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Nima H. Siboni®,! Alice L. Thorneywork,>? Alicia Damm ®,? Roel P. A. Dullens,” and Jiirgen Horbach*

Vnstitut fiir Theoretische Physik, Technische Universitdit Berlin, Hardenbergstrafe 36, 10623 Berlin, Germany
2Department of Chemistry, Physical and Theoretical Chemistry Laboratory, University of Oxford,
South Park Road, Oxford OX1 3QZ, United Kingdom
3Cavendish Laboratory, University of Cambridge, Cambridge CB3 OHE, United Kingdom

*Institut fiir Theoretische Physik II, Heinrich-Heine-Universitiit Diisseldorf, Universititsstrafie 1, 40225 Diisseldorf, Germany

® (Received 16 October 2019; accepted 3 April 2020; published 24 April 2020)

The effect of hydrodynamic interactions (HI) on the long-time self-diffusion in quasi-two-dimensional fluids
of paramagnetic colloidal particles is investigated using a combination of experiments and Brownian dynamics
(BD) simulations. In the BD simulations, the direct interactions (DI) between the particles consist of a short-
ranged repulsive part and a long-ranged part that is proportional to 1/73, with r the interparticle distance. By
studying the equation of state, the simulations allow for the identification of the regime where the properties of
the fluid are fully controlled by the long-ranged interactions, and the thermodynamic state solely depends on
the dimensionless interaction strength I'. In this regime, the radial distribution functions from the simulations
are in quantitative agreement with those from the experiments for different fluid area fractions. This agreement
confirms that the DI in the experiments and simulations are identical, which thus allows us to isolate the role of
HI, as these are not taken into account in the BD simulations. Experiment and simulation fall onto a master curve
with respect to the I' dependence of D} = Dy /(DoI"''/?), with Dy the self-diffusion coefficient at infinite dilution
and Dy, the long-time self-diffusion coefficient. Our results thus show that, although HI affect the short-time self-
diffusion, for a quasi-two-dimensional system with 1/ long-ranged DI, the reduced quantity Dy is effectively
not affected by HI. Interestingly, this is in agreement with prior work on quasi-two-dimensional colloidal hard

spheres.
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I. INTRODUCTION

Colloidal experiments have been very important for the
understanding of the dynamics and phase behavior of two-
dimensional (2D) systems. Examples are experiments on the
nature of the two-stage melting scenario [1-5], the struc-
ture and diffusion in 2D fluids [6-19], the diffusion through
2D random energy landscapes and porous media [20-24],
or the glass transition in 2D [25-32]. These experimental
studies have been performed on well-characterized model
systems in a quasi-2D geometry, which is realized by either
sedimenting a monolayer of colloidal particles on a glass
plate [13—17], confining the particles between closely spaced
glass plates [8,9,33,34], or suspending them on the water-
air interface of a water drop [1-3]. As a consequence, the
colloidal particles move in a 2D plane and, in the case of hard
spheres, one effectively obtains a hard-disk system [5,13].

Experimental colloidal fluids in quasi-2D geometry have
been extensively studied and are well characterized with
respect to structural and thermodynamic properties.
Experimental realizations of quasi-2D hard-sphere fluids
have shown excellent agreement with theory and simulation
of corresponding 2D hard-disk systems with regard to
static structure factors, the equation of state, and the
dependence of various static susceptibilities (e.g., the
isothermal compressibility) on density [5,13,17]. Similar
agreement between theory/simulation and experiment has
been also shown for other quasi-2D fluid systems, e.g., in
the framework of experiments of paramagnetic colloids
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on a water-air interface [7,10,11]. In paramagnetic fluids,
the direct interaction between particles is controlled—in
addition to their hard core—by a long-range potential, that
decreases as 1/r® with r the distance between a pair of
particles. In the case of binary 2D mixtures of paramagnetic
particles of different size, a microphase structuring has
been found which is associated with a “clustering” of the
smaller particles [10,11]. The latter examples show that static
properties of both hard-disk and paramagnetic 2D fluids are
well understood; in particular, quantitative agreement with
colloid experiments in quasi-2D geometry is obtained.

