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ABSTRACT
We establish a refined version of a graph container lemma due to Galvin and discuss several applications related to the
hard-core model on bipartite expander graphs. Given a graph 𝐺 and 𝜆 > 0, the hard-core model on 𝐺 at activity 𝜆 is
the probability distribution 𝜇𝐺,𝜆 on independent sets in 𝐺 given by 𝜇𝐺,𝜆(𝐼) ∝ 𝜆|𝐼|. As one of our main applications, we
show that the hard-core model at activity 𝜆 on the hypercube 𝑄𝑑 exhibits a ‘structured phase’ for 𝜆 = Ω(log2𝑑∕𝑑1∕2)
in the following sense: in a typical sample from 𝜇𝑄𝑑,𝜆, most vertices are contained in one side of the bipartition of 𝑄𝑑 .
This improves upon a result of Galvin, which establishes the same for 𝜆 = Ω(log 𝑑∕𝑑1∕3). As another application, we
establish a fully polynomial-time approximation scheme (FPTAS) for the hard-core model on a 𝑑-regular bipartite
𝛼-expander, with 𝛼 > 0 fixed, when 𝜆 = Ω(log2𝑑∕𝑑1∕2). This improves upon the bound 𝜆 = Ω(log 𝑑∕𝑑1∕4) due to the
first author, Perkins and Potukuchi. We discuss similar improvements to results of Galvin-Tetali, Balogh-Garcia-Li
and Kronenberg-Spinka.

1 | Introduction

Given a graph 𝐺, let (𝐺) denote the collection of independent sets in 𝐺. The hard-core model on 𝐺 at activity 𝜆 > 0 is
the probability distribution on (𝐺) given by

𝜇𝐺,𝜆(𝐼) =
𝜆|𝐼|

𝑍𝐺(𝜆)
(1)

for 𝐼 ∈ (𝐺), where the normalising constant

𝑍𝐺(𝜆) =
∑

𝐼∈(𝐺)
𝜆|𝐼| (2)

is known as the hard-core model partition function. The hard-core model originated in statistical physics as a simple model
of a gas. The vertices of the graph 𝐺 are to be thought of as ‘sites’ that can be occupied by particles, and neighbouring
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sites cannot both be occupied. This constraint models a system of particles with ‘hard cores’ that cannot overlap. In
statistical physics, a major motivation for studying the hard-core model is that it provides a setting where the notion
of phase transition can be rigorously investigated. In this context, the most common host graph of study is (the nearest
neighbour graph on) the integer lattice ℤ𝑑 (see Section 7 for a more precise discussion of phase transitions and hard-core
measures on ℤ𝑑). For now, a phase transition can be loosely thought of as follows: As 𝜆 increases, a typical sample from
the hard-core model on (a large box in) ℤ𝑑 transitions from being disordered to being structured, in the sense that it
prefers vertices from either the odd or even sublattice. Motivated by this phenomenon, Kahn (2001) initiated the study of
the hard-core model on the hypercube 𝑄𝑑 (and regular bipartite graphs in general). Here 𝑄𝑑 denotes the graph on vertex
set {0, 1}𝑑 where two vertices are adjacent if and only if they have Hamming distance 1. 𝑄𝑑 is a bipartite graph with
bipartition  ∪ , where  and  consist of the vertices with even and odd Hamming weight, respectively. Kahn showed
that for fixed 𝜆, 𝜖 > 0 and I sampled according to 𝜇𝑄𝑑,𝜆 both

|||||I| − 𝜆

1 + 𝜆
2𝑑−1|||| ≤ 2𝑑

𝑑1−𝜖

and

min{|I ∩ |, |I ∩ |} ≤
2𝑑

𝑑1∕2−𝜖

hold whp (that is, with probability tending to 1 as 𝑑 → ∞). Roughly speaking, these results show that for 𝜆 > 0 fixed, a
sample from 𝜇𝑄𝑑,𝜆 resembles a random subset of either  or  where each element is chosen independently with prob-
ability 𝜆∕(1 + 𝜆). In other words, samples from 𝜇𝑄𝑑,𝜆 exhibit a significant degree of structure. This lies in stark contrast
to the regime 𝜆 ≤ 𝑐∕𝑑 (𝑐 small) where a sample I from 𝜇𝑄𝑑,𝜆 resembles a 𝜆∕(1 + 𝜆)-random subset of  ∪ ; in particular,|I ∩ | = (1 + 𝑜(1))|I ∩ | whp – see (Weitz 2006).

Galvin (2011) later refined Kahn’s results, showing that the structured regime holds all the way down to 𝜆 = Ω̃(𝑑−1∕3).
More precisely, he showed that there exists 𝐶 > 0 so that if 𝐶 log 𝑑∕𝑑1∕3 ≤ 𝜆 ≤

√
2 − 1 and I is a sample from 𝜇𝑄𝑑,𝜆,

then whp |||||I| − 𝜆

1 + 𝜆
2𝑑−1|||| ≤ 𝑑 log 𝑑

( 2
1 + 𝜆

)𝑑

and
1

4 log 𝑚

𝜆

2

( 2
1 + 𝜆

)𝑑

≤ min{|I ∩ |, |I ∩ |} ≤ 𝑒𝑚2 𝜆

2

( 2
1 + 𝜆

)𝑑

for some 𝑚 = 𝑚(𝜆, 𝑑) = 𝑜(𝑑∕
√

log 𝑑). Similar bounds hold when 𝜆 >
√

2 − 1, but they take a slightly different form (see
Galvin 2011, theorem 1.1).

Galvin’s proof is based on Sapozhenko’s graph container method (Sapozhenko 1987; see Section 1.1 for more on the
container method). This influential method has now enjoyed numerous applications in the combinatorics literature. The
restriction that 𝜆 = Ω̃(𝑑−1∕3) in Galvin’s result is an artifact of a graph container lemma and as a consequence, the same
restriction appears in many other applications of similar lemmas (Balogh et al. 2021; Galvin and Tetali 2006; Jenssen et al.
2022, 2023; Kronenberg and Spinka 2022).

Galvin’s results (Galvin 2011) were extended by the first author and Perkins (Jenssen and Perkins 2020), who combined
the graph container method with a method based on the theory of polymer models and cluster expansion from statistical
physics. This allows for a very precise description of the hard-core measure on 𝑄𝑑 as a ‘perturbation’ of the measure
which selects a side  , uniformly at random and then selects a 𝜆∕(1 + 𝜆)-subset of that side. As a consequence, one
can obtain detailed asymptotics for the partition function 𝑍𝑄𝑑

(𝜆) and determine the asymptotic distribution of |I| and
min{|I ∩ |, |I ∩ |}. These results rely on Galvin’s container lemma and are therefore also limited to the regime 𝜆 =
Ω̃(𝑑−1∕3).

Here we prove a refined graph container lemma (Lemma 1.2 below), which allows us to extend these structure theorems to
the range 𝜆 = Ω̃(𝑑−1∕2). One can make similar improvements to several other applications of the graph container method
and we discuss these further applications in Section 1.2.
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Theorem 1.1. There exists 𝐶 > 0 so that the following holds. Let 𝐶log2𝑑∕𝑑1∕2 ≤ 𝜆 ≤
√

2 − 1 and let I be sampled
according to 𝜇𝑄𝑑,𝜆. Then, with high probability,

|||||I| − 𝜆

1 + 𝜆
2𝑑−1|||| ≤ 𝜔(1) ⋅ 𝑑𝜆22𝑑

(1 + 𝜆)𝑑
(3)

and

min{|I ∩ |, |I ∩ |} = (1 + 𝑜(1))𝜆
2
⋅
( 2

1 + 𝜆

)𝑑

(4)

where 𝜔(1) is any function tending to infinity as 𝑑 → ∞.

We reiterate that the regime 𝜆 ≥ 𝐶 log 𝑑∕𝑑1∕3 was already treated in detail in (Galvin 2011; Jenssen and Perkins 2020)
and the regime 𝜆 >

√
2 − 1 was treated in (Galvin 2011). Theorem 1.1 shows that the ‘structured regime’, where a typical

independent set is imbalanced, persists all the way down to 𝜆 = Ω̃(𝑑−1∕2). Theorem 1.1 is an easy consequence of a detailed
description of 𝜇𝑄𝑑,𝜆 (see Theorem 5.3 below) analogous to the one obtained in (Jenssen and Perkins 2020). This structure
theorem has several other consequences (many of which are elaborated upon in (Jenssen and Perkins 2020)), but here we
focus on Theorem 1.1 as our main application for brevity.

We describe our new graph container lemma (Lemma 1.2) in the following section, which is our main technical contri-
bution. We then go on to discuss further applications of the lemma.

1.1 | An Improved Graph Container Lemma

The container method is a classical tool that has seen widespread use in the context of studying independent sets in
graphs. Its roots can be traced back to the work of Kleitman and Winston (1982) and Sapozhenko (1987). In recent years,
the method has been generalized and developed into a powerful approach for studying independent sets in hypergraphs
in the celebrated work of Balogh et al. (2015) and Saxton and Thomason (2015). This method has enjoyed a wealth of
applications in extremal, enumerative and probabilistic combinatorics and beyond.

In this paper, we are interested in the graph container method specialized to the case of bipartite graphs Σ = 𝑋 ∪ 𝑌 .
A first result of this type was established by Sapozhenko (1987). Sapozhenko’s method was elaborated upon by Galvin
(2019) and the form of our container lemma is closely modelled after his results (see also (Galvin 2011; Galvin and Tetali
2006)). These results have seen numerous applications which we discuss further in Section 1.2.

We formulate our new container lemma in enough generality to encompass all of the applications outlined in Section 1.2
(not just Theorem 1.1) and with a view to future applications. The statement is somewhat technical, and so we first set
up some notation.

For 𝛿 ≥ 1 and 𝑑𝑌 ≤ 𝑑𝑋 , we say a bipartite graph Σ = 𝑋 ⊔ 𝑌 is 𝛿-approximately (𝑑𝑋, 𝑑𝑌 )-biregular if it satisfies

𝑑(𝑣) ∈

{
[𝑑𝑋, 𝛿𝑑𝑋] ∀𝑣 ∈ 𝑋,

[𝛿−1𝑑𝑌 , 𝑑𝑌 ] ∀𝑣 ∈ 𝑌

where 𝑑(𝑣) denotes the degree of 𝑣. For the rest of the paper, we assume Σ is 𝛿-approximately (𝑑𝑋, 𝑑𝑌 )-biregular.

For 𝐴 ⊆ 𝑋, the closure of 𝐴 is defined to be [𝐴] ∶= {𝑥 ∈ 𝑋 ∶ 𝑁(𝑥) ⊆ 𝑁(𝐴)}. A set 𝑆 ⊆ 𝑉 (Σ) is 2-linked if Σ2[𝑆] is con-
nected, where Σ2 is the square of Σ (i.e., 𝑉 (Σ2) = 𝑉 (Σ) and two vertices 𝑥, 𝑦 are adjacent in Σ2 iff their distance in Σ is at
most 2). Given 𝑎, 𝑔 ∈ ℕ, define

(𝑎, 𝑔) = (𝑎, 𝑔,Σ) = {𝐴 ⊆ 𝑋 2-linked ∶ |[𝐴]| = 𝑎 and |𝑁(𝐴)| = 𝑔}, (5)

and set 𝑡 ∶= 𝑔 − 𝑎 and 𝑤 ∶= 𝑔𝑑𝑌 − 𝑎𝑑𝑋 . The technical-looking definition below is a measurement of the expansion of Σ.
Given 1 ≤ 𝜑 ≤ 𝛿−1𝑑𝑌 − 1, let

𝑚𝜑 = 𝑚𝜑(Σ) = min{|𝑁(𝐾)| ∶ 𝑦 ∈ 𝑌 , 𝐾 ⊆ 𝑁(𝑦), |𝐾| > 𝜑}.
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The proof of Lemma 1.2 crucially relies on the expansion of Σ, and the lower bounds on 𝑚𝜑 and 𝑔 − 𝑎 below provide
quantification of the expansion that we need. All the graphs that we consider in our applications will satisfy these lower
bounds (except in Theorem 1.5, where we require a stronger bound on 𝑔 − 𝑎 and we relax the assumption on 𝑚𝜑).

Lemma 1.2. Let 𝑑𝑌 ≤ 𝑑𝑋 be sufficiently large integers and let 𝛿 ≥ 1, 𝛿′, 𝛿′′ > 0. Then there exist 𝑐 = 𝑐(𝛿, 𝛿′, 𝛿′′) > 0 and
𝐶 = 𝐶(𝛿, 𝛿′, 𝛿′′) > 0 such that the following holds. Let Σ = 𝑋 ⊔ 𝑌 be 𝛿-approximately (𝑑𝑋, 𝑑𝑌 )-biregular such that 𝑚𝜑 ≥

𝛿′′ ⋅ (𝜑𝑑𝑋), where 𝜑 = 𝑑𝑌 ∕(2𝛿). If 𝑎, 𝑔 ∈ ℕ satisfy 𝑔 − 𝑎 ≥ max
{

𝛿′𝑔

𝑑𝑌

,
𝑐𝑑𝑋

(log 𝑑𝑋 )2

}
and 𝜆 >

𝐶log2𝑑𝑋

(𝑑𝑋 )1∕2 , then

∑
𝐴∈(𝑎,𝑔)

𝜆|𝐴| ≤ |𝑌 |(1 + 𝜆)𝑔𝑒−(𝑔−𝑎)log2𝑑𝑋∕(6𝑑𝑋 ). (6)

We note that the main contribution of the above lemma is the improved lower bound on 𝜆, which was previously
(essentially1) Ω̃(𝑑−1∕3

𝑋
) in (Galvin 2011). As is typical with existing results of this type, the proof of Lemma 1.2 consists of

two parts: an algorithmic procedure for constructing graph containers efficiently, and a ‘reconstruction’ argument that
allows us to bound the sum on the left hand-side of (6) given the family of containers we have constructed. The main
driving force behind our improvement in the range of 𝜆 is a novel approach to the container construction algorithm,
Lemma 2.4.

