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Higher-form (p-form) symmetries are symmetries whose charged objects are extended operators of
spacetime dimension p. They exist as a natural mathematical extension of the ordinary symmetries of
quantum field theory, which are correspondingly O-form. Exploring the implications of these generalised
symmetries has proven to be an exciting area of research for theoretical and mathematical physics. We
offer the original computation of the 1-form symmetry associated to a gauge theory with Abelian kinetic
mixing of two U (1) gauge sectors. We demonstrate that the symmetry is invariant under the strength of
coupling and that explicit symmetry breaking occurs in the presence of both visible and hidden fermions.
We also motivate a new potential signal for the detection of dark U(1) sectors using the 1-form symmetry

of the theory.

I. INTRODUCTION

Symmetries are well-established as a cornerstone of
theoretical physics. The mathematical framework
underlying the Standard Model (SM) is a quan-
tum field theory (QFT) exhibiting a local SU(3) x
SU(2) x U(1) gauge symmetry, responsible for the
three fundamental interactions in nature. Further-
more, general relativity, our most robust theory of
gravitation, is underpinned by the external symme-
try of general covariance. Modern field theories ex-
tending these paradigms also reveal abstract sym-
metries, e.g. supersymmetry (SUSY) in the SM or
the mirror symmetry of string theory. The 2014 pa-
per from Davide Gaiotto et al. [1] proposes a novel
framework for describing canonical global symme-
tries of QFTs as topological operators. This gen-
eralised picture reveals higher-form (p-form) sym-
metries whose charged objects are extended oper-
ators, which are branes with spacetime dimension p.
Characterising and understanding the implications
of generalised symmetries represents an active and
vibrant area of research.

The canonical properties of traditional (0-form)
symmetries also appear in the study of higher-form
symmetries. They describe Ward identities which in-
duce selection rules on expectation values of charged
operators. Generalised symmetries can also be spon-
taneously broken, either completely or into a sub-
group. One unique property of higher-form symme-
tries is the existence of ‘t Hooft anomalies, which
prevents them from being gauged by coupling to
background fields. Another compelling feature of
the framework is the mechanism of screening, which
relates charged objects and is used to deduce higher-
form symmetries of a theory.

Generalised symmetries and their ‘¢t Hooft
anomalies are invariant under renormalisation group
flows [2], thus the method of screening has shown
merit in probing strongly coupled physics inaccessi-
ble with standard perturbation theory. The paper

[3] deduces the higher-form symmetries of conformal
theories of the Argyres-Douglas type using screening,
which are isolated and strongly coupled thus lacking
a Lagrangian description. Applications of screening
to string theory have also been demonstrated, with
[4] realising the 1-form symmetry of F-theory which
contains non-perturbative effects from the presence
of D7-branes and (p, ¢)-strings. The merit of these
procedures lies not only in their elegance but, most
critically, in their capacity to unveil new physics. For
example, a recent research effort [5] shows that the
higher-form symmetry structure of the SM restricts
the possible flavour symmetries that could remain
unbroken in an ultraviolet completion that includes
magnetic charges.

In Section IV, we produce the original result of
computing the 1-form symmetry of the U(1) x U(1)
gauge theory containing kinetic mixing (KM) of
gauge sectors exactly using a screening procedure.
This computation reveals explicit breaking of the 1-
form symmetry in the presence of matter charged
under either U(1) sector. The KM gauge theory de-
scribes a renormalisable coupling between a visibile
and hidden U(1) gauge sector [6]. At its conception
in [7], it was shown that the charges of fermions in a
given sector gain a small induced (millicharge) cou-
pling to the gauge boson of the other sector under
KM. The theory has garnered attention in dark mat-
ter models [8] as well as SUSY models [9]. We also
use the 1-form symmetry to demonstrate that do-
main walls separating phases of kinetic mixing will
gain an induced millicharge in the presence of mat-
ter. One potential implication stemming from this
original insight for dark matter phenomenology is
also explored.

The preliminary sections II-III motivate the
background knowledge necessary to derive our new
results. We employ a pedagogical approach inspired
by [2], though offering original insights and exam-
ples designed to be more illustrative for a non-expert
reader. In Section II, we connect O-form symmetries



to traditional symmetries in QFT and extend these
ideas to p-form symmetries, focusing on the case of
invertible U(1) symmetries. In Section III, we derive
the higher-form symmetries of Maxwell theory and
introduce screening using quantum electrodynamics
(QED). The appendices detail the key results of the
differential geometric formulation of Maxwell theory,
which is taken as a perquisite, as well formal, albeit
interesting, proofs and discussions that are omitted
from the main body of the report.

II. FORMALISM

A. 0-Form Symmetries; G(©) = U(1)

To equip a QFT with a global symmetry is to in-
troduce a symmetry group G, with a unitary rep-
resentation 7 : G — U(#H) on the Hilbert space H.
That is, 7(g) = Ugy(t) is a unitary operator acting on
the Hilbert space for every g € G at a given time t.
Most critically, Uy(t) must commute with the Hamil-
tonian, the generator of time evolution, which gives
the condition

Uy(t) =Uy(t") Vg e G, t,t, (1)
for G to be a symmetry group of the theory. If
spacetime is a d-dimensional manifold X;, the op-
erator Uy(t) on H can be equivalently interpreted as
Ug(Sq—1) with Sq_; a spatial slice of 3y at time ¢.
A natural extension to this has Uy(¥4_1) defined on
some arbitrary (non-spatial) slice ¥;_1 of spacetime,
see Figure 1.
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FIG. 1: The insertion of a symmetry operator on a spatial slice
at ¢ (left) H and an arbitrary submanifold ¥;_1 of spacetime g4
(right).

