees more

favourably with numerical simulations for intermediate times than the leading-order

solution F0(t). For the moving substrate cases, we can see how the acceleration of the

substrate, as shown in Figure 3.2, does have a signi�cant e�ect on the force, and the

acceleration terms in (3.158) mean the force experiences non-monotonic behaviour

corresponding to the substrate motion.

3.2.9 Energy distribution

To conclude our analysis of the two-dimensional case, we will now discuss the distribu-

tion of energy in the system. This energy distribution was relevant to the experiments

of Howland et al. (2016) [46], where it was found that droplet splashing can be in-

hibited by impacting onto soft substrates of varying sti�nesses. They found that

droplets impacting onto the soft substrates needed up to 75% more kinetic energy to

splash in comparison to the same droplet impacting onto a solid substrate. However,
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it was found that the energy absorbed by the softer substrate was only a few percent

more than the rigid substrates, meaning energy loss to the substrate could not alone

account for the high energy requirement to splash on a soft substrate. By observing

that the bulk of the droplets were relatively una�ected by the di�erence substrate

sti�nesses, they concluded that this so-called splash-suppression mechanism must re-

move energy from the ejection sheet, which thus makes it slower and less likely to

break up into a splash. The ejection of this sheet happens at times currently too

early to experimentally observe, however it is vital to understand how the substrate

deformation a�ects the emergence of the ejection sheet in order to understand these

observations.

Motivated by these experiments, we will now use the leading-order solutions de-

rived in the previous subsections to �nd the energy distribution within the droplet.

In this regime, where the viscous, surface tension and gravitational forces are domi-

nated by the inertia, the only source of energy in the liquid is kinetic. As we are in a

two-dimensional geometry, we consider the kinetic energyper unit length, where the

length here is considered to be in they� direction. Given this, the kinetic energy per

unit length in the droplet is

E �
K (t � ) =

1
2

� �
l

ZZ



ju � j2 dx � dz� ; (3.164)

where 
 is taken to be the 
uid domain. We hence non-dimensionalise the kinetic

energy by letting E �
K = � �

l R�
d

2V � 2EK .

Given that the droplet is initially travelling downwards with unit speed, the bulk

of the kinetic energy in the lab frame will be in the outer-outer region. Hence it

is more informative to instead consider the energy in a frame of reference moving

downwards at the initial droplet speed, with the substrate approaching from below

at unit speed. Denoting these moving frame variables with a prime0, we have

x = x0; z = z0 � � 2t; (u; v) = ( u0; v0 � 1); � = � 0 � z0+ � 2t: (3.165)

We de�ne the kinetic energy within a spatial region � in the moving frame by

EK; � (t) =
1
2

ZZ

�
jr � 0j2 dx0dz0 =

1
2

I

@�
� 0r � 0 � n̂ ds ; (3.166)

where for the second equality we applied Green's �rst identity, with@� being the

boundary of �, n̂ the outward unit normal for @�. Given the formula for the kinetic

energy (3.166), we will derive the leading-order energy contributions from each region,

ensuring to take care of any resulting overlap between adjacent regions in the area

integral.
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For the outer region, we have

x0 = � x̂; z0 = � ẑ + � 2t; � 0 = � �̂ � � ẑ:

We take the boundary for the outer region@� to be a semi-circle of radiusR > d 0(t),

centred on the origin and lying on the ^x axis on its straight edge. Along the semi-

circle, for any �xed � , we know from the far-�eld expansion (3.132) that� 0 = O(1=R)

and r � 0 � n̂ = O(1=R2) as R ! 1 , and that the line element ds = O(R). This

means the energy contribution from this semi-circle isO(1=R) as R ! 1 . Along

the straight edge, where ^z = 0, by (3.23) we have that �̂ 0 = 0 for jx̂j > d 0(t). For

jx̂j < d 0(t), we have from (3.31) that

� 0 = � �̂ 0 + O(� 2) = � �
p

d0(t)2 � x̂2

"

1 �
1
�

�
Z d0 (t )

� d0 (t )

mt (s; t)
p

d0(t)2 � s2(s � x̂)
ds

#

+ O(� 2);

and by the kinematic boundary condition (3.21) we have

r � 0 � n̂ = �
�

1 �
@̂w0

@t

�
+ O(� ):

Therefore, asR ! 1 , the leading-order contribution to the kinetic energy will be

from the line � d0(t) < x̂ < d 0(t) for ẑ = 0, giving

EK; outer (t) =
� 2

2

Z d0 (t )

� d0 (t )
g(x̂; t )

p
d0(t)2 � x̂2 dx̂ + O(� 3); (3.167)

where

g(x̂; t ) =
�

1 �
@̂w0

@t

� "

1 �
1
�

�
Z d0 (t )

� d0 (t )

mt (s; t)
p

d0(t)2 � s2(s � x̂)
ds

#

: (3.168)

For the inner regions, the contributions to the kinetic energy come from the lines

along the substrate ~z = 0 and the free surface, along all of which the surface element

ds = O(� 3). Given the scalings for the inner region (3.70) and the solution for the

velocity potential (3.86), we have anO(� 5) contribution from the substrate line and

an O(� 4) contribution from the free surface line, givingEK; inner (t) = O(� 4), which is

two orders of magnitude smaller than the kinetic energy in the outer region.

