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Short Abstract

The Computational Neuroscience of Head Direction Cells
Daniel Walters

The Queen’s College
Submitted for the Degree of DPhil in Experimental Psychology

Trinity Term 2011

Head direction cells signal the orientation of the head in the horizontal plane. This thesis shows how

some of the known head direction cell response properties might develop through learning. The re-

search methodology employed is the computer simulation of neural network models of head direction

cells that self-organize through learning. The preferred firing directions of head direction cells will

change in response to the manipulation of distal visual cues, but not in response to the manipulation

of proximal visual cues. Simulation results are presented of neural network models that learn to form

separate representations of distal and proximal visual cues that are presented simultaneously as vi-

sual input to the network. These results demonstrate the computation required for a subpopulation

of head direction cells to learn to preferentially respond to distal visual cues. Within a population

of head direction cells, the angular distance between the preferred firing directions of any two cells

is maintained across different environments. It is shown how a neural network model can learn to

maintain the angular distance between the learned preferred firing directions of head direction cells

across two different visual training environments. A population of head direction cells can update the

population representation of the current head direction, in the absence of visual input, using internal

idiothetic (self-generated) motion signals alone. This is called the path integration of head direction.

It is important that the head direction cell system updates its internal representation of head direction

at the same speed as the animal is rotating its head. Neural network models are simulated that learn

to perform the path integration of head direction, using solely idiothetic signals, at the same speed as

the head is rotating.
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Long Abstract

The Computational Neuroscience of Head Direction Cells
Daniel Walters

The Queen’s College
Submitted for the Degree of DPhil in Experimental Psychology

Trinity Term 2011

Within the rat brain there are classes of cells that signal spatial information. Place cells signal the

current location of the rat within its environment. Entorhinal cortex grid cells also signal the location

of the rat within its environment. The receptive field of each grid cell responds to multiple locations

of the rat within an environment such that the receptive field of a particular grid cell tessellates in

a hexagonal grid-like pattern. Head direction cells signal the current orientation of the head in the

horizontal plane.

Individual head direction cells exhibit stereotypical, approximately Gaussian, response profiles. Each

head direction cell has a single response profile that is centred upon a single preferred head direction.

Within a population of head direction cells, a single packet of neural activity will reflect the head

direction of the rat. In effect, head direction cells provide a neural compass for the rat.

This thesis explores the computational neuroscience of head direction cells. That is, how the known

properties of head direction cell responses may develop through learning, for both individual head

direction cells and populations of head direction cells, to produce the computations required for a rat

to navigate through its environment in the presence of visual input, and in the absence of visual input.

The research methodology employed is the computer simulation of firing-rate based neural network
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models of head direction cells that self-organize through learning.

Within a particular environment, the preferred firing direction of an individual head direction cell

can change if the visual cues in the environment are rotated. Previous research has shown that the

preferred firing direction of each head direction cell is influenced more by the rotation of distal visual

cues, relatively far away from the rat, than by the rotation of proximal visual cues, which are relatively

close to the rat.

This differential influence of distal visual cues upon head direction cell preferred firing directions,

compared to proximal visual cues, may be explained by the fact that, as the rat rotates, the bearings to

the distal visual cues directly reflect the head direction of the rat across different locations within the

environment. In contrast, the bearings to the proximal visual cues vary independently of the head di-

rection of the rat across different locations. This can allow a competitive learning mechanism, within

a feedforward neural network architecture, to form separate output representations of the distal and

proximal visual objects. Cells that respond to the distal visual cues then respond like head direction

cells to visual input from the environment.

This thesis begins with the development of a neural network model comprising a single layer of input

cells, connected through feedforward synapses to a single layer of output cells, which can, through

competitive Hebbian learning, form separate representations of distal and proximal visual cues that

are presented simultaneously to the network as input.
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The network is first simulated with orthogonal input representations. Within the layer of input cells,

separate, non-overlapping, subsets of the input cells are set to respond to either input from the distal

visual cue space, or input from a proximal object space. The computational problem that this model

must learn to solve is to form separate output layer cell representations of the distal and proximal cue

spaces. That is, an individual output layer cell must learn to respond exclusively to a narrow region of

either the space of distal visual cues or a proximal object space, but not both.

The simulation results show that, under the correct conditions, the neural network model can learn

to discriminate between distal and proximal visual cues that are presented to the network simultane-

ously. In particular, a rat must move through its environment in order that a population of output cells

may learn to form separate representations of the distal and proximal visual cues.

These results demonstrate the computation that is required in order for individual head direction cells

to be preferentially influenced by distal visual cues rather than proximal visual cues.

The network is then simulated with distributed input representations. Subsets of input layer cells

are permitted to overlap such that the subsets share a number of common input cells. This model

must learn to solve a harder computational problem than the model simulated with orthogonal input

representations. The distributed nature of the input representation means that an individual input layer

cell may signal visual input from the space of distal objects, then visual input from a proximal object,

at different model updates. Consequently, the model must learn to form separate output layer repre-

sentations of the distal and proximal object spaces when individual input layer cells can signal the
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presence of more than one object space.

In simulation, this neural network model can, under the correct conditions, learn separate representa-

tions of the distal and proximal object spaces. Careful replication of the experiments conducted for

the model with orthogonal input representations demonstrates that there is a general principle that is

robust with respect to the nature of the input representation: the statistical properties of distal and

proximal visual cues can help a competitive learning mechanism to form separate representations of

these cue spaces.

A property of a population of head direction cells is that the angular distance between the preferred

firing directions of any two head direction cells is maintained across different environments. This is

called an isomapping of head direction cell preferred firing directions.

A neural network model consisting of a single layer of input cells connected, through feedforward

synapses, to a single layer of output cells, which is, in turn connected to itself through excitatory

recurrent collateral synapses, can learn an isomapping of output layer cell preferred firing directions

across two visual training environments. The model learns the correct behaviour because the excita-

tory recurrent collateral synapses help to shape the activity profile in the output layer such that cells

which fire together in the first environment will tend to fire together in the second environment.

The results of simulating this model show that it is possible to learn an isomapping of output layer cell

preferred firing directions using visual input alone. The nature of the mapping between output layer
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cell preferred firing directions is dependent upon the strength of the excitatory recurrent collateral

synaptic input. Strong recurrent collateral synaptic input will produce an isomapping of output layer

cell preferred firing directions across two training environments. Weak recurrent collateral synaptic

input will, instead, produce a place cell-like complex remapping of the output layer cell preferred

firing directions across two training environments.

The models that can learn to form separate output layer representations of distal and proximal ob-

ject spaces, and the model that can learn an isomapping of output layer cell preferred firing directions

across two training environments, show how some of the known properties of head direction cells can

develop through learning based on visual input alone.

This thesis also examines how the head direction cell system may learn to update its internal rep-

resentation of head direction using internal idiothetic (self-motion) signals in the absence of visual

input. This is called the path integration of head direction.

An important computational problem regarding the path integration of head direction is how the head

direction cell system learns to update its internal representation of head direction at the same speed as

the rat is rotating its head. No previous research has addressed how a self-organizing neural network

model can solve this problem in a biologically plausible manner.

A continuous attractor neural network of head direction cells that is reciprocally linked to layer of

combination cells can learn to update a packet of head direction cell activity, during testing in the
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absence of visual input, at the speed that was imposed during training in the presence of visual input.

The key to learning to solve this problem is to introduce time delays into the model so that associations

can be learned between head direction cells occurring at different instances in time. These learned as-

sociations enable the network to replay the correct sequence of head directions at the correct speed in

the absence of visual input, i.e. the network learns to perform path integration of head direction.

The network is first simulated with axonal conduction delays incorporated into the synapses between

the head direction cell continuous attractor network and the layer of combination cells. The axonal

conduction delays introduce a time delay into the model because it takes a small amount of time for

the signal from a presynaptic neuron to travel down the axon and reach the postsynaptic neuron.

In simulation, this model can learn to perform path integration of head direction, in the absence of

visual input, at approximately the speed imposed during training in the presence of visual input. This

is the first model to show how the head direction cell system can learn, in a biologically plausible

manner, to perform path integration of head direction at the correct speed.

A second neural network model employs a different mechanism for generating time delays. In this

model there are no axonal conduction delays. Instead, a large value for the neuronal time constant of

a postsynaptic cell ensures that the firing profile of the postysnaptic cell will be delayed in time from

the firing profile of the presynaptic cell that is driving the postsynaptic cell. This effective time delay

allows associations to be learned between head directions occurring at different instances in time.

viii



The simulation results show that this model can learn to perform path integration of head direction,

in the absence of visual input, at approximately the speed imposed during training in the presence

of visual input. Careful replication of the experiments conducted for the model incorporating axonal

conduction delays illustrates that the principle of using a time delay as a mechanism for learning the

correct speed of path integration is a general principle. Any biologically plausible mechanism that

can produce consistent effective time delays could be incorporated into this type of model.

The two models that learn to perform path integration of head direction at the speed imposed during

training demonstrate how a population of head direction cells can function in the absence of visual

input.

This thesis thus addresses how individual head direction cells develop their firing properties through

training in the presence of visual input, and how a population of head direction cells can act collec-

tively to learn a population behaviour, the path integration of head direction, in the absence of visual

input.

The two strands to the research presented in this thesis provide the foundation upon which a unified

model of the head direction cell system can be built. This unified model will learn, in a biologically

plausible manner, to produce both the known response properties of individual head direction cells in

response to visual input and the known response properties of populations of head direction cells in

the absence of visual input. The model will be based upon the known physiology of areas of the rat

brain that contain head direction cells, and also upon the properties of the head direction cells within
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these different areas. The unified model will allow a close correspondence between the computa-

tional modelling of the head direction cell system and the results of single-cell recording experiments

performed upon the head direction cell system.
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Chapter 1

The Visual Response Properties of Head

Direction Cells

This chapter provides a literature review of research on the visual response properties of head direction

cells, and develops the argument that these visual response properties can be produced through a

competitive learning mechanism that acts upon visual processing.

1.1 Head Direction Cell Response Properties

Head direction cells signal the orientation (direction) of the head in the horizontal plane (Ranck, 1985;

Taube et al., 1990a). Each head direction cell responds maximally to a single preferred head direction

of the animal. The response profile of a head direction cell is Gaussian or triangular, and is centred on

the preferred head direction of the cell in question. The width of an individual head direction cell tun-

ing curve varies depending upon where in the rat brain the head direction cell is located. The tuning

curve width is the range of head directions, 0o − 360o, over which an individual head direction cell

exhibits a non-zero firing rate. In general, head direction cell tuning curve widths lie in the approxi-
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mate range of 40o− 110o (Sharp, 2005) with, for instance, head direction cells in the rat retrosplenial

cortex possessing an average tuning curve width of 44.6o (Cho and Sharp, 2001) , and head direction

cells in the rat dorsal tegmental nucleus possessing an average tuning curve width of 109.4o (Sharp

et al., 2001). The firing rate of a head direction cell decreases in a symmetric manner from the centre

of the tuning curve, with zero, or near-zero, firing rates outside the width of the tuning curve. This

behaviour is independent of the tuning curve width.

The preferred firing directions of head direction cells are not sensitive to geomagnetism (Taube et al.,

1990b). The preferred firing direction of an individual head direction cell is independent of the current

location of the animal, and is independent of the current bearing of the head relative to the body of the

animal (Taube et al., 1990a,b). In a population of head direction cells, the preferred head directions of

the individual cells are uniformly distributed such that the population of cells collectively represents

allocentric head directions from 0o-360o. In effect, a population of head direction cells provides a

“neural compass” for the animal.

Head direction cells have been discovered in the postsubiculum (Ranck, 1985; Taube et al., 1990a),

anterodorsal thalamic nucleus (Taube, 1995), lateral mammillary nuclei (Stackman and Taube, 1998),

and retrosplenial cortex (Chen et al., 1994; Cho and Sharp, 2001) of the rat brain. Head direction

cells have also been found in the following areas of the rat brain: the dorsal tegmental nucleus (Sharp

et al., 2001), the dorsal striatum (Wiener, 1993; Mizumori et al., 2000), the lateral dorsal thalamus

(Mizumori and Williams, 1993), the medial precentral cortex (Mizumori et al., 2005), the entorhinal

cortex (Sargolini et al., 2006), and region CA1 of the hippocampus (Leutgeb et al., 2000). Within the
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Standard 1 Rotated Standard 2

Figure 1.1: A schematic representation of the paradigmatic head direction cell visual cue control experiment
(see the text for full details). The figure presents a top-down view of the cylinder into which the rat is placed.
The grey arc represents the cue card. The cue card is attached to the wall of the cylinder, but is shown a small
distance away from the wall for clarity. Standard 1: A head direction cell response is recorded as the rat explores
the cylinder. This is shown in polar coordinates in the centre of the cylinder. The response profiles in the figure
are abstract representations of head direction cell behaviour, and do not display data recorded from real head
direction cells. Rotated: The rat is removed from the cylinder and the cue card is rotated; in this case through
180o. The rat is placed back into the cylinder and permitted to explore as a recording of the head direction
cell is taken. As can be seen, the preferred head direction of the cell has rotated by an amount approximately
equal to the rotation of the cue card. Standard 2: The rat is again removed from the cylinder and the cue card
rotated back to its original position. The rat is reintroduced to the cylinder and the head direction cell response
is recorded. The preferred head direction of the cell rotates, matching the cue card, back to its original preferred
head direction exhibited in Standard 1.

rat brain individual head direction cells share the same general response characteristics, regardless of

their exact anatomical location (Taube, 1998, 2007; Sharp, 2005).

The majority of the head direction cell research has focused upon the rat brain. It should be noted,

however, that head direction cells have been recorded from other species, including primates (Robert-

son et al., 1999), chinchillas (Muir and Taube, 2002), and mice (Khabbaz et al., 2000). This thesis will

focus upon the research conducted upon head direction cells in rats. In principle, the results reported

in this thesis are applicable to head direction cells independent of the species.
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1.1.1 Visual Cue Control of Head Direction Cell Responses

Single-cell recording studies have shown that the preferred head direction of an individual head direc-

tion cell can be influenced by visual cues (Taube et al., 1990b; Goodridge and Taube, 1995; Zugaro

et al., 2000). In the paradigmatic experiment, a rat is placed into a cylinder approximately 75cm in

diameter and 50cm in height. A single, visually distinctive, cue card occupying approximately 100o

of arc is attached to the cylinder wall. This is shown schematically in Figure 1.1. The rat is allowed to

explore the interior of the cylinder as the responses of a single head direction cell are recorded (some

studies have recorded from multiple head direction cells simultaneously). The rat is then removed

from the cylinder, the floor paper replaced, and the cue card rotated by a predetermined amount. The

rat is often disoriented to prevent any tracking of current orientation by an internal sense of direction.

The rat is re-introduced to the cylinder and further recording of the head direction cell takes place.

The rat is then removed from the cylinder, the floor paper again replaced, and the cue card rotated

back to its original position (again, the rat is often disoriented in between recording sessions). The rat

is re-introduced to the cylinder and a final head direction cell recording session takes place.

The head direction cell responses are shown in polar coordinates in Figure 1.1. These plots are ab-

stract representations of head direction cell behaviour and do not display data recorded from real head

direction cells. As the cue card is rotated out-of-sight of the rat, the preferred head direction of an

individual head direction cell rotates by an amount approximately equal to the rotation of the cue card.

Thus, under the correct environmental conditions, the location of the cue card directly influences the

preferred head directions of individual head direction cells.
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The influence that visual cues can have upon head direction cell preferred firing directions is com-

putationally very important when it is considered that visual cues can provide a directional fix, and

thus calibration, to the head direction cell system. This calibration allows the current internal repre-

sentation of head direction to be corrected so as to match the true current head direction of the rat.

Without the ability to reset the head direction cell system, errors will accumulate to produce a large

discrepancy between the current internal representation of head direction and the true head direction

of the rat. A pertinent example of error accumulating in the head direction cell system is provided

by data recorded from head direction cells in the postsubiculum and anterodorsal nucleus of blind-

folded rats. At the end of an 8 minute blindfolded recording session, the preferred firing directions of

head direction cells were shown to have drifted when compared to the preferred firing directions of

the same cells at the start of the recording session (Goodridge et al., 1998). An analysis of the head

direction cell preferred firing directions in the blindfolded recording session, compared to the same

head direction cell preferred firing directions in a sighted recording session with visual input available

to the rat, revealed that the preferred firing directions of the head direction cells drifted an average of

65.6o between the sighted and the blindfolded recording sessions. The head direction cell preferred

firing directions did not drift during a recording session with visual input available to the rat. Thus,

visual input calibrates the head direction cell system and promotes stability of the individual head

direction cell preferred firing directions.

The association between a visual cue and the preferred firing directions of head direction cells can

be established very quickly. Goodridge et al. (1998) demonstrated that an 8 minute exposure to a

novel cue card is sufficient for the cue card to establish an influence over the preferred firing direc-
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tions of head direction cells, such that a 90o rotation of the cue card produces an average error of

19.2o in the rotation of the preferred firing directions. Further to this point, Zugaro et al. (2003) report

that visual cues can very quickly reset the head direction cell system. Using the standard experimental

paradigm described above, but with the rat allowed to remain in the cylinder in the dark, i.e. with the

lights off, as the cue card is rotated, they found that head direction cells updated their preferred firing

directions as quickly as 80ms after a perceived change in the visual scene.

Thus, visual cues can exert an influence upon the preferred firing directions of head direction cells.

This influence can be established within a matter of minutes and, once established, the resetting of

the head direction cell system by visual cues occurs within tens of milliseconds after exposure to the

visual cues.

1.1.2 The Differential Effect of Proximal vs. Distal Visual Cues

Proximal visual cues are defined as those cues that are relatively close, in space, to the observer. Con-

versely, distal visual cues are defined as those cues that are spatially relatively farther away from the

observer. The influence that each class of visual cue has upon the processing occurring in putative

neural navigation systems, and thus the behaviour of the animal, can change according to the current

environmental conditions or information processing requirements.

There is much empirical behavioural evidence to suggest that when distal visual cues are placed

in conflict with either proximal visual cues or internal mental representations of location, such that

uncertainty about the current location increases, then rodents will preferentially use distal visual cues

to successfully complete navigational tasks (Suzuki et al., 1980; Morris, 1981; Téroni et al., 1987;
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Etienne et al., 1993; Alyan and Jander, 1994).

The relative salience of proximal and distal visual cues affects the macroscopic behaviour of a neu-

ral navigation system, and can also act at a more microscopic level by altering the response profiles

of individual spatially-responsive neurons. For instance, Cressant et al. (1997) report that rotating a

stimulus set of visual cues relative to the observer, a rat, will only produce an approximately equal ro-

tation of the receptive-field orientation of place cells if a visual cue that is perceived as distal, relative

to the observer, is included in the stimulus set of visual cues. The rotation of a stimulus set comprising

solely proximal visual cues, as perceived by the observer, does not produce an approximately equal

rotation of place cell receptive-fields.

Similarly, distal visual cues can exert a stronger influence upon the preferred firing directions of in-

dividual head direction cells than proximal visual cues. Zugaro et al. (2001) devised an experimental

setup where the visual cues take the form of objects placed at the periphery of a raised platform. To

begin, a cylinder encloses the platform such that a rat placed inside the cylinder cannot see anything

beyond the cylinder walls. When the objects are rotated out-of-sight of the rat, the preferred firing

directions of all of the 30 individual head direction cells recorded from the anterodorsal thalamic nu-

cleus rotate by an approximately equal amount upon re-entry of the rat into the testing environment.

When the cylinder is removed so that the rat can see more of the laboratory, then rotation of the set

of objects does not produce rotation of the preferred firing directions of the head direction cells upon

re-entry of the rat into the testing environment. The relative distance from the object set to the rat is

the same regardless of whether a cylinder encloses the raised platform or not. The alteration in the
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preferred firing directions of the head direction cells is occasioned solely by a change in the perceived

distance of the objects relative to the rat, i.e. distal or proximal. All other properties of the set of

objects remain constant across the two experimental conditions.

The Zugaro et al. (2001) study illustrates that a visual cue only has to vary in one dimension, the

distance from the rat, to alter its efficacy in controlling the preferred firing directions of head direction

cells. An important computational question is how the head direction cell system, or a pre-processing

system afferent to the head direction cell system, can distinguish between proximal and distal visual

cues on the basis of perceived distance alone.

Zugaro et al. (2004) conducted a study to investigate this question. Head direction cells were recorded

from the anterodorsal thalamic nucleus. During the first part of the experiment a rat is allowed to

explore an elevated platform in a cylindrical enclosure. There are two visual cue cards present in the

recording environment: a small card in the foreground, and a large card in the background. The cue

cards are proportionally dimensioned and subtend identical angles from the centre of the platform.

Thus, the two cue cards appear equally salient in every respect apart from their relative distances to

the platform. After the initial exposure to the recording environment, the rat is removed from the

experimental setup and disoriented while the cue cards are rotated 90o in opposite directions to one

another. The rat is then re-introduced to the platform through forward motion in the hands of the

experimenter. The head of the rat faces the midpoint between the two cue cards. This method of

re-introducing the rat to the recording environment exposes the rat to both cue cards simultaneously

and provides dynamic visual information about the cue cards during the period that the rat is in motion.
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In 30 out of 53 (56.6%) trials, the preferred firing directions of the recorded head direction cells

rotated to match the rotation of the distal background cue. Zugaro et al. also re-introduced the rat to

the platform, after rotation of the cue cards, under stroboscopic lighting in an attempt to disturb the

correct visual processing of image velocity. Under these conditions, it was found that only 17 out of

51 (33.3%) of the recorded head direction cells rotated their preferred firing directions to match the

rotation of the distal cue card. Furthermore, under conditions of stroboscopic lighting it was found

that the preferred firing directions of head direction cells were as equally likely to follow the distal

cue card as the proximal cue card or a mixture of the cue cards.

A separate study by Yoganarasimha et al. (2006) also confirmed that, under conditions of cue conflict,

head direction cells will preferentially anchor to distal visual cues rather than proximal visual cues.

The experimental apparatus comprises a circular track divided into four segments, with each segment

covered in a different coloured textured material. The track provides the proximal visual cues. Be-

yond the track, three objects are stood on the floor, and there are also three objects attached to a curtain

completely surrounding the track. These six objects provide the distal visual cues. The experimental

protocol consists of the rat exploring the track as head direction cells are recorded from the anterodor-

sal thalamic nucleus. The rat is then removed from the apparatus and the distal and proximal visual

cues are rotated by a predefined amount in opposite directions to one another. The rat is re-introduced

to the apparatus and further recording takes place. The rat is then removed from the apparatus for a

second time and the distal and proximal visual cues are returned to their original positions. A further

repeat of this protocol, with the angular distance of rotation of the visual cues being different, leads to
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completion of the experimental task. The preferred firing directions of the head direction cells were

shown to follow the rotation of the distal cues in 94% of the trials. (As opposed to the preferred firing

directions of the head direction cells following the rotation of the proximal cues, a mixture of the

rotation of the distal and proximal cues, or none of the cues.)

The preferred firing directions of individual head direction cells are influenced by the current lo-

cation of visual cues. Moreover, the head direction system as a whole is able to discriminate between

proximal and distal visual cues. There is strong evidence to suggest that the head direction cell sys-

tem is able to perform this discrimination when the proximal and distal visual cues differ only in one

dimension: their perceived relative distance to the observer. It may be the case that dynamic visual

information is important if a system is to discriminate between distal and proximal visual cues on the

basis of relative distance alone. This information may take the form of dynamic motion parallax, or

optic field flow. What is evident is that the influence of visual cues upon the preferred firing directions

of head directions, while expressed fairly quickly upon entry of the rat into a novel environment, does

increase the greater the amount of time the rat spends in its current environment (Goodridge et al.,

1998, see Section 1.1.1). Thus, the head direction cell system learns to be influenced by visual cues.

Moreover, a necessary part of this learning is developing the ability to discriminate between proximal

and distal visual cues.

1.2 The Self-Organization of Head Direction Cell Visual Responses

Within the literature on head direction cells there are no extant computational models, simulated or

theoretical, that explicitly address the self-organization of head direction cell visual response prop-
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erties. Specifically, none of the existing head direction cell models propose a theory of how head

direction cells may come to be preferentially stimulated by distal visual cues, rather than proximal

visual cues. Yet, there is now a large body of empirical data concerning the interactions between

visual cues and head direction cell response profiles; particularly, the developmental stages of the rat

at which these interactions begin to be expressed. These data are reviewed in the following sections.

1.2.1 The Development of Head Direction Cell Response Properties

Martin and Berthoz (2002) performed single-cell recordings in young rats. They found that around

approximately postnatal day 30, cells in the cingulum begin to exhibit stable, adult-like head direction

cell firing profiles, i.e. a single preferred directional response that is maintained across repeated visits

to the same environment.

This result is confirmed by two recent studies of the development of spatial representation in young

rats. Langston et al. (2010) discovered cells in the pre- and parasubiculum of young rats that showed

adult-like head direction cell firing profiles at postnatal days 15 and 16. This result is especially inter-

esting given that the eyelids of young rats do not generally unseal until approximately postnatal day

14 to 15. Thus, the stereotypical head direction cell firing profile appears in cells in the young rat

after apparently very little visual experience of the world. The existence of cells in the young rat that

exhibit adult-like head direction tuning is corroborated by Wills et al. (2010), who found adult firing

profiles in rat medial entorhinal cortex head direction cells at postnatal day 16.

The data from the three studies suggest that either head direction cells have a genetic predisposi-

tion to express a tuning to a particular orientation of the head, or the head direction cell system is
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capable of very fast learning that establishes stereotypical head direction cell response profiles in the

naive cells.

It is not yet known, however, just how adult-like these head direction cells are. Although the head

direction cells identified in the studies cited above undoubtedly exhibit adult-like firing profiles, inso-

far as the cells express a single preferred firing direction that is maintained across multiple visits to

the same environment, these putative head direction cells were not tested for the presence of canonical

head direction cell properties such as the influence of visual cues over the preferred firing direction.

That is, the experimental protocol did not include tests such as the paradigmatic cue card rotation test

described in Section 1.1.1. Thus, it remains an open question whether head direction cells in young

rats exhibit a full range of adult-like properties almost immediately that the rat begins its visual expe-

rience of the world, or whether the development of mature stereotypical head direction cell response

profiles occurs in a graded, more continuous manner.

A study by Save et al. (1998) examined the development of spatially-responsive neurons in rats de-

prived of visual input. In this study, hippocampal place cells were recorded in rats that were blinded

before their eyes unsealed (the rats never had any visual experience of their world). Save et al. dis-

covered that blind rats developed place cells which, across the majority of their firing properties, were

indistinguishable from the place cells that develop in sighted rats. These stereotypical responses in-

cluded the place cells in the blind rats rotating their firing fields to match the rotation of a set of cues

in the testing environment, as is the case for place cells in sighted rats (Muller and Kubie, 1987).

Although the study of Save et al. focused entirely on place cells, and did not address the development
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of head direction cells, there are valuable inferences regarding the emergence of head direction cell

responses that can be drawn from these results.

Tellingly, the place cells of the blind rats do not exhibit place fields immediately upon entry into

the environment, as is the case for sighted rats. Rather, the place fields only develop after the blind

rat has made physical contact with the cues in the environment. After physical contact has been made

with the cues, the blind rats exhibit place cells with place fields that are evenly distributed across the

environment. That is, some of the place cells develop place fields with x-y coordinates a distance

away from the coordinates of any physical cue. Moreover, upon re-entry into the testing environment,

and subsequent physical contact with the local cues, the place fields of the place cells of the blind rats

re-establish themselves in the same locations, i.e. there is stability of the place fields across testing

sessions.

In order to establish place fields that are evenly distributed across a given environment, and further-

more to re-establish these same place fields in the same locations upon re-entry into the environment,

the blind rat must possess the ability to continuously track its current location. This ability is known

as path integration, and will be discussed in detail in Chapter 5 of this thesis. Briefly, successful

path integration of current location requires information about the current directional heading. For

instance, knowing that a destination location is 10 metres North of the current location is only useful

information if the current directional heading is also known. The current directional heading is ex-

actly the type of information that is provided by the head direction cell system. Thus, the blind rats

in the study of Save et al. (1998) were able to develop place cells with place fields distributed across
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the environment, which in turn requires a functional head direction cell system. This result suggests

that head direction cells can develop mature, stereotypical response properties with little, or no, visual

experience. This conclusion concurs with the data from the studies of Langston et al. (2010) and Wills

et al. (2010).

On the other hand, there is evidence to suggest that the full range of head direction cell response

properties develops in a more graded and continual process. Schenk (1985) determined that young,

sighted, rats 35 days postnatal could employ proximal visual cues to locate a platform in a water maze,

but could not successfully employ distal visual cues to achieve the same result. A separate study by

Rudy et al. (1987) showed that rats at 25 days postnatal exhibited minimal signs of employing distal

cues to solve the water maze. This is in stark contrast to results from mature rats who preferentially

use distal visual cues, rather than proximal visual cues, to locate the hidden platform (Morris, 1981).

Further to this point, the studies discussed in Section 1.1.2 (e.g. Zugaro et al., 2001, 2004; Yoga-

narasimha et al., 2006) argue that adult rats will anchor the head direction cell system to cues that are

perceived as distal relative to the rat. These results imply two important points: that rats are capable

of discriminating between distal and proximal visual cues; and that this discriminative ability appears

to be a learned ability.

It is possible that the failure of young rats to employ distal visual cues may be more the result of

an immature visual system than incomplete spatial learning. Rudy et al. (1987) tested this particular

hypothesis using a Morris water-maze. A single cup was suspended above the water-maze. In some

of the experimental conditions, the cup was directly above the hidden platform and thus served as a
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proximal (in relation to the hidden platform) visual cue to the platform location. In other experimental

conditions, the cup was suspended above a quadrant of the water-maze adjacent to the hidden plat-

form, and the cup served as a distal visual cue to the platform location. It was discovered that rats

at least 18 days postnatal could use the cup to guide themselves to the hidden platform when the cup

served as a proximal cue to the platform location, and these rats could find the hidden platform faster

than a control group in which the was no regular relationship between the location of the cup and the

location of the hidden platform. Rudy et al. further discovered that it is only when rats reach at least

22 days postnatal that they can successfully use the cup as a distal cue to guide them to the hidden

platform.

Thus, the younger rats were capable of using the cup as a proximal cue to the hidden platform lo-

cation. Yet, it is only when the rats are a few days older that they are capable of using the same cup as

a distal visual cue to location of the hidden platform. This result suggests that the failure of younger

rats to use the cup as a distal visual cue is not the result of an immature visual system, because the

younger rats could easily use the same cup as a proximal cue to the location of the hidden platform,

i.e. the younger rats could see the cup perfectly well. Rather, it appears that the ability to use the

cup as a distal visual cue to the location of the hidden platform does not develop until the rat is a few

days older. Consequently, the ability to discriminate between proximal and distal visual cues, and to

preferentially anchor the head direction system to distal visual cues, appears to be a learned ability.

There are therefore two potentially conflicting theories concerning the development of head direc-

tion cell response profiles: that head direction cells can develop adult-like firing properties in the
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absence of visual experience; and that head direction cells require visual experience to exhibit the full

range of adult response properties.

A resolution of this theoretical conflict may only be possible with further single-cell recording re-

search. In particular, it would be highly informative to test rats at the same postnatal age as in the

studies of Langston et al. (2010) and Wills et al. (2010), and record from head direction cells as the

rats undergo both the paradigmatic cue card rotation experiment (e.g. Taube et al., 1990b), and the

tests of the relative influence of distal and proximal visual cues upon the preferred firing directions of

the head direction cells (Zugaro et al., 2001, 2004; Yoganarasimha et al., 2006). If the data from the

young rats replicate the results from these studies then there would be strong reason to believe that the

visual response properties of head direction cells develop very quickly postnatal, without visual expe-

rience. Otherwise, it would appear that young rats need visual experience within their environment in

order for the mature visual response properties of head direction cells to develop fully.

At present, in the absence of further empirical research, there is good reason to favour the theory

that the full range of head direction cell visual response properties develops through visually-guided

learning. The empirical data reviewed in the next section suggest the stereotypical visual responses of

head direction cells, even in adult rats, only develop after statistically regular visual experience within

an environment.

1.2.2 The Visual Response Properties of Mature Head Direction Cells

Knierim et al. (1995) trained rats to explore an experimental setup very similar to the one depicted in

Figure 1.1. The rats were split into two groups: one group was disoriented before each training session
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in the cylinder in order to stop a path integration mechanism from providing a stable directional frame

of reference; the second group was not disoriented between training sessions in the cylinder. During

testing, the conditions were identical for both groups: the rats were disoriented and then placed into

the cylinder for a head-direction cell recording session. Between some of the recording sessions, the

visually distinctive cue card on the cylinder wall was rotated through a pre-determined angle. Upon

re-introduction to the cylinder, all rats were tested to see whether the rotation of the cue card would re-

sult in the paradigmatic corresponding shift in the preferred firing directions of the head direction cells

(Taube et al., 1990b). It was found that the head direction cells of rats that had undergone disorienta-

tion during training were far less likely to follow the cue card when it was rotated during the testing

sessions than the head direction cells of rats who had not undergone any disorientation during training.

From this result, Knierim et al. (1995) hypothesized that only those visual cues that appear stable

and coherent, i.e. statistically regular, to the rat would develop any influence upon the preferred fir-

ing directions of the individual head direction cells. In other words, associations are learned between

entities that regularly co-occur. The more frequent the co-occurrence, the stronger the learned associa-

tion. When the rat is allowed to maintain a stable directional frame of reference between experimental

sessions, a strong association can be learned between a visual cue card and the internal sense of di-

rection. This association will allow rotation of the cue card to update the internal sense of direction.

Head direction cells will therefore rotate their preferred firing directions to match the rotation of the

cue card. When the rat is disoriented between recording sessions, it is not possible to maintain a

stable directional frame of reference and the resulting learned associations between the cue card and

the internal sense of direction are very weak, if at all existent. This explains the differential amount
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of influence that the cue card has on the preferred firing directions of head direction cells in rats in

the two experimental conditions: disoriented vs. non-disoriented. If the visual response properties of

head direction cells are not learned, i.e. are somehow genetically specified, then there should be no

difference between the experimental conditions in the study of Knierim et al. (1995).

Further support for the theory that head direction cells only develop their full response properties

in the presence of visual experience comes from a study by Goodridge et al. (1998). In this study,

the rat was presented with a novel visual cue that was then rotated after the rat had a pre-determined

amount of experience with the cue. It was found that the longer the experience a rat has with the visual

cue, the more control that cue exerts over the preferred firing directions of individual head direction

cells. In particular, an exposure time of eight minutes was found to be sufficient for the novel visual

cue to develop reliable control of the head direction cell preferred firing directions (nearly all of the

head direction cells tested rotated their preferred firing directions to march the rotation of the cue

card). This is contrasted with an exposure time of a single minute, after which approximately only

half of the recorded head direction cells rotated their preferred firing directions to match the rotation

of the visual cue card. Again, if the visual response properties of head direction cells are not learned,

then the amount of temporal exposure a rat has to a visual cue card should not have any relationship

with the degree of control that the cue card has over the preferred firing directions of individual head

direction cells.

The studies of Knierim et al. (1995) and Goodridge et al. (1998) suggest that the visual response

properties of mature head direction cells still undergo a continual process of learning and refinement.
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This hypothesis is in contrast to the hypothesis that head direction cell visual response properties are

genetically pre-specified and therefore not learned. Further to this point, the ability to discriminate

between distal and proximal visual cues must also be a learned ability. Firstly, it is hard to see how

such a discriminative ability could be genetically pre-specified, and particularly how the genetic pre-

specification hypothesis could account for the result of the study by Zugaro et al. (2001), where a

change in the environmental conditions, rather than a change in the relative distance of the visual cues

to the observer, alters whether the cues are perceived as distal or proximal. Second, the learning hy-

pothesis can account for the ability to discriminate between distal and proximal visual cues. As will

be discussed in the next section, distal visual cues, compared to proximal visual cues, present different

degrees of statistical regularity to the observer. It is the difference in the degree of this regularity that

facilitates the discrimination between distal and proximal visual cues.

1.3 Competitive Learning and Visual Processing

A competitive learning mechanism categorizes input stimuli into different output categories. An ex-

ample of such categorization is the separation of distal and proximal visual cues into distinct repre-

sentations. In this section, the process of competitive learning is first outlined. The application of

competitive learning to visual processing is then reviewed. It is argued that a competitive learning

mechanism is the basis for the differential responses of head direction cells to distal and proximal

visual cues.
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1.3.1 The Principles of Competitive Learning

A neural network that incorporates competitive learning will self-organize in such a manner that, af-

ter training has occurred, each individual input in the set of network input stimuli will preferentially

stimulate one, or a small subset, of the output cells in the network (Rumelhart and Zipser, 1985; Hertz

et al., 1991; Rolls and Treves, 1998; Dayan and Abbott, 2001). After competitive learning has taken

place, inputs to the network that are similar to one another will be responded to by the same output

cell, or subset of output cells. Inputs to the network that are sufficiently dissimilar to one another

will be responded to by different output cells, or subsets of output cells. In a purely “winner-take-all”

competitive network, only one output cell will be active, after training, for each unique input. In a

competitive network implementing a more graded level of competition, a subset of output cells may

be active for each unique input.

The simplest architecture of a neural network that incorporates competitive Hebbian learning involves

a single layer of input cells projecting, in a feedforward manner, to a single layer of output cells. The

competitive learning mechanism functions as follows. Synaptic drive from the layer of input cells

to the layer of output cells will, through an initially random distribution of the feedforward synaptic

connection strengths from the input cells to the output cells, produce varying levels of activation in the

output cells. Within the layer of output cells there is mutual lateral inhibition such that each output cell

sends efferent inhibitory signals to, and receives afferent inhibitory signals from, every other output

cell in the layer. The effect of this mutual lateral inhibition is that output cells that are more strongly

active will more strongly inhibit other output cells in the layer. Consequently, only one, or a small

subset, of the output cells will have a high enough activation level to commence firing. Only those
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output cells that are firing are permitted to update the strengths of their synaptic connections with the

currently firing input cells. The result of the competitive learning process is that when a previously

seen input is presented to the network again, the input cells representing that particular input stimulus

should preferentially stimulate the same output cells that were active the previous times that particular

input was presented to the network. In other words, the output layer cells that learn to become active

when a particular input is presented to the network have, during learning, competed for and won the

right to represent that particular input.

An important feature of competitive learning is the ability to categorize input stimuli. Inputs that

are similar to one another are highly likely to activate the same output layer cells. If these output

cells proceed to win the competition to fire, they will be permitted to strengthen their synaptic con-

nections from the similar input. Thus, similar inputs will, through competitive Hebbian learning, be

represented by the same output cells. In this manner a competitive network performs categorization of

the inputs it processes, with similar inputs being represented by the same output cells. Inputs that are

dissimilar will be represented by different output cells. Furthermore, an output layer cell that exhibits

a learned response will represent the average of the inputs that the output cell has learned to respond

to. That is, the synaptic weight vector for that output layer cell will move towards the average of the

inputs that the cell has learned to represent.

The competitive learning process is illustrated schematically in Figure 1.2. The left-hand plot rep-

resents the untrained state of the network. The grey circles are inputs to the network, and the black

crosses represent initial values for the synaptic weight vectors of three output layer cells. The right-
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Before Training After Training

Figure 1.2: A schematic illustration of competitive learning. The left-hand plot displays the state of the network
before competitive learning occurs. The grey circles represent separate inputs in the input space of the network.
The black crosses represent the weight vectors of three output cells. The right-hand plot displays the states of
the network after training. The effect of the competitive learning has been to shift the weight vectors of the three
output cells such that each output layer cell now represents a particular cluster of inputs. The weight vector of
each output cell is at the centre of the cluster of inputs that output cell represents. Figure adapted from Hertz
et al. (1991).

hand plot represents the state of the network after competitive learning has occurred. Again, the

grey circles represent the inputs to the network. The inputs maintain the same relationships to one

another as in the untrained state of the network. The weight vectors of the three output layer cells

have, through competitive learning, shifted to the centre of the three clusters of the inputs. That is,

the three output layer cells have learned to each represent an individual cluster of inputs, where the

within-cluster similarity of inputs is higher than the between-cluster similarity of inputs.

The number of output cells active for any given input, and the size of the cluster of inputs repre-

sented by any given output layer cell, i.e. how similar two inputs must be in order to be represented

by the same output cell, are factors that are generally controlled by the amount of mutual lateral inhi-

bition amongst the output cells. Another factor is the nature of the mechanism that is used to bound

the synaptic weights of the output cells, such that no single output cell can come to dominate the
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competition to fire and thus learn to represent all of the inputs.

It is not only the similarity between inputs that affects whether or not a given input will be repre-

sented by a given output cell, but also the frequency of presentation of a particular input. An input

that is frequently presented to a competitive network has a high probability of being uniquely repre-

sented by an output cell, or subset of output cells, because the higher frequency of presentation affords

a greater opportunity for output cells to strengthen their synapses with that particular input. Thus, two

properties of any particular input that will have a big influence upon whether or not that input will

come to be uniquely represented by an output cell, or subset of output cells, are the similarity of that

input to any inputs previously presented to the network, and the frequency of presentation of the input.

It is only in the state where distinct inputs have distinct output representations that the network can be

said to have learned to discriminate between the inputs.

These general principles of competitive learning can produce a diverse set of behaviours within com-

petitive neural networks. The architecture of the neural network, and the competitive learning algo-

rithm itself, can be changed to produce different behaviours as required. The competitive learning

paradigm is thus fairly extensible. One application of competitive learning that is pertinent to this

thesis is the categorization of visual cues such that the visual cues can be discriminated based upon

which category a particular cue has been placed into.

1.3.2 Applications of Competitive Learning to Visual Processing

A competitive learning paradigm has been applied to solve many problems of visual processing (Rolls

and Deco, 2002). Some of these problems include learning to recognise an object invariantly: that is,
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learning to recognise a particular object regardless of the current location, size, or view of that ob-

ject (Wallis and Rolls, 1997). It is also possible to employ competitive learning to solve the problem

of invariant object recognition under different lighting conditions (Rolls and Stringer, 2006), and to

solve the problem of invariant object recognition of 3D stimuli (Stringer et al., 2006). These learning

problems are relevant to the head direction cell system because the reliable control, by visual cues, of

head direction cell preferred directions requires that the head direction system is capable of invariantly

recognising the visual cues under a variety of views, lighting conditions, rotations etc. These previous

models, however, always present the to-be-learned objects to the network one-at-a-time. An ecologi-

cally more valid training paradigm involves multiple visual cues, many of which are simultaneously

present in the field-of-view of the observer at any given instant in time.

Stringer and Rolls (2008) demonstrated that a single-layer feedforward competitive network can learn

representations of individual stimuli from a stimulus set when, during training, the stimuli were al-

ways presented to the network two-at-a-time. The primary result from this particular study is that,

when the input stimuli are presented to the network simultaneously, the size of the input stimulus set

determines the nature of the learned representation of those input stimuli. In particular, it was demon-

strated that when N < 6, where N is the number of stimuli in the input stimulus set, then individual

output cells will learn to respond to pairs of the input stimuli when those stimuli are presented to the

network two-at-a-time. As the number of stimuli in the input stimulus set increases such that N ≥ 6,

then individual output cells learn to respond exclusively to just one of the input stimuli.

In a similar study, Stringer et al. (2007) showed that a single-layer feedforward competitive network
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can learn representations of individual stimuli when those stimuli were always presented to the net-

work three-at-a-time during training. When N < 10, where N is again the number of input stimuli

in the stimulus set, the output cells of the network learned to represent combinations of three stimuli.

When N ≈ 10, the output cells represented combinations of two stimuli. For N ≈ 20, the output

cells developed representations of individual stimuli. Thus, similar to the study of Stringer and Rolls

(2008), the main result of the Stringer et al. (2007) study is that as the number, N , of input stimuli

in the stimulus set increases, so the nature of the learned representation in the output cells changes

from learning to represent combinations of the input stimuli to representing individual input stimuli

exclusively.

In the studies of Stringer and Rolls (2008), and Stringer et al. (2007), the reason for the change,

as N increases, in the nature of the learned representation of the input stimuli is a consequence of the

frequency of co-activation of the neurons representing the input stimuli during a training epoch. If a

training epoch comprises one presentation to the network of all possible pairings of the input stimuli,

then input cells that represent an individual input stimulus will be co-active whenever that stimulus is

presented to the network, which is N − 1 times. These same cells, however, will be co-active far less

frequently with cells representing a different, independent stimulus. In the case where the stimuli are

presented to the network two-at-a-time, these cells will be co-active just one time per training epoch

with the cells representing any other independent stimulus. As competitive networks essentially cat-

egorize the network inputs based on the correlations between inputs to the network, those input cells

that are frequently co-active will be placed into one category and represented by a unique subset of

the network output cells. Those cells that are not frequently co-active will be placed into different cat-
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egories, with each category represented by a unique subset of the output cells. Thus, as the size of the

stimulus set, N , increases, so the correlation between input cells representing different input stimuli

decreases, such that the only input cells with which a particular input cell will be regularly co-active

will be those input cells that represent the same individual stimulus as the input cell in question. It

is this decrease in the correlation between input cells that explains why the nature of the output cell

representation changes, as N increases, from learning to represent combinations of the input stimuli

to developing exclusive representations of individual stimuli. The same learned behaviour is produced

when the input stimuli are presented three-at-a-time.

Extending this research, Bennett and Stringer (2011) have shown that with an input stimulus set of just

N = 2 stimuli, and with the stimuli always presented simultaneously, it is possible for a single-layer

feedforward competitive network to learn separate representations of the two stimuli. The condition

for separate representations to develop is that the two stimuli must move independently of one another.

That is, the two stimuli must be decorrelated in some way in order for the competitive learning mech-

anism to form separate representations of each stimulus. One method of achieving this decorrelation

is for the two stimuli to move independently, i.e. rotate in opposite directions. Bennett and Stringer

showed that if the two stimuli move together, and are thus highly correlated, then the output cells

in the competitive network will learn to represent a combination of the two stimuli. It is only when

the stimuli rotate in different directions that the correlation between the stimuli decreases sufficiently

for the competitive learning mechanism to form separate output cell representations of the two stimuli.

The three studies cited above model the development of visual processing in the primate ventral visual
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stream. The computational principles demonstrated by this research are general principles, however,

and are equally applicable to the visually-guided development of the rat head direction cell system.

The differential effect of distal and proximal visual cues upon head direction cell preferred firing

directions is due to a decorrelation between the distal and proximal visual cues that occurs as the rat

moves through its environment. This decorrelation allows a competitive learning mechanism to de-

velop separate representations of the distal and proximal visual cues. In particular, distal visual cues

will remain stable and coherent, in comparison to proximal visual cues, as the rat navigates through

its environment. If the distal visual cues are far away from the rat then whenever the rat has the same

particular orientation at any given location in its current environment, the rat will see the same distal

cues in the same position on the retina. Because cells in the early visual processing areas of the brain

have relatively small receptive field sizes, these cells, as a retinotopic map, have a relatively high

spatial resolution. Thus, visual input that consistently appears in the same position on the retina will

consistently activate the same cluster of input cells.

The view of the proximal cues from a particular orientation will, however, differ according to the

current location of the rat. That is, whenever the rat has the same particular orientation at any given

location, the egocentric bearing to a particular proximal object will be different in different locations.

Thus, given a particular orientation of the rat, a proximal object will appear in different positions on

the retina for different locations in the environment. Each of these different retinal positions will ac-

tivate a different cluster of input cells.
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Figure 1.3: A schematic representation of the different visual input provided by distal and proximal visual
cues. The figure depicts a top-down view of a training environment. The environment contains two grey cubes
labelled distal and proximal. There are also four training locations in the environment, labelled 1 − 4. When
an observer visits each of the training locations and assumes the same orientation at each location, represented
in the figure as due East, the observer will receive a particular view of the training environment on a particular
part of the retina. The field-of-view at each training location is represented by the checker-board pattern. In
the figure above, the view of the proximal object is different at each training location and falls on a different
part of the retina, whereas the view of the distal object is the same and falls on the same part of the retina. The
same view at the same position on the retina will excite the same input cells, but a different view falling on
different positions on the retina will excite different input cells. This decorrelation between the currently active
input cells representing the distal and proximal visual cues permits a competitive learning mechanism to form
separate representations of the distal and proximal visual cues.

This phenomenon is shown schematically in Figure 1.3. The figure presents a top-down view of a

training environment. There are two grey cubes labelled distal and proximal, and four training loca-

tions labelled 1− 4. When the rat has the same particular orientation at each of the training locations

– in the figure this is due East – then the rat will receive a particular view of the training environment

at each training location. The field-of-view of the rat at each training location is represented by the

checker-board pattern. It can be seen from the figure that the rat receives approximately the same view

of the distal object at each of the training locations. That is, the distal object will appear on the same

part of the retina. This is not the case for the proximal object, where a different view of the proximal
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object is seen on a different part of the retina at each of the training locations.

The input cells representing the particular view of the distal object at a particular position on the

retina will always be co-active, therefore their firing rates will be highly correlated with one another.

For each location in the environment, the input cells representing the view of the proximal object will

also be co-active with one another, and thus the firing rates of these input cells will be highly corre-

lated. There will, however, be a high decorrelation between the firing of the input cells representing

the distal object at any particular position on the retina, and the input cells representing the proximal

object at any other position on the retina. It is this decorrelation that permits a competitive learning

mechanism to develop separate representations of the distal and proximal objects, even when they are

simultaneously present in the field-of-view of the rat.

This computational principle holds true when there are multiple distal and proximal objects simulta-

neously present in the environment. Thus, a competitive network will be able to form unique separate

representations for each of the distal and proximal objects that are present in an environment. Once

the distal and proximal objects have been separated by the competitive learning process, it then be-

comes possible for distal visual cues to develop a strong influence over the preferred firing directions

of head direction cells.

1.4 The Isomapping of Head Direction Cell Preferred Firing Directions

A well-established property of a population of head direction cells is that the angular distance between

the preferred firing directions of the individual head direction cells is maintained across different en-

29



vironments and environmental manipulations (Taube et al., 1990b; Taube and Burton, 1995; Zugaro

et al., 2004; Yoganarasimha et al., 2006). Although individual head direction cells may alter their

preferred firing directions upon entry into a different environment, or after an environmental manip-

ulation has taken place, the preferred firing directions of the population of head direction cells as a

whole will remain in register with one another. Thus, if the preferred firing directions of a population

of head direction cells are known, and some sort of of environmental change or manipulation occurs,

then knowledge of the new preferred firing direction of just one of these head direction cells will al-

low for the prediction of the new preferred firing directions of all the other head direction cells within

the population. This property is referred to as an isomapping of head direction cell preferred firing

directions across environments and environmental manipulations.

Isomapping is shown schematically in Figure 1.4. Three polar plots display the responses of two

head direction cells across two different environments. The plots are abstract representations of head

direction cell behaviour, and do not display data from real head direction cells. The head direction

cells change their preferred firing directions in the two different environments, and entry into a previ-

ously visited environment will recall the previous preferred firing direction in that environment. The

angular distance between the preferred firing directions of the two head direction cells is, however,

preserved across the two environments. In this case, the angular distance is 90o. This is the isomap-

ping of preferred firing directions across environments.

This is in stark contrast to the behaviour of the locational firing fields of a population of hippocampal

place cells, which exhibit complex remappings as a result of environmental and behavioural manip-
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Figure 1.4: The isomapping of head direction cell preferred firing directions across environments. The polar
plots are abstract representations of head direction cell behaviour and do not display real head direction cell
data. The unbroken line represents the preferred firing direction of one head direction cell. The dashed line
represents the preferred firing direction of a second head direction cell. As the environment changes from the
first environment to the second, and back again, it can be seen that although the preferred firing directions of the
head direction cells change across environments, the angular distance between the preferred firing directions
is maintained across different environments. In this example, there is an angular distance of 90o between the
preferred firing directions of the two head direction cells across the two environments. This is referred to as the
isomapping of head direction cell preferred firing directions across environments.

ulations (Muller and Kubie, 1987; Bostock et al., 1991; Markus et al., 1995). The distances between

the locations of the firing fields of individual place cells will not necessarily be preserved across either

changes in the environment, or the current task the rat is performing. Two place cells with firing fields

located close to one another in one environmental condition may exhibit firing fields far away from

one another under a different environmental condition. It is also possible that both place cells may

be silent under the new condition, or one place cell may fire but the other place cell may be silent.

Consequently, if the locations of the firing fields of a population of place cells are known under one

environmental condition, and some sort of change to the environmental condition takes place, then

knowledge of the new location of a single place cell locational firing field under the new condition

would not allow one to predict the location of the firing fields of the remaining place cells in the pop-

ulation.

Head direction cells and place cells therefore display different mapping behaviours across differ-
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ent environments. Although there is plenty of evidence to suggest that the orientation of the firing

profiles of head direction cells and place cells are often tightly coupled (Knierim et al., 1995, 1998;

Yoganarasimha and Knierim, 2005), it has also been demonstrated that the firing profiles of head di-

rection cells and place cells, when recorded simultaneously, can become decoupled from one another

when a set of distal visual cues and a set of proximal visual cues are rotated in opposite directions to

one another. After this cue manipulation, the head direction cell preferred firing direction displayed

an isomapping, yet the place cell preferred firing locations displayed a complex remapping (Yoga-

narasimha et al., 2006).

An interesting question to ask, therefore, is how a population of head direction cells may develop

an isomapping of their preferred firing directions across different environments. One possible method

of achieving the isomapping is through the addition of excitatory recurrent collateral synapses be-

tween the head direction cells. Under this neural architecture, each individual head direction cell in a

population of head direction cells will send efferent synapses to, and receive afferent synapses from,

every other head direction cell in the population. The hypothesis is that in the first environment ex-

perienced by the rat, individual head direction cells within a population will develop unique preferred

firing directions. The presence of the recurrent collateral synapses will ensure that head direction

cells with preferred firing directions close to one another, in terms of angular distance, will develop

strong recurrent collateral synapses with one another. In effect, the strength of the recurrent collat-

eral synapse between any two head direction cells is a function of the angular distance between the

preferred firing directions of those two head direction cells. As the angular distance increases, so the

strength of the synaptic connection decreases.
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When the rat enters a new environment, the head direction cells will initially be randomly stimulated

to exhibit new preferred firing directions in the new environment. The presence of the (now trained)

recurrent collateral synapses will ensure that when any particular head direction cell is stimulated into

firing, this cell will in turn stimulate its neighbour cells, in terms of the angular distance between pre-

ferred firing directions, into firing. Thus, head direction cells with a small angular distance between

their preferred firing directions in one environment will exhibit the same angular distance between

their preferred firing directions in a different environment. Consequently, an isomapping of the head

direction cell preferred firing directions will develop. In other words, the excitatory recurrent collat-

eral synapses help to shape the activity profile that develops in the layer of head direction cells for

each particular orientation of the rat. This, in turn, strongly influences the learning of the feedforward

synaptic weight matrix between the input cells and the head direction cells.

The excitatory recurrent collateral synapses, in conjunction with a competitive learning mechanism,

ensure that there is a single persistent packet of neural activity in the head direction cell layer at each

orientation of the rat. This packet of activity will be centred on a particular head direction cell repre-

senting the current head orientation of the rat, but will also include a small number of head direction

cells representing head orientations close, in terms of angular distance, to the central head orientation.

Only those postsynaptic head direction cells that are currently firing will be permitted to strengthen

their synapses from the currently firing presynaptic input cells; the currently firing head direction cells

are precisely those head direction cells that are currently contributing to the activity packet in the head

direction cell layer. Thus, the firing rates of the currently firing head direction cells will be highly
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correlated with one another because head orientations that are spatially close to one another tend to

also temporally co-occur. Similarly, the firing rates of the currently firing input cells, representing

visual input at a particular position on the retina, will be highly correlated.

The high correlation between the firing of head direction cells with preferred firing directions close to

one another is reflected by strong recurrent collateral synapses between those head direction cells. The

firing of one of these head direction cells will, through the recurrent collateral synapses, induce firing

in the small number of head direction cells representing nearby head orientations. Consequently, head

direction cells that fire together in one environment are highly likely to fire together in a second en-

vironment. Associative Hebbian learning will strengthen the synapses from the currently active input

cells to the currently active head direction cells. This is how the isomapping across environments of

head direction cell preferred firing directions is learned.

If a neural network does not contain excitatory recurrent collateral synapses in the head direction

cell layer, that model cannot learn an isomapping of head direction cell preferred firing directions.

Without the recurrent collateral synapses, there is no method by which two head direction cells that

fire together can become associated with one another. Consequently, the future firing of one of these

head direction cells will not induce firing in the other head direction cell. In the absence of head

direction cell co-firing, it is not possible to maintain an isomapping of head direction cell preferred

firing directions.

Thus, a simple single-layer feedforward competitive neural network with excitatory recurrent col-
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lateral synapses amongst the output cells will be able to develop an isomapping of head direction cell

preferred firing directions across different environments. It is hypothesized that the strength of these

recurrent collateral synapses will influence the nature of the cell response profile mapping that occurs

across environments. With a relatively strong recurrent collateral synaptic input, it is predicted that

an isomapping of response profiles will occur. When the recurrent collateral synaptic input is rela-

tively weak, it is predicted that a complex remapping of cell response profiles will occur, similar to

the remapping observed in hippocampal place cells (Muller and Kubie, 1987; Bostock et al., 1991;

Markus et al., 1995).

1.5 Determining the Appropriate Level of Modelling

An important factor in the design process of a computational modelling study is the level of detail

at which the underlying system, in this case the brain, is modelled. A high-level abstract description

of a system, if not chosen carefully, can bear little correspondence to the real-world system being

modelled. Many real-world systems are inherently complex, comprising many interacting parts and

processes across a range of macro- and microscopic scales. Yet, a large amount of unnecessary detail

may compromise the explanatory power of any model.

Another important design factor is that all of the models presented in this thesis are self-organizing.

That is, the majority of the synapses in these models are updated through learning. As the models

often feature full synaptic connectivity between two layers of cells, i.e. a single postsynaptic cell

receives an afferent synaptic connection from each presynaptic cell, there are many synapses to up-

date. For instance, in a recurrently connected network, where every cell is connected to every other
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cell, the number of synapses grows quadratically with the number of cells in the network. Thus, the

more synapses that require updating in a model, the more computationally expensive the model be-

comes. Modifiable synapses are of primary importance to the models presented in this thesis, and the

computational expense of these synapses therefore greatly informs the choices made concerning the

appropriate level of detail at which to model head direction cells.

