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ABSTRACT

The subject of this thesis is lens design using a
system of functional differential equations arising
from Fermat's Principle in geometrical optics. The
emphasis is primarily on existence, uniqueness, and
analyticity, properties of solutions to these equations,
but some asymptotic methods are developed for special
cases. Three specific lens problems are considered
in detail: the first is an axial lens having two pairs
of foci on the optical axis, the second is an axial lens
which focuses light at two different frequencies to two
distinct points, the third is a lens symmetric about
an axis having foci not on said axis.
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Chapter 1

Introduction

Section 1. Prolegomena

The subject of this thesis is two-dimensional lens
design using geometrical optics. In particular, three
related problems in lens design are examined which, in
essence, entail the determination of lens boundaries
symmetric about an axis given the foci configuration,
index of refraction, and lens thickness about said axis.
The emphasis is on existence, uniqueness, and analyticity
properties of solutions to these problems, but, for some
special cases, asymptotic methods are developed which
reduce the problems to solving first order nonlinear
ordinary differential equations and algebraic relations.

Although lens design problems have been studied
since Descartes (ca. 1637), much of the attention has
been on numerical solutions and solutions under simplifying
assumptions such as paraxial/Gaussian optics approximations,
which in effect are linearised versions of lens problems.
Questions concerning existence and uniqueness of solutions
to 'full problems' in lens design have only recently been
addressed. Motivated by questions posed by Sternberg
(1955,1963,1977, 1965) in connection with microwave
and acoustic scanning problems, Friedman & McLeod (1987)
proved that there exist precisely two symmetric lenses

(i.e. lenses having boundaries which are mirror images,



cf. Section 2.5) with analytic boundaries for a given

foci configuration, index of refraction, and axial lens
thickness. Using a different method, Rogers (1988)
established the same result. The symmetric lens result
was generalised by Friedman & McLeod (1988) to a lens
having two pairs of foci on the axis of symmetry. The
present work, in part, builds on that of Friedman & McLeod
and Rogers.

In this chapter, some general concepts in geometrical
optics are discussed such as Fermat's Principle along with
some different approaches to light ray geometry for
inhomogeneous media. The transition to media with
piecewise constant refractive indices is made in Chapter 2,
where the governing system of functional differential
equations is derived and general solution properties
discussed.

The first problem is the design of a lens having
two pairs of foci on the axis of symmetry. This problem
is discussed in Chapter 3 and, using the work of Friedman
& McLeod (1988), existence and uniqueness among analytic
functions is established for various foci configurations.
The result is sharpened to uniqueness among functions
having continuous second derivatives, and questions are
addressed regarding analytic dependence of the solution
on parameters (such as foci locations) and solution
stability. An asymptotic method is developed at the

end of the chapter for the case when the two pairs of

foci nearly coincide.



The second problem is discussed in Chapter 4 and
entails the design of a lens which can focus two colours
from a source to two distinct points. This problem is
closely related to the first problem, and the analysis
developed in Chapter 3 is used to establish existence,
uniqueness, and analyticity results. In addition, a
method for determining an asymptotic solution is described
for the case when the source is nearly monochromatic.

In Chapter 5, the third problem is addressed. This
problem concerns the design of an axisymmetric lens having
foci not on the axis of symmetry. The nature of the
functional arguments in the governing equations for this
problem differs fundamentally from those considered in
the earlier problems, and the analysis developed in
Chapter 3 cannot be readily applied. Questions concerning
existence, uniqueness, and analyticity are discussed in
this chapter and an asymptotic method for solving the
problem is described for the case when the foci are
close to the optical axis.

The results in this thesis are summarized in
Chapter 6 along with some comments regarding future work
in the field. One appendix has been affixed to the text.
This appendix is devoted primarily to an existence/
uniqueness proof for a system of functional differential
equations of a certain form. The governing equations
for the first two problems are special cases of this
form and thus the appendix provides alternative existence

and uniqueness proofs for these problems.



Throughout this thesis certain notations concerning
differentiability are used. The symbol C%, n ¢ Z~
represents the set of functions having n continuous
derivatives. It is made clear in context if the
functions are vector valued as well as the appropriate

range. By analytic it is always meant real analytic.

The set of real analytic functions is denoted c?.

Each chapter begins with a short introduction to
the material and then divided into sections. Equation
numbering starts with each chapter. If an equation is
referenced outside the chapter in which it appears, the
equation number is preceded by the appropriate chapter

number.



Section 2. The Transition to Geometrical Optics and

Fermat's Principle

Light is an electromagnetic phenomenon and can be
described by Maxwell's equations. The electromagnetic
field associated with light is characterized by high
frequencies of the order 1014/sec. and correspondingly
small wavelengths of the order lo-scm. It is reasonable
to expect, in view of the magnitude of the wavelength,
that, in regions with dimensions much greater than the
wavelength where changes in the medium and electromagnetic
field are gradual, an approximation which assumes a small
wavelength will yield a close estimate of the actual
behaviour of light. The branch of optics characterized

by this approximation is known as geometrical optics.

The Maxwell equations for a non-conducting isotropic

medium free from charges are

VAH(r,t) - 9D(r,t)/ot = 0 , (1)

VAE(r,t) + 3B(r,t)/3t =0 , (2)

VeD(x,t) =0, (3)

VeB(r,t) = 0, (4)
and the material equations are

D(r,t) = €(r)E(L,t) (5)

B(r,t) = n(x)H(z,t) (6)

where t 1s time, r is the position vector, H is the

magnetic field strength, E is the electric field strength,



D is the electricdisplacement, B is the magnetic induction,
€ is the permittivity, and y is the magnetic permeability.
The functions € and uy, as indicated by equations (5) and
(6), are assumed to be spatially dependent, and it is

further assumed that they are in Cl. The vectors H, E,

D and B are all assumed to be in cl. The above equations
have been normalized and the variables are non-dimensional.
In particular, the speed of light, the permittivity, and
the magnetic permeability in the wvacuum are unity.

In a general time harmonic field, for an isotropic

medium, the vectors E and H assume the form

= Re[E, (g)e "] (7)

A

N
-
ct

wty (8)

Ve
]
ct
i

Re[I;Io(g)e“i

where Eg and H, are in Cl and w is the angular frequency.
Substituting (7) and (8) into equations (1) and (2),
using the material equations (3) and (4), reduces Maxwell

equations (1) and (2) to

ZAEO + iew Eo =0 (9)
VAE, - 1luw Hjy = 0 . (10)

It is assumed that r is many wavelengths away from
any sources or boundaries and only one wavefront passes
through r at a given time. It is further assumed that
changes in the medium are gradual on the scale of the
wavelength which is O(%). The complex amplitude functions

and H, are assumed to have the form

Eo 0



E,(x) = e(p)eV® (11)
Hy(r) = h(pe (& (12)

where e and h are functions in Cl which remain O(1l) as
w > o, and Y is a real valued function in Cl which
remains O(1l) as w =+ =,

The non-dimensional angular frequency is a large
parameter in the above equations. On the length scale
of centimetres, this parameter corresponds to a term

> for visible light. Equations (11) and (12)

of order 10
are the starting points for WKB asymptotic expansions
in the parameter w. The first terms in these expansions
closely resemble equations (11) and (12) and have been
given the physical interpretation of being the principal
transmitted wave through a medium (i.e. the portion of
the wave which experiences no internal reflections)
[cf. Bremmer, 19511].

The assumption is made that the functions e and h
can be expressed as asymptotic expansions in inverse powers
of w such that these expansions are uniformly valid. It
is further assumed that these expansions can be differentiated
term by term to yield asymptotic expansions which correspond
to the derivatives of the original functions and that the

differentiated expansions are also uniformly valid. Under

the above assumptions, the functions ¢ and h can be written

1 - n
e(r) = eqlr) + g, (g) + ... = néo e, /v (13)
hig) = ho() + 2 By () + ..o = § B/ . (14)



For physical reasons, it is assumed

e(g) > 1,
(15)

u(r) > 1.

Equations (11) and (12) written in terms of expansions

(13) and (14) are

nz0
Ho(r) = e*® § h /0, (17)
~0°s ngo Nn/w

and substituting these expressions into equations (9)

and (10) gives

n+1

i0(WA § b /w™) +e ] e /Wil +¥a ] h /W =0 (18)
n>0 ! nz0 n>0"

i(7yr J e /0™ = u T h /Wl 408 e /™20 . (19)
nx0 ° n>0 " nz0 °

The function y is assumed to be non-zero and vary
gradually on the scale of the wavelength so that, in
particular, |Vy| is O(l). Similarly, the functions e
and h are assumed to change gradually on the scale of
the wavelength so that the derivatives of e and h are
O(l) in moduli.

Under the above conditions, the dominant terms in
equations (18) and (19) are O(l). Neglecting the O(%)

terms in these equations gives
Yyah, + egy = 0 (20)

Ypre, = uh, = 0 . (21)



Eliminating h, between equations (20) and (21) for a

0

non-trivial solution gives
2
VW (Yvee,) - |VylTe, + ueg, = 0 . (22)

The inner product of Yy and the terms in equation (20)

implies

Vyee, = 0 , (23)

|2w|2e = ueg, - (24)

For a non-trivial solution, g, is not everywhere zero

and equation (24) thus implies
2
|vv|© = pe . (25)

The transition to geometrical optics is made when w -+ «

so that
€~ &
(26)
QNQ()’
Using the Maxwell relation
n = /ie (27)

where n is the index of refraction [cf. Born & Wolf, 1986]

equation (25) can be written
|vp]? = n® . (28)

Equation (28) is called the eikonal equation of geometrical

optics.
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Given suitable initial data, the eikonal equation
can be solved using Charpit's method [cf. Forsyth, 1903;
Ockendon & Tayler, 1986]. In particular, the characteristics

must satisfy

g% = %% ’ (29a)
g% - %}% , (29b)
%% = n? , (29c)
= 3h=nl2, (294)
é% (%%) = n %3 . (29e)

Here, t is some parameter on the characteristic. The
characteristic projections of the eikonal equation are

called light rays, and it is clear from system (29)

that light rays are orthogonal to the level curves of .
A geometric interpretation of Yy for an optical system
having two foci is given in figure 1. The definition

of light rays is physically motivated by considering the
time average Poynting vector which represents the average
energy flux over some specified period of time. The
Poynting vector, for an isotropic medium, is normal to
the level curves of ¢ [cf. Born & Wolf, 1986].

The optical path length from a point Ro to some point

P, is defined as

V(pgpy) = V(R -¥(py) - (30)

Since, on a characteristic,
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12

2

dy = nat = n{%?

- L
+ yz}zdt ,

where ° denotes d/dt, the optical path length can be

written
Py
V(PO,pl) = f nds , (31)

Ro

where s is arc length, and the path of integration is
the light ray between Py and Py- Equation (29c) ensures
that V(EO’EI) is positive provided the light rays are
parametrized such that t increases from Py to Py

The eikonal equation and system (29) imply that

_dy _ 22 .20k
L=gf=nEx"+y97%, (32)

satisfies the Euler-Lagrange equations

d oL oL _
aE G " -0
(33)
d ,9L oL _
Et‘(‘g'i‘;)"_a‘};—ol
and this, in turn, implies that along a light ray
B1
§ f nds = 0 , (34)
Ro

where ¢ is the first variation (po,pl fixed). Relation

(34) is known as Fermat's Principle. Geometrical optics

was originally developed using Fermat's Principle as an
axiom. The connection between this approach and the
electromagnetic theory of light was made by Sommerfeld

& Runge (1911). The crucial link is the eikonal equation
which, as shown above, leads to Fermat's Principle.
Alternatively, the eikonal equation can be derived as

the Hamilton-Jacobi equation for the Hamiltonian system
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associated with Fermat's Principle. In fact, the eikonal
equation was originally derived from Fermat's Principle
[Bruns, 1895].

Geometrical optics can be approached from several
related but different mathematical directions. For
instance, the Hamiltonian structure of the light ray
equations can be exploited and results/techniques of
classical mechanics used (e.g. canonical transformations,
integral invariants etc.). This approach is discussed
in detail by Born & Wolf (1986), Buchdahl (1970), Luneberg
(1944), and Synge (1937a,1937b). The approach used in
this thesis is based on a system of functional ditferential

equations derived from Fermat's Principle by Ockendon et al.

(1985). These equations are discussed in detail in tne
next chapter. The remainder of this chapter is devoted
to a differential geometric interpretation which, though
not used directly, nonetheless provides some insight into
the problems and possible generalisations of the results.
Equation (34) is equivalent to the statement that a
light ray path is a geodesic on some surface A having the

first fundamental form

d32 = n2(u,v){du2 + dv2} , (35)

where u,v are curvilinear coordinates on A. The metric
on A forms an isothermic system, and a conformal homeomorphism
from A toIlR2 can be established so that light rays can

be interpreted as images of geodesics under the homeomorphism.

As Fermat's Principle does not contain information about
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the second fundamental form, it is clear that, for a
particular optical system A is not uniquely determined
and that light rays can be described in terms of intrinsic
properties of A. Problems involving light ray configurations,
in essence, can be viewed as geodesic problems in differential
geometry.

Local existence and uniqueness results for geodesics
[cf. Willmore, 1959] imply that for EO’EI e N sufficiently
close (in the metric) and n smooth, a unique geodesic
contains both points. Globally, however, it is clear
that this is not necessarily the case, and geodesics
leaving Ry may intersect again at P, (e.g. consider
geodesics on a sphere). Let W = {Fa : a ¢ (a,b)} be a
family of geodesics through Po where o is some direction
parameter (e.g. the angle of the geodesic at Py with
respect to some reference line). If all the geodesics
in W intersect again at Py then

Vr (BoR1) = r, (Bor21) (36)

for all Pa’FB € W [cf. Willmore 1959]. Relation (36)
is a statement of the 'path length condition' in
geometrical optics. It may be that only a finite number
of geodesics intersect again at Py This occurs, for
instance, when the geodesics form an envelope (cf. Section
2.6). If Fa and FB intersect at Pyr relation (36) is

not necessarily satisfied for this case.

Other results in intrinsic geometry can also be

exploited for lens design problems. The Gaussian

curvature is an intrinsic property and gives a local
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indication of geodesic behaviour. If the first fundamental
form is given by equation (3), then the Gaussian curvature
is

K = --35 Zzln n . (37)
n

If K < 0 at Por then Po is hyperbolic and geodesics
leaving Py diverge rapidly. If K > 0 at Ro then the
point is elliptic and geodesics may intersect again.
The Gauss-Bonnet theorem can be used to extend this
relation to a global result. In particular, if K < 0
in a region then two geodesics cannot intersect again.
This can also be shown using Jacobi's equation for
geodesics [cf. Struik, 1961; Willmore, 1959]. Another
result which can be readily applied to geometrical
optics is Jacobi's theorem [cf. Willmore, 1959] which
gives necessary and sufficient conditions for the
optical path length to be a local minimum.

The Yifferential geometry approach' is useful in
gaining insight into some of the lens design problems.
For instance, the motivation behind Corollary 2.4 and the
division of axial lenses into two classes is Jacobi's
theorem. The problem, however, is that the results of
classical intrinsic differential geometry are based on
the assumption that the first fundamental form is smooth
which is clearly not the case for the aforementioned
lens problems. This is complicated further by the
'inverse nature' of these lens problems. Specifically,
intrinsic differential geometry 1is concerned with

determining geodesics given the first fundamental form;
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lens design problems are concerned with determining the
first fundamental form given certain properties of the
geodesic configuration. Although the differential
geometry approach is not followed directly in this thesis,
the results can be viewed as extensions in the geometry
of geodesics. The differential geometry associated with
geometrical optics is discussed further by Born & Wolf

(1986), Luneberg (1944) and van-Brunt (1987).
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Chapter 2

The General Lens Equations and Axial Lenses

The purpose of this chapter is to introduce some
basic definitions which will be used throughout the
remainder of the thesis and a system of functional
differential equations which will play a central role
in the lens problems considered in the following chapters.
The differential equations describe lens boundaries and
follow directly from Fermat's Principle. The first
section consists essentially of definitions, and the
functional differential equations are derived in the
second section. A special category of lenses (viz.
axial lenses) is discussed in the third section along
with some general solution properties which will be of
use in later chapters. The fourth section concentrates
on the linearised axial lens equations (i.e. paraxial
optics), and the fifth section provides an example of
an explicit solution to an axial lens problem. The
sixth section discusses briefly caustics and aberrations

in optical systems.
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2.1 General Definitions and Assumptions

Let S ¢ IR2 be a simply connected region which is
divided into three simply connected disjoint regions

Sl’SZ’S3 by curves Yerg < S, i.e.

S. nS.=¢, i#3

1 J
Sl n 82 = Yf

3

u S, uy-uy_.=2S8,
i=1 * t g

where §i denotes the closure of S;, and let the index of
refraction n be a piecewise constant function on S of

the form

n,,

Il
L W

n(r) n

Iia]
m
0p]

o

2l

Ln3’ £ € S3 ’

where r is the position vector in IR2 and the n; are

constants such that
nl # n2 H n2 # n3 ’

(see figure 1). The set S is termed the optical system.

The set 82 is defined as the lens of the optical system

and the curves Yerg as the lens boundaries.

The object and image spaces of the optical system

are defined relative to the location of the particular
source. It is assumed no sources are located in §2.

The object space is the Si containing the source and the
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Figure l: Optical System S

2
1
@ #2) Yrkd
, %y Fok
=54
0
A=)
X=foo) i
/4

Figure 2: Optical System




image space is the Si which is neither the object space

nor the lens. It is assumed in this chapter, for
definiteness, that only one source is present in S and
that it is located at some point Py € Sy- The object and
image spaces are thus Sl and S3 respectively.

It is known from the previous chapter that light
rays in homogeneous media travel in straight lines;
consequently, the light rays in S must consist of line
segments. Light rays radiating from Py may or may not
intersect the lens, and those which do need not eventually
refract into the image space. The 1light rays of interest
in this and subsequent chapters are those which, leaving
the object space, refract into the lens and thence refract
into the image space intersecting each lens boundary

exactly once. Such light rays are said to lie in the

field of the instrument.

A point P, € S, is a focus of Ro € Sl if, for a given
refractive index, there exist an infinite number of light
rays in the field of the instrument intersecting both Po
and R- The points Pg and p; are refered to collectively

as foci of the optical system. An internal focus of Ro € S1

is any point g € §2 such that an infinite number of light
rays from Py intersect q. More general singularities

formed by light rays are discussed in Section 6 of this

chapter.

The lens boundaries Yerg are assumed smooth unless
otherwise noted. The image and object spaces are assumed

to be in the vacuum, i.e. n(r) is of the form
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The subscript is dropped for the refractive index in the
lens and, unless otherwise noted, n will always denote

the refractive index in 82.

2.2 General Ray Tracing and Lens Equations

There are two general problems associated with light

ray geometry of optical interest. The ray tracing problem

is the determination of the light ray configurations in
an optical system given the source location and lens

boundaries. The lens design problem is essentially the

inverse problem, viz. the determination of lens boundaries
which produce a light ray configuration having certain
properties (e.g. foci). The design of most optical
instruments, in practice, involves a combination of the
two problems.

The general ray tracing equations are developed in
this section for light rays in the field of the instrument.
The equations follow directly from Fermat's Principle
and are equivalent to Snell's law. The governing equations
for the lens problem are then derived for light rays in
an optical system having foci at specified points. A
notable feature of these equations is that they are
functional differential equations, i.e. they contain
unknown functions having arguments which are also unknown.

This system of functional differential equations will be



the starting point for the investigation of various lens
design problems in the chapters to follow.
Consider the optical system given in figure 2 having

a source at Py = (x ) € Sl’ and smooth lens boundaries

0'¥o
described by Xg = (£(y),y), Xg = (g(y),y). Suppose Y and
Yg are given and let W; be the light ray in

the field of the instrument which intersects Ye at some
point a = (f(§),§). Fermat's Principle implies that for
any gq = (X,y) e 82 U yg on w;, the optical path length
from Po to g is an extremum, i.e.

~o ~

£ty +nlgh| =0, (1)
Y=Y

where

(2)
Yo =39~ XYg

Equation (1), in detail, is

(£(3)-%x.)£' (¥) +y-y, n{(x-£(y))E'(y) +y-y}
: > - =0,

v, (¥) ] |vo ()]

and, as can readily be seen, is equivalent to Snell's Law

Vl (l—/) V2(§) -
———— =n —— A N_(y) = 0,
v. & @l F
1Y 2
where Nf is a normal to Yg at a. Given §, equation (1)
describes the points g e 82 u yg on W; and, in particular,
the point b = (g($),y) at which the light ray exits the
lens and refracts into the image space. Fermat's Principle
can be applied again to describe the refraction of the

light ray at Yg- Let Q = (X,Y) be some pcint in S3 n W§.

Fermat's Principle implies



d
3 |+ Jusl? =0 (4)
d 2 3 A ’
7 Y=Y
where
B2 = Xg 7 2

(5)
K3 = Q- Xg -

Equation (4) is equivalent to Snell's Law at Yq and
describes the points 9 € S3 U W§ on the light ray exiting
the lens. Equations (1) and (4) can be used to derive a
one parameter family of lines parametrized by y (or §)
describing the light rays in the image space. Equations
(1) and (4) thus provide the solution to the ray tracing
problem.

The lens problem, as mentioned above, is essentially
the 'inverse' of the ray tracing problem. The lens
boundaries yf,yg are to be determined given certain
properties of the light ray configuration. The discussion
of the lens problem in this and the following chapters is
restricted primarily to light ray configurations having
specified foci. Let Py = (xo,yo) € Sy, Py = (xl’yl) € Sy
be given foci for the optical system. The object and
image spaces have yet to be determined but it is assumed
that there exist neighbourhoods NpO,Np1 around Py and R,
respectively such that NpO < Sl’ Npl < S3.

Any light ray in the field of the instrument is
described completely by its point of intersection with
either Yg OF Yg' Let W(y) be some light ray in the field
of the instrument and (f(y),y),(g(f),&) be the points at

which it intersects y_ and Y respectively. The variables

g



y and § are not independent but, as the ray tracing
problem (and Snell's Law) suggests, it is convenient
nonetheless to retain both variables. Following Ockendon
et al. (1985), Fermat's Principle implies that, for any
W(y), the optical path length between Rg and (g(&),&) is

an extremum, i.e.

9
- {da. + nd.} = 0 , (6)
Yl fixed 1 2
where
@’ = (£(y) - x)2 + (y - vy 2
1 b4 0 Y =Yg
(7)
a2 = (g(g) - £(yN? + € -p? .

Similarly, the optical path length between (f(y),y) and

Py is an extremum so that

~

{nd, + 4

5 b =0, (8)
y fixed

9
9§ 3
where

= (x-gEN2+ v, - 0. (9)

w N

As with the ray tracing problem, equations (6) and
(8) are equivalent to Snell's Law at Yg and g respectively.
Since ¢ and y are dependent variables, the partial
derivative in (6) signifies that £ and consequently g(§&)
are held fixed. The partial derivative in equation (8)
means that y and f(y) are held fixed.. The qualifications
'¢ fixed', 'y fixed' on the partial derivatives will be
dropped to simplify notation unless there is some possibility

of confusion.
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Using the optical path length function

>

v d, + nd, + d3 ’ (10)

1 2

equations (6) and (8) can be written in the compact form

oV _
i 0 (11)
oV _
5—5——0. (12)

If y is regarded as the independent variable and £ as

some function of y, equations (11) and (12) imply

4y - 2 ' 3V _
3y \Y% 5y V + &' (y) 3E = 0, (13)

which gives the so-called 'path length condition' for a

lens with foci, i.e.,
V = const. . (14)

This relation is not independent of (11) and (12) but
could be used instead of either one.

The lens boundaries for any optical system having
foci at Pg and P, must satisfy equations (11) and (12).

In detail, these equations are

(f(y)-xo)f'(y)+y-yO n{(g(g)=-£(y))E£'(y) + &~y
2 2,5 2 7 = 0, (111)
HE(y)=x,) " + (y-y,) 7} {(g(&)-£(y))° + (&-y)°}
n{(g(g)-£(y))g'(§) +E&-y!} (x=g(£))g' (&) +y;-¢
2 2.5 2 2.L o, (12")
{(g(g)-£(y))° + (E-y)"}7 {(xl—g(E)) + (y,-8) 37

the ' denoting differentiation with respect to the
indicated argument. The function £(y) is unknown and
occurs as an argument in the unknown function g and its

derivative; equations (1l1) and (12) thus form a system



26

of first order nonlinear functional differential equations
for the lens boundaries.