Less clear is the situation with respect to dynamic quanti-
ties such as the short- and long-time self-diffusion coefficients
in colloidal quasi-2D fluids. Here, it is not well understood
how the diffusive behavior is affected by hydrodynamic in-
teractions (HI) due to the momentum transport through the
solvent in which the colloids are suspended [35]. While
the direct particle interactions are restricted to a 2D plane,
the solvent is not restricted to this plane and thus momentum
can be transported away from this plane. There have been
several theoretical and experimental studies [6,14,36—-38] on
the influence of HI on the long-time self-diffusion coefficient,
Dy, in quasi-2D geometry. Here, theories for hard-sphere
systems in quasi-2D geometry have suggested that HI make
the long-time self-diffusion slower [38]; however, the latter
picture has recently been challenged [14]. More specifically,
using a combination of simulation and experiment, it has been
shown for hard-sphere fluids in quasi-2D geometry that over
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a wide range of fluid densities the ratio Dy /Dy (with D the
self-diffusion coefficient at infinite dilution) is effectively not
affected by HI. In contrast to this, for fluids of paramagnetic
particles, it has been reported that HI accelerate the long-
time self-diffusion in experiments [6]; an observation that
has also been supported by theoretical studies based on the
Rotne-Prager approximation of the hydrodynamic diffusion
tensor [36,37].

In this paper, we readdress the question as to whether the
interplay of HI and direct interactions is fundamentally dif-
ferent in quasi-2D colloidal systems if the direct interactions
between the colloidal particles are long-ranged. To this end,
we use a methodology similar to that in our recent work
on hard-core systems [14], and compare quasi-2D colloidal
experiments on paramagnetic particles to Brownian dynam-
ics (BD) simulations of corresponding 2D systems where
HI are not taken into account. We first identify, from the
BD simulations, the regime in which the long-ranged 1/7°
component of the interaction dominates by a careful study of
the equation of states (EoS), and show that the experimental
states considered—as characterized by the coupling parameter
I'——correspond to this regime. Next, we compare the radial
distribution functions obtained from experiment with those
from the BD simulation. We find quantitative agreement be-
tween experiment and simulation with respect to the structure
for all states considered, indicating that the direct interactions
are the same in simulation and experiment. The dynamics
of the system are then investigated via the mean-squared
displacement (MSD) from which we determine the short- and
long-time self-diffusion coefficients. We find that while the
short-time self-diffusion coefficient slightly differs from the
simulation values, indicating the role of HI at short times, the
reduced long-time self-diffusion coefficient D* = Dy /D,T"!/?
from experiment is in excellent agreement with that from
the simulations. Furthermore, Dj is solely a function of the
reduced density I'>/3 (see below), and all the data for the long-
time self-diffusion coefficient from simulation and experiment
fall onto a master curve when Dy is plotted as a function of
I'?/3. We show that this behavior is expected for the BD of a
fluid where the particles interact via a 1/r* potential, of course
without being affected by HI.

II. COLLOID EXPERIMENTS

The quasi-2D colloidal system consists of carboxylic acid
functionalized paramagnetic polystyrene spheres (Dynabeads,
Invitrogen) with a hard sphere diameter of oy, = 3.16 um—
obtained from a mapping to density functional theory [13]—
dispersed in a 20/80 v/v% ethanol-water mixture. The parti-
cles sediment onto the base of a glass sample cell with a height
of 200 um to form a monolayer, and as their gravitational
length is 0.07 um, the out-of-plane fluctuations are negligible
relative to the particle diameter in the absence of an external
magnetic field [13].

