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Abstract

We provide a rigorous justification of the semiclassical quasi-neutral and the quantum many-
body limits to the isothermal Euler equations. We consider the nonlinear Schrédinger—Poisson—
Boltzmann system under a quasi-neutral scaling and establish the convergence of its solutions

to the isothermal Euler equations. Different from the previous results that dealt with the linear
Poisson equations, the system under our consideration accounts for the exponential nonlinearity
in the potential. A modulated energy method is adopted, allowing us to derive the stability estim-
ates and asymptotics. Furthermore, we focus our analysis on the many-body quantum problem via
the von Neumann equation and establish a mean-field limit in one dimension by using Serfaty’s
functional inequalities, thus connecting the quantum many-body dynamics with the macroscopic
hydrodynamic equations. A refined analysis of the quasi-neutral scaling for the massless systems is
presented, and the well-posedness of the underlying quantum dynamics is established. Moreover,
the construction of well-prepared admissible initial data is obtained. Our results provide a rigor-
ous mathematical analysis for the derivation of quantum hydrodynamic models and their limits,
contributing to the broader understanding of interactions between quantum mechanics and com-
pressible fluid dynamics.

1. Introduction
We are concerned with the rigorous justification of the semi-classical and quantum many-body quasi-

neutral limits to the macroscopic systems of nonlinear partial differential equations. Consider the follow-
ing d-dimensional (d-D) Schrodinger—Poisson—Boltzmann system with quasi-neutral scaling:

ihat/ws,h = _%ZAQZ)S,E + Vs,?iws,ha X e Tdv > 07

—eAV,. 5= \1/157h|zfevf»ﬁ, xeTé t>0, (1.1)
we,h|t:0 :wisr:h’ x e Te.

The unknown 1. 4(t,-) is a time-dependent element of the Hilbert space §) :=L*(T%) such that
Jpa|te,1(t,x)|* dx = 1. The symbol % represents the Planck constant and should be regarded as a small
parameter. The 1-body quantum Hamiltonian H, j is the differential operator given by

2
Hs,h = _?A + Vs,h;
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so that (1.1) can be written as

ihOe 1 = He 5tbe i, xeT4 t>0,
—eAV. = [ep|* —mep, xeT4 >0,
Ve tili=0 = 1112;,, x€eT?,

where m. j := eVer,

Notice that this system is a variant of the much more well studied Schrodinger—Poisson system:

ihat"/)s,h = _%ZAQZ%,E + Vs,hws,ha P S Td7 > 07
7€AVE7T1: ‘1/}671‘1|27 13 XGTd,t>O, (12)

we,h|t:0 :¢igrj;p x € Te.

The fundamental difference between (1.1) and (1.2) is encapsulated in the exponential nonlinearity
in system (1.1), i.e. from the fact that the dynamics are coupled with the so called Poisson—Boltzmann
equation, instead of the linear Poisson equation. This nonlinearity is the source of several mathematical
obstructions: for instance, while the well-posedness theory of the linear Poisson equation:

—AV=h-1

is classical even for a probability measure h, a well-posedness theory has been developed only relatively
recently for the Poisson—Boltzmann equation (see [6, 15]):

~AV=h—¢",

where h € L for arbitrary p > 1 and dimension d > 1. Thus, the classical well-posedness results for the
Schrodinger—Poisson system (established for instance in [3, 9]) are still inadequate for the present set-
tings. Therefore, one of our purposes in this paper is to prove the well-posedness of system (1.1). For
this purpose, we rely heavily on the elliptic PDE theory for the Poisson-Boltzmann equation developed
in [15], where h is a given bounded function. The well-posedness of system (1.1) is summarized in the
following theorem:

Theorem 1.1. Letd € {2,3}. Assume that
Werjh € C>(TY) with / | i;fh(x)lzdx: 1. (1.3)
Td

Then, for each fixed e > 0 and h > 0, there exists a unique solution 1. ; € Lip([0, T]; H*(T?)) of the Cauchy
problem:

ihOp)e 5 (t,x) = —T‘;Azps,h (t,%) + Ve u (£,x) Ve 5 (t,x), x€ T, t>0,
—eAV 5 (6,X) = [the s (£,%)]7 — eVer ()] xeT9 t>0, (1.4)

Ve 1li=0 = 1/)?,7,7 xeT9.

As the main focus of this paper is on the semi-classical and quantum many-body limits, the proof of
theorem 1.1 is postponed to section 5. Our first main result is the rigorous derivation of the isothermal
Euler equations:

{athrdiv (pu) =0, 05)

O (pu) + div (pu @ u) + Vp =0,

as a combined semi-classical quasi-neutral limit. Before we state this main result, we remark that this
problem has already been studied in the context of the usual Schrodinger—Poisson system (1.2) by Puel
[25] for pure states and later by Rosenzweig [27] for general states where the density operator formula-
tion of the Schrédinger—Poisson system, also known as the Hartree equations, is considered. Motivated
by Rosenzweig’s approach, we make use of the modulated energy method. However, the modulated
energy has to be modified in comparison to [27]: The modulated energy used in [27] is the quantum
analogue of the quantity introduced in [4], while the modulated energy studied in this paper is the
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quantum analogue of the quantity introduced in [18]. Jiingel-Wang [21] obtained combined semi-
classical and quasi-neutral limits in the bipolar defocusing nonlinear Schrédinger—Poisson system in the
whole space. The electron and current density defined by the solution of the Schrédinger—Poisson sys-
tem converge to the solution of the compressible Euler equations with nonlinear pressure. We also refer
to Golse—Paul [11] for the validity of the joint mean-field and classical limit of the quantum N-body
dynamics leading to the pressureless Euler—Poisson system for factorized initial data whose first marginal
has a monokinetic Wigner measure. Given a solution . ; to system (1.1), consider the time-dependent
trace-class operator R 5(t) := |- 5(t) ) (¥e,u(t)| (here the bra-ket |¢))(%| is the rank-1 projection on $)
defined by ¢ — (¢, ¢) 1 in the conventional notation). The crux of the argument reduces to obtaining
an evolution estimate on the following quantity, called the modulated energy:

d
En(t) = % S (i + @R () + 5 | [9Van(t0)] de
j=1 e
[ (et tog (") — ey (02) -+ 0,0)) . (16)

where (p,u) is the solution of (1.5) and p denotes the macroscopic density solving the isothermal Euler
equations, and #/ denotes the jth component of the vector field u. The total energy, denoted by F. 4(t)
and defined explicitly in (2.4) below, is a conserved quantity obtained from &, 5(t) by plugging in p=1
and u=0. The quantum current J. 5 and quantum density p. 5 are defined by

]5771 (ta X) = hlm(a‘s,h (tax) vlps,h (ta X) )7 Pe,h (ta X) = |wa,h|2 (ta X) .

Our first main result is described in the following theorem:

Theorem 1.2 Letd € {2,3}. Let (p,u) € C'([0, T); B~ (T%)) x (C([0, T); H*(T)) N C'([0, T) x T?)) be the
solution of (1.5) with initial data (po,ue) € (H*(T?) N'P(T?)) x H(T?) and py > 0 for some s > 0 sufficiently
large and T > 0. Let 1. 5(t,x) be the unique solution in theorem 1.1 with the initial data /)", (x)

satisfying (1.3). Assume that there is some constant Fo such that F. (0) < Fo uniformly in (e,h). Let & 5(t)
be given by (1.6). Then

Ecn(t) < (E-5(0) + Ve + 1) forall r € [0,T],
where C = C([[ul| oo 2., | logp||W:,ooHi, [V (u-Vlogp)l|ier2, T, Fo). Consequently,

sup E5(t) — 0
t€[0,T] e+h—0

provided & 1(0) s+T~>>0 0, and

(/k,hv]s,h) (ta ) - (P,PU> (ta )

for the narrow topology of signed Radon measures on T¢, as ¢ + h — 0 locally uniformly in time.

The initial data Q/Jianh can be constructed such that & ;(0) T) 0. We will elaborate on this in
s ’ e+h—0

section 4.

The stability estimate and the implied weak convergence are valid for arbitrarily large-time inter-
vals. However, the existence and uniqueness of a smooth solution to the isothermal Euler equations are
known to be true only for a short-time interval.

Our second main result concerns the N-body problem. Given a configuration Xy = (x1,--- ,xy) €
TN, denote by jix, the empirical measure centered at Xy, i.e.,

In variance with the quasi-neutral quantum many-body limit established in [27], our main result in this
context is limited to the 1D settings. Let V; x, be the solution to the equation:

. Ve o
_EAV{{,XN = HUxy — Me Xy with Me xy =€ e XN |

3
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The N-body quantum Hamiltonian is the differential operator acting on the Hilbert space H®N =
L*(TN) given by

W
Ao ()=~ S AN / Ve () e x, (2) dx
k=1 T

N
+— [ K(x—y)(px, — mex,)® (dxdy)
2e Jpxr
=N+ e xy + Ve xue

Here, K designates the Green function of the Laplacian. In 1D, the Green function admits the explicit

formula K(x) = @ Note that the terms .# x, and 7, x, are viewed as a multiplication operator in
the variable Xy. The Cauchy problem for the N-body von Neumann equation is given by

{iharRs,h,N(t) = [HennRenn (1), )
Rs,h,N|t:0 = Ri.;rih’N-
The unknown R,  y is a time-dependent symmetric density operator, and [-,-] designates the commut-

ator defined by [A,B] := AB — BA for any given operators A and B. By a density operator, we mean a
bounded operator R such that R is self-adjoint non-negative (R = R* > 0) and tr(R) = 1. By a symmetric
operator on H®N we mean an operator Ry such that, for all permutations o € Sy (Sy is the symmetric
group on N elements),

UURNU:: = RN7
where U, is the operator on HON defined by
(UU\I/N) (X] gt ,XN) = \IJN(XG-—I(I)7 s ,XG-—I(N)) for any \UNES YJ®N.
We denote the class of density operators on $) by D($)) and the class of symmetric density operators on
HEN by Dy(H®N). If Ry € Ds(H®N) with kernel k(Xy, Yn), then py € L'(TV) is denoted as the function
defined by pn(Xn) := k(Xn, Xn). It is well known that py is a symmetric probability density on TV (see
the footnote pp 61-62 in [10] for more details). We call py the density associated with Ry. Hereafter,

we denote by p. 5 n(t) the density associated with the operator R, 5 (). With these definitions, we can
define the following modulated energy:

N
1 .
Eenn (1) = 5o > (i + u(t,%))’Re v (1))
j=1

% . (/JTXTK(x_y) (/’LXN_ms,XN)@Z(dxd)/))payh’N(QXN)dXN
+/ (/( (x)lo (w)* () +p(t ))dx) (£, Xx) dX.
o \Jp Me xy (X)108 p(5,%) Me xy (X) +p(t,x pe,nn(t, Xn) dXn,

where (p,u) is the solution of (1.5). The total energy of the system is denoted by F, 5 (1) (see (3.2)
below). We can also define an N-body analogue of the current that is denoted by J.  n (see defini-
tion 3.1 below). Let R, 7 n:1(¢) be its first marginal density (see definition 3.1 below for the definition of
the marginal). Denote the density function and the current of R, 5 n:1(¢) by penna (8, ) and Jo n a1 (2, ),
respectively.

Our second main result is summarized below:

Theorem 1.3 Let (p,u) € C'([0,T); H(T)) x (C([0,T); H*(T)) N C' ([0, T) x T)) be the solution of (1.5)
with initial data (py,uy) € (H(T) NP(T)) x H(T) and py > 0 for some s > 0 sufficiently large and T > 0. Let
R, € Dy(HN) and tr((—An)*RE, ) < 00. Let R 5 n(t) be the solution to (1.7) (ensured by lemma 5.2).
Assume that there is some constant Fy such that F 5 n(0) < Fo uniformly in (¢,h,N). Then

1

Eenn (1) < (Eoan (0) + N7 4/ + ;ﬁ +1)  forall 1€ [0,T)
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where C = C(T, Hu||LfoW§,oo |l log(p)||w},oc ,Fo) and A > 0. Consequently,

sup Eqn(t)  —> 0,
t€[0,1] e+hit+5—0

1
rovided £ 0 — 0 and e = &(N) is such that £ — 0, and
p N ( )E+Tl+%,~>0 (N) N N

(Ps,h,N:l, IE,E,N:I) (t; ) - (P, PU) (ta )
for the narrow topology of signed Radon measures on T, as € + I+ 5 — 0 locally uniformly in time.

A curious feature of the proof of theorem 1.3 is that it exploits the commutator estimates of Serfaty
[28]. These commutator estimates also played a decisive role in the derivation of the incompressible
Euler equations as a mean-field quasi-neutral limit in [20] or as a quantum many-body quasi-neutral
limit in [27]. However, this approach, which is a reminiscent of the renormalized energy method, is
absent from the literature on the mean-field quasi-neutral limit of massless Vlasov—Poisson (VP)-like
equations; in this sense, it reflects a novelty of the method. The constraint that ¢(N) vanishes sufficiently
slowly in N is natural. Note, however, that, in our setting, the vanishing rate of ¢ is logarithmic in N,
whereas it is polynomial in N in the usual quasi-neutral limit (considered, for example, in [27]). This
slower decay rate emerges from the L> bound on e'=* in the argument.

To put our results in an appropriate context, we close this introduction by providing a brief over-
view of the classical quasi-neutral limit. There has been an extensive study of the classical quasi-neutral
limit from the VP equations with massless electrons (VPMEs), also known as the VP system for ions,
that is a mathematical model from plasma physics, which can be described through the following kinetic
equations:

Of+€-Vf—VV-Vef =0,
{f+§ f=VV-Vef =0 (1.8)

-AV= fRdf(t7xa£) df - eV7

with f{0,x,€) =f° > 0 and [}, pf°(x,€) dxd¢ = 1. The unknown f: [0, 7] x T? x R? — R is a time-
dependent probability density f(t,-,-) € P(T¢ x R?). This system is a variant of the well-known VP sys-
tem that reads

81? *Vx] — . =Y,
{ f+E-Vf—VV-Vef =0 19

—AV= fRdf(tﬂxvé-) df - 17

with f{0,x,€) =f° >0 and [}, pf°(x,&)dxdé = 1.

