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Abstract

Many moduli problems in algebraic geometry can be posed using Geometric Invariant Theory (GIT). However, as with all such tools, if we are to
have any hope of obtaining a well-behaved moduli space, certain objects,
which are in whatever sense degenerate, must be ruled ‘unstable’ and left
out of the classification. The goal of this thesis is to show how new results
in non-reductive GIT may be used to construct moduli spaces that parameterise these unstable objects. Once a moduli problem is posed using
GIT, this is done by studying the associated instability stratification and
using non-reductive GIT to take quotients of the unstable strata, effectively splitting the moduli problem up into manageable pieces. We apply
this method in two examples.
First, we consider moduli spaces of coherent sheaves over a projective
scheme. The instability stratification in this case is closely related to the
stratification by Harder-Narasimhan type. However, in order to apply the
relevant theorems in non-reductive GIT, in fact one must perform a blowup process analogous to partial desingularisation in the reductive case.
This corresponds to refining the stratification by Harder-Narasimhan type.
We give a sheaf-theoretic interpretation of this refinement, and use it to
construct moduli spaces of such sheaves, in the case of Harder-Narasimhan
length 2. We also include some results towards the length 3 case, and some
remarks on generalisation to arbitrary lengh.
Our second application is moduli of projective algebraic curves. Here it
is not clear a priori what the instability stratification should mean intrinsically, which leads us to define the notion of Rosenlicht-Serre type
for curves. We show that in the case of a curve with only unibranch
singularities this data essentially coincides with the semigroup of the singularities, and give a construction of moduli spaces of unibranch curves
of fixed Rosenlicht-Serre type.
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Chapter 1
Introduction
This thesis has two main aims. Firstly, to present a way of dealing with moduli
problems in algebraic geometry, which we call ‘Moduli Spaces of Unstable Objects’.
Secondly, to explore the application of this method to the two most important examples. The central idea is far from being a new one,1 and may be stated very
simply: we treat instability itself as just another discrete invariant. By doing this,
one can expand the traditional classifications of algebro-geometric objects, to include
all objects of a particular type, rather than just the so-called ‘stable’ ones. Making
this notion precise, however, and actually carrying it out in practice, requires some
technical tools that have only recently become available, with the advent of powerful
new methods in Geometric Invariant Theory (GIT): specifically, a viable and widely
applicable theory for non-reductive groups, in the form of the Û Theorems.

We begin in Chapter 2 by reviewing the key features of Mumford’s classical GIT for
reductive groups, first presented in [MFK94], with a focus on the case in which a
reductive linear algebraic group G acts linearly on a projective variety X. As well
as being used extensively throughout this thesis, these are the properties that one
wishes to carry over to the non-reductive setting. We make particular mention of
1

In its essence it goes back at least as far as [Kir84].
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so-called Variation of GIT ([DH98] [Tha96]), which studies the dependence of the
GIT quotient on the choice of linearisation, and of the instability stratification of the
unstable locus. This stratification, which, morally, sorts the points of X according
to how unstable they are for the action of G, is a key ingredient in what follows. In
effect, the first stage in constructing moduli spaces of unstable objects is to find an
intrinsic moduli interpretation of this stratification.

In Chapter 3 we give an overview of the current state of non-reductive GIT. Beginning by explaining some of the difficulties involved, and the differences from the
reductive case, we then go on to introduce the Û Theorems themselves, which allow
one, under certain reasonable conditions, to recover essentially all of the things that
make Mumford’s GIT so useful: one has a semistable locus, readily calculable by
a Hilbert-Mumford criterion, with a projective categorical quotient, restricting to a
geometric quotient on a certain subset. In addition, we include in Section 3.4 some
original results showing that there is also a good analogue of Variation of GIT in this
setting.

We bring all of this together in Chapter 4, in which we outline the general point of
view of moduli of unstable objects. A quick way for a reader who is already familiar
with reductive GIT to get a rough sense of what this thesis is about is to read
Section 2.3, followed by this chapter. We show how the Û Theorems may be used to
quotient unstable strata in the instability stratification of a reductive GIT problem,
and demonstrate how this improves on a previous method that uses reductive GIT.
We illustrate this with a simple example: that of n-tuples of unordered points on the
projective line.

The remainder of the thesis treats two applications. Chapter 5 considers the moduli

3
of coherent sheaves on a projective base scheme, taking as our GIT set-up Simpson’s
construction of moduli spaces of semistable sheaves, given in [Sim94]. In this case,
the resultant instability stratification of the Quot scheme is well understood, and
known to be closely related to the stratification by Harder-Narasimhan type; this
is as one would expect, since both stratifications in effect measure the failure of a
sheaf to be semistable. By work of Hoskins and Kirwan ([HK12]), one may associate
to each Harder-Narasimhan type (that is, to each tuple of polynomials giving the
Hilbert polynomials of the successive quotients in the Harder-Narasimhan filtration
of the sheaf) a certain index in the instability stratification, such that each HarderNarasimhan stratum is a closed subscheme of its associated instability stratum. The
challenge is to use the Û Theorems to perform quotients of these strata, in order
to obtain moduli spaces of sheaves of fixed Harder-Narasimhan type. This turns
out to be non-trivial: due to the presence of certain unipotent automorphisms, the
most straightforward of the Û Theorems do not apply, and one must perform a
certain blow up according to the dimensions of stabilisers in the derived series of the
relevant unipotent radical. This corresponds to refining the stratification by HarderNarasimhan type, and one must then find a way to interpret this refinement in a
sheaf-theoretic way. We do this for sheaves whose Harder-Narasimhan filtrations are
of length 2, and give some results towards the length 3 case. We expect that one
could generalise to arbitrary length using much the same ideas.

Chapter 6 of this thesis considers the moduli of projective algebraic curves. Here
the appropriate notion of stability is the usual one: at worst nodal singularities and
finite automorphism group. It is not clear, however, what the analogue of HarderNarasimhan type should be: if we have a point in a Hilbert scheme corresponding
to a curve embedded by a complete linear series, then a maximally destabilising
(or Kempf) one parameter subgroup will give us a weighted filtration of the global
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sections of the line bundle, but there is no sensible ‘filtration by subcurves’ to mimic
the sheaves case exactly. What we can make sense of is the ‘associated graded curve’,
and this leads us to define the notion of Rosenlicht-Serre type. This is a discrete
invariant that one can associate to a singular curve, which plays the role that is
played in the sheaves case by the Harder-Narasimhan type. We show that in the
case of unibranch singularities this data is equivalent to the data of (the weights
of) the semigroups of values of the curve’s singularities, and give a construction of
the quasiprojective moduli space of unibranch curves of fixed genus and RosenlichtSerre type. Throughout, we give indications of how this may be generalised to the
multibranch case.

5
Conventions, Notation and Standing Assumptions

Our ground field is C, though practically everything we say is valid over any algebraically closed field of characteristic zero. Throughout, unless otherwise specified,
let X be a irreducible projective scheme carrying an ample line bundle L. When X is
acted on by a linear algebraic group, we say that the action is linear, or linearised, if
we have chosen a linearisation: that is, a lift of the action on X to the total space of L.
We will denote linearisations themselves with cursive scripts, i.e. L is a linearisation
with underlying bundle L. Unless otherwise stated, we will denote by G a reductive
linear algebraic group, and by H an arbitrary linear algebraic group, which may be
non-reductive. We fix a Levi factor R of H, so that H = U o R where U is the unipotent radical of H. When given without qualification, point means closed point and
sheaf means coherent sheaf. Following a now firmly established convention, we use
the word ‘unstable’ to refer to points, sheaves, curves, &c, that are not semistable. In
some cases, where we wish to make the distinction explicit, the symbol ' will relate
objects that are non-canonically isomorphic, and ∼
= will relate objects where there is
a natural choice of isomorphism.

Chapter 2
Reductive GIT
The purpose of this book is to study two related problems: when
does an orbit space of an algebraic scheme acted on by an
algebraic group exist? And to construct moduli schemes for
various types of algebraic objects. The second problem appears to
be, in essence, a special and highly non-trivial case of the first
problem.

David Mumford, Geometric Invariant Theory

In this chapter we review some of the key features of classical, i.e. reductive,
Geometric Invariant Theory. The standard reference is [MFK94]. We begin with a
few fundamental properties of reductive GIT quotients, paying particular attention
to the Hilbert-Mumford criterion and the well-behaved dependence on the choice of
linearisation. The latter is known as Variation of GIT, and we demonstrate in Section
3.4 how it may be carried over to the non-reductive setting. Finally, we recall the
instability stratification,1 which we can obtain from a linearised action of a reductive
linear algebraic group on a projective scheme. In later chapters we will show how
non-reductive GIT may be used to take quotients of the strata that appear in such
stratifications, leading to moduli spaces of unstable objects.
1
This stratification goes by many other names in the literature, usually formed by some combination of the names Hesselink, Kempf, Kirwan and Ness.
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2.1. Mumford’s GIT

2.1 Mumford’s GIT
When a reductive linear algebraic group G acts on a projective scheme X, Mumford’s
Geometric Invariant Theory allows us to construct quotients, in the following sense.
We need to make a choice of linearisation L ; that is, an ample line bundle L on X,
and a lift of the G-action to L. Then, by a theorem of Nagata [Nag63], the algebra
∞
L
H 0 (X, L⊗n )G of invariant sections is a finitely generated graded algebra. We call
n=0

the associated projective scheme
X //L G := Proj

∞
M

H 0 (X, L⊗n )G

n=0

the GIT quotient of X by G with respect to L . Further, there are open subschemes
X s (L ) ⊆ X ss (L ) ⊆ X,
respectively called the stable and semistable loci, such that the inclusion of the invariants into the algebra of sections induces a good quotient
X ss (L ) → X //L G,
which restricts to a geometric quotient
X s (L ) → X s (L )/G
onto an open subscheme of the GIT quotient [MFK94]. For the reader’s convenience,
we give the definitions of good and geometric quotient below.
2.1.0.1 Definition. Let X be a scheme acted on by an algebraic group G, and let
p : X → Y be a G-invariant morphism of schemes. We say that p : X → Y is:
1. A categorical quotient if for every G-invariant map of schemes f : X → Z, there
is a unique morphism g : Y → Z making the triangle commute.
2. A good quotient if the following hold:
1) p is surjective,
2) p is affine,
3) for all open U ⊆ Y , the map OY (U ) → OX (p−1 U ) is an isomorphism onto
the invariant sections, OX (p−1 U )G ,
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4) if V ⊂ X is closed and G-invariant, then p(V ) ⊂ Y is closed,
5) if V1 , V2 ⊆ X are closed disjoint G-invariant sets then p(V1 ) and p(V2 ) are
disjoint.
3. A geometric quotient, if it is a good quotient and the fibre over each closed point
of Y is a single orbit.
2.1.0.2 Remark. We note that geometric quotients are good, and good quotients
are categorical, but the reverse implications do not hold.
2.1.0.3 Remark. When considering how the choice of linearisation affects the GIT
quotient it is important to note that, since good quotients are in particular categorical,
if two linearisations yield the same semistable locus then their associated quotients
are canonically isomorphic.
Thus classical GIT provides us with G-invariant open subschemes of the scheme
X and gives us the best possible quotients of those open subschemes by the G-action.
A crucial feature of GIT is that those quotients are not too hard to compute: in order
to determine the GIT quotient and its geometric restriction we need only determine
the stable and semistable loci, and the following tells us that these are determined
by essentially combinatorial data.

2.1.0.4 Theorem. [MFK94] (Hilbert-Mumford Criterion) Let T ⊆ G be a
maximal torus, and choose coordinates that diagonalise the action of T .
1) Stability and semistability for the T -action on X are determined purely combinatorially as follows. Take x ∈ X and let ∆x ⊂ t∗ be the convex hull of the
weights of the T -action corresponding to nonzero coordinates of x, and let ∆◦x
be its interior. Then the semistable and loci are described as follows.
x ∈ X T −ss (L ) ⇐⇒ 0 ∈ ∆x ;
x ∈ X T −s (L ) ⇐⇒ 0 ∈ ∆◦x .
2) A point x ∈ X is semistable (resp. stable) for the G action with respect to L
if and only if every point of its G-orbit is semistable (resp. stable) for T . That
is, we have
\
X G−(s)s (L ) =
g · X T −(s)s (L ).
g∈G

9

2.2. Variation of Reductive GIT

2.2 Variation of Reductive GIT
The study of how the GIT quotient depends on the linearisation, known as Variation
of GIT or VGIT, was initiated by Thaddeus in [Tha96] and by Dolgachev and Hu in
[DH98].
Let PicG (X) denote the set of G-linearised line bundles on X up to the natural
notion of isomorphism. The tensor product of two G-linearised line bundles and the
dual of a G-linearised line bundle both have canonical G-linearisations, and hence
this set has an abelian group structure. The following definition comes from [Tha96].
2.2.0.1 Definition. We say that two linearisations, L1 , L2 , are G-algebraically
equivalent if there is a connected scheme S with points s1 ,s2 ∈ S, and a linearisation
LS of the G-action on S × X induced from the second factor, such that LS |si ∼
= Li
for i = 1, 2.
Thaddeus proved in [Tha96] that the semistable locus in X, and hence the GIT
quotient of X by G, is invariant under the equivalence relation of G-algebraic equivalence, so we may pass to the quotient of PicG (X) by this equivalence relation, denoted
NSG (X). It follows from the Hilbert-Mumford criterion that the GIT quotient is unchanged if one replaces a given G-linearisation L , of the line bundle L, with the
induced linearisation L n on L⊗n for n > 0. So we may consider the rational vector
space N S G (X) ⊗ Q, which is shown to be finite-dimensional. This is the space of
rational linearisations.
2.2.0.2 Definition. Let AG
Q be
earisation classes for which the
ample. Denote by C G ⊂ AG
Q the
is, those linearisations in AG
Q for

the cone in N S G (X) ⊗ Q consisting of rational linunderlying algebraic equivalence class of bundle is
set of G-effective rational ample linearisations; that
which there is a semistable point in X.

The goal of VGIT is to understand how the quotient changes as we move around in
this parameter space. This is described in [DH98] using a so-called wall-and-chamber
structure on C G : a subdivision of C G into convex chambers by homogeneous walls
which are locally polyhedral of codimension one in C G . If we assume that generic
points of X have 0-dimensional stabilisers, then a linearisation L lies on some wall if
it has a strictly semistable point: that is, there is a point of X that is semistable but
not stable with respect to L . A connected component of the set of linearisations not
lying on any wall is a chamber. A cell is a connected component of the set of points
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of a given wall W that do not lie on any other wall except those walls containing the
whole of W .
The main features of the dependence may be summarised as follows.
2.2.0.3 Theorem. [DH98] Assume that there exists a linearisation such that semistability equals stability. Then:
1) The wall-and-chamber structure of C G is finite, in the sense that there are only
finitely many chambers, walls and cells, and polyhedral, in the sense that the
closure of a chamber is a rational polyhedral cone in the interior of C G .
2) Two linearisations in the same chamber give the same semistable locus, and
hence the same GIT quotient, while the induced (rational) ample line bundle on
the quotient varies in the chamber. The set of linearisations giving a particular
semistable locus is either a chamber or a union of cells in the same wall.
3) As a wall is crossed, the quotients for the wall and for the chambers on either
side are related by an explicit birational transformation, called a Thaddeus flip.
2.2.0.4 Remark. The details of the birational transformation relating the quotients
on either side of a wall will not concern us here. The definition may be found in
[Tha96], where it is referred to simply as a flip.
2.2.0.5 Example. A simple example of this structure is that of Gm acting linearly on
Pn . Then C G is the half-plane in Q2 , with the direction perpendicular to NS ⊗ Q ∼
=Q
corresponding to a choice of rational character. Choosing coordinates x0 , .., xn to
diagonalise the action, and letting αi ∈ Z denote the weight of xi , we see that the
chambers are bounded by rays passing through (1, αi ).

2.3 Instability Stratification
The results of Section 2.1, which of course are well known, may be interpreted as
saying that, while we cannot usually expect to find a well-behaved quotient of the
whole of a given G-scheme by its group action, GIT gives us a locus that does have
a quotient, and an easy combinatorial way to compute it. Slightly less well known is
the fact that this is not all we are given: in fact there is a stratification of the whole
G-scheme into locally closed G-invariant strata, whose open piece is the semistable
locus, which roughly speaking sorts points according to how unstable they are. In
other words, instability in GIT is not a binary: a certain normalised version of the
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Hilbert-Mumford function, together with some results of Kempf and others, allows
us to see that instability is structured. From our point of view, this stratification
tells us how we should split a given moduli problem up in order to have a hope
of getting reasonable moduli spaces for unstable objects. We will now define this
stratification, which will be crucial to what follows. For this, first recall the definition
of the Hilbert–Mumford function.
2.3.0.1 Definition. Let X ⊂ Pr be a projective scheme and G a reductive linear
algebraic group acting on X. Choosing a linearisation of this action with respect to
a very ample line bundle, we may assume the action is via a representation
ϕ : G → GL(r + 1).
Take a one-parameter subgroup ρ : Gm → G, choose coordinates to diagonalise the
action of ρ, and let w = (w0 , .., wr ) be its weight vector. For a point
x = [x0 : .. : xr ] ∈ X
we define the Hilbert-Mumford function to be
µ(x, ρ) = max{−wi | xi 6= 0}.
For our purposes it will be convenient to work with a normalised version.
2.3.0.2 Definition. Fix an invariant inner product on the set of one-parameter
subgroups of G: that is, take a positive definite Weyl-invariant integer-valued bilinear
form on the set of one-parameter subgroups of any maximal torus T . Denote by k − k
the associated norm. Then define the normalised Hilbert-Mumford function to be
M (x, ρ) =

µ(x, ρ)
.
kρk

2.3.0.3 Remark. If the group G is semisimple, for example if G = SL(r + 1), we
have a natural choice of invariant inner product: the Killing form.
2.3.0.4 Definition. We say that a one-parameter subgroup ρ : Gm → G is a maximally destabilising one-parameter subgroup, or Kempf one-parameter subgroup, of
a point x ∈ X, or that ρ is adapted to x, if M (x, ρ) is minimal amongst all oneparameter subgroup’s of G.
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2.3.0.5 Example. If G = T is a torus diagonalised by coordinates x0 , .., xr with
weights α0 , .., αr , then the minimal value of the normalised Hilbert-Mumford function
for x = [x0 : .. : xr ] is the norm of the closest point to the origin, B(x), of the convex
hull of the T -weights in the state polytope of x, i.e. those wi such that xi 6= 0. There
is, up to scaling, a unique maximally destabilising one-parameter subgroup for x,
namely that obtained by exponentiating B(x).
The following result tells us what to expect more generally.
2.3.0.6 Proposition. [Kem78] Let G be a reductive group scheme acting linearly on
a projective scheme X with ample linearisation L . Let x ∈ X be an unstable point.
Then
1) There exists ρ : Gm → G which minimises the function M (x, −) amongst all
1PS’s of G.
2) There exists a parabolic subgroup Px of G such that for any λ satisfying (1) we
have
Px = P (λ) := {g ∈ G | lim λ(t)gλ(t−1 ) exists in G}.
t→0

3) Any 1PS satisfying (1) is unique up to replacing λ by λn and conjugating by an
element of the subgroup Px .
This enables us to associate to an unstable point a one-parameter subgroup that
is ‘most responsible’ for that point’s instability, unique in the sense described above.
In applications to moduli problems, these are the subgroups that we think of as somehow best highlighting whatever intrinsic property of the object in question makes it
moduli-unstable.
We now define the β-stratification associated to a linear action of a reductive linear algebraic group on a projective scheme.
2.3.0.7 Definition. Fix a maximal torus T of G acting on X as above, and a positive
Weyl chamber t+ in its Lie algebra. Define the index set for the stratification,
B := {β ∈ t+ | ∃x ∈ Pr s.t. B(x) = β}.
To put it another way, B is the set of points in the positive Weyl chamber that
are the closest point to the origin of the convex hull of some non-empty subset of the
T -weights. To each element of this index set we associate a one-parameter subgroup.
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2.3.0.8 Definition. For an element β ∈ B, denote by λβ the one-parameter subgroup
that is given by the weight vector qβ, where q is the smallest positive rational number
giving integral weights.
Now that we have all the combinatorial information we will need, we can begin to
show how this data captures the instability of all points of X. Given β ∈ B \ {0}, let
Hβ = {v ∈ t | v · β = kβk2 },
Hβ+ = {v ∈ t | v · β ≥ kβk2 }
denote respectively the hyperplanes through β meeting it perpendicularly, and the
half-space on the opposite side of this hyperplane from the origin.
2.3.0.9 Definition. Following [Kir84], we define
Zβ := {x ∈ X | all weights of x lie on Hβ }
Yβ := {x ∈ X | all weights of x lie in Hβ+ and at least one weight lies on Hβ }.
The first of these is a closed subscheme of X, and the second is a locally closed
subscheme. Clearly both contain only unstable points for all β ∈ B \ {0}. There is a
natural surjective retraction pβ : Yβ → Zβ , given by taking the limit as t → 0 under
λβ . If X is nonsingular, the fibres are just affine spaces, by [BB73].
2.3.0.10 Definition. We further define
Yβss = {x ∈ Yβ | λβ is adapted to x},
Zβss = {x ∈ Zβ | λβ is adapted to x},
Sβ = G · Yβss .
2.3.0.11 Definition. Denote by Stab β the stabiliser of β under the adjoint action
of G, and note that Zβ is invariant under the action of this group. We restrict the
linearisation to the action of Stab β on Zβ , and twist it by the character −β; this has
the effect of shifting the weights by this vector. We denote this linearisation by Lβ ,
and we will call it the canonical linearisation.
2.3.0.12 Remark. The subscheme Zβss is exactly the semistable locus for the action
ss
of Stab β on Zβ with respect to the twisted linearisation, and Yβss = p−1
β (Zβ ) ([Kir84],
12.21).
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2.3.0.13 Definition. Given β ∈ B, denote by Pβ the parabolic subgroup of G
associated to λβ . Denote by Yβss ×Pβ G the quotient of Yβss × G by the free action of
Pβ given by h · (g, x) := (gh−1 , hx).
2.3.0.14 Remark. Though a priori an algebraic space, by [PV94] we know that
Yβss ×Pβ G is in fact a scheme.
We can now summarise the relevant results of [Kir84] that give the stratification.
2.3.0.15 Theorem. [Kir84] Let X be a projective scheme, acted on by a reductive
linear algebraic group G, linearly with respect to an ample line bundle L . Then, with
notation as above, we have:
1) There is a stratification of X into disjoint locally closed G-invariant subschemes,
X=

G

Sβ ,

β∈B

where the open stratum, S0 , is X ss , and the closure of a stratum Sβ satisfies
Sβ ⊂

[

Sγ .

γ s.t.
kγk≥kβk

2) There is, for every β ∈ B, a G-equivariant isomorphism Yβss ×Pβ G ∼
= Sβ .
2.3.0.16 Definition. We will refer to the weight β associated to a given point x ∈ X
via the theorem above as the instability type of x.
We can try to find, for every β ∈ B, a quotient of the stratum Sβ by the G-action.
By (2) in the theorem above, this is equivalent to the problem of finding a quotient
for the action of Pβ on Yβss .
There is in fact a categorical quotient for the action of Pβ on Yβss given by the
reductive GIT quotient of Zβ by Stab β, where the linearisation is twisted by β (see
Chapter 4). However, this categorical quotient is very far from being a geometric
quotient. If we are to obtain quotients of the correct dimension, we must prevent
points of Yβss from being identified with their images under pβ by making Zβss unstable. We therefore split each stratum into two pieces: roughly speaking, one piece
corresponds to Zβss , and one to the open subset of Yβss not in the Pβ sweep of Zβss .
The GIT quotient of Zβ by Stab β is a categorical quotient of the former, and we can
use Theorem 3.3.1.6 and its variants to obtain quotients of open subschemes of the
latter.
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2.3.0.17 Remark. We can also define the instability stratification in the case where
the group is not reductive, in an analogous way. We will do this in Chapter 6, when
we consider moduli of singular curves.

Chapter 3
Non-Reductive Geometric
Invariant Theory and its Variation
What immortal hand or eye,
Could frame thy fearful symmetry?

William Blake, The Tyger

As well as being indispensable for the problem under consideration, developing
a good Non-Reductive Geometric Invariant Theory (NRGIT) is also an important
problem in its own right. Unfortunately, the good properties of classical GIT as
summarised in the previous chapter do not continue to hold in the non-reductive
case, and the subject is considerably more complicated. In this chapter we will first
explore some of the foundations of non-reductive GIT, in Section 3.1, before going
on to give, in Section 3.3, an exposition of some recent and powerful results in nonreductive GIT, due to Bérczi, Doran, Hawes and Kirwan ([BDHK], [BDHK16]). These
theorems, which we call the Û theorems, will do a great deal of heavy lifting for us
in the remainder of this thesis. We end this chapter, in Section 3.4, by giving some
new results which explore the analogue of variation of GIT in the setting of the Û
theorems.

3.1 First steps in Non-Reductive GIT
We begin with an introduction to NRGIT, presenting some of the basic material of
[DK07]. Section 3.1.2 follows the same path as for Reductive GIT, namely that of
trying to construct a quotient from the gluing of suitable affine H-invariant pieces.
16
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However, we will see that even the affine situation is more difficult in the non-reductive
case. In Section 3.1.3 we explore what happens when we try to exploit previous results
by converting the problem into a quotient by a reductive action. This done, we briefly
demonstrate in Section 3.2 how the theory may be applied to a particular example.

3.1.1 Motivations
As in [DK07], we start by sketching the desiderata of any theory of quotients by
non-reductive group actions. This is largely motivated by [MFK94], with the initial
intention that NRGIT should resemble classical GIT as far as possible.1
1) The theory should take as input a (projective) scheme X together with an action
of a general algebraic group H and the data of a H-linearisation of the action
with respect to some (ample) line bundle.
2) As with classical GIT, the quotient should be constructed by considering the
space associated to some subring of invariant functions B, and the quotient
morphism should correspond to the inclusion of these invariants B ,→ A, where
A is the ring associated to X.
3) It should output a quasiprojective scheme which is a good, or at least categorical,
quotient of a suitably defined open subset X ss . The quotient morphism should
restrict to a geometric quotient on some second open subset X s , which should
coincide with X ss in good cases.
4) There should be some analogue of the Hilbert-Mumford criterion which allows
us to calculate X ss and X s with minimal difficulty, i.e. without having to find
a generating set for B.
Many moduli problems involve taking a quotient by a non-reductive group action:
we give two examples below to briefly illustrate the applications of NRGIT outside
of the situation that we will be concerned with.
3.1.1.1 Example. Suppose that we want to construct a moduli space of hypersurface
subschemes of a given scheme X. Then we will have to quotient by Aut(X), which
is in general not reductive. For a specific example, consider the weighted projective
space
X = P(1, 1, 2).
1

cf. [DK07] pp.2-3.
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This is the projective scheme with homogeneous coordinate ring C[x1 , y1 , z2 ] where
x1 and y1 are considered to have degree 1, and z2 is considered to have degree 2. The
automorphism group Aut(X) is the group of graded automorphisms of graded rings
∼

C[x1 , y1 , z2 ]

C[x1 , y1 , z2 ]

modulo the rescaling action of Gm , which acts via
t · (x1 , y1 , z2 ) = (tx1 , ty1 , t2 z2 ).
We find that x1 and y1 must both map to something of degree 1, so under any
ϕ ∈Aut(X) we see that
(x1 , y1 ) 7−→ (ax1 + by2 , cx1 + dy2 )
where





a b

∈ GL(2).
c d
Moreover, any automorphism must preserve the degree of z2 , so we must have
z2 7−→ αz2 + βx21 + γx1 y1 + δy12
for α, β, γ, δ ∈ C, α 6= 0. Hence, once the Gm action is accounted for we have a Levi
decomposition
Aut(X) ∼
= (C+ )3 o GL(2)
and in particular the unipotent radical U ∼
= (C+ )3 is non-trivial, so the group is not
reductive.
3.1.1.2 Example. Another example is that of k-germs of holomorphic curves on a
smooth variety (or complex manifold) X. A k-jet is an equivalence class of parameterised holomorphic curves
f :C→X
where two such curves f , g are declared equivalent if f (0) = g(0) and the derivatives
of f and g agree at 0 up to kth order. For many applications we wish to eliminate the
redundancy arising from the choice of parameterisation of the curve f , and only consider the k-germ of the curve itself. This involves quotienting by the (non-reductive)
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re-parameterisation group Gk of kth order germs of biholomorphisms (C, 0) → (C, 0):

Gk ∼
=




α


 1





0



0






. . .






 0

α2
α12
0
...
0

α3
...
α13
...
0















. . . αk 







. . .


...
...
. . . α1k

| αi ∈ C ∀i, α1 6= 0 .










3.1.2 Attempts to glue affines
As with the reductive case, we first consider the local situation. Let X be an affine
H-scheme; then we get the dual action on k[X] as before. Here we hit the first, and
arguably most severe, stumbling block to NRGIT.
3.1.2.1 Problem (Nagata). The subalgebra of invariants k[X]H need not be
finitely generated.
Originally conceived as a counterexample to Hilbert’s 14th Problem2 , in our setting the above tells us that if we want the quotient by H to be of finite type, even
in the affine case we will have to do something more creative than use the whole
subalgebra of invariants. This naturally has consequences for our putative definition
of (semi)stability, the motivation for which is that we want the quotient to be at least
locally of finite type.
3.1.2.2 Definition. Let X be an H-scheme with action linearised with respect to L.
1) Let

I ssf g = {f ∈ AL (X)H | the distinguished open Xf is affine and k[Xf ]H is finitely generated}
We define the finitely generated semistable locus to be
X ssf g =

[

Xf .

f ∈I ssf g

2) Let
I ns = {f ∈ I ssf g | Xf is affine and Xf → Spec((O(Xf )H ) is a geometric quotient.}.
2

The two most famous counterexamples are those of Roberts [Rob90] and Nagata [Nag60]; the
latter has historical importance as the first known counterexample, and the former is notable for its
simplicity.
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We further define the naively stable locus to be
X ns =

[

Xf .

f ∈I ns

3.1.2.3 Remark. If H is reductive (or more generally if the invariants are finitely
generated) we have
X ssf g = X ss .
Accordingly, we generalise the reductive GIT quotient as follows.
3.1.2.4 Definition. The inner enveloping quotient is defined to be
X //e H :=

[

Spec k[Xf ]H

f ∈I ssf g

where the union is glued according to the quotient map
q : X ssf g → X //e H
which is locally induced by the inclusion of invariant rings
k[Xf ]H ,→ k[Xf ].
Almost tautologously, the quotient map restricts to give a geometric quotient of
X ns , and it agrees with previous definitions in the finitely generated case. Indeed, as
in the reductive set-up, the best behaviour for non-reductive GIT occurs when X is
projective and L is very ample. The difference is that here we also require that the
invariants be finitely generated.
3.1.2.5 Proposition. [DK07] Let X be projective, and L ample. Assume further
that the subalgebra of invariants
H

AL (X) ⊆ AL (X) :=

∞
M

H 0 (X, Lk )

k=0

is finitely generated. Then the inner enveloping quotient is the projective variety
Proj(AL (X)H ), and the quotient morphism is
X = Proj(AL (X)) 99K Proj(AL (X)H ) = X //e H
induced by the global inclusion of graded rings.
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3.1.2.6 Remark. When the invariants are finitely generated, even in the non-reductive
case we will drop the ‘fg’ and just write X s , X ss , &c.
Finite generation, however, is not the only issue.
3.1.2.7 Problem. The quotient map q : X ssf g → X //e H may not be surjective. This
means that the image, q(X ssf g ), is some constructible subset. In particular, it may
not be a scheme.
3.1.2.8 Problem. The enveloping quotient X //e H may not be a scheme of finite
type.
3.1.2.9 Example. We give an affine example of failure of the surjectivity of the
quotient map.3 Let G =SL(2), and define H ⊂ G as


H=





1 α

|α∈C ∼
= C+ .
0 1


Consider the natural action of H on G by left multiplication, equipped with the trivial
linearisation on OG . Then by Weitzenbock’s theorem [Wei32] the ring of invariants
is finitely generated, and indeed we will calculate it shortly. So we have
G //e H ∼
= SpecA(G)H
with GIT quotient q induced by the inclusion of rings
i : A(G)H ,→ A(G).
Consider the natural G = SL(2) action on C2 . The point (1, 0) has orbit C2 \ {(0, 0)}
and stabiliser H, so that the induced orbit map
G/H × {(1, 0)} → C2
yields an isomorphism
q(G) ∼
= G/H ∼
= C2 \ {(0, 0)}.
Indeed, a result of Matsushima says that if G is reductive then G/H is affine if and
3

A projective example may be found in section 6 of [DK07], in which we can see the failure of
the inner enveloped quotient to be a variety.
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only if H is reductive4 . Now
A(G)H ∼
= A(G/H) ∼
= A(C2 \ {(0, 0)}) ∼
= A(C2 ) ∼
= C[x, y],
so that
G //e H ∼
= A2 .
This shows that even finite generatation of invariants does not guarantee surjectivity
of the quotient map.