Upon the application of an external magnetic field per-
pendicular to the plane of the particles, a dipole moment is
induced, m = xB, where x is the magnetic susceptibility of
the particles and B is the magnetic field which is perpendicular
to the plane of particles. The well-defined hard core area frac-
tion ¢ is given ¢ = nohzsN /(4A), where oy is the hard sphere
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FIG. 1. (a) State diagram for the experiments in the (B, ¢) plane.
The solid lines are isolines, corresponding to constant values of I
(the colors of the lines indicate the value of I" according to the color
map). The shaded area represents states where out-of-plane stacking
of some colloidal particles is observed, leading to a reduction of the
(in-plane) area fraction. (b) and (c) Snapshots of the colloidal system
at (b) ¢ =~ 0.12 and B >~ 0.23 mT, corresponding to I' ~ 0.11, and
(c) ¢ ~0.12 and B >~ 0.96 mT, corresponding to I" =~ 1.96.

diameter, N is the number of particles, and A is the area of
the system imaged. Considering the nature of the interactions,
a single dimensionless interaction energy—also termed the
coupling parameter—for the relevant energies can be defined
as the ratio of the magnetic dipole-dipole interaction energy
and the thermal energy:

[ = pom?/(kgT477) €5)

with po the vacuum permeability and 7 the average inter-
particle distance, # = +/A/N. The coupling parameter I" is a
reduced inverse thermal energy. Its role as a control parameter
for the thermodynamic state as well as the dynamics of the
system will be discussed in more detail below.

The experimentally explored values of ¢ and B, as well as
the corresponding I', are shown in Fig. 1(a). We note that,
upon increasing the magnetic field, particles can leave the
monolayer and form a second layer by stacking on top of
each other. This phenomena becomes increasingly significant
for high packing fractions and/or high magnetic fields and, as
such, only relatively low values of ¢ are considered here. In
spite of this, for a few samples we do observe a small number
of out-of-plane particles, and the range of parameters associ-
ated with this is indicated by the shaded area in Fig. 1(a). The
colloidal system is imaged using video microscopy and the
particle positions are acquired using standard particle tracking
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software [39]. Typical snapshots of the system at two different
values of I' are shown in Figs. 1(b) and 1(c).

III. SIMULATIONS

BD simulations are performed for 2D systems that consist
of N = 400 particles, using periodic boundary conditions in
the two Cartesian directions. The particles interact via (i) a
magnetic dipole-dipole interaction potential,

ugip(r) = Adgip/ 7, 2

with Agip = pom?/(47) controlling the strength of the poten-
tial and r the distance between a pair of particles, and (ii) a
short-ranged repulsive potential, given by

w1 o

for » < 2Y/?*¢ and zero elsewhere. This potential provides
a good model of the hard core of the paramagnetic particles
(see, e.g., Ref. [40]).

The potential ugp is a slowly decaying function which
requires the use of the 2D Ewald summation technique [41]
to accurately compute the potential energy, the forces, and
the pressure. The units used in the simulation for length and
energy are given by o and €, respectively. Time is given in
units of gy, = /mo?/e, with m = 1.0 the mass of a particle.
Thus, the amplitude Ag, is given in units of €o? and the
dimensionless parameter I" can be expressed as

I = BAqip/7 = BAagipp™? 4)

with B = 1/(kgT). Note that this is a generalized form of
Eq. (1) for ", which corresponds to a reduced inverse thermal
energy.

In the Ewald summation, we have chosen ag, = 0.50 !
for the Ewald constant. The real space cutoff in the Ewald
summation is always set to half the size of the system (note
that in the considered systems the linear dimension of the
“simulation box” varies between 150 and 250). The cutoff
in the Fourier-space sum is set such that Gg,, > 100 ~! holds
for the absolute value of the largest considered wave vector.

The dynamics of the system are described by over-damped
Brownian motion. The equations of motion are discretized
using a forward Euler scheme given by [42,43]

r(t +6t) =r;(t) + kD—;F,-(t)St + /2Dyét&;, 5)
B

with &¢ the integration time step, r;(¢) the position of particle
i at time ¢, F;(¢) the force on particle i due to the direct par-
ticle interactions, Dy the self-diffusion coefficient at infinite
dilution, and &; a vector with independent Gaussian random
numbers with zero mean and unit variance (note that one can
use uniform random numbers instead of Gaussian distributed
ones, as shown by Diinweg and Paul [44]). The code to solve
Eq. (5) has been implemented in the LAMMPS package [45].
In our simulation, we have set Dy = 1.00%/Tgm, kg T = 0.5¢
and integrated the equations of motion with a time step of
8t =5 x 10 1.

