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Abstract

In this thesis, we study the algorithmic problem of deciding whether a 3-manifold fibres
over the circle, and if so, whether it is hyperbolic. We are not only concerned with
decidability of these questions, but also with their computational complexity: a 3-manifold
is described by a triangulation, and the efficiency of an algorithm is measured against
the number of tetrahedra in the triangulation.

We prove that the problem of deciding whether a triangulated orientable 3-manifold
fibres over the circle lies in the complexity class NP, generalising a result of Schleimer
that only applied to atoroidal 3-manifolds. By design, our certificate for fibredness can
be used to recover the monodromy of a fibration. Building on our previous work on
algorithmic Nielsen-Thurston classification of surface mapping classes, we can decide
whether the monodromy is pseudo-Anosov, and thus whether the fibred 3-manifold is
hyperbolic. More precisely, we show that hyperbolicity of a triangulated orientable
fibred 3-manifold can be certified in polynomial time in the number of tetrahedra in
the triangulation and the Euler characteristic of a fibre. In the special case of knots in
the 3-sphere, where the input is given as a planar diagram, our result implies that the
problem of deciding whether a fibred knot is hyperbolic lies in NP.
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Chapter 1

Introduction

Can we decide if a given 3-manifold is hyperbolic? Perelman’s proof of Thurston’s
geometrisation conjecture (see [31, 32, 33]) established that every closed orientable
3-manifold admits a canonical decomposition into pieces that fall into eight geometrically
defined categories. It is then only natural that the effort to understand and classify
3-manifolds should be preceded by an effort to understand and classify these geometric
pieces. The most basic question we can ask is whether we can recognise the geometric
categories, that is, tell them apart from other 3-manifolds and between each other. To be
precise, we are asking for a general, systematic procedure; in other words, an algorithm.

Of the eight geometries, hyperbolic geometry is undoubtedly the richest, most varied,
and least amenable to a systematic classification. For these reasons, it is also the geometry
we will focus on in this thesis. The general goal we will be working towards is providing an
algorithm to decide whether a given orientable 3-manifold is hyperbolic. In an interesting
turn of events, the geometrisation theorem, in addition to justifying our interest in the
algorithmic recognition of hyperbolic 3-manifolds, also provides the theoretical foundation
required to solve this problem. In [25], Manning gives an algorithm to decide whether
a closed orientable 3-manifold is hyperbolic, assuming that its fundamental group has
solvable word problem; that this hypothesis is always satisfied is a consequence of the
geometrisation theorem (see [25, Section 1.1]). Alternatively, a self-contained solution to
the hyperbolicity detection problem, assuming the geometrisation theorem, is given by
Kuperberg in [20, Theorem 5.4].

While the question of whether hyperbolicity of 3-manifolds is decidable is settled,
how efficiently it can be decided remains unanswered. For our purposes, a 3-manifold
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is described by a triangulation, and the efficiency of an algorithm is measured against
the size of the triangulation, that is, the number of tetrahedra in it. Heuristically, the
correct computational complexity class to aim for is NP. Informally speaking, a decision
problem is in NP if, whenever the answer to the problem is “yes”, there is a certificate of
this fact that can be verified in polynomial time in the size of the input; for a formal
discussion (and an introduction to computational complexity), see [2, Chapter 2]. Many
interesting decision problems on 3-manifolds are known to be in NP:

• recognising the 3-sphere, by [16, 35];

• recognising other “simple” 3-manifolds, such as the real projective space, the solid
torus, and handlebodies, by [16];

• recognising elliptic 3-manifolds, by [24];

• recognising Seifert-fibred spaces with boundary, by [17].

In particular, we see that elliptic geometry can be certified in polynomial time. In the
case of non-empty boundary, the same is true for the six geometries represented by
Seifert-fibred spaces (see [26, Theorem 12.1.1]).

It is natural to ask whether hyperbolic geometry can be included in the list above.
Unfortunately, hyperbolicity seems to be much harder to certify than the other geometries.
In [11], Haraway and Hoffman show that, if an irreducible 3-manifold with boundary is not
hyperbolic, then this can be certified in polynomial time. However, there is no result in
the literature that addresses efficient certification of hyperbolicity. Our main contribution
in this thesis is a partial result in this direction, in the case of fibred 3-manifolds. In
Theorem 5.18, we prove the following.

Theorem A. Hyperbolicity of a triangulated orientable fibred 3-manifold can be certified
in polynomial time in the size of the triangulation and the Euler characteristic of a fibre.

It is important to note that this result does not imply that recognising fibred hyperbolic
3-manifolds is in NP. In fact, the size of our certificate depends polynomially on the
size of the input – that is, the number of tetrahedra in the triangulation – but also on
an additional parameter, the Euler characteristic of a fibre, which is not polynomially
bounded by the size of the triangulation. There is a specific setting, however, in which
this parameter does have a bound in terms of the input size. Consider a knot K in the
3-sphere, described by a diagram with n crossings. Thurston’s geometrisation theorem
(see [38]) specialises in this case to the following trichotomy: the knot K is either a
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torus knot, a satellite knot, or a hyperbolic knot. From the point of view of algorithmic
recognition, the first two cases already have a satisfactory solution: the recognition
problems for torus knots and satellite knots are both in NP, by [3] and [11] respectively;
here, the size of the input is measured by the number n of crossings in the diagram. If
we assume that K is fibred, then the Euler characteristic of a fibre is bounded below by
−n. Therefore, as an immediate consequence of Theorem A, we obtain the following.

Corollary B. The problem of deciding whether a fibred knot in the 3-sphere is hyperbolic
is in NP.

Our decision to focus on fibred 3-manifolds is mostly pragmatic. While hyperbolicity
of arbitrary 3-manifolds is quite mysterious, for fibred 3-manifolds a very clear strategy
emerges. By Thurston’s geometrisation theorem (see [29]), a fibred 3-manifold is hyper-
bolic if and only if its monodromy is pseudo-Anosov. Therefore, certifying hyperbolicity
of a fibred 3-manifold is, at least conceptually, quite simple: we need to provide a fibre,
its monodromy, and a proof that the monodromy is pseudo-Anosov. These three steps
correspond to Chapters 3, 4, and 5 of this thesis respectively, culminating with the proof
of Theorem A.

In Chapter 3, we show that a normal least-weight fibre F of a triangulated orientable
3-manifold M admits a certificate of it being a fibre, that can be verified in polynomial
time in the size of the triangulation and the logarithm of the weight of F . In particular,
we obtain the following theorem (see Theorem 3.17), which may be of independent
interest; we remark that, at this stage, there is no dependence on the complexity of the
fibre.

Theorem C. The problem of deciding whether a given triangulated orientable 3-manifold
is fibred is in NP.

This fact was already known for atoroidal 3-manifolds, by [35, Corollary 1.4]. Even
though the rest of this thesis is only concerned with hyperbolic – and hence atoroidal –
3-manifolds, our proof Theorem C is motivated by more than the desire to fill a gap in
the literature. In fact, our certificate is substantially different from that of [35, Corollary
1.4], and it is specifically designed to recover the monodromy of the fibration. We carry
out this task in Chapter 4, by showing that the image of a normal curve in F under the
monodromy can be certified in polynomial time; the relevant parameters here are the
size of the triangulation of M , the logarithm of the weight of F , and the “size” of the
curve (which is measured by the logarithm of its weight plus the number of triangles of
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F it crosses). Precise statements of these results can be found in Propositions 4.11, 4.12,
and 4.13.

Finally, in Chapter 5, we show how to certify the fact that the monodromy of F is
pseudo-Anosov. This part relies heavily on our previous work in [4], which we could not
include in this thesis due to space constraints; we remark, however, that the article has
been published in a peer-reviewed journal (see the bibliography for details). In [4], we give
an algorithm to decide whether a given mapping class φ of a surface F is pseudo-Anosov.
The algorithm works by taking an essential normal curve a in F , computing the image
φn(a) of a under a sufficiently high power of φ, and then estimating the distance between
a and φn(a) in the curve graph of F . By work of Masur and Minsky (see [27]), and the
quantitative refinements in [10] and [40], the mapping class φ is pseudo-Anosov if and
only if this distance is sufficiently large. Adapting the algorithm of [4] to our setting is
quite straightforward. Somewhat surprisingly, the hardest task is proving (as we do in
Section 5.4) that the fibre F , when M is hyperbolic, contains an essential normal curve
a of small weight. Once this is established, we can use the certificate from Chapter 4 to
certify the image of a under a sufficiently high power of the monodromy, and then apply
the algorithm of [4] to verify that the monodromy is indeed pseudo-Anosov.

Notation. Throughout this thesis, we use the following notation.

• If X is a finite set, then we denote by |X| the number of elements of X.

• If X, instead, is a topological space, then by |X| we mean the number of connected
components of X.

• If Y is a subspace of a topological space X, then we denote by clos(Y ) the closure
of Y in X; the ambient space X will always be clear from the context. If Y is
a manifold, or at least a CW-complex, by int(Y ) we mean Y ∂Y (which is not
necessarily equal to the interior of Y in X).
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Chapter 2

Triangulations of surfaces and
3-manifolds

2.1 Surfaces and normal curves

2.1.1 Triangulations of surfaces

Triangulations are one of the simplest way to describe compact surfaces in a combinatorial
way that is amenable to algorithmic manipulation. In practical terms, a triangulation
of a surface can be described by a list of vertices, a list of edges, and a list of triangles.
Each edge is oriented, and its starting and terminal vertices (not necessarily distinct)
are specified. The boundary of each triangle is specified by an ordered list of three
(not necessarily distinct) edges, together with information about whether the edges are
traversed consistently or inconsistently with their orientation.

Naturally, there are some conditions that must be satisfied in order for the topological
space underlying this data to be a surface. For instance, the specified boundaries of the
triangles must correspond to actual continuous paths in the 1-skeleton of the triangulation.
Moreover, each edge must lie on the boundary of at least one and at most two triangles;
in particular, edges that lie on the boundary of exactly one triangle define the boundary
of the surface.

Our combinatorial description of a triangulation induces a natural orientation on each
triangle. An oriented triangulation is a triangulation in which we enforce that no edge
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lies with the same orientation on the boundary of two triangles; in such a triangulation,
the orientations of the triangles patch together consistently to define a global orientation
on the surface.

A natural measure of complexity of a triangulation is its size, that is, the number of
triangles it contains: if T is a triangulation of a compact surface F , we denote by |T |
the number of triangles of T . The number of edges and the number of vertices of T are
then bounded above by 3|T |. In particular, we remark that the number of binary digits
required to completely describe T is at most polynomial (in fact, quasi-linear) in |T |.

For technical reasons, we will sometimes want to avoid situations in which a triangle
has two or more edges lying on the boundary of the surface. Hence, we give the following
definition.

Definition 2.1 (Flapless triangulation). A triangulation of a compact surface F is
flapless if each triangle has at most one edge lying on ∂F . ×

An easy counting argument shows that the number of edges in a flapless triangulation
is at most twice the number of triangles.

2.1.2 Simplicial subsets of surfaces

We will often need to deal with subsets of a triangulated surface F that are simplicial
– that is, unions of simplices – but are not necessarily submanifolds. A sub-1-complex
of F is a union X of edges of F ; if X is a 1-manifold, then we say it is a simplicial
sub-1-manifold of F . Either way, we denote by ℓ(X) the number of edges in X.

Similarly, a sub-2-complex of F is a union X of triangles of F ; if X is a surface, then
we say it is a simplicial subsurface of F . Either way, we denote by area(X) the number
of triangles in X. See Figure 2.1a for an example of a sub-2-complex of a triangulated
surface. Even though X may have singular points that prevent it from being a subsurface
– namely, when it contains two triangles that intersect in a vertex and not in one of
the adjacent edges – there is an abstract triangulated surface ab(X), together with an
immersion embX : ab(X) → F , such that embX(ab(X)) = X and embX is an embedding
except at the vertices of ab(X). The surface ab(X) is obtained by taking the triangles of
X and gluing them along shared edges, but not along isolated shared vertices. We will
often blur the distinction between X and ab(X); for instance, when we talk about the
components of X, we will actually mean the images under embX of the components of
ab(X). It will always be clear from the context whether we are talking about X as a
topological subspace of F or as an abstract triangulated surface.
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(a) (b)

Figure 2.1. (a) A sub-2-complex X of a triangulated surface. (b) The subsurfaces
thick(X) and thin(X).

Sometimes, for convenience, we will want to transform a sub-2-complex X of F into
an actual subsurface; this can be done in two ways. The first way is to “thicken” X by
adding a small regular neighbourhood of X in F ; the result is a subsurface of F , that
we denote by thick(X), as shown in Figure 2.1b. Note that thick(X) is defined up to
isotopy and, as a topological space, it is homotopy equivalent to X. We will always pick
thick(X) in its isotopy class so that it does not intersect any other relevant objects in F
that are disjoint from X. The second way to obtain a subsurface from X is to “carve
out” a regular neighbourhood of the boundary of X from X. More precisely, we let

thin(X) = clos(X thick(clos(F X))),

as shown in Figure 2.1b. This is a subsurface of X, and it is homeomorphic to ab(X).
Like thick(X), the subsurface thin(X) is defined up to isotopy; whenever possible, we
will pick thin(X) so that it contains every relevant object in F that is contained in X.

2.1.3 1-manifolds in surfaces

Let F be a compact surface. By collared annulus in F we mean a subsurface C of F that
is homeomorphic to an annulus, with one component of ∂C contained in ∂F and the
other disjoint from ∂F . A curve properly embedded in F is essential if it does not bound
a disc or a collared annulus in F . A multicurve is essential if all its components are.

Fix now a triangulation T of F . We say that a 1-manifold a embedded in F is in
general position if it is disjoint from the vertices of T and transverse to the edges of T .
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The weight of a is the number
w(a) = |a ∩ T (1)|

of points in the intersection of a with the 1-skeleton of T .
Finally, we define the support of a to be the union of all triangles of T whose interiors

intersect a, and we denote it by supp(a). Note that the support of a is a sub-2-complex
of F .

2.1.4 Normal 1-manifolds

A normal arc is an arc properly embedded in a triangle T of T whose endpoints lie on
two distinct edges of T ; there are three types of normal arcs in T , up to isotopy fixing
the vertices of T . A general position 1-manifold a properly embedded in F is normal if it
intersects each triangle of T in a union of normal arcs; the typical intersection of a normal
1-manifold with a triangle is shown in Figure 2.2a. Every “interesting” 1-manifold is
isotopic to a normal 1-manifold; this claim will be clarified and justified in Proposition 2.3.
On the other hand, normal 1-manifolds are intrinsically combinatorial objects, which
makes them particularly well-suited for algorithmic manipulation.

There are two essentially equivalent ways of representing a normal 1-manifold a. The
first way is to encode a as a vector of non-negative integers, so that each coordinate
describes the number of intersections of a with a given edge of T . Alternatively, we
can represent a as a vector of non-negative integers, so that each coordinate describes
the number of normal arcs of a given type in the intersection of a with a given triangle
of T . The first representation might seem more natural, but for consistency with the
3-dimensional setting we will adopt the second representation. More precisely, denote by
t the number of triangles in T . After fixing an order of the 3t types of normal arcs of T
(we can assume that this order is part of the data that describes a triangulation), to every
normal 1-manifold a we can associate a vector va ∈ Z3t

⩾0, where the i-th coordinate of va

is the number of normal arcs of the i-th type in the intersection of a with the triangles
of T .

It is not the case that every vector w ∈ Z3t
⩾0 represents a normal 1-manifold. A

necessary and sufficient condition for w to have a normal 1-manifold a such that va = w
is given by the matching equations. Fix and edge e of T that does not lie on ∂F . Let i
and j be the types of normal arcs that intersect e on one side, and let k and l be the
types of normal arcs that intersect e on the other side. Then the matching equation for
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(a) (b)

Figure 2.2. (a) The intersection between a normal 1-manifold and a triangle of the
triangulation. (b) The matching equation for the edge e reads wi + wj = wk + wl.

e reads
wi + wj = wk + wl,

and it is depicted in Figure 2.2b. The vector w represents a normal 1-manifold if and
only if the matching equations are satisfied for every edge of T that does not lie on ∂F .

A vector w satisfying the matching equations represents exactly one normal 1-manifold
up to normal isotopy, that is, up to isotopy that fixes the vertices of T and preserves its
1-skeleton. It will be implicitly understood that, when we algorithmically manipulate
normal 1-manifolds – in particular, when we take them as input or return them as output
– we are actually manipulating their associated vectors. The underlying ambiguity will
never be an issue, since all our algorithmic statements will be invariant under normal
isotopy. Finally, we remark that this representation allows us to encode a normal
1-manifold a with a list of 3t integers, each of which has at most log(2w(a) + 1) binary
digits; here and in the following, the logarithm is taken to base 2.

2.1.5 Intersection number

The intersection number of two multicurves a and b in a compact surface is the integer

i(a, b) = min {|a′ ∩ b′| : a′ is isotopic to a, b′ is isotopic to b} .

The following elementary result gives a bound on the intersection number of normal
multicurves in terms of their weights.

Proposition 2.2 (Bounding intersection number with weight). Let T be a triangulation
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Figure 2.3. The multicurves a and b can be normally isotoped to be disjoint outside
N , and intersect at most |a ∩ e| · |b ∩ e| near the edge e.

of a compact surface F , and let a and b be normal multicurves in F . Then

i(a, b) ⩽ w(a) · w(b).

Proof. Let N be a small regular neighbourhood of the 1-skeleton of T in F . Up to
normal isotopy, we can assume that b is disjoint from a outside N ; this can be guaranteed
by isotoping b so that its normal arcs run parallel to those of a in each triangle of T .
Importantly, note that a normal isotopy does not change the weight of b. Near each edge
e of T , the intersections a∩N and b∩N can be isotoped to unions of “straight arcs”, so
that a ∩N intersects b ∩N at most |a ∩ e| · |b ∩ e| times near e. The normal isotopies of
a and b that realise this bound are depicted in Figure 2.3. Finally, we conclude that

i(a, b) ⩽
∑

e

|a ∩ e| · |b ∩ e| ⩽ w(a) · w(b),

where the sum is taken over all edges e of T .

2.1.6 Normalising 1-manifolds

We claimed previously that every “interesting” 1-manifold is isotopic to a normal 1-mani-
fold. We now make this statement precise, and we provide a proof of this well-known
fact.

Proposition 2.3 (Normalising 1-manifolds). Let F be a triangulated compact surface,
and let a be a general position 1-manifold properly embedded in F . Suppose that no
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component of a is a curve bounding a disc in F or an arc cobounding a disc with a subarc
of an edge of ∂F . Then a is isotopic fixing ∂F to a normal 1-manifold a′. Moreover, the
normal 1-manifold a′ can be chosen so that, for each edge e of F , the inequality

|a′ ∩ e| ⩽ |a ∩ e|

holds; in particular, this implies that w(a′) ⩽ w(a).

Proof. This is a 2-dimensional analogue of Proposition 2.7 below, which is carefully
proved in [28, Theorem 3.3.21]. This setting is much simpler than the 3-dimensional one,
but the statement proved in [28, Theorem 3.2.2] for curves in surfaces is not general
enough for our purposes. Therefore, we provide a proof of this well-known result for the
sake of completeness.

There exists a general position 1-manifold a′ properly embedded in F that is isotopic
to a fixing ∂F and satisfies the following properties:

• |a′ ∩ e| ⩽ |a ∩ e| for every edge e of F ;

• there is no general position 1-manifold b properly embedded in F that is isotopic
to a′ fixing ∂F and satisfies |b ∩ e| ⩽ |a′ ∩ e| for every edge e of F , with at least
one strict inequality.

There are two ways in which a′ can fail to be normal. The first way is if some component
of a′ is a curve fully contained in a triangle T of F . If this were the case, then this
component would bound a disc in T , which contradicts the hypothesis. The second way
in which a′ can fail to be normal is if there is a triangle T of F such that a component of
a′ ∩T is an arc with both endpoints on the same edge e of T . Let c be an innermost such
component of a′ ∩ T . In particular, this means that c cobounds a disc D with a subarc
of e, such that int(D) is disjoint from a′. The edge e cannot lie on ∂F by hypothesis;
therefore, we can isotope c across D to the other side of e. This produces a new general
position 1-manifold b, isotopic to a′ fixing ∂F , such that |b ∩ e| = |a′ ∩ e| − 2, and
|b ∩ e′| = |a′ ∩ e′| for every edge e′ of F different from e; this contradicts the minimality
of a′. Therefore, we conclude that a′ is normal.

2.1.7 Least-weight curves

A multicurve a in a compact surface F is least-weight if it has minimal weight amongst
all general position multicurves isotopic to a. It is an immediate consequence of Proposi-
tion 2.3 that every general position multicurve in F is isotopic to a least-weight multicurve.
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We conclude this section with an argument showing that being least-weight is a local
property of curves. In fact, it is a consequence of Corollary 2.5 below that every subarc
of a least-weight curve has minimal weight amongst all arcs isotopic to it fixing the
endpoints.

Lemma 2.4 (Local isotopies of curves). Let F be a compact orientable surface, and let
a be a curve in F . Let c be a non-empty subarc of a, and let c′ be an arc that is isotopic
to c in F fixing ∂c. Suppose that c′ is transverse to a c, and let N be a neighbourhood
of c′ ∩ (a c) in F . Then there is a curve a′ in F that is isotopic to a in F and coincides
with (a c) ∪ c′ outside N .

Proof. Let F ′ = F ∂c, and let a0 = a c, c0 = c′ ∂c′. Note that a0 and c0 are arcs in
the punctured surface F ′, and by assumption they can be isotoped off each other in F ′.
For i ⩾ 0, we iterate the following procedure. If ai and ci are disjoint, then we set n = i

and terminate the procedure. Otherwise, they must form a bigon or a half-bigon. Let D
be an innermost bigon or half-bigon; more precisely, it is a disc embedded in F such that
∂D is the union of two arcs r and s, with r ⊆ ai ∪ ∂c and s ⊆ ci ∪ ∂c, and such that the
interior of D is disjoint from ai and ci. Figure 2.4 shows how to use D to isotope ai and
ci to arcs ai+1 and ci+1 satisfying the following properties:

• ai+1 and ci+1 intersect transversely, if at all;

• ai+1 ∪ ci+1 coincides with ai ∪ ci outside N ;

• |ai+1 ∩ ci+1| < |ai ∩ ci|.

This procedure must eventually terminate, yielding two disjoint arcs an and cn in F ′.
It is then easy to see that the curve a′ = an ∪ cn ∪ ∂c satisfies the required properties.

Corollary 2.5 (Least-weight curves are locally least-weight). Let T be a triangulation
of a compact orientable surface F , and let a be a general position curve in F . Let c be a
non-empty subarc of a, and let c′ be a general position arc that is isotopic to c in F fixing
∂c. Then there is a general position curve a′ in F that is isotopic to a in F , such that

|a′ ∩ e| = |(a c) ∩ e| + |c′ ∩ e|

for each edge e of T . In particular, we have that

w(a′) = w(a) + w(c′) − w(c).
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(a) (b)

Figure 2.4. (a) How to construct the arcs ai+1 and ci+1 from ai and ci in the case
where D is a bigon. (b) How to construct the arcs ai+1 and ci+1 from ai and ci in the
case where D is a half-bigon.

Proof. Up to a small perturbation of c′, that does not change the number of intersections
between c′ and edges of T , we can assume that c′ is transverse to a c, and moreover
that c′ ∩ (a c) is disjoint from T (1). Therefore, there is a neighbourhood N of c′ ∩ (a c)
in F that is disjoint from T (1). Applying Lemma 2.4 yields a curve a′ that is isotopic to
a and coincides with (a c) ∪ c′ outside N ; in particular, we see that

|a′ ∩ e| = |(a c) ∩ e| + |c′ ∩ e|

for each edge e of T . The second conclusion in the statement follows by summing this
equality over all edges e of T .

2.2 3-manifolds and normal surfaces

2.2.1 Fibred 3-manifolds

The main results of this thesis concern fibred 3-manifolds. A compact 3-manifold M

is fibred if it fibres over the circle, that is, if it admits a fibration p : M → S1 with
fibre a compact surface. A fibre of M is a surface F of the form p−1(x) for some point
x ∈ S1. Let us consider the case where M is orientable, and F is transversely oriented
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– that is, endowed with a transverse orientation in M . This transverse orientation
induces an orientation on S1, which we can use to define a map f : [0, 1] → S1 such that
f(0) = f(1) = x, and f(t) runs around S1 once in the positive direction as t ranges from 0
to 1. The map f lifts to an isotopy (gt)t∈[0,1], where each gt is an embedding of F in M such
that gt(F ) = p−1(f(t)); we also ask that g0 : F → M is simply the inclusion of F in M .
Since g0(F ) = g1(F ), we can define a homeomorphism φ : F → F by setting φ = g−1

0 ◦ g1.
The homeomorphism φ is called the monodromy of F , and it is orientation-preserving.
Since it is only defined up to isotopy, it is usually thought of as an element of the mapping
class group Mcg(F ) of F ; note that flipping the transverse orientation of F amounts to
replacing φ with φ−1. The 3-manifold M can be reconstructed from the monodromy
φ via the following procedure: take the interval bundle F × [0, 1], and glue F × {1} to
F × {0} via the homeomorphism φ. In other words, the 3 manifold M is homeomorphic
to the mapping torus

F × [0, 1]⧸{(y, 1) ∼ (φ(y), 0) : y ∈ F}.

2.2.2 3-manifolds and embedded surfaces

The theory of 3-manifolds with boundary patterns that we use is consistent with that of
Matveev’s book [28]. We will restate the main definitions here, but we refer the reader
to [28, §3.3] for more details.

A 3-manifold with boundary pattern is a pair (M,Γ), where M is a compact 3-manifold
and Γ is a graph embedded in ∂M with no isolated vertices. If the boundary pattern is
not specified, we will assume that it is the empty graph. An isotopy of M is admissible if
it preserves Γ (not necessarily pointwise). A subset of M is clean if it does not intersect
Γ.

The 3-manifold with boundary pattern (M,Γ) is irreducible if every sphere embedded in
M bounds a 3-ball in M . It is boundary-irreducible if every clean disc properly embedded
in M cobounds a clean 3-ball with ∂M .

We say that a surface F is properly embedded in (M,Γ) if F is properly embedded in
M and ∂F intersects Γ transversely. A compressing disc for F is a disc D embedded in
M such that D∩F = ∂D; we say that D is trivial if ∂D bounds a disc in F . The surface
F is incompressible in M if it has no non-trivial compressing discs; note that this notion
does not depend on Γ. It is a fact (see [28, Lemma 3.3.5]) that every connected orientable
surface properly embedded in a compact orientable 3-manifold is incompressible if and
only if it is π1-injective.
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A boundary-compressing disc for F is a clean disc D embedded in M such that ∂D
is the union of two arcs a and b with ∂a = ∂b, where a = D ∩ F and b = D ∩ ∂M ;
we say that D is trivial if a cobounds a clean disc with ∂F in F . The surface F is
boundary-incompressible in (M,Γ) if it has no non-trivial clean boundary-compressing
discs.

2.2.3 Triangulations of 3-manifolds

Like in the case of surfaces, triangulations offer a simple way to describe compact
3-manifolds combinatorially. Without going into as much detail as we did for surfaces, we
can describe a triangulation of a compact 3-manifold by a list of vertices, a list of edges,
a list of triangles, and a list of tetrahedra; each i-simplex is equipped with information
about its attaching map to the (i − 1)-skeleton, for 1 ⩽ i ⩽ 3. We remark that, with
this combinatorial description, each tetrahedron is endowed with an orientation (up to
arbitrarily and universally fixing an orientation on the “standard” tetrahedron). We say
that the triangulation is oriented if the orientations of the tetrahedra patch together
consistently to define a global orientation on the 3-manifold.

A natural measure of complexity of a triangulation T is the number |T | of tetrahedra
it contains, which we also call the size of the triangulation. The complexity of an
algorithm that takes as input a triangulated 3-manifold will always be measured against
this quantity. In fact, the number of triangles, edges, and vertices in a triangulation T
is bounded above by a linear function of |T |. Therefore, the number of binary digits
required to completely describe T is at most polynomial (in fact, quasi-linear) in |T |.

2.2.4 Sub-3-complexes

Similarly to the 2-dimensional setting, we will sometimes need to deal with subsets of a
3-manifold that are submanifolds away from a lower-dimensional singular locus. Let M
be a compact orientable 3-manifold with a polyhedral cell structure – meaning that M is
obtained by gluing a collection of polyhedral pieces along their faces. This polyhedral
cell structure might be a triangulation, or it might arise from cutting a triangulated
3-manifold along a normal surface, as we will see in Section 2.3.3. A sub-3-complex of M
is a union X of cells of M such that the singular locus of X – that is, the set of points
of x ∈ X such that no open neighbourhood of x in M intersects X in an open 3-ball or
half-ball – is a compact 1-manifold properly embedded in M . Like in the 2-dimensional
case, the sub-3-complex X can be thought of as an abstract compact 3-manifold ab(X),
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together with an immersion embX : ab(X) → M such that embX(ab(X)) = X. The
3-manifold ab(X) can be obtained by taking the cells of M contained in X and gluing
them along their common faces (but not along common isolated edges). The immersion
embX is an embedding, except at the points of ab(X) that get mapped to the singular
locus of X. Like in the 2-dimensional case, we will often blur the distinction between
X and ab(X); in particular, by “components of X”, we will mean the components of
ab(X), or possibly their images under embX .

Similarly to what we did for sub-2-complexes of surfaces, we can define thick(X) and
thin(X) for a sub-3-complex X of M . The definition is the same: we let thick(X) be
the union of X with a small regular neighbourhood of ∂X in M , and we let

thin(X) = clos(M (thick(clos(M X))))

(note that clos(M X) is also a sub-3-complex of M).

2.2.5 Normal surfaces

Let T be a triangulation of a compact orientable 3-manifold M ; we admit the possibility
that M has a boundary pattern Γ, but this will not be relevant for the moment (note,
however, that [28] assumes that boundary patterns are simplicial, and we will do the
same). We say that a surface F embedded in M is in general position if it is disjoint
from the vertices of T and transverse to the edges and triangles of T . For such a surface
F , we define the weight of F to be the number

w(F ) = |F ∩ T (1)|

of points in the intersection of F with the 1-skeleton of T .
There is a theory of normal surfaces in triangulated 3-manifolds that is analogous to

the theory of normal curves in triangulated surfaces, and is developed in great detail in
[28, Section 3.3]. We again refer the reader to this source, and we only offer a summary
of the main definitions and results. A normal disc is a disc properly embedded in a
tetrahedron T of T such that its boundary crosses at least one edge of T , and no edge of
T more than once. It is not hard to see that, up to normal isotopy – that is, up to isotopy
that fixes the vertices and preserves the 1-skeleton and the 2-skeleton – there are exactly
seven types of normal discs in a tetrahedron: four “triangles” and three “quadrilaterals”.
A general position surface F properly embedded in M is normal if it intersects each
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(a) (b)

Figure 2.5. (a) The intersection between a normal surface and a tetrahedron of
the triangulation. (b) The matching equation for the normal arc of type q reads
wi + wj = wk + wl.

tetrahedron of T in a union of normal discs; the typical intersection of a normal surface
with a tetrahedron is shown in Figure 2.5a.

Similarly to normal curves in surfaces, a normal surface F in M is uniquely identified
up to normal isotopy by a vector vF ∈ Z7t

⩾0, where t is the number of tetrahedra in T . In
this setting, there is one matching equation for each type of normal arc in each triangle
of T that does not lie on ∂M . More precisely, the matching equation for a given type q
of normal arc in a triangle R of T not contained in ∂M reads

wi + wj = wk + wl,

where i, j, k, and l are the four types of normal discs (two triangles and two quadrilaterals)
that intersect R in normal arcs of type q, with i and j lying in one of the two tetrahedra
adjacent to R, and k and l lying in the other; a graphical representation of the matching
equation for q is shown in Figure 2.5b.

There are other constraints, called consistency equations, that a vector w must satisfy
in order to represent a normal surface. These equations enforce that each tetrahedron
must contain at most one type of normal quadrilateral; in fact, it is easy to see that two
normal quadrilateral of different types in the same tetrahedron must intersect. More
precisely, the consistency equation for a tetrahedron T of T reads

at most one of wi, wj, and wk is non-zero,
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where i, j, and k are the three types of normal quadrilaterals in T . One can show that
there is a one-to one correspondence between normal isotopy classes of normal surfaces
in M and vectors in Z7t

⩾0 satisfying the matching and consistency equations.
Given two normal surfaces G and H in M , suppose that vG+vH satisfies the consistency

equations. We can then define the normal sum G+H of G and H as the normal surface
with normal vector vG+vH . A normal surface is called fundamental if it cannot be written
as the normal sum of two non-empty normal surfaces. A key property of fundamental
surfaces is that their weights are uniformly bounded by a constant that depends only on
the size of the triangulation T .

Proposition 2.6 (Weight of fundamental surfaces). Let T be a triangulation of a compact
3-manifold M with t tetrahedra, and let F be a fundamental normal surface in M . Then

w(F ) ⩽ t2 · 27t+5.

Proof. This result is an immediate consequence of [13, Lemma 6.1], which states that
each entry of vF is bounded above by t · 27t. Since the vector vF has 7t entries, and each
normal disc contributes to at most 4 points in F ∩ T (1), the desired inequality follows.

From now on, the boundary pattern Γ will be relevant. The following result shows
how “interesting” surfaces in irreducible boundary-irreducible 3-manifolds with boundary
pattern can be admissibly isotoped to be normal. Following [28, Definition 3.3.19], we
say that a disc D properly embedded in (M,Γ) is an inessential semi-clean disc if it is
isotopic fixing ∂D to a disc in ∂M whose intersection with Γ is an arc.

Proposition 2.7 (Normalising surfaces). Let F be an incompressible boundary-incom-
pressible general position surface properly embedded in a triangulated compact irreducible
boundary-irreducible 3-manifold with boundary pattern (M,Γ). Suppose that no compo-
nent of F is a sphere, a clean disc, or an inessential semi-clean disc. Then F is isotopic
fixing Γ to a normal surface F ′. Moreover, the surface F ′ can be chosen so that, for each
edge e of M , the inequality

|F ′ ∩ e| ⩽ |F ∩ e|

holds; in particular, this implies that w(F ′) ⩽ w(F ).

Proof. This is essentially conclusion 4 of [28, Proposition 3.3.24], although that statement
is less general than what we are claiming. One can, however, upgrade the proof therein,
by noting that the eight normalisation moves described in [28, §3.3.3], when applicable,
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preserve the property of a surface to contain a subsurface that is isotopic to F fixing Γ; note
that irreducibility and boundary-irreducibility of (M,Γ), together with incompressibility
and boundary-incompressibility of F , are crucial to this claim. If we let F ′ be such a
subsurface of the normal surface obtained through the normalisation procedure of [28,
Theorem 3.3.21], then the fact that |F ′ ∩ e| ⩽ |F ∩ e| for each edge e of M is observed in
[28, Remark 3.3.22].

We say that a general position surface F properly embedded in (M,Γ) is least-weight
if it has minimal weight amongst all general position surfaces admissibly isotopic to
it. As an immediate consequence of Proposition 2.7, we see that every incompressible
boundary-incompressible general position surface properly embedded in a triangulated
compact irreducible boundary-irreducible 3-manifold with boundary pattern is admissibly
isotopic to a least-weight normal surface, provided it does not have any component that
is a sphere, a clean disc, or an inessential semi-clean disc.

2.2.6 Triangulations and submanifolds of normal surfaces

Let T be a triangulation of a compact orientable 3-manifold M , and let F be a normal
surface in M . The normal surface F inherits a triangulation from T , where each normal
disc of F is a sub-2-complex. More precisely, normal triangles are triangulated with
3 triangles, and normal quadrilaterals are triangulated with 4 triangles, as shown in
Figure 2.6. We say that two triangles in this triangulation of F are of the same type if
they lie in the same tetrahedron T of M , they lie on normal discs of the same type, and
they intersect the same face of ∂T (here, we think of T as an abstract tetrahedron, that
is, ignoring the face identifications). Therefore, there are 3 types of triangles for each
type of normal triangle, and 4 types of triangles for each type of normal quadrilateral.
From now on, we will always implicitly assume that normal surfaces are endowed with
this triangulation.

Remark 2.8 (The triangulation of a normal surface is flapless). Even though the triangu-
lation of a normal surface we have defined might seem “suboptimal”, in the sense that it
uses more triangles than necessary, it has the convenient property of being flapless. ×

We now describe how to compactly encode normal 1-manifolds in F and sub-2-com-
plexes of F , with respect to the triangulation of F inherited from T . Let a be a normal
1-manifold in F . Then a can be fully described (up to normal isotopy) by listing the
triangles in supp(a), and then encoding a as a normal 1-manifold in ab(supp(a)). We
remark that a triangle of F can be pinpointed with a number of binary digits that is
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Figure 2.6. Normal triangles of a normal surface are triangulated with 3 triangles, and
normal quadrilaterals with 4 triangles.

linear in (log t+ 1) · (logw(F ) + 1), where t is the number of tetrahedra in T . Therefore,
this encoding of a uses a number of binary digits that is linear in

(log t+ 1) · (logw(F ) + 1) · area(supp(a)) · log(w(a) + 1).

As far as sub-2-complexes are concerned, they are almost determined by their boundary,
and in fact by the portion of their boundary that is not contained in ∂F . Let us introduce
the following notation: if F is any compact surface, and G is any subset of F , we define

∂FG = clos(∂G ∂F ).

If F is triangulated and G is a sub-2-complex of F , then we can encode G as follows: we
list the edges in ∂FG, and we include an additional list of triangles of F , one for each
component of G; note that this information is enough to fully reconstruct G. It is easy
to see that this encoding uses a number of binary digits that is linear in

(log t+ 1) · (logw(F ) + 1) · (ℓ(∂FG) + 1).

We will see in Section 2.4.3 how to extract topological information about G from this
compressed encoding.

20



2.3 Guts and parallelity bundle

2.3.1 Pre-sutured manifolds and subcomplexes

Sutured manifolds are a well-established tool in the study of 3-manifolds, introduced by
Gabai in [9]. In this thesis, we will need sutured manifolds to describe candidate interval
bundle structures on 3-manifolds. In particular, some of the items in our certificates will
be “3-manifolds with sutures” that, in valid certificates, will always be suture-preservingly
homeomorphic to product interval bundles; however, if the certificate is invalid, this may
not be the case, and in fact the sutures may not even be annuli or tori. For this reason,
we introduce a very lax variant of sutured manifolds, admitting arbitrary sutures, to fit
our needs.

Definition 2.9 (Pre-sutured manifold). A pre-sutured manifold is a compact oriented
3-manifold M together with a decomposition of ∂M into three compact surfaces ∂0M ,
∂1M , and ∂vM ; we require that ∂0M and ∂1M are disjoint, and that ∂vM and ∂0M∪∂1M

intersect precisely along their boundaries. The subsurface ∂vM ⊆ ∂M is called the vertical
boundary of M . We also write ∂hM for ∂0M ∪∂1M , and we call it the horizontal boundary
of M . ×

The notation we use is borrowed from interval bundles, rather than from standard
sutured manifold theory. For a compact connected surface F , there is a unique orientable
interval bundle M over F . Its horizontal boundary ∂hM is a two-sheeted cover of F ,
while its vertical boundary ∂vM is a disjoint union of annuli. Whenever we say that a
3-manifold is an interval bundle over a surface, we will always implicitly endow it with
this natural pre-sutured manifold structure. We will mostly be dealing with product
interval bundles, that is, 3-manifolds of the form M = F × [0, 1], where F is a compact
orientable surface. In this case, note that ∂vM = ∂F × [0, 1] and ∂iM = F × {i} for
i ∈ {0, 1}. When M is a twisted interval bundle over a connected non-orientable surface,
there is no natural way to split its horizontal boundary into ∂0M and ∂1M ; in this case
we will allow both possible assignments – that is, ∂0M = ∂hM and ∂1M = ∅ or vice
versa.

Two pre-sutured manifolds M and N are homeomorphic as pre-sutured manifolds if
there is an orientation-preserving homeomorphism M → N sending ∂iM to ∂iN for
i ∈ {0, 1} – and, consequently, ∂vM to ∂vN .

A pre-sutured triangulation is a triangulation of a pre-sutured manifold M , such that
∂hM and ∂vM are simplicial subsurfaces of M . Note that the additional data – that is,
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the surfaces ∂0M , ∂1M , and ∂vM – can be encoded with a number of binary digits that
is linear in the size of the triangulation. We say that a pre-sutured triangulation of a
compact 3-manifold M is suitable if M is homeomorphic as a pre-sutured manifold to
∂0M × [0, 1].

These notions can be extended to sub-3-complexes of 3-manifolds with minimal changes.
Let M be a compact oriented 3-manifold with a polyhedral cell structure, and let X be
a sub-3-complex of M . A pre-sutured subcomplex structure on X is defined analogously
to Definition 2.9, with the additional requirements that the singular locus of X should
be properly embedded in ∂vX. Note that a pre-sutured subcomplex structure on X

induces a pre-sutured manifold structure on ab(X), by pull-back via embX . Conversely,
a pre-sutured manifold structure on ab(X) induces a pre-sutured subcomplex structure
on X, provided that the preimage of the singular locus of X under embX is properly
embedded in ∂v ab(X). If X is a pre-sutured subcomplex of M , by suitable pre-sutured
triangulation of X we mean the image of a suitable pre-sutured triangulation T of ab(X)
under embX , provided that the preimage of the singular locus of X under embX is a
union of edges of T .

2.3.2 Vertical boundary of a pre-sutured manifold

Let M be a pre-sutured manifold; we say that a subset Ω of ∂vM is vertical if it is a
disjoint union of (possibly infinitely many) arcs properly embedded in ∂vM , each of
which intersects ∂0M and ∂1M in a single point. Let Ω be a disjoint union of finitely
many closed connected vertical subsets of ∂vM ; we require that no component of Ω is an
arc – in other words, each component of Ω is either a disc or an annulus. For i ∈ {0, 1},
denote by Ωi the intersection Ω ∩ ∂iM . A partition of Ω into vertical arcs induces a
homeomorphism

↑ : Ω0 −→ Ω1,

sending a point in Ω0 to the other endpoint of the vertical arc containing it. We call this
homeomorphism the upward shift map, noting that it is only defined up to isotopy.

We say that a triangulation T of Ω is square-tiled if, when looking at M from the
outside, with Ω0 at the bottom and Ω1 at the top, each component of Ω is triangulated
as shown in Figure 2.7a; in other words if, from the same perspective, each component of
Ω is a union of vertical squares, each of which is triangulated as a square with a diagonal
going from the bottom left to the top right corner. Note that whether T is square-tiled
or not depends in general on the orientation of M .
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(a) (b)

Figure 2.7. (a) A square-tiled triangulation of a vertical subsurface Ω of ∂vM . (b) The
upward shift map of Ω with a square-tiled triangulation is a simplicial isomorphism.

If T is a square-tiled triangulation of Ω, then there is a well-defined simplicial iso-
morphism from Ω0 to Ω1 that is an upward shift map. This simplicial isomorphism
is depicted in Figure 2.7b, and it can be described purely combinatorially as follows.
Taking the same perspective as before, let e be an edge of Ω0. Pivot counter-clockwise
around its left endpoint to find the edge e′ (this will be a diagonal edge). Then, pivot
clockwise around the endpoint of e′ lying on Ω1 to find the edge e′′, that will be entirely
contained in Ω1. The combinatorial upward shift map will then send e to e′′ simplicially,
with the appropriate orientation. The point of this (perhaps overly detailed) description
is to show that the upward shift map is a combinatorial object that can be computed
algorithmically. In particular, if M is described by a pre-sutured triangulation that
restricts to a square-tiled triangulation of a simplicial vertical surface Ω ⊆ ∂vM , then
the upward shift map ↑ : Ω0 → Ω1 is a simplicial isomorphism that can be computed
explicitly in polynomial time in the size of the triangulation.

2.3.3 Cutting along a normal surface

If F is a surface properly embedded in a compact 3-manifold M , we can cut M along F to
obtain a new compact 3-manifold. More precisely, we define M F to be the closure in M
of M N (F ), where here and in the following N denotes a closed regular neighbourhood.
If, additionally, the 3-manifold M is oriented and the surface F is transversely oriented,
then M ′ = M F has a natural pre-sutured manifold structure. In particular, we set
∂vM

′ = M ′ ∩ ∂M , so that ∂hM
′ is the union of two parallel copies of F ; by convention,

we set ∂0M
′ to be one of these copies, and ∂1M

′ to be the other, such that the transverse
orientation of F points from ∂1M

′ to ∂0M
′ at each point of F . When M is a compact
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(a) (b)

Figure 2.8. (a) The subsurfaces ∂0M
′, ∂1M

′, and ∂vM
′ of ∂M ′ inducing the pre-sutured

manifold structure on M F ; the transverse orientation of F is represented by an arrow.
(b) The positive and negative push-offs of the normal surface F ; two arbitrary subsets
A and B of F are depicted, together with their push-offs A+ ⊆ ∂0M

′ and B− ⊆ ∂1M
′.

oriented 3-manifold and F is a transversely oriented surface properly embedded in M , we
will always implicitly endow M F with this pre-sutured manifold structure, as depicted
in Figure 2.8a.

The fact that N (F ) is an interval bundle over F provides two homeomorphisms

(−)+ : F −→ ∂0M
′ and (−)− : F −→ ∂1M

′,

that we call the positive push-off and the negative push-off respectively; they are only
defined up to isotopy, and they are depicted in Figure 2.8b.