As before, the notable difference between (1.8) and (1.9) is reflected in the fact that the Poisson
equation coupled to the Vlasov equation is nonlinear in (1.8), where it is linear and explicitly solvable
in (1.9). The variance between (1.8) and (1.9) is demonstrated in a decisive manner already at the level
of well-posedness: the well-posedness theory on the entire space and the periodic case of the VP sys-
tem has been established in the 1990s in Lions—Perthame [22] and Batt—Rein [1], respectively; also see
[16] for an overview of recent developments in the well-posedness theory of the Vlasov equations of this
type. Only much later, the question of existence and uniqueness for the case of the VPME system (1.8)
has been settled: the existence of global weak solutions has been proved in [19] in the periodic 1D case.
Later, global well-posedness has been proved on the torus in [15]. Endowed with this well-posedness,
it is a natural question to consider hydrodynamical limits associated with this system, particularly the
quasi-neutral limit. As was done in the quantum regime considered before, we write the VP system and
the VPME system with quasi-neutral scaling. The VPME system with quasi-neutral scaling reads

tle Vife =VV,. e =Y,
{af+§ Vofe =VV. - Vefe =0 (110)

75AV5 = fRde (t,x,{) df - evia

with £:(0,x,6) =f2 > 0 and [}, paf2(x,£)dxd = 1, while the VP system with quasi-neutral scaling
reads

81?5 * VixlJe — Va' e — VY,
{f+§ Ve = VV.-Vefe =0 i

_EAVE = fRdfs (t7~x7£) df -1

5
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with £:(0,x,&) =2 > 0 and [ paf2(x,£)dxdé = 1.

In the classical quasi-neutral limit, one seeks to study the convergence of f. as € — 0. Formal con-
siderations suggest, as the limit system, the incompressible Euler equations in the 2D VP case and the
isothermal Euler equations in the VPME case. More precisely, given a solution f-(t,x,£) to system (1.10)
or (1.11), consider the density

pe (t,x) 1= /Rdfs(t,x,é) d¢ (1.12)
and the current
Jo ) i= [ € () de (1.13)
RA

Then, in the VPME case, one expects the limit system to be the isothermal Euler equations (1.5) in the
sense that the convergences: p.(f,-) — p(t,-) and J.(t,-) — (pu)(t,) are propagated in time. In the VP
case, the expected limit system is the incompressible Euler equations:

p=1,
Ou+u-Vau+Vyip=0, (1.14)
divu = 0.

Therefore, the quasi-neutral limit offers a derivation of fluid equations from kinetic equations. The
rigorous justification of the quasi-neutral limit for VP has been initiated in Brenier—Grenier [5] and
Brenier [4]. See also Golse—Saint—-Raymond [12, 13] for an approach involving compactness arguments.
Since we are mostly concerned with the quasi-neutral limit for quantum analogues of VPME, we will
not dwell further on this limit for VP. Various works have been dedicated to the study of the derivation
of (1.5) from (1.10). The quasi-neutral limit has been studied in Han-Kwan [18] by using a modulated
energy approach inspired by Brenier’s method [4]. As already explained, this method will also play an
important role in the present work. It should be mentioned that this approach can be extended to cover
other variants of the Vlasov system (1.8), including in the presence of magnetic fields. The 1D quasi-
neutral limit, along with the combined 1D mean-field quasi-neutral limit, has been analyzed by Han-
Kwan-TIacobelli in [19, 20]. Higher dimensions have been studied by Griffin—Pickering—Iacobelli in [14],
for mollified empirical measures, with a mollification constant depending on the parameter ¢.

Theorem 1.2 is the 1-body semi-classical analogue of the main result in [18], while theorem 1.3
is the N-body quantum analogue of the main result in [18]. The latter limit, being a singular limit,
requires the use of the functional inequalities in [28], and thus part of the novelty of the argument in
the proof is reflected in the observation that these functional inequalities can be incorporated within
the framework of quantum massless dynamics. The fact that we are working in the quantum regime
introduces technical difficulties at several different levels: the well-posedness of the underlying dispersive
dynamics (addressed in theorem 1.1), the construction of admissible initial data (addressed in section 4),
and, most importantly, the calculation of the quantum analogues of the modulated energy (addressed
through theorems 1.2 and 1.3).

The paper is organized as follows. In section 2, we calculate the time derivative of the modulated
energy &, 5 and, as a result, obtain a Gronwall estimate for this quantity. In section 3, we renormalize
this argument by using the functional inequalities discovered in [28], thus obtaining a stability estim-
ate for & 5 n. In section 4, the well-prepared initial data L/Ji;h and RL“’EN are constructed for which

Ee1(0) - 0and & 5 n(0) — 0, respectively. Finally, in section 5, we prove the well-posedness
e+h—0

e+Ti+ 3 —0

of system (1.1), based on [15]. As will be explained, the well-posedness of system (1.7) is a direct con-
sequence of the Kato-Rellich theorem.

2. The 1-body semi-classical limit

This section concerns the derivation of the isothermal Euler equations:

{&p +div (pu) =0, (2.1)

O (pu) +div (pu@u)+Vp =0,
6
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as a limit of (1.1) when & + % — 0. Observe that an alternative formulation of (2.1) is

Oilogp +divu+u- Vlogp =0,
{ log p gp 22)

Oww~+u-Vu+Viogp =0.

The well-posedness theory of the isothermal Euler equations is summarized in the following theorem,
which can be found in [23].

Theorem 2.1. Let (po, ug) € (H(T?))? for somes > 4 + 1, with py(x) > 0 for x € T¥. Then there is T, >0
such that there exists a unique classical solution

(p,u) € C'([0, T.);: 1 (TY)) x (C([0, T2 ); H(T)) N C'([0, T) x T%))
of the Cauchy problem for system (2.2) with the initial data:
(P 1) li=0 = (po (x) , 0 (%)) (2.3)

Moreover, logp € C([0, T,.); H*(T%)) N C' ([0, T..) x T%).

Remark 2.2. The well-posedness of the Cauchy problem (2.2) and (2.3) is stated in [18] on the whole space.
However, the proof extends with no difficulties to the periodic settings considered here. See also [23].

We briefly review the elliptic theory necessary for the study of the nonlinear elliptic equation govern-
ing V, as developed in [15]. First, we recap the existence and uniqueness theory and the Schauder-type
estimates, as summarized in the following:

Lemma 2.3 ([15], proposition 3.1). Assume thatd € {2,3} and h € L>(T%) N'P(T¢).Then there exist both a
unique V € H'(T%) with zero mean and V € H'(T?) satisfying

“AV=h—1, —AV=1-¢"+".
Furthermore, the following estimates hold:
(i) Foralla € (0,1),

[Vilero < Caa (14 [1Hll),
[Vllove < Caaexp (Caall + Al ).

for some constant Cq, 4 > 0.

(i) Foralla € (0,%] ifd=3and a € (0,1) if d=2,

[Vl|czo < Caaexpexp (Caa(1+ ||k

22)),

for some constant Cq, g > 0.

Lemma 2.4 ([17], proposition 3.2). Assume that p € P(T) is a probability measure. Then there exist both a
unique V € H'(T) with zero mean and V € H'(T) satisfying

V' =p—1, —V'=1-¢""
Moreover, the following estimates hold:

IV+ Ve <1, [V [lip < 1.
Remark 2.5 It can be checkegl dirg:ctly that, subject to the assumptions of lemmas 2.3 or 2.4, VOV g o
probability density, i.e., [, "™V dx = 1.

Remark 2.6 According to lemma 2.1 in [2], given h € L°(T?) NP (T9), there exists a unique solution

V € H'(T) of the problem: —AV = h — ¢". Therefore, if h and (V, V) are as in lemma 2.3, we can repres-
ent the unique solution V as V.= V + V. The same remark applies when d =1 and p € P(T) is a probability
measure. Hereafter, we denote V := V + V, where V and V are the solutions guaranteed by lemmas 2.3 and
2.4, respectively.
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Remark 2.7 If we further assume that h € C>°(T%) in lemma 2.3, by the Schauder estimates and a standard
iteration argument, then we see that V € C>(T?) with the estimate:

[Vllgra <C

for some C = C(k, v, d, ||| . )

Recall that the modulated energy is given by

Een (D) Ztr (i1 + 1)’ / [VVen(t,%)]

::Vs‘h(t)

::K:E,;i(t)

+ /’]I‘d (ms,h (tax) log (W) — Me i (tax) + p(tvx)> dx

and the total energy is given by
1
.ng,(t) = Etr( 12 ARE;', / |VV€h(t x)| dx+/ eh(t x)mg;;(t x)dx (2.4)

Remark 2.8. It is classical that, given probability densities y, v € P(T?) N L' (T?), the associated relative
entropy is non-negative: [, slog (£) dx > 0. This explains why the last terms in the definitions of £, (1)
and F. 5(t) are non-negative and, as a result, & 5(t) > 0.

Remark 2.9. Note that
1 .
Ken(0) =3 [ 160V + )l (1.3) dn
2 Ja
and that R, #(¢) is determined by the Cauchy problem for the Hartree-type system:

thOR: 5 (t) = [He 1, Re,u (1))
_EAVE,h = |'(/)6,h|2 - evs’ﬁ7
ws,h|t:0 =l

It is instructive to invoke the Hartree formulation and the trace, since it clarifies the underlying algebraic
structure. With this notation, the quantum current can be equivalently defined by duality as the unique vec-
tor field J. ; such that, for each a € WI’OO(T"I; Rd),

/ a(x) - Jon(tx) dx= Ztr —ih0y,) V a* R (1)) .

Before proving the stability estimate for & 5(#) as stated in theorem 1.2, we observe that the density
is governed by an evolution equation and the conservation of the total energy F. #(t). In the forthcom-
ing calculation, we frequently use the anticommutator which is denoted by V and defined by AV B :=
AB+ BA for any given operators A, B.

For any (scalar- or vector-valued) f€ C*(T¥) viewed as a multiplication operator, we will repeatedly
use

. 2 d
% [- Z —id) V (B ), (2.4a)
k:
d
Z —ilidy) V (—0yf). (2.4b)

=1
Indeed, [f, —ihdy,] = ih Oy f and [A%,f] = AV [A,f).
Lemma 2.10. Let R, () and p. 4(t,-) be as in theorem 1.2. Then

Oipe,n +div]en = 0. (2.5)

8
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Proof. For any a € C*°(T%;R), we compute

dit /TF () pe (1) dx = d%tr(aRs,n ©)
_ %tr(a[—%zﬁ + Ve, Ren (1)
— La(- LA dR.(0)
_ ;kzd:tr((—ihﬁxk) V (9,a) Re (1))

= / Va(x)-Je 5 (t,x) dx,
Td
where we have used the equations in remark 2.9.
Lemma 2.11. Let R. 5(t) be as in theorem 1.2. Then $F. 4(t) = 0.
Proof. We first compute

d 1 1
S (AR (1) = = tr( = A= SH A+ Ve Re (1))

i

n
- %u([vs,h,—mmg,h (1),

1
tr([_fth + Ve,Th —th]Rs,h (t) )

where the equations in remark 2.9 have been used.
By (2.4b) with f =V, 3,

. d
% (Ve —1PA] = (—ihdy,) V (~04 Vo)
k=1

so that

1d i
Eatr (_EZARE’T’ (t)) - ﬁtr<[V5,h7 _h2A]R€,Tl <t>)
d

_ %Zu((_ihaxk) V(=04 Ver) R (1))

k=1
= _/ (VVern-Jon)(t,x) dx.
Td
Define
G(Ven) = Vsyhevsﬁ _ Ve,
Then it follows from (2.5) that
_/ VVen Jepdv= [ divjoy-Vepde= _/ O Vs
Td - N

=¢£ A@tVE,h . Va,h dx — eva"&‘tvah . Va,h dx

T4 Td

:-55/ IVVeslPdx— [ G/(Vey)dVepdx
24t Jpu O T : :
ed

d
=——— Veulrdx— — | G(V.3)dx.
Zdt_/ﬂ~d|v il thd (Ven)

Notice that

S/ eVs,ﬁ(Lx)dx:O'
dt Jpa

Then, combining (2.6) with (2.7), we conclude the proof.