The 'initial value problem', in analogy with ordinary
differential equations, is the determination of an f(y),
g(y) and £(y) satisfying equations (11) and (12) given
some 'initial light ray', i.e. given explicitly or through
symmetry the values f(y*), g(g£(y*)), and £(y*) for some
y*. As equations (11) and (12) contain three unknown
functions, it is evident that the initial value problem
for £,9,% does not have a unique solution and probable
that further restrictions (e.g. symmetry, multiple foci
etc.) can be imposed on the optical system. The non-
uniqueness of solutions is discussed in the next section

for a special case.
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2.3 The Axial Lens

An axial lens is defined as a lens having boundaries

Yf’Yg such that they are symmetric with respect to a

common axis, called the optical axis, and the optical

system with these boundaries has foci at PyrPy on the
optical axis. In this and subsequent chapters, the
cartesian axes are assumed oriented such that the x-axis
is the optical axis. Thus, if the lens boundaries are
represented parametrically by v, = (£(y),y), Yg = (g(y),y).,
then the lens is an axial lens if £ and g are even in y
and Yo = ¥, = 0 (see figure 3). An immediate consequence
of the axial symmetry is that £ must be odd in y.

The lens problem addressed in this section is the
determination of a yf,yg satisfying equations (11) and

(12) given the lens thickness along the optical axis,

i.e. given

£(0) = a
(15)
g(0) = b, .

The symmetry of the optical system and equations (11)
and (12) evaluated at y = 0 imply that there exists a

light ray between Py = (x.,0) and P, = (xl,O) along the

OI

optical axis so that, in particular,
£(0) =0 .

The above problem will be referred to as the axial lens

problem. It is assumed, unless otherwise noted, that

Xy < @ < 0 < bO < X (17)

0 1°
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Figure 3: Axial Lens
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The axial lens problem is central in lens design
as most lenses for optical instruments are required to
have boundaries which are surfaces of revolution. This
symmetry is desirable for several reasons, e.g. symmetric
imaging properties, relative simplicity of manufacture
etc.. Of the three lens problems discussed in the
following chapters, two are special axial lens problems,
and a certain axial lens, the aplanatic lens, plays a
major role in understanding the third lens problem which
involves an optical system having foci off the optical
axis. In this section, some of the general properties
of axial lenses relevant to these problems are discussed.

The symmetry conditions for an axial lens imposed
on an optical system in effect define an initial light
ray but do not resolve the non-uniqueness problem discussed
in the previous section. The next theorem shows that £ (y)
can be an arbitrary odd function in y whose derivative
does not wvanish, and this in turn implies that the axial
lens problem has an infinite number of solutions satisfying
the initial conditions. Other types of relations can be
used to establish this result (e.g. a relation involving
only g(¢) and f(y)). The following theorem is useful not
only because it implies an infinite number of solutions
exist to the general axial lens problem, but also because
it gives a general existence/uniqueness proof for special

axial lenses such as the Herschel and aplanatic lenses.
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Theorem 1

Suppose

E(y) = H(y,£f(y),qg(&)) , (18)

where H is some specified C2 function of y,f(y),g(§&)

defined in a neighbourhood of (0,£(0),g(0)) such that

o # 0 . (19)

Y| (0,£(0),9(0))
There exists a unique local solution (£f(y),g(y).,&(y))
to the axial lens problem satisfying initial conditions
(15) and equation (18). If H is analytic in y,f(y),qg(&),

then the local solution is analytic.

Proof:

The axial lens equations can be written

f'(Y) Z(YIEIf(Y)Ig(E))

(20)
g' (&) = W(y,&,£(y),g(g)) ,

where Z and W are functions analytic in vy,&,f(y),g(&) in

some neighbourhood of (0,0,ao,bo). Equation (18) implies

Eorgry 2
1-g'(g) &
7 (21)

ite>

E(y,&,£(y),g(&)) .

Relations (20) and (21) can be used to formulate the

following system:
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£'(y) = Z(y,&(y),£(y),h(y))
h' (y) = W(y,E(y),£(y) ,h(y)) (22)
£'(y) = E(y,&(y),£(y),h(y)) ,

where

h(y) = g(&(y)) . (23)

Since E has continuous partial derivatives, the right hand
side of the above system is Lipschitz continuous in some
neighbourhood of (0,0,ao,bo). The Picard-Lindel®f theorem
implies that a local solution (f(y),h(y),&(y)) exists.
Relation (19) implies that £ has an inverse for y small

so that equation (23) can be solved for g(y). If H is
analytic in y,£f(y),g(&€), then E, ﬁ, and E are analytic

in y,&,£f(y) ,h(y), and Cauchy's theorem implies that

there exists a unique solution for y small and that it is

analytic.

Although an infinite number of solutions exist for
the axial lens problem, some general solution properties
can nevertheless be gleaned directly from equations (11)
and (12). As these properties will be used in subsequent
chapters, it is convenient to list them as theorems,
corollaries etc. for future reference.

Suppose f,g,& is a solution of the axial lens problem

for

>

{y : |Yl < 61} ’ (24)
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where every light ray intersecting (f(Bd )’Bé ) lies in
1 1

the field of the instrument, and let

A
By = {E(y) vy € B } . (25)
2 1

Theorem 2: (Smoothness and Invertibility of £(y))

Tf £ e C(B, ), ge C(B. ) for k > 1, then £ « C- Y (B, ).
5 5 5

Moreover, if k 2 2 then g'(y) # 0 for all y e« BG .
1

Proof:

s )+ the light rays in §2 can be
1

represented by a one parameter family of lines continuously

Since f ¢ Cl(B

dependent on the parameter y. These lines intersect
g € Cl(B(S ) transversely by hypothesis so that the
function é(y) must be a continuous function of y.
Equation (11) implies

2 2
_ "V "V (26)

g'(Y) = - / ’
3y2 dyd¢g

so that, for k = 2, the derivative of £ at y exists

provided
2 2
Yy oy

The partial derivatives in equation (26) can be written

QEY _ f"(Y){f(y)—xo _ n(g(E)-f(y))}
By 4 d,
+ B {(g(B)-£(y)) - £'(y) (E-y)}° (28)
d2
L ey -xy) - £y},
d
1

2
0 V. _ I ((g(E)-F(y))-£"(y) (E=y) }{(g(E)=£(y))-g' (E) (E=y)} , (29)
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and it is readily seen that both derivatives are finite
functions continuous in y. The partial derivative given
by equation (29) is non-zero since the light rays, .by
hypothesis, are in the field of the instrument (in particular,
the lens does not close and no light rays are tangent to
the lens boundaries for y e« Bél); consequently, £ (y) e C'(Bdl).
For k > 2, the result follows by repeated differentiation
of equation (26) and induction.

Equation (12) implies

2 2
37V ., 3V _

9g

and from the above discussion

2
aaya"% <0 . (31)
Since
3%y v ){n(g(g)—f(y)) _ Xl-g(g)}
—5 = 9" (¢ g 3
AE 2 3
+ B ((g(B)-£(y)) - g' (&) (E-y) }2 (32)
d
2
l ] 2
+ = {(xl—g(E)) + g' ()&},
d
, 3
9V is finite for y € By and £'(y) cannot vanish for y € B, .
5¢° 1 Sy

O

Corollary 3.

If f e c®®B. ), g e c®B, ), then £ ¢ C*(B, ).
N 5. 8,

Proof:

Equation (26) implies

Ely) = E(y.&) (33)
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where E is a function analytic in y and £. Cauchy's
theorem implies that £(y) must be analytic.

O

If £f and g are smooth, Theorem 2 means that £ (y)
defines a diffeomorphism from Y to yg, and the optical
path length function is smooth. The invertible property
of £(y) is physically obvious from the geometry of light
rays since p, can be interpreted as the source and P, as
the focus.

Theorem 2 implies that £(y) is strictly monotonic,
and axial lenses, consequently, can be classified according
to the sign of £'(y). Let A be the set of axial lenses

with smooth boundaries, and

. 8

A {S, e A : E'(y) > 0}

2
(34)
-

A {s, e A: E'(y) <0} .

2

There is a fundamental difference between the light ray
configurations induced by lenses in A" and those induced
by lenses in A". If S, « AT, then no light rays in the
field of the instrument intersect the optical axis in

§2 except the light ray along the axis. If S, « A, then
every light ray in the field of the instrument intersects

the optical axis in 82. In terms of differential geometry,
the light ray configurations differ in that the configuration
induced by the lens in A~ has a conjugate point in S,.

Jacobi's theorem for geodesics on a smooth surface

[cf. Willmore, 1959] suggests the following corollary:
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Corollary 4

The optical path length between Po and P, is a local
minimum if 82 e AT, 1If 82 ¢ A", the optical path length

is a local maximum.

Proof:

If 82 e A then for all Yy € B
61

23% > 0 ; (35)
oy

consequently, the optical path length between Py and any

point on (g(de)’Béz) must be a minimum. Since no conjugate

points occur on Yg or in the image space, the optical path

length between Doy and P, represents a local minimum.

e A, then

0"V <0, (36)

and the optical path length between Ro and any point on

(g(Bd )'BG ) is a local maximum. As no conjugate points
2 2
occur on Yg or in the image space, the optical path length

between Py and P, is a local maximum.

O

Even though there exist an infinite number of solutions
to the axial lens problem, some information concerning lens
shapes can still be deduced. 1In particular, if S ¢ A the
following theorem shows that f and g must have monotonic

derivatives of opposite sign, i.e. the lens must be 'double

convex'.
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Theorem 5

If 82 € A, then at least one of the following

inequalities is true for y BG y Yy >0
- 1

f'(y) > 0 (37)

g'(g) <0 . (38)
If 82 e A" then both inequalities are satisfied for all
Y € le, y > 0 and, in addition, for all Yy € B(Sl

£"(y) > 0 (39)

g"(y) < 0 . (40)

Proof:

Equations (11) and (12) imply

' - (E-y) Y
£'(y)L., = 25TY) (41)
1 d2 dl
g'(g)n, = 2y ko (42)
2 3
where
b 827 nige)-£(n)} (3)
1 d d
1 2
L b nfg@-fpy _ ¥1790) (a4)
2 d d :
2 3
Since n > 1 for all y e Bs
1
L2 < 0
(45)
L, >0,

and the first part of the theorem follows immediately from
equations (41) and (42). 1If 82 e A, then for y > 0, &

must be negative and therefore inequalities (37) and (38)



must both be satisfied. In addition, since &' < 0 for all
Y € B6 , equations (28)-(32) and inequality (36) give the

1
inequalities

f"(y)Ll <0
(46)

g" (&)L, < 0,

which yield (39) and (40).

O

If S, ¢ A", the above theorem implies that f(y) (g(y))
is strictly monotonic increasing (decreasing) for y > 0,
and f'(y) (g'(y)) is strictly monotonic increasing
(decreasing) for y « Bdl. If 82 € A+, no similar
statement can be made, and examples of lenses can be
concocted having lens boundaries which do not have
strictly monotonic derivatives.

Given two lenses SZ € A+, S; ¢ A having the same
foci and satisfying the same initial conditions, the next

theorem shows that the lens boundaries of SE must lie

between those of S; intersecting only at the optical axis.

Theorem 6

If SZ e AT and S, ¢ A" satisfy the same axial lens

problem then for y ¢ By , v > 0
1

£,(y) < £_(y)
(47)

g, (y) > g_(y)

£i(y) < £!(y)
(48)

gi(y) > gl(y) ,



where f+(y),g+(y) describe the lens boundaries of S; and

f_(y),g_(y) describe those of Sy

Proof:

Theorem 2 and equations (28) and (32) imply

£7(0) < £"(0)
(49)

g"(0) > g"(0) ,

so that relations (47) are valid for y sufficiently

small. Suppose there exists a y e BG , ¥ > 0 such that
1

(47) is false. There must then exist a point § such that

£,(9) = £_(y)
(50)

v

£1(9) > £'(9) .

Relations (50) imply that the light ray entering S; at
(f(§),§) must intersect the optical axis in S; which
contradicts the hypothesis. The other inequality in (47)
can be proved in a similar manner.

Inequalities (49) imply that (48) is valid for y
sufficiently small. Suppose there exists a point

v e BG , ¥ > 0 such that
1

£1(9) = £1(3) . (51)

Inequalities (47) and (51) imply

(£, (y)=xg)£1(y) +y X (E_(y)-xy) £1(y) +vy

(52)

I L
L, () -x) 2 +y%17 (£ (v)-x) % +¥°)?
which, using equation (11) implies that S; ¢ A" contradicting
the hypothesis. The other inequality in (48) can be proved

in a similar manner.
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The aperture of a lens (i.e. maximum y for which a

solution is valid) is often an important design consideration
[cf. Sternberg, 1963]. Theorem 6 implies that a convex
solution in A+ has an aperture at least as large as any

solution in A .

2.4 The Paraxial Approximation

The properties of axial lenses discussed in the
previous section with the exception of Theorem 1 were
global in character, and no assumptions were made regarding
the size of 61 defining the neighbourhood Bdl. In this
section, the axial lens problem is examined for y sufficiently
small, and relations are derived for an approximate solution.
Suppose 51 in relation (24) is small compared to

the foci distances from the lens boundaries, i.e. for

O(1l) distances ay - Xgr Xy - bl’

The lens boundaries are assumed smoocth, and Theorem 2

implies that, for 61 small, £, g, and & can be written

_ 2 4
f(y) = ap t ayy + 0(61)

2 4
by + byy” + 0(8;) (53)

g(y)
3
E(y) = c,y + 0(61) ’

where 3y b2, and c, are constants. The functions
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fp¥) = a9 + 2,y
gp(y) = bO + b,y (54)
Ep(y) = Cy¥

form what is known as the paraxial or Gaussian optics

solution to the axial lens problem. The strip along

the axis

P £ {(s,y) +: x ¢ IR,y € Bs } (55)
1

is referred to as a paraxial region.

Since the functions f(y), g(y) are even in y, it is
clear that for 61 small, light rays entering the lens at

(£(y),y), v € Bs are in the field of the instrument.
1

Theorem 2 indicates that £(y) is O(y), and substituting
relations (53) into equations (11) and (12) and equating

0(61) terms gives the following relations for the paraxial

coefficients:
—2(n—1)a22221 + 2, + nf; = ng;c, (56)

2(n-l)b22223 + 22 + n£3 = n23/cl , (57)

where

2, = Db - a, (58)
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Aside from the obvious practical value of the paraxial
solution as an approximation, it is also useful as a guide
to indicate non-uniqueness or non-existence of solutions
to various axial lens problems. As equations (56) and (57)
contain three unknown quantities, it is evident that the
axial lens problem without further restrictions has an
infinite number of paraxial solutions (as expected from
Theorem 1). The existence and uniqueness of the paraxial
solution subject to various conditions is considered in
subsequent chapters, and it forms the starting point for
local existence/uniqueness investigations.

It is clear from equations (56), (57) and Theorem 2
that the paraxial solution determines whether or not the
lens is in A+ or A'. In particular, the sign of c,

determines membership in AT or A”. Theorem 2 implies

1A 1 n 1
a4y ¥ 3 ¢ T Tm=1) {22 * zl}
(59)
1 A -1 n 1
by, # 3 %5 = 7(m-1) {22 * 23} ’

and it is evident from equations (56) and (57) that if

82 e A
1 n 2 1
a, =35 ¢+ GGo7) g7t - (60)
g "2
If S, ¢ A~ , then
1
a5, > 3 C¢

(61)
by < % Cq 7

C + : o
and if it is in A , the above inequalities are reversed.

Equation (60) implies that a, and b2 lie on a branch of
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a hyperbola with asymptotes given by % Ce and % cg. The
branch of the hyperbola characterizes the lens in At or
A" . The characterization is illustrated in figure 4.
Equation (60) implies that axial lenses may have paraxial
lens shapes which are 'meniscus', 'plano-convex', or
'double convex' and that no axial lens has 'divergent' or
'planar' paraxial lens shapes (figure 5).

Owing to its relative simplicity and usefulness,
paraxial optics is perhaps the most developed and widely
used branch of geometrical optics. Paraxial optics is
essentially the linearisation of Snell's law for light
rays in a paraxial region, and the study of it in 2-D is
equivalent to the study of the group S1(2;IR) of 2x2 real
matrices of determinant 1 which is isomorphic to the
symplectic group Sp(Z;HU. Classical accounts of paraxial
optics can be found in most optics texts [e.g. Born & Wolf,
1986; Luneberg, 1944]. The group theoretic aspects of
paraxial optics (and geometrical optics in general) are
discussed in Dragt et al. (1986), Guillemin & Sternberg

(1984), and Hertzberger (1943).



SEA

@/m;genc/ /(;{;’65

43
4

%///3«/5

9/7‘

%m/ yéf /Q 0 ~

h
R
NN
I\ NG
\
N
N
W
N

%ﬂ/s’[ﬂ e

Cg_ % 7¢ Kﬁ# (bﬂ//e;\/

ézﬁm/aéz é/'oncé , (Zz(éz)
@éé dxmé x

/-

Figure 4: Characterization of Lens by a, and b2




44

{1 ¥ 7

1

/ | / | / Fx \O
{'; S8 7[; Y/ 7/f9 /fﬁ

!

/%c’/?/..;‘caj' /@//‘0 @yg;( @aaﬁ/e - CO<V€X
a @5/5/6 /?Am/a ,/\‘:4; Shaoes for Al %f@;

# 7
bfgz;wr égalég?wff
7 aywwéb/azg;'cjzéﬁﬁ‘ C%zaﬂu%ﬂég ﬁ5,4é.7¢ﬁ§/}€§%r

Figure 5: Paraxial Lens Shapes

B/



45

2.5 The Symmetric Lens with Symmetric Foci and Cartesian

Ovals

An axial lens is termed symmetric if the lens boundaries

Yf’Yg are reflections of each other through the y axis,

i.e. if
f(y) = =g(y) . (62)

In this section, a particularly simple example of a
symmetric lens is studied to illustrate some of the
concepts of Sections 3 and 4 and serve as an example in
subsequent chapters.

Let 82 € A be a symmetric lens and suppose the foci
for the optical system are symmetric with respect to the
y axis. Since a, = b2, 21 = 23, the paraxial solution

can readily be calculated from equations (56) and (57)

giving the relations

2(n—l)b22122 + 22 + nzl = nzlc

(63)

The paraxial solution this suggests that two solutions
to the full problem exist, one in A" and the other in A~.

In fact, it is evident from symmetry that either

E(y) =y (64)
or

Ely) = -y . (64')

Differential equations (11) and (12) can be used to
solve the full problem [cf. Friedman & McLeod 1987] but,

for this special case, it is easier to solve the problem
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algebraically using the path length condition

_ A
2dl + nd, = 22, + n£2 = K

) = 28 (65)

0
If the lens is in A+, then equation (64) and the path

length condition give the quadratic equation

£2(y) (n-1) + £y) (2xy-k,n) + k2/4 - y2 - x2 =0,

so that

2
+ a.n) - {(x,-a,)" + — vy
£ly) = ——0 20 . (66)

n + 1

The sign in front of the radical is determined by the

initial condition and the solution is unique provided

it is stipulated that the lens is in AY. The solution
represents a section of a hyperbola and is illustrated
in figure 6a.

Suppose the solution is required to be in A . It is
clear from the symmetry of the problem that an internal
focus must exist at the origin and that the problem is
essentially the determination of a single curve Yg such
that light rays leaving the origin focus at (xl,O). The
solution again can be obtained algebraically and the curve
vy . is a section of a fourth degree curve known as a

Cartesian oval.. Specifically, the path length condition
and equation (64') imply
4 2.2, .4 2 2__2 2 2_ 2, 2 2, 2
K0-2K0x1+x1+4xlg(y){K0 x] g7 (y) {4x] 2(Kg(n"+1) +x7 (n"~1) }
_2y2{K§(n2+1)+xf(n2-1)} + 4(n2-1)x1g3(y)+4(n2—l)xlg(y)y2

s 204 (2’1 g2 (y)y2+ -1yt = o (67)

where
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K

0 = bo(n—l) + Xl . (68)

The solution is illustrated in figure 6b.

The algebraic solution to the symmetric lens with
symmetric foci dates back to Descartes (ca. 1637) and is
virtually the only known explicit solution to an axial
lens problem. The symmetric lens with symmetric foci
also has other special properties (e.g. aplanatism) which
will be discussed in the following chapters. Further
comments concerning the solution and cartesian ovals can

be found in Cornbleet (1984) and Luneberg (1944).

2.6 Light Ray Singularities

A light ray singularity or caustic corresponds to
an envelope formed by light rays (the focus being a
degenerate case), and it appears physically as a bright
curve. A common example of this phenomenon is the
nephroid formed on the inside of a tea cup by sunlight.
Caustics are of considerable interest in lens design
since often they destroy image quality. These singularities
arise frequently in optical systems as a result of
imperfect source location with respect to design location.
Since, in practice, most lens boundaries can be only
approximated, the departures of the approximation from
the exact solution also create caustics. A major aspect

of practical lens design is the mitigation of the effects

these singularities have on image quality.
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The purpose of this section is to introduce and
briefly discuss some of the basic qualitative notions
about light ray singularities, and provide some motivation
for the discussions in the subsequent chapters on
eliminating particular singularities. The emphasis is
primarily on 2-D light ray singularities which occur in
the paraxial region.

Light rays, as discussed in the previous chapter,
correspond to the characteristic projections of the
eikonal equation. Caustics correspond to singularities
of the projection mapping and form a boundary where
optical path length function becomes multi-valued (i.e.
where light rays intersect each other). It is readily
deduced from Theorem 2 that if the source for an axial
lens were perturbed slightly or the lens boundaries
deformed by small smooth perturbations, a diffeomorphism
can be established between the resulting family of light
rays and the original family. It is known from Whitney's
singularity theory [cf. Arnol'd, 1984] that in 2-D the
only singularities of the projective mapping which are
stable under small diffeomorphic perturbations consist
of folds and cusps (figure 7). The focus, in particular,
is not stable, and a small perturbation of either the
source or a lens surface, in general, converts this
singularity into a cusp. Further discussion of caustics
in the context of singularity theory can be found in
Arnol'd (loc. cit.; 1978), Berry & Upstill (1980), and

Poston & Stewart (1978) among several other works on the
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subject. It suffices for this discussion to note that,
in general, light rays in 2-D optical systems form caustics
which look locally like either a fold or a cusp.

Caustics are light ray envelopes and, consequently,
correspond to wave front evolutes. In studying the
qualitative properties of caustics, it is often convenient
to examine the geometry of wave fronts under small
perturbations and deduce caustic properties from evolute
properties. The tip of a cusp, for instance, corresponds
to an umbilic point on the wave front. The absence of an
umbilic point implies no cusp is present.

Let S, ¢ A with foci at PorPy and suppose that the

2
source is perturbed a small distance n along the optical
axis to EO = (xO + n,0). The wave fronts created by the
displaced source must be even, and Theorem 1 implies that

a diffeomorphism exists between the perturbed wavefronts
and the original ones. The caustic must therefore be

even and confined to some O(n) neighbourhood of Py The
perturbed wavefronts have an umbilic point where they
intersect the optical axis; consequently, the only stable
caustic produced by 82 contains a cusp even in g having

a tip on the optical axis. The caustic may have other

cusp singularities away from the optical axis depending

on the number of wavefront umbilic points. If the source
were moved off the axis to EO = (xo,n), then the wavefronts
would no longer be even in y but the caustic would still

be confined to some O(n) region around P, - If n is

sufficiently small then this caustic will also contain a
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cusp singularity having a tip on the line X, = const.
The location of the cusp tip for either case can be
approximated to within O(n3) using paraxial optics. 1In
particular, if the source is perturbed slightly to

EO = (xO + na,npB) where n is some small positive number

and o,B are constants, the cusp tip is given by

il = by - aA/{AC - n/2}

(69)

Yl B{1 - Ac/{AC - n/2}} ,

where for the paraxial coefficients a2,b2 and 12 = 21 + na

{20.2.,a.(1-n) + 2

A 17232

5+ nzl}/nzl

B = -n£28/n§l (70)
C = 2b2(n—1) + n/22 .

Equations (62) and (63), in effect, define the paraxial
or Gaussian focus of 82 for the perturbed source.
Figure 8 shows typical caustics for small on-axis and

off-axis source perturbations.