Correlation functions (.) in QFT are amplitudes de-
scribing the relationship of field excitations at dif-
ferent points in spacetime. The general operator
Ug(¥4—1) pictured in Figure 1 inscribes spacetime
points with different time coordinates, and hence
cannot be an operator on H but is valid only inside
such correlation functions. This discussion is con-
densed by the statement that U, is a codimension-
1 operator, meaning that it is defined on (d — 1)-
dimensional submanifolds of spacetime. The symme-
try constraint (1) can be described in this formalism
by writing

Ug(Sa-1) = Uy(S31) s Vg € G (2)

where S/, is some other spatial slice at time ¢
Equation (2) has a natural generalisation for the op-
erator Ugy(34—1), that is

Ug(Ba-1) =Uy(3q-1); Vg € G (3)
where ¥/, | C ¥4 is related to X4_1 by the fact

that they can be connected by a submanifold My of
spacetime, see Figure 2.
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FIG. 2: Two submanifolds X4_; and X/, , of spacetime forming
the boundary of a manifold My C ¥;. Manifolds related in this
way are said to be topologically equivalent.
Since ¥4_; and X, are related by topological de-
formation, equation (3) corresponds to the state-
ment that the operator U, is topological. This
property of U, is hence a generalisation of the fact
that Uy (t) is time-independent. We also want to in-
terpret the unitarity of symmetry operators U, in
this framework, which is required to make correla-
tion functions invariant under symmetry transforma-
tions. A more involved proof [1] demonstrates that
enforcing Uy, to be invertible means that the Hilbert
space operators U,(t) are indeed unitary. This is
the statement that there exists another codimenion-
1 operator Ug_l(Zd_l) such that

Uy (Zae)Uy(Zamr) = 1 (4)
where the 1 in (4) is the codimension-1 identity op-
erator. The treatment thus far has been a natural
extension of the traditional picture of symmetries
and can be summarised by a single statement:

Definition 1. A 0-form symmetry group G\
is composed of all O-form symmetries g € G,
each represented by a codimension-1 operator U,
that is topological and invertible.

The group structure G(%) and the corresponding rep-
resentation is discussed later in this section in Exam-
ple 1, with [2] recommended to the interested reader
for a more thorough discussion. A final result that
is central to the discussion of symmetries in QFT is
the Ward-Takahashi identity

(0u " (@)p(y)) = a8 (@ = y){p(z)) (5

for a given field operator ¢, which corresponds to the
statement that ¢ is charged under ¢ € Z under U(1).



Physically, the result may be interpreted as a QFT
analogue of Noether’s theorem in the presence of a
charged object. A standard proof of (5) is included
in the appendices for completeness, and for now the
formula is reserved for future discussion. The op-
erators (z) charged under traditional symmetries
are always defined on single points in spacetime z,
which motivates an alternative interpretation of the
symmetry operators:

Definition 2. A 0-form symmetry is a symmetry
that acts on operators ¢(39) = ¢(z) defined on a
0-dimensional submanifold x = Yo C X4 of space-
time. Equivalently, a 0-form symmetry is one whose
charged objects (defects) are 0-dimensional or local.

We end the discussion of O-form symmetries by ap-
plying the formalism to the simple example of a
complex scalar QFT. The details of the computa-
tion presented are an original contribution to the
literature, with the aim of motivating the valid-
ity of this generalised framework. The interested
reader is also directed to [10] and [11] for a complete
mathematical treatment of manifolds and topologi-
cal operators, respectively.

Example 1. Complex scalar QFT; ¢(z) € C.

Consider the QFT defined on an arbitrary 4-
dimensional spacetime >4 with a single complex
scalar field ¢ and a Noether current J* associated
to the global U(1) symmetry. Without the explicit
form of J* in terms of field operators {ip, o'}, we
can construct a closed 3-form on spacetime ;&)
defined locally within some set of charts {o,} of ¥4
as

73 = J0%a' A da® A da® — T da® A da? A da®
+ J2da® A dxt A da® — T3da® A dat A da?

(6)

or equivalently j,g?;/)x €uwrpJ? in terms of the

Noether current components. Checking that the 3-
form is closed, i.e. dj® =0, amounts to

dj(g) - apj,f/)Admp Adx? A dx” A dz?

7

= 0pJ” - €uuarpdx? Ndzt A dx” A dz* =0 @)
which requires 9,J#* = 0 and hence this constraint
may be viewed as a generalised continuity equation
of the theory. The significance of the generalised
Noether current j® is that it defines a represen-
tation 7 : U(1) — Ug—1 of U(1) group elements as
codimension-1 operators by

e U,y(X3) = g@s) = oo Sy 3P ®

with @ defined as the generalised Noether
charge, which reduces to the traditional Noether
charge Q(t) when inserted on a spatial slice (volume
in the 4-dimensional case) V, i.e.