Hodgkin and Huxley (1952) proposed a system of nonlinear differential equations that describe the

time course of the generation of an action potential in a neuron. The research of Hodgkin and Huxley

has become the defining model of action potential generation. A neural network containing neurons

with behaviour described by the Hodgkin-Huxley model would, however, be very computationally

expensive, particularly if the model also contains self-organizing synapses. It is for this reason that

the Hodgkin-Huxley equations are too detailed to be implemented for the models in this thesis.

An approach to modelling neurons that is less detailed than the Hodgkin-Huxley model is that of

integrate-and-fire neurons (Lapicque, 1907; Koch, 1999; Dayan and Abbott, 2001). In an integrate-

and-fire model, the emission of an action potential by a neuron is treated as a discrete event, and thus

the time course of action potential generation is not modelled. This abstraction affords a reduction in

the complexity of the model. The exact level of detail can vary from high-level model neurons that

simply sum the action potentials they have received over a moving window of time, to more com-

plex conductance-based model neurons that approach the Hodgkin-Huxley model in their inclusion

of the effect of ion channels upon action potential generation (Koch, 1999; Dayan and Abbott, 2001).

With the computational resources available to the author at the time that research was commenced for
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this thesis, a neural network of integrate-and-fire neurons connected by self-organizing synapses was,

however, too computationally expensive to implement in terms of the simulation run-time.

One of the most abstract representations of a neuron is the simple firing-rate based model (Rumelhart

and Zipser, 1985; Rolls and Treves, 1998; Dayan and Abbott, 2001). In this type of model, neurons

do not emit individual action potentials. Instead, the instantaneous average firing rate of the cell is

simulated. The simplicity of a firing-rate based model leads to a reduction in the number of equations

required to specify the behaviour of each individual neuron in the model (in comparison with either

the Hodgkin-Huxley model, or an integrate-and-fire model). Consequently, firing-rate based models

are computationally cheaper to simulate. This is particularly appealing when the neural network con-

tains self-organizing synapses.

Further to this point, the models described in this thesis employ a competitive learning mechanism

that requires many (50 − 100) epochs of training in order for the synaptic weights to converge upon

stable values. To keep the simulation run-time reasonable thus requires that the run-time of a single

epoch is kept as short as possible.

The models described in Chapters 2, 3, and 4 therefore adopt a firing-rate based modelling approach.

The firing-rate based approach allows for a detailed exploration of the computations that develop in a

self-organizing neural network, whilst helping to keep the computational expense, and thus simulation

run-time, of the model at an acceptable level.
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1.6 Chapter Summary

This chapter reviewed the literature on head direction cell visual response properties. It was argued

that the majority of the head direction cell visual responses are learned by the head direction cell

system, and that a competitive learning mechanism provides the correct method by which these visual

response properties can be learned. To summarize the main points of this chapter:

• The preferred firing directions of head direction cells can be influenced by visual cues. Rotation

of a visual cue can induce rotation of the preferred firing directions by an amount approximately

equal to the magnitude of the cue rotation. If the cue card is rotated back to its original position,

the preferred firing directions of the head direction cells will also rotate back to their original

preferred directions. The influence of visual cues is a reliable effect that has been replicated by

many different research laboratories.

• Not all visual cues have the same magnitude of influence upon the preferred firing directions

of head direction cells. In particular, distal visual cues, which are relatively far away from the

observer, tend to have a stronger influence over preferred firing directions than proximal visual

cues, which are relatively close to the observer.

• There is some debate about the degree to which head direction cell responses are learned. There

is compelling evidence that head direction cells exhibit adult-like responses very quickly after

the rat open its eyes. There is, however, conflicting evidence that young rats do not display the

full range of properties associated with head direction cells until further learning takes place.

There is also compelling evidence that mature head direction cells still exhibit learning in novel

environments. Further experimental work is required to resolve this debate, but it is highly
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likely that head direction cell responses are, for the most part, learned responses.

• A plausible candidate for a learning mechanism that would produce the differential influence of

distal and proximal cues upon head direction cells is competitive learning. Hebbian associative

competitive learning is an unsupervised learning procedure through which inputs can be cat-

egorized on the basis of similarities and differences. Previous research has demonstrated that

competitive learning can enable a network to form separate representations of visual cues that

are presented simultaneously to the network, as long as the visual cues vary independently.

• Proximal and distal visual cues present different patterns of visual input at different positions

on the retina. When a rat has the same orientation at different training locations in an environ-

ment, the visual input from distal visual cues will appear at the same position on the retina and

will thus excite the same input cells. Proximal visual input will, however, appear at different

positions on the retina and will therefore excite different input cells. There is thus a statisti-

cal decoupling between the distal visual input and the proximal visual input. A competitive

learning mechanism can exploit this decoupling to from separate representations of distal and

proximal visual cues.

• The angular distance between the preferred firing directions of any two head direction cells is

maintained across different environments. This is called an isomapping of head direction cell

preferred directions. It is proposed that a competitive network incorporating excitatory recurrent

collateral synapses will produce isomapping in a head direction cell model.

• The appropriate level of model detail was discussed. It was recognised that while it is important

to incorporate detail into the model, practical considerations such as simulation run-time are
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also important factors in the model design process. A rate-coded modelling paradigm was

selected as appropriate for the models in this thesis.

The visual response properties of head direction cells, in particular the control of head direction cell

preferred firing directions by distal visual cues, are thus argued to be learned by the head direction cell

system. In the coming chapters of this thesis, models that can learn to discriminate between distal and

proximal visual cues are proposed in detail, and the results of simulating these models are presented

and analysed.
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Chapter 2

Head Direction Cell Visual Responses:

Orthogonal Input Representations

This chapter provides the implementation details and equations for a model that can learn to discrim-

inate between distal and proximal visual cues presented simultaneously to the model as input. The

results of simulating the model, in a controlled manner, with a variety of model and training environ-

ment configurations, are given and discussed. These different configurations were carefully chosen

to illustrate the operational principles of the model. This model is representative of the type of com-

putation that is required in order to learn to discriminate between distal and proximal visual cues.

As such, this model is presented as the minimal model sufficient to produce this learned behaviour.

Future additions to the model are also considered.

2.1 Model Architecture

The general architecture of the model is displayed in Figure 2.1a. There is a single layer of input

cells and a single layer of output cells. The input cell layer is connected to the output cell layer by
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Figure 2.1: a) Neural network architecture of the simulated agent for the model of the development of head
direction cell visual response properties with orthogonal input representations. The network comprises a layer
of input cells that have feedforward synaptic connections to a single layer of output cells. The synaptic connec-
tions will self-organize during competitive learning as the agent explores its visual training environment. Under
certain training conditions, the output layer cells are able to develop separate representations of the distal and
proximal visual cues presented to the network as input. b) With non-overlapping, orthogonal subsets of input
layer cells, there is one subset of input layer cells representing the distal visual cues, andM subsets representing
each of the M proximal objects in the training environment. None of the input layer cells may contribute to
more than one subset. The grey and black shading represents a Gaussian activity profile that specifies either a
particular orientation of the agent, for those input cells assigned to represent the space of distal objects; or a
particular egocentric head-centred bearing from the agent to one of the proximal objects, for those input layer
cells assigned to represent that particular proximal object. The black shading represents a high firing rate, i.e.
the centre of the Gaussian activity packet, and the grey shading represents a lower firing rate.

feedforward synaptic connections, where wij denotes the strength of the synaptic weight from presy-

naptic input layer cell j to postsynaptic output layer cell i. The synaptic weightswij will self-organize

during competitive learning as the agent explores its visual training environment. During the training

phase, the network receives visual input from a mixture of distal and proximal visual cues. Under

the correct training conditions, the competitive learning mechanism will produce some output layer
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cells that exhibit learned responses that are exclusive to the distal visual cues, and will produce some

output layer cells that exhibit learned responses that are exclusive to the proximal visual cues.

The distal and proximal visual cues take the form of objects in the training environment. This is

described in further detail in Section 2.2. The input cell layer is divided intoM+1 subsets ofN input

layer cells.

One subset of input cells, shown on the left of Figure 2.1b, represents the visual input from the

distal objects. The input cells in this subset form a closed, topologically organized, ring. Because

the distal objects are relatively far from the simulated agent, the visual input from the distal objects

depends only on the orientation, from 0o−360o, of the simulated agent within the environment. Con-

sequently, each individual input cell in this ring responds maximally to a unique orientation of the

agent within the training environment. During training, a Gaussian activity profile is imposed upon

this ring of input cells, where the peak of the profile reflects the current orientation of the agent within

the environment.

The remaining M subsets of input cells, shown on the right of Figure 2.1b, represent the visual input

from the M proximal objects. Each of the M proximal objects is represented by a unique, topolog-

ically organized, subset of input layer cells. The simulated agent can move around, and in-between,

the proximal objects, which are modelled as having the same visual appearance from any viewpoint.

Given this assumption, the visual input from each proximal object depends only on the bearing from

the simulated agent to the proximal object. The simulated agent is set to have the same 270o field-
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of-view as a rat, that is from −135o to +135o (Zugaro et al., 2004). Hence, each subset of input

cells encodes the retinal position of one of the proximal objects within the 270o field-of-view of the

simulated agent. Within a subset, each input cell is maximally responsive to a unique preferred retinal

position of the proximal object. A Gaussian activity profile is imposed upon each subset of input cells

such that the peak of the activity profile reflects the current retinal position of one of the M proximal

objects.

The M + 1 subsets of N input layer cells are completely orthogonal and non-overlapping. This

is shown in Figure 2.1b. Thus, a randomly chosen input layer cell j will be assigned to only one of

the M + 1 subsets, and no single input layer cell subset will share any input layer cells with any other

input layer cell subset. The total number of input layer cells is therefore equal to (M + 1)×N .

2.2 The Training Environment

Both the distal and proximal visual cues take the form of objects in the training environment. Any

particular training environment will consist of a number of training locations for the simulated agent,

one or more proximal visual objects, and a continuous circular space of distal visual objects. All of

the visual objects are implemented as symmetrical and will thus appear the same when viewed from

any given angle. Figure 2.2 displays two example training environments. In Figure 2.2a there are

four training locations, one centrally-located proximal object, and a circular space of distal objects.

Figure 2.2b is similar, but instead contains four proximal objects. The circular space of distal objects

is assumed to be at an infinite distance from the training locations and the proximal objects (although

this is not metrically represented in Figure 2.2).
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Figure 2.2: a) An example of the visual training environment. L = training location for the simulated agent. O
= proximal object. The dashed line represents a continuous circular space of distal objects. In this example there
are four training locations, a single centrally-located proximal object, and the space of distal objects. During
a training epoch, the agent visits all the training locations, but each individual training location once only. At
each training location the agent rotates through 360o in single degree increments, and at each increment the
current head-centred bearing from the agent to the proximal object is calculated. The head-centred bearing is
then used to set the firing rates of the input layer cells that represent the proximal object. The distal object space
is considered to be at an infinite distance from the training locations. Thus, the firing rates of the input layer
cells representing the space of distal objects are set to match the current orientation of the agent regardless of
the current training location. That is, the space of distal objects is assumed to be so far away that the agent will
receive the same pattern of visual input whenever the agent has the same orientation regardless of the current
training location. b) An example training environment with four training locations, four proximal objects, and
one space of distal objects.

During a single epoch of training, the simulated agent visits every training location in the training

environment once. At each training location, the agent rotates through 360o in single degree incre-

ments. At each increment, the firing rates of those input layer cells assigned to represent the space of

distal objects are set to match the current orientation of the agent, and the firing rates of those input

layer cells assigned to represent a particular proximal object are set to match the current head-centred

bearing of that proximal object.

For any given orientation, θ, of the agent at any given training location in the environment, the presy-

naptic input layer cells that are currently active propagate their firing through the wij synapses to the

postsynaptic output layer cells. The firing rates of the output layer cells are calculated according to a
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linear threshold function with the threshold iteratively adapted to maintain a desired level of sparse-

ness of firing a (see Equation 2.5 later). The model described in this chapter is a rate-based model and

thus simulates the instantaneous average firing rates of the cells, rather than the emission of action

potentials by individual cells.

As each presynaptic input layer cell is fully connected through the wij synapses to every postsy-

naptic output layer cell, each individual postsynaptic output layer cell will initially receive varying

levels of stimulation from all the currently active presynaptic input layer cells at any given training

update. Thus, the computational problem is that the visual signals from the distal and proximal objects

are completely combined in the untrained output layer cells. The theoretical challenge is therefore to

explain how, as the agent visits each training location during learning, the network can self-organize

its feedforward connection weights wij so that some of the output layer cells will exhibit learned

responses that are exclusive to the distal visual objects, and some of the output layer cells will ex-

hibit learned responses that are exclusive to the proximal visual objects. This problem is non-trivial

because, as will be seen in Section 2.5, only under certain training conditions is the model able to

develop learned responses in the output layer cells that can separate the distal and proximal visual

objects presented to the network as input.

2.3 Model Operation

Building upon the argument developed in Chapter 1, this section will explore in detail how the model

learns to discriminate between distal and proximal visual objects.
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2.3.1 The Learning Paradigm

The model operates on the principle of unsupervised competitive learning, which is a learning paradigm

that enables a neural network to perform categorization of the stimuli presented to it as input (Hertz

et al., 1991). At any given update of the model during the training phase, only a small number of

postsynaptic output layer cells are allowed to fire and therefore strengthen their wij synapses with the

currently active presynaptic input layer cells through associative Hebbian learning. The number of

output layer cells that are allowed to fire at any given model update depends on the threshold of the

activation function for the output layer cells, which is iteratively adapted to maintain a pre-specified

level of sparseness of firing a. This simulates the effect of inhibitory interneurons in the output layer

of the model.

At any particular update of the model, the postsynaptic output layer cells that win the competition

and are consequently allowed to fire will be those cells that receive the most stimulation, through the

wij synapses, from the currently active presynaptic input layer cells. The active output layer cells will

then have each of their wij synaptic weights strengthened in proportion to the product of the firing

rates of the postsynaptic output layer cell i and the presynaptic input layer cell j. Thus, presynaptic

input layer cells that are consistently co-active with a postsynaptic output layer cell during training

will develop strong synaptic connections with that postsynaptic output layer cell. It is the relative

strengths of the wij synapses between the presynaptic input layer cells and a particular postsynaptic

output layer cell that determine what stimuli that postsynaptic output layer cell will show a learned

response to. For instance, if, after training, an output layer cell has strong wij synapses from the input

layer cells assigned to the subset representing the space of distal objects, but very weak wij synapses
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from the input layer cells assigned to all other subsets, then the output layer cell will show a learned

response to the space of distal objects, but not to any of the proximal objects.

During learning, the weight vector for each postsynaptic output layer cell is normalized after each

learning update. This has the effect of limiting the size of the weight vectors of the output layer cells,

which prevents any particular output layer cell from dominating the competition and becoming the

only output layer cell that is allowed to fire. Consistent and strong stimulation of a postsynaptic out-

put layer cell by a subset of presynaptic input layer cells will lead to those input layer cells receiving an

increasingly larger share of the distribution of thewij synaptic strengths between the presynaptic input

layer cells and the particular postsynaptic output layer cell. Under the correct training conditions, the

normalization procedure will help some of the output layer cells to develop learned responses that are

exclusive to either the space of distal objects or a proximal object, but not both. In the brain, this type

of normalization could be achieved by synaptic weight decay (Oja, 1982; Rolls and Treves, 1998),

or conservation of the total synaptic weights through a mixture of Long-Term Potentiation (LTP) and

Long-Term Depression (LTD) (Royer and Paré, 2003).

2.3.2 Competitive Learning and the Statistics of the Environment

The statistics of the interaction between the agent and its training environment will produce output

layer cells that learn to discriminate between the distal and proximal object spaces. That is, output

layer cells that learn to respond exclusively to either the space of distal objects or one of the proximal

objects, but not both.

As an example, consider the training environment displayed in Figure 2.2a, containing four train-
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ing locations, the space of distal objects, but only a single, centrally-located, proximal object. When

the simulated agent visits each training location during a training epoch, the agent will rotate through

360o at each location.

Now consider the firing rates of the subset of input layer cells assigned to represent the proximal

object. When the agent rotates at each of the four training locations, there will be a point at each of

the training locations where the agent has the same allocentric orientation or head direction θ. When

the agent has this particular head direction θ, the head-centred bearing to the proximal object will be

different at each of the four training locations. Consequently, for a given head direction θ, the visual

input from the proximal object will fall on a different portion of the retina at each training location.

This means that within the subset of input layer cells representing the proximal object, there will be a

different cluster of input layer cells active when the agent has a particular head direction θ at each of

the four training locations.

In contrast, the space of distal objects is assumed to be at an infinite distance from the agent. Thus,

when the agent has the same particular head direction θ at each training location, the agent will, in

each case, receive the same particular global pattern of visual input from the space of distal objects.

Within the subset of input layer cells that are responsive to the orientation of the agent to the space of

distal objects, the same cluster of input layer cells will be active when the agent has a particular head

direction θ at each of the four training locations.

The key principle here is that, for each particular head direction θ across the four different train-
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ing locations, the same small cluster of input cells representing the current orientation to the space of

distal objects will be active at each training location. Yet, this consistently active cluster of input cells

will, for the same particular head direction θ at each training location, be co-active with a different

small cluster of input cells representing the current head-centred bearing from the agent to the proxi-

mal object. Thus, across the four training locations there is a statistical decoupling of the input layer

cell representations of the distal and proximal objects. This level of statistical decoupling between

the visual input from the space of distal objects and the visual input from the proximal object plays a

key role in how the output layer of the network is able to learn to form separate representations of the

distal and proximal objects. Moreover, as the number of training locations in the training environment

increases, this effective statistical decoupling is enhanced. This enhancement helps to increase the

discrimination between the distal and proximal objects in the output layer after training of the net-

work.

The result of the statistical decoupling between the distal and proximal object spaces is that, after

competitive learning, a subpopulation of the output layer cells will have learned to respond exclu-

sively to different narrow regions of the space of distal objects. The population response of this

subpopulation of output cells will reflect the current head direction of the agent, and the individual

output layer cells within the population will behave like head direction cells.

2.3.3 Statistics of the Environment with Multiple Proximal Objects

In a natural environment there are likely to be multiple proximal objects as shown in Figure 2.2b. As

the number of proximal objects present in the environment increases, it will become more difficult for

the competitive network architecture to develop separate representations of all of the proximal objects
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as well as the space of distal objects. Thus, the computational problem that the model must learn to

solve becomes harder as the number of proximal objects increases.

2.3.4 Anatomical Considerations

As an anatomical consideration, it is highly likely that the type of computation required to form sep-

arate representations of distal and proximal visual cues takes place in the visual processing stream

that inputs to the head direction cell system. It is also highly likely that the computation will occur

at a place in the visual processing stream where the information has already undergone a significant

amount of processing (in order for the computation to be able to form separate representations of

whole objects).

Bassett and Taube (2005) propose that visual information reaches the head direction cell system by a

path of either visual cortex→ postsubiculum, or visual cortex→ retrosplenial cortex→ postsubicu-

lum. It thus seems plausible that the processing proposed in the previous sections would take place

in one of these two processing streams. No direct mapping is proposed, however, between the model

outlined in the previous sections and a specific region or regions of the brain in one or both of these

processing streams. Instead, the computation carried out by the model described in this chapter should

be taken as representative of the computation required to form separate learned representations of dis-

tal and proximal visual cues. Moreover, the computation is simple enough that it can be carried out

by any single set of synapses in the visual processing stream that forms an input to the head direction

cell system.
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2.4 Model Equations and Implementation

A simplifying assumption is that the eyes of the simulated agent do not move in the eye-sockets: this

produces a constant mapping from the retinal visual space of the agent to the head-centred visual

space of the agent.

When the network is initialized, 200 input layer cells are assigned to the input layer cell subset repre-

senting the space of distal objects, and 200 input layer cells are assigned to each of the M input layer

cell subsets representing the M proximal objects in the training environment.

As the simulated agent travels its environment and rotates through 360o at each training location,

the firing rate ri of each input layer cell is set, for the current orientation θ of the agent, to a Gaussian

response profile as follows:

ri = λe−s
2
i /2σ

2
(2.1)

where σ is the standard deviation of the Gaussian response, and λ is a scaling factor.

For each input layer cell i that is set to respond to visual input from one of the proximal objects,

si is defined to be |xi − x|. The current head-centred bearing from the agent to the particular proxi-

mal object the input layer cell responds to is given by x, and xi is the preferred head-centred bearing

from the agent to the proximal object for that particular input layer cell i.

For an input layer cell i that is set to respond to visual input from the space of distal objects, si is
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defined to be

si = MIN(|xi − x| , 360− |xi − x|) (2.2)

where x is the current orientation of the agent with respect to the space of distal objects, and xi is

the preferred orientation of the agent to the space of distal objects for that particular input layer cell

i. It is assumed that at least one distal cue is always visible to the agent as it rotates through 360o.

Equation (2.2) ensures that, for those input layer cells set to respond to the space of distal objects, the

input layer cell preferred orientations are continuous through 360o, i.e. there is a wrap-around in the

input layer cell preferred orientations.

After the input layer cell firing rates ri have been set, these firing rates are then propagated along

the wij synapses to the output layer cells. The activation level hi of each postsynaptic output layer

cell i is calculated according to

hi =
∑
j

wijrj (2.3)

where rj is the firing rate of the presynaptic input layer cell j, and wij is the synaptic weight between

the presynaptic input layer cell j and the postsynaptic output layer cell i. The firing rate ri of each

output layer cell i is then calculated as a threshold linear function of the activation level hi of that cell

ri = f(hi) (2.4)

where the threshold of the function is iteratively adjusted until either the desired sparseness of firing
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a in the output layer is achieved, or a maximum number of iterations (300) is reached. The sparseness

of firing a of the population of output layer cells is given by

a =
(
∑T

i=1 ri/T )2∑T
i=1 r

2
i /T

(2.5)

where ri is the firing rate of the i-th output layer cell, and T is the total number of output layer cells

(Rolls and Treves, 1990, 1998).

The sparseness of firing a governs the level of activity within the output cell layer. For binarized

firing rates, the sparseness is the proportion of output layer cells that are active at any given moment.

Adjusting the threshold of the function to obtain a desired sparseness of firing promotes competitive

learning in the postsynaptic output layer cells, as only those cells with a firing rate above the threshold

are allowed to “win” the competition to fire and thus update their wij synaptic weights with the cur-

rently active presynaptic input layer cells. In the brain, this type of competition could by implemented

by inhibitory interneurons in the output layer cells.

The synaptic weights wij between the presynaptic input layer cells and the postsynaptic output layer

cells are then updated according to the following Hebbian associative learning rule

δwij = krirj (2.6)

where δwij is the change in strength between the postsynaptic output layer cell i and the presynaptic

input layer cell j, ri is the firing rate of output layer cell i, rj is the firing rate of input layer cell j, and
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k is constant expressing the rate at which the wij synapses are updated (the learning rate).

The competitive learning taking place in the layer of output cells presents the possibility of the wij

synapses growing unbounded, which would lead to the same few postsynaptic output layer cells al-

ways winning the competition to fire and thus updating their wij synapses with the presynaptic input

layer cells. The result of this would be that proper categorization of the input stimuli would fail to

occur and the competitive network would cease to function. In order to prevent this, the wij synapses

are bounded by normalization to ensure that, after normalization, for each postsynaptic output layer

cell i

√∑
j

(wij)2 = 1 (2.7)

where the sum is over all the presynaptic input layer cells j. The process of weight normalization may

be achieved in the brain by synaptic weight decay (Oja, 1982; Rolls and Treves, 1998), or conserva-

tion of the total synaptic weights through a mixture of LTP and LTD (Stent, 1973; Royer and Paré,

2003).

When the above calculations have been completed for every orientation of the agent at every training

location in the training environment, then one epoch of training has taken place. In total, there are

100 epochs in the training phase to allow the competitive learning mechanism time to converge upon

a solution.

The simulation then enters the testing phase to determine if the output layer cells have learned to
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respond to the space of distal objects, a proximal object, some mixture of the distal and proximal

objects, or a mixture of proximal objects (if there is more than one proximal object in the training

environment).

During testing, the firing rate responses of the output layer cells are computed and recorded as the

network is tested separately on visual input from either the space of distal objects, or one of the M

proximal objects. The network is first presented with visual input from the space of distal objects as

the agent rotates through 360o. For each orientation of the agent, the firing rates of the input layer cells

assigned to represent the space of distal objects are set as described above. For each orientation, the

firing rates of all of the output layer cells are computed and recorded. This process is then repeated for

each of the M proximal objects in the training environment. Each proximal object is moved through

270o on the retina, and the firing rates of the input cells representing that proximal object are set as

described above. The firing rates of the output layer cells are computed and recorded for each position

of the proximal object on the retina.

After the model has been probed for the responses of the output layer cells to the distal and prox-

imal object spaces, the testing phase is complete.

2.5 Results

This section presents the results of investigating the effect that controlled alterations of the model

parameters, and the training environment, have upon the learning ability of the model.
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Table 2.1: Network parameters for the simulations reported in Chapter 2

Network Parameters

No. Input Cells Responsive to Space of Distal Objects 200
No. Input Cells Responsive to Proximal Objects 200 × (No. Proximal Objects)
No. Output Layer Cells 900

No. wij Synapses onto each Output Layer Cell Total No. Input Cells

a (Sparseness of Output Layer Cell Firing) 0.1

Training Parameters

No. Training Epochs 100
k (Learning Rate) 0.001
λ (Scaling of Input Cell Gaussian Response Profiles) 10.0
σ (S.D. of Input Cell Gaussian Response Profiles) 5.0o

All values are constant across all experiments reported in this chapter except where noted in the text.

2.5.1 Experiment 2.1: Demonstration of Core Model Performance

The simulations comprising this experiment were conducted to demonstrate the main operational prin-

ciples of the model with orthogonal input representations.

The training environment consisted of a single, centrally-placed proximal object, ten training loca-

tions placed in a ring around the proximal object, and a circular space of distal objects at an infinite

distance from the training locations. The network was simulated with the parameters given in Table

2.1, in accordance with the training and testing protocol described in Section 2.4. The simulation was

repeated five times with identical model parameters in each case, but with different random synaptic

weight initializations. The repeated simulations were conducted to check that the model learned be-

haviour is not highly dependent upon a particular initial synaptic weight configuration.
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a)

b)

Figure 2.3: The responses of the output layer cells in Experiment 2.1. The responses are presented in polar
plot form. a) The untrained responses of eight output layer cells after a testing phase, but no learning phase, has
taken place. The unbroken line represents the cell response to the space of distal objects, which is plotted over
the interval 0o − 360o. The dashed line represents the cell response to the proximal object, which is plotted
over the 0o− 270o field-of-view of the simulated agent. It is clear from the plots that the untrained output layer
cells respond to both the distal and proximal object spaces and do so in a multi-modal fashion, i.e. the response
curves show multiple peaks. b) The trained responses of the same eight output layer cells shown above. The
cell responses are now exclusive to either the space of distal objects, or the proximal object, but not both. The
response curves also exhibit a single prominent peak, in contrast to the multi-modal response of the untrained
cells. It is clear from comparing the the untrained and trained cell responses that the training regime has a strong
effect upon the naive cell responses.
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Figure 2.3 displays the responses of eight of the output layer cells when probed with the distal and

proximal objects during the testing phase. The cell responses are given in polar plot form. The top

eight plots display a selection of the untrained responses of the output layer cells when the network

underwent the testing phase without any prior learning taking place. Thus, the responses exhibited by

the output layer cells are completely naive. It is clear that the untrained output layer cells respond to

both the space of distal objects and the proximal object when probed with these objects during testing.

The untrained responses are also multi-modal as the individual response curves exhibit several peaks

rather than a single peak.

In comparison, the bottom eight plots of Figure 2.3 display the learned responses of the same eight

output layer cells. Each response curve exhibits a single peak indicating a defined learned response

to a particular view of either the space of distal objects or the proximal object. Each output layer

cell displayed has thus learned to represent the space of distal objects, or the proximal object, but

not both. Comparing the untrained and trained response curves of each output layer cell reveals that

the training regime has a definite influence upon the nature of the cell response, i.e. the individual

output layer cells in the untrained network cannot discriminate between the distal and proximal object

spaces. Moreover, ten training locations are sufficient for the model to form separate representations

of the space of distal objects and a single proximal object.

To further quantify the model performance, the learned responses of the output layer cells were clas-

sified by response type. An individual output layer cell can be classified into one of four mutually

exclusive groups: responsive to the space of distal objects; responsive to the proximal object; re-
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sponsive to both object spaces; or does not respond after training. The criterion for inclusion in the

distal-responsive group is that the maximum firing rate of the cell must be above a threshold of 0.03,

and the maximum firing rate of the cell in response to the proximal object must be≤ 20% of the max-

imum firing rate in response to the space of distal objects. To be included in the proximal-responsive

group, an output layer cell must exhibit a maximum firing rate above the threshold of 0.03 and the

maximum firing rate of the cell in response to the space of distal objects must be ≤ 20% of the max-

imum firing rate of that cell in response to the proximal object. Inclusion in the no response group

was determined by cells that had a maximum firing rate ≤ 0.03 in response to both the space of distal

objects and the proximal object. Any output layer cell that did not meet the three previous criteria was

classified as exhibiting a learned response to both the distal and proximal object spaces. The criteria

of 0.03 and ≤ 20% were set by a visual inspection and comparison of the output layer cell response

curves with the number of cells classified into each mutually exclusive group by different values of

the criteria: the aim being to arrive at values for the two criteria which produce a classification of the

output layer cells that agrees closely with the classification of the output layer cells by visual inspec-

tion alone.

The average number of cells and standard deviations for each response classification, across the five

simulation runs with different random synaptic weight initializations, are displayed in Table 2.2. The

data shown are the result of applying the testing phase to the model both before and after the training

phase had taken place. The data are also displayed as a bar chart in Figure 2.4.

For the untrained, naive, model an average of 32.0 (3.56%) out of 900 output layer cells were classi-
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Table 2.2: Responses of the output layer cells in Experiment 2.1 both pre and post-training

Experiment 2.1 Output Layer Cell Responses

Untrained Trained

Cells S.D. Cells S.D.

No. Cells Responsive to Space of Distal Objects 32.0 (3.56%) 9.3 387.4 (43.04%) 3.0
No. Cells Responsive to Proximal Object 10.6 (1.18%) 1.5 512.6 (56.96%) 3.0
No. Cells Responsive to Both Object Spaces 857.4 (95.27%) 10.1 0 0
No. Cells Responsive to Neither Object Space 0 0 0 0

The response criteria and their values are described in the text (Section 2.5.1). The results shown in the table
are the average of five simulation runs in both the untrained and trained model states. Each of the simulation
runs was conducted with identical model parameters, but different random synaptic weight initializations. S.D.
= standard deviation. It is clear from the table that, in the untrained case, the output layer cells mainly exhibit
responses to both the distal and proximal object spaces. After training, the output layer cells show a learned
response to either the space of distal objects, or the proximal object, but not both.

fied as exhibiting an exclusive response to the space of distal objects. 10.6 (1.18%) of the cells were

classified as showing an exclusive response to the proximal object. The majority, 857.4 (95.27%), of

the untrained output layer cells were classified as responding to both the distal and proximal object

spaces.

After the model was trained, an average of 387.4 (43.04%) out of 900 output layer cells were classi-

fied as exhibiting a learned response that is exclusive to the space of distal objects, and an average of

512.6 (56.96%) of the output layer cells were classified as showing a learned response that is exclu-

sive to the single proximal object. No output layer cells were classified as responding to both object

spaces, and no output layer cells were classified as showing no response.

Thus, it is clear from Figures 2.3, 2.4, and Table 2.2 that the model can produce output layer cells
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Figure 2.4: Bar chart of the output layer cell responses in Experiment 2.1. The data displayed are the average
response types of the output layer cells across five simulations conducted with identical model parameters but
different random synaptic weight initializations, as reported in Table 2.2. It is clear that, in the untrained case,
the majority of the output layer cells respond to a mixture of the distal and proximal object spaces. After the
model has been trained, the output layer cells exhibit a response to either the space of distal objects, or the
proximal object, but not both.

that have learned to distinguish between the distal and proximal object spaces in the training environ-

ment. That is, after training the model, there will be individual output layer cells that show a learned

response that is exclusive to one of the distal or proximal object spaces, but not both. The standard

deviations shown in Table 2.2 are small enough in all cases to conclude that there is little variability in

the performance of the model when different random synaptic weight initializations are used. Thus,

the learning phase has a genuine effect upon the model and the model itself is robust to variations in

the initial synaptic weight configurations.

Because the space of distal objects is at an infinite distance from the training locations, whenever

the agent has a particular head direction θ at each of the ten training locations then the orientation of

the agent to the space of distal objects will be the same. The proximal object, however, will lie on

a different head-centred bearing to the agent for the same particular head direction θ at each of the

training locations. Thus, the subset of 200 input layer cells that represent the space of distal objects
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will receive the same pattern of global visual input from the distal object space, which is represented

as aGaussian activity peak at the same position on the ring of input cells whenever the agent has a

particular head direction θ. Consequently, the same small cluster of these input cells will be active

when the agent has the head direction θ. Within the subset of 200 input layer cells representing the

proximal object, however, the visual input from the proximal object will occur at a different retinal

position whenever the agent has the same particular head direction θ at each of the ten training loca-

tions. This results in a different small cluster of the proximal-object-responsive input layer cells being

active for the same particular head direction θ across the different training locations.

The result is that a statistical decoupling is produced between the input layer cell representations

of the distal and proximal object spaces. The output layer cells receive these representations from

the input layer cells through the wij synapses, and the statistical decoupling is sufficient for some of

the output layer cells to develop learned responses, through associative competitive learning, that are

exclusive to either the space of distal objects, or the proximal object space, but not both.

The results reported here demonstrate how a neural network can learn to form separate representa-

tions of distal and proximal visual cues presented to it as input. Moreover, it has been shown that

a network can achieve this separation in an unsupervised manner, i.e. there is no teacher specifying

how to categorize the inputs, or which category to place an input into. It has also been shown that a

network can achieve this unsupervised categorization in a single layer of synapses: in this case the wij

synapses. This is the core result that demonstrates the type of computation required in order for head

direction cells to be preferentially stimulated by distal visual cues rather than proximal visual cues.
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2.5.2 Experiment 2.2: The Effect of Varying the Number of Training Locations

This experiment was conducted to investigate the effect that varying the number of training locations

in the training environment has upon the performance of the model. It is hypothesized that, with a

single proximal object in the training environment, increasing the number of training locations that

the agent visits will increase the ability of the model to produce output layer cells that have learned to

discriminate between the distal and proximal objects spaces. It is also hypothesized that there will be

a minimum number of training locations that the agent must visit in order that the model can learn to

discriminate between the distal and proximal object spaces.

For this experiment four simulations were conducted. In each simulation, the training environment

consisted of a single centrally-placed proximal object and a continuous circular space of distal ob-

jects at an infinite distance from the proximal object as in Experiment 2.1 (Section 2.5.1). For all

simulations the network was simulated with the parameter values given in Table 2.1. The simulations

differed in one parameter; the number of training locations in the training environment, which was

varied as follows: 1, 2, 5, 10.

Table 2.3 displays the output layer cells classified by learned response type. The data are also dis-

played in Figure 2.5. With a small number, 1 or 2, of training locations in the environment, the

majority of the output layer cells, 768.2 (85.36%) and 900.0 (100%) respectively, exhibit a learned

response to both the distal and proximal object spaces. With only a small number of training loca-

tions, the statistical decoupling between the distal and proximal object spaces is not high enough for

individual output layer cells to form separate representations of the distal and proximal object spaces.
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Figure 2.5: Bar chart of the output layer cell learned responses in Experiment 2.2. The chart displays, for each
different number of training locations, the average response types of the output layer cells recorded across five
simulations conducted with identical model parameters but with different random synaptic weight initializa-
tions, as reported in Table 2.3. As the number of training locations increases, the output layer cells change from
learning to represent a mixture of the distal and proximal object spaces to learning to represent one of the distal
or proximal object spaces, but not both.

Instead, there is a high degree of statistical coupling between the distal and proximal object spaces.

This results in individual output layer cells exhibiting mixed learned responses to both the distal and

proximal object spaces.

For the simulations with one training location in the environment, an average of 131.8 (14.64%) of

the output layer cells were classified as having developed an exclusive response to the space of distal

objects. This is due to the agent having the same 270o field-of-view as the rat. Thus, when the agent

rotates through 360o at the single training location, there is a 90o interval during which the proximal

object is not be visible to the agent. Consequently, during this 90o interval the postsynaptic output

layer cells continue to receive stimulation from the presynaptic input layer cells representing the space

of distal objects, but do not receive any stimulation from the presynaptic input layer cells representing

the single proximal object. This is why an average of 131.8 of the output layer cells were able to

develop learned responses that are exclusive to the space of distal objects when there is only a single
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training location in the training environment.

This result is clearly an artefact of the experimental setup. When the number of training locations

is increased to two, all 900 of the output layer cells learn to respond to both the distal and proximal

object spaces. It is not until the number of training locations is further increased that individual output

layer cells can learn to discriminate between the distal and proximal object spaces.

When the training environment contains five training locations, 379.6 (42.18%) of the output layer

cells exhibited a learned response that is exclusive to the space of distal objects; 327.2 (36.36%) of

the output layer cells were classified as showing a learned response that is exclusive to the proximal

object; and 193.2 (21.47%) of the output layer cells demonstrated a learned response to both of the

distal and proximal object spaces.

Thus, with a single proximal object in the training environment, only a small increase in the num-

ber of training locations is required in order for the network to form separate learned representations

of the distal and proximal object spaces. This is a direct result of the fact that the level of statistical

decoupling between the distal and proximal object spaces is directly proportional to the number of

training locations in the environment (although the number of training locations is only one factor in

producing a statistical decoupling between the object spaces).

In the simulation conducted with ten training locations in the training environment, none of the output

layer cells exhibited a learned response to both of the distal and proximal object spaces. Consequently,
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Figure 2.6: The learned responses of the output layer cells in Experiment 2.2. All four polar plots represent
data recorded from the same output layer cell in a model simulated with the same initial synaptic weight ini-
tializations, but with a different number of training locations in the training environment in each of the four
cases: top left, one location; top right, two locations; bottom left, five locations; bottom right, ten locations.
The output layer cell response to the space of distal objects is represented by the unbroken line. The cell re-
sponse to the proximal object is represented by the dashed line. It is clear from the plots that as the number of
training locations in the training environment increases, so the network is better able to form separate learned
representations of the distal and proximal object spaces. With a small number of training locations, (1 or 2),
the network cannot form separate representations of the distal and proximal object spaces. The result is that
individual output layer cells learn to respond to both of the distal and proximal object spaces. With a higher
number of training locations, (5 or 10), the network is able to form separate representations of the two object
spaces, and does so by employing an exclusively local, grandmother-cell-like representation in the output layer
cells. This is shown in the bottom two plots, where the output layer cells have learned to respond exclusively to
the space of distal objects, and not to the proximal object.

the output layer cells can learn to form separate representations of both of the distal and proximal ob-

ject spaces. The output layer cells employ an exclusively local, grandmother-cell-like representation

where a single output layer cell can uniquely identify either the current orientation of the agent to

the space of distal objects (head direction), or the current head-centred bearing from the agent to the

proximal object, but not both.

Figure 2.6 displays the learned response profiles of the output layer cells when probed with the distal

and proximal objects during the testing phase. Each one of the four polar plots displays the recorded

response of the same output layer cell recorded from a simulation conducted with the same synaptic
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weight initializations, but with a different number of training locations in the training environment

in each case. From the plots it is clear that as the number of training locations in the training envi-

ronment increases, so the network is better able to separate out the distal and proximal object spaces.

With the experimental setup reported here, when the number of training locations is ≥ 5, the network

employs a local, grandmother-cell-like representation where individual output layer cells respond ex-

clusively to either a small part of the space of distal objects, or the proximal object space, but not both.

The nature of the representation that develops in the output layer cells is a direct result of an interac-

tion between the number of training locations in the training environment and the distal and proximal

object spaces. The same small cluster of input layer cells signalling visual input from the distal object

space will be constantly active for a particular head direction θ across all training locations. But, a

different cluster of input layer cells, signalling visual input from the proximal object at a particular

retinal position, will be active for the same head direction θ across all training locations. Thus, with

N training locations in the training environment, a particular cluster of input layer cells representing

the orientation of the agent to the space of distal objects will only be co-active 1 in N times with any

particular cluster of input layer cells representing the current head-centred bearing of the proximal

object to the agent.

Therefore, when there is a single training location in the training environment, a packet of activity

in the input layer cells representing the current orientation of the agent to the space of distal ob-

jects will always be paired with the same corresponding packet of activity representing the current

head-centred bearing of the proximal object to the agent. Thus, the associative competitive learning
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mechanism employed by the network will not be able to form separate representations of the distal

and proximal object spaces. This is shown in Table 2.3, Figure 2.5, and in the top-left plot of Figure

2.6.

As the number of training locations increases, so the statistical decoupling between the distal and

proximal object spaces also increases. This is due to the fact that an activity packet in the subset of

input layer cells representing the space of distal objects is paired very infrequently, 1 inNLOCATIONS,

with any other activity packet in the proximal-responsive input layer cells. This is why, in the current

experiment, as few as five training locations are required in order for the output layer cells to begin

to form separate representations of either the space of distal objects or the proximal object space, but

not both.

It is interesting to note that, in the case of a single proximal object in the training environment, a rel-

atively small number of training locations is required to produce a high enough statistical decoupling

between the distal and proximal object spaces such that local, grandmother-cell-like representations

develop in the output layer cells whereby the network can form separate representations of the distal

and proximal object spaces. In a natural environment, with multiple proximal objects present, there

would not be discrete training locations as in the simulations reported here, but rather a continuum of

training locations as the animal travels through the environment. This continuum of training locations

should provide a high enough level of statistical decoupling between the distal and proximal object

spaces such that the neural network described here should be able to form separate representations of

the distal and proximal visual cues presented to it as input.
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A prediction that can be made, based upon the results of this experiment, is that an animal must be

able to move through its environment in order to learn to discriminate successfully between distal and

proximal visual objects. Thus, if an infant animal is restricted in its movements, corresponding to the

simulations with 1 or 2 training locations in this current experiment, then the inability to discriminate

between distal and proximal visual cues will mean that head direction cells will show no learned pref-

erence for stimulation by rotation of distal visual cues rather than stimulation by rotation of proximal

visual cues. In principle, this prediction should be fairly straightforward to test empirically.

2.5.3 Experiment 2.3: The Sparseness of Firing within the Output Layer Cells

The purpose of this experiment was to explore the effect that the sparseness of firing within the output

layer cells has upon the performance of the model. When the output layer cells are approximately

binarized, i.e. 0/1, then the sparseness value, a, as defined by Equation (2.5) in this chapter, can be

interpreted as the approximate proportion of output layer cells that are allowed to fire at any given

update of the model. The sparseness value effectively determines the level of competition that occurs

between the output layer cells, which, in turn, can determine the nature of the output layer cell learned

responses.

This experiment explored six different values of the sparseness a. In all the simulations conducted,

the training environment was identical to the one used in Experiment 2.1, consisting of ten training

locations placed in a ring around a centrally-located proximal object, and a circular space of distal

objects at an infinite distance from the training locations. The network was simulated in all cases with

the parameter values given in Table 2.1. The only difference across the simulations was the value of
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Figure 2.7: The learned responses of the output layer cells in Experiment 2.3. For each different value of
sparseness a, the bar chart displays the average number of output layer cells per response type across five sim-
ulations conducted with identical model parameters, but with different random synaptic weight initializations.
The data are also reported in Table 2.4. As the sparseness value a increases, the nature of the learned represen-
tation in the output layer cells changes from a local grandmother-cell-like representation where an individual
output layer cell represents one of either the distal or proximal object spaces, to a distributed representation
where individual output layer cells represent a mixture of the distal and proximal object spaces.

the sparseness, a, which was varied as follows: 0.01, 0.05, 0.1, 0.2, 0.3, 0.4.

Table 2.4 and Figure 2.7 display the results of classifying the output layer cells by learned response

type for each of the six different values of a. Of note is the increase in the number of output layer

cells that show learned responses to both the distal and proximal object spaces as the sparseness value

a becomes larger, i.e. as the number of output layer cells allowed to fire at any given update increases.

An increase in a also produces a decrease in the number of output layer cells that do not exhibit a

response to either of the distal or proximal object spaces. The optimal sparseness for producing the

largest number of output layer cells that respond exclusively to the distal object space is, under the

current experimental setup, in the interval [0.05, 0.1].

The representation of the input stimuli in the output layer cells changes, as the value of a increases,
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Figure 2.8: Learned responses of the output layer cells in Experiment 2.3. Each polar plot shows the response
profile from the same output layer cell taken from one of six simulations conducted with the same synaptic
weight initializations, but with a different value for the sparseness a in each simulation. Top row, left to right,
a value = 0.01, 0.05, 0.1. Bottom row, left to right, a value = 0.2, 0.3, 0.4. The response to the space of
distal objects is represented by the unbroken line. The response to the proximal object is represented by the
dashed line. As the value of a increases, so the number of output layer cells that respond to both the distal
object space and the proximal object increases. The firing profiles also tend to become broader and weaker as
a increases, and, with high values of a such as 0.3 and 0.4, multiple peaks are present within the output layer
cell response curves to both the distal and proximal object spaces. The plots clearly show that as the sparseness
value a increases, so the nature of the learned representation in the output layer cells changes from a local,
grandmother-cell-like representation, where individual output layer cells respond to a narrow region of either
the distal or proximal object space, but not both, into a distributed representation where individual output layer
cells respond to multiple narrow regions of both object spaces.

from a local, grandmother-cell-like encoding where the majority of the output layer cells learn to

respond exclusively to one of the distal or proximal object spaces, but not both, to a distributed rep-

resentation where the majority of the output layer cells learn to respond to both of the distal and

proximal object spaces.

Figure 2.8 displays the learned response profiles of the output layer cells when probed with the distal

and proximal objects during the testing phase. Each one of the six plots represents the same output

layer cell recorded during one of six simulations conducted with the same synaptic weight initializa-

tions, but with a different value of the sparseness a for each simulation.
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Figure 2.9: The learned responses of three output layer cells from a simulation conducted with a sparseness
value, a, of 0.2. The response to the space of distal objects is represented by the unbroken line. The response to
the proximal object is represented by the dashed line. The three output layer cells respond maximally to the same
particular orientation θ of the agent to the space of distal objects. However, the three cells respond maximally to
the proximal object when it lies on different bearings to the agent. Thus, there is no fixed relationship between
the response of an output layer cell to the space of distal objects and the response of the same cell to the proximal
object. This implies that there is likely to be a unique pattern of firing across the whole population of cells in
the output layer for each orientation of the agent, θ, to the space of distal objects. There will also be a unique
pattern of firing for each head-centred bearing from the proximal object to the agent. It is from this unique
pattern of firing across the output layer cells that the orientation of the agent or the position of the proximal
object can be determined.

With a low value of a, 0.01, there will only be approximately 1% of the output layer cells firing

at any given update of the model. The majority, 742.2 (82.47%), of the output layer cells in the sim-

ulations conducted with this sparseness value exhibited no learned response, as is shown in Table 2.4,

Figure 2.7, and the top-left plot of Figure 2.8.

When the value of a increases to either 0.05 or 0.1, there will be more of the output layer cells allowed

to fire at any given update of the model. All of the output layer cells in the simulations conducted with

these two values of a show a learned response that is exclusive to either the space of distal objects,

or the proximal object, but not both. This is shown in Table 2.4, Figure 2.7, and the top-middle and

top-right plots of Figure 2.8.

For the simulations conducted with an a value of 0.2, the majority, 689.0 (76.56%), of the output layer
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cells learned to respond to both the distal and proximal object spaces. Furthermore, as can be seen in

the bottom-left plot of Figure 2.8, the learned response curves to both the distal and proximal object

spaces are single-peaked in both cases. Because these output layer cells have learned to respond to

both the distal and proximal object spaces, the firing of a single one of these cells cannot, by itself,

discriminate between the two spaces.

But, as long as each of the output layer cells learns to respond to random parts of the distal and

proximal object spaces then the entire population of output layer cells can still discriminate between

the two spaces using a distributed population encoding. That is, each part of the distal and proximal

object spaces will be represented by a unique pattern of firing across the whole of the output layer.

This effect is demonstrated in Figure 2.9, which shows the learned responses of three output layer

cells. In each of the three plots, the response to the space of distal objects is the same in that the three

output layer cells respond maximally to the same particular orientation, θ, of the agent to the space of

distal objects. However, the responses of the cells to the proximal object are different in each plot, i.e.

each of the three output layer cells responds maximally to a different head-centred bearing from the

proximal object to the agent. Thus, there is no regular relationship between the responses of the output

layer cells to the space of distal objects, and the responses of the output layer cells to the proximal

object. That is, if, for a particular output layer cell, the response curve to the space of distal objects is

known, then the response curve to the proximal object cannot be predicted from this information. This

means that there will be a unique pattern of firing across the whole population of output layer cells

for each orientation, θ, of the agent to the space of distal objects. There will also be a unique pattern

of firing for each head-centred bearing from the proximal object to the agent. Consequently, the head
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direction θ of the agent can still be uniquely identified from the firing of the population of output layer

cells if the population firing rate vector for the output layer cells points in a unique direction for each

unique orientation, θ, of the agent (Dayan and Abbott, 2001).

With a sparseness value, a, of 0.2 a number of the output layer cells, 211.0 (23.44%), were clas-

sified as exhibiting a learned response that is exclusive to the space of distal objects. Thus, almost a

quarter of the output layer cells developed a local, grandmother-cell-like representation.

With higher values of a such as 0.3 and 0.4, the majority of the output layer cells exhibit a learned

response to a mixture of the distal and proximal object spaces. In comparison to an a value of 0.1,

however, the output layer cell response curves that develop are multi-peaked for each of the distal and

proximal object spaces. This can be seen in the bottom-middle and bottom-right plots of Figure 2.8.

With a multi-peaked response profile it is harder to determine the exact current orientation, θ, of the

agent to the space of distal objects, or the current head-centred bearing from the proximal object to

the agent.

The reason that the nature of the output layer cell representation changes as the value of a increases is

that the value of a determines the nature of the competition amongst the output layer cells. Relatively

small values of a, such as 0.05 and 0.1, lead to only a small fraction of the total output layer cells

being permitted to fire at any model update. This is because a small value of a effectively corresponds

to a large amount of inter-cell inhibition amongst the output layer cells, which would be provided by

inhibitory interneurons in the brain. The effect of this inhibition is to promote specificity in the learned
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responses of the output layer cells. Individual output layer cells will only be permitted to fire for a

small fraction of the time that the animal spends exploring its environment, which will lead to those

individual output layer cells strengthening their wij synapses with a relatively small number of the in-

put layer cells. This will produce a local, grandmother-cell-like representation in the output layer cells.

Larger values of a, such as 0.3 or 0.4, effectively correspond to a reduced amount of inter-cell in-

hibition amongst the output layer cells. Consequently, individual output layer cells will be permitted

to fire for a relatively larger amount of the total time the animal spends exploring its environment

(in comparison to the case with an a value of, say, 0.05). The output layer cells will now have the

opportunity to strengthen their wij synapses with a relatively large number of the input layer cells.

This will produce a distributed representation in the output layer cells.

Therefore, as the value of the sparseness a increases, so the nature of the learned output layer rep-

resentation changes from a local, grandmother-cell-like representation to a distributed representation.

Although, with a distributed representation, the population of output layer cells can discriminate be-

tween the distal and proximal object spaces, the original modelling hypothesis was that individual

output layer cells would learn to discriminate between the distal and proximal object spaces. Thus, as

the value of a increases, the model cannot learn the correct type of output representation.

2.5.4 Experiment 2.4: The Number of Proximal Objects and Model Performance

The simulations in this experiment were conducted to investigate the effect that increasing the num-

ber of proximal objects in the training environment has upon model performance. In the experiments

reported so far in this chapter, there was one circular space of distal objects and one proximal object
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in the training environment. This setup was intentionally chosen for purposes of control, as this ar-

rangement produced one of the simplest training environments with which the model could function

correctly. Natural environments, however, are highly likely to contain many proximal objects. Thus,

in the simulations for this experiment, the number of proximal objects in the training environment was

increased.

Four different simulations were conducted with parameter values given in Table 2.1. The only differ-

ence between the simulations was the number of proximal objects in the training environment, which

was varied as follows: 2, 3, 4, 5.

In Table 2.5 the output layer cells are classified by learned response type for each of the four simula-

tions conducted. The classification criteria are similar to those described in Experiment 2.1 (Section

2.5.1). To accommodate the multiple proximal objects in the environment, an output layer cell is now

classified as responding exclusively to the space of distal objects if the maximum firing rate of the cell

is above a threshold of 0.03, and the maximum firing rate of the cell in response to all of the proximal

objects must be≤ 20% of the maximum firing rate of the cell in response to the space of distal objects.

Similarly, for an output layer cell to be classified as exhibiting an exclusive learned response to one of

the proximal objects, the cell must have a maximum firing rate above the threshold of 0.03, and must

have a maximum firing in response to the space of distal objects and the remaining proximal objects

that is ≤ 20% of the maximum firing rate of that cell in response to the proximal object.

79



Ta
bl

e
2.

5:
T

he
le

ar
ne

d
re

sp
on

se
s

of
th

e
ou

tp
ut

la
ye

rc
el

ls
in

E
xp

er
im

en
t2

.4

E
xp

er
im

en
t2

.4
O

ut
pu

tL
ay

er
C

el
lL

ea
rn

ed
R

es
po

ns
es

N
um

be
r

of
Pr

ox
im

al
O

bj
ec

ts

2
3

4
5

C
el

ls
S.

D
.

C
el

ls
S.

D
.

C
el

ls
S.

D
.

C
el

ls
S.

D
.

D
is

ta
l

19
0
.4

(2
1.

16
%

)
3
.9

1
1
.8

(1
.3

1
%

)
1
.3

1
.0

(0
.1

1
%

)
0

1
.2

(0
.1

3
%

)
0
.8

Pr
ox

im
al

12
0
.8

(1
3.

42
%

)
2
.9

2
3
.4

(2
.6

0
%

)
1
1
.4

4
.2

(0
.4

7%
)

0
.8

0
0

M
ix

ed
R

es
po

ns
e

58
8
.8

(6
5.

42
%

)
5
.9

8
6
4
.8

(9
6.

0
9
%

)
1
2
.1

8
9
4
.8

(9
9.

4
2%

)
0
.8

8
9
8.

8
(9

9
.8

7
%

)
0

N
o

R
es

po
ns

e
0

0
0

0
0

0
0

0

T
he

re
sp

on
se

s
of

th
e

ou
tp

ut
la

ye
r

ce
lls

ar
e

cl
as

si
fie

d
ac

co
rd

in
g

to
th

e
cr

ite
ri

a
de

sc
ri

be
d

in
th

e
te

xt
.

Fo
ur

di
ff

er
en

tt
ra

in
in

g
en

vi
ro

nm
en

ts
w

er
e

em
pl

oy
ed

,w
ith

ea
ch

tr
ai

ni
ng

en
vi

ro
nm

en
tc

on
ta

in
in

g
a

di
ff

er
en

tn
um

be
ro

fp
ro

xi
m

al
ob

je
ct

s.
Fo

re
ac

h
nu

m
be

ro
fp

ro
xi

m
al

ob
je

ct
s

th
e

re
su

lts
sh

ow
n

ar
e

th
e

av
er

ag
e

ac
ro

ss
fiv

e
si

m
ul

at
io

ns
co

nd
uc

te
d

w
ith

id
en

tic
al

m
od

el
pa

ra
m

et
er

s,
bu

tw
ith

di
ff

er
en

tr
an

do
m

sy
na

pt
ic

w
ei

gh
ti

ni
tia

liz
at

io
ns

.S
.D

.=
st

an
da

rd
de

vi
at

io
n.

A
s

th
e

nu
m

be
ro

f
pr

ox
im

al
ob

je
ct

s
in

cr
ea

se
s,

so
th

e
le

ar
ne

d
re

pr
es

en
ta

tio
n

in
th

e
ou

tp
ut

la
ye

rc
el

ls
be

co
m

es
al

m
os

te
xc

lu
si

ve
ly

a
di

st
ri

bu
te

d
re

pr
es

en
ta

tio
n.

80



2 3 4 5
0

100
200
300
400
500
600
700
800
900

Number of Proximal Objects

O
ut

pu
t L

ay
er

 C
el

ls

 

 

Distal
Proximal
Mixed
No Response

Figure 2.10: The learned responses of the output layer cells in Experiment 2.4. The bar chart displays the av-
erage number of output layer cells per response type across the five simulations conducted with identical model
parameters but different random synaptic weight initializations for each different number of proximal objects
in the training environment. The data are also given in Table 2.5. Increasing the number of proximal objects in
the training environment results in almost all of the output layer cells learning a distributed representation.

The criteria for an output layer cell to be classified as either showing no response, or showing a

response to some mixture of the space of distal objects and the proximal object spaces, are identical

to the criteria given in Experiment 2.1. The average number of output layer cells per response type

are also displayed in Figure 2.10.

When there are two proximal objects in the training environment, the majority, 588.8 (65.42%), of

the output layer cells were classified as exhibiting a learned response to a mixture of the distal and

proximal object spaces. A number of the output layer cells were classified as having developed a

learned response exclusively to the space of distal objects, 190.4 (21.16%), or exclusively to one of

the proximal object spaces, 120.8 (13.42%), but not both. This is contrasted with the results from

Experiment 2.1 where all of the output layer cells were classified as showing a learned response that

was exclusive to either the space of distal objects or the proximal object, but not both.
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With the current experimental setup, increasing the number of proximal objects in the training en-

vironment results in a monotonic increase in the number of output layer cells that exhibit a learned

response to a mixture of the space of distal objects and one or more of the proximal object spaces.

This is particularly noticeable when comparing the results from the simulations conducted with two

and three proximal objects in the training environment. In these cases, the number of output layer

cells showing a mixed learned response increases from 588.8 (65.42%) to 864.8 (96.09%) respec-

tively. With five proximal objects in the training environment, nearly all of the output layer cells,

898.8 (99.87%), exhibit a learned response to a mixture of the distal and proximal object spaces.

