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Abstract

Techniques and ideas from topology — the mathematical area that studies

shapes — are being applied to the study of data with increasing frequency

and success. Persistent homology (PH) is a method that uses homology —

a tool in topology that gives a measure of the number of holes of a space —

to study qualitative features of data across different values of a parameter,

which one can think of as scales of resolution, and provides a summary of

how long individual features persist across the different resolution scales. In

many applications, data depend not only on one, but several parameters,

and to apply PH to such data one therefore needs to study the evolution of

qualitative features across several parameters. The theory of one-parameter

PH is well-understood, but PH is computationally expensive and ways to speed

up the computation are an object of current research. By contrast, the theory

of multiparameter PH is hard, and it presents one of the biggest challenges

in the topological study of data. In this thesis I address computational and

theoretical problems in the application of homology to the study of data: I give

a survey of the computation of PH and its challenges, and benchmark all state-

of-the-art libraries for the computation of one-parameter PH; I propose new

invariants suitable for applications for multiparameter persistent homology;

finally, I relate magnitude homology, a homology theory for finite metric spaces

that has been recently introduced, to persistent homology.



Contents

Introduction 1

1.1 Persistent homology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2 Magnitude homology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.3 State of the field . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.3.1 One-parameter PH . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.3.2 Multiparameter PH . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.3.3 Magnitude homology . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.4 Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.4.1 A roadmap for the computation of persistent homology . . . . . . . 7

1.4.2 Stratifying multiparameter persistent homology . . . . . . . . . . . 7

1.4.3 Magnitude meets persistence. Homology theories for persistent sim-

plicial sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.5 Statement of authorship . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2 A roadmap for the computation of persistent homology 9

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.2 Related work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.3 Homology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.3.1 Simplicial complexes and their homology . . . . . . . . . . . . . . . 16

2.3.2 Building simplicial complexes . . . . . . . . . . . . . . . . . . . . . 20

2.4 Persistent homology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.4.1 Filtered complexes and homology . . . . . . . . . . . . . . . . . . . 22

2.5 Computation of PH for data . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.5.1 Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.5.1.1 Networks . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.5.1.2 Digital images . . . . . . . . . . . . . . . . . . . . . . . . 26

2.5.1.3 Finite metric spaces . . . . . . . . . . . . . . . . . . . . . 26

2.5.2 Filtered Simplicial Complexes . . . . . . . . . . . . . . . . . . . . . 27

2.5.2.1 Vietoris–Rips complex . . . . . . . . . . . . . . . . . . . . 27

i



2.5.2.2 The Delaunay complex . . . . . . . . . . . . . . . . . . . . 28

2.5.2.3 Alpha complex . . . . . . . . . . . . . . . . . . . . . . . . 29

2.5.2.4 Witness complexes . . . . . . . . . . . . . . . . . . . . . . 30

2.5.2.5 Additional complexes . . . . . . . . . . . . . . . . . . . . . 31

2.5.2.6 Reduction techniques . . . . . . . . . . . . . . . . . . . . . 31

2.5.3 From a Filtered Simplicial Complex to Barcodes . . . . . . . . . . . 33

2.5.3.1 Standard algorithm . . . . . . . . . . . . . . . . . . . . . . 33

2.5.3.2 Reading off the intervals . . . . . . . . . . . . . . . . . . . 34

2.5.3.3 Other algorithms . . . . . . . . . . . . . . . . . . . . . . . 34

2.5.4 Statistical interpretation of topological summaries . . . . . . . . . . 36

2.5.5 Stability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

2.6 Excursus: Generalised persistence . . . . . . . . . . . . . . . . . . . . . . . 38

2.7 Software . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

2.7.1 Benchmarking . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

2.7.1.1 Data sets . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

2.7.1.2 Machines and compilers . . . . . . . . . . . . . . . . . . . 46

2.7.1.3 Tests and results . . . . . . . . . . . . . . . . . . . . . . . 46

2.7.2 Conclusions from our benchmarking . . . . . . . . . . . . . . . . . . 47

2.8 Future directions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

2.9 Availability of data and materials . . . . . . . . . . . . . . . . . . . . . . . 51

2.10 Additional acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . 51

3 Stratifying multiparameter persistent homology 53

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

3.1.1 Persistent homology . . . . . . . . . . . . . . . . . . . . . . . . . . 55

3.1.2 Related work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

3.1.3 Structure of the chapter . . . . . . . . . . . . . . . . . . . . . . . . 57

3.2 Multiparameter persistence and multigraded algebra . . . . . . . . . . . . . 58

3.2.1 Multiparameter persistence . . . . . . . . . . . . . . . . . . . . . . 59

3.2.2 Multigraded algebra . . . . . . . . . . . . . . . . . . . . . . . . . . 60

3.2.3 Multigraded modules as multiparameter persistence modules . . . . 63

3.3 The rank of a module and its Hilbert function . . . . . . . . . . . . . . . . 65

3.3.1 The Hilbert function . . . . . . . . . . . . . . . . . . . . . . . . . . 66

3.3.2 The Hilbert polynomial and Hilbert series . . . . . . . . . . . . . . 67

3.3.3 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

3.4 Associated primes and stratification . . . . . . . . . . . . . . . . . . . . . . 73

3.4.1 Associated primes of multigraded modules . . . . . . . . . . . . . . 73

ii



3.4.2 Minimal associated primes and support shape . . . . . . . . . . . . 75

3.4.3 Embedded associated primes and stratification of the support shape 77

3.4.4 Persistent but not fully persistent components: the rank of M along

a coordinate subspace . . . . . . . . . . . . . . . . . . . . . . . . . 80

3.4.5 Syzygies and the rank invariant . . . . . . . . . . . . . . . . . . . . 82

3.4.6 Computation of associated primes . . . . . . . . . . . . . . . . . . . 83

3.5 From MPH to PH: restriction to a line and intersection with the diagonal . 84

3.5.1 Restriction to a line . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

3.5.2 Intersecting with the diagonal . . . . . . . . . . . . . . . . . . . . . 86

3.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

3.7 Additional acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . 88

4 Magnitude meets persistence. Homology theories for filtered simplicial

sets 89

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

4.1.1 Structure of the chapter . . . . . . . . . . . . . . . . . . . . . . . . 94

4.2 Simplicial complexes and simplicial sets . . . . . . . . . . . . . . . . . . . . 94

4.3 Enriched categories and Lawvere metric spaces . . . . . . . . . . . . . . . . 97

4.4 Filtered simplicial sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

4.5 Persistent vs. graded objects . . . . . . . . . . . . . . . . . . . . . . . . . . 99

4.6 Coends . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

4.7 Magnitude . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

4.8 Magnitude homology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

4.8.1 Magnitude homology as Hochschild homology . . . . . . . . . . . . 103

4.8.2 Magnitude homology: an alternative viewpoint . . . . . . . . . . . . 104

4.8.3 Magnitude homology categorifies magnitude . . . . . . . . . . . . . 107

4.9 Persistent homology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

4.10 Magnitude meets persistence . . . . . . . . . . . . . . . . . . . . . . . . . . 109

4.11 Limit homology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

4.12 An Euler characteristic for persistent homology and the persistence function115

4.13 Additional acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . 116

A Tutorial 118

A.1 Installation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

A.1.1 Dionysus . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

A.1.2 DIPHA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

A.1.3 Gudhi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

iii



A.1.4 javaPlex . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

A.1.5 hera . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

A.1.6 jHoles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

A.1.7 Perseus . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

A.1.8 ripser . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

A.2 Computation of PH for networks . . . . . . . . . . . . . . . . . . . . . . . 121

A.2.1 Sample network data . . . . . . . . . . . . . . . . . . . . . . . . . . 121

A.2.2 Adjacency matrix versus edge-list file . . . . . . . . . . . . . . . . . 122

A.2.3 PH with the WRCF (with jHoles) . . . . . . . . . . . . . . . . . . 122

A.2.4 Networks as point clouds . . . . . . . . . . . . . . . . . . . . . . . . 123

A.3 Computation of PH for point clouds . . . . . . . . . . . . . . . . . . . . . . 123

A.3.1 Sample point-cloud data . . . . . . . . . . . . . . . . . . . . . . . . 124

A.3.2 Distance matrices versus points clouds . . . . . . . . . . . . . . . . 124

A.3.3 VR complex . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

A.3.3.1 Input data . . . . . . . . . . . . . . . . . . . . . . . . . . 124

A.3.3.2 Dionysus . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

A.3.3.3 DIPHA . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

A.3.3.4 Gudhi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

A.3.3.5 javaPlex . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

A.3.3.6 Perseus . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

A.3.3.7 ripser . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

A.3.4 Alpha . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

A.3.4.1 Dionysus . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

A.3.4.2 Gudhi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130
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Introduction

Many people consider mathematics to be a boring and formal science.
However, any really good work in mathematics always has in it: beauty,
simplicity, exactness, and crazy ideas. This is a strange combination. I
understood earlier that this combination is essential in classical music
and poetry, for example. But it is also typical in mathematics. Perhaps
it is not by chance that many mathematicians enjoy serious music. [. . . ]
When we think about music, we do not divide it into specific areas as we
often do in mathematics. If we ask a composer what is his profession,
he will answer, “I am a composer.” He is unlikely to answer, “I am a
composer of quartets.” Maybe this is the reason why, when I am asked
what kind of mathematics I do, I just answer, “I am a mathematician.”

— Israel M. Gelfand [91]

Scientists are increasingly confronted with data that are produced using new technolo-

gies, which are often not yet theoretically understood. The size of such data presents many

challenges, but what is called “complexity” of the data presents equal if not greater chal-

lenges. “Complex data” is an umbrella term that is used to denote data that is unstruc-

tured, noisy, dynamic, incomplete, or corrupted. Not all these terms have a well-defined

agreed-upon meaning. In the last 20 years methods from topology, the mathematical area

that studies “shapes”, have proven successful in studying data that is complex, and whose

underlying shape is not known a priori, from discovering new cancer subtypes [164], to

classifying nanoporous materials [134]. This practice has become known as topological

data analysis (TDA). As additional methods from topology still find their application in

the study of complex structure in data, the practice is evolving and expanding, and now

moreover draws increasingly upon data science, computer science, computational alge-

bra, computational topology, computational geometry, and statistics. In this synthesis of

seemingly disparate areas of mathematics, TDA is developing paradigms of its own, and

is becoming an area of specialisation in its own right.
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1.1 Persistent homology

In topology, one is interested in studying homotopy invariants of spaces, namely properties

that are not changed when the space is continuously deformed. One such invariant is the

Euler characteristic χ, which can be thought of as an analogue of the cardinality of a set,

as was first made precise by Schanuel [181].

The Euler characteristic is closely related to another invariant, namely the homology

of a space. For every i = 0, 1, 2, . . . the ith (singular) homology of a space X is an abelian

group Hi(X), whose rank is called the i-th Betti number βi(X) of the space and gives a

count of its number of i-dimensional holes. One then has

χ(X) =
∞∑
i=0

(−1)iβi(X) (1.1)

whenever the sum and summands are finite; one says that homology categorifies the

Euler characteristic.

Given a data set such as a finite set of points sampled from a circle with noise (see

Fig. 1.1(a)), we would like to ask questions such as: how many clusters does this data

set have? How many holes? Persistent homology (PH) gives an automated way of

detecting the shape that would be observed by squinting, by describing how the number

of holes in different dimensions change as we change the scale of the metric space.

•
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•
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• • • •

•

•
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•

•
•

•
•

•

(a) (b)

Figure 1.1: Examples of complex data. (a) A noisy sample of points from a circle, and
(b) a blurred grey-scale digital image.

Persistent homology is one of the most successful methods in TDA. Given a finite

metric space as in Fig. 1.1(a), one considers a “thickening” of the metric space at different

distance scales, which gives a nested sequence (a so-called filtration) of spaces, and

then analyses the evolution (“persistence”) of topological features across this filtration

(see Fig. 1.2(a)). Given a grey-scale digital image, one can associate to it a filtration
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by thresholding the pixels or voxels by increasing grey values (see Fig. 1.2(b)). The

topological features that one examines include connected components (H0), holes (H1),

and higher-dimensional holes. The barcode is an algebraic invariant that summarises

how topological features of a certain dimension evolve across the nested sequence: the

left endpoint of an interval represents the birth of a feature, while its right endpoint

represents the death of the same feature. When a feature is still “alive” at the largest

radius or grey-scale value that one considers, the lifetime interval is an infinite interval.

data filtration barcode
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Figure 1.2: Pipeline for (one-parameter) persistent homology for the data sets in Fig.
1.1. In (a) we take the union of balls with same radius around the points; letting the
radius vary we obtain a filtration. In (b) we threshold the pixels by increasing grey values.

In many applications one would like to associate to a data set a family of spaces that

depend on multiple parameters, either because the data set intrinsically depends on more

than one parameter, such as, e.g., coloured digital images (see Fig. 1.3(b)), or because the

complexity of the data requires a more refined analysis. The latter case arises for instance

in the presence of samples of points with outliers, as illustrated in Fig. 1.3(a). While one-

parameter PH is stable with respect to small perturbations in the input data, it is not

stable with respect to outliers; for instance, the barcode for homology in degree 1 that one

obtains for the point cloud in Fig. 1.3(a) contains no interval that is significantly longer

than the other intervals. Thus, one wishes to associate to such a data set a 2-parameter

family of spaces, where the parameters are given by the distance and a density function

of the points, see [140, Section 1.5] for details.
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Figure 1.3: Examples of data sets that one would wish to study with multiparameter
persistent homology. (a) Points sampled from a circle with noise and outliers, and (b) a
coloured digital image.

1.2 Magnitude homology

In his work on the generalisation of cardinality-like invariants, Leinster introduced the

magnitude of a metric space [137], which is a real number that gives the “effective

number of points” of the space. The definition of magnitude of a metric space depends

on a choice of scale of the distances of the points. Thus, one usually introduces the

magnitude function, which describes how the “effective number of points” changes

as one varies the scale. The magnitude is analogous to the Euler characteristic of a

topological space, and thus a natural question to ask is whether there is a homology

theory for metric spaces that categorifies the magnitude; namely, a homology theory that

is related to the magnitude in a similar way as the homology of a topological space is

related to its Euler characteristic, as expressed in (1.1).

Recently, Leinster and Shulman answered this question affirmatively, by introducing

magnitude homology, a homology theory for metric spaces [139], which encodes the

information given by the magnitude function.

1.3 State of the field

Here we summarise briefly the state of the field for one-parameter and multiparameter

persistent homology, and for magnitude homology.

1.3.1 One-parameter PH

One-parameter PH is one of the most successful methods in TDA. The first algorithm

for the computation of PH was introduced in [76]. Since then the theory of PH has
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been extensively developed and studied, and is considered to be well-understood. Most

efforts have been and still are currently being directed towards addressing computational

challenges: many methods used in applications to associate filtered spaces to data sets

yield spaces that have size O(2n), where n is the number of data points (in practice, one

thresholds the dimension of the filtered space by some value k << n, and the size is then

reduced to O(nk+1)); the algorithm for the computation of PH introduced in [76] has

computational complexity that is cubical in the worst case with respect to the size of the

filtered space associated to the data set (we note however that the complexity observed

in practice is linear for most data sets); the geometric properties of the space of barcodes

pose challenges from the statistical point of view. We refer the reader to Section 2.5 for

a survey of what has and is being done to address these computational challenges.

1.3.2 Multiparameter PH

Multiparameter persistent homology (MPH) was first introduced in [38], where the au-

thors showed that in a precise sense there is no generalisation of the barcode for r > 1

(where r denotes the number of parameters). Research on MPH subsequently stagnated,

however in recent years there has been renewed interest and currently many different av-

enues to finding invariants for MPH that are suitable for applications are being explored.

In the following we briefly discuss the main approaches:

• Efficient computation of homology of multifiltrations: in [37] the authors propose a

polynomial-time algorithm to compute a presentation of homology of “one-critical”

multifiltered simplicial complexes, which roughly are multifiltered simplicial com-

plexes in which each simplex enters the complex at exactly one filtration value.

In [37] a polynomial-time algorithm for the computation of the homology of an

arbitrary multifiltered simplicial complex is proposed. We are currently working

on an optimisation of this algorithm [63], with plans to release an implementation

of this optimisation as a software package for Macaulay2 [99], one of the standard

computational algebra libraries.

• Studying multiparameter modules that come from applications: while it is hopeless

to find complete invariants for general multiparameter persistence modules, it is

reasonable to assume that multiparameter persistence modules that arise in appli-

cations are simpler to understand. Researchers exploring this avenue of research

include U. Bauer, M. Botnan, S. Oppermann, J. Steen, W. Chacholski, and the

author of this thesis.
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• Restricting 2-parameter persistence to one-parameter persistence: for r = 2 one can

probe the support of a persistence module with a line of positive slope and study

the barcode associated to the corresponding one-parameter module. This line of

research was first introduced in [20], where the authors show that the collection of

one-parameter modules associated to a 2-parameter module by restricting it to all

possible lines with positive slope gives the same information as the rank invariant, an

invariant that was introduced in [38] (and which in the one-parameter case is equiv-

alent to the barcode). Lesnick and Wright have developed this approach further and

released a software package that allows to visualise barcodes along one-dimensional

slices of 2-parameter persistence modules [140].

• Noise: in [183] the authors take the view that the information contained in a multi-

parameter persistence module is only defined up to some notion of noise in the data

set. They develop a general framework to make this precise and propose invariants

associated to multiparameter persistence modules that depend on the choice of a

specific abstract noise system. In general, these invariants are not computable.

• Data structures for non-discrete multiparameter persistence modules: in [154] Miller

develops a theoretical framework to deal with persistence modules that arise from a

specific application in which the data set is not finite, and thus one needs to study

the evolution of topological features in a continuous setting.

We note that while there are further approaches that are being explored, such as

[46,118,124], these belong more properly to the wider context of the study of algebras of

wild type, rather than multiparameter persistent homology.

1.3.3 Magnitude homology

The magnitude of a metric space was introduced by Leinster in [137]; recently, Leinster and

Shulman have proposed magnitude homology as a categorification of the magnitude [139].

Magnitude (homology) is currently a very active area of research, see e.g., [10,95,151,152,

212] for magnitude and [105, 110, 117] for magnitude homology. At the end of [139] the

authors list open problems, among which are the following:

• Is there a “blurred” version of magnitude homology that recognises when the triangle

inequality is not a strict equality?

• Is magnitude homology related to persistent homology?
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1.4 Contributions

In the following we discuss our contributions to the field.

1.4.1 A roadmap for the computation of persistent homology

The paper “A roadmap for the computation of persistent homology” [165], joint with

M. Porter, U. Tillmann, P. Grindrod and H. Harrington, was published in EPJ Data Sci-

ence, Springer Nature, and we reproduce it in Chapter 2. In this paper we introduce PH

to computational scientists, give a survey of the computation of PH and its challenges,

and benchmark all state-of-the-art open source libraries for the computation of persistent

homology. Based on these benchmarkings we give guidelines for which libraries are best

suited to specific data sets, and we provide specific directions on how to use the libraries

in a tutorial and accompanying scripts. The benchmarkings, as well as test data sets used,

are nowadays widely considered to be the standard of reference for the test of new algo-

rithms and implementations for the computation of persistent homology. Furthermore,

this survey is to our knowledge the only introduction to persistent homology with an eye

towards applications and concrete computational challenges; as persistent homology is

increasingly used in a wide range of applications it is of fundamental importance that its

theory and techniques are made easily accessible to a broad audience of computational

scientists.

1.4.2 Stratifying multiparameter persistent homology

The paper “Stratifying multiparameter persistent homology” [102], joint with H. Harring-

ton, U. Tillmann and H. Schenck is currently in the second stage of revisions for Journal

of Applied and Computational Topology, Springer, and we reproduce it in Chapter 3. In

this paper we use methods from algebraic geometry to propose new invariants for multi-

parameter persistent homology that are suitable for applications. Specifically, we propose

multigraded associated primes and local cohomology as invariants that generalise in a

suitable sense the barcode; these give information about submodules of a multiparameter

persistent module that are generated by elements that live along certain subsets of the

support of the module. This approach is novel in both the techniques used, as well as in

the question being studied, as most of the approaches that are currently being undertaken

focus on direct summands of modules, or on restrictions to subsets of the support (see

overview in 1.3.2). The potential impact of our invariants for applications is still to be

explored.
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1.4.3 Magnitude meets persistence. Homology theories for per-
sistent simplicial sets

In the manuscript “Magnitude meets persistence. Homology theories for persistent sim-

plicial sets” (see Chapter 4), we relate persistent homology to magnitude homology as

two different ways of computing homology of filtered simplicial sets. We give an answer

to the two open problems listed in 1.3.3, which we show are intertwined. We show that

magnitude homology cannot be directly related to persistent homology, answering the

second question; we define a blurred version of magnitude homology and show that it

is the persistent homology of a certain filtered simplicial set, hence answering the first

question. Futhermore, we show how blurred and ordinary magnitude homology differ in

the limit: blurred magnitude homology coincides with Vietoris homology, while magni-

tude homology is trivial. Based on this comparison we conjecture the existence of an

Euler characteristic for persistent homology and the magnitude (function) that it would

encode. Whether this coincides with the magnitude function given by magnitude homol-

ogy is an open question; if yes, the behaviour in the limit of magnitude homology, as well

as recent findings [110], clarify that the right way to categorify the magnitude is given by

the blurred version of magnitude homology. If not, then this invariant should give much

richer information about the geometry of a metric space than the magnitude. Thus, this

manuscript gives an answer to an open problem in magnitude homology, which is currently

a very active field of research. Furthermore, the connection between magnitude homology

and persistent homology opens a new avenue of research for persistent homology, of which

our conjecture might be but the first manifestation.

1.5 Statement of authorship

In addition to where this is specified directly in the text, in the following we clarify which

parts of the thesis are not solely our own work:

• For the paper “A roadmap for the computation of persistent homology” (Chapter

2) N. Otter did the benchmarking and wrote the original version of the manuscript;

all authors designed the study and revised the manuscript; N. Otter, M. Porter and

H. Harrington obtained the example data sets to be analysed.

• The paper “Stratifying multiparameter persistent homology” (Chapter 3) was a

collaboration. The names of the authors are listed in alphabetical order.
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Chapter 2

A roadmap for the computation of
persistent homology

1

Persistent homology (PH) is a method used in topological data analysis (TDA) to study

qualitative features of data that persist across multiple scales. It is robust to perturba-

tions of input data, independent of dimensions and coordinates, and provides a compact

representation of the qualitative features of the input. The computation of PH is an

open area with numerous important and fascinating challenges. The field of PH compu-

tation is evolving rapidly, and new algorithms and software implementations are being

updated and released at a rapid pace. The purposes of our work are to (1) introduce

theory and computational methods for PH to a broad range of computational scientists

and (2) provide benchmarks of state-of-the-art implementations for the computation of

PH. We give a friendly introduction to PH, navigate the computation of PH with an eye

towards applications, and use a range of synthetic and real-world data sets to evaluate

currently available open-source implementations for the computation of PH. Based on

our benchmarking, we indicate which algorithms and implementations are best suited to

different types of data sets. In an accompanying tutorial, we provide guidelines for the

computation of PH. We make publicly available all scripts that we wrote for the tutorial,

and we make available the processed version of the data sets used in the benchmarking.