9
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Lemma 2.12. Let u: T — R? be a (sufficiently regular) vector field. For any 1 <j < d, let I1; := ihox, + W
Then, forany 1 < j,k <d,
ILV (I V Oy ) = 2150, T + 20 W/ ILIL + 11 V (ih0y 0 ) -
Proof. Denote II; = ihid,, + 1/, and observe the following identity:
II; v Bxkuj = Zaxk uij + [Hk, &Ck u’] = Zaxk uij + ih@xkxkuj.
Therefore, we have

1LV (I v Oy 1) =TIV (20, t/ TT + i1y 0,14
= 2010 WL + 20, WILIL + 1L V (ii0y 1) -

O
Proof of theorem 1.2. The proof is divided into five steps.
1. Note that
1 . ; 1
Ecn(t)=Fen(t)+ EZtr((zhaxj) VR, 5 (1)) + 5/ (e MZ) (t,x) dx
. Td
j
+ [ (meplog(1/p)) (1) + p(0.5)) .
Therefore, by the conservation of energy (lemma 2.11), we have
d 1d . j 1d 2
a.gg’h (t) = Zdt’XJ:tr((lhaxj) vV M’IRE,ﬁ (t)) + Ea_ /Td (pg}h |u| ) (t,x) dx
4 .
+/d8t(ms,;~,log(l/p)) (t,x) dx+/d6tp(t7x) dx = ZP(t).
T T ,
j=1
2. We first claim that the following identity holds:
1 . ) .
't +P(t)= EZtr((ih&CJ + )V (0 + (u-Vu) )R 5 (1))
j
1 : ' : ;
— ZZtr((zh&Cj + ) Vv ((ih0y, + uk) V (0 t))Re (t))
ik
+/ pen (t,x) VVe g (t,x) - u(t,x) dx. (2.8)
Td

We compute:
—-— E tr(iha \/ujR h(t)) —|——tr(\u|2R h(t))
1t : Xj £, 1t €,

= tr((Zih@xj Vil + |[u?)OR. 5 (t)) + tr(@z(Zihaxj Vil + [u*)Re 5 (1))

J J

- %tr((Zih@xj Vil 4 [u?)[Hep (8), R (2)]) + tr(0( ik v id + [u?)Re (1))
j j

- %tr([Hs,h (), D0 vt + | Re (1)) + (DD _ihi0 Vo + [u*) Re (1))
- i

= t0{(D 1 [He (0, 1) (D000, V 0+ PR (1)
j
= tr((0+ %[—h;A )(ihdy v 1 + %uj V)R 5 (t))
j

10



10P Publishing Nonlinearity 39 (2026) 065005 1 Ben-Porat et al

+ Ztr((%[VE,h, . ])(ih&x}. VATRS %uj Vv uj)ng;,(t))
j
=) tr(JiRen(t)) + ) _tr(Ja R n(t)).
j j

We start with J; ;. Using the Leibniz rule: [A,BV C] = [A,B] V C+ [A,C] V B, we can write ], j as

i K

1. ,
]1] - (8t+ h[_?A,])((Eu]—'_lhax]) \/ul)
(O A o)) vt (M imo) v (0 LA
—((H‘ﬁ[—? 7'})(5 +ihdy)) +(§“ +ihoy) v (( H‘ﬁ[—? ;])ed)
i K . o i B .
. / 2 .
= (4 +ih0,) V (04 L[~ A D)
. 2
= (1 +ihdy) v (0 + Y "u* 0 1/) + (v + ih0y ) v ((%[—%A,~} = dFo)id). (2.9)
k k
Notice that
i K2 . ik ) 1. _
ﬁ[_ ?&cm, u]} = _58)0( \ [axka l't]] = _Elhaxk Vaxku]’

which shows that the right-hand side of (2.9) is

(104 i)V (0 + 3l D) — 337 (1 4 ih,) v (10, + )V D),
k k

so that

> tr(iRen(t) =Y tr((1 + i) V (9ud + (u- Vu)) R (1))
j j

- %Ztr((uj i) V (D, + 1) V Oy td)Re (1)) (2.10)
k.j
As for ], j, we see that
Ve, W Vil] =0, — [Ven, O V1] =20, Ve it
which yields
J2,j =205 Ve 1 (t,%) W (,x).
Then

E tr(]27jR5,h (t)) = 2/ Pen (t,%) VVe g (t,x) - u(t,x) dx. (2.11)
, T
j

Combining (2.10) with (2.11), we obtain (2.8).
3. We manipulate the last term on the right-hand side of (2.8):

/ pen (%) VVe g (£,x) - u(t,x) dx
Td
= / (evsﬁ(t”‘) —eAV, 1 (£,x) )V Ve (£,x) - u(t,x) dx
Td
= / ervﬁ(“x)VVah (t,x) - u(t,x) dx— 5/ AV 5 (t,x) VVe 5 (t,x) - u(t,x) dx
Td Td

= / Ve =m0 gy (1,x) dx — s/ (V:(VVern @ VVey) - u) (t,x) dx
T Td
£

5 A‘d (VIVVeul”u) (t,x) dx

11
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- —/ eV5=”(t”‘)divu(t,x)dx+6/ Du(t,x): (VVe 5 ® VV, ) (t,x)dx
Td Td

_ %/d IV Ve i(t,x) | divu(t, x) dx. (2.12)
T

In (2.12), we have used Du := 3(Vu+ (Vu) "), the symmetrized gradient. Next, using lemma 2.10, we can
prove the following identities:

PO+ 0 =g [ mes () 10g(1/p () et [ Dip(0,0)

eVe.n(t:x)

= / A = ¥ Jog (1/p(t,x)) dx— [ ———dp(t,x)dx+ | Oip(t,x) dx
T 1 p(t,%) T

eva,ﬁ(tvx)
_ /T (- St 1) (1.%) dx—l—s/Td OAV. 1 (t,x)log(1/p (1,%)) dx
—/ div/. 5 (t,x)log(1/p(t,x)) dx, (2.13)
’]I‘d

3w (e + i80,) v 0 log (9 () Ry (1)
j

= /Wu(t,x) -Vlog (p(t,x)) pe,n (t;x) dx — ng’h (t,x) - Vlog (p(t,x)) dx

= / = 9y (1, x) - Viog (p(t,x)) dx —e | AV (t,x)u(t,x) - Viog(p(t,x)) dx
T T

= [ (e Viog(p (r.0) . e
Td
Therefore, gathering (2.8) with (2.12)—(2.13) yields

' +P()+P @)+ ()

= %Ztr((ihaxj + uj)) V (atlxlj + (M . Vu)j)RE’h (t))
J

(@B )V (0, + 1)V (D 8))Re (1)
7.k

,/ evs,ﬁ(r,x)divu(t,x)dere/ Du(t,x): (VVen @ VVey) (£,x) dx
Td Td

—f/ IV Ve (1,%) P div (1,x) dx
2 Ja

e . n(t,x) dx 8 AV 1 1 dx
ol x) 1 € 9 5
/T"’ ( p(t’ x) ) 2 (t’ ) T 3 7h(t :C) Og( /p(t JC))

- /d div /. 5(t,x)log(1/p(t,x)) dx.
T
Thanks to equation (2.14), we can rewrite the last term on the right-hand side of the last identity to obtain
'O +P@)+P 1)+ ()

= %Ztr((ihaxj + 1)V (O + (u- VuY )R 5 (1))
j

— (@B )V (0, ) V (D) e (1)
jk

_/ eVa,n(t,x)diVu(t,x)dx—i—E/ Du(t,x): (VVen ® VVey) (t,x) dx
Td Td
—f/ IV Ve (1,2)diva (£,x) dx

2 Jra

et N dx AV, log(1 dx
N /J‘W* )oup(e. )+ < / DAV (1) log(1/p(t,x)

12
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+e TdAng(t,x)u(t,x) -Viog(p(t,x)) dx + % Ztr((uj +ih0y) V (Oy log(p)) Re,x(1))
j

- / =19y (1 x) - Viog(p(t,x)) dx.
Td
Rearranging the terms leads to

I'(6)+P () +FP () +I' (1)

= —/ eV=1() (9,log (p (t,x)) + divu(t,x) + u(t,x) - Vleg(p(t,x)) ) dx+ [ p(t,x) dx
Td Td

+ %Ztr((ih@xj + )V (O + (u-Vu) + Dy 1og(p (£,x)))Ren (1))
i
+e TdAVs,;i (t,x)u(t,x) - Vlog(p (t,x)) dx+E/Td8,AV€7h(t,x)log(l/p(t,x))dx

- iztr«maxj 1) V (iR, + 1) V (85,1))Re (1))
i,k

+5/ Du(t,x): (VVe s ® VVe5)(t,x) dx — %/ |VV57h(t,x)|2divu(t,x) dx. (2.15)
T4 Td
Using (2.2), we see that the first three terms in (2.15) vanish, which yields

') +P()+P (1) +I' (1)

=e | AVeu(t,x)u(t,x)-Vlog(p(t,x)) dx+e | O AV, 5 (t,x)1og(1/p(t,x)) dx
T4 Td

(i 1) v (B0 1)V ()R (1)
7.k

+6/ Du(t,x): (VV. 3 ® VV.y) (t,x) dx — %/ IVVe s (t,%)[divu (t,x) dx
T4 T4

5
= 27; (2.16)
k=1

4. We proceed by estimating separately each of the summands 7 on the right-hand side in (2.16). We have
T = E/WAVE’“ (t,x) u(t,x) - Vlog(p (t,x)) dx
= fs/w VVeu(t,x) -V (u(t,x)- Viog(p(t,x)) ) dx
<SVE VeV Vel ooy IV (- Viog (p)) e e
< CVEVF IV (u- Viog(p))llgpers (2.17)

where we have used that ||\/eVV_ 4|,
the assumption that F. 5(0) < Fp. Furthermore, integrating by parts in time yields

is uniformly bounded in (g, ) by F, thanks to lemma 2.11 and

t t

/ T2(s) ds= —5/ O AV, 1 (s,x)log (p (s,x)) dsdx

0 0 JT¢
t
= 6/ / AV, 10slog(p(s,x)) dsdx—e | Vlog(p(0,x)) VVe 5 (0,x) dx
(A T4
+e [ Tlog(p(15) TVe (10 d

Td

< VE g () e | IVET Ve (), dr
+e [|log (p)”L;”H; (H\/EVVeﬁ (t, )H2 + H\/‘gvvs,h (0, )Hz)

13
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<2ve [[log (p)[|yy.o g £/ Fo +4v/e [log ()| e V' Fo
< 6 [10g(9) gy 1+ 1) v/ Fo. (.18)

By lemma 2.12, we have

—47; = Ztr(ZHjaxkuijR&h () ) + Ztr(zaxkuijHszj () ) + Ztr(ﬂj V ihaxkxktﬂRa,h (1) )
jik jik Jrk

— 7;1 +7;2_|_7g3

To estimate 73!, we note that

T =23 [ (es) 0Tty (e) d
7.k

IVl 3 ([ el (00) o [ sl (1.0) )
j.k

< 20|Vl oo e Ko (8). (2.19)

In addition, we have

T2 =23 [ (e (1) T (.3) d
jk T
Y / Tt (1) 0,16 T g (%) dx
ik T
+2) / e (%) ih 0t (t,) T 5 (£,%) dx.
jk IT

Consequently, we obtain

T2 <Vl 35 ([ bl () e [ [ (19) )

j.k

2 2 . )
+%;(h ||V uHLf’oLgc +/ﬂ*d|HJw€’h| (t,x) dx>

< 20([[Vtll oo + 1)K (1) +20 HVZuHL,OCLgO . (2.20)
To estimate 73, we note that
T3 < Z (tr(TIF R 1 (1)) 4+ 12{| V2| oo 1o ) < 20(KCe i (1) + B[ V20| oo ) - (2.21)
ik
Gathering (2.19)—(2.21), we obtain the inequality:
[T < C(Keyn (1) + 1), (2.22)
where C = C([[ul| o 1y2.2¢ ). Finally, observe that
|Tal < 20e [|Vul| oo /d IV Ve (t,%)|* dx < 40 [Vttl| oo Ve (1), (2.23)
5 :
€4 .
1< vl [ 9V (00 e < vl Vo (0 (2.24)

Gathering (2.17)—(2.24), we have

()< 8 0+ ([ €29 dor6vE (14 1) VF 418,

where C = C(|ul| oo 2., [[10g(p) [l 100 g [V (1 - V10g(p)) [ 10212) - The inequality of theorem 1.2 follows
now by the Gronwall inequality.

14
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5. Using the convergence:

E+(t) — 0
Sup Een () 524

proved in Step 4, we can now establish the convergence of p.  and J. 5. The convergence

5/ IVVou (%)) dx — 0
Td e+h—0

implies

sup |pen (t-) = me s (6l -0 — 0.
t€[0,T] € € H 16+Tl~>0

To prove the convergence of p, 5, we need the following Csiszar—Kullback—Pinsker inequality:

Lemma 2.13 ([31]). Let (p,m) € (P(T9) ﬁLl(’IFd))z. Then

|pm||1<\/z/ log(
Td

By virtue of lemma 2.13, the convergence

m(x) m(x
p(x)) (x) d.

me 5 (£,%)
E , 1 =P AN 3
/ﬂwm o (t x) Og( p(t,x) )dxs+h%00

implies

sup ||m t,r) —pl(t,- — 0.
Sup [men(t:) = (el 2,

Thus, by the triangle inequality, we obtain

su t,:)—p(t, )|y — O. 2.25
te[oyﬂllps,h( )=t )y v (2.25)

The convergence of . 5 is established as follows: Given a Lipschitz vector field b € W' (T4;R?), we have

/ (e (1,2) — p(1.2) 1 (1,2) )b (x) dx = / (pen (1) — p(1,5) ) (1,2) b (x) dx
T4 T?
+ / e (6%) = e (6%) (1,2 )b () di.

The first integral on the right-hand side above tends to 0 as € + i — 0 by (2.25), while the second integral

tends to 0 due to the convergence of the kinetic part: sup K. ;(f) — 0.Indeed, we have
1€[0,1] e+h—0

/w e (1.5) — peon (65 u (6,%)) b (x) dx’ —

< 2|blloo \/ Ken (1),

by the Cauchy—Schwarz inequality. This completes the proof of theorem 1.2. O

d
%Ztr((ihaxj + ) VUR. 5 (1)) ‘
j=1

3. The N-body problem

This section concerns the N-body quantum mean-field limit. Being a triple limit, this limit is naturally
more involved and imposes additional considerations, namely the dimensionality and an asymptotic rela-
tion between € and N. Unless otherwise stated, throughout this section, we take d = 1. Let us start by
recalling the basic notation from the theory of density operators.

15
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Definition. Let Ry € D,(H®N).

(i) Foreach 1 < k < N, define the kth marginal of Ry, as the unique element Ry.x € ’DS(f)@’k), such that
tr ok (AkRN:k) =trgen ((Ak ® I®(N7k))RN)

for all bounded operators Ay on H®.

(ii) The current of Ry, denoted by J; N1, is the unique signed Radon measure on T such that, foralla €
Whee(T),
/T 0 (x) T (d) = %tr(av (= ih0,)Ry1).
We remark that p. j .1 can equivalently be defined as
Pe, N (1,X) = /TN?1 Pe,iN (X,%2, -+, xn) dxp - dx.