It is clear that, with all other environmental and model parameters held constant, as the number of

proximal objects in the training environment increases from 1 to 5 so the representation of the in-

put stimuli in the output layer cells changes. With 1 proximal object, the output layer cells learn an

exclusively local, grandmother-cell-like representation where individual output layer cells respond ex-

clusively to a narrow region of either the space of distal objects or one of the proximal object spaces,

but no more than one object space. With ≥ 2 proximal objects in the environment, the output layer

cells develop a distributed representation where individual output layer cells learn to respond to mul-

tiple narrow regions of both the distal and one, or more, of the proximal object spaces.

Although not shown, an examination of the learned response profiles of the output layer cells for

simulations conducted with ≥ 3 proximal objects in the training environment revealed a heteroge-

neous distribution of learned response types in the output layer cells. That is, some of the output layer

cells exhibited a learned response to multiple proximal objects; or a learned response to the space of
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distal objects and one of the proximal objects; or a learned response to the space of distal objects and

multiple proximal objects.

An important question is why the model performance deteriorates as the number of proximal ob-

jects in the training environment increases. As discussed in Section 1.3.2 of Chapter 1, the results

of studies by Stringer et al. (2007) and Stringer and Rolls (2008) show that as the complexity of the

training environment increases, so the model is better able to learn to discriminate between the input

stimuli. Indeed, a minimum level of complexity in the training environment is required in order for

the model to successfully discriminate between the input stimuli. On the basis of these results, a pre-

diction regarding the current model is that increasing the number of proximal objects in the training

environment should, if anything, improve the ability of the output layer cells to discriminate between

the distal and proximal object spaces. In the simulation results reported in this Chapter, improved

discrimination is not the case: the model performance deteriorates as the number of proximal objects

in the training environment is increased.

It is unclear exactly why a greater number of proximal objects leads to poorer model performance. It

should be noted that the previous simulation results of Stringer et al. (2007) and Stringer and Rolls

(2008) were achieved with models that were presented with the input stimuli in all possible combina-

tions either two-at-a-time or three-at-a-time. In the current model, all proximal objects are presented

simultaneously to the model together with the space of distal objects, rather than in combinations.

Thus, the training protocol in the simulations of Stringer et al. (2007) and Stringer and Rolls (2008)

may have produced a greater statistical decoupling between the input stimuli than is the case with the
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training protocol reported in this chapter. Because the amount of statistical decoupling between input

stimuli is a very important factor in determining whether or not a competitive learning mechanism

can form separate output representations of input stimuli that are seen together, the current model,

with potentially less statistical decoupling between the distal and proximal object spaces, may have a

more difficult computational problem to solve than the previous models of Stringer et al. (2007) and

Stringer and Rolls (2008).

In principle, learning to discriminate between a space of distal objects and multiple proximal objects

may still be a matter of achieving the correct amount of statistical decoupling between those object

spaces. Computationally, this could amount to something as simple as discovering the correct training

protocol. For instance, if the agent visits a continuum of training locations, rather than the discrete

training locations employed in the simulations reported in this Chapter, then it may be possible to pro-

duce a local representation in the output layer cells, when there are multiple proximal objects in the

training environment, because the larger number of training locations would promote a higher degree

of statistical decoupling between the distal and proximal object spaces. This is a natural extension

to the results on the number of training locations given in Experiment 2.2 of this chapter, and would

correspond to the animal following a more ecologically valid path through its environment. However,

it must be noted that it is still unclear exactly why increasing the number of proximal objects in the

training environment produced such as degradation in the ability of the current model to discriminate

between the distal and proximal object spaces.

Although individual output layer cells cannot discriminate between object spaces when there are
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multiple proximal objects in the training environment, when the output layer cells exhibit a learned

response to a mixture of the distal and proximal objects, the current orientation, θ, of the agent to

the space of distal objects can still be determined as long as there is a unique pattern of firing in the

population of output layer cells for each unique orientation of the agent (see the explanation given

in the discussion of Experiment 2.3 (Section 2.5.3)). The egocentric bearing to each of the proximal

objects can also be determined in the same way from a distributed representation. But the modelling

hypothesis is that, with multiple proximal objects in the training environment, individual output layer

cells will learn to respond exclusively to either the space of distal objects, or one of the proximal

object spaces, but not more than one space per output cell. Thus, with multiple proximal objects in

the training environment, the current model cannot learn the correct output layer representation.

2.5.5 Experiment 2.5: The Model Performs Well with Less Training

This experiment was conducted to explore the effect that the amount of training has upon the perfor-

mance of the model. All previous experiments reported in this chapter have been simulated with the

model undergoing 100 training epochs in the training environment. This number of training epochs

was set to allow time for the feedforward synaptic weights to converge to a stable state, given the

competitive learning that takes place in the feedforward synapses between the input cells and the out-

put layer cells. It is of interest whether or not the model can learn to form separate representations

of distal and proximal visual objects when exposed to substantially less training epochs, as the results

of this experiment will be instructive concerning the speed with which an animal can learn to form

separate representations of the distal and proximal visual objects in its environment. As discussed in

Chapter 1 (Section 1.2), there is empirical evidence that head direction cells exhibit mature response

properties early in the infancy of the rat (Langston et al., 2010; Wills et al., 2010), which suggests that
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the head direction system is capable of fast learning.

Three different simulations were conducted with the parameters used in Experiment 2.1 and given

in Table 2.1. The only difference between the simulations was the number of training epochs under-

gone by the model. The number of training epochs was varied as follows: 1, 5, 10.

Table 2.6 displays the output layer cells classified by learned response type for each of the three

simulations conducted. The data are also displayed in Figure 2.11. When the model is trained with

only one training epoch, the majority, 699.2 (77.69%) of the output layer cells were classified as

showing a learned response to a mixture of the distal and proximal object spaces. An average of 126.6

(14.07%) of the output layer cells developed a learned response that was exclusive to the space of

distal objects. An average of 72.4 (8.04%) of the output layer cells learned to respond exclusively to

the proximal object. Thus, when trained with a single training epoch, the model produces a distributed

representation in the output layer cells of the distal and proximal objects. This can be seen in Figure

2.11 and the left-hand plot of Figure 2.12. This is in contrast to Experiment 2.1, in which, after 100

training epochs, all of the output layer cells were classified as responding exclusively to either the

space of distal objects or the space of proximal objects. Therefore, the amount of training the model

receives has an influence upon the nature of the learned representation in the output layer cells, with

too little training leading to an incorrect type of output representation, i.e. distributed.

Training the model with five training epochs changes the nature of the learned representation in the

output layer cells. 307.6 (34.18%) of the output layer cells learned to respond exclusively to the
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Figure 2.11: The learned responses of the output layer cells in Experiment 2.5. Displayed are the average
number of output layer cells per learned response type for simulations conducted with different numbers of
training epochs, as reported in Table 2.6. For each different number of training epochs, the average is calculated
across five simulations conducted with identical model parameters but with different random synaptic weight
initializations. As the number of training epochs is increased, the output layer cell learned representation
changes from a distributed representation to a local representation.

space of distal objects. 315.8 (35.09%) of the output layer cells learned to respond exclusively the

proximal object, and 276.6 (30.73%) of the output layer cells learned to respond to a mixture of the

distal and proximal object spaces. After five training epochs, the output layer cells exhibit a mixture of

learned representations. Approximately one third of the output layer cells learn to respond exclusively

to the space of distal objects, and approximately one third of the output layer cells learn to respond

exclusively to the proximal object. These output layer cells thus represent the distal and proximal

object spaces in a local, grandmother-cell-like representation. The remaining third of the output layer

cells represent the distal and proximal object spaces in a distributed manner. As can be seen in the

middle plot of Figure 2.12, analysis of the output layer cell learned response curves for those output

layer cells classified as developing a grandmother-cell-like representation revealed that the response

curves were uni-modal, i.e. the output layer cells exhibit a response to a single narrow region of either

the space of distal objects or the proximal object space, but not both.
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Figure 2.12: The learned responses of a single output layer cell after different amounts of training. The plots
display data recorded from the same simulation at different instances in the duration of the simulation. The left-
hand plot shows the output layer cell after one epoch of training. The cell exhibits a preference for a particular
view of the distal object space. There is a smaller response to another view of the distal object space, as well
as a small response to the proximal object space. The output layer cells have learned to produce a distributed
representation of the distal and proximal object spaces. That is, the majority of the output layer cells respond
to multiple regions of the distal object space and the proximal object space. The middle plot displays the same
output layer cell after five epochs of training. The response of the output layer cell has become more specific
in comparison to the situation after a single epoch of training. The output layer cell now exhibits only one
response to the space of distal objects, although there is still a small response to the proximal object space.
The right-hand plot displays the same output layer cell after ten epochs of training. The further training has
increased the specificity of the output cell response. There is now a clearly defined response to one particular
view of the distal object space. After ten epochs of training, the output layer cells produce a local representation
of the distal and proximal object spaces. That is, the majority of the output layer cells respond to either one
small region of the space of distal objects or the proximal object space, but not both.

Increasing the number of training epochs to ten further changes the nature of the output layer cell

learned representation. An average of 377.6 (41.96%) of the output layer cells learned to respond

exclusively to the space of distal objects. 429.4 (47.71%) of the output layer cells learned respond

exclusively to the proximal object, and 93.0 (10.33%) of the output layer cells learned to respond

to a mixture of the distal and proximal object spaces. The majority of the output layer cells learn to

represent the distal and proximal object spaces by employing a local representation, with each output

layer cell responding to a single small region of either the space of distal objects or the proximal object

space, but not both. The right-hand plot of Figure 2.12 displays an output layer cell that has learned

to respond to the space of distal objects in a local, grandmother-cell-like manner.

Thus, training the model with only ten training epochs produces model performance that approaches

the performance of a model trained with 100 training epochs (c.f. Experiment 2.1 in this chapter).
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This result has interesting implications for the speed at which the head direction cell system develops.

Recent studies have shown that head direction cells exhibit adult-like firing properties almost imme-

diately after the rat pup opens its eyes (Langston et al., 2010; Wills et al., 2010). The simulations

comprising this experiment demonstrate that head direction cells can exhibit adult-like firing proper-

ties, such as differentiating between distal and proximal visual cues, with very little visual experience

of the current environment. More training does improve performance, but the important point is that

the general trend of how the output layer cells will respond is already evident with as little as one

epoch of training in the environment.

2.5.6 Experiment 2.6: Model Performance and the Learning Rate

The simulations comprising this experiment explored the effect that different values of the learning

rate, k, of the Hebbian learning rule, Equation (2.6), have upon the performance of the model. k is

often set to be� 1 but, even at such a relatively small magnitude, the different values of k may have a

profound effect upon the performance of the model. Three different simulations were conducted with

the model parameters given in Table 2.1. The difference between the simulations was the value of the

learning rate, k, which was varied as follows: 0.1, 0.01, 0.001.

Table 2.7 displays the output layer cells classified by learned response type for each of the three sim-

ulations conducted. The data are also displayed as a bar chart in Figure 2.13. When the model is

simulated with a learning rate, k, of 0.1 then the majority of the output layer cells, 866.4 (96.27%),

learn to respond to a mixture of the distal and proximal object spaces. A small number of the output

layer cells, 25.4 (2.82%) and 8.2 (0.91%), learn to respond exclusively to the space of distal objects

or the proximal object respectively. All of the output layer cells learn to respond to at least one of

90



Ta
bl

e
2.

7:
T

he
le

ar
ne

d
re

sp
on

se
s

of
th

e
ou

tp
ut

la
ye

rc
el

ls
in

E
xp

er
im

en
t2

.6

E
xp

er
im

en
t2

.6
O

ut
pu

tL
ay

er
C

el
lL

ea
rn

ed
R

es
po

ns
es

L
ea

rn
in

g
R

at
e

0.
1

0.
01

0.
00

1

C
el

ls
S.

D
.

C
el

ls
S.

D
.

C
el

ls
S.

D
.

D
is

ta
l

25
.4

(2
.8

2
%

)
7
.0

9
2
.2

(1
0.

2
4
%

)
2
.8

3
8
7
.4

(4
3
.0

3
%

)
3
.0

Pr
ox

im
al

8.
2

(0
.9

1
%

)
2
.6

1
2
4
.8

(1
3.

8
7
%

)
8
.4

5
1
2
.6

(5
6.

9
6
%

)
3
.0

M
ix

ed
R

es
po

ns
e

86
6
.4

(9
6.

2
7
%

)
7
.8

6
8
3
.0

(7
5.

8
9
%

)
1
0
.7

0
0

N
o

R
es

po
ns

e
0

0
0

0
0

0

T
he

ou
tp

ut
la

ye
rc

el
lr

es
po

ns
es

ar
e

cl
as

si
fie

d
ac

co
rd

in
g

to
th

e
cr

ite
ri

a
gi

ve
n

in
E

xp
er

im
en

t2
.1

(S
ec

tio
n

2.
5.

1)
.T

hr
ee

di
ff

er
en

ts
im

ul
at

io
ns

w
er

e
co

nd
uc

te
d,

ea
ch

w
ith

a
di

ff
er

en
tv

al
ue

of
th

e
le

ar
ni

ng
ra

te
k

.F
or

ea
ch

of
th

e
th

re
e

va
lu

es
of

th
e

le
ar

ni
ng

ra
te

,t
he

re
su

lts
sh

ow
n

ar
e

th
e

av
er

ag
e

of
th

e
re

su
lts

fr
om

fiv
e

si
m

ul
at

io
ns

co
nd

uc
te

d
w

ith
id

en
tic

al
m

od
el

pa
ra

m
et

er
s,

bu
tw

ith
di

ff
er

en
tr

an
do

m
sy

na
pt

ic
w

ei
gh

ti
ni

tia
liz

at
io

ns
.

S.
D

.=
st

an
da

rd
de

vi
at

io
n.

A
s

th
e

va
lu

e
of

th
e

le
ar

ni
ng

ra
te

,k
,d

ec
re

as
es

by
an

or
de

r
of

m
ag

ni
tu

de
,s

o
th

e
na

tu
re

of
th

e
ou

tp
ut

la
ye

r
ce

ll
le

ar
ne

d
re

pr
es

en
ta

tio
n

ch
an

ge
s.

T
ha

ti
s,

w
ith

a
sm

al
le

r
va

lu
e

of
th

e
le

ar
ni

ng
ra

te
k

,t
he

m
od

el
is

be
tte

ra
bl

e
to

fo
rm

se
pa

ra
te

re
pr

es
en

ta
tio

ns
of

th
e

di
st

al
an

d
pr

ox
im

al
vi

su
al

ob
je

ct
s

in
th

e
tr

ai
ni

ng
en

vi
ro

nm
en

tu
si

ng
a

lo
ca

lr
ep

re
se

nt
at

io
n.

W
ith

a
hi

gh
er

va
lu

e
of
k

,t
he

m
od

el
em

pl
oy

s
a

di
st

ri
bu

te
d

re
pr

es
en

ta
tio

n
of

th
e

di
st

al
an

d
pr

ox
im

al
ob

je
ct

sp
ac

es
.F

or
ev

er
y

va
lu

e
of

th
e

le
ar

ni
ng

ra
te

,a
ll

ou
tp

ut
la

ye
rc

el
ls

de
ve

lo
pe

d
a

le
ar

ne
d

re
sp

on
se

to
at

le
as

to
ne

of
th

e
ob

je
ct

sp
ac

es
.

D
ec

re
as

in
g

th
e

va
lu

e
of

th
e

le
ar

ni
ng

ra
te

,k
,i

nc
re

as
es

th
e

sp
ec

ifi
ci

ty
of

th
e

ou
tp

ut
la

ye
rc

el
ll

ea
rn

ed
re

sp
on

se
.

91



0.1 0.01 0.001
0

100

200

300

400

500

600

700

800

900

Learning Rate

O
ut

pu
t L

ay
er

 C
el

ls

 

 
Distal
Proximal
Mixed
No Response

Figure 2.13: The learned responses of the output layer cells in Experiment 2.6. For each value of the learning
rate k, the bar chart displays the average number of output layer cells per response type calculated across five
simulations conducted with identical model parameters, but with different random synaptic weight initializa-
tions. The data are also reported in Table 2.7. As the value of the learning rate k decreases, the output layer
cells are better able to learn to discriminate between the distal and proximal object spaces by employing a local
representation. In contrast, a higher value of k produces a distributed representation in the output layer cells,
with the result that individual output layer cells learn to respond to a mixture of the distal and proximal object
spaces.

the distal or proximal object spaces. The left-hand plot of Figure 2.14 displays an output layer cell

that has learned to respond to several views of both the distal and proximal object spaces. Thus, if

specificity of the output layer cell learned response is required then a learning rate, k, of 0.1 is of too

large a magnitude. Instead, a particular output layer cell will with high probability, strengthen its wij

synapses with a large number of the input cells representing both distal and proximal object spaces.

This results in the majority of the output layer cells exhibiting a learned response to a mixture of the

distal and proximal object spaces, and thus representing these object spaces in a distributed manner.

When the learning rate, k, is decreased by an order of magnitude to 0.01 then the majority of the

output layer cells, 683.0 (75.89%), still learn to respond to a mixture of the distal and proximal object

spaces. There is a slight increase in the number of output layer cells that learn to respond exclusively

to either the space of distal objects, 92.2 (10.24%), or the proximal object, 124.8 (13.87%). All of
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Figure 2.14: The learned responses of a single output layer cell when the model is simulated with different
values of the learning rate k. The three plots display data recorded from the same output layer cell in simulations
conducted with the same synaptic weight initializations. The only difference between the simulations was the
value of the learning rate k. In the left-hand plot, the learning rate is 0.1. The output layer cell has learned
to respond to a mixture of the distal and proximal object spaces, and the output layer cell is preferentially
stimulated by multiple views of both the distal and proximal object spaces. In the middle plot, the model was
simulated with a learning rate of 0.01. The output layer cell has learned to respond to both the distal and
proximal object spaces. In comparison to the left-hand plot, the output layer cell in the middle plot is more
specific in its learned response as it is preferentially stimulated by a single view of the both the distal and
proximal object spaces. The right-hand plot displays data recorded from a simulation with a learning rate of
0.001. The output layer cell has learned to respond exclusively to a single view of the proximal object. Thus,
as the value of the learning rate k is decreased, so the learned responses of the output layer cells become more
specific.

the output layer cells developed a learned response to at least one of the distal or proximal object

spaces. The middle plot of Figure 2.14 displays an output layer cell that has learned to respond to

both the distal and proximal spaces, but the response of this cell is more specific than the response of

the cell displayed in the left-hand plot of the same Figure. A learning rate k of 0.01 is thus of still too

high a magnitude to promote specificity in the learned responses of the output layer cells such that the

output layer cells produce a local representation of the distal and proximal object spaces, with output

layer cells responding to a single region of either the space of distal objects or the proximal object

space, but not both. Instead, the output layer cells represent the distal and proximal object spaces in a

distributed manner.

Decreasing the learning rate k by another order of magnitude to 0.001 significantly changes the nature

of the output layer cell learned representation. Now, 387.4 (43.03%) of the output layer cells exhibit
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a learned response that is exclusive to the space of distal objects. 512.6 (56.96%) of the output layer

cells display a learned response that is exclusive to the proximal object. None of the output layer cells

learn to respond to a mixture of the distal and proximal object spaces, nor do any of the output layer

cells become unresponsive through learning. The right-hand plot of Figure 2.14 displays an output

layer cell that has learned to respond exclusively, and specifically, to a particular view of the proximal

object. Consequently, a learning rate k of 0.001 is of a small enough magnitude that the output layer

cells develop a specificity for a view of either the distal object space, or the proximal object space,

but not both, in their learned responses. The output layer cells thus learn to represent the distal and

proximal object spaces in a local, grandmother-cell-like manner

This experiment was conducted to explore the effect that the magnitude of the learning rate k has upon

the performance of the model. In the current model, a learning rate k of a relatively high magnitude,

either 0.1 or 0.01, results in the postsynaptic output layer cells becoming “greedy” and strengthening

their wij synapses with a large number of the presynaptic input layer cells representing both the distal

and proximal object spaces. Thus, the general trend is for the output layer cells to lack specificity

in their learned responses, and a distributed representation of the distal and proximal object spaces

develops in the output cell layer. A relatively small value of the learning rate k of 0.001 leads to the

postsynaptic output layer cells only strengthening their synapses with a small number of the presy-

naptic input cells. Thus, the output layer cells develop specific responses that are exclusive to either

the space of distal objects, or the proximal object, but not both. This produces a local, grandmother-

cell-like representation of the distal and proximal object spaces in the output cell layer.
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This result could also be evidence of a “stability-plasticity dilemma” within the current model. The

stability-plasticity dilemma is a computational problem that any learning system must solve: namely,

being plastic enough to incorporate new information, but remaining stable enough to not overwrite

already stored information (Carpenter and Grossberg, 1987, 1988; Grossberg, 1987). The value of

the learning rate k in the current model has a direct influence upon how stable or plastic the model

is. A relatively high value of k, such as 0.1 or 0.01, results in too much plasticity in the system and

not enough stability. Consequently, the model learns to respond to multiple object spaces, overwriting

the exclusive responses to a single object space. It is only when k is set to a relatively small value of

0.01 that the system is plastic enough to incorporate new information, but stable enough to maintain

exclusive responses to a single object space.

2.5.7 Experiment 2.7: Model Performance is Independent of Network Size

Competitive learning is introduced into the model by adapting the threshold of the activation-to-firing-

rate transfer function so that only a certain percentage of the output layer cells are allowed to fire at

any given model update. This percentage is usually approximately 10%, and the competitive learn-

ing mechanism is described in Section 2.4 and Equations (2.4) and (2.5). For a given sparseness, the

percentage of output layer cells that are allowed to fire at any given model update will remain approxi-

mately constant assuming the firing rates of the output layer cells are reasonably binarized. The actual

number of output layer cells firing will vary, however, with the total number of output layer cells in the

current model. The number of output layer cells firing at any given update may have an effect upon the

learned behaviour of the model. Thus, the simulations comprising this experiment were conducted to

explore the effect that varying the number of output layer cells has upon the performance of the model.
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Figure 2.15: The learned responses of the output layer cells in Experiment 2.7. The bar chart displays the
average number of output layer cells per learned response type calculated across five simulations conducted
with identical model parameters, but with different random synaptic weight initializations, for each of the three
models implemented with a different number of output layer cells. The data are also given in Table 2.8. The
nature of the output layer learned representation remains qualitatively the same across the three different models
containing different numbers of output layer cells. That is, the output layer cells learn to respond exclusively to
either the space of distal objects or the proximal object, but not both, for each of the three different numbers of
output layer cells in the model.

Three different simulations were conducted in total. For each simulation, the model was simulated

with the parameters given in Table 2.1. The difference between the simulations was the number of

output layer cells. This was varied as follows: 450, 900, 1800.

Table 2.8 and Figure 2.15 display the learned response types of the output layer cells for each of the

three simulations. With 450 output layer cells in the model, 195.2 (43.38%) of the output layer cells

learned to respond exclusively to a particular view of the distal object space. 251.0 (55.78%) of the

output layer cells exhibited a learned response that is exclusive to a particular view of the proximal

object. A small number, 3.8 (0.84%), of the output layer cells learned to respond to a mixture of the

distal and proximal object spaces. All of the output layer cells learned to respond to at least one of the

distal or proximal object spaces.
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Increasing the number of output layer cells to 900 resulted in 387.4 (43.03%) of the output layer cells

learning to respond exclusively to the space of distal objects. 512.6 (56.96%) of the output layer cells

learned to respond exclusively to the proximal object. No output layer cells learned to respond to a

mixture of the distal and proximal object spaces. Thus, all of the output layer cells learned to respond

exclusively to either the distal object space, or the proximal object, but not both.

Further increasing the number of output layer cells to 1800 produced 802.6 (44.59%) output layer

cells that learned to respond exclusively to the space of distal objects. 997.4 (55.41%) of the output

layer cells learned to respond exclusively to the proximal object. None of the output layer cells de-

veloped a response to a mixture of the distal and proximal object spaces. All of the output layer cells

learned to respond exclusively to either the space of distal objects, or the proximal object, but not both.

Importantly, the relative percentages of the output layer cells that are classified according to a par-

ticular learned response type remain approximately the same regardless of the number of output layer

cells in the model. For instance, approximately 43%− 44% of the output layer cells learn to respond

exclusively to the space of distal objects whether there are 450, 900, or 1800 output layer cells in the

model. Thus, the learned behaviour of the model is independent of the size of the model. Conse-

quently, the computational mechanism by which the model learns to form separate representations of

distal and proximal visual objects is scalable across different network sizes.

Figure 2.16 displays the learned responses of a single output layer cell recorded from three different

models, each implemented with a different number of output layer cells. The left-hand plot displays
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Figure 2.16: The learned responses of a single output layer cell when the model is simulated with different
numbers of output layer cells. The left-hand plot displays data recorded from a simulation with 450 output
layer cells. The output layer cell in the plot has learned to respond exclusively to a particular preferred view
of the space of distal objects. The middle plot displays the same output layer cell as the left-hand plot, but this
time recorded from a simulation conducted with 900 output layer cells. Again, the output layer cell has learned
to respond exclusively to the space of distal objects, and the preferred view is approximately the same as the
cell in the left-hand plot, although there is a reduction in the magnitude of the cell response. The right-hand
plot displays data recorded from a simulation conducted with 1800 output layer cells. The output layer cell has
also learned to respond exclusively to the space of distal objects with a preferred view that is approximately the
same as the cells in the left-hand and middle plots. There is a reduction in the magnitude of the cell response in
comparison to the left-hand and middle plots. Thus, the learned behaviour of the model is independent of the
number of output layer cells in the model.

data from a model simulated with 450 output layer cells. The middle plot displays data from a model

simulated with 900 output layer cells. The right-hand plot displays data from a model simulated with

1800 output layer cells. In all three plots, the same output layer cell develops a learned response that is

exclusive to approximately the same view of the space of distal objects. The only difference between

the plots is that as the number of output layer cells increases, so the magnitude of the output layer

cell learned response decreases. This decrease in response magnitude does not affect the ability of the

model to learn separate representations of the distal and proximal object spaces.

In summary, the learned model behaviour is independent of the number of output layer cells in the

network. This is an important result, which demonstrates that the computational principle is a general

one that can be implemented by a network of any size.
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2.6 Discussion

This chapter provides the implementation details, equations, and simulation results for a single-layer

feedforward neural network model that can learn to form separate representations of distal and proxi-

mal visual cues presented simultaneously to the network as input. The computation performed by this

model is representative of the type of computation required in order for the head direction cell system

to be stimulated preferentially by distal visual cues rather than proximal visual cues. In summary, the

main points of this chapter are:

• The model comprises a single layer of input cells connected to a single layer of output cells in

a feedforward manner by a single layer of synapses.

• The training environment consists of a circular space of distal objects, together with a number

of proximal objects and a number of training locations. The number of proximal objects is

altered according to the current experimental conditions. The number of training locations is

also altered according to the current experimental conditions.

• The computational task that the model must learn to solve is to form separate output layer cell

representations of the distal and proximal object spaces. Orthogonal, non-overlapping, subsets

of input layer cells represent the current retinal position of visual input from the space of distal

objects, and the current retinal position of visual input from each of the proximal objects in the

current training environment. In the case of visual input from the space of distal objects, the

current retinal position of that visual input corresponds to the current orientation of the agent

with respect to the space of distal objects. In the case of visual input from a proximal object,

the current retinal position of that visual input corresponds to the current head-centred bearing
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from the agent to that proximal object.

• The statistics of the interaction between the agent and the distal and proximal object spaces

permits a competitive learning mechanism to form separate output layer cell representations of

the distal and proximal object spaces. When the agent maintains a particular head direction

θ at each of the training locations in the training environment, then the visual input from the

space of distal objects will always occur at the same retinal position. For the same behaviour

of the agent, the visual input from a proximal object will, however, occur at different retinal

positions. These differences in retinal position produce a statistical decoupling between the

distal and proximal objects spaces, which allows the competitive learning mechanism to solve

the computational task of forming separate output layer cell representations of the two distal

and proximal object spaces.

• In simulation, when the agent explores a simple training environment, the model is able to

learn to discriminate between the distal and proximal object spaces. The agent must visit a

minimum number of discrete training locations in order for the model to solve the computational

task, which corresponds to a requirement that an animal must move through its environment in

order to learn to differentiate distal and proximal visual cues. There is an optimal range of

the sparseness value a in order to produce output layer cells that can discriminate between

the distal and proximal object spaces. This optimal range corresponds to a requirement for

relatively strong inter-cell inhibition in the output cell layer.

• Increasing the number of proximal objects in the training environment changes the nature of

the output layer cell learned representation. When there are ≥ 2 proximal objects present

in the training environment, the output layer cells learn to represent the distal and proximal
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object spaces in a distributed manner, where individual output layer cells develop response to

multiple narrow regions of both the distal and proximal object spaces. With 1 or 2 proximal

objects present in the training environment, the output layer cells learn to represent the distal

and proximal object spaces in a local, grandmother-cell-like manner, where individual output

layer cells learn to respond exclusively to a narrow region of either the space of distal objects

or a proximal object space, but not multiple spaces. Altering the value of the learning rate k

also has a similar effect. Relatively high values of k, such as 0.1 or 0.01, produce a distributed

output layer cell representation. A low value of k, such as 0.001, is required to produce a

local representation. Because the modelling hypothesis is that individual output layer cells will

learn to discriminate between the distal and proximal object spaces, whenever the model learns

a distributed output representation then the model has not learned the correct type of output

representation.

• The model is robust to a reduction in the amount of training the model is permitted. The model

is also robust to a change in the number of output layer cells in the network.

As stated above, the model presented in this chapter is representative of the type of computation nec-

essary to discriminate between distal and proximal visual inputs. As such, the model is presented

in the form of the simplest network architecture and training environment capable of producing the

required output layer cell differentiation between the distal and proximal visual cues. Consequently,

the output layer cells lack a few properties that are common to real head direction cells.

In previous experimental studies, distal and proximal visual cues have been placed in conflict with

one another in order to determine that the head direction cell system is primarily influenced by distal
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visual cues (Zugaro et al., 2004; Yoganarasimha et al., 2006). This is not the case for the testing

protocol used for the model reported in this chapter. The current model cannot, without adaptation,

be tested with a conflict situation between distal and proximal visual cues. This was a deliberate

modelling decision, as the aim of the simulations conducted in this chapter was to demonstrate, in as

simple a manner as possible, how it is the statistical decoupling between the distal and proximal vi-

sual cues that can lead a neural network model, through competitive learning, to discriminate between

these cues. The relative influence of distal visual cues, compared to proximal visual cues, upon the

head direction cell system is likely to be more complex, involving many factors. For instance, Zugaro

et al. (2001) have shown that a change in the perceived, but not relative, distance of a visual cue to the

observer can dramatically alter the influence that the visual cue has upon the preferred firing direc-

tions of individual head direction cells. In order to produce a simpler setup in which it is possible to

fully elucidate how the statistical decoupling between distal and proximal visual cues enables a neural

network to learn to discriminate between those cues, the decision was taken to not test the current

model in a distal vs. proximal cue conflict situation as reported in the experimental literature.

Further to this point, the output layer cells in the current model will not act coherently as a population.

When distal and proximal visual cues are placed in conflict with one another, real head direction cells

will track either the distal visual cues or the proximal visual cues, but not a mixture of the two, i.e. the

population of head direction cells will act as a coherent whole (Zugaro et al., 2004; Yoganarasimha

et al., 2006). In the model presented in this chapter, a conflict between the distal and proximal object

spaces will produce some output layer cells that follow the distal object space, and some output layer

cells that will follow the proximal object. Without modification, the model presented in this chapter
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cannot replicate the empirical data. The current model is, however, the minimal model that can suc-

cessfully learn to reproduce a well-known behaviour of real head direction cells. As a minimal model,

the current model provides a high degree of experimental control over its behaviour, which clarifies

the analysis and explanation of that behaviour. The current model is presented as a first step towards

a more complex model where the trained output layer cells more closely reproduce the known prop-

erties of head direction cells, including population coherency in the presence of a conflict between

distal and proximal visual cues.

The current model does not incorporate any idiothetic input; particularly, vestibular input. The ab-

sence of vestibular input does not imply that vestibular input is unimportant to the head direction cell

system. Indeed, the addition of vestibular input to the current model would aid in the forming of sep-

arate representations of the distal and proximal object spaces. This is because only the distal visual

cues would maintain a stable relationship with the vestibular input. A competitive learning mechanism

would take advantage of this stable relationship by favouring the strengthening of the feedforward wij

synapses between the distal-responsive input cells and the output layer cells. The addition of vestibu-

lar inputs to the current model would thus “clean-up” the learned behaviour of the output layer cells

insofar as significantly more of the output layer cells would learn to respond to the distal visual cues

than would learn to respond to the proximal visual cues.

It is interesting that increasing the number of proximal objects in the training environment alters

the nature of the output layer cell learned representation. As discussed in Section 2.5.3, the output

layer cells, as a population, can still discriminate between the distal and proximal object spaces when
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employing a distributed representation. It would, however, be interesting to further investigate why

an increase in the number of proximal objects produces such a change in the output layer cell learned

representation. Moreover, is it possible to find a model configuration where increasing the number of

proximal objects produces a local, grandmother-cell-like representation in the output layer cells. One

possibility is that if the agent travels a more ecologically valid continuous path through the environ-

ment, rather than visiting discrete locations, the statistical decoupling between the distal and proximal

object spaces may increase to the extent that a local representation is maintained in the output layer

cells. It would also be interesting to investigate the learned behaviour of the model when the agent is

embedded in a 3D visual training environment. Such an environment would provide a more rich and

complex input to the network, which could increase the statistical decoupling between the distal and

proximal object spaces.

It can be argued that the reason the output layer cells are able to learn to discriminate between the

distal and proximal object spaces is because the distal and proximal object spaces are orthogonal, and

therefore the object spaces are already separated in the input cell layer. That is, one subset of input

layer cells represents the current visual input from the space of distal objects, and a separate subset of

input layer cells represents the current visual input from each of the proximal objects in the training

environment. Under this hypothesis, the output layer cells are highly likely to learn to discriminate

between the distal and proximal object spaces because the orthogonal nature of the inputs to the model

biases the learning of the output layer cells and produces the outcome where the output layer cells can

discriminate between the distal and proximal object spaces.. Thus, it is argued that the model does not

in fact learn to discriminate between distal and proximal visual objects based solely upon a statistical
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decoupling between the objects. Rather, the predetermined orthogonal nature of the model inputs

favour the development of output layer cells that can discriminate between the distal and proximal

object spaces.

This is not, however, the case. Firstly, there is full feedforward synaptic connectivity between the

input cell layer and the output cell layer. That is, every input cell sends efferent synapses to every

output layer cell, and every output layer cell receives afferent synapses from every input layer cell.

Consequently, although the distal and proximal object spaces may be separated in the input cell layer,

the object spaces are, in the untrained model, completely combined in the output cell layer through

the full feedforward synaptic connectivity from the input cell layer.

Second, if the orthogonal nature of the inputs in any way biases the output layer cells towards learning

to discriminate between the distal and proximal object spaces, then it would be expected that when the

output layer cells are tested without having first undergone training there would already be a degree

of discrimination present between the distal and proximal object spaces. The results of Experiment

2.1 clearly show that the output layer cells in the untrained model do not exhibit any meaningful dis-

crimination between the distal and proximal object spaces. After training, all of the output layer cells

have learned this discrimination and respond exclusively to either the space of distal objects or the

proximal object, but not both.

Third, if it is the case that the orthogonal inputs are largely responsible for producing output layer

cells that discriminate between the distal and proximal object spaces then an implication of this hy-
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pothesis is that a model that incorporates distributed, i.e. overlapping, non-orthogonal, input layer

cell representations of the distal and proximal object spaces should not be able to produce output

layer cells that are capable of this discrimination. The simulation results presented in the following

chapter clearly show that this is not the case, and that there is no significant qualitative difference be-

tween the learned behaviour of a model with orthogonal input layer cell representations of the distal

and proximal object spaces, and a model with distributed input layer cell representations, of the distal

and proximal object spaces.

In conclusion, this chapter presents a model that is the minimal architecture required in order for

the output layer cells to learn to discriminate between distal and proximal visual cues presented to the

model as input. A detailed exploration of the effects of altering the model and training environment

parameters was conducted in a controlled manner. Under the correct conditions, the model can learn

to produce output layer cells that respond exclusively to a narrow region of the space of distal objects.

These cells reflect the current head direction of the agent and thus behave like head direction cells.

The model employs an orthogonal input representation of the distal and proximal visual cues in order

to carefully control the nature of the input. There is strong evidence to suggest that some areas of the

brain employ a distributed encoding of inputs, rather than the orthogonal encoding used in this chapter

(Rolls and Treves, 1998; Dayan and Abbott, 2001). In the next chapter, a neural network model will

be reported that is capable of learning to form separate representations of distal and proximal visual

objects that are represented in a distributed, overlapping manner.
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Chapter 3

Head Direction Cell Visual Responses:

Distributed Input Representations

This chapter reports the implementation details, and simulation results, of a model that learns to

discriminate between distal and proximal visual cues that are presented to the model in a distributed

manner. The distributed input representation means that the current model has a harder computational

task to solve than the model with orthogonal input representations that was reported in the previous

chapter. Careful replication of the experiments conducted in the previous chapter demonstrates a

general principle that is independent of the nature of the model input representation: the statistical

decoupling between distal and proximal visual cues can be used to form separate representations of

the visual cue spaces.

3.1 Model Architecture

The model contains a single layer of input cells connected by feedforward wij synapses to a single

layer of output cells. These wij synapses will self-organize through competitive learning to produce
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some output layer cells that learn to respond exclusively to the space of distal objects, and some out-

put layer cells that learn to respond exclusively to a proximal object. The model architecture is very

similar to the architecture of the model with orthogonal input representations depicted in Figure 2.1

The input cell layer comprises a common set of cells from which, during initialization of the net-

work, are drawn M subsets of N cells. Each subset of input layer cells is defined as completely

representing the possible visual input from either the space of distal objects, or a proximal object.

Each object space will only be represented by one subset of input layer cells.

The main architectural difference between the current model and the model reported in the previ-

ous chapter is that, in the current model, the M input layer cell subsets are allowed to overlap and

thus represent the distal and proximal object spaces in a distributed manner. A distributed representa-

tion is defined as the state where at least two subsets of input layer cells share a number, NOVERLAP,

of common input layer cells. A randomly chosen input layer cell j can therefore possibly be assigned

to multiple input layer cell subsets, representing multiple object spaces.

The assignment of N input layer cells to one of the M subsets is achieved by random sampling

without replacement from the common pool of input layer cells. After N input layer cells have been

randomly assigned to a particular subset, the random sampling process is reset by replacing all the

selected input cells into the common pool. The next N randomly selected input layer cells are then

assigned to a different input layer cell subset by further random sampling without replacement. This

process of random sampling without replacement within a subset, and random sampling with replace-
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ment between the subsets, continues until all of the M subsets have been randomly assigned the

requisite number N of input layer cells.

When there is an equal number, NSUBSET, of cells randomly assigned to each of the M input

layer cell subsets, then the proportion of the input cell overlap between the subsets is given by

NOVERLAP/NSUBSET. When the overlap is non-zero, the random assignment of input layer cells

to different subsets will produce a distributed representation of the distal and proximal visual objects

in the input cell layer.

The visual inputs from the distal and proximal object spaces are represented by the M input layer cell

subsets. All possible orientations, from 0o−360o, of the agent within its environment are represented

by one subset. All possible head-centred bearings, −135o to +135o, from the agent to each proximal

object are represented by the remaining subsets. For any given input layer cell subset, a single packet

of Gaussian activity within that subset will thus uniquely identify either the current orientation of the

agent, or the current head-centred bearing from the agent to a proximal object, depending upon which

object space the particular subset represents.

The number, 200, of input layer cells that constitute a subset is held constant across all experiments.

The magnitude of the overlap between subsets is thus controlled by altering the size of the common

pool of input layer cells from which individual input layer cells may be randomly assigned to a partic-

ular subset. For instance, with a pool of 2000 input layer cells from which individual input layer cells

may be randomly assigned to subsets of 200 input layer cells, there would be an expected overlap,
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NOVERLAP, of 20 cells between two subsets. That is, the two subsets will share 10% of their ran-

domly assigned input layer cells. The random allocation procedure is repeated with different random

seeds until the desired number of overlapping cells, NOVERLAP, between the subsets is achieved.

3.2 Implementation

The current model, with distributed input representations, is implemented in much the same way as the

model with orthogonal input representations. This is described in Section 2.4. The main difference in

implementation between the two models is how the firing rates rj of the presynaptic input layer cells

are set. In the model reported in this chapter, a presynaptic input layer cell j that has been assigned

to more than one input layer cell subset will have a separate firing rate rj in response to each of the

object spaces that cell represents. Consequently, the overall firing rate rj of that input cell is set, at

any update of the model, to the maximum firing rate of that cell in response to the different object

spaces represented by that cell, given the current training location and orientation of the agent.

3.3 Differences Between Models with Different Input Representations

In the model reported in Chapter 2, an individual input layer cell will only be assigned to one input

layer cell subset representing one of the distal or proximal object spaces. Consequently, whenever a

postsynaptic output layer cell i receives stimulation from a particular presynaptic input layer cell j,

the stimulation from that input layer cell will always signal the presence of only one type of visual

object space in the field-of-view of the simulated agent.

In the model reported in this chapter, whenever a postsynaptic output layer cell i receives stimula-
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tion from a particular presynaptic input layer cell j that is one of the NOVERLAP input layer cells that

have been assigned to more than one input layer cell subset, then stimulation from that presynaptic

input layer cell j will signal the presence of a different type of visual object space, distal or proximal,

in the field-of-view of the agent at different updates of the model.

Both of these two models must solve the same general computational problem, which is learning to

discriminate between distal and proximal objects that are simultaneously present in the field-of-view

of the agent. For the model with distributed input representations, the problem is computationally

more difficult because a postsynaptic output layer cell i must learn to not only discriminate between

different object spaces, but also to discriminate between the occasions when a particular presynaptic

input layer cell j is representing one particular object space, and the occasions when that same input

layer cell is representing a different object space.

Consider the wij synapse between a particular input layer cell j, which has been assigned to rep-

resent more than one object space, and a particular postsynaptic output layer cell i. The presynaptic

input layer cell j will have the same wij synapse with the postsynaptic output layer cell i no mat-

ter which object space the presynaptic input layer cell is currently representing. Consequently, any

strengthening or weakening of that synapse will equally affect the presynaptic input layer cell repre-

sentation of both the distal and proximal object spaces. For instance, it is not possible for the synapse

to flip between a strong weight when the input layer cell represents the distal object space, and a weak

weight when the input layer cell represents a proximal object. Thus, the presynaptic input layer cell

j will represent the distal and proximal objects with equal strength. The distributed representation
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Table 3.1: Network parameters for the simulations reported in Chapter 3

Network Parameters

Total No. Input Cells Varies by Experiment
No. Input Cells Assigned to Each Object Space Subset 200
No. Output Layer Cells 900

a (Sparseness of Output Layer Cell Firing) 0.1

Training Parameters

No. Training Epochs 100
k (Learning Rate) 0.001
λ (Scaling of Input Cell Gaussian Response Profiles) 10.0
σ (Standard Deviation of Input Cell Gaussian Response Profiles) 5.0o

All values are constant across all experiments reported in this chapter except where noted in the text.

of the distal and proximal objects in the input layer cells therefore adds a layer of complexity to the

computational problem that must be solved.

3.4 Results

This section presents the results of exploring the effect that controlled alterations of the model param-

eters, and training environment, have upon the learning ability of the model.

3.4.1 Experiment 3.1: Demonstration of Core Model Performance

The simulations in this experiment were conducted to illustrate the core operational principles of the

model with distributed input representations.

The training environment contained a single, centrally-located proximal object, together with ten

training locations placed in a ring around the proximal object, and a continuous circular space of dis-
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tal objects at an infinite distance from the training locations. The total number of input layer cells was

set to 500. The proximal object space and the space of distal objects were each represented by over-

lapping subsets of 200 input layer cells. The two subsets will share an expected 40% of their assigned

input layer cells. Simulation results are reported only from those simulations where the actual overlap

between the input layer cell subsets equalled the expected overlap.

The network was simulated with the parameters given in Table 3.1, in accordance with the train-

ing and testing protocol outlined in Section 2.4. The simulation was conducted a total of five times

with identical model parameters, but with different random synaptic weight initializations for each

simulation.

Figure 3.1a displays the responses of eight naive, untrained output layer cells. The responses of the

cells were recorded during a testing phase when no prior training phase had taken place. The plots

show that the untrained output layer cells will respond to both the space of distal objects and the

proximal object when probed with these object spaces during testing. The untrained responses of the

output layer cells are also multi-modal: the response curves exhibit several defined peaks, rather than

a single peak, in response to each object space.

The eight plots of Figure 3.1b display the learned responses of the same eight output layer cells. In

comparison to the untrained responses, the majority of the output layer cells have learned to respond

to either the space of distal objects or the proximal object, but not both. Moreover, the learned re-

sponse curves exhibit single peaks and thus a defined response to a particular view of either the space
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a)

b)

Figure 3.1: The responses of the output layer cells in Experiment 3.1 for a simulation with an overlap of 40%
between the two input layer cell subsets. a) The untrained responses of eight output layer cells after a testing
phase, but no learning phase, has taken place. The unbroken line represents the output layer cell response to
the space of distal objects plotted over the interval 0o − 360o. The dashed line represents the cell response to
the proximal object plotted over the 270o field-of-view of the simulated agent. It is clear that the naive output
layer cells respond to both the distal and proximal object spaces. These response curves exhibit multiple peaks,
i.e. are multi-modal. b) The responses of the same eight output layer cells as shown in (a), but after training
has taken place. The majority of the learned cell responses are exclusive to the space of distal objects or the
proximal object, but not both. A small number of output layer cells exhibit a learned response to a mixture of
the distal and proximal object spaces. This is evident in the second and fourth plots in the bottom row. The
learned response curves of the output layer cells exhibit a single prominent peak for each object space they
respond to. This is in contrast to the untrained responses of the output layer cells. It is clear from comparing
the trained and untrained cell responses that the training regime has a strong effect upon the nature of the output
layer cell responses.
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of distal objects or the proximal object. A small number of output layer cells do exhibit a learned

response to both the distal and proximal object spaces. This is evident in the second and fourth plots

of the bottom row in Figure 3.1b.

As can be seen from a visual comparison of the untrained and trained output layer cell response

curves, the training phase has a direct influence upon the nature of the output layer cell responses. It

is only after training that the output layer cells are able to effectively discriminate between the dis-

tal and proximal object spaces. Moreover, the majority of the output layer cells are able to achieve

this discrimination when the distal and proximal object spaces are represented in an overlapping, dis-

tributed manner by the input layer cells. That is, 40% of the input layer cells were assigned to both

the subset of input layer cells representing the space of distal objects, and the subset of input layer

cells representing the proximal object. Furthermore, ten training locations are sufficient for the output

layer cells to develop separate learned representations of the distal and proximal object spaces.

As a further measure of model performance, each individual output layer cell was classified by learned

response type. An output layer cell can be classified into one of four mutually exclusive groups: re-

sponsive to the space of distal objects; responsive to the proximal object; responsive to a mixture of

the distal and proximal object spaces; or does not show a response.

To be included in the distal-responsive group, an output layer cell must have a maximum firing rate

> 0.075 in response to the space of distal objects. The output layer cell must also have a maximum

firing rate in response to the proximal object that is ≤ 20% of the maximum firing rate of that cell in
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Table 3.2: The responses of the output layer cells in Experiment 3.1 both pre and post-training

Experiment 3.1 Output Layer Cell Responses

Untrained Trained

Cells S.D. Cells S.D.

No. Cells Responsive to Space of Distal Objects 7.4 (0.82%) 4.7 324.8 (36.09%) 7.4
No. Cells Responsive to Proximal Object 2.0 (0.22%) 1.0 467.8 (51.98%) 4.1
No. Cells Responsive to Both Object Spaces 890.6 (98.96%) 5.2 107.4 (11.93%) 6.6
No. Cells Responsive to Neither Object Space 0 0 0 0

The response criteria and the values used are described in the text (Section 3.4.1). The results displayed in the
table are the average of five simulation runs for both the untrained and trained models. Each of the simulation
runs was conducted with identical model parameters, but with different random synaptic weight initializations.
S.D. = standard deviation. In the untrained case, the output layer cells show a response to a mixture of the distal
and proximal object spaces. After training, the majority of the output layer cells develop responses that are
exclusive to either the space of distal objects or the proximal object, but not both.

response to the space of distal objects. For an output layer cell to be classified as proximal-responsive,

that cell must have a maximum firing rate > 0.075 in response to the proximal object. The cell must

also have a maximum firing rate in response to the space of distal objects that is ≤ 20% of the max-

imum firing rate of the cell in response to the proximal object. The criterion for inclusion in the no

response group is that the output layer cell must have a maximum firing rate ≤ 0.075 in response to

both the distal and proximal object spaces. Any output layer cells that do not meet the three previous

criteria are classified as showing a learned response to a mixture of the distal and proximal object

spaces. The classification thresholds of 0.075 and ≤ 20% were set by visual inspection of the output

layer cell learned response curves and a comparison with the number of output layer cells classified

into each group according to different values of the thresholds.

Table 3.2 displays the results of probing the model with the distal and proximal object spaces both be-
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Figure 3.2: The responses of the output layer cells in Experiment 3.1. The bar chart displays the average num-
ber of output layer cells per response type calculated across five simulations with identical model parameters,
but with different random synaptic weight initializations. Data are displayed for both an untrained model and a
trained model. It is evident that training has an effect upon the behaviour of the model. In the untrained case,
the majority of the output layer cells exhibit a response to a mixture of the distal and proximal object spaces. In
the trained case, the majority of the output layer cells respond exclusively to either the space of distal objects
or the proximal object, but not both. The displayed data are also reported in Table 3.2.

fore and after training has taken place. In all cases, the results shown are the average of five simulations

conducted with identical model parameters, but with different random synaptic weight initializations.

The classification criteria used are those described above. Figure 3.2 displays this data in the form of

a bar chart.

For the untrained, naive, model an average of 7.4 (0.82%) out of 900 output layer cells were classified

as exhibiting an exclusive response to the space of distal objects. An average of 2.0 (0.22%) of the

output layer cells showed an exclusive response to the proximal object. The majority, 890.6 (98.96%),

of the output layer cells were classified as demonstrating a response to both the distal and proximal

object spaces. None of the output layer cells were classified as unresponsive during testing.

After the training phase had taken place, an average of 324.8 (36.09%) of the output layer cells
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were classified as exhibiting a learned response that is exclusive to the space of distal objects. An

average of 467.8 (51.98%) of the output layer cells demonstrated an exclusive learned response to

the proximal object. A small number, 107.4 (11.93%), of the output layer cells showed a learned

response to a mixture of the distal and proximal object spaces. None of the trained output layer cells

were classified as unresponsive during testing.

The learned responses of the trained output layer cells, as given in Figure 3.1b, Figure 3.2, and Table

3.2, clearly show that the model with distributed input representations can form separate output layer

cell representations of the distal and proximal object spaces. In other words, individual output layer

cells will exhibit learned responses that are exclusive to one of the distal or proximal object spaces,

but not both.

The reason why the training phase has the effect it does upon the model performance was covered

in Chapter 2 (Section 2.5.1) for the case of a model with orthogonal inputs. Thus, to avoid repetition,

the details will not be covered here suffice to say that, when the network is trained at a large enough

number of training locations (e.g. ten), a statistical decoupling occurs between the distal and proximal

object spaces. This statistical decoupling is of a high enough degree that an associative competitive

learning mechanism is able to learn to form separate output layer cell representations of the distal and

proximal object spaces.

The ability of a neural network to discriminate between distributed, overlapping input layer cell rep-

resentations of multiple object spaces is non-trivial. The wij synapse between a single input layer cell
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representing more than one object space, and a single output layer cell, will have the same synaptic

strength no matter which object space is currently driving the input cell to fire. This means that as

the strength of the wij synapse increases or decreases it will affect the strength of the input layer cell

signal for all the object spaces represented by that input layer cell. It is only if the level of statistical

decoupling between the object spaces is high enough that an individual output layer cell will learn

to be preferentially stimulated by input layer cells that represent either the space of distal objects or

the proximal object, but not both. In this case, the computational problem of some of the input layer

cells signalling the presence of both object spaces is overcome by the fact that, after training, the input

layer cell signals representing the object space that the output layer cell has not learned to respond to

will not be strong enough by themselves to stimulate the output layer cell into firing.

The results of the simulations conducted for this experiment have shown that a neural network can

learn to form separate output layer cell representations of distal and proximal visual cues presented to

the network as input when the distal and proximal cues are represented in a distributed, overlapping

manner by the input layer cells. Qualitatively, the results of this experiment are very similar to the

results of Experiment 2.1 in Chapter 2. This demonstrates that the ability of a neural network to form

separate representations of the distal and proximal object spaces is not abolished by distributed input

representations. The network can achieve the discrimination between the distal and proximal object

spaces in an unsupervised manner, i.e. there is no teacher specifying how to categorize the inputs or

which category to place an input into. It has also been shown how the network is capable of unsuper-

vised categorization using only a single layer of synapses: in the current model specifically the wij

synapses.
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3.4.2 Experiment 3.2: The Effect of Varying the Input Layer Cell Subset Overlap

When there is a single proximal object in the training environment, there are only two input layer cell

subsets. The simulations reported here were conducted to examine the effect upon the model perfor-

mance of varying the percentage overlap of common input layer cells between the two input layer cell

subsets.

Five different percentages of overlap were tested: 10%, 20%, 30%, 40%, and 50%. In each simu-

lation, the training environment consisted of a single centrally-placed proximal object, ten training

locations placed in a ring around the proximal object, and a circular space of distal objects at an in-

finite distance from the training locations. All remaining network parameters were set to the values

given in Table 3.1.

Table 3.3 and Figure 3.3 display the average number of output layer cells classified by learned re-

sponse type after training the model with different percentages of overlap between the input layer cell

subsets. When there is an overlap of 10% between the input layer cell subsets, an average of 505.4

(56.16%) of the output layer cells exhibit a learned response that is exclusive to the space of distal

objects. An average of 394.6 (43.84%) of the output layer cells were classified as showing a learned

response that is exclusive to the single proximal object. None of the output layer cells demonstrate a

learned response to both the distal and proximal object spaces. Nor are any of the output layer cells

unresponsive.

When there is an overlap of 50% between the input layer cell subsets, an average of 300.4 (33.38%)
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Figure 3.3: The learned responses of the output layer cells in Experiment 3.2. For each of the five different
percentage overlaps between the input layer cell subsets, the bar chart displays the average number of output
layer cells per response type. The averages are calculated across five simulations conducted with identical
model parameters, but with different random synaptic weight initializations. The data for the averages are given
in Table 3.3. As the percentage overlap between the input layer cell subsets increases, so the majority of the
output layer cells still learn to respond exclusively to either the space of distal objects or the proximal object.
Increasing the percentage overlap between the input layer cell subsets does, however, produce a small increase
in the number of output layer cells that learn to respond to a mixture of the distal and proximal object spaces.

of the output layer cells exhibit a learned response that is exclusive to the space of distal objects. An

average of 534.0 (59.33%) of the output layer cells show a learned response to the single proximal

object, and an average of 65.6 (7.29%) of the output layer cells demonstrate a learned response to

both object spaces.

For the current experimental setup, varying the percentage overlap in the interval [10%, 50%] has

little effect upon the overall performance of the model. That is, the majority of the output layer cells

learn to respond exclusively to a narrow region of either the space of distal objects or the proximal

object, but not both, regardless of the magnitude of the overlap between the input cell subsets. As

will be seen in the experiments reported below, this result generally holds true for all the simulations

conducted for this chapter.
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3.4.3 Experiment 3.3: The Effect of Varying the Number of Training Locations

The simulations in this experiment were conducted to examine the effect that the number of training

locations in the training environment – which can be loosely correlated to the amount of movement of

an agent through its environment – has upon the learned behaviour of a model with distributed input

representations.

The training environment consisted of a single, centrally located proximal object together with a con-

tinuous circular space of distal objects at an infinite distance from the proximal object. The number of

training locations in the training environment was varied as follows: 1, 2, 5, and 10. The network was

simulated with the parameter values given in Table 3.1. For each distinct number of training locations,

the percentage of overlap between the input layer cell subsets was varied in the interval [10%, 50%]

in an identical manner to Experiment 3.2.

Table 3.4 and Figure 3.4 display the distribution of the output layer cell learned responses. For each

distinct number of training locations, the table displays the results for a simulation conducted with a

10% overlap between the input layer cell subsets, and for a simulation conducted with a 40% overlap

between the subsets.

With only 1 or 2 training locations in the training environment, the majority of the output layer cells

show a learned response to both the distal and proximal object spaces. This is true for overlaps of

10% and 40% between the input layer cell subsets.
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Figure 3.4: The learned responses of the output layer cells in Experiment 3.3. The data displayed are the
average number of output layer cells per response type for each of the five different numbers of training locations
in the training environment. The averages are calculated across five simulations conducted with identical model
parameters, but with different random synaptic weight initializations. The left-hand bar chart displays data
recorded from a simulation conducted with an overlap of 10% between the input layer cell subsets. The right-
hand bar chart displays data recorded from a simulation conducted with an overlap of 40% between the input
layer cell subsets. As the number of training locations in the training environment increases, so the majority
of the output layer cells change from learning to represent a mixture of the distal and proximal object spaces
when trained at a small number of training locations, to learning to exclusively represent either the space of
distal objects or the proximal object when trained at a larger number of training locations. This result holds for
simulations conducted with both a 10% and a 40% overlap between the input layer cell subsets. The data are
also reported in Table 3.4.

With an overlap of 10%, averages of 640.0 (71.11%) and 718.0 (79.78%) output layer cells exhibit a

learned response to both of the distal and proximal object spaces when trained with 1 and 2 training

locations respectively. When the overlap is 40%, averages of 743.4 (82.60%) and 884.2 (98.24%)

output layer cells learn to respond to both of the distal and proximal object spaces for 1 and 2 training

locations respectively.

A small number of training locations will not produce a high enough statistical decoupling between

the distal and proximal object spaces for individual output layer cells to develop separate representa-

tions of these object spaces through associative competitive learning. In other words, a small number

of training locations promotes a high degree of statistical coupling between the distal and proximal
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object spaces. Consequently, there is a low probability of an individual output layer cell learning to

discriminate between the two object spaces. This is true whether the input representation is orthogonal

or distributed.