When M is described by a triangulation T and F is normal, we can put more structure
on M F . Firstly, we remark that a transverse orientation on F can be encoded
combinatorially by a list of points in F ∩ T (1), one for each component of F ; each of
these points – say x – is equipped with a sign, depending on whether the transverse
orientation at x agrees with the orientation of the edge of T containing x. We will see
in Section 2.4.3 how to algorithmically transport the transverse orientation to a point
different from the one where it is presented combinatorially. If M is oriented and F is
transversely oriented, then F inherits a natural orientation; we will not emphasise this,
but we will always implicitly assume that F is oriented in this way.

Let T be a tetrahedron of T . A piece of M ′ is a component of T ∩M ′ (here, we think
of T as an abstract tetrahedron). A parallelity piece of M ′ is a piece of M ′ that lies
between two normal discs of the same type. If a piece is not a parallelity piece, then
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(a) (b)

Figure 2.9. (a) The parallelity pieces of M ′ in a tetrahedron T of T are the components
of T ∩M ′ that lie between two normal discs of the same type. (b) The gut pieces of M ′

in a tetrahedron T of T are the components of T ∩M ′ that are not parallelity pieces.

we call it a gut piece. See Figure 2.9 for an example of parallelity and gut pieces in a
tetrahedron. The union of all parallelity pieces in M ′ is called the parallelity bundle, and
the union of all gut pieces is called the guts.

2.3.4 Guts and parallelity bundle as pre-sutured manifolds

Let M , T , F , and M ′ be as above. Denote by X the guts of M ′, and by Y the parallelity
bundle. Note that X and Y are sub-3-complexes of M ′ (with the polyhedral cell structure
whose cells are the pieces of M ′), and the same holds for every component of X and
Y ; we call a component of X a gut component, and a component of Y a parallelity
component. We remark that ab(Y ) has a natural interval bundle structure over some
compact surface, since it is obtained by gluing together parallelity pieces, each of which
is a product interval bundle over a normal disc. We call this interval bundle structure the
intrinsic interval bundle structure of ab(Y ). Each parallelity component, endowed with
its intrinsic interval bundle structure, is either a product interval bundle over a compact
orientable surface, or a twisted interval bundle over a compact non-orientable surface; we
will mostly be dealing with the former case, but we cannot a priori exclude the latter.
Note that, importantly, the intrinsic interval bundle structure does not necessarily agree
with the pre-sutured manifold structure of M ′, in the sense that embY (∂0 ab(Y )) might
intersect ∂1M

′ (or vice versa). It is, however, true that

∂h ab(Y ) = emb−1
Y (∂hM

′).
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There is some ambiguity in the choice of intrinsic interval bundle structure for ab(Y ) –
namely, for each component C of ab(Y ), the surfaces ∂0C and ∂1C can be interchanged.
The only requirement we impose is that embY (∂0 ab(Y )) and embY (∂1 ab(Y )) are disjoint;
it is easy to see that this can always be arranged.

Even though ab(X) is not necessarily an interval bundle, we can still endow it with a
pre-sutured manifold structure, by setting

∂0 ab(X) = emb−1
X (∂0M

′),
∂1 ab(X) = emb−1

X (∂1M
′), and

∂v ab(X) = emb−1
X (∂vM

′ ∪ Y ).

We will always endow X and Y with the pre-sutured subcomplex structure induced
by the pre-sutured manifold structures of ab(X) and ab(Y ) described above. We will
also say that a subset Ω ⊆ ∂vX is a vertical subset of ∂vX to mean that emb−1

X (Ω) is a
vertical subset of ∂v ab(X), and similarly for Y .

Finally, we extend these pre-sutured manifold structures to the submanifolds thin(X)
and thick(Y ) of M ′. Suppose – as we will always implicitly assume – that thin(X) and
thick(Y ) are chosen so that their intersection is contained in ∂ thin(X) and in ∂ thick(Y ).
We can then give thin(X) the following pre-sutured manifold structure:

∂0 thin(X) = thin(X) ∩ ∂0M
′,

∂1 thin(X) = thin(X) ∩ ∂1M
′, and

∂v thin(X) = thin(X) ∩ (∂vM
′ ∪ thick(Y )).

The submanifold thick(Y ) of M ′ is an interval bundle over thick(∂0Y ), and it is therefore
endowed with an intrinsic pre-sutured manifold structure – which, once again, does not
necessarily agree with that of M ′. We resolve the ambiguity of how to choose ∂0C and
∂1C for each component C of thick(Y ) by requiring that ∂iY ⊆ ∂i thick(Y ) for i ∈ {0, 1};
this choice is made so that the natural retraction of thick(Y ) onto Y sends ∂i thick(Y )
to ∂iY for i ∈ {0, 1} and ∂v thick(Y ) to ∂vY .

2.3.5 Triangulating the guts

Let us keep the notation of the previous paragraph. Recall that F inherits a natural
triangulation from T . We now describe how to triangulate the horizontal boundary and
the guts of M ′. Firstly, note that ∂hM

′ is itself a normal surface, since it intersects
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each tetrahedron of T in a collection of normal discs; more precisely, there is a natural
one-to-two correspondence between the normal discs of F and the normal discs of ∂hM

′.
Therefore, we can triangulate ∂hM

′ as a normal surface, using 3 triangles for each normal
triangle and 4 triangles for each normal quadrilateral. With these canonical triangulations
of F and ∂hM

′, the positive and negative push-offs of F can be naturally chosen to
be simplicial isomorphisms. More precisely, for each tetrahedron T of T , the positive
push-off can be taken to map each normal disc D ⊆ F ∩ T to ∂0M

′ ∩ N (D) simplicially;
this is shown in Figure 2.10a. A similar statement holds for the negative push-off.

In this setting, we can define the transfer map. This is a simplicial map, defined on the
largest sub-2-complex of F whose positive push-off is contained in Y . To define it, let D
be a normal disc of F contained in a tetrahedron T of T ; suppose that D+ is contained
in a parallelity piece of T . Then there is a unique normal disc E in T , of the same type
as D, such that either E+ or E− cobounds a parallelity piece of T with D+. Suppose,
for concreteness, that E+ cobounds a parallelity piece P with D+ (the case where E+ is
replaced by E− is analogous). Let f : D+ → E+ be the simplicial isomorphism induced
by the interval bundle structure of P . Then the transfer map △ sends a point x ∈ D to
the unique point △(x) ∈ E such that

△(x)+ = f(x+).

We now construct a triangulation of the guts of M ′, building it piece by piece. Let
P be a gut piece of M ′; in other words, it is a component of X ∩ T for some (abstract)
tetrahedron T of T . We can think of P as a polyhedron, with some faces coming from
P ∩ ∂hX, and the other faces coming from P ∩ ∂T . We triangulate the faces of P ∩ ∂hX

according to the triangulation of ∂hM
′ we have already defined, as shown in Figure 2.10b.

Then, we note that P ∩ Y is a union of four-sided faces. Some of these – namely, those
that intersect both ∂0M

′ and ∂1M
′ – are vertical subsets of ∂vX; denote the union of

these faces by VP . We add a diagonal edge to each face in VP , so that the triangulation
of VP as a vertical subset of ∂vX is square-tiled, as depicted in Figure 2.10c; note that
the choice of diagonal edge is unique, given that P is oriented. We then triangulate the
remaining faces of P – that is, those in that are contained in ∂T but not in VP – by
coning over a vertex. More precisely, let t be the number of tetrahedra of T . We fix a
total order on the vertices of the gut pieces of M ′; here, we mean that if two vertices
come from possibly different gut pieces but are identified in M , then they should only be
counted once. Since there are at most 6t gut pieces, independently of F , we can assume
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this order is part of the data describing the triangulation T . Then, each relevant face
of P can be triangulated by coning over its smallest vertex, as shown in Figure 2.10d.
Finally, we triangulate the interior of P by coning the triangulation of ∂P over the
smallest vertex of P .

By repeating this construction for each gut piece of M ′, we obtain a triangulation R
of ab(X). Note that triangulations of different gut pieces are compatible along their
common faces, since these faces are triangulated by coning over the same vertex. By
construction, the triangulation R is in fact a pre-sutured triangulation, compatible with
the pre-sutured manifold structure of ab(X). This triangulation induces a pre-sutured
triangulation of X, compatible with the pre-sutured sub-3-complex structure of X; we
will blur the distinction between the two, thinking of R as both a triangulation of ab(X)
and a triangulation of X. The restriction of R to ∂h ab(X) is easily seen to be flapless.
Moreover, for each gut piece P , the vertical subset VP of ∂v ab(X) is simplicial and
square-tiled.

We have already remarked how the number of gut pieces of M ′ is at most linear in t.
The following elementary result gives more granular bounds concerning the triangulation
of the guts.

Proposition 2.10 (Bounds on the triangulation of the guts). Let T be a triangulation
of a compact oriented 3-manifold M with t tetrahedra. Let F be a transversely oriented
normal surface in M , and let M ′ = M F . Then the pre-sutured triangulation R of the
guts X of M ′ satisfies:

(i) |R| ⩽ 50t;

(ii) area(∂hX) ⩽ 32t;

(iii) area(∂vX) ⩽ 36t;

Proof. Fix an (abstract) tetrahedron T of T . It is easy to see that ∂hX ∩ T is a union of
nt ⩽ 8 normal triangles (0 or 2 per vertex of T ) and nq ∈ {0, 2} normal quadrilaterals.
As a consequence, the portion of ∂hX contained in T is triangulated with

3nt + 4nq ⩽ 32

triangles; this proves the second claim.
Let us now focus on a face R of T . Denote by r the intersection ∂hX ∩ R. By our

previous remark on ∂hX ∩ T , we see that r is a union of m ⩽ 8 normal arcs in R. A
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(a) (b)

(c) (d)

Figure 2.10. (a) The positive push-off of F maps each normal disc of F to a normal disc
of ∂0M

′ simplicially. The arrow on F represents the transverse orientation of F , while
the arrow from a triangle of F to a triangle of ∂0M

′ represents the positive push-off. (b)
The faces of a gut piece that lie on ∂hX are triangulated according to the triangulation of
∂hM

′. (c) The faces of the gut piece that lie in Y and are vertical in ∂vX are triangulated
as square-tiled subsets of ∂vX. (d) The remaining faces of the gut piece are triangulated
by coning over vertices.
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simple counting argument reveals that X ∩R has 1 +m/2 polygonal components, and
the total number of sides of these components is 3 + 2m. Since each component of X ∩R
is triangulated by coning over a vertex, the total number of triangles in X ∩R is

area(X ∩R) = 3 + 2m− 2(1 +m/2) = 1 +m ⩽ 9. (2.1)

Since each tetrahedron has 4 faces, and ∂vX ⊆ T (2), this proves the third claim.
Finally, let us shift our attention back to the (arbitrary) tetrahedron T . A counting

argument similar to the above shows that X∩T has 1+nt/2+nq/2 polyhedral components
– namely, the gut pieces of T . We have already seen that ∂hX ∩ T is triangulated with
3nt + 4nq triangles. The intersection ∂hX ∩ ∂T consists of 3nt + 4nq normal arcs. By
applying (2.1) to each face of T , we see that X ∩ ∂T is triangulated with 4 + 3nt + 4nq

triangles. Therefore, the total number of triangles in the triangulation of ∂(X ∩ T ) is

(3nt + 4nq) + (4 + 3nt + 4nq) = 4 + 6nt + 8nq.

Since each vertex of X ∩ T has degree at least 3, and each component of X ∩ T is
triangulated by coning the triangulation of its boundary over a vertex, we conclude that
the number of tetrahedra of X ∩ T is at most

4 + 6nt + 8nq − 3
(

1 + 1
2nt + 1

2nq

)
= 1 + 9

2nt + 13
2 nq ⩽ 1 + 36 + 13 = 50.

This concludes the proof of the first claim.

We remark that the construction of the triangulation R of ab(X) is very explicit.
Given the bounds of Proposition 2.10, we can construct this triangulation algorithmically,
in polynomial time in t and logw(F ).

Finally, we introduce a notation for neighbourhoods of sub-2-complexes of F in M ′.
Let T be a triangle of F . If T+ is contained in a parallelity piece of M ′, then we write
N +(T ) for the unique parallelity piece containing T+. If, instead, the positive push-off of
T is contained in a gut piece of M ′, then we write N +(T ) for the unique gut component
containing T+. For a sub-2-complex G of F , we let

N +(G) =
⋃

T ⊆G

N +(T ),

where the union is taken over all triangles T of G. An analogous definition is given for
N −(G) in terms of the negative push-off. It is easy to see that N +(G) and N −(G) are
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sub-3-complexes of M ′. Moreover, if G+ is contained in the parallelity bundle of M ′,
then N +(G) ∼= G× [0, 1] and ab(N +(G)) ∼= ab(G) × [0, 1]; a similar statement holds for
N −(G).

2.4 Agol-Hass-Thurston orbit-counting algorithm

2.4.1 Orbit-counting algorithm

In [1], Agol, Hass, and Thurston introduce an algorithm to count the number of orbits of
a given collection of pairings on an interval. More precisely, the setting is as follows. Let
N ⩾ 1 be an integer. A pairing on [1, N ] ∩ Z is an order-preserving or order-reversing
bijection

g : [a, b] ∩ Z −→ [c, d] ∩ Z,

where 1 ⩽ a ⩽ b ⩽ N and 1 ⩽ c ⩽ d ⩽ N are integers. Let

{gi : [ai, bi] ∩ Z −→ [ci, di] ∩ Z}1⩽i⩽k

be a collection of pairings on [1, N ] ∩ Z. These pairings induce an equivalence relation
on [1, N ] ∩ Z, generated by

{x ∼ gi(x) : 1 ⩽ i ⩽ k, ai ⩽ x ⩽ bi}.

We call the equivalence classes of this relation orbits. Note that a pairing [a, b] ∩ Z →
[c, d] ∩ Z can simply be described by the four integers a, b, c, and d, together with a
sign indicating whether the pairing is order-preserving or order-reversing. Therefore,
the overall amount of information needed to describe the collection g1, . . . , gk is linear
in k · (logN + 1). The algorithm of Agol, Hass, and Thurston, in its most basic form,
computes the number of orbits of a given collection of pairings.

Theorem 2.11 ([1, Theorem 12]). There is an algorithm that takes as input an integer
N ⩾ 1 and a collection g1, . . . , gk of pairings on [1, N ] ∩ Z, and outputs the number of
orbits. The running time of the algorithm is polynomial in logN and k.

Even though this algorithm works in the full generality described above, its primary
application – and the reason for its development – is computing properties of normal
surfaces in triangulated 3-manifolds (or, similarly, of normal 1-manifolds in triangulated
surfaces). For instance, the basic version of the algorithm of Agol, Hass, and Thurston
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stated above can be used to compute the number of components of a normal surface F in
a triangulated 3-manifold M . We will now give an account of this classical result, already
described in [1, Corollary 14], in order to familiarise the reader with the algorithm, and
set up the stage for more complex applications.

Let N be the total number of normal discs of F ; in other words, the integer N is the
sum of the coordinates of the vector vF . We think of integers in [1, N ] ∩Z as the normal
discs of F , in such a way that two consecutive normal discs of the same type in the same
tetrahedron are represented by consecutive integers. Therefore, the interval [1, N ] ∩ Z is
split into 7t subintervals representing the different types of normal discs, where t is the
number of tetrahedra of the triangulation of M . Let R be a triangle in the 2-skeleton of
M , and suppose that R is adjacent to two (not necessarily distinct) tetrahedra T1 and
T2. Each of the three types of normal arcs in R determines up to three pairings, pairing
normal discs of T1 with normal discs of T2. These pairings are essentially the ones that
determine the matching equations for normal surfaces; hence, we refer the reader to
Figure 2.5b for a visual representation of the situation. If we repeat this procedure for
each triangle R, we obtain a collection of O(t) pairings on [1, N ] ∩ Z. By construction,
the orbits of this collection are in natural bijection with the components of F ; in fact,
more precisely, an orbit consists exactly of the normal discs making up a component of
F . Since N = O(w(F )), we can then apply the algorithm of Theorem 2.11 to compute
the number of components of F ; the running time of the algorithm is polynomial in t

and logw(F ).

2.4.2 Weighted orbit-counting algorithm

The most general version of the algorithm of Agol, Hass, and Thurston allows the interval
[1, N ] ∩ Z to be equipped with a weight function with values in Zd for some d ⩾ 1. More
precisely, to ensure efficiency, the weight function is given as a partition of [1, N ] ∩Z into
intervals [pj, qj] ∩ Z for 1 ⩽ j ⩽ m, together with vectors zj ∈ Zd for 1 ⩽ j ⩽ m. This
data defines a weight function z : [1, N ] ∩ Z → Zd, by setting z(x) = zj if pj ⩽ x ⩽ qj.
For a subset X ⊆ [1, N ] ∩ Z, we define the weight of X to be the sum of the weights of
the elements of X. The general version of the algorithm of Agol, Hass, and Thurston
operates in this setting, and computes the list of orbits of a given collection of pairings,
together with the weight of each orbit. More precisely, the statement is as follows.

Theorem 2.12 ([1, Theorem 16]). There is an algorithm that takes as input

• integers N ⩾ 1 and d ⩾ 1,
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• a collection g1, . . . , gk of pairings on [1, N ] ∩ Z,

• a partition of [1, N ] ∩ Z into intervals [pj, qj] ∩ Z for 1 ⩽ j ⩽ m, and

• vectors zj ∈ Zd for 1 ⩽ j ⩽ m,

and outputs the list of orbits with their weights. The running time of the algorithm is
polynomial in k, m, d, logD, and logN , where D is the maximum ℓ1-norm of the vectors
z1, . . . , zm.

To be even more precise, the algorithm as described in [1] outputs a list of triples of
the form (r, s,w), signifying that each point in [r, s] ∩ Z is a representative of a different
orbit, all having the same weight w ∈ Zd. However, for our purposes, we can assume that
the output of the algorithm is simply the list of weights attained by the orbits, together
with their multiplicities. We also remark that running the algorithm of Theorem 2.12
with d = 1 and a constant weight function z(x) = 0 for all x is equivalent to running the
basic orbit-counting algorithm of Theorem 2.11.

The weighted orbit-counting algorithm can (and was developed to) be applied to the
setting of normal surfaces in triangulated 3-manifolds, where it can be used to extract finer
information than just the number of components. For instance, as the authors remark
in [1, Corollary 17], one can apply the algorithm to compute the Euler characteristic of
each component of a normal surface F in a triangulated 3-manifold M , in time that is
polynomial in the size of the triangulation of M and logw(F ). The procedure is a simple
extension of what we have described above for counting the number of components. In
particular, we take the same interval [1, N ] ∩ Z to be in bijection with the normal discs
of F , with the same collection of pairings induced by the triangles of the 2-skeleton of M .
Additionally, we endow the interval [1, N ] ∩Z with a weight function z : [1, N ] ∩Z → Z7t,
where t is the number of tetrahedra of M . This weight function maps each normal disc
of type q to the vector having a 1 in the q-th coordinate and 0 elsewhere (here, we think
of types of normal discs as being indexed by the integers 1, . . . , 7t). We can then run
the algorithm of Theorem 2.12, that will output a list of components of F , each with its
normal vector in Z7t. We conclude by noting that the Euler characteristic of a normal
surface is an explicitly computable linear function of its normal vector.

2.4.3 Applications to normal curves and surfaces

We now collect a few results that concern the algorithmic computation of properties of
normal curves in triangulated surfaces and normal surfaces in triangulated 3-manifolds,
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beyond the examples we have already discussed. These results are all well-known
consequences of the algorithm of Agol, Hass, and Thurston; therefore, we will only
provide sketches of the arguments, glossing over details such as the precise definitions of
the pairings and weight functions.

Proposition 2.13 (Finding the components of a normal 1-manifold). There is an
algorithm that takes as input a triangulation of a compact surface F with t triangles
and a normal 1-manifold a in F , and outputs the list of components of a, each with its
normal vector in Z3t. The running time of the algorithm is polynomial in t and logw(a).

Proof. The algorithm is a 2-dimensional version of the one we described above for normal
surfaces. We take an interval [1, N ] ∩Z to be in bijection with the normal arcs of a, with
pairings induced by the identifications between endpoints of normal arcs along the edges
of the triangulation (see Figure 2.2b). We also use a weight function to keep track of the
types of normal arcs. Running the algorithm of Theorem 2.12 will then output a list of
components of a, each with its normal vector in Z3t.

Proposition 2.14 (Detecting inessential normal 1-manifolds). There is an algorithm
that takes as input a triangulation of a compact orientable surface F with t triangles
and a connected normal 1-manifold a in F , and outputs whether a is a curve bounding a
disc in F , whether a is a curve bounding a collared annulus in F , and whether a is a
boundary-parallel arc in F . The running time of the algorithm is polynomial in t and
logw(a).

Proof. We can assume that F is connected and that a is non-empty. We take an interval
[1, N ] ∩ Z to be in bijection with the components of T a, where T ranges over the
triangles of F ; we call these components pieces. For each triangle T , there are at most 7
“types” of pieces of T a. In fact, there is at most one piece adjacent to each vertex of T ,
at most one piece adjacent to all three edges of T , and three more types of “parallelity
pieces”, one for each type of normal arc in T . We then define a collection of pairings
on [1, N ] ∩ Z, representing the pairs of pieces that are glued together along parts of
their boundary. Note that, if the points in [1, N ] ∩ Z are arranged so that consecutive
parallelity pieces of the same type are adjacent, then the total number of pairings can be
kept linear in t. We also use a weight function to keep track of the types of pieces. The
algorithm of Theorem 2.12 will then output a list of components of T a, each with a
vector in Z7t counting the number of pieces of each type. It is not hard to prove that the
Euler characteristic of a component of T a is an explicitly computable linear function

34



of the output vector. Therefore, we can obtain a list of the Euler characteristics of the
components of T a. If there is only one such component, then the answer to all three
questions in the statement is “no”. If there are two components and one of them has
Euler characteristic 1, then a is either a curve bounding a disc or a boundary-parallel arc;
we can easily differentiate between the two cases by checking whether a has boundary or
not. If there are two components and one of them has Euler characteristic 0, then a is a
curve bounding a collared annulus. Finally, if there are two components and both have
Euler characteristic at most −1, then the answer to all three questions is “no”.

Proposition 2.15 (Finding the components of a normal surface). There is an algorithm
that takes as input a triangulation of a compact 3-manifold M with t tetrahedra and a
normal surface F in M , and outputs the list of components of F , each with its normal
vector in Z7t, its Euler characteristic, and the number of its boundary components. The
running time of the algorithm is polynomial in t and logw(F ).

Proof. We have already discussed above how to compute the list of components of F ,
each with its normal vector and its Euler characteristic. For each component F ′ of F , we
can then compute the normal vector of the multicurve ∂F ′ in the triangulated surface
∂M , and use the algorithm of Proposition 2.13 to compute the number of components of
∂F ′.

Proposition 2.16 (Computing orientability and transverse orientation of a normal
surface). There is an algorithm that takes as input

• a triangulation T of a compact orientable 3-manifold M with t tetrahedra,

• a connected normal surface F in M ,

• two points x, y ∈ F ∩ T (1), and

• a transverse orientation at x,

and outputs:

• whether F is orientable or not;

• assuming F is orientable, the transverse orientation at y that is compatible with
the given one at x.

The running time of the algorithm is polynomial in t and logw(F ).

35



Proof. The key fact is that the vector 2vF is the normal vector of a surface G in M

which is the horizontal boundary of a regular neighbourhood of F in M . In particular,
we see that G is connected if and only if F is not orientable. Therefore, we can apply
the algorithm of Proposition 2.15 to the normal surface G and deduce whether F is
orientable or not. Assuming it is, we now need to compute the transverse orientation at
y that is compatible with the given one at x. Thinking of G as the unit normal bundle
of F in M , a transverse orientation at x corresponds to a point x′ of G ∩ T (1) – namely,
one of the two points of G that lie above x – which can be readily computed. Finding
the correct transverse orientation at y essentially amounts to deciding which of the two
points of G that lie above y belongs to the same connected component of G as x′. To
this aim, we describe an “orbit-tracking” trick that will also be useful later.

Pick one of the two points of G that lie above y and call it y′. In order to decide
whether x′ and y′ lie in the same connected component of G, we run a slightly modified
version of the algorithm of Proposition 2.15. We add two extra coordinates to the
weight function used therein – call them the x′ coordinate and the y′ coordinate. The x′

coordinate will be 1 on the normal discs of G that are adjacent to x′, and 0 elsewhere.
Similarly, the y′ coordinate will be 1 on the normal discs of G that are adjacent to y′,
and 0 elsewhere. We then run the algorithm of Theorem 2.12 with this modified weight
function. If the algorithm outputs an orbit where both the x′ coordinate and the y′

coordinate are positive, then x′ and y′ lie in the same connected component of G, and
hence y′ defines the correct transverse orientation at y. Otherwise, the points x′ and y′

lie in different connected components of G, and hence the transverse orientation at y is
the opposite one.

Recall that our combinatorial representation of a sub-2-complex G of a normal surface
F in a triangulated 3-manifold M consists of two pieces of data: the edges of ∂FG and a
list containing one triangle of F for each component of G. If we want to make use of this
representation, we are faced with two tasks. Firstly, we need to be able to decide if a
given representation is valid, in the sense that it comes from an actual sub-2-complex
of F . Secondly, we need to be able to extract the relevant topological information
about a sub-2-complex G from its combinatorial representation. This includes the Euler
characteristic and number of boundary components of each component of G, but this
is not enough: we also need to know how exactly the boundary components of ab(G)
are glued to the rest of F . For this reason, we introduce the following definition. If F
is oriented, then ab(G) inherits an orientation, and hence each boundary component b
of ab(G) is canonically oriented. An F -boundary sequence for b is a sequence e1, . . . , ek,
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where each ei is either an edge of ∂FG or the symbol ∂F , satisfying the following
property: there exists a continuous orientation-preserving surjection f : [0, k] → b that is
an embedding on (0, k) and such that, for each 1 ⩽ i ⩽ k, we have that

embG(f([i− 1, i])) = ei if ei is not ∂F ,
embG(f([i− 1, i])) ⊆ ∂F if ei is ∂F .

Moreover, we ask that if ei = ∂F for some 1 ⩽ i ⩽ k, then ei+1 ̸= ∂F (where indices are
taken modulo k). Loosely speaking, one obtains an F -boundary sequence for b by walking
along b (with the orientation induced by that of ab(C)) and recording the sequence of
edges of ∂FG that one encounters, interrupted by segments of ∂F . We remark that the
F -boundary sequence for b is unique up to cyclic permutations.

Proposition 2.17 (Finding the components of a sub-2-complex of a normal surface).
There is an algorithm that takes as input

• a triangulation of a compact oriented 3-manifold M with t tetrahedra,

• a connected transversely oriented normal surface F in M ,

• a collection E of edges of F , and

• a collection S of triangles of F ,

and decides whether there exists a sub-2-complex G of F such that ∂FG consists precisely
of the edges of E , and S contains at least one triangle of each component of G. If this is
the case, the algorithm also outputs, for each component C of G:

• the list of triangles in S that are contained in C;

• the Euler characteristic of ab(C);

• the number of boundary components of ab(C);

• for each component b of ∂ ab(C), an F -boundary sequence for b.

The running time of the algorithm is polynomial in t, logw(F ), and the cardinalities of
E and S.

Proof. Denote by T the triangulation of M , and by R the induced triangulation of F .
Recall that the triangles of R are grouped into types, as detailed in Section 2.2.6. In
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particular, tetrahedron of T contains at most 16 types of triangles of R: at most 4 for
the unique type of normal quadrilaterals, and at most 3 per type of normal triangles.
We can then arrange the triangles of R in an interval [1, N ] ∩ Z, where triangles of the
same type form contiguous blocks; within each block, the triangles are ordered so that
triangles lying on consecutive normal discs are adjacent. It is easy to define a system of
pairings on this interval, such that two triangles of R are paired if and only if they share
an edge of R that is not in E . We also define a weight function

z : [1, N ] ∩ Z −→ Zd,

where the d coordinates encode several pieces of information for each triangle R of R.

1. The first block of 16t coordinates keeps track of the type of R (here, we think of
types as being indexed by the integers 1, . . . , 16t).

2. The second block of |S| coordinates keeps track of which triangle in S – if any – is
equal to R.

3. The third block of 2|E| coordinates keeps track of which edges in E are adjacent to
R, and from which side.

4. There is also a fourth block of coordinates that keeps track, for each triangle R′ of
the same type as R that is adjacent to some edge in E , whether R′ appears before
or after R, according to one of the two natural orders of the normal discs they lie
on; we consider this order to be fixed once and for all. These coordinates will be
used later to compute information about the boundary components of ab(G).

Run the algorithm of Theorem 2.12 on the interval [1, N ] ∩Z, the collection of pairings,
and the weight function z we described above. We can now assess whether a sub-2-complex
G of F as required in the statement exists. If any edge in E lies in ∂F , then the answer
is “no”. If the union of the edges in E , seen as a graph, has a vertex of degree 1, then the
answer is “no”. Each orbit in the output of the algorithm of Agol, Hass, and Thurston
either contains a triangle in S, or it does not; this can be assessed by looking at the
second block of coordinates of the weight of the given orbit. If some edge in E is contained
in 0 or 2 orbits containing a triangle in S (which can be assessed by looking at the third
block of coordinates), then the answer is “no”. Otherwise, the answer is “yes”, and each
orbit containing a triangle in S corresponds to a component of ab(G); in other words,
the sub-2-complex G is the union of the orbits that contain a triangle in S.
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Fix now a component C of ab(G). The weight z(C) already contains the list of triangles
in S that lie inside C. It is also not hard to see that the Euler characteristic of C is
an explicitly computable linear function of the weight z(C). Computing the number of
boundary components of C and their F -boundary sequences is a bit more involved. First,
we can use the data contained in w(C) to construct an interval that represents the edges
of ∂C, together with a collection of pairings encoding the adjacency of edges of ∂C. Note
that we need to use the fourth block of coordinates here, to identify which edges of E lie
on ∂C. Running the algorithm of Agol, Hass, and Thurston will then output the number
of components of ∂C.

In order to compute the F -boundary sequences, start by picking an edge e1 ∈ E that
lies in ∂C. Note that we can recover which side of e1 the component C lies on from
w(C). An application of Proposition 2.16 will allow us to deduce the correct orientation
of the component b of ∂C containing e1. We can then start walking along b according
to this orientation, explicitly recording the sequence e1, . . . , ei of edges in E that we
encounter. This process will terminate either when we get back to e1 – in which case we
have successfully computed the F -boundary sequence for b – or when we hit ∂F . If the
latter happens, we set ei+1 = ∂F . In order to understand what the next edge ei+2 ∈ E is,
we construct an interval representing the edges of ∂C ∩ ∂F , together with a collection of
pairings encoding the adjacency of said edges. Using the “orbit-tracking” trick described
in the proof of Proposition 2.16, we can find the component of ∂C ∩ ∂F that comes after
ei in the F -boundary sequence of b, together with the following edge ei+2 ∈ E . We can
repeat this process until we get back to e1, thus completing the F -boundary sequence
for b. Using the same technique, we can compute the F -boundary sequences for all the
components of ∂C that are not contained in ∂F . Once we have done this, since we know
how many boundary components C has, we can deduce the number of components of
∂C that are contained in ∂F ; the F -boundary sequence for these components is simply
∂F .

Proposition 2.18 (Deciding containments of sub-2-complexes of normal surfaces). For
a compact oriented 3-manifold M triangulated with t tetrahedra, a connected transversely
oriented normal surface F in M , and a sub-2-complex G of F , the following questions
can be answered by an algorithm with the specified running time.

1. Given a triangle T of F , decide whether T is contained in G, in polynomial time in
t, logw(F ), |G|, and ℓ(∂FG).

2. Given two triangles T1 and T2 in G, decide whether they belong to the same
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component of G, in polynomial time in t, logw(F ), |G|, and ℓ(∂FG).

3. Given a sub-2-complex G′ of F , decide whether G′ is contained in G, in polynomial
time in t, logw(F ), |G|, ℓ(∂FG), |G′|, and ℓ(∂FG

′).

4. Given a sub-2-complex G′ of F , decide whether G′ intersects G, and whether int(G′)
intersects int(G), in polynomial time in t, logw(F ), |G|, ℓ(∂FG), |G′|, and ℓ(∂FG

′).

Proof. The first two questions can be easily answered with the “orbit-tracking” trick
described in the proof of Proposition 2.16. The third question reduces to the fourth
one, since G′ is contained in G if and only if int(G′) is disjoint from F G. Therefore,
we only need to show how to answer the fourth question. We have seen in the proof of
Proposition 2.17 how to compute the list of components of ab(G) and ab(G′); by checking
all possible pairs of components, we can suppose, without loss of generality, that ab(G)
and ab(G′) are connected. If ∂FG and ∂FG

′ are both empty, then G and G′ intersect if
and only if they are contained in the same component of F , which can be decided with
an “orbit-tracking” trick; the same holds for int(G) and int(G′). Otherwise, it is not
hard to see that int(G) and int(G′) intersect if and only if there is a triangle of F that
is contained in G ∩G′ and intersects ∂FG or ∂FG

′. Since the number of such triangles
is bounded above by a polynomial in t, ℓ(∂FG), and ℓ(∂FG

′) (where t is the number
of tetrahedra of M), we can check all possible triangles in polynomial time. Finally, if
int(G) and int(G′) are disjoint, then G and G′ intersect if and only if ∂FG and ∂FG

′

intersect. This can be checked by direct inspection, thus providing an answer to the
fourth question in the statement.

2.4.4 Algorithms for curves in normal surfaces

The algorithm of Agol, Hass, and Thurston, and specifically the consequence we have
stated in Proposition 2.17, can be used to efficiently operate on normal curves in normal
surfaces. Recall that a normal curve a in a normal surface F (which, in turn, is properly
embedded in a 3-manifold M triangulated with t tetrahedra) is encoded by listing
the triangles of the sub-2-complex supp(a) of F , and describing a as a normal curve
in ab(supp(a)). Many algorithmic problems about curves on surfaces – for instance,
deciding whether two curves are isotopic – can be solved in polynomial time. However,
one of the parameters in this polynomial dependence is (and has to be) the size of the
triangulation of the surface; in our case, the number of triangles in the triangulation of
F depends linearly on its weight. Therefore, if we were to naively apply these algorithms
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to the normal curve a ⊆ F , we would obtain a running time that is polynomial in w(F ).
This is unacceptable for our purposes, since the normal surfaces we operate on will in
general have weight that is exponential in t.

There is, however, a simple trick we can apply to circumvent this issue. The normal
curves we will deal with have “small” support, meaning that they do not intersect the
vast majority of the triangles of F . Therefore, we can take these large regions – disjoint
from the support of our normal curves – and re-triangulate them, using the smallest
possible number of triangles. This procedure will yield a new triangulation of F , that
is unchanged on the support of the normal curves, but has a much smaller number of
triangles. In particular, the size of this new triangulation will be linear in |χ(S)| and
the area of the support of the normal curves – note that we cannot hope for a better
dependence. This idea is described in detail in the following proposition.

Proposition 2.19 (Algorithmic retriangulation of normal surfaces). There is an algo-
rithm that takes as input

• a triangulation of a compact orientable 3-manifold M with t tetrahedra,

• a connected orientable normal surface F in M , and

• a non-empty sub-2-complex F0 of F ,

and outputs

• a triangulation of a compact orientable surface G,

• a sub-2-complex G0 of G, and

• a simplicial isomorphism f : F0 → G0,

such that the following hold:

1. area(G) ⩽ 22 area(F0) − 3χ(F );

2. f extends to a homeomorphism F → G.

The running time of the algorithm is polynomial in t, |χ(F )|, logw(F ), and area(F0).

Proof. Fix an orientation of M , and a transverse orientation of F . Let F1 be the closure of
F F0, which is a sub-2-complex of F . Note that ℓ(∂FF1) = ℓ(∂FF0) is bounded above by
in 3 area(F0); similarly, the number of components of F1 is at most 3 area(F0). Therefore,
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we can apply the algorithm of Proposition 2.17 to the sub-2-complex F1 of F ; the running
time will be polynomial in t, logw(F ), and area(F0). Then, for each component C of
F1, we obtain the Euler characteristic of ab(C), the number of boundary components of
ab(C), and an F -boundary sequence for each of these boundary components.

Let C be an arbitrary component of F1. We now show how to construct a triangulated
oriented surface GC such that there exists an orientation-preserving homeomorphism
gC : ab(C) → GC that restricts to a simplicial isomorphism on C∩F0. For each boundary
component b of ab(C), construct an oriented circle S1

b , endowed with the following cell
structure. If e1, . . . , ek is the computed F -boundary sequence for b, then S1

b has k edges,
labelled in order e1, . . . , ek. In particular, note that

ℓ(S1
b ) = k ⩽ 2ℓ(b ∩ F0) + 1. (2.2)

Let
∂GC =

⊔
b⊆∂ ab(C)

S1
b ,

where the disjoint union is taken over all boundary components of ab(C). By definition
of F -boundary sequence, it is easy to see that there is an orientation-preserving home-
omorphism g′

C : ∂ ab(C) → ∂GC that restricts to a simplicial isomorphism on C ∩ F0.
Moreover, it follows from (2.2) that

ℓ(∂GC) ⩽ 2ℓ(C ∩ F0) +m, (2.3)

where m denotes the number of components of ∂GC .
All we need to do now is to glue triangles to ∂GC and to each other to realise an

oriented surface GC with the same genus as ab(C). We analyse several cases.

• If ab(C) is a disc with ℓ(∂GC) = 1, then we can realise GC with 1 triangle.

• If ab(C) is a disc with ℓ(∂GC) = 2, then we can realise GC with 2 triangles.

• If ab(C) is a disc with ℓ(∂GC) ⩾ 3, then we can realise GC with ℓ(∂GC) − 2
triangles; these first three cases are depicted in Figure 2.11.

• If ab(C) is a planar surface with at least 2 boundary components, then we first add
m−1 edges to ∂GC to obtain a connected graph, and then we attach a triangulated
disc that runs once over the edges of ∂GC – consistently with the already defined
orientation – and twice over the newly added edges; this is depicted in Figure 2.12a.
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Figure 2.11. The construction of GC when ab(C) is a disc. From left to right: the
cases ℓ(∂GC) = 1, ℓ(∂GC) = 2, and ℓ(∂GC) ⩾ 3.

An easy counting argument reveals that the resulting surface GC is triangulated
with

area(GC) = ℓ(∂GC) + 2m− 4

triangles.

• If ab(C) is a surface of genus g ⩾ 1, then we first construct a 4g-gon, and add
m edges to connect it to all components of ∂GC . We then attach a triangulated
disc that runs twice over the edges of ∂GC – consistently with the already defined
orientation – and once over all the other edges. Finally, we pair the edges of the
4g-gon in the standard commutator pattern to obtain a surface GC of genus g; this
is depicted in Figure 2.12b. The total number of triangles in GC is

area(GC) = ℓ(∂GC) + 2m+ 4g − 2.

In all cases, we have constructed a triangulated oriented surface GC that is orienta-
tion-preservingly homeomorphic to C. In particular, the homeomorphism g′

C : ∂C → ∂GC

extends to a homeomorphism gC : C → GC . Moreover, if we denote by g the genus of
ab(C), we have that

area(GC) ⩽ ℓ(∂GC) + 2m+ 4g − 2 by case analysis
⩽ 2ℓ(C ∩ F0) + 3m+ 4g − 2 by (2.3)
⩽ 2ℓ(C ∩ F0) − 3χ(ab(C)) + 4. (2.4)

We can then define

G =

(
F0 ⊔

⊔
C⊆F1

GC

)
⧸{x ∼ gC(x) : C is a component of F1, x ∈ C ∩ F0}.
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(a) (b)

Figure 2.12. (a) The construction of GC when C is a planar surface with at least 2
boundary components. There are m − 1 edges (coloured in the picture) connecting
the m boundary components of GC , and a triangulated disc (shaded in the picture)
attached to these edges and to ∂GC . (b) The construction of GC when C is a surface of
genus g ⩾ 1. The edges of the 4g-gon are coloured in the picture, with marks defining
the gluing.

Since G is effectively constructed by gluing the triangulated surfaces GC simplicially
to the boundary of the 2-complex F0, it is naturally equipped with a triangulation as
follows. Recall that the edges of ∂GC are labelled for each component C of F1; the labels
are either edges of F0 ∩ F1 – in which case we glue the edges of ∂GC to the edges of
C ∩ F0 according to the labelling – or the symbol ∂F – in which case, no glueing is
needed. We set G0 to be the image of F0 in G under the quotient map, and f to be the
restriction of the quotient map to F0; it is obvious from the construction that f extends
to a homeomorphism F → G. We remark that the construction we have described to
produce the triangulated surface G is explicit, and can be realised in polynomial time
in the number of triangles involved. As we are about to prove, this number is bounded
above by a linear function of area(F0) and |χ(F )|; this implies that the triangulation of
G can be constructed in polynomial time in the size of the input.

Finally, we show how to obtain the desired upper bound on area(G). Consider the
following preliminary inequalities:

|F1| ⩽ ℓ(F1 ∩ F0), (2.5)
χ(ab(F0)) ⩽ area(F0), (2.6)

χ(F ) ⩽ χ(ab(F0)) + χ(ab(F1)). (2.7)
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Inequality (2.5) holds because the map sending each edge in F1 ∩ F0 to the component
of F1 containing it is surjective. Inequality (2.6) follows from the fact that the only
components of F0 with positive Euler characteristic are discs, and each disc has area at
least 1.

In order to prove (2.7), recall that ab(F0) is homotopy equivalent to thin(F0), and
similarly for F1. Therefore, if we write A for the closure in F of F (thin(F0) ∪ thin(F1)),
and a for A ∩ (thin(F0) ∪ thin(F1)), we have that

χ(F ) = χ(ab(F0)) + χ(ab(F1)) + χ(A) − χ(a). (2.8)

Let Γ = F0 ∩ F1, which we think of as a graph, with vertex set V and edge set E. Note
that A deformation retracts onto Γ, via a retraction r : A → Γ that is an interval fibration
except possibly at the vertices of Γ. When restricted to a, the map r is a 2-sheeted
covering map, except possibly at the vertices of Γ; more precisely, each vertex v ∈ V has
degΓ(v) + |v ∩ ∂F | ⩾ 2 preimages in a, where degΓ(v) is the degree of v in Γ. By pulling
back the graph structure of Γ via r, we obtain a graph structure on a, with exactly 2|E|
edges and ∑

v∈V

(degΓ(v) + |v ∩ ∂F |) ⩾ 2 max{|V |, |E|}

vertices. It is then easy to prove that χ(A) = χ(Γ) ⩽ χ(a); inequality (2.7) now follows
from (2.8).

We can then compute

area(G) = area(F0) +
∑

C⊆F1

area(GC)

⩽ area(F0) +
∑

C⊆F1

(2ℓ(C ∩ F0) − 3χ(ab(C)) + 4) by (2.4)

= area(F0) + 2ℓ(F1 ∩ F0) − 3χ(ab(F1)) + 4|F1|

⩽ area(F0) + 6ℓ(F1 ∩ F0) − 3χ(F ) + 3χ(ab(F0)) by (2.5) and (2.7)
⩽ area(F0) + 6ℓ(∂F0) − 3χ(F ) + 3 area(F0) by (2.6)
⩽ 22 area(F0) − 3χ(F ) since ℓ(∂F0) ⩽ 3 area(F0),

where the sums range over all components C of F1.

Thanks to Proposition 2.19, we can now translate any polynomial-time algorithm for
normal curves on triangulated surfaces to a polynomial-time algorithm for normal curves
on normal surfaces. Consider, for instance, [21, Theorem 1.2], which gives an algorithm
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to decide whether two normal 1-manifolds in a triangulated surface are isotopic. A
straightforward application of Proposition 2.19 yields the following result.

Proposition 2.20 (Deciding isotopy of normal curves in normal surfaces). There is an
algorithm that takes as input

• a triangulation of a compact orientable 3-manifold M with t tetrahedra,

• a connected orientable normal surface F in M , and

• two essential multicurves a, b in F ,

and decides whether a and b are isotopic in F . The running time of the algorithm is
polynomial in t, |χ(F )|, logw(F ), area(supp(a)), area(supp(b)), logw(a), and logw(b).

Proof. Let F0 = supp(a) ∪ supp(b). We can apply the algorithm of Proposition 2.19 to
obtain a triangulated surface G, a sub-2-complex G0 of G, and a simplicial isomorphism
f : F0 → G0 that extends to a homeomorphism F → G. The algorithm of [21, Theorem
1.2] can then be used to determine whether f(a) and f(b) are isotopic in G; this is clearly
equivalent to a and b being isotopic in F . This algorithm runs in polynomial time in
area(G), logw(f(a)), and logw(f(b)). Since area(G) is linear in |χ(F )| and area(F0),
and w(f(a)) = w(a) and w(f(b)) = w(b), we see that the combination of these two steps
can be performed with the polynomial running time declared in the statement.

The same exact argument applied to [21, Theorem 1.1] – an algorithm to compute the
intersection number of normal 1-manifolds in triangulated surfaces – yields the following
result.

Proposition 2.21. There is an algorithm that takes as input

• a triangulation of a compact orientable 3-manifold M with t tetrahedra,

• a connected orientable normal surface F in M , and

• two normal multicurves a, b in F ,

and outputs the intersection number i(a, b). The running time of the algorithm is
polynomial in t, |χ(F )|, logw(F ), area(supp(a)), area(supp(b)), logw(a), and logw(b).
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Chapter 3

Certifying fibredness

3.1 Outline of the certificate
The aim of this chapter is to describe a certificate that can be used to verify that a given
triangulated compact orientable 3-manifold M is fibred, in polynomial time in the size of
the triangulation. In other words, we will prove that the problem of deciding whether a
compact orientable 3-manifold is fibred is in NP. This is not an entirely new result: in
[35, Corollary 1.4], Schleimer proves that fibredness of orientable irreducible atoroidal
3-manifolds can be certified in polynomial time. Despite this precedent in the literature,
we will give a new proof of this fact. We do this for two reasons. The first is that our
proof avoids the restriction to irreducible atoroidal 3-manifolds, and generalises beyond
Schleimer’s result to all fibred 3-manifolds. This is not directly relevant for our final goal
– that is, certifying hyperbolicity – since all hyperbolic 3-manifolds are atoroidal, but it
fills a gap in the literature, and it is therefore worth including. The second and most
important reason is that our certificate is specifically designed to facilitate the recovery
of the monodromy of the fibration, as we will see in Chapter 4. This is a crucial feature
of our certificate, since our plan to verify hyperbolicity of a fibred 3-manifold is to check
that its monodromy is pseudo-Anosov. The formal description of the certificate, given in
Certificate 1, is very technical and involved; we aim to make it less overwhelming, by
providing a high-level overview of the construction in the following paragraphs.

