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Abstract

Magnetic Resonance Imaging (MRI) is a non-invasive, non-ionising imag-

ing modality with unrivalled soft tissue contrast. A key consideration for

MRI is data acquisition time, which is limited by inherent technological

and physiological constraints. Compressed sensing is a relatively recent

framework that can reduce the MRI acquisition time by undersampling

randomly and exploiting presumed redundancies in the data.

The Approximate Message Passing (AMP) algorithm is an iterative

compressed sensing method that efficiently reconstructs signals that have

been sampled with i.i.d. sub-Gaussian sensing matrices. However, when

Fourier coefficients of a signal with non-uniform spectral density are sam-

pled, such as in MRI, AMP performs poorly in practice.

In response, this thesis proposes the Variable Density Approximate

Message Passing (VDAMP) algorithm for undersampled MRI data. We

present three versions of VDAMP: single-coil VDAMP, where receiver coil

sensitivities are ignored, Parallel-VDAMP (P-VDAMP), which includes

coil sensitivities, and Denoising-P-VDAMP (D-P-VDAMP), which incor-

porates the statistical modelling capabilities of neural networks. Central

to VDAMP is a property that we term “coloured state evolution”, where

the difference between the intermediate image estimate at a given iteration

and the ground truth is distributed according to a zero-mean Gaussian

with known covariance. We demonstrate that coloured state evolution

can be leveraged to yield an algorithm that converges rapidly, and to a

competitive reconstruction quality, without the need to hand-tune model

parameters.
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Chapter 1

Introduction

Magnetic resonance imaging (MRI) is an imaging modality derived from radio fre-

quency signals of atomic nuclei subject to a strong magnetic field. The underlying

magnetic resonance physics of MRI is remarkably flexible and can be engineered to

generate images that are sensitive to a number of contrast parameters [4]. Further-

more, unlike Computed Tomography (CT) and nuclear imaging techniques such as

Single Photon Emission Computed Tomography (SPECT) and Positron Emission

Tomography (PET), MRI does not use ionising radiation [5].

Acquisition time is a central consideration in many MRI applications, but is lim-

ited by inherent technological and physiological constraints. Measurements in MRI

consist of smooth 1D curves through the 2D or 3D Fourier coefficients of the image,

known as “k-space”. The speed at which it is possible to traverse k-space is limited

by the scanner’s gradient specifications, in particular the maximum gradient ampli-

tude and maximum slew-rate. Additionally, excessively high amplitude gradients and

gradient switching can lead to peripheral nerve stimulation [6]. These intrinsic acqui-

sition speed limitations have led researchers to investigate ways to accelerate MRI by

undersampling.

Compressed sensing [7, 8] is a relatively recent framework that provides a way to
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reconstruct accelerated MRI by exploiting presumed redundancies in the data [9].

Images of interest are well known to be compressible: for instance, an assumption

of redundancy in the discrete cosine transform or wavelet transform are the bases of

the JPEG and JPEG 2000 compression schemes respectively [10]. The core idea of

these compression schemes is to transform the image in to a representation where

most of the information is concentrated in a small number of coefficients, known

as a “sparse representation”. Given an assumption of sparsity, compressed sensing

provides a toolbox of reconstruction algorithms that seek the sparsest solution that is

consistent with the measurements. The primary success of compressed sensing theory

is to establish that under certain conditions on the type of measurements, the number

of measurements, and the degree of sparsity, it is possible to efficiently and robustly

solve this problem [11].

The focus of this thesis is on the Approximate Message Passing (AMP) [12] algo-

rithm, which efficiently reconstructs signals that have been sampled with large i.i.d.

sub-Gaussian sensing matrices. Central to AMP is its “state evolution”, which guar-

antees that the difference between the intermediate image estimate and ground truth

(the “aliasing”) at every iteration obeys a Gaussian distribution that can be fully

characterised by a scalar. However, when Fourier coefficients of a signal with non-

uniform spectral density are sampled, such as in MRI, AMP’s scalar state evolution

is no longer accurate and the algorithm encounters convergence problems.

This work presents a new AMP-based algorithm constructed specifically for vari-

able density partial Fourier sensing matrices, which we term the Variable Density

Approximate Message Passing (VDAMP) algorithm. We present empirical evidence

that VDAMP obeys a “coloured state evolution”, where the aliasing obeys a Gaussian

distribution characterised by a vector. To our knowledge, VDAMP is the the first

algorithm for MRI that exhibits a state evolution.

This thesis focuses on two practical advantages of state evolution for MRI re-
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construction. Firstly, building on work on AMP in [13–15], Stein’s Unbiased Risk

Estimate (SURE) [16] is employed to tune model parameters to near optimality on-

the-fly, relieving the need for manual parameter selection and leading to an algorithm

that converges very quickly to a competitive reconstruction error. Secondly, the utility

of state evolution in the context of deep Plug and Play (P&P) methods for MRI [17]

is explored, where one step of the algorithm is replaced by a denoising neural network.

1.1 Thesis outline

This thesis has seven chapters. Chapter 2 reviews the mathematics of compressed

sensing, placing emphasis on the AMP class of algorithms. Chapter 3 describes the

MRI measurement model, motivates the application of compressed sensing, and re-

views the literature on AMP for MRI. Chapter 4 onwards presents novel contributions.

VDAMP for the single-coil MRI measurement model is presented in Chapter 4, and

the extension to multiple coils, Parallel-VDAMP (P-VDAMP), is presented in Chap-

ter 5. Chapter 6 presents the Denoising-P-VDAMP (D-P-VDAMP) algorithm, which

incorporates a deep learning-based image model. Finally, Chapter 7 concludes and

proposes a number of directions for future work.

1.2 Notation

In this thesis, boldface capital letters such as A are used for matrices and boldface

lowercase letters such as a for vectors. For reference, a table of notations used in

this thesis is shown in Table 1.1. Here, ai denotes the ith element of a column vector

a ∈ CN and Aij denotes the entry of A ∈ CM×N with ith row and jth column.

3



Notation Definition Description

aT or AT [aT ]i = ai or [AT ]ij = Aji Transpose of vector or matrix

aH or AH [aH ]i = a∗i or [AH ]ij = A∗ji Conjugate transpose of vector or matrix

‖a‖p ‖a‖p = (
∑N

i |ai|p)1/p `p norm of a vector

supp(a) supp(a) = {i : ai 6= 0} Support of a vector

〈a〉 〈a〉 = 1
N

∑N
i ai Empirical mean of a vector

a� b [a� b]i = ai · bi Entry-wise multiplication of vectors

a� b [a� b]i = ai/bi Entry-wise division of vectors

diag(A) [diag(A)]i = Aii Vector formed from diagonal of matrix

Diag(a) [Diag(a)]ij = ai if i = j, 0 otherwise Diagonal matrix formed from vector

1N [1N ]i = 1 N -dimensional vector of ones

0N [0N ]i = 0 N -dimensional vector of zeros

1N [1N ]ij = 1 if i = j, 0 otherwise N ×N identity matrix

|a| or |A| |a|i = |ai| or |A|ij = |Aij | Entry-wise magnitude of a vector or matrix

f ′(a) f ′(a) = diag
(
∂f(a)
∂a

)
Diagonal of Jacobian of a function

Table 1.1: Table of notations used in this thesis.
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Chapter 2

Compressed Sensing

This chapter reviews the mathematics of compressed sensing, placing an emphasis on

the AMP algorithm [12]. The material covered in this chapter is preliminary to the

MRI-specific compressed sensing review in Chapter 3.

2.1 Problem statement

Consider linear measurements y ∈ Rn corrupted by additive white Gaussian noise,

y = Φx0 + ε, (2.1)

where Φ ∈ Rn×N , x0 ∈ RN , and ε v N (0n, σ
2
ε1n), where N (µ,Σ2) refers to the

real Gaussian distribution with mean µ and covariance matrix Σ2. In the signal

processing literature, the goal of recovering x0 from y is known as “solving a noisy

linear inverse problem”.

We are interested in the underdetermined case, where n < N . If x0 is known

to be compressible, and the matrix Φ satisfies certain conditions such as the Re-

striced Isometry Property (RIP) [18] discussed in Section 2.3, (2.1) is referred to as

a compressed sensing problem [7,8].
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A vector x0 is defined to be compressible if there is a vector ws ∈ Rm in a known

discrete representation C ∈ RN×m such that ‖Cws − x0‖2/‖x0‖2 is small, where

ws is “s-sparse”. A vector is s-sparse if at most s of its coefficients are nonzero:

|supp(ws)| ≤ s, where supp(ws) = {j : ws,j 6= 0} is the support of ws. Then (2.1)

can be written as

y = ΦCws + εs + ε (2.2)

where εs is the discrepancy due to using an s-sparse representation.

2.2 The (`0) problem

Given knowledge that x0 is compressible, it is natural to generate an estimate x̂ by

seeking the sparsest solution in the compressed representation that is consistent with

the data,

ŵ = arg min
w

‖w‖0 subject to ‖y −ΦCw‖2 ≤ ε, (2.3)

where ε ∈ R+ is an estimate of the upper bound of the noise, and computing x̂ = Cŵ.

Eqn. (2.3) is known as the (`0) problem. To solve (`0) by combinatorially trying

each
(
J
N

)
solution with ‖w‖0 = J is NP-hard and computationally intractable for

moderately sized problems.

A number of algorithms exist that are designed to approximate the solution of

(2.3), including Orthogonal Matching Pursuit (OMP) [19–21], Iterative Hard Thresh-

olding [22–24], Compressive Sampling Matching Pursuit (CoSaMP) [25], and Regu-

larised OMP [26]. A popular approach in compressed sensing MRI and the focus of

this thesis is on methods that employ convex relaxation.
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2.3 Convex relaxation: the (`1) problem

One way to approach the (`0) problem is to replace the `0 norm by the convex `1

norm,

ŵ = arg min
w

‖w‖1 subject to ‖y −ΦCw‖2 ≤ ε, (2.4)

which can be written in an unconstrained form as

ŵ = arg min
w

1

2σ2
ε

‖y −ΦCw‖2
2 + λ‖w‖1, (2.5)

where λ is a sparse weighting. Equations (2.4) and (2.5) are referred to as the (`1)

problem or “basis pursuit” [27].

A crucial theoretical question for compressed sensing is: under what conditions do

the solutions of the (`0) and (`1) problems coincide? A common tool used to address

this is the Restricted Isometry Property (RIP) [18]. A matrix A is said to satisfy the

s-restricted isometry property if a constant 0 ≤ δs < 1 exists such that

(1− δs)‖xs‖2
2 ≤ ‖Axs‖2

2 ≤ (1 + δs)‖xs‖2
2

for all s-sparse xs ∈ RN . When the RIP holds, any s× s submatrix of A changes the

`2 norm of a vector by only a small amount, so is nearly an isometry.

In the absence of noise, so that εs = 0n and ε = 0n, the (`1) solution is guaranteed

to be equivalent to the (`0) solution when ΦC satisfies the RIP with δ2s <
√

2 − 1

for s-sparse ws [28]. In the presence of noise, the (`1) solution obeys

‖ŵ −w0‖2 ≤ c0s
−1/2‖w0 −ws‖1 + c1ε,

where Cw0 = x0 and c0 and c1 are known, small constants [28]. In other words, when

the RIP holds and a sufficiently sparse representation exists, basis pursuit recovers
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x0 exactly in the noiseless case and approximately in the noisy case.

Unfortunately, to verify whether the RIP holds for generalA is in itself an NP-hard

problem [29]. However, for many classes of large random matrices, such as Gaussian,

Bernoulli and partial Fourier, the RIP is known to hold with high probability [30–33].

It is not usual to compute the RIP explicitly; rather, as discussed further in Sections

3.3 and 3.4, the role of the RIP is to motivate sampling design choices.

2.3.1 Solving the (`1) problem

The noiseless (`1) problem, (2.4) with ε = 0, can be solved with Linear Programming

(LP) methods [18,34]. In [35–37], analytical predictions of the sparsity-undersampling

regions of success and failure for LP methods were derived using combinatorial geom-

etry. In the presence of noise, where ε > 0, the `2 Quadratic Programming methods

must be employed. The focus of this thesis is on proximal solution methods, which

have low per-iteration computational cost and memory requirements, and are widely

used in MRI. A number of such methods for the noisy (`1) problem exist, including

but not limited to the Iterative Shrinkage-Thresholding Algorithm (ISTA) [38], Alter-

nating Direction Method of Multipliers (ADMM) [39] and split Bregman method [40].

2.3.2 The ISTA algorithm

Due to its relevance to the AMP algorithm [12], which is central to this thesis, we

focus on the ISTA algorithm here, stated in Algorithm 1. ISTA alternates between

gradient descent in lines 3-4 and the action of the proximal operator of the `1 norm

η(v; t) in line 5, usually referred to as “soft thresholding”, which acts component-wise

as

ηj(vj; t) = vj

(
1−min

{
t

|vj|
, 1

})
, (2.6)
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Algorithm 1 Iterative Shrinkage-Thresholding Algorithm (ISTA) [38]

Require: Measurements y ∈ Rn, measurement matrix Φ ∈ Rn×N , sparse repre-
sentation C ∈ RN×m, sparse weighting λ ∈ R+, and number of iterations Kit.

1: Set x̂0 = 0N .
2: for k = 0, 1, . . . , Kit − 1 do
3: zk = y −Φx̂k
4: rk = x̂k + ΦTzk
5: x̂k+1 = Cη(CTrk;λ)
6: end for
7: return x̂k+1

where t ∈ R is the threshold. For entries of v that have magnitude less that t, the

soft thresholding operator sets η(vj; t) = 0, while entries with a magntitude greater

than t are scaled by 1− t/|vj|.

The per-iteration computational cost of ISTA is dominated by the multiplication

of Φ and C and their transpose on a vector, which have complexity O(nN) and

O(Nm) respectively in general. However, in many applications these multiplications

have fast implementations, such as the O(N logN) complexity Fast Fourier Transform

(FFT) or O(N) complexity Discrete Wavelet Transform (DWT), yielding a far lower

per-iteration cost.

2.3.3 The iterative denoising heuristic

This section describes the iterative denoising heuristic for ISTA, which is used to

motivate the AMP algorithm introduced in Section 2.4. The discussion presented

here is based on Section 1D of [12].

At the first iteration, line 4 of ISTA, Algorithm 1, gives r0 = ΦTy, which can be
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written in terms of the unknown x0 as

r0 = ΦT (Φx0 + ε)

= x0 + (ΦTΦ− 1N)x0 + ΦTε

= x0 + e0.

where e0 = (ΦTΦ − 1N)x0 + ΦTε. Therefore r0 can be thought of as the signal of

interest x0 corrupted by a vector e0, where e0 has a contribution from the undersam-

pling, (ΦTΦ− 1N)x0, and from the measurement noise ΦTε.

Writing r0 in this way leads to an intuition for how ISTA works when Φ is a

random matrix. Consider the specific case where Φ is a large matrix with zero-mean

i.i.d. Gaussian entries with a variance that normalises the columns in expectation,

so that E{ΦTΦ} = 1N . In this case, the entries of e0 can accurately be modelled as

drawn from an i.i.d. zero-mean Gaussian distribution, so that r0 = x0 +N (0N , σ
2
01N)

for some variance σ2
0. In other words, when Φ is an appropriately normalised i.d.d.

Gaussian sampling matrix, ISTA’s r0 behaves as the ground truth corrupted by i.i.d.

Gaussian “noise”. Line 5 of ISTA applies soft thresholding to the noisy vector r0,

which is known to reduce the error when x0 is sufficiently sparse [41]. We therefore

expect the error of the signal estimate to decreases after the first iteration.

It is instructive to question whether this denoising heuristic is accurate beyond

k = 0. For general k the error vector is ek = (ΦTΦ − 1N)(x0 − x̂k) + ΦTε. Since

ΦTΦ−1N correlates with x0−x̂k in general, the error vector ek is no longer accurately

modelled as a zero-mean i.d.d. Gaussian distribution, rk 6= x0 + N (0N , σ
2
k1N) for

k > 0, so the iterative denoising heuristic breaks down.

This breakdown of the Gaussian denoising heuristic motivates the AMP algorithm

[12]. AMP modifies ISTA in a way that ensures that the error vector ek is guaranteed

to be a zero-mean Gaussian for all iterations k, which, as described in the following,
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Algorithm 2 Approximate Message Passing (AMP) [12]

Require: Measurements y ∈ Rn, measurement matrix Φ ∈ Rn×N , denoiser g(r; τ)
and number of iterations Kit.

1: Set z−1 = 0n and x̂k = 0N .
2: for k = 0, 1, . . . , Kit − 1 do
3: zk = y −Φx̂k + N

n
zk−1 〈g′(rk−1; τk−1)〉

4: rk = x̂k + ΦTzk
5: Update τk e.g. τk = ‖zk‖2

2/n
6: x̂k+1 = g(rk; τk)
7: end for
8: return x̂k

has a number of theoretical and practical advantages.

2.4 Approximate Message Passing (AMP)

The AMP algorithm [12], shown in Algorithm 2, is an iterative method that for certain

sensing matrices and signal models obeys

rk = x0 +N (0N , σ
2
k1N), (2.7)

for an iteration-dependent standard deviation σk. In other words, the denoising

heuristic that is only valid at k = 0 for ISTA is accurate at all k for AMP. Eqn.

(2.7) is referred to as AMP’s “state evolution” because the “state” of the algorithm

at iteration k can be fully characterised by the scalar σ2
k.

AMP is stated in Algorithm 2. Lines 3-4 of AMP are identical to lines 3-4 of ISTA,

Algorithm 1, except for the addition of a new term in line 3, N
n
zk−1 〈g′(rk−1; τk−1)〉.

This crucial term is referred to as AMP’s “Onsager correction”, and is responsible

for removing the correlation that causes ISTA’s denoising heuristic to break down for

iterations k > 0. Here, g′(rk; τk) is the diagonal of the Jacobian of g(rk; τk),

g′(rk; τk) = diag

(
∂g(rk; τk)

∂rk

)
,
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and 〈u〉 = 1
N

∑N
j uj for u ∈ RN is the empirical averaging operator.

Line 5 of AMP estimates σ2
k from (2.7). It has been suggested that τk = ‖zk‖2

2/n

is used, although other possibilities exist [42]. AMP’s σ2
k estimate is not necessary

for state evolution to occur; its role is as a parameter for the function g(rk; τk) in

line 6. For instance, τk can be used to automatically tune parameters of g(rk; τk):

see Section 2.6.1. Since, by (2.7), rk behaves as a noisy version of the ground truth,

g(rk; τk) is often referred to as a “denoiser” [44]. The particular choice of g(rk; τk)

depends on the model of x0. One possibility for g(rk; τk) is the proximal operator

associated with a penalty function f(x), which is defined as

g(rk; τk) = argmin
x∈CN

1

2
‖rk − x‖2

2 + f(x), (2.8)

although, as discussed in Section 2.6.2, is not necessarily constrained to functions of

this form. AMP that denoises with (2.8) has fixed point

min
x

1

2
‖y −Φx‖2

2 + f(x). (2.9)

For instance, AMP was originally proposed with soft thresholding as the denoiser,

g(rk; τk) = Cη(CTrk;λ), to solve the (`1) problem (2.5).

Given x0, it is possible to recursively predict the σk from AMP’s state evolution

(2.7):

σ2
k+1 = σ2

ε +
1

n
E[‖g(x0 +N (0N ;σ2

k1N); τk)− x0‖2
2]. (2.10)

This is a valuable tool for analysis as it can be used to predict AMP’s performance

without actually running the algorithm. For example, for the noiseless (`1) problem,

(2.4) with ε = 0, it was shown in [12] using (2.10) that for a particular τk-dependent

soft threshold, AMP coverges to the sparsest solutions in exactly the same cases as
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predicted for LP methods from combinatorial geometry. To see how this works, one

could imagine approximating σ2
k in the limit k →∞ by computing (2.10) for a large

number of iterations and observing when σ2
k → 0, which indicates exact reconstruc-

tion. Eqn. (2.10) has other analytic uses, such as to analyse AMP’s sensitivity to

measurement noise [45].

AMP was originally constructed for real, zero-mean, i.i.d. Gaussian measurements

using a high-dimensional approximation of the “sum-product belief propagation equa-

tions” on a dense bipartite factor graph [46,47]. The sum-product belief propagation

equations involve defining “messages” that are passed along the edges of the factor

graph, hence the terminology “message passing”. A discussion of its derivation would

not inform any aspects of the novel work presented in this thesis, so is not included

here; for a detailed discussion, see [48].

In this thesis we use the term “aliasing”, which is common in the MRI literature, to

refer to the difference between a given estimate and the ground truth. For instance,

the aliasing of rk is rk − x0. Also, when the covariance matrix is proportional to

the identity, as in (2.7), the aliasing and state evolution are referred to as “white”.

AMP’s white state evolution was proven for i.i.d. Gaussian sensing matrices in [49]

and subsequently proven for i.i.d. sub-Gaussian measurements in [50]. It has also

been shown empirically that white state evolution holds for uniformly undersampled

Fourier measurements of an artificial i.i.d. signal [12]. However, for generic Φ, the

behaviour of AMP is not well understood and it has been noted by a number of

authors [14, 51–53] that it can encounter convergence problems, including for the

type of sensing matrices relevent in MRI: see Section 3.7.
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2.5 OAMP and VAMP

The following section introduces the recent Orthogonal AMP (OAMP) [54] and re-

lated Vector Approximate Message Passing (VAMP) [55], alternatives to AMP which

obey a white state evolution for a broader class of measurement matrices Φ.

2.5.1 Description of OAMP and VAMP

Algorithm 3 states the OAMP [54] and VAMP [55] algorithms. Various choices of

the N × n matrix W used in line 5 of Algorithm 3 are possible. For instance,

“Matched-Filter” OAMP uses W = ΦT , while “Linear Minimum Mean-Squared

Error” (LMMSE) OAMP uses

W =
N

Tr[ΦT (u1n + vΦΦT )−1Φ]
ΦT (u1n + vΦΦT )−1 (2.11)

for u, v ∈ R+. Lines 3-4 of Algorithm 3 with W set to (2.11) are equivalent to a

Bayesian MMSE estimate where both the likelihood and prior are Gaussian [55].

VAMP [55] is a version of LMMSE-OAMP where u = σ2
ε and v takes the iteration-

dependent value v = τ̃k, where τ̃k is an estimate of ‖r̃k−x0‖2
2/N . VAMP was proposed

independently of OAMP, and was originally presented in a different form, but has

since been shown to be equivalent to LMMSE-OAMP: see [56]. Although LMMSE

OAMP and VAMP require the additional computation of a matrix inverse, the per-

iteration complexity can be reduced to that of AMP after an initial Singular Value

Decomposition (SVD) of Φ: see Algorithm 2 of [55]. It has also been suggested to use

the Conjugate Gradient method to approximate Wzk [57], which does not require

the computation of an SVD or an explicit matrix inverse.