3.1.3 Transferral to a reductive action
Given a scheme V and a non-reductive group H, one strategy for constructing a
quotient might be to try to find another scheme V 0 with an action of some reductive
group G such that V //e H ∼
= V 0 // G. This may be attempted in the following way.
For any group G of which H is a closed subgroup, i.e. for which there exists a
closed embedding H ,→ G, we can consider
G ×H X := (G × X)/ ∼ = {[g, x] | (g, x) ∼ (gh−1 , hx)}.
This carries a natural action of G, from G acting on itself. The moral of this whole
story is that quotienting by group actions in the category of varieties is difficult, so
we certainly need to check:
3.1.3.1 Lemma. (See [PPS+ 94], theorem 4.19 ) G ×H X is a scheme.
We can regard X as a subscheme of G ×H X via the embedding
j : X → G ×H X
x 7−→ [e, x].
The hope of being able to use the existing GIT for reductive groups leads one to consider something called a reductive envelope. For our purposes the precise definition,
which may be found at [DK07] 5.2.4, need not concern us;5 morally, it involves taking
a projective completion
G ×H X ⊂ G ×H X
4

See [DK07] 5.1.1.
In Section 3.2 we will be in the much simpler situation where the action extends to the action
of a reductive group, and in our more substantial applications later on we will proceed using the Û
Theorems.
5
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together with a linearisation having the property that enough H-invariants for G×H X
extend to G-invariants for G ×H X. Now by the ‘Main Theorem’ 5.3.1 of [DK07], the
enveloping quotient X //e H that we are interested in lives as an open subscheme of
G ×H X // G via the natural embedding above, and since the latter is a quotient by
a reductive group action, it will be much easier to deal with. In particular, having
taken a projective completion we can use the Hilbert-Mumford criterion.
In our example, as usual, both the resulting quotient and the semistable locus
itself are dependent upon a choice of linearisation and ample line bundle. We will
investigate different linearisations and see how this affects the quotient.
It sometimes happens that the action of H extends to an action of G. We then
have the isomorphism of varieties
G ×H X → (G/H) × X
[g, x] → (gH, gx).
We can now apply all this to our case, but first we summarise the overall strategy.
1) Embed H in a reductive group G, preferably (as in the example we discuss
below) such that the linear action of H on X extends to a linear action of G on
X, and H-invariants on X extend to G ×H X in the appropriate way.
2) Since the action extends to G, we can look at the reductive GIT quotient
((G/H) × X) // G.
3) Find a G-equivariant projective completion of G ×H X with a suitable linearisation, preferably of the form G/H × X after indentifying G/H × X with G ×H X
as above.
4) We can then use the Hilbert-Mumford criterion on the projective GIT quotient
((G/H) × X) // G to find the semistable locus.
5) By varying the linearisation of the G-action we can study how the quotient
varies, using Hilbert-Mumford and the notion of S-equivalence.
In principle we need to ensure that every linearisation we look at is compatible
with a suitable linearisation of the H-action on X, but in our case this will be clear.
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3.2 Example: ordered points on P1 up to
translation
Here we will go through in detail an elementary example of NRGIT, and illustrate
how we can use the principle of transferring to a reductive action discussed above.
Suppose we are interested in parameterising choices of n ordered points on the
projective line up to translation. A point of (P1 )n consists of a choice of n ordered
points on the projective line, which carries a natural action of the (non-reductive)
group C+ via the faithful representation
ρ : C+ → P GL(2)




1 α
ρ(α) = 
0 1
If we view P1 as C ∪ {∞}, then this action fixes the point at infinity and adds α to
affine points. We are interested in the GIT quotient(s) of (P1 )n by this action. Let
X = (P1 )n
G = SL(2)
H = C+
with the embedding H ,→ G given above. Then we have
G ×H X ∼
= (G/H) × X.
Moreover, the variety G/H can readily be identified. Consider, as we did above, the
action of G on C2 in the natural way. Then the orbit of the point (1, 0) is C2 \ {0},
and it has stabiliser H. Hence
(G/H) ∼
= C2 \ {0}.
This has a natural projective completion C2 \ {0} = P2 . So we are interested in
((P1 )n × P2 ) // G.
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3.2.0.1 Notation. It will relevant later to note that our original embedding
j : X → G ×H X
can be composed with all this to give another embedding (which by abuse of notation
we also call j):
j : X → (P1 )n × P2
(P1 , ..., Pn ) 7−→ (P1 , ..., Pn , [1 : 0 : 1]).

3.2.1 The Linearisation
Until now we have largely neglected to mention linearisation of the G and H actions,
and we address this here. Each factor P1 in the product X = (P1 )n is already a
projective space, so we have a natural choice of linearisation for each ample line
bundle OP1 (k), for k > 0, since a linearisation on some L induces a linearisation on
every tensor power of L. We embed X into projective space using a composition of
Segre embeddings, whereby each choice of tuple (k1 , ..., kn ) determines a linearisation
on X. We consider linearisations of this form. We also need a linearisation of the
G-action on P2 , and here we use the embedding
G ,→ GL(3)

A 0



A 7−→



0 1

which similarly determines a linearisation for any positive integer m. So to sum up: we
have a linearisation associated to the vector (k1 , ..., kn , m) ∈ Nn+1 . These may be be
considered as the Segre embedding applied after a linearisation with respect to OP1 (ki )
on the ith factor, or equivalently as performing a degree ki Veronese embedding on
the ith factor followed by the Segre embedding.

3.2.2 The 1-parameter subgroups
Recall that all the information about (semi)stability is contained in the data of the
weights of any maximal torus. In this set-up we have a natural choice of maximal
T ⊂ G, namely the diagonal matrices
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t 0 

|t∈C ∼
= Gm .
−1
0 t


In fact, all we need to know to determine T -stability of a point is where the origin
lies in relation to the convex hull of its weights. Since T is one-dimensional, so is t,
so the weights will just be points along a line. This tells us that we need only keep
track of the extremal weights of each point, since these determine the convex hull.

3.2.3 The Embedding and the weights
We label the coordinates on P1i as [xi : yi ], and on P2 we take coordinates [u : v : w].
Then we see from the above that xi has weight ki , yi has weight −ki , and u, v, w
have weights −m, m, 0, respectively.
In order to use Hilbert-Mumford, we must embed the whole product (P1 )n × P2
into some projective space. Consideration of a Segre embedding of two projective
spaces
Pr × Ps ,→ P(r+1)(s+1)−1 =: Y
on which the maximal torus acts with weights
{ai | 0 ≤ i ≤ r}
{bj | 0 ≤ j ≤ s}
shows that the weights of the action on the embedded product will be exactly the set
{ai + bj | 0 ≤ i ≤ r, 0 ≤ j ≤ s}.
We know that the ith factor in the (P1 )n has maximal torus weights {ki , −ki }, and
the torus acts on our P2 with weights {m, −m, 0}. So the set of weights of the action
of the maximal torus will be
Λ = Λ+ ∪ Λ− ∪ Λ0
0

Λ ={

n
X

σi ki | σi ∈ {1, −1}}

i=1

+

Λ = {m + (

n
X
i=1

σi ki ) | σi ∈ {1, −1}}
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Λ− = {−m + (

n
X

σi ki ) | σi ∈ {1, −1}}.

i=1

A point P = (P1 , ..., Pn , Q), where Pi = [αi : βi ] and Q = [u : v : w], will pick up the
weights corresponding to those coordinates which are not zero.
3.2.3.1 Remark. We choose m large, so that the weights in Λ+ are always all positive
and the weights in Λ− are always all negative. The signs of the individual weights
of Λ0 will depend on the ki , but it will always contain both positive and negative
weights.
3.2.3.2 Notation. For a point (P1 , ..., Pn , Q) ∈ (P1 )n × P2 we define the weighted
sum of the points to be
N=

n
X

ki .

i=1

In addition, we say that a subset I ⊂ {1, ..., n} contains more than half of the points
P
in the weighted sum if
ki ≥ N2 .
i∈I

3.2.4 Calculation of the semistable locus
Recalling our previous results, we know that a point is semistable with respect to the
action of G if and only if for every point of its G-orbit, the origin lies in the convex
hull of the weights of our chosen maximal torus T picked up by that point of the
orbit. A point is stable if the origin lies in the interior of that convex hull. So when,
in our example, is a point (semi)stable? We first need to understand stability for the
action of the maximal torus.
3.2.4.1 Lemma. Choose a set of weights (k1 , ..., kn , m) ∈ Zn+1
≥1 , and let m be large.
Let P = (P1 , ..., Pn , [a : b : 1]) ∈ (P1 )n × P2 . Then
1) If a 6= 0 and b 6= 0 then P is stable for the action of the maximal torus T .
2) If a = 0, b 6= 0 then P is semistable for T if and only if fewer than half, or
exactly half, of the points in the weighted sum coincide at infinity. It is stable
for T if and only if this inequality is strict.
3) If b = 0, a 6= 0 then P is semistable for T if and only if fewer than half, or
exactly half, of the points in the weighted sum coincide at zero. It is stable for
T if and only if this inequality is strict.

Chapter 3. Non-Reductive GIT and its Variation

28

4) If a = b = 0 then P is semistable for T if and only if fewer than half, or exactly
half, of the points in the weighted sum coincide at zero or that more than half
of the points in the weighted sum coincide at infinity. It is stable for T if and
only if both these inequalities are strict.
Proof. For (2), (3), and (4) we prove the statement about semistability; the stability
statement follows in exactly the same way by changing ‘positive’ to ‘strictly positive’
and ‘negative’ to ‘strictly negative’.
1) In this case we pick up weights from both Λ+ and Λ− , so since m is large we
have both a positive and a negative weight and the point is stable for T .
2) If b 6= 0 then we certainly have a negative weight. Since a = 0 we have no Λ+
weights so whether we have a positive weight will depend on the Pi . We have a
positive weight from Λ0 if and only if it is not the case that more than half the
points in the weighted sum carry only negative weights, i.e. are equal to [0 : 1].
That is, if they coincide at zero.
3) This is analogous to (2): we have a positive weight, so we need a negative weight
from Λ0 . This happens precisely when the given condition is satisfied.
4) In this case we pick up no Λ+ or Λ− weights, so we need both a positive and a
negative weight from Λ0 . The rest is the same.

Having found necessary and sufficient conditions for (semi)stability with respect
to the action of our chosen maximal torus T , we are ready to find conditions for
(semi)stability for the full G action. We next make two observations.
3.2.4.2 Remark.
1) First recall that, in the case of the usual action of G on (P1 )n , a point is
semistable if fewer than, or exactly, n2 of the points coincide anywhere, and
stable if this inequality is strict. This is shown in the same way as we deal with
points of the form (P1 , ..., Pn , [0 : 0 : 1]) below. So we expect that semistability
will be a requirement that ‘not too many points coincide’.
2) The action of G on P1 is transitive, and intuitively it treats all points the same.
However, for the translation action of C+ the point at infinity, [1 : 0], is the
only invariant point, and hence we would expect semistability to distinguish ∞
in some way.
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Putting these two observations together, we can make an educated guess as to
the stable and semistable loci for the points of the form (P1 , ..., Pn , [1 : 0 : 1]). This
guess turns out to be correct, but of course for our purposes we will need a more
complete understanding of the semistable locus than just those points coming from
j : X → (P1 )n × P2 .
3.2.4.3 Proposition. Choose a set of weights (k1 , ..., kn ) ∈ Zn≥1 , and let m >> 0.
Fix P = (P1 , ..., Pn , [a : b : 1]) ∈ (P1 )n × P2 . Then for the given action of G on
(P1 )n × P2 , weighted by (k1 , ..., kn , m),
1) If a = b = 0, P is semistable if and only if fewer than half, or exactly half, of
the points in the weighted sum coincide anywhere. It is stable if this inequality
is strict.
2) If (a, b) 6= (0, 0) then P is semistable if and only if fewer than half, or exactly
half, of the points in the weighted sum coincide at [a : b]. It is stable if this
inequality is strict.
Proof.

1) It is clear that points of the orbit of P will be all of the form
(P10 , ..., Pn0 , [0 : 0 : 1]),

and if not more than half the points in the weighted sum for P coincide anywhere
then it will certainly hold that no point in the orbit has more than half of the
points in the weighted sum at ∞ or at 0. Conversely, G acts transitively on the
projective line and so any coinciding tuple of points with weights summing to
greater than N2 can be moved by G to ∞, for example.
2) If more than half of the points in the weighted sum for P coincide at [a : b]
then we can apply any element of G satisfying [a : b] 7→ ∞ to get a point
P 0 = (P10 , ..., Pn0 , [1 : 0 : 1]) which is unstable for the maximal torus since more
than half the point in its weighted sum now coincide at ∞. Conversely, we
must check all the point of the orbit of P satisfying the hypotheses. Points
P 0 = (P10 , ..., Pn0 , [s : t : 1]) of the orbit of P are certainly stable if both s and t
are non-zero, so it suffices to check separately the points where s = 0 and the
points where t = 0, noting that, since P 0 is in the orbit of P , we know that at
most one of s, t can be zero at once. First let s = 0. Then P 0 = A · P where
A sends [1 : 0 : 1] to [0 : t : 1], so under A we have [a : b] 7→ [0 : 1]. Thus
since it is not the case that more than half the points in the weighted sum for
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P coincide at [a : b], it is not the case that more than half the points in the
weighted sum for P 0 coincide at zero, since A’s action must be injective. Hence
P 0 has a positive weight. And since t 6= 0, it has a negative weight. Now let
t = 0. This is precisely analogous to the previous case, but with 0 replaced by
∞ and swapping the roles of positive and negative weights.
3.2.4.4 Corollary. A point (P1 , ..., Pn ) of X is semistable (stable) if and only if not
more than (resp. strictly less than) N2 of the points Pi , considered with weights, lie at
infinity.

3.3 The Û Theorems
Recently, it has been shown ([BDHK], [BDHK16]) that the good properties of GIT
enjoyed in the reductive setting may be recovered for non-reductive linear algebraic
group actions under certain circumstances, which are satisfied in a wide range of
interesting applications. Here we present these results, collectively referred to as the
Û theorems. We first introduce some notation.

3.3.1 Statement of the theorems
3.3.1.1 Definition. Let H be an arbitrary linear algebraic group. Let U be its
unipotent radical. We say that H has graded unipotent radical if there exists a oneparameter group of automorphisms Gm ≤ Aut H which acts with strictly positive
weights on Lie U , such that the induced action on R = H/U is trivial. Such a Gm
is called admissible, and we refer to any given fixed choice as the distinguished Gm .
We call an admissible Gm internal if it comes from a subgroup Gm ≤ H, with the
automorphism being conjugation, and external otherwise. For the rest of this section
we will assume that we have an internal admissible Gm (but see Remark 3.3.2.3
below). We will write Û = U o Gm , or, for example, Ûλ if we wish to emphasise a
particular choice of homomorphism λ : Gm → Aut(H).
Up to conjugacy, we may assume that an internal admissible Gm is chosen from
the Lie algebra z of the centre of R, inside a maximal torus whose Lie algebra we
denote by t. Then, choosing an invariant inner product, the admissible Gm ’s are
precisely those whose pairings with all weights of the adjoint representation of t on
Lie U are strictly positive. This defines a cone C ⊆ z∨ , which we call the admissible
cone.
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3.3.1.2 Remark. We emphasise that so far all of this is intrinsic to the group; it
depends neither on X, nor on the action.
3.3.1.3 Definition. Now suppose H acts on X, a projective scheme. We say that
a linearisation L of an action of H on X with respect to an ample line bundle L is
adapted if the lowest weight of the action of the distinguished Gm on X is strictly
Gm
be the minimal weight space
negative, and the rest are strictly positive. Let Vmin
Gm
Gm
of the linear representation of the distinguished Gm . Let Zmin
= X ∩ P(Vmin
), and
0,Gm
let Xmin be the subscheme consisting of those x ∈ X with at least one coordinate
associated to the minimal weight space being non-zero: that is, the basin of attraction
Gm
under the distinguished Gm . Let
of Zmin
0
p : Xmin
→ Zmin

be the projection onto the minimal weight space, that corresponds to taking the limit
0,Gm
Gm
are
under the distinguished Gm as t → 0. We will observe later that Zmin
and Xmin
in fact independent of the choice of ample linearisation. If the choice of distinguished
0
.
Gm is clear from context, we will simply write Zmin and Xmin
3.3.1.4 Remark. If a given linearisation is not adapted, we can always twist the
linearisation by a rational character to make it so, provided appropriate characters
exist.
3.3.1.5 Remark. There is a technical point to be explained here, about the choice
of linearisation. For the proofs of finite generation of invariants given in [BDHK,
BDHK16] to work, we must twist the linearisation by a rational character so that
it is not merely adapted, but within some sufficiently small ε > 0 of the lower wall
of the adapted chamber. This can make the statement of the results that follow
somewhat unwieldy, so we adopt the following convention used in [BDHK, BDHK16]:
we say that a linearisation is well adapted if it is within distance ε > 0 of the relevant
wall. More precisely, when in what follows we say that a property holds for a well
adapted linearisation, we mean that for any adapted linearisation there exists an
ε > 0 such that the relevant property holds after twisting by a rational character so
that the adapted linearisation lies within an open ε-neighbourhood of the lower wall
of the adapted chamber. This will only be relevant for finite generation of invariants;
the stable and semistable loci and the associated quotients require simply that the
linearisation should be adapted.
We are now ready to state the relevant versions of the Û theorems.

Chapter 3. Non-Reductive GIT and its Variation

32

3.3.1.6 Theorem. [BDHK16] (Û -theorem when semistability coincides with
stability for the unipotent radical) Let H act on a projective scheme X, let Û be
formed as above by an admissible internal λ : Gm → H, and let L be a well adapted
linearisation with respect to a very ample line bundle L. Assume that
StabU (x) = {e} for all x ∈ Zmin .

(?)

Then
1) The Û -invariants are finitely generated, and the inclusion of the Û -invariant
algebra induces a projective geometric quotient of an open subscheme X Û −s =
X Û −ss of X (the Û -(semi)stable locus):
X Û −s → X //L Û .
2) Consequently the H-invariants are finitely generated, and the inclusion of the
H-invariant subalgebra induces a good quotient of an open subscheme of X (the
H-semistable locus):
X H−ss → X //L H,
where X //L H is the GIT quotient of X //L Û by the induced action of the
reductive group H/Û ∼
= R/Gm with respect to the induced linearisation. The
good quotient X H−ss → X //L H restricts to a geometric quotient X s,H →
X s,H /H ⊆ X //L H of the H-stable locus X H−s .
3) (Non-Reductive Hilbert-Mumford Criterion) x ∈ X is (semi)stable for
H if and only if it is (semi)stable for every 1PS of H. That is, if T denotes
any maximal torus of H, we have
X H−(s)s (L ) =

\

hX T −(s)s (L ).

h∈H

3.3.1.7 Remark. The condition (?) holds if and only if we have StabU (x) = {e} for
0
all x ∈ Xmin
.
If the relevant stabilisers are not trivial for all points in the minimal weight space,
we can proceed by a process analogous to, and indeed a generalisation of, the partial
desingularisation process of [Kir85] for the reductive setting, when a linearisation has
strictly semistable points.
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3.3.1.8 Theorem. [BDHK16] (Û -theorem giving projective completions) With
notation as in Theorem 3.3.1.6, suppose now that (?) may fail, but we have instead
the weaker condition that
StabU (x) = {e} for generic x ∈ Xmin .

(??)

Then
1) There exists a sequence of blow-ups of X along H-invariant projective subvaric (with blow-down map π
c → X) for
b :X
eties resulting in a projective scheme X
which the conditions of Theorem 3.3.1.6 hold for a suitable linearisation, Lc,
which can be taken to be an arbitrarily small perturbation of πb ∗ (L ).
2) There exists a further sequence of blow-ups along H-invariant projective subvarieties, resulting in a projective scheme X̃ (with blow-down map πe : X̃ → X)
such that the conditions of Theorem 3.3.1.6 still hold for a suitable linearisation,
and such that the quotient given by that theorem is a geometric quotient of an
fH−s of X.
f
open subscheme X
3.3.1.9 Remark.
1) Although the blow-up process for Û described above is analogous to the partial
desingularization process of [Kir85] that one may carry out in the reductive setting, the analogy must not be pushed too far. In particular, it is important to
note that, unlike in reductive GIT, in the non-reductive setting this process is
necessary if one is to have any quotient at all. Consequently, the projective completion obtained thereby may not be thought of as a partial desingularization
of some other more singular quotient.
2) This gives us an H-invariant open subscheme X H−s of X with a geometric
c // H
quotient by H which is an open subscheme of the projective variety X
Lb
H−s
b
(and also of X̃ //L˜ H). Here X
is the image under π of the intersection of
H−s
c
c
X
with the complement of the exceptional divisor in X.
c from X are determined by the
3) The centres of the blow-ups used to obtain X
0
dimensions of the stabilisers in U of the limits limt→0 x for x ∈ Xmin
. Another
Û −s
characterisation of X
is as
fÛ −s ) | dim Stab (lim x) = 0}.
X Û −s = {x ∈ π(X
U
t→0
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There are applications for which all points of X have non-trivial stabilisers in U ,
but we would still like to be able to perform quotients. There is a procedure that
allows this, yielding a further version of the Û theorem.
3.3.1.10 Theorem. [BDHK16] (Û -theorem with positive-dimensional stabilisers in U ) Suppose that for the derived series
U = U 1 > U 2 ... > U s = {e}
of U , we have
0
∀j ∈ {1, . . . , s} ∃dj ∈ N such that dim StabU j (x) = dj for all x ∈ Xmin
.

(? ? ?)

Then the conclusions of Theorem 3.3.1.6 hold.
3.3.1.11 Remark. In fact the theorem may be applied with any series
U = U 1 > U 2 ... > U s = {e}
which is normalised by H and has successive quotients U j /U j+1 abelian, provided
that (? ? ?) holds.
0
for any such
Finally, we may not have constant-dimensional stabilisers across Xmin
series. In this case there is a final version of the Û theorem.

3.3.1.12 Theorem. [BDHK16] (Û -theorem with positive-dimensional stabilisers in U , giving projective completions)
There is a sequence of iterated blow-ups of X along H-invariant closed subvarieties
c → X where X
c is a projective scheme with an induced action of
resulting in π : X
H, linearised by some Lc, for which (? ? ?) holds for each U (j) in turn, and hence for
which the conclusions of Theorem 3.3.1.10 hold.

3.3.2 The Û blow-up process
We will make use of Theorem 3.3.1.12 in Chapter 5 to construct moduli spaces of
unstable sheaves, so it is worthwhile giving here a few details of how the blow-up
process is carried out in practice. Proofs of these statements, as far as they do not
simply follow from the theorems quoted above, may be found in [BDHK16]. The
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notation is a little cumbersome, but the idea is simple enough. For d ∈ N, let
0
| dim StabU s−j (x) = d},
Cj,d (X) = {x ∈ Xmin

and define
0
djmax (X) = max{dim StabU j (x) | x ∈ Xmin
}.

With this notation, we first perform a series of blow-ups to achieve condition (? ? ?)
0
for U s−1 - that is, to have a constant-dimensional stabiliser in U s−1 across all of Xmin
.
We begin by blowing up along the closure of the locus C1,d1max (X) . This gives us a new
space π (1) : X (1) → X, with exceptional locus E (1) . Since the centre of the blow up
was H-invariant, the new space has an H-action lifting the action on X, which we
linearise by defining
L (1) := (π (1) )∗ L r ⊗ O(−E (1) ).
We choose r  0, so that, since replacing a linearisation with a positive multiple
makes no difference to (semi)stability, we may think of this linearisation as a perturbation of the original linearisation of the action on X by a sufficiently small multiple
of the exceptional divisor.
3.3.2.1 Remark. Let us pause briefly to illustrate the properties of the linearisation
on the blow up. For simplicity, assume that we have a Gm -action on Pn , with weights
wi = wtGm (xi ), and that we are blowing up along a linear subspace Pk ⊂ Pn . Then
the blow up is
BlPk Pn = {([x0 : · · · : xn ], [x̃k+1 : . . . x̃n ] ∈ Pn × Pn−k−1 | xi x̃j = xj x̃i }.
With respect to the choice of linearisation given above, weights of the Gm action on
the blow up will be given by summing r of the weights w0 , . . . , wn and then perturbing
by one of the weights wk+1 , . . . wn : that is, we replace each weight wi by a small cluster
of weights, and each weight in the cluster corresponds to a weight in the projectivised
normal bundle of the centre of the blow up.
In general, we will be blowing up a possibly singular, non-reduced (&c) X along a
possibly singular locus. However, our choice of ample linearisation gives an embedding
X ⊂ Pn , and we may perform the blow ups along the relevant loci considered in
this space, which, by the arguments of [BDHK16], will be smooth because Pn is.
This means that the identification of the exceptional divisor in BlPk Pn with the
projectivised normal bundle to the centre of the blow up holds, and we may consider
the exceptional divisor in the blow up of X to be the intersection of the proper
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transform of X with this, which will therefore have weights as described above. In
addition, since the resulting semistable loci are given by a Hilbert-Mumford criterion,
the result is unchanged under replacing our original linearisation with a positive
multiple.
Let us denote the new minimal weight space for the distinguished λ : Gm → H
by Zmin (X (1) ). Then let
(X (1) )0min = {x ∈ X (1) | lim λ(t)x ∈ Zmin (X (1) )}.
t→0

The arguments of [BDHK16] tell us that we now have
d1max (X (1) ) := max{dim StabU s−1 (x) | x ∈ X (1) } < d1max .
So we repeat the process: we blow up X (1) along the closure of C1,d1max (X (1) ), obtaining
X (2) with another action lifting that of X, which we again perturb by a small multiple
of the exceptional divisor E (2) .
Inductively, we see that this process will terminate with a space π (l) : X (l) → X
such that the action of U s−1 ≤ U satisfies condition (? ? ?). We then repeat the whole
process for U s−2 , blowing up along closures of loci of the above form, and replacing U j
c → X mentioned in Theorem 3.3.1.12. The results
with U j−1 until we have the π : X
cH−ss ⊂ X,
c
of [BDHK16], stated above, then tell us that there is an open subset X
characterised by the Hilbert Mumford criterion 3.3.1.6, which admits a projective
categorical quotient
cH−ss → X
c // H.
X
Lb
Of course, in many cases what one is really interested in is obtaining a quotient of
an open subset of X. In the situation that will be of greatest concern to us, when
we have posed a particular moduli problems using GIT, the H-orbits in X will have
some moduli-theoretic interpretation as equivalence classes of objects to be classified,
c may not readily admit such an interpretation. As a result,
whereas the points of X
we will mainly use Theorem 3.3.1.12 in the following form.
3.3.2.2 Corollary. With notation as in Theorem 3.3.1.12, the blow down map π :
c → X restricts to the complement of the exceptional divisor E, to give an HX
c \ E, and consequently, we may define in X
equivariant identification X \ π(E) ∼
=X
an open subset,
b
cH−ss \ E) ∼
cH−ss \ E.
:= π(X
X ss−H
=X
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This open set admits a quasi-projective categorical quotient, denoted

≈

b
X ss−H
→X

L H,

c // H is a projective completion. Moreover, because the linearisation for
of which X
c may be thought of as a small perturbation as the linearisation for X, this locus is
X
determined within X \ π(E) by the Hilbert-Mumford criterion.

Hence, the price that we must pay for the construction of moduli spaces when
we do not have (?) for the unipotent radical is that the resultant spaces will not
be compact, that is, they will be quasi-projective rather than projective, and the
projective completions yielded by the above process will not necessarily readily admit
modular interpretation.
b
As observed in [BDHK16], in order to determine X ss−H
, we must keep track of
the minimal weight space and its basin of attraction at each stage of the process.
To simplify notation slightly, let’s suppose that we are at the very beginning of the
0
are
process. We take the largest j such that the dimension of the stabilisers in Xmin
not constant for Û s−j , and then blow up along the closure of some locus Cj,djmax (X),
to get π (1) : X (1) → X with exceptional locus E (1) . Now there are two cases.
1) If Zmin 6⊆ Cj,djmax (X) , then the minimal weight space in the blow up, Zmin (X (1) )
is simply the proper transform of the old one, and π (1) gives an identification
(j)
0
| dim StabU ((p(x)) < djmax },
(X (1) )0min \ E ∼
= π (1) ((X (1) )0min \ E) = {x ∈ Xmin
0
where we recall that p : Xmin
→ Zmin is the map given by

x 7−→ lim λ(t)x
t→0

as defined at Definition 3.3.1.3.
2) If Zmin ⊆ Cj,djmax (X), the situation is more complicated. Roughly speaking, since
we are blowing up the whole minimal weight space, there will be nothing left
of it, and consequently its place will be taken by that part of the exceptional
divisor which lies over the old minimal weight space and corresponds to the
lowest weight space that we haven’t blown up entirely. More precisely, for
r ∈ Z, define Zr to be the λ weight space of weight r, and then let
0
Wr0 = {x ∈ Xmin
| lim λ−1 (t)x ∈ Zr }.
t→0
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0
That is to say, Wr0 is those points of Xmin
whose highest weight is r. Now define

rmin = min{r ∈ Z | Wr0 6⊆ Cj,djmax (X)}.
Then the new minimal weight space is that subset of (π (1) )−1 (Zmin ) given by
p(1) ◦ (π (1) )−1 (Wr0 \ Cj,djmax (X)),
where p(1) is the map induced by p on the blow up.
It is clear from the above that, although Corollary 3.3.2.2 gives us an open subset
of X that has a categorical quotient, determining this locus in practice can be nontrivial. Even more so: if we are to find an interpretation of this categorical quotient
as a moduli space for certain objects, we must understand the whole blow-up process
in terms of the objects parameterised by X, and such conditions as being in a certain
Cj,djmax or Wr0 should have some meaning intrinsic to the objects themselves. Overall,
the task is analogous to that of interpreting a particular instability stratification in
modular terms, and indeed the process outlined in [BHK17] encourages us to see
these as two halves of the same problem. That is, given a moduli problem posed
using reductive GIT, we first consider the instability stratification associated to this
problem, each stratum of which then yields a non-reductive GIT problem, which we
may have to perform blow-ups in order to solve. In [BHK17], the authors show that by
applying Theorem 3.3.1.12 to the closures of the subvarieties where the dimensions of
stabilisers take different values, and combining this with the partial desingularisation
construction of [Kir85] for reductive GIT quotients, X can be stratified so that each
stratum is a locally closed H-invariant subscheme of X with a geometric quotient by
the action of H (cf. [BDHK16] §5). We will not explore the details of these refined
stratifications in full generality, as for our moduli interpretations one may concentrate
on the case where one begins with the instability stratification associated to some
group action. There is, however, an algorithmic procedure given in [BDHK16], which
shows that this can be done. This process is described explicitly in an appendix to
[BDHK16], by Hamilton, which is given here in full, at the end of this thesis.
A particularly nice case is when the minimal weight space is never contained in
the centre of the blow up, at any stage of the whole process. In this case, the blow
ups achieving (? ? ?) for U (j) terminate in a space such that the complement of the
exceptional locus of the map to X may be identified with the open subset of X given
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by
(j)

0
{x ∈ Xmin
| dim StabU ((p(x)) = djmin },

where
0
}.
djmin (X) = min{dim StabU j (x) | x ∈ Xmin

b by applying the HilbertWe may then look inside this locus, and determine X H−ss
Mumford criterion. This is the situation we will find ourselves in when we consider
moduli of sheaves of Harder-Narasimhan length ` = 2, in Section 5.3.2. On the other
hand, for ` > 2 we will sooner or later find ourselves in case (2) of the above, and the
situation is rather more complicated.