Suppose we are given a triangulated compact orientable 3-manifold M with t tetrahedra,
that is guaranteed to be fibred. The first piece of information that we include in the
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certificate is, quite naturally, a normal fibre F of M . To keep the certificate polynomial
in size, we must ensure that the logarithm of the weight of F is polynomial in t; the
existence of such a fibre is proved in Propositions 3.13 and 3.16. One could imagine that
simply providing the fibre would be sufficient to certify fibredness of M . This is not
completely unreasonable, although the burden is then shifted to the verifier, who must
check that the given normal surface F is indeed a fibre of M . In fact, the verifier could
apply [22, Theorem 9.3] to cut M along F , obtaining a pre-sutured manifold M ′ = M F ,
and then check that M ′ is a product interval bundle. We do not know whether this last
step be performed in polynomial time; however, it can be certified in polynomial time,
thanks to [22, Theorem 12.1] (see the statement in Theorem 3.1). Therefore, a certificate
consisting of a normal fibre F and an auxiliary certificate (as provided by [22, Theorem
12.1]) showing that M F is a product interval bundle would prove that M is fibred, and
could be verified in polynomial time.

This naive approach, however, has two drawbacks. The first one is that the size of
this certificate would be polynomial in t and in the Euler characteristic of F , which
itself is not in general polynomial in t. This dependence cannot be avoided, since the
minimum number of tetrahedra needed to triangulate M F is linear in |χ(F )|. This
would not obstruct our final goal, since the size of our certificate for hyperbolicity will
depend on |χ(F )| anyway, but it would prevent us from proving that deciding fibredness
is in NP. The second and more serious drawback is that there is no natural way to read
off the monodromy of the fibration from this certificate: once we cut M along F , all the
information about the monodromy is lost. In other words, the sutured manifold M ′ does
not carry any information about how ∂0M

′ is glued to ∂1M
′.

There is a way to overcome these two drawbacks, at the cost of a more complicated
certificate. For the sake of simplicity, suppose that the guts X and the parallelity bundle
Y of M ′ are both submanifolds of M ′ (in the general case, we would be working with
thin(X) and thick(Y ) instead). Suppose, moreover, that M is closed; this assumption
is not necessary, but it simplifies the exposition. One could optimistically imagine a
situation in which the annuli X ∩ Y are all vertical in M ′. This would imply that Y
would be a product interval bundle, whose interval bundle structure agrees with that of
M ′. The guts X would also be homeomorphic as a pre-sutured manifold to a product
interval bundle, whose interval bundle structure again agrees with that of M ′. In this
case, certifying that M is fibred – or, equivalently, that the pre-sutured manifold M ′ is a
product interval bundle – would be exceedingly easy: one simply needs to provide a proof
that X (with its pre-sutured manifold structure) is a product interval bundle, which can
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be done thanks to [22, Theorem 12.1] (again, see the statement in Theorem 3.1). The
key observation to keep in mind here is that, even though the parallelity bundle Y could
be huge, we do not need to deal with it, since it is guaranteed to be an interval bundle;
conversely, we have no guarantee on the guts X, but the size of the triangulation of X is
polynomial in t (see Proposition 2.10).

Unfortunately, the annuli X ∩ Y will not in general be vertical in M ′. However,
this optimistic situation forms the core of our certificate. One can show, as we do in
Proposition 3.8, that if the fibre F is chosen to be least-weight, then each annulus in
X ∩ Y is either vertical, or it bounds a “tube” in M ′; the second case is depicted in
Figures 3.5a and 3.5b. This means that we can decompose M ′ into three submanifolds:

• the union Yv of the parallelity components that are vertical in M ′;

• the remaining parallelity components Yt, that are contained in a union of tubes T ;

• the guts X.

The reader can find a graphical representation this decomposition in Figure 3.4, where
Yv is denoted by N +(Fp) and Yt is denoted by N +(F0) ∪ N −(F1). The reason for the
different notation is that working with subsurfaces of F rather than submanifolds of
M ′ is more convenient for algorithmic purposes. The relevant subsurfaces are Fg, Fp,
F0, and D0, representing the traces on ∂0M

′ ∼= F of X, Yv, Yt, and T respectively; the
subsurfaces F ′

g, F ′
p, F1, and D1 play the same role for ∂1M

′ ∼= F .
In order to show that M is fibred, we will then provide a certificate consisting of a

least-weight fibre F and a decomposition of M ′ into the three submanifolds X, Yv, and
Yt (as explained above, this decomposition is actually given in terms of subsurfaces of
F ). The submanifold Yt could be very large, but – since it is a product interval bundle
over planar surfaces – it can be retriangulated with a number of tetrahedra that is
polynomial in t, as shown in Proposition 3.2. By attaching this triangulation to the
standard triangulation of the guts X, we obtain a triangulated 3-manifold N that is
homeomorphic to X ∪ Yt, such that the size of the triangulation of N is polynomial in t

(recall that the triangulation of the guts is “small”). Like in the above simplified case,
the parallelity components Yv could be huge, but we do not need to deal with them.
All the verifier needs to do is check that the 3-manifold N (with a suitable pre-sutured
manifold structure) is a product interval bundle, which again can be done thanks to [22,
Theorem 12.1]. This will guarantee that N and Yv glue along their common boundary to
give a product interval bundle structure to M ′.
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To (loosely) summarise, not all parallelity components are guaranteed to be vertical in
M ′. However, the ones that are not are contained in tubes. We retriangulate these tubes
with few tetrahedra and attach them to the guts to obtain a 3-manifold N ∼= X ∪ Yt.
The triangulation of N is given as part of the certificate, together with an auxiliary
certificate (provided by [22, Theorem 12.1]) showing that N is a product interval bundle.
The verifier can check that N is indeed a product interval bundle, and this guarantees
that M ′ = (X ∪ Yt) ∪ Yv is also a product interval bundle – or, in other words, that F is
a fibre of M . This certificate can also be used to recover the monodromy of the fibration;
however, we defer the explanation to Section 4.1.

3.2 Topology and combinatorics of interval bundles
In this section, we aim to address a few questions about interval bundles that are
algorithmic in nature, concerning the recognition of interval bundles, triangulations of
interval bundles, and the detection of vertical surfaces in interval bundles. Let us clarify
what we mean by “vertical surfaces”. Let M = F × [0, 1] for some compact orientable
surface F ; we will only be dealing with interval bundles of this form. A surface properly
embedded in M is vertical if it can be isotoped preserving ∂F × {0, 1} to a union of fibres
of the form {x} × [0, 1]. In fact, the same definition applies to the more general setting
of an arbitrary subset of M , that is said to be vertical if it can be isotoped preserving
∂F × {0, 1} to a union of interval fibres. It is easy to see that every vertical surface in
M is either an annulus or a square, by which we mean a disc A properly embedded in M
such that ∂A intersects ∂F × {0, 1} transversely in 4 points.

3.2.1 Recognition of interval bundles

The most basic algorithmic problem about interval bundles asks whether a given trian-
gulated 3-manifold is a product interval bundle over some compact orientable surface.
However, our 3-manifolds often come equipped with information about where the hori-
zontal and vertical boundary of the candidate interval bundle should be – in other words,
with a pre-sutured triangulation. The question we are interested in is then the following.
Problem (Sutured interval bundle recognition).

Input: a pre-sutured triangulation T of a compact 3-manifold.

Output: whether T is a suitable pre-sutured triangulation of F × [0, 1] for some
compact orientable surface F .
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The size of the input is measured by the number of tetrahedra in T . ×

It turns out that a positive answer to this question can be certified in polynomial time.

Theorem 3.1 (Sutured interval bundle recognition is in NP). The problem
Sutured interval bundle recognition is in NP.

This result appears as Theorem 12.1 in [22], stated in greater generality for handle
structures instead of pre-sutured triangulations. In fact, to be precise, since we are given
as input a pre-sutured triangulation instead of a sutured triangulation, a pre-processing
step is required, to verify that the given pre-sutured triangulation is indeed a sutured
triangulation. In practice, for a given pre-sutured triangulation of a 3-manifold M , one
simply needs to check that ∂vM is a union of annuli, each of which intersects both ∂0M

and ∂1M ; this can be easily carried out in polynomial time in the size of the triangulation.
More crucially, the reader should be aware that the published proof of [22, Theorem 12.1]
contains a gap, in that it only works for sutured triangulations with non-empty sutures –
in other words, when the surface F has non-empty boundary. However, this issue can
easily be fixed by cutting the 3-manifold along a vertical normal annulus with bounded
weight, which can be provided as part of the certificate; this is discussed at the beginning
of [24, Section 11].

3.2.2 Triangulations of interval bundles

It should come as no surprise that the minimum number of tetrahedra needed to
triangulate an interval bundle over a planar surface F is linear in the number of boundary
components of F . For our fibredness certificate, we will need a more refined version of
this estimate, that asks how many tetrahedra are needed to extend a given triangulation
of a vertical subset of ∂F × [0, 1] to a triangulation of F × [0, 1]. The answer turns out
to be linear in the number of triangles of the prescribed triangulation, provided that the
vertical subset touches every component of ∂F × [0, 1].

Proposition 3.2 (Triangulating interval bundles over planar surfaces efficiently). Let
M = F × [0, 1] for some compact orientable planar surface F . Let Ω ⊆ ∂F be a union
of finitely many circles or closed intervals with non-empty interiors; suppose that Ω
intersects every component of ∂F . Let T0 be a triangulation of Ω × [0, 1] ⊆ ∂vM with
t0 triangles, such that every point in ∂Ω × {0, 1} is a vertex of T0. Then there is a
triangulation T of M such that:

1. the restriction of T to Ω × [0, 1] is T0;
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Figure 3.1. The triangulation T1 restricted to bi × [0, 1]. The edges and triangles of T1

that are not in T0 are highlighted.

2. the restriction of T to ∂hM is flapless;

3. the number of tetrahedra of T is at most 26t0.

Proof. It is not restrictive to assume that M is connected. We start by finding a
triangulation T1 of ∂vM that agrees with T0 on Ω × [0, 1]. Denote by b1, . . . , bm the
components of ∂F ; for each 1 ⩽ i ⩽ m, we construct a triangulation of bi × [0, 1]. Let
Ωi = Ω ∩ bi, and let si be the number of triangles of T0 contained in Ωi × [0, 1]. If
bi ⊆ Ω, then we simply triangulate b1 × [0, 1] by restricting T0. Otherwise, denote by k
the number of components of Ωi, and by h the number of edges of T0 that are contained
in ∂Ωi × [0, 1]; a simple counting argument shows that si ⩾ h. The closure of the
complement of Ωi × [0, 1] in bi × [0, 1] is a union of topological discs; each of these discs
has a natural cell structure of its boundary, with one edge on bi × {0}, one on bi × {1},
and the remaining edges on ∂Ωi × [0, 1] coming from T0. The number of these discs is k,
and the combined simplicial length of their perimeters is exactly 2k + h. Therefore, their
union can be triangulated with exactly h triangles, as shown in Figure 3.1.

In conclusion, we have constructed a triangulation of bi×[0, 1] with at most 2si triangles
(recall that h ⩽ si) that agrees with T0 on Ωi × [0, 1]. Repeating this construction for
every boundary component bi yields a triangulation T1 of ∂vM that agrees with T0 on
Ω × [0, 1] and has

t1 ⩽ 2s1 + · · · + 2sm = 2t0 (3.1)

triangles.
The next step is to find a triangulation of a union S of squares in M that agrees

with T1 on S ∩ ∂vM , such that M S is a 3-ball. To this aim, for each 1 ⩽ i ⩽ m,
fix a simplicial arc ai ⊆ bi × [0, 1] that is vertical in M . Denote by ℓi the simplicial
length of ai, and – without loss of generality – assume that ℓ1 ⩽ ℓi for every 2 ⩽ i ⩽ m.
Find squares S2, . . . , Sm in M such that Si ∩ ∂vM = a1 ∪ ai for each 2 ⩽ i ⩽ m, and
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(a) (b)

Figure 3.2. (a) For each 2 ⩽ i ⩽ m, the square Si can be triangulated with ℓ1 + ℓi

triangles. (b) The topological 3-ball B = M S has a natural cell structure, consisting
of triangles coming from T1 and (two copies of) T2, and two polygons P0 and P1.

Si ∩ Sj = a1 for all 1 ⩽ i < j ⩽ m. The boundary of each Si has a natural cell structure
with exactly ℓ1 + ℓi + 2 edges; therefore, we can triangulate Si with ℓ1 + ℓi triangles. Let
T2 be the triangulation of S = S2 ∪ · · · ∪ Sm obtained from this construction, as shown
in Figure 3.2a. The number t2 of triangles of T2 is exactly

t2 = (m− 1)ℓ1 + ℓ2 + · · · + ℓm. (3.2)

Finally, we construct a triangulation of M , by exploiting the fact that B = M S is a
topological 3-ball. The triangulations T1 and T2 induce a cell structure on the boundary
of B, consisting of t1 + 2t2 triangles and two polygons P0 and P1, where Pi = B ∩ ∂iM

for i ∈ {0, 1}; this is depicted in Figure 3.2b. Note that, for each i ∈ {0, 1}, the number
of edges of Pi is exactly ri + 2m − 2, where ri is the number of edges of T1 that are
contained in ∂iM . We can then triangulate each Pi with ri + 2m− 2 triangles, by coning
over a point in the interior of Pi; this construction guarantees that the triangulation of
each Pi is flapless, and it produces a triangulation of ∂B with exactly

t1 + 2t2 + r0 + r1 + 4m− 4

triangles. By coning over a vertex of B, we obtain a triangulation T3 of B whose number
t3 of tetrahedra is at most

t3 ⩽ t1 + 2t2 + r0 + r1 + 4m− 5. (3.3)

We conclude by gluing this triangulation of B along S to obtain a triangulation T of M .
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By construction, the restriction of T to Ω × [0, 1] is exactly T0, and the restriction of
T to ∂hM is flapless, so all that is left is bounding the number of tetrahedra of T – or,
equivalently, of T3. Let s be the number of edges of T1; note that, trivially, we have the
bound s ⩽ 3t1. We also remark that, equally trivially, we have that ri ⩾ m for i ∈ {0, 1}.
Elementary counting arguments show that

ℓ1 + · · · + ℓm + r0 + r1 ⩽ s ⩽ 3t1, (3.4)
mℓ1 ⩽ ℓ1 + · · · + ℓm ⩽ 3t1 − 2m. (3.5)

We can finally bound the number of tetrahedra of T3 as follows:

t3 ⩽ t1 + 2t2 + r0 + r1 + 4m− 5 by (3.3)
= t1 + 2(m− 1)ℓ1 + 2ℓ2 + · · · + 2ℓm + r0 + r1 + 4m− 5 by (3.2)
⩽ 4t1 + (2m− 3)ℓ1 + ℓ2 + · · · + ℓm + 4m− 5 by (3.4)
⩽ 7t1 + 2(m− 2)ℓ1 + 2m− 5 by (3.5)
⩽ 13t1 − 4ℓ1 − 2m− 5 by (3.5)
< 13t1 since ℓ1 ⩾ 0 and m ⩾ 0
⩽ 26t0 by (3.1).

3.2.3 Detection of vertical surfaces in interval bundles

In order to give an algorithm that detects (essential) vertical surfaces, we need the
two following propositions. The first one (Proposition 3.3) states that incompressible
boundary-incompressible surfaces in interval bundles are vertical, provided that they
satisfy some additional conditions. The second one (Proposition 3.4) states that squares
and annuli in interval bundles are incompressible and boundary-incompressible, provided
that they satisfy some additional conditions. Together, these two propositions give a
list of simple criteria for deciding whether a surface in an interval bundle is vertical and
“essential”, in the sense that it is admissibly isotopic to a × [0, 1] for some 1-manifold
a ⊆ F without “trivial” components.

Proposition 3.3 (Essential surfaces in interval bundles are vertical). Let M = F × [0, 1]
for some compact orientable surface F , and consider the boundary pattern Γ = ∂F ×
{0, 1}. Let A be a surface properly embedded in (M,Γ) that is incompressible and
boundary-incompressible. Suppose that no component of A is a surface without boundary
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or a disc intersecting Γ at most twice, and that no component of ∂A is contained in ∂vM .
Then A is vertical in M .

Proof. We can assume without loss of generality that A is connected, and moreover that
M is connected. If any component of A ∩ ∂vM is an arc with both endpoints on ∂0M

or ∂1M , then we immediately see that A is boundary-compressible. Therefore, every
component of A ∩ ∂vM is a vertical arc.

We now wish to invoke [18, Proposition 5.6] to conclude that A must be vertical. To
this aim, we must first translate the definition of “essential” from [18, Definition 3.1] to
our setting. We say that a surface S properly embedded in (M,Γ) is essential in the
sense of [18] if

• S is incompressible in M , and

• for any (not necessarily clean) boundary-compressing disc D for S in M that
intersects Γ at most once, the arc D ∩ S ⊆ S cuts a disc off of S that intersects Γ
at most once.

Then [18, Proposition 5.6] implies the following: if F is not a sphere nor a disc, then any
surface S properly embedded in (M,Γ) that is essential in the sense of [18] is horizontal
or vertical in M , provided that no component of S is a sphere or a disc intersecting Γ at
most three times; in fact, “three” can be replaced by “two” here, since S will necessarily
intersect Γ an even number of times. Note that, if F were a sphere or a disc, then A

would necessarily be compressible or boundary-compressible. Moreover, the surface A
cannot be horizontal, because ∂A intersects ∂hM by assumption.

Therefore, all we need to show is that A is essential in the sense of [18]. We already
know that A is incompressible in M . Let D be a boundary-compressing disc for A in M
that intersects Γ at most once. If D is clean, then by boundary-incompressibility of A we
know that D ∩ A cuts a clean disc off of A. Otherwise, the boundary of D is naturally
split into three non-empty arcs: let a = D ∩ A, bv = D ∩ ∂vM , and b0 = D ∩ ∂hM .
Without loss of generality, assume that b0 ⊆ ∂0M . Let c be the subarc of A ∩ ∂vM that
connects an endpoint of bv to ∂0M ; the existence of such a subarc is guaranteed by our
previous observation that every component of A ∩ ∂vM is a vertical arc. This situation
is depicted in Figure 3.3a.

The arc bv ∪c cuts a disc Dv off of ∂vM . The disc D∪Dv can be isotoped slightly off of
∂vM to a clean boundary-compressing disc D′ for A. Since A is boundary-incompressible,
we deduce that the arc D′ ∩A cuts a clean disc off of A. It is then easy to conclude (see
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(a) (b)

Figure 3.3. (a) The boundary-compressing disc D for A intersects Γ at most once. (b)
The disc D ∪Dv can be isotoped to a clean boundary-compressing disc D′ for A.

Figure 3.3b) that a cuts a disc off of A that intersects Γ exactly once – in particular, the
point of intersection is ∂cv bv. This concludes the proof, since A is essential in the sense
of [18] and therefore vertical in M .

Proposition 3.4 (Vertical annuli and squares in interval bundles). Let M = F × [0, 1] for
some compact orientable surface F , and consider the boundary pattern Γ = ∂F × {0, 1}.
Let A be a surface properly embedded in (M,Γ). Suppose that each component of A
is either a square intersecting both ∂0M and ∂1M , or an annulus with one boundary
component contained in ∂0M and the other in ∂1M . Additionally, suppose that no
component of A ∩ ∂0M is a curve bounding a disc in ∂0M or a boundary-parallel arc in
∂0M . Then A is incompressible and boundary-incompressible in (M,Γ). Moreover, the
surface A is vertical in M .

Proof. We can assume without loss of generality that A is connected. If A is an annulus,
then A∩∂0M represents a non-trivial element in π1F . Since the projection of M onto F is
a homotopy equivalence, we deduce that A is π1-injective in M , and hence incompressible.
To prove boundary-incompressibility, note that any arc in A with two endpoints on the
same component of ∂A bounds a clean disc in A. On the other hand, if an arc in A has
one endpoint in F × {0} and one endpoint in F × {1}, then the two endpoints cannot
be connected by a clean arc in ∂M . We conclude that A is boundary-incompressible in
(M,Γ).

If A is a square, then it is incompressible since it is simply connected. Let D be a
clean compressing disc for A, and let b = D ∩ A. If b has both endpoints on the same
component of ∂A Γ, then it bounds a clean disc in A. Otherwise, the only way in which
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the two endpoints of b can lie on the same component of ∂M Γ is if b connects the two
components of ∂A ∩ ∂vM . Let D′ be the union of D with the closure of the component
of A b that intersects ∂0M . Then the projection of D′ to ∂0M gives a homotopy of
A ∩ ∂0M into ∂∂0M fixing ∂(A ∩ ∂0M), contradicting the assumption that A ∩ ∂0M is
not a boundary-parallel arc. Hence, we conclude that A is boundary-incompressible in
(M,Γ).

In both cases, verticality of A follows from Proposition 3.3.

As anticipated, the two propositions above combine to give an algorithm to decide
whether a normal surface A in a triangulated interval bundle M is vertical and essential.
The running time of the algorithm will be polynomial in the size of the triangulation of
M and the logarithm of the weight of A.

Proposition 3.5 (Detecting essential vertical surfaces in interval bundles). There is an
algorithm that takes as input a suitable pre-sutured triangulation of a compact orientable
3-manifold M and a normal surface A in M , and decides whether the two following
conditions are simultaneously satisfied:

(i) the surface A is vertical in M ;

(ii) no component of A intersects ∂0M in a curve bounding a disc in ∂0M or a bound-
ary-parallel arc in ∂0M .

The running time of the algorithm is polynomial in the size of the triangulation of M
and the logarithm of the weight of A.

Proof. Given M and A, we claim that the output is “yes” if and only if the following
two conditions hold:

• each component of A is either a square intersecting both ∂0M and ∂1M , or an
annulus with one boundary component contained in ∂0M and the other in ∂1M ;

• no component of A∩∂0M is a curve bounding a disc in ∂0M or a boundary-parallel
arc in ∂0M .

If the two above conditions hold, then the output is “yes” by Proposition 3.4. Conversely,
if A is vertical then the first condition above clearly holds. Therefore, the two conditions
above are equivalent to those in the statement, and we can focus on checking them.

We start by running the algorithm of Proposition 2.15 to obtain a list of the (normal
isotopy classes of the) components of A, together with their topological types. By
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checking on one component at a time, we can assume without loss of generality that A is
connected. If A is not a disc or an annulus, then we output “no”. If A is an annulus,
then we check that it is disjoint from ∂vM ; if A is a disc, we can verify that it is a square
by counting how many times it intersects ∂∂hM . Either way, we then check that A
intersects both ∂0M and ∂1M ; this guarantees that the first condition above is satisfied.
Finally, we can run the algorithm of Proposition 2.14 applied to the connected normal
1-manifold A ∩ ∂0M in ∂0M to verify that the second condition above also holds.

3.3 A certificate for fibredness
We now describe in detail our certificate for fibredness. We split our discussion into
four parts, establishing a pattern that we will follow for the other main certificates in
this thesis – namely, the monodromy certificate in Section 4.3 and the hyperbolicity
certificates in Section 5.5.

• First, we define the certificate.

• Then, we prove the existence of the certificate: every fibred 3-manifold admits a
valid certificate.

• Then, we prove the correctness of the certificate: if a 3-manifold admits a valid
certificate, then it is fibred.

• Finally, we address the verification of the certificate: we show how to decide whether
a given certificate is valid or not in polynomial time.

This certificate is quite long and really technical; we strongly encourage the reader to
follow Section 3.1 for a more informal overview of the certificate, before diving into the
details. We also recommend consulting Figure 3.4 while reading the definition and proofs
of the certificate, as it illustrates the key components involved in the constructions.
Certificate 1 (Certificate for fibredness). Let T be a triangulation of a compact connected
oriented 3-manifold M with t tetrahedra, and let F be a transversely oriented connected
normal surface in M . Let M ′ = M F , and denote by X the guts of M ′. We say that a
certificate Σ lies in Sfib(M,F ) if it consists of:

• sub-2-complexes F0, F1, D0 of F ;

• a pre-sutured triangulation R of a compact oriented 3-manifold N ;
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• a sub-2-complex D1 of ∂1N ;

• sub-3-complexes N ′ and N ′′ of N ;

• sub-2-complexes G′′
0 and G′′

1 of ∂hN ;

• a simplicial map fg : N ′ → X,

• two additional certificates Σ′ and Σ′′.

We define the size of Σ to be the number

|Σ| = t+ log(w(F ) + 1) + |R| + |Σ′| + |Σ′′|

+ ℓ(∂FF0) + ℓ(∂FF1) + ℓ(∂FD0),

where |Σ′| and |Σ′′| are the sizes of the certificates Σ′ and Σ′′ respectively. We remark
that the certificate Σ can be described with a number of binary digits that is polynomial
in |Σ|.

Let Fg and F ′
g be the sub-2-complexes of F such that F+

g = ∂0X and (F ′
g)− = ∂1X.

Denote by Fp the closure of F (Fg ∪ F0) in F , and by F ′
p the closure of F (F ′

g ∪ F1)
in F . We say that Σ is valid, and write Σ ∈ S∗

fib(M,F ), if the following conditions are
satisfied:

(a.1) Fg and F0 have disjoint interiors;

(a.2) F0 and Fp are disjoint;

(a.3) F ′
g and F1 have disjoint interiors;

(a.4) F1 and F ′
p are disjoint;

(a.5) N +(Fp) = N −(F ′
p);

(b.1) N ∼= G× [0, 1] for some compact orientable surface G;

(b.2) R is a suitable pre-sutured triangulation of N ;

(b.3) the restriction of R to ∂hN is flapless;

(b.4) N = N ′ ∪N ′′, and N ′ and N ′′ have disjoint interiors;

(b.5) G′′
0 and G′′

1 are disjoint;

(b.6) G′′
0 ∪G′′

1 = ∂hN ∩N ′′;

(b.7) ab(N ′′) ∼= G′′ × [0, 1] for some compact orientable surface G′′;
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(b.8) R′′ is a suitable pre-sutured triangulation of N ′′, where R′′ is the pre-sutured
triangulation of N ′′ that, as a triangulation, is simply the restriction of R to N ′′,
and such that ∂iN

′′ = G′′
i for i ∈ {0, 1};

(c.1) fg restricts to an orientation-preserving homeomorphism int(N ′) → int(X);

(c.2) fg(∂iN ∩N ′) = ∂iX for i ∈ {0, 1};

(c.3) fg(N ′ ∩N ′′) = (N +(F0) ∪ N −(F1)) ∩X;

(c.4) fg restricts to a simplicial isomorphism

N ′ ∩ ∂hN
′′ −→ (∂FF0)+ ∪ (∂FF1)−,

and this restriction extends to an orientation-preserving homeomorphism ∂hN
′′ →

F+
0 ∪ F−

1 ;

(d.1) each component of thick(D0) is a disc intersecting ∂F in a single (possibly empty)
arc;

(d.2) F0 ⊆ D0;

(d.3) D0 is disjoint from Fp;

(d.4) each component of thick(D1) is a disc intersecting ∂∂1N in a single (possibly empty)
arc;

(d.5) ∂1N ∩N ′′ ⊆ D1;

(d.6) fg(D1 ∩N ′) is disjoint from Fp;

(e.1) max{ℓ(∂FF0), ℓ(∂FF1), ℓ(∂FD0), ℓ(∂D1)} ⩽ 32t;

(e.2) R has at most 936t tetrahedra;

(f.1) Σ′ certifies that R is a suitable pre-sutured triangulation of N (according to the
algorithm of Theorem 3.1), and its size is polynomial in |R|;

(f.2) Σ′′ certifies that the pull-back of R′′ under embN ′′ is a suitable pre-sutured trian-
gulation of ab(N ′′) (according to the algorithm of Theorem 3.1), and its size is
polynomial in |R′′|. ×

Proposition 3.6 (Basic properties of Certificate 1). In the setting of Certificate 1, if
Σ ∈ S∗

fib(M,F ), then the following hold:
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Figure 3.4. Some objects that are part of Certificate 1. The top and bottom portions
of the figure represent sub-2-complexes of F , namely Fp, F0, F1, Fg, F ′

p, F ′
g, and D′

1.
Note that D′

1 is not part of Certificate 1, but it is used in the proof of Proposition 3.9.
The middle portion of the figure depicts a portion of M ′. Alluding to the fact that, by
Proposition 3.11, if the certificate is valid then F is a fibre of M , we have drawn M ′ as
an interval bundle, with ∂0M

′ = F+ at the bottom and ∂1M
′ = F− at the top. On the

left, we show the guts X of M ′. On the right, the parallelity bundle Y of M ′ is shown,
partitioned into the sub-3-complexes N +(Fp) and N +(F0) ∪ N −(F1).
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1. Fg, F ′
g, Fp, F ′

p, F0, and F1 are unions of normal discs;

2. N +(Fp), N +(F0), and N −(F1) are unions of parallelity components of M ′;

3. the parallelity bundle of M ′ is the union of N +(Fp) and N +(F0) ∪ N −(F1);

4. (N +(F0) ∪ N +(F1)) ∩ ∂hM
′ = F+

0 ∪ F−
1 ;

5. N +(Fp) and N +(F0) ∪ N −(F1) are disjoint;

6. fg restricts to a homeomorphism f−1
g (X ′) → X ′, where X ′ is the complement in X

of the singular locus of X;

7. thick(F0) and thick(F1) are planar surfaces;

8. area(Fg) ⩽ 32t and area(F ′
g) ⩽ 32t;

9. area(∂hN) ⩽ 2808t.

Proof. We prove each statement separately.

1. By definition, the surface Fg is a union of normal discs. Properties (a.1) and (a.2)
imply that F0 and Fp are unions of components of clos(F Fg). In particular, they
must both be unions of normal discs. The same argument applies to F ′

g, F ′
p, and

F1.

2. This follows immediately from the fact that Fp and F0 are unions of components of
clos(F Fg), and similarly F1 is a union of components of clos(F F ′

g).

3. This is a consequence of the fact that F = Fg ∪ F0 ∪ Fp and F = F ′
g ∪ F1 ∪ F ′

p.

4. We only prove the statement for ∂0M
′. Let Z be a component of N +(F0)∪N −(F1).

Each component C of Z ∩ ∂0M
′ is a component of F+

0 or of F+
p . Suppose, for

a contradiction, that C is a component of F+
p . Property (a.5) implies that C =

Z∩∂0M
′. But C must be disjoint from F+

0 by property (a.2), and Z∩∂1M
′ ⊆ (F ′

p)−

must be disjoint from F−
1 by property (a.3). However, this contradicts the fact

that Z is a component of N +(F0) ∪ N −(F1).

5. Two parallelity components intersect if and only if their horizontal boundaries
intersect. However, property (a.5) implies that N +(Fp) ∩ ∂hM

′ = F+
p ∪ (F ′

p)−. We
readily see that the horizontal boundaries of N +(Fp) and N +(F0) ∪ N −(F1) are
disjoint.
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6. If x is a point in X X ′, then it admits a neighbourhood U in X such that
U ∂X is connected. Since, by property (c.1), the restriction of fg to int(N ′) is
a homeomorphism onto int(X), we see that f−1

g (U ∂X) is connected. Therefore,
there can be at most one point in N ′ mapping to x under fg.

7. Properties (d.1) and (d.2) immediately imply that thick(F0) is a planar surface.
To see that thick(F1) is planar, note first that properties (c.1) and (c.4) combine
to give a homeomorphism ∂1N → (F ′

g ∪ F1)− sending ∂1N ∩ N ′′ to F−
1 . From

properties (d.4) and (d.5), we conclude that thick(F1) is contained in a disjoint
union of discs, and hence it is planar.

8. The sub-2-complex Fg of F is simplicially isomorphic to ∂0X, hence by Propo-
sition 2.10 we have that area(Fg) ⩽ 32t. The argument for F ′

g is completely
analogous.

9. By property (e.2), there are at most 936t tetrahedra in the triangulation R of N .
Any such tetrahedron has at most 3 faces in ∂N (note that R is a suitable pre-su-
tured triangulation of an interval bundle by property (b.2), hence no component of
N can consist of a single tetrahedron). Therefore, we find that

area(∂hN) ⩽ area(∂N) ⩽ 3 · 936t = 2808t.

3.3.1 Existence

We prove that every least-weight normal fibre F of a triangulated compact connected
orientable 3-manifold M admits a valid Certificate 1. As outlined in Section 3.1, the
crucial step is to show that the components of the intersection between the guts X and
the parallelity bundle Y of M F – or, more precisely, between thin(X) and thick(Y ) –
are either vertical or contained in “tubes”. The precise definition of “being contained in
a tube” is given below.

Definition 3.7 (Cutting a D2 × [0, 1] off of an interval bundle). Let M = F × [0, 1]
for some compact orientable surface F . We say that an annulus or square A properly
embedded in M cuts a D2 × [0, 1] off of M if there is an embedding f : D2 × [0, 1] → M

such that

f(D2 × {0, 1}) ⊆ ∂hM and A ⊆ f(∂D2 × [0, 1]) ⊆ A ∪ ∂vM,
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(a) (b) (c) (d)

Figure 3.5. (a) An annulus cutting a (possibly knotted) D2 × [0, 1] off of M that
connects ∂0M and ∂1M . (b) An annulus cutting a (possibly knotted) D2 × [0, 1] off of
M that connects ∂0M (or ∂1M) to itself. (c) A square cutting a D2 × [0, 1] off of M
that connects ∂0M and ∂1M . (d) A square cutting a D2 × [0, 1] off of M that connects
∂0M (or ∂1M) to itself.

and moreover f−1(A) is vertical in D2 × [0, 1]. We refer to the image of f as a D2 × [0, 1]
cut off of M by A. ×

There are essentially four ways in which an annulus or square can cut a D2 × [0, 1] off
of M , as shown in Figure 3.5.

Proposition 3.8 (Parallelity bundle of a least-weight fibre). Let T be a triangulation
of a compact connected orientable 3-manifold M that fibres over the circle, and let F
be a least-weight normal fibre of M . Denote by M ′ the 3-manifold M F ∼= F × [0, 1],
by X the guts of M ′, and by Y the parallelity bundle of M ′. Let A be a component of
thin(X) ∩ thick(Y ). Then A is vertical in M ′ or cuts a D2 × [0, 1] off of M ′.

Proof. Let Γ = ∂∂hM
′. We analyse two cases, depending on whether A is an annulus or

a square.

When A is an annulus. If A is not vertical, then by Proposition 3.3 it must be
compressible or boundary-compressible in (M ′,Γ). Suppose that A is compressible in
M ′, and let D be a non-trivial compressing disc for A. Compressing A along D yields
two disjoint discs A1 and A2, with ∂A1 and ∂A2 contained in ∂hM

′. Since ∂hM
′ is

incompressible in M ′, the boundary of A1 bounds a disc D1 in ∂hM
′; by irreducibility of

M ′, we deduce that the sphere A1 ∪D1 bounds a 3-ball B1 in M ′ (when F is a sphere,
the 3-manifold M ′ is not irreducible, but this statement is still true up to replacing D1

with the other disc in ∂hM
′ having the same boundary). Similarly, we find a 3-ball B2 in
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(a) (b)

Figure 3.6. (a) In a trivial annular simplification, the surface F ′ is the union of three
pieces: the surface ∂iM

′ D2, the annulus A, and the disc D1. (b) In an essential
annular simplification, the surface F ′ is the union of two pieces: the surface ∂iM

′ A′

and the annulus A.

M ′ whose boundary is the union of A2 and a disc D2 ⊆ ∂hM
′. If B1 and B2 are disjoint,

then A cuts a D2 × [0, 1] off of M ′, namely B1 ∪B2 ∪ N (D); this situation is depicted in
Figure 3.5a or 3.5b. If, instead, one of the two 3-balls is contained in the other – say,
B1 ⊆ B2, then we consider the surface

F ′ = (∂iM
′ D2) ∪ A ∪D1,

where ∂iM
′ is the component of ∂hM

′ containing D1 and D2; see Figure 3.6a.
This construction is called trivial annular simplification, and is described in [23, §6.4].

Note that F ′ is isotopic to ∂iM
′ in M , and hence to F . The annulus A does not intersect

the edges of T ; therefore, we see that

w(∂iM
′) − w(F ′) = |(D2 D1) ∩ T (1)|,

where weights are taken with respect to T . However, since w(∂iM
′) = w(F ), by

minimality of F we deduce that D2 D1 must be disjoint from the 1-skeleton of T , and
moreover that w(F ′) = w(F ). Recall that A is a component of thin(X) ∩ thick(Y ). If
we let π be the natural projection of ∂v thick(Y ) onto ∂vY , induced by the retraction
thick(Y ) → Y , then π(A) is a vertical subset of ∂vX ∩ ∂vY ; in particular, it will contain
a component e of the intersection M ′ ∩ T (1). Note that, since D2 D1 cannot intersect e,
we necessarily have that e has an endpoint on D1 and the other on ∂iM

′ D2. Let a be a
vertical arc in A such that π(a) = e. There is an isotopy of M ′ that takes a to e and
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Figure 3.7. Dragging a to e and then past it produces an isotopy of M ′ that sends the
surface F ′ = (∂iM

′ D2) ∪A∪D1 to a surface F ′′ that does not intersect e and, hence,
has weight strictly less than that of F ′.

then pushes it slightly past e; this isotopy takes F ′ to a surface F ′′ such that

F ′′ ∩ T (1) = (F ′ ∩ T (1)) e.

See Figure 3.7 for a depiction of this isotopy. The surface F ′′ is isotopic to F in M , and
has weight strictly less than that of F , contradicting the minimality of F .

Suppose now that A is incompressible and boundary-compressible in (M ′,Γ), and let
D be a non-trivial boundary-compressing disc for A. Compressing A along D yields a
disc A1, with ∂A1 contained in ∂hM

′. Like above, we find that A1 cobounds a 3-ball B1

with ∂hM
′. We see that D cannot be contained in B1, since A is incompressible in M ′.

Therefore, the annulus A cobounds a solid torus (namely, B1 ∪ N (D)) with an annulus
A′ in ∂hM

′. Denote by ∂iM
′ the component of ∂hM

′ containing A′, and consider the
surface

F ′ = (∂iM
′ A′) ∪ A;

see Figure 3.6b. This is an instance of essential annular simplification as described in
[23, §6.4]. Note that F ′ is isotopic to ∂iM

′ in M , and hence to F . Moreover, the same
argument as above shows that F ′ can be isotoped to a general position surface with
weight strictly less than that of F , contradicting the minimality of F .

When A is a square. If A is not vertical, then by Proposition 3.3 it must be
boundary-compressible in (M ′,Γ). Let D be a non-trivial boundary-compressing disc for
A. Compressing A along D yields two disjoint discs A1 and A2, with ∂A1 and ∂A2 each
intersecting Γ twice. It is easy to see that A1 and A2 cobound 3-balls – say, respectively,
B1 and B2 – with ∂M ′.
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Suppose first that the boundary-compressing disc D intersects ∂hM
′, and is therefore

disjoint from ∂vM
′. If one of the two 3-balls is contained in the other, say B1 ⊆ B2,

then A cuts a D2 × [0, 1] off of M ′, namely B2 (B1 ∪ N (D)); this situation is depicted
in Figure 3.5d. Otherwise, the two 3-balls are disjoint. Let B be the closure of the
component of M ′ A intersecting B1 and B2; then B is itself a 3-ball, and it is the union of
B1, B2, and a neighbourhood of D. Let A′ = B ∩ ∂hM

′, and let ∂iM
′ be the component

of ∂hM
′ containing A′. Consider the surface

F ′ = (∂iM
′ A′) ∪ A.

Like above, we can argue that F ′ is isotopic to F in M , and it can be isotoped to a general
position surface with weight strictly less than that of F , contradicting the minimality of
F .

Suppose now that the boundary-compressing disc D intersects ∂vM
′ – and is therefore

disjoint from ∂hM
′. If B1 ⊆ B2 or B2 ⊆ B1, then in fact A also admits a boundary-com-

pressing disc that intersects ∂hM
′, and we reduce to the previous case. Otherwise, the

two 3-balls are disjoint, and it is then easy to see that A cuts a D2 × [0, 1] off of M ′,
namely B1 ∪B2 ∪ N (D); this situation is depicted in Figure 3.5c or 3.5d.

Proposition 3.9 (Existence of Certificate 1). Let T be a triangulation of a compact
connected oriented fibred 3-manifold M , and let F be a transversely oriented least-weight
normal fibre of M . Then S∗

fib(M,F ) is non-empty.

Proof. Once again, we refer the reader to Figure 3.4 for a depiction of the objects involved
in the construction. We employ the notation of Certificate 1 concerning M ′, X, Y , Fg,
and F ′

g.

Constructing Fp, F0, and F1. Denote by Y the parallelity bundle of M ′. Let A be
the union of the components of thin(X) ∩ thick(Y ) that are vertical in M ′, and let A′ be
the union of the other components; by Proposition 3.8, every component of A′ cuts a
D2 × [0, 1] off of M ′. Note that if a component of thick(Y ) intersects A, then the interval
bundle structure of that component agrees with the interval bundle structure of M ′; in
particular, said component does not intersect A′. We let Fp be the largest sub-2-complex
of F such that thick(N +(Fp)) is the union of the components of thick(Y ) that intersect A;
by the above remark, we see that thick(N +(Fp)) is disjoint from A′. We then let F0 and
F1 be the sub-2-complexes of F such that the intersection of the remaining components

67



of thick(Y ) – that is, those that intersect A′ – with ∂hM
′ is thick(F+

0 ∪ F−
1 ). These

choices guarantee that properties (a.1) to (a.5) are satisfied.

D0 and D′
1. Consider a component C of thick(N +(F0)), endowed with its intrinsic

interval bundle structure ; in particular, we have that ∂vC ⊆ A′ ∪∂vM
′. Recall that every

component of A′ cuts a D2 × [0, 1] off of M ′. There must be a component of A′ ∩C that
cuts a D2 × [0, 1] containing C off of M ′; otherwise, the interval bundle structure of C
would agree with that of M ′, contradicting the fact that C intersects A′. Let A′′ be such
a component of A′ ∩ C, and denote by B a D2 × [0, 1] cut off by A′′ that contains C. It
is clear from Figure 3.5 that the intersection ∂0M

′ ∩B is thick(E+) for a sub-2-complex
E of F such that thick(E) is a union of 0, 1, or 2 disjoint discs, each of which intersects
∂F in at most one arc.

Let D be the set of all the sub-2-complexes obtained this way; more precisely, set

D =

E :
C is a component of thick(N +(F0)), A′′ is a component of C ∩ A′, B is a
D2 × [0, 1] cut off of M ′ by A′′ such that C ⊆ B, E is a sub-2-complex
of F such that thick(E+) is a component of ∂0M

′ ∩B

 .

We claim that it is impossible for two sub-2-complexes E1 and E2 in D to intersect but
not be contained one in the other. Suppose for a contradiction that this is the case, and
let Bi = thick(N +(Ei)) for i ∈ {1, 2}, with the interval bundle structure induced by the
fact that each of them is a D2 × [0, 1] cut off by some non-vertical annulus or square,
say A1 and A2 respectively. Note that thick(E1) and thick(E2) are two discs in F that
intersect, are not contained one in the other, and such that ∂F thick(E1) and ∂F thick(E2)
are disjoint. Therefore, it follows that F = thick(E1) ∪ thick(E2) – in particular, the
surface F is a sphere or a disc – and hence that M ′ = B1 ∪B2. Moreover, the interval
bundle structures of B1 and B2 agree on their intersection, and therefore extend to an
interval bundle structure on M ′, which has to agree with the original one on M ′, since it
has the same horizontal boundary. However, this contradicts the fact that A1 and A2 are
not vertical in M ′.

We now let D0 be the union of all the sub-2-complexes in D. It follows from the
definition of D that property (d.2) is satisfied. By the claim above, any two maximal
sub-2-complexes in D are disjoint, and therefore property (d.1) is satisfied. Finally, to
show that D0 is disjoint from Fp, let E be an element of D, and let B = N +(E). Note
that every component of thick(Y ) is either disjoint from or contained in B. If, for the
sake of contradiction, some component C of thick(Fp) is contained in B, then B contains
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a vertical arc. It is then easy to see that this contradicts the assumption that B is a
D2 × [0, 1] cut off by a non-vertical annulus or square; we refer the reader to Figure 3.5
once again. This shows that property (d.3) is satisfied.

Repeating the same exact constructions for components of thick(N −(F1)), we obtain
a sub-2-complex D′

1 of F such that F1 ⊆ D′
1 and D′

1 is a union of disjoint discs, each of
which intersects ∂F in a single arc; moreover, the sub-2-complex (D′

1)− of ∂1M is disjoint
from N +(Fp). We remark that, by constructing D0 and D′

1, we have also indirectly
proved that thick(F0) and thick(F1) are planar surfaces.