Q(V):/dxl/\dxz/\dx3~J0:/d3x-J0 (9)
14 v

with the integrals of other terms in (6) vanishing
since dz® := 0 on V. The expected operators on H
are then automatically recovered in the representa-
tion 7, since the Noether charge @ is the U(1) gen-
erator in the traditional picture. We can also show
that the symmetry operators operators defined by
(8) are topological by construction:

oo (n2)
24
exp ia/ j(3) exp ia/ j(3)
33 23—23
N——

=0My

exp ia/ j(3) exp ia/ j(3)
PIEY oMy
= exp ia/ i3 ) exp ia/ 4@ | =U,(%3)
= a2y

where in the second equality we refer to Figure 2,
and the fourth invokes generalised Stoke’s theorem.
The operators ¢ and o' are local defects (charged
objects) charged under the 0-form G(© = /(1) sym-
metry group, and to proceed we assert a O-form ana-
logue of the Ward-Takahashi identity (5) as

(djPp(w)) = 46 (z) ()

with 0%(z) the Dirac delta function 4-form centred
at x, or formally the 4-form Poincaré dual to
6W(z — ). We now implement the action of Uy
on defect p(x) by surrounding the local point 2 with
a 3-sphere! 3, i.e.

(10)

Uy(S%)
Ug(53)¢($) =

onfin 7)o

= exp (z‘a /M dj<3>)cp(x> = "% (x)
(11)

which is the expected U(1) transformation of field
operator ¢(x). Note that the second equality uses

183 is visualised diagrammatically as a 2-sphere for our purposes.
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FIG. 3: When a symmetry operator Uy crosses over one of it’s defects charged with g, it obtains a factor of ¢(g) = exp(igc).

generalised Stoke’s theorem on some 4-manifold My
such that OMy4 = S2 and the final equality uses the
Ward-Takahashi identity (10). As is commonplace
in literature, we also omit the (.) notation and as-
sert that (11) is only valid in a correlation function.
Another way of viewing this transformation law in-
volves using the topological nature of Uy(S?), see
Figure 3, and identifying the ‘cost’ ¢(g) of crossing
a symmetry operator Ug(5’3) over one of its charged
defects as

$g) = €'t

from (11). This result will be of use in Example 2.
Topological moves in Figure 3 are highlighted in red,
such as the final step where Uy(S?) is contracted to
a point where it evaluates to the identity operator.
We close by noting that the operators (8) are also
invertible by construction, in that taking g — ¢
(or equivalently a + —a) indeed produces the in-
verse operator U L(24_1) satisfying (4).

(12)

The recovery of ordinary properties of traditional
symmetries from the O-form symmetry formalism
is a remarkable feature of this framework. For the
QFT in Example 1, a complete treatment of these
canonical properties is found in [12]. We are now also
equipped to define QFTs on manifolds Y4 with non-
trivial topology (not just Minkowski space), with
Example 2 discussing one novel effect of this. How-
ever, the most profound insight of [1] is that this
scheme can be easily generalised to ‘higher-form’
cases, which leads the reader to the subsequent dis-
cussion.

B. p-Form Symmetries; G?) = U(1)

Definition 3 stipulates the higher-form (p-form) ana-
logue of Definition 1, which is recovered for the case
p=0.

Definition 3. A p-form symmetry group G® is
composed of all p-form symmetries g € GP), each
representing a codimension-(p + 1) operator Uy, that
1s topological and invertible.

For a d-dimensional QFT on spacetime ¥, with p-
form symmetry group G®) = U(1), the generalised
Noether current j(@?=1 is a closed (d —p — 1)-form
on spacetime with components defined by

(d—p—1)  _

]ﬂl---/l/d—p—l - (]‘3)

Hd—
6“1 c-Hd—p J v

in analogy with (6), where J# are the U(1) Noether
current components. A codimension-(p+1) operator
Uqg(¥d—p—1) is defined on any (d —p—1)-dimensional
submanifold 4,1 of spacetime, and acts in-
side correlation functions. The generalised Noether
charge @ in this case is a scalar codimension-(p + 1)
operator, defining a representation 7 : U(l) —
Ug—p—1 of U(1) group elements as codimension-
(p + 1) operators by

e — Uy(Zgp-1) = gQ(Ed*P*ﬂ

14
= exp z'oz/ jld=p=1) ) 14
Ya-p-1

The fact that the inserted operator Uy(Xgq_p—1) is
topological means that

Ug(Ea—p—1) = Uy( ii—p—l) (15)
VE&_p_l that are topologically equivalent to 34—, 1.
The steps taken in Example 1 can be applied to the
symmetry operator Uy(34—,—1) in (14) to demon-
strate that it is topological by construction, as re-
quired. The property of invertibility implies that
there exists another topological codimension-(p + 1)
operator Ug_l(Ed,p,l) that satisfies:

Ug ! (Ba—p-1)Ug(La—p-1) = 1 (16)
where the 1 here is the codimension-(p + 1) iden-
tity operator. As with Example 1, the operators
Ug(Xg—p—1) defined by (14) are also automatically
invertible. The properties discussed up to this point
should be unsurprising, though abstract, generalisa-
tions of the previous subsection. Interestingly, there
exists an analogue of Definition 2 for p-form symme-
tries:

Definition 4. A p-form symmetry is a symmetry
that acts on extended operators T(¥,) defined
on a p-dimensional submanifold ¥, C X4 of space-
time. Equivalently, a p-form symmetry is one whose
charged objects (defects) are p-dimensional or ex-
tended.

The Ward-Takahashi identity associated to a p-
dimensional defect charged ¢ € Z under U(1) is
hence

(@ TPTIT(E,)) = a0 P (SN Te(5) - (A7)



with §977(%,) the delta function (d — p)-form on 3,,
in analogy to (10). The transformation law of op-
erator 7 (X,) under a p-form symmetry operator is
then described by surrounding it with U, (S¢P~1),
where S¥P~1 the (d — p — 1)-sphere, i.e.