3.3.2.3 Remark. Although we will not consider the external case in detail here, one
may use all of the Û theorems to perform the quotient of X by H using an external
Gm , in the following sense. We apply one of the theorems above with H replaced by
Ĥ = H o Gm , and X replaced by X × P1 , linearising the action by tensoring L with
OP1 (N ) for N  0. This yields a projective scheme, which if semistability equals
stability for the unipotent radical is just (X × P1 ) // Ĥ, containing an open subscheme
which is a geometric quotient of a certain H-invariant open subset X H−ŝ ⊂ X by H.
This approach is of course particularly useful if no admissible internal Gm exists, for
example if H is unipotent.

3.4 Variation of Non-Reductive GIT
3.4.1 Change of distinguished Gm
Our investigation of the dependence of the quotient on the linearisation and oneparameter subgroup grading the unipotent radical begins with the choice of Gm . For
now we fix a choice of ample linearisation L , and observe what happens when we
vary the Gm amongst those to which L is (well) adapted. Throughout this section
we assume that the condition (?) holds (semistability coincides with stability for the
unipotent radical) for the linearisation L . For simplicity of notation we will also
assume that H is connected; this involves no loss of generality since GIT for finite
group actions is independent of the choice of linearisation. The following is immediate
from the Hilbert-Mumford criterion, Theorem 3.3.1.6.
3.4.1.1 Proposition. X //L H is independent of the choice of internal admissible
Gm to which L is (well) adapted.
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In the external case, we have no reason to suppose the quotient (X × P1 )//Ĥ to
be independent of the choice of Gm with Ĥ = H o Gm , since we are quotienting by
a group action that is dependent on that choice. However, we can use an argument
very much in the spirit of [Tha96] to relate the two quotients. The plan is to reduce
a change of external Gm to a change of linearisation for a certain group action on an
auxiliary space.
In order to compare the quotients associated to different choices of external Gm ,
we first wish to find an abelian group that simultaneously contains every choice of
admissible external Gm up to an appropriate automorphism of X. Then given two
choices of admissible external Gm represented by one-parameter subgroups of this
abelian group, we will set up an action of (Gm )2 such that the H-quotient with respect
to each of these choices of external Gm can be viewed as a quotient of X × (P1 )2 by
H o (Gm )2 with respect to some linearisation. We construct such an abelian group
as follows.
By assumption H is connected, so the action of H on X yields a homomorphism
ϕ : H → Aut0 (X) into the connected component Aut0 (X) of the identity in the group
Aut(X) of automorphisms of X. Any admissible Gm must by hypothesis act on X
via ψ : Gm → Aut0H (X), where
Aut0H (X) := {g ∈ Aut0 (X) | g normalises ϕ(H), with trivial action on ϕ(H)/ϕ(U )}.
Moreover the existence of an admissible Gm implies that ϕ|U is injective.
Now Aut0 (X) is an algebraic group (see e.g. [Bri17a]), and hence so is Aut0H (X),
but Aut0H (X) may not be linear. However, by Theorem 1 of [Bri17b], there exists a
smallest normal subgroup NX,H E Aut0H (X) such that the quotient Aut0H (X)/NX,H is
affine, and moreoever NX,H is contained in the centre of Aut0H (X). Choose a maximal
torus TX,H of this linear algebraic group Aut0H (X)/NX,H .
Given any one-parameter subgroup λ : Gm → Aut0H (X) of Aut0H (X), we can
conjugate by some element of AutH (X) so that λ(Gm ) ≤ π −1 (TX,H ), where
π : Aut0H (X) → Aut0H (X)/NX,H
is the quotient map. Thus π −1 (TX,H ) is an abelian subgroup of AutoH (X), such that
any admissible Gm is conjugate to one in π −1 (TX,H ) via an element of AutoH (X).
This means that for any admissible one-parameter subgroup λ : Gm → AutH (X),
there is an automorphism α : X → X conjugating λ to µ : Gm → π −1 (TX,H ), along
which any linearisation L of the Ûλ action may be pulled back, so that α induces an
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isomorphism
X //L Ûλ ∼
= X //α∗ L Ûµ .
Finally, we observe that no admissible Gm can lie in NX,H : since the latter is contained
in the centre of Aut0H (X), any Gm it contained would commute with the H-action,
and hence have trivial conjugation action on U . This means that any admissible Gm
may, up to automorphism of the whole picture, be considered to be a subgroup of
TX,H .
We can now investigate the dependence on the choice of external Gm . Consider
the action of Ĥ on X × P1 , linearised so as to weight the P1 factor heavily, as in
Remark 3.3.2.3. We will show that, under certain circumstances, changing the oneparameter group Gm for the action of H o Gm on X may equivalently be viewed as
changing the linearisation for an action
(H o (Gm × Gm )) × (X × P1 × P1 ) → X × P1 × P1 .
We begin with a linearisation L 0 of the H action on X, with respect to an underlying
line bundle L0 . Let Tλ and Tµ be two copies of Gm equipped with actions on X and H,
admissible respectively for linearisations Lλ and Lµ of the actions of Ĥλ := HoTλ and
Ĥµ := H oTµ on X ×P1 , with respect to the same underlying bundle L = L0 OP1 (N ),
so that the induced linearisations for the H-action are the same. By the above we
may assume that both Gm ’s lie in TX,H and hence commute, so that we get an induced
action of their product on X. The goal is to produce an action of Tλ ×Tµ on P1 ×P1 and
two linearisations Lˆλ and Lˆµ for the resultant action of H o(Tλ ×Tµ ) on X ×P1 ×P1 ,
such that we have
(X × P1 × P1 ) //Lˆλ (H o (Tλ × Tµ )) ∼
= (X × P1 ) //Lλ Ĥλ ,

(3.1)

(X × P1 × P1 ) //Lˆµ (H o (Tλ × Tµ )) ∼
= (X × P1 ) //Lµ Ĥµ .

(3.2)

Having done this, it will only remain to explore the dependence of the quotient on
the choice of linearisation.
3.4.1.2 Proposition. Adopt the notation above. Then there are linearisations Lˆλ ,
Lˆµ of the action
(H × Tλ × Tµ ) × (X × P1 × P1 ) → (X × P1 × P1 )
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extending the respective linearisations on X ×P1 , giving isomorphisms (3.1) and (3.2).
Proof. Extend the actions of H oTλ and H oTµ to actions on X oP1λ oP1µ by declaring
that Tλ acts trivially on P1µ and vice-versa. We thus obtain two linearisations of the
action of H o (Tλ × Tµ ) with repect to the line bundle
L̂ := L  OP1λ (N )  OP1µ (N )
on X × P1λ × P1µ : one by tensoring Lλ with the pullback of the trivial linearisation on
OP1µ , and the other with the roles of λ and µ reversed. We tensor these together, and
call the result Lc.
Now consider the weight lattice of Tλ ×Tµ with respect to this linearisation. Using
a Segre embedding into a projective space X × P1λ × P1µ ,→ Ps , we find that for the
linearisation decribed above the weights are arranged in four clusters, each placed at
one of the four corners of a square. Each cluster is a small copy of the weights of X,
and the weights in it correspond to taking the coordinates of X in conjunction with
one of the four pairs yi zj for i, j = 0, 1, where (y, z) ∈ P1λ × P1µ . Let Lcλ be the twist
of Lc by the Tλ × Tµ -character (0, N + rλ − ε), and let Lcλ be the twist of Lc by the
character (N + rµ − ε, 0), where rλ and rµ are respectively the minimal weights on
Lλ and Lµ for their distinguished choices of Gm .
Consider the quotient with respect to Lˆλ ; the quotient with respect to Lˆµ works
in the same way. By Proposition 3.4.1.1, the internal quotient is independent of the
choice of 1PS used to form Û , so we may choose Û to be Ûλ = U o Tλ . Then Ûλ acts
trivially on the third factor, and by our choice of character the quotient is
(X × P1λ × P1µ ) //Lˆλ Ûλ ∼
= ((X × P1λ ) //Lλ Ûλ ) × P1µ .
We follow this by the residual reductive quotient by R × Tµ , which we may factor as
first a quotient by Tµ , then a quotient by R. We observe that the Tµ quotient is just
the first factor of the product, since the stable (and semistable) locus is
(((X × P1λ ) //Lλ Ûλ ) × P1µ )s,Tµ = ((X × P1λ ) //Lλ Ûλ ) × (A1µ \ {0}).
In addition, the induced linearisation of the R-action on this first factor is equal to
(a positive scalar multiplie of) the R-linearisation induced by Lλ . So we have
((X //Lλ Ûλ ) × (P1µ )) // (R × Tµ ) ∼
= (X //Lλ Ûλ ) // R ∼
= (X × P1 ) //Lλ Ĥλ .
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This gives us the isomorphism (3.1); the isomorphism (3.2) follows in the same way.

3.4.1.3 Corollary. Changing between two admissible external Gm ’s, for a fixed linearisation well adapted to both, is equivalent to a change of linearisation.

3.4.2 Change of linearisation
Continuing with our analysis, we now tackle the other half of the question. We continue to assume that we have semistability coincides with stability for the unipotent
radical. Fix an admissible one-parameter group Gm , internal or external, and consider
the space of linearisations well adapted to it. The following observation is immediate
from Theorem 3.3.1.6(3).
3.4.2.1 Proposition. Let L1 and L2 be two well adapted linearisations of the Haction on X, and suppose that their restrictions to a maximal torus T of H give the
same T -semistable locus. Then X H−ss (L1 ) = X H−ss (L2 ), and the quotients X //L1 H
and X //L2 H can be canonically identified.
This gives us part of the story: if we consider the structure of the space of linearisations for the action of the maximal torus T of H, and identify a linearisation of
the H-action with the linearisation of the T -action that it induces, then by Proposition 3.4.2.1, if two linearisations lie in the same chamber (or more generally are
GIT-equivalent for the action of T in the sense of Dolgachev & Hu), then they must
produce the same H-quotient. What we have not yet determined is how the quotient
may change when we cross a wall (or more generally move from one GIT-equivalence
class to another). We consider first the situation when H = Û .
3.4.2.2 Proposition. The quotient X //L Û is independent of the choice of ample
well adapted linearisation L.
Proof. Recall that the Û quotient admits a description as the geometric quotient of
X Û −s = X \ U (X \ X s−Gm )
by Û , where X Û −s is an open subscheme of X dependent only on the Û -action and
the stable locus for our chosen one parameter group λ : Gm → Û which grades U , and
any two choices for λ are conjugate in Û . It suffices to show that X s,Gm is independent
of the choice of linearisation L .
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One way to argue this is the following (compare Theorem 4.3 of [BB73] on the
Bialynicki-Birula stratification). The one-parameter subgroup λ : Gm → Û determines a map of sets p : X → X defined by
p(x) := lim λ(t)x ∈ X
t→0

taking each point to its limit under the flow given by the action of λ : Gm → Û , and
p(X) = X Gm is the fixed point set for the action of λ.
Let Z1 , . . . , Zn be the connected components of X Gm . By assumption X is irreducible, so Zmin is the union of those Zj for which p−1 (Zj ) is open in X, and
X s,Gm = p−1 (Zmin ) \ Zmin is independent of L .
In general, two different H-linearisations will induce different linearisations of the
residual R̄ := R/Gm action on X // Û , and hence the two H quotients for change
of linearisation will be related by a reductive VGIT picture applied to X // Û . This
allows us to recover, for fixed Gm , a wall-and-chamber structure to the space of well
adapted linearisations, namely that of reductive VGIT applied to the T -action, so
that two quotients are related by Thaddeus flips of X // Û .

3.4.3 When semistability does not coincide with stability
So far we have been considering the situation covered by Theorems 3.3.1.6 and 3.3.1.10
when we can construct quotients of the scheme X (or X × P1 in the external case)
without needing to do the blow-up process of Theorems 3.3.1.8 and 3.3.1.12. As
described in [BDHK16], this process begins by defining
0,Gm
d0 = max{dim StabU (x) | x ∈ Xmin
},

and then blowing up along the closure in X of
0,Gm
C0 = {x ∈ Xmin
| dim StabU (x) = d0 }.

Iteratively, one then sets X(0) = X and defines X(j) to be the blow-up along the
closure in X(j−1) of
0,Gm
Cj = {x ∈ Xmin
| dim StabU (x) = dj },
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where
m
dj = max{dim StabU (x) | x ∈ (Xj )0,G
min }.

This procedure is clearly dependent on the choice of Gm , as written. However, one
may describe it in a different way so that the results above will apply to these sorts
of quotients, too. Instead of blowing up along the loci described, we let
X0 =

[

0,Gm
Xmin
.

Gm ∈C

This is the set of points in X that are in the basin of attraction to the minimal
weight space for some admissible Gm . Then we can apply the procedure described in
0,Gm
[BDHK16] with Xmin
replaced by X 0 to achieve a ‘universal’ blow-up, X̌, that is not
dependent on any choice. For each admissible one-parameter group Gm in C, there
m
is an open subscheme of X̌ that is isomorphic to the open subset (X̂Gm )0,G
min ⊂ X̂Gm ,
where the latter is the space obtained from X by applying the procedure above using
0,Gm
Xmin
. All quotients obtained from the blow-up process using different choices of
Gm can be regarded as quotients of the ‘master space’ X̌ using different choices of
Gm , and hence the quotients are related as already described in the cases covered by
Theorems 3.3.1.6 and 3.3.1.10.

3.4.4 Summary of NRVGIT results
As we have seen, the main difference between the parameter spaces for reductive and
non-reductive GIT is the additional choice of a one-parameter group Gm . This can be
chosen from the admissible cone C ⊂ z, as defined at Definition 3.3.1.1, in the internal
case, or from a corresponding cone C = CX,H in the external case. Without loss of
generality we may assume that semistability coincides with stability for the unipotent
radical; if not we can work with the universal blow-up described in Section 3.4.3.
Having made a choice of one-parameter group Gm , we must choose a linearisation
well adapted to this choice.
3.4.4.1 Definition. Given a choice of admissible internal λ : Gm → H, let ∂λ ⊂ C
be the set of linearisations that are well adapted to λ. Let
[

∂=
λ

∂λ

admissible

be the set of linearisations that are well adapted for some admissible internal Gm .
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The set ∂λ is a suitably small open region along the boundary of the intersection of
C with a region bounded by several hyperplanes: one giving the negativity condition
for the minimal weight space for λ : Gm → H (which by Proposition 3.4.2.2 is the
same for all ample linearisations), and the others giving the positivity conditions for
the other weight spaces. In particular, ∂λ is the intersection with a convex set of an
open neighbourhood of its boundary in C. While this region evidently depends on
the choice of Gm , we can recover ∂ as the union of ∂λ for only finitely many λ.
We may summarise our results as follows.
3.4.4.2 Theorem. (Internal Case) Let X be a projective scheme, acted on by a
linear algebraic group H.
1) Suppose that condition (?) or (? ? ?) is satisfied. Then the quotient X //L H
is independent of the choice of admissible internal Gm , and may be formed
using any linearisation L ∈ ∂ which is well adapted to some admissible Gm .
Moreover if two linearisations are GIT-equivalent for the action of a maximal
torus T ≤ H then the associated quotients are isomorphic. Further, any two
quotients with respect to different linearisations, which are both well adapted for
the same one-parameter subgroup, are related by the usual reductive variation of
GIT picture induced via the Û quotient map for the relevant actions of R/Gm on
the quotient X // Û (where X // Û is independent of the choice of linearisation).
2) If we do not have (?) or (? ? ?), then there is a sequence of H-equivariant blow
f such
ups of X along closed H-invariant subvarieties resulting in a scheme X
that either (?) or (? ? ?) holds, as desired, and the results of the first two parts
of this Theorem apply.
Note in particular that there are only finitely many possible GIT quotients yielded
by the Û theorems with internal Gm , and we may move between any two of these
by a sequence of changes of linearisation, if necessary changing the Gm to maintain
well adaptedness (though without changing the quotient). We therefore interpolate
between any two H-quotients by a sequence of ‘vertical’ and ‘horizontal’ moves in
C × ∂, giving a sequence of points such that any two consecutive points have either
the linearisation or the one-parameter subgroup Gm in common.
3.4.4.3 Theorem. (External case) Let X be a projective scheme acted on by a
linear algebraic group H. Form the non-reductive GIT quotient
X /b/H = (X × P1 ) // Ĥ
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with respect to a choice of admissible external Gm ≤ Aut H and a well adapted ample
linearisation L by letting Ĥ = H o Gm act on X × P1 , linearised with respect to
L  OP1 (N ) for N  0.
1) There is an abelian subgroup π −1 (TX,H ) of Aut(X) such that any admissible
external Gm is GIT-equivalent to a one-parameter subgroup Gm of π −1 (TX,H ).
Furthermore external one-parameter groups Gm yield the same non-reductive
quotient X /̂/H for the same linearisation if they have the same minimal weight
space in X.
2) The dependence of the quotient X /̂/H on the linearisation can be described as
in the previous theorem.

3.4.5 Points and lines in P2
We conclude with a brief description of a concrete example, to illustrate these ideas
in practice. We consider configurations of points and lines in the projective plane
up to an action of a certain non-reductive subgroup of SL(3). We take V to be a
2-dimensional complex vector space, and let
X = P(V )p × P(V ∗ )q ,
so that a point of X corresponds to a choice of p points and q lines in the projective
plane.
Our first choice for the group in question is

H=


 a


0





b c


∈ SL(3) ,
d 0


0 0 f

and the unipotent radical and our chosen maximal torus are, respectively,

U=

T =


 1


0





b c


∈ SL(3)
1 0


0 0 1


 t


0





0
0 


∈ SL(3) .
s
0 


0 0 (st)−1
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Note that in this example H is just the semidirect product of a torus and the
unipotent part, so the torus is a quotient group and hence all its characters extend to
the whole group H. The action of H on X is that induced by the natural action on
V , and the dual action on V ∗ . Accordingly, the weight polytope is a scaled version
of the hexagon familiar from the study of the representation theory of SL(3). Take
p = 2, q = 1 for concreteness.
The admissible cone, shaded in blue, is larger than the standard positive Weyl
chamber in SL(3), because we do not have the full Borel subgroup, and so we only
need positivity with two roots (cf. [BDHK16] 7.1). The well adapted linearisations
correspond to the section of the boundary indicated in black. We observe also that for
this H there is a natural choice for the 1PS, given by the solid blue arrow: a universal
choice in the sense that any linearisation which is allowable for some admissible Gm
will be allowable for this one. It should be noted that this does not hold in general.
For example, if instead we impose also the additional condition that b = 0, so that
H is the semidirect product of Ga and the maximal torus, the admissible cone is
enlarged and there is no longer a universal choice of 1PS.
2α2 − α3
2α2 − α1
α2

2α1 − α3
α1

α3

2α1 − α2

2α3 − α1
2α3 − α2
Figure 3.1: Weight diagram and admissible cone for the action of H on (P2 )2 × (P2 )∗

Chapter 4
Moduli Spaces of Unstable Objects
We will now show that the results of the previous two chapters may be used to construct moduli spaces of unstable objects. Mathematically, this merely involves pulling
together the things we have said so far into an explicit overall strategy. Nevertheless
this chapter is the conceptual heart of the thesis, and forms the basis for what we
will say in Chapters 5 and 6, where we will see how this strategy will be carried out
in two major examples.
The set-up we will consider is as follows. Suppose we have set up some scheme X
with a G-action1 whose orbits correspond to isomorphism classes of whatever objects
we wish to construct a moduli space for. After a choice of linearisation, Mumford’s
Geometric Invariant Theory (or a non-reductive equivalent) gives us a quotient, in the
appropriate sense, of an open subset consisting of semistable points. From a certain
point of view, however, this is unsatisfactory. The moduli classification thus obtained
says nothing at all about those objects whose corresponding points were unstable,
and while there are good geometric reasons not to try to include these objects in
the same moduli space as the semistable ones, there is usually no good reason to
ignore them altogether. Rather than simply throw away the unstable points, a more
natural thing to do is to regard the classical quotient (that is, the moduli space of
semistable objects) as merely the first step in the solution of the moduli problem, in
the following way. Just as GIT tells us, in effect, which objects we can include in the
moduli space and still get a reasonable2 answer, it also tells us, via the instability
stratification, how we should divide the problem further in order to make sense of
the unstable part. Then we can try to find, for every instability index β ∈ B, a
1

We will assume for the moment that G is reductive, though, as we discussed in Remark 2.3.0.17,
we may also attempt this in the non-reductive case - and indeed, we will do so in Chapter 6.
2
Finite type, separated, projective &c ...

49

Chapter 4. Moduli Spaces of Unstable Objects

50

quotient of the stratum Sβ by the G-action. By Theorem 2.3.0.15, this is equivalent
to the problem of finding a quotient for the action of Pβ on Yβss . However, Pβ is
in general non-reductive. Hence, we will need to make use of the recent progress in
non-reductive GIT described in Chapter 3, and of the Û theorems of Section 3.3 in
particular. These theorems were proved with moduli of unstable objects very much in
mind, and for this reason they can readily be applied in this setting. To summarise,
the strategy is as follows:
I) Pose the given moduli problem as a GIT problem.3
II) Interpret the instability stratification associated to this GIT problem in an intrinsic way. That is: convert the purely geometric-invariant-theoretic notion
of instability type into a moduli-theoretic instability type, analogous to the
Harder-Narasimhan type in the case of sheaves, for the objects under consideration. This gives a discrete classification, analogous to fixing the Hilbert
polynomial or similar invariant.
III) Use non-reductive GIT to quotient the unstable strata, obtaining moduli spaces
of objects of fixed instability type. Depending on the particular problem, and
which of the Û Theorems we are led to use, this may be straightforward or somewhat challenging. In particular, we may have to further refine the instability
stratification using the blow up process described in Section 3.3.2.
The output of this is a moduli problem that has been split into (usually an infinite
number of) manageable pieces, each with its own moduli space. Each isomorphism
class of object (curve, sheaf &c) should appear in one, and only one, of these pieces.

4.1 Reductive quotients of the unstable strata
We begin by motivating the use the Û theorems in this setting, by illustrating what
happens if we try to quotient the unstable strata using reductive GIT. This was
the approach taken in [Hos11], before an adequate non-reductive GIT was available.
Recall that in the best setting for GIT we have a reductive group G acting on a
3

Of course, the sets of objects in which we are interested will usually come in unbounded families,
and in any given GIT-setup we will only see finitely many strata. So strictly speaking what we
really need is an infinite family of GIT problems that somehow approximate our moduli problems
asymptotically, so that we can work with an asymptotic instability stratification.
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projective scheme X with ample linearisation L , where the quotient morphism
X ss → X // G
is induced via the Proj functor by the inclusion of rings
M

H 0 (X, L ⊗r )G ,→

r≥0

M

H 0 (X, L ⊗r ).

r≥0

Outside of this setting, say when L is not ample or G is not reductive, we can still
consider the morphism of schemes resulting from this inclusion, but this will not
necessarily coincide with the usual GIT quotient in the sense of Mumford. Moroever,
if the invariants are not finitely generated, the scheme obtained thereby will not be of
finite type. A more tractable quotient may be obtained, following [Hos11], by taking
a finitely generated subalgebra
R⊆

M

H 0 (X, L ⊗r )G

r≥0

and then defining the ‘generalised GIT quotient’ to be the variety
X //L ,R G := Proj R.
This comes equipped with a natural rational map from the scheme X, defined by the
corresponding inclusion of subrings.
Let Y β be the closure of Yβ inside the ambient projective space, and define
Ŝβ = G ×Pβ Y β .
In [Hos11], Hoskins constructs a linearisation on Ŝβ , which is also denoted by Lβ and
also called the canonical linearisation (cf. Definition 2.3.0.11). This has the property
that there are isomorphisms of algebras
M
n≥0

G ∼
H 0 (Ŝβ , L⊗n
β ) =

M
n≥0

Pβ ∼
H 0 (Y β , L⊗n
=
β )

M

Stabβ
H 0 (Zβ , L⊗n
.
β )

n≥0

By the reductivity of Stabβ, we know that the invariant sections on Ŝβ are finitely
generated. The canonical linearisation on Ŝβ is therefore particularly amenable to
the strategy of ‘generalised GIT’– we can take R to be, in each case, the whole
subalgebra of invariants. (Let us abuse notation and denote them all by R, since they
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are isomorphic.) On the other hand, this linearisation has the drawback that it is not
usually ample.4 At the heart of the problem lies the fact that Pβ is not reductive,
and in attempting to get by without using non-reductive GIT we have been forced to
consider non-ample linearisations, which we know do not behave well. The result of
this approach is summarised as follows.
4.1.0.1 Theorem. ([Hos11], 2.2)
1) The semistable locus for the Pβ -action on Y β is Yβss , and we have isomorphisms
of generalised GIT quotients
Ŝβ //(Lβ ,R) G ∼
= Y β //(Lβ ,R) Pβ ∼
= Zβ //Lβ Stabβ.
2) The quotient map
Yβss → Y β //(Lβ ,R) Pβ
factors through the morphism pβ : Yβ → Zβ .
3) The morphism Sβ → Y β //(Lβ ,R) Pβ is a categorical quotient for the action of G
on Sβ .
The first point tells us the good news: in taking a quotient with respect to the
canonical linearisation on Sβ we can essentially treat the problem as if it were classical
GIT. That is, the quotient we are looking for is equivalent to a quotient of the action
of the reductive group Stabβ on Zβ with respect to the ample canonical linearisation.
However, the second point shows that each point of Yβss is identified in the quotient
with its image under the retraction pβ : Yβ → Zβ . This is generally undesirable, and
leads to GIT quotients being of much smaller dimension than they ought to be.
For example, in the setting of moduli of unstable sheaves, this results in a sheaf
being identified with the associated graded of its Harder-Narasimhan filtration; this
means that the moduli spaces of unstable sheaves constructed in this way would be
isomorphic to products of moduli spaces of semistable sheaves, with no information
about the extensions that glue them together; this is plainly not satisfactory. A more
straightforward illustration, where the moduli spaces resulting from this method of
construction are just points, is given in the example below, and we will see in Section
4.1.1 how we can use non-reductive GIT to improve on this.
If we are to find a quotient morphism that does not factor through pβ , we must
somehow make Zβ unstable, otherwise we will have the problem that too many orbit
4

See [Hos11], Example 2.2.5
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closures meet there. Hence, as suggested in [Hos11], a good approach would be to
perturb the canonical linearisation, thus splitting each stratum into two pieces: a
piece corresponding to Zβ , whose associated moduli space is the reductive quotient
by Stab β above, and the rest,5 which we will quotient using non-reductive GIT with
respect to this perturbation of the canonical linearisation on Y β . The problem arises,
however, that perturbing the linearisation may potentially destroy the resemblance
to a classical GIT problem noted in the theorem above, and creates a need for the
methods of non-reductive GIT.

4.1.1 Toy Example: unordered points on P1
Our aim here is to illustrate ideas by means of an elementary example from classical
GIT, namely the moduli space of unordered points on the projective line up to automorphisms of the line. We proceed as follows, which provides an outline for how
such problems would be tackled in general.
1) The first step is to apply the results of the first chapter. We choose a maximal
torus T ⊂ G and find the weights of the action of T . Using the Hilbert-Mumford
function we find the semistable locus.
2) Next we find the indexing set B for the stratification, and for each β ∈ B the
sets Zβ and Yβ , together with the 1PS λβ and the parabolic subgroup Pβ .
3) We can then identify Sβ as the G-sweep of Yβss , giving us the stratification. By
the isomorphism
Sβ ∼
= Yβss ×Pβ G,
a quotient of a given stratum Sβ by the G-action is equivalent to a quotient of
the corresponding Yβ by the parabolic Pβ .
4) We demonstrate the approach of [Hos11] in twisting the linearisation on Zβ by
the character −β to produce the canonical linearisation, and show that this has
undesirable effects. This illustrates the need for a perturbation of the canonical
linearisation.
From now until Section 4.2, we consider G := SL(2) and the natural action on
X := Symn (P1 ) ∼
= Pn .
5

0
This will be Yβss \ Uβ Zβss ; compare to Xmin
\ U Zmin in Section 3.3.
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This admits the following description: consider X as the space of degree n homogeneous forms F (X, Y ) on P1 , with the zeros of the form giving the choice of points.
This comes equipped with the action of G induced by the dual action on P1 . That is,
g · F (X, Y ) = F (g −1 · (X, Y )).
The linearisation L is that induced from the standard O(1)-linearisation on P1 . Our
chosen maximal torus T is identified with Gm via the isomorphism
T → Gm




t 0 

7−→ t,
0 t−1
acting on X diagonally with respect to our chosen coordinates:
t · X i Y n−i = tn−2i X i Y n−i .
The weights of T are
{αi := n − 2i ∈ Z | i = 0, ...n}.
We observe that if more than half of the points are at zero, there will be no
negative weight, and if more that half are at infinity, there will be no positive weight.
We therefore find that the first level of our stratification, the G-semistable locus, is:
S0 = X ss = {x ∈ X | not more than half of the n points coincide anywhere}.
We choose the positive Weyl chamber t+ ∼
= R≥0 , and so the indexing set is:
n
<i≤n .
2
Immediately from the definition we compute that the parabolics and stabilisers are
the same for every member of the indexing set, so that for all i we have:
 



B = 0 ∪ 2i − n |

Pn−2i = P :=









a b 

| a ∈ C∗ , b ∈ C
0 a−1

Stab(n − 2i) = T.
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The Zβ ’s each consist of a Stabβ-invariant single point:
Zn−2i = {x ∈ X | Exactly i of the points are at ∞ and the rest are at 0},
and we find:
Yn−2i = {x ∈ X | Exactly i of the points are at ∞},
which we can check directly is P -invariant. Now we consider the shifted linearisation
Lβ on a specific stratum, as used in [Hos11]. For a fixed i we have the T -character
χn−2i : T → Gm




t 0 

7−→ tn−2i
0 t−1
and we define Ln−2i to be the linearisation of the G-action given by twisting L by
χn−2i . The semistable locus of Zβ with respect to Ln−2i is
ss
Zn−2i
= Zn−2i = {pt}

since the weight of the Stab(n − 2i) = T action on the fibre over the single point is
now zero. Hence also, for each βi = (n − 2i) ∈ B, we have
ss
Yn−2i
= Yn−2i .

Taking the projective closure yields:
Y n−2i = {x ∈ X | At least i of the points are at ∞} ∼
= Pn−i ,
ss
so, taking the G-sweep of the Yn−2i
, the stratification is:

Sn−2i = {x ∈ X | Exactly i of the points coincide.}
Recall that the quotient morphism for each β-stratum factors through the retraction
ρ : Yβss → Zβss .
Hence we see that following the method in [Hos11], the generalised GIT quotient of
each stratum is just a point. Clearly, this is not a satisfactory quotient. We will

Chapter 4. Moduli Spaces of Unstable Objects

56

return to this example later, and apply some of the results of Non-reductive GIT to
see if the situation can be improved.

4.2 Quotients using Non-Reductive GIT
Let us now show that we can get satisfactory quotients of the unstable strata by
means of the Û theorems. Let G be a reductive group acting on a projective scheme
X with respect to an ample linearisation L , so that as in Section 2.3, associated to
a choice of norm || · || on Lie G there is an instability stratification
X=

G

Sβ .

β∈B

First, we verify that the non-reductive group Pβ has graded unipotent radical.
4.2.0.1 Lemma. The parabolic subgroup Pβ = Uβ o Lβ has graded unipotent radical
Uβ , where the grading Gm is given by the central 1-PS λβ : Gm → Lβ .
Proof. By definition Pβ = P (λβ ) as in 2.3. It follows that the weights of the conjugation action of λβ (Gm ) on Lie Pβ are non-negative and are precisely zero on the Levi
factor Lβ . Hence, all the weights of λβ (Gm ) on Lie Uβ are strictly positive.
In order to apply the Û theorems to the Pβ -action on Yβss , we first need to compactify Yβss . Let Yβ denote the closure of the locally closed subscheme Yβ ⊂ X. We
recall that we gave explicit descriptions of Yβ and Zβ at Section 2.3 in terms of torus
weights.
4.2.0.2 Proposition. Let β ∈ B be a non-zero index of an instability stratum Sβ ⊂
Y . For the Pβ -action on Yβ with respect to the linearisation L and the grading given
by λβ : Gm → Lβ we have
Z(Yβ )min = Zβ

and

(Yβ )0min = Yβ .