Constructing N , N ′, N ′′, G′′
0, G′′

1, fg, D1, R, Σ′, and Σ′′. Let N ′
0 = X, N ′′

0 =
N +(F0)∪N −(F1), N0 = N ′

0 ∪N ′′
0 . We take N to be ab(N0). We also let N ′ = emb−1

N0(N ′
0)

and N ′′ = emb−1
N0(N ′′

0 ), noting that property (b.4) is satisfied. Moreover, we see that
thin(N0) is the closure in M ′ of a union of components of M ′ A. Since A is vertical
in M ′, we see that thin(N0) is a product interval bundle over a compact orientable
surface – namely thin(Fg ∪ F0); this implies that N is a product interval bundle over
G = ab(Fg ∪ F0), and in particular that property (b.1) is satisfied. This interval bundle
structure has ∂iN = emb−1

N0(∂iM
′) for i ∈ {0, 1}.

Let N ′′
0 inherit the intrinsic pre-sutured subcomplex structure from the parallelity

bundle of M ′. This induces a pre-sutured subcomplex structure on N ′′, with

∂hN
′′ = emb−1

N0(∂hN
′′
0 ) = emb−1

N0(F+
0 ∪ F−

1 ) and ∂vN
′′ = emb−1

N0((X ∪ ∂vM
′) ∩N ′′

0 ).

For i ∈ {0, 1}, let G′′
i = emb−1

N0(∂iN
′′
0 ); this assignment depends on the choice of intrinsic

interval bundle structure, but will always satisfy properties (b.5) and (b.6). Property (b.7)
is also satisfied, with G′′ = ab(G′′

0).
We let fg : N ′ → X be the restriction of embN0 to N ′. This is a simplicial map,

that can be realised by gluing together the edges of N ′ that are identified in M ′ under
embN0 ; in particular, the map fg restricts to a homeomorphism int(N ′) → int(X), as
property (c.1) requires. Properties (c.2) to (c.4) easily follow from the definitions of N ,
N ′, and N ′′, since embN0 is essentially the identity up to some edge identifications, and
these edges lie on the intersection X ∩ N +(Fp). As far as D1 is concerned, we simply set
D1 = emb−1

N0((D′
1)−). Property (d.4) is satisfied because the same statement holds for

D′
1 ⊆ F , while property (d.5) is a consequence of the containment

∂1N ∩N ′′ = emb−1
N0(F−

1 ) ⊆ emb−1
N0((D′

1)−) = D1;
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Property (d.6) follows from the fact that, as remarked previously, the sub-2-complex
(D′

1)− of ∂1M
′ is disjoint from N +(Fp).

Finally, we show how to construct the triangulation R. Let R′ be the pull-back of the
triangulation of the guts X under embN0 ; this defines a triangulation of the sub-3-complex
N ′ of N . Note that every component of ∂vN

′′ intersects N ′, since if – say – F0 contained
a boundary component of F , then it would be impossible for D0 to contain F0. Since G′′

is planar, we can apply Proposition 3.2 to obtain a suitable pre-sutured triangulation
R′′ of N ′′ that agrees with R′ on N ′ ∩N ′′, and such that the restriction of R′′ to ∂hN

′′

is flapless. The two triangulations R′ and R′′ glue together to form a triangulation R
of N ; since ∂hN is simplicial in this triangulation, we can endow R with the structure
of a suitable pre-sutured triangulation of N . Properties (b.2) and (b.8) are essentially
tautological, while property (b.3) is a consequence of the fact that the restrictions of R′

to ∂hN ∩N ′ and of R′′ to ∂hN
′′ are both flapless. The existence of certificates Σ′ and

Σ′′ satisfying properties (f.1) and (f.2) follows from Theorem 3.1.

Quantitative bounds. Recall that Fg is simplicially isomorphic to ∂0X; Proposition 2.10
the implies that area(Fg) ⩽ 32t. Moreover, since the triangulation of Fg is flapless, we
have that ℓ(∂Fg) ⩽ area(Fg) ⩽ 32t. Since ∂FF0 is contained in ∂Fg, the bound on
its length follows immediately; the same argument used for F0 would also show that
ℓ(∂FF1) ⩽ 32t. By construction, we have that ∂FD0 ⊆ ∂FF0, and hence ℓ(∂FD0) ⩽ 32t as
well. Finally, we recall that D1 = emb−1

N0((D′
1)−), and that ∂FD

′
1 ⊆ ∂FF1, so we deduce

that ℓ(∂D1) = ℓ(∂FD
′
1) ⩽ 32t; this concludes the proof of property (e.1).

As far as property (e.2) is concerned, we only need to bound the sizes of R′ and R′′.
The former is addressed by Proposition 2.10, giving that the number of tetrahedra of R′

is at most 50t. A bound on the latter comes from Proposition 3.2, provided that we can
estimate the number of triangles in N ′ ∩N ′′. Note that N ′ ∩N ′′ is a union of triangles
in emb−1

N0(∂vX), so Proposition 2.10 bounds its area by 36t. Proposition 3.2 then gives a
bound of 936t for the size of R′′, and hence a bound of 986t for the size of R.

3.3.2 Correctness

We prove that, whenever a connected normal surface F in a triangulated compact
connected oriented 3-manifold M admits a certificate in S∗

fib(M,F ), then M is fibred
and F is a fibre of M . We start with a preliminary lemma.

Lemma 3.10 (Extending homeomorphisms of the boundary of interval bundles). Let M
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(a) (b)

Figure 3.8. (a) The homeomorphism f0 restricts to a homeomorphism from A∪ (∂hM ∩
A′) to B ∪ (∂hN ∩ B′), and this restriction can be extended to a homeomorphism
A′ → B′. The union of the shaded regions is, respectively, A′ on the left and B′ on
the right. (b) The pair (M,A′′) is homeomorphic to (F × [0, 1], F × {0}); this can be
seen by “flattening” A′ on the horizontal boundary of F × [0, 1].

and N be pre-sutured manifolds that are both homeomorphic to F× [0, 1] for some compact
orientable surface F , and let A be a vertical subset of ∂vM . Let f0 : ∂hM ∪ A → ∂N be
an embedding such that f0(∂iM) = ∂iN for i ∈ {0, 1}. Then there is a homeomorphism
f : M → N of pre-sutured manifolds that coincides with f0 on A.

Proof. Firstly, note that B = f0(A) is a vertical subset of ∂vN . Let A′ be the union of all
the components of ∂vM that intersect A. Consider the restriction of f0 to A∪ (∂hM ∩A′);
this is a homeomorphism to B ∪ (∂hN ∩B′) for some union B′ of components of ∂vN ,
and it can be extended to a homeomorphism f ′ : A′ → B′ (see Figure 3.8a). Let
A′′ = ∂0M ∪ A′ and B′′ = ∂0N ∪ B′. Since ∂0M and ∂0N are homeomorphic, we can
extend f ′ to a homeomorphism f ′′ : A′′ → B′′. Finally, note that (M,A′′) and (N,B′′),
as pairs of topological spaces, are both homeomorphic to (F × [0, 1], F × {0}); this
is shown in Figure 3.8b. Every homeomorphism F × {0} → F × {0} extends to a
homeomorphism F × [0, 1] → F × [0, 1]; hence, the homeomorphism f ′′ : A′′ → B′′

extends to a homeomorphism f : M → N . This can be chosen so that f(∂iM) = ∂iN for
i ∈ {0, 1}, and by construction we have that f agrees with f0 on A, as required.

Proposition 3.11 (Correctness of Certificate 1). Suppose that M is a triangulated
compact connected oriented 3-manifold, and F is a transversely oriented normal surface
in M . Let Σ ∈ S∗

fib(M,F ) be a valid certificate. Then the following hold.

1. Let MN = X∪N +(F0)∪N −(F1), and endow MN with the structure of a pre-sutured
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subcomplex given by

∂iMN = ∂iM
′ ∩MN for i ∈ {0, 1},

∂vMN = (∂vM
′ ∪ N +(Fp)) ∩MN .

Then there exists a map f : N → MN such that f(∂iN) = ∂iMN for i ∈ {0, 1};
moreover, the map f restricts to fg on N ′, and to a homeomorphism N ′′ →
N +(F0) ∪ N −(F1).

2. The pre-sutured manifold ab(MN) is a product interval bundle over a compact
orientable surface; moreover, it is homeomorphic to N as a pre-sutured manifold.

3. The pre-sutured manifold M ′ is a product interval bundle over F , and the interval
bundle structure agrees with that of MN , as well as with the intrinsic one on
N +(Fp).

4. The properly embedded surface thin(X) ∩ thick(N +(Fp)) is vertical in M ′.

Proof. Let M ′′ = N +(F0)∪N −(F1), so that MN = X∪M ′′. Endow M ′′ with its intrinsic
interval bundle structure. Let A = M ′′∩X and B = N ′′∩N ′; by property (c.3), the image
of B under fg is precisely A. By property (c.2), there is a homeomorphism f0 : ∂hN

′′ →
∂hM

′′ whose restriction to B∩∂hN is a simplicial isomorphism B∩∂hN → A∩∂hM
′ that

agrees with fg. This implies that the restriction of fg to B is actually a homeomorphism
B → A. Denote by f1 the homeomorphism ∂hN

′′ ∪ B → ∂hM
′′ ∪ A that agrees with

f0 on ∂hN
′′ and with fg on B. Note that each component of B intersects two distinct

components of ∂hN
′′, as N ′′ is a product interval bundle by property (b.7). Therefore, we

see that each component of A intersects two distinct components of ∂hM
′′. It follows that

M ′′ is also a product interval bundle, and that A is a vertical subset of ∂vM
′′. We can

then apply Lemma 3.10 to extend f1 to a homeomorphism f2 : N ′′ → M ′′ of pre-sutured
subcomplexes that agrees with f1 on B. For a completely rigorous justification of this
step, one should in fact apply Lemma 3.10 to ab(N ′′) and ab(M ′′) instead of N ′′ and
M ′′, and exploit the fact that the singular locus of N ′′ is contained in B to obtain the
desired homeomorphism f2.

Let f : N → MN be the map that coincides with fg on N ′ and with f2 on N ′′. By
construction of f2 and property (c.2), we have that f(∂iN) = ∂iMN for i ∈ {0, 1}.
Moreover, since f2 is a homeomorphism and fg restricts to a homeomorphism on the
interior of M ′, we see that f restricts to a homeomorphism int(N) → int(MN ). It follows
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that f lifts to a homeomorphism of pre-sutured manifolds N → ab(MN), thus proving
that ab(MN) is a product interval bundle over a compact orientable surface, namely
ab(Fg ∪ F0).

Consider now the intrinsic interval bundle structure on N +(Fp). The intersection
N +(Fp) ∩ MN is a vertical subset of ∂vN +(Fp), since it is the intersection of the guts
of M ′ with the union of product parallelity components N +(Fp). It is not hard to
see that N +(Fp) ∩ MN is also a vertical subset ∂vMN ; in fact, by property (a.5), this
intersection is a union of squares in ∂vMN , each of which intersects both ∂0MN and
∂1MN . We deduce that the interval bundle structures on N +(Fp) and MN glue together
to give a product interval bundle structure on the pre-sutured manifold M ′. Finally, since
thin(X) ∩ thick(N +(Fp)) is a union of boundary components of a regular neighbourhood
of N +(Fp) ∩MN , it is a vertical surface in M ′.

3.3.3 Verification

We prove that the validity of a certificate in Sfib(M,F ) can be verified in polynomial
time in the size of the certificate.

Proposition 3.12 (Verification of Certificate 1). There is an algorithm that takes as
input

• a triangulation of a compact connected oriented 3-manifold M ,

• a transversely oriented connected normal surface F in M , and

• a certificate Σ ∈ Sfib(M,F ),

and decides whether Σ ∈ S∗
fib(M,F ). The running time of the algorithm is polynomial in

|Σ|.

Proof. Many of the required properties can be easily verified, either by direct inspection,
or by a straightforward application of the algorithm of Agol, Hass, and Thurston or
one of its corollaries listed in Section 2.4. For example, one can check that R is a
pre-sutured triangulation of N by direct verification, and that Fp is a sub-2-complex of
F using the algorithm of Proposition 2.17. We will not discuss other instances of this
kind of verification, and instead focus on the steps that require a non-trivial algorithmic
approach.

Properties (a.). The sub-2-complexes Fg and F ′
g of F can be constructed explicitly, using

Proposition 2.16 to compute transverse orientations. Proposition 2.18 immediately tells
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us whether property (a.1) holds. We can apply Proposition 2.17 to find the components
of clos(F Fg) and of F0, and check that each component of the latter is also a component
of the former. This allows us to compute Fp, and verify that property (a.2) holds. We
perform an analogous test for F1 and F ′

g, making sure that properties (a.3) and (a.4)
are satisfied. Finally, to verify property (a.5), we pick a triangle T in each component
of Fp, and we check that the transverse orientations of F at T and △(T ) agree using
Proposition 2.16; we also verify that △(T ) ⊆ F ′

p using Proposition 2.18. This guarantees
that N +(Fp) ⊆ N −(F ′

p); the verification of the other containment is perfectly symmetric.

Properties (b.). Properties (b.1) and (b.2) can be verified with the aid of the certificate
Σ′. Similarly, properties (b.7) and (b.8) can be verified with the aid of the certificate Σ′′.
The other properties can be checked by direct inspection in polynomial time in the size
of the triangulation R.

Properties (c.). The only property whose verification is non-trivial is property (c.4).
We can directly check that fg restricts to a simplicial isomorphism

N ′ ∩ ∂hN
′′ −→ (∂FF0)+ ∪ (∂FF1)−.

We are then in the following situation: we have a homeomorphism from a subset of
the boundary of ∂hN

′′ to a subset of the boundary of F+
0 ∪ F−

1 , and we want to extend
it to a homeomorphism ∂hN

′′ → F+
0 ∪ F−

1 . We can answer this question by analysing
each component C of ∂hN

′′ separately. If C is disjoint from N ′, then there is no such
extension, because every component of F0 and F1 intersects X. Otherwise, the subset
fg(C∩N ′) of (∂FF0)+∪(∂FF1)− contains at least one edge. If more than one component of
F+

0 ∪F−
1 intersects fg(C ∩N ′) in at least one edge, then there is no extension. Otherwise,

suppose without loss of generality that there is a unique component C ′ of F0 such that
fg(C ∩ N ′) ⊆ (C ′)+. If fg(C ∩ N ′) ̸= (∂FC

′)+, then there is no extension. Otherwise,
let h = ((−)+)−1 ◦ fg|C∩N ′ ; this is a simplicial isomorphism from C ∩ N ′ to ∂FC

′. We
only need to check that h extends to an orientation-preserving homeomorphism C → C ′.
A first necessary condition is that ab(C) and ab(C ′) are homeomorphic; this can be
verified thanks to Proposition 2.17. Secondly, we need the ∂hN

′′-boundary sequences of
C and the F -boundary sequences of C ′ to be compatible, in the following sense. There
must exist a bijection between components of ∂ ab(C) and components of ∂ ab(C ′) such
that, if a component b of ∂ ab(C) corresponds to a component b′ of ∂ ab(C ′) under
this bijection, and a ∂hN

′′-boundary sequence of C is e1, . . . , ek, then e′
1, . . . , e

′
k is an
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F -boundary sequence of C ′, where
(e′

i)+ = fg(ei) if ei is an edge of C ∩N ′,
e′

i = ∂F if ei = ∂∂hN
′′

for each i ∈ {1, . . . , k}.

Boundary sequences can be computed thanks to Proposition 2.17; the existence of a
bijection with the desired property is easy to verify, since each edge of C ′ appears in at
most one F -boundary sequence. If these conditions hold for each component C of ∂hN

′′,
then property (c.4) is satisfied, otherwise it is not.

Properties (d.). Properties (d.2) and (d.3) can be verified using Proposition 2.17, and
properties (d.5) and (d.6) can be inspected directly. As far as property (d.1) is concerned,
we can use Proposition 2.17 again to retrieve information about the components of D0.
We can then manually combine components of D0 into components of thick(D0), since
the number of singular points of D0 is bounded above by ℓ(∂FD0). In particular, we can
obtain the list of components of thick(D0), together with their Euler characteristics and
F -boundary sequences. This is enough to check whether property (d.1) is satisfied.

Properties (e.). These conditions are just inequalities, which can be verified directly.

Properties (f.). These properties can be verified thanks to the algorithm of Theorem 3.1.

3.4 Algorithmic fibredness detection
So far, we have developed the tools to certify that a given normal surface in a triangulated
3-manifold is the fibre of a fibration over the circle. Crucially, and unavoidably, the
size of such a certificate depends on the “size” – that is, the logarithm of the weight –
of the normal surface. Therefore, the only issue we need to address is whether every
triangulated fibred 3-manifold admits a normal fibre whose size is polynomial in the size
of the triangulation. This question is answered in the affirmative by Proposition 3.13
below, for fibred 3-manifolds admitting a fibre of negative Euler characteristic. We
remark that this argument is not unknown to experts: in fact, it appears almost verbatim
in [36], and it is anyway a straightforward application of the results in [39]. However,
we include it here for the sake of completeness, especially since the statement of [36,
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Theorem 6.3.3] requires the 3-manifold to be atoroidal, and does not provide a bound on
the Euler characteristic.

Proposition 3.13 (A fibre of small weight and negative Euler characteristic). Let T
be a triangulation of a compact connected orientable 3-manifold M with t tetrahedra.
Suppose that M fibres over the circle with fibre F0 of negative Euler characteristic. Then
there is a normal fibre F of M with χ(F ) ⩾ χ(F0) and

w(F ) ⩽ t3 · 27t+6.

As remarked above, the proof of Proposition 3.13 relies heavily on the tools developed
in [39], of which we give a very brief summary. Let T be a triangulation of a compact
connected oriented irreducible 3-manifold M with (possibly empty) toroidal boundary,
and denote by t the number of tetrahedra of T . The matching equations of T (see
Section 2.2.5) define a system of linear equations in R7t; the non-negative solutions of this
system form a convex polyhedral cone PT ⊆ R7t

⩾0. Denote by PT the set of points x ∈ PT

such that x1 + . . .+x7t = 1, which is a compact convex polyhedron. In particular, we can
talk about the faces of PT ; more precisely, a face of PT is the intersection of PT with a
hyperplane of the form {x ∈ R7t : xi = 0 for i ∈ I} for some subset I ⊊ {1, . . . , 7t}. If C
is a face of PT , we denote by cone(C) the set of positive scalar multiples of points in C.
More generally, we use the same notation for any subset C of some Euclidean space Rn.

For every normal surface F in M , its normal vector vF is a point in PT ∩Z7t. Conversely,
every point w ∈ PT ∩ Z7t that also satisfies the consistency equations of T defines a
normal surface Fw in M . For a non-empty normal surface F , let vF be the projection of
vF onto PT – that is, the unique point in PT that is a scalar multiple of vF ; this will
necessarily be a rational point. We say that a face C of PT carries a normal surface F
if vF ∈ C. For every normal surface F , there is a unique minimal face C of PT that
carries F , which we denote by CF . Note that if a face C of PT carries a normal surface,
then every integral point in cone(C) will satisfy the consistency equations, and hence
represent a normal surface in M .

For a compact orientable surface F , define

χ−(F ) = −χ(F {sphere and disc components of F}).

The Thurston seminorm of a homology class α ∈ H2(M,∂M ;R) is defined as the
minimum value of χ−(F ) over all oriented surfaces F properly embedded in M that
represent α. This can be extended to a seminorm x : H2(M,∂M ;R) → R by linearity,
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convexity, and continuity (see [37] for details). Tollefson and Wang call an oriented
properly embedded incompressible boundary-incompressible surface F ⊆ M taut if
its homology class [F ] ∈ H2(M,∂M ;R) is non-zero, no union of components of F is
homologically trivial, and x([F ]) = χ−(F ). If, moreover, a taut surface is in general
position with respect to T and has minimal weight amongst all taut general position
surfaces in its homology class, then it is called lw-taut; note that this notion of “lw” does
not coincide with our notion of “least-weight”.

The following is one of the main results of [39].

Theorem 3.14 ([39, Theorem 3.3 and Corollary 3.4]). Let F be an oriented lw-taut
normal surface in M . Then every normal surface carried by CF is lw-taut. Moreover,
there is a way to assign orientations to normal surfaces carried by CF such that, for
every pair G,H of normal surfaces carried by CF , the following equalities hold:

[G+H] = [G] + [H] and x([G+H]) = x([G]) + x([H]).

We are now ready to prove Proposition 3.13.

Proof of Proposition 3.13. Let G be an oriented least-weight normal fibre of M that is
isotopic to F0. Note that, as discussed at the beginning of [37, §3], every incompressible
surface in M that is homologous to F0 is actually isotopic to it; in particular, this implies
that G is lw-taut. From now on, all the surfaces we consider will be carried by CG;
we will implicitly endow them with the orientation given by Theorem 3.14. The same
theorem then implies that every normal surface carried by CG is lw-taut, and that the
operation of taking homology representatives is linear with respect to the normal sum on
CG; similarly, the Thurston seminorm x is linear with respect to the normal sum on CG.

Let C ′ be the minimal face of the x-unit ball in H2(M,∂M ;R) such that [G] lies in
cone(C ′). Crucially, by the linearity properties mentioned above, the homology classes of
all the surfaces carried by CG will also lie in the closure of cone(C ′). Since G is a fibre of
M , Theorems 3 and 5 of [37] imply that C ′ is a top-dimensional face of the x-unit ball,
and every integral homology class in the interior of cone(C ′) is represented by a union of
parallel fibres of M ; in fact, every oriented incompressible surface with no sphere and
disc components and whose homology class lies in the interior of cone(C ′) is a union of
parallel fibres of M .

Let now F1, . . . , Fm be fundamental normal surfaces in M such that G = F1 + . . .+Fm;
it is clear that these are all carried by CG. Up to reordering, we can assume that
{[F1], . . . , [Fn]} is a basis of the subspace of H2(M,∂M ;R) spanned by [F1], . . . , [Fm] for
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some 1 ⩽ n ⩽ m. Note that the integer n is bounded above by

n ⩽ dimH2(M,∂M ;R) ⩽ 2t,

where the second inequality follows from the fact that there are at most 2t triangles of
T that do not lie on ∂M . Let F ′ = F1 + . . .+ Fn. We know that there is at least one
linear combination of [F1], . . . , [Fn] that lies in the interior of cone(C ′) – namely, [G].
Therefore, the class [F ′] must also lie in the interior of cone(C ′). In particular, since F ′

is lw-taut, this implies that each component of F ′ must be a fibre of M .
Concerning the weight of F ′, Proposition 2.6 gives the inequality

w(Fi) ⩽ t2 · 27t+5 for every 1 ⩽ i ⩽ n,

from which we get the bound

w(F ′) = w(F1) + . . .+ w(Fn) ⩽ n · t2 · 27t+5 ⩽ t3 · 27t+6.

The Euler characteristic of F ′ satisfies

−χ(F ′) = x([F ′]) since F ′ is lw-taut
= x([F1] + . . .+ [Fn])
⩽ x([F1]) + . . .+ x([Fm]) by convexity of x
= x([G]) by linearity of x
= −χ(G) since G is lw-taut.

We conclude the proof by taking F to be a component of F ′. As previously observed,
the surface F is a fibre of M ; its weight and Euler characteristic satisfy

w(F ) ⩽ w(F ′) ⩽ t3 · 27t+6 and χ(F ) ⩾ χ(F ′) ⩾ χ(G) = χ(F0),

as desired.

As we will see in the proof of Theorem 3.17, recognising 3-manifolds that fibre over
the circle with fibre a sphere, disc, or annulus is already known to be in NP. Since
Proposition 3.13 covers 3-manifolds with fibre of negative Euler characteristic, the
only remaining case is when the fibre is a torus. In this setting, the argument of
Proposition 3.13 does not work, since it heavily relies on the Thurston seminorm, which
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vanishes everywhere for these 3-manifolds. Fortunately, torus bundles are simple enough
that we can completely classify their incompressible surfaces – or, at least, the ones we
care about.

Let M be a compact oriented 3-manifold that fibres over the circle with fibre a torus,
and let F0 ⊆ M a transversally oriented toroidal fibre of M . Our goal is to show that all
connected orientable incompressible surfaces in M that are not homologically trivial are
fibres of some fibration of M (that is, not necessarily the one defined by F0). Upon fixing
a basis of H1(F0;Z), the monodromy φ of F0 is represented by an element of SL(2,Z).
It is well-known that if an element of SL(2,Z) has an integral eigenvector, then it is
conjugate to

L+
n =

1 0
n 1

 or L−
n =

−1 0
n −1


for some n ∈ Z.

Proposition 3.15 (Incompressible surfaces in torus bundles). In the setting above, let F
be a closed orientable incompressible surface embedded in M that is not null-homologous.
Then F is a toroidal fibre of some fibration of M .

Proof. Since F0 is a fibre of M , the 3-manifold M ′ = M F0 is homeomorphic to F0 ×[0, 1].
In fact, it is useful to have a concrete model for M ′ as M ′ = R2/Z2 × [0, 1], and for M as

M = R2/Z2 × [0, 1]⧸{(x, 1) ∼ (φ(x), 0) : x ∈ R2/Z2},

where F0 = R2/Z2 × {0}. Isotope F so that it intersects F0 transversely in the smallest
possible number of curves. Denote by F ′ the intersection of F with M ′. We now employ
a very classical argument – sketched, for instance, in the proof of [26, Proposition 11.4.12]
– to show that F ′ must be a collection of vertical annuli

First, we show that no component of F ∩F0 can bound a disc in F0. For a contradiction,
suppose that there is a disc D embedded in F0 such that D ∩ F = ∂D (up to taking an
innermost disc, this is not restrictive). Since F is incompressible, there must be a disc
D′ embedded in F such that ∂D′ = ∂D. By irreducibility of M , the sphere D ∪D′ must
bound a 3-ball B in M ; note that F ∩B = D′. The 3-ball B can be used to isotope D′ to
D, and then push it slightly past D, thus removing ∂D from the intersection F ∩F0; this
contradicts the minimality of the intersection. By swapping the roles of F and F0 – note
that we only used the fact that F is incompressible – we conclude that no component of
F ∩ F0 can bound a disc in F0. In particular, we have shown that F ∩ F0 is a collection
of parallel curves in the torus F0.

79



Next, we show that F ′ is incompressible and boundary-incompressible in M ′. Let D
be a compression disc for F ′ in M ′. Since F is incompressible in M , there is a disc D′

embedded in F such that ∂D′ = ∂D. If the disc D′ is contained in M ′, then we see that
D is trivial. Otherwise, we find a component of F ∩ F0 that bounds a disc in F0, the
existence of which we have already ruled out; this proves that F ′ is incompressible. Let
D be a boundary-compression disc for F ′ in M ′. Up to taking an innermost disc, we can
assume that D ∩ F ′ =⊆ ∂D. Let a1 and a2 the two components of ∂F ′ intersecting D;
these are two parallel curves on a component of ∂hM

′ – importantly, they are distinct
because F ′ is orientable. Compress F ′ along D to obtain a new surface F ′′. Denote by a
the boundary component of F ′′ that is obtained by surgery on a1 ∪ a2 along D ∩ ∂hM

′.
Since a1 and a2 are parallel, we see that a bounds a disc D′ in ∂hM

′. It is not hard to
show, using incompressibility of F ′ and irreducibility of M ′, that the component of F ′′

containing a cobounds a 3-ball in M ′ with D′. This means that the component of F ′

containing a1 and a2 is an annulus cobounding a solid torus in M ′ with an annulus in
∂hM

′. This solid torus can be used to isotope said component of F ′ onto F0, and then
slightly past it, thus removing a1 and a2 from the intersection F ∩ F0; this contradicts
the minimality of the intersection.

In conclusion, we found that F ′ is an orientable incompressible boundary-incompressible
surface in M ′. It is well-known (see [26, Proposition 9.3.18]) that any such surface is
isotopic in M ′ either to a union of horizontal surfaces – that is, surfaces of the form
F0 × {t} for some t ∈ [0, 1] – or to a union of vertical surfaces – that is, surfaces of the
form a × [0, 1] for some essential curve a in F0. If F ′ is horizontal, we deduce that F
is isotopic to F0 in M , and we are done. If F ′ is vertical, then it is a union of annuli;
in particular, this implies that there is a slope on F0 that is preserved by φ. In other
words, the monodromy φ has an integral eigenvector, and it is therefore conjugate to L+

n

or L−
n for some integer n. In fact, it is not restrictive to assume that φ = L+

n or φ = L−
n .

In particular, this implies that each component of F ∩ F0 is a curve isotopic in F0 to
{0} × R/Z × {0}. By “straightening” F ′, we can assume that each component of F ′ is a
flat annulus of the form

{(x, y, z) ∈ R2 × [0, 1] : α · x+ β · z = γ} ⊆ R2/Z2 × [0, 1],

for constants α, β, γ ∈ R.
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When φ = L+
n . This case is depicted in Figure 3.9a. Let T be the torus R2/Z2, and

consider the projection p : M → T defined by

p(x, y, z) = (x, z).

It is easy to see that this projection defines a circle bundle structure over T on M . We
see that F0 = p−1(R/Z × {0}), while F = p−1(a) for some essential curve a ⊆ T . Let
ψ : T → T be a homeomorphism that sends a to R/Z × {0}. This homeomorphism lifts
to a homeomorphism of M sending F to F0; since F0 is a toroidal fibre of M , we conclude
that the same holds for F .

When φ = L−
n . In this case, depicted in Figure 3.9b, the 3-manifold M is a circle

bundle over the Klein bottle K. More precisely, if we model K as the quotient of the
Euclidean plane R2 by the group of isometries generated by (x, z) 7→ (x + 1, z) and
(x, z) 7→ (−x, z + 1), then the projection map p : M → K is given by

p(x, y, z) = (x, z).

Like in the torus bundle case, we have that F = p−1(a) for some two-sided essential
curve a ⊆ K. However, unlike in the torus bundle case, there are only two such curves
up to isotopy. One is the meridian m = {(x, 0) ∈ K}, and its preimage p−1(m) in M is
precisely F0. The other two-sided essential curve is

b = {(x, z) ∈ K : x = 1/4 or x = 3/4},

and it is separating in K; therefore, its preimage p−1(b) separates M . Since we are
assuming that F is not null-homologous, we conclude that F must be isotopic to F0 in
M ; in particular, it is a fibre of M .

As a consequence of the previous proposition, we find that triangulated torus bundles
admit a normal fibre of bounded weight.

Proposition 3.16 (A toroidal fibre of small weight). Let T be a triangulation of a
compact connected orientable 3-manifold M with t tetrahedra. Suppose that M fibres over
the circle with fibre a torus. Then there is a toroidal normal fibre F of M with

w(F ) ⩽ t2 · 27t+5.
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(a) (b)

Figure 3.9. (a) When the monodromy φ is isotopic to L+
n for some n ∈ Z, the

3-manifold M is a circle bundle over the torus T ; the surface F is related to F0 by a
homeomorphism of M . (b) When the monodromy φ is isotopic to L−

n for some n ∈ Z,
the 3-manifold M is a circle bundle over the Klein bottle K; the surface F is isotopic
to F0, since p−1(b) is separating.

Proof. Let F be a least-weight toroidal normal fibre of M . We will prove that F is
fundamental; by Proposition 2.6, this will imply the bound in the statement. Suppose,
for the sake of contradiction, that F can be presented as a normal sum F = G1 + G2,
with G1 and G2 non-empty normal surfaces. We can assume that G1 and G2 minimise
the number of components of G1 ∩G2; by [28, Lemma 3.3.30], this guarantees that G1

and G2 are connected.
As we already observed at the start of the proof of Proposition 3.13, the fibre F is

lw-taut. Tollefson and Wang’s Theorem 3.14 then implies that every normal surface
carried by CF is lw-taut – in particular, this holds for G1 and G2. Therefore, the
surfaces G1 and G2 are orientable, incompressible, and homologically non-trivial. By
Proposition 3.15, we deduce that G1 and G2 are toroidal fibres of M ; however, this
contradicts the minimality of F .

By combining Propositions 3.13 and 3.16, we obtain that if a triangulated orientable
3-manifold fibres over the circle, and the fibre is a torus or has negative Euler characteristic,
then said 3-manifold admits a fibre of exponential weight in the number of tetrahedra.
Since the size of our fibredness certificate depends logarithmically on the weight of the
fibre, this is enough to certify fibredness in polynomial time. Formally, we consider the
following decision problem.
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Problem (Fibredness detection).

Input: a triangulation of a compact connected oriented 3-manifold M .

Output: whether M fibres over the circle.

The size of the input is measured by the number of tetrahedra in the triangulation of M .
×

Theorem 3.17 (Fibredness detection is in NP). The problem Fibredness detec-
tion is in NP.

Proof. The problems of recognising compact orientable 3-manifolds that fibre over the
circle with fibre of non-negative Euler characteristic and not a torus have been already
addressed in the literature. Specifically, the following recognition problems are known to
be in NP:

• recognising S2 × S1, by [16, Theorem 3];

• recognising D2 × S1, by [16, Theorem 3];

• recognising S1 × [0, 1] × S1, by Theorem 3.1 (that is, [22, Theorem 12.1], with the
caveat that, since we are trying to recognise an interval bundle over the closed
surface S1 × S1, the discussion at the beginning of [24, Section 11] is necessary).

Since these are only a finite number of cases, they can each be handled by their respective
verification algorithms, and we can therefore focus only on the case where M fibres over
the circle with fibre of negative Euler characteristic or a torus.

The verification algorithm takes as input a triangulation T of a compact connected ori-
ented 3-manifold M , and a certificate consisting of a transversely oriented normal surface
F in M and a certificate Σ ∈ Sfib(M,F ). The algorithm then verifies that F is connected
and orientable, using Propositions 2.15 and 2.16, and that Σ ∈ S∗

fib(M,F ), using the
algorithm of Proposition 3.12. These verifications can be performed in polynomial time
in |T | and |Σ|. If these checks are successful, then the third statement of Proposition 3.11
implies that M fibres over the circle with fibre F . Moreover, Propositions 3.9, 3.13, and
3.16 guarantee that, if M fibres over the circle with fibre of negative Euler characteristic
or a torus, then there exist a transversely oriented connected normal surface F in M and
a certificate Σ ∈ S∗

fib(M,F ) such that |Σ| is bounded above by a polynomial in |T |.
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Chapter 4

Certifying the monodromy

4.1 Outline of the certificate
In this chapter, we will describe a way to certify the image of a curve under the monodromy
of a fibration of a 3-manifold. More precisely, the setting is the following. Let M be a
compact oriented 3-manifold, triangulated with t tetrahedra. Suppose that M fibres over
the circle with fibre F ⊆ M and monodromy φ ∈ Mcg(S). Let a0 be a normal curve in
F . We will show how to construct a normal curve a1 in F that is isotopic to φ(a0); at
the same time, we will provide a certificate that can be used to verify that a1 is indeed
the image of a0 under φ. The relevant parameters here are the number t of tetrahedra
of M , the logarithm of the weight of F , the Euler characteristic of F , and the size of
a0 – which, as we recall from Section 2.2.6, is measured in terms of area(supp(a0)) and
log(w(a0)). Our certificate can be verified in polynomial time in these parameters.

The complete description of the monodromy certificate can be found in Certificate 2.
In the following paragraphs, we will outline the main ideas behind the construction of the
certificate, ignoring the many technical details that will be expanded on in Section 4.3.
Our monodromy certificate builds upon the fibredness certificate we defined in Chapter 3.
As a brief reminder, for a least-weight normal fibre F , we have decomposed the parallelity
bundle Y of M ′ = M F into two parts: a union Yv of parallelity components that are
vertical in M ′ ∼= F × [0, 1], and the union Yt of the remaining parallelity components,
which is contained in a union of “tubes” in M ′. By gluing Yt to the guts X of M ′, we
obtain a 3-manifold N , which can be triangulated with a number of tetrahedra that is
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linear in t; here, we are assuming for the sake of simplicity that X, Yv, and Yt are all
sub-3-manifolds of M ′ (instead of sub-3-complexes, as they would be in general). The
3-manifold N is naturally homeomorphic to a product interval bundle; by gluing N and
Yv along vertical subsets of their boundaries, we recover the product interval bundle M ′.

Recall that the positive and negative push-offs provide simplicial isomorphisms

(−)+ : F −→ ∂0M
′ and (−)− : F −→ ∂1M

′.

Therefore, in order to recover the monodromy φ, we simply need to understand the map
∂0M

′ → ∂1M
′ induced by the product interval bundle structure of M ′. Since Yv and N

are both vertical in M ′, this problem reduces to understanding the maps ∂0Yv → ∂1Yv

and ∂0N → ∂1N . The idea is that Yv is a union of parallelity components, and therefore
its interval bundle structure is fully encoded in the combinatorics of the normal surface
F . We have no such guarantee on N , which is the union of the guts and non-vertical
parallelity components of M ′. However, since N is triangulated with few tetrahedra, we
can recover the map ∂0N → ∂1N directly; note that this would be impossible for Yv,
since the size of the triangulation of ∂hYv is linear in w(F ).

We now expand on this intuitive idea, and describe how to construct the certificate.
Recall from our notation in Certificate 1 that Fp, Fg F

′
g, F0, and F1 are subsurfaces of F

such that

N +(Fp) = Yv, N +(Fg) = N −(F ′
g) = X, and N +(F0) ∪ N −(F1) = Yt.

As mentioned above, the sub-3-manifold Yv of M ′ is a union of parallelity components
whose intrinsic interval bundle structure agrees with that of M ′. Therefore, the restriction
of the monodromy φ to Fp can be understood locally, inside each tetrahedron of M ,
simply by shifting each normal disc of Fp to the next normal disc, according to the
transverse orientation of F . But this is precisely the effect of the transfer map △ defined
in Section 2.3.5; in other words, we have that φ|Fp = △|Fp . Since the transfer map can
be readily computed for any given normal disc of F , this takes care of the monodromy
on Fp.

Let a0 be an essential curve (or multi-curve) in F . Denote – as we will do in the proof
of Proposition 4.11 – by F ′ the subsurface Fg ∪ F0. We can decompose a0 into the two
1-manifolds a0 ∩ Fp and a0 ∩ F ′. As discussed in the previous paragraph, we can easily
compute φ(a0 ∩ Fp). Therefore, the only thing we need to certify is the image of a0 ∩ F ′

under φ. Let b0 = (a0 ∩ F ′)+, which is a 1-manifold in ∂0N . The idea is then to provide
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as a certificate a normal surface A in N that is vertical and such that A∩ ∂0N = b0. The
1-manifold b1 = A ∩ ∂1N ⊆ ∂1N is then the image of b0 under the map ∂0N → ∂1N ; if
we let c be the 1-manifold in F such that c− = b1, we can define

a1 = △(a0 ∩ Fp) ∪ c,

and this curve will be isotopic to φ(a0).
Of course, this description is overly simplistic, and it sweeps some concrete issues under

the rug. Without delving into the full technical details – this is reserved for the next
sections – let us highlight these complications, and explain how we deal with them; in
fact, the final blueprint for the monodromy certificate will look something like Figure 4.7.
The first and most fundamental issue is that the vertical normal surface A should have
bounded weight. In particular, we need a result that guarantees the existence, in a
product interval bundle N , of a vertical normal surface whose intersection with ∂0N is a
prescribed normal 1-manifold b0, and whose weight is bounded in terms of reasonable
parameters. This is precisely what we prove in Proposition 4.10, where we show that
such a surface A exists, with weight bounded above by a function that is linear in w(b0)
and exponential in the size of the triangulation of N ; this is sufficient for our setting,
since w(b0) ⩽ w(a) and the number of tetrahedra of N is linear in t.

The second issue, which we have ignored so far, is that the parallelity components
of Yt had been retriangulated in order to keep the number of tetrahedra of N linear in
t. Concretely, this means that we cannot freely transport normal 1-manifolds from F ′

to ∂0N and expect them to remain normal. In fact, the map F ′ → ∂0N is simplicial
on Fg (since the guts X did not undergo any retriangulation), but not on F0. This is
where the fact that Yt is contained in a union of “tubes” comes into play. Recall from
Certificate 1 that there is a subsurface D0 of F ′ containing F0 that is a union of disjoint
discs (assuming, for the sake of simplicity, that M is closed); this subsurface is essentially
the intersection of ∂0M

′ with the “tubes”. Obviously, the curve a0 can be isotoped to be
disjoint from D0; in Proposition 4.9, we show that this can be done without increasing
the weight of a0 too much. Once a0 is disjoint from D0 – and, hence, from F0 – the
1-manifold b0 = (a0 ∩F ′)+ is guaranteed to be normal in ∂0N . A similar trick is required
to isotope b1 away from the intersection of the “tubes” with ∂1N ; this ensures that c is a
normal 1-manifold in F ′

g.
Finally, we did not mention that Proposition 4.10 guarantees the existence of a

vertical normal surface with prescribed intersection b0 with ∂0N only when no component
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of b0 is a curve bounding a disc or a boundary-parallel arc. Since a0 is essential, no
component of b0 will be a curve bounding a disc, but it is entirely possible that b0 contains
boundary-parallel arcs. To address this problem, we remove the boundary-parallel arcs
from b0 and then add them back to b1. The feasibility of this procedure relies on the fact
that a set of boundary parallel arcs in ∂0N can be encoded by very little information,
namely its intersection with ∂∂0N and some additional combinatorial data. It is then
possible to recover the image of these boundary-parallel arcs under the map ∂0N → ∂1N

simply by looking at the combinatorial data. This construction is formalised in Section 4.2,
where we introduce the notion of a compressed system of boundary-parallel arcs and study
their combinatorial and topological properties. The subsequent Section 4.3 is devoted to
the detailed construction of the monodromy certificate which we have outlined here.

4.2 Compressed systems of boundary-parallel arcs
Definition 4.1 (Compressed system of boundary-parallel arcs). Let T be a triangulation
of a compact orientable surface F . A compressed system of boundary-parallel arcs σ in F
consists of:

• an orientation of each component of ∂F ; this defines, for each edge e of T contained
in ∂F , a preferred assignment of the symbols e(+) and e(−) to the two endpoints of
e, such that moving along e from e(−) to e(+) is consistent with the given orientation
of ∂F ;

• non-negative integers σ+(e) and σ−(e) for each edge e of T that is contained in
∂F .

We require that, for each component b of ∂F , the equality

∑
e⊆b

σ+(e) =
∑
e⊆b

σ−(e) (4.1)

holds, where the sums range over all edges e of T that are contained in b. ×

Definition 4.2 (Weight of a compressed system of boundary-parallel arcs). Let T be a
triangulation of a compact orientable surface F , and let σ be a compressed system of
boundary-parallel arcs in F . The weight of σ is the integer

w(σ) =
∑

e⊆∂F

(σ+(e) + σ−(e)). ×
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We will use compressed systems of boundary parallel arcs to encode unions of disjoint
boundary-parallel arcs in a triangulated surface F . This correspondence will be detailed
in Section 4.2.2, but the core idea is simple. After fixing an orientation of ∂F , we can
imagine that each component of a system a of boundary-parallel arcs in F runs along
∂F according to its orientation, starting right before the positive endpoint of an edge,
and terminating right after the negative endpoint of an edge. The system a is then
completely determined by recording, for each edge e of ∂F , two numbers:

• the number σ+(e) of intersections between a and e that occur right before the
positive endpoint e(+) of e;

• the number σ−(e) of intersections between a and e that occur right after the
negative endpoint e(−) of e.

Condition (4.1) is then a consequence of the fact that each arc of a starts and ends on the
same component of ∂F . Importantly, this correspondence only works if no component
of a cobounds a disc with a subarc of an edge of ∂F , otherwise our assumption that
each component of a starts before a positive endpoint and ends after a negative endpoint
would not hold.

We also remark that the definition we gave of w(σ) does not exactly reflect the weight
of the system of boundary-parallel arcs a; in fact, the weight of σ only counts the number
of intersections of a with ∂F . We chose this definition of weight because it directly
reflects the amount of information that is required to encode σ; however, the discrepancy
between the two weights is bounded in terms of the size of the triangulation of F , as we
state below in Remark 4.3.

4.2.1 Normal vector

Let T be a flapless triangulation of a compact orientable surface F , and let σ be a
compressed system of boundary-parallel arcs in F . We can associate a normal vector vσ

to σ as follows. There is a unique way to assign a non-negative integer µσ(e) to each
edge e ⊆ ∂F such that µσ(e) = 0 for at least one edge e in each component of ∂F , and
moreover

µσ(e1) + σ+(e1) = µσ(e2) + σ−(e2) (4.2)

whenever e1 and e2 are two edges in ∂F with e
(+)
1 = e

(−)
2 .
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For each edge e ⊆ ∂F , let

ρσ(e(+)) = µσ(e) + σ+(e). (4.3)

Note that, by (4.2), we also have that

ρσ(e(−)) = µσ(e) + σ−(e). (4.4)

Extend the function ρσ to assign 0 to each vertex v of T that does not lie on ∂F . We
can then define the vector vσ by setting

vσ(e) =
σ

+(e) + σ−(e) if e ⊆ ∂F ,
ρσ(v1) + ρσ(v2) if e ̸⊆ ∂F and ∂e = {v1, v2}

for each edge e of T . The vector vσ is easily seen to verify the matching equations; this
can be proved algebraically or, alternatively, by showing it is the normal vector of a
normal 1-manifold, as described below in Section 4.2.2.

4.2.2 Topological construction

The construction of vσ can also be described in a purely topological fashion; this
description is conveniently explained using the framework of train tracks (see [30]).
Construct a train track by drawing, for each vertex v of T that lies on ∂F , a small
properly embedded arc around v, that we call the link of v. Then, for each edge e of
T that is contained in ∂F , add a close parallel copy of e as a branch. The result is a
trivalent train track: the link of each vertex on ∂F is now split into three branches, and
there is one additional branch for each edge in ∂F .

This train track comes equipped with a natural measure induced by σ. The weight of
a branch associated to an edge e ⊆ ∂F is µσ(e). For each vertex v ∈ ∂F , if we let e1 and
e2 be the two edges contained in ∂F such that e(+)

1 = e
(−)
2 = v, then the weights of the

three branches in the link of v are defined as follows (see also Figure 4.1a):

• the branch that does not intersect ∂F has weight ρσ(v);

• the branch that intersects e1 near its positive endpoint e(+)
1 has weight σ+(e1);

• the branch that intersects e2 near its negative endpoint e(−)
2 has weight σ−(e2).
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(a) (b)

Figure 4.1. (a) The train track τ used in the topological construction of a topological
representative of σ, endowed with the induced measure. (b) The normal 1-manifold a

is carried by τ .