US4~ )T () =
Uy(S4P71)
(18)
where this again holds most generally inside corre-
lation functions. We also note that the derivation
of (18) is a trivial extension of (11), see [2]. We
can now make progress in identifying theories with
higher-form U(1) symmetries, the simplest example
being Maxwell theory. We also alert the reader that
the generalisation of this formalism to non-Abelian
symmetries is straightforward, and for further read-
ing on this topic we suggest [1,2].

III. MAXWELL THEORY

As a preamble, we reiterate to the reader that this
section utilises the differential geometric formulation
of Maxwell theory, as standard to modern literature.
We hence invite the reader to Appendix A.4 for a
short introduction to the topic, or to [10] for a more
comprehensive description.

A. Pure Maxwell Theory

A d-dimensional pure Maxwell theory is a U(1)
gauge theory with gauge field A, which is a 1-form
on spacetime X;, with no matter fields. The field
strength is a 2-form defined by
F =dA. (19)
The two equations governing the dynamics of the
gauge field A are
dF =0,d«F=0, (20)
the first, which involves F, is the Bianchi identity
and is automatic from equation (19) and the second
is the equation of motion d x F' = J in the absence
of matter, i.e. J = 0. The equations in (20) suffice
to identify the higher-form symmetries as the the-
ory automatically exhibits two generalised Noether
currents

P = F e 02(5,)

21
j@PE=D) = 4 F € QF2(x,) )

each satisfying the continuity equation dj@»-1 =

0. The superscript (d — p — 1) of the generalised

Noether current denotes its degree as a form, there-
fore one can identify pys = d — 3 and pgp = 1 from
equation (21), since F' is a 2-form and the action
of the Hodge star operator is x : QP(¥,;) —
Q4=P(%,). Therefore, the pure Maxwell theory ex-
hibits two higher-form symmetries:

e The magnetic (d — 3)-form symmetry
GE\?E') = U(1) with generalised Noether cur-
rent F'.

e The electric 1-form symmetry Gg) =U(1)
with generalised Noether current xF'.

In line with equation (14), these currents define rep-
resentations of U(1) group elements as topological
and invertible operators defined by

Ug(M)(Eg) = exp (ia/ F) ,
P
Ug(E)(Ed_g) = exp (ia/ *F)
Ya—2

that are codimension-(d — 2) (2-dimensional) and
codimension-2 respectively. From Definition 4, it
follows that the objects charged under the magnetic
(d — 3)-form symmetry and electric 1-form symme-
try should be (d — 3)-dimensional and 1-dimensional
extended operators, respectively. These are known
as ‘t Hooft operators H,,(X,_3) and Wilson line
operators W, (L), which are indexed by their mag-
netic and electric charges m,q € Z. The analytic
form of the Wilson line operator W, (L) is

(22)

Wy(L) = exp <iq/LA> i qE L. (23)

The physical relevance of the electric 1-form symme-
try is best realised by analysing the transformation
law (18) of the Wilson line operator with UéE) (89-2)
sat in a spatial slice of Xy, i.e.
Wy(L)
e“4W, (L) =
E _
Uy (51%)

= exp <2'04/ eijnEda? A dx? > Wy(L)  (24)
gd—2

=dg

where the first equality uses (18) and the second
the local form of xF' (see Appendix A.4) in terms
of the electric field components E? (and noting that
dz¥ := 0 vanishes on S%2 so any contributions from
the magnetic field vanish). The expression in the



(a) % We(C) (b) % Wy(C)
5;;[](].1 (zt,Uzgz'“)“ + — .t ! | =+
s |
l I
(c) | We(C) (c) % W,(C)
L. e L xe

]
T

FIG. 4: The expectation value (Uy ! (Z4_2)Uy(Sq_2)Wy(C)) can be manipulated using two routes; (a)—(b) ‘fuses’ the symmetry op-
erators to the identity using a topological move; (a)—(c)—(d) crosses one of the symmetry operators with the Wilson loop acquiring a
factor of €"??, then contracts both the symmetry operator and its inverse to the identity.

exponent of the final integral in (24) is equivalent
to the electric flux ®p through the surface S%2.
Stripping off the Wilson lines on either side hence
leaves an operator statement of Gauss’ law, that is
®p = q. Therefore, using the 1-form symmetry in
this way amounts to measuring the flux from a line
defect W, carrying a probe electric charge gq. The
Wilson line defined in (23) is also connected to the
Aharonov-Bohm effect, which leads to the following
physical interpretation:

Definition 5. The Wilson line operator Wy(L) de-
scribes the phase acquired by an infinitely heavy
probe particle of charge q under the 1-form symme-

try U(1), whose worldline is L C X4 under gauge
field A.

The analytic form of the ‘t Hooft operator is not in-
cluded in this report, and the physical interpretation
presented in Definition 5 is extended to Hp,(Xq—3)
by simple dimensional arguments. Specifically, the
‘t Hooft operator #,,(X4—3) describes the phase
acquired by an infinitely heavy probe particle of
magnetic charge m under (d — 3)-form symmetry
U(1), whose worldvolume is ¥; 3 C X; under
gauge field A. Applying a treatment identical to
(24) to a ‘t Hooft operator also yields a magnetic
Gauss’ law ®; = m. Magnetic charges, or mag-
netic monopoles, have been of interest in theoreti-
cal communities since ‘t Hooft and Polyakov showed
that they must appear in certain non-Abelian gauge
theories [13], and the above formalism elucidates
their apperance in the generalised symmetry frame-
work. Omne novel application of the higher-form
symmetries presented here involves placing the pure
Maxwell theory on a compact manifold with non-
trivial topology. The steps taken here mirror the

derivation in [14], with the result there applied to
confinement in quantum chromodynamics with a
large number of degrees of freedom.