Recall that the quantum Hamiltonian is given by

7
<%i-,h,N (XN) = _? EAxk + N/ Vs,XN (x) Me Xy (x) dx
k=1 T

b K)oy = ) dsdy)
=t N+ e xy + Ve xus
where
— eVl x, = lixy — Me x, with m. x, = eV=v. (3.1)
The associated von Neumann equation is
{ihatRe,h,N = [J 5N Re i) s
R. 5n(0) = RY; -
Recall that the modulated energy is given by
X
Eenn (D) = ;tr((ih&cj +u(t,%)) R (1))
=Ke,nn(t)
. / / (mE’XN (<) log ("= (x)) ey (X) 4 p (t,x)) dx pe . (t, Xy) dXy
™JT p(t,x)
1

e [ K)o = ) () ) et )
€ JTN NJTXT

=Ve nn(t)

and the total energy is given by

N
1
Fonn(t) = H\Itr( —Y AR (D)
=1
+/ (/Vs,xN (%) me x, (x) dx) penN(t,XN) dXn
™ \JT
1

+ —
2e TN

(/T TK(x —y) (kxy — me,xN)®2 (dXd)/)) penn(t, Xn) dXn. (3.2)

As in the case of 1-body dynamics, the conservation of energy holds, and p. 5 n:1 evolves according to an
evolution equation.

16
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Lemma 3.2. Let R, 4 n(t) be as in theorem 1.3. Then

(i) $Fenn()=0,
(ii) 8tpa,?i,N:l + 8Jc]z;‘,h,N:l =0.

The proof is omitted, since it is similar to the previous considerations. In variance with the quasi-
neutral limit for VP, the quasi-neutral limit for VPME necessitates an L>°~bound on eVexn_ which is
not uniformly bounded in €. Therefore, in order to derive the mean-field limit, the vanishing rate of
€ = ¢(N) with respect to N is slower than in the usual quasi-neutral mean-field limit. This bound is
included in the following lemma:

Lemma 3.3 ([17], proposition 3.2). Let (Va,Xm \A/E,XN) be the solution of the system:

=1- evs,xNJer,xN (3.3)

—eV!

e,Xn

{_SV;I,XN = MUxy — 1’

ensured by lemma 2.4. Then V, x,, = ~€,XN + \A/'E,XN satisfies the estimate:

™ | =

”V&,XNHOO <

We also make use of the following lemma that provides the stability with respect to the perturbations
by measures:

Lemma 3.4 ([17], proposition 3.2). Let h; € P(T) (i = 1,2) be probability measures. Let (V;, V;) € (H(T))?

be the solution of the system:
—EV? = h,’ — 17
eV =1 — VitV
! .

Then
~ - N N 1
VI =Vl +4Vel|[Vi= V3|2 < EW1 (hi,hy),

where W7 denotes the 1-Wasserstein distance.

An additional significant ingredient in the renormalization argument is the following asymptotic pos-
itivity, coercivity inequality, and commutator estimates, all of which are fundamental discoveries due to
[28]. We state these inequalities only for the 1D periodic case, although the results hold in greater gener-
ality. Denote

8 (Xnopt) = /T K)oy = 1) (&)

so that

N
Vexy = ?Eg(XN,ma,xN)-

Lemma 3.5 ([28], Corollary 3.5). Let i € L°°(T) NP (T) and Xy € TN\ An. Then

(i) & (X, + il > o;
(ii) There are some \,C > 0 such that, for all p € W->°(T),

1+ ||u||oo)%
2 :

[ oxy =)0 0) 8] < CIVL N+ [Vl (& Ot +

17
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Lemma 3.6 ([28], proposition 1.1). Let the assumptions of lemma 3.5 hold, and assume further that
u: T — R is Lipschitz. Then

/Txm (u(x) = u () K’ (x =) (un — p)** (dxdy) ‘ < (& () + %)

where C = C(||u|wr.c0 ).

The significance of the above-mentioned results for what concerns the classical problem of deriv-
ing a Vlasov-like equation as a mean-field limit is beyond the scope of this paper. We refer to [29] (and
especially Chapter 2) for an exhaustive discussion. The following simple lemma concerns the Lipschitz
continuity of V. x, with respect to the configuration Xy and related properties.

Lemma 3.7. Let V. x, and m. x, be the solutions guaranteed by lemma 2.4 to the equation
=V x = Hixy — Me xy with m. x, = e'=. (3.4)

Then the following statements hold:

(i) The functions Xy — Ve x,(x) and Xy — me x, (x) are Lipschitz continuous uniformly in x. Moreover, for
each 1 <j < N and every fixed x € T, the map: x; — V.. x, (x) is Lipschitz with constant —— . In

e2N

particular,

2
e’N

|0 Ve xy (1)] <

for a.e. x;.

(ii) For any fixed Xy, the functions: x — V. x, (x) and x — m, x,,(x) are Lipschitz.
Proof. This can be seen as follows:

(1) LetXy=(xy,---,xj,---,x%) and Yy = (x},---,yj, -~ ,x}), where x is fixed for any k # j. Thanks to the
Sobolev embedding, we have

HVE,XN - \757YNHOO + ||V51XN - Ve,YN”oo
|

[Vexy (%) = Vey, (%) <
< VSJ(N - V57YNHOO + ||V5;XN - VE;YNHHI' (3.5)

Clearly, x; V. x, (x) is Lipschitz with the estimate:

- - 1
Ve () = Voo ()| < gy = -

Moreover, by lemma 3.4, we have the estimate:

1
&N

- - _3
Ve xy = Vel <e72 Wi (uxs ) < 1% =yl

Together with inequality (3.5), we deduce

2
[ Ve xy (%) = Ve vy ()] < N ’x]— —yj’ forallx € T.
€

Hence, for every fixed x € T, the map: x; — V. x, (x) is Lipschitz with constant ——. By Rademacher’s

g2N

theorem, it is differentiable for a.e. x;, and

2
’ax] VEA,XN(x)’ < 5%7]\] fora.e. X;.
Consequently, Xy — . x, (x) is also Lipschitz uniformly in x.

(i) This is an immediate consequence of lemma 2.4, the fact that x — V_ x, is Lipschitz uniformly in Xy,
and the decomposition V; x, = Ve x, + Ve xy-

O

We now renormalize the argument given in section 2 in order to establish the quantum mean-field
limit.

18
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Proof of theorem 1.3. We divide the proof into five steps:
1. Thanks to the conservation of total energy (lemma 3.2), we have

N

1 d .
Enn(t)= i\]d—ttr( Z’h&q Vu(t,x)Renn (1)) + Edit/ ul? (t,x) penna (1,x) dx
im

d
dt

+ < [ ( /T e, () log (1/p(1,2)) dx) pe sn(t, Xx) dX + /T Oy (1) d

4 .
=) F(1).
j=1
2. In this step, we establish the following identity (compare with (2.8)):
N

d 1d
— (S ih, v ult, x])RE,h,N())+EIt/ uf? (£,5) pe.pvr (%) dx
=

= ftr((ihax +u) V (Ou + uOcu)Re N1 (1) )

\S]

—itr((ih@x 4 u) V ((ih0, + 1) V Oyt)Re o ()

N
1
+ N;AN 8Xj (jE,XN + /VE,XN)u(tvxj)pE,h,N(t7XN) dXN (36)

We proceed in a manner similar to Step 2 in the proof of theorem 1.2. To make the equation lighter, we omit
the dependency on time whenever there is no ambiguity.

dZtr (ih0y, V u(x;)Rz,1.N) Ztr |ul* (%) Re )

= tr((ihdy V u(x)) + [u]? (xj))atRE,h,N +> "t (0,180, V u(x) + [ul* (%)) Re .x)
j j
= %Ztr((ih@x] Vu(xg) + |ul* (%)) [ A 58, Renn]) + Ztr(at(ihaxj V () + [u2(%))Re 1)
j j
— %tr([ffgm, Z(ihaxj V u(x) + [ (%))]Re nn) + tr(6t(Z(ih8xj V() + [u () Re )
J )

= (@1 5 e D00, V )+ (5)))Re )

]
— (@t Lo DS (0 v () + %u(xj) Vu(x)))Re )
J

+ tr((i I xy + Ve xs .])(Z(z’h&(j Vou(xj) + %u(xj) V u(x))))Re,n.N)

7l

= tr(JiRenn) + Y _tr(Ja Re ).
; j

We now simplify the expression for J; ; and J, ;. We write ], ; as

]1,]‘ = (8t+ %[—FLANV]) ((%u
R (1) +ih0)) V u(z)
+ (%u(xj) +ihdy) V (9, + %[*%AN#D”(QCJ'))

= ((6:+ %[—%AN, Du(xg)) Vu(x;) 4 ihdy, vV (0 + %[—E—Al\u-])u(xj))7

(%)) + ih@x].) Vv u(xj))

ZAN, NEr

= ((8t+ 2
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so that
oy = (us) + 805V (04 11 A uts)
= (u(xy) + ih0,) V () + ()05 u(x))
4 (u(x) +ihd) v (%[—%ZAN,u(xj)] () D u())- (3.7)
Notice that
1 K2 ih

1.
M’ [- ?AN, u(x)]| = —58,9. V [0y, ulx)] = —Ezhﬁxj V Oy u(x;),

which shows that the right-hand side of (3.7) is equal to
1
(u(x) + ih0y,) V (Ou(x;) + u(x) Dy u(x;)) — 3 (u(x)) + ihdy) V ((ihdy, + u(x})) V Oy u(x;)),
so that

thr J1jRe.1.N) Ztr u(x;) + iy, ) V (9pu(x;) 4 1(x;) Oy 1(x;) ) Re 1. n)
Ztr u(x;) + ihdy, ) V ((h0y, + u(x;)) V Oy u(xj))Re ). (3.8)

Turnjng to the calculation of J, ;, we observe
%[f&xN + %,Xw ihaxj V u(x]-)] = —2[]E,XN + %,XN, u(xj)&g}

so that
tr(J2jRenn) = =210 ([ Iz xy + Ve (1,%)) O ] Re )
=2 / 8xj(j5,XN + %,XN)u(t7xj)p5,h,N(t7XN) dXy,
’]I‘N
and hence
1
N2 tr(J2,jRe 5N) Z/ o (e + Ve x) 4, %) pe i (8, Xn) X (3.9)
i

The combination of (3.8) with (3.9) yields (3.6).
3. We simplify the last term in (3.6) as

N
1
o> / Dy (T + Vo) (6,3)pe (8 Xoy) dXy
j=1T
1 N
- ) _ - ®2
—%;AMWML§QMMnmeMMMWM&

N
+3 / u(t,xj)axj( / e xy (%) Ve xy (%) dx) penn(t Xy) dXy. (3.10)
o/ T

Recall that, by lemma 3.7, Xy — V. x,, and Xy — m, x, are Lipschitz so that the forthcoming calculations
are justified. First, since

( ZK X — X; ) ZK

k£l N2 g ki

we have

o, ( /T K= Gy = me )™ (dxdy) )
721« X —x) — 2 / (Kx e xy) (x) Oy iy ()

kikj

20



10P Publishing Nonlinearity 39 (2026) 065005 1 Ben-Porat et al

> /T (K% 0gme x) (3) pxy () + 2 /T (K% 0me x) (x) ey (x) dx

4
=>"1L. (3.11)
k=1

We start with L]i + Lé. Note that

==

(K/ * mE,XN) (xj)7

1 ) 1
/TK* M xyOx 11Xy (dx) = —N/TK* mE’XNéxj (dx) = N

so that

;;u(t,xj) (132 k%jK'(xj —x;) —2 /T (Kx me xy) Oy ixy (dx))

2

= R /’]I‘X’]I‘\A u(t,x)K/ (x =) (1xy — me xy) (dy) px, (dx) .

We can symmetrize the right-hand side of the last identity as

2 !
Z /EXT\A u(t,x) K’ (x — y) (xy — Me xy) (dx) (pxy — Me xy) (dy)
2 !
+- /T><T\A u(t,x)K' (x = y) (pxy — me x,) (dy) me x, (dx)
= 0~ ) ) G, = ) (69 G, = ) ()
TxT\A
Jrg/ u(t,x)K/ (xfy) (MXmesny)(dy) M x, (dx)
€ JTxT\A

The second term on the right-hand side of the last identity is recast as

2

=2 [ K ) () (= ) (&)

=2 [ (K" () (1) Ve, (1) &
T
=2 [ ((mesn) ()~ [ o) (03) d2) Ve, ()
T T
= 2/ (Oxme x 1) (t,x) dx
T
= —2/ Oyt (£,%) me x,, (x) dax.
T
Thus, we have proved the identity

1

u(t,x) (L, + L)) =~ /T - (w0 (t,x) — 1 (t,9) )K" (x — ) (pixy — me ) ©% (dxdy)

N
— 9

™ | =

j=1

- 2/ Ot (£,%) me x,, (x) dx. (3.12)
T
We continue with the calculation of Lj3 + Li. We have

1 . . 2
z (L]3 +L{1) = —7/K* Ot xy (Hxy — Me x) (dx)
€ gJr

) / Kk By x, V! x,, ()

T
- _ /(')xj (me xy) Ve xy (dx)
T
=20, (/ e x, (%) Ve xy (%) dx)7
T
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where the last identity is due to the observation that

/ me x, (%) Ox; Ve xy (x) dx = Os; / me x, (x) dx = 0.
T T
Therefore, we have

N N

1

5> o) () = 23 ut5)0 [ e, () Ve, (0) ). 6.13)
j=1 T

j=1

m

Substituting (3.12) and (3.13) into (3.10), we obtain

N
1
NZ/ O (I x + Ve x) u(t,%7) pe v (8, Xny) dXy
=171
1

T 26 Iy </]I‘><']I‘\A (u(6:2) = u(t,y) )K' (x = y) (pxy = mex) (dxdy)) pe,n,N(tXn) dXy

_ /TN (/Taxu(t,x) me x,, (%) dx) pe.nn(t, Xy) dXy,
so that, in view of (3.6),
IO +P (1) = %tr((ih@x + 1) V (O + udxu) Re iy (1))
_ itr((ih@x +u) V (ih0x + u) V (Ox1t) Re jnr (1))
_ /T | /T (1) m x, (5) ) pe (1 X)Xy
1

t2z . (/Mr\a (u(t%) = u(t,y)) K (x = y) (1x, — mex,)” (dXd)’)> Pe,nN(t, Xn) dXN.