To demonstrate that Ewald sums are in fact necessary
for a reliable evaluation of the long-ranged dipole-dipole
interactions, we show in Fig. 2 the “excess” pressure Pe
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FIG. 2. Comparison of the excess pressure P as function of
¢, as obtained from the simulation with Ewald summation, to that
obtained by employing different cutoff radii rey in ugi,(r). The am-
plitude of the long-ranged 1/r* potential is set to Ag, = 0.175561.
As a reference, the dashed line shows the case Agp = 0 where the
1/r3 interaction is switched off. The inset displays the dependence
of P on rey for ¢ = 0.4, which indicates a slow convergence of
P, with increasing r.,. Here, the value of P, as obtained via Ewald
summation, is marked as a horizontal dashed line.

[see Eq. (8) below as a function of the area fraction ¢, i.e.,
the EoS, as obtained from simulations for Ag;, = 0.175561
with Ewald summation in comparison to simulations where
the potential ugip() is cut off at a radius rcy. Also included
in this plot is a curve marked with Ag;, = 0, corresponding
to the case where the potential ugi,(r) is switched off. The
plot indicates the slow convergence of P.x with increasing
Teuts €specially at large packing fractions. The inset of Fig. 2
displays P.x as function of ry at ¢ = 0.4. It shows that even
for the highest considered cutoff ., = 14 the value of the
pressure is about 10% below the “exact” value, as obtained
from the Ewald summation (dashed horizontal line). Thus, for
a reliable determination of the EoS, presented below, the use
of Ewald summation is indispensable.

IV. RESULTS AND DISCUSSION

A. Equation of state

For a system with a long-ranged potential according to
Eq. (2), i.e., ~1 /r3, which corresponds to point dipoles, the
thermodynamic state can be uniquely defined by I [Eq. (4)].
As a result, reduced thermodynamic quantities as a function
" will fall onto a master curve, irrespective of whether I" is
changed by varying B or p. However, in the system considered
here the particles also interact via the short-ranged repulsive
potential, given by Eq. (3), which models the hard-core in-
teraction between the particles in the experimental system.
This hard-core potential is important for systems where the
distance between neighboring particles is of the order of o.
Importantly, if this is the case, the thermodynamic state is
no longer uniquely defined by I" and one expects deviations
from the master curve for a thermodynamic quantity. By
determining where these deviations do not occur, it is possible
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to establish the regime where the behavior of the system is
dominated by the long-ranged dipolar 1/r7° repulsion.

We first review the scaling properties of systems that
consist of particles interacting with each other via a pair-wise
additive inverse power potential. Consider a classical system
of N particles in a D-dimensional volume V', where the parti-
cles interact via u(r) = € (%)", with n € N, € an energy, and
o a length. For such systems, thermodynamic properties do
not separately depend on temperature T [or 8 = 1/(kgT )] and
number density p = N/V, but on a combination of these two
variables. This can be easily seen if one considers the Boltz-
mann factor exp ( — S vazl Zpi u(r;;)), where vazl Zpi
denotes the double sum over all %N (N — 1) particle pairs and
rij = |r; — rj| is the distance between particle i and particle
j.- In terms of scaled coordinates, r; = p!'/Pr;, the Boltz-
mann factor can be written as exp (—g* Zivzl Zpi (%)") =
exp(—pB*U™), introducing the reduced inverse thermal énergy
B* = Bea"p"/P. Note that a reduced density can be defined
as p* = (Be)P/"oPp. As a consequence, canonical averages
(---) of a quantity A(r = (ry, ..., Ip)) can be written as an
average of a reduced quantity A*(r*) [46—48],

