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Abstract
Multirate systems, which exhibit dynamics across various time scales, are common
in both scientific and real-world applications. Predicting and prescribing their
behaviour, however, is challenging, as resolving fast dynamics requires fine-grid
treatment, affecting the accuracy and efficiency of computational methods. This
thesis comprehensively tackles this challenge, focusing on simulation, open-loop
control, and robust feedback strategies. The proposed methods build upon each
other, leveraging the properties of the system’s model to design bespoke methods for
high-fidelity simulation and optimal control at reduced computational cost.
We begin by employing a multirate variational approach for uncontrolled simulations
of multirate systems, achieving great reductions in the number of intermediate
variables for negligible penalties in accuracy. We prove that the resulting discrete
model is structure-preserving and derive its order of accuracy for a class of dissipative
systems. Implementing this model for optimal control, we demonstrate the adjoint
system inherits the structure-preservation and accuracy of the variational model,
while the multirate formulation significantly reduces the number of optimisation
variables and constraints. These findings are showcased through two theoretical and
two practical aerospace examples: simultaneous slewing and vibration control of
flexible satellites, and control of satellites in three-body gravitational environment
using a six degree-of-freedom model.
This variational open-loop control strategy can not account for modelling errors or
disturbances and often results in an intractible nonconvex problem. Therefore, we
formulate a novel linearisation strategy for variational models and implement the
multirate variational approach within a tube-based nonlinear receding horizon (RH)
strategy. This results in a successive convex approximation approach that reduces
the size of the optimal control problem, and without loss of feasibility or stability
guarantees, increases the receding horizon time step compared to the time step used
to discretise the fast dynamics.
Although providing feedback, this technique does not account for disturbances and
does not provide guarantees for obtaining a local optimum of the original nonlinear
problem. For this purpose, we develop a novel successive linearisation RH strategy
for systems with explicit and implicit models. We prove that unless terminated
early, the technique obtains a local optimum of the original nonlinear problem and
demonstrate how variational models can be used to reduce the size of the resulting
convex problems while preserving some structures and the convexity of the continuous
model. For systems with explicit models, this technique is extended to consider the
presence of additive disturbances. Recursive feasibility and stability are proved and
demonstrated through examples.
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Abstract
Multirate systems, which exhibit dynamics across various time scales, are common
in both scientific and real-world applications. Predicting and prescribing their
behaviour, however, is challenging, as resolving fast dynamics requires fine-grid
treatment, affecting the accuracy and efficiency of computational methods. This
thesis comprehensively tackles this challenge, focusing on simulation, open-loop
control, and robust feedback strategies. The proposed methods build upon each
other, leveraging the properties of the system’s model to design bespoke methods
for high-fidelity simulation and optimal control at reduced computational cost.

We begin by employing a multirate variational approach for uncontrolled simulations
of multirate systems, achieving great reductions in the number of intermediate
variables for negligible penalties in accuracy. We prove that the resulting discrete
model is structure-preserving and derive its order of accuracy for a class of dissipative
systems. Implementing this model for optimal control, we demonstrate the adjoint
system inherits the structure-preservation and accuracy of the variational model,
while the multirate formulation significantly reduces the number of optimisation
variables and constraints. These findings are showcased through two theoretical and
two practical aerospace examples: simultaneous slewing and vibration control of
flexible satellites, and control of satellites in three-body gravitational environment
using a six degree-of-freedom model.

This variational open-loop control strategy can not account for modelling errors
or disturbances and often results in an intractible nonconvex problem. Therefore,
we formulate a novel linearisation strategy for variational models and implement
the multirate variational approach within a tube-based nonlinear receding horizon
(RH) strategy. This results in a successive convex approximation approach that
reduces the size of the optimal control problem, and without loss of feasibility or
stability guarantees, increases the receding horizon time step compared to the time
step used to discretise the fast dynamics.

Although providing feedback, this technique does not account for disturbances and
does not provide guarantees for obtaining a local optimum of the original nonlinear
problem. For this purpose, we develop a novel successive linearisation RH strategy
for systems with explicit and implicit models. We prove that unless terminated
early, the technique obtains a local optimum of the original nonlinear problem
and demonstrate how variational models can be used to reduce the size of the
resulting convex problems while preserving some structures and the convexity of
the continuous model. For systems with explicit models, this technique is extended
to consider the presence of additive disturbances. Recursive feasibility and stability
are proved and demonstrated through examples.
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1
Introduction

1.1 Motivation

Systems which exhibit dynamics on different time scales are often referred to

as multirate systems and examples of such can be found in all areas of life and

science– from the laws behind the motion of molecules to those describing planetary

dynamics. One illustrative example is a satellite with flexible solar panels performing

a rotational manoeuvre. Even when this rotational motion evolves slowly, it can

induce vibrations in the flexible appendages which include very fast modes, thus

demonstrating dynamics across different time scales. Similarly, such multirate

behavior arises in technological systems composed of rigid and elastic parts with

varying, and often high, stiffness, such as in vehicle dynamics or biomechanics.

Despite the abundant presence of multirate systems, we still face great numerical

challenges when attempting to predict and prescribe their behaviour. The presence

of fast and slow dynamics leads to great difficulties in their simulation, control,

and optimisation. For this reason, many works have developed bespoke multirate

numerical techniques, however, most of them focus on a specific application or

restrict the discussion to one or two aspects of the problem – be it the development of

a mathematical model, simulation strategy, open-loop control law, feedback control

law or a bespoke optimisation algorithm. Furthermore, the numerical methods

1
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chosen often fail to preserve key properties and structures of the mathematical

model vital for the in-depth understanding of the physical system and its accurate

long-term simulation.

The thesis aims to approach all these aspects of the problem in a structured manner.

We plan to address, in turn, the simulation, open-loop control, and nominal and

robust feedback control strategies, extending each method from the previous one.

Each method is developed to exploit the characteristics of the mathematical model

and the physical system in order to design bespoke approaches capable of high-fidelity

simulation and optimal control of multirate systems at a reduced computational

cost. These methods are tested for several theoretical examples and two practical

examples from the aerospace domain.

1.2 Thesis outline and contributions

This thesis aims to develop novel high-fidelity, computationally efficient methods

for simulation, optimisation and control. We begin with a detailed description of

each chapter, highlighting its main contributions toward this goal.

In Chapter 2 (Background), we introduce the mathematical background used

throughout this thesis and discuss the related literature. The chapter is divided

into three sections:

• Simulation: We introduce the Lagrangian and Hamiltonian formalisms for

modelling system behaviour in the presence of forces and constraints. We

describe the challenges of simulating these dynamics numerically and discuss

quantitative measures of the simulation accuracy. We then present geometric

integrators, which are numerical discretisation techniques for system simulation

which focus on preserving qualitative features of the model during simulations

in order to reduce the long-term quantitative error of the simulation. We

discuss important qualitative features such as symmetries and symplecticity

and introduce the primary method for discrete system representation, which

is used throughout this thesis: variational integrators [1].
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• Optimal control: Next, we explain how system models can be used to control

the system optimally and present a general form of an optimal control problem.

We discuss the direct and indirect methods for its solution and their necessary

optimality conditions. We note that these problems can result in nonconvex

optimisation problems, for which there are no guarantees for successful and

efficient solution. Thus, we present ideas from the literature on how these can

be addressed using convex programming.

• Feedback control: Lastly, we discuss the importance of feedback in controlling

the system’s behaviour and introduce the receding horizon strategy for

optimisation-based closed-loop control [2], summarising some of the main

milestones in its development for nominal and robust systems.

In Chapter 3 (Simulation), we delve into the core theoretical aspect of this thesis.

The focus lies on introducing the multirate formulation of variational integrators, a

concept initially proposed by [3]. While existing literature on multirate variational

integrators (MVI) primarily addresses their application in non-dissipative systems,

showcasing their ability to accurately preserve symplecticity, energy, or momenta,

this chapter takes a step further. Following the approach of [4, 5], we incorporate

external forces and rigorously derive their mathematical representation within the

scheme. Moreover, we extend prior research by establishing the integrator’s accuracy

in the presence of external forces for a specific class of systems and demonstrating

its structure-preserving properties even in the presence of external forcing through

the formulation and proof of the multirate discrete forced Noether’s theorem. The

chapter concludes with the development of a multirate variational integrator for

constrained dissipative systems in both Lagrangian and Hamiltonian formulations.

In Chapter 4 (Examples), we introduce two theoretical and two practical examples

to showcase the capabilities of multirate variational integrators, as established in

Chapter 3 and elaborated on in subsequent chapters. We begin with the Fermi-

Pasta-Ulam-Tsingou (FPUT) system, employing a linear dynamics configuration

to showcase the order and structure-preserving properties of MVI through direct
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comparison with the analytic solution and several alternative methods. Additionally,

we conduct tests to demonstrate MVI’s capacity to reduce computational costs in

simulating multirate systems without sacrificing accuracy. Order and conservation

tests are also conducted for a nonlinear configuration of the FPUT system, confirming

the integrator’s performance without the need to decouple the equations of motion,

as required by some competing schemes.

These findings are reinforced by a second example focusing on a practical application:

simulating flexible satellite dynamics. By developing a linear system model, we

discuss the benefits of utilising an MVI to achieve high-fidelity simulations with

reduced computational overhead. This is particularly crucial for safety-critical

simulations on resource-constrained hardware, such as spacecraft control systems.

Finally, we delve into the example of a satellite with a tether in a three-body

gravitational environment. Introducing a novel variational six-dimensional system

model, we implement the constrained forced MVI to demonstrate the trade-off

between efficiency and accuracy achievable for this example with this approach.

Chapter 5 (Open-loop control) focuses on a detailed description of the imple-

mentation of multirate variational integrators for open-loop optimal control. Initially

introduced as Multirate Discrete Mechanics and Optimal Control (Multirate DMOC)

by [4], this approach demonstrated great potential but was never further analysed

theoretically or extended. While Gail’s thesis [5] provided a more detailed description

of the method, it offered limited new insights. In Chapter 5, we present a detailed

mathematical development of the method, which cannot be currently found in the

literature and we expand on prior works by investigating the order of the optimal

control solution. To showcase the capabilities of Multirate DMOC, we apply it

to the control of the FPUT system and the simultaneous slewing and vibration

control of the flexible satellites introduced in Chapter 4. We assess the fidelity of the

approach by highlighting the conservation properties and the order of accuracy of

the resulting solutions. We further showcase the computational savings achievable

with Multirate DMOC by examining how the size of the optimal control problem
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can be significantly reduced and exploring the favourable trade-off between accuracy

and computational cost that the approach offers.

Based on the multirate variation approach, Chapter 6 (Multirate receding

horizon control) focuses on the development of a receding horizon strategy for

multirate systems, which allows for accurate control of both slow and fast subsystems

while obeying the constraints placed on the system and its controls. Previous

works in this direction, such as non-uniform grid approaches and move blocking

strategies, often face issues with discretisation error, computational load, and

feasibility guarantees [6–8]. Building upon the theory from Chapters 3 and 5 and a

tube-based successive linearisation approach by [9], we formulate an alternative tube-

based approach for multirate systems with coupled nonlinear dynamics. The use of

the multirate variational approach enables the increase of the receding horizon time

step beyond the discretisation step used for the fast system dynamics. Additionally,

it reduces the size of the receding horizon optimal control problem (RHOCP) by

reducing the number of degrees of freedom and model constraints. Consequently, it

necessitates the solution of the RHOCP less frequently than alternative singlerate

approaches, with negligible penalties in accuracy and without loss of feasibility or

stability guarantees. Furthermore, we develop a novel linearisation technique, which

maintains the structure-preserving nature of a variational model and facilitates new

methods of computing linearisation error bounds. The superior qualitative properties

of variational models and the run-time savings achievable with this approach

compared to singlerate methods are demonstrated using the FPUT example from

Chapter 4 and a planar quadcopter model.

Despite the introduction of a novel method for bounding the linearisation error,

obtaining these bounds remains a challenge for many problems and can affect the

performance of the scheme, potentially leading to conservativeness, slow convergence

or infeasibility even when the original nonconvex problem is feasible. Furthermore,

the proposed scheme cannot straightforwardly be expanded to account for the

presence of external disturbances.



1. Introduction 6

To this end, Chapter 7 (Robust receding horizon control) introduces a novel

successive convexification receding horizon approach for system with convex state

and control constraints, and with nonlinear dynamics that can be expressed as a

difference of convex functions. The scheme uses both the nonconvex model and its

linearisation to construct a tube containing all possible future system trajectories

without the need to compute linearisation bounds. The tube is used to predict

performance and ensure constraint satisfaction, and is optimised online alongside

the control sequence in a sequence of convex programs.

We begin by introducing the scheme for explicit models in the absence of disturbances

and prove that the proposed approach is non-conservative, with solutions of the

successive convex programs converging to a locally optimal solution of the original

nonconvex optimal control problem. Furthermore, we prove that a sequence of

convex programs can be terminated early without affecting the stability or feasibility

guarantees. We extend the approach to the case of additive disturbances using a

novel strategy for selecting the linearisation points. As a result, we formulate a

robust receding horizon strategy that guarantees recursive feasibility and closed-loop

system stability. As in the disturbance-free case, the robust approach solves the

sequence of programming problems at each discrete time step without the need for

pre-computed error bounds or heuristics and can also be terminated early without

loss of feasibility guarantees. We illustrate these properties through two examples,

including the FPUT system. The results showcase the runtime reductions attained

with the new RH strategy compared to directly solving the original nonconvex

problem and demonstrate the tube’s convergence to one of its optima.

The nominal scheme is then reformulated for the more general case of implicit

system models. It is established through formal proofs and supported by numerical

examples that this reformulated scheme ensures the same guarantees as the one

for explicit models. We demonstrate, for a broad class of mechanical systems, that

by using a variational integrator, the convexity of the continuous model can be

preserved while achieving a better qualitative system representation and reduced
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size of the RHOCP. These claims are supported by the results from applying the

variational approach to the same examples used for the explicit-model scheme,

showing the convergence of the successive convex problems and the impact of the

structure-preserving model on the resulting trajectory and the RHOCP size.

In Chapter 8 (Conclusion) summarises the contributions made by this thesis

and outlines future research directions.

1.3 Publications
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journals and a magazine article. In all the articles included, the author of this
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2.1 Introduction

In this chapter, we present the mathematical formulation that will be used through-

out the thesis and introduce the main results from the literature that underpin

the developments of this thesis. In turn, we delve into system modelling, simu-

lation methodologies, optimal control strategies, and the pivotal role of feedback

9
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mechanisms in controlling the system’s behaviour.

2.2 System modelling using variational mechanics

To predict and prescribe the behaviour of a dynamical system, we first need to

derive its mathematical model. Consider a mechanical system whose path evolves on

a configuration manifold Q with associated tangent bundle TQ and let the system

be described by a Lagrangian L : TQ → R. The change in the system’s state in

time can be described by the evolution of its configuration vector q(t) ∈ Q and its

associated velocity vector q̇(t) such that (q(t), q̇(t)) ∈ TQ, with the tangent bundle

being the state space. Thus, the space of all possible paths for the system in the

time interval [0, T ] can be expressed as

C([0, T ], Q) = {q : [0, T ]→ Q | q is a C2 curve}. (2.1)

2.2.1 Lagrangian formalism

To derive the equations of motion, we consider the action integral S : C([0, T ], Q)→

R as

S(q) =
∫ T

0
L(q(t), q̇(t)) dt (2.2a)

and assume the Lagrangian is regular, thus its derivative with respect to the velocity

vector is full rank. Since we consider dissipative and controlled motions, external

(control) forces have to be taken into account. As suggested by [1], time independent

external inputs can be interpreted as fiber-preserving maps fL : TQ→ T ∗Q over the

identity idQ
1, where T ∗Q is the cotangent bundle associated with the configuration

manifold Q. In coordinate form these maps can be expressed as

fL : (q, q̇) 7→ (q, fL(q, q̇)),

and are termed Lagrangian forces. Such are, for example, friction forces, and, in

general, those forces dependent on the velocity and configuration but not explicitly

on time.
1i.e. it holds that πQ ◦ fL = τQ with πQ : T ∗Q → Q and τQ : TQ → Q being the canonical

projections (for definition see [18])
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On the other hand, to define and interpret time-dependent control inputs in the

Lagrangian formalism, we need to extend this definition and define the Lagrangian

control forces similarly to [19]. Given a control manifold U with control parameter

u(t) ∈ U and control path space

C([0, T ],U) = {u : [0, T ]→ U | u ∈ L∞} (2.3)

we define the Lagrangian control forces as maps fLC : TQ× U → T ∗Q, which in
coordinate form can be written as

fLC : (q, q̇, u) 7→ (q, fLC(q, q̇, u)).

Here L∞ denotes the space of essentially bounded, measurable functions equipped
with the essential supremum norm [18]. In fact, as [18] and [19] note, the Lagrangian

control force fLC can be interpreted as a family of Lagrangian forces fL for a fixed

control path u. Consequently, a Lagrangian control force fLC can be interpreted as

a parameter-dependent Lagrangian force fL in the following manner

fLC(q, q̇, u) = fL(u)(q, q̇).

Here fL(u) : TQ→ T ∗Q are fiber-preserving maps over the identity idQ, which in
coordinates take the form

fL(u) : (q, q̇) 7→ (q, fL(u)(q, q̇)). (2.4)

For this reason, the Lagrangian control forces will be utilised in the rest of this
thesis to represent both time-dependent and independent external forces. Systems

under their influence will be referred to as forced systems or dissipative systems

and the use of fLC(q, q̇, u) as one-form on TQ would refer to a family of horizontal

one-forms fL(u)(q, q̇) on TQ induced by the family of fiber-preserving maps fL(u).

With this in mind, for dissipative systems, the virtual work W : C([0, T ], Q) ×

C([0, T ],U)→ R of the external forces can be defined as

W (q, u) =
∫ T

0
fLC(q(t), q̇(t), u(t)) · δq(t) dt. (2.5)

For these systems, it is then known that the path of the system q ∈ C([0, T ] , Q)
must satisfy the Lagrange-d’Alembert principle, which requires that
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δ
∫ T

0
L(q(t), q̇(t)) dt+

∫ T

0
fLC(q(t), q̇(t), u(t)) · δq(t)dt = 0 (2.6)

for all variations of δq vanishing at the endpoints t = 0 and t = T (see [19, 20]).

This is a standard modification of Hamilton’s principle used to obtain stationary

points of the action in the case of unforced systems (see [1, 18, 19]). Based on (2.5),

the equations of motion for a dissipative system can thus be shown as:

∂L(q(t), q̇(t))
∂q(t) − d

dt

(
∂L(q(t), q̇(t))

∂q̇(t)

)
+ fLC(q(t), q̇(t), u) = 0. (2.7)

These equations implicitly define a family of forced Lagrangian vector fields XL(u) :

TQ× [0, T ]→ T (TQ) and associated forced Lagrangian flow FL(u) : TQ× [0, T ]→

TQ for a fixed u ∈ C([0, T ],U) (see [19] for more details). The forced Lagrangian

flow at fixed time t is denoted as F t
L(u) : TQ→ TQ.

This method of obtaining the equation is known as the Lagrangian formalism,

describing the system’s motion through the evolution of its configuration and velocity

in state space, i.e., on the tangent bundle TQ. Using Hamiltonian mechanics, the

evolution of the system can equivalently be described in the phase space using

the configuration vectors q(t) and conjugate momenta p(t) which belong to the

cotangent bundle T ∗Q associated with the configuration manifold Q.

2.2.2 Hamiltonian formalism

To derive the equations of motion within the Hamiltonian formalism, the Legendre

transform can be defined for unforced systems. It is a map FL : TQ→ T ∗Q, which

in coordinate form can be written as

FL : (q, q̇) 7→
(
q,
(
∂L

∂q̇
(q, q̇)

)⊺)
= (q, p) (2.8)

where p denotes the conjugate momenta of the system, and the time dependence

has been omitted to simplify the notation. For a regular Lagrangian, the Legendre

transform is a unique mapping. To model the behaviour of forced systems the

Hamiltonian control forces can be defined fH(q, p, u) : T ∗Q × U → T ∗Q and

considered as parameter-dependent Hamiltonian forces fH(u) where
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fL(u) = fH(u) ◦ FL.

similarly to the Lagrangian counterpart in (2.4). Based on these definitions, the

Hamiltonian H is defined as

H(q, p) = FL(q, q̇) · q̇ − L(q, q̇)

and the equations describing the motion within the phase space in the presence of

external forcing become

q̇ = ∂H

∂p
, ṗ = −∂H

∂q
+ fHC, (2.9)

where fHC(q, p, u) = fH(u)(q, p) and the time dependency has been dropped to

simplify the exposition. The Hamiltonian flow of the Hamiltonian vector field XH

defined by (2.9) can be defined as a map FH(u) : T ∗Q× R→ T ∗Q [1].

2.2.3 Constrained systems

Constraints on the system dynamics, such as, for example, those present in multibody

dynamics, can be accommodated using a Lagrange multiplier as described by [1, 3].

This is interpreted in a similar way as using Lagrange multipliers to place equality

constraints in the cost in an optimal control problem.

Consider a holonomic scleronomic constraint g(q(t))=0, where g :Q→Rm, with a

regular value of 0. Consequently, a (n−m)-dimensional submanifold can be defined as

C=g−1(0)={q | q ∈ Q, g(q)=0}⊂Q, known as the constraint manifold. Following

the approach proposed by [1], an augmented Lagrangian Lc(q(t), q̇(t), λ(t)) =

L(q(t), q̇(t))−h(q, λ) can be formulated, where the Lagrange multiplier λ(t)∈Rm and

h(q, λ) = λ(t)Tg(q(t)). Employing the continuous Lagrange-d’Alembert principle

with this augmented Lagrangian, the equations of motion become:
∂L(q, q̇)
∂q

− d

dt

∂L(q, q̇)
∂q̇

− ∂h(q, λ)
∂q

+ fLC(q, q̇, u) = 0 (2.10a)

g(q) = 0 (2.10b)

which is now a system of differential-algebraic equations (DAE). In fact, the term

(−
∂h(q,λ)

∂q
) can be viewed as a force exerted from the constraints to keep the system

trajectory on TC, the induced tangent space to the constraint manifold C.
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2.3 Simulation through discretisation

So far, we have seen that Equations (2.7) and (2.9) represent the evolution of

the system in state space and phase space, respectively. Ideally, these equations

would be solved analytically, providing the solution trajectory at any point in

time starting from an initial configuration. The nonlinear nature of most problems,

however, does not allow for an analytical solution to be found, and thus, the solution

must be approximated. Many numerical methods exist to achieve this, and for an

introduction to the topic, we refer the reader to books such as [21] and [22].

Most classical methods rely on direct discretisation of the equations of motion.

This is achieved by discretising the time domain to a finite number of time nodes

tk = k∆t, k = 0, 1, . . . , on which the differential equations are approximated using

difference equations. Such schemes are known as integrators and are solved a step

at a time to integrate the dynamics numerically.

For a continuous-time system with a continuous trajectory represented by x(t) =

[q(t)⊺, q̇(t)⊺]⊺ or x(t) = [q(t)⊺, p(t)⊺]⊺ and a control sequence u(t), we classify the

system model as explicit when the state update equations are of the form ẋ = f(x, u),

and implicit when they adhere to the form 0 = z(x, ẋ, u). Similarly, in discrete time,

with trajectory approximation xk ≈ x(tk) and discrete control sequence uk ≈ u(tk),

state update equations of the form xk+1 = fd(xk, uk) are referred to as explicit

models, while those of the form 0 = zd(xk+1, xk, uk) are termed implicit. Implicit

formulations inherently pose greater numerical challenges. Root-finding schemes

often become necessary in such cases, aiming to obtain a solution up to a user-

defined accuracy. One such scheme is the Newton-Raphson method, an iterative

procedure outlined in Algorithm 1 for a system of equations f(x) = 0, where J(x)

denotes its Jacobian [23].

2.3.1 Quantative measures of accuracy

One measure of the accuracy of an integrator is its order , which measures the

quantitative difference between the continuous trajectory and its discrete-time
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Algorithm 1: Multidimenstional Newton’s Method for finding a root of a
system of equations

Given :
1 A system of equations f(x) = 0, initial solution guess x0, solution tolerance

tol, maximum iteration maxiter and iter = 0;
Main :

1 while ∥x0∥ ≥ tol and iter < maxiter do
2 ∆x← (−J(x0))−1f(x0) ;
3 x0 ← x0 + ∆x ;
4 iter ← iter + 1

approximation. Given a numerical integrator F : T ∗Q × R → T ∗Q, which

approximates the Hamiltonian flow FH , the local error at time ∆t and the global

error at time T of the approximation can be defined respectively as [20]:

el(q, p,∆t) = ∥F (q, p,∆t)− FH(q, p,∆t)∥

eg(q, p,∆t, T ) = ∥FN(q, p,∆t)− FH(q, p, T )∥

where N is an integer with ∆t = T/N and FN(q, p,∆t) refers to the consecutive

application of the F integrator N times (i.e. for N steps). The integrator is said to

be of order r if there exist constants cl >, hl > 0 and an open set U ⊂ T ∗Q such

that for all (q, p) ∈ U and ∆t ≤ hl

el(q, p,∆t) ≤ cl∆tr+1. (2.11)

It is said to be convergent of order r if there exist constants cg > 0, hg > 0, Tg > 0

and an open set S ⊂ T ∗Q such that for all (q, p) ∈ S, ∆t ≤ hg, and T ≤ Tg

eg(q, p,∆t, T ) ≤ cg∆tr (2.12)

[1]. Often, the error is described by its limiting behaviour. This can be mathe-

matically expressed using big O notation (Bachmann–Landau notation) as will be

demonstrated in Chapter 3. Let h, r : Rn → R and h(x) = O(r(x)) for x→ x0 then

∃c > 0, ∃ϵ > 0 such that |h(x)| ≤ c|r(x)| for ∀x ∈ {x : ∥x− x0∥ < ϵ}. (2.13)

In other words, r describes the asymptotic upper bound on h.
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2.3.2 Qualitative measures of accuracy

Although many of the standard numerical integrators focus on reducing the

quantitative error of the approximation, they often fail to preserve important

properties of the mathematical model.

One such property, particularly relevant in practice, is the convexity of the model.

Definition 2.3.1. A set S ⊆ Rn is convex if for any two points s1, s2 ∈ S and any

θ ∈ [0, 1], the set includes the line between them, i.e. it holds that θs1 +(1−θ)s2 ∈ S

[24]. A function f : Rns → Rnf is said to be (componentwise) convex if its domain

domf is a convex set and for all s1, s2 ∈ domf , i = 1, . . . , nf , and θ ∈ [0, 1]

[f(θs1 + (1− θ)s2)]i ≤ θ[f(s1)]i + (1− θ)[f(s2)]i.

We define a system as having a convex model or convex dynamics if the right-

hand side of its state update equation is componentwise convex. For systems with

convex continuous models, preserving this property in the discretisation allows for

improvement in the computational cost of simulating and optimally controlling the

system, as we will discuss shortly.

Apart from convexity, the equations of motion hide additional information about the

system, such as conservation laws and other (time) invariants of the mathematical

model. This additional information regarding the behaviour of the system is encoded

within the geometric structure of the equations, and many standard integrators

fail to preserve it from the continuous to the discrete-time domain [21]. Thus, they

often fail to accurately represent the system’s long-term behaviour even when using

very fine time grids [25].

In contrast, a class of numerical integrators, referred to as geometric integrators

(see for example [26]) adopts a different strategy and prioritises the preservation of

specific structures in the discrete-time model. These integrators are thus tailored to

the problems at hand (unforced systems, constrained systems, stochastic systems,

etc.), yielding improved qualitative behaviour and enhanced accuracy in long-term
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integration [25–27]. We will now list some of the main structures typically preserved

by these integrators.

Symplecticity

Of particular importance for Lagrangian systems is the conservation of their

symplectic structure, which provides important mathematical insight into the

system’s behaviour. This structure can be defined as the preservation of a differential

two-form

w = dp ∧ dq =
nq∑
i=1

d[p]i ∧ d[q]i, (2.14)

where ∧ is the wedge product, and has several consequences [28]. For example,

it restricts the system to evolve on trajectories which, in the case for nq = 1,

preserve the oriented area of the parallelogram spanned by dq and dp in the phase

space, or in the case of nq > 1 conserve the sum of the oriented areas of the

projections of the parallelogram onto the coordinate planes ([p]i; [q]i) [21, 25, 26].

The preservation of the symplectic structure by numerical integration methods

allows for qualitatively more accurate long-term simulation which can often be

understood through backward error analysis tools [26, 29].

Lagrangian symmetries

If the Lagrangian exhibits symmetries, then the system’s dynamics may also fulfil

conservation laws, such as conservation of energy (time invariance), momentum

(translation invariance), or angular momentum (rotational invariance). These

invariances can be defined mathematically in several ways. Simply, as [20] outlines,

consider a system with Lagrangian L which is invariant under the translation

qη(t) = q(t)+η ζ or rotation qη(t) = exp(ηΩ)q(t) where ζ is a vector and Ω is a

skew-symmetric matrix. These examples can be generalised as a one-parameter

group of curves qη(t) with q0(t)=q(t) for which L(qη(t), q̇η(t))=L(q(t), q̇(t)) thus

∫ T

0
L(q(t), q̇(t))dt =

∫ T

0
L(qη(t), q̇η(t))dt. (2.15)
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Considering the solution curve q(t) and a variation in an infinitesimal symmetry

direction ξ(t) = ∂qη(t)
δη

∣∣∣∣
η=0

, due to the invariance (2.15) applying the Lagrange-

d’Alembert principle in the absence of forces and integration by parts leads to

0 = ∂

∂η

∫ T

0
L(q(t), q̇(t))dt =∫ T

0

(
∂L

∂q
− d

dt

(
L

∂q̇

))
· ξ dt+

[
∂L

∂q
· ξ
]T

0
= ∂L

∂q

∣∣∣∣
t=T
· ξ(T )− ∂L

∂q

∣∣∣∣
t=0
· ξ(0). (2.16)

Here ∂L
∂q

∣∣∣∣
t=0
· ξ(0) and ∂L

∂q

∣∣∣∣
t=T
· ξ(T ) represent the momentum in the direction ξ(t)

at the times t = 0 and t = T and their equality signifies that under the considered

translation or rotation, the momentum is preserved as T can be arbitrarily chosen.

More generally, [20] consider the action of a multidimensional Lie group G with Lie

algebra g and an action ξ ∈ g of G on Q whose lift to TQ leaves L invariant. The

momentum map JL : TQ→ g∗ can then be defined as JL(q, q̇) · ξ = (∂L/∂q̇) · ξQ(q)

where ξQ : Q 7→ TQ is the infinitesimal generator. Taking a variation δq = ξQ,

equation (2.16) becomes
(
∂L

∂q
· ξQ(q)

)
|t=T −

(
∂L

∂q
· ξQ(q)

)
|t=0

signifying preservation of the momentum map due to the invariance of L on the

lifted action. This can formally be stated as a theorem ([20], Theorem 2.3):

Theorem 2.3.1. (Noether’s theorem) Consider a Lagrangian system L : TQ→

R which is invariant under the lift of the (left or right) action Φ : G × Q → Q.

Then the corresponding Lagrangian momentum map JL : TQ→ g∗ is a conserved

quantity of the flow so that JL ◦ F t
L = JL for all times t.

A proof can be found in [20].

Adiabatic invariance

Another useful mathematical structure which the dynamics of the system might

possess is adiabatic invariance. Consider again the equations of motion

ṗ = −∂H
∂q

, q̇ = ∂H

∂p
, (2.17)
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for a Hamiltonian of the form H(p, q, ξt) where ξ is a small parameter. Then [30]

defines the quantity I(p(t), q(t), ξt) as an adiabatic invariant of this system if for

every k > 0 there ∃ ξ such that |I(p(t), q(t), t)− I(p(0), q(0), 0)| < k if 0 < ξ < ξ0,

0 < t < 1/ξ. In other words, this is a quantity which changes very little under

slow changes of the parameter even if other functions of the system, such as the

Hamiltonian, vary significantly. For more rigorous definitions see [26, 30].

Dissipative systems

When the system is dissipative or under the action of external control, then the

symplectic form and the system’s energy are no longer preserved by the flow. In

such cases, however, Noether’s theorem can be adjusted to account for the presence

of forces [18, 20] and establish modified momentum conservation laws.

2.3.3 Variational integrators

The work of Ge and Marsden [31] proved that a geometric integrator can simulta-

neously preserve energy and momenta or symplecticity and momenta, but not all

three at once. Thus, the work on structure-preserving integration schemes advanced

in two main directions: energy-momentum methods and symplectic-momentum

methods [20]. We will not attempt to systematically review these methods, as the

literature is too vast to allow for a comprehensive review within this thesis. We

refer the reader to [26] for references and overview. Instead, we focus on a subgroup

of symplectic-momentum methods, known as variational integrators, as it is an

important development on which our work relies.

Variational integrators are based on the theory of discrete variational mechanics (see

[1]). This mathematical framework provides a discrete parallel to the continuous

variational principles. It formulates discrete analogues to Hamilton’s principle of

stationary action, Lagrange-d’Alembert principle, Noether’s theorem and Legendre’s

transform. Using this discrete framework, one can derive the discrete equations

of motion by discretising the underlying variational principle rather than directly

discretising the continuous equations of motion as standard methods. This leads
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to the formulation of time-stepping equations, which are symplectic and momenta

preserving [3]. By the choice of variational formulation one can derive an inte-

grator tailored to the physics and goals of the specific problem. For example,

for conservative systems, one uses Hamilton’s variational principle [1], while for

forced or controlled systems, one can use the Lagrange-d’Alembert principles [19,

32–34]. Other examples include work focused on holonomically [3, 35–37] and

non-holonomically [38] constrained systems, stochastic systems [39, 40], multibody

systems [37, 41], dissipative systems [42] and many more. As these integrators fall

in the group of symplectic-momentum methods, they are not capable of exactly

preserving the energy of the system. Nevertheless, they accurately represent it

up to small fluctuations around the true value, resulting in a bounded error over

long-term simulation [20]. For a detailed review of the theory of discrete variational

mechanics and variational integrators, we refer the reader to [1], [20] and [43].

As an example to which we will often refer, we now consider the dissipative

unconstrained system defined in Section 2.2 and focus on the variational integrator

presented by [1]. To represent the system dynamics in discrete time, the discrete

configuration path is defined as

q d = {q k}N
k=0 with qk ≈ q(tk).

Similarly, we define the discrete control path

ud = {uk+1/2}N−1
k=0 with uk+1/2 ≈ u(tk+1/2).

The action integral on each discrete time step is approximated as

Ld,k = Ld(qk, qk+1) ≈
∫ tk+1

ti

L(q, q̇) dt

where Ld is often called the discrete Lagrangian [1]. The virtual work can similarly

be approximated as

f−
k · δqk + f+

k · δqk+1 ≈
∫ tk+1

tk

(f(q, q̇, u) · δq) dt.
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Here f−
k , f

+
k are left and right discrete forces [19], with f+

k−1 (f−
k ) representing

the effects of continuous Lagrangian control forces acting over [tk−1, tk] ([tk, tk+1]

respectively) on configuration node qk. These approximations can be combined to

formulate the discrete version of the Lagrange-d’Alembert principle:

δ
N−1∑
k=0

Ld(qk, qk+1) +
N−1∑
k=0

(f−
k · δqk + f+

k · δqk+1) = 0

for all variations {δqk}N
k=0 vanishing at the endpoints (δq0 = δqN = 0). The resulting

discrete equations of motion are [19]

D2Ld(qk−1, qk) +D1Ld(qk, qk+1) + f+
k−1 + f−

k = 0 (2.18)

for k = 1, . . . , N − 1, where Dn denotes the gradient operator with respect to

the n-th argument. These equations define the evolution of the discrete path in

configuration space.

This method of obtaining the equations, analogously to the continuous formulation,

can again be interpreted as the Lagrangian formalism. Alternatively, using the

Hamiltonian formalism, we can describe the discrete-time system dynamics using

an equivalent set of equations

pk +D1Ld(qk, qk+1) + f−
k = 0 (2.19a)

pk+1 −D2Ld(qk, qk+1)− f+
k = 0 (2.19b)

where {pk}N
i=0 are the discrete conjugate momenta defined by the discrete forced

Legendre transform as follows [19]:

Ff+
Ld(uk+1/2) : (qk, qk+1) 7→ (qk+1, pk+1) = (qk+1, D2Ld(qk, qk+1) + f+

k )

Ff−
Ld(uk+1/2) : (qk, qk+1) 7→ (qk+1, pk) = (qk+1,−D1Ld(qk, qk+1)− f−

k )

Both models (2.18), (2.19) have been shown to preserve momenta using a discrete

version of the Forced Noether’s Theorem [1, 3]. In this thesis, we will collectively

refer to these formulations as singlerate variational integrators (SVI). It should be

noted that throughout the remainder of this thesis, the term “Hamiltonian formalism”
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will be used loosely to describe the formulation of time-stepping equations that

govern the evolution of both the configuration and conjugate momentum in discrete

time. However, it’s important to clarify that this approach actually employs discrete

Lagrangians instead of discrete Hamiltonians.

2.4 Optimal control

Given an initial state of the system, the methods presented so far allow us to

predict its subsequent motion numerically, even in the presence of external inputs.

These external forces are often designed to influence the behaviour of the system to

achieve a task, and in many cases, to do so in the fastest or most efficient way with

respect to some criteria. In such cases, the theory of optimal control allows for the

computation of a control sequence u(t), which will optimise the performance while

complying with system or control constraints.

2.4.1 Problem statement

A generic example of an optimal control problem (OCP) can take the form

Problem 1.

min
x,u

J(x, u) =
∫ T

0
C(x(t), u(t)) (2.20a)

subject to: for 0 ≤ t ≤ T (2.20b)

x(0) = x0 (2.20c)

z(ẋ(t), x(t), u(t)) = 0 (2.20d)

h(x(t), u(t)) ≥ 0 (2.20e)

where t ∈ [0, T ], x(t) = [q(t)⊺, q̇(t)⊺]⊺, x0 is a given initial state and C : TQ×U → R1

is the objective function representing the performance index being minimised. Here

z and h are vector functions which denote the constraints placed on the system state

and the controls (including the model of the system motion) and are assumed to be

differentiable. This formulation can trivially be rewritten for a state in the phase

space x(t) = [q(t)⊺, p(t)⊺]⊺.
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Definition 2.4.1. A feasible trajectory (x, ẋ, u) is a trajectory from the feasible

set Ω := {ẋ(t), x(t), u(t)| x(0) = x0, h(x(t), u(t)) ≥ 0, z(ẋ, x, u) = 0 for ∀t[0, T ]}.

A feasible trajectory is a local solution (optimum) of Problem 1 if there exists a

neighbourhood N of (ẋ∗, x∗, u∗) such that J(x, u) ≥ J(x∗, u∗) for all (x, ẋ, u) ∈ N∩Ω.

It is a global solution (optimum) if J(x, u) ≥ J(x∗, u∗) holds for ∀(ẋ, x, u) ∈ Ω.

2.4.2 Solution methods

Obtaining an optimum of Problem 1 is not a trivial task and has received significant

attention from the research community over the years. For a comprehensive overview

of the available approaches, we refer the reader to [44–47].

One possible numerical scheme is based on dynamic programming developed initially

by R. E. Bellman in the 1950s [48, 49]. This approach divides the problem into

smaller subproblems and computes an optimal policy (control law) for every point

in the state space. From these candidates, a final optimal trajectory and control

sequence is chosen. Although this method guarantees global optimality, the compu-

tational time depends on the number of feasible trajectories and the discretisation of

the continuous state. It further scales exponentially with the dimensionality of the

state and control vectors of the system in general [47]. As an alternative, one could

use, iterative dynamic programming [50] or differential dynamic programming [51],

in both of which the control law is iteratively approximated in a neighbourhood of

a nominal, non-optimal trajectory.

Another large class of solution methods focuses on directly obtaining the optimal

trajectory starting from a particular initial system state rather than computing the

optimal policy for every point in the state space. This is achieved by computing

a sequence of controls under whose action a single optimal trajectory is defined

starting from the given initial state [47].

Overall the solution methods for OCPs can be split broadly into two groups: direct

and indirect.
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Indirect methods

Indirect methods first optimise and then discretise. They employ Pontryagin’s

Maximum Principle to analytically derive the necessary optimality conditions,

which are then discretised and solved numerically. These methods suffer from

several disadvantages. They require the introduction and numerical integration of

adjoint variables, thus increasing the system’s dimensionality by a factor of two.

Additionally, incorporating constraints and terminal conditions can be challenging

[44, 46, 47]. This difficulty is especially evident for inequality-constrained problems,

where additional information of the structure of the solution is needed to solve the

resulting two-point boundary value problem [52, 53]. Thus the practical application

of indirect methods often requires an in-depth understanding of the problem and

good initial guesses of the state and the adjoints.

Direct methods

On the other hand, direct methods, also known as transcription methods, first

discretise and then optimise [18, 54]. These methods transcribe the continuous OCP

into a parameter optimisation problem by the finite-dimensional parametrisation

of the controls or of both the controls and the states. This results in a finite-

dimensional optimal control problem, in which the discretised equations of motion

serve as equality constraints and the necessary optimality conditions for Problem 2

are derived through the Karush-Kuhn-Tucker (KKT) conditions [23].

Consider a discretisation of Problem 1:

Problem 2.

min
xd,ud

Jd(xd,ud) =
N−1∑
k=0

Cd(xk, uk) (2.21a)

subject to : x0 = x0 (2.21b)

zd(xk+1, xk, uk) = 0 for k = 0, . . . , N − 1 (2.21c)

hd(xk, uk) ≥ 0 for k = 0, . . . , N − 1 (2.21d)

for a chosen discrete time step ∆t, N = T/∆t, xd = {x0, . . . , xN}, ud =

{u0, . . . , uN−1}, zd : TQ×TQ×U → Rnz , hd : TQ×U → Rnh, Cd : TQ×U → R1.
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In this case, Definition 2.4.1 defines a trajectory (xd,ud) from a feasible set Ωd :=

{(xd,ud)|x0 = x0, hd(xk, uk) ≥ 0, zd(xk+1, xk, uk) = 0 for k = 0, . . . , N − 1} and

global and local optimality defined based on the overall discrete cost Jd(xd,ud).

Let the Lagrangian for Problem 2 be defined as

LOCP(xd, ud, λd, µd) = Jd(xd,ud)−
N−1∑
k=0

(
λk ·zd(xk+1, xk, uk)−µk ·hd(xk, uk)

)
(2.22)

where λk, µk are Lagrange multipliers, xd = {x0, . . . , xN}, λd = {λ0, . . . , λN−1} and

µd = {µ0, . . . , µN−1}. We define the active set A(xd,ud) for a feasible trajectory

(xd,ud) as the set of all equality constraints z(xk+1, xk, uk) = 0 and all inequality

constraints [h]i(xk, uk) = 0 which are active (satisfied with equality) at (xk+1, xk, uk)

for k = 0, . . . , N − 1.

Definition 2.4.2. (LICQ) Given a trajectory (xd,ud) with active set A(xd,ud)

a linear independence constraint qualification (LICQ) holds if the gradients of all

constraints in the active set A(xd,ud) are linearly independent.

Theorem 2.4.1. (KKT conditions) Given a local solution (x∗
d,u∗

d) at which LICQ

holds, there exist Lagrange multipliers λ∗
k ∈ Rnz and µ∗

k ∈ Rnh for k = 0, . . . , N − 1

such that for k = 0, . . . , N :

∇xk
LOCP(x∗

d,u∗
d, λ

∗
d, µ

∗
d) = 0 (2.23a)

and for k = 0, . . . , N − 1 :

∇uk
LOCP(x∗

d,u∗
d, λ

∗
d, µ

∗
d) = 0, (2.23b)

zd(x∗
k+1, x

∗
k, u

∗
k) = 0, (2.23c)

hd(x∗
k, u

∗
k) ≥ 0, ⟨µ∗

k, hd(x∗
k, u

∗
k)⟩ = 0, µ∗

k ≥ 0. (2.23d)

The problem can thus be solved using standard nonlinear programming (NLP)

solvers. Direct methods offer improved robustness concerning the initial guess.

However, careful initialisation is still crucial when seeking the global optimum.

One of the main drawbacks of direct methods is that they involve the solution of

large NLP problems, characterised by a high number of optimization variables and
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constraints. Thus they can require significant computational resources without

guaranteeing successful termination.

Convex programming

To address these problems, a group of methods focus on approximating the

optimisation problem using a convex formulation, which can be solved efficiently

and reliably [23]. A convex program is an optimisation problem in which the

objective function is convex and the feasible set defined by 2.4.1 is a convex

set as outlined by Definition 2.3.1. In the case of Problem 1 (or 2) that would

require for C(x(t), u(t)) and h(x(t), u(t)) (or hd(xk, uk), Cd(xk, uk)) to be convex

and z(x(t), ẋ(t), u(t)) (zd(xk+1, xk, uk)) to take the form of affine transformations

(i.e. of the form Axk +Buk +c where A ∈ Rnz×2nq , B ∈ Rnz×nu , c ∈ Rnh×1) [23].

Convex quadratic programs are a subclass of convex programs in which both the

equality and inequality constraints are affine transformations and the objective

function is for example of the form ∑N−1
i=0 (∥xk − xr∥2

Q + ∥uk − ur∥2
R) where Q,R are

positive semidefinite matrices and (xr, ur) is a pre-calculated reference trajectory.

Several approaches can be taken to approximate the optimal control problem as

a convex program. Some approximate it using a sequence of quadratic programs.

For systems with nonconvex models but otherwise convex constraints, others

approximate the original OCP with a sequence of convex programs using linearisation

of the model around a pre-computed trajectory. These are often known as iterative

linearisation approaches or tube approaches. Rather than focusing on a single

trajectory from the nonconvex model, a tube strategy optimises future control

sequences by considering a tube containing all possible trajectories derived from

the combination of the linearised model and all the possible linearisation errors. It

aims to ensure that the state and control constraints are satisfied for all trajectories

within the tube. The nonconvex problem is replaced with a sequence of convex

programs. During the iterations, the goal is to reduce the linearisation error and

shrink the tube to a single solution which is a solution of the original OCP problem

or at least a good approximation to it as shown in Figure 2.1.
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Figure 2.1: Illustration of a successive linearisation approach depicting the shrinkage of
the tube during the convex program iterations. Here x0 denotes the initial state and X j

k

denotes the cross-section of the trajectory tube at discrete time step k and iteration j.
The red lines represent a trajectory within the tube.

More detail on iterative linearisation approaches and alternative schemes for convex

approximation of the NLP will be will be provided in Chapter 6 and 7.

Discrete Mechanics and Optimal Control

A central part of our research is a direct transcription method known as Discrete

Mechanics and Optimal Control (DMOC), developed by Junge et al. [34] based

on the utilisation of variational integrators within the optimal control problem.

In DMOC, the discrete description of the mechanical system is derived through

a discrete version of the Lagrange-d’Alembert principle. The resulting structure-

preserving time-stepping equations serve as equality constraints for the optimisation

problem and allow for a discrete OCP formulation, which inherits the conservation

properties of the continuous-time model and provides a sparse structure for the

Jacobian of the constraint function. In many cases, the use of discrete Legendre

transform allows for the time-stepping equations to be formulated in terms of

configuration vector and controls only, making the optimal control problem smaller

and thus more computationally feasible and efficient. The conservation properties,

the convergence behaviour of DMOC and the order of approximation of the discrete

solution were examined by [19] and [18]. Similarly to other approaches, the method

often results in a nonconvex optimisation problem, and thus, convex approximation



2. Background 28

techniques might be needed for its quick and reliable solution. In Chapter 6, we

propose schemes of this nature, which maintain the structure-preserving properties

of the problem formulation.

Since its creation DMOC has been applied to several aerospace applications [34,

55–63], autonomous vehicles control [64], trajectory optimisation for mobile robots

[65], locomotion of an articulated body through shape changes [66] and others.

Using a discrete null space method the DMOC formulation has been extended

to accommodate systems with holonomic constraints (DMOCC) and applied to

multibody systems subject to joint constraints by [36, 67, 68] such as the optimal

control of an upright humanoid gait [69–71]. Other variations of the method include

adaptive time step formulation [72], provision for integer-valued control functions

[73], multiphase implementation [74, 75], two-layered optimisation approach for

simple hybrid systems [76] and multiobjective formulation [77]. Feedback policies and

real-time trajectory optimisation have also been incorporated and investigated [78].

It must also be noted that other optimal control problem formulations have also been

devised based on the theory of discrete mechanics underlying variational integrators

(for example [79]) , but we focus on DMOC due to its multirate formulation [4, 5],

which will be developed further in this thesis.

2.5 Model Predictive Control

The optimal control approaches mentioned so far provide an open-loop control

strategy not capable of dealing with modelling errors or disturbances. Consequently,

the resulting trajectory might vary from the prediction. A related control strategy,

which is capable of providing closed-loop stability guarantees while respecting

hard constraints on the admissible controls and states, is model predictive control

(MPC), also known as receding-horizon control (RHC) [2, 80, 81]. In this scheme, a

finite-horizon open-loop optimal control problem is solved at each sampling instant

using the current state of the plant as the initial state. The result is an optimal

control sequence of which only the first element is applied to the plant. At the next
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sampling instant, the current plant state is again measured or estimated and taken

as the new initial state to compute a new optimal control sequence over the same

length horizon. Of this sequence, only the first element is again applied, and the

process is repeated.

2.5.1 Feasibility and stability guarantees

Due to the use of a finite horizon, special considerations are needed to guarantee

closed-loop stability even for the nominal system (meaning the system in the absence

of modelling error or unknown disturbance). This is due to the fact that looking

only at a finite horizon ahead could underestimate the amount of effort needed

beyond that horizon to drive the trajectory to the desired state. This problem would

not be present if the performance were evaluated over an infinite prediction horizon.

Initial MPC strategies addressed this issue by incorporating terminal constraints on

the predictive states, which guaranteed that a steady state would be achieved over

this initial finite horizon. This requirement, however, was too stringent and led to

computational challenges when using nonlinear system models [2, 82]. Due to these

shortcomings of the original methods and the need for using a finite horizon to

make the problem computationally feasible, later MPC formulations incorporated

dual mode prediction strategies. In these schemes, the control law is split into two

modes. The first mode refers to the control sequence over the chosen finite horizon

and represents the optimisation variables in the MPC formulation. The second

mode is a sequence of controls which extends the Mode 1 sequence beyond the

initial finite horizon. These controls are typically based on a feedback control law,

usually chosen to be the optimal control law for the unconstrained actual model

of the dynamics or its linearisation about the desired steady state again in the

absence of constraints [2, 82] For example, when the feedback is of the linear form

uk = Kxk, the two modes can be written in the form:

uk = Kxk + ck for k = 0, . . . , N − 1

uk = Kxk for k ≥ N.
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where the ck sequence is a degree of freedom subject to optimisation. This

formulation of the control sequence for k < N , known as the closed-loop paradigm

additionally allows for pre-stabilisation of the system and an illustration of how far

the control sequence is from the optimal due to the presence of constraints [83].

The use of an appropriate cost formulation equivalent to the infinite horizon cost

can guarantee closed-loop stability and optimal performance in the absence of

uncertainty. Furthermore, the inclusion of terminal constraints can ensure that

the control and state predictions respect the system constraints over an infinite

horizon and thus provide recursive feasibility of the receding horizon strategy. This

is typically achieved by driving the state at the end of the chosen finite horizon to a

subset of the state space, which is positively invariant, meaning that once the state

of the system enters it, it will never be able to escape it [2, 82].

Definition 2.5.1. (Positively invariant set): A set X ⊆ R2nq is positively

invariant for u = Kx and the given system dynamics and constraints zd, hd if and

only if zd(x+, x, u) = 0 and x+ ∈ X for all x ∈ X [2].

The mathematical formulation of the optimal control problem takes the form:

Problem 3.

(xi, ci)∈ arg min
xi,ci

N−1∑
k=0

Cd(xk|i, Kxk|i + ck|i) + Φ(xN |i) (2.24a)

subject to : x0|i = x0
i (2.24b)

zd(xk+1|i, xk|i, Kxk|i + ck|i) = 0 for k = 0, . . . , N − 1 (2.24c)

hd(xk|i, Kxk|i + ck|i) ≥ 0 for k = 0, . . . , N − 1 (2.24d)

xN |i ∈ XN (2.24e)

where ci = {c0|i, . . . , cN−1|i}, xi = {x0|i, . . . , xN |i}, x0
i is a known initial condition,

Φ(xN |i) : TQ→R is the terminal cost and XN is the terminal invariant set. Here

xk|i and uk|i denote respectively the state and input at time i+k, predicted at time i.

In the MPC strategy, at each discrete time step i Problem 3 is solved to obtain an

optimal control sequence c∗
i = {c∗

0|i, . . . , c
∗
N−1|i} and only the first element of this
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sequence is applied to the system as u0|i = Kx∗
0|i + c∗

0|i. Based on this control action,

at time i+ 1, the new state of the system xi+1 is obtained (measured or estimated

from measurements at time i+ 1), and Problem 3 is reformulated and solved based

on xi+1. The process is repeated until the target state reaches a desired tolerance.

The success of this method relies on the successful solution of Problem 3 within

a single horizon time step. As mentioned in Section 2.4.2, the resulting optimal

problem is often nonconvex (often due to nonlinear dynamics). Thus, there are

no guarantees for its successful solution within the available time. The iterative

approximation techniques using quadratic or, more generally, convex programs

can again be employed within the MPC strategy at each horizon time step. The

forthcoming Chapters 6 and 7 will concentrate on developing innovative techniques

of this nature.

2.5.2 Uncertainty considerations

Overall, one can show that for both linear and nonlinear systems, in the absence of

any uncertainty, the MPC strategies described so far can provide certain guarantees

for the nominal performance of the system, such as stable operation, constraints

satisfaction and convergence of the actual state to the desired steady state. However,

consideration of modelling errors and disturbances raises the question of robustness

and how one can provide the same performance guarantees in the presence of

uncertainty in the system. Several approaches have been considered in the past and

can be viewed as part of three generalisations– Robust MPC, Stochastic MPC and

Adaptive MPC.

Robust MPC schemes can be divided into two main groups [80]. The first focuses

on deriving the nominal MPC control strategy and then examining its performance

in the presence of uncertainty. The second group of approaches looks at all possible

realisations of the uncertainty and, by accounting for them, explicitly devises robust

MPC schemes with certain performance guarantees. One such approach is the min-

max strategy, in which the constraints are respected for all possible perturbations
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while the cost is minimised for their worst realisation. In the context of MPC,

however, this strategy leads to a significant computational burden, which can be

limiting for problems of large dimensionality (see [2] and [84] and the references

within). Other more computationally efficient approaches are based on the idea of

tightening the constraints of the underlying nominal receding horizon optimal control

problem (RHOCP) in order to guarantee that they are respected for all possible

perturbations. This theory was extended to the concept of “tube computation”,

i.e., computation of a sequence of sets in which the constraints are satisfied, and

the future states can be guided through to guarantee that the system’s final state

lies in a prescribed target set. Although computationally attractive, the open-loop

nature of these approaches leads to conservative solutions or even infeasible problem

formulations [2, 84, 85]. As a result, research on a closed-loop strategy for Tube

MPC was developed and has received significant attention from the Robust MPC

community since [86–88].

Robust MPC approaches focus on respecting the constraints for all possible realisa-

tions of the uncertainty and, as such, can be more conservative than Stochastic MPC

approaches, which take into account random uncertainty with a known probability

distribution and incorporate probabilistic constraints and statistical information to

allow for a trade-off between performance and constraint satisfaction systematically

[2, 89]. A third group of approaches, known as Adaptive MPC, focuses on improving

the system model by tuning the unknown parameters online while controlling the

system. The combination of these approaches with robust or stochastic strategies

allows the adaptive MPC schemes to provide certain robust performance guarantees

and deal with stochastic constraints (see, for example, [90–92]).
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3.1 Introduction

This chapter presents a variational integrator tailored for systems exhibiting

dynamics on different time scales. This multirate variational integrator (MVI)

was first developed by [3], based on the singlerate variational integrator (SVI)

presented in Chapter 2. In this chapter, we provide a detailed mathematical

examination and justification of the multirate variational scheme in two alternative

33
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formulations. We also extend previous literature by proving its structure-preserving

properties and order of accuracy in the presence of time-dependent controls.

3.2 Background
In Chapter 2, we discussed how geometric integrators provide a new approach to

system modelling capable of better qualitative behaviour and long-term accuracy.