When there is one training location in the training environment, an average of 146.4 (16.27%) output

layer cells for the 10% overlap, and 146.6 (16.29%) output layer cells for the 40% overlap, were clas-

sified as exhibiting a learned response that is exclusive to the space of distal objects. As described in

Experiment 2.2 (Chapter 2, Section 2.5.2), this result is an artefact of the experimental setup. Because

the agent has a 270o field-of-view, there will be a 90o interval during a single 360o rotation of the

agent where the proximal object will not be visible to the agent, but the space of distal objects will

be visible. This produces a small statistical decoupling between the distal and proximal object spaces

that is sufficient for some of the output layer cells to develop exclusive learned responses to the space

of distal objects. Increasing the number of training locations to 2 removes this artefact.

With five training locations in the training environment, and an overlap of 10% between the input

layer cell subsets, an average of 441.6 (49.07%) of the output layer cells exhibit a learned response

that is exclusive to the space of distal objects, and an average of 427.6 (47.51%) of the output layer

cells show a learned response that is exclusive to the proximal object. Under these parameters, an

average of only 18.8 (2.09%) of the output layer cells demonstrate a response to both of the distal and

proximal object spaces. Similar results were obtained with an overlap of 40% between the input layer

cell subsets.

127



Figure 3.5: The learned response of the output layer cells in Experiment 3.3. Each one of the four plots shows
the same output layer cell recorded from a simulation conducted with a constant overlap of 40% between the
input layer cell subsets, and a different number of training locations in the training environment in each case.
The four simulations were conducted with the same synaptic weight initializations. The training locations are
varied as follows: top-left, one location; top-right; two locations; bottom-left, five locations; bottom-right, ten
locations. The response to the space of distal objects is represented by the unbroken line. The response to the
proximal object is represented by the dashed line. As the number of training locations increases, so the nature of
the learned representation in the output layer cells changes. With a small number, 1 or 2, of training locations,
the majority of the output layer cells learn to respond to a mixture of the distal and proximal object spaces. This
is shown in the two plots in the top row of the figure. As the number of training locations increases, output
layer cells develop that have learned to respond exclusively to one of the distal or proximal object spaces using
a grandmother-cell-like representation, where individual output layer cells respond to a narrow region of either
the space of distal objects or the proximal object space, but not both. This is shown in the bottom two plots of
the figure.

With ten training locations in the training environment, and an overlap of 10% between the input

layer cell subsets, none of the output layer cells showed a learned response to a mixture of the distal

and proximal object spaces. All of the output layer cells show a learned response that is exclusive

to either the space of distal objects or the proximal object, but not both. With ten training locations,

and an overlap of 40%, an average of 107.4 (11.93%) of the output layer cells exhibited a learned

response to both of the distal and proximal object spaces.

The output layer cell learned response curves are displayed in Figure 3.5. The response curves were

recorded during the testing phase when the network was probed with the distal object space followed
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by the proximal object. There are four plots in total, representing the four simulations, each with a

different number of training locations in the training environment. Visual comparison of the output

layer cell response curves from the simulations conducted with overlaps of 10% and 40% between the

input layer cell subsets revealed little qualitative difference between these response curves. Therefore,

the plots in Figure 3.5 display the learned response curves of four output layer cells taken from a

simulation conducted with an overlap of 40% between the input layer cell subsets.

The results of this experiment qualitatively resemble the results reported in Experiment 2.2 (Chap-

ter 2, Section 2.5.2). With a single proximal object in the training environment, only a small increase

in the number of training locations, ≥ 5, is required to produce a high enough level of statistical

decoupling between the distal and proximal object spaces such that the output layer cells will learn

to discriminate between the two object spaces. The current model can solve this particular learning

problem despite having the harder computational task: i.e. to form separate representations of the dis-

tal and proximal object spaces when those spaces are represented in a distributed, overlapping manner

in the input layer.

The nature of the learned representation that develops in the output layer cells is direcrtly influenced

by an interaction between the number of training locations in the training environment and the distal

and proximal object spaces. The mechanisms of this interaction were discussed in Experiment 2.2

(Chapter 2, Section 2.5.2). In summary, the level of statistical decoupling between the distal and

proximal object spaces is directly proportional to the number of training locations in the training en-

vironment. This corresponds to a requirement that the agent must move through its environment in
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order to produce separate representations of the distal and proximal object spaces.

In a natural environment, with multiple proximal objects present, there would not be discrete training

locations as is the case for the simulations conducted in this chapter. Instead, there would be a con-

tinuum of training locations as the animal travels through its environment. This continuum of training

locations will provide a high degree of statistical decoupling between the distal and proximal object

spaces, such that the neural network presented here will able to discriminate between the multiple

distal and proximal objects through associative competitive learning.

3.4.4 Experiment 3.4: The Sparseness of Firing within the Output Layer Cells

The sparseness value, a, as defined by Equation (2.5) in Chapter 2, effectively determines the level of

competition between the output layer cells. The simulations conducted for this experiment explored

the effect that the value of a has upon the performance of the model with distributed input representa-

tions.

The training environment for all simulations comprised ten training locations placed around a single

centrally-located proximal object, together with a continuous circular space of distal objects located

at an infinite distance from the training locations. The network was simulated with the parameter

values given in Table 3.1, except for the value of the sparseness, a, which was varied as follows: 0.01,

0.05, 0.1, 0.2, 0.3, 0.4. For each distinct value of a, the network was simulated with different percent-

age overlaps between the input layer cell subsets. The percentage overlap was varied in the interval

[10%, 50%] in the manner described in Experiment 3.2 in this chapter.
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Figure 3.6: The learned responses of the output layer cells in Experiment 3.4. For each value of the sparseness
a, the bar charts display the average number of output layer cells per response type. The averages are calculated
across five simulations conducted with identical model parameters, but with different random synaptic weight
initializations. The left-hand bar chart displays the data recorded from a simulation conducted with an overlap of
10% between the input layer cell subsets. The right-hand bar chart displays the data recorded from a simulation
conducted with an overlap of 40% between the input layer cell subsets. When the sparseness a is set to an
intermediate value, the majority of the output layer cells learn to respond exclusively to either the space of
distal objects or the proximal object. When a is set to a higher value, the majority of the output layer cells learn
to respond to a mixture of the distal and proximal object spaces. This behaviour occurs when there are overlaps
of both 10% and 40% between the input layer cell subsets. The data displayed in the bar charts are also reported
in Table 3.5.

Table 3.5 and Figure 3.6 display the output layer cells classified by response type in accordance with

the criteria described in Experiment 3.1 (Section 3.4.1). For each unique value of a, the table displays

the results from simulations conducted with an overlap of 10% between the input layer cell subsets,

and also the results from simulations conducted with an overlap of 40% between the subsets.

With an overlap of 10% between the input layer cell subsets, an increase in the sparseness a changes

the nature of the learned output layer cell representation. With a low or intermediate value of the

sparseness a, there is a local, grandmother-cell-like representation where individual output layer cells

respond exclusively to a narrow region of either the space of distal objects or the proximal object

space, but not both. With a high value of the sparseness a, there is a distributed representation where
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individual output layer cells respond to multiple narrow regions of both of the distal and proximal

object spaces. The number of output layer cells that are classified as unresponsive decreases as a

increases.

This trend is also the case for simulations conducted with a 40% overlap between the input layer

cell subsets. As the magnitude of the percentage overlap has little effect upon the performance of the

model when simulated with different values of a, the following analysis applies to all models simu-

lated with a percentage overlap in the interval [10%, 50%]. However, only simulations conducted with

an overlap of 40% will be directly considered.

Each one of the six plots in Figure 3.7 displays the same output layer cell recorded from one of the

six simulations conducted with a unique value of the sparseness, a, but with identical synaptic weight

initializations.

When the value of a is 0.01, approximately 1% of the output layer cells will be permitted to fire

at any given update of the model. Thus, in the simulations conducted with a 40% overlap between the

input layer cell subsets, the majority, 659.6 (73.29%), of the output layer cells remain unresponsive

to the distal and proximal object spaces after training. This is shown in Table 3.5, Figure 3.6, and the

top-left plot of Figure 3.7.

Increasing the value of a to be either 0.05 or 0.1 means that approximately 5% or 10%, respec-

tively, of the output layer cells will be permitted to fire at any given update of the model. This will
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Figure 3.7: The learned responses of the output layer cells in Experiment 3.4. Each of the six plots displays
an output layer cell taken from a simulation conducted with a constant overlap of 40% between the input layer
cell subsets and a different value of the sparseness a. The values of a are varied as follows: top row, left to
right, a = 0.01, 0.05, 0.1; bottom row, left to right, a = 0.2, 0.3, 0.4. The response to the space of distal
objects is represented by the unbroken line. The response to the proximal object is represented by the dashed
line. The polar plots display the same output layer cell recorded from simulations with different values of a,
but with identical synaptic weight initializations. As the value of a increases, the number of output layer cells
that learn to respond to both of the distal and proximal object spaces increases. The firing profiles also tend to
become broader and weaker as a increases. It is clear from the plots that as the sparseness value, a, increases,
so the nature of the learned representation in the output layer cells changes from a local, grandmother-cell-like
representation, where individual output layer cells respond exclusively to a narrow region of either the space of
distal objects or the proximal object space, into a distributed representation where individual output layer cells
respond to multiple regions of both of the distal and proximal object spaces.

result in more of the output layer cells developing a learned response to either the space of distal

objects or the proximal, but not both. This is shown in Table 3.5, Figure 3.6, and the top-middle

and top-right plots of Figure 3.7. The optimal value of a for producing cells that exhibit an exclu-

sive, grandmother-cell-like response to the space of distal objects is thus within the interval [0.05, 0.1].

When the a value is 0.2, an average of 440.6 (48.96%) of the output layer cells learn to respond

to both of the distal and proximal object spaces. This is shown in Table 3.5, Figure 3.6, and the

bottom-left plot of Figure 3.7. If an output layer cell is chosen at random from the sub-population

of output layer cells that have learned to respond to a mixture of the object spaces, then the firing of
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that single output layer cell cannot, by itself, discriminate between the distal and proximal objects. If,

however, each of the output layer cells in this sub-population learns to respond maximally to different

random parts of the distal and proximal object spaces, then the entire layer of output cells will still be

able to discriminate between the object spaces using a distributed population coding.

The reasons why a population coding would work in this situation were discussed in Experiment

2.3 (Chapter 2, Section 2.5.3). The main details of this argument will thus be summarised here. If

there is no regular relationship between the responses of the output layer cells to the space of distal

objects and the responses to the proximal object, then each part of the distal and proximal object

spaces will be represented by a unique pattern of firing across the whole layer of output cells. This is

because if an output layer cell is chosen at random from the whole population of output layer cells,

and the response curve of that cell to the space of distal objects is known, then it will not be possible

to predict the response curve of that cell to the proximal object on the basis of this information. Con-

sequently, there will be a unique pattern of firing across the whole population of output layer cells for

each unique orientation of the agent to the space of distal objects, and also a unique patten of firing for

each head-centred bearing from the agent to the proximal object. Thus, the orientation of the agent,

or the bearing of the proximal object, can be determined by the unique pattern of firing or population

code across all the output layer cells.

This is demonstrated by the two plots in Figure 3.8. The output layer cells displayed in these plots

are taken from a simulation with an a value of 0.2. In each of the two plots, the output layer cells

respond maximally to the same particular orientation of the agent to the space of distal objects. How-
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Figure 3.8: The learned responses of two output layer cells from a simulation in Experiment 3.4 conducted
with a 40% overlap between the input layer cell subsets and a sparseness value of 0.2. The response to the
space of distal objects is represented by the unbroken line. The response to the proximal object is represented
by the dashed line. The two output layer cells respond maximally to the same particular orientation of the agent
with respect to the space of distal objects. However, the two cells respond maximally when the proximal object
lies on different head-centred bearings from the agent. Thus, there is no fixed relationship between the response
of an output layer cell to the space of distal objects and the response of the same cell to the proximal object. The
implication of this is that there is likely to be a unique pattern of firing across the whole population of output
layer cells for each orientation of the agent to the space of distal objects, as well as a unique pattern of firing for
each head-centred bearing from the agent to the proximal object. The orientation of the agent, or the position
of the proximal object, can be determined from this unique pattern of firing across the output layer cells.

ever, each of the two output layer cells responds maximally to a different head-centred bearing from

the agent to the proximal object. There is thus no predictable relationship between the response of an

output layer cell to the space of distal objects and the response of that same cell to the proximal object.

As the value of a increases, in the case of the current simulations to be 0.3 or 0.4, the majority of

the output layer cells learn to respond to both of the distal and proximal object spaces. This is a result

of a higher a value permitting a greater number of output layer cells to fire at any given update of

the model and thus update their wij synapses with the input layer cells. This is shown in Table 3.5

and the bottom-middle and bottom-right plots of Figure 3.8. Because the modelling hypothesis is that

individual output layer cells will learn to discriminate between the distal and proximal object spaces,

increasing the value of thes sparseness a leads to the model learning an incorrect output layer repre-

sentation.
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The results of this experiment are qualitatively similar to the results of the same experiment per-

formed on a model with orthogonal input representations. The sparseness of firing in the output layer

affects the nature of the learned representation that develops in the output layer cells. The optimal

value of the sparseness a, within the interval [0.05, 0.1], is the same for the current model and for

the model with orthogonal input representations. Thus, the effect that the sparseness of firing, a, has

upon the learned behaviour of the model is independent of the nature of the input representation to the

model.

3.4.5 Experiment 3.5: The Number of Proximal Objects and Model Performance

The simulations conducted in this experiment examined the effect upon the model performance of

increasing the number of proximal objects in the training environment. The number of proximal

objects was varied across the simulations as follows: 2, 3, 4, and 5. For each simulation, the percentage

overlap between the input layer cell subsets was varied in the interval [10%, 50%] as described in

Experiment 3.2 (Section 3.4.2). The network parameters were set according to the values given in

Table 3.4.

Table 3.6 and Figure 3.9 display the results of classifying the output layer cells by learned response.

An output layer cell is classified as responding exclusively to the space of distal objects if its firing

rate in response to the space of distal objects is > 0.075, and its firing rate in response to any of the

proximal objects is ≤ 20% of its maximum firing rate in response to the space of distal objects. An

output layer cell is classified as responding exclusively to one of the proximal object spaces if its firing

rate in response to that space is > 0.075, and its firing rate in response to the space of distal objects,

and any of the remaining proximal object spaces, is ≤ 20% of its maximum firing rate in response to
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Figure 3.9: The learned responses of the output layer cells in Experiment 3.5. The average number of output
layer cells per response type are calculated across five simulations conducted with identical model parameters,
but with different random synaptic weight initializations. The left-hand bar chart displays data recorded from
a simulation conducted with an overlap of 10% between the input layer cell subsets. The right-hand bar chart
displays data recorded from a simulation conducted with an overlap of 40% between the input layer cell subsets.
As the number of proximal objects in the training environment increases, the majority of the output layer
cells learn to respond to a mixture of the distal and proximal object spaces. This result holds for simulations
conducted with an overlap of 10% between the input layer cell subsets, and for simulations conducted with an
overlap of 40% between the input layer cell subsets. The data displayed are also reported in Table 3.6.

the proximal object space in question. The criteria for an output cell layer to be classified as either

exhibiting no response or a response to a mixture of the object spaces are given in Experiment 3.1

(Section 3.4.1).

The table displays the results of varying the number of proximal objects in the training environment

for a model simulated with a 10% overlap between the input layer cell subsets, and for a model simu-

lated with a 40% overlap between the input layer cell subsets. Output layer cells that are classified as

responding exclusively to one of the proximal object spaces are pooled together, rather than identify-

ing which particular proximal object space the output layer cell responds to.

For the model simulated with a 10% overlap between the input layer cell subsets, two proximal objects
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in the training environment results in 413.4 (45.93%) of the output layer cells learning to respond to

a mixture of the distal and proximal object spaces. Increasing the number of proximal objects to three

nearly doubles the number, 782.2 (86.91%), of output layer cells that exhibit a learned response to a

mixture of the distal and proximal object spaces. Further increasing the number of proximal objects

to four or five leads to ≥ 90% of the output layer cells showing a learned response to a mixture of the

distal and proximal object spaces.

When the model is simulated with an overlap of 40% between the input layer cell subsets, and two

proximal objects in the training environment, 264.2 (29.36%) of the output layer cells learn to respond

to a mixture of the distal and proximal object spaces. In a similar manner to the model with the 10%

overlap, increasing the number of proximal objects from two to three leads to double the number of

output layer cells, 746.4 (82.93%), learning to respond to a mixture of the object spaces. With four

or five proximal objects in the training environment, all of the 900 output layer cells learn to respond

to a mixture of the distal and proximal object spaces.

Thus, increasing the number of proximal objects in the training environment leads, for both the 10%

and 40% overlaps, to a change in the nature of the output layer cell learned representation. With the

current experimental setup, a small number of proximal objects (≤ 2) will still produce output layer

cells that exhibit a learned response that is exclusive to either the space of distal objects or one of the

proximal objects, but only to one object space. The output layer cells that exhibit an exclusive learned

response are thus employing a local, grandmother-cell-like representation of the input stimuli where

the individual output layer cell only responds to a narrow region of one object space. As the number
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of proximal objects increases to be ≥ 3, the output layer cells change to employ a fully distributed

representation of the input stimuli where an individual output layer cell responds to multiple regions

of a mixture of the object spaces.

When there are ≥ 3 proximal objects in the training environment, an overlap of 40% between the

input layer cell subsets produces more pronounced results, compared to an overlap of 10%. That is,

with an overlap of 40% all of the output layer cells learn to respond to a mixture of the distal and

proximal object spaces. The reason for this difference is that a greater percentage overlap between the

input layer cell subsets leads to a greater chance of a randomly chosen input layer cell being assigned

to several, if not all, of the possible subsets. Thus, with a larger number of proximal objects in the

training environment, and a high percentage of overlap between the input layer cell subsets, the output

layer cells are less likely to be able to form a grandmother-cell-like representation in the input stimuli.

This can be confirmed by examination of the results in Table 3.6 and Figure 3.9.

With a higher number, ≥ 3, of proximal objects in the training environment, the model learns a

distributed, incorrect, output layer representation. An increase in the statistical decoupling between

the distal and proximal object spaces is required in order for the output layer to learn the correct,

local, representation. When a local representation develops, individual output layer cells will respond

exclusively to a narrow region of the space of distal objects, and these cells will thus behave like head

direction cells.

As discussed in Section 2.5.4 of Chapter 2, a possible reason why the model performance deterio-
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rates as the number of proximal objects in the training environment increases is that, with the current

training protocol, increasing the number of proximal objects actually decreases, rather than increases,

the statistical decoupling between the distal and proximal object spaces. Exactly why the model

performance deteriorates as more proximal objects are added to the training environment, however,

remains unclear.

3.4.6 Experiment 3.6: The Model Performance with Less Training

The simulations comprising this experiment were conducted to investigate how the model performs

when exposed to less training. The model with orthogonal input representations can produce output

layer cells that respond exclusively to either the space of distal objects or the space of proximal objects,

but not both, after as little as 10 training epochs (Experiment 2.5, Chapter 2). In the current model, the

overlapping distributed nature of the input representations may have an effect upon the amount of time

it takes for the model to learn the correct mature behaviour. The network was simulated undergoing

1, 5, 10, and 25 training epochs. The network parameters are given in Table 3.4.

Table 3.7 and Figure 3.10 display the output layer cells classified by learned response type. When

the model is simulated with a 10% overlap between the input cell subsets, the learned behaviour of

the model approaches the behaviour of the fully mature model after only 25 training epochs. That is,

415.2 (46.13%) of the output layer cells learn to respond exclusively to the space of distal objects,

and 223.2 (24.80%) of the output layer cells learn to respond exclusively to the proximal object after

25 epochs of training. The average number of output layer cells classified into each response category

is approximately the same as the case of a model implemented with the same model parameters, but

trained for 100 epochs (c.f. Table 3.3). When the model is trained with less than 25 training epochs,
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Figure 3.10: The learned responses of the output layer cells in Experiment 3.6. The bar charts display the aver-
age number of output layer cells per response type for simulations conducted with different amounts of training.
In all cases, the averages are calculated across five simulations conducted with identical model parameters, but
with different random synaptic weight initializations. The left-hand bar chart displays results recorded from
a model with a 10% overlap between the input layer cell subsets. The right-hand bar chart displays results
recorded from a model with a 40% overlap between the input layer cell subsets. For overlaps of both 10% and
40% it is clear that the model is able to approach its mature learned behaviour after only a small amount of
training. It is, however, the case that the ability of the output layer cells to discriminate between the distal and
proximal object spaces continues to improve as the amount of training is increased. The data displayed in the
bar charts are also reported in Table 3.7.

there is a general trend that as the number of training epochs is increased, so the number of output

layer cells that learn to respond exclusively to either the space of distal objects or the proximal object

increases. The number of output layer cells that learn to respond to both of the distal and proximal

object spaces similarly decreases. A difference between the fully-trained model and the model with

less training is that, in the latter case, a number of output layer cells do not exhibit a response until

a number of training epochs have been experienced by the model. This result is also different to the

results obtained in the corresponding Experiment 2.5 of Chapter 2, where the output layer cells in the

model with orthogonal input representations all display some type of learned response, even after as

little as 5 epochs of training.

Simulating the model with a 40% overlap between the input cell subsets produces slightly different
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learned behaviour. The general trend is for there to be an increase in the number of output layer cells

that learn to respond exclusively to the space of distal objects as the number of training epochs is

increased. Similarly, the number of output layer cells that learn to respond to a mixture of the distal

and proximal object spaces decreases as the number of training epochs decreases. After 25 epochs of

training, 309.6 (34.40%) of the output layer cells respond exclusively to the space of distal objects.

527.4 (58.60%) of the output layer cells respond to a mixture of the distal and proximal object spaces.

These results compare favourably to the situation where the model is trained with identical parame-

ters, but with 100 training epochs (Table 3.3).

In comparison to the model simulated with orthogonal, non-overlapping input cell representations,

the current model with distributed, overlapping input cell representations learns at a slower rate. That

is, the distributed nature of the input cell subsets leads to the model requiring more training epochs

before mature learned behaviour is produced. The model with distributed inputs can still produce

mature learned behaviour after undergoing only 25 training epochs. This number of training epochs,

however, is greater than the number of training epochs required in order for the model with orthogonal

inputs to display mature behaviour. The distributed nature of the input representation has the effect

that more training, compared to the model with orthogonal inputs, is required in order to produce out-

put layer cells that have a high degree of specificity in their learned response. This result demonstrates

that the model with distributed input representations has a more difficult computational task to solve

than the model with orthogonal input representations.

Figure 3.11 displays the learned responses of two output layer cells recorded after 1, 10, and 25 epochs
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a)

b)

Figure 3.11: The learned responses of the output layer cells in Experiment 3.6. The response to the space
of distal objects is represented by the unbroken line. The response to the proximal object is represented by
the dashed line. a) The responses of the same output layer cell recorded from the same simulation after the
model has undergone different amounts of training with a 10% overlap between the input cell subsets. After
the model has undergone 25 epochs of training, it exhibits performance that approaches the performance of
the fully trained model. In other words, after 25 epochs of training the model produces output layer cells that
have learned to respond exclusively to either the space of distal objects or the proximal object, but not both.
Interestingly, the model requires a certain amount of training in order for the output layer cells to exhibit a
response. b) The responses of the same output layer cell recorded at different stages in the training of the model
with an overlap of 40% between the input cell subsets. Similar to the case with a 10% overlap, the model with
a 40% overlap approaches the learned behaviour of the mature model after only 25 epochs of training.

of training. The top row shows results from a model with an overlap of 10% between the input cell

subsets, and the bottom row shows results from a model with an overlap of 40% between the input cell

subsets. It is clear from the plots that as the number of training epochs increases, so the learned be-

haviour of the model changes. With a 10% overlap between the input cell subsets, the model requires

up to 25 training epochs in order that the output layer cells begin to show some sort of response. With

a 40% overlap between the input cell subsets, the responses of the output layer cells change from rep-

resenting a mixture of the distal and proximal object spaces, to exclusively representing one of the two
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object spaces by 25 training epochs. Once 25 training epochs have been experienced, the responses of

the output layer cells are qualitatively similar, regardless of the amount of overlap between the input

layer cell subsets.

In summary, when the model with distributed, overlapping input cell subsets is exposed to a reduced

amount of training, the model is still capable of producing learned behaviour, within 25 training

epochs, that approaches the learned behaviour of the mature model. The model with distributed input

representations requires more epochs of training to approach the mature output layer cell response

than does the model with orthogonal input representations reported in Chapter 2. This result indicates

that learning to form separate representations of distal and proximal object spaces is more difficult

when those spaces are represented in a distributed, overlapping manner in the input layer. Neverthe-

less, the model with distributed input representations can still approach mature learned behaviour after

a reduced amount of training of 25 epochs.

3.4.7 Experiment 3.7: Model Performance and the Learning Rate

The simulations that comprise this experiment were conducted to investigate the effect that different

values of the learning rate k have upon the performance of the model. The value of the learning rate

k was varied as follows: 0.1, 0.01, 0.001. All other network parameters were set to the value reported

in Table 3.4.

Table 3.8 and Figure 3.12 display the learned responses of the output layer cells classified by learned

response type. When the model is simulated with an overlap of 10% between the input cell subsets,

and a learning rate k set to 0.1 or 0.01, then the majority of the output layer cells, 878.2 (97.58%)
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Figure 3.12: The learned responses of the output layer cells in Experiment 3.7. The average number of output
layer cells per response type are displayed for simulations conducted with three different values of the learning
rate k. The averages are calculated across five simulations conducted with identical model parameters, but with
different random synaptic weight initializations. The left-hand bar chart displays data recorded from a model
with a 10% overlap between the input layer cell subsets. The right-hand bar chart displays data recorded from
a model with a 40% overlap between the input layer cell subsets. It is only when the learning rate k is set to
a low value that the majority of the output layer cells learn to respond exclusively to either the space of distal
objects or the proximal object, but not both. This is true for models implemented with 10% and 40% overlaps
between the input layer cell subsets. The data displayed are also reported in Table 3.8.

and 703.6 (78.18%) respectively, learn to respond to a mixture of the distal and proximal object

spaces. When the value of the learning rate is decreased to 0.001, there is a noticeable reduction in

the number of output layer cells that develop a mixed response to both object spaces. All output layer

cells develop a learned response that is exclusive to either the space of distal objects or the proximal

object, but not both. 505.4 (56.16%) of the output layer cells learn to respond exclusively to the space

of distal objects. 394.6 (43.84%) of the output layer cells learn to respond exclusively to the proximal

object.

When the model is simulated with an overlap of 40% between the input cell subsets, a relatively high

learning rate value of 0.1 or 0.01 leads to the majority of the output layer cells, 881.4 (97.93%) and

765.6 (85.07%) respectively, learning to respond to a mixture of the distal and proximal object spaces.
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Decreasing the value of the learning rate to 0.001 leads to 324.8 (36.09%) of the output layer cells

learning to respond exclusively to the space of distal objects. An average of 467.8 (51.98%) of the

output layer cells learn to respond exclusively to the proximal object space. A small number, 107.4

(11.93%), of the output layer cells learn to respond to a mixture of the distal and proximal object

spaces. That a number of the output layer cells learn a mixed response is the primary difference

between the model simulated with an overlap of 10% between the input cell subsets and the model

simulated with an overlap of 40%. Otherwise, the general trend of the output layer cell representation

changing from a distributed representation to a local, grandmother-cell-like representation as the value

of the learning rate k decreases is the same for both percentages of overlap in the input layer.

Figure 3.13 displays the learned responses of the output layer cells. In Figure 3.13a, the three plots

display the same output layer cell recorded from simulations conducted with values of the learning

rate k of 0.1, 0.01, and 0.001. In each plot, the data was recorded from a simulation implemented

with an overlap of 10% between the input cell subsets. All simulations were conducted with the

same synaptic weight initializations. It is evident from the plots that as the value of the leaning rate

k decreases, so the learned behaviour of the model changes. With a relatively high learning rate of

0.1 or 0.01, the model produces output layer cells that learn to respond to a mixture of the distal and

proximal object spaces. With a learning rate of 0.001, the model produces output layer cells that learn

to respond exclusively to one of the two object spaces.

The three plots in Figure 3.13b display another output layer cell recorded from simulations imple-

mented with the same changes in the learning rate k as in Figure 3.13a. The data in all three plots
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a)

b)

Figure 3.13: The learned responses of the output layer cells in Experiment 3.7. The response to the space of
distal objects is represented by the unbroken line. The response to the proximal object is represented by the
dashed line. a) The responses of the same output layer cell recorded from simulations conducted with different
values of the learning rate k, but with identical synaptic weight initializations. Each of three plots displays
data recorded from a simulation implemented with an overlap of 10% between the input cell subsets. It is clear
from the plots that as the value of the learning rate k decreases, so the learned behaviour of the output layer
cells changes from representing a mixture of the distal and proximal object spaces, to exclusively representing
one of the two object spaces. b) The learned responses of another output layer cell recorded from simulations
conducted with different values of the learning rate k, but with identical synaptic weight initializations. In all
three plots, the output layer cell was recorded from a simulation implemented with an overlap of 40% between
the input cell subsets. Similar to a), decreasing the value of the learning rate k changes the learned behvaiour of
the output layer cells such that the cells eventually learn to exclusively represent one of the two object spaces.
This result is independent of the size of the overlap between the input cell subsets.

were recorded from simulations conducted with the same synaptic weight initializations and with a

40% overlap between input cell subsets in each case. The results are similar to Figure 3.13a: as the

value of the learning rate k decreases, so the output layer cells change from learning to represent a

mixture of the distal and proximal object spaces, to learning to exclusively represent one of the two

object spaces. Thus, the effect of the learning rate upon the learned behaviour is independent of the

percentage overlap between the input cell subsets.
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In conclusion, a low value of the learning rate k is required in order for the model to produce output

layer cells that learn to respond exclusively to one of the distal or proximal object spaces. When the

learning rate k is relatively high, 0.1 or 0.01, the output layer cells lose the specificity of their learned

responses. A relatively low value of the learning rate, 0.001, promotes the development of output layer

cells that learn to respond exclusively to one of the distal or proximal object spaces, but not both. This

behaviour is generally independent of the percentage overlap between the input cell subsets; although,

with the larger overlap of 40%, a number of the output layer cells still learn to respond to a mixture

of the object spaces. The higher magnitude of the overlap between the input cell subsets leads to a

harder computational problem to be solved, which produces a lack of specificity in a small number

of the output layer cells. As discussed in Section 2.5.6 of Chapter 2, the simulation results obtained

when altering the value of the learning rate k may be evidence that the current model is susceptible to

the stability-plasticity dilemma (Carpenter and Grossberg, 1987, 1988; Grossberg, 1987).

3.4.8 Experiment 3.8: Model Performance is Independent of Model Size

The competitive learning mechanism acts by adapting the threshold of the activation to firing-rate

transfer function for the cells in the output layer. As discussed in Experiment 2.7 (Chapter 2, Section

2.5.7), the adaptive threshold transfer function has the effect that the relative percentage of output

layer cells that are permitted to fire at any model update will remain approximately the same. The

actual number of output layer cells firing will, however, change with the number of output layer cells

in the model.

The simulations comprising this experiment were conducted to investigate the effect that different
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Figure 3.14: The learned responses of the output layer cells in Experiment 3.8. The bar charts display the
average number of output layer cells per response type for models with implemented with different numbers of
output layer cells. The averages are calculated across five simulations conducted with identical model param-
eters, but with different random synaptic weight initializations. The left-hand bar chart displays data recorded
from a model implemented with a 10% overlap between the input layer cell subsets. The right-hand bar chart
displays data recorded from a model implemented with a 40% overlap between the input layer cell subsets. It
is evident that in simulation the model can learn to produce output layer cells that respond exclusively to either
the space of distal objects or the proximal object across a range of different sizes of the output layer. This result
holds for models implemented with a 10% and a 20% overlap between the input layer cell subsets. The data
displayed in the bar charts are also reported in Table 3.9.

numbers of cells in the output layer has upon the learned behaviour of the model. Ideal model perfor-

mance will be achieved if the learned behaviour of the output layer cells is independent of the number

of output layer cells. The model was simulated with three different numbers of output layer cells:

450, 900, and 1800. The network parameters are given in Table 3.4.

Table 3.9 and Figure 3.14 display the learned responses of the output layer cells classified by response

type. When the model is simulated with an overlap of 10% between the input cell subsets, the majority

of the output layer cells, for each of the three models with different numbers of output layer cells, learn

to respond exclusively to one of the distal or proximal object spaces, but not both.

Simulating the model with an overlap of 40% between the input cell subsets produces approximately

153



Ta
bl

e
3.

9:
T

he
le

ar
ne

d
re

sp
on

se
s

of
th

e
ou

tp
ut

la
ye

rc
el

ls
in

E
xp

er
im

en
t3

.8

E
xp

er
im

en
t3

.8
O

ut
pu

tL
ay

er
C

el
lL

ea
rn

ed
R

es
po

ns
es

1
0
%

O
ve

rl
ap

N
o.

O
ut

pu
tL

ay
er

C
el

ls

45
0

90
0

18
00

C
el

ls
S.

D
.

C
el

ls
S.

D
.

C
el

ls
S.

D
.

D
is

ta
l

2
1
8
.2

(4
8
.4
9
%
)

3
.1
1

5
0
5
.4

(5
6
.1
6
%
)

3
.6

8
8
1
.0

(4
8
.9
4
%
)

6
.6
7

Pr
ox

im
al

1
3
8
.8

(3
0
.8
4
%
)

3
.0
3

3
9
4
.6

(4
3
.8
4
%
)

3
.6

5
3
4
.8

(2
9
.7
1
%
)

6
.1
4

M
ix

ed
R

es
po

ns
e

9
3
.0

(2
0
.6
7
%
)

3
.3
9

0
0

3
8
4
.2

(2
1
.3
4
%
)

1
0
.2
3

N
o

R
es

po
ns

e
0

0
0

0
0

0

4
0
%

O
ve

rl
ap

N
o.

O
ut

pu
tL

ay
er

C
el

ls

45
0

90
0

18
00

C
el

ls
S.

D
.

C
el

ls
S.

D
.

C
el

ls
S.

D
.

D
is

ta
l

1
4
8
.4

(3
2
.9
8
%
)

1
.8
2

3
2
4
.8

(3
6
.0
9
%
)

7
.4

6
5
1
.8

(3
6
.2
1
%
)

8
.1
1

Pr
ox

im
al

3
1
.2

(6
.9
3
%
)

3
.0
3

4
6
7
.8

(5
1
.9
8
%
)

4
.1

1
3
3
.8

(7
.4
3
%
)

1
5
.2
1

M
ix

ed
R

es
po

ns
e

2
7
0
.4

(6
0
.0
9
%
)

1
.8
2

1
0
7
.4

(1
1
.9
3
%
)

6
.6

1
0
1
4
.4

(5
6
.3
6
%
)

2
0
.8
8

N
o

R
es

po
ns

e
0

0
0

0
0

0

T
he

re
sp

on
se

cr
ite

ri
a

ar
e

gi
ve

n
in

E
xp

er
im

en
t

3.
1

(S
ec

tio
n

3.
4.

1)
.

T
he

re
su

lts
di

sp
la

ye
d

ar
e

th
e

av
er

ag
e

of
fiv

e
si

m
ul

at
io

ns
co

nd
uc

te
d

w
ith

id
en

tic
al

m
od

el
pa

ra
m

et
er

s,
bu

tw
ith

di
ff

er
en

tr
an

do
m

sy
na

pt
ic

w
ei

gh
ti

ni
tia

liz
at

io
ns

.S
.D

.=
st

an
da

rd
de

vi
at

io
n.

It
is

cl
ea

rt
ha

t,
fo

rb
ot

h
a

1
0
%

an
d

a
4
0
%

ov
er

la
p

be
tw

ee
n

th
e

in
pu

tc
el

ls
ub

se
ts

,a
nd

w
ith

di
ff

er
en

tn
um

be
rs

of
ce

lls
in

th
e

ou
tp

ut
la

ye
r,

th
e

m
od

el
ca

n
pr

od
uc

e
so

m
e

ou
tp

ut
la

ye
r

ce
lls

th
at

le
ar

n
to

re
sp

on
d

ex
cl

us
iv

el
y

to
ei

th
er

th
e

sp
ac

e
of

di
st

al
ob

je
ct

s
or

th
e

pr
ox

im
al

ob
je

ct
,b

ut
no

tb
ot

h.

154



the same learned behaviour as in the case of a 10% overlap between the input cell subsets. That is,

the majority output layer cell learned response is to exclusively represent one of the distal or proximal

object spaces. An exception to this is the case where the model contains 450 output layer cells. With

this set of model parameters, the majority, 270.4 (60.09%), of the output layer cells learn to respond

to both of the distal and proximal object spaces. This is not the case for a model simulated with the

same number of output layer cells, but with an overlap of 10% between the input cell subsets. Thus,

there is an interaction between the number of output layer cells and the size of the overlap between

the input cell subsets. A high percentage of overlap between the input cell subsets presents a harder

computational problem to solve.

The three plots in Figure 3.15a display the same output layer cell recorded from three simulations

conducted with 450, 900, and 1800 output layer cells in the model. In all cases, the model was sim-

ulated with a constant overlap of 10% between the input cell subsets. It is clear from the plots that

the ability of the output layer cells to learn to respond exclusively to one of the distal or proximal

object spaces is independent of the number of output layer cells in the model. The only qualitative

difference between the three simulations is that increasing the number of output layer cells decreases

the magnitude of the individual output layer cell responses. Similar behaviour was observed in the

corresponding Experiment 2.7 of Chapter 2 (Section 2.5.7). The three plots in Figure 3.15b display

similar information to 3.15a. The difference is that the data in 3.15b were recorded from simulations

with a constant overlap of 40% between the input cell subsets. Similar to 3.15a, the output layer cells

are able to learn to respond exclusively to one of the distal or proximal object spaces independent of

the number of output layer cells in the model.

155



a)

b)

Figure 3.15: The learned responses of the output layer cells in Experiment 3.8. The response to the space of
distal objects is represented by the unbroken line. The response to the proximal object is represented by the
dashed line. a) The responses of the same output layer cell recorded from the three simulations conducted with
different numbers of output layer cells. The data displayed in each of the three plots are taken from simulations
that were conducted with a constant overlap of 10% between the input cell subsets. The model produces output
layer cells that have learned to respond exclusively to one of the distal or proximal object spaces independently
of the number of output layer cells in the model. b) The responses of another output layer cell recorded from
three simulations conducted with different numbers of output layer cells. The data was recorded from three
simulations with a constant overlap of 40% between the input cell subsets. The model can produce output layer
cells that respond exclusively to one of the distal or proximal object spaces, and this behaviour is independent
of the number of output layer cells in the model. Thus, this learned behaviour is also largely independent of the
size of the overlap between the input cell subsets.

In summary, successful model performance is largely independent of the size of the output layer

of the model. The model is able to produce output layer cells that respond exclusively to one of the

distal or proximal object spaces, but not both, given different numbers of output layer cells and differ-

ent percentage overlaps between the input cell subsets. This is an important result, because the data

recorded during this experiment demonstrate that neural network model explored in this chapter can
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be scaled up or down in size with no major effect upon the model behaviour. Thus, there is a general

comutational principle, independent of the size of the network, which is that it is possible to learn to

form separate representations of distal and proximal visual cues on the basis of a statistical decoupling

between the visual cue spaces when the input are presented to the network in a distributed, overlap-

ping manner. A real neural network in the brain of arbitrary size can therefore solve this particular

computational problem.

3.5 Discussion

This chapter provides the implementation details and simulation results for single-layer feedforward

neural network that can learn to form separate representations of distal and proximal visual cues that

are presented simultaneously to the network as input. In this model, the network inputs are represented

in a distributed, overlapping manner. This is the primary difference between the model reported in this

chapter and the model reported in the previous chapter, which has orthogonal input representations.

The main aim of the research reported in this chapter is to demonstrate that there are general compu-

tational principles that can operate with distributed input representations (this Chapter), or orthogonal

input representations (previous Chapter), by which separate representations can be formed of distal

and proximal visual cues. To this end, the experiments reported in the previous chapter were carefully

replicated in this chapter with a model with distributed input representations. The main points of this

chapter are:

• The model comprises a single layer of input cells connected to a single layer of output cells by

a single layer of feedforward synapses.

• The input layer comprises a common pool of input layer cells. Subsets of the input layer cells
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are drawn from this common pool of cells. Each subset represents one of the distal or proximal

object spaces. It is therefore possible that a randomly chosen input layer cell will belong to

more than one input layer subset. This possibility produces an overlap of input cells that are

common to all the different input cell subsets. The magnitude of this overlap can be controlled

by altering the total number of cells in the common pool of input layer cells.

• The model must learn to solve a harder computational task than the model reported in the

previous chapter. Although the end aim of learning to form separate representations of the

distal and proximal object spaces is common to both models, the current model must learn this

task when an individual input layer cell can represent different object spaces at different model

updates. This is not the case for the model with orthogonal input representations.

• In simulation, the model can learn to form separate representations of the distal and proximal

object spaces when presented with distributed input representations. Moreover, the model can

achieve this across a variety of values of the overlap between the input layer cell subsets. The

agent must visit a minimum number of training locations to solve this computational task, and

there is a requirement for relatively strong inter-cell inhibition amongst the output layer cells.

• Increasing the number of proximal objects in the training environment results in a change in

the nature of the output layer cell representation. With a small number of proximal objects in

the training environment, the output layer cells develop a local, grandmother-cell-like represen-

tation where individual output layer cells respond exclusively to a narrow region of either the

space of distal objects or the proximal object space, but not both. With a larger number of prox-

imal objects, the output layer cells develop a distributed representation where individual output

layer cells respond to multiple regions of the distal and proximal object spaces. A similar effect
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is produced by increasing the value of the sparseness a. It is only in the case where the model

produces a local output layer representation that the model is considered to have learned the

correct type of output representation.

• The value of the learning rate k has a similar effect upon the nature of the output layer cell

representation. Relatively high values of k produce a distributed representation, whereas a low

value of k, such as 0.001, will produce a local, grandmother-cell-like representation.

• The learned behaviour of the model is relatively robust to a reduction in the amount of training

the model is exposed to.

• Altering the size of the output cell layer does not qualitatively effect the nature of the learned

output cell layer responses.

Much like the model with orthogonal input representations, the current model is intended to be repre-

sentative of the type of computation required to discriminate between distal and proximal visual cues.

Consequently, the output layer cells lack some of the common properties of real head direction cells.

These properties were discussed in Section 2.6 of Chapter 2, and so will not be repeated here.

A possible reason why the current model, incorporating distributed input representations, is able to

learn to discriminate between the distal and proximal object spaces is that the distributed input rep-

resentations actually facilitate learning to discriminate between the object spaces. It was argued in

Section 3.3 that distributed representations of the object spaces in the input cell layer should produce

a harder computational problem for the model to solve, compared to the model with orthogonal rep-

resentations in the input cell layer that is reported in Chapter 2. It can be argued, however, that the
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opposite is true, and the distributed representation in fact helps the model to learn to discriminate

between the distal and proximal object spaces.

It can be argued that an input layer cell that belongs to more than one input layer cell subset, and

thus represents more than one object, will project weaker efferent synapses to the output layer cells

than an input layer cell that only belongs to one input layer cell subset. The reason for this is that

the input layer cell that belongs to multiple input layer cell subsets will not have its efferent synapses

to the output cell layer consistently updated, whereas the input layer cell belonging to a single input

layer cell subset will have its efferent synapses consistently updated. The consistent weight updating,

together with the synaptic weight normalization, ensures that the input layer cell that belongs to only a

single input layer cell subset will have stronger efferent synapses than the input layer cell that belongs

to multiple input layer cell subsets. Consequently, the input layer cells with stronger efferent synapses

will play an increasingly more influential role in determining which object space an output layer cell

learns to respond to. As the input layer cells with the strongest efferent synapses will be those input

layer cells that only belong to a single input layer cell subset, the distributed input layer cell represen-

tation in fact facilitates, rather than hinders, the output layer cells in learning to discriminate between

the distal and proximal object spaces.

This hypothesis is not correct though. Firstly, if the distributed input representations do in fact fa-

cilitate learning to discriminate between the distal and proximal object spaces, one might expect to

see an improvement in model performance as the percentage overlap between the input layer cell

subsets increases. However, as the results of Experiment 3.2 (Section 3.4.2) show, changing the per-
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centage overlap between the input layer cell subsets has very little effect upon the qualitative and

quantitative performance of the model.

Second, if the hypothesis were correct then input layer cells that belong to a single input layer cell

subset should have stronger efferent synapses than input layer cells that belong to multiple input layer

cell subsets. Although the results are not shown here, an inspection of the trained efferent weight vec-

tors from the input layer cells to the output layer cells for both input layer cells belonging to a single

input layer cell subset, and input layer cells belonging to multiple input layer cell subsets, revealed

no subset membership dependent difference in the magnitude of the synaptic weights, i.e. whether an

input layer cell belongs to one or more subsets.

Thus, the distributed input layer cell representations do not facilitate learning to discriminate between

the distal and proximal object spaces. In fact, a comparison of the results obtained with orthogonal

input representations (presented in Chapter 2) and the results presented in the current chapter reveals

that a model with distributed input representations in general performs a little bit worse than a model

with orthogonal input representations. This supports the argument given in Section 3.3 that a model

with distributed input layer cell representations must solve a harder computational problem than a

model with orthogonal input layer cell representations.

In conclusion, a model with distributed input representations can, under the correct conditions, learn

to form separate representations of the distal and proximal visual cues presented simultaneously to

the model as input. A subpopulation of the output layer cells will develop responses that are exclusive

161



to narrow regions of the space of distal objects. The firing of this subpopulation of output layer cells

will reflect the current head direction of the agent, and the output layer cells within this subpopulation

will behave like head direction cells.

Careful replication of the experiments reported in Chapter 2, that were conducted with a model con-

taining orthogonal input representations, has shown that the principle of using the statistical decou-

pling between distal and proximal visual cues as an aid to competitive learning is a general principle

that can operate with distributed input representations. Moreover, to return to a point discussed in

Section 2.6 of the previous Chapter, the results reported in this current Chapter clearly argue that it

is the statistical decoupling between the distal and proximal object spaces, and not the nature of the

input cell layer representation, i.e. orthogonal or distributed, that determines whether or not the output

layer cells can learn to discriminate between the distal and proximal object spaces.
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Chapter 4

The Isomapping of Preferred Firing

Directions Across Environments

This chapter reports the implementation details, equations, and simulation results of a neural network

model that can learn to maintain the angular distance between the preferred firing directions of its

output layer cells across two environments. That is, the model learns to produce an isomapping of the

output layer cell preferred firing directions. The isomapping of preferred firing directions is a well-

established property of real head direction cells (Taube et al., 1990b; Taube and Burton, 1995; Zugaro

et al., 2004; Yoganarasimha et al., 2006), and was discussed in Section 1.4 of Chapter 1. Through

a set of carefully controlled experiments, the effect of the model parameters upon the learned model

behaviour is explored. Future research is also considered.

4.1 Model Architecture

The isomapping model contains a single layer of input cells, and a single layer of output cells. The

input layer cells are connected to the output layer cells by a single layer of feedforward synaptc con-
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b)

Distal Cue
Representation 1

Non-Overlappng Subsets of Input Cells

Distal Cue
Representation 2

Output Layer

Visual Input Cells

a)

Wij Feedforward Synapses

Wij
RC Recurrent Synapses

Figure 4.1: a) Neural network architecture of the simulated agent for the model of the development of the
isomapping of head direction cell preferred firing directions across different environment. The model comprises
a single layer of input cells that are connected, through feedforward synaptic connections wij , to a single layer
of output cells. Within the output layer cells, there are excitatory recurrent collateral synapses, wRC

ij , that
connect every output layer cell to every other output layer cell. The two sets of synaptic connections self-
organize through competitive learning as the agent explores different training environments. Under the correct
model parameters, an isomapping of the output layer cell preferred firing directions occurs across different
training environments. b) The layer of input cells consists of two orthogonal subsets of input cells. Each subset
represents the input from the distal visual cue space in one of the environments. None of the input layer cells
are sensitive to proximal visual cues.

nections, wij . Excitatory recurrent collateral synapses, wRC
ij , in the output layer ensure that every

output layer cell sends efferent synapses to, and receives afferent synapses from, every other output

cell in the layer. The architecture of the model is displayed in Figure 4.1a.

In the input layer, the cells are divided into two orthogonal subsets, which represent visual input from
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two visual environments. One subset of input cells represents all views, from 0o − 360o, of the distal

visual cue space in the first environment. The second subset of input cells represents all views, from

0o − 360o, of the distal visual cue space in the second environment. The input layer does not contain

any input cells that are sensitive to proximal visual cues. The input layer is displayed in Figure 4.1b.

The grey and black shading in the subsets of input layer cells represents a Gaussian packet of activity

that corresponds to the current orientation of the agent with respect to the distal visual cue space of the

current environment. The black shading represents a high firing rate, and the grey shading represents

a lower firing rate.

4.2 Training Environment

The training protocol incorporates two visual training environments. An example training environ-

ment is depicted in Figure 4.2. In either of the two training environments, when the agent has a

particular orientation with respect to the space of distal visual cues, the agent will receive the same

pattern of visual input, no matter its current location. Thus, each training environment effectively

contains only a single training location. Each environment also contains a continuous circular space

of distal objects placed at an infinite distance from the training location. Neither of the two training

environments contains any proximal visual cues. Within a training environment, the simulated agent

will rotate through 360o ten times at the training location to ensure that the synaptic weights receive

enough training.

The computational problem is to learn to preserve the angular distance between the preferred firing

directions of any two output layer cells across the two training environments.
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L

Figure 4.2: An example of the visual training environment for the isomapping model. There is a single training
location in the environment, represented by L. At this training location, the agent will rotate through 360o in
single degree increments. The dashed line represents a continuous space of distal visual cues located at an
infinite distance from the training location (although the distance is depicted as finite in the figure for clarity).
As the agent rotates at the training location, the current orientation of the agent, with respect to the space of
distal visual cues, is calculated. Because there is effectively only a single training location in the environment, a
single training epoch consists of the agent rotating ten times through 360o at the training location. This ensures
that the synaptic weights receive enough training to produce meaningful output.

4.3 Model Operation

A competitive learning paradigm ensures that an individual output layer cell will learn to respond to

a particular view of the distal object space in each environment. The excitatory recurrent collateral

synapses ensure that the angular distance between the preferred firing directions of any two output

layer cells is maintained across the two environments as follows.

Output layer cells that develop preferred firing directions that are close to one another, in terms of

angular distance, in the first environment (through competitive learning in the feedforward synaptic

connectionswij), will also develop strong excitatory recurrent collateral synaptic connections between

one another (through associative Hebbian learning in the recurrent collateral synapses wRC
ij ). Thus,

the recurrent weights between the output layer cells learn to reflect the learned topological responses
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of the output layer cells to the first environment.

In the second training environment, the firing of the input layer cells is conveyed through initially

untrained feedforward connections, which will initially lead to a random assortment of the output

layer cells firing. The strong excitatory recurrent collateral synapses developed during learning in the

first environment will then help to force the firing of a cluster of output layer cells that have preferred

firing directions that are close to one another in the first environment. Hebbian associative learning in

the feedforward synaptic connections wij ensures that the currently firing presynaptic input layer cells

are associated with the currently firing postsynaptic output layer cells. The currently firing input layer

cells will represent orientations of the agent that are close to one another in the second environment,

and the currently firing output layer cells will come to represent those orientations. This is how an

isomapping of output layer cell preferred firing directions is learned, across two environments, by the

model.

4.4 Model Equations and Implementation

In the input cell layer, there are 360 input cells in each of the two input cell subsets representing distal

visual input from the two visual training environments. The two subsets are orthogonal and therefore

do not share any of the input cells.

As the simulated agent rotates through 360o at a training location, the firing rates ri of the individual

input layer cells representing the distal object space in the current environment are set to a Gaussian

response profile according to the current orientation θ of the agent as follows
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ri = λe−s
2
i /2σ

2
(4.1)

where σ is the standard deviation of the Gaussian response, and λ is a scaling factor. si is defined as

si = MIN(|xi − x| , 360− |xi − x|) (4.2)

where x is the current orientation of the agent, and xi is the preferred orientation of the agent for input

cell i. This equation ensures that the input layer cell preferred orientations are continuous through

360o, i.e. there is wrap-around in the input layer cell preferred orientations.

Once the input layer cell firing rates, ri, have been set, these firing rates are propagated along the

wij feedforward synapses to the output layer cells. The activation level hi of each postsynaptic output

layer cell i is calculated according to

hi =
∑

j∈input
wijrj + φRC

∑
j∈output

wRC
ij rj (4.3)

where the first term on the right-hand side of the equation arises from the feedforward synaptic con-

nections from the input layer. The term involves a sum over all the input cells, where rj is the firing

rate of presynaptic input cell j, and wij is the strength of the feedforward synaptic weight from presy-

naptic input cell j to postsynaptic output layer cell i. The second term on the right-hand side of the

equation arises from the excitatory recurrent collateral connections between the output layer cells. It

involves a sum over all the output layer cells, where rj is the firing rate of output layer cell j, wRC
ij

is the recurrent collateral synaptic weight from output layer cell j to output layer cell i, and φRC is a
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scaling parameter that controls the overall strength of the recurrent collateral synaptic input.

The firing rate ri of each postsynaptic output layer cell i is then calculated as a threshold linear

function of the activation level hi of that cell

ri = f(hi) (4.4)

where the threshold of the function is iteratively adjusted until either the desired sparseness of firing a

in the output layer is reached, or 300 iterations are completed. The sparseness of firing a of the output

layer cells is given by

a =
(
∑T

i=1 ri/T )2∑T
i=1 r

2
i /T

(4.5)

where ri is the firing rate of output layer cell i, and T is the total number of output layer cells (Rolls

and Treves, 1990, 1998). Adjusting the threshold of the transfer function in Equation (4.4) has the

effect of introducing competitive learning into the output layer of the model. Only the output layer

cells with a firing rate above the threshold are permitted to fire, and thus update both their wij synaptic

weights with the input layer cells and the wRC
ij synaptic weights with the other output layer cells.

The feedforward wij synapses, and the recurrent wRC
ij synapses, are then updated according to the

following equation. This equation also incorporates homosynaptic long-term depression (LTD) (Rolls

and Treves, 1998; Dayan and Abbott, 2001; Stent, 1973)
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δwij = (1− wij)
[
k(ri − 〈ri〉)rj

]
(4.6)

where wij is the synaptic weight between the presynaptic cell j and the postsynaptic cell i, ri is the

firing rate of the postsynaptic cell i, 〈ri〉 is the average firing rate of the postsynaptic cell i, rj is the

firing rate of the presynaptic cell j, and k is the learning rate.

Subtracting the average firing rate of postsynaptic cell i from the current firing rate of postsynaptic

cell i in Equation (4.6) produces homosynaptic LTD. The possibility of LTD arises because Equation

(4.6) dictates that the synaptic weight wij between a particular postsynaptic cell i and a particular

presynaptic cell j is only strengthened if there is simultaneous pre- and postsynaptic cell firing, and

the current postsynaptic cell firing rate is above the average firing rate for the postsynaptic cell in

question. In the situation where there is simultaneous pre- and postsynaptic cell firing but the current

postsynaptic cell firing rate does not exceed the average firing rate for that postsynaptic cell, then the

synaptic weight wij will decrease and homosynaptic LTD occurs. The LTD will increase the speci-

ficity of the learned response of the postsynaptic cell i because there will no longer be potentiation of

the synapse wij between a strongly firing presynaptic cell j and a weakly firing postsynaptic cell i.

In other words, only those presynaptic cells that produce a strong response in the postsynaptic cell i

will be permitted to strengthen their synapses with that postsynaptic cell. The effect of the (1− wij)

term in Equation (4.6) is to bound the synaptic weight wij such that the value of the synaptic weight

can never exceed 1. Because the learning rule above now permits LTD, there is the possibility that the

value of any synaptic weight wij could become negative. To prevent negative synaptic weights from

developing, all synaptic weights wij are set to have a minimum value of 0.
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The training commences by rotating the agent through 360o in the first training environment. Ten

rotations of the agent through 360o constitute a single training epoch. The firing rates and synaptic

weights of the isomapping model are updated according to the equations given above. To allow the

output layer cell recurrent collateral synapses to be effective, the agent is simulated as remaining at

each particular orientation θ during a 360o rotation for a total of five updates of the cell firing rates

before all the synaptic weights are updated. This protocol permits the spread of the output layer cell

activations to all other output layer cells before modifying the synaptic weights by learning. After

the requisite number of training epochs have been performed, usually 50, then the training in the first

environment is complete.

The model is then similarly trained rotating through 360o in the second visual training environment.

Again, ten rotations of the agent through 360o constitute a single training epoch. After the model has

been trained for the requisite number of training epochs, usually 50, in the second training environ-

ment then the training phase is complete.

After the training phase, the model enters the testing phase. The model is tested by recording the

responses of the output layer cells as the agent performs a single 360o rotation in each training envi-

ronment in turn. After the training and testing phases have been finished, the simulation is complete.
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Table 4.1: Network parameters for the simulations reported in Chapter 4

Network Parameters

No. Environments 2
No. Input Cells Responsive to each Environment 360
Total No. Input Cells 720
No. Output Layer Cells 900

No. wij Feedforward Synapses onto each Output Layer Cell 720
No. wRC

ij Recurrent Synapses onto each Output Layer Cell 900

a (Sparseness of Output Layer Cell Firing) 0.2

Training Parameters

No. Training Epochs in each Environment 50
Total No. Training Epochs 100
k (Learning Rate) 0.001
λ (Scaling of Input Cell Gaussian Response Profiles) 10.0
σ (S.D. of Input Cell Gaussian Response Profiles) 5.0o

φRC (Scaling of Excitatory Recurrent Collateral Synapses) 20.0

All values are constant across all experiments reported in this chapter except where noted in the text

4.5 Results

This section presents results concerning the effect that controlled alterations of the model parameters

have upon the learned behaviour of the model.

4.5.1 Experiment 4.1: Demonstration of Core Model Performance

The simulations that comprise this experiment were conducted to demonstrate the core operational

principles of a neural network that self-organizes to produce an isomapping of output layer cell pre-

ferred firing directions across different environments.
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The network was simulated with the parameters given in Table 4.1.1 The firing rates of the 900

output layer cells were recorded during the testing of the model. These firing rates are displayed in

Figure 4.3. The plots display the results from two simulations conducted with identical model param-

eters except for the value of the recurrent collateral scaling factor φRC.

