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Abstract

We are concerned with the low regularity of self-similar solutions of two-dimen-
sional Riemann problems for the isentropic Euler system. We establish a general
framework for the analysis of the local regularity of such solutions for a class of
two-dimensional Riemann problems for the isentropic Euler system, which includes
the regular shock reflection problem, the Prandtl reflection problem, the Lighthill
diffraction problem, and the four-shock Riemann problem. We prove that the ve-
locity is not in H' in the subsonic domain for the self-similar solutions of these
problems in general. This indicates that the self-similar solutions of the Riemann
problems with shocks for the isentropic Euler system are of much more compli-
cated structure than those for the Euler system for potential flow; in particular, the
velocity is not necessarily continuous in the subsonic domain. The proof is based
on a regularization of the isentropic Euler system to derive the transport equation
for the vorticity, a renormalization argument extended to the case of domains with
boundary, and DiPerna-Lions-type commutator estimates.
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1 Introduction

We are concerned with the regularity of self-similar solutions of the Riemann prob-
lems with shocks for the isentropic Euler system in a general setting, including sev-
eral fundamental shock problems such as the regular shock reflection problem, the
Prandtl reflection problem, the Lighthill diffraction problem, and the four-shock Rie-
mann problem. In 1860, Riemann first considered a special initial value problem with
two constant states separated at the origin for the one-dimensional isentropic Euler
system in [Rie60] — now known as the Riemann problem; this Riemann problem
has played a fundamental role in the mathematical theory of hyperbolic systems of
conservation laws, since its solutions are building blocks and asymptotic attractors of
general global entropy solutions. Since then, a systematic theory of one-dimensional
hyperbolic systems of conservation laws has been established; see [Bre00, BLY99,
CHS9, Dafl6, Gli65, Lax57, LY99] and the reference cited therein. However, multi-
dimensional Riemann problems are much more complicated and completely differ-
ent from the one-dimensional case. Even for the two-dimensional Riemann problem
with four constant states given in the four quadrants for the Euler system, nineteen
genuinely different configurations have been identified; see [CCY95, CCY00,
CCHLW25, LL98, 2790, Zhe06]. Since then, rigorous global results for the 2-D
four-quadrant Riemann problem for the Euler system were only done by Li-Zheng in
[LZ09, LZ10]. See also [CQ12, Ser09] for the 2-D Riemann problem for Chaplygin
gases.

On the other hand, the regular shock reflection problem is a different type of multi-
dimensional Riemann problems — a lateral Riemann problem that involves the wedge
boundaries. Shock reflection-diffraction phenomena were first presented by Ernst
Mach [Mac78] in 1878, and experimental, computational, and asymptotic analysis
has shown that various patterns of shock reflection may occur, including regular and
Mach reflection; see [CF18] and the references cited therein.

More recently, the existence of global regular reflection solutions was established
for the Euler system for potential flow in [CF10, CF18], and further properties of
these solutions were proved in [BCF09, CFX20]. In particular, the solution has
a high regularity in the subsonic domain Q (where the solution is not a constant
state); see Figs. 2-3 in which density p and velocity v are in C®(2) N C> () for
some « € (0, 1). More precisely, solution (p, v) is in a weighted Holder space which
implies that (p, v) is in the Sobolev space W1P(Q) for some p>2. In addition, the
regularity of the curved reflected-diffracted shock was shown to be C'*° in the inte-
rior and C%® up to the endpoints, which is also expected to hold for the case of the
isentropic Euler system. See also [BCF13, BCF24, EL08] for the Prandtl reflec-
tion-diffraction configuration, [CDX14] for the Lighthill diffraction problem, and
[CCHLW?25] for the four-shock Riemann problem.

In contrast, a remarkable phenomenon was first observed by Serre in [Ser07]
which showed by a formal calculation that, in the case of the isentropic Euler system,
the regular shock reflection solutions develop vortical singularity, specifically that
the vorticity cannot be in L2?((2). This implies that the velocity cannot be in W1:2(Q),
i.e., H*(£2), which is lower than the regularity of the velocity for the case of potential
flow discussed above. This in particular allows that the velocity can be discontinuous,
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which at least can not be excluded by the Sobolev embeddings. Since the calculation
is formal, it is important to find out whether the low regularity indeed necessarily
holds for the regular shock reflection solutions.

In this paper, under the natural assumptions on the regularity of the self-similar
solutions in the subsonic domain Q near the shocks, we rigorously prove that the
velocity is not in H'(€2) indeed. The argument is based on the vortical singular-
ity calculation in [Ser07]. We first apply this calculation to the regularized solu-
tions carefully for which the calculation can be rigorously justified; however, the
additional error terms appear due to the regularization. Then we develop DiPerna-
Lions-type commutator estimates to control the error terms when the regularization
parameter tends to zero. With this, we then prove the lower regularity property of the
self-similar solutions, by employing renormalization argument. These self-similar
solutions include the above-mentioned shock reflection problems: the regular shock
reflection problem, the Prandtl reflection problem, the Lighthill diffraction problem,
and the four-shock Riemann problem.

This indicates that the self-similar solutions of the Riemann problems with shocks
for the isentropic Euler system have much more complicated structure than the cor-
responding solutions for the Euler system for potential flow; in particular, the veloc-
ity is not necessarily continuous in €, at least their continuity can not be obtained
directly by the Sobolev embeddings. On the other hand, this argument allows the
possibility that (p, v) € WP(Q) for some or even all p € [1,2), in which case there
are no shocks in Q.

This paper is organized as follows: In § 2, we derive the isentropic Euler system
in self-similar coordinates and then present the notion of entropy solutions in the
new coordinates. In § 3, we first formulate a general framework for analyzing the
low regularity of entropy solutions of the Riemann problems in Definition 3.1 and
then establish our main theorem of this paper, Theorem 3.2, for the entropy solutions.
Then, in § 4, we employ the main theorem, Theorem 3.2, for the general framework
established in § 3 to several fundamental transonic shock problems including the
regular shock reflection problem, the Prandtl reflection problem, the Lighthill dif-
fraction problem, and the Riemann problem with four-shock interactions in § 4.1-§
4.4, respectively. The general framework and the main theorem, as well as ideas and
approaches, developed in this paper should be useful for solving other similar low
regularity problems for solutions of nonlinear partial differential equations.

2 The Isentropic Euler System and Entropy Solutions with Shocks
In this section, we first derive the isentropic Euler system in self-similar coordinates
and then present the notion of entropy solutions, as well as the Rankine-Hugoniot

conditions and the corresponding entropy condition across a shock (as a free bound-
ary), in self-similar coordinates.
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2.1 The Isentropic Euler System

As in [Daf16, Ser07] (see also [CF18]), the isentropic Euler equations consist of the
conservation laws of mass and momentum:

Op + div(pu) = 0, @)
O¢(pu) +div(pu®@u) + Vp =0, ‘

where p is the density, u = (u1,us) is the velocity, and p is the pressure. The consti-
tutive relation between pressure p and density p is through the y-law relation: p = %

after scaling, and the adiabatic exponent y>1 is a given constant.

If an initial-boundary value problem is invariant under the self-similar scaling:

(w.p,p) = (w,p.p)(7); 22)

we introduce self-similar variables & = (£1,&2) = ¥ € R? and the pseudo-veloc-
ity v=u — &. Then we obtain the isentropic Euler system for self-similar flow
(p,v) = (p,V)(€) in the form:

div(pv) +2p =0, (2.3)
div(pv®v) +3pv+ Vp=0. (2.4)
If (p,v) € C!, then we can combine the equations above to rewrite (2.4) as

(v-V)v+v+Vh(p) =0, (2.5)

where h(p) = pi:l_ L is the enthalpy. Note that the speed of sound is

1
c=p2 =+/(y—Dh(p) + 1
2.2 Entropy Solutions and the Rankine-Hugoniot Conditions

We consider solutions with shocks, which satisfy (2.3)—(2.4) in the following weak
sense:

Definition 2.1 Let A C R? be a domain. Then (p, v) € L°(A) is an entropy solution
of system (2.3)—(2.4) if the following conditions hold:

(i) (p,Vv)isaweak solution: For any test functions ¢ € C>°(A) and ¢ € C°(A; R?),

/A (pv -V —2pp)d€ = 0, (2.6)
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//\(pv@v:DC—Spv-C—i—pdivC) d¢ =0, 2.7

2
where we have used the notation A : B = Z a;;b;; for 2 x 2 matrices 4 and B.
ij=1

(ii) (p,v) satisfies the entropy condition: For any non-negative test function
b e C(A),

/A ((%PMQ + pe(p) + p(p))v - Vo — 2(p|v]* + pe(p) +p(p))z/1) d§ >0, (2.8)

where the internal energy e(p) is defined by p(p) = p?e/(p), i.e., e(p) = £

for the polytropic case with p(p) = %.

Suppose that S is a smooth curve in domain A. An entropy solution of (2.3)—(2.4),

which is C! in the open domains near S and C° up to S on both sides, satisfies the
following Rankine-Hugoniot (R-H) conditions on S:

[ov-v]=0, [(pv-v)v+pr]=0 on S, (2.9)

where v is a unit normal to S, and [ - | denotes the difference of the concerned quantity
across S. Denote by (p*, v*) the values of solution (p, v) on the % sides of S. Assume
that p* > 0 on S and some of (p, v) are discontinuous across S.

If ptvt-v =0o0nS, then p~v~ - v = 0 on S by the first equality in (2.9), and
[p] = 0 from the second equality in (2.9) which implies that [p] = 0. This discon-
tinuity is called a vortex sheet. In this case, [v - 7] # 0 on S, unless the solution is
continuous across S, where 7 is a unit tangent vector to S.

If pTvt-v #0on S, then p~v™ - v # 0 on S by the first equality in (2.9). This
discontinuity may form a shock. In this case, pv - v is continuous across S from the
first equality in (2.9), and [v - 7] = 0 and [p] = —pv - v[v - V] from the second equal-
ity in (2.9). This implies that [v - v] # 0, unless the solution is continuous across S,
so that [p] # 0 from the first equality in (2.9). Also, it follows from p > 0 on S that
(vt-v)(v -v)>0o0nS.

Thus, we have shown that the following properties hold, in addition to (2.9), in the
case pt > 0onS:

Shock: (v -v)(v7-v)>0, [v-7]=0, [v-v]#0, [p]#0; (2.10)
Vortex sheet: vV -v=v .v=0, [v-7]|#0, [p]=0. (2.11)
Furthermore, the entropy condition (2.8) is required across shock S separating the
smooth states (pT, vt) defined in domains AT with p= > 0. Then it follows from

the direct calculation through (2.8)—(2.10) and the choice of orientation of the unit
normal v on S to point from A~ to AT that, on S,
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Ifv v >0, then v -v>vt.-v>0, p~ <pt, vi-v>c, vi.-v<ch (2.12)
where the last two inequalities are shown e.g., in [Ser07, Theorem 2.2] (the argument
is given there for steady solutions; the proof applies to the self-similar case because
the self-similar Rankine-Hugoniot conditions are the same), since p(p) is increasing

and convex, implied by p(p) = % with p>1.

We also give a definition of entropy solutions of system (2.3)—(2.4) in A with the
slip boundary conditions:

v-r=0 on OA, (2.13)

where v is the outer normal to JA. The motivation is the following: Suppose that
(p,v) € Ct and OA € Lip satisfy (2.3)~2.4) in A and (2.13). Then it follows that
(2.6) and

/(pv®v:D§—3pv~C+pdiV{)d£—/ pC-vdl=0 (2.14)
A A

are satisfied for any test function ¢ € C°(R?; R?). Note that here the test function
is not required to vanish on JA.
From now on, we define the r-neighborhood of a curve I as

N,(T) = {¢& : dist{€, T} < r}. (2.15)

Based on that, we define the notion of entropy solutions of the boundary value prob-
lem (2.3)—(2.4) and (2.13) as follows:

Definition 2.2 Let A C R? be a domain with a Lipschitz boundary OA. Let
(p,v) € L>(A), and let p € BVjoc(A NN,.(OA)) for some 7 > 0. Then (p, v) is an
entropy solution of system (2.3)—(2.4) with slip boundary condition (2.13) if (2.6),
(2.14), and (2.8) are satisfied for any test functions ¢ € C2°(R?), ( € C°(R?; R?),
and ¢ € C°(A) with ¢ > 0, respectively.