Despite their advantages, special care must still be taken when modelling multirate

systems. These are systems which exhibit dynamics on different time scales, thus

presenting additional challenges for numerical integrators. Such are for example

multi-body systems composed of rigid and elastic parts with varying stiffness. The

use of small time steps allows for the accurate integration of the fast dynamics but

results in unnecessary large computational cost for the resolution of the slow ones.

The abundance of multirate systems in various fields has motivated the formulation

of multiple methods capable of exploiting their multirate behaviour to reduce

the computational cost associated with their simulation. In terms of geometrical

integrators, one possibility is the use of the variational integrator introduced by [93],

which utilises both explicit and implicit quadrature with the aim of decreasing the

computational cost. This method represents a larger group of multirate methods,

known as IMEX (implicit-explicit) integrators, which include various geometric and

non-geometric numerical schemes. In these methods, the potential forces are split

into fast and slow and integrated using implicit and explicit rules respectively. The

explicit treatment reduces the computational cost of the integration [93].

Another group of methods approaches the problem by first identifying the macro

and micro processes and then focusing on the simulation of either the micro- or

macroscale model while using only limited information from the other. One example

are equation-free methods [94, 95], which avoid the explicit closed-form derivation

of a macroscopic model using suitably initialised short-time/space microscopic

simulations. Another example is methods which avoid the exact resolution of the

fast dynamics by using averaging techniques. For instance the heterogeneous

multiscale methods ([43, 96, 97]) focus on the creation of an accurate macroscale
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model while using the microscale information only locally where the macroscale

model is invalid over parts of the domain or lacking vital information [43].

Another group of methods which relies on splitting based on fast and slow degrees

of freedom is multiple time-stepping methods. These methods use two different time

scales to resolve the slow and fast dynamics, with fewer evaluations needed for the

slower subsystems due to the use of a coarser grid. One difficulty in the use of these

methods is the identification of the two subsystems. Additionally, special care must

be taken to ensure the stability of the scheme as resonance phenomena can lead

to instability and large errors [3, 26]. For the underlying theory and examples of

such schemes, we direct the reader to [26, 93, 98] and to the literature on multirate

Runge-Kutta methods [98–100] and the reference therein. It is worth mentioning

that once the slow and fast motions were identified, some authors have utilised

singular perturbation theory [101, 102] to decouple the equations of motion into slow

and fast subsystems for easier simulation and control scheme implementation (see

for example [103]). However, this approach could sacrifice important information

regarding the interaction between the two subsystems, which could significantly

impact the accuracy of the simulation, the understanding of system behaviour, and

the ability to control one subsystem through the manipulation of the other (see, for

example, [11, 104] and Section 4.5 of this thesis).

Of central importance for our work is the multirate variational approach, which does

not require decoupling the equations of motion. The approach was developed by

[3] based on the theory of discrete mechanics and singlerate variational integrators

discussed in Chapter 2. In this multirate scheme, the equations of motion are

derived based on a multirate approximation of the action integral and a discerete

variational principle. This leads to the formulation of symplectic and momentum-

preserving time-stepping equations, which integrate the slow and fast variables

on a macro and micro grid, respectively. This reduces the number of variables

computed during simulation and, combined with the ability to use both explicit or

implicit quadrature for the approximation of potential forces, significantly lowers
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computational costs compared to singlerate methods. Investigations of the scheme’s

convergence behaviour, conservation properties and computational cost were carried

out by [3, 105–108] for a variety of macro-micro time step proportionality and

quadrature rules for both constrained and unconstrained multirate systems in the

absence of forces. These works demonstrate that the scheme successfully combines

the advantages of symplectic-momentum integrators with the exploitation of the

multirate behaviour to provide high-fidelity simulation for multirate systems at a

reduced computational cost. Furthermore, these integrators have been successfully

implemented in optimal control schemes, as we will discuss in detail and extend in

Chapter 5. This is in contrast to multirate Runge-Kutta methods [98, 99], whose

utilisation for optimal control, to our knowledge, has not yet been explored, and

thus no result exists on the order and properties of the respective solution.

In this chapter, we extend previous developments on MVI by:
1. Providing a detailed mathematical description of the scheme in the presence

of external time-dependent controls.

2. Providing proof of the order of the scheme in the presence of external forcing.

3. Providing proof of Noether’s theorem for multirate forced systems in both

continuous and discrete time and thus proving the structure-preserving

capabilities of MVI for forced systems.

Subsequent work in Chapter 4 extends this work by demonstrating the capabilities

of the MVI in both Lagrangian and Hamiltonian form through several examples,

whereas Chapter 6 presents a variational linearisation scheme for singlerate and

multirate systems which preserves the conservational properties of SVI and MVI

during the linearisation. Chapters 5, 6, and 7 delve into the implementation of these

schemes for optimal control and receding horizon control, respectively. Throughout

this thesis, we will develop the discussion in the broader context of systems evolving

on a manifold Q, providing a general mathematical formulation. However, for the

examples presented here and for many practical systems, a simplification based on

replacing Q, TqQ, T
∗
q Q with Rn is sufficient.1

1For more rigorous definitions we refer the reader to [18, Appendix A] among other texts.
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3.3 Multirate variational mechanics for forced
systems

3.3.1 Lagrangian viewpoint

We assume the system presented in Section 2.2 exhibits dynamics on different time

scales and assume that the vector of generalised coordinates can be transformed to

a coordinate system such that q(t) =
[
qs(t)
qf(t)

]
where qs ∈ Rns are the slow evolving

variables, qf ∈ Rnf are the fast ones and ns + nf = n. Thus the slow and fast

configuration vectors can be described on the submanifoldsQs andQf with associated

tangent bundles TQs and TQf such that Qs × Qf = Q, TQs × TQf = TQ. For

multirate systems, because the configuration vector can be written as q(t) =
[
qs(t)
qf(t)

]
,

the forces can also be resolved in the direction of the virtual displacements as

fLC(q, q̇, u) · (δqs, δqf) = fL(u)(q, q̇) · (δqs, δqf) = f s
LC · δqs + f f

LC · δqf . (3.1)

Thus, we can define the slow and fast Lagrange control forces f s
LC : TQ×U → T ∗Qs

and f f
LC : TQ× U → T ∗Qf as

f s
LC : (qs, qf , q̇s, q̇f , u) 7→ (qs, f s

LC(qs, qf , q̇s, q̇f , u))

f f
LC : (qs, qf , q̇s, q̇f , u) 7→ (qf , f f

LC(qs, qf , q̇s, q̇f , u))

and rewrite the virtual work expression in slow and fast components as

W (q, u) = W s(qs, qf , u) +W f(qs, qf , u)

W s(qs, qf , u) =
∫ T

0
f s

LC

(
qs(t), qf(t), q̇s(t), q̇f(t), u(t)

)
· δqs(t) dt,

W f(qs, qf , u) =
∫ T

0
f f

LC

(
qs(t), qf(t), q̇s(t), q̇f(t), u(t)

)
· δqf(t) dt.

This leads to the multirate formulation of the Lagrange-d’Alembert principle, which

requires that

δ
∫ T

0
L(qs(t), qf(t), q̇s(t), q̇f(t)) dt+

∫ T

0
f s

LC

(
qs(t), qf(t), q̇s(t), q̇f(t), u(t)

)
· δqs(t)dt

+
∫ T

0
f f

LC

(
qs(t), qf(t), q̇s(t), q̇f(t), u(t)

)
· δqf(t)dt = 0 (3.2)
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for all variations of δqs and δqf vanishing at the endpoints t = 0 and t = T where

L(q, q̇) = L(qs, qf , q̇s, q̇f). Using integration by parts shows that this principle is

equivalent to the forced Euler-Lagrange equations [4], which take the following

coordinate expression

∂L(qs, qf , q̇s, q̇f)
∂qs − d

dt

(
∂L(qs, qf , q̇s, q̇f)

∂q̇s

)
+ f s

LC(qs, qf , q̇s, q̇f , u) = 0, (3.3a)

∂L(qs, qf , q̇s, q̇f)
∂qf − d

dt

(
∂L(qs, qf , q̇s, q̇f)

∂q̇f

)
+ f f

LC(qs, qf , q̇s, q̇f , u) = 0. (3.3b)

Here the dependencies on time have not been denoted to simplify the notation. These

equations implicitly define a family of forced Lagrangian vector fields XL(u) : TQ×

[0, T ]→ T (TQ) and associated forced Lagrangian flow FL(u) : TQ× [0, T ]→ TQ

with fixed u ∈ C([0, T ],U) (see [19] for more details). By F t
L(u) : TQ→ TQ we will

denote the forced Lagrangian flow at fixed time t.

Remark 3.3.1. In the cases where fLC(q, q̇, u) = u, the control can be resolved in

a similar manner

fLC(q, q̇, u) · δq = us · δqs + uf · δqf (3.4)

leading to f s
LC = us, f f

LC = uf .

3.3.2 Hamiltonian viewpoint

In the previous section, we described the motion of the system by describing the

evolution of its configuration and velocity in state space, i.e. on the tangent bundle

TQ. Using Hamiltonian mechanics, the evolution of the system can equivalently be

described in the phase space using the configuration vectors qs(t), qf(t) and conjugate

momenta ps(t), pf(t) which belong to the cotangent bundle T ∗Q associated with the

previously defined configuration manifold Q:

(qs(t), ps(t)) ∈ T ∗Qs, (qf(t), pf(t)) ∈ T ∗Qf and T ∗Qs × T ∗Qf = T ∗Q.

To derive the equations of motion within the Hamiltonian formalism, we follow

[109] and define the slow and fast Legendre transforms for unforced systems, which

relate the Lagrangian and Hamiltonian formulations. These transformations are
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defined as maps FLs : TQs → T ∗Qs and FLf : TQf → T ∗Qf with FL = (FLs,FLf)

from the Lagrangian state space TQ to the Hamiltonian phase space T ∗Q and in

coordinate form can be written as

FsL : (qs, q̇s) 7→
(
qs,

∂L(qs, qf , q̇s, q̇f)
∂q̇s

)
= (qs, ps) (3.5a)

FfL : (qf , q̇f) 7→
(
qf ,

∂L(qs, qf , q̇s, q̇f)
∂q̇f

)
= (qf , pf) (3.5b)

where ps and pf are the slow and fast conjugate momenta and the time dependence

has been omitted to simplify the notation. To expand this theory to the case of

multirate systems under external forcing, we define the Hamiltonian control forces

f s
HC(q, p, u) : T ∗Q×U → T ∗Qs, f f

HC(q, p, u) : T ∗Q×U → T ∗Qf and consider them as

parameter-dependent Hamiltonian forces f s
H(u), f f

H(u) similarly to the Lagrangian

counterpart in (2.4). We follow the example of [20] and relate the Hamiltonian

control forces (f s
HC, f

f
HC) and Lagrangian control forces (f s

LC, f
f
LC) by

f s
L(u) = f s

H(u) ◦ FL, f f
L(u) = f f

H(u) ◦ FL. (3.6a)

Based on these definitions, the Hamiltonian H is defined as

H(qs, ps, qf , pf) = FsL(qs, q̇s) · q̇s + FfL(qf , q̇f) · q̇f − L(qs, q̇s, qf , q̇f). (3.7)

and the equations describing the motion within the phase space in the presence of

external forcing become

q̇s = ∂H
∂ps , ṗs = −∂H

∂qs + f s
HC, (3.8a)

q̇f = ∂H
∂pf , ṗf = −∂H

∂qf + f f
HC. (3.8b)

Demonstration problem 1.

As an example problem that will be used for demonstration purposes in later sections,

we consider a Lagrangian system with a potential energy V (q), kinetic energy

T (q̇s, q̇f) = 1
2(q̇s)⊺M sq̇s + 1

2(q̇f)⊺M f q̇f

and external forcing f s
HC, f

f
HC. Here M s ∈ Rns×ns ,M f ∈ Rnf×nf are symmetric

positive definite matrices, and the time dependence has been dropped to simplify
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the notation. The multirate behaviour of the system is characterised by an ad-

ditive split of the potential energy V (q) = U(qs, qf) + P (qf) in terms of a slow

potential U and a fast potential P . Here P (qf) can be, for example, of the form

P (qf) = 1/ε P̃ (qf), ε << 1. Such splits can be the result of, for example, stiffness,

nonlinearity, dynamical behaviour, and evaluation cost [99].The Lagrangian of the

system takes the form

L(qs, qf , q̇s, q̇f) = T (q̇s, q̇f)− U(qs, qf)− P (qf)

= 1
2(q̇s)⊺M sq̇s + 1

2(q̇f)⊺M f q̇f − U(qs, qf)− P (qf) (3.9)

leading to the definition of the multirate discrete Legendre transforms as

FsL : (qs, q̇s) 7→ (qs, ps) =
(
qs,
(
∂L(qs, qf , q̇s, q̇f)

∂q̇s

)⊺)
= (qs,M sq̇s),

FfL : (qf , q̇f) 7→ (qf , pf) =
(
qf ,
(
∂L(qs, qf , q̇s, q̇f)

∂q̇f

)⊺)
= (qf ,M f q̇f).

Using the definitions of the conjugate momenta (3.5a)–(3.5b) and the Hamiltonian

of the system (3.7) one obtains

ps = M sq̇s, pf = M f q̇f ,

H = (ps)⊺q̇s + (pf)⊺q̇f − 1
2(q̇s)⊺M sq̇s − 1

2(q̇f)⊺M f q̇f + U(qs, qf) + P (qf).

Lastly, using the equations of motion in the Hamiltonian formalism (3.8a), (3.8b)

we can derive the following equations of motion

q̇s = (M s)−1ps, ṗs = −∂U(qs, qf)
∂qs + f s

HC, (3.10a)

q̇f = (M f)−1pf , ṗf = −∂U(qs, qf)
∂qf − ∂P (qf)

∂qf + f f
HC. (3.10b)

For quadratic potential energy expressions

U(qs(t), qf(t)) = 1
2(qs(t))⊺Ksqs(t), P (qf(t)) = 1

2(qf)⊺K fqf (3.11)

these equations further simplify to

q̇s = (M s)−1ps, ṗs = −Ksqs + f s
HC, (3.12a)

q̇f = (M f)−1pf , ṗf = −K fqf + f f
HC. (3.12b)
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3.3.3 Properties of the Lagrangian flow for forced systems

Several conservation laws are associated with Lagrangian and Hamiltonian systems

in the absence of external forcing, such as conservation of energy, symplecticity,

certain momentum maps, and adiabatic invariance (see [1, 20, 30] among many

others). In instances of forced singlerate systems with symmetries of the Lagrangian

(i.e. invariance with respect to the action of a given Lie Group), the conservation

of momentum maps can similarly be proven by the Forced Noether’s theorem [1,

Theorem 3.1.1]. For forced multirate systems, we now introduce the Multirate

Forced Noether’s theorem. The proof of this theorem follows the method used in

the proof for the singlerate case as outlined by [1, Theorem 3.1.1].

Given a Lie group G with Lie algebra g acting on Q by the left and right action

ϕ : G×Q→ Q we let ξQ : Q→ TQ and ξT Q : TQ→ T (TQ) denote the infinitesimal

generators for ξ ∈ g and ϕT Q : G× TQ× TQ as the tangent lifted action

ϕT Q(g, (q, q̇)) =
(
ϕi(g, q), ∂ϕ

i

∂qj
(g, q)q̇j

)
,

ξQ(q) = d

dg
(ϕg(q)) · ξ, ξT Q(q) = d

dg
(ϕT Q

g (vq)) · ξ.

We define the Lagrangian momentum map JL : TQ→ g∗ as

JL(vq) · ξ = ΘL · ξT Q(vq)

where ΘL is the Lagrangian one-form given in coordinates by ΘL = ∂L
∂q̇i dqi. For

more details on these definitions, one can see [18, 20]. With this definition, we now

state the Forced Noether’s Theorem for multirate systems:

Theorem 3.3.1. (Forced Multirate Noether’s Theorem) Consider a La-

grangian system L(qs, qf , q̇s, q̇f) : TQs × TQf → R with control forcing f f
LC, f

s
LC :

TQs × TQf × U → T ∗Qs × T ∗Qf and a symmetry action ϕ : G × Q → Q such

that L ◦ ϕT Q
g = L and ⟨

[
f s

LC
f f

LC

]
, ξQ(q)⟩ = 0 for all (q, q̇) ∈ TQ, u ∈ U and all

ξ ∈ g where (q, q̇) =
( [
qs

qf

]
,

[
q̇s

q̇f

] )
, Q = Qs × Qf , TQ = TQs × TQf . Then the

Lagrangian momentum map JL : TQ→ g∗ will be preserved by the flow, such that

JL ◦ F t
L(u) = JL for all t.
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Proof. The proof follows a similar approach to the proof in the singlerate case by [1].

The condition L ◦ ϕT Q
g = L for all g ∈ G means that the Lagrangian is invariant

under the tangent lifted action ϕT Q. Such property is known as a symmetry of the

Lagrangian and can be differentiated to obtain dL · ξT Q
g = 0 for all g ∈ G. Writing

Equation (3.2) for a variation δq(t) =
[
δqs(t)
δqf(t)

]
= ξQ(q(t)) leads to

∫ T

0
dL · ξT Qdt+

∫ T

0
fLC · ξQdt =

∫ T

0

[
f s

LC
f f

LC

]
· ξQdt. (3.13)

Using integration by parts the left-hand side is equivalent to

∫ T

0


∂L(qs,qf ,q̇s,q̇f)

∂qs − d
dt

(
∂L(qs,qf ,q̇s,q̇f)

∂q̇s

)
+ f s

LC(qs, qf , q̇s, q̇f , u)
∂L(qs,qf ,q̇s,q̇f)

∂qf − d
dt

(
∂L(qs,qf ,q̇s,q̇f)

∂q̇f

)
+ f f

LC(qs, qf , q̇s, q̇f , u)

 · ξT Qdt+ ΘL · ξT Q|T0 =

(JL ◦ F t
L(u))(q(0), q̇(0)) · ξ − JL(q(0), q̇(0)) · ξ.

Substituting this expression in Equation (3.13), we have

(JL ◦ F t
L(u))(q(0), q̇(0)) · ξ − JL(q(0), q̇(0)) · ξ =

∫ T

0

[
f s

LC
f f

LC

]
· ξQdt.

From this equation, it is clear that in cases where the forcing is orthogonal to the

group acting, the momentum map is not altered, thus proving Theorem 3.3.1.

In a less abstract view, the forced Noether’s theorem essentially states a conservation

law for momentum maps stemming from Lagrangian symmetries, even in the pres-

ence of forcing. Ideally, these properties will be preserved in all system simulations.

In Section 3.4.3, we will prove this is true for the proposed discretisation method

by formulating a discrete version of the Forced Multirate Discrete Noether theorem

for the presented discrete multirate variational system models.
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3.4 Multirate discrete variational mechanics for
forced systems

3.4.1 Lagrangian viewpoint

To derive a discrete-time formulation, we introduce two time grids: a macro time

grid with the macro time step ∆T and a micro time grid, which is obtained by

subdividing each macro step into p equally spaced micro time steps of size ∆t

as depicted in Figure 3.1. Given a final time T we define the macro time grid

{tk = k∆T | k = 0, ..., N} on which we approximate the slow variables as follows:

qs
d = {qs

k}N
k=0 with qs

k ≈ qs(tk) (3.14)

where N = T/∆T is the number of macro time steps. Similarly, the micro time

grid is defined as {tmk = k∆T +m∆t | k = 0, . . . , N − 1,m = 0, . . . ,p} and used for

the approximation of the fast variables

qf
d = {{qf,m

k }
p
m=0}N−1

k=0 with qf,m
k ≈ qf(tmk ) (3.15)

with ∆T = p∆t. Additionally, we define qf
k = {qf,m

k }
p
m=0. For the interpolation of

the slow variables on the micro time grid, we set

qs,m
k = am qs

k + bm qs
k+1 . (3.16)

For the example of linear interpolation am = p−m
p
, bm = m

p
. It is important to note

that two different micro time nodes are defined on each macro time node as shown

in Figure 3.1. Thus tpk−1 = t0k and thus qf,p
k−1 = qf,0

k for k = 1, ..., N and analogously

to the continuous case qk =
[
qs

k

qf,0
k

]
, qk+1 =

[
qs

k+1
qf,p

k

]
.

Figure 3.1: Micro and macro time grid schematic
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Based on the described multirate discretisation we define the discrete Lagrangian

Lk,m
d : Qs ×Qs ×Qf ×Qf → R on a micro time grid as

Lk,m
d (qs,m

k , qs,m+1
k , qf,m

k , qf,m+1
k ) ≈

∫ tm+1
k

tm
k

L(qs, q̇s, qf , q̇f)dt

and the discrete Lagrangian Lk
d : Qs×Qs× (Qf)p+1 → R on the macro time grid as

Lk
d(qs

k, q
s
k+1, q

f
k) =

p−1∑
m=0

Lk,m
d (qs,m

k , qs,m+1
k , qf,m

k , qf,m+1
k ) ≈

∫ tk+1

tk

L(qs, q̇s, qf , q̇f)dt.

The action integral can then be approximated as

Sd(qs
d, q

f
d) =

N−1∑
k=0

Lk
d(qs

k, q
s
k+1, q

f
k) =

N−1∑
k=0

p−1∑
m=0

Lk,m
d (qs,m

k , qs,m+1
k , qf,m

k , qf,m+1
k ).

In the case of an externally forced or controlled system, we introduce discrete forces

based on approximations of their slow f s
LC and fast components f f

LC introduced in

Section 3.3.1. As mentioned in Section 3.3.1 for the continuous scenario, these forces

can exhibit dependence on the configuration, velocity, and external control signals.

Thus, we introduce the discrete control path ud and define it by piecewise-constant

values defined at the midpoints of the micro time grids as follows:

ud = {{um+1/2
k }p−1

m=0}N−1
k=0 where u

m+1/2
k ≈ u(tm+1/2

k ), uk = {um+1/2
k }p−1

m=0. (3.17)

Based on this definition, we can define the discrete left and right slow and fast

Lagrangian control forces similarly to the continuous section as maps of the form

f s−
LC,d :

(
qs,m

k , qs,m+1
k , qf,m

k , qf,m+1
k , u

m+ 1
2

k

)
7→
(
qs,m

k , f s−
LC,d

(
qs,m

k , qs,m+1
k , qf,m

k , qf,m+1
k , u

m+ 1
2

k

))
f s+

LC,d :
(
qs,m

k , qs,m+1
k , qf,m

k , qf,m+1
k , u

m+ 1
2

k

)
7→
(
qs,m+1

k , f s+
LC,d

(
qs,m

k , qs,m+1
k , qf,m

k , qf,m+1
k , u

m+ 1
2

k

))
f f−

LC,d :
(
qs,m

k , qs,m+1
k , qf,m

k , qf,m+1
k , u

m+ 1
2

k

)
7→
(
qf,m

k , f f−
LC,d

(
qs,m

k , qs,m+1
k , qf,m

k , qf,m+1
k , u

m+ 1
2

k

))
f f+

LC,d :
(
qs,m

k , qs,m+1
k , qf,m

k , qf,m+1
k , u

m+ 1
2

k

)
7→
(
qf,m+1

k , f f+
LC,d

(
qs,m

k , qs,m+1
k , qf,m

k , qf,m+1
k , u

m+ 1
2

k

))
(3.18)

where the dependencies on time have been dropped to simplify the notation. For

convenience, we will use the following simplified notation:

f s,m,±
k := f s±

LC,d

(
qs,m

k , qs,m+1
k , qf,m

k , qf,m+1
k , u

m+1/2
k

)
,

f f,m,±
k := f f±

LC,d

(
qs,m

k , qs,m+1
k , qf,m

k , qf,m+1
k , u

m+1/2
k

)
.

(3.19)
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Together with the approximated discrete curves {{qs,m
k }

p
m=0}N−1

k=0 , {{qf,m
k }

p
m=0}N−1

k=0

with q
s/f,p
k = q

s/f,0
k+1 , k = 0, . . . , N − 1 and {{um+1/2

k }p−1
m=0}N−1

k=0 these forces can be

combined for an approximation of the virtual work in equations (2.5) and (2.6) on

the discrete-time grids by the discrete virtual work as follows:

Wd(qs
d, q

f
d, ud) =

N−1∑
k=0

(W s
d,k(qs

k, q
s
k+1, q

f
k, uk) +W f

d,k(qs
k, q

s
k+1, q

f
k, uk)) ≈ W (q, u).

Here, the virtual work associated with the fast generalised forces is

W f
d,k(qs

k, q
s
k+1, q

f
k, uk) =

p−1∑
m=0

(f f,m,−
k · δqf,m

k + f f,m,+
k · δqs,m+1

k )

≈
∫ tk+1

tk

f f
LC(qs(t), q̇s(t), qf(t), q̇f(t), u(t)) · δqf(t)dt

and the virtual work associated with the slow generalised forces is

W s
d,k(qs

k, q
s
k+1, q

f
k, uk) =

p−1∑
m=0

(f s,m,−
k · δqs,m

k + f s,m,+
k · δqs,m+1

k )

≈
∫ tk+1

tk

f s
LC(qs(t), q̇s(t), qf(t), q̇f(t), u(t)) · δqs(t)dt.

Based on equation (3.16) the virtual work associated with the slow generalised

forces can be rewritten as

W s
d,k(qs

k, q
s
k+1, q

f
k, uk) = F s−

k · δqs
k + F s+

k · δqs
k+1

where

F s,+
k := F s,+

LC,d

(
qs

k, q
s
k+1, q

f
k, uk

)
= ∑p−1

m=0(bmf s,m−
k + bm+1f s,m+

k ),

F s,−
k := F s,−

LC,d

(
qs

k, q
s
k+1, q

f
k, uk

)
= ∑p−1

m=0(amf s,m−
k + am+1f s,m+

k ),
(3.20)

with
F s,+

LC,d :
(
qs

k, q
s
k+1, q

f
k, uk

)
7→
(
qs

k+1, F
s−
LC,d

(
qs

k, q
s
k+1, q

f
k, uk

))
,

F s,−
LC,d :

(
qs

k, q
s
k+1, q

f
k, uk

)
7→
(
qs

k, F
s+
LC,d

(
qs

k, q
s
k+1, q

f
k, uk

))
.

(3.21)

Thus, the maps F s,±
k and f s,±

k can be interpreted as a resolution of a discrete

Lagrangian control force along the direction of the discrete multirate coordinates.

Their left and right formulations can be interpreted as presented in Figure 3.2.

The left discrete forces F s,−
k can be interpreted as the forces resulting from the
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Figure 3.2: Left and right discrete forces visualisation

continuous control force acting at qs
k during the time spans [tk, tk+1] respectively.

Analogously the right hand forces F s,+
k are resulting from the continuous control

force acting at qs
k+1 during the time span [tk, tk+1]. Similarly f f,−

k and f f,+
k can be

interpreted as the force resulting from the continuous control force acting at qm
k and

qm+1
k , respectively, during the time period [tf,mk , tf,m+1

k ].

Similarly to the singlerate case in [19], these discrete forces can again be interpreted

as parameter-dependent discrete Lagrangian forces F s,±
d : Qs×Qs×(Qf)p+1 → T ∗Qs

and f f,±
d : Qs ×Qs ×Qf ×Qf → T ∗Qf :

F s,±
d (uk)(qs

k, q
s
k+1, q

f
k) = F s,±

LC,d(qs
k, q

s
k+1, q

f,m
k , qf,m+1

k , uk)

f f,±
d (um+1/2

k )(qs,m
k , qs,m+1

k , qf,m
k , qf,m+1

k ) = f f,±
LC,d(qs,m

k , qs,m+1
k , qf,m

k , qf,m+1
k , u

m+1/2
k )

and combined to define the single one-form fd(uk)(qs
k, q

s
k+1, q

f
k) : Qs×Qs×(Qf)p+1 →

T ∗(Qs ×Qs × (Qf)p+1) with fixed uk ∈ Up as

fd(uk)(qs
k, q

s
k+1, q

f
k) · (δqs

k, δq
s
k+1, q

f
k) =

F s,−
d (uk)(qs

k, q
s
k+1, q

f
k) · δqs

k + F s,+
d (uk)(qs

k, q
s
k+1, q

f
k) · δqs

k+1

+
p−1∑
m=0

(
f f,−

d (um+1/2
k )(qs

k, q
s
k+1, q

f
k) · δqf,m

k + f f,+
d (um+1/2

k )(qs
k, q

s
k+1, q

f
k) · δqf,m+1

k

)

Remark 3.4.1. In certain cases, the control parameters can contain components

which are slowly evolving or can be altered only at the macro time grid. In such cases,

we could define their separate discrete representations again using piecewise-constant

values as follows:

uslow
d = {uslow

k+1/2}N−1
k=0 where uslow

k+1/2 ≈ uslow(tk+1/2), (3.22a)

ufast
d = {{ufast,m+1/2

k }p−1
m=0}N−1

k=0 where u
fast,m+1/2
k ≈ ufast(tm+1/2

k ), (3.22b)



3. Multirate variational simulation 47

ufast
k = {ufast,m+1/2

k }p−1
m=0. (3.22c)

The multirate formulation, in general, reduces the number of nodes on which the

slow variables are computed, allowing for significant computational savings as we

will demonstrate in Chapters 4, 5, and 6. In the cases described by 3.22, these

savings are increased due to the coarser computation of the slow control forces uslow.

It must be noted that for a general problem, it is not the case that uslow
d and ufast

d are

discrete approximations of us(t) and uf(t), respectively. As defined in Remark 3.3.1,

us(t) and uf(t) are the result of force resolution along the multirate coordinates,

whereas uslow and ufast are user-defined depending on the available actuators. Of

course, it can be the case that these coincide as, for example, the FPUT example

introduced in Section 4.2.

In the case of discrete forced systems the discrete Lagrange-d’Alembert principle

[1] can be applied to obtain the discrete trajectory of the system as the discrete

paths {qs
k}N

k=0 and {{qf
k}N

k=0}
p
m=0. In the multirate case, this takes the form

0 = δSd(qs
d, q

f
d) · (δqs

d, δq
f
d) +Wd(qs

d, q
f
d, ud) = δ

N−1∑
k=0

Lk
d(qs

k, q
s
k+1, q

f
k) (3.23a)

+
N−1∑
k=0

(
F s−

k · δqs
k + F s+

k · δqs
k+1 +

p−1∑
m=0

(f f,m,−
k · δqf,m

k + f f,m,+
k · δqf,m+1

k )
)

(3.23b)

for all variations (δqs
d, δq

f
d) vanishing at the endpoints. Based on this principle, the

following theorem can be stated:

Theorem 3.4.1. The multirate discrete forced Euler-Lagrange equations of motion

for the discrete multirate Lagrangian Lk
d and F s,±

k , f f,m,±
k take the form:

Dqs
k
(Lk

d + Lk−1
d ) + F s−

k + F s,+
k−1 = 0 for k = 1, . . . , N − 1 (3.24a)

Dqf,0
k

(Lk
d + Lk−1

d ) + f f,0,−
k + f f,p−1,+

k−1 = 0 for k = 1, . . . , N − 1 (3.24b)

Dqf,m
k
Lk

d + f f,m,−
k + f f,m−1,+

k = 0 for k = 0, . . . , N − 1, m = 1, . . . ,p− 1
(3.24c)

where Di is the partial derivative operator with respect to the i-th argument.

Proof. These equations are in fact equivalent to the discrete Lagrange-d’Alembert

principle (3.23). This is shown in Appendix A.
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3.4.2 Multirate discrete Legendre transform and Hamilto-
nian viewpoint

While the standard Legendre transform can be used for systems with forcing in

the continuous case, in the discrete setting the transform needs to be redefined as

noted by [20] and [1]. Building upon their derivation for the singlerate case and

incorporating time-dependent controls similar to those in the singlerate scenario

described in [18], in the multirate case we define the forced discrete Legendre

transform as maps FF s,±
Ld(uk) : Qs ×Qs → T ∗Qs, FF f,±

Ld(uk) : Qf ×Qf → T ∗Qf

or in coordinate form:

FF s,−
Ld(uk) : (qs

k, q
s
k+1) 7→ (qs

k,−Dqs
k
Lk

d − F
s,−
k ) =: (qs

k, p
s,−
k,k+1) (3.25a)

FF s,+
Ld(uk) : (qs

k, q
s
k+1) 7→ (qs

k+1, Dqs
k+1
Lk

d + F s,+
k ) =: (qs

k+1, p
s,+
k,k+1) (3.25b)

FF f,−
Ld(um+ 1

2
k ) : (qf,m

k , qf,m+1
k ) 7→ (qf,m

k ,−Dqf,m
k
Lk,m

d − f f,m,−
k ) =: (qf,m

k , pf,−,m,m+1
k )

(3.25c)

FF f,+
Ld(um+ 1

2
k ) : (qf,m

k , qf,m+1
k ) 7→ (qf,m+1

k , Dqf,m+1
k

Lk,m
d + f f,m,+

k ) =: (qf,m+1
k , pf,+,m,m+1

k )
(3.25d)

for k = 0, . . . , N − 1, m = 0, . . . ,p − 1. Here we have defined the left and right

slow discrete conjugate momenta ps,−
k,k+1, p

s,+
k,k+1 to represent the slow momentum

at the boundaries of each macro interval [tk, tk+1], with the left one at tk and the

right one at tk+1. Similarly, the left and right fast discrete conjugate momenta

pf,−,m,m+1
k , pf,+,m,m+1

k have been respectively defined to represent the momentum at

the two endpoints of each micro time interval [tmk , tm+1
k ] (with the left one at tmk and

the right one at tm+1
k ). Using our definition of the discrete multirate forced Legendre

transform, Equations (3.24) can be alternatively expressed as

FF s,−
Ld(uk)(qs

k, q
s
k+1) = FF s,+

Ld(uk−1)(qs
k−1, q

s
k), (3.26a)

FF f,−
Ld(um+1/2

k )(qf,m
k , qf,m+1

k ) = FF f,+
Ld(um−1/2

k )(qf,m−1
k , qf,m

k ). (3.26b)

Using (3.25) and (3.26) in equations (3.24), it follows that the multirate discrete

forced Euler-Lagrange equations (3.24) guarantee momentum matching:

ps
k = ps,+

k−1,k = ps,−
k,k+1 (3.27a)
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pf,m
k = pf,−,m−1,m

k = pf,+,m,m+1
k m = 0, ....p− 1 with pf,p

k−1 = pf,0
k (3.27b)

for k = 0, . . . , N − 1. Thus, it is guaranteed that the slow conjugate momenta

at time tk are the same computed from the lower interval [tk, tk−1] or the upper

interval [tk, tk+1]. Similarly, they enforce that the fast momenta at time tmk are

consistent when computed from [tm−1
k , tmk ] or [tmk , tm+1

k ] and that at each macro time

node the two fast momenta stemming from [tp−1
k−1 , t

p
k−1] and [t0k, t1k] agree. Finally, it

follows that along a solution curve, there is a unique slow/fast momentum at each

considered discrete time node, which we denote by ps
k for k = 0, . . . , N−1 and pf,m

k

for k = 0, . . . , N−1,m = 0, . . . ,p−1 with pf,p
k−1 = pf,0

k .

Remark 3.4.2. Initial conditions: A closer look at the Lagrangian formulation

of the discrete time-stepping equations (3.24) reveals that to begin the integration

one must provide values for qs
0, qs

1 and qf,0
0 , ..., qf,p−1

0 . Given initial values for

the velocity and configuration (qs(0), q̇s(0), qf(0), q̇f(0)) this can be achieved using

Equation (3.24c) in combination with Equations (3.25b), (3.25c), (3.27) to find the

unknowns qs
1, {q

f,m
0 }

p
m=1 in the following manner

ps
0 = −Dqs

0
L0

d(qs
0, q

s
1, q

f
0)− F

s,−
0 (3.28a)

pf,0
0 = −Dqf,0

0
L0,0

d (qs,0
0 , qs,1

0 , qf,0
0 ,qf,1

0 )− f f,0,−
0 (3.28b)

Dqf,m
0
L0

d(qs
0, q

s
1, q

f
0) + f f,m,−

0 + f f,m−1,+
0 = 0 for m = 1, . . . ,p− 1 (3.28c)

where qs,1
0 is obtained using (3.16) and

(qs
0, p

s
0) = (qs(0), ps(0)) = FsL(qs(0), q̇s(0)) (3.29a)

(qf,0
0 , pf,0

0 ) = (qf(0), pf(0)) = FfL(qf(0), q̇f(0)). (3.29b)

Thus given qs(0), q̇s(0), qf(0), q̇f(0) and using the Equations (3.28), one can initiate

the integration while satisfying the initial conditions at k = 0 and proceed using the

multirate Equations (3.24) for k > 0.

The approach of calculating the conjugate momentum could be extended for time

steps k > 0. Thus, as mentioned at the end of Section 3.3.2, with the help of the

Multirate Forced Discrete Legendre Transform, the evolution of the trajectory can
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be described equivalently in the phase space using both the configuration and the

conjugate momentum as follows:

ps
k = −Dqs

k
Lk

d − F
s,−
k for k = 0, . . . , N − 1 (3.30a)

ps
k+1 = Dqs

k
Lk

d + F s,+
k for k = 0, . . . , N − 1 (3.30b)

pf,m
k = −Dqf,m

k
Lk,m

d − f f,m,−
k for k = 0, . . . , N − 1, m = 0, . . . ,p− 1 (3.30c)

pf,m+1
k = Dqf,m+1

k
Lk,m

d + f f,m,+
k for k = 0, . . . , N − 1, m = 0, . . . ,p− 1. (3.30d)

Given qs
k, p

s
k, q

f,0
k , pf,0

k these equations can be solved to obtain the values over the

next macro time step: qs
k+1, p

s
k+1, q

f,1
k , ..., qf,p

k , pf,1
k , ..., pf,p

k .

Remark 3.4.3. From the two models (3.30), (3.24), derived in the Lagrange

and Hamiltonian formalism, respectively, it follows that in the discrete multirate

setting, the trajectory of the slow variables can be described based only on discrete

configurations by the evolution of {(qs
k, q

s
k+1)}N−1

k=0 in Qs × Qs using the discrete

Lagrangian formalism we defined in Section 3.4 or equivalently in phase space by the

evolution of {(qs
k, p

s
k)}N

k=0 in T ∗Qs based on the theory presented above. Similarly,

the discrete trajectory of the fast variables can be defined based on configurations

only using {{(qf,m
k , qf,m+1

k )}p−1
m=0}N

k=0 in Qf × Qf or, equivalently, in phase space

using {{(qf,m
k , pf,m

k )}p−1
m=0}N

k=0 in T ∗Qf . Thus, it is clear that, to describe the system,

the Lagrangian formulation requires approximately half the variable computations

compared to the Hamiltonian formulation.

Demonstration problem 2.

To provide an example, we reconsider Demonstration problem 1 with linear interpo-

lation for the approximation of qs,m
k and midpoint quadrature with forward difference

velocity approximations for the slow and fast potential energy, the slow and fast

kinetic energy and the virtual work. With these choices the equations of motion in

the Hamiltonian formalism (Section 3.4.2), (3.30a)–(3.30d) can be simplified to:

qs
k+1 =qs

k + ∆T (M s)−1
[
ps

k+ps
k+1

2 − ∆t
2

p−1∑
m=0

p−(2m+1)
p

∂U(q̄s,m
k , q̄f,m

k )
∂q̄s,m

k

−F s,−
k +F s,+

k

]
(3.31a)
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ps
k+1 =ps

k−∆t
p−1∑
m=0

∂U(q̄s,m
k , q̄f,m

k )
∂q̄s,m

k

+ 1
2(F s,−

k +F s,+
k ) (3.31b)

qf,m+1
k =qf,m

k + ∆t(M f)−1
(
pf,m

k + pf,m+1
k

2 − f f,m,−
k + f f,m,+

k

)
(3.31c)

pf,m+1
k =pf,m

k −∆t∂(U(q̄s,m
k , q̄f,m

k ) + P (q̄s,m
k ))

∂q̄f,m
k

+ 1
2(f f,m,−

k + f f,m,+
k ) (3.31d)

as shown in Appendix B for qs,m
k as defined in (3.16) with am = p−m

p
, bm = m

p
,

αm = 2p− (2m+ 1)
p

, βm = (2m+ 1)
p

, (3.32a)

q̄s,m
k = qs,m

k + qs,m+1
k

2 = αmq
s
k + βmq

s
k+1

2 , q̄f,m
k = qf,m

k + qf,m+1
k

2 (3.32b)

Um
k =U(q̄s,m

k , q̄f,m
k ), Pm

k =P (q̄f,m
k ), ∂sU

m
k = ∂Um

k

∂q̄s,m
k

, ∂fU
m
k = ∂Um

k

∂q̄f,m
k

, ∇Pm
k = ∂Pm

k

∂q̄f,m
k

.

(3.32c)

For discrete approximations of the forces such that f f,m,+
k = f f,m,−

k and F s,+
k = F s,−

k

these equations are clearly a discrete approximation of the continuous equations

of motion (3.10). As shown in the following section, for particular systems this

time-stepping scheme is of order two on the macro time scale. Furthermore, it

is easy to see that for p = 1 it reduces to the standard singlerate midpoint rule

formulation. Of course, other choices of interpolation rules, velocity approximation,

and explicit or implicit quadrature approximations can lead to alternative time-

stepping schemes of different orders of approximation (see for example [109]). Thus,

the general multirate formulation presented in this chapter provides freedom in

the choice of approximations and can readily be tailored to the requirements of the

specific application and the trade-off between computational cost and accuracy.

The equations of motion can also be expressed in Lagrangian formulation as:

qs
k+1 = 2qs

k − qs
k−1 −∆T (M s)−1

( p−1∑
m=0

∆t
2 ( αm∂sU

m
k + βm∂sU

m
k−1) + F s,−

k + F s,+
k−1

)
(3.33a)

qf,1
k = 2qf,p

k−1 − q
f,p−1
k−1 + ∆t(M f)−1

(
− ∆t

2 (∂fU
p
k−1 + ∂fU

p−1
k−1 ) (3.33b)

− ∆t
2 (∇Pp

k−1 +∇Pp−1
k−1 ) + f f,0,−

k + f f,p−1,+
k−1

)
qf,m+1

k = 2qf,m
k − qf,m−1

k + ∆t(M f)−1
(
− ∆t

2 (∂fU
m
k + ∂fU

m−1
k ) (3.33c)
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− ∆t
2 (∇Pm

k +∇Pm−1
k ) + f f,m,−

k + f f,m−1,+
k

)

with (3.33c) for k = 0, . . . , N − 1, m = 1, . . . ,p − 1 and (3.33a), (3.33b) for

k = 1, . . . , N − 1. This formulation is also a second order structure-preserving

scheme due to its equivalence to the Hamiltonian version.

Specifying the potential as (3.11), approximating it as

Vd(qs
d, q

f
d) = 1

2

N−1∑
k=0

(qs
k+qs

k+1
2

)⊺

Ks q
s
k+qs

k+1
2 +

p−1∑
m=0

(
qf,m

k +qf,m+1
k

2

)⊺

K f q
f,m
k +qf,m+1

k

2

.
and using the forces approximation f f,m,−

k = f f,m,+
k , F s,−

k = F s,+
k leads to the

following discrete equations of motion in Hamiltonian formulation:

qs
k+1 = qs

k + ∆T (M s)−1
(
ps

k + ps
k+1

2 + ∆t
2

p−1∑
m=0

αmK
sαmq

s
k + βmq

s
k+1

2

)
(3.34a)

ps
k+1 = ps

k −
∆T
2 Ks(qs

k + qs
k+1) + 1

2(F s,−
k + F s,+

k ) (3.34b)

qf,m+1
k = qf,m

k + ∆t(M f)−1

2 (pf,m
k + pf,m+1

k ) (3.34c)

pf,m+1
k = pf,m

k − ∆t
2 K f(qf,m

k + qf,m+1
k ) + 1

2(f f,m,−
k + f f,m,+

k ) (3.34d)

or in Lagrangian formulation:

0=M s q
s
k−qs

k−1
∆T −M s q

s
k+1−qs

k

∆T −∆t
2

p−1∑
m=0

(
αmK

sαmq
s
k+βmq

s
k+1

2 +βmK
sαmq

s
k−1+βmq

s
k

2

)
(3.35a)

0=M f q
f,p
k−1−q

f,p−1
k−1

∆t −M f q
f,1
k −q

f,0
k

∆t −∆t
2 K f q

f,0
k +qf,1

k

2 −∆t
2 K f q

f,p−1
k−1 +qf,p

k−1
2 (3.35b)

0=M f q
f,m
k −q

f,m−1
k

∆t −M f q
f,m+1
k −qf,m

k

∆t −∆t
2 K f q

f,m+1
k +qf,m

k

2 −∆t
2 K f q

f,m−1
k + qf,m

k

2 .

(3.35c)

For p = 1 both formulations are clearly equivalent to a direct midpoint discretisation

of (3.12).

Remark 3.4.4. Comparing (3.33) and (3.31) we can see that, although the the

Hamiltonian (phase-space) formulation (3.30) is equivalent to Lagrangian formu-

lation (3.28), (3.24), the former has approximately twice as many unknowns due

to the computation of the momentum not only at the boundary conditions but for
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all macro and micro time nodes. For the same reason, in an optimal control

problem the Hamiltonian formulation leads to a much higher number of optimisation

variables and constraints. However, the Lagrangian formulation may yield less sparse

Jacobians of the model equality constraints, increasing its associated computational

cost.

The computational efficiency is also influenced by the value of p. Although increasing

p reduces the number of slow variable computations, it increases the number of fast

variables being obtained using the Newton-Raphson Method at each macro time node.

This can lead to slower computations and thus diminishing returns in increasing p.

These trade-offs are demonstrated with examples in the following chapters.

3.4.3 Properties of the time-stepping scheme

To be able to use existing results on the discrete Noether’s theorem and the order

of accuracy of an SVI, we now establish an alternative formulation of the multirate

scheme based on variations only at the boundaries of the macro time nodes. By

defining a new Lagrangian based on critical values on the micro time nodes, we

assume that the equations of motion at the micro time grid are satisfied. Then

assuming the forces depend only on the configuration at macro time nodes, we

demonstrate that this new multirate formulation is equivalent to the one presented

previously in this chapter and, therefore, can be used to establish its structure-

preserving properties and order of accuracy.

We define the extreme discrete Lagrangian, which depends only on the macro-step

values of the slow and fast configuration variables (qs
k, q

f,0
k , qs

k+1, q
f,p
k ):

L̂k
d = L̂k

d(qk, qk+1) = ext
(qf,1

k
,...,qf,p−1

k
)
Lk

d(qs
k, q

s
k+1, q

f
k) (3.36)

where "ext" means evaluated at the critical values of qf,1
k , . . . , qf,p−1

k such that

Equation (3.24c) is satisfied and as before qk =
[
qs

k

qf,0
k

]
, qk+1 =

[
qs

k+1
qf,p

k

]
. Similarly we

define the extreme left and right discrete forces F s
d, F

f
d as the one-forms

F s
d(uk)(qk, qk+1) · (δqs

k, δq
s
k+1) = F s,−

k · δqs
k + F s,+

k · δqs
k+1 (3.37a)
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F f
d(uk)(qk, qk+1) · (δqf,0

k , δqf,p
k ) = F f,−

k · δqf,0
k + F f,+

k · δqf,p
k (3.37b)

where F s,+
k , F s,−

k are defined in Equation (3.20) as

F s,+
k := F s,+

LC,d

(
qs

k, q
s
k+1, q

f
k, uk

)
, F s,−

k = F s,−
LC,d

(
qs

k, q
s
k+1, q

f
k, uk

)
,

and

F f,+
k := F f,+

LC,d

(
qs

k, q
s
k+1, q

f
k, uk

)
= f f,p−1,+

k +
p−1∑
m=1

(f f,m,−
k + f f,m−1,+

k )∂q
f,m
k

∂qf,p
k

(3.38a)

F f,−
k := F f,−

LC,d

(
qs

k, q
s
k+1, q

f
k, uk

)
= f f,0,−

k +
p−1∑
m=1

(f f,m,−
k + f f,m−1,+

k )∂q
f,m
k

∂qf,0
k

. (3.38b)

with
F f,+

LC,d :
(
qs

k, q
s
k+1, q

f
k, uk

)
7→
(
qf,p

k , F f−
LC,d

(
qs

k, q
s
k+1, q

f
k, uk

))
F f,−

LC,d :
(
qs

k, q
s
k+1, q

f
k, uk

)
7→
(
qf,0

k , F f+
LC,d

(
qs

k, q
s
k+1, q

f
k, uk

))
.

Proposition 3.4.1. Using the extreme Lagrangian and the force one-forms we

apply the discrete Lagrange-d’Alembert principle to obtain

0 =
(
Dqs

k
(L̂k

d+L̂k−1
d )+F s,−

k +F s,+
k−1

)
·δqs

k+
(
Dqf,0

k
(L̂k

d + L̂k−1
d )+F f,−

k + F f,+
k−1

)
·δqf,0

k

=
(
Dqs

k
(Lk

d+Lk−1
d ) + F s,−

k +F s,+
k−1

)
·δqs

k+
(
Dqf,0

k
(Lk

d+Lk−1
d )+f f,0,−

k +f f,p−1,+
k−1

)
·δqf,0

k +
p−1∑
m=1

(
(Dqf,m

k
Lk

d+f f,m,−
k +f f,m−1,+

k )∂q
f,m
k

∂qf,0
k

·δqf,0
k +

p−1∑
m=1

(
(Dqf,m

k−1
Lk−1

d +f f,m,−
k−1 +f f,m−1,+

k−1 )∂q
f,m
k−1

∂qf,p
k−1
·δqf,p

k−1

)
(3.39)

in a similar way to that described in Appendix A. Since the discrete Euler-Lagrange

equations (more specifically (3.24c)) are satisfied at the inner micro nodes for

the extreme Lagrangian and forces (by the definition of L̂k
d, F s,±

k , F f,±
k ), taking

independent variations δqs
k and δqf,0

k for k = 0, . . . , N − 1, we receive the original

forced Euler-Lagrange equations (3.24a)-(3.24b). Thus, the Lagrange-d’Alembert

principle based on the extreme Lagrangian and forces results in the same set of

equations of motion as the main formulation presented in Section 3.4.1.

Based on this new formulation, we can define the forced discrete Lagrangian flow

map F uk−1,uk

L̂d
: Q×Q→Q×Q for fixed controls uk−1, uk ∈ Up such that for example
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F u0,u1
Ld

: (q0, q1)→ (q1, q2) (for more details, see [18, 20]). It is important to note

that, as desired, this Lagrangian flow has the form Q × Q to Q×Q and, due to

the equivalence to our multirate formulation, allows us to use existing results on

conservation and approximation properties for classical Lagrangian defined on Q×Q.

Lastly, for this formulation, we define the Legendre transform analogously to (3.25):

FF s,−
L̂d(uk) : (qs

k, q
s
k+1) 7→ (qs

k,−Dqs
k
L̂k

d − F
s,−
k ) = (qs

k, p
s
k)

FF s,+
L̂d(uk) : (qs

k, q
s
k+1) 7→ (qs

k+1, Dqs
k+1
L̂k

d + F s,+
k ) = (qs

k+1, p
s
k+1)

FF f,−
L̂d(uk) : (qf,0

k , qf,p
k ) 7→ (qf,0

k ,−Dqf,0
k
L̂k

d − F
f,−
k ) = (qf,0

k , pf,0
k )

FF f,+
L̂d(uk) : (qf,0

k , qf,p
k ) 7→ (qf,p

k , Dqf,p
k
L̂k

d + F f,+
k ) = (qf,p

k , pf,p
k )

Note that with the definition of the extreme Lagrangian and forces, the discrete

Legendre transforms for L̂d correspond to those for Lk
d at the macro nodes.

Structure-preserving properties

In the absence of forces, similarly to the continuous case, one can show that discrete

multirate variational models lead to the conservation of symplecticity and certain

momentum maps (for details, see [20]). Energy would also be conserved up to small

oscillations around a constant value [20]. However, as mentioned in Section 3.3.3,

under the action of forces, preservation of the symplectic form and conservation

of energy (up to bounded oscillations) does not generally hold. In those cases, the

preservation of momentum maps can again be demonstrated using a discrete forced

Noether’s theorem as formulated by [20, Theorem 4.2].

Following the example of [20] and [19], we introduce the discrete momentum maps

J+
L̂d
,J−

L̂d
defined as

J+
L̂d

(q0, q1) · ξ = ⟨
[
FF s,+

L̂d(u0)(qs
0, q

s
1)

FF f,+
L̂d(u0)(qf,0

0 , qf,p
0 )

]
, ξQ(q1)⟩,

J−
L̂d

(q0, q1) · ξ = ⟨
[
FF s,−

L̂d(u0)(qs
0, q

s
1)

FF f,−
L̂d(u0)(qf,0

0 , qf,p
0 )

]
, ξQ(q0)⟩.
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Additionally, given an action with infinitesimal generator ξQ : Q→ TQ we introduce

the action lift toQ×Q by the product ϕQ×Q
g (q0, q1) = (ϕg(q0), ϕg(q1)) and its infinites-

imal generator ξQ×Q : Q×Q→ T (Q×Q) given by ξQ×Q(q0, q1) = (ξQ(q0), ξQ(q1)).

Following the example of [20, Theorem 4.2] and using the extremised reformulation

of the Lagrangian and the forces from Section 3.4.3, we now present the forced

Noether’s theorem for multirate system representations.

Theorem 3.4.2. (Forced Multirate Discrete Noether’s theorem) Con-

sider a discrete Lagrangian system L̂k
d : Q × Q → R with discrete control forces

F s,+
k , F s,−

k , F f,+
k , F f,−

k : Q×Q× U → T ∗Q and a symmetry action ϕ : G×Q→ Q

such that L̂k
d ◦ ϕQ×Q

g = L̂k
d and

〈[
F s

d(uk)
F f

d(uk)

]
, ξQ×Q

〉
= 0 for all ξ ∈ g. Then the

discrete Lagrangian momentum map Jf
L̂d

: Q × Q → g∗ will be preserved by the

discrete Lagrangian evolution map, such that Jf
L̂d
◦ F uk−1,uk

L̂d
= Jf

L̂d
.

Proof. Applying the Lagrange-d’Alembert principle in Equation (3.23a) similarly

to Equation (3.39) but with δqk = ξQ(qk) we have
N−1∑
k=0

dL̂k
d(qk, qk+1) · ξQ×Q(qk, qk+1) +

N−1∑
k=0

[
F s

d(uk)(qk, qk+1)
F f

d(uk)(qk, qk+1)

]
· ξQ×Q(qk, qk+1)

=
N−1∑
k=0

[
F s

d(uk)(qk, qk+1)
F f

d(uk)(qk, qk+1)

]
· ξQ×Q(qk, qk+1) (3.40)

as L̂k
d is assumed to be invariant. Using integration by parts, the left-hand side

becomes
N−1∑
k=1

Dqs
k
(L̂k

d + L̂k−1
d ) + F s−

k + F s,+
k−1

Dqf,0
k

(L̂k
d + L̂k−1

d )+F f,−
k +F f,+

k

· ξQ(qk)+
Dqs

0
L̂0

d + F s,−
0

Dqf,0
0
L̂0

d + F f,−
0

· ξQ(q0)

+
 Dqs

N
L̂N−1

d + F s,+
N−1

Dqf,p
N−1

L̂N−1
d + F f,+

N−1

· ξQ(qN)=
[
FF s,+

L̂d(u0)
FF f,+

L̂d(u0)

]
· ξQ(qN)−

[
FF s,−

L̂d(uN−1)
FF f,−

L̂d(uN−1)

]
· ξQ(q0).