We �nd the kinetic energy in the jet regions by integrating the 
ux of energy

that is entering them in time. For the right-hand jet, the 
uid enters through the

right-hand inner region, which is moving in thex0 direction with speed � _d0(t)=�.
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Downstream, the 
uid has a velocity � 2 _d0(t)=� with a vertical height � � 3J (t).

Given this, the energy 
ux entering the right-hand jet is

Q(t) =
1
2

 
2 _d0(t)

�

! 2  
2 _d0(t)

�
�

_d0(t)
�

!

� 3J (t) + O(� ) = 2 _d0(t)3J (t) + O(� ); (3.169)

By integrating the 
ux (taking into account the � 2 time scaling), and using the solution

for J (t) (3.98), it follows that the kinetic energy in the jets is

EK; jets =
� 2�
2

Z t

0
(1 � B (� ))2d0(� ) _d0(� ) d� + O(� 3): (3.170)

For the outer-outer region, we have that the velocity (u0; v0) = O(� 2), and the

region is O(1) in size, giving EK; outer-outer (t) = O(� 4), which is again two orders of

magnitude smaller than the energy in the outer region and the jets.

Therefore, to leading order, the kinetic energy is transferred into the outer and

jet regions, giving a total kinetic energy from (3.167) and (3.170) to be

EK; droplet (t) =
� 2

2

Z d0 (t )

� d0 (t )
g(x̂; t )

p
d0(t)2 � x̂2 dx̂

+
�� 2

2

Z t

0
(1 � B (� ))2d0(� ) _d0(� ) d� + O(� 3):

(3.171)

From the result of Scolan (2003) [82], for the stationary substrate case we expect

that the leading-order kinetic energy in the outer region is equal to that of the jet

regions. Forw(x; t ) = 0, we have from (3.54) that d0(t) = 2
p

t, so hence

EK; outer (t) =
� 2�d 0(t)2

4
+ O(� 3) = � 2�t + O(� 3);

EK; jets(t) =
� 2�
2

Z t

0
2 d� + O(� 3) = � 2�t + O(� 3);

(3.172)

which agrees with this result. Of interest for our later analysis will be how the ratio

of energy between these region changes depending on the substrate locationw(x; t ).

Motivated by the earlier discussed experiments of Howland et al. (2016) [46], we

are particularly interested into how the ratio between the energy in the outer and jet

regions di�er when the substrate is deformable. In Figure 3.17, we plot the kinetic

energy in the outer regionEK; outer (t) with solid lines and the kinetic energy in the jets

EK; jets(t) with dashed lines for the three imposed substrate cases. As discussed above,

we see how these energies are equal and follow a linear time trend for the stationary

substrate case. However for the moving substrate cases, these trends exhibit more

complex behaviour, and in particular we see how the distribution of energy across
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the two regions can change signi�cantly in time. Note however that, as we do not

have any 
uid-structure interaction in these imposed substrate cases, the solutions

shown here are purely for illustrative purposes to demonstrate how the distribution

of energy between the two regions may di�er when the substrate is deformable. We

will discuss more extensively in Chapters 5 and 6 how the 
uid-structure interaction

a�ects the energy distribution.

3.2.10 Summary

In this section, we have used Wagner theory to model the impact of a two-dimensional

droplet onto a deformable substrate. Here we left the substrate motion general,

allowing it to deform in time and space. Although this two-dimensional setup is

not directly applicable to real-world droplets, the methods employed here and the

insight gained will be useful in the next section when we move to an axisymmetric

setup. Although we have speci�cally focused on droplets here, the nature of Wagner

theory is that the problem can be readily transformed to other settings. One notable

example is how, apart from the outer-outer region, the setup here is equivalent to

the parabolic wave impact problem studied by Korobkin (1998) [52]. Similarly, we

could also make a coordinate transformation to re-frame the setup as a water entry

problem of a deformable solid boundary, which is more akin to classic Wagner theory

applications [45, 66]. The analytical model we have derived here will be used in

Chapter 6 to study the impact of a two-dimensional droplet onto a deformable elastic

membrane.

3.3 Axisymmetric impact

We will now move on to considering the axisymmetric impact of a three-dimensional

droplet using cylindrical polar coordinates (r; z). As we only consider the spring-

supported plate case in this axisymmetric setting, we shall for simplicity takew(r; t ) =

w(t); where the more general case is discussed in Pegg et al.(2018) [71]. This signif-

icantly simpli�es the problem, and allows us to more directly build upon previous

studies involving axisymmetric Wagner theory [57, 62, 66, 71].

As the substrate is rigid, we will only consider two imposed substrate examples for

this chapter, namely the stationary substrate case (wherew(t) = 0) and the moving

substrate case (wherew(t) is given by (3.16)).

71



Figure 3.17: Evolution of the kinetic energy in the droplet against time, where the
solid lines denote the kinetic energy in the outer region (3.167) and the dashed lines
denote the energy in the jets (3.170).