(A(r)) = p~*Prom? (A* (1)), (6)
with

A (). = [ dr*A*(r*) exp(—p*U ). o
[ dr* exp(—B*U*)
The average (A*(r*)), depends only on the reduced variable
B* or, alternatively, on the reduced density p*. In Eq. (6),
m is the mass of a particle and the timescale 7 is defined
by [48] T = (mp~™D/P jec™)!/* The exponents «, 6, and
y in Eq. (6) are chosen according to the units of the quantity
A(r).
For our system, we now consider the reduced pressure as
a function of the reduced density p* = I'*/? = (BAaip)**p.
To this end, we start with the excess pressure, which is
defined by

N n
P n o
Fo=P =g = D—V<ZZE(;,) > ®

i=1 j>i

with P the total pressure. A reduced pressure, P*(p*),
can be defined using Eq. (6) via P = P*mp'~%P/1? =
P*ea"p' /P and thus BP/p = P*p*™P (note that we can
consider the total pressure because by the scaling with 8/p
the ideal gas contribution is just equal to 1). Applying this
to a 2D system with long-ranged dipole-dipole interactions
o r3, Eq. (2), we can first identify € = Agp/0° and thus
p* = p(BAgip)*/® = I'*3. Therefore, the reduced pressure is
given by P*(I'?/3) = %F" which is solely a function of the
reduced density ['?/3.

To explore the relative importance of the long-ranged dipo-
lar and hard-core parts of the potential and thereby identify the
experimental regime where the interactions are dominated by
the 1/r3 repulsion, we determine the reduced pressure P* as a
function of p* = '3 for simulated systems at different fixed
values of Agip—corresponding to the magnetic field B in the
experiments—and varying p. In Fig. 3, we show the reduced

3 .
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101; = Ay =4.38903 i
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FIG. 3. The reduced pressure P* as a function of p* = I'’*/3 for
different fixed values of Agj, and varying p. States corresponding
to low values of Agp, i.e., for Ag, < 0.17556, are represented by
open triangles. Also shown is a master curve (solid line), which
corresponds to the behavior of point dipoles. For states on this master
curve, the effect of the hard-core part of the potential is negligible
and the particle interactions are dominated by the dipole-dipole part
of the potential, as given by Eq. (2).

pressure P* as a function of I'*/3 for different values of Agip.
For a small value of Ag;p such as Ag;p, = 0.00274, the reduced
pressure follows a master curve (shown as a solid line) for
small values of I'*/3, corresponding to sufficiently low densi-
ties such that the interparticle distance is significantly larger
than o. For higher values of I'>/? and thus higher densities,
the particles feel the repulsive short-ranged potential (3) and,
as a consequence, the reduced pressure deviates from the
master curve. With increasing Ag;p, one increases the strength
of the long-ranged dipolar interactions, and therefore the
point above which one expects deviations from the master
curve shifts to larger values of '3, As Fig. 3 indicates,
for the considered states for Ag;, > 0.17556 (filled symbols),
all the points collapse onto the master curve. Note that the
experiments were done for similar states in the latter regime
(corresponding to states with B > 0.1 mT in Fig. 1) and so,
with respect to the considered states in the experiments, only
dipole-dipole interactions are relevant.

B. Radial distribution functions: Comparison between
simulation and experiment

The analysis in the previous section shows that the states
considered in the experiment (cf. Fig. 1) are in a regime
where the interactions between the particles are controlled by
the long-ranged dipole-dipole interactions ocr—3. As such, the
interaction between a pair of colloidal particles in experiment
should be given by the potential, Eq. (2), and we expect a
close agreement between the structural correlations found in
the experiments and those in the simulations. To check this,
we compute the radial distribution function g(r) that describes
how structural correlations vary, relative to an ideal gas, as
a function of the distance r from a reference particle. It is
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defined by [49]

A 1 N N
g(r) = Em<2 > 8<r—r,-,~)> ©)

i=1 j=1,%i

with r;; = |r; — r}| the distance between particles i and j.