The ck update in line 8 of Algorithm 3 is ck = 1/(1 − αk) for VAMP, while for

OAMP it is recognised that state evolution holds or fails irrespective of the choice of

ck. For instance, [54] uses both ck = 1/(1 − αk) and three arbitrary chosen values

14



Algorithm 3 OAMP [54] and VAMP [55]

Require: Measurements y ∈ Rn, measurement matrix Φ ∈ Rn×N , denoiser
g(r; τ), choice of W ∈ RN×n e.g. W = ΦT and number of iterations
Kit.

1: Set r̃0 = 0N
2: for k = 0, 1, . . . , Kit − 1 do
3: zk = y −Φr̃k
4: rk = r̃k +Wzk
5: Update τk, e.g. τk = ‖zk‖2

2/n
6: x̂k = g(rk; τk)
7: αk = 〈g′(rk; τk)〉
8: Update ck, e.g. ck = 1/(1− αk)
9: r̃k+1 = ck · (x̂k − αkrk)

10: end for
11: return x̂k

ck = 1, 2, 3, while in [58], Stein’s Unbiased Risk Estimate (SURE) [16] was used to

select a ck update that approximately minimises the MSE of r̃k. SURE is described

in detail in Section 2.6.1.

2.5.2 Sensing matrix conditions for state evolution

Let the SVD of the sensing matrix be Φ = USV T . It was proven in [55] that when U

is an arbitrary real left-singular matrix, S is a real but otherwise arbitrary diagonal

matrix of singular values, and V is a random matrix drawn from the group of orthog-

onal matrices, VAMP obeys a white state evolution. The term “right-orthogonally

invariant” is used to decribe such a Φ, as the right-multiplication of an orthogo-

nal matrix does not change its distribution. Shortly after the publication of [55],

a similar result for the complex case, right-unitarily invariant sensing matrices, was

proven in [56]. The class of right-unitarily invariant matrices is considerably broader

than AMP’s i.i.d. sub-Gaussian condition, which constrains U and V to random

orthogonal matrices and a particular distribution on the singular values S [55].

15



2.5.3 Intuition for the form of OAMP

The relationship between Matched-Filter OAMP, Algorithm 3 with W = ΦT , and

ISTA, Algorithm 1, can be seen by considering lines 6-9 of OAMP as a single function:

g̃(rk; τk) = ck · (g(rk; τk)− αkrk). (2.12)

Then OAMP is equivalent to ISTA with g̃(rk; τk) in place of the usual sparse-domain

soft thresholding. Now recall that the difference between ISTA and AMP, Algo-

rithm 2, is the Onsager correction, the final term in line 3 of AMP. An instructive

question is the following: if OAMP were to have an AMP-style Onsager correction,

N
n
zk 〈g̃′(rk; τk)〉, what would it be? Differentiating and averaging (2.12) and using

αk = 〈g′(rk; τk)〉,

〈g̃′(rk; τk)〉 = ck ·
〈
g′(rk; τk)− 〈g′(rk; τk)〉 −

1

N

N∑
j=1

∂g′(rk; τk)

∂rj
rj

〉
= −ck

N
g′′(rk; τk)

Trk.

For the particular case where g(rk; τk) is the soft thresholding function, g′′(rk; τk) =

0N , and

〈g̃′(rk; τk)〉 = 0. (2.13)

AMP’s Onsager correction would therefore be zero. OAMP can therefore be under-

stood as a version of AMP where the denoiser has been modified in such a way that

the usual measurement-domain Onsager correction is zero. In other words, the AMP-

style Onsager correction in the domain of y, implemented in line 3 of Algorithm 2, is

relocated in OAMP to the domain of x0, implemented in lines 7-9 of Algorithm 3.

The term “divergence-free” is used to describe a function that satisfies (2.13) [54].

Any divergence-free function can be employed in place of lines 6-9 of Algorithm 3; it
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is not required to take the form of (2.12). For functions of the form of (2.12), any ck

is consistent with the divergence-free condition (2.13), so, as stated in Section 2.5.1,

state evolution holds or fails irrespective of the ck update in line 8 of Algorithm 3.

2.6 Leveraging state evolution

Section 2.4 described how state evolution can be used to choose thresholds for the

noiseless (`1) problem. This section focuses on other practical advantages of state

evolution in the σε ≥ 0 case, which play a central role in the novel contributions of

this thesis.

2.6.1 AMP with Stein’s Unbiased Risk Estimate

Selecting appropriate regularisation parameters is a notable challenge in real-world

compressed sensing applications. This section decribes how AMP, OAMP or VAMP’s

state evolution can be leveraged to efficiently tune model parameters on-the-fly using

Stein’s Unbiased Risk Estimate (SURE) [13–16].

Consider a real vector v0 ∈ RNv corrupted by white Gaussian noise: v = v0 +

N (0Nv , τv1Nv). Let d(v; τk) = v+h(v; τk) be a weakly differentiable estimator of v0.

SURE [16] is defined as

SURE(d(v; τk)) = ‖h(v; τv)‖2
2 +Nvτv[2 〈d′(v; τk)〉 − 1]. (2.14)

SURE is of interest to denoising problems because it is an unbiased estimate of the

risk [16],

E{SURE(d(v; τk))} = E{‖d(v; τk)− v0‖2
2},

where E{·} denotes the expectation over the random noise. Therefore, for large Nv,

(2.14) can be used as a proxy for the true risk without requiring the ground truth.
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For algorithms that obey state evolution, it is possible to tune parameters of

g(rk; τk) so that SURE is minimised, and g(rk; τk) is approximately MSE-optimal

[13,14]. Concretely, a denoiser g(rk; τk,Θ), where Θ ∈ RNp is a parameter vector, is

SURE-optimal and therefore approximately MSE-optimal when

Θ∗ = arg min
Θ

SURE(g(rk; τk,Θ)) ≈ arg min
Θ

‖g(rk; τk,Θ)− x0‖2
2

is employed.

State evolution in conjunction with SURE yields an algorithm where all denoising

parameters are automatically tuned on-the-fly, with approximately MSE-optimal de-

noising employed at every iteration. This is discussed in further detail in the context

of the proposed novel algorithm in Section 4.2.3.

2.6.2 Denoising-AMP

Images have a rich structure beyond purely sparsity, and there has been considerable

work on developing more sophisticated image models for reconstruction, such as block-

sparsity [59], wavelet-tree sparsity [60] and non-local self-similarity [61, 62]. This

section describes how the AMP framework offers a natural bridge between compressed

sensing and the extensive literature on image denoising, where state-of-the-art image

models have been developed.

Methods that replace one step of an iterative reconstruction method with a generic

denoiser are referred to as Plug and Play (P&P) algorithms [17,63–66]. Throughout

this thesis, following [44], the prefix “Denoising” is used to refer to any such algorithm.

For instance, AMP with a denoiser in place of soft thresholding, as proposed in [44],

is referred to as Denoising-AMP (D-AMP).

The D-AMP, Denoising-OAMP (D-OAMP) [58] and Denoising-VAMP (D-VAMP)

[67] algorithms exploit the observation that the goal of estimating x0 from a vector
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rk that obeys state evolution, (2.7), is exactly the white Gaussian image denoising

problem [43]. These algorithms propose drawing from one of the wealth of sophisti-

cated image denoisers already available, such as Block-Matching 3D (BM3D) [68,69],

and using them as the denoiser g(rk; τk). AMP with BM3D denoising was found to

offer state-of-the-art reconstruction accuracy for i.i.d. Gaussian sampled images at

the time [44].

Given sufficient representative training data, hand-designed denoisers such as

BM3D can be outperformed by convolutional neural networks (CNNs) [2, 70, 71]. D-

AMP with a denoising neural network based on the architecture from [2] was proposed

in [72], which was found to outperform BM3D-AMP both in terms of reconstruction

error and compute time. Deep learning is discussed in more detail in the context of

MRI reconstruction in Section 3.6.

Since the denoiser in P&P methods is not necessarily a proximal operator, the

usual convergence guarantees [39] may not apply, and their fixed points may not

coincide with the minimum of a known cost function of the form stated in (2.9).

In general it is unclear what such methods will converge to, if at all, and how this

depends on the choice of denoiser. Some theoretical progress has been made on the

convergence of P&P methods. For instance, in [64], it was shown that if the denoiser

g(x) is non-expansive, ‖g(x1)− g(x2)‖ ≤ ‖x1 − x2‖ for all x1 and x2, and is a sub-

gradient of some convex function, D-ADMM [63] will converge. It was shown in [73]

that although these conditions are often not met in practice, a careful update of the

algorithm parameters can ensure convergence for generic denoiser.

The D-AMP framework offers an instructive perspective on the value of state

evolution: AMP essentially recasts compressed sensing reconstruction as a series of

Gaussian denoising problems, where the Gaussian “effective noise” at every iteration

has zero mean and approximately known variance. In other words, roughly speaking,

how well one can reconstruct a signal depends on how well one can denoise a Gaussian-
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corrupted version of it.

2.7 Summary

Compressed sensing provides a framework for reconstructing compressible signals

from underdetermined measurements. The focus of this thesis is on the AMP al-

gorithm, which efficiently reconstructs signals that have been sampled with large

i.i.d. sub-Gaussian sensing matrices. AMP obeys a white state evolution, (2.7) and

(2.10), which guarantees that the aliasing of the intermediate estimate rk obeys a

zero-mean Gaussian distribution that can be fully characterized by a scalar standard

deviation σk.

The key practical benefit of state evolution is that it can be used to guide the

denoiser g(rk; τk). Using SURE, denoising parameters can be automatically tuned

to near-optimality on-the-fly. Furthermore, state evolution offers a bridge between

compressed sensing and the image denoising literature, allowing for richer signal mod-

elling and a natural way to incorporate the statistical modelling capabilities of neural

networks.

A widely acknowledged limitation of AMP is that when the sensing matrix deviates

from its i.i.d. sub-Gaussian assumption, state evolution often fails and the algorithm

does not perform well in practice. OAMP and VAMP are recent alternatives to

AMP that preserve state evolution for a wider class of sensing matrices. However,

as discussed in the following chapter, neither these algorithms nor prior attempts

to modify them [74–77] successfully preserve state evolution for the type of sensing

matrices seen in MRI. This motivates the primary goal of this thesis: to develop an

algorithm for compressed sensing MRI that obeys state evolution.
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Chapter 3

Compressed Sensing for

Accelerated MRI

This chapter describes the data acquisition process in MRI, motivates the application

of compressed sensing, and discusses prior work on AMP for MRI.

3.1 Data acquisition in MRI

The signal in MRI acquisitions is generated by the magnetisation of atomic nuclei,

primarily protons from hydrogen atoms. Microscopically, nuclear magnetisation is

best described by quantum mechanics [78]. However, for systems with many nuclei,

most phoneomena can adequately be described with classical mechanics [79]. This

thesis considers the classical description only.

A strong, static magnetic field B0 causes the protons to have an net magnetic

moment that tends to align with B0. The protons precess at the Larmor frequency,

ω0 = γB0,

where γ = 42.6 MHzT−1 is the gyromagnetic ratio of a proton [80]. Precession causes
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a changing magnetic flux which is detected by one or more receiver coils that are

tuned to the Larmor frequency. To generate magnetisation in the direction orthog-

onal to B0, known as “transverse magnetisation”, radio waves tuned to ω0 resonate

with and excite the protons, tipping the magnetisation’s direction. Over time, the

magnetisation relaxes, returning in line with B0. The evolution of the magnetisation

over time depends on magnetic properties that are tissue-specific. This is the origin

of contrast in MRI.

The magnetisation’s evolution over time is mathematically governed by the Bloch

equations [81], which depend on two decay constants: T1, which models the time for

the magnetisation to realign with B0, and T2, which models the transverse relaxation

time. The transverse relaxation T2 depends on the decoherence of spins, and is shorter

than T1 in general. Crucially for the clinical value of MRI, T1 and T2 are sensitive

to a number of pathologies, as described in, for instance, [82–87]. The duration and

timing of the radiofrequency pulses can be engineered so that the contrast is sensitive

to T1 or T2, depending on the application.

The spatial origin of protons are encoded with additional magnetic fields that vary

linearly in space, referred to as “gradient fields” [88], which manipulate the frequency

of precession. Let the transverse magnetisation be denoted with X0(u), where u

is a position vector. The precessing magnetisation has both magnitude and phase,

so is represented as a complex number. The gradient field q(t) causes the Larmor

frequency to vary in space and time,

ω(u, t) = γ(B0 + q(t)Tu),

which implies that the phase at position u, time t is [11]

φ(u, t) = 2πγ

∫ t

0

q(t′)Tudt′,
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where t = 0 is the time at excitation. The received signal is formed by an integration

over the volume [89],

Y (t) =

∫
X0(u) exp(−2πγik(t)Tu)du+ ε(t), (3.1)

where

k(t) =

∫ t

0

q(t′)dt′

and ε(t) is the measurement noise, which is primarily due to thermal effects in the

subject and reciever coils [90]. The choice of gradient fields q(t) and the time-

dependent resonanting radiofrequency pulses are collectively referred to as a “pulse

sequence” [91].

The signal Y (t) is a sample of the Fourier transform of X0(u) along a readout

curve defined by the gradient field q(t). The data sampling process in MRI consists of

traversing a series of 1D readout curves in the Fourier domain. The Fourier-domain

representation of the image is known in the MRI literature as “k-space”, and the

1D readout curves are often referred to as “sampling trajectories”. Common choices

for k-space sampling trajectories are discussed in Section 3.4. The speed at which

it is possible to traverse k-space is limited by the scanner’s gradient specifications,

in particular the maximum gradient amplitude and maximum slew-rate. Addition-

ally, excessively high amplitude gradients and gradient switching are limited for the

patient’s safety to prevent peripheral nerve stimulation [6].

The signal is acquired by an array of reciever coils that are placed around the

region of anatomy of interest. The coils are more sensitive to regions that are physi-

cally closest to it, and its sensitivity gradually decays with increasing distance. This

can be modelled by weighting (3.1) by the complex, spatially-dependent sensitivity
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of the cth coil, Sc(u):

Yc(t) =

∫
Sc(u)X0(u) exp(−2πγik(t)Tu)du+ εc(t), c = {1, 2, . . . , Nc} (3.2)

which corresponds to a sample of the Fourier transform of the coil-weighted image

Sc(u)X0(u). Reciever coils are discussed further in Section 3.2.2.

3.2 Discrete measurement models

Discretisation in MRI consists of representing the transverse magnetisation X0(u)

with a vector x0 ∈ CN , where each entry of x0 represents a voxel [92]. The indices

of regions of k-space that have been sampled by a readout curve form a sampling set

Ω, with |Ω| = n for n ≤ N . The number of sampled voxels is n = nread ·nsamp, where

nread is the number of read-outs and nsamp is the number of samples per readout,

and N = Nx · Ny · Nz is the total number of voxels, where Nx, Ny and Nz denote

the number of voxels in each spatial dimension. This thesis considers two discrete

measurement models: single-coil, based on (3.1), which is the subject of Chapter

4, and multi-coil, based on (3.2), which is the subject of Chapters 5 and 6. Both

measurement models assume that k-space has been sampled on a Cartesian grid: see

Section 3.4 for a discussion of non-Cartesian sampling.

3.2.1 Single-coil measurements

The discretised single-coil measurement model (3.1) is

y = MΩ(Fx0 + ε), (3.3)

where F is a multi-dimensional discrete Fourier transform and MΩ ∈ RN×N is a diag-

onal undersampling mask with 1 on the jth diagonal entry if j ∈ Ω and 0 otherwise,
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so that yj = 0 for k-space that is not sampled. The measurement noise is typically

assumed to follow a white complex Gaussian distribution, ε v CN (0N , σ
2
ε1N), where

CN (µ,Σ2) denotes the complex distribution with independent real and imaginary

parts that are Gaussian distributed with mean µ and covariance matrix Σ2/2.

It is rarely accurate to model actual MRI receiver coils with S1(z) = 1 in practice.

However, methods developed for solving (3.3) can usually be extended to non-trivial

S1(z) by solving for the coil-weighted image. In other words, by seeking a solution for

xS0 = S1x0 in the forward model y = MΩ(FxS0 + ε), where S1 ∈ CN×N is a diagonal

matrix that represents the sensitivity profile [93]. While the single-coil algorithm

developed in Chapter 4 focuses on (3.3), we emphasise that it could also be applied

in the context of a non-trivial S1(z).

3.2.2 Multi-coil measurements

Multi-coil measurements refer to measurements with multiple non-trivial coil sensi-

tivity profiles modelled with (3.2). The discretised data on coil c is

yc = MΩ(FScx0 + εc), c = {1, 2, . . . , Nc}, (3.4)

where Sc ∈ CN×N is the cth sensitivity profile. Alternatively, (3.4) can be expressed

by concatenating the per-coil vectors, so that

y = Ex0 + ε (3.5)
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where

y =



y1

y2

...

yNc


, E =



MΩFS1

MΩFS2

...

MΩFSNc


, ε =



MΩε1

MΩε2

...

MΩεNc


.

The measurement noise ε correlates across coils, so is not i.i.d. in general. We denote

the measurement noise covariance with Σ2
ε, so that ε v CN (0N ,Σ

2
ε). The covariance

Σ2
ε can be estimated empirically by time-averaging data acquired from an empty

scanner [94].

The Sc depend on the coil geometry, coil positioning, and magnetic properties

of the anatomy, and are unknown a priori. A common approach [1, 95, 96], and the

approach used throughout this thesis, is to firstly estimate the coil sensitivities, and

subsequently employ them as part of a separate reconstruction algorithm.

The total number of data acquired according to (3.4) is nNc, so the measurements

are only under-determined when n/N < 1/Nc. It therefore can be possible reconstruct

x0 in the n/N < 1 realm, even without the tools of compressed sensing. However,

since the coil sensitivities are not orthogonal in practice, parallel imaging inverse

problems may be highly ill-conditioned. Approaches that reconstruct images from

n/N < 1 multi-coil measurements are referred to in the MRI literature as “parallel

imaging” methods [97,98].

A number of algorithms have been proposed for parallel imaging, the most com-

mon of which include SENSitivity Encoding (SENSE) [95,96], SiMultaneous Acquisi-

tion of Spatial Harmonics (SMASH), GeneRalized Autocalibrating Partially Parallel

Acquisitions (GRAPPA) [99], and iterative Self-consistent Parallel Imaging Recon-

sTruction (SPIRiT) [100]. SENSE is among the oldest and most widely used, and

involves Sc estimation via a series of low-resolution pre-scans acquired separately for
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each coil. Reconstruction is then typically performed by solving the least squares

problem [95,101]

x̂SENSE = arg min
x

∥∥Σ−1
ε (y −Ex)

∥∥2

2
,

or possibly with a regularisation term [102–104].

The primary disadvantage of SENSE is that the pre-scans are reasonably time-

consuming, so are vulnerable to motion artefacts causes by patient movement between

the start of the pre-scans and the high resolution acquisition. The more recent Eigen-

value SPIRiT (ESPIRiT) [1] offers an alternative to coil sensitivity estimation that

does not require a pre-scan. ESPIRiT estimates the Sc using a fully-sampled central

region of k-space, known as the “autocalibration region”, from the high-resolution

acquisition. The need for an autocalibration region imposes a constraint on the

sampling pattern: j ∈ Ω for all j in a central region of k-space, which is typically

24× 24. Fig. 3.1 shows 6 of the Nc = 16 coil-weighted images using sensitivity maps

estimated with ESPIRiT for a brain dataset via a 24× 24 central autocalibration re-

gion calculated using the Berkeley Advanced Reconstruction Toolbox (BART)1 [105].

Throughout this thesis we follow the ESPIRiT convention that the coil sensitivities

are normalised as
∑Nc

c SHc Sc = 1N , computed via Sc = (
∑Nc

c′ S̃
H
c′ S̃c′)

−1/2S̃c, where

S̃c is the cth unnormalised coil.

Many iterative algorithms for parallel MRI apply the Fast Fourier Transform

(FFT) once per coil, so have computational complexity O(NcN logN). To speed up

the algorithm, the poor conditioning of the parallel inverse problem can be exploited

to perform dimensionality reduction, reducing the effective Nc. In the MRI literature,

this procedure is referred to as “coil compression” [106–108], and the transformed

coils are referred to as “virtual” coils. Throughout this thesis, coil compression is

performed by Principle Component Analysis (PCA), as in [109], via the BART toolbox

1available from https://mrirecon.github.io/bart/
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(a) S1x0 (b) S2x0 (c) S3x0

(d) S4x0 (e) S5x0 (f) S6x0

Figure 3.1: The magnitude of six of the Nc = 16 coil-weighted images from fully
sampled brain k-space data, where the sensitivity maps are calculated by ESPIRiT [1]
from a 24 × 24 central autocalibration region. Throughout this thesis, whenever a
complex vector is visualised, the magnitude is shown.

[105]. For notational simplicity, whenever coil compression is performed, the new data

and virtual coils are denoted in this work with the same notation as the raw data and

coils (yc and Sc respectively), and the number of original coils and virtual coils are

stated explicitly in the text.

3.3 Accelerating MRI with compressed sensing

A major disadvantage of MRI is that the hardware and physiological limitations on the

gradient fields q(t) imply that the data acquisition process is inherently slow, which

can affect image quality. For instance, motion artefacts may arise due to respiration
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[110] or cardiac motion [111]. Further, long scan times limits throughput, increasing

costs and reducing the numer of patients for which the modality is available [112].

Acquisition time can be reduced by using fewer readout curves, so that n < N .

MRI is a prominent success of compressed sensing [9,113–116]. As discussed in Section

3.2.2, while single-coil measurements with n/N < 1 is an ill-posed problem, the multi-

coil problem may only be ill-conditioned. Nonetheless, it is well known that multicoil

reconstruction benefits from the random sampling and regularised optimisation de-

veloped for compressed sensing, accommodating further acceleration [117, 118]. The

application of compressed sensing to MRI is well motivated for the following reasons:

� Sampling can be randomised. Compressed sensing recovery guarantees

depend on certain deterministic properties of the sensing matrix, such as the

RIP described in Section 2.3, which is known to hold for many classes of random

matrices. This is well-suited to MRI: other than the constraint of smooth 1D

trajectories, the choice of MRI sampling pattern can be freely engineered, so

can be randomised. For MRI in practice the RIP motivates random sampling,

without being explicitly calculated.

� MR images are compressible. Fig. 3.2b shows the wavelet coefficients of

the brain from Fig. 3.2a for an order 4 Daubechies wavelet at 4 decomposi-

tion scales, a large proportion of which are near-zero. As well as transforms

such as wavelets that compress most images of interest, there are often also

further application-specific redundancies that can be exploited. For instance,

in dynamic MRI, where acquisitions are taken at a series of time frames, many

voxels remain the same, or change slowly, so a voxel-wise temporal Fourier

transform increases sparsity [119,120].

The problem size in MRI can be very large. For instance, the 3D multi-coil brain

angiography datasets used in Chapter 5 are comprised ofN v 109 complex datapoints.
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(a) Reference image, x0. (b) Wavelet domain, Ψx0. (c) Single-coil k-space, Fx0.