(3.14)
Next we compute the term
d
= (/me,XN (x)log(l/p(t,x))dx) pe,h,N(t7XN)d-XN+/atp(tax) dx.
dt Jon \Jp T
We have
PO+ 0) = [ [ 50 () pen(t. X)) log 1/ (1) s
TN
op
_ me xy (X) p57h7Nt(t,XN)(7) (t,x) dxdXny+ [ Oip(t,x) dx
™ JT T
B Jon "= pe v (t, Xn) dXy
= /T (1 - o (t.) )&p(t,x) dx
d
[ (L eV bl X ) log1/p(e0) b (3.15)
T df NSy
Thanks to lemma 3.2 and noticing that fTN Pe. 1N (6XN) pxy (%) AXN = pe 5.n:1 (%), we have
1%
3 fTNe SN e, hN(t XN) dXn
P+ (1) = /(1 o )a,p(t,x)dx
+€/ - / Do N tXN)dXN)log(l/p(t x)) dx
—/(’“)x]&h,Ntl(t,x)log(l/p(t,x))dx. (3.16)
T
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Also, observe that

%tr( (#h0y + 1) V O, log () Rejn (1))
= / u(t,x) Oxlog (p (£,%)) pe,nni1 (£,%) dx — /]a,h,N:l (t,x) Oy log (p (t,x)) dx
T T
:/(/ eVE’XN(x)pg’hTN(t,XN)dXN>u(t,x)8xlog(p(t,x)) dx
T \J1v
. /T ( /T Vs 0 e (X)X )11 (1, Diclog (p 1,))

- /]6,71,N:1 (t7x) axlog (p (t,X)) dx.
T

Consequently, we have proved

4

S h () = %tr((ih@x +u) V (O + udytt + Dlog(p))Re.pit (1))

=1

tr((ih0x + u) V ((ih0x + u) V (Oxtt) )Rz pn: (1))

|

_ /TN (/Taxu(t,x) me x, (X) dx) pe,nn(t Xn) dXn

2 L (L ) =) R ) =) ) e 0

+/ (— Jpn €' pe v (, Xiv) dX
T p(tax)

d
+6/Td7t(/qr~ Vls/,XNpe,h,N(taXN)dXN) log(1/p(t,x)) dx
= (] e X))o, 0)
T TN

be /T ( / V2 (32 (X)X ) (1, )2, Log (1. ) i

TN

+

+ 1>8tp(t,x) dx

By the equation, we have

1
Etr((ihax + 1) V (O + udsu + Oclog (p)) Repnit () =0,

so that
]Z;F = E/qr (/T V2, () pe (8. Xo) dXo ) (1, ) O log (p (1,)) dx

d
+e / <( / V(X)X ) og (1/p (1, )) dx

1

= (04 u) V ((#hy+ w) V (Ostt) ) Re v (1))

€

2e TN

- / ( / Outt(1,2) . x, () dx ) pe (8, X)) dX
™ T

+/ (— Jov eV pe pn(t, Xn) dXn
T p(tax)

- / ( / ') p. (. X) A ) (1, 3) Ok log(p(1, ) dix.
T TN

o [ (] ) = (6) K ) o = ) @) ) X
TXT\A

+ I)B,p(t,x) dx

Furthermore, by the equation: 9;p + Ox(pu) = 0, the last three terms in the identity above cancel out. Then
we finally obtain
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0= [ (] Vi ntr.0)0,l0gp(0.5) ) (s Xo)
j:l ™

+ 5/ C(i:lt (/ V;’VXN(X)Ps,h,N(l‘,XN) dXN) log(l/p(t,x)) dx
_ itr((ih@x +u) V (ih0x + u) V (851t))Re v (1))

1 / 2
32 L (L (000 )R ) )P ) ) 5

4
=: Z]k
k=1

4. By lemma 3.5 (ii), for A > 0, we have

|1 </ ‘/(,uxN—mE,xN (x))u(t,x)@xlog(p(t,x))dxpm,N(t,XN)dXN
™ | JT

< Cl[udclog (p)] oo - o N7H

1+ [[me x|l o\ 2
+Cludnlog (o)l [ (8 Gwme) + =) e ax
T

Thanks to lemma 3.3, we obtain the inequality:

L el 1 ®2 L+ [[me x|
& (X K(x dxdy) 4 — e

(4 e+ =R ) <o [ K =) )+
1 2 1-|-€é

< K( - dxd .
+/ (=) G, = e ) () + 18

Therefore, it follows that
_ 265
1] < Clludilog (p) ez (=4 N7+ Ve (0 + 5 ). (3.17)

Next, note that

/Oth(s)dsz_g/t/as / VZ,XN(x)ps,n,N(s,XN)dXN)log(p(s,x))dxds
—E/ /w / 2 xy (%) Oslog (p (s, ))dx),og,h,N(s,XN)deds
== [ ([ 10806000 V2, () 88) (0.3
te /T | /T log (p () V., () ) pe (1, Xi) dXx.

Once again, in view of lemma 3.5(ii) and lemma 3.3 for each ¢ € W (T%), we have the estimate:

EXN )pehN(S XN)dXN

Zeé

< Cllglh N+ gl / (5 00nme) +25) e Xy

2e=

NG

N

dx| pe,nn(s, Xn) dXn

< Cll @l N2+ VE [ @llin + VEVe N (s) +

1

2e=

< Cllplhn« N7+ VE el +VaFo + 37

(3.18)

24



10P Publishing

Nonlinearity 39 (2026) 065005 1 Ben-Porat et al

where the last inequality is due to the conservation of energy (lemma 3.2) and the assumption that
Fenn(0) < Fo. Utilizing (3.18) with ¢ = 0;log(p(s,x)), log(p(0,x)), and log(p(t,x)), respectively, we see

that
/ T (s) ds < C(N’ \[ =

where C = C(|[log(p)|| 1. » Fo, T). As for J3, we write the eigenfunction decomposition of R, 4 n:1:

) (3.19)

Rs,h,N:l (t) = Z)\kWJk) <1/Jk| with A\ >0, Z)\k =1, and ¢} € 9.

k=1 k=1

Therefore, recalling I = ih0, + u, we have

—4]3 —ZZ)\k/ H(/)k 6 uH’t/Jk) (tx dx-i-ZZ)\k/ H¢k)6xu (M) (t7x) dx

k=1 T
23 n / it (T (1,%) dx+ tr (TTV Mt Re. et ). (3.21)
_ T

Arguing exactly as in Step 4 of the proof of theorem 1.2, we can estimate the four terms in (3.21) and obtain
5] < Jor (0% + 1) v (10,4 0) V (D)) Re g ()| < C (K1) + 72) (3.22)

where C = C({|ul| 2. ). Finally, applying lemmas 3.3 and 3.6, we have

i) (3.23)

| < C(vg,n,N(t) +

where C = C({|u| 1. ). Thus, gathering inequalities (3.17) and (3.19)—(3.23), we find

t 1
Eonan() < Eonw(0)+ C [ Enn() ds N A4 vE+ S5 4,
0

where C = C(T, |||, e s |[10g ()|l ,Fo). It follows from the Gronwall inequality and lemma 3.5(i)
that ‘

Enn(t) < e (€E7H,N(0) + N e+ ;ﬁ + hz). (3.24)

5. Define i, 3 n(t, X) fqu Mg x (%) pe.n.n(t, Xn) dXn. According to lemma 3.3, we have

1

||m57XN||oo < €s

so that, in view of lemma 3.5(ii), we find

- C Ce= \2
sup Wi (pennat (t,°) e nn (7)) < o5 + ( sup & nn(t) + —) ‘. (3.25)
t€[0,1] N €

In addition, thanks to lemma 2.13, we see that

s =t dx< [ ([ Ime = pl(6.5) dx) (e X
T ™ T

Me Xy (x)
</TN \/Z/mg,xN (x)log(W)dxpe,h,N(t,XN)dXN

\/ /I;N me x,\, IOg (mE(XN () ) )dx) pa,EN(t,XN) d.XN,
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where the last inequality is by the Cauchy—Schwarz inequality and the fact that p, 5 y is a probability density.
Thus, it follows from lemma 3.5(i) that

8 14es\1
sup |[(1te = p) (1), < O sup Exnav (1) +—i) (526)
t€[0,T] t€[0,T] €

for some constant C > 0 independent of (&, 7, N). Hence, thanks to the assumption on £ = e(N)), it follows
from inequalities (3.24)—(3.26) that

sup Wi (pe,h,N:l (t7')7p(t7'>) —1> 0.
[E[O,T] E+T1+Nﬁ>0

The convergence:

]E,TI,N:I (ta') — (pu) (tv')
etlit+5—0

is deduced by the same argument presented in Step 5 in the proof of theorem 1.2. This completes the proof
of theorem 1.3. O

4. Well-prepared initial data

We start by constructing well-prepared initial data for the 1-body problem, i.e. the initial data such that
Ee1(0) = 0 as e+ Fi — 0. Our construction of the initial data is summarized in the following lemma:

Lemma4.1. Let py € H*(T?) NP(T?), py > 0, and uy = VU, € H(T?) for some potential U, € H+!(T?)
with s > 1 sufficiently large. Let Vo = log(po). Set

in V. iUp (x)
e = Ve —eAVoe i, (4.1)

Then, for this choice of !,

65’75 (0) s%?lo 0-

Proof. Clearly, for ¢ sufficiently small, e"* — e AV is positive and AV has mean 0, so that |1pf5“h |? is a prob-
ability density. Moreover, it follows from the construction that the Poisson—Boltzmann equation

—eAVy = } i;h|2 AL

is satisfied. To show that &, 5(0) i 0, we start by controlling the kinetic part. Put g. := /e —eAV; so
' et+h—
that

1 () |2
Ken(0)= |(iRV + ug) P, ( )dxzi/ ‘(ihV—l—uo(x))QE(x)e i
Td Td
We expand the right-hand side of the last identity. First, notice that
2 Vo () (") 2 _ iU () U (x)
h V(gee 7 \QEVUO x) dx+2/*R | Vo.(x)e & o.(x)Ve & dx
Td Td

+h2/ V.| (x) dx,

1Uo(X)

Lm0 = [ ol

’]I‘d

and

. _ () iUp () . Vo (x) _ iU ()
1h/ Uy (x) 0= (x)e” 7 V(o-(x)e 7 )dx— zh/ e (x)e 7 ug(x) V(oe(x)e” 7 )dx

Td

. 2y =) M) (x) L0 _ iy
=il [ uy(x)oi(x)e” 7 V(e 7 —ih [ o2(x)e 7 ug(x) V(e 7 )dx
Td Td

_ _z/w 02 (x) Vs (x) - o () d.

26



10P Publishing Nonlinearity 39 (2026) 065005 1 Ben-Porat et al

Thus, expanding the square yields

iUp (%) iUp ()

0):/ 0. (VU — o) 2 (x) dx+212% | Vo. (x)e 5 0. (x) Ve'™
Td Td

+ K /T |Vo. (x)|* dx. (4.2)

Since 1y = V Uy and the second integrand is purely imaginary, then the first and the second term in (4.2)
vanishes identically. Clearly, ||V o.||, is uniformly bounded in € so that the third term in (4.2) are bounded
by

W ||VQ€||2 _> 0.

h—0

To conclude, this implies

Ke5(0) — 0.
E’h( )e+ha0

Finally, it is direct that the last term in (1.6) vanishes identically and the second term V, 5(0) satisfies

0):5/ IVVo (x)? dx — 0.
2 Jra

e—0

Therefore, we conclude

En(0) — 0.
&h ( ) e+h—0
O
The construction of RiE“}h’ ~ Proceeds as follows:
Lemma 4.2. Let py € H(T) NP(T), po > 0, and uy = U, € H(T) for somepotentzal Up € HTY(T) with
some s> 1 sujﬁciently large. Let Vo =log(py). Let I/Jf;h = /e —eVieT * and R‘E“;i = | E’h>< ‘Enh| Set
R“’T1 N=RZ n . Then there exists some A > 0 such that
gg)h,N (0) — 07
e+hit§—0
provided that ¢ = &(N) is chosen such that -1z — 0.
€ N—oo
Proof. Note that
n 1
Kenn(0) Ztr ((ih0y, + uo(x;))*R%y, ) = Etr((zha + up)*R,). (4.3)

The same considerations demonstrated in lemma 4.1 show that the right-hand side of (4.3) tends to 0 as
e+ h+ % — 0. Note also that p. 5 (0, Xn) = ([¥1,]?) #N .= p&N_To show that the entropy part vanishes
asymptotically, it follows from lemma 3.4 that

My () y g m x - x —
e 10 (2D = [ (9 (Ve = Vo) () < Ve, = Vol

5
< HVE7XN - VOHHI < 4 3 4 (,Umepe)'
2

Thus, owing to remark 4.3 below, we see that

/TN(/msXN( )log(ni:(&()@)d@pl\,(o’xm dXy
5

Wi (paxys pe ) p2N (X)) dXy < :
%/ 1 (kx pe) P (X)X < - p

(4.4)
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Next, we treat the interaction part V. 5 n(0). Given a configuration Xy € TV and 7 > 0, consider the

truncated empirical measure
[ )((1) Z 5(n)

where 5" designates the 7)-truncation of d,*. Denote by V, x, ,, the solution of

1 (m) Ve xyom
€V/ eXnn = Hxy —€ S,

According to lemma 3.4, we have

o o 1
lIVE sy = Vallb < 5 Wi p2)