2.1 Introduction

The amount of available data has increased dramatically in recent years, and this situation

— which will only become more extreme — necessitates the development of innovative and

efficient data-processing methods. Making sense of the vast amount of data is difficult: on

1This is the reproduction of the paper A roadmap for the computation of persistent homology, N.
Otter, M. Porter, U. Tillmann, P. Grindrod, H. Harrington, published in EPJ Data Science (2017) 6:17,
Springer Nature.
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one hand, the sheer size of the data poses challenges; on the other hand, the complexity

of the data, which includes situations in which data is noisy, high-dimensional, and/or in-

complete, is perhaps an even more significant challenge. The use of clustering techniques

and other ideas from areas such as computer science, machine learning, and uncertainty

quantification — along with mathematical and statistical models — are often very use-

ful for data analysis (see, e.g., [90, 97, 119, 180] and many other references). However,

recent mathematical developments are shedding new light on such “traditional” ideas,

forging new approaches of their own, and helping people to better decipher increasingly

complicated structure in data.

Techniques from the relatively new subject of “topological data analysis” (TDA)

have provided a wealth of new insights in the study of data in an increasingly diverse

set of applications — including sensor-network coverage [60], proteins [89, 125, 214, 215],

three-dimensional structure of DNA [84], development of cells [178], stability of fullerene

molecules [213], robotics [19,172,199], signals in images [45,101], periodicity in time series

[169], cancer [52,65,164,189], phylogenetics [33,41,83], natural images [36], the spread of

contagions [142,194], self-similarity in geometry [146], materials science [106,126,127,134],

financial networks [94,135], diverse applications in neuroscience [18,55,56,70,96,116,143,

217], classification of weighted networks [190], collaboration networks [39,167], analysis of

mobile phone data [9], collective behavior in biology [196], time-series output of dynam-

ical systems [147], and more. There are numerous others, and new applications of TDA

appear in journals and preprint servers increasingly frequently. There are also interesting

computational efforts, such as [203].

TDA is a field that lies at the intersection of data analysis, algebraic topology, com-

putational geometry, computer science, statistics, and other related areas. The main

goal of TDA is to use ideas and results from geometry and topology to develop tools for

studying qualitative features of data. To achieve this goal, one needs precise definitions

of qualitative features, tools to compute them in practice, and some guarantee about the

robustness of those features. One way to address all three points is a method in TDA

called persistent homology (PH). This method is appealing for applications because it is

based on algebraic topology, which gives a well-understood theoretical framework to study

qualitative features of data with complex structure, is computable via linear algebra, and

is robust with respect to small perturbations in input data.

Types of data sets that can be studied with PH include finite metric spaces, digital

images, level-sets of real-valued functions, and networks (see Section 2.5.1). In the next

two paragraphs, we give some motivation for the main ideas of persistent homology by

discussing two examples of such data sets.
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Finite metric spaces are also called “point cloud” data sets in the TDA literature.

From a topological point of view, finite metric spaces do not contain any interesting

information. One thus considers a “thickening” of a point cloud at different “scales of

resolution” and then analyses the evolution of the resulting shape across the different

resolution scales. The qualitative features are given by topological invariants, and one

can represent the variation of such invariants across the different resolution scales in a

compact way to summarise the “shape” of the data.

Figure 2.1: Example of persistent homology for a point cloud. (a) A finite set of points
in R2 (for ε = 0) and a nested sequence of spaces obtained from it (from ε = 0 to ε = 2.1).
(b) Barcode for the nested sequence of spaces illustrated in (a). Solid lines represent the
lifetime of components, and dashed lines represent the lifetime of holes.

As an illustration, consider the set of points in R2 that we show in Fig. 2.1. Let ε,

which we interpret as a “distance parameter,” be a nonnegative real number (so ε = 0

gives the set of points). For different values of ε, we construct a space Sε composed of

vertices, edges, triangles, and higher-dimensional polytopes according to the following

rule: We include an edge between two points i and j if and only if the Euclidean distance

between them is no larger than ε; we include a triangle if and only if all of its edges are in

Sε; we include a tetrahedron if and only if all of its face triangles are in Sε; and so on. For

ε ≤ ε′, it then follows that the space Sε is contained in the space Sε′ . This yields a nested

sequence of spaces, as we illustrate in Fig. 2.1(a). Our construction of nested spaces gives

an example of a “filtered Vietoris–Rips complex,” which we define and discuss in Section

2.5.2.

11



By using homology, a tool in algebraic topology, one can measure several features of the

spaces Sε — including the numbers of components, holes, and voids (higher-dimensional

versions of holes). One can then represent the lifetime of such features using a finite

collection of intervals known as a “barcode.” Roughly, the left endpoint of an interval

represents the birth of a feature, and its right endpoint represents the death of the same

feature. In Fig. 2.1(b), we reproduce such intervals for the number of components (blue

solid lines) and the number of holes (violet dashed lines). In Fig. 2.1(b), we observe a

dashed line that is significantly longer than the other dashed lines. This indicates that

the data set has a long-lived hole. By contrast, one can potentially construe the shorter

dashed lines as noise. However, note that while widespread, such an interpretation is not

correct in general; for applications in which one considers some short and medium-sized

intervals as features rather than noise, see [18,192]. When a feature is still “alive” at the

largest value of ε that we consider, the lifetime interval is an infinite interval, which we

indicate by putting an arrowhead at the right endpoint of the interval. In Fig. 2.1(b), we

see that there is exactly one solid line that lives up to ε = 2.1. One can use information

about shorter solid lines to extract information about how data is clustered in a similar

way as with linkage-clustering methods [90].

One of the most challenging parts of using PH is the statistical interpretation of re-

sults. From a statistical point of view, a barcode like the one in Fig. 2.1(b) is an unknown

quantity that one is trying to estimate; one therefore needs methods for quantitatively

assessing the quality of the barcodes that one obtains with computations. The challenge

is twofold. On one hand, there is a cultural obstacle: practitioners of TDA often have

backgrounds in pure topology and are not well-versed in statistical approaches to data

analysis [5]. On the other hand, the space of barcodes lacks geometric properties that

would make it easy to define basic concepts such as mean, median, and so on. Current

research is focused both on studying geometric properties of this space and on studying

methods that map this space to spaces that have better geometric properties for statis-

tics. In Section 2.5.4, we give a brief overview of the challenges and current approaches

for statistical interpretation of barcodes. This is an active area of research and an im-

portant endeavor, as few statistical tools are currently available for interpreting results in

applications of PH.

We now discuss a second example related to digital images. (For an illustration,

see Fig. 2.2(a).) Digital images have a “cubical” structure, given by the pixels (for 2-

dimensional digital images) or voxels (for 3-dimensional images). Therefore, one approach

to study digital images uses combinatorial structures called “cubical complexes.” (For a

different approach to the study of digital images, see Section 2.5.1.) Roughly, cubical

complexes are topological spaces built from a union of vertices, edges, squares, cubes,
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Figure 2.2: Example of persistent homology for a gray-scale digital image. (a) A gray-
scale image, (b) the matrix of gray values, (c) the filtered cubical complex associated to
the digital image, and (d) the barcode for the nested sequence of spaces in panel (c). A
solid line represents the lifetime of a component, and a dashed line represents the lifetime
of a hole.
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and higher-dimensional hypercubes. An efficient way [202] to build a cubical complex

from a 2-dimensional digital image consists of assigning a vertex to every pixel, then

joining vertices corresponding to adjacent pixels by an edge, and filling in the resulting

squares. One proceeds in a similar way for 3-dimensional images. One then labels every

vertex with an integer that corresponds to the gray value of the pixel, and one labels

edges (respectively, squares) with the maximum of the values of the adjacent vertices

(respectively, edges). One can then construct a nested sequence of cubical complexes

C0 ⊂ C1 ⊂ · · · ⊂ C256, where for each i ∈ {0, 1, . . . , 256}, the cubical complex Ci contains

all vertices, edges, squares, and cubes that are labeled by a number less than or equal to

i. (See Fig. 2.2(c) for an example.) Such a sequence of cubical complexes is also called

a “filtered cubical complex.” Similar to the previous example, one can use homology to

measure several features of the spaces Ci (see Fig. 2.2(d)).

In the present chapter, we focus on persistent homology, but there are also other

methods in TDA — including the Mapper algorithm [187], Euler calculus (see [93] for an

introduction with an eye towards applications), cellular sheaves [53,93], and many more.

We refer readers who wish to learn more about the foundations of TDA to the article [34],

which discusses why topology and functoriality are essential for data analysis. We point

to several introductory papers, books, and two videos on PH at the end of Section 4.9.

The first algorithm for the computation of PH was introduced for computation over

F2 (the field with two elements) in [76] and over general fields in [224]. Since then, several

algorithms and optimisation techniques have been presented, and there are now various

powerful implementations of PH [12, 13, 16, 149, 158, 161, 193]. Those wishing to try PH

for computations may find it difficult to discern which implementations and algorithms

are best suited for a given task. The field of PH is evolving continually, and new software

implementations and updates are released at a rapid pace. Not all of them are well-

documented, and (as is well-known in the TDA community), the computation of PH for

large data sets is computationally very expensive.

To our knowledge, there exists neither an overview of the various computational meth-

ods for PH nor a comprehensive benchmarking of the state-of-the-art implementations for

the computation of persistent homology. In the present chapter, we close this gap: we

introduce computation of PH to a general audience of applied mathematicians and com-

putational scientists, offer guidelines for the computation of PH, and test the existing

open-source published libraries for the computation of PH.

The rest of our paper is organised as follows. In Section 2.2, we discuss related work.

We then introduce homology in Section 2.3 and introduce PH in Section 4.9. We discuss

the various steps of the pipeline for the computation of PH in Section 2.5, and we briefly

examine algorithms for “generalised persistence” in Section 2.6. In Section 2.7, we give
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an overview of software libraries, discuss our benchmarking of a collection of them, and

provide guidelines for which software or algorithm is better suited to which data set. (We

provide specific guidelines for the computation of PH with the different libraries in the

tutorial in Appendix A.) In Section 2.8, we discuss future directions for the computation

of PH.

2.2 Related work

In our work, we introduce PH to non-experts with an eye towards applications, and we

benchmark state-of-the-art libraries for the computation of PH. In this section, we discuss

related work for both of these points.

There are several excellent introductions to the theory of PH (see the references at

the end of Section 2.4.1), but none of them emphasises the actual computation of PH

by providing specific guidelines for people who want to do computations. In the present

paper, we navigate the theory of PH with an eye towards applications, and we provide

guidelines for the computation of PH using the open-source libraries Perseus, Dionysus,

DIPHA, javaPlex, and Gudhi. We include a tutorial (see Appendix A) that gives

specific instructions for how to use the different functionalities that are implemented

in these libraries. Much of this information is scattered throughout numerous different

papers, websites, and even source code of implementations, and we believe that it is

beneficial to the applied mathematics community (especially people who seek an entry

point into PH) to find all of this information in one place. The functionalities that

we cover include plots of barcodes and persistence diagrams and the computation of

PH with Vietoris–Rips complexes, alpha complexes, Čech complexes, witness complexes,

and cubical complexes for image data. We thus believe that our paper closes a gap

in introducing PH to people interested in applications, while our tutorial complements

existing tutorials (see, e.g. [3, 30, 86]).

We believe that there is a need for a thorough benchmarking of the state-of-the-art

libraries. In our work, we use twelve different data sets to test and compare the libraries

javaPlex, Gudhi, DIPHA, Dionysus, and Perseus, and we obtain some surprising

results (see Section 2.7.2). There are several benchmarkings in the PH literature; we are

aware of the following ones: the benchmarking in [61] compares the implementations of

standard and dual algorithms in Dionysus; the one in [162] compares the Morse-theoretic

reduction algorithm with the standard algorithm; the one in [16] compares all of the data

structures and algorithms implemented in PHAT; the benchmarking in [15] compares

PHAT and its spin-off DIPHA; and the benchmarking in C. Maria’s doctoral thesis [148]

is to our knowledge the only existing benchmarking that compares packages from different
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authors. However, Maria compares only up to three different implementations at one time,

and he used the package jPlex (which is no longer maintained) instead of the javaPlex

library (its successor). Additionally, the widely used library Perseus (e.g., it was used

in [126,127,189,194]) does not appear in Maria’s benchmarking.

2.3 Homology

Assume that one is given data that lies in a metric space, such as a subset of Euclidean

space with an inherited distance function. In many situations, one is not interested in the

precise geometry of these spaces, but instead seeks to understand some basic character-

istics, such as the number of components or the existence of holes and voids. Algebraic

topology captures these basic characteristics either by counting them or by associating

vector spaces or more sophisticated algebraic structures to them. Here we are interested

in homology, which associates one vector space Hi(X) to a space X for each natural

number i ∈ {0, 1, 2, . . . }. The dimension of H0(X) counts the number of path compo-

nents in X, the dimension of H1(X) is a count of the number of holes, and the dimension

of H2(X) is a count of the number of voids. An important property of these algebraic

structures is that they are robust, as they do not change when the underlying space is

transformed by bending, stretching, or other deformations. In technical terms, they are

homotopy invariant.2

It can be very difficult to compute the homology of arbitrary topological spaces. We

thus approximate our spaces by combinatorial structures called “simplicial complexes,”

for which homology can be easily computed algorithmically. Indeed, often one is not even

given the space X, but instead possesses only a discrete sample set S from which to build

a simplicial complex following one of the recipes described in Sections 2.3.2 and 2.5.2.

2.3.1 Simplicial complexes and their homology

We begin by giving the definitions of simplicial complexes and of the maps between

them. Roughly, a simplicial complex is a space that is built from a union of points,

edges, triangles, tetrahedra, and higher-dimensional polytopes. We illustrate the main

definitions given in this section with the example in Fig. 2.3. As we pointed out in Section

2.1, “cubical complexes” give another way to associate a combinatorial structure to a

topological space. In TDA, cubical complexes have been used primarily to study image

data sets. One can compute PH for a nested sequence of cubical complexes in a similar

2Conversely, under favorable conditions (see [103, Corollary 4.33]), these algebraic invariants determine
the topology of a space up to homotopy— an equivalence relation that is much coarser (and easier to
work with) than the more familiar notion of homeomorphy.
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way as for simplicial complexes, but the theory of PH for simplicial complexes is richer,

and we therefore examine only simplicial homology and complexes in our discussions.

See [113] for a treatment of cubical complexes and their homology.

Definition 1. A simplicial complex3 is a collection K of non-empty subsets of a set

K0 such that τ ⊂ σ and σ ∈ K guarantees that τ ∈ K and {v} ∈ K for all v ∈ K0. The

elements of K0 are called vertices of K, and the elements of K are called simplices.

Additionally, we say that a simplex has dimension p or is a p-simplex if it has a

cardinality of p + 1. We use Kp to denote the collection of p-simplices. The k-skeleton

of K is the union of the sets Kp for all p ∈ {0, 1, . . . , k}. If τ and σ are simplices such

that τ ⊂ σ, then we call τ a face of σ. The dimension of K is defined as the maximum

of the dimensions of its simplices. A map of simplicial complexes, f : K → L, is a

map f : K0 → L0 such that f(σ) ∈ L for all σ ∈ K.

We give an example of a simplicial complex in Fig. 2.3(a) and an example of a map

of simplicial complexes in Fig. 2.3(b). Definition 1 is rather abstract, but one can always

interpret a finite simplicial complex K geometrically as a subset of RN for sufficiently large

N ; such a subset is called a “geometric realisation,” and it is unique up to a canonical

piecewise-linear homeomorphism. For example, the simplicial complex in Fig. 2.3(a) has

a geometric realisation given by the subset of R2 in Fig. 2.3(c).

We now define homology for simplicial complexes. Let F2 denote the field with two

elements. Given a simplicial complex K, let Cp(K) denote the F2-vector space with basis

given by the p-simplices of K. For any p ∈ {1, 2, . . . }, we define the linear map

dp : Cp(K)→ Cp−1(K) : σ 7→
∑

τ⊂σ,τ∈Kp−1

τ .

For p = 0, we define d0 to be the zero map. In words, dp maps each p-simplex to its

boundary, the sum of its faces of codimension 1. Because the boundary of a boundary is

always empty, the linear maps dp have the property that composing any two consecutive

maps yields the zero map: for all p ∈ {0, 1, 2, . . . }, we have dp ◦ dp+1 = 0. Consequently,

the image of dp+1 is contained in the kernel of dp, so we can take the quotient of ker(dp)

by image(dp+1). We can thus make the following definition.

Definition 2. For any p ∈ {0, 1, 2, . . . }, the pth homology of a simplicial complex K

is the quotient vector space

Hp(K) := ker(dp) / image(dp+1) .

3Note that this is usually called an“abstract simplicial complex” in the literature.
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(a) A simplicial complex:

K = {{a}, {b}, {c}, {d}, {e}, {a, b}, {a, c}, {a, d}, {b, c}, {c, d} , {a, b, c}} .

(b) Let K be the simplicial complex in (a), and let K ′ be the following simplicial
complex:

K ′ = {{g}, {h}, {l}, {g, h}, {g, l}, {h, l}, {g, h, l}} .

We define a map of simplicial complexes, f : K → K ′, as follows:

f : K0 → K ′0 : x 7→

{
h , if x=a

g , otherwise .

(c) Geometric realisations of the simplicial complexes in (a) and (b) are the following
subsets of R2:

a b

d c
e

• •

• •
•

g h

l

• •

•

Figure 2.3: A simple example. (a) Example of a simplicial complex, (b) a map of
simplicial complexes, and (c) a geometric realisation of the simplicial complex in (a).

Its dimension

βp(K) := dimHp(K) = dim ker(dp)− dim image(dp+1)

is called the pth Betti number of K. Elements in the image of dp+1 are called p-

boundaries, and elements in the kernel of dp are called p-cycles.

Intuitively, the p-cycles that are not boundaries represent p-dimensional holes. There-

fore, the pth Betti number “counts” the number of p-holes. Additionally, if K is a simpli-

cial complex of dimension n, then for all p > n, we have that Hp(K) = 0, as Kp is empty

and hence Cp(K) = 0. We therefore obtain the following sequence of vector spaces and

linear maps:

0
dn+1−→ Cn(K)

dn−→ . . . . . .
d2−→ C1(K)

d1−→ C0(K)
d0−→ 0 .

We give an example of such a sequence in Fig. 2.4(a), for which we also report the Betti

numbers.

One of the most important properties of simplicial homology is “functoriality.” Any

map f : K → K ′ of simplicial complexes induces the following F2-linear map:

f̃p : Cp(K)→ Cp(K
′) :

∑
σ∈Kp

cσσ 7→
∑

σ∈Kp such that f(σ)∈K′p

cσf(σ) , for any p ∈ {0, 1, 2, . . . } ,
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(a) We compute the simplicial homology for the simplicial complex in Fig. 2.3(a).
We have the following sequence of vector spaces and linear maps:

0 −→ F2
d2−→ F5

2
d1−→ F5

2
d0−→ 0 .

Let abc denote the basis vector that corresponds to the simplex {a, b, c}. Simi-
larly, we use ab, ac, ad, bc, and cd to denote the basis vectors that correspond
to the 1-simplices; and we use a, b, c, d, and e to denote the basis vectors that
correspond to the 0-simplices. We order the bases of the vector spaces using
lexicographic order. We then have

d2 =
(
1 1 0 1 0

)t

and

d1 =


1 1 1 0 0
1 0 0 1 0
0 1 0 1 1
0 0 1 0 1
0 0 0 0 0

 .

One can then compute that β0(K) = 2, β1(K) = 1, and all higher Betti numbers
are 0.

(b) The map of simplicial complexes, f : K → K ′, in Fig. 2.3(b) induces the map

f̃0 : C0(K) → C0(K ′) on chain complexes that sends the basis element a to h
(note that we use the same notation as in part (a) of this box). Furthermore, it
sends the basis elements that correspond to the other 0-simplices of K to g, and
it induces the map f̃1 : C1(K) → C1(K ′) that sends the basis elements ab, ac,
and ad to cd and sends the basis elements cd and bc to 0. This gives a map f0

on degree-0 homology that sends both generators of H0(K) to the generator of
H0(K ′). It follows that Hi(K

′) = 0 for all i ≥ 1, so fi is the zero map for i ≥ 1.

Figure 2.4: Examples to illustrate simplicial homology. (a) Computation of simplicial
homology for the simplicial complex in Fig. 2.3(a) and (b) induced map in degree-0
homology for the map of simplicial complexes in Fig. 2.3(b).

where cσ ∈ F2. Additionally, f̃p ◦dp+1 = d′p+1 ◦ f̃p+1, and the map f̃p therefore induces the

following linear map between homology vector spaces:

fp : Hp(K)→ Hp(K
′) ,

[c] 7→ [f̃p(c)] .

(We give an example of such a map in Fig. 2.4(b).) Consequently, to any map f : K →
K ′ of simplicial complexes, we can assign a map fp : Hp(K) → Hp(K

′) for any p ∈
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{0, 1, 2, . . . }. This assignment has the important property that given a pair of composable

maps of simplicial complexes, f : K −→ K ′ and g : K ′ −→ K ′′, the map (g◦f)p : Hp(K)→
Hp(K

′′) is equal to the composition of the maps induced by f and g. That is, (g ◦ f)p =

gp ◦ fp. The fact that a map of simplicial complexes induces a map on homology that is

compatible with composition is called functoriality, and it is crucial for the definition

of persistent homology (see Section 2.4.1).

When working with simplicial complexes, one can modify a simplicial complex by

removing or adding a pair of simplices (σ, τ), where τ is a codimension-1 face of σ and σ

is the only simplex that has τ as a face. The resulting simplicial complex has the same

homology as the one with which we started. In Fig. 2.3 (a), we can remove the pair

({a, b, c}, {b, c}) and then the pair ({a, b}, {b}) without changing the Betti numbers. Such

a move is called an elementary simplicial collapse [47]. In Section 2.5.2.6, we will see

an application of this for the computation of PH.

In this section, we have defined simplicial homology over the field F2 — i.e., “with

coefficients in F2.” One can be more general and instead define simplicial homology with

coefficients in any field (or even in the integers). However, when 1 6= −1, one needs to

take more care when defining the boundary maps dp to ensure that dp ◦ dp+1 remains the

zero map. Consequently, the definition is more involved. For the purposes of the present

paper, it suffices to consider homology with coefficients in the field F2. Indeed, we will

see in Section 4.9 that to obtain topological summaries in the form of barcodes, we need

to compute homology with coefficients in a field. Furthermore, as we summarise in Table

2.2 (in Section 2.7), most of the implementations for the computation of PH work with

F2.