3 Low Regularity of Self-Similar Solutions of the Riemann Problems
With Shocks for the Isentropic Euler System

In this section, we first formulate a general framework for analyzing the low regular-
ity of self-similar entropy solutions of admissible structure of the Riemann problems
in Definition 3.1, motivated by the solutions of the physically fundamental Riemann
problems described in § 4 below. Then we establish our main theorem, Theorem 3.2,
for the entropy solutions (p, v) in the general framework, which will be applied to
understanding the low regularity of the solutions of the Riemann problems including
the regular shock reflection problem, the Prandtl reflection problem, the Lighthill
diffraction problem, and the Riemann problem with four shock interactions. These
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are achieved by carefully analyzing the vorticity function w := 0yvs — Osv; for the
pseudo-velocity v = (v1, v2).

More precisely, as shown in Fig. 1, we consider a Riemann problem in a self-
similar wedge domain A in R? with the wedge-vertex being the origin, which also
includes the case of the whole space. That is, in polar coordinates,

either A=R* or A={(r,0) : 6~ <0<} (3.1

For a Riemann problem in a domain A whose boundary contains a wedge-boundary,
the initial data are the given constant velocity and density in each sub-sector of A
such that the Rankine-Hugoniot conditions hold on the lines separating them. Moti-
vated by the expected configurations of self-similar solutions of the Riemann prob-
lems in § 4, we consider solutions in self-similar coordinates of the following form,
in terms of the density and pseudo-velocity (p, v):

Definition 3.1 We say that the vector function (p,v) on A is an entropy solu-
tion of the Riemann problem of admissible structure if (p,v) € L*°(A), with
p € BVioc(ANN,.(OA)) for some >0, is an entropy solution of system (2.3)—(2.4)
with the slip boundary condition (2.13) in the sense of Definition 2.2, which satisfies
the following properties:

(i) There exist an open, bounded, connected set 2 C A, an integer M > 1, and open
connected sets A;, i = 1,--- , M, pairwise disjoint, such that

A\ Q=UM A,

and (p,v) is a constant state in each A;, i.e., (p,v)(&) = (p;,u; — &) in A,
where p; > 0 is a constant and u; is a constant vector.

(i) If, for i # j, sets A; and A; have common boundary within A, ie., if
OA; NOA; N A # (, then the corresponding constant states are not equal to each
other: (pi, vi) # (pj. v;).

Fig. 1 The Riemann problem in
a general setting

ne

1s a shock

Q

=0 e Py
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(ii1) 0N is Lipschitz. Denote

[ = 9Q N oA, '™ = 90N A,

so that 00 = I'™** U™, It is possible that I'°** = ) (in particular, this is
true when OA = ().
(iv) IfOA # 0, then T = UM Tt where N; > 1 and each I'™* is a relatively
open segment of straight line. Segments {T'$** } ?21 are disjoint and, if I$** and
F?"t have a common endpoint, then the interior angle (for Q) is within (0, 27)
at that point. Since A is a wedge domain with the wedge-vertex at the origin,
only one pair among segments {I'{*'} may have a common endpoint that is
Po = (0,0).

(v) Tt =Nz Tt \where Ny > 1, each I is a relatively open segment of

curve, and segments {Ti"*} 2 are disjoint. Each T is C? in its relative inte-
rior and C' up to the endpoints. Moreover, Py ¢ Tt

(vi) v e C(N(I"™)NQ) for some o>0.

(vii) TP is a shock and v-v < —C~! on I'™, and v-v <0 on T'™ for
1 =2,---, Ny, where v is taken from the Q-side and v denotes the outer unit
normal with respect to Q.

(viii) There exists a point P in the relative interior of It such that the curvature of

0% is non-zero at P, and (v - 7)(P) # 0, where 7(P) is a unit tangent vector
to '™ at P.

Then we have the following main theorem.

Theorem 3.2 (Main Theorem). Let (p, v) be a solution of the Riemann problem of
admissible structure in the sense of Definition 3.1. Assume that (p, v) satisfy

i) (p,v) € CH{NL (TN Q) \ 9pI'™*) N COLN, (I N Q) for some >0,
where 9,I'"™ denotes the set of endpoints of the curve segments '™ for
i=1,---,No.

(ii) |v| < Cp and C’O_1 < p < Cyin Q for some Cy > 1.
(iii) The flow is subsonic on T'I* from the Q-side: |v| < ¢ on I'", where ¢ = p%1
is the speed of sound.

Thenv ¢ H(Q).

Proof We divide the proof into seven steps. In the first six steps, we prove that both
p and v can not be in H*(£2):

(pv) ¢ H'(Q). (3.2)

This will be proved by showing that, under the assumption that
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(p,v) € H'(Q), (33)

the calculations of vortical singularity can rigorously be justified, which leads to the
contradiction. Then, in Step 7, we prove that v is not in H*({2) indeed: v ¢ H(Q).

1. In Steps 1-6 of this proof, we assume that (3.3) holds. Then vorticity w =V x v
satisfies w € L?(Q) and

X = % € L*(), (3.4)

where we have used (3.3) and assumption (ii). In addition, using (3.3) and assump-
tions (i)—(ii), we see that

The lefthand sides of equations (2.3) and (2.5) are in L*(Q),

and the equations hold a.c. in Q. (3-5)

2. We first formally derive the equations and identities that vorticity w satisfies, and
then prove them rigorously.
Taking the curl of (2.5), we formally obtain the equation:

v:-Vw+ (1+divv)w =0. (3.6)
Combining with the first equation of (2.3), we formally have

vvE) =2 (3.7)

If f € CY(R), multiplying the last equation by f () and then combining with the
first equation of (2.3), we formally derive

diV(pf(;)V) = pg(;), (3.8)

where

g(s) = sf'(s) = 2f(s). (3.9)

Now we are going to show that Eq. (3.8) holds under the present assumptions in the
weak sense defined as follows: Using notation (3.4), Eq. (3.8) can be written as

div (pf(X)v) = pg(X) (3.10)

for any f € C*(R) with g defined by (3.9). From the weak form (2.6) of the conser-
vation law of mass, which holds for all ¢ pecified in Definition 2.2, and the regularity
assumption (3.3), we obtain that pv - v = 0 holds H'—a.e. on I'°** in the sense of
traces. Then, using assumption (ii), we recover condition (2.13) on A N 9
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v-r=0 H' a.e. on I, (3.11)

We next show that, under the present assumptions, (3.10) holds weakly in Q in the
sense that

/Q (pf(X)V - V¢ + pg(X)C)de - /F pf(X)v-v(di=0 (3.12)

for all ¢ € C(R?)

forany f € Cl(R) with Hf/”CU,l(R) < 0Q.

Notice that the boundary integral in (3.12) is taken along a part of 9¢). Formally,
the boundary integral along the remaining part I'°** of 9() is expected to vanish by
(3.11). Eq. (3.12) shows that

pf(X)v-v=0  on '™ in the weak sense.

Furthermore, the integrand in the boundary integral in (3.12) is well-defined by
assumption (i) and Definition 3.1(v).

3. To prove (3.12), we introduce smooth approximations of (p, v). Since we work in
the bounded domain Q and need the boundary condition v - v = 0 on I'*** and other
properties to hold for the approximating functions for the argument below, we first
construct a specific sequence of smooth approximations of (p, v).

We first extend v by the reflection across the straight boundary segments T'$*t,
1 =1,---, Ny, so that the normal component is extended by the odd reflection and
condition (3.11) is used to conclude that the extended function remains in H', and
the tangential component is extended by the even reflection.

Denote by v$** the unit inner normal vector to T$** withrespecttoA,i = 1,- -+ , Ny,
respectively, and by 7¢** the unit tangential vectors to T$*".
For each >0 and i =1, ---,N;, we first define an extension of v from

N (T$%) N Q across T'$*! by reflection. However, there is the following issue: Denote

W= {&—svy" : £€TP, se(—r,0), £+ s € Q},

P
the image of N,.(I'$*) N Q under the reflection across I'$*'. We note that, if
Po = (0,0) is a common endpoint of I'*" and T'$**, and the interior angle fp, of
A at Py is larger than 7, i.e., Op, € (7, 27), then W N W] # () for any r>0. More-
over, if 0p, € (%7‘(, 27), then W/ N Q # () for any r>0. Of course, in general, the
extension of v by reflection across I'*" into W, does not match with v in W N Q
or with extension of v by reflection across I'{*" in W} N W7, so the region needs to
be restricted.

In the case above, for each >0, we have
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(W7 0@\ B(Po) =0, (W] NW})\ Br(Py) =

3.13
for some L = L(0p (3-13)

0
)20
In fact, this is true with L = cosec (6p,) if 6p, € (7, 27) and L=0 if 0p, € (0, 7).
Also, there exists 7y > 0 such that, fori =1,--- , Ny,

F?Xt N B(r+1)r, (Po) =10 if Py is not an endpoint of Ff"t. (3.14)

Now, for each r € (0, r4], define

Vi = Wi\ Brr(Po),
which is an open connected set. We extend v to V" by

V(E = ) = (v U (E P (v TP €+ s T (B115)
for all £ € T$*" and s € (0,r) such that &€ + sv$** € Q\ Br,(Po). From the defi-
nitions of W/ and V", since segment I'{*® lies on the line passing through Py, the
expression above defines v on the whole region V;". Also, it follows that, for all

£ el and s € (0,r) such that £ + sv$** € Q\ B, (Po),

(V- V€ — ) = (v D€ s,
3.16
(v T (€ — ) 1= (v ) 6 4 s, e

ext

oxt xt is extended by the even

that is, v - v{** is extended by the odd reflection, and v - T
reflection across T'¢*".

Similarly, for each i =1,--- ,N; and r € (0,71], we extend p to V] by
the even reflection across I'*': For all £ € " and s € (0,r) such that

€+ svst € Q\ B, (Po),
p(§ — sv) == p(§ + sv), (3.17)

where we recall that T$** is a relatively open line segment.
Using (3.3) and (ii), and noting that v-v =0 to make the odd exten-
sion of v-v across I'®', we find that the extended (p,v) satisfies

(p,v) € HY(QUVT)) N L=(QU T ) and p > Gy on QU

Combining the extensions for ¢ = 1,--- , Ny, and using (3.13)—(3.14), we obtain
that, for each r € (0,r1], (p, v) is extended to the domain:

0ot = (Qu (UM, T, (3.18)
and the extension satisfies (p, v) € H'(Q%*) N L>(Qt) and p > C;* on Q.

Moreover, by (3.5) and the explicit structure (3.15)—(3.17) of the extension, it
follows that property (3.5) holds for the extended (p, v) in Q* for any r € (0, 7]:
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The lefthand sides of Eqs. (2.3) and (2.5) are in L?(Q%Y),

3.19
and the equations hold are in Q' (3-19)

Indeed, if € € T*** and s € (0,7), and if (p,v) is differentiable at £ + sv, then
clearly (p,v) is differentiable at & — sv, and (2.3) and (2.5) hold at & — sv, which
can be seen by the explicit calculation or using the standard symmetries of the isen-
tropic Euler system (2.3)—(2.4).

Thus, we have shown the following results in this step:

Lemma 3.3 Under assumptions (i)—(ii) of Theorem 3.2 and (3.3), there exists 71 > 0

depending only on Q such that, for any r € (0, r1], there is an extension of (p, v) into

Qext_still denoted as (p, v), so that

(@) (p,v) € H'(Q*) N L= (Q) with p > Oyt in Q<

(b) For any £ € I'™* and s € (0,r) such that £ + sv € Q\ Br,.(Pg) for L from
(3.13), the following odd and even reflection properties hold:

(v-v)(§—sv)=—(v-v)(§+sv),
(v-T)(§—sv)= (v -T)(§+sv), (3.20)
p(€ —sv) = p(€ + sv).