The results displayed in Figure 4.3a are taken from a simulation conducted with a large φRC value of

20.0. The left and middle plots of Figure 4.3a show the firing rates of the output layer cells ordered

according to either their preferred firing directions in the first training environment (left-hand plot),

or their preferred firing directions in the second environment (middle plot). If the angular distance

between output layer cell preferred firing directions is maintained across the two environments, each

of the plots should show a localized contiguous region of activity moving continuously through both

orderings of the output layer cells as the agent rotates through 0o−360o. It is evident from Figure 4.3a

that there is an isomapping of output layer cell preferred firing directions across the two environments.

The right plot of Figure 4.3a is a scatterplot that shows the preferred firing directions of the out-

put layer cells in the first environment plotted against the preferred firing directions of the output layer

cells in the second environment. If the angular distance between output layer cell preferred firing

directions is maintained across the two environments then the data points in the scatterplot should dis-

play a linear trend. The scatterplot also confirms that an isomapping of the output layer cell preferred

firing directions has been learned by the model.

1The sparseness value a reported in Table 4.1 is 0.2. A lower sparseness of 0.1 produces an interaction between the low
proportion of the output layer cells firing at any model update, and the LTD now present in the learning rule. Consequently,
a number of the output layer cells do not show any learned response. To allow for a simpler analysis of the model behaviour,
all results reported in this chapter are from simulations conducted with a sparseness value of 0.2.
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a)

Environment 1 Environment 2 Environment 2Environment 1

b)

Environment 1 Environment 1Environment 2 Environment 2

Figure 4.3: The learned responses of the output layer cells in the isomapping model. a) With a strong recurrent
collateral scaling parameter φRC value of 20.0, an isomapping of the output layer cell preferred firing directions
occurs across the two environments. The left and middle plots show the firing rates of the output layer cells as
a function of the orientation of the agent within the first and second environments. (High firing is represented
by black.) In the left plot, the output layer cells are ordered according to their preferred firing directions within
the first environment. In the middle plot, the output layer cells are ordered according to their preferred firing
directions within the second environment. The left and middle plots demonstrate that the angular distances
between the preferred firing directions of the output layer cells are the same across both environments. Thus,
the plots show that the network has learned an isomapping of preferred firing directions across the two environ-
ments. The right plot is a scatterplot that shows the preferred firing directions of the output layer cells in the first
environment plotted against the preferred firing directions of the output layer cells in the second environment.
It can be seen that there is a continuous mapping of the preferred firing directions across the two environments,
showing that an isomapping has occurred. b) When the recurrent collateral scaling parameter φRC is reduced
to a smaller value of 0.5, there is a remapping, rather than isomapping, of the output layer cell preferred firing
directions in response to the two environments. All three plots have the same conventions as in (a). It is clear
from the plots in (b) that the output layer cells learn a coherent mapping within each environment, but there is
no isomapping of preferred firing directions across the two environments.
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In Figure 4.3b, the plots display the firing rates of the output layer cells taken from a simulation

conducted with a low φRC value of 0.5. The plots in 4.3b have the same conventions as the plots in

Figure 4.3a. It is clear from the three plots that the model has learned a complex remapping of the

output layer cells preferred firing directions, rather than an isomapping of the preferred firing direc-

tions. In the left and middle plots of Figure 4.3b, the output layer cells have clearly learned a coherent

mapping of both of the two environments the agent was exposed to, but there is no isomapping of

the output layer cell preferred firing directions across the two environments. That is, when the output

layer cells are ordered according to their preferred firing directions in one of the two environments,

the plot shows localized activity packets for that environment, but does not show localized activity

packets for the other environment. Instead, a complex remapping of output layer cell preferred firing

directions has occurred across the two environments.

The right plot of Figure 4.3b provides further evidence of a complex remapping of preferred firing

directions. The preferred firing directions of the output layer cells in both environments, when plotted

against one another, display in a random manner: there is no linear trend to the data points, unlike

the scatterplot of Figure 4.3a. Thus, a relatively small value of the recurrent collateral scaling param-

eter φRC is not strong enough to produce an isomapping of output layer cell preferred firing directions.

From these results it is expected that a model with no recurrent collateral synapses will not be able to

learn an isomapping of output layer cell preferred firing directions. The model was simulated with the

recurrent collateral scaling parameter, φRC, set to a value of 0. The data are not presented here, but

the results are qualitatively very similar to the data presented in Figure 4.3b. Thus, recurrent collat-
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eral synapses are required if the model is to learn an isomapping of output layer cell preferred firing

directions.

When the model is trained in the first environment, the output layer cells that develop preferred firing

directions close to one another, in terms of angular distance, will also develop strong wRC
ij synapses

with one another. Upon the commencement of training in the second environment, the firing of the

input layer cells signalling the current orientation of the agent, with respect to the space of distal

objects, will produce firing in some of the output layer cells. If the scaling parameter of the recur-

rent collateral synapses, φRC, is set to a reasonably high value like 20.0, then the recurrent collateral

synaptic input will result in a small cluster of output layer cells firing, which will have preferred firing

directions in the first environment that are close to one another. Through associative Hebbian learning,

the currently firing cluster of output layer cells will strengthen their wij synapses with the currently

firing input layer cells. This is how the isomapping of output layer cell preferred firing directions

is produced. If the scaling parameter, φRC, is set to a reasonably low value like 0.5, the recurrent

collateral synaptic input will not be strong enough to influence the firing of the output layer cells and

an isomapping of preferred firing directions will not occur.

The results of the simulations conducted in this experiment confirm two hypotheses. Firstly, the

isomapping of the preferred firing directions of output layer cells across different environments can

be learned on the basis of visual input alone. Second, the isomapping is dependent upon the recurrent

collateral synapses, and it is the strength of the recurrent collateral synaptic input to the head direc-

tion cells that determines whether a head direction cell-like isomapping, or a place cell-like complex
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remapping, occurs across different environments. It is interesting to note that a change in the value

of one single model parameter, φRC, is sufficient to change the nature of the mapping that occurs

between the preferred firing directions of the output layer cells across different environments. This

result suggests that strong recurrent collateral inputs to head direction cells may be responsible for

the development of the isomapping of cell preferred firing directions across different environments.

In contrast, the fact that the preferred firing locations of place cells remap across different environ-

ments suggests that the recurrent connections between place cells may be relatively weaker (Muller

and Kubie, 1987; Bostock et al., 1991; Markus et al., 1995).

4.5.2 Experiment 4.2: Long-Term Depression is Required for Isomapping

The purpose of this experiment was to investigate the role that long-term depression (LTD) plays in

determining whether or not an isomapping of output layer cell preferred firing directions will be pro-

duced.

The model was simulated with the parameters given in Table 4.1. In this experiment, the learning

rule, which governs both the feedforward synaptic weights from the input cells to the output layer

cells and the excitatory recurrent collateral synapses between the output layer cells, does not imple-

ment any form of LTD. Thus, the learning rule is a straightforward Hebbian associative learning rule

as follows

δwij = (1− wij)krirj (4.7)

where wij is the strength of the synaptic connection between presynaptic cell j and postsynaptic cell
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Figure 4.4: The learned responses of the output layer cells recorded from the model in Experiment 4.2. In this
experiment, the model was simulated without long-term depression in the learning rule, i.e. the learning rule is
a standard Hebbian learning rule given in Equation (4.7). The plot displays the preferred firing directions of the
output layer cells in the first training environment plotted against the preferred firing directions of the output
layer cells in the second environment. It is clear that the model has not learned an isomapping of the output
layer cell preferred firing directions.

i, ri is the firing rate of postsynaptic cell i, rj is the firing rate of presynaptic cell j, and k is a learning

rate parameter. In this learning rule, there is no subtraction of the cell average firing rate from the

current firing rate of either the presynaptic or postsynaptic cell.

The results of a simulation conducted with the Hebbian associative learning rule, Equation (4.7),

are displayed in Figure 4.4. The output layer cell preferred firing directions in one environment are

plotted against the output layer cell preferred firing directions in the second environment. The scatter-

plot clearly shows that, without LTD in the learning rule, the model does not produce an isomapping

of output layer cell preferred firing directions.

During training in the first environment, the recurrent collateral synapses, wRC
ij , are strengthened

between output layer cells that represent nearby orientations of the agent in the first environment.

Then, during training in the second environment, the strong recurrent collateral synapses tend to en-

hance the firing of output layer cells that form localized clusters in the first training environment. The
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homosynaptic LTD learning rule, Equation (4.6), ensures that active input cells only strengthen their

feedforward synaptic connections wij with highly active output layer cells. This helps the input cells

to selectively strengthen their feedforward synaptic connections to those output layer cells with firing

rates enhanced by recurrent collateral synaptic connections, and weaken their feedforward connec-

tions to other less active output layer cells.

In this way, during training in the second environment, the homosynaptic LTD learning rule, Equation

(4.6), helps individual input cells to selectively learn associations with output layer cells that form

localized clusters in the first environment. This ensures that the feedforward synaptic connections

wij from the input cells learn to respect the same topological arrangement of output layer cells across

the two training environments, which produces isomapping. A learning rule with LTD, Equation

(4.7), does not promote the correct specificity in the strengthening of the feedforward wij synaptic

connections, and thus this learning rule does not promote isomapping.

4.5.3 Experiment 4.3: Heterosynaptic LTD Produces Isomapping

The learning rule given in Equation (4.6), employs homosynaptic LTD. That is, a strong presynaptic

cell firing rate coupled with a below-average postsynaptic cell firing rate will result in a decrease in the

strength of the synaptic connection between the presynaptic and postsynaptic cells. Experiment 4.3

was conducted to explore the effect of heterosynaptic LTD upon the isomapping of output layer cell

preferred firing directions: heterosynaptic LTD occurs when a below-average presynaptic cell firing

rate is coupled with a strong postsynaptic cell firing rate.

The model was simulated with the parameters given in Table 4.1. Homosynaptic LTD was not in-
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Figure 4.5: The learned responses of the output layer cells recorded from Experiment 4.3. The model was
simulated with heterosynaptic LTD, Equation (4.8), but no homosynaptic LTD. The plot displays the preferred
firing directions of the output layer cells in the first training environment plotted against the preferred firing
directions of the output layer cells in the second training environment. The model can learn an isomapping
of the output layer cell preferred firing directions across the two environments. However, the learned model
performance is not as good as the case where homosynaptic LTD is incorporated in the learning rule (c.f.
Experiment 4.1

corporated in the learning rule, but heterosynaptic LTD was present. The learning rule thus takes the

following form

δwij = (1− wij)
[
kri(rj − 〈rj〉)

]
(4.8)

where wij is the synaptic connection from the presynaptic cell j to the postsynaptic output cell i, ri is

the firing rate of postsynaptic cell i, rj is the firing rate of presynaptic input cell j, 〈rj〉 is the average

firing rate of presynaptic input cell j, and k is a learning rate parameter.

The results of the simulation are displayed in Figure 4.5. The preferred firing directions of the output

layer cells in one environment are plotted against the preferred firing directions of the output layer

cells in the second environment. The data in the plot clearly demonstrate that an isomapping of output

layer cell preferred directions can occur, but the isomapping is not as complete as the case when

homosynaptic LTD is incorporated in the learning rule (c.f. Figure 4.3a).
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4.5.4 Experiment 4.4: Synaptic Weight Bounding and Isomapping

Competitive neural networks usually incorporate some mechanism for bounding the synaptic weights.

There are different methods of accomplishing synaptic weight bounding. A popular method is to

bound the length of any given synaptic weight vector from a set of presynaptic input cells to a single

postsynaptic output cell, so that the length of that vector is always constrained to be 1.0. An alterna-

tive method, employed in the experiments reported so far in this Chapter, is to limit each individual

synaptic weight so that it can grow no bigger than 1.0. Both of these two methods of synaptic weight

bounding are employed to ensure that the same postsynaptic cells do not always win the competition

to fire when a competitive learning mechanism is employed. The aim of this experiment was to in-

vestigate whether or not synaptic weight bounding is required in order to produce an isomapping of

output layer cell preferred firing directions.

The model was simulated with the parameters given in Table 4.1. The bounding term, (1 − wij),

in the learning rule is omitted such that the learning rule is now a Hebbian associative rule incorpo-

rating homosynaptic LTD, which takes the following form

δwij = k(ri − 〈ri〉)rj (4.9)

where wij is the strength of the synaptic connection from presynaptic input cell j to postsynaptic

output layer cell i, ri is the firing rate of postsynaptic output layer cell i, 〈ri〉 is the average firing rate

of postsynaptic output cell i, rj is the firing rate of presynaptic input cell j, and k is a learning rate

parameter.
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Figure 4.6: The learned responses of the output layer cells in Experiment 4.4. In this experiment, the model was
simulated with Equation (4.9), which incorporates homosynaptic LTD but does not bound the synaptic weights.
The plot displays the preferred firing directions of the output layer cells in the first training environment plotted
against the preferred firing directions of the output layer cells in the second training environment. It is clear
from the plot that the model can learn an isomapping of output layer cell preferred firing directions across
training environments. The gradient of the plot is negative, but the plot is still linear, demonstrating that the
absolute angular distance between the preferred firing directions of any two output layer cells is maintained
across the two training environments, which is isomapping.

The results of the simulation are displayed in Figure 4.6. It is clear from the scatterplot that the model

has produced an isomapping of output layer cell preferred firing directions. The gradient of the plot is

negative, but the plot is linear so the absolute magnitude of the angular distance between the preferred

firing directions of any two output layer cells is maintained across the two training environments;

thus an isomapping is still produced. The negative gradient simply implies that two output layer cells

that have preferred firing directions of say 1o and 5o in the first training environment will have pre-

ferred firing directions of say 315o and 311o in the second training environment. The absolute angular

distance of 4o between the preferred firing directions of the two cells is maintained across the two

training environments. Consequently, it seems that an explicit synaptic weight bounding mechanism

is not required in order for successful isomapping to occur.

It may, however, be the case that the presence of long term depression in the learning rule acts to

implicitly constrain the values of the synaptic weights. But it would be hard to test this hypothesis
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because, as the results reported in Experiment 4.2 (Section 4.5.2) show, it is not possible to achieve

an isomapping of output layer cell preferred firing directions without there being some type of long

term depression present in the learning rule. Therefore, dissociating whether the long term depression

is able to implicitly bound the synaptic weights in the absence of explicit synaptic weight bounding

may not be possible.

4.5.5 Experiment 4.5: The Learning Rate and Isomapping

The results reported so far in this chapter have demonstrated that successful isomapping is dependent

upon a particular synaptic structure developing during training. The learning rate k scales the magni-

tude of the change to the strength of any particular synapse, and thus has a clear influence upon the

nature of the synaptic structure that develops. This experiment was conducted to explore the effect

that different values of the learning rate k have upon the learned behaviour of the model.

The model was simulated with the parameters given in Table 4.1. The learning rate k was varied

as follows: 0.1, 0.01, 0.001.

The results of the simulations are displayed in Figure 4.7. There are three plots, and in each plot

the output layer cell preferred firing directions in the first environment are plotted against the output

layer cell preferred firing directions in the second environment. The left-hand plot displays the data

recorded from a simulation with the learning rate k set to a value of 0.1. It is clear from the plot

that the model is not able to learn an isomapping of output layer cell preferred firing directions. The

middle plot displays the data recorded from a simulation with the learning rate k set to a value of 0.01.

It is also clear that the model has not learned the required isomapping. The right-hand plot displays
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Figure 4.7: The learned responses of the output layer cells recorded from models simulated with different
values of the learning rate k. All three plots display the preferred firing directions of the output layer cells
in the first environment plotted against the preferred firing directions of the output layer cells in the second
environment. The left-hand plot displays the data from a simulation with the learning rate k set to 0.1. It is
clear that the learning rate is of too high a magnitude to produce an isomapping of output layer cell preferred
firing directions. The middle plot displays the data from a simulation with the learning rate k set to a value
of 0.01. It is also evident that the learning rate is of too high a magnitude to produce an isomapping. The
right-hand plot displays data from a simulation with the learning rate set to 0.001. In this case, the learning rate
is of the correct magnitude to produce the desired isomapping. Therefore, isomapping is dependent upon the
value of the learning rate k, which must be set to a small enough value.

data recorded from a simulation with the learning rate k set to a value of 0.001. In this case, the model

has successfully learned the required isomapping.

The value of the learning rate k thus has an influence upon the learned behaviour of the model.

Higher values of k, such as 0.1 and 0.01, promote “greedy” postsynaptic cells that are permitted to

strengthen their synapses with many of the currently active presynaptic cells. This has the effect that

output layer cells with preferred firing directions close to one another in the first environment will

become associated with input layer cells that are signalling orientations of the agent that are far away

from one another in the second environment. Thus, the required isomapping will not develop.

It is only when k is set to a lower value, such as 0.001, that an isomapping of output layer cell

preferred firing directions is produced.
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Figure 4.8: The learned responses of the output layer cells recorded from different sizes of model architec-
ture. The left-hand plot displays the results from a simulation with 2500 output layer cells. The right-hand
plot displays the results from a simulation with 400 output layer cells. The output layer cell preferred firing
directions in the first environment are plotted against the output layer cell preferred firing directions in the
second environment. It is clear that, for both network sizes, the model has learned an isomapping of output
layer cell preferred firing directions across the two training environments. The model is capable of learning this
isomapping independently of the size of the number of cells in the output layer.

4.5.6 Experiment 4.6: Isomapping is Independent of Network Size

The simulations comprising this experiment were conducted to demonstrate that the ability of the

model to produce an isomapping of output layer cell preferred firing directions is independent of the

number of output layer cells in the network.

The simulations were conducted with the model parameters given in Table 4.1. The only difference

between the models was the number of output layer cells contained in each model. A “large” model

was simulated with 2500 output layer cells. A “small” model was also simulated, containing 400

output layer cells.

The two plots in Figure 4.8 display the output layer cell preferred firing directions in the first en-

vironment plotted against the output layer cell learned preferred firing directions in the second envi-

ronment. The left-hand plot displays the results recorded from the simulation of a network containing
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2500 output layer cells. The right-hand plot displays the results recorded from the simulation of a

network containing 400 output layer cells. It is evident from the two scatterplots that the model has,

in both cases, learned an isomapping of the output layer cell learned responses profiles across the two

training environments. Moreover, the phenomenon of isomapping is independent of the number of

output layer cells contained in the network.

4.5.7 Experiment 4.7: Isomapping and the Amount of Training

The simulations in this experiment were conducted to show that the isomapping of output layer cell

preferred firing directions is robust over a wide variation in the amount of training the model receives.

The simulations were conducted with the model parameters given in Table 4.1. The simulations

differed in the amount of training that the model received. A “long” simulation was conducted with

the model undergoing 100 training epochs in each of the two training environments. Also, a “short”

simulation was conducted, with the model receiving 25 epochs of training in each of the two training

environments. This is contrasted with the “standard” simulation of 50 training epochs. The aim of

this experiment was to demonstrate that the isomapping of output layer cell preferred directions will

be produced over a wide range of training epochs.

The two plots in Figure 4.9 display the output layer cell preferred firing directions in one training en-

vironment plotted against the output layer cell preferred firing directions in the second environment.

The left-hand plot displays data recorded from a simulation with the model permitted 100 training

epochs in each training environment. The right-hand plot displays data recorded from a simulation

where the model was permitted 25 epochs in each training environment. The two scatterplots clearly

demonstrate that the model has learned an isomapping of the output layer cell preferred firing direc-
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Figure 4.9: The learned responses of the output layer cells recorded from models exposed to different train-
ing durations. The left-hand plot displays data recorded from a simulation where the model was allowed 100
training epochs in each of the two training environments. The right-hand plot displays data recorded from a sim-
ulation where the model was allowed 25 training epochs to each of the two training environments. It is evident
from these two scatterplots that the model is capable of learning an isomapping of the output layer cell preferred
directions across two different environments over this wide variation in the amount of training received. In the
right-hand plot, the model has still learned an isomapping of the output layer cell preferred firing directions: the
gradient of the plot has simply changed direction. The plot is still linear, and this demonstrates that the absolute
angular distance between the preferred firing directions of any two output layer cells is maintained across the
two training environments.

tions across two different environments. The model is able to achieve this isomapping over a wide

variation in the number of training epochs the model experiences in each training environment. Thus,

the isomapping of output layer cell preferred firing directions is robust to the amount of training the

model receives. It should be noted that in the simulation represented by the right-hand plot, the model

has still achieved an isomapping of the output layer cell preferred firing directions. The gradient of

the plot has simply changed direction. As the plot is still linear, the absolute angular distance between

any two output layer cells is maintained across the two training environments.

4.6 Discussion

In this chapter, the implementation details, equations, and simulation results are provided for a neural

network that can learn to produce an isomapping of output layer cell preferred firing directions across

two environments. The main points of this chapter are:
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• The model contains a single layer of input cells that are connected in a feedforward manner by

a single layer of synapses to a layer of output cells. Within the layer of output cells, excitatory

recurrent collateral synapses connect every individual output layer cell to every other output

layer cell.

• A single training environment contains a single training location and a continuous circular space

of distal objects located an infinite distance from the training location. The training environ-

ment does not contain any proximal objects. During training, the agent visits two training

environments.

• The model must learn to maintain the angular distance between the preferred firing directions

of any two output layer cells across the two environments. This task is referred to as learning

an isomapping of output layer cell preferred firing directions across the two environments.

• The recurrent collateral synapses within the output layer help to produce the isomapping of

output layer cell preferred firing directions. When the agent is trained in the first environment,

output layer cells that develop preferred firing directions close to one another will also develop

strong symmetric excitatory recurrent collateral synapses. These output layer cells will form

localized clusters of activity. Upon entering the second training environment, some of the output

layer cells will initially fire. Strong recurrent collateral synapses will encourage output layer

cells that form a localized packet of activity in the first environment to also fire in the second

environment. These output layer cells will strengthen their wij synapses with the currently

active input layer cells. Thus, the currently active output layer cells will have preferred firing

directions close to one another in the first environment and, because the currently active input

layer cells will represent orientations of the agent that are close to one another in the second
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environment, the output layer cells will also develop preferred firing directions that are close

to one another in the second environment. This is how the isomapping of output layer cell

preferred firing directions is achieved.

• In simulation, the model can learn an isomapping of output layer cell preferred firing directions

across two training environments. The excitatory recurrent collateral synapses within the output

cell layer play a crucial role in producing the isomapping. Firstly, lowering the value of the re-

current collateral scaling parameter, φRC, to 0.5 abolishes the isomapping and instead produces

a place-cell-like complex remapping of preferred firing directions. Second, setting the value

of the scaling parameter, φRC, to 0, which effectively eliminates the recurrent collaterals, also

completely abolishes any isomapping.

• Changing the learning rule can have an effect upon the learned behaviour of the model. A learn-

ing rule that does not incorporate long-term depression fails to induce isomapping in the ouptut

layer cells. If the learning rule incorporates heterosynaptic long-term depression then isomap-

ping is still produced. Similarly, if the learning rule incorporates explicit weight normalization

then isomapping is still produced. A low value of the learning rate k is necessary to produce

isomapping.

• The model can produce isomapping over a wide range of the number of training epochs that the

model experiences, and also independently of the number of output layer cells in the network.

The ability to produce isomapping is thus reasonably robust.

In the simulations reported in this chapter, the training environments do not contain any proximal

visual objects. This permits a set of carefully controlled experiments to be conducted with a minimal
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model in order to explore the effect of various model parameters upon the model learned behaviour.

The absence of proximal objects from the training environment thus allows a cleaner analysis of the

simulation results. In principle, however, the model should still function correctly if proximal visual

objects are present in the environment. A natural next step would therefore be to train the model in an

environment that does contain proximal objects.

Also, the agent only visits two different training environments during the training regime. This pro-

tocol was chosen to allow for a more straightforward analysis of the simulation results. The model

should still function if the agent is trained in several different training environments. The operational

principles that produce the isomapping of output layer cell preferred firing directions are not depen-

dent upon the number of training environments that the agent visits. Therefore, a further next step

would be to train the agent across a larger range of different training environments. It is predicted that

the model will still be able to produce the isomapping behaviour.

In conclusion, this chapter presents a neural network model that is capable of learning an isomap-

ping of output layer cell preferred firing directions across two training environments. The isomapping

is produced by the excitatory recurrent collateral synapses within the output layer. The isomapping

behaviour is independent of the size of the network, and robust across a wide variation in the amount

of training received, but is dependent, to a certain extent, upon the form of the learning rule. The

simulation results of this neural network demonstrate how a complex behaviour of a population of

head direction cells, such as the isomapping of preferred firing directions, can be learned on the basis

of visual input alone.
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Chapter 5

The Path Integration of Head Direction

The previous chapters of this thesis have explored how head direction cells develop their known

responses to visual cues. The remainder of this thesis will present an exploration into how the head

direction cell system can update itself in the absence of visual cues. This chapter provides a literature

review that focuses on the path integration of head direction and previous neural network models that

can perform path integration. It will be seen that none of the extant models of the path integration

of head direction address how the synaptic connections can be set up by learning in a biologically

plausible manner such that the internal representation of head direction is updated to match the true

external head direction of the animal.

5.1 Path Integration

Path integration is a navigational process where an animal continuously integrates idiothetic (self-

motion) cues to update its internal representation of its location and orientation within an environment

in the absence of visual input (Mittelstaedt and Mittelstaedt, 1980, 1982; Redish, 1999). Path inte-

gration has been demonstrated in a range of animals, from arthropods (Collett and Zeil, 1998), to

191



mammals (Etienne et al., 1998; Etienne and Jeffery, 2004).

Successful path integration is based upon an animal possessing an internal representation, or map,

of its current environment. An animal can use path integration in order to successfully return in a

straight line to its approximate starting position when that starting position is out-of-sight of the cur-

rent position of the animal (e.g. Wehner and Wehner, 1990; Séguinot et al., 1993). Animals can also

achieve path integration in a novel environment (e.g. Etienne et al., 1998). This evidence suggests

that an animal uses, and continuously updates, an internal representation of its current location and

orientation within its environment.

The head direction cell system provides the orientation signal. This requires that the head direction

cell system is capable of two feats of information processing:

i) When the head of the animal is stationary, the head direction cell system must maintain a stable

representation of the current head direction in the absence of visual input.

ii) When the head of the animal is moving, the head direction cell system must update its repre-

sentation of the current head direction to match the true head direction in the absence of visual

input. In this case, the head direction cell system must update its internal representation using

internal idiothetic (self-motion) signals.

When the head of the animal is stationary, the currently active head direction cell will continue to fire

until the head moves to a new orientation, i.e. there is no habituation of the cell firing rate (Taube et al.,

1990a). Moreover, when the head of the animal rotates, particularly in the absence of visual input, the

head direction cell system will update its internal representation of head direction to track the actual

192



head direction (Goodridge et al., 1998). The head direction cell system satisfies these criteria because

it functions as a continuous attractor neural network.

5.2 Continuous Attractor Neural Networks

A network of neurons, biological or simulated, with a recurrent collateral symmetric weight matrix

between those neurons possesses a number of information processing properties. One of the most

important of these properties is that the network will possess discrete attractor states (Hopfield, 1982,

1984). These attractor states, or memories, are stable states, each containing a small number of firing

neurons. If the network is given input that is sufficiently close to, i.e. within the basin of attraction of,

one of the attractor states, then the network will relax into that particular stable attractor state; thus a

memory has been recalled. The network can only relax to one stable state at a particular moment in

time. This type of network is known as a point attractor, or “Hopfield” network.

A neural network that has the same type of recurrent collateral synaptic connectivity as an attractor,

but where the network is trained using a continuous input space, such as spatial input, will produce

a continuous attractor neural network (Amari, 1977; Taylor, 1999). A continuous attractor possesses

a continuum of attractor, or stable, states. Similar to a point attractor, a continuous attractor network

can only relax into one particular stable state at a time. This particular stable state will be the memory

that is currently recalled by the continuous attractor network. An example of a continuous attractor

network that has settled into a stable state is given in Figure 5.1.

If a continuous attractor neural network is trained with visual input from distal cues representing
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Figure 5.1: An example of a continuous attractor network. The figure displays a small portion of the cells in the
network. Every cell is connected to every other cell, although this is not shown in the figure for clarity. When
the correct balance is achieved between short-range excitation, represented by the arrows, and longer-range
inhibition, represented by the dots, then a single persistent packet of activity will be present in the network.
This activity packet occurs when the network has settled into one of its attractor states. Black represents a cell
with a high firing rate, and white represents a cell that is not firing. The key property of a continuous attractor
network is that, in principle, the network can stably support an activity packet at any point within a continuum
of memory states.

head direction, each learned stable state of the continuous attractor will represent a particular head

direction. The strength of the synaptic connection between any two neurons in this network will

be proportional to the difference between the preferred firing directions of the two neurons. This is

due to the associative Hebbian learning rule that updates the recurrent collateral synaptic connections

between the neurons. Under this learning rule, the magnitude of the synaptic weight between the

two neurons is directly proportional to the product of the firing rates of the two neurons. The firing

rates of two neurons with preferred firing directions only a few degrees apart will produce a relatively

large product, and thus a strong symmetric synaptic connection. The firing rates of two neurons with

preferred firing directions that are the maximal distance, 180o, apart will produce a relatively small

product, and thus a weak symmetric synaptic connection. The properties of the synaptic weight ma-

trix, in conjunction with the appropriate balance between excitatory and inhibitory inputs within the

continuous attractor network, will ensure that the network can maintain a single persistent packet of

neural activity, representing the current head direction, in the absence of any further perturbing input.

After training, the neurons in the continuous attractor network can be conceptually arranged in a ring
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of head directions from 0o − 360o. Neurons nearby in the ring represent nearby head directions, and

are connected by strong excitatory recurrent collateral synaptic weights. Neurons far apart in the ring

represent quite different head directions, and are connected by weak excitatory recurrent collateral

synaptic weights. There is also global competition between all of the head direction cells in the ring,

which, in the brain, would be mediated by inhibitory interneurons. The excitatory recurrent collateral

synaptic weights permit the network to stably support a localized, e.g. Gaussian-shaped, packet of

activity at any point in the ring. In this way, the network is able to represent a continuous space of

memory states corresponding to head directions from 0o − 360o.

Applying an external, asymmetric, input to the continuous attractor network will update the loca-

tion of the activity packet within the network. There are different methods by which updating the

packet of activity can be accomplished. Some of these methods will be discussed in the following

sections of this chapter. Regardless of the exact mechanism, a network that can maintain a stable and

persistent packet of neural activity in the absence of further input, but can also update the packet of

neural activity in the presence of a perturbing input, has the desirable property of being an attractor-

integrator network. This type of network is ideal for representing head direction.

Consider the following example. A rat has a current head direction of 40o. In the absence of any

further perturbing input, an appropriately trained continuous attractor network will maintain a sta-

ble representation of this directional heading. If the rat then performs a clockwise head rotation at a

speed of 40o/s for a total of two seconds, then the new head direction of the rat will 120o (assuming

angles increase in the clockwise direction). Further assuming that the continuous attractor network

195



is capable of updating to match this head rotation, the network will now maintain a stable packet of

activity representing the new head direction of 120o. If the rat then performs a counter-clockwise

head rotation at a speed of 15o/s for a total of one second, the new head direction of the rat will be

105o. The continuous attractor network will then update its packet of activity to represent the new

head direction. Thus, this type of continuous attractor network is performing velocity path integration

of head direction. Some of the neural architectures by which the path integration may be achieved are

discussed in the next section.

5.3 Previous Models of the Path Integration of Head Direction

The first continuous attractor model of the head direction cell system was proposed by Skaggs et al.

(1995).1 In this particular model, the head direction cells are arranged in a ring topology, with cells

representing nearby head directions placed close to one another in the ring. (Many of the models dis-

cussed in the following text share this topological property. In all cases, this particular arrangement

of cells is a modelling convenience and should not be taken to imply that head direction cells possess

a corresponding topography in the brain.) The head direction cells are connected, each cell to every

other cell, by excitatory recurrent collateral synapses. There are also two populations of rotation, or

turn-modulated, cells. One population of cells signals clockwise turns, and the other population of

cells signals counter-clockwise turns. Both populations of rotation cells project in an offset manner to

the population of head direction cells. The clockwise rotation cells also receive input from a cell sig-

nalling vestibular input resulting from a clockwise rotation. Likewise, the counter-clockwise rotation
1The first model of the head direction cell system was put forward by McNaughton et al. (1991). However, this model

was not a continuous attractor network. Instead, the model took the form of a neural look-up table that associates the current
head direction with the current head angular velocity and outputs the future head direction. As all the models of the head
direction cell system discussed in this section incorporate some sort of continuous attractor network, the particular model
of McNaughton et al. will not be described further.
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Head Direction Cells

Head-Direction-by-Rotation 
Cells

Clockwise Rotation Cell

Stationary Rotating Stationary

Figure 5.2: An example of the general network architecture employed by neural network models of the path
integration of head direction. The model comprises a layer of head direction cells representing head directions
from 0o − 360o. The head direction cells are connected to one another through excitatory recurrent collat-
eral synapses, although these are omitted from the figure for clarity. The head direction cells send excitatory
synapses to a layer of head-direction-by-rotation cells, which, in turn, send excitatory synapses back to the layer
of head direction cells in an offset manner. A clockwise rotation cell sends excitatory synapses to the layer of
head-direction-by-rotation cells. In the left-hand plot the agent is stationary, and there is a persistent packet
of neural activity in the head direction cell layer (Darker colours represent cells with higher firing rates). In
the middle plot the agent is rotating in a clockwise direction. The clockwise rotation cell is now firing, which
results in an activity packet emerging in the layer of head-direction-by-rotation cells. This in turn shifts the
location of the activity packet, within the head direction cell layer, in the clockwise direction. In the right-hand
plot the agent is stationary again. There is a persistent packet of activity in layer of head direction cells, but
the location of the packet has shifted in a clockwise direction in comparison to the left-hand plot. The shift is
due the offset excitatory synapses from the layer of head-direction-by-rotation cells. The model also incorpo-
rates a counter-clockwise rotation cell, and a layer of head-direction-by-rotation cells that send offset excitatory
synapses to the layer of head direction cells to shift an activity packet in the head direction cell layer in the
counter-clockwise direction. These cells have been omitted from the figure for clarity.

cells receive input from a cell signalling vestibular input resulting from a counter-clockwise rotation.

This neural architecture is capable of sustaining a packet of persistent neural activity representing the

current head direction of the rat when the rat is stationary. Also, the network can update the packet

of head direction cell activity to represent the changing head direction of the rat as its head rotates.

Figure 5.2 presents an illustration of the general type of network architecture employed by the extant

neural network models of the path integration of head direction.

The model of Skaggs et al. (1995) is a theoretical proposal and there are no simulation, or analytical,

results. It remains an influential model, however, and most neural network models of path integration
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in the head direction cell system bear some degree of resemblance to this original model; particularly

in the use of a continuous attractor network. In the following text these models will be discussed.

5.3.1 Models with Predetermined Synaptic Weights

Sharp et al. (1996) present a model, with simulation results, of head direction cells in the postsubicu-

lum and anterior thalamic nucleus of the rat brain. Similar to the model of Skaggs et al. (1995), this

model contains two populations of cells, postulated to be located in the reticular thalamic nucleus, that

signal head angular velocity modulated by head direction. One population of cells signals clockwise

rotations of the head. The second population of cells signals counter-clockwise rotations of the head.

These angular-head-velocity modulated head direction cells have offset inhibitory connections to the

pure head direction cells such that, in the absence of any input signalling a rotation of the head, a

persistent packet of neural activity, representing the current head direction of the rat, will be present in

the population of head direction cells. When the head begins to rotate, the packet of head direction cell

activity will move through the population of head direction cells to track the current head direction.

The simulated neurons are implemented with biophysically accurate and detailed equations, although

the authors do not incorporate the known, approximately Gaussian, tuning curve of head direction cell

responses.

Zhang (1996) describes a model that is implemented as a ring of head direction cells. The behaviour

of these cells is governed by leaky-integrator firing rate dynamics. Simulation and analytical results

show that the model is capable of maintaining a stable and persistent packet of neural activity. The

model can also update the location of this packet of neural activity in order to reflect the changing

head direction of the animal. The stable packet of neural activity is achieved through the means of
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a symmetric synaptic weight matrix (as discussed in Section 5.2). To shift the location of the packet

of activity, an asymmetric component must be introduced into the weight matrix. A criticism of this

model is that in order to switch between different model states (stable packet of activity, and shifting

packet of activity) an instantaneous, online, change in the synaptic weight matrix must take place.

Zhang does not address how such a change may be biologically implemented. Thus, in the absence of

any hypothesis regarding such an implementation, the model remains biologically implausible.

Redish et al. (1996) also propose a model, together with simulation results, of head direction cells

in the rat postsubiculum and anterior thalamic nucleus. In comparison to the models of Sharp et al.

(1996) and Zhang (1996), the model of Redish et al. implements two connected continuous attractor

networks: one network in the postsubiculum; and one network in the anterior thalamic nucleus. The

two attractor networks are reciprocally connected, and the strength of these offset connections is mod-

ulated by the firing of cells that signal head angular velocity (either clockwise or counter-clockwise).

The model of Redish et al. is simulated with integrate-and-fire neurons and is able to reproduce the

known tuning curves of head direction cell responses. The model is also able to accurately integrate

real rat head direction trajectories. A problem with the model, however, is the dynamic modulation of

the strength of the postsubiculum to anterior thalamic nuclei excitatory connections. It is not known,

and the authors do not address, how such a multiplicative effect upon synaptic strength could be

achieved, particularly in an online manner.

To address the problem of rapid, online, modulation of synaptic efficacies, Goodridge and Touret-

zky (2000) report a model that simulates three distinct brain regions containing head direction cells:
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the postsubiculum, the anterior thalamic nucleus, and the lateral mammillary nucleus. The cells in

the lateral mammillary nucleus are divided into two sub-populations: cells that respond to clockwise

angular head velocity, and cells that respond to counter-clockwise angular head velocity. These two

sub-populations of cells project to the head direction cells in the anterior thalamic nucleus with the

appropriate excitatory synaptic offsets. The neurons were simulated with continuous dynamics, and

output an instantaneous firing rate instead of individual action potentials. In simulation, the model was

able to replicate the deformation of anterior thalamic nucleus head direction cell responses seen un-

der clockwise and counter-clockwise rotations of varying speeds. The model was also able to account

for the anticipatory time interval in cell firing seen in the anterior thalamic nucleus head direction cells.

Xie et al. (2002) identified a problem with previous models of path integration in the head direc-

tion cell system. In order for these models to achieve accurate integration of angular head velocity

information, and thus correctly update the representation of head direction, the models had to be im-

plemented with very fast synaptic time constants (in the order of 1ms), particularly for fast rotational

velocities. The model of Xie et al. (2002) takes the form of a single population of head direction

cells spread across two ring networks with asymmetric connections, e.g. a head direction cell is only

allowed to receive excitatory connections from neighbours to its right on the same ring, and from

neighbours to its left on the opposite ring. The neurons are simulated with continuous dynamics, and

the results show that the network is able to accurately integrate a wide range of angular head velocities

such that the internal representation of head direction is correctly updated. Moreover, Xie et al. (2002)

showed that successful integration is possible even with the relatively slow synaptic time constants as-

sociated with NMDA or GABA-B synapses. A problem, however, is that the model does not attempt
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to address how the representation of head direction, within a single population of head direction cells,

could take the form of a double-ring attractor network.

5.3.2 Models without Excitatory Recurrent Collateral Synapses

Research into the origin of the head direction signal, and thus the attractor-integrator required for path

integration, suggests that the primary candidate is a reciprocal loop between the lateral mammillary

nucleus and the dorsal tegmental nucleus of Gudden. Single-cell recording studies have revealed the

existence of head direction cells in the lateral mammillary nucleus (Blair et al., 1998; Stackman and

Taube, 1998) and the dorsal tegmental nucleus of Gudden (Sharp et al., 2001). Moreover, lesions of

the dorsal tegmental nucleus have been shown to disrupt the directional firing of head direction cells

recorded from the anterior thalamic nucleus (Bassett and Taube, 2001a). Bilateral lesions of the lateral

mammillary nucleus have also been shown to disrupt directional firing in anterior thalamic nucleus

head direction cells (Blair et al., 1998). As lesions of the anterior thalamic nucleus disrupt the direc-

tional firing of head direction cells in the postsubiculum, but not vice versa, (Goodridge and Taube,

1997), it would appear highly likely that the seat of the head direction signal is the lateral mammillary

nucleus and the dorsal tegmental nucleus of Gudden.

The models described in the previous section all incorporate excitatory recurrent collateral synapses

between the head direction cells. As discussed in Section 5.2, the purpose of these recurrent collateral

synapses is to allow a persistent packet of neural activity, representing head direction, to exist in the

continuous attractor network in the absence of any external perturbation of the network. It is doubtful,

however, that these excitatory recurrent collateral synapses exist in the required regions of the putative

head direction cell circuit. For instance, if the origin of the head direction signal is the dorsal tegmen-
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tal nucleus to lateral mammilary nucleus circuit then anatomical studies have yet to find evidence of

excitatory recurrent collateral synapses in the lateral mammillary nucleus (Allen and Hopkins, 1988).

A continuous attractor network need not, however, be implemented with excitatory recurrent collat-

eral synapses. Provided that there exists some mechanism for producing and maintaining a stable and

persistent packet of neural activity, the network will be capable of possessing a continuum of attractor

states and thus functioning as a continuous attractor network. Although excitatory recurrent collateral

synapses are proposed as one implementation of the mechanism for generating persistent neural ac-

tivity, the three studies that will be discussed in the following text demonstrate that it is possible to

implement a fully functioning continuous attractor network using mechanisms other than excitatory

recurrent collateral synapses.

Rubin et al. (2001) propose a model of head direction cells in the thalamus. Rubin et al. suggest a

two-layer model of reciprocally linked thalamo-cortical relay cells and thalamic reticular cells. Neural

activity is generated in, and spread through, the network by means of postinhibitory rebound in the

thalamo-cortical cells. The neurons in the model are implemented as conductance-based integrate-

and-fire neurons. In simulation, Rubin et al. (2001) show that their model is capable of maintaining

a persistent packet of neural activity that is stable and does not drift. It is also demonstrated that the

model could propagate the packet of neural activity through the network in a manner that would be

appropriate for tracking the current head direction of the animal. The study does not, however, re-

produce realistic head direction cell tuning curves. Nor does the study provide a description of how

the correct angular head velocity signals would be input to the network in order to update the cur-

rent representation of head direction. But the model of Rubin et al. (2001) does demonstrate that it
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is possible to maintain and update a persistent packet of neural activity without requiring excitatory

recurrent collateral synapses; thus providing an alternative implementation of a path integration of

head direction mechanism.

Song and Wang (2005), based upon an earlier proposal by Song and Wang (2003), describe a model

of the reciprocal loop between the lateral mammillary bodies and the dorsal tegmental nucleus. There

is no anatomical evidence for excitatory recurrent collateral synapses in either of these brain regions,

but there is evidence that the dorsal tegmental nucleus sends inhibitory inputs to the lateral mammil-

lary nucleus (Shibata, 1987; Allen and Hopkins, 1989; Wirtshafter and Stratford, 1993). There is also

evidence that the lateral mammillary nucleus sends excitatory inputs to the dorsal tegmental nucleus

(Allen and Hopkins, 1989, 1990). The lateral mammillary nucleus and the dorsal tegmental nucleus

thus appear to form a reciprocal processing loop. The neurons are implemented as conductance-based

integrate-and-fire neurons. In simulation, Song and Wang show that the model is capable of main-

taining a stable and persistent packet of neural activity in the absence of any rotational signal, and the

model can update this packet of neural activity to track the current head direction of the animal. It

is also shown that the model could accurately integrate real angular head velocity data recorded from

a rat to within a small margin of error. The model is also capable of reproducing the known tuning

curves of head direction cells and proposes plausible mechanisms for inputting the angular head ve-

locity signal to the head direction cell system.

Research by Boucheny et al. (2005) examined the proposed model of Song and Wang (2003). Through

simulation and analytical results, Boucheny et al. explored the behaviour and dynamics of the model
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proposed by Song and Wang (2003). Like Song and Wang, Boucheny et al. showed that the model can

maintain a stable and persistent packet of neural activity in the absence of rotational input; and when

rotational input is applied, the packet of neural activity will move through the lateral mammillary

nucleus head direction cell network to reflect the changing head direction of the animal. In addition,

Boucheny et al. demonstrated that the current location of the neural activity packet is capable of rapid

updating by the presence of visual cues.

5.3.3 Models with Self-Organizing Synaptic Weights

The extent of self-organization in the head direction cell system remains an open question. Although a

degree of predetermined wiring may be present in the head direction cell circuit, it is unlikely that the

entire system is prespecified in minute detail: the dynamics of continuous attractor networks are such

that a slight imbalance between excitatory and inhibitory inputs can lead to a degradation in the ability

of the network to maintain a stable and persistent packet of neural activity. It is more plausible that the

head direction cell system is fine-tuned through learning instead of the entire system being genetically

hard-wired to the required high degree of precision. The following text will consider models of the

path integration of head direction that, to varying extents, exhibit self-organization, through learning,

of their synaptic weight matrices.

In the model of Stringer et al. (2002), all synaptic weights fully self-organize. That is, none of

the synaptic weight matrices are prespecified. The model is implemented as a population of head

direction cells, together with clockwise and counter-clockwise rotation cells signalling rotation of

the animal in the respective directions. The neurons are implemented as leaky-integrator firing rate

cells. All synaptic strengths are altered through an associative Hebbian learning rule that, for each
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synapse, factors in a temporal trace, i.e. memory, of both presynaptic and postsynaptic cell activity.

In simulation, Stringer et al. show that the model is capable of maintaining a stable and persistent

packet of neural activity in the absence of visual input. When one of the population of rotation cells

commences firing, signalling either clockwise or counter-clockwise rotation, the packet of neural ac-

tivity will move through the head direction cell network, reflecting the changing head direction of the

animal. A limitation of the model, however, is that, given the synapses self-organize, the model does

not learn to perform path integration at the correct speed, i.e. update the packet of head direction

cell activity to match the true head direction of the simulated agent. Another limitation is that the

model employs Sigma-Pi synaptic connections that associate together a combination of two or more

presynaptic inputs with the postsynaptic firing rate. The Sigma-Pi synapses are therefore higher-order

synapses. It is not known how such synapses could be implemented in the brain, and thus the model

suffers from a lack of biological plausibility.

Stringer and Rolls (2006) propose a more biologically plausible version of their earlier model. In

this new model, there is a population of head direction cells, a population of rotation cells (with two

subpopulations signalling clockwise and counter-clockwise rotation respectively), and a population of

combination cells that represent combinations of head direction and rotation. All neurons are imple-

mented as leaky-integrator firing rate neurons. All synapses in the model fully self-organize through

associative Hebbian learning. The learning rule for the synapses from the population of combination

cells to the population of head direction cells incorporates a temporal trace of presynaptic combination

cell activity. By using a separate population of combination cells, Stringer and Rolls obviate the need

for the Sigma-Pi synapses that were necessary in the previous model. Stringer and Rolls show that
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this new model is capable of maintaining a stable and persistent packet of activity in the population

of head direction cells in the absence of visual input. When the rotation cells start firing, reflecting

the changing head direction of the animal, the combination cells in turn commence firing and send

excitatory inputs to the population of head direction cells. The memory trace in the synaptic learning

rule has the effect that the current firing rate of a postsynaptic head direction cell is associated, through

learning, with the firing rate of a presynaptic combination cell some time in the past. As the combi-

nation cells represent combinations of a particular head direction and a rotation, the model effectively

learns an association between a current head direction, a rotation, and a head direction some time in

the past. This ensures that each combination cell projects most strongly to a head direction cell with a

preferred firing direction that is different to the preferred firing direction of the head direction cell that

the combination cell is most strongly stimulated by. This offset in the synaptic connections between

head direction cells provides the requisite asymmetry to drive a packet of neural activity through the

population of head direction cells and thus reflect the changing head direction of the animal. The

model of Stringer and Rolls suggests a biologically plausible method by which the path integration of

head direction can be learned. The model does not, however, learn to perform path integration at the

correct speed.

In the model of Hahnloser (2003), a population of head direction cells is split across a double-ring

network. The head direction cells receive visual and vestibular input signalling rotation of the head.

The synapses are trained by an error-correcting learning rule. Hahnloser shows that, in comparison to

the naive untrained model, the model after learning is capable of maintaining a stable and persistent

packet of neural activity in the absence of any input signalling rotation of the head. When such input
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did signal rotation of the head, the model is capable of shifting the packet of neural activity through

the population of head direction cells to reflect the changing head direction of the animal. Hahnloser

also demonstrates that the trained model is capable of accurately integrating angular head velocity

signals to reflect the current head direction over a wide range of angular head velocities. A criticism

of this model, however, is in its use of an error-correcting learning rule. This type of learning rule

compares the actual output of a cell with the desired output of that cell if the model were functioning

correctly. The synaptic weights are then adjusted up or down to bring the actual output closer to the

desired output on future updates of the model. This type of error-correcting learning rule requires that

a teaching, or error, signal is propagated back through the network to earlier synapses. It is doubtful

that such a neural architecture generally exists in the brain, with the exception of a few known regions

such as the cerebellum (Rolls and Treves, 1998).

Stratton et al. (2010) propose a hybrid model of the head direction cell system. Arguing that some

pre-specification of a synaptic weight matrix is likely to be found in the head direction cell circuit,

Stratton et al. prespecify the synaptic weight matrix for a population of lateral mammillary nucleus

head direction cells, but the weight matrix initially contains a deliberate offset. Without correction,

this offset ensures that the population of head direction cells is incapable of maintaining a stable and

persistent packet of neural activity, as the packet will continuously drift through the population of

cells. Two populations of dorsal tegmental nucleus angular head velocity cells signal clockwise and

counter-clockwise rotation of the animal respectively. These angular head velocity cells have offset

connections to the head direction cells and are thus responsible for shifting the packet of neural activ-

ity through the population of head direction cells when the animal is moving its head. There is also
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a population of symmetric angular head velocity cells that project to the population of head direction

cells and signal the speed at which the animal is moving its head. All of the neurons are implemented

as spiking, integrate-and-fire neurons. All of the modifiable synapses are trained with an associative

Hebbian learning rule. In simulation, Stratton et al. show that through training, the model can correct

the initial bias in the head direction cell synaptic weight matrix and thus maintain a stable and per-

sistent packet of neural activity reflecting the current head direction in the absence of input from the

angular head velocity cells. When the animal starts to rotate, and therefore the angular head velocity

cells commence firing, the packet of head direction cell activity is shifted through the population of

head direction cells to accurately reflect the changing head direction of the animal.

5.3.4 Summary of Previous Models

The previous models of the velocity path integration of head direction have proposed a variety of

neural network architectures through which this navigational process can be realised. Each of these

models demonstrates the ability to maintain a persistent and stable packet of head direction activity in

the absence of any perturbing input. In the presence of an external drive, or internal synaptic weight

asymmetry, the packet of head direction cell activity moves through the population of head direction

cells to reflect the changing head direction of the animal.

A particular problem that none of these models address, with the exception of Hahnloser (2003),

is how the network might learn to update the packet of head direction cell activity so that it moves

through the head direction cell population at the same speed as the animal is moving its head. That

is, the internal continuous attractor network representation of head direction must learn to accurately

track the true current head direction when the animal is rotating its head. The model of Hahnloser
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does accurately track the velocity of head rotation. To achieve this, however, requires some special

neural architecture and an error-correcting synaptic learning rule. Neither of these two mechanisms is

entirely biologically plausible. Thus, there remains a requirement for a self-organizing model of the

head direction cell system that learns, in a biologically plausible manner, to update a packet of head

direction cell activity that accurately reflects the true current head direction of the animal.

5.4 Biologically Plausible Timing Mechanisms

To successfully update a representation of head direction at the same speed as the animal is moving

its head requires a calibrated system that can, over short time intervals, accurately reflect the true head

direction of the animal. In order to achieve this calibration, the system must posses a mechanism

that provides temporally accurate updates of the state of the system. In other words, some form of

biologically plausible timing mechanism is required.

5.4.1 Axonal Conduction Delays

An axonal conduction delay is defined as the length of time it takes for an action potential to travel

from the soma of a presynaptic neuron, along the length of the axon, to reach the synapse with a

postsynaptic neuron. The length of the axon of the presynaptic neuron will remain constant, which in

turn will provide a constant time interval for an action potential to travel from the presynaptic neuron

to the postsynaptic neuron. This constant time interval allows associations to be learned, over the

duration of the time interval, between the activity of the presynaptic neuron at time t1 and the activity

of the postsynaptic neuron at time t2; where t2 is t1 + ∆t, with ∆t defined as the length of the axonal

conduction delay for the presynaptic neuron in question. Thus, at a future time when the presynaptic
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cell is active, the postsynaptic cell will, under the right conditions, become active t1 + ∆t after the

presynaptic cell, i.e. the postsynaptic cell will become active at the correct time interval after the

presynaptic cell was active. Therefore, the correct temporal delay between presynaptic and postsy-

naptic cell activations can, after learning, be replayed on future occasions.

With regards to the head direction cell system, axonal conduction delays can be used to enable the

system to learn to update the internal representation of the current head direction at the same speed as

the animal is moving its head. When a presynaptic head direction cell representing a head direction

θ1 is active at time t1, the axonal conduction delay will result in the signal from this presynaptic head

direction cell reaching a postsynaptic cell ∆t later. Thus, this postsynaptic cell will receive a repre-

sentation of the head direction of the animal ∆t in the past. During the time it takes for the action

potential to travel down the axon of the presynaptic head direction cell, the true head direction of the

animal will have changed (assuming the animal is moving its head). Thus, an association between

a previous head direction θ1, and a new head direction θ2, can be learned as a result of the axonal

conduction delay ∆t. On a later occasion, if the animal is moving its head with the same velocity as

previous occasions, then activation of the presynaptic head direction cell will result in the postsynap-

tic cell becoming active at the correct moment, accurately reflecting the current head direction of the

animal. That axonal conduction delays may aid a neural network in accurately processing temporal

information has been previously proposed (e.g. Carr and Konishi, 1988, 1990; Konishi, 1991; Carr,

1993; Gerstner et al., 1996).
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5.4.2 Neuronal Time Constants

A second biologically plausible timing mechanism occurs when there are different values for the

presynaptic and postsynaptic neuronal time constants. A neuronal time constant is here defined as the

time constant that governs the rate of the rise and decay of the level of activation of a postsynaptic

neuron, where the level of activation is driven by a linear weighted sum of the presynaptic inputs to

the postsynaptic neuron in question. In the brain, there are many different time constants including

membrane time constants, and active and passive time constants (Koch et al., 1996; Koch, 1999). In

this thesis, a neuronal time constant, unless otherwise described, will represent a generic time constant

governing the rate of the rise and decay of a particular postsynaptic cell activation level, rather than a

time constant related to the specific morphology of a particular cell.

Neuronal time constants are able to provide a timing mechanism between two connected cells as

follows. If the postsynaptic neuron has a large time constant, the postsynaptic neuron will become

active at a time that is later than the time at which the presynaptic neuron becomes active (assuming

the instantaneous transmission of an action potential from the presynaptic neuron to the postsynaptic

neuron). Thus, an association can be learned between the activity of the presynaptic neuron at time

t1, and the activity of the postsynatic neuron at time t2; where t2, in this particular case, is defined

as t1 + ∆t, with ∆t defined as the time difference between the activations of the presynaptic and

postsynaptic neurons. After learning has taken place, activation of the presynaptic neuron at time t1

will result in activation of the postsynaptic neuron at time t2. Assuming the time constants of the

presynaptic and postsynaptic neurons remain constant, the postsynaptic neuron will always become

active a constant time interval ∆t after the presynaptic neuron has become active. This constant time
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interval, ∆t, will allow, after learning, for a sequence of neural activity to be replayed in the correct

order and at the correct speed.

Neuronal time constants can aid a head direction cell system to accurately update its internal rep-

resentation of the current head direction. Consider two linked pre- and postsynaptic head direction

cells representing two different head directions, θ1 and θ2, respectively. If the postsynaptic head di-

rection cell has a large time constant, then the postsynaptic head direction cell will always become

active a particular time interval ∆t after the presynaptic head direction cell has become active. Con-

sequently, an association through time can be learned between the two cells representing the two

different head directions θ1 and θ2. On a future occasion, the activation of the presynaptic head direc-

tion cell representing head direction θ1 will result in the activation of the postsynaptic head direction

cell representing head direction θ2 at a time ∆t in the future. Thus, a head direction cell network will

learn to accurately update its internal representation of the head direction to match the true current

head direction.

5.5 The Appropriate Level of Modelling

A detailed discussion of the different approaches to modelling a neural system can be found in Section

1.5 of this thesis. Consequently, that discussion will not be repeated here.

The models of path integration presented in the following two chapters will employ a rate-coded

paradigm. The main difference between the modelling scheme of the path integration models and the

modelling schemes employed in Chapters 2, 3, and 4 is that the models of path integration employ
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a differential scheme for the updating of the cell activations, firing rates, and synapses. That is, the

neural network models of the path integration of head direction operate in the space of continuous

time. The differential scheme is employed because an important measure of the functionality of the

path integration models is whether or not they can learn to perform path integration at the correct

speed, which requires the dimension of time to be accurately modelled through differential equations.

5.6 Chapter Summary

This chapter reviewed the literature on the velocity path integration of head direction. No extant

neural network models of the head direction cell system have addressed how this system may learn,

in a biologically plausible manner, to perform the path integration of head direction at the correct

speed. That is, how the head direction cell system may update an internal representation of current

head direction to match the true external head direction. In summary, the main points of this chapter

are:

• Path integration is a navigational process where an animal continuously updates an internal

representation of its current orientation and location based upon idiothetic (self-motion) signals.

• The head direction cell system provides the orientation signal. The head direction cell system is

capable of maintaining a stable and persistent packet of neural activity representing the current

head direction of the animal in the absence of visual input. The head direction cell system can

also update the current representation of head direction to accurately reflect the changing head

orientation of the animal in the absence of visual input. In this case, the head direction cell

system must use internal idiothetic (self-motion) signals to update its internal representation.

Both of these properties are required in a path integration mechanism.
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• In order to exhibit these two properties, the head direction cell system must incorporate some

form of continuous attractor neural network architecture.

• Previous modelling studies of the path integration of head direction have assumed that the head

direction cell system does incorporate a continuous attractor architecture. These models can be

placed into one of three categories: models with predetermined synaptic weight matrices and

therefore no learning; models that do not incorporate excitatory recurrent collateral synapses

and also do not learn; and, models that self-organize, through learning, to produce the path

integration of head direction.