Figure 3.2: The sparse wavelet representation and non-uniform spectral density of a
brain MR image, where Ψ is an order 4 Daubechies wavelet at 4 decomposition scales.
Here, and throughout this thesis, all representations of k-space have low frequencies
at the centre.

Computational efficiency and scalability is therefore a key consideration for algorithm

design. The complexity of many iterative compressed sensing algorithms such as

ISTA, Algorithm 1, is governed by the action of the sensing matrix and its transpose

on a vector. For MRI in practice, the sensing matrix is never stored in memory,

rather, the O(N logN) complexity Fast Fourier Transform (FFT) is employed. This

is key to the computational feasibility of compressed sensing MRI reconstruction.

3.4 Sampling schemes

Images of interest typically have a highly non-uniform spectral density that is concen-

trated at low frequencies, as illustrated in Fig. 3.2c, which shows the Fourier trans-

form of the brain from Fig. 3.2a. Accordingly, it is well-known that better image

restoration is possible if the sampling set Ω is generated with variable density, so that

there is a higher probability of sampling low frequencies. A variety of variable den-

sity sampling schemes for Fourier sampled images have been suggested [9, 121–125],

including some with recovery guarantees [126, 127]. The focus of this thesis is on

the reconstruction algorithm, not on the particular choice of sampling scheme. We
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(a) Rows. (b) Radial. (c) Spiral.

Figure 3.3: Illustrations of 2D k-space sampling schemes.

therefore use sampling schemes that are known to work reasonably well in practice,

without claiming that they are necessarily the best choice.

For 2D acquisitions, common sampling schemes include: (a) fully sampled rows

or columns of k-space, (b) radial trajectories and (c) spiral trajectories. An example

of each of these types is illustrated in Fig. 3.3. The sampling pattern is referred to

as Cartesian when the sampling locations lie on a Cartesian grid. For non-Cartesian

sampling strategies, the data is usually projected on to a Cartesian grid with an

appropriate weighting, known as a “density compensation” factor [101,128].

For 3D sampling, the additional spatial degree of freedom implies there is more

flexibility in the sampling pattern design. The simplest possibility is to do a series

of 2D acquisitions with slice-selective gradients, using, for instance, one of the sam-

pling patterns from Fig. 3.3. Alternatively, it is possible to do fully 3D acquisition.

One possible 3D acquisition would be to fully sample in one direction. An advan-

tage of this approach is that a 1D inverse Fourier transform can be applied in the

readout direction, so that the 3D k-space is spatially decomposed in to a series of

2D sub-problems with identical sampling sets Ω. This is commonly done to reduce

the memory requirements of 3D reconstruction tasks [9, 125]. In this case, the Ω of

each 2D sub-problem can be entirely arbitrary, and are not constrained to smooth
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trajectories.

This thesis considers considers two types of unconstrained k-space sampling schemes.

Firstly, we consider a sampling set Ω with elements drawn independently from a

Bernoulli distribution with generic non-uniform probability, which we term “Bernoulli

sampling”. Secondly, for the multi-coil algorithms in Chapters 5 and 6, we also employ

the widely used variable density “Poisson disc sampling” [125,129], which constrains

the sampling set to a minimum distance that varies as function of the position in k-

space. Poisson disc sampling is motivated by the desire to improve the conditioning

of the multi-coil sensing matrix, and is widely known to offer improved reconstruc-

tion quality compared with Bernoulli sampling [111, 125, 130–133]. An example of

a variable density distribution Bernoulli sampling and Poisson disc sampling for a

256 × 256 k-space at N/n = 10 is shown in Fig. 3.4, which includes a fully sampled

24 × 24 central autocalibration region. Also shown is the expectation of the masks,

P = EΩ{MΩ}. All Poisson disc masks in this thesis were generated using code from

the ESPIRiT package2, which is based on the algorithm presented in [129].

Frequently in this thesis, we consider reconstruction problems with two spatial

dimensions where the sampling set Ω is Bernoulli or Poisson disc, but emphasise

that for actual, prospectively undersampled data this would be a single slice of a 3D

problem with a fully sampled direction. This thesis does not consider data that have

not been fully sampled in one direction, such as 3D radial [134] or 3D cones [135],

nor to purely 2D acquisitions.

2downloaded from https://people.eecs.berkeley.edu/~mlustig/Software.html
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(a) Bernoulli sampling MΩ. (b) Poisson disc sampling MΩ. (c) Variable density probability
P = EΩ{MΩ}.

Figure 3.4: Variable density Bernoulli and Poisson disc sampling schemes for N/n =
10 sampling of a 256×256 k-space, with a 24×24 fully sampled central autocalibration
region. The sampling masks in figures 3.4a and 3.4b are represented with a white
pixel when j ∈ Ω and black otherwise.

3.5 Image modelling

Given measurements y acquired with sampling set Ω, reconstruction is usually per-

formed by seeking a solution of the optimisation problem

min
x

1

2
‖y −MΩFx‖2

2 + f(x)

for single-coil measurements or

min
x

1

2

Nc∑
c=1

‖yc −MΩFScx‖2
2 + f(x)

for multi-coil measurements, where f(x) is the image model. Numerous models,

many of which are application-specific, have been proposed. Motivated by the theory

of compressed sensing, it is common to seek a sparse solution via an `1 penalty with a

hand-selected sparse basis. For instance, a common penalty is f(x) = λ‖Ψx‖1, where

Ψ is a wavelet transform. A number of variations of sparse models exist, including

patch-based sparsity [136] and convolutional sparse encoding [137,138]. Compressed
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sensing with dictionary learning [139] has been applied to MRI [140], as well a low

rank [141,142] and low rank plus sparse methods [143,144].

3.6 Deep learning for MRI reconstruction

In recent years there has been significant research interest in MRI reconstruction

algorithms that leverage the statistical modelling capabilities of neural networks [17,

145–155]. This section briefly introduces neural networks and reviews some of the

ways they have been used to reconstruct MRI data.

3.6.1 Convolutional neural networks

A single layer of an artificial neural network acting on an input vector v consists of

weights W , biases b and a nonlinear activation function σ(·). The output of the lth

layer is

dl(v) = W lσl(v) + bl.

A multi-layer neural network consists of a series of single layers,

û(v) = dnl
(dnl−1(. . .d2(d1(v)) . . .))

where û(v) is the output of the neural network and nl is the number of layers. Given

training points vi with associated labels ui, training consists of minimising a non-

convex loss function
∑

i L(ui, û(vi)) with respect to the weights and biases (and

activation functions, if parametrised). Network training is usually performed using

Stochastic Gradient Descent (SGD) [156], or a variation of SGD such as AdaGrad

[157] or Adam [158].

A convolutional neural network (CNN) is a subclass of neural networks where
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the W l are primarily convolutions [159]. Since convolutional W ls are defined by

the kernel only, CNNs greatly reduce the computational burden of neural network

computations, and are widely used for imaging tasks [160].

3.6.2 Approaches to MRI reconstruction with deep learning

A variety of approaches to MRI reconstruction with CNNs have been proposed [2,

161,162]. They can roughly be divided in to:

1. P&P algorithms, as introduced in the context of AMP in Section 2.6.2, which

replace one step of a compressed sensing algorithm with a denoiser [17,145,146],

such as the denoising CNN described in Section 3.6.3.

2. ‘Unrolled’ algorithms, which use a network architecture based on the struc-

ture of a compressed sensing algorithm [147–150].

3. ‘Black box’ mapping, which learns the entire mapping between k-space and

the image output, without being based on a compressed sensing algorithm [151–

155].

The focus of Chapter 6 is on developing a P&P method for MRI with a CNN

denoiser. To our knowledge, [145] and [17] are the only published works that apply

a P&P algorithm with a CNN denoiser to MRI reconstruction. Both of these works

used D-ADMM, originally proposed in [63]. Since the per-iteration aliasing of ADMM

is not known, the network was trained to denoise images corrupted by white, complex

Gaussian noise as a proxy for the true aliasing. This is a technical limitation of D-

ADMM; there is a substantial mismatch between the aliasing the network is trained

to denoise and the actual aliasing of the input to the denoiser. Nonetheless, D-

ADMM was shown to offer performance improvements in comparison to a number of

algorithms that do not employ deep learning, and similarly to a black box method
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Figure 3.5: The network architecture of Denoising CNN (DnCNN). Figure from [2].

based on a U-Net architecture [163]. It was shown in [17] that P&P methods are more

robust to variations in undersampling factors than the comparative U-Net. That they

are not constructed for a specific k-space undersampling schemes is a key advantage

of P&P methods over unrolled and black box methods.

3.6.3 Denoising CNN

The neural network architecture employed in many P&P methods, including [17, 72]

and the method proposed in Chapter 6, is based on the Denoising CNN (DnCNN)

from [2]. DnCNN, illustrated in Fig. 3.5, consists of three sections:

1. The first layer, illustrated with a yellow rectangle, consists of 64 filters of size

3 × 3 × c, where c is the number of input channels, followed by the Rectified

Linear Unit (ReLU) nonlinearity, which acts entry-wise as σ(xj) = max(0, xj).

2. The second type of layer, illustated with a blue rectangle, consists of 64 filters

of size 3× 3× 64, followed by batch normalisation [164] and ReLU. This layer

is repeated nd − 2 times, where nd is the network depth.

3. The final layer, illustrated with an orange rectangle, consists of c filters of size

3× 3× 64.

DnCNN uses “residual learning” [165], where the network learns the difference be-

tween the input and the ground truth. A considerable body of work exists ( [166–168],

for instance) that demonstrates the benefit of residual learning for deep networks.
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3.7 Survey of AMP for MRI

As discussed in Section 2.4, AMP’s state evolution is only guaranteed for i.i.d. sub-

Gaussian measurement, while OAMP and VAMP’s state evolution is guaranteed for

right-unitarily invariant matrices. Sensing matrices comprised of random Fourier

samples are not a member of this class, so there are no theoretical guarantees in the

context of MRI. In [12], empirical evidence was presented that AMP’s state evolution

holds for uniformly random (i.e. non-variable density) Fourier samples of an artificial

1D sparse signal, without proof.

To our knowledge, there are three papers and one conference proceeding on AMP-

based methods for variable density Fourier sampled images that were published prior

to the development of the methods in this thesis, which are summarised here.

3.7.1 Location Constrained AMP

Location Constrained AMP (LCAMP) [74] is a version of AMP that uses presumed

knowledge of the support set of the sparse representation of x0. They propose to

replace the soft thresholding step with the application of a mask applied in the wavelet

domain, so that the denoiser is g(rk; τk) = ΨHMSΨrk, where Ψ is an orthogonal

wavelet transform. Here, S ⊆ {1, . . . , N} is a presumed support set and MS is a

diagonal mask with nonzeroes indexed by S. A clear issue with this work is the

selection of S. Even if S was known a priori, it would be possible to reconstruct the

image directly via the sensing matrix pseudo-inverse; an iterative algorithm would

not be required.

3.7.2 Dynamic Compressed Sensing AMP

In [75], a version of AMP modified for dynamic signals was proposed, with a signal

model that assumes the support varies slowly in time and the non-zeros vary smoothly.
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The algorithm was evaluated on a series of 10 acquisitions of the larynx, as in [169],

and was found to perform competitively with the method proposed in [170].

3.7.3 BM3D-AMP-MRI

BM3D-AMP-MRI [76] is a version of D-AMP [44], as discussed in Section 2.6.2, that

uses the Block-Matching 3D (BM3D) denoiser [68,171]. This algorithm is a modifica-

tion of the BM3D-AMP algorithm previously proposed for i.i.d. Gaussian measure-

ments in [69]. The authors compared BM3D-AMP-MRI with a number of state-of-the-

art compressed sensing MRI algorithms, and demonstrate competitive performance.

BM3D-AMP consistently outperforms the “BM3D-IT” algorithm, where the Onsager

correction term is omitted, although state-evolution does not occur, so it is unclear

why exactly the Onsager correction was beneficial for reconstruction quality.

3.7.4 VAMP for Image Recovery (VAMPire)

VAMP for Image Recovery (VAMPire) [77] is an adaption of VAMP, Algorithm 3,

for variable density Fourier sampled images. VAMPire uses wavelets to decompose

the effective noise in to frequency bands that are subsequently “whitened” by a pre-

selected prediction of the per-subband energy, so that measurements are written as

y = MΩ(FR1/2s+ ε)

where R ∈ RN×N is an estimate of x0x
H
0 , which is approximated in the wavelet

domain, and s ∈ RN is the whitened signal. It was found that adapting the algorithm

in this way improves the convergence properties of VAMP, although it is not claimed

that a state evolution occurred.
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3.8 Summary

Data acquisition in MRI consists of traversing a series of 1D smooth trajectories

through k-space, which is an inherently slow process. Since sampling can be ran-

domised, and signals of interest are typically compressible, MRI is a natural applica-

tion and prominent success of compressed sensing.

Despite performing well for certain abstract compressed sensing problems, the

literature on AMP for MRI is limited. The key shortcoming of each of the AMP-

based methods described in Section 3.7 is that they do not obey a state evolution, so

do not benefit from the advantages discussed in Section 2.6.

The objective of this thesis is to develop an algorithm that obeys a state evolu-

tion for MRI measurements. Chapter 4 presents the Variable Density Approximate

Message Passing (VDAMP) algorithm for the single-coil measurement model, (3.3).

This framework is extended to the multi-coil measurement model (3.4) in Chapter 5,

and in Chapter 6, we present a P&P version of VDAMP with a CNN denoiser.
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Chapter 4

Single-coil VDAMP

This chapter presents VDAMP for the single-coil measurement model, (3.3). The key

distinguishing feature of VDAMP compared with the methods discussed in Section 3.7

is that, to our knowledge, VDAMP is the first algorithm for variable density Fourier

sampled images that obeys a state evolution1. In the context of wavelet-sparse models,

we demonstrate how VDAMP’s state evolution can be leveraged to automatically tune

sparse weightings to near-optimality on-the-fly using SURE, alleviating the need to

hand-tune model parameters, and converging very quickly to a reconstruction with

competitive error. We find that VDAMP converges in around 15 times fewer iterations

than Fast ISTA (FISTA) [38,179] on average, and typically to a lower or similar mean-

squared-error, even when FISTA is optimally tuned: see Section 4.3.

Throughout this chapter we consider a sampling set Ω with elements drawn in-

dependently from a Bernoulli distribution with generic non-uniform probability, so

that Prob(j ∈ Ω) = pj ∈ [0, 1]. This chapter is based on publications in the IEEE

Open Journal of Signal Processing [172], and in the proceedings of the International

Conference on Image Processing (ICIP) 2020 [173].

1After the publication of VDAMP [172,173], a number of AMP-based algorithms were proposed
for MRI [174–178]. As for the methods described in Section 3.7, none of these proposals obey state
evolution, except for [178], which is based on VDAMP.
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4.1 Coloured aliasing

AMP, OAMP and VAMP assume that the sensing matrix is sufficiently random to

ensure that the aliasing is white. However, when an image is sampled in the Fourier

domain, the aliasing is innately coloured. To see this, consider the estimator

x̃ = FHP−1y, (4.1)

where P = EΩ{MΩ} is a diagonal matrix formed from sampling probabilities pj. Eqn.

(4.1) is a natural initialisation for an AMP-based algorithm because x̃ is unbiased

over the random mask and measurement noise,

EΩ,ε{x̃} = EΩ,ε{FHP−1MΩ(Fx0 + ε)}

= FHP−1PFx0 = x0,

where EΩ{MΩ} = P and Eε{ε} = 0N has been used. The following result derives

the power spectrum of the aliasing of x̃, which is non-uniform in general.

Claim 4.1. The power spectrum of the aliasing of x̃ is

EΩ,ε{|y0 − P−1y|2} = (P−1 − 1N)|y0|2 + σ2
εP
−11N , (4.2)

where y0 = Fx0 and | · | is the entry-wise absolute value.

Proof. Since the entries of y are independent and P−1 is diagonal, we can consider

(4.2) as N distinct one-dimensional expressions. The ith entry of the left-hand-side
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of (4.2) is

Emi,εi

{∣∣∣∣y0,i −
yi
pi

∣∣∣∣2
}

=Emi,εi

{∣∣∣∣y0,i −
mi

pi
(y0,i + εi)

∣∣∣∣2
}

=Emi,εi

{∣∣∣∣(1− mi

pi

)
y0,i −

mi

pi
εi

∣∣∣∣2
}
, (4.3)

where mi is the ith diagonal of MΩ. By assumption, mi is distributed according to

a Bernoulli distribution with Emi
{mi} = pi, so the expectation over mi can be found

by resolving (4.3) at mi = 1 and mi = 0 and summing with weights pi and 1 − pi

respectively:

Emi,εi

{∣∣∣∣(1− mi

pi

)
y0,i −

mi

pi
εi

∣∣∣∣2
}

= Eεi

{
pi

∣∣∣∣(1− pi
pi

)
y0,i −

εi
pi

∣∣∣∣2 + (1− pi)|y0,i|2
}
.

Expanding the first term, and noting that Eεi{εi} = 0 and Eεi{|εi|2} = σ2
ε ,

Eεi

{
pi

∣∣∣∣(1− pi
pi

)
y0,i −

εi
pi

∣∣∣∣2 + (1− pi)|y0,i|2
}

=Eεi

{
pi

∣∣∣∣(1− pi
pi

)
y0,i

∣∣∣∣2 + pi

∣∣∣∣εipi
∣∣∣∣2 − (1− pi

pi

)
(y∗0,iεi + y0,iε

∗
i ) + (1− pi)|y0,i|2

}
=

(1− pi)2

pi
|y0,i|2 +

σ2
ε

pi
+ (1− pi)|y0,i|2

=

(
1− pi
pi

)
|y0,i|2 +

σ2
ε

pi

which is the ith entry of the right-hand-side of (4.2). This completes the proof.

Eqn. (4.2) depends on P and |y0|2, which are non-uniform and anisotropic in

general. Although the specific case pj = (σ2
ε + |y0,j|2)/(α+ |y0,j|2) for constant α does

lead to white aliasing, it requires knowledge of the ground truth spectral density |y0|2

so is not a feasible sampling scheme in practice.

A visual example of coloured aliasing is shown in the top row of Fig. 4.1. Here, the

unbiased estimate of a 512× 512 synthetic Shepp-Logan phantom uniformly sampled
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(a) x0 (b) x̃ (c) |x0 − x̃|

(d) w0 = Ψx0 (e) r0 = Ψx̃ (f) |r0 −w0|

Figure 4.1: The ground truth, unbiased estimate and entry-wise absolute error for
a uniformly sampled Shepp-Logan with pj = 1/2, where the colourbars are given
as a proportion of the maximum of x0, as throughout this thesis. The top row
shows the image domain and the bottom shows the wavelet domain. The coloured
aliasing evident in (c) illustrates the infeasibility of white state evolution for Fourier
sampling of signals with non-uniform spectral density. Taking the wavelet transform
decomposes the aliasing so that it is approximately white subband.

with pj = 1/2 for all j is shown, with σε = 0. By (4.2), the power spectrum of

the aliasing of x̃ in this case is EΩ,ε{|y0 − P−1y|2} = |y0|2. Since |y0|2 is tightly

concentrated at low frequencies the aliasing has strong low-frequency components,

which is manifest in Fig. 4.1c as local correlations. In this example, uniform sampling

was chosen to exaggerate the coloured aliasing property. In practice, when variable

density sampling is used, the sampling distribution partially compensates for the

power spectrum of the signal, so the aliasing is still coloured, but less strongly.

The intrinsically coloured aliasing of variable density sampling from a non-uniform

spectral density implies that the white state evolution of AMP, OAMP, and VAMP,

(2.7), cannot be relied upon. A key component of this work is the use of the Discrete
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Wavelet Transform (DWT) to compute a multiresolution decomposition of the power

spectrum of the aliasing, as used for coloured noise analysis in [180–182]. In the

wavelet domain, coloured aliasing has a structure that resembles a state evolution.

To illustrate this, consider again the unbiased initialisation x̃. The corresponding

estimator in the wavelet domain is

r0 = Ψx̃. (4.4)

The bottom row of Fig. 4.1 shows w0 = Ψx0, r0 and the entry-wise absolute differ-

ence |w0−r0| for the same image and sampling set as the top row, where Ψ is a Haar

DWT with 4 decomposition scales. Qualitatively, Fig. 4.1f suggests that the power

spectrum given by (4.2) has a simple structure in the wavelet domain; in particular, it

suggests that the per-subband aliasing within each subband is approximately uniform.

In Section 4.3.5 we show that, in fact, the aliasing within each subband is quantita-

tively consistent with a white Gaussian distribution. Further, Section 4.3.5 presents

evidence that the Gaussianity holds for a variety of image types and undersampling

factors.

4.1.1 Coloured state evolution

Herein we present a new method for undersampled signal reconstruction that we

term the Variable Density Approximate Message Passing (VDAMP) algorithm, see

Algorithm 4. We present empirical evidence that VDAMP preserves the subband-

dependent noise structure illustrated in Fig. 4.1f for all iterations. Explicitly, at

iteration k the rk of VDAMP behaves as

rk = w0 + CN (0N ,Σ
2
k), (4.5)
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where the covariance matrix Σ2
k is diagonal so that for a Ψ with s decomposition

scales,

Σ2
k =



σ2
k,11N1 0 . . . 0

0 σ2
k,21N2 . . . 0

...
...

. . .
...

0 0 . . . σ2
k,1+3s1N1+3s


, (4.6)

where σ2
k,b and Nb refer to the variance and dimension of the bth subband respectively.

We refer to (4.5) and (4.6) as the coloured state evolution of VDAMP and the aliasing

of rk as the effective noise of VDAMP.

The joint space-frequency localisation provided by the wavelet transform decom-

poses the colour of the effective noise while retaining incoherence. The algorithm

presented in this chapter considers a sparse model on wavelet coefficients, however,

we emphasise that the wavelet transform is primarily used as a tool for decompos-

ing the aliasing, and is not necessarily constrained to model wavelet coefficients di-

rectly [44,58,178].

The VAMPire algorithm discussed in Section 3.7.4 also made use of the wavelet

transform to decompose the aliasing. The key difference between VAMPire and the

current work is that VAMPire’s aliasing is approximately ‘whitened’ and its effective

noise model is represented by a scalar τk. In contrast, we propose making the necessary

algorithmic adaptions to allow the aliasing to be coloured, and to model the colour

with a vector τk. To our knowledge, VDAMP is the first algorithm for variable density

Fourier sampling of images where a state evolution has been observed.

AMP’s state evolution was defined by (2.7), which states that its aliasing is white

Gaussian distributed, and (2.10), which predicts the per-iteration variance σ2
k of the

aliasing based solely on σ2
k−1. Since (4.5) and (4.6) are analogous to (2.7) only,

the coloured state evolution of VDAMP is weaker. Unlike AMP, the per-iteration

aliasing Σk is not a function of Σk−1; it is a function of the residual zk, as detailed
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Algorithm 4 VDAMP

Require: Sampling set Ω, wavelet transform Ψ, probability ma-
trix P , measurements y, denoiser g(rk; τk), number of iterations
Kit.