Moreover, for  ∈ Q>0 sufficiently small, the twisted linearisation L χ−(1+)β is adapted
for the graded unipotent group Ubβ = Uβ oλβ Gm .
Proof. Since for a G-equivariant closed immersion i : X ,→ Pn such that L =
i∗ OPn (1), we have Z(Y )min = X ×Pn Z(Pn )min and similarly for the instability strata,
it suffices to prove that Z(Yβ )min = Zβ when X = Pn and L = OPn (1). We can
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choose a maximal torus T containing λβ (Gm ) and coordinates on Pn such that the
action of the fixed maximal torus T ⊂ G is given by
t 7→ diag(α0 (t), . . . , αn (t))
for characters αi : T → Gm . Recall that we identify characters and co-characters
of T via our invariant inner product on t. The weights of the λβ (Gm )-action on
αi ·β
H 0 (Pn , OPn (1))∗ are given by the projections ||β||
2 β of the T -weights αi ∈ t to the line
spanned by β ∈ t . Thus to determine the minimum λβ (Gm )-weight ωmin , we want
to minimise αi · β over all weights αi of points in Yβ . As β ∈ B, we have Zβ 6= ∅
and so from the descriptions of Yβ and Zβ we see that there is a point in Zβ with
at least one T -weight αi satisfying αi · β = ||β||2 . The weights αj of points in Yβ all
satisfy αj · β ≥ ||β||2 . Hence, the minimal λβ (Gm )-weight corresponds to β ∈ t and
by definition Z(Yβ )min ⊂ X Gm is the minimal λβ (Gm )-weight space (cf. Definition
3.3.1.3). That is,
Z(Yβ )min = {[p0 : · · · : pn ] : pi = 0 if αi · β 6= ||β||2 },
which is equal to Zβ . From the weight description of Yβ , we see that Yβ is the open
subscheme of Yβ consisting of points y such that limt→0 λβ (t)·y ∈ Zβ , and so it follows
that (Yβ )0min = Yβ . We note that if we twist L by any scalar multiple of the character
corresponding to β, then the subsets (Yβ )0min and Z(Yβ )min remain unchanged.
For the final statement, we recall that the (rational) character
χ−(1+)β : Pβ → Gm
merely shifts the λβ (Gm ) weights by −(1 + )||β||. In order for the Ubβ -action with
respect to this twisted linearisation to be adapted, we need the origin to separate the
minimal weight from all the other weights. Since the minimum weight for the original
linearisation L corresponds to β, we need to shift this weight just beyond the origin,
so that this weight is negative and all the other weights are positive. This is achieved
by taking  ∈ Q>0 sufficiently small.
4.2.0.3 Definition. We fix  ∈ Q sufficiently small as above, so the perturbation
Lβper := L χ−(1+)β
of the canonical linearisation Lβ on Yβ is adapted for the Ubβ -action.
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4.2.1 When we have condition (?)
Having established that the unipotent radical is graded and we can find a well-adapted
linearisation, we now know that some version of the Û theorems will apply, and we
will be able to obtain geometric quotients by the Û action of suitable open subsets
of X. These can then be followed up by quotients by the residual reductive action of
the Levi subgroup Lβ , yielding categorical quasi-projective quotients of open subsets
of X by Pβ . Whether these quotients are in fact geometric, or projective, will depend
on whether we have ‘semistability coincides with stability’6 for Û and the action of
Lβ , the former determining which version of the Û theorem we are required to use.
Let us consider the simplest case, in which we have condition (?).
4.2.1.1 Theorem. With the notation and assumptions of Proposition 4.2.0.2, suppose additionally that the Ubβ -action on Yβ with respect to the adapted linearisation
Lβper satisfies condition (?). Then the following statements hold.
i) Yβ

bβ −s
U

b −s
U
= Yβ − Uβ Zβ admits a geometric and projective Ubβ -quotient Yβ β /Ubβ .
P −ss

ii) We have Y β β

= Yβss −Uβ Zβss , which admits a good and projective Pβ -quotient.

iii) Uβ Zβ ⊂ Yβ is a closed subscheme and the map pβ : Uβ Zβ → Zβ is a geometric
Ubβ -quotient. The reductive quotient Zβ // Lβ is a good Pβ -quotient of Uβ Zβss .
Proof. The first statement follows directly from Theorem 3.3.1.6 and Proposition
4.2.0.2. For the second statement, we need to determine the semistable locus for the
action of the reductive group Lβ := Lβ /λβ (Gm ) on Zβ with respect to the perturbed
linearisation Lβper , as
P −ss

Y ββ

= {y ∈ Yβ

bβ −s
U

L −ss

| pβ (y) ∈ Zβ β

(Lβper )}.

We claim that
L −ss

Zβ β

L −ss

(Lβper ) = Zβ β

L −ss

(Lβ ) = Zβ β

(Lβ ) = Zβss .

(4.1)

We can calculate these semistable loci for the actions of Lβ and Lβ from their torus
weights using the Hilbert–Mumford criterion. Let T ⊂ Lβ be a maximal torus containing λβ (Gm ) and write T := T /λβ (Gm ). As always, we will use the norm || − ||
to identify characters and co-characters and consider them both to lie in t := Lie T .
6

In the case of Û , this is meant in the sense of (?) and its variants.
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If α1 , . . . , αr ∈ t := Lie T denote the T -weights on Zβ with respect to the original
linearisation L ; then αi − β (resp. αi − (1 + )β) for 1 ≤ i ≤ r denote the T -weights
for the canonical linearisation Lβ (resp. the perturbed linearisation Lβper ). We recall
that the 1-PS λβ corresponds to the ray through β, thus to obtain the T -weights
from the T -weights we project these weights onto the perpendicular hyperplane to
the ray through β; this hyperplane corresponds to t := Lie T . Under this projection, both β and (1 + )β are sent to the origin; this explains the first equality in
(4.1). The second equality follows, as all points in Zβ have T -weights lying on the
perpendicular hyperplane through β, by the weight decription of Zβ , and the final
equality follows by definition. Therefore, the claim holds and consequently we obtain
P −ss
that Yβ β
= Yβss − U Zβss and this has a good and projective quotient by Theorem
3.3.1.6. The final statement follows from Theorem 4.2.0.2 in addition to the universal
property of categorical quotients.
4.2.1.2 Remark.
1) As Zβ is unstable for the λβ (Gm )-action on Yβ linearised by Lβper , we see that a
semistable point y ∈ Yβ cannot be identified with its limiting flow pβ (y) ∈ Zβ ,
which thus avoids the collapsing described in Section 4.2.2.
2) Even if condition (?) does not hold, then one can construct a quotient of the
Pβ -action on an open subset of Y β by performing a sequence of blow-ups as in
3.3. We will see an example of this in Chapter 5. In particular, we note that the
proof above used only the Hilbert-Mumford criterion, so similar statements are
valid in any setting where it can be shown that such a criterion determines the
stable and semistable loci. This process is described in detail in the appendix.

4.2.2 Toy Example revisited
Let us return to the example of Section 4.1.1.
4.2.2.1 Remark. The caculation of the semistable locus for a parabolic action on
X = Symm (P1 )
is done in detail in [Haw15], using the technique of reductive envelopes described
above. Hawes considers linearisations of the form
Lk,r,N = (OX (k) ⊗ Oχ )  OP2 (N ),
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i.e. the natural OX (k)-linearisation twisted by the character χr of SL(2) and tensored
with OP2 (N ), for some N  0. Our situation in this section corresponds to his in the
case
m=n−i
k=1
r = (1 + ε)(2i − n)
but we will use the Û theorem to determine the semistable and stable loci.
Recall that Pβ = P was the same for every level of the stratification. Indeed, our
parabolic is just the Borel subgroup of SL(2), i.e.
P =


 a

 0





a


b 
∗
∼
|
a
∈
C
,
b
∈
C
= Ga o Gm .
−1


Hence we can apply the Û theorem to find quotients:
Sβ // G ∼
= Yβ // P
once we have verified its hypotheses. The subgroup P fixes the point ∞ ∈ P1 , so P
ss
∼ n−i and the action is the natural
acts on Y ss
n−2i as stated above. Indeed, Y n−2i = P
one, so it extends to an SL(2)-action on each Pn−i . Now take




0 v
V =
∈ Lie(Ga ) ∼
=C
0 0




λ 0 
.
gλ = 
0 λ−1
The adjoint action of Gm on the Lie algebra of Ga is via


gλ · X · gλ−1





−1

λ 0  0 v  λ 0 
=
0 λ−1
0 0
0 λ−1





0 λ2 v 
=
.
0 0

So the Gm in the Levy decomposition of P acts on the Lie algebra Lie(Ga ) of the Ga
with sole weight 2 > 0.
Now we turn to to weights of the Gm -action from our linearisation. We began with
the linearisation L , with respect to which the weights on Y n−2i are {(2i − n), ...n}.
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To make the Û theorem apply, we twist by the rational character associated to
(1 + ε)(n − 2i),
where ε > 0 is a small rational number. All of this is just a specific instance of
Proposition 4.2.0.2.
It remain to verify the final hypothesis, to determine whether (?) holds. The
Gm -action is just multiplication on the affine points and fixes the point at infinity, so
(Y ss
n−2i )Gm = {all points are at either infinity or zero}
The lowest weight for Y ss
n−2i corresponds to every point being at 0, so that
Z(Y ss
n−2i )min = Zn−2i
and it suffices to note that no point of Zn−2i is fixed under the translating action of
the Ga , unless i = n and we are considering the case where all points coincide at ∞.
This Yβ corresponds to the Sβ stratum where all points coincide, and it is clear in this
case that the quotient ought to be a point. At all other levels of the stratification,
the hypotheses are verified and we can apply the Theorem 3.3.1.6.
The theorem tells us that the (semi)stable locus with respect to our peturbed
linearisation is
(Y n−2i )ss = (Y n−2i )min \ (Ga · Zn−2i ).
Now we recognise the Ga -sweep of Zn−2i as being the locus where i points are at ∞
and the remaining points are affine and all coincide somewhere. So:
(Y n−2i )ss = (Y n−2i )s = {Exactly i points at ∞, the remaining points don’t all coincide}.
Since Theorem 3.3.1.6 gives us a geometric quotient of this locus, we see that using
non-reductive GIT gives a far better answer than the methods of Section .

4.2.3 Comparison of the two applications
The remainder of this thesis will comprise an attempt to apply the methods discussed
above to two important moduli problems, both with well-known reductive GIT formulations: the moduli of semistable coherent sheaves on a projective scheme, and the
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moduli of stable curves. Though we have grouped them under the same umbrella,
carrying out the above in practice turns out to pose very different challenges.
For sheaves, an intrinsic measure of stability has long been known: the HarderNarasimhan type, which records the Hilbert polynomials of the subquotients in the
Harder-Narasimhan filtration, is the obvious candidate. The task, then, was to show
that this type coincided, or could be made to coincide, with the instability type in
some GIT formulation of the problem; this was completed by Hoskins and Kirwan in
[HK12]. On the other hand, for curves there is a priori no precise idea of what information the instability stratification should contain. The instability of a curve may be
said in a certain sense to be caused by its singularities, and so one would expect the
instability type to record certain discrete invariants associated to those, and hence
for Kempf one parameter subgroup to be one that best ‘picks out’ the singularities.
The search for exactly what discrete data the instability type of a curve should record
leads us to the notion of Rosenlicht-Serre type, which we discuss further in Chapter 6.
For the second part of the task, the situation is reversed. For sheaves the task of
actually performing the quotients is non-trivial, even with the Û theorem, while for
curves (once one has the right set-up) it is relatively easy. This difference comes down
to the presence or absence in the unipotent radical Uβ ≤ Pβ of non-trivial stabilisers
of points in Yβ . In order to know which of the Û theorems we may use, and hence
how straightforward the quotient process will be, we must ask whether the points
corresponding to generic sheaves, or generic curves, have such stabilisers in the relevant parameter space; this question, in turn may ultimately be interpreted as asking:
do the objects those points represent have unipotent automorphisms? It turns out
that the answers are ‘almost always’ (for sheaves: Section 5.3), and ‘almost never’
(for curves: [Pop78]).

Chapter 5
Moduli Spaces of Sheaves of Fixed
Harder-Narasimhan type
Here we present the paradigmatic application of the approach to moduli problems
outlined in the previous chapters. The problem in question is that of classifying,
i.e. constructing moduli spaces for, coherent sheaves over a projective base scheme.
Being the more modern descendant of the moduli of holomorphic vector bundles on
a smooth projective curve, classical approaches to this problem have so far proceeded
along natural generalisations of this special case. That is, by imposing a stability
condition for sheaves analogous to the slope condition on sub-bundles originally used
for vector bundles on a curve, and constructing, via reductive GIT, coarse moduli
spaces classifying (semi)stable coherent sheaves. The reductive GIT construction we
will consider, which gives rise to the instability stratification to which we will apply
the results of previous chapters, is the well-known one due to Simpson [Sim94], valid
for any projective base scheme. This generalises that of Maruyama [Mar77, Mar78]
which works for torsion free sheaves on integral smooth projective schemes.
Simpson constructs the moduli space of semistable sheaves as the quotient by a special
linear group of a certain subscheme of a Quot scheme. The instability stratification
associated to this GIT set-up was studied by Hoskins and Kirwan in [HK12], who
compared it to another stratification of the same space, by Harder-Narsimhan type.
Since both stratifications may be said to measure the failure of a coherent sheaf to
be semistable, one might hope that they match up somehow, and indeed they do:
Hoskins and Kirwan demonstrated that each Harder-Narasimhan stratum is, in an
appropriate sense, a closed subscheme of an instability stratum. The tools necessary
to quotient these unstable strata, and hence construct moduli spaces of sheaves of
63

Chapter 5. Moduli Spaces of Sheaves of Fixed Harder-Narasimhan type

64

fixed Harder-Narasimhan type, were presented in Section 3.3 and Chapter 4, and
here we will use them to carry out this work. However, there is a sense in which
this is not a very well behaved example: we have condition (?) only in very special
cases. Consequently, we will need the full force of Theorem 3.3.1.12. The natural
way to implement this from a moduli point of view is to introduce a refinement of
the Harder-Narasimhan stratification, thereby obtaining moduli of semistable sheaves
of fixed refined Harder-Narasimhan type. We will complete this task in the case of
Harder-Narasimhan length ` = 2, and offer some results towards a construction in
the case ` = 3.

5.1 Moduli Spaces of Semistable Sheaves
Let X be a complex projective scheme with a fixed ample line bundle OX (1), and
suppose one wishes to study the moduli of coherent sheaves on X up to isomorphism.
For a coherent sheaf F on X, we let P (F) ∈ Q[t] denote the Hilbert polynomial of F
with respect to OX (1). As the Hilbert polynomial of such a sheaf is locally constant
in flat families, it is natural to fix this discrete invariant. Hence, we fix P ∈ Q[t], and
from now on, unless specified otherwise, all coherent sheaves will have this Hilbert
polynomial.

5.1.1 Simpson’s construction
The starting point of our work is Simpson’s construction of the classical moduli space,
which classifies semistable coherent sheaves with Hilbert polynomial P over X, given
in [Sim94]: this is the reductive GIT set-up whose instability-strata we will quotient
using Non-Reductive GIT, as outlined in Chapter 4 above. We will give a brief
summary of Simpson’s construction here, beginning by giving the stability condition.
First, define a partial ordering 4 on Q[t] by
P 4 Q ⇐⇒

Q(n)
P (n)
≤
P (m)
Q(m)

for m >> n >> 0,

and similarly define a strict partial order ≺ by replacing ≤ with <.
5.1.1.1 Definition. We say F is semistable if for all non-zero subsheaves F 0 ⊂ F,
we have P (F 0 ) 4 P (F).
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Every semistable sheaf has a Jordan-Hölder filtration: that is, a filtration
0 ⊂ F1 ⊂ · · · ⊂ . . . Fr = F

such that every successive subquotient FiFi−1 is stable and, placing F and FiFi−1
on either side of the above inequality, we have equality. This filtration, unlike the
Harder-Narasimhan filtration we will consider later, is not canonical. However, its
associated graded sheaf is determined up to isomorphism by F.
5.1.1.2 Definition. We say two semistable sheaves are S-equivalent if the associated
graded sheaves from their Jordan-Hölder filtrations are isomorphic.
5.1.1.3 Remark. The moduli-theoretic motivation for this definition is as follows.
If a semistable sheaf F can be expressed as an extension
0 → F1 → F → F2 → 0
of two other sheaves, F1 , F2 also semistable, then once can construct a family F
(parameterised, for example by a suitable line in Ext1 (F2 , F1 )) of sheaves over A1 ,
such that for t 6= 0 we have Ft ∼
= F, and for t = 0 we have F0 ∼
= F1 ⊕ F2 . This is
an example of so-called jump phenomena, and shows us that any separated moduli
space including all semistable sheaves must identify F and F1 ⊕ F2 . In particular, it
shows that any such moduli space must identify all sheaves in the same S-equivalence
class.
5.1.1.4 Remark. The definition of semistability above is due to Rudakov [Rud97],
and is equivalent to the notion of Gieseker-semistability used by Simpson. In particular, to be semistable it is necessary that a sheaf be pure; that is, the dimensions
of the supports of all nonzero subsheaves must be equal. Hence, if X is a smooth
projective curve, the above is also equivalent to the notion of slope semistability for
vector bundles on a curve. Our reason for using this formulation of semistability is
that it allows us to assign Harder-Narasimhan filtrations to any coherent sheaf, not
just the pure ones that would be allowed under Gieseker’s definition.
Next, we must find the right parameter space and group action. Here we run
up against the first obstacle to posing moduli of coherent sheaves as a single GIT
problem: that of boundedness, that is, putting all objects of interest into a single
family over a scheme of finite type. There is no such family of all coherent sheaves (of

Chapter 5. Moduli Spaces of Sheaves of Fixed Harder-Narasimhan type

66

fixed Hilbert polynomial), even in very simple cases.1 Later we will get around this
problem essentially by focusing, at any given time, on at most finitely many HarderNarasimhan types. A special case of this, found in the construction of Simpson,
is to look only at semistable sheaves (i.e. those whose Harder-Narasimhan type is
just given by P ). For these sheaves, one can find a parameter scheme essentially
by reducing the problem to linear algebra, in the following way. By the Le Potier
estimates ([Sim94] Theorem 1.1), the family of semistable sheaves over X with Hilbert
polynomial P is bounded. Hence, for n  0, all such sheaves are n-regular in the
sense of Castelnuovo-Mumford ([Mum66] Lecture 14). Recall that, defining
F(n) := F ⊗ OX (n),
a coherent sheaf F on X is said to be n-regular if we have
H i (X, F(m − i)) = 0 for all i > 0.
As observed by Mumford (loc. cit.), n-regularity implies that
(i) The sheaf F(n) is generated by global sections, so that the evaluation map
H 0 (F(n)) ⊗ OX (−n) → F
is surjective, by right exactness of tensor product;
(ii) All the higher cohomology groups of F(n), H i (F(n)) for i > 0, vanish, and so
dim H 0 (F(n)) = P (F, n).
This means that, if we fix a complex vector space V of dimension P (n), and are
prepared to make a choice of isomorphism H 0 (F(n)) ' V , we can instantiate any
n-regular sheaf F with Hilbert polynomial P as the image of a quotient map
q : V ⊗ OX (−n) → F.
Hence we can associate to any such sheaf a closed point in the Quot scheme
Quotn := Quot(V ⊗ OX (−n), P ).
This can be seen by thinking about the vector bundles O(a) ⊕ O(−a) on P1 : all of these are
rank two and degree zero, but clearly there is no single n that will make them all n-regular.
1
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This scheme, first constructed by Grothendieck2 , is a generalisation of the Grassmannian, parameterising quotient sheaves of V ⊗ OX (−n) with Hilbert polynomial P .
By a quotient sheaf we mean nothing more than an equivalence class of surjections
q : V ⊗ OX (−n) → F. Two such maps qi : V ⊗ OX (−n) → Fi , i = 1, 2, are regarded as equivalent, and hence correspond to the same point in the Quot scheme, if
they have the same kernel; or, equivalently, if there exists an isomorphism of sheaves
ϕ : F1 → F2 making the below diagram commute:
V ⊗ OX (−n)

V ⊗ OX (−n)

q1

(5.1)

q2
ϕ

F1

F2 .

The points associated to n-regular sheaves will all lie in the open subscheme
Q = Qn ⊂ Quotn
defined to be that locus of quotient q : V ⊗ OX (−n) → F such that H 0 (q(n)) is an
isomorphism.
The point of Q associated to a sheaf is not canonical: it depends on the choice
of isomorphism H 0 (F(n)) ' V above. In other words, a point of the Quot scheme
corresponds to a sheaf F, together with a choice of basis of H 0 (F(n))3 . This gives rise
to a natural action of GL(V ) on Quotn , induced by the action on V , which preserves
Q. For
[q : V ⊗ OX (−n) → F] ∈ Quotn
and g ∈ SL(V ), we define g · [q] to be the quotient map given by the composition
V ⊗ OX (−n)

g −1 ⊗id

V ⊗ OX (−n)

q

F.

We note the following properties of this action on Q, which will be important in
what follows.
5.1.1.5 Proposition. ([HL10], 4.3.2)
1) Orbits of closed points of Q under the GL(V )-action correspond to isomorphism
classes of sheaves.
2

See [FGI+ 05] for a very readable account.
In an attempt to avoid cumbersome language, we will occasionally speak of the sheaf corresponding to a point on the Quot scheme. By this we mean the image sheaf of the corresponding
map, up to isomorphism.
3
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2) For a point [q] ∈ Q corresponding to a globally generated sheaf F, there is an
isomorphism StabGL(V ) (q) ∼
= Aut(F).
Proof. The first statement is evident from the discussion above. For the second
statement we note that any automorphism ϕ : F → F is determined by the map of
vector spaces
H 0 (ϕ(n)) : H 0 (F(n)) → H 0 (F(n)).
Conversely, the isomorphism H 0 (q(n)) : V → H 0 (F(n)) coming from the point q ∈ Q
allows us to view an element of g ∈ GL(V ) as an isomorphism
H 0 (q(n)) ◦ g ◦ H 0 (q(n))−1 : H 0 (F(n)) → H 0 (F(n)).
By the definition of equivalence of points in the Quot scheme given by diagram (5.1)
above, this isomorphism of twisted global sections induces an isomorphism of F if
and only if g ∈ Stab(q).
5.1.1.6 Remark.
1) From the above proposition, it is clear that the centre Z(GL(V )) of GL(V )
acts trivially, and so in our GIT set-up we will pass to considering an action
of SL(V ). Up to replacing the linearisation with a tensor power, which we
are certainly prepared to do, this is equivalent to considering the action of
GL(V )/Z(GL(V )) = PGL(V ). See [HL10] 4.3 for more discussion of this.
2) The above properties may be interpreted stack-theoretically, as saying that
we have a presentation of CohX,P , the stack of coherent sheaves on X with
Hilbert Polynomial P , as an infinite increasing union of quotient stacks. For
this of course it is necessary that we work with GL(V ), since we must record
all automorphisms of the sheaves, including the C∗ common to all.
The final ingredient necessary to turn this set-up into a reductive GIT problem
is a linearisation. Take m > n and write H := H 0 (OX (m − n)), following [Hos11].
Now, tensoring with OX (m) and taking global sections gives a map
Quotn → Gr(V ⊗ H, P (m))
to the Grassmannian of P (m)-dimensional vector space quotients
V ⊗ H → W.
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This map is given by
[q : V ⊗ OX (−n) → F] 7−→ [V ⊗ H  H 0 (F(m))].
Furthermore, because Ker(q) will be m-regular for m large enough, if we take m 
n  0, this map is an embedding ([HL10], 2.2.4). Following this up with the usual
Plücker embedding of the Grassmannian
Gr(V ⊗ H, P (m)) ,→ P

(m)
 P^

(V ⊗ H)∗



we obtain an equivariant embedding of Quotn , and hence Q, into projective space.
Denote by Q the closure of Q in this projective space. Since Quotn is projective
([FGI+ 05]), we have Q ⊂ Quotn . Let us denote by Lm,n the very ample line bundle
on Quotn obtained from this embedding.
We are now in the best setting for reductive GIT: we have a projective scheme Q
carrying an action of a reductive G, and the very ample line bundle corresponding to
this embedding has a natural linearisation of the G-action. This is the set-up that
Simpson uses to prove the following theorem.
5.1.1.7 Theorem. [Sim94] Let X be a projective scheme, and fix a Hilbert Polynomial P ∈ Q[t]. Then
1) If m  n  0, the semistable locus for the GIT problem above is
Qss = {[q : V ⊗OX (−n) → F] ∈ Q | F is a semistable sheaf in the sense of 5.1.1.1}.
Similarly, the GIT stable locus consists of those points of Q corresponding to
stable sheaves.
2) The GIT quotient MP,ss := Q //Lm,n G is a coarse moduli space for S-equivalence
classes of semistable coherent sheaves on X with Hilbert polynomial P .
This moduli space, the natural successor to the moduli space of semistable vector
bundles on a smooth curve, is by now a central object in algebraic geometry, and is
very well studied from many different perspectives. From our point of view, however,
it is just a starting point. Our goal is to extend the classification of coherent sheaves
on X to include the unstable ones as well, so that Simpson’s moduli space may be
thought of as a special case: that of Harder-Narasimhan length one.
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5.2 Stratifications for Sheaves
In Section 5.3 we will use the Û Theorems to perform quotients of the instability
strata for Simpson’s GIT construction. Before this, following the strategy laid out in
Chapter 4, one first needs an intrinsic sheaf-theoretic interpretation of the instability
type for this stratification.

5.2.1 Harder-Narasimhan Stratification
To any sheaf, one may associate a canonical filtration by subsheaves, first introduced
by Harder and Narasimhan in [HN75]. A proof of its existence and uniqueness in our
setting may be found in [HL10].
5.2.1.1 Definition. Let F be a sheaf on X.
1) The Harder-Narasimhan (HN) filtration of F is the unique filtration by subsheaves
0 = F0 ( F1 ( · · · ( F` = F
such that the subquotients Fi := F i /F i−1 are semistable with strictly decreasing
Hilbert polynomials P (F1 )  P (F2 )  · · ·  P (F` ).
2) We say that F has HN type τ = (P (F1 ), . . . , P (F` )), of length `.
3) We say that a Harder-Narasimhan type τ = (P1 , . . . , P` ) is coprime if, for all
i = 1, . . . `, all semistable sheaves on X of Hilbert Polynomial Pi are stable. 4
4) The associated graded of F is grHN (F) := ⊕`i=1 Fi .
5) When we speak of the HN type of a point [q : V ⊗ OX (−n) → F] ∈ Quotn , we
simply mean the HN type of the image sheaf F.
5.2.1.2 Notation. From now on, to prevent needless repetition, given a sheaf F the
terms in the Harder-Narasimhan filtration of F will always be denoted by F i , and
the subquotients will always be denoted by Fi .
There is a so-called ‘HN type function’, which, given any family of sheaves F → S,
and a closed point s ∈ S, gives the Harder-Narasimhan type of Fs . This function,
4

The reason for this choice of term is that coprimality generalises the situation of semistability
and stability coinciding for vector bundles on a curve, which happens when the rank and degree,
two positive integers, are coprime in the usual sense.
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by results of Shatz and Nitsure ([Sha77, Nit11]), is upper semi-continuous, and so, if
we define
Quotτn := {[q : V ⊗ OX (−n) → F] ∈ Quotn | F has HN type τ },
one has a HN stratification5 into locally closed subschemes
Quotn =

G

Quotτn .

τ

This in turn gives a stratification
Q=

G

Qτn

τ

defined in the same way.
5.2.1.3 Remark. All of the above can be translated into the language of stacks.
It was shown in [Hos] that there is a Harder-Narasimhan type stratification on the
stack, which may be thought of, in an appropriate sense, as a kind of colimit of the
Harder-Narasimhan stratifications of the Quot schemes, just as the stack itself is in
some sense their colimit.

5.2.2 Instability stratification for sheaves
Recall the notation of 2.3. In addition to the stratification by Harder-Narasimhan type
one also has, according to the general principles laid in 2.3, an instability stratification
of the Quot scheme,
G
Sβ
Q=
β∈Bn,m

coming from Simpson’s GIT set-up.6 The natural thing to do, then, is to compare
the two. Indeed, since they both measure the failure of a sheaf to be semistable, one
might hope that they would coincide. The relationship between these stratifications
was studied by Hoskins and Kirwan in [Hos, HK12]. First, in [HK12, §6], it was
shown that for a pure HN type7 τ and for m  n  0 depending on τ , there is a
conjugacy class βn,m (τ ) of rational one parameter subgroups of G such that the HN
5

Sometimes also called the Shatz stratification.
This stratification depends in a non-trivial way upon the parameters m and n, so strictly
speaking the first question one should ask is whether there is any meaningful sense in which these
stratifications can be said to stabilise. Fortunately, as we shall see, there is.
7
That is, a HN type of a pure sheaf.
6
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stratum Qτ is contained (set theoretically) in the instability stratum Sβn,m (τ ). In
[Hos], this result was extended to a scheme theoretic statement for all HN types of
coherent sheaves. Theorem 5.2.2.4 summarises the relevant results from these papers.
First, we define the GIT index βn,m (τ ) corresponding to a HN type τ .
5.2.2.1 Definition. For a tuple of Hilbert polynomials τ = (P1 , . . . , Pl ) with
l
X

Pi = P

i=1

and (n, m) ∈ N2 , we let βn,m (τ ) denote the conjugacy class of the following rational
1-PS of SLP (n)
λβn,m (τ ) (t) = diag (tβ1 , . . . , tβ1 , . . .
|

{z

P1 (n)

}

tβl , . . . , tβl )
|

{z

}

where βi :=

Pl (n)

P (m) Pi (m)
−
.
P (n)
Pi (n)

5.2.2.2 Remark. The origin of this one-parameter subgroup is in fact not so mysterious. As is always the case, a one-parameter subgroup λ : Gm → SL(V ) is the same
thing as the data of its weight filtration
{0} ⊆ · · · ⊆ V i ⊆ V i−1 ⊆ · · · ⊆ V
where V i denotes the span of those vectors on which λ acts with weight at least k (so
i
that only finitely many of the V V i+1 are non-zero). And given a point
[q : V ⊗ OX (−n) → F] ∈ Quotn ,
such a weight filtration induces a filtration of F, by defining
F i := q(V i ⊗ OX (−n)).
One can then guess the βn,m (τ ) associated to F, by simply maximising (with Lagrange
multipliers) the normalised Hilbert-Mumford function over all weight filtrations that
induce the Harder-Narasimhan filtration of F, and then show that this guess is correct.
5.2.2.3 Definition. Let Pτ := P (λβn,m (τ ) ) = Uτ o Lτ < G = SL(V ) be the parabolic
subgroup determined by λβn,m (τ ) . Thus we have, with blocks taken with respect to
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the filtration of V induced by λβn,m (τ ),

Pτ =



































A11 A12 · · · · · · A1l
0 A22 A23 · · · A2l
..
..
..
..
.
.
.
.
..
..
. Al−1 l
.
0
0 ··· ··· 0
All



























∈ G : Aij ∈ MatPi (n)×Pj (n) .












The unipotent radical, Uτ / Pτ is the groups of matrices that are strictly upper triangular with respect to this filtration
Uτ = {A ∈ Pτ : Aii = IPi (n) for 1 ≤ i ≤ l}.
5.2.2.4 Theorem ([Hos, HK12]). Let τ = (P1 , . . . , Pl ) be a HN type for sheaves on
X with Hilbert polynomial P ; then, for m > n  0, the following statements hold
for β := [βn,m (τ )].
i) All sheaves over X with HN type τ are n-regular.
ii) If Sτ denotes the open subscheme of Qτ consisting of quotients
[q : V ⊗ OX (−n) → F]
such that H 0 (q(n)) is an isomorphism, then the G-orbits of closed points in Sτ
are in bijection with the isomorphism classes of sheaves with HN type τ .
iii) β ∈ B is an instability index for the G-action on Q with respect to Ln,m and Sτ
is a closed subscheme of the corresponding instability stratum Sβ .
ss
iv) There is a closed Lβ -invariant subscheme Zτss ⊂ Zβss such that if Yτss := p−1
β (Zτ );
then
Sτ = G · Yτss ∼
= G ×Pτ Yτss .