• All of these models are capable of maintaining a stable and persistent packet of neural activity,

representing the current head direction, in the absence of any perturbing input. External drive to

these networks, often in the form of vestibular input, updates the internal representation of head

direction to match the true external head direction. None of these models, however, address

how the network may learn to update the internal representation of head direction at the correct

speed in a biologically plausible manner.

• Axonal conduction delays – the time it takes for a signal to pass from the body of the presynaptic

neuron down the length of its axon – are one class of natural time interval that can be used as

a biologically plausible timing mechanism to facilitate the updating, at the corrects speed, of

the internal representation of the current head direction. A second biologically plausible timing

mechanism is to use different values of the neuronal time constants that govern the rate of the

rise and decay of postsynaptic cell activation levels.
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In the next two chapters of this thesis, two neural network models will be presented that can learn,

using biologically plausible architectures and learning mechanisms, to perform the velocity path inte-

gration of head direction at approximately the same speed as the simulated agent is rotating its head.
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Chapter 6

Path Integration of Head Direction:

Axonal Conduction Delays

This chapter reports the implementation details, model equations, and simulation results for a neural

network model that can learn to perform path integration of head direction at the speed of rotation im-

posed during training. No previous neural network model has achieved this in a biologically plausible

manner. An exploration of the effect upon the learned model behaviour of controlled alterations of the

model parameters is presented in detail. Future modifications of the current model are also discussed.

6.1 Model Architecture

The network architecture is presented in Figure 6.1. The model comprises two reciprocally connected

layers of cells: a layer of head direction cells; and a layer of combination cells. The layer of head di-

rection cells (with firing rate rHD
i for head direction cell i) represents the current head direction of the

agent, and operates as a continuous attractor network performing path integration of head direction.

Within the layer of head direction cells there is a single Gaussian packet of activity. The centre of the
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Figure 6.1: The neural network architecture for a model that learns to perform path integration of head direction
at the speed experienced during training. Explicit axonal conduction delays are incorporated into the w2

ij and
w3

ij synapses to provide a timing mechanism over which associations between activity packets in the head
direction cell network and the combination cell network may be learned. The w1

ij recurrent synapses help to
produce a continuous attractor network in the head direction cell layer, and thus support a stable and persistent
packet of head direction cell activity when the agent is not rotating. The w4

ij synapses provide inputs from the
layer of rotational velocity cells signalling the current direction of rotation of the agent. All of the synapses are
Hebb-modifiable, with the exception of the visual input to the head direction cell layer, which is only present
during the training of the model.

activity packet represents the current head direction of the simulated agent.

The layer of combination cells (with firing rate rCOMB
i for combination cell i) receives inputs from

both the layer of head direction cells and a layer of rotational velocity cells (with separate sub-

populations of cells signalling clockwise and counter-clockwise directions of rotation). The com-

bination cells operate as a competitive network and develop their firing properties during training,

with individual combination cells learning to represent a combination of a particular rotational ve-

locity and a particular head direction. Head direction cells in the lateral mammillary nucleus exhibit

modulation of their firing rate by angular head velocity, i.e. the firing rate increases as the angular
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head velocity increases (Stackman and Taube, 1998). In addition, a small number of angular head

velocity cells in the dorsal tegmental nucleus exhibit modulation of their firing rate by head direction,

with an increase in the firing rate when the head of the rat is within a broad contiguous range of head

directions (Bassett and Taube, 2001b; Sharp et al., 2001).

Half the population of rotational velocity cells signal when the agent is rotating in a clockwise di-

rection, and half the population of rotational velocity cells signal when the agent is rotating in a

counter-clockwise direction. The firing rates of the rotational velocity cells are binary such that an

individual cell is either firing or not firing, i.e. the possible firing rates are either 0 or 1.

Each layer of synapses, w1
ij , . . . ,w4

ij , is Hebb-modifiable through associative learning. The exception

to this is the visual input to the head direction cells. These visual inputs are only present during the

training phase, and are non-modifiable so as to force the head direction cell layer to reflect the current

head direction of the agent.

This network architecture is proposed as the minimal synaptic architecture required to update a packet

of head direction cell activity in the dark at the same speed as was imposed during training in the light.

The model is not intended to directly represent any one specific are of the brain known to contain head

direction cells.
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6.2 Operational Principles of the Model

The model incorporates axonal conduction time delays ∆t in the propagation of signals from the layer

of head direction cells to the layer of combination cells, and then back again from the combination

cells to the head direction cells. The effect of the axonal conduction delays is that when a presynaptic

cell is driving a postsynaptic cell, the activity profile of the postsynaptic cell will be delayed in time

by an amount ∆t from the activity profile of the presynaptic cell. This delay ∆t will be equal to the

axonal conduction delay ∆t between the presynaptic and the postsynaptic cell, i.e. the length of time

it takes for signal to propagate from the presynaptic cell to the postsynaptic cell.

The firing-rate-based associative Hebbian learning rule, governing the strength of the synaptic con-

nection between the presynaptic and postsynaptic cell, also takes account of the axonal conduction

delay ∆t. Thus the presynaptic cell, with instantaneous firing rate rj at time t, will, through synaptic

strengthening, learn to stimulate the postsynaptic cell with instantaneous firing rate ri at time t+ ∆t.

In this way the model is able to learn associations between neural activity in the head direction cell

and combination cell layers over specific fixed time intervals ∆t, and thus learn to shift a packet of

head direction cell activity at the correct speed.

To fully explore the operational principles of the model, consider a simple two-cell system in which

signals take a short time interval ∆t to pass from the presynaptic cell j to the postsynaptic cell i due

to the natural time delay of axonal transmission. A consequence of this conduction delay is that the

value of the synaptic weight wij between the two cells will depend upon the value of the presynaptic

cell firing rate rj(t−∆t) that occurred ∆t before the current postsynaptic cell firing rate ri(t). This
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reflects the time ∆t taken for the presynaptic signal to reach the postsynaptic cell. The incorporation

of an axonal conduction delay ∆t into the presynaptic cell firing rate term rj(t − ∆t) in both the

governing equation for the postsynaptic cell activation hi

τ
dhi(t)

dt
= −hi(t) + wij(t)rj(t−∆t)

and the Hebbian associative learning rule for the synapse between the presynaptic and postsynaptic

cells

dwij(t)

dt
= kri(t)rj(t−∆t)

allows the presynaptic and postsynaptic cells to learn a temporally delayed association. That is, if,

during learning, the postsynaptic cell was active ∆t after the presynaptic cell was active, i.e. so that

the product ri(t)rj(t−∆t) is large, then the presynaptic cell learns to stimulate the postsynaptic cell

at a time ∆t in the future. (Given that the signals still take ∆t to travel from the presynaptic cell

to the postsynaptic cell due to the time delay ∆t in the governing equation for the postsynaptic cell

activation hi.)

In the manner described above, the correct time intervals between cell activities can be learned and

replayed by cells in the model. This is essential for the model to be able to replay the temporal se-

quence of cell activity at the speed that was experienced during learning. The synaptic learning rule

governing weight adaptation is a standard Hebbian rule normally written without the (t−∆t) shown

in the preceding equation, which merely draws attention to the fact that the presynaptic firing rate
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takes time ∆t to travel to the postsynaptic cell.

In the full version of the model, displayed in Figure 6.1, temporally-delayed associative learning

is achieved over fixed time delays ∆t for both the afferent and the efferent connections between the

layer of head direction cells and the layer of combination cells. If the agent is rotating with angular

velocity dθ
dt , then over the time 2∆t it takes for the signal from the head direction cells to be propa-

gated to the combination cells and back to stimulate a new subset of head direction cells, the agent

will have rotated 2∆tdθdt . The network learns that an activity pattern in the head direction cell layer

at time t1 representing a particular head direction θ1 should stimulate (via the layer of combination

cells) a new pattern of activity in the head direction cell layer at time t2 = t1 + 2∆t, representing

a later head direction θ2 = θ1 + 2∆tdθdt . This kind of associative learning over fixed time intervals

enables the model to learn the correct velocity for updating the packet of neural activity in the head

direction cell layer, and thus allows the path integration of head direction to occur at the correct speed.

6.3 Model Equations and Implementation

This section first presents the governing equations of the model, then outlines the training and testing

protocol, and finally discusses the numerical solution of the differential equations.

6.3.1 Governing Equations

During the training phase, each head direction cell i receives an external visual input ei that carries

information about the current head direction of the agent. When visual cues are available, these ex-

ternal inputs will dominate all other excitatory inputs to the head direction cell layer and will drive
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the activity levels of the head direction cells. Each individual head direction cell is set to respond

maximally to visual input from a unique preferred head direction of the agent with a Gaussian profile

as described later in Equations (6.13) and (6.14). Hence, the effect of the visual inputs is to stimulate

a single packet of neural activity in the head direction cell layer. The location of this activity packet

reflects the current head direction of the agent. The Gaussian tuning of individual head direction cell

response profiles in the light will lead, for any given head direction cell, to an increase in cell firing as

the head direction of the agent moves towards the preferred head direction of that cell, and a decrease

in cell firing as the head direction of the agent moves away from the preferred head direction of the

cell.

The activation level hHD
i of head direction cell i is governed by

τHDdh
HD
i (t)

dt
=− hHD

i (t) + ei(t)

− 1

NHD

∑
j

w̃HDrHD
j (t)

+
φ1

CHD→HD

∑
j

w1
ij(t)r

HD
j (t)

+
φ2

CCOMB→HD

∑
j

w2
ij(t)r

COMB
j (t−∆t)

− IEXTERN (6.1)

where the activation level hHD
i (t) is driven by the following terms. The term

∑
j w̃

HDrHD
j (t) repre-

sents inhibitory feedback within the head direction cell layer, where the summation is performed over

all presynaptic head direction cells j; w̃HD is a global constant describing the effect of inhibitory in-

terneurons within the layer of head direction cells, and NHD is total number of head direction cells in
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the model. The term
∑

j w
1
ij(t)r

HD
j (t) represents excitatory feedback through the recurrent collateral

synapses within the layer of head direction cells, where the summation is over those presynaptic head

direction cells which have excitatory synapses onto the postsynaptic head direction cell i. Within this

term, rHD
j (t) is the firing rate of presynaptic head direction cell j at time t, and w1

ij(t) is the value, at

time t, of the excitatory (positive) synaptic weight from presynaptic head direction cell j to postsy-

naptic head direction cell i.1

Further terms in Equation (6.1) are as follows. The term−hHD
i (t) is a decay term such that, in the ab-

sence of further presynaptic input, the activation level of postsynaptic head direction cell i will decay

to zero according to the time constant τHD. The term ei(t) represents an external visual input to post-

synaptic head direction cell i at time t, which, during training, is set according to the Gaussian profile

given by Equations (6.13) and (6.14). When there is no visual input the term ei is set to zero. Thus, in

the absence of visual input, the key term driving the head direction cell activation levels in Equation

(6.1) is the sum of the input from the presynaptic combination cells
∑

j w
2
ij(t)r

COMB
j (t−∆t). Within

this term, rCOMB
j (t−∆t) is the firing rate of presynaptic combination cell j at a time ∆t in the past,

and w2
ij(t) is the value, at time t, of the excitatory synaptic weight from presynaptic combination

cell j to postsynaptic head direction cell i.2 The term IEXTERN is a constant that represents external

feedforward inhibition to the head direction cell network: this is necessary during the learning phase

to ensure that, in the presence of visual input, only a small subset of the head direction cells (those

representing head directions nearby the actual head direction of the agent) are active at any one point

1The scaling factor φ1

CHD→HD controls the overall strength of the recurrent inputs to the network of head direction
cells, where φ1 is a constant and cHD→HD is the number of synapses onto each postsynaptic head direction cell from the
presynaptic head direction cells.

2The scaling factor φ2

CCOMB→HD controls the overall strength of the combination cell inputs, where φ2 is a constant and
CCOMB→HD is the number of synapses onto each postsynaptic head direction cell from the presynaptic combination cells.
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in time, i.e. the standard deviation of the head direction cell layer activity packet remains small. In

the absence of external visual input, during the testing phase, the term IEXTERN is set to zero.

The firing rate rHD
i (t) of postsynaptic head direction cell i at time t is determined from the activation

level hHD
i (t) of that cell and the sigmoid activation function

rHD
i (t) =

1

1 + e−2β(h
HD
i (t)−α)

(6.2)

where α and β are the sigmoid threshold and slope respectively. The head direction cells are imple-

mented as firing-rate based cells, and thus the emission of individual action potentials is not simulated.

The recurrent synapses in the head direction cell layer are trained by a local associative Hebbian

learning rule

dw1
ij(t)

dt
= k1rHD

i (t)rHD
j (t) (6.3)

where k1 is the learning rate, rHD
i (t) is the firing rate of postsynaptic head direction cell i at time t,

and rHD
j (t) is the firing rate of presynaptic head direction cell j at time t. This learning rule increases

the strength of the synapses between those head direction cells that represent nearby directions in

the head-direction space, and which tend to be co-active due to broadly-tuned overlapping Gaussian

receptive fields. To bound the synaptic weights, weight normalization is used. The recurrent weights

w1
ij(t) are rescaled after every timestep of the learning phase to ensure that for each postsynaptic head

direction cell i
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√∑
j

(w1
ij(t))

2 = 1 (6.4)

where the sum is over all the presynaptic head direction cells j. Such a process of weight normaliza-

tion may be achieved in the brain by synaptic weight decay (Oja, 1982; Rolls and Treves, 1998), or

conservation of the total synaptic weights through a mixture of LTP and LTD (Stent, 1973; Royer and

Paré, 2003). The renormalization helps to ensure that the learning rule (6.3) is convergent in the sense

that recurrent weights within the head direction cell layer settle down over time to steady values, i.e.

the weights do not grow unbounded.

During the learning phase, associative synaptic modification in the recurrent synapses w1
ij , in con-

junction with the continuous nature of the head-direction space, allows the strength of the synapses

between any two head direction cells to reflect the distance between the head directions represented by

these two cells. The recurrent connectivity of the w1
ij synapses allows the head direction cell layer to

operate as a continuous attractor network and support stable packets of neural activity in the absence

of external visual input; thus, the agent can operate in the dark.

The learning rule to update, at time t, the w2
ij(t) synapse from presynaptic combination cell j to

postsynaptic head direction cell i is given by

dw2
ij(t)

dt
= k2rHD

i (t)rCOMB
j (t−∆t) (6.5)

where k2 is the learning rate, rHD
i (t) is the firing rate of postsynaptic head direction cell i at time t,
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and rCOMB
j (t −∆t) is the firing rate of presynaptic combination cell j at a time t −∆t in the past.

This learning rule forms associations betweens packets of activity occurring at the current time t in the

head direction cell layer, and packets of activity occurring at time t−∆t in the past in the combination

cell layer.

In order to bound the w2
ij(t) synaptic weights, rescaling takes place after every timestep, as in (6.4),

to ensure that for each postsynaptic head direction cell i

√∑
j

(w2
ij(t))

2 = 1 (6.6)

where the sum is over all the presynaptic combination cells j.

During the testing of the model in the absence of visual input, the w2
ij synapses are responsible for

stimulating head direction cells representing head directions further along in the direction the agent is

currently rotating. The w2
ij synapses help to shift the location of the head direction cell layer activity

packet and, thus, perform path integration of head direction.

The combination cells are driven by synaptic inputs w3
ij(t) from the head direction cell layer, and

synaptic inputs w4
ij(t) from the layer of rotational velocity cells. During the training phase, the

w3
ij and w4

ij synapses onto the combination cells self-organize using associative Hebbian competi-

tive learning rules, which enables the combination cell layer to operate as a competitive network that

learns to represent different combinations of a particular head direction and a rotational velocity.
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The activation level of a postsynaptic combination cell i is governed by

τCOMBdh
COMB
i (t)

dt
=− hCOMB

i (t)

− 1

NCOMB

∑
j

w̃COMBrCOMB
j (t)

+
φ3

CHD→COMB

∑
j

w3
ij(t)r

HD
j (t−∆t)

+
φ4

CROT→COMB

∑
j

w4
ij(t)r

ROT
j (t) (6.7)

with the terms defined as follows. The term
∑

j w̃
COMBrCOMB

j (t) represents inhibitory feedback

within the layer of combination cells, where the summation is performed over all presynaptic com-

bination cells j; w̃COMB is the global lateral inhibition constant describing the effect of inhibitory

interneurons with the combination cell network, and NCOMB is the number of combination cells in

the model. The term
∑

j w
3
ij(t)r

HD
j (t −∆t) is the synaptic input from the head direction cell layer,

where w3
ij(t) is the value, at time t, of the excitatory synaptic connection from presynaptic head di-

rection cell j to postsynaptic combination cell i, and rHD
j (t − ∆t) is the firing rate of presynaptic

head direction cell j at a time ∆t in the past.3 The term
∑

j w
4
ij(t)r

ROT
j (t) is the synaptic input from

the layer of rotational velocity cells, where the firing rate of presynaptic rotational velocity cell j at

time t is given by rROT
j (t), and w4

ij(t) is the value, at time t, of the excitatory synaptic weight from

presynaptic rotational velocity cell j to postsynaptic combination cell i.4

3The scaling factor φ3

CHD→COMB controls the overall strength of the synaptic inputs from the head direction cell layer,
where φ3 is a constant and CHD→COMB is the number of synapses onto each postsynaptic combination cell from the
presynaptic head direction cells.

4The scaling factor φ4

CROT→COMB controls the overall strength of the inputs from the layer of rotational velocity cells,
where φ4 is a constant and cROT→COMB is the number of synapses onto each postsynaptic combination cell from the
presynaptic rotational velocity cells.
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The firing rate rCOMB
i (t) of postsynaptic combination cell i at time t is determined from the acti-

vation level of that cell, hCOMB
i (t), and the sigmoid activation function

rCOMB
i (t) =

1

1 + e−2β(h
COMB
i (t)−α)

(6.8)

where α and β are the sigmoid threshold and slope respectively. The threshold α is set to a high

value to ensure that each individual postsynaptic combination cell j will function in a similar manner

to a logical AND gate. That is to say that temporally conjunctive inputs from the presynaptic head

direction cells and the presynaptic rotational velocity cells are required in order for the postsynaptic

combination cells to fire. In this manner, after training, individual combination cells become selective

to combinations of a particular head direction occurring a small time interval ∆t in the past and an

instantaneous rotational velocity. The combination cells are implemented as firing-rate based cells,

and thus the emission of individual action potentials is not simulated.

The synaptic weight w3
ij(t) from presynaptic head direction cell j to postsynaptic combination cell i

is updated according to the local associative Hebbian learning rule

dw3
ij(t)

dt
= k3rCOMB

i rHD
j (t−∆t) (6.9)

where k3 is the learning rate, rCOMB
i (t) is the firing rate of postsynaptic combination cell i at time

t, and rHD
j (t − ∆t) is the firing rate of presynaptic head direction cell j at a time ∆t in the past.

This learning rule forms associations between packets of activity occurring at the current time t in the

combination cell layer, and packets of activity occurring at time t−∆t in the past in the head direction
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cell layer.

The synaptic weights w3
ij are bound by rescaling after every timestep to ensure that for each post-

synaptic combination cell i

√∑
j

(w3
ij(t))

2 = 1 (6.10)

where the summation is performed over all presynaptic head direction cells j.

The synaptic weight w4
ij(t) from a presynaptic rotational velocity cell j to a postsynaptic combinaton

cell i is updated according to a local associative Hebbian learning rule

dw4
ij(t)

dt
= k4rCOMB

i (t)rROT
j (t) (6.11)

where k4 is the learning rate, rCOMB
i (t) is the firing rate of postsynaptic combination cell i at time

t, and rROT
j (t) is the firing rate of presynaptic rotational velocity cell j at time t. The learning rule

associates together temporally conjunctive packets of activity in the rotational velocity cell layer and

the combination cell layer.

The weights w4
ij are rescaled after each timestep so that for each postsynaptic combination cell i

√∑
j

(w4
ij(t))

2 = 1 (6.12)

where the sum is over all presynaptic rotational velocity cells j.

229



After training, activity within the combination cell layer is driven by the head direction cell layer

if, and only if, the rotational velocity cells are also active. If the rotational velocity cells cease firing,

i.e. the agent is stationary, then the activity in the combination cell layer decays to zero according to

the time constant τCOMB.

6.3.2 Training and Testing Protocol

During the training phase, the agent revolves through 360o at a single point in the training environ-

ment. A full clockwise rotation of the agent through the consecutive bearings 0o-360o, followed by a

full counter-clockwise rotation of the agent through consecutive bearings 360o-0o, constitutes a single

epoch of training. When the agent has performed 50 training epochs then the training phase is com-

plete. Throughout the training phase, the activation levels and firing rates of the head direction cells

are simulated according to Equations (6.1) and (6.2).

When training with visual input available, the external visual inputs ei, given in Equation (6.1), are

the dominant influence upon the activation levels, and thus firing rates, of the head direction cells.

The head direction cells are mapped onto a regular grid of different head directions such that each

postsynaptic head direction cell i has a preferred head direction xi of the agent at which that cell

will be maximally stimulated by visual input. Thus, for every bearing of the agent during a training

epoch, the visual input ei to a particular postsynaptic head direction cell i is calculated according to

the following Gaussian response profile

eHD
i = λe−(s

HD
i )2/2(σHD)2 (6.13)
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where sHD
i is the difference between the actual head direction x of the agent and the preferred head

direction xi for postsynaptic head direction cell i; λ is a scaling factor that expresses the strength of

the non-modifiable visual input synapses onto the postsynaptic head direction cells, and σHD is the

standard deviation of the Gaussian response profile.

For each postsynaptic head direction cell i, the difference sHD
i is given by

sHD
i = MIN(|xi − x|, 360− |xi − x|) (6.14)

which has the effect of allowing wrap-around such that the Gaussian response profiles of the popula-

tion of head directions are continuous through 360o.

The activation levels and firing rates of the combination cells are updated at each timestep of the

simulation according to Equations (6.7) and (6.8) respectively.

At the start of the training phase, the synaptic weights w1
ij , w

2
ij , w

3
ij , and w4

ij are all initialized to

random positive values. These weights are updated at every timestep of the training phase according

to Equations (6.3), (6.5), (6.9), and (6.11) respectively, and thus allowed to self-organize.

After the completion of the training phase, the model is tested to determine if the packet of head

direction cell activity can update on the basis of idiothetic rotation signals alone (the external visual

inputs ei are set to zero). During the testing phase Equations (6.1), (6.2), (6.7), and (6.8) are simulated

but without any further learning in any of the synapses, i.e. Equations (6.3), (6.5), (6.9), and (6.11)
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are not simulated.

At the start of the testing phase, all of the firing rates rHD
i , rCOMB

i , and rROT
i are set to zero. The agent

is oriented to an initial head direction and simulated with visual input available, but with no rotational

velocity cells active, for a period of 1s. For the period that the agent maintains this head direction, the

visual input term ei for each postsynaptic head direction cell i is set to a Gaussian response profile

according to Equation (6.13). The visual input is then removed by setting all ei terms to zero, and the

agent is allowed to rest at the same initial head direction for a further 1s. The purpose of the initial

part of this testing is to allow the development of stable packet of activity, representing the initial head

direction, within the head direction cell layer.

The agent remains stationary for a further 1s, then the firing rates rROT
i of rotational velocity cells

1− 250 signalling clockwise rotation are set to 1 for a period of 1s. The packet of head direction cell

activity should thus move through the head direction cell continuous attractor network and track the

instantaneous head direction of the agent.

The firing rates rROT
i of all the rotational velocity cells are then set to zero for 1s. When the 250

rotational velocity cells signalling clockwise rotation cease firing, the combination cells in turn will

cease firing. Consequently, the packet of head direction cell activity should remain stationary within

the continuous attractor network, reflecting the last-visited head direction of the agent. In this case the

model has demonstrated that it is capable of maintaining a stable packet of activity representing any

given head direction.
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Rotational velocity cells 251− 500, signalling counter-clockwise rotation, then have their firing rates

set to 1 for 1s. The head direction cell activity packet is then updated to reflect the counter-clockwise

rotation of the agent.

The firing rates of all the rotational velocity cells are then set to zero for a further 1s to demonstrate

that the continuous attractor network in the head direction cell layer can maintain a stable packet of

head direction cell activity at any given head direction.

Once the training and testing phases have finished, the simulation of the model is considered complete

and the model performance is analysed.

6.3.3 Numerical Solution of the Differential Equations

The differential equations (6.1), (6.3), (6.5), (6.7), (6.9), and (6.11) cannot be solved analytically. In-

stead, discrete approximations to the solutions of these equations must be arrived at during simulation.

A Forward Euler finite difference scheme is used to approximate all the differential equations during

simulation.

If the activation level hi(t) of a postsynaptic cell i at time t is given by the differential equation

τ
dhi(t)

dt
= −hi(t) + fi(t)

where the fi(t) term represents a sum of the driving presynaptic inputs to postsynaptic cell i at time

233



t, then the Forward Euler approximation to this differential equation is given by

hi(t+ δt) = hi(t)−
δt

τ
hi(t) +

δt

τ
fi(t)

where hi(t + δt) is the value of hi to be approximated at time t + δt, and δt is the timestep of the

Forward Euler method. In other words, the differential equation is replaced by a difference equation

where, at a given timestep, the new value of the function, hi(t + δt), is approximated on the basis of

the currently known values hi(t) and fi(t), and the timestep of the Forward Euler method δt.

Similarly, if the value, at time t, of the synaptic weight wij(t) between presynaptic cell j and posty-

naptic cell i is given by the differential equation

dwij(t)

dt
= kri(t)rj(t)

then the Forward Euler approximation to this differential equation is given by

wij(t+ δt) = wij(t) + δt [kri(t)rj(t)]

where wij(t + δt) is the value of the synaptic weight to be approximated at time t + δt on the basis

of the currently known values wij(t), ri(t), and rj(t) together with the timestep of the Forward Euler

method δt.

It is fairly straightforward to expand from these simplified example differential equations, to the ap-

plication of the Forward Euler method to the full differential equations given above.
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6.4 Results

This section presents the results of an exploration into the effect that controlled alterations of the

model parameters have upon the learned behaviour of the model. For all the simulations reported

in the following text, the timestep, δt, of the Forward Euler numerical scheme was set to 0.00005s.

Simulating the model with smaller values of δt confirmed that the numerical solution had converged

by δt = 0.00005s.

6.4.1 Experiment 6.1: Demonstration of Core Model Performance

The simulations comprising this experiment were conducted to explore the main operational principles

of the model. In this section, the results of four main simulations are presented and analysed. The

model is simulated with values of 50ms and 100ms for the axonal conduction delay, and for each

delay the model is simulated rotating at velocities of 180o/s and 360o/s.

100ms Axonal Conduction Delay; 180o/s Rotational Velocity

The network parameters used during the simulations are displayed in Table 6.1. The network was

simulated according to the training and testing protocol described in Section 6.3.

Figure 6.2 displays the recurent w1 synaptic weights within the head direction cell layer after training

with a Hebbian associative learning rule, Equation (6.3), and weight normalization, Equation (6.4).

For all of the plots, the w1 synaptic weight distribution is clearly symmetric about the individual

presynaptic head direction where the w1 synaptic strength is maximal. Due to the Hebbian learning

rule and weight normalization, the presynaptic head direction cell j with maximal synaptic weight
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Table 6.1: Network parameter values for the simulations reported in Chapter 6

Network Parameters

No. Head Direction Cells 500
No. Combination Cells 1000
No. Rotational Velocity Cells 500

No. w1 synapses onto each head direction cell 500
No. w2 synapses onto each head direction cell 1000
No. w3 synapses onto each combination cell 25
No. w4 synapses onto each combination cell 500

w̃HD 250.0
w̃COMB 50.0
IEXTERN 90.0
σHD 20.0o

k1, k2, k3, k4 0.1
τHD, τCOMB 1.0ms
λ 100.0

φ1 3.75× 103

φ2 2.5× 103

φ3 1.25× 103

φ4 4.0× 102

No. Training Epochs 50
δt (timestep of Forward Euler method) 0.00005s

Head Direction Cell Sigmoid Transfer Function Parameters

α 0.0
β 0.1

Combination Cell Sigmoid Transfer Function Parameters

α 10.0
β 0.3

All values are constant across all experiments reported in this chapter except where noted in the text.
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Figure 6.2: The recurrent synaptic weights w1 within the head direction (HD) cell layer after training with a
Hebbian associative learning rule and weight normalization. These synaptic weights are taken from a simulation
implemented with an axonal conduction delay of 100ms, and a rotational velocity imposed during training of
180o/s. All the other network parameters are given in Table 6.1. Each of the four plots displays the learned
synaptic weights to a different postsynaptic HD cell from the other 500 presynaptic HD cells in the HD cell
layer. In the plots the presynaptic HD cells are arranged according to where they fire maximally in the head-
direction space of the agent when visual input is available. For each plot a dashed vertical line indicates the
presynaptic HD cell with which the postsynaptic HD cell has maximal w1 synaptic weight. The Hebbian
learning rule and weight normalization, Equations (6.3) and (6.4), ensure that the presynaptic head direction
cell j with maximal w1

ij synaptic weight to postsynaptic head direction cell i will in fact be head direction i
itself. In all of the plots, the synaptic weight profile is symmetric about this presynaptic HD cell. This symmetry
helps to support a stable packet of activity during testing in the absence of visual input.

w1
ij to postsynaptic head direction cell i will be head direction cell i itself. That is, each postsynaptic

head direction cell i has maximal w1 synaptic strength with itself and the synaptic weight distribution

tails off symmetrically. This symmetry ensures that a packet of head direction cell activity can be

maintained in the head direction cell layer when the agent is stationary in the absence of visual input.
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Figure 6.3: The synaptic weights w3 from the head direction (HD) cell layer to the combination (COMB)
cell layer after competitive learning with a time-delayed Hebbian associative learning rule, Equation (6.9), and
weight normalization, Equation (6.10). The synaptic weights are taken from a simulation implemented with
an axonal conduction delay of 100ms, and a rotational velocity imposed during training of 180o/s. All other
network parameters are as given in Table 6.1. Each of the four plots shows the learned synaptic weights from
the 500 presynaptic HD cells to a different postsynaptic COMB cell. The presynaptic HD cells are arranged in
the plots according to where they fire maximally in the head-direction space of the agent when visual input is
available. For each plot, a dashed vertical line indicates the presynaptic HD cell that has maximal w3 synaptic
strength with the postsynaptic COMB cell. Except for the effects of diluted synaptic connectivity, each of the
weight profiles is centred on region of similarly tuned HD cells, with a weight distribution that is approximately
symmetric about the presynaptic HD cell that has maximal synaptic strength with the postsynaptic COMB cell.
Thus, the learned w3 synaptic weights show that individual COMB cells learn to receive maximal stimulation
from particular HD cells. Given that the model parameters φ3, φ4, and the threshold α of the COMB cell
sigmoid transfer function are tuned to ensure that a strong rotational velocity cell input through the w4 synapses
is also needed in order to fire the COMB cells, these cells in fact learn to respond to combinations of a particular
head direction and clockwise or counter-clockwise rotational velocity.

Figure 6.3 displays the synaptic weights w3 from the presynaptic head direction cell layer to the post-

synaptic combination cell layer after competitive learning with a time-delayed Hebbian associative

learning rule, Equation (6.9), and weight normalization, Equation (6.10). Diluted synaptic connectiv-

238



ity, where individual postsynaptic combination cells receive synapses from only 5% of the presynaptic

head direction cells, was implemented to preserve competitive learning in the combination cell layer.

The diluted connectivity ensures that individual combination cells learn to respond to a combination

of a particular head direction and a rotational velocity. Without diluted connectivity it is possible for

individual combination cells to learn to respond to all possible head directions due to the continuity

of the head-direction space, and the broadly-tuned overlapping nature of the head direction cell recep-

tive fields (Stringer and Rolls, 2006). With the exception of diluted connectivity, each of the synaptic

weight profiles in Figure 6.3 is centred on region of similarly-tuned head direction cells and is approx-

imately symmetric about the presynaptic head direction cell from which the postsynaptic combination

cell has maximal w3 synaptic weight. The symmetric weight distribution demonstrates that individual

postsynaptic combination cells have learned to be preferentially stimulated by a subset of presynaptic

head direction cells representing nearby head directions. Because the model parameters φ3, φ4, and

the threshold α of the combination cell sigmoid transfer function are tuned to ensure that a strong

rotational velocity cell input through the w4 synapses is also necessary to fire individual postsynaptic

combination cells, these combination cells can be said to learn to respond to combinations of particu-

lar head directions and clockwise or counter-clockwise rotational velocity.

Figure 6.4 displays the synaptic weights w2 from the presynaptic combination cell layer to the postsy-

naptic head direciton cell layer after learning with a time-delayed Hebbian associative learning rule,

Equation (6.5), and weight normalization, Equation (6.6). In all of the plots, the w2 synaptic weight

profile is asymmetric about the postsynaptic head direction cell with maximal w3 weight. This asym-

metry shows that the presynaptic combination cell has learned to preferentially stimulate a localized
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Figure 6.4: The synaptic weights w2 from the presynaptic combination (COMB) cell layer to the postsynaptic
head direction (HD) cell layer after training with a time-delayed Hebbian associative learning rule and weight
normalization, Equations (6.5) and (6.6) respectively. These results are taken from a simulation implemented
with an axonal conduction delay of 100ms, and a rotational velocity imposed during training of 180o/s. All of
the other network parameters are given in Table 6.1. Each of the four plots shows the learned synaptic weights
from a different presynaptic COMB cell to the 500 postsynaptic HD cells. The HD cells are arranged in the
plots according to where they fire maximally in the head-direction space of the agent when there is visual input
available. In each plot a dashed vertical line indicates the postsynaptic HD cell with which the presynaptic
COMB cell has maximal w3 weight as shown in Figure 6.3. It is clear that, for each plot above, the w2 synaptic
weight profile is asymmetric about the postsynaptic HD cell with maximal w3 synaptic weight, indicating that
the presynaptic COMB cell in the plot prefentially stimulates a postsynaptic HD cell representing a different
head direction to the presynaptic HD cell from which the postsynaptic COMB cell receives maximalw3 synaptic
weight. This reflects the fact that the packet of HD cell activity will have moved through the head-direction
space of the agent in the time it takes for a signal to travel from the HD cell layer through the w3 synapses to the
COMB cell layer, and back again to the HD cell layer through the w2 synapses. Thus, the axonal conduction
delays in the w2 and w3 synapses act, through learning, as a timing mechanism that enables the update of the
packet of HD cell activity at the same speed as the agent is rotating.

cluster of postsynaptic head direction cells representing a different head direction to the presynap-

tic head direction cell from which the combination cell receives maximal w3 stimulation. Thus, the

asymmetry reflects the fact that, during training in the presence of visual input, the current head di-
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Figure 6.5: The synaptic weights w4 from the layer of rotational velocity (ROT) cells to the layer of com-
bination (COMB) cells after training with an associative Hebbian learning rule, Equation (6.11), and weight
normalization, Equation (6.12). These results are taken from a simulation implemented with an axonal con-
duction delay of 100ms, and a rotational velocity imposed during training of 180o/s. All of the other network
parameters are given in Table 6.1. Each of the four plots shows the learned synaptic weight distribution from
the 500 presynaptic ROT cells to a different postsynaptic COMB cell. Each of the postsynaptic combination
cells either develops strong w4 connections from the presynaptic clockwise rotational velocity cells 1− 250, or
develops strong w4 connections from the presynaptic counter-clockwise rotational velocity cells 251− 500.

rection of the agent will have changed in the time it takes for a signal to travel from the head direction

cell layer along the w3 synapses to the combination cell layer, and back to the head direction cell

layer through the w2 synapses. The w2 and w3 axonal conduction delays therefore act as a timing

mechanism that enable individual combination cells, through learning, to update the packet of head

direction cell activity at the correct speed and reflect the changing head direction of the agent.

The plots in Figure 6.5 display the w4 synaptic weights from the layer of presynaptic rotational veloc-
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ity cells to the postsynaptic combination cell layer after training with an associative Hebbian learning

rule, Equation (6.11), and weight normalization, Equation (6.12). Because the firing profiles of the

presynaptic rotational velocity cells are binary, with each cell signalling that the agent is either rotating

in a given direction or is not, the w4 synaptic weight profiles can be described as a step function. As

can be seen in the plots, each postsynaptic combination cell receives positive synaptic weights from

the subset of exactly 250 presynaptic rotational velocity cells that signal either clockwise or counter-

clockwise rotation. A single postsynaptic combination cell does not receive positive synaptic weights

from both of the two rotational velocity cell subsets. Thus, the postsynaptic combination cells have

learned to be maximally stimulated by a particular head direction and a particular rotational velocity

(clockwise or counter-clockwise).

The firing rates of the head direction, combination, and rotational velocity cells are shown in the plots

in Figure 6.6. The top-left plot displays the firing rates of the head direction cells during training in

the presence of external visual input. During the time interval 0.0-2.25 seconds, the agent rotated

in a clockwise direction. During the time interval 2.25-4.5 seconds, the agent rotated in a counter-

clockwise direction. The top-right plot displays the firing rates of the head direction cells recorded

during testing in the absence of visual input. During the time interval 0.0-1.0 seconds, there was no

firing in the layer of rotational velocity cells (bottom-left plot) and consequently no firing in the layer

of combination cells (bottom-right plot). Thus, there was a stable and persistent packet of activity in

the head direction cell layer supported by the recurrent w1 synapses. During the time interval 1.0-2.0

seconds, the 250 rotational velocity cells signalling clockwise rotation of the agent became active,

which in turn stimulated an activity packet in the combination cell layer through the w4 synapses in
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Figure 6.6: The firing rates of the head direction (HD), combination (COMB), and rotational velocity (ROT)
cells during training and testing. The results are taken from a simulation implemented with an axonal conduction
delay of 100ms, and a rotational velocity imposed during training of 180o/s. All the other network parameters
are given in Table 6.1. Top Left Firing rates in the layer of 500 HD cells during the 4.5 seconds of training with
visual input available. 0.0-2.25 seconds: agent rotation clockwise. 2.25-4.5 seconds: agent rotating counter-
clockwise. Top Right Firing rates in the layer of HD cells during the 5 seconds of testing in the absence of
visual input. During the time interval 1.0-2.0 seconds, the clockwise rotational velocity cells are stimulated,
which, in turn, activates the combination cells. The combination cells drive the packet of activity in the HD cell
network in the clockwise direction. During the time interval 3.0-4.0 seconds, the counter-clockwise rotational
velocity cells are stimulated. This leads to the activity packet in the HD cell network shifting in the counter-
clockwise direction. At all other times the packet of HD cell activity remains stationary and persistent due to
quiescence in the ROT and COMB cell firing. Bottom Left Firing rates in the layer of 500 ROT cells during
testing in the absence of visual input. 1.0-2.0 seconds: ROT cells signalling clockwise rotation are active. 3.0-
4.0 seconds: ROT cells signalling counter-clockwise rotation are active. Bottom Right Firing rates in the layer
of 1000 COMB cells during testing in the absence of visual input. 1.0-2.0 seconds: the COMB cells become
active due to the firing of the 250 ROT cells signalling clockwise rotation of the agent. 3.0-4.0: the COMB cells
become active due to the firing of the 250 ROT cells signalling counter-clockwise rotation of the agent. At all
other times the COMB cells are quiescent. In each of the four plots regions of high cell firing are represented
by darker shading.

conjunction with the head direction cell input to the combination cell layer through the w3 synapses.

Due to the axonal conduction delays, ∆t, and the asymmetries in the learned weight profiles of the w2
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synapses, the activity packet in the combination cell layer stimulated head direction cells represent-

ing head directions further along in the clockwise direction of rotation. Thus, the head direction cell

activity packet moved through the head-direction space of the agent, and the model performed path

integration of head direction in the clockwise direction.

During the time interval 2.0-3.0 seconds, the rotational velocity cells, and thus the combination cells,

were quiescent in their firing and a stable and persistent packet of activity remained in the head di-

rection cell layer. In the time interval 3.0-4.0 seconds, the 250 rotational velocity cells signalling

counter-clockwise rotation of the agent became active, and stimulated a packet of activity in the com-

bination cell layer. In an identical mechanism to that for clockwise rotation, the model thus performed

velocity path integration of head direction, but this time in the counter-clockwise direction of rotation.

During the time interval 4.0-5.0 seconds, the rotational velocity cells and the combination cells ceased

firing and there was a stable and persistent packet of activity in the head direction cell layer.

To quantify whether the model could perform path integration of head direction at the same speed

during testing as was imposed during training, the speed of update of the head direction cell activity

packet was recorded during the testing phase. The measurement was taken according to

speed =

∣∣∣∣p2 − p1t2 − t1

∣∣∣∣ (6.15)

where p1 and p2 represent the start and end positions, respectively, of the packet of head direction cell

activity. The positions are measured in degrees. t1 and t2 represent the time, in seconds, at which the

start and end packet positions were recorded. The packet position, pn, is calculated as follows
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pn =

∑
i riθi∑
i ri

(6.16)

where ri is the firing rate of postsynaptic head direction cell i, and θi is the preferred head direction

for postsynaptic head direction cell i in the presence of visual input. Equation (6.16) effectively gives

the centre of mass of the head direction cell activity packet.

The packet positions, pn, were calculated at t = 1.25 and t = 1.75 seconds during the clockwise

rotation of the agent, and at t = 3.25 and t = 3.75 seconds during the counter-clockwise rotation.

The measurements at the start of each period of agent rotation were taken 0.25 seconds after the ro-

tational velocity cells started firing in order to allow time for the signal from the rotational velocity

cells to propagate through the w4 synapses to the combination cell layer, and on to update the head

direction cell layer through the w2 synapses.

To obtain a reliable measure of the learned model performance, five simulations were conducted with

identical model parameters, but with different random synaptic weight initializations and different

random synaptic connectivities. Table 6.2 displays the mean results of these five simulations. The

average speed of clockwise rotation was calculated to be 143.91o/s (S.D. = 2.8o/s). The mean speed

of counter-clockwise rotation was calculated to be 132.35o/s (S.D. = 5.7o/s). This is compared to a

true speed of 180o/s imposed during training in the presence of visual input. During the period of

clockwise rotation, the model updated the packet of head direction cell activity at a mean speed that

was 79.95% of the speed imposed during training. For the period of counter-clockwise rotation the

model updated the head direction cell activity packet at a speed that was 73.53% of the speed imposed
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Table 6.2: The speed of movement of the head direction cell activity packet during testing

100ms Delay; 180o/s Rotational Velocity

Clockwise Counter-Clockwise

Mean Speed 143.91o/s 132.35o/s
Standard Deviation 2.8o/s 5.7o/s
Percentage 79.95% 73.53%

The results displayed are the average of five simulations conducted with identical model parameters, but with
different random synaptic weight initializations and different random synaptic connectivities. The table displays
the mean speed of the head direction cell activity packet across the five simulations, together with the standard
deviation, and the mean speed as a percentage of the speed imposed during training in the presence of visual
input. With an axonal conduction delay of 100ms and a rotational velocity of 180o/s, the model learns to update
the packet of head direction cell activity, in the absence of visual input, at approximately the same speed as was
imposed during training in the presence of visual input.

during training. The standard deviations are small enough to conclude that different random synap-

tic weight initializations and different random synaptic connectivities have almost no effect upon the

performance of the model. It can be seen that the speeds of packet update recorded during the testing

phase are approximately those speeds experienced by the model during the training phase. The model

has learned to achieve this automatically without careful hand-tuning of a parameter specifically gov-

erning the speed of update, as was used for instance by Stringer and Rolls (2006). It is noted, however,

that the speeds recorded during the testing phase are regularly (≈ 20%) below the speed imposed dur-

ing the training phase.

100ms Axonal Conduction Delay; 360o/s Rotational Velocity

These simulations were conducted to demonstrate that if the model is trained with the same parameter

values, but at twice the rotational velocity, then during testing in the absence of visual input the model

will still perform path integration at the speed that was imposed during training. The simulations were
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conducted with the network parameters given in Table 6.1.

Figure 6.7 displays the firing rates of the head direction, combination, and rotational velocity cells

recorded during training and testing. The conventions are the same as for Figure 6.6. When the model

is trained at twice the rotational velocity, the same mechanism of time-delayed synaptic input, due to

axonal conduction delays, provides a natural timing interval over which associations can be learned

between different head directions of the agent at different points in time. Thus, the model has learned

to update a packet of head direction cell activity on the basis of idiothetic input alone.

During the clockwise period of rotation, the model achieved a mean packet update speed of 288.57o/s

(S.D. = 20.8o/s). This is shown in Table 6.3. In the period of counter-clockwise rotation, the model

achieved a mean packet update speed of 291.02o/s (S.D. = 21.1o/s). The mean speed of clockwise ro-

tation is 80.17% of the speed imposed during training in the presence of visual input. The mean speed

of counter-clockwise rotation is 80.84% of the speed imposed during training. The packet update

speeds recorded during testing in the absence of visual input are approximately the speeds imposed

during training in the presence of visual input. The recorded results demonstrate that the model, im-

plemented with the same network parameters, is capable of learning to perform path integration of

head direction at two very different rotational velocities. Similar to the results when the model is

trained at 180o/s, it is noted that the model performance regularly undershoots the desired speed by

≈ 20%.
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Figure 6.7: The firing rates of the head direction (HD), combination (COMB), and rotational velocity (ROT)
cells recorded during training and testing of the model. These results are taken from a simulation implemented
with an axonal conduction delay of 100ms, and a rotational velocity of 360o/s imposed during training in the
presence of visual input. All other network parameters are given in Table 6.1. The conventions are as for Figure
6.6.

Table 6.3: The speed of movement of the head direction cell activity packet during testing

100ms Axonal Conduction Delay; 360o/s Rotational Velocity

Clockwise Counter-Clockwise

Mean Speed 288.57o/s 291.02o/s
Standard Deviation 20.8o/s 21.1o/s
Percentage 80.17% 80.84%

The results displayed are the average of five simulations conducted with identical model parameters, but with
different random synaptic weight initializations and different random synaptic connectivities. With an axonal
conduction delay of 100ms, and a rotational velocity of 360o/s, the model learns to update the packet of head
direction activity, in the absence of visual input, at approximately the same speed as was imposed during training
in the presence of visual input.
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50ms Axonal Conduction Delay; 180o/s Rotational Velocity

The simulations were conducted to demonstrate that the model can learn to perform path integration

of head direction when implemented with a different value for the axonal conduction delays. All of

the other network parameters are as given in Table 6.1.

Figure 6.8 displays the firing rates of the head direction cells during the 5 seconds of testing in the

absence of visual input. The conventions are the same as for the top-right plots in Figures 6.6 and 6.7.

A model implemented with an axonal conduction delay of 50ms, and trained at a rotational velocity

of 180o/s, can learn to perform path integration of head direction.

The speed of update of the head direction cell activity packet is displayed in Table 6.4. During the

clockwise rotation in the absence of visual input, the mean speed of the activity packet update was

132.26o/s (S.D. = 8.7o/s). During the counter-clockwise rotation the mean speed of packet update was

110.45o/s (S.D. = 8.3o/s). The mean speed of clockwise rotation was calculated to be 73.48% of the

rotational velocity imposed during training. The mean speed of counter-clockwise rotation is 61.38%

of the speed imposed during training.

The packet update speeds recorded during testing in the absence of visual input are approximately

the speeds imposed during training in the presence of visual input. Thus, two models implemented

with identical model parameters and trained at the same rotational velocity, but with a different val-

ues for the axonal conduction delay ∆t, can learn to perform path integration at approximately the

speed experienced during training. Therefore, using a naturally occurring axonal conduction delay as
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Figure 6.8: The firing rates of the head direction (HD) cells during testing in the absence of visual input. The
results are taken from a simulation implemented with an axonal conduction delay of 50ms, and a rotational
velocity imposed during training in the presence of visual input of 180o/s. The conventions are as for the
top-right plots in Figures 6.6 and 6.7. The model has learned to perform path integration of head direction.

Table 6.4: The speed of movement of the head direction cell activity packet during testing

50ms Axonal Conduction Delay; 180o/s Rotational Velocity

Clockwise Counter-Clockwise

Mean Speed 132.26o/s 110.45o/s
Standard Deviation 8.7o/s 8.3o/s
Percentage 73.48% 61.38%

The results displayed are the average of five simulations conducted with identical model parameters, but with
different random synaptic weight initializations and different random synaptic connectivities. With an axonal
conduction delay of 50ms, and a rotational velocity of 180o/s, the model learns to perform path integration at
approximately the speed that was imposed during training in the presence of visual input.
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a timing mechanism is a general principle that is valid for a range of values of the delay ∆t. It should

be noted, however, that with a shorter conduction delay ∆t, the recorded speeds of packet update

undershoot the true rotational velocity, and do so by an amount that is larger than the recorded speeds

with a conduction delay of 100ms.

50ms Axonal Conduction Delay; 360o/s Rotational Velocity

Figure 6.9 shows the firing rates of the head direction cells recorded during the 5 seconds of testing

in the absence of visual input. The conventions are the same as for the top-right plots of Figures 6.6

and 6.7. A model implemented with an axonal conduction delay of 50ms, and trained at a rotational

velocity of 360o/s, can learn to perform path integration of head direction.

For the clockwise rotation in the absence of visual input, the mean speed of the activity packet up-

date was 233.30o/s (S.D. = 6.9o/s). For the counter-clockwise rotation the mean speed of update was

233.29o/s (S.D. = 4.2o/s). For the clockwise rotation, the mean speed was 65.36% of the speed im-

posed during training. For the counter-clockwise rotation, the mean speed was 64.80% of the speed

imposed during training. These results are given in Table 6.5.

The packet update speeds recorded during testing in the absence of visual input are approximately

the speeds imposed during training in the presence of visual input. With an axonal conduction delay

of 50ms, and a rotational velocity of 360o/s, the recorded speeds of packet update consistently un-

dershoot the true rotational velocity imposed during training, and do so by an amount greater than

observed in the previous simulations.
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Figure 6.9: The firing rates of the head direction (HD) cells during testing in the dark. The data are recorded
from a simulation implemented with an axonal conduction delay of 50ms, and a rotational velocity imposed
during training of 360o/s. The model has learned to perform path integration of head direction.

Table 6.5: The speed of movement of the head direction cell activity packet during testing

50ms Axonal Conduction Delay; 360o/s Rotational Velocity

Clockwise Counter-Clockwise

Mean Speed 233.30o/s 233.29o/s
Standard Deviation 6.9o 4.2o

Percentage 65.36% 64.80%

The results displayed are the average of five simulations conducted with identical model parameters, but with
different random synaptic weight initializations and different random synaptic weight connectivities. With
an axonal conduction delay of 50ms, and a rotational velocity of 360o/s, the model learns to perform path
integration of head direction at approximately the same speed that was imposed during training in the presence
of visual input.
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These results demonstrate that the same general model, implemented with two different values for

the conduction delay ∆t, and trained at two different rotational velocities, is capable of learning to

perform path integration of head direction at speeds near those experienced during training. Thus, ax-

onal conduction delays can serve as natural timing mechanism over which associations can be learned

between neural activity packets occurring at different times, and the value of the delay ∆t can be

varied within an interval and successful performance can still be achieved.

6.4.2 Experiment 6.2: A Distribution of Axonal Conduction Delays

The simulations comprising this experiment were conducted to demonstrate that the model can per-

form path integration when the w2 and w3 synapses are implemented with a distribution of axonal

conduction delays. Upon initialization of the network, the individual synapses wij in the collection

of w2 and w3 synapses are randomly assigned a conduction delay within the interval [1ms, 100ms]

according to a uniform distribution over this interval. The model was trained with a rotational velocity

of 360o/s.

Figure 6.10 displays the firing rates of the head direction cells recorded during testing in the dark. It is

clear from the plot that a model implemented with a uniform distribution of axonal conduction delays

in the interval [1ms, 100ms], and trained with a rotational velocity of 360o/s, can learn to perform

path integration of head direction.

The speed of update of the head direction cell activity is displayed in Table 6.6. For the clockwise

rotation, the mean speed of the head direction cell activity packet update is 215.04o/s (S.D. = 6.5o/s).

For the counter-clockwise rotation, the mean speed of packet update is 213.14o/s (S.D. = 9.1o/s).
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Figure 6.10: The firing rates of the head direction (HD) cells during testing in the absence of visual input
in Experiment 6.2. The HD cells are recorded from a simulation implemented with a uniform distribution of
axonal conduction delays for w2 and w3 synapses within the interval from 1ms to 100ms. The model was
trained with a rotational velocity of 360o/s. It is clear from the plot that the model can learn to perform path
integration of head direction when simulated with a range of axonal conduction delays.

Table 6.6: The speed of movement of the head direction cell activity packet during testing

Experiment 6.2 Results

Clockwise Counter-Clockwise

Mean Speed 215.04o/s 213.14o/s
Standard Deviation 6.5o/s 9.1o/s
Percentage 59.73% 59.20%

The results displayed are the average of five simulations conducted with identical model parameters, but with
different random synaptic weight initializations and different random synaptic connectivities. When the model
is implemented with a uniform distribution of delays within the interval of 1ms to 100ms, and is trained with
a rotational velocity of 360o/s, then the model learns to perform path integration of head direction at approxi-
mately the speed imposed during training in the presence of visual input.
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When the agent rotates in the clockwise direction during testing, it achieves a mean rotational speed

that is 59.73% of the speed imposed during training. For the counter-clockwise rotation, the mean

speed is 59.20% of the speed imposed during training.

The model can thus learn to perform path integration of head direction at approximately the speed

imposed during training when the model is implemented with a uniform distribution of axonal con-

duction delays. This is an important result because it demonstrates that the model has biological

validity: it is much more likely that there is a distribution of axonal conduction delays in the brain,

rather than a single value of the conduction delay that is implemented across all synapses. The result

is also important because it shows that the model can function correctly across a wide range of axonal

conduction delays, from 1ms to 100ms.

6.4.3 Experiment 6.3: Conduction Delays in One Direction

In the simulations presented so far in this chapter, the models have been implemented with axonal

conduction delays in both the w2 synapses from the presynaptic combination cells to the postsynaptic

head direction cells, and in the w3 synapses from the presynaptic head direction cells to the post-

synaptic combination cells. The model should still function correctly if implemented with axonal

conduction delays in only one set of the w2 or w3 synapses. This experiment explores the results of

implementing this model architecture

Axonal Conduction Delays in the w2 Synapses Only

In this version of the model, there are axonal conduction delays in the w2 synapses only. Synaptic

transmission through the w3 synapses is now instantaneous with the firing of the presynaptic head
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Figure 6.11: Firing rates of the head direction cells from models with axonal conduction delays in one set of
the w2 or w3 synapses only. The left-hand plot displays the head direction cell firing rates recorded during the
testing, in the absence of visual input, of a model simulated with axonal conduction delays in the w2 synapses
only. It is clear that the model can still learn to perform path integration of head direction. The right-hand plot
displays the firing rates of head direction cells recorded during the testing, in the absence of visual input, of a
model simulated with axonal conduction delays in the w3 synapses only. It is also clear that the model can still
learn to perform path integration of head direction.

direction cells. The model was simulated with an imposed rotational velocity of 360o/s, and an axonal

conduction delay of 100ms. The network parameters are given in Table 6.1.

The left-hand plot of Figure 6.11 displays the firing rates of the head direction cells recorded during

testing in the absence of visual input. It is evident that a model implemented with axonal conduction

delays in the set of w2 synapses only can learn to perform path integration of head direction when

trained with a rotational velocity of 360o/s.

When rotating in a clockwise direction, the mean speed of update of the head direction cell activity

packet is 227.52o/s (S.D. = 4.97o/s). The results are given in Table 6.7. When rotating in a counter-

clockwise direction, the mean speed of update of the head direction cell activity packet is 227.91o/s

(S.D. = 3.56o/s). The mean speed during clockwise rotation is 63.21% of the speed imposed dur-

ing training in the light. For the counter-clockwise rotation, the mean speed is 63.31% of the speed
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Table 6.7: The speed of movement of the head direction cell activity packet during testing

Experiment 6.3 Results: w2 Delays Only

Clockwise Counter-Clockwise

Mean Speed 227.52o/s 227.91o/s
Standard Deviation 4.97o/s 3.56o/s
Percentage 63.21% 63.31%

The results displayed are the average of five simulations conducted with identical model parameters, but with
different random synaptic weight initializations and different random synaptic connectivities. When the model
is implemented with axonal conduction delays only in thew2 synapses, then the model can still learn to perform
path integration of head direction at approximately the same speed as was experienced during training.

imposed during training.

Axonal Conduction Delays in the w3 Synapses Only

This version of the model only has axonal conduction delays in the set of w3 synapses. The model

was simulated with the network parameters given in Table 6.1, and trained at a rotational velocity of

360o/s. The axonal conduction delay was set to 100ms.

The right-hand plot of Figure 6.11 displays the firing rates of the head direction cells recorded during

testing in the dark. The plot clearly shows that a model implemented with axonal conduction delays

only in the w3 synapses between the presynaptic head direction cells and the postsynaptic combina-

tion cells can still learn to perform path integration of head direction.

When rotating clockwise in the absence of visual input, the mean speed of the head direction cell

activity packet is 237.23o/s (S.D. = 4.84o/s). For the counter-clockwise rotation, the mean speed is

247.69o/s (S.D. = 28.16o/s). The head direction cell activity packet updates in a clockwise direction at
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Table 6.8: The speed of movement of the head direction cell activity packet during testing

Experiment 6.3 Results: w3 Delays Only

Clockwise Counter-Clockwise

Mean Speed 237.23o/s 247.69o/s
Standard Deviation 4.84o/s 28.16o/s
Percentage 65.90% 68.80%

The results displayed are the average of five simulations conducted with identical model parameters, but with
different random synaptic weight initializations and different random synaptic connectivities. When the model
is implemented with axonal conduction delays present only in the w3 synapses then the model can still learn to
perform path integration of head direction at approximately the same speed as was experienced during training.

a speed that is 65.90% of the speed that is imposed during training. When rotating counter-clockwise,

the head direction cell activity packet updates at a speed that is 68.80% of the speed imposed during

training. These results are given in Table 6.8.

The results of this experiment demonstrate that the model can still function correctly when imple-

mented with axonal conduction delays in only one set of the w2 or w3 synapses, but not both sets.

There is, however, a slight reduction in model performance in comparison to the model simulated with

axonal conduction delays in both sets of synapses. The model is able to learn the correct behaviour

with a single set of axonal conduction delays because those delays still provide a natural time interval

over which associations between different head directions can be learned by the model. Thus, upon

replay in the absence of visual input, path integration of head direction is performed.