The above approach is useful for ascertaining some
of the crude properties of the caustic, but it will not
yield directly an explicit equation for the caustic in
terms of the lens boundaries without deriving a relation
between said boundaries and image space wavefronts. |
Rather than use wavefronts, it is more direct to use
equations (1) and (4). Either approach is algebraically
awkward. If (%X,y) represents the coordinates of the

caustic in the image space, then equation (4) implies
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Figure 8: Paraxial Caustic Shapes
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G(x,y;y) = m(y) {X-g(E(y))} + &(y)-F = 0, (71)
where m is some smooth function of y known in terms of
g(g€(y)) and £(y). Equation (71) describes a one parameter
family of lines parametrized by y representing light rays
in the image space, and as (§,§) are coordinates on the

envelope of these lines, the equation

9 % S _
3y G(x,y;y) =0 (72)

must also be satisfied. The caustic curve can thus be
calculated using the ray tracing equations and equations
(71) and (72).

The paraxial solution, as mentioned above, can be
used to locate the cusp tip, but it is necessary to
consider higher order terms to estimate the shape of the
caustic in a paraxial region. Suppose, for example, one
desires to estimate the shape in a pataxial region of
the caustic created by shifting the source from Ry to

Py = (xO + na,0). Let

2 4 6
ag + ayy” +a,y + 0(y)

f(y)

2 4 6
gly) = by + by,y™ + byy” + 0(y")

(73)
Ely) = cyy + c3y3 + 0(y”)

m(y) = my + m3y3 + O(ys) .

Equations (71) and (72) imply the parametric relation

2 m
~ 1 3 3 2 4
x = = g leymbymy + 2% {ep o7 ¥ mpbyeymcyl + 0y )
1 1 1
~=23{c E+mbc2-c}+0(5) (74)
Y Y 1€ @ 1°2%1 3 Yy /oa

1
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where m, is non-zero since Xq is 0(1). It can be seen
from equation (74) that, in general, the caustic is a
semi-cubical cusp in a paraxial region. Equations (1),
(4) and (71) can be used to write the m,,Cy in terms of
the lens boundary coefficients. A tedious calculation

gives

_ 1 =
Cl = HE:I {22152,2a2(1-n) + 22} + 1

1, - . 2 2
Cy = HII {42122a4(1—n) + 221a2b2cl(1 n) + b,c]

2= -
2a2£1(1—n) - a2(1-+£2/21)
1 - -
+ 5IIEZ {(2a221 + 1)(c1-1)(zl(cl—1)-n22)} (75)
- 1 - -
m, = T, {2b222(n 1) + n(c, 1)}
m, = -l-{zz b.,c,(n-1) + 42.b c3(n—1) + nc, + 2nb. (b c2—a )
3 22 27273 27471 3 2'77271 T2
nm% 1 2

+ (cl—l)z}}.

Although the cusp is, in general, semi-cubical, equations

(74) and (75) imply that if the a,,b; are such that
m
3 2 _
N ﬁ; + m1b2cl Cy = o, (76)
the paraxial caustic will be confined to an O(y4) region
as opposed to an O(yz) region, and the imaging capabilities
of the system are improved. As there is some degree of
freedom in the choice of axial lenses having foci at Po
and Ry’ it is expected that there exist lenses in A which

reduce the size of the caustic produced by shifting the

source along the optical axis. These lenses are discussed

in the next chapter.
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If the source were moved slightly off the optical

axis, an approach similar to the above can be used to
estimate the paraxial cusp. The O(y4) terms are replaced
by O(n4) terms and the caustic is no longer even in y.
As with the above example, it is expected that there are
lenses which reduce the size of the caustic produced by
off-axis perturbations. Lenses having this property are
discussed in Chapter 5.

Paraxial caustics in three-dimensional optical
systems form the subject of geometrical aberration theory.
The leading order behaviour of these caustics is described

by the Seidel or primary aberrations. The Seidel aberrations

are classified according to the possible perturbations of

a paraxial image space wave front and are called spherical

aberration, coma, astigmatism, distortion, and curvature

of field. Of the five Seidel aberrations, the first three

affect the focusing capabilities of the instrument. The
remaining aberrations are related to the form and position
of the image (i.e. they affect the relative proximities
of point sources 'focused' in the image space). Spherical
aberration is essentially the three dimensional version
of the cusp described by equation (74),i.e. it appears
geometrically as a surface of revolution generated by a
semi-cubical cusp. If the perturbed source remains on
the optical axis, only spherical aberration occurs.

The coma aberration is the three dimensional extension
of the caustic produced by perturbing the source slightly

off the optical axis. The caustic surface resembles a
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hyperbolic umbilic. Astigmatism does not correspond to

any caustic in two dimensions, and if the plane 7 containing
the source and the optical axis were examined, no caustic
except a focus would be present. If, however, the plane
orthogonal to m is examined, another focus would be

present so that in three dimensions astigmatism gives

rise to two images (viz. tangential and sagittal). The
Seidel and higher order aberrations are discussed in detail
by Born & Wolf (1986), Buchdahl (1954), Luneberg (1944),

and Welford (1986).

Catastrophe theory can be applied to paraxial caustics
in three dimensions, and it can be shown [cf. Berry &
Upstill, loc. cit.] that the only stable caustic surface
is the hyperbolic umbilic. This result is deduced by
considerations analogous to those used above for caustics
in two dimensions, viz., umbilic points on the image space

wavefronts and symmetry.
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Chapter 3

The Multi-Foci Lens

An axial lens having two pairs of foci on the optical
axis is investigated in this chapter. The governing
equations are presented in the first section along with
the paraxial solution. The primary subject of the second
section is an existence theorem for local solutions which
are analytic. The work follows that of Friedman & McLeod
(1987,1988). Uniqueness among analytic functions for a
specified paraxial solution is also established in this
section, and the local solution is analytically continued
in the third section. 1In the fourth section, the uniqueness
result of Section 2 is sharpened to unigueness among
functions in C2, and the stability of the solution is
investigated in the fifth section. An asymptotic method
is developed in the sixth section for the case when the
distance between the foci in the object space is small.
The crucial advantage of this method is that it reduces
the functional differential equations to ordinary
differential equations. The leading order solution
corresponds to a lens with special imaging properties
called the Herschel lens. The Herschel lens and the

ordinary differential equation describing it are

discussed in Section 7.
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3.1 The Multi-Foci Lens Problem

An axial lens having two pairs of foci on the
optical axis is examined in this section. The governing
equations for this lens are derived and the paraxial
solution investigated.

Let 82 be an axial lens having boundaries yf,yg
satisfying initial condition (2.15), and suppose the
lens focuses p, = (x,,0) to p, = (x;,0) and dp = (§O,0)
to gl(il,O) (see figure 1). 1If vV(a,b) denotes the
optical path length between a ¢ S, and b « S3, (g(&).,&)
is the exit point for a light ray from Pg entering the
lens at (f(y),y), and (g(¢),¢) is the exit point for a
light ray leaving 99 entering the lens at (f(y),y), the
optical path lengths for these families of light rays

are given by

(1)
V(gp,qy) = &) +ndy + 4y,
where
a2 = (£(y)-xy? +y? ,
a5 = (gE) -ty % + (E-n)? (2)
a5 = (x;-g(EN)° + €%,
=2 _ =2, 2
dy = (£(y)-x5) " + ¥y~ .
B2 = (g(e)-£(y))% + (6117, (3)
32 = (7 g6 + % .
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The lens boundaries are thus required to satisfy

(£(y)=-xg)£' (y)+y  n{(g(&)-£(y))£' (y)+E-y}

A
5 (PgrPy) = -
3y '=0’'E1 d, d,
= 0 (4a)
- n{(g(€)-£(y))g' (E)+6-y}  =(x;-9(£))g' (E)+E
3¢ (BorB1) = d ¥ 3
2 3
=0, (4b)
v (E)-x)£' (y)+y  n{(g(¢)-£(y)) £’ (v)+¢-y}
3y Jordy) = = ) -
d1 d2
=0, (4c)
- ni(g(e)-£(y))g' (e)+d=y}  =(x;-g($))g"' (¢)+¢
w (qolql) = - + -
- T d d
2 3
=0, (4d)

where ' denotes differentiation with respect to the
indicated argument.

Unlike the general axial lens problem discussed in
Chapter 2, the above axial lens problem is described by
four first order nonlinear functional differential
equations containing the four unknown functions f(y),
gly), £(y) and ¢(y). The two remaining initial conditions
for the problem are given by symmetry with respect to

the optical axis, i.e.

g(0) =0,
(5)

¢(0) = 0 .

The above problem will be termed the Multi-Foci Lens Problem.
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Although the definitions of A" and A~ given in
Section 2.3 consider only one pair of foci, it is clear
that the definition can be extended for multiple foci.

In particular, if either £' or ¢' 1is negative, the
lens will have the characteristics of an axial lens in
A~ (e.g. the lens shape must be double convex). A multi-

foci lens is said to be in AT if the inequalities
E'(Y) >0 ,

¢'(y) >0 ,

are both satisfied. The lens is in A otherwise.
Assuming the lens boundaries are smooth, Theorem
2.2 implies that £ and ¢ must also be smooth, and

f,9,£,9 can be written

4
f(y) = a, + a2y2 + O(y") ,

4
gly) = b0 + b2y2 + O(y’) .

(6)
Ely) = cyy + O(IY13) ’

6(y) = e;y + o(lyl) .

Substituting these expressions into system (4) yields
the following equations for the paraxial coefficients

a2,b2,cl,el (cf. Section 2.4):

—2(n—1)a22221 + 22 + nzl = ancl ’

2(n—1)b22 24 g, + Ny = n23/Cl ’

2
(7)

-2(n-l)a22221 + 22 + nhy = ng,e; o

2(n-1)by8,85 + &, + nl3 = nl3/e, ,
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where
21 = ao-x0 ’
22 = bo-aO ’
Ly = xl—bO R (8)
T, = ag-%,
24 = X;=b, .

Eliminating a2,b2 from system (7), the paraxial coefficients

c,re, are given by

cy, = e, - S , (9)
ci + Sc, - % =0 , (10)
where
s=_§§{;l.-fli},
Y2 .1 1 )
T=—n—{§§-f-§}.

It is assumed that the p;,q; are distinct so that neither

~

S nor T vanish, and it is evident that a paraxial solution

exists only if
s? + 4 % >0 . (12)

There are two possible types of foci configuration.

For definiteness, let

(13)
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The foci may be 'staggered', i.e.

If the foci are staggered, T is negative and equation
(10) always has real solutions. Since S and T have
the same sign one paraxial solution corresponds to a
lens in A", the other to a lens in A™. Inequality

(13) and equations (4a) and (4c) imply
d(y) < E(y) , y # 0, (14)
so that, for staggered foci,
c,>e; >0, S,eca, (15)
e, < c, <0, 82 e A . (16)

If the foci are nested, then a paraxial solution exists

only if inequality (12) is satisfied, i.e. only if

an? < g

2,1 14,1 1
{ - H - } . (17)
270, Ty ey I

The two solutions to equation (10) are positive, and

equation (9) gives the inequality

c, > 0 > e (18)

1 17

so that the corresponding lens must be in A~ . Figure 2
shows the paraxial light ray geometry associated with
the above cases. Figure 3 depicts the general parameter

region (n fixed) for which a paraxial solution exists.
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3.2 Existence and Uniqueness of a Local Analytic Solution

Existence and uniqueness questions concerning local
analytic solutions to the multi-foci lens problem are
addressed in this section. These questions have been
studied by Friedman & McLeod (1987,1988) and their work
is followed closely in this section. It is shown in
this section that a local solution exists which 1is
analytic for each paraxial solution. The analytic
continuation of the solutions is discussed in the next
section.

The primary result of this section is the following

theorem:

Theorem 1

If paraxial solutions to the multi-foci problem
exist and satisfy initial conditions (2.15), then for
each paraxial solution there exists a unique local
solution which is analytic. In particular, if the foci
are staggered, there exist precisely two local analytic

solutions corresponding to lenses in A~ and A™.

Proof:

The proof of existence essentially involves an
application of the Schauder fixed-point theorem to a
suitable transformation having fixed points corresponding
to solutions of system (4). The paraxial solution plays
a crucial role in selecting the appropriate form of the
transformation domain and in establishing various

inequalities necessary for the proof. Since, in general,
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two paraxial solutions exist, uniqueness is possible
only after one of the two paraxial solutions is selected.
Uniqueness then follows since the derivatives of a local
analytic solution can be calculated uniquely at y = 0.
The proof is divided into two sections, viz., "Existence"
and "Uniqueness". The former division is subdivided
into three sections corresponding to the two possible
light ray geometries for staggered foci and the light

ray geometry for nested foci. The existence proofs for
these light ray geometries are similar and only the case

when the foci are staggered and 82 e AV is given in detail.

Existence:

The strategy is to define a mapping

~

M: (£,9,E,0) ~ (£,9,E,9)

such that:

a. A fixed point of M corresponds to a solution of
system (4).

b. M maps a compact convex subset of its domain
into itself.

c. M is continuous.
If a mapping M can be found which satisfies the above
properties, then the Schauder fixed-point theorem can be

applied to show existence.

Case 1l: Staggered Foci, 82 € at
. . -1
The mapping M will be defined using ¢ (y) rather

than £(y). Theorem 2.2 shows that the existence of one
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implies the other so that no new conditions on the
solution are required. The choice of g-l(y) is

motivated by inequality (15) and, as will be seen

below, is used to ensure that M is well-defined. Let

2 _ 1, 2 -1,2
d] = (£(E)=xy)° + (£7)°,
a2 = (gy)-£(£7 2 + (y-eThH?,

= (x;~gyN % + y? ,

>
wN

and define M by the following relations:

(19)

(£(5™ ) -x) £' (¢ ) +o g7 B0 ni(gw)-£ TN E (€T 4y-gTT)
4 d,
=0, (20)
n{(g(y)-f(é;"l))?ﬂ(y)+y--:§"l -(xl—g(y))é'(y)+y
+
d; dj
= 0 ’ (21)
(EW - E (v 4y} nl(g(o)-£(y)E' (y) +¢-y)
al d,
=0, (22)
n{(g(s)=£(y))g' (§)+¢=y} = (X,-g(4))g" (§)+0,0+T 0
+
d, ds
=0 , (23)
where O;,T4 are constants satisfying
T, tog =1, (24)
n O1 (25)
2a,(l-n) + — + — = 0 , 2
2 2,2y
n O2
2b, (n-1) + 7 + T, =0, (26)
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and

£(0) = a
(27)
g(0) = b, .

It is clear that any fixed point cf the mapping defined
above corresponds to a solution of system (4). Before
investigating M further to see if the other Schauder
fixed-point theorem conditions are satisfied, it is
necessary to define the domain of M so that any fixed
points correspond tc local analytic solutions and M is
well-defined for y sufficiently small.

Let

B6 {y : IYI < 68},

be two small positive numbers satisfying

1
S S
2 N

1

where v is a number such that
0 < v <1, (29)

The Banach space X is defined as the space of all

functions (f,q9,&,¢) such that £,£,¢ are analytic in BG

1
L

and g is analytic in B, . The norm for X is given by

Y2
A . .
”(frgr€r¢)ll= sup|£]| + sup|g|-+supl£| + SdPl¢| .
BS BS B« BG
1 2 °1 1

A solution to system (4) is expected in the form
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2
fy) = aO + a,y + F(y)

2
bO + b2y + G(y)

n

g(y)
(30)

Ely) = c ¥ + E (y)
o (y) = e,y + P(y) .

where the ai'bi'cl'el

F(y),G(y) are O(|y|3) analytic functions, and E(y),P (y)

are the paraxial coefficients,

are O(y%) analytic functions as [y| = 0. Thus, it is
convenient thus to define the domain of M in terms of

the form given in (30). Let R,/R,,C,D be positive

2[

constants and define the domain X of M as follows:
R1R2CD

X = {(flglgl(b) e X :
R1R2CD

a. f,g,&, and ¢ can be written in the form of (30)

b. F,G,E,P satisfy the inequalities

T | <Ry Iv]? Frw sy’ . yesy (D)

' 3 \ 2
|Gy | sRylyl™ & |6* ()| < 3Ry" 4 yeBg  (32)
E() ], e ] <cy® L B W@ P )] <plyl yele}.(33)

Relations (28) and (29) ensure that g(¢) and f(i-l) are
analytic for 61 sufficiently small, y « Bs - Specifically,
1

since 6lel = 62v, v < 1,

(B, ) < ¢(B: )
¢ Sy °2

for 61 small, and, consequently, g(¢) is analytic in y

for y e« Bal. Since vdlcl = 62,
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B SE(B )
P Sy

for 6, small and thus £(£7!) is analytic for y « B, .
2
Cauchy's theorem for ordinary differential equations
implies that for a given (f,q,£,¢) ¢ X ;, M determines
R1R2CD
E,@,E—l,$ uniquely and that these functions are analytic

for 61 small. The transformed functions can thus be written
£(y) = a, + 3.y + 3.y% + F(y)
0 1Y 2¥Y Y

g(y) = bO + Ely + 52y2 + é(y) ’
(34)

E-l(y) = EO + Hly + ﬁ(y) ,

~

$ly) = &, + &y + B(y) ,

where E(y),é(y) are O(|y|3) analytic functions and
ﬁ(y),ﬁ(y) are O(y2) analytic functions. Substituting

y = 0 into equations (20)-(23) gives

a, = bl = hO = eO =0,

and substituting relations (34) (after the appropriate

compositions) into equations (20)-(23) yields

ar = a,

by, = b,

~ 1

h, = —
1 cl

e1=e1.

~

Since h1 # 0, the implicit function theorem implies that

N

the function £ 1 can be inverted to E analytic for y « 61,
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61 small. The mapping M thus defines a transformation

from X to X. The transformed functions are of
R1R2CD

the form

~ 2 ~
f(y) = aO + asy + F(y)

g(y) = by + byy® + &(y)

(35)
E(y) = c;y + Ely)

$(y) = ey + P(y) ,

and any fixed point of M corresponds to a local analytic

solution of system (4).

The set X is compact and convex. Condition

R1R2CD

b will be satisfied if it can be shown that there exist

positive constants R1’R2'C’D such that

= M(x) € X . (36)

X € X
R1R2CD R1R2CD

Substituting (35) into equation (20) gives

o

r(£71) (1-n) + H(y){2a,(1-n) + = + 2} + O(y?)}
2 1

T ~
+ 2 Hy) = oyl
1

where the O(yi) terms are known in terms of £,g9,&, and ¢.
Using equations (24) and (25) along with paraxial
relations (7), the above expression can be reduced to

nc, _
P e (1) - 2 By @+ o) =odylH . @)
2

Inequality (31) and the above relation imply
%)

~ 1
|H(y) ]| = -3 (1 - H)3Rly
€1

2y o(lyl®
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so that for 61 sufficiently small

2
3R122y

Iﬁ(Y)l < __—0'3_' ’
1 (38)

~ 2
[E(y) ]| < 3R 2,77 .

The O(y2) terms in equation (21) are related by

(=18 (v) - = H(y) (1 + oy®) = o(ly]?) ,
2

and,using equation (37), this expression reduces to

~ ' -1
G'(y) = F(—E—)- {1 + O(y2)} + O(|y|3) . (39)
1

Inequality (32) and equation (39) imply

~ 3R1y2 3

|G ()| s —=— + o(]y[") , (40)
€1

and, by integration,

3
~ Ry 4
|G(y)| s =——=— +0(y") . (41)

€1

A bound on E'(y) can be obtained by differentiating
equation (20) with respect to y and equating O(y) terms,
i.e.

nc

€ e (-1 - 2 B () (1 +oy?) = oy®) . (42)
2

The function F is analytic and consequently there exist

positive numbers N, r such that

k
i

P& ]« XL qy] < x
r

so that, in particular, there exists a number A > 0 such

that

1

|F" (g ") ] = RlAlyI . (43)
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Equation (42) and inequality (43) imply there exists a

~

number A > 0 such that
[H' (v) | < AR, |y| ,

for 61 small. Using the relation

d ,~-1 _
3'37{& ()} =1,

(44)

inequality (44) implies there exists a positive number

Fl such that

[E'(v) | < TR |y]

for 61 small.

(45)

Similarly, substituting (35) into equations (22)

and (23) and equating the O(y2) terms gives

1 -5 + 22 a+ou®) =odyl?
2

(1 - %>G'(¢) + gi%l (1 +o0(y?) =oyl> ,
172

from which the inequalities

~ 3.2
,P(Y)I = 3'Q'2R2ely ’

[B' (v) | < T,R,ly|

- 3

B | < Rellyl®
3 2

If" (Y)I < 3R261Y ’

can be derived for 61 sufficiently small.

Since e, < Cor positive numbers Rl’R2 exist such

1
that

(50)
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If 61 is sufficiently small and the R; satisfy inequality
(50), inequalities (40),(41),(48) and (49) imply that
inequalities (31) and (32) are satisfied for F and G.
Inequalities (38),(45),(46) and (47) imply that positive
numbers C and D exist such that (33) is satisfied for E
and P. Consequently, there exist numbers Rl,Rz,C,D such
that relation (36) is satisfied.

The mapping M is continuous and satisfies conditions

a and b. The existence of a local analytic solution

follows from the Schauder fixed-point theorem.

Case 2: Staggered Foci, S, e A~
The existence proof for case 1 can be modified
slightly to prove existence of a local solution when

the foci are staggered and the lens is in A . Since,

for this case,

le;| > |c

| 1o

the roles of £ and ¢ (and their paraxial coefficients)
must be interchanged to ensure a well-defined mapping.

The proof then follows mutatis mutandis from the proof

of case 1.

Case 3: Nested

If the foci are nested and paraxial solutions exist,
then inequality (18) is satisfied and the lens must be
in A" . Once one of the two possible paraxial solutions
is chosen, existence of a local analytic solution can
be established by a slight modification of the above

existence proof. In this case, the roles of £ and ¢

are determined by max(lel|rlcll)-
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Unigueness:

System (4) can be used directly to show uniqueness
of a local analytic solution once one of the paraxial
solutions is chosen. Since the solution is analytic
for y small, it suffices to show that all the derivatives
of £,9,8, and ¢ at y = 0 can be calculated uniquely.

The uniqueness proof follows by induction.

The first derivatives of f and g at y = 0 can be
calculated uniquely by evaluating system (4) at y = 0.
The paraxial solution provides £"(0),g" (0) as well as

£1(0),6' (0). suppose £ 5 1) (0),q K+ (k) (o)

¢(k)

(0),& and

(0) are known for k < m-1. Differentiating equations

(4a)-(4d) m times and evaluating at y = 0 yields

(m+1) n . (m) _
(=1 £ (o) + - e 0) = 2y L (0)
2, (m)
(n_l)g(m+l)(0)CT + = Ezcl(O) = Az,m(O)
' (51)
(m) (0)
(n-1) £ ™) (o) 4 22 2, = 23,n(0)
2, (m)
(n-1)g ™1 (o)™ + B0 ) _ 5, (o) ,
21
where
A, _(y) = By (@) E @) e £ i) 0 )0 T ()

F(y) £ (9) s eeerE ™ () 59(8) ,a" () 4eenrg ™ (g);
1 (m)
G(6),9" (6) senerg™ (),

is known at y = 0. Sincen > 1, €, # Cqv
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n
n-1 0 T; 0
0 (n-1)c} 2’2‘21 0
det
- n
n-1 0 0 Eg
0 (n-l)eT 0 2261

n2(n—1)2 Ml SO+ 20 s

zzclel 1 1

consequently, system (51) can be solved uniquely for

f(m+l)(0)’g(m+l)(0),Ag(m)(o),¢(m)(o). The local analytic

solution is thus unique.

Remark 1. Although the even properties of f and g
required for an axial lens are not used directly in

the proof, it is evident from system (4) that if
(£(y),g(y),E(y)+9(y)) is a solution, then (f(-y),g(-y),
-£(-y),~¢(-y)) must also be a solution. The unigqueness
of the analytic solution implies that £f,g,&£ and ¢ have

the requisite symmetry properties for an axial lens.

Remark 2. The above proof, as mentioned earlier, is
very close to that given by Friedman & McLeod (1988).
Unlike their proof, however, there are no assumptions
regarding the foci configuration and relative distances
between foci. The crucial assumptions are that a

paraxial solution exists and the foci are distinct.

Remark 3. The symmetric lens is a special case of the
multi-foci lens problem. The existence/uniqueness of

solutions to this problem has been proved by Friedman
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& McLeod (1987) using an approach similar to the above
proof. Rogers (1988) has given a different proof of

this result.