Moreover, by [Hos, HK12], we have an isomorphism
ss
Zτss ∼
= Qss
n (P1 ) × · · · × Qn (Pl ),

where Qss
n (Pi ) is the open subscheme of
Q(Pi ) := Quot(CPi (m) ⊗ OX (−n), Pi )

(5.2)
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consisting of quotient sheaves [qi : V ⊗ OX (−n) → Fi ] such that Fi is semistable
and H 0 (qi (n)) is an isomorphism. In fact, if Rn (Pi ) denotes the closure of Qss
n (Pi ) in
Q(Pi ), then Zτss is the open subscheme of
Zτ ∼
= Rn (P1 ) × · · · × Rn (Pl )

(5.3)

equal to the GIT semistable set for the action of the Levi subgroup Lτ < Pτ with
respect to the canonical linearisation Lτ := Lβm,n (τ ) . The closed points of Yτss are
exactly those quotients
q : V ⊗ OX (−n) → F
such that H 0 (q(n)) is an isomorphism, F has HN type τ and the weight filtration of
the one parameter subgroup λβn,m (τ ) induces the HN filtration of F.
5.2.2.5 Remark. As stated in Section 2.3, the retraction pτ : Yτss → Zτss sends a
quotient sheaf [q : V ⊗ OX (−n) → F] to the associated graded sheaf for its HN
filtration. Thus, if we are to obtain reasonable moduli spaces for sheaves of fixed
Harder-Narasimhan type, and prevent sheaves from being identified with their associated graded sheaves, we must make the associated graded unstable. Otherwise, as
in [Hos11], the resultant moduli spaces will have too small a dimension: they will parameterise only the graded sheaves, and will be isomorphic to a product of Simpson’s
moduli spaces. Hence, we will make use of the Û Theorems, as stated in Section 3.3,
according to the strategy described in Section 4.2.

5.3 Moduli of Unstable Sheaves
Having recapped the necessary background, we now turn our attention to the construction of moduli spaces of coherent sheaves of fixed Harder-Narasimhan type. By
Theorem 5.2.2.4 we can do this, at least in principle, by quotienting, by quotienting
(subschemes of) the unstable strata arising from Simpson’s construction for moduli
of semistable sheaves. As explained above, the condition (?) fails very badly here.
Not only do we usually have positive-dimensional stabilisers in the unipotent radical,
but these dimensions can also vary along Brill-Noether-like loci in the Quot scheme.
Consequently, we will need the most general of the Û Theorems 3.3.1.12, whose associated blow up process is described at Section 3.3.2, which gives us a way to refine
the instability stratification in such a way that the refined strata have categorical
quotients by the Pτ action. In the case of Harder-Narasimhan length 2 we will show
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that this refined stratification, like the Harder-Narasimhan stratification of which it
is a refinement, admits an intrinsic sheaf-theoretic description, which we give below,
leading to moduli spaces of sheaves of refined Harder-Narasimhan type, of length 2.
We will also give a few results towards the length 3 case, to give an idea of how these
ideas might be generalised to cover ` > 2.

5.3.1 Stabilisers in Uτ
From now on, let us fix a Harder-Narasimhan type τ . In order to quotient a HarderNarasimhan stratum using Theorem 3.3.1.12, we need to understand the stabiliser
groups for the subgroups in the derived series of Uτ . In our notation, the derived
series of Uτ is
Uτ(l) = {IP (n) } < Uτ(l−1) < · · · < Uτ(k) < · · · < Uτ(1) = Uτ ,
Uτ(k) := {A ∈ Uτ : Aij = 0 if 0 < j − i < k}.
Thus Uτ is abelian for HN types of length l = 2 and non-abelian for l > 2.
Before we can interpret these stabilisers intrinsically, we need a few definitions.
They are stated for sheaves equipped with a filtration, but we will mainly use them
in the case where this is the Harder-Narasimhan filtration.
5.3.1.1 Definition. Let E and F be sheaves on X, carrying length ` filtrations
0 ⊂ E1 ⊂ · · · ⊂ E` = E
0 ⊂ F1 ⊂ · · · ⊂ F` = F
with successive subquotients
i

Ei := E E i−1
i

Fi := F F i−1 .
For each k ≥ 0, we define the sheaf of k-shifted filtered homomorphisms from E to
F, to be that sheaf whose sections over an open U ⊂ X are given by
Hom−k (U ) := {ϕ ∈ Hom(E, F) | ϕ(E i ) ⊂ F i−k }.
We refer to the global sections of this sheaf as the group of k-shifted homomorphisms from E to F, denoted Hom−k (E, F). Similarly, in the case E = F, we define
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End−k (F), the k-shifted endomorphism sheaf of F, its global sections, the k-shifted
endomorphism group of F, denoted End−k (F); and similarly for automorphisms.
5.3.1.2 Remark. By setting k = 0 in the above, we recover, the sheaf of homomorphisms from E to F that respect their filtrations, and, in the case F = F, the sheaf
of filtration-preserving endomorphisms.
5.3.1.3 Proposition. Let E and F be sheaves over X equipped with length l filtrations
as above. Then the following hold.
i) For k ≥ l, we have Hom−k (E, F) = 0.
ii) For k = ` − 1, we have Hom−(`−1) (E, F) ∼
= Hom(El , F1 ).
iii) For 0 ≤ k ≤ l − 2, we have an exact sequences of sheaves over X
0 → Hom−(k+1) (E, F) → Hom−k (E, F) →

M

Hom(Ej , Fi ).

(5.4)

j=i+k

iv) If the filtrations of the sheaves E and F are both completely split, so that E ∼
=
⊕i Ei and F ∼
= ⊕i Fi , then all of the above sequences (5.4) are exact on the right,
and split. Thus
M
Hom−k (E, F) =
Hom(Ej , Fi ).
j≥i+k

v) If E and F are locally free, whether or not their filtrations split, the above
sequences (5.4) are also exact on the right, giving short exact sequences.
Proof.
i) This statement is clear.
ii) Observe that over any open U ⊂ X, an element ϕ ∈ Hom−(l−1) (E, F)(U ) is the
same thing as a map E ` (U ) → F1 (U ) with kernel containing E `−1 (U ), which
then induces a map
`
E` (U ) = E E `−1 (U ) → F1 (U ).
Conversely any map E` (U ) → F1 (U ) gives rise to an element of Hom−(l−1) (E, F)(U ).
iii) In the same way, for any 0 ≤ j ≤ `, an element of Hom−k (E, F)(U ) may be
restricted to a homomorphism
ϕ : E j (U ) → F j−k (U ),
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and since ϕ(E j−1 (U )) ⊂ F j−k−1 (U ), we see that ϕ gives rise to a map
j

Ej (U ) = E E j−1 (U ) → F

j−k

F j−k−1 (U ) = Fj−k (U ),

which will be zero if and only if ϕ(E j (U )) ⊂ F j−k−1 (U ). Combining all of these
maps together, we have defined a map of sheaves
Hom−k (E, F) →

M

Hom(Ej , Fi ),

j=i+k

with kernel Hom−(k+1) (E, F).
iv) This follows easily from definition 5.3.1.1.
v) Since E and F are locally free, and it suffices to prove that the sequence is
exact on stalks, this follows from the usual equivalence of categories with vector
bundles.

We can now express the relevant stabiliser groups in Uτ , in terms of filtered endomorphism groups.
5.3.1.4 Proposition.
1) Isomorphism classes of filtered sheaves of Harder-Narasimhan type τ correspond
to orbits of Yτss under the action of Pτ .
2) Let [q : V ⊗ OX (−n) → F] ∈ Yτss . Consider F as a filtered sheaf, equipped with
its Harder-Narasimhan filtration. Then:
i) StabPτ (q) ∼
= Aut(F)
ii) Lie StabUτ (q) ∼
= End−1 (F)
iii) For 1 ≤ j ≤ `, we have StabU (j) (q) ∼
= End−j (F).
τ

Proof. For the first statement, we begin by noting that any automorphism of a sheaf
must preserve its Harder-Narasimhan filtration. The rest of the proposition is a
straightforward consequence of the analogue in Simpson’s construction, as expressed
by Proposition 5.1.1.5. One simply needs to follow what happens under the isomorphism between the stabiliser in the Quot scheme and the automorphism group of the
sheaf, and compare the filtrations of both sides: induced, on one side, by the weight
filtration of λβm,n (τ ) and, on the other, by the Harder-Narasimhan filtration of F.
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5.3.2 The case ` = 2
Let us now fix, from now until Section 5.3.3, a HN type τ = (P1 , P2 ) of length 2. We
will study the refined stratification in this case.
5.3.2.1 Definition. Let F be a sheaf of Harder-Narasimhan length 2. The HarderNarasimhan sequence of F is the short exact sequence
0 → F1 → F → F2 → 0.
We say that F is HN-split if this sequence splits, i.e. if F ∼
= gr F, and that F is
Harder-Narasimhan non-split otherwise.
Analysis of the length 2 case is made significantly easier by the following property,
which follows from the results of Section 5.3.1, and fails in higher length.
5.3.2.2 Corollary. For any sheaf [q : V ⊗ OX (−n) → F] ∈ Yτss , we have
StabUτ (q) ∼
= Hom(F2 , F1 ).
Hence, in particular, the dimension of the stabiliser in the unipotent radical is the
same for a sheaf and for its graded.
5.3.2.3 Remark. As a consequence of this, in performing the blow-up procedure for
the unipotent radical given in [BDHK16], we never have to blow up the whole minimal
weight space. This means that we are in case (1) of 3.3.2, which makes determining
the semistable locus much easier.
We can now define the moduli functors for the moduli problem in length two.
5.3.2.4 Definition.
1) For a Harder-Narasimhan type τ and a scheme S, a flat family F of sheaves
on S × X is said to have Harder-Narasimhan type τ if for all points s ∈ S, the
fibre Fs has Harder-Narasimhan type τ . Similarly we say that the family is
Harder-Narasimhan non-split if none of the fibres are Harder-Narasimhan split,
and the family is Harder-Narasimhan split if all of the fibres are.
2) Define a functor
Mτ,d : SchC → Setop
to be the sheafification of the presheaf that associates to a scheme S the set of
isomorphism classes of families F of sheaves over S such that
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i) The family F is of Harder-Narasimhan type τ , and Harder-Narasimhan
non-split
ii) For all s ∈ S, if Fs ∼
= F then dim Hom(F2 , F1 ) = d.
3) We futher define a functor
op
Msplit
τ,d : SchC → Set

to be the sheafification of the presheaf that associates to a scheme S the set of
isomorphism classes of families F of schemes over S such that
i) The family F is of Harder-Narasimhan type τ , and is Harder-Narasimhan
split.
ii) For all s ∈ S, if Fs ∼
= F then dim Hom(F2 , F1 ) = d.
5.3.2.5 Theorem. Let (X, OX (1)) be a projective scheme with an ample line bundle.
Fix a Harder-Narasimhan type τ = (τ1 , τ2 ) of length ` = 2, and fix d ∈ N. Then:
i) The functor Mτ,d is co-represented by a quasi-projective scheme Mτ,d . Hence,
Mτ,d is a coarse moduli space for coherent sheaves F on X of type τ , such that
F  gr F and dim Hom(F2 , F1 ) = d.
is co-represented by a quasi-projective scheme
ii) Similarly, the functor Msplit
τ,d
split
Mτ,d , and we have
split ∼
Mτ,d
= {(F1 , F2 ) ∈ MP1 ,ss × MP2 ,ss | dim Hom(F2 , F1 ) = d}

iii) If τ is a coprime type, as defined in Definition 5.2.1.1, the GIT quotients in
question are all geometric, points of these moduli spaces correspond to isomorphism classes.
split
iv) Furthermore, both moduli spaces Mτ,d and Mτ,d
have projective completions

Mτ,d ⊂ M τ,d
split
Mτ,d
⊂ M split
τ,d

constructed via non-reductive GIT, such that there is a map gr : M τ,d → M split
τ,d ,
split
ss
ss
induced by pτ : Yτ → Zτ , restricting to a map gr : Mτ,d → Mτ,d which takes
a sheaf to its associated graded.
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The proof of the theorem is rather lengthy, but the basic idea is this: beginning
with a suitable subset
Y 0 ⊂ Yτ
of the projective closure of Yτ , one performs the blow-up process described above. This
corresponds to refining the instability stratification, and hence to refining the HarderNarasimhan stratification of the Quot scheme. This results in a space π : Yb 0 → Y 0
satisfying the conditions of Theorem 3.3.1.10. An open subset of Yb 0 therefore has
a projective categorical quotient by the Pτ action, and these quotients will be the
projective completions mentioned above. To prove the theorem, we must show that
certain loci in these projective completion can be identified with the moduli spaces
above, and essentially this will be done via the isomorphism over the complement of
the exceptional divisor given by restricting the blow-down map. Before moving on to
the proof of the theorem, let us make a few remarks.
5.3.2.6 Remark.
1) It may happen that a particular moduli space mentioned above is in fact empty.
For example, Mτ,d will be empty if X is a smooth projective curve and we choose
P1 , P2 and d to be such that Ext1 (F2 , F1 ) is forced to vanish for degree reasons.
Nevertheless, the above statements still hold in such cases.
2) As observed above, the situation is particularly good if the Harder-Narasimhan
type in question is coprime. Similarly to the reductive-semistable case, this is a
consequence of the fact that, for these HN types, semistability and stability (in
the sense of GIT) coincide for the action of Lβ . And, again as in the reductive
case [Kir85] if this does not happen one can perform a sequence of blow-ups
according to the dimensions of reductive stabilisers, to obtain a space on which
this condition is satisfied, yielding partial desingularisations of the projective
completions in the theorem above, and hence alternative compactifications of
dec
Mτ,d and Nτ,d
.
Proof of Theorem 5.3.2.5. We will proceed according to the process laid out in [BDHK16,
BHK17]. First, note that since the unipotent radical is abelian, we do not need to
take a series of subgroups in U as in Theorem 3.3.1.10, and can blow up according
to the dimensions of stabilisers in U directly. Now, let dmin and dmax be respectively
the minimal and maximal values of dim StabU (y) across y ∈ Yτ . By Corollary 5.3.2.2,
if y ∈ Yτss , corresponding to a quotient q : V ⊗ O(−n) → F, we may identify this
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stabiliser with the group Hom(F2 , F1 ).
Case: d = dmin
Consider the locus
(Yτss )dmin := {y ∈ Yτss | dim StabU (y) = dmin }.
By Proposition 5.3.1.4 and Corollary 5.3.2.2 orbits under the Pτ action on this space
correspond to isomorphism classes of sheaves F of Harder-Narasimhan type τ , with
dim Hom(F2 , F1 ) = dmin . Furthermore, by the results of Section 5.2.2 the sheaves in
U (Zτss )dmin = U Zτss ∩ (Yτss )dmin
are precisely those sheaves which are HN split. Hence we must exhibit categorical
quotients of the loci U (Zτss )dmin and (Yτss )dmin \ U (Zτss )dmin by their Pτ actions.
Taking the projective closure Y τ in the ambient projective space, we first blow up Yτ
along the closure of the subset
Yτdmax := {y ∈ Yτ | dim StabU (y) = dmax }.
This results in a space Yτ (1) with an action of Pτ lifting that on Yτ . Since the centre
of the blow up did not contain Zτ , the minimal weight space for λτ acting on Yτ (1) ,
which we denote by Zτ(1) , is the proper transform of the minimal weight space Zτ of
Yτ , as in Section 3.3.2 case (1). Let us simplify notation by denoting by Yτ(1) the open
subset
(Yτ (1) )0min ⊂ Yτ (1)
consisting of the points flowing down to Zτ(1) under λτ as t → 0. Finally, we linearise
the Pτ action on Yτ (1) by replacing the linearisation Lτper with its perturbation by a
small multiple of the exceptional divisor of the blow up. Because all of these blow
ups may be performed in the ambient space, we may assume that at each stage of
the blow up process the exceptional divisor is just the projectivised normal bundle
to the centre of the blow up, and the corresponding weights are just certain small
perturbations of the weights for Y , in the way described in Remark 3.3.2.1.
This process strictly reduces the dimensions of the stabilisers in U over the centre of
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the blow-up (see [BDHK16]), thus guaranteeing that the dimensions
dim StabU (y), y ∈ Yτ(1)
are all strictly less than dmax . We now blow up Yτ (1) along the closure of the locus
of points where the stabiliser above is maximal, and we repeat this process until it
terminates with a space π : Ybτ → Yτ . This space carries a Pτ action lifting that
on Yτ , and this action has a well-adapted linearisation Lcτper obtained as described,
by perturbing at each stage of the blow-up process with a small multiple of the
exceptional divisor. Let us denote the minimal λτ weight space in Ybτ by Zbτ . This has
basin of attraction (Ybτ )0min . Then we have arrived at a situation where
dim StabU (y) = dmin ∀ y ∈ (Ybτ )0min .
In other words, the conditions of Theorem 3.3.1.10 are satisfied, so there is a projective
categorical quotient of the locus YbτPτ −ss , given by composing a geometric quotient by
Û with a categorical quotient by the residual action of the reductive group Lτ . If this
quotient is non-empty, we define
M τ,dmin := Ybτ //Lbτper Pτ .
In addition, there is an open subset U Zbmin that has a categorical quotient by the Pτ
action. Indeed, the geometric quotient of U Zbmin by Û is of course Zbmin , and the open
Lτ −ss
subset Zbmin
has a categorical quotient given by the usual GIT quotient with respect
to the canonical linearisation, as described in Section 4.1. Hence we define
b
M split
τ,dmin := Zmin //Lτ Lτ .

It remains to identify suitable subsets of these projective varieties with the moduli
spaces above.
Let E be the exceptional locus of the map π : Ybτ → Yτ ; then π gives an identification
Ybτ \ E ∼
= Yτ \ π(E).
The locus (Yτss )dmin is untouched by the blow-up, and hence this identification restricts
to an identification of (Yτss )dmin with a subset of Ybτ \ E. And, since at every stage
πi : Yτ (i) → Yτ (i) of the blow-up process the centre of the blow up did not contain the
minimal λτ weight space of Yτ (i) , the blow down map π : Ybτ → Yτ also restricts to
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an identification Zbτ \ E ∼
= (Zτss )dmin with a subset of Zbτ \ E. Futhermore, all of these
identifications are Pτ -equivariant, since π is Pτ equivariant.
Proceeding analogously to Section 4.2, let Zbτss ⊂ Zbτ denote the semistable locus for
the action of Lτ on Zbτ with respect to the canonical linearisation Lτ for Ybτ . Then
b ss
let Ybτss be the inverse image pb−1
τ (Zτ ) under the flow
pbτ : (Ybτ )0min → Zbτ
given by taking t → 0 in the λτ action. By the proof8 of Theorem 4.2.1.1 (ii) for the
blown up space Ybτ , one has
YbτPτ −ss = Ybτss \ Uτ Zbτss .
Then, by the Hilbert-Mumford criterion of Section 3.3, we may identify Zbτss \ E with
(Zτss )dmin , via π. It follows that we may identify (Yτss )dmin with Ybτss \ E. This tells us
that we can restrict the quotient map
YbτPτ −ss → Yb // Pτ
to get quotients by the Pτ actions :
split
:= U (Zτss )dmin //Lbτ Pτ
Mτ,d
min

Mτ,dmin := [(Yτss )dmin \ U (Zτss )dmin ] //Lbτper Pτ .
Moreover, the closure of every orbit in these loci is disjoint from the exceptional locus of the blow up, since it is disjoint from the centre of the blow-up downstairs. It
follows from standard properties of GIT quotients that these quotients are good in
the sense of [New78], and hence these quotients are quasi-projective and categorical.
The statements about co-representation of functors then follows from the properties
of categorical quotients, as in [HL10] 4.3.
Case: d > dmin
Supposing inductively that the theorem holds for some d−1, we return to our original
8

Note that the proof applies whenever there is a Hilbert-Mumford characterisation of the stable
and semistable loci, as in this case there is.
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Y τ . By upper semi-continuity of stabiliser dimension, the subset
Yτd := Y τ \ {y ∈ Yτ | dim StabU (y) < d}
is closed in Y τ . We then simply repeat the process described above, replacing Y τ by
Yτd and dmin by d.

In particular, as a special case we immediately recover a result obtained in [BPMN]
by totally different means. It is interesting to note that the same discrete invariant
appears there as when one approaches the problem using non-reductive GIT.
5.3.2.7 Corollary. [BPMN] Let X be a nonsingular projective curve, and τ =
(P1 , P2 ) a pure HN type corresponding to coherent sheaves of rank 2. Then the space
Mτ,d above is a quasi-projective moduli space of indecomposable coherent sheaves F
of Harder-Narasimhan type τ with dim End(F) = d + 1.
Proof. It suffices to note the following, which is proved in [BPMN]: for a coherent
sheaf of HN rank 2, the non-splitting of the HN sequence
0 → F1 → F → F2 → 0
is equivalent to indecomposability of F. One direction is clear. For the other, note
that if F ∼
= F1 ⊕ F2 , where Ei are necessarily line bundles, we must have without
loss of generality that degF1 > degF2 . Hence the sequence
0 → F1 → F → F2 → 0,
which splits, must be the Harder-Narasimhan sequence of F.
5.3.2.8 Remark. In higher rank, this result does not hold because it is no longer
the case that non-splitting of HN filtration implies indecomposability. For example,
we could take E = F ⊕ F where F is any sheaf of HN length two.

5.3.3 Towards ` = 3
Having dealt with the length two case, let us now fix a Harder-Narasimhan type
τ = (τ1 , τ2 , τ3 ) of length three. Passing from length two to length three involves a
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significant step up in complexity, for two main reasons. First, since the unipotent
radical Uτ is no longer abelian, one must consider the derived series
U = U 1 > U 2 > {e}.
To achieve the situation of Theorem 3.3.1.10, one first blows up according to the dimension the stabiliser in U 2 , which for points of Yτss we may identify with Hom(F3 , F1 ),
by Proposition 5.3.1.3. Up to this point, the process is similar to the length two case.
Having achieved the necessary condition for U 2 , one then must perform a series of
blow-ups for the dimensions of stabilisers in U as a whole. The problem is that for
length l > 2, the analogue of Corollary 5.3.2.2 fails to hold, and in fact this stabiliser
is not readily identifiable with any homomorphism group.
5.3.3.1 Example. Now suppose X to be a smooth projective curve, and τ a pure
Harder-Narasimhan type of length 3, so that we consider vector bundles on X. Fix
a point q ∈ Yτss corresponding to a vector bundle F. By Proposition 5.3.1.3 one has
an exact sequence
0 → Hom(F3 , F1 ) → StabU (q) → Hom(F3 , F2 ) ⊕ Hom(F2 , F1 ) → 0
From the associated long exact sequence, we obtain maps
δ32 : Hom(F3 , F2 ) → Ext1 (F3 , F1 )
δ21 : Hom(F2 , F1 ) → Ext1 (F3 , F1 ).
By the proof of Proposition 5.3.1.3, these maps are nothing but the boundary maps
in the long exact sequences one obtains by applying the functors Hom(F3 , −), and
Hom(−, F1 ), respectively, to the short exact sequences
0 → F1 → F 2 → F2 → 0

(5.5)

0 → F2 → F/F1 → F3 → 0.

(5.6)

Consequently, for a point in q ∈ Yτss corresponding to a bundle F one has
dim StabU (y) =

X
1≤i<j≤3

dim Hom(Fj , Fi ) − rank(δ32 ) − rank(δ21 ).

(5.7)
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The ranks of the maps δji will naturally depend on the sheaf in question, and
will both be zero if and only if the corresponding extensions (5.5) and (5.6) are split.
This means that the stabiliser in Uτ of a point q ∈ Yτss can in general be of different
dimension than that of pτ (q) ∈ Zτss , with the result that at some stage in the blow-up
process one expects to have to blow up the whole minimal weight space. This makes
the final minimal weight space, and the set of points that flow down to it, more
difficult to determine.
Let us return to the case where X is any projective scheme. Recalling the discussion of the blow up process of Section 3.3.2, we will need to interpret what it
means for a given q ∈ Yτss to have or not have certain weights for the λτ action. The
associated graded sheaf, being the limit under λτ , of course only has one weight, and
so we might expect the presence of certain weights for a given q to be related to the
question of to what extent the Harder-Narasimhan filtration of the associated sheaf
can be said to split. This turns out to be correct, as the following proposition makes
precise.
5.3.3.2 Proposition. Recall the embedding
Yτss

⊂ Quotn ⊂ Gr(V ⊗ H, P (m)) ⊂ P

(m)
 P^



(V ⊗ H)∗ ,

and the linearisation of the action of G, discussed in Section 5.1.1. Let λτ = λβm,n (τ ) :
Gm → G, as defined at Definition 5.2.2.1, be the one parameter subgroup inducing
the Harder-Narasimhan filtration of all y ∈ Yτss , so that
λ(t) = diag (tβ1 , . . . , tβ1 , . . .
|

{z

P1 (n)

}

t βl , . . . , t β` )
|

{z

}

where βi :=

P` (n)

Then the set of λτ -weights of the action on P

V

P (m)

P (m) Pi (m)
−
.
P (n)
Pi (n)



(V ⊗ H)∗ is

{xβ1 + yβ2 + zβ3 | x + y + z = P (m)},
and we may write all λτ -weights of points y ∈ Yτss uniquely in barycentric coordinates
(x21 , x32 , x31 ) as
(P1 (m)β1 + P2 (m)β2 + P3 (m)β3 ) + x21 (β2 − β1 ) + x32 (β3 − β2 ) + x31 (β3 − β1 ),
with x21 , x32 , x31 ≥ 0. With this convention, for a point q ∈ Yτss corresponding to a
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sheaf F, we have:
1) The short exact sequence
0 → F1 → F 2 → F2 → 0
splits if and only if nonzero Plücker coordinates of q have weights with x21 = 0.
2) The short exact sequence
0 → F2 → F/F1 → F3 → 0
splits if and only if nonzero Plücker coordinates of q have weights with x32 = 0.
Proof. To simplify notation, let us temporarily abuse notation and write Pi for Pi (m).
The first statement follows from the fact that each Plücker coordinate is formed by
a choice of P elements of our chosen basis of V ⊗ H, and each such basis element
has weight βi , for some i = 1, 2, 3. Next, recall that a quotient q has nonzero Plücker
coordinate v1 ∧ · · · ∧ vP if and only if the images of the vectors v1 , . . . , vP span
H 0 (F(m)). Any such a spanning set must be obtainable in the following way: first
choose a basis of the image of
H 0 (q 1 (m)) : V 1 ⊗ H → H 0 (F 1 (m)),
which must consist of P1 vectors of weight β1 , then extend to a basis for H 0 (q 2 (m))
by choosing P2 vectors of weight either β1 or β2 , and then finally extend to a basis of
H 0 (q 3 (m)) by choosing a further P3 vectors of weight either β1 , β2 , or β3 .
The two pairs of statements asserted to be equivalent are really just two ways
of saying that the matrix H 0 (q(m)) with respect to the weight filtration of λτ has
a particular block form. Since it respects the filtration, we know H 0 (q(m)) must be
given by a P × dim(V ⊗ H) matrix of the form




A D F 



 0 B E 


0

0

C

A given Plücker coordinate then corresponds to a choice of P columns, and the
coordinate will be nonzero iff this gives an invertible matrix, i.e. if that subset of the
columns spans the image, with the weight of that Plücker coordinate determined by
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which side of the two vertical lines those columns lie on. Consider the matrix given
by the four blocks in the upper left,




A D 

.
0 B
Then we see that we must have D = 0 if F 2 ∼
= F1 ⊕ F2 , and so in finding a basis we
must begin by choosing P1 columns from before the first vertical line, and then choose
P2 columns from between the two vertical lines, and then the remainder might possibly
lie anywhere. Consequently, all weights are of the form given above. Conversely, if
F 2  F1 ⊕ F2 does not split, we must have D 6= 0, and then we can choose a nonzero
column of H 0 (q(m)) corresponding to which D has a nonzero column, and get a
nonzero minor corresponding to a nonzero Plücker coordinate whose weight is not of
the form stipulated. The statement in (2) is proved similarly.

5.3.4 Remarks on ` > 3
It should be clear from the above that, with the appropriate diligence, one could
find results analogous to Proposition 5.3.3 in arbitrary length, and hence one could
extend Theorem 5.3.2.5 to arbitrary `, and finish off the moduli classification. The key
difficulty is the need to write down an interpretation of the intermediate stabilisers to
find out exactly which sheaves appear in which moduli spaces: that is to say, to have
a full modular interpretation of the quotient of the complement of the exceptional
locus. Another possibility is that one might be able to modify the proof of Theorem
3.3.1.12 slightly, to allow us to work with the full stabiliser in U from the beginning,
rather than with the filtration by the U i .

Chapter 6
Moduli Spaces of Singular Curves
Moduli spaces of curves are sufficiently important
that the fact that they do not exist should not
prevent us from studying them.

Tim Dokchitser

In this chapter we will consider our second application of non-reductive GIT methods to the construction moduli spaces of unstable objects: that of unstable, i.e. singular, curves.1

6.1 Constructions for Stable Curves
Before going on to think about singular curves, let us review some of the main ideas
in the GIT constructions of the classical moduli spaces for stable curves. We will be
very brief, as an excellent exposition already exists in [Mor09].

6.1.1 GIT construction of M g
6.1.1.1 Definition. We say that a curve is stable if its only singularities are nodes,
and it has finite automorphism group.
The (coarse) moduli space of stable curves, M g , was first constructed by David
Mumford using reductive GIT, as a quotient of a Chow variety [Mum77]. That said,
1

By a curve we mean a variety over C of dimension one. In some situations we will apply the
term more generally to allow non-reduced and reducible behaviour, e.g. when discussing Hilbert
schemes of ‘curves’, but it will be clear what is meant from the context.
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a construction via Hilbert schemes was later given by Gieseker in [Gie82], and this is
the construction we will follow here. Fixing a degree d and genus g, or equivalently
a Hilbert polynomial P (m) = dm − g + 1, Gieseker considers the Hilbert scheme of
curves C ⊂ Pr of genus g and degree d, which we denote
H := Hilb(Pr , d, g).
6.1.1.2 Notation. To make notation easier to read, we denote the Hilbert point of
a curve by [C] ∈ H. We will denote the restriction to C of the line bundle OPr (1) by
OC (1). That is, we define
OC (1) := i∗ OPr (1)
where i : C ,→ Pr is the inclusion.
The scheme H plainly characterises isomorphism classes of curves, together with
some redundancy, and there is a locus on which that redudancy can be easily described. Consider the so-called n-canonical locus
K = {smooth curves C embedded via ωC⊗n }.
Since being smooth is an open condition, and the canonical bundle deserves its name,
one can show that K is a locally closed subscheme. One then takes n sufficiently large
that all curves of genus g will appear in this locus. This then carries an action of a
suitable special linear group SL(r + 1), induced by the natural action on Pr = P(V ).
Isomorphism classes of smooth curves correspond to orbits of K, since the action
effectively just changes the basis of the global sections of ωC⊗n that has been used to
embed the curve. In [MFK94], Mumford shows that there is a geometric quotient
K/SL(r + 1) = Mg ,
the moduli space of smooth curves of genus g. In order to obtain a compactification
of this moduli space via GIT, one must have an action on a projective variety. Hence,
with respect to a parameter m  0, one considers the Plücker embedding:


P (m)

K ⊂ H ,→ Gr(Symm V ∗ , P (m)) ,→ P 

^



Symm V ∗  .