We conclude this section with a warning: changing the coefficient field can affect

the Betti numbers. For example, if one computes the homology of the Klein bottle (see

Section 2.7.1.1) with coefficients in the field Fp with p elements, where p is a prime, then

β0(K) = 1 for all primes p. However, β1(K) = 2 and β2(K) = 1 if p = 2, but β1(K) = 1

and β2(K) = 0 for all other primes p. The fact that β2(K) = 0 for p 6= 2 arises from the

nonorientability of the Klein bottle. The treatment of different coefficient fields is beyond

the scope of our survey, but interested readers can peruse [103] for an introduction to

homology and [113] for an overview of computational homology.

2.3.2 Building simplicial complexes

As we discussed in Section 2.3.1, computing the homology of finite simplicial complexes

boils down to linear algebra. The same is not true for the homology of an arbitrary space
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X, and one therefore tries to find simplicial complexes whose homology approximates the

homology of the space in an appropriate sense.

An important tool is the Čech (Č) complex. Let U be a cover of X — i.e., a collection

of subsets of X such that the union of the subsets is X. The k-simplices of the Čech

complex are the non-empty intersections of k + 1 sets in the cover U . More precisely, we

define the nerve of a collection of sets as follows.

Definition 3. Let U = {Ui}i∈I be a non-empty collection of sets. The nerve of U is the

simplicial complex with set of vertices given by I and k-simplices given by {i0, . . . , ik} if

and only if Ui0 ∩ · · · ∩ Uik 6= ∅.

If the cover of the sets is sufficiently “nice,” then the Nerve Theorem implies that

the nerve of the cover and the space X have the same homology [22, 74]. For example,

suppose that we have a finite set of points S in a metric space X. We then can define,

for every ε > 0, the space Sε as the union ∪x∈SB(x, ε), where B(x, ε) denotes the closed

ball with radius ε centered at x. It follows that {B(x, ε) | x ∈ S} is a cover of Sε, and the

nerve of this cover is the Čech complex on S at scale ε. We denote this complex by

Čε(S). If the space X is Euclidean space, then the Nerve Theorem guarantees that the

simplicial complex Čε(S) recovers the homology of Sε.

From a computational point of view, the Čech complex is expensive because one has to

check for large numbers of intersections. Additionally, in the worst case, the Čech complex

can have dimension |U|−1, and it therefore can have many simplices in dimensions higher

than the dimension of the underlying space. Ideally, it is desirable to construct simplicial

complexes that approximate the homology of a space but are easy to compute and have

“few” simplices, especially in high dimensions. This is a subject of ongoing research: In

Subsection 2.5.2, we give an overview of state-of-the-art methods to associate complexes

to point-cloud data in a way that addresses one or both of these desiderata. See [74, 80]

for more details on the Čech complex, and see [22,74] for a precise statement of the Nerve

Theorem.

2.4 Persistent homology

Assume that we are given experimental data in the form of a finite metric space S; there

are points or vectors that represent measurements along with some distance function

(e.g., given by a correlation or a measure of dissimilarity) on the set of points or vectors.

Whether or not the set S is a sample from some underlying topological space, it is useful

to think of it in those terms. Our goal is to recover the properties of such an underlying

space in a way that is robust to small perturbations in the data S. In a broad sense, this
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is the subject of topological inference. (See [166] for an overview.) If S is a subset

of Euclidean space, one can consider a “thickening” Sε of S given by the union of balls

of a certain fixed radius ε around its points and then compute the Čech complex. One

can thus try to compute qualitative features of the data set S by constructing the Čech

complex for a chosen value ε and then computing its simplicial homology. The problem

with this approach is that there is a priori no clear choice for the value of the parameter

ε. The key insight of PH is the following: To extract qualitative information from data,

one considers several (or even all) possible values of the parameter ε. As the value of ε

increases, simplices are added to the complexes. Persistent homology then captures how

the homology of the complexes changes as the parameter value increases, and it detects

which features “persist” across changes in the parameter value. We give an example of

persistent homology in Fig. 2.5.

2.4.1 Filtered complexes and homology

Let K be a finite simplicial complex, and let K1 ⊂ K2 ⊂ · · · ⊂ Kl = K be a finite

sequence of nested subcomplexes of K. The simplicial complex K with such a sequence of

subcomplexes is called a filtered simplicial complex. See Fig. 2.5(a) for an example of

filtered simplicial complex. We can apply homology to each of the subcomplexes. For all

homology degrees p, the inclusion maps Ki → Kj induce F2-linear maps fi,j : Hp(Ki) →
Hp(Kj) for all i, j ∈ {1, . . . , l} with i ≤ j. By functoriality (see Section 2.3.1), it follows

that

fk,j ◦ fi,k = fi,j for all i ≤ k ≤ j . (2.1)

We therefore give the following definition4.

Definition 4. Let K1 ⊂ K2 ⊂ · · · ⊂ Kl = K be a filtered simplicial complex. The pth

persistent homology of K is the pair(
{Hp(Ki)}1≤i≤l , {fi,j}1≤i≤j≤l

)
,

where for all i, j ∈ {1, . . . , l} with i ≤ j, the linear maps fi,j : Hp(Ki) → Hp(Kj) are the

maps induced by the inclusion maps Ki → Kj.

4A pair ({Mi}i∈I , {φi,j : Mi →Mj}i≤j), where (I,≤) is a totally ordered set, such that for each i, we
have that Mi is a vector space and the maps φi,j are linear maps satisfying the functoriality property (2.1),
is usually called a persistence module. With this terminology, the homology of a filtered simplicial
complex is an example of persistence module.
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Figure 2.5: Example of persistent homology for a finite filtered simplicial complex. (a) We start
with a finite filtered simplicial complex. (b) At each filtration step i, we draw as many vertices as the
dimension of (left column) H0(Ki) and (right column) H1(Ki). We label the vertices by basis elements,
the existence of which is guaranteed by the Fundamental Theorem of Persistent Homology, and we draw
an edge between two vertices to represent the maps fi,j , as explained in the main text. We thus obtain
a well-defined collection of disjoint half-open intervals called a “barcode.” We interpret each interval
in degree p as representing the lifetime of a p-homology class across the filtration. (c) We rewrite the
diagram in (b) in the conventional way. We represent classes that are born but do not die at the final
filtration step using arrows that start at the birth of that feature and point to the right. (d) An alternative
graphical way to represent barcodes (which gives exactly the same information) is to use persistence

diagrams, in which an interval [i, j) is represented by the point (i, j) in the extended plane R2
, where

R = R ∪ {∞}. Therefore, a persistence diagram is a finite multiset of points in R2
. We use squares to

signify the classes that do not die at the final step of a filtration, and the size of dots or squares is directly
proportional to the number of points being represented. For technical reasons, which we discuss briefly
in Section 2.5.4, one also adds points on the diagonal to the persistence diagrams. (Each of the points
on the diagonal has infinite multiplicity.)
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The pth persistent homology of a filtered simplicial complex gives more refined infor-

mation than just the homology of the single subcomplexes. We can visualize the infor-

mation given by the vector spaces Hp(Ki) together with the linear maps fi,j by drawing

the following diagram: at filtration step i, we draw as many bullets as the dimension of

the vector space Hp(Ki). We then connect the bullets as follows: we draw an interval

between bullet u at filtration step i and bullet v at filtration step i + 1 if the generator

of Hp(Ki) that corresponds to u is sent to the generator of Hp(Ki+1) that corresponds to

v. If the generator corresponding to a bullet u at filtration step i is sent to 0 by fi,i+1,

we draw an interval starting at u and ending at i + 1. (See Fig. 2.5(b) for an example.)

Such a diagram clearly depends on a choice of basis for the vector spaces Hp(Ki), and a

poor choice can lead to complicated and unreadable clutter. Fortunately, by the Funda-

mental Theorem of Persistent Homology [224], there is a choice of basis vectors of Hp(Ki)

for each i ∈ {1, . . . , l} such that one can construct the diagram as a well-defined and

unique collection of disjoint half-open intervals, collectively called a barcode5. We give

an example of a barcode in Fig. 2.5(c). Note that the Fundamental Theorem of PH, and

hence the existence of a barcode, relies on the fact that we are using homology with field

coefficients. (See [224] for more details.)

There is a useful interpretation of barcodes in terms of births and deaths of generators.

Considering the maps fi,j written in the basis given by the Fundamental Theorem of

Persistent Homology, we say that x ∈ Hp(Ki) (with x 6= 0) is born in Hp(Ki) if it is not

in the image of fi−1,i (i.e., f−1
i−1,i(x) = ∅). For x ∈ Hp(Ki) (with x 6= 0), we say that x

dies in Hp(Kj) if j > i is the smallest index for which fi,j(x) = 0. The lifetime of x is

represented by the half-open interval [i, j). If fi,j(x) 6= 0 for all j > i in I, we say that x

lives forever, and its lifetime is represented by the interval [i,∞).

Remark 5. Note that some references (e.g., [74]) introduce persistent homology by defin-

ing the birth and death of generators without using the existence of a choice of compatible

bases, as given by the Fundamental Theorem of Persistent Homology. The definition of

birth coincides with the definition that we have given, but the definition of death is

different. One says that x ∈ Hp(Ki) (with x 6= 0) dies in Hp(Kj) if j > i is the

smallest index for which either fi,j(x) = 0 or there exists y ∈ Hp(Ki) with 0 6= y and

mini′{f−1
i′,i (y) 6= ∅} < mini′{f−1

i′,i (x) 6= ∅} such that fi,j(y) = fi,j(x). In words, this means

that x and y merge at filtration step j, and the class that was born earlier is the one that

survives. In the literature, this is called the elder rule. We do not adopt this definition,

5Although the collection of intervals is unique, note that one has to choose a vertical order when
drawing the intervals in the diagram, and there is therefore an ambiguity in the representation of the
intervals as a barcode. However, there is no ambiguity when representing the intervals as points in a
persistence diagram (see Fig. 2.5(d)).
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because the elder rule is not well-defined when two classes are born at the same time, as

there is no way to choose which class will survive. For example, in Fig. 2.5, there are two

classes in H0 that are born at the same stage in K1. These two classes merge in K2, but

neither dies. The class that dies is [a] + [c].

There are numerous excellent introductions to PH, such as the books [74,93,166,220]

and the papers [34, 72, 77, 92, 207]. For a brief and friendly introduction to PH and some

of its applications, see the video https://www.youtube.com/watch?v=h0bnG1Wavag. For

a brief introduction to some of the ideas in TDA, see the video https://www.youtube.

com/watch?v=XfWibrh6stw.

2.5 Computation of PH for data

We summarise the pipeline for the computation of PH from data in Fig. 2.6. In the

following subsections, we describe each step of this pipeline and state-of-the-art algorithms

for the computation of PH. The two features that make PH appealing for applications are

that it is computable via linear algebra and that it is stable with respect to perturbations

in the measurement of data. In Section 2.5.5, we give a brief overview of stability results.

Data
Filtered
complex

(1)
Barcodes Interpretation

(2) (3)

Figure 2.6: PH pipeline.

2.5.1 Data

As we mentioned in Section 2.1, types of data sets that one can study with PH include

finite metric spaces, digital images, and networks. We now give a brief overview of how

one can study these types of data sets using PH.

2.5.1.1 Networks

One can construe an undirected network as a 1-dimensional simplicial complex. If the

network is weighted, then filtering by increasing or decreasing weight yields a filtered 1-

dimensional simplicial complex. To obtain more refined information about the network,

it is desirable to construct higher-dimensional simplices. There are various methods to do

this. The simplest method, called a weight rank clique filtration (WRCF), consists

of building a clique complex on each subnetwork. (See Section 2.5.2.1 for the definition
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of “clique complex.”) See [171] for an application of this method. Another method to

study networks with PH consists of mapping the nodes of the network to points of a finite

metric space. There are several ways to compute distances between nodes of a network; the

method that we use in our benchmarking in Section 2.7 consists of computing a shortest

path between nodes. For such a distance to be well-defined, note that one needs the

network to be connected (although conventionally one takes the distance between nodes

in different components to be infinity). There are many methods to associate an unfiltered

simplicial complex to both undirected and directed networks. See the book [108] for an

overview of such methods, and see the paper [107] for an overview of PH for networks.

2.5.1.2 Digital images

As we mentioned in Section 2.1, digital images have a natural cubical structure: 2-

dimensional digital images are made of pixels, and 3-dimensional images are made of

voxels. Therefore, to study digital images, cubical complexes are more appropriate than

simplicial complexes. Roughly, cubical complexes are spaces built from a union of ver-

tices, edges, squares, cubes, and so on. One can compute PH for cubical complexes in

a similar way as for simplicial complexes, and we will therefore not discuss this further

in this paper. See [113] for a treatment of computational homology with cubical com-

plexes rather than simplicial complexes and for a discussion of the relationship between

simplicial and cubical homology. See [202] for an efficient algorithm and data structure

for the computation of PH for cubical data, and [17] for an algorithm that computes PH

for cubical data in an approximate way. For an application of PH and cubical complexes

to movies, see [162].

Other approaches for studying digital images are also useful. In general, given a digital

image that consists of N pixels or voxels, one can consider this image as a point in a c×N -

dimensional space, with each coordinate storing a vector of length c representing the color

of a pixel or voxel. Defining an appropriate distance function on such a space allows one

to consider a collection of images (each of which has N pixels or voxels) as a finite metric

space. A version of this approach was used in [36], in which the local structure of natural

images was studied by selecting 3× 3 patches of pixels of the images.

2.5.1.3 Finite metric spaces

As we mentioned in the previous two subsections, both undirected networks and image

data can be construed as finite metric spaces. Therefore, methods to study finite metric

spaces with PH apply to the study of networks and image data sets.
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In some applications, points of a metric space have associated “weights.” For instance,

in the study of molecules, one can represent a molecule as a union of balls in Euclidean

space [216,218]. For such data sets, one would therefore also consider a minimum filtration

value (see Section 2.5.2 for the description of such filtration values) at which the point

enters the filtration. In Table 2.2(g), we indicate which software libraries implement this

feature.

2.5.2 Filtered Simplicial Complexes

In Section 2.3.2, we introduced the Čech complex, a classical simplicial complex from

algebraic topology. However, there are many other simplicial complexes that are better

suited for studying data from applications. We discuss them in this section.

To be a useful tool for the study of data, a simplicial complex has to satisfy some

theoretical properties dictated by topological inference; roughly, if we build the simplicial

complex on a set of points sampled from a space, then the homology of the simplicial

complex has to approximate the homology of the space. For the Čech complex, these

properties are guaranteed by the Nerve Theorem. Some of the complexes that we discuss

in this subsection are motivated by a “sparsification paradigm”: they approximate the

PH of known simplicial complexes but have fewer simplices than them. Others, like the

Vietoris–Rips complex, are appealing because they can be computed efficiently. In this

subsection, we also review reduction techniques, which are heuristics that reduce the

size of complexes without changing the PH. In Table 2.1, we summarise the simplicial

complexes that we discuss in this subsection.

For the rest of this subsection (X, d) denotes a metric space, and S is a subset of

X, which becomes a metric space with the induced metric. In applications, S is the

collection of measurements together with a notion of distance, and we assume that S lies

in the (unknown) metric space X. Our goal is then to compute persistent homology for a

sequence of nested spaces Sε1 , Sε2 , . . . , Sεl , where each space gives a “thickening” of S in

X.

2.5.2.1 Vietoris–Rips complex

We have seen that one of the disadvantages of the Čech complex is that one has to check

for a large number of intersections. To circumvent this issue, one can instead consider the

Vietoris–Rips (VR) complex, which approximates the Čech complex. For a non-negative

real number ε, the Vietoris–Rips complex VRε(S) at scale ε is defined as

VRε(S) = {σ ⊆ S | d(x, y) ≤ 2ε for all x, y ∈ σ} .
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The sense in which the VR complex approximates the Čech complex is that, when S

is a subset of Euclidean space, we have Čε(S) ⊆ VRε(S) ⊆ Č√2ε(S). Deciding whether

a subset σ ⊆ S is in VRε(S) is equivalent to deciding if the maximal pairwise distance

between any two vertices in σ is at most 2ε. Therefore, one can construct the VR complex

in two steps. One first computes the ε-neighborhood graph of S. This is the graph

whose vertices are all points in S and whose edges are

{(i, j) ∈ S × S | i 6= j and d(i, j) ≤ 2ε} .

Second, one obtains the VR complex by computing the clique complex of the ε-neighborhood

graph. The clique complex of a graph is a simplicial complex that is defined as follows:

The subset {x0, . . . , xk} is a k-simplex if and only if every pair of vertices in {x0, . . . , xk}
is connected by an edge. Such a collection of vertices is called a clique. This construction

makes it very easy to compute the VR complex, because to construct the clique complex

one has only to check for pairwise distances — for this reason clique complexes are also

called “lazy” in the literature. Unfortunately, the VR complex has the same worst-case

complexity as the Čech complex. In the worst case, it can have up to 2|S| − 1 simplices

and dimension |S| − 1.

In applications, one therefore usually only computes the VR complex up to some

dimension k � |S| − 1. In our benchmarking, we often choose k = 2 and k = 3.

The paper [221] overviews different algorithms to perform both of the steps for the

construction of the VR complex, and it introduces fast algorithms to construct the clique

complex. For more details on the VR complex, see [74, 201]. For a proof of the approxi-

mation of the Čech complex by the VR complex, see [74]; see [123] for a generalisation of

this result.

2.5.2.2 The Delaunay complex

To avoid the computational problems of the Čech and VR complexes, we need a way to

limit the number of simplices in high dimensions. The Delaunay complex gives a geometric

tool to accomplish this task, and most of the new simplicial complexes that have been

introduced for the study of data are based on variations of the Delaunay complex. The

Delaunay complex and its dual, the Voronoi diagram, are central objects of study in

computational geometry because they have many useful properties.

For the Delaunay complex, one usually considers X = Rd, so we also make this

assumption. We subdivide the space Rd into regions of points that are closest to any of

the points in S. More precisely, for any s ∈ S, we define

Vs = {x ∈ Rd | d(x, s) ≤ d(x, s′) for all s′ ∈ S} .
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The collection of sets Vs is a cover for Rd that is called the Voronoi decomposition of

Rd with respect to S, and the nerve of this cover is called the Delaunay complex of S

and is denoted by Del(S;Rd). In general, the Delaunay complex does not have a geometric

realisation in Rd. However, if the points S are “in general position” 6 then the Delaunay

complex has a geometric realisation in Rd that gives a triangulation of the convex hull of

S. In this case, the Delaunay complex is also called the Delaunay triangulation.

The complexity of the Delaunay complex depends on the dimension d of the space.

For d ≤ 2, the best algorithms have complexity O(N logN), where N is the cardinality

of S. For d ≥ 3, they have complexity O(N dd/2e). The construction of the Delaunay

complex is therefore costly in high dimensions, although there are efficient algorithms for

the computation of the Delaunay complex for d = 2 and d = 3. Developing efficient

algorithms for the construction of the Delaunay complex in higher dimensions is a subject

of ongoing research. See [24] for a discussion of progress in this direction, and see [98] for

more details on the Delaunay complex and the Voronoi diagram.

2.5.2.3 Alpha complex

We continue to assume that S is a finite set of points in Rd. Using the Voronoi decompo-

sition, one can define a simplicial complex that is similar to the Čech complex, but which

has the desired property that (if the points S are in general position) its dimension is at

most that of the space. Let ε > 0, and let Sε denote the union
⋃
s∈S B(s, ε). For every

s ∈ S, consider the intersection Vs ∩B(s, ε). The collection of these sets forms a cover of

Sε, and the nerve complex of this cover is called the alpha (α) complex of S at scale ε

and is denoted by Aε(S). The Nerve Theorem applies, and it therefore follows that Aε(S)

has the same homology as Sε.

Furthermore, A∞(S) is the Delaunay complex; and for ε < ∞, the alpha complex is

a subcomplex of the Delaunay complex. The alpha complex was introduced for points

in the plane in [75], in 3-dimensional Euclidean space in [79], and for Euclidean spaces

of arbitrary dimension in [71]. For points in the plane, there is a well-known speed-

up for the alpha complex that uses a duality between 0-dimensional and 1-dimensional

persistence for alpha complexes [72]. (See [129] for the algorithm, and see [128] for an

implementation.)

6A set S of points in Rd is in general position if no d + 2 points of S lie on a d − 1-dimensional
sphere, and for any d′ < d, no d′+ 2 points of S lie on a d′-dimensional subspace that is isometric to Rd′ .
In particular, a set of points S in R2 is in general position if no four points lie on a 1-dimensional sphere
and no three points lie on a line.
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2.5.2.4 Witness complexes

Witness complexes are very useful for analyzing large data sets, because they make it

possible to construct a simplicial complex on a significantly smaller subset L ⊆ S of points

that are called “landmark” points. Meanwhile, because one uses information about all

points in S to construct the simplicial complex, the points in S are called “witnesses.”

Witness complexes can be construed as a “weak version” of Delaunay complexes. (See

the characterisation of the Delaunay complex in [58].)

Definition 6. Let (S, d) be a metric space, and let L ⊆ S be a finite subset. Suppose

that σ is a non-empty subset of L. We then say that s ∈ S is a weak witness for σ

with respect to L if and only if d(s, a) ≤ d(s, b) for all a ∈ σ and for all b ∈ L \ σ.

The weak Delaunay complex Delw(L;S) of S with respect to L has vertex set

given by the points in L, and a subset σ of L is in Delw(L;S) if and only if it has a weak

witness in S.

To obtain nested complexes, one can extend the definition of witnesses to ε-witnesses.

Definition 7. A point s ∈ S is a weak ε-witness for σ with respect to L if and only if

d(s, a) ≤ d(s, b) + ε for all a ∈ σ and for all b ∈ L \ σ.

Now we can define the weak Delaunay complex Delw(L;S, ε) at scale ε to be the

simplicial complex with vertex set L, and such that a subset σ ⊆ L is in Delw(L;S, ε) if

and only if it has a weak ε-witness in S. By considering different values for the parameter

ε, we thereby obtain nested simplicial complexes. The weak Delaunay complex is also

called the “weak witness complex” or just the “witness complex” in the literature.

There is a modification of the witness complex called the lazy witness complex,

and denoted by Delwlazy(L;X, ε). It is a clique complex, and it can therefore be com-

puted more efficiently than the witness complex. The lazy witness complex has the same

1-skeleton as Delw(L;X, ε), and one adds a simplex σ to Delwlazy(L;X, ε) whenever its

edges are in Delwlazy(L;X, ε). Another type of modification of the witness complex yields

parametrised witness complexes. Let ν = 1, 2, . . . and for all s ∈ S define mν(s) to

be the distance to the νth closest landmark point. Furthermore, define m0(s) = 0 for all

s ∈ S. Let Wν(L;S, ε) be the simplicial complex whose vertex set is L and such that a

1-simplex σ = {x0, x1} is in Wν(L;X, ε) if and only if there exists s in S for which

max{d(x0, s), d(x1, s)} ≤ mν(s) + ε .