1: Set r̃0 = 0N and compute S = |FΨH |2
2: for k = 0, 1, . . . , Kit − 1 do
3: zk = y −MΩFΨH r̃k
4: rk = r̃k + ΨFHP−1zk
5: τk = STMΩP

−1[(P−1 − 1N)|zk|2 + σ2
ε1N ]

6: ŵk = g(rk; τk)
7: αk = 〈∂(g(rk; τk))〉sband

8: Update ck e.g. ck = 1N � (1N −αk)
9: r̃k+1 = ck � (ŵk −αk � rk)

10: end for
11: return x̂ = ΨHŵk + FH(y −MΩFΨHŵk)

in Section 4.2. VDAMP’s coloured state evolution therefore does not have a self-

contained prediction of the per-iteration variance analogous to (2.10), so cannot be

used to analyse, for instance, the conditions under which VDAMP converges, without

actually running the algorithm. Instead, the focus of this thesis is on the advantages

of state evolution as a guide for denoising, as introduced in Section 2.6.

4.2 Description of VDAMP algorithm

The VDAMP algorithm, Algorithm 4, adapts OAMP, Algorithm 3, to a coloured

aliasing model. We chose to modify Matched-Filter OAMP because because it lends

itself more naturally to the per-subband aliasing model illustrated in Fig. 4.1 than

AMP, VAMP, or other versions of OAMP, which implicitly employ a white aliasing

model in the measurement domain. For AMP, the implicit measurement-domain

white aliasing model is contained in the Onsager correction, the final term of line 3

of Algorithm 2, while for VAMP it is the τ̃k in the data consistency phase, shown in

(2.11).

VDAMP’s per-subband coloured aliasing model is updated in line 5, where the
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scalar τk ∈ R of OAMP is replaced by a vector τk ∈ RN that models the diagonal

of Σ2
k from (4.6). In line 6, OAMP’s denoiser g(rk; τk) is replaced by the denoiser

g(rk; τk), which takes the vector τk as its second input. Lines 7-9 of Algorithm 4

is the Onsager correction from lines 7-9 of Algorithm 3 adapted to a subband-wise

aliasing model. Here, the notation ∂(g(rk; τk)) in line 7 replaces OAMP’s g′(rk; τk),

defined as the function with jth entry

∂j(g(rk; τk)) =
1

2

(
∂<[gj(rk; τk)]

∂<[rj]
+
∂=[gj(rk; τk)]

∂=[rj]

)
, (4.7)

where <[·] and =[·] are the real and imaginary parts respectively. Also in line 7, the

notation 〈·〉sband is an operator that empirically averages entries within subbands, so

that αk has the structure

αk =



αk,11N1

αk,21N2

...

αk,1+3s1N1+3s


, (4.8)

with

αk,b =
1

Nb

∑
j∈Jb

∂j(g(rk; τk)),

where Jb is the set of indices associated with subband b and Nb = |Jb|. In line 8

of Algorithm 4, ck is a vector with the piecewise-constant structure of (4.8). The

notation � in line 8 refers to entry-wise division and � in line 9 refers to entry-wise

multiplication, so that [a � b]i = ai/bi and [a � b]i = ai · bi for vectors a and b.

The remainder of this section describes Algorithm 4 in detail, line-by-line, with direct

comparison to its basis algorithm OAMP, Algorithm 3.
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4.2.1 Density compensated gradient descent, lines 3-4

To ensure that rk is an unbiased estimate of x0, the sensing matrix must be correctly

normalised. In VDAMP this is manifest in the gradient step of lines 3-4, which

features a crucial weighting by P−1 that is absent in the previous applications of AMP

to variable density sampling [74–77] discussed in Section 3.7. Note that VDAMP’s

r0 is the unbiased estimator from (4.4). The absent P−1 term in [74–77] implies that

r0 is biased for these methods in general, so state evolution fails even at k = 0.

Such a rescaling is referred to as “density compensation” in the MRI literature, and

was used in the original compressed sensing MRI paper with zero-filling to generate

a unregularised, non-iterative baseline [9]. However, to our knowledge, VDAMP is

the first iterative method that employs density compensated gradient descent. The

density compensation factor can be understood as a left-multiplication of the forward

model by P−1/2, so that the model is rescaled as

P−1/2y = P−1/2MΩ(Fx0 + ε) (4.9)

= P−1/2MΩ(FΨHw0 + ε). (4.10)

Lines 3-4 of VDAMP, Algorithm 4, are equivalent to lines 3-4 of OAMP, Algorithm

3, with P−1/2MΩFΨH and P−1/2y as the sensing matrix and measurements re-

spectively2. Density compensation provides the correct normalisation of the density

compensated sensing matrix in expectation over Ω: EΩ{ΨFHP−1MΩFΨH} = 1N ,

which is a requirement of AMP, as discussed in Section 2.3.3.

Density compensation here differs from its usual use in MRI as an interpolation

weighting when mapping non-Cartesian samples to a Cartesian grid [101, 128], as

discussed in Section 3.4. If VDAMP were applied to non-Cartesian data, it would

2Multiplying a forward model by a matrix is common in numerical analysis for precondition-
ing [183]. However, we emphasise that the role of P−1/2 here is to ensure that rk is unbiased, not
to reduce the condition number of the sensing matrix, so we refrain from using the term “precondi-
tioner” in this context.
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be necessary to perform density compensation twice: firstly to map the samples to

a Cartesian grid, and secondly to de-bias the estimator, which would have different

density compensation weightings in general.

VDAMP’s type of density compensation arises in recovery guarantees for variable

density Fourier measurements in [126, 184], although it was considered an artefact

of the proof and was not used in the numerical evaluations of these works. The

connection of VDAMP to these theoretical results is beyond the scope of this thesis

and is left as future work.

The measurement noise of the density compensated measurement model (4.10) is

P−1/2MΩε. The variance of the measurement noise at frequencies sampled with low

probability is therefore larger, and its inclusion in the gradient step will lead to a rk

with higher mean-squared error than an unweighted gradient step. However, as shown

in Section 4.3, a careful choice of denoiser g(rk; τk) that leverages VDAMP’s state

evolution can cause lines 6-9 to be very effective, leading to faster overall convergence

than competing methods.

The final step of VDAMP, line 11, is a gradient step without a P−1 weighting,

which generates a biased image estimate x̂ with high data fidelity. In the experimental

examples of Section 4.3, we found that this choice of output improved the mean-

squared error of the reconstructed image compared with the natural alternative x̂ =

ΨHŵk. However, it has been noted that when the measurement noise variance σ2
ε is

large, ΨHŵk may be a better choice [178].

4.2.2 Coloured effective noise model, line 5

Line 5 of OAMP, Algorithm 3, computes a scalar that estimates the variance of rk.

For VDAMP, this is modified to accomodate the colored aliasing of Fourier sampled

images, as illustrated in Fig. 4.1. Line 5 of Algorithm 4 computes a vector, which

models the diagonal of the wavelet-domain coloured effective noise covariance matrix
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Σ2
k from (4.5). Through a similar derivation to that for Claim 4.1, the power spectrum

of the aliasing of rk is

EΩ,ε{|FΨHrk − y0|2} = (P−1 − 1N)|FΨH r̃k − y0|2 + σ2
εP
−11N . (4.11)

Eqn. (4.11) depends on the unknown ground truth y0, so is of limited practical use.

The following claim demonstrates how (4.11) can be estimated in an unbiased fashion

using the vector zk = y−MΩFΨH r̃k from line 2 of Algorithm 4 only, which is known.

Claim 4.2. The vector

τ yk = MΩP
−1[(P−1 − 1N)|zk|2 + σ2

ε1N ] (4.12)

is an unbiased estimate of (4.11): E{τ yk } = EΩ,ε{|FΨHrk − y0|2}.

Proof. Define ỹk = FΨH r̃k. The expectation of the ith entry of the right-hand-side

of (4.12) in terms of y0 is

Emi,εi

{
mi

pi

[(
1− pi
pi

)
|yi −miỹk,i|2 + σ2

ε

]}
= Emi,εi

{
mi

pi

[(
1− pi
pi

)
|mi(y0,i + εi)−miỹk,i|2 + σ2

ε

]}
.

Evaluating the expectation over mi,

Emi,εi

{
mi

pi

[(
1− pi
pi

)
|mi(y0,i + εi)−miỹk,i|2 + σ2

ε

]}
= Eεi

{(
1− pi
pi

)
|y0,i + εi − ỹk,i|2 + σ2

ε

}
.
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Since Eεi{εi} = 0 and Eεi{|εi|2} = σ2
ε ,

Eεi

{(
1− pi
pi

)
|y0,i + εi − ỹk,i|2 + σ2

ε

}
=

(
1− pi
pi

)
(|y0,i − ỹk,i|2 + σ2

ε) + σ2
ε

=

(
1− pi
pi

)
|y0,i − ỹk,i|2 +

σ2
ε

pi

which is the ith entry of the right-hand-side of (4.11).

The computation of the covariance τk in line 5 of Algorithm 4 is a linear transform

of (4.12) to the wavelet domain: τk = |ΨFH |2τ yk .

Claim 4.3. The wavelet-domain estimator τk = |ΨFH |2τ yk is unbiased:

E{τk} = E{|w0 − rk|2}.

Proof. Appendix A shows that E{|Au|2} = |A|2E{|u|2} for deterministic matrix A

and random u with independent, zero-mean entries. Therefore

E{|w0 − rk|2} = E{|ΨFH(y0 − FΨHrk)|2}

= |ΨFH |2E{|y0 − FΨHrk|2}

= |ΨFH |2E{τ yk },

where the final step is by Claim 4.2.

The rows of |ΨFH |2 are the power spectra of the rows of Ψ. Since rows of Ψ that

form the same subband are related by translation, which causes a phase shift in its

Fourier transform, their power spectra are identical. The matrix |ΨFH |2 therefore

has 1 + 3s unique rows, one per subband, and the computation of τk = |ΨFH |2τ yk in

line 5 of Algorithm 4 has complexity O((1 + 3s)N). For fixed s VDAMP is therefore

dominated computationally by the action of F and FH in lines 3 and 4, which have

complexity O(N logN).
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4.2.3 Complex soft threshold tuning with SURE, line 6

Line 6 of VDAMP applies a denoising function g(rk; τk), which replaces g(rk; τk)

in line 6 of OAMP. In other words, OAMP’s scalar alising model τk is replaced by

VDAMP’s vector aliasing model τk. The remainder of this section motivates and

describes the specific denoiser employed in the chapter in detail.

A challenge for compressed sensing MRI frequently noted by researchers in the

clinical community [185–187] is how to tune model parameters, which is typically

done by hand [114]. The ideal parameter choice depends on a multitude of case-

specific factors including the anatomy, underlying MR physics and sampling strategy,

so hand-tuning generally yields sub-optimal reconstruction. We present an approach

to parameter-free compressed sensing reconstruction that leverages VDAMP’s state

evolution by applying SURE [16], building on the work on AMP introduced in Section

2.6.1 [13–15].

A strength of automatic parameter tuning via SURE is that it is possible to

have a richer regulariser than would usually be feasible for a hand-tuned denoiser,

enabling higher order prior information such as anisotropy, variability across scales

and structured sparsity, without the need to estimate the structure a priori [188].

In this chapter, the denoiser g(rk; τk) in line 6 of Algorithm 4 was the complex soft

thresholding operator (2.6) with a subband-dependent threshold tuned automatically

with SURE via the noise model τk. Concretely, the effective noise model rk = w0 +

CN (0N ,Diag(τk)) was used to compute

topt ≈ argmin
t∈RN

‖η(rk; t)−w0‖2, (4.13)

where t is an entry-wise threshold that has the piecewise-constant structure of (4.8),

and the denoiser g(rk; τk) = η(rk; topt) was employed. The possibility of using scale-

dependent thresholds is well known, such as in [38]. We emphasise that (4.13) is
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subband -dependent rather than scale-dependent, enabling higher order, anisotropic

signal modeling [189,190].

Equation (4.13) was solved using a procedure related to SureShrink [191] but for

Gaussian noise that is complex and coloured [182]. The following claim establishes

the appropriate modification of real-valued SURE, (2.14), to complex variables.

Claim 4.4. Consider a vector v0 ∈ CNv corrupted by coloured complex Gaussian

noise with diagonal covariance: v = v0 + CN (0Nv ,Diag(τv)). Let d(v) = v + h(v)

be an estimator of v0. Complex SURE,

cSURE(d(v)) = ‖h(v)‖2
2 + τ Tv [2∂(d(v))− 1Nv ], (4.14)

is an unbiased estimate of the risk: cSURE(d(v)) = E{‖d(v)− v0‖2
2}.

Proof. See Appendix B.1.

The optimal parameters of the denoiser d(v) can therefore be estimated by mini-

mizing cSURE as a proxy for the true risk. The following claim evaluates (4.14) for

when d(v) is the complex soft thresholding operator η(v; t) with scalar threshold t.

Claim 4.5. When the denoiser d(v) is complex soft thresholding, cSURE (4.14) is

cSURE(η(v; t)) =
Nv∑

j:|vj |≤t

(|vj|2 − τv,j) +
Nv∑

j:|vj |>t

(
t2 + τv,j −

tτv,j
|vj|

)
. (4.15)

Proof. See Appendix B.2.

The optimal threshold of VDAMP for the bth subband can be estimated with

tb,opt = argmin
t

(cSURE(ηb(rk,b; t))) (4.16)

by evaluating (4.15) for trial thresholds t = |v1|, |v2|, . . . , |vNv | with τv = τb1Nb
. The

near-optimal vector threshold topt from (4.13) can then be formed from the tb,opt. For
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large dimension N one would expect by the law of large numbers that cSURE is close

to the true risk, and for the threshold to be almost optimal. Since a larger number

of decomposition scales s give subbands with lower dimension, there is a trade-off

between the size of s and the quality of threshold selection with cSURE.

SURE has previously been employed for parameter-free compressed sensing MRI

in [192], where FISTA was used with SURE-minimising soft thresholds. This algo-

rithm is herein referred to as SURE-IT, and is discussed in detail in Section 4.3.1.

4.2.4 Complex, coloured Onsager correction, lines 7-9

Lines 7-9 of VDAMP, Algorithm 4, is complex, per-subband Onsager correction.

Intuitively, since lines 7-9 of OAMP, Algorithm 3, apply to white noise, and the

effective noise of VDAMP is white within each subband, Onsager correction must be

applied subband-by-subband. For soft thresholding, the use of 〈∂(g(rk; τk))〉sband in

place of OAMP’s 〈g′(rk; τk)〉 leads to the function formed by merging lines 7-9,

g̃(rk; τk) = ck � (g(rk; τk)−αk � rk), (4.17)

to obey

〈∂(g̃(rk; τk))〉sband = 0, (4.18)

which is a coloured aliasing version of OAMP’s divergence-free condition, (2.13),

applied to both real and imaginary parts. The Onsager correction employed here is

not the only choice that leads to a g̃(rk; τk) that satisfies (4.18) [193], however we

have found that this particular choice performs well.

Like the scalar ck updated on line 8 of Algorithm 3, the ck updated in line 8

of Algorithm 4 is not constrained by (4.18), except to have the piecewise-constant

structure of (4.8). In this chapter, two possibilities for the ck update were considered.
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First, we considered

cαk = 1N � (1N −αk). (4.19)

In this case, lines 6-9 of Algorithm 4 are a coloured version of the ‘denoising’ phase of

VAMP when written in LMMSE form [55, Algorithm 3]. VDAMP with ck updated

with (4.19) is herein referred to as VDAMP-α.

Secondly, building on work from [58], we suggest using cSURE (4.14) for a second

time to estimate the ck that minimises the mean squared error of r̃k:

cSUREk ≈ arg min
c
‖g̃(rk; τk)−w0‖2

2. (4.20)

Since 〈∂(g̃(rk; τk))〉sband = 0, optimising (4.14) reduces to a series of `2 minimisation

problems with a closed-form solution, so that for the bth subband

cSUREk,b = arg min
c
‖c(gb(rk; τk)− αk,brk,b)− rk,b‖2

2 (4.21a)

=
rHk,b(gb(rk; τk)− αk,brk,b)
‖gb(rk; τk)− αk,brk,b‖2

2

. (4.21b)

Vector cSUREk is formed from the cSUREk,b so that it has the structure of (4.8). VDAMP

with ck updated with cSUREk is herein referred to as VDAMP-S.

As for OAMP [54], we do not claim that the either of the two ck updates suggested

here are necessarily the best choice. Instead, we show in Section 4.3 that both up-

dates lead to aliasing consistent with state evolution, and empirically evaluate their

performance.

4.3 Numerical experiments

This section evaluates the performance of VDAMP-α and VDAMP-S compared with

the Fast Iterative Shrinking-Thresholding Algorithm (FISTA) algorithm [38, 179],
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Algorithm 5 FISTA [179], S-FISTA [190] and SURE-IT [192] for Fourier sampled
images

Require: Sampling set Ω, wavelet transform Ψ, per-subband weighting Λ set
to Λ = 1N for FISTA and SURE-IT or calculated with (4.22) for S-FISTA,
sparse weighting λ for FISTA and S-FISTA, measurements y, number of iterations
Kit.

1: Set r̃0 = 0N , ŵ−1 = 0N and h−1 = 1
2: for k = 0, 1, . . . , Kit − 1 do
3: zk = y − FΨH r̃k
4: rk = r̃k + Λ−1ΨFHMΩzk
5: Update τk
6: if SURE-IT then
7: ŵk = g(rk; τk1N)
8: else
9: ŵk = η(rk; τkλΛ−11N)

10: end if
11: hk = (1 +

√
1 + 4h2

k−1)/2

12: r̃k+1 = ŵk + (hk−1 − 1)(ŵk − ŵk−1)/hk
13: end for
14: return x̂ = ΨHŵk + FH(y −MΩFΨHŵk)

and two FISTA-based methods with subband-dependent thresholding [190, 192]. We

also present empirical evidence for VDAMP’s state evolution. All experiments were

conducted in MATLAB 9.4 and can be reproduced with code online, available at

https://github.com/charlesmillard/VDAMP.

4.3.1 Description of comparative FISTA-based algorithms

The three versions of FISTA [179, 190, 192] considered in this chapter are sum-

marised in Algorithm 5. In line 7, g(rk; τk1N) refers to the subband-dependent thresh-

olding function with thresholds tuned by cSURE, stated in (4.16), with a scalar alias-

ing model τk. In line 9, η(rk; τkλΛ−11N) is the soft thresholding function from (2.6)

with entry-wise threshold τkλΛ−11N . The threshold employed here is weighted by

the variance estimate τk, causing the threshold to decrease over iterations, which, as

in [125], was found to significantly reduce the time to convergence. Line 14 is an
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unweighted gradient descent step, as in line 11 of Algorithm 4, which outputs an

estimate x̂ with high data fidelity. This was suggested in [125], and we found that

this output generally had a lower reconstruction error than ΨHŵk. The variations

described in Algorithm 5, discussed in detail below, are referred to in this work as

FISTA, S-FISTA [190] and SURE-IT [192].

FISTA refers to Algorithm 5 with Λ = 1N , so that a global threshold λτk is applied

in line 9. Despite not discriminating between subbands, this version of FISTA was

considered because it is widely-used in MRI. We found that it was an instructive base-

line that performed well compared with the subband-dependent algorithms. FISTA

with a hand-tuned subband-dependent λ was not considered as it is not feasible in

practice.

S-FISTA refers to Algorithm 5 with a diagonal weight matrix Λ that has one

unique entry per wavelet subband, so that diag(Λ) has the piecewise-constant struc-

ture of (4.8). In [190], a method was suggested for selecting the weight for the bth

subband, which we denote as wb. Let Φb be the block of MΩFΨH corresponding to

the bth subband. In [190], it is shown that a choice of wb that satisfies

1

wb
>

3s+1∑
b′=1

√
λmax(ΦH

b′ ΦbΦ
H
b Φb′), (4.22)

where λmax(·) is the largest eigenvalue, ensures that Λ−ΦHΦ is a positive operator,

and therefore guarantees that the algorithm converges: see [190] for details. Following

[194], we computed the wb by calculating λmax once per Ω for all b and b′ using the

power iteration method. In contrast with VDAMP, S-FISTA’s per-subband weighting

is fixed across all iterations, and depends only on the sensing matrix and wavelet

family, and not on the per-iteration signal estimate.

SURE-IT refers to Algorithm 5 with Λ = 1N and a subband-dependent, auto-

matically tuned denoiser g(rk; τk1), as in [192]. Although SURE-IT’s thresholding
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(a) 256× 256 Brain (b) 208× 416 Cardiac

Figure 4.2: MRI images used to evaluate the performance of VDAMP.

is iteration-dependent, the aliasing of its rk is highly non-Gaussian, so deviates from

a proper theoretical basis for using SURE and does not give near-optimal threshold

selection. Further, unlike VDAMP, the aliasing of SURE-IT is modelled by a scalar

τk.

In the following experiments, the scalar sparse weighting λ of FISTA and S-FISTA

was tuned with an exhaustive search so that the mean-squared error was minimised

at k = 100. Since the threshold was weighted by τk, we tuned λ separately for FISTA

and S-FISTA. The variance estimate τk on line 5 of Algorithm 5 was updated using

the ground truth: τk = ‖rk −w0‖2
2/N .

4.3.2 Experimental method

We considered the reconstruction of 8 test images: the synthetic Shepp-Logan shown

in Fig. 4.1a, a brain and a cardiac MR image, shown in Fig. 4.2, and 5 standard

test images: Barbara, Boat, Cameraman, House and Peppers, downloaded from [195].

Unless otherwise stated, the undersampled data was artificially corrupted with com-

plex Gaussian noise so that ‖x0‖2
2/Nσ

2
ε = 40dB. We assumed that σ2

ε was known a

priori. For simplicity, Ψ was the Haar wavelet with s=4 scales.

In the experiments presented in this chapter, we generated a Bernoulli random Ω
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Figure 4.3: NMSE of FISTA, S-FISTA, SURE-IT, VDAMP-α and VDAMP-S of a
Shepp-Logan undersampled at N/n = 10 and the cardiac MR image undersampled
at N/n = 4. The NMSE at k = 0 differs between algorithms as the image estimate
at k = 0 is defined to be after the first thresholding is applied. The cardiac example
is shown up to k = 200, not Kit = 500, so that the behaviour of VDAMP can clearly
be seen.

using the variable density sampling function from the Sparse MRI package3. We do

not claim that this scheme is necessarily the best choice, only that it an instructive

example because it is known to perform well in practice [9]. The Ω generated with

this package for the N/n = 4 cardiac image is shown in Fig. 4.4f. We chose variable

density schemes P with EΩ{|Ω|} = n so that the acceleration factors N/n = 4, 6, 8

were used, except for the Shepp-Logan, where we used an increased acceleration of

N/n = 8, 10, 12. All algorithms were initialised with a vector of zeros and run for

Kit = 500 iterations, except for the Shepp-Logan, which was found to require more

iterations, so was run until Kit = 1000.