Example 2. Selection rules of Wilson Loops.

Consider a spacetime %; = %4 o x S1 x S} with
one spatial dimension x and time dimension ¢ com-
pactified to a circle S'. We introduce a Wilson
line W,(C) on a loop C wrapping S. and localised
on ¥4 9 x S} at coordinate (r,7). We note that
the contour C' cannot be contracted to a point and
is hence referred to as a non-trivial one-cycle of
4. We also introduce a 1-form symmetry oper-
ator (dropping the E superscript to avoid clutter)
Ugy(¥4—2) and its inverse Ug_l(Zd_g) that wrap Xg_o
and are hence local on S} x S}, see panel (a) of Fig-
ure 4. Panel (a) describes the vacuum expectation
value (U; 1 (34-2)Ug(Ba—2)Wy(C)) and is manipu-
lated in two different ways which give the result
W,(C)) = e 1*(W,(C)), or just (W,(C)) = 0. This
statement holds as a more general result, which is
that a Wilson loop wrapping a non-trivial one-cycle
of any compact manifold has a vanishing vacuum ex-
pectation value. This result was also derived in [15]
using a change of variables in the functional integral,
which is equivalent to using the 1-form symmetry.
This example has demonstrated that higher-form
symmetries of QFTs lead to selection rules on the
expectation values of charged defects, which are also
a central property of traditional symmetries.

B. Maxwell Theory with Matter

One modification to the d-dimensional pure Maxwell
theory involves the introduction of electrically and
magnetically charged excitations, that is a local

?Magnetic excitaitons have to be (d — 4)-dimensional so that their worldvolumes are (d — 3)-dimensional.



operator ¥ (x) (a fermion field) and a (d — 4)-
dimensional® extended operator B(¥X4_4), respec-
tively. The gauge invariance of A is automatic
from the definition of the field strength (19) and
leads to the transformation law

A— A—dA = ¢(z) = Dy (z) (25)
for the operator v (x), with charge ¢ € Z under
the gauge group® G = U(1) and A an arbitrary
function on spacetime. Note that the transforma-
tion law (25) assumes the canonical Lagrangian pre-
scription for QED with minimal coupling of matter
to the gauge field A. There exists an analogous,
though more complicated, transformation law for
the dynamical magnetic excitation B(X;_4), which
has charge m € Z under G = U(1). The operators
Y(z) and B(X4_4) are said to be non-genuine since
they need to be attached to extended operators to
be gauge invariant, and hence well-defined. For ex-
ample, the field operator ¢(z) attached to the end
of a charge ¢ Wilson line W, (L) is gauge invariant,
ie.

Wy(L)h(x) — exp (iq /L (A - dA)) )

— Wy(L)e NN ® g (2) = W, (L)i(x)
(26)

where the second equality uses generalised Stoke’s
theorem and that L = x. The other possible combi-
nation consists of ¢(x) between line defects W, (L1)
and Wpy14(L2), with 0Ly = =z, 0Ly = x, which
is shown to be gauge invariant using an identical
method to (26). Any QFT needs well-defined non-
negative integer powers* of the field operator ¥"(z)
as they describe physical quantities and appear in
perturbative expansions. The operators "™ (z) are
non-genuine again, and have gauge invariant combi-
nations

Wo(L1)Y™ ()Wq(L2) = (27)
P (x)
Wp(Ll) Wp+nq(L1)
or written equivalently as
P .
Wp ~ Wping; p €L (28)

where the notation used introduces the concept of
screening ~ of Wilson lines, that is the local oper-
ator 1" (x) lives between these defects. In analogy
to (28), the (d — 4)-dimensional operators B" fur-
nish screenings of the (d — 3)-dimensional ‘t Hooft

operators Hp,(Xq—3), that is

M X Hyrm s LE L (29)
For the example of Wilson lines, we can demonstrate
that the defects related by screening have the same
charge under G by ‘measuring’ the charge on ei-
ther end using the 1-form symmetry operators. Fig-
ure 5 demonstrates this, with the two pictures equiv-
alent as they are related by a topological deformation
of UESE). In attempting to find the generalised sym-
metries of the theory, we note that the introduction
of matter invalidates the central equations of (20).
In addition, we can’t use perturbation theory due
to the strength of coupling. The symmetry groups
are in fact exactly solvable using minimal algebraic
manipulation, and the remainder of this section will
outline this derivation, which simplifies the discus-
sions present in the literature [1,2]. For the 1-form
symmetry group Gg), we could write down the set,
call it Dy, of equivalence classes [W,]., with the
equivalence relation ~ that defects are related by a
screening from fermions:

Dy = (Wi lqez} =2 =1z,

7 (30)

Equation (30) is the set of all Wilson lines, but aggre-
gating those equivalent under screening from any ",
which is exactly the additive integer group modulo
q, i.e. Z4. Since each element of the group D; has a
different charge it characterises a different represen-
tation of the symmetry group Gg), which originates
from the transformation law (18). This amounts to
the mathematical statement that D; = @g) is the
Pontryagin dual of the group Gg), or that it con-
tains all of its possible (different) representations. A
more formal discussion of this is included in the lit-
erature [2], however most importantly are the two
properties: for any group G(p), there exists an iso-
morphism between itself and the Pontryagin dual of
its Pontryagin dual, i.e.