It is easy to check that the switch equations are satisfied, thanks to (4.3) and (4.4).
Finally, remove all the branches of weight zero to obtain a train track τ in F ; this
measured train track is depicted in Figure 4.1a.

The measure we described above yields a 1-manifold a carried by τ and properly
embedded in F . Since T is flapless, the train track τ does not form any bigons with
the edges of T , and therefore the 1-manifold a is normal, as depicted in Figure 4.1b.
Moreover, it is immediate to compute the normal vector of a, and to check that va = vσ;
we call such a 1-manifold a topological representative of σ. In particular, note that
|a ∩ ∂F | = w(σ).

We remark that the 1-manifold a can be chosen to lie in an arbitrarily small neigh-
bourhood of the union of the edges in ∂F on which µσ is non-zero; this will be useful
later in the definition of augmentation.

Remark 4.3. From this topological construction, it is easy to derive a bound on the weight
of the normal 1-manifold a. In fact, each component of a is a normal arc intersecting
each edge of T at most twice. If we denote by t the number of triangles of T , there are
at most 2t edges in T – recall that T is flapless – and exactly w(σ)/2 components of a;
therefore, we immediately find that

w(a) ⩽ 2t · w(σ). ×
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4.2.3 Augmentation

A compressed system of boundary-parallel arcs σ can be used to augment a normal
1-manifold, provided that said 1-manifold satisfies a compatibility condition with σ.

Definition 4.4 (Compatibility of a compressed system of boundary-parallel arcs with a
normal 1-manifold). Let T be a triangulation of a compact orientable surface F , and let
a be a normal 1-manifold in F . A compressed system of boundary-parallel arcs σ in F is
compatible with a if, for each edge e of T contained in ∂F , at most one of |a ∩ e| and
µσ(e) is non-zero. ×

Definition 4.5 (Augmenting a normal 1-manifold by a compressed system of bound-
ary-parallel arcs). Let T be a flapless triangulation of a compact orientable surface F , and
let a be a normal 1-manifold in F . Let σ be a compressed system of boundary-parallel
arcs in F that is compatible with a. An augmentation of a by σ is a normal 1-manifold
a′ in F such that

va′ = va + vσ. ×

Note that the augmentation is only defined up to normal isotopy in F . However, since
we will mostly only care about the normal isotopy class of the result, we will write “the”
augmentation to refer to any normal isotopy representative of the augmentation.

Thanks to the topological construction detailed in Section 4.2.2, the augmentation can
also be described topologically. Note that, since σ is compatible with a, for every edge
e ⊆ ∂F intersecting a we have that µσ(e) = 0. In particular, as remarked above, this
implies that the train track used in the construction of a topological representative of σ –
and, as a consequence, the topological representative itself – can be chosen to be disjoint
from a. Therefore, the augmentation a′ can be realised by taking the union of a and a
disjoint topological representative a′′ of σ, as depicted in Figure 4.2; since va′′ = vσ and
a′′ is disjoint from a, it is clear that va′ = va + vσ.

Note that, if b is a normal 1-manifold in F that is isotopic to a fixing ∂F , then a
topological representative a′′ of σ can be chosen to be disjoint from both a and b. As a
consequence, the augmentations of a and b by σ can be chosen to be isotopic fixing ∂F .
Therefore, we have proved the following.

Proposition 4.6 (Isotopy class relative boundary of augmentations). Let T be a flapless
triangulation of a compact orientable surface F , and let a and b be normal 1-manifolds in
F that are isotopic fixing ∂F . Let σ be a compressed system of boundary-parallel arcs in
F that is compatible with a. Let a′ be an augmentation of a by σ. Then b is compatible
with σ, and there exists an augmentation b′ of b by σ that is isotopic to a′ fixing ∂F .
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Figure 4.2. The augmentation of a by σ can be realised as the disjoint union of a and
a topological representative a′′ of σ.

The following two proposition complete our two-step programme to circumvent the issue
that boundary-parallel arcs are not allowed in the prescribed boundary of Proposition 4.10.
First, we show in Proposition 4.7 that any normal 1-manifold a can be decomposed into an
“essential” part, that has no boundary-parallel components, and a boundary-parallel part,
that is encoded by a compressed system of boundary-parallel arcs σ. If the 1-manifold a
sits in ∂0M for some product interval bundle M , then Proposition 4.10 yields a vertical
surface A in M with A ∩ ∂0M being the essential part of a. Then, in Proposition 4.8,
we show that the combinatorial data contained in σ can be used to easily compute the
image of the boundary-parallel part of a under the map ∂0M → ∂1M , without the aid of
a vertical surface.

Proposition 4.7 (Decomposition of a normal 1-manifold into essential and boundary-par-
allel components). Let T be a flapless triangulation of a compact orientable surface F ,
and let a be a normal 1-manifold in F . Suppose that no component of a is a curve
bounding a disc, or an arc cobounding a disc with a subarc of an edge in ∂F . Then there
exist a normal 1-manifold b in F and a compressed system of boundary-parallel arcs σ in
F such that:

(i) no component of b is a curve bounding a disc or a boundary-parallel arc;

(ii) σ is compatible with b;

(iii) there is an augmentation b′ of b by σ that is isotopic to a in F fixing ∂F ;

(iv) w(b) ⩽ w(a) and w(σ) ⩽ |∂a|.

Proof. In the context of this proof, we will say that a disc D ⊆ F is thin if it satisfies
the following conditions:
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• ∂D is the union of two arcs r and s with ∂r = ∂s, such that r is a normal arc in F
and s ⊆ ∂F ;

• D ∩ T (0) ⊆ ∂F .

Note that every component of a topological representative of a compressed system of
boundary-parallel arcs cobounds a thin disc with ∂F ; this can be inferred from the
construction detailed in Section 4.2.2.

Fix an orientation on each boundary component of F . We now describe a procedure
that, at the i-th step (for i ⩾ 1), constructs normal 1-manifolds bi and ci in F , and a
compressed system of boundary-parallel arcs σi in F , satisfying the following properties:

(i) bi ⊆ a;

(ii) ci is a topological representative of σi;

(iii) σi is compatible with bi;

(iv) bi and ci are disjoint;

(v) bi ∪ ci is isotopic to a fixing ∂F ;

(vi) w(σi) + |∂bi| = |∂a|.

We start by setting b0 = a, c0 = ∅, and σ0 to be the compressed system of bound-
ary-parallel arcs in F such that σ+

0 (e) = σ−
0 (e) = 0 for every edge e ⊆ ∂F ; the properties

listed above are clearly satisfied for i = 0. Suppose now that bi, ci, and σi have been
inductively constructed. If no component of bi is a boundary-parallel arc, then we termi-
nate the procedure. Otherwise, let r be an outermost boundary-parallel arc component
of bi – that is, a component r of bi that cobounds a disc D with ∂F such that D ∩ bi = r.
Set bi+1 = bi r.

If some component of ci that is contained in D cobounds a thin disc E with ∂F such
that r ⊆ E, then we let D′ = clos(F D) and r′ = r, noting that r is disjoint from ci

and bi+1, and that D′ is a thin disc. Otherwise, there is an ambient isotopy of F that
fixes ∂F , ci, and bi+1, and that sends D to a thin disc D′; this isotopy is depicted in
Figure 4.3. In this case, let r′ = clos(∂D′ ∂F ).

Either way, we have constructed an ambient isotopy of F that fixes ∂F , ci, and bi+1,
and that sends r to a normal arc r′ that cobounds a thin disc D′ with some subarc s
of ∂F . Note that, by assumption, the arc s is not a subarc of an edge of T . There is a
unique edge e1 of T contained in ∂F such that s does not contain e1, but it contain e(+)

1
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(a) (b)

Figure 4.3. (a) An outermost component r of bi cobounds a disc D with ∂F . (b) There
is an ambient isotopy of F that fixes ∂F , bi+1, and ci, and that sends r to a normal
arc r′ that cobounds a thin disc D′ with ∂F . Also, the two edges e1 and e2 involved in
the definition of ν.

(see Figure 4.3b) Similarly, there is a unique edge e2 of T contained in ∂F such that s
does not contain e2, but it contains e(−)

2 .
Let ν be the compressed system of boundary-parallel arcs in F that is constantly 0

except for
ν+(e1) = ν−(e2) = 1.

Since r′ cobounds a thin disc with s, it is easy to see that r′ is a topological representative
of ν. Therefore, if we let ci+1 = ci ∪ r′ and σi+1 = σi + ν (where addition is performed
component-wise), then we have that ci+1 is a topological representative of σi+1. The
other required properties are easy to check, recalling that bi+1 is disjoint from D′.

The procedure terminates after finitely many steps – say n – since the number of
components of bi decreases at each step. Let b = bn, c = cn, and σ = σn. The only
way for the procedure to terminate is if no component of b is a boundary-parallel arc;
moreover, since b ⊆ a, we see that no component of b is a curve bounding a disc. We
have that σ is compatible with b by construction, and that b ∪ c is an augmentation of b
by σ, which is also isotopic to a fixing ∂F . Finally, the condition on w(σ) follows from

w(σ) = |∂a| − |∂b| ⩽ |∂a|.

Proposition 4.8 (Augmenting a normal surface by a compressed system of bound-
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ary-parallel arcs). Let T be a suitable pre-sutured triangulation of M = F × [0, 1] for
some compact oriented surface F , and let Ω be a simplicial sub-1-manifold of ∂F × {0}.
Suppose that T restricts to a flapless triangulation of ∂hM , and to a square-tiled triangu-
lation of Ω × [0, 1]; let ↑ : Ω × {0} → Ω × {1} be the upward shift map induced by this
square-tiled triangulation. Let A be a vertical normal surface in M , and denote by ai the
intersection of A with ∂iM for i ∈ {0, 1}. Suppose that ∂ai ⊆ Ω × {i} for i ∈ {0, 1}, that
↑(∂a0) = ∂a1, and that x and ↑(x) are endpoints of a component of A ∩ ∂vM for each
point x ∈ ∂a0.

Let σ0 be a compressed system of boundary-parallel arcs in ∂0M that is compatible with
a0. Suppose that σ+

0 (e) = σ−
0 (e) = 0 for every edge e of T contained in the closure of

(∂F Ω) × {0}. Recall that σ0 comes with a preferred orientation on ∂F × {0}; fix on
∂F × {1} the orientation induced by that on ∂F × {0} under the map (x, 0) 7→ (x, 1).
For each edge e of T contained in Ω × {0}, let σ+

1 (↑(e)) = σ+
0 (e) and σ−

1 (↑(e)) = σ−
0 (e).

Let σ+
1 (e) = σ−

1 (e) = 0 for every edge e of T contained in the closure of (∂F Ω) × {1}.
Then the following hold.

1. The datum σ1 is a compressed system of boundary-parallel arcs in ∂1M that is
compatible with a1 and such that w(σ1) = w(σ0).

2. Let a′
0 be an augmentation of a0 by σ0. Then there exist an augmentation a′

1 of a1

by σ1 such that ↑(∂a′
0) = ∂a′

1, and a vertical surface A′ properly embedded in M

such that A′ ∩∂iM = a′
i for i ∈ {0, 1}, and x and ↑(x) are endpoints of a component

of A′ ∩ ∂vM for each point x ∈ ∂a′
0.

Proof. It is clear from the definition that σ1 is a compressed system of boundary-parallel
arcs in ∂1M with w(σ1) = w(σ0); it is compatible with a1 because, if a1 ∩ e ̸= ∅ for some
edge e′ of T contained in ∂F × {1}, then e′ ⊆ Ω × {1} and

a1 ∩ e′ = ↑(a0 ∩ e) ̸= ∅,

where e is the edge of T contained in ∂F × {0} such that e′ = ↑(e); it follows that
σ0(e) = 0 – since σ0 is compatible with a0 – and therefore σ1(e) = 0.

Let a′
0 be an augmentation of a0 by σ0. Up to normal isotopy, we can assume that

a′
0 is obtained as in Figure 4.2. More precisely, the 1-manifold a′

0 is the disjoint union
of a0 and a normal 1-manifold a′′

0 that is carried by a train track τ0, as explained in
Section 4.2.2. The same construction applied to a1 and σ1 yields an augmentation a′

1 of
a1 by σ1 that is the disjoint union of a1 and a normal 1-manifold a′′

1 carried by a train
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Figure 4.4. There is a homeomorphism f : N0 → N1 that extends ↑ : Ω×{0} → Ω×{1}
and such that f(τ0) = τ1.

track τ1. It is immediate from the definition of augmentation and of σ1 that

|a′
1 ∩ ↑(e)| = |a1 ∩ ↑(e)| + σ+

1 (↑(e)) + σ−
1 (↑(e))

= |a0 ∩ e| + σ+
0 (e) + σ−

0 (e)
= |a′

0 ∩ e|

for each edge e of T contained in Ω × {0}. Therefore, up to normal isotopy of a′
1, we can

assume that ↑(∂a′
0) = ∂a′

1.
Similarly, since for every edge e ⊆ ∂F × {0}, the intersection τ0 ∩ e only depends on

whether σ+
0 (e) and σ−

0 (e) are zero or not, up to normal isotopy of τ1 we can assume that

τ1 ∩ (∂F × {1}) = ↑(τ0 ∩ (∂F × {0})).

In fact, it is not hard to construct neighbourhoods Ni of ∂F × {i} in F × {i} with
τi ⊆ Ni for i ∈ {0, 1}, and a homeomorphism f : N0 → N1 that extends ↑ and such that
f(τ0) = τ1; see Figure 4.4. It follows that we can find a vertical branched surface B
in M , isotopic to τ0 × [0, 1], such that B ∩ ∂iM = τi for i ∈ {0, 1}, and x and ↑(x) are
endpoints of a component of B ∩ ∂vM for each point x ∈ τ0 ∩ (∂F × {0}). This branched
surface, depicted in Figure 4.5a, can be chosen to be disjoint from A, precisely because
components of A∩ ∂vM are vertical arcs, each of which connects a point x ∈ ∂a0 to ↑(x).

Recall that τ0 and τ1 are endowed with measures induced by σ0 and σ1 respectively.
Note that, for i ∈ {0, 1}, the following is true: for every edge e ⊆ Ω × {i}, the weights
of the branches of τi that intersect e only depend on σ+

i (e) and σ−
i (e); moreover, the

weights of the branches of τi that intersect Ω × {i} completely determine the measure
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(a) (b)

Figure 4.5. (a) The vertical branched surface B. (b) The vertical surface A′′ carried
by B.

on τi. Therefore, we see that the homeomorphism f induces a measure-preserving
homeomorphism from τ0 to τ1. This implies that there is a measure on B that agrees
with the measures on τ0 and τ1. This measure yields a vertical surface A′′ carried by B,
that we can assume to be disjoint from A (since B is). Moreover, we can assume that
A′′ ∩ ∂iM = a′′

i for i ∈ {0, 1}, and that each component of A′′ ∩ ∂vM connects a point
x ∈ ∂a′′

0 to ↑(x); see Figure 4.5b for a depiction of A′′. The required surface A′ is then
simply the union of A and A′′.

4.3 A certificate for the monodromy
In this section, we describe in detail our certificate for the image of a curve under the
monodromy. Since this certificate is quite technical and involved, we refer the reader to
Section 4.1 for an outline of the construction.
Certificate 2 (Certificate for the image of a curve under the monodromy). Let T be a
triangulation of a compact connected oriented 3-manifold M with t tetrahedra, let F
be a transversely oriented connected normal surface in M , and let a0 and a1 be normal
multicurves in F . Suppose that Σfib ∈ S∗

fib(M,F ) is given; from now on, the notation
and objects defined in Certificate 1 will refer to those of Σfib. We say that a certificate Σ
lies in Smon(M,F,Σfib, a0, a1) if it consists of:

• a normal multi curve a′
0 in F ;

• a compressed system of boundary-parallel arcs σ0 in ∂0N ;
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• a normal surface A in N .

We define the size of Σ to be the number

|Σ| = t+ log(w(F ) + 1) + |Σfib| + log(w(a0) + 1) + area(supp(a0))
+ log(w(a1) + 1) + area(supp(a1)) + log(w(a′

0) + 1) + area(supp(a′
0))

+ log(w(σ0) + 1) + log(w(A) + 1).

Let:

• Ω[0,1] = f−1
g (N +(Fp));

• Ωi = Ω[0,1] ∩ ∂iN for i ∈ {0, 1};

• ↑ : Ω0 → Ω1 be the upward shift map induced by the fact that R restricts to a
square-tiled triangulation of Ω[0,1];

• ∂∂1N be endowed with the orientation induced by that of σ0 on ∂∂0N , as described
in the statement of Proposition 4.8;

• σ1 be the compressed system of boundary-parallel arcs in ∂1N such that

σ1(↑(e)(+)) = σ0(e(+)) and σ1(↑(e)(−)) = σ0(e(−))

for each edge e of R contained in Ω0, and σ1(e(+)) = σ1(e(−)) = 0 for each edge e
of R contained in the closure of ∂∂1N Ω1;

• b0 = f−1
g ((a′

0)+);

• b1 = f−1
g (a−

1 );

• b′
i = A ∩ ∂iN for i ∈ {0, 1};

• b′′
i be the augmentation of b′

i by σi (defined up to normal isotopy) for i ∈ {0, 1};

• S0 be the surface

S0 = Fp ⊔ ∂0N⧸{x ∼ y : x ∈ Fp, y ∈ ∂0N ∩N ′, x+ = fg(y)},

and let ι0 : Fp ⊔ ∂0N → S0 be the quotient map;
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• S1 be the surface

S1 = F ′
p ⊔ ∂1N⧸{x ∼ y : x ∈ F ′

p, y ∈ ∂1N ∩N ′, x− = fg(y)},

and let ι1 : F ′
p ⊔ ∂1N → S1 be the quotient map.

We say that Σ is valid, and write Σ ∈ S∗
mon(M,F,Σfib, a0, a1), if the following conditions

are satisfied:

(g.1) no component of a0 bounds a disc in F ;

(g.2) a′
0 is isotopic to a0 in F ;

(g.3) a′
0 is disjoint from F0;

(g.4) a1 ∩ F ′
p = △(a′

0 ∩ Fp);

(g.5) a1 is disjoint from F1;

(h.1) A is vertical in N ;

(h.2) σ0 is compatible with b′
0;

(h.3) σ0(e) = 0 for every edge e of R contained in the closure of (∂∂0N) Ω0;

(h.4) |b0 ∩ e| = |b′′
0 ∩ e| for every edge e of R contained in ∂∂0N ;

(h.5) no component of b′
0 is a curve bounding a disc in ∂0N or a boundary-parallel arc

in ∂0N ;

(h.6) ∂b′
i ⊆ Ωi for i ∈ {0, 1};

(h.7) ↑(∂b′
0) = ∂b′

1;

(h.8) x and ↑(x) are endpoints of a component of A ∩ ∂vN for each point x ∈ ∂b′
0;

(i.1) the normal multicurves ι0(a′
0 ∩ Fp) ∪ ι0(b0) and ι0(a′

0 ∩ Fp) ∪ ι0(b′′
0) are isotopic in

S0;

(i.2) the normal multicurves ι1(a1 ∩ F ′
p) ∪ ι1(b1) and ι1(a1 ∩ F ′

p) ∪ ι1(b′′
1) are isotopic in

S1;

(j.1) w(a′
0) ⩽ w(a0) + 96t · w(a0 ∩ Fg) and area(supp(a′

0)) ⩽ area(supp(a0)) + 32t;

(j.2) w(a1) ⩽ w(a0) + 28426t+63 · w(a0 ∩ Fg) and area(supp(a1)) ⩽ area(supp(a0)) + 32t;

(j.3) w(σ0) ⩽ 97t · w(a0 ∩ Fg);

(j.4) w(A) ⩽ 28425t+48 · w(a0 ∩ Fg). ×
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We briefly justify why the objects introduced in the certificate are well-defined, assuming
Σ is valid. At first glance, this might appear circular, since these objects are used to
define when Σ is valid. However, it is easy to verify that our justification for each object’s
well-definedness relies only on properties of Σ that are established before the object itself
is introduced.

Well-definedness of Ω[0,1], Ω0, Ω1, and ↑. We note that X∩N +(Fp) is the intersection
of the guts X with a union of parallelity components of M ′; therefore, it is triangulated
by a square-tiled triangulation as explained in Section 2.3.5. Since fg is simplicial,
and it restricts to an orientation-preserving homeomorphism int(N ′) → int(X), the
triangulation R of N also restricts to a square-tiled triangulation of Ω[0,1]. Moreover, by
property (a.5), we have that Ω[0,1] is a vertical subset of ∂vN ; this justifies the existence
of the upward shift map ↑.

Well-definedness of b0 and b1. By property (g.3), the normal curve a′
0 is disjoint from

F0. As a consequence, we see that b0 is a normal 1-manifold in ∂0N ∩N ′ that is disjoint
from N ′′; in particular, we have that ∂b0 ⊆ Ω0. Similarly, b1 is a normal 1-manifold in
∂1N ∩N ′ that is disjoint from N ′′; in particular, we have that ∂b1 ⊆ Ω1.

Well-definedness of σ1 and b′
1. The compressed system of boundary-parallel arcs σ1 is

constructed as in Proposition 4.8, in a way that will be made more explicit in the proof
of Proposition 4.11 below. In particular, by the first conclusion of Proposition 4.8, we
have that σ1 is effectively a compressed system of boundary-parallel arcs in ∂1N , and it
is compatible with b′

1. This implies that the augmentation b′′
1 of b′

1 by σ1 is well-defined
(up to normal isotopy). Also, the second conclusion of Proposition 4.8 ensures that we
can pick b′′

1 so that ↑(∂b′′
0) = ∂b′′

1 (recall that b′′
0 is an augmentation of b′

0 by σ0).

Well-definedness of ι0(a′
0 ∩ Fp) ∪ ι0(b0) and ι0(a′

0 ∩ Fp) ∪ ι0(b′′
0). Recall that b0 =

f−1
g ((a′

0)+); in particular, we have that |a′
0 ∩ e| = |b0 ∩ e′| whenever e is an edge of Fp ∩Fg

and e′ is an edge of ∂0N ∩N ′ with fg(e′) = e+. This implies that ι0(a′
0 ∩ Fp) and ι0(b0)

glue up in S0 to give a normal multicurve. By property (h.4), we have that

|a′
0 ∩ e| = |b0 ∩ e′| = |b′′

0 ∩ e′| (4.5)

whenever e is an edge of Fp ∩Fg and e′ is an edge of ∂0N ∩N ′ with fg(e′) = e+. Therefore,
the 1-manifolds ι0(a′

0 ∩ Fp) and ι0(b′′
0) glue up in S1 to give a normal multicurve.
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Well-definedness of ι1(a1 ∩ F ′
p) ∪ ι1(b1) and ι1(a1 ∩ F ′

p) ∪ ι1(b′′
1). Similarly to above,

since b1 = f−1
g (a−

1 ), we have that ι1(a1 ∩ F ′
p) and ι1(b1) glue up in S1 to give a normal

multicurve. Note that property (g.4) implies that |b0 ∩ e| = |b1 ∩ ↑(e)| for every edge e of
R contained in Ω0. Moreover, by the second conclusion of Proposition 4.8, we have that
|b′′

0 ∩ e| = |b′′
1 ∩ ↑(e)| for every edge e of R contained in Ω0. From these two observations,

it follows that b1 intersects each edge of Ω1 as many times as b′′
1 does. We conclude that

ι1(a1 ∩ F ′
p) and ι1(b′′

1) glue up in S1 to give a normal multicurve.

4.3.1 Existence

We now prove that every essential normal multicurve a0 in F admits a valid Certificate 2
for some normal multicurve a1 ⊆ F . We start with an elementary result, showing that
1-manifolds can be isotoped away from a collection of discs; we invite the reader to the
discussion in Section 4.1 to understand why this is necessary.

Proposition 4.9 (Avoiding forbidden discs). Let T be a triangulation of a compact
orientable surface F , and let D be a sub-2-complex of F such that thick(D) is a disjoint
union of discs, each of which intersects ∂F in a single (possibly empty) arc. Let a be a
normal 1-manifold in F such that ∂a is disjoint from D. Suppose that no component of
a is a curve bounding a disc or an arc cobounding a disc with a subarc of an edge of T .
Then there is a normal 1-manifold a′ in F such that:

(i) a′ is isotopic to a fixing ∂F ;

(ii) a′ is disjoint from D;

(iii) the weight of a′ satisfies the bound

w(a′) ⩽ w(a D) + 3|a ∩ ∂D| · area(clos(F D)).

Proof. Let F ′ = clos(F D), which is a sub-2-complex of F . We now describe an inductive
procedure that, at each step, reduces the number of components of a∩D, while increasing
the weight of a by at most a constant amount. Start by setting a0 = a. At the i-th
step, for i ⩾ 0, consider the general position 1-manifold ai properly embedded in F .
If ai is disjoint from D, then set a′′ = ai and stop the procedure. Otherwise, there is
a choice of thick(D) such that each component of ai ∩ thick(D) intersects D. Pick a
component b of ai ∩ thick(D) that is outermost in thick(D), in the sense that it cobounds
a disc E with a subarc of ∂F thick(D) such that the interior of E is disjoint from ai
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(a) (b)

Figure 4.6. (a) The arc b is a component of ai ∩ thick(D) that is outermost in thick(D).
(b) The arc b can be isotoped in thick(D) fixing ∂b to an arc b′ in thick(D) D.

(see Figure 4.6a). This component b is an arc properly embedded in thick(D), whose
endpoints lie on ∂F thick(D). Then the arc b can be isotoped in thick(D), fixing ∂b, to an
arc b′ ⊆ thick(D) D, such that int(b′) is disjoint from ai; this is depicted in Figure 4.6b.
Note that we can – and will – choose b′ so that it intersects each edge of F ′ at most
twice. Set ai+1 = (ai b) ∪ b′. We note that ai+1 is isotopic to ai fixing ∂F , and that
|ai+1 ∩ ∂D| ⩽ |ai ∩ ∂D| − 2. Moreover, since b′ intersects each edge of F ′ at most twice,
and there are at most 3 area(F ′) edges in F ′, we immediately get the bound

w(ai+1 D) ⩽ w(ai D) + 2 · 3 area(F ′). (4.6)

Since the quantity |ai ∩ ∂D| decreases by at least 2 at each step, the procedure
will eventually terminate. The final 1-manifold a′′ is in general position and properly
embedded in F . Moreover, it is isotopic to a fixing ∂F , and it is disjoint from D. Its
weight satisfies the bound

w(a′′) = w(a′′ D) since a′′ is disjoint from D

⩽ w(a D) + |a ∩ ∂D|
2 · 6 area(F ′) by (4.6)

= w(a D) + 3|a ∩ ∂D| · area(F ′).

Since a′′ is isotopic to a fixing ∂F , we see that no component of a′′ is a curve bounding a
disc in F ′, or an arc cobounding a disc in F ′ with a subarc of an edge of T . Therefore,
an application of Proposition 2.3 to the 1-manifold a′′ in the surface ab(F ′) yields the
desired normal 1-manifold a′.

The following proposition is the cornerstone of our monodromy certificate. Despite
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the statement being very natural, and probably unsurprising to experts, the proof is
more involved than one might expect. In fact, it requires introducing additional technical
concepts, and revising classical results of normal surface theory to introduce small
generalisations; it does not contain any novel ideas or clever arguments. Therefore, we
have chosen to defer the proof to Appendix A, so as not to disrupt the flow of the main
text.

Proposition 4.10 (Vertical surfaces with prescribed boundary). Let T be a suitable
pre-sutured triangulation of M = F × [0, 1] with t tetrahedra, where F is a compact
orientable surface. Let a be a normal 1-manifold in ∂0M ∪ ∂vM . Denote by a0 and av

the intersections of a with ∂0M and ∂vM respectively. Suppose that no component of
a0, seen as a 1-manifold in ∂0M , is a boundary-parallel arc or a curve bounding a disc;
moreover, suppose that av is vertical in ∂vM . Then there is a normal surface A in M

such that:

(i) A is a vertical surface in M ;

(ii) A ∩ (∂0M ∪ ∂vM) is isotopic to a in ∂0M ∪ ∂vM , fixing ∂∂hM ;

(iii) the weight of A is bounded by

w(A) ⩽ 29t+40 · w(a).

We are finally ready to describe the construction of the monodromy certificate. As
an aid to the reader, we have organised all the objects involved in this construction in
Figure 4.7; we recommend referring to it while reading the proof of Proposition 4.11
below.

Proposition 4.11 (Existence of Certificate 2). Let T be a triangulation of a compact
connected oriented fibred 3-manifold M , and let F be a transversely oriented connected
normal surface M , with a given Σfib ∈ S∗

fib(M,F ). Let a0 be a normal multicurve in F ,
no component of which bounds a disc in F . Then there is a normal multicurve a1 in F

such that S∗
mon(M,F,Σfib, a0, a1) is non-empty.

Proof. Denote by T ′ the triangulation of F .

Constructing c, c′, c′′, and a′
0. Let F ′ = Fg ∪F0. By Proposition 2.3, there is a normal

multicurve c in F satisfying the following properties:
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a0 c

c ∩ Fp

c′

c′′a′
0 b0

σ0

c0 b′
0

b′′
0

△(c ∩ Fp)

a1 c1 b1

σ1

b′
1

b′′
1

∪

∪

augment

augment

isotopy

− ∩ Fp

− ∩ F ′

isotopy

avoid D0

f−1
g

Prop. 4.7

Prop. 4.7

isotopy

△(−) ↑(−)

A

Prop. 4.8

avoid D1fg

φ

Figure 4.7. A useful diagram to follow the construction of the many objects involved
in the proof of Proposition 4.11. The arrow from a0 to a1 labelled φ has no relevance
in this construction, but it foreshadows the fact, proved in Proposition 4.12, that the
curve a1 is isotopic to the image of a0 under the monodromy φ of F .

• c is isotopic to a0 in F ;

• |c ∩ e| ⩽ |a0 ∩ e| for each edge e of T ′;

• there is no general position multicurve b in F isotopic to a0 such that |b∩e| ⩽ |c∩e|
for each edge e of T ′ and w(b) < w(c).

Consider the normal 1-manifold c′ = c ∩ F ′ in ab(F ′). Clearly, no component of c′ is a
curve bounding a disc in ab(F ′). Moreover, we claim that no component of c′ is an arc
cobounding a disc with a subarc of an edge in ∂ ab(F ′). In fact, if this were the case –
say that a component of c′ cobounds a disc with a subarc of an edge e ⊆ ∂ ab(F ′) – then
we could use this disc to construct an isotopy of c to a general position multicurve b in
F with b ∩ T ′(1) ⊆ c ∩ T ′(1) and |b ∩ e| < |c ∩ e|, contradicting the minimality of c.

We can then apply Proposition 4.9 to the 1-manifold c′ ⊆ ab(F ′) with forbidden region
thick(D0). The resulting 1-manifold c′′ ⊆ ab(F ′) is isotopic to c′ in ab(F ′) fixing Fg ∩Fp,
and it is disjoint from D0 – and, hence, from F0. In particular, note that no component
of c′′ is a curve bounding a disc in ab(F ′) or an arc cobounding a disc with a subarc of
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an edge in ∂ ab(F ′). Then, we take a′
0 = (c ∩ Fp) ∪ c′′; since a0 is isotopic to c, we easily

see that it is isotopic to a′
0 as well. This guarantees that properties (g.2) and (g.3) are

satisfied.

Constructing c0 and σ0. Note that b0 = f−1
g ((c′′)+). By Proposition 3.11, there is a

map ∂0N → Fg ∪F+
0 that agrees with fg on ∂0N ∩N ′, and restricts to a homeomorphism

on the interior of ∂0N . As a consequence, no component of b0 is a curve bounding a disc
in ∂0N or an arc cobounding a disc with a subarc of an edge in ∂∂0N .

We can then apply Proposition 4.7 to obtain a normal 1-manifold c0 in ∂0N and a
compressed system of boundary-parallel arcs σ0, such that:

• no component of c0 is a curve bounding a disc or a boundary-parallel arc;

• σ0 is compatible with c0;

• the augmentation of c0 by σ0 is isotopic to b0 fixing Ω0.

Recall that ∂b0 ⊆ Ω0; this immediately implies that property (h.3) holds, and moreover
that ∂c0 ⊆ Ω0.

Constructing cv and A. We construct a normal 1-manifold cv in ∂vN as follows. For
each point x ∈ ∂c0, we take a normal arc in Ω[0,1] that intersects the 1-skeleton of R
exactly three times, with endpoints x and ↑(x); note that this is possible because Ω[0,1] is
square-tiled. We call the union of these |∂c0| arcs cv, noting that they can be chosen to
be pairwise disjoint.

By construction, no component of c0 is a curve bounding a disc or a boundary-parallel
arc. Therefore, we can apply Proposition 4.10 to the 1-manifold c0 ∪ cv ⊆ ∂N , to obtain a
vertical normal surface A in N such that A∩∂0N is isotopic to c0 fixing Ω0, and A∩∂vN

is isotopic to cv fixing ∂∂hN . Recalling that b′
i = A ∩ ∂iN for i ∈ {0, 1}, it is immediate

to check that properties (h.1) and (h.5) to (h.8) are satisfied.
Since ∂c0 = ∂b′

0 and σ0 is compatible with c0, we deduce that it is also compatible
with b′

0 (property (h.2)). Moreover, the 1-manifolds c0 and b′
0 are isotopic in ∂0N fixing

Ω0; by Proposition 4.6, this implies that the two augmentations b′′
0 and b0 are isotopic

in ∂0N fixing Ω0 (in particular, note that ∂b′′
0 ⊆ Ω0, and that property (h.4) holds). By

means of the quotient map ι0, this isotopy can be translated to an isotopy of S0 that is
the identity outside ι(∂0N); the isotopy witnesses that property (i.1) holds.

105



Constructing b1, c1 and a1. We want to apply Proposition 4.9 to the normal 1-manifold
b′′

1 ⊆ ∂1N with forbidden region thick(D1). By Proposition 4.8, we see that if a component
of b′′

1 were a curve bounding a disc, or an arc cobounding a disc with a subarc of an
edge in ∂∂1N , then there would be a component of b′′

0 that is a curve bounding a disc
or an arc cobounding a disc with a subarc of an edge in ∂∂0N ; this is impossible, since
b′′

0 is isotopic to b0 in ∂0N fixing Ω0. Additionally, note that D1 is disjoint from Ω1 by
property (d.6). Therefore, we can apply Proposition 4.9 to obtain a normal 1-manifold
b1 in ∂1N that is isotopic to b′′

1 fixing Ω1 and is disjoint from D1. Similarly to above, this
isotopy can be translated to an isotopy of S1 that witnesses property (i.2).

Since b1 is disjoint from D1, by property (d.5) we deduce that it lies in the domain of
fg; in particular, there exists a normal 1-manifold c1 in F ′

g such that

c−
1 = fg(b1).

Note that, for every edge e of Fg ∩ Fp, we have that

|a′
0 ∩ e| = |b0 ∩ e′| = |b′′

0 ∩ e′| = |b′′
1 ∩ ↑(e′)| = |b1 ∩ ↑(e′)| = |c1 ∩ △(e)|,

where e′ is the edge of R such that fg(e′) = e+. Therefore,

a1 = △(a′
0 ∩ Fp) ∪ c1

is a normal multicurve in F . It satisfies property (g.4) by definition, and property (g.5)
because fg(b1) is disjoint from F−

1 .

Quantitative bounds. Let t be the number of tetrahedra of T . We bound the
complexities of all the objects we constructed. Recall that |c ∩ e| ⩽ |a0 ∩ e| for each
edge e of T (in particular, we have that supp(c) ⊆ supp(a0)). Therefore, when we apply
Proposition 4.9 to obtain c′′, we have the bound

w(c′′) ⩽ w(c′ D0) + 3|c′ ∩ ∂D0| · area(clos(F ′ D0)) by Proposition 4.9
⩽ w(c′ D0) + 3|c′ ∩ ∂D0| · area(Fg) since F ′ D0 ⊆ Fg

⩽ w(c′ D0) + 96t · |c′ ∩ ∂D0| by property 8 of Proposi-
tion 3.6

= w(c′ D0) + 96t · |c ∩ ∂D0| since c′ = c ∩ F ′

⩽ w(c′ D0) + 96t · w(c ∩ Fg) since c ∩ ∂D0 ⊆ Fg
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⩽ w(c′ D0) + 96t · w(a0 ∩ Fg) by minimality of c. (4.7)

We deduce that

w(a′
0) = w(c F ′) + w(c′′) since a′

0 = (c F ′) ∪ c′′

⩽ w(c F ′) + w(c′ D0) + 96t · w(a0 ∩ Fg) by (4.7)
= w(c D0) + 96t · w(a0 ∩ Fg) since c′ = c ∩ F ′

⩽ w(c) + 96t · w(a0 ∩ Fg)
⩽ w(a0) + 96t · w(a0 ∩ Fg) by minimality of c (4.8)

and

area(supp(a′
0)) ⩽ area(supp(c ∩ Fp)) + area(supp(c′′)) since a′

0 = (c ∩ Fp) ∪ c′′

⩽ area(supp(c)) + area(Fg) since c′′ ⊆ Fg

⩽ area(supp(a0)) + 32t by property 8 of Proposition 3.6
and minimality of c.

In particular, we see that property (j.1) holds.
Since b0 = f−1

g ((c′′)+), we have that

w(b0) = w(c′′) since fg is simplicial
⩽ w(c′ D0) + 96t · w(a0 ∩ Fg) by (4.7)
⩽ w(c ∩ Fg) + 96t · w(a0 ∩ Fg) since c′ = c ∩ F ′

⩽ 97t · w(a0 ∩ Fg) by minimality of c. (4.9)

Recall that c0 and σ0 are obtained from b0 by means of Proposition 4.7. As a
consequence, we have the bounds

w(c0) ⩽ w(b0) ⩽ 97t · w(a0 ∩ Fg), (4.10)
w(σ0) ⩽ |∂b0| ⩽ w(b0) ⩽ 97t · w(a0 ∩ Fg). (4.11)

In particular, note that property (j.3) is satisfied.
Moving on to cv, it is clear from the definition that

w(c0 ∪ cv) = w(c0) + 2|∂c0| ⩽ 3w(c0) ⩽ 291t · w(a0 ∩ Fg). (4.12)
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The normal surface A is constructed from c0 ∪ cv by means of Proposition 4.10. Recalling
that R has at most 936t tetrahedra by property (e.2), we deduce that

w(A) ⩽ 29·936t+40 · w(c0 ∪ cv) by Proposition 4.10
⩽ 28425t+48 · w(a0 ∩ Fg) by (4.12).

This guarantees that property (j.4) is satisfied.
Finally, we need to give an upper bound for the weight of a1. We start by noting

that w(b′
1) ⩽ w(A) (since b′

1 = A ∩ ∂1N) and w(σ1) = w(σ0) (by the first conclusion of
Proposition 4.8). Therefore, we can bound the weight of b′′

1 by

w(b′′
1) ⩽ w(b′

1) + 2 area(∂1N) · w(σ1) by Remark 4.3
⩽ w(A) + 2 area(∂1N) · w(σ0)
⩽ (28425t+48 + 2 · 2808t · 97t) · w(a0 ∩ Fg) by property 9 of Proposi-

tion 3.6 and (4.11)
⩽ 28425t+49 · w(a0 ∩ Fg) by elementary algebra. (4.13)

Recall that b1 is obtained from b′′
1 by means of Proposition 4.9. Therefore, we have the

bound

w(b1) ⩽ w(b′′
1 D1) + 3|b′′

1 ∩ ∂D1| · area(clos(∂1N D1)) by Proposition 4.9
⩽ w(b′′

1) + 3w(b′′
1) · area(∂1N)

⩽ 8425t · w(b′′
1) by property 9 of Proposi-

tion 3.6
⩽ 28426t+62 · w(a0 ∩ Fg) by (4.13). (4.14)

Since fg(b1) = c−
1 and fg is simplicial, we have that w(c1) = w(b1). Finally, since

a1 = △(a′
0 ∩ Fp) ∪ c1 and △ is a simplicial isomorphism, we conclude that

w(a1) ⩽ w(△(a′
0 ∩ Fp)) + w(c1)

= w(a′
0 ∩ Fp) + w(b1)

⩽ w(a′
0) + w(b1)

⩽ w(a0) + (96t+ 28426t+62) · w(a0 ∩ Fg) by (4.8) and (4.14)
⩽ w(a0) + 28426t+63 · w(a0 ∩ Fg) by elementary algebra
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and

area(supp(a1)) ⩽ area(supp(△(a′
0 ∩ Fp))) + area(supp(c1))

⩽ area(supp(a′
0 ∩ Fp)) + area(F ′

g) since c1 ⊆ F ′
g

⩽ area(supp(c)) + 32t by Proposition 2.10
⩽ area(supp(a0)) + 32t by minimality of c,

as required by property (j.2).

4.3.2 Correctness

We prove that, whenever two normal multicurves a0 and a1 in F admit a certificate in
S∗

mon(M,F,Σfib, a0, a1), then a1 is isotopic to the image of a0 under the monodromy of
F .

Proposition 4.12 (Correctness of Certificate 2). Let M be a triangulated compact
connected oriented 3-manifold, let F be a transversely oriented connected normal surface
in M , and let Σfib ∈ S∗

fib(M,F ). Let a0 and a1 be normal multicurves in F , and let
Σ ∈ S∗

mon(M,F,Σfib, a0, a1) be a certificate. Recall that M ′ is homeomorphic to F × [0, 1]
as a pre-sutured manifold by Proposition 3.11. Then there is a vertical surface A′ properly
embedded in M ′ such that A′ ∩ ∂hM

′ = a+
0 ∪ a−

1 .

Proof. Let MN = X∪N +(F0)∪N +(F1), with the pre-sutured manifold structure defined
in Proposition 3.11. By Proposition 3.11, the simplicial map fg : N ′ → X extends to a
map f : N → MN of pre-sutured manifolds, such that f restricts to a homeomorphism
int(N) → int(MN). Let f+ : ∂0N → Fg ∪ F0 be the map defined by (f+(x))+ = f(x).
By (4.5), it follows that

a′′
0 = (a′

0 ∩ Fp) ∪ f+(b′′
0)

is a multicurve in F ; we claim that a′′
0 is isotopic to a0 in F . Define a homeomorphism

g : F → S0 by
g|Fp = ι0|Fp and g|Fg∪F0 ◦ f+ = ι0|∂0N .

It is immediate from the definitions that

g(a′
0) = ι0(a′

0 ∩ Fp) ∪ ι0(b0) and g(a′′
0) = ι0(a′

0 ∩ Fp) ∪ ι0(b′′
0).

From property (i.1), we deduce that g(a′
0) and g(a′′

0) are isotopic in S0, and hence that
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a′
0 and a′′

0 are isotopic in F . Property (g.2) then implies that a′′
0 is isotopic to a0 in F .

Similarly, let f− : ∂1N → F ′
g ∪ F1 be the map defined by (f−(x))− = f(x). As in the

previous paragraph, we find that

a′
1 = (a1 ∩ F ′

p) ∪ f−(b′
1)

is isotopic to a1 in F .
Finally, we show how to construct a properly embedded vertical surface A′′ in M ′

such that A′′ ∩ ∂hM
′ = (a′′

0)+ ∪ (a′
1)−; since a′′

0 is isotopic to a0 and a′
1 is isotopic to a1,

this will complete the proof. The surface A′′ will be the union of two surfaces Ap and
AN . The surface Ap is a vertical surface in N +(Fp) such that Ap ∩ ∂0M

′ = (a′
0 ∩ Fp)+

and Ap ∩ ∂1M
′ = (a1 ∩ F ′

p)−, and moreover such that x+ and (△(x))− are endpoints
of a component of Ap ∩ MN for each point x ∈ a′

0 ∩ Fp ∩ Fg; such a surface exists by
property (g.4) and property 2 of Proposition 3.6.

To construct AN , we first show that we are in a position to apply Proposition 4.8.
In fact, we have that R is a suitable pre-sutured triangulation of N ∼= G × [0, 1], and
Ω0 is a simplicial sub-1-manifold of ∂∂0N . We know that the restriction of R to ∂hN

is flapless by property (b.3), and that the restriction of R to Ω[0,1] is square-tiled. The
normal surface A is vertical in N by property (h.1), and we have that b′′

i = Ai ∩ ∂iN for
i ∈ {0, 1}. Properties (h.2), (h.3), and (h.6) to (h.8) ensure that the additional conditions
of Proposition 4.8 are satisfied. Therefore, we can conclude that there is a vertical surface
A′′′ properly embedded in N such that A′′′ ∩ ∂iN = b′′

i for i ∈ {0, 1}, and x and ↑(x) are
endpoints of a component of A′′′ ∩ ∂vN for each point x ∈ ∂b′′

0. In fact, up to isotopy, we
can assume that fg(A′′′ ∩ ∂vN) = Ap ∩MN .

In conclusion, we set AN = f(A′′′). The surfaces Ap and AN glue along their common
boundary in N +(Fp) ∩ MN to give a properly embedded surface A′′ in M ′. From the
construction, it follows that A′′ ∩ ∂hM

′ = (a′′
0)+ ∪ (a′

1)−. Moreover, we have that A′′ is
vertical in M ′ by Proposition 3.11, since Ap is vertical in N +(Fp) and AN is vertical in
MN .

4.3.3 Verification

We prove that the validity of a certificate Σ ∈ Smon(M,F,Σfib, a0, a1) can be verified in
polynomial time in the size of the certificate and the Euler characteristic of F .