Thus Equation (3.40) becomes

[Jf,+
L̂d
◦ (F ud

L̂d
)N−1 − Jf−

L̂d
] · ξ =

N−1∑
k=0

[
F s

d(uk)(qk, qk+1)
F f

d(uk)(qk, qk+1)

]
· ξQ×Q(qk, qk+1)

describing the evolution of the momentum map. For all discrete forces orthogonal

to the group action, so that
〈[

F s
d(uk)
F f

d(uk)

]
, ξQ×Q

〉
= 0 for ∀ξ ∈ g, it holds that

[Jf,+
L̂d
◦ (F ud

L̂d
)N−1 − J f−

L̂d
] = 0 thus proving the theorem statement.
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3.4.4 Order of accuracy

Choice of approximation rules

The multirate formulations we have presented allow the use of different polynomial

approximations for the discrete paths qs
d and qf

d. One possibility is to approximate

the slow and fast configuration variables using piecewise-linear polynomials as

qs
d(t) = qs

k + qs
k+1 − qs

k

∆T (t− tk), q̇s
d(t) = qs

k+1 − qs
k

∆T , for t ∈ [tk, tk+1]

qf
d(t) = qf,m

k + qf,m+1
k − qf,m

k

∆t (t− tmk ), q̇f
d(t) = qf,m+1

k − qf,m
k

∆t , for t ∈ [tmk , tm+1
k ]

for k = 0, . . . , N − 1, m = 0, . . . ,p− 1, but other approximations are also compliant

with the multirate formulation. The choice depends on the application, the required

accuracy, or the available computational resources. Moreover, the multirate scheme

offers flexibility in selecting the approximation rules used for the Lagrangian,

the virtual work, and later the cost of the optimisation. Most importantly, the

quadrature rules can be chosen differently for different parts of the Lagrangian. In

particular, if we consider systems for which the potential term in the Lagrangian

can be split as V = U(qs, qf) + P (qf) then the integral of the potential energy can

be approximated as

∆tVd(qs,m
k , qs,m+1

k qf,m
k , qf,m+1

k ) (3.41)

= ∆tUd(qs,m
k , qs,m+1

k , qf,m
k , qf,m+1

k ) + ∆tPd(qf,m
k , qf,m+1

k ) ≈
∫ tm+1

k

tm
k

(
U(qs, qf)+P (qf)

)
dt

and one can choose the quadrature rule for the approximation of U and P separately.

For example, in many highly oscillatory systems, one can split the the potential

energy into a fast linear component and a slow nonlinear one. Using a combination

of explicit and implicit quadrature in such problems can lead to a reduction in the

computational burden as shown by the use of IMEX integrators [93].

To explore the use of different quadrature combinations in MVI, one can write the

following very general expressions for the kinetic and potential energies:

Td,k = ∆t
p−1∑
m=0

(
T
(
qs,m+1

k −qs,m
k

∆t ,
qf,m+1

k −qf,m
k

∆t

))
(3.42a)
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= ∆T
2

(
qs

k+1−qs
k

∆T

)⊺

M s
(
qs

k+1−qs
k

∆T

)
+

p−1∑
m=0

∆t
2

(
qf,m+1

k −qf,m
k

∆t

)⊺

M f
(

qf,m+1
k

−qf,m
k

∆t

)

Ud,k = ∆t
p−1∑
m=0

(
αU(γqs,m

k + (1− γ)qs,m+1
k , γqf,m

k + (1− γ)qf,m+1
k )+ (3.42b)

(1− α)U((1− γ)qs,m
k + γqs,m+1

k , (1− γ)qf,m
k + γqf,m+1

k )
)

Pd,k = ∆t
p−1∑
m=0

(
βP (µqf,m

k + (1− µ)qf,m+1
k ) + (1− β)P ((1− µ)qf,m

k + µqf,m+1
k )

)
(3.42c)

where the kinetic energy has been simplified as shown in Appendix B, Equations

(B.1c) and (B.1d). For example, the midpoint quadrature can be implemented in

these approximations by using γ = µ = 1
2 and arbitrary values for α, β. Similarly

the trapezoidal approximation corresponds to (α, γ) = (1
2 , 1) and (β, µ) = (1

2 , 1) and

the rectangle rule using α ∈ {0, 1}, γ = 1 and β ∈ {0, 1}, µ = 1.

Variational error analysis

As we discussed in Section 2.3.1, given an ordinary differential equation ẋ(t) =

f(x(t)), a numerical integrator F (x,∆T ) of the form F (x,∆T ) : xk 7→ xk+1 for k =

0, 1, 2, . . . with x0 = x(0) is of order r if the local truncation error x1 − x(∆T ) is

O((∆T )r+1) as ∆T → 0. For Hamiltonian or Lagrangian systems the state x = (q, p)

consists of configuration q and momentum p and the one-step scheme F (x,∆T )

plays the role of the discrete Lagrangian flow. For the variational integrators

proposed by [1, 109] one can alternatively consider how close a discrete Lagrangian

can approximate the exact discrete Lagrangian defined in the multirate case as

LE
d (qs(0), qf(0), qs(∆T ), qf(∆T )) =

∫ ∆T

0
L(qs(t), qf(t), q̇s(t), q̇f(t))dt (3.43)

for sufficiently small ∆T . Here qs(·), qf(·), q̇s(·), q̇f(·) are the unique solution of the

Euler-Lagrange equations (3.3) with the given boundary conditions. In Theorem 6

of [109] it is stated that the if

L̂k
d(qs(0), qs(∆T ), qf(0), qf(∆T )) = LE

d (qs(0), qs(∆T ), qf(0), q(∆T )) +O((∆T )r+1)
(3.44)
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then the resulting time-stepping scheme following (3.24) or equivalently, (3.30) in

the absence of forces, is of order r. For forced systems, external forces have to be

taken into account when computing an error estimate. Thus, we have the following

statement (cf. [19]):

Statement 3.4.1. If

• the discrete Lagrangian approximates the exact discrete Lagrangian to order r

• and the discrete forces approximate the exact discrete forces to order r

then the resulting variational integration scheme is of order r.

More concretely, in addition to the estimate (3.44), the estimate for the forces

F s,±
LC,d(qs(0), qs(∆T ), qf(0), qf(∆T ), {u(∆t(m+ 1

2))}p−1
m=0) =

F s,±
LC,E(qs(0), qs(∆T ), qf(0), qf(∆T ), u|[0,∆T ]) +O((∆T )r+1)

F f,±
LC,d(qs(0), qs(∆T ), qf(0), qf(∆T ), {u(∆t(m+ 1

2))}p−1
m=0) =

F f,±
LC,E(qs(0), qs(∆T ), qf(0), qf(∆T ), u|[0,∆T ]) +O((∆T )r+1)

has to be satisfied where for simplicity we assume that the forces only depend on

macro configurations. Here the exact discrete forces are defined as

F s,−
E,k := F s,−

LC,E(qs(0), qs(∆T ), qf(0), qf(∆T ), u|[0,∆T ])

=
∫ ∆T

0
f s

LC(qs(t), qf(t), q̇s(t), q̇f(t), u(t))∂q
s(t)
∂qs

0
dt (3.45a)

F s,+
E,k := F s,+

LC,E(qs(0), qs(∆T ), qf(0), qf(∆T ), u|[0,∆T ])

=
∫ ∆T

0
f s

LC(qs(t), qf(t), q̇s(t), q̇f(t), u(t))∂q
s(t)
∂qs

1
dt (3.45b)

F f,−
E,k := F f,−

LC,E(qs(0), qs(∆T ), qf(0), qf(∆T ), u|[0,∆T ])

=
∫ ∆T

0
f f

LC(qs(t), qf(t), q̇s(t), q̇f(t), u(t))∂q
f(t)

∂qf,0
0

dt (3.45c)

F f,+
E,k := F f,+

LC,E(qs(0), qs(∆T ), qf(0), qf(∆T ), u|[0,∆T ])

=
∫ ∆T

0
f f

LC(qs(t), qf(t), q̇s(t), q̇f(t), u(t))∂q
f(t)

∂qf,p
0

dt (3.45d)

with qs
0 = qs(0), qs

1 = qs(∆T ) and qf,0
0 = qf(0), qf,p

0 = qf(∆T ).
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To determine the approximation order of the multirate variational integrators, we

thus have to compute the error between exact and discrete Lagrangians and forces.

For the force estimate we use classical Taylor expansion as shown in the proof of

Theorem 3.4.4. For the estimate of the Lagrangian, we make use of the variational

error analysis for Galerkin variational integrators [110] but adapt several steps

for the multirate case and extend it to forced systems. In the following, we give

a detailed proof along the lines of [110] with particular emphasis on the needed

modifications.

Let us introduce the space of polynomials

P l([0,∆T ], Q) = {q ∈ C∞([0,∆T ], Q) | q a polynomial of degree at most l}.

We fix l + 1 control points ∆Td0 < ∆Td1 < . . . < ∆Tdl, where d0 = 0 and

dl = 1. If for each of these control points a value q(∆Tdj) = qj is prescribed,

then the polynomial q ∈ P l([0,∆T ], Q) is uniquely determined. We denote by

q̂( · ; q0, . . . , ql,∆T ) the polynomial obtained in this way. To analyse the multirate

case, we also introduce the space of piecewise polynomials

P l
p([0,∆T ], Q) = {q ∈ PC∞([0,∆T ], Q) | q|[m∆t,(m+1)∆t) ∈ P l([m∆t, (m+ 1)∆t), Q),

m=0, . . . ,p−1 and q is continuous at m∆t, m=1, . . . ,p−1}.

where PC∞ is the space of piecewise smooth functions. Similar as before we

denote by q̌( · ; {qm
0 , . . . , q

m
l }

p−1
m=0,∆T ) the piecewise polynomial designed by q̌(m∆t+

∆tdj) = qm
j , m = 0, . . . ,p − 1. For the construction of the multirate integrator,

we approximate the slow variable qs by a polynomial q̂s defined on the macro

interval [0,∆T ] and the fast variable qf by a polynomial on the micro interval

[m∆t, (m+ 1)∆t] which corresponds to piecewise polynomial q̌f on [0,∆T ].

Lemma 3.4.1. Let q be a smooth curve and q̂ a family of polynomials of degree

l, parametrised by ∆T , which equals q at the control points 0 = ∆Td0 < ∆Td1 <

. . . < ∆Tdl = ∆T . Then for any k ≤ l there holds∥∥∥q(k) − q̂(k)
∥∥∥

∞
= O(∆T l+1−k),

where ∥ · ∥∞ denotes the maximum norm on [0,∆T ] and [·](k)- the k-th derivative.
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This lemma is needed for obtaining the error estimate (for a proof see [110]). For

the approximation of the action we introduce a quadrature rule. We fix quadrature

points ci ∈ [0, 1] and weights bi∈R, with ∑i bi =1 and denote by w the order of the

corresponding quadrature rule. Then for any smooth function z it holds

∫ ∆T

0
z(t) dt−∆T

∑
i

biz(∆Tci) = O(∆Tw+1).

Based on the polynomial spaces and this quadrature rule we investigate the multirate

discrete Lagrangian defined as

L̂d(qs
0, q

f,0
0 , qs

1, q
f,p
0 )= ext

q̂s∈Pl([0,∆T ],Qs),
q̌f∈Pl

p
([0,∆T ],Qf)

q̂s(0)=qs
0, q̂s(∆T )=qs

1,

q̌f(0)=qf,0
0 , q̌f(∆T )=qf,p

0

∆t
p−1∑
m=0

r∑
i=1

biL(q̂s(tmi ), q̌f(tmi ), ˙̂qs(tim), ˙̌qf(tmi )).

(3.46)

with tmi = m∆t + ci∆t. Note that the choice of l = 1, r = 1, b1 = 1, c1 = 1
2

corresponds to the midpoint rule, the choice of l = 1, r = 2, b1 = b2 = 1
2 ,

c1 = 0, c2 = 1 corresponds to the trapezoidal rule and the choice of l = 1, r = 1,

b1 = 1, c1 ∈ {0, 1} corresponds to the rectangle rule as defined in equations (3.42).

One essential assumption to prove convergence rates of Galerkin variational integra-

tors is that the discrete and continuous solutions of the discrete and continuous Euler-

Lagrange equations, respectively, minimise the respective discrete and continuous

actions. Considering general external forces, the action is not extremised anymore

but changes according to the virtual work acting on the system (see equation (2.6)).

Thus, a (discrete) solution of the (discrete) forced Euler-Lagrange equation can

only minimise the (discrete) action if this change is zero along the solution. We

thus formulate the following assumption.

Assumption 3.4.1. The external forces act orthogonal to the motion of the forced

Lagrangian system, i.e. the virtual work vanishes along the solution of the forced

Euler-Lagrange equations:

∫ T

0
fLC(q, q̇, u) · δq dt = 0 (3.47)
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for (q, q̇, u) satisfying
d

dt

∂L

∂q̇
− ∂L

∂q
= fLC(q, q̇, u).

The approximation error of the discrete Lagrangian can now be determined.

Theorem 3.4.3. Let L̂d as given in (3.46) be a multirate discretisation of a regular

Lagrangian L based on polynomials of degree l and a quadrature rule of degree w.

Assume that under Assumption 3.4.1 all discrete and continuous critical curves

minimize their respective actions. Then the difference between the discrete and the

exact discrete Lagrangian is

L̂k
d(qs(0), qs(∆T ), qf(0), qf(∆T )) =

LE
d (qs(0), qs(∆T ), qf(0), qf(∆T )) +O((∆T )l+2) +O(p(∆t)w+1) (3.48)

Proof. The proof strategy goes along the lines of [110]. Let qEL denote the solution of

the continuous forced Euler-Lagrange equations with qEL(0) = q(0) and qEL(∆T ) =

q(∆T ). Let q̂s ∈ P l([0,∆T ], Qs) be the polynomial that agrees with qs
EL at the

control points 0 = ∆Td0 < ∆Td1 < . . . < ∆Tds = ∆T and q̌f ∈ P l
p([0,∆T ], Qf) be

the piecewise polynomial that agrees with qf
EL at the control points 0 = m∆t+∆td0 <

m∆t + ∆td1 < . . . < m∆t + ∆tds = ∆T for m = 0, . . . ,p − 1. Furthermore, let

q̃s ∈ P l([0,∆T ], Qs) and q̃f ∈ P l
p([0,∆T ], Qf) be the (piecewise) polynomials that

minimise discrete action

∆t
p−1∑
m=0

r∑
i=1

biL(q̃s(m∆t+ ci∆t), q̃f(m∆t+ ci∆t), ˙̃qs(m∆t+ ci∆t), ˙̃qf(m∆t+ ci∆t))

in P l([0,∆T ], Qs)× P l
p([0,∆T ], Qf). With (3.43) we have to estimate the relation

∫ ∆T

0
L(qs

EL, q
f
EL, q̇

s
EL, q̇

f
EL) dt−∆t

p−1∑
m=0

r∑
i=1

biL(q̃s(tmi ), ˙̃qs(tmi ), q̃f(tmi ), ˙̃qf(tmi )). (3.49a)

We expand this difference as(∫ ∆T

0
L(qs

EL, q
f
EL, q̇

s
EL, q̇

f
EL) dt−

∫ ∆T

0
L(q̂s, q̌f , ˙̂qs, ˙̌qf) dt

)
+
( ∫ ∆T

0
L(q̂s, q̌f , ˙̂qs, ˙̌qf) dt−

∆t
p−1∑
m=0

r∑
i=1

biL(q̃s(tmi ), ˙̃qs(tmi ), q̃f(tmi ), ˙̃qf(tmi ))
)
. (3.50)
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We start with the first term of (3.50). From Lemma 3.4.1 we know that qs −

q̂s = O(∆T l+1) and q̇s − ˙̂qs = O(∆T l) on [0,∆T ] and qf − q̌f = O(∆tl+1) and

q̇f − ˙̌qf = O(∆tl) on [m∆t, (m+ 1)∆t],m = 0, . . . ,p− 1, hence∫ ∆T

0
L(qs

EL, q
f
EL, q̇

s
EL, q̇

f
EL) dt−

∫ ∆T

0
L(q̂s, q̌f , ˙̂qs, ˙̌qf) dt

=
∫ ∆T

0

(
∂L(xEL)
∂qs (qs

EL−q̂s)+∂L(xEL)
∂q̇s (q̇s

EL− ˙̂qs)+O(∆T 2l)
)
dt

+
p−1∑
m=0

∫ (m+1)∆t

m∆t

(
∂L(xEL)
∂qf (qf

EL−q̌f) + ∂L(xEL)
∂q̇f (q̇f

EL− ˙̌qf)+O(∆t2l)
)
dt

=
∫ ∆T

0

((
∂L(xEL)
∂qs − d

dt

L(xEL)
∂q̇s

)
(qs

EL−q̂s)+O(∆T 2l)
)
dt+

(
∂L(xEL)
∂q̇s (qs

EL−q̂s)
)∣∣∣∣∣

∆T

0

+
p−1∑
m=0

∫ (m+1)∆t

m∆t

((
∂L(xEL)
∂qf − d

dt

L(xEL)
∂q̇f

)
(qf

EL−q̌f)+O(∆t2l)
)
dt

+
p−1∑
m=0

(
∂L(xEL)
∂q̇f (qf

EL − q̌f)
)∣∣∣∣∣

(m+1)∆t

m∆t

=
∫ ∆T

0

(
− f s

LC(xEL, u)(qs
EL−q̂s)+O(∆T 2l)

)
dt

+
p−1∑
m=0

∫ (m+1)∆t

m∆t

(
−f f

LC(xEL, u)(qf
EL−q̌f)+O(∆t2l)

)
dt.

For brevity we have used the following notation xEL = (qs
EL, q

f
EL, q̇

s
EL, q̇

f
EL). For

the first equality we have used Taylor expansion for the second integrand around

(qs
EL, q

f
EL) and the estimates for the polynomial interpolation (Lemma 3.4.1) where

we have rewritten the integral involving fast derivatives as sum of integrals defined on

the micro intervals. The second equality follows from applying integration by parts.

The last equality follows since the boundary terms vanish because q̂s(0) = qs
EL(0)

and q̂s(∆T ) = qs
EL(∆T ) as well as q̌f(m∆t) = qf

EL(m∆t) for m = 0, . . . ,p and since

(qs
EL, q

f
EL) solves the forced Euler-Lagrange equation. For generic forces we have

f
s/f
LC(qEL, q̇EL, u) = O(1) , qs

EL− q̂s = O
(
∆T l+1

)
on [0,∆T ] and qf

EL− q̌f = O
(
∆tl+1

)
on [m∆t, (m+ 1)∆t],m = 0, . . . ,p− 1. So we can estimate the first terms in the

integrals only by O
(
∆T l+1

)
and O

(
∆tl+1

)
, respectively. Thus, we find

∫ ∆T

0
L(qs

EL, q
f
EL, q̇

s
EL, q̇

f
EL) dt−

∫ ∆T

0
L(q̂s, q̌f , ˙̂qs, ˙̌qf) dt

=
∫ ∆T

0
O
(
∆T l+1

)
dt+

p−1∑
m=0

∫ (m+1)∆t

m∆t
O
(
∆tl+1

)
dt
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=O
(
∆T l+2

)
+

p−1∑
m=0
O
(
(m+ 1)l+2 −ml+2)∆tl+2

)
= O

(
∆T l+2

)
(3.51)

since ∑p−1
m=0

(
(m+ 1)l+2 −ml+2)

)
= pl+2 and p∆t = ∆T . To bound the second

term of (3.50) we follow the arguments of [111, Theorem 3.3]. Since (q̃s, q̃f) is the

minimising element of P l([0,∆T ], Qs)× P l
p([0,∆T ], Qf), we have

∆t
p−1∑
m=0

r∑
i=1

biL(q̃s(tmi ), ˙̃qs(tmi ), q̃f(tmi ), ˙̃qf(tmi )) ≤ ∆t
p−1∑
m=0

s∑
i=1

biL(q̂s(tmi ), q̌f(tmi ), ˙̂qs(tmi ), ˙̌qf(tmi ))

=
p−1∑
m=0

∫ (m+1)∆t

m∆t
L(q̂s, q̌f , ˙̂qs, ˙̌qf) dt+O(∆tw+1) =

∫ ∆T

0
L(q̂s, q̌f , ˙̂qs, ˙̌qf) dt+pO(∆tw+1).

On the other hand, since qEL minimises the continuous action, there holds

∆t
p−1∑
m=0

r∑
i=1

biL(q̃s(tmi ), ˙̃qs(tmi ), q̃f(tmi ), ˙̃qf(tmi ))

=
∫ ∆T

0
L(q̃s, q̃f , ˙̃qs, ˙̃qf) dt+ pO(∆tw+1)

≥
∫ ∆T

0
L(qs

EL, q
f
EL, q̇

s
EL, q̇

f
EL) dt+ pO(∆tw+1)

=
∫ ∆T

0
L(q̂s, q̌f , ˙̂qs, ˙̌qf) dt+O

(
∆T l+2

)
+ pO(∆tw+1),

where the last line follows from (3.51). Combining both inequalities we find
∫ ∆T

0
L(q̂s, q̌f , ˙̂qs, ˙̌qf) dt−∆t

p−1∑
m=0

r∑
i=1

biL(q̃s(tmi ), ˙̃qs(tmi ), q̃f(tmi ), ˙̃qf(tmi ))

= O
(
∆T l+2

)
+ pO(∆tw+1) (3.52)

Equations (3.51) and (3.52) together imply the desired result (3.48).

For p = 1, the order of the discrete Lagrangian defined on a macro step is

min (l + 1, w). Keeping the micro time step the same, for p > 1, the error term

corresponding to the quadrature error pO(∆tw+1) is increased, nevertheless the

order stays the same for constant p.

Lemma 3.4.2. Let L̂k
d be a multirate discrete Lagrangian according to (3.36),

then under the same assumptions as in Theorem 3.4.3 the discrete Lagrangian L̂k
d

approximates the regular continuous Lagrangian L with

• order 2 for the midpoint rule ((α, γ) = (β, µ) = (1, 1
2))
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• order 2 for the trapezoidal rule ((α, γ) = (β, µ) = (1
2 , 1))

• order 1 for the left and right rectangular rule ((α, β ∈ {0, 1}, γ = µ = 1)

Proof. The statement follows directly from Theorem 3.4.3 and the orders of the

used quadrature rules. The discrete Lagrangian given in (3.36) can be written as the

multirate discrete Lagrangian (3.46) with l = 1, r = 1, (b1, c1) = (1, 1
2) for midpoint

rule and with l = 1, r = 2, b1 = b2 = 1
2 , c1 = 0, c2 = 1 for trapezoidal rule which

are both second order quadrature rules (w = 2). The rectangle rules correspond to

the multirate discrete Lagrangian (3.46) with r = 1, b1 = 1, c1 ∈ {0, 1} being a first

order quadrature rule (w = 1).

Remark 3.4.5. The discrete approximation of the external forces has no influence

on the order of the discrete Lagrangian as long as the external forces act orthogonal.

Remark 3.4.6. In contrast to the conservative case (no external forces), here, due

to the consideration of forced systems, we obtain no superconvergence as a theoretical

result (i.e. a convergence rate of min (2l, w) [26]). Nevertheless, for the considered

approximation rules (midpoint, trapezoidal and rectangle rule) we obtain the correct

orders as also demonstrated numerically for the midpoint rule in Chapter 4.

Assumption 3.4.2. We assume that the slow forces depend only on the control

and the slow varying configuration variables. Additionally, we assume that the

fast forces act only on the macro time nodes and thus based on the discrete

Lagrange-d’Alembert principle (3.23), they only appear in equation (3.24b) but

not in (3.24c).In Hamiltonian formulation that translates to forces in equation

(3.30c), (3.30d) only for m = 0,p.

From this assumption and (3.45), the exact slow forces become

F s,−
E,0 := F s,−

LC,E(qs(0), qs(∆T ), u|[0,∆T ]) =
∫ ∆T

0
f s

LC(qs(t), q̇s(t), u(t))∂q
s(t)
∂qs

0
dt, (3.53a)

F s,+
E,0 := F s,+

LC,E(qs(0), qs(∆T ), u|[0,∆T ]) =
∫ ∆T

0
f s

LC(qs(t), q̇s(t), u(t))∂q
s(t)
∂qs

1
dt. (3.53b)
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To approximate them on the discrete time grids consider the discrete forces

F s,+
LC,d(qs

0, q
s
1, u0) =

p−1∑
m=0

∆t
(
ηf s

LC

(
νqs,m

0 +(1−ν)qs,m+1
0 ,

qs,m+1
0 − qs,m

0
∆t , u(ν∆t)

)
∂(νqs,m

0 + (1−ν)qs,m+1
0 )

∂qs,m+1
0

+(1−η)f s
LC

(
(1−ν)qs,m

0 +νqs,m+1
0 ,

qs,m+1
0 −qs,m

0
∆t , u((1− ν)∆t)

)
∂((1−ν)qs,m

0 +νqs,m+1
0 )

∂qs,m+1
0

)
,

F s,−
LC,d(qs

0, q
s
1, u0) =

p−1∑
m=0

∆t
(
ηf s

LC

(
νqs,m

0 +(1−ν)qs,m+1
0 ,

qs,m+1
0 − qs,m

0
∆t , u(ν∆t)

)
∂(νqs,m

0 + (1−ν)qs,m+1
0 )

∂qs,m
0

+(1−η)f s
LC

(
(1−ν)qs,m

0 +νqs,m+1
0 ,

qs,m+1
0 −qs,m

0
∆t , u((1− ν)∆t)

)
∂((1−ν)qs,m

0 +νqs,m+1
0 )

∂qs,m
0

)
.

Theorem 3.4.4. Let Assumption 3.4.2 hold and let F s,±
LC,d defined as in (3.54) be a

multirate discretisation of the forces f s
LC(qs(t), q̇s(t), u(t)). Then the local error for

the discrete force approximation is

F s,±
LC,d(qs(0), qs(∆T ), {u(ν∆T ), u((1− ν)∆T )}) (3.54)

= F s,±
LC,E(qs(0), qs(∆T ), u|[0,∆T ]) +


O((∆T )3) for η = 1, ν = 1

2 (midpoint rule)
O((∆T )3) for η = 1

2 , ν = 1 (trapezoidal rule)
O((∆T )2) for η ∈ {0, 1}, ν = 1 (rectangle rule)

Proof. Using Taylor expansion we have

F s,−
E,0(qs(0), qs(∆T ), u|[0,∆T ]) = ∆Tf s

LC

∣∣∣
t=0

∂qs

∂qs
0

∣∣∣∣∣
t=0

+ (∆T )2

2 f s
LC

∣∣∣
t=0

∂q̇s(0)
∂qs

0

+ (∆T )2

2
∂qs

∂qs
0

∣∣∣∣∣
t=0

(
∂f s

∂qs

∣∣∣∣∣
t=0
q̇s(0) + ∂f s

∂q̇s

∣∣∣∣∣
t=0
q̈s(0) + ∂f s

∂u

∣∣∣∣∣
t=0
u̇(0)

))
+O((∆T )3). (3.55)

From the boundary conditions qs(0) = qs
0, q̇

s(0) = q̇s
0 it follows ∂qs(0)

∂qs
0

= 1, ∂q̇s(0)
∂qs

0
= 0

and thus (3.55) simplifies to

F s,−
E,0(qs(0), qs(∆T ), u|[0,∆T ]) = (3.56)

∆Tf s
LC

∣∣∣
t=0

+ ∆T 2

2

(
∂f s

∂qs

∣∣∣∣∣
t=0
q̇s(0) + ∂f s

∂q̇s

∣∣∣∣∣
t=0
q̈s(0) + ∂f s

∂u

∣∣∣∣∣
t=0
u̇(0)

)
+O((∆T )3).

The order of a given discrete forces can be calculated by expanding the expression

for F s,±
d,0 in a Taylor series and comparing this to the same expansion for the exact
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discrete forces F s,±
E,0 , a technique similar to what was used for the order of Lagrangian

in the singlerate case by [20]. If the series agrees up to r terms, then the discrete

force approximation is of order r.

To begin, we note that us((1 − ν)t0 + νt1) = us(ν∆t), us(νt0 + (1 − ν)t1) =

us((1− ν)∆t) for t0 = 0, t1 = ∆t. Using the following expansion

qs
1 = qs

0 + ∆T q̇s
0 + (∆T )2

2 q̈s
0 +O(∆T )3

and Equation (3.16) we have:

νqs,m
0 +(1−ν)qs,m+1

0 = qs
0+(νbm+(1−ν)bm+1)(∆T q̇s

0+ (∆T )2

2 q̇s
0+O((∆T )3) (3.57a)

(1−ν)qs,m
0 +νqs,m+1

0 = qs
0+((1−ν)bm+νbm+1)(∆T q̇s

0+ (∆T )2

2 q̇s
0+O((∆T )3) (3.57b)

qs,m+1
0 −qs,m

0
∆t = qs

0+∆T q̇s
0+ (∆T )2

2 q̈s
0+O((∆T )3) (3.57c)

∂(νqs,m
0 +(1−ν)qs,m+1

0 )
∂qs,m

0
= ∂((1−ν)qs,m

0 +νqs,m+1
0 )

∂qs,m
0

= 1. (3.57d)

Now coming back to (3.54) and using (3.57d), (3.57c) we have

F s,−
LC,d(qs

0, q
s
1, u0)=

p−1∑
m=0

∆t
(
ηf s

LC

(
νqs,m

0 +(1−ν)qs,m+1
0 ,

qs,m+1
0 −qs,m

0
∆t

, u(ν∆t)
)

+

+(1−η)f s
LC

(
(1−ν)qs,m

0 +νqs,m+1
0 ,

qs,m+1
0 −qs,m

0
∆t

, u((1− ν)∆t)
))

.

We can expand this expression using a multi-variable Taylor expansion. For the

readability of the presentation, we will do so variable by variable and combine the

results for a final approximation. First, on the micro time scale we have:

f s
LC

(
νqs,m

0 + (1− ν)qs,m+1
0 , q̇s

0, u0

)
= fLC

(
qs

0 + (νbm + (1− ν)bm+1)(∆T q̇s
0 + (∆T )2

2 q̈s
0 +O((∆T )3), q̇s

0, u0

)
= f s

LC

∣∣∣
x0

+
(
m+ 1− ν

p

)
∆T q̇s

0
∂fLC

∂qs
0

∣∣∣∣∣
x0

+O((∆T )2)

f s
LC

(
qs

0,
qs,m+1

0 − qs,m
0

∆t , u0

)
= fLC

(
qs

0, q̇
s
0 + ∆T

2 q̈s
0 +O(∆T )2, qf,0

0 , u0

)
= f s

LC

∣∣∣
x0

+ ∆T
2 q̇s

0
∂fLC

∂q̇s
0

∣∣∣∣∣
x0

+O((∆T )2)
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f s
LC

(
qs

0, q̇
s
0, q̇

f
0, u(νm∆t+ (1−ν)m∆t)

)
= f s

LC

(
qs

0, q̇
s
0, q̇

f
0, u

s(0)+ν∆tu̇(0)+O((∆t)2)
)

= f s
LC

∣∣∣
x0

+ (m+ 1− ν)∆t∂f
s
LC

∂us
0

∣∣∣∣∣
x0

u̇(0) +O((∆t)2)

where (qs
0, q̇

f
0, u0) = x0. Similarly

f s
LC((1− ν)qs,m

0 + νqs,m+1
0 , q̇s

0, u0) = f s
LC

∣∣∣
x0

+
(
m+ ν

p

)
∆T q̇s

0
∂fLC

∂qs
0

∣∣∣∣∣
x0

+O((∆T )2),

f s
LC

(
qs

0, q̇
s
0, q̇

f
0, u((1−ν)m∆t+ νm∆t)

)
= f s

LC

∣∣∣
x0

+ (m+ν)∆t∂f
s
LC

∂u0

∣∣∣∣∣
x0

u̇(0) +O((∆t)2)

Using these results, we can sum over the first macro time step
p−1∑
m=0

∆t
(
ηf s

LC(qs
0,

qs,m+1
0 −qs,m

0
∆t

, u0) + (1− η)ηf s
LC(qs

0,
qs,m+1

0 −qs,m
0

∆t
, u0)

)

= ∆Tf s
LC

∣∣∣
x0

+ (∆T )2

2 q̇s
0
∂f s

LC
∂qs

0

∣∣∣∣∣
x0

+O((∆T )3), (3.58a)

p−1∑
m=0

∆t
(
ηf s

LC(qs
0, q̇

s
0, u(ν∆t)) + (1− η)f s

LC(qs
0, q̇

s
0, u((1− ν)∆t))

)

= ∆Tf s
LC

∣∣∣
x0

+ (∆t)2(η + ν +m− 2ην)u̇(0)∂f
s
LC

∂u0

∣∣∣∣∣
x0

+O((∆T )3), (3.58b)

p−1∑
m=0

∆t
(
ηf s

LC

(
νqs,m

0 + (1−ν)qs,m+1
0 , q̇s

0, u0) + (1−η)f s
LC((1−ν)qs,m

0 + νqs,m+1
0 , q̇s

0, u0)
)

= ∆Tf s
LC

∣∣∣
x0

+
p−1∑
m=0

(
η+ν+m−2ην

p

)
∆t∆T q̇s

0
∂fLC

∂qs
0

∣∣∣∣∣
x0

+O((∆T )3), (3.58c)

Combining these results Equation (3.54) becomes

F s,−
LC,d(qs

0, q
s
1, u0) = ∆Tf s

LC

∣∣∣
x0

+ (3.59)

(∆T )2

2

p−1∑
m=0

2(η + ν +m− 2ην)
p2

(
q̇s

0
∂fLC

∂qs
0

∣∣∣∣∣
x0

+q̇s
0
∂f s

LC
∂qs

0

∣∣∣∣∣
x0

+u̇(0)∂f
s
LC

∂u0

∣∣∣∣∣
x0

)
+O((∆T )3).

Comparing Equation (3.59) with Equation (3.56) the order of the discrete force

approximation on the macro scale is:

• of order 2 for η = 1, ν = 1
2 as ∑p−1

m=0
2(η+ν+m−2ην)

p2 = 1

• of order 2 for η = 1
2 , ν = 1 as ∑p−1

m=0
2(η+ν+m−2ην)

p2 = 1

• of order 1 for η∈{0, 1}, ν=1 as ∑p−1
m=0

η+ν+m−2ην
p2 = p+1

2p

The same order can analogously be shown for F s,+
LC,d as defined in (3.20), (3.38).
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Remark 3.4.7. Following Assumption 3.4.2 the exact fast forces F f,±
E,0 and their

discretisation F f,±
LC,d can be defined in a similar way to the slow forces (3.53), (3.54)

depending only on the fast values at the macro time node qf,0
k , for k = 0, . . . , N − 1

with linear interpolation in between for the approximation of qf,m
k , for k = 0, . . . , N−

1, m = 1, . . . ,p−1. Analogously to Theorem 3.4.4 a new theorem can be formulated

to show that the fast forces respecting Assumptions 3.4.1 and 3.4.2 are approximated

with the same order as the slow forces if the same quadrature rules are being used.

Lemma 3.4.3. Consider a system described by a regular Lagrangian L of the form

(5.7) and the Lagrangian control forces f s
LC, f

f
LC. Consider the discrete approximation

of these expressions Ld,k = Td,k −Ud,k −Pd,k based on the approximation in (3.42)

and F s,±
LC,d, F f,±

LC,d as expressed in (3.54) and Remark 3.4.7. Under Assumption 3.4.1,

Assumption 3.4.2 and the assumptions of Theorem 3.4.3, the resulting multirate

variational model (3.24) or (3.30) is of order 2 when only midpoint or trapezoidal

quadrature is chosen within Ld,k, F s,±
LC,d and F f,±

LC,d. The order reduces to 1 if

rectangular quadrature is used anywhere within these discrete approximations.

Proof. Consider L̂d,k based on (3.36) as the discrete approximation of L. The order

of approximation of the Lagrangian and the forces then follows from Lemma 3.4.2,

Theorem 3.4.4 and Remark 3.4.7. The order of the resulting variational model then

follows from Statement 3.4.1. The same order of accuracy is achieved from the

variational model derived from the considered Ld,k due to Proposition 3.4.1.

Remark 3.4.8. Assumption 3.4.1 on the orthogonality of forces is the same as the

condition in the forced Noether’s theorem 3.3.1 leading to conservation of momentum

maps in presence of a symmetry actions. While we would expect the same order result

for general forced systems, a proof would have to rely on other (not action minimiser)

techniques which is still an open research question. In practice, orthogonal forces

are such forces which change only the direction of the motion but not the kinetic

energy of the system. Roughly speaking such a force would only steer the system but

not (de-)accelerating the system.
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3.5 Discrete variational mechanics for forced con-
strained systems

Consider the continuous constrained system presented in Section 2.2.3. In the

absence of constraints, its multirate formulation was presented in Section 3.4. We

now describe how constraints can be accounted for in the discrete model.

First, changing coordinate systems let g(qs, qf) = g(q(t)) = 0 and h(qs, qf , λ) =

λ(t)Tg(qs, qf). To discretise the constrained system, one can formulate a discrete

augmented Lagrangian analogously to the continuous case in Section 2.2.3 and then

reuse the multirate discrete virtual work description, the multirate discrete Lagrange-

d’Alembert principle and the multirate forced discrete Legendre transforms defined

in the unconstrained case in Section 3.4.1. As suggested by [3], in the multirate

discrete setting, the trajectory of the Lagrangian multipliers can be described as

λd := {λk}N−1
k=0 , λk := {λm

k }
p
m=0 where λm

k ≈ λ(tmk ), λpk−1 = λ0
k.

We define the discrete constraints hd : Qs ×Qs × (Qf)p+1 × Rm 7→ R as

hk
d = hd(qs

k, q
s
k+1, q

f
k, λk) ≈

∫ tk+1

tk

h(qs, q
f , λ)dt.

Thus the discrete augmented Lagrangian on the macro grid can be written as

Lc,k
d = Lc

d(qs
k, q

s
k+1, q

f
k, λk) = Lk

d − hk
d ≈

∫ tk+1

tk

(
L(qs, q̇s, qf , q̇f)− h(qs, qf , λ)

)
dt.

Applying the discrete Lagrange-d’Alembert principle and taking independent vari-

ations of {δqs
k}N

k=0, {{δq
f,m
k }

p
m=0}N−1

k=0 , {{δλf,m
k }

p
m=0}N

k=0 with δqs
0 = δqs

N = δqf,0
0 =

δqf,p
N−1 we obtain for k = 1, . . . , N − 1,m = 1, . . . ,p− 1:

0 = Dqs
k

(
Lk−1

d + Lk
d + hk−1

d + hk
d

)
+ F s,−

k + F s,+
k−1 (3.60a)

0 = Dqf,0
k

(
Lk−1

d + Lk
d + hk−1

d + hk
d

)
+ f f,0,−

k + f f,p−1,+
k−1 (3.60b)

0 = Dqf,m
k

(
Lk

d + hk
d

)
+ f f,m,−

k + f f,m−1,+
k (3.60c)

0 = Dλ1
k
hk

d (3.60d)

0 = Dλm+1
k

hk
d + δm,p−1(1− δk,N−1)Dλ0

k+1
hk+1

d (3.60e)
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where δm,p−1 is the Kronecker delta equal to 0 for all m except m = p− 1 where

δm,p−1 = 1. This is a straightforward extension of the model derived for constrained

unforced multirate systems by [3, 112]. Comparing to the unconstrained model

(3.24), the effect of constraints in (3.60a)- (3.60c) can be interpreted as a force

exerted on the system by the constraints.

Equations (3.60) provide a time-stepping scheme in the Lagrange formalism for

k > 1. For k = 0, to match the initial conditions on both the configuration and the

velocity, one can use again the forced multirate Legendre transform (3.25) with the

augmented discrete Lagrangian Lc,k
d resulting in:

0 = ps
0 +Dqs

0
(L0

d + h0
d) + F s,−

0 (3.61a)

0 = pf,0
0 +Dqf,0

0
(L0

d + h0
d) + f f,0,−

0 (3.61b)

0 = Dqf,m
0

(L0
d + h0

d) + f f,m,−
k + f f,m−1,+

k (3.61c)

0 = Dλ1
0
h0

d (3.61d)

0 = Dλm+1
0

h0
d + δm,p−1Dλ0

1
h1

d (3.61e)

for (3.61c) for m = 1, . . . ,p − 1 and (3.61e) for m = 1, . . . ,p. Equations (3.61)

can be extended for k > 0 and represent the Hamiltonian form of MVI for forced

constrained multirate systems approximating the trajectory of the system in the

phase space.

Remark 3.5.1. Following [112], one can consider slow and fast constraints, and

consequently slow and fast Lagrange multipliers discretised on the macro and micro

grid respectively similarly to (3.14), (3.15). This will lead to additional reductions in

the number of variables being computed in simulations and optimal control schemes.

Demonstration problem 3. Choosing a quadrature of the form

hd(qs
k, q

s
k+1, q

f
k, λk) =

p−1∑
m=0

[∆t
2 λ

m
k g(q

s,m
k , qf,m

k ) + ∆t
2 λ

m+1
k g(qs,m+1

k , qf,m+1
k )]

in Appendix C, it is shown that the Hamiltonian formulation can be simplified to:

0 = Dqs
k

(
Lk−1

d +Lk
d +

p−1∑
m=1

(∆tλm
k−1g

m
d,k−1) +

p−1∑
m=0

(∆tλm
k g

m
d,k)

)
+F s−

k +F s,+
k−1 (3.62a)
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0 = Dqf,0
k

(
Lk−1

d +Lk
d+ ∆tλ0

kg
0
d,k

)
+ f f,0,−

k + f f,p−1,+
k (3.62b)

0 = Dqf,m
k

(
Lk

d + ∆tλm
k g

m
d,k

)
+ f f,m,−

k + f f,m−1,+
k (3.62c)

0 = g(qs,m
k , qf,m

k ) (3.62d)

for k = 1, . . . , N − 1 in all equations, (3.62c) for m = 1, . . . ,p − 1 and (3.62d)

for m = 1, . . . ,p. Here gm
d,k := g(qs,m

k , qf,m
k ). To begin the integration in simulations

for k = 0 in Appendix C we have shown Equations (3.62) simplify to:

0 = ps
0 +Dqs

0

(
L0

d + ∆t
2 λ

0
0g

0
0 +

p−1∑
m=1

(∆tλm
0 g

m
0 )
)

+F s,−
0 (3.63a)

0 = pf,0
0 +Dqf,0

0

(
L0

d + ∆t
2 λ

0
0g

0
0

)
+ f f,0,−

0 (3.63b)

0 = Dqf,m
0

(
L0

d + ∆tλm
0 g

m
0

)
+ f f,m,−

0 + f f,m−1,+
0 (3.63c)

0 = g(qs,m
0 , qf,m

0 ) (3.63d)

with (3.63c) for m = 1, . . . ,p− 1 and (3.63d) for m = 1, . . . ,p.

Both sets of equations can be compared to their unconstrained counterparts, demon-

strating how the additional terms in the constrained version represent forces exerted

by the constraints on the system. Additionally, incorporating the discrete constraint

into the model ensures that the resulting discrete trajectory respects it.

Remark: Going back to the singlerate variational formulation presented in Section

2.3.3 for forced unconstrained systems, a constrained version can be formulated by

simply simplifying Equations (3.61), (3.60) for p = 1. This leads to the following

SVI model for constrained forced Lagrangian systems:

for k = 0 − p(0) = Dq0Ld(q0, q1) + ∆t
2 λ0Dq0g(q0) + f−

0

0 = g(q1)

for k > 0 0 = D2Ld(qk−1, qk) +D1Ld(qk, qk+1) + ∆tλkDqk
g(qk) + f+

k−1 + f−
k

0 = g(qk+1).

This result agrees with the unforced SVI models developed by [1, 113].
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4.1 Introduction

This chapter introduces examples aimed at showcasing the capabilities of the

methods introduced in Chapters 3, 5, 6,and 7. The examples are selected as follows:

• Example 1: linear unconstrained system

• Example 2: nonlinear unconstrained system

• Example 3: linear unconstrained system model for an aerospace application

• Example 4: nonlinear constrained system model for an aerospace application

Example 1 and 3 concentrate on linear systems, allowing for a direct comparison to

an analytic solution and thus providing a clear demonstration of the capabilities of

the multirate variational approach, as discussed and proved in Chapter 3. These

examples aim to highlight the accuracy and structure-preserving properties of the

approach, and demonstrate the computational savings achievable using this method.

Additionally, Examples 2 and 4 demonstrate the application of MVIs to both

unconstrained and constrained nonlinear systems, without the need to decouple the

equations of motion.

Examples 3 and 4 hold particular significance as they develop variational models tai-

lored to two practical aerospace applications, underscoring the real-world relevance

and applicability of the proposed methods.

4.1.1 Choice of approximation rules

As outlined in Section 3.4.1, we establish two time grids within the discrete-time

setting: a macro time grid characterised by the macro time step ∆T and a micro

time grid obtained by subdividing each macro step into p equally spaced micro time

steps of size ∆t, as illustrated in Figure 3.1. We discretise the slow subsystem on

the macro time grid, while the fast dynamics are discretised on the micro time grid.

For this purpose, we define again the discrete paths qs
d, q

f
d as described in (3.14),

(3.15) and the discrete control path ud from (3.17). As in Section 3.4.4, we choose
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piecewise-constant polynomial with uslow = us, ufast = uf for the approximation of

the control variables (see Remark 3.4.1) and piecewise-linear polynomials for the

the slow and fast configuration variables as follows:

qs
d(t) = qs

k + qs
k+1 − qs

k

∆T (t− tk), q̇s
d(t) = qs

k+1 − qs
k

∆T , for t ∈ [tk, tk+1]

qf
d(t) = qf,m

k + qf,m+1
k − qf,m

k

∆t (t− tmk ), q̇f
d(t) = qf,m+1

k − qf,m
k

∆t , for t ∈ [tmk , tm+1
k ]

for k = 0, . . . , N − 1, m = 0, . . . ,p− 1. For all experiments, linear interpolation is

employed to approximate the slow dynamics on the micro time grid, as detailed in

(3.16) with am = p−m
p
, bm = m

p
, while the midpoint quadrature is utilised for the

Lagrangian:

Lk,m
d (qs,m

k , qs,m+1
k , qf,m

k , qf,m+1
k )= ∆tL( qs,m

k
+qs,m+1

k

2 ,
qs,m+1

k
−qs,m

k

∆t
,
qf,m

k
+qf,m+1

k

2 ,
qf,m+1

k
−qf,m

k

∆t
).

The same quadrature is chosen for the approximation of the virtual work. Thus,

the discrete virtual work associated with the fast generalised forces becomes

W f
d,k(qs

k, q
s
k+1, q

f
k, uk) =

=
p−1∑
m=0

∆tf f
LC( qs,m

k
+qs,m+1

k

2 ,
qs,m+1

k
−qs,m

k

∆t
,

qf,m
k

+qf,m+1
k

2 ,
qf,m+1

k
−qf,m

k

∆t
, uk+1/2) ·

δqf,m
k

+δqf,m+1
k

2

=
p−1∑
m=0

∆t
2 f

f
LC( qs,m

k
+qs,m+1

k

2 ,
qs,m+1

k
−qs,m

k

∆t
,

qf,m
k

+qf,m+1
k

2 ,
qf,m+1

k
−qf,m

k

∆t
, uk+1/2) · δqf,m

k +

p−1∑
m=0

∆t
2 f

f
LC( qs,m

k
+qs,m+1

k

2 ,
qs,m+1

k
−qs,m

k

∆t
,

qf,m
k

+qf,m+1
k

2 ,
qf,m+1

k
−qf,m

k

∆t
, uk+1/2) · δqf,m+1

k

with uk+1/2 = u( tk+tk+1
2 ). This leads to an approximation of the left and right

discrete-time fast generalised forces of the form:

f f,m,+
k = f f,m,−

k = ∆t
2 f

f
LC( qs,m

k
+qs,m+1

k

2 ,
qs,m+1

k
−qs,m

k

∆t
,

qf,m
k

+qf,m+1
k

2 ,
qf,m+1

k
−qf,m

k

∆t
, uk+1/2)

The approximation of the slow forces f s,m,± can be analogously derived and used

to formulate F s,±
k based on (3.20). Overall, for all the considered examples, these

choices are expected to lead to an approximation of the system dynamics of order

2 as stated in Lemma 3.4.3, although not all assumptions required for the formal

proof are met in every example.
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(a) With generalised coordinates q (b) With generalised coordinates qs, qF

Figure 4.1: Examples 1 and 2: An FPUT system with n = 4

4.1.2 Experimental set-up

The computational tests for all examples were carried out in either MATLAB or

Python, utilising an Intel Core i7-10700 CPU @2.90GHz with 32GB RAM. For the

MATLAB implementation, the necessary derivatives for the MVI approach were

derived by hand and then implemented. In Python, the JAX library facilitated

automatic differentiation for handling derivatives, with further optimisation achieved

through just-in-time (JIT) compilation. Our primary focus in the implementation

was on ensuring flexibility for multiple use cases rather than optimising for speed.

Therefore, the purpose of our runtime experiments is to compare the computational

costs of different approaches, not to showcase their fastest possible implementation.

4.2 Example 1: Fermi–Pasta–Ulam–Tsingou sys-
tem with quadratic potentials

To demonstrate the advantages of MVI, we first explore a linear example, which

allows us to demonstrate the main results derived in this paper using a direct

comparison of the MVI simulation against the analytic solution. The system

analysed is a modified version of the Fermi–Pasta–Ulam–Tsingou (FPUT) system,

a common benchmark for multirate schemes [3, 26].

4.2.1 Mathematical model

The system comprises of a chain of n unit masses, connected with alternating stiff

and soft springs of stiffness w2

2 and k, respectively, as shown in Figure 4.1. The

displacement of each mass is represented by a coordinate qi, and for n = 4, the



4. Examples of multirate variational modelling and simulation 77

system’s Lagrangian takes the form:

L(q, q̇)= 1
2 q̇

⊺Mq̇−
1
2q

⊺Kq, M=


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

, K=


k+ w2

2 − w2

2 0 0
− w2

2 k+ w2

2 −k 0
0 −k k+ w2

2 − w2

2
0 0 − w2

2 k+ w2

2


where the time dependence has been omitted to simplify the notation. If we consider

viscous damping and external control acting on the system, then the virtual work

can be expressed as

δW (q, u) = u · δq − Cq̇ · δq, C=


λk + λw −λw 0 0
−λw λk + λw −λk 0

0 −λw λk + λw −λk
0 0 −λw λk + λw


Here λk, λw are the damping coefficients for the soft and stiff spring, respectively,

and the control vector entry ui represents control applied to the i-th point mass

along the qi coordinate as portrayed in Figure 4.1a

As noted by [26], the system exhibits multirate behaviour: vibration of stiff springs

operates on a time scale of w−1, while soft spring motion occurs at w0. A third-

time scale of w is observed for oscillation energy exchange among stiff springs. An

alternative description of the dynamics using the length of each stiff spring and its

centre’s position (Figure 4.1b) illustrates the system’s multirate nature. Employing

a coordinate change of the form[
qs

qf

]
= Eq, E =

[
Es

Ef

]
, Es =

[ 1√
2

1√
2 0 0

0 0 1√
2

1√
2

]
, Ef =

[
− 1√

2
1√
2 0 0

0 0 − 1√
2

1√
2

]

we describe the system in slow coordinates [qs]i, representing the location of the

the center of the i-th stiff spring, and fast coordinates [qf ]i representing its length

for i = 1, . . . , n/2. In this multirate coordinate system, the Lagrangian becomes

L(qs, qf , q̇s, q̇f) = 1
2

[
(q̇s)⊺M sq̇s+(q̇f)⊺M f q̇f −(qs)⊺Ksqs−(qf)⊺K fqf −2(qs)⊺Ksfqf

]
(4.1)

where M = (E−1)⊺M E−1 =
[
M s 0
0 Mf

]
, K = (E−1)⊺K E−1 =

[
Ks Ksf

(Ksf)⊺ K f

]
which for k = 2 is often simplified to the following form:

L(qs, qf , q̇s, q̇f) = 1
2

2∑
i=1

(([q̇s]i)2 + ([q̇f ]i)2) (4.2)
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− 1
4

[
([qs]1 − [qf ]1)2 + ([qs]2 − [qf ]2 − [qs]1 − [qf ]1)2 + ([qs]2 − [qf ]2)2

]
− w2

2

2∑
i=1

([qf ]i)2

In fact this Lagrangian is of the form considered in Demonstration problem 1 as w

is assumed to take large values, thus introducing a very stiff potential.

Transforming the control and damping matrix as[
us

uf

]
= ((u)⊺E−1)⊺ = Eu, EC⊺E−1 =

[
Cs Csf

(Csf)⊺ C f

]

and noting that E is an orthogonal matrix, the virtual work can also be expressed

in this coordinate system as

δW (q, u) = u · δq − Cq̇ · δq

= us · δqs + uf · δqf−(Cs)⊺q̇s · δqs − (C f)⊺q̇f · δqf − (Csf)q̇f · δqs − (Csf)⊺q̇s · δqf

and thus the generalised forces can be expressed as :

f s
LC = us − (Cs)⊺q̇s − (Csf)q̇f (4.3a)

f f
LC = uf − (C f)⊺q̇f − (Csf)⊺q̇s (4.3b)

Using the Lagrangian viewpoint and applying the Lagrange-d’Alembert principle

(Equation (3.2), (3.3)) leads us to the following equations of motion for the system

M sq̈s + (Cs)⊺q̇s + (Csf)q̇f +Ksqs +Ksfqf = us (4.4a)

M f q̈f + (C f)⊺q̇f + (Csf)⊺q̇s +K fqf +Ksfqs = uf (4.4b)

The Hamiltonian control forces can be obtained by applying Equations (3.6) as:

f s
HC = us − (Cs)⊺(M s)−1ps − (Csf)(M f)−1pf

f f
HC = uf − (C f)⊺(M f)−1pf − (Csf)⊺(M s)−1ps

and thus the equations of motion in phase space (2.9) become

q̇s = (M s)−1ps, ṗs = −Ksqs + us − (Cs)⊺(M s)−1ps − (Csf)(M f)−1pf (4.5a)

q̇f = (M f)−1pf , ṗf = −K fqf + uf − (C f)⊺(M f)−1pf − (Csf)⊺(M s)−1ps (4.5b)
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4.2.2 Computational results

To simulate the system, we implement the analytic solution, the MVI approach and

several alternative integrators:

• 2nd order explicit Runge-Kutta method (RK2e)

• 2nd order implicit Runge-Kutta method (RK2i, Crank-Nicholson)

• 2nd order implicit symplectic Runge-Kutta method (RK2is, implicit midpoint)

• 4th order Runge-Kutta method (RK4)

• the ode45 routine by MATLAB

All RK approaches directly discretise the equations of motion (4.4) or (4.5),

approximating both the configuration and the velocity/momentum. On the other

hand, the MVI approach discretises the Lagrangian (4.2) and Lagrangian control

forces (4.3), as described in Sections 3.4.1, 3.4.2, and 4.1.1, and uses those discreti-

sations in the discrete Lagrange-d’Alembert principle (3.23) to derive a multirate

discrete-time structure-preserving model either in Lagrangian (Equation (3.24))

or Hamiltonian form (Equation (3.30)), approximating only the configuration or

both the configuration and the momentum, respectively. In all experiments we

set w = 50, the initial conditions as qf,0 = [1/w, 0], qs,0 = q̇s,0 = q̇f,0 = [1, 0]⊺, and

consider dissipative damping forces, but no external control forces (us = uf = 0). A

Newton-Raphson root-finding method is implemented for the implicit schemes with

tolerances of 10−11, and ode45 is run with RelTol of 10−10. All listed schemes, apart

from the MVI, integrate all variables on the micro time scale with step ∆t while

the MVI integrates the fast variables on the micro time scale and the slow variables

on the macro time grid with ∆T = p∆t. In the following figures, the Lagrangian

formulation of the MVI is denoted as LF, while the Hamiltonian formulation as HF.

Energy simulation for a linear conservative system

First, to investigate how well the MVI and the alternative integrators preserve the

energy of a conservative system in simulations, we set the damping coefficients to
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Figure 4.2: Example 1: Trajectory simulation in the absence of dissipative forces using
the HF MVI with T = 0.45s, ∆t = 10−3s, and p = 5
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Figure 4.3: Example 1: Relative error of the system’s energy simulation for k > 1 in
the absence of dissipative forces for T = 0.45s (please note the y-axis is in a log scale)

zero (λw = λk = 0). The multirate nature of the resulting system is demonstrated in

Figure 4.2 using the MVI approach in HF, with length of the simulation T = 0.45s,

micro time step ∆t = 10−3s, and macro-micro proportionality p = 5. The relative

error of the energy simulation is then computed for simulations of all implemented

integrators with T = 0.45s and ∆t = 10−4s or ∆t = 10−3s using:

erel
E (q d, q̇ d) = max

k = 0,...,ns

Ek
d −E(q(tk), q̇(tk))
E(q(tk), q̇(tk)) (4.6)

where E(q(t), q̇(t)) = 1
2 q̇(t)

⊺Mq̇(t) + 1
2q(t)

⊺Kq(t)
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Ek
d = E(qk, q̇k) = 1

2 q̇
⊺
kMq̇k + 1

2q
⊺
kKqk, q̇ d = {q̇k}N

k=0, , q̇ k = E−1
[

(FLs)−1(ps
k)

(FLf)−1(pf,0
k )

]
.

Here E(q(tk), q̇(tk)) is the system’s total energy based on the analytic solution

at a given macro time node tk = k∆T and Ek
d is its value computed from the

discrete trajectory simulation qd from the integrator being tested. In the case

of a conservative system (λw = λk = 0) the analytic energy remains constant,

i.e E(q(tk), q̇(tk)) = E(q(0), q̇(0)) for ∀k. For the MVI, the test is done for its

Hamiltonian formulation as values for the momentum at all macro time nodes are

needed to compute the total energy.