Remark 4. The above proof shows uniqueness among
analytic functions but does not prove unigqueness among

smooth functions. This is addressed in Section 4.

3.3 Analytic Continuation

The existence of a unique local analytic solution
to the multi-foci lens problem for each paraxial solution
was established in the previous section. In this section,
it will be shown that the local analytic solution can be
analytically continued until either the lens closes or a
light ray becomes tangent to the lens. The geometric
ideas for this continuation follow those of Friedman &
McLeod (1988). The process for analytic continuation is
described only for the case when the foci are staggered
and the lens is in A'. The other cases can be addressed

in virtually the same manner.

The key to analytic continuation of a local solution

lies in the relations

where the Bé are as defined in Section 2. It is assumed,
i
for definiteness, that the lens is oriented so that
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S

and that the lens is in AT (see figure 4). For the

analytic continuation, system (4) is written

' Hl(Yrd)lf(Y) 1 9(0))
St L EEEw e e

Hy(y,&,£(y),9(€))

IO = e Ew LT (525)
2 2. 1-1 2 2 51
3%V [ 9 3%V (3%v

P T S R
sy? \3Y3E 5Y3E \,z2
2= . 2m4-1 2= .2=1-1

v s s s () o)
3y Y Y 3¢

where

— r
1 3

g = nle-y) _ ¥
2 a1

(£ly)-x,) _ n{g(¢)-£f(y)}

L. = ,

l -

d; d,
_ 3 n(E-y)}

H - —{ + 7

2 3, 3,
Lo-nlg®) £} _ X179

2 3 i

<l
ne

The strategy for the analytic continuation is first
to show that g can be continued from 62 to a point
arbitrarily close to 5(61) using equation (52b). Once

this is established, equation (52a) can be used to
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¥

Figure 4: Multi-Foci Lens

v

7;@%7

Figure 5: Analytic Continuation
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extend £ from B@ to a point close to ¢—l(£(61)).
1

Equations (52e) and (52d) are used to continue £ and ¢.
The process relies directly on Cauchy's theorem and can
be repeated until one of the functions describing
f',9',E' or ¢' is no longer analytic in its arguments.
A geometric interpretation of this procedure is given
in figure 5.

Let

O» Hh
>

>

g -1 f
N {y £ “(y) € N } o,
P S,

where €s is some positive small number such that
2

v em,
2 2

The above definitions imply

N9

5. £ B

2 2

B, # ¢ .
P

g
N n
62
The functions f,£, and ¢ are, by hypothesis, analytic

in Bd . Since H2,L2 are analytic in their arguments
1

and L2 cannot vanish (n > 1), equation (52b) and Cauchy's

theorem imply that g is analytic in Ng for €5 small.
2 2
£ petween 5_1(6 ) and £ Lisy + ¢
62 2 2 S,
can be selected and the procedure repeated. In this

Another point in N

manner, g can be extended from 62 to some point y*

arbitrarily close to 5(61).

Let
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2
Q
e

{y : |y-6,] < &, 1}
62 2 62
~f A - ~
N6={y=¢l(y)eNg},
2 2
where Eé is some small positive number. The functions
2
g and ¢ are analytic in Ng from the above argument for
2
€5 sufficiently small, and
2
fxig £ By
2 1

ﬁg n By #9 .
2 1

Equation (52a) and Cauchy's theorem imply that f is
analytic in ﬁg and can ths be continued. The function

£ can be contiiued using equation (52c¢). This process
can be repeated and f continued up to a point arbitrarily
close to ¢_l(£(6l)) provided Cauchy's theorem can be
applied to equations (52a) and (52c). Having continued

f and &£, g and ¢ can then be continued using equations
(52b) and (52d) respectively provided Cauchy's theorem
can be applied. Once g and ¢ are continued, f and £ can
be continued further using equations (52a) and (52c).

The cycle can be repeated ad nauseam until Cauchy's
theorem can no longer be applied, i.e. until one of the
functions describing f',g',&', or ¢' is no longer analytic
in its arguments. Equations (2.28),(2.29), and (2.32)
from the proof of Theorem 2.2 imply that a 'breakdown'

will occur only if either the lens closes or a light

ray from either family becomes tangent to the lens.
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3.4 Uniqueness of the Local Solution among C2 Functions

It was shown in Section 2 that there exists a local
analytic solution to the multi-foci lens problem which
is unique among analytic functions once one of the two
possible paraxial solutions is selected. It is
conceivable, however, that non-analytic solutions to
the problem exist. This question is addressed in this
section, and it will be shown that the local analytic
solution of Section 2 is in fact unique among functions
in C2. Before discussing the uniqueness of solutions
to the problem, a general uniqueness theorem for a class
of functional differential equations is given. The
analysis in the proof of this theorem is a blend of
that used by Rogers (1988) and Osgood's uniqueness

theorem. After the theorem is established, it will

be applied specifically to the multi-foci lens problem.

Theorem 2

Given the functional differential equation problem

H(YiZ(2z)reeesZ(2) 32" (29)yeeen2' (2))
(53)

N}
—
3
~——

I

where ' denotes differentiation with respect to the

. . +
indicated argument, n,m ¢ Z

' (1)
rzl(y)w ’zl(y)W h,
2y)=| 1 | oBw=] 1oy B2
z (y) z! (v) h_




86

at the hi satisfy the following conditions:

a. There exists a unique admissible solution¥*

Z'(0) to the algebraic system

z}(0) = h,(0;0,...,0;2'(0),...,2'(0)) , 1 <4i<n (54)

m times m times

for which

|zt ()| <1, 1 (55)

IA
[
I
=

b. There are positive constants €,v such that,

for some given vector norm |, in

N = {(yiZ(2)),eee, B2 ) 32" (29) ree e r 27 (20)) -
1 m m
Syl+ 1 llzezplh+ 1 N1g" (z)=2" (O ][ <e} , (56)
i=1 i=1

the hi are uniformly Lipschitz continuous with

respect to their dependence on the Z2'(z,), i1.e. for

A 4

' '
Z(zy) =25 » 2'(zy) = 25
a = (Y?gll---rgnﬁgilooorgﬁl) r
A /\' /\'
a = (Y?glloo-lgm7%11-°-r,§m) )
(
A M1
HE D |,
h
n

*j.e. if multiple solutions exist there must be enough
'side conditions' to restrict the solutions to (54), (55)

down to just one solution. This is the admissible
solution.
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there exist positive constants Li such that

lg@-g@ s ) on -zl (57)
c. The Ly satisfy the inequality
o A
0 < z L. =6 <1 H (58)
. i
i=1
d. In N_,
|hi|sl, 1 <i<m, (59)
and for some positive constants Al,Az,
'] < Ay (60)
la* ] < ay (61)

e. In Ne’ the hi are uniformly Lipschitz continuous

with respect to their dependence on the Zi’ i.e. for

N
\.
N

3= (YiZyreeos

AT
I
e
WD
(==
03D

there exist positive constants Ki such that

K. || 2.-2. || ; (62)

B (&) -H(2) || < i Il25-24

i

i o~—38

1
if a local solution exists to (53) then it is unigue

(among C2 functions).

Proof:

Suppose that Z(y) and Z(y) are two local solutions

and that there exists a yg # 0 such that
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12(yg) -2y Il > 0, (63)
for
(vgiZ(zy(yp))reeesZ(z (vg))iZ' (2 (¥))seee 2 (2 (v4))) € N
(voi 22, () reees 202 (v)) 12" (Z1(y))seen BT (2 (¥))) € N, .

It is assumed for definiteness that Yo > 0 since a change
in variables u = -y can be made to handle the opposite

case. Let

T(y) = sup |[[Z(n)-2(n)]| (64)
~ysn=sy
oly) = sup [|Z'(m)-2'(m)]] . (65)
—-ysnsy
Relations (64) and (65) yield the inequality
S 1(y) = oly) (66)
dy y) = !
and if it can be shown that
oly) < Tt(y) ., (67)

where ' is some positive constant, then it can be shown
that 1(y) cannot vanish for y < Yo and, consequently,
one of the solutions cannot meet the initial conditions
at y = 0 (i.e. inequality (67) gives a contradiction
and the theorem is established).

The term Z'(y)-g'(y) can be written
l?ji* i

”~
i=1

&~

2' (y)-g' (y) =
1

lie~8

where
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W ; : H(Y:Z(z) sene 202 )0 B2 0o B2 0B (2) 000 B! (2)
= B(YiZ(2) reeerB(2), 82 ) reeen B2 )20 (2)) 000080 (20))
kﬂi A H(yiZ(zy),e.r2(2z )i" (2 ),...,Z'(zi_l),ﬁ'(Ei),,,,,z'(gm))
- H(yi2(z),eeesB(2 )i8" (2)) 0000 2" (2),2 '(z pp)reeee2'(Z))
so that
o(y) < sup Z {H7ﬁ;H ;1 (68)

—y<n <y i=1

Condition e implies

IA

k|1 2(2,)-2(z)) |

[ 11

IA

KAN2E)-2CGD |+ 12(2)-2z ]I},

and since

IA
"
IA
=

lzil S IYI ’ 1

by inequality (59),
sup MMl = Kyley) +_sup lzE)-g(z) 1. (69)
TYSNEY o~ ~ysns<y

Using the mean value theorem,

lzz)-zz) =12 y9 |l 125~z | ,

1

where y* is between Ei and z;. Inequality (60) implies

sup  [|2(2;)-2(z) || < AjCTly) (70)
~ysnsy

where C is some positive constant. The'hki terms can
N

thus be bounded by
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sup || W, || s K. {1 + CA T (y) . (71)
~y<nsy zﬁl i 1

Condition b implies
HL1 < L, [12'(2Z)-2"(z) 1],

and inequality (59) implies
sup |[Yf Il st {oty) + sup [12"(Z))-2' (z))[|}. (72)
-ysn<y ~ -ysnsy
The last term in inequality (72) can be bounded using the

mean value theorem and inequality (61), i.e.,

—y<ney o E i
sup [[2" (n*) || |Z;-2;1 < A,CT(y) s (73)
—ysnsy
~ysn¥*sy
consequently,
sup Ilbfills L. {o(y) + A,CT(y)} . (74)
-ysnsy 7~

Inequalities (68),(71) and (74) imply

o(y) <

m
) K, {1+CA It (y) + Y L, {o(y)+A,CT(y)} .

1 i=1

Io~—3

Condition ¢ and the above inequality imply

m
0 < (1-8)o(y) < {(l+CA,) Y K, + AyCOYT(Y)
i=1
so that inequality (67) is satisfied for any I' such that
1 m
I > o= {(1+ CAl).Z K, + A,CO} . (75)
i=1
Inequality (67) implies that for y < Yor there is a

positive number K such that

t(y) > Re'Y , (76)



91

so that, in particular,
T(0) # 0, (77)

which contradicts the hypothesis.

O

Remark 1. Condition a, the algebraic compatibility
condition is essential to the proof since Ne cannot

be defined for arbitrarily small € without imposing
existence and uniqueness conditions on the algebraic
system. For the multi-foci lens problem, this condition
translates to the existence of paraxial solutions and

the selection of a partdéular one.

Remark 2. Inequality (59) restricts the functional

arguments so that in N_, | z < |y|l, 1 £ 1 < m. This

i |
requirement is crucial in order to obtain inequalities
(69) and (72). A counter example if (59) is not satisfied

has been given by Kato & McLeod (1971).

Remark 3., Condition ¢ ensures that the derivatives of
the z; are uniquely solvable in Ne' Inequality (58)
implies that the hi essentially form a contraction for

this determination.

Remark 4. Inequality (61) restricts the admissible
solutions to those having second derivatives. This
requirement can be relaxed to the assumption that the

z; are in ¢! and the hi are uniformly Lipschitz continuous

in N_ with respect to y. This generalisation is

discussed further in Appendix I.
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Remark 5. Using the above assumptions in Theorem 2, it
can be shown that a solution to (53) exists. The proof
is essentially a generalisation of the Picard-Lindel8f

theorem and is given in Appendix T.

Theorem 3

Any solution (f,9,£,¢) to the multi-foci lens problem

2

which is in C® must be analytic at y = 0.

Proof:
Since f,g € C2, Theorem 2.2 implies that &' (y) and
¢' (y) cannot change sign; consequently, any solution to
the problem which is in C2 must correspond to a lens in
either AT or A~. If the foci are nested, the lens must
be in A" . Once the foci configuration is specified
there are only two possible cases. It suffices to show
that for each case the solution is analytic. As the
proofs are similar for each case, only the proof for
staggered foci, 82 € A+ is given in detail. Comments
concerning the other cases are given near the end of
the proof.
Assume that the foci are staggered and the solution
corresponds to a lens in At. The first step of the proof
is to show that the functional differential equations

describing the problem can be written in the form of

system (53). Let

zl(y) =y zg(y) = £(y)-a,
z,(y) = £ ($(y)) 2o (y) = £'(y)

(78)
z5(y) = E(y) 2. (y) = g(£)=bg

zy(y) = ¢(y) zg(y) = g9' (&) -
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The argument y is suppressed for the remainder of this
section unless there is some possibility of confusion.

It is evident that

h1 = 1

h5 = z6 (79)
— ?

h7 = 2823 .

The remaining hi's can be calculated using system (4).
In terms of the new variables, the optical path length

functions are

A _ 2 . .2
V =V(z,,25,25,24) = {(zg + 207 + zy}

2 . 2.%
+ n{(z./.-z5 + 2,7 + (z3 zl) }

L
+ {(23-27(22))2 + Zi}2

- A = - .2 2.%
vV = V(zl'z4’25’z7(22)) = {(ZS + 2'1) + zl}z

L
+ n{(z7(22)—z5 + 22)2 + (24—21)2}2

+ {(E3-z7(z2))2 + zi}]’5

UL vz, (2,) ,25(2,)25(25) 127(25)) = {(zg(zy) + )% + 2
+n{(z(2))-25(29) + 2))° + (24-2,)%)7
b {(8ymzy (202 + 2307 .
Let
A

K (111'112'---'118) = (21122123124125125(22)127127(22)) ’

SV _ 82V

_— . D ememee———— etC. [
Vi = op. ' Vij auiauj

NN

N o
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It is clear from the above expressions that V,V and U
are analytic in the My k=1,2,...,8. System (4)

(i.e. Snell's Law) implies

v, t 2,V =0 (80)
V3 + Z8V7 =0 (81)
V)t 25V = 0 (82)
54 + z8(22)§78 = 0 (83)
U2 + 26(22)U6 =0 (84)
Uy + 2g(2z,)Ug =0 . (85)

Differentiating equation (84) with respect to y and
solving for z5(y) yields

- |}
(U, 4t26 (250U 32

h =
2 : 5
Uyyt22.(25) Uy t2g(2,) Uygtzp(25) Uptzi(2)) Uge+2,(2,5)2g(2,5) Ugg

(86)
Similarly, differentiating equations (80) and (83) with

respect to y and solving for zﬁ(y),z&(y) respectively

gives
2
_ L
_— (V) 1+224V 5+2¢V5+2Vs5) (87)
- 4
3 V1372gVg3+2gV7126%8V57
-— - - e - - '-

X —{Vy 42V, c+2g(2,) 25V g¥2gl2)) 25Vt g(z,) (Vg #2Vgstzg(z,) 25Vgg) )
4 Y

Vygtzg(2z,)Vgy
(88)

Expressions for hg and h8 can be obtained by differentiating

equations (82) and (81) respectively, i.e.

- - S =
{V + zav + 226V15 + z8(22)22V18
5 (89)

<7 el 1]
+ 26{z&V54 + 26V55 + z8(z2)22V58}} ’
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_____}_ v v
hg = = = (Vg + 23V + 2,Vag + 22523V,

7 (90)

+ 23{Vy 5 + 2.Vog + 2523V}

The functional differential equations describing the
multi-foci lens can thus be written in the form of (53)
where n = 8, m = 2,

The partial derivatives in equations (86)-(90) are
analytic in g(zi), i=1,2, andif it can be shown that
the denominators in the expressions for the h; do not
vanish at y = 0, then the continuity of the g(zi),g'(zi)
implies that there exists an & such that the hi are
analytic in the variables Z(z;),2'(z;) for
(YiZ(21),2(25)i2" (2)),2"' (25)) € N_. At

g8y = (0;0,0;2'(0),2"'(0)) e N_ ,

the aforesaid denominators are non-zero, i.e.

2
)
U22+226(22)U26+z8(22)U28+z6(22)U6+26(ZZ)U66+Z6(Z2)Z8(22)U68

nc

1
— L —_—
= U22+26(0)U6 = 7;; >0 ,
= )
V13*26Vs3t28V17726%8Vs7 = Vi3 T T, © 0.
V. 4z . (2)Ve, = V,, = = + RE S
4472g(23)Vgy 14 7%, T T '

so that for € sufficiently small, the hi are analytic

in Ne' Conditions b and e of Theorem 2 are thus satisfied.
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The solution, by hypothesis, is in C2. Since & and
¢ are in C2 and the hi are analytic in their variables,
f and g must be in C3. There exists, consequently, a
paraxial solution corresponding to the solution (f,q9,£&,¢)
in C2. There are two solutions to the algebraic system
(54) but the additional restriction that S, € AT eliminates

one of the solutions so that system (54) has a unique

admissible solution. Since 82 € A+

0 < Zy < 23 y >0,

and, consequently,
0 < Zy <Y y >0 (91)
0 < zé(O) <1, (92)

Condition a of Theorem 2 is thus satisfied.

The hi at QO are

h1=1 h5=0
!
h2 = — < 1 h6 = 2a2
1l
h3 = c1 h7 = 0
h4=e1 h8=2b2,

and it is clear that inequalities (59) and (60) are
satisfied for e sufficiently small. The functions £

and g are C3 so that the Zy must be at least C2;
consequently, there exists a constant such that inequality

(70) is satisfied. The system satisfies condition d.
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The remaining condition to satisfy in order to
apply Theorem 2 is c. Since L, can be chosen to be
zero, it suffices to show that in some vector norm,

for e sufficiently small, there exists an L, such that

)..

>
Igas
1§
INA
=
o
203>
N =
l
N

|| (
(93)

(cf. inequalities (57),(58)). The only hi containing

' .
azi(zz) term is h,. At a,,

8h2 _ (n-l)elz2
1 - 14
322(22) nci

so that a vector norm of the form
1911 2 max Ay 1Vy 12, Vol irg|Vg))
~ 1717210 2101818 !
where
Y= (V11V210001V8) ’

and the Ai are positive numbers such that

2
necy

0 < A, < — ’
2 (n‘Tﬁelzz

ensures that (93) is satisfied for e sufficiently small.
The conditions of Theorem 2 are thus satisfied and
it follows that the local solution is unique among C
functions. Theorem 1 implies that a local analytic
solution exists; therefore, Theorem 3 follows for the
case where the lens is in A+.
If the solution is required to be in A" and the foci

are staggered, then the result can be obtained using
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z, = ¢-l(g) instead of £-l(¢). The effect of this variable
change is to ensure that inequalities (55) and (59) are
satisfied. The proof is essentially the same as the

above (mutatis mutandis). If the foci are nested, the

result can be obtained using 22 = a_l(b) where, in Ne’

a =max(|&|,]|¢])

b =min(|g],|e¢]) .

3.5 Analytic Dependence on Parameters and Stability

The dependence of the solution to the multi-foci
lens problem on parameters such as foci locations is
investigated in this section. The primary motivation
for the investigation is to examine the stability of
the global solution. It will be shown in this section
that the solution depends analytically on the parameters
corresponding to the foci locations, the index of refraction,
and the axial lens thickness (i.e. on the parameters
xo,io,xl,§l,n,ao,bo in system (4)). This analytic
dependence, in turn, can be exploited to show that the
global solution constructed in Section 3 is stable under
small perturbations of the aforesaid parameters.

Let §,C be positive numbers and

Bd—é-{Y=IY|<5}
B, & 0 A=) < gd
ﬁéNxér

€ B €
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where % is some number and N, is defined by (56). The
next theorem shows that a local solution which is analytic
in y is also analytic in a parameter )\ provided the hi

are analytic in .

Theorem 4

Suppose for A ¢ ﬁe there exists a solution Z to

ZE(Y) = hi(YJGZ(Zl),---,Z(Zm)ig'(Zl),---:g'(Zm))
(94)
z(0) =0, 0

IA
=
IA
3
p—
IA
o
IA
3

where in ﬁe the hi satisfy the conditions of Theorem 2
and, in addition, are analytic in A. If the z; are
analytic in y for y e BG’ then there exists a neighbourhood

J ¢ BG X ée such that the z, are analytic in y and A.

Proof:

If Z is a solution to (94) and the h; satisfy the
conditions of Theorem 2, then it can be shown (cf.

Appendix I) that the sequence

Z(O)(y) = yZ'(0)
y
g 1) () = f H(s, 28 28,000z ) s
0 (95)
2 20,028 2]y as

(k) (k)

(zm

keZ+,
converges uniformly for y sufficiently small, and that

1im z® (y) = z2(v) . (96)

ko0
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Since H is analytic in XA, Z can be written as the limit

of a uniformly convergent sequence of functions analytic

in A for A € ge’ Consequently, there exists a neighbourhood
J < Bg X 56 wherein Z is analytic in both y and A.

O

The above theorem can be extended for several
parameters. It is clear from the proof of Theorem 3
that the system of equations describing the multi-foci
lens satisfies the conditions of Theorem 2 and that the
hi are analytic in the parameters x0,§0,xl,§l,ao,bo,n.
If the foci are staggered, it is evident from Section 2
that an analytic local solution exists if the parameters
are perturbed a small amount because a paraxial solution
corresponding to the perturbed state exists. If the
foci are nested, a similar statement can be made provided

the parameters satisfy

2 2.1 1
4n“ < L5{= - H= - } (97)
27, Ty ey X

(cf. inequality (17)). The above inequality ensures

that a paraxial solution exists for sufficiently small

perturbations of the parameter. If
=927l _ 1,1 1

then only one paraxial solution exists, and a small
perturbation of a parameter could result in complex
paraxial coefficients (consequently, no real analytic

solution would exist for the perturbed problem).
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Theorem 4 implies that a local solution to system (4) is
analytic in y and its parameters provided either the foci
are staggered or inequality (97) is satisfied.

If one of the parameters (say the location of a
source) were perturbed slightly, the question arises
which, roughly speaking, asks whether or not the
resulting lens 'looks' approximately the same as the
original. More precisely, let \ be some parameter
(e.g. focus location, index of refraction etc.) and
(£E(y,A),9(y,A),C(y,A),d(y,\)) a solution to system (4).

Suppose X is perturbed slightly to A*, i.e.
| A=A*] ~ o(n) ,

where n is some small parameter, and (£(y,A*),g(y,\*),
E(y,A*) ,0(y,A*)) is the solution to the perturbed problem.

The question is whether or not
| (E(y,A%) ,g (Yo A*) JE(Y A*) 0 (Y, A%) )= (E(y,A) »g (Y, A) LE(Y,A) , o (y,A)) ||

~ 0(n) 7 (99)

for vy ~ 0(1). It is assumed, of course, that the allowable
perturbed solutions have paraxial solutions corresponding

to the same branch of the governing quadratic equation
(e.g. if the original lens is in A+, the allowable
perturbed solution must also be in AT). It is clear from
Theorem 4 that the local solution satisfies (99). The

primary concern is if the global solution constructed in

Section 3 also satisfies (99). This stability question
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has been addressed by Rogers (loc. cit.) for the general
system of Theorem 2. A different (albeit less general)
proof can be given to show that the solution is stable
in the above sense for n sufficiently small. The proof

exploits the analytic properties of the local solution.

Corollary 5

Let A be some parameter

and Z be a solution to (95) analytic in y for y e Té.

If the hi are analytic in A for
A -
a(y) e A6 = {g T Y € 16}
A
aly) = (ys2i2(z(¥))seeerZ(z(¥))i2' (27(¥))seee,2' (2 (y))

then there exists a ¢ > 0 such that Z is analytic in y

and A for (y,\) € TG X B

g

Proof:

The proof follows along the lines of an analogous
result in the theory of ordinary differential equations

[cf. Lefschetz 1963, Chapter 2], The proof is sketched

here.