The governing equations (3.1)-(3.6) for the velocity potential� (r; z; t ), pressure

p(r; z; t ) and free surface positionh(r; z; t ) become

@2�
@r2

+
1
r

@�
@r

+
@2�
@z2

= 0; in the liquid; (3.173)

p +
1
� 2

@�
@t

+
1
2

" �
@�
@r

� 2

+
�

@�
@z

� 2
#

=
1
2

; in the liquid; (3.174)

@�
@z

+
@w
@t

= 0; on z = � � 2w(t); (3.175)

@�
@z

�
1
� 2

@h
@t

�
@�
@r

@h
@r

= 0; on z = h(r; t ); (3.176)

p = 0; on z = h(r; t ); (3.177)

with initial conditions,

� (r; z; 0) = � z; for r 2 + ( z � 1)2 � 1; (3.178)

r 2 + ( h(r; 0) � 1)2 = 1; for r 2 � 1; (3.179)

As in the two-dimensional analysis, it will sometimes be convenient to work directly

with the velocity, given by

u = u(r; z; t )r̂ + v(r; z; t )j =
@�
@r

r̂ +
@�
@z

j ; (3.180)

wherer̂ and j are the unit vectors in the radial and vertical directions, respectively.
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3.3.1 Asymptotic structure

The asymptotic structure in the axisymmetric case breaks down in the same way

as the two-dimensional case, as detailed in§3.2.1. In this three-dimensional setting,

the free surface turns vertical along a set of points referred to as theturnover curve,

where we de�ne the radial coordinate of the turnover curve to ber = �d(t), where

d(t) = O(1) as � ! 0.

As � ! 0, the problem breaks down into four distinct asymptotic regions, depicted

in Figure 3.18, which have the same sizes as their two-dimensional counterparts in

§3.2. In this case, we instead refer to the 
uid being ejected from the inner region

as thesplash sheet. As before, we will derive the leading-order asymptotic solutions

in all four of these regions, drawing focus on how the substrate motion a�ects these

solutions.

3.3.2 Outer region

Similar to the two-dimensional case in§3.2.3, in the outer region we substitute the

outer variables

r = � r̂; z = � ẑ; � = � �̂; h = � 2ĥ; p = p̂=�; (3.181)

into (3.173)-(3.179) and expand (̂�; ĥ; p̂; d; w) = ( �̂ 0; ĥ0; p̂0; d0; w0) + o(1) as � ! 0.

The resulting leading-order mixed boundary value problem is similar to the two-

dimensional case (3.19)-(3.23), with ^x replaced by ^r and Laplace's equation (3.19)

being replaced by the axisymmetric form given by (3.173).

The far-�eld conditions as we tend towards the outer-outer region state that, to

leading-order, the 
ow is travelling downwards with unit speed, and the free surface

is parabolic in r̂ , such that

�̂ 0(r̂; ẑ; t) � � ẑ as r̂ 2 + ẑ ! 1 ; ĥ0(r̂; t ) �
1
2

r̂ 2 � t as r̂ 2 ! 1 ; (3.182)

while the initial conditions are given by

�̂ 0(r̂; ẑ;0) = � ẑ; ĥ0(r̂; 0) =
1
2

r̂ 2; d0(0) = 0 : (3.183)

In order to match with the inner regions, we require that the potential�̂ 0 satis�es

�̂ 0 = O
�
(d0(t)2 � r̂ 2 � ẑ2)1=2

�
as (r̂; ẑ) ! (d0(t); 0); (3.184)

as well as the Wagner condition

ĥ0(d0(t); t) = � w0(t); (3.185)
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Figure 3.18: Schematic of the asymptotic structure of the axisymmetric system. The
radial extent of the inner region and the displacement of the substratez = � � 2w(t)
are exaggerated for visual clarity.

which, as with its two-dimensional equivalent (3.26), states that the leading-order

free surface meets the substrate at the turnover curve.

3.3.2.1 Solution for the displacement potential

It is once again convenient to re-formulate the boundary-value problem in terms of

the displacement potential � 0(r̂; ẑ; t), here de�ned by

� 0 = tẑ +
Z t

0
�̂ 0(r̂; ẑ; � ) d� ; (3.186)

noting the slight di�erence with the two-dimensional case in (3.33) as we have included

the tẑ term for convenience. As in§3.2.3.2, we again assume that ^r = d0(t) is

invertible, with an inverse ! 0(r̂ ) = t, requiring that _d0(t) > 0 for all time i.e. that

the splash sheet advances throughout the impact. In a similar manner to the two-

dimensional case, the appropriate mixed boundary value problem for �0 is

@2� 0

@̂r 2
+

1
r̂

@� 0

@̂r
+

@2� 0

@̂z2
= 0; for ẑ > 0; (3.187)

@� 0

@̂z
= ( t � w0(t)) �

1
2

r̂ 2; on ẑ = 0; r̂ < d 0(t); (3.188)

@� 0

@̂z
= t + ĥ0(r̂; t ) �

1
2

r̂ 2; on ẑ = 0; r̂ > d 0(t); (3.189)

� 0 = 0; for ẑ = 0; r̂ > d 0(t): (3.190)
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As �̂ 0 � � ẑ as r̂ 2 + ẑ2 ! 1 , the far-�eld and initial conditions are given by

� 0(r̂; ẑ; t) ! 0 as ^r 2 + ẑ2 ! 1 ; � 0(r̂; ẑ;0) = 0; (3.191)

and from (3.184) it follows that

� 0 = C + O
�
(d0(t)2 � r̂ 2 � ẑ2)3=2

�
as (r̂; ẑ) ! (d0(t); 0); (3.192)

where C is a constant. The general solution for Laplace's equation (3.187) is given

by

� 0(r̂; ẑ; t) =
Z 1

0
� (�; t )e� � ẑJ0(� r̂ ) d� ; (3.193)

where J0 is a Bessel function of the �rst-kind of order 0, and� (�; t ) is an unknown

coe�cient function.