We conjecture that a bound of the type given in Lemma 1.2 should hold for 𝜆 = Ω̃(1∕𝑑𝑋).

Conjecture 1.3. There exists a constant 𝜅 and a function 𝜆∗ ∶ ℕ → ℝ with 𝜆∗(𝑑) = Ω̃(1∕𝑑) as 𝑑 → ∞ such that, under
the assumptions of Lemma 1.2, if 𝜆 ≥ 𝜆∗(𝑑𝑋), then∑

𝐴∈(𝑎,𝑔)
𝜆|𝐴| ≤ |𝑌 |(1 + 𝜆)𝑔 exp

{
−(𝑔 − 𝑎)∕𝑑𝜅

𝑋

}
.

Remark 1.4. We note that the assumption 𝑔 − 𝑎 = Ω(𝑔∕𝑑𝑌 ) in Lemma 1.2 can be relaxed to 𝑔 − 𝑎 = Ω
(

𝑔log2𝑑𝑋√
𝑑𝑋𝑑𝑌 𝜆

)
(which

is weaker for 𝜆 ≫
log2𝑑𝑋

(𝑑𝑋 )1∕2 ) as long as 𝜆 grows at most polynomially fast in 𝑑𝑋 . We stick to the simpler lower bound 𝑔∕𝑑𝑌

for simplicity, as this lower bound is enough for all of the current applications.

1.2 | Further Applications

1.2.1 | Approximation Algorithms for the Hard-Core Model on Expanders

Given 𝑍, 𝑍̂, 𝜖 > 0, we say that 𝑍̂ is an 𝜖-relative approximation to 𝑍 if 𝑒−𝜖𝑍 ≤ 𝑍̂ ≤ 𝑒𝜖𝑍. Recall that for two probability
measures 𝜇, 𝜈 on a measurable space (Ω, ), the total variation distance between 𝜇 and 𝜈 is

||𝜇 − 𝜈||𝑇 𝑉 = sup
𝐴∈

|𝜇(𝐴) − 𝜈(𝐴)|.
Two natural computational tasks arise when considering the hard-core model on 𝐺 at activity 𝜆:

1. Compute an 𝜖-relative approximation to 𝑍𝐺(𝜆);

2. Output an independent set with distribution 𝜇̂𝐺,𝜆 such that ||𝜇̂𝐺,𝜆 − 𝜇𝐺,𝜆||𝑇 𝑉 ≤ 𝜖.

A deterministic algorithm which does Task 1 in time polynomial in 𝑛 and 1∕𝜖 is known as a fully polynomial time approx-
imation scheme (FPTAS). An algorithm which does Task 2 is known as an efficient sampling scheme.

Intuitively, one might expect the problem of approximating 𝑍𝐺(𝜆) to be easier on the class of bipartite graphs; for one,
there is a polynomial-time algorithm to find a maximum-size independent set in a bipartite graph while the corresponding
problem is NP-hard for general graphs. The problem of approximating 𝑍𝐺(𝜆) for bipartite 𝐺 belongs to the complexity
class #BIS introduced by Dyer et al. (2000). They showed that several natural combinatorial counting problems are as
hard to approximate as #BIS. Resolving the complexity of #BIS remains a major open problem and in recent years there
has been an effort to design approximation algorithms for 𝑍𝐺(𝜆) that exploit bipartite structure. The line of work most
relevant here is that which followed the breakthrough of Helmuth et al. (2020) who designed efficient approximation
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algorithms for 𝑍𝐺(𝜆) on ℤ𝑑 in the previously intractable ‘low temperature’ (i.e., large 𝜆) regime. Their method was based
on tools from statistical physics, namely Pirogov-Sinai Theory, polymer models and cluster expansions. Soon after Jenssen
et al. (2020) gave an FPTAS and efficient sampling scheme for the low-temperature hard-core model in bounded-degree,
bipartite expander graphs. This work was followed by several improvements, extensions, and generalizations including
(Cannon and Perkins 2020; Chen et al. 2021, 2022; Friedrich et al. 2023; Galanis et al. 2020, 2022; Liao et al. 2019). Many
of these algorithms exploit the fact that on a bipartite graph 𝐺 with sufficient expansion, typical samples from 𝜇𝐺,𝜆 are
imbalanced (preferring one side of the bipartition to the other). The container method is a particularly powerful tool for
detecting such structure. This fact was exploited by Jenssen et al. (2023) who combined the cluster expansion method
with graph containers to extend the range of 𝜆 for which efficient approximation algorithms on bipartite expanders were
known to exist. Our new container lemma (Lemma 1.2) can be used to extend the range further still. Given 𝛼 > 0, we say
that a bipartite graph with parts 𝑋, 𝑌 is a bipartite 𝛼-expander if |𝑁(𝐴)| ≥ (1 + 𝛼)|𝐴| for all 𝐴 ⊆ 𝑋 with |𝐴| < |𝑋|∕2 and
𝐴 ⊆ 𝑌 with |𝐴| < |𝑌 |∕2.

Theorem 1.5. For every 𝛼 > 0 there exists a constant 𝐶 > 0 such that for all 𝑑 ≥ 3 and 𝜆 ≥
𝐶log2𝑑

𝑑1∕2 there is an FPTAS for
𝑍𝐺(𝜆) and a polynomial-time sampling scheme for 𝜇𝐺,𝜆 for the class of 𝑑-regular, bipartite 𝛼-expanders.

The above result extends (Jenssen et al. 2023, theorem 2), which assumes that 𝜆 = Ω̃(𝑑−1∕4).

In the remainder of this section, we discuss further applications more briefly and informally for the sake of brevity and
in order to avoid excessive repetition of previous work. For these applications we do not provide formal proofs, and only
indicate where improvements can be made.

1.2.2 | Slow Mixing of Glauber Dynamics

Given a graph 𝐺, the Glauber dynamics for the hardcore model 𝜇𝐺,𝜆 is the following Markov chain on state space (𝐺),
the family of independent sets of 𝐺:

1. Begin with an arbitrary 𝐼 ∈ (𝐺), for example, 𝐼 = ∅.

2. Choose a vertex 𝑣 ∈ 𝑉 (𝐺) uniformly at random.

3. Sample 𝑋 ∼ Ber(𝜆∕(1 + 𝜆)). If 𝑋 = 1 and 𝑣 has no neighbours in 𝐼 then update 𝐼 ← 𝐼 ∪ {𝑣}. If 𝑋 = 0 update 𝐼 ←
𝐼 ⧵ {𝑣}.

This Markov chain has stationary distribution 𝜇𝐺,𝜆. If the chain mixes rapidly, it gives an efficient sampling scheme for
the hard-core model on 𝐺. Galvin and Tetali (2006) investigated the mixing time 𝜏𝜆(𝐺) of the Glauber dynamics for 𝜇𝐺,𝜆

on a bipartite expander 𝐺. They showed that for 𝜆 sufficiently large the Glauber dynamics mixes slowly. The driving
force behind this slow mixing is that, as alluded to in previous sections, a typical sample from 𝜇𝐺,𝜆 is highly imbalanced.
Balanced independent sets therefore, create a small ‘bottleneck’ in the state space. As a concrete example, Galvin and
Tetali prove the following.

Theorem 1.6 (Galvin and Tetali 2006, corollary 1.4). There exists 𝐶 > 0 such that if 𝑑 is sufficiently large and
𝐶log3∕2𝑑

𝑑1∕4 ≤ 𝜆 ≤ 𝑂(1), we have

𝜏𝜆(𝑄𝑑 ) ≥ exp

{
Ω

(
2𝑑 log3(1 + 𝜆)√

𝑑log2𝑑

)}
.

Our improved container lemma (Lemma 1.2) used in place of (Galvin and Tetali 2006, theorem 2.1) establishes the same
slow mixing phenomenon all the way down to 𝜆 = Ω̃(𝑑−1∕2). More generally, Galvin and Tetali establish slow mixing
results for 𝑑-regular bipartite 𝛼-expanders provided 𝜆 is sufficiently large as a function of 𝛼 and 𝑑. As above, Lemma 1.2
can be used to improve the range of 𝜆 for which these results hold.

1.2.3 | Antichains in the Boolean Lattice

Given 𝑛 ∈ ℕ, let 𝐵𝑛 denote the Boolean lattice of dimension 𝑛, that is, the power set of [𝑛] = {1,… , 𝑛}. Recall that  ⊆ 𝐵𝑛

is called an antichain if it is inclusion-free (i.e., 𝐴 ⊈ 𝐵 for all distinct 𝐴, 𝐵 ∈ ). Dedekind’s problem, dating back to
1897, asks for the total number of antichains in 𝐵𝑛. In recent work (Jenssen et al. 2024), the current authors applied the
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graph container method to study Dedekind’s problem in detail. As part of this study, the authors count and study the
typical structure of antichains in 𝐵𝑛 of a given size. For 0 ≤ 𝑘 ≤ 𝑛, we call the family 𝐿𝑘 =

(
[𝑛]
𝑘

)
⊆ 𝐵𝑛 the 𝑘𝑡ℎ layer of 𝐵𝑛.

We say that 𝐿𝑘−1, 𝐿𝑘, 𝐿𝑘+1 are three central layers if 𝑘 = ⌊𝑛∕2⌋ or 𝑘 = ⌈𝑛∕2⌉. One of the main results of (Jenssen et al.
2024) is the following.

Theorem 1.7 (Jenssen et al. 2024, theorem 1.5). There exists 𝐶 > 0 such that if 𝐶log2𝑛√
𝑛

< 𝛽 ≤ 1, then almost all

antichains of size 𝛽
(

𝑛⌊𝑛∕2⌋
)

in 𝐵𝑛 are a subset of three central layers.

For the proof, we study the hard-core model on the graph 𝐺𝑛 whose vertex set is 𝐵𝑛 and 𝑢 ∼ 𝑣 if and only if 𝑢 ≠ 𝑣 and 𝑢 is
contained in 𝑣 or vice versa. Note that independent sets in 𝐺𝑛 are precisely antichains in 𝐵𝑛. We use our container lemma,
Lemma 1.2 (and its proof), to study the hard-core measure on 𝐺𝑛 and to prove Theorem 1.7.

Recently Balogh et al. (2021) studied the hard-core model on the subgraph 𝑀𝑛 ⊆ 𝐺𝑛 induced by the middle two layers
𝐿(𝑛−1)∕2, 𝐿(𝑛+1)∕2 when 𝑛 is odd. In particular, they obtain detailed asymptotics for the partition function 𝑍𝑀𝑛

(𝜆) when 𝜆 ≥

𝐶 log 𝑛∕𝑛1∕3 (see (Balogh et al. 2021, theorem 5.1)). The now familiar Ω̃(𝑛−1∕3) bottleneck comes from the graph container
method. Using Lemma 1.2 one can easily extend (Balogh et al. 2021, theorem 5.1) to the regime 𝜆 = Ω̃(𝑛−1∕2).

1.2.4 | Independent Sets in the Percolated Hypercube

Given 𝑑 ∈ ℕ and 𝑝 ∈ [0, 1], we let 𝑄𝑑,𝑝 denote the random subgraph of the hypercube 𝑄𝑑 where each edge is retained
independently with probability 𝑝. Recently, Kronenberg and Spinka (2022) studied the hard-core model on 𝑄𝑑,𝑝. In par-
ticular, they find asymptotic formulae for the expected value (and higher moments) of the partition function 𝑍𝑄𝑑,𝑝

(𝜆). For
example, they prove the following.

Theorem 1.8 (Kronenberg and Spinka 2022, theorem 1.1). For 𝑑 sufficiently large and 𝑝 ≥
𝐶 log 𝑑

𝑑1∕3 ,

𝔼|(𝑄𝑑,𝑝)| = 2 ⋅ 22𝑑−1
exp

[1
2
(2 − 𝑝)𝑑 +

(
𝑎(𝑝)

(
𝑑

2

)
− 1

4

)
2𝑑(1 − 𝑝

2
)2𝑑 + 𝑂

(
𝑑42𝑑(1 − 𝑝

2
)3𝑑

)]
,

where

𝑎(𝑝) ∶= (1 + (1 − 𝑝)2)2

(2 − 𝑝)4 − 1
4
.

The restriction on 𝑝 here arises from an application of the graph container method. Our refined container method can
be used to extend the above theorem to the range 𝑝 = Ω̃(𝑑−1∕2). Kronenberg and Spinka prove several results about the
hard-core model on 𝑄𝑑,𝑝 at activity 𝜆. The range of 𝜆 and 𝑝 for which these results hold may similarly be extended using
the refined container methods of this paper.

1.3 | Organization

We collect preliminary results in Section 2 and prove our core result, Lemma 2.4, in Section 3. We then give the recon-
struction argument that enables us to deduce Lemma 1.2 in Section 4. We prove Theorem 1.1 in Section 5 and Theorem 1.5
in Section 6. Finally, we conclude with some brief remarks in Section 7.

1.4 | Notation and Usage

We use Σ = 𝑋 ⊔ 𝑌 for a bipartite graph with parts 𝑋 and 𝑌 , and 𝑉 (Σ) and 𝐸(Σ) for the set of vertices and edges of Σ,
respectively. As usual, we write 𝑁(𝑥) for {𝑦 ∈ 𝑉 (Σ) ∶ {𝑥, 𝑦} ∈ 𝐸(Σ)} and 𝑑𝐴(𝑥) ∶= |𝑁(𝑥) ∩ 𝐴|. We use 𝑑(𝑥) for 𝑑Σ(𝑥) for
simplicity. For 𝑆 ⊆ 𝑉 (Σ), set 𝑁(𝑆) ∶= ∪𝑥∈𝑆𝑁(𝑥) and let Σ[𝑆] denote the induced subgraph of Σ on 𝑆. For 𝐴, 𝐵 ⊆ 𝑉 (Σ),
let ∇(𝐴, 𝐵) = {{𝑥, 𝑦} ∈ 𝐸(Σ) ∶ 𝑥 ∈ 𝐴, 𝑦 ∈ 𝐵}, and ∇(𝐴) = ∇(𝐴, 𝑉 (Σ) ⧵ 𝐴).