GWP =~ ;) (31)

and if G is a finite Abelian group, then there ex-
ists an isomorphism between itself and its Pontrya-
gin dual, i.e.

G = GO . (32)

Equation 31 means that taking the Pontryagin dual

of D; = G() recovers the 1-form symmetry group,

3Local symmetries are not treated in the O-form framework, so this symmetry is distinct from the higher-form discussion.
4Formally a product of spinors and adjoint spinors, but we omit this distinction for simplicity.
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FIG. 5: Two Wilson lines related by screening must have the same charge under the 1-form symmetry as the symmetry operator can
measure either side of the screened combination invariantly using a topological transformation (highlighted in red).

therefore

Gy 21,21, (33)

which uses (32) and the fact that Z, is finite Abelian.
This phenomenon is explicit breaking of the elec-
tric 1-form symmetry, where U(1) is broken into
one of its subgroups Z, in the introduction of
matter. We note the distinction to spontaneous
symmetry breaking which would give rise to a
Nambu—Goldstone boson, which is lacking here.
For a detailed exploration of this, see [1,2]. We
should also note that the screening relations (29) re-
cover the magnetic (d — 3)-form symmetry group as
G=3) >~ 7, n recent efforts, screening has shown
remarkable ability in solving the generalised symme-
try groups of strongly-coupled theories, namely in [3]
and [4]. In the following section, we will employ a
screening procedure within a novel context, namely
the U(1) x U(1) theory with Abelian kinetic mix-
ing.

IV. ABELIAN KINETIC MIXING

A. 1-Form Symmetry

Many extensions of the SM incorporate a visible and
hidden gauge sector, with communication of the sec-
tors established by heavy messenger particles that
are charged under both gauge groups. Integrating
over the messenger particles generates an effective
field theory with weak interactions between sec-
tors due to the large mass of ®. These interactions
are generally non-renormalisable, though one renor-
malisable coupling is always possible if each gauge
sector contains at least one U(1) factor [6]. For ex-
ample, hidden U(1) groups are unavoidable in many
string compactifications [16]. For the simplest gauge
group U(1) xU(1), the coupling is characterised by a
dimension-four renormalisable operator in the effec-
tive Lagrangian of the low energy theory [7], written
in terms of a real symmetric matrix K:

ED—&F/\F—%G/\G—gF/\G

4 ;2) e <g> (34)

1
- —FTKF; K= (’“
4 X
where F' and G are the field strengths (2-forms) of
the U(1) gauge fields in the visible and hidden sec-

tor, respectively. The elements of I in (34) are re-
lated to the vacuum polarisation diagrams enforcing
renormalisation of the gauge fields [17], and effects of
O(x?) may be neglected accordingly. This coupling
was first introduced in [7] and, for obvious reasons,
is referred to as Abelian kinetic mixing. To ob-
tain the physical gauge fields, we start with an or-
thogonal diagonalisation, i.e. X = ODO?. For the
Lagrangian in (34) to assume the canonical form
cotrro lpap_lone (35)
4 4 4
the field strengths must be transformed as F +—
D20TF = F. Writing Q = D'/20T the charge
q € Z? of a minimally coupled arbitrary fermion
Y(z) must transform as ¢ — ¢! = §. We com-
pute the transformation to O(x) by diagonalising K
in Mathematica, yielding

3 - 1/2
T a1 €1 X1
= — ;€1 = 36
()= (2)- () amm{iys) o
with €1 ~ O(x) referred to as a millicharge in the
literature [7,6]. As discovered in [7], the effect of
(36) is that known fermions (g2 = 0) would not
gain a coupling to the paraphoton, that is the hid-
den U(1) gauge boson, but hidden sector fermions
(g2 # 0,q1 = 0) gain a small induced coupling to the

photon. There is in fact a second possible diagonal-
isation [6] which leads to the millicharge shift:

i 0 1)

q1 a1 X2

- = — ; €9 = 37
<qz> (qz) (62) o <1+><1> 7

which we reserve for later discussions. As an exten-
sion to the literature, we now solve the 1-form sym-
metry exactly using screening. While coupling be-
tween the sectors is weak, we will show that screen-
ing demonstrates that the 1-form symmetry is inde-
pendent of the interaction strength exactly, i.e. not
to some order of x. Under (37), the fermion (x)
now has an effective charge ¢ described by (36), so
the charged line defects for the theory must be

Wi(L) = exp (m /L A) A= (g) 39
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FIG. 6: Screening by a matter field identifies Dj-lattice points and collapses it into a subgroup, which is just a visual representation of

explicit symmetry breaking.