Proposition 4.13 (Verification of Certificate 2). There is an algorithm that takes as
input
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• a triangulation of a compact connected oriented 3-manifold M ,

• a transversely oriented connected normal surface F in M ,

• a valid certificate Σfib ∈ S∗
fib(M,F ),

• normal multicurves a0 and a1 in F , and

• a certificate Σ ∈ Smon(M,F,Σfib, a0, a1),

and decides whether Σ ∈ S∗
mon(M,F,Σfib, a0, a1). The running time of the algorithm is

polynomial in |Σ| and |χ(F )|.

Proof. As usual, we will refrain from discussing the properties that can be trivially
verified by direct inspection or by a straightforward application of the algorithms listed
in Section 2.4. Moreover, we remark that all the auxiliary objects defined in Certificate 2,
except for S0, ι0, S1, and ι1, can be explicitly constructed in polynomial time in |Σ|.

Properties (g.). Property (g.1) can be verified as follows: we first apply Proposi-
tion 2.19 to retriangulate F with a number of triangles that is polynomial in |χ(F )|
and area(supp(a0)), exactly as we did in the proof of Proposition 2.20; then, we use
Proposition 2.13 (applied to the new triangulation of F ) to obtain the list of components
of a0; finally, we check that none of these components is a curve bounding a disc in
F , by means of Proposition 2.14. Verifying property (g.2) is a straightforward applica-
tion of Proposition 2.20. Properties (g.3) and (g.5) can be easily verified by means of
Proposition 2.18. Property (g.4) can be checked by direct inspection.

Properties (h.). Properties (h.1) and (h.5) can be verified simultaneously thanks to
Proposition 3.5. Properties (h.2) to (h.4), (h.6), and (h.7) can be checked by direct
inspection. Finally, in order to verify property (h.8), we perform the following two steps.
First, we use the algorithm of Proposition 2.13 to check that all components of A ∩ ∂vN

are arcs with one endpoint on ∂0N and the other on ∂1N . Then, assuming that A∩∂vN is
non-empty, we pick an arbitrary point x ∈ ∂b′

0, we find the point x′ = ↑(x), and we check
that x and x′ are endpoints of a component of A ∩ ∂vN . This can be done by using the
“orbit-tracking” trick described in the proof of Proposition 2.16. To be concrete, we run
the algorithm of Proposition 2.13 on A ∩ ∂vN again, but with an additional coordinate
in the weight function; we set this coordinate to 1 for the normal arcs containing x and
x′, and to 0 for all other normal arcs. The points x and x′ belong to the same component
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of A ∩ ∂vN if and only if the algorithm outputs an orbit with weight having the value 2
on the additional coordinate.

Properties (i.). We only discuss property (i.1), as property (i.2) is perfectly analogous.
We start by applying Proposition 2.19 to the normal surface F and its sub-2-complex
supp(a′

0)∪Fg. The algorithm outputs a triangulated surface H, a sub-2-complex H0 of H,
and a simplicial isomorphism h : supp(a′

0)∪Fg → H0, which extends to a homeomorphism
h : F → H; the number of triangles of H is O(|Σ| + |χ(F )|). It is then easy to construct
the sub-2-complex H ′ = f(Fp) of H, by removing from H the triangles in h(Fg) and then
keeping the components that intersect f(Fp ∩ Fg). Consider the triangulated surface

S ′
0 = H ′ ⊔ ∂0N⧸{h(x) ∼ y : x ∈ Fp, y ∈ ∂0N ∩N ′, x+ = fg(y)},

where the triangulation is induced by those of H ′ and ∂0N , and let ι′0 : H ′ ⊔ ∂0N → S ′
0

be the quotient map. Unlike their counterparts S0 and ι0, the surface S ′
0 and the map

ι′0 can be explicitly constructed in polynomial time in |Σ| and |χ(F )|. Moreover, the
homeomorphism Fp ⊔∂0N → H ′ ⊔∂0N obtained by gluing h|Fp : Fp → H ′ and the identity
∂0N → ∂0N induces a homeomorphism on the quotient surfaces S0 → S ′

0. It is then clear
that the normal multicurves ι0(a′

0 ∩Fp) ∪ ι0(b0) and ι1(a′
0 ∩Fp) ∪ ι0(b′′

0) are isotopic in S1

if and only if the normal multicurves ι′0(h(a′
0 ∩ Fp)) ∪ ι′0(b0) and ι′0(h(a′

0 ∩ Fp)) ∪ ι′0(b′′
0)

are isotopic in S ′
0. The latter can be verified by means of [21, Theorem 1.2].

Properties (j.). These conditions are just inequalities, which can be verified directly.
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Chapter 5

Certifying hyperbolicity

5.1 Outline of the certificate
In this final chapter, building on the certificate for the monodromy developed in Chapter 4,
we will show how to certify hyperbolicity of fibred 3-manifolds. To clarify, we say that a
compact 3-manifold is hyperbolic if its interior admits a complete finite-volume hyperbolic
metric. For fibred 3-manifolds, hyperbolicity can be directly inferred from the monodromy
of a fibre, thanks to Thurston’s hyperbolisation theorem, which we state below.

A mapping class of a compact orientable surface F is said to be:

• periodic if it has finite order in Mcg(F );

• reducible if it preserves an essential multicurve in F up to isotopy;

• pseudo-Anosov otherwise.

This trichotomy is known as the Nielsen-Thurston classification of mapping classes; see
[8, Exposé 9]. A celebrated theorem of Thurston states that the geometry of a fibred
3-manifold is determined by the Nielsen-Thurston type of its monodromy.

Theorem 5.1 (Thurston’s hyperbolisation for fibred 3-manifolds, [29]). Let M be a
compact orientable 3-manifold that fibres over the circle with fibre F . Then M is hyperbolic
if and only if χ(F ) < 0 and the monodromy of F is pseudo-Anosov.
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The tools we have developed so far allow us to certify that a given surface F in a
compact orientable 3-manifold M is a fibre of M . Moreover, given two essential curves
a0 and a1 in F , we can certify that a1 is the image of a0 under the monodromy φ of
F . In this chapter, we will describe how to employ these tools to certify that φ is
pseudo-Anosov, and therefore that M is hyperbolic.

It is not surprising that understanding the action of φ on curves in F is enough to
decide the Nielsen-Thurston type of φ. The main issue is quantifying how many iterations
of φ we need to look at in order to establish whether φ is pseudo-Anosov or not. An
effective bound for this number can be obtained by studying the action of φ on the
curve graph of F (see Section 5.2 for more details). In particular, for a fixed essential
curve a0 in F , it turns out that the distance dn in the curve graph of F between a0

and φn(a0) grows linearly in n when φ is pseudo-Anosov, and remains bounded when
φ is periodic or reducible. These statements can be made precise and quantitative (see
Proposition 5.4). This implies that, for sufficiently large n, there is a threshold D such
that φ is pseudo-Anosov if and only if dn > D. This threshold is explicitly computable
in terms of F , a0, and φ.

In our setting, where F is a (least-weight) fibre of M , the essential normal curve a0 ⊆ F

is given as part of the certificate. Thanks to the monodromy certificate of Chapter 4, we
can also provide normal curves a1, . . . , an in F , together with certificates showing that
each ai is the image of ai−1 under φ. Under these assumptions, we can quantify how
large n needs to be in order to certify that φ is pseudo-Anosov: the bound turns out to
be polynomial in |χ(F )| and linear in the size t of the triangulation of F . The threshold
D has the same dependence on |χ(F )| and t.

All that is left, therefore, is to compute the distance dn between a0 and an in the
curve graph of F . There is a wealth of algorithms that can achieve this, including a
recent algorithm by Bell and Webb presented in [5]. This algorithm has the advantage of
running in polynomial time in the logarithms of the weights of a0 and an. However, the
dependence of the running time on the Euler characteristic of F is at least exponential,
which is incompatible with our goal of certifying hyperbolicity in polynomial time in
|χ(F )|. In order to overcome this issue, in [4] we have developed a new algorithm that
runs in polynomial time in the logarithms of the weights of a0 and an, but also in the
Euler characteristic of F . Its output is not quite the distance dn, but rather an estimate
of dn up to additive and multiplicative error. To account for this error, the values of n
and D need to be adjusted. However, since the error term is polynomial in |χ(F )|, the
new values are still polynomial in |χ(F )| and linear in t.
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To summarise, we provide normal curves a0, . . . , an in F as a certificate, with auxiliary
instances of Certificate 2 to prove that these curves are iterates of a0 under the monodromy
φ; the integer n is polynomial in |χ(F )| and linear in t – see Certificate 4 for the exact
value. In order to verify the certificate, one should run the distance estimate algorithm
(stated in Proposition 5.5) on the curves a0 and an, and check that the output is greater
than the adjusted threshold – which can also be computed explicitly, see Certificate 4
again.

One important point to make is that all the quantities we have discussed and the running
times of the algorithms we employ depend on |χ(F )|; the dependence is polynomial –
and we have taken great care to ensure this – but it cannot be ignored. Since the Euler
characteristic of a fibre can, in general, be exponential in the size of the triangulation of
M , our final result will be that the hyperbolicity of a fibred 3-manifold can be certified
in polynomial time in the size of the triangulation and in the Euler characteristic of
a fibre. However, the natural measure of complexity of a fibred 3-manifold is simply
the size of its triangulation, which is why we cannot claim to have placed the problem
Hyperbolicity detection for fibred 3-manifolds in NP.

To phrase our result in terms of the complexity class NP (which is convenient for
providing a statement that is both precise and concise), we have to include the Euler
characteristic of the fibre in the size of the input; this explains why our statement of
Theorem 5.18 is less natural than one might expect. A convenient situation in which
this exploit is not necessary is when the input 3-manifold is the complement of a knot in
the 3-sphere, which is described by a diagram with n crossings. In this case – assuming
that the knot is fibred – the Euler characteristic of the fibre is guaranteed to be at
least −n. The exterior of the knot can be triangulated with O(n) tetrahedra; therefore,
our certificate for hyperbolicity can then be verified in polynomial time in n. Since n
is also the natural measure of size of the input, we can then claim that the problem
Hyperbolicity detection for fibred knots is in NP.

There are two caveats to this overview. The first one is almost inconsequential, but
it must be addressed. The algorithm of [4] does not work when F is a torus with one
boundary component or a sphere with 4 boundary components. However, for these two
“low-complexity” surfaces, one can decide whether a mapping class is pseudo-Anosov with
a much simpler procedure, that does not involve the curve graph at all. In Proposition 5.2,
we show that knowing the intersection numbers between a0 and a1 and between a0 and
a2 is enough to decide whether φ is pseudo-Anosov.

The second issue is more substantial. We have not mentioned this, but the values of n

115



and D – and hence the running times of the algorithms we use to certify hyperbolicity
– also depend on the weight of a0. Therefore, our ability to certify hyperbolicity in
polynomial time hinges on the existence of an essential curve a0 ⊆ F with polynomial
weight in the parameters t and |χ(F )|. This fact is surprisingly hard to establish. Bounds
on the “combinatorial injectivity radius” – that is, the smallest possible weight of an
essential curve – of normal surfaces have appeared in the literature (see [6, Theorem 7.7]
for instance), but not with the polynomial dependence that we need. A large portion
of this chapter is devoted to proving that an essential curve a0 with polynomial weight
does indeed exist. Our proof only works in the case where the normal surface F is a
least-weight fibre of a hyperbolic 3-manifold, which is precisely the case we are interested
in. Unexpectedly, the argument relies on a variation of our monodromy certificate; we
refer the reader to the beginning of Section 5.4 for a short outline of the proof.

The rest of this chapter is organised as follows. In Section 5.2, we describe the
quantitative criteria to decide whether a mapping class is pseudo-Anosov, both in the
low-complexity case (Proposition 5.2) and in the general case (Proposition 5.4); we
then adapt the distance estimate algorithm of [4] to the setting of fibred 3-manifolds in
Proposition 5.5. Sections 5.3 and 5.4 are devoted to showing the existence of a polyno-
mial-weight essential curve in least-weight fibres of hyperbolic 3-manifolds. In Section 5.5,
we describe in detail our certificate for hyperbolicity, both in the low-complexity case
and in the general case. Finally, we conclude with Section 5.6, that contains the precise
statement of our main result on certifying hyperbolicity of fibred 3-manifolds, as well as
a brief discussion of the case of fibred knots.

5.2 Pseudo-Anosov detection
On surfaces of low complexity, namely the torus with one boundary component and the
sphere with 4 boundary components, deciding if a mapping class is pseudo-Anosov is
exceptionally easy. The following proposition provides a simple criterion based exclusively
on computations of intersection numbers.

Proposition 5.2 (Criterion for the Nielsen-Thurston classification on low-complexity
surfaces). Let F be either a torus with one boundary component, or a sphere with 4
boundary components. Let φ ∈ Mcg(F ) be a mapping class, and let a be an essential
curve in F . Then φ is pseudo-Anosov if and only if

i(a, φ2(a)) > 2i(a, φ(a)).
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Proof. The key ingredient of this proof is the following algebraic identity. Let

P =
 0 1

−1 0

 ,
let A be any 2 × 2 matrix, and let x ∈ Z2. Then we have that

xtPA2x = tr(A)xtPAx, (5.1)

where tr(A) denotes the trace of A; this is a consequence of the identities

A2 = tr(A)A − det(A)I and xtPx = 0,

where I is the identity matrix.

When F is a torus with one boundary component. Upon fixing a basis of
H1(F ;Z) ∼= Z2, consisting of two curves intersecting once, there is an identification of
Mcg(F ) with SL(2,Z) given by the action of the mapping class group on H1(F ;Z). Given
two essential curves a1 and a2 in F , whose homology classes correspond to x1 and x2 in
Z2, the intersection number between a1 and a2 is given by

i(a1, a2) = |xt
1Px2|.

Finally, if A ∈ SL(2,Z) is the matrix describing the action of φ on H1(F ;Z), then it is
well-known that φ is pseudo-Anosov if and only if |tr(A)| > 2.

Now, let x ∈ Z2 correspond to the homology class of a. If i(a, φ(a)) = 0 then φ(a) is
isotopic to a, and the claim in the statement is trivially true. Otherwise, it follows from
(5.1) that

i(a, φ2(a))
i(a, φ(a)) =

∣∣∣∣∣xtPA2x
xtPAx

∣∣∣∣∣ = |tr(A)|,

which is greater than 2 if and only if φ is pseudo-Anosov.

When F is a sphere with 4 boundary components. Let T be a torus with four
boundary components, and let T̂ be the torus obtained by capping off each boundary
component of T with a disc. [7, §2.2.5] describes a 2-sheeted covering map π : T → F

induced by the hyperelliptic involution ι : T̂ → T̂ . For every essential curve b ⊆ F , this
covering map has the property that π−1(b) is the union of two curves in T that are
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isotopic in T̂ . Moreover, every essential curve b ⊆ T can be isotoped so that π(b) is an
essential curve in F .

Let φ̃ : T → T be a lift of φ to T , and let φ̂ : T̂ → T̂ be the unique completion (up to
isotopy) of φ̃ to T̂ . By the one-to-one correspondence between essential curves in F and
in and T̂ discussed above, it is easy to see that a power of φ̂ preserves an essential curve
in T̂ up to isotopy if and only if a power of φ preserves an essential curve in F up to
isotopy. We conclude that φ is pseudo-Anosov if and only if φ̂ is Anosov.

Let b be any essential curve in F , and suppose that b is in minimal position with a.
Let ã = π−1(a) and b̃ = π−1(b); denote by â and b̂ the multicurves ã and b̃ considered
as multicurves in T̂ . It is easy to see that â and b̂ are in minimal position in T̂ . In
fact, unless a and b are isotopic, every complementary region of a ∪ b in F is a bigon
minus an open disc, which lifts to a quadrilateral minus an open disc in T ; it follows that
every complementary region of â ∪ b̂ in T̂ is a quadrilateral – in particular, not a bigon.
Therefore, we have proved that

i(â, b̂) = 2i(a, b). (5.2)

By the previous case, we know that φ̂ is Anosov if and only if

i(â, φ̂2(â)) > 2i(â, φ̂(â))

(the absence of a boundary component in T̂ and the fact that â is a multicurve do not
affect the argument carried out in the previous case). By (5.2), this is equivalent to

i(a, φ2(a)) > 2i(a, φ(a)),

which concludes the proof.

For arbitrary surfaces, criteria for deciding if a mapping class is pseudo-Anosov are
necessarily more sophisticated. A combinatorial tool that has proved extremely useful
to this end is the curve graph. Introduced by Harvey in [12], the curve graph C(F ) of a
compact connected orientable surface F with χ(F ) < 0 is a graph with vertices given
by the isotopy classes of essential curves in F , and edges given by pairs of classes of
curves that can be realised disjointly; when F is a torus with one boundary component
or a sphere with 4 boundary components, the condition for two vertices to be adjacent
is relaxed to require that the two isotopy classes of curves admit representatives that
intersect once or twice respectively. For two essential curves a and b in F , we denote by
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distC(F )(a, b) the combinatorial length of a shortest path in C(F ) connecting the vertices
corresponding to a and b; this number is well-defined, since the curve graph can be
shown to be connected. In fact, there is an explicit bound on distC(F )(a, b) in terms of
the intersection number i(a, b), as given by Hempel in [14, Lemma 2.1] (see [34, Lemma
1.21] for a proof in the case of non-empty boundary).

Proposition 5.3 (Bounding distance in the curve graph with intersection number). Let
F be a compact connected orientable surface with χ(F ) < 0. Let a and b be essential
curves in F with i(a, b) ⩾ 1. Then

distC(F )(a, b) ⩽ 2 log i(a, b) + 2.

The seminal work [27] of Masur and Minsky established a deep connection between the
geometry of the curve graph and the Nielsen-Thurston classification of mapping classes,
by showing that C(F ) is a Gromov-hyperbolic space, and that pseudo-Anosov mapping
classes are precisely those that act loxodromically on C(F ). This justifies the following
proposition, which provides criteria for the Nielsen-Thurston classification of mapping
classes in terms of distances in the curve graph. These criteria are not new: the bound
on periodic mapping classes is an easy consequence of the Nielsen realisation theorem of
[19]; the bound on reducible mapping classes follows from Masur and Minsky’s bounded
geodesic image theorem, and its effective version [40, Theorem 4.2.1] by Webb; the bound
on pseudo-Anosov mapping classes is proved by Gadre and Tsai in [10]. However, in the
proof below we reference [4], where these results have been collected and proved in detail.

Proposition 5.4 (Quantitative criteria for the Nielsen-Thurston classification). Let F
be a compact connected orientable surface with χ(F ) < 0. Let φ ∈ Mcg(F ) be a mapping
class, and let a be an essential curve in F . For h ⩾ 1, denote by D(h) the integer

D(h) = max{distC(F )(a, φj(a)) : 1 ⩽ j ⩽ h}.

Then the following hold for every j ⩾ 0.

• If φ is periodic, then we have that

distC(F )(a, φj(a)) ⩽ D(6|χ(F )|).

• Suppose that χ(F ) ⩽ −2 and that F is not a sphere with 4 boundary components;
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if φ is reducible, then we have that

distC(F )(a, φj(a)) ⩽ 2D(49 572|χ(F )|3) + 2.

• If φ is pseudo-Anosov, then we have that

162χ(F )2 · distC(F )(a, φj(a)) ⩾ j.

Proof. If φ is periodic, then by [4, Proposition 4.1] its order in Mcg(F ) is at most 6|χ(F )|;
the desired inequality then follows immediately from the fact that the action of φ on C(F )
is an isometry. If φ is pseudo-Anosov, then the inequality in the statement is proved
in [4, Proposition 4.5]. Finally, if φ is reducible, then a relevant bound is proved in [4,
Proposition 4.6]. This proposition states that there is an integer 1 ⩽ h0 ⩽ Cred such that

distC(F )(a, φh0·h(a)) ⩽ distC(F )(a, φh0(a)) + 2

for each h ⩾ 0. The constant Cred is computed explicitly in [4] in terms of a measure of
complexity ξ of the surface F . More precisely, the quantity ξ is defined as 3g−3+p, where
g is the genus of F and p is the number of boundary components of F . In particular, we
easily see that ξ ⩽ 3/2 · |χ(F )|. We can then compute the constant Cred as

Cred = 2(100 + 2) · 162χ(F )2 · ξ ⩽ 49 572|χ(F )|3.

Any integer j ⩾ 0 can be written as j = h0 ·h+k for some integers h ⩾ 0 and 0 ⩽ k < h0.
We immediately get that

distC(F )(a, φj(a)) ⩽ distC(F )(a, φh0·h(a)) + distC(F )(a, φk(a))
⩽ distC(F )(a, φh0(a)) + 2 + distC(F )(a, φk(a))
⩽ 2D(Cred) + 2.

If we want to use the criteria of Proposition 5.4 to certify hyperbolicity of fibred
3-manifolds, we need to be able to efficiently compute distances in the curve graph of the
fibre. The crucial ingredient for this is [4, Corollary 3.12], which provides an algorithm
to coarsely compute the distance in the curve graph between two curves, with running
time that is polynomial in the logarithms of the weights of the curves and, importantly,
in the Euler characteristic of the surface.
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Proposition 5.5 (Coarse computation of distances in the curve graph of a normal
surface). There is an algorithm that takes as input

• a triangulation of a compact orientable 3-manifold M with t tetrahedra,

• a connected orientable normal surface F in M with χ(F ) ⩽ −2 that is not a sphere
with 4 boundary components, and

• two essential normal curves a and b in F ,

and outputs an integer d ⩾ 0 such that

d ⩽ distC(F )(a, b) ⩽ 1313|χ(F )| · d+ 3 727 496|χ(F )|3.

The running time of the algorithm is polynomial in t, |χ(F )|, area(supp(a)), area(supp(b)),
logw(a), and logw(b).

Proof. A standard application of Proposition 2.19 reduces the problem to the computation
of the distance in C(G) between two normal curves a′ and b′ in G, where G is a triangulated
surface homeomorphic to F ; the size of the triangulation of G is bounded above by

22(area(supp(a)) + area(supp(b))) − 3χ(F ),

and moreover w(a′) = w(a) and w(b′) = w(b). The algorithm of [4, Corollary 3.12]
requires the input surface to be triangulated as a one-vertex triangulation (if it is closed)
or an ideal triangulation (if it has boundary). A one-vertex triangulation is simply a
triangulation with a single vertex; an ideal triangulation of G is a triangulation of a
surface G′ such that removing open discs around the vertices of G′ yields a surface
homeomorphic to G. Therefore, in order to apply [4, Corollary 3.12], we need an
additional pre-processing step to convert the triangulation of G into a one-vertex or ideal
triangulation, which we now describe.

We start by capping off each boundary component of G with a disc, obtained by
coning the boundary component over an additional vertex, which we mark as ideal; see
Figure 5.1. This operation increases the number of triangles in the triangulation of G
by at most a constant multiplicative factor. We now describe a procedure to get rid of
non-ideal vertices of G one by one. Fix a non-ideal vertex v of G. If v is not adjacent
to any vertex other than itself, then we have obtained a one-vertex triangulation of the
closed surface G; we can therefore terminate the procedure. Otherwise, we distinguish a
few cases.
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Figure 5.1. We cap off each boundary component of G with a disc, obtained by coning
over an ideal vertex.

• If v has degree 2, then it is adjacent to exactly two triangles, say T1 and T2. Let
ei be the edge of Ti that is not adjacent to v for i ∈ {1, 2}. Then the edges e1

and e2 are different, and we can collapse T1 ∪ T2 onto e1, as shown in Figure 5.2a.
This operation removes the vertex v, and reduces the number of triangles in the
triangulation.

• If v has degree 1, then it is adjacent to a single triangle T1. Let e be the edge
of T1 that is not adjacent to v, and let T2 be the triangle adjacent to T1 along e.
Since the triangles T1 and T2 are different, we can then apply a flip (also known as
2-2 Pachner move) along e, replacing it with an edge transverse to it as shown in
Figure 5.2b. After this move, the vertex v has degree 2, and we can remove it as
described in the previous case.

• If v has degree at least 3, then we are presented with two cases. If every edge
adjacent to v ends in a vertex other than v, then performing a flip along any of
these edges decreases the degree of v, as shown in Figure 5.2c; note that this is
always allowed, since each of these edges is necessarily adjacent to two distinct
triangles. Otherwise, there must be a triangle T such that exactly two vertices of
T are equal to v. Denote by e the edge of T that starts and ends at v. Then a flip
along e will decrease the degree of v, as shown in Figure 5.2d; note that this is
allowed, since e must be adjacent to a triangle that is not T .

After fixing the vertex v, we can repeat the steps above until v is removed; since the
degree of v decreases at each step, this will happen after a number of steps that is at
most linear in the size of the triangulation of G. We also remark that each step does
not increase the number of triangles in the triangulation. After v has been removed, we
switch to a different non-ideal vertex and iterate again. In the end, we will obtain a
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(a) (b)

(c) (d)

Figure 5.2. (a) If v has degree 2, then we can remove it by collapsing T1 ∪ T2 onto e1.
(b) If v has degree 1, then we can perform a flip along e and reduce to the degree-2
case. (c) If v has degree at least 3 and it is not self-adjacent, then we can perform a
flip along any edge adjacent to v to reduce the degree of v. (d) If v has degree at least
3 and there is a triangle T with vertices v, v, and not v, then we can perform a flip
along the v − v edge e to reduce the degree of v.

one-vertex or ideal triangulation T ′ of G. It is easy to see that the total number of steps
is at most quadratic in the size of the original triangulation of G, and that each step can
be performed in polynomial time.

During this process, we also need to keep track of the normal vectors of the curves a′

and b′ with respect to the changing triangulation. This is straightforward to do when
performing a flip. However, when performing a collapse as in Figure 5.2a, the curves a′

and b′ may not be normal with respect to the new triangulation. In particular, the curves
a′ and b′ could intersect e1 twice with opposite orientations, without crossing any other
edge of the new triangulation in between. For this reason, after performing a collapse,
we run the algorithm of [21, Theorem 1.3] to the curves a′ and b′. This algorithm takes
as input a possibly non-normal essential curve in a triangulated surface, and outputs
a normal curve that is isotopic to the input curve. The running time of the algorithm
is polynomial in the size of the triangulation and the logarithm of the weight of the
input curve. Moreover, the weight of the output curve is at most the weight of the input
curve; we refer the reader to [21] for a precise statement, including how to represent a
non-normal curve. In conclusion, we see that we can augment the procedure described
above to also output the normal vectors of a′ and b′ with respect to the triangulation T ′.
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Since each flip increases the weights by a factor of at most 2, and each collapse does not
increase the weights, the logarithms of the weights of a′ and b′ with respect to T ′ will
increase by a factor that is at most polynomial in the size of the original triangulation of
G.

We are now in a position to apply [4, Corollary 3.12] to estimate the distance in C(G)
between a′ and b′. The algorithm of [4, Corollary 3.12] takes as input the triangulation
T ′ of G and the normal vectors of a′ and b′ with respect to T ′, and outputs an integer
d′ ⩾ 0 such that

d′ − L+ ⩽ distC(G)(a′, b′) ⩽ L× · d′ + L+

for constants L+ and L× that are computed explicitly in [4]. Recall that the integer ξ
used in [4] is bounded above by 3/2 · |χ(F )|; under the current assumptions on F , we also
have that ξ ⩾ 2. Setting d = max{d′ −L+, 0} and tracking the constants, we obtain that

d ⩽ distC(G)(a′, b′) ⩽ 875ξ · d+ 4 417 773
4 · ξ3 ⩽ 1313|χ(F )| · d+ 3 727 496|χ(F )|3,

as desired.

5.3 Intersections of curves with inessential subsurfaces
Proposition 5.6 below is a key ingredient in the proof of existence of small-weight essential
curves (see Proposition 5.11). The statement, admittedly technical, can be paraphrased
as follows. Let F be a triangulated surface (in our case, the fibre of a fibred 3-manifold),
and let G be a subsurface of F that is “inessential”, in the sense that every curve
contained in G is inessential in F . Then essential least-weight curves in F “dislike” G, in
the sense that only a small fraction of their length (or, more accurately, of their weight)
can be contained in G. This fraction gets larger as G gets more complicated, but – very
importantly – it is inversely proportional to the smallest possible weight of an essential
curve in F . We refer the reader to the beginning of Section 5.4 for a discussion of the
role played by this proposition in the proof on Proposition 5.11.

Proposition 5.6 (Least-weight curves dislike inessential regions). Le T be a triangulation
of a compact connected orientable surface F . Let G be a subsurface of F with m

components, such that ∂G is a general position multicurve in F . Suppose that F contains
an essential curve, but every curve contained in G is inessential in F . Denote by ω the
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smallest possible weight of a general position essential curve in F , and suppose that

ω > 11m · w(∂G).

Let a be an essential least-weight general position curve in F that intersects ∂G trans-
versely and such that a ∩ ∂G is disjoint from the 1-skeleton of T . Then

w(a ∩G)
w(a) ⩽

48m2 · w(∂G)
ω

.

The proof of Proposition 5.6, in turn, relies on the following lemma, whose evocative
name is inspired by Figure 5.4

Lemma 5.7 (Flower lemma). In the setting of Proposition 5.6, let C be a subsurface of
F that is either a disc with ∂C ⊆ int(F ) or a collared annulus. Let b be a subarc of a
such that ∂b ⊆ ∂C and a small neighbourhood of ∂b in b is contained in C. Suppose that
b ∩ ∂C is disjoint from the 1-skeleton of T . Moreover, suppose that w(b) + w(∂FC) < ω.
Then there is a (possibly empty) subarc b′ of b whose interior is disjoint from C and such
that

w(b′) ⩾ w(b) − w(∂FC).

Proof. In the context of this proof, we call a compact subsurface P of F a petal if the
following hold:

(i) P is a disc or a collared annulus;

(ii) P ∩ C is a non-empty subarc of ∂FC;

(iii) clos(∂FP C) is a non-empty subarc of b.

In this setting, we say that the subarc clos(∂FP C) of b bounds P . We say that P is
maximal if it is not strictly contained in any other petal. If P is a collared annulus, then
we say that P is a punctured petal. Figure 5.3a shows examples of petals.

Every component of clos(b C) bounds a petal. In fact, let c be such a component,
and let r be a subarc of ∂FC connecting the endpoints of c. Note that the curve c ∪ r

has weight
w(c ∪ r) = w(c) + w(r) ⩽ w(b) + w(∂FC) < ω,
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(a) (b)

Figure 5.3. (a) Two petals P1 and P2; the former is not punctured, the latter is. (b) If
a component c of clos(b C) bounds two petals P1 and P2 (one on each side), then F

is a sphere with at most 3 boundary components.

therefore it bounds a disc or a collared annulus P . If int(P ) is disjoint from C, then P is
a petal bounded by c. Otherwise, we see that C is contained in P , and the closure of
P C is a petal bounded by c.

If C is an annulus, then no petal is punctured. In fact, if C is an annulus and P

is a punctured petal, then C ∪ P is a subsurface of F that is homeomorphic to a pair of
pants. The curve ∂F (C ∪ P ) has weight

w(∂F (C ∪ P )) ⩽ w(∂FC) + w(b) < ω,

therefore it bounds a disc or a collared annulus on the side opposite C∪P . This, however,
contradicts the assumption that F is not an annulus nor a pair of pants.

Every component of clos(b C) bounds exactly one petal. Suppose, for a contra-
diction, that a component c of clos(b C) bounds a petal on each side. Then F would be
the union of three surfaces – namely, the two petals and C – that only intersect along
their boundaries, as shown in Figure 5.3b. Each of these surfaces is either a disc or a
collared annulus, therefore F would be a sphere with at most 3 boundary components,
which contradicts our assumption.

For every two petals, either they are disjoint, or one is contained in the other.
In fact, let P1 and P2 be two petals, bounded by c1 and c2 respectively. If c1 is contained
in P2, then P1 is also contained in P2 by uniqueness of P1. Similarly, if c2 is contained

126



in P1, then P2 is also contained in P1. Otherwise, it is easy to see that P1 and P2 are
disjoint.

There is at most one maximal punctured petal. In fact, let P1 and P2 be two
disjoint (and hence distinct) maximal punctured petals. Then C ∪P1 ∪P2 is a subsurface
of F that is homeomorphic to a pair of pants. The curve ∂F (C ∪ P1 ∪ P2) has weight

w(∂F (C ∪ P1 ∪ P2)) ⩽ w(∂FC) + w(b) < ω,

therefore it bounds a disc or a collared annulus on the side opposite C ∪ P1 ∪ P2. This,
however, contradicts the assumption that F is not an annulus nor a pair of pants.

Constructing the flower. Let S (the “flower”) be the union of C with all the (maximal)
petals; note that S contains b. It is possible that one or both endpoints of b are contained
in the interior of S. To fix this, let b0 be the largest subarc of a containing b that is
contained in S; since a is essential in F and S is a disc or a collared annulus, we see
that a is not contained in S, and therefore b0 is well-defined. In particular, note that
∂b0 ⊆ ∂S.

Suppose first that there are no punctured petals. Then b0 is isotopic in S, fixing the
endpoints, to an arc b1 properly embedded in C, as shown in Figure 5.4a. We can isotope
b1, fixing the endpoints, to an arc b2 ⊆ ∂FC. By Corollary 2.5, we deduce that

w(b) ⩽ w(b0) ⩽ w(b2) ⩽ w(∂FC).

In particular, we can take b′ to be the empty arc.
Suppose now that there is a maximal punctured petal, bounded by a subarc c of b.

Note that, in this case, the subsurface S of F is a collared annulus. Therefore, depending
on the isotopy class of b0 in S relative its endpoints, we have that b0 can be isotoped in
S, fixing the endpoints, to an arc b1 that is either contained in C, or is the union of c
with two disjoint arcs contained in C. In the first case, we conclude as above, taking b′ to
be the empty arc. In the second case, depicted in Figure 5.4b, we can isotope b1, fixing
the endpoints, to the union b2 of c with two disjoint subarcs of ∂FC. By Corollary 2.5,
we deduce that

w(b) ⩽ w(b0) ⩽ w(b2) ⩽ w(c) + w(∂FC).

In particular, we can take b′ = c.
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(a) (b)

Figure 5.4. (a) The arc b0 is isotopic to an arc b1 in C. (b) The arc b0 is isotopic to a
union b1 of c (here pushed slightly inside S) with two arcs in C.

Proof of Proposition 5.6. Let G′ be the union of G with all the components of clos(F C)
that are discs or collared annuli, where C ranges over all components of G. Clearly, the
number m′ of components of G′ is bounded above by m. It is not hard to see that each
component C of G′ is a disc or a collared annulus with ∂FC ⊆ ∂G.

Since a is essential, it is not contained in G′. If a is disjoint from G′, then it is disjoint
from G, and we are done. Otherwise, every component of a ∩ G′ – or, in fact, every
arc in G′ with endpoints in ∂FG

′ – is isotopic in G′, fixing the endpoints, to a subarc
of ∂FG

′ ⊆ ∂G, as depicted in Figure 5.5a. Since a is least-weight, Corollary 2.5 implies
that every component b of a ∩G′ satisfies

w(b) ⩽ κ, (5.3)

where for convenience we have set κ = w(∂G).
Fix now an orientation on a; for every point p ∈ a, this induces two vectors tangent to

a at p: the forward vector and the backward vector. If p and q are two distinct points of
a, denote by [p, q] the unique subarc of a between p and q such that the forward vector
at p points inside [p, q]. We also let [p, p] = {p} for every p ∈ a.

We now inductively define a sequence of points in a ∩ ∂G′. Start by picking a point
q0 ∈ a∩∂G′ such that the forward vector at q0 points inside G′. Suppose we have defined
q0, . . . , qi−1, p1, . . . , pi−1 for some i ⩾ 1. Then, we let pi be the first point of a∩ ∂G′ after
qi−1, according to the orientation of a. We also let qi be the first point of a ∩ ∂G′ after
pi such that
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(i) the forward vector at qi points inside G′, and

(ii) w([pi, qi]) > 2κ.

If i > 1 and [pi, q1] contains p1, then we set n = i− 1 and stop the process. Note that
this construction is well-defined: for every i ⩾ 1, we have that

w([pi, qi−1]) = w(a) − w([qi−1, pi])
⩾ w(a) − κ by (5.3)
⩾ ω − κ

> 2κ since ω > 3κ.

We also remark that, by construction, we have that either qn = q0 or w([pn+1, q0]) ⩽ 2κ;
either way, (5.3) implies that

w([qn, q0]) ⩽ 3κ. (5.4)

For every 1 ⩽ i ⩽ n, let ai = [pi, qi]. These are pairwise disjoint subarcs of a; every ai

satisfies w(ai) > 2κ and
w(ai int(G′)) ⩾ w(ai) − 3κ. (5.5)

To prove (5.5), let p′ be the first point of a∩ ∂G′ before qi. If p′ = pi, then the inequality
is trivial. Otherwise, let q′ be the first point of a ∩ ∂G′ before p′. We have that

w(ai) = w([pi, q
′]) + w([q′, p′]) + w([p′, qi])

⩽ 2κ+ κ+ w([p′, qi]) by (5.3) and definition of qi

⩽ 2κ+ κ+ w(ai int(G′)),

as desired. See Figure 5.5b for a depiction of the subarcs ai.
Set

θ = ω − (2m+ 3)κ
2m ,

and consider the set of indices

Ishort = {1 ⩽ i ⩽ n : w(ai) < θ},

and the complement Ilong = {1, . . . , n} Ishort.

129



(a) (b)

Figure 5.5. (a) Every arc b ⊆ C is isotopic in C to an arc r ⊆ G with w(r) ⩽ w(∂G).
(b) The subarcs ai of a, together with the points pi and qi employed in the construction.

If n ⩽ 2m then Ilong is non-empty. If, in this setting, the set Ilong were empty, then
we would have that

w(a) =
n∑

i=1

(
w([qi−1, pi]) + w(ai)

)
+ w([qn, q0])

<
n∑

i=1
(κ+ θ) + w([qn, q0]) by (5.3) and definition of Ishort

⩽ 2m · (κ+ θ) + 3κ by (5.4)
= ω by definition of θ,

which contradicts the definition of ω.

There are at most 2m consecutive integers in Ishort. For ease of notation, suppose
for a contradiction that {1, . . . , 2m+ 1} ⊆ Ishort (the argument for the general case is
identical). Since G′ has m′ ⩽ m components, there must be three indices 1 ⩽ i < j <

k ⩽ 2m+ 1 such that pi, pj, and pk lie in the same component C of G′.
Consider the arc b1 = [qi−1, pj]. We can write b1 as the union of ai, . . . , aj−1 (each of

which has weight strictly smaller than θ) and j − i + 1 arcs contained in G′ (each of
which has weight at most κ by (5.3)). As a consequence, we find that

w(b1) < (j − i) · θ + (j − i+ 1) · κ

⩽ 2m · (θ + κ)
⩽ ω − κ by definition of θ.
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By Lemma 5.7, it follows that w(c1) ⩾ w(b1) − κ for some component c1 of clos(b1 C).
Note that

w(c1) ⩾ w(b1) − κ ⩾ w(ai) − κ > κ.

We can apply the same argument to the arc b2 = [qj−1, pk] to conclude that w(c2) ⩾

w(b2) −κ > κ for some component c2 of clos(b2 C). Finally, by considering b = [qi−1, pk],
we find a component c of clos(b C) such that w(c) ⩾ w(b) − κ. Note that c must be
disjoint from at least one of c1 and c2; without loss of generality, suppose that c is disjoint
from c1. Moreover, we have that c1 ⊆ b1 ⊆ b. We then get a contradiction:

w(b) ⩾ w(c) + w(c1) > w(b) − κ+ κ = w(b).

Final estimates. It follows from the previous two steps that

|Ilong| ⩾ max
{

1, n− 2m
2m+ 1

}
⩾

n+ 1
4m+ 2 by elementary algebra.

We conclude with the following estimates:

w(a int(G)) ⩾ w(a int(G′))
⩾

∑
i∈Ilong

w(ai int(G′))

⩾
∑

i∈Ilong

(w(ai) − 3κ) by (5.5)

⩾ |Ilong| · (θ − 3κ)

⩾
n+ 1

4m+ 2 · ω − (8m+ 3) · κ
2m ;

w(a ∩G) ⩽ w(a ∩G′)

⩽
n∑

i=1
(w([qi−1, pi]) + w(ai ∩G′)) + w([qn, q0])

⩽
n∑

i=1
(κ+ w(ai ∩G′)) + w([qn, q0]) by (5.3)

⩽
n∑

i=1
(κ+ 3κ) + w([qn, q0]) by (5.5)

⩽ (4n+ 3) · κ by (5.4)
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⩽ 4(n+ 1) · κ;

w(a)
w(a ∩G) = w(a int(G))

w(a ∩G) + 1

⩾
ω − (8m+ 3) · κ

16m · (2m+ 1) · κ
+ 1

⩾
ω

48m2 · κ
by elementary algebra.

Admittedly, this argument does not work when κ = w(∂G) = 0. However, in this case,
each component of G is contained in a single triangle of T . Therefore, the inequality in
the statement holds trivially, since w(a ∩G) = 0.

5.4 Short curves on least-weight normal fibres
Our goal is now to prove Proposition 5.11, stating that least-weight fibres of hyperbolic
3-manifold contain polynomial-weight essential curves. The proof goes as follows. Let
M be a triangulated fibred hyperbolic 3-manifold, and let F be a normal fibre of M
admitting a certificate in S∗

fib(M,F ) – for instance, the fibre F could be the least-weight
fibre of M . Using the notation of Certificate 1, if Fg or F ′

g contain a curve that is essential
in F , then we are done; this follows from the fact that Fg and F ′

g have small area (see
Proposition 3.6), which implies that if they contain an essential curve, then they contain
a short one (this is the content of Lemma 5.8 below). Therefore, we can assume that Fg

and F ′
g are both “inessential” in F , meaning that every curve contained in Fg or F ′

g is
inessential in F .

Let ω be the smallest possible weight of a general position essential curve in F ; our
goal is to show that ω is bounded above by a polynomial function of t (the size of the
triangulation of M) and |χ(F )|. Let a0 be a least-weight general position essential curve
in F . By Proposition 5.6, we know that the weight of a0 ∩ Fg is only a small fraction of
the weight of a0; more precisely, we have that

w(a0 ∩ Fg) ⩽ β

ω
· w(a0),

where β depends polynomially on t. Before continuing, let us remark that we are glossing
over the fact that Fg is, in general, a sub-2-complex of F ; to be precise, we would need
to replace Fg with an actual subsurface G of F in the argument; this is done in detail in
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Lemma 5.9 below. Going back to the proof, recall from Certificate 2 that the image a1

of a0 under the monodromy φ of F – or, at least, the one coming from the monodromy
certificate – has weight

w(a1) ⩽ w(a0) + C · w(a0 ∩ Fg),

where C is an exponential function of t. In other words, if the weight of a0 ∩ Fg is
small, then the weight of a1 is only marginally larger than the weight of a0. To be more
quantitative, we find that

w(a1) ⩽
(

1 + C · β
ω

)
· w(a0).

It is not restrictive to assume that a1 is least-weight. We can then proceed inductively,
defining a sequence of least-weight curves a0, a1, . . . in F such that ai = φi(a0) and

w(ai) ⩽
(

1 + C · β
ω

)i

· w(a0)

for each i ⩾ 1. Using Propositions 2.2 and 5.3, we can show that the distance between
a0 and ai in the curve graph of F grows at a linear rate of at most 2C · β/ω. However,
since φ is pseudo-Anosov, Proposition 5.4 implies that the same distance must grow at a
linear rate of at least (162χ(F )2)−1. As a consequence, we find that ω ⩽ 324C · β ·χ(F )2.

If C were a polynomial function of t, then we would be done. However, from how
Certificate 2 is stated, the quantity C depends exponentially on t. Nonetheless, we show
in Lemma 5.10 that, under the assumption that F ′

g is inessential, the constant C can be
replaced with a polynomial function C ′ of t. Then the argument above goes through,
showing that ω is at most a polynomial function of t and |χ(F )|. We now carry out this
argument in detail, starting with the auxiliary results and culminating with the proof of
Proposition 5.11.

Lemma 5.8 (Small essential subsurfaces contain short essential curves). Let T be a
triangulation of a compact orientable surface F , and let G be a subsurface of F . Suppose
that ∂G is a general position multicurve in F . Denote by n the number of edges of T that
intersect G. Suppose that G contains a curve that is essential in F . Then G contains a
general position curve a that is essential in F and such that

w(a) ⩽ w(∂G) + 2n.

Proof. In the scope of this proof, we will call components of e ∩G partial edges, where e
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(a) (b)

Figure 5.6. If a is non-separating and intersects a partial edge e of T at least twice, then
we can perform a cut-and-paste operation on a. (a) If two consecutive intersections
have the same orientation, cutting and pasting results in a new non-separating curve
a′ of smaller weight. (b) If two consecutive intersections have opposite orientations,
cutting and pasting results in two new curves a′ and a′′ of smaller weight, at least one
of which is non-separating.

is any edge of T . Up to replacing G with one of its components, we can assume that G
is connected. Let us first suppose that G admits a non-separating curve c – that is, a
curve such that G c is connected. Let a be a general position non-separating curve in
G of minimal weight amongst all such curves. We claim that a intersects each partial
edge at most once. In fact, for the sake of contradiction, suppose that a intersects some
partial edge e twice, and consider two consecutive intersections on e.

• If the two intersections have the same orientation, then the cut-and-paste operation
displayed in Figure 5.6a would produce a general position non-separating curve of
smaller weight than a.

• If the two intersections have opposite orientations, then the cut-and-paste operation
displayed in Figure 5.6b would produce two general position curves of smaller
weight than a, at least one of which is non-separating.

In either case, we obtain a contradiction to the minimality of a. Since there are at most
n+ w(∂G)/2 partial edges, we deduce that the weight of a is at most n+ w(∂G)/2.