6.1.1.3 Notation. We denote the very ample line bundle on H corresponding to this
embedding by Λm .
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Under this embedding, a curve [C] ∈ H, with ideal I E C[X0 , . . . , Xr ], is defined
as the point in the Grassmannian given by the surjection
[Symm V ∗  H 0 (OC (m))] ∈ Gr(Symm V ∗ , P (m))

(6.1)

The Plücker coordinates on the Hilbert scheme thus correspond to choices of P (m)
monomials, each of degree m, in the variables X0 , . . . Xr . The cooresponding Plücker
coordinate will be nonzero for a curve C if and only if that set of monomials, upon
restriction to C, gives a basis of H 0 (C, OC (m)).
Hence, if we fix λ : Gm → SL(V ) diagonalised by the coordinates Xi , acting with
weights
λ(t)Xi = twi Xi ,
the Hilbert-Mumford function has the following form, with the minimum taken over
all possible choices of sets {M1 , . . . , MP (m) } of distinct monomials of degree m.
µ([C], λ) = min

 PX
(m)



wt(Mi )

(6.2)

i=1

In other words, the value of the Hilbert-Mumford function is the weight of the
minimally weighted monomial basis. Note that this expression, whilst essentially just
a quadratic in m, is a minimum over a very large set, and hence extremely difficult
to compute. This reflects the fact that, unlike for Simpson’s GIT set-up for sheaves,
it is not usually easy to say what the limit of the Hilbert point of a curve will be
under an arbitrary one parameter subgroup. In addition to this, one must, at least
in principle, check all one-parameter subgroups in order to prove that a given curve
is stable.2 Thus, instead of explicitly calculating this function in particular cases,
Gieseker relies on an ingenious, if somewhat intractable, argument involving finding
bounds for it. In this way, they prove:
6.1.1.4 Theorem. [Gie82] If m and n are sufficiently large, the GIT quotient is
M g = Ks /SL(r + 1) = {stable curves of genus g}/isom,
Hence, M g is a projective variety.
2
The level of difficulty of this is illustrated by the fact that a direct proof of the GIT stability of
nodal curves was only found some forty years later, in [LW15]. In what follows, we will rely heavily
on the fact that this function is computable in practice so long as the one parameter subgroup is an
automorphism of the curve- that is, it belongs to the stabiliser in the Hilbert scheme.
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6.1.2 Baldwin-Swinarski construction of M g,n
Next we consider a generalisation of Gieseker’s result, due to Baldwin and Swinarski.
A reasonable way to start thinking about singular curves is that such things are
determined by the normalisation, as a curve with marked points, plus some extra
data. Exactly what extra data, we will see in Section 6.2.1, and the rest of this
chapter will be dedicated to the question of how best to capture that data. In any
case, this motivates our interest in the moduli space of stable curves with marked
points, M g,n .
6.1.2.1 Definition. A curve with marked points (C, p1 , . . . , p` ) is said to be stable
if C is a stable curve, and the pi are all distinct smooth points of C.
The GIT construction of M g,n proceeds in fundamentally the same way as Gieseker’s,
although his estimates are not sharp enough, and must be replaced. One considers
the parameter scheme
Ĥ := H × (Pr )`
where P` is thought of as its own Hilbert scheme of length 1 subschemes. One then
considers a suitable closed incidence subscheme, which requires the points to lie on
the curve, in addition to other conditions as in Gieseker’s construction. Then, one
linearises the diagonal SL(r + 1) action on the Ĥ using the very ample line bundle
L(m, m1 , . . . , m` ) := Λm ⊗ OPr (m1 ) ⊗ . . . OPr (m` ),
which has a natural SL(r + 1) linearisation.
6.1.2.2 Theorem. [Bal08] For suitable choices of the parameters (d, m, m1 , . . . , m` ),
and a suitable locus in Ĥ, semistability coincides with stability and the GIT quotient
realises the moduli space of stable marked curves, M g,n , as a projective variety.

6.2 Preliminary Study of Singular Curves
6.2.1 Rosenlicht-Serre Construction
With the necessary background filled in, we can start to ask the question: what data
determines a singular curve? For our purposes, the correct answer to this question is
given by the Rosenlicht-Serre construction. This construction, given in Chapter 4 of
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[Ser12], runs as follows. Let C be an algebraic curve and π : Ce → C its normalisation.
e the set of points of C,
e by declaring two
Define an equivalence relation ∼ on S(C),
points equivalent if they map to the same point in C under π. Then one may recover
C as a topological space by endowing S(C)∼ with the cofinite topology; to recover
C as an algebraic curve, however, we also need to find a sheaf of rings.
6.2.1.1 Definition. Consider π∗ OCeO as a sheaf of OC -modules. Then define the
C
conductor sheaf
c = Ann(π∗ OCeO ).
C

This sheaf of ideals on C is supported only at the singular points, and its stalk cp at
a given point p ∈ C is called the conductor ideal of the singularity at p.
6.2.1.2 Remark. An equivalent characterisation of the conductor ideal above is that
e
it is the largest sheaf of functions on C that is also a sheaf of ideals on C.
Denote by rp the Jacobson radical of the semi-local ring
Oep := (π∗ OCe)p =

\
q∈π −1 (p)

(OCe)q .

Then, for all singular points p ∈ C we have inclusions
cp ⊂ OC,p ⊂ C + rp ⊂ Oep .
Since the stalks of π∗ (OCe)/OC are finite-dimensional C-vector spaces, there must
exist3 some natural number c such that rcp ⊂ cp , and hence
C + rcp ⊂ OC,p ⊂ C + rp .
This indicates, roughly speaking, that all information about the singularity itself is
captured by a choice of subspace of a finite-dimensional vector space
C + rp
OC,p
⊂
.
rcp
rcp

(6.3)

The above conforms to our intuition that in order to know all data about a singularity, we need only know about those functions on it whose orders of vanishing are
not too high, this is made precise by the following proposition.
3

If we wish to make the dependence on the point clear, we will write cp for the power corresponding to p ∈ C.
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6.2.1.3 Proposition. [Ser12] Let Ce be an irreducible smooth algebraic curve. Fix a
e and an equivalence relation on those points. Write these
finite subset of points on C,
as {qij }, where q1j , . . . , qkj j are the points in the jth equivalence class and denote
the set of equivalence classes by {p1 , . . . , p` }. Define C to be the resultant quotient
topological space, formed as the union
(Ce \ {qij }) ∪ {p1 , . . . , p` }
with the cofinite topology. For each p ∈ C, choose a subring Op ⊂ Oep according to the
rules:
i) For i = 1, . . . , `, Opi is a proper subring of Oepi , and there exists ci ∈ N such
that
C + rcpii ⊂ Opi ⊂ C + rpi .
ii) For all q ∈ C \ {p1 , . . . , p` }, set Oq = Oeq .
Then this data patches to give a sheaf of rings, endowing C uniquely with the
structure of an algebraic curve. Conversely, any algebraic curve is determined up to
isomorphism by this data.
The data described in the above proposition, which we will refer to as RosenlichtSerre data, is of two kinds: discrete and continuous. Of particular interest to us is
choice of subrings that determine the singularities; by (6.3) we may think of this as
a choice of points in an appropriate Grassmannian. In order to find a good notion
of the ‘Harder-Narasimhan type’ of a curve, we will need a way to pull out some
discrete invariant associated to that choice, which must then be combined in some
way with the global data of the singular curve. A natural way to do this, which we
pursue in Section 6.2.2, is to study a certain non-reductive instability stratification
of these Grassmannians of local data. Thus, we proceed somewhat in the opposite direction than to the case of sheaves: rather than knowing the correct notion
of Harder-Narasimhan type in advance, and showing that it can be instantiated in
GIT4 , we will start by investigating a natural GIT set-up, and then interpreting it
geometrically.
4

To some extent it is purely a matter of historical accident that the notion of Harder-Narasimhan
filtration did not originally come from GIT: as shown in [Sai13] it is possible to deduce its existence
and basic properties purely from the GIT set-up, and an appropriate search for Kempf maximally
destabilising one parameter subgroups, without knowing in advance what one is looking for.
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6.2.2 Local study of curve singularities
We now turn to the local analogue of our moduli problem. This is a question that goes
back to Zariski [ZT06], who investigated the so-called Zariski moduli space, of local
rings of analytic curve singularities- that is, completed local rings of singular points
on curves, up to isomorphism. As Zariski showed, this deceptively simple problem
in fact leads to some non-trivial behaviour, and a lot of computational ingenuity was
necessary to make any progress. Even before that, Ebey investigated the same question, in [Ebe65]. In our language, their work shows that in fact this is very naturally
a problem in non-reductive GIT of the kind covered by the Û theorems (Section 3.3),
and applies certain elimination criteria to find explicitly, in some specific cases, a slice
for the group action- the best that could be done without modern tools. In fact, even
having non-reductive GIT does not immediately remove all of the difficulties associated to this problem: the condition (?) fails, and one simply translates the question
into another, though perhaps more tractable, language. Fortunately for us, in order
to answer our global moduli question we will not need to actually construct moduli
spaces of curve singularities; we only need to understand the instability stratification
as a discrete invariant.
6.2.2.1 Definition.
1) A curve singularity, or just singularity for short, is a ring O that appears as the
local ring OC,p for some curve C, singular at p. Denote the normalisation of the
e
singularity- that is, the integral closure - by O.
2) We say two curve singularities are analytically isomorphic if they have isomorphic completions with respect to their maximal ideal.
3) Suppose that we have a curve C, which is singular at some p ∈ C. Then the
normalisation π : Ce → C, plus completion with respect to the maximal ideal of
the local ring at p, yields a map
Od
C,p ,→ (π∗ OC
e )q '

`
M

C[[ti ]].

i=1

The number ` is the number of branches of the singularity. If ` = 1 we say
that the singularity is unibranch; otherwise, we say that it is multibranch.
Equivalently, ` is the number of points in the fibre over p of the normalisation
map.
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4) We define the δ-invariant, or genus, of the singularity to be
δ := dimC OO < ∞
e

This term agrees with the usual, global, notion of genus, as δ is the contribution
of the singularity to the arithmetic genus of the curve. Note that, since it
is finite, it is also invariant under passing to completions, so is an analytic
isomorphism invariant.
The isomorphism on the right of (3) above is of course not canonical, but is defined
L
up to the action of the automorphism group Aut( `i=1 C[[ti ]]). Conversely, given two
curves C1 , C2 with singularities pi ∈ Ci having isomorphic completed local rings,
we know by the universal property of normalisation5 that there is an isomorphism
ϕ : OCe1 ,p1 → OCe2 ,p2 making the below diagram commute.
OCe1 ,p1

ϕ

π1∗

OC1 ,p1

OC,p
e 2
(6.4)

π2∗
'

OC2 ,p2
L`

We can then choose, for j = 1, 2, isomorphisms
mutative diagram
L`

i=1

C[[ti ]]

'

i=1

L`

i=1

C[[ti ]] ' OCej ,pj , to get a com-

C[[ti ]]
(6.5)

ObC1 ,p1

'

ObC2 ,p2

where the top horizontal arrow is induced by ϕ together with these choices. Thus,
analytic isomorphism classes of `-branched curve singularities correspond to certain
L
orbits under this group action on the set of subrings of `i=1 C[[ti ]].
In order to turn this into a GIT problem, we must fix some discrete invariants,
instructed by the Rosenlicht-Serre construction. Let us suppose we are interested
in singularities of genus δ. Since we only care about information that is invariant
under analytic isomorphism, we may assume that in fact the semi-local ring of the
L
normalisation is just `i=1 C[ti ](ti ) . The radical of this semi-local ring is the ideal
L
⊕i (ti ). For any fixed n, a subring O ,→ `i=1 C[ti ] which contains the nth power of
5

Of the schemes given by the local rings, not the curves themselves.
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the radical is then the same thing as a choice of subring
O := O⊕ (tn ) ,→
i

i

`
M
i=1

C[ti 
] n.
ti

We can easily find a space that parameterises all such choices.
6.2.2.2 Definition. We define
A`n,δ := {Genus δ subrings O ⊂

`
M
i=1

`

C[ti 
] n } ⊂ Gr(M C[ti 
] n , δ) =: Gr` .
n,δ
ti
ti
i=1

The Grassmannian on the right parameterises vector subspaces of codimension δ (or
equivalently, δ-dimensional quotients).
6.2.2.3 Lemma. [Ish80] The subset A`n,δ is a closed subscheme Gr`n,δ , and is hence
a projective variety.
6.2.2.4 Remark. The above lemma is used by Ishii in [Ish82], who uses it to construct, using reductive GIT, quasi-projective moduli spaces of unibranch curves with
fixed arithmetic genera at each singularity. Our construction may therefore be viewed
as a refinement of theirs, with a natural generalisation to the multibranch case.
6.2.2.5 Definition. The re-parameterisation group Gn , is the group that acts
Gn × C[t](tn ) → C[t]tn
t 7−→ α1 t + α2 t2 + · · · + αn−1 tn−1
where α1 ∈ C∗ and αi ∈ C for i = 2,..,n − 1. This group may be expressed as a semidirect product Gn ' Un o C∗ , where Un is its unipotent radical. In a representation,
it looks like:


GN,i

tN fN,(N −1) fN,(N −2)
 i

. . .
...
...


. . .
...
...


= 
...
...
...


0
...
0


0
...
...

0
...
...

...
...
...
...
t2i
0
...

...
...
...
...
f3,2
ti
0



αN 

. . .



. . .



|
α
. . .
i ∈ C ∀i, α1 6= 0 ,



a2 


α1 

1

for suitable uniquely determined functions fi,j (α1 , . . . , αN ).
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6.2.2.6 Remark. Note that, from the point of view of the Û theorems, we are in good
shape so far, in that there is a natural a choice of distinguished Gm : that is, there is
a unique one parameter subgroup in the reparameterisation group that has positive
weights on the Lie algebra of the unipotent radical. Hence below, where we consider
products of such groups, the so-called ‘positive cone’ of Section 3.4 consists precisely
of those one parameter subgroups that project to give the positive one parameter
subgroup along each of the branches.
The action induced by the automorphism group Aut( `i=1 C[[ti ]]) on Gr`n,δ is, up to
a finite group, nothing but the product of re-parameterisation groups. More precisely,
L
the action of Aut( `i=1 C[[ti ]]) factors through the group
L

G`n := (

`
Y

Gn ) o S ` ,

i=1

where S` is the permutation group of the branches. Thus, the natural GIT problem
for moduli of curve singularities is given by the action of G`n on Gr`n,δ . To finish off
the set-up, we linearise the action in the natural way, by the usual Plücker embedding
of the Grassmannian.
We can therefore study the instability stratification associated to this GIT picture,
in the following way. Although the group is not reductive, the same principles apply
as in Section 2.3. We first choose a maximal torus T , and an invariant inner product
on its Lie algebra6 . Then we analyse how the convex hull of the T -weights of a given
A ∈ A`n,δ changes as we sweep out by the rest of the group action. That is, for each
h ∈ G`n we consider the convex hull of those T -weights that coorespond to coordinates
which are non-zero for hA. In this way we associate to each point A in our parameter
space its instability type. This is defined to be that weight of T that arises as the
maximum (with respect to our chosen norm) of the closest points to zero of the convex
hull of the T -weights of hA, as h runs through our group.
6.2.2.7 Remark. We emphasise that, though there is nothing to stop us defining it,
unlike in the reductive case if there is no appropriate notion of stability in a particular
non-reductive GIT set-up that can be defined by a Hilbert-Mumford criterion, there
is no reason to expect the instability stratification as defined above to be particularly
useful. (An extreme example would be when the group is unipotent!)
6

As elsewhere, the choice of norm will not enter into our discussion, since there is a natural
choice: the norm induced by the Killing form of the relevant special linear group, SL(C[t](tn ))
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6.2.2.8 Definition. For a point A ∈ Gr`n,δ , we define the Rosenlicht-Serre type to be
the associated instability type in the given GIT picture.
6.2.2.9 Remark. We note that the definition of the Rosenlicht-Serre type of a singularity, as given above, actually depends on the choice of n. In order for this to be
an authentic invariant of curve singularities, or of the singular curves themselves, we
must of course show that it is in some sense essentially independent of this choice (at
least for n sufficiently large). We will do this, for the case of unibranch singularities,
in Section 6.2.3.

6.2.3 Unibranch singularities
In our consideration of the global moduli problem, we will be principally be concerned
with the case when all singularities of the curve are unibranch. In this case, the GIT
set-up given above simplifies considerably, and an interpretation of the RosenlichtSerre type can readily be given.
Now let C be a curve with a singularity at p ∈ C, assumed to be unibranch, let
π : Ce → C be the normalisation as usual, and let q = π −1 (p). Then in this case we
have, for the semi-local ring,
(π∗ OCe)p ∼
= OC,q
e
as rings, so that there is an inclusion of local rings OC,p ⊂ OC,q
e , and rp is just the
maximal ideal of OC,q
e , denoted by mq . Fixing n = np as in the Rosenlicht-Serre
construction, we see that the singularity is determined by a choice
OC,p n ⊂ OC,q
e  n.
mq
mq
Taking completions of both sides has no effect, so we are really interested in choices
of subring
R ⊂ C[t](tn ).
6.2.3.1 Definition.
1) Let νq : OC,q
e → N ∪ {∞} be the valuation of the local ring of the point q in
the normalisation. Then we define the semigroup of values of the singularity at
p ∈ C, to be
Σp (C) := {s ∈ N | ∃f ∈ OC,p with νq (π ∗ f ) = s} ⊂ N.
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2) Since the δ-invariant is finite, there must exists c = cp ∈ N such that N≥c ⊂
Σp (C). This number is called the conductor. The elements of N \ Σp (C), of
which there are δ, are called the gaps in the semigroup.7
3) For a semigroup Σ ⊂ N, we define the weight of Σ, to be the sum of the gaps.
4) Given a fixed semigroup Σ ⊂ N, generated by α1 , . . . , αk , there is a there
is a distinguished choice of curve having that semigroup: namely the curve
Spec C[tα1 , . . . , tαk ]. This canonical representative of the equivalence class will
be referred to as the monomial curve with semigroup Σ, and has an important
role to play in what follows. We will denote this curve by RΣ .
6.2.3.2 Remark. We note that all of the above are analytic invariants. In addition,
these definitions are consistent with the terms defined in Section 6.2.2, after passing
to the completed local ring.
Our aim is to establish that, in the unibranch case, the data of the RosenlichtSerre type as we have defined it is independent of the choices involved, and in fact
equivalent to the semigroup of values. This establishes, at least at the local level, a
correspondence between GIT and a discrete invariant of curve singularities, and will
be used extensively in what follows, where we try to lift this to the global moduli
problem.
6.2.3.3 Remark. As one would expect, there is a natural definition of the semigroup
of values of an `-branch singularity, which uses the valuations at all of the points of
the normalisation lying over the singular point, and gives a semigroup Σ ⊂ N` . This
would be an important notion in extending the results of Section 6.3.3 and Section
6.3.4 to cover the multibranch case.
In the first place, we would like to be able to study all unibranch singularities of a
given genus simultaneously, and to do that, we need to show that there is a single n
that works for all of them- in effect proving a minature boundedness result. We can
do that with the following easy observation.
6.2.3.4 Lemma. If n ≥ 2δ, then we have O ⊃ rn for all unibranch singularities of
genus δ. Hence, all genus δ unibranch singularities correspond to points of Gr2δ .
7
For us, unless stated otherwise, semigroup will always mean what is often called a numerical
semigroup, that is a subset Σ ⊂ N containing 0 ∈ N and closed under addition.
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Proof. If O is a unibranch curve singularity of genus δ, then its semigroup of values
has δ gaps. If the conductor is c, then for every s ∈ Σ, we must have (c − 1) − s ∈
/ Σ.
Hence at most half of the integers in {1, . . . , (c−1)} can be in Σ, and thus δ ≥ c/2.
6.2.3.5 Notation. Let us simpify our notation in the unibranch case and write
Grδ := Gr12δ,δ ,
setting n = δ light of the above proposition and dropping the notation for the number
of branches. Similarly, we write Aδ for A`2δ,δ .
Now fix a genus of singularity we are interested in, δ > 0. As we saw above, this
action can be linearised in the standard way via the Plücker embedding
δ
 ^

Aδ ⊂ Grδ ,→ P (



C[t] n )∗ .
(t )

The following proposition relates our notion of Rosenlicht-Serre type, in the unibranch case, to many other well-known invariants.8
6.2.3.6 Proposition. Two unibranch curve singularities have the same RosenlichtSerre type if and only if their semigroups have the same weight.
Proof. We must show that the instability type, that is, the weight of the maximally
destabilising one parameter subgroup, is equivalent data to the weight of the semigroup. But since there is a one-parameter subgroup λ : Gm → G having positive
weights on the unipotent radical, and there is nothing else in the group, the search
for a Kempf one parameter subgroup reduces to analysis of the Bialynicki-Birula stratification with respect to λ. If A ∈ Aδ , we claim that the point to which it flows under
λ(t) as t → 0 is the monomial curve singularity with the same semigroup as A. Indeed, Plücker coordinates on A correspond to choices of δ elements of our chosen basis
{1, t, · · · , tn−1 } of C[t](tn ). We can find which such coordinates are nonzero for A by
choosing a basis of A, given by f1 , . . . , fδ , and expanding out the wedge f1 ∧ · · · ∧ fδ ;
moreover, this is independent of the choice of basis. So for each γ1 , . . . , γδ ∈ Σ(A)≤2δ ,
take fi ∈ A having that order of vanishing, that is fi = tγi + tγi +1 (. . . ), where we may
as well take the fi to be monic. Then we have
f1 ∧ . . . fδ = tγ1 ∧ · · · ∧ tγδ + higher order terms.
8

For example, it was shown by Zariski in [ZT06] that two unibranch plane curve singularities
have the same semigroup if and only if they are topologically equivalent.
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This shows that the minimally weighted non-zero coordinate, i.e. the one to which
A will flow as t → 0, corresponds to the monomial curve singularity with the same
semigroup.

6.2.3.7 Remark. This shows that the notion of Rosenlicht-Serre type is, at least
in the unibranch case, entirely canonical. The proof shows that it is essentially
independent of n, if n is taken sufficiently large depending on δ (cf. the HarderNarasimhan stratification of the Quot scheme in Section 5.2). Thus it makes sense to
talk about the Rosenlicht-Serre type of a unibranch singularity. In the multibranch
case, it would be interesting to see whether there is a similar characterisation of
Rosenlicht-Serre type at the local level, in intrinsic terms.

6.3 Moduli of Curves of fixed RosenlichtSerre type
We now turn our attention to the construction of moduli spaces of unstable, i.e.
singular, curves. We will follow a method very like the one we used in Chapter 5 for
sheaves; one important difference will be that we will not be studying the instability
stratification associated to the classical GIT construction for moduli of stable curves.
Rather, we will set things up slightly differently, working effectively with a smaller,
and non-reductive, group, and a different parameter space. Nevertheless, this new setup may be thought of as being in effect a small perturbation of the Baldwin-Swinarski
construction, which we review below. The instability stratification associated to
this group action will then be expressible in terms of the local data of the curve
singularities, as studied in Section 6.2.2. We will give proofs only in the unibranch
case, but it is likely that what we say can readily be generalised to include multibranch
singularities as well, and we will give indications throughout of how this might be
done.
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6.3.1 From local to global
Motivated by Section 6.2.2, we define the following discrete invariant, which will be
the analogue of instability type in our moduli problem.
6.3.1.1 Definition.
1) We say that a curve is unibranch if all of its singularities are unibranch; that is,
if all of the completed local rings of its normalisation are isomorphic to C[[t]].
2) Let C be a unibranch curve with singularities at p1 , . . . , p` ∈ C. We define
the Rosenlicht-Serre type of C to be the vector σ = (Σ1 , . . . , Σ` ) of numerical
semigroups of the singularities of C.
Our ultimate goal is to construct moduli spaces for unibranch projective algebraic
curves of fixed Rosenlicht-Serre type. To do this, we first gather some preliminary
results that will be useful in lifting local, i.e. Rosenlicht-Serre, information about a
curve up to the global level, as well as providing motivation and intuition for what
comes later.
6.3.1.2 Notation. We adopt the following assumptions and notation from now until
the start of Section 6.3.2. Let C be a curve of arbitrary genus, embedded in Pr
via a very ample line bundle L. Denote by Ce → C the normalisation map, and
e = π ∗ L. For simplicity, we assume also that C has a unique singularity at
let L
p ∈ C, with π −1 (p) = {q1 , .., qs }, so that C is not yet assumed to be unibranch. Fix
P
e If C has more than
n ∈ N, and write D = n qi for the corresponding divisor on C.
one destabilising singularity, the analogues of these results still hold, although the
notation is more cumbersome.
e be sufficiently ample that L
e := L
e ⊗ O (−D) is still very
6.3.1.3 Lemma. Let L
D
e
C
e Then, if n  0 depending only on the singularity at p ∈ C, there is a
ample on C.
sequence of vector spaces with inclusions
e L)
e ⊃ H 0 (C, L) ⊃ H 0 (C,
e L
e )
H 0 (C,
D

whose dual linear projections define rational maps
e L)
e ∗ ) 99K P(H 0 (C, L)∗ ) 99K P(H 0 (C,
e L
e )∗ )
P(H 0 (C,
D
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which restrict to (rational) maps
Ce → C 99K Ce
where the first map is π and the composition is an isomorphism.
Proof. It is clear that π ∗ gives the first inclusion. For the second, consider the short
exact sequence on C,
0 → OC → π∗ (OCe) → π∗ (OCe)/OC → 0.
Tensoring with L and taking global sections, we have
e L)
e →F →0
0 → H 0 (C, L) → H 0 (C,
p
e L
e ), then the stalk
where Fp is a skyscraper sheaf supported only at p. If s ∈ H 0 (C,
D
of s at p must annihilate Fp . Hence it maps to zero under the second map in the
above sequence, which means that it is contained in π ∗ H 0 (C, L).

Lemma 6.3.1.3 provides a global version of the Rosenlicht-Serre construction, in
a sense that we will make precise as we go along. As explained above, our task is to
understand the instability stratification (or at least an instability stratification) for
curves in a geometrically meaningful way: that is, roughly speaking, we are looking for
maximally destabilising one parameter subgroups, in the sense of Section 2.3. Since
it is evidently the singularities that make the curve moduli unstable it is natural to
look for one parameter subgroups that somehow best capture the information about
the singularities. First, though, we recall from [BFMV14] 4.4 how to find limits of
Hilbert points of curves under one-parameter subgroups, using Gröbner bases.
6.3.1.4 Definition. Let W = hx0 , . . . , xh i be a vector space, λ : Gm → SL(W ) a one
parameter subgroup, acting diagonally with respect to these coordinates via
λ(t)(xi ) = twi xi .
Define a partial monomial ordering on C[x0 , . . . xh ] in the following way. Given two
monomials
α

x =

h
Y
αi

xi

i=1

xβ =

h
Y
βi

xi

i=1
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we say xα ≺λ xβ if either
degxα < degxβ ,
or
degxα = degxβ and wtλ (xα ) < wtλ (xβ ),
where wtλ (xα ) denotes the λ-weight of the monomial. For f ∈ C[x0 , . . . xh ], denote
by ltλ f the leading term of f with respect to this ordering; that is, the sum of the
monomials appearing in f of highest λ-weight, of those of highest degree.
6.3.1.5 Proposition. ([BFMV14] Corollary 4.16) Let C ⊂ P(W ∗ ) be a curve of
Hilbert polynomial P (x) = ax + b, so that
[C] ∈ Hilb(P(W ∗ ), a, b),
and denote by I the corresponding ideal. Then the limit point of [C] in the Hilbert
scheme is given by the ideal
inλ I := {ltλ f | f ∈ I}.
6.3.1.6 Notation. From now until Section 6.3.2, write W = H 0 (C, L), and V =
e L(−D)),
e
H 0 (C,
so that we have W ⊃ V .
6.3.1.7 Lemma. Let λ : Gm → SL(W ) be any 1PS such that the minimal weight
space of λ is V . Then the flat limit, C, of C under λ contains Ce as a component.
More precisely, we have
C ∩ P(V ∗ ) = Ce
embedded as above, and the remainder of C is a configuration of curves C1 , ..C` meeting Ce at finitely many points.
Proof. Let z1 , ..zn ∈ V be coordinates on P(V ∗ ), and extend to coordinates on P(W ∗ )
by adding x1 , .., xm . Let G be a Grobner basis for the ordering defined by λ. Then
we may write
G = {f1 , .., fr , g1 , .., gs },
where fi = fi (x1 , .., xm , z1 , ..zn ) has at least one term containing some xj , and the
gi = gi (z1 , .., zn ) have no dependence on any of the xj ’s. Since the zi are all in the
minimal weight space, we have ltλ (gj ) = gj for all j = 1, .., s. If I is the ideal of C,
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the ideal of the limit which must therefore be
inλ I = (lt(f1 ), .., lt(fr ), g1 , .., gs ).
Since each fi contains a term depending on some xj , so must its leading term. We
have
P(V ∗ ) = {xi = 0 ∀ i = 1, .., m}
so the ideal of the intersection of the limit curve with this linear subspace is given by
J = (x1 , .., xm , g1 , .., gs ).
On the other hand, by Lemma 6.3.1.3, the restriction to C of projection
P(W ∗ ) 99K P(V ∗ )
e But the ideal of this image closure, considered as a
has image closure equal to C.
subvariety of P(V ∗ ), is nothing but I ∩ C[z0 , .., zn ]. By standard elimination ordering
properties of Grobner bases, (g1 , .., gs ) is a Grobner basis for this intersection.

Proposition 6.3.1.7 tells us that there is a certain class of one parameter subgroups
that allow us to separate the information of the normalisation of a curve from the
data of its singular points. Of course, unless we are very careful, in taking a limit
under such a one parameter subgroup we will end up with something highly nonreduced that contains no information about C’s singularities at all. The following
proposition shows that this is not always the case, and will form the foundation for
our investigation in Section 6.3.
6.3.1.8 Proposition. Let p ∈ C be the unique singularity, and suppose that it is
e Let c be the conductor of the numerical semigroup Σ
unibranch, i.e. q = π −1 (p) ∈ C.
associated to the singularity at p. Choose coordinates x1 , .., xr , y, z1 , ..., zs on P(W ∗ ),
labelled according to their valuations considered as functions on the normalisation, so
that
vi := νq (π ∗ xi ) < c for all i = 1, .., r
νq (π ∗ y) = c
νq (π ∗ zi ) > c

107

6.3. Moduli of Curves of fixed Rosenlicht-Serre type

Let λ be the 1PS of GL(W ) defined by the weights
λ(t)xi = t−vi xi
λ(t)y = t−c y
λ(t)zj = t−c zi .
Then the limit of C under λ is the union of the two curves
RΣ ⊂ P(hx1 , ..., xr , yi∗ )
Ce ⊂ P(hy, z1 , .., zs i∗ ),
where RΣ is as defined at Definition 6.2.3.1, the monomial rational curve with semigroup Σ, parameterised in coordinates by minus the weights of λ, meeting Ce in a node
at the point corresponding to q.
Proof. First choose as above a Gröbner basis
IC = (f1 (x, y, z), ..., fr (x, y, z), g1 (z), .., gs (z)),
so that
IC = (lt(f1 )(x, y, z), .., lt(fr )(x, y, z), g1 (z), .., gs (z)).
Then we may choose generators for the remaining relevant ideals as follows:
ICe = (g1 (z), ..., gs (z), x1 , .., xm )
IRΣ = (h1 (x, y), .., hn (x, y), z1 , .., zs ).
Now choose a set of generators for the semigroup
Σ = hγ1 , .., γ` i.
Then we have
ÔRΣ ,p ∼
= C[[tγ1 , .., tγ` ]],
and there exist
gi = sγi +

X
αi,j >γi

aij sαi,j
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such that
ÔC,p ∼
= C[[g1 , .., g` ]].
Write νRΣ , νC for the valuation in ObRΣ ,p , ObC,p respectively. For convenience, let
wλ : C[x, y, x] → Z
be the function that outputs minus the λ-weight of a ring element. Abusing notation
slightly, we will write fˆRΣ , fˆC , for the images of an element f ∈ W in the completed
local rings ObR,p and ObC,p , respectively.
Claim 1: IC ≤ IR ∩ ICe
First, Lemma 6.3.1.7 shows that ICe ≥ IC , so we will show IR ≥ IC + (z1 , . . . , zs ).
Let ϕΣ : P1 → P(W ∗ ) be the parameterisation map for RΣ , so that IRΣ = ker ϕ∗Σ
Take a homogeneous f ∈ inλ I + (z1 , . . . , zs ), and write f = f1 + f2 where f1 ∈∈λ I
and f2 ∈ (z1 , . . . , zs ). Then ∃g ∈ I s.t. ltλ g = f1 . Write f1 = f11 (x, y) + f12 where
f12 ∈ (z1 , . . . , zs ). Suppose fˆC 6= 0; then let νC (f ) = ν1 < ∞. So we can write
f1 = aν1 tν1 +

X

aγ tγ ,

γ>ν1

with aν1 =6= 0. Let h = g − f1 . We claim that νC (h) < ν1 . Indeed, if h = i Mi
is a sum of monomials, then wtλ (Mi ) > wtλ (f1 ) for all i. Moreover, we may assume
that f1 = f1 1 without loss of generality, so that wtλ (f1 ) = νC (f1 ) = ν1 . And for each
monomial Mi , we have νC (Mi ) ≤ wtλ (Mi ): this shows νC (h) < ν1 . Since g = h − f1 ∈
I we know that ĝC = 0, which contradicts aν1 6= 0. Hence IR ≥ IC + (z1 , . . . , zs ).
P

Claim 2: C ∩ P(xi = 0 ∀i) = Ce
Considering the corresponding ideals, it suffices to note that the leading terms lt(fi (x, y))
must all lie in (x1 , .., xm ), since otherwise the point [0 : 1 : 0], where y is the only
non-zero coordinate, would not lie on C.
Claim 3: C ∩ P(zj = 0 ∀j) = R
By Claim 1, it suffices to show that IR ≤ IC + (z1 , .., zs ). It is enough to show
this for elements f (x, y) ∈ IR which are sums of monomials Mi such that there exists
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d with νRΣ (Mi ) = d for all i. Considering the image, fˆC , of such an f in ÔC,p , we
see that its valuation is strictly higher than d, since the lowest powers of s cancel.
Hence there is a correction term g such that f + g ∈ I, and the image ĝRΣ in ObR,p
has νRΣ (g) > d. Since the generators of the semigroup have λ weight equal to their
degrees (as polynomials in t) in the completed local ring, we may choose a g with
wλ (g) > wλ (f ). Hence ltλ (f + g) = f , and f ∈ IC . Hilbert polynomial considerations
rule out the possibility of other components.