with F' = dA and G = dB, so that the gauge invari-
ant combinations furnishing screenings:

wn
Wpﬂ—l ~ WpQ—1+an—1

Since the transformations Q! appear on both sides
of the above, we can recover the familiar screen-
ing relation (28) with charges upgraded to be 2-
dimensional vectors as shown. We visualise screen-
ings from our arbitrary fermion as lines identifying
7 x 7. D1 ‘lattice’ points which reduce the group
structure, see Figure 6(a) and Figure 6(b) as ex-
amples. The insertion of an excitation ¥ (x) with
q = (1,1)7 identifies D;-lattice points along lines of
‘gradient’ 1, which collapses the lattice into a single
Z line as shown in Figure 6(a). This arises from the
screening relation (35), which states that a defect
of charge p € Z? can be identified with a different
defect of charge p + n(1,1). The naive assumption
would be that this structure holds for any charged
insertion, i.e. Dy = Z for any charge q € Z? of the
fermion. However, if the greatest common divisor
(ged) of g1 and ¢o is not equal to 1 (for example
q = (2,2)T as shown in Figure 6(a)), screenings of a
given lattice point ‘skip’ adjacent points and the col-
lapsed D;-lattice acquires an extra dimension. For
an arbitrary insertion of charge ¢ = (q1,¢2)7, the
result is hence:
DI=ZxZo=GY=U1)xZy  (40)
with @ = ged(q1,g2), where have used the Pontrya-
gin dual and asserted that it operates in a straight-
forward manner over a direct product. The reader is
notified that Z is just the trivial group, that is it
contains one element and hence does not contribute
to Gg). Most critically, we see that matter fields lead
to partial explicit breaking of the 1-form symmetry,
breaking precisely one of the U(1) symmetries into
a subgroup, with the choice of broken U(1) group a
degree of freedom. This result is identical to that
presented in [2] for a U(1) x U(1) theory without
kinetic mixing, and this remarkable property can be

owed to the intrinsic description of the higher-form
symmetry framework. We also emphasize the merit
of our original D;-lattice visualization as a useful
tool for computing higher-form symmetries.

B. Domain Walls

We now address a unique problem consisting of a
sharp domain wall My_; separating two regions of
spacetime, one (domain I) with no kinetic mixing
K = 1 and one (domain IT) with kinetic mixing
K # 1. Domain II can be thought of as a ‘rotation’ IC
of the vacuum polarisation in domain I, which would
be generated from the usual dielectric effect from vir-
tual particle-antiparticle pairs but with them now
charged under two gauge sectors. A fermion ()
introduced to domain IT acquires a millicharge shift
d = ¢! and is attached to a charge § Wilson line.
Measuring the charge inside IT amounts to using the
explicitly broken 1-form symmetry in (40) which has
generalised Noether current Q x F:

UgII (Sd72)

I = exp (ioz-/ Q*]—')Wq@b(x)
gd—2

E(Mgy-1)
= exp (ioz . Qqu> Wi(z) (41)

using the transformation law of the Wilson line
(18). On the other hand, measuring the charge in
I amounts to using the unbroken 1-form symmetry
with generalised Noether current xF:

UL(S?2)
I = exp (ia . / *.7-") Wyh(x)
gd—2
E(Mdfl>

= exp (z’a-qﬂl> Wib(x) . (42)

For charge to be conserved there must exist a sur-
face charge £(M _1) on the domain wall that the
unbroken 1-form symmetry operator U, gI measures as



having charge

1/2
1+
e=Q¢ ! — gt~ ‘J2X(1+§f)

0

(43)

to O(x) using the transformation from (37). The do-
main wall therefore carries an induced positive sur-
face charge of O(x) in the visible sector that can
interact with photons, provided that it encloses a
hidden fermion (g2 # 0). From the electromagnetic
wave equation (JA* = —pgJ*, interaction of an inci-
dent wave with the surface J* ~ O(x) (assuming the
hidden fermion is moving) would lead to a reflected
wave of amplitude A* ~ O(x) and hence intensity
T ~ O(x?). In recent years, methods for directly
detecting millicharged particles have been proposed
such as [18], and our result represents a potentially
new signal for searches of a ‘dark’ U(1) sector.

V. CONCLUSION

In conclusion, we have shown that the framework of
generalised symmetries provides an elegant and uni-
fied perspective of various physical phenomena. We
have demonstrated that for the complex scalar QFT,
a O-form symmetry describes a generalised Ward-
Takahashi identity which implements the transfor-
mation properties of scalar fields under the ordinary
global U(1) symmetry (11). We followed with a
pedagogical discussion on extending to higher-form

symmetries, with Maxwell theory serving as an ex-
ample. The electric 1-form symmetry amounts to a
generalised statement of Gauss’ law (24) and explicit
symmetry breaking occurs in the presence of charged
matter. We recover the result from [14] that Wilson
loops wrapping non-trivial one cycles have vanish-
ing expectation values, which parallels the selection
rules associated with traditional symmetries. Using
the powerful method of screening, we find that the
1-form symmetry of a U (1) xU (1) gauge theory is ex-
actly invariant under Abelian kinetic mixing of the
gauge fields (40). We also show that the symme-
try is explicitly broken by a fermion charged under
either gauge sector. It is also demonstrated that do-
main walls separating regions of kinetic mixing incur
a small, induced surface charge (43). We use this re-
sult to argue that measuring the reflected amplitude
of an incident electromagnetic wave could probe the
existence of a dark U(1) sector. Developments to
this report would examine this reflected intensity,
in particular how the low-amplitude signal could be
resolved among the background of incident waves.
Computing the spontaneous symmetry breaking and
‘t Hooft anomalies could also hold promising origi-
nal results for this theory. The formalism of gener-
alised symmetries is one containing both mathemat-
ical depth and unique consequences for many field
theories, and we eagerly anticipate the evolution of
the field’s application to high-energy physics in the
coming years.
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A. APPENDICES

A.1 Abbreviations

In alphabetical order:

BSM: Beyond the Standard Model
KM: Kinetic mixing

SM: Standard Model

SUSY: Supersymmetry

QED: Quantum electrodynamics
QFT: Quantum field theory

A.2 Notation

In order of appearance:

Uy a symmetry operator
Yd spacetime, a d-dimensional manifold
Sy a spatial ¢-dimensional manifold
G a p-form symmetry group
o(z) a complex scalar field operator
d the exterior derivative
4@ | the g-form generalised Noether current
A the exterior product
Uiq—q | the space of codimension-g operators
Q the generalised Noether charge
S the ¢-sphere manifold
A the U(1) gauge field
F the U(1) gauge field strength
* the Hodge star operator
QP the space of p-forms
Hm a ‘t Hooft operator
Wy a Wilson line operator
P(x) a fermion field operator
B a magnetic excitation operator
~ the equivalence relation of screening
G the Pontryagin dual of a group

A.3 Proof of the Ward-Takahashi Identity

The following is a standard derivation of the Ward-
Takahashi identity of the form (5). In the path inte-
gral formulation, we may write the expectation value
provided in the form

OuI@el) =N [ Do 8.7 a)plw)e' S (a1
with S[¢] the action functional. The Noether current
JH(x) is derived from the change of the Lagrangian
under infinitesimal global U(1) transformations, or
equivalently from the action by

—6/d4x -0 JH (),
(45)

Sle(@) + eqp(2)] = Slp(x)] =

11

which allows us to form the equality

__dg

Ol (@) =

[ + eqy] (46)

Substituting this into equation (44) and using inte-
gration by parts yields:

e(y))
-N / Dy - *S o + eq)p(y)eSl¥]

—_/\/’/D(p oy )1S[so+eq¢}

(00" (w

e=0 (47)

e=0 .

We complete the derivation with a change of vari-
ables ¢(x) + e(z)gp(x) = p(x), ie.

(O J“( )

14 /W

=N i54(w—y)Q/Ds@-s0(y)eiS["’] :

— eqp(y))eSl¥!

e=0 (48)

The result is defined up to a multiplicative constant
due to the nature of the Noether current J*(x). Ob-
serving that the final line of (48) is an expectation
value in the path integral formulation and rescaling
by an arbitrary factor of 7, we obtain

(0T (2)) = 6™ (2 — y) () (49)

as required.

A.4 Differential Geometric Formulation of

Maxwell Theory

Following the presentation in [10], we introduce the
magnetic field strength B as a 2-form on spacetime
¥4. In local coordinates (that is formally, in some
set of charts) of the manifold, this object is defined
as

B = B,dz Ndy + Bydx Ndz + B,dy Ndx . (50)
where B; are the usual Cartesian components. The
objects dx’ are 1-forms and are basis vectors of an
abstract vector space known as the cotangent space
T (%4)of ¥y. 1-forms combine under the exterior
product to produce 2-forms dx* Adx?, which can be
interpreted as a cross product. For this reason, the
magnetic field strength is itself a 2-form as it consists
of a linear combination of such 2-forms. Similarly,
we define the electric field E as a 1-form on space-
time, defined locally as

E = FE,dx+ Eydy + E.dz (51)



which is evidently a 1-form for the same reason. The
field strength is defined as a 2-form written as

F=B+diNE. (52)
By substituing equations (50) and (51) into the
above formula, we can recover the local form of F,
ie.

F = Bydz Ndy + Bydx N dz + B.dy N dx (53)
+ Edt Ndx + Eydt Ndy + E.dt ANdz
if we assume that the exterior product is linear over
the functions F;. Similarly, we can define the dual
field strength xF'. The operator * is the Hodge
star operator, and operates as taking p-forms to
(d — p)-forms with d the dimension of the space-
time. Therefore, xF' is a 2-form on spacetime. We
assert an equality for the action of x on 2-forms in
4-dimensional space, that is
v 1 VAK 7, K
*(dzH Ndx") = —56# dz* N dx (54)
with greek indices running over (0, 1,2,3). We can
then find the local form of the dual field strength,
ie.

*F' = —Bydx ANdt — B,dy N dt — B,dz N\ dt

55
+ Eydy Ndz + Eydz Ndx + E.dr ANdy . (55)

Maxwell’s equations can then be written in terms of
objects (55) and (53) as

dF =0, dxF=J (56)

where J is a 3-form on spacetime with local coordi-
nates:

J=pdx Ndy Ndz — Jpdt Ndy A dz (57)
— Jydt Ndz Ndx — J.dt ANdx A\ dy
in terms of the usual components of the four-current.
The operator d is the exterior derivative and acts
on p-forms by upgrading them to (p + 1)-forms, by
the action:
dw = d(wydz”) = (Ohwy)da™ A dat . (58)
For an exterior product of 1-forms, the exterior
derivative obeys a product rule, i.e.
dlwAp)=dwAp—wAdu (59)
which must be a 3-form as it consists of terms that
exterior product of 2-forms and 1-forms. In addition,
we have the important result:
d>=0 (60)
which tells us that when taking the exterior deriva-
tive of any p-form twice, the result must vanish. Ap-
plying the defining properties of the exterior deriva-
tive to the 2-forms (55) and (53) and comparing with
(56) indeed recovers Maxwell’s equations in the con-
ventional vector calculus form. We also note the
definition of the field strength in terms of the field
A, which is a 1-form on spacetime, i.e.

F=dA. (61)
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