The set id is compact and therefore the analytic

continuation of the local solution in Td can be constructed
k

in a finite number of steps. Let u Ij be a chain for
j=1

the continuation such that 0O ¢ Il' § € Ik‘ Since

Ij n Ij+l #F @, 3 =1,2,...,k-1, points yl,...,yk_l can
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be chosen such that yj e I. n I By hypothesis, the

3 j+1°
hi are analytic in A for a « As, and Theorem 4 can be
applied (mutatis mutandis) to each Ij;consequently,
there exists a ¢ for each]ﬁ such that the z; are analytic

~

in Ij X BC . As k is finite, a r can be chosen so small
] -

that the z; are analytic in Id X ﬁc.

[

The formulation of the multi-foci problem in Section 4

can be used to show that the conditions of Corollary 5
are satisfied for the gldbal solution constructed in
Section 3. 1In particular, V,V and U are analytic in
xo,io,xl,il,ao,bo,n, and the hi are analytic in these
parameters for y e T6 if the z; are analytic in y.
Corollary 5, in turn, implies that the solution is
stable in the above sense.

The results of thisand the previous sections can
be combined and summarized in terms of the paraxial
solutions. The advantage of this formulation is that
once the parameters are given (e.g. foci locations, lens
thickness etc.) the paraxial coefficients can be calculated
from the simple relations given in Sectian 1. The
existence, uniqueness, and stability of the system
depends on whether or not the coefficients are real
and the number of solutions to the paraxial equations

(i.e. whether or not equation (98) is satisfied). The

following Theorem is a statement of this.
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Theorem 6.

If two paraxial solutions exist to system (4), then
there exists a local solution corresponding to each
paraxial solution. Once one of the paraxial solutions
is selected, the corresponding local solution is unique
among C2 functions and is analytic. The local solution
can be analytically continued until either the lens
closes or a light ray becmes tangent to the lens boundaries.
The global solution is stable with respect to small
perturbations of the initial data, foci locations, and

index of refraction.

3.6 An Asymptotic Solution for a Limiting Case

The previous sections of this chapter discussed
questions concerning existence, uniqueness, and analyticity
of solutions to the multi-foci lens problem. In this
section, methods for constructing solutions are briefly
discussed. The limiting case when the foci in the
object space coincide and the foci in the image space
coincide (i.e. §0 > Xgy §1 > xl) is examined, and an
algorithm for an asymptotic expansion 1is developed using
the distance between the object space foci as the 'small
parameter'. The crucial advantage of this method is
that it requires the solution of ordinary differential
equations as opposed to functional differential equations.
The leading order term in this expansion corresponds to

a special lens known as the "Herschel Lens" and is

discussed further in the next section.
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The uniqueness proof given in Section 2 suggests
one obvious method for constructing a solution, viz.
the direct calculation of derivatives at y = 0. Theorem

1 implies the solution (f,qg,£,¢) can be written

fly) = kzo a2ky2k

gly) = kzo bzky2k

Ely) = kZO c2k+1yzk+l
6ly) = Z e2k+1y2k+1 ’

w
o

where a2,b2,cl,el, are known from the paraxial solution.
After the appropriate compositions, these expressions
can be substituted into system (4) and, equating terms
of equal order in y, the coefficients can be determined
ad nauseam. The essence of the aforesaid uniqueness
proof is that, after the paraxial coefficients are
determined, the other coefficients can be determined from
a set of linear equations (cf. system (51)). Although in
principle the solution can be constructed using this
method, it is algebraically awkward because of the
nonlinear occurence of £,9,£,¢ in the equations of
system (4) and the functional arguments.

Another method for constructing a solution is given
by the sequence of successive approximations introduced
in Section 5 (eguation (95)). This sequence is discussed

at length in Appendix I in connection with an alternative

existence/uniqueness proof. The sequence converges
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uniformly and, in principle, a solution can be constructed
using this method. Like the previous method, however,
it is awkward to use owing to the complicated expressions
for the hi (cf. equations (86)-(90)) and the functional
arguments.

Rather than attack the full problem, the limiting
case is considered when the foci nearly coincide, i.e.,

when Xy * Xgr X, > Xy Let

X Xy + na,

X = X + no,
where n is some positive number such that

n << 1,

for 0(1)21, and the a; are constants. Equation (10)

for the paraxial solution implies

+ O(n) ,

from which it can be seen that ao and oy must be of the

same order for a smooth solution as n - 0. Specifically,

a
if EQ is O(n) then ¢, is O(v/n) and consequently b, is
1 o
0 . .
0(1/v/n) (equation (7)). If o= is O(%) then c; is 0(1/Vn)
1

and consequently a, is 0(1/¥n). It is clear from the
discussion in Section 1 that a paraxial solution exists

only if g and ay have the same sign (i.e. the foci are

staggered) .
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It was shown in Chapter 2 that pairs of foci
satisfy the 'path length condition' which can be

derived from the governing equations. The system of

equations
oV _
3E = 0 (100a)
V = 21 + nzz + 23 (100b)
3V _
Sy - 0 (100c)
vV = 21 - nog, + nzz + 23 + na; (1004)

consequently is equivalent to system (4). Motivated
by the stability/analyticity theorem in the previous

section, let

£(y) = £,(y) + nf (y) + n’E,(y) + 0(n)

gly) = go(y) + ng,(y) + nzgz(y) +0(n”)
(101)
E(y) = £4(y) + nE (¥) + n’E,(y) + 0(n?)
2 3
¢(y) = ¢5(y) + nd;(y) + ni¢,(y) +0(n7) .
The di,ai can thus be written
2 3
d; = d;o * ndj; *nid;, + 07
(102)
3. = d.. +nd.. + n%d.. +o0(n)
i~ %0 TN TN %2
for i =1,2,3. Clearly,
Eol¥) = ¢4(y)
(103)

Qul

dig = 940 -
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Let

_ = - = +
Ak = dlk dlk + n(d2k d2k) + d3k d3k r k eZ . (104)

Substituting relations (102) into equations (100b) and

(100c), and equating terms of equal order in n gives the

relations
Al = al - ao (105)
Ak =0, k=2 2. (106)
Using

g(g) = gy(gy) + ng; +ngy, + ...,
g(¢) = g,(&y) + nd; +n°g, * ...y

where

2
ne>

g, (&) * &,90(&))
2
€1
g,(Eg) + 1971 (Eg) + E395(84) + — 9p(Ey)

2
[

>
>

g,(E) # $190 (€g)
2
¢l
gz(io) + ¢,9, (&) * ¢296(EO) t - 98(50) , etc.,

>
e

the d..,d.. can be calculated. For j = 0,1,2,
ij’ i)

2 2.%

dyo = ((£p(y)=xg)" + y71%

£.(y)

1 L)

(£4(y)=%p) (£~ (y)=-x,) £, (y)

a,, = od o{fz‘Y)‘ 0 201 }’
10 le
2 2. %
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{(gy(Eg)=£o (¥)) (F,~F (¥))+(Eg=¥)E )
{209y (55) £, (¥)) (F,=E,(¥))

+ 2(60-y)E, + (§,-£))° + €2}

2

L

2 2}

L - (xymay (8T, + EEY

ao(fo(y)—xo)

4
d;0
1 2 2 1
L a2 49%3-—L (4.4
2d,, "1t T3 10911

10

’

=— {(gg(Ey)=£(¥)) (3£, (¥))+(Eg-y) 6}

(209 (Eg) =4 (¥)) (gy=E, (¥)) + 2(Eg=y) 9,
+(§,-f, w2+ o]
((gy(Eg)~Fo () (§,=F; (¥)) +(Eg=y) 0,32

’

[=(x)=gy(Eg))T; + Egbq + ap(x,-95(Ey))])

a2

4

1

}2

- (£ (V) -x)agt?

+ af} ’

’
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so that
AO = 0
- —(£5(¥)=xy) a, . (x,=94(E5) )y
1 d d

10 30
+ (¢1‘51){a§5 ({9 (8x) =5 (¥))gd(Eg) + E4=y)
1 .
+E3_O' (“(Xl_go(go))go(go) + go)} » (107)
By = T(YsEysE, 01, E0(¥) £ () 190 (Eg) 198 (Eg) 1Tf (Eg) 1Ty (By))

+ (¢2-£2){5§E ((gg (Ex)~£, (¥))gh (Ey) + E4-y)

1 L
+-5§5 (-(xl-go(io))go(éo) + &4) ) , (108)

where F2 is known in terms of the variables indicated.
Equation (100a) implies

_n - ' - R S _ '

3,5 (90 (50)E (1)) 95 (5g) 48y} + T,y (71790 (80095 (5g) +Ey)

=0, (109)

and, consequently, the last terms in equations (107)

and (108) wvanish giving the relations

(f4(v)—=x%4) X1-9q (&,)
1 - 0 3 0" _ MH{l - do 0 } o, (110)
10 30
where
o
M &L, 0. (112)
H o,

Although equation (110) is derived by equating O(n) terms,

the functions f,,9,,8;,9; do not appear in this expression.

Equation (110) involves only terms of the leading order

solution.
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The leading order problem is

(£o (1) =%) £p (¥) 4y nllgg(Eg) =y (¥)) £ (v) +E4-y]

d; 9 dy0

0, (113)

d + nd + 4 = . + nl. + &% (114)

10 20 30 1 2

Equations (113) and (114) describe the general axial
lens, and the problem is degenerate in that an infinite
number of solutions exist (cf. Section 2.3). Equation
(110) , however, provides an additional relation so that

EO is known in terms ofg',foand vy, i.e.

0
) (£, (y)-x) =1 %
B (y) = #lxy=gq (8g)} {1 = 5-(1 - = )) -1}, (115)

10

and it is clear from Theorem 2.1 that precisely two local
solutions exist to the leading order problem. The
solutions are analytic and correspond to a lens in A" and

one in A~. Relation (110) is known as the Herschel

condition and axial lenses satisfying this relation are

called Herschel lenses. It is evident from equations

(114) and (115) that go and g(Eo) can be eliminated in
equation (113). The leading order problem can thus be
reduced to one involving a first order nonlinear
differential equation for fo(y) and algebraic relations
for g, and &, . This ordinary differential equation is
derived in the next section where the Herschel lens is
further discussed.

Once the leading order solution is obtained, £,097s

£,r¢; can be determined using relation (111) (which does

not involve f2,g2,£2,¢2) and the relations
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Y {dll + nd21} =0 (116)
d11 + nd21 + d3l = 0 (117)
dll + nd21 + d31 = al-ao . (118)

As with the leading order solution, gl(go),£1,¢l can be
eliminated from (116) using equations (111), (117) and
(118), and the problem reduced to a linear ordinary
differential equation for fl(y).

The procedure can be repeated to get higher order

terms. In particular, fk'gk’gk’¢k can be calculated from

a_ay {d) %nde} = 0 (119)
d;, +ndy +dy =0 (120)
alk + na?_k + a3k = 0 (121)
Beyy = O - (122)

Equation (122) is akin to an orthogonality relation
derived from the Fredholm alternative, and provides a
relation between Ek and ¢k. The functions gk,Ek, and
¢k can be eliminated from (119) using equations (120)-(122).
As above, the problem is reduced to a linear first order
differential equation for fk‘ A flowchart of the process

is given in figure 6. In summary, once the Herschel lens

is determined, the higher order terms can be calculated

by quadrature and algebra.
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3.7 The Herschel Lens

The Herschel lens introduced in Section 6 is
examined in this section, and the leading order problem
is reduced to a first order nonlinear ordinary
differential equation. The limiting lens as n =+ 0 has
been examined by Friedman & McLeod (1988) who concluded
that, in general, it does not correspond to a symmetric
lens (i.e. f(y) # =-g(y)), and by van-Brunt (1988) who
showed that as n - 0 the solution is asymptotic to a
Herschel lens.

The Herschel condition, oddly enough, was actually
'discovered' by J. Herschel (1821). A remarkable feature
of equation (110) is that the foci separation parameters
aysa; Occur only in the ratio My. This means crudely
that the leading order solution for AgrQy is also that

for any 0(1l) numbers &0,&1 provided

and, as a result, the Herschel lens has special "imaging"
properties on the optical axis. These properties are
discussed below in the context of Herschel's problem.

Let 82 be an axial lens having foci at Rp = (xO,O)
p; = (xl,O). In general, if the source were perturbed
by some 0O(n) translation along the optical axis, the
light rays leaving the perturbed source would converge
in some O(n) neighbourhood of P;- The light rays in the

image space would envelope a semi-cubical parabola

symmetric about the optical axis and confined in some
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region with O(n) dimensions. Suppose it is required that
the perturbed source at Xy T nog 'nearly focus' to some
specified point x, + na, . By 'nearly focus' it is meant
that light rays leaving the perturbed source converge in
some O(n2) neighbourhood N of X, + na, .

The optical path length between %0 and any point é

on the optical axis in N is given by
V(gy,3) = L, +nb, + &5 + nlaj-ay) + 0(n%) . (123)

The optical path length can also be written

A oV(py/Pq) oV(pysRy) 5
dV(pyrPq) IV(psrRy)
_ ~0'R1 ~0’K1
= 21 + n22 + 23 + n{ao 8x0 + a, axl
2
+ 0(n%) . (124)

Since light rays leaving q, are required to converge in

N, the O(n) terms in equation (124) must be constant.
Equation (123) implies

3V(pgsRy) 3V (pyrRy)
%17% T %o 9%, Ty 3%

' (125)

which yields the Herschel condition.

The above derivation of the Herschel condition
implies that all points on the optical axis in an O(n)
neighbourhood of N, of Py have conjugate points in some
O(n) neighbourhood Nl of Pi- If the source is moved to
any §O==(x0+nao,0) € NO’ é will nearly focus at
31 = (xl+n&l,0) € Ny, where &1 = MH&O' Physically, this

means that a small segment of the optical axis containing
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Py is 'imaged' to a small line segment of the optical
axis containing Pyi the line segment in the object space
is magnified by a factor of MH in the image space and,

in general, the only (perfect) pair of foci is PorPy-

An example of a Herschel lens for MH = 1 is the symmetric
lens with symmetric foci discussed in Chapter 2.

Given the Herschel condition, the functional
differential equations for an axial lens can be reduced
to a first order nonlinear ordinary differential equation
and algebraic relations. To mitigate algebraic

manipulation, let

where wo,wl are the angles between the light ray and the
optical axis in the object and image spaces respectively

(figure 7). Using the new variables, the di are given by

4 - (f(wo)-xo)
1 - 2, %
(l-wo)
a. = {( £ 2 4 (d,w, + d.w.)2}?
o = t(glwy)-£(wy)) 3% 1Yo
(3,-g (w))
d3_ 2;, ’
(l-wl)2

and the Herschel condition is
1 - (1—w2)% = M. {1 - (l-wz)%} .
0 H 1

The Herschel condition provides an algebraic relation

between Wy and Wqe The functional argument is thus

known. Using the path length condition
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Figure 7: Geometric Interpretation of New Coordinates w

0'v1
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d, + nd, + d, = ¢ é

1 2 3 + n22 + 23

1 K

and the Herschel condition, the function g can be
determined in terms of f and Wi Snell's law at Ye
(i.e. equation (113)) yields the following first order

nonlinear ordinary differential equation:

df (w,) w.d,+w.d -1
0
— = {dn (20 - g HE(wg)) +— } x
0 2 (l-wo)2 (1-w2)*
0
wodl n(wld3+wod1)dl
- 7% + 5 , (126)
(l-wo) d2(l—wo)

with the initial condition

f(0) = aj -

The Herschel lens problem can thus be converted into a
problem involving an ordinary differential equation

and algebraic relations. Cauchy's theorem or Theorem

2.1 can be used to show that two analytic local solutions
exist for (126). The Herschel lens problem can also be
written as a coupled system of ordinary differential
equations using Snell's law at Y. ang Yge This formulation

is discussed briefly in Born & Wolf (1986).
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Chapter 4

Dispersive Stigmatic Axial Lenses

The index of refraction for a given isotropic
medium is, in general, a function of position and
frequency. The geometrical optics approximation
neglects the wave character of light, and the index
of refraction is considered a function solely of position.
Geometrical optics provides an accurate approximation in
regions having dimensions much greater than the wavelengths
of light provided the source is nearly monochromatic or
the refractive index for the particular medium is not
sensitive to frequency changes. If a polychromatic
source is present, however, then even at the crude level
of the paraxial optics approximation (i.e. Gaussian optics)
the influence of frequency on the focusing properties of
an optical system can be detected for many common optical
materials. For instance, in the visible light spectrum,
‘dense flint glass has a refractive index of approximately
1.74 for red light and approximately 1.84 for violet
light. Other materials such as hard crown glass and
fluorite are less sensitive to frequency in the visible

light spectrum. The variation of the refractive index

with frequency is called dispersion.

Dispersion is not governed by any 'simple' physical
law and a large body of literature including many diverse
theories has been published attempting to describe the

phenomenon. The theories (still in use) date from
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Cauchy (1830) to modern quantum theories (e.g. London
1973), and the theoretical (and empirical) formulae
vary considerably in structure (cf. Welford, 1986 for
further comments). Welford (loc. cit.) comments that
for optical design, precision up to five decimal places
is often required and that the mathematical form of the
dependence is still in question.

Roughly speaking, two types of dispersions occur,

viz. normal and anomalous. Normal dispersion refers to

small changes in the refractive index for small changes
in frequency; anomalous dispersion refers to large changes
in the refractive index for small changes in frequency.
Anomalous dispersion occurs when the frequency is close
to the absorption frequency of the material. Because of
the high absorption losses, materials with an absorption
frequency in the visible light spectrum have limited
optical design value. In the Visible light spectrum,
normal dispersion occurs for most optical materials, and
the refractive index, in general, increases as frequency
increases.,

An axial lens which focuses light from the same
source at two different frequencies to different foci
in the image space is studied in this chapter. The
governing equations and the paraxial solution are discussed
in the first section. The problem is similar to the
multi-foci lens problem of the previous chapter, and
the analysis of Chapter 3 is modified tc establish

existence, uniqueness and analyticity in the second section.
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A method by which the local solution can be
analytically continued is described in the third section.
In the fourth section a limiting case is investigated
and the leading order solution, called the 'chromatic
lens', is described. The chromatic lens has special
imaging properties similar to the Herschel lens described
in Section 3.7.

The object and image spaces, as in the previous
chapters, are assumed in the vacuum where n = 1 for all
frequencies. The lens material is assumed such that
only normal dispersion occurs in any frequency range
under consideration (e.g. visible light). The index
of refraction is assumed to be some known continuous

function of frequency.
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4.1 The Dispersive Stigmatic Axial Lens Problem

Let S., be an axial lens having boundaries Yf'Y

2 9
satisfying initial condition (2.25), and suppose the

lens focuses Py = (xO,O) to p, = (xl,O) for some given
frequency w. Suppose further that at some other frequency

w, the lens focuses Py to some other point q; = (§l,0)

(see figure 1). Since the medium has a piecewise constant

Vb cuur

ﬂ/éu] :’ ‘Lcacerrr
X%éb *iégj o) =77
7 DI

= /;z// /%_\y o /‘;e"fn'ﬂ%_ &

P - - /;Z//é\y 4/59"””’7 @

Figure 1l: Dispersive Stigmatic Axial Lens
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index of refraction, dispersion is noticeable only at the
lens boundaries. The object and image spaces are assumed
in the wvacuum so that n = 1; whereas, the refractive

index for 82 is frequency dependent. Let

[[>g

n(w)

(1)

I
o)

n(w)
It is assumed for definiteness that
n>n. (2)

Consider the light rays at both frequencies leaving
Py entering the lens at (f(y),y) € Yg- The light rays
are collinear in the object space but after refraction
at Ye the light ray paths split (figure 1). Let (g(g&),&)
be the lens exit point for the light ray at frequency w and
(g(¢),9) be the lens exit point for the light ray at frequency

w. The optical path lengths between the foci are given by

V=4, +nd,+dy, (3)

V=4a +nd, +d;, (4)
where

a, = {(£(y)-x) % + ek

a, = ((g(8)-£(yN? + (E-y) 21 (5)

ay = Lxy-g(en? + g7

3, = ((g®)-£y 2 + (o-p) ) (6)

3, = ((Rp=g (o) % + 6317 .
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The 'lens equations' of Chapter 2 (i.e. Snell's Law)
gives the following system of equations':

(£(y)-x) £' (y) +y n{(g(&)-£(y))£'(y) +&-y}

3y 3, - g =0, (7a)
AV _ n{(g(E)-f(y))g'(§) +E-y]} -(x)-g(E))g' (€) +&
ag B d2 + d3 - 0 7 (7b)
—_— = - - 0 , (7C)
Iy d, S

2
9 _ Bl(g()-£(y))g' (¢) +o-y} , _p7I(OVgTOI ¥o - o
3% 3 - :

z 3

The above system of first order nonlinear functional
differential equations is similar to system (4) of
Chapter 3, and in the following sections of this chapter
the analysis of Chapter 3 will be exploited to establish
existence, uniqueness, and analyticity. The remaining
initial conditions for system (7) are given by symmetry

with respect to the optical axis, i.e. since f and g are

even in y,

£(0) =0
(8)

¢(0) = 0 .

System (7) along with initial conditions (2.25) and (8)

is termed the Dispersive Stigmatic Lens Problem.

The lens boundaries yf,yg are assumed smooth and
Theorem 2.2 implies that & and ¢ are also smooth. The

functions f,g,£ and ¢ can thus be written
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2 4
f(y) = a, + a,y + O(y ")

2 4
bo + bzy + O(y ")

g(y)
(9)

E(y) = c,y + 0(]y[?)

b(y) = e,y + olly]?) .

Substituting these expressions into system (7) and

equating O(y) terms gives the following equations for

the paraxial coefficients a2,b2,cl,e1 (cf. Section 2.4):

—2(n-1)a22152,2 + L, 4 n21 = n!Llcl , (10)
2(n-l)b252,223 + 22 + n23 = n23/c1 ’ (11)
-2(n-1)a,%,%, + &, + D&, = ne, , (12)
2(n-1)b,8,8; + &, + nly = nlj/e; (13)
where
Y1 T3 T %
by = b 7 3
(14)
23 = X; - bO
2y =X, - by .
Eliminating a, from equations (10) and (12) gives
. - nfﬁ—l)CI _ o1+ iZ) Ei:?; , (15)
n(n-1) 1

and eliminating b, from equations (11) and (13) gives

~ e.c
- - 171
n-1 _n-lyy =22 c, =0

n(n-1)e e
- {n-n + 2,(—= -
2 23 E3 n(n-1)

1

.
14

n(n-1)

(16)
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consequently, c, must be a solution to the quadratic

equation
Ac2+Bc + C =0 (17)
1 1 ’
where
e n(E_1) (= n-1 _ n-1
A = n(n 1){nn+52,2(23 7’-3—)}
- - - Ly . A-1  n-1
B = -(n-n){n(n-1) +n(n-1) + (1 +==) (n-n + 2. ( - ))} (18)
zl 2 23 13
- - 22
C = (n-n)n(n-1) (1 + ==) .
21

A real paraxial solution exists provided the discriminant

of (17) is non-negative, i.e. provided

b - . 2 - 2y 2 _ A-1  n-1,.2
D = (n-n) (n(n-1) +n(n-1)) -+(n—n)(l-+zz) (n—n-+22(7:; - 7;;))
2] -
+ 2(1-+EZ)(ﬁ-n-+22(?[1 - ﬁ;l))(ﬁ—n)(ﬁ(n—l)-+n(ﬁ—1))-2n2(ﬁ-1)2)
1 3 3
>0, (19)

where inequality (2) has been used. It is clear that

if §3 is small enough, A is negative and consequently

inequality (19) is satisfied. As 13 approaches 23 A is
positive and a paraxial solution may or may not exist
depending on the values of the other parameters.

An important case to consider is when £, = E3

(i.e. X, = %X in figure 1). This case corresponds to

the correction of dramatic aberrations using a single
lens. The problem was addressed by Schwarzschild (1905)
(English translation, Schulz, 1983) who showed that for

n-n small, no paraxial solution exists. The result can

be deduced from inequality (19). For
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>

L = n-n , (20)

inequality (19) becomes
2 2 2

p4n? (n-1)2(1-1L) + p24n(n-1) (2n-1) (1-L)

+ u3{(2n-1+1)% - 4102} > 0 , (21)
where

) 3
L=(1+§—2-)(1+§—2). (22)
1 3

Since L > 1, inequality (19) will not be satisfied for
u arbitrarily small. On the other hand, if p is 0O(l) and
L is sufficiently large, inequality (19) can be satisfied.
The latter case can be realized if, for instance, one
focus is close to the lens and w,w are not close (or
anomalous dispersion occurs). In practice, chromatic
aberrations are mitigated using two lenses (the achromatic
doublet) composed of different material (cf. Welford, 1986
or Born & Wolf (1986)).