6.4.4 Experiment 6.4: The Effect of the Learning Rate

The learning rate, k, scales the amount by which a particular synapse wij will change at any particular

learning update. In the experiments reported so far in this chapter, the learning rate, k, has been set
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Figure 6.12: The firing rates of the head direction cells recorded during testing in the dark in Experiment 6.4.
The left-hand plot displays data recorded from a model simulated with the learning rates k2 and k3 set to 0.01.
The right-hand plot displays data from a simulation with the learnng rates k2 and k3 set to 0.001. It is clear from
both plots that with the learning rates k2 and k3 set to lower values than the standard 0.1, the model cannot, in
either case, learn to perform path integration of head direction.

to a constant value of 0.1. This current experiment will investigate the effect that altering the learning

rate has upon the learned model performance.

Learning Rates k2 and k3 of 0.01

In the simulation comprising this part of the experiment, the learning rates k2 and k3, governing the

update of the w2 and w3 synapses respectively, were set to a value of 0.01. The learning rates k1 and

k4 remained set at the previous value of 0.1. The network was simulated with an imposed rotational

velocity of 360o/s during training in the light, and axonal conduction delays of 100ms. The network

parameters are given in Table 6.1.

The left-hand plot of Figure 6.12 displays the firing rates of the head direction cells during the testing

phase in the dark. It is clear from the plot that the model cannot learn to perform path integration of

head direction.
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Further simulations were conducted with all of the learning rates, k1 to k4, set to 0.01. The re-

sults are not shown, but are qualitatively very similar to the results of the simulations with only k2 and

k3 set to 0.01.

Learning Rates k2 and k3 set to 0.001

In this part of the experiment, the model is simulated with learning rates k2 and k3 set to 0.001. All of

the other model parameters are as given in Table 6.1. The model was trained with a rotational velocity

of 360o/s, and the axonal conduction delays were set to 100ms.

The right-hand plot of Figure 6.12 displays the firing rates of the head direction cells recorded during

the testing phase in the absence of visual input. The plot shows that the model cannot learn to perform

the path integration of head direction.

The model was also simulated with all of the learning rates, k1 to k4, set to 0.001. The results

were qualitatively very similar to results when the model is simulated with only learning rates k2 and

k3 set to 0.001.

Both parts of this experiment have demonstrated that the model must be implemented with relatively

high values of 0.1 for the learning rates k2 and k3. Otherwise, the model cannot learn to perform path

integration of head direction. With a learning rate value of 0.01 or 0.001, the strengths of the synapses

in the model do not update at a fast enough rate to produce the correct, time-delayed, associations

between head directions required for successful path integration of head direction.
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6.4.5 Experiment 6.5: Long-Term Depression in the Learning Rules

The simulations reported so far in this chapter have implemented standard Hebbian associative learn-

ing rules. Long-term depression (LTD) can increase the specificity of cell responses by permitting a

decrease, as well as increase, in the strength of a particular synapse wij . The simulations in this ex-

periment investigate the effect that homosynaptic LTD and heterosynaptic LTD have upon the learned

model performance.

Homosynaptic LTD

Homosynaptic LTD promotes a decrease in the strength of a synapse wij when strong firing of the

presynaptic cell j is temporally conjunctive with below-average firing of the postsynaptic cell i.

Equation (6.5) now becomes

dw2
ij(t)

dt
= k2

[
rHD
i (t)− 〈rHD

i 〉
]
rCOMB
j (t−∆t) (6.17)

where k2 is the learning rate, rHD
i (t) is the firing rate of postsynaptic head direction cell i at time t,

〈rHD
i 〉 is the time-average firing rate of postsynaptic head direction cell i, and rCOMB

j (t −∆t) is the

firing rate of presynaptic combination cell j at a time t−∆t in the past. The average firing rate 〈rHD
i 〉

is calculated by summing the firing rates ri of head direction cell i over successive model updates,

and then dividing by the number of model updates so far.

Equation (6.9) now becomes
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Figure 6.13: The firing rates of the head direction cells during testing of the model in Experiment 6.5. The
left-hand plot displays data from the model simulated with homosynaptic LTD, Equations (7.4) and (7.5), now
present in the model. It is clear that the model can still learn to perform the path integration of head direction.
The right-hand plot displays data from a simulation with heterosynaptic LTD, Equations (7.6) and (7.7), in the
model. The model cannot learn to perform path integration of head direction.

dw3
ij(t)

dt
= k3

[
rCOMB
i (t)− 〈rCOMB

i 〉
]
rHD
j (t−∆t) (6.18)

where k3 is the learning rate, rCOMB
i (t) is the firing rate of postsynaptic combination cell i at time t,

〈rCOMB
i 〉 is the time-average firing rate of postsynaptic combination cell i, and rHD

j (t − ∆t) is the

firing rate of presynaptic head direction cell j at a time t − ∆t in the past. The average firing rate

〈rCOMB
i 〉 is calculated in the same manner as the average firing rate 〈rHD

i 〉 described above.

Simulations were conducted with the network parameters given in Table 6.1. The network was trained

at a rotational velocity of 360o/s in the presence of visual input. The axonal conduction delays were

set to 100ms.

The left-hand plot of Figure 6.13 displays the firing rates of the head direction cells recorded dur-

ing the testing of the model in the dark. The plot clearly demonstrates that with homosynaptic LTD
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Table 6.9: The speed of movement of the head direction cell activity packet during testing

Experiment 6.5 Results: Homosynaptic LTD

Clockwise Counter-Clockwise

Mean Speed 64.22o/s 31.34o/s
Standard Deviation 4.19o/s 6.28o/s
Percentage 17.84% 8.71%

The results displayed are the average of five simulations conducted with identical model parameters, but with
different random synaptic weight initializations and different random synaptic connectivities. A model simu-
lated with Homosynaptic LTD, Equations (7.4) and (7.5), in the learning rules can learn to peform path inte-
gration of head direction although the learned performance is somewhat degraded in comparison to the model
simulated without Homosynaptic LTD (Experiment 6.1).

present in the learning rules, the model can still learn to perform path integration of head direction.

The speed of update of the head direction cell activity packet is given in Table 6.9. During the period

of clockwise rotation, the head direction cell activity packet updates at an average speed of 64.22o/s

(S.D. = 4.19o/s), which is 17.84% of the speed imposed during training in the light. For the period

of counter-clockwise rotation, the head direction cell activity packet updates at an average speed of

31.34o/s (S.D. = 6.28o/s), which is 8.71% of the speed imposed during training. Thus, the model

simulated with homosynaptic LTD can learn to perform path integration, but the speed of update of

the activity packet falls quite short of the target speed.

This is an interesting result. Qualitatively, as depicted in the left-hand plot of Figure 6.13, the learned

behaviour of the model simulated with homosynaptic LTD is very similar to the model simulated with-

out homosynaptic LTD (Experiment 6.1). Quantitatively, however, there appears to be a big difference

in the trained performance of the two models. This may be due to the fact that the speed of update
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of the head direction cell activity packet has been measured over 0.5s during the period of clockwise

rotation, and 0.5s during the period of counter-clockwise rotation. In the left-hand plot of Figure 6.13,

the head direction cell activity packet is stationary for most of the 0.5s recording period during both

clockwise and counter-clockwise rotations. This may bias the recording of the speed of the activity

packet update such that the average speed appears slower than it really is.

The model was also simulated with homosynaptic LTD in the learning rules for all of the sets of

synapses, w1 to w4. The results are not shown, but are qualitatively very similar to the results already

reported for this part of Experiment 6.5.

Heterosynaptic LTD

Heterosynaptic LTD promotes a decrease in the strength of a particular synapse wij when below-

average firing of the presynaptic cell j is temporally conjunctive with strong firing of the postsynaptic

cell i.

Equation (6.5) now becomes

dw2
ij(t)

dt
= k2rHD

i (t)
[
rCOMB
j (t−∆t)− 〈rCOMB

j 〉
]

(6.19)

where k2 is the learning rate, rHD
i (t) is the firing rate of postsynaptic head direction i at time t,

rCOMB
j (t −∆t) is the firing rate of presynaptic combination cell j at a time t −∆t in the past, and

〈rCOMB
j 〉 is the time-average of the firing rate of presynaptic combination cell j. The average firing

rate 〈rCOMB
j 〉 is calculated by summing the firing rates rj over successive model updates, and then
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dividing by the total number of model updates so far.

Equation (6.9) now becomes

dw3
ij(t)

dt
= k3rCOMB

i (t)
[
rHD
j (t−∆t)− 〈rHD

j 〉
]

(6.20)

where k3 is the learning rate, rCOMB
i (t) is the firing rate of postsynaptic combination cell i at time t,

rHD
j (t − ∆t) is the firing rate of presynaptic head direction cell j at a time t − ∆t in the past, and

〈rHD
j 〉 is the time-average firing rate of presynaptic head direction j, which is calculated in the same

way as the average firing rate〈rCOMB
j 〉 described above.

The model was simulated with the network parameters given in Table 6.1, and with a rotational ve-

locity of 360o/s imposed during training. The axonal conduction delays were set to 100ms.

The right-hand plot of Figure 6.13 displays the firing rates of the head direction cells during testing.

The plot demonstrates that a model incorporating heterosynaptic LTD into its learning rules cannot

learn to perform path integration of head direction.

Further simulations, which incorporate heterosynaptic LTD in the learning rules for each set of synapses,

w1 to w4, produced results that are qualitatively very similar to the results from the simulations where

heterosynaptic LTD is only incorporated in the learning rule for the w2 and w3 synapses.

In summary, homosynaptic LTD helps to increase the specificity of the learned cell responses, and
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thus the model can still perform path integration of head direction when homosynaptic LTD is incor-

porated into the learning rules. The accuracy of the path integration, however, is much reduced, In

contrast, the model with heterosynaptic LTD is not capable of learning to perform path integration of

head direction.

6.4.6 Experiment 6.6: Learning during the Testing Phase

The experiments reported previously in this chapter are all implemented so that, during the testing of

the model in the absence of visual input, no learning takes place. This protocol was adopted to facil-

itate analysis of the learned model performance: as the model synapses are not permitted to change

strength during the testing phase, all observed behaviour during this phase should be the result of a

combination of the learning that has taken place and the manipulation of the model and the environ-

ment during testing. In the real brain, it is doubtful that learning can be turned off and on at arbitrary

moments in time. The simulations comprising this experiment were therefore conducted to examine

the effect of permitting learning to occur during testing of the model.

During the testing phase of the model, all learning and weight normalization equations for the sets

of synapses, w1 to w4, were simulated in full. The network parameters are given in Table 6.1. The

axonal conduction delay was 100ms, and the rotational velocity during training was 360o/s.

Figure 6.14 displays the firing rates of the head direction cells recorded during the testing phase in the

absence of visual input. It is evident that, with learning permitted during the testing phase, the model

is incapable of performing path integration of head direction.
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Figure 6.14: The firing rates of the head direction cells recorded during the testing phase of Experiment 6.6.
When learning is permitted to occur during the testing phase, the model is incapable of performing path inte-
gration of head direction.

Permitting learning in the testing phase clearly abolishes the ability of the model to perform path

integration of head direction. The training phase in this experiment was identical to the training phase

in all of the simulations reported previously in this chapter. Moreover, the model was simulated with

the same parameter values as the models in Experiment 6.1. Thus, the model in the current experiment

will have learned the synaptic structure required to perform path integration of head direction in the

absence of visual input. The further learning appears to overwrite this synaptic structure. In the real

brain, it may be that the neural equivalent of the learning rate decreases through time, which would

prevent previously learned associations from being overwritten.

6.5 Discussion

This chapter provides the implementation details, model equations, and simulation results for a neural

network model that can learn to perform path integration of head direction at approximately the speed

imposed during training. In summary, the main points of this chapter are:

• The model architecture comprises two reciprocally-linked layers of cells: the head direction
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cells and the combination cells. There is also a layer of rotational velocity cells.

• The model must learn to perform path integration of head direction. The model is trained

rotating at a prespecified velocity with visual input available. If learning is successful, the

model will be able to update a packet of head direction cell activity during testing in the absence

of visual input. The speed of update of this activity packet should match the rotational speed

imposed during the training phase.

• Axonal conduction delays are incorporated into two of the sets of synapses. These conduction

delays have the effect that, for a particular synapse wij , the firing of a presynaptic cell j will

arrive at a postsynaptic cell i after a delay ∆t. The value of this delay ∆t is the length of the

axonal conduction delay. The model is thus able to learn associations, through time, between a

particular head direction θ1 at time t1, a rotational velocity, and a particular head direction θ2 at

time t2. In the absence of visual input, the model will be able to use these learned associations

to perform path integration of head direction at the speed that was experience during training.

• In simulation, the model is able to learn to perform path integration of head direction. Moreover,

the model can learn path integration at approximately the same speed as was imposed during

training in the presence of visual input. The model can solve this problem when implemented

with different values of the axonal conduction delays, and when trained at different rotational

speeds.

• Importantly, the model still learns the correct behaviour when implemented with a distribution

of axonal conduction delays. Thus, the model behaviour is not dependent upon one particular

value of the axonal conduction delays.
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• The model also learns to perform correctly when implemented with axonal conduction delays

in either the w2 or w3 synapses, but not both.

• The model requires that the learning rates, k2 and k3, be set to a relatively high value of 0.1.

Otherwise, the model cannot learn to perform path integration,

• The model can still learn to perform path integration, albeit less accurately, when homosynaptic

LTD is incorporated in the learning rules. When heterosynaptic LTD is incorporated, the model

performance collapses and path integration cannot be performed.

• Permitting learning to occur during the testing phase has a deleterious effect upon model per-

formance. In this case, path integration is destroyed.

The results of the experiments reported in this chapter clearly demonstrate that using axonal conduc-

tion delays as a natural timing interval provides a viable computational mechanism for the model to

learn path integration of head direction at approximately the correct speed. Moreover, the model re-

ported in this chapter is the first model to address how a neural network may learn, in a biologically

plausible manner, to the path integration integration of head direction at the correct speed.

It is noted, however, that the model does not learn to perform path integration at exactly the speed

imposed during training. Moreover, there is always a consistent undershoot in the rotational veloc-

ity learned by the model compared to the rotational velocity imposed during training. One way to

increase the accuracy of the learned model performance may be to simulate the cells as integrate-and-

fire cells. It has been shown that head direction cells, simulated as integrate-and-fire cells, are capable

of responding to a stimulus within tens of milliseconds (Degris et al., 2004). If the current model
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were to be implemented with integrate-and-fire cells, the rapid responses of the cells may increase the

accuracy of the speed of path integration.

Another factor in the slower path integration speed of the current model may be the w1
ij excitatory

recurrent collateral synapses between the head direction cells. As discussed in Chapter 5, recur-

rent collateral synapses are traditionally employed to help form a continuous attractor network. These

synapses may, however, act as a source of friction that damps the speed of update of the head direction

cell activity packet. Some neural network models of the head direction cell system have shown that

it is possible to produce a continuous attractor network without recurrent collateral synapses (Rubin

et al., 2001; Song and Wang, 2003, 2005; Boucheny et al., 2005). It would be possible to implement

the model reported in this chapter without recurrent collateral synapses, and this architectural change

may improve the learned performance of the model.

Without further simulation results for comparison, it is not exactly clear why, in the testing phase

of the simulation, the model always undershoots the rotational velocity imposed during training. That

is, there is no immediately obvious computational reason why the model under-performs. As stated

above, the absence of w1 excitatory recurrent collateral synapses may improve model performance,

as may faster integrate-and-fire cell spiking dynamics, or a combination of both. Future simulations

will help to elucidate the influence of each of these factors upon the accuracy of the path integration

mechanism.

Given that the aim of the research presented in this chapter was to simulate a neural network model

270



that can learn to perform path integration of head direction at the correct speed, and the current model

exhibits a consistent undershoot of the correct speed, a valid question is whether or not this undershoot

affects the validity of the model. The undershoot of the speed of path integration, although problem-

atic, is not a fatal flaw in the current model. Theoretically, there is nothing to indicate that the current

model is computationally incapable of learning to perform path integration at the speed imposed dur-

ing training. The current model is not completely accurate when it performs path integration of head

direction in the absence of visual input, but it is the first model to address how this may be learned

in a biologically plausible manner. Moreover, it is likely that further simulations incorporating the

architectural changes and cell spiking dynamics outlined above will improve upon the accuracy of the

current model. Thus, the current model is valid as a first step in addressing how a neural network

model may learn to perform path integration of head direction at the correct speed.

The current model cannot, without modification, generalize across different speeds of path integra-

tion. Currently, a different synaptic structure has to be learned for each speed of rotation. There are

cells within the rat brain that respond proportionally to the speed of rotation of the rat (Bassett and

Taube, 2001b). Incorporating this class of cell in place of the current combination cells will allow the

model to generalize across different speeds of path integration.

With typical conduction velocities of unmyelinated axons of 0.1m/s (Girard et al., 2001), the standard

axonal conduction delays of 50ms and 100ms that are employed in this chapter would correspond to

axonal lengths of 5mm and 10mm respectively. This implies that the current network contains axons

that are too long to be biologically plausible for a model of the head direction cell system. Simulating
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the model with smaller uniform conduction delays of say 10ms produced a significant degradation in

the accuracy of the path integration, although as reported in Section 6.4.2 the model can still perform

path integration when implemented with a distribution of conduction delays. The best simulation

results were for models implemented with uniform conduction delays of either 50ms or 100ms, and

so these are the results reported in this chapter. Theoretically, the model should still function cor-

rectly when implemented with any length of conduction delay, and improving the accuracy of the

path integration could facilitate this. It should also be noted that a conduction delay of say 50ms does

not necessarily imply a single axon of 5mm length. Head direction cells are found in a number of

brain areas (Sharp, 2005), and the 50ms delay could correspond to a polysynaptic path across multi-

ple head direction cells and through multiple head direction cell areas, which would make the 5mm

axonal length a total length across this polysynaptic path. In principle, the computational mechanism

of using axonal conduction delays to provide a natural timing mechanism should still function when

implemented in a polysynaptic path.

In conclusion, this chapter presents a neural network model that learns to perform path integration

of head direction at approximately the speed imposed during training. A controlled exploration of the

effect upon model performance of altering the model parameters was carried out. Axonal conduction

delays are just one possible timing mechanism over which associations between head directions can

be learned through time. Another possible mechanism, which will be explored in detail in the next

chapter, is to implement cells that have different values for their neuronal time constants.
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Chapter 7

Path Integration of Head Direction:

Neuronal Time Constants

This chapter presents the operational principles and simulation results of a second model that can learn

to perform path integration of head direction at the speed of rotation imposed during training. The

model uses different values of the neuronal time constants τHD and τCOMB to produce effective time

delays over which associations can be learned between packets of neural activity. Through careful

replication of the experiments reported in Chapter 6, the similarities and differences between the

current model and the model incorporating axonal conduction delays are explored.

7.1 Model Architecture

The model architecture is presented in Figure 7.1. The model contains a layer of head direction cells

that is reciprocally connected to a layer of combination cells. There is also a layer of rotational veloc-

ity cells that project, in a feedforward manner, to the the layer of combination cells.
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Network of 
Head Direction 
(HD) Cells

Visual Input
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Figure 7.1: The neural network architecture for a model that learns to perform path integration of head direction
at the speed imposed during training. The values of the neuronal time constants τHD and τCOMB provide a
timing mechanism over which associations between activity packets in the head direction cell network and the
combination cell network may be learned through the w2

ij and w3
ij synapses. The w1

ij recurrent synapses help
to produce a continuous attractor network in the layer of head direction cells and thus support a stable packet
of head direction cell activity when the agent is not rotating. The w4

ij synapses provide inputs from the layer
of rotational velocity cells signalling the current direction of rotation of the agent. All of the synapses are
Hebb-modifiable except for the visual inputs to the head direction cell layer, which are only present during the
training phase of the simulation.

The architecture of the current model, incorporating neuronal time constants, is very similar to the

architecture of the model incorporating axonal conduction delays reported in Chapter 6 (Figure 6.1).

The difference between the architectures of the two models is that the current model does not incor-

porate axonal conduction delays in any of the w1 to w4 synapses. That is, in the current model the

transmission of a signal from presynaptic cell j to postsynaptic cell i is always instantaneous with the

firing rj(t) of the presynaptic cell.

The model architecture is proposed as the minimal synaptic architecture that is capable of updat-
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ing a packet of head direction cell activity, in the absence of visual input, at the same speed as was

imposed during training in the light. The model is not intended to directly correspond to any particular

brain region known to contain head direction cells.

7.2 Operational Principles of the Model

Under certain values of the presynaptic cell and postsynaptic cell neuronal time constants, when the

presynaptic cell is driving the postsynaptic cell, the activity profile of the postsynaptic cell will be

slightly delayed in time from the activity profile of the presynaptic cell. This produces an effec-

tive time delay over which associations between presynaptic and postsynaptic neural activity can be

learned.

A useful measure to consider is the time delay between the centres of mass of the presynaptic cell

and postsynaptic cell temporal activity profiles. In particular, if the time constant governing the tem-

poral evolution of the postsynaptic activity is reasonably large, the centre of mass of the postsynaptic

activity profile will be delayed by a small fixed time interval ∆t after the centre of mass of the presy-

naptic activity profile.

Although a small delay ∆t exists between the presynaptic and postsynaptic activity centres of mass,

the synaptic connection from the presynaptic cell to the postsynaptic cell will still be strengthened by a

firing-rate-based Hebbian associative learning rule. Hebbian learning rules in general will strengthen

the connection between two cells in proportion to the product of their current instantaneous firing

rates. Thus, this type of learning rule will strengthen the connection between a presynaptic cell, and a
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postsynaptic cell whose activity is delayed by ∆t from that of the presynaptic cell, provided that the

activity profiles of the two cells still partially overlap through time. The network thus learns associa-

tions between neural activity in the head direction cell and combination cell layers over these specific

fixed time intervals ∆t. The result of this is that the network will learn to shift a packet of activity

through the head direction cell layer at the correct speed.

7.2.1 Analysis of a Two-Cell System

To explore the operation of the model it is helpful to consider a simple two-cell system. The activation

hi of the postsynaptic cell i is governed by

τ
dhi(t)

dt
= −hi(t) + wij(t)rj(t) (7.1)

where τ is the neuronal time constant, rj(t) is the firing rate of the presynaptic cell j at time t, and

wij is the value of the synaptic weight from the presynaptic cell j to the postsynaptic cell i at time t.

The firing rate of the postsynaptic cell i at time t is given by the sigmoid transfer function

ri(t) =
1

1 + e−2β(hi(t)−α)
(7.2)

where α is the sigmoid threshold and β is the slope. Although the presynaptic cell j and the postsy-

naptic cell i may fire together, a relatively large time constant, τ , say 50-100ms, will ensure that the

centre of mass of the postsynaptic cell temporal activity profile is delayed by a small time interval ∆t

from the centre of mass of the presynaptic cell temporal activity profile.

During learning in the two-cell system the synaptic weight wij from the presynaptic cell j to the
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postsynaptic cell i is strengthened according to the following associative Hebbian learning rule

dwij(t)

dt
= kri(t)rj(t) (7.3)

where k is the learning rate, ri(t) is the firing of the postsynaptic cell at time t, and rj(t) is the firing

of the presynaptic cell at time t.

This learning rule will strengthen the synaptic weight between the presynaptic and postsynaptic cells

during the brief periods in which both of these cells have high firing rates. However, if the postsy-

naptic cell neuronal time constant is reasonably large, the simple two-cell system learns to associate a

temporal activity profile in the presynaptic cell with a slightly delayed temporal activity profile in the

postsynaptic cell. In other words, the centre of mass of the postsynaptic cell temporal activity profile

will always be delayed ∆t from the centre of mass of the presynaptic cell temporal activity profile.

This will hold true both during and after learning.

A consequence of this mode of operation is that the presynaptic cell j learns to drive activity in

the postsynaptic cell i with the same effective time delay ∆t that was present during learning. More-

over, a longer postsynaptic time constant τ ensures that the presynaptic cell j learns to stimulate the

postsynaptic cell i a greater time interval ∆t after the presynaptic cell firing. It is this delay ∆t be-

tween the presynaptic cell and postsynaptic cell firing that allows the correct time intervals between

cell activities to be learned and relayed by the cells in the model. This is essential for the model to be

able to replay the temporal sequence of cell activity at the speed that was experienced during learning.
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Figure 7.2: The firing rates through time of two simulations of the simple two-cell model. The presynaptic cell
firing rate is indicated by the solid line, and the postsynaptic cell firing rate is indicated by the dashed line. The
left-hand plot displays data recorded from a simulation in which the time constant τ of the governing equation
for the postsynaptic cell activation was set to 50ms. As can be seen, there is a delay between the centres of mass
of the temporal firing profiles of the presynaptic cell and the postsynaptic cell. The right-hand plot displays
data recorded from a simulation in which the time constant τ of the governing equation for postsynaptic cell
activation was set to 100ms. There is a clear delay between the centres of mass of the temporal firing profiles of
the presynaptic and postsynaptic cells. This delay is more pronounced than in the left-hand plot, which shows
that a longer time constant τ will produce a longer delay ∆t between the presynaptic cell and postsynaptic cell
activity profiles.

To further illustrate the effect of the neuronal time constant upon the delay ∆t between the presynap-

tic cell and postsynaptic cell firing, the two-cell system was simulated according to the cell activation

equation and sigmoid transfer function given above in this section, Equations (7.1) and (7.2) respec-

tively, with a non-modifiable synaptic weight wij = 1 between the presynaptic and postsynaptic cells.

Figure 7.2 displays the presynaptic and postsynaptic cell firing rates recorded through time for two

simulations of the two-cell system. In the left plot the neuronal time constant τ for the postsynaptic

cell was set to 50ms. There is a clear delay between the temporal firing profiles of the presynaptic cell

and the postsynaptic cell. In the right plot the neuronal time constant τ was set to 100ms. The de-

lay between the presynaptic cell and postsynaptic cell firing is more pronounced than in the left plot,

which illustrates that a longer time constant τ will produce a longer delay ∆t between the presynaptic

and postsynaptic cell temporal activity profiles.
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Table 7.1: Simulation results for the simple two-cell model

Results from the Two-Cell System

τ (ms) ∆t (ms)

50 36.8
60 43.2
70 49.2
80 54.7
90 59.7

100 64.2

For each of the six simulations, the neuronal time constant τ was varied and the effective time delay between
the centres of mass of the presynaptic cell and postsynaptic cell temporal firing profiles was calculated. An
increase of 10ms in the time constant τ produces an increase of approximately 5-6ms in the time delay ∆t
between the centres of mass of the presynaptic cell and postsynaptic cell temporal firing profiles.

To quantify the mode of operation, the simple two-cell model was simulated six times: each unique

simulation was conducted with a different value of the time constant τ . For each simulation, the firing

rates of the presynaptic and postsynaptic cells were recorded through time and then the effective time

delay ∆t between the centres of mass of the presynaptic cell and postsynaptic cell firing profiles was

calculated. Table 7.1 displays the results from the six simulations. Each increase of 10ms in the value

of the time constant τ leads to an approximate increase of 5-6ms in the value of the time delay ∆t.

These results show that the length of the time delay ∆t is approximately proportional to the value of

the neuronal time constant τ . The time constant can thus serve as a reliable timing mechanism over

which associations through time can be made between presynaptic cell and postsynaptic cell activities.
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7.2.2 Analysis of the Two-Layer Model

The analysis of the simple two-cell system can be expanded to include the full version of the model

given in Figure 7.1. When the neuronal time constant τCOMB is set to a relatively large value, for

instance 100ms or 150ms, and the neuronal time constant τHD is set to a relatively small value of

1ms, an effective time delay ∆t is introduced into the w3 synaptic connections from the presynaptic

head direction cells to the postsynaptic combination cells. Thus, through competitive learning, indi-

vidual head direction cells will learn to represent combinations of a particular rotational velocity and

a particular head direction θ that, due to the effective time delay in the w3 synapses, occurred at a

time t − ∆t in the past. There is no corresponding time delay in the w2 synapses and so, through

pattern association learning, associations are made between patterns of neural activity in the combi-

nation cell layer at a time t and patterns of activity in head direction cell layer at the same time t. The

time-delayed competitive learning in the w3 synapses, together with the pattern association learning

in the w2 synapses, has the following effect.

During training, visual input drives the activity in the head direction cells such that an individual

head direction cell is forced to fire when the agent is facing its preferred direction. At any moment in

time t the individual combination cells will respond to an earlier pattern of head direction cell firing

at time t − ∆t through the synaptic connections w3
ij . At the same time, the combination cells will

strengthen their w2
ij connections onto the head direction cells that are currently active at time t. If

the agent is rotating with velocity dθ
dt then over the time interval ∆t the agent will have rotated ∆tdθdt .

Thus, the model learns that an activity pattern in the head direction cell layer occurring at time t1,

representing a particular head direction θ1, should stimulate (via the layer of combination cells) a new
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pattern of activity in the head direction cell layer at time t2 = t1 + ∆t, representing a later head di-

rection θ2 = θ1 + ∆tdθdt . This kind of associative learning over fixed time intervals enables the model

to learn the correct velocity for updating the packet of neural activity in the head direction cell layer,

with the result that path integration of head direction can occur at the correct speed.

7.3 Model Implementation

The governing equations for the model incorporating neuronal time constants are the same as for the

model incorporating axonal conduction delays. These equations were detailed in Section 6.3 of Chap-

ter 6 and will not be repeated here. The training and testing protocol, and the numerical solution of

the differential equations, are also as described in Section 6.3 of Chapter 6.

The main difference between the two models is that in the current model, for the majority of the

experiments reported in the following text, the neuronal time constant τHD is set to a value of 1ms,

the neuronal time constant τCOMB is set to a value of either 100ms or 150ms. In the model incor-

porating axonal conduction delays, the time constants τHD and τCOMB are always both set to the

same small value of 1ms. Also, in the current model there are no axonal conduction delays, so the

axonal time delay ∆t in the governing equations is always set to 0. This control measure ensures that

the path integration effects demonstrated in this chapter are due to the long neuronal time constant

τCOMB, rather than long axonal conduction delays.
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7.4 Results

This section presents the results of a series of experiments that explored the effect that controlled

alteration of the model parameters have upon the learned model performance. For all of the simula-

tions conduced, the timestep δt of the Forward Euler numerical scheme was set to 0.00005s. Sim-

ulating the model with smaller values of δt confirmed that the numerical solution had converged by

δt = 0.00005s.

7.4.1 Experiment 7.1: Demonstration of Core Model Performance

The simulations in this experiment were conducted to explore the core operational principles of the

model. The results of four main simulations are presented and analysed. The model is simulated with

τCOMB set to 150ms and 100ms. For each value of the time constant, the model is simulated with

imposed rotational velocities of 180o/s and 360o/s.

τCOMB 150ms; 180o/s Rotational Velocity

The network was simulated with the parameters given in Table 7.2. The training and testing protocol

is given in Section 6.3 (Chapter 6).

Figure 7.3 shows the recurrent w1 synaptic weights after training with a Hebbian associative learning

rule and weight normalization, Equations (6.3) and (6.4) respectively. In the plots, the w1 synaptic

weight distribution is symmetric about the individual presynaptic head direction cell with which the

postsynaptic cell has maximal w1 synaptic weight. The Hebbian learning rule (6.3) ensures that

the presynaptic cell j with maximal weight w1
ij to postsynaptic cell i will be cell i itself. The w1
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Table 7.2: Network parameter values for the simulations reported in this Chapter 7

Network Parameters

No. Head Direction Cells 500
No, Combination Cells 1000
No. Rotational Velocity Cells 500

No. w1 synapses onto each head direction cell 500
No. w2 synapses onto each head direction cell 1000
No. w3 synapses onto each combination cell 25
No. w4 synapses onto each combination cell 500

w̃HD 375.0
w̃COMB 50.0
IEXTERN 150.0
σHD 20o

k1, k2, k3, k4 0.1
λ 200.0
τHD 1.0ms

φ1 3.75× 103

φ2 2.5× 103

φ3 5.0× 103

φ4 4.0× 102

No. Training Epochs 50
δt (Timestep of Forward Euler method) 0.00005s

Head Direction Cell Sigmoid Transfer Function Parameters

α 0.0
β 1.5

Combination Cell Sigmoid Transfer Function Parameters

α 10.0
β 1.5

All of the values are constant across all experiments reported in this chapter except where noted in the text.
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Figure 7.3: The recurrent synaptic weights w1 within the head direction (HD) cell layer after training with
a Hebbian associative learning rule, Equation (6.3), and weight normalization (6.4). The synaptic weights are
recorded from a simulation implemented with a τCOMB of 150ms, and an imposed rotational velocity of 180o/s.
All of the other network parameters are given in Table 7.2. Each of the four plots displays the learned synaptic
weights to a different postsynaptic HD cell from the other 500 presynaptic HD cells in the HD cell layer. In the
plots the presynaptic HD cells are arranged according to where they fire maximally in the head-direction space
of the agent when visual input is available. For each plot a dashed vertical line indicates the presynaptic HD cell
with which the postsynaptic HD cell has maximal w1 synaptic weight. In all of the plots the synaptic weight
profile is symmetric about the presynaptic HD cell with maximal strength of the synaptic connection to the
postsynaptic HD cell. Due to the Hebbian learning, the presynaptic HD cell j with maximal w1

ij to postsynaptic
HD cell i will, in fact, be HD cell i itself. The symmetry of the w1 synaptic weight distribution helps to support
a stable and persistent packet of activity in the absence of visual input.

synaptic weight distribution tails off symmetrically about this cell. The symmetry of the w1 synaptic

weight distribution allows a stable and persistent packet of neural activity to be maintained in the head

direction cell layer when the agent is stationary and there is no visual input.

Figure 7.4 displays the synaptic weights w3 from the presynaptic head direction cell layer to the post-
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Figure 7.4: The synaptic weights w3 from the head direction (HD) cell layer to the combination (COMB)
cell layer after competitive learning with a Hebbian associative learning rule, Equation (6.9), and weight nor-
malization (6.10). The synaptic weights are taken from a simulation implemented with a τCOMB of 150ms,
and a rotational velocity imposed during training of 180o/s. All of the other network parameters are given in
Table 7.2. Each of the four plots displays the synaptic weights from the 500 presynaptic HD cells to a dif-
ferent postsynaptic COMB cell. The presynaptic HD cells are arranged in the plots according to where they
fire maximally in the head-direction space of the agent when visual input is available. The dashed vertical line
indicates the presynaptic HD cell which has maximal w3 synaptic strength with the postsynaptic COMB cell.
With the exception of diluted synaptic connectivity, each of the weight profiles is centred on a region of sim-
ilarly tuned HD cells. The w3

ij weight distribution is approximately symmetric about the presynaptic HD cell
that has maximal synaptic strength with the postsynaptic COMB cell. The learned w3 synaptic weights show
that individual COMB cells learn to receive maximal stimulation from a subset of HD cells representing nearby
head directions. The model parameters φ3, φ4, and the threshold α of the COMB cell sigmoid transfer function
are tuned to ensure that a strong rotational velocity cell input is also needed to stimulate the COMB cells into
firing. The combination cells thus learn to respond to combinations of a particular head direction and clockwise
or counter-clockwise rotational velocity.

synaptic combination cell layer after competitive learning with a Hebbian associative learning rule and

weight normalization, Equations (6.9) and (6.10) respectively.. The individual plots show the learned

synaptic weights from the 500 presynaptic head direction cells to a different postsynaptic combination
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cell. With the exception of diluted connectivity, implemented to preserve competitive learning in the

combination cell layer, the synaptic weight profiles in Figure 7.4 are centred on regions of similarly-

tuned head direction cells. The synaptic weight distributions are approximately symmetric about the

presynaptic head direction cell with which the postsynaptic combination cell has maximalw3 synaptic

weight. The symmetry of the weight distribution indicates that individual postsynaptic combination

cells have learned to be preferentially stimulated by a small subset of presynaptic head direction cells

representing nearby head directions. The combination cells have learned to respond to combinations

of a particular head direction and clockwise or counter-clockwise rotational velocity.

The plots in Figure 7.5 display the synaptic weights w2 from the presynaptic combination cell layer

to the postsynaptic head direction cell layer after learning with a Hebbian associative learning rule,

Equation (6.5), and weight normalization, (6.6). It is clear that the w2 synaptic weight profile is

asymmetric about the postsynaptic head direction cell with maximal w3 synaptic weight to that com-

bination cell. This demonstrates that the presynaptic combination cell has learned to preferentially

stimulate a different localized cluster of head direction cells to the presynaptic head direction cell that

preferentially stimulates the combination cell. During training in presence of visual input, the packet

of head direction cell activity, representing the current head direction, will have moved through the

head-direction space of the agent in the natural time delay ∆t between the activity profile in the head

direction cell network and the activity profile in the combination cell network. This results, at any

given moment in time, in the most active combination cell learning to stimulate a different postsynap-

tic head direction to the presynaptic head direction it has learned to be stimulated by, reflecting the

changing head direction of the agent. Therefore, the neuronal time constants τCOMB and τHD act,
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Figure 7.5: The synaptic weights w2 from the presynaptic combination (COMB) cell layer to the postsynaptic
head direction (HD) cell layer after training with a Hebbian associative learning rule and weight normalization.
These results are taken from a simulation implemented with a τCOMB of 150ms, and a rotational velocity
imposed during training of 180o/s. The other network parameters are as given in Table 7.2. Each plot shows
the learned synaptic weights from a different presynaptic COMB cell to the 500 postsynaptic HD cells. The
HD cells are arranged in the plots according to where they fire maximally in the head-direction space of the
agent when visual input is available. The dashed vertical line indicates the postsynaptic HD cell with which
the presynaptic COMB cell has maximal w3 synaptic weight as shown in Figure 7.4. It is evident that the w2

weight profiles are asymmetric about the postsynaptic HD cell with maximal w3 synaptic weight to the COMB
cell. The asymmetry allows each COMB cell to preferentially stimulate a different postsynaptic HD cell from
the presynaptic HD cell that preferentially stimulates it. This reflects the fact that the packet of HD cell activity
will have moved through the head-direction space of the agent in the time delay ∆t between the firing of the
presynaptic HD cells and the resultant firing of the postsynaptic COMB cells. Thus, under the correct values for
τCOMB and τHD, a natural time delay is produced that acts as a timing mechanism to allow associations to be
learned between packets of HD cell activity and packets of COMB cell activity that occur at different moments
in time. It is these associations that allow the packet of HD cell activity to be updated at the same speed as the
agent is rotating.

through learning, as a timing mechanism that is sufficient for the purpose of enabling the update of

the packet of head direction cell activity at the same speed as the agent is rotating.
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Figure 7.6: The synaptic weights w4 from the layer of presynaptic rotational velocity (ROT) cells to the layer
of postsynaptic combination (COMB) cells after learning with a Hebbian associative learning rule, Equation
(6.11), and weight normalization, Equation (6.12). These synaptic weights are recorded from a simulation
implemented with a τCOMB of 150ms, and a rotational velocity imposed during training of 180o/s. All of the
other network parameters are given in Table 7.2. Each of the four plots shows the learned synaptic weights to
a different postsynaptic COMB cell from the 500 presynaptic ROT cells. Each postsynaptic combination cell
either develops strong w4

ij connections with rotational velocity cells 1 − 250 signalling clockwise rotation, or
develops strong w4

ij connections with rotational velocity cells 251− 500 signalling counter-clockwise rotation.

Figure 7.6 displays the w4 synaptic weights from the layer of presynaptic rotational velocity cells to

the layer of postsynaptic combination cells after training with a Hebbian associative learing rule and

weight normalization, Equations (6.11) and (6.12) respectively. The binary nature of the rotational

velocity cell firing rates means that the learned w4
ij synaptic weight profiles are step functions. Each

combination cell receives positive synaptic weights from one subset of 250 rotational velocity cells

only. That is, each postsynaptic combination cell will either be preferentially stimulated by rotational

velocity cells signalling clockwise rotation, or by rotational velocity cells signalling counter-clockwise
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rotation, but not by both subsets. Thus, the postsynaptic combination cell have learned to be prefer-

entially stimulated by a particular head direction occurring ∆t in the past and a particular rotational

velocity (either clockwise or counter-clockwise).

The firing rates of the head direction, combination, and rotational velocity cells are displayed in Fig-

ure 7.7. The top-left plot displays the firing rates of the head direction cells during the training phase

of the experiment. Throughout the training, the activity in the head direction cells is driven by the

presence of external visual input. In the time interval 0.0-2.25 seconds, the agent rotated in a clock-

wise direction, with counter-clockwise rotation occurring in the time interval 2.25−4.5 seconds. The

top right plot displays the firing rates of the head direction cells in the testing phase without external

visual input. During the time interval 0.0-1.0 seconds there was no firing in the layer of rotational ve-

locity cells (bottom-left plot), and a moderate amount of baseline activity in the layer of combination

cells (bottom-right plot). Thus, there was a stable and persistent packet of head direction cell activity

supported by the w1 recurrent synapses (top-right plot).

During the time interval 1.0-2.0 seconds, the 250 rotational velocity cells representing clockwise ro-

tation became active (bottom left), stimulating activity in the combination cells (bottom right) through

thew4 synapses in conjunction with the presynaptic head direction cell input through thew3 synapses.

As a result of the high value of the neuronal time constant τCOMB, and the asymmetry between the w2

and w3 synaptic weight profiles produced during learning, the firing of the combination cells during

this period of the testing phase stimulated head direction cells representing head direction cells fur-

ther along in the clockwise direction of rotation. Thus, the head direction cell activity packet moved
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Figure 7.7: The firing rates of the head direction (HD), combination (COMB), and rotational velocity (ROT)
cells during training and testing. The results are taken from a simulation implemented with a time constant
τCOMB of 150ms, and a rotational velocity of 180o/s. All of the other network parameters are as given in Table
7.2. Top Left The firing rates of the 500 HD cells during the 4.5 seconds of training with the HD cells driven by
visual input (0.0-2.25 seconds: agent rotating clockwise; 2.25-4.5 seconds: agent rotating counter-clockwise).
Top Right The firing rates in the layer of HD cells during the 5 seconds of testing in the absence of visual
input. During the interval 0.0-1.0 seconds there was a stable packet of activity in the HD cell layer. In the
interval 1.0-2.0 seconds, the ROT cells signalling clockwise rotation were turned on, which in turn stimulated
a packet of activity in the COMB cell layer that drives the packet of HD cell activity through the HD cell layer
in a clockwise direction. During the interval 2.0-3.0 seconds, there was no ROT cell firing and the packet of
HD cell activity remained stable and persistent within the HD cell layer. In the interval 3.0-4.0 seconds, the
ROT cells signalling counter-clockwise rotation were turned on, stimulating a packet of COMB cell activity
that drives the packet of HD cell activity through the HD cell layer in a counter-clockwise direction. During
the interval 4.0-5.0 seconds the packet of HD cell activity again remained stable and persistent within the HD
cell layer. Bottom Left The firing rates in the layer of 500 ROT cells during the 5 seconds of testing in the
absence of visual input (1.0-2.0 seconds: ROT cells signalling clockwise rotation are active; 3.0-4.0 seconds:
ROT cells signalling counter-clockwise rotation are active.) Bottom Right The firing rates in the layer of 1000
COMB cells during the 5 seconds of testing in the absence of visual input. In the interval 1.0-2.0 seconds, the
COMB cells become active due to the firing of the 250 ROT cells signalling clockwise rotation of the agent. In
the interval 3.0-4.0 seconds, the COMB cells become active due to the firing of the 250 ROT cells representing
counter-clockwise rotation. At other periods of time there is a moderate amount of baseline activity in the
COMB cell layer. In all of the plots regions of high firing are represented by darker shading.
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through the head-direction space of the agent, and the model performed path integration of head di-

rection in the clockwise direction. During the time interval 2.0-3.0 seconds, the rotational velocity

cells were quiescent in their firing, and there was only a moderate amount of baseline activity in the

layer of combination cells. Thus, the head direction cell activity packet remained stable and persistent

in the head direction cell layer.

During the time interval 3.0-4.0 seconds, the 250 rotational velocity cells representing counter-clockwise

rotation started firing (bottom left) and stimulated activity in the layer of combination cells (bottom

right). In an identical mechanism to that for clockwise rotation, the model thus performed velocity

path integration of head direction, but this time in the counter-clockwise direction of rotation. During

the time interval 4.0-5.0 seconds, the rotational velocity cells ceased firings, the activity level in the

combination cell layer returned to a baseline level, and again there was a stable and persistent packet

of activity in the head direction cell layer.

To determine whether the model can perform path integration of head direction at the same speed

during testing as was imposed during training, the speed of update of the head direction cell activity

packet was recorded during the testing phase. The details of the measurement are described in Chapter

6, Equations (6.15) and (6.16) and will not be repeated here.

Measurements of the packet speed were taken for 0.5 seconds during both the clockwise (1.25-1.75

seconds) and counter-clockwise (3.25-3.75 seconds) periods of rotation during the testing phase.
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Table 7.3: The speed of movement of the head direction cell activity packet during testing

τCOMB 150ms; 180o/s Rotational Velocity

Clockwise Counter-Clockwise

Mean Speed 121.48o/s 128.38o/s
Standard Deviation 24.7o/s 19.0o/s
Percentage 67.49% 71.32%

The results displayed are the average of five simulations conducted with identical model parameters, but with
different random synaptic weight initializations and different random synaptic connectivities. With a τCOMB

of 150ms, and a rotational velocity of 180o/s, the model learns to perform path integration in the absence of
visual input at approximately the same speed that was imposed during training in the presence of visual input.

Five simulations were conducted with identical model parameters, but with different random synap-

tic weight initializations and different random synaptic connectivities. The results are displayed in

Table 7.3. The mean speed of packet update was 121.48o/s (S.D. = 24.7o/s) for clockwise rotation,

and 128.38o/s (S.D. = 19.0o/s) for counter-clockwise rotation. This is compared to a speed of 180o/s

experienced during training in the presence of visual input. For the period of clockwise rotation, the

model updated the packet of head direction cell activity at a speed that is 67.49% of the speed experi-

enced during training. For the period of counter-clockwise rotation, the recorded speed is 71.32% of

the speed during training.

The model has thus learned to perform path integration of head direction at speeds that are approxi-

mately those experienced during training. Moreover, the model can self-organize to achieve this and

there is no need to hand-tune a parameter governing the speed of packet update. It is noted, however,

that mean speeds of packet update consistently undershoot the true speed experienced during training.
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τCOMB 150ms; 360o/s Rotational Velocity

The simulations in this experiment were conducted to demonstrate that if the model is trained with

the same parameter set, but at twice the rotational velocity, then the model can still perform path

integration of head direction at the speed experienced during training. Thus, the same model can

learn to perform path integration across a range of velocities. Except for the difference in rotational

velocity, all the model parameters are the same as for above (given in Table 7.2).

The plots in Figure 7.8 display the firing rates of the head direction, combination, and rotational veloc-

ity cells during the training and testing phases. The conventions are the same as for Figure 7.7 and so

is the interpretation. When the same model is trained at twice the rotational velocity compared to the

simulation reported above, the same mechanism of a high value for the neuronal time constant τCOMB

on the activations of the combination cells produces a natural time delay ∆t between the activity pro-

files in the head direction cell layer and the activity profile in the combination cell layer. This delay

enables associations to be learned between different head directions of the agent at different points in

time.

To quantify the model performance, the speed of update of the head direction cell activity packet

was measured from five different simulations, each conducted with identical model parameters, but

with different random synaptic weight initializations and different random synaptic connectivities.

The results are displayed in Table 7.4.

The mean speed of rotation was 196.96o/s (S.D. = 26.1o/s) for the period of clockwise rotation, and
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Figure 7.8: The firing rates of the head direction (HD), combination (COMB), and rotational velocity (ROT)
cells during training and testing. These results are taken from a simulation implemented with a time constant
τCOMB of 150ms, and a rotational velocity of 360o/s. All of the other network parameters are as given in Table
7.2

Table 7.4: The speed of movement of the head direction cell activity packet during testing

τCOMB 150ms; 360o/s Rotational Velocity

Clockwise Counter-Clockwise

Mean Speed 196.96o/s 198.45o/s
Standard Deviation 26.1o/s 19.9o/s
Percentage 54.71% 55.12%

Table 7.5: The results displayed are the average of five simulations conducted with identical model parameters,
but with different random synaptic weight initializations and different random synaptic connectivities. With a
time constant τCOMB of 150ms, and a rotational velocity of 360o/s, the model learns to perform path integration
at approximately the same speed as was imposed during training in the presence of visual input. The percentage
accuracy of path integration is, however, reduced at this higher rotational velocity.
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198.45o/s (S.D. = 19.9o/s) for the period of counter-clockwise rotation. This is in comparison to a true

speed imposed during training of 360o/s. During the clockwise rotation, the speed is 54.71% of the

speed imposed during training. During the counter-clockwise rotation the recorded speed is 55.12%

of the speed imposed during training.

Thus, the speeds recorded during testing are approximately the speeds experienced by the model dur-

ing training. However, there is a regular underestimation of the correct speed. Despite this, the model

is capable of learning to perform path integration at two different rotational velocities. Although, the

percentage accuracy of the path integration is reduced at the higher rotational velocity.

τCOMB 100ms; 180o/s Rotational Velocity

These simulations were conducted to demonstrate that the model can learn to perform path integration

of head direction when simulated with a different value for the neuronal time constant τCOMB.

Figure 7.9 displays the firing rates of the head direction cells during the 5 seconds of testing the

model in the absence of visual input. The conventions are the same as for the top-right plots of Fig-

ures 7.7 and 7.8, and demonstrate that the model has learned to perform velocity path integration of

head direction.

The speed of update of the head direction cell activity packet was recorded from five simulations

conducted with identical model parameters, but with different random synaptic weight initializations

and different random synaptic connectivities. The results are given in Table 7.6.
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Figure 7.9: The firing rates of the head direction (HD) cells during testing in the absence of visual input. These
results are taken from simulations implemented with a time constant τCOMB of 100ms, and a rotational velocity
during training of 180o/s. The model has learned to perform path integration of head direction.

Table 7.6: The speed of movement of the head direction cell activity packet during testing

τCOMB 100ms; 180o/s Rotational Velocity

Clockwise Counter-Clockwise

Mean Speed 113.15o/s 105.85o/s
Standard Deviation 5.2o/s 10.7o/s
Percentage 62.86% 58.81%

The results displayed are the average of five simulations conducted with identical model parameters, but with
different random synaptic weight initializations and different random synaptic connectivities. With a time
constant τCOMB of 100ms, and a rotational velocity of 180o/s, the model learns to perform path integration at
approximately the speed imposed during training.
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During the clockwise rotation the mean speed of packet update was 113.15o/s (S.D. = 5.2o/s). For

the counter-clockwise rotation, the mean speed was 105.85o/s (S.D. = 10.7o/s). This is compared to a

true speed imposed during training of 180o/s. The speed during clockwise rotation is 62.86% of the

speed imposed during training. During counter-clockwise rotation the speed is 58.81% of the speed

imposed during training.

The speeds recording during testing are approximately the speeds experienced by the model dur-

ing training. There is, however, a constant underestimation of the true speed even though the recorded

speed is within the same order of magnitude as the speed imposed during training. The model can

thus be implemented with a different value for the time constant τCOMB and can still learn to update a

packet of head direction cell activity at the speed that was experienced during training. In comparison,

however, to the model trained with the neuronal time constants τCOMB set to 150ms, and rotational

velocity of 180o/s imposed during training in the light, Table 7.3, the model trained at the same ro-

tational velocity but with the neuronal time constants τCOMB set to 100ms has a reduced percentage

accuracy of path integration.

τCOMB 100ms; 360o/s Rotational Velocity

Figure 7.10 displays the firing rates of the head direction cells during the 5 seconds of testing in the

absence of visual input. The conventions are the same as for the top-right plots in Figures 7.7 and 7.8

and show that the model has learned to perform path integration of head direction.

The speed of update of the head direction cell activity packet was recorded from five simulations

conducted with identical model parameters, but with different random synaptic weight initializations
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and different random synaptic connectivities. The results are displayed in Table 7.7.

During clockwise rotation the mean speed was 210.87o/s (S.D. = 38.0o/s). For the period of counter-

clockwise rotation, the mean speed was 223.63o/s (S.D. = 8.2o/s). This is compared to a true speed of

360o/s imposed during training. The clockwise rotation is 58.57% of the speed during training. The

counter-clockwise rotation is 61.96% of the speed during training.

The model can thus perform velocity path integration of head direction at approximately the same

speed as was experienced during training. Similar to previous experiments there is regular underes-

timation of the correct speed. However, the same general model implemented with different values

for the time constant τCOMB and trained at different rotational velocities can, in all cases, learn to

perform velocity path integration of head direction at a speed that is within the same order of magni-

tude of the speed experienced by the model during training. The results of the model simulated with

a value of 100ms for the neuronal time constants τCOMB, and a rotational velocity of 360o/s imposed

during training, are quantitatively very similar to the results obtained from the model simulated with

the same imposed rotational velocity, but with the neuronal time constants τCOMB set to 150ms (Table

7.4. In fact, there is a slight increase in the accuracy of path integration when the model is simulated

with the neuronal time constants atuCOMB set to 100ms compared to the model simulated with the

neuronal time constants τCOMB set to 150ms. It is interesting to note that, when simulated with a

rotational velocity of 360o/s, changing the value of the time constants τCOMB from 150ms to 100ms

has a small effect upon the percentage accuracy of the path integration. When the model is simulated

with a rotational velocity of 180o/s, however, changing the value of the time constants τCOMB from
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Figure 7.10: The firing rates of the head direction (HD) cells recorded during testing in the absence of visual
input. The results are taken from a simulation implemented with a time constant τCOMB of 100ms, and a
rotational velocity during training of 360o/s. It is clear that the model has learned to perform path integration
of head direction.

Table 7.7: The speed of movement of the head direction cell activity packet during testing

τCOMB 100ms; 360o/s Rotational Velocity.

Clockwise Counter-Clockwise

Mean Speed 210.87o/s 223.63o/s
Standard Deviation 38.0o/s 8.2o/s
Percentage 58.57% 61.96%

The results displayed are the average of five simulations conducted with identical model parameters, but with
different random synaptic weight initializations and different random synaptic connectivities. With a time
constant τCOMB of 100ms, and a rotational velocity of 360o/s, the model learns to perform path integration at
approximately the speed imposed during training.
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Figure 7.11: Firing rates of the head direction (HD) cells recorded during the testing phase of Experiment
7.2. It is evident that with a small value for the time constant τCOMB, the model cannot learn to perform path
integration of head direction.

150ms to 100ms has a large effect upon the percentage accuracy of the path integration.

7.4.2 Experiment 7.2: τCOMB Must be a Large Value

This experiment was conducted to demonstrate that a large value for the time constant τCOMB is

required if the model is to successfully learn path integration of head direction. τCOMB was set to

1.0ms, and the model was simulated with a rotational velocity of 360o/s imposed during training.

Figure 7.11 displays the firing rates of the head direction cells recorded during testing in the absence

of visual input. It is clear that the model cannot learn to perform path integration of head direction

when the time constants τHD and τCOMB are both set to small values (in this case, the same value).

When τCOMB is set to a small value, the activity profile in the postsynaptic combination cell i will

not be delayed through time from the activity profile of the presynaptic head direction cell j. Because

there are no axonal conduction delays in the current model, signal transmission is instantaneous with
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the presynaptic cell firing. This means that, in the current experiment, the current head direction θ1

will, after signal transmission to the combination cell layer and back again to the head direction cell

layer, become associated with itself. That is, a head direction cell representing head direction θ1 does

not become associated with a head direction cell representing head direction θ2 occurring at some later

time in the future. Consequently, the model will not learn to perform path integration of head direction.

The results of the current experiment also highlight the difference between the current model and

the model reported in Chapter 6, incorporating axonal conduction delays. If, for the current model,

the time constants τHD and τCOMB are both set to small values, then some other mechanism for pro-

ducing an effective time delay is required if the model is to learn to perform path integration of head

direction. It is also clear that, for the model reported in Chapter 6, it is the axonal conduction delays

that produce the effective time delay, and not the neuronal time constants, which were set to a small

value of 1ms. Thus, the two models share some similarities but operate with completely different

timing mechanisms.

7.4.3 Experiment 7.3: A Distribution of Time Constants τCOMB

This experiment was conducted to demonstrate that the model can still learn to perform path inte-

gration when the model is implemented with a distribution of values for the neuronal time constant

τCOMB. When the network is initialized, the time constant τCOMB for each combination cell is ran-

domly assigned a value from within the interval [1ms, 150ms] according to a uniform distribution over

this interval. A rotational velocity of 360o/s was imposed during training in the light. The network

was simulated with the parameters given in Table 7.2.
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Figure 7.12 displays the firing rates of head direction cells recorded during testing in the dark. The

plot clearly shows that the model can learn to perform path integration of head direction when imple-

mented with a wide range of values,within the same model, for the time constant τCOMB .

The speed of update of the head direction cell activity packet is given in Table 7.8. During the pe-

riod of clockwise rotation, the mean speed of packet update was 189.13o/s (S.D. = 28.81o/s). During

the period of counter-clockwise rotation, the mean speed of packet update was 203.46o/s (S.D. =

30.28o/s). For the clockwise rotation, the packet of head direction cell activity updated at a speed that

was 52.54% of the speed imposed during training. During the period of counter-clockwise rotation,

the packet updated at a speed that was 56.52% of the speed imposed during training.

These results show that the model can learn to perform path integration of head direction when im-

plemented with a distribution of values for the neuronal time constant τCOMB. This is an important

experiment because it shows that the idea of using the values of the neuronal time constants as an

effective time delay is robust across a range of values, from 1ms to 150ms, for time constant τCOMB.

Moreover, the results demonstrate that the learned model behaviour is not dependent upon a particular

value for the time constant τCOMB. This experiment also shows that the model possesses biological

validity, as it is likely that there are a range of values for the neuronal time constants in the brain.

7.4.4 Experiment 7.4: The Effect of the Learning Rate

This experiment investigated the effect that different values of the learning rate k have upon the learned

model performance.
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Figure 7.12: The firing rates of head direction (HD) cells during the testing phase of Experiment 7.3. The
model can learn to perform path integration of head direction when implemented with a range of values for the
neuronal time constant τCOMB.