4.3.3 Time to converge

Table 4.1 shows the time to converge for each algorithm, defined as the time taken

until the NMSE is within 0.1dB of its value at Kit. In all test cases, both vari-

3available at https://people.eecs.berkeley.edu/∼mlustig/Software.html
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Image Shepp-Logan Brain Cardiac Barbara
N/n 8 10 12 4 6 8 4 6 8 4 6 8

FISTA 57.99 69.55 76.64 1.40 1.53 1.68 3.37 3.45 3.20 1.01 1.65 3.18
S-FISTA 79.91 80.62 81.13 4.22 4.93 4.79 10.41 8.53 9.66 6.00 6.78 10.10
SURE-IT 8.60 4.45 5.25 0.91 0.90 1.08 1.84 20.77 1.67 1.05 1.15 4.50

VDAMP-α 2.99 4.41 0.96 0.16 0.13 0.14 0.39 0.38 0.24 0.18 0.19 0.43
VDAMP-S 2.21 2.37 4.70 0.28 0.13 0.11 0.43 0.26 1.28 0.56 0.33 0.31

Image Boat Cameraman House Peppers
N/n 4 6 8 4 6 8 4 6 8 4 6 8

FISTA 2.80 4.06 3.08 1.56 1.58 1.22 1.52 1.97 1.94 1.43 1.66 1.94
S-FISTA 10.44 11.71 8.13 5.15 4.94 4.20 4.44 5.08 4.44 5.24 5.29 5.57
SURE-IT 2.31 2.73 2.36 1.15 0.94 0.81 2.27 2.09 3.03 0.73 0.19 0.15

VDAMP-α 0.44 0.42 0.31 0.19 0.13 0.73 0.17 0.17 0.14 0.14 0.09 0.09
VDAMP-S 0.70 3.62 2.23 0.99 0.68 0.06 0.14 0.09 0.09 0.10 0.10 0.09

Table 4.1: Convergence time in seconds. The shortest time is highlighted in bold.

Image Shepp-Logan Brain Cardiac Barbara
N/n 8 10 12 4 6 8 4 6 8 4 6 8

FISTA -36.2 -31.9 -25.7 -20.4 -18.2 -17.1 -17.9 -14.5 -13.0 -17.5 -16.3 -15.5
S-FISTA -33.2 -28.1 -23.5 -20.3 -18.1 -17.1 -17.7 -14.3 -12.7 -17.5 -16.3 -15.5
SURE-IT -18.7 -13.3 -13.1 -18.9 -17.3 -16.6 -14.9 -12.9 -10.5 -17.0 -16.1 -15.5

VDAMP-α -35.1 -29.4 -20.5 -20.7 -18.5 -17.5 -17.9 -14.5 -12.9 -17.5 -16.3 -15.6
VDAMP-S -38.1 -34.9 -30.8 -20.6 -18.4 -17.4 -18.0 -14.3 -12.4 -16.8 -15.4 -14.1

Image Boat Cameraman House Peppers
N/n 4 6 8 4 6 8 4 6 8 4 6 8

FISTA -21.4 -19.6 -18.6 -20.9 -18.4 -17.1 -25.4 -22.8 -21.6 -20.0 -17.5 -16.2
S-FISTA -21.4 -19.5 -18.5 -20.7 -18.3 -17.0 -25.3 -22.7 -21.4 -19.9 -17.5 -16.1
SURE-IT -20.3 -18.9 -18.3 -18.7 -16.7 -15.9 -23.3 -21.4 -20.6 -18.5 -16.0 -15.3

VDAMP-α -21.6 -19.9 -18.9 -20.8 -18.2 -16.0 -25.4 -22.9 -21.5 -19.9 -17.7 -16.7
VDAMP-S -19.5 -16.7 -15.6 -18.7 -16.1 -15.5 -21.5 -18.8 -17.8 -18.0 -15.7 -14.3

Table 4.2: Reconstruction NMSE in dB at Kit for all 8 test images at different
undersampling factors. The lowest NMSE is highlighted in bold.

Image Shepp-Logan Brain Cardiac Barbara
N/n 8 10 12 4 6 8 4 6 8 4 6 8

FISTA 27.99 32.57 38.01 2.86 4.43 5.76 3.94 6.35 9.55 2.10 2.75 3.09
S-FISTA 43.69 45.63 46.83 9.58 11.35 11.97 20.46 23.56 25.42 3.80 4.35 4.55
SURE-IT 39.27 49.64 51.08 4.57 7.32 8.76 6.82 13.92 21.99 2.38 2.88 3.21

VDAMP-α 0.06 0.05 0.13 -0.06 -0.02 -0.03 -0.06 -0.05 -0.09 0.04 0.00 0.00
VDAMP-S 0.10 0.07 0.01 -0.03 -0.01 0.06 0.20 0.07 0.11 0.03 0.10 0.04

Image Boat Cameraman House Peppers
N/n 4 6 8 4 6 8 4 6 8 4 6 8

FISTA 2.17 3.35 4.20 3.70 5.33 7.25 3.01 5.23 6.96 2.90 5.13 7.19
S-FISTA 4.79 5.53 5.96 7.26 8.24 8.92 6.14 7.54 8.45 10.04 11.49 12.17
SURE-IT 3.30 4.74 5.27 5.68 8.09 8.92 5.26 7.55 8.45 5.21 10.01 11.30

VDAMP-α 0.02 0.09 0.05 -0.06 -0.04 0.07 -0.05 -0.01 -0.01 0.00 0.07 0.03
VDAMP-S 0.01 0.02 0.01 -0.08 0.13 -0.09 -0.06 -0.04 -0.07 -0.07 0.00 -0.06

Table 4.3: Test for Gaussianity using the mean excess kurtosis Kurt{<[rk −w0]} at
Kit. An exact Gaussian has zero mean excess kurtosis. The smallest absolute values
are highlighted in bold.

60



(a) FISTA, NMSE -14.2dB (b) S-FISTA, NMSE -11.3dB

(c) SURE-IT, NMSE -12.2dB (d) VDAMP-α, NMSE -17.9dB

(e) VDAMP-S, NMSE -18.0dB (f) N/n = 4 sampling set Ω

Figure 4.4: Reconstructions of the cardiac image undersampled atN/n = 4 at k = 10,
where both versions of VDAMP have converged, visualising the relative rapidity of
VDAMP’s convergence.

ations of VDAMP converged substantially faster than the competing FISTA-based

methods. Across all experiments, convergence time compared with FISTA was 14.0

times shorter for VDAMP-α and 11.8 times shorter for VDAMP-S on average. In

terms of the required number of iterations, there was 16.5 and 15.2 times reduction

for VDAMP-α and VDAMP-S respectively. This corresponds to an increase in per-

iteration compute time of 1.18 and 1.29 times; VDAMP-S’s higher compute time is

due to the additional inner products and norm calculations in (4.21). Of the three

FISTA-based algorithms, SURE-IT had the shortest time to convergence, but still re-
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quired 10.7 and 10.0 times more iterations on average than VDAMP-α and VDAMP-S

respectively. The times listed in Table 4.1 do not include the time required to tune λ

for FISTA and S-FISTA, nor the time to calculate S-FISTA’s subband-weighting wb.

The NMSE vs iteration for the Shepp-Logan undersampled at N/n = 10 and the

cardiac image undersampled at N/n = 4 are shown up to Kit and k = 200 respectively

in Fig. 4.3, which visualises VDAMP’s comparative rapidity of convergence. In Fig.

4.4, the cardiac image is shown at k = 10, where VDAMP-α and VDAMP-S had

converged, demonstrating a visible reduction in artefacts for VDAMP.

4.3.4 NMSE comparison

Table 4.2 shows the normalised mean-squared error (NMSE) ‖x̂−x0‖2
2/‖x0‖2

2 of the

reconstructed image for each algorithm. VDAMP-S performed well for the synthetic

Shepp-Logan, but worse than VDAMP-α in all other cases except the N/n = 4

sampled cardiac image. The NMSE of FISTA, S-FISTA and VDAMP-α for the

non-synthetic images are generally comparable. Given that VDAMP has 13 model

parameters while FISTA has one, one might expect the NMSE of VDAMP would

consistently be lower. However, for Cameraman, the cardiac image at N/n = 8, House

at N/n = 4 and Peppers at N/n = 4, FISTA’s NMSE was found to be lower. This is

due to density compensation in the gradient step, line 4 of Algorithm 4, which leads

to an effective measurement noise of P−1/2MΩε. When FISTA outperforms VDAMP,

the gains from the richer model are insufficient to make up for the disadvantageous

effective measurement noise. VDAMP’s sensitivity to measurement noise is discussed

further in Section 4.3.6. Note that FISTA’s NMSE advantage in these instances may

not necessarily arise in realistic, prospectively undersampled reconstruction tasks, as

the ground truth cannot be used to hand-tune FISTA’s sparse weighting λ to a near

optimal value, as in the experiments here. Also note that VDAMP-S and VDAMP-α

both perform comparatively well on the MRI images, which are of primary importance
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for the algorithm’s intended application.

Despite employing subband-dependent thesholding, S-FISTA’s NMSE at Kit was

often slightly higher than FISTA. Fig. 4.5 shows k = 1, 2, 3 of VDAMP and FISTA’s

wavelet-domain aliasing for the N/n = 12 Shepp-Logan, which demonstrates that

the ratio of the aliasing between subbands may not be constant over iterations. For

instance, at k = 1, VDAMP’s coarse level has greater variance than the fine levels, but

at k = 3 the coarse variance is visibly lower than the fine levels. This is poorly reflected

by S-FISTA’s threshold weighting, which is fixed over iterations and not dependent on

the intermediate estimate. Further, [190] notes that while (4.22) is sufficient to ensure

convergence, the inequality is not tight, so may lead to weights that are smaller than

necessary, which slows convergence. In [194], which uses different sampling schemes to

that employed here, it was found that S-FISTA performed slightly better than FISTA,

suggesting that S-FISTA’s relative performance may be particularly dependent on

the sampling scheme employed. The comparatively poor performance of SURE-IT

highlights the need for zero-mean Gaussian aliasing for effective automatic parameter

tuning with SURE.

4.3.5 Empirical evidence of state evolution

This section presents empirical evidence that VDAMP obeys the coloured state evo-

lution stated in (4.5) using kurtosis and quantile-quantile plots. The excess kurtosis

of a real random variable X is defined as Kurt{X} = µ4/σ
4−3, where µ4 is the fourth

central moment and σ is the standard deviation. The Gaussianity of the aliasing of

rk was tested by calculating the mean of per-subband empirical kurtosis of the real

part,

Kurt{<[rk −w0]} =
1

3s+ 1

3s+1∑
b=1

Kurt{<[rk,b −w0,b]},
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SNR 5 10 15 20 25 30 35 40 45 50

FISTA -9.89 -12.3 -14.5 -16.8 -19.5 -22.2 -24.3 -25.7 -26.5 -26.8
VDAMP-α -9.44 -11.4 -13.3 -15.6 -18.0 -20.2 -20.3 -20.5 -22.2 -22.7
VDAMP-S -9.54 -11.4 -13.4 -15.5 -19.6 -23.6 -27.2 -30.8 -35.0 -39.7

Table 4.4: NMSE in dB of a N/n = 12 sampled Shepp-Logan for a range of mea-
surement noise variances σ2

ε .

and comparing to zero, which is the kurtosis of a white Gaussian distribution. Table

4.3 shows the mean kurtosis for all images and sampling factors at k = Kit. The

proximity to zero is consistent with a coloured state evolution for all image types

and undersampling factors for both VDAMP-α and VDAMP-S, confirming that the

difference in performance between the algorithms is not due to a breakdown in state

evolution. The imaginary part, which is not included here for conciseness, was found

to have a similarly small mean excess kurtosis.

Using the example of the Shepp-Logan undersampled with N/n = 12, Fig. 4.5

shows VDAMP-S and FISTA’s |rk − w0| for k = 1, 2, 3, visualising VDAMP-S’s

preservation of the unbiased subband-dependent aliasing structure shown for uniform

sampling in Fig. 4.1, which contrasts with FISTA. For k = 0, 5, 20, Fig. 4.6 shows

quantile-quantile plots against a Gaussian of the three illustrative subbands of rk−w0:

the diagonal detail at scale 1, the horizontal detail at scale 2 and the vertical detail

at scale 4, where scale 1 is the finest and scale 4 is the coarsest. The linearity of the

blue points provides evidence that the per-subband effective noise is Gaussian.

The efficacy of automatic threshold selection with cSURE depends on how accu-

rately the diagonal of the Σ2
k from (4.5) is modelled by τk. For k = 0, 1, . . . , 20, Fig.

4.7 shows the ground truth subband NMSE ‖rk,b −w0,b‖2
2/‖w0,b‖2

2 at all four scales

and VDAMP’s prediction. The ground-truth NMSE is closely tracked by τk at all

scales, which implies that parameter selection with cSURE is truly near-optimal.
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(a) VDAMP’s |r1 −w0| (b) VDAMP’s |r2 −w0| (c) VDAMP’s |r3 −w0|

(d) FISTA’s |r1 −w0| (e) FISTA’s |r2 −w0| (f) FISTA’s |r3 −w0|

Figure 4.5: The magnitude of the aliasing of VDAMP-S and FISTA’s rk at iterations
k = 1, 2, 3 for the N/n = 12 sampled Shepp-Logan, illustrating the different aliasing
for the two algorithms.
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Figure 4.6: Normalised quantile-quantile plots against a Gaussian for three subbands
of VDAMP-S’s rk −w0 at k = 0, 5, 20 for the Shepp-Logan sampled with N/n = 12
in blue, and points along a straight line in red. The real part is plotted in the
top and bottom rows and the imaginary is plotted in the middle row. Linearity of
the blue points indicates that the data comes from a Gaussian distribution, and the
decreasing gradient as k increases shows that the variance decreases with increasing
k. Finite dimensional effects causing small deviations from an exact Gaussian are
more apparent at coarse scales, where the dimension is smaller.
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Figure 4.7: Per-subband NMSE ‖rk,b − w0,b‖2
2/‖w0,b‖2

2 versus iteration index k for
a N/n = 12 undersampled Shepp-Logan reconstructed with VDAMP-S. Lines show
the actual NMSE and crosses show the predictions from τk.

4.3.6 Sensitivity to measurement noise

This section evaluates the comparative performance of VDAMP for a range of mea-

surement noise variances σ2
ε . For this section we considered the N/n = 12 sampled

Shepp-Logan only and varied the SNR from 5dB to 50dB in steps of 5dB. We com-

pared with FISTA only since it was found in Section 4.3.4 that, out of the competing

methods, it converged to the lowest NMSE. The NMSE at Kit = 1000 for each noise

variance is shown in Table 4.4. While VDAMP-S substantially outperformed FISTA

for high SNR, FISTA converged to a lower NMSE for an SNR of less than 25dB. As

discussed in Section 4.2.1, this is a consequence of the density compensated measure-

ment model (4.10), which has increased measurement noise P−1/2MΩε.

4.4 Conclusions

Based on the observation that Fourier sampling from a non-uniform spectral density

leads to coloured aliasing, we proposed VDAMP, an OAMP-based algorithm that

obeys a coloured state evolution (4.5). State evolution provided an effective way to

automatically tune model parameters on-the-fly with cSURE, allowing more degrees

of freedom in the model and implying that a single method could be used for any
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image type without the need for manual adjustment. VDAMP typically converged

to a similar NMSE to FISTA with an optimally-tuned scalar sparse weighting, but in

around 15 times fewer iterations on average.
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Chapter 5

Parallel-VDAMP

This chapter proposes the Parallel-VDAMP (P-VDAMP) algorithm, which recon-

structs randomly sampled k-space data acquired across multiple receiver coils. As

introduced in Section 3.2.2, and rewritten here for convenience, the data on coil c is

modelled as

yc = MΩ(FScx0 + εc), c = {1, 2, . . . , Nc} (5.1)

where Sc ∈ CN×N is a diagonal matrix known as the cth coil sensitivity and the εc

are Gaussian but not necessarily i.i.d..

The crucial difference between P-VDAMP and single-coil VDAMP from Chapter

4 is the aliasing model update, τk. As demonstrated in Section 5.1, the sensitivity

profiles of the receiver coils introduce intra-subband spatial modulation of the effective

noise, which implies that white per-subband aliasing model employed in Chapter 4 is

no longer valid, and a new formulation is required.
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5.1 Multi-coil coloured aliasing

As for single-coil VDAMP, we construct P-VDAMP by qualitatively examining the

aliasing of an unbiased estimate from the data, developing a method for modelling

the aliasing, and constructing an algorithm based on the model. As in Chapter 4,

the mathematical results in this section assume that the mask is Bernoulli random.

Despite not being specifically constructed for Poisson disc sampled data, we find em-

pirically in Section 5.3 that P-VDAMP applied to Poisson disc sampled data performs

well without modification.

5.1.1 Unbiased estimator

As for single-coil measurements, (4.1), the conjugate transpose of the sensing matrix

applied to the density compensated data,

x̃ =
∑
c

SHc F
HP−1yc, (5.2)

is unbiased over the random mask and measurement noise:

EΩ,ε{x̃} = EΩ,ε{
∑
c

SHc F
HP−1MΩ(FScx0 + εc)}

=
∑
c

SHc F
HP−1PFScx0

=
∑
c

SHc Scx0 = x0.

An example of x̃ and r0 = Ψx̃ for brain data acquired across a Nc = 16 channel

receiver coil array is illustrated in Fig. 5.1. Here, k-space was retrospectively sampled

at N/n = 10 using the Bernoulli sampling mask shown in Fig. 3.4a and Ψ is a order

4 Daubechies wavelet at 4 decomposition scales. It is instructive to compare Fig.

5.1 with the equivalent for single-coil measurements, Fig. 4.1. Fig. 5.1f illustrates
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(a) x0 (b) x̃ (c) |x0 − x̃|

(d) w0 (e) r0 (f) |r0 −w0|

Figure 5.1: The ground truth, unbiased estimate and entry-wise absolute error of a
variable density sampled 256× 256 brain with N/n = 10, acquired on Nc = 16 coils.
Compared with Fig. 4.1, it is clear that the white-per-subband aliasing model from
the single-coil method is insufficient, and a new formulation is required.

that, unlike for single-coil measurements, the multi-coil aliasing within each subband

is not white, which implies that a new type of aliasing model and state evolution

formulation is required. The structure of the multi-coil aliasing can be understood

as inter -subband colouring due to the non-uniformity of the signal’s spectral density

and intra-subband modulation of the aliasing covariance due to the non-uniform coil

sensitivities.

5.1.2 Multi-coil aliasing model

This section derives an approximate expression for the diagonal of the multi-coil

wavelet-domain covariance of the aliasing of r0 = Ψx̃, the multi-coil equivalent of

the single-coil τk update described in Section 4.2.2. The τk update rule derived in
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this section is used in P-VDAMP once per iteration in place of line 5 of single-coil

VDAMP, Algorithm 4: see Section 5.2.

Let y0,c = FScx0 be the signal of interest’s coil-weighted Fourier coefficients.

Using x0 =
∑

c S
H
c F

Hy0,c, the wavelet-domain aliasing of r0 is

|r0 −w0|2 =|Ψ(x̃− x0)|2

=|Ψ
∑
c

SHc F
H [P−1yc − y0,c]|2

=|
∑
c

Ψ̂c[P−1yc − y0,c]|2,

where Ψ̂c = ΨSHc F
H . Since yc = MΩ(y0,c + εc),

|
∑
c

Ψ̂c[P−1yc − y0,c]|2 =|
∑
c

Ψ̂c[(P−1MΩ − 1)y0,c − P−1MΩεc]|2

=|
∑
c

Ψ̂cqc|2 (5.3)

where qc = (P−1MΩ − 1)y0,c − P−1MΩεc.

Computing the expectation of (5.3) with a method analogous to the single-coil

approach, described in Section 4.2.2, would involve computing and storing in memory

the N×N matrices |Ψ̂c|2 for all Nc coils. Section 4.2.2 described how |ΨFH |2 for the

single-coil algorithm has rows that repeat for translated wavelet filters, so can be fully

represented with only 3s+ 1 N -dimensional vectors. The rows of the multi-coil |Ψ̂c|2

do not repeat, so the full N × N computation would be required. This also implies

that multiplying |Ψ̂c|2 with |qc|2 would be O(N2) rather than single-coil VDAMP’s

O((3s + 1)N). This method would therefore be highly demanding both in terms of

memory requirements and compute time, and not practical for large N .

The remainder of this section develops an expression that approximates the ex-

pectation of (5.3) that is linear in N . To achieve this, the Ψ̂c are approximated in
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terms of the unweighted spectra Ψ̂ = ΨFH , so that the spectral density of the jth

row of Ψ̂c is expressed as

Ψ̂c
j ≈ ξc,jΨ̂j, (5.4)

where ξc,j ∈ C is a constant. Since Ψ̂c
j is the jth coil-weighted wavelet spectrum, (5.4)

is interpretable as approximating the coil sensitivity as flat over the support of the jth

wavelet filter, so that its spectrum is the unweighted spectrum multiplied by a filter

and coil-dependent scalar. We suggest using the ξc,j that minimises the Euclidean

distance between the coil-weighted wavelet filter and its flat approximation,

ξc,j = arg min
ξ
‖Ψ̂c

j − ξΨ̂j‖2
2

= arg min
ξ
‖ΨjS

H
c F

H − ξΨjF
H‖2

2

=
ΨjS

H
c ΨH

j

ΨjΨH
j

= 〈|Ψj|2,Diag(SHc )〉 ,

where Ψj is the jth row of Ψ, and we have used the orthonormality of the rows of

Ψj to set ΨjΨ
H
j = 1.

Physically, (5.4) is motivated by the observation that the Sc vary smoothly in

space, such as in Fig. 3.1. As well as coil smoothness, the accuracy of (5.4) depends

on the choice of mother wavelet, whose support sizes vary, and the number of decom-

position scales. For coarser scales, the wavelet filter has larger support, so (5.4) is

expected to be a poorer assumption.

Claim 5.1 uses (5.4) to approximate the expectation of (5.3) in terms of the ground

truth k-space, and Claim 5.2 shows how to estimate the aliasing in an unbiased fashion

using the measurements only.

Claim 5.1. Let ξc,j ∈ C be a constant that approximates Ψ̂c
j ≈ ξc,jΨ̂j, for all j rows

of Ψ̂c. Then the expectation of (5.3) over the random mask and measurement noise
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is

EΩ,ε{|r0,j − w0,j|2} ≈ ξHj

(∑
i

|Ψ̂ji|2
[(

1− pi
pi

)
y0,iy

H
0,i +

1

pi
Σ2
ε,i

])
ξj, (5.5)

where the y0,i ∈ CNc and ξ0,j ∈ CNc are comprised of the ith k-space location over all

coils, having cth entry [y0,i]c = [FScx0]i and [ξ0,j]c = ξc,j, and Σ2
ε,i = E{εiεHi } where

εi ∈ CNc similarly has cth entry εi,c = [εc]i.