The results of this test for T = 0.45 and micro time steps ∆t = 10−4 or ∆t = 10−3

are presented in Figure 4.3. For p = 1 (corresponding to a singlerate variational

solution), the MVI matches or outperforms other schemes in preserving the conser-

vation law of the system with both micro step choices.1 Moreover, for both micro

step choices for p = 5, the MVI outperforms the ode45 routine and does comparably

well to the other RK schemes given that it calculates the slow system dynamics at

five times fewer time nodes.
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Figure 4.4: Example 1: Trajectory simulation in the presence of dissipative forces using
the HF MVI with T = 0.45, ∆t = 10−3, and p = 5

Energy simulation for a linear dissipative system

Next, we introduce damping by setting the damping coefficients as λw = λk = 0.3.
1Note that for p = 1 the MVI is the midpoint integrator which preserves quadratic invariants

and thus preserves the energy of the linear system up to numerical accuracy.
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Figure 4.5: Example 1: Relative error of the system’s energy simulation for k > 1 in
the presence of dissipative forces for T = 0.45 (please note the y-axis is in a log scale)

The multirate nature of the resulting system is demonstrated in Figure 4.4 using a

HF MVI simulation with T = 0.45, ∆t = 10−3, and p = 5. In this case, the energy is

not preserved. However, it is interesting to see how well the dissipation is modelled.

Setting again T = 0.45s and ∆t = 10−4 or ∆t = 10−3, we perform simulations

with all integrators and compare the result to the analytic solution using Equation

(4.6). From Figure 4.5, it is clear that for both ∆t = 10−4s and ∆t = 10−3, the

MVI is capable of obtaining the same error levels in the energy simulation as the

other tested 2nd order implicit integrators, despite performing the integration of

the slow variables at approximately one fifth as many time nodes. Moreover, for

∆t = 10−3 the MVI performs better than the ode45 routine. Of course, the 4th order

method demonstrates smaller errors in almost all cases. However, it is inherently

higher-order and computes both the slow and fast dynamics at more time nodes

without the option to avoid the integration of the momentum. In comparison, the
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MVI LF formulation leads to 10 times fewer variables computed on the macro time

scale and two times fewer variables computed on the micro time scale.

Figure 4.6: Example 1: Log-log plot demonstrating the order of convergence for the
MVI based on simulations in the presence of damping for a constant length of simulation
T = 0.45

Order of convergence for a linear dissipative system

Next, in a set of experiments, we demonstrate numerically the validity of Lemma

3.4.3 on the order of accuracy of the forced MVI. In fact, this lemma is limited to

the investigation of the local error for a simplified case, while the following tests go

a few steps further and demonstrate the global error of the simulations for a more

complicated system, thus demonstrating the order of convergence of the chosen

approach. This is achieved through an order test, which consists of a calculation of

the error of the MVI simulation with respect to the analytical solution for a given

base micro time step ∆t and a variety of values for p. The error is computed in the

following manner:

eabs
x (x d, x) = max

k = 0,...,N
(∥x k − x(tk)∥∞) (4.7)

effectively comparing the trajectory solutions on the macro time grid.
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Figure 4.6 presents the results for λw = λk = 0.3, T = 0.45 and macro-micro

proportionalities of p = 1, 3, 5, 9, 10. These figures demonstrate the order of

convergence of approximately order 2, as expected from the chosen quadrature,

thus validating the expected behaviour of the numerical integration scheme in the

presence of forces. We also note that at the largest considered timesteps a plateau is

observed indicating order reduction, which is expected for stiff systems (see [114]).

Figure 4.7: Example 1: Mean computational with standard deviation time for the MVI
versus p for a constant micro time step of ∆t = 10−4 and length of simulation T = 0.45
(the standard deviation values are too small to be visible)

Computational efficiency of the MVI approach

We conduct a series of simulations for various macro-to-micro time step ratios p

while maintaining the micro step at a constant 10−4 to illustrate the computational

savings achievable with MVI for multirate system simulation. Figure 4.14 depicts

the mean real elapsed time for each simulation derived from 10 measurements

utilising the tic-toc MATLAB routine. As expected, avoiding the integration of the

momentum with the Lagrangian formulation has introduced substantial runtime

savings compared to the Hamiltonian formulation. Furthermore, it is clear that

for both formulations, the computational time reduces significantly as p increases.

It is important to note that p cannot be increased indefinitely, as doing so would

progressively degrade the accuracy of the slow dynamics. A trade-off point can

thus be chosen for the practitioner depending on the level of accuracy and efficiency

required for a given application.
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4.3 Example 2: Fermi–Pasta–Ulam–Tsingou sys-
tem with quartic potential

The second example considers again the Fermi–Pasta–Ulam–Tsingou system, this

time modifying the Lagrangian (4.2) to include quartic terms:

L(qs, qf , q̇s, q̇f) = 1
2

2∑
i=1

(([q̇s]i)2 + ([q̇f ]i)2)

− 1
4

[
([qs]1 − [qf ]1)4 + ([qs]2 − [qf ]2 − [qs]1 − [qf ]1)4 + ([qs]2 − [qf ]2)4

]
− w2

2

2∑
i=1

([qf ]i)2

but considering the same damping and external forces (4.3) as in Example 1.

This Lagrangian corresponds to an FPUT system comprising of alternating stiff

harmonic and soft nonlinear springs [26]. In this case, both the continuous and

discrete Lagrange-d’Alembert principles lead to nonlinear equations of motion.

Using the quadrature rules selected in Section 4.1.1, we again derive discrete-time

approximations of the Lagrangian and the virtual work. Consequently, using

Equations (3.24) and (3.30), we develop a multirate variational discrete-time model

for the system in Lagrangian and Hamiltonian formulation, respectively. The set-

up is chosen to match Example 1 with w = 50, initial conditions qf,0 = [1/w, 0],

qs,0 = q̇s,0 = q̇f,0 = [1, 0]⊺, and the consideration of dissipative damping forces, but

no external control forces (us = uf = 0).
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Figure 4.8: Example 3: Trajectory simulation in the absence of dissipative forces using
the HF MVI with T = 0.45, ∆t = 10−4, and p = 5
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4.3.1 Computational results

To simulate the motion of the nonlinear system from Example 3, we implement the

MVI and also, for comparison, the singlerate variational integrator (SVI) discussed

in Section 2.3.3. All simulations in this example are performed in Python using

automatic differentiation with JAX [115] for all derivatives in the SVI and MVI

models. In Figure 4.8, we demonstrate an example simulation with the Lagrangian

formulation (LF) of the MVI for macro-micro proportionality p = 5, discrete micro

time step ∆t = 10−4, length of the simulation T = 1, and damping coefficients

λw = λk = 0. The figure demonstrates the multirate behaviour of the system

and the conservation properties of the MVI, as energy should be preserved in the

absence of dissipative forces and external controls. The bounded oscillations around

the true energy value are typical for simulations with variational integrators, as

mentioned in Chapter 2. Next, adding damping λw = λk = 0.3, we perform an order

Figure 4.9: Example 3: Log-log plot demonstrating the order of convergence for the
MVI based on simulations in the presence of damping for a length of simulation T = 0.003

test to demonstrate the accuracy of the MVI approach for forced nonlinear systems.

The test is conducted for a simulation length of T = 0.003 and the macro-micro

proportionalities p = 1(effectively a singlerate solution), 3, and 5. The error of

the multirate simulation is computed using Equation (4.7) with respect to a very

fine SVI simulation with discrete time step ∆t = 10−7. From Figure 4.9 we can

see an order of convergence two, as expected from Theorem 3.4.2 and the chosen

quadratures and approximation rules.
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4.4 Example 3: Flexible spacecraft dynamics

4.4.1 Background

The next example we consider comes from a practical application in the aerospace

domain aiming to safely and accurately simulate and control flexible satellites. To

provide a wide range of services worldwide, satellites are often equipped with various

flexible appendages such as solar panels, antennas, and mechanical manipulators.

In recent years, the demand for improvements in satellite functionality and effi-

ciency has led to more lightweight and flexible structure designs operating under

stringent performance, positioning, and energy usage requirements. Unfortunately,

even the simplest attitude manoeuvres are capable of exciting vibrations in the

flexible structures, causing loss of pointing accuracy, decreased performance or even

structural damage [116, 117]. Thus, there is a need for a computationally efficient

control method capable of maximising the system’s performance while complying

with hard safety and operational constraints.

A control methodology capable of guaranteeing efficient operation while respecting

such constraints is optimal control. Its first application to the problem of flexible

satellite control can be traced back as early as the 1970s. Initial developments

included Markley’s work on performance index selection, which considered a single

flexible mode [118]. The work of Breakwell attempted the control of several modes

using feedback control and verified the results experimentally [117]. Turner and

Junkins also presented work including several modes of vibration and explored the

difference in results obtained using a nonlinear model or its linearisation [119]. This

research was later extended by Turner and Chun for a distributed control system

[120]. In all these works and many subsequent ones, the satellite was modelled as

a distributed parameter system and approximated using a spatial discretisation

technique. This leads to the formulation of coupled ordinary and partial differential

equations of motion. Two of the most common spatial discretisation techniques are

the Assumed Modes Method (AMM) and the Finite Element Method (FEM). A

detailed review of both and their implementation for flexible spacecraft models can
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be found in Junkins, and Kim [121]. However, it must be noted that in both of

these techniques, a more accurate representation of the flexible dynamics requires

the construction of higher-dimensional models, which can lead to computationally

intensive implementations.

This issue can be addressed through the use of a multirate variational formulation

of the system model proposed in Chapter 3. To demonstrate the advantages of

this approach, we formulate a general linear model of the spacecraft and derive its

discrete structure-preserving form using the multirate variational approach (in both

Lagrangian and Hamiltonian formulations). In a series of tests, we validate the

MVI simulation against the analytical solution and demonstrate the superiority of

the multirate approach compared to a singlerate solution in providing a high-fidelity

solution at a reduced computational cost.

4.4.2 Mathematical model

To represent a wide range of flexible spacecraft, we model the system as a rigid

hub, representing the main body, with two rigidly attached flexible appendages as

shown in Figure 4.10. A single-axis rotation manoeuvre is considered under the

action of torque control input τ(t) at the hub. It is assumed to excite the flexible

appendages antisymmetrically, thus causing no shift in the centre-of-mass of the

spacecraft and resulting in the same deflection profiles in both appendages. These

elastic transverse deformations are restricted to the plane X-Y that is perpendicular

to the axis of rotation as shown in Figure 4.10. The appendages are modelled as

cantilever Euler-Bernoulli beams with attached tip masses. Thus, the effects of

shear deformation and sectional rotary inertia are neglected. The appendages are

assumed to be identical in geometry and material properties, and no structural

damping is considered.

Spatial discretisation

To obtain a finite-dimensional model of the system, we employ the Assumed Modes

spatial Method (AMM) [121]. This method expresses the transverse elastic deflection



4. Examples of multirate variational modelling and simulation 89

Figure 4.10: Example 3: Spacecraft model during single-axis rotation with antisymmetric
deformation

of the beam w(x, t) as a truncated series of products of assumed spatial mode shapes

ϕj and time-varying modal amplitudes ηj as follows

w(x, t) =
nvibr∑
j=1

ϕj(x) ηj(t).

Here, nvibr is the number of modes retained in the approximation, l is the length

of the beam, and for this example only, x ∈ [0, l] denotes the position along the

beam. Together with the angle of hub rotation θ, the amplitudes (η1(t), . . . , ηnvibr(t))

become the set of the generalised coordinates describing the configuration of the

system in time [121]. For the context of rigid-flexible satellites, a widely used set of

mode shapes is

ϕj(x) = 1− cos
(
jπx

l

)
+ 1

2(−1)(j+1)
(
jπx

l

)2
.

This set of functions satisfies the physical and geometrical boundary conditions for

a clamped-free beam but has been shown to produce satisfactory results for models

which include tip masses [121].

The Lagrangian

Detailed formulation of the linearised equations of motions can be found in [120,

121]. Based on these derivations, the Lagrangian of the system can be expressed as:

L(ξ, ξ̇) = 1
2 ξ̇

⊺ M ξ̇ − 1
2 ξ

⊺ K ξ (4.8)
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where

ξ =
[
θ
η

]
, M =

[
Mθθ M⊺

θη

Mθη Mηη

]
, K =

[
0 0
0 Kηη

]
,

and the time dependence has been dropped to simplify the notation. Here η ∈

Rnvibr×1 is a vector of generalized coordinates defined as η = [η1, η2, . . . , ηnvibr ]⊺

and ξ represents the configuration vector of the entire system. The elements of the

mass and stiffness matrices are defined as

Mθθ = Jh + 2
[
Jt +mt(r + l)2 +

∫ l

0
ρA(r + x)2dx

]

[Mθη]i = 2mt (r + l)ϕi(L) + 2 Jt ϕ
′
i(l) + 2

∫ l

0
ρA(r + x)ϕi(x)dx

[Mηη]i,j = 2mt ϕi(L)ϕj(l) + 2 Jt ϕ
′
i(l)ϕ′

j(l) + 2
∫ l

0
ρAϕi(x)ϕj(x)dx

[Kηη]i,j = 2
∫ l

0
EIϕ′′

i (x)ϕ′′
j (x)dx

for Mθθ ∈ R1×1, Mθη ∈ Rnvibr×1, Mηη ∈ Rnvibr×nvibr , Kηη ∈ Rnvibr×nvibr . Here [·]′

and [.]′′ denote the first and second derivative with respect to x, [·]i denotes the

i-th element of the respective vector, and [·]i,j the (i, j)-th element of the respective

matrix. Additionally, Jh and r denote the rotary inertia and radius of the hub,

while mt and Jt represent the mass and the rotary inertia of each of the tip masses,

and ρ, A, EI are, respectively, the density, the cross-sectional area and the flexural

rigidity of the beams.

The virtual work in this example can be shown to be δW = f · δξ = τ δθ where f

is the vector of generalized forces. Using the Lagrange-d’Alembert Principle (2.6),

one can then obtain the following equations of motion for this example spacecraft

M ξ̈ + K ξ = D τ (4.9)

where D = [1, 0, ..., 0]⊺ [19, 121].
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Transformation to modal coordinates

Equation (4.9) represents a set of nvibr + 1 coupled differential equations, and to

decouple them, we introduce the Modal Coordinate Transformation [121, 122].

Solving for the eigenvalue problem for M and K, we obtain a set of eigenvalues λj

and normalized eigenvectors ej as follows

|K− λj M| = 0, K ej = λj M ej, λj ≤ λj+1 for j = 1, 2, ... , nvibr + 1

such that

E⊺ME = I, E⊺KE = Λ

where E = [e1, e2, . . . , envibr+1], Λ =


λ1 · · · 0
... . . . ...
0 · · · λnvibr+1


and I is the identity matrix. Physically, each λj corresponds to the square of the

natural frequency wj (rad/s) of the system under consideration, and the correspond-

ing eigenvector describes the corresponding mode shape. Such transformation is

possible for real square positive definite matrices M,K (as proved for the more

general hermitian matrices in [123, Theorem 2, p.106]). Thus introducing the linear

transformation

ξ = E q, ξ̇ = E q̇ (4.10)

the Lagrangian and the generalised force vector (the Lagrangian control force) can

be rewritten as

L = 1
2( q̇⊺q̇ − q⊺Λ q ), fLC = E⊺D τ

Applying the Lagrange-d’Alembert Principle as before, the equations of motion can

be rewritten as

q̈ + Λ q = E⊺D τ

This is a system of nvibr + 1 decoupled differential equations, each describing a

motion with natural frequency wj.
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4.4.3 Multirate configuration description and discretisation

In this new coordinate system, depending on the natural frequency of each motion,

the satellite’s representation can be separated into slow and fast subsystems as

q =
[
qs

qf

]
, fLC =

[
f s

LC
f f

LC

]
= E⊺D τ =

[
Zs

Z f

]
τ

L = 1
2

(
(q̇s)⊺q̇s − (qs)⊺Λs qs

)
+ 1

2

(
(q̇f)⊺q̇f − (qf)⊺Λf qf

)
where Λs = diag(λ1, . . . , λns), Λf = diag(λns+1, . . . , λnvibr+1), qs, q̇s, f s

LC, Z
s ∈

R ns×1, qf , q̇f , f f
LC, Z

f ∈ R (nvibr+1−ns)×1 and the time dependence has been dropped

to simplify the notation. The size of the slow subsystem ns is a free variable and

expresses the number of modal coordinates, which will be treated as slow dynamics

and thus discretised on a coarser time grid in the multirate approach.

Based on this multirate configuration description and formulation of the Lagrangian,

one can discretise the trajectory on the micro and macro time grid and derive a

discrete-time approximation of the Lagrangian work, as discussed in Sections 3.4.1,

3.4.2, and 4.1. On the other hand, the Lagrangian control forces f f
LC and f s

LC can

be approximated by discrete left and right forces as follows

f s±
k = Zs

(∆t
2

p−1∑
m=0

τ
m+1/2
k

)
for k = 0, . . . , N − 1

f f,m±
k = Z f

(∆t
2 τ

m+1/2
k

)
for k = 0, . . . , N − 1, m = 0, . . . ,p− 1

where the control path u = τ is approximated by piecewise-constant values in

ud = τd which are defined at the midpoints of the micro time grid as

τd = {{τm+1/2
k }p−1

m=0}N−1
k=0 where τ

m+1/2
k ≈ τ(tm+1/2

k ). (4.11)

Additionally, we define τk = {τm+1/2
k }p−1

m=0. Applying these approximations in

Equations (3.24) and (3.28), one can derive the multrate discrete-time variational

model of the system in Lagrangian formulation. Equivalently, one can use the

discrete Lagrangian and forces expressions to derive the Hamiltonian formulation

of the system’s multirate discrete-time model using Equation (3.30). In the next

section, we will compare the capabilities of both formulations, demonstrating the

advantages of the variational approach in both cases.
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4.4.4 Computational results

The two multirate variational discrete-time models were implemented using MAT-

LAB. An example system was used for all simulations with the key geometrical

and material parameters presented in Table 4.1 as suggested by [121]. The model

is constructed with five terms in the AMM approximation (nvibr = 5) and three

degrees of freedom were treated as slow dynamics in the multirate formulation

(ns = 3). Based on these specifications, the natural frequencies of the system were

obtained as w1 = 0 rad/s, w2 = 6.454 rad/s, w3 = 52.41, rad/s, w4 = 1.607× 102

rad/s, w5 = 3.381× 102 rad/s and wnvibr+1 = 5.78× 102 rad/s resulting in dynamics

on significantly different time-scales and allowing for thorough investigation of the

advantages of the proposed multirate scheme.

Table 4.1: Structural parameters used for the simulations

Hub radius r 1.0 ft
Hub rotary inertia Jh 8.0 slug-ft2

Tip mass mt 0.156941 slug
Tip mass rotary inertia Jt 0.0018 slug-ft2

Beam length l 4.0 ft
Beam height h 6.0 in.
Beam thickness t 0.125 in.
Beam linear density ρA 0.0271875 slug/ft
Beam elastic modulus E 0.1584×1010 lb/ft2

System simulation

The proposed numerical integration scheme was validated against a reference

analytic solution, and its advantages were thoroughly investigated. This was

achieved through a series of forward simulations in the absence of control for a time

period of t ∈ [0, T ] starting from a rest position with an initial deflection in the

appendages of η(t0) =[0.05, 0.001, 0.001, 0.0001, 0.0001]⊺.

First, the numerical convergence of the method was investigated by computing the

global error of the HF MVI simulated configuration with respect to the analytical

continuous solution. The comparison was conducted on the macro time nodes for

both the slow and fast variables (qs, qf) using the following error definition

ex(x d, x) = max
k = 0,...,N

(∥x k − x(tk)∥∞) (4.12)
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Figure 4.11 presents the results for T = 1.2s and macro-micro proportionalities

of p= 1, 3, 5, 6, where p= 1 corresponds to a singlerate solution. These figures

demonstrate error convergence of approximately order 2, as expected from the order

of the chosen quadrature, thus validating the correct behaviour of the numerical

integration scheme and demonstrating numerically its order of convergence. We

also note that an order reduction is observed in both figures for a small region of

time-steps, indicated by the presence of plateau. This behaviour is not surprising

for stiff systems (see [114]). Figures 4.12 and 4.13 present the evolution of the

Figure 4.11: Example 3: Log-log plot demonstrating the order of convergence for the
HF MVI based on simulations for a constant length of simulation T = 1.2s

Figure 4.12: Example 3: Numerical
dissipation of total energy for simulations
of ode45 and HF MVI with ∆t = 10−4s
and T = 60s

Figure 4.13: Example 3: Momentum
preservation for simulations of ode45 and
HF MVI with ∆t = 10−4s and T = 60s
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total energy and the generalised momentum for θ defined as:

pθ = ∂L
∂θ̇

= Mθθ θ̇ + (Mθη)⊺ η̇ (4.13)

The results are obtained from simulations with step size of ∆t = 10−4 using both

the Hamiltonian formulation of the variational scheme with p= 5 and the ode45

MATLAB numerical solver with RelTol of 10−10. As the Lagrangian (Equation (4.8))

is not explicitly dependent on t and θ and no damping and external forces are

considered in this test case, both the total energy and pθ should remain constant

in time according to Noether’s theorem [1]. Figure 4.13 demonstrates that both

the ode45 implementation and the multirate solution successfully preserve pθ. In

Figure 4.12, however, it can be observed that the ode45 implementation introduces

numerical dissipation, while the variational scheme successfully preserves the total

energy of the system up to small bounded fluctuations known to be present for

variational integrators (see [20]). Together, the two tests demonstrate the structure-

preserving properties of the variational scheme.

Figure 4.14: Example 3: Mean computational time with standard deviation versus p
for a constant micro time step of ∆t = 10−4s and T = 1.2s

Returning to Figure 4.11, we can further observe that making the macro grid

coarser by increasing p increases the error in the computation of the slow variables

slightly but maintains the same accuracy in the approximation of the fast ones.

This small sacrifice in the accuracy, however, enables great computational savings.

To demonstrate the reduction in computational cost for of the multirate approach

we performed a series of simulations for a number of macro-to-micro time step
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proportionalities p while keeping the micro step constant at 10−4. Figure 4.14

presents the mean of the real elapsed time for the respective simulation obtained

from 10 measurements using the tic-toc MATLAB routine. Focusing first on the

Hamiltonian formulation, a clear reduction in the required computational time

can be seen by increasing p up to an optimal value (p= 6 in this instance). The

existence of an optimum p-value is due to the specific implementation of the

numerical integrator, which uses the Newton-Raphson method to resolve the system

one macro time step at a time. As discussed previously, increasing the number

of micro time steps within a macro time step increases the number of variables

being obtained at each iteration of the Newton-Rhapson method and thus results in

slower computations. While this effect might also occur with the LF of the MVI, it

does not appear in this test for the given values of p. Aside from this, the LF MVI

formulation behaves similarly to the HF with the required computational runtime

reducing as p increases. Notably, the computational runtime required by LF is

roughly half that of the HF for all considered values of p, since the momentum

computation is excluded.

4.5 Example 4: Electrodynamic tether motion

In our fourth example, we aim to demonstrate the capabilities of the MVI for

constrained nonlinear systems and its application to another real-world application.

We develop a novel variational model for six-dimensional spacecraft motion in

a three-body gravitational environment influenced by external forces, such as

electrodynamic tethers, solar sails, external torque, and thrust controls. This model

allows us to achieve high-fidelity simulations with reduced computational cost using

both singlerate and multirate variational integrators. We caution the reader that for

this section only, there is a change of notation, with the quaternion position of the

satellite being denoted as q ∈ R4 and the orbital position coordinates as x, y, z ∈ R

to honour the standard notation used in the field this application example belongs

to.
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4.5.1 Introduction

In recent years, the need for high-fidelity models in the simulation and control of

spacecraft motion has increased. With the exploration of Jupiter’s moons and the

growing interest in exploring cis-lunar space as evidenced by the Global Exploration

Roadmap [124], more stress has been placed on the accurate modelling of spacecraft

dynamics in a three-body gravitational environment in order to enable safe execution

of close-proximity manoeuvres such as docking, maintenance and others. With this

in mind some works have shifted their focus from modelling spacecraft operations

within a two-body gravitational environment to within a three-body gravitational

environment ([125–128] among others). Recent publications have extended these

models further, from 3DOF (3 degrees of freedom) to 6DOF models by considering

simultaneously the orbital and attitude motion of the vehicle [104, 129]. When

external configuration-dependent forces are considered, such 6DOF models allow for

coupling effects to be considered in the simulation. Despite these advances, there is

still considerable room for improvement in the model fidelity and computational

cost, especially for spacecraft systems, where the available hardware capacity is

limited due to the effect of harsh environments on the hardware and the limited

weight/space onboard. The use of such models for optimal control problems is also

in early stages with only a few tasks investigated so far [130].

To this problem, we apply the singlerate and multirate variational approach in order

to exploit the resulting smaller dimensionality models and the system’s multirate

behaviour to obtain high-fidelity solutions at a reduced computational cost. The

main drawback of using SVI and MVI, however, is the need to provide them with

expressions for the Lagrangian of the system and the forces acting on it– a task

that is not trivial for many applications. For this reason, in this section, we aim to

propose a novel variational model for 6DOF spacecraft dynamics in the three-body

gravitational environment considering both the orbital and attitude motion of

the vehicle. As many other works, we consider the circular restricted three-body

problem (CR3BP) in which the mass of the spacecraft is considered infinitesimal
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to that of the two larger bodies whose motion is constrained to circular orbits

about their barycenter. We describe the attitude motion of the spacecraft using

a unit quaternion representation. Such formulation introduces a constraint in the

dynamics in terms of the unit size of the quaternion vectors but does not present

singularities and is often preferred for the description of large-angle manoeuvres

[131]. Additionally, we consider the effect of a general force acting on the system,

which could be used to model the effect of electrodynamic tethers, solar sails,

thrust or torque controls and others on the system. When the chosen force is

configuration-dependent, it introduces additional coupling between the orbital and

attitude motion, allowing for the control of one of the motions through the other.

As an example, we choose electrodynamic tether force and, based on the resulting

Lagrangian and and virtual work formulation, apply the singlerate and multirate

variational approach. This allows us to demonstrate the capabilities of SVI and

MVI for forced nonlinear constrained systems and the advantages of using them for

the 6DOF control of a spacecraft in the CR3BP.

4.5.2 Variational model of 6DOF tethered spacecraft dy-
namics

To derive a variational model for the attitude and orbital motion of a spacecraft

equipped with a tether in the gravitational field of two planers, we need to first find

an expression for the system’s Lagrangian and the external forcing in generalised

coordinates. We describe the translational motion of the system in the inertial frame

of reference (X̂, Ŷ, Ẑ) whose origin coincides with the barycenter of the two large

primary bodies with masses M1 and M2. The rotational frame (x̂, ŷ, ẑ) coincides

with the inertial frame initially and then rotates around Ẑ with its origin remaining

at the barycenter and the ẑ aligned with Ẑ at all times as depicted on Figure 4.15.

A third body-fixed frame (b̂1, b̂2, b̂3) is also introduced and aligned with the principle

inertial axis of the small third body.
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Figure 4.15: Example 4: Illustration of the chosen coordinate frames for a satellite in
the CR3BP

Orbital dynamics

We consider the circular restricted three-body problem in which the mass of the

spacecraft is considered infinitesimal to that of the two larger bodies, whose motion

is constrained to circular orbits around their barycenter [104, 132]. The Lagrangian

for this system system we express as:

Lorbit(x, y, z, ẋ, ẏ, ż) = 1
2(ẋ2 + ẏ2 + ż2 + 2ẏx− 2yẋ) + 1

2(x2 + y2) + µ− 1
r1

+ −µ
r2

r1 =
√

(x+ µ)2 + y2 + z2), r2 =
√

(x+ µ− 1)2 + y2 + z2)

where x, y, z are the position coordinates in the rotating frame, and µ is the mass

ratio µ = M2/(M1 + M2), allowing for a non-dimensional form of the resulting

equations of motion with unitary gravitational constant and angular frequency Ω.

Attitude dynamics

The attitude motion of the body can be modelled using unit quaternions, describing

the instantaneous relative orientation of the body-fixed frame with respect to the

inertial frame as it evolves on the special orthogonal group SO(3) [113]. Such
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parametrisation of the motion does not present singularities and is often preferred

for describing large-angle manoeuvres [131]. Quaternions can be described as a

four-dimensional object containing a three-dimensional vector part qv and a scalar

part qs. They can also be described in terms of an axis of rotation r̂ = [rX , rY , rZ ]⊺

and an angle of rotation θ around this axis as follows:

q =
[
qv
qs

]
=

sin
(

θ
2

)
r̂

cos
(

θ
2

)
 with ∥qv∥2 + q2

s = 1

The conjugate quaternion and the quaternion product are defined as

q∗ =
[
−qv
qs

]
, q1 ⊗ q2 =

[
qv,1
qs,1

]
⊗
[
qv,2
qs,2

]
=
[
qv,1 × qv,2 + qs,1qv,2 + qs,2qv,1

qs,1qs,2 − qv,1 · qv,2

]
The angular velocity of the body and the generalised forces corresponding to torques

on the body can be expressed as:

ŵ = 2q∗ ⊗ q̇, F = 2q ⊗ τ̂.

The Lagrangian describing the attitude dynamics can thus be expressed as [113]:

Lattit(q, q̇) = 1
2(2q∗ ⊗ q̇) · J(2q∗ ⊗ q̇), J = diag{I1, I2, I3, 0}

where I1, I2, I3 denote the principal central moments of inertia. Furthermore, the

gravity torque exerted by the primaries can be modelled as external forces as

f attit = 2q ⊗



(I3 − I2)
(

3(1−µ)
r5

1
[f]2[f]3+ 3µ

r5
2
[h]2[h]3

)
(I1 − I3)

(
3(1−µ)

r5
1

[f]1[f]3+ 3µ
r5

2
[h]1[h]3

)
(I2 − I1)

(
3(1−µ)

r5
1

[f]1[f]2+ 3µ
r5

2
[h]1[h]2

)
0


(4.14)

f = CB/A[x+ µ, y, z]⊺, h = CB/A[x+ µ− 1, y, z]⊺

where [·]i denotes the ith element of a vector, u = [u1, u2, u3] are external controls,

CB/A = CB/ICI/A = (CA/B)⊺, CI/A =

cos(Ωt) −sin(Ωt) 0
sin(Ωt) cos(Ωt) 0

0 0 1



CB/I =

 1− 2([q]22 + [q]23), 2([q]1[q]2 + [q]3[q]4), 2([q]1[q]3 − [q]2[q]4)
2([q]1[q]2 − [q]3[q]4), 1− 2([q]21 + [q]23), 2([q]2[q]3 + [q]1[q]4)
2([q]1[q]3 + [q]2[q]4), 2([q]2[q]3 − [q]1[q]4), 1− 2([q]21 + [q]22)


It is important to note that this force introduces coupling between the orbital and

attitude motion of the system.
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External forcing

Additional coupling between the orbital and attitude dynamics can result from the

presence of external forcing from devices such as electrodynamic tethers and solar

sales. To demonstrate, we consider the tether and model it as an external force

expressed in generalised coordinates. As in most of the literature (see, for example,

[133]), we assume a non-tilted dipole magnetic field and a self-balanced tether [134]

modelled as a rigid dumbbell in direction b̂3. Thus the Lorentz torque about the

system centre of mass is assumed to be zero and does not affect the orientation of

the system, only its orbital position. With those assumptions, the Lorentz force

can be written as

f ex =
∫ l

0
I(z)dû×Bdz = IavgLû×B (4.15)

where û = b̂3 is the unit vector along the tether line, I(z) is the current profile along

the tether with z measured from the anodic tip, l is the tether length and Iavg is the

length-averaged electric current [127, 133, 135]. The generalised force corresponding

to Lorbit and the generalised coordinates [x, y, z]⊺ can then be expressed as

f ex = IavglB0

ms/cr
5
1
CA/B

0
0
1

×
 3(x+ µ)z

3yz
2z2 − (x+ µ)2 − y2

 , (4.16)

normalised analogously to the orbital equations. Here B0 is the local value of the

magnetic field, and ms/c is the total mass of the tethered system. Details on how

to calculate Iavg can be found in [127, 133, 135]. Within the full model, such force

introduces additional coupling between the attitude and orbital dynamics, and by

controlling the attitude motion, we control the force in the tether and thus the

orbital dynamics indirectly (this is clear in the continuous model (A.2d) -(A.2b)).

Similarly, one could consider low-thrust dynamics instead. In this case

f ex = CA/Bu, ∥u∥2 ≤ umax (4.17)

for u ∈ R3 and a given maximum magnitude of the available thrust umax. The
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attitude dynamics can also be prescribed using torque control, leading to

f attit = 2q ⊗


(I3 − I2)

(
3(1−µ)

r5
1

[g]2[g]3 + 3µ
r5

2
[h]2[h]3

)
+ τ1

(I1 − I3)
(

3(1−µ)
r5

1
[g]1[g]3 + 3µ

r5
2
[h]1[h]3

)
+ τ2

(I2 − I1)
(

3(1−µ)
r5

1
[g]1[g]2 + 3µ

r5
2
[h]1[h]2

)
+ τ3

 (4.18)

Finalised 6DOF model

Taking sections 4.5.2-4.5.2 into account, we express the system’s generalised coordi-

nate vector s, Lagrangian, external Lagrangian control forces and constraints as:

s = [x, y, z, q⊺v, qs]⊺ (4.19a)

L(s, ṡ) = 1
2(ẋ2 + ẏ2 + ż2 + 2ẏx− 2yẋ+ x2 + y2)+

µ− 1
r1

+ −µ
r2

+ 1
2(2q∗ ⊗ q̇) · J(2q∗ ⊗ q̇) (4.19b)

fLC(s, ṡ, u, τ) = [(f ex)⊺, (f attit)⊺]⊺ (4.19c)

g(s) = ∥qv∥2 + q2
s − 1 = 0 (4.19d)

These equations can be used in Equations (A.2d)-(A.2b) to obtain a continuous

model, which can then be discretised.

Alternative model

For comparison reasons in our numerical results, we note that one could also

discretise the state-space singlerate model proposed by [104, 129]:

ẍ = x+ 2ẏ − (1− µ)(x+ µ)
r3

1
− (µ)(x− 1 + µ)

r3
2

+ [f ex]1 (4.20a)

ÿ = y − 2ẋ− (1− µ)(y
r3

1
− (µ)y

r3
2

+ [f ex]2 (4.20b)

z̈ = −(1− µ)z
r3

1
− (µ)z

r3
2

+ [f ex]3 (4.20c)

[ẇ]1 = I3 − I2

I1

(3(1− µ)
r5

1
[g]2[g]3 −

3(µ)
r5

2
[h]2[h]3 − [w]2[w]3 + τ1

)
(4.20d)

[ẇ]2 = I1 − I3

I2

(3(1− µ)
r5

1
[g]1[g]3 −

3(µ)
r5

2
[h]1[h]3 − [w]1[w]3 + τ2

)
(4.20e)

[ẇ]3 = I2 − I1

I3

(3(1− µ)
r5

1
[g]1[g]2 −

3(µ)
r5

2
[h]2[h]2 − [w]1[w]2 + τ3

)
(4.20f)
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[q̇]1 = 1
2([w]3[q]2 − [w]2[q]3 + [w]1[q]4) (4.20g)

[q̇]2 = 1
2(−[w]3[q]1 + [w]1[q]3 + [w]2[q]4) (4.20h)

[q̇]3 = 1
2([w]2[q]1 − [w]1[q]2 + [w]3[q]4) (4.20i)

[q̇]4 = 1
2(−[w]1[q]1 − [w]2[q]2 − [w]3[q]3) (4.20j)

0 = [q]21 + [q]22 + [q]23 + [q]24 − 1 (4.20k)

where w ∈ Rnq denotes the angular velocity vector. The purpose of deriving

Lagrangian forces and constraint expressions, however, is to allow us to employ

the proposed variational approach instead, which allows for a reduction in the

dimensionality of the model and computational savings in its simulation, as we will

now demonstrate.

4.5.3 Numerical results

To demonstrate the developed variational models, we consider the Earth-Moon-

spacecraft three-body environment with Earth as M1, the moon as M2. We perform

simulations for a Near Rectilinear Halo Orbit as this family of orbits has been

highlighted by many works as a good choice to host the Gateway Project. Although

the Earth-Moon system does not provide a very strong magnetic field for the use

of tethers, the chosen orbit is known as a challenging task for many integrators

due to the sensitive nonlinear dynamics. It is thus a good choice for demonstrating

the capabilities of the proposed variational models. The singlerate and multirate

variational models for this constrained forced system are implemented based on the

system description in (4.19) and the methodology described in Sections 3.5 and 4.1.1.

These models are implemented using Python and the automatic differentiation

library JAX [115]. A Runge-Kutta 4 (RK4) discretisation of the previously proposed

singlerate state-space model (4.20) was also implemented as described in [129] and

used as a comparison for the proposed variational formulation.
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Figure 4.16: Example 4: Discrete-time
simulation of the orbital dynamics with
∆t = 10−5 in the absence of forcing

Figure 4.17: Example 4: Trade-off be
between computational efficiency and ac-
curacy penalty for a constant micro time
step ∆t = 0.00012 and length of simulation
T = 0.012, but varying macro-micro pro-
portionality p

Figure 4.18: Example 4: Discrete-time trajectory simulations with ∆t = 0.00001 in the
absence of forcing

Simulations in the absence of external forcing

First, we performed simulations in the absence of thrust control, torque controls,

and external forcing from tethers (f ex = u = τ = 0) in order to validate the

proposed models against a standard approach such as the RK4 discretisation of

the continuous model (4.20). Simulations were performed with ∆t = 10−5 for the

RK4 and singlerate variational approaches. The same step was chosen for the micro

time grid in the multirate approach with only the x-coordinate chosen as slow (thus

ns = 1). A series of tests were performed, keeping the micro step constant but

increasing the macro-micro proportionality p. As we can see from Figures 4.16



4. Examples of multirate variational modelling and simulation 105

and 4.18, both the singlerate and the multirate integrators accurately captured the

orbital dynamics for all choices of macro-micro proportionality.

Fundamentally, increasing p reduces the number of time nodes on which the slow

variables are computed, introducing computational savings. Of course, as with

our previous examples, p cannot be increased limitlessly as that will progressively

degrade the resolution of the slow dynamics, leading to erroneous solutiona. Figure

4.17 shows the trade-off between computational efficiency and accuracy. Here, the

norm is computed between the multirate solution and a very fine Runge-Kutta 4

solution of (4.20) as:

erel
s = maxk=0,...,N∥sk − sRK4

k ∥∞

maxk=0,...,N∥sRK4
k ∥∞

(4.21)

The simulation is done using ∆t = 10−4, T = 0.012,p = 1, 3, 5, 10. These values

were chosen to ensure that an integer number of the macro steps fit within the

simulation length T . Even with just a single coordinate discretised on the macro

time grid, the figure demonstrates that from p = 1 to p = 5, the computational time

has decreased more than four times for negligible penalty in accuracy. This result

cannot be fully explained by the reduced size of the slow system alone. It is also

influenced by the implementation details, such as the Newton-Raphson root-finding

method and the use of an if-statement in the code to differentiate between the SVI

and MVI implementations, which were kept as similar as possible. Therefore, a more

meaningful comparison can be made between p = 3 and 5, where the speed-up is a

factor of 1.4. Further savings (accompanied by further small penalties in accuracy)

are expected if the size of the slow system is increased. In practice, the trade-off

can be tuned by the problem at hand and the available computational resources.

Simulations in the presence of external forcing

Next, we perform a test with the same simulation parameters but with the addition

of external force from a tether as described in Equation (4.16) with IavgLB0
ms/cr5

1
= 1.

Figure 4.19 demonstrates the agreement between a Runge-Kutta 4 (RK4) integration

of the alternative singlerate model (4.20) and the proposed variational model in

both singlerate and multirate formulation. Additionally, Figure 4.20 demonstrates
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Figure 4.19: Example 4: Discrete-time trajectory simulation with ∆t = 0.00001 in the
presence of tether force

that both the RK4, the singlerate, and the multirate variational models obey the

constraint placed on the system in terms of the unit quaternion norm. With this

magnitude of the external force, we can see that the time scales of the problem are

very similar. Thus, for this specific orbit and force magnitude, not much can be

gained from the use of the multirate formulation. The variational formulation itself,

however, reduces the dimensionality of the model without visible loss of accuracy

in both singlerate and multirate Lagrangian form by avoiding the integration of the

momentum and thus reduces the computational burden of the simulation compared

to the alternative state-space models proposed by [104, 129].

Figure 4.20: Example 4: Demonstration of the constraint satisfaction during discrete-
time simulations with ∆t = 0.00001



5
Open-Loop Control

5.1 Introduction

This chapter introduces a structure-preserving direct method for solving optimal

control problems for systems exhibiting dynamics on different time scales. The

approach, which we will refer to as Multirate DMOC, was originally proposed by

[4] as a multirate reformulation of the DMOC method described in Chapter 2.

In this chapter, we provide a thorough mathematical analysis of Multirate DMOC.

For a broad class of systems, we formulate a generic optimal control problem and

derive the necessary conditions for optimality in both continuous and discrete

time. Under certain assumptions, we prove the structure-preserving properties

and accuracy order of the resulting solutions. Additionally, we demonstrate these

properties numerically through two examples, a theoretical problem and a practical

example from the aerospace domain.

5.2 Background

In Chapter 2 we discussed the existence of numerous techniques for approximating

the behaviour of systems in discrete-time. One technique we specifically focused

on was the variational integrator, particularly its formulation as presented by [1].

107
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This scheme offers a qualitatively superior system representation by preserving the

mathematical structures of the model in its discrete approximation, specifically its

symplecticity and any symmetries present within the Lagrangian. Consequently, the

method ensures accurate representation of the system’s energy and momenta during

simulations, where many non-geometric schemes introduce numerical dissipation [26].

Notably, as we presented in Chapter 2, this approach can also be integrated within

a direct optimal control solution method to provide structure-preserving system and

adjoint discrete-time models with well understood accuracy. The resulting scheme

has been tested extensively in literature and found multiple practical applications.

In Chapter 3 we focused on the simulation of systems with dynamics on different

time scales, i.e. multirate systems. We provided a detailed description of the

formulation and properties of a multirate variational integrator (MVI) designed

to deliver high-fidelity simulations for these systems at reduced computational

cost. The approach achieves this by discretising the slow and fast dynamics on

two different time scales, each with the appropriate time step, without the need

to decouple the equations of motion. The model can be formulated either as a

standard phase-space scheme, integrating both configuration and momentum over

time, or as a multistep scheme integrating only the configuration variables over time

theoretically without loss of accuracy. Notably, we proved that in both formulations,

the resulting multirate scheme is structure-preserving and established its order

of accuracy for a broad class of systems. In practice, the difference in accuracy

between the two formulations depends on the accuracy of the methods used to solve

the resulting discrete equations of motion.

In [4], Gail et al. successfully implemented MVI in the context of optimal control,

developing a method known as Multirate Discrete Mechanics and Optimal Control

(Multirate DMOC). This approach allows for a unified control of both the slow and

fast dynamics without the need to decouple the equations of motion. Compared to

its singlerate counterpart, when optimising the behaviour of systems with dynamics

on different time scales, this multirate formulation allows for great reductions in
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the number of unknowns and constraints. It is further expected and validated with

examples that the method inherits the structure-preserving properties of variational

integrators. Unlike many alternative techniques that divide the system into slow and

fast components and apply different control strategies to each (e.g., [103]), Multirate

DMOC offers a unified control approach that can potentially enhance the optimality

of the solution. This method is also distinct from envelope-based techniques (e.g.,

[136]), as it is not limited to highly oscillatory systems where trajectories oscillate

rapidly but follow a slowly changing envelope. Multirate DMOC, however, is not

applicable to systems without a Lagrangian representation. These representations

are challenging to formulate for some problems, but remain an active area of research

as they can potentially allow better understanding of the system.

Since its introduction, Multirate DMOC has been successfully extended to systems

with constraints [11] and, as we will present in the following chapter, used to create

a new receding horizon technique [13, 112]. Despite its potential, the Multirate

DMOC method itself has only been briefly introduced [4] and tested for a spring

pendulum but was never further analysed or extended. Very recently, the method

was described in more detail by [112]. However, limited new insight was presented.

In this chapter, we present a detailed mathematical description and analysis of

the Multirate DMOC method. We expand on the previous works by deriving

the continuous- and discrete-time necessary optimality conditions for a generic

optimal control problem and thus under certain assumptions proving the structure-

preserving properties and order of the Multirate DMOC solution. These theoretical

investigations are suported with numerical tests for the control of two of the

example systems presented in Chapter 4 - the FPUT system and the flexible

satellite model. These numerical studies also demonstrate the computational

efficiency of the approach highlighting a flavourable trade-off between accuracy and

computational cost. The computational efficiency can further be improved when the

multistep integrator formulation is used, removing the need to encode the velocity

(or momentum) of the system for a negligible accuracy loss in practice.
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5.3 Optimal control of multirate mechanics

Having examined the system’s dynamics from both the Lagrangian (state space)

and Hamiltonian (phase space) perspectives, we can now extend these frameworks

to formulate an optimal control problem (OCP) in each space. While the two

formulations are theoretically equivalent, in practice, their numerical solvers may

converge to different local optima when dealing with nonconvex problems. The

choice between these approaches depends on the specific problem, objectives, and

available optimisation resources, as each offers distinct advantages and disadvantages

that will be discussed shortly.

As before, we will consider a mechanical system which exhibits dynamics on different

time scales and can be represented through a configuration vector q(t) ∈ Q with

all possible paths belonging to C([0, T ], Q) (see (2.1)). We assume that through

a change in the coordinate system, we can represent the evolution of the system

on the configuration submanifolds Qs, Qf such that Qs×Qf = Q with associated

tangent and cotangent bundles TQs, TQf and T ∗Qs, T ∗Qf , respectively. We also

assume that the system can be described by a regular Lagrangian L :TQs×TQf→R

and is under the action of a Lagrangian control force fLC(q(t), q̇(t), u(t)) which can

be resolved into slow and fast components f s/f
LC(qs(t), qf(t), q̇s(t), q̇f(t), u(t)) along

the multirate configuration vectors qs(t)∈Qs and qf(t)∈Qf respectively as discussed

in Section 3.3. We remind the reader that, as defined previously, these forces can

represent time-independent forces such as friction and dissipation forces, but also

forces involving time-dependent controls u∈C([0, T ], U) as defined in (2.3).

5.3.1 Lagrangian viewpoint

Our objective is to move the system from a given initial state (qs,0, qf,0, q̇s,0, q̇f,0) ∈ TQ

to a given final state (qs,T , qf,T , q̇s,T , q̇f,T ) ∈ TQ during the time interval t ∈ [0, T ]

under the influence of a control u(t). In achieving this task, we aim to find such a

trajectory in the state space x = (q(t), q̇(t)) =
( [
qs

qf

]
,

[
q̇s

q̇f

] )
and control u(t) such



5. Open-Loop Control 111

that the cost functional

J(qs, qf , u) =
∫ T

0
C(qs(t), qf(t), q̇s(t), q̇f(t), u(t))dt+ Φ(qs(T ), qf(T ), q̇s(T ), q̇f(T ))

is minimised, and any constraints placed on the system or the controls are satisfied.

Additionally, both C : TQ× U → R, representing the running cost, and Φ : TQ→

R, the terminal cost term, are assumed to be continuously differentiable. The

constraints placed on the system include the initial and final positions defined as

(qs(0), qf(0), q̇s(0), q̇f(0)) = (qs,0, qf,0, q̇s,0, q̇f,0)

(qs(T ), qf(T ), q̇s(T ), q̇f(T )) = (qs,T , qf,T , q̇s,T , q̇f,T )

as well as the equations of motion which the system obeys. These equations come

from the need of the system to satisfy the Lagrange-d’Alembert principle given in

Equation (3.2) and thus are equivalent to the equations of motion (3.3) presented in

Section 3.3. Additionally, to represent a broader range of optimal control problems

we include the possibility of an alternative terminal state constraint

r(qs(T ), qf(T ), q̇s(T ), q̇f(T ), qs,T , qf,T , q̇s,T , q̇f,T ) = 0

with r : TQ× TQ→ Rnr and additional constraints on the states and controls

h(qs(t), qf(t), q̇s(t), q̇f(t), u(t)) ≥ 0 for t ∈ [0, T ]

with h : TQ × U → Rnh , where both h and r assumed to be continuously

differentiable. Overall the problem can be summarised in Lagrangian formulation

in the following optimal control problem (OCP):

Problem 4. Lagrangian OCP formulation

min[
qs

qf

]
=q∈C([0,T ],Q),u∈C([0,T ],U)

J(qs, qf , u) =

=
∫ T

0
C(qs(t), qf(t), q̇s(t), q̇f(t), u) dt + Φ(qs(T ), qf(T ), q̇s(T ), q̇f(T ))

subject to:
(qs(0), q̇s(0)) = (qs,0, q̇s,0), (qf(0), q̇f(0)) = (qf,0, q̇f,0)
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∂L(qs, qf , q̇s, q̇f)
∂qs − d

dt

(
∂L(qs, qf , q̇s, q̇f)

∂q̇s

)
+ f s

LC(qs, qf , q̇s, q̇f , u) = 0

∂L(qs, qf , q̇s, q̇f)
∂qf − d

dt

(
∂L(qs, qf , q̇s, q̇f)

∂q̇f

)
+ f f

LC(qs, qf , q̇s, q̇f , u) = 0

r(qs(T ), qf(T ), q̇s(T ), q̇f(T ), qs,T , qf,T , q̇s,T , q̇f,T ) = 0

h(qs(t), qf(t), q̇s(t), q̇f(t), u(t)) ≥ 0 for t ∈ [0, T ]

5.3.2 Hamiltonian viewpoint

The OCP can also be formulated in the phase space. For this purpose, we use the

Hamiltonian equations of motion to describe the system dynamics and serve as path

constraints. Additionally, we need to transform the cost and constraints in order to

constrain the trajectory in phase space in a manner equivalent to that in the state

space. For this purpose, we consider a general constraint placed on the system

h(qs(t), qf(t), q̇s(t), q̇f(t), u(t)) ≥ 0 for t ∈ [0, T ] (5.1)

with h : TQs × TQf × U → Rnh which restricts the choice of solutions in the state

space to the set

R = {(qs, qf , q̇s, q̇f , u) ∈ TQs × TQf × U | h(qs, qf , q̇s, q̇f , u) ≥ 0}.

The corresponding set of feasible solutions in the phase space

R̃ = {(qs, qf , ps, pf , u) ∈ T ∗Qs × T ∗Qf × U | h̃(qs, qf , ps, pf , u) ≥ 0} (5.2)

is then obtained by transforming

h̃ = h ◦ ((FsL)−1, (FfL)−1, Id) for t ∈ [0, T ] (5.3)

with h̃ : T ∗Qs × T ∗Qf × U → Rnh and Id is the identity acting on the variable u(t).

Overall, the multirate Hamiltonian formulation of the OCP can be written as
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Problem 5. Hamiltonian OCP formulation

min
(q,p)∈T ∗

q C([0,T ],T ∗Q),u∈C([0,T ],U)
J̃(qs, qf , ps, pf , u) =

=
∫ T

0
C̃(qs(t), qf(t), ps(t), pf(t), u(t))dt+ Φ̃(qs(T ), qf(T ), ps(T ), pf(T ))

subject to:
(qs(0), ps(0)) = (qs,0,FLs(q̇s,0)), (qf(0), pf(0)) = (qf,0,FLf(q̇f,0))

q̇s = ∂H(qs, qf , ps, pf)
∂ps , ṗs = −∂H(qs, qf , ps, pf)

∂qs + f s
HC(q, p, u)

q̇f = ∂H(qs, qf , ps, pf)
∂pf , ṗf = −∂H(qs, qf , ps, pf)

∂qf + f f
HC(q, p, u)

r̃(qs(T ), qf(T ), ps(T ), pf(T ), qs,T , qf,T , ps,T , pf,T ) = 0

h̃(qs(t), qf(t), ps(t), pf(t), u(t)) ≥ 0 for t ∈ [0, T ]

where

(qs,T , ps,T ) = FsL(qs,T , q̇s,T ), (qf,T , pf,T ) = FfL(qf,T , q̇f,T ) (5.5a)

and the running cost C, the terminal cost Φ, the equality r and inequality constraints

h have been transformed using Equation (5.3) to C̃, Φ̃, r̃ and h̃, respectively.

Additionally, the space T ∗
q C([0, T ], T ∗Q) represents the cotangent tangent space to

the path space C([0, T ], Q) (Equation (2.1)) at point q.

Definition 5.3.1. A curve (q, p, u) ∈ C([0, T ], T ∗Q)×C([0, T ],U) with q =
[
qs

qf

]
, p =[

ps

pf

]
is said to be admissible (or feasible) if it fulfils the constraints of Problem 5.

The set of all admissible curves, which we will denote S, constitutes the admissible

set of Problem 5. A curve (q∗, p∗, u∗)∈S with q∗ =
[
qs,∗

qf,∗

]
, p∗ =

[
ps,∗

pf,∗

]
is a (global)

optimal solution to Problem 5 if J(qs,∗, qf,∗, ps,∗, pf,∗, u∗) ≤ J(qs, qf , ps, pf , u) for

∀(q, p, u)∈S. In this case, q∗, p∗ and u∗, themselves, are called the optimal trajectory

and control. Alternatively, if J(qs,∗, qf,∗, ps,∗, pf,∗, u∗) ≤ J(qs, qf , ps, pf , u) holds only

in the neighbourhood of (q∗, p∗, u∗), then (q∗, p∗, u∗) is a local optimal solution for

Problem 5, with q∗, p∗ and u∗ representing the locally optimal trajectory and control.
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5.3.3 Necessary optimality conditions

The necessary optimality conditions for Problem 5 can be derived using Pontryagin’s

maximum principle [137, 138]. To allow for concise and clear exposition, in the

following sections, we restrict the discussion to a simplified version of this problem:

Problem 6.

min
qs,ps,qf ,pf ,u

J̃(qs, ps, qf , pf , u) =∫ T

0
C̃(qs(t), qf(t),ps(t), pf(t), u(t))dt+ Φ̃(qs(T ), qf(T ), ps(T ), pf(T ))

subject to:

qs, qf ∈ W 2,∞([0, T ], Q)
ps, pf ∈ W 1,∞([0, T ], T ∗

q Q)
u(t) ∈ U , t ∈ [0, T ]
u ∈ L∞([0, T ],U)

[
qs(0)
ps(0)

]
=
[

qs,0

FLs(q̇s,0)

]
,

[
q̇s

ṗs

]
=
[

∇psH(qs, qf , ps, pf)
−∇qsH(qs, qf , ps, pf) + f s

HC(q, p, u)

]
[
qf(0)
pf(0)

]
=
[

qf,0

FLf(q̇f,0)

]
,

[
q̇s

ṗs

]
=
[

∇pfH(qs, qf , ps, pf)
−∇qfH(qs, qf , ps, pf) + f f

HC(q, p, u)

]

where p = [(ps)⊺, (pf)⊺]⊺. Here the controls are constrained to the point-wise control

set U = {u(t) ∈ Rnu} and qs, qf ∈ W 2,∞([0, T ], Q), ps, pf ∈ W 1,∞([0, T ], T ∗
q Q) where

W j,∞(Rn) is the defined as the Sobolev space of vector-valued measurable functions

q : [0, T ] → Rn whose j-th derivative lies in Lp for all 0 ≤ j ≤ m with the norm

∥q∥W m,p = ∑m
j=0 ∥q(j)∥Lp [139].

Let xs = [(qs)⊺, (ps)⊺]⊺, xf = [(qf)⊺, (pf)⊺]⊺ and x = [(xs)⊺, (xf)⊺]⊺.

Theorem 5.3.1. Pontryagin maximum principle for the multirate system

(first-order optimality conditions): Let
( [
xs,∗

xf,∗

]
, u∗

)
∈ W 2,∞([0, T ], T ∗Q)×

W 1,∞([0, T ],U) be an optimal solution to Problem 5 as defined in Definition 5.3.1.