A simplex σ is in Wν(L;X, ε) if and only if all of its edges belong to Wν(L;X, ε). For

ν = 2, note that W2(L;X, ε) = Delwlazy(L;X, ε). For ν = 0, we have that W0(L;X, ε)
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approximates the VR complex VR(L; ε). That is,

W0(L;X, ε) ⊆ VR(L; 2ε) ⊆W0(L;X, 2ε) .

Note that parametrised witness complexes are often called “lazy witness complexes” in

the literature, because they are clique complexes.

The weak Delaunay complex was introduced in [58], and parametrised witness com-

plexes were introduced in [59]. Witness complexes can be rather useful for applications.

Because their complexity depends on the number of landmark points, one can reduce

complexity by computing simplicial complexes using a smaller number of vertices. How-

ever, there are theoretical guarantees for the witness complex only when S is the metric

space associated to a low-dimensional Euclidean submanifold. It has been shown that wit-

ness complexes can be used to recover the topology of curves and surfaces in Euclidean

space [8,100], but they can fail to recover topology for submanifolds of Euclidean space of

three or more dimensions [25]. Consequently, there have been studies of simplicial com-

plexes that are similar to the witness complexes but with better theoretical guarantees

(see Section 2.5.2.5).

2.5.2.5 Additional complexes

Many more complexes have been introduced for the fast computation of PH for large

data sets. These include the graph-induced complex [66], which is a simplicial complex

constructed on a subsample Q, and has better theoretical guarantees than the witness

complex (see [111] for the companion software); an approximation of the VR complex that

has a worst-case size that is linear in the number of data points [184]; an approximation

of the Čech complex [123] whose worst-case size also scales linearly in the data; and an

approximation of the VR complex via simplicial collapses [68]. We do not discuss such

complexes in detail, because thus far (at the time of writing) none of them have been

implemented in publicly-available libraries for the computation of PH. (See Table 2.2 in

Section 2.7 for information about which complexes have been implemented.)

2.5.2.6 Reduction techniques

Thus far, we have discussed techniques to build simplicial complexes with possibly “few”

simplices. One can also take an alternative approach to speed up the computation of PH.

For example, one can use a heuristic (i.e., a method without theoretical guarantees on

the speed-up) to reduce the size of a filtered complex while leaving the PH unchanged.

For simplicial complexes, one such method is based on discrete Morse theory [179],

which was adapted to filtrations of simplicial complexes in [157]. The basic idea of the
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Table 2.1: We summarise several types of complexes that are used for PH. We indicate
the theoretical guarantees and the worst-case sizes of the complexes as functions of the
cardinality N of the vertex set. For the witness complexes (see Section 2.5.2.4), L denotes
the set of landmark points, while Q denotes the subsample set for the graph-induced
complex (see Section 2.5.2.5).

Complex K Size of K Theoretical guarantee

Čech 2O(N) Nerve theorem

Vietoris–Rips (VR) 2O(N) Approximates Čech complex

Alpha
NO(dd/2e)

(N points in Rd) Nerve theorem

Witness 2O(|L|) For curves and surfaces in Euclidean space

Graph-induced complex 2O(|Q|) Approximates VR complex

Sparsified Čech O(N) Approximates Čech complex
Sparsified VR O(N) Approximates VR complex

algorithm developed in [157] is that one can compute a partial matching of the simplices

in a filtered simplicial complex so that (i) pairs occur only between simplices that enter

the filtration at the same step, (ii) unpaired simplices determine the homology, and (iii)

one can remove paired simplices from the filtered complex without altering the total PH.

Such deletions are examples of the elementary simplicial collapses that we mentioned in

Section 2.3.1. Unfortunately, the problem of finding an optimal partial matching was

shown to be NP complete [109], and one thus relies on heuristics to find partial matchings

to reduce the size of the complex.

One particular family of elementary collapses, called strong collapses, was intro-

duced in [11]. Strong collapses preserve cycles of shortest length in the representative

class of a generator of a hole [211]; this feature makes strong collapses useful for finding

holes in networks [211]. A distributed version of the algorithm introduced in [211] was

introduced in [210] and adapted for the computation of PH in [209].

A method for the reduction of the size of a complex for clique complexes, such as the

VR complex, was introduced in [222] and is called the tidy-set method. Using maximal

cliques, this method extracts a minimal representation of the graph that determines the

clique complex. Although the tidy-set method cannot be extended to filtered complexes,

it can be used for the computation of zigzag PH (see Section 2.6) [223]. The tidy-set

method is a heuristic, because it does not give a guarantee to minimize the size of the

output complex.
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2.5.3 From a Filtered Simplicial Complex to Barcodes

To compute the PH of a filtered simplicial complex K and obtain a barcode like the one

illustrated in Fig. 2.5(c), we need to associate to it a matrix — the so-called boundary

matrix — that stores information about the faces of every simplex. To do this, we place

a total ordering on the simplices of the complex that is compatible with the filtration in

the following sense:

• a face of a simplex precedes the simplex;

• a simplex in the ith complex Ki precedes simplices in Kj for j > i, which are not

in Ki.

Let n denote the total number of simplices in the complex, and let σ1, . . . , σn denote the

simplices with respect to this ordering. We construct a square matrix δ of dimension

n × n by storing a 1 in δ(i, j) if the simplex σi is a face of simplex σj of codimension 1;

otherwise, we store a 0 in δ(i, j).

Once one has constructed the boundary matrix, one has to reduce it using Gaussian

elimination.7 In the following subsections, we discuss several algorithms for reducing the

boundary matrix.

2.5.3.1 Standard algorithm

The so-called standard algorithm for the computation of PH was introduced for the

field F2 in [76] and for general fields in [224]. For every j ∈ {1, . . . , n}, we define low(j)

to be the largest index value i such that δ(i, j) is different from 0.8 If column j only

contains 0 entries, then the value of low(j) is undefined. We say that the boundary

matrix is reduced if the map low is injective on its domain of definition. In Alg. 1,

we illustrate the standard algorithm for reducing the boundary matrix. Because this

algorithm operates on columns of the matrix from left to right, it is also sometimes called

the “column algorithm.” In the worst case, the complexity of the standard algorithm is

cubic in the number of simplices.

7As we mentioned in Section 4.9, for the reduction of the boundary matrix and thus the computation
of PH, it is crucial that one uses simplicial homology with coefficients in a field; see [224] for details.

8This map is called “low” in the literature, because one can think of it as indicating the index of the
“lowest” row — the one that is nearest to the bottom of the page on which one writes the boundary
matrix — that contains a 1 in column j.
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Algorithm 1 The standard algorithm for the reduction of the boundary matrix to bar-
codes.

for j = 1 to n do

while there exists i < j with low(i) =
low(j) do

add column i to column j
end while

end for

2.5.3.2 Reading off the intervals

Once the boundary matrix is reduced, one can read off the intervals of the barcode by

pairing the simplices in the following way:

• If low(j) = i, then the simplex σj is paired with σi, and the entrance of σi in the

filtration causes the birth of a feature that dies with the entrance of σj.

• If low(j) is undefined, then the entrance of the simplex σj in the filtration causes

the birth of a feature. It there exists k such that low(k) = j, then σj is paired with

the simplex σk, whose entrance in the filtration causes the death of the feature. If

no such k exists, then σj is unpaired.

A pair (σi, σj) gives the half-open interval [dg(σi), dg(σj)) in the barcode, where for a

simplex σ ∈ K we define dg(σ) to be the smallest number l such that σ ∈ Kl. An

unpaired simplex σk gives the infinite interval [dg(σk),∞). We give an example of PH

computation in Fig. 2.7.

2.5.3.3 Other algorithms

After the introduction of the standard algorithm, several new algorithms were developed.

Each of these algorithms gives the same output for the computation of PH, so we only

give a brief overview and references to these algorithms, as one does not need to know

them to compute PH with one of the publicly-available software packages. In Section

2.7.2, we indicate which implementation of these libraries is best suited to which data set.

As we mentioned in Section 2.5.3.1, in the worst case, the standard algorithm has cubic

complexity in the number of simplices. This bound is sharp, as Morozov gave an example

of a complex with cubic complexity in [159]. Note that in cases such as when matrices are

sparse, complexity is less than cubic. Milosavljević, Morozov, and Skraba [156] introduced

an algorithm for the reduction of the boundary matrix in O(nω), where ω is the matrix-

multiplication coefficient (i.e., O(nω) is the complexity of the multiplication of two square

matrices of size n). At present, the best bound for ω is 2.376 [49]. Many other algorithms
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(a) A filtered simplicial complex:

•
K1

⊂
• •

•

K2

⊂
• •

•

K3

⊂
• •

•

K4

(b) We put a total order on the simplices that is compatible with the filtration:

•σ1 • •σ1

σ2•

σ3

σ4

• •σ1

σ2•

σ3

σ4

σ5

σ6

• •σ1

σ2•

σ3

σ4

σ5

σ6σ7

where σi denotes the ith simplex in this order.

(c) (Left) The boundary matrix B for the filtered simplicial complex in (a) with
respect to order on simplices in (b), and (right) its reduction B given by applying
Alg. 1 (one first adds column 5 to column 6, and then column 4 to column 6):

B =



0 0 0 1 1 0 0
0 0 0 1 0 1 0
0 0 0 0 1 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 1
0 0 0 0 0 0 1
0 0 0 0 0 0 0


B =



0 0 0 1 1 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1
0 0 0 0 0 0 1
0 0 0 0 0 0 1
0 0 0 0 0 0 0


.

(d) We read off the following intervals from the matrix B in (c):

• σ1 is positive, unpaired; this gives the interval [1,∞) in H0.

• σ2 is positive, paired with σ4; this gives no interval, because σ2 and σ4 enter
at the same time in the filtration.

• σ3 is positive, paired with σ5: this gives the interval [2, 3) in H0.

• σ6 is positive, paired with σ7: this gives the interval [3, 4) in H1.

Figure 2.7: Example of PH computation with the standard algorithm (see Alg. 1).
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have been proposed for the reduction of the boundary matrix. These algorithms give

a heuristic speed-up for many data sets and complexes (see the benchmarkings in the

forthcoming references), but they still have cubic complexity in the number of simplices.

Sequential algorithms include the twist algorithm [44] and the dual algorithm [61,62].

(Note that the dual algorithm is known to give a speed-up when one computes PH with the

VR complex, but not necessarily for other types of complexes (see also the results of our

benchmarking for the vertebra data set in Appendix B).) Parallel algorithms in a shared

setting include the spectral-sequence algorithm [74, Section VII.4] and the chunk

algorithm [14], and parallel algorithms in a distributed setting include the distributed

algorithm [15]. The multifield algorithm is a sequential algorithm that allows the

simultaneous computation of PH over several fields [26].

2.5.4 Statistical interpretation of topological summaries

Once one has obtained barcodes, one needs to interpret the results of computations. In

applications, one often wants to compare the output of a computation for a certain data

set with the output for a null model. Alternatively, one may be studying data sets from the

output of a generative model (e.g., many realisations from a model of random networks),

and it is then necessary to average results over multiple realisations. In the first instance,

one needs both a way to compare the two different outputs and a way to evaluate the

significance of the result for the original data set. In the second case, one needs a way to

calculate appropriate averages (e.g., summary statistics) of the result of the computations.

From a statistical perspective, one can interpret a barcode as an unknown quantity

that one tries to estimate by computing PH. If one wants to use PH in applications, one

thus needs a reliable way to apply statistical methods to the output of the computation

of PH. To our knowledge, statistical methods for PH were addressed for the first time

in the paper [31]. Roughly speaking, there are three current approaches to the problem

of statistical analysis of barcodes. In the first approach, researchers study topological

properties of random simplicial complexes (see, e.g., [7,51]) and the review papers [6,115].

One can view random simplicial complexes as null models to compare with empirical data

when studying PH. In the second approach, one studies properties of a metric space

whose points are persistence diagrams. In the third approach, one studies “features”

of persistence diagrams. We will provide a bit more detail about the second and third

approaches.

In the second approach, one considers an appropriately defined “space of persistence

diagrams,” defines a distance function on it, studies geometric properties of this space,

and does standard statistical calculations (means, medians, statistical tests, and so on).
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Recall that a persistence diagram (see Fig. 2.5 for an example) is a multiset of points in

R2
and that it gives the same information as a barcode. We now give the following precise

definition of a persistence diagram.

Definition 8. A persistence diagram is a multiset that is the union of a finite multiset

of points in R2
with the multiset of points on the diagonal ∆ = {(x, y) ∈ R2 | x = y},

where each point on the diagonal has infinite multiplicity.

In this definition, we include all of the points on the diagonal in R2 with infinite

multiplicity. We include the diagonal points for technical reasons; roughly, it is desirable

to be able to compare persistence diagrams by studying bijections between their points,

and persistence diagrams must thus be sets with the same cardinality.

Given two persistence diagrams X and Y , we consider the following general definition

of distance between X and Y .

Definition 9. Let p ∈ [1,∞]. The pth Wasserstein distance between X and Y is

defined as

Wp[d](X, Y ) := inf
φ : X→Y

[∑
x∈X

d[x, φ(x)]p

]1/p

for p ∈ [1,∞) and as

W∞[d](X, Y ) := inf
φ : X→Y

sup
x∈X

d[x, φ(x)]

for p =∞, where d is a metric on R2 and φ ranges over all bijections from X to Y .

Usually, one takes d = Lq for q ∈ [1,∞]. One of the most commonly employed distance

functions is the bottleneck distance W∞[L∞].

The development of statistical analysis on the space of persistence diagrams is an area

of ongoing research, and presently there are few tools that can be used in applications.

See [153, 160, 197] for research in this direction. Until recently, the library Dionysus

[158] was the only library to implement computation of the bottleneck and Wasserstein

distances (for d = L∞); the library hera [121] implements a new algorithm [122] for the

computation of the bottleneck and Wasserstein distances that significantly outperforms

the implementation in Dionysus. The library TDA Package [87] (see [86] for the

accompanying tutorial) implements the computation of confidence sets for persistence

diagrams that was developed in [88], distance functions that are robust to noise and

outliers [43], and many more tools for interpreting barcodes.

The third approach for the development of statistical tools for PH consists of mapping

the space of persistence diagrams to spaces (e.g., Banach spaces) that are amenable to

statistical analysis and machine-learning techniques. Such methods include persistence
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landscapes [28], using the space of algebraic functions [4], persistence images [2], and

kernelisation techniques [23, 130, 175, 219]. See the papers [125, 192] for applications of

persistence landscapes. The package Persistence Landscape Toolbox [69] (see [30]

for the accompanying tutorial) implements the computation of persistence landscapes, as

well as many statistical tools that one can apply to persistence landscapes, such as mean,

ANOVA, hypothesis tests, and many more.

2.5.5 Stability

As we mentioned in Section 2.1, PH is useful for applications because it is stable with

respect to small perturbations in the input data.

The first stability theorem for PH, proven in [48], asserts that, under favorable condi-

tions, step (2) in the pipeline in Fig. 2.6 is 1-Lipschitz with respect to suitable distance

functions on filtered complexes and the bottleneck distance for barcodes (see Section

2.5.4). This result was generalised in the papers [29,32,42]. Stability for PH is an active

area of research; for an overview of stability results, their history and recent developments,

see [166, Chapter 3].

2.6 Excursus: Generalised persistence

One can use the algorithms that we described in Section 2.5 to compute PH when one

has a sequence of complexes with inclusion maps that are all going in the same direction,

as in the following diagram:

· · · → Ki−1 → Ki → Ki+1 → . . . .

An algorithm, called the zigzag algorithm, for the computation of PH for inclusion

maps that do not all go in the same direction, as, e.g., in the diagram

· · · → Ki−1 → Ki ← Ki+1 → . . .

was introduced in [35]. In the more general setting in which maps are not inclusions, one

can still compute PH using the simplicial map algorithm [67].

One may also wish to vary two or more parameters instead of one. This yields multi-
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filtered simplicial complexes, as, e.g., in the following diagram:

..
.

..
.

..
.

→ → →

. . . → Kj+1,i−1 → Kj+1,i → Kj+1,i+1 → . . .

→ → →

. . . → Kj,i−1 → Kj,i → Kj,i+1 → . . .

→ → →

. . . → Kj−1,i−1 → Kj−1,i → Kj−1,i+1 → . . .

→ → →

..
.

..
.

..
.

.

In this case, one speaks of multiparameter persistent homology. Unfortunately, the

Fundamental Theorem of Persistent Homology is no longer valid if one filters with more

than one parameter, and there is no such thing as a “generalised interval.” The topic

of multi-parameter persistence is under active research, and several approaches are being

studied to extract topological information from multi-filtered simplicial complexes. See

[38,166] for the theory of multi-parameter persistent homology, and see [141] (and [140] for

its companion paper) for upcoming software for the visualisation of 2-parameter persistent

homology.

2.7 Software

There are several publicly-available implementations for the computation of PH. We give

an overview of the libraries with accompanying peer-reviewed publication and summarise

their properties in Table 2.2.

The software package javaPlex [193], which was developed by the computational

topology group at Stanford University, is based on the Plex library [170], which to our

knowledge is the first piece of software to implement the computation of PH. Perseus

[161] was developed to implement Morse-theoretic reductions [157] (see Section 2.5.2.6).

jHoles [21] is a Java library for computing the weight rank clique filtration for weighted

undirected networks [171]. Dionysus [158] is the first software package to implement the

dual algorithm [61,62]. PHAT [16] is a library that implements several algorithms and

data structures for the fast computation of barcodes, takes a boundary matrix as input,

and is the first software to implement a matrix-reduction algorithm that can be executed

in parallel. DIPHA [13], a spin-off of PHAT, implements a distributed computation

of the matrix-reduction algorithm. Gudhi [149] implements new data structures for

simplicial complexes and the boundary matrix. It also implements the multi-field

algorithm, which allows simultaneous computation of PH over several fields [26]. This
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library is currently under intense development, and a python interface was just released

in the most recent version of the library (namely, Version 2.0.0, whereas the version

that we study in our tests is Version 1.3.1). The library ripser [12], the most recently

developed software of the set that we examine, uses several optimisations and shortcuts

to speed up the computation of PH with the VR complex. This library does not have

an accompanying peer-reviewed publication. However, because it is currently the best-

performing (both in terms of memory usage and in terms of wall-time seconds9) library

for the computation of PH with the VR complex, we include it in our study. The library

SimpPers [112] implements the simplicial map algorithm. Libraries that implement

techniques for the statistical interpretation of barcodes include the TDA Package [87]

and the Persistence Landscape Toolbox [69]. RIVET, a package for visualizing

2-parameter persistent homology, is slated to be released soon [141]. We summarise the

properties of the libraries that we mentioned in this paragraph in Table 2.2, and we discuss

the performance for a selection of them in Section 2.7.1.3 and in Appendix B. For a list

of programs, see https://github.com/n-otter/PH-roadmap.

2.7.1 Benchmarking

We benchmark a subset of the currently available open-source libraries with peer-reviewed

publication for the computation of PH. To our knowledge, the published open-source li-

braries are jHoles, javaPlex, Perseus, Dionysus, PHAT, DIPHA, SimpPers, and

Gudhi. To these, we add the library ripser, which is currently the best-performing

library to compute PH with the VR complex. To study the performance of the packages,

we restrict our attention to the algorithms that are implemented by the largest number

of libraries. These are the VR complex and the standard and dual algorithms for the

reduction of the boundary matrix. PHAT only takes a boundary matrix as input, so

it is not possible to conduct a direct comparison of it with the other implementations.

However, the fast data structures and algorithms implemented in PHAT are also im-

plemented in its spin-off software DIPHA, which we include in the benchmarking. The

software jHoles computes PH using the WRCF for weighted undirected networks, and

SimpPers takes a map of simplicial complexes as input, so these two libraries cannot be

compared directly to the other libraries. In Appendix B, we report benchmarking of some

additional features that are implemented by some of the six libraries (i.e., javaPlex,

Perseus, Dionysus, DIPHA, Gudhi, and ripser) that we test. Specifically, we report

results for the computation of PH with cubical complexes for image data sets and the

computation of PH with witness, alpha, and Čech complexes.

9“Wall time” is the amount of elapsed time perceived by a human.
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We study the software packages javaPlex, Perseus, Dionysus, DIPHA, Gudhi,

and ripser using both synthetic and real-world data from three different perspectives:

1. Performance measured in CPU seconds and wall-time (i.e., elapsed time) seconds.

2. Memory required by the process.

3. Maximum size of simplicial complex allowed by the software.

2.7.1.1 Data sets

In this subsection, we describe the data sets that we use for our benchmarking. We use

data sets from a variety of different mathematical and scientific areas and applications. In

each case, when possible, we use data sets that have already been studied using PH. Our

list of data sets is far from complete; we view this list as an initial step towards building

a comprehensive collection of benchmarking data sets for PH.

Data sets (1)–(4) are synthetic: these arise from topology (1), stochastic topology

(2), dynamical systems (3), and from an area at the intersection of network theory and

fractal geometry (4) and which was first used to study connection patterns of the cerebral

cortex (see below for details). Data sets (5)–(12) are from empirical experiments and

measurements: they arise from phylogenetics (5)–(6), genomics (9), neuroscience (8),

image analysis (7), medical imaging (10), political science (11), and scientometrics (12).

In each case, these data sets are of one of the following three types: point clouds,

weighted undirected networks, and grey-scale digital images. To obtain a point cloud from

a real-world weighted undirected network, we compute shortest paths using the inverse

of the nonzero weights on edges as distances between nodes (except for the US Congress

networks; see below). For the synthetic networks, the values assigned to edges are inter-

preted as distances between nodes, and we therefore use these values to compute shortest

paths. We make all processed versions of the data sets that we use in the benchmarking

available at https://github.com/n-otter/PH-roadmap/tree/master/data_sets. We

provide the scripts that we used to produce the synthetic data sets at https://github.

com/n-otter/PH-roadmap/tree/master/matlab/synthetic_data_sets_scripts.

We now describe all data sets in detail:

(1) Klein bottle. The Klein bottle is a one-sided nonorientable surface (see Fig. 2.8).

We linearly sample points from the Klein bottle using its “figure-8” immersion in

R3 and size sample of 400 points. We denote this data set by Klein. Note that the

image of the immersion of the Klein bottle does not have the same homotopy type
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as the original Klein bottle, but they do have the same singular homology10 with

F2 coefficients. We have H0(B) = F2, H1(B) = F2 ⊕ F2, and H2(B) = F2, where

B denotes the Klein bottle and Hi(B) is the ith singular homology group with F2

coefficients.

(2) Random VR complexes (uniform distribution) [114]. The parameters for this model

are positive integers N and d; the random VR complex for parameters N and d is the

VR complex VRε(X), where X is a set of N points sampled from Rd. (Equivalently,

the random VR complex is the clique complex on the random geometric graph

G(N, ε) [168].) We sample N points uniformly at random from [0, 1]d. We choose

(N, d) = (50, 16) and we denote this data set by random. The homology of random

VR complexes was studied in [114].