(c) Property (3.19) holds.
4. We now show that Eq. (3.10) is satisfied in the weak sense:

Lemma 3.4 Under the assumptions of Theorem 3.2 and (3.3), Eq. (3.10) holds weakly
in the sense (3.12) for each f € C*(R) with || f||co.1 (r) < oo and g defined by (3.9).

This can be proved as follows: We reduce r| to obtain, in addition to (3.14), that, for
j=1,--- Na,

L™ N B g1y, (Po) = 0 and ry < o, (3.21)

where we have used that Py ¢ I'in* by Definition 3.1(v), ¢ is from assumption (i) of
Theorem 3.2, and L is from (3.13). Fix f € C*(R) with || f'||[co1(r) < C, and let g
be defined by (3.9).

4.1. We first prove (3.12) in the case when the smooth function {"satisfies that there
exists r € (0,71) such that

(=0 in V. (I'™) U By, (Po). (3.22)

Thus, we need to consider (p, v) only in the region:

Q" = Q\ (N (%) U Bar, (Po))- (3.23)

Note that Q" €@ Q. Let
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Low Regularity of Self-Similar Solutions of Two-Dimensional Riemann... Page 13 of 46 8

§ = dist(90°, Q).

Thend € (0, r]. Wenow mollify (v, w) and p in Q", by using the extension of (p, v) into
Q¢ constructed in Lemma 3.3 and the corresponding extension of w = dyv5 — dav1.
In order to achieve that the mollified v satisfies the boundary condition (3.11), we
use ) € C2°(R?) with [5, n(€) d€ = 1 of form 1(&) = g(|€]) for some g € C°(R),

£

1
for example, the standard mollifier. Then we define 7. (&) = E—zn(g) for £>0, and

denote F; := F' « 1) for various functions F, specifically
)
Ve =V, We=Wwx1Ne pe=pxn: (h(p))e = h(p)*ne for € € (0, 5)

Now, since (p,v) € H'(Q%) N L>°(QSY) with p > C~! by Lemma 3.3(a)—(b),
and Q" € Q*, we obtain that, for each ¢ € (0, ),

pe: Ve, (h(p))e € HH(Q") N L¥(Q"),
[(pe, ve)llL=(ary < l(p, V)l (e, (3.24)
(pe, ve) = (p, v) in HY(Q"), w.—w in L*(Q") as € — 0.

Moreover, from (3.15)—(3.16) and (&) = g(|€]), we have
v.-r=0 on UM, T NAN" for all e € (0,6). (3.25)
Now, from (3.19), we see that, in Q"
div(peve) + 2p. + 7D =0, (3.26)
(Ve - V)Ve +ve + V(h(p)): + 1) =0, (3.27)
where
PO = (div (pv)). — div (pov2), 1@ = ((v- V)v), = (v. - V)ve,

The functions on the left-hand side of (3.26)—(3.27) are smooth. Taking the curl of
(3.27), we obtain

ve - Vwe + (1 + div v, )w, + curl r£2) =0 in Q". (3.28)
Denote
X .= 2
pe

Using (3.24) and the lower bound of p in Q¢** by Lemma 3.3(a), we obtain that, for
e € (0, %),
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8 Page 14 of 46 G.-Q. G. Chen et al.

X© e L2Qn), X® 5 X in L2(Q7) ase — 0. (3.29)

We apply the definition of X (%) in the first equality, along with Eqs. (3.26) and (3.28)
in the second equality, to compute:

peve - VXE) = v, Vw, — Vp. - v. X
= p. X 470 — curlr®,
From this and (3.26), we have

div(psf(X(E))Vs) = f,(X(E))psvs SVX© 4 f(X(E))diV(psvs)

= pe(X© (X)) = 2f( X)) + R., (3.30)

where

Re = f’(X(E))(rél) — curlrf)) — f(X(E))rél). (3.31)
Recalling definition (3.9) of g(-), we rewrite (3.30) as

div(pe f(X)ve) = pog(X©)+ R in Q"

Let ¢ € C°°(IR?) satisfy (3.22). Multiply the last equation by ¢, integrate over Q, and
integrate by parts via (3.22) and (3.25) to obtain

/ (P F(XD)ve - T+ (pog(XD) + R)C) dE = 0, (3.32)

where we have used (3.22)—(3.23) to restrict the domain to Q"

4.2. To send e— 0 in (3.32), we note the following facts: Since f € C'*(R) with
l.f'|co.1m) < 00, then, by (3.9), g € C(R) with Lip(g) < oo on R. It follows from
(3.4) and (3.29) that, for all € € (0, g),

IF X)Lz + 1 (X zoo@ry + 19X )] £20r) < C, (3.33)

and
(F(XE), g(X9) = (f(X),9(X)) i L*Q)ase—0. (334
Next, we show that

R.—0 inL'Q") ase — 0. (3.35)
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From (3.31) and (3.33) and the fact that 2" is a bounded domain, in order to prove
(3.35), it suffices to show that

D0 in L2(Q") ase — 0, (3.36)

curlt® — 0 in L'(Q") ase — 0. (3.37)

To show (3.36), we first note that Q" € Q&' and pv € H(QS) N L>(QSY) by
Lemma 3.3(a), so that

(div (pv))e —div (pv) — 0 in L?(Q") as € — 0.
Thus, it remains to show that

div (pv.) —div(pv) = 0  in L*(Q") as e — 0. (3.38)
We first show that

div (peve) — div (pve) — 0 in L2(Q") as € — 0.
Indeed,
div (peve) — div (pve) = V(pe — p) - Ve + (pe — p)(divve — divv) + (pe — p)divv.
In the argument below, we use (3.24). We see that V(p. — p) - v. — 0in L?(Q") as
£—0, because Vp. — Vpin L?(Q") and v. is uniformly bounded in L (7). Also,
(pe — p)(divv. — divv) — 0 in L?(Q"), because p — p. is uniformly bounded in
L*°(Q7) and divv. — divv in L?(Q"). Finally, (p. — p)divv — 0 in L?(Q"),

because p — pe is uniformly bounded in L (£2") and converges to zero a.e. in Q"
and divv € L?(Q"), so that

/ (pe — p)*(divv)?dé — 0 ase — 0,
Q’V‘
by the dominated convergence theorem. The convergence:
div (pve) — div (pv) — 0 in L2(Q7) ase — 0

can be shown similarly. This completes the proof of (3.38), which leads to (3.36).
Now we show (3.37). Note that

curlt® = 8, (v - Voz)e — ve - V(v2)e) — 9, (v - Vvi)e — ve - V(v1)e).
Then (3.37) follows from Lemma A.1 in Appendix A, applied in Q%** withp = ¢ = 2,

b = v, and u = O;vy, for the corresponding j,k = 1,2, and i = 3 — k.
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Combining the results above, (3.35) is now proved. Then, sending ¢ — 0 in (3.32)
and using (3.34)—(3.35), we obtain

/Q (pf(X)v -V + pg(X)C) dE =0,

which is equivalent to (3.12), by using (3.22).
4.3. Next, we prove (3.12) in the case when the smooth function { satisfies:

¢=0  in Q\N.(I'™) for some r € (0,71). (3.39)

Then, by (3.21) and assumption (i) of Theorem 3.2, Eq. (3.10) and the boundary
conditions (3.11) hold classically on supp(¢) N 2 (for the equation, the argument is
given from (3.6) to (3.8)). Multiplying (3.10) by ¢, integrating over Q, and integrat-
ing by parts in the first term with the use of (3.11), we obtain (3.12) for { satisfying
(3.39).

4.4. Combining the two previous cases, we obtain (3.12) for all smooth ('satisfying

(=0 in QN B,.(Py) for some r > 0. (3.40)

This in particular implies the following: if Py ¢ 02, then (3.12) holds for all smooth
¢, since we can modify {outside Q in this case so that the modified function {"satisfies
(3.40) for some >0, and this modification clearly does not affect (3.12) for {.

Thus, the remaining proof is for the case that Py € 0f2. Note that this means that
Py is a common endpoint of some of T'$*" and T'¢*".

4.5. Now we consider the case that Py is a common endpoint of some of I'$** and
I, and fix ¢ € C*°(R?). Let ¢y € C*°(R?) be such that

0<% <1onR? Y =0 on By, ¢ =1on R?*\ B,.

Let " (&) = 1/1(%) for #>0. In particular,

" =0 in B,, Y" =1 in R?\ By,,
e , (3.41)
¢o"< . swpp(DY) C By

Here and below, the universal constant C is independent of , which may be different
at different occurrence. Then, for any small >0, function (" satisfies (3.40), so
(3.12) holds with the test function (%" instead of {. Thus, we have

/Q (PF(X)(v - V) + pg(X)C) 07 d€ + /Q pF(X)(v - VT)Cde

3 (3.42)
. ; /F;m pf(X)(v-v)¢y"dl = 0.
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We estimate the second integral in (3.42), by using (3.4), (3.41), the boundedness of
v by assumption (ii), and that f’(X) is bounded on R:

‘/pf(xxv-wr)cds‘ < 9/ (1+ X)) de
Q T JanB,,

gc(/ (1+|X|2)d£> -0 asr—0.
QNBa,

Notice that /" =1 in R?\ By, and |¢"| <1 in By, (p,v) is bounded and
X € L*(Q), and |(f(X),9(X))| < C(1+ |X]) from the assumptions of f(X) and
(3.9). Then, denoting by L, the difference between the first term in (3.12) and the first
term in (3.42), we have

L] = \ [ (o000 96+ pa(X00) (1~ ) e
QNBs,.

<C (1+1]X)d¢ -0 asr—0.
QNBs,.

For the boundary integral, we obtain that, for each ¢ € {1,--- , Na},

/_ pf(X)(v-v)Cymdl — pf(X)(v-v)¢dl as r — 0.
rint

Tint
i

Indeed, Py ¢ T'i™* by Definition 3.1(v), so that 9" = 1 on '™ if r < Sdist(Py, ™).

Combining the convergence facts shown above and sending »r— 0 in (3.42), we
conclude (3.12).

5. We now show that vorticity @ (and thus X) is smooth and not identically zero on
I'nt Recall that T'i"* denotes a relatively open curve segment and I''™* is a shock by
Definition 3.1(vii).

Lemma 3.5 Under the assumptions of Theorem 3.2, vorticity @ on T'* from the Q-

side is continuous and not identically zero on I'\"*, and is bounded on I,

This can be proved as follows: First, it follows directly from the regularity of I'"* in
Definition 3.1(v) and assumption (i) of Theorem 3.2 that & on T'** from the Q-side

is continuous on ' and bounded on I'"*. Then, in the rest of the proof, its suffices
to show that e is not identically zero on I,

Since Egs. (2.3)-(2.4) and the Rankine-Hugoniot conditions (2.9) are invariant
under the coordinate rotation and translation, at any fixed point P € T'\"*, we can
choose the coordinates & such that the &—direction is tangent to I'"* at P. Then '}t
is the graph of a function £, locally, i.e., Tt = {& : & = f,(&1)} locally near P.
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Thus, £, is in C? in a neighborhood of P by Definition 3.1(v), and we can obtain that
f1 = 0 at point P by choosing the appropriate coordinate system. Note that (f;, —1)
is a normal of T'i"t, so that the Rankine-Hugoniot conditions (2.9) become

(pv1 — prvy ) fo — (pv2 — p1vy ) = 0,
(pv? +p = p1(vy)* = p1)fi = (pv1ivg — proy vy ) =0, (3.43)
(pv1v2 — prog vy ) f5 — (pv3 +p—pi(vy )> —p1) =0,

where v~ = (v ,vy ) = (u] —&i,uy; — &) with some constants u; and u;,
and v = (v1, v2). Taking the tangential derivative 0, := O¢, + f.0¢, of the Rankine-
Hugoniot conditions (3.43) along I'"* and using the condition that f/ = 0 at P, we
obtain that, at point P,

(pv1 = prop ) fd = (pv2)e, =0,

(pv} +p = pr(vy)? = p1) f! = (pv1va)e, — prog =0,

(pv3)e, + c?pe, = 0.