Then there exist βs ∈ W 2,∞([0, T ],Rns), βf ∈ W 2,∞([0, T ],Rnf ) such that:

HC(xs,∗(t), xf,∗(t), u∗(t), βs(t), βf(t)) = max
u∈U
HC(xs(t), xf(t), u(t), β(t)) t ∈ [0, T ]

(5.6a)
˜̇xs = ∇βsHC(xs,∗(t), xf,∗(t), u∗(t), β(t)), xs,∗(0) = xs

0 (5.6b)
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˜̇xf = ∇βfHC(xs,∗(t), xf,∗(t), u∗(t), β(t)), xf,∗(0) = xf
0 (5.6c)

β̇s = −∇xsHC(xs,∗(t), xf,∗(t), u∗(t), β(t)), βs(T ) = −∇xsΦ̃(xs(T ), xf(T )) (5.6d)

β̇f = −∇xfHC(xs,∗(t), xf,∗(t), u∗(t), β(t)), βf(T ) = −∇xf Φ̃(xs(T ), xf(T )) (5.6e)

where

HC(xs, xf , u, βs, βf) := −C̃(qs, qf , ps, pf , u)+〈
βs,

[
∇psH(qs, qf , ps, pf)

−∇qsH(qs, qf , ps, pf)+f s
HC(q, p, u)

]〉
+
〈
βf ,

[
∇pfH(qs, qf , ps, pf)

−∇qfH(qs, qf , ps, pf)+f f
HC(q, p, u)

]〉

is the optimal control Hamiltonian, β(t) =
[
βs(t)
βf(t)

]
are the the adjoint variables

(also known as the costates), and x0 =
[
xs

0
xf

0

]
are the given initial conditions with

xs
0 =

[
qs,0

FLs(q̇s,0)

]
, xf

0 =
[

qf,0

FLf(q̇f,0)

]
. The optimal control is given by given by pointwise

optimisation of the Hamiltonian

u∗(t) = arg max
u∈U
HC(x∗(t), u∗(t), β(t)).

If HC has a locally unique minimiser (u∗, β∗), then the control can be written

as a function of the state and the adjoint u∗ = u(x(t), β(t)) and thus used to

rewrite the necessary equality conditions (Equations (5.6b)-(5.6e)) in a standard

boundary-value problem [19, 140].

Demonstration problem 4.

We now consider the problem of optimally controlling the system described in

Demonstration problem 1 with Lagrangian

L(qs, qf , q̇s, q̇f) = 1
2(q̇s)⊺M sq̇s + 1

2(q̇f)⊺M f q̇f − U(qs, qf)− P (qf) (5.7)

and cost functional

C̃(qs, qf , ps, pf) = 1
2

∫ T

0

(
(us)⊺us + (uf)⊺uf

)
dt+ Φ̃(qs(T ), qf(T ), ps(T ), pf(T )) (5.8)

in the presence of a Lagrangian control force such that f s
HC(u(t)) = us(t) and

f f
HC(u(t)) = uf(t) as discussed in Remark 3.3.1. Here M s ∈ Rns×Rns,M f ∈ Rnf×Rnf
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are symmetric. To solve this optimal control problem, we formulate Problem 6 with

Φ̃(qs(T ), qf(T ), ps(T ), pf(T )) = 0 and the assumption that the control force can

be resolved in slow and fast components f s
HC = us(t), f f

HC = uf(t) acting on the

multirate configurations qs, qf , respectively. Based on the Pontryagin maximum

principle above (Theorem 5.3.1) and splitting βs = [(λs)⊺, (µs)⊺]⊺, βf = [(λf)⊺, (µf)⊺]⊺

with λs, µs, λf , µf ∈ Rn/2, the system of necessary optimality conditions becomes:

HC(qs, qf , ps, pf , λs, µs, λf , µf)=−(us)⊺us

2 − (uf)⊺uf

2 + (λs)⊺(M s)−1ps + (λf)⊺(M f)−1pf

+ (µs)⊺
[(
− ∂U(qs, qf)

∂qs

)
+ us

]
+ (µf)⊺

[(
− ∂U(qs, qf)

∂qf − ∂P (qf)
∂qf

)
+ uf

]

us(t) = µs(t), uf(t) = µf(t),

q̇s(t) = (M s)−1ps(t), ṗs(t) = −∂U(qs, qf)
∂qs + us(t)

q̇f(t) = (M f)−1pf(t), ṗf(t) = −∂(U(qs, qf) + P (qf))
∂qf + uf(t)

µ̇s(t) = −(M s)−1λs(t), λ̇s(t) = ∂2U(qs, qf)
∂2qs µs + ∂2(U(qs, qf))

∂qs∂qf µf

µ̇f(t) = −(M f)−1λf(t), λ̇f(t) = ∂2(U(qs, qf))
∂qs∂qf µs + ∂2(U(qs, qf) + P (qf))

∂2qf µf

with boundary conditions

qs(0) = qs,0, λs(T ) = −∇qsΦ̃(qs(T ), qf(T ), ps(T ), pf(T )),

qf(0) = qf,0, λf(T ) = −∇qf Φ̃(qs(T ), qf(T ), ps(T ), pf(T )),

ps(0) = FLs(q̇s,0), µs(T ) = −∇psΦ̃(qs(T ), qf(T ), ps(T ), pf(T )),

pf(0) = FLf(q̇f,0), µf(T ) = −∇pf Φ̃(qs(T ), qf(T ), ps(T ), pf(T )).

(5.9)

If we additionally assume the potential energy is of the form

U(qs, qf) = 1
2(qs)⊺Ksqs, P (qf) = 1

2(qf)⊺K fqf

with symmetric matrices Ks ∈ Rns ×Rns, K f ∈ Rnf ×Rnf and plug in the equations

for the optimal control into the state equations, then the state and adjoint dynamics
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can further be simplified to

q̇s(t) = (M s)−1ps(t), ṗs(t) = −Ksqs(t) + µs(t),

q̇f(t) = (M f)−1pf(t), ṗf(t) = −K fqf(t) + µf(t),

µ̇s(t) = −(M s)−1λs(t), λ̇s(t) = Ksµs(t),

µ̇f(t) = −(M f)−1λf(t), λ̇f(t) = K fµf(t).

(5.10)

Together with the boundary conditions above, the resulting optimality system is

reduced to a boundary value problem.

Remark 5.3.1. Differentiating the equations for q̇s(t), q̇f(t) and substituting the

expressions for ṗs(t), ṗf(t), we obtain Euler-Lagrange equations

q̈s(t) = −(M s)−1
(
∂U(qs, qf)

∂qs

)
+ us(t), (5.11a)

q̈f(t) = −(M f)−1
(
∂(U(qs, qf) + P (qf))

∂qf

)
+ uf(t). (5.11b)

Similar manipulation of the adjoint equations leads to:

µ̈s(t) = −(M s)−1
(
∂2U(qs, qf)

∂2qs

)
µs +

(
∂2(U(qs, qf))

∂qs∂qf

)
µf , (5.12a)

µ̈f(t) = −(M f)−1
(
∂2(U(qs, qf))

∂qs∂qf

)
µs +

(
∂2(U(qs, qf) + P (qf))

∂2qf

)
µf . (5.12b)

These second order differential equations will help to assess the order of discretisation

schemes in Section 5.4.3.

5.4 Multirate Discrete Mechanics and Optimal
Control (Multirate DMOC)

Based on the Lagrangian and Hamiltonian formulation of the system representation,

we can derive a multirate discrete mechanics and optimal control formulation. To

provide a general formulation, we demonstrate how the problem can be formulated

when controls on different time scales are present, and thus u(t) can be discretised

as described in Remark 3.4.1.
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Discrete path constraints

In the continuous case, the system’s equations of motion can be interpreted as

equality constraints in the optimal control problem. In the discrete case, these

equality constraints take the form of the discrete forced multirate equations of motion

as stated in Equation (3.30). Additionally, any path constraints are approximated

on each macro [tk, tk+1] or micro time interval [tmk , tm+1
k ] depending on the problem

at hand. Thus, to approximate h we define

hd : (qs,m
k , qs,m+1

k , qf,m
k , qf,m+1

k , u
m+ 1

2
k ) 7→ hd(qs,m

k , qs,m+1
k , qf,m

k , qf,m+1
k , uslow

k+1/2, u
fast,m+ 1

2
k )

such that

hd(qs,m
k , qs,m+1

k , qf,m
k , qf,m+1

k , uslow
k+1/2, u

fast,m+1/2
k )≥0 for k=0, . . . , N−1, m=0, ...,p−1.

This way, we retain a formulation on the velocity level and replace the continuous

path constraint h(qs(t), qf(t), q̇s(t), q̇f(t), u(t)) ≥ 0 by a discrete path constraint

hd : Q×Q× U → Rnh . If needed the discrete path constraint can be redefined on

a macro time interval as

hd(qs
k, q

s
k+1, q

f
k, uk) ≥ 0 for k = 0, . . . , N − 1,

similarly to the definition of the discrete forces in Section 3.4.

If we wish to formulate the constraint equivalently on the momentum level we can

do so either applying the Legendre transform to hd or hd or by directly discretising

h̃(qs(t), qf(t), ps(t), pf(t), u(t)) ≥ 0 to obtain:

h̃d(qs,m
k , qf,m

k , ps,m
k , pf,m

k , uslow
k+1/2, u

fast,m+1/2
k ) ≥ 0 for k = 0, . . . , N−1,m = 0, ...,p−1

on the micro time grid or

h̃d(qs
k, q

f
k, p

s
k, p

f
k, uk) ≥ 0 for k = 0, . . . , N − 1

on the macro time grid. Here pf
k = {pf,m

k }
p
m=0.
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Boundary values and constraints

In contrast to the continuous case, we must use the discrete multirate Legendre

transform not only for the Hamiltonian formulation, but for the Lagrangian one as

well. This is needed as the discrete LF of the variational method encodes boundary

conditions on the velocity on the configuration level using the Legendre transform,

as demonstrated in (3.28) for the initial conditions. Analogously, we can use the

discrete multirate Legendre transform to place constraints on the terminal states in

discrete time. We assume the presence of a terminal state constraint r in the state

space or its equivalent formulation r̃ in the phase space, as defined in Problem 4

and 5, respectively, and related as described in Section 5.3.2. These constraints can

be approximated in discrete time as rd and r̃d as

0 = rd(qs
N−1, q

s
N , q

f,p−1
N−1 , q

f,p
N−1, u

slow
N−1, u

fast,p−1/2
N−1 , qs,T , qf,T , q̇s,T , q̇f,T )

0 = r̃d(qs
N , q

f,p
N−1, p

s
N , p

f,p
N−1, q

s,T , qf,T , ps,T , pf,T )

where ps,T , pf,T are defined in (5.5) and

(qs
N , p

s
N) = FF s,+

Ld(uN−1)(qs
N−1, q

s
N) = (qs

N , Dqs
N
LN−1

d + F s,+
N−1) (5.13a)

(qf,p
N−1, p

f,p
N−1) = FF f,+

Ld(up−1/2
N−1 )(qf,p−1

N−1 , q
f,p
N−1) = (qf,p

N−1, Dqf,p
N−1

LN−1,p−1
d + f f,p−1,+

N−1 )
(5.13b)

Mayer term

Similarly for the Mayer term in the cost in the Lagrangian and the Hamiltonian

formalism we use the discretisations Φd(qs
N−1, q

s
N , q

f,p−1
N−1 , q

f,p
N−1, u

slow
N−1, u

fast,p−1/2
N−1 ) and

Φ̃d(qs
N , q

f,p
N−1, p

s
N , p

f,p
N−1) respectively.

Cost functional

For the running cost term, we approximate the discrete cost functional

Ck
d(qs

k, q
s
k+1, q

f
k, u

slow
k+1/2, u

fast
k ) ≈

∫ tk+1

tk

C(qs, q̇s, qf , q̇f , u)dt. (5.14)

This formulation yields the multirate discrete cost functional

Jd(qs
d,q

f
d, u

slow
d , ufast

d )=
N−1∑
k=0

Ck
d(qs

k, q
s
k+1, q

f
k, uk)+Φd(qs

N−1, q
s
N , q

f,p−1
N−1 , q

f,p
N−1, u

slow
N−1, u

fast,p− 1
2

N−1 )
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Similarly to the Lagrangian and the virtual work, the approximation of the cost

functional can be further refined and approximated on a micro time scale if needed.

5.4.1 Lagrangian viewpoint

Based on these definitions, the general Lagrangian optimal control problem– Prob-

lem 4, can be discretised as follows

min
qs

d,qf
d,uslow

d ,ufast
d

Jd(qs
d, q

f
d, u

slow
d , ufast

d ) = (5.15a)

N−1∑
k=0

Ck
d(qs

k, q
s
k+1, q

f
k, u

slow
k+1/2, u

fast
k )+Φd(qs

N−1, q
s
N , q

f,p−1
N−1 , q

f,p
N−1, u

slow
N−1, u

fast,p−1/2
N−1 )

subject to:

qs
0 = qs,0, ps,0 = −Dqs

0
L0

d(qs
0, q

s
1, q

f
0)− F

s,−
0 (5.15b)

qf,0
0 = qf,0, pf,0 = −Dqf,0

0
L0,0

d (qs,0
0 , qs

1, q
f,1
0 )− f f,0,−

0 (5.15c)

Dqs
k
(Lk

d + Lk−1
d ) + F s−

k + F s,+
k−1 = 0 for k = 1, . . . , N − 1 (5.15d)

Dqf,0
k

(Lk
d − Lk−1

d ) + f f,0,−
k + f f,p−1,+

k = 0 for k = 1, . . . , N − 1 (5.15e)

Dqf,m
k
Lk

d + f f,m,−
k + f f,m−1,+

k = 0 for k = 0, . . . , N − 1, m = 1, . . . ,p− 1
(5.15f)

hd(qs
k, q

s
k+1, q

f
k, u

slow
k+1/2, u

fast
k ) ≥ 0 for k = 1, . . . , N − 1 (5.15g)

rd(qs
N−1, q

s
N , q

f,p−1
N−1 , q

f,p
N−1, u

slow
N−1, u

fast,p−1/2
N−1 , qs,T , qf,T , q̇s,T , q̇f,T ) = 0 (5.15h)

where (qs,0, ps,0) = FsL(qs,0, q̇s,0), (qf,0, pf,0) = FfL(qf,0, q̇f,0)

5.4.2 Hamiltonian viewpoint

In the phase space, the optimal control problem takes the form

min
qs

d,qf
d,ps

d,pf
d,

uslow
d ,ufast

d

J̃d(qs
d, q

f
d, u

slow
d , ufast

d ) = (5.16a)

N−1∑
k=0

C̃k
d(qs

k, q
s
k+1, q

f
k, u

slow
k+1/2, u

fast
k ) + Φ̃d(qs

N , q
f,p
N−1, p

s
N , p

f,p
N−1) (5.16b)

subject to:

qs
0 = qs(0), qf,0

0 = qf(0), ps
0 = ps,0, pf,0

0 = pf,0, (5.16c)
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ps,−
k = −Dqs

k
Lk

d − F
s,−
k for k = 0, . . . , N−1 (5.16d)

ps,+
k = Dqs

k
Lk−1

d + F s,+
k for k = 1, . . . , N−1 (5.16e)

pf,m,−
k = −Dqf,m

k
Lk,m

d − f f,m,−
k for k = 0, . . . , N−1, m = 0, . . . ,p−1 (5.16f)

pf,m,+
k = Dqf,m

k
Lk,m−1

d + f f,m−1,+
k for k = 0, . . . , N−1, m = 1, . . . ,p (5.16g)

h̃d(qs
k, q

f
k, p

s
k, p

f
k, u

slow
k+1/2, u

fast
k ) ≥ 0 for k = 1, . . . , N−1 (5.16h)

r̃d(qs
N , q

f,p
N−1, p

s
N , p

f,p
N−1, q

s,T , qf,T , ps,T , pf,T ) = 0 (5.16i)

where ps
d = {ps

k}N
k=0, pf

d = {{pf,m
k }

p−1
m=0}N−1

k=0 , and C̃d = Cd◦((FF s,±
Ld)−1, (FF f,±

Ld)−1)

analogously to the continuous Section 5.3.2.

Remark 5.4.1. As we have discussed in Section 3.4.3, both the Lagrangian

and Hamiltonian discrete forced system formulations maintain certain qualitative

properties. However, one can note that the size of the problem in the Lagrangian

formulation is smaller in both the number of optimisation variables and constraints

due to the avoidance of integration of the momenta in the equations of motion. This

could potentially make the Lagrangian formulation more computationally efficient

than the Hamiltonian formulation while maintaining the conservation properties

that provide qualitative better system representation. This is investigated for two

example systems in Section 5.5.

5.4.3 Necessary optimality conditions

In previous sections, we introduced the Pontryagin maximum principle to derive

the adjoint system description through the necessary optimality conditions for an

optimal control problem. Once derived, these conditions can be discretised and

solved to obtain a trajectory in time for both the state and the adjoint. As we

discussed in Chapter 2, such OCP solution methods are known as indirect. The

resulting system of necessary optimality condition can be solved using gradient

methods (see for example [141, 142]) or multiple shooting methods (see for an

introduction [143], [144]). Alternatively, using the multirate discrete formulation,

the optimal control problem can be rewritten in a finite-dimensional constrained

NLP, as demonstrated in Problems 5.15 and 5.16, and as such belongs to the group
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of direct solution methods [145, 146]. For these methods, the Karush-Kuhn-Tucker

(KKT) equations have been shown to provide the discrete necessary optimality

conditions directly, thereby encoding a discrete adjoint representation (for details

see Chapter 2 and [23]). In [19] it was shown that this adjoint representation

corresponds to a discretisation of the continuous adjoint system with the same

variational integrator. Thus with the DMOC approach, the adjoint approximation

is of the same order as the approximation of the state. In this section, we investigate

whether this is also true in the multirate setting. We do so for the particular example

of optimally controlling the system presented in Demonstration problem 2. Using

the midpoint quadrature and finite difference approximation for the approximations

within the variational approach, we derive the discrete adjoint equations and

compare them to the continuous ones, to determine the corresponding order of

approximation with Multirate DMOC.

Demonstration problem 5. We take the system model from Demonstration

problem 2 and rearrange the equations as:

0 = fs
k =−M s q

s
k+1−qs

k

∆T +M s q
s
k − qs

k−1
∆T −∆t

2

p−1∑
m=0

(
αm∂sU

m
k +βm∂sU

m
k−1

)
+F s

k +F s,+
k−1

(5.17a)

0 = f
f,0
k =−M f q

f,1
k −q

f,0
k

∆t +M f q
f,p
k−1 − q

f,p−1
k−1

∆t
−∆t

2

(
∂fU

p
k−1+∂fU

p−1
k−1 +∇Pm+1

k +∇Pm
k

)
+f f,0,−

k +f f,p−1,+
k−1 (5.17b)

0 = f
f,m
k =−M f q

f,m+1
k −qf,m

k

∆t +M f q
f,m
k −q

f,m−1
k

∆t
−∆t

2

(
∂fU

p
k−1+∂fU

p−1
k−1 +∇P 0

k +∇Pp−1
k−1

)
+f f,m,−

k +f f,m−1,+
k . (5.17c)

Here (D.14a) for k = 1, . . . , N − 1 and (D.14b) for k = 0, . . . , N − 1 and (D.14c)

k = 0, . . . , N − 1,m = 1, . . . ,p− 1. Based on equations (3.30a), (3.30c) the initial

conditions for this model take the form:

0 = fs
0 = ps

0 −M s q
s
1 − qs

0
∆T − ∆t

2

p−1∑
m=0

(
αm∂sU

m
d,0

)
+ F s,−

k (5.18a)

0 = f
f,0
0 = pf,0

0 −M f q
f,1
0 − q

f,0
0

∆t − ∆t
2 ∇P

0
d,0 + f f,−

k (5.18b)
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For a separable potential V (qs(t), qf(t)) = Y (qs(t)) + P (qf(t)) these simplify to

fs
k =−M s q

s
k+1−qs

k

∆T +M s q
s
k−qs

k−1
∆T − ∆t

2

p−1∑
m=0

(
αm∇Y m

k + βm∇Y m
k−1

)
+F s

k +F s,+
k−1

(5.19a)

f
f,0
k =−M f q

f,1
k −q

f,0
k

∆t +M f q
f,p
k−1−q

f,p−1
k−1

∆t − ∆t
2

(
∇P 0

k +∇Pp−1
k−1

)
+f f,m,−

k +f f,m−1,+
k

(5.19b)

f
f,m
k =−M f q

f,m+1
k −qf,m

k

∆t +M f q
f,m
k −q

f,m−1
k

∆t − ∆t
2

(
∇Pm+1

k +∇Pm
k

)
+f f,0,−

k +f f,p−1,+
k−1

(5.19c)

0 = fs
0 = ps

0 −M s q
s
1 − qs

0
∆T − ∆t

2

p−1∑
m=0

(
αm∇Y m

d,0

)
+ F s,−

k (5.20a)

0 = f
f,0
0 = pf,0

0 −M f q
f,1
0 − q

f,0
0

∆t − ∆t
2 ∇P

0
d,0 + f f,m,−

k (5.20b)

with Y m
k = Y (q̄s,m

k ) = Y (αmqs
k+βmqs

k+1
2 ) and fs

k = f
f,0
k = f

f,m
k = 0. Here (5.19a) is for

k=1, . . . , N−1, (5.19b) for k=0, . . . , N−1, (5.19c) k=0, . . . , N−1, m=1, . . . ,p−1.

Using this system model, the continuous OCP problem in Problem 6, can be

discretiwed using Multirate DMOC as follows:

Problem 7.

min
qs

d,qf
d,

uslow
d ,ufast

d

Jd(qs
d, q

f
d, u

slow
d ,ufast

d ) =
N−1∑
k=0

Ck
d(us

d, u
f
d) + Φd(qs

N−1, q
s
N , q

f,p−1
N−1 , q

f,p
N−1, u

slow
N−1, u

fast,p−1/2
N−1 )

subject to : qs
0 = qs,0, qf,0

0 = qf,0, (5.18)

(D.14a) for k = 1, . . . , N − 1,

(D.14b) for k = 0, . . . , N − 1,

(D.14c) for k = 1, . . . , N − 1, m = 1, . . . ,p− 1

Assumption 5.4.1. For simplicity we assume uslow
d and ufast

d are the discrete

approximations of us(t) and uf(t), respectively, thus defining us
d = uslow

d , uf
d = ufast

d ,

and F s
k = uslow

k+1/2 = us
k+1/2, f

f,m
k = u

fast,m+1/2
k = u

f,m+1/2
k for ∀k,m.

Theorem 5.4.1. Let Demonstration problem 4 be formulated with a regular multirate

Lagrangian L and Lagrangian control forces f s
LC = us(t), f f

LC = uf(t) which satisfy



5. Open-Loop Control 124

Assumption 5.4.1. Let this problem be discretised as proposed in Problem 7. Then the

necessary optimality conditions provide the same structure-preserving discretization

scheme for the adjoint system as for the state system.

Proof. We discretise the the running cost as

Cd(us
d, u

f
d) = 1

2

N−1∑
k=0

(us
k+1/2)Tus

k+1/2 +
p−1∑
m=0

(uf,m+1/2
k )Tu

f,m+1/2
k

.
For this OCP we can define the augmented discrete cost functional as

LC,d(qs
d, q

f
d, u

slow
d , ufast

d , λs
d, λ

f
d) = 1

2

N−1∑
k=0

(
(us

k+1/2)Tus
k+1/2 +

p−1∑
m=0

(uf,m+1/2
k )Tu

f,m+1/2
k

)

+
[
µs

0
µf,0

0

]
·
[
qs

0 − qs,0

qf,0
0 − qf,0

]
+
[
λs

0
λf,0

0

]
·
[
fs

0
f

f,0
0

]
+

N−1∑
k=0


[
λs

k

λf,k
0

]
·
[
fs

k

f
f,0
k

]
+

p−1∑
m=0

λf,k
m · f

f,m
k


where λs

d ={λs
k}N

k=0 ∈ Rns and λf
d ={{λf,m

k }
p−1
m=0}N

k=0 ∈ Rnf are the adjoint vectors.

Using the KKT conditions, this leads to the same system representation as (5.20),

(5.19), qs
0 =qs(0), qf,0

0 =qf(0) and the following system for the adjoint equations:

0=−M sλ
s
k+1−λs

k

∆T +M sλ
s
k−λs

k−1
∆T −∆t

2

p∑
m=0

(
αm∂sfU

m
k λ

f,m
k +βm∂sfU

m
k−1λ

f,m
k−1

)

−∆t
2

p−1∑
m=0

(
αm∂

2
ssU

m
k

αmλ
s
k+βmλ

s
k+1

2 +βm∂
2
ssU

m
k−1

αmλ
s
k−1+βmλ

s
k

2

)
(5.21a)

0=−M f λ
f,1
k − λ

f,0
k

∆t +M f λ
f,0
k − λ

f,p−1
k−1

∆t −∆t ∂2
fsU

p−1
k

αp−1λ
s
k + βp−1λ

s
k+1

2

− ∆t
2

(
∇2P 0

k

λf,0
k + λf,1

k

2 +∇2Pp−1
k−1

λf,0
k−1 + λf,0

k

2

)
(5.21b)

0=−M f λ
f,m+1
k − λf,m

k

∆t +M f λ
f,m
k − λf,m−1

k

∆t −∆t ∂2
fsU

m
k

αmλ
s
k + βmλ

s
k+1

2

− ∆t
2

(
∇2Pm

k

λf,m
k + λf,m+1

k

2 +∇2Pm−1
k

λf,m−1
k + λf,m

k

2

)
(5.21c)

for k = 1, . . . , N − 1, m = 1, . . . ,p − 1 and λf,p
k−1 = λf,0

k for k = 1, . . . , N with

boundary conditions

0 =µs
0−M sλ

s
1−λs

0
∆T − ∆t

2

p−1∑
m=0

αm∂
2
ssU

m
0

(
αmλ

s
0+βmλ

s
1

2

)
−∆t

2

p∑
m=0

(
αm∂sfU

m
d,0λ

f,m
0

)
,

(5.22a)

0 = µf,0
0 −M f λ

f,1
0 − λ

f,0
0

∆t − ∆t
2 ∂2

fsU
0
d,0
α0λ

s
0 + β0λ

s
1

2 − ∆t
2 ∇

2P 0
d,0
λf,0

0 + λf,1
0

2 , (5.22b)
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0 = λf,p
N−1 +∇qf,p

N−1
Φ̃d(qs

N , q
f,p
N−1, p

s
N , p

f,p
N−1), (5.22c)

0 = λs
N +∇qs

N
Φ̃d(qs

N , q
f,p
N−1, p

s
N , p

f,p
N−1). (5.22d)

Here the notation used is:

∂2
ssU

m
k =∂

2U(q̄s,m
k , q̄f,m

k )
∂2q̄s,m

k

, ∂2
ffU

m
k = ∂2U(q̄s,m

k , q̄f,m
k )

∂2q̄f,m
k

, ∇2Pm
k = ∂∇Pm

k

∂q̄f,m
k

,

∂2
sfU

m
k = ∂2U(q̄s,m

k , q̄f,m
k )

∂q̄s,m
k ∂q̄f,m

k

, ∂2
fsU

m
k = ∂2U(q̄s,m

k , q̄f,m
k )

∂q̄f,m
k ∂q̄s,m

k

For a separable potential V (qs, qf) = Y (qs
k) + P (qf) the equations simplify to:

0=−M sλ
s
k+1−λs

k

∆T +M sλ
s
k−λs

k−1
∆T (5.23a)

−∆t
2
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αm∇2Y m
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s
k+βmλ
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k+1

2 +βm∇2Y m
k−1
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s
k−1+βmλ

s
k

2

)
(5.23b)

0=−M f λ
f,1
k − λ

f,0
k

∆t +M f λ
f,0
k − λ

f,p−1
k−1

∆t (5.23c)

− ∆t
2

(
∇2P 0

k

λf,0
k + λf,1

k

2 +∇2Pp−1
k−1

λf,0
k−1 + λf,0

k

2

)
(5.23d)

0=−M f λ
f,m+1
k − λf,m

k

∆t +M f λ
f,m
k − λf,m−1

k

∆t (5.23e)

− ∆t
2

(
∇2Pm−1

k

λf,m−1
k + λf,m

k

2 +∇2Pm
k

λf,m
k + λf,m+1

k

2

)
(5.23f)

for k = 1, . . . , N − 1, m = 1, . . . ,p − 1 and λf,p
k−1 = λf,0

k for k = 1, . . . , N with

boundary conditions

0 = µs
0 −M sλ

s
1 − λs

0
∆T − ∆t

2

p−1∑
m=0

αm∇2Y m
d,0

(
αmλ

s
0 + βmλ

s
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)
, (5.24a)

0 = µf,0
0 −M f λ

f,1
0 − λ

f,0
0

∆t − ∆t
2 ∇

2P 0
0
λf,0

0 + λf,1
0

2 , (5.24b)

0 = λf,p
N−1 +∇qf,p

N−1
Φ̃d(qs

N , q
f,p
N−1, p

s
N , p

f,p
N−1), (5.24c)

0 = λs
N +∇qs

N
Φ̃d(qs

N , q
f,p
N−1, p

s
N , p

f,p
N−1). (5.24d)

Here ∇2Y m
k = ∇2Y (q̄f,m

k ). For Y (qs) = (qs)⊺Ksqs, P (qf) = (qf)⊺K fqf the adjoint

model (5.23) can be simplified using ∇2Y m
k = Ks and ∇2Pm

k = K f and the initial

conditions become:

0 = ps
0 −M s q

s
1 − qs

0
∆T − ∆t

2 Ks
p−1∑
m=0

(
αm

αmq
s
0 + βmq

s
1

2

)
+ F s,−

k , (5.25a)
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0 = pf,0
0 −M f q

s
1 − qs

0
∆t − ∆t

2 K f
(
qf,0

0 + qf,1
0

2

)
+ f f,m,−

k . (5.25b)

Comparing the two dicretisation schemes for the state (5.18), (5.17) and the adjoint

(5.21), (5.22) with the continuous state and adjoint expressions (5.11), (5.12), we see

that the discretisation of the adjoint is the same as the that of the state system.

Theorem 5.4.2. Let Demonstration problem 4 be formulated with a regular multirate

Lagrangian L and Lagrangian control forces f s
LC = us(t), f f

LC = uf(t) which satisfy

Assumptions 3.4.1, 3.4.2, and 5.4.1. Let this problem be discretised as proposed in

Problem 7. If Lk
d, F s,±

k , F s,±
E approximate respectively LE

d , F f,±
k and F f,±

E to an order

r ∈ {1, 2}, the resulting discrete adjoint scheme approximates the continuous adjoint

with the same order r in a structure-preserving manner (as defined by Theorem

3.4.2).

Proof. Based on the regularity of the Lagrangian, the equivalence of the Hamiltonian

and Lagrangian discrete variational formulations holds. Based on this equivalence

and Assumptions 3.4.1, 3.4.2, it follows from Lemma 3.4.3 and Theorem 3.4.2

that the system models (5.17), (5.18) (or (3.35), (5.25)) are structure-preserving

and of order two. Based on Theorem 5.4.1, it follows that the adjoint system

is also approximated using a second-order symplectic scheme. Thus the solution

of the Lagrangian formulation OCP (5.15) inherits the second-order accuracy

and structure-preservation properties of the variational system model. As the

Lagrangian formulation of the problem is equivalent to the Hamiltonian formulation,

it thus follows that the Hamiltonian formulation (5.16) also provides second order

symplectic approximation of the system and adjoint dynamics. Order one can be

trivially achieved in the same manner using rectangular quadrature in any of the

discrete configuration, velocity, energy or force approximations.

Remark 5.4.2. A quick check with p = 1 simplifies the state (5.17), (5.18) and

adjoint models (5.21), (5.22) to the singlerate second-order symplectic state and

adjoint approximations by [19].
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5.5 Examples

In this section we present numerical tests on the application of Multirate DMOC

to two example problems. First, we demonstrate its applicability to the control of

nonlinear systems without the need to decouple the equations of motion. Afterwards,

we focus on the control of a system with a linear model in order validate the

Multirate DMOC solution against an analytic solution, and thus demonstrate the

structure-preserving properties and the order of accuracy of the variational solution.

The approximation rules used for the Multirate DMOC formulation in both examples

are the same as defined in Section 4.1.1, using picewise-linear polynomias to approxi-

mate the slow and fast configuration variables, and piecewise-constant polynomials to

approximate the controls. Midpoint quadrature and finite difference approximations

are again used for the formulation of the discrete Lagrangian and virtual work,

as well as for the approximation of the cost functional C(xs(t), xf(t), us(t), uf(t))

where xs =[(qs)⊺, (ps)⊺)]⊺, xf =[(qf)⊺, (pf)⊺)]⊺. In several figures, p is represented as

p or p due to software limitations, with clarification provided in the captions. The

runtime results in the following tests are recorded using the same setup as detailed

in Section 4.1.2. These experiments aim to provide a comparative analysis across

various p values and formulations, rather than to demonstrate the lowest runtime

achievable with this method using an optimised code implementation.

5.5.1 Example 2: FPUT system with quartic potential

Problem formulation

The FPUT system and the considered external controls acting on the system were

presented in detail in Section 4.2 for a quadratic potential and extended to a quartic

potential (and thus a nonlinear model) in Section 4.3. In this section we focus on

the latter, considering two point masses (n = 2) and applying Multirate DMOC to

stabilise the system to its equilibrium from an initial displacement. The Hamiltonian

formulation of the approach is chosen to derive the model of the system, while the
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cost is selected as a quadratic function of the form:

C(xs(t), xf(t), us(t), uf(t)) =
∫ T

0

(
(xs)⊺xs + (us)⊺us + (xf)⊺xf + (uf)⊺uf)

)
dt

Computational results

The tests are carried out in Python, using the SLSQP optimisation solver from

scipy.optimize.minimize [147]. The multirate DMOC approach is implemented

without the need to decouple the equations of motion and the system’s parameters

chosen for testing match those used for uncontrolled simulations in Section with

w = 50, initial displacement qf,0 = [1/w, 2/w]⊺, qs,0 = [1, 0.2]⊺, q̇s,0 = q̇f,0 = [1, 0]⊺

and damping coefficients λw = λk = 0.3. The results are presented in Figure 5.1,

demonstrating that the Multirate DMOC formulation indeed obtains a solution

which brings the system to the origin for a solution with T = 0.99, ∆t = 10−3,

p = 3.

0 0.5 1
time [s]

0.0
0.5
1.0

[qs]1
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0 0.5 1
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time [s]

−0.04

0.00

0.04
[qf]1
[qf]2

0 0.5 1
time [s]

−2.0

0.0

2.2
[pf]1
[pf]2

0 0.5 1
time [s]

0.0
0.5
1.0

[qs]1
[qs]2

0 0.5 1
time [s]

−9

0

9

[us]1
[us]2

0 0.5 1
time [s]

−0.04

0.00

0.04
[qf]1
[qf]2

0 0.5 1
time [s]

−4
0
4
8

[uf]1
[uf]2

Figure 5.1: Example 2: OCP solution with Multirate DMOC in LF (first two columns)
and in HF (last two columns) for T = 0.99, ∆t = 10−3,p = 3

5.5.2 Example 3: Flexible spacecraft control

Our next example looks at the simultaneous vibration and manoeuvre control of

the flexible satellite system, presented in Chapter 4. The system parameters and

the selection of slow and fast coordinates used to define the discrete model are

the same as those chosen for the uncontrolled simulations described in Section 4.4.

Thus, the natural frequencies of the system span between 0 and 5.78× 102 rad/s
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resulting in dynamics on significantly different time scales and allowing for thorough

investigation of the advantages of the proposed multirate scheme.

Problem formulation

Based on this model formulation, an optimal control problem is defined with the

objective of achieving a rest-to-rest single-axis rotation with nvibr quiescent modes

at the end of the manoeuvre. The cost function is formulated as a sum of weighted

quadratic functions of the modal amplitudes, the modal amplitude rates, and the

applied control. Thus, the overall OCP can be expressed as follows

min
x,u

J(x, u) = min
x,u

∫ T

t0
C(x(t), u(t) ) dt = min

x,u

1
2

∫ T

t0
[ x(t)T Wx(t) + u(t)2 ]dt (5.26a)

subject to ẋ(t) = Ax(t) + Bτ(t) (5.26b)

q(t0) = E−1 ξ t0 , ξ t0 = [0, ..., 0]⊺ (5.26c)

q(T ) = E−1 ξT , ξT = [θT , 0, ..., 0]⊺ (5.26d)

q̇(t0) = q̇(T ) = [0, ..., 0]T (5.26e)

where x(t) =
[
q(t)
q̇(t)

]
, u(t) = τ(t), A =

[
0 I
−Λ 0

]
, B =

[
0

ET D

]
(5.26f)

and W is taken to be the identity matrix for this example. This formulation of

the cost function allows for the minimisation of control effort, while penalising

trajectories with large modal deformations, which could lead to potential loss of

pointing accuracy, degradation of performance or even structural damage [116, 117].

Numerical results

Next, the full Multirate DMOC scheme (in Hamiltonian formulation) was applied

for the solution of the optimal control problem detailed in Equation (5.26). The

optimisation was implemented using the interior-point-convex method included in

the MATLAB quadprog routine and validated against the analytical solution outlined

by Turner and Junkins [119]. For this purpose, a numerical convergence test was

performed analogously to the previous section, for simulations of length T = 0.12s

and θT = 20◦. The test was performed using an absolute error computation for

the optimal cost C and error estimation following the definition in Equation (4.12)
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for the trajectory ξ and the control force τ . The results presented in Figure 5.2

are reasonable, as performing the manoeuvre in such short time interval results in

values for the cost function and the control input of order as high as 1011s and 106s,

respectively. The figures show convergence of order 2 for all considered variables, as

expected from the use of midpoint quadrature, thus validating the correct behaviour

of the numerical scheme.

Figure 5.2: Example 3: Numerical convergence study for the OCP formulation using
macro-node error computation for T = 0.12s

An example solution of the multirate OCP is presented in Figure 5.3 for a rest-to-rest

manoeuvre with θT = 20◦, T = 4.5s, p = 5 and ∆t = 10−3s. The results demonstrate

the successful execution of the maneuver and vibration suppression in all modes

included in the model. This example solution is also used to demonstrate the

structure-preserving properties of the Multirate DMOC scheme. In the presence of

control forces, the difference in total energy and external work is now conserved, and

the momentum map evolves according to the Forced Multirate Discrete Noether’s

theorem 3.4.2 proved in Section 3.4.3. For the current multirate example, the

theorem can be shown to be equivalent to the following discrete conservation law

Ψk
d = pθ

k−pθ
0−

k∑
i=0

p−1∑
m=0

∆tτm+1/2
i = 0 for k = 0, . . . , N−1 and ET

[
pθ

k

pη
k

]
=
[
prms

k

prmf
k

]
(5.27)

Next, the advantages of the multirate OCP scheme were demonstrated in a series

of tests comparing the single rate (p = 1) and the multirate (p > 1) solutions.

Fundamentally, increasing the proportionality p leads to a coarser macro time grid

on which the slow variables are resolved, lowering the accuracy of their computation.

On the other hand, using a coarser macro time grid reduces the number of time



5. Open-Loop Control 131

0 1.5 3 4.5

Time t [s]

0

10

20

0 1.5 3 4.5

Time t [s]

0

0.05

0.1

0.15

0 1.5 3 4.5

Time t [s]

-2

0

2

0 1.5 3 4.5

Time t [s]

-5

0

5

10
10

-3

0 1.5 3 4.5

Time t [s]

-1

-0.5

0

0.5

1
10

-4

0 1.5 3 4.5

Time t [s]

-1

0

1

2
10

-5

Figure 5.3: Example 3: OCP solution with Multirate DMOC for θT = 20◦, T = 4.5s,
∆t = 10−3 and p = 5

nodes on which the slow variables are computed, and results in overall reduction

in the number of optimisation variables ntotal var and equality constraints neq con

used to define the optimisation problem. This effect is demonstrated in Figure 5.4

for simulations with ∆t = 10−3s and T = 4.5s, where ntotal var = nslow var + nfast var,

where nslow var and nfast var denote the number of optimisation variables resulting

from discretisation on the macro and micro grid, respectively.

Figure 5.4: Example 3: Size of OCP based on Multirate DMOC (HF) versus p for a
simulations with ∆t = 10−3 and T = 4.5s

A more detailed look at the trade-off between accuracy of the simulation and

computational cost of the problem is presented in Figure 5.5. In this test a series of
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simulations is performed keeping the micro time step constant at 10−3s while varying

the macro-micro time step proportionality and recording the resulting variations in

both accuracy and real elapsed time for the optimisation. For this test, the relative

error is computed using the following definition

erel
ξ (ξ d, ξ) = maxk = 0,...,N(∥ξk − ξ(tk)∥∞)

maxk = 0,...,N(∥ξ(tk)∥∞) (5.28)

The computation time in Figure 5.5 denotes the mean real elapsed time for the

execution of quadprog obtained from 10 measurements using the MATLAB tic-toc

routine. From the figure it can be seen that by adopting the proposed method it is

possible to reduce computational costs significantly for small sacrifices in accuracy.

For example, in our case the elapsed runtime is more than halved between p = 1

to p = 5 for a negligible increase in the relative error erel
ξ from 9.632 × 10−6 to

1.514 × 10−5. Furthermore, unlike the real elapsed time curve for the numerical

integrator, the real elapsed time for the quadprog function monotonically decreases.

However, at greater values of p we observe diminishing returns as the error increases

rapidly for smaller computational time reductions. Thus the multirate scheme allows

for great flexibility, allowing the designer to decide upon the trade-off between

computational cost and simulation fidelity.

Figure 5.5: Example 3: Mean computa-
tional time with standard deviation and
relative error in ξ versus p for HF with a
constant ∆t=10−3s, T =4.5s and θT =20◦
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Figure 5.6: Example 3: Demonstration
of the conservation properties of Multirate
DMOC (HF) for a simulation with ∆t =
10−3s, p = 5, T = 4.5s and θT = 20◦

The trade-off can further be optimised by investigation of the optimal combination

of proportionality p and number of variables r discretised on the macro grid as slow
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variables. For this implementation of multirate DMOC the dependence of the size

of the number of optimisation variables can be expressed as follows

ntotal var = nslow var + nfast var (5.29a)

nslow var(p, r, nvibr, T,∆t) = 2 r
(

T

p∆t + 1
)

(5.29b)

nfast var(r, nvibr, T,∆t) = 2 (nvibr + 1− r)
(
T

∆t + 1
)

+ T

∆t (5.29c)

As presented in Figures 5.7 and 5.8, increasing r, and thus reducing the variables

discretised on the micro grid, allows for even larger reductions in computational cost.

The choices in p and r provide freedom to the practitioner to tailor the method

to the time scales present in the problem and allow one to obtain a high-fidelity

solutions at reduced computational cost.

Figure 5.7: Example 3: Mean computa-
tional time with standard deviation versus
p with HF for a constant micro time step
of 10−3s, T = 4.5s and θT = 20◦

Figure 5.8: Example 3: Relative error in
ξ versus p with HF for a constant micro
time step of 10−3s, T = 4.5s and θT = 20◦

Thus far the tests were performed using the Hamiltonian formulation of Multirate

DMOC. Discretising the problem using the Lagrangian formulism results in addi-

tional savings by removing the need to obtain the conjugate momentum values in

time. To demonstrate this, we perform a series of test solving the OCP using both

the Hamiltonian and Lagrangian formalism with the quadratic momentum term

in the cost function being zeroed. This is based on our preference, rather than

necessity, as the momentum term in LF can be equivalently represented in terms of
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a finite difference approximation of the system’s velocity (without increasing the

number of optimisation variables in the LF formulation). The tests were performed

for a constant micro time step ∆t = 10−4s and T = 0.45s. As we can see in Figure

5.9, compared to the HF, the LF reduces the number of optimisation variables and

constraints significantly for all values of p. As shown in Figure 5.10, this results in

a better solution approximation and significantly reduced computational runtime

for the solution of the OCP for all values of p. Theoretically, the accuracy for both

formulations should be equivalent, but as in the uncontrolled simulations of Chapter

4, it varies slightly in experiments due to numerics.

Figure 5.9: Example 3: Size of the OCP using Multirate DMOC HF and LF with
varying p and T = 0.45, ∆t = 10−4

Figure 5.10: Example 3: Accuracy vs. efficiency using Multirate DMOC HF (left) and
LF (right) with varying p and T = 0.45, ∆t = 10−4
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6.1 Introduction

In this chapter, we continue our work on control schemes for multirate systems,

focusing on the formulation of a closed-loop approach. We propose a multirate

nonlinear model predictive control (NMPC) scheme based on a tube-based for-

mulation and the multirate variational approach presented in Chapters 2 - 5. To

maintain the structure-preservation of the variation model during the successive

linearisation steps and provide a new means for computing the linearisation error

bounds, we propose model linearisation using quadratic and linear Taylor series

135
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approximations of the Lagrangian and generalised forces, respectively. The resulting

linear multirate variational model allows for the optimisation to be performed less

frequently than standard singlerate MPC schemes and also reduces the size of the

OCP being solved. Moreover, we prove that the formulation guarantees recursive

feasibility and stability. Numerical examples are provided to illustrate the multirate

approach, its conservation properties, and computational savings.

6.2 Background

As discussed in Chapter 2, Model Predictive Control (MPC) is an optimisation-

based control strategy for systems with state and input constraints, and model and

measurement uncertainty. A key requirement for robust stability is the existence

of a feasible trajectory each time the receding horizon optimal control problem

(RHOCP) is solved [2]. However, for multirate systems, which exhibit dynamics

and potentially controls on different time scales, a small discrete step is needed to

allow accurate resolution of the dynamics and account for fast-changing controls.

Small discrete steps, however, increase the computational burden of the RHOCP

solved online and reduce the available time for its solution.

In this context, specialised MPC approaches for multirate systems have also been

developed in the past. Many of these schemes rely on decoupling the overall dynamics

into slow and fast subsystems and using a composite or hierarchical structure for

their control [148–153]. For linear systems with both separable and non-separable

dynamics, or systems with multiple agents or interconnected subsystems, a two-

layered approach is considered by [154–157]. The commonality of these schemes is

the use of higher-level, slower-rate long-term planning (often with reduced state

models) and a lower-level local regulation on different time rates (with full model

consideration). Another two-layered approach has been devised by [158], in which

fast dynamics considered in the lower layer provide control inputs to the upper

layer of slow subsystems. The works [159, 160] also use a two-layered approach and

refer to their methods as multi-rate control. In these two works, however, the focus
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is not on systems with multirate dynamics but on the provision of multirate control

to achieve computational efficiency for real-time implementation while providing

safety guarantees.

In all the aforementioned multirate MPC formulations, it is assumed that measure-

ments of the state/output can be obtained exactly at the selected sampling instances

for both the fast and the slow subsystems. Other works, such as [161], focus on

developing an estimation of slow sampled variables at intermediate time nodes

on which their measurements are not available, but a control action is required.

Related work extending to multirate sampled linear systems in the context of

model predictive control was carried out by [162] and [163]. Interesting work,

again for linear systems, is presented by [164] and combines MPC with an optimal

multirate filtering method used to reconstruct the slowly sampled variables. [165],

on the other hand, focuses on identifying from irregularly sampled and corrupted

multirate data a nonlinear fast rate model and a nonlinear multirate time-varying

state observer for both current estimates and inter-sample predictions to develop

an inferential multirate NMPC formulation. A hierarchical approach for systems

with partially observable environments is provided by [166]. Other related works

include application specific multirate methods such as [167–171] and multirate MPC

schemes for distributed systems [172]. An extensive literature is also present based

around the theory of wavelet transforms [173–176].

Tangentially related to the idea and method presented in this chapter is the work

by Terezi et al. [177], which again does not focus on multirate systems but solves

the RHOCP at a coarser time grid while calculating and applying the control on

a finer time grid to provide more robust stability and feasibility guarantees with

reduced conservativeness for systems affected by disturbances. Direct competitors

to the approach proposed in this chapter are nonuniform grid approaches and move-

blocking schemes. With nonuniform grid schemes, the dynamics are discretised

on different time grids for different parts of the horizon, reducing the degrees of

freedom in the optimal control problem and thus allowing for computational savings.
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However, these schemes often lead to difficulty in quantifying the solution’s accuracy.

Move-blocking schemes, on the other hand, attempt to reduce the size of the optimal

control problem by setting the value of the control or its derivative constant over

several discrete time steps rather than computing it at each time node. These

schemes can often lead to recursive feasibility and stability issues. [6–8, 178] provide

a short overview of the relative merits of these two groups of schemes and present

ideas of how their disadvantages can be overcome.

To address the issues of previous approaches and provide an alternative solution, we

aim to design a scheme which accounts for both the slow and fast dynamics without

estimation or averaging techniques and provides uniform receding horizon control of

both the slow and fast dynamics with recursive feasibility and stability guarantees

and well-understood solution accuracy. To achieve this, we propose a new multirate

receding horizon strategy based on the singlerate and multirate variational optimal

control discussed in Chapters 2 and 5. As we have highlighted, both approaches

result in structure-preserving solutions for the system and adjoints, and allow for

a reduction in the dimensionality of the state as they can represent the system’s

dynamics fully without the need to integrate the velocity in time. Furthermore, the

multirate formulation allows for the resolution of slow- and fast-changing states on

separate macro and micro time grids without the need to decouple the equations

of motion. This further reduces the optimisation problem’s size by reducing the

number of optimisation variables and constraints.

Both the singlerate and multirate variational schemes were originally implemented

via nonlinear programming (NLP), and as such, singlerate DMOC has previously

been used in MPC. A naive multirate extension would solve the RHOCP using

multirate DMOC at each micro time step. However, depending on the RHOCP

size, the optimisation problem might not be solvable within this step, despite the

savings multirate DMOC provides. Instead, we propose a multirate receding horizon

strategy in which the RHOCP is formulated and solved only at the macro time
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nodes. This allows larger prediction time steps than singlerate methods, providing

computational savings while retaining high-fidelity resolutions of the fast dynamics.

Despite these advantages, the resulting problem remains nonconvex for nonconvex

models. Thus, there is no guarantee for its successful solution within the available

time, causing issues with the feasibility and stability of the MPC scheme. For

this reason, we choose to use the convex approximation techniques discussed in

Section 2.4.2 and incorporate multirate DMOC within the successive linearisation

NMPC scheme of [9]. This provides stability and recursive feasibility guarantees by

bounding the effect of linearisation errors using robust tubes. The resulting RHOCP

is solved as a sequence of convex programs, providing significant computational

savings and guarantees of required runtime. Moreover, if needed, the iteration

of convex programs can be terminated before it converges to a single trajectory

without loss of feasibility or stability guarantees.

To retain the structure-preserving properties of the variational system model, we

explore linearisation using quadratic and linear approximations of the Lagrangian

and generalised forces, respectively. We show that this approach is equivalent to

Jacobian linearisation of the discrete variational model for particular choices of

approximation points and derive corresponding error bounds. To our knowledge,

this approach has not been used with variational models before.

6.3 System representation

To design this novel receding horizon scheme, we consider the optimal control of a

nonlinear system with a discrete-time model representation of the form:

g(xk+1, xk, uk) = 0 (6.1)

where x ∈ Rnx and u ∈ Rnu denote the state and control input, (xk, uk) = (0, 0)

is an equilibrium point and we assume g is differentiable. The proposed NMPC

approach relies on repeatedly linearising this model. Thus we consider its linear
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model approximation around a seed trajectory (x0
k+1x

0
k, u

0
k) written in the form

0 = g(xk+1, xk, uk) = Mkx
δ
k+1 +Dkx

δ
k + Jku

δ
k + e(xk+1, xk, uk) (6.2)

where xδ
k = xk − x0

k, uδ = uk − u0
k, g(x0

k+1, x
0
k, u

0
k) = 0. Here Mk, Dk ∈ Rnx×nx ,

Jk ∈ Rnx×nu define the linearisation about x0
k+1, x

0
k, u

0
k and e(xk+1, xk, uk) is the

approximation error.

6.3.1 Singlerate variational linearisation and error bounds

To formulate the discrete model of the system (6.1), we first consider a singlerate

variational approach. This would be achieved by providing an expression for the

Lagrangian and external forces on the system, discretising these expressions as

discussed in Section 2.3.3 and plugging them in the final model - (2.18) for LF or

(2.19) for HF. For now we will focus on the HF defining xk = [q⊺k, p
⊺
k]⊺ and nx = 2nq

to rewrite the equations in the state space form (6.1). A linear system approximation

of the resulting model (6.2) can be derived using Jacobian linearisation of (6.1).

Alternatively, we show in this section that a variational discrete approximation of the

system can be obtained alternatively using (2.19) with a quadratic approximation of

the Lagrangian L(q, q̇) and a linear approximation of the generalised forces f(q, q̇, u)

of the form

L̃(q, q̇, q0, q̇0) ≈L(q0, q̇0) +∇qL|(q0,q̇0)δq +∇q̇L|(q0,q̇0)δq̇

+ 1
2δq

⊤∇2
qL|(q0,q̇0)δq + 1

2δq̇
⊤∇2

q̇L|(q0,q̇0)δq̇, (6.3)

f̃(q, q̇, u, a) ≈f(a) +∇qf |aδq +∇q̇f |aδq̇ +∇uf |aδu. (6.4)

Here a = (q0, q̇0, u0) is the approximation point, δq = q−q0, δq̇ = q̇− q̇0, δu = u−u0.

To simplify presentation we assume that L and f are separable: L(q̇, q) =V (q̇)+W (q),

f(q, q̇, u) = z(q) + y(q̇) + r(u).

Lemma 6.3.1. If L̃(q, q̇, q0, q̇0) is quadratic in q, q̇ and f̃(q, q̇, u, a) is linear in

q, q̇, u, with discrete approximations

L̃d,k = L̃d(qk, qk+1, q
0, q̇0) = ∆t L̃(bqk + cqk+1,

qk+1−qk

∆t
, q0, q̇0) (6.5)
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f̃±
k = ∆t

2 f̃(bqk + cqk+1,
qk+1−qk

∆t
, uk+1/2, a) (6.6)

for some constants b, c then the discrete model (2.19), with Ld, f
±
k replaced by

L̃d,k, f̃
±
k , is linear in qk, qk+1, pk, pk+1 and uk+1/2.

Proof. The discrete approximation f̃±
k inherits the linearity of f̃(q, q̇, u, a). Similarly,

since L̃(q, q̇, q0, q̇0) is quadratic, the discrete approximation L̃d,k is also quadratic

in qk and qk+1. Thus the gradients D1L̃d(qk, qk+1, q
0, q̇0), D2L̃d(qk, qk+1, q

0, q̇0) are

linear in qk, qk+1 leaving all terms in (2.19) linear in qk, qk+1, pk, pk+1, uk+1/2.

Other appropriate discrete approximations of L̃, f̃ can also be used: for example,

different integration schemes based on the choice of b, c or backward or central

differences for the approximation of the velocity.

Theorem 6.3.1. The linear model obtained at point a = (q0, q̇0, u0) using (6.3)- (6.6)

with Ld, f
±
k replaced by L̃d, f̃

±
k in (2.19) is identical to the Jacobian linearisation

of (2.19) with Ld,k(qk, qk+1) = ∆tL(bqk + cqk+1,
qk+1−qk

∆t
), f±

k (qk, qk+1, uk+1/2) =
∆t
2 f(bqk + cqk+1,

qk+1−qk

∆t
, uk+1/2) around the point q0

k, q
0
k+1, u

0
k+1/2 such that bq0

k +

cq0
k+1 = q0, q0

k+1−q0
k

∆t
= q̇0, u0

k+1/2 = u0 for all k.

Proof. To simplify the notation, we assume nq =nu =1. From (6.3), L and L̃ satisfy

L(q, q̇) = L̃(q, q̇, q0, q̇0) + eL̃(q, q̇, q0, q̇0)

eL̃(q, q̇, q0, q̇0) =
∞∑

n=3

1
n!

[
∂nL

∂qn
|(q0,q̇0)(δq)n + ∂nL

∂q̇n
|(q0,q̇0)(δq̇)n

]

based on Taylor series expansion. Using (6.5) and Ld,k =Ld(qk, qk+1)=∆tL(q̄k, ¯̇qk)

with q̄k =bqk+cqk+1, ¯̇qk = qk+1−qk

∆t
, the discrete approximation Ld,k can be defined as

Ld,k = ∆tL̃(q̄k, ¯̇qk) + eL̃d,k
(q̄k, ¯̇qk, q

0, q̇0) = L̃d,k + eL̃d,k

eL̃d,k
= eL̃d,k

(q̄k, ¯̇qk, q
0, q̇0) = ∆teL̃(q̄k, ¯̇qk, q

0, q̇0)

=
∞∑

n=3

∆t
n!