We write
(

𝑛

≤𝑘

)
for

∑
𝑖≤𝑘

(
𝑛

𝑖

)
. We will make frequent use of the basic binomial estimate(

𝑛

≤ 𝑘

)
≤ exp

{
𝑘 log

(
𝑒𝑛

𝑘

)}
for 𝑘 ≤ 𝑛, (7)

where here and throughout the paper log is used for the natural logarithm.
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For two functions 𝑓, 𝑔 ∶ ℕ → ℝ we write 𝑓 (𝑑) = Õ(𝑔(𝑑)) if there exists 𝐶 ∈ ℝ such that |𝑓 (𝑑)| ≤ (log 𝑑)𝐶 |𝑔(𝑑)| for 𝑑

sufficiently large. We use Ω̃ analogously. Throughout the paper Σ will denote a 𝛿-approximately (𝑑𝑋, 𝑑𝑌 )-biregular graph
(for some choice of 𝑑𝑌 ≤ 𝑑𝑋 and absolute constant 𝛿) and all asymptotic notation is to be understood with respect to the
limits 𝑑𝑋, 𝑑𝑌 → ∞.

The cost of a choice means the logarithm (in base two) of the number of its possibilities. We employ a common abuse of
notation by often omitting floor and ceiling symbols for notational convenience.

2 | Preliminaries for the Proof of Lemma 1.2

2.1 | Proof Outline

We first provide a brief outline of the key ideas in the proof of Lemma 1.2. Our proof follows the outline of the original
proof of the graph container result of Sapozhenko (Sapozhenko 1987), with a couple of key improvements that we outline
below. We refer the reader to (Galvin 2019) for more details of the original graph container lemma.

The original proof of Sapozhenko’s result for counting independent sets roughly consists of two phases, with the first
phase splitting into two subphases:

I. Constructing containers
i. algorithmically produce ‘coarse’ containers called 𝜑-approximations (Lemma 2.1),

ii. algorithmically refine the coarse containers from the previous step into 𝜓-approximations (Lemma 2.4).

II. Reconstructing independent sets from the containers produced by the 𝜓-approximating algorithm.

Galvin’s proof (Galvin 2011) of the weighted graph container lemma follows the above structure of Sapozhenko’s proof.
Our proof also follows it at a high level, but the key to our improvement lies in improving the 𝜓-approximation algorithm.
In the implementation of 𝜓-approximation, the choice of the value for 𝜓 has two implications: the cost and the fineness
of the containers. A smaller value of 𝜓 will produce finer containers at higher cost. Then in the reconstruction phase, it is
cheaper to reconstruct independent sets from finer containers. So there is a trade-off, and the lower bound on 𝜆 = Ω̃(𝑑−1∕3

𝑋
)

in (Galvin 2011) is obtained by optimizing all of those costs.

An ingredient that is new in our proof is that we iterate the 𝜓-approximating algorithm, with 𝜓𝑖 decreasing at
every step. As mentioned above, decreasing the value of 𝜓𝑖 at each iteration increases the fineness of containers
(and thus reduces their reconstruction cost). Here, the key observation is that, for certain containers produced by
the 𝜓-approximating algorithm, we can rerun a 𝜓 ′-approximating algorithm for some 𝜓 ′ < 𝜓 without paying very
much for this additional run. This means that (under certain circumstances) we can obtain finer containers for a cost
much lower than a single implementation of 𝜓-approximation. Lemma 2.4 in the next subsection, whose proof is
deferred to Section 3, provides a quantitative statement for the (reduced) cost of the iterative runs of 𝜓-approximating
algorithm.

Unfortunately, there are some ‘bad’ containers for which the additional run of 𝜓 ′-approximation (as above) is as expensive
as a single run. So in our iteration, we will have to choose the right values 𝜓𝑖 so that we balance the cost for iterative imple-
mentation of 𝜓𝑖-approximations against the reconstruction cost for the bad containers. The corresponding computation
will be presented in Section 4.

We note that the idea of iteratively applying a container algorithm appears in several applications of the (hypergraph)
container method in the literature. We refer the reader to the excellent survey (Balogh et al. 2018) on the hypergraph
container method for some further examples of this idea in action.

2.2 | Preliminary Results

We first collect necessary definitions and claims for the proof of Lemma 1.2, and provide the statement of Lemma 2.4 at
the end as promised. We follow the notation of Galvin (2019).
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For 𝐴 ⊆ 𝑋 and 𝜑 ≥ 0 define 𝑁(𝐴)𝜑 ∶= {𝑦 ∈ 𝑁(𝐴) ∶ 𝑑[𝐴](𝑦) > 𝜑}. Define a 𝜑-approximation for 𝐴 ⊆ 𝑋 to be an 𝐹 ⊆ 𝑌

satisfying

𝑁(𝐴)𝜑 ⊆ 𝐹 ⊆ 𝑁(𝐴) and 𝑁(𝐹 ) ⊇ [𝐴].

Below is a version of Sapozhenko’s 𝜑-approximation lemma, which is extended for our approximate biregular setting.
Recall that Σ = 𝑋 ⊔ 𝑌 is 𝛿-approximately (𝑑𝑋, 𝑑𝑌 )-biregular, (𝑎, 𝑔) = {𝐴 ⊆ 𝑋 2-linked ∶ |[𝐴]| = 𝑎 and |𝑁(𝐴)| = 𝑔},
𝑡 = 𝑔 − 𝑎, 𝑤 = 𝑔𝑑𝑌 − 𝑎𝑑𝑋 , and 𝑚𝜑 = min{|𝑁(𝐾)| ∶ 𝑦 ∈ 𝑌 , 𝐾 ⊆ 𝑁(𝑦), |𝐾| > 𝜑}. In the remainder of this paper, we also
assume that 𝑑𝑋 and 𝑑𝑌 are sufficiently large for all of our computations to go through.

We note that the degree assumption 𝑑𝑌 ≤ 𝑑𝑋 is crucially used in Proposition 2.3 (see the sentences following
Proposition 2.3). On the other hand, the proofs of Lemma 2.1 and Lemma 2.4 go through without the assumption 𝑑𝑌 ≤ 𝑑𝑋 ,
however, the conclusions would need to be modified slightly depending on the relative size of 𝑑𝑌 and 𝑑𝑋 .

Lemma 2.1 (𝜑-approximation for approximately biregular graphs). Fix 1 ≤ 𝜑 ≤
𝑑𝑌

𝛿
− 1, and let 𝛾 ′ > 0 satisfy

𝛾 ′ log 𝑑𝑋∕(𝜑𝑑𝑋) < 1. Then there is a family  = (𝑎, 𝑔, 𝜑) ⊆ 2𝑌 with

|| ≤ |𝑌 | exp
{

54𝑔𝛾′ log 𝑑𝑋 log(𝛿𝑑𝑋𝑑𝑌 )
𝜑𝑑𝑋

+
54𝑔 log(𝛿𝑑𝑋𝑑𝑌 )
(𝑑𝑋)𝛾′𝑚𝜑∕(𝜑𝑑𝑋 )

+
54𝑤 log 𝑑𝑌 log(𝛿𝑑𝑋𝑑𝑌 )

𝑑𝑋(𝑑𝑌 ∕𝛿 − 𝜑)

}⎛⎜⎜⎝
3𝑔𝛾′𝑑𝑌 log 𝑑𝑋

𝜑𝑑𝑋

≤
3𝑤𝛾′ log 𝑑𝑋

𝜑𝑑𝑋

⎞⎟⎟⎠ (8)

such that each 𝐴 ∈ (𝑎, 𝑔) has a 𝜑-approximation in  .

The proof of Lemma 2.1 follows almost identically to that of (Balogh et al. 2024, lemma A.3), with the exception that we
replace the biregular assumption by approximate biregularity. For completeness, we give a proof in Appendix A.

The following definition originates from the notion of 𝜓-approximation of Sapozhenko. We relax this definition to allow
the separate cutoffs 𝜓𝑋 and 𝜓𝑌 , and the values of (𝜓𝑋, 𝜓𝑌 )𝑖 will evolve in the iteration of 𝜓𝑖-approximations.

Definition 2.2. For 1 ≤ 𝜓𝑋 ≤ 𝑑𝑋 − 1 and 1 ≤ 𝜓𝑌 ≤
𝑑𝑌

𝛿
− 1, a (𝜓𝑋, 𝜓𝑌 )-approximating pair for 𝐴 ⊆ 𝑋 is a pair (𝐹 , 𝑆) ∈

2𝑌 × 2𝑋 satisfying 𝐹 ⊆ 𝑁(𝐴), 𝑆 ⊇ [𝐴],
𝑑𝐹 (𝑢) ≥ 𝑑(𝑢) − 𝜓𝑋 ∀𝑢 ∈ 𝑆, and (9)

𝑑𝑋⧵𝑆(𝑣) ≥ 𝑑(𝑣) − 𝜓𝑌 ∀𝑣 ∈ 𝑌 ⧵ 𝐹 . (10)

Proposition 2.3. If (𝐹 , 𝑆) is a (𝜓𝑋, 𝜓𝑌 )-approximating pair for 𝐴 ∈ (𝑎, 𝑔), then, with 𝑠 ∶= |𝑆| and 𝑓 ∶= |𝐹 |,
𝑠 ≤ 𝑓 + 1

𝑑𝑋

[(𝑔 − 𝑓 )𝜓𝑌 + (𝑠 − 𝑎)𝜓𝑋]. (11)

Proof. Observe that, with 𝐹 ∶= 𝑌 ⧵ 𝐹 ,

|∇(𝑆, 𝐹 )| = |∇([𝐴], 𝑁(𝐴) ⧵ 𝐹 )| + |∇(𝑆 ⧵ [𝐴], 𝐹 )| (9),(10)
≤ (𝑔 − 𝑓 )𝜓𝑌 + (𝑠 − 𝑎)𝜓𝑋.

Therefore,
𝑠𝑑𝑋 ≤ |∇𝑆| = |∇(𝑆, 𝐹 )| + |∇(𝑆, 𝐹 )| ≤ 𝑑𝑌 𝑓 + [(𝑔 − 𝑓 )𝜓𝑌 + (𝑠 − 𝑎)𝜓𝑋],

which yields the conclusion by recalling that 𝑑𝑌 ≤ 𝑑𝑋 . ◽

We highlight that Proposition 2.3 makes crucial use of the assumption 𝑑𝑌 ≤ 𝑑𝑋 . In our applications, Proposition 2.3 will
allow us to conclude that 𝑠 ≤ (1 + 𝑜(1))𝑓 which is key to the proof of Lemma 1.2.

For future reference, we record a very loose upper bound on |𝑆| that follows from the above proposition: by applying
the bounds 𝜓𝑋, 𝜓𝑌 ≤ 𝑑𝑋 − 1 to (11), we have 𝑠 ≤ 𝑔 − (𝑔 − 𝑓 )∕𝑑𝑋 + (𝑠 − 𝑎)(1 − 1∕𝑑𝑋) ≤ 𝑔 + (1 − 1∕𝑑𝑋)𝑠, from which it
follows that

𝑠 ≤ 𝑑𝑋𝑔. (12)

Lemma 2.4 below is at the heart of the proof of Lemma 1.2. As we sketched in Section 2.1, the proof of Lemma 2.4 is
based on the idea of the iterative run of 𝜓𝑖-approximating algorithms. For the parameter 𝑖 in the statement below, it can
be understood that the corresponding conclusions are derived from the 𝑖th run.
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Lemma 2.4 (Iterative 𝜓-approximation). For any sufficiently large absolute constant 𝛾 , the following holds. Fix 1 ≤

𝜑 ≤
𝑑𝑌

𝛿
− 1. Fix 𝐹 ′ ⊆ 𝑌 and write (𝑎, 𝑔, 𝐹 ′) for the collection of 𝐴 ∈ (𝑎, 𝑔) for which 𝐹 ′ is a 𝜑-approximation. Then there

exists a family  =  (𝑎, 𝑔, 𝐹 ′) ⊆ 2𝑌 × 2𝑋 that satisfies the following properties: with

𝜅 ∶= max{𝑖 ∶ 2𝑖 ≤
√

𝑑𝑋}, (13)

we have that

1.  =
⋃

𝑖∈[0,𝜅] 𝑖

(
=

⋃
𝑖∈[0,𝜅] 𝑖(𝑎, 𝑔, 𝐹 ′)

)
where for each 𝑖 ∈ [0, 𝜅],

|𝑖| ≤ ⎛⎜⎜⎝
𝑑𝑌 𝑔

≤
𝛿𝛾𝑤

(𝑑𝑌 −𝛿𝜑)𝑑𝑋

⎞⎟⎟⎠
⎛⎜⎜⎝
𝛿𝑑𝑋𝑑𝑌 𝑔

≤
2𝛾𝑤

𝑑𝑋𝑑𝑌

⎞⎟⎟⎠ exp

[
𝑂

(
𝑖𝑡𝛾 log(𝑔𝑑2

𝑋
∕𝑡)

𝑑𝑋

)]
;

2. if (𝐹 , 𝑆) ∈ 𝑖, then (𝐹 , 𝑆) is a (𝑑𝑋∕(2𝑖𝛾), 𝑑𝑌 ∕𝛾)-approximating pair for some 𝐴 ∈ (𝑎, 𝑔, 𝐹 ′); in addition, for 𝑖 ∈ [0, 𝜅 −
1], every (𝐹 , 𝑆) ∈ 𝑖 satisfies |𝐹 | < 𝑔 − 𝑡∕2𝑖; and

3. every 𝐴 ∈ (𝑎, 𝑔, 𝐹 ′) has a (𝑑𝑋∕(2𝑖𝛾), 𝑑𝑌 ∕𝛾)-approximating pair in 𝑖 for some 𝑖 ∈ [0, 𝜅].