Figure 4 shows the radial distribution functions, as ob-
tained from simulation and experiment, for three values of ¢
and at each ¢ for different values of I". Also included is the
g(r) for T' = 0 for each value of ¢, which thus corresponds
to the situation where the interactions in the experiment are
hard-disk-like and in the simulation the particles interact via
the potential given by Eq. (3). In Fig. 4, the distance r
on the x axis is scaled by the hard-sphere diameter opys =
3.16 pum for the experimental data. The simulation data are
scaled by the effective diameter oys = 1.01o° which provides
agreement of the fluid equation of state, as obtained with the
potential (3), with the one for a hard-disk fluid with hard disks
of diameter o [40,50]. As can be inferred from Fig. 4, the
radial distribution functions as obtained from experiment and
simulation are in very good agreement both for I' = 0 and
all the finite values of I' at the different area fractions ¢.
Note that the small peaks, seen in some of the experimental
curves before the main nearest-neighbor peak, are due to the
occasional (partly) out-of-plane particles, hence this effect is
most visible for the highest I" in Fig. 4(c), i.e., the highest area
fraction considered.

The radial distribution functions in Fig. 4 indicate that
at each area fraction the nearest-neighbor distance increases
with increasing I". Moreover, for all values of I' and ¢, the
smallest values of r for which g(r) is clearly larger than zero
is significantly above r/ons = 1.0, suggesting that hard-core
interactions are not relevant for the considered thermody-
namic states, which is consistent with our conclusions from
considering the equation of state in Sec. IV A. Crucially, this
agreement between experiment and simulation indicates that
the simulation is fully capturing the direct interactions, which
play a crucial role in reducing the long-time self-diffusion
coefficient with respect to its value at infinite dilution with
increasing I'.

C. Mean-squared displacement and long-time
self-diffusion coefficient

Now, we address the question of whether hydrodynamic
interactions (HI) affect the long-time self-diffusion coefficient
in our paramagnetic colloidal systems by comparing our
experiments to the BD simulations, where HI are absent. To
this end, we consider the mean-squared displacement (MSD)
of a tagged particle, (Ar?), which is defined by

1 N
(Ar(r)) = <ﬁ > ) - r,-(0>>2>, (10)

where (- - - ) corresponds to a time average. In Fig. 5, we show
(Ar?) /o as a function of the scaled time 1Dy/o. In the
three panels of the figure, the MSDs are displayed for the same
values of ¢ and I" as for the g(r) in Fig. 4, and the insets show
the long-time behavior of the MSD more clearly.

First of all, we note that at short times the MSDs for a
given ¢, but different values of I', all coincide, consistent

L L
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FIG. 4. Radial distribution functions, g(r), for different values of
I' and the densities (a) ¢ = 0.13, (b) ¢ = 0.24, and (c) ¢ = 0.36.
Experimental and simulation data are shown as symbols and solid
lines, respectively. For clarity, the curves in each plot are shifted
vertically by constant steps of 2.

with earlier reports [6]. However, the MSDs at short times are
reduced for increasing area fractions in the experiments, an
effect that is not observed in the simulations. As in the hard-
disk situation [14], the deviation between experiment and sim-
ulation at short times is attributed to the HI in the experiment
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FIG. 5. Scaled mean square displacements, {Ar?) /oy, as a func-
tion of scaled time, Dy /oy, for systems with parameters of Fig. 4.

that are not present in the simulation. Hence, for short times
the MSDs of the experiments and simulations agree only in
the limit of low area fractions, where HI are negligible.

This behavior can be quantified by determining the short-
time self-diffusion coefficient, Dg, from the r — 0 limit of the
MSDs in Fig. 5, and values of Dy rescaled by the self-diffusion

coefficient at infinite dilution, Dy, are shown in Fig. 6(a).
In our experiments Dy = 4.5 x 1072 um?/s, and this value
was obtained by extrapolating Dg to ¢ — 0. For all three
packing fractions, only relatively small variations in Dg are
observed as a function of I', particularly when compared to
the much larger changes in Dy /Dy, which are also shown.
This approximately constant behavior of Dy is highlighted by
dashed lines indicating the mean value of Dg for each packing
fraction. Figure 6(a) clearly shows, however, the reduction
in the short-time self-diffusion coefficient due to HI with
increasing ¢. We note that this reduction is small compared
to the hard disk study [14], due to the relatively low values of
¢ considered here.