[
∂nL

∂q̄n
k

|(q0,q̇0)(δq̄k)n + ∂nL

∂ ¯̇qn
k

|(q0,q̇0)(δ ¯̇qk)n
]
.

Similarly, using f±
k = ∆t

2 f(q̄k, ¯̇qk, uk+1/2, a) and (6.6)

f(q, q̇, u) = f̃(q, q̇, u, a) + ef̃ (q, q̇, u, a)
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f±
k = f̃±

k + ef̃±
k

ef̃±
k

= ef̃±
k

(q̄k, ¯̇qk, uk+1/2, a) = ∆t
2 ef̃ (q̄k, ¯̇qk, uk+1/2, a)

=
∞∑

n=2

∆t
2

1
n!

[
∂nf

∂q̄n
k

|a(δq̄k)n + ∂nf

∂ ¯̇qn
k

|a(δ ¯̇qk)n + ∂nf

∂un
k+1/2

|a(δuk+ 1
2
)n
]
.

Based on the definitions, we can rewrite (2.19) as

pk +D1(L̃d,k + eL̃d,k
) + f̃−

k + ef̃−
k

= 0,

pk+1 −D2(L̃d,k + eL̃d,k
)− f+

k − ef̃+
k

= 0.

Thus, when using the approximations (6.3), (6.4) in (2.19), the approximation error

ẽ can be expressed as

ẽ(qk, qk+1, uk+1/2, a) =
[
Dqk

eL̃d,k
+ ef̃−

−Dqk+1eL̃d,k
− ef̃+

]
.

On the other hand, the error of the Jacobian linearisation of (2.19) around the

point q0
k, q

0
k+1, u

0
k+1/2, such that u0

k+1/2 = u0, bq0
k + cq0

k+1 = q0, and q0
k+1−q0

k

∆t
= q̇0 for

all k, takes the form

∞∑
j=2

∆t
j!

[
b
∂j

∂qj

∂L

∂q
|x0(δq̄k)j − 1

∆t
∂j

∂q̇j

∂L

∂q̇
|x0(δq̄k)j

]
+ ef̃−

since D1Ld,k = ∆t
[
b∂L

∂q
|(q0,q̇0) − 1

∆t
∂L
∂q
|(q0,q̇0)

]
and x0 = (q0, q̇0). Comparing this with

Dqk
eL̃d,k

+ef̃− =
∞∑

n=3

∆t
(n− 1)!

[
b
∂nL

∂q̄n
k

|(q0,q̇0)(δq̄k)n−1− 1
∆t

∂nL

∂q̇n
|(q0,q̇0)(δ ¯̇q)n−1

]
+ef̃−

(6.7)

it can be seen that the Jacobian linearisation is equivalent to the approximation

(6.7). Similar expansions of (2.19b) and−Dqk+1eL̃d,k
−ef̃+ show that they are also

equivalent, thus completing the proof of this Theorem.

The variational linearisation defined by Lemma 6.3.1 allows us to gain significant

insights into linearised variational models. The equivalence established by The-

orem 6.3.1 ensures that the characteristics we investigate hold true regardless of

which of the two linearisation methods is employed.
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Theorem 6.3.2. If L and f are nonlinear, then the use of a quadratic Lagrangian

approximation and a linear force approximation of the form (6.3)- (6.6) in (2.19) re-

sults in a structure-preserving linear discrete model if the same quadratic Lagrangian

approximation is used at each discrete time step, i.e. if the approximations (6.3)

and (6.5) are computed at the same point a at all times.

Proof. In the absence of forcing, the scheme (2.19) is symplectic and guarantees

the preservation of the discrete momentum map [1]. In the presence of forcing, the

preservation of discrete momentum is likewise guaranteed by the Discrete Noether

Theorem with Forcing [19]. These properties are maintained by (2.19) for any

continuous force and regular Lagrangian expression and their appropriate discrete

approximations [1, 19]. Thus, the use of (6.4), (6.6) and the same Lagrangian

function (6.3), (6.5) throughout the horizon guarantees the resulting model will

inherit these properties (2.19) and its linearity follows from Lemma 6.3.1.

Remark 6.3.1. In the numerical experiments presented in Section 6.4 it is also

observed that simulations using successive linearisation of the variational model

computed around a seed trajectory, with a different Lagrangian approximation at each

discrete time step, provide better numerical behaviour than standard non-geometric

approaches. In such cases, Theorem 6.3.1 can be rewritten to state the equivalence

of the successive linearisation schemes obtained from the variational model using

either Jacobian linearisation of (2.19) around the points (q0
k, q

0
k+1, u

0
k) for k = 0, ...N

or the method proposed by Theorem 6.3.1 at ak = (q̄0
k, ¯̇q0

k, u
0
k) for k = 0, ...N where

{q0
k}N

k=0, {u0
k}N−1

k=0 denotes the chosen discrete seed trajectory and q̄0
k = bq0

k + cq0
k+1,

¯̇q0
k = q0

k+1−q0
k

∆t
.

Proposition 6.3.1. Lemma 6.3.1 and Theorems 6.3.1 and 6.3.2 hold for non-

separable expressions for L and f . This results in mixed derivative terms in the

approximations (6.3), (6.4), and the proof of Theorem 6.3.1 is then analogous to

the separable case.
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In summary, regardless of whether the linearisation method of Lemma 6.3.1 or

Jacobian linearisation at the specifically chosen linearisation points is used, the

variational model (2.19) retains its structure-preserving properties in its linearised

form. Moreover, from the equivalence of the two linearisation approaches, the error

e in the Jacobian linearisation of (2.19) can be related directly to the error in the

approximation of the Lagrangian eL̃ and the generalised force ef̃ as

e(qk, qk+1, uk+1/2, a) = ∆t
[
∇qk

eL̃(q̄k, ¯̇qk, a) + 1
2ef̃−(¯̄qk, ¯̇qk, uk+1/2, a)

∇qk+1eL̃(q̄k, ¯̇qk, a)− 1
2ef̃+(¯̄qk, ¯̇qk, uk+1/2, a)

]
.

Thus, bounds on eL̃ and ef̃ allow the derivation of bounds for e. Hence, the proposed

linearisation approach provides a method of deriving the error bounds required for

the tube NMPC approach proposed in Section 6.4. The approach is simplified if

either the Lagrangian is quadratic and only the force needs to be approximated, or

if the force is linear and only the Lagrangian needs to be approximated.

6.3.2 Multirate variational linearisation and error bounds

The variational models considered so far are singlerate, i.e. they discretise the

system on a single time grid. To formulate a multirate receding horizon strategy

for systems exhibiting dynamics on different time scales, we can use the multirate

variational formulation. Based on the developments of Chapter 3, the multirate

model (3.30) can be written in the form:

ps
k +Dqs

k
Lk

d + F s,−
k = 0 (6.8a)

ps
k+1 −Dqs

k+1
Lk

d − F
s,+
k = 0 (6.8b)

pf,0
k +Dqf,0

k
Lk,0

d + f f,0,−
k = 0 (6.8c)

pf,0
k+1 −Dqf,p

i
Lk,p−1

d − f f,p−1,+
k = 0 (6.8d)

Dqf,m
k
Lk

d + f f,m,−
k + f f,m−1,+

k = 0 (6.8e)

where (6.8a)-(6.8d) apply for k = 0, . . . , N−1 and (6.8e) for k = 0, . . . , N−1, m =

1, . . . ,p. Here ps
d = {ps

k}N
k=0, pf

d = {{pf,m
k }

p
m=0}N−1

k=0 and the slow and fast control

paths are approximated using piecewise-constant functions on the macro and micro



6. Variational linearisation and multirate MPC 145

time grids respectively as {us
k+1/2}

N−1
k=0 , us

k+1/2 ≈ us(tk+1/2) and {{uf,m+1/2
k }p−1

m=0}N−1
k=0 ,

u
f,m+1/2
k ≈ uf(tm+1/2

k ).

Equations (6.8) can be expressed in the form of (6.1) with

xk =


qs

k

qf,0
k

ps
k

pf,0
k

 , uk =
[
us

k+1/2
uf

k

]
, (6.9)

nx = 2ns + 2nf , nu = 2nu,s + 2nu,f for us ∈ Rnu,s , uf ∈ Rnu,f and uf
k = {uf,m+1/2

k }p−1
m=0.

This model formulation is derived by using (6.8e) to determine an expression for

qf
k, and then eliminating this variable from (6.8a)-(6.8d). Thus, the state vector

retains the values of the slow and fast variables only on the macro time grid. If the

fast configuration variables qf
k need to be evaluated on the micro time grid, these

can be obtained using (6.8e) or its equivalent formulation, for k = 0, . . . , N − 1,

m = 1, . . . ,p− 1,
pf,m

k +Dqf,m
k
Lk,m

d + f f,m,−
k = 0,

pf,m+1
k −Dqf,m+1

k
Lk,m

d − f f,m,+
k = 0, (6.10)

resulting in the Hamiltonian formulation of the model.

Analogously to the singlerate case, for the multirate approach, the linearisation of

the model can again be achieved using two different techniques and bounds on the

error of the approximation of (6.8)-(6.10) can be obtained based on bounds on the

approximation of L and f made at each macro time step. Linearisation of equation

(6.8e) or its equivalent (6.10) provides expressions for qf
k and pf

k that are linear

in xk and uk. Thus, although the proposed state (6.9) does not contain discrete

instances of the configuration and momenta at all micro time nodes, penalties on

these variables can be included via a quadratic cost function. Similarly, the linear

expressions for qf
k and pf

k allow linear constraints to be imposed on the configuration

and momentum variables at all micro and macro time steps using sets of linear

constraints.
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6.4 Receding horizon control strategy

Having outlined the formulation of the multirate linear system model and its error

bounds, we now continue with the formulation of the control problem and the

proposed multirate NMPC law. We consider optimal regulation of the system (6.1)

subject to a quadratic cost and linear constraints of the form
∞∑

k=0

(
∥xk∥2

Q + ∥uk∥2
R

)
(6.11)

Fxk +Guk ≤ h, ∀k ≥ 0 (6.12)

where ∥x∥2
Q = x⊤Qx, F ∈ Rnc×nx and G ∈ Rnc×nu . A measurement of the state

xk is assumed to be available at each discrete time step k, R ≻ 0 is a positive

definite matrix and Q ⪰ 0. The NMPC strategy is based on [9], which linearises

the system model about predicted trajectories and uses tubes to bound the effects

of approximation errors.

We consider two predicted state and input trajectories of the system (6.1): (x0
i ,u0

i ) =

{x0
k|i, u

0
k|i}N

k=0 (the ‘seed’ trajectory), and (xi,ui) = {xk|i, uk|i}k≥0, with x0
0|i = x0|i =

xk. Here (·)k|i indicates the prediction at time i of the value of (·) at time k + i

and N is the prediction horizon. The seed trajectory (x0
i ,u0

i ) is exactly known but

(xi,ui) lies in a sequence of sets (i.e. a tube) determined by the linearisation of (6.1)

around (x0
i ,u0

i ) and its associated linearisation error bounds.

Assumption 6.4.1. We assume g is differentiable and the seed trajectory (x0
i ,u0

i )

obeys the constraints (6.12).

Let the difference between these two trajectories be

xδ
k|i = xk|i − x0

k|i, uδ
k|i = uk|i − u0

k|i, (6.13)

then, from (6.2), the linearisation of (6.1) around (x0
k,u0

k) gives

Mk|ix
δ
k+1|i +Dk|ix

δ
k|i + Jk|iu

δ
k|i + e(xk+1|i, xk|i, uk|i) = 0

which (assuming that Mk|i is invertible) can be expressed as

xδ
k+1|i = Ak|ix

δ
k|i +Bk|iu

δ
k|i + wk|i, xδ

0|i = 0 (6.14)
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where Mk|iAk|i = −Dk|i, Mk|iBk|i = −Jk|i and wk|i accounts for linearisation error.

We parametrise uδ in terms of a feedback law and a feedforward control sequence

{νk|i}N−1
k=0 , where each νk|i is an optimisation variable, as

uδ
k|i = Kk|ix

δ
k|i + νk|i

xδ
k+1|i = Φk|ix

δ
k|i +Bk|iνk|i + wk|i

 k = 0, . . . , N − 1 (6.15)

Here Φk|i = Ak|i +Bk|iKk|i, and Kk|i is chosen to stabilise the time-varying linear

system (6.14) in order to improve the feasibility and numerical conditioning of the

NMPC scheme (see e.g. [83]).

For prediction time steps k ≥ N , a fixed, locally stabilising feedback law is assumed

for the linearisation of (6.1) around the target point (x0, u0) = (0, 0):

uk|i = K̂xk|i

xk+1|i = Φ̂xk|i + ŵk|i

 k ≥ N (6.16)

where Φ̂ = Â+ B̂K̂ and ŵk|i represents linearisation error.

Based on the assumption that g is differentiable (Assumption 6.4.1), [9] describes

convex polytopic sets bounding {wk|i}N−1
k=0 and {ŵk|i}i≥N of the form

wk|i ∈ Co
(
{Cj

k|ix
δ
k|i +Dj

k|iu
δ
k|i}nj

j=1

)
(6.17)

ŵk|i ∈ Co
(
{Ĉjxk|i + D̂juk|i}nj

j=1

)
(6.18)

where the matrices {Ĉj, D̂j}nj

j=1 are fixed and the matrices {{Cj
k|i, D

j
k|i}nj

j=1}N−1
k=0

depend on (x0
i ,u0

i ). For convenience, we decompose xδ into nominal and disturbed

components,

xδ
k|i = zk|i + εk|i

 zk+1|i = Φk|izk|i +Bk|iνk|i, z0|i = 0

εk+1|i = Φk|iεk|i + wk|i, ε0|i = 0

Then the linearisation error bounds (6.17), (6.18) allow a tube to be constructed

containing the uncertain sequence {εk|i}N−1
k=0 . The tube cross-sections are chosen to

be ellipsoidal:

εk|i ∈ E(Vk|i, β
2
k|i), k = 1, . . . , N (6.19a)
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xk|i ∈ E(V̂, 1), k ≥ N, (6.19b)

where E(X, η2) = {y : y⊤Xy ≤ η2} for X ≻ 0, is an ellipsoid, {Vk|i}N−1
k=0 and

{βk|i}N−1
k=0 are optimisation variables, and V̂ is chosen so that E(V̂, 1) is positively

invariant under (6.16).

The preceding representation of predicted state and input trajectories enables a dual

mode MPC strategy [2] to determine optimal perturbations (xδ
i ,uδ

i )= {xδ
k|i, u

δ
k|i}k≥0

on a feasible seed trajectory (x0
i ,u0

i ), then update the seed trajectory via (x0
i ,u0

i )←

(x0
i ,u0

i ) + (xδ
i ,uδ

i ) and repeat this process iteratively until convergence as outlined

in [9]. To define a computationally tractable RHOCP, ensure convergence of the

iteration, and closed loop stability, a min-max problem is solved at each iteration:

min
νk|i,βk|i

k=0,...,N−1

max
xN|i∈E(V̂,1)

εk|i∈E(Vk|i,β
2
k|i)

k=0,...,N−1

∥xN |i∥2
P +

N−1∑
k=0

(∥xk|i∥2
Q + ∥uk|i∥2

R) (6.20)

subject to (6.13), (6.15), (6.18), additional constraints ensuring (6.12) (see [9])

and the recursive membership condition εk|i ∈ E(Vk|i, β
2
k|i) for k = 1, . . . , N . This

problem can be formulated as a (convex) second-order cone program (SOCP) as

described in [9]. In this formulation, the maximization is encoded by recognizing

that the maximization of a quadratic function over a quadratic set can be rewritten

as an induced matrix norm, which is subsequently expressed in an epigraph form.

A semidefinite program (SDP) can be formulated and solved offline to obtain the

terminal feedback gain K̂, and corresponding V̂ such that the volume of E(V̂, 1) is

maximised subject to a bound on of the form maxx∈E(V̂,1) ∥x∥2
P ≤ ρ [2]. Similarly,

the terminal weight P can be computed offline by minimising tr(P ) subject to

P − (Φ̂ + Ĉj + D̂jK̂)⊤P (Φ̂ + Ĉj + D̂jK̂) ⪰ Q+ K̂⊤RK̂ for j = 1, . . . , nj

requiring the solution of a SDP. The sequences {Kk|i}N−1
k=0 , {Vk|i}N−1

k=0 can be

computed online by solving a SDP for each k = N − 1, . . . , 0 (or set equal to

K̂ and V̂ to reduce the computation burden).
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Detailed analysis of the scheme and an algorithm for its implementation can be

found in [9]. In this chapter, we focus on the choice and accuracy of the model

(6.14) and propose the use of a variational integrator. As we will demonstrate in the

NMPC context, this representation allows for more accurate long-term simulations,

presenting new possibilities for error-bound computation and, most importantly,

allowing for a multirate formulation, which reduces the computational cost of the

overall MPC approach.

6.5 Multirate receding horizon control

Using the multirate model presented in Chapter 3, we propose a novel receding

horizon strategy executed on the macro time grid. Namely, linearisation of the model

and calculation of finite horizon prediction is performed only at the macro time

steps with the RHOCP formulated based on Multirate DMOC using a linearised

variational model. This approach allows for an increase in the prediction horizon

time step by a factor p for negligible sacrifices in accuracy in the resolution of

the fast dynamics, while allowing for fast control changes [10]. Furthermore, for

a given horizon length N in the RHOCP, the number of degrees of freedom in

control variables reduces from nu,f + nu,f to nu,f/p + nu,f . Similar reductions are

seen in the number of state constraints and the sparse structure of their Jacobian

is maintained. Overall, this provides significant computational savings compared

to a singlerate approach, as demonstrated in Section 6.6. Additional advantages

of the variational structure-preserving representation are the improved qualitative

system representation and the option to develop linearisation error bounds on the

equations of motion using quadratic and linear approximations of the Lagrangian

and generalised forces, respectively.

Remark 6.5.1. The choice of multirate state space representation in (6.1) is not

unique. For the specific choice (6.9), the error in the approximation of (6.8a)-(6.8d)

depends on {δqf,m
k }

p−1
m=1, which are not included in the state perturbation vector

xδ
k. Thus, the bounds for this error cannot straightforwardly be expressed in the
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form of (6.17) or (6.18) but rather in the form wk|i ∈ Co({W j
k|ix

δ
k|i + Oj

k|iu
δ
k|i +∑p−1

m=1 X
j,m
k|i δq

f,m
k|i }nj

j=1). However, a bound on δqf,m
k|i can be obtained in the form

δqf,m
k|i ∈ Co({Y j

k|ix
δ
k|i + Zj

k|iu
δ
k|i}nj

j=1}) using (6.8e). Combinations of each vertex of

this set with each vertex of the set {W j
k|iδx

M
k|i +Oj

k|iδu
M
k|i}nj

j=1 therefore provide a new

bounding set definition for w and ŵ of the desired form (6.17) or (6.18), but with the

number of vertices increased from nj to (nj)2. On the other hand, including qf
i−1 in

the definition of the model state increases the state dimension nx from 2(nq,s + nq,f)

to 2nq,s + (p+ 1)nq,f , leading again to an increased number of constraints in both

offline computations and the online RHOCP. Thus, the preferred definition of the

discrete state variable xk|i is strongly problem-dependent.

6.6 Examples

The results in this section are obtained using Python, with the scipy.optimize

trust-constr method solver for the NLP formulations and the MOSEK solver in

combination with the CVXPY library for the solution of the SDP and SOCP

problems [147, 179, 180]. In all NLP, SDP, and SOCP problems, the equations of

motion were implemented using automatic differentiation with JAX [115] rather

than analytically derived and implemented. The focus during implementation is

the ability of the code to be applied to multiple examples rather than to obtain

the lowest possible runtime. Thus, these runtime tests are used only as comparison

between the methods implemented with the current code version.

Example 5: We first consider a planar model of a quadcopter in order to validate

the resulting optimal control sequences to those obtained in [9]. For this system

L(q, q̇) = 1
2 q̇

⊤q̇ − [0, g, 0]⊤ · q,
fLC = [(u1 + g)sinα, (u1 + g)cosα, u2]⊤

(6.21)

where q = [y, z, α]⊤ and u = [u1, u2]⊤. Here y, z, α represent the horizontal, vertical

and angular displacement, u1 and u2 are controls proportional to the net thrust and

moment acting on the quadcopter and g is the gravitational acceleration. To this

problem, we apply singlerate variational modelling and implement the proposed
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Figure 6.1: Example 5: Example control path solution with ∆t = 0.05s, N = 21

MPC scheme with a singlerate variational integrator (SVMPC) using either constant

(Vk|i = V̂ ) or varying (Vk|i computed online) parameters defining MPC tube cross-

sections. We refer to these variants as Algorithms 1 and 2, respectively. Figure 6.1

presents the predicted control paths for ∆t = 0.05s, N = 21 and initial condition

x0 = (0,−1,−1, 0, 0, 0). The cost weights are Q = diag{0.1, 0.1, 10, 1, 1, 1} and

R = diag{10−4, 10−3}, and input constraints: |u1,i| ≤ 10, |u2,i| ≤ 10. The bounds in

(6.18) are computed using (6.4) and |u1,k|i| ≤ 2.5, |u2,k|i| ≤ 5, |αk|i| ≤ 0.3, |α̇k|i| ≤ 1,

the bounds (6.17) are computed online with |uδ
1,k|i|,|uδ

2,k|i|, |αδ
k|i| and |α̇δ

k|i| restricted

to 15% of these bounds. The terminal cost is restricted with ρ = 10 as in the setting

of the original investigation in [9].

This example also demonstrates the structure-preserving properties of the variational

scheme. As the Lagrangian does not explicitly depend on time, y or α, the total

energy and the momentum associated with y (p1) and α (p3) should remain constant

in the absence of external forces according to Noether’s theorem (Theorem 2.3.1). In

the discrete setting and in the presence of control forces, the momentum map evolves

according to the Discrete Noether’s theorem with forcing [1, 19]. For Example 5,

this result is equivalent to the following discrete conservation laws:

Ψy,k|i = [pk|i]1 − [p0|i]1 −∆t∑k−1
n=0[fn|i]1 = 0

Ψα,k|i = [pk|i]3 − [p0|i]3 −∆t∑k−1
n=0[fn|i]3 = 0

Figure 6.2 illustrates these are preserved for the proposed variational approach.

Example 2:

To investigate the advantages of the multirate approach, we look again at the
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Figure 6.2: Example 5: Demonstra-
tion of the conservation properties of
the proposed approach

Figure 6.3: Example 2: Demonstra-
tion of the qualitative properties of the
linearised variational scheme

nonlinear Fermi-Pasta-Ulam-Tsingou problem from Section 4.3 with two unit masses

(n = 2) and Lagrangian of the form

L(qs, qf , q̇s, q̇f) = (q̇s)2+(q̇f)2−(ηqf)2

2 − (qs+qf)4+(qs−qf)4

4

with f s = us, f f = uf , where us and uf represent the resolution of the control applied

to the ith mass along qs and qf respectively. All tests are performed with η = 50

and initial conditions qs
0 = q̇s

0 = q̇f
0 = 1 and qf

0 = 1
η
.

To investigate the effect of the proposed linearisation scheme on the qualitative

properties of the model, simulations were performed in the absence of controls

using a Forward Euler (FE) scheme and the singlerate variational scheme (SVI)

(2.19) using L and its approximation L̃ around a seed trajectory as discussed in

Remark 6.3.1. Results for T = 0.01 sand ∆t = 10−3 are shown in Figure 6.3. As

in Example 5, the total energy of the system is expected to remain constant in

the absence of external forces. The proposed linearisation scheme demonstrates

more accurate conservation properties than the FE integrator despite the use of a

different Lagrangian approximation at each discrete time step k (Figure 6.3).

We next consider the proposed multirate variational strategy in an optimal regulation

problem starting from the same initial condition with QM = ∆Tdiag{1, 1, 1, 1},

RM = diag{∆T,∆t,∆t, . . . ,∆t} and constraints E[qs, qf ]⊤ ≤ [10, 10]⊤, E[q̇s, q̇f ]⊤ ≤

[10, 10]⊤, E[us, uf ]⊤ ≤ [20, 20]⊤ with E = [1/
√

2,−1/
√

2; 1/
√

2, 1/
√

2]. For this

example with ρ = 1000, the bounds (6.18) are based on E[qs, qf ]⊤ ≤ [0.8, 0.8]⊤ and
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Table 6.1: Example 2: Online computational runtime in seconds
Algorithm 1 Algorithm 2

p 1 3 5 1 3
CPU time per 3.18 2.57 1.49 5.52 4.46
iter at k = 0 ±0.03 ±0.48 ±0.02 ±0.17 ±0.01
nRHOCP 30 10 6 30 10
CPU time to 96.3 27.47 11.14 173.79 51.17
reach ttarget ±0.24 ±0.43 ±0.89 ±1.59 ±0.08

(6.17) are computed using 5% of these bounds. The computational advantages of

the multirate approach are investigated experimentally in a series of tests with a

fixed micro time step, ∆t = 0.01, and with T = 0.6 and a progressively increasing

the micro-macro proportionality p. Optimal control paths are obtained using the

proposed singlerate and multirate NMPC scheme with an approximation of the

Lagrangian around a pre-computed seed trajectory for both constant (Algorithm

1) and varying tube cross sections (Algorithm 2), each with maxiter = 1. The

runtime of the online computation is recorded until discrete time ttarget = 30∆t.

The number of RHOCP steps performed is denoted nRHOCP. This test is designed

to measure the effect of performing the RHOCP less frequently in the multirate

approach compared to the singlerate variational scheme.

The results in Table 6.1 demonstrate that increasing p reduces the computational

load for both approaches. For comparison, the required times for a single NLP

solution with p = 1, 3, 5 are 43.57, 31.76, 29.55. Thus, the proposed singlerate and

multirate NMPC schemes outperform the NLP implementation in computation time

per discrete time step, with the multirate NMPC approach achieving the greatest

savings for both Algorithms. For our implementation of Algorithm 1, the elapsed

iteration runtime has a percentage decrease of 53.14% between p = 1 and p = 5

and the time to reach ttarget has reduced by a factor of 8.6. For Algorithm 2, the

SDP to compute Vk|i, Kk|i was not feasible for p = 5 for this example. However,

p = 3 provides a percentage decrease in computation runtime of 19.2% per iteration,

requiring only a third of the time to reach ttarget compared to the singlerate case.

Of course, as discussed in previous chapters, in general, p cannot be increased

indefinitely as this will reduce the resolution of the slow dynamics and a trade-off,

therefore, exists between computational complexity and accuracy [10].
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7.1 Introduction

In this chapter, we explore the challenges of implementing Model Predictive Control

(MPC) for real-time systems, without limiting the discussion to multirate systems.

154
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The objective is to introduce a novel method for optimisation-based trajectory design

and receding horizon control of nonlinear systems subject to external disturbances

or model inaccuracies. The proposed method guarantees non-conservative nominal

solutions while significantly reducing computational costs compared to solving the

original nonlinear problem, making it advantageous for real-time control.

The approach is applicable to nonlinear systems with convex state and control

constraints. It employs a sequential convex approximation and a difference of convex

functions representation of the system model to construct tubes that encompass

all possible predicted model trajectories, accounting for linearisation errors and

disturbances to ensure constraint satisfaction. Initially, we develop the scheme for

the nominal case, where external disturbances are absent, and demonstrate that

the proposed method is non-conservative, with solutions from successive convex

programs converging to a locally optimal solution for the original nonconvex OCP.

We then extend the method to handle additive disturbances (robust case) using a

novel strategy for linearisation points selection. In both cases, stability and recursive

feasibility are guaranteed and tested with computational examples, even when the

sequence of convex programs is terminated before convergence.

These methods are first presented for systems with explicit discrete-time models,

and then extended in the nominal case to systems with implicit discrete-time

models, which may result from implicit continuous-time models or the use of implicit

discretisation schemes for explicit continuous-time models. Special attention is given

to the integration of variational models within the nominal approach, enhancing

the representation of the system qualitatively and achieving significant additional

runtime savings, as illustrated by numerical examples.

7.2 Background

Optimisation-based control techniques allow for a task to be completed optimally

with respect to a given performance index while respecting both system and

environment constraints [2, 181]. As such, they have often been implemented
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for online trajectory design or receding horizon control of systems subject to

stringent or safety-critical constraints such as, for example, autonomous vehicles

[182, 183], spacecraft systems [184, 185], and robotics [186]. In its simplest form,

optimisation-based control entails the single solution of an optimal control problem

(OCP), resulting in an optimal trajectory and open-loop control sequence for the

entire time period of interest. To allow for feedback, a receding horizon strategy

(also known as model predictive control or MPC) can be implemented as discussed

in Chapters 2 and 6. In this method, at each discrete time step, an OCP is solved,

the first control of the resulting optimal control sequence is applied, and the new

state of the system is measured. Based on this measurement, a new OCP is solved,

and the procedure is repeated [2]. Thus, for open-loop autonomous trajectory

generation or receding horizon implementation for real-time systems, it is critical

that the OCP can be solved successfully and reliably within the available time.

The nonlinear nature of most systems, however, implies that the resulting OCP is

a nonlinear program (NLP), and thus has high computation complexity with no

guarantees for a successful solution within the available time, for both singlerate

and multirate systems.

Various approaches have been developed to address this problem. For example,

dynamic programming can determine globally optimal control policies, however

it requires heavy computation, which restricts its implementation in real-time

applications [2]. Another method, known as sequential quadratic programming

(SQP) [187], focuses on iterative approximation approaches that approximate NLPs

using sequences of quadratic programming (QP) problems. Despite the existence of

efficient methods for solving QPs, these schemes can lead to high computational

demand and present difficulties when accounting for approximation errors and

determining the appropriate step sizes for each iteration to ensure convergence.

An alternative approach replaces the system model with a sequence of models

obtained from linear approximations around trajectories of the controlled system

(e.g. [9, 188–190]). The seminal work [188] relaxes the nonlinear model dynamics into
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a set of inequalities, which are subsequently linearised to obtain a sequence of convex

optimisation problems. Under convexity assumptions on the nonlinear dynamics

and the state and input constraints, the solutions of this sequence are shown to

converge to a local optimum of the original NLP provided a set of parameters (which

are introduced into the objective function to enforce satisfaction of the original

model dynamics) are chosen appropriately. However, the required values of cost

parameters are not usually known, and the method converges only asymptotically

to a feasible solution of the NLP.

More recently, [189] proposed using Jacobian model linearisation to construct a

sequence of convex optimisation problems. The authors use trust regions to account

for the effects of linearisation errors and are thus able to demonstrate convergence

to a locally optimal solution of the NLP. The disadvantages of the approach are that

it relies on heuristics for determining whether model approximations are sufficiently

accurate, and that the iterates are not guaranteed to be feasible for the NLP, so

the iteration cannot be terminated prior to convergence.

In [9], a tube (or sequence of sets) containing all possible trajectories of the

nonlinear system is constructed by linearising the model around trajectories and

bounding linearisation errors, and all trajectories within the tube are required to

respect the system state and control constraints. Using successive linearisation, the

NLP is replaced by a sequence of second-order cone programs (SOCPs) [9, 190],

each generating a feasible solution for the original NLP. The implementation of

the approach is complicated by the need to provide bounds on the linearisation

errors, which can be a computationally challenging task that relies on heuristics.

Conservative linearisation error bounds can cause slow convergence or infeasibility of

the sequence of optimisation problems even if the NLP itself is feasible. Furthermore,

the available schemes can introduce suboptimality and do not account for external

disturbances. The tube-based approach in [191] can ensure convergence to a locally

optimal solution of the NLP. However, it is computationally costly and does not

account for external disturbances. In Chapter 6, we discussed multirate techniques
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for enabling the implementation of MPC for systems with both slow and fast

dynamics. Moreover, we built upon the work of [9] to develop an MPC approach

for multirate systems which increases the available time for solving the receding

horizon optimal control problem (RHOCP) and reduces its size, allowing for its

implementation for systems with fast dynamics while maintaining stability and

feasibility guarantees. However, the approach still exhibits the remaining limitations

of [9].

Despite the disadvantages of SQP and successive convexification approaches based

on linearising nonlinear dynamic models, the efficiency and practicality of convex

NLP approximations are well-known in the context of receding horizon control.

Therefore, many real-time MPC applications employ convex descriptions of the

model dynamics and constraints (for example in aerospace applications [192–194],

among many others). Moreover, successive convexification incorporating robust tube

MPC methods provides new opportunities for computationally efficient receding

horizon control, particularly when the model is affected by unknown disturbances.

Approaches such as [195–198], provide a varying level of efficiency, complexity and

conservativeness for a wide range of disturbance realisations as discussed in detail

in [196]. For instance, [196] uses homothetic tubes and discusses efficiency in terms

of the size of the optimisation problem and the offline computations, but retains an

nonlinear RHOCP formulation. [199], on the other hand, develops an approach for

continuous-time nonlinear systems affected by bounded disturbances with guaranteed

feasibility and input-to-state stability that does not require a quadratic cost but

again retains the nonlinear RHOCP formulation. In contrast, [195] replaces the

dynamics with a robust feed-forward invariant tube for the disturbance-free system

and optimises the feedback policy, but restricts the discussion to nonlinear input-

affine systems.

The works of [197, 198] provide alternative robust MPC formulations, which employ

constraint tightening using Lipschitz constants based on input-to-state stability

considerations. These bounds, however, rely on the nominal model and are not
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optimised online, which can cause greatly conservative performance. Leveraging

these insights, a two-tier approach is proposed by [200] using an ancillary controller,

which tracks the solution of a tightened-constrained nominal MPC formulation.

The amount of tightening, however, is determined by heuristics, which, together

with the rigid shape of the tubes, can be expected to result in conservativeness

and suboptimality. More recent work by [201] addresses these issues with another

two-tier approach that simultaneously optimises tubes and trajectories online for

feedback linearisable or minimum phase systems. In contrast, [202] does not optimise

for a nominal trajectory but rather propagates ellipsoidal uncertainty tubes using

linear feedback gains as optimisation variables. The optimisation is performed by a

mixture of Ricatti recursion and nominal RHOCP solution with only approximate

robustness due to unaccounted linearisation errors in the nonlinear constraints. This

work, and its successor [203], develop tailored solution methods for the optimisation

problem to ensure convergence to a KKT point of the original nonlinear OCP.

To address these limitations, the approach presented in this chapter exploits the

convexity properties of systems with continuous dynamics, as well as convex state,

control, and disturbance constraints, to develop a robust approach with stability

and feasibility guarantees. The effects of model approximations and disturbances

are bounded by tubes, which do not rely on heuristics and their cross-sections are

optimised online alongside the calculation of a feasible control sequence in a sequence

of convex programs. Feasibility and stability guarantees are maintained even if the

sequence of convex programs is terminated early. For the disturbance-free case, the

resulting tight bounds on linearisation errors can be used to obtain non-conservative

solutions. Despite the convex formulation, the resulting min-max approach relies

on enumerating polytopic tube vertices, which can be computationally costly for

high-order systems; therefore we discuss strategies to ensure linear growth in the

number of variables and constraints with the state dimension.

We assume that the system discrete model has a convex difference (DC) form,

i.e. it can be represented as the difference of a pair of convex functions. This is
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not necessarily restrictive, as any continuous function can be approximated to any

desired precision as the difference of two convex functions [204]. Differences of convex

functions have been used to develop techniques such as DC programming [204], the

convex-concave procedure [205, 206], and novel control invariant set computation

methods for nonlinear systems [207], which have proven numerical advantages

when applied to nonconvex problems ([208, 209]). Using DC decomposition, we

derive a tube-based receding horizon controller with robustness to disturbances and

guarantees of recursive feasibility and stability.

To this end, in the first part of this chapter, we present a formulation of the proposed

approach for systems with explicit models in the absence of disturbance, similar

to [210]. Our contributions include a novel initialisation strategy and a proof that

the sequence of convex programs proposed to approximate the NLP converges to

one of the NLP local optima, and thus removes the degree of suboptimality that

other such approaches introduce. We also present proof that the iteration can be

terminated early without loss of feasibility or stability.

In this disturbance-free case, feasibility is guaranteed if at least one system trajectory

satisfies the constraints of the problem. However, when unknown disturbances

are present, both a nominal trajectory and all its potential alternative realisations

must respect the constraints. This presents additional non-trivial difficulties when

choosing linearisation points and guaranteeing recursive feasibility. Thus, we extend

previous works by proposing a new formulation to address these issues. As in the

disturbance-free case, the proposed approach approximates the NLP with a sequence

of convex programs, and a tube containing all possible trajectories is optimised

online. Based on the implementation of a novel linearisation technique, we prove

recursive feasibility and a form of quadratic stability for the resulting closed-loop

system.

With both the nominal and robust approach described so far, the existence of an

explicit discrete-time system model with certain convexity properties is assumed.

When provided with an explicit continuous model, this prevents the use of many



7. A successive convexification approach for robust receding horizon control 161

higher-order or structure-preserving model discretisation techniques, limiting the

choice to lower accuracy discrete-time model approximation. Such restriction might

not be problematic for a receding horizon implementation, which relies on feedback

to deal with model inaccuracies, but can be detrimental when used for trajectory

generation. The assumption also prevents the approach from being applied to a

wide range of systems with implicit continuous models, such as many multibody

systems and other constrained systems.

For this purpose, in the second part of this chapter, we provide a reformulation of the

proposed approach for implicit convex system models in the absence of disturbances.

We present the approach for a receding horizon implementation, which can trivially

be simplified for single trajectory design use. We prove the recursive feasibility

and stability of the proposed approach and provide a proof that it also converges

to a point which is a local optimum of the original NLP. As such, the approach

for explicit models can be seen as a specific case of the one proposed here with a

simpler formulation.

In addition, we focus on a specific use of the proposed approach for structure-

preserving discrete models [26] and, more specifically, for variational models [1]. As

discussed in the previous chapters, by preserving certain mathematical structures and

conservation laws from the continuous into the discrete domain, such discretisation

schemes allow for better qualitative representation of the system and accurate

energy and momentum simulation, even for larger discrete time steps [26, 211]. For

this reason, they have been used to reduce the computational cost of simulations

and optimal control strategies and could be of great benefit for fuel and energy

optimisation problems ([10, 13, 212, 213]). In this chapter, we present how such

models can readily be used in the proposed optimisation-based scheme and show

that their characteristics can be employed to simultaneously reduce the number of

constraints and guarantee structure-preserving properties of the resulting solution.

The advantages of the proposed approach are then demonstrated for two example
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systems, showing convergence of the sequence of convex programs and the effect of

the structure-preservation model on the resulting solution.

This chapter is organised as follows:

1. Part I: Focuses on systems with explicit models, developing first an approach in

the absence of disturbances and then extending the formulation to handle the

effect of additive disturbances. For both the nominal and robust formulation,

feasibility and stability properties are proved theoretically and demonstrated

through numerical examples.

2. Part II: Discusses the reformulation for implicit models in the absence of

disturbances. Feasibility and stability guarantees are proved theoretically

and again demonstrated using numerical examples. The approach is then

extended for the implementation of variational models.

7.3 Technique for explicit system models

We first focus on developing a technique for explicit discrete-time system models.

7.3.1 Problem formulation

Consider a discrete-time nonlinear system with state xi ∈ Rnx and control input

ui ∈ Rnu at the ith time step, where

xi+1 = f(xi, ui), i = 0, 1, . . . (7.1)

and f is differentiable for all (xi, ui) in the operating region X × U . We pose

the problem of optimally controlling the system trajectories x : {x0, x1, ...}, u :

{u0, u1, ...} to track a given state and input reference trajectory xr : {xr
0, x

r
1, ...},

ur : {ur
0, u

r
1, ...} where xr

i+1 = f(xr
i , u

r
i ) for all i ≥ 0 subject to a quadratic objective

∞∑
i=0

(
∥xi − xr

i∥
2
Q + ∥ui − ur

i∥
2
R

)
(7.3)

and initial constraints x0 = xinit and inequality constraints of the form

xi ∈ X ⊂ IRnx , ui ∈ U ⊂ IRnu . (7.5)
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Here X , U are compact convex sets and xinit is a known initial condition.

An MPC strategy can be employed to solve this problem. For this purpose, a

receding horizon optimal control problem can be formulated as

EnMPC: (u∗
i ,x∗

i ) := argmin
ui, xi

JEnMPC(ui,xi) (7.6a)

subject to, for k = 0, . . . , N − 1 :

xk|i ∈ X , uk|i ∈ U (7.6b)

xk+1|i = f(xk|i, uk|i) (7.6c)

x0|i = xi (7.6d)

xN |i ∈ XN ⊆ X (7.6e)

with ui := {u0|i, . . . , uN−1|i}, xi := {x0|i, . . . , xN |i} and

JEnMPC(ui,xi) := ∥xN |i − xr
N+i∥2

QN
+

N−1∑
k=0

(
∥xk|i − xr

k+i∥2
Q + ∥uk|i − ur

k+i∥2
R

)
. (7.6f)

Here xk|i, uk|i denote the state and control input at time k + i predicted at time

i. The matrices Q,R,QN and the terminal set XN are subject to the following

assumptions:

Assumption 7.3.1.

(a) xi is known at each time i.

(b) xr
i ∈ XN ⊆ X and ur

i ∈ U , ∀i ≥ N .

(c) f(x, κi(x)) ∈ XN , ∀x ∈ XN , ∀i ≥ N , where κi(x) := K(x − xr
i ) + ur

i satisfies

κi(x) ∈ U , ∀x ∈ XN , ∀i ≥ N .

(d) Q,R,QN are positive definite matrices, and (7.1) with ui = K(xi − xr
i ) + ur

i

satisfies, ∀xi ∈ XN , ∀i ≥ N ,

∥xi − xr
i∥2

QN
− ∥xi+1 − xr

i+1∥2
QN
≥ ∥xi − xr

i∥2
Q + ∥ui − ur

i∥2
R.

In receding horizon control, at each discrete time step i, the EnMPC RHOCP is

solved to obtain an optimal control sequence u∗
i : {u∗

0|i, u
∗
1|i, . . . , u

∗
N−1|i}, and the

first element of this sequence is used to define a receding control law ui = u∗
0|i.

At the next time step, a new RHOCP is formulated using the measurement (or
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estimate) of xi+1 and the process is repeated. To guarantee stability of the control

strategy, it is essential that a feasible solution can be obtained within each discrete

time step.

In its form in (7.6a)-(7.6f), the EnMPC RHOCP is a nonlinear program, and thus, in

general, no guarantees can be given that either the optimal solution or a suboptimal

feasible point is determinable within one discrete time step. To address these

problems, Section 7.3.2 proposes a successive linearisation approach to reformulate

the problem as a sequence of convex programs. Compared to other such approaches,

the proposed method bounds linearisation errors as functions of the predicted state

tube that is optimised online. This removes the need to compute linearisation error

bounds prior to solving the RHOCP and ensures that a fixed point of the successive

approximation scheme corresponds to an optimal point of the EnMPC RHOCP. As

shown in Section 7.3.3, it also provides guarantees of convergence to a fixed point,

recursive feasibility and stability of the resulting MPC law.

7.3.2 Proposed nominal control law

To simplify the explanation, we first strengthen the assumptions on the system

model.

Assumption 7.3.2. The function f : X × U → Rnx in (7.1) is differentiable and

componentwise convex.

Although few real systems satisfy this convexity assumption, we later discuss how

it can be relaxed to accommodate models with a DC form, enabling the application

of the proposed scheme to systems with neither convex nor concave dynamics.

Given state and control sequences x0
i ={x0

0|i, . . . , x
0
N |i}, u0

i ={u0
0|i, . . . , u

0
N−1|i}, which

we refer to as a seed trajectory, the model (7.1) can be equivalently expressed as

xk+1|i = x0
k+1|i + Ak|isk|i +Bk|ivk|i + e(xk|i, uk|i) (7.7a)

sk|i = xk|i − x0
k|i, vk|i = uk|i − u0

k|i (7.7b)

Ak|i = ∂f

∂xk|i
|(x0

k|i,u
0
k|i)
, Bk|i = ∂f

∂uk|i
|(x0

k|i,u
0
k|i)

(7.7c)
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and ek|i is the Jacobian linearization error

ek|i = f(xk|i,uk|i)− f(x0
k|i,u

0
k|i)− Ak|isk|i −Bk|ivk|i. (7.8)

Assumption 7.3.3. The initial seed trajectory (x0,u0) is feasible (but potentially

suboptimal) for constraints (7.6b)-(7.6e).

Anticipating the explicit treatment of disturbances in Section 7.3.4, we assume a

feedback control law:

uk|i = u0
k|i + vk|i = u0

k|i +Ksk|i + ck|i, (7.9)

for a given feedback gain K, and consider the sequence ci := {c0|i, . . . , cN−1|i} as an

optimisation variable instead of ui.

Assumption 7.3.2 requires the components of f to be convex and hence the compo-

nents of the linearisation error ek|i in (7.8), denoted ek|i,j(xk|i, uk|i), j = 1, . . . , nx,

are convex functions of (xk|i, uk|i) ∈ (X , U). Since ek|i,j(xk|i, uk|i) is convex and the

linearization point (x0
k|i, u

0
k|i) lies in (X , U) we have

min
(xk|i,uk|i)∈(X , U)

ek|i,j(xk|i, uk|i) = 0, (7.10)

and moreover, a constraint of the form

ek|i,j(sk|i + x0
k|i, Ksk|i + ck|i + u0

k|i) ≤ r

is convex in sk|i, ci|k and r. Figure 7.1 visualises the validity of (7.10) for a simple

1-dimensional example.

Let Si = {S0|i, . . . , SN |i} denote a tube bounding the state perturbations sk|i

in (7.7a)-(7.31c), where each set Sk|i is a hyperrectangle defined in terms of

optimisation variables sk|i, s̄k|i ∈ Rnx as

Sk|i = {s : sk|i ≤ s ≤ s̄k|i}. (7.11)

Then, at time i, a convex RHOCP can be formulated as

EcMPC: (c∗
i ,S∗

i ) := argmin
ci, Si

JEcMPC(ci,Si,x0
i ,u0

i )
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Figure 7.1: A simple 1-dimensional example, which illustrates how the error (in green)
between the convex function f and its linearisation at a given point is always positive
with a minimum value of zero at the point where the tangent touches the convex curve.

subject to, for k = 0, . . . , N − 1 :

Sk|i ⊕ {x0
k|i} ⊆ X (7.12a)

KSk|i ⊕ {ck|i + u0
k|i} ⊆ U (7.12b)

[s̄k+1|i]j ≥ [Ak|i +Bk|iK]js+ [Bk|i]jck|i + ek|i,j(s+ x0
k|i, Ks+ ck|i + u0

k|i)

[sk+1|i]j ≤ [Ak|i +Bk|iK]js+ [Bk|i]jck|i for ∀s ∈ Sk|i, j = 1, . . . , nx (7.12c)

S0|i = {0} (7.12d)

SN |i ⊕ {x0
N |i} ⊆ XN (7.12e)

with JEcMPC(ci,Si,x0
i ,u0

i ) := max
sN|i∈SN|i

∥x0
N |i + sN |i − xr

N+i∥2
QN

+
N−1∑
k=0

max
sk|i∈Sk|i

[
∥x0

k|i + sk|i − xr
k+i∥2

Q + ∥u0
k|i +Ksk|i + ck|i − ur

k+i∥2
R

]
.

(7.12f)

The inequalities in (7.12c) can be imposed for all s ∈ Sk|i by replacing s with the

2nx vertices of Sk|i, which depend linearly on sk|i, s̄k|i. The minimisation of the

cost (7.12f) can be performed via an equivalent epigraph form with a linear objective

subject to convex (second order cone) constraints on ci and {sk|i, s̄k|i, k = 0, . . . , N}

the vertices of Sk|i. The EcMPC RHOCP is convex and can be solved using,

for example, interior-point methods or large-scale first order solvers such as the

alternating direction method of multipliers (ADMM) [23, 214–216].

The EcMPC strategy is summarised in Algorithm 2. At each discrete time step i,

the algorithm first solves the EcMPC RHOCP to obtain c∗
i given a feasible seed
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(x0
i ,u0

i ) (lines 3-4). The predicted state and control sequences (x∗
i ,u∗

i ) are then

computed using the model dynamics (7.1) with ci = c∗
i and x∗

0|i = xi (lines 5-6).

The seed trajectory (x0
i ,u0

i ) is then updated (line 7) and this iteration is repeated

until either ∥c∗
i ∥ < tol, where tol is a specified threshold, or the limit maxiters on

the number of iterations is reached.

Algorithm 2: EcMPC
Offline : Determine K, QN , XN , and an initial seed trajectory (x0

0,u0
0)

satisfying (7.6b)-(7.6e) with x0 = xinit
Online : At each discrete time step i = 0, 1, . . .:

1 Obtain xi and set the iteration counter n← 1;
2 while n ≤ maxiters and ∥c∗

i ∥ ≥ tol do
3 Compute Ak|i, Bk|i for k = 0, . . . , N − 1 using (7.31c) and (x0

i ,u0
i );

4 Solve EcMPC RHOCP to obtain (c∗
i ,S∗

i );
5 for k = 0, . . . , N − 1 do
6 Compute u∗

k|i = u0
k|i + c∗

k|i +K(x∗
k|i − x0

k|i) and x∗
k+1|i = f(x∗

k|i, u
∗
k|i) with

x∗
0|i = xi;

7 Update the seed trajectory: (x0
i ,u0

i )← (x∗
i ,u∗

i );
8 n← n+ 1;
9 Implement ui ← u∗

0|i;
10 Set u∗

N |i = K(x∗
N |i − xr

N+i) + ur
N+i and u0

i+1 ← {u∗
1|i, . . . , u

∗
N−1|i, u

∗
N |i}

x0
i+1 ← {x∗

1|i, . . . , x
∗
N |i, f(x∗

N |i, u
∗
N |i)};

Compared to other successive linearisation approaches [9, 189, 190], the EcMPC

strategy does not require prior knowledge or online calculation of sets bounding

linearisation errors, and it avoids conservative approximate linear constraints by

using tight bounds on the approximation error in (7.12c). In particular, the first

inequality in (7.12c) is equivalent to

s̄k+1|i,j ≥ [f(sk|i + x0
k|i, Ksk|i + ck|i + u0

k|i)]j − [f(x0
k|i, u

0
k|i)]j,

and the second is a tight bound due to (7.10). As shown in Section 7.3.3, this

ensures that the tube computed by the EcMPC iteration converges to a single

trajectory, and hence, a fixed point of the EcMPC iteration is a local minimum for

the EnMPC RHOCP. In addition, the maximum number of iterations can be chosen

as any value satisfying maxiters ≥ 1 without affecting the recursive feasibility and

stability guarantees discussed in Section 7.3.3.
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The feedback gain K can be chosen as the terminal feedback gain K in Assump-

tion 7.3.1, which is stabilising for k ≥ N due to Assumption 7.3.1 (d). The

computation of K, the terminal set XN and QN is nontrivial for nonlinear systems.

A scheme to compute them while maximising the volume of the terminal set can be

found in [2, 13] using semidefinite programming.

Remark 7.3.1. A time-varying feedback gain (such as the linear-quadratic optimal

controller for the linear time-varying model computed on line 3 of Algorithm 1)

may be used instead of a fixed feedback gain K in (7.9). This is likely to give better

numerical conditioning and disturbance rejection as the fixed gain K is only required

by Assumption 7.3.1 to be locally stabilising within the terminal set XN .

A procedure for obtaining an initial seed trajectory is suggested in [210]. This

assumes knowledge of an initial trajectory satisfying constraints (7.6b)-(7.6c) and

the initial condition (7.6d), but not necessarily the terminal constraint (7.6e). The

method updates this seed via a sequence of convex optimisations to obtain a feasible

trajectory for the EcMPC RHOCP.

We propose an alternative method of finding a feasible initial seed trajectory (x0
0,u0

0)

for Algorithm 2 that does not require knowledge of a feasible trajectory with initial

condition xinit. We define an offline optimisation of (c0,S0) subject to the constraints

(7.12a)-(7.12c), (7.12e), and S0|0 = {s}, where s is an additional optimisation

variable, and we minimise the distance of x0
0|0 + s from xinit by setting the objective

to ∥xinit−x0
0|0−s∥. Initially we set x0

0 := {xr
N , . . . , x

r
2N} and u0

0 := {ur
N , . . . , u

r
2N−1},

since by Assumption 7.3.1 this choice ensures that constraints (7.12a)-(7.12c),

(7.12e) and S0|0 = {s} are feasible with s = 0. To obtain a feasible initial seed

for Algorithm 2, we iteratively solve this optimisation and update (x0
0,u0

0) as in

lines 2-8 of Algorithm 2, with x∗
0|0 = x0 in line 6 replaced by x∗

0|0 = x0
0|0 + s∗, until

either the optimal objective is equal to zero, or the optimal objective converges to

a non-zero value, in which case the constraints should (if possible) be relaxed, for

example by increasing N or enlarging XN .
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Remark 7.3.2. Assumption 7.3.2 can be relaxed to allow functions f which are

DC, i.e. they can be written as the difference of convex functions: f(x, u) =

g(x, u) − h(x, u) where g, h : X × U → Rnx are differentiable and componentwise

convex and the sets X ,U are convex. In this case, the error function has the

following properties

ek|i =eg
k|i−e

h
k|i

eg
k|i =g(xk|i, uk|i)−g(x0

k|i, u
0
k|i)−A

g
k|isk|i−Bg

k|ivk|i,

eh
k|i =h(xk|i, uk|i)−h(x0

k|i, u
0
k|i)−Ah

k|isk|i−Bh
k|ivk|i,

min
(xk|i,uk|i)∈(X , U)

eg
k|i,j(xk|i, uk|i)=0

max
(xk|i,uk|i)∈(X , U)

−eh
k|i,j(xk|i, uk|i)=0

where eg
k|i, e

h
k|i are componentwise convex and

Ag
k|i = ∂g

∂xk|i
|(x0

k|i,u
0
k|i)
, Bg

k|i = ∂g

∂uk|i
|(x0

k|i,u
0
k|i)
,

Ah
k|i = ∂h

∂xk|i
|(x0

k|i,u
0
k|i)
, Bh

k|i = ∂h

∂uk|i
|(x0

k|i,u
0
k|i)
.

Thus Algorithm 2 can be used with constraints (7.12c) in step 4 replaced, for all

s ∈ Sk|i, j = 1, . . . , nx, by

[s̄k+1|i]j ≥ [Ak|i +Bk|iK]js+ [Bk|i]jck|i + eg
k|i,j(s+ x0

k|i, Ks+ ck|i + u0
k|i),

[sk+1|i]j ≤ [Ak|i +Bk|iK]js+ [Bk|i]jck|i − eh
k|i,j(s+ x0

k|i, Ks+ ck|i + u0
k|i).

Remark 7.3.3. If the EcMPC RHOCP (7.12) is implemented by replacing s with

the 2nx vertices of Sk|i (which depend linearly on sk|i, s̄k|i), then the number of

constraints in (7.12c) will grow exponentially with the state dimension nx. However,

this exponential growth can be avoided by using homothetic tubes (see e.g. [2]) to

bound the state perturbations sk|i. In this formulation, the tube description in (7.11)

is replaced with Sk|i = {z0
k|i} ⊕ αk|ico{z1, ..., zm}, where co denotes the convex hull.

Here z0
k|i∈Rnx and the scaling αk|i∈R are optimisation variables in the RHOCP

and the vertices {z1, ..., zm} are fixed by the designer. This reduces the number of

optimisation variables at each time step from 2nx to nx+1 and reduces the number of
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constraints in (7.12c) to 2mnx. Here m can be as small as nx+1 if Sk|i is chosen to

be a simplex, allowing the number of constraints in the EcMPC RHOCP to depend

quadratically on the state dimension nx.

7.3.3 Nominal feasibility and stability guarantees

In this section, we demonstrate that Algorithm 2 is recursively feasible and that

it provides a feasible solution for the EnMPC RHOCP. We further show that the

optimal EcMPC RHOCP objective value is an upper bound on the cost of the

EnMPC RHOCP and that the optimal cost is non-increasing at successive iterations

(lines 2-8 of Algorithm 2) and at successive time steps. Using these properties,

we show that the iteration converges (if the iteration limit maxiters is sufficiently

large) to a solution satisfying the first-order optimality conditions of the EnMPC

RHOCP and that (for any value of maxiters) the control law of Algorithm 2 is

asymptotically stable.

Theorem 7.3.1 (Recursive feasibility). If Assumptions 7.3.1 and 7.3.2 hold and

the initial seed trajectory (x0
0,u0

0) satisfies (7.6b)-(7.6e), then the EcMPC RHOCP

is feasible at each iteration of Algorithm 2, at all times i ≥ 0.