Noting that 𝜅 ≤ log 𝑑𝑋 and 𝑡log2𝑑𝑋∕𝑑𝑋 is bounded away from 0 (by the second lower bound on 𝑡 in Lemma 1.2), it follows
that for any given 𝑎, 𝑔 and any 𝐹 ′ ∈ (𝑎, 𝑔, 𝜑),

∑
𝑖∈[0,𝜅]

|𝑖(𝑎, 𝑔, 𝐹 ′)| ≤ ⎛⎜⎜⎝
𝑑𝑌 𝑔

≤
𝛿𝛾𝑤

(𝑑𝑌 −𝛿𝜑)𝑑𝑋

⎞⎟⎟⎠
⎛⎜⎜⎝
𝛿𝑑𝑋𝑑𝑌 𝑔

≤
2𝛾𝑤

𝑑𝑋𝑑𝑌

⎞⎟⎟⎠ exp

[
𝑂

(
𝑡𝛾 log 𝑑𝑋 log(𝑔𝑑2

𝑋
∕𝑡)

𝑑𝑋

)]
. (14)

3 | Proof of Lemma 2.4

Again, the proof of Lemma 2.4 is based on an iterative 𝜓-approximating algorithm. Lemmas 3.1 and 3.2 below bound the
cost for the initial and an additional run of the 𝜓-approximating algorithm, respectively. Crucially, we obtain the bound
in (16) which will be significantly smaller than that in (15) in our setting, which is a key to our improvement.

Lemma 3.1 (Cost for initial run). For any 𝐹 ′ ∈ (𝑎, 𝑔, 𝜑) and 1 ≤ 𝜓𝑋 ≤ 𝑑𝑋 − 1, 1 ≤ 𝜓𝑌 ≤ 𝑑𝑌 ∕𝛿 − 1 there is a family
 = (𝐹 ′, 𝜓𝑋, 𝜓𝑌 ) ⊆ 2𝑌 × 2𝑋 with

|| ≤ (
𝑑𝑌 𝑔

≤ 𝛿𝑤∕((𝑑𝑌 − 𝛿𝜑)𝜓𝑋)

)(
𝛿𝑑𝑋𝑑𝑌 𝑔

≤ 𝑤∕((𝑑𝑋 − 𝜓𝑋)𝜓𝑌 )

)
(15)

such that any 𝐴 ∈ (𝑎, 𝑔) for which 𝐹 ′ is a 𝜑-approximation has a (𝜓𝑋, 𝜓𝑌 )-approximating pair in  .

Proof. The proof goes very similarly to that of (Galvin 2019, lemma 5.5) with the distinction between 𝜓𝑋 and 𝜓𝑌 and
different degrees. Fix any ordering ≺ on 𝑉 (Σ).

Input. 𝐴 ∈ (𝑎, 𝑔) and its 𝜑-approximation 𝐹 ′ ∈ (𝑎, 𝑔, 𝜑)

Step 1. If {𝑢 ∈ [𝐴] ∶ 𝑑𝑁(𝐴)⧵𝐹 ′ (𝑢) > 𝜓𝑋} ≠ ∅, pick the smallest 𝑢 (in ≺) in this set and update 𝐹 ′ by
𝐹 ′ ← 𝐹 ′ ∪ 𝑁(𝑢). Repeat this until {𝑢 ∈ [𝐴] ∶ 𝑑𝑁(𝐴)⧵𝐹 ′ (𝑢) > 𝜓𝑋} = ∅. Then set 𝐹 ′′ = 𝐹 ′ and 𝑆′′ =
{𝑢 ∈ 𝑋 ∶ 𝑑𝐹 ′′ (𝑢) ≥ 𝑑(𝑢) − 𝜓𝑋} and go to Step 2.

Step 2. If {𝑣 ∈ 𝑌 ⧵ 𝑁(𝐴) ∶ 𝑑𝑆′′ (𝑣) > 𝜓𝑌 } ≠ ∅, pick the smallest 𝑣 (in ≺) in this set and update 𝑆′′ by
𝑆′′ ← 𝑆′′ ⧵ 𝑁(𝑣). Repeat this until {𝑣 ∈ 𝑌 ⧵ 𝑁(𝐴) ∶ 𝑑𝑆′′ (𝑣) > 𝜓𝑌 } = ∅. Set 𝑆 = 𝑆′′ and 𝐹 = 𝐹 ′′ ∪
{𝑣 ∈ 𝑌 ∶ 𝑑𝑆(𝑣) > 𝜓𝑌 } and stop.

Output. (𝐹 , 𝑆)
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We first check that the resulting (𝐹 , 𝑆) is a (𝜓𝑋, 𝜓𝑌 )-approximating pair for 𝐴 ∈ (𝑎, 𝑔) (see Definition 2.2). To see that
𝐹 ⊆ 𝑁(𝐴), note that 𝐹 ′ ⊆ 𝑁(𝐴) at the start of the algorithm (by the definition of 𝜑-approximation) and each element
added to 𝐹 ′ in Step 1 belongs to 𝑁([𝐴]) = 𝑁(𝐴). Moreover, {𝑣 ∈ 𝑌 ∶ 𝑑𝑆(𝑣) > 𝜓𝑌 } ⊆ 𝑁(𝐴) else Step 2 would not have
terminated. To see that 𝑆 ⊇ [𝐴] note that initially 𝑆′′ ⊇ [𝐴], else Step 1 would not have terminated, and Step 2 deletes
from 𝑆′′ only neighbours of 𝑌 ⧵ 𝑁(𝐴). To verify (9) note that at the end of Step 1, 𝑑𝐹 ′′ (𝑢) ≥ 𝑑(𝑢) − 𝜓𝑋 for all 𝑥 ∈ 𝑆′′ by
definition, and 𝐹 ⊇ 𝐹 ′′ and 𝑆 is contained in this initial set 𝑆′′. Condition (10) is immediate from the definition of 𝐹 .

Next, We show that the number of outputs for each 𝐹 ′ is at most the right-hand side of (15).

Cost for Step 1. Initially, |𝑁(𝐴) ⧵ 𝐹 ′| ≤ 𝛿𝑤∕(𝑑𝑌 − 𝛿𝜑) (each vertex in 𝑁(𝐴) ⧵ 𝐹 ′ is in 𝑁(𝐴) ⧵ 𝑁(𝐴)𝜑 and so contributes at
least (𝛿−1𝑑𝑌 − 𝜑) edges to ∇(𝑁(𝐴), 𝑋 ⧵ [𝐴]), a set of size ≤ 𝑔𝑑𝑌 − 𝑎𝑑𝑋 = 𝑤). Each iteration in Step 1 removes at least 𝜓𝑋

vertices from 𝑁(𝐴) ⧵ 𝐹 ′ and so there can be at most 𝛿𝑤∕((𝑑𝑌 − 𝛿𝜑)𝜓𝑋) iterations. The 𝑢’s in Step 1 are all drawn from [𝐴]
and hence 𝑁(𝐹 ′), a set of size at most 𝑑𝑌 𝑔. So, the total number of outputs for Step 1 is at most(

𝑑𝑌 𝑔

≤ 𝛿𝑤∕((𝑑𝑌 − 𝛿𝜑)𝜓𝑋)

)
.

Cost for Step 2. Each 𝑢 ∈ 𝑆′′ ⧵ [𝐴] contributes more than 𝑑𝑋 − 𝜓𝑋 edges to ∇(𝑁(𝐴), 𝑋 ⧵ [𝐴]), so initially |𝑆′′ ⧵ [𝐴]| ≤
𝑤∕(𝑑𝑋 − 𝜓𝑋).

Each 𝑣 used in Step 2 reduces this by at least 𝜓𝑌 , so there are at most 𝑤∕((𝑑𝑋 − 𝜓𝑋)𝜓𝑌 ) iterations. Each 𝑣 is drawn from
𝑁(𝑆′′), a set which is contained in the second neighbourhood of 𝐹 ′′ (indeed 𝑆′′ ⊆ 𝑁(𝐹 ′′) by definition) and so has size
at most 𝛿𝑑𝑋𝑑𝑌 𝑔. So the total number of outputs for Step 2 is at most(

𝛿𝑑𝑋𝑑𝑌 𝑔

≤ 𝑤∕((𝑑𝑋 − 𝜓𝑋)𝜓𝑌 )

)
.

◽

Lemma 3.2 (Cost for additional run). Let  = (𝐹 ′, 𝜓𝑋, 𝜓𝑌 ) be as in Lemma 3.1. For each (𝐹 , 𝑆) ∈  , if 1 ≤ 𝜓 ′
𝑋
≤

𝜓𝑋, 1 ≤ 𝜓 ′
𝑌
≤ 𝜓𝑌 , then there is a family  ′ =  ′(𝐹 , 𝑆) ⊆ 2𝑌 × 2𝑋 with

| ′| ≤ ( |𝑆|
≤ (𝑔 − |𝐹 |)∕𝜓 ′

𝑋

)(
𝛿𝑑𝑋|𝑆|

≤ 𝑤∕((𝑑𝑋 − 𝜓 ′
𝑋
)𝜓 ′

𝑌
)

)
(16)

such that any 𝐴 ∈ (𝑎, 𝑔) for which (𝐹 , 𝑆) ∈  is a(𝜓𝑋, 𝜓𝑌 )-approximating pair has a (𝜓 ′
𝑋

, 𝜓 ′
𝑌
)-approximating pair in  ′.

Proof. For (𝐹 , 𝑆) as in the statement of the lemma, we additionally run the algorithm in the proof of Lemma 3.1 with
𝜓 ′

𝑋
and 𝜓 ′

𝑌
.

Input. 𝐴 ∈ (𝑎, 𝑔) and its (𝜓𝑋, 𝜓𝑌 )-approximating pair (𝐹 , 𝑆)

Step 1′. If {𝑢 ∈ [𝐴] ∶ 𝑑𝑁(𝐴)⧵𝐹 (𝑢) > 𝜓 ′
𝑋
} ≠ ∅, pick the smallest 𝑢 (in ≺) in this set and update 𝐹 by

𝐹 ← 𝐹 ∪ 𝑁(𝑢). Repeat this until {𝑢 ∈ [𝐴] ∶ 𝑑𝑁(𝐴)⧵𝐹 (𝑢) > 𝜓 ′
𝑋
} = ∅. Then set 𝐹 = 𝐹 and 𝑆̂ = {𝑢 ∈

𝑆 ∶ 𝑑𝐹 (𝑢) ≥ 𝑑(𝑢) − 𝜓 ′
𝑋
} and go to Step 2′.

Step 2′. If {𝑣 ∈ 𝑌 ⧵ 𝑁(𝐴) ∶ 𝑑𝑆̂(𝑣) > 𝜓 ′
𝑌
} ≠ ∅, pick the smallest 𝑣 (in ≺) in this set and update 𝑆̂ by

𝑆̂ ← 𝑆̂ ⧵ 𝑁(𝑣). Repeat this until {𝑣 ∈ 𝑌 ⧵ 𝑁(𝐴) ∶ 𝑑𝑆̂(𝑣) > 𝜓 ′
𝑌
} = ∅. Then set 𝑆̃ = 𝑆̂ and 𝐹 = 𝐹 ∪

{𝑣 ∈ 𝑌 ∶ 𝑑𝑆̃(𝑣) > 𝜓 ′
𝑌
} and stop.

Output. (𝐹 , 𝑆̃)

It is easy to see that (𝐹 , 𝑆̃) is a (𝜓 ′
𝑋

, 𝜓 ′
𝑌
)-approximating pair for 𝐴 ∈ (𝑎, 𝑔). We bound the number of outputs for each

(𝐹 , 𝑆). Write 𝑓 = |𝐹 |.
Cost for Step 1’. Each iteration in Step 1’ removes at least 𝜓 ′

𝑋
vertices from 𝑁(𝐴) ⧵ 𝐹 , a set of size 𝑔 − 𝑓 , and so there can be

at most (𝑔 − 𝑓 )∕𝜓 ′
𝑋

iterations. The 𝑢’s in Step 1’ are all drawn from [𝐴] and hence from 𝑆. So the total number of outputs
for Step 1’ is at most
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( |𝑆|
≤ (𝑔 − 𝑓 )∕𝜓 ′

𝑋

)
.

Cost for Step 2′. Each 𝑢 ∈ 𝑆̂ ⧵ [𝐴] contributes more than 𝑑𝑋 − 𝜓 ′
𝑋

edges to ∇(𝑁(𝐴), 𝑋 ⧵ [𝐴]), so initially |𝑆̂ ⧵ [𝐴]| ≤
𝑤∕(𝑑𝑋 − 𝜓 ′

𝑋
). Each 𝑣 used in Step 2′ reduces this by at least 𝜓 ′

𝑌
, so there are at most 𝑤∕((𝑑𝑋 − 𝜓 ′

𝑋
)𝜓 ′

𝑌
) iterations. Each 𝑣

is drawn from 𝑁(𝑆̂), a set which is contained in 𝑁(𝑆) and so has size at most 𝛿𝑑𝑋|𝑆|. So the total number of outputs for
Step 2’ is at most (

𝛿𝑑𝑋|𝑆|
≤ 𝑤∕((𝑑𝑋 − 𝜓 ′

𝑋
)𝜓 ′

𝑌
)

)
.