We �nd the solution for � (�; t ) by applying the boundary conditions (3.188) and

(3.190) alongẑ = 0. To this end, following the method detailed in Sneddon (1966)

[84], we �rst introduce a new function� that satis�es

� (�; t ) =
Z d0 (t )

0
� (�; t ) sin(�� ) d� ; � (0; t) = 0 ; (3.194)

such that we can make use of the following trigonometric integral identities involving

Bessel functions from§6.671 of Gradsheyn et al. (2014) [31],

Z 1

0
sin(�� )J0(� r̂ ) d� =

8
<

:

(� 2 � r̂ 2)� 1=2 0 � r̂ < �;

0 � � r̂;
(3.195)

Z 1

0
cos(�� )J0(� r̂ ) d� =

8
<

:

0 0 � r̂ � �;

(r̂ 2 � � 2)� 1=2 � < r̂:
(3.196)

By substituting the representation (3.194) into the general solution (3.193), and

exchanging the order of integration, we �nd that � 0 along ẑ = 0 is given by

� 0(r̂; 0; t) =

8
>><

>>:

Z d0 (t )

r̂

� (�; t )
p

� 2 � r̂ 2
d� ; for r̂ < d 0(t);

0; for r̂ > d 0(t);

(3.197)

where we applied the identity (3.195) in both cases. This con�rms that the repre-

sentation (3.194) immediately enforces the dynamic boundary condition (3.190) for

r̂ < d 0(t).
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To apply the kinematic boundary conditions (3.188)-(3.189), we must �nd the

ẑ derivative of � 0 on ẑ = 0. It follows from the general solution (3.193) and the

representation (3.194) that

@� 0

@̂z
= �

Z 1

0

 Z d0 (t )

0
� (�; t )� sin(�� ) d�

!

J0(� r̂ ) d�

= � (d0(t); t)
Z 1

0
cos(�d 0(t))J0(� r̂ ) d� �

Z d0 (t )

0
� � (�; t )

Z 1

0
cos(�� )J0(� r̂ ) d� d� ;

where � � denotes the partial derivative of � with respect to � . By applying the

identity (3.196), we �nd that on ẑ = 0,

@� 0

@̂z
=

8
>>>><

>>>>:

�
Z r̂

0

� � (�; t )
p

r̂ 2 � � 2
d� ; for r̂ < d 0(t);

� (d0(t); t)
p

r̂ 2 � d0(t)2
�

Z d0 (t )

0

� � (�; t )
p

r̂ 2 � � 2
d� ; for r̂ > d 0(t):

(3.198)

Therefore, applying the kinematic boundary condition (3.188) on ^r < d 0(t), it follows

from (3.198) that � is given by the integral equation
Z r̂

0

� � (�; t )
p

r̂ 2 � � 2
d� =

1
2

r̂ 2 � (t � w0(t)) : (3.199)

This is an Abel type integral equation, and can be inverted via the method detailed

in Sneddon (1966) [84] to �nd that � � (�; t ) is given by

� � (�; t ) =
2
�

d
d�

Z �

0

� (� 2=2 � (t � w0(t)))
p

� 2 � � 2
d� ; (3.200)

and then by integrating with respect to � and recalling that � (0; t) = 0, it follows

that � is given by

� (�; t ) =
2
�

Z �

0

� (� 2=2 � (t � w0(t)))
p

� 2 � � 2
d� =

2
�

�
�

1
3

� 2 � (t � w0(t))
�

: (3.201)

Finally, we then �nd � by substituting (3.201) into the representation for� (3.194),

viz.

� (�; t ) =
2
�

Z d0 (t )

0
�

�
1
3

� 2 � (t � w0(t))
�

sin(�� ) d� : (3.202)

Although we can evaluate the integral (3.202) explicitly, we will save this computation

until we have found the solution ford0(t). Therefore the solution for the displacement

potential � 0 is given by (3.193) with the solution (3.202) for the coe�cient function

� (�; t ). In general, for ẑ > 0, the integral in � cannot be determined analytically, but

numerical solutions can be readily found using numerical integration methods.
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3.3.2.2 Solution for the free surface location

To determine the free surface location, we substitute the solution for@� 0=@̂z for

r̂ > d 0(t) from (3.198) into the kinematic boundary condition at the free surface

(3.189) to �nd

� (d0(t); t)
p

r̂ 2 � d0(t)2
�

Z d0 (t )

0

� � (�; t )
p

r̂ 2 � � 2
d� = t + ĥ0(r̂; t ) �

1
2

r̂ 2: (3.203)

Note here that the �rst term on the left-hand side is singular at ^r = d0(t), which is

incompatible with the Wagner condition (3.185), which stateŝh0(d0(t); t) = � w0(t).