Schwarzchild's result and inequality (19) suggest
that for the ., n,n fixed and p small, there exists a

'critical'’ 23(say Eg) such that no paraxial solution

exists for §3 > ig. The critical value can be estimated

2 :
using inequality (19) to O(u™), i.e.,

- WL 4 ( ) 1 } 2
23 < 44 - =T, 1+ s - T+1,/%, + 0(u™) . (23)

A typical plot of 2% and u is given in figure 2.

In general, there exist two paraxial solutions

provided inequality (19) is satisfied. If y is small and
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(n-l)JL3

3 AT F (I + 23/% 00 (24)

0 < ¢

then one solution corresponds to a lens in A" and the

other to a lens in A" . If p is small and

(n-1) 2
3 < 1

n-1 + (1 + 23/22)u 3 (25)

< 2

*
3 7
then all solutions correspond to lenses in A*. The

paraxial shapes may be meniscus or double convex.

4.2 Existence, Uniqueness, and Analyticity

The goal of this section is to establish the existence,
uniqueness, and analyticity of solutions to the dispersive
stigmatic lens problem. The analysis of Chapter 3 and
Appendix I can be exploited to establish the existence
of a local analytic solution provided a paraxial solution
exists. Once one of the two possible paraxial solutions
is selected uniqueness follows. The analytic continuation

of the solutions is discussed in the next section.

Theorem 1

If paraxial solutions to the dispersive stigmatic
lens problem exist satisfying initial conditions (2.15),
then for each paraxial solution there exists a local
solution to system (7) satisfying (2.15) which is unique
among functions in C2 and analytic. In particular, if
two distinct paraxial solutions exist satisfying (2.15)
then there exist precisely two local solutions to system

(7) satisfying (2.15) in C2 and both these solutions

are analytic.
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Proof:
The existence and analyticity of local solutions can

be shown using either the method of Friedman & McLeod

(1988) as in the proof of Theorem 3.1 or Corollary 5 in

Appendix I (a generalisation of Cauchy's theorem for functional

differential equations). Suppose, for definiteness,
0 < e, <c, . (26)

Using the method of Theorem 3.1, let M : (£,9,£,¢) > (£,9,5,9)

be a mapping defined by

2 (g (o) -E(yNET (y) +F-y} + = LEW)I-x)E' (v) +y)

d2 1

=0 (27a)

2 {(g(6)-£(y))g" (§) +o-y} + = {~(x,-g())g" (6) +0,¢ +T,¢}
d2 d3

=0, (27b)

D gy -£E e (ETY) +y-gTh)
d,

2 fEETx e e o, i
dl

= 0 (27c)

~ -

B (g -£ TN (v) +y-E 1 = 2 (- (xmg (¥))F (y) +y)

d, ds
=0 (274)
E(O) = ao ’

(28)
g(0) = by

where,



ai = (f(g-l)-xo)2 + (E-l)2 ’
82 = (gr-eEn? + w-eTHh?, (29)
3§ = (xl-g(y))2 + y2 ’
T, + o0, =1, i=1,2

1 1
o, = -E3{2b2(5—1) + n/2,5} (30)
0, = 21{2a2(n—1) + n/lz} .

It is clear that a fixed point of M corresponds to a
solution of system (7). A slight modification of the
analysis in the proof of Theorem 3.1 can be used to show
that the conditions of the Schauder fixed point theorem
are satisfied. The existence of a local solution and
analyticity follow mutatis mutandis from the proof of
Theorem 3.1.

If inequality (26) is not satisfied an existence
and analyticity proof can still be established by a
modification of the above mapping. It can be seen from
the proof of Theorem 3.1 that max(|c;|,|e,|) determines
whether E_l or ¢-1 is used in the relations definining
the mapping. The choice is critical as it is used to
establish that the mapping is well-defined for analytic
£f,9,£,¢ (cf. comments concerning cases 2 & 3 in the
proof of Theorem 3.1).

Unigqueness among analytic functions can be shown

using a slight modification of the uniqueness proof for

Theorem 3.1l. It is required, however, to establish
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: : : 2
uniqueness among functions in C~.

Theorem 3.2 can be

used to establish this uniqueness provided system (7)

can be converted into a system of the form (3.53)

satisfying the conditions of said theorem.

inequality (26) is satisfied and

Let

zl(Y) =Y

z,(y) = £ o (¥))

z3(y) = £(y)

z,(y) = ¢(y)

4

4

and, suppressing arguments in y,

A
V =

V(zl,z3,zs,z7) = {(25 + 24)

- - 2 1
V = V(Zl,Z4,ZS,Z7(22)) = {(ZS+21) + 21}2

Suppose
(31)
ZS(Y) = f(Y)'ao ’
ze(y) = £'(y) ,
(32)
z4(y) = g(&)-by ,
28(y) = g' (&) ,
+ zf}}2
L L
+ n{(z7-z5+22)2 + (23-21)2}2 + {(23—27(22))2 + zz}z ,
2
2)2}% + {(Rymz,(2,0)% + 22}

+ ﬁ{(z7(z2)-z5+22)2 + (z4-

U = V(zl(zz),23(22),25(22),27(22)) = {(25(22)+5Ll)2 + z%}2

) +2 )2 + (z,~z )2}15
+ n{(z7(22)-25(22 2 4~ %2

Using the new variables, system (7) can be written in

the form (3.53),

i.e.,
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2 (y) = by (2(2,),2(2) 18" (2) 1" (2))
(33)
z(0) =0
where i = 1,2,...,8, and
Z,(y) = ; 7 g'(Y) = E .
|23 (v) [z} (y))

The hi can be determined in a manner analogous to that

described in the proof of Theorem 3.3 and are given by

hy =1,
— [ ]
. gy * 25(25)Ug412)
2 . 2 '
Upo+22(25)Upet2g(2,)Uygtze(2,) Utz (2,) U 4z (2,)2g(2,) Uy
2
- L
. {Vll + 226V15 + z6V5 + z6V55}
- 7
3 Vi3t 2gVgqy + 28V, + 2528V
I S 137 17 a7 X7 17
hy = —{V 42,V 5t2g(2,)) {2}V g+2,Ve+Vg, 42,V +25(2,)25Vggl ),
h5 = z6 ’
— - l gl 137 37 137 117 X7
he = = (V) 1+24V 4422,V g+2g(2,) 23V g+2 (2 Ve 2 Vo 425 (2,) 25V )
5
— !
hg = zgz3 .
— 1 ] [ ] | ]
hg = = % (Vg +23V33+2gV35¥22523V37%25 (V) o#20V, s+zg23V, 0 )
where
C = (C1l°°‘lC8) = (21’22’23’24’25125(22)’z7lz7(22))
A v - _ 9V L
vV, = Vij BCiaCj etc. .

i EZi ’
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Inequalities (26) and (31) ensure that condition a of
Theorem 3.2 is satisfied once one of the two possible
paraxial solutions is specified. As with the system
for the multi-foci lens problem, the hi are analytic in
the zj(zi),zé(zi) variables, and using the same method
as in the proof of Theorem 3.3, it can be shown that
the hi satisfy the remaining conditions of Theorem 3.2
(see also Corollary 4 of Appendix I).

The uniqueness result also follows when inequalities
(26) and (31) are not satisfied. These inequalities were
required to show only that condition a of Theorem 3.2 is
satisfied. If either (or both) of these inequalities
are not satisfied, the system can be reformulated (i.e.
the zi redefined) so that condition a is satisfied.
Depending on the values of Cq and e it may be necessary
to reverse the light ray paths to effect this.

O

Remark 1. Since system (7) can be reformulated as a
system satisfying the conditions of Theorem 3.2, Corollary
5 of Appendix I provides an alternative proof of Theorem 1.
A local solution can thus be constructed using the method

of successive approximations described in Appendix I.

Remark 2. No assumptions regarding the size of n-n and
23-13 are required for the above proof. The essential
requirement is that a paraxial solution exists (i.e.

inequality (19) is satisfied) and I3 > 0. The latter

condition ensures that the focus for light rays at
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frequency w is in the image space. It is possible to design

a lens having the focus for light rays at frequency w on
the optical axis in 82 U Yg‘ As q, is no longer in the
image space, equations (7c) and (7d) are not valid. The
existence proof for this case is simpler than the above
proof. It can be shown (cf. Chapter 2) that if q; is in
82 U Yg’ then Y¢ must be a cartesian oval and this curve
can be determined algebraically from the path length
condition for light rays at frequency w. The function
f(y) is thus known, and the path length condition for
the light rays at frequency w can be used to reduce

equation (7b) to a first order nonlinear ordinary

differential equation for g(§).
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4.3 Analytic Continuation

The existence, uniqueness, and analyticity of a local
solution to the dispersive stigmatic lens was established
in the previous section. Once one of the possible
paraxial solutions is selected, Theorem 1 states that

for some number § > 0 and

y € By = {y : |y| < 8},

there exists a solution (f,q,%,¢) to system (7) satisfying
(2.15) which is unique among C2 functions and analytic.

In this section, it will be shown that this local analytic
solution can be analyticalLycontinueduntil either the

lens closes or a light ray at either frequency becomes
tangent to a lens boundary. The geometric ideas for

this continuation are similar to those in Section 3.3.

As with the analytic continuation of the local solution

to the multi-foci lens problem, the key to the continuation

lies in the fact that for some ¢,y € BG’ the ranges of

£ and ¢ do not coincide. If

(
o

£(By)

il
w

6 (B )

then either B S B or B < B but B # B, . It is
8y P Sy 8y Sy S,

assumed for definiteness that

B EB(S ’

P 1

and that the lens is in A+. The analytic continuation

for the other cases is similar and will not be discussed.
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The following lemma shows that £(y) and ¢(y) can not
coincide for |y| > 0 if the light rays are in the field
of the instrument (i.e. no lens closure or tangent light

rays) s

Lemma 2
Suppose (f,g9,£,¢) is a solution to system (7)
satisfying (2.15) for y « By*’ where y* > 0 is some

number, and
(34)
then

E(y) = ¢(y) (35)

if and only if

Proof:

If y = 0 then (35) follows immediately from axial
symmetry. Suppose for some § € By* equation (35) is
satisfied and, without loss of generality, § > 0. If
(35) is satisfied at § then no dispersion occurs at
(f(§),§) and the light rays at both frequencies from the
source to (f(§),§) must coincide between the source and

(g(E(Y)),E(¥)) and be collinear with the normal to Ye

at (£(y),y), i.e.,

(£(F)=x)E£'(y) + 3 =0 (36)
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(see figure 3). Equation (36) implies
£'(y) <0, (37)
for y > 0, and Theorem 2.4 implies

g'(E(¥)) <0 . (38)

Since n > n, inequality (38) implies that the light ray

at frequency w must be between the normal to Yg at
(g(£(¥)),E(¥)) and the light ray at frequency w;
consequently, the light ray at frequency w must lie

above the one at frequency w in the image (figure 3).

Since these light rays cannot intersect in the image space,

inequality (34) cannot be satisfied.

0

. /
Remark 3. The analytic continuation of the local solution
to the multi-foci lens problem in Section 3.3 does not
require a statement analogous to the above lemma as it

is evident from Snell's law that £ and ¢ cannot be equal

unless y = 0.

Lemma 2 implies that if |c;| > |e;|, then for all

Yy € By*’ y >0
E(y) > ¢o(y) . (39)

so that for all y e By*

¢(By) = E(By)
(40)

¢(By) 7 E(By) .
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Figure 3: Geometrical Interpretation of Lemma 2
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Relations (40) suggest that the same general mechanism
for continuation used in Section 3.3 can also be used
to continue the local solution of Section 2.

System (7) can be written

. Hl(y1¢lf(Y)lg(¢)) A
S Ol 7 o 3 o - a e D R (412)
. H2(Y,€,f(y),g(g)) A
98 = e ,g ey P2 (41b)
2 2.4,-1 2 2. 7-1
. _ _3°v [ 3 _ _ 3°v [3%v A
&' ly) = 3y 2 {ayag} T Jydg {agz} Ay (41c)
2= 2=y-1 2= 2.3~1
' _ _ v {3V _ _ 3°v [3%v A
7 y) = g2 {3y3¢} BCZL {a¢2} = Ay (41d)
where
g, = nle=y) _y
1 3, dy
Lo EWTR | Rg)-gmd
' d, a2
- (& 4 n-y)
Hy = {d3 T, }
L _nlgg)-fyy o FIE)
2 d2 d3
Equation (41b) can be used to analytically continue g
from &, to a point arbitrarily close to £(46) = 61. After

this is established, equation (4la) can be used to extend
_1 )
f from §; to a point close to ¢ “(§;). The functions £

and ¢ can be continued using equations (41c) and (414)

respectively. Like the analytic continuation described

in Section 3.3, the analyticity of the Ai in their
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arguments is exploited and the process relies on repeated
application of Cauchy's theorem. Lemma 2 ensures that
each application extends the domain of analyticity. The
solution can thus be continued until one of the Ay is

no longer analytic in its variables. The functions Al
and A, are analytic in their arguments for all y provided
the Li do not vanish. It was shown in the proof of
Theorem 2.4 that the Li cannot vanish since n,n > 1.

The functions A, and A, are analytic in their variables
provided the second derivatives in the denominators of
(41c) and (41d) do not vanish. The proof of Theorem 2.2
implies that these derivatives vanish only if the lens
closes or a light ray at either frequency becomes

tangent to a lens boundary. As the details of the
continuation are virtually the same as those described

in Section 3.3, they are omitted. A geometric interpretation
of the procedure is given in figure 4.

Since system (7) can be reformulated as a system
satisfying the conditions of Theorem 3.2, the results
concerning stability and analytic dependence of the
solution on parameters discussed in Section 3.5 (i.e.
xo,§0,xl,§l,n,ao,b0) can be used for the dispersive

stigmatic lens problem. If for instance, 23'< and

x|

*
3
n-n is sufficiently small, then the solution will be

analytic in 13.
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Figure 4: Analytic Continuation of Local Solution




143

4.4 The Chromatic Lens

. A -
It was shown in Section 1 that if p = n-n is small,

an 13 < Eg can be chosen such that a (real) paraxial
solution exists and 23—E3 is O(u) (cf. inequality (23)).
Theorem 1 implies that an analytic solution exists for
this case. 1In this section, the case is investigated

when

(42)

for constants N,L, and some positive number n such that
n << 1, (43)

for O(l)li. Since

) X L.+2
+f 72 L , _ 1772, %
l_{izz—l-} {-ﬁ' (n l) ( 23 ) (23+,Q,2+,Q,1)}

c premnd
1 (1+2,0-% (n-1))/z§}

+ 0(vn)

as n > 0, the constants N and L must be of the same
order to ensure that a paraxial solution exists and,
as n > 0, the solution is smooth. If L/N is O(n) then
no paraxial solution exists. If L/N is 0O(1/n) then c,
is 0(1/v/n) and consequently a, is 0(1/V/n). Motivated

by the asymptotic method of Section 3.6, the quantity
V-V = ni,N - nL (44)

is investigated as n +» 0. Attention is concentrated on

the leading order solution as n - 0 and a condition



144

analogous to the Herschel condition is derived which

can be used to reduce the functional differential equations
describing the leading order solution to an ordinary
differential equation for g and algebraic relations for

the other functions. The leading order solution is

termed (for want of a better appellation) the "chromatic
lens", and, as described below, has special imaging
properties similar to those of the Herschel lens.

Let
£(y) = £,(y) + nf (y) +0o(n?) ,

g(y) = 95 (¥) + ng,(v) + O(nz) ’

(45)
E(y) = E4(y) + nE (y) + 0o(m?) ,
6(y) = ¢y(y) + néy(y) + o),
2 _
di = diO + ndil + O(n™) , i=1,2,3
(46)

d; = djp * ndy,

Clearly,
6o (¥) = Eo(¥)

and using
g(8) = g, (Ey) +n§, +0(n%)
g(6) = gy(Eg) + ng; + 0% ,

where
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A
g, (Eg) + E195(Eg)

Q
[
i

Q
—
I

j,dij for j = 0,1 are given by
dg = ((£q(y)-x)2 + y2}

0 Y 0 Y ’
£, (y)

d = (£, (y)=-x,.)
11 le 0 0 ’

L
dyg = ((a(Eg)=£5(¥)) % + (g,-y) %}

a,, = 5§3 (g Eg)=£o (¥)) (F=£, (¥)) + E (Eg=y)}
dyg = {(x,=g (E)) 2 + €237

dy, = 3?3 {=(x;=9, (6T, + £48,)

dip = 49

dyy = dy,

dyg = dyg

3,, =~5§6 (g, (Eg) £, (¥)) (@,-F, (¥)) + ¢, (55=y))
d3g = d3

d3; = Eéa {'(Xl'go(go))al * gt mLlx =gy (Eg)) e

Substituting the above expressions for the di,ai into

equation (44) yields

V-V = d, .-d

10”919 * nldyy=dyg) + d34-dsg

- - - 2, _
+ n{Nd2 +dll—dll+n(dzl-d21)+d3l-d3l}-+0(n ) = n(NQz—L) ,

0

(47)
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so that, equating O(n) terms,

L(xl-go(go))

N22-L = Nd20 - 3

30

+ 8y {5y (E)=£(v) gy () + Egmy)

20
l )
* g (e (Eg))gg () + fol) - (48)
Since
9 -
EEE {le + nd20 + d30} =0,

equation (48) reduces to

_ Xl—go(go)
-22 = MC(l - d3o ) ’ (49)

d

20

where

A
Mc = -L/N . (50)

Equation (49) is termed the chromatic condition, and

the axial lens satisfying this condition along with

the equations

d =
Iy {dlo + ndZO} =0, (51a)
le + nd20 + d30 = 21 + n22 + 23 ’ (51b)

is termed the chromatic lens.

Relation (49) can be solved for go in terms of fO
and =N and it is clear from Theorem 2.1 that analytic
solutions to (51) exist which satisfy the chromatic condition.
The chromatic condition is analogous to the Herschel

condition of Section (3.6), and, like the Herschel condition,

it is an 'orthogonality' type relation which can be used
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to reduce system (51) containing a functional differential
equation to a system comprised of a first order nonlinear
differential equation and algebraic relations.

Let

W = _L = sinwo

0 djp
_EO
W, = = = siny
1 d30 17

where wo,wl are the angles between the light ray and the
optical axis in the object and image spaces respectively

(figure 3.7). In terms of the new variables, the diO are

4 - £q (W) =%
10 5T

(l—wo)
4o = {(ga(w)=Fn ()2 4 (dapwy + &y wo)2}?
20 0 1 0'"0 3071 1070 ’
5 =(1<JO(W))
30 (l-wi)];5

and Snell's law at g (i.e. equation (5la)) yields
{2 @d,.w, +d O) + W, }d

dgo(wl)__ ds g 3071 10
- dw - 2, % X )
1 (1-w3) {556 {(gglwy) =ffwy)) (1-wy 2) iw L (dggwy+dygwg) J-11
(52)
The chromatic condition 1is
. = 9. + M {1-(1-w2) %} = a, . (w,) (53)
20 2 c 1 20717 ¢

The path length condition (egquation 51b) and the

chromatic condition imply that le is known in terms of

w, and qfwl). The function:ﬁfwo) can be eliminated using

1

the relation

= (1ol 4
fohﬂo) = (1 wO) dig + Xy v (54)

and the chromatic condition implies
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2.2

2 2
093

Y0%0

(55)

where

2 2 2 .2 2
-d7 ~-d5.w -(géwl)-xo) . (56)

_ A
C = Clwy,9y(w ) = dyy=diy=d3q¥W;

Since 13 < 2%, inequality (23) ensures that (55) has
real solutions for Wy sufficiently small. The variable

Yo (and consequently'fo(wo)) is known in terms of Wy and

g(wl), and equation (52) can be written

fEile = Z(w

dwl l’%fwl)) ’
where Z(wl,g(wl)) is a known function of Wy and g(wl).
The chromatic lens problem can thus be reduced to a
first order nonlinear ordinary differential equation for
99 and algebraic relations for fo,wo.

The chromatic lens, aside from being the leading
order approximation to the dispersive stigmatic lens
problem, is of interest owing to its special imaging
properties. By construction the chromatic lens has

(perfect) foci at Ro’Ry’ and the chromatic condition

implies
= 2
V = const. + O0(n°) ,

i.e. q, is the conjugate point of Py for light rays at
frequency w. The constants Land N appear in the chromatic
condition only in the ratio M., and if these constants

were replaced by some members ﬁ,ﬁ such that

M, = -L/N

2 2 _
{d3gw] + (g(w;)=x() “}=Cd3d, gwywy + = = dig(g(w)=x4) " = 0
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the solution to (52) would not be changed. Physically
this means that the chromatic lens is capable of 'nearly
focusing' a small interval of the spectrum. Indeed,

the chromatic condition can be derived in a manner
similar to the derivation of the Herschel condition in

Section 3.7.
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Chapter 5

The Off-Axis Lens

The lenses considered in Chapters 3 and 4 had foci
on the optical axis. In this chapter, a lens is examined
which is symmetric about the x-~axis but the foci are not
on the axis of symmetry. The governing equations are
introduced in the first section and contrasted with the
axial lens equations of the previous chapters. The
special case when the foci are close to the optical axis
is discussed in the second section, and an approximate
solution analogous to the paraxial solution is developed.
An asymptotic approximation similar to that for the
multi-foci lens is described in the third section.A A
relation known as the Abbe sine condition is developed
in this section, and it is shown that the leading order
solution corresponds to a special axial lens called the
aplanatic lens. The aplanatic lens is discussed further
in the fourth section, and the Abbe sine condition is
used to reduce the functional differential equations
describing the aplanatic lens to an ordinary differential

equation for a lens boundary and algebraic relations for

the other functions.
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5.1 The Off-Axis Lens Problem

A system of functional differential equations for
a lens symmetric about the x-axis having foci not on said
axis, i.e. an 'off-axis' lens, is introduced in this
section. As a consequence of asymmetric foci locations,
the functional arguments in this system are of a nature
different from those in the axial lens systems considered
earlier. In contrast with axial lens systems, the
functional arguments for this system are 'non-local'
(i.e. a light ray entering near the optical axis need
not exit the lens near this axis). The non-local nature
of these functional arguments create problems which, as
discussed below, give rise to some degree of choice for
a local solution.

Let S2 be a lens having boundaries yf,yg symmetric

with respect to the x-axis satisfying the axial thickness

condition,
£(0) = Y
(1)
g(0) = by
and suppose the lens focuses P, = (xo,yo) to p; = (x;,¥)

(see figure 1). The symmetry of the optical system with

respect to the x-axis implies that 82 also focuses
By = (Xyr-¥,) to By = (x;,7yp). If (g(£),€) 1is the
exit point for a light ray leaving Py entering the lens

at (£(y),y), and (g(¢),9) is the exit point for a light

ray leaving 50 entering the lens at (f(y),y), then
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A= ﬂ/f/ y:/g/%/

Figure 1: Off-Axis Lens

¢(y) = =-&(-y) ., (2)

and the optical path lengths for these families of light

rays are given by

A
vV = V(go,gl) = dl + nd2 + d3 ,
A (3)
V= V(pyrpy) =d; +ndy +dy,
where
2 2
df = (£(y)-x45)  + (y-yo) y
2
a2 = (g(e)-£(y)) % + (&) ° (4)
a2 = (x,-g(E))2 + (y,-6)°
35 %79 1 '
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=2

d, = (f(y)-xo)2 + (y+y0)2 ,

=2

35 = (g(e)-£(yN? + (9-y) 2, (5)
32 = (x,-9(6))2 + (y,+4)2

The lens boundaries must satisfy

av _ (EW)I-xg) £ (y)+y-y;  nl(g(E)-£(y}) ' fiy)+E-y}

3y d B 3, =0, (6a)
sv D@ =£(y))g" (B)+E=y}  (x;-g(E))g" (E)+y &
3t g, - a5 =0, (6b)

and the symmetry conditions f(y) = f(-y), g(y) = g(-y).
Unlike the systems formulated for the multi-foci and
stigmatic dispersive lenses, axial symmetry can be used
to generate two additional functional differential
equations, viz.,

(£(y)-xy) £' (Y) +y+y n{(g(¢)-£(y))£' (y)+o-y}

28>¥ - 3 - = =0 (6c)
1 2
X n{(g(¢)-f(y))gi(¢)+¢-y} (Xl’g(¢))g'(¢)+yl+¢
3¢ = _d_ a =0 . (6d)
2 3

It can readily be deduced from Snell's Law and axial
symmetry that Yo < 0 if and only if y; = 0. If Yo = 0,

the lens is thus an axial lens as discussed in Section 2.3.
It is assumed unless otherwise noted that Yo # 0. System

(6) with initial conditions (1) 1is termed the off-axis lens

problem.