Proof. Using (5.4), the jth entry of (5.3) is approximately

|r0,j − w0,j|2 ≈ |
∑
c

Ψ̂jqcξc,j|2 (5.6a)

= |
∑
c,i

Ψ̂jiqc,iξc,j|2. (5.6b)

Since the qc,i is comprised of independent entries with zero mean, by Appendix A the

expectation of (5.6b) over the sampling mask and measurement noise is

E{|
∑
c,i

Ψ̂jiqc,iξc,j|2} =
∑
i

|Ψ̂ji|2E{|
∑
c

ξc,jqc,i|2} (5.7a)

=
∑
i

|Ψ̂ji|2E{|ξHj qi|2}, (5.7b)

where ξj ∈ CNc and qi ∈ CNc . Resolving the expectation,

E{|ξHj qi|2} =E{ξHj qiqHi ξj} (5.8a)

=E

{
ξHj

[(
mi

pi
− 1

)2

y0,iy
H
0,i +

(
mi

pi

)2

εiε
H
i

]
ξj

}
, (5.8b)

where E{εi} = 0Nc has been applied to evaluate the cross-terms to zero. Using

E

{(
mi

pi
− 1

)2
}

=
1− pi
pi

, E{εiεHi } = Σ2
ε,i,
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(5.8b) is

E{|ξHj qi|2} = ξHj

[(
1− pi
pi

)
y0,iy

H
0,i +

1

pi
Σ2
ε,i

]
ξj. (5.9)

Substituting (5.9) in to (5.7b) gives

EΩ,ε{|r0,j − w0,j|2} ≈
∑
i

|Ψ̂ji|2ξHj
[(

1− pi
pi

)
y0,iy

H
0,i +

1

pi
Σ2
ε,i

]
ξj,

which is equal to (5.5). This completes the proof.

In similar fashion to the single-coil method, as described in Section 4.2.2, we can

estimate EΩ,ε{|r0,j − w0,j|2} without requiring the ground truth. We use the update

τj = ξHj

(∑
i

|Ψ̂ji|2
[(

1− pi
pi

)
yiy

H
i + Σ2

ε,i

]
mi

pi

)
ξj, (5.10)

which the following proves is unbiased.

Claim 5.2. The estimate of the multi-coil wavelet-domain error stated in (5.10) is

unbiased:

E{τj} = ξHj

(∑
i

|Ψ̂ji|2
[(

1− pi
pi

)
y0,iy

H
0,i +

1

pi
Σ2
ε,i

])
ξj. (5.11)

Proof. Since yi = mi(y0,i + εi), and using E{εi} = 0Nc ,

EΩ,ε

{[(
1− pi
pi

)
yiy

H
i + Σ2

ε,i

]
mi

pi

}
=EΩ,ε

{[
mi

(
1− pi
pi

)
(y0,iy

H
0,i + εiy

H
0,i + y0,iε

H
i + εiε

H
i ) + Σ2

ε,i

]
mi

pi

}
=

(
1− pi
pi

)
y0,iy

H
0,i +

1

pi
Σ2
ε,i (5.12)

Substituting (5.12) in (5.10) gives the right-hand-side of (5.11).
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(a) |r0 −w0| (b)
√
τ0 (c) |r0 −w0| �

√
τ0

Figure 5.2: Error propagation with (5.10), using the same data and sampling as Fig.
5.1. The qualitative whiteness of (c) indicates that Diag(τ0) is a reasonably accurate
model of the true aliasing covariance.

To compute (5.10) is linear in N , so is scalable to large problem sizes. Further,

it is only necessary to store in memory the 3s + 1 N -dimensional unique rows of

|Ψ̂|2, as for single-coil VDAMP, and ξc,j, of which there are N ·Nc. Since it requires

the computation of yiy
H
i , (5.10) is quadratic in Nc, so especially benefits from coil

compression.

Note that for the single-coil case with flat coil sensitivity, where Nc = 1, S1 = 1N ,

Σ2
ε,i = σ2

ε and ξj = 1, (5.4) is exact and (5.10) reduces to the single-coil aliasing

model update, line 5 of Algorithm 4.

5.1.3 Parallel coloured state evolution

Fig. 5.2 shows τ0 calculated according to (5.10) for the same brain data and sampling

as Fig. 5.1. The NMSE estimate from error propagation, 〈τ 〉 / 〈|x0|2〉 = −11.67dB,

closely predicts the true NMSE, 〈|x0 − x̃|2〉 / 〈|x0|2〉 = −11.70dB. Also shown is the

aliasing of r0 divided entry wise by the error model, which resembles white Gaussian

noise, qualitatively suggesting that r0 ≈ w0+CN (0N ,Diag(τ0)) is a reasonable model

for the aliasing. For the coarsest scale, especially the approximation coefficients,

there is a visible deviation from white noise, emphasising the poorer Ψ̂c
j ≈ ξc,jΨ̂j

approximation for filters with larger support. However, since the centre of k-space
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is sampled with high density, the error of the coarsest scale is small, as evident in

Fig. 5.2a. This implies that the algorithm’s denoiser plays a less important role in

reconstructing this region, so inaccuracy in the aliasing, which is used to guide the

denoiser, is less crucial than for other subbands.

In the remainder of this chapter, we present P-VDAMP, Algorithm 6. In Sec-

tion 5.3.7 we present empirical evidence that P-VDAMP retains zero-mean Gaussian

aliasing with a wavelet-diagonal covariance for all iterations,

rk = w0 + CN (0N ,Σ
2
k), (5.13)

where Σ2
k can be accurately estimated with Diag(τk), where τk is updated according

to (5.10). We term (5.13) P-VDAMP’s parallel coloured state evolution.

5.2 Description of P-VDAMP algorithm

P-VDAMP is stated Algorithm 6. Lines 3-4 are density compensated gradient descent,

the multi-coil analogue to lines 3-4 of single-coil VDAMP, Algorithm 4. In line 5, the

error propagation formula (5.10) is applied to update τk with the residual zk in place

of y, as in line 5 of Algorithm 4.

Line 6 applies a denoiser g(rk; τk) to rk. As in Chapter 4, detailed in Section 4.2.3,

we used the aliasing model τk to employ SURE-optimal per-subband soft thresholding

for g(rk; τk) throughout this chapter. The possibility of using a CNN for the denoiser

is the topic of Chapter 6.

Lines 6-9 is per-subband Onsager corrected denoising, identical to Algorithm 4.

For single-coil VDAMP, per-subband Onsager correction arose naturally as a con-

sequence of the white-per-subband aliasing model. For P-VDAMP, since the per-

subband aliasing is not white, the use of per-subband Onsager correction is less

intuitive. Nonetheless, we show empirically in Section 5.3.7 that such an Onsager
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Algorithm 6 P-VDAMP

Require: Sampling set Ω, coil sensitivities Sc, wavelet transform Ψ, probability
matrix P , measurements yc, measurement noise covariance Σ2

ε, denoiser g(r; τ ),
number of iterations Kit.

1: Compute |Ψ̂|2 = |ΨFH |2 and ξc,j = 〈|Ψj|2,Diag(SHc )〉 and set r̃0 = 0N
2: for k = 0, 1, . . . , Kit − 1 do
3: ∀c, zk,c = yc −MΩFScΨ

H r̃k
4: rk = r̃k + Ψ

∑
c S

H
c F

HP−1zk,c

5: ∀j, τk,j = ξHj

(∑
i |Ψ̂ji|2

[(
1−pi
pi

)
zk,iz

H
k,i + Σ2

ε,i

]
mi

pi

)
ξj

6: ŵk = g(rk; τk)
7: αk = 〈∂(g(rk; τk))〉sband

8: Update ck e.g. ck = 1N � (1N −αk)
9: r̃k+1 = ck � (ŵk −αk � rk)

10: end for
11: return x̂ = ΨHŵk +

∑
c S

H
c F

H(yc −MΩFScΨ
Hŵk) or x̂ = ΨHrk

correction leads to parallel coloured state evolution. A thorough theoretical justifica-

tion for the form of the Onsager correction is left as future work.

Line 11 of Algorithm 6 suggests two possible options for the algorithm output. The

first is gradient descent without density compensation; the multi-coil analogue to line

11 of Algorithm 4. We also suggest ΨHrk, which is unbiased when parallel coloured

state evolution (5.13) holds. Section 5.3 compares these possibilities quantitatively

and qualitatively.

5.2.1 Comments on P-VDAMP in practice

We have found that damping the denoiser by a constant factor 0 < ρ ≤ 1 aids

convergence. For k > 0, we suggest replacing lines 6 and 7 of Algorithm 6 with

ŵk = ρg(rk; τk) + (1− ρ)ŵk−1

αk = ρ 〈∂(g(rk; τk))〉sband .

(5.14)

Note that ρ = 1 corresponds to zero damping. In all experiments in this chapter, the

damping factor was set to ρ = 0.75 unless stated otherwise. The effect of damping
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on P-VDAMP’s state evolution is discussed in Section 5.3.7.

The single-coil VDAMP algorithm of Chapter 4 was run for a fixed number of itera-

tions. Here, we use a more practical stopping criterion based on the aliasing model τk,

following the suggestion in [178]. In the experiments in this chapter, VDAMP stops

iterating when the mean-squared of the aliasing of rk is predicted to have increased,

〈τk〉 > 〈τk−1〉, or when 〈τk〉 changes by a small amount: | 〈τk〉 − 〈τk−1〉 |/ 〈τk−1〉 < ε.

We used ε = 10−3 throughout this chapter.

5.3 Numerical experiments

5.3.1 Description of data

We evaluated the performance of P-VDAMP on three types of MRI data:

� Brain. 256 × 256 acquisitions acquired on Nc = 16 coils, from an on-site 3T

scanner.

� Knee. 368×640 acquisitions acquired on Nc = 15 coils, from the publicly avail-

able fastMRI dataset [196], which is comprised of a mixture of field strengths.

� Brain angiography. 640 × 506 × 56 acquisitions acquired on Nc = 32 coils,

from an on-site 7T scanner.

For each of the three categories, we had two fully sampled datasets, which are re-

ferred to as, for instance, Brain A and Brain B. The two knee datasets were selected

randomly from the fastMRI dataset.

The aliasing model update in line 5 of Algorithm 6 assumes that k-space is

Bernoulli random, and does not accurately model the aliasing for sampling patterns

that include smooth trajectories. P-VDAMP is therefore only applicable to 3D data

that has been decomposed in to a series of decoupled 2D subproblems, as described
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in Section 3.4. The Bernoulli and Poisson disc sampling that we employ in this

chapter for the 2D brain and knee data would therefore not be possible for actual,

prospectively undersampled scans. Nonetheless, such a setting is instructive for eval-

uating algorithm performance as it is representative of a 2D subproblem that could

be encountered as part of a 3D problem.

For the brain angiographies, we considered the entirely realistic case where a 1D

inverse Fourier transform was applied in the readout direction and reconstructed slice-

by-slice. The readout of the angiographies was in the first dimension, so that the 3D

reconstruction consisted of 640 instances of 506× 56 decoupled 2D reconstructions.

5.3.2 Description of experimental method

All datasets were retrospectively undersampled at factors N/n = 5, 10 with both

Bernoulli and Poisson disc masks, as in the 256× 256 examples of Fig. 3.4. Standard

algorithms for generating variable density Poisson disc masks, such as [129], define

a minimum distance between sampled points without explicitly being based on a

variable density probability distribution. Therefore, to estimate P = E{MΩ}, we

computed the empirical mean of 105 instances of the Poisson disc mask. So that the

Poisson disc and Bernoulli masks could be fairly compared, the Bernoulli sampled

masks were generated using the same P . All masks were fully sampled in a 24× 24

central autocalibration region, with pj = 1 for all j in that region, which was used

to estimate the coil sensitivities Sc with ESPIRiT [1]. To reduce the per-iteration

compute time, the coils were compressed to Nc = 8 virtual coils.

The reference image was computed with xfull =
∑

c S
H
c F

Hyfull,c, where yfull,c =

FScx0 + εc is the noisy, fully sampled data on coil c. Note that since actual MRI

data is used here, unlike the numerical experiments in Chapter 4, we do not have

access to y0,c, the k-space data free of measurement noise, so cannot compute the

ground truth x0. However, since the measurement noise variance is usually smaller
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than the reconstruction MSE, the quantitative performance measures based on xfull

are a reasonably accurate estimation of the truth.

Unfortunately, the data used here was not acquired with pre-scans for measure-

ment noise estimation, so we were not able to predict Σ2
ε. We set P-VDAMP’s mea-

surement noise covariance estimate Σ2
ε = 0N×N , where 0N×N is the N ×N matrix of

zeroes, although we emphasise that for actual, prospectively undersampled scans, it

would likely be beneficial to include an estimate of Σ2
ε.

5.3.3 Comparative algorithms

We evaluated the reconstruction quality of both output options in line 11 of Algorithm

6, and refer to the ΨHrk output as Unbiased P-VDAMP, and the alternative as simply

P-VDAMP.

In Chapter 4, two ck updates were considered: cαk in (4.19) and cSUREk in (4.20).

For single-coil measurements, cSUREk is SURE-optimal with respect to r̃k due to the

white-per-subband aliasing model, which ensures that τHk ∂(g̃(rk; τk)) = 0 and SURE

optimisation reduces to an `2 minimisation problem with a closed form solution, as

stated in (4.21). For multiple coils, the intra-subband modulation of the aliasing

implies that τHk ∂(g̃(rk; τk)) 6= 0 in general, and the computation of a SURE-optimal

ck update is less straight-forward. Therefore, for simplicity, we consider only the

cαk = 1N � (1N −αk) version of the algorithm in this chapter. This choice is further

motivated by the the empirical NMSE results from the single-coil method, Table 4.2,

which found that VDAMP-α mostly outperformed VDAMP-S on data types other

than the idealistic Shepp-Logan.

We compared P-VDAMP with three variations of multi-coil FISTA, Algorithm 5

with the gradient descent on lines 3 and 4 modified for multiple coils. Firstly, we

implemented FISTA with a hand-selected λ. Unlike Chapter 4, where λ was tuned to

near-optimality using the ground truth MSE on a case-by-case basis, here we tuned
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λ less precisely to better reflect the tuning for actual, prospectively undersampled

scans. The λ was tuned to be approximately MSE optimal for a specific case, and this

was shared across a number of reconstructions, so that the reconstruction quality was

suboptimal for reconstructions other than those for which λ was specifically tuned for.

For the knee and brain data we used the λ that was approximately MSE-optimal for

the Brain A data Bernoulli sampled at N/n = 10. For the angiographies, this tuning

was performed on the central slice of Angiography A, also for Bernoulli sampling at

N/n = 10.

Since it was consistently outperformed by FISTA in Section 4.3, we did not run

S-FISTA [190] here. For comparative parameter-free methods, we ran SURE-IT, as

detailed in Section 4.3, and a recently proposed parameter-free variant of FISTA [197],

which automatically selects a per-scale sparse weighting heuristically, based on k-

means clustering of the zero-filled estimate: see [197] for details. The latter is referred

to as Automatic-FISTA (A-FISTA) throughout this chapter.

For FISTA and SURE-IT’s MSE estimate in line 5 of Algorithm 5, we used the

true error with respect to the reference, as in Chapter 4. The stopping criterion

employed for FISTA and SURE-IT was analogous to P-VDAMP, stated in Section

5.2.1: when τk > τk−1, or when |τk− τk−1|/τk−1 < 10−3. For A-FISTA, we found that

such a stopping criterion typically terminated the algorithm prematurely, so instead

used a fixed number of iterations. As in [197], we chose 200 iterations, which we

found to be sufficient to ensure convergence.

For the wavelet transform Ψ, we used the order 4 Daubechies mother wavelet

with s = 4 decompositions scales for all algorithms, which is widely used in MRI

reconstruction, such as in [9,197,198]. Since its mother wavelet is larger, P-VDAMP’s

aliasing model with order 4 Daubechies wavelet (5.10) is less accurate than it would

be for Haar. However, we found that in practice the improved compressibility of the

order 4 Daubechies wavelet coefficients was sufficient to improve the reconstruction
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quality compared with Haar, despite its poorer aliasing model.

5.3.4 Performance metrics

The metric of utmost importance in MRI reconstruction is the diagnostic quality ac-

cording to radiologists [199]. To reflect this, we extended the analysis employed in

Chapter 4 to include simple post-reconstruction, pre-analysis processing and intro-

duced additional metrics that are known to correlate with perceived quality.

To mitigate the effect of the background on the reconstruction quality metrics, we

masked the reference xfull and image estimate x̂. For the structural brain and knee

datasets, all pixels with absolute value less than 5% of the maximum absolute value

of the reference were set to zero. For the angiographies we used a hand-selected mask

that excluded both the background and the skull, a common procedure referred to in

the MRI literature as “skull-stripping” [200]. All metrics for the angiographies were

computed with respect to the maximum projection along the third dimension, which

is a standard visualisation method [201,202].

As in Chapter 4, we computed the NMSE and time to convergence, defined as

the time to reach the τk-based stopping criterion described in Section 5.2.1 or, for

A-FISTA, the time to 200 iterations. We also used the Structural Similarity Index

Metric (SSIM) [203], a widely used metric that aims to predict the perceived change in

structural information of an image, which returns a score between 0 and 1, where 1 is

exact recovery. For the angiographies, we computed the SSIM after applying a vessel

mask computed by thresholding with Otsu’s method [204], which was shown in [199]

to correlate well with radiologists’ perceived reconstruction quality. The final metric

we employed was the High-Frequency Error Norm (HFEN) [140], which quantifies the

reconstruction quality of the image’s fine features. Following [140], the HFEN was

computed by applying a 15× 15 Laplacian of Gaussian filter with standard deviation

1.5 to x̂− x0 and computing the `2 norm. We normalised the HFEN by dividing by
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the `2 norm of the reference image.

5.3.5 Quantitative discussion of reconstruction quality

The NMSE, HFEN and SSIM of each is algorithm is shown in Fig. 5.3. Despite

P-VDAMP’s aliasing model not being designed for Poisson disc sampled data, its

comparative performance is similar to the Bernoulli sampled case. The aliasing model

mismatch for Poisson disc sampled data is discussed further in Section 5.3.7.

P-VDAMP offered improved NMSE, SSIM and HFEN compared with SURE-

IT for all reconstructions, highlighting the need for Gaussian aliasing for effective

threshold selection with SURE, as for the single-coil method from Chapter 4. A-

FISTA performs well in some instances, such as the N/n = 10 sampled Knee B, but

is more often closer to the performance of SURE-IT than FISTA or P-VDAMP.

Compared with FISTA, the hierarchy appears to be case specific: FISTA generally

outperforms P-VDAMP for the brain data, for the knee data it is more mixed, while

for the angiographies P-VDAMP usually offers the best reconstruction. This does

not necessarily imply that the comparative performance of P-VDAMP is anatomy-

specific, as FISTA’s performance depends on how well its sparse weighting is tuned.

For instance, the N/n = 10 Bernoulli sampled Brain A, which was the case used to

tune FISTA’s sparse weighting, is an example where FISTA outperforms P-VDAMP

by a greater margin. Since the reference MSE is not available for parameter tun-

ing in actual, prospectively undersampled scans, FISTA’s imperfectly tuned sparse

weighting for reconstructions other than the N/n = 10 Bernoulli sampled Brain A is

a reasonable reflection of reality.

Unbiased P-VDAMP often performs poorly in terms of NMSE and SSIM, but

reasonably well in terms of HFEN. In the subsequent section, we show that even

in the case of relatively poor NMSE and SSIM, Unbiased P-VDAMP performs well

qualitatively.
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(a) NMSE, N/n = 5 (b) NMSE, N/n = 10

(c) HFEN, N/n = 5 (d) HFEN, N/n = 10

(e) SSIM, N/n = 5 (f) SSIM, N/n = 10

Figure 5.3: NMSE, HFEN and SSIM of all algorithms at N/n = 5, 10 for Bernoulli
and Poisson disc sampling
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(a) Time to convergence, N/n = 5 (b) Time to convergence, N/n = 10

Figure 5.4: Time to convergence, N/n = 5, 10
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(a) Knee A, Bernoulli, N/n = 5
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(b) Brain B, Poisson disc, N/n = 10

Figure 5.5: NMSE vs iteration for Bernoulli sampled Knee A and Poisson disc sampled
Brain B, both at N/n = 10.

The time to convergence is shown in Fig. 5.4. Unlike single-coil VDAMP, P-

VDAMP does not demonstrate a consistent reduction in the required compute time

compared with FISTA. This is primarily due to the more computationally demanding

τk update, line 5 of Algorithm 6, which leads to around a 4 times longer per-iteration
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compute time than FISTA in our MATLAB implementation. For the N/n = 5

Bernoulli sampled Knee B and the N/n = 10 Poisson disc sampled Brain B, Fig.

5.5 shows the NMSE vs iteration. For the Knee A example, P-VDAMP converges

in slightly more iterations than FISTA, while for the Brain B example, P-VDAMP

converges in around 5 times fewer iterations than FISTA. Fig. 5.5 demonstrates

why the τk-based stopping criterion stopped the algorithm prematurely; A-FISTA’s

NMSE does not decrease monotonically. Its longer reconstruction time is due to the

lack of a better stopping criterion than running it for 200 iterations; A-FISTA has a

similar per-iteration cost to FISTA.

5.3.6 Qualitative discussion of reconstruction quality

This section qualitatively discusses the reconstruction for one illustrative example

from each data type. The first example, shown in Fig. 5.6, is the N/n = 10 Bernoulli

sampled Knee A, where FISTA outperformed both P-VDAMP outputs by all recon-

struction quality metrics. FISTA and both P-VDAMP estimates retain considerably

more of the fine detail. Note that this is true for Unbiased P-VDAMP, despite having

a far worse NMSE than all competing methods. For the competing parameter-free

methods SURE-IT and A-FISTA, there is clear oversmoothing, leading to a loss of

fine detail and indicating that A-FISTA’s heuristic automatic tuning is sub-optimal.

The N/n = 10 Poisson disc sampled Brain A is shown in Fig. 5.7. As for the

knee example, both parameter-free FISTA-based methods exhibit significant blurring,

while FISTA and P-VDAMP retain considerably more anatomical detail. Unbiased P-

VDAMP exhibits some high-frequency texturing in the aliasing not seen in P-VDAMP

or FISTA.

Fig. 5.8 shows the fully sampled Angiography B with its reconstructions for

N/n = 5 Poisson disc sampled data. A 100 × 100 zoomed-in region is also shown,

with contrast enhancement. The green arrow highlights a narrow region of a blood
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(a) Reference (b) FISTA (c) SURE-IT

(d) A-FISTA (e) P-VDAMP (f) Unbiased P-VDAMP

Figure 5.6: Reconstructions of Knee A Bernoulli undersampled at N/n = 10.