The situation is very different in the long-time regime.
Here, we find quantitative agreement between the experi-
mental MSD and those obtained from the BD simulations
for all area fractions and coupling parameters I" considered.
From the MSDs in Fig. 5, we can similarly directly deter-
mine the long-time self-diffusion coefficient Di /Dy via the
Einstein relation [49] Di /Do = lim,_, o0 (AT?(t))/(4Dot).
These values are also shown in Fig. 6(a), where it is clear
that, in contrast to the behavior of the short-time self-diffusion
coefficient, Dy /Dy decreases substantially with increasing
I'. The data also clearly demonstrate the good agreement
between long-time self-diffusion coefficients from experiment
and simulation.

Furthermore, if HI do not affect the ratio Dy /Dy, one may
expect that the long-time self-diffusion is controlled by the
direct interactions and thus there should be an appropriate
scaling of Dy /Dy with T'>3 such that the corresponding
reduced long-time self-diffusion coefficient is only a function
of the reduced density I'*/3. To find this reduced self-diffusion
coefficient, D, we consider the equations of motion for the
BD simulation, Eq. (5). Note that the following conclusions
would be exactly the same if we would consider the exact BD
equations of motion instead of the discretized ones, as given
by Eq. (5). First, we introduce the reduced coordinates r} and
time t* by the equations r; = rl’.‘,o’l/2 and t = t*t with

1 ,0’7/2 172
= — . 11
Dy <,3Adip>

The insertion of r] and #* in Eq. (5) gives the following
dimensionless equation of motion for particle i:

£+ 8t%) = v (") + Fi6 oV + V281 p* T (12)

with Ff =3, ; #:—j’ the reduced force on particle i and

p* = (BAdgip)**p the reduced density for n =3 and D = 2,
as above. Equation (12) indicates that, as for the pressure, an
appropriate scaling of the long-time self-diffusion coefficient
Dy, leads to a reduced self-diffusion coefficient D} that only
depends on the reduced density p* = I'*/3. The reduced quan-

tity Df can be found via Dy, = Di#, using the timescale t,
as defined by Eq. (11). As a result, we obtain
D D
* % _ T2/3\ _ L _ L
DL =T = o=l = o ()

Note that the use of t, as introduced in Sec. IV A, leads to a
similar result for the reduced long-time diffusion coefficient.
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FIG. 6. (a) Long- and short-time self-diffusion coefficients
rescaled by the self-diffusion coefficient at infinite dilution, Dy,
as a function of I" for different area fractions. D; is shown for
experiments (filled symbols) and simulations (open symbols), as
described by the legend in (b), and Dy for the experiments only.
Dashed lines show the mean value of Dy for each area fraction.
(b) The reduced long-time self-diffusion coefficient, D, as obtained
from the simulations and experiments, is shown as a function of I'*/3
for different area fractions.

In this case, it is given by Df = D, ’13,7;/’;’. The latter reduced
diffusion coefficient would be the appropriate quantity in the
case of Newtonian dynamics, where the MSD at short times
is proportional to ¢2.

Figure 6(b) shows the reduced long-time diffusion coeffi-
cient D} from simulation and experiment as a function of ['*/3
for three different area fractions ¢. All the data collapse nicely
on one master curve, as predicted by Eq. (13). This clearly
indicates that, despite the effect of HI at short times in the
experiment, the reduced long-time self-diffusion coefficient
Dy is solely a function of I'?/3 and follows the behavior,
as predicted by Eq. (13), for simple BD without taking into
account HI. In this sense, the long-time self-diffusion is solely
due to the action of direct interactions between the particles.

The picture that thus emerges for our paramagnetic colloidal
system considered here is similar to the one recently reported
for hard disks [14]. In other words, even in a system with more
complex, long-ranged interactions, HI effectively do not affect
the long-time self-diffusion coefficient.