6.3.2 The GIT problem
Our first task is to find a parameter space for curves of fixed degree, genus, and
Rosenlicht-Serre type up to the action of a linear algebraic group. Motivated by
Section 6.3.1, we will attempt to do this by sandwiching each curve between two copies
of its normalisation, so that we can make use of the invertibility of their dualising
sheaves and hope to do something similar to standard GIT constructions of moduli
of curves. First we will need some notation. Let C be a unibranch singular curve of
genus g, and let {p1 , .., p` } be its singularities, with semigroups of values (Σ1 , . . . , Σ` )
P
having genera (δ1 , . . . , δ` ), and let δ = i δi , the contribution to the genus coming
from the singularities. As above, we have π : Ce → C, the normalisation; this will be
a smooth curve of genus ge = g − δ. For i = 1, . . . , `, denote by qi = π −1 (pi ) the point
of Ce lying over pi . For n  0, define the divisor
D=n

`
X

qi

i=1

e and then fix N  n  0, so that the invertible sheaves ω ⊗N and ω ⊗N (D) are
on C,
e
e
C
C
both very ample, and we have the embeddings
ω ⊗N
C

Ce

e

Pa

(6.6)

PA

(6.7)

ω ⊗N (D)

Ce

C

e

where a = N (2ge − 2) − ge + 1 and A = a + n`. These embed the curve Ce with
respective degrees d1 := N (2ge − 2) and d3 := N (2ge − 2) + n`. Our aim is to exploit
these embeddings, which together make up for the lack of an invertible dualizing sheaf
on C.
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Now fix a vector space VD , of dimension A and a linear subspace V ⊂ VD of
codimension `. Let
ρ : PA 99K Pa
be the associated linear projection. Consider the following Hilbert schemes
H1 = Hilb(PA , d1 , ge)
H2 = Hilb(PA , d, g)
H3 = Hilb(Pa , d3 , ge)
so that H1 is the Hilbert scheme of subschemes in PA of Hilbert polynomial P1 (t) =
d1 t − ge + 1, and the others are defined similarly. Define also
GrD := {codimension δ subspaces of VDV }
and finally, assembling all of these together, we consider the projective scheme
H := H1 × H2 × H3 × (Pa )` × GrD .
Now we can introduce our parameter space.
6.3.2.1 Proposition. Fix points q1 . . . , q` ∈ Pa , and notation as above. Then there
is a locally closed subscheme
S⊂H
given by those points
([C1 ], [C2 ], [C3 ], (q1 , . . . , q` ), W ) ∈ H1 × H2 × H3 × (Pa )` × GrD
such that the following conditions hold.
i) qi lie on C3 for i = 1, . . . , `.
ii) [C1 ] ∈ H1 and [C3 ] ∈ H3 are isomorphic smooth curves, via a morphism
ϕ : C3 → C1
that extends the rational map ρ, and all their connected components have genus
at least 2.
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iii) [C3 ] ∈ H3 is embedded by ωC⊗n
, and [C1 ] ∈ H1 is embedded via ωC⊗n
(ϕ∗ D)
3
3
iv) [C2 ] has normalisation π : C1 → C2 , and the normalisation map extends the
rational map ρ, and
ϕ ◦ π −1 ( Sing(C2 )) = {q1 , . . . , q` }.
v) We have
W =

π ∗ H 0 (C2 , OPA (1) | C2 )
∈ GrD
H 0 (C3 , ωC⊗n
(ϕ∗ D))
3

(6.8)

Proof. We follow standard proofs of similar statements, which rely on [Gro66] 12.2.1(x)cf. for example [MFK94]. The first condition is evidently closed, as it can be obtained
via an incidence correspondence. By imposing open conditions we may assume all
curves are reduced, and that C1 and C3 are smooth. In addition, consider the closed
condition given by requiring that we have ρ(Ci ) = C3 , for i = 1, 2. More precisely, if
I1 , I2 E C[X0 , . . . XA ] are respectively the ideals of C1 and C2 , and I3 E C[X0 , . . . , Xa ]
is that of C3 , we require for i = 1, 2 that Ii ∩ C[X0 , . . . Xa ] = I2 . Now let PA−a−1 ⊂ PA
be the indeterminacy locus of the linear projection ρ, given by the kernel of the projection VD → VDV . Since C1 is smooth, every connected component must either be
contained the linear space PA−a−1 , or meet it in finitely many points. Denote by C10
the union of the connected components of C1 not contained entirely in this subspace.
Then ρ defines a rational map between the smooth curves C10 and C3 , which must
therefore be isomorphic via a unique map ϕ : C3 → C1 extending ρ. But if we restrict
to the locus where C1 and C3 are such that every irreducible component has genus
at least 2, this ensures that C10 is in fact isomorphic to C3 , since they both have the
same genus as C2 . So C1 and C3 are isomorphic via ϕ. Writing Qi = ϕ−1 (qi ), we may
P
P
denote by DQ = ϕ∗ D = N i Qi the divisor obtained by pulling back D = i qi to
C1 . By the usual methods, the conditions that C3 is n-canonically embedded, and C1
is embedded via ωCn 1 (DQ ), are both closed. Since ρ(C1 ) = C2 , we know that there is
a rational map from C1 to C2 , and since C1 is smooth, it must in fact be a morphism.
Adding in the condition that C2 be integral (which is open since we are working over
an algebraically closed field), we see that this map must be birational, and hence
the morphism π : C1 → C2 induced by ρ must be the normalisation. Finally, the
condition on the Grassmannian is determined by the other data.
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From now on we will simplify notation as best we can, and write
[C] = ([CeQ ], [C], [Ceq ], q, W ) ∈ S
for points of S. Similarly to the sheaves case, with the Quot scheme, we will say that
such a point corresponds to a curve C, since it is the singular curve we are really
interested in. As in the proof above we take Qi = ϕ−1 (qi ), and write
DQ = ϕ∗ Dq = N

X

Qi

i

P

for the divisor obtained by pulling back Dq = N i qi . We also identify CeQ and Ceq
via the isomorphism given above. Note that, although the qi and Qi are the same
considered as points on the abstract curves Ceq and CeQ via this identification, they
represent different points in their respective projective spaces. We will also abuse
notation slightly and write
ωQ = ωC⊗n
e (DQ )
ωq = ωC⊗n
e
for the line bundles on Ce obtained by restricting, respectively, the sheaves OPA (1)
and OPa (1).
The scheme S evidently parameterises singular curves of a certain sort, and it is clear
that there is some redundant information which we must remove to obtain a moduli
space. Let us investigate exactly how much freedom there is, given an isomorphism
class of singular curve C with the right Hilbert polynomial.
6.3.2.2 Notation. We will consider coordinate systems on PA = P(VD∗ ) of the form
[X0 : · · · : Xr : Y1 : · · · : Y` : Z0 : . . . Zs ],
hX0 , . . . , Xr , . . . , Y1 , . . . , Y` i = V.
We fix, for each i = 1, . . . , `, the points
qi = [0 : · · · : 0 : 1 : 0 : · · · : 0] ∈ Pa = P(V ∗ )
to be where all coordinates vanish except for Yi . In representing matrices in SL(VD )
in block form we will separate X’s, Y ’s and Z’s by solid lines, for ease of parsing.
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6.3.2.3 Definition. We consider the non-reductive group H / SL(VD ), given by


H :=






A
U1
0



0

0 


∈ H1 o G ∩ SL(VD )
B U2 

0

C

where
i) H1 is the group of matrices of the form




A
0 0 
 1


 U1 B1 0 


0

0

I

whose top left 2 × 2 block is the subgroup of SL(V ) that fixes the points
qi ∈ Pa = P(V ∗ ),
so that B1 is diagonal.
ii) We define
G :=

`
Y

GN,i ,

i=1

where each GN,i is a re-parameterisation group as defined at Definition 6.2.2.5.
iii) The isomorphism HH1 ∼
= G, is via the identification (6.9) below.
6.3.2.4 Proposition. The scheme S carries an action of H, and isomorphism classes
of connected unibranch curves C of genus g = ge +δ, with a choice of ordering on their
singular points, are in one-to-one correspondence with orbits of closed points under
this group action.
Proof. Since elements of H act naturally on VD and fix V , they induce a diagonal
action on H1 × H2 × H3 × (Pa )` . The action on the Grassmannian factor comes about
in the following way. For any point of S we can canonically identify
VD ∼
V =

e ω ⊗N (D))
H 0 (C,
e
C
e ω ⊗N )
H 0 (C,
e
C

∼
e i N
= OC,q
m

and hence we may also make a choice of identification

qi

Chapter 6. Moduli Spaces of Singular Curves

VD ∼
V =

e ω ⊗N (D))
H 0 (C,
e
C
e ω ⊗N )
H 0 (C,
e
C
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'

`
M
i=1

C[ti 
] N .
(ti )

(6.9)

Any W coming from a point of S as described at (6.8) gives a direct sum of subrings, and hence we can think of this choice up to the action of the product of
re-parameterisation groups above. Hence, fix such an identification and thus the
Grassmannian acquires a well-defined G action, which induces a H action. The full
action of H on S is given by taking the diagonal action on the full product.
Suppose we have points [C 1 ], [C 2 ] ∈ S, where
[C j ] = ([CeQj ], [C j ], [Ceqj ], q, W j ),
and suppose C 1 ∼
= CeQ1
= Ceq1 and CeQ1 ∼
= C 2 , as pointed curves. Then it follows that Ceq1 ∼
are isomorphic abstract curves, embedded in each of Pa and PA , respectively, by the
same line bundle. So there is a matrix M1 ∈ SL(V ), which respects the inclusion
W ⊂ V , taking one to the other. Moreover this matrix must fix the points qi on the
Cqj ’s, since these points are distinguished.
Next, choose local parameters on Ceq1 at each qi , and pull them back to local parameters
on CeQ1 . Doing the same for Ceq2 and CeQ2 , we see that the two choices must be related,
up to order N by the action of an element of G; the remainder can be dealt with
by the rest of H. Equivalently, we can think of these local parameters as giving us
a choice of complement to VD in V , which by construction is well-defined up to the
action of G.
By the above proposition, the naive answer to our moduli problem should be the
quotient of S by H, and as usual we want to consider the unstable strata picture
associated to this GIT problem. Though H is not reductive, this still makes perfectly
good sense. We will see that we are in a setting in which Hilbert-Mumford can
be shown to apply, and so it is still reasonable to look for maximally destabilising
one-parameter subgroups, as in Section 2.3. We do this, as in the reductive case,
by choosing a maximal torus, and then analysing how the convex hull of the torus
weights changes as we sweep out by the action of H. Hence, the procedure outlined
in Chapter 4 can be followed: if we can interpret the instability strata in terms of the
geometry of our curves, and find categorical quotients of those instability strata, then
the above proposition tells us that we will have coarse moduli spaces for whichever
curves those strata parameterise.
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To complete this set-up as a non-reductive GIT problem, we need our group to act
linearly on a projective variety. We recall that, for m  0, a Hilbert scheme of curves
has an embedding into projective space, as in Section 6.1. Hence, fix m sufficiently
large, depending on the parameters chosen so far, so as to work uniformly for H1 , for
i = 1, 2, and denote the associated very ample line bundle on Hi by Λm,i . We choose
m1 , . . . , m` as in Section 6.1.2, so that L = L(m, m1 , . . . , m` ) is the Baldwin-Swinarski
linearisation on H3 × (Pa )` . We recall that there is also a Plücker embedding of our
Grassmannian GrD , and denote the corresponding very ample line bundle by LGr .
Putting all of this together, we define a line bundle on H as
L = L (M, m, m1 , . . . , m` ) := Λm,1 ⊗ Λm,2 ⊗ (L(m, m1 , . . . , m` ))⊗M ⊗ LGr .
This line bundle defines an embedding of the product H into a product of projective
spaces, and is hence very ample. Since each of the factors in the product has a natural
linearisation of the H action, so does the product itself.
6.3.2.5 Remark. We will be thinking of M as very large compared to all of the
other parameters we have defined so far- the idea behind this, roughly speaking, is
that in order for a curve C to be stable with respect to this action, its normalisation,
considered as a curve with marked points, must be Baldwin-Swinarski stable. Despite
the different parameter space and non-reductive group, we are working, in effect, with
a small perturbation of the Baldwin-Swinarski GIT set-up.
6.3.2.6 Notation. To denote a particular choice of our parameters, we will write
m := (M, m, m1 , . . . , m` ).

6.3.3 The associated graded curve
We can now begin to study the instability stratification with respect to the GIT
problem set up above. Motivated by the case of sheaves, we are looking for something
like a Harder-Narasimhan filtration for curves. This of course will correspond to
a weighted filtration of VD - that is, a one-parameter subgroup - but there is no
meaningful sense in which we can be said to have an induced filtration by subcurves.
However, we can still make a good guess at what the ‘associated graded curve’ should
be.
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6.3.3.1 Definition.
1) Let C be a unibranch curve having singularities at {p1 , . . . , p` }, of genera δi . At
each pi ∈ C, let Γi be the semigroup, let ci be the conductor of Γi , and choose
generators {γij } ⊂ Γi . Define
Ni = max({ci } ∪ {γij })
and take N = max{Ni }. For each i, define Ri (C) to be the rational curve of
degree N parameterised by
P1 → PN −δi
[s : t] 7−→ [sN : sN −v1 tv1 : sN −v2 tv2 . . . : tN ]
where the vi are the elements of Γi ∩ N≤N .
2) We define the associated graded curve of C to be the curve obtained from the
e by attaching the rational curves R to the points p such that
normalisation, C,
i
i
e
the Ri are all disjoint and C meets each Ri (C) at pi , at a node. We denote this
curve by C.
6.3.3.2 Remark.
i) The rationale behind this definition, is that it separates the information about C
that is irrelevant to its stability, i.e. the isomorphism class of the normalisation,
from the relevant information: the singularity data. These are the curves which
we will want to lie in the analogue of Zβss for our instability stratification.
Hence, in some sense, we want to think of the graded curve C as the curve
that loses the least amount of information about C, whilst still having a Gm in
its automorphism group that ‘knows’ at least something about the singularities.9
ii) A key feature of the unibranch case is that, associated to each unibranch semigroup there is a distinguished projective rational curve having that semigroupnamely the one above, the monomial curve. This reflects the fact that, at the local level, the unibranch re-parameterisation group only has a rank one torus. If
the singularities of C are multibranch, we can still define the associated graded,
but the difference is that we will have to make a choice of Gm inside the multibranch re-parameterisation group of the singularity. The natural thing to do
9

Just as in the sheaves case we lose information by passing to the associated graded.
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in that case would be to take the Gm giving the maximally destabilising one
parameter subgroup in the Rosenlicht-Serre Grassmannian.10

Shortly we will exhibit a one-parameter subgroup that degenerates points in S
corresponding to a singular curve C into its associated graded. We can now define
the one-parameter subgroup that will play the role that βm,n did in Chapter 5.
6.3.3.3 Definition. Fix a given choice of coordinates as in Notation 6.3.2.2. Define
a one parameter subgroup diagonalised by these coordinates θ(t) : Gm → H via
θ(t) = diag(1, 1, . . . , 1, 1, t−1 , t−2 , . . . , t2−N , t1−N , 1, t−1 , . . . , t1−N , 1, . . . , . . . , t, 1)
That is to say, all coordinates belonging to V have weight 0, and the remainder is given
by taking the diagonal in a chosen maximal torus of the product of re-parameterisation
groups.
6.3.3.4 Proposition. Consider the point in the parameter scheme
[C] = ([CeQ ], [C], [Ceq ], q, W ) ∈ S.
Then we have
lim θ(t)[C] = ([Ce ◦ ], [C], Ceq , q, W ) ⊂ S ⊂ H
t→0

where
i) Ce ◦ is a curve obtained from Cq ⊂ Pa ⊂ PA by attaching ` copies of P1 of degree
N , passing through Qi and meeting Ceq in a node at qi . Each of these curves is
embedded via a complete linear system OPA (N ).
ii) The curve C is the associated graded of C, embedded via taking the linear projection of Ce onto the span of C. That is, C ⊂ PA is obtained from CeQ ⊂ PA by
attaching the curves Ri (C), each of degree N , with the singularity at Qi , and
meeting CeQ at a node at qi
iii) The linear space W in GrD is obtained as in the proof of Proposition 6.2.3.6.
Proof. The proof of both (i) and (ii) in the case ` = 1 is the same, mutatis mutandis,
as that of Proposition 6.3.1.8, while (iii) is proved at Proposition 6.2.3.6. The generalisation to more than one singularity, except for the addition of notational clutter,
is no harder.
10

cf. Chapter 3 of [BRV17] and in particular theorem 3.5.
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6.3.3.5 Remark. If all singularities of C are local complete intersections, we can
prove this proposition in a more straightforward way, which also generalises to the
multibranch case without increased difficulty. Following [HH13], we can consider the
weights of λ on the deformation spaces of the singularities of C. These singularities are
of two kinds: those coming from C, and those not coming from C, of which the latter
are all nodes. If the curve C is a local complete intersection then the Hilbert scheme
H2 is smooth at C, so we have smooth point of S. Hence, by analysing the weights
of λ we can show that the basin of attraction of C ∈ S contains no smoothings of
the singularities coming from C, and all smoothings of those singularities not coming
from C.
6.3.3.6 Remark. It is also worth noting a dissimilarity with the sheaves case: we
have, for all unibranch curves with these discrete invariants, the same Kempf one
parameter subgroup (although we will have a different weight). This is an artefact of
the way we have set things up, which is not likely to persist in the multibranch case.

6.3.4 Construction of Mg,σ
We now turn our attention to the construction of the moduli space of unibranch
curves of fixed Rosenlicht-Serre type.
6.3.4.1 Theorem. Fix a unibranch Rosenlicht-Serre type σ = (Σ1 , . . . , Σ` ). Then
there is a quasi-projective coarse moduli space Mg,σ parameterising irreducible projective algebraic curves of Rosenlicht-Serre type σ of arithmetic genus g up to isomorphism, which admits a projective completion M g,σ constructed via non-reductive
GIT.
We will prove this proposition in stages, and first we need some preliminaries.
Proposition 6.3.3.4 allows us to formulate the following definition, motivated by Secper
tion 4.2. This is the linearisation that will play the role played by Lβ(τ
) in the
sheaves case. Note, though, that unlike the sheaves case, the one-parameter subgroup
θ : Gm → H does not depend on the Rosenlicht-Serre type, only on the discrete invariants necessary to set up the parameter space. The weight of its action, however,
does depend on the Rosenlicht-Serre type, and not on any other data of the curve.11
that is to say: if C is a curve of Rosenlicht-Serre type σ, and [C] ∈ S a corresponding
point, then the value of the Hilbert-Mumford function µL ([C], θ) depends only on
the Rosenlicht-Serre type of C, by the above.
11

In fact, one can easily calculate it explicitly, using (6.2).
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6.3.4.2 Definition.

i) Fix a Rosenlicht-Serre type σ. Define the character χσ = χσ (M ) : Gm → H, to
be that given by the weight of the action of θ on the associated graded curves
of any curve of Rosenlicht-Serre type σ.
ii) Denote by Lσ = Lσ (M ) the linearisation given by twisting the linearisation
L by the character −χσ . Similarly, denote by Lσper the linearisation given by
twisting L by −χs (1 + ε), for some ε > 0 chosen sufficiently small.
Let us now take the closure S ⊂ H, which is then a projective variety. We will
quotient by the action of H in three stages, using techniques from both Sections 3.1
and 3.3. First, we will quotient by the action of the group

H10 :=








A01

0

U10 B10
0

0




0 


∈ H1 E H | detA01 detB10 = 1
0 

I

Recalling H1 from Definition 6.3.2.3, this means that B10 is diagonal, and the whole
2 × 2 block lies in SL(V ). Let us write G1 := SL(V ), and consider the locus
T := G1 S.
Then taking the closure in the ambient projective space yields T , a projective variety.
Further G1 is a reductive group, and our linearisation Lper
σ extends to a linearisation
of the G1 action on T : this is because the line bundle itself is defined and very ample
on the whole of H, and the character χσ extends to a character of G1 (the trivial
one).
0
6.3.4.3 Lemma. We have a G1 -equivariant isomorphism T ∼
= G1 ×H 1 S, where the
latter is as defined at Definition 3.1.3.1.

Proof. The scheme S is H1 -invariant, so there is a morphism G1 ×H1 S → T with
image T . Now let [C] = ([C1 ], [C2 ], [C3 ], r, W ) ∈ T . There is a projection
f : T → (Pa )` ,
under which S = f −1 ({q1 , . . . , q` }). And
G1 · {q1 , . . . , q` } ∼
= G ×H1 {q1 , . . . , q` },
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so we have
0
T = G1 S = G · f −1 ({q1 , . . . , q` }) ∼
= G ×H1 f −1 ({q1 , . . . , q` }) = G1 ×H1 S.

It follows from the above that a quotient of T by G1 is equivalent to a quotient
of S by H10 . Using classical GIT there is a categorical quotient
ϕT : T ss → T // G1 =: X
which is a projective variety, and the semistable locus is determined by the HilbertMumford criterion. Since we have chosen M  0 and very large compared to all
the other parameters, and since semistability and stability coincide (in the usual
reductive GIT sense) for the Baldwin-Swinarski quotient, together with the HilbertMumford criterion this implies that we have T ⊂ T s . Hence, we have a quasiprojective geometric quotient
S → S/H1 ,
with a natural projective completion provided by X . This scheme carries an induced
action of the residual group, which we can write as
H20 := H/H10 ∼
= U1 o L1 ,
with U1 being the unipotent radical of the re-parameterisation group, and L1 being
reductive. This action has a linearisation induced from Lσper on H, which we will
denote by Lσper . Moreover, we are now in the situation where the Û Theorems can
be applied, since we have a one parameter subgroup θ : Gm → H → H/H1 , which
has positive weights on the unipotent radical U1 . In fact we can use Theorem 3.3.1.8.
6.3.4.4 Lemma. The subset {x ∈ X | StabU1 (x) = {e}} is dense.
Proof. This essentially follows because of the finiteness of automorphism groups of
irreducible curves of genus at least 2. A full analysis of when curves may have infinite
automorphism groups, and which automorphism groups they may have, may be found
in [Pop78]. We first argue that it suffices to prove the statement for S. Note that the
image
ϕ : S → S/H1 ⊂ X
is dense in X . Take [C] ∈ S. Since the quotient is geometric and H-equivariant, if
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u ∈ U1 fixes ϕ([C)] then there is h ∈ H10 such that h[C] = u[C]. Since the intersection
H10 ∩ U1 is trivial, it follows that if the stabiliser of a point in U1 on one side is infinite,
it must be infinite on the other side also. So we can prove the statement by proving
it for S.
Now, for [C] ∈ S, any element of StabU1 ([C]) must in particular lie in the stabiliser
of the Hilbert point [CeQ ] ∈ H1 . By [BFMV14] Lemma 6.1, recalling that [CeQ ] is ncanonical, the stabiliser in U1 of this Hilbert point is a unipotent subgroup of the
automorphism group of the normalisation Ce of C, considered as an abstract curve.
A non-trivial unipotent group must have a subgroup isomorphic to Ga , but since Ce
is smooth with all connected components having genus at least 2, it follows that we
have
StabU1 ([C]) = {e} ∀[C] ∈ S.
This proves the lemma.
We now restrict our attention to the Rosenlicht-Serre type we are interested in.
6.3.4.5 Definition. We define the σ-level
Yσ0 = {[C] = ([CeQ ], [C], [Ceq ], q, W ) ∈ S | C has Rosenlicht-Serre type σ}.
Similarly, define
Zσ = {lim θ(t)[C] | [C] ∈ Yσ },
t→0

the associated graded curves.
6.3.4.6 Lemma. The level Yσ0 ⊂ S is an H-invariant locally closed subscheme, as is
Zσ ⊂ S.
Proof. First observe that the H-invariance is clear. Next, we can endow Yσ0 with
the structure of a locally closed subscheme by defining it as a scheme to be the fibre
product
Yσ0
GrσD
(6.10)
S

GrD

Here the bottom arrow is the projection onto the last factor. The vertical arrow
on the right is the inclusion, of those subrings of Rosenlicht-Serre type σ, which by
[Ish80], gives GrσD the structure of a locally closed subscheme of GrD . And since
locally closed immersions are stable under arbitrary base change, we are done. A
similar proof works for Zσ .
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Hence, taking projective closure, we have Yσ0 ⊂ H , a projective variety.
6.3.4.7 Definition. Define Yσ0 = ϕ(Yσ0 ).12 There is an induced map
pσ : Yσ0 → Zσ =: ϕ(Zσ )
which takes a point to its limit in the minimal weight space; i.e. to the point representing its associated graded curve.
6.3.4.8 Proposition.
1) The scheme Yσ0 has a geometric quotient by the action of Û1 := U1 oθ Gm .
2) Following this up with the induced reductive quotient by L1 ∼
= H20 /U1 , there is a
quasi-projective geometric quotient
(Yσ0 )s → Wσ .
Proof. For this we use the Û Theorems. Embed Yσ0 ⊂ X σ in its projective closure, and
consider the action of H20 on it. With respect to the restriction of the H20 linearisation
Lσper , by construction the distinguished θ : Gm → H → H20 has precisely one strictly
negative weight, that corresponding to the image of Zσ , the associated graded curves,
and the rest of its weights are all strictly positive. By Lemma 6.3.4.4 and its proof,
which applies equally to Yσ0 , the generic stabiliser in U1 of points in Yσ0 are trivial. So
we can perform the blow-up process on Yσ0 , terminating in a projective variety
f0 → Y 0
ψ:Y
σ
σ

such that all U1 -stabilisers are trivial. Moreover, the U1 -stabilisers of points in Yσ0 ,
and their images under the map pσ , are all trivial in the first place. So these points
all survive the process without being blown up, and we can think of
f0
Yσ0 ⊂ Y
σ

via the identification provided by ψ. This proves the first statement- the second then
follows from Theorem 3.3.1.8, as the residual group L1 is reductive.
12

This has a canonical scheme structure by standard properties of reductive GIT quotients, as
a geometric quotient of Yσ0 by the H10 action: see [New78] 3.4.3 and the universality statement in
Theorem 1.10 of [MFK94].
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Conclusion of the proof of Theorem 6.3.4.1. Let us now put all of this together. By
composing our two quotient maps
Yσ0 → Yσ0 99K Wσ ,
we have established that some open subset of Yσ0 must have a geometric quotient by
the action of H. In fact, this subset is all of Yσ0 : we can understand this in terms
very similar to Remark 2.3.0.12. Taking the limit of a point of Yσ0 under the one
parameter subgroup θ takes it to the corresponding point of Zσ0 , its associated graded
curve. The group that plays the role of Stab β is then H10 , and the statement then
reduces to Theorem 6.1.2.2.

6.3.5 Remarks on generalisations
It will not have escaped the reader’s notice that no attempt was made to keep track
of what appears in the boundary of this construction. To that extend, the proof
resembles Chapter 5 of [MFK94]. A priori, they might be points coming from blow
ups of Hilbert schemes, or at least curves in the original product of Hilbert schemes
that are non-reduced. However, it is likely that a thorough analysis of the boundary
could be performed without a great deal of work. To do this, rather than working
with a parameter space that places a singular curve between two copies of its normalisation, it would be preferable in some respects to make use of the full force of the
Baldwin-Swinarski construction, essentially working with a parameter space of curves
together with their nodalisations. This done, one could ask the question of whether
the resultant moduli space is in fact projective, by analysing the fibre of the natural
map to M g,n .
Another natural area for generalisation is the extension to non-nodal multibranch
singularities, and most of what we have said carries over to that case with very
minimal alteration. As indicated in Remark 6.3.3.2, a definition of the RosenlichtSerre type, and associated graded curve, is possible, and, as stated in Remark 6.3.3.5,
an analogue of Proposition 6.3.3.4 can presumably be shown to hold.

Appendix
Diagrams and Algorithm for
Projective Completions
by Eloise Hamilton

1 Diagrams for GIT, reductive and nonreductive
In this section we summarise the main results from Geometric Invariant Theory
(GIT), both in the classical setting of [MFK94] (Section 1.1) and in the non-reductive
setting of [BDHK16] (Sections 1.2 and 1.3), providing diagrams to illustrate the constructions involved.

1.1 Classical GIT for reductive groups
Let X be an irreducible projective variety over an algebraically closed field of characteristic 0 and let G be a reductive group acting linearly on X with respect to an
ample line bundle L → X. Then according to classical GIT, there exist open subsets
L
X s ⊆ X ss ⊆ X and a projective variety X//G = Proj k≥0 H 0 (X, L⊗k )G with a rational map qG : X 99K X//G such that qG restricts to a good quotient X ss → X//G and
induces a geometric quotient X s → qG (X s ) = X s /G. Note that in the terminology
of [MFK94], X s is the properly stable locus; we will use the notation X M s to denote
the stable locus in Mumford’s sense. When X s is dense in X, the GIT quotient X//G
can be viewed as a projective completion of the geometric quotient X s /G. Moreover,
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(a) When X ss = X s 6= ∅

(b) When ∅ =
6 X s ( X ss . The green arrows denote projective completions.

Figure .1: Classical GIT for reductive groups
the semistable and stable loci are characterised by Hilbert-Mumford criteria so that
X (s)s =

\

gX (s)s,T

g∈G

for a fixed maximal torus T ⊆ G. In what follows, if X s is empty but X M s is not, then
stability should be replaced by Mumford-stability. Note however that the Mumfordstable locus, unlike the stable locus, is not described by a Hilbert-Mumford-type
criterion.
If ∅ =
6 X s = X ss , then the GIT quotient X//G is a projective geometric quotient
for the stable locus of X, and hence can have at worst only finite quotient singularities.
Figure .1a illustrates this situation.
If ∅ =
6 X s ( X ss , then by [Kir85, Rei89] there exists a sequence of blow-ups startf with a blow-down map π
f→X
e :X
ing from X and resulting in a projective variety X
fss = X
fs 6= ∅ for a suitably linearised action of G on X
f (see [BDHK16, §3]
such that X
fs \ E)
e where E
e denotes
for more detail). By construction of the blow-ups, X s = πe (X
the exceptional divisor of the blow-down map πe . Figure .1b illustrates this blowing up
construction. The two green arrows denote the two projective completions of X s /G,
f
namely X//G and X//G,
where the latter can be viewed as a partial desingularisation
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of the former.
If ∅ = X s = X M s 6= X ss , then although the blow-ups can again be performed, for
f the semistable locus is empty (see [BDHK16, Remark 3.3]).
the resulting variety X
In general, if the semistable locus for the linearised action of a reductive group G
on a projective variety X is empty, then we are not in a situation where classical
GIT can be usefully applied. This is one of the motivations for considering nonreductive GIT. Indeed, given an invariant inner product on the Lie algebra of G, by
the instability-stratification for X we have:
X=

G

Sβ

β∈B

where S0 = X ss and Sβ = G ×Pβ Yβss for β 6= 0 (see [BDHK16, §8.2] and [BHK17,
§1] for more details). Note that when G is connected, Sβ is irreducible if and only
if Yβss is irreducible. If X ss = ∅, then there must exist an unstable stratum Sβ with
β 6= 0 such that Sβ ∼
= GYβss = G ×Pβ Yβss is open in X. Taking a quotient of
an invariant open subset of Sβ by G is thus equivalent to taking a quotient of an
invariant open subset of Yβss by the parabolic subgroup Pβ , which is non-reductive in
general. However, the subgroup Pβ satisfies the property that its unipotent radical is
internally graded. That is, Pβ = Uβ o Lβ , where Uβ is its unipotent radical and Lβ
a Levi subgroup, and there exists a central one-parameter subgroup λβ : Gm → Lβ
such that λβ (Gm ) acts on Lie Uβ with strictly positive weights. In the following two
subsections we summarise results from [BDHK16] for graded extensions of unipotent
groups (Section 1.2) and for non-reductive groups with internally graded unipotent
radicals (Section 1.3), providing diagrams to illustrate them.