Therefore, we must enforce that� (d0(t); t) = 0, so that by using (3.201), we have

d0(t) =
p

3(t � w0(t)) ; (3.204)

and the time derivatives ofd0(t) are hence

_d0(t) =

p
3(1 � _w0(t))

2
p

t � w0(t)
; •d0(t) = �

p
3

�
2(t � w0(t)) •w0(t) + (1 � _w0(t))2�

4(t � w0(t))3=2
: (3.205)

Given that we required d0(t) to be invertible to de�ne ! 0(r̂ ), we must have that

_w0(t) < 1. As w0(0) = 0, this implies that w0(t) < t , which ensures thatd0(t) is

real-valued and that the substrate is not moving faster than the incoming droplet.

In Figure 3.19, we show the solution for the turnover curve given by (3.204) for

the stationary and moving substrate cases. By comparing to the two-dimensional

case in Figure 3.4, we can see how the turnover curve in the stationary case evolves

more slowly in the axisymmetric setting versus the two-dimensional setting, due to

the
p

3 factor in (3.204) versus the factor of 2 in (3.54). We also see how the moving

substrate case here still does exhibit a slower spreading in comparison to the station-

ary substrate case, which is directly accounted for in (3.204) whenw0(t) > 0. This

behaviour can be understood by the same conservation of mass argument presented

in §3.2.3.3 for the two-dimensional case.

Using the solutions ford0(t) (3.204) and � (�; t ) (3.201), we re-arrange (3.203) to

�nd the leading-order solution for the free surface location given by

ĥ0(r̂; t ) =
1
2

r̂ 2 � t +
1
�

d0(t)
p

r̂ 2 � d0(t)2

+
2
�

arcsin
�

d0(t)
r̂

� �
(t � w0(t)) �

1
2

r̂ 2

�
:

(3.206)

We plot the free-surfaces given by ^z = � ĥ0 in Figure 3.20 with solid lines, and the

substrate position ẑ = � �w 0(t) with dashed lines. Similar to the two-dimensional

case, we can see here how 
uid that falls below the ^r axis in the moving substrate

case causes the slowing of the spreading due to mass conservation.
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Figure 3.19: Leading-order solutions for the turnover curve location ^r = d0(t), given
by (3.204).

3.3.2.3 Solution for the velocity potential

By the de�nition of the displacement potential (3.186), the velocity potential�̂ 0 is

�̂ 0(r̂; ẑ; t) = � ẑ +
Z 1

0
� t (�; t )e� � ẑJ0(� r̂ ) d� ; (3.207)

Now that we have the solution ford0(t) (3.204), we can simplify the integral

(3.202) to �nd that � (�; t ) is given by

� (�; t ) =
4

3�� 4

��
d0(t)2� 2 � 3

�
sin(d0(t)� ) + 3 d0(t)� cos(d0(t)� )

�
; (3.208)

and it follows that

� t (�; t ) =
4d0(t) _d0(t)

3�� 2
[�d 0(t) cos (�d 0(t)) � sin (�d 0(t))] : (3.209)

The radial and vertical velocity components are then found by di�erentiating (3.207)

such that

û0 = �
Z 1

0
�� t (�; t )e� � ẑJ1(� r̂ ) d� ;

v̂0 = � 1 �
Z 1

0
�� t (�; t )e� � ẑJ0(� r̂ ) d� ;

(3.210)

using the fact that the derivative of J0 is � J1.
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Figure 3.20: Leading-order solutions for the free surface location in the outer region
ẑ = � ĥ0(r̂; t ) given by (3.206) (solid lines), alongside the substrate location ^z =
� �w 0(t) (dotted lines). The black lines denote the stationary substrate case and the
red lines denote the moving substrate case (withw0(t) given by (3.16)).

3.3.2.4 Solution for the pressure

From the leading-order Bernoulli equation (3.2), the leading-order pressure is given

by

p̂0(r̂; ẑ; t) = �
Z 1

0
� tt (�; t )e� � ẑJ0(� r̂ ) d� : (3.211)

By di�erentiating (3.209) with respect to t, we �nd that � tt (�t ) is given by

� tt (�; t ) =
4

3�� 2

h
�d 0(t) cos (�d 0(t))

�
_d0(t)2 + d0(t) •d0(t)

�

� sin (�d 0(t))
� �

� 2d0(t)2 + 1
� _d0(t)2 + d0(t) •d0(t)

� i
:

(3.212)

3.3.3 Inner region

In this three-dimensional setting, the inner region represents a torus-shaped region

surrounding the turnover curve. As in the two-dimensional case, we substitute the

inner variables

r = �d(t) + � 3~r; z = � � 2w(t) + � 3~z;

� = � 2
h

_d(t)~r � �w t (t)~z + ~�
i

; h = � � 2w(t) + � 3~h; p =
1
� 2

~p;
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into (3.173)-(3.179) and expand (~�; ~h; ~p) = ( ~� 0; ~h0; ~p0) + o(1) as � ! 0. By the

argument presented in Moore (2014) [62], the leading-order inner problem is quasi-

two-dimensional, and that by replacing ~x with ~r , we recover the corresponding two-

dimensional governing equations (3.71)-(3.76) to leading-order. Therefore the leading-

order solutions for the complex velocity potential, complex velocity, free surface loca-

tion and pressure are given by (3.86), (3.87), (3.89) and (3.92) respectively. Although

the spatially dependent terms of the leading-order solutions in the inner region are

the same as the two-dimensional case, the time-dependent termsd0(t), _d0(t) and J (t)

will di�er.