Suppose now that there are no non-separating curves in G – in other words, that
G is planar. If any component of ∂G is essential in F , then we can take a to be that
component. Otherwise, we see that each boundary component of G must bound a disc or
a collared annulus in F ; moreover, since G contains a curve that is essential in F , these
discs and collared annuli cannot contain G. There must be at least two components c1
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(a) (b)

Figure 5.7. (a) If b intersects a partial edge e that is not disjoint from c1, then we can
construct an arc b′ of smaller weight by following e from c1 to the intersection of e
with b, and then following b towards c2. In the picture, the arrow on b represents the
direction going from c1 to c2. (b) The curve a follows c1, then b, then c2, and then b in
the opposite direction.

and c2 of ∂G that bound a collared annulus in F . Let b a general position arc properly
embedded in G that connects c1 and c2, of minimal weight amongst all such arcs. By a
cut-and-paste argument similar to the previous case, it is easy to see that b intersects each
partial edge at most once. Moreover, we claim that b is disjoint from partial edges that
intersect c1 or c2. In fact, if b intersects a partial edge e that intersects c1, then we can
perform a cut-and-paste operation on b to obtain an arc of smaller weight, contradicting
the minimality of b; this is shown in Figure 5.7a We can then take a to be a curve that
follows c1, then b, then c2, and then b in the opposite direction, as depicted in Figure 5.7b.
An easy counting argument shows that there are at most

n+ 1
2(w(∂G) − w(c1 ∪ c2))

partial edges disjoint from c1 and c2. Therefore, we can bound the weight of a as follows:

w(a) = w(c1) + w(c2) + 2w(b)

⩽ w(c1) + w(c2) + 2
(
n+ 1

2(w(∂G) − w(c1 ∪ c2))
)

= 2n+ w(∂G).

Lemma 5.9 (Bounds on the thickening of the horizontal boundary of the guts). Let T
be a triangulation of a compact connected orientable 3-manifold M with t tetrahedra. Let
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F be a transversely oriented normal surface in M , and let M ′ = M F . Denote by X
the guts of M ′, and let G be a sub-2-complex of F such that G+ ⊆ ∂0X or G− ⊆ ∂1X.
Then thick(G) intersects at most 432t2 triangles of F . Moreover, there is an arbitrarily
small open neighbourhood N of ∂F in F such that G′ = thick(G) N is a subsurface of
F , with ∂G′ a general position multicurve in F satisfying

w(∂G′) ⩽ 2592t2.

Proof. Suppose, without loss of generality, that G+ ⊆ ∂0X. Denote by R the set of
triangles of F that intersect thick(G). We claim that

R =


R1 ∈ R :

T1 and T2 are tetrahedra of T ,
R1 and R2 are triangles of F , R1 ⊆ T1, R2 ⊆ T2,
R+

2 ⊆ ∂0X, e1 is an edge of ab(T1), e2 is an edge of ab(T2),
e1 and e2 are identified in M , p1 ∈ R1 ∩ e1, p2 ∈ R2 ∩ e2,
p1 and p2 are identified in M


.

In other words, each triangle R1 ∈ R can be obtained with the following procedure.
Choose two tetrahedra T1 and T2 of T , two edges e1 and e2 of ab(T1) and ab(T2)
respectively, and a triangle R2 of F contained in T2 and intersecting e2. Suppose that
e1 and e2 are identified in M , and that R+

2 ⊆ ∂0X. Let p2 be the point in which e2

intersects R2, and let p1 be the unique point of e1 that is identified with p2 in M . Finally,
we take R1 to be a triangle of F contained in T1 and intersecting e1 at p1.

We now justify this claim. Let R1 be a triangle of F such that R+
1 ⊆ ∂0X. Then

R1 can be obtained by the procedure above, setting T1 = T2 to be the tetrahedron of
T that contains R1, with R2 = R1 and e1 = e2 to be an edge of T1 intersecting R1. If,
instead, a triangle R1 intersects thick(G), but does not satisfy R+

1 ⊆ ∂0X, then there is a
triangle R2 of F that is contained in G and is adjacent to R1 in F ; note that R2 cannot
be contained in the same normal disc as R1. In this case, we take T1 and T2 to be the
tetrahedra of T that contain R1 and R2 respectively, and we take e1 and e2 to be edges
of ab(T1) and ab(T2) respectively, witnessing the adjacency of R1 and R2; see Figure 5.8.

We can now bound the size of R with a counting argument. There are t2 choices of
tetrahedra T1 and T2. The edges e1 and e2 can each be chosen in 6 ways. The triangle
R2 can lie on at most 6 different normal discs of F (4 triangles and 2 quadrilaterals) for
the condition R+

2 ⊆ ∂0X to hold; in particular, there are at most 6 possible choices for
the point p2. The point p1 is then uniquely determined, and this leaves 2 choices for the
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Figure 5.8. The tetrahedra T1 and T2, the triangles R1 and R2, the edges e1 and e2,
and the points p1 and p2 described in the construction. The normal discs containing
R1 and R2 are also highlighted.

triangle R1. In total, we find that

|R| ⩽ t2 · 62 · 6 · 2 = 432t2.

Take N to be an arbitrarily small regular neighbourhood of ∂F in F . We can assume
that c = ∂FN is a general position multicurve in F , intersecting each edge of F at
most twice (except for the edges of F that are contained in ∂F , which are necessarily
disjoint from c). Since ∂ thick(G) also intersects each interior edge of F at most twice,
we conclude that ∂G′ intersects each interior edge of F at most 4 times. Moreover, every
edge intersecting ∂G′ is adjacent to triangles of R on both sides There can be at most
3|R|/2 such edges, hence the desired bound

w(∂G′) ⩽ 4 · 3
2 |R| ⩽ 2592t2.

Lemma 5.10 (Polynomial bounds on Certificate 2 for fibres with inessential guts). Let T
be a triangulation of a compact connected oriented 3-manifold M , let F be a transversely
oriented connected normal surface in M , and let a0 and a1 be two normal curves in
F . Let Σfib ∈ S∗

fib(M,F ) and Σ ∈ S∗
mon(M,F,Σfib, a0, a1) be valid certificates. Suppose

that every curve contained in thick(F ′
g) is inessential in F . Then, if we denote by t the

number of tetrahedra of T , the curve a1 is isotopic in F to a general position curve a′
1

with
w(a′

1) ⩽ w(a0) + 125 712t3 · w(a0 ∩ Fg).

Proof. By Lemma 5.9, there exists a subsurface G′ of F , obtained by removing a small
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neighbourhood of ∂F from thick(F ′
g), such that ∂G′ is a general position multicurve in

F with
w(∂G′) ⩽ 2592t2. (5.6)

By Proposition 4.12, we know that the isotopy class of a1 in F is uniquely determined
by M , F , and a0. In particular, we can assume that Σ and a1 are obtained by the
construction in the proof of Proposition 4.11. The only properties that we will need from
this construction is that the normal curve a1 is disjoint from F1, and it satisfies

w(a1 G′) ⩽ w(a1 ∩ F ′
p) since a1 ⊆ G′ ∪ F ′

p

= w(△(a′
0 ∩ Fp)) by definition of a1

= w(a′
0 ∩ Fp) since △ is a simplicial isomorphism

⩽ w(c) by definition of a′
0

⩽ w(a0) by minimality of c (5.7)

and

|a1 ∩ ∂G′| = |a1 ∩ ∂F ′
g|

= |c1 ∩ ∂F ′
g| by definition of a1

= |b1 ∩ ∂∂1N | since b1 = f−1
g (c+

1 )
= |b′′

1 ∩ ∂∂1N | since b1 and b′′
1 are isotopic fixing ∂∂1N

= |b′′
0 ∩ ∂∂0N | by Proposition 4.8

⩽ w(b0) since b0 and b′′
0 are isotopic fixing ∂∂0N

⩽ 97t · w(a0 ∩ Fg) by (4.9). (5.8)

The intermediate steps above involve a variety of auxiliary objects introduced in the
proof of Proposition 4.11, but we will only make use of the two final inequalities, where
these objects do not appear.

We now describe a procedure to “simplify” a1 with respect to G′. Suppose that a
component s of a1 ∩G′ satisfies w(s) > w(∂G′). Note that a1 is not fully contained in
G′, since a1 is essential in F and G′ does not contain any curves that are essential in
F . Therefore, we see that s is a subarc of a1. Let b be a component of ∂G′ intersecting
s. Let s′ be the smallest subarc of a1 that contains s and such that ∂s′ ⊆ b (possibly
s′ = s). Since b is inessential in F , both intersections of s′ with b occur from the same
side of b – namely, from the side of G′. Let G be the component of G′ containing b; we
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(a) (b)

Figure 5.9. (a) If b bounds a disc or a collared annulus in F that contains G, then the
subarc s′ of a1 can be isotoped to reduce its weight. (b) Otherwise, a subarc s′′ of a1

lying outside G can be isotoped inside G, reducing the number of intersections of a1

with ∂G′.

analyse two cases.

• If b bounds a disc or a collared annulus in F that contains G, then s′ can be
isotoped fixing its endpoints to a subarc of b, and then pushed slightly inside G.
By Lemma 2.4, since w(b) ⩽ w(∂G′) < w(s′), we deduce that a1 can be isotoped
to a general position curve a1 satisfying

w(a1 G′) ⩽ w(a1 G′), |a1 ∩ ∂G′| ⩽ |a1 ∩ ∂G′|, w(a1) < w(a1).

• Otherwise, the curve b bounds a disc or a collared annulus in F that does not
contain G – and, in fact, only intersects G in b. In this case, let s′′ be a subarc of
clos(a1 G) that shares an endpoint with s′ and such that s′′ ∩b = ∂s′′; in particular,
we have that s′′ ∩G = ∂s′′. We see that s′′ can be isotoped fixing its endpoints to
a subarc of b, and then pushed slightly inside G. By Lemma 2.4, we deduce that
a1 can be isotoped to a general position curve a1 satisfying

w(a1 G′) ⩽ w(a1 G′), |a1 ∩ ∂G′| ⩽ |a1 ∩ ∂G′| − 2, w(a1) ⩽ w(a1) + w(∂G′).

The two constructions described above are depicted in Figure 5.9. We also note that, in
both cases, the curve a1 can be chosen to be transverse to ∂G′.

We can now replace a1 with a1, and iterate the procedure until every component s of
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a1 ∩ G′ satisfies w(s) ⩽ w(∂G′). Note that this procedure has to terminate, since the
quantity

(w(∂G′) + 1) · |a1 ∩ ∂G′| + w(a1)

decreases at each step. Denote by a′
1 the final general position curve obtained by this

procedure. In particular, this curve satisfies:

• a′
1 is isotopic to a1 in F ;

• w(a′
1 G′) ⩽ w(a1 G′);

• |a′
1 ∩ ∂G′| ⩽ |a1 ∩ ∂G′|;

• each component s of a′
1 ∩G′ has weight w(s) ⩽ w(∂G′).

We then obtain the bound

w(a′
1) = w(a′

1 G′) + w(a′
1 ∩G′)

⩽ w(a′
1 G′) + w(∂G′) · |a′

1 ∩ ∂G′|/2
⩽ w(a1 G′) + w(∂G′) · |a1 ∩ ∂G′|/2
⩽ w(a0) + w(∂G′) · 97t · w(a0 ∩ Fg)/2 by (5.7) and (5.8)
⩽ w(a0) + 125 712t3 · w(a0 ∩ Fg) by (5.6),

as desired.

Proposition 5.11 (Least-weight normal fibres of hyperbolic 3-manifolds contain short
essential curves). Let T be a triangulation of a compact connected orientable fibred
hyperbolic 3-manifold M with t tetrahedra. Let F be a least-weight normal fibre of M .
Then there is an essential normal curve a in F with

w(a) ⩽ 253t7 · χ(F )2.

Proof. Fix an arbitrary transverse orientation of F . By Proposition 3.9, there exists
a valid certificate Σfib ∈ S∗

fib(M,F ). Lemma 5.9 implies that there is a subsurface G
of F , obtained by removing a small neighbourhood of ∂F from thick(Fg), such that G
intersects at most 432t2 triangles of F , and moreover ∂G is a general position multicurve
in F with

w(∂G) ⩽ 2592t2.
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If thick(Fg) contains a curve that is essential in F , then we can apply Lemma 5.8 to
conclude that G contains a general position curve that is essential in F and has weight
at most

w(∂G) + 2 · 3 · 432t2 ⩽ 5184t2 ⩽ 253t7 · χ(F )2.

A similar conclusion holds if thick(F ′
g) contains a curve that is essential in F . Therefore,

we can assume that every curve contained in thick(Fg) or in thick(F ′
g) is inessential in F .

Let φ ∈ Mcg(F ) be the monodromy of F . Fix a least-weight essential normal curve
a0 in F . For i ⩾ 0, we inductively choose a normal curve ai+1 in F such that ai+1 is
isotopic in F to φ(ai), it is least-weight, and it satisfies

w(ai+1) ⩽ w(ai) + 125 712t3 · w(ai ∩ Fg). (5.9)

The existence of such a curve is guaranteed by Proposition 2.3 and Lemma 5.10.
We are now in a position to apply Proposition 5.6 to the subsurface G of F . Note

that, trivially, G is a union of at most area(Fg) components; recall that area(Fg) ⩽ 32t
by Proposition 3.6. Moreover, since each ai is a normal curve, we can assume that
w(ai ∩G) = w(ai ∩ Fg). Denote by ω the smallest possible weight of a general position
essential curve in F , and suppose that

ω > 912 384t3 (5.10)

(in particular, ω > 11|G| · w(∂G)). For each i ⩾ 0, Proposition 5.6 then implies that

w(ai ∩ Fg) ⩽ 48|G|2 · w(∂G)
ω

· w(ai)

⩽
127 401 984t4

ω
· w(ai),

and hence that

w(ai+1) ⩽ w(ai) + 125 712t3 · w(ai ∩ Fg) by (5.9)

⩽ w(ai) + 16 015 958 212 608t7
ω

· w(ai)

=
(

1 + α

ω

)
· w(ai), (5.11)

where α = 16 015 958 212 608t7.
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We can then estimate

distC(F )(a0, ai) ⩽ 2 log i(a0, ai) + 2 by Proposition 5.3
⩽ 2 log(w(a0) · w(ai)) + 2 by Proposition 2.2

⩽ 2 log
((

1 + α

ω

)i

· w(a0)2
)

+ 2 by (5.11)

= 2i · log
(

1 + α

ω

)
+ 4 logw(a0) + 2. (5.12)

Since M is hyperbolic, the monodromy φ is pseudo-Anosov. In particular, we have that

1
162χ(F )2 ⩽ lim inf

i→∞

distC(F )(a0, ai)
i

by Proposition 5.4

⩽ 2 log
(

1 + α

ω

)
by (5.12)

⩽
2α
ω

since log(1 + x) ⩽ x for x ⩾ 0.

By rearranging, we conclude that

ω ⩽ 324α · χ(F )2

= 5 189 170 460 884 992t7 · χ(F )2

⩽ 253t7 · χ(F )2 by elementary algebra.

Note that, if (5.10) is not satisfied, then ω ⩽ 253t7 · χ(F )2 holds anyway. Therefore, we
conclude that there is an essential normal curve a in F with

w(a) ⩽ ω ⩽ 253t7 · χ(F )2.

5.5 A certificate for hyperbolicity
We now describe in detail our certificates for hyperbolicity of fibred 3-manifolds. We
have two different certificates: one (Certificate 3) for fibres with low complexity – namely,
the torus with one boundary component and the sphere with 4 boundary components –
and one (Certificate 4) for all other fibres. The low-complexity certificate consists of one
starting curve a0 and two iterates of it under the monodromy; thanks to Proposition 5.2,
this is enough to certify that the monodromy is pseudo-Anosov. The general certificate,
instead, requires n iterates, for some relatively large – but still polynomial – value of
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n. For each certificate, we follow the usual pattern: after describing the certificate, we
prove its existence, correctness, and algorithmic verification.
Certificate 3 (Certificate for hyperbolicity with low-complexity fibres). Let T be a
triangulation of a compact connected oriented 3-manifold M with t tetrahedra, let F be
a transversely oriented connected normal surface in M , and let Σfib ∈ S∗

fib(M,F ) be a
valid certificate. We say that a certificate Σ lies in Shyp.low(M,F,Σfib) if it consists of:

• normal curves a0, a1, and a2 in F ;

• certificates Σ0 ∈ Smon(M,F,Σfib, a0, a1) and Σ1 ∈ Smon(M,F,Σfib, a1, a2).

We define the size of Σ to be the number

|Σ| = t+ log(w(F ) + 1) + |Σ0| + |Σ1| +
2∑

i=0
(area(supp(ai)) + log(w(ai) + 1)) .

We say that Σ is valid, and write Σ ∈ S∗
hyp.low(M,F,Σfib), if the following conditions

are satisfied:

(k.1) F is either a torus with one boundary component or a sphere with 4 boundary
components;

(k.2) a0 is essential in F ;

(k.3) i(a0, a2) > 2i(a0, a1);

(l.1) w(ai) ⩽ t7 · 2(8426t+64)·i+55 for 0 ⩽ i ⩽ 2;

(l.2) area(supp(ai)) ⩽ 32t · i+ 255t7 for 0 ⩽ i ⩽ 2;

(m.1) Σ1 ∈ S∗
mon(M,F,Σfib, a0, a1);

(m.2) Σ2 ∈ S∗
mon(M,F,Σfib, a1, a2). ×

Proposition 5.12 (Existence of Certificate 3). Let T be a triangulation of a compact
connected oriented 3-manifold M , let F be a transversely oriented connected normal
surface in M , and let Σfib ∈ S∗

fib(M,F ) be a valid certificate. Suppose that M is
hyperbolic, and that F is either a torus with one boundary component or a sphere with 4
boundary components. Then S∗

hyp.low(M,F,Σfib) is non-empty.

Proof. By Proposition 3.11, the 3-manifold M is fibred, and F is a fibre of M . Let
φ ∈ Mcg(F ) be the monodromy of F , which is pseudo-Anosov by Theorem 5.1. Denote
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by t the number of tetrahedra of T ; by Proposition 5.11, there is an essential normal
curve a0 in F with

supp(a0) ⩽ w(a0) ⩽ 253t7χ(F )2 ⩽ 255t7.

Applying Proposition 4.11 twice, we find normal curves a1 and a2 and valid certificates
Σ1 ∈ S∗

mon(M,F,Σfib, a0, a1) and Σ2 ∈ S∗
mon(M,F,Σfib, a1, a2). In particular, proper-

ties (l.1) and (l.2) are satisfied. Finally, property (k.3) is a consequence of Proposition 5.2
and the fact that φ is pseudo-Anosov.

Proposition 5.13 (Correctness of Certificate 3). Let T be a triangulation of a compact
connected oriented 3-manifold M , and let F be a transversely oriented connected normal
surface in M . Let Σfib ∈ S∗

fib(M,F ) and Σ ∈ S∗
hyp.low(M,F,Σfib) be valid certificates.

Then M is hyperbolic.

Proof. We know by Proposition 3.11 that M is fibred, and that F is a fibre of M . Let
φ ∈ Mcg(F ) be the monodromy of F . Note that, by Proposition 4.12 and properties (m.1)
and (m.2), we have that ai is isotopic in F to φi(a0) for 0 ⩽ i ⩽ 2. Therefore, we can
apply Proposition 5.2 to deduce that φ is pseudo-Anosov by property (k.3). We conclude
that M is hyperbolic by Theorem 5.1.

Proposition 5.14 (Verification of Certificate 3). There is an algorithm that takes as
input

• a triangulation of a compact connected oriented 3-manifold M ,

• a transversely oriented connected normal surface F in M ,

• a valid certificate Σfib ∈ S∗
fib(M,F ), and

• a certificate Σ ∈ Shyp.low(M,F,Σfib),

and decides whether Σ ∈ S∗
hyp.low(M,F,Σfib). The running time of the algorithm is

polynomial in |Σ|.

Proof. Property (k.1) can be verified using Proposition 2.15. Property (k.2) can be
checked with the algorithm of Proposition 2.14. Property (k.3) can be verified using
Proposition 2.21. Properties (l.1) and (l.2) are just inequalities, that can be verified
directly. Finally, properties (m.1) and (m.2) can be verified using the algorithm of
Proposition 4.13.
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Certificate 4 (Certificate for hyperbolicity). Let T be a triangulation of a compact
connected oriented 3-manifold M with t tetrahedra, let F be a transversely oriented
connected normal surface in M , and let Σfib ∈ S∗

fib(M,F ) be a valid certificate. Let
n = 249χ(F )6 · t. We say that a certificate Σ lies in Shyp(M,F,Σfib) if it consists of:

• normal curves a0, . . . , an in F ;

• certificates Σi ∈ Smon(M,F,Σfib, ai−1, ai) for 1 ⩽ i ⩽ n.

We define the size of Σ to be the number

|Σ| = t+ log(w(F ) + 1) +
n∑

i=0
(area(supp(ai)) + log(w(ai) + 1)) +

n∑
i=1

|Σi|.

Let d be the output of the algorithm of Proposition 5.5 applied to the 3-manifold M ,
the normal surface F , and the normal curves a0 and an. We say that Σ is valid, and
write Σ ∈ S∗

hyp(M,F,Σfib), if the following conditions are satisfied:

(n.1) χ(F ) ⩽ −2 and F is not a sphere with 4 boundary components;

(n.2) a0 is essential in F ;

(n.3) d > 1 683 266 941|χ(F )|3 · t;

(o.1) w(ai) ⩽ χ(F )2 · t7 · 2(8426t+63)·i+53 for 0 ⩽ i ⩽ n;

(o.2) area(supp(ai)) ⩽ 32t · i+ 253χ(F )2 · t7 for 0 ⩽ i ⩽ n;

(p.1) Σi ∈ S∗
mon(M,F,Σfib, ai−1, ai) for 1 ⩽ i ⩽ n. ×

Proposition 5.15 (Existence of Certificate 4). Let T be a triangulation of a compact
connected oriented 3-manifold M , let F be a transversely oriented connected normal
surface in M , and let Σfib ∈ S∗

fib(M,F ) be a valid certificate. Suppose that M is
hyperbolic, that χ(F ) ⩽ −2, and that F is not a sphere with 4 boundary components.
Then S∗

hyp(M,F,Σfib) is non-empty.

Proof. By Proposition 3.11, the 3-manifold M is fibred, and F is a fibre of M . Let
φ ∈ Mcg(F ) be the monodromy of F ; by Theorem 5.1, we know that φ is pseudo-Anosov.
Denote by t the number of tetrahedra of T ; by Proposition 5.11, there is an essential
normal curve a0 in F with

supp(a0) ⩽ w(a0) ⩽ 253t7 · χ(F )2.
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Consistently with Certificate 4, let n = 249χ(F )6 · t. By Proposition 4.11, we can
inductively find normal curves a1, . . . , an in F and, for each 1 ⩽ i ⩽ n, a valid certificate
Σi ∈ S∗

mon(M,F,Σfib, ai−1, ai). In particular, for each 1 ⩽ i ⩽ n, the essential curve ai is
isotopic in F to φ(ai−1) (see Proposition 4.12), and satisfies properties (o.1) and (o.2).

All that remains is to verify property (n.3). Since the monodromy φ is pseudo-Anosov,
we have that

n ⩽ 162χ(F )2 · distC(F )(a0, an) by Proposition 5.4
⩽ 162χ(F )2 · (1313|χ(F )| · d+ 3 727 496|χ(F )|3) by Proposition 5.5.

It follows that

d ⩾
1

1313|χ(F )| ·
(

n

162χ(F )2 − 3 727 496|χ(F )|3
)

⩾
1

1313|χ(F )| ·
(

n

162χ(F )2 − 1 863 748χ(F )4 · t
)

> 1 683 266 941|χ(F )|3 · t by elementary algebra.

In particular, we see that property (n.3) is satisfied.

Proposition 5.16 (Correctness of Certificate 4). Let T be a triangulation of a compact
connected oriented 3-manifold M , and let F be a transversely oriented connected normal
surface in M . Let Σfib ∈ S∗

fib(M,F ) and Σ ∈ S∗
hyp(M,F,Σfib) be valid certificates. Then

M is hyperbolic.

Proof. We know by Proposition 3.11 that M is fibred, and that F is a fibre of M . By
property (n.1), the surface F satisfies χ(F ) ⩽ −2; in particular, Theorem 5.1 shows that
M is hyperbolic if and only if the monodromy φ of F is pseudo-Anosov. Therefore, it
suffices to show that φ is not periodic nor reducible. Note that, by Proposition 4.12, we
have that ai is isotopic in F to φi(a0) for 1 ⩽ i ⩽ n.

Let 1 ⩽ j ⩽ 49 572|χ(F )|3 be an integer. Then we have the following inequalities:

distC(F )(a0, φ
j(a0))

⩽ 2 distC(F )(a0, φ
j(a0)) + 2

⩽ 4 log i(a0, aj) + 6 by Proposition 5.3
⩽ 4 log(w(a0) · w(aj)) + 6 by Proposition 2.2
⩽ 4 log(χ(F )4 · t14 · 2(8426t+63)·j+106) + 6 by property (o.1)
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⩽ 16 log|χ(F )| + 52 log t+ (33 704t+ 252) · j + 430
⩽ 16|χ(F )| + 52t+ (33 704t+ 252) · 49 572|χ(F )|3 + 430
⩽ 1 683 266 941|χ(F )|3 · t by elementary algebra
< d by property (n.3)
⩽ distC(F )(a0, φ

n(a0)) by Proposition 5.5.

Since this holds for every choice of j, Proposition 5.4 implies that φ is not periodic nor
reducible.

Proposition 5.17 (Verification of Certificate 4). There is an algorithm that takes as
input

• a triangulation of a compact connected oriented 3-manifold M ,

• a transversely oriented connected normal surface F in M ,

• a valid certificate Σfib ∈ S∗
fib(M,F ), and

• a certificate Σ ∈ Shyp(M,F,Σfib),

and decides whether Σ ∈ S∗
hyp(M,F,Σfib). The running time of the algorithm is polyno-

mial in |Σ|.

Proof. Property (n.1) can be verified using Proposition 2.15. Property (n.2) can be
checked with the algorithm of Proposition 2.14. Properties (n.3), (o.1), and (o.2) are
just equalities and inequalities, that can be verified directly (after computing the integer
d with Proposition 5.5). Finally, property (p.1) can be verified using the algorithm of
Proposition 4.13.

5.6 Algorithmic hyperbolicity detection for fibred
3-manifolds

We now have all the tools we need to state and prove our main result about certifying
hyperbolicity of fibred 3-manifolds. Informally speaking, the statement is that, if a
3-manifold is fibred and hyperbolic, then this can be certified in polynomial time in the
size of the triangulation and the Euler characteristic of a fibre. However, the number of
binary digits required to describe a triangulated 3-manifold is (almost) proportional to
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the size of the triangulation, and it is independent of the complexity of a fibre. Therefore,
we cannot quite say that deciding hyperbolicity of fibred 3-manifolds is in NP. Since the
easiest way to state a certification result is to place a problem in the complexity class NP,
we need to modify the statement of the decision problem, to include the complexity of a
fibre as part of the input. This is the reason why we add the seemingly artificial bound
B on the Euler characteristic of a fibre in the statement of Hyperbolicity detection
for fibred 3-manifolds with bound on the fibre below. Since the number of
binary digits required to describe an integer B is logarithmic in B, and the complexity
of our certificate is polynomial in the Euler characteristic of a fibre, we require that said
Euler characteristic is bounded by the logarithm of B.
Problem (Hyperbolicity detection for fibred 3-manifolds with bound on
the fibre).

Input: a triangulation of a compact connected oriented 3-manifold M and an integer
B ⩾ 1.

Output: whether M is hyperbolic and fibres over the circle with fibre F such that
|χ(F )| ⩽ logB.

The size of the input is measured by the number of tetrahedra in the triangulation of M
and the logarithm of B. ×

Theorem 5.18 (Hyperbolicity detection for fibred 3-manifolds with bound
on the fibre is in NP.). The problem Hyperbolicity detection for fibred
3-manifolds with bound on the fibre is in NP.

Proof. The verification algorithm takes as input a triangulation T of a compact connected
oriented 3-manifold M , an integer B ⩾ 1, and a certificate consisting of three parts. The
first part is a transversely oriented normal surface F in M ; the algorithm verifies that F
is connected and orientable, using Propositions 2.15 and 2.16; moreover, the algorithm
checks that 0 > χ(F ) > − log(B). The second part is a certificate Σfib ∈ Sfib(M,F );
the algorithm verifies that Σfib ∈ S∗

fib(M,F ) using Proposition 3.12. The third part
is a certificate Σhyp, that lies in Shyp.low(M,F,Σfib) if F is a torus with one boundary
component or a sphere with 4 boundary components, and in Shyp(M,F,Σfib) otherwise;
the algorithm verifies that Σhyp ∈ S∗

hyp.low(M,F,Σfib) or Σhyp ∈ S∗
hyp(M,F,Σfib) using

Proposition 5.14 or Proposition 5.17 respectively. All these verifications can be performed
in polynomial time in |T |, logB, |χ(F )|, |Σfib|, and |Σhyp|. If all the checks are successful,
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then Proposition 3.11 implies that M fibres over the circle with fibre F . Moreover,
Proposition 5.13 or Proposition 5.16 then imply that M is hyperbolic.

Conversely, if M is hyperbolic and fibres over the circle with fibre F0 such that
|χ(F0)| ⩽ logB, then Propositions 3.11 and 3.13 guarantee that there exists a transversely
oriented connected normal surface F in M and a certificate Σfib ∈ S∗

fib(M,F ) such that
|χ(F )| ⩽ logB and |Σfib| is bounded above by a polynomial in |T |. If F0 is a torus with
one boundary component or a sphere with 4 boundary components, then Proposition 5.12
guarantees the existence of a certificate Σhyp ∈ S∗

hyp.low(M,F,Σfib) such that |Σhyp| is
bounded above by a polynomial in |T |. Otherwise, Proposition 5.15 guarantees the
existence of a certificate Σhyp ∈ S∗

hyp(M,F,Σfib) such that |Σhyp| is bounded above by a
polynomial in |T | and logB.

If we are in a setting where the Euler characteristic of a fibre is guaranteed to be
bounded above by the size of the input, then the artificial bound B we introduced in the
statement of Hyperbolicity detection for fibred 3-manifolds with bound
on the fibre is not needed. This happens, for example, in the case of knot diagrams.
A diagram of a knot K in S3 can be represented as a 4-valent graph in the plane; the
amount of information required to encode it is proportional to the number n of crossings
in the diagram. Denote by MK the 3-manifold obtained by removing an open regular
neighbourhood of K from S3. If K is fibred – that is, if MK is fibred – and hyperbolic –
that is, if MK is hyperbolic – then we can certify this in polynomial time in the size of
a triangulation of MK and the Euler characteristic of a fibre, thanks to Theorem 5.18.
It is not hard to construct a triangulation of MK with linear size in n (see [13, Lemma
7.2]). Moreover, it is easy to see that the Euler characteristic of a fibre of MK is at
most n. Therefore, the certificate of fibredness and hyperbolicity of K can be verified in
polynomial time in n; in other words, as we prove in Corollary 5.19 below, the problem
of deciding hyperbolicity of fibred knots is in NP.
Problem (Hyperbolicity detection for fibred knots).

Input: a diagram of a knot K in the 3-sphere.

Output: whether K is fibred and hyperbolic.

The size of the input is measured by the number of crossings in the diagram. ×

Corollary 5.19 (Hyperbolicity detection for fibred knots is in NP). The
problem Hyperbolicity detection for fibred knots is in NP.
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Proof. Let D be a diagram of a knot K ⊆ S3 with n crossings. The algorithm of [13,
Lemma 7.2] computes a triangulation T of the 3-manifold MK obtained by removing an
open regular neighbourhood of K from S3. This algorithm runs in polynomial time in n,
and the number of tetrahedra of T is bounded above by a linear function of n.

We claim that K is fibred and hyperbolic if and only if the answer to Hyperbolicity
detection for fibred 3-manifolds with bound on the fibre with input M = MK

and B = 2n+1 is “yes”. In fact, by Seifert’s algorithm, the knot K admits a Seifert surface
F0 with |χ(F0)| ⩽ n + 1. Since every incompressible Seifert surface for K, intersected
with MK , is a fibre of MK , this implies that MK is fibred if and only if it admits a fibre
F with |χ(F )| ⩽ n+ 1.

Theorem 5.18 then implies that a positive answer to Hyperbolicity detection for
fibred knots can be certified in polynomial time in |T | and logB. Both quantities are
bounded above by a linear function of n, from which we conclude that Hyperbolicity
detection for fibred knots is in NP.
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Appendix A

Proof of Proposition 4.10

This appendix is entirely devoted to the proof of Proposition 4.10, whose statement we
recall here for the reader’s convenience.

Proposition 4.10 (Vertical surfaces with prescribed boundary). Let T be a suitable
pre-sutured triangulation of M = F × [0, 1] with t tetrahedra, where F is a compact
orientable surface. Let a be a normal 1-manifold in ∂0M ∪ ∂vM . Denote by a0 and av

the intersections of a with ∂0M and ∂vM respectively. Suppose that no component of
a0, seen as a 1-manifold in ∂0M , is a boundary-parallel arc or a curve bounding a disc;
moreover, suppose that av is vertical in ∂vM . Then there is a normal surface A in M

such that:

(i) A is a vertical surface in M ;

(ii) A ∩ (∂0M ∪ ∂vM) is isotopic to a in ∂0M ∪ ∂vM , fixing ∂∂hM ;

(iii) the weight of A is bounded by

w(A) ⩽ 29t+40 · w(a).

We have decided to defer the proof of Proposition 4.10 to this appendix for several
reasons. First, simply put, the proof is long enough that it would have disrupted the flow
of the main text, without adding much to the exposition. Second, this is a statement
that experts in the field would very readily believe (at least in spirit, ignoring the exact
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numbers); increasing the length of the main text by a substantial amount to prove a
statement that is not particularly surprising would have been a disservice to the reader.
Third, despite the alleged “obviousness” of the statement, our proof of Proposition 4.10
requires the introduction of two very technical concepts, that are necessary to overcome
subtle issues that would otherwise arise in the argument. These concepts – namely,
E-prioritised weight and twist number – are not used anywhere else in the paper, and we
believe that they are not particularly useful outside the context of this proof. Therefore,
we have decided to introduce them in this appendix, where they can be presented in a
self-contained manner without “polluting” the main text. Finally, in this appendix we
will require that the reader is familiar with several concepts from Matveev’s [28], that
are not necessary to understand the rest of the paper.

The idea of the proof is quite straightforward. One of the cornerstones of normal surface
theory is that most “interesting” surfaces in a triangulated 3-manifold can be represented
by a fundamental normal surface (or by a bounded sum of fundamental normal surfaces,
as was the case in our proof of Proposition 3.13). Since fundamental normal surfaces
have bounded weight (see Proposition 2.6), it should follow that any “interesting” surface
can be described with bounded amount of data. Of course, we cannot expect that
every vertical surface in M = F × [0, 1] has a fundamental representative, since there
are only finitely many fundamental normal surfaces in a triangulated 3-manifold, but
infinitely many possible isotopy classes for the 1-manifold a ⊆ ∂0M ∪ ∂vM . However,
this expectation can be satisfied if we adopt a more suitable notion of “fundamental”.

Recall from Section 2.2.5 that normal surfaces are in one-to-one correspondence with
non-negative integral solutions of a set of linear equations, namely the matching equations
and the consistency equations. Fundamental normal surfaces correspond to solutions
that cannot be written as a non-trivial sum of other solutions. Let us consider an
additional set of equations, that we call boundary equations. For a given 1-manifold
a properly embedded in ∂0M ∪ ∂vM , we say that a normal surface A ⊆ M satisfies
the boundary equations if A ∩ (∂0M ∪ ∂vM) is an integer multiple of a (although this
is slightly imprecise, as explained below). The set of matching equations, consistency
equations, and boundary equations defines a system of linear equations, and we can
consider fundamental solutions of this system. The bound on the weight of fundamental
normal surfaces in Proposition 2.6 is a statement that relies purely on linear algebra, and
in fact applies to any system of linear equations. Therefore, fundamental solutions of the
system of matching equations, consistency equations, and boundary equations – call this
the “augmented” linear system – will also have a bound on their weight, that depends –
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as it should – both on the number t of tetrahedra and on the weight of a.
All that is left to do is showing the existence of a vertical surface that is a fundamental

solution of the augmented linear system. The strategy to prove a claim of this kind
has been streamlined by Matveev in [28], culminating in Theorem 4.1.36 therein (see
Theorem A.2 below for the statement). The idea is then to take a least-weight normal
vertical surface A in M such that A ∩ (∂0M ∪ ∂vM) is isotopic to a preserving ∂∂hM ,
and prove that A must be a fundamental solution of the augmented linear system. If, for
the sake of contradiction, the surface A were not fundamental, then it could be written as
a normal sum A = G1 +G2, where G1 and G2 are non-trivial solutions of the augmented
system. Since A is incompressible and boundary-incompressible, then [28, Theorem
4.1.36] implies that G1 and G2 are also incompressible and boundary-incompressible;
moreover, one of them – say G1 – will have the same intersection with ∂0M ∪ ∂vM as A.
This means that G1 is vertical and, in particular, admissibly isotopic to A; since A is
least-weight, we obtain a contradiction.

There are two issues with this argument. The first one is that we have no control over
the weight of A ∩ (∂0M ∪ ∂vM). To be precise, the boundary equations are set up to
ensure that the intersection of a normal surface with ∂0M ∪ ∂vM is an integer multiple of
A∩(∂0M ∪∂vM), not of a; this is necessary for the argument to go through. In particular,
this means that the bound we get on the weight of fundamental solutions depends on
the weight of A ∩ (∂0M ∪ ∂vM). However, if A is chosen to be least-weight, there is
no reason a priori to expect that the weight of A ∩ (∂0M ∪ ∂vM) should be bounded
in terms of the weight of a. In fact, it is entirely conceivable that the optimal way to
minimise the weight of A in M requires the weight of A ∩ (∂0M ∪ ∂vM) to be arbitrarily
large compared to that of a. On the other hand, the hypothesis that A is least-weight is
necessary to apply [28, Theorem 4.1.36]. To overcome this issue, we show in Section A.1
that Matveev’s Theorem 4.1.36 also applies to normal surfaces that minimise, in their
admissible isotopy class, first the weight of their intersection with ∂0M ∪ ∂vM , and then
their weight in M ; we call these least-wE,∗ surfaces. It is immediate to check that, if A is
chosen to be least-wE,∗, then

w(A ∩ (∂0M ∪ ∂vM)) ⩽ w(a).

This will allow us to bound the weight of fundamental solutions in terms of t and w(a).
The second problem is that in the definition of least-weight (or, for that matter,

least-wE,∗) surfaces, we allow admissible isotopies, that is, isotopies that preserve – but
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don’t necessarily fix pointwise – the boundary pattern ∂∂hM . This is unavoidable
if we want [28, Theorem 4.1.36] (or the generalisation we prove in Theorem A.9) to
hold. As a consequence, the surface A we obtain from the argument outlined above
will not, in general, satisfy condition (ii) of Proposition 4.10; the only guarantee is
that A ∩ (∂0M ∪ ∂vM) is isotopic to a preserving ∂∂hM . We address this issue in
Proposition A.16, by showing that, under these conditions, there exists a surface that
is admissibly isotopic to A, satisfies condition (ii) of Proposition 4.10, and has weight
bounded above by a polynomial function of t, w(a), and w(A).

A.1 Least-wE ,∗ normal surfaces and normal sums
Definition A.1 (E-prioritised weight of a surface). Let F be a general position surface
properly embedded in a triangulated 3-manifold with boundary pattern, and let E be a
collection of edges of the triangulation. The E-weight of F is the number wE(F ) = |E ∩F |
of intersections between F and the edges of E . The E-prioritised weight of F is the
ordered pair

wE,∗(F ) = (wE(F ), w(F )).

We say that F is least-wE,∗ if it minimises the E-prioritised weight amongst all general
position properly embedded surfaces that are admissibly isotopic to F , where E-prioritised
weights are compared lexicographically. ×

Our goal, achieved in Theorem A.9, is to prove a generalisation of [28, Theorem 4.1.36].
The original statement is as follows.

Theorem A.2 ([28, Theorem 4.1.36]). Let a least-weight (“minimal” in [28]) connected
normal surface F in an irreducible boundary-irreducible triangulated 3-manifold with
boundary pattern (M,Γ) be presented in the form F = G1 +G2. If F is incompressible
and boundary-incompressible, then so are G1 and G2. Moreover, neither G1 nor G2 is a
sphere, a projective plane, or a disc intersecting Γ at most once.

The version we require differs from [28, Theorem 4.1.36] in two ways:

1. we drop the assumption that F is connected;

2. we replace the assumption that F is least-weight with the assumption that F is
least-wE,∗ for a given collection of edges E .
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The proof of this modified statement does not involve any new ideas or techniques that
are not already present in Matveev’s [28]. In fact, it suffices to review the intermediate
results used in the proof of [28, Theorem 4.1.36] and verify that the arguments can be
adapted to our new setting. We will try to strike a reasonable balance between brevity
and completeness: we will not replicate the full proofs of the modified intermediate
results, but we will highlight all the necessary changes. We recommend that this section
be read alongside Sections 3.3 and 4.1 of [28]. In particular, we expect the reader to
be familiar with the notions of returns, regular and irregular switches, patches (and
the related terminology such as double curves, trace curves, opposite, adjacent, clean
disc patches, companions), reduced form, compressing and boundary-compressing discs
for 2-dimensional subpolyhedra, good and bad angles for such discs, and weight of a
compressing or boundary-compressing disc of a surface in a normal sum.
Remark A.3 (Essential surfaces are isotopic to least-wE,∗ normal surfaces). It follows
from Proposition 2.7 that every incompressible boundary-incompressible general position
properly embedded surface F in a triangulated compact irreducible boundary-irreducible
3-manifold with boundary pattern is admissibly isotopic to a least-wE,∗ normal surface
F ′, provided that F does not have any component that is a sphere, a clean disc, or an
inessential semi-clean disc. Moreover, if F contains a return, then F ′ can be chosen so
that w(F ′) < w(F ) and wE,∗(F ′) < wE,∗(F ); this is explained in [28, Remark 3.2.23]. ×

Remark A.4 (Least-wE,∗ normal surfaces have no sphere, clean disc, or inessential
semi-clean disc components). Let (M,Γ) be an irreducible boundary-irreducible tri-
angulated 3-manifold with boundary pattern, and let E be a collection of edges of the
triangulation. Let F be a least-wE,∗ normal surface. Then F does not have any sphere,
clean disc, or inessential semi-clean disc components. In fact, if S were a sphere compo-
nent, then S would bound a 3-ball by irreducibility of M , and could therefore be isotoped
inside a tetrahedron of the triangulation, thus reducing the weight of F . Similarly, by
boundary-irreducibility of (M,Γ), a clean disc component could be admissibly isotoped
to lie inside a tetrahedron, thus reducing the weight of F . Finally, if D is an inessential
semi-clean disc component of F , then it can be admissibly isotoped to a disc D′ linked
(see [28, Definition 3.3.17]) to an edge e contained in Γ; if at least one of the intersections
of D with Γ is not contained in an edge of E , then we can pick e ̸∈ E , so that wE(D′) = 0.
Either way, we have that w(D′) = 2 < w(D) and wE(D′) ⩽ wE(D), contradicting the
minimality of wE,∗(F ). ×

Lemma A.5 (Matveev’s Lemma 4.1.2 revisited). Let M be a triangulated 3-manifold,
and let E be a collection of edges of the triangulation. Let a normal surface F in M be
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presented in the form F = G1 +G2. Suppose that G1 ∪G2 has a self-opposite disc patch
E. Then M contains a projective plane whose E-prioritised weight is less than that of F .

Proof. The proof of [28, Lemma 4.1.2] works by noting that the connected component P
of – say – G1 containing E is a projective plane with w(P ) ⩽ w(G1) < w(F ). However,
we also have that wE(P ) ⩽ wE(G1) ⩽ wE(F ), so that wE,∗(P ) < wE,∗(F ).

Lemma A.6 (Matveev’s Lemma 4.1.5 revisited). Let (M,Γ) be an irreducible bound-
ary-irreducible triangulated 3-manifold with boundary pattern, and let E be a collection of
edges of the triangulation. Let a least-wE,∗ normal surface F in (M,Γ) be presented in
the form F = G1 +G2. Let E be a non-self-opposite clean disc patch of G1 ∪G2. Then
E does not admit an opposite clean companion disc.

Proof. Suppose for a contradiction that E admits an opposite clean companion disc E ′,
and denote by s the double curve of G1 ∪G2 that corresponds to the twin trace curves
in ∂E and ∂E ′.

Suppose first that E ′ does not contain E. Then S = E ∪ E ′ is a sphere or a properly
embedded clean disc; since (M,Γ) is irreducible and boundary-irreducible, the surface S
bounds a 3-ball (if S it is a sphere) or cobounds a 3-ball with a clean disc in ∂M (if S is
a disc). In either case, we see that F has a component that is entirely contained in a
clean 3-ball, and is therefore a sphere or a clean disc; by Remark A.4, this contradicts
the assumption that F is least-wE,∗.

Therefore, we have that E ′ contains E. The proof of [28, Lemma 4.1.5] then shows
that, by replacing the regular switch along s with the irregular one, we get the disjoint
union of two surfaces F1 and T , where F1 is admissibly isotopic to F . Note that
wE,∗(F1 ∪ T ) = wE,∗(F ), and in particular wE,∗(F1) ⩽ wE,∗(F ). Moreover, one of F1 and
T must contain a return. If F1 contains a return, then by Remark A.3 we can admissibly
isotope F1 to reduce its boundary-prioritised weight, contradicting the minimality of
wE,∗(F ). If T contains a return, then w(T ) > 0, and therefore wE,∗(F1) < wE,∗(F ), which
again leads to a contradiction.