Proof. Let ci =0 and Si ={{0}, . . . , {0}}, then the constraints of EcMPC RHOCP

in line 4 of Algorithm 2 reduce to {x0
k|i} ⊆ X , u0

k|i ∈ U and {x0
N |i} ⊆ XN . These

conditions are satisfied if (xi,ui)=(x0
i ,u0

i ) satisfies (7.6b)-(7.6e), which is true by

assumption for the initial seed trajectory (x0
0,u0

0), and is true for the seed trajectories

(x0
i ,u0

i ) and (x0
i+1,u0

i+1) in lines 7 and 10 of Algorithm 2 due to constraints (7.12a)-

(7.12e) and the properties of XN (Assumptions 7.3.1 (b), (c)).

We next consider how the optimal EcMPC RHOCP cost relates to the cost associated

with the seed trajectory at successive iterations of Algorithm 2, and hence prove that

the iteration converges to a solution that is at least locally optimal for the EnMPC

RHOCP. At the i-th time step and n-th iteration of Algorithm 2, let (x0,n
i ,u0,n

i )

denote the seed trajectory in line 3, let (c∗,n
i ,S∗,n

i ) denote the optimal solution of

the EcMPC RHOCP in line 4 and define J∗,n
EcMPC,i := JEcMPC(c∗,n

i ,S∗,n
i ,x0,n

i ,u0,n
i ).



7. A successive convexification approach for robust receding horizon control 171

Lemma 7.3.1. For all i ≥ 0 and for all n ≥ 1, we have JEnMP C(x0,n+1
i ,u0,n+1

i ) ≤

J∗,n
EcMPC,i ≤ JEnMP C(x0,n

i ,u0,n
i ).

Proof. Let ci = 0 and Si = {{0}, . . . , {0}}, then

JEcMPC(0, {{0}, . . . , {0}},x0,n
i ,u0,n

i ) = JEnMPC(x0,n
i ,u0,n

i ),

and since this is a feasible (possibly suboptimal) choice, the optimal EcMPC cost

in line 4 of Algorithm 2 satisfies

JEcMPC(c∗
i ,S∗

i ,x
0,n
i ,u0,n

i ) ≤ JEnMPC(x0,n
i ,u0,n

i ).

Furthermore, the updated seed in lines 5-7 satisfies

JEnMPC(x0,n+1
i ,u0,n+1

i ) ≤ JEcMPC(c∗
i ,S∗

i ,x
0,n
i ,u0,n

i )

since the tube S∗
i necessarily contains x0,n+1

i .

Theorem 7.3.2. For all i ≥ 0, the iteration on lines 2-8 of Algorithm 2 converges

to a seed trajectory (x0,n
i ,u0,n

i ) such that c∗,n
i = 0 and S∗,n

i = {{0}, . . . , {0}} is an

optimal solution of the EcMPC RHOCP in the limit as n→∞.

Proof. From Lemma 7.3.1 we have J∗,n+1
EcMPC,i ≤ J∗,n

EcMPC,i for all n, so J∗,n
EcMPC,i ≥ 0

(based on Assumption 7.3.1) implies J∗,n
EcMPC,i − J

∗,n+1
EcMPC,i → 0 and hence J∗,n

EcMPC,i −

JEnMPC(x0,n
i ,u0,n

i )→ 0 as n→∞. Therefore (c∗,n
i ,S∗,n

i ) = (0, {{0}, . . . , {0}}) is an

optimal solution of the EcMPC RHOCP in the limit as n→∞.

Remark 7.3.4. The optimal solution of the EcMPC RHOCP for c∗
i is unique

since R is positive definite. Therefore Theorem 7.3.2 implies c∗,n
i → 0 as n→∞,

justifying the termination criterion in line 2 of Algorithm 2. Moreover, even if the

optimal S∗
i is non-unique, we can choose S∗,n

i = 0 if c∗,n
i = 0 and thus ensure that

the iteration converges to a tube containing a single trajectory.

Theorem 7.3.3. The iteration of Algorithm 1 converges to a local minimum of the

EnMPC RHOCP (7.6b)-(7.6f).
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Proof. A proof of Theorem 7.3.3 can be found in Appendix D.

Remark 7.3.5. The converse of Theorem 7.3.3 is also true: a local minimum of

the EnMPC problem is a local minimum of the EcMPC RHOCP (7.12a)-(7.12f) due

to Theorem 7.3.2.

Theorem 7.3.4. Given Assumptions 7.3.1 and 7.3.2, the control law of Algorithm

1 ensures that x−xr =0 is an asymptotically stable equilibrium of the system (7.1)1,

with region of attraction consisting of the initial conditions x0 of (7.1) for which

there exists a control sequence such that uk ∈ U and xk ∈ X for k = 0, . . . , N−1,

and xN ∈XN .

Proof. Assumption 7.3.1(d) and the update policy in line 10 of Algorithm 2 imply

that the cost associated with the seed trajectory at the first iteration at time i+ 1

satisfies

JEnMPC(x0,1
i+1,u

0,1
i+1) ≤ JEnMPC(x0,ni

i ,u0,ni
i )− (∥xi − xr

i∥2
Q + ∥ui − ur

i∥2
R),

where ni is the final iteration count at time i. Hence

JEnMPC(x0,ni+1
i+1 ,u0,ni+1

i+1 ) ≤ JEnMPC(x0,ni
i ,u0,ni

i )− (∥xi − xr
i∥2

Q + ∥ui − ur
i∥2

R)

due to Lemma 7.3.1, and, since Q,R,QN are positive definite, JEnMPC(x0,ni
i+1 ,u

0,ni
i+1 )

is therefore a Lyapunov function demonstrating stability of x− xr = 0. Summing

both sides of this inequality over i = 0, . . . , t we obtain
∞∑

i=0
(∥xi − xr

i∥2
Q + ∥ui − ur

i∥2
R) ≤ JEnMPC(x0,n1

0 ,u0,n1
0 )

and it follows that (xi, ui)→ (xr
i , u

r
i ) as i→∞.

From Theorem 7.3.3 and Remark 7.3.5, it can be seen that the explicit considera-

tion of the nonlinear dynamics in the constraints of the EcMPC RHOCP allows

Algorithm 2 to approximate the optimal control law while formulating the control

problem as a sequence of convex programs.
1More precisely, xδ = x−xr = 0 is an asymptotically stable equilibrium of the system

xδ
i+1 =f(xδ

i +xr
i , ui)−f(xr

i , ur
i ).
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7.3.4 Problem formulation with additive disturbances

Next, we consider the formulation of the proposed successive convexification

approach to accommodate model inaccuracies or external disturbances. For this

purpose we consider uncertain systems of the form

xi+1 = f(xi, ui) + wi, wi ∈ W , (7.13)

where wi is an unknown disturbance input and W ⊂ Rnx is a known compact

set. We consider an optimal tracking control problem similar to (7.6), with the

model (7.13) replacing (7.1).

In this setting, we retain Assumption 7.3.2 (we discuss later how this can be relaxed

to allow nonlinear functions that are neither convex nor concave), and we replace

Assumption 7.3.1 with the following assumption:

Assumption 7.3.4.

(a) xi is known at each time i.

(b) xr
i ∈ X(xN , x̄N) := {x : xN ≤ x ≤ x̄N} ⊆ X and ur

i ∈ U ∀i ≥ N , for some

(xN , x̄N) ∈ XN .

(c) for all (xN , x̄N) ∈ XN we have: (i) (x+
N , x̄

+
N) ∈ XN where

[x̄+
N ]j ≥ [f(x, κi(x))]j + [w̄]j, [x+

N ]j ≤ [f(x, κi(x))]j + [w]j, j = 1, . . . , nx

∀x ∈ X(xN , x̄N), ∀i ≥ N , and (ii) x ∈ X and κi(x) := K(x − xr
i ) + ur

i ∈ U ,

∀x ∈ X(xN , x̄N), ∀i ≥ N .

(d) Q,R,QN ≻ 0 and (7.13) with ui = K(xi − xr
i ) + ur

i satisfies, for all i ≥ N , for

some β ≥ 0 and some (xN , x̄N) ∈ XN ,

∥xi − xr
i∥2

QN
− ∥xi+1 − xr

i+1∥2
QN
≥ ∥xi − xr

i∥2
Q + ∥ui − ur

i∥2
R − β, ∀xi ∈ X(xN , x̄N).

The uncertainty in the future disturbance sequence implies that future state

trajectories generated by (7.13) for a given control sequence or control law are

uncertain. Therefore, although a convex successive optimisation approach can again

be used to define an MPC law, the optimal tube bounding the predicted model
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states cannot converge to a single trajectory as in the nominal case considered

in Section 7.3.3. In addition, the seed trajectory used to define a linear model

approximation in the disturbance-free case must be replaced by a tube.

7.3.5 Proposed robust control law

Recursive feasibility requires that a feasible seed tube be constructed at each

iteration, guaranteeing that the state and control constraints are satisfied under all

possible realisations of the disturbance input in (7.13). Given an initial state x0|i

and perturbation sequence c0
i , we propose the method summarised in Algorithm 3

for constructing a linear model approximation and a seed tube

X0
i := {X0

0|i, . . . , X
0
N |i} where X0

k|i = {x : xk|i ≤ x ≤ x̄k|i}. (7.14)

The linearisation points, denoted (x0
k|i,j, u

0
k|i,j), are computed for each component,

[f ]j, j = 1, . . . , nx, of f , via

x0
k|i,j = arg min

x∈X0
k|i

[f(x,Kx+ c0
k|i)]j (7.15)

and u0
k|i,j = Kx0

k|i,j +c0
k|i. We show in Section 7.3.6 that this choice ensures recursive

feasibility. The seed tube is computed using elementwise bounds, for j = 1, . . . , nx,

[x̄k+1|i]j = max
x∈X0

k|i

[f(x,Kx+ c0
k|i)]j + [w̄]j (7.16)

[xk+1|i]j = [f(x0
k|i,j, u

0
k|i,j)]j + [w]j (7.17)

where [w̄]j = max
w∈W

[w]j, [w]j = min
w∈W

[w]j.

Note that the minimisation in (7.15) is a convex problem, and the maximisation in

(7.16) can be performed as a maximisation over the vertices of X0
k|i, each of which

is a known linear function of xk|i, x̄k|i.

The linear model approximation computed using Algorithm 3 can be used to

formulate the following robust RHOCP.

REcMPC : (c∗
i ,X∗

i ) := argmin
ci,Xi

JREcMPC(ci,Xi, c0
i )

subject to, for k = 0, . . . , N − 1 :
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Xk|i ⊆ X (7.18a)

KXk|i ⊕ {ck|i + c0
k|i} ⊆ U , (7.18b)

[x̄k+1|i]j ≥ [f(x,Kx+ ck|i + c0
k|i)]j + [w̄]j

[xk+1|i]j ≤ [f(x0
k|i,j, u

0
k|i,j)]j + [Ak|i +Bk|iK]j(x− x0

k|i,j) + [Bk|i]jck|i + [w]j

for all x ∈ Xk|i, j = 1, . . . , nx (7.18c)

X0|i = {xi} (7.18d)

XN |i ⊆ XN (7.18e)

with JREcMPC(ci,Xi, c0
i ) := max

xN|i∈XN|i
∥xN |i − xr

N+i∥2
QN

+
N−1∑
k=0

max
xk|i∈Xk|i

[
∥xk|i − xr

k+i∥2
Q + ∥Kxk|i + ck|i + c0

k|i − ur
k+i∥2

R

]
.

(7.18f)

The constraints in (7.18c) can be imposed for all x ∈ Xk|i by replacing x with the

2nx vertices of Xk|i, which are linear functions of the optimisation variables xk|i, x̄k|i.

Hence, the REcMPC RHOCP can be expressed as a convex program similar to the

cMPC RHOCP for the nominal case.

Algorithm 3: Seed tube and linearisation for the REcMPC approach
Require : Initial state xi and seed c0

i

1 Set x̄0|i = x0|i = xi so that X0
0|i ← {xi};

2 for k = 0, . . . , N − 1 do
3 for j = 1, . . . , nx do
4 Solve problem (7.15) for x0

k|i,j and u0
k|i,j = Kx0

k|i,j + c0
k|i;

5 Compute [Ak|i]j = ∂[f ]j
∂x

∣∣∣
(x0

k|i,j
,u0

k|i,j
)

and [Bk|i]j = ∂[f ]j
∂u

∣∣∣
(x0

k|i,j
,u0

k|i,j
)
;

6 Solve (7.16)-(7.17) for [x̄k+1|i]j, [xk+1|i]j;
7 Set X0

k+1|i ← {x : xk+1|i ≤ x ≤ x̄k+1|i};

Remark 7.3.6. The feedback law Kxk|i +ck|i +c0
k|i can be interpreted as a controller

of the form Ksk|i + ck|i + v0
k|i, where sk|i = xk|i − x̂k|i, v0

k|i = Kx̂k|i + c0
k|i, and x̂k|i is

a point in X0
k|i such as the Chebyshev centre of X0

k|i, for example. However, this

equivalent formulation would require the additional unnecessary computation of x̂k|i

for k = 0, . . . , N .

The robust EcMPC strategy is presented in Algorithm 4. The initial seed c0
0 can be

computed similarly to the initialisation of Algorithm 2. Starting with x0 := xr
N and
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c0
0 := {ur

N −Kxr
N , . . . , u

r
2N−1 −Kxr

2N−1}, the tube X0
0 generated by Algorithm 3

satisfies X0
k|i ⊆ XN for all k (by Assumption 7.3.4), and hence (7.18a)-(7.18c) and

(7.18e) are feasible with this choice and (c0,X0) = (0,X0
0). To generate a feasible

initial seed for Algorithm 4, we perform the iteration in lines 2-5 of Algorithm 4,

with line 4 replaced by the minimisation of ∥xinit − x0∥ over variables (c0,X0) and

x0 subject to (7.18a)-(7.18c), X0
0|0 = {x0} and (7.18e), with x0 ← x∗

0, c0
0 ← c∗

0 + c0
0

in line 5. This converges either to a feasible c0
0 with x∗

0 = xinit, or to a non-zero value

of ∥xinit − x∗
0∥ (in which case the constraints should be relaxed, e.g. by increasing

N or enlarging XN).

Algorithm 4: REcMPC
Offline : Determine K, QN , XN , and initial seed c0

0 with which Algorithm 3
generates a tube X0

0 such that (c0,X0) = (0,X0
0) satisfies

(7.18a)-(7.18e) with x0 = xinit
Online : At each discrete time step i = 0, 1, . . .:

1 Obtain xi and set the iteration counter n← 1;
2 while n ≤ maxiters and ∥c∗

i ∥ ≥ tol do
3 Compute (x0

k|i,j, u
0
k|i,j), j = 1, . . . , nx and Ak|i, Bk|i for k = 0, . . . , N − 1

using Algorithm 3;
4 Solve REcMPC RHOCP to obtain (c∗

i ,X∗
i );

5 Update the seed: c0
i ← c∗

i + c0
i , n← n+ 1;

6 Implement ui ← Kxi + c0
0|i and set c0

i+1 ← {c0
1|i, . . . , c

0
N−1|i, u

r
N+i −Kxr

N+i}

Remark 7.3.7. If W = {0}, then (x0
k|i,j, u

0
k|i,j) = (x0

k|i,1, u
0
k|i,1) for all j = 2, . . . , nx,

so at each time step k all linearisation points are identical. In this case, the tube

X∗
i generated by Algorithm 4 contains a single trajectory, which is identical to x∗

i at

each iteration of Algorithm 2. Thus, Algorithm 2 is a special case of Algorithm 4

when disturbances are absent.

Various methods are available for computing a robustly invariant terminal set XN

and a terminal weighting matrix QN satisfying the conditions of Assumption 7.3.4.

We refer the reader to [2, 217] for example.

Remark 7.3.8. Analogously to the disturbance-free case in Remark 7.3.2, Assump-

tion 7.3.2 can be relaxed to consider DC functions f(x, u) = g(x, u)−h(x, u), where

g, h : X × U → Rnx are differentiable and componentwise convex on the convex sets
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X ,U . In this case Algorithms 3 and 4 can still be used, with (7.16), (7.17) in step

4 of Algorithm 3 replaced by:

[x̄k+1|i]j = max
x∈X0

k|i

(
[f(x0

k|i,j, u
0
k|i,j)]j + [Ak|i+Bk|iK]j(x− x0

k|i,j) + [Bk|i]jck|i

+ [eg
k|i(xk|i,j, uk|i,j)]j

)
+ [w̄]j

[xk+1|i]j = min
x∈X0

k|i

(
[f(x0

k|i,j, u
0
k|i,j)]j + [Ak|i+Bk|iK]j(x− x0

k|i,j) + [Bk|i]jck|i

− [eh
k|i(xk|i,j, uk|i,j)]j

)
+ [w]j

and with constraints (7.18c) in the REcMPC RHOCP replaced by

[x̄k+1|i]j ≥[f(x0
k|i,j, u

0
k|i,j)]j + [Ak|i+Bk|iK]j(x− x0

k|i,j)+ (7.19)

[Bk|i]jck|i + [w̄]j + [eg
k|i(xk|i,j, uk|i,j)]j,

[xk+1|i]j ≤[f(x0
k|i,j, u

0
k|i,j)]j + [Ak|i+Bk|iK]j(x− x0

k|i,j)+ (7.20)

[Bk|i]jck|i + [w]j − [eh
k|i(xk|i,j, uk|i,j)]j.

Remark 7.3.9. Similarly to the nominal approach, the REcMPC RHOCP can be

implemented by replacing x in (7.18c) by each of the vertices of the set Xk|i. If

Xk|i is defined by the elementwise bounds in (7.14), then the number of constraints

will grow exponentially with the state dimension nx. However, this exponential

growth can be avoided if Xi is defined instead as a homothetic tube, as discussed in

Remark 7.4.4.

7.3.6 Robust feasibility and stability guarantees

This section shows that, given an initial perturbation sequence c0
0 such that

Algorithm 3 with x0 = xinit generates a feasible tube, the REcMPC RHOCP

remains feasible at each iteration of Algorithm 4 and each discrete time step. We

also show that the optimal objective of the REcMPC RHOCP is non-increasing,

and therefore, the iteration of Algorithm 4 converges, and the MPC law provides a

robust quadratic stability guarantee for any chosen limit on the number of iterations

satisfying maxiters ≥ 1.
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To make notation more precise, at the ith time step and nth iteration of Algorithm 4

we denote the seed trajectory as c0,n
i and the tube generated by Algorithm 3 with

c0
i = c0,n

i as X0,n
i . Similarly, we denote the solution of the REcMPC RHOCP in line 4

as (c∗,n
i ,X∗,n

i ), and the optimal objective as J∗,n
REcMPC,i = JREcMPC(c∗,n

i ,X∗,n
i , c0,n

i ).

First note that the tubes X0,n
i and X∗,n

i generated by Algorithms 3 and 4 necessarily

contain all trajectories of (7.13) with initial condition x0|i = xi under the control

laws uk|i = Kxk|i + c0,n
k|i and uk|i = Kxk|i + c∗,n

k|i respectively. This follows from the

convexity of f (Assumption 7.3.2), and from the definition of X0,n
k+1|i in (7.16)-(7.17),

and the constraints on X∗,n
i+1|k in (7.18c), which imply

f(x,Kx+ c0,n
k|i ) + w ∈ X0,n

k+1|i ∀x ∈ X
0,n
k|i , (7.21)

f(x,Kx+ c∗,n
k|i ) + w ∈ X∗,n

k+1|i ∀x ∈ X
∗,n
k|i , (7.22)

for all w ∈ W, k = 0, . . . , N − 1 and i ≥ 0, where c0,n
i = {c0,n

0|i , . . . , c
0,n
N−1|i} and

c∗,n
i = {c∗,n

0|i , . . . , c
∗,n
N−1|i}. The recursive feasibility of Algorithm 4 is a consequence

of the following properties of the sets X0,n
i|k , X∗,n

i|k .

Lemma 7.3.2. For all i ≥ 0 and n = 1, . . . ni we have

if X0,n+1
k|i ⊆ X∗,n

k|i then X0,n+1
k+1|i ⊆ X∗,n

k+1|i, (7.23a)

if X0,1
k|i+1 ⊆ X∗,ni

k+1|i then X0,1
k+1|i+1 ⊆ X∗,ni

k+2|i, (7.23b)

if X0,1
N−1|i+1 ⊆ X∗,ni

N |i then X0,1
N |i+1 ⊆ XN , (7.23c)

where (7.23a) holds for k = 0, . . . , N − 1, (7.23b) holds for k = 0, . . . , N − 2, and

ni is the final iteration at time i.

Proof. Condition (7.23a) follows from the definition of the linearisation points in

(7.15), which implies

[f(x0,n+1
k|i,j , u0,n+1

k|i,j )]j = min
x∈X0,n+1

k|i

[f(x,Kx+ c0,n+1
k|i )]j (7.24a)

≥ min
x∈X∗,n

k|i

[f(x,Kx+ c0,n+1
k|i )]j (7.24b)

≥ min
x∈X∗,n

k|i

{
[f(x0,n

k|i,j, u
0,n
k|i,j]j + [An

k|i]j(x− x
0,n
k|i,j) + [Bn

k|i]j(Kx+ c0,n+1
k|i − u0,n

k|i )
}

(7.24c)
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= min
x∈X∗,n

k|i

{
[f(x0,n

k|i,j, u
0,n
k|i,j]j +[An

k|i+Bn
k|iK]j(x−x0,n

k|i,j) + [Bn
k|i]jc

∗,n
k|i

}
(7.24d)

where (7.24b) holds if X0,n+1
k|i ⊆ X∗,n

k|i , (7.24c) is due to the convexity of f , and

(7.24d) follows from u0,n
k|i = Kx0,n

k|i + c0,n
k|i and c0,n+1

k|i = c∗,n
k|i + c0,n

k|i . Therefore, from

(7.18c) we obtain

x0,n+1
k+1|i ≥ x∗,n

k+1|i.

Similarly, if X0,n+1
k|i ⊆ X∗,n

k|i , then

max
x∈X0,n+1

k|i

[f(x,Kx+c0,n+1
k|i ]j ≤ max

x∈X∗,n
k|i

[f(x,Kx+c0,n+1
k|i ]j = max

x∈X∗,n
k|i

[f(x,Kx+c∗,n
k|i + c0,n

k|i ]j

and hence

x̄0,n+1
k+1|i ≤ x̄∗,n

k+1|i

by (7.16) and (7.18c), which demonstrates (7.23a). Conditions (7.23b) and (7.23c)

follow from the c0
i+1 update in line 6 of Algorithm 4, which implies c0,1

k|i+1 =

c∗,ni

k+1|i + c0,ni

k+1|i, k = 0, . . . , N − 2, and c0,1
N−1|i+1 = ur

N+i−Kxr
N+i. Hence (7.23b) can

be shown analogously to (7.23a), and (7.23c) holds because X∗,ni

N |i ⊆ XN by (7.18e)

and XN satisfies Assumption 7.3.4.

Theorem 7.3.5 (Recursive feasibility). If Assumptions 7.3.2 and 7.3.4 hold, and

if c0,X0 exist satisfying (7.18a)-(7.18e) with the initial seed c0
0, then the REcMPC

RHOCP is feasible at each iteration of Algorithm 4, for all times i ≥ 0.

Proof. If, at time i and iteration n the REcMPC RHOCP in line 4 of Algorithm 4

has solution (c∗,n
i ,X∗,n

i ), then (ci,Xi)=(0,X0,n+1
i ) is a feasible solution at iteration

n+1 by Lemma 7.3.2 since X0,n+1
0|i ={xi}=X∗,n

0|i . Similarly, Lemma 7.3.2 implies

that if (c∗,ni
i ,X∗,ni

i ) is the solution of the REcMPC RHOCP at the final iteration

performed at time i, then (ci+1,Xi+1)=(0,X0,1
i+1) is a feasible solution at the first

iteration at time i + 1 since X0,1
0|i+1 = {xi+1} ⊆ X∗,ni

0|i . Furthermore, feasibility of

(7.18a)-(7.18e) with the initial seed c0
0 ensures feasibility of REcMPC RHOCP at

the first iteration at i = 0, thus ensuring feasibility at all iterations and all time

steps.
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Lemma 7.3.3. For all i ≥ 0 and n ≥ 1 the optimal cost satisfies J∗,n+1
REcMPC,i ≤

J∗,n
REcMPC,i.

Proof. Lemma 7.3.2 implies that (ci,Xi) = (0,X0,n+1
i ) is a feasible solution of the

REcMPC RHOCP at iteration n+ 1. Therefore, the optimal solution at iteration

n+ 1 satisfies J∗,n+1
REcMPC,i ≤ JREcMPC(0,X0,n+1

i , c0,n+1
i ). But from Lemma 7.3.2 we

also have X0,n+1
k|i ⊆ X∗,n

k|i for k = 0, . . . , N , and the definition of the cost in (7.18f)

therefore implies JREcMPC(0,X0,n+1
i , c∗,n

i ) ≤ J∗,n
REcMPC,i.

Remark 7.3.10. Since J∗,n
REcMP C,i ≥ 0, Lemma 7.3.3 implies that, in the ideal case

of unlimited iterations, the optimal REcMPC cost in line 4 of Algorithm 4 converges

to a finite limit as n → ∞. As in the nominal case, it follows that c∗,n
i → 0 as

n→∞. In this case, however, the seed tube X0,n
i generated by Algorithm 3 will in

general contain more than a single trajectory at all iterations n ≥ 1, and hence X0,n
i

does not converge to a single trajectory.

Theorem 7.3.6. If Assumptions 7.3.2 and 7.3.4 hold and the offline computation of

Algorithm 4 is feasible, then the closed loop system formed by (7.13) and Algorithm 4

satisfies the state and input constraints (7.5) and the quadratic stability condition:

lim
t→∞

1
t

t−1∑
i=0

(∥xi − xr
i∥2

Q + ∥ui − ur
i∥2

R) ≤ β (7.25)

where β satisfies Assumption 7.3.4(d).

Proof. By Lemma 7.3.2 and Theorem 7.3.5, (ci+1,Xi+1) = (0,X0,1
i+1) is a feasible

solution for REcMPC RHOCP at iteration one of Algorithm 4 at time i+1, thus

J∗,1
REcMPC,i+1 ≤ JREcMPC(0,X0,1

i+1, c
0,1
i+1)

≤ JREcMPC(c∗,ni
i ,X∗,ni

i , c0,ni
i )− ∥xi − xr

i∥2
Q − ∥ui − ur

i∥2
i + β,

where the definition of c0,1
i+1 in line 6 and the inequality in Assumption 7.3.4(d) have

been used. But Lemma 7.3.3 implies J∗,ni+1
REcMPC,i+1 ≤ J∗,1

REcMPC,i+1 and hence

J
∗,ni+1
REcMPC,i+1 ≤ J∗,ni

REcMPC,i − ∥xi − xr
i∥2

Q − ∥ui − ur
i∥2

i + β. (7.26)
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The bound (7.25) follows by summing both sides of (7.26) over i = 0, . . . , t− 1 and

noting that J∗,ni
RcMPC,i is finite for all i since X , U are compact and the REcMPC

RHOCP is feasible.

Remark 7.3.11. If Assumption 7.3.4 reduces to Assumption 7.3.1 in the absence

of disturbances (i.e. if β → 0 as W → {0}), then the origin (x − xr = 0) of the

closed loop system of (7.13) with Algorithm 4 is input-to-state stable (ISS) [218],

since (7.26) and Assumption 7.3.4(d) imply J∗,ni
RcMPC,i is an ISS Lyapunov function.

7.3.7 Numerical examples

This section presents numerical results obtained by applying the nominal EcMPC

(Algorithm 2) and robust REcMPC (Algorithm 4) strategies to two example

problems. In each case, the algorithms are implemented in Python, using CVXPY

[179] and MOSEK [180] for convex optimisation problems, and using the SciPy

SLSQP algorithm [147] for comparisons with a general nonlinear programming

solver. Unless stated otherwise maxiters = 3, tol = 10−6 and MPC simulations are

terminated when ∥xN |i∥2 reaches 10−4 (Example 6) or 10−6 (Example 2).

Example 6: First we consider a system with model

ẋ1(t) = x2(t) + w1(t)

ẋ2(t) = 0.2e−x1(t) − x2(t) + u1(t)− 0.2 + w2(t).

and cost weights Q = diag{1, 1}, R = 1, and initial condition x1(0) = 5, x2(0) = 10.

Forward Euler discretisation is used with discrete time step ∆t = 8× 10−3s, and the

prediction horizon is N = 25. The reference trajectory is chosen as xr
i = 0, ur

i = 0

for all i, and the system constraints are |x1(t)| ≤ 10, |x2(t)| ≤ 10, |u1(t)| ≤ 150 at

all discrete times t = i∆t, i = 0, 1, . . ..

Figure 7.2: Example 2: FPUT system with two unit masses with coordinates q1, q2, and
control forces u1, u2 applied directly to each mass.
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Example 2: Applying a change of coordinates to the FPUT system from Section

4.3 with two point masses (Figure 7.2), we obtain a convex model formulation:

ẋ1(t) = x3(t) + w1(t)

ẋ2(t) = x4(t) + w2(t)

ẋ3(t) = −η2

2

(
x2(t) + x1(t)

)
+ 3x1(t)2 + u1(t) + w3(t)

ẋ4(t) = −η2

2

(
x2(t) + x1(t)

)
+ 3x2(t)2 + u2(t) + w4(t).

Forward Euler discretisation with ∆t = 10−2s and a prediction horizon N = 25 are

used. The model and optimisation parameters are η = 50, xr
i = 0, ur

i = 0 for all

i, Q = diag{0.01, 0.01, 0.01, 0.01}, R = diag{0.01, 0.01}, |x1(t)| ≤ 10, |x2(t)| ≤ 10,

|x3(t)| ≤ 10, |x4(t)| ≤ 10, |u1(t)| ≤ 33, |u2(t)| ≤ 33 for t = i∆t, for all i = 0, 1, . . .,[
x1(0)
x2(0)

]
= E

[
1
1

]
,

[
x3(0)
x4(0)

]
= E

[
1/η
1

]
, E = 1√

2

[
−1 1
1 1

]
.

Nominal EcMPC

The performance of the nominal EcMPC strategy (Algorithm 2) described in Section

7.3.2 was investigated by setting w1(t) = w2(t) = 0 and w3(t) = w4(t) = 0 for

all t in Examples 6 and 2. The initial seed was obtained using the initialisation

strategy described in Section 7.3.2. Figure 7.3 shows the predicted trajectories

obtained by applying Algorithm 2 to both example problems. As expected from

Lemma 7.3.1 and Theorem 7.3.2, the optimal predicted cost is non-increasing at

successive iterations and discrete time steps, and c∗
i converges to 0. This is shown

in Figure 7.4 for Example 2. The convergence of the tube to a single trajectory

(Theorem 7.3.2 and Remark 7.3.4) is illustrated in Figure 7.5 for Example 6. The

iteration clearly converges rapidly (S∗
0 is already difficult to see at the second

iteration), and the tube at iteration n contains the seed trajectory updated for

iteration n+ 1 via line 6 of Algorithm 2, as expected from Theorem 7.3.1.

Timing tests were conducted by comparing the CVXPY implementation of Algo-

rithm 2 to a receding horizon strategy that solves the EnMPC RHOCP at each

time step using the scipy.optimize library and its SLSQP solver. The EcMPC
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Figure 7.3: Closed loop trajectories with EcMPC (Algorithm 2) for Example 6 (left
plot) and Example 2 (right plot)
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Figure 7.4: Example 2: Convergence of the optimal const (upper plot) and ∥c∗
i ∥ (lower

plot) for EcMPC at successive iterations and time steps

RHOCP in line 4 of Algorithm 2 is implemented using the parameters functionality

of the CVXPY library and is thus pre-compiled offline. The solver timings were

tested both with and without pre-compilation using the jit functionality of the

JAX library [219]. For the CVXPY algorithm jit is used to speed up lines 3 and

6, whereas for scipy.optimize it is used to pre-compile the constraints, constraint

Jacobians, cost function and cost gradient. Results obtained using a i7-10700 CPU

at 2.90GHz are shown in Table 7.1, where nv, nc, np are the number of variables,

constraints and parameters respectively, J∗
0 is the optimal cost at i = 0 and Jcl

is the cost evaluated using closed loop system responses. For Example 6 with

standard implementation at i = 0 Algorithm 2 requires only 1.71% and 3.69%. of
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Figure 7.5: Example 6: Seed trajectories and tubes (x0
i|k and x0

i|k ⊕ S∗
i|k) for EcMPC at

iterations n = 1, 2, 3 at time i = 0.

so
lve

r

m
ax

ite
rs

time total total total

J∗
0 Jcl

nv nc np for time time time
iter 1 at at at
i = 0 i = 0 i = 1 i = 2

Ex
am

pl
e

6

CVXPY 1

180 510 277

0.038 0.229 0.053 0.055 132297 80588
CVXPY 3 0.039 0.331 0.168 0.154 121999 80152
CVXPY 5 0.040 0.494 0.258 0.262 121932 80138
CVXPY + jit 1 0.040 0.255 0.039 0.057 132297 80588
CVXPY + jit 3 0.039 0.292 0.124 0.122 121999 80152
CVXPY + jit 5 0.041 0.391 0.204 0.191 121932 80137
NLP - 77 355 - - 13.401 17.881 12.828 121782 77340
NLP+jit - - 1.547 1.562 1.507 121782 77340

Ex
am

pl
e

2

CVXPY 1

309 2034 854

0.970 1.284 0.192 0.192 386.77 198.85
CVXPY 3 0.902 2.056 0.634 0.629 389.27 198.80
CVXPY + jit 1 0.992 1.259 0.167 0.152 389.77 198.85
CVXPY + jit 3 0.974 1.608 0.447 0.459 389.27 198.80
NLP - 154 709 - - 31.602 34.365 37.811 389.27 198.80
NLP+jit - - 2.375 2.099 2.060 389.27 198.80

Table 7.1: Comparison of solution times and optimal costs.

the EnMPC solution time for maxiters = 1 and 5 respectively. Even when special

just-in-time compilation with jit is used to speed up both EcMPC and EnMPC,

Algorithm 2 still presents great improvement requiring 16.48% and 25.27% of the

EnMPC solution time for maxiters = 1 and 5 respectively. This percentage reduces

to 2.50% and 13.06% at i = 1. For Example 2, we have a larger state space and

hence more constraints in the EcMPC RHOCP. Despite this, we see that for i = 0
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Figure 7.6: Closed-loop state trajectories with REcMPC for Example 6 (left plot) and
Example 2 (right plot)
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Figure 7.8: Convergence of the REcMPC optimal cost and control perturbation sequence
norm ∥c∗

i ∥ for Example 6 (left plot) and Example 2 (right plot)

Algorithm 2 requires 53.01% and 67.71% of the NLP solution time with jit for both

approaches and 4.06% and 6.51% without jit, for maxiters = 1 and 3 respectively.

Again, for i > 0, these percentages reduce significantly further. Furthermore, as

maxiters increases the optimal EcMPC RHOCP cost decreases and converges to

the optimal EnMPC RHOCP cost, which is consistent with Theorem 7.3.3.
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Robust EcMPC (REcMPC)

The performance of RcMPC (Algorithm 4) presented in Section 7.3.4 was investi-

gated using Examples 1 and 2 with non-zero disturbance bounds of |wj(t)|≤0.02,

j= 1, 2, and |wj(t)| ≤ 10−4, j= 1, 2, 3, 4 respectively, for all t. All other RHOCP

parameters remain the same for Example 6 and Example 2 except in the former

|x1(t)| ≤ 20, j = 1, 2, x(0) = [6.2, 10]⊺ and in the latter the horizon is shortened

to N = 10, Q = 10−4diag{1, 1, 1, 1}, R = 10−4diag{1, 1} and the constraints are

relaxed to |xj(t)|≤20, j=1, 2, 3, 4 and |uj(t)| ≤ 250, j=1, 2, for all t. The initial

seed in both examples was obtained using the initialization strategy described in

Section 7.3.4.

Figure 7.6 (left) shows the closed loop trajectories for RcMPC applied to Example 6

with state x2 reaching a minimum value of −19.980, thus robustly satisfying the

constraints. Figure 7.7 shows that, in agreement with Theorem 7.3.5, the seed

tube X0,1
1 computed at the first iteration at time i = 1 is contained within the

optimal tube X∗,3
0 computed at the final iteration for i = 0. Figure 7.8 demonstrates

that, for any time step i, the optimal cost decreases at successive iterations and

the perturbation sequence c∗
i converges to a value close to zero, as expected from

Lemma 7.3.3 and Remark 7.3.10. Note that, although this control perturbation

converges to zero during the convex program iteration at each horizon time step,

there is no guarantee that this perturbation will be smaller at the start of the

iteration with each horizon time step i. Thus, ∥c∗
i ∥ ̸→ 0 as i→∞ in Figure 7.8.

7.4 Technique for implicit system models

In this section, we aim to formulate the proposed successive convexification approach

for a more generalised systems’ description with implicit models. This enables

the use of more complex discretisation schemes, as well as the application of the

approach to examples with equations of motion in differential-algebraic form (such

as multibody systems with kinematic constraints, for example).
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7.4.1 Problem formulation

Consider a nonlinear system with state x(t) ∈ Rnx , control input u(t) ∈ Rnu and

continuous model of the form

f(ẋ, x, u) = 0 (7.27)

where f is differentiable for all (ẋ, x, u) in the operating region Rnx ×X × U and

componentwise convex with respect to ẋ, x and u.

Assumption 7.4.1. We assume a discrete-time model can be created of the form

g(xi+1, xi, ui) = 0 (7.28)

such that g is differentiable for all (xi+1, xi, ui) in the operating region X × X × U

and convexity is preserved, i.e. the elements of g(·) are convex with respect to all

xi+1 ∈ X , xi ∈ X and ui ∈ U . We further assume the discrete time step is chosen

to guarantee g(·) is locally Lipshitz.

We again pose the problem of optimally controlling this system’s trajectory x :

{x0, x1, ...}, u : {u0, u1, ...} to track a given state and input reference trajectory

xr : {xr
0, x

r
1, ...}, ur : {ur

0, u
r
1, ...} where g(xr

i+1, x
r
i , u

r
i ) = 0 for all i ≥ 0 subject to a

quadratic objective (7.3) and additional initial and polytopic constraints of the form

x0 = xinit and (7.5). To solve this problem, we again propose an MPC approach for

which a standard RHOCP can take the form

InMPC RHOCP: u∗
i = arg minxi,ui

JInMPC(xi,ui) (7.29b)

subject to:

x0|i = xi (7.29c)

xk|i ∈ X , uk|i ∈ U for k = 0, ..., N − 1 (7.29d)

g(xk+1|i, xk|i, uk|i) = 0 for k = 0, ..., N − 1 (7.29e)

xN |i ∈ XN ⊆ X (7.29f)

where JInMPC(xi,ui) =
N−1∑
k=0

(
∥xk|i − xr

k|i∥2
Q + ∥uk|i − ur

k|i∥2
R

)
+ ∥xN |i − xr

N |i∥2
QN .

We also make similar assumptions to the explicit nominal case:
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Assumption 7.4.2. We assume the state xi can be measured at each discrete time

step i, the reference trajectory (xr
i , u

r
i ) satisfies (7.29c)-(7.29f) for all i, and Q and

R are positive definite. We further assume the prediction horizon N , the terminal

weight matrix QN and the terminal set XN are chosen such that there exists a

feedback gain K for which the set XN is positively invariant for the system (7.28)

under the control law ui = K(xi − xr
i ) + ur

i ∈ U , and for all xN ∈ XN

∞∑
i=N

(∥xi − xr
i∥2

Q + ∥ui − ur
i∥2

R) ≤ ∥xN − xr
N∥2

QN
. (7.30)

At each discrete time step i, the implicit model nonlinear MPC (InMPC) RHOCP

could be solved online to obtain an optimal control sequence u∗
i :{u0|i, u1|i, . . . , uN−1|i}

and the first element of the sequence ui = u0|i can be applied. At the next step, the

current state xi+1 could be measured or estimated. Based on this updated state, a

new InMPC RHOCP could be formulated, and the process repeated. However, in

this form (7.29), the InMPC RHOCP is a nonlinear program. Thus, one cannot

guarantee that it will indeed be solved within a single discrete time step, leading

to loss of feasibility and stability guarantees. To address this problem, we again

propose to reformulate the RHOCP using a successive linearisation approach. The

proposed approach is an extension of REcMPC, now applicable for implicit system

models and thus a wider variety of systems. In fact, REcMPC can be seen as a

special case of the approach proposed in this section.

7.4.2 Proposed nominal control law

Given a prior pair of state and control trajectories x0
i : {x0

0|i, x
0
1|i, . . . , x

0
N |i} and

u0
i : {u0

0|i, u
0
1|i, . . . , u

0
N−1|i} using Taylor series the discrete-time dynamics of the

system can be linearised as follows :

g(xk+1|i, xk|i, uk|i)=g(x0
k+1|i, x

0
k|i, u

0
k|i)+Ck|isk+1|i+Dk|isk|i+Ek|ivk|i+e(xk+1|i, xk|i, uk|i)

(7.31a)
where sk|i = xk|i − x0

k|i, vk|i = uk|i − u0
k|i, (7.31b)

Ck|i = ∂g

∂xk+1|i
|(x0

k+1|i,x
0
k|i,u

0
k|i)
, Dk|i =

∂g

∂xk|i
|(x0

k+1|i,x
0
k|i,u

0
k|i)

Ek|i =
∂g

∂uk|i
|(x0

k+1|i,x
0
k|i,u

0
k|i)
.

(7.31c)
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Assumption 7.4.3. The initial seed trajectory (x0,u0) is a feasible (but potentially

suboptimal) for constraints (7.29c)-(7.29f).

Remark 7.4.1. Due to the convexity of g it is known that e(xk+1|i, xk|i, uk|i) is

also componentwise convex in xk+1|i, xk|i, uk|i and e(xk+1|i, xk, uk) ≥ 0. Therefore

Assumption 7.4.3 (g(x0
k+1, x

0
k, u

0
k) = 0) and Equation (7.31a) imply

Cksk+1|i+Dk|isk|i+Ek|ivk|i ≥ 0⇒ g(xk+1|i, xk|i, uk|i) ≥ 0.

Based on this linearisation, we can define perturbation sets based on their vertices

Sk|i = Co{sm
k|i,m = 1, ..., nv}, S−

k|i = Co{s−,m
k|i ,m = 1, ..., nv}, S+

k|i = Co{s+,m
k|i ,m =

1, ..., nv} and formulate a convex program:

IcMPC RHOCP : (c∗
i ,S∗

i ,S
+,∗
i ,S−,∗

i ) = arg min
ci, S+

i , S−
i ,Si

JIcMPC(ci,Si,x0
i ,u0

i )

subject to:

S0|i = {0} (7.32a)

Sk|i ⊕ {x0
k|i} ⊆ X , for k = 1, ...N − 1 (7.32b)

S+
k|i ⊆ Sk|i, S−

k|i ⊆ Sk|i, for k = 1, ..., N (7.32d)

SN |i ⊕ {x0
N |i} ⊆ XN (7.32e)

Ksk|i + ck|i + u0
k|i ∈ U ∀sk|i ∈ Sk|i, k = 0, ..., N − 1 (7.32f )

g(x0
k+1|i + s−

k+1|i, x
0
k|i + sk|i, Ksk|i + ck|i + u0

k|i) ≤ 0

Ck|is
+
k+1|i + (Dk|i + Ek|iK)sk|i + Ek|ick|i ≥ 0

for ∀sk|i ∈ Sk|i,∀s+
k+1|i ∈ S

+
k+1|i,∀s

−
k+1|i ∈ S

−
k+1|i and k = 0, ...N − 1 (7.32g)

where ⊕ is the Minkowski sum, S+
i = {S+

1|i, . . . , S
+
N |i}, S−

i = {S−
1|i, . . . , S

−
N |i}, Si =

{S0|i, . . . , SN |i} ∈ SN+1,

JIcMPC(ci,Si,x0
i ,u0

i ) =
N−1∑
k=0

(
max

sk|i∈Sk|i
∥x0

k|i+sk|i−xr
k|i∥2

Q

+ max
sk|i∈Sk|i

∥uk|i−ur
k|i∥2

R

)
+ max

sN|i∈SN|i
∥x0

N |i+sN |i−xr
N |i∥2

QN

and a dual mode prediction strategy of the form

uk|i = u0
k|i + vk|i = u0

k|i +Ksk|i + ck|i for k = 0, ...N − 1
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has been used shifting the optimisation from the sequence ui to the sequence

ci : {c0|i, ...., cN−1|i}. In Equation (7.31c) sk and vk can be viewed as perturbations

from the original trajectory x0 and control sequence u0, respectively. Thus the

sets sequence Si ⊕ xi = {S0|i ⊕ {x0
0|i}, . . . , SN |i ⊕ {x0

N |i}} can be viewed as a tube

containing all possible system trajectories corresponding to the sequence ci.

Remark 7.4.2. In comparison to the explicit model formulation in Section 7.3, the

use of implicit models dictates that additional sets S+
k|i, S

−
k|i have to be defined because

implementing both constraints in (7.32g) for a single set Sk|i would only be satisfied

for a single-trajectory tube (Sk|i = {0} for all k). In Section 7.4.3 we guarantee

that the tube obtained with the proposed formulation (Sk|i ⊇ Co{s−,m
k|i , s

+,m
k|i ,m =

1, ..., nv}) contains the feasible solutions of the original NLP (7.29b)-(7.29f).

Using the convex RHOCP formulation for implicit models (IcMPC RHOCP), a

receding horizon strategy can be formulated as described in Algorithm 5, which

optimises both the tube cross sections and control sequences online. As we will prove

in the next section, the iterations performed at each discrete time step i converge to

a local minimum of the original InMPC RHOCP, eliminating the conservativeness

and suboptimality presented by other tube-based approaches. We also show that the

iteration can be terminated early without loss of recursive feasibility and stability.

Remark 7.4.3. The initial seed trajectory can be obtained by reformulating the

IcMPC RHOCP in a strategy analogous to the one outlined in Section 7.3. Similarly

to EcMPC, the constraints and cost can be expressed as a maximisation over the

vertices of Si,S+
i ,S−

i , allowing the cost to be reformulated to a linear objective with

an additional second-order cone constraint on the vertices of Si. The resulting

problem is convex and can thus be solved efficiently using a variety of solvers (see

for example [23]).

Remark 7.4.4. The representation of Si,S+
i ,S−

i causes exponential growth in the

number of variables and constraints in IcMPC RHOCP with the state dimension

nx. Alternatively, the use of homothetic sets, as described for EcMPC in Remark

7.4.4, allows the numbers of variables and constraints to depend linearly on nx and
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Algorithm 5: IcMPC
Offline : Determine K, QN , XN , and an initial seed trajectory (x0

0,u0
0)

satisfying (7.29c)-(7.29f) with x0 = xinit
Online : At each discrete time step i = 0, 1, . . .:

1 Obtain xi and set the iteration counter n← 1;
2 while n ≤ maxiters and ∥c∗

i ∥ ≥ tol do
3 Compute Ck|i, Dk|i, Ek|i for k = 0, . . . , N − 1 using (7.31c) and (x0

i ,u0
i );

4 Solve nominal RHOCP to obtain (c∗
i ,S∗

i ,S
+,∗
i ,S−,∗

i );
5 for k = 0, . . . , N − 1 do
6 Compute u∗

k|i = u0
k|i + c∗

k|i +K(x∗
k|i − x0

k|i) and g(x∗
k+1|i, x

∗
k|i, u

∗
k|i) = 0

with x∗
0|i = xi;

7 Update the seed: (x0
i ,u0

i )← (x∗
i ,u∗

i );
8 n← n+ 1;
9 Implement ui ← u∗

0|i;
10 Set u∗

N |i = K(x∗
N |i − xr

N+i) + ur
N+i and solve g(x∗

N+1|i, x
∗
N |i, u

∗
N |i) = 0 for x∗

N+1|i ;
11 Set u0

i+1 ← {u∗
1|i, . . . , u

∗
N−1|i, u

∗
N |i} x0

i+1 ← {x∗
1|i, . . . , x

∗
N |i, x

∗
N+1|i};

the chosen number of vertices of Si, respectively. In either case, a reduction in nx

allows for computational savings, and a method for achieving this is proposed in

Section 7.4.4.

Remark 7.4.5. In principle, the approach could be extended to include multirate

integrators, providing a scheme similar to the multirate variational MPC scheme

discussed in Chapter 6. Compared to that approach, this new multirate IcMPC

scheme would offer guarantees of non-conservativeness and allow for a later extension

to a robust formulation. However, while such a formulation would reduce the number

of constraints and optimisation variables in the RHOCP, it would also increase

the size of the state vector. As noted in Remark 7.4.4, the anticipated exponential

growth may thus render the multirate approach less computationally efficient than

the singlerate version, even for multirate systems. Nevertheless, the suggested

improvements in Remark 7.4.4 could address this issue and facilitate the development

of such multirate IcMPC formulation, as we plan to explore in future work.

7.4.3 Nominal feasibility and stability guarantees

In this section we demonstrate the recursive feasibility and stability of the proposed

approach. Additionally we prove that the iteration at each horizon time step i
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converges to a locally optimal solution of the original InMPC RHOCP.

First, we prove that for non-zero perturbations, the tube contains the original non-

linear system trajectory and converges to it when the iterations are not terminated

early. Let

Xk|i = Co{xm
k|i,m = 1, ..., nv} = {x0

k|i} ⊕ Sk|i,

X−
k|i = Co{x−,m

k|i ,m = 1, ..., nv} = {x0
k|i} ⊕ S−

k|i,

X+
k|i = Co{x+,m

k|i ,m = 1, ..., nv} = {x0
k|i} ⊕ S+

k|i.

Lemma 7.4.1. If Sk+1|i satisfies (7.32d) and s−,m
k+1|i, s

+,m
k+1|i satisfy (7.32g) for m =

1, ..., nv then there exists a xk+1|i ∈ Xk+1|i satisfying g(xk+1|i, xk|i, uk|i) = 0 for

∀xk|i ∈ Xk|i with uk|i = K(xk|i − x0
k|i) + ck|i + c0

k|i.

Proof. Constraints (7.32d) imply Sk|i ⊇ Co{s−,m
k|i , s

+,m
k|i ,m = 1, ..., nv}. Furthermore

let zλ = λzm + (1− λ)zv for λ ∈ [0, 1], m, v ∈ {1, ..., nv}. Then from Remark 7.4.1

g(x−,m
k+1|i, x

m
k|i, u

m
k|i) ≤ 0

g(x−,v
k+1|i, x

v
k|i, u

v
k|i) ≤ 0

⇒
g(x−,λ

k+1|i, x
λ
k|i, u

λ
k|i) ≤ 0

for any λ ∈ [0, 1]
Ck|is

+,m
k+1|i+Dk|is

m
k|i+Ek|i(um

k|i−u0
k|i) ≥ 0

Ck|is
+,v
k+1|i+Dk|is

v
k|i+Ek|i(uv

k|i−u0
k|i) ≥ 0

⇒ g(x+,λ
k+1|i, x

λ
k|i, u

λ
k|i) ≥ 0 for any λ ∈ [0, 1]

where um
k|i = K(xm

k|i−x0
k|i) + ck|i + c0

k|i, uv
k|i are defined similarly and xλ

k|i = sλ
k|i +x0

k|i.

Based on this and from setting Sk+1|i as the convex hull of its vertices it follows

that there exists sλ
k+1|i ∈ Co{s

−,λ
k+1|i, s

+,λ
k+1|i} ⊆ Sk+1|i satisfying g(xλ

k+1|i, x
λ
k|i, u

λ
k|i) = 0

for all λ ∈ [0, 1].

To make notation more precise, at the ith time step and nth iteration of lines 3-8

of Algorithm 1 we denote the seed trajectory as x0,n
i , the seed control sequence

as u0,n
i and the tube as Sn

i . Similarly, we denote the solution of the IcMPC

RHOCP in line 4 as (c∗,n
i ,S∗,n

i ,S+,∗,n
i ,S−,∗,n

i ), and the optimal objective as J∗,n
IcMPC,i =

JIcMPC(c∗,n
i ,S∗,n

i ,x0,n
i ,u0,n

i ).
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Theorem 7.4.1 (Recursive feasibility). If the initial seed trajectory (x0
i ,u0

i ) is

feasible w.r.t. constraints (7.29c)-(7.29f) and the Assumptions 7.27, 7.4.2, 7.4.3

hold, then the nominal RHOCP in step 4) of Algorithm 5 is feasible at each iteration

and for i ≥ 0.

Proof. Let ck|i = 0, k = 0, . . . , N − 1 and Sk|i = {0} for k = 0, . . . , N reducing the

constraints in the nominal IcMPC RHOCP to {x0
k|i} ⊆ X ,u0

k|i ∈ U , {x0
N |i} ⊆ XN . In

this case, the trajectory takes the form (xi,ui) = (x0
i ,u0

i ) and based on Assumption

7.4.3 is a feasible (but possibly suboptimal) solution of IcMPC RHOCP at i = 0.

Feasibility of the trajectory (x0
i+1,u0

i+1) at any subsequent horizon steps is then

guaranteed by constraints (7.32b)-(7.32e) and the conditions placed on the choice

of set XN in Assumption 7.4.2.

Theorem 7.4.2. For all i ≥ 0 and for all n ≥ 1

JInMPC(x0,n+1
i ,u0,n+1

i ) ≤ JIcMPC(ci,Sn
i ,x

0,n
i ,u0,n

i ) (7.33)

for (x0,n+1
i ,u0,n+1

i ) obtained by steps 4-7 of Algorithm 5.

Proof. It follows from the nominal IcMPC RHOCP formulation that x0,n+1
i belongs

to the tube Sn
i ⊕ {x

0,n
k }. The statement then follows from Equation (7.31b), steps

5-7 in Algorithm 5 and the maximisation formulation of the IcMPC cost returning

the maximum cost over the tube Sn
i . In more detail

∥x0,n+1
k|i − xr

k|i∥2
Q ≤ max

sk|i∈Sk|i
∥x0,n

k|i + sk|i − xr
k|i∥2

Q,

∥u0,n+1
k|i − ur

k|i∥2
Q ≤ max

sk|i∈Sk|i
∥u0,n

k|i +Ksk|i + ck|i − ur
k|i∥2

R,

∥x0,n+1
N |i − xr

N |i∥2
Q ≤ max

sN|i∈SN|i
∥x0,n

N |i + sN |i − xr
N |i∥2

QN
,

and Equation (7.33) follows from summing the terms before and after the inequality

sign for all k = 0, . . . , N − 1 to obtain the expressions for JInMPC(x0,n+1
i ,u0,n+1

i ) and

JIcMPC(ci,Sn
i ,x

0,n
i ,u0,n

i ).

Theorem 7.4.3. For all i ≥ 0 and for all n ≥ 1, we have

J∗,n+1
IcMPC ≤ J∗,n

IcMPC. (7.34)
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Proof. From Theorem 7.4.1 and Theorem 7.4.2 it follows that a suboptimal solution

exists ci = 0 and Si = {{0}, . . . , {0}} and thus

JIcMPC({0}, {0},x0,n+1
i ,u0,n+1

i ) = JInMPC(x0,n+1
i ,u0,n+1

i ) (7.35)

JInMPC(x0,n+1
i ,u0,n+1

i ) ≤ JIcMPC(c∗,n
i ,S∗,n

i ,x0,n
i ,u0,n

i ). (7.36)

From Theorem 7.4.1, optimality and (7.35) it follows that

JIcMPC(c∗,n
i ,S∗,n

i ,x0,n
i ,u0,n

i ) ≤ JInMPC(x0,n
i ,u0,n

i ). (7.37)

(7.34) follows from the combination of (7.35), (7.36), (7.37).

Theorem 7.4.4. For all i ≥ 0, the iteration on lines 2-8 of Algorithm 5 converges

to a seed trajectory (x0,n
i ,u0,n

i ) such that c∗,n
i = 0 and S∗,n

i = {{0}, . . . , {0}} is an

optimal solution of the IcMPC RHOCP in the limit as n→∞.

Proof. Based on Assumption 7.4.2 and Lemma 7.4.3, the proof is analogous to the

proof of Theorem 7.3.2.

Theorem 7.4.5. The iteration defined in steps 2-9 of Algorithm 5 converges to a

local minimum of InMPC RHOCP (7.29b)-(7.29f).

Proof. The proof can be found in Appendix D.