3.3.3.1 Matching with the outer region

As was the case in two-dimensions, we determine the unknown asymptotic jet thick-

nessJ (t) by matching the leading-order solutions for the velocity potential in the

outer and inner regions via the intermediate variable technique. For simplicity, we

match the solutions applied onto the substrate, so that ^z = ~z = 0. First, we express

the outer variables in terms of the inner variables,

r̂ = d(t) + � 2~r; �̂ = �
h

_d(t)~r + ~�
i

;

and then use capital letters to denote an intermediate variable, de�ning

r̂ = d(t) + � � R; �̂ = � � � 1
h

_d(t)R + �
i

; (3.213)

where we anticipate the matching by taking 0< � < 1, as was found in§3.2.4.4. We

then need to re-express the leading-order solutions for the velocity potentials in terms

of the intermediate variables and match their expansions as� ! 0 for R = O(1).

We �rst need to �nd the solution for �̂ 0 on the contact set. Substituting the

solution for � (3.201) into (3.197), with the solution ford0(t) given by (3.204), the

displacement potential along the contact set (where ^r < d 0(t)) is

� 0(r̂; 0; t) =
2

3�

Z d0 (t )

r̂

� (� 2 � d0(t)2)
p

� 2 � r̂ 2
d� = �

4
9�

�
d0(t)2 � r̂ 2

�
3=2; (3.214)

and by di�erentiating (3.214) with respect to t we hence �nd�̂ 0 along the contact set

to be

�̂ 0(r̂; 0; t) = �
4d0(t) _d0(t)

3�

p
d0(t)2 � r̂ 2: (3.215)

Substituting the intermediate variables (3.213) into (3.215) and expanding as� ! 0

yields the local expansion of the outer solution tending towards the turnover curve as

� � � _d0(t)R �
4

3�
� 1� �= 2d0(t) _d0(t)

p
2d0(t)

p
� R: (3.216)
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As the velocity potential in the inner region is the same as the two-dimensional

case (replacing ~x with ~r ), we know from §3.2.4.4 that the far-�eld expansion for �

from the inner region is given by

� � � _d0(t)R � 4� 1� �= 2 _d0(t)

r
J (t)

�

p
� R; (3.217)

so hence by matching the expansions (3.216) and (3.217), we conclude that

J (t) =
2d0(t)3

9�
=

2
p

3�
(t � w0(t))3=2; (3.218)

where for the second equality we substituted in the solution ford0(t) given by (3.204).

We see here that the displacement of the membrane directly reduces the thickness of

the jet compared to the cases where the membrane is �xed.

In Figure 3.21 we plot the solutions for the jet thicknessJ (t). By comparing to

the two-dimensional case in Figure 3.11, we see how the thickness of the splash sheet

in the axisymmetric setting is less than half of that in the two-dimensional case, and

that the substrate motion here still decreases the thickness of the splash sheet, which

is clearly seen whenw0(t) > 0 in (3.218).

3.3.4 Splash sheet region

The splash sheet is the three-dimensional analogue of the jet regions in the two-

dimensional impact case, and it composes of a thin sheet of 
uid emanating from the

turnover curve across the substrate at high velocity. As we discussed in§3.3.3 that

the inner region is quasi-two-dimensional, we use the same scalings as the jet for the

splash sheet, such that

r = � �r; z = � � 2w(t) + � 3 �z;

u =
1
�

�u; v = � _w(t) + � �v; h = � 3�h; p = � �p:
(3.219)

Then, expanding (�u; �v; �h; �p; �w) = (�u0; �v0; �h0; �p0; �w0) + o(1) as � ! 0, by a similar

argument to the two-dimensional case in§3.2.5 (see Moore (2014) [62] for details),

the governing equations in the splash sheet are

�u0t + �u0 �u0�r = 0; (3.220)

�h0t + �u0
�h0�r +

�
�u0�r +

1
�r

�u0

�
�h0 = 0: (3.221)

As the 
ow is irrotational, we have that �u�z = O(� 4), such that �u0 is independent of

�z. Subsequently, by the continuity equation, we have �v0 = � �z(�u0�r + �u0=�r ).
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Figure 3.21: Solutions for the asymptotic jet thickness,J (t), given by (3.218).