Lemma A.7 (Matveev’s Lemma 4.1.8 revisited). Let (M,Γ) be an irreducible bound-
ary-irreducible triangulated 3-manifold with boundary pattern, and let E be a collection of
edges of the triangulation. Let a least-wE,∗ normal surface F in (M,Γ) be presented in a
reduced form F = G1+G2. Suppose that F is incompressible and boundary-incompressible.
Then all the patches of G1 ∪ G2 are incompressible and boundary-incompressible, and
none of them is a clean disc patch.
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Proof. The proof is essentially the same as that of [28, Lemma 4.1.8]. The only changes
we need to implement are:

• use Lemma A.5 instead of [28, Lemma 4.1.2];

• use Lemma A.6 instead of [28, Lemma 4.1.5];

• observe that conclusion 4 of [28, Lemma 4.1.4] cannot hold if F is least-wE,∗.

Lemma A.8 (Matveev’s Lemma 4.1.33 revisited). Let (M,Γ) be an irreducible bound-
ary-irreducible triangulated 3-manifold with boundary pattern, and let E be a collection of
edges of the triangulation. Let a least-wE,∗ normal surface F in (M,Γ) be presented in
the form F = G1 +G2 such that there are no clean disc patches. Then G1 ∪G2 does not
admit a compressing disc with precisely one bad angle.

Proof. The proof of [28, Lemma 4.1.33] works by constructing a surface F1 = (F ∂T )∪A
that is admissibly isotopic to F . The surface A does not intersect any edge of the
triangulation, while F ∩ ∂T does. Therefore, Matveev concludes that w(F1) < w(F ), but
by the very same argument we also have that wE,∗(F1) < wE,∗(F ).

Theorem A.9 (Matveev’s Theorem 4.1.36 revisited). Let (M,Γ) be an irreducible bound-
ary-irreducible triangulated 3-manifold with boundary pattern, and let E be a collection
of edges of the triangulation. Let a least-wE,∗ normal surface F in (M,Γ) be presented in
the form F = G1 +G2. Suppose that F is incompressible and boundary-incompressible,
and that no component of F is a sphere, a projective plane, or a disc intersecting Γ at
most once. Then the same is true of G1 and G2.

Proof. It suffices to prove the theorem in the case where F = G1 + G2 is in reduced
form. Then Lemma A.7 tells us that all the patches of G1 ∪ G2 are incompressible
and boundary-incompressible, and none of them is a clean disc patch. If, for the sake
of contradiction, any component of G1 or G2 is a sphere, a projective plane, or a disc
intersecting Γ at most once, then it must be decomposed into at least two patches, but
every decomposition of such a component into patches must contain a clean disc patch.

We now prove that G1 is incompressible and boundary-incompressible; by symmetry,
the same will hold for G2. Suppose for a contradiction that G1 admits a non-trivial
compressing or boundary-compressing disc ∆; amongst all such discs, choose one that
minimises the weight c(∆) + c∂(∆). Note that this weight cannot be zero, because
otherwise ∆ would be a non-trivial compressing or boundary-compressing disc for a patch
of G1 ∪G2. If ∆ ∩G2 contains a circle or an arc with both endpoints in ∂M , then an
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innermost circle or outermost arc argument yields a disc D0 ⊆ ∆ satisfying condition (1)
of [28, Lemma 4.1.35], contradicting the minimality of ∆.

Therefore, ∆ ∩G2 cuts ∆ into regions that are homeomorphic to discs; we call such
regions polygons. In particular, call a polygon exterior if it intersects ∂M , and interior
otherwise. Denote by n the number of components of ∆ ∩G2 that have one endpoint in
∂M , and by m the number of components that don’t intersect ∂M . It is easy to see that
there are exactly m interior polygons and n+ 1 exterior polygons.

Every interior (respectively exterior) polygon is a compressing (respectively bound-
ary-compressing) disc for G1 ∪ G2. Every point of ∂∆ ∩ G2 that does not lie on ∂M

is a common vertex of two angles belonging to two different polygons; one of these
angles is good, and the other is bad. Therefore, the total number of bad angles in
the polygons is 2m + n. An easy counting argument shows that there must be either
one exterior polygon with no bad angles, or one interior polygon with at most one bad
angle. However, Lemma A.8 implies that we cannot have an interior polygon (that is,
a compressing disc for G1 ∪G2) with precisely one bad angle. We conclude that there
is a polygon (interior or exterior) with no bad angles. By [28, Lemma 4.1.34], we can
find a disc D0 ⊆ M satisfying conditions (2) or (3) of [28, Lemma 4.1.35], contradicting
the minimality of ∆. This concludes the proof, showing G1 cannot have a non-trivial
compressing or boundary-compressing disc.

A.2 Admissible isotopies and isotopies fixing the
boundary

The goal of this section is to convert admissible isotopies of interval bundles into isotopies
that fix the boundary pattern, while maintaining some control over weights of vertical
surfaces. More precisely, the setting is the following. Let M = F × [0, 1] for some compact
orientable surface F , and let A be a vertical surface in M . Suppose that A is isotopic
preserving Γ = ∂∂hM to a normal surface A′. For our purposes, the surface A will be
a vertical surface such that A ∩ (∂0M ∪ ∂vM) is the prescribed normal 1-manifold a,
and A′ will be a fundamental normal surface (with respect to the “augmented” system
defined at the beginning of Appendix A). The aim is to find a normal surface A′′ that is
isotopic to A fixing Γ, with weight bounded in terms of w(a), w(A′), and the number t
of tetrahedra in the triangulation of M ; in particular, we want the weight of A′′ to be
independent of the weight of A, over which we have no control.
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The proof consists of three main steps.

1. We introduce the notion of twist number to quantify the amount of twisting along
Γ that is induced by an admissible isotopy taking A to A′; see Definitions A.10
and A.12 and Proposition A.11.

2. Then, we show that the twist number of such an isotopy can be bounded in terms
of the weights of the intersection of A and A′ with ∂0M ∪ ∂vM , independently of
w(A); see Proposition A.13.

3. Finally, we prove that the twisting along Γ can be “undone” by an admissible
isotopy of A′ that increases its weight by a controlled amount, depending on t,
|A′ ∩ Γ|, and the twist number; see Proposition A.14.

Since the twist number only depends on w(a) and w(A′), combining these three steps
will yield a normal surface A′′ with the desired bound on its weight; this is achieved in
Corollary A.15.

This outline is somewhat misleading: for technical reasons – arising from the fact
that Γ contains curves that are isotopic in ∂M – obtaining the desired surface A′′ in the
setting of interval bundles require two successive applications of Corollary A.15; this is
done in Proposition A.16, which contains exactly the statement that we need.

We use the following notation for isotopies. An isotopy φ of a space X is a continuous
one-parameter family of homeomorphisms φt : X → X, parametrised by t ∈ [0, 1]; we
write φ = (φt)t∈[0,1] to denote this parametrisation.

Definition A.10 (Twist number in S1). Let φ = (φt)t∈[0,1] be an isotopy of S1. Consider
the universal cover p : R → S1 given by p(θ) = eiθ. Let φ̃ be a lift of φ to R. Then the
twist number of φ is the number

twist(φ) =
⌈ 1

2π max {|φ̃1(θ) − φ̃0(θ)| : θ ∈ R}
⌉
. ×

It is clear that twist(φ) does not depend on the choice of the lift φ̃.

Proposition A.11 (Elementary properties of twist number). Let φ = (φt)t∈[0,1] and
ψ = (ψt)t∈[0,1] be isotopies of S1, and let f and g be homeomorphisms S1 → S1. Then
the following hold:

1. twist(φ ◦ ψ) ⩽ twist(φ) + twist(ψ);

2. twist(f ◦ φ ◦ f−1) = twist(φ);
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3. if f and g are orientation-preserving, then they are isotopic through an isotopy ρ
such that twist(ρ) ⩽ 1 and, for every x ∈ S1, either ρ fixes x or the map t 7→ ρt(x)
is injective.

Proof. We prove each statement in turn.

1. Let φ̃ and ψ̃ be lifts of φ and ψ to R. By definition of twist(ψ), we have that

ψ̃1(θ) ⩽ ψ̃0(θ) + 2π · twist(ψ) for every θ ∈ R. (A.1)

Suppose, for the sake of simplicity, that φ is orientation-preserving, so that φ̃t is
increasing for every t ∈ [0, 1]. Then, for θ ∈ R, we have that

φ̃1(ψ̃1(θ)) ⩽ φ̃1(ψ̃0(θ) + 2π · twist(ψ)) by (A.1), since φ̃1 is increasing
= φ̃1(ψ̃0(θ)) + 2π · twist(ψ) since φ̃1(x+ 2π) = φ̃1(x) + 2π
⩽ φ̃0(ψ̃0(θ)) + 2π · twist(φ) by definition of twist(φ),

+ 2π · twist(ψ)

and similarly

φ̃1(ψ̃1(θ)) ⩾ φ̃0(ψ̃0(θ)) − 2π(twist(φ) + twist(ψ)).

When φ is orientation-reversing, the argument is exactly the same (except for the
fact that φ̃t is decreasing and φ̃1(x+ 2π) = φ̃1(x) − 2π).

2. Let ρ = (ρt)t∈[0,1] be the isotopy of S1 such that ρt = f for every t ∈ [0, 1]. It
is clear from the definition that twist(ρ) = twist(ρ−1) = 0. We can then apply
statement 1 to get

twist(f ◦φ◦f−1) = twist(ρ◦φ◦ρ−1) ⩽ twist(ρ)+twist(φ)+twist(ρ−1) = twist(φ).

By symmetry, we also have that twist(f ◦ φ ◦ f−1) ⩾ twist(φ), so the conclusion
follows.

3. Let f̃ and g̃ be lifts of f and g to R such that 0 ⩽ m < 2π, where

m = max{f̃(θ) − g̃(θ) : θ ∈ R}.

Let θ0 ∈ [0, 2π] be a point attaining the maximum. For θ0 ⩽ θ < θ0 + 2π we have
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that

f̃(θ) − g̃(θ) ⩾ f̃(θ0) − g̃(θ) since f̃ is increasing
= g̃(θ0) − g̃(θ0) +m by definition of θ0

> g̃(θ0) − g̃(θ0 + 2π) +m since g̃ is increasing
= m− 2π since g̃(x+ 2π) = g̃(x) + 2π
⩾ −2π since m ⩾ 0.

We conclude that

|f̃(θ) − g̃(θ)| < 2π for every θ ∈ R. (A.2)

We now define an isotopy ρ̃ = (ρ̃t)t∈[0,1] of R as follows:

ρ̃t(θ) = t · g̃(θ) + (1 − t) · f̃(θ).

One checks that this isotopy descends to an isotopy ρ of S1 with ρ0 = f and
ρ1 = g. Inequality (A.2) immediately gives that twist(ρ) ⩽ 1. Suppose now that
ρ̃t(θ) = ρ̃t′(θ) + 2kπ for some t, t′ ∈ [0, 1], θ ∈ R, and k ∈ Z. Some easy algebra
shows that, in this case, we must have

(t′ − t) · (f̃(θ) − g̃(θ)) = 2kπ.

Since |t′ − t| ⩽ 1 and |f̃(θ) − g̃(θ)| < 2π, we either have f̃(θ) = g̃(θ) (and, hence, ρ
fixes eiθ) or t = t′.

Definition A.12 (Twist number in a manifold). Let X be a surface or a 3-manifold,
and let Γ be a closed 1-manifold embedded in M . Let φ = (φt)t∈[0,1] be an isotopy of
M preserving Γ. If Γ is connected, we define the twist number of φ relative to Γ as the
number

twistΓ(φ) = twist(f−1 ◦ φ|Γ ◦ f),

where f is a homeomorphism S1 → Γ. If Γ is disconnected, we let

twistΓ(φ) =
∑

b

twistb(φ),

where the sum ranges over the components b of Γ. ×
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We remark that statement 2 of Proposition A.11 implies that the definition above does
not depend on the choice of the homeomorphism f .

Proposition A.13 (Bounding twist number with intersection number). Let F be a
compact connected orientable surface, and let a and c be arcs properly embedded in F

that are not boundary-parallel. Let Ω be a boundary component of F that intersects both
a and c. Let φ = (φt)t∈[0,1] be an isotopy of F such that φ0 is the identity. If F is an
annulus, suppose that φ fixes a component of ∂F . Then we have the bound

twistΩ(φ) ⩽ 2(|a ∩ c| + |φ1(a) ∩ c| + 8).

Proof. Firstly, let us perform a small isotopy on c, if necessary, to ensure that a and c do
not intersect on ∂F , and neither do φ1(a) and c; this can be done without increasing the
number of intersections of a and c nor of φ1(a) and c. We can also assume that a and
c intersect transversely, and so do φ1(a) and c. Let F be the double of F , that is the
surface obtained by gluing two copies of F along their boundary via the identity map.
We think of F as being embedded in F as one of these two copies, and we denote by
ι : F → F the involution that exchanges int(F ) with F F .

Homeomorphism around a boundary component. Pick a boundary component b
of F , and let N be a regular neighbourhood of b in F . If we pick N small enough, we
can identify it with b× [0, 1] in such a way that b× {0} corresponds to b, and a ∩N and
c ∩N are unions of arcs of the form {x} × [0, 1]. By composing with ι, this induces an
identification of the annulus A = N ∪ ι(N) with b× [−1, 1] ⊆ F such that (a ∪ ι(a)) ∩A

and (c ∪ ι(c)) ∩ A are unions of arcs of the form {x} × [−1, 1]. Apply statement 3 of
Proposition A.11 with f = φ1|b and g = id to get an isotopy ρ of b from φ1|b to the
identity.

We now define a homeomorphism gb : F → F as follows. For (x, y) ∈ b× [−1, 1] = A,
set

gb(x, y) =
(ρ−y(x), y) if −1 ⩽ y ⩽ 0,

(φ1−y(x), y) if 0 ⩽ y ⩽ 1;

outside A, we set gb to be the identity. See Figure A.1 for a sketch of the homeomorphism
gb. We remark a few properties of gb.

1. The homeomorphism gb of F preserves b and coincides with φ1 on it.

2. For every component a′ of ι(a) ∩ (b × [−1, 0]) and every component c′ of ι(c) ∩
(b× [−1, 0]), the two arcs gb(a′) and c′ intersect in at most one point. This follows
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Figure A.1. The homeomorphism gb around the boundary component b.

from the fact that ρ is obtained by applying statement 3 of Proposition A.11; in
particular, this shows that gb(a′) is either of the form {x} × [−1, 0], in which case
it is disjoint from c′, or {(ρt(x),−t) : t ∈ [0, 1]}, in which case it intersects c′ in at
most one point by injectivity of t 7→ ρt(x).

3. The restriction gb|F is isotopic to φ1 through an isotopy that is constant on ∂F .
To show this explicitly, consider the isotopy ψ of F defined as follows: for t ∈ [0, 1],
set ψt to be the identity on F (b× [0, t]), while for (x, y) ∈ b× [0, t] set

ψt(x, y) = (φt−y(x), y).

It is then easy to check that (φt ◦ ψ−1
t ◦ ψ1)t∈[0,1] is an isotopy of F from ψ1 = gb|F

to φ1 that is constantly equal to φ1|∂F on ∂F .

Note that, if φ fixes b, then we can (and will) take gb to be the identity.

Writing gb as a power of a Dehn twist. Since gb restricts to a homeomorphism of
the annulus A that fixes ∂A, it is isotopic (as a homeomorphism of F ) to a power T kb

b of
a Dehn twist about the core b of A. In order to estimate the exponent kb, consider a lift
g̃ : R × [−1, 1] → R × [−1, 1] of gb|A to the universal cover R × [1, 1] of A = b× [−1, 1].
Since gb preserves sets of the form b× {t} for t ∈ [−1, 1], we see that g̃ preserves the sets
R × {t}; for each t ∈ [−1, 1], denote by g̃t : R → R the homeomorphism such that

g̃(x, t) = (g̃t(x), t).

Consider lifts φ̃ and ρ̃ of φ and ρ respectively to R; in particular, pick them so that
φ̃1 = ρ̃0 = g̃0. It is easy to see that the exponent kb such that gb is isotopic to T kb

b satisfies

2π|kb| = |g̃1(θ) − g̃−1(θ)| for every θ ∈ R.
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If we choose θ to maximise |φ̃1(θ) − φ̃0(θ)|, we have that

|kb| = |g̃1(θ) − g̃−1(θ)|/2π
= |φ̃1(θ) − ρ̃0(θ)|/2π by our choice of φ̃ and ρ̃

⩾ |φ̃1(θ) − φ̃0(θ)|/2π − |ρ̃1(θ) − ρ̃0(θ)|/2π
⩾ twistb(φ) − twist(ρ) by definition of twist number

and our choice of θ
⩾ twistb(φ) − 1 since twist(ρ) ⩽ 1.

We remark that, when φ fixes b, the exponent k is zero.

Patching homeomorphisms around all boundary components. For each boundary
component b of F , we have constructed a homeomorphism gb of F that is supported
in a regular neighbourhood of b in F ; in fact, it is not restrictive to assume that these
supports are pairwise disjoint. We can then define g = gb1 ◦ . . . gbm , where b1, . . . , bm are
the components of ∂F . This is a homeomorphism of F that is supported in a regular
neighbourhood A of ∂F in F . Recall that, in the case where F is an annulus, we are
assuming that φ fixes a component of ∂F ; therefore, so does g.

From the properties of the individual homeomorphisms gb, we can infer properties of g.

4. The homeomorphism g preserves ∂F , and coincides with φ1 on it; this is an
immediate consequence of property 1 above.

5. The homeomorphism g is isotopic to

f =
∏

b⊆∂F

T kb
b

in F , where the product ranges over the components b of ∂F . Recall that kb is an
integer such that |kb| ⩾ twistb(φ) − 1, and that kb is zero if φ fixes b.

6. The homeomorphism g|F of F is isotopic to φ1 through an isotopy that is constant
on ∂F . This is an immediate consequence of property 3 above.

7. If we think of g(ι(a)) and ι(c) as arcs properly embedded in ι(F ), then

|g(ι(a)) ∩ ι(c)| ⩽ |a ∩ c| + 4.
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In fact, by property 2 above, the arcs g(ι(a)) and ι(c) intersect in at most 4 points
in A; moreover, since g is the identity on ι(F ) A, the arcs g(ι(a)) and ι(c) intersect
at most |a ∩ c| times outside A.

Bounding twist number. Let a and c respectively denote the curves a ∪ ι(a) and
c ∪ ι(c) in F . Their intersection number is bounded by

i(a, c) ⩽ 2|a ∩ c|. (A.3)

Let a′ = g(a). By properties 6 and 7 above, the curve a′ can be isotoped in F to a curve
a′′ that coincides with φ1(a) on F , and intersects ι(c) in at most |a ∩ c| + 4 points. In
particular, we have that

i(a′, c) ⩽ |a′′ ∩ c| ⩽ |a ∩ c| + |φ1(a) ∩ c| + 4. (A.4)

By property 5 above, the curve a′ is also isotopic to f(a).
It is reasonable to expect that, if the exponents kb are large, then the intersection

number i(f(a), c) should also be large. This statement is made precise, for instance, in
[15, Lemma 4.2]. In our setting, this lemma reads

i(a, c) + i(f(a), c) ⩾
∑

b⊆∂F
kb ̸=0

(|kb| − 2) · i(a, b) · i(c, b), (A.5)

where the sum ranges over the components b of ∂F with kb ≠ 0. Two remarks are in
order. Firstly, [15, Lemma 4.2] requires that the curves we Dehn twist about – namely,
components of ∂F – are not pairwise isotopic. This is always the case, except when
F is an annulus; however, in this situation, recall that we are assuming that φ fixes
a component of ∂F ; this implies that there is at most one non-zero exponent kb, and
therefore the lemma still applies. The second remark is that, even though [15, Lemma
4.2] as stated requires the exponents to be “natural numbers”, the proof therein explicitly
asserts that this assumption is not required.

Note that, by the assumption that a and c are not boundary-parallel, we have that
i(a, b) = |a ∩ b| and i(c, b) = |c ∩ b| for every component b of ∂F . Finally, we get the
bound

twistΩ(φ) ⩽ |kΩ| + 1 since |kΩ| ⩾ twistΩ(φ) − 1
⩽ (|kΩ| + 1) · |a ∩ Ω| · |c ∩ Ω| since a and c intersect Ω
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⩽
∑

b⊆∂F

(|kb| + 1) · |a ∩ b| · |c ∩ b|

⩽
∑

b⊆∂F

(|kb| − 2) · i(a, b) · i(c, b) + 12 since i(a, b) · i(c, b) ⩽ 4

⩽ i(a, c) + i(f(a), c) + 12 by (A.5)
⩽ 3|a ∩ c| + |φ1(a) ∩ c| + 16 by (A.3) and (A.4),

where the sums range over the components b of ∂F . We conclude by noting that, when
|φ1(a) ∩ c| < |a ∩ c|, we obtain the desired inequality by replacing a with φ1(a) and φ

with (φ1−t)t∈[0,1].

Proposition A.14 (Bounding weight with twist number). Let T be a triangulation
of a compact orientable 3-manifold with t tetrahedra, and let Γ be a closed simplicial
sub-1-manifold of ∂M . Let A be a general position surface properly embedded in M ,
and let φ = (φt)t∈[0,1] be an isotopy of Γ such that φ0 is the identity. Suppose that
φ1(A ∩ Γ) does not contain any vertices of T . Then there is an isotopy ψ = (ψt)t∈[0,1] of
M preserving Γ such that:

(i) ψ0 is the identity;

(ii) ψ coincides with φ on Γ;

(iii) there is an arbitrarily small neighbourhood of Γ in M outside which ψt is the identity
for every t ∈ [0, 1];

(iv) ψ1(A) is a general position surface whose weight is bounded by

w(ψ1(A)) ⩽ w(A) + 12t ·
∑
b⊆Γ

|A ∩ b| · twistb(φ),

where the sum ranges over the components b of Γ.

Proof. We work with one component of Γ at a time.

Constructing a regular neighbourhood. Let b be a component of Γ, and let N be
an arbitrarily small regular neighbourhood of b in M . We can identify N with S1 × U ,
where

S1 = {eiθ : θ ∈ R} and
U = {(y1, y2) ∈ R2 : y2 ⩾ 0, y2

1 + y2
2 ⩽ 1},
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Figure A.2. A portion of the regular neighbourhood N of b. The regular neighbourhood
N is decomposed into stars of vertices (labelled V×U) and neighbourhoods of truncated
edges (labelled E × U).

so that b corresponds to S1 × {(0, 0)}.
We want N to agree with the combinatorial structure of the triangulation T and the

general position surface A therein. Informally, we would like N to be partitioned into
stars of vertices (regions that contain a vertex of T , intersect T (1) in ”straight lines”, and
do not intersect A) and neighbourhoods of truncated edges (regions that only intersect
T (1) in the interior of an edge on ∂F and intersect A in parallel copies of U). This
decomposition is shown in Figure A.2.

Formally, for a point eiθ ∈ S1, we call a straight line in N based at eiθ a subset of N
of the form {(

eiθ+iλ·t, t · y
)

: t ∈ [0, 1]
}

for some λ ∈ R and y ∈ U with ∥y∥ = 1. If we pick N to be small enough, we can find
an identification N = S1 × U such that:

• there is a decomposition S1 = V ∪ E , where V and E are non-empty finite unions
of closed connected subsets of S1 such that V ∩ E = ∂V = ∂E ;

• every component of V × U contains exactly one vertex of T ;

• for each edge e of T not contained in b, each component of e∩ (V ×U) is a straight
line based at a vertex of T ;

• V × U does not intersect A;
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Figure A.3. On the left, a schematic representation of the isotopy ψ̃ of R × U . On the
right, emphasis on the homeomorphism ψ̃1.2 of R×U ; we have drawn some surfaces in
R × U that are images under ψ̃1/2 of discs of the form {θ} × U , to help visualise the
effect of ψ̃1/2.

• (E × U) ∩ T (1) = (E × U) ∩ b;

• every component of (E × U) ∩ A is of the form {x} × U for some x ∈ E .

The reader should think of V × U as stars of vertices, and E × U as neighbourhoods of
truncated edges; again, see Figure A.2.

An isotopy of N . Consider the universal cover R → b, where we identify b and S1, and
the induced universal cover R × U → N . Let φ̃ be the lift of φ to R such that φ̃0 is the
identity. We define an isotopy ψ̃ = (ψ̃t)t∈[0,1] of R × U as follows:

ψ̃t(θ, y) =
(
∥y∥ · θ + (1 − ∥y∥) · φ̃t(θ), y

)
.

A schematic representation of ψ̃ is shown in Figure A.3. One easily checks that ψ̃ descends
to an isotopy ψ of N that fixes clos(∂N ∂M), coincides with φ on b, and such that ψ0

is the identity.
We now analyse the effect of ψ1 on a component D = {eiθ} × U of A ∩ N . Let

D̃ = {θ} × U be a lift of D to R × U . Then

ψ̃1(D̃) =
{(

∥y∥ · θ + (1 − ∥y∥) · φ̃1(θ), y
)

: y ∈ U
}
, (A.6)
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(a) (b)

Figure A.4. (a) The image under ψ̃1 of a lift D̃ = {θ}×U of a component D = {eiθ}×U
of A ∩N . (b) The disc ψ1(D) in N .

as depicted in Figure A.4a.
Let s be a component of the intersection between an edge of T not contained in b and

V × U , which by construction of N is a straight line in N based at a vertex of T . Let V
be the component of V containing the vertex s ∩ b. Since eiθ ̸∈ V , it is easy to see that
ψ̃1(D̃) intersects at most ⌈

|φ̃1(θ) − θ|
2π

⌉
⩽ twistb(φ)

lifts of V .
Now, every lift s̃ of s to R × U is contained in Ṽ × U for some lift Ṽ of V , and is of

the form
s̃ = {(η + λ · t, t · y) : t ∈ [0, 1]} (A.7)

for some λ ∈ R, y ∈ U with ∥y∥ = 1, and η ∈ R such that eiη is the vertex s ∩ b of
T . Some easy algebra shows that ψ̃1(D̃) intersects s̃ in at most one point. The only
subtle point is showing that φ̃1(θ) ̸= η. This is true because eiη is a vertex of T , while
exp(iφ̃1(θ)) is a point of φ1(A ∩ Γ), which by assumption does not contain any vertices
of T . Moreover, when ψ̃1(D̃) and s̃ do intersect, they do so transversely. This can again
be easily checked from (A.6) and (A.7).

We conclude that ψ1(D) intersects s at most twistb(φ) times; see Figure A.4b for a
representation of the disc ψ1(D) in N . There are at most 6t edges in T , and every edge
not contained in b intersects V × U in at most two straight lines, contributing at most
2 twistb(φ) intersections. Moreover, the disc ψ1(D) also intersects b once.
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There are |A ∩ Γ| components of A ∩N , so we get a total of

|ψ1(A ∩N) ∩ T (1)| ⩽ |A ∩ b| · (12t · twistb(φ) + 1) (A.8)

intersections.

Patching isotopies around all components of Γ. We now apply the same procedure
to each component of Γ, obtaining an isotopy ψb of an arbitrarily small neighbourhood
Nb of b in M for each component b of Γ. Since each ψb fixes clos(∂Nb ∂M), we can
define an isotopy ψ of M that coincides with ψb on each Nb, and is the identity elsewhere.
Let N be the union of all the Nb. We see that ψ1(A) is in general position with respect
to T , since ψ1(A) ∩N and ψ1(A) N are. Finally, we get the desired bound:

w(ψ1(A)) = |ψ1(A ∩N) ∩ T (1)| + |ψ1(A N) ∩ T (1)|

= |ψ1(A ∩N) ∩ T (1)| + w(A) − |A ∩ Γ| since ψ1 is the identity
outside N

=
∑
b⊆Γ

|ψ1(A ∩Nb) ∩ T (1)| + w(A) − |A ∩ Γ|

⩽
∑
b⊆Γ

|A ∩ b| · (12t · twistb(φ) + 1)

+ w(A) − |A ∩ Γ|

by (A.8)

=
∑
b⊆Γ

|A ∩ b| · 12t · twistb(φ) + w(A),

where the sums range over the components b of Γ.

Corollary A.15 (Bounding weight up to isotopy with weight on the boundary). Let T
be a triangulation of a compact orientable 3-manifold M with t tetrahedra, and let F be a
simplicial subsurface of ∂M . Let A be a general position surface properly embedded in
M , and denote by a the intersection A ∩ F , which is a general position 1-manifold in
F . Suppose that no component of a is a boundary-parallel arc in F . Let φ = (φt)t∈[0,1]

be an isotopy of M preserving F such that φ0 is the identity. Suppose that A′ = φ1(A)
is in general position with respect to T . Additionally, suppose that φ fixes a boundary
component of every annulus component of F . Then there is an isotopy ψ = (ψt)t∈[0,1] of
M preserving F such that:

(i) ψ0 is the identity;

(ii) ψ fixes ∂F ;
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(iii) there is an arbitrarily small neighbourhood of ∂F in M outside which ψ and φ

coincide;

(iv) ψ1(A) is a general position surface whose weight is bounded by

w(ψ1(A)) ⩽ 193t2 · (w(A′) + w(a)).

Proof. Let ψ′ be the isotopy of M given by Proposition A.14 applied to the surface A′,
the isotopy (φ−1

t )t∈[0,1], and Γ = ∂F . Set ψt = ψ′
t ◦ φt for t ∈ [0, 1]. By construction, we

see that ψ0 is the identity, ψ fixes ∂F , and ψ coincides with φ outside an arbitrarily small
neighbourhood of ∂F . Moreover, ψ1(A) = ψ′

1(A′) is a general position surface whose
weight is bounded by

w(ψ1(A)) ⩽ w(A′) + 12t ·
∑
b⊆Γ

|a ∩ b| · twistb(φ). (A.9)

Consider a component b of Γ that intersects a. Let ab be a component of a that intersects
b and, amongst all such components, minimises w(ab) + w(φ1(ab)). In particular, this
choice of ab guarantees that

|a ∩ b| · (w(ab) + w(φ1(ab))) ⩽ 2w(a) + 2w(φ1(a)). (A.10)

Let G be the component of F containing b. Note that G cannot be a disc, since by
assumption ab is not boundary-parallel in G. If G has at least two boundary components,
let c be a simplicial arc properly embedded in G that has precisely one endpoint on
b. Otherwise, take a simplicial path c′ in G that starts and ends on b, is non-trivial in
the relative homology group H1(G, b;Z/2Z), and has minimal length amongst all such
paths. It is easy to see that c′ is transverse to b, it has no triple self-intersections, and it
runs along each edge of G at most once. By resolving the self-intersections of c′, we can
construct an arc c properly embedded in G that is not boundary-parallel. Either way,
we see that the arc c satisfies

|ab ∩ c| ⩽ w(ab) and |φ1(ab) ∩ c| ⩽ w(φ1(ab)),

since c is essentially a union of edges of T . We then apply Proposition A.13 to get the
bound

twistb(φ) ⩽ 2(w(ab) + w(φ1(ab)) + 8). (A.11)
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Finally, we can combine (A.9) to (A.11) to obtain

w(ψ1(A)) ⩽ w(A′) + 12t ·
∑
b⊆Γ

|a ∩ b| · twistb(φ)

⩽ w(A′) + 12t ·
∑
b⊆Γ

|a ∩ b| · 2(w(ab) + w(φ1(ab)) + 8)

⩽ w(A′) + 192t · |a ∩ Γ| + 48t ·
∑
b⊆Γ

(w(a) + w(φ1(a)))

⩽ w(A′) + 192t · |a ∩ Γ| + 96t2 · (w(a) + w(φ1(a))),

where the sums range over the components b of Γ that intersect a; the last inequality
follows from the (obvious) fact that Γ has at most 2t components. We obtain the
inequality in the statement by recalling that w(φ1(a)) ⩽ w(A′) and that

|a ∩ Γ| ⩽ min{w(a), w(A′)},

together with some elementary algebra.

Proposition A.16 (Weights of isotopic vertical surfaces in interval bundles). Let T
be a suitable triangulation of M = F × [0, 1] with t tetrahedra, where F is a compact
orientable surface, and let Γ = ∂∂hM . Let A be a general position incompressible
boundary-incompressible vertical surface properly embedded in (M,Γ), and denote by a
the intersection A∩ (∂0M ∪ ∂vM), which is a general position 1-manifold in ∂0M ∪ ∂vM .
Suppose that A is isotopic preserving Γ to a general position surface A′. Then A is
isotopic fixing Γ to a general position surface A′′ whose weight is bounded by

w(A′′) ⩽ 74 884t5 · (w(A′) + w(a)).

Proof. It is not restrictive to assume that F (and hence M) is connected. If F is a
sphere or a disc, then the conclusion holds vacuously, since A is empty. Otherwise, let
Γi = ∂∂iM for i ∈ {0, 1}. Let φ = (φt)t∈[0,1] be an isotopy of M preserving Γ such that
φ0 is the identity and φ1(A) = A′.

We first deal with the case where F is not an annulus. By applying Corollary A.15
to the simplicial subsurface ∂0M ⊆ ∂M , the general position surface A ⊆ M , and the
isotopy φ, we see that A is isotopic fixing Γ0 to a general position surface A1 whose
weight is bounded by

w(A1) ⩽ 193t2 · (w(A′) + w(a)) (A.12)
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We now apply Corollary A.15 to the simplicial subsurface ∂vM ⊆ ∂M , the general
position surface A ⊆ M , and the isotopy from A to A1 fixing Γ0; note that ∂vM is a
union of annuli, but this isotopy fixes one of the boundary components of each annulus.
Therefore, we see that A is isotopic fixing Γ to a general position surface A′′ whose weight
is bounded by

w(A′′) ⩽ 193t2 · (w(A1) + w(a))
⩽ 193t2 ·

(
193t2 · (w(A′) + w(a)) + w(a)

)
by (A.12)

⩽ 37 442t4 · (w(A′) + w(a)) by elementary algebra.

When F is an annulus, we need to modify the isotopy φ before we can apply Corol-
lary A.15. Write M = S1 × [0, 1] × [0, 1], and let ψ = (ψt)t∈[0,1] be the isotopy of S1 such
that

φt(x, 0, 0) = (ψt(x), 0, 0) for every t ∈ [0, 1], x ∈ S1.

By statement 3 of Proposition A.11, there is an isotopy ρ = (ρt)t∈[0,1] of S1 with
twist(ρ) ⩽ 1 such that ρ0 is the identity and ρ1 = ψ−1

1 .
Extend now ψ and ρ to isotopies of M in the natural way (that is, by fixing the two [0, 1]

factors). By applying Proposition A.14 to the boundary pattern Γ00 = S1 × {0} × {0},
the general position surface A′, and the isotopy ρ, we see that A′ is isotopic to a general
position surface A′

1 whose weight is bounded by

w(A′
1) ⩽ w(A′) + 12t · |a ∩ Γ00|, (A.13)

through an isotopy that preserves Γ and agrees with ρ on Γ00. In particular, A′
1 and

ρ1(A′) are isotopic fixing Γ00.
Note that ρ1(A′) is isotopic to A fixing Γ00, through the isotopy ψ−1 ◦ φ. We deduce

that A is isotopic to A′
1 through an isotopy φ′ fixing Γ00. We are now in a position to

apply the argument we described above for the non-annular case, replacing A′ with A′
1

and φ with φ′. Because of this additional step, the final bound on the weight of A′′ in
the annular case is

w(A′′) ⩽ 37 442t4 · (w(A′
1) + w(a))

⩽ 37 442t4 · (w(A′) + w(a) + 12t · |a ∩ Γ00|) by (A.13)

⩽ 37 442t4 ·
(3

2t+ 1
)

(w(A′) + w(a)) since 4|a∩ Γ00| = |a∩ Γ| =
|A′ ∩ Γ|
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⩽ 74 884t5 · (w(A′) + w(a)) by elementary algebra.

A.3 Vertical surfaces with prescribed boundary
In Section 2.2.5, we defined a fundamental normal surface to be a normal surface
that cannot be written as a normal sum of two non-empty normal surfaces. From the
point of view of normal vectors, this means that the normal vector of a fundamental
surface is not the sum of two non-zero and non-negative solutions of the matching and
consistency equations. This notion can be generalised to arbitrary systems of equations
and inequalities.

Definition A.17 (Fundamental and vertex solution). Let S be a system of equations
and inequalities in Rn. A solution of S is integral if all its entries are integers. An integral
solution of S is fundamental if it cannot be written as a sum of two integral solutions
of S, both of which are non-zero. An integral solution x of S is a vertex solution if,
whenever α · x = y + z, with y and z both solutions of S and α is a positive real number,
then both y and z are scalar multiples of x. ×

Proposition A.18 (Bounding fundamental solutions with ℓ2 norms of the columns).
Let A be an m× n matrix with integer entries. Consider the system

A · x = 0,

xi = 0 for i ∈ I,

xi ⩾ 0 for 1 ⩽ i ⩽ n,

(A.14)

where x ∈ Rn and I is a subset of {1, . . . , n}. For each 1 ⩽ i ⩽ n, let ki ⩾ 1 be an upper
bound to the ℓ2 norm of the i-th column of A. Then every fundamental solution of the
system (A.14) has ℓ∞ norm bounded above by

n · (k2
1 + 1)1/2 · · · (k2

n + 1)1/2.

Proof. The argument consists entirely of elementary linear algebra, and is outlined, for
instance, in the proof of [22, Theorem 8.1]. There, it is shown that the entries of any
vertex solution of (A.14) are bounded above by the absolute value of the determinant of
some (n− 1) × (n− 1) minor of an n× n matrix Â; each row of Â is either

• a row of A,
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• a row where one entry is 1 and the others are 0, or

• a row where all the entries are ones;

the matrix Â has rank n, so there are no repeated rows. It is then immediate to see that
the absolute value of the determinant of an (n − 1) × (n − 1) minor of Â is bounded
above by

(k2
1 + 1)1/2 · · · (k2

n + 1)1/2.

In the proof of [22, Theorem 8.1], it is also shown that the entries of any fundamental
solution of (A.14) are bounded above by n times the maximum entry of a vertex solution.
This concludes the proof.

We are finally ready to fulfil the purpose of this appendix, that is, provide a proof of
Proposition 4.10; we recall the statement here for convenience.

Proposition 4.10 (Vertical surfaces with prescribed boundary). Let T be a suitable
pre-sutured triangulation of M = F × [0, 1] with t tetrahedra, where F is a compact
orientable surface. Let a be a normal 1-manifold in ∂0M ∪ ∂vM . Denote by a0 and av

the intersections of a with ∂0M and ∂vM respectively. Suppose that no component of
a0, seen as a 1-manifold in ∂0M , is a boundary-parallel arc or a curve bounding a disc;
moreover, suppose that av is vertical in ∂vM . Then there is a normal surface A in M

such that:

(i) A is a vertical surface in M ;

(ii) A ∩ (∂0M ∪ ∂vM) is isotopic to a in ∂0M ∪ ∂vM , fixing ∂∂hM ;

(iii) the weight of A is bounded by

w(A) ⩽ 29t+40 · w(a).

Proof. It is not restrictive to assume that M is connected. Note that if a is empty then
the conclusion follows vacuously. Therefore, we can assume that a is non-empty.

Finding a normal surface. Let Γ = ∂∂hM . Note that F cannot be a sphere or a
disc, since a is non-empty. Therefore, the 3-manifold with boundary pattern (M,Γ) is
irreducible and boundary-irreducible. There exists a surface A1 properly embedded in M
such that A1 is vertical in M and A1 ∩ (∂0M ∪∂vM) = a. To see this, fix an identification
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of M with F × [0, 1] such that ∂vM = ∂F × [0, 1] and av is a union of interval fibres.
Then we can simply take A1 = a0 × [0, 1] ⊆ F × [0, 1]. Up to admissible isotopy, we can
also assume that A1 is in general position with respect to T .

Let E be the set of edges of T that are contained in ∂0M ∪ ∂vM . Note that, because of
the assumptions on a0, the surface A1 is incompressible and boundary-incompressible in
(M,Γ) by Proposition 3.4. Moreover, no component of A1 is a sphere or a disc intersecting
Γ at most twice. By Remark A.3, there exists a least-wE,∗ normal surface A2 in M that
is admissibly isotopic to A1. Let a2 = A2 ∩ (∂0M ∪ ∂vM); this is a normal 1-manifold in
∂0M ∪ ∂vM . In particular, we have that

w(a2) = wE(A2) ⩽ wE(A1) = w(a).

We remark that A2 does not necessarily satisfy condition (ii); in fact, the 1-manifold
a2 is isotopic to a in ∂0M ∪ ∂vM preserving Γ, but not necessarily fixing Γ pointwise.
We will address this issue at the end of the proof, by means of Proposition A.16.

Setting up linear equations. We now set up a system of linear equations in the
variables x1, . . . , x7t, and λ. The variables x1, . . . , x7t correspond to the 7t types of normal
discs defined by the triangulation T , while λ is an auxiliary variable to make the system
homogeneous. We consider three types of equations.

• Matching equations: these are the standard matching equations for normal surfaces,
as detailed in Section 2.2.5; each equation is of the form

xi + xj = xk + xl.

• Consistency equations: these are equations ensuring that no tetrahedron contains
more than one type of normal quadrilateral. In fact, we impose even stronger
constrains, requiring that

xi = 0

for every 1 ⩽ i ⩽ 7t such that (vA2)i = 0.

• Boundary equations: these are equations ensuring that a normal surface satisfying
them intersects ∂0M ∪ ∂vM in a normal 1-manifold that is a multiple of a2. For
every triangle T of T contained in ∂0M ∪ ∂vM , and for every type q of normal arc
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in T , let yq be the number of normal arcs of type q in a2. Then we require that

xi + xj = yq · λ,

where xi and xj are the variables corresponding to the two types of normal discs
that intersect T in an arc of type q.

Consider then the system

matching equations,

consistency equations,

boundary equations,

xi ⩾ 0 for every 1 ⩽ i ⩽ 7t,

λ ⩾ 0.

(A.15)

We say that a normal surface S satisfies (A.15) if there exists an integer λ such that
(vS, λ) is a solution of the system. Note that such a λ, if it exists, is necessarily unique;
we denote it by λ(S).

Bounding fundamental solutions. We can write the system (A.15) in the form
described in Proposition A.18, where the matrix A comes from the matching equations
and the boundary equations. Every type of normal disc appears in at most 4 matching
or boundary equations, so the ℓ2 norm of the columns corresponding to the variables xi

is at most 2. A bound for the ℓ2 norm of the column corresponding to λ is given by
√∑

q

y2
q ⩽

∑
q

yq = w(a2) − 1
2 |∂a2| ⩽ w(a2) ⩽ w(a),

where the sums range over all the types q of normal arcs of a.
In conclusion, if (x1, . . . , x7t, λ) is a fundamental solution of (A.15) and S is the

corresponding normal surface – that is, the normal surface such that vS = (x1, . . . , x7t) –
then we have the following bound on the weight of S:

w(S) ⩽ 4(x1 + · · · + x7t) because every normal disc contributes
to at most 4 points of S ∩ T (1)

⩽ 4 · 5t · max{x1, . . . , x7t} because at most 5t coordinates of vS are
non-zero
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⩽ 20t · (7t+ 1) · 57t/2 · (w(a)2 + 1)1/2 by Proposition A.18
⩽ 300t2 · 57t/2 · w(a) by elementary algebra. (A.16)

Showing that A2 is fundamental. Note that A2 satisfies (A.15) with λ(A2) = 1.
We want to show that (vA2 , 1) is a fundamental solution of the system. Suppose for a
contradiction that A2 can be presented as A2 = G1 + G2, with G1 and G2 non-empty
normal surfaces satisfying (A.15). Since λ(G1) + λ(G2) = λ(A2) = 1, we can assume
without loss of generality that λ(G1) = 1 and λ(G2) = 0. In particular, this means that
G1 and A2 have the same intersection with ∂0M ∪ ∂vM .

Note that A2, being admissibly isotopic to A1, is incompressible and boundary-in-
compressible, and that no component of A2 is a sphere, a projective plane, or a disc
intersecting Γ at most once. By Theorem A.9, we have that G1 is incompressible and
boundary-incompressible, and has no sphere or clean disc components. Let G′

1 be the
union of all the components of G1 that intersect ∂0M ∪ ∂vM . It immediately follows that
G′

1 is incompressible and boundary-incompressible, and has no clean disc components.
Moreover, we see that G′

1 satisfies (A.15) with λ(G′
1) = 1. In particular, note that each

component of G′
1 ∩ ∂vM = A2 ∩ ∂vM is a vertical arc. It is then easy to check that

the surface G′
1 satisfies the conditions of Proposition 3.3, and therefore is vertical in

M . But a vertical surface is determined, up to admissible isotopy, by its intersection
with ∂0M ; since G′

1 ∩ ∂0M = A2 ∩ ∂0M , the surfaces G′
1 and A2 are admissibly isotopic.

This, however, contradicts the fact that A2 is least-wE,∗, since wE(G′
1) = wE(A2) and

w(G′
1) < w(A2).

Conclusion. We have shown that A2 is a fundamental solution of the system (A.15).
In particular, it is admissibly isotopic to A1, and has weight bounded by (A.16). The
last step of the proof involves applying Proposition A.16 to the surfaces A1 and A2, to
conclude that A1 is isotopic fixing Γ to a general position surface A3 whose weight is
bounded by

w(A3) ⩽ 74 884t5 · (w(A2) + w(a))
⩽ 74 884t5 · (300t2 · 57t/2 · w(a) + w(a)) by (A.16)
⩽ 29t+40 · w(a) by elementary algebra.

The surface A3 can then be normalised by means of Proposition 2.7, obtaining a normal
surface A that is isotopic to A3 fixing Γ, and has smaller or equal weight.
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