(3) Vicsek biological aggregation model. This model was first introduced in [200] and

was studied using PH in [196]. We implement the model in the form in which

it appears in [196]. The model describes the motion of a collection of particles

that interact in a square with periodic boundary conditions. The parameters for

the model are the length l of the side of the square, the initial angle θ0, the fixed

absolute value for the velocity v0, the number of particles N , a noise parameter

η, and the number T of time steps. The output of the model is a point cloud in

3-dimensional Euclidean space in which each point is specified by its position in the

2-dimensional box and its velocity angle. We run three simulations of the model

using the parameter values used in [196]. For each simulation, we choose two point

clouds that correspond to two different time frames. See [196] for further details.

We denote this data set by Vicsek.

(4) Fractal networks. These are self-similar networks introduced in [191] to investigate

whether connection patterns of the cerebral cortex are arranged in self-similar pat-

terns. The parameters for this model are natural numbers b, k, and n. To generate a

fractal network, one starts with a fully-connected network on 2b nodes. Two copies

of this network are connected to each other so that the “connection density” be-

tween them is k−1, where the connection density is the number of edges between the

two copies divided by the number of total possible edges between them. Two copies

of the resulting network are connected with connection density k−2. One repeats

this type of connection process until the network has size 2n, but with a decrease in

the connnection density by a factor of 1/k at each step.

10Singular homology is a method that assigns to every topological space homology groups encoding
invariants of the space, in an analogous way as simplicial homology assigns homology groups to simplicial
complexes. See [103] for an account of singular homology.
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We define distances between nodes in two different ways: (1) uniformly at random,

and (2) with linear weight–degree correlations. In the latter, the distance between

nodes i and j is distributed as kikjX, where ki is the degree of node i and X is a

random variable uniformly distributed on the unit interval. We use the parameters

b = 5, n = 9, and k = 2; and we compute PH for the weighted network and for the

network in which all adjacent nodes have distance 1. We denote this data set by

fract and distinguish between the two ways of defining distances between weights

using the abbreviations “r” for random, and “l” for linear.

(5) Genomic sequences of the HIV virus. We construct a finite metric space using the

independent and concatenated sequences of the three largest genes — gag, pol,

and env — of the HIV genome. We take 1088 different genomic sequences and

compute distances between them by using the Hamming distance. We use the

aligned sequences studied using PH in [41]. (The authors of that paper retrieved

the sequences from [131].) We denote this data set by HIV.

(6) Genomic sequences of H3N2. These are 1000 different genomic sequences of H3N2

influenza. We compute the Hamming distance between sequences. We use the

aligned sequences studied using PH in [41]. We denote this data set by H3N2.

(7) Stanford Dragon graphic. We sample points uniformly at random from 3-dimensional

scans of the dragon [132], whose reconstruction we show in Fig. 2.8. The sample

sizes contain 1000 and 2000 points. We denote these data sets by drag 1 and

drag 2, respectively.

(8) C. elegans neuronal network. This is a weighted, undirected network in which each

node is a neuron and edges represent synapses or gaps junctions. We use the network

studied using PH in [171]. (The authors of the paper used the data set studied

in [204], which first appeared in [208].) Recall that for this example, and also for

the other real-world weighted networks (except for the human genome network and

for the US Congress networks), we convert each nonzero edge weight to a distance

by taking its inverse. We denote this data set by eleg.

(9) Human genome. A weighted, undirected network representing a sample of the hu-

man genome. We use the network studied using PH in [171]. (The authors of that

paper created the sample using data retrieved from [57].) Each node represents a

gene, and weighted edges between nodes represent the correlation of the expression
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level of the corresponding genes. We define the weight of an edge as the inverse of

the correlation.11 We denote this data set by genome.

(10) Grey-scale image: 3-dimensional rotational angiography scan of a head with an

aneurysm. This data set was used in the benchmarking in [15]. This data set is

given by a 3-dimensional array of size 512 × 512 × 512, with each entry storing an

integer that represents the grey value for the corresponding voxel. We retrieved the

data set from the repository [1]. We denote this data set by vertebra.

(11) US Congress roll-call voting networks. These two networks (the Senate and House

of Representatives from the 104th United States Congress) are constructed using

the procedure in [205] from data compiled by [173]. In each network, a node is a

legislator (Senators in one data set and Representatives in the other), and there is

a weighted edge between legislators i and j, where the weight wi,j is a number in

[0, 1] (it is equal to 0 if and only if legislators i and j never voted the same way on

any bill) given by the number of times the two legislators voted in the same way

divided by the total number of bills on which they both voted. See [205] for further

details. We denote the networks from the Senate and House by senate and house,

respectively. The network senate has 103 nodes, and the network house has 445

nodes. To compute shortest paths, we define the distance between two nodes i and

j to be 1−wi,j. In the 104th Congress, no two politicians voted in the same way on

every bill, so we do not have distinct nodes with 0 distance between them. (This is

important, for example, if one wants to apply multidimensional scaling.)

(12) Network of network scientists. This is a weighted undirected network representing

the largest connected component of a collaboration network of network scientists

[163]. Nodes represent authors and edges represent collaborations, where weights

indicate the number of joint papers. The largest connected components consists of

379 nodes. We denote this data set by netw-sc.

Figure 2.8: Two well-known examples. Plot of the image of the figure-8 immersion of
the Klein bottle and the reconstruction of the Stanford Dragon (retrieved from [132]).

11We note that the weight should be the correlation; this issue came to our attention when the paper
was in press.
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2.7.1.2 Machines and compilers

We tested the libraries on both a cluster and a shared-memory system. The cluster is a

Dell Sandybridge cluster, it has 1728 (i.e., 108× 16) cores of 2.0GHz Xeon SandyBridge,

RAM of 64 GiB in 80 nodes and RAM of 128 GiB in 4 nodes, and a scratch disk of 20 TB. It

runs the operating system (OS) Red Hat Enterprise Linux 6. The shared-memory system

is an IBM System x3550 M4 server with 16 (i.e., 2×8) cores of 3.3GHz, RAM of 768 GB,

and storage of 3 TB. It runs the OS Ubuntu 14.04.01.12 The major difference in running

shared algorithms on the shared-memory system versus the distributed-memory system

is that each node in the former has much more available RAM than in the latter. (See

also the difference in performance between computations on cluster and shared memory

system in Tables 2.3 and 2.4.) To compile Gudhi, DIPHA, Perseus and Dionysus we

used the compiler gcc 4.8.2 on the cluster, and gcc 4.8.4 on the shared-memory system;

for both machines we used the (default) optimisation -O3. Additionally, we used openmpi

1.8.3 for DIPHA.

2.7.1.3 Tests and results

We now report the details and results of the tests that we performed. We have made

the data sets, header file to measure memory, and other information related to the tests

available at https://github.com/n-otter/PH-roadmap. Of the six software packages

that we study, four implement the computation of the dual algorithm, and four implement

the standard algorithm. It is reported in [193] that javaPlex implements the dual

algorithm, but the implementation of the algorithm has a bug and gives a wrong output.

To our knowledge, this bug has not yet been fixed (at the time of writing), and we therefore

test only the standard algorithm.

For the computations on the cluster, we compare the libraries running both the dual

algorithm and the standard algorithm. The package DIPHA is the only one to implement

a distributed computation. As a default, we run the software on one node and 16 cores;

we only increase the number of nodes and cores employed when the machine runs out of

memory. However, augmenting the number of nodes can make the computations faster

(in terms of CPU seconds) for complexes of all sizes.13 We see this in our experiments,

and it is also discussed in [15]. For the other packages, we run the computations on a

single node with one core.

12Note that we performed the computations for Gudhi and ripser at a different point in time, during
which the shared-memory system was running the OS Ubuntu 16.04.01.

13Based on the results of our tests, we think of small, medium, and large complexes, respectively, as
complexes with a size of order of magnitude of up to 10 million simplices, between 10 million and 100
million simplices, and between 100 million and a billion simplices.
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For computations on the shared-memory system, we compare the libraries using only

the dual algorithm if they implement it, and we otherwise use the standard algorithm.

For the shared-memory system, we run all packages (including DIPHA) on a single core.

In our benchmarking, we report mean computation times and memory measurements.

In Table 2.3, we give the computation times for the different software packages. We

measure elapsed and CPU time by using the time function in Linux. We report com-

putation times with a precision of one second; if a computation took only fractions of a

second, we report “one second” as the computation time. For space reasons, we report

results for a subset of the computations. (In Appendix B, we tabulate the rest of our

computations.) In Table 2.4, we report the memory used by the processes in terms of

maximum resident set size (RSS); in other words, we give the maximum amount of real

RAM a program has used during its execution. We measure the maximum RSS using the

getrusage function in Linux. The header file that we use to measure memory is available

at https://github.com/n-otter/PH-roadmap. In DIPHA, the measurement of mem-

ory is already implemented by the authors of the software. They also use the getrusage

function in Linux. The package javaPlex is written in Java, and we thus cannot measure

its memory as we do for the other packages. However, one can infer memory requirements

for this software package using the value of the maximal heap size necessary to perform

the computations; we report this value in Table 2.4. In Table 2.5, we give the maximum

size of the simplicial complex for which we were able to compute PH with each software

package in our benchmarkings.

2.7.2 Conclusions from our benchmarking

Our tests suggest that ripser is the best-performing library currently available for the

computation of PH with the Vietoris–Rips complex, and in order of decreasing perfor-

mance, that Gudhi and DIPHA are the next-best implementations. For the computation

of PH with cubical complexes, Gudhi outperforms DIPHA by a factor of 3 to 4 in terms

of memory usage, and DIPHA outperforms Gudhi in terms of wall-time seconds by a

factor of 1 to 2 (when running on one core on a shared-memory system). Both DIPHA

and Gudhi significantly outperform the implementation in Perseus. For the compu-

tation of PH with the alpha complex, we did not observe any significant differences in

performance between the libraries Gudhi and Dionysus. Because the alpha complex

has fewer simplices than the other complexes that we used in our tests, further tests with

larger data sets may be appropriate in future benchmarkings.

There is a huge disparity between implementations of the dual and standard algo-

rithms. In our benchmarking, the dual implementations outperformed standard ones
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Table 2.3: Performance of the software packages measured in wall-time (i.e., elapsed
time), and CPU seconds (for the computations running on the cluster). For each data
set, we indicate the size of the simplicial complex and the maximum dimension up to which
we construct the VR complex. For all data sets, we construct the filtered VR complex up
to the maximum distance between any two points. We indicate the implementation of the
standard algorithm using the abbreviation “st” following the name of the package, and
we indicate the implementation of the dual algorithm using the abbreviation “d.” The
symbol “-” signifies that we were unable to finish computations for this data set, because
the machine ran out of memory. Perseus implements only the standard algorithm, and
Gudhi and ripser implement only the dual algorithm. (a,b) We run DIPHA on one
node and 16 cores for the data sets eleg, Klein, and genome; on 2 nodes of 16 cores for
the HIV data set; on 2 and 3 nodes of 16 cores for the dual and standard implementations,
respectively, for drag 2; and on 8 nodes of 16 cores for random. (The maximum number
of processes that we could use at any one time was 128.) (c) We run DIPHA on a single
core.

(a) Computations on cluster: wall-time seconds

Data set eleg Klein HIV drag 2 random genome
Size of complex 4.4× 106 1.1× 107 2.1× 108 1.3× 109 3.1× 109 4.5× 108

Max. dim. 2 2 2 2 8 2
javaPlex (st) 84 747 - - - -
Dionysus (st) 474 1830 - - - -
DIPHA (st) 6 90 1631 142559 - 9110
Perseus 543 1978 - - - -

Dionysus (d) 513 145 - - - -
DIPHA (d) 4 6 81 2358 5096 232

Gudhi 36 89 1798 14368 - 4753
ripser 1 1 2 6 349 3

(b) Computations on cluster: CPU seconds

Data set eleg Klein HIV drag 2 random genome
Size of complex 4.4× 106 1.1× 107 2.1× 108 1.3× 109 3.1× 109 4.5× 108

Max. dim. 2 2 2 2 8 2
javaPlex (st) 284 1031 - - - -
Dionysus (st) 473 1824 - - - -
DIPHA (st) 68 1360 25950 1489615 - 130972
Perseus 542 1974 - - - -

Dionysus (d) 513 145 - - - -
DIPHA (d) 39 73 1276 37572 79691 3622

Gudhi 36 88 1794 14351 - 4764
ripser 1 1 2 5 348 2

(c) Computations on shared-memory system: wall-time seconds

Data set eleg Klein HIV drag 2 genome fract r
Size of complex 3.2× 108 1.1× 107 2.1× 108 1.3× 109 4.5× 108 2.8× 109

Max. dim. 3 2 2 2 2 3
javaPlex (st) 13607 1358 43861 - 28064 -

Perseus - 1271 - - - -
Dionysus (d) - 100 142055 35366 - 572764
DIPHA (d) 926 13 773 4482 1775 3923

Gudhi 381 6 177 1518 442 4590
ripser 2 1 2 5 3 1517
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Table 2.4: Memory usage in GB for the computations summarised in Table 2.3. For
javaPlex, we indicate the value of the maximum heap size that was sufficient to perform
the computation. The value that we give is an upper bound to the memory usage. For
DIPHA, we indicate the maximum memory used by a single core (considering all cores).
See Table 2.3 for details on the number of cores used.

(a) Computations on cluster

Data set eleg Klein HIV drag 2 random genome
Size of complex 4.4× 106 1.1× 107 2.1× 108 1.3× 109 3.1× 109 4.5× 108

Max. dim. 2 2 2 2 8 2
javaPlex (st) < 5 < 15 > 64 > 64 > 64 > 64
Dionysus (st) 1.3 11.6 - - - -
DIPHA (st) 0.1 0.2 2.7 4.9 - 4.8
Perseus 5.1 12.7 - - - -

Dionysus (d) 0.5 1.1 - - - -
DIPHA (d) 0.1 0.2 1.8 13.8 9.6 6.3

Gudhi 0.2 0.5 8.5 62.8 - 21.5
ripser 0.007 0.02 0.06 0.2 24.7 0.07

(b) Computations on shared-memory system

Data set eleg Klein HIV drag 2 genome fract r
Size of complex 3.2× 108 1.1× 107 2.1× 108 1.3× 109 4.5× 108 2.8× 109

Max. dim. 3 2 2 2 2 3
javaPlex (st) < 600 < 15 < 700 > 700 < 700 > 700

Perseus - 11.7 - - - -
Dionysus (d) - 1.1 16.8 134.2 - 268.5
DIPHA (d) 31.2 0.9 17.7 109.5 37.3 276.1

Gudhi 15.4 0.5 10.2 62.8 21.4 134.8
ripser 0.2 0.03 0.07 0.2 0.07 155

Table 2.5: For each software package in (a), we indicate in (b) the maximal size of
the simplicial complex for which we were able to compute PH thus far in our tests, the
limitation being the physical amount of memory of the machines on which we performed
the computations.

(a)
javaPlex Dionysus DIPHA Perseus Gudhi ripser

st st d st d st d d
(b) 4.5 · 108 1.1 · 107 2.8× 109 1.3 · 109 3.4 · 109 1 · 107 3.4 · 109 3.4 · 109
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both in terms of computation time (with respect to both CPU and wall-time seconds)

and in terms of the amount of memory used. This significant difference in performance

and memory usage was also revealed for the software package Dionysus in [61].

To conclude, in our benchmarking, the fastest software packages were ripser, Gudhi,

and DIPHA. For small complexes, the software packages Perseus and javaPlex are

good choices, because they are the easiest ones to use. (They are the only libraries that

need only to be downloaded and are then “plug-and-play,” and they have user-friendly

interfaces.) Because the library javaPlex implements the computation of a variety of

complexes and algorithms, we feel that it is the best software for an initial foray into PH

computation.

We now give guidelines for the computation of PH based on our benchmarking. We

list several types of data sets in Table 2.6 and indicate which software or algorithm

that we feel is best-suited to each one. These guidelines are based on the findings of our

benchmarking. Note that one can transform networks into distance matrices, and distance

matrices can yield points in Euclidean space using a method such as multi-dimensional

scaling. Naturally, given a finite set of points in Euclidean space, we can compute their

distance matrix. As we discussed in Section 2.5.1, image data can also be considered as a

finite metric space, so the indications for distance matrices and points in Euclidean space

also apply to image data.

Table 2.6: Guidelines for which implementation is best-suited for which data set, based
on our benchmarking. Recall that we indicate the implementation of the dual algorithm
using the abbreviation “d” following the name of a package, and similarly we indicate
the implementation of the standard algorithm by “st”. Note that for smaller data sets
one can also use javaPlex to compute PH with VR complexes from points in Euclidean
space, and Perseus to compute PH with cubical complexes for image data, and with
VR complexes for distance matrices. The library jHoles can only handle networks with
density much less than 1.

Data type Complexes Suggested software
networks WRCF jHoles

image data cubical Gudhi or DIPHA (st)
distance matrix VR ripser
distance matrix W javaPlex

points in Euclidean space VR Gudhi

points in Euclidean space Č Dionysus
points in Euclidean space α (only in dim 2 and 3) Dionysus ((st) in dim 2, (d) in dim 3) or Gudhi
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2.8 Future directions

We conclude by discussing some future directions for the computation of PH. As we saw

in Section 2.5, much work has been done on step 2 (i.e., going from filtered complexes to

barcodes) of the PH pipeline of Fig. 2.6, and there exist implementations of many fast

algorithms for the reduction of the boundary matrix. Step 1 (i.e., going from data to a

filtered complex) of the PH pipeline is an active area of research, but many sparsification

techniques (see, e.g., [123, 184]) for complexes have yet to be implemented, and more

research needs to be done on steps 1 and 3 (i.e., interpreting barcodes; see. e.g., [28, 31,

197]) of the PH pipeline. In particular, it is important to develop approaches for statistical

analysis of persistent homology.

We believe that there needs to be a community-wide effort to build a library that

implements the algorithms and data structures for the computation of PH, and that it

should be done in a way that new algorithms and methods can be implemented easily

in this framework. This would parallel similar community-wide efforts in fields such as

computational algebra and computational geometry, and libraries such as Macaulay2 [99],

Sage [64], and CGAL [195].

We also believe that there is a need to create guidelines and benchmark data sets

for the test of new algorithms and data structures. The methods and collection of data

sets that we used in our benchmarking provide an initial step towards establishing such

guidelines and a list of test problems.

2.9 Availability of data and materials

The processed version of the data sets used in the benchmarking and the scripts written

for the tutorial are available at https://github.com/n-otter/PH-roadmap. The open-

source libraries for the computation of PH studied in this paper are available at the

references indicated in the associated citations.
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Chapter 3

Stratifying multiparameter
persistent homology

1

A fundamental tool in topological data analysis is persistent homology, which allows

extraction of information from complex datasets in a robust way. Persistent homology

assigns a module over a principal ideal domain to a one-parameter family of spaces ob-

tained from the data. In applications data often depend on several parameters, and in this

case one is interested in studying the persistent homology of a multiparameter family of

spaces associated to the data. While the theory of persistent homology for one-parameter

families is well-understood, the situation for multiparameter families is more delicate.

Following Carlsson and Zomorodian we recast the problem in the setting of multigraded

algebra, and we propose multigraded Hilbert series, multigraded associated primes and

local cohomology as invariants for studying multiparameter persistent homology. Multi-

graded associated primes provide a stratification of the region where a multigraded module

does not vanish, while multigraded Hilbert series and local cohomology give a measure

of the size of components of the module supported on different strata. These invariants

generalise in a suitable sense the invariant for the one-parameter case.

3.1 Introduction

In [38], Carlsson and Zomorodian introduced multiparameter persistent homology as a

way of extending persistent homology to the setting of filtrations depending on more than

one parameter. Near the end of their paper, they write

Our study of multigraded objects shows that no complete discrete invariant

exists for multidimensional persistence. We still desire a discriminating invari-

1This is the reproduction of the paper Stratifying multiparameter persistent homology, H. Harrington,
N. Otter, U. Tillmann, H. Schenck, revising for Journal of Applied and Computational Topology, Springer.
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ant that captures persistent information, that is, homology classes with large

persistence.

We propose several such discriminating invariants by investigating the multiparameter

persistent homology (MPH) of a multifiltered simplicial complex from the standpoint of

multigraded commutative algebra. Our invariants distinguish between elements of the

module that live forever, which we call “fully persistent components” and correspond

to free elements in the module, elements that live along multiple but not all directions,

which we call “partially persistent components” and correspond to free elements in certain

submodules of the module, and elements that die in all directions, which we call “transient

components”.

Table 3.1: A brief overview of the dictionary between terms used in persistent homology
and commutative algebra proposed in this paper. We note that in the one-parameter case
the notion of death of a homogeneous element corresponds to a correction of the standard
definition that uses the so-called “elder rule”, see [165, Remark 5] for more details.

r-parameter PH commutative algebra
r = 1 r > 1

number of infinite intervals
minimal number of generators

of submodule generated by
fully persistent components

rank

—

minimal number of generators
of submodule generated by

partially persistent
components living along cp

cp-rank

elements corresponding
to finite intervals

transient components
⋃
n

⋂r
i=1 ker(xni )

a homogeneous element a is born at u ∈ Nr deg(a) = u and a is not in the image
of
∑

v x
v for any v ≺ u

a homogeneous element a dies in degrees D ⊂ Nr

Ann(a) 6= (0), and D ⊂ Nr
is obtained from the set of degrees

of the set of minimal generators
of Ann(a) by adding to

each degree the degree of a
a homogeneous element a lives forever Ann(a) = (0)

f
r
ee ︷︸︸
︷

to
r
si
o
n

︷
︸︸

︷

The key objects that we use are the Hilbert function, which gives a measure of the size

of the fully persistent components, the associated primes, which provide a stratification of

the support of MPH modules in transient, partially and fully persistent components, and

local cohomology, which gives a measure of the size of the partially persistent components.

Though standard in commutative algebra, their use in TDA is new.
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In addition to addressing the question posed by Carlsson and Zomorodian, a further

aim of this paper is to provide an introduction to methods of commutative algebra to

the TDA community, and to highlight their utility in TDA. To this end, we include

background, definitions, and examples of the key objects, including

1. Graded and multigraded algebra, which is the setting for MPH,

2. The Hilbert function, which captures the rank of a multigraded MPH module, yield-

ing a measure of the size of the fully persistent components,

3. The associated primes, which provide a stratification of the support of MPH modules

into transient, partially and fully persistent components, and

4. Local cohomology, which gives a measure of the size of the partially persistent

components.

We provide an overview of the dictionary between notions from persistent homology

and commutative algebra proposed in this paper in Table 3.1.

We note that what we call multiparameter persistent homology is often also called

multidimensional persistent homology in the literature. We believe that the adjective

“multiparameter” is more appropriate. Furthermore, the term “dimension” is often used

to denote the degree of (persistent) homology, and its use could thus cause unnecessary

confusion.

3.1.1 Persistent homology

Persistent homology was introduced about 20 years ago, and has become a standard tool

in the analysis of datasets with complicated structure; for overviews see [34], [73], [92],

[207], and [165] for an introduction to computations. Persistent homology (PH) has been

successful in attacking many problems, ranging from analysis of activity in the visual

cortex [188] to understanding viral evolution [41] to modeling shapes and surfaces [198].