(a) Reference (b) FISTA (c) SURE-IT

(d) A-FISTA (e) P-VDAMP (f) Unbiased P-VDAMP

Figure 5.7: Reconstructions of Brain A Poisson disc undersampled at N/n = 10.
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(a) Reference (b) FISTA (c) SURE-IT

(d) A-FISTA (e) P-VDAMP (f) Unbiased P-VDAMP

Figure 5.8: Angiography B Poisson disc undersampled at N/n = 5, with a contrast-
enhanced 100 × 100 region. The green arrow shows part of a blood vessel which is
retained only for P-VDAMP.
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Figure 5.9: Error spectrum plot [3] for Bernoulli sampled Knee A and Poisson disc
Sampled Brain A, both at N/n = 10. Unbiased P-VDAMP’s error is characterised
by a larger error in the high frequencies, but a reduction in low, which is manifest
in figures 5.6 and 5.7 as a reduction in blurring but an increase in high-frequency
texturing.

vessel, which is visible for Unbiased P-VDAMP and partially visible for P-VDAMP

but mostly lost in the competing FISTA-based methods. For Unbiased P-VDAMP,

there are horizontal streaking artefacts. For the more ambitious undersampling factor,

N/n = 10, these artefacts are more prominent, as reflected in the poor quality metrics

in Fig. 5.3c.

To analyse the structure of the reconstruction artefacts in more detail, we used the

Error Spectrum Plot (ESP) proposed in [3], which characterises the error’s frequency

dependence. For the knee and brain examples of figures 5.6 and 5.7, Fig. 5.9 shows

the ESP for each algorithm. These plots demonstrate that the error of Unbiased

P-VDAMP is characterised by relatively accurate low frequencies, but less accurate

high frequencies. This is qualitatively manifest in figures 5.6 and 5.7 as a reduction

in blurring but an increase in high-frequency texturing.

Overall, P-VDAMP’s reconstruction quality is comparable with FISTA, but offers
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a clear improvement over the competing parameter-free methods, both quantitatively

and qualitatively. The nature of Unbiased P-VDAMP’s artefacts implies that the

algorithm performs competitively qualitatively despite its comparatively poor quan-

titative metrics.

5.3.7 P-VDAMP’s state evolution and damping

There are two aspects of state evolution of interest: (1) is the aliasing of rk Gaussian?

and (2) how accurately does τk model its covariance? This section addresses these

aspects using two representative examples.

In Chapter 4, we validated the existence of state evolution using kurtosis and

quantile-quantile plots, comparing the effective noise of each wavelet subband with

a white Gaussian distribution. The variances of the effective noise were estimated

empirically by averaging over the subband, so the aliasing model τk was not required.

For the current, multi-coil method, since the per-subband aliasing is not white such

a method is not possible and it is necessary to use τk to normalise the effective

noise to compare with a white Gaussian. This confounds the analysis of the two

aforementioned aspects of state evolution. To evaluate aspect (1) of state evolution,

all QQ plots and kurtosis calculations in this section were based on the finest scale

only, where the wavelet filter is the least dilated and the aliasing model is the most

accurate.

Fig. 5.10 shows the wavelet-domain effective noise of the the N/n = 10 Bernoulli

sampled brain A at k = 0, 2, 8 when no damping is employed, so that ρ = 1, where ρ is

defined in (5.14). The error model τk is also shown, and the normalised effective noise,

which qualitatively approximates a white Gaussian. The approximate Gaussianity of

the real part of the finest scale is verified with QQ plots and kurtosis computations

in the bottom row. Overall, Fig. 5.10 provides evidence that P-VDAMP with ρ =

1 obeys a parallel coloured state evolution. However, the reduction in aliasing is
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Figure 5.10: The wavelet-domain error and aliasing model of P-VDAMP with ρ = 1
at iterations k = 0, 2, 8 of Brain A, where k-space has been sampled with theN/n = 10
Bernoulli mask shown in Fig. 3.4a. The QQ plots are based on the real part at the
finest scale.
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Figure 5.11: The wavelet-domain error and aliasing model of P-VDAMP with ρ =
0.75 at iterations k = 0, 2, 8 of N/n = 10 Bernoulli sampled Brain A. The aliasing
decreases considerably more than in Fig. 5.10, despite a breakdown of P-VDAMP’s
state evolution for high k.
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relatively small, and P-VDAMP’s reconstruction is relatively poor, with an NMSE of

-21.3dB when the stopping criterion was reached.

Fig. 5.11 shows a similar figure to 5.10 but with the damping constant set to

ρ = 0.75, as used in the previous experimental sections in this chapter. With damping,

there was a more substantial reduction in the aliasing, with an NMSE of -23.3dB when

the stopping criterion was reached. However, the inexactness of Onsager correction

in this case causes P-VDAMP’s parallel coloured state evolution to fail as k increases,

which is manifest at k = 8 in Fig. 5.11 as visibly biased aliasing and a large kurtosis. A

breakdown in state evolution implies that parameter selection with SURE is no longer

guaranteed to be near-optimal. Nonetheless, we found that the advantage of damping

outweighed the disadvantage of poorer denoising for P-VDAMP’s performance in

general.

Fig. 5.12 shows similar plots with ρ = 0.75 for the same data and acceleration

factor, but for Poisson disc sampling. In this case, the normalised effective noise

visibly deviates from white, even at k = 0. Despite this, the QQ plots and kurtosis

computations show that the normalised distribution is reasonably close to a Gaus-

sian, demonstrating why P-VDAMP with SURE-optimal thresholding was found to

perform reasonably well. For k = 8, the aliasing deviates more considerably from a

Gaussian, as in Fig. 5.11.

To evaluate the accuracy of the aliasing model τk, aspect (2) of state evolution,

Fig. 5.13 shows the true NMSE of rk and its estimate, 〈τk〉, up to k = 10 for

N/n = 10 Bernoulli and Poisson disc sampled Brain A and Knee A for both the

damped and undamped versions of P-VDAMP. The only case where the aliasing is

accurately tracked for all k is Bernoulli sampling without damping. For Bernoulli

sampling with damping, the aliasing model is accurate for small k, but deviates as k

increases, while for Poisson disc sampling, the aliasing model is inaccurate even for

k = 0. This is consistent with the deviation from state evolution observed in figures
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Figure 5.12: Equivalent of Fig. 5.10 for Poisson disc sampling with damping constant
ρ = 0.75.

95



5.11 and 5.12.

(a) Brain A, Bernoulli sampling (b) Brain A, Poisson disc sampling

(c) Knee A, Bernoulli sampling (d) Knee A, Poisson disc sampling

Figure 5.13: True NMSE of rk and its prediction 〈τk〉 for Bernoulli and Poisson disc
sampled Brain A and Knee A at N/n = 10. Note that the NMSE values here were
computed without the pre-analysis thresholding described in Section 5.3.4, so are not
directly comparable with the results from figures 5.4a and 5.4b.

5.4 Conclusions

In this chapter, the single-coil VDAMP algorithm of Chapter 4 was extended to the

multiple coil measurement model. The crucial modification was the τk update, line 5

96



of Algorithm 6, which, to ensure scalability in N , approximates the coil sensitivities

as flat over the wavelet filters’ support. For Bernoulli sampling with no damping,

P-VDAMP was found to obey a parallel coloured state evolution, (5.13). Although

damping causes P-VDAMP’s state evolution to break down for increasing k, we found

that it nonetheless converged to a higher quality reconstruction. P-VDAMP per-

formed well on Poisson disc sampled data without modification, despite a mismatch

between the true aliasing and its model.

P-VDAMP with SURE-optimal wavelet thresholding offered significantly improved

reconstruction quality over the competing tuning-free methods SURE-IT and A-

FISTA. Compared with FISTA with a hand-selected threshold, P-VDAMP’s recon-

struction quality was more mixed, without a clear performance hierarchy. However,

P-VDAMP has the clear advantage over FISTA that it alleviates the need to tune

parameters by hand in a similar time to convergence.
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Chapter 6

Denoising-Parallel-VDAMP

P-VDAMP’s parallel coloured state evolution recasts the multi-coil compressed sens-

ing MRI problem as a series of zero-mean, Gaussian denoising problems with ap-

proximately known covariance. In other words, how accurately one can reconstruct

an image from randomly sampled k-space data depends simply on how well one can

denoise a Gaussian-corrupted version of it.

Given sufficient representative training data, the current state-of-the-art in image

denoising is with Convolutional Neural Networks (CNNs) [2,70,71]. This chapter pro-

poses the Denoising-P-VDAMP (D-P-VDAMP) algorithm, where the SURE-optimal

soft thresholding denoiser from Chapters 4 and 5 is replaced with a CNN.

CNNs are a recurring theme in MRI reconstruction research in recent years [17,

145–155]. Section 3.6.2 outlined three approaches to reconstruction with deep learn-

ing: Plug and Play (P&P), unrolled and black-box. D-P-VDAMP is a P&P method.

Although for specific undersampling schemes unrolled and black-box methods can

perform very well, P&P methods have the advantage that they are not constructed

for specific k-space undersampling scheme, so are more robust to unseen sampling

patterns, as shown in, for instance, [17]. The possibility of P-VDAMP as an unrolled

method is discussed in Section 7.1.
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6.1 Prior work: the D-VDAMP algorithm

Due to its relevance to the D-P-VDAMP method proposed in this chapter from Sec-

tion 6.2 onwards, we discuss in detail work by other authors on the D-VDAMP algo-

rithm [178], the VDAMP-based analogy of the D-AMP algorithm [44] discussed in Sec-

tion 2.6.2. D-VDAMP was proposed after the publication of single-coil VDAMP [172]

and before the development of the method proposed in this chapter. For a complete

description of the method and results, see [178].

6.1.1 Summary of method and numerical results

D-VDAMP [178] is single-coil VDAMP, Algorithm 4, where the SURE-optimal soft

thresholding g(r; τ ) is replaced by a generic denoiser. Four denoisers are proposed,

each of which are applied in the image domain, so that g(r; τ ) = Ψgim(ΨHr; τ ) for

some image-domain denoiser gim. The suggested image-domain denoisers are:

(A) The BM3D algorithm [68].

(B) A DnCNN [2], as described in Section 3.6.3, trained on images corrupted with

white Gaussian noise.

(C) A DnCNN trained on images corrupted with coloured Gaussian noise.

(D) A DnCNN trained on images corrupted with coloured Gaussian noise, where

each intermediate feature map is concatenated with a N ×N × (3s+ 1) tensor,

where the bth slice consists of N ×N copies of τb, the variance associated with

subband b.

For each proposed architecture, four copies of the network were trained, specialised

for particular effective noise standard deviation ranges. The denoising CNNs were
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trained on around 127000 image patches from the Stanford 2D FSE dataset1. D-

VDAMP’s divergence term 〈∂(g(r; τ ))〉sband was approximated using an extension of

the Monte-Carlo method developed in [205], described in detail in Section 6.2.2.

D-VDAMP was compared with the SURE-optimal wavelet thresholding VDAMP

proposed in Chapter 4, TVAL3 [206], which is based on total variation, and two P&P

algorithms: Regularisation by Denoising (RED) [207] and D-ADMM [208], with both

denoisers (A) and (B) from above. The proposed method was found to substantially

outperform all comparative methods, with denoiser (D) consistently achieving the

lowest MSE. For instance, at acceleration factor 4, D-VDAMP with denoiser (D)

outperformed its nearest (non-VDAMP-based) competitor RED by an MSE of 6dB.

For a full set of results, see [178, Table 2].

The comparative improvement of D-VDAMP over the other P&P algorithms is a

consequence of its state evolution. The absence of state evolution for RED and D-

ADMM implies that there is a mismatch between the actual aliasing and the aliasing

the network is trained to denoise, while for VDAMP, the aliasing is closely matched,

leading to a far more effective denoising step.

6.1.2 Differences between D-VDAMP and the proposed D-

P-VDAMP

The primary difference between D-VDAMP and the method proposed in the chapter

is that we focus on modifying the multi-coil version of the algorithm, P-VDAMP from

Chapter 5. The performance of D-VDAMP’s denoiser (D) indicates that including

the aliasing model τ as an input to D-P-VDAMP’s denoising CNN ought to improve

its performance. However, since the multi-coil aliasing model includes intra-subband

modulation, the specifics of denoiser (D) do not naturally generalise to P-VDAMP,

as the variance of subband b cannot be represented with a scalar, so it is not possible

1available at http://mridata.org/

100

http://mridata.org/


to concatenate N ×N × (3s+ 1) tensors in the same fashion. In response, we propose

a novel wavelet-domain denoising architecture, described in Section 6.2.1, which uses

a series of upsampling layers to gradually feed in the aliasing model and wavelet

coefficients scale-by-scale.

6.2 Description of D-P-VDAMP

This section describes two developments required for P-VDAMP with a CNN g(r; τ ):

1) the development of an appropriate denoising CNN architecture, and 2) a method

for estimating 〈∂(g(rk; τk))〉sband for D-P-VAMP’s Onsager correction.

6.2.1 Proposed wavelet-domain denoiser architecture

We propose a multiscale wavelet-domain denoiser based on the DnCNN described in

Section 3.6.3. The proposed network architecture, which we term Wavelet-DnCNN

(W-DnCNN), is represented in Fig. 6.1 for a 384 × 640 image decomposed at s = 4

scales. Unlike DnCNN, which takes only image-domain pixels as its input, W-DnCNN

also takes wavelet coefficients. The wavelet coefficients are concatenated with their

corresponding aliasing model and inputted to the network scale-by-scale, starting

with the coarsest.

In Fig. 6.1, the black dashed boxes refer to network inputs. The (12 × 24 × 40)

input on the bottom left consists of a concatenation of the real part, imaginary part,

and
√
τ of the wavelet coefficients at the coarsest scale, including the approximation

coefficients. The (9× 48× 80), (9× 96× 160) and (9× 192× 320) inputs are the real

part, imaginary part, and
√
τ at the remaining three wavelet scales. These scales have

9 inputs channels because there are three subbands, unlike the coarsest scale which

has 4 due to the additional subband of approximation coefficients. The (2×384×640)

input in the top right is the real and imaginary parts of the image-domain estimate.
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The blue rectangles are “DnCNN Blocks”, based on the DnCNN described in

Section 3.6.3, which contain all the trainable parameters. The DnCNN block consists

of 64 filters of size (3×3×cin), where cin is the number of input channels to the block,

followed by Batch Normalisation and Parametric ReLU, followed by 4 repetitions of

64 filters of size (3× 3× 64), Batch Normalisation and Parametric ReLU. Parametric

ReLU is defined as

σl(xj) =


xj, if x > 0

alxj otherwise,

where al is a trainable parameter. As in the original DnCNN, each DnCNN block in

W-DnCNN has a residual connection [165].

The green circles are fixed bilinear upsampling layers, which scale the dimension

of the channels by 2, so that they match the dimension of the subbands at the next-

coarsest scale. The channels are then concatenated with the next wavelet subbands

and aliasing model or, at the largest scale, the image-domain input.

Since the output of the final DnCNN block is in the image-domain, and P-

VDAMP’s g(r; τ ) is defined to be a wavelet-to-wavelet denoiser, a final wavelet

transform is performed, represented in Fig. 6.1 with a grey circle.

6.2.2 Monte-Carlo divergence estimation

The soft thresholding operator employed for the denoiser g(rk; τk) in Chapters 4 and

5 has an analytical expression for 〈∂(g(rk; τk))〉sband. For D-P-VDAMP, its CNN

g(rk; τk) cannot be differentiated analytically. This section describes a method based

on [205] that estimates 〈∂(g(rk; τk))〉sband using Monte-Carlo approximation, as ap-

plied in [178] but not described in detail. A similar approach was proposed to compute

the denoiser divergence in the context of D-AMP [44] for real systems. The method
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here describes the modifications required to compute the complex, subband-averaged

〈∂(g(rk; τk))〉sband.

Let b = bR + ibI v CN (0N ,1N). By [205, Theorem 2], applied to the real and

imaginary parts,

〈∂(d(v))〉 = lim
η→0

Eb

{
bTR

(
<[d(v + ηb)− d(v)]

η

)
+ bTI

(
=[d(v + ηb)− d(v)]

η

)}
.

(6.1)

To approximate the expectation over b using Monte-Carlo simulation, one generates

a series of random bt = bt,R+ ibt,I v CN (0N ,1N) for t ∈ {1, 2, . . . , Nt} and computes

〈∂(d(v))〉 ≈ 1

Nt

Nt∑
t

[
bTt,R

(
<[d(v + ηbt)− d(v)]

η

)
+ bTt,I

(
=[d(v + ηbt)− d(v)]

η

)]

where η ∈ R is small. The value of η should be small enough to accurately approx-

imate (6.1) but large enough to mitigate floating point errors in d(v + ηbt). For all

numerics in this chapter we used η = ‖v‖∞/106. Since 〈∂(d(v))〉 is a scalar, the

expectation can be well approximated with a single random bt, so that Nt = 1 [44],

as long as the dimension of v is large. We used Nt = 1 for all results in this chapter.

To approximate the jth subband of 〈∂(g(rk; τk))〉sband, we used

〈∂(g(rk; τk))〉sband,j

≈ bTj,R
(
<[g(rk + ηb; τk)− g(rk; τk)]

η

)
+ bTj,I

(
=[g(rk + ηb; τk)− g(rk; τk)]

η

)
(6.2)

where b v CN (0N ,1N) and bj is b where all subbands other than jth are zeroed.

To summarise, a Monte-Carlo estimate of 〈∂(g(rk; τk))〉sband can be computed

with the following steps: (A) Compute η = ‖rk‖∞/106; (B) Generate a random vec-

tor b v CN (0N ,1N); (C) Compute g(rk + ηb; τk), the denoised wavelet coefficients
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from the perturbed wavelet-domain input, and (D) Evaluate (6.2) for all subbands

j ∈ {1, 2, . . . , 3s + 1}. This procedure is required once per iteration, with its main

computational burden being the additional implementation of the denoiser on the

perturbed input. This increases the computational expense of D-P-VDAMP com-

pared with other P&P methods such as D-FISTA and D-ADMM, where no diver-

gence estimation is required. However, as shown in the following section, we find that

D-P-VDAMP’s reduced number of iterations to convergence leads to a reconstruction

time comparable with competing P&P methods.

6.3 Numerical experiments

6.3.1 Description of data

We evaluated the performance of the proposed method on knee data from the publicly

available fastMRI dataset [196]2, which was acquired on a mixture of 3T and 1.5T

scanners on Nc = 15 channel knee coil arrays. The training and validation sets include

both fully-sampled multi-coil k-space data and undersampled data. The suggested

undersampling masks are 2D acquisitions in rows, as in Fig. 3.3a. Since P-VDAMP’s

aliasing model is not constructed for such sampling schemes, we ignored the sug-

gested undersampling patterns and undersampled k-space ourselves with Bernoulli

and Poisson disc masks. The test set does not include fully sampled k-space, only

the suggested 2D row-undersampled k-space, so was excluded. The remainder of

the dataset was comprised of 1153 fully sampled knee k-space volumes, each with

around 30-40 slices. We composed our own training, validation and test sets from

this remainder, randomly allocating 953 knees for training and 100 knees for both the

validation and testing sets.

Unfortunately, since the fastMRI challenges are based on the suggested 2D row un-

2available at https://fastmri.org/dataset/
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dersampling patterns only, we were not able to submit our results to the leaderboard

or compare our results directly with previously proposed methods on the leaderboard,

such as [209,210].

6.3.2 Preparing k-space data for training

The W-DnCNN described in Section 6.2.1 takes aliased wavelet coefficients and the

aliasing model τ as its input. To prepare the raw k-space data for network training,

the following was performed on each 2D slice in the dataset:

1. Multi-coil k-space was Bernoulli undersampled with an undersampling factor

generated uniformly at random between n/N = 0.05 and n/N = 0.5 with a

24× 24 autocalibration region.

2. The sensitivity maps Sc were estimated via ESPIRiT [1] via the autocalibration

region and, if necessary, zero-padded or cropped to size 384× 640.

3. To reduce the compute time of steps 4 and 5, coil compression was performed

to 8 virtual coils.

4. The fully sampled wavelet coefficients were computed withw0 = Ψ
∑

c S
H
c F

Hyfull,c

and saved to disk.

5. The wavelet-domain covariance estimate τ was computed via (5.10) with ξc,j =

〈|Ψj|2,Diag(SHc )〉 and saved to disk.

Coil compression and coil sensitivity estimation with ESPIRiT in steps 2 and

3 were computed using the BART toolbox [105]. Across the whole dataset, data

preparation took around 30 hours.

We emphasise that only w0 ∈ CN and τ ∈ RN are saved to disk, and the full

k-space data is not required during training. This contrasts with unrolled and black-

box CNN-based reconstruction, which require the full N -dimensional complex k-space
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data over Nc coils. Since τ is real, so has only half the memory requirements of

w0 ∈ CN at the same precision, this requires 3
2
Nc times more storage than D-P-

VDAMP’s training data. For the fastMRI dataset, where Nc = 15, this is a 10 times

reduction in storage requirements, which on our system allowed the training data to

be stored internally rather than on an external hard-drive, substantially reducing the

data load-in time and overall training time.

As discussed in Section 5.1.2, P-VDAMP’s aliasing model is more accurate for

wavelets filters with a smaller support set. In D-P-VDAMP, wavelets are used exclu-

sively as a tool for decomposing the aliasing, and not to compress the image, so there

is no advantage to using wavelets with a larger support. We therefore used the Haar

mother wavelet for Ψ, which has the smallest support set. As in Chapters 4 and 5,

we used 4 decomposition scales.

6.3.3 Network training procedure

For D-P-VDAMP to perform well, the denoiser must be effective at removing the

aliasing for a range of τ . It is therefore important to prioritise the generalisability

of the CNN’s performance with respect to τ during training. This was addressed by

simulating noisy wavelet coefficients with a range of τ , using the τ generated during

data preparation as a basis. We chose to simulate noisy wavelet coefficients rather

than to use r0 = Ψ
∑

c S
H
c F

HP−1MΩyc because, as described in the following, it

allows the denoiser to see a greater range of aliased inputs.

In this section, i and j index the 2D slices of the training points and aliasing

models. We simulated the ith aliased training point ri by corrupting the ground-

truth wavelet coefficients w0,i with complex Gaussian noise, so that

ri = w0,i + CN (0N ,Diag(τj)), (6.3)
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where j is not necessarily equal to i. In other words, we shuffled the aliasing models

with the ground-truth wavelet coefficients, so that the wavelet coefficients were not

necessarily paired with the τ generated during data preparation. These pairings were

reshuffled at the start of every epoch.