By Eqgs. (2.3)(2.4) and the definition: w = (v1)e, — (v2)g,, it follows from a
straightforward but long calculation that

2 + v% 2 — 02 V1V2

2
e =TT TR e R e T
c? —v? c? -2 v3
(e =7 TR e T e
2 2 2 2 2
c — vy c" = (%
(v2)e, =— VE U2Pa P\TPQUM& - ﬁw’
2 2 2 2
c” — vy c” + vy V1V2
= — 1 _— _—— e
(U2)52 + p|V|2 V1pP¢q p|V|2 V2pg, + |V|2 w

Therefore, by a long computation, we obtain that (pg, , pe,,w) satisfy the linear sys-
tem at P:
ar b1 c1\ [pe dif!
az by c2 | | pe | = | dafy |, (3.44)
as bg C3 w 0

(a1,b1,c1) = ((¢ = 20] = v3)va, (¢ = v3)v1, pv3),

(a2, b2, c2) = (2(c® — v} )v1va, —(c* = v3)(v3 — ), 2pv103),

where

(a3, bs,c3) = (3vivs +v3c® 4+ vy — vic?, —2(c? — v3)v1ve, —2pv3),

and
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di = —|v]*(pv1 — p1vy),  do = —|v]*(pvi +p—p1(v7)? — p1).
Notice that

a1 by
az by ¢

= poa(c® —v3)?*|v[* £ 0,
az bz c3

where we have used the fact that v = v - v # 0 at P by the entropy condition and
the ellipticity assumption that |v| < c on T'i* in Theorem 3.2. Therefore, from (3.44),

aq bl
2laz bs

az by

b az b3

"

w= o

pv2(c? — v3)?|v[*
Since f, = 0 at P, it follows from (3.43) that

pva —p1vg =0, vy =vy, pvi+p—pi(vy)? —p1=0 at P. (3.45)
Then

L vl((p—pl)v§+p—p1)f~_ (3.46)

s
pL2

Notice that v - v < —C~! on I'i"* by Definition 3.1(vii), where v on I'i"* is taken
from the Q-side, and v is the outer normal with respect to Q. By (2.10), this
implies that v - v < 0 on I'"* for v taken from the A \ Q-side. Using the entropy
condition (2.12) on T'"*, we obtain that p > p; and p > p; on I'"*. Moreover,
v1(P) = (v-7)(P) # 0 for point P € T specified in Definition 3.1(viii). There-
fore, w#0 at P. Then the vorticity is not identically zero on Tt

6. Using Lemma 3.4, we can formally choose f(s) = s? with g(s) = 0 by (3.9), and
use ¢ = 1 to obtain that, by (3.12).

O:—/ ‘g‘2pv~udl>0.
r

shock p

The strict inequality above follows from Definition 3.1(vii) and Lemma 3.5. This
(formally) shows that assumption (3.3) leads to a contradiction. A minor techni-
cal point is that function f(s) = s? does not satisfy the assumption of Lemma 3.4:
[ f'llco ) < o0.

To make this rigorously, we approximate f(s) = s by the functions that sat-
isfy the assumptions of Lemma 3.4 and verify the limit process of this approxi-
mation. More specifically, for any M>1, define fy; € CY(R) by fa(0) =0 and
fa(t) = 2min{|t|, M}sign(t). Then
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Far(t) = t? if [t] < M,
MY M2 +2M(|t) — M) if [t] > M.

It follows that || f3,]|co.1(r) < oo and the function defined by (3.9) is

o [0 if [t < M, .
I = o2 - M) i Jt] > M. (347)

Now (3.12) holds with f;, g, and any ¢ € C°°(IR?). Choosing ¢ = 1, then we have

| o rde = [ o) (vov)a (3.48)

Tint
We send M — co. Clearly, gps(X) — 0 pointwise in Q. Also, from (3.47), we obtain

lgpr ()] <2t forall M > 1 and t € R.

Thus, using that X € L2(Q) and p € L>°(2), we have

/ng(X)d£—>O as M — oo,
Q

by the dominated convergence theorem. Also, since X € L°°(I''"*) by assumptions
(1)—(i1), then it follows from the explicit form of f, that

/ pfv(X) (v-v) dl:/ p| X2 (v-v)dl for all M > || X || oo (pint).
Tint Tint

Thus, sending M — oo in (3.48), we obtain
/ p|X?(v-v)dl = 0.
Tint

Since p € [Cy*, Cy] by assumption (ii) and v - v < 0 on T, for i = 2,--- , Na,
from Definition 3.1(vii), we obtain

/ p| X ? (v-v)dl > 0.
pint

This is a contradiction since p € [Cy ", Cp), v-v < —C~' on T'"* by Definition
3.1(vii), and e (and thus X) is continuous and not identically zero on I''** by Lemma
3.5.

This completes the proof of the fact that, under the assumptions of the theorem, it
is not possible that (3.3) holds.

7. We now complete the proof as claimed. On the contrary, assume that
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ve H\(Q). (3.49)

Then, combining (3.49) with the assumptions in the theorem, we have
ve H(Q)NL®Q), C'<p<C, C'<p<C, (3.50)

where C, C > 1, and we recall that p = %. We show that, with these properties, we

can obtain from the weak form of the Euler system (2.6)—(2.7) that
/ ((pv~Vv—|—pv) -C—pdiv(:) d¢=0 (3.51)
Q

for any ¢ = ((1,¢2) € CH(2;R?). To show (3.51), we compute for j = 1,2, using
(3.50)-

2 9 )
/sz/’;vivjai(j di_/QP;vi&(ijj)dE/Qp;vi(aivj)gj e

:/pv'V(ijj)dé—/P(V'VUJ')deS-
Q Q

(3.52)

Next, by the properties in (3.50), we can use the test function ¢ = v;(; in (2.6) to
obtain

/ pv - V(v;¢;)d€ = / 2pv;¢; dE.
A Q
Substituting this into the last expression of (3.52) forJ = 1,2 we have
/ pv v : DCdE :/ (20v — p(v - V)v) - (dE.
Q Q

Substituting this into (2.7), we obtain (3.51). From (3.51) and the fact that
pv - Vv + pv € L?(Q) by (3.50), it follows from (3.51) that the weak derivative of
p exists in Q and that Vp € L?(Q). Then, using (3.50), we have

p€ H' (Q)NL¥(Q).
From this, since p = (yp)'/7 and C~' < p < C, we obtain

p € HY Q)N L®(Q).

Combining this with (3.49), we obtain that (p, v) € H'(Q), which contradicts (3.2).
Then we conclude that (3.49) is false. o
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4 Applications to Transonic Shock Problems

In this section, we employ the general framework of Definition 3.1 and the main
theorem, Theorem 3.2, established in § 3 to analyze the low regularity of entropy
solutions of several transonic shock problems including the regular shock reflection
problem, the Prandtl reflection problem, the Lighthill diffraction problem, and the
Riemann problem with four-shock interactions.

First of all, in verifying the conditions of Definition 3.1, condition (viii) is often
difficult to be verified directly. The following lemma is useful for that; in fact, it is
used in all the applications we describe below.

Lemma4.1 Let (p, v) be a solution of the Riemann problem that satisfies conditions
(1)—(vii) of Definition 3.1 and assumption (i) of Theorem 3.2. Assume that

(a) TP =90 N IA; for some j € {1,---, M}, where A; are defined in Definition
3.1().

(b) TP is not a segment of straight line. In particular, denoting by P, and P, the end-
points of [, there exists a point P* € T''"* \ {P;} such that 7(Py) # +£7(P*),
where 7 (-) is a unit tangent vector to I'"* at a point.

© (v-7)(P) #0.

Then condition (viii) of Definition 3.1 is satisfied.

Proof By re-indexing sets A;, we can assume that '™ = 9Q N JA;. Then (p1,v1)
is the uniform state in A,, where p, is constant and v; = (ugl), uél)) — & with a con-
stant state (ugl), ugl)). This state is called state (1).

We show the existence of a point P in the relative interior of "t such that the
curvature of I is non-zero at P and (v - 7)(P) # 0. Denote by S the line tangential
to @ at P,.

Denote by Q the intersection point of line S and line L through center
0, = (ugl), u(21)) of state (1) perpendicular to S. Note that, for any point P,
vy =01 — P so that (vi-75)(Q) =0 and (vy -75)(P) #0 for all P € S\ Q,
where we recall that v; is the pseudo-velocity of the uniform state in A; which also
defines v, on the whole R2. Denote by @ the point on S such that I coincides with
S between points P, and @, but not on any larger interval extended through Q. Note
that it is possible that Q = P, but Q # P* since the tangential line to @ at P* is
not parallel to L by our condition (b).

If Q # Q, then (v-7)(Q) = (v1-7)(Q) # 0, where v is the velocity on i
from the Q-side and we have used (2.10). Also, from the definition of Q, in any
neighborhood of Q, there exists a point P € T'i"* with nonzero curvature. Thus, it
follows from the C>-regularity of T'i™ in its relative interior (by condition (v) of
Definition 3.1) and the continuity of v in Q near and up to I'\"* (by assumption (i)
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of Theorem 3.2) that there exists a point P € (T'in®)0 with non-zero curvature and

(v-7)(P) #0.

Therefore, the remaining possibility is that Q = Q. Note that (v; - 75)(Q) = 0.
Moreover, using condition (c), the Rankine-Hugoniot conditions, and the regularity
of '™ and (p, v) given in condition (v) of Definition 3.1 and assumption (i) of Theo-
rem 3.2, we see that (vy - 75)(P1) = (v-7g)(P1) # 0. This implies that Q # P;.
Also, since Q # P* as we discussed above, then () # P* for the present case. Thus,
for the present case () = Q, it follows that Q is an interior point of I'"*, and the part
of T between P, and Q lies on the straight line S. In particular, line S is tangential
to Tt at Q. We now shift and rotate the coordinates to have the origin at Q and the
coordinates &, and &, to be along S and L, respectively. Then O; = (0, ;) for some
71 € R (in fact, 91 # 0 by condition (v) of Definition 3.1, but this will not be used
below). To fix notation, let the ¢ —axis along S be oriented so that P; = ({p,,0)
with £p, < 0. Since S = {& = 0} is tangential to '™ at Q = (0,0), then curve
" N B,.(Q) is a graph for some 7>0: There exists f € C%(R) such that

I N B(Q) = {(&, f(&1)) : & € (a,)}

for some a < 0,b > 0, and f= 0 on (a, 0), where the last assertion holds because I'"*
lies on S'between P, and Q. Thus, f/(0) = f”(0) = Osothat|f’(&1)] < O(e)&; forall
& € (—e,¢),where O(e) — 0ase — 0F. Forany P = (&, f(£1)) € '™ N B.(Q),
we have

(1, (&)

vi(P) =01 — P = (=1, 92 — f(&1)), T(P)=w~

Then

P) = —& 4 (G2 = fES'(&) _ =& +0()&
L+ (f'(61))? L+ (f'(&1))

for & € (0,¢) if € is small. Thus, v-7 =vy -7 # 0 at any P = (&1, f(&1)) with
€1 € (0,¢). Since Q = Q, i.e., for every £>0, there exists a point & € (0, €) such that
" has non-zero curvature at P = (&1, f(£1)), it follows that there exists a point P,
at which the tangential velocity and the curvature of I''"* are nonzero, in the present
case. This completes the proof. o

(vi-7)( = #0

4.1 Lower Regularity of the Regular Shock Reflection Solutions for the Isentropic
Euler System

The first Riemann problem we address is the regular shock reflection problem for
the isentropic Euler system (2.1). When a plane incident shock Sy := 'Y, hits a
two-dimensional wedge, a shock reflection-diffraction configuration takes shape. The
incident shock S, separates two constant states: state (0) with velocity u® = (0,0)
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and density p, ahead of the shock, and state (1) with velocity u(!) = (u(ll), 0) and

density p, behind the shock, where p; > po, and ugl) > 0 is determined by (po, p1, )

through the Rankine-Hugoniot conditions on S,. The incident shock S, moves in the
direction of the x,—axis and hits the wedge vertex at the initial time. The slip bound-
ary condition u - v = 0 is prescribed on the wedge boundary, where u is the velocity
of gas. Since state (1) does not satisfy the boundary condition, the shock reflection-
diffraction configuration occurs at later time, which is self-similar. Depending on the
flow parameters and the wedge angle, there may be various patterns of shock reflec-
tion-diffraction configurations, including Regular Reflection and Mach Reflection.