PH is appealing for applications because it provides a robust and coordinate-independent

method to study qualitative features of data across different values of a parameter. One

can think of the different parameter values as scales of resolution, and PH provides a

summary of how long individual qualitative features persist across the different scales of

resolution. Roughly, persistent homology is the homology of a nested sequence of spaces

X1 ⊂ · · · ⊂ Xn = X associated with a suitable data set. The homology modules of such

a filtered space X come with additional structure as finitely generated graded modules

over the polynomial ring K[x] in one variable with coefficients in a field K. The grading

gives information about the position in the filtration, while the action of x gives a shift in
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the filtration by one position. Since the ring S = K[x] is a principal ideal domain (PID),

the classical structure theorem for a finitely generated module M over a PID S applies:

M ' Sn ⊕
m⊕
i=1

S/pi,

where the pi are non-trivial principal ideals; the components S/pi are torsion. Since in

the setting of persistent homology the module additionally has a grading, one obtains the

following decomposition:

M =
h⊕
i=1

xαiS ⊕
l⊕

j=1

xβjS/(xβj+γj) . (?)

One can read off from the decomposition in Equation (?) a finite collection of infinite

and finite intervals, which collectively are called a “barcode”, and completely characterises

the isomorphism class of the module: the torsion part gives l finite intervals [βj, βj + γj),

for j = 1, . . . , l, that correspond to features that only exist for a finite number of fil-

tration steps, while the free summands give h infinite intervals [αi,∞), for i = 1, . . . , h,

corresponding to features that are hardier and survive (persist) forever.

In many applications, data depend not only on one, but several parameters, and to

apply PH to such data one therefore needs to study the evolution of qualitative features

across several parameters. The homology of a multifiltered space has the structure of a

multigraded module over a polynomial ring S = K[x1, . . . , xr] in r variables, where r is

the number of parameters. Unfortunately, in this case we no longer have a decomposition

such as the one for the one-parameter case, and the problem of finding a complete char-

acterisation of isomorphism classes analogous to the one-parameter case has been shown

to be hopeless [38].

On the other hand, for applications one does not need a complete classification of

modules; rather, what one needs are invariants that are computable, suitably robust

with respect to perturbations in input data, and amenable to statistical interpretation,

in the sense that one can assess the quality or uncertainty of the resulting invariant using

statistical techniques.

3.1.2 Related work

Several different research approaches have been taken to study multiparameter persistent

homology:

• Rank invariant: in [38] the authors propose the rank invariant as an invariant for

multiparameter modules. They show that this invariant is equivalent to the barcode
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in the one-parameter case. We briefly discuss the rank invariant in Section 3.4.5

and relate it to our work.

• Efficient computation of presentations of modules: in [37] the authors propose a

polynomial-time algorithm to compute a presentation of homology of “one-critical”

multifiltered simplicial complexes, which roughly are multifiltered simplicial com-

plexes in which each simplex enters the complex at exactly one filtration value.

In [40] a polynomial-time algorithm for the computation of the presentation of the

homology of an arbitrary multifiltered simplicial complex is proposed.

• Restriction to a line: in [20] the authors study the collection of one-parameter mod-

ules associated to a multiparameter module by restricting it to lines with positive

real slopes. They show that such a collection of one-parameter modules gives the

same information as the rank invariant. Building on this, in [140] the authors intro-

duce a tool for the visualisation of barcodes of a multiparameter module restricted to

a line. We discuss several ways of associating an N-graded module to an Nr-graded

module in Section 3.5.

• Noise: in [183] a general notion of noise for persistence modules is proposed, and

related invariants associated to multiparameter modules are studied. The proposed

invariants are however not computable, and therefore they are more of theoretical

interest.

• Tor modules [124]: invariants that refine the discrete invariants proposed in [38].

• Fringe presentations [154]: this is the work that is most closely related to our work.

It studies births and deaths of generators in the more general setting of modules

over the monoid ring K[Rr].

3.1.3 Structure of the chapter

The chapter is structured as follows:

• In Section 3.2, we review multiparameter persistent homology and multigraded al-

gebra, and we present a proof of the well-known fact that every multigraded module

is the homology of a multifiltered simplicial complex.

• In Section 3.3, we discuss invariants associated with the free resolution of a module:

the Hilbert function, multigraded Hilbert series and Hilbert polynomial. We show

that the Hilbert function and Hilbert series are invariants encoding key properties

of MPH. Specifically, for a module M over an integral domain, the natural measure
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of size is the rank rk(M), which can be read off from its Hilbert function and multi-

graded Hilbert series. Furthermore, we show that one can reduce the computation

of the rank of a module to the computation of (ordinary) homology of a simplicial

complex.

• In Section 3.4, we introduce a finer invariant for modules, which is given by the

associated primes; we discuss how minimal associated primes give information on

the coordinate subspaces on which the module does not vanish, while non-minimal

(so-called embedded) associated primes give a stratification of these subspaces (see

Fig. 3.5 for an example of two modules that have the same Hilbert series, but differ-

ent stratifications). We then use local cohomology to give a measure of the size of

the submodule generated by elements that only live along some direction, relate our

work to the rank invariant introduced in [38], and show that the associated primes

may be computed by only computing the cokernels of the maps in an appropriate

chain complex.

• In Section 3.5 we investigate different ways to associate an N-graded module over

a polynomial ring in one variable to an Nr-graded module over K[x1, . . . , xr]. First,

we adapt the restriction to a line studied in [20, 140] for Rr-graded modules to our

Nr-graded setting. We then discuss how one can restrict a module to the diagonal

using methods from commutative algebra, and show that one can read off the rank

of a module from the rank of a module restricted to the diagonal.

• In Section 3.6, we summarise our results and discuss future work, and we provide

Macaulay2 code that we used for the computations in this paper in Appendix C.

3.2 Multiparameter persistence and multigraded al-

gebra

It is well known that studying multiparameter persistent homology amounts to the study

of a module over a multivariate polynomial ring. In this section we first review stan-

dard but useful facts about multiparameter persistent homology; we then give a brief

overview of multigraded modules and recall the Hilbert Syzygy Theorem. Finally, we

present a proof of the well-known fact that any multigraded module is the homology of a

multifiltered space.
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3.2.1 Multiparameter persistence

Definition 3.2.1. Denote by Nr the set of r-tuples of natural numbers, and define the

following partial order on Nr: for any pair of elements u,v ∈ Nr we define u 4 v iff

ui ≤ vi for all i = 1, . . . r, where we write u = (u1, . . . , ur). Given a collection of simplicial

complexes {Ku}u∈Nr indexed by Nr, we say that {Ku}u∈Nr is an r-filtration if whenever

u 4 v we have that Ku ⊆ Kv. If there exists u′ ∈ Nr such that Ku = Ku′ for all u′ 4 u,

then we say that the r-filtration stabilises. A multifiltration is an r-filtration for some

r.

An r-filtered simplicial complex is a simplicial complex K together with a multi-

filtration {Ku}u∈Nr that stabilises and such that K = ∪u∈NrKu. An r-filtered simplicial

complex (K, {Ku}u∈Nr) is finite if K is finite. A multifiltered simplicial complex is

an r-filtered simplicial complex for some r ≥ 1.

Given a multifiltered simplicial complex (K, {Ku}u∈Nr), for each x ∈ K we call the

minimal elements u ∈ Nr (with respect to the partial order 4) at which it enters the

filtration its entry degrees. If every x ∈ K has exactly one entry degree we call the

multifiltered simplicial complex one-critical.

Let K be a multifiltered simplicial complex, and let i = 0, 1, 2, . . . . For any u ∈ Nr

denote by Ci(Ku) the K-vector space with basis given by the i-simplices of Ku, and

similarly by Hi(Ku) the ith simplicial homology with coefficients in K. Whenever u 4 v

we have that the inclusion maps Ku → Kv induce K-linear maps ψu,v : Ci(Ku)→ Ci(Kv)

and φu,v : Hi(Ku)→ Hi(Kv) such that whenever u 4 w 4 v we have that ψw,v ◦ ψu,w =

ψu,v, and similarly φw,v ◦ φu,w = φu,v. We thus give the following definition:

Definition 3.2.2. Let K be a multifiltered simplicial complex. The ith chain module

of K over K is the tuple ({Ci(Ku)}u∈Nr , {ψu,v : Ci(Ku)→ Ci(Kv)}u4v).

Similarly, the simplicial homology with coefficients in K of K is the tuple

({Hi(Ku)}u∈Nr , {φu,v : Hi(Ku)→ Hi(Kv)}u4v), where the maps ψu,v and φu,v are those

induced by the inclusions.

The ith chain module and homology of a multifiltered simplicial complex are a “mul-

tiparameter” example of what is usually called a persistence module in the persistent

homology literature:

Definition 3.2.3. An r-parameter persistence module is given by a tuple

({Mu}u∈Nr , {φu,v : Mu →Mv}u4v) where Mu is a K-module for each u and φu,v is a

K-linear map, such that whenever u 4 w 4 v we have φw,v ◦ φu,w = φu,v. A multipa-

rameter persistence module is an r-parameter persistence module for some r ≥ 1.
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A morphism of multiparameter persistence modules

f : ({Mu}u∈Nr , {φu,v}u4v)→
(
{M ′

u}u∈Nr , {φ′u,v}u4v
)

is a collection of K-linear maps {fu : Mu → M ′
u}u∈Nr such that fv ◦ φu,v = φ′u,v ◦ fu for

all u 4 v.

Let K be a multifiltered simplicial complex. An example of a morphism of multipa-

rameter persistence modules is given by the differentials of the simplicial chain complex

(C•(Ku), d• : C•(Ku) → C•−1(Ku)), for each u ∈ Nr, which induce morphisms of multi-

parameter persistence modules

({Ci(Ku)}u∈Nr , {ψu,v}u4v)→ ({Ci−1(Ku)}u∈Nr , {ψu,v}u4v) (3.1)

for any i > 0.

Remark 3.2.4. One could equivalently define an r-parameter persistence module as being

a functor from the poset category Nr to the category with objects K-vector spaces and

morphisms K-linear maps, but we have opted to give a more hands-on definition in this

paper.

3.2.2 Multigraded algebra

The name multiparameter persistence module is justified by the fact that a multiparameter

persistence module is a module over the polynomial ring K[x1, . . . , xr]. In the following

we recall some notions about multigraded rings and modules. In this chapter a ring will

always mean a commutative ring with identity.

Definition 3.2.5. Let R be a ring. We say that R is graded by Nr (or Nr-graded) if

there is a collection of abelian groups {Ru}u∈Nr such the underlying abelian group of R

can be written as ⊕u∈NrRu, and such that this decomposition is compatible with the ring

structure: for all u,v ∈ Nr and all ru ∈ Ru and rv ∈ Rv we have that rurv ∈ Ru+v. The

homogeneous elements of the ring R are the elements r ∈ R such that there exists

u ∈ Nr with r ∈ Ru, and u is called the degree of r and denoted by deg(r).

Given a module M over an Nr-graded ring R, we say that M is graded by Nr (or Nr-
graded) if there exists a collection {Mu}u∈Nr of abelian groups such that the underlying

abelian group of M can be written as ⊕u∈NrMu and the decomposition is compatible with

the R-module structure: for all u,v ∈ Nr we have that rm ∈Mu+v for all r ∈ Ru and all

m ∈ Mv. Similarly as for graded rings, an element m of the module which is contained

in one of the direct summands Mu is called homogeneous, u is called the degree of m,

and denoted by deg(m).
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A homomorphism of Nr-graded modules is a homomorphism f : M → N of Nr-
graded modules such that for all u ∈ Nr we have f(Mu) ⊂ Nu.

Now consider the polynomial ring S = K[x1, . . . , xr]. This ring is naturally graded by

Nr:
S =

⊕
u∈Nr

Kxu

where we denote by u the r-tuple (u1, . . . , ur) and the notation xu stands for xu11 . . . xurr .

Given a multiparameter persistence module ({Mu}u∈Nr , {φu,v}u4v) let M denote the

direct sum
⊕

u∈Nr Mu. Then M is an S-module graded by Nr: the action of K is given

componentwise on each direct summand, and similarly for any v ∈ Nr the action of xu

on Mv is given by the linear map φv,v+u.

Conversely, given an S-module M graded by Nr, we obtain a multiparameter persis-

tence module ({Mu}u∈Nr , {xu : Mv−u →Mv}u4v). More precisely, we have the following:

Theorem 3.2.6. [38] There is an isomorphism of categories between the category with

objects given by r-parameter persistence modules of finitely generated type2 and mor-

phisms given by morphisms of r-parameter persistence modules, and the category with

objects given by finitely generated Nr-graded modules over K[x1, . . . xr] and morphisms

homomorphisms of Nr-graded modules.

Theorem 3.2.6 is usually called Correspondence Theorem in the persistent homology

literature. Thanks to this theorem we can approach the problem of studying multipa-

rameter persistent homology by reformulating it in the language of multigraded algebra.

When dealing with applications, one is often interested in finitely generated Nr-graded

modules over the polynomial ring S = K[x1, . . . , xr], where we adopt the notation com-

mon in commutative algebra. (See [154] for an application in which one needs to consider

modules over the monoid ring K[Rr].) Every S-module has a free resolution:

Definition 3.2.7. A free resolution for an S-module M is an exact sequence

F• : · · · −→ Fi
di−→ Fi−1 −→ · · · −→ F0 −→M −→ 0,

where the Fi are free S-modules. A free resolution is Nr-graded if the S-modules Fi

are Nr-graded for each i and the homomorphisms di are homomorphisms of Nr-graded

modules. We say that a resolution has length n if Fn′ = 0 for all n′ > n.

2A persistence module ({Mu}u∈Nr , {φu,v}u4v) is said to be of finitely generated type if Mu is a
finite-dimensional vector space for all u, and furthermore there exists u0 such that for all u0 4 v the
map φu0,v is an isomorphism. We note that in [38] such modules are called finite.
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By the Hilbert Syzygy Theorem the free resolution of a finitely generated module has

finite length:

Theorem 3.2.8. [155] Every finitely generated Nr-graded S-module M has a free Nr-
graded resolution of length at most r such that the free modules in the resolution are

finitely generated.

In particular, for r = 1 we obtain that the free resolution of a finitely generated S-

module has length 1, and therefore there is a finite set of n generators, as well as a finite

set of m relations such that we can write the module M as the cokernel of a diagram of

free Nr-graded S-modules of the following form:

m⊕
j=1

S(−uj) −→
n⊕
i=1

S(−vi) ,

where we use the convention that a free S-module of rank one with homogeneous generator

of degree u is denoted by S(−u), so that S(−u)v = S−u+v, and thus in particular the

homogeneous elements of degree u of S(−u) are the homogeneous elements of degree 0

of S. We also say that S(−u) is S shifted by u.

One can then write the module M uniquely as a direct sum [206]

M =
h⊕
i=1

S(−αi)⊕
l⊕

j=1

S(−βj)/γj , (3.2)

where the αi, βj and γj are positive integers.

When r > 1 one in general no longer has a decomposition such as the one in Equation

(3.2) because of the presence of non-trivial relations between relations, which are called

2nd syzygies, as well as syzygies of higher order.

A convenient reference for the theory of multigraded modules is [155].

Remark 3.2.9. Associated to a simplicial complex ∆ on v vertices is the Stanley-Reisner

ring K[∆], which is Nv graded (see [155, §1.1]), with vertex i having degree ei, edge vivj of

degree ei + ej, and so on. This differs from the grading of multiparameter persistence;for

example in Example 3.3.22, vertices c and e occur in degree (0, 0), while edge ce occurs

in degree (0, 1).

Remark 3.2.10. Free resolutions depend on the characteristic of the underlying field,

even for monomial ideals: a classical example of Reisner [176] shows that the Stanley–

Reisner ideal for the standard six vertex triangulation of RP2 has different free resolution

over Q and over Z/2, reflecting the difference in simplicial homology with these choices

of coefficients.
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3.2.3 Multigraded modules as multiparameter persistence mod-
ules

We have seen that the homology of a multifiltered space is an example of a multiparameter

persistence module. The converse is also true, as stated first in [38] without proof. For

completeness we provide a proof of this statement.

Theorem 3.2.11. If the coefficient ring K is a prime field Fp, Q, or Z, then any finitely

generated, Nr-graded S-module M can be realised as the homology in degree i, for i > 0,

of a finite multifiltered simplicial complex.

Proof. By assumption, because M is Nr-graded, it is generated by a finite set G of ho-

mogeneous elements. Let FS(G) denote the free S-module generated by G and let N

denote the kernel of the canonical surjective homomorphisms FS(G) → M . By Hilbert’s

Syzygy Theorem (Theorem 3.2.8), N itself is generated by a finite set R of homogeneous

elements. Each r ∈ R can be written as a finite linear combination

r =
∑
g∈G

c(r, g)xdeg(r)−deg(g)g

with c(r, g) ∈ K.

When K is the prime field Fp = {0, . . . , p− 1} or the integers Z, then we can interpret

c(r, g) as an integer. When K = Q, we clear the denominators in the above equation

by multiplying by nr, a multiple of the divisors of the non-zero c(r, g) as g ∈ G varies.

Replacing the relation r by nrr, we may now assume that the coefficients c(r, g) are

integers.

We will first build a finite, multifiltered cell complex X with Nr-graded i-th homology

isomorphic to M . Let

Z =
∨
g∈G

Sig

be a bouquet of i-dimensional spheres, one for each generator g of M . More precisely, Z

is the cell complex composed of a base point ∗ (of multidegree 0) and i-cells eig in degree

deg(g), one for each generator g and attached to ∗ by the constant map. For each relation

r ∈ R, we attach an i + 1-cell ei+1
r in degree deg(r) by a map φr : ∂ei+1

r = Sir → Z

satisfying the following property. Define the projection map Pg : Z → Sig to be the map

that is the identity on Sig and collapses all other spheres onto the base point. Then φr is

chosen such that for all g and r, the composition Pg ◦φr : Sir → Sig has degree c(r, g). Let

X be the resulting cell complex. It has a natural multifiltration

Xv =
⋃

deg(g)4v

eig ∪
⋃

deg(r)4v

ei+1
r .
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By construction the cellular Nr-graded i-th homology of X is M . Indeed, the cellular

chains of X are given in dimension i by Ci(X) = S[eig | g ∈ G] and in dimension i + 1

by Ci+1(X) = S[ei+1
r | r ∈ R] with the ith boundary map constant zero and the i + 1-th

boundary given by

∂i+1(eir) = Σg∈G c(r, g) eig.

Finally we note that the cell complex X can be replaced by a homotopy equivalent sim-

plicial complex K. To do so, we replace Z by a homeomorphic simplicial complex where

each sphere Sig is identified with ∂4i+1
g , a copy of the boundary of the standard i + 1-

simplex, all glued together at the first 0-simplex. Similarly, each i+1 cell ei+1
r is identified

with a copy of the standard i+ 1 simplex 4i+1
r . By repeated application of the simplicial

approximation theorem and taking subdivisions of the source, each of the attaching maps

φr can be replaced by a homotopic simplicial map φ̃r : ∂4i+1
r → ∂4i+1

g . Define K to be

the union of the simplicial mapping cylinders for each φ̃r, then K has the same Nr-graded

i-th homology as X.

A more general statement than the one in Theorem 3.2.11 is true:

Theorem 3.2.12. If in the setting of Theorem 3.2.11 one more generally assumes that

the module M is tame, in the sense that each homogeneous part is finite-dimensional as

a K-module, then there exists a multifiltered simplicial complex K such that M is the

simplicial homology in degree i > 0 of K.

Proof. As in the proof of Theorem 3.2.11, let G be a set of homogeneous generators for

M . For k = 0, 1, 2, . . . denote by Mk the submodule of M generated by the elements

of G that have degree smaller or equal to (k, . . . , k). By the assumption of tameness we

have that Mk is finitely generated as a K[x1, . . . , xr]-module. Furthermore, for all k ≤ k′

we have that Mk is a submodule of Mk′ , and M is the colimit of the direct system given

by the modules Mk together with the inclusion maps. Given an inclusion Mk ↪→ Mk′

let gk1 , . . . , g
k
m be the elements of G that generate Mk and rk1 , . . . , r

k
n a set of relations for

Mk. Then, the set of generators for Mk′ includes the generators for Mk, and we can

inductively enlarge the set of relations for Mk′ so that it contains all relations rk1 , . . . , r
k
n,

for any k < k′. Since Mk is finitely generated, we can follow the construction in the proof

of Theorem 3.2.11 and consider the CW complex Xk with multifiltration

Xk
v =

⋃
deg(g)4v

eig ∪
⋃

deg(r)4v

ei+1
r

such that its cellular homology in degree i is Mk, where g runs over the generators

gk1 , . . . , g
k
m, and r runs over the relations rk1 , . . . , r

k
n. Similarly we consider a CW complex

64



Xk′ such that its homology in degree i is Mk′ . By construction and our choice of gener-

ators and relations we have that Xk is contained in Xk′ , and the inclusion map induces

the inclusion Mk ↪→ Mk′ . Let X be the colimit of the direct system given by the mul-

tifiltered cell complexes Xk together with the inclusion maps. The cell complex X has

multifiltration

Xv =
⋃

deg(g)4v

eig ∪
⋃

deg(r)4v

ei+1
r

where g runs over the elements of G and r over the union of the sets of relations for

the modules Mk, which is a set of relations for M . Since homology commutes with

filtered colimits we have that M is the cellular homology in degree i of X. Similarly to

the construction in the proof of Theorem 3.2.11, X can be replaced with a homotopy

equivalent multifiltered simplicial complex K.

Remark 3.2.13. We note that the assumption that i > 0 is necessary. For, already in

the ungraded case, that is in ordinary homology, there is a restriction in that no torsion

can occur in zero-dimensional homology. This is because the only degrees that can occur

when attaching a 1-cell to a 0-cell are −1, 0, or 1.

Remark 3.2.14. The reader may wonder whether the theorem is true for all fields K. It is

clearly true for non-graded modules as a vector spaces of dimension n is the i-th (reduced)

homology of a wedge of n spheres of dimension i for all i ≥ 0. It also holds for r = 1 as

in that case S = K[x] is a principal ideal domain, and generators and relations can be

found such that every relation is a multiple of one generator: r = c(r, g)xdeg(r)−deg(g)g, and

on replacing g by g′ := c(r, g)g, we have that the attaching degree is 1. However, when

r > 1, several non-zero coefficients may occur in front of g which cannot be converted

simultaneously into integers by changing the generators.

In light of Theorem 3.2.11 we will study general multigraded S-modules.