1
(Wl (/’LXI\U pE) + W2 (Mg(z) ) /’LXN))

\

2

2 P (W1</’[’XN7p5) +77 )

where the last inequality is due to the general estimate W1 (x,, * i1, it) < 1) (see e.g. lemma 7.1 in [14]). From

the same considerations, we have

(ORI

~ 2
Ve e = Vall3 < SWHGie) o) <
which implies

20
5” &,XN,m V(;||%<§(W%(NXN7PE)+772)

Integrating with respect to p. 5 n(0,Xn), we have

(W%(MXN’/)E> + 772),

20
/ IVE xum = Voll3 pe.nn (0,Xn) dXy < g(/TNW?(uxmps)ps,n,N(O,XN) dXN+772)~

Again, we invoke remark 4.3 below to find that there is some A > 0 such that

1
. Wi (xyp2) pe v (0.dX) = O(5)-

(4.5)

If ¢ = £(N) is chosen such that —x — 0 as N — 0o, and ) = n(e) such that @ e 0, we conclude
e—

/” Lxwn — Vol penn (0,Xn) dXv - — 0,
e+hit+x—0

and hence

: / IV 2penn(0.Xy) dXy  —+ 0.
™ e+htrL—0

Therefore, for this choice of €, we have

1
Vo0 = & /1r exopenn(0.X0) Xy — 0
N

because of the relation (see (1.29) in [28]):

1
time [ IV om0 & = | S penn(0.%) X
TN

O

Remark 4.3. The large-deviation-type inequality used in (4.4) and (4.5) and its various extensions appear,
for instance, in [7]. Here is a short way to deduce this estimate from lemma 3.5(ii) for the specific choice
po = L. Indeed, integrating the inequality in lemma 3.5(ii) with respect to Xy, we obtain that, for some con-

stant A\,C > 0,

4 For instance, we can take 5("> = X * Ox, where X is a smooth probability density supported on B(0,
ax().
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2
W (,uxz\n )dXN§C(N72)\+/ S(XN,I) d.XN‘F*) (46)
™ TN N?
A direct calculation reveals
1
£Xn1) =5 > K(xi—x)— /K(x) dx.
1<ij<N T
Furthermore, utilizing that K(0) = 0 and K is even, we have
N-1
Z / dXN—i/K(x)dx,
N Jr
1<1,]<N
which shows
1
E(X [JK () dx] < —. 4.7
. (Xn,1) N N (4.7)

Substituting (4.7) into (4.6) yields

with A = min {2\, 1}.

5. Well-posedness theory

This section is qualitative in nature, and we take ¢ = i = 1, for simplicity. We start with the von
Neumann equation (1.7). Recall Kato’s perturbation theory, which is the main ingredient of studying
the existence theory of linear equations of Schrodinger-type.

Theorem 5.1 ([30], theorem 6.4). Let T,D(T) C $ be an (essentially) self-adjoint operator and S,D(S) C $) a
symmetric operator such that D(T) C D(S). Suppose that there exist 0 < a < 1 and b > 0 such that, for each
¢ € D(T),

ISell* < all Tel|* + Bllo*. (5.1)

Then T+ S is (essentially) self-adjoint and D(T + S) = D(T). In the case when T is essentially self-adjoint,
D(T) C D(S) and T+ S = T+ S, where T and S stand for the closures of T and S respectively.

The combination of theorem 5.1 and lemma 2.4 yields the following conclusion (with the notation

= A1 N):
Lemma5.2. Let Xy € TV, and let (Vy,, Vx, ) be the solution to the system:

{_‘7;1\, = KXy — 17

_(/f)é =1—¢"mtVay,
N

guaranteed by lemma 2.4. Then 4 is self-adjoint on H?(TN). Consequently, if R € Dy(H®N) is such that
tr (( —AN)ZRiN“) < 00, then there exists a unique solution of the Cauchy problem

{iatRN(t) = [%,RN(t)] ) (5.2)

Ry (0) = RiD.
Proof. Recall the notation:
N \%

’V)(N = (X )/) (IU’XN - mXN) 2 (dxdy) with My, = e
TxT

N/ VXN Tﬂx,\T dx
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By lemma 2.4, we see that ||myx, || ., < C for some effective constant C > 0 so that

N
il <5 | [, = ) G = ) (@9

)
2
<N(CH+ Kl llmy ) = N(C+1),

SN(CH [[Kxmy[| o [lmx

where K stands for the Green function of the Laplacian on T. The estimate is uniform in Xy so that Xy +—
Vxy € L°(TN). From the same considerations, Xy — %, € L>(T"). That J# is self-adjoint follows from
theorem 5.1. The existence is now immediate via Stone’s theorem, and the uniqueness follows by linearity of
the equation. O

Next, we are concerned with the existence and uniqueness theory for system (1.1). As already
remarked, the case of the Schrodinger—Poisson system (1.2) with —AV = p — 1 is classical; see, for
instance, [3, 9]. We plan to first decouple the equations and then apply a fixed-point argument. For this
to succeed, we need the following lemma, showing that VV is stable with respect to V in the L?-norm,
which is crucial in order to be able to control properly the terms contributed by the nonlinearity:

Lemma 5.3 ([15], lemma 3.9). Letd € {2,3} and h; € L>°(T%) N'P(T¥) for i = 1,2. Consider the system:

_AVz = hi_ 17
—AV;=1 _ Vit

Then
IVV1 = Va3 < ClIVi = Va3,
where C = Cd(miaxHV,'Hoo + mielx||\7i||oo).
As a corollary, we have the following lemma, which will be useful in several instances in the sequel:

Lemma 5.4 Foreachr € (0, 3], let x, := % x(%), where x > 0 is a smooth radially symmetric function on T4
with supp(x) C B(0,1) and [, x(x) dx = 1. With the same hypothesis and notation of lemma 5.3, it holds that

Ixr* (Vi = Va)ll o < Clll = hally,
where C = C(r,d, miax||h,-\|oo).
Proof. Notice first that
1% (Vi = Va)lloo < 1% (Vi = V2) oo + X % (Vi = V2) oo
We first have

e % (Vi = Va)lloo < e * Kl o[l = a1 < Cral

hy — ha||;. (5.3)

Furthermore, lemma 2.3 implies that
e (Vi = V) [ < IIKI3fle" 7 — %72 3

<K+ — 1+ 2|2 || K37V — TtV

<l (2 l1e™ — €™ 113 + [l 2 [l — ™3

Stmaniile € = €7+ e —e”[3

Samaxiil Vi = Va2l + Vi = Va3, (5.4)

where the last inequality in (5.4) is due to the mean value theorem as applied to the function: x — €*. The
first term on the right-hand side of (5.4) is

Vi = Va3 < ||l — ha 3.
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Therefore, by the Poincaré inequality and lemma 5.3, we have
Vi = Va3 Sa [VVi = VL3
< C(miaXIIhilloo,d)HVl - V|3 < Clmax|hil oo, d) |71 — hall7. (5.5)
Gathering (5.3)—(5.5) yields the desired inequality. O

We need also to observe that the L2-norm of ¢ is bounded by means of the L*-norm of p, as encap-
sulated in the following lemma:

Lemma 5.5. Let p € L°(T9) NP(T?), and let V be the unique solution of
—AV(x) = p(x) —e"®,

Then

Yl

lle"ll2 < lell, -

Proof. Multiplying the equation by ¢" and then integrating, we have

— | AV(x)e"Wdx= (p (x) "™ — eZV(x)) dx.
Td Td

Integrating the left-hand side by parts, we recognize that
—/ AV (x)e"® dx = / [VV(x)]"e"® dx > 0.
T4 Td

Therefore, it follows that

/p(x)ev(x)dx2/ V) dy.
T4 Td

Using the Cauchy-Schwarz inequality, we deduce
€113 < lle" 12111l

This completes the proof. O

To prove the well-posedness of the Schrodinger—Poisson—Boltzmann system, we first study the
Cauchy problem of the regularized equation. We recall the following existence and uniqueness result for
a Schrodinger equation with a time-dependent potential (one can also consult [26] for similar results).

Lemma 5.6 ([8], theorem 2). Let V: [0, T] x T¢ — R be a function such that

(i) Vec([o,T];C>(TY)),
(ii) 02V € L>=([0, T]; C(T9)) for all o € N.

Let )™ € C(T9). Then the Cauchy problem

10 (t,x) = =5 A% (6,%) + V(6,x) ¢ (t,x), x€ T 1>0,
Yli—o =Y, x€ T,

has a unique solution ¢» € C'([0, T]; C*°(T?)).

Lemma5.7 Let '™ € C>°(T9) with [1, |4 (x)|* dx = 1. For each r € (0, 1], let x, := £ x (%), where x > 0is
a smooth radially symmetric function on T¢ with supp(x) C B(0,1) and [, x(x) dx = 1. Then, for any T> 0
and r € (0, 1] fixed, there exists a unique solution 1, € C'([0, T); C>°(T¥)) to the regularized Cauchy problem:

10, (t,x) = —%A’(/Jr (t,%) + O *x Vi) (%) 0, (£x), x€T4 >0,
—AV, (%) = (xo |0 (£,%) — V9, xeT? t>0, (5.6)
¢r\t:o=¢i“, xe T
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Proof. We first regularize the equation in time and study the well-posedness of the resulting equation via
a fixed-point argument. Afterwards, we apply a compactness argument with respect to the mollification in
time. We divide the proof into three steps:

1. Well-posedness for the time regularized system. Set
xX:={yec(1] ;Lz(Td)) ¥ (t,)|l,=1 forany t € [0,T]}.
Fix a standard mollifier (s on R. In this step, we prove that the time regularized system:

0y 5 (t,x) = _%A¢r,6 (%) + (Xr *x Vis) (1) s (£,%), x € T4, t> 0,
_AVr,ﬁ (t7x) = (<§ *t Xr *x W)r,élz) (tax) - eVms(t,x)7 xXe Td7 t>0, (5.7)
q/]r,é‘t:O = 1/Ji“7 X € Td

is well posed. For each fixed ¢ € X, we consider the linear Schrédinger equation with time dependent inter-
action

1.6[1/1,’5 (tvx) = _%A/wr,é (tv .X) + (Xr *x Vr,&) (tv .X) %,5 (ta .X) , X€ Td7 > 07
—AV,5(t,x) = ((6 *t Xr *x ‘¢|2) (t,x) — eV,,(;(t,x)7 X € r]rd, >0, (5.8)
Ursli—o = ¢, x€ T

When there is no ambiguity, we omit # and x from ; and *,, respectively. By lemma 2.3, for each t € (0, T],
there is a unique solution V; 5(t,-) € C>*(T%) to the problem

—AV,5[8] (%) = (G rxox 9] (,x) — e/msldl),

By remark 2.7, x, x V verifies assumption (ii) of theorem 5.6. In addition, we notice that x, x V, ;5 is Lipschitz
in time due to lemma 5.4 applied with ki (1, -) = (Cs X, * [¢r.s|7) (8,-) and ha(s,-) = (C5 % xr % |10r.5]7) (s, )
for any t,s € [0, T]. Thus, assumption (i) of theorem 5.6 is also satisfied. Then theorem 5.6 implies the exist-
ence and uniqueness of a solution ¥, 5 € C' ([0, T]; C>°(T¥)) of the Cauchy problem for the linear equation:

iaﬂ/’r,é (t7 x) = 7%Awr,5 (tax) + (Xr* Vr,5 [¢]) (t’x) T;Z)r,é (tax) ) X G Tda t > 03
Yr.sli=0 = U™, x€ T,

We aim to prove that the operator: ¢ — U, 5[¢] is a contraction from X to X and thereby conclude via
the Banach fixed point theorem. Since x, %V, 5(¢] is real-valued, it is readily checked that the L*-norm
of W, s[¢] is conserved, i.e., || ¥, 5[¢](t,-)||, = 1, so that U, 5[¢] € X indeed. Given ¢y, ¢, € X, set ¥, :
U, 5(¢1], Vs =T, 5[], and Vi := V, 5 (1], V2 := V, 5 [¢2]. We compute

d
310 () = 2 (1)

—2R(—i [ B () (tx) — Ty (£x)) (T (4,%) — T, (%)) dx)

Td

— (- i/TdA(qu (%) — W, (1,2)) (03 (63) — 0, (1,5)) )

+2§R( - i/]rd ((Xr*vl) (tax)\Pl (t7x) - (Xr*VZ) (tvx) 2 (tvx)) (\Ill (tax) - \IIZ(tvx)) dx)

=:1+].