The regular reflection problem is a lateral Riemann problem in the region
A:Rf_\{x w1 >0,0< 2o <x1tan0W},

where RY = R? N {z1 > 0}. We seek (p, u)(x, t) satisfying system (2.1) in A with
the boundary condition u - ¥ = 0 on JA and the initial data:

(po, u®) ifxe An{x; <0},

(p;u)(x,0) = {(m,u(l)) if x € An{a; > 0}.

This initial-boundary value problem is invariant under scaling (2.2), so we seek a
self-similar solution (p,v) = (p, v)(€), where the self-similar variables & and the
pseudo-velocity v = u — £ are introduced in § 2.1.

First, consider the problem with an assumption on the symmetry with respect to
the x,—axis. Then we can consider only the upper half-plane {2 > 0} and prescribe
the slip boundary condition u - = 0 on the symmetry line {x5 = 0}, so that there is
only one reflection point P, to be considered (see Figs. 2-3).

Fig. 2 Supersonic regular reflection
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Fig. 3 Subsonic regular reflection

The regular shock reflection-diffraction configuration is characterized by the fact
that the reflection occurs at point P, of the intersection of the incident shock with the
wedge boundary. Figures 2—3 show the structure of regular shock reflection-diffrac-
tion configurations in self-similar coordinates.

A necessary condition for the existence of a regular reflection-diffraction configu-
ration is the existence of the constant state (2) and the reflected shock line such that
state (2) satisfies both the slip boundary condition on the wedge and the Rankine-
Hugoniot conditions (2.9)—(2.10) on the shock with state (1) across the reflected
shock line written at P,. These conditions lead to a system of algebraic equations for
the constant velocity and density of state (2). Moreover, the entropy condition (2.8)
becomes an inequality in terms of the parameters of states (1) and (2).

It is well-known (see e.g. [CF18, Chap. 18] for the full Euler system case; the
argument for the isentropic Euler system case is similar) that, given the parameters
of states (0) and (1), there exists a detachment angle 64 € (0, ) such that the system
of algebraic equations for parameters of state (2) has two solutions for each wedge
angle 0, € (64, %) such that the entropy condition (2.8) is satisfied for the resulting
two-shock configuration. These two solutions become equal when 6,, = <. Thus,
two types of two-shock configurations occur at P for each 6, € (65, %). For such
0, state (2) with the smaller density is called a weak state (2). It is expected that
the weak state (2) is physical, while the strong state (2) is not stable as the wedge
angle tends to 5 (as shown in [CF10] for the potential flow case). In the case of the
potential flow model, the global existence of regular shock reflection solutions for all
bw € (6%, F) with (p, u) at P determined by the weak state (2) has been established
in [CF10, CF18]. For the full or isentropic Euler system, the existence of regular
reflection solutions is an outstanding open problem. From now on, state (2) always
refers to the weak state (2), which is unique for each 6, € (65, ).

Furthermore, it follows from the Rankine-Hugoniot conditions (2.9)—(2.10) on the
straight shock Sy := T}, ., between states (1) and (2), the slip boundary condition

on the wedge for state (2), vi(£) = (ugl), 0) — &, and vo(€) = ug — £ that
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The shock line Sy between states (1) and (2)

4.1
is not vertical for all 0 € (%, g) @1

Moreover, from the entropy condition (2.12) on S;, we have
p2 > p1. 4.2)

Depending on the wedge angle, state (2) can be either supersonic or subsonic at P,
-1
i.e., either |va(FPp)| > c2 or the opposite inequality holds, where co = p,? s the

(constant) speed of sound of state (2). Moreover, for 6, near 3 (resp. for 0, near 6d),
state (2) is supersonic (resp. subsonic) at P,,. The type of state (2) at P, for a given
wedge angle 0, determines the type of reflection, supersonic or subsonic, as shown
in Figs. 2 and 3, respectively.

Definition 4.2 (p,v) € L*°(A), with p € BVioc(A NN, (0A)) for some r >0,
is called an entropy solution of the regular shock reflection problem if (p,v) is an
entropy solution of system (2.3)—(2.4) with slip boundary condition (2.13) in the
sense of Definition 2.2, which satisfies the asymptotic conditions:

RiH;O [(0sv) = (7, V)llo,a\Br(0) = 0,

where

(, \7) _ <P07V0) for gl > g?a
& (pr,v1)  for & <&,

and £ > 0 is the location of the incident shock S, on the self-similar plane.

Next, we define the points and lines in Figs. 2-3. The incident shock S, is line

)

{& = &0} with €0 = Zﬁlpo > 0. The center, Oy = u® = (u?), ug)), of the sonic
circle B, (O2) of state (2) lies on the wedge boundary between the reflection point
P, and the wedge vertex P for both the supersonic and subsonic cases.

Then, for the supersonic case, i.e., when |va(Py)| =|PyO2| > c2 so that

Py ¢ B.,(02), we denote by P, the upper point of intersection of 9 B,., (O2) with the
wedge boundary such that O2 € P3Pj. Also, the sonic circle 9B, (O2) of state (2)
intersects line S}, and one of the points of intersection, P; € A, is such that segment
Py P, is outside B, (O2). Denote the arc of 0B, (O2) by I'sonic = P1 Py. The curved
part of the reflected-diffracted shock is T'shock = P1 P2, where Py € {£3 = 0}. Then
we denote the line segments sy := PoP3 and I'yeqge := P3P4. The lines and
curves I'shock, I'sonics 'sym, and I'weqge do not have common points, except their
endpoints Py, - -+, Py. Thus, I'spock U sonic U 'sym U I'yedge 18 a closed curve with-
out self-intersection. Denote by Q the bounded domain restricted by this curve.
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For the subsonic/sonic case, i.e., when |va (Py)| = |PoO2| < casothat Py € B, (02),
the curved reflected-diffracted shock is I'shock = Po P>, which does not have com-
mon interior points with the line segments I'syy, = PoPs and I'yedge = FoF3. Then
Pshock U l'sym U I'wedge 1s a closed curve without self-intersection, and Q is the
bounded domain restricted by this curve.

Furthermore, in some parts of the argument below, it is convenient to extend
problem (2.3)—(2.4) and (2.13), given in A by even reflection about the & —axis, i.e.,
defining

(™, v) (=1, &2) o= (0, Vo) (&1, &2) for any § = (£1,€2) € A.

Then (p®*, ve*t) is defined in region A®*' obtained from A by adding the reflected
region A, i.e., A = AU {(£,0) : & < 0} U A~ Inasimilar way, region Q and
curves Igpock € O and Py P, can be extended into the corresponding region Q°*
and curves 'S | C 90 and Py P, P§*".

Now we give the definition of a global regular shock reflection solution. The intuition
for the definition is the following: The regular shock reflection solution is an entropy
solution of the regular shock reflection problem in the sense of Definition 4.2 which
has the structure shown in Figs. 2-3, where (p, v) coincides with those of states (0),

(1), and (2) in their respective regions. As we discussed above, the necessary condition

is the existence of state (2), which means that the wedge angle satisfies fw € (6%, 3)-

Moreover, it is expected that the solution is relatively regular in Q. However, we show
below that it is not possible that v € H'(2). On the other hand, from the physical/
computational experiments and the theoretical results in the case of potential flow, it is
expected that I'gpock is @ smooth curve and v is smooth near and up to I'spock U Dsonic
in Q. Moreover, the regularity discussed is expected for the shock reflection-diffraction
configuration extended to {£; < 0} by the even reflection about the & —axis (since this
is the original shock reflection-diffraction configuration). In particular, the extended

shock curve I'SE , is smooth, which shows that I'shock must be orthogonal to gy,

at P,. Then, noting that the pseudo-velocity of state (1) is V1(§) = (u{V,0) — & with
)'> 0and {P>} = Tghock NTsym C {&1 < 0}, it follows that vector v on Igpock
near P, points into €. It is then expected that this holds on the whole shock I'shock,
unless the jumps of the velocity and the density across the reflected-diffracted shock
are degenerate at some points (which are not expected). Then it follows from (2.10) for
Ishock that v on Igpecx from the Q-side also points into Q. On the sonic arc (for the
supersonic reflection), the jump of the velocity is not expected, and velocity vo of state
(2) on ['gppic points into Q (as v points along the radial direction of the sonic circle of
state (2) towards its center Oy € P3 Py). Therefore, it is expected that

(1
Uy

v-v § *071 on fshock U fsonic (43)

for some C>0, where v on the curves is taken from the Q-side and v is the outer
normal with respect to Q.
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Based on the remarks above, we define the notion of regular shock reflection
solutions:

Definition 4.3 Fix the wedge angle 6., € (6%, %), and let domain A = A(6,,) as
defined above. An entropy solution (p, v) of the regular shock reflection problem in
the sense of Definition 4.2 is called a regular shock reflection solution if (p, v) satis-
fies the following additional properties:

If state (2) for 6, is supersonic at Py, i.e., |[va(Fp)| > ca, the solution has the
supersonic reflection structure as on Fig. 2. If state (2) for ,, is subsonic or sonic at
Py, i.e., [va(Py)| < cg, the solution has the subsonic reflection structure as on Fig. 3.
More specifically,

(i) The extended reflected-diffracted shock curve Py P Pg** is C! up to its endpoints.

(i) (p, V) is continuous in Q2 NN, (Psnock U Dsonic) for the supersonic reflection, and
in Q NN, (Tshock ) for the subsonic or sonic reflection, for some > 0.

(iii) The solution coincides with states (0), (1), and (2) in their respective regions: for
the supersonic reflection case,

(po, Vo) for £ > €Y and & > & tan b,
(p,v) =< (p1,v1) for & < €Y and above curvePy Py P,
(p2,v2) in PyPy Py,

where £9 > 0 is the location of the incident shock S, on the self-similar plane;
and for the subsonic or sonic reflection case,

(V) = (po, Vo) for & > &) and & > & tan 6,
Py = (p1,v1) for & < £9 and above curve PP,

and _lim  (p.v)(6) = (2, v2)(P0).

(iv) (4.3) holds for some C>0, where v on the curves is taken from the Q-side and v
is the outer normal with respect to Q.

(v) The flow is pseudo-subsonic in Q on and near ['gpock, except for the sonic point
P, for the supersonic or sonic reflections, i.e., |[v| < ¢ on Tghocx \ { P} for super-
sonic and sonic reflections, and on g,k for strictly subsonic reflections, where
v on ['gpock 1s computed from the Q-side.

Remark 4.4 The curve, I'shock, cannot be a straight segment. Indeed, if the shock is
a straight segment, then it lies on a vertical line passing through P,, since the tangent
line to I'shock at P, is vertical by condition (i) of Definition 4.3. On the other hand,
the tangent to I'shock at P, for the supersonic reflection and at P, for the subsonic
reflection is tangent to the straight shock S, between state (1) and (2), where, for the

subsonic case, this follows from the property:  lim  (p,v)(&) = (p2, v2)(P)
£€Q, € Py
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in Definition 4.3(iii) by using the Rankine-Hugoniot conditions (2.9)—(2.10) on the
shock. As we have shown above, the straight shock between states (1) and (2) is not
vertical. This shows that I'gpcx cannot lie in a straight line.