Since the aliasing is expected to decrease for increasing k, D-P-VDAMP’s de-

noiser is required to remove aliasing for both large and small 〈τ 〉. In the D-VDAMP

paper [178], this issue was addressed by using four denoising CNNs with identical

architectures, which were specialised to a range of 〈τ 〉. Here we take an alterna-

tive approach, using the same network for all aliasing models, but with a choice of

loss function that encourages better performance at small 〈τ 〉. We used the root

mean-squared error,

Lrmse =
1√
Ntrain

Ntrain∑
i=1

‖w0,i − g(ri; τi)‖2, (6.4)

as the loss, where Ntrain is the number of training points. Easier denoising tasks,

where 〈τ 〉 is low, are more strongly penalised with the RMSE compared with the

MSE, as used in [178]. This improved the denoising performance in these scenarios,

which we found led to improved reconstruction performance overall.

We used a mini-batch size of 4 and trained for 50 epochs using the Adam optimiser

[158] with a learning rate of 10−4, and used the model with the lowest loss on the

validation set. Training was completed in 76 hours on a single NVIDIA TITAN X

GPU in PyTorch.

6.3.4 Comparative methods

The term P&P encompasses algorithms that use non-CNN denoisers, such as BM3D

[68], which was applied to MRI in [76, 211]. This chapter does not consider non-

learned denoisers like BM3D, as they are far slower to implement, and known to be
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outperformed by CNNs given sufficient representative training data [2, 70, 71,178].

For a comparative P&P method, we ran D-FISTA [212]. To avoid confounding

the performance of the algorithm with the performance of the network architecture,

we used the same W-DnCNN denoiser as D-P-VDAMP, described in Section 6.2.1, for

D-FISTA. However, unlike D-P-VDAMP, we trained the network on white Gaussian

noise, as in previous implementations of P&P for MRI [17, 145]. To train the white

denoiser, the covariance of the simulated Gaussian noise was set to 〈τj〉1N . The

training procedure was otherwise identical, using the same network depth and training

hyper-parameters as for D-P-VDAMP, as described in Section 6.2.1.

In Chapters 4 and 5, FISTA’s scalar MSE estimate τk, which scales the threshold,

was computed using the fully sampled reference. Since D-FISTA’s τk is used to guide

the denoising CNN it plays a more crucial role, so in this chapter we consider the

more realistic case where τk is estimated. For denoiser input rk, we used the mean-

squared-error of the measured coefficients,

τk =
Nc∑
c=1

1

nNc

‖yc −MΩFScΨ
Hrk‖2

2, (6.5)

which would be reliable if the coil-weighted spectral density of the aliasing of rk were

approximately uniform.

In order to evaluate the effect of treating the noise as coloured, as well as D-P-

VDAMP with the full, coloured aliasing model, we also ran the algorithm with the

same white denoiser as D-FISTA. We whitened D-P-VDAMP’s aliasing model by

replacing g(r; τ ) in Algorithm 6 with g(r; 〈τ 〉1N). As in Chapter 5, we considered

the alpha variant of P-VDAMP only, so that line 8 of Algorithm 6 was ck = 1N�(1N−

αk). Also as in Chapter 5, we evaluated the performance of both the standard and

unbiased outputs of P-VDAMP. We used the damping factor ρ = 0.75 and τ -based

stopping criterion detailed in Section 5.2.1.
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For comparative non-CNN models, we ran the SURE-optimal soft thresholding

P-VDAMP algorithm from Chapter 5 and multi-coil FISTA, Algorithm 5, with a

threshold λ weighted by τk. We chose FISTA’s λ by tuning it to be approximately

MSE-optimal with respect to the reference on a randomly selected N/n = 5 Bernoulli

undersampled slice from the test set.

In [17], it was shown that a U-Net [163] black-box method was consistently out-

performed by D-ADMM with a DnCNN denoiser on the knee fastMRI dataset, even

for a fixed sampling mask. Therefore, as in [178], we did not compare D-P-VDAMP

with a baseline black box reconstruction method. The possibility of D-P-VDAMP as

an unrolled neural network is discussed in Section 7.1.

6.3.5 Performance metrics

We ran all algorithms on the whole test set at N/n = 5 and N/n = 10 for both Poisson

disc and Bernoulli sampling, using the same variable density distribution as in the

numerical evaluation of P-VDAMP in Chapter 5, as illustrated in Figure 3.4. As

discussed in Section 5.3.7, P-VDAMP’s aliasing model does not accurately describe

the true aliasing for Poisson disc sampling, see Fig. 5.12. However, as for the soft

thresholding case, we found that D-P-VDAMP performed well without modification.

We used the same metrics as in Chapter 5 to evaluate the performance of the

algorithms: NMSE, SSIM and HFEN, see Section 5.3.4 for details. These metrics

were computed after the following two processing steps. As in Chapter 5, to mitigate

contributions from the background, we masked all pixels with absolute values below

5% of the maximum of the reference. Also, as suggested in [196], the outputs of each

algorithm were cropped to a central 320 × 320 region, which accounts for k-space

oversampling that is standard in clinical practice.
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N/n 5 10
Quality metric NMSE SSIM HFEN Time NMSE SSIM HFEN Time

FISTA -24.3 0.893 -22.7 4.86 -21.6 0.844 -20.8 5.67
D-FISTA (white) -24.3 0.892 -22.2 3.62 -22.4 0.855 -20.8 4.63

P-VDAMP -24.5 0.894 -22.5 23.71 -21.5 0.840 -20.1 7.75
D-P-VDAMP (white) -25.0 0.900 -22.4 4.49 -22.9 0.860 -20.8 4.03

D-P-VDAMP (coloured) -25.8 0.906 -22.8 4.81 -23.1 0.858 -20.7 3.66
Unbiased D-P-VDAMP (coloured) -23.0 0.859 -22.9 4.81 -16.1 0.678 -20.3 3.66

Table 6.1: Average performance of algorithms on the test set for Bernoulli sampled
data, where the NMSE and HFEN are in decibels and time is in seconds. The best
performances are highlighted in bold.

N/n 5 10
Quality metric NMSE SSIM HFEN Time NMSE SSIM HFEN Time

FISTA -24.7 0.898 -23.2 4.44 -20.7 0.828 -19.9 3.00
D-FISTA (white) -24.6 0.896 -22.7 2.77 -22.3 0.851 -20.5 3.51

P-VDAMP -24.7 0.896 -22.6 5.03 -21.9 0.847 -20.5 8.08
D-P-VDAMP (white) -25.8 0.905 -23.2 3.58 -23.4 0.866 -21.4 3.64

D-P-VDAMP (coloured) -26.2 0.908 -23.3 2.27 -23.5 0.863 -21.1 3.39
Unbiased D-P-VDAMP (coloured) -22.5 0.847 -23.3 2.27 -16.3 0.685 -20.9 3.39

Table 6.2: Average performance of algorithms on the test set for Poisson Disc
sampled data.

6.4 Results

6.4.1 Quantitative Performance on test set

The average NMSE, SSIM and HFEN and time to convergence on the test set are

shown for Bernoulli and Poisson disc sampling in Tables 6.1 and 6.2 respectively.

Coloured D-P-VDAMP outperformed P-VDAMP according to every metric for all

experiments, highlighting the advantage of using a richer, CNN-based model over soft

thresholding. Coloured D-P-VDAMP’s average NMSE was consistently lower than

white D-P-VDAMP, demonstrating the benefits of using the full, coloured aliasing

model, rather than the white aliasing model used in previous P&P MRI works [17,

145]. In some cases the SSIM and HFEN are marginally better for white D-P-VDAMP

than coloured D-P-VDAMP. However, we note that the NMSE is the best reflection of

the intended performance of the denoising CNN, as RMSE was used as the training

loss, and that it would be expected that HFEN or SSIM improvements could be

achieved by including appropriate terms in the loss function.
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Except for HFEN at 10 times Bernoulli undersampling, coloured D-P-VDAMP’s

NMSE, SSIM and HFEN were consistently better than D-FISTA. Out of 3705 slices

in the test set, coloured D-P-VDAMP outperformed D-FISTA in terms of NMSE

in the overwhelming majority of cases: 97% and 85% of cases for 5 and 10 times

undersampled Bernoulli sampling respectively and 95% and 98% of cases for Poisson

disc.

White D-P-VDAMP’s NMSE, SSIM and HFEN were consistently as good or better

than D-FISTA, suggesting that any denoising CNN trained on white Gaussian noise,

such as a simple image-domain DnCNN used in [17, 145], would benefit from using

D-P-VDAMP as its basis algorithm.

Unbiased, coloured D-P-VDAMP did not perform competitively in terms of NMSE

and SSIM, but did perform reasonably well in terms of HFEN. As for the experimental

results of Chapter 5, we found that Unbiased D-P-VDAMP nonetheless performed

well qualitatively: see Section 6.4.2.

D-P-VDAMP’s fairly expensive τ update and the need to run two forward passes

of the denoising CNN for Monte-Carlo divergence estimation via (6.2) means that

the time per iteration was larger than D-FISTA. Averaged across all reconstructions,

the time per iteration in our Python implementation was 1.53 and 0.58 seconds for

coloured D-P-VDAMP and D-FISTA respectively. Despite being around 3 times

slower per iteration, D-P-VDAMP’s required number of iterations to convergence was

substantially smaller, leading to a faster average time to convergence than D-FISTA

in 3 out of 4 results from Tables 6.1 and 6.2.

6.4.2 Qualitative analysis of reconstruction quality

Two sets of reconstructions for randomly selected slices from the test set are shown in

figures 6.2 and 6.3 for Bernoulli at N/n = 5 and Poisson disc at N/n = 10 respectively.

For FISTA and P-VDAMP there are blocking artefacts, especially at tissue bound-
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(a) Reference

(b) FISTA (c) D-FISTA (e) P-VDAMP

(f) D-P-VDAMP (white) (g) D-P-VDAMP (coloured) (h) Unbiased D-P-VDAMP
(coloured)

Figure 6.2: Reference and reconstructions of a slice from the test set Bernoulli
undersampled at N/n = 5.

113



(a) Reference

(b) FISTA (c) D-FISTA (e) P-VDAMP

(f) D-P-VDAMP (white) (g) D-P-VDAMP (coloured) (h) Unbiased D-P-VDAMP
(coloured)

Figure 6.3: Reference and reconstructions of Poisson disc undersampled at N/n = 10.
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aries, which arise due to wavelet thresholding. For D-FISTA and the two biased D-

P-VDAMP algorithms there is no visible blockiness, but an increase in blurring at

the edges and some loss of anatomical detail in the bulk tissue, which is especially

prominent for the more challenging ten-fold undersampling of Fig 6.3.

According to NMSE and SSIM, Unbiased D-P-VDAMP performs far worse in

the examples of figures 6.2 and 6.3. For instance, its NMSE in Fig. 6.2 is -17.5dB,

while the next worst, P-VDAMP, is -23.8dB. Nonetheless, Unbiased D-P-VDAMP

qualitatively retains fine anatomical detail well. As discussed in Section 5.3.6, the

unbiased estimate has a greater contribution to the aliasing from high-frequencies.

6.4.3 D-P-VDAMP’s state evolution

Figures 6.4 and 6.5 show the aliasing of rk at k = 0, 1, 2 and its model for D-P-

VDAMP with a coloured denoiser, using the same examples as figures 6.2 and 6.3.

These figures demonstrate that, as in the case of soft thresholding, the Bernoulli

sampled reconstruction approximately obeys state evolution with some deviation due

to damping, while the Poisson disc sampled example deviates even at k = 0.

6.5 Conclusions

Previous P&P methods for MRI such as D-FISTA have a mismatch between the

noise of the training data and the actual per-iteration aliasing. D-P-VDAMP’s state

evolution addresses this issue, giving a way to train a denoising CNN on inputs

with noise that closely matches the effective noise seen during reconstruction. D-P-

VDAMP with a coloured denoiser outperformed D-FISTA’s average NMSE and SSIM

for all explored sampling schemes, and all average HFEN except one. Further, despite

its fairly expensive aliasing update and need for two forward passes of the denoiser

for the Monte-Carlo divergence estimate, D-P-VDAMP’s low required number of

iterations led to a competitive time to convergence.
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(a) |r0 −w0| (b) |r1 −w0| (c) |r2 −w0|

(d)
√
τ0 (e)

√
τ1 (f)

√
τ2

(g) |r0 −w0| �
√
τ0 (h) |r1 −w0| �

√
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√
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√
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√
τ1/2 (l) <(r2 −w0)�

√
τ2/2

Figure 6.4: The wavelet-domain error and aliasing model at iterations k = 0, 1, 2 of
the test set slice shown in Fig. 6.2, where k-space has been sampled with a N/n = 5
Bernoulli mask. As in Section 5.3.7, the Q-Q plots and kurtosis computations are
based on the finest scale only.
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Figure 6.5: The wavelet-domain error and aliasing model at iterations k = 0, 1, 2 of
the test set slice shown in Fig. 6.3, where k-space has been sampled with a N/n = 10
Poisson disc mask.
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Chapter 7

Conclusions

VDAMP and P-VDAMP are, to our knowledge, the first algorithms for single-coil

and multi-coil MRI measurements that obey a state evolution. The central idea of

VDAMP was to modify OAMP’s standard white aliasing model to reflect the coloured

effective noise that arises when an image is sampled in k-space. To model the aliasing

we made use of the wavelet transform, which approximately diagonalises coloured

noise.

This thesis explored two ways in which VDAMP’s state evolution can be leveraged

for MRI reconstruction. In Chapters 4 and 5, SURE was employed to tune parameters

of the denoiser g(r; τ ) to near-optimality on-the-fly, alleviating the need to pre-tune

parameters by hand and yielding an algorithm that converges rapidly to an image

estimate with competitive reconstruction error. In Chapter 6, we showed how state

evolution provides a natural way to train a CNN-based denoiser within the P&P

framework, so that the actual per-iteration aliasing closely matches the aliasing the

network is trained to denoise, leading to very effective denoising and state-of-the-art

reconstruction quality.

118



7.1 Future work

The primary limitation of VDAMP is that a 3D acquisition must be acquired with

a fully sampled readout dimension and decomposed into a series of 2D subproblems.

Future work includes extending VDAMP to non-Cartesian sampling schemes such as

radial or spiral, and to purely 2D acquistions. The key challenge for such sampling

schemes would be to develop a suitable aliasing model, which would replace line 6 of

Algorithms 4 and 6. Such developments would also allow VDAMP to be applied to

other Fourier-based imaging applications of compressed sensing, such as astronomical

imaging [213–215] and x-ray tomographic imaging [216–219].

A benefit of state evolution that could be further explored is as a tool for uncer-

tainty quantification. After the publication of VDAMP, a SURE-based method was

developed for D-AMP and (single-coil) D-VDAMP that generates pixel-wise uncer-

tainty maps that were shown to match closely with the true error [220]. Future work

includes extending this framework to D-P-VDAMP.

The theoretical avenue of utmost importance is the need for a proof of VDAMP’s

coloured state evolution, which was demonstrated with empirical evidence only in this

thesis. OAMP’s state evolution for unitarily invariant sensing matrices was proven

in [56], which was based on a proof strategy originally proposed for AMP in [49]. How-

ever, the partial Fourier sensing matrices relevant in MRI are not unitarily invariant.

To our knowledge, no analytical proof of state evolution for Fourier measurement cur-

rently exists, despite empirical evidence that it holds for AMP for Fourier samples of

a signal with flat spectral density [12]. A proof of OAMP’s state evolution for partial

Fourier matrices would need to be appropriately modified in the variable density case,

where VDAMP’s coloured state evolution is required.

The remainder of this section suggests a number of future directions for deep-

learning based P-VDAMP reconstruction.

The focus of Chapter 6 was on the P&P class of reconstruction methods. It
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would be valuable to explore an unrolled version of P-VDAMP. For instance, a simple

unrolled D-P-VDAMP would involve multiple iterations on the forward pass, with

iteration-dependent denoising neural networks. This could offer reconstruction quality

improvements, as the denoising neural network would be specialised for the iteration.

A disadvantage of such a method is a substantial increase in memory requirements

and training time due to the larger number of trainable parameters and the need to

use the full multi-coil k-space data during training.

A number of recent works seek to train neural networks for deep learning recon-

struction without ground truth data [146,174,221–225]. The D-P-VDAMP framework

offers two potential methods for training without ground truth data. The first method

would use a SURE-based loss as a proxy for the true MSE to train the denoiser, as

in [226]. This would require an additional forward pass of the network for Monte-

Carlo estimation of τ Tk ∂(g(rk; τk)) in (4.21). The second method would compute

another aliasing model τ after the action of the denoiser. In other words, during

training, lines 7-9 of Algorithm 6 would be computed, followed by line 3 and the

aliasing model update in line 5. Then τ could be used in the training loss, such as

with the loss function
√
〈τ 〉. This would require computing the Onsager correction,

loading in k-space data, as well as computing the τ update, so would be considerably

more computationally demanding than the method proposed in this chapter. Future

work includes exploring the efficacy of these suggestions.

A computational disadvantage of D-P-VDAMP compared with D-FISTA is that

it requires a second forward pass of the denoiser in order to compute the Monte-

Carlo divergence estimate (6.2). To mitigate this, the denoiser could be trained

to be approximately divergence-free by including (6.2) in the loss function during

training. Then, when implementing D-P-VDAMP, there would be no need to perform

Onsager correction; lines 7-9 of Algorithm 6 could be skipped. In other words, we

would train the divergence free denoiser g̃(r; τ ) directly. This would relocate the
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computational burden of Onsager correction from implementation to training, and

significantly reduce the per-iteration compute time of D-P-VDAMP.

A key concern for MR reconstruction methods based on deep learning is how the

network deals with deviations between training and test data [227–229]. For instance,

an unusually shaped tumour could be at risk of being smoothed over by a network

that has been trained on data without such tumours. Using the unbiased output of D-

P-VDAMP could mitigate this risk, as it is unbiased even if the denoising CNN deals

with unusual cases poorly; the role of deep learning in D-P-VDAMP is only to seek

to reduce the per-iteration aliasing of the unbiased estimate, but does not change its

unbiased Gaussian nature. To explore this conjecture, future work includes evaluating

the performance of D-P-VDAMP, especially the unbiased output, on datasets that

feature challenging cases in the test set.
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Appendix A

Magnitude of the product of a

matrix and a random vector

This appendix proves a simple result on the entry-wise magnitude of a matrix and a

random, zero-mean vector, which is used in the proofs of claims 4.3 and 5.1.

Claim A.1. Consider a deterministic matrix A ∈ Cm×n and a random vector u ∈ Cn

comprised of independent entries with E{u} = 0n. Then

E{|Au|2} = |A|2E{|u|2} (A.1)

where | · | is the entry-wise magnitude of a vector or matrix.

Proof. The ith entry of |Au|2 is

|
∑
j

Aijuj|2 =

(∑
j

Aijuj

)(∑
l

A∗ilu
∗
l

)

=
∑
j

(
AijA

∗
ijuju

∗
j +

∑
l 6=j

AijA
∗
iluju

∗
l

)
.
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Since u is zero-mean with independent entries, E{uju∗l } = 0 when l 6= j. Therefore

E{|
∑
j

Aijuj|2} = E{
∑
j

AijA
∗
ijuju

∗
j}

=
∑
j

|Aij|2E{|uj|2},

which is the ith entry of the right-hand-side of (A.1). This completes the proof.
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Appendix B

SURE for complex variables

B.1 Proof that cSURE is unbiased

This appendix proves Claim 4.4, which is restated in Claim B.1 below for readability.

Claim B.1. Consider a vector v0 ∈ CNv corrupted by coloured complex Gaussian

noise with diagonal covariance: v = v0 + CN (0Nv ,Diag(τv)). Let d(v) = v + h(v)

be an estimator of v0. Complex SURE,

cSURE(d(v)) = ‖h(v)‖2
2 + τ Tv [2∂(d(v))− 1Nv ], (B.1)

is an unbiased estimate of the risk:

E{cSURE(d(v))} = E{‖d(v)− v0‖2
2}.

Proof. This proof is a coloured, complex noise variation on the standard proof that

SURE is an unbiased estimate of the risk, as found in, for instance, [16, 230]. The

Euclidean distance between the ground truth v0 and the denoised vector d(v) can be
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expanded as

E{‖d(v)− v0‖2
2} = E{‖h(v)‖2

2 + ‖v − v0‖2
2

− 2(<[h(v)]T<[v − v0] + =[h(v)]T=[v − v0])} (B.2)

By the noise model of v, the second term on the right hand side is

E{‖v − v0‖2
2} = τ Tv 1N

By Stein’s lemma [16] (see also (6) of [230]), and recalling that CN (0Nv ,Diag(τv)) is

defined such that the variance of the real and imaginary parts is τv/2, the final term

of the right-hand-side of (B.2) is

E{<[h(v)]T<[v − v0]} = E

{∑
j

τv,j
2

∂<[hj(v)]

∂<[vj]

}

= E

{∑
j

τv,j
2

(
Nv −

∂<[dj(v)]

∂<[vj]

)}

and similarly for the imaginary part. Overall, (B.2) is therefore

E{‖d(v)− v0‖2
2}

=E

{
‖h(v)‖2

2 − τ Tv 1N +
∑
j

τv,j

(
∂<[dj(v)]

∂<[vj]
+
∂=[dj(v)]

∂=[vj]

)}

=E{‖h(v)‖2
2 + τ Tv [2∂(d(v))− 1N ]}

which is the expectation of cSURE stated in (B.1). This completes the proof.
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B.2 Complex soft thresholding with cSURE

The appendix proves Claim 4.5, which is restated in Claim B.2.

Claim B.2. When complex soft thresholding is employed as the denoiser, cSURE is

cSURE(η(v; t)) =
Nv∑

j:|vj |≤t

(|vj|2 − τv,j) +
Nv∑

j:|vj |>t

(
t2 + τv,j −

tτv,j
|vj|

)
. (B.3)

Proof. Since the soft thresholding operator acts entry-wise, we can split cSURE in to

regions where |vj| is less than and greater than the threshold:

cSURE(η(v))

=
∑

j:|vj |<t

[|hj(v)|2 + 2τv,j∂j(d(v))] +
∑

j:|vj |>t

[|hj(v)|2 + 2τv,j∂j(d(v))]− τ Tv 1Nv . (B.4)

If |vj| < t, the soft thresholding operator sets the jth entry to 0. Substituting

d(v) = 0Nv into cSURE yields a contribution of

∑
j:|vj |<t

[|hj(v)|2 + 2τv,j∂j(d(v))] =
∑

j:|vj |<t

|vj|2. (B.5)

The alternative is |vj| > t, where the soft thresholding takes the form vj(1− t
|vj |). In

this case, |hj(vj)|2 = t2, and

∂j(d(vj)) = 1− t

2|vj|
, for |vj| > t

which implies that

∑
j:|vj |>t

[|hj(v)|2 + 2τv,j∂j(d(v))] =
∑

j:|vj |>t

t2 + τv,j

(
2− t

|vj|

)
. (B.6)

126



Substituting (B.5) and (B.6) into (B.4) and using

τ Tv 1Nv =
∑

j:|vj |<t

τv,j +
∑

j:|vj |>t

τv,j

completes the proof.
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