In the same manner as the two-dimensional case, the governing equations (3.220)-

(3.221) can be solved via the method of characteristics. The boundary conditions are

applied at �r = d0(� ), which are applied to match with the inner region solution such

that

t = �; �r = d0(� ); �u0(d0(� ); � ) = 2 _d0(� ); �h0(d0(� ); � ) = J (� ): (3.222)

As (3.220) is identical to (3.120) in the two-dimensional case (exchanging �x for �r ), we

have that the solution is given by the characteristic parameter� such that

t = � + �; �r = 2 _d0(� )� + d0(� ); �u0 = 2 _d0(� ): (3.223)

However, the governing equation for�h0 in this case has an additional term, such that

the characteristic equation is given by

@�h0

@�
= �

 
2 _d0(� )

2 _d0(� )� + d0(� )
+

2•d0(� )

2•d0(� )� � _d0(� )

!

�h0: (3.224)

Integrating (3.224) and applying the boundary condition (3.222) at� = 0, and �nally

substituting � = t � � , we have that the splash sheet solutions are given by

�u0 = 2 _d0(� ); �h0 =
J (� )d0(� ) _d0(� )

�
d0(� ) + 2 _d0(� )( t � � )

� �
_d0(� ) � 2•d0(� )( t � � )

� (3.225)

with

�r = 2 _d0(� )( t � � ) + d0(� ); (3.226)
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where 0< � � t. Similar to the two-dimensional case, the leading-order pressure is

then found from the leading-order Bernoulli equation (3.174) to be

�p0 =
�

•w0(t) � _w0(t)
�

�u0�r +
1
�r

�u0

��
� �h0 � �z

�
; (3.227)

such that when the velocity and acceleration of the substrate are zero, we have �p0 = 0,

in which case the pressure in the splash sheet would beO(� 2).

The evolution of the free surface of the splash sheet�h0 for the two example cases are

shown in Figure 3.22, fort ranging from = 0 to 1, where the solid lines denote the free

surface location and the dashed lines plot the evolution of the jet root�h0(d0(t); t) =

J (t) (which are plotted beyond t = 1 for visualisation purposes). Once again it is

clear that the substrate motion causes the splash sheet to grow radially and vertically

at a slower rate than the stationary substrate case.

3.3.5 Outer-outer region

The �nal region to resolve is the outer-outer region, which contains the portion of the

droplet above the outer region and away from the point of contact with the substrate.

As with the two-dimensional case, we expect the bulk of the droplet to remain mostly

una�ected by the impact process in this early time regime.

To �nd the outer-outer scalings, we �nd the far-�eld behaviour of the displacement

potential � 0 as x̂2 + ẑ2 ! 1 . We �rst write the displacement potential (3.193) in

terms of the function � de�ned in (3.194) to give

� 0(r̂; ẑ; t) =
Z d0 (t )

0
� (�; t )

Z 1

0
sin(�� )e� � ẑJ0(� r̂ ) d�

| {z }
I

d� ;

where we have labelled the integralI to be the term that depends on ^r and ẑ. We

introduce variables 0� R < 1 and 0 � � < �= 2, such that

r̂ = R sin(� ); ẑ = R cos(� );

and substitute these into the integralI to �nd

I =
Z 1

0
sin(�� )e� R cos(� )� J0(R sin(� )� ) d� :

We now employ Laplace's method for approximating integrals [42] to �nd the asymp-

totic behaviour of I asR ! 1 . The dominant contribution from the integral will be
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Figure 3.22: Leading-order solutions for the free surface location in the jet regions
given by �z = �h0(�r; t ) from (3.130) (solid lines). The lines are plotted in equal tem-
poral steps fromt = 0 to t = 1. The dashed lines plot the evolution of the point
�h0(d0(t); t) = J (t).

near � = 0, where the exponential term is at its maximum. We therefore introduce�

such that 0< 1=R � � � 1 asR ! 1 , and split the range of integration by

I = I 1 + I 2 =
� Z �

0
+

Z 1

�

�
sin(�� )e� R cos(� )� J0(R sin(� )� ) d� ;

where I 2 will be exponentially small compared toI 1 as R ! 1 . For I 1, we �rst

expand sin(�� ) � �� in the integrand as� � 1, then substitutes = R cos(� )� to �nd

I 1 �
�

R2 cos2(� )

Z R� cos(� )

0
se� sJ0(tan( � )s) ds �

�

R2 cos2(� )
�
1 + tan( � )2� 3=2

;

where we replaced the upper limit of the integrand with1 , introducing only expo-

nentially small errors. Therefore, substituting back into the ^r and ẑ variables, we �nd

that the asymptotic expansion for � 0 as r̂ 2 + ẑ2 ! 1 is

� 0 �
ẑ

(r̂ 2 + ẑ2)3=2

Z d0 (t )

0
�� (�; t ) d�

=
ẑ

(r̂ 2 + ẑ2)3=2
�

2
�

Z d0 (t )

0
� 2

�
1
3

� 2 � (t � w0(t))
�

d� = �
G(t)ẑ

(r̂ 2 + ẑ2)3=2
;