3.3 The rank of a module and its Hilbert function

A free resolution of a module is not an invariant, as a module in general has many non-

isomorphic free resolutions. In this section we discuss invariants associated to the free

resolution of a module, namely the Hilbert series, the Hilbert function and the Hilbert

polynomial, and how one can read off the rank of a module from these invariants. The

rank of a module can in a certain sense be seen as the most coarse invariant of a module;

it is the number of minimal generators for a maximal free submodule of the module. In

the one-parameter case this corresponds to the number of infinite intervals in the barcode.
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Definition 3.3.15. [81, p. 261] For a module M defined over an integral domain R with

field of fractions Q, the rank of M is

rkR(M) = dimQM ⊗R Q .

In particular, the rank of a free R-module Rn is n.

While Definition 3.3.15 is mathematically precise, it does not give any insight of how

to actually compute rkR(M), which is important for applications. When the integral

domain R is the polynomial ring S = K[x1, . . . , xr], and the module M is Nr-graded

and finitely generated, we know by Theorem 3.2.11 that there exists a finite multifiltered

simplicial complex K such that M ∼= Hi(K). Since the multifiltered complex K stabilises,

say in degree s, rkR(Hi(K)) will equal the rank of the ordinary simplicial homology of the

complex Ks. In the following we introduce the Hilbert function, and make the previous

statement precise. We then briefly discuss the Hilbert series, which gives a compact way

to encode the information of the Hilbert function, as well as the Hilbert polynomial, which

in the one-parameter case encodes the information of the Hilbert function for high enough

degrees. Finally, we conclude the section with a series of examples.

3.3.1 The Hilbert function

The Hilbert function of a module M encodes the dimensions of all vector spaces Mu:

Definition 3.3.16. Let M be an Nr-graded module over S = K[x1, . . . , xr]. The Hilbert

function of M is the function HF (M,u) = dimKMu.

An easy way to visualize the Hilbert function is as an r-dimensional array, with the

u = (u1, . . . , ur) entry equal to the dimension of Mu. Hence the Hilbert function of S is an

r-dimensional array with a one in every position which has all indices non-negative, and

zeroes elsewhere, and S(−u) is the same array, but with the origin translated to position

u.

Lemma 3.3.17. For a finitely generated graded S = K[x1, . . . , xr]-module M with free

resolution F• as in Definition 3.2.7,

(i) HF (M,u) =
∑
i≥0

(−1)iHF (Fi,u)

(ii) rkS(M) =
∑
i≥0

(−1)i rkS(Fi).

Proof. For any degree u, the degree u components of F• are an exact sequence of vector

spaces over K. The equality in (i) now follows from the Rank-Nullity Theorem from linear

algebra by induction.
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Let Q be the field of fraction of S. Applying ⊗S Q is the same as localizing at the

zero ideal. Since localisation preserves exactness, the equality in (ii) now follows similarly

as for (i) from an Euler characteristic argument.

Lemma 3.3.18. For a finitely generated Nr-graded S-module M ,

rkS(M) = HF (M,u) for u� 0 .

Proof. A finitely generated, Nr-graded free module F can be written as a finite sum

F =
n⊕
j=1

S(−uj), with uj ∈ Nr.

The multigraded module S is one-dimensional in each multidegree. HenceHF (S(−uj),v) =

1 whenever v ≥ uj. So when v ≥ uj for j = 1, . . . , n,

HF (F,v) = n = rkS(F ).

We can now apply Lemma 3.3.17 to prove the statement for any finitely generated

S-module M . Let F• be a free resolution of M as in Definition 3.2.7. Then, for large

enough v,

HF (M,v) =
∑
i≥0

(−1)iHF (Fi,v) =
∑
i≥0

(−1)i rkS(Fi) = rkS(M),

where the first equality holds by item (i) in Lemma 3.3.17, and the third holds by item

(ii) in that lemma.

We thus have that rkS(M) = dimK(M)u for high enough degree u. In particular,

by Theorem 3.2.11 we know that for any i > 0 there exists a multifiltered simplicial

complex K that stabilises at some degree s and such that M ∼= Hi(K); hence we have

rkS(M) = dimK(Hi(Ks)). One can thus reduce the computation of the rank of a multi-

graded persistence module of a finite multifiltered simplicial complex K to the computa-

tion of the simplicial homology of the (unfiltered) complex K.

3.3.2 The Hilbert polynomial and Hilbert series

In the one-parameter case, or more generally when all variables have degree 1, one has

that in degree high enough the Hilbert function equals a polynomial:

Lemma 3.3.19. [82, Corollary 1.3] Let M be a finitely generated N-graded module over

S = K[x1, . . . , xr], with free resolution F• as in Definition 3.2.7, where each module Fi

is N-graded. Then if we write Fi = ⊕jS(−aij), we have that there exists a polynomial

HP (M,u) of degree at most r− 1 in the variable u such that HP (M,u) = HF (M,u) for

all u ≥ maxj{aij} − (r − 1).
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Definition 3.3.20. The polynomial HP (M, t) is called Hilbert polynomial of M .

Given an Nr-graded module M we can make it into an N-graded module M by setting

the degree of every variable to 1, and we can then consider the Hilbert polynomial of this

module. The Hilbert polynomial of a module with non-zero rank has degree ≤ r− 1, and

if M is a finitely generated N-graded K[x]-module , then [182]

HP (M, t) =
rk(M)tr−1

(r − 1)!
+ terms of lower degree.

Similarly, the rank of an Nr-graded module M is obtained from the leading coefficient of

the Hilbert polynomial of M, see [182, Page 41]. We note that the existence of the Hilbert

polynomial relies on the variables having degree 1; see [82, Exercise 1C.2] for an example

of how the statement of Lemma 3.3.19 is no longer valid if one changes the grading.

One can encode the information given by the Hilbert function in a compact way using

a power series, called Hilbert series:

Definition 3.3.21. LetM be a finitely generated Nr-graded module over S = K[x1, . . . , xr].

The multigraded Hilbert series of M is the formal power series in Z[[t1, . . . , tr]] defined

as follows:

HS(M, t) =
∑
u∈Nr

HF (M,u)tu .

An easy calculation shows that

HS(S(−u), t) =
tu∏r

i=1(1− ti)
. (3.3)

By the Hilbert Syzygy Theorem a finitely generated, Nr-graded S-module M has a free

resolution of length at most r, and all the free modules Fi which appear in the resolution

are graded and of finite rank. Since the Hilbert series is additive [81, Exercise 19.15], one

can compute the multigraded Hilbert series of M from a free resolution by induction. We

obtain:

HS(M, t) =
r∑
i=0

(−1)iHS(Fi, t) . (3.4)

3.3.3 Examples

We illustrate our work with several examples. We provide Macaulay2 code that we used

to do these computations in Section C.2.
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Figure 3.1: A one-critical bifiltration, given as example in [37].

Example 3.3.22. In [37], Carlsson, Singh and Zomorodian analyse the simplicial homol-

ogy of the one-critical bifiltration in Fig. 3.1.

If the multifiltration is one-critical the modules in the simplicial chain complex are free,

and thus one can write the differentials in the chain complex using monomial matrices

(see [155, Section 1.4]). In this example, the differentials in the simplicial chain complex

are given by

d1 =


x2 x2 0 0 0 0 0 0
−x1x

2
2 0 x2

1x
2
2 x2

2 0 0 0 0
0 0 −x2

1x
2
2 0 x1 x2 0 0

0 0 0 0 −1 0 1 0
0 0 0 0 0 −x2 −x1 x2

1

0 −x1x
2
2 0 −x2

2 0 0 0 −x2
1

 , and

d2 =



−x1 0
x1 0
0 0
−x2

1 0
0 −x2

1x2

0 x3
1

0 −x2
1x2

0 0


,

where the bases of 0, 1 and 2-simplices are ordered lexicographically. Using Macaulay2

(see Section C.1), we compute the following minimal presentation of the first homology

69



(0, 3)

•
•

•
•

(1, 3)

••

•
•

•
•

•
(2, 3)

••

•
•

•
•

•
(3, 3)

g

•
•

•
•

•

••

e
f

c
b

a

d

Figure 3.2: A one-critical bifiltration obtained from that in Fig. 3.1 by adding an interior
vertex g to abf in degree (1, 3) and triangulating. We note that the 2-simplex abf is not
present in degree (1, 3), but it is present in degrees (2, 3) and (3, 3). Here we only show
the simplices in degrees greater or equal to (0, 3), since those in degrees smaller or equal
to (3, 2) are the same as those for the bifiltration in Fig. 3.1.

of K:

S(−3,−1)⊕ S(−2,−2) S(−1,−1)⊕ S(−1,−2)⊕ S(−2,−2) .

 x2
1 0

0 x1

0 0



In particular, we see that H1(K) has three generators, and there are two relations, which

do not interact with each other, that is, there is no non-trivial 2nd syzygy between them.

Thus

H1(K) ∼= S(−2,−2)⊕ S(−1,−1)/x2
1 ⊕ S(−1,−2)/x1 .

Example 3.3.23. We next illustrate several concepts introduced in this section. We

modify the bifiltration K in Example 3.3.22, by adding an interior vertex g to abf in

degree (1, 3) and triangulating, so that we obtain the bifiltered complex K ′ which in

degree smaller than (3, 2) is as K, and for degrees greater or equal to (0, 3) is illustrated

in Fig. 3.2.

The filtration K ′ is still one-critical, and we have that

H1(K ′) ∼= S(−2,−2)⊕ S(−1,−1)/x2
1 ⊕ S(−1,−2)/〈x1, x2〉 .

We note that here we have an example of a module with a generator that “dies” in

two different degrees. We will introduce birth and death for elements of multiparameter

persistence modules in Definition 3.4.38. Furthermore, this gives an example of a 1-

cycle that is the boundary of two different 2-chains; see also Example 3.3.25 for another

example along these lines. Note also that, in contrast to the bifiltered complex K from

Example 3.3.22, the bifiltered complex K ′ has non-trivial homology in degree 2.

From the exact sequences

0 −→ S(−2, 0)
·x21−→ S −→ S/x2

1 −→ 0
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0 −→ S(−1,−1) −→ S(−1, 0)⊕ S(0,−1)
[x1,x2]−→ S −→ S/〈x1, x2〉 −→ 0

we see that

HS(S(−2,−2), t) =
t21t

2
2

(1− t1)(1− t2)

HS(S(−1,−1)/x2
1, t) =

t1t2(1− t21)

(1− t1)(1− t2)

HS(S(−1,−2)/〈x1, x2〉, t) =
t1t

2
2(1− t1 − t2 + t1t2)

(1− t1)(1− t2)
.

Summing these yields the multigraded Hilbert series

t21t
2
2

(1− t1)(1− t2)
+
t1t2(1 + t1)

(1− t2)
+ t1t

2
2 .

Example 3.3.24. Let S = K[x], and let M = S(−2) ⊕ S(−3) ⊕ S(−1)/x2 ⊕ S/x. We

have:

HS(M, t) =
1 + t2

1− t
.

Example 3.3.25. We give another example of a one-critical bifiltration in which a 1-cycle

is the boundary of two different 2-chains with non-comparable (with respect to the partial

order on N2) entry degrees.

Consider the bifiltration of a triangulation of the 2-sphere, such that the equator

(obtained by gluing together the one-simplices {a, b}, {b, c} and {a, c}) has entry de-

gree (0, 0), the southern hemisphere (the 2-simplex {a, b, c}) has entry degree (2, 0), the

northern hemisphere (obtained by gluing together the 2-simplices {a, b, d}, {b, c, d} and

{a, c, d}) is completed at (1, 2), and the whole sphere is completed at (2, 2), as illustrated

in Fig. 3.3.

Here we have that the generator ω of H1(K) is in degree (0, 0), while there are γ and γ′

in C2(K) in degrees (2, 0) and (1, 2), respectively, with d2(γ) = x2
1ω and d2(γ′) = x1x

2
2ω.

So H1(K) = S/〈x2
1, x1x

2
2〉, which has a free resolution

0→ S(−2,−2) −→ S(−2, 0)⊕ S(−1,−2) −→ S −→ H1(K) −→ 0,

so the Hilbert series is
1− t21 − t1t22 + t21t

2
2

(1− t1)(1− t2)
.
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Figure 3.3: A one-critical bifiltration with a one-cycle that is the boundary of two
different 2-chains with non-comparable entry degrees.

Example 3.3.26. In Fig. 3.4 we give two examples of 2-filtered simplicial complexes

which are not one-critical. We compute the minimal presentation of the homology in

degree 1 of these multifiltered simplicial complexes using the procedure given in [40]. The

first homology MA of the 2-filtration in Fig. 3.4(A) has minimal presentation

0→ S(−1, 0)⊕ S(0,−1)→ S

while the first homology MB of the 2-filtration in Fig. 3.4(B) has minimal presentation:

0→ S(−1,−1)⊕ S(−1,−1)→ S(−1, 0)⊕ S(0,−1) .

From these we compute the multigraded Hilbert series: we have MA = S/〈x1, x2〉, and

its multigraded Hilbert series is 1. We have MB = S(−1, 0)/x2 ⊕ S(0,−1)/x1, and the

multigraded Hilbert series of MB is

t1 + t2 − 2t1t2
(1− t1)(1− t2)

.

Example 3.3.27. Here we give an example of two non-isomorphic modules that have the

same multigraded Hilbert series. Consider the N2-graded S = K[x1, x2] modules

M = S(−1,−1)⊕ S(−2,−2)
N = S(−2,−2)⊕ S(−2,−2)⊕ S(−2,−1)/x2 ⊕ S(−1,−2)/x1 ⊕ S(−1,−1)/〈x1, x2〉

Note that M and N are not isomorphic because one has torsion and the other doesn’t.

The Hilbert series of the modules agree, and are as follows:
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Figure 3.4: Two filtrations which are not one-critical.

t1t2 + t21t
2
2

(1− t1)(1− t2)
=

2t21t
2
2

(1− t1)(1− t2)
+

t1
(1− t2)

+
t2

(1− t1)
− t1 − t2 − t1t2. (3.5)

We note that already for 1-parameter PH the Hilbert series may not distinguish be-

tween different modules.

3.4 Associated primes and stratification

Our goal in this section is to extract finer information from multiparameter persistent

homology. To do this, we study the associated primes of an Nr-graded S-module M . From

a geometric perspective, the minimal associated primes of M give information about the

points in the grid Nr where the module does not vanish, while the embedded (i.e., non

minimal) associated primes provide a way to stratify such support into subsets sorted by

the dimension of the prime. Using this geometric intuition, in Definition 3.4.38 we give a

generalisation of the definition of death and birth of elements of an S-module.

3.4.1 Associated primes of multigraded modules

In this subsection we give a brief overview of the theory of associated primes of Nr-graded

modules. We outline the main notions and give proofs for convenience, since the theory in

the multigraded case is less well-known than the theory in the N-graded case (i.e., when

all variables have degree 1). We make no claim of originality.

Definition 3.4.28. Let R be a commutative ring, and let M be an R-module. Let U be

a non-empty subset of M . Define the annihilator of U as follows:

Ann(U) = {r ∈ R | ∀u ∈ U : ru = 0}.

We say that a prime ideal p ⊂ R is associated to M if p is the annihilator of an element

of M . We denote by Ass(M) the poset of all primes associated to M , with partial order
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given by inclusion. The minimal elements of Ass(M) are called minimal. Associated

primes that are not minimal are embedded.

Associated primes of graded modules satisfy an additional property, namely they are

homogeneous.

Definition 3.4.29. Let R be an Nr-graded ring, and let p ⊂ R be an ideal. We say that

p is homogeneous if it is generated by homogeneous elements.

Let a be an element of an Nr-graded ring R or Nr-graded module M . Then we can

write

a =
∑
u∈Nr

hu, (3.6)

where for all u the element hu is homogeneous of degree u. Clearly the elements hu are

uniquely determined by a.

Definition 3.4.30. Let a be an element of an Nr-graded ring R or Nr-graded module

M . The non-zero homogeneous elements hu1 , . . . , hun in (3.6) such that a =
∑n

i=1 hui
are

called homogeneous components of a.

There is a very useful characterisation of homogeneous ideals in terms of homogeneous

components:

Lemma 3.4.31. An ideal of an Nr-graded ring is homogeneous if and only if it contains

the homogeneous components of its elements.

Proof. Let R be an Nr-graded ring, and let I ⊂ R be a homogeneous ideal generated by

a set of homogeneous elements {hj}j∈J . Let a ∈ I, and let a =
∑n

i=1 ri where ri ∈ R are

the homogeneous components of a. Since a is in I = 〈hj〉j∈J , we have a =
∑

j∈J ′⊂J cjhj

for some cj ∈ R. Since a can be written uniquely as a sum of homogeneous elements of

R, we must have that ri is the sum of some of the homogeneous summands of cj times hj

for some of the j ∈ J . Therefore we have ri ∈ I for all i.

For the converse, suppose that I is an ideal in R which contains the homogeneous

components of its elements. Then I is generated by the homogeneous components of its

elements, and is therefore homogeneous.

We can now state the following result about associated primes for modules over an

arbitrary commutative ring R [27, IV.3].

Proposition 3.4.32. Let M be an Nr-graded module over an Nr-graded ring R. Any

associated prime p of M is homogeneous.
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For modules over S = K[x1, . . . , xr] the Nr-grading imposes a strong condition on

associated primes, which turn out to have a very simple form:

Lemma 3.4.33. For a finitely generated Nr-graded S-module M , any homogeneous prime

p of M is of the form p = 〈xi1 , . . . , xik〉.

Proof. Let p ⊂ S be an associated prime of M ; by Proposition 3.4.32 p is homogeneous.

Now let p ∈ p, and write p =
∑n

i=1 pui
where the pui

are the homogeneous components

of p. Since p is homogeneous, we know that pui
∈ p for all i. Furthermore, since S is

Nr-graded, we have that pui
= axui for some a ∈ K, and therefore p ⊆ 〈xi1 , . . . , xik〉,

where the indices i1, . . . , ik are determined by the non-zero entries in the degrees of the

homogeneous components of the elements of p. Furthermore, since p is prime, we have

that xj ∈ p whenever the jth entry uij of ui is non-zero. Therefore 〈xi1 , . . . , xir〉 ⊆ p.

Corollary 3.4.34. For a finitely generated Nr-graded S-module M , any associated prime

p of M is of the form p = 〈xi1 , . . . , xik〉.

Proof. Any associated prime is homogeneous by Proposition 3.4.32, and homogeneous

primes are generated by a subset of variables by Lemma 3.4.33.

3.4.2 Minimal associated primes and support shape

We now use the fact that associated primes of the modules that we are interested in have

the form of Corollary 3.4.34 to define an invariant which only depends on the minimal

associated primes.

Definition 3.4.35. Let M be a finitely generated Nr-graded S-module, and let p =

〈xi1 , . . . , xik〉 be an associated prime of M . The complement support of p is defined as

follows:

cp = {(u1, . . . , ur) ∈ Nr | ui = 0 for all i ∈ {i1, . . . , ik}} .

The support shape of M is the subset ss(M) of Nr defined as follows:

ss(M) =
⋃

p∈Ass(M)

cp.

We note that the support shape of the module is completely determined by the minimal

elements of Ass(M). We give examples of support shapes for the modules in Example

3.3.27 in Fig. 3.5(A).

The support shape of a module M encodes the points u of Nr such that Mu 6= 0 only

up to translation (i.e., it forgets the degree of the generators), thickness (i.e., it forgets the
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(e) The chain
in the stratifi-
cation of ss(N)
corresponding to
the increasing
sequence of associ-
ated primes (0) ⊂
(x2) ⊂ (x1, x2).

Figure 3.5: Examples of stratifications of modules. We use grids with gray dots to
represent the poset N2 and we represent subsets of N2 by cyan regions. We illustrate
examples of support shapes and their stratifications for the two modules M = S(−1,−1)⊕
S(−2,−2) and

N = S(−2,−2)⊕ S(−2,−2)⊕ S(−2,−1)
x2

⊕ S(−1,−2)
x1

⊕ S(−1,−1)
〈x1,x2〉

from Example 3.3.27. We have Ass(M) = {(0)} and Ass(N) = {(0), (x1), (x2), (x1, x2)}.
In (A) we illustrate the points in N2 at which the modules do not vanish as well as their
support shapes. We note that the support shape is the same for M and N . In (B) and
(C) we illustrate the stratifications for the modules. Since M has only one associated
prime, the stratification of the support shape is the support shape itself.
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degrees of the generators of the annihilators) and multiplicity (i.e., it forgets the number

of generators of the module). We illustrate these notions with some examples in Fig. 3.6.

In other words, the support shape gives information about what we get by projecting the

points u of Nr such that Mu 6= 0 to coordinate subspaces; a cp is in the support shape if

the projection is fully dimensional. Thus, the support shape encodes in which directions

elements of the module live, without giving more refined information about the degrees

of the elements or the multiplicity. With local cohomology we can catch a shadow of this

information, as we explain in Section 3.4.4.

3.4.3 Embedded associated primes and stratification of the sup-
port shape

We now use embedded (i.e., non minimal) associated primes to give a stratification of the

support shape of the module. Namely, by Corollary 3.4.34 we know that the associated

primes of a module over the polynomial ring K[x1, . . . , xr] are of the form 〈xi1 , . . . , xik〉.
The dimension of such an ideal is defined to be r − k [81, Chapter 9]. Therefore, given

a nested sequence of associated primes

p0 ⊆ p1 ⊆ · · · ⊆ pm

of dimension d0 ≥ d1 ≥ · · · ≥ dm, we obtain the following nested sequence of subsets of

the support shape of M :

cpm ⊆ · · · ⊆ cp1 ⊆ cp0 ⊆ ss(M) . (3.7)

This motivates the following definition:

Definition 3.4.36. We call the poset Ass(M) the stratification of the support shape

of M .

In Fig. 3.5(B)–(C) we give examples of stratifications for support shapes.

Remark 3.4.37. In algebraic geometry, given an ideal I ⊂ S, one defines the vanishing

set of I as the subset V (I) ⊂ Kr given by the points of Kr at which the evaluation of all

polynomials in I vanishes. The sets V (I) are closed in the Zariski topology. For example,

for r = 2 we have that V ((x1)) = {(0, a) ∈ K2 | a ∈ K}. In our case we are not interested

in the whole affine space Kr, but rather in the non-negative grid Nr, and we therefore give

the definition of complement of a prime ideal in Definition 3.4.35, which is motivated by

vanishing sets.

When working in the affine space Kr, one could define the support shape of a finitely

generated module M over S as the union over the vanishing sets of the associated primes
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Figure 3.6: Example of information forgotten by the associated primes. We illustrate
how the support shape of an S = K[x1, x2]-module M encodes the points u of Nr such
that Mu 6= 0 only up to (A) translation (i.e., it forgets the degrees of the generators), (B)
thickness (i.e., it forgets the degrees of the minimal generators of the annihilators) and
(C) multiplicity (i.e., it forgets the number of generators of the module).

of the module. The set ss(M) is then a closed subset of affine space. Further, given a

nested sequence of associated primes p0 ⊆ p1 ⊆ · · · ⊆ pm of M , one obtains a nested

sequence of affine algebraic varieties

V (pm) ⊆ · · · ⊆ V (p1) ⊆ V (p0) ⊆ ss(M) .

This is the motivation behind our use of the term “stratification” in Definition 3.4.36.