We note, however, that this result contrasts with ear-
lier experimental and theoretical studies on similar sys-
tems [6,36,37] which proposed that HI enhance the long-time
self-diffusion coefficient Dy in the presence of the long-
ranged 7~ interactions between the paramagnetic particles.
However, a number of differences between our current study
and these earlier studies could account for this disparity. First,
compared to the results reported in this work, the experimental
data in [6,37] cover a relatively short range of times. As
such, their conclusion on the enhancement of Dy /Dy due to
hydrodynamic interactions applies only to the self-diffusion
coefficient in the short and intermediate time regime. Con-
clusions about the long-time behavior, for example in [37],
are drawn from simulation results alone, as the long-time
self-diffusion coefficient could not be determined from the
experimental data. Our findings for the experimental behavior
of the long-time self-diffusion coefficient are therefore drawn
from a different time regime than the previous studies. More-
over, the simulation results for the long-time self-diffusion
coefficient in [37] do not show the expected decrease in Dy,
with ¢, making the observation of an increase in Dy with HI
in the simulations also difficult to interpret.

With respect to the behavior of the short-time self-diffusion
coefficient, our results indicate that hydrodynamic interac-
tions do effect Dg, in line with previous results [14,16],
although, we find no evidence of an enhancement due to HI.
We instead observe a decrease in Dy with increasing ¢ for
fixed I" and no change in Dg with I" for fixed ¢. This different
variation in Dy could be a consequence of the differences in
confining interface between our work and the experiments
in [6,37]. We also note, however, that the method used to
estimate the self-diffusion coefficient at infinite dilution, Dy,
in Refs. [6,37], is to use the t — O limit of the MSD, i.e., to
associate Dy with the short-time self-diffusion coefficient Dy.
This approach is chosen as it is reported that over the range of
area fractions considered (¢ < 0.10) no change in this value
is observed. However, here we find that even for the lowest
packing fraction considered, ¢ = 0.13, there is a small but
finite change in Dy, consistent with previous findings for the
reduction of Dg for ¢ < 0.1 in hard disks [14]. This suggests
that it is inappropriate to rescale by a limiting value of the
MSD rather than a more accurate estimation of Dy.

V. CONCLUSIONS

We have investigated the structure and dynamics of two-
dimensional fluids of particles with long-ranged interactions
by comparing Brownian dynamics (BD) simulations to col-
loidal experiments on paramagnetic particles. In particular, we
find that there is quantitative agreement in the reduced long-
time self-diffusion coefficient D} between BD and experiment
over a wide range of the reduced density I'*/3. Crucially, as
the BD simulations do not include hydrodynamic interactions,
this result indicates that HI effectively do not affect the
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long-time self-diffusion coefficient in our experimental sys-
tem of particles with long-ranged interactions.

In making the comparison between experiment and sim-
ulation, we emphasize that we have considered states in the
experiment where the interactions between the particles are
fully controlled by the r—3 interactions, i.e., the hard core of
the particles is not relevant for any thermodynamic properties.
We have inferred this from a careful study of the equation of
state in the BD simulations, demonstrating that this shows the
scaling behavior expected for an inverse power-law potential
for the states considered in the experiments. Furthermore, we
have also demonstrated that the radial distribution functions,
a key structural quantity, as obtained from the experiment and
the BD simulation are in very good agreement. Importantly,
this indicates that the direct interactions that act to reduce the
value of Dj with increasing I'*/* are the same in simulation
and experiment. As such, the action of these direct interactions
alone is sufficient to produce the reduction in the long-time
self-diffusion coefficient with increasing I" that we observe
in the experiments. We also note that the collapse of the

experimental data for D as a function of I'?/3 onto a master
curve indicates independently from the comparison to the
simulations that HI do not contribute to the long-time self-
diffusion. If HI would affect the long-time self-diffusion, one
would expect that the scaling of the long-time self-diffusion
coefficient does not work. In this case, Dj would not be solely
a function of I'?/3,

Our conclusion that HI effectively do not affect the long-
time self-diffusion coefficient of paramagnetic particles is in
line with similar experiments on colloidal hard-sphere fluids
in quasi-two-dimensional geometry [14]. As such, it would
be an interesting topic for forthcoming studies to address the
role of HI on long-time self-diffusion in three-dimensional
colloidal suspensions.
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