Theorem 7.4.6. Given Assumptions 7.27 and 7.4.2, the control law of Algorithm 5

ensures that xδ
i+1 = xδ

i =uδ
i = 0 with xδ

i =xi−xr
i and uδ

i =ui−ur
i is an asymptotically

stable equilibrium of the system (7.28) (i.e. g(xδ
i+1, x

δ
i , u

δ
i ) = 0), with region of

attraction consisting of the initial conditions x0 of (7.28) for which there exists a

control sequence such that ui∈U and xi∈X for k=0, . . . , N−1, and xN ∈XN .

Proof. The proof is analogous to that of Theorem 7.3.4 in Section 7.3.3.

7.4.4 Proposed variational reformulation

In this section, we present how the proposed approach can accommodate a structure-

preserving model and discuss how such a model can reduce the number of variables

and constraints in the respective RHOCP. These developments are demonstrated



7. A successive convexification approach for robust receding horizon control 195

for a system with an explicit continuous model, but the extension to implicit models

(such as for systems with constraints) is analogous.

Model formulation and terminal set calculation

We consider a general mechanical system with configuration q(t) ∈ IRnq and

Lagrangian of the form

L(q, q̇) = 1
2 q̇

TMq̇ − V (q) (7.38)

Using the continuous forced Euler-Lagrange equations, the continuous model of the

system motion under the influence of control forces u(t) ∈ IRnu can be derived as

q̈ = −M−1∇qV (q) + u (7.39)

Assumption 7.4.4. We assume a regular L, symmetric invertible M , polytopic

configuration constraints q ∈ Q and assume the expression M−1∇qV (q) is concave.

To discretise the equations of motion, we formulate a discrete approximation of the

Lagrangian and derive a discrete-time system model using the variational integrator

presented in Section 2.3.3:

g(qk+1, qk, qk−1, uk, uk−1) = −qk+1 + 2qk − qk−1−

∆t2

2 (M−1∇ηk
V (ηk)+M−1∇ηk−1V (ηk−1)+ ∆t2M−1

2 (uk−1+ui)) (7.40)

for ηk = qk+1+qk

2 . To implement initial and terminal conditions on the configuration

and velocity (or momentum), the equivalent Hamiltonian formulation of the

variational model can be used:

0 = y(xk+1, xk, uk) =
[
r(qk+1, xk, uk)
f(xk+1, qk, uk)

]
(7.41)

=
[
−qi+1+qk−∆t2

2 M−1∇ηk
V (ηk) + ∆tM−1pi−∆t2

2 M−1uk

qk+1−qk−∆t2

2 M−1∇ηi
V (ηk)−∆tM−1pk+1 + ∆t2

2 M−1uk

]

Here ∆t denotes the discrete time step and xi = [qT
i , p

T
i ] where pi ∈ IRnq is the

discrete conjugate momentum [1].
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Remark 7.4.6. Notably, the model (7.40) has reduced dimensionality (g ∈ IRnq)

compared to its equivalent reformulation (7.41) (y ∈ IR2nq) and to other standard

Euler or Runge-Kutta models used to discretise (7.39) in which both the configuration

and the velocity are simulated in time.

Remark 7.4.7. Based on Assumption 7.4.4, the continuous model (7.39) can be

rewritten as a convex implicit function. Using both (7.40) and (7.41) the discrete

model remains a convex function, something that is not guaranteed with higher stage

Runge-Kutta methods or other higher order standard methods. Thus the variational

model provides a convex, second-order approximation of the system dynamics, which

can simulate energy and momenta accurately even in long-term simulations larger

time steps (in the presence of forcing, any momentum conservation laws from the

continuous case are accurately preserved in the discrete simulation as guaranteed

by the Discrete Noether Theorem with Forcing [19]). As we will discuss in Section

7.4.4, it also allows for a reduction in the number of optimisation variables and

constraints of an OCP.

Variational RHOCP formulation

A IcMPC RHOCP formulation can be created using only the implicit model (7.41)

for k = 0, ..., N − 1 as presented in (7.32a)-(7.32g) with a state vector comprising of

both the configuration and the momentum instances xk|i = [qT
k|i, p

T
k|i]. Alternatively,

in the cases where no cost weights are placed on the velocity/momentum, a second

formulation can be made which reduces the number of constraints and variables

based on the configuration-only model in (7.40) as follows:

VcMPC RHOCP :

(c∗
i ,S∗

i ,S
+,∗
i ,S−,∗

i , Z∗
0|i, Z

∗
N |i, Z

+,∗
N |i , Z

−,∗
N |i )=arg min

ci, S+
i ,S−

i ,
Si,Z0|i,ZN|i,

Z+
N|i,Z

−
N|i

JIcMPC(vi,Si, ZN |i,q0
i , x

0
N ,u0

i )

subject to:

Z0|i = {0} (7.42a)

Sk|i ⊕ {q0
k|i} ⊆ Q, for k = 1, ...N−1 (7.42b)
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S+
k|i ⊆ Sk|i, S−

k|i ⊆ Sk|i, for k = 1, ..., N−1 (7.42c)

Z+
N |i ⊕ {x

0
N |i} ⊆ XN , Z−

N |i ⊕ {x
0
N |i} ⊆ XN (7.42d)

Z+
N |i ⊆ ZN |i, Z−

N |i ⊆ ZN |i (7.42e)

vk|i + u0
k|i ∈ U for k = 0, ..., N−1 (7.42f )

r(q0
1|i + s−

1|i, x
0
0|i + z0|i, v0|i + u0

0|i) ≤ 0

F0|is
+
1|i +G0|iz0|i + Y0|iv0|i ≥ 0 for ∀z0|i ∈ Z0|i,∀s+

1|i ∈ S
+
1|i,∀s

−
1|i ∈ S

−
1|i (7.42g)

g(q0
k+1|i + s−

k+1|i, q
0
k|i + qk|i, q

0
k−1|i + s−

k−1|i, vk|i + u0
k|i, vk−1|i + u0

k−1|i)≤ 0

Ck|is
+
k+1|i+Dk|isk|i+Hk|isk−1|i+Ek|ivk|i+Pk|ivk−1|i≥ 0

for ∀sk−1|i∈Sk−1|i, ∀sk|i∈Sk|i, ∀s+
k+1|i∈S

+
k+1|i, ∀s

−
k+1|i ∈ S

−
k+1|i and k = 1, ...N−1

(7.42h)
f(x0

N |i + z−
N |i, q

0
N−1|i + sN−1|i, vN−1|i+u0

N−1|i) ≤ 0

LN−1|iz
+
N |i + PN−1|isN−1|i + TN−1|ivN−1|i ≥ 0

for ∀sN−1|i ∈ SN−1|i, ∀z+
N |i ∈ Z

+
N |i,∀z

−
N |i ∈ Z

−
N |i (7.42i)

where the variational convex RHOCP is denoted VcMPC RHOCP, sk|i = qk|i − q0
k|i,

xk|i = xk|i − x0
k|i, s0,i = z0,i[0 : nq], Zk,i = Co{zm

k,i ∈ IR2nq ,m = 0, ..., 2nq}, Sk,i =

Co{sm
k,i ∈ IRnq ,m = 0, ..., nq} and the plus and minus sets are defined similarly. Addi-

tionally the matrices (F0|i, G0|i, Y0|i), (Ck|i, Dk|i, Hk|i, Ek|i, Pk|i), (LN−1|i, PN−1|i, TN−1|i)

are defined similarly to (7.31a) with respect to the elements of r(·), g(·), and f(·)

respectively with the linearisation performed around the seed configuration trajectory

q0 and the given initial state x0
i = [(q0

i )T , (p0
i )T ]. Here q0

i : {q0
0|i, q

0
1|i, . . . , q

0
N−1|i} and

JVcMPC(vi,Si, ZN |i,q0
i , x

0
N ,u0

i )=
∑N−1

k=0 (∥u0
k|i+v0|i−ur

k|i∥2
R

+ max
sk|i∈Sk|i

∥q0
k|i+sk|i−qr

k|i∥2
Q)+ max

zN|i∈ZN|i
∥x0

N |i+zN |i−xr
N |i∥2

QN

but constraints on the velocity can also be placed using forward, backward or central

difference approximation. In this formulation, we have used (7.40) to define the

model constraints for k=1, ..., N−1 and Equations (7.41) to define the initial and

terminal constraints. The terminal set and cost can, in this case, be computed

based on (7.41), guaranteeing convergence of both the configuration and momentum

to an equilibrium point. Such formulation maintains feasibility guarantees due to
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the equivalence of the model (7.40) and (7.41). Steps 5-6 in Algorithm 5 must also

be replaced with

At k = 0 u∗
0|i = u0

0|i + v∗
0|i, r(q∗

1|i, x
∗
0|i, u

∗
0|i) = 0 with x∗

0|i = xi

For k = 1, ..., N − 1 u∗
k|i = u0

k|i + v∗
k|i, g(q∗

k+1|i, q
∗
k|i, q

∗
k−1|i, u

∗
k|i, u

∗
k−1|i) = 0

Even though constraints (7.42g) have to be encoded for three sets rather than two

in the standard formulation in (7.32g), as we will demonstrate in Section 7.4.5,

due to the smaller dimensionality of the elements of the sets in the variational

formulation, such formulation allows for the reduction in both the number of

optimisation variables and constraints. Furthermore, due to Theorem 7.4.5, it is

guaranteed that the sequence of convex problems will converge to a local optimum

of the original nonlinear OCP with (7.29e) replaced by (7.40) for steps 1, .., N−1

and (7.41) for steps 0, N . As discussed in the previous chapters, such variational

OCP formulations have been proved to demonstrate conservation properties in their

solutions and thus the sequence of convex programs is guaranteed to converge to a

structure-preserving solution.

7.4.5 Numerical examples

In this section the numerical results are obtained by applying the proposed approach

with a variational RHOCP formulation using Python and the CVXPY library [179].

The RHOCP constraints are implemented by solving each constraint for each of the

vertices the perturbation sets. For all experiments maxiter = 3 and tol = 10−6.

Example 6: First we consider the example system presented in Section 7.3.7 with

L(q, q̇) = 1
2(q̇)T q̇− 0.2e−q[1], f(q̇, u) =

[
u[1]− q̇[1]− 0.2

u[2]

]

where nq = 2, nu = 2 and f represents the generalisd forces acting on the system.

The discrete model is obtained using the forced singlerate variational integrator

from Chapter 2, Section 2.3.3, and discrete time step ∆t = 8× 10−3s. A VcMPC

RHOCP with N = 14, Q = 1, R = diag{1, 1}, initial condition q[0](0) = q[1](0) = 2,
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q̇[1](0) = q̇[2](0) = 2, constraints |q[1](t)| ≤ 10, |q[2](t)| ≤ 10, |u[1](t)| ≤ 150,

|u[2](t)| ≤ 150 and reference solution qr
i = 0, ur

i = 0 for all i.

Example 7: We also consider the Fermi-Pasta-Ulam–Tsingou (FPUT) problem

introduced in Chapter 4 with nq = 2, nu = 2,

L(q, q̇) = 1
2(q̇)T q̇ − η2(q[1]+q[2])2

4 − q[1]3 − q[2]3, f(u) = u

with η = 50. The discrete model is again obtained using the forced variational

integrator and ∆t = 10−2s. The VcMPC RHOCP is solved with N = 10, Q = 0.1,

R = diag{0.1, 0.1}, reference solution qr
i = 0, ur

i = 0 for ∀i, constraints |q[1](t)| ≤ 10,

|q[2](t)| ≤ 10, |u[1](t)| ≤ 33, |u[2](t)| ≤ 33 and initial conditions[
q[1](0)
q[2](0)

]
=E

[
1
1

]
,

[
q̇[1](0)
q̇[2](0)

]
=E

[
1/η
1

]
, E= 1√

2

[
−1 1
1 1

]
.

Nominal IcMPC:

Figure 7.9 demonstrates the closed-loop trajectories for both examples obtained

using Algorithm 5 with the variational changes discussed in Section 7.4.4. In general

the conjugate momentum and its change are defined as p = ∂L(q,q̇)
∂q

, ṗ = ∂L(q,q̇)
∂q̇

, and

thus for the system in Example 6 p[1] is conserved. Based the Forced Noether’s

Theorem [1], this is equivalent to the following discrete conservation law

Ψk|i = pk|i − p0|i − h
k−1∑
k=0

f(qk+1|i − qk|i

h
, uk|i) = 0

Using the trajectory and control sequence result from the last iteration at i=0, in

Figure 7.10 it is demonstrated that the discrete conservation law is indeed preserved

by the successive approach. In Table 7.2 it is also shown that the proposed

variational formulation (7.42g)-(7.42i) reduces the number of model constraints and

optimisation variables compared to an Euler formulation of (7.32g). The number

of constraints will be higher with a multi-stage Runge-Kutta scheme.

Lastly, the performance of the receding horizon scheme itself is demonstrated. In

Figure 7.12 it is shown that for both examples at successive iterations and discrete

time steps the optimal predicted cost is non-increasing and ∥c∗
i ∥ → 0 as expected

from Theorems 7.4.3 and 7.4.4. In Figure 7.11 one can also see the rapid convergence

of the tube to a single trajectory within a single iteration.
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Figure 7.9: Closed-loop state trajectories for Example 6 (left) and Example 7 (right)

Figure 7.10: Example 6: Demonstra-
tion of the conservation properties of the
variational cMPC approach

Figure 7.11: Example 7: Convergence of the
tube shown through the size of the perturba-
tions between iterations 1 and 2 at i=0

Figure 7.12: Convergence of the IcMPC optimal cost and control perturbation sequence
norm ∥c∗

i ∥ for Example 6 (left plot) and Example 7 (right plot)

Example Number of model constraints Number of optimisation variables
IcMPC RHOCP VcMPC RHOCP IcMPC RHOCP VcMPC RHOCP
Nnq24nq+2 N+1

2 nq2
3nq+2

Nnu + nq(12N + 4) Nnu + nq(6N + 10)
6 28672 3840 372 216
7 20480 2816 268 160

Table 7.2: Demonstration of the RHOCP Size for the IcMPC and VcMPC approaches.



8
Conclusion

8.1 Contributions of this dissertation

This dissertation is focused on the development of methods for simulation, optimi-

sation and control of systems which exhibit dynamics on different time scales. The

key contributions of this thesis to the field can be summarised as follows:

Extension of structure-preserving simulation schemes

Multirate variational integrators: In Chapter 3, we presented a detailed mathematical

analysis of the multirate variational integrator proposed by [3]. We extended previous

works by proving its structure-preserving properties and its order of accuracy when

simulating a general class of forced systems. We also derived its formulation for

constrained forced systems. The resulting schemes were applied to several examples,

including some beyond the limits of our theoretical assumptions. In all cases, the

simulation’s order of accuracy matched theoretical expectations and demonstrated

structure-preserving solutions. Furthermore, we showed that this approach is

applicable to nonlinear systems without decoupling the equations of motion, offering

significant computational savings for both singlerate and multirate systems.

Linearisation strategy for variational models: In Chapter 6, we proposed a lineari-

sation strategy for singlerate and multirate variational models that retains the

201
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structure-preserving properties of the discrete model. The strategy uses quadratic

and linear Taylor series approximations of the Lagrangian and generalised forces,

respectively, providing new means for computing linearisation error bounds and

allowing for the formulation of structure-preserving Jacobian linearisation models.

The conservation properties of the method and its usefulness for linearisation-based

optimisation control schemes were demonstrated in Chapter 6.

Extension of structure-preserving optimal control schemes

We continued our study of the multirate variational approach by providing a detailed

analysis of its use in an optimal control scheme. Building on previous literature,

we formulated the resulting necessary optimality conditions in a continuous- and

discrete-time setting. Consequently, we proved the order of accuracy and structure-

preserving properties of the resulting discrete-time adjoint system under mild

assumptions for a general system example. These findings were tested on the control

of a common multirate benchmark system and on the first practical application of

the approach- the simultaneous vibration and attitude control of a flexible satellite.

Novel multirate NMPC scheme

We proposed a novel tube-based NMPC strategy for discrete multirate systems. The

proposed scheme utilises the variational approach to reduce the size of the RHOCP

and allow a longer prediction horizon time step compared to the discretisation step

used in the resolution of the fast dynamics. This enables great computational savings

compared to singlerate schemes while ensuring recursive feasibility and stability.

The nonlinear problems are approximated using a sequence of convex programs

through successive linearisation around a seed trajectory. This is achieved using the

proposed variational linearisation approach, maintaining the conservation properties

of the model as well as providing alternative means for computing linearisation

error bounds. Numerical examples are provided to illustrate the multirate approach,

its conservation properties and computational savings.
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Novel convex approach for robust trajectory optimisation and receding

horizon control (cMPC and RcMPC)

We proposed a novel robust nonlinear model predictive control strategy for systems

with nonlinear dynamics and convex state and control constraints. Using a sequential

convex approximation approach and a difference of convex functions representation of

the dynamics, the scheme constructs tubes that contain predicted model trajectories,

accounting for approximation errors and disturbances and guaranteeing constraint

satisfaction. Based on this formulation, the original nonlinear OCP is solved as a

sequence of convex programs.

We develop the scheme initially in the absence of external disturbances and show that

the proposed nominal approach is non-conservative, with the solutions of successive

convex programs converging to a locally optimal solution for the original optimal

control problem. We extend the approach to the case of additive disturbances using

a novel strategy for selecting linearisation points. As a result, we formulate a robust

receding horizon strategy with guarantees of recursive feasibility and closed-loop

system stability, allowing termination of the convex program iteration after any

number of iterations.

This theoretical analysis is carried out for systems with explicit models and findings

are supported by numerical examples that demonstrate the non-conservativeness,

convergence, and efficiency of the approach. The formulation, analysis and testing

are then extended to systems with implicit models in the absence of disturbances.

The use of variational models is considered in detail, providing structure-preserving

solution and computational savings facilitated by the reduction in the number of

constraints and optimisation variables.

Practical applications to the aerospace domain

This thesis has made advances in two control problems in the aerospace domain.

6DOF Spacecraft trajectory design in three-body gravitational environment: Firstly,

we developed a novel variational model for 6DOF spacecraft motion in the three-
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body gravitational environment under the influence of external forcing, for example,

from electrodynamic tethers, solar sails, external torque or thrust controls. The

model is developed based on the variational principle for constrained dynamics

using a unit-norm quaternion constraint and generalised coordinates comprising

the orbital coordinates and the attitude quaternions. The variational derivation

guarantees structure-preserving properties of the scheme for both uncontrolled

simulations and optimal control trajectory solutions, thus providing a qualitatively

better and more computationally efficient discrete system simulation than previously

available models using standard discretisation and integration schemes. Further-

more, a multirate formulation of the variational model is derived, and a study is

performed to investigate to what extent the multirate approach can help improve

the computational cost of simulating and optimally controlling spacecraft in the

three-body environment.

Simultaneous manoeuvre and vibration control of flexible satellites: Secondly, we

looked at the problem of simultaneous manoeuvre and vibration control of satellites

equipped with flexible appendages. For this purpose, we implement the multirate

variational approach for simultaneous slewing and vibration control of flexible

spacecraft. Considering dynamics on different time scales, this formulation allows us

to discretise the dynamics on different time scales without the need to decouple the

equations of motion as other competitive approaches. The multirate formulation

thus achieves great computational savings in the simulation and control of the

system with well-understood accuracy. Simulation results for a single-axis rotational

manoeuvre demonstrate vibration suppression and achieve the same accuracy as

the singlerate method at a reduced computational cost.

8.2 Directions for future research

There are multiple possible directions to improve and extend this work.
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Global error and stability analysis of MVIs and Multirate DMOC

This thesis provides a proof of the local error of approximation achieved for

simulations and optimal control solutions using MVI and Multirate DMOC for

a specific class of systems under mild assumptions. Despite numerical results

supporting the validity of these proofs for a wider range of systems, a more general

theoretical analysis, including stability and global error investigations, remains an

open research topic.

Advancements in cMPC and RcMPC

The formulation and testing of RcMPC for implicit models are currently in progress.

Furthermore, it is important to note that both cMPC and RcMPC approaches

experience (for some tube formulations) exponential growth in the number of

constraints as the state dimension increases, as highlighted in Chapter 7. Although

strategies for addressing this challenge have been proposed, their implementation

and comparative benchmarking against other robust tube MPC schemes are yet to

be completed.

As mentioned in Section 7.4.2, such extension would potentially allow for the

formulation of a multirate IcMPC scheme, which provides qualitative better models

of the system behaviour, reduces the size of the RHOCP and increases the available

time for its solution, while guaranteeing feasibility, stability and in the nominal

case- non-conservativeness.

Formulation of a robust distributed control scheme based on RcMPC

Up to now, we have explored RcMPC as a trajectory design and receding horizon

control tool for a single agents. Moving forward, our goal is to leverage it as a

foundation for developing a novel approach to decentralised control of multiple

heterogeneous agents in the presence of disturbances. We aim to test the resulting

approach for both drone and spacecraft swarm control.
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Learning-based control

Work has already began by colleagues on the use of system models learned from

data in the context of cMPC and RcMPC [220, 221]. This is an exciting direction

with multiple theoretical and practical opportunities for both single and multi-agent

trajectory design and control.

Orbital transfer via attitude control

Finally, we aim to advance our work on modelling and simulating satellites in

a three-body gravitational environment. Building on the example system from

Chapter 4 and utilising the proposed multirate control schemes, we plan to perform

an optimal point-to-point transfer using only attitude motion control. Preliminary

tests suggest that this is feasible within strong electromagnetic fields, due to the

effects of coupled electrodynamic forces.
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A
Appendix: MVI derivation for forced

systems
In this appendix we include the proof for Theorem 3.4.1 deriving the discrete forced

multirate equations of motion. We begin from the discrete Lagrange-d’Alembert

principle stated in (3.23):

0 =δSd(qs
d, q

f
d) · (δqs

d, δq
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d) +Wd(qs
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We consider variations of the variables qs
k and qf,m

k for k = 0, . . . , N−1, m = 0, . . . ,p

taking qf,p
k−1 = qf,0

k for k = 1, . . . , N into account. Addressing (A.1) in parts:
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+
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Now plugging in Equations (A.2b) ,(A.2c), (A.2d) in Equation (A.1) and taking

variations with zero boundaries δqs
0 = δqs

N = δqf,0
0 = δqf,p

N−1 = 0 we obtain
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Taking independent variations δqs
k and δqf,m

k for k = 0, . . . , N − 1, m = 0, . . . ,p

leads to the derivation of the following discrete multirate version of the forced

Euler-Lagrange Equations
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B
Appendix: MVI formulation for

Demonstration problem 2
In this appendix we provide a derivation of Equations (3.31) found in Demonstration

problem 2. For this problem in the discrete-time setting we can approximate the

kinetic and potential energy as
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Thus the discrete Lagrangian can be written as
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for k = 0, . . . , N − 1 in all equations and m = 0, . . . ,p− 1 in the last two because
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C
Appendix: Simplified MVI for constrained

forced systems
In this appendix we simplify the MVI for constrained forced systems in both

Lagrangian (3.60) and Hamiltonian formulations (3.61) for a specific quadrature

used in the discrete constraint approximation:
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Taking the initial conditions (3.61), rearranging their order and expanding we have:
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for k = 1, . . . , N − 1,m = 1, . . . ,p− 1. Considering the terms which would not be

zeroed after the differentiation and simplifying, Equations (C.2a)-(C.2d) become

−ps
0 = Dqs

0

(
Ld(qs

0, q
s
1, q

f
0)+

p−1∑
m=0

[∆t
2 λ

m
0 g(q

s,m
0 , qf,m

0 )+

∆t
2 λ

m+1
0 g(qs,m+1

0 , qf,m+1
0 )]+ ∆t

2 λ
p−1
0 g(qs,p−1

0 , qf,p−1
0 )

)
+F s,−

0

= Dqs
0

(
Ld(qs

0, q
s
1, q

f
0)+ ∆t

2 λ
0
0g(q

s,0
0 , qf,0

0 ) +
p−1∑
m=1

[∆tλm
0 g(q

s,m
0 , qf,m

0 )]
)

+F s,−
0 (C.3a)

−pf,0
0 = Dqf,0

0

(
Ld(qs

0, q
s
1, q

f
0)+ ∆t

2 λ
0
0g(q

s,0
0 , qf,0

0 )
)

+f f,0,−
0 (C.3b)

0 = Dqf,m
0

(
Ld(qs

0, q
s
1, q

f
0)+∆tλm

0 g(q
s,m
0 , qf,m

0 )
)

+f f,m,−
0 +f f,m−1,+

0 , m = 1, . . . ,p

0 = ∆tg(qs,1
0 , qf,1

0 ) (C.3c)
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For m = 1, . . . ,p− 2 Equation (C.2e) can be simplified as

0 = Dλm+1
0

hd(qs
0, q

s
1, q

f
0, λ0) = ∆tg(qs,m+1

0 , qf,m+1
0 ) (C.4)

At m = p− 1 we have δm,p−1 = 1 and thus

0 = Dλp0
hd(qs

0, q
s
1, q

f
0, λ0) +Dλ0

1
hd(qs

1, q
s
2, q

f
1, λ1)

= ∆t
2 g(q

s,p
0 , qf,p

0 ) + ∆t
2 g(q

s,0
1 , qf,0

1 ) = ∆tg(qs,p
0 , qf,p

0 ) (C.5)

Combining (C.4) and (C.5), (C.2e) can be simplified and combined with (C.3c) as

0 = g(qs,m
0 , qf,m

0 ) for m = 1, . . . ,p (C.6)

and thus the final set of simplified initial conditions takes the form

−ps
0 = Dqs

0

(
Ld(qs

0, q
s
1, q

f
0)+∆t

2 λ
0
0g(q

s,0
0 , qf,0

0 )+
p−1∑
m=1

[∆tλm
0 g(q

s,m
0 , qf,m

0 )]
)

+F s,−
0 (C.7a)

−pf,0
0 = Dqf,0

0

(
Ld(qs

0, q
s
1, q

f
0)+∆t

2 λ
0
0g(q

s,0
0 , qf,0

0 )
)

+f f,0,−
0 (C.7b)

0 = Dqf,m
0

(
Ld(qs

0, q
s
1, q

f
0)+∆tλm

0 g(q
s,m
0 , qf,m

0 )
)

+f f,m,−
0 +f f,m−1,+

0 (C.7c)

0 = g(qs,m
0 , qf,m

0 ) (C.7d)

where (C.7c) is solved for m = 1, . . . ,p−1 and (C.7d) for m = 1, . . . ,p. As a check,

in total we have nq(1+p)+p equations and unknowns (i.e. qs
k+1, {q

f,m
k }

p
1 , {λ

f,m
k }

p−1
0 ).

Next, we focus on the model for k > 1 in (3.60) and again expand the terms:

0 = Dqs
k

(
Ld(qs

k−1, q
s
k, q

f
k−1) + Ld(qs

k, q
s
k+1, q

f
k) + hd(qs

k−1, q
s
k, q

f
k−1, λk−1)+

hd(qs
k, q

s
k+1, q

f
k, λk)

)
+ F s,−

k + F s,+
k−1 (C.8a)

0 = Dqf,0
k

(
Ld(qs

k−1, q
s
k, q

f
k−1) + Ld(qs

k, q
s
k+1, q

f
k) + hd(qs

k−1, q
s
k, q

f
k−1, λk−1)+

hd(qs
k, q

s
k+1, q

f
k, λk)

)
+ f f,0,−

k + f f,p−1,+
k−1 (C.8b)

0 = Dqf,m
k

(
Ld(qs

k, q
s
k+1, q

f
k) + hd(qs

k, q
s
k+1, q

f
k, λk)

)
+ f f,m,−

k + f f,m−1,+
k (C.8c)

0 = Dλ1
k
hd(qs

k, q
s
k+1, q

f
0, λk) (C.8d)

0 = Dλm+1
k

hd(qs
k, q

s
k+1, q

f
k, λk) + δm,p−1(1− δk,N−1)Dλ0

k+1
hd(qs

k+1, q
s
k+2, q

f
k+1, λ1)

(C.8e)
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These equations can again be simplified. Equation (C.8a) can be expanded as:

0 = Dqs
k

(
Ld(qs

k−1, q
s
k, q

f
k+1) + Ld(qs

k, q
s
k+1, q

f
k) + ∆t

2 λ
1
k−1g(q

s,1
k−1, q

f,1
k−1)+

p−1∑
m=1

[∆t
2 λ

m
k−1g(q

s,m
k−1, q

f,m
k−1) + ∆t

2 λ
m+1
k−1 g(q

s,m+1
k−1 , qf,m+1

k−1 )]+

p−1∑
m=0

[∆t
2 λ

m
k g(q

s,m
k , qf,m

k ) + ∆t
2 λ

m+1
k g(qs,m+1

k , qf,m+1
k )]+

∆t
2 λ

p−1
k g(qs,p−1

k , qf,p−1
k )

)
+ F s,−

k + F s,+
k−1

= Dqs
k

(
Ld(qs

k−1, q
s
k, q

f
k+1) + Ld(qs

k, q
s
k+1, q

f
k) +

p−1∑
m=1

[∆tλm
k−1g(q

s,m
k−1, q

f,m
k−1)]+

∆t
2 λ

p
k−1g(q

s,p
k−1, q

f,p
k−1) + ∆t

2 λ
0
kg(q

s,0
k , qf,0

k ) +
p−1∑
m=1

[∆tλm
k g(q

s,m
k , qf,m

k )]
)

+ F s,−
k + F s,+

k−1

= Dqs
k

(
Ld(qs

k−1, q
s
k, q

f
k+1) + Ld(qs

k, q
s
k+1, q

f
k) +

p−1∑
m=1

[∆tλm
k−1g(q

s,m
k−1, q

f,m
k−1)]+

p−1∑
m=0

[∆tλm
k g(q

s,m
k , qf,m

k )]
)

+ F s,−
k + F s,+

k−1

as λpk−1 = λ0
k, qs/f,p

k−1 = q
s/f,0
k . As qf,0

k = qf,p
k−1 Equation (C.8b) becomes

0 = Dqf,0
k

(
Ld(qs

k−1, q
s
k, q

f
k−1) + Ld(qs

k, q
s
k+1, q

f
k)+

∆t
2 λ

p
k−1g(q

s,p
k−1, q

f,p
k−1) + ∆t

2 λ
0
kg(q

s,0
k , qf,0

k )
)

+ f f,0,−
k + f f,p−1,+

k−1

= Dqf,0
k

(
Ld(qs

k−1, q
s
k, q

f
k−1)+Ld(qs

k, q
s
k+1, q

f
k)+∆tλpk−1g(q

s,p
k−1, q

f,p
k−1)

)
+f f,0,−

k +f f,p−1,+
k−1

As in the initial conditions, Equations (C.8d) and (C.8e) can be expressed together
as (C.6). This equation is still valid at k = N −1 due to the action of the Kronecker

delta and the simplification of the resulting expression in a similar fashion to the

one for the initial conditions. The final simplified form of model (3.60) for the

constraint approximation (C.1) takes the form for k = 1, . . . , N − 1:

0=Dqs
k

(
Ld(qs

k−1, q
s
k, q

f
k−1) + Ld(qs

k, q
s
k+1, q

f
k) +

p−1∑
m=1

[∆tλm
k−1g(q

s,m
k−1, q

f,m
k−1)]+

p−1∑
m=0

[∆tλm
k g(q

s,m
k , qf,m

k )]
)

+ F s,−
k + F s,+

k−1

0=Dqf,0
k

(
Ld(qs

k−1, q
s
k, q

f
k−1) + Ld(qs

k, q
s
k+1, q

f
k) + ∆tλ0

kg(q
s,0
k , qf,0

k )
)

+ f f,0,−
k + f f,p−1,+

k−1

0=Dqf,m
k

(
Ld(qs

k, q
s
k+1, q

f
k) + ∆tλm

k g(q
s,m
k , qf,m

k )
)

+ f f,m,−
k + f f,m−1,+

k , m = 1, . . . ,p−1

0=g(qs,m
k , qf,m

k ), m = 1, . . . ,p
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In this appendix we provide the proofs for Theorems 7.3.3 and 7.4.5, guaranteeing

the non-conservativeness of the EcMPC and IcMPC approaches when the sequence

of convex programs is not terminated early.

D.1 Proof of the non-conservativeness of EcMPC

Theorem 7.3.2 shows that the cMPC iteration converges to a fixed point. We

now prove Theorem 7.3.3, stating that this point is a local optimum of the nMPC

RHOCP. For readability we set nx = 1, but the proof for nx > 1 is analogous.

We also assume that the EnMPC RHOCP (7.6) satisfies a suitable constraint

qualification (e.g. linear independence constraint qualification, definition 2.4.2), so

that a local minimizer satisfies the first order necessary conditions (Theorem 2.4.1).

From Theorem 7.3.2 it is known that the EcMPC iteration converges to {c0|i, . . . ,

cN−1|i}= {0, . . . , 0}, S0|i = {0}, . . . , SN |i = {0}. At this point (x∗
i ,u∗

i ) = (x0,j
i ,u0,j

i )

due to (7.31b), (7.9). To prove this point coincides with a local optimum for

both cMPC and nMPC RHOCPs, we consider the equivalence to first-order of

the cMPC RHOCP at this point and the nMPC RHOCP at (xi,ui)=(x0,j
i ,u0,j

i ).

By inspection of (7.6b)-(7.6f) and (7.12a)-(7.12f) it is clear that if only constraints

(7.6b), (7.6d), (7.6e) and (7.12a)-(7.12d), (7.12e) were present in the EnMPC and

EcMPC RHOCPs, then their first order optimality conditions would be identical

216
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at xi = x0
i , ui = u0

i and {c0|i, . . . , cN−1|i}= {0, . . . , 0}, S0|i = {0}, . . . , SN |i = {0}.

Therefore, we prove the same is true when (7.6c) and (7.12c) are included, by

showing the equivalence to first-order of the following two simplified problems:

EnMPC simplified: c∗
i := argmin

xi,ci

J c
EnMPC(xi, ci)

subject to, for k = 0, . . . , N − 1 : xk+1|i − ϕ(xk|i, ck|i) = 0

where f(xk|i, uk|i) = ϕ(xk|i, ck|i) for uk|i = Kxk|i + ck|i, J c
nMPC(·, ·) = JnMPC(·, ·), and

EcMPC simplified: (c∗
i ,S∗

i ) = argmin
ci,Si

J c
EcMPC(ci,Si,x0

i , c0
i )

subject to, for k = 0, . . . , N − 1 : (D.3)

s̄k+1|i ≥ ϕ(s̄k|i + x0
k|i, ck|i + u0

k|i −Kx0
k|i)− ϕ(x0

k|i, c
0
k|i), sk+1|i ≤ Φk|is̄k|i +Bk|ick|i

s̄k+1|i ≥ ϕ(sk|i + x0
k|i, ck|i + u0

k|i −Kx0
k|i)− ϕ(x0

k|i, c
0
k|i), sk+1|i ≤ Φk|isk|i +Bk|ick|i

Here u0
k|i = Kx0

k|i + c0
k|i, J c

EcMPC(ci,Si,x0
i , c0

i ) = JEcMPC(ci,Si,x0
i ,u0

i ), and

ϕ(s+ x0, c+ u0 −Kx0) = f(s+ x0, Ks+ c+ u0) (D.4a)
∂ϕ(x, c)
∂x

= ∂f(x,Kx+ c)
∂x

= ∂f(x, u)
∂x

+ ∂f(x, u)
∂u

∂u

∂x
= Ak +BkK = Φk (D.4b)

∂ϕ(x, c)
∂c

= ∂f(x,Kx+ c)
∂c

= ∂f(x, u)
∂u

∂u

∂c
= Bk (D.4c)

where Ak and Bk are defined in (7.31c) and Φk = Ak +BkK.

For the simplified EnMPC RHOCP, the augumented Lagrangian and the Karush-

Kuhn-Tucker (KKT) first-order necessary conditions [23] become

LEnMPC(xi, ci, λi) = J c
EnMPC(xi, ci)−

N∑
k=0

λk|i(xk+1|i − ϕ(xk|i, ck|i))

KKT EnMPC simplified:

0 = ∂J c
EnMPC(xi, ci)
∂x0|i

|(x∗,n
i ,c∗,n

i ) + λ∗,n
0|i
∂ϕ(x, c)
∂x

|(x∗,n
0|i ,c∗,n

0|i ) (D.5a)

and for k = 0, . . . , N − 1

0 = ∂J c
EnMPC(xi, ci)
∂xk|i

|(x∗
i ,c∗,n

i ) + λ∗,n
k|i
∂ϕ(x, c)
∂x

|(x∗,n
k|i ,c∗,n

k|i ) − λ
∗,n
k−1|i (D.5b)

0 = ∂J c
EnMPC(xi,ui)
∂uk|i

|(x∗,n
i ,c∗,n

i ) + λ∗,n
k|i
∂ϕ(x, c)
∂c

|(x∗,n
k|i ,u∗,n

k|i ) (D.5c)

0 = x∗,n
k+1|i − ϕ(x∗,n

k|i , c
∗,n
k|i ) (D.5d)
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where (·)∗,n denotes the value at the local optimum point for EnMPC simplified

and x∗,n
i is obtained from c∗,n

i and xk+1|i = ϕ(xk|i, ck|i). On the other hand, for

simplified EcMPC RHOCP we have

LEcMPC(ci,Si,x0
i ,u0

i , αi, βi, γi, µi) = JEcMPC(ci,Si,x0
i ,u0

i )

−
N−1∑
k=0

αk|i

(
s̄k+1|i − ϕ(z̄k|i) + ϕ(x0

k|i, c
0
k|i)
)
−

N−1∑
k=0

βk|i

(
s̄k+1|i − ϕ(zk|i) + ϕ(x0

k|i, c
0
k|i)
)

−
N−1∑
k=0

γk|i(Φk|is̄k|i +Bk|ick|i − sk+1|i)−
N−1∑
k=0

µk|i(Φk|isk|i +Bk|ick|i − sk+1|i)

KKT EcMPC simplified:

0 = ∂JEcMPC

∂s̄0|i
|z∗,c

i
+ α∗,c

0|i
∂ϕ(x, c)
∂x

|z̄∗,c
0|i
− γ∗,c

0|i
∂ϕ(x0

0|i, c
0
0|i)

∂x0
0|i

(D.6a)

0 = ∂JEcMPC

∂s0|i
|z∗,c

i
+ β∗,c

0|i
∂ϕ(x, c)
∂x

|z∗,c
0|i
− µ∗,c

k|i
∂ϕ(x0

k|i, c
0
k|i)

∂x0
k|i

(D.6b)

and for k = 1, . . . , N − 1

0 = ∂JEcMPC

∂s̄k|i
|z∗,c

i
− (α∗,c

k−1|i + β∗,c
k−1|i) + α∗,c

k|i
∂ϕ(x, u)
∂x

|z̄∗,c
k|i
− γ∗,c

k|i
∂ϕ(x0

k|i, c
0
k|i)

∂x0
k|i

(D.6c)

0 = ∂JEcMPC

∂sk|i
|z∗,c

i
+ (µ∗,c

k−1|i + γ∗,c
k−1|i) + β∗,c

k|i
∂ϕ(x, c)
∂x

|z∗,c
k|i
− µ∗,c

k|i
∂ϕ(x0

k|i, c
0
k|i)

∂x0
k|i

(D.6d)

0 = ∂JEcMPC

∂ck|i
|z∗,c

i
+ α∗,c

k|i
∂ϕ(x, c)
∂c

|z̄∗,c
k|i

+ β∗,c
k|i
∂ϕ(x, c)
∂c

|z∗,c
k|i
− (γ∗,c

k|i + µ∗,c
k|i)

∂ϕ(x0
k|i, c

0
k|i)

∂c0
k|i

(D.6e)
0 = αk|i(s̄∗,c

k+1|i − ϕ(z̄∗,c
k|i ) + ϕ(x0

k|i, u
0
k|i)), 0 = γk|i(Φk|is̄

∗,c
k|i +Bk|ic

∗,c
k|i − s

∗,c
k+1|i) (D.6f)

0 = βk|i(s̄∗,c
k+1|i − ϕ(z∗,c

k|i) + ϕ(x0
k|i, u

0
k|i)), 0 = µk|i(Φk|is

∗,c
k|i +Bk|ic

∗,c
k|i − s

∗,c
k+1|i)

(D.6g)
α∗,c

k|i ≥ 0, β∗,c
k|i ≥ 0, γ∗,c

k|i ≥ 0, µ∗,c
k|i ≥ 0 (D.6h)

These expressions are based on (D.4), simplified using the chain rule

∇ck|iϕ(sk|i + x0
k|i, ck|i + u0

k|i −Kx0
k|i) = ∇cϕ(x, c)|zk|i

∇sk|i
ϕ(sk|i + x0

k|i, ck|i + u0
k|i −Kx0

k|i) = ∇xϕ(x, u)|zk|i

and denoting: z∗,c
i = (c∗,c

i ,S∗,c
i ,x0

i ,u0
i ),

z̄k|i = (s̄k|i + x0
k|i, ck|i + u0

k|i −Kx0
k|i), zk|i = (sk|i + x0

k|i, ck|i + u0
k|i −Kx0

k|i)

z̄∗,c
k|i = (s̄∗,c

k|i + x0
k|i, c

∗,c
k|i + u0

k|i −Kx0
k|i), z∗,c

k|i = (s∗,c
k|i + x0

k|i, c
∗,c
k|i + u0

k|i −Kx0
k|i)
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with (·)∗,c signifying the value at the local optimum point for EcMPC simplified

and x∗,c
i is obtained from c∗,c

i and xk+1|i = ϕ(xk|i, ck|i). The complementarity

conditions must be checked for several cases. By inspection due to the maximization

formulation of the cost it is clear that at least one of the constraints in (D.3) will

be active for each k. Furthermore all four constraints in (D.3) for a given k will

simultaneously be active only for the case Sk|i = {0} at which point s̄k|i = sk|i.

Thus there will be a non-zero Lagrange multiplier at all times. It is important to

note that in Equations (D.6c) and (D.6d) either ∂JEcMPC
∂s̄k|i

|z∗,c
i

or ∂JEcMPC
∂sk|i

|z∗,c
i

would

be zero for each k due to the maximization defining JcMPC in (7.12f). The nonzero

gradient of those would be equal to ∂JEnMPC
∂xk|i

|(xr
i ,cr

i ) due to the formulation of the cost

and the chain rule of differentiation with cr
k|i = c∗,c

k|i + c0
k|i and xr

k|i equal to s̄∗,c
k|i + x0

k|i

or s∗,c
k|i + x0

k|i depending on which one maximizes the cost. Summing conditions

(D.6a), (D.6b) and (D.6c), (D.6d) therefore leads to

0 = ∂JEnMPC

∂x0|i
|(xr

i ,cr
i ) + α∗,c

0|i
∂ϕ(x, c)
∂x

|z̄∗,c
0|i

+ β∗,c
0|i
∂ϕ(x, c)
∂x

|z∗,c
0|i
− (γ∗,c

0|i + µ∗,c
0|i)

∂ϕ(x0
0|i, c

0
0|i)

∂x0
0|i
(D.7)

0 = ∂JEnMPC

∂xk|i
|(xr

i ,cr
i ) + α∗,c

k|i
∂ϕ(x, c)
∂x

|z̄∗,c
k|i

+ β∗,c
k|i
∂ϕ(x, c)
∂x

|z∗,c
k|i
− (γ∗,c

k|i + µ∗,c
k|i)

∂ϕ(x0
k|i, c

0
k|i)

∂x0
k|i

− (α∗,c
k−1|i + β∗,c

k−1|i − µ
∗,c
k−1|i − γ

∗,c
k−1|i) (D.8)

From Theorem 7.3.2 we know the EcMPC iteration converges to a fixed point

at which c0|i = 0, . . . , cN−1|i = 0, S0|i = {0}, ..., SN |i = {0}, which we will denote

({0}, {0},x0
k|i,u0

k|i). As this point is an optimum of the EcMPC RHOCP, the

simplified EcMPC KKT conditions must be satisfied. Noting that for Sk|i ={0},

ck|i = {0}, z̄∗
k|i =z∗

k|i =(x0
k|i, c

0
k|i), (xr

i , cr
i )=(x0

i , c0
i ) and comparing conditions (D.5a)

with (D.7), (D.5b) with (D.8), and (D.5c) with (D.6e) for (x∗,n
k|i , c

∗,n
k|i ) = (x0

k|i, c0
k|i)

it can be seen that they are equivalent for λ∗,n
k|i =α∗,c

k|i + β∗,c
k|i − γ

∗,c
k|i − µ

∗,c
k|i for k =

0, . . . , N . Furthermore, Theorem 7.3.1 guarantees condition (D.5d) is satisfied by

(x∗,n
k|i , c

∗,n
k|i )=(x0

k|i, c
0
k|i). It follows that at the optimum of EcMPC RHOCP the KKT

conditions for both problems are equivalent and thus both satisfied. It follows that

the point (x0
i , c0

i , {α
∗,c
k|i+β

∗,c
k|i−γ

∗,c
k|i−µ

∗,c
k|i for k=0, . . . , N}) satisfies the simplified KKT

conditions for EnMPC RHOCP simplified and is thus a locally optimal solution.
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D.2 Proof of the non-conservativeness of IcMPC

Analogously to the proof of 7.3.3 in the previous section, here we present the proof

for Theorem 7.4.5. We do so again for a system with nx = 1 with the proof for

proof for higher-dimensional systems being analogous. We omit the {·|i} notation

to conserve space and focus on simplified problems which incorporate only the

constraints which do not clearly lead to the same Karush-Kuhn-Tucker (KKT)

first-order necessary conditions [23]. Thus we take consider

InMPC RHOCP simplified : c∗ = arg min J c
InMP C(x, c)

subject to: ϕ(xk+1, xk, ck) = 0 for k = 0, . . . , N − 1

IcMPC RHOCP simplified :

(c∗,S∗,S+,∗,S−,∗) = arg min
c, S∈SN+1,

S+∈(S+)N ,S−∈(S−)N

JIcMPC(c,S,x0, c0)

subject to: for ∀s−
k+1 ∈ S−

k+1,∀s+
k+1 ∈ S+

k+1,∀sk ∈ Sk, k = 0, ..., N−1 (D.11)

Cks̄
+
k+1 + Φks̄k + Ekck ≥ 0, ϕ(x0

k+1 + s̄−
k+1, x

0
k + s̄k|i, ck|i + u0

k −Kx0
k) ≤ 0

Cks
+
k+1 + Φks̄k + Ekck ≥ 0, ϕ(x0

k+1 + s−
k+1, x

0
k + s̄k|i, ck|i + u0

k −Kx0
k) ≤ 0

Cks̄
+
k+1 + Φksk + Ekck ≥ 0, ϕ(x0

k+1 + s̄−
k+1, x

0
k + sk|i, ck|i + u0

k −Kx0
k) ≤ 0

Cks
+
k+1 + Φksk + Ekck ≥ 0 ϕ(x0

k+1 + s−
k+1, x

0
k + sk|i, ck|i + u0

k −Kx0
k) ≤ 0

Here the InMPC problem has been reformulated using uk = Kxk + ck, Φk =

Dk +EkK, JInMP C(x,u) = J c
InMP C(x, c) =∑∞

k=0

(
∥xk−xr

k∥
2
Q +∥Kxk+ck−ur

k∥
2
R

)
,

g(xk+1, xk, uk)=ϕ(xk+1, xk, ck). To simplify the IcMPC RHOCP, constraints (7.32d)

have been removed as at the cMPC convergence point S+
k =Sk =S−

k .={0} The sets

have been implemented using their bounds s+
k|i, s̄+

k|i,s−
k|i, s̄−

k|i∈Rnx as optimization

variables where S+
k|i = {s : s+

k|i ≤ s+ ≤ s̄+
k|i}, S−

k|i = {s : s−
k|i ≤ s− ≤ s̄−

k|i}. The

augumented Lagrangian and the KKT conditions for the simplified NLP are

LInMPC(x, c, λ) = J c
InMPC(x, c)−

N−1∑
k=0

λkϕ(xk+1, xk, ck)

0= ∂J c
InMPC(xi, ci)

∂x0
|(x∗,n,c∗,n)−λ∗,n

0
∂ϕ(r, y, c)

∂y
|(x∗,n

1 ,x∗,n
0 ,c∗,n

0 ),
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for k = 1, . . . , N − 1

0= ∂J c
InMPC(xi, ci)
∂xk

|(x∗,c∗,n)−λ∗,n
k

∂ϕ(r, y, c)
∂y

|(x∗,n
k+1,x∗,n

k
,c∗,n

k
)−λ

∗,n
k−1

∂ϕ(r, y, c)
∂r

|(x∗,n
k

,x∗,n
k−1,c∗,n

k−1)

and for k = 0, . . . , N − 1

0= ∂J c
InMPC(xi, c)
∂ck

|(x∗,n,c∗,n)−λ∗,n
k

∂ϕ(r, y, c)
∂c

|(x∗,n
k+1,x∗,n

k
,u∗,n

k
)

0=ϕ(x∗,n
k+1, x

∗,n
k , c∗,n

k )

where (·)∗,n denotes the value at the local optimum point for InMPC simplified and

x∗,n
i is obtained from c∗,n

i and ϕ(xk+1, xk, ck). The augumented Lagrangian and the

KKT conditions for the simplified IcMPC RHOCP become

LIcMPC(c,S,x0,u0,α,β,γ,µ,ψ,η,ξ,τ)=JIcMPC(c,S,x0,u0)+

+
N−1∑
k=0

(
αkϕ(z1

k) + βkϕ(z2
k) + γkϕ(z3

k) + µkϕ(z4
k)

− (ψk(Cks̄
−
k+1+Φks̄k + Ekck) + ηk(Cks

−
k+1 + Φks̄k + Ekck)

+ ξk(Cks̄
−
k+1 + Φksk + Ekck) + τk(Cks

−
k+1 + Φksk + Ekck))

)
for k = 1, . . . , N − 1

0 = α∗,c
k−1

∂ϕ(r, y, c)
∂r

|z1,∗,c
k−1

+ γ∗,c
k−1

∂ϕ(r, y, c)
∂r

|z3,∗,c
k−1

(D.14a)

0 = β∗,c
k−1

∂ϕ(r, y, c)
∂r

|z2,∗,c
k−1

+ µ∗,c
k−1

∂ϕ(r, y, c)
∂r

|z4,∗,c
k−1

(D.14b)

0 = −ψ∗,c
k−1

∂ϕ(r, y, c)
∂r

|z5,∗,c
k−1
− ξ∗,c

k−1
∂ϕ(r, y, c)

∂r
|z7,∗,c

k−1
(D.14c)

0 = −η∗,c
k−1

∂ϕ(r, y, c)
∂r

|z6,∗,c
k−1
− τ ∗,c

k−1
∂ϕ(r, y, c)

∂r
|z8,∗,c

k−1
(D.14d)

and for k = 0, . . . , N − 1

0 = ∂JIcMPC

∂s̄k

|z∗,c
i

+ α∗,c
k

∂ϕ(r, y, c)
∂y

|z1,∗,c
k

+ β∗,c
k

∂ϕ(r, y, c)
∂y

|z2,∗,c
k

− ψ∗,c
k

∂ϕ(r, y, c)
∂y

|z5,∗,c
k
− η∗,c

k

∂ϕ(r, y, c)
∂y

|z6,∗,c
k

(D.14e)

0 = ∂JIcMPC

∂sk

|z∗,c
i

+ γ∗,c
k

∂ϕ(r, y, c)
∂y

|z3,∗,c
k

+ µ∗,c
k

∂ϕ(r, y, c)
∂y

|z4,∗,c
k

− ξ∗,c
k

∂ϕ(r, y, c)
∂y

|z7,∗,c
k
− τ ∗,c

k

∂ϕ(r, y, c)
∂y

|z8,∗,c
k

(D.14f )

0 = ∂JIcMPC

∂ck

|z∗,c
i

+ α∗,c
k

∂ϕ(r, y, c)
∂c

|z1,∗,c
k

+ β∗,c
k

∂ϕ(r, y, c)
∂c

|z2,∗,c
k

+ γ∗,c
k

∂ϕ(r, y, c)
∂c

|z3,∗,c
k

+ µ∗,c
k

∂ϕ(r, y, c)
∂c

|z4,∗,c
k
− ψ∗,c

k

∂ϕ(r, y, c)
∂c

|z5,∗,c
k
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− η∗,c
k

∂ϕ(r, y, c)
∂c

|z6,∗,c
k
− ξ∗,c

k

∂ϕ(r, y, c)
∂c

|z7,∗,c
k
− τ ∗,c

k

∂ϕ(r, y, c)
∂c

|z8,∗,c
k

(D.14g)

0 = αc,∗
k ϕ(z1,c,∗

k ) = βc,∗
k ϕ(z2,c,∗

k ) = γc,∗
k ϕ(z3,c,∗

k ) = µc,∗
k ϕ(z4,c,∗

k ) (D.14h)

0 = ψc,∗
k (Cks̄

−,c,∗
k+1 + Φks̄

c,∗
k + Ekc

c,∗
k ) = ηc,∗

k (Cks
−,c,∗
k+1 + Φks̄

c,∗
k + Ekc

c,∗
k )

0 = ξc,∗
k (Cks̄

−,c,∗
k+1 + Φks

c,∗
k + Ekc

c,∗
k ) = τ c,∗

k (Cks
−,c,∗
k+1 + Φks

c,∗
k + Ekc

c,∗
k )

where: z∗
i = (cc,∗,Sc,∗,S+,c,∗,S−,c,∗,x0

i ,u∗
i )

z1
k = (x0

k+1 + s̄−
k+1, x

0
k + s̄k, σk), z2

k = (x0
k+1 + s−

k+1, x
0
k + s̄k, σk)

z3
k = (x0

k+1 + s̄−
k+1, x

0
k + sk, σk), z4

k = (x0
k+1 + s−

k+1, x
0
k + sk, σk)

z5
k = (x0

k+1 + s̄+
k+1, x

0
k + s̄k, σk), z6

k = (x0
k+1 + s+

k+1, x
0
k + s̄k, σk)

z7
k = (x0

k+1 + s̄+
k+1, x

0
k + sk, σk), z8

k = (x0
k+1 + s+

k+1, x
0
k + sk, σk)

and z1,∗,c
k − z8,∗,c

k are analogously defined with σk = ck + u0
k − Kx0

k. Now at the

convergence point (c∗,n
i ,S∗,n

i ) = (0, {{0}, . . . , {0}}) summing (D.14a)-(D.14d) for

k = 0 and (D.14a)-(D.14f ) for k > 1 we obtain

0= ∂JIcMPC

∂x0
|z∗,c

i
+(α∗,c

0 +β∗,c
0 +γ∗,c

0 +µ∗,c
0 −ψ

∗,c
0 −η

∗,c
0 −ξ

∗,c
0 −τ

∗,c
0 )∂ϕ(r, y, c)

∂y
|(x0

1, x0
0, c0

0)

(D.15)

0= ∂JIcMPC

∂xk

|z∗,c
i

+ (α∗,c
k +β∗,c

k +γ∗,c
k +µ∗,c

k −ψ
∗,c
k −η

∗,c
k −ξ

∗,c
k −τ

∗,c
k )∂ϕ(r, y, c)

∂y
|(x0

k+1, x0
k

, c0
k

)

+(α∗,c
k−1+γ∗,c

k−1+β∗,c
k−1+µ∗,c

k−1−ψ
∗,c
k−1−η

∗,c
k−1−ξ

∗,c
k−1−τ

∗,c
k−1)

∂ϕ(r, y, c)
∂r

|(x0
k

, x0
k−1, c0

k−1)

(D.16)

for k ≥ 1 with c0
k = u0

k − Kx0
k because at the point of interest z1,∗,c

k = z2,∗,c
k =

... = z8,∗,c
k and the cost derivative for a given k is non-zero for either the bar or

the underbar variable, but never both at the same time due to the min-max cost

formulation. Similarly for k ≥ 0 Equation (D.14g) becomes

0= ∂JIcMPC

∂ck

|z∗,c
i

+(α∗,c
k +β∗,c

k +γ∗,c
k +µ∗,c

k −ψ
∗,c
k − η

∗,c
k −ξ

∗,c
k −τ

∗,c
k )∂ϕ(r, y, c)

∂c
|(x0

k+1, x0
k

, c0
k

)

(D.17)

Now using (D.15), (D.16), (D.17) together and comparing to the InMPC KKT for

the simplified problem with x=x0, c=c0 it is clear that the point (x0
i , c0

i , {−α
∗,c
k −

β∗,c
k − γ

∗,c
k − µ

∗,c
k + ψ∗,c

k + η∗,c
k + ξ∗,c

k + τ ∗,c
k for k=0, . . . , N}) satisfies the simplified

KKT conditions for InMPC RHOCP simplified. This point, to which the successive

convex programs converge, is also a local optimum for the original NLP.
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