Table 7.8: The speed of movement of the head direction cell activity packet during testing

Experiment 7.3: τCOMB ∈ [1ms, 100ms]; 360o/s Rotational Velocity

Clockwise Counter-Clockwise

Mean Speed 189.13o/s 203.46o/s
Standard Deviation 28.81o/s 30.28o/s
Percentage 52.54% 56.52%

The results displayed are the average of five simulations conducted with identical model parameters, but with
different random synaptic weight initializations and different random synaptic connectivities. With a uniform
distribution of values for the time constant τCOMB ∈ [1ms, 100ms], and a rotational velocity of 360o/s, the
model learns to perform path integration at approximately the speed imposed during training.
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Learning Rates k2 and k3 of 0.01

For the simulations comprising this part of the experiment, the learning rates k2 and k3 were set to

0.01. The learning rates k1 and k4 were set to 0.1. A rotational velocity of 360o/s was imposed during

training in the light. The time constant τCOMB was set to 100ms. All of the other network parameters

were set to the values given in Table 7.2.

The left-hand plot of Figure 7.13 displays the firing rates of the head direction cells during testing

in the dark. The model has clearly learned to perform path integration of head direction.

During the period of clockwise rotation, the mean speed of packet update was 173.58o/s (S.D. =

39.84o/s), which was 48.22% of the speed imposed during training. During the period of counter-

clockwise rotation, the mean speed of packet update was 206.33o/s (S.D. = 2.89o/s), which was

57.31% of the speed imposed during training. These results are displayed in Table 7.9.

The model can thus learn to perform path integration of head direction when the learning rates k2 and

k3 were set to a lower value of 0.01. The percentage accuracy of the path integration is similar to

the percentage accuracy for the model simulated with the same parameters, and trained at the same

rotational velocity, but with the learning rates k2 and k3 set to a value of 0.1 (Table 7.7). The current

model does exhibit a decrease in the percentage accuracy of the clockwise rotation in comparison to

the results given in Table 7.7.

Further simulations were conducted in which all of the learning rates, k1 to k4, were set to 0.01.
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Figure 7.13: The firing rates of the head direction cells recorded during the testing phase of Experiment 7.4.
The left-hand plot displays the results of a simulation conducted with the learning rates k2 and k3 set to 0.01.
The model has learned to perform path integration. The right-hand plot displays the results of a simulation
conducted with the learning rates k2 and k3 set to 0.001. The model cannot learn to perform path integration of
head direction.

Table 7.9: The speed of movement of the head direction cell activity packet during testing

Experiment 7.4: k2 and k3 set to 0.01

Clockwise Counter-Clockwise

Mean Speed 173.58o/s 206.33o/s
Standard Deviation 39.84o/s 2.89o/s
Percentage 48.22% 57.31%

The results displayed are the average of five simulations conducted with identical model parameters, but with
different random synaptic weight initializations and different random synaptic connectivities. With the learning
rates k2 and k3 set to 0.01, τCOMB set to 100ms, and a rotational velocity of 360o/s, the model learns to perform
path integration at approximately the speed imposed during training.
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The results are not shown, but are qualitatively very similar to the results obtained when only k2 and

k3 are set to 0.01

Learning Rates k2 and k3 set to 0.001

For the simulations comprising this part of the experiment, the learning rates k2 and k3 were set to

0.001. The learning rates k1 and k4 were set to 0.1. The model was simulated with a time constant

τCOMB of 100ms, and a rotational velocity imposed during training in the light of 360o/s. The re-

maining network parameters were set to the values given in Table 7.2.

The right-hand plot of Figure 7.13 displays the firing rates of the head direction cells during test-

ing in the dark. With the learning rates k2 and k3 set to 0.001, the model cannot learn to perform path

integration of head direction.

Further simulations, with all learning rates k1 to k4 set to 0.001, produced qualitatively similar re-

sults to the simulations with only k2 and k3 set to 0.001.

The learning rates k2 and k3 must be implemented with relatively high values in order for the model

to learn to perform path integration of head direction.

7.4.5 Experiment 7.5: Long-Term Depression in the Learning Rules

Long-Term Depression (LTD) can increase the specificity of learned cell responses because a learning

rule that incorporates LTD permits the strength of a synapse wij to decrease as well as increase. This

experiment explored the effect of incorporating first homosynaptic LTD, and then heterosynaptic LTD,
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into the learning rules governing the synaptic weight update.

Homosynaptic LTD

Homosynaptic LTD promotes a decrease in the strength of a synapse wij when strong firing of the

presynaptic cell j is temporally conjunctive with below-average firing of the postsynaptic cell i.

Equation (6.5) now becomes

dw2
ij(t)

dt
= k2

[
rHD
i (t)− 〈rHD

i 〉
]
rCOMB
j (t) (7.4)

where k2 is the learning rate, rHD
i (t) is the firing rate of postsynaptic head direction cell i at time t,

〈rHD
i 〉 is the time-average firing rate of postsynaptic head direction cell i, and rCOMB

j (t) is the firing

rate of presynaptic combination cell j at time t. The average firing rate 〈rHD
i 〉 is computed by, at each

model update, summing together all the firing rates ri for a particular postsynaptic cell i that have

occurred at each model update so far, and then dividing by the total number of model updates.

Equation (6.9) now becomes

dw3
ij(t)

dt
= k3

[
rCOMB
i (t)− 〈rCOMB

i 〉
]
rHD
j (t) (7.5)

where k3 is the learning rate, rCOMB
i (t) is the firing rate of postsynaptic combination cell i at time

t, 〈rCOMB
i 〉 is the time-average firing rate of postsynaptic combination cell i, and rHD

j (t) is the firing

rate of presynaptic head direction cell j at a time t. The average firing rate 〈rCOMB
i 〉 is computed in

the same way as the average firing rate 〈rHD
i 〉 described above.
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Figure 7.14: The firing rates of the head direction cells during the testing phase of Experiment 7.5 The left-hand
plot displays data recorded from a model simulated with homosynaptic LTD in the w2 and w3 synaptic learning
rules. The packet of head direction cell activity does not update in a continuous manner, and is not stable when
the agent is not rotating. Therefore, the model has not learned to perform path integration of head direction with
much accuracy. The right-hand plot displays data recorded from a model simulated with heterosynaptic LTD in
the w2 and w3 learning rules. The packet of head direction cell activity does not remain stable when the agent
is stationary. Therefore, the model has not learned to perform path integration of head direction.

The simulations were conducted with the network parameters given in Table 7.2. The time constant

τCOMB was set to 100ms, and a rotational velocity of 360o/s was imposed during training in the light.

The left-hand plot of Figure 7.14 displays the firing rates of the head direction cells during testing in

the dark. The head direction cell activity packet does not update in a continuous manner, and does not

remain stable when the agent is stationary. Thus, the model has not learned to successfully perform

path integration of head direction. This is in contrast to the corresponding Experiment 6.4.5 of Chap-

ter 6, where the model incorporating axonal conduction delays does learn to perform path integration

of head direction with homosynaptic LTD in the w2 and w3 learning rules.

Further simulations incorporated homosynaptic LTD into all of the learning rules for all of the synapses

w1 tow4. The results are not shown, but are qualitatively very similar to the results with homosynaptic
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LTD in the w2 and w3 learning rules only.

Heterosynaptic LTD

Heterosynaptic LTD promotes a decrease in the strength of a particular synapse wij when below-

average firing of the presynaptic cell j is temporally conjunctive with strong firing of the postsynaptic

cell i.

Equation (6.5) now becomes

dw2
ij(t)

dt
= k2rHD

i (t)
[
rCOMB
j (t)− 〈rCOMB

j 〉
]

(7.6)

where k2 is the learning rate, rHD
i (t) is the firing rate of postsynaptic head direction i at time t,

rCOMB
j (t) is the firing rate of presynaptic combination cell j at time t, and 〈rCOMB

j 〉 is the time-

average of the firing rate of presynaptic combination cell j, which is calculated by summing the firing

rates rj over successive model updates and then dividing by the total number of model updates so far.

Equation (6.9) now becomes

dw3
ij(t)

dt
= k3rCOMB

i (t)
[
rHD
j (t)− 〈rHD

j 〉
]

(7.7)

where k3 is the learning rate, rCOMB
i (t) is the firing rate of postsynaptic combination i at time t,

rHD
j (t) is the firing rate of presynaptic head direction cell j at time t, and 〈rHD

j 〉 is the time-average

firing rate of presynaptic head direction cell j, which is calculated in the same way as described for

the average 〈rCOMB
j 〉 above.
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The model was simulated with the network parameters given in Table 7.2. The time constant τCOMB

was set to 100ms, and a rotational velocity of 360o/s imposed during training in the light.

The right-hand plot of Figure 7.14 displays the firing rates of the head direction cells during test-

ing in the dark. The packet of head direction cell activity continuously moves, and does not move in

the correct direction at the correct time. The packet also does not remain stably in one position when

the agent is not rotating. Thus, a model incorporating heterosynaptic LTD in the w2 and w3 learning

rules cannot learn to perform path integration of head direction.

Further simulations incorporated heterosynaptic LTD into all of the learning rules for the w1 to w4

synapses. The results are not shown, but are qualitatively very similar to the results obtained with

heterosynaptic LTD in the w2 and w3 learning rules only.

Thus, the current model cannot learn path integration of head direction with reasonable accuracy

when either homosynaptic LTD or heterosynaptic LTD are incorporated into the synaptic learning

rules. There is a difference in learned behaviour compared to the model, reported in Chapter 6, that

incorporates axonal conduction delays, which could learn path integration of head direction with ho-

mosynaptic LTD present in the w2 and w3 learning rules.

7.4.6 Experiment 7.6: Learning during the Testing Phase

In all of the simulations reported in this chapter so far, during the testing phase no learning is allowed

to take place. As discussed in the corresponding Experiment 6.6 of Chapter 6, this protocol was
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Figure 7.15: The firing rates of the head direction cells during the testing phase of Experiment 7.6. When
learning is permitted during the testing phase, the model cannot perform path integration of head direction.

adopted in order to isolate the effects of the testing phase without the potentially confusing factor of

constant synaptic modification. It is not clear, however, how learning could be arbitrarily turned on

and off in the real brain. This experiment thus investigated the effect of allowing learning during the

testing phase of the model.

During the testing phase, the associative earning and weight normalization equations for synapses

w1 to w4 were simulated. These are Equations (6.3), (6.4), (6.5), (6.6), (6.9), (6.10), (6.11), and

(6.12). The model parameters are given in Table 7.2. The time constant τCOMB was set to 100ms,

and a rotational velocity of 360o/s was imposed during training in the light.

Figure 7.15 displays the firing rates of the head direction cells recorded during testing in the dark.

When learning is permitted in the testing phase, the model cannot perform path integration of head

direction. The model will learn, during the training phase, the correct synaptic weight structure to

perform path integration of head direction. The further learning during the testing phase will, however,

overwrite this synaptic structure and prevent path integration from occurring.
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7.5 Discussion

This chapter provides the operational principles and simulation results of a model that can learn to

perform path integration of head direction at approximately the speed experienced during training. In

summary, the main points of the chapter are:

• The model architecture comprises a layer of head direction cells that are reciprocally linked to a

layer of combination cells. A layer of rotational velocity cells signals when the agent is rotating

in either a clockwise or counter-clockwise direction.

• The computational task to be solved by the model is to learn to update a packet of head direction

cell activity using idiothetic (self-motion) signals at the same speed as the activity packet was

updated in the presence of visual input.

• Setting the neuronal time constant τCOMB to a relatively large value of either 100ms or 150ms,

compared to the neuronal time constant τHD, which is set to 1ms, produces an effective time

delay ∆t in the w3 synaptic connections. This is because the activity profile of a postsynaptic

combination cell will be delayed in time ∆t from the activity profile of the driving presynaptic

head direction cell. There is, however, no corresponding effective time delay ∆t in the w2

synaptic connections. Thus, a postsynaptic combination cell will, through competitive learning,

represent a particular rotational velocity and a head direction θ occurring at a time t−∆t in the

past. The activity in the combination cell layer at a time t is associated, due to the absence of a

time delay ∆t in the w2 synapses, with activity in the head direction cell layer occurring at the

same time t. Thus, the model can learn associations between head direction θ1 occurring at time

t1, and head direction θ2 occurring at time t2. In the absence of visual input, these associations
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enable the model to update packet of head direction cell activity at the correct speed.

• In simulation, the model learns to perform path integration of head direction at approximately

the speed that was imposed during training in the light. This ability is robust across two different

values of the time constant τCOMB, and two different rotational velocities.

• The time constant τCOMB must be set to a large value, otherwise the model cannot learn to

perform path integration of head direction.

• The model can learn path integration of head direction when a distribution of values of the time

constant τCOMB are incorporated across the combination cells.

• When the learning rates k2 and k3 are set to 0.01 the model can still learn path integration of

head direction. When the learning rates k2 and k3 are set to 0.001 the model cannot learn path

integration of head direction.

• Incorporating either homosynaptic LTD or heterosynaptic LTD into the w2 and w3 synaptic

learning rules either destroys the accuracy of path integration, or abolishes path integration of

head direction altogether.

• Allowing learning to occur during the testing phase also abolishes path integration of head

direction.

The current model is very similar, architecturally and functionally, to the model incorporating ax-

onal conduction delays that is reported in Chapter 6. The experiments reported in the current chapter

were carried out as careful replications of the experiments reported in Chapter 6. This approach was

adopted in order to highlight the similarities and differences between the two models.
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Importantly, the principle of using natural time delays as a mechanism for producing accurate path

integration of head direction has been shown to be a general principle. Two separate physical instanti-

ations of this principle have now been shown to produce the desired path integration of head direction

behaviour: axonal conduction delays, and neuronal time constants.

There are differences between the two models. A major difference is that the current model, with

a large value for the neuronal time constant τCOMB, undershoots the true speed of path integration

consistently by a greater amount than the model incorporating axonal conduction delays. A possible

explanation for this is that the model incorporating axonal conduction delays includes a time delay

∆t in the Hebbian associative learning rules for updating the w2 and w3 synaptic weights, whereas

the current model does not. The presence of the time delay ∆t in the learning rules of the model in-

corporating axonal conduction delays may facilitate more accurate path integration of head direction

by encouraging the specificity in the synaptic weight structure that is required to update a packet of

head direction cell activity at the correct speed. That is, in the model incorporating axonal conduction

delays, the w2 and w3 synaptic weights converge more readily to a stable specific state. The current

model can still perform path integration of head direction with the learning rates k2 and k3 set to 0.01,

whereas the model incorporating axonal conduction delays cannot. On the other hand, introducing ei-

ther homosynaptic LTD or heterosynaptic LTD into the w2 and w3 learning rules severely degrades or

abolishes the path integration of head direction in the current model, whereas the model incorporating

axonal conduction delays can still perform path integration of head direction with homosynaptic LTD

incorporated into the w2 and w3 learning rules.
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The two models also utilize different operational mechanisms. The results of Experiment 7.2 demon-

strate that, when the time constants τHD and τCOMB are set to the same small value of 1ms then some

other mechanism, e.g. axonal conduction delays, is required in order to produce path integration of

head direction.

The accuracy of the path integration may be improved by simulating the model with integrate-and-

fire neurons. It may also be that the w1
ij excitatory recurrent collateral synapses provide a source of

friction that damps the speed of update of the head direction cell activity packet. It is possible to

implement a continuous attractor neural without recurrent collateral synapses, and doing so may also

improve the accuracy of path integration. Incorporating more realistic angular head velocity cells into

the current model will allow the model to generalize across different speeds of path integration, which

cannot currently be achieved.

As was discussed in Section 6.5 of Chapter 6, there is no immediately obvious computational rea-

son why the current model consistently undershoots the correct speed of path integration, apart from

the lack of convergence in the w2 and w3 synaptic weights as stated above. Future simulation work

is required in order to identify the factors that have the most influence upon the accuracy of path inte-

gration.

As per Section 6.5, a similar question can also be asked about the validity of the current model given

the consistent undershoot of the speed of path integration. A similar answer can also be provided.
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There is no computational reason why the model cannot learn to perform path integration at the cor-

rect speed. The current model does undershoot the correct speed, and performs worse than the model

reported in Chapter 6 for reasons stated above, but taken together with the results in Chapter 6 these

two models provide the first steps in addressing two different mechanisms by which a model can learn,

in a biologically plausible manner, to perform path integration at the correct speed. These results can

be improved upon with further research. Thus, the consistent undershoot of the correct speed of path

integration that is exhibited by the current model is not a fatal flaw.

In conclusion, a model that uses the value of the neuronal time constant τCOMB to produce an ef-

fective time delay can learn to perform path integration of head direction at approximately the speed

that was experienced during training.
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Chapter 8

Conclusion

Within the rat brain, there are classes of cells that signal spatial information. Place cells signal the

location of the rat within its environment (O’Keefe and Dostrovsky, 1971; O’Keefe and Nadel, 1978).

Entorhinal cortex grid cells also signal the location of the rat within its environment, but each grid

cell has a repeating receptive field that tessellates into a hexagonal grid-like pattern (Hafting et al.,

2005; Sargolini et al., 2006). Head direction cells signal the direction that the head of the rat is facing

towards (Ranck, 1985; Taube et al., 1990a,b).

The experiments reported in this thesis have explored the computational neuroscience of head direc-

tion cells. Neural network models, that self-organize through learning, were employed as the research

methodology. These neural network models were constructed as the minimal synaptic architectures

required to produce the desired learned behaviour in each experiment. For each neural network model,

the minimal synaptic architecture facilitated a detailed investigation into the effect that controlled al-

terations of the model parameters, and training environments, have upon the learned behaviour of the

model.
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The research conducted in this thesis has investigated two computational properties of the head di-

rection cell system. Firstly, the development, through learning in the presence of visual input, of

well-established head direction cell response properties in response to visual cues has been investi-

gated. Second, the development, through learning, of the ability of the head direction cell system to

update its current representation of head direction using internal idiothetic (self-motion) signals in the

absence of visual input, i.e. path integration of head direction, was investigated.

8.1 The Development of Head Direction Cell Visual Responses

Individual head direction cells exhibit similar response properties. In particular, each head direction

cell has an approximately Gaussian response profile centred on a unique preferred head direction

(Ranck, 1985; Taube et al., 1990a). The preferred firing direction of a head direction cell can be al-

tered by the manipulation of a visual cue or cues: in the paradigmatic experiment, this cue is a single,

visually-distinctive, cue card (Taube et al., 1990b; Goodridge and Taube, 1995).

Different visual cues can differ in their salience with respect to the head direction cell system. Pre-

vious research has shown that distal visual cues have a stronger influence upon the preferred firing

directions of individual head direction cells than do proximal visual cues (Zugaro et al., 2001, 2004;

Yoganarasimha et al., 2006).

This might be expected because only the visual input from distal visual cues will directly reflect

the current head direction of an animal as it moves through different locations within its visual envi-
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ronment. In contrast, individual proximal cues will appear to lie on different compass bearings as the

animal moves through different locations within the environment.

An important question then is how head direction cells develop their sensitivity to the distal visual

cues, and therefore head direction, given visual input from a natural environment containing a mix-

ture of proximal and distal visual cues? The challenge is to explain how a subpopulation of head

direction cells can learn to respond only to the distal visual cues, and ignore the proximal cues, in

order to develop their sensitivity purely to the head direction of the animal.

The results reported in Chapters 2 and 3 show how a one-layer competitive neural network is able

to form separate output representations of the distal visual cues, and a single proximal visual object,

when trained on visual input from a training environment containing both of these kinds of cues. The

network thus develops, through visually-guided learning, a subpopulation of output layer cells that

are anchored to the distal rather than proximal visual cues. These output layer cells will then respond

to preferred head directions, much like head direction cells in the rat brain.

The competitive network is able to achieve this result by exploiting the statistical decoupling that

will exist between the visual input from the distal cues and the visual input from the proximal object

as the agent visits different locations in the environment. It has been demonstrated that this statistical

decoupling leads to different subpopulations of output layer cells learning to respond to either the

distal cues or the proximal object, but not both. The subpopulation of output layer cells that learn to

respond to the distal cues fire with an approximately Gaussian profile centred on individually preferred
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head directions, and in this respect behave like head direction cells.

8.1.1 Learning to Discriminate between Distal and Proximal Visual Cues

A neural network model comprising a layer of input cells connected, by a set of feedforward synapses,

to a layer of output cells, can learn, under the correct conditions, to form separate representations of

distal and proximal visual cues that are presented simultaneously as input to the model.

Orthogonal Input Representations

Chapter 2 presents the results of experiments simulating this model with orthogonal input representa-

tions. When exposed to a training environment containing ten training locations, one proximal object,

and a circular space of distal objects, the model is able to learn to form separate output layer cell

representations of the distal and proximal object spaces. That is, after training, individual output layer

cells respond exclusively to a narrow region of either the space of distal objects or the proximal object

space, but not both.

Further experiments reported in Chapter 2 explored the effect upon the learned model behaviour of

controlled alterations of the model and training environment parameters. An important result is that

the simulated agent must visit a minimum number of training locations, ≥ 5, in the training environ-

ment in order for output layer cells to develop that respond exclusively to a narrow region of either

the space of distal objects or the proximal object space, but not both. This results corresponds to the

requirement that a rat must move through its environment in order to discriminate between distal and

proximal visual cues.
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The learned model performance was shown to be robust to the amount of training that the model

receives, and performance is also robust to the size of the neural network. The learned model per-

formance is dependent, however, upon the values of the learning rate k, and the sparseness a. In

both cases, the model requires that these parameters be set to relatively small values if the model is

to produce output layer cells that respond exclusively to one of the distal or proximal object spaces,

but not both. When either of these parameters is set to a relatively large value, the model develops a

distributed representation in the output layer. It is still possible to discriminate between the distal and

proximal object spaces with a distributed output representation, but this type of output representation

is not, however, the desired output representation of the model.

When the number of proximal objects in the training environment is increased to be ≥ 2, the out-

put layer cells also develop a distributed representation.

Distributed Input Representations

Chapter 3 presents the results of experiments simulating a model with distributed input representa-

tions. This model was simulated to demonstrate that the general principle of using the statistical

independence between the distal and proximal visual cues to aid the competitive learning of separate

representations of these cues is robust with respect to a more distributed input representation. Similar

to the results of Chapter 2, the model with distributed input representations can learn, under the cor-

rect conditions, to develop output layer cells that respond exclusively to a narrow region of either the

space of distal objects or the proximal object space, but not both.

In simulation, the model with distributed input representations was shown to be robust to the per-
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centage of overlap between the input layer cell subsets, i.e. the number of input cells shared between

the subsets. It was also shown that a minimum number of training locations, ≥ 5, must be visited by

the agent in order for output layer cells to develop responses that are exclusive to either the space of

distal objects or the proximal object, but not both.

Similar to the results obtained for the model with orthogonal input representations, the model with

distributed input representations requires relatively small values of the learning rate k and the sparse-

ness a. Otherwise, a distributed representation of the input spaces develops in the output layer cells.

The model performance is reasonably robust to the amount of training received, although the model

with distributed input representations requires a higher number of training epochs to be experienced,

compared to the model with orthogonal input representations, before behaviour is produced that ap-

proaches the learned behaviour of the fully-trained model. The model performance is also robust to

the size of the model.

Simulating the model with ≥ 2 proximal objects in the training environment results in the model

developing an output layer distributed representation of the distal and proximal object spaces.

The experiments reported in Chapter 3 are careful replications of the experiments reported in Chap-

ter 2. This approach was employed in order to highlight the similarities and differences between the

model with orthogonal input representations and the model with distributed input representations. In

general, when implemented with a particular set of model parameters or a particular training environ-

ment, the two models produce qualitatively similar results. Therefore, using the statistical properties
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of distal and proximal visual cues as an aid to a competitive learning mechanism that forms separate

representations of these visual cues is a general principle that is robust to the distributed nature of the

input cell representation.

Future Research

In both the model with orthogonal input representations and the model with distributed input represen-

tations, the visual input is represented in a highly idealized manner. That is, the individual input layer

cells respond, with a Gaussian response profile, to narrow regions of either the space of distal objects,

or a proximal object space. This abstract, idealized visual input was used to provide a high degree

of control over the model so that the effect upon the learned model behaviour of altering particular

model parameters could be clearly isolated.

Such idealized visual input is not, however, representative of either the complex visual scenes ex-

perienced by a rat, or the early stages of visual processing in the rat brain. A next step in the research

into the development of head direction cell visual responses will be to embed the neural network

model in a rich 3D visual training environment. This type of training environment can be created

using 3D modelling software such as Blender,1 or a low-level graphics programming library such as

OpenGL.2 The visual input from these 3D training environments can be processed with Gabor filters,

which simulate the edge and bar detection cells in the early mammalian visual system (Jones and

Palmer, 1987).

The advantage of using richer visual training environments is not only an added degree of realism,
1http://www.blender.org
2http://www.opengl.org
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but also the fact that it will be possible to replicate experimental setups from the single-cell recording

literature. For example, the paradigmatic cue-card rotation within a cylinder experiment (Muller and

Kubie, 1987; Taube et al., 1990b). Replication of standard experimental environments will allow for a

closer correspondence between simulation results and experimental results. I have already conducted

some preliminary simulations in which the neural network model was fed visual input from a 3D

visual training environment containing distal and proximal visual cues. These simulations, however,

proved too computationally expensive to pursue within the time constraints of a doctoral thesis.

Another simplification in the neural network models reported in Chapters 2 and 3 is that the sim-

ulated agent visits discrete training locations within the training environment and effectively jumps

between the training locations. In a real environment, a rat will visit a continuum of training locations

as it traces a route through its environment. A next step will be to allow the simulated agent to visit

any possible location in the training environment. This can be achieved by either having the agent

follow a preset path through the training environment, or by simulating the agent tracing a stochastic,

random walk through its environment where the training locations the agent visits are decided prob-

abilistically, but the agent can only visit training locations that are adjacent to its current location.

This will produce a more realistic path of the agent through its environment. The random walk can be

implemented first in the idealized visual training environment, and then in the rich 3D visual training

environment. Allowing the agent to visit a continuum of training locations will increase the statistical

decoupling between the distal and proximal object spaces, which could improve the learned behaviour

of the model.
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In the training protocols for the models reported in Chapters 2 and 3, the simulated agent rotates

through 360o at each training location in the training environment. It can be argued that this is not

a particularly realistic training regime, and that a more realistic protocol would be to have the agent

follow a path through the training environment as discussed above, but with the head of the agent

remaining within a small interval of the direction the agent is walking. In the simplified case where

the head of the agent always faces the direction the agent is walking, it is predicted that the output

layer cells in the model will learn to form separate representations of the distal and proximal object

spaces and may out-perform the models reported in Chapters 2 and 3.

This is because, if the agent follows a suitably long path, and its head always remains at the same

directional heading whilst the agent traverses this path, the agent will constantly receive the same

view of the space of distal objects, but will receive constantly changing views of the proximal ob-

jects as the agent walks towards and then passes these proximal objects. In the model, the input cells

representing the view of the distal object space will always be active as the agent traverses the path,

but different subsets of input layer cells representing different views of the proximal objects will ac-

tivate and deactivate as the agent receives different views of the proximal objects. The output layer

cells in the model will continuously strengthen the feedforward synapses they receive from the input

layer cells representing the view of the space of distal objects, but will not equivalently consistently

strengthen the feedforward synapses they receive from the input layer cells representing a single par-

ticular view of one of the proximal objects. For the reasons outlined in Chapter 1, this will have the

computational effect that the output layer cells will learn to respond exclusively to a particular view

of the space of distal objects, and will not respond to any of the proximal objects. Thus, a change in
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the training protocol – allowing the agent to maintain the same directional heading whilst following a

path – is predicted to significantly improve the ability of the model to discriminate between the distal

and proximal object spaces.

An interesting question that deserves further research is the maturity of the head direction cell re-

sponses in young rats. The research of Langston et al. (2010) and Wills et al. (2010) suggests that

head direction cell response profiles approach their mature state almost immediately after the infant rat

opens its eyes. That is, the head direction cells display single, approximately Gaussian, response pro-

files that are centred on a single preferred firing direction, and which remain stable across repeat visits

to a particular environment. These results raise two further important questions. Is the head direc-

tion cell system genetically predetermined, i.e. hard-wired? And, do the head direction cells in infant

rats exhibit the full range of response properties that are displayed by head direction cells in adult rats?

In the studies of Langston et al. (2010) and Wills et al. (2010), the amount of visual experience

undergone by the infant rats was not controlled for. Thus, it is hard to dissociate whether the head

direction cell responses are the result of a genetically predetermined head direction cell system, or

visual training. Certainly, the results reported in Chapters 2 and 3 of this thesis demonstrate that, in

order to exhibit mature head direction cell responses, the required visual learning can be accomplished

within minutes of exposure to visual input.

Research by Rudy et al. (1987) demonstrated that young rats can see distal visual cues, but cannot

process these cues as distal visual cues in a spatial configuration with proximal visual cues until the
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rat becomes more mature. This result suggests that the full range of head direction cell response

properties only develops after the rat has further experience of exploring environments beyond the

initial opening of the eyes. Thus, the full range of head direction cell responses is not hard-wired, and

requires further learning in order to fully develop.

It would be very interesting to test the full range of the head direction cell response properties in

young rats. Recording from head direction cells in rats that are the same age as the rats in the studies

of Langston et al. (2010) and Wills et al. (2010), the infant rat could be tested with the paradigmatic

cue-card rotation experiment (Muller and Kubie, 1987; Taube et al., 1990b), and with the distal and

proximal cue manipulation experiment of Zugaro et al. (2001). By carefully controlling the amount

of visual experience the infant rat undergoes, it should be possible to dissociate whether the head

direction cell responses in young rats are the result of genetic pre-specification or visual learning.

Moreover, it will be possible to test the exact maturity of the head direction cell responses. It is

predicted that further learning is required in order for head direction cells in young rats to show full

maturity in their responses, and therefore it will not be possible to replicate the results of Taube et al.

and Zugaro et al..

A problem with the models reported in Chapters 2 and 3 is that increasing the number of proxi-

mal objects in the training environment degrades the learned model behaviour: the model produces

a distributed representation of the distal and proximal object spaces in the output layer. The original

hypothesis, however, was that the model would produce output layer cells that had learned to respond

exclusively to a narrow region of one of the distal or proximal object spaces. The future research
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steps outlined so far may help to improve this aspect of the learned model behaviour when there are

multiple proximal objects in the training environment.

For instance, allowing the agent to visit a continuum of training locations, in a more realistic 3D visual

training environment, may also increase the statistical decoupling between the distal and proximal ob-

ject spaces for the same reasons that increasing the number of discrete training locations increases

the statistical decoupling between the distal and proximal object spaces. It may also be the case that

including internal idiothetic (self-motion) signals in the model may improve the learned model perfor-

mance. The reasons for this will be discussed in Section 8.3 of this chapter. All of these suggestions

will be a next research step.

8.1.2 The Isomapping of Preferred Firing Directions

Within a population of head direction cells, the angular distance between the preferred firing direc-

tions of any two head direction cells is maintained across different environments (Taube et al., 1990b;

Taube and Burton, 1995; Zugaro et al., 2004; Yoganarasimha et al., 2006). This is defined as an

isomapping of head direction cell preferred firing directions across environments.

In the neural network model, a layer of input cells is connected, through feedforward synapses, to

a layer of output cells, which is, in turn, connected to itself through excitatory recurrent collateral

synapses. The model can learn to produce an isomapping of the output layer cell preferred firing

directions across two visual training environments.

The isomapping is produced because output layer cells that, through competitive learning in the first
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training environment, develop preferred firing directions close to one another in terms of angular dis-

tance, will also develop strong excitatory recurrent collateral synapses with one another.

In the second training environment, the firing of the input layer cells will initially lead, through the

initially untrained feedforward synapses, to a random assortment of the output layer cells firing. The

strong excitatory recurrent collateral synapses will then help to force the firing of a cluster of output

layer cells that have preferred firing directions close to one another in the first training environment.

Hebbian learning will strengthen the feedforward synaptic connections between the currently firing

input layer cells, representing orientations of the agent that are nearby in the second environment,

and the currently firing output layer cells, which will come to represent these orientations. Thus, an

isomapping of output layer cell preferred firing directions is learned across two environments.

The results of the experiments reported in Chapter 4 show that nature of the mapping of output layer

cell preferred firing directions is dependent upon strong excitatory recurrent collateral synaptic in-

put within the output layer. Weak, or non-existent, excitatory recurrent collateral input produces a

complex remapping, rather than isomapping, of output layer cell preferred firing directions. The de-

velopment of an isomapping of preferred firing directions is robust to the amount of training received

by the model, and is also robust to the size of the model. The isomapping is, however, dependent upon

some form of long-term depression being present in the learning rules.

Future Research

The simulation results of the isomapping model demonstrate that the head direction cell system can

learn a behaviour such as isomapping on the basis of visual input alone. To this end, it would be very
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interesting to embed the current isomapping model within the type of 3D visual training environment

described above and then examine the influence that the richer visual input has upon the learned per-

formance of the model.

Another next step will be to incorporate proximal visual objects into the training environment and

explore the type of mapping of output layer cell preferred firing directions that the model learns to

produce when proximal objects are present. Given that the real head direction cell system can pro-

duce an isomapping of head direction cell preferred firing directions in environments containing both

distal and proximal objects, it is clear that producing an isomapping in a more complex environment

is possible. The richer visual input will allow for a full exploration of the behaviour of the model.

It is predicted that the excitatory recurrent collateral synapses will help the isomapping model to

effectively “wash-out” the proximal objects such that the model will only learn to represent, and form

an isomapping between, the distal objects in an environment containing both distal and proximal ob-

jects. This is because the firing rates received by each output layer cell through the excitatory recurrent

collateral synapses will only be coherent with the firing rates received by each output layer cell from

the input layer cells representing the space of distal objects. That is, the firing rates of the input layer

cells representing particular views of the proximal objects will change too often to establish any sort of

stable relationship with the firing rates received through the excitatory recurrent collateral synapses,

where the firing rates received through the recurrent collateral synapses will reflect the most stable

input to the output layer cells, i.e. the input from the input layer cells representing the space of distal

objects.
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It is only when there is a stable and consistent relationship between the firing rates of a particular

presynaptic cell and a particular postsynaptic cell that the synapse between these cells can be strength-

ened through Hebbian learning. Thus, the constant firing of a particular subset of input layer cells,

which represent a particular view of the space of distal objects, will promote strengthening of the

excitatory recurrent collateral synapses with the output layer cells because these recurrent collaterals

will relay the stable firing from the input layer. The strengthening of the excitatory recurrent collat-

eral synapses will, in turn, promote strengthening of the feedforward synapses between the input layer

cells representing a particular view of the space of distal objects and the output layer cells. Thus, the

output layer cells will learn to represent only the distal objects – and will only learn an isomapping

between the distal objects – when the training environment contains both distal and proximal objects.

It is further predicted that if the training protocol is altered to incorporate the agent maintaining a fixed

directional heading as it traverses a path, as discussed in Section 8.1.1, then the model will be better

able to form representations of only the distal objects.

It will also be interesting to simulate the agent visiting more than two training environments. Given

that the model has demonstrated isomapping across two training environments, the model should, in

principle, be able to demonstrate isomapping across multiple environments. The multiple training

environments can initially be the same type of idealized environment as simulated in Chapter 4. It

will then be possible to test the model in multiple 3D visual training environments.
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8.2 The Path Integration of Head Direction

Head direction cells can track the current head direction of the rat using internal idiothetic (self-

motion) signals in the absence of visual input (Goodridge et al., 1998). This is the path integration

of head direction. Previous research has shown that, with the appropriate driving input, a continuous

attractor neural network model of head direction cells can perform path integration of head direction

(e.g. Skaggs et al., 1995; Zhang, 1996; Song and Wang, 2005; Stringer and Rolls, 2006). However, no

previous research has addressed how a model may learn, in a biologically plausible manner, to update

the internal representation of head direction at the same speed as the rat is rotating its head.

Axonal Conduction Delays

A continuous attractor neural network of head direction cells is reciprocally linked with a layer of

combination cells, which also receive input from a layer of rotational velocity cells. Incorporating

axonal conduction delays to provide an effective time delay, this model can learn to perform path in-

tegration of head direction, in the absence of visual input, at approximately the speed imposed during

training in the presence of visual input

The results of the experiments reported in Chapter 6 provide a detailed exploration of the proper-

ties of this neural network model.

The model can learn to perform path integration of head direction, at approximately the speed ex-

perienced during training, across two different values for the axonal conduction delays and for two

rotational velocities imposed during training in the light. Importantly, the model performance is ro-
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bust to a uniform distribution of axonal conduction delays within the w2 and w3 synapses. The model

also functions correctly with axonal conduction delays in either the w2 or the w3 synapses, but not

both sets of synapses.

The model requires a high value for the learning rate k, and can function with homosynaptic LTD

incorporated into the learning rule, but cannot function with heterosynaptic LTD incorporated into the

learning rule. Permitting learning to occur during the testing phase of the model abolishes the learned

path integration.

Neuronal Time Constants

A neural network model, with the same general architecture as the model described in Chapter 6,

employs a large value for the neuronal time constant τCOMB and a small value for the neuronal time

constant τHD. This neural network model can also learn to perform path integration of head direction,

in the absence of visual input, at approximately the speed imposed during training in the presence of

visual input. This model does not incorporate axonal conduction delays.

The experiments reported in Chapter 7 are a careful replication of the experiments conducted in

Chapter 6. This approach highlights the fact that exploiting natural time delays is a general mech-

anism that facilitates learning the path integration of head direction, in the absence of visual input, at

approximately the speed experienced during training in the presence of visual input. This approach

also allows a comparison of the similarities and differences between the model reported in Chapter 6

and the model reported in Chapter 7.
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The neural network model reported in Chapter 7 can learn to perform path integration of head di-

rection at approximately the speed experienced during training in the light, across two different values

of the neuronal time constant τCOMB, and at two different rotational velocities imposed during train-

ing in the light.

If the model is simulated with the same small values for the time constants τHD and τCOMB, then

the model does not learn to perform path integration of head direction. This result highlights the

fact that another timing mechanism, i.e. axonal conduction delays, is required in order for a model

simulated with small neuronal time constants to learn path integration of head direction. Thus, the

model reported in Chapter 6 employs a different timing mechanism to the model reported in Chapter 7.

The model is robust to a uniform distribution for the values of τCOMB. The model does not learn

to perform path integration accurately when either homosynaptic LTD, or heterosynaptic LTD, is in-

corporated in the learning rules.

Future Research

Both the model incorporating axonal conduction delays, Chapter 6, and the model using large neuronal

time constants τCOMB, Chapter 7, consistently undershoot, during path integration in the absence of

visual input, the rotational velocity imposed during training in the light. The model using large neu-

ronal time constants τCOMB consistently undershoots this value by more than the model incorporating

axonal conduction delays.

A next step will be to simulate both models with integrate-and-fire neurons. Previous research has
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shown that a neural network model of head direction cells can update the cell response profiles within

tens of milliseconds of the presentation of a new stimulus (Degris et al., 2004). The fast response of

integrate-and-fire neurons to a stimulus may ameliorate the undershoot of the recorded speed of path

integration in the absence of visual input, compared to the imposed speed of path integration during

training in the presence of visual input.

A further advantage of simulating the models in Chapters 6 and 7 with integrate-and-fire neurons

is that this type of neural modelling approach allows for the incorporation of spike-time dependent

plasticity (STDP) (Markram et al., 1997; Bi and Poo, 1998). STDP requires a presynaptic action po-

tential, or spike, to occur within a temporal window of a few tens of milliseconds before a postsynaptic

action potential in order for long-term potentiation of the synapse connecting the two cells to occur.

The temporal precision required for learning to occur under conditions of STDP may also improve

the learned performance, in terms of the speed of head direction cell activity packet update, for the

models reported in Chapters 6 and 7.

It is predicted that the inclusion of an STDP mechanism into the models of path integration will

produce more accurate path integration because the accuracy of the path integration mechanism is de-

pendent upon associating the firing a particular head direction cell at a time t with the firing of another

head direction cell at a time t + ∆t. If the head direction cell firing at time t forms a strong synaptic

connection with a head direction cell that commences firing either before or after the precise time

interval ∆t, then the accuracy of the path integration mechanism will be degraded. STDP will help

produce an accurate path integration mechanism because a synapse is only strengthened if a presynap-

335



tic spike occurs within a precise time interval before the postsynaptic spike. As the association to be

learned between a head direction cell with a preferred firing direction θ1 firing at a time t, and another

head direction cell with a preferred firing direction θ2 firing at a time t + ∆t, is strongly regulated

by the natural timing mechanisms of either axonal conduction delays or neuronal time constants, the

STDP mechanism should ensure high specificity in terms of strengthening the correct synapses to

produce accurate path integration.

In the two models of path integration, rotational velocity cells provide a signal of a fixed speed of

rotation in either the clockwise or counter-clockwise direction. This was a simplifying assumption

that allowed the investigation into the model performance to focus upon the nature of the timing

mechanism. In the real rat brain, however, angular velocity cells in the dorsal tegmental nucleus and

lateral mammillary nuclei exhibit approximately linear response functions as the angular velocity of

the head increases (Bassett and Taube, 2001b, 2005; Sharp, 2005). The response functions of these

cells plateau as the angular velocity of the head increases further. Some of these angular velocity

cells respond in a symmetric manner to both clockwise and counter-clockwise directions of rotation,

whereas other angular velocity cells respond in an asymmetric manner to either clockwise rotation or

counter-clockwise rotation, but not both.

A next step will be to incorporate these biologically more realistic angular velocity cells into both

of the models reported in Chapters 6 and 7. In order for these path integration models to continue

to function, the combination cells must still learn to respond to combinations of a particular head

direction and angular head velocity. If the angular velocity cells possess response functions that are
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variable with different gradients then the population firing vector of angular velocity cells will point

in a unique direction for each unique angular velocity. A layer of combination cells incorporating

competitive learning may thus be able to learn to respond to these unique population firing vectors

such that individual combination cells will still learn to respond to combinations of a particular head

direction and an angular head velocity.

In the models presented in Chapters 6 and 7, the agent is trained under conditions of continuous

motion for both clockwise and counter-clockwise rotation. It can be argued that this is not particularly

realistic as a training protocol, and an interesting question is what would the effect be upon the per-

formance of the model if the agent is not trained under conditions of continuous motion? In the case

where the agent performs a series of small rotations in either a clockwise or counter-clockwise direc-

tion, but never rotates fully through 360o in either direction, then it is predicted that the model will

still learn to perform path integration as long as the series of small rotations takes the agent through

all head directions from 0o − 360o. In other words, the models presented in Chapters 6 and 7 will not

be able to generalize across portions of the 360o head-direction space that the agent has not visited,

but the computational principles by which the two models work do not require the agent to visit all of

the 360 head direction in one continuous motion.

To see that this is the case, consider the situation in which the agent makes a continuous rotation

through 360o in either the clockwise or counter-clockwise direction. Accurate path integration re-

quires the model to form strong synaptic connections between the firing of a head direction cell with

a preferred firing direction θ1 at a time t, and the firing of a head direction cell with a preferred firing
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direction θ2 at a time t + ∆t. In the case of a continuous rotation through 360o, the head direction

cell with a preferred firing direction θ2 that fires at a time t + ∆t must then form a strong synaptic

connection with a head direction cell with a preferred firing direction θ3 at a time t+ 2∆t. In the case

of non-continuous rotations, an association must still be learned between the head direction cell with

the preferred firing direction θ2 and the head direction cell with the preferred firing direction θ3, but it

is now the case that the head direction cell with the preferred firing direction θ2 fires at a time t, and

the head direction cell with the preferred firing direction θ3 now fires at a time t + ∆t. For training

under both continuous and non-continuous motion, the association between the head direction cells

that is to be learned is the same, but the times at which the head direction cell with the preferred firing

direction θ2 fires is allowed to differ. This is why, provided all the required associations between the

head direction cells are learned, the model can cope with training under conditions of non-continuous

rotation. If, however, not all associations are learned then the models presented in Chapters 6 and 7

will not generalize to unseen associations, and the model will not correctly perform the path integra-

tion of head direction.

It may be possible to use the oscillations in the activity of a population of cells as a timing mecha-

nism that introduces an effective time delay (Traub et al., 1999; Buzsáki, 2006). For instance, gamma

oscillations (30-100 Hz) may provide a clock or timing mechanism that can act as a reference for the

temporal order of neural activity (Sejnowski and Paulsen, 2006; O’Keefe, 2007). If both the head

direction cell layer, and the combination cell layer, sustain population oscillatory firing behaviour,

potentially out of phase with one another, then it may be possible to learn associations through time

between successive head directions by associating the head directions with peaks in the oscillatory
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firing behaviour. It may also be possible for one of the head direction cell or combination cell layers

to oscillate at a slower theta frequency (6-12 Hz), while the other layer oscillates at the faster gamma

frequency. Associations can then be learned across the gamma sub-cycles within a single theta cy-

cle (Jensen and Lisman, 1996b,a; Lisman, 1999). Previous research has suggested that population

oscillations play a role in facilitating successful path integration (Buzsáki, 2005; Blair et al., 2008;

Hasselmo, 2008; Hasselmo and Brandon, 2008).

8.3 A Unified Model of the Head Direction Cell System

Bassett and Taube (2005) have suggested that the head direction cell system can be broadly classified

into two separate, but convergent, processing streams.

The “ascending” processing stream carries idothetic, primarily vestibular, signals. The stream fol-

lows an approximate path of medial vestibular nucleus → nucleus prepositus hypoglossi → dorsal

tegmental nucleus→ lateral mammillary nuclei→ anterodorsal thalamic nucleus→ postsubiculum.

The “descending” processing stream carries visual signals, and follows an approximate path of ei-

ther visual cortex → postsubiculum, or visual cortex→ retrosplenial cortex → postsubiculum. The

ascending and descending processing streams are shown schematically in Figure 8.1a.

The models reported in Chapters 2, 3, and 4 of this thesis are representative of the type of processing

occurring in the descending visual stream of the head direction cell system. The models reported in

Chapters 6 and 7 of this thesis are representative of the type of processing that occurs in the ascending
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Figure 8.1: a) Ascending and descending input streams to the head direction cell system as proposed by
Bassett and Taube (2005). The ascending stream provides idiothetic input, such as self-motion signals, to the
head direction cell system. The descending stream provides visual input to the head direction cell system. b)
A unified model of the head direction cell system. The left-hand side of the model provides visual input to the
head direction cell system, and is hypothesized to involve the same type of computation as the models reported
in Chapters 2 and 3, i.e. the computation can form separate representations of distal and proximal visual cues.
The right-hand side of the model is a system that can achieve path integration of head direction as reported
in Chapters 6 and 7. Only the distal visual cues will maintain a stable and consistent relationship with the
rotational velocity inputs, and therefore the only learned association that will develop in the head direction cells
is an association between visual input from distal cues and idiothetic input from the rotational velocity cells.
Thus, the head direction cells will show a strong learned preference for stimulation by distal visual cues.

idiothetic stream of the head direction cell system.

A next step will be to incorporate the two processing streams to produce a unified model of the head

direction cell system. This model will self-organize to produce the known responses of head direction

cells in response to both visual and idiothetic signals. A schematic representation of the unified model

is shown in Figure 8.1b.

The principle of operation for the unified model of the head direction cell system can be understood

by considering the case of a single, untrained, head direction cell. Throughout learning, this head
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direction cell will receive visual input from cells that can discriminate distal and proximal visual cues,

shown as the left-hand side box of Figure 8.1b. The single head direction cell will also constantly

receive idiothetic inputs. A layer of rotational velocity cells will signal the clockwise and counter-

clockwise rotation of the animal. This layer of cells is represented by the right-hand side box in

Figure 8.1b. The layer of rotational velocity cells will project onto a second layer of cells, which are

reciprocally connected with a layer of head direction cells. This second layer of cells is represented

by the middle-right box in Figure 8.1b. Thus, the single head direction cell under consideration will

continuously receive direct input from the cells in the visual input stream and the second layer of

cells in the idiothetic input stream, and indirect input from the layer of rotational velocity cells in the

idiothetic input stream. The head direction will, in turn, project directly onto the second layer of cells

in the idiothetic input stream.

The visual inputs will provide constant stimulation to the head direction cell. The head direction

cell will, in turn, provide constant stimulation to, and receive constant stimulation from, the second

layer of cells in the idiothetic input stream. The second layer of cells will also receive constant stim-

ulation from the layer of rotational velocity cells. As the animal moves through its environment, the

visual and idiothetic inputs to the head direction cell will change according to both the current rota-

tional velocity, and the current head direction θ, of the animal.

In the second layer of cells in the idiothetic input stream, individual cells will initially represent com-

binations of the current rotational velocity of the animal and head direction cells that are stimulated by

either distal or proximal visual cues. However, the only consistent visual input that the example head

341



direction cell will receive is from cells that represent distal visual cues. That is, the head direction

cell will still receive constant stimulation from cells representing proximal visual cues but, amongst

this subset of visual input cells, different cells will be active – and thus provide stimulation to the

head direction cell – for a particular head direction θ at different locations in the environment. In

comparison, amongst the subset of cells representing distal visual cues, the same cells will be active

and provide stimulation to the head direction cell for a particular head direction θ at different locations

in the environment.

Thus, as the rat moves through its environment, the only consistent relationship between the visual

and idiothetic inputs to the head direction cell system is between those cells representing the distal vi-

sual cues and the rotational velocity cells. Consequently, through Hebbian associative learning, cells

will develop that represent combinations of distal cue visual input and rotational velocity. No cells

will develop that represent combinations of proximal cue visual input and rotational velocity. Prelim-

inary simulation results, not shown, suggest that incorporating a vestibular signal into the orthogonal

model reported in Chapter 2 improves the performance of the model to the extent that, in a standard

training environment containing ten training locations and one proximal object, the grand majority of

the output layer cells learn to respond exclusively to a narrow region of the space of distal objects.

Hardly any output layer cells learn to respond to the proximal object space, or to both of the distal and

proximal object spaces.

Because the second layer of “combination” cells projects onto the head direction cells, a functional

consequence of the learning described above is that a head direction cell system will develop where
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the individual head direction cells will show strong preferences for stimulation by distal visual cues,

can maintain their preferred firing directions in the absence of visual input, and the system as a whole

can perform path integration of head direction at the same speed as the animal is moving its head. The

model will also develop an isomapping of the head direction cell preferred firing directions across

environments. The research presented in this thesis has shown how the individual parts of this unified

model can develop their response properties.

This unified model will also be a first step towards producing a self-organizing neural network model

of the head direction cell system that closely corresponds to the known physiology of the head di-

rection cell system, both in terms of the brain areas known to contain head direction cells and the

responses of the head direction cells in these different brain areas. For instance, the origin of the head

direction cell signal, and the location of the putative head direction cell continuous attractor network,

is argued to be in the reciprocal loop formed between the dorsal tegmental nucleus and the lateral

mammillary nuclei (Blair et al., 1998; Bassett and Taube, 2001a; Song and Wang, 2005). Explicitly

modelling the head direction cell continuous attractor network as located in this reciprocal loop may

then aid in generating biologically realistic firing properties in the head direction cells located in brain

areas downstream from the continuous attractor.

For example, the firing rates of the head direction cells located in brain areas at the beginning of

the ascending vestibular stream anticipate the head direction of the animal. That is, the firing profiles

of these head direction cells are highly correlated with the head direction of the rat at some t in the

future. The firing profiles of head direction cells in the anterodorsal nucleus of the thalamus anticipate

343



the head direction of the rat by approximately 23ms (Blair and Sharp, 1995), and the firing profiles of

head direction cells in the lateral mammillary nuclei anticipate head direction by approximately 38ms

(Blair et al., 1998). A full biophysically accurate and self-organizing model of the head direction cell

system would permit a detailed investigation of how the head direction cells in different brain regions

acquire their known response properties. This unified model, if embedded in a 3D visual training

environment, will also permit the replication of the recording protocol and environment in single-

cell recording studies, which will hopefully produce a two-way interaction between computational

research and experimental research into the head direction cell system.

8.4 Final Remarks

In summary, this thesis has explored how neural network models may learn to produce particular

well-known properties of the head direction cell system. Two models, with orthogonal and distributed

input representations respectively, have shown that it is possible, on the basis of visual input alone,

to learn to form separate output representations of distal and proximal visual cues that are presented

simultaneously to the model as input. This type of computation would be required in order for head

direction cells to preferentially respond to the manipulation of distal visual cues. However, so far,

these models are only able to form separate output representations when there is a single proximal

object present in the training environment. A third neural network model demonstrated how, on the

basis of visual input alone, a complex property such as the isomapping of preferred firing directions

can be learned. This thesis also explored the influence of idiothetic signals upon the head direction

cell system. Two models of path integration, using axonal conduction delays and large neuronal

time constants τCOMB respectively, produce a natural time delay that enables the network to learn to
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perform path integration of head direction at approximately the speed imposed during training in the

light. Future research, including incorporating the models reported in this thesis into a unified model

of the head direction cell system, was also considered.
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Buzsáki, G. (2006). Rhythms of the Brain. Oxford University Press, Oxford.

Carpenter, G. A. and Grossberg, S. (1987). A massively parallel architecture for a self-organizing
neural pattern recognition machine. Computer Visiion, Graphics, and Image Processing, 37:54–
115.

Carpenter, G. A. and Grossberg, S. (1988). The art of adaptive pattern recognition by a self-organizing
neural network. Computer, March 1988:77–88.

Carr, C. E. (1993). Processing of temporal information in the brain. Annual Review of Neuroscience,
16:223–243.

Carr, C. E. and Konishi, M. (1988). Axonal delay lines for time measurement in the owl’s brainstem.
Proceedings of the National Academy of Sciences of the USA, 85:8311–8315.

Carr, C. E. and Konishi, M. (1990). A circuit for detection of interaural time differences in the
brainstem of the barn owl. Journal of Neuroscience, 10:3227–32246.

Chen, L. L., Lin, L. H., Green, E. J., Barnes, C. A., and McNaughton, B. L. (1994). Head-direction
cells in the rat posterior cortex. I. Anatomical distribution and behavioral modulation. Experimental
Brain Research, 101:8–23.

Cho, J. and Sharp, P. E. (2001). Head direction, place, and movement correlates for cells in the rat
retrosplenial cortex. Behavioral Neuroscience, 115:3–25.

Collett, T. S. and Zeil, J. (1998). Places and landmarks: An arthropod perspective. In Healy, S., editor,
Spatial Representation in Animals. Oxford University Press, Oxford.

Cressant, A., Muller, R. U., and Poucet, B. (1997). Failure of centrally placed objects to control the
firing fields of hippocampal place cells. Journal of Neuroscience, 17:2531–2542.

Dayan, P. and Abbott, L. F. (2001). Theoretical Neuroscience: Computational and Mathematical
Modeling of Neural Systems. MIT Press, Cambridge, MA.

Degris, T., Brunel, N., Sigaud, O., and Arleo, A. (2004). Rapid response of head direction cells to
reorienting visual cues: A computational model. Neurocomputing, 58–60c:675–682.

Etienne, A. S., Berlie, J., Georgakopoulos, J., and Maurer, R. (1998). Role of dead reckoning in navi-
gation. In Healy, S., editor, Spatial Representation in Animals. Oxford University Press, Oxford.

Etienne, A. S. and Jeffery, K. J. (2004). Path integration in mammals. Hippocampus, 14:180–192.

347



Etienne, A. S., Joris-Lambert, S., Reverdin, B., and Téroni, E. (1993). Learning to recalibrate the role
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Leutgeb, S., Ragozzino, K. E., and Mizumori, S. J. (2000). Convergence of head direction and place
information in the CA1 region of the hippocampus. Neuroscience, 100:11–19.

Lisman, J. E. (1999). Relating hippocampal circuitry to function: Recall of memory sequences by
reciprocal dentate-CA3 interactions. Neuron, 22:233–242.

Markram, H., Lubke, J., Frotscher, M., and Sakmann, B. (1997). Regulation of synaptic efficacy by
coincidence of postsynaptic APs and EPSPs. Science, 275:213–215.

Markus, E. J., Qin, Y. L., Leonard, B., Skaggs, W., McNaughton, B. L., and Barnes, C. A. (1995).
Interactions between location and task affect the spatial and directional firing of hippocampal neu-
rons. Journal of Neuroscience, 15:7079–7094.

Martin, P. D. and Berthoz, A. (2002). Development of spatial firing in the hippocampus of young rats.
Hippocampus, 12:465–480.

349



McNaughton, B. L., Chen, L. L., and Markus, E. J. (1991). Dead reckoning, landmark learning, and
the sense of direction: A neurophysiological and computational hypothesis. Journal of Cognitive
Neuroscience, 3:190–202.

Mittelstaedt, H. and Mittelstaedt, M. L. (1982). Homing by path integration. In Papi, F. and Wallraff,
H. G., editors, Avian Navigation. Springer, Berlin.

Mittelstaedt, M. L. and Mittelstaedt, H. (1980). Homing by path integration in a mammal. Naturwis-
senschaften, 67:566–567.

Mizumori, S. J., Puryear, C. B., Gill, K. M., and Guazzelli, A. (2005). Head direction cells in hip-
pocampal afferent and efferent systems: What functions do they serve? In Wiener, S. I. and Taube,
J. S., editors, Head Direction Cells and the Neural Mechanisms of Spatial Orientation. MIT Press,
Cambridge, MA.

Mizumori, S. J., Ragozzino, K. E., and Cooper, B. G. (2000). Location and head direction represen-
tation in the dorsal striatum of rats. Psychobiology, 28:441–462.

Mizumori, S. J. and Williams, J. D. (1993). Directionally selective mnemonic properties of neurons
in the lateral dorsal nucleus of the thalamus of rats. Journal of Neuroscience, 13:4015–4028.

Morris, R. G. M. (1981). Spatial localization does not require the presence of local cues. Learning
and Motivation, 12:239–260.

Muir, G. M. and Taube, J. S. (2002). Firing properties of head direction cells, place cells and theta
cells in the freely-moving chinchilla. Society of Neuroscience Abstracts, 584:4.

Muller, R. U. and Kubie, J. L. (1987). The effects of changes in the environment on the spatial firing
of hippocampal complex spike cells. Journal of Neuroscience, 7:1951–1968.

Oja, E. (1982). A simplified neuron model as a principal component analyser. Journal of Mathemati-
cal Biology, 15:267–273.

O’Keefe, J. (2007). Hippocampal neurophysiology in the behaving animal. In Andersen, P., Morris,
R., Amaral, D., Bliss, T., and O’Keefe, J., editors, The Hippocampus Book. Oxford University
Press, Oxford.

O’Keefe, J. and Dostrovsky, J. (1971). The hippocampus as a spatial map: Preliminary evidence from
unit activity in the freely moving rats. Brain Research, 34:171–175.

O’Keefe, J. and Nadel, L. (1978). The Hippocampus as a Cognitive Map. Clarendon Press, Oxford.

Ranck, Jr., J. B. (1985). Head direction cells in the deep cell layer of dorsolateral presubiculum in
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