Remark 4.5 For the supersonic reflections, it follows from conditions (ii)—(iii) of
Definition 4.3 and the Rankine-Hugoniot conditions that (p, v) is continuous across
the sonic arc Py Py = Tsonic:

cea (0, V)(€) = (p2,v2(P))  for any P € Tsonic. (4.4)

Theorem 4.6 Let (p, v) be a regular shock reflection solution in the sense of Defini-
tion 4.3. Assume that (p, v) satisfies the following:

(i) The reflected-diffracted shock I'spock = P1 Po is C? in its relative interior, and C!
up to endpoints P, where P, is replaced by P, if the subsonic shock reflection
occurs at Py;

(i1) for some >0,

(pa V) € Cl ((NO' (Fshock ) Fsonic) n ﬁ) \ {Pl}) N CO’I (Na(rshock U I\sonic) n ﬁ)}
where P, is replaced by P, if the subsonic shock reflection occurs at Py;

(iii) |v] < Cp and C’O_1 < p < Cyin Q for some Cy > 1.
Thenv ¢ H(Q).

The proof of Theorem 4.6 will be given for the more general non-symmetric case
below (Theorem 4.10), based on the observation in Remark 4.8.

Next, for the non-symmetric regular shock reflection problem, based on the argu-
ment near the reflection point P, for the symmetric case above, there are four configu-
rations depending on whether the solution at P, and P, is subsonic or supersonic. As
two examples of them, Figs. 4 and 5 exhibit the structures of two supersonic regular
reflections and two subsonic regular reflections, respectively. In light of Definition
4.3, we define the regular reflection solution for the non-symmetric case. Let the
wedge angle 6, = 63, + 62 with 0%, € (65, Z), where 0%, is the angle between I',
and the &,—axis fori = 1, 2. Let

A=RI\{¢: & >0, —&tanby < & < & tandy, ).

Let €Y > 0 be the location of the incident shock S, on the self-similar plane.

We call (p,v) € L>®(A), with p € BVioc(A N N,.(OA)) for some >0, an entropy
solution of the non-symmetric regular shock reflection problem if (p, v) is an entropy
solution of system (2.3)—(2.4) with the slip boundary condition (2.13) in the sense of
Definition 2.2, which satisfies the asymptotic conditions:

(P, v) = (P, V)llo.a\Br(0) = 0,

lim ||
R—o0

where
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Fig. 4 Non-symmetric supersonic regular reflection

5,%) (po, vo) for & > &7,
(p1,v1) for & < &Y.

Then we can define the non-symmetric regular shock reflection solution.

Definition 4.7 For given angles 0% with 6%, € (6%, %) for i = 1,2, an entropy solu-
tion (p,v) is called a non-symmetric regular shock reflection solution of the non-
symmetric regular shock reflection problem if (p, v) satisfies the following additional

properties:

(i) If state (2) at P, and state (3) at P, are both supersonic, i.e., |[va(Fp)| > c2 and
|[va(Py1)| > c3, the solution has the supersonic reflection structure as in Fig. 4 at
both points P, and P,. If state (2) at P, and state (3) at P, are both subsonic or
sonic, i.e., [va(Pp)| < ¢z and |[va(Py)| < ¢s, the solution has the subsonic reflec-
tion structure as in Fig. 5.

(i) The reflected-diffracted shock curve Py P; is C' up to its endpoints.

(iii) (p, v) is continuous in NN, (Tsnock U T2 UTS ;) for the supersonic
reflections, and in Q N A, (Tshock ) for the subsonic reflection, for some #>0.

(iv) The solution coincides with states (0), (1), (2), and (3) in their respective regions:

( ) for & > &9, & > & tanfl
( ) for & > €9 & < —& tan 62
(p,v) =< (p1,Vv1) for & < &7, and the left to curve PyPy,
( ) in Ao if state (2) at Py is supersonic,
( )

in Az if state (3) at Py is supersonic,

@ Springer



Low Regularity of Self-Similar Solutions of Two-Dimensional Riemann... Page 31 of 46 8

Fig. 5 Non-symmetric subsonic regular reflection

where £9 > 0 is the location of the incident shock S, on the self-similar plane,
and

lim  (p,v)(&) = (p2,va)(P) if state (2) at Py is subsonic or sonic,
¢en, - Py

lim  (p,v)(&) = (ps,v3)(P1) if state (3) at P; is subsonic or sonic.
€€, E—P

(v) (4.3) holds for some C>0, where Isonic is replaced by T'2, .. UT3 . v on the
curves is taken from the Q-side, and v is the outer normal with respect to Q.
(vi) The flow is pseudo-subsonic in Q on and near ['gpock, €xcept for the sonic points

P, and P; if they exist, point P, if state (2) is sonic at P, and point P, if state (3)

is sonic at P;.

Remark 4.8 Similarly as stated in Remark 4.4, curve I'gyocx cannot be a straight seg-
ment, which will be addressed in more detail in Step 3 of the proof of Theorem
4.10 below. Moreover, if 01 = 62, the symmetric regular shock reflection problem
is a special case of the non-symmetric regular shock reflection problem, by defining
(P&, vext) (€1, —&3) 1= (p™F, voxt) (&1, &) forany € = (£1,&2) € A. Therefore, we
only prove the low regularity of the non-symmetric regular reflection solution below,
since the low regularity for the symmetric case follows directly.

Remark 4.9 For the supersonic reflections, it follows from conditions (ii)—(iv) of
Definition 4.7 and the Rankine-Hugoniot conditions that (p, v) is continuous across
the sonic arcs T2, UT3 . -

EGS%%I?%P(IO’ v)(&) = (p2,vi)(P) forany P el . if |vi(Py)| > ¢ for i=2,3.
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Theorem 4.10 Let (p, v) be a non-symmetric regular shock reflection solution in the
sense of Definition 4.7. Assume that (p, v) satisfies the following:

(i) The reflected-diffracted shock T'ypock = PoP3 is C? in its relative interior, and
C" up to endpoints P, and P;, where P, (or P;) is replaced by P, (or P,) if the
subsonic shock reflection occurs at P, (or P,);

(ii) For some 6>0, (p,v) € C" ((Ny(Tshock U Thonic UT%0i0) N )\ {Ps, P3})
NCP! (N (Tsnock U Tionic UT200ie) NQ), where P, (or Pj) is replaced by P
(or P)) if the subsonic shock reflection occurs at P, (or P,);

(iii) |v] < Cp and C’O_1 < p < Cyin Q for some Cy > 1.
Thenv ¢ H(Q).

Proof 1t suffices to check that the assumptions of Theorem 3.2 are satisfied. We
divide the proof into four steps:

1. Since the cases with one supersonic reflection and one subsonic reflection can
be treated similarly, we focus only on the non-symmetric supersonic reflection solu-
tion (see Fig. 4) and the non-symmetric subsonic reflection solution (see Fig. 5) in
the proof below.

2. We first show that the non-symmetric regular reflection solutions satisfy condi-
tions (i)—(vii) of Definition 3.1 and assumptions (i)—(iii) of Theorem 3.2. The prop-
erties described in Definition 3.1(i) with M=5 for the non-symmetric supersonic
reflection solutions and with M=3 for the non-symmetric subsonic reflection solu-
tions by Definition 4.7(iv), and with A; being the region of possible state (0), (1),
(2), or (3). Moreover, condition (ii) of Definition 3.1 also holds for the regular shock
reflection solutions because states (0), (1), (2), and (3) are four different constant
states, specifically pp < p1 < p2 and pg < p1 < ps.

The property in Definition 3.1(iii) holds, i.e., 02 is a Lipschitz curve, by Definition
4.7(ii) and the fact that the rest of OS2 consists of the straight segments and the arcs of
the circles for the supersonic reflection, and the angles of vertices P;,j = 1,2,--- , 6,
for the non-symmetric supersonic reflection and of vertices P, P,, and P, for the non-
symmetric subsonic reflection are all within (0, 7).

For the non-symmetric supersonic reflection, Ny =2 and N2 =3, with

T =T o= PaPs, D9t =T2 =PP;, TP =Tuea = PPy,
it =72 . =PPs,and TP =T3 . = P3P,

For the non-symmetric subsonic reflection, N; =2 and N; =1, with
reet = Fivedge = PyPy, T = ngedge = PPy, and T = Tgp0e = PP

In both the non-symmetric supersonic and subsonic reflection cases, all the
requirements of Definition 3.1(iv)—(v) hold, by the regularity of I'spock given in Defi-
nition 4.7(ii) and the facts that the angles in the corner points of Q are within (0, )
for the non-symmetric regular reflection except for point P,, where condition (3.1)
holds with §~ = 6 and 6+ = 27 — 62 . Also, point Py = (0,0) for the non-symmet-
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ric regular reflection solution is point Py = (0, 0) as described in Definition 3.1(iv).
Moreover, P, is the common point of I{** = T'{, ., and T§** =T, for both the

wedge
regular supersonic and subsonic reflections, as described in Definition 3.1(iv).

Now we show that the requirements of Definition 3.1(vii) hold. Clearly,
I = Typock is a shock, and v - v < —C'~! where v on TPt is taken from the Q—
side and v is the outer normal with respect to Q by property (v) of Definition 4.7 of
the non-symmetric regular reflection solution. Also, for the non-symmetric super-
sonic reflection, TPt = T2 . and T = T3 . are an arc of the sonic circles of
state (2) and state (3), respectively, which imply that vo - v = —|va| = —c3 < 0 on
2 ..andvs-v=—|vsz|=—c3 <0onT3 , . Using the boundary conditions that

2

v=vyonTZ . andv =v3onT3 . by Definition 4.7(iv), we obtain that

v.v=—c;<0onT? ,, viv=—c3<0onT3 ..
Thus, the requirements of Definition 3.1(vii) hold.
Next, since I'"* = Dgpoec UTL i UTZ . assumptions (ii)—(iii) of Theorem

4.10 imply that assumptions (i)—(ii) of Theorem 3.2 hold for the regular shock reflec-
tion solution.

Therefore, we have shown that conditions (i)—(vii) of Definition 3.1 and assump-
tions (i)—(ii) of Theorem 3.2 hold.

3. It remains to show that the requirements in Definition 3.1(viii) hold. This is
achieved by the use of Lemma 4.1. Thus, it remains to show that conditions (a)—(c)
of Lemma 4.1 are satisfied below.

Condition (a) is satisfied since A, is the region of state (1) as shown in Figs. 4-5
above, and g0 = A1 N O in both the supersonic and subsonic cases.

We now check condition (b) of Lemma 4.1. Assume that I'ypock s a straight
segment. Recall that S; =T} ., is the straight shock between states (1) and
(2), i.e., the line passing through points P, and P, for the supersonic reflection,
and through P, for the subsonic reflection. Using Definition 4.7(iv), we obtain
that (p,v)(P2) = (p2,va)(P) for the non-symmetric supersonic reflection, and
(p,v)(Po) = (p2,v2)(Py) for the non-symmetric subsonic reflection, where (p, v)
in both cases is computed from the Q-side. Thus, the tangent line to I'™ = Tgjoek
at the upper endpoint, i.e., at P, for the non-symmetric supersonic reflection and
at P, for the non-symmetric subsonic reflection, is line S;. Similarly, we have the
tangent line to I = ['g,0cx at the lower endpoint, i.e., at P; for the non-symmet-
ric supersonic reflection and at P, for the non-symmetric subsonic reflection, is line
Sy = Fshock. Hence, if I'shock 1 a straight segment, then I'gpock lies on both lines S,
and S,; in particular, these lines coincide. It follows that S; = S5 is the line passing
through P, and P, and I's,ck lies within interval Py P;. However, the wedge is con-
vex since 0%, € (0, %) fori = 1,2, so Py Py lies within the wedge, thus outside A. It
follows that I'gnocc € Po P lies outside A, which contradicts the structure of regular
reflection-diffraction configuration. That is, the assumption that I'spock is a straight
segment leads to a contradiction, which verifies (b) of Lemma 4.1.
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Next, we show condition (¢) of Lemma 4.1 is satisfied.