◽

Proof of Lemma 2.4. Let 𝛾 be a large enough positive constant chosen so that the following computations go
through. Set

𝜓𝑋
0 = 𝑑𝑋∕𝛾 and 𝜓𝑌

0 = 𝑑𝑌 ∕𝛾, (17)

and let 0 = (𝐹 ′, 𝜓𝑋
0 , 𝜓𝑌

0 ) be the collection given by Lemma 3.1. So

any 𝐴 ∈ (𝑎, 𝑔, 𝐹 ′) has a (𝜓𝑋
0 , 𝜓𝑌

0 )-approximating pair in0. (18)

By (15) and the above choice of 𝜓𝑋
0 and 𝜓𝑌

0 , we have

|0| ≤ (
𝑑𝑌 𝑔

≤ 𝛿𝛾𝑤∕((𝑑𝑌 − 𝛿𝜑)𝑑𝑋)

)(
𝛿𝑑𝑋𝑑𝑌 𝑔

≤ 2𝛾𝑤∕(𝑑𝑋𝑑𝑌 )

)
. (19)

We will iteratively run (𝜓𝑋
𝑖

, 𝜓𝑌
𝑖
)-approximations with the following parameters: given 𝑖, for the members (𝐹 , 𝑆) of some

𝑖 ⊆ 𝑖 we will apply Lemma 3.2 with

𝜓𝑌
𝑖+1 = 𝑑𝑌 ∕𝛾 and 𝜓𝑋

𝑖+1 = 𝜓𝑋
𝑖
∕2 = 2−(𝑖+1)𝑑𝑋∕𝛾, (20)

until we obtain (𝜓𝑋
𝜅

, 𝜓𝑌
𝜅
)-approximation (see (13) for the definition of 𝜅). In particular, throughout our iterations, we have

2𝑖 ≤
√

𝑑𝑋 ∀𝑖 (21)

and
1 ≤ 𝜓𝑋

𝑖
≤ 𝑑𝑋∕𝛾, 1 ≤ 𝜓𝑌

𝑖
≤ 𝑑𝑌 ∕𝛾 ∀𝑖 (22)

(so each of the (𝜓𝑋
𝑖

, 𝜓𝑌
𝑖
)-approximations is well-defined for all 𝑖).

Observe that for any 𝑖 and any (𝐹 , 𝑆), a (𝜓𝑋
𝑖

, 𝜓𝑌
𝑖
)-approximating pair for (𝐹 , 𝑆) satisfies

|𝑆| − 𝑎 ≤ 2𝑡; (23)

indeed, by Proposition 2.3, (22) and the fact that 𝑑𝑌 ≤ 𝑑𝑋 , we have

𝑠 ≤ 𝑓 + 1
𝑑𝑋

[
(𝑔 − 𝑓 )

𝑑𝑌

𝛾
+ (𝑠 − 𝑎)

𝑑𝑋

𝛾

]
≤ 𝑓 + (𝑡 − 𝑓 + 𝑠)∕𝛾,

which yields 𝑠 ≤ 𝑓 + 𝑡∕(𝛾 − 1). So 𝑠 − 𝑎 ≤ 𝑓 − 𝑎 + 𝑡 ≤ 𝑔 − 𝑎 + 𝑡 = 2𝑡. In particular, this implies

|𝑆| ≤ 2𝑔. (24)

Now we define the collection 𝑖 for which the additional run will be performed. Let 𝑖 be the collection of all (𝐹 , 𝑆) ∈
𝑖 with |𝐹 | ≥ 𝑔 − 𝑡∕2𝑖. (25)

Roughly speaking, 𝑖 consists of pairs (𝐹 , 𝑆) for which an additional run of 𝜓-approximation is affordable, as is shown
in the next lemma. ◽
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Claim 3.3. For each 𝑖 ≥ 0 and (𝐹 , 𝑆) ∈ 𝑖, there is a family 𝑖+1(𝐹 , 𝑆) ⊆ 2𝑌 × 2𝑋 with

|𝑖+1(𝐹 , 𝑆)| ≤ exp
[
𝑂(𝑡𝛾 log(𝑔𝑑2

𝑋
∕𝑡)∕𝑑𝑋)

]
such that any 𝐴 ∈ (𝑎, 𝑔) for which (𝐹 , 𝑆) is a (𝜓𝑋

𝑖
, 𝜓𝑌

𝑖
)-approximating pair has a (𝜓𝑋

𝑖+1, 𝜓
𝑌
𝑖+1)-approximating pair in

𝑖+1(𝐹 , 𝑆).

Proof. We apply Lemma 3.2 to produce 𝑖+1(𝐹 , 𝑆), so |𝑖+1(𝐹 , 𝑆)| is bounded by (16) with 𝜓 ′
𝑋
= 𝜓𝑋

𝑖+1 and 𝜓 ′
𝑌
= 𝜓𝑌

𝑖+1:
the logarithm of the first term on the right-hand side of (16) is then, using (7) and (24), at most

log

(
2𝑔

≤ (𝑔 − 𝑓 )∕𝜓𝑋
𝑖+1

)
= 𝑂

(
𝑔 − 𝑓

𝜓𝑋
𝑖+1

log

(
𝑔𝜓𝑋

𝑖+1

𝑔 − 𝑓

))
(‡)
= 𝑂

(
𝑡𝛾

𝑑𝑋

log
(

𝑔𝑑𝑋

𝑡

))

where (‡) uses the fact that

the function 𝑥 log(1∕𝑥) is monotone increasing on (0, 1∕𝑒) (26)

and
𝑔 − 𝑓

𝑔𝜓𝑋
𝑖+1

(20),(25)
≤ 𝑡∕2𝑖 ⋅ 2𝑖+1𝛾∕(𝑔𝑑𝑋)

(20)
≤ 2𝑡𝛾∕(𝑔𝑑𝑋) (≤ 1∕𝑒).

Similarly, the logarithm of the second term on the right-hand side of (16) is at most

log

(
2𝛿𝑑𝑋𝑔

≤ 𝑤∕((𝑑𝑋 − 𝜓𝑋
𝑖+1)𝜓

𝑌
𝑖 )

)
= 𝑂

(
𝑤

(𝑑𝑋 − 𝜓𝑋
𝑖+1)𝜓

𝑌
𝑖

log

(
𝑑𝑋𝑔(𝑑𝑋 − 𝜓𝑋

𝑖+1)𝜓
𝑌
𝑖

𝑤

))
(∗)
= 𝑂

(
𝑡𝛾

𝑑𝑋

log

(
𝑔𝑑2

𝑋

𝑡

))

where (∗) follows from
𝑤

𝑑𝑋𝑔(𝑑𝑋 − 𝜓𝑋
𝑖+1)𝜓

𝑌
𝑖

(20),(27)
≤

𝑡𝑑𝑌 𝛾
1
2
𝑔𝑑2

𝑋
𝑑𝑌

= 2𝑡𝛾

𝑔𝑑2
𝑋

(< 1∕𝑒),

recalling that
𝑤 (= 𝑔𝑑𝑌 − 𝑎𝑑𝑋) ≤ 𝑡𝑑𝑌 . (27)

◽

Now, set 𝑖+1 =
⋃

(𝐹 ,𝑆)∈𝑖
𝑖+1(𝐹 , 𝑆) and repeat the process until we obtain 𝜅 . Then set

𝑖 ∶=

{
𝑖 ⧵𝑖 for 𝑖 ∈ [0, 𝜅 − 1];
𝜅 for 𝑖 = 𝜅,

(28)

and let  =
⋃

𝑖∈[0,𝜅] 𝑖. Crucially, by construction, 𝑖 satisfies items (2) and (3) in Lemma 2.4. It remains to show the
bound on |𝑖| in item (1). By Claim 3.3, for each 𝑖 ≥ 0,

|𝑖| ≤ |0| exp

[
𝑂

(
𝑖𝑡𝛾

𝑑𝑋

log

(
𝑔𝑑2

𝑋

𝑡

))]
. (29)

Now, the conclusion follows by recalling the upper bound (19) on |0|.
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4 | Proof of Lemma 1.2

Our goal is to bound
∑

𝐴∈(𝑎,𝑔) 𝜆
|𝐴| by the right-hand side of (6) using Lemma 2.4. Recall the definition of 𝜅 in (13). For

notational simplicity, we write 𝐴 ∼𝑖,𝛾 (𝐹 , 𝑆) if (𝐹 , 𝑆) ∈ 𝑖 is a (𝑑𝑋∕(2𝑖𝛾), 𝑑𝑌 ∕𝛾)-approximating pair for 𝐴. By Lemma 2.4,
we have ∑

𝐴∈(𝑎,𝑔)
𝜆|𝐴| ≤ ∑

𝐹 ′∈(𝑎,𝑔,𝜑)

𝜅∑
𝑖=0

∑
(𝐹 ,𝑆)∈𝑖

∑
𝐴∼𝑖,𝛾 (𝐹 ,𝑆)

𝜆|𝐴|. (30)

The key part of this section is to give a uniform upper bound on
∑

𝐴∼𝑖,𝛾 (𝐹 ,𝑆) 𝜆
|𝐴| that is valid for all 𝑖 and (𝐹 , 𝑆). Once we

do that, we can bound the right-hand side of (30) by combining the bounds in Lemma 2.1 and Lemma 2.4.

Recall the assumptions
𝑡 = 𝑔 − 𝑎 ≥ 𝛿′𝑔∕𝑑𝑌 for a given constant 𝛿′ > 0, (31)

and
𝜆 > 𝐶log2𝑑𝑋∕

√
𝑑𝑋, (32)

where we get to choose 𝐶 given (𝛿, 𝛿′, 𝛿′′).

For convenience, we also define
𝜆 = min{𝜆, 1}.

We then have 1 + 𝜆 ≥ 𝑒𝜆∕2.

4.1 | Bounding
∑

𝑨∼𝒊,𝜸 (𝑭 ,𝑺) 𝝀
|𝑨|

Suppose 𝑖 ∈ [0, 𝜅] and (𝐹 , 𝑆) ∈ 𝑖 are given. Our strategy here is similar to (Galvin 2011): We apply different reconstruc-
tion strategies depending on the size of 𝐹 relative to 𝑔. First, if 𝑖 ∈ [0, 𝜅 − 1], then we take advantage of the fact that(

𝑡∕
√

𝑑𝑋

(21)
≤

)
2−𝑖𝑡 < 𝑔 − 𝑓, (33)

where the second inequality follows from (25) and (28) (the definition of 𝑖).

Lemma 4.1. For each 𝑖 ∈ [0, 𝜅 − 1], we have∑
𝐴∼𝑖,𝛾 (𝐹 ,𝑆)

𝜆|𝐴| ≤ (1 + 𝜆)𝑔𝑒−𝜆𝑡∕(3
√

𝑑𝑋 ).

Proof. For the given (𝐹 , 𝑆), we specify 𝐴 as a (𝜆-weighted) subset of 𝑆, so
∑

𝐴∼𝑖(𝐹 ,𝑆) 𝜆
|𝐴| ≤ (1 + 𝜆)|𝑆|. We show that the

right-hand side, (1 + 𝜆)|𝑆|, is (significantly) smaller than our benchmark (1 + 𝜆)𝑔 .

Let 𝑓 = |𝐹 | and 𝑠 = |𝑆|. By Proposition 2.3, (20), and the fact that 𝑑𝑌 ≤ 𝑑𝑋 ,

𝑠 ≤ 𝑓 + 1
𝑑𝑋

[(𝑔 − 𝑓 )𝑑𝑋∕𝛾 + (𝑠 − 𝑎)2−𝑖𝑑𝑋∕𝛾],

and so
𝑔 − 𝑠 ≥ 𝑔 − (𝑓 + (𝑔 − 𝑓 )∕𝛾 + (𝑠 − 𝑎)2−𝑖∕𝛾)

(33)
> (𝑔 − 𝑓 )(1 − 1∕𝛾) − (𝑠 − 𝑎)(𝑔 − 𝑓 )∕(𝑡𝛾)

(23)
≥ (𝑔 − 𝑓 )(1 − 1∕𝛾 − 4∕𝛾) ≥ 0.9(𝑔 − 𝑓 ). (34)

Therefore, ∑
𝐴∼𝑖(𝐹 ,𝑆)

𝜆|𝐴| ≤ (1 + 𝜆)|𝑆| ≤ (1 + 𝜆)𝑔(1 + 𝜆)−(𝑔−𝑠) ≤ (1 + 𝜆)𝑔(1 + 𝜆)−0.9(𝑔−𝑓 )
(33)
≤ (1 + 𝜆)𝑔𝑒−𝜆𝑡∕(3

√
𝑑𝑋 ). (35)

◽
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Notice that the proof of Lemma 4.1 crucially relies on the fact that 𝑔 − 𝑠 is “fairly large,” which is not necessarily true for
𝑖 = 𝜅. The lemma below handles the case 𝑖 = 𝜅.

Lemma 4.2. For each (𝐹 , 𝑆) ∈ 𝜅 , we have∑
𝐴∼𝜅,𝛾 (𝐹 ,𝑆)

𝜆|𝐴| ≤ (1 + 𝜆)𝑔𝑒−𝜆𝑡∕(3
√

𝑑𝑋 ).

Proof. We consider two cases. If 𝑔 − 𝑓 > 2−𝜅𝑡

(
(21)
≥ 𝑡∕

√
𝑑𝑋

)
, then we repeat the proof of Lemma 4.1: Again by

Proposition 2.3, (20), and the fact that 𝑑𝑌 ≤ 𝑑𝑋 ,

𝑠 ≤ 𝑓 + 1
𝑑𝑋

[(𝑔 − 𝑓 )𝑑𝑋∕𝛾 + (𝑠 − 𝑎)2−𝜅𝑑𝑋∕𝛾],

so by repeating the computation in (34), we have 𝑔 − 𝑠 ≥ 0.9(𝑔 − 𝑓 ), and thus conclude (as in (35)) that∑
𝐴∼𝜅 (𝐹 ,𝑆)

𝜆|𝐴| ≤ (1 + 𝜆)𝑔𝑒−𝜆𝑡∕(3
√

𝑑𝑋 ).