The multi-foci and stigmatic dispersive lenses have
foci on the axis of symmetry, and it is clear that axial

symmetry considerations cannot generate additional
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independent differential equations analogous to (6¢C)

and (6d). Symmetry considerations enter into these
problems when the initial values for & and ¢ are derived.
Specifically, axial symmetry implies that for sources

on the optical axis there exists a light ray along this
axis and, consequently, both £ and ¢ vanish at y = 0.
The proof of Theorem 3.1 (existence/uniqueness theorem
for the multi-foci lens), it is recalled, does not even
require the assumptions that f and g are even in y, yet
this symmetry is nonetheless imposed on the solution as

a consequence of the uniqueness (once the paraxial
solution is specified) and the symmetry of the governing
functional differential equations (cf. Remark 1, Chapter 3).
If the foci are not on the optical axis, it is obvious
from Snell's Law that & does not vanish at y = 0. System
(6) evaluated at y = 0 provides only two relations for
the three unknown quantities £(0) ,g(E(0)),g'(E(0));
consequently, &(0) cannot be determined uniquely from
system (6). Equivalently, system (6) implies the path

length condition

d1 + nd2 + d3 =k , (7)

but k is an unknown constant.

Let § > 0 be some number and

£ {y : |yl < 8}

>

{€(y) = v e Bg)

e

s = oY) = v e Byl -
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For the multi-foci and stigmatic dispersive lens problems,
it is clear that N; ni\'l6 4 ¢ for § arbitrarily small.
The existence of this non-empty set for all § plays a
crucial role in the local analysis used to establish
the existence/uniqueness results of Chapters 3 and 4.
This property was required to derive the well-defined

mapping M in the proof of Theorem 3.1. If the method

of Appendix I is used, it is this property which ensures

that the optical system can be oriented so that [g],[¢] = |y

For the off-axis lens problem, however, it is evident that
N. n N, =¢ (8)

for § sufficiently small. Relation (8) means that N

and ﬁ@ do not contain zero if § is small, and this creates
problems since g is required to satisfy an initial condition
at y = 0.

The first consequence of relation (8) has been
discussed above, viz., £(0) cannot be determined uniquely.
Were (8) false for all § small, &£(0) would necessarily be
zero. The second consequence of (8) is that system (6)
is effectively two functional differential equations for
three unknown functions. Even if £(0) were given, it
is clear that an infinite number of solutions can be
constructed. Some suitable, smooth, even f(y) can be
specified and equations (6a) and (6b) reduced to an
ordinary differential equation for g(£). The existence

of a solution would follow from Peano's theorem. A

reflection in the x-axis of the Yg determined above would
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complete the 'local solution' (see figure 2). The
solution is required to satisfy initial conditions (1),
and relation (8) gives rise to another problem in that
the 'centre' of Y4 can be any arbitrary even function
satisfying the initial condition. In particular, if

the local solutionconstructed above is defined for ¥ ¢ By,
then g(y) for |y| < min(|£(8)], |&(-8)|) can be any
smooth even function satisfying the initial condition
which can be 'patched' smoothly into the local solution
(see figure 2). The situation is roughly analogous to
that which occurs in the simpler functional differential

equation problem

z'(y) = z(y-n) .,
(9)
z(0) = 0 ,

where n is some given positive number. It is clear

that (9) does not define a function uniquely for y small
since n # 0 and the initial condition is given at y = 0.
1f, for instance, n < 0 and solutions for y 2 0 are
desired, z(y) must be specified on the interval [(n,0]
before (9) defines a function uniquely [cf. Hale (1977)

for further details].
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Figure 2: Local Solution to the Off-Axis Lens Problem
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5.2 The Off-Axis Lens Problem for Small Yor¥y

It was shown in the previous section that the off-
axis lens problem has an infinite number of solutions
for y small. The special case when the foci are nearly
on the optical axis is examined in this section. It is
clear from the discussion in Section 1 that additional
conditions can be placed on the solutions. A useful
local solution is one which allows continuation to a smooth
global solution and is stable under small perturbations
of Yo and Yq- These requirements motivate the choice

of a local solution form.

Let
21 = ao - xO ’

— - 10
22 b0 ay (10)

P
1l

"
|

o

and suppose the off-axis distances are small compared

to the Qi’ i.e.
Yo © nYy
Y, T nY,

where YO,Yl are O(l) numbers and
n << 1,

for O0(1) %.. A solution smooth for y small is desired,
i

and it is evident from Snell's Law that YO and Yl must
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be of the same order. If, for instance, Y,/Y, were
O(n) then &£'(0) would be O(%) etc..

The non-uniqueness of local solutions to the off-
axis lens problem implies that further restrictions
can be placed on local solutions. For the purposes of
lens design, it is desirable to have a local solution
which can be continued to a smooth global solution
stable under small perturbations of the foci. The
multi-foci lens of Chapter 3 has these properties.
The analyticity of the local solution to the multi-foci
lens problem in the variable y affords a means whereby
the local solution can be continued to a global analytic
solution; analyticity in the foci location parameters
(i.e. XO’Xl) ensures that the solution is stable under
small perturbations of the foci along the optical axis.
Motivated by this example, a local solution to the off-

axis problem is assumed in the form

£(y,m) = ) a; .y'n’

i j ’J

4

g(y,n) = 1 by .y’ (11)

L. i,

1,7

L s

E(an) = z c. .Y n] .

T

Axial symmetry implies

f(-y,n) = £(y,—n) .

f(Y,n)

g(y,n) = g(-y,n) = g(y,=n) (12)

-E(-Y,"n) v

E(y,n)
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and initial condition (1) implies

£(0,n) = a
(13)

I
O

g(0,n)

consequently,
(14)

and f,g,& can be written

_ 2 4 2 2
£(y,n) = ay g +ay gv° * 3y oY *tay¥yn T o

_ 2 4 2 2
gly,n) = bO,O + b2,OY + b4,0y + b2’2y n< + ... (15)

_ 3 2 2
E(y,n) = C) gV + Co N * C3 ¥ * Gy ¥ N *F Sy o¥n F o 37

Although the paraxial solution was defined in
Chapter 2 only for axial lenses, the notion can be
extended to the off-axis lens problem when the foci
are close to the optical axis. Suppose y 1s o(n).

The functions f,g,f can be approximated by

_ 2 4
f(y,n) = a0 + az’oy + 0(n7)

_ 2 4
g(Yln) - bo'o + b2,0y + O(T] ) (16)

_ 3
E,.(YIn) - Cl,Oy + Colzn + O(T] ) .

Substituting relations (16) into equations (6a), (6b),

and equating coefficients of y and n yields



2 1 1°1,0
2 - =
b2,0(n 1)2223 + 22 + n23 = nSLB/cl,O
_ (17)
nCO,l _ YO
22 21
- Y%,
2’O(n-l)SL25L3 + 22 + n23 = 3 p
0,1
which ]
can be solved for a2,0’b2,0’cl,O'CO,l’ viz.,
%
1 {nYo 3 }
a = + 2, + ng
2,0 22122(n-l) Yl 2 1
~ -1 ny ;%
2,0 T 20,2, (a-1) { v, 2 T3
(18)
-Y.2
c = 03
1,0 Y121
0,1 an :

In contrast with the paraxial solutions for the multi-

foci and stigmatic dispersive lenses, the above solution

does not involve quadratic expressions, i.e. the coefficients
are uniquely determined. For n small the lens shape can

be double convex or meniscus depending on the parameters.

If Y, and Yl have the same sign, then the lens must be

0

double convex.

Although it is known that an infinite number of
local solutions exist, the existence of a local solution
in y and n has not been established. The methods of
Chapter 3 and theorems of Appendix I cannot be applied
readily to the problem owing to relation (8). In order
to apply the fixed point method of Chapter 3, a well-
defined mapping M must be determined. The problem is

that £(0,n) vanishes only for n = 0, and a relation
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analogous to (3.28) which ensures M is well-defined for

n # 0 does not exist. The theorems of Appendix I require
gl < |y| fory sufficiently small. This relation cannot
be satisfied for n # 0.

A natural direction to pursue for an existence proof
is a Cauchy-Kowalevsky type argument. The Cauchy-Kowalevsky
theorem has been generalised for some types of functional
differential equations by Walter (1985) and Yamanaka &
Tamaki (1980) (see also Tutschke, 1989), and it may be
possible to extend the theorem so that it includes
functional arguments of the type in the off-axis lens
problem. Even if this generalisation is established,
however, the problem of initial data for the off-axis lens
problem remains. Initial data for £(0,n), g(0,n) can be
specified but once this is done £(0,n) cannot be specified.
In particular, the coefficients cOj can be calculated
from system (6) and the initial values £(0,n), g(0,n).

This suggests a power series representation for £ (0,n),

but it is not known if this series converges.
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5.3 Asymptotic Approximation

If n is small, an asymptotic approximation similar
to that in Section 3.6 can be developed. A method for
obtaining successive terms of this approximation is
outlined in this section, and a relation analogous to
the Herschel condition is derived which allows the
leading order problem to be formulated as an ordinary
differential equation and algebraic relations. The
leading order solution corresponds to an axial lens with
special imaging properties known as the aplanatic lens.
This relationship was conjectured by Ockendon & Howison
(1986). The method follows that given by van-Brunt
(1988). The aplanatic lens and the corresponding ordinary
differential equation are discussed further in the next
section.

Suppose n is small and

Fy,m) = § ntE (¥)
i=0

gly,n) = 1} nigi(y) (19)
i=0

E(y,n) = ) niii(y) .

-
o

Since E(Yl"n) = ¢ (y,n)

siyom = ) nfe vy = I im0 (20)
i=0 i=0
Let
oy ot
- ® i=

-
o
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for k = 1,2,3. Using

9(E) = gg(Ey) + Ny + 0y + wun

g(9) = gy(gy) + n§1 + n2§2 +oeee
where
~ A .
3, = 9,(8g) + E,98(5)
2
s é 1 L] El "
g, = 9,08y + £197(5y) + E,90(Eq) + = g8 (Ey) 4 etc.,
A é '

2
q)l
§, = 9,(Ey) + 6,93 (Ey) + 6,90 (Ey) + — gp(Eg) 4, etc.,

>
>

the d i,d . can be calculated. For i = 0,1,2,

k ki

a0 = L(Eyty)=xg)? + y717 ,

d,, = 3%5 (£, (y)~x) £, (1) -y ¥}

dy0 = ((g,(Eg)=Ey(y))2 + (£g=y) 7}

d,, ='5§5 L(gy (Eg)=£o (¥)) (F)=E, (¥)) + (E=y)E,}
dyy = L(x;=gy ()% + £

dy, = é?% {(x,=gy (Eg)) Ty + (¥1-E)Ey)

djo = 10

3,, = 5%3 [(£y ()% £, (y) + vy}

d20 = 939

d,, = 30— (9, (Eg) ~£4(¥)) (§-F, (¥)) + (Eg=y)o,)

20
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d3p = ds3q

- -1 A
d31 = a;g {(xl-go(go))g1 + €O(Yl-¢l)} .

Substituting relations (19) into system (6) and equating
O(l) terms yields the leading order problem:

(£5 (¥)=x )£ (y) +y n{ (g, (&) ~£,(¥)) £5(y)+E -y}

dig ds0
)
= gy (d1g * ndyg + dyp) =0
+
d50 d3g
_ 0 _
- 3¢, tdyo + ndyy + dgph =0
(21)
fO(O) = ao
9y (0) = by
EO(O) =0 .

It is clear from (21) that the leading order solution
corresponds to an axial lens. It is known from Section
2.3 that an infinite number of solutions exist to (21).
The leading order problem is thus degenerate. In the

previous section, however, it was shown that if the solution
is analytic in y and n, then the curvatures of the lens
boundaries are uniquely determined at y = 0 (in fact

all the coefficients of the double series are uniquely
determined). If (19) is viewed as a rearrangement of
double series (11), the uniqueness of the analytic

solution implies that there must be an additional

relation for the leading order problem.
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Although the optical path length from Po to p; is

unknown

V-v = d,-d; + n(d,~d,) + dj-d3 =0, (22)

and it is this equation which provides the additional
relation for the leading order solution. Substituting

the expressions for the dki,aki into equation (22) and

collecting terms of the same order in n yields

y¥, goYl}

) + dy,~d,4, = 2{——— +
21 31 731 le d30

d;;=4;; ¥ nldy;-d

3
+ (¢l—€l) EEE {le + nd20 + d30} = 0 .

system (21) implies the term containing ¢1 and El in the

above expression vanishes yielding a relation involving

only fo,go,go, viz.,

v Mng
d - d 4 (23)
10 30
where
A TV
MS = — (24)
Yo

Relation (23) is known as the Abbe sine condition, and

axial lenses satisfying it are called aplanatic lenses.

Theorem 2.1 implies that system (21) has a unigque analytic
local solution satisfying (23) and the initial conditions.
Like the Herschel condition, the Abbe sine condition can
pe used to reduce the functional differential equations

of the leading order problem to a first order nonlinear
ordinary differential equation. This formulation is
discussed in the next section along with the special

imaging properties of aplanatic lenses.
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The above derivation of the Abbe sine condition
is similar to that of the Herschel condition given in
Section 3.6. The Abbe sine condition, like the Herschel
condition, is akin to an orthogonality condition derived
using the Fredholm alternative. System (21) is degenerate
but the O(n) terms of equation (22) provide an 'orthogonality
condition', viz., the Abbe sine condition which uniquely
determines the leading order solution. The relationship
between the Herschel and Abbe sine conditions is discussed
further in Section 5.

After the leading order problem has been solved, the
higher order terms in the approximation can be determined
in a fashion similar to that described in Section 3.6.
The O(n) terms of equations (6a) and (6b) yield two
linear differential equations for fl(y) and gl(go) containing
El. The O(n2) terms of equation (22) provide an additional
relation which allows El to be eliminated from the
differential equations. The mechanism for obtaining

higher order terms is very close to that described in

Section 3.6.
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5.4 The Aplanatic Lens

Aplanatic lenses are of interest not only because
they are the leading order solution to the off-axis lens
problem, but also because they have a special imaging
property. The imaging property is discussed briefly in
this section, and the governing functional differential
equations are reduced to a first order nonlinear ordinary
differential equation and algebraic relations. The aplanatic
lens problem has been formulated as a system of ordinary
differential equations by Wasserman & Wolf (1949) (see
also Born & Wolf, 1986) and as uncoupled ordinary
differential equations by Head (1959).

The Abbe sine condition was originally derived by
Clausius (1864) and Helmholz (1874) using thermodynamical
arguments. The thermodynamical approach, roughly speaking,
considers the energy transmitted from the object to the
image space under the imaging conditions (described below)
for aplanatic lenses. The energy transmitted is termed
"pure temperature radiation" (as opposed to "luminescence")
because the nature of the optical system is not changed
by this radiation (e.g. no chemical changes occur) (cf.
Drude, 1917). The second law of thermodynamics ensures
that no temperature differences can develop in the (ideal)
system* and this leads to an energy balance between the
object and image planes which results in the Abbe sine

condition. The derivation of the Abbe sine condition

*Indeed, the admission of temperature changes would
enable a perpetual motion machine to be constructed.
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using the thermodynamical approach of Clausius and
Helmholz is given in English by Drude (1917) (see also
Kline 1970). It is of interest to note that this
derivation does not involve the lens boundaries or the
refractive index of the lens. In this sense, the
optical system between the foci is a 'black box'. 1In
the next section the Abbe sine condition is derived
from Fermat's principle without specific knowledge of
the optical system between the foci.

Abbe first stated the sine relation without proof or
reference [Abbe (1873)], but six years later he gave
a proof using geometrical optics [Abbe (1879)1. It was
through Abbe's work that the relation became well known
and understood in connection with image formation.
Geometrical optics derivations of the Abbe sine condition
can be found in most optics texts (e.g. Born & Wolf, 1986;
Longhurst, 1967; Sommerfeld, 1964). Welford (1976) gives
a brief account of the history of the Abbe sine condition
and aplanatic lenses.

The ratio M in the Abbe sine condition (23) 1is
analogous to the ratio My in the Herschel condition
(3.110). Since the Abbe sine condition contains YO,Yl
only in the ratio M., it is clear that the aplanatic
lens satisfying (23) is the leading order solution to
any off-axis lens problem with foci

éo = (XO'nQO) ’
(24)

p; = (X3,nYy) o
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satisfying
Y
1
— = -M o (25)
Since the aplanatic lens has (perfect) foci at (xO,O),(xl,O),
it can be shown using a method similar to that used in

Section 3.7 that for any éo’él satisfying (24) and (25)

V(By/By) = &, + nl, + &3 + 0(n%) . (26)

Relation (26) means that light rays from éo converge 1in
some O(n2) neighbourhood of él‘ Thus, for n small, the
aplanatic lens nearly focuses éO to él in the same sense
as described for the Herschel lens. Physically this
means that a small line segment orthogonal to the optical
axis passing through (xO,O) in the object space 1is
imaged to a small line segment orthogonal to the optical
axis passing through (xl,O) in the image space. The
line segment in the object space 1is magnified by a
factor of Mg in the image space; the only (perfect) foci
are (xO,O),(xl,O).

In general, if Py = (xO,O), Py = (xl,O) are the foci
of an axial lens having smooth boundaries and the source
at Po is perturbed off the optical axis to some point
éo = (xo,nYO), the light rays leaving éo form a caustic
in some O(n) neighbourhood of él' and this is detrimental
to image quality. For the three-dimensional case, this
singularity is called primary coma (cf. Section 2.6).

If the lens is aplanatic, however, then the light

rays leaving EO converge in some O(nz) neighbourhood

of ﬁl = (x;,nY,) where Y, can be determined
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knowing M, and Y. Although éo and él are not foci,
the caustic produced by an aplanatic lens is contained
in an O(nz) neighbourhood and the image quality,
consequently, is improved. The aplanatic lens is
obvicusly of practical interest in lens design. The
Abbe sine condition, like the Herschel (and chromatic)
condition is a global relation in that no restrictions
on the magnitude of y are imposed. It is thus useful
in practical lens design problems where wide angle
(as opposed to paraxial) pencils of light rays are
involved such as the design of microscope lenses (this
problem motivated Abbe's work). Aplanatic lenses have
been studied by several authors, e.g., Head (loc. cit.),
Luneberg (1944), Martin (1944), Sternberg (1955,1963),
Vaskas (1957), Wassermann & Wolf (loc. cit.), and
Welford (1976,1986). An example of aplanatic lens is
the symmetric lens with symmetric foci. This lens is
aplanatic for [M_| = 1. The solution in A" (the
hyperbola) corresponds to an aplanatic lens with Mg = -1;
the solution in A~ (the cartesian oval) corresponds to
an aplanatic lens with M, = 1.

The Abbe sine condition can be used to reduce the
functional differential equations describing the aplanatic
lens to an ordinary differential equation for f and an

algebraic relation for g. The method is essentially

the same as that used for the Herschel lens. Let

wy = vg/d3 .
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Using the new variables, the di are given by

f(w,)=-x
d, = O2 =
{1-wg}?
1
4, = {(g(wl)—f(wo))2 + (w1d3+w0d1)2}2
4 - xl-g(wi) ’
3 {l_w]2.}2

and the Abbe sine condition is

W, = -Msw (27)

0 1 °

The path length condition and Abbe sine condition imply

M2 n2w2
S
gz(wl){n2 t = ( 20 - 1)}
M7 —-w M
s 0 S
) leg n2wg MS nzwgdl
-2g(w,){n"f(w,) + ( - 1) - ( + d,-k)
1 0 M2_ 2 M2 (M2— 2)% M 1
S wO S s~ Vo S
2 2.2 2.2
x.M n°w 2x.M n“w,d .
+ L= 0 g} - L= 071 4 g, -k} + n?{£2(w ) +w2aZ
M2_w2 M2 (M2_w2)2 M 1 0 071
s 0 S s 0 S
2
- (k—dl) =0, (28)
where

so that g(wl) is known in terms of f(wo) and Wqe
Quadratic equation (28) and the initial condition for
g at wy = w; = 0 determine g uniquely in terms of W

and f(w Snell's law at vy gives the following first

o)

order nonlinear ordinary differential equation:

n (M dl-d3)
wid, {1+ S R
dw0 n Y 2.5 ’
1 + 3 {ﬁ_ (Mg l—d3) + (f(wo)-g(wl))(l‘wo) }

2 S
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with the initial condition

£(0) = ao.

The aplanatic lens problem can thus be formulated as
an ordinary differential equation and algebraic relations.

Cauchy's theorem (or Theorem 2.1) can be used to show

that a unique analytic solution exists to the problem.
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5.5 A General Imaging Condition

The derivation of the Abbe sine condition is similar
to that given in Section 3.6 for the Herschel condition,
and the imaging properties of the aplanatic lens are
similar to those of the Herschel lens. These similarities
suggest that the Abbe sine and Herschel conditions are
special cases of a more general imaging condition. In
this section, an imaging condition is derived which
includes the Abbe sine and Herschel conditions as special
cases. The condition is derived for the general case
when the refractive index is not ﬁecessarily a piecewise
constant function of position.

Suppose S is an optical system such that Py = (xo,yo),
p, = (xl,yl) are foci, the refractive index n(r) is a
smooth function of position in some neighbourhood NO,Nl
of PorP; respectively, and the optical path length
function V(go,gl) is smooth for r, e Ny, L; € N;. Letn

be some positive number such that

n << V(pyrpy) = K o

where K is some constant (cf. Section 1.2). 1In general,
if the source Py is perturbed a small distance (in the
metric) to dg = (xO + nAxO, Yo + nAyO) € Nys the light
rays leaving q, converge in some 0O(n) neighbourhood of Py-
Suppose, however, it is required that the light rays
leaving g, converge in some O(n2) neighbourhood of a

specified point g, = (x; + ndx;, y; *+ ndy,) € Ny,
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i.e., suppose that 9 is nearly focused to qy- Since

the light rays converge in an O(nz) neighbourhood of q,

V(g,s9,) = K + ndk + o(n?) , (30)

~ ~

where AK is some constant (independent of light ray

choice). The optical path length V(qo,ql) can also be

written

— Y% oV oV oV
V(EO’gl) —V(Eolgl)'*'n{AXO W+Ay08—y—+Axl -a—x—'*’A 1 ET}

+o(n?) , (31)
so that equating O(n) terms in (30) and (31) yields

{Ax JEL-+Ay JEL-FAX JEL-+AY Jﬂi} =AK . (32)
0 9x 0 oy 1 9x 1 oy
0 0 1 1 (EO'EI)

Equation (32) is thus a general imaging condition for a
light ray leaving dq to nearly focus to q,- The eikonal
equation and the equations for its characteristic
projections (cf. Section 1.2) can be used to determine

the partial derivatives in (32) in terms of light ray
angles. In particular, if Uyrly denote the angles between

the light ray and the x-axis at PorP; respectively, then

V. _ oV _
ﬁ— - noCOSOLO ’ 'aX nlcosal 7
0 1

aVv . A/ .

— = =N.S1nNnqa ’ — = nNn,sina ’

ayl 0 0 ayl 1 1
where

nO = n(go) P nl = n(gl) ’

(see figure 3). If the directions of one light ray through

P, and p, are known, then AK can be determined, i.e. if
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dl
2 ] ?
VAR T
______ _d
/ AY/ \
e
\vd KY-axs /K%ﬁ%é
- Ax
~ ~
7 .
Draghy  Lapoliion : 5 cosey —qaysma, 47 8% casa, + 18,510 A= AK

Figure 3: Geometric Interpretation of Imaging Condition
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it is known that a light ray leaves Py at angle ao and .

intersects Py at angle &1, then

AR = -njdxja - nyAy,b + n Ax,c + n;Ay,d , (33)
where

a = cos&O , c = cos&l ’

b = sin&o ’ d = sin&l .