Consider first the case of reflections that are supersonic at Py, i.e., |[va(FPp)| > c2;
see Fig. 4. Then we need to show that (v - Tghock ) (P2) # 0. Assume this is not true,
then (V- Tghock)(P2) = 0. Note that Tghock (P2) = T, and vio(P) = va(P2) by
Definition 4.7(i, iv) so that vo(P,) - 75, = 0 and

[V(P2) - Vshook| = [V2(P2) - Vs, | = |[Va(P2)| = c2,

which contradicts the last inequality in (2.12). Thus condition (¢) of Lemma 4.1 is
proved in the case when |va(Pp)| > co.

In the case of reflections that are sonic at P, i.e., |v2(Pp)| = c2 (see Fig. 5), the
argument is the same as above with only notational change: we use point P, here
instead of point P,.

It remains to consider the case of reflections that are subsonic at P, i.e.,
|[vo(Po)| < co; see Fig. 5. Assume that (v :Tgnoek)(Po) =0. Recall that
(p,v)(Po) = (p2,va)(Pp) for the subsonic reflection and S| is tangent to I'shock
at Py, as we have shown above. Thus, from (v - Tghock)(FPo) = 0, we obtain that
(vo - T5,)(Po) = 0. Since S, is the line shock between states (1) and (2), the last
equality implies by (2.10) that (v; - 75,)(Fy) = 0, so that line L through centers
0, = (ugl), 0) and Oy = (u?),ugz)) of states (1) and (2) (which is orthogonal to
S)) intersects S| at Py. Since Py € I'wedge, O2 € L N 'yedge (Where Oz € I'yedge
because v - ¥ = 0 on I'yedge), and L N Tyedge = {Fo}, it follows that O = P so
that vo(Py) = 0. Since vo(Py) = 0, it follows from the Rankine-Hugoniot conditions
(2.9)(2.10) on S, between states (1) and (2) that vy (Fp) = 0, thatis, O = Py. How-
ever, this is not true since O1 = (u!",0) for ul") > 0, while Py = (I cos 6L, Isin 62
for some />0. This contradiction shows that (v - Tspock ) (FPo) # 0, i.e., condition (c)
of Lemma 4.1 holds for the subsonic reflection at P,,.

Now all the conditions of Lemma 4.1 are verified for the regular reflection solu-
tions. Applying Lemma 4.1, we obtain that Definition 3.1(viii) holds.

4. Now, all the conditions of Theorem 3.2 are verified for the regular reflection
solutions. Then the conclusion of Theorem 4.10 follows from Theorem 3.2. o

4.2 Lower Regularity of the Prantl-Meyer Reflection Solutions for Supersonic
Flows Past a Solid Ramp

The second example is the Prandtl reflection problem for the isentropic Euler system
(2.1). This is of a self-similar structure that occurs when a 2-D supersonic flow with
density poo > 0 and velocity Voo = (Ueo, 0), Uso > 0, along the wedge-axis hits the
wedge in the direction at 1=0. See Figs. 6—7; also see Bae-Chen-Feldman [BCF13,
BCF24] and Elling-Liu [EL08].

Consider the problem in the self-similar coordinates & = (1, &) in the region:

A=R3\{&: & > max(0,& tanby) }.
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We seek global entropy solutions of the boundary value problem in the sense of
Definition 2.2.

First, a similar argument as made for the regular shock reflection at the reflection
point P, (see Figs. 2-3) yields that, at wedge-vertex P, for a given uniform incom-
ing flow (oo, Voo ), there is a detachment angle 6% € (0, Z) such that the system of
algebraic Egs. (2.9) and (2.13) for state (O) has two solutions for each wedge-angle
6, € (0,0¢) such that the entropy condition is satisfied for the two-shock configura-
tion. The weak state (O) with the smaller density is expected to be physical. So we
always refer to state (O) as the weak state (O). Similarly, it follows from the Rankine-
Hugoniot conditions (2.9) and the slip boundary condition (2.13) that

The shock line TS, . between states (O) and (co) is not parallel to Tyedge @5)
for all 0, € (0,63). '

Depending on the wedge-angle, state (O) can be either supersonic or subsonic at P;.
It determines the type of the reflection, supersonic or subsonic, as shown in Figs. 6
and 7, respectively.

Second, by a straightforward computation, we know that there exists a unique con-
stant state (V), which determines the normal reflection of state (co) from the wedge
boundary I'ycqge SO that state (V) satisfies the slip boundary condition (2.13) along
Iwedge and the Rankine-Hugoniot conditions (2.9) along a straight line ')y |, , which
lies in A and is parallel to I'yeqge-

Hinted by the solution structures given in [BCF13, BCF24, ELO08] for the poten-
tial flow, for any given wedge-angle 6, € (0,6%), an entropy solution (p, v) of the
boundary value problem in the sense of Definition 2.2 is called a regular Prandtl-

Fig. 6 Prandtl supersonic shock reflection
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Fig. 7 Prandtl subsonic shock
reflection

™~
~ F\vedge

Meyer reflection solution for the isentropic Euler system (2.3)—(2.4) if (p, v) satisfies
the following further properties:

(i) If state (O) at P, is supersonic, i.e., [vo(P1)| > co, the solution has the super-
sonic reflection structure as in Fig. 6 at point P,. If state (O) at P, is subsonic or
sonic, i.e., [vo (P1)] < co, the solution has the subsonic reflection structure as in
Fig. 7.

(i) The reflected shock curve I'gpock (i.€., P4 Ps for the supersonic reflection and
P, P, for the subsonic reflection) is C' up to its endpoints and is C? in its relative
interior.

(iii) (p, v) is continuous in Q@ NN, (Tshock UTN . UTQ ..) when |[vo(P1)| > co,
and in Q NN, (Cspock UTY ) when |vo(Py)| < co for some #>0.

(iv) The solution coincides with states (c0), (O), and (N) in their respective regions.
Specifically,

(pOOa VOO) in AOO7
(p,V) = (pvaN) in An,
(po,vo) in Ao if state (O) at Py is supersonic,
and
lim  (p,v)(&) = (po,vo)(P1) if state (O) at P; is subsonic or sonic.
geq, P
V) v-v<—C"lon Tshock U Fbomc N Fgmlc for some C>0, where v on the curves

is taken from the Q—side and v is the outer normal with respect to Q.

(vi) The flow is pseudo-subsonic in Q on and near ['gock, €xcept for the sonic points
P, and P; if they exist, or point P, if state (O) is sonic at P;.
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We remark that, for the supersonic reflections, it follows from (ii)—(iv) of the defini-
tion above and the Rankine-Hugoniot conditions that (p, v) is continuous across the
sonic arcs T'YY . and TQ . .

Then, following the arguments as for the proof of Theorem 4.10, we have the fol-
lowing theorem on the lower regularity of the regular Prandtl-Meyer shock reflection

solutions:

Theorem 4.11 Let (p, v) be a regular Prandtl-Meyer shock reflection solution for the
isentropic Euler system such that

(1) (pyv) € ct ((NU (Cshock U F;\énic U Fg)nic) n ﬁ) \ { Py, P’;}) neot (Na (Pshoek U Fsl\énic ] F;Jonic) n ﬁ)
for some >0, where P; is replaced by P, if the subsonic shock reflection occurs
at P;

(ii) |v| < Cp and C’O_1 < p < Cyin Q for some Cy > 1.

Thenv ¢ H(Q).

Proof For the supersonic reflection, M=3, N; =1, and N> =3 with
Al = ANs A2 = Aoo, A3 = AO; F?Xt = Fwedge = P2P3s 1_‘i1nt = I‘lshock = P4P5,
Lt =TN . = P3Py, and TP =TQ . = PP,

For the subsonic reflection, M=2, Ny = 1,and No = 2with A1 = Ay, Ay = Ao,
IS = Dyedge = P1P3, TP = Tgpoek = PLPy,and TP =T . = PPy

Then we can follow the proof of Theorem 4.10 to show that the regular solutions
satisfy the assumptions of Theorem 3.2 similarly. The only (slight) difference is in
showing that condition (b) of Lemma 4.1 holds. We need to show that I'gpock is not
a straight segment. Let us first consider the supersonic Prandtl reflection case; see
Fig. 6. Arguing as in the proof of Theorem 4.10, we show that, at point P, (resp.
Ps), curve Dghock is tangential to line T | (resp. TG 40 If Dshock is a straight
segment, we obtain that T | and 'S, lie in the same line. However, 'Y} is
parallel to I'ycqge With a positive distance from it, while Fsohock passes through point
Py € I'yvedge- This contradiction shows that I'gpoci s not a straight segment. In the
case of subsonic or sonic Prandtl reflection as in Fig. 7, we argue similarly, except
that we consider point P; instead of point P5 and use the fact that, in the subsonic or
sonic case, I'shock is parallel to 'S, at P, by the last equality in condition (iv) of the
definition of admissible solutions. Then we conclude in the same way as in the case
of supersonic Prandtl reflection. Thus, we do not repeat the similar arguments for the

proof. o
4.3 Lower Regularity of the Shock Diffraction Solutions of the Lighthill Problem

The third problem is the Lighthill problem, i.e., the shock diffraction problem, for the
isentropic Euler system. As discussed in [CFHX20] for the potential flow and shown

in Fig. 8, the Lighthill shock diffraction problem arises as a straight incident shock
passes through a wedge stepping down.
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Initially, we consider two piecewise constant Riemann data with the left state (1):

(p1, ugl), 0) for ugl) > 0 and the right state (0): (po,0,0), separated by a vertical
shock, which hits the wedge at the wedge-corner P,. Then the Lighthill shock dif-
fraction problem evolves in a self-similar structure as time goes on. In the self-similar
coordinates &, the incident shock '}, . is given by & = &). By a straightforward
calculation, it follows from the Rankine-Hugoniot conditions (2.9) and the entropy

condition (2.12) that the location of the incident shock satisfies 0 < &Y < ¢;, where
c = p;% is the sonic speed of state (1). Thus, as shown in Fig. 8, the incident shock

I'l oo interacts with the sonic circle Tgonic of state (1) and becomes a transonic

shock I'shock, and then I'gpocc meets wedge ngedge perpendicularly.

Let Ay, A, and Q be defined, as shown in Fig. 8. Let A = Ay U Ay U Q. An entropy
solution (p, v) of the boundary value problem in A in the sense of Definition 2.2 is
called a regular shock diffraction solution of the Lighthill problem for the isentropic
Euler system if (p, v) satisfies the following further properties:

(i) The diffracted shock curve I'spocx = PoPs is C! up to its endpoints and is C?inits

relative interior. Its tangent is perpendicular to ngedge at P, and is vertical at p__

(i) (p,v) is continuous in 2 NN (Fspock U Tsonic) for some #>0.

(iii) The solution coincides with states (0) and (1) in their respective regions.
Specifically,

(V) = (po,vo)  in Ao,
’ (p1,v1) in Ay,
where v = —€ and v; = (ugl)7 0) —&.

(iv)v-v < —=C~1 on Tgpoek U Tsonic for some C>0, where v on the curves is taken
from the Q-—side and v is the outer normal with respect to Q.

(v) The flow is pseudo-subsonic in Q on and near I'gpock except for the sonic points
P;.

Let M:2, Nl = 2, and N2 = 2 with Al = Ao, A2 = Al: F?Xt = F%vedge = P1P4,

ngt = ngedge = Plpg, ]_"ilnt = Fshock = P2P3, and Fi2nt = Fsonic = P3P4. Then,

following the proof of Theorem 4.10, we have the following theorem on the lower
regularity of the regular shock diffraction solutions.

Theorem 4.12 Let (p, v) be a regular shock diffraction solution of the Lighthill prob-
lem for the isentropic Euler system and satisfy the following:

(1) 129\% S Cl ((No (Fshock U 1_‘sonic) N ﬁ) \ {PS}) N 0071 (Na (Fshock U Fsonic) N ﬁ)
for some 0>0;
(ii) |v| < Cp and C’O_1 < p < Cyin Q for some Cy > 1.