For the second case, if 𝑔 − 𝑓 ≤ 2−𝜅𝑡
(13)
<

2𝑡√
𝑑𝑋

, then we first specify 𝐺 ⧵ 𝐹 as a subset of 𝑁(𝑆) ⧵ 𝐹 . Note that

|𝑁(𝑆) ⧵ 𝐹 | ≤ |𝑁(𝑆)| ≤ 𝛿𝑑𝑋|𝑆| (12)
≤ 𝛿(𝑑𝑋)2𝑔,

so the number of choices for 𝐺 ⧵ 𝐹 is at most
(

𝛿(𝑑𝑋 )2𝑔
≤2𝑡∕

√
𝑑𝑋

)
. Since 𝐹 ⊆ 𝐺, the specification of 𝐺 ⧵ 𝐹 identifies 𝐺, and thus

[𝐴]. Then we specify 𝐴 as a (𝜆-weighted) subset of [𝐴]. Therefore,

∑
𝐴∼𝜅 (𝐹 ,𝑆)

𝜆|𝐴| ≤
(

𝛿(𝑑𝑋)2𝑔

≤ 2𝑡∕
√

𝑑𝑋

)
(1 + 𝜆)𝑎 = (1 + 𝜆)𝑔(1 + 𝜆)−𝑡

(
𝛿(𝑑𝑋)2𝑔

≤ 2𝑡∕
√

𝑑𝑋

)
(†)
≤ (1 + 𝜆)𝑔𝑒−𝜆𝑡∕3 < (1 + 𝜆)𝑔𝑒−𝜆𝑡∕(3

√
𝑑𝑋 ),

where (†) uses (7) and (31) and requires for 𝐶 to be sufficiently large as a function of 𝛿 and 𝛿′. ◽

4.2 | Bounding the Total Number of Containers

We first find an upper bound on || using (8). Set 𝜑 = 𝑑𝑌 ∕(2𝛿) and 𝛾 ′ = max{1, 10∕𝛿′′}, noting that such 𝛾 ′ satisfies the
assumption of Lemma 2.1 for large enough 𝑑𝑋 and 𝑑𝑌 . In what follows, 𝑂

𝛿
(⋅) means the implicit constant depends (only)

on 𝛿 = (𝛿, 𝛿′, 𝛿′′).

We bound each term in (8):

54𝑔𝛾 ′ log 𝑑𝑋 log(𝛿𝑑𝑋𝑑𝑌 )
𝜑𝑑𝑋

= 𝑂
𝛿

(
𝑔log2𝑑𝑋

𝑑𝑋𝑑𝑌

)
.

54𝑔 log(𝛿𝑑𝑋𝑑𝑌 )
(𝑑𝑋)𝛾

′𝑚𝜑∕(𝜑𝑑𝑋 )
= 𝑂

𝛿

(
𝑔 log 𝑑𝑋

(𝑑𝑋)10

)
.

54𝑤 log 𝑑𝑌 log(𝛿𝑑𝑋𝑑𝑌 )
𝑑𝑋(𝑑𝑌 ∕𝛿 − 𝜑)

(27)
= 𝑂

(
𝛿𝑡𝑑𝑌 log2𝑑𝑋

𝑑𝑋𝑑𝑌

)
= 𝑂

𝛿

(
𝑡log2𝑑𝑋

𝑑𝑋

)
.

log
⎛⎜⎜⎝

3𝑔𝛾 ′𝑑𝑌 log 𝑑𝑋

𝜑𝑑𝑋

≤
3𝑤𝛾 ′ log 𝑑𝑋

𝜑𝑑𝑋

⎞⎟⎟⎠
(7)
= 𝑂

(
𝛿𝑤𝛾 ′ log 𝑑𝑋

𝑑𝑌 𝑑𝑋

⋅ log
(

𝑔𝑑𝑌

𝑤

))
(26),(27),(31)

= 𝑂
𝛿

(
𝑡log2𝑑𝑋

𝑑𝑋

)
.
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(Here and below, the asymptotic terms on the right-hand sides are bounded away from 0 by the assumption 𝑡 ≥ 𝑐(𝛿, 𝛿′, 𝛿′′) ⋅
𝑑𝑋∕(log 𝑑𝑋)2.) Therefore,

|| ≤ |𝑌 | exp

[
𝑂

𝛿

(
𝑔log2𝑑𝑋

𝑑𝑋𝑑𝑌

+
𝑡log2𝑑𝑋

𝑑𝑋

)]
. (36)

Next, we give a simpler upper bound on
∑

𝑖∈[0,𝜅] |𝑖| by bounding each term in (14):

log
(

𝑑𝑌 𝑔

≤ 𝛿𝛾𝑤∕((𝑑𝑌 − 𝛿𝜑)𝑑𝑋)

)
(7)
= 𝑂

(
𝛿𝑤𝛾

𝑑𝑋𝑑𝑌

log

(
𝑑2

𝑌
𝑑𝑋𝑔

𝛾𝛿𝑤

))
(26),(31)
= 𝑂

𝛿

(
𝛾𝑡 log 𝑑𝑋

𝑑𝑋

)
.

log
(

𝛿𝑑𝑋𝑑𝑌 𝑔

≤ 2𝛾𝑤∕(𝑑𝑋𝑑𝑌 )

)
(7)
= 𝑂

𝛿

(
𝑤𝛾

𝑑𝑋𝑑𝑌

log
(

𝑔𝑑𝑋

𝑤𝛾

))
(26),(27)
= 𝑂

𝛿

(
𝛾𝑡

𝑑𝑋

log
(

𝑑𝑋

𝑡𝛾

))
= 𝑂

𝛿

(
𝛾𝑡 log 𝑑𝑋

𝑑𝑋

)
.

𝑡 log 𝑑𝑋 log(𝑔𝑑2
𝑋
∕𝑡)

𝑑𝑋

(26),(31)
= 𝑂

𝛿

(
𝑡log2𝑑𝑋

𝑑𝑋

)
.

Therefore, for any 𝐹 ′ ∈  ,

∑
𝑖∈[0,𝜅]

|𝑖(𝑎, 𝑔, 𝐹 ′)| ≤ exp

[
𝑂

𝛿

(
𝛾𝑡 log 𝑑𝑋

𝑑𝑋

)
+ 𝑂

𝛿

(
𝑡log2𝑑𝑋

𝑑𝑋

)]
. (37)

4.3 | Summing Up

By putting together (36), (37), Lemma 4.1, and Lemma 4.2, we upper bound the right-hand side of (30) by the product of|𝑌 |(1 + 𝜆)𝑔𝑒−𝜆𝑡∕(3
√

𝑑𝑋 ) and

exp

[
𝑂

𝛿

(
𝑔log2𝑑𝑋

𝑑𝑋𝑑𝑌

+
𝑡log2𝑑𝑋

𝑑𝑋

)]
⋅ exp

[
𝑂

𝛿

(
𝛾𝑡 log 𝑑𝑋

𝑑𝑋

)
+ 𝑂

𝛿

(
𝑡log2𝑑𝑋

𝑑𝑋

)]
. (38)

Set 𝐶 = 𝐶(𝛿, 𝛿′, 𝛿′′) large enough to dominate all the implicit constants that depend on (𝛿, 𝛿′, 𝛿′′) in the above expression
and the (absolute) constant 𝛾 . With this choice of 𝐶 and using (31), we can make (38) at most

exp

[
1
6
⋅

𝐶𝑡log2𝑑𝑋

𝑑𝑋

]
(32)
< exp

[
1
6
⋅

𝜆𝑡√
𝑑𝑋

]
.

This yields the conclusion of Lemma 1.2.

5 | Proof of Theorem 1.1

The key idea to proving Theorem 1.1 is to replace the use of Galvin’s original container lemma in (Jenssen and Perkins
2020) by our Lemma 1.2. The rest of the proof proceeds as in (Jenssen and Perkins 2020), so we introduce necessary
concepts here at a rapid pace, and refer the reader to the above paper for a more detailed exposition.

Recall that we write  and  for the even and odd sides of 𝑄𝑑 , respectively. For an independent set 𝐼 ∈ (𝑄𝑑), we say 

is the minority side of 𝐼 if | ∩ 𝐼| < | ∩ 𝐼| and the majority side otherwise. If  is the minority side of 𝐼 , then  is the
majority side and vice versa.

For  ∈ { ,}, we will define a measure 𝜈 that will approximate the distribution of vertices on the minority side of a
sample from 𝜇𝑄𝑑,𝜆. First, let  =  be the family of all subsets 𝐴 of  which are 2-linked and satisfy |[𝐴]| ≤ 2𝑑−2. We call
elements of  polymers. Two polymers 𝐴1, 𝐴2 are called compatible if 𝐴1 ∪ 𝐴2 is not 2-linked; we write this as 𝐴1 ∼ 𝐴2.
Let Ω = Ω be the collection of all sets of pairwise compatible polymers. For each polymer 𝐴, define the weight of 𝐴 as

𝑤(𝐴) ∶= 𝜆|𝐴|
(1 + 𝜆)|𝑁(𝐴)| .
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Set
Ξ =

∑
Λ∈Ω

∏
𝐴∈Λ

𝑤(𝐴)

and finally define 𝜈 as the probability measure on Ω given by

𝜈(Λ) =
∏

𝐴∈Λ 𝑤(𝐴)
Ξ

.

The tuple ( , 𝑤,∼) is an example of a polymer model and Ξ is the resulting partition function.

Now define a random independent set I ∈ (𝑄𝑑) as follows:

1. choose  ∈ { ,} uniformly at random;

2. sample a configuration Λ ∈ Ω according to 𝜈 and include the set Λ ∶=
⋃

𝐴∈Λ 𝐴 in I;

3. for each vertex 𝑣 on the non-defect side that is not adjacent to vertex in Λ, include 𝑣 in I independently with proba-
bility 𝜆

1+𝜆
.

Let 𝜇̂𝜆 denote the law of the random independent set I ∈ (𝑄𝑑). We refer to the side  ∈ { ,} selected at Step 1 as the
defect side of I. We will see (Lemma 5.5 below) that with high probability the defect side of I is the minority side.

We borrow one more concept from the theory of polymer models. Once again fix  ∈ { ,}. A cluster is an ordered tuple
Γ of polymers in  such that the incompatibility graph 𝐻(Γ) (defined on the vertex set Γ, with {𝐴1, 𝐴2} an edge if and
only if 𝐴1 ≁ 𝐴2) is connected. The size of a cluster Γ is ||Γ|| ∶= ∑

𝐴∈Γ |𝐴|. We write  =  for the set of all clusters, and
𝑘 for the set of all clusters of size 𝑘 (𝑘 ≥ 1).

The Ursell function of a graph 𝐺 = (𝑉 , 𝐸) is

𝜙(𝐺) ∶= 1|𝑉 |! ∑
𝐴⊆𝐸

(𝑉 ,𝐴) connected

(−1)|𝐴|.

For a cluster Γ ∈ , define
𝑤(Γ) = 𝜙(𝐻(Γ))

∏
𝑆∈Γ

𝑤(𝑆)

and for 𝑘 ≥ 1 set
𝐿𝑘 ∶=

∑
Γ∈𝑘

𝑤(Γ)

and

𝑇𝑘 ∶=
𝑘−1∑
𝑖=1

𝐿𝑖.

The cluster expansion is the formal power series
logΞ =

∑
Γ∈

𝑤(Γ).

We will make use of the following criterion for convergence of the cluster expansion.

Theorem 5.1 (Kotecký and Preiss (1986)). Let 𝑓, 𝑔 ∶  → [0,∞) be two functions. If, for all polymers 𝐴 ∈  , we have∑
𝐴′≁𝐴

𝑤(𝐴′)𝑒𝑓 (𝐴′)+𝑔(𝐴′) ≤ 𝑓 (𝐴) (39)

then the cluster expansion converges absolutely. Moreover, writing Γ ≁ 𝐴 if there exists some 𝐴′ ∈ Γ with 𝐴′ ≁ 𝐴 and setting
𝑔(Γ) =

∑
𝐴∈Γ 𝑔(𝐴), for all polymers 𝐴 we have ∑

Γ≁𝐴

|𝑤(Γ)|𝑒𝑔(Γ) ≤ 𝑓 (𝐴). (40)

We will also require the following result about isoperimetry in the hypercube.
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Lemma 5.2 (see, for example, (Galvin 2003; Korshunov and Sapozhenko 1983)). Let 𝐴 ⊆  (or 𝐴 ⊆ ). Then:

1. if |𝐴| ≤ 𝑑∕10, then |𝑁(𝐴)| ≥ 𝑑|𝐴| − |𝐴|2;

2. if |𝐴| ≤ 𝑑4, then |𝑁(𝐴)| ≥ 𝑑|𝐴|∕10;

3. if |𝐴| ≤ 2𝑑−2, then |𝑁(𝐴)| ≥ (
1 + 1

2
√

𝑑

)|𝐴|.
In particular, the above lemma ensures that 𝑄𝑑 satisfies the expansion properties required to apply Lemma 1.2.

The key step that enables one to derive Theorem 1.1 is the following result, which states that the measure 𝜇̂𝜆 is a very
close approximation to the hard-core measure 𝜇𝑄𝑑,𝜆.

Theorem 5.3 (cf . (Jenssen and Perkins 2020, lemma 14)). There exists a sufficiently large absolute constant 𝐶 > 0
such that if 𝜆 ≥ 𝐶log2𝑑∕𝑑1∕2 and𝜆 is bounded as 𝑑 → ∞, then we have||||log 𝑍𝑄𝑑

(𝜆) − log
[
2(1 + 𝜆)2𝑑−1

Ξ
]|||| = 𝑂

(
exp(−2𝑑∕𝑑4)

)
and ‖‖‖𝜇𝑄𝑑,𝜆 − 𝜇̂𝜆

‖‖‖𝑇 𝑉
= 𝑂

(
exp(−2𝑑∕𝑑4)

)
. (41)

Just like (Jenssen and Perkins 2020, lemma 14), the proof of the above result relies on establishing convergence of the
cluster expansion for logΞ via the Kotecký-Preiss criterion. Crucially, we use Lemma 1.2 in order to do this, replacing
the use of Galvin’s original container lemma as it appears in (Jenssen and Perkins 2020). For brevity, we will henceforth
assume without mention that 𝑑 is sufficiently large for all the bounds we state to hold, and 𝜆 satisfies 𝜆 ≥ 𝐶log2𝑑∕𝑑1∕2.