Integrating by parts, we see that

= A (60) = 0 (1) (1 (1) — T2 () de= | 901 )| (1) dx,
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so that I = 0. Furthermore, we have

/]1“"’ ((Xr* Vl) (tvx) \Ill (tvx) - (Xr* VZ) (t7x) \IIZ (tvx)) (\Ijl (t7x) - \IIZ (tvx))dx

= [0 Vi) (03) (91 (03) = W (00) T () = 0 ()

+/1rd Wy (£,x) (xr * (Vi = V2)) (£,%) (U1 (t,%) — U5(t,x) ) dx

= [ G V00 1 (10) = a0

+ /Td \Ifz(t,x) (XT* (Vl — Vz))(n.x) (\Ill(t,x) — \Ilz(t,x)) dx. (5.9)
Clearly, one has
R0 [ (0 0) (19) 19 (1) = 1) ) =

so it suffices to deal with the second integral on the right-hand side of (5.9).
Notice that

/w W (1,%) O+ (Vi = V2) (6:%) (W1 (1,%) = W2 (£,%)) dx

1 1 2
S E/dM’Z'Z(t’x)'Xf*(Vl—VZ)\Z(nx)dxﬂLE/ Uy (t,x) — Uy (4,x)| dx. (5.10)
T

Td

In order to control the first term on the right-hand side of (5.10), we invoke lemma 5.4 with h; = ({5 * x, *
|61?)(¢,%) and hy = (G5 % xr % |02]7) (2,%) to see that

10e* (Vi = V2)) (1, )15 < Cra sup [l (,7) = 62 (1) (|1 (1) + 2 () DI

t€[0,T]
< Cra sup [l (1) — 6 (1,15
t€[0,T)
We have thus proved
/ D (1) P (Vi = V)PP (%) de < G sup o (1) — 2 (1) 3 511
Td +€[0,7]

for some constant C, 4 > 0. Inequalities (5.10) and (5.11) entail

1 t
91 1) = Wa 1)l < Coat sup 01 ()= 2 (m )l JRLCOR AR
7€|0,

1 t
< sup 1) = 2(r 4 5 [ 10 () = e
7€[0,1] 0

As a result,

sup [ (t,+) = Wa ()|, < CraV/Te? sup |1 (1) — 2 (1)l
t€[0,T] t€[0,T]

which shows that, for T = T, ; sufficiently small, ¢ — U, 5[¢] is a contraction, thereby ensuring the exist-
ence and uniqueness of a fixed point ¢, 5. Note that, by construction of ¥, we see that this solution belongs
to C'([0, T]; C*°(T%)). The global existence follows by a standard iteration argument together with the con-
servation of the L>-norm.

2. Compactness in J. In this step, we aim to remove the regularization in time, which will enable us to prove
that the system:
10, (t,x) = —%A’(/Jr (t,%) + O *x Vi) (%) 0, (£x), x€T4 >0,
—AV; (£,x) = (xr[¢r?) (£,%) — "), xeT! t>0, (5.12)
¢r (va) = win7 X € Td
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is well-posed. Consider the solution ), 5 of (5.7) constructed in Step 1. We obtain that, for any ¢,s € [0, T],

[40r,6(1,-) = Prs(s )l < [t = s (| A 5|12 + || A
+ 11 (xrx Vr,é)wrﬁHfo’Li + 1A * Vr,é)wr,é))HL?"Li)- (5.13)

We start by propagating the Sobolev norms of 1), s uniformly in 6.

d -
1% 1) = 2%( / A200, 5 (%) A% 5 (1,%) dx)
T

—2§R(i/w A (- %Az/;,,(; (t,%) + (xXr * Vis) (£,%) thrs (1,%) ) A%, 5 (2,x) dx) .
Integration by parts reveals

R(i /T d A2 A, 5 (%) A%, 5 (%) dx) = R(i /T d VA2, 5] (1,%) dx) =0,
hence

%05 (6} = 2~ /T A% Vis) ) (6:2) A%t (%) ).

We can write

4
A (X Vig)thrs) = Z aV*(xrx Vis) VR, 5
k=0

for some constants ¢; € N, so that

4 4
||A2wr ) H2 Z/d ’vk (Xr* VT,&) V4—kwr’6A2wr’6‘ (t,x) dx — Zlk (514)
k=0T —
We proceed by estimating each one of I;:
Io= /w | (% Vig) (1,2) | | A240,5 (1,%) | dx < ||Vr,5||L$ 1A%, 5 (t,) |2,

I = / IV (e Vi) (1,5%) | |V A (1,%) A2 5 (1,%) | dx

A
L =/ }A(x,*v,,a) (t,x) || (A5 A%y ) (t,x) | dx

<UAVesll e (1A% (515 + 1A% (1) 13)-

<[V,

[V (60) |3+ [A%0ns (1) 1),

Using lemma 2.3, we see that

‘|V7,5||L§>°C‘f(’” < Gra
Thus, summarizing the above estimate, we have

I+ L+ L < Cra ([ A% (6) 13+ [18%05 () ]13) -
In order to bound I5 and I, note that
— AV, 5= Cox Axe [Urs|” = A"?) = G5+ Axrx [1hy.s]* — €70 [V V, 5] — €0 AV, 5,

and therefore lemma 2.3 entails

||A2Vr,5|\L3§ <Cra
Thus, we obtain the bounds:

I < Cra (I Vsl + 1 A%rs13)
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L < Cr,d (1 + HAzwr,&”%) .

To conclude, we have proved the estimate:

4
Zlk\crd(l+“A 1/%5( )” )
k=0

so that, in view of (5.14), we obtain

*IIA%&( V2 < Cra (14 1A%005 (1))

which yields the estimate:

rs (8,) I < C (5.15)
for some C = C(r,d, ||™|| ;¢ ). Substituting (5.15) into (5.13) produces the inequality:

9.5 (1) = %rs (5, )l < Cle =], (5.16)
where C = C(r,d, ||{™| ).

3. Extraction of a solution. By the Arzela-Ascoli theorem and (5.16), there exist a function v, €
C([0, T]; H*(T*)) and a subsequence d; such that

[r.6 = ¥rl,

sz—>

Moreover, inequality (5.16) ensures that 1, € Lip([0, T]; H>(T¢)). We are left to verify that 1, is the asserted
solution. Denote by V, the solution of

—AV, = x, * |wr|2 —e"
Lemma 5.3 and Poincaré’s inequality imply that ||V, — V,||2 < C||V; — V3|2 and hence

Vs, (£,2) = Vi (£,2) ll2 < Cll(Co % o [, *) () = Ok [0]?) (8,) 112
< Cll(Cox xr* [or g, ) (1) = (o % xex [, ) (1) 12
+Cl(Co X [rl?) (£:7) = O x ) (2,7) |-

The first term is bounded by

C sup [xex Yol = xrx [l ll2 S sup [[[rsf* (6) = [l (8.) |1

t€[0,7] 1€[0,7]
Srosup lthrs, (8,-) = (t,) |2 — 0.
t€[0,T] k—o0

In addition, note that
(Cs, % xr % |10 ) (2,%) o0 O * [0?) (1,%) pointwise a.e. in (#,x),
and, by Lebesgue’s dominated convergence theorem, we have
(G X [16r[?) (£5) = Oerx [9r*) (£, 2 — 0.
k—o00
Consequently, we obtain

Ve (t,2) = Vi (), — 0
—00

As a result, we can pass to the limit as k — oo in order to conclude that, for any ¢ € C3°((0,T) x T%),

/ i, (t,x) Orp (t,x) dxdt= —l/ Ay (£,x) ¢ (t,x) dxdt
[0,T] T4 2

[0, 7] x T
4 / (6o % V) () (1,%) 2 (1,%) v,
[0,T]x T4
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Since v, € Lip([0, T]; H*(T?)), we can integrate the term on the left-hand side by parts in order to conclude
that 1, € Lip([0, T]; H?(T¢)) verifies the Cauchy problem (5.12). Finally, by lemma 5.6 and the unique-
ness, we can prove that 1, € C'([0, T]; C>°(T%)). The uniqueness for (5.6) follows from the standard (L?)
Grénwall argument.

O

We continue by showing the compactness in r of the family of solutions {1,},., constructed above,
which will enable us to extract a converging subsequence, thereby proving the existence of a solution
to the original equation. As remarked in [14], the advantage of using a double regularization for V, is
because this regularization procedure ensures the conservation of the following time-dependent quantity
F, defined in the next lemma. The proof is omitted, since it is similar to the proof of the conservation
of total energy that has been given in section 2.

Lemma 5.8. Let v,(t,x) € Lip([0, T]; H>(T¢)) be the solution to (5.6). Let

1 1
Fi(0) ;:f/ |V¢,(t,x)\2dx+f/ |vv,(t,x)|2dx+/ V, (t,x) ") dx.
2 Ja 2 Jra Td
Then
—F (r)=0. (5.17)

We will also need the following lemma.

Lemma 5.9 ([14], proposition 4.4). Letd € {2,3}. Foreach i = 1,2, let h; € L™(T%) N'P(T%), and let
(V;, V) be the solution of the system:

_A‘N/l = hi - 17
—AV,' =1- 6‘7‘+Vi.

Then
IVVi = V|5 < mleHhi”ooW% (h1,ha),
|IVV, = V1|2 < CmiaxHhiHOOW§ (hy,hy),
where C= Cy(1+ m?x||hi|| a2 ), and W, designates the 2-Wasserstein distance.
Proof of theorem 1.1. We divide the proof into five steps.

L. Uniform bound inr on sup [[¢;(t,")|| (7s)- Consider the mollified system:
te[0,T]

i0p, (t,x) = —%A% (%) + (00 x Vi) (x) Y, (1), x€ T, t>0,
—AV, (t,x) = (x; % [1,]) (t,x) — " (), xeT >0, (5.18)
¢r|r:0 = win7 xe Td7

and denote by 1, € C'([0, T]; C>(T*)) the solution to this system ensured thanks to lemma 5.6. Using
lemma 5.8, we have

1 1
7/ \Vwr(t,x)|2dx+f/ |vv,(t,x)|2dx+/ V, (t,x)e" ) dx
2 Td 2 Td Td
1 : 1
— - \wm(x)|2dx+—/ \VV,(o,x)|2dx+/ V,(0,x) "% dx
2 Td 2 Td Td
U |
<5IVe ||§+§||VVr(0a')||§+HVr(Or)Hoo» (5.19)
where we have used that [, e""(>*) dx = 1 in the last inequality. By the Sobolev embedding, we have

e 9" Pllae < 1" Pllase < Clle™ iy
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where Cs stands for the Sobolev constant. Therefore, by lemma 2.3, we see that
3 2

vaf (0, ) ||2 Sd,l\wi“HHl(Td) 1

In addition, using the Holder inequality, we obtain
IV Ve (0,) 13 < 1+ Coll ™17 ¢y -
Therefore, we have
9V, (0,13 < 2097, (0,) 13+ 2% V3 0,) B oy 1

and similarly

1V, (0, oo Sty 1
which, in view of (5.19), shows

sup [[¥r (£,) | (1ey < Min, (5.20)
te[0,T]

for some constant My, = M ([|¢0™ |1 (74, d).

2. Uniform bound inron sup ||1,(£,-)||p2(1ey- We compute
t€[0,T]

d

dt ‘Al//r(t X)| dx = §R( TdAatwr(tvx) AE(t,X) dX)

=i [ A= 3800 05) (0% V) (1) 1)) AT, (.5) )
= (=i [ A Vi) (03) 5 (03) AT (13) )
(=i [ (0w V0 0|80y (19

FR(=1 [ A GGV (00810 AT (1))

FR(—i [V V) (69 V(1) AT 1) )

=R(- i/TdA(Xr* Vo) (,%) 1 (2,%) Ay (2, x) dx)

+2R( - i/ V(X * Vi) (£,%) Vb, (1, x) Aty (1, x) dx)
’]Td
=:1+4].
First, note that

Il < z/w IV (5 Vi) (1) Vb (1,%) ATy (1) dx

</ d|v<xr*vr><r,x>w<t,x>|2dx+ [0 ax

<l (e ([ 90 dx) s (1) de
Td
<Vl /wm ax)’ /|Awrtx| dx
< (V) B+ 199 (6 12) (1+ / A (10 dx) + / Ay (1,2 d, (5.21)
Td Td

where we have used the Sobolev inequality, according to which || V4||? < 14 [|A%|3, in order to derive the
last inequality. To bound the first term in the above inequality, observe that

IV Ve () 13 < e (1)1 4+ 1< Cs (L4199 (4)115) Satia 1, (5.22)
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where the last inequality is due to the Sobolev inequality and (5.20) in Step 1. In addition, lemma 2.3 entails
[V Ve (t,) 14 St 1. (5.23)
Hence, inequalities (5.21)—(5.23) imply
T S L 1189 (8- (5.24)
As for I, we first observe
AV, () ll2 < I Ok [ ?) (1) ll2 1O o <l () 13+ Dl0r (8-) 113 = 211 (1) 114

where the second inequality is due to the estimate: ||e""||> < ||(x, * [1]?)(t,-)||> proved in lemma 5.5.
Therefore, it follows from the Sobolev embedding and (5.20) that

HAVT (t’ )”2 SMin,d L. (5.25)
We proceed by observing that

I< /w |(xr * AV, (£,%) 1y (,x) At (2,x) | dx
< [ 100V 020 0 dxt [ AT (0] b
< ()2 1O AV (6,13 + 1A% (1) 13
< () 12 1AV, ()15 + 1A ()15
St (L 1A% (£9)113), (5.26)
where we have used (5.25) and the interpolation inequality:

W]l < Ca(l¥ |2+ |A¥]) (5.27)

for the last inequality in (5.26). Thus, gathering (5.26) and (5.24), we have proved

0 ey < 6
for some C = C(||¢)"™|| i1, d), which, owing to the Gronwall inequality, implies
1400 (£, ) [y < € NW0™ ey < M, (5.28)
where C = C(My,d) and M/ = M/ (T,d, szi“”m(w)).

3. Uniform bound inron sup ||1,(t,-)| s (¢)- We follow a similar approach to the one taken in Step 2 in
t€[0,T]
the proof of theorem 5.6, keeping track of the constants to ensure that they are uniform in . From the same

calculations leading to (5.14), we have

d )« -
E‘HAzw,(t,-)HzSJZ/W]Vk(X,*Vr)V“ G A% (1) dei= D I
k=0
We proceed by estimating each one of I;:
2
Io= /T 00 Vi) (1) [|A%00 (6) | de <[Vl 18700 () 1,

= |19 00 V2 (09| [V (65 A%, (1,9)]
<IVViligs (IVAG, () 13+ 1A% (1) [12)

B [ 1800 V) (09| (A7) (1)
< NAVillzgs (1A%, () 113+ 1A% (1) 112) -
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Using lemma 2.3, (5.28), and the Sobolev embedding H?(T%) < L (T%), we see that

HVVHL[?‘; + ||AVr||L;§ < ||Vr||Lg<; + ||wr|‘i;>§ + Hevr s ST%IW“HHz(Td) L (5.29)
so that
ot 4 b Sty (1896 13+ 1A%, (1) 3). (5.30)
In order to bound I3 and I, note that
—VAV, = x, %V [, — " VV,
and
—AW, =, * Al = A (e") =x,*A b > — e AV,

Therefore, we have

L < [|A%, (6) I3+ 100 APV (8) 15 < NA%E (8 ) [+ 1A%V (1) I3
1A (1) 15+ 11O % Alee2) (8) lloo + 1€ [V V) (£) lloo + [[( AV (£,) [l

= Iyo + Iy + Iyp + Lys.