Thenv ¢ H(Q).

Since the proof argument is similar to the one for Theorem 4.11, we omit the details.
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Fig. 8 Lighthill shock
diffraction problem
A 1
! 1—‘shock
1—‘sonic
Ao
Py
Q
1 r
p4 ch dee P, shock

4.4 Lower Regularity of the Riemann Solutions with Four-Shock Interactions

The final problem is the Riemann problem with four-shock interaction structure for
the isentropic Euler system. As discussed in [CCHLW25] for the Riemann problem
with four-shock interactions for the potential flow, initially in the x—coordinates, the
scale-invariant domains A; C R2, fori = 1,2, 3, 4, are defined by

A1:{X€R2 : *914<6<€12}, AQZ{XGRQ : 612<09<7T'*€32}7
A3:{XER2 : 7r—932<9<7r+934}, A4:{XGR2 : 7T+934<9<27r—014},

where 0 is the polar angle of point x € R? and the four parameters
012, 032,034,014 € (0,5). On each A;, suitable constant states (i) with values
(pi, v;) are given for the Riemann initial data such that any two neighboring states
are connected by exactly one planar shock discontinuity, which satisfies the Rankine-
Hugoniot conditions and the entropy condition for the isentropic Euler system. As
introduced in [CCHLW25], under the symmetry assumption that 615 = 614 = 64,
039 = 034 = 05, and states in A, and A, are the same constants, and under a structure
assumption that one forward shock is generated between states (1) and (j) and one
backward shock is generated between states (3) and (j), governed by the Rankine-
Hugoniot conditions (2.9) and the entropy condition (2.12), we expect the Riemann
problem develops a Riemann solution with the structure as shown in Fig. 9.

On the symmetry line that is the dashed line shown in Fig. 9, the velocity satisfies
(2.13) with v being the vertical direction. At the interaction points P, and P,, based
on an argument similar to the one for the regular shock reflection problem at the
reflection point P, with the symmetry line and state (2) in Fig. 9 corresponding to
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2
P5 Pﬁ

Fig. 9 Riemann problem with four-shock interactions

Iywedge and state (1) in Fig. 2, there exists a detachment angle 6 € (0, 3) depending
on the data such that, for 61,65 € (0,0%), there exist two constant states (5) and (6)
in A5 and A, respectively, satisfying the Rankine-Hugoniot conditions (2.9) and the
entropy condition (2.12). One corresponds to the strong shock and the other to the
weak shock. We always select the weak one because it expects to be stable in general.
Then there exists a sonic angle 6° € (0, #4] such that the state at P, (or P,) is pseudo-
supersonic if 61 € (0,6%) (or 6, € (0, 6°)) and is pseudo-subsonic if §; € (6, 64] (or
0 € (65,604)).

When 6; € (0,6°) at P,, there exist points P, and P on I'}_ .. (the sonic curve
of state (6)) such that shocks P; P, and P, Py are straight shocks and the state in A
with boundaries P P, T} ., and P, Ps is the constant state (6). Similarly, when
6 € (0,6°) at P,, there exist points Py and Ps on I'2 . (the sonic curve of state
(5)) such that shocks P3Py and P, Ps are straight shocks and the state in A5 with
boundaries P3Py, T2 ., and P4 Ps is the constant state (5). On the other hand, when
6, € [6°,04] at P, (or when 0y € [6%,64] at P,), the sonic arc, the straight shocks, and
Ag (or As) disappear near point P, (or P,), and state (6) (or state (5)) is the limit of
solution (p, v) in Q as the point tends to P, (or P,). It is direct to see that

The tangents to T}y .. at Py and Py are not parallel to each other, (4.6)
where P, is replaced by P, if state (6) is subsonic and P; is replaced by P, if state (5)
is subsonic.

Let A; fori =1,--- 6, if they exist, and let Q be defined as shown in Fig. 9. Let
A = R2. An entropy solution (p, v) of the boundary value problem in A in the sense
of Definition 2.2 is called a regular Riemann solution with four-shock interactions for
the isentropic Euler system if (p, v) satisfies the following further properties:

(i) Theshock curves T} = PoP3and %, = PsPg are C' up to their endpoints
and are C? in their relative interiors. Their tangents satisfy (4.6).
(ii) (p,v) is continuous in Q@ NN, (T} o UT L nic UTE o UTZ ) for some 7>0.

shock sonic

(iii) The solution coincides with the corresponding constant states in their respective
regions A;, fori = 1,--- |6, if they exist: Specifically,
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(Ph Vl) in A17
(p?a VQ) in A27
(p3;vs)  in As,
(p,v) = :
(p2,v2)  in Ay,
(p5,V5) in As if state (5) at Py is supersonic,
(ps, ve) in Ag if state (6) at P; is supersonic,
where
lim  (p,v)(&) = (ps,vs)(Ps) if state (5) at P, is subsonic or sonic,
£€Q, € Py
lim  (p,v)(&) = (ps, ve)(P1) if state (6) at P, is subsonic or sonic.
£€Q, g»Pl
(ivyv-v<—-CltonT} ,ulL . ul?% = UT2 . forsome C>0, where v on

the curves is taken from the Q—side and v is the outer normal with respect to Q.

(v) The flow is pseudo-subsonic in Q on and near '}, , UT? ., except for pos-
sible sonic points P,, P3, Ps, and Pg.

If state (5) at P, and state (6) at P, are both supersonic, then M=6, N; = 0, and
Ny =4 with A; (for i = 1,--- ,6) being given as in Fig. 9, '™ =T}, | = P, Ps,
Fmt - Fshock Ps P, Fii3nt F:omc P, Fg, and Filnt onnlc PsPs.

If state (5) at P, and state (6) at P, are both subsonic, then M=4, N; = 0, and
Ny =2 with A; (for i = 1,2, 3, 4) being given as in Fig. 9, A5 and A4 disappearing,
it =Tk . =PPy, and Fmt 2 o= PP

If state (5) at P, is supersonic and state (6) at P, is subsonic, then M=5, N1 = 0,
and Ny = 2 with A; (for i = 1,--- ,5) being given as in Fig. 9, A4 disappearing,
rpt =T = PP, and Fmt = Fg‘hock = PsP,and TPt =T2 . = P3Ps.

It state (5) at P, is subsonic and state (6) at P, is supersonic, then M=5, N; =0
and Ny = 3 with A; (for i = 1,--- ,6) being given as in Fig. 9, A5 disappearing,
Mt =T o =PP,and Y =T2 = PP, and TP =TL . = PP

Then, following the proof of Theorem 4.10, we have the following theorem on the
lower regularity of the regular Riemann solution, whose proof is omitted since it is

similar to the one for Theorem 4.10:

Theorem 4.13 Let (p, v) be a regular Riemann solution with four-shock interactions

for the isentropic Euler system and further satisfy:

(1) for some 0->0 (p V) eC! ((N (F;hock U Fshov:k U Fsoruc U 1—Eomc) 7) \ {P27 Ps, Ps, P6})
00071 (N (Flhock U Fshock U F:}omc U Fgomc) N Q) where Féomc - @ when it

does not exist for ¢ = 1, 2;
(ii) |v| < Cp and C’O_1 < p < Cyin Q for some Cy > 1.

Thenv ¢ H(Q).
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Appendix A. DiPerna-Lions-Type Commutator Estimates

In this appendix, we show the DiPerna-Lions-type commutator estimates (cf.
[DL89]), which have been used in the proof of Theorem 3.2 in § 3.

Lemma A.1 Let 2 C R™ be open and bounded, and n > 2. For >0, define

1 Cn
Ne(x) = 777(§) for a mollifier kernel n € C°(R™) satisfying 7(x) > 0 and
e e
fR,L x)dx = 1. Let b€ W,57(Q) and u € LY, (Q) for p,q € [1,00] such that
1
- —1— — < 1.Then, forany¢=1,--- ,n,
p g
Oz, ((bu)e — beus) — 0 in L, .(Q) ase — 07, (A1)

where we have used the notation F := F * 1),.
Proof Let supp(n) C Bjs. Denote
Aclu, b] := 0y, ((bu)e — beue).

We divide the proof into two steps.
1. We first show that, for all open ' € Q and ¢ € (0, 53, dist(€, 99)),

| Aclw, B]|| L1y < C(n,1, Q)|IVO|| o) el a(e)- (A2)
Notice that
Aclu,b] = 0, ((bu ) — buz) + O, ((be — )uc)

= (0a, (bu)e — b0y, uc) — by, ue + ueOy, (be — b) + (b — )0y, ue

4
=: Z Ie .

m=1

We now show that, for £ € (0, 53-dist(€', 99Q)),

e mllzr@y < Oy, Q)IVb|o@llullay — form=1,--- 4. (A3)

First, we estimate I, 1 = 0, (bu): — b0y, (u).. Forx € €/,

/naxl 1= ) (oy) — b)) u(y) dy

/ T, (¥ blx —ey) — bix )U(x —ey)dy.

B €
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Then we use the estimate of the difference quotient for a Sobolev function to obtain

that, for any & € (0, z1-dist(Q', 012)),

Hb(~ —ey) fb(~)‘

3

< C(n, Q)IVO| 1o (o ly| for each y € By.

Lr(Q)
Noting that [|u(- — ey)||La(ay < |lullza(o) for y and e as above, we have

[£c1

ey £ O )Tl lulr [ (3] ay.
M
which is (A3) for m=1.
For I, o = —bg,u. and I, 3 = u.0,, (b — b), (A3) follows from the standard
estimates.
Finally, we estimate I 4 = (b. — b)0y, u.. Forx € {/,

a0 = [ nlx = 3)0 ((x - 2) (45) - ) u(a) dyca

= / (Y )Nz, (Z)wu(x —¢ez) dydz.
Bar X By

Then we complete the proof of (A3) for I. 4 similar as for I, ; above, by using the
[P—estimate of the difference quotient for the b-term, and the L?—estimate of the shift
for the u-term. Then estimate (A2) holds.

2. Now we prove the convergence (Al). We first note that (Al) holds if u

has the higher regularity u € Wl’q(Q) and b as assumed. Indeed, in this case,

loc

Oz, (bu) € L{ (). Since Q is bounded,

Aclu, b = (8$1(bu)) * e — (O, 0)ctte — be (O, u0)e
— Oy, (bu) — Oy, bu — b0y, u =0 in Li,.(2) as e — 0.

For general u and b as assumed, the same convergence is obtained by approxima-
tion, and using (A2), via a standard argument that we briefly describe now. First,
let p € [1,00). To include the case that ¢ = oo, we argue as follows: Choose open
) €, then choose open " such that ' € Q" € Q. Let (bg,ur) € C(Q) be
such that by — b in VV]if(Q) and ur, — win L (Q). Replacing {uy} by its subse-
quence if necessary, we obtain

||ka||L:>o(Q//)||u — ’U/]{;”Ll(gz//) — 0 as k — oo. (A4)

Then, for each £ € (0, 3dist(’,09")), using the bi-linearity of A.[-,-] and esti-
mate (A2) on sets ' € " for (p,q) and (o0, 1) respectively, we have
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HAE[uvb]”Ll(Q/)
= ||A5[uk, bk] + Aa[u, b— bk] + AE[u — Uk, bk} HLL(Q/)
<N Acfug, be]ll oy + C(IV0 = Vbl Lo llull Lagary + Vb oo (o lu — urll 1 o)) -

Recalling that || Ac [ug, bi]|| 1 () — 0 as e— 0 for each k and using (A4), we obtain
that || Ac[u, b]|| L1 (o) — 0 as e— 0. In the remaining case (p, q) = (o0, 1), we argue
similarly, interchanging p and ¢ (resp. b and u), and, instead of (A4), we replace {by }
by its subsequence if necessary to obtain

||Vb - ka-HLl(QN)HukHLoo(Q//) —0 as k — oo.

Then we modify the rest of the argument correspondingly to conclude the proof.
O
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