Lemma 5.4 (cf . (Jenssen and Perkins 2020, lemma 15)). For integers 𝑑, 𝑘 ≥ 1, let

𝛾(𝑑, 𝑘) =
⎧⎪⎨⎪⎩

log(1 + 𝜆)(𝑑𝑘 − 3𝑘2) − 7𝑘 log 𝑑 if 𝑘 ≤
𝑑

10
,

𝑑 log(1+𝜆)𝑘
20

if 𝑑

10
< 𝑘 ≤ 𝑑4,

𝑘

𝑑3∕2 if 𝑘 > 𝑑4.

Then, ∑
Γ∈||Γ||≥𝑘

|𝑤(Γ)| ≤ 𝑑−3∕22𝑑−1𝑒−𝛾(𝑑,𝑘). (42)

In particular, for 𝑘 fixed and 𝑑 sufficiently large,

|𝑇𝑘 − logΞ| ≤ 𝑑7𝑘−3∕22𝑑(1 + 𝜆)−𝑑𝑘+3𝑘2
. (43)

Proof. Let 𝑔 ∶  → [0,∞) be defined by 𝑔(𝐴) = 𝛾(𝑑, |𝐴|) and 𝑓 ∶  → [0,∞) by 𝑓 (𝐴) = |𝐴|∕𝑑3∕2. We show that the
Kotecký-Preiss condition (39) holds, that is, that for every 𝐴 ∈  ,∑

𝐴′≁𝐴

𝑤(𝐴′)𝑒𝑑−3∕2|𝐴′|+𝑔(𝐴′) ≤ |𝐴|∕𝑑3∕2. (44)

To this end, we first show that for every 𝑣 ∈  ,∑
𝐴∋𝑣

𝑤(𝐴)𝑒𝑑−3∕2|𝐴|+𝑔(𝐴) ≤
1

𝑑7∕2 ,

and this suffices since 𝐴′ ≁ 𝐴 if and only if 𝐴′ ∋ 𝑣 for some 𝑣 ∈ 𝑁2(𝐴) and |𝑁2(𝐴)| ≤ 𝑑2|𝐴|. We break up the sum accord-
ing to the different cases of 𝛾(𝑑, 𝑘). In (Jenssen and Perkins 2020, lemma 15) it is proven that∑

𝐴∋𝑣|𝐴|≤ 𝑑
10

𝑤(𝐴)𝑒𝑓 (𝐴)+𝑔(𝐴) ≤
1

3𝑑7∕2
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for sufficiently large 𝑑, and similarly ∑
𝐴∋𝑣

𝑑∕10<|𝐴|≤𝑑4

𝑤(𝐴)𝑒𝑓 (𝐴)+𝑔(𝐴) ≤
1

3𝑑7∕2 .

Indeed, the proofs of the above facts only rely on the weaker assumption that 𝜆 = Ω̃(1∕𝑑).

Now, for the case of 𝑑4 < |𝐴| ≤ 2𝑑−2, we have that |𝑁(𝐴)| ≥ |𝐴|(1 + 1∕(2
√

𝑑)), and so∑
𝐴∋𝑣

𝑑4<|𝐴|≤2𝑑−2

𝑤(𝐴)𝑒𝑓 (𝐴)+𝑔(𝐴) ≤
∑

𝑑4<𝑎≤2𝑑−2

(1+1∕(2
√

𝑑))𝑎≤𝑔≤2𝑑−1

∑
𝐴∋𝑣|[𝐴]|=𝑎,|𝑁(𝐴)|=𝑔

𝜆|𝐴|
(1 + 𝜆)𝑔

𝑒2|𝐴|𝑑−3∕2

≤
∑

𝑑4<𝑎≤2𝑑−2

(1+1∕(2
√

𝑑))𝑎≤𝑔≤2𝑑−1

𝑒2𝑎𝑑−3∕2 ∑
𝐴∋𝑣|[𝐴]|=𝑎,|𝑁(𝐴)|=𝑔

𝜆|𝐴|
(1 + 𝜆)𝑔

≤
∑
𝑎>𝑑4

𝑔≥(1+1∕(2
√

𝑑))𝑎

𝑒2𝑎𝑑−3∕2 2𝑑 exp
(
−
(𝑔 − 𝑎)log2𝑑

6𝑑

)

where the last inequality follows from Lemma 1.2. In the sum, we have (𝑔 − 𝑎) ≥ 𝑎∕(2
√

𝑑) and 𝑎 > 𝑑4, and so

2𝑎

𝑑3∕2 + 𝑑 −
(𝑔 − 𝑎)log2𝑑

6𝑑
≤ −𝑎𝑑−3∕2

for large enough 𝑑, and so ∑
𝐴∋𝑣

𝑑4<|𝐴|≤2𝑑−2

𝑤(𝐴)𝑒𝑓 (𝐴)+𝑔(𝐴) ≤
∑

𝑑4<𝑎≤2𝑑−2

(1+1∕(2
√

𝑑))𝑎≤𝑏≤2𝑑−1

exp(−𝑎𝑑−3∕2)

≤ 2𝑑
∑
𝑎>𝑑4

exp(−𝑎𝑑−3∕2) ≤ 1
3𝑑7∕2

for 𝑑 large enough. Putting the three bounds together gives (44).

We may now conclude like in (Jenssen and Perkins 2020): Applying (40) for the polymer 𝐴 consisting of the single vertex
𝑣 we obtain ∑

Γ∈,Γ≁𝑣

|𝑤(Γ)|𝑒𝑔(Γ) ≤ 𝑑−3∕2.

Summing over all 𝑣 gives ∑
Γ∈

|𝑤(Γ)|𝑒𝑔(Γ) ≤ 2𝑑−1𝑑−3∕2. (45)

Since 𝛾(𝑑, 𝑘)∕𝑘 is non-increasing in 𝑘, we have, recalling that 𝑔(Γ) =
∑

𝐴∈Γ 𝑔(𝐴) and ||Γ|| = ∑
𝐴∈Γ |𝐴|,

𝑔(Γ) =
∑
𝐴∈Γ

𝛾(𝑑, |𝐴|) ≥ ∑
𝐴∈Γ

|𝐴|||Γ||𝛾(𝑑, ||Γ||) = 𝛾(𝑑, ||Γ||).
Keeping only terms corresponding to clusters of size at least 𝑘 in inequality (45), we have∑

Γ∈||Γ||≥𝑘

|𝑤(Γ)| ≤ 𝑑−3∕22𝑑−1𝑒−𝛾(𝑑,𝑘)

as desired. ◽

To summarize, we have extended the statement of (Jenssen and Perkins 2020, lemma 15) to the regime of 𝜆 =
Ω(log2𝑑∕𝑑1∕2). The proof of Theorem 5.3 now follows identically to the derivation of Lemma 14 in (Jenssen and Perkins
2020), so we omit the details here. In particular, the following intermediate result of (Jenssen and Perkins 2020) holds in
our extended regime for 𝜆.
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Lemma 5.5 (cf . (Jenssen and Perkins 2020, lemma 17)). With probability at least 1 − 𝑂(exp(−2𝑑∕𝑑4)) over the
random independent set I drawn from 𝜇̂𝜆, the minority side of I is the defect side.

The final ingredient we need for the proof of Theorem 1.1 is the following result from (Jenssen et al. 2022) (or, more pre-
cisely, the statement of this result for our extended range of 𝜆, which follows from Lemma 5.4 identically to the original).

Lemma 5.6 (cf . (Jenssen et al. 2022, lemma 11)). For any 𝓁 ≥ 1 fixed,∑
Γ∈||Γ||≥2

𝑤(Γ)||Γ||𝓁 = 𝑂

(
2𝑑𝑑2

(1 + 𝜆)2𝑑

)
.

Proof of Theorem 1.1. First note that by (41), we may instead prove the result for 𝜇̂𝜆. We let I denote an independent
set sampled according to 𝜇̂𝜆. Let  denote the defect side of I chosen at Step 1 in the definition of 𝜇̂𝜆. Without loss of
generality, we assume that  =  . By Lemma 5.5, we see that (4) reduces to estimating the typical size of |I ∩ |.
Let 𝚲 ∈ Ω denote the configuration chosen at Step 2 in the definition of 𝜇̂𝜆 and note that |I ∩ | = |𝚲|. Recall that we
set Λ ∶=

⋃
𝐴∈Λ 𝐴. Then, as noted in (Jenssen et al. 2022), we have

𝔼|𝚲| = ∑
Γ∈

𝑤(Γ)||Γ|| (46)

and
Var|𝚲| = ∑

Γ∈
𝑤(Γ)||Γ||2 .

Consider first the contribution to the right-hand side of (46) coming from clusters of size 1. There are precisely 2𝑑−1 of
them, and each of them has weight 𝜆∕(1 + 𝜆)𝑑 . On the other hand, by Lemma 5.6 we know that∑

Γ∈||Γ||≥2

𝑤(Γ)||Γ|| = 𝑂

(
2𝑑𝑑2

(1 + 𝜆)2𝑑

)
,

we hence see that 𝔼|𝚲| = (1 + 𝑜(1)) 𝜆2𝑑−1

(1+𝜆)𝑑
. Similarly we have Var|𝚲| = (1 + 𝑜(1)) 𝜆2𝑑−1

(1+𝜆)𝑑
. We therefore obtain (4) by Cheby-

shev’s inequality.

For the proof of (3) we note that by Step 3 in the definition of 𝜇̂𝜆, |I ∩ | ∼ Bin
(

2𝑑−1 − 𝑂
(

𝑑𝜆2𝑑−1

(1+𝜆)𝑑

)
,

𝜆

1+𝜆

)
and the result

follows again by Chebyshev’s inequality and noting that |I| = |I ∩ | + |I ∩ |. ◽

6 | Proof of Theorem 1.5

The proof of (Jenssen et al. 2023, theorem 2) also rests on the use of Galvin’s container lemma. We wish to apply Lemma 1.2
in order to prove Theorem 1.5, but 𝛼-expanders might not satisfy the condition on 𝑚𝜑 required for Lemma 1.2 to hold. We
outline how to circumvent this issue. The rest of the proof then goes through exactly as in (Jenssen et al. 2023) and so we
keep this section brief in order to avoid excessive repetition.

We begin by recalling that (Jenssen et al. 2023, theorem 2) establishes Theorem 1.5 in the restricted range 𝜆 = Ω̃(𝑑−1∕4).
By choosing 𝐶 sufficiently large in the statement of Theorem 1.5 we may therefore assume that 𝑑 is sufficiently large to
support our assertions.

We require the following lemma from (Jenssen et al. 2023), which enables us to construct 𝜑-approximations as ‘cheaply’
in this new setting as Lemma 2.1 did before. For a bipartite graph Σ, recall the definition of (𝑎, 𝑔) = (𝑎, 𝑔,Σ) from (5).

Lemma 6.1 (Jenssen et al. 2023, lemma 7). Let 𝛼 > 0 be a constant and let Σ = 𝑋 ∪ 𝑌 be a bipartite
𝑑-regular𝛼-expander. Let 𝑎, 𝑔 ∈ ℕ. Then there is a family  = (𝑎, 𝑔) ⊆ 2𝑌 with

|| ≤ |𝑌 | exp
(

𝑂

(
𝑔log2𝑑

𝑑

))
(47)

such that each 𝐴 ∈ (𝑎, 𝑔) has a 𝑑∕2-approximation in  .
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Using this in place of Lemma 2.1, we obtain the following container lemma.

Lemma 6.2. For every constant 𝛼 > 0 there exists a constant 𝐶 > 0 such that for 𝜆 ≥
𝐶log2𝑑

𝑑1∕2 the following holds. Let Σ =
𝑋 ∪ 𝑌 be a bipartite 𝑑-regular𝛼-expander. Then, for any 1 ≤ 𝑎 ≤ |𝑋|∕2 and 𝑔 ≥ 1, we have:∑

𝐴∈(𝑎,𝑔)
𝜆|𝐴| ≤ |𝑌 |(1 + 𝜆)𝑔 exp(−Ω((𝑔 − 𝑎)∕𝑑)).

Proof. Note that the statement is trivially true for 𝑔 < 𝑑, so we henceforth consider the case of 𝑔 ≥ 𝑑. Now, under the
assumptions on 𝜆, Σ and 𝑎, we have 𝑡 ≥ 𝛼𝑔∕(1 + 𝛼) = Ω(𝑑∕log2𝑑). Moreover, 𝛼-expansion implies condition (31) with
𝛿′ = 𝛼∕(1 + 𝛼).

We cannot apply Lemma 1.2, as we are missing the hypothesis that 𝑚𝑑∕2 = Ω(𝑑2). However, this hypothesis was only
needed in the construction of the family  of 𝜑-approximations (i.e., in applying Lemma 2.1) and we replace this by
Lemma 6.1. So let (𝑎, 𝑔) be the family of 𝑑∕2-approximations from Lemma 6.1. We now follow the rest of the proof of
Lemma 1.2, that is, we apply Lemma 2.4 (with 𝛿 = 1, since Σ is regular) to obtain a family  (𝐹 ′) satisfying conditions
(1–3) in the statement of Lemma 2.4 for each 𝐹 ′ ∈ (𝑎, 𝑔). In place of (30) we now instead have∑

𝐴∈(𝑎,𝑔)
𝜆|𝐴| ≤ ∑

𝐹 ′∈(𝑎,𝑔)

𝜅∑
𝑖=0

∑
(𝐹 ,𝑆)∈𝑖

∑
𝐴∼𝑖,𝛾 (𝐹 ,𝑆)

𝜆|𝐴|. (48)

We may now proceed to a reconstruction step just like for the proof of Lemma 1.2. Indeed, the computations in Section 4.1
go through unchanged, and so Lemmas 4.1 and 4.2 are still valid with 𝛿′ = 𝛼∕(1 + 𝛼). Similarly, the bound (37) holds
identically to before, and now instead of (36) we bound the size of the initial 𝑑∕2-approximations by (47).