1.2 GIT for graded extensions of unipotent groups

≈

≈

Let Ub = U o Gm be the semi-direct product of a non-trivial unipotent group with the
multiplicative group Gm such that Gm acts on Lie U with strictly positive weights.
Suppose that Ub acts linearly on a projective variety X with ample line bundle L. The
0
subvarieties Zmin and Xmin
are defined as in [BDHK16, Definition 1.1].
L
Since Ub is non-reductive, the ring of invariants k≥0 H 0 (X, L⊗k )Ub may not be
finitely generated and thus there is no obvious analogue of the GIT quotient. Instead,
an ‘enveloping quotient’ X Ub , can be defined, admitting a rational map qUb : X 99K
X Ub which restricts to a morphism on a suitably defined semistable locus X ss,Ub .
Unlike in the classical case, this morphism may not be surjective, and its image may
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b )) holds and X 6= U Zmin
(a) When (ss=s(U

b )) holds and X =
(b) When (ss=s(U
U Zmin

b )) does not hold. The green arrow denotes a projective completion.
(c) When (ss=s(U

Figure .2: GIT for graded extensions of unipotent groups

≈

≈

≈

not even be a subvariety of X Ub but only a constructible subset. Nevertheless, a
stable locus X s,Ub can be defined so that qUb (X s,Ub ) is a subvariety of X Ub and a
geometric quotient for the action of Ub on X (see [BDHK16, §2] for more detail). By
contrast with classical GIT, the semistable and stable loci for the Ub action cannot in
general be described by Hilbert-Mumford-type criteria.
Nevertheless, if the action satisfies an additional condition denoted (ss=s(Ub )),
namely that StabU (z) = {e} for all z ∈ Zmin , then by [BDHK16, Theorem 1.2], after
taking a tensor power of the linearisation and twisting it by an appropriate character,
all of the properties of classical GIT in the case when semistability coincides with
stability can be recovered. That is, the invariants form a finitely generated graded
ring and X Ub is the associated projective variety. Moreover, a stable locus
s,U
0
Xmin
+ := Xmin \ U Zmin

b

b

≈

s,U
can be defined such that, if non-empty, qUb : Xmin
+ → X

Ub is surjective and a

b
b
s,U
s,U
geometric quotient for the action of Ub on Xmin
+ . Finally, the stable locus Xmin + is
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characterised by a Hilbert-Mumford-type criterion:
s,U
Xmin
+ =

b

\

s,Gm
uXmin
+

u∈U

≈

s,Gm
where Xmin
+ is the stable locus in the reductive sense for the action of λ(Gm ) on X
with respect to the tensored and twisted linearisation. Since the enveloping quotient
X Ub satisfies all of the properties of classical GIT in the case where semistability
coincides with stability, we denote it by X//Ub instead. Figure .2a illustrates this
b
s,U
situation. Note that if Xmin
+ = ∅, then U Zmin must be open in X. In this case, Zmin
is a geometric quotient for the action of Ub on U Zmin (see [BDHK16, Remark 1.3]).
Figure .2b illustrates this situation.
If StabU (x) is not trivial but of constant and strictly positive dimension for all
0
x ∈ Xmin
, and the same is true for subgroups U (j) appearing in a series U ⊇ U (1) ⊇
· · · ⊇ U (s) = {e} normalised by H with U (j) /U (j+1) abelian, then the same conclusions
as stated in the above paragraph hold (see [BDHK16, Remark 1.6]). This situation is
analogous to the reductive case when X s = ∅ but ∅ =
6 X M s = X ss . For this reason we
0
denote the above weaker condition for the Ub -stabiliser groups in Xmin
by (ss=Ms(Ub )).
If the condition (ss=s(Ub )) is not satisfied for the action of Ub on X, then provided
there is some x ∈ X such that StabU (x) = {e} (this condition is analogous to the
condition that X s 6= ∅ in the reductive case), by [BDHK16, Theorem 1.8] there is
c with
a sequence of Ub -equivariant blow-ups of X resulting in a projective variety X
c → X such that for a suitably defined linearised action of
a blow-down map πb : X
c the condition (ss=s(U
b )) is satisfied. Figure .2c illustrates the blowing up
Ub on X
procedure. If StabU (x) is strictly positive-dimensional for all x ∈ X, then a sequence
c satisfying (ss=Ms(U
b )) instead
of blow-ups can still be performed to obtain a variety X
(see [BDHK16, Remark 1.10]). This is analogous to the case in classical GIT when
∅ = X s 6= X M s ( X ss . Note that while in the reductive case the semistable locus must
be non-empty in order to be able to perform the sequence of blow-ups, the Ub -blowups can always be performed. Unlike in Figure .1b, we obtain only one projective
c and it cannot in
completion for the geometric quotient X bs,Ub /Ub , coming from X,
general be viewed as a partial desingularisation of another projective completion.
By analogy with classical GIT, a version of the stable locus inside X, denoted
b
s,U
X b , can be defined as
b
cs,Ub \ E)
b
X bs,U := πb (X
min +

c → X. If
where Eb denotes the exceptional divisor for the blow-down map πb : X
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b
s,U
b instead, where Z
b
cs,Ub = ∅ then we define X b
:= πb (U Zbmin \ E)
X
min is the analogue
min +
c
of Zmin for X.

1.3 GIT for internally graded unipotent radical
More generally, let H = U o R be a linear algebraic group with internally graded
unipotent radical acting linearly on X. We let λ : Gm → R denote a central oneparameter subgroup such that λ(Gm ) acts on Lie U with strictly positive weights and
we let Rλ denote the reductive quotient group R/λ(Gm ).
When the condition (ss=s(Ub )) is satisfied for the action of Ub = U o λ(Gm ) on X,
then by Section 1.2 there exists a projective geometric quotient X//Ub for the action of
b
b
s,U
s,U
Ub on Xmin
+ (if Xmin + = ∅ so that X = U Zmin then in what follows we simply replace
b
s,U
b
all occurrences of Xmin
+ and X//U with U Zmin and Zmin respectively). The projective
variety X//Ub has an induced action of the reductive group Rλ which is linear with
respect to an ample line bundle LUb on X//Ub such that qU∗b LUb is a tensor power of L

s,U
b
b ss,Rλ 6= ∅ then we can
where qUb : Xmin
+ → X//U denotes the quotient map. If (X//U )


further quotient by Rλ to obtain a projective variety X//H := X//Ub //Rλ which is
a geometric quotient for the action of Rλ on (X//Ub )s,Rλ , and for the action of H on

b

s,H
−1
b s,Rλ ) ∩ X s,U .
Xmin
+ := qU
min +
b ((X//U )

b

ss,H
−1
b ss,Rλ ) ∩ X s,U
The semistable locus is analogously defined as Xmin
min +
+ := qU
b ((X//U )
and both the stable and semistable loci satisfy Hilbert-Mumford-type criteria:

b

(s)s,H

Xmin + =

\

(s)s,T

hXmin +

h∈H

for a fixed maximal torus T ⊆ R containing the central one-parameter subgroup
which grades U . If semistability coincides with stability for the action of Rλ on
s,H
X//Ub , then X//H is a geometric quotient for the action of H on Xmin
+ since in this
ss,H
s,H
case Xmin + = Xmin + . Figure .3a illustrates this situation.
If the condition (ss=s(Ub )) is not satisfied, then as described in Section 1.2 a sec for which either
quence of blow-ups can be performed to obtain a projective variety X
c U
b , if ∅ =
c U
b )s,Rλ (
(ss=s(Ub )) or (ss=Ms(Ub )) holds. For the projective variety X//
6 (X//
c U
b )ss,Rλ , then as described in Section 1.1 an additional sequence of blow-ups can
(X//
^
c U
b such that semistability coincides
be performed to produce a projective variety X//
with stability (or Mumford-stability) for a suitably lifted action of Rλ . Equivalently
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b )) for the action of U
b , X 6= U Zmin and X//U
b
(a) When (ss=s(U



s,R/λ(Gm )

b U
b
(b) When X//
projective completions.

ss,Rλ
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b
= X//U

s,Rλ

6= ∅

b =
e =
6= ∅, X
6 U Zbmin and X
6 U Zemin . The green arrows denote

Figure .3: GIT for linear algebraic groups with internally graded unipotent radical
(in the setting of [BDHK16])
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f with a blow-down map to X
c and a linearised action of
we can construct a variety X
^
f U
b = X//
c U
b is a projective geometric quotient for the action of H on
H such that X//
s,H
fs,H . An alternate stable locus inside X, denoted X b
X
, is then defined as
min +

cs,H \ E)
b =π
fs,H \ E))
e \ E)
b
b (π
e (X
X bs,H := πb (X
min +
min +
c→X
where Eb and Ee denote the exceptional divisors for the blow-down maps πb : X
f → X
c respectively. Figure .3b illustrates this sequence of blow-ups. By
and πe : X
f U
b
construction, X bs,H /H is a geometric quotient for the action of X on X bs,H and X//
is a projective completion of this quotient.

2 Algorithm for internally graded quotients
In the set-up of Section 1.3, if H acts linearly on X, then provided the stable or
c U
b (or on Z
Mumford-stable locus for the induced action of Rλ = R/λ(Gm ) on X//
min
b
s,H
if U Zmin = X) is non-empty, we obtain a non-empty open subset X
⊆ X such that
b
s,H
X /H is a geometric quotient for the action of H, as well as a projective completion
f
X//H
which is itself a projective geometric quotient for the action of H on an open
f This is the main result of [BDHK16]. The purpose of this section is
subset of X.
to describe a generalisation of this result to cases where the above condition on the
induced reductive action is not satisfied, based on the inductive construction from
[BHK17]. The proof is in the form of an algorithm, called the ‘blow-up algorithm’.
Let H = U o R be a linear algebraic group with unipotent radical U graded by a
central one-parameter subgroup λ : Gm → R of R, acting linearly on an irreducible
projective variety X. We assume moreover that X is non-empty and that H is
connected; otherwise we replace H with its identity component. We denote the
trivial one-parameter subgroup by λ0 . As before, we let Rλ denote the reductive
quotient group R/λ(Gm ). Let L denote the linearisation for the action of H on
X. Given this data, together with an invariant inner product on Lie R, the blowup algorithm produces a non-empty open subset X bs,H of X which admits a quasiprojective geometric quotient by the action of H (cf. [BHK17]), together with a
projective completion Bl(X)//H of the geometric quotient X bs,H /H, where Bl(X) is a
projective variety with a suitably linearised action of H obtained from a sequence of
H-equivariant blow-ups starting from X. Moreover, Bl(X)//H is itself a projective
geometric quotient for the action of H on an open subset of Bl(X).
This blow-up algorithm is based on [BHK17]. It will be described in Section 2.2
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and is illustrated in Figure .5. It relies on another self-standing algorithm called the
‘replacement algorithm’, which we describe in Section 2.1 and which is illustrated in
Figure .4. The replacement algorithm also appears on the left-hand side of Figure .5.

2.1 Replacement algorithm
This algorithm is illustrated in Figure .4 and is described in words below.
Replacement algorithm. Suppose that (X, H, λ, L) encodes the data consisting of
the linearised action of a non-reductive group H with internally graded unipotent
radical U and Levi subgroup R on an irreducible projective variety X as above, and
let Rλ = R/λ(Gm ). Here we fix an adjoint-invariant innver product on Lie R; this
restricts to an adjoint-invariant inner product on Lie R0 for any R0 ≤ R. One of three
conditions must be satisfied for the action of H on X:
(?) λ(Gm ) acts non-trivially on X;
(??) λ(Gm ) acts trivially on X and X ss,Rλ 6= ∅; or
(? ? ?) λ(Gm ) acts trivially on X and X ss,Rλ = ∅.
Note that if λ(Gm ) acts trivially on X, then U must also act trivially on X, and
so X is already a geometric quotient for the action of Ub on X. Thus it suffices to
consider the action of H/λ(Gm ) = R/λ(Gm ) = Rλ on X, and in particular we can
consider the semistable locus for this reductive action which determines which of (??)
and (? ? ?) is satisfied.
The input of the replacement algorithm is a 4-tuple (X, H, λ, L) satisfying (? ? ?).
The algorithm then produces another such 4-tuple (X 0 , H 0 , λ0 , L0 ) satisfying either (?)
or (??). The construction of (X 0 , H 0 , λ0 , L0 ) from (X, H, λ, L) is depicted in Figure
.4, and can be described in words as follows:
1 Step. Since by assumption (X, H, λ, L) satisfies (? ? ?), the semistable locus for
the induced action of Rλ = R/λ(Gm ) on X is empty. Thus there exists an unstable
stratum Sβ with β 6= ∅ which is open in X, such that X = Sβ = Rλ Yβss . As observed
in Section 1.1, this means that Yβss is irreducible and non-empty. Let Pβ denote the
parabolic subgroup of Rλ determined by β and let λβ : Gm → Rλ denote the corresponding one-parameter subgroup. We then replace (X, H, λ, L) by (Yβss , Pβ , λβ , L|Y ss )
β
and proceed to Step 2.
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Figure .4: Replacement algorithm. The algorithm starts in the top left gray rectangle,
and proceeds by following the arrows according to the conditions specified in the
framed labels. The algorithm terminates when a red or orange rectangle is reached.
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2 Step. If (Yβss , Pβ , λβ , L|Y ss ) satisfies (?), then we set (X 0 , H 0 , λ0 , L0 ) = (Yβss , Pβ , λβ , L|Y ss )
β
β
and the algorithm terminates here.
If (Yβss , Pβ , λβ , L|Y ss ) satisfies (??), then we set (X 0 , H 0 , λ0 , L0 ) = (Yβss , Pβ /λβ (Gm ), λ0 , L|Y ss )
β
β
and the algorithm also terminates here.
If (Yβss , Pβ , λβ , L|Y ss ) satisfies (???), then for the induced action of Rλ on X, there
β
exists an unstable stratum Sβ (2) with β (2) 6= ∅ which is open in Yβss , such that Yβss =
Sβ (2) = Rλ Yβss(2) and Rλ Yβss(2) is a non-empty and irreducible projective variety (see
Section 1.1). Let Lβ denote a Levi subgroup of Pβ and let Pβ (2) denote the parabolic
subgroup of Lβ /λβ (Gm ) determined by β (2) . Moreover, let λβ (2) : Gm → Lβ /λβ (Gm )
denote the corresponding one-parameter subgroup. We then replace (Yβss , Pβ , λβ , L|Y ss )
β
by (Yβss(2) , Pβ (2) , λβ (2) , L|Y ss ) and proceed to Step 3.
β (2)

3 Step. Repeat Step 2, except with the output (Yβss(2) , Pβ (2) , λβ (2) , L|Y ss ) of the previous
β (2)

step as the starting 4-tuple.
More generally, assuming that for each Step i ≤ k the starting 4-tuple satisfies
(? ? ?), then Step k + 1 can be defined inductively. Let (Yβss(i) , Pβ (i) , λβ (i) , L|Y ss ) be the
β (i)

output of Step i for 1 ≤ i ≤ k (for i = 1 we let β (1) = β).
Step k + 1. Repeat Step k, replacing (Yβss(k−1) , Pβ (k−1) , λβ (k−1) , L|Y ss

β (k−1)

) with (Yβss(k) , Pβ (k) , λβ (k) , L|Y ss )
β (k)

as the starting 4-tuple. If (? ? ?) holds, then λβ (k) (Gm ) acts trivially on Yβss(k) and the
semistable locus for the induced action of Lβ (k) /λβ (k) (Gm ) on Yβss(k) is empty, where
Lβ (k) denotes a Levi subgroup of Pβ (k) . In this case, we let β (k+1) denote the non-trivial
character determining the unstable stratum Sβ (k+1) for the action of Lβ (k) /λβ (k) (Gm )
on Yβss(k) such that Yβss(k) = Sβ (k+1) . Moreover, let Yβss(k+1) denote the locally closed subset
of Yβss(k) determined by this action such that Sβ (k+1) = Lβ (k) /λβ (k) (Gm )Yβss(k+1) . Finally,
let λβ (k+1) : Gm → Lβ (k) /λβ (k) (Gm ) and Pβ (k+1) denote the non-trivial one-parameter
subgroup and parabolic subgroup respectively of Lβ (k) /λβ (k) (Gm ) determined by β (k+1) .
With this notation, repeating Step k then produces the 4-tuple (Yβss(k+1) , Pβ (k+1) , λβ (k+1) , L|Y ss

β (k+1)

2.1.1 Proposition. The replacement algorithm terminates after a finite number of
steps.
Proof. If we arrive at Step i for i ≥ 1, then the only way for the algorithm to continue
on to Step i+1 is if the starting 4-tuple (Yβss(i−1) , Pβ (i−1) , λβ (i−1) , L|Y ss ) satisfies (???).
β (i−1)

If so, then the 4-tuple must be replaced with (Yβss(i) , Pβ (i) , λβ (i) , L|Y ss ). But we have
β (i)

that dim Lβ (i) ≤ dim Pβ (i) ≤ dim Lβ (i−1) /λβ (i−1) (Gm ) < dim Lβ (i−1) , since λβ (i−1) (Gm )
is a non-trivial one-parameter subgroup of Lβ (i−1) . Hence at each step the dimension

).
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of the Levi subgroup appearing in the 4-tuple strictly decreases. This implies that if
at each step the starting 4-tuple satisfies (? ? ?), we must eventually reach a Step N
with starting 4-tuple (Yβss(N −1) , Pβ (N −1) , λβ (N −1) , L|Y ss ) such that Lβ (N −1) /λβ (N −1) (Gm )
β (N )

is trivial. Hence the semistable locus for the induced action of Lβ (N −1) /λβ (N −1) (Gm ) =
{e} on Yβss(N −1) is all of Yβss(N −1) and so (??) is automatically satisfied. Thus (???) cannot
be satisfied by the starting 4-tuple at Step N and so the algorithm terminates.

2.2 Blow-up algorithm
This algorithm is illustrated in Figure .5 and described in words below.
Blow-up algorithm. Given a 4-tuple (X, H, λ, L) encoding the data consisting of the
linearised action of a non-reductive group H with internally graded unipotent radical
U and Levi subgroup R on an irreducible projective variety X, this algorithm produces:
i) a non-empty open subset X bs,H ⊆ X such that X bs,H /H is a geometric Hquotient; and
ii) a projective completion Bl(X)//H of X bs,H /H for a projective variety Bl(X) with
a blow-down map π : Bl(X) → X resulting from a sequence of H-equivariant
blow-ups starting from X, such that the following condition, denoted (•), is
satisfied: Bl(X) admits a linearised action of H with respect to a line bundle
LH which is a suitably perturbed tensor power of π ∗ L such that the action of
Ub on Bl(X) satisfies the condition (ss=s(Ub )) and Bl(X)//X is a geometric
quotient by H of an H-invariant open subset of Bl(X).
1 Case. Suppose that (X, H, λ, L) satisfies (?). We start in the red square of the
right-hand rectangle in Figure .5. According to the diagram two paths can be taken, 1
or 2. Both correspond to performing the sequence of Ub -blow-ups described in Section
cs,Ub 6= ∅, then we obtain a non-empty projective variety X//
c U
b which is a
1.2. If X
min +
b
b
cs,U ⊆ X.
c If X
cs,U = ∅, then we consider
geometric quotient for the action of Ub on X
min +
min +
b
instead the projective variety Zmin which is a geometric quotient for the action of Ub
on U Zbmin . In either case, the non-empty projective variety admits an induced action
of Rλ = R/λ(Gm ), and the semistable locus for this linearised action determines the
path to be taken, as described by the following subcases. For simplicity, we describe
cs,Ub
these subcases under the assumption that X
min + 6= ∅, but if this is not the case
b
s,U
c
c b
b
b
then it suffices to replace all occurrences of Xmin
+ and X//U with U Zmin and Zmin
respectively.
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Figure .5: Blow-up algorithm for the action of an internally graded linear algebraic
group on a projective variety. The left-hand side corresponds to the replacement
algorithm, described in Figure .4. The sequence of blow-ups corresponding to each of
the four paths 1, 2, 10 and 20 are described in Figure .6. Given a 4-tuple (X, H, λ, L),
the algorithm starts in the gray square in the top left or the red or orange squares on
the right-hand side, depending on which of the three conditions (?), (??) and (? ? ?)
is satisfied for the 4-tuple. At any point in the algorithm if we find ourselves on the
gray square in the top left (either at the start or after taking paths 2 or 20 ), then
we run the replacement algorithm. The output determines whether we proceed to
the red or to the orange rectangle on the right-hand side: if the output is red we
move to the red rectangle, if it is orange we move to the orange rectangle. Figure .7
depicts the different paths which can be taken within the algorithm and illustrates
why the algorithm must terminate in the yellow rectangle after a finite number of
steps (Proposition 2.2.1).
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b =
(a) Blow-up corresponding to Path 1 in Figure .5 (when X
6 U Zbmin )

(b) Blow-up corresponding to Path 2 in Figure .5

Appendix . Diagrams and Algorithm for Projective Completions

e =
(c) Blow-up corresponding to Path 10 in Figure .5 (when X
6 U Zemin )

e =
(d) Blow-up corresponding to Path 20 in Figure .5 (when X
6 U Zemin )

Figure .6: Blow-ups from the blow-up algorithm
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c U
b )ss,Rλ 6= ∅, then path 1 must be taken, as illustrated in Figure .6a.
1.1 Case. If (X//
c U
b , R , λ , L)
b then satisfies (??), where λ denotes
By assumption, the 4-tuple (X//
λ
0
0
the trivial one-parameter subgroup of Rλ . We then proceed to Case 2 applied to the
s,Rλ
c U
b
c U
b , R , λ , L)
b in order to construct the open subset (X//
c U
b )b
⊆ X//
4-tuple (X//
λ
0
c U
b ). Having done so, we set
and the variety Bl(X//

X bs,H := πb



qU−1
b



c U
b
X//


b
s,Rλ



cs,U
b
∩X
min + \ E



b

(.1)

c → X.
where Eb is the exceptional divisor corresponding to the Ub -blow-up πb : X
c U
b ))n
The variety Bl(X) is defined as follows. Let (Bl(i) (X//
i=0 be the sequence of
c
b
c
c U
b) =
c
b
blow-ups determining Bl(X//U ), so that Bl(0) (X//U ) = X//Ub and Bl(n) (X//
c U
b ). For i ∈ {1, . . . , n}, Bl (X//
c U
b ) is the blow-up of Bl
c b
Bl(X//
(i)
(i−1) (X//U ) along
c = X
c and inductively define
a closed subvariety, say W(i−1) . We then set Bl(0) (X)
c for i ≥ 1 to be the blow-up of Bl
c
Bl(i) (X)
(i−1) (X) along the closure of the subvariety
c
c
c
qU−1
b (W ) in Bl(i−1) (X) and set Bl(X) = Bl(n) (X). By post-composing with the blowc → X, we obtain a blow-down map Bl(X)
c → X and we set Bl(X) =
down map πb : X
c
Bl(X).
c U
b )ss,Rλ = ∅, then path 2 must be taken, as illustrated in Figure .6b.
1.2 Case. If (X//
From the assumption determining this subcase, the semistable locus for the action of
c U
b is empty. Thus the 4-tuple (X//
c U
b , R , λ , L)
b satisfies (? ? ?). We then
Rλ on X//
λ
0
c U
b , R , λ , L)
b in order to construct the
proceed to Case 3 applied to the 4-tuple (X//
λ
0
s,Rλ
c U
b )b
c U
b and the variety Bl(X//
c U
b ). Having done so, we set
open set (X//
⊆ X//

X bs,H

:= πb



qU−1
b






b
s,Rλ
b
s,U
c
b
c
b
\E
∩X
X//U
min +

(.2)

c U
b ) as in Case 1.1.
and define Bl(X) in terms of Bl(X//

2 Case. Suppose that (X, H, λ, L) satisfies (??). We start in the orange square of the
right-hand rectangle in Figure .5. According to the diagram two paths can be taken,
10 or 20 . Both correspond to performing the sequence of reductive blow-ups described
in Section 1.1. Since X ss,Rλ is non-empty, we can perform a reductive blow-up of
f acted upon linearly by R such that semistability
X to obtain a projective variety X
λ
coincides with stability (or Mumford-stability if there are no properly stable points)
f The semistable locus for this linearised action determines
for the action of Rλ on X.
the path to be taken, as described in the following subcases.
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fss,Rλ 6= ∅, then path 10 must be taken, as illustrated in Figure .6c.
2.1 Case. If X
Taking this path corresponds to performing the Rλ -blow-up of X to obtain a projective
f(M )s,Rλ 6= ∅. We then define
f for which X
fss,Rλ = X
variety X




e ,
fss,Rλ \ E
X bs,H = πe X

(.3)

f → X, and
where Ee is the exceptional divisor corresponding to the blow-up πe : X
f
Bl(X) = X.

The algorithm terminates here.
fss,Rλ = ∅, then path 20 must be taken, as illustrated in Figure .6d.
2.2 Case. If X
Taking this path corresponds to performing the Rλ -blow-up of X to obtain a projective
f for which X
fss,Rλ = ∅. Thus the 4-tuple (X,
f R , λ , L)
e satisfies (? ? ?). We
variety X
λ
0
c U
b , R , λ , L)
b in order to construct
then proceed to Case 3 applied to the 4-tuple (X//
λ
0
s,Rλ
fb
f and the variety Bl(X).
f Having done so, we set
the open set X
⊆X


s,Rλ
fb
X bs,H = πe X
\ Ee



f → X, and
where Ee is the exceptional divisor corresponding to the blow-up πe : X
f
Bl(X) = Bl(X).

3 Case. Suppose that (X, H, λ, L) satisfies (???). Then we can apply the replacement
algorithm to this 4-tuple to obtain another 4-tuple (X 0 , H 0 , λ0 , L0 ) satisfying (?) or (??).
3.1 Case. If (?) is satisfied, then (X 0 , H 0 , λ0 , L0 ) must be of the form (Yβss(k) , Pβ (k) , λβ (k) , L|Y ss )
β (k)

for some k ≥ 1 (see Figure .4). We then proceed to Case 1 applied the 4-tuple
0
b
s,P
(X 0 , H 0 , λ0 , L0 ) in order to construct the open set X 0bs,H = Yβss(k) β(k) ⊆ Yβss(k) and the
variety Bl(X 0 ). Having done so, we set








X bs,H = R Lβ · · · Lβ (k−1) Yβss(k)

b
s,Pβ (k)









∩ Yβss(k) · · · Yβss(2) ∩ Yβ ss .

Moreover, we define Bl(X) as follows. Let (Bl(i) (X 0 ))ni=0 be the sequence of blowups determining Bl(X 0 ) so that Bl(0) (X 0 ) = X 0 and Bl(n) (X 0 ) = Bl(X 0 ). For i ∈
{1, . . . , n}, Bl(i) (X 0 ) is the blow-up of Bl(i−1) (X 0 ) along a closed subvariety of Bl(i−1) (X 0 ),
say W(i−1) . We then set Bl(0) (X) = X and inductively define Bl(i) (X) for i ≥ 1 to
be the blow-up of Bl(i−1) (X) along the closure of R(Lβ (· · · (Lβ (k−1) W(i−1) ) · · · )) inside
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Figure .7: Proof that the blow-up algorithm must terminate. A green (respectively
blue) arrow indicates that the dimension of the group decreases (respectively decreases
or remains the same) upon passing from one case to the other. Since each loop
contains at least one green arrow, when going through a loop the dimension of the
group must always decrease.
Bl(i−1) (X).
3.2 Case. If (X 0 , H 0 , λ0 , L0 ) satisfies (??) instead, then it is of the form (Yβss(k) , Pβ (k) /λβ (k) (Gm ), λβ (k) ,
for some k ≥ 1. We then proceed to Case 1 applied to the 4-tuple (X 0 , H 0 , λ0 , L0 ) in
0
b
s,P
order to construct the open set X 0bs,H = Yβss(k) β(k) ⊆ Yβss(k) and the variety Bl(X 0 ).
Having done so, we set
X bs,H







= R Lβ · · · Lβ (k−1)



b
s,P
/λ
(Gm )
Yβss(k) β(k) β(k)

∩

Yβss(k)



···



Yβss(2)



∩ Yβ ss



and define Bl(X) in terms of Bl(X 0 ) as in Case 3.1.
2.2.1 Proposition. The blow-up algorithm terminates after a finite number of steps.
Proof. Suppose that the initial 4-tuple is (X, H, λ, L). By construction, the blow-up
algorithm can only terminate by reaching Case 2.1.
If (?) is satisfied for (X, H, λ, L), then we start in Case 1, according to which
c U
b , R , λ , L).
b
(X, H, λ, L) is replaced by (X//
Since (?) holds for (X, H, λ, L), the
λ
0
one-parameter subgroup λ(Gm ) acts non-trivially on X and hence is itself non-trivial.
Thus we have that dim Rλ = dim R/λ(Gm ) < dim R ≤ dim H, and so whether we
move to Case 2 (if Case 1.1 holds) or Case 3 (if Case 1.2 holds), the new starting
4-tuple involves a group of dimension strictly smaller than the dimension of H.
If (??) is satisfied for (X, H, λ, L), then we start in Case 2. If Case 2.1 holds,
then the algorithm terminates at this step. If Case 2.2 holds, then according to
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f R , λ , L).
e
the algorithm we must proceed to Case 3, using the 4-tuple (X,
Since
λ
0
dim Rλ = dim R/λ(Gm ) ≤ dim R ≤ dim H where equality may hold as λ(Gm ) acts
trivially on X, we are applying Case 3 to a 4-tuple for which the dimension of the
group is smaller than or equal to the dimension of H.
If (? ? ?) is satisfied for (X, H, λ, L), then we start in Case 3, according to which
the 4-tuple must be replaced either by (Yβss(k) , Pβ (k) , λβ (k) , L|Y ss ) (Case 3.1) or by
β (k)

(Yβss(k) , Pβ (k) /λβ (k) (Gm ), λ0 , L|Y ss ) (Case 3.2) for some k ≥ 1. Note that by construcβ (k)

tion, we have that dim Pβ (k) ≤ dim R/λ(Gm ) ≤ dim R ≤ dim H, where equality may
hold throughout (since λ(Gm ) could be trivial). However, since λβ (k) (Gm ) is a nontrivial one-parameter subgroup, we have that dim Pβ (k) /λβ (k) (Gm ) < dim Pβ (k) . Thus
in Case 3.1 we obtain a new 4-tuple for which the dimension of the group is smaller
than or equal to the dimension of H, while in Case 3.2 the dimension of the group
becomes strictly smaller.
The only way in which the algorithm might not terminate is if we could travel
between Cases 1, 2, and 3 infinitely many times. In Figure .7, this corresponds to
circling through Cases 1, 2, and 3 via loops formed by the arrows coloured green
(indicating that the dimension of the group decreases) and blue (indicating that the
dimension of the group decreases or stays the same). However, as the diagram shows,
every such closed loop contains at least one green arrow. Thus each time we travel
through a loop, the dimension of the group must decrease. If we did this infinitely
often, we would eventually reach a case for which the starting 4-tuple (X 0 , H 0 , λ0 , L0 )
0
0
satisfies H 0 = {e}. Since λ0 (Gm ) is then trivial, and since X 0ss,R /λ (Gm ) = X 0ss,{e} =
0
0
0
0
X 0 6= ∅, Case 2 applies. Note that we also then have X 0s,R /λ (Gm ) = X 0ss,R /λ (Gm ) 6= ∅,
0
0
f0 ss,R /λ (Gm ) 6= ∅. Thus Case 2.1
so the reductive blow-up is X 0 itself, and hence X
would be automatically satisfied, and so the algorithm would terminate.
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