The imaging condition can thus be written as the hyperplane

equation

(A-P)*N = 0 , (34)
where

A= (-nocosao,—nosinao,nlcosal,nlsinal)

P = (—noa,-nob,nlc,nld)
N = (Axo,Ayo,Axl,Ayl) .

Suppose, for instance, &O = &1 = 0 (as is the case

for axial lenses) so that
P = (—nO,O,nl,O) . (35)
If Ayq = Ay, = 0, equation (34) reduces to

nOAxo(l—cosao) = nlel(l—cosal) ’ (36)

which is the general Herschel condition. Alternatively,

if Axo = Axy = 0, then equation (34) reduces to
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nyAyg,sina, = n,Ay;sina, (37)

which is the general Abbe sine condition. In general,

an optical system cannot satisfy both the Abbe sine and
Herschel conditions. An optical system satisfies both

conditions only if |ay| = |a,;|, and this implies the

Axi,Ayi, and ni must be such that

. (38)

An important feature of the aplanatic and Herschel
lenses is that they nearly focus (i.e. image) line
segments. The aplanatic lens, for example, images a
small line segment orthogonal to the optical axis
containing Po to another small line segment orthogonal
to said axis containing Py - The line segment in the
object space is magnified by some factor MS. This type
of imaging is an approximation to the Maxwellian ideal
image formation [cf. Maxwell, 1858; Welford, 19861 and
is particularly desirable in three dimensions since
geometric similarity is preserved. Equation (34) implies
that this type of imaging can be realized only for

A

N = (A§O,A§O,A§1,A§l) such that

= Olﬂ ’ (39)

12>

where p is some real number.

The imaging condition is a relation satisfied by
all optical systems having the requisite imaging
properties such that V is C2 in NOXINI. A notable feature

of the imaging condition is that it involves only terms
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of the object and image states, i.e., only terms evaluated
at EO and gl appear in equation (34). In this sense,
the optical system between the foci is a 'black box'
and may consist of several lenses, inhomogeneous media
etc.. The Abbe sine condition (23), for example, does
not involve the refractive index of the lens. In order
to obtain the uniqueness result for the aplanatic lens,
it was assumed that the optical system is symmetric
about the x-axis, the refractive index is a piecewise
constant function of position, only one lens exists
between the foci, and the lens intersects the optical
axis at (aO,O),(bO,O). The general Abbe sine condition
(37) was derived under the assumption that the light
ray leaving Pg at Og = 0 intersects P at a; = 0.

The imaging condition can be used to filter out
some types of optical system without involving copious
restrictions. For example, suppose the optical system
is symmetric with respect to the x-axis and that the
foci are located on said axis. It is clear that equation
(35) is satisfied. Since the optical system is symmetric

relation (34) must be satisfied for
A = (-nocosao,n051nao,nlcosal,-n151nal) .

The above relation implies that both the Abbe sine and
Herschel conditions are satisfied; consequently, only
optical systems which satisfy (38) have these imaging

and symmetry properties.
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Chapter 6

Conclusions

Three specific lens design problems have been
addressed in this thesis. The investigations centred
around a system of functional differential equations
arising from Fermat'sPrinciple. The emphasis was
primarily on questions concerning existence, unigueness
and analyticity of solutions to these problems. Some
asymptotic methods were developed for special cases of
these problems which in effect reduce the functional
differential equations to ordinary differential equations.

Some basic notions of geometrical optics were
discussed in Chapter 1. In Chapter 2, definitions pertaining
to lenses were given and the general functional differential
equations derived. Some general solution properties for
axial lenses relevant to the lens problems were also
discussed in Chapter 2 along with the notion of paraxial
solutions which play a major role in the local analysis.

The multi-foci lens problem was the subject of
Chapter 3. In this chapter, the existence, uniqueness,
and analyticity of local solutions was established.

The existence proof was based on the work of Friedman &
McLeod [1987,1988]. Using the ideas of Rogers (1988),

it was shown that once the paraxial solution is selected,
the local solution is unique among functions in C2. A

method for analytically continuing the local solution
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was described and it was shown that the solution can

be continued until either the lens closes or a light

ray from either family becomes tangent to a lens boundary.
The analytic occurence of parameters such as the foci
location in the functional differential equations was
exploited to show that the solution is analytic in

said parameters, and this result was used to show the
stability of the global solution with respect to small
perturbations of the parameters. Motivated by this
stability result, an asymptotic method was investigated
for the special case when the foci in the object space

are close and the foci in the image space are close.

The crucial advantage of the method is that the functional
differential equations for the successive terms can be
reduced to ordinary differential equations using an
orthogonality condition. For the leading order problem
this relation is the Herschel condition.

A new type of lens, the dispersive stigmatic lens,
was introduced in Chapter 4. The governing equations for
this lens are similar to those of the multi-foci lens,k and
the analysis developed in Chapter 3 was modified to
establish analogous existence, uniqueness, and analyticity
results. An asymptotic method similar to that for the
multi-foci lens was described for the case when the
image space foci are close and the difference between
the indices of refraction small. Like the other asymptotic
method, this reduces the functional differential equations

to ordinary differential equations.
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In Chapter 5, the off-axis lens problem was studied.
The functional arguments in the governing equations are
of a nature different from those in the previous lens
problems in that they are non-local. The non-local
character of these arguments precludes the direct
application of the methods used in the previous chapters
to establish existence, uniqueness, and analyticity.

It was shown that an infinite number of solutions exist
to the problem. The special case when the foci are close
to the optical axis was discussed and, under the assumption
that the solution is analytic in y and the off-axis
distance parameter n, an approximate solution analogous
to a paraxial solution was developed. An asymptotic
method similar to that used in Chapter 3 was developed
for this special case. As with the other asymptotic
methods, this method reduces the functional differential
equations to ordinary differential equations. Following
a conjecture by Ockendon & Howison (1986), it was shown
that the leading order solution corresponds to a well-
known axial lens, the apianatic lens. The final section
investigates a more general imaging condition which
includes the Abbe sine and Herschel conditions.

The existence of a solution to the off-axis problem
which is analytic in y and n remains an open question.
One possible approach was described in Chapter 5 provided
the problem of assigning initial data could be resolved.
If such a solution does exist, then f(y,0),g9(y,0),&(y.0)

correspond to the aplanatic lens solution, and it may be
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possible to reformulate the problem using the aplanatic
lens solution as initial data.

If the foci are not close to the optical axis, the
imaging condition developed in Chapter 5 might be used
tOo construct lenses of optical interest. The off-axis
problem with the imaging condition might lead to a class
of lenses which can image a small portion of a surface
in the object space to a small portion of a surface in
the image space.

Asymptotic methods were developed for solutions to
the three problems considered in this thesis yet little
was said concerning the nature of these approximations.
These solutions may be merely asymptotic representations
or they may converge and be a rearrangement of a double
series. The analysis of Section 3.5 suggests that the
asymptotic series for the multi-foci and dispersive
stigmatic lens problems are in fact rearrangements of
convergent double series. The nature of the asymptotic
solution to the off-axis lens problem is linked to the
existence problem. If a general Cauchy-Kowalevsky theorem
can be established, it may be possible to resolve these
questions.

The analysis of the previous chapters concentrated
primarily on existence, uniqueness, and analyticity.
General shape characteristics are of central importance
in lens design. The paraxial solutions provided some
local shape characteristics (i.e. magnitudes and signs
of curvatures at y = 0); the global shape characteristics

pose the problems for practical lens design.
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Basic questions such as whether or not the lens
closes and the maximum aperture are important design
considerations. Other properties such as the monotonicity
of lens boundaries are important questions.

Another direction for future work is boundary value
problems for lenses. The lens problems considered in
this thesis were essentially 'initial value problems'.
A crucial design consideration, however, is often aperture
size rather than axial lens thickness and this leads to
a so-called boundary value problem since the lens boundaries
must be even and satisfy an aperture condition. For the
aplanatic and off axis lenses, this boundary value problem
has been investigated by Sternberg (1955,1963,1977),
Sternberg & Goldberg (1961), Sternberg, Goldstein & Drinkard
(1982), Sternberg, Grafton & Childs (1985) and Sternberg
& Grafton (1988) in connection with acoustic and microwave
scanning problems. The above authors have approached the
problem primarily from a numerical standpoint, and the

existence/uniqueness theory remains to be developed.
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Appendix 1

A Generalisation of the Picard-Lindel®f Theorem

A system of functional differential equations was
introduced in Section 3.4 in connection with a unigqueness
result given by Theorem 3.2, and it was shown that the
multi-foci lens problem could be formulated as such a
system. In this appendix, it will be shown that there
exists a solution to this system unique among functions
in Cl. The proof of this result is motivated by the
proof of the Picard-Lindel®f theorem in the theory of
ordinary differential equations. The result for
functional differential equations was first published
by Rogers (1988). The existence/uniqueness proof given
below follows the analysis of Rogers, but has been
modified to amplify the close connection with the Picard-
Lindel®f theorem. The notation used in Theorem 3.2 is
retained throughout the appendix, and some corollaries
have been given to simplify the application of the
theorem in special cases. The last corollary is a
generalisation of Cauchy's theorem and this provides

an alternative proof for the existence, uniqueness, and

analyticity results of Chapter 3.

Theorem 1 (Existence/Uniqueness)

Given the functional differential equation problem

z; (y) = h, (v;2(z,) reeerZ(z )2 (2)) peeesZ'(2))
(1)
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where the hi satisfy conditions a-e of Theorem 3.2 (with
the possible exception of inequality (3.61)) and the

additional condition:

f. 1In N€ the hi are uniformly Lipschitz continuous

with respect to y, i.e., for

130
I

(Y7Z(zl)l---1g(z )7,%'(7—'1)1'--!%'(2 ))

m m

>
i

(y;Z(zl),...,g(zm);g'(zl),...,g'(zm)) ’

there exists a positive constant M such that

Y| < M|g-y]| ; (2)

el
@§
o
)

there exists a local solution to system (1) which is

. . . 1
unique among functions in C.

Proof:

In the theory of ordinary differential equations,
the Picard-LindelBf existence/uniqueness theorem is
proved using the method of successive approximations.

Guided by this theorem, a 'natural' strategy is to

define the sequence

2y = yz' (0,

z ) (y) - f His;z ™ @), 2 e

0
g(k)'(z{k)),...,g(k)'(zék)))ds . (3)
- A
and show that it converges uniformly for y e By = {y + |y| = 8}.
Let
T, = sup Hz(k+l)(y)-z(k)(y)l| (4)
k eB ~
Y5

k+1)" o (k)!

o, = sup | ( (y)-25 |l - (5)

yeBg
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Uniform convergence of the sequence defined by (3)

follows if it can be shown that

lim Ty = 0 . (6)
Jk >0

Since
T, < Gok , (7)

relation (6) will be established if it can be shown

that there exists a yu, 0 < pu < 1 such that

Og+1 = HOyk (8)

(i.e. if a contraction mapping can be established).
If inequality (3.61) were satisfied and a § could

be chosen so small that for all k e« ZZ+

SN CAS PR

Lo (k) (k) (k) (k),., (k)" (k)
(YIZ (%1 reeesr’ (Zm ):2 (zl Yreeerl c

(9)
then the proof of Theorem 3.2 (and in particular inequality

3.67) could be used to derive

< T'T '<'F60k , (10)

Ox+1 k

where T satisfies inequality (3.75). It is clear from
the above inequality that a suitably small § ensures

that (8) is satisfied. The following ;emma shows that
inequality (3.61) can be replaced by the less restrictive

condition f and the assumption that the solution is in Cl.

Lemma 2
Under the conditions of Theorem 1, for any solution

Z there exists a § > 0, A, > 0 such that

3
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12" (v) - 2 [l = A5l9-y] (11)
for v,y e EG‘

Proof:

Inequality (11) is trivial for y = §. Suppose ¥ # v,

and for definiteness
S sy <y <6 .

The term Z'(y) - Z'(y) can be decomposed in a manner

similar to that used in Theorem 3.2, i.e.

Z'(§)“Z'(Y)==§(§:§(zl(y)),...,g(zm(§));g'(zl(§)),...,g'(zm(§)))
“H(yiZ (2 (y))yeee s Z(2 (¥))i2' (2,(y))reee,2' (2 (v)))
=H(Y3Z2(21(9)) yeeerZ(z (§))32" (20 (§))seeesZ' (2, (9)))
~H(YiZ(2 () see s 2z ()32 (2, ))seeesZ' (2 (9)))

m m

+ Z o. + .Z Q. (12)

where

4 H(YiZ(2) (¥)) reeerZ(24 1 (¥))12(2 () yeee 2z (9))5

2' (2, (§)) reeesB (2 (3)))

- g<y;g(z1<y>>,...,g(zi<y>),g<zi+l<§>),...,g<zm(§>>:

g'(zl(§)),...,g'(zm(§)))

ne>

E(y;Z(zl(y)),...,g(zm(y));g'(zl(y))..-.,g'(zi_l(y)),
2' (2, (§)),eee 0B (2 (9)))
- H(y;g(zl(y)),.--,z(zm(y));g'(zl(y)),---,g'(zi(y)),

21 (2, (§))eeer B (2 (V)
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1 so that for §

The solution Z is assumed in C
sufficiently small the arguments of H in the above
decomposition all lie in Ne' The first difference on
the right hand side of equation (12) can be bounded
using condition f. The g; can be bounded in a manner

similar to that used in Theorem 3.2, viz., condition e

implies

IA

las Il < x5 N2tz (3))-z(z, (v)) ]

IA

Ridylzy () -2, ()| (13)

the last inequality following from the mean value theorem
and inequality (3.60).

Let

A
= u

v (p) R A
vy o< 8llzry)-2"(y)]l

A O
A NS

oo
T A

The Qi can be bounded using inequality (3.57)
' 5 - 1
HQ Il = 1y 112" (25 () = 2" (z; (y)) ||
< Lyv(p) . (14)
Equation (12) thus yields the inequality
m
Y(p) < Mp + Ajp ) Ky + 8Y(p) .
i=1
Condition c requires 6 < 1; consequently

K:} o (15)
1

Ne~—93
}-l

0 < ¥(p)(1-6) < p{M + Ay
1

Inequality (11) follows using
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, [2' (¥)-2" (v) |]
= su
3 g [9-v]

-§ s y<y <8
=Sup _ﬂ_)-g_l__{M.}.A Iilk}.
0<p <28 P (1-6) 14271
O

Inequality (3.61) was used in conjunction with the
mean value theorem to establish only inequality (3.73).
It is clear from the proof of Theorem 3.2 that (3.74)
can be derived using (11) instead of (3.61) (i.e. theﬁﬂi

can be bounded using (11)).

If relation (9) is satisfied for some §, then the

inequality
Opy1 S faok r Wk € 2z+, (16)
where
a 1 m
P =gy (@ +cAp) ] K; + A50C), (17)
i=1

can be derived readily using the proof of Theorem 3.2.

The following lemma shows that relation (9) is satisfied

for § suitably small.

Lemma 3

There exists a 6§ > 0 such that, under the conditions
]
of Theorem 1, the zX),2()" a5 defined by (3) satisfy

relation (9) for all k € ZZ+.

Proof:

It is necessary to show that there exists a § > O

such that

m '
1™ e 1oz -
=1 i=1

o~13

~

1l
5 { |y] +

7' (0) ]| < e , (18)
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= +
for y € By, k ¢ Z . The proof follows using induction.

If k =1
sup Iz (v < ays (19)
YeB(S
(1) 3
sup ||z (y) ]| = M§ + cA S Y K. , (20)
L : i
Y636 i=1
so that any § satisfying
1 m
5 {8 + mAlG} + m{M§ + CA,$S izl Ki} < e, (21)

will satisfy (18) for k = 1.
Suppose relation (18) is satisfied for some positive

integer k. Condition d and equation (3) imply

sup [z )l s ays (22)
YGBG
(k+1)"° ' :

The 2 (zi)—Z (0) terms can be bounded using a

special case of the decomposition introduced in Lemma 2,

viz.

g (k1) 1) 2 )y, L,z (20,

4

(y)-2'(0) = H(y:Z

(k)',_ (k) (x)', (k)
Z (2,77 ) veeesr2 (z 7))

- g(O;O,...,O;Z'(O),...,Z' (O))
m times m times

= E(y;g(k) (Z{k)),...,g(k) (zn(lk));

(k)" ,_ (k) (k)',_ (k)
Z (zl ) Z (z "))

~ ,...'N

(k) (k) (5 )y,
= m

=),

z‘(k)'(zn(lk)))

m 0 m
+ ) g; + .2 Q. (23)
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where

MO

_ . (k) ,_ (k) (k) (k)
H(0 5 0,000,0,27 (270,000,221

1Q

4 cee, 2 ))

200 (200, L, 00 (o )

. (k) . (k) (x) . (k)
H(030,...,0,2° (z.11), ...,z (219

200 (000 g0 00

~

92 — g(O;O’...’O;Z" (O),...’gl (0)’g(k)'(2i(k)),...'%(k) (zrflk)))
- . e ' (k)' (k) (k) ', (k)
H(050,.04,052' (0),...,2' (0),2%) "z, 1), ..,z (1)

Since, by hypothesis,

(yi2Z ) goee

(k) ,_(k)
(z; 1 e

AN AT A S L P L N C A I T

conditions a-f can be applied and equation (23) can be

(k+1)'°

used to obtain bounds on Z (y) - 2'(0), i.e.

] m ]
sup Hg(k+l) (y)-2"'(0) || < M§ +CA, 8 Y K, +sup eng(k) (y)=2'(0)]| .
yeBG i=1 yeB6
(24)
Using the relation
. < Téo , 3 =1,2,...,k-1, (25)

the last term on the right hand side of inequality (24)

can be bounded, i.e.,

1 k : ] 3 — |}
sup 129 -zt T swp 12 @2t
i=1 yeB
Y€ o) fl)' k-1 s
< sup ||z (y)-z' ()] ¥ sHHT .
yeBg i=1

A number § > 0 can be selected such that

0 < 6T < © (26)
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sup ||g(” (y)—g'(O)]lé A < f— (1-9) . (27)
yeBG m

Inequality (24) can thus be replaced by

? m
sup H%(k+l) (y)-2'(0) || < M§ + CA, 8 ) Ky + T%g ’
yeBé i=1
sOo that
1 m (k+1) , (k+1) m (k+1) ', (k+1)
Syl + 1 llz (z;" ") 1Y+ Y llz (z )=2' (0) ]
i=1 i=1
<l{6+A6}+{ 5 4
=5 m 1 m{M§ +CA16 Z Ki + —1———8-}

1

1 ey €
<5 {s +mA16} +m{M§ +CA S Ki} + (28)

- i=1 2
A § > 0 thus can be chosen so small that inequalities
(26),(27), and
§{2 {1 + mA.} + m{M + CA ? K.}} <=, (29)
v 1 1 ;2,1 2
are satisfied; therefore, there exists a § > 0 such

that relation (9) is satisfied for all k ¢ ZZ+.

O

Relation (9) and inequality (26) are satisfied;

consequently, the inequality

Opey S eok , (30)

can be established. Since 0 < 6 < 1,

lim o, = 0
k> k

lim 1, = 0
kv K '

and, by virtue of the definitions of Ty and O 7 the sequence

defined by (3) converges uniformly in 56. Since the h,
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are continuous in their variables, the solution to

system (1) is in Cl.

Theorem 1 can be viewed as a generalisation of the
Picard-Lindel®f theorem. If the hi have continuous
partial derivatives with respect to y, g(zi),g'(zi) in N_,
then the Lipschitz continuity requirements are automatically
satisfied by virtue of the convexity of N_ and the mean
value theorem. More interesting perhaps is that this
condition also implies condition c¢ for some suitably
chosen vector norm. The following corollary to Theorem 1
is a less general existence/uniqueness result but has the

decisive merit of simpler conditions to verify.

Corollary 4

Suppose the hi in system (1) satisfy condition a
and inequalities (3.59),(3.60) of Theorem 3.2 and have
second partial derivatives with respect to y, the g(zi),
and the 2z'(z,), for 0 = i <m, (y;g(zl),...,g(zm);
g'(zl),...,g'(zm)) ¢ N_. There exists a local solution

to (1) unique among functions in cl.

Proof:

I+ is clear that all the Lipschitz conditions of
Theorem 1 (i.e. conditions b,e and f) are satisfied since
the first partial derivatives of the hi exist and are
continuous in Ne’ Once condition c¢ is verified, the
corollary will follow from Theorem 1.

The hi are functions of 2mn+l1 variables. Let
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a €]R2mn+l

a =

~ (al'aZ'.."a2mn+]_) € N€
y = a

2 (25) = qh (i-1) +k+1
zg(zi) =

34n (i-1)+k ’

where

l+mn .

.
]

Under the above notation

2(z3) = @y i-1)+17°°%ni+1

|} —
z'(z;) = (aj+n(i-1)"°"aj+ni) e R .

It is required to show that, for some vector norm

. and
a = (al;'°"a2mn+l)
a = (a17a2""'amn+1;amn+2”'"a2mn+1) ’

there exist constants Li > 0 such that
A m A
lg@-a |l < ) 1 12(2;)-2" (z)) ] (31)

and

m
Y L. < 1. (32)
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Let

(3h) () ohy (a) 3hy ()
aaj+1 aaj+2 aaj+mn

D b (282 dnye) 3h, (a)

- aaj+1 aaj+2 aaj+mn
%h_(a) on_(a) oh_ (2)

n e e e P Ea—— 4
Laaj+1 aaj+2 aaj+an
A
go = (0;0,...,0;2"(0),...,2'(0)) .

m times m times

By virtue of condition a, the elements of D can be calculated

at a = a,. The mean value theorem implies

0
A _ 0, ,a _ A _ T
“g(g)—g(g)ll_ HQ(Q )(aj+1 aj+l"'°’aj+mn aj+mn) H
+ O(muz) ;
where
o = max(aj+l—aj+l"’°’aj+mn— j+mn) ,
so that
A m 0
lg@-g@ll s 1IRGD EE)-2" )]l
+ O(ez) . (33)
Let
o, (2% |
B = max( 5a )
j+i
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and, for v = (Vl'VZ"'°’Vn)’ define the norm

A
vl = max(Al[vll,Azlvzl,...,Anlvnl) p

~

where the Ai are positive constants. Inequality (33)

implies

B -H(@) || < mB ] [|2'(z;)-2"(z,) |

and the corollary follows if the Xi are chosen such that

max(Xl,Az,...,An) < 1/mB .

O

Cauchy's theorem for ordinary differential equations

states that the initial value problem
z'(y) = hy,z)
z(0) = 0 ,

has a unique analytic local solution in a neighbourhood
of vy = 0 provided h is analytic in the variables y and z
in some neighbourhood of (0,0). The classic proof of
this theorem uses the method of majorants (cf. Petrovski
1966). The result is a special case of the Picard-
Lindel8f theorem, and an alternative proof of Cauchy's
theorem can be gleaned from the method of successive

approximations. The following corollary is a generalisation

of Cauchy's theorem for system (1).
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Corollary 5

Suppose the hi in system (1) satisfy condition a
and inequalities (3.59), (3.60) of Theorem 3.2 and are
analytic in the variables vy, g(zi), g'(zi), 0 <i<m

for (Y7§(Zl),---;§(zm);g'(Zl),...,g'(zm)) € N_. There

exists a local solution to system (1) unique among

1

functions in C~ and that solution is analytic in vy.

Proof:

The existence and uniqueness of a solution follow
immediately from Corollary 4. The only thing to show
is that the solution is analytic for y sufficiently small.
It was shown in Theorem 1 that the sequence defined by
(3) converges uniformly to the solution. If the hi are
analytic in the aforesaid variables, then the z; can be

written as a double series

oo

k
z, (y) = kzo si( "), (34)
where the éfﬂ(y)terms are analytic in vy, i.e.
(k) o7 L33
s; 0 (y) = jzo a7 'y" . (35)

Since series (34) converges uniformly for y small and
there exists a 6 such that for all i series (35) converges

for |y| < 8, series (34) must converge to an analytic

function.

It was shown in Section 3.4 that the governing
equations for the multi-foci lens problem can be written
in the form of system (1). The hi’ as noted in Section

3.4, are analytic in their arguments, and the system
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thus satisfies the conditions of Corollary 5 once one

of the paraxial solutions 1is specified. Corollary 5
thus gives an alternative existence, uniqueness, and
analyticity proof for this problem. The lens boundaries
are unigque among C2 functions since the formulation of
the system requires expressions for f"(y),g"(y) (i.e. to

ensure the z, are Cl, it must be assumed f and g are C2).
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