Set 𝛼𝑚𝑖𝑛 = min{1∕3, 𝛼}. By putting together (37), (47), Lemma 4.1, and Lemma 4.2, we upper bound the right-hand side
of (48) by the product of

|𝑌 |(1 + 𝜆)𝑔𝑒−𝛼𝑚𝑖𝑛𝜆𝑡∕
√

𝑑

and

exp
[
𝑂𝛿′

(
𝑔log2𝑑

𝑑

)]
⋅ exp

[
𝑂𝛿′

(
𝛾𝑡 log 𝑑

𝑑

)
+ 𝑂

(
𝑡log2𝑑

𝑑

)]
. (49)

Set 𝐶 large enough to dominate all the implicit constants depending on 𝛿′ in the above expression, as well as 1∕𝛼𝑚𝑖𝑛 and
the (absolute) constant 𝛾 . With this choice of 𝐶 and recalling that 𝑡 ≥ 𝛼𝑔∕(1 + 𝛼) and 𝜆 ≥ 𝐶log2𝑑∕𝑑1∕2, we can make (49)
at most

exp
[

𝛼𝑚𝑖𝑛

2
⋅

𝐶𝑡log2𝑑

𝑑

]
< exp

[
𝛼𝑚𝑖𝑛

2
⋅

𝜆𝑡√
𝑑

]
.

This yields the conclusion of Lemma 6.2. ◽

Using Lemma 6.2 in the derivation of (Jenssen et al. 2023, theorem 2) in place of (Jenssen et al. 2023, lemma 20) and
noting that the rest of the proof goes through unchanged, we obtain Theorem 1.5.

7 | Concluding Remarks

We once again highlight Conjecture 1.3, which states that a bound of the type we obtained in Lemma 1.2 should hold in
the larger range 𝜆 = Ω̃(1∕𝑑). We note however that our present methods seem to hit a natural barrier at 𝜆 = Ω̃(1∕𝑑1∕2), as
even the initial construction of 𝜑-approximations is too ‘costly’ for values of 𝜆 smaller than this. It seems that any further
progress towards Conjecture 1.3 would require significant new ideas.

We end with a discussion on phase transitions for the hard-core model on ℤ𝑑 , one of the original motivations for the
results mentioned in the introduction.
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Let 𝐺 be the nearest neighbour graph on ℤ𝑑 . We say a measure 𝜇 on (𝐺) is a hard-core measure at activity 𝜆, and write
𝜇 ∈ hc(𝜆), if it satisfies the following property: Let I be sampled according to 𝜇 and let 𝑊 ⊆ ℤ𝑑 be finite; then the condi-
tional distribution of I ∩ 𝑊 given I ∩ 𝑊 𝑐 is 𝜇-almost surely the same as 𝜇𝐻,𝜆 where 𝐻 is the subgraph of 𝐺 induced by
those vertices of 𝑊 not adjacent to any vertex of 𝐼 ∩ 𝑊 𝑐 . The general theory of Gibbs measures—of which the hard-core
measure is a particular instance—guarantees the existence of at least one such 𝜇 (see, e.g., (Georgii 2011)). The question
of whether 𝜇 is unique depends on 𝜆 and is a central consideration in statistical physics. If |hc(𝜆)| > 1, then we say
that the hard-core model exhibits phase coexistence at 𝜆 and the model is said to have undergone a phase transition. A
folklore conjecture is that there exists a critical 𝜆𝑐(𝑑) such that |hc(𝜆)| = 1 for 𝜆 < 𝜆𝑐(𝑑) and |hc(𝜆)| > 1 if 𝜆 > 𝜆𝑐(𝑑),
and this remains an important open problem. Let 𝜆(𝑑) = sup{𝜆 ∶ |hc(𝜆)| = 1}. It is well-known that 𝜆(𝑑) = Ω(1∕𝑑) (see,
e.g., (van den Berg and Steif 1994)). A seminal result of Dobrushin (1968) shows that 𝜆(𝑑) < ∞ (the proof shows that
𝜆(𝑑) < 𝐶𝑑 for some 𝐶 > 1). It is commonly believed that 𝜆(𝑑) = Õ(1∕𝑑), but even showing that 𝜆(𝑑) = 𝑜(1) eluded efforts
until a breakthrough of Galvin and Kahn (2004) established the bound 𝜆(𝑑) = Õ(𝑑−1∕4) with an approach based on
the method of graph containers. This bound was later improved by Peled and Samotij (2014), who showed that 𝜆(𝑑) =
Õ(𝑑−1∕3). It would be interesting to investigate whether the ideas of the current paper can be used to improve this bound
further.
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Endnotes
1Galvin considers regular graphs only, so that 𝑑𝑋 = 𝑑𝑌 = 𝑑.
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Appendix A

Proof of Lemma 2.1

For integer 𝑠 ≥ 1, we say a set 𝐴 ⊆ 𝑋 is 𝑠-linked if Σ𝑠[𝐴] is connected where Σ𝑠 is the 𝑠th power of Σ (i.e., 𝑉 (Σ𝑠) = 𝑉 (Σ) and two vertices
𝑥, 𝑦 are adjacent in Σ𝑠 iff their distance in Σ is at most 𝑠). We note that since 𝑑(𝑥) ≤ 𝛿𝑑𝑋 for all 𝑥 ∈ 𝑋 and 𝑑(𝑦) ≤ 𝑑𝑌 for all 𝑦 ∈ 𝑌 , the
maximum degree, Δ(Σ𝑠), of Σ𝑠 is at most (𝛿𝑑𝑋)⌈𝑠∕2⌉(𝑑𝑌 )⌊𝑠∕2⌋.

We require the following two standard results from the literature.

Lemma A1 (Knuth 2023, p. 396, ex. 11). The number of 𝑠-linked subsets of 𝑋 of size 𝓁 that contain a fixed vertex is at most (𝑒Δ(Σ𝑠))𝓁−1 ≤

exp(𝑠𝓁 log(𝛿𝑑𝑋𝑑𝑌 )).

For a bipartite graph with bipartition 𝑃 ∪ 𝑄 we say that 𝑄′ ⊆ 𝑄 covers 𝑃 if each 𝑣 ∈ 𝑃 has a neighbour in 𝑄′.

Lemma A2 (Lovász (1975), Stein (1974)). Let 𝐺 be a bipartite graph with bipartition 𝑃 ∪ 𝑄, where 𝑑(𝑢) ≥ 𝑎 for each 𝑢 ∈ 𝑃 and 𝑑(𝑣) ≤ 𝑏 for
each 𝑣 ∈ 𝑄. Then there exists some 𝑄′ ⊆ 𝑄 that covers 𝑃 and satisfies

|𝑄′| ≤ |𝑄|
𝑎

⋅ (1 + log 𝑏).

Now fix an arbitrary set 𝐴 ∈ (𝑎, 𝑔) and set 𝑝 = 𝛾 ′ log 𝑑𝑋

𝜑𝑑𝑋

.

Claim A3 (cf . (Balogh et al. 2024, claim 1)). There exists a set 𝑇0 ⊆ 𝑁(𝐴) such that

|𝑇0| ≤ 3𝑔𝑝, (A1)

𝑒(𝑇0, 𝑋 ⧵ [𝐴]) ≤ 3𝑤𝑝, (A2)

and |𝑁(𝐴)𝜑 ⧵ 𝑁(𝑁[𝐴](𝑇0))| ≤ 3𝑔 exp(−𝑝𝑚𝜑). (A3)

Proof. Construct a random subset T̃ ⊆ 𝑁(𝐴) by taking each 𝑦 ∈ 𝑁(𝐴) independently with probability 𝑝. We then have 𝔼(|T̃|) = 𝑔𝑝 and
𝔼(𝑒(T̃, 𝑋 ⧵ [𝐴])) = 𝑒(𝑁(𝐴), 𝑋 ⧵ [𝐴])𝑝 ≤ (𝑔𝑑𝑌 − 𝑎𝑑𝑋)𝑝 = 𝑤𝑝.

Now, by the definition of 𝑁(𝐴)𝜑 and 𝑚𝜑, for every 𝑦 ∈ 𝑁(𝐴)𝜑 we have |𝑁(𝑁[𝐴](𝑦))| ≥ 𝑚𝜑, and therefore

𝔼(𝑁(𝐴)𝜑 ⧵ 𝑁(𝑁[𝐴](T̃))) =
∑

𝑦∈𝑁(𝐴)𝜑
ℙ(𝑦 ∉ 𝑁(𝑁[𝐴](T̃))) =

∑
𝑦∈𝑁(𝐴)𝜑

ℙ(T̃ ∩ 𝑁(𝑁[𝐴](𝑦)) = ∅)

≤ 𝑔(1 − 𝑝)𝑚𝜑 ≤ 𝑔 exp(−𝑝𝑚𝜑).

Applying Markov’s inequality, we can find a set 𝑇0 ⊆ 𝑁(𝐴) satisfying the desired conditions. ◽

Define
𝑇 ′

0 = 𝑁(𝐴)𝜑 ⧵ 𝑁(𝑁[𝐴](𝑇0)), 𝐿 = 𝑇 ′
0 ∪ 𝑁(𝑁[𝐴](𝑇0)), Ω = ∇(𝑇0, 𝑋 ⧵ [𝐴]).

Let 𝑇1 ⊆ 𝑁(𝐴) ⧵ 𝐿 be a minimal set that covers [𝐴] ⧵ 𝑁(𝐿) in the graph Σ induced on [𝐴] ⧵ 𝑁(𝐿) ∪ 𝑁(𝐴) ⧵ 𝐿. Let 𝐹 ′ ∶= 𝐿 ∪ 𝑇1. Then
𝐹 ′ is a 𝜑-approximation of 𝐴. Note that

|𝑁(𝐴) ⧵ 𝐿|(𝛿−1𝑑𝑌 − 𝜑) ≤ 𝑒(𝑁(𝐴), 𝑋 ⧵ [𝐴]) ≤ 𝑤,

and thus by Lemma A2 we have |𝑇1| ≤ |𝑁(𝐴) ⧵ 𝐿|
𝑑𝑋

(1 + log 𝑑𝑌 ) ≤
3𝑤 log 𝑑𝑌

𝑑𝑋(𝛿−1𝑑𝑌 − 𝜑)
. (A4)

Let 𝑇 ∶= 𝑇0 ∪ 𝑇 ′
0 ∪ 𝑇1. By (A1), (A3) and (A4) we have

|𝑇 | ≤ 3𝑔𝑝 + 3𝑔 exp(−𝑝𝑚𝜑) +
3𝑤 log 𝑑𝑌

𝑑𝑋(𝛿−1𝑑𝑌 − 𝜑)
=∶ 𝜏. (A5)

Claim A4 ((Balogh et al. 2024, claim 2)). 𝑇 is an 8-linked subset of 𝑌 .
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Now, since 𝑁(𝑁[𝐴](𝑇0)) is determined by 𝑇0 and Ω, it follows that 𝐹 ′ is determined by 𝑇0, Ω, 𝑇 ′
0 , and 𝑇1. Let  be the collection of all

sets 𝐹 ′ that we obtain in such a way from some tuple (𝑇0, 𝑇
′
0 , 𝑇1,Ω). having started from any choice of 𝐴 ∈ (𝑎, 𝑔). By Lemma A1, the

number of possible choices for 𝑇 is at most

|𝑌 |∑
𝓁≤𝜏

exp(8𝓁 log(𝛿𝑑𝑋𝑑𝑌 )) ≤ |𝑌 | exp(16𝜏 log(𝛿𝑑𝑋𝑑𝑌 )).

For a fixed 𝑇 , the number of choices for 𝑇0 and 𝑇 ′
0 is at most 2𝜏 each, and this uniquely determines 𝑇1. Finally, by (A2), for a fixed 𝑇0

the number of choices for Ω is at most
(

3𝑔𝑝𝑑𝑌

≤3𝑤𝑝

)
. Putting everything together, we have

|| ≤ |𝑌 | exp
(
16𝜏 log(𝛿𝑑𝑋𝑑𝑌 )

)
⋅ 4𝜏

(
3𝑔𝑝𝑑𝑌

≤ 3𝑤𝑝

)
≤ |𝑌 | exp

(
18𝜏 log(𝛿𝑑𝑋𝑑𝑌 )

)( 3𝑔𝑝𝑑𝑌

≤ 3𝑤𝑝

)

≤ |𝑌 | exp
(

54𝑔𝛾 ′ log 𝑑𝑋 log(𝛿𝑑𝑋𝑑𝑌 )
𝜑𝑑𝑋

+
54𝑔 log(𝛿𝑑𝑋𝑑𝑌 )
(𝑑𝑋)𝛾

′𝑚𝜑∕(𝜑𝑑𝑋 ) +
54𝑤 log 𝑑𝑌 log(𝛿𝑑𝑋𝑑𝑌 )

𝑑𝑋(𝛿−1𝑑𝑌 − 𝜑)

)⎛⎜⎜⎝
3𝑔𝛾 ′𝑑𝑌 log 𝑑𝑋

𝜑𝑑𝑋

≤
3𝑤𝛾 ′ log 𝑑𝑋

𝜑𝑑𝑋

⎞⎟⎟⎠.
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