(3.228)

where we de�neG(t) by

G(t) =
2d0(t)3

3�

�
(t � w0(t)) �

3d0(t)2

10

�
=

4d0(t)5

45
; (3.229)

which is found by substituting d0(t) =
p

3(t � w0(t) from (3.204). From this, we

readily �nd the far-�eld limit of �̂ 0, such that

�̂ 0 = � ẑ +
@� 0

@t
� � ẑ �

_G(t)ẑ
(r̂ 2 + ẑ2)3=2

as r̂ 2 + ẑ2 ! 1 ; (3.230)
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and for the free surfacêh0(r̂; t ), by the kinematic boundary condition (3.189) on the

free surface for ^z = 0, we have

ĥ0(r̂; t ) �
1
2

r̂ 2 � t �
G(t)
r̂ 3

as r̂ ! 1 : (3.231)

Recalling that the outer variables are de�ned by ^r = r=� , ẑ = z=�, �̂ = �=� ,

ĥ = h=�2, then the far-�eld limits (3.230) and (3.231) motivate de�ning the outer-

outer variables as,

� = � z + � 3� ; h(r; t ) = 1 �
p

1 � r 2 � � 2t + � 5H � (r; t ); p = �P (r; z; t ); (3.232)

where the� in the free surface denotes either the top or bottom half of the droplet,

and we have the initial conditions �( r; z; 0) = 0 and H � (r; 0) = 0. Interestingly,

these perturbations are one order of magnitude smaller than their two-dimensional

counterparts in§3.2.6. This is because the velocity potential now has a 3=2 singularity

at the origin, as opposed to a square-root singularity as was the case in§3.2.6.

We then expand (� ; H � ; P) = (� 0; H � 0; P0)+ o(1) as � ! 0, which results in the

following boundary value problem within the spherez = h(r; 0),

@2� 0

@r2
+

1
r

@� 0

@r
+

@2� 0

@z2
= 0; for r 2 + ( z � 1)2 � 1; (3.233)

@� 0

@t
= � P0; for r 2 + ( z � 1)2 � 1; (3.234)

� 0 = 0; for r 2 + ( z � 1)2 = 1; (3.235)
@H� 0

@t
�

r
p

1 � r 2

@� 0

@r
�

@� 0

@z
= 0; for r 2 + ( z � 1)2 = 1; (3.236)

(3.237)

with the matching conditions

� 0 � �
_G(t)z

(r 2 + z2)3=2
as r 2 + z2 ! 0; H � 0 � �

G(t)
r 3

as r ! 0: (3.238)

We observe that � 0 has a unique solution given by

� 0(r; z; t ) =
_G(t)(r 2 + ( z � 1)2 � 1)

2(r 2 + z2)3=2
; (3.239)

which can readily be veri�ed satis�es Laplace's equation (3.233). The radial and

vertical velocities are hence given byu � � 3U0, v � � 1 + � 3V0, where

U0 =
@� 0

@r
= �

_G(t)r (r 2 + z2 � 6z)
2(r 2 + z2)5=2

; (3.240)

V0 =
@� 0

@z
= �

_G(t) (r 2(z + 2) + ( z � 4)z2)

2 (r 2 + z2)5=2
: (3.241)
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Substituting U0 and V0 into the leading-order kinematic boundary condition on the

free surface (3.236), and integrating with respect tot results in the free surface location

given by

H � 0(r; t ) = �
G(t)

2
p

2
p

1 � r 2
�
1 �

p
1 � r 2

� 3=2
: (3.242)

Finally, the leading-order Bernoulli's equation (3.234) gives the solution for the

pressure

P0(r; z; t ) = �
@� 0

@t
=

•G(t)(1 � r 2 � (z � 1)2)
2(r 2 + z2)3=2

: (3.243)

Given that G(t) = 4 d0(t)5=45, and that d0(t) =
p

3(t � w0(t)), we can see that

the displacement of the substrate acts to decrease the velocity and free surface per-

turbations, and the pressure, in the outer-outer regions.

The leading-order pressure in the outer-outer region,�P0, from (3.243) is shown

in Figure 3.23 at timet = 0:5, where the stationary substrate case is shown forr < 0

and the moving substrate case forr > 0. By comparing to the two-dimensional case

in Figure 3.13, we can see how the pressure decays away from the point of contact

much faster in the axisymmetric case, as now we have stronger 3=2 singularity at

the origin in the pressure as opposed to the square-root singularity that we had in

two-dimensions. Due to the downwards acceleration of the substrate att = 0:5, we

can see how the pressure in the moving substrate case is lower than the stationary

substrate case, as expected.

3.3.6 Pressure on the substrate

As in the two-dimensional case, to �nd the hydrodynamic force required for solving

(2.33), we need to �nd the solution for the pressure on the substrate, which here we

derive in each relevant asymptotic region as well as deriving an additive composite

expansion.

Recall from (3.211) that in the outer region, the leading-order pressure is given by

p̂0 = � @2� 0=@t2. Given the solution for � 0 on the contact set (3.214), the leading-

order outer pressure on the substrate is given by

p̂0(r̂; 0; t) =
4

9�
d2

dt2

�
(d0(t)2 � r̂ 2)3=2

�

=
4

3�

_d0(t)2 (2d0(t)2 � r̂ 2) + d0(t) •d0(t)(d0(t)2 � r̂ 2)
p

d0(t)2 � r̂ 2
;

(3.244)

where we note that the pressure has a square-root singularity at the turnover curve

r̂ = d0(t), which is also present in the two-dimensional solution (3.151).
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