<
<

First, using (5.27), we obtain

Ly <A (8 lloo = 201400 () oo A% (2,7) oo + 21V, (£,) |15
l9r (8,) 12 + 1A% (8, 1% + 2V (1) 13
Sa LA (8 ) 13+ 1A% (1) 13+ 1V (8,) [+ VA (1) 113

Sa 1+ (|2 (1,-) 5. (5.31)

<
<

Secondly, note that, by lemma 2.3 (or alternatively by (5.29)), we have

gy b TAVI(E) oo Sty 1
It follows that
2 2
Lo +Lis S gl p ey LT IV Vil AV Sty oy 1 (5.32)
Gathering (5.31) with (5.32) shows that
2
I S ey (111870 ()[1).
It follows from the same considerations that
2
IS NTdHTZJ'"HHZ(Td (1+HA Q/J’ H )
which implies
2
I+ 4 S o ey (1F 1A%, (£,)12). (5.33)
Thus, the combination of (5.30) with (5.33) yields
1At ) < (1+ 8%, ()]2)
dr ’ 2 ~ST.d, ||¢‘“|\H2(Td) r
and therefore
190 () s ey < € N190™ s may < M (5.34)

where C = C(T, d, Hwin||H4(Td)) and M:; = MIII](T, d, ||’L/JinHH4('Ed)).
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4. Compactness in r. We utilize the preceding estimates in order to extract a converging subsequence. We
have

([ (,-) = e (s

T % dT

dﬂ(

<2lt—sl ( sup war( 7~)||2+ sup HatAwr(tv')Hz)' (5.35)
t€[0,T] t€[0,1]

Using (5.18) and (5.28), we have

1060 (8, )l < WA (&)1, + 1O % Vi) (1) ¢ (8,0
SC(T 9™ re,d) + 1[0 x Vi) (1) e (1)

In addition, recall that, by (5.20),

1Ocr Vi) (&) e (1), < N0 x Vi) (1)l <

It follows that

V2 (8. o < C(I1™ 101, ) -

sup [|0i, (t,-)]], 5T,d,|\¢in\|H2 L. (5.36)
t€[0,T]

Moreover, we have

18 (2, 2 < NA%r (1) 12 + 1A Oxr % Vi) (£) 2

<
A%, (1) 2+ 11Ve () oo A (1) (2 4+ AV (1) oo + 2V Ve (54 oo [ Vi1 (2,) [|2-

Thanks to (5.29), (5.34), and the last inequality above, we see that

sup HaﬁAwT(ta')”; Std, i, 1- (5.37)
te[0,T]

Substituting (5.36) and (5.37) into (5.35) gives
||1/}f (t7 ) - 1/}1' (57 )HHZ(TA) < C|t7 S| )

where C = C(T,d, ||4)'™|| ). Therefore, it follows from the Arzela—Ascoli theorem that there are both a
sequence 7 — 0 as k — 0o and some ¢ € C([0, T]; H*(T%)) such that

llebr, (2,-) = (1, )”C(OT]HZ('H"’)) —=0
with the estimate:

sup [[¢ (t,-) || p < My, (5.38)

t€[0,T]
where M/ is as in (5.28).
5.4(t,-) is a solution. It remains to show that the limit ¢ (¢, -) is a solution to system (1.4). Note that ¢(¢,-) €

L (T%), because of the embedding H?(T%) < L>°(T?). Therefore, by lemma 2.3, there exists a unique solu-
tion V of the equation:

—AV=|yp|* —e".
To show that % is a solution, the key component is to show that

H(ka *Vrk) (t7 ')1/)rk (t7 ) - V(t7 )w (tv )”2 —o)o 0.

k—
By the triangle inequality, we have
” (er * ka) (t’ ) wrk (ta ) - V(ta )
< ”(er * Vrk) (t’ ) ,(/)rk (t’ ) - (er * V)
+ || (X"k * V) (t7 ) 1/’ (ta ) - V(ta ) 1;[}
SO x V) (82) (e (6-) = (5-)
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+ H(er * ka — Xre *V) (tv ')¢Tk (t7 )”2
06 ) (O + V() =V, =T+ T + L.

The term 7 is estimated as
<Vt loolln (1) =2 (1) 12 < (V) lloo + 1V () loo) 1t (8,7) = 0 (2,) -
By the Sobolev embedding and (5.38), we have

K2 (1+ [l (1,)113)
|

2
IKll, (14 Cs sup (19 ( ) i zey ) St e 1-
te[0,]

IV () lloo <
<

In addition, lemma 2.3 and (5.38) entail

sup [|V(t,) lloo Sroayjomy, 1-
t€[0,T]

Thus, we obtain the estimate:

Z Sraenll,. sup [[¢n (6) =9 (&), — 0.
te[0,T]

k— o0
To treat 7, we note that

T <N Ox Vi = X+ V) () ¥ () |, < N (8) oo (Ve = V) (5,

Using lemma 5.9, (5.28), and (5.38), we see that

Vi (1) = V), Srawini,e Wa (O 1nl?) (8) [0 (1,-)) = 0.

k— o0

In addition, we have

190 ()l o < N1t (8 ) e (pty Sreaipwnie 1
which eventually yields

J — 0.

k— o0

Finally, again by (5.38), we obtain

L£< ||¢(t7)|‘oo ||(er*v) (tv') - V(t,~)H2
St e 1O* V) () =V (), e

This completes the proof of theorem 1.1.

Acknowledgments

We are grateful to Megan Griffin-Pickering and Enno Lenzmann for helpful discussions. IBP, GQC, and
DF acknowledge support by EPSRC Grant EP/V051121/1. GQC was also partially supported by EPSRC
Grants EP/L015811/1 and EP/V008854. DF was also partially supported by the Fundamental Research
Funds for the Central Universities Nos. 2233100021 and 2233300008. For the purpose of open access,
the authors have applied a CC BY public copyright license to any Author Accepted Manuscript (AAM)
version arising from this submission.

Data availability statement

No new data were created or analysed in this study.

41



10P Publishing

Nonlinearity 39 (2026) 065005 1 Ben-Porat et al

Conflict of interest

The authors declare that they have no conflict of interest. The authors also declare that this manuscript
has not been previously published.

ORCID iD

Gui-Qiang G Chen @ 0000-0001-5146-3839

References

[10]
[11]

[12]
[13]

[14]

Batt J and Rein G 1991 Global classical solutions of the periodic Vlasov-Poisson system C. R. Acad. Sci. Paris I Math. 313 411-6
Bouchut F 1991 Global weak solution of the Vlasov—Poisson system for small electrons mass Commun. PDE 16 1337—65

Bove A, Prato G D and Fano G 1974 An existence proof for the Hartree-Fock time-dependent problem with bounded two-body
interaction Commun. Math. Phys. 37 183-91

Brenier Y 2000 Convergence of the Vlasov-Poisson system to the incompressible Euler equations Commun. PDE 25 737-54
Brenier Y and Grenier E 1994 Limite singuliere du systeme de Vlasov-Poisson dans le régime de quasi neutralité: le cas indépend-
ant du temps C. R. Acad. Sci. Paris I Math. 318 1214

Choi Y P, Koo D and Song S 2025 Global existence of Lagrangian solutions to the ionic Vlasov—Poisson system (arXiv:2501.13872)
Fournier N and Guillin A 2015 On the rate of convergence in Wasserstein distance of the empirical measure Probab. Theory
Related Fields 162 707-38

Fujiwara D 1979 A construction of the fundamental solution for the Schrédinger equation J. Analyse. Math. 35 41-96

Ginibre J and Velo G 1980 On a class of nonlinear Schrédinger equations with non local interaction Math. Z. 170 109-36

Golse F and Paul T 2017 The Schrédinger equation in the mean-field and semiclassical regime Arch. Ration. Mech. Anal.

223 57-94

Golse F and Paul T 2022 Mean-field and classical limit for the N-body quantum dynamics with Coulomb interaction Comm. Pure
Appl. Math. 75 1332-76

Golse F and Saint-Raymond L 1999 The Vlasov—Poisson system with strong magnetic field J. Math. Pures Appl. 78 791-817
Golse F and Saint-Raymond L 2003 The Vlasov—Poisson system with strong magnetic field in quasineutral regime Math. Models
Methods Appl. Sci. 13 661-714

Griffin-Pickering M and Iacobelli M 2020 Singular limits for plasmas with thermalised electrons J. Math. Pures Appl. 135 199-255
Griffin-Pickering M and Tacobelli M 2021 Global well-posedness for the Vlasov-Poisson system with massless electrons in the 3-
dimensional torus Commun. PDE 46 1892-939

Griffin-Pickering M and lacobelli M 2021 Recent developments on the well-posedness theory for Vlasov-type equations From
Particle Systems to Partial Differential Equations: Springer Proc. Math. Stat vol 352 (Springer) pp 301-19

Griffin-Pickering M and Iacobelli M 2023 Stability in quasineutral plasmas with thermalized electrons (arXiv:2307.07561)
Han-Kwan D 2011 Quasineutral limit of the Vlasov-Poisson system with massless electron Commun. PDE 36 1385-425
Han-Kwan D and Iacobelli M 2017 The quasineutral limit of the Vlasov-Poisson equation in Wasserstein metric Commun. Math.
Sci. 15 481-509

Han-Kwan D and Iacobelli M 2021 From Newton’s second law to Euler’s equations of perfect fluids Proc. Am. Math. Soc.

149 3045-61

Jiingel A and Wang S 2003 Convergence of nonlinear Schrodinger-Poisson systems to the compressible Euler equations Commun.
PDE 28 1005-22

Lions P L and Perthame B 1991 Propagation of moments and regularity for the 3-dimensional Vlasov-Poisson system Invent.
Math. 105 415-30

Majda A 1984 Compressible Fluid Flow and Systems of Conservation Laws in Several Space Variables (Springer)

Porat I B 2023 Derivation of Euler’s equations of perfect fluids from von Neumann'‘s equation with magnetic field J. Stat. Phys.
190 121

Puel M 2002 Convergence of the Schrodinger—Poisson system to the incompressible Euler equations Commun. PDE 27 2311-31
Reed M and Simon B 2003 Methods of Modern Mathematical Physics 1I: Fourier Analysis and Self-Adjointness (Academic)
Rosenzweig M 2021 From quantum many-body systems to ideal fluids (arXiv:2110.04195)

Serfaty S 2020 Mean field limit for coulomb-type flows (appendix with Mitia Duerinckx) Duke Math. J. 169 2887-935

Serfaty S 2024 Lectures on Coulomb and Riesz gases (arXiv:2407.21194)

Teschl G 2014 Mathematical Methods in Quantum Mechanics. With Applications to Schrodinger Operators (Graduate Studies in
Mathematics) vol 157 (American Mathematical Society)

Villani C 2009 Optimal Transport: Old and New (Springer)

42


https://orcid.org/0000-0001-5146-3839
https://orcid.org/0000-0001-5146-3839
https://doi.org/10.1080/03605309108820802
https://doi.org/10.1080/03605309108820802
https://doi.org/10.1007/BF01646344
https://doi.org/10.1007/BF01646344
https://doi.org/10.1080/03605300008821529
https://doi.org/10.1080/03605300008821529
https://arxiv.org/abs/2501.13872
https://doi.org/10.1007/s00440-014-0583-7
https://doi.org/10.1007/s00440-014-0583-7
https://doi.org/10.1007/BF01214768
https://doi.org/10.1007/BF01214768
https://doi.org/10.1007/s00205-016-1031-x
https://doi.org/10.1007/s00205-016-1031-x
https://doi.org/10.1002/cpa.21986
https://doi.org/10.1002/cpa.21986
https://doi.org/10.1016/S0021-7824(99)00021-5
https://doi.org/10.1016/S0021-7824(99)00021-5
https://doi.org/10.1142/S0218202503002647
https://doi.org/10.1142/S0218202503002647
https://doi.org/10.1016/j.matpur.2019.09.003
https://doi.org/10.1016/j.matpur.2019.09.003
https://doi.org/10.1080/03605302.2021.1913750
https://doi.org/10.1080/03605302.2021.1913750
https://arxiv.org/abs/2307.07561
https://doi.org/10.1080/03605302.2011.555804
https://doi.org/10.1080/03605302.2011.555804
https://doi.org/10.4310/CMS.2017.v15.n2.a8
https://doi.org/10.4310/CMS.2017.v15.n2.a8
https://doi.org/10.1090/proc/15349
https://doi.org/10.1090/proc/15349
https://doi.org/10.1081/PDE-120021184
https://doi.org/10.1081/PDE-120021184
https://doi.org/10.1007/BF01232273
https://doi.org/10.1007/BF01232273
https://doi.org/10.1007/s10955-023-03131-5
https://doi.org/10.1007/s10955-023-03131-5
https://doi.org/10.1081/PDE-120016159
https://doi.org/10.1081/PDE-120016159
https://arxiv.org/abs/2110.04195
https://doi.org/10.1215/00127094-2020-0019
https://doi.org/10.1215/00127094-2020-0019
https://arxiv.org/abs/2407.21194

	Quantum quasi-neutral limits and isothermal Euler equations
	1. Introduction
	2. The 1-body semi-classical limit
	3. The N-body problem
	4. Well-prepared initial data
	5. Well-posedness theory
	References