78



We next generalise the definition of birth and death of generators as can, e.g., be found

in [165]:

Definition 3.4.38. Let M be a finitely generated Nr-graded module over K[x1, . . . , xr].

We say that a homogeneous element a of M is born at (u1, . . . , ur) ∈ Nr if the degree

of a is (u1, . . . , ur) and a is not in the image of any sum of maps
∑

v x
v for any v ≺ u. If

Ann(a) 6= (0) let D ⊂ Nr be the subset of Nr obtained from the set of degrees of the set

of minimal generators of Ann(a) by adding to each degree the degree of a. Then we say

that a dies in degrees D. If Ann(a) = (0) we say that a lives forever.

If
√

Ann(a) = 〈xi1 , . . . , xik〉 = p, we say that a lives along cp ⊂ Nr. In this case we

say that a has support dimension r − k.

Note that an element has support dimension r if and only if it lives forever. Similarly

as for the support shape, if a lives along cp, then cp encodes information on where a is

non-zero in the module M only up to translation and thickness.

Using Definition 3.4.38 we can read off from the stratification of the support shape

whether there are elements of a certain support dimension in the module, and we make

the following definition:

Definition 3.4.39. We call elements of support dimension 0 transient components, el-

ements of support dimension 1 ≤ d < r partially persistent components, and elements

of support dimension r fully persistent components. A persistent component is

either a partially persistent or a fully persistent component.

The rank of a module gives the minimal number of generators for the submodule of

the module which is generated by the fully persistent components. On the other hand,

we will give a measure of the size of the module of the partially persistent components

living along cp, for p an associated prime of the module, in Section 3.4.4.

If M is an N-graded module over K[x] then for every m ∈ M its annihilator Ann(m)

is either (0) or (xn) for some n > 0. We thus have that Definition 3.4.38 is an equivalent

formulation of the definition of birth and death of generators as is, e.g., given in [165],

which is a correction of the standard definition that uses the so-called “elder rule”, see [165,

Remark 5] for more details.

Example 3.4.40. For the modules in Example 3.3.27 we obtain the following: the module

M has two generators of support dimension 2, of which one is born at (1, 1), while the

other is born at (2, 2). On the other hand, the module N has two generators of support

dimension 2, both born at (2,2); it has two of dimension 1, of which one is born at (2, 1)

and dies at (2, 2), while the other is born at (1, 2) and dies at (2, 2); finally, it has one
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generator of support dimension 0, born at (1, 1), and which dies at (1, 2) and (2, 1). The

generator of N which is born at (1, 1) lives along the subspace spanned by x1, while the

generator of dimension 1 born at (1, 2) lives along the subspace spanned by x2.

Example 3.4.41. For r > 1 an element might die at more than one degree, as Example

3.3.25 shows: the generator ω of H1(K) is born at (0, 0), and its annihilator is (x2
1, x1x

2
2),

which has radical (x1). Therefore ω dies at degrees {(2, 0), (1, 2)}, lives along cx2 and has

support dimension 1.

3.4.4 Persistent but not fully persistent components: the rank
of M along a coordinate subspace

A first measure of the size of a module M is the rank, which gives a measure of the number

of fully persistent components. In this section we analyse how to compute the size of the

components of M which are persistent but not fully persistent.

First, we recall some additional algebra:

Definition 3.4.42. [81, Chapter 3.6] Let S = K[x1, . . . , xr]. For a finitely generated S-

module M and I an ideal of S different from the zero ideal, the zeroth local cohomology

of M with respect to I is the subset of M defined as follows:

H0
I (M) = {m ∈M | In ·m = 0 for all n� 0} . (3.8)

When M is a finitely generated Nr-graded S = K[x1, . . . , xr] module, Corollary 3.4.34

shows that any associated prime of M is generated by a subset of the variables.

Notation 3.4.43. To simplify the notation and without loss of generality, we assume

for the remainder of this section that p = 〈x1, . . . , xk〉 ⊆ S = K[x1, . . . , xr], and Scp =

K[xk+1, . . . , xr]. Thanks to the inclusion Scp ↪→ S, an S-module also has the structure of

an Scp-module.

We first note the connection between Definition 3.4.42 and Definition 3.4.38.

Lemma 3.4.44. For a finitely generated Nr-graded S-module M and an associated prime

p of M we have: ⋃
p′⊇p

p′∈Ass(M)

{a ∈M | a lives along cp′} ⊆ H0
p (M).

Proof. Let p′ be an associated prime of M that contains p. By Definition 3.4.38, a lives

along cp′ if and only if
√
Ann(a) = p′. This implies that p′n · a = 0 for some n, and hence

in particular that pn · a = 0, which is equivalent to a ∈ H0
p (M).
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The set H0
I (M) is easily seen to be a submodule of M . When M is finitely generated

as an S-module, then so is H0
I (M). Furthermore we have:

Lemma 3.4.45. Let M be a finitely generated Nr-graded S-module and let p be an

associated prime. Then H0
p (M) is a finitely generated Scp-module.

Proof. Since M is finitely generated over S and S is Noetherian, the submodule H0
p (M)

is also finitely generated as an S-module [81, Proposition 1.4]. Let {a1, . . . , am} be homo-

geneous generators of H0
p (M) over S. By definition of local cohomology, for each i, ai is

annihilated by pni for some ni ∈ N. Therefore for each i ∈ {1, . . . ,m} and j ∈ {1, . . . , k}
there exist dij ∈ N such that x

dij
j · ai = 0. So the S-module generated by the ai is the

same (as a vector space) as the Scp-module generated by all xα · ai such that αj ≤ dij for

all j ∈ {1, . . . , k}.

It follows from Lemma 3.4.45 that H0
p (M) has finite rank as an Scp-module, and by

Lemma 3.3.18 we can extract this rank from the Hilbert function of H0
p (M).

Definition 3.4.46. For a finitely generated Nr-graded S-module M and an associated

prime ideal p = 〈x1, . . . , xk〉 of M we define the cp-rank of M to be the rank of H0
p (M)

as an Scp-module.

Intuitively, the cp-rank of an Nr-graded module M gives information about the size of

the persistent components of M that live along cp; it is thus a count of the ways that the

module goes to infinity in the directions orthogonal to the coordinate subspace spanned

by x1, . . . , xk. In the following we make the previous statement precise:

Proposition 3.4.47. Let p be an associated prime of M with dimension contained strictly

between 0 and r. The module M has the structure of an Scp-module by restriction of

scalars, and for a subset U ⊂M we denote by 〈U〉 the Scp-submodule of M generated by

U . We have:

rkScp

(〈
{a ∈M | a lives along cp}

〉)
= rkScp

(H0
p (M)) .

Proof. By Lemma 3.4.44 we have that

rkScp

(〈
{a ∈M | a lives along cp}

〉)
≤ rkScp

(H0
p (M)) ,

hence the claim follows once we show that the elements of H0
p (M) that do not live along

cp do not contribute to the rank of H0
p (M) as an Scp-module.

Let a ∈ H0
p (M) be such that

√
Ann(a) 6= p. Note that a ∈ H0

p (M) if and only if

pn · a = 0, and this is equivalent to p ⊆
√

Ann(a). If
√

Ann(a) is a prime, say p′, then
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a lives along cp′ with p′ ⊃ p, and thus a does not contribute to the rank of H0
p (M) as

an Scp-module, as it lives along a coordinate subspace of dimension strictly less than k.

Now assume that
√

Ann(a) is not a prime. Then we can write
√

Ann(a) = q1 ∩ · · · ∩ qs,

with q1, . . . , qs associated primes of S/
√

Ann(a). We must have that qi 6= p, as otherwise√
Ann(a) = p. Hence p ⊂ qi for all i = 1, . . . , s. Thus the support of a is a union of

coordinate subspaces that have all dimension strictly less than that of cp, and therefore a

cannot contribute to the rank of H0
p (M) as an Scp-module.

Thus, the cp-rank of M gives the minimal number of generators of the Scp-submodule

of M generated by the elements that live along cp.

Example 3.4.48. Consider the modules M1 = S(−1,−2)/x1, M2 = S/x2
1, and M3 =

S/x1 ⊕ S/x1 from Fig. 3.6. We have

rkSc〈x1〉
(H0
〈x1〉(M1)) = 1

rkSc〈x1〉
(H0
〈x1〉(M2)) = 2

rkSc〈x1〉
(H0
〈x1〉(M3)) = 2 .

3.4.5 Syzygies and the rank invariant

The invariants that we proposed in Section 3.4.3 give information about non-trivial syzy-

gies: if a module has an associated prime of dimension r − c, then it also has non-trivial

syzygies of order c (see Theorem 8.3.2 in [182]). However, the converse is not true in gen-

eral, in Example 3.4.50 we have a module with non-trivial syzygies of order 1 that does

not have associated primes of the corresponding dimension. Another invariant that fails

to distinguish between the modules of Example 3.4.50 is the rank invariant, an invariant

for multiparameter persistence modules introduced by Carlsson and Zomorodian in [38],

which is equivalent to the barcode in the one-parameter case [38, Theorem 12]:

Definition 3.4.49. Let M be a multigraded module over K[x1, . . . , xr]. For a pair u 4

v ∈ Nr, the rank invariant ρM(u,v) is the rank of the map Mu
·xv−u

−→ Mv, so

ρM(u,v) = dimKMu − dimK ker(·xv−u)u .

In [140] Lesnick and Wright give an example of two non-isomorphic modules that have

the same rank invariant:

Example 3.4.50. [140, Example 2.2] The N2-graded S = K[x1, x2] modules

N = S(−1, 0)⊕ S(0,−1)
M = (S(−1, 0)⊕ S(0,−1)⊕ S(−1,−1))/ im(x2,−x1, 0)t)
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In M we have glued the two copies of S in N together where they overlap and added a

free copy of S. These modules have the same rank invariant; they also have the same

associated primes, namely just the zero ideal.

In the following we relate the rank invariant ρM(u,v) to the rank of a module:

Corollary 3.4.51. For u� 0, the rank invariant ρM(u,v) is rk(M).

Proof. By Lemma 3.3.18 we have that rk(M) = dimKMa for a � 0; once u is in this

range, the map from Mu to Mv is a square matrix with xv−u on the diagonal, so has full

rank equal to dimKMu.

Proposition 3.4.52. If ker(·xv−u)u 6= 0 then for some xi dividing xv−u, xi ∈ P for some

P ∈ Ass(M).

Proof.
ker(·xv−u)u 6= 0 ⇔ ∃0 6= m ∈Mu with xv−u ·m = 0

⇔ xv−u ∈ Ann(m)
⇒ xv−u ∈ P ∈ Ass(M) for some P
⇔ xi|xv−u for some xi ∈ P ∈ Ass(M).

3.4.6 Computation of associated primes

Many of the results of this paper rely on the multigraded nature of multiparameter per-

sistence modules. By making use of the fact that any finitely generated multiparameter

persistence module Hi(K) can be realised as the homology of a graded chain complex

associated to the filtered complex K, we can also simplify the computation of the asso-

ciated primes. In particular, it is possible to determine the associated primes of Hi(K)

without ever computing the kernel of the i-th differential di, which is the homomorphism

of Nr-graded modules introduced in Equation (3.1).

In the following we recall two facts about the associated primes: they behave well on

short exact sequences, and they are closely related to the annihilator of M (see Theorem

3.1 and Lemma 3.6 of [81]):

Proposition 3.4.53. For a short exact sequence of finitely generated S-modules

0 −→ N −→M −→ P −→ 0, we have

1. Ass(N) ⊆ Ass(M) ⊆ Ass(N)
⋃

Ass(P ).

2.
⋃

p∈Ass(M)
p = {s ∈ S | s is a zero divisor on M}.
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3. Ass(M) is a finite nonempty set of primes, each containing Ann(M), and includes

all primes minimal over Ann(M).

Proposition 3.4.54. We have

Ass(coker(di+1)) =


Ass(Hi(K)) ∪ {(0)} , if Hi(K) has no torsion-free submodule

but coker(di+1) does.

Ass(Hi(K)) , otherwise.

Proof. First, note that for any multifiltered simplicial complex there exists a one-critical

multifiltered simplicial complex such that the respective persistent homology modules are

isomorphic [37]. Given a one-critical multifiltration, the modules in its simplicial chain

complex are free, and we thus make this assumption in the following. We have the short

exact sequence of multigraded S-modules

0 −→ Hi(K) −→ Ci(K)/ im(di+1) −→ Ci(K)/ ker(di) −→ 0. (3.9)

Furthermore, by the first isomorphism theorem for S-modules we have

Ci(K)/ ker(di) ∼= im(di) ⊆ Ci−1(K) ,

with Ci−1(K) a free module over the integral domain S, so by Proposition 3.4.53(1), the

only associated prime for im(di) is the zero ideal; applying again Proposition 3.4.53(1) to

Equation 3.9 yields the result.

Thanks to Proposition 3.4.54, we can compute the associated primes of the ith ho-

mology Hi(K) = ker di/ im di+1 by computing the associated primes of the cokernel of

di+1.

3.5 From MPH to PH: restriction to a line and in-

tersection with the diagonal

A natural line of approach to extract information from multiparameter persistent ho-

mology is to associate an N-graded module over a polynomial ring in one variable to

an Nr-graded module M over S = K[x1, . . . , xr], and then to study the barcode of the

N-graded module.

To our knowledge, the only approach to assign an N-graded module to an Nr-graded

module that has been studied until now is the restriction of a module to a line; this

approach was studied in [20, 140], and furthermore in [140] the authors introduce a tool

for the visualisation of barcodes along such restrictions. To define such restrictions to
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lines with non-negative real slope, it is necessary to work in the more general setting of

Rr-graded modules (see [140] for details). In this section we explain how to adapt this

construction to the Nr-grading, and we show that the rank of a module can be computed

as the rank of the module restricted to a suitable line.

Finally, we discuss the algebraic version of restricting a module to a line, and show that

one can read off the rank of a module from its intersection with the diagonal. We conclude

the section with an example of an MPH module for which the restriction to the diagonal

line yields a module that is not isomorphic to the module obtained by intersecting with

the diagonal.

3.5.1 Restriction to a line

The restriction of a module to a line with non-negative slope was studied in [20,140]. We

adapt this to our setting, by associating an N-graded module to an Nr-graded module as

follows. Given a tuple (u,u0) ∈ Nr × Nr, we define the following order-preserving map

l : N→ Nr : i 7→ iu + u0 .

Therefore, thinking of the module M as a functor M : Nr → VectK (see Remark 3.2.4),

we can define Ml : N→ VectK as the following composition of functors:

Ml = M ◦ l .

This associates an N-graded module Ml on the polynomial ring K[x] to any Nr-graded

module M on K[x1, . . . , xr], where the action of x on Ml is given by the action of xu on

M .

Proposition 3.5.55. Let M be a finitely generated Nr-graded S-module. Let (u,u0) ∈
Nr × Nr, and let l be the induced order-preserving map N → Nr. If ui > 0 for all i, we

have:

rkS(M) = rkK[x](M ◦ l)

where x = xu.

Proof. Whenever j >> 0 we have that rkK[x](M ◦ l) = HF (M ◦ l, j) by Lemma 3.3.18.

Furthermore, HF (M ◦ l, j) = dimK(M ◦ l)j by the definition of Hilbert function, and this

last term equals dimK(M)uj+u0 . If ui > 0 for all i, then dimK(M)uj+u0 = dimK(M)(v1,...,vr)

with vi >> 0. Again by Lemma 3.3.18, this last term equals rkS(M).

More generally, given any order-preserving map f : N → Nr, one can associate an N-

graded module Mf := M ◦f to an Nr-graded module M ; thus one can probe the S-module

M with any monotonically increasing path in Nr and associate to it a barcode.
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3.5.2 Intersecting with the diagonal

In this subsection we discuss how one can intersect an Nr-graded module with a specific

line using methods from commutative algebra, and we show that the rank of the resulting

module equals the rank of the original module.

The method of restricting a module that we briefly discussed in Section 3.5.1 reflects

the intuitive method of probing the structure of a topological spaceX ⊆ Kr by intersecting

X with a low dimensional linear space; for example, with a line. The algebraic version of

intersecting with a geometric object L = V (p) is the tensor product

M |L = M ⊗S S/p .

We intersect an Nr-graded S-module M with a line L through the origin in Kr. For

such a line, the defining ideal p = 〈l1, . . . , lr−1〉 is generated by r− 1 homogeneous (in the

N-grading) elements. Since

S/p ' K[x],

this means that M ⊗S S/p is a K[x]-module, so M ⊗S S/p has a barcode. We will now

show that in case that the line L is the diagonal, the number of infinite intervals in the

barcode of M ⊗S S/p is equal to rkS(M).

Theorem 3.5.56. If M is a finitely generated Nr-graded S-module with r ≥ 2 and

p = 〈x1 − x2, . . . , xr−1 − xr〉, then

rkS(M) = rkS/p(M ⊗S S/p).

Proof. We proceed by induction on r, starting with the case r = 2, so that p = 〈x1 − x2〉
is principal. Tensoring the short exact sequence

0 −→ S(−1)
x1−x2−→ S −→ S/p −→ 0 (3.10)

with M yields the exact sequence

0 −→ ker(x1 − x2) −→M(−1)
x1−x2−→ M −→M ⊗ S/p −→ 0 (3.11)

Suppose m ∈ ker(x1 − x2), so that x1m − x2m = 0. If m has degree (a, b) then

x1m has degree (a + 1, b) and x2m has degree (a, b + 1) so we must have x1m = 0 =

x2m, in other words ker(x1 − x2) is annihilated by 〈x1, x2〉. In particular, it follows that

HP (ker(x1 − x2), j) = 0 for j >> 0.

Denote by M the N-graded module obtained from M by setting the degree of every

variable to be 1. By the discussion after Definition 3.3.20 we know that HP (M, i) = ci+d

for i large enough, and with c = rk(M).
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As the Hilbert polynomial is additive on exact sequences, we obtain, for i� 0:

HP (M ⊗ S/p, i) = HP (M, i)−HP (M, i− 1) +HP (ker(·x1 − x2), i− 1)
= HP (M, i)−HP (M, i− 1)
= ci+ d− (c(i− 1) + d)
= c .

This establishes the theorem for r = 2.

Now suppose the assertion holds for r = n− 1 and let r = n. This is where we use the

fact that p is generated by very special linear forms: an Nr-graded module M , quotiented

by 〈xi− xj〉 becomes an Nr−1-graded module. This is not the case for an arbitrary linear

form. For our Nr-graded module M , we first proceed as above, tensoring it with the

short exact sequence of Equation 3.10 and obtaining the four term exact sequence of

Equation 3.11. While ker(x1 − x2) is annihilated by 〈x1, x2〉, this does not force it to

vanish in high degree. However, since it is torsion, it does not contribute to rank, hence

arguing as above we find

rkS(M) = rkS/〈x1−x2〉(M ⊗S S/〈x1 − x2〉)

But M ⊗ S/〈x1 − x2〉 is an Nn−1-graded module, we may apply our induction hypothesis

with p′ = 〈x2 − x3, . . . xr−1 − xr〉 to obtain

rkS/〈x1−x2〉(M ⊗S S/〈x1 − x2〉) = rkS/p(M ⊗S S/〈x1 − x2〉 ⊗ S/p′) = rkS/p(M ⊗S S/p) .

While the two methods to pass from MPH to PH that we we have introduced in this

section give modules that have the same rank as the original module, they do not give

isomorphic modules in general:

Example 3.5.57. Let M = S(−3, 0)/x2, and further let

l : N→ N2

i 7→ (i, i) .

Then M ◦ l is the zero module, while M ⊗S S/〈x1− x2〉 is isomorphic to the K[x]-module

x3K.
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3.6 Conclusion

This paper studies multifiltered simplicial complexes K, and the associated multiparam-

eter persistent homology modules Hi(K) introduced by Carlsson and Zomorodian in [38].

We propose the rank of a module as an invariant for multiparameter persistence modules

that captures fully persistent components, namely elements of the module living forever

in all directions, and show that the rank of the module is the lead coefficient (suitably

interpreted) of the Hilbert series of the MPH module. We show that one can compute

the rank by computing the simplicial homology of the simplicial complex at which a mul-

tifiltration stabilises, and we furthermore give a geometric interpretation of the rank of

the module as the rank of the one-parameter persistence module obtained by restrict-

ing the module to a linear subspace. We refine our invariant by studying the associated

primes of the module, which give a stratification of the support shape of the module, and

capture persistent components, that is, elements of the module living forever along some

coordinate direction but not all. We provide a method to compute the size of the sub-

module generated by the persistent components using local cohomology, and we provide

a shortcut to compute associated primes. Finally, we discuss several ways to associate a

one-parameter persistence module to an r-parameter persistence module.

We provide the Macaulay2 code that we have written for our work in Appendix C,

with the appropriate documentation. We are currently implementing a code that takes

as input an arbitrary multifiltration (not necessarily one-critical) using the presentation

given in [40], as well as a way to compute the cp-rank quickly.

Our work presents several interesting followup questions; a question that we are cur-

rently investigating is the stability of the stratification of the support shape of a module.
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Chapter 4

Magnitude meets persistence.
Homology theories for filtered
simplicial sets

The Euler characteristic is an invariant of a topological space that in a precise sense cap-

tures its canonical notion of size, akin to the cardinality of a set. The Euler characteristic

is closely related to the homology of a space, as it can be expressed as the alternating sum

of its Betti numbers, whenever the sum is well-defined. Thus, one says that homology

categorifies the Euler characteristic. In his work on the generalisation of cardinality-like

invariants, Leinster introduced the magnitude of a metric space, a real number that gives

the “effective number of points” of the space. Recently, Leinster and Shulman introduced

a homology theory for metric spaces, called magnitude homology, which categorifies

the magnitude of a space. When studying a metric space, one is often only interested in

the metric space up to a rescaling of the distance of the points by a non-negative real

number. The magnitude function describes how the effective number of points changes

as one scales the distance, and it is completely encoded in the Euler characteristic of

magnitude homology. When studying a finite metric space in topological data analysis

using persistent homology, one approximates the space through a nested sequence of

simplicial complexes so as to recover topological information about the space by study-

ing the homology of this sequence. Here we relate magnitude homology and persistent

homology as two different ways of computing homology of filtered simplicial sets. Moti-

vated by this general framework we make conjectures about an Euler characteristic for

(multiparameter) persistent homology, and the persistence function of a metric space

that it would encode.
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4.1 Introduction

In a letter to Goldbach written in 1750, Euler [85] noted that for any polyhedron consisting

of F regions, E edges and V vertices one obtains V −E+F = 2. This sum is known as the

Euler characteristic of the polyhedron. While one usually first encounters the Euler

characteristic in relation to topological spaces, one can more generally define the Euler

characteristic of an object in any symmetric monoidal category [150], and this can be

thought of as its canonical size, a “dimensionless” measure. The irrelevance of topology

for the notion of Euler characteristic, and how it should be thought of as an invariant

giving a measure of the size or cardinality of an object was made precise among others

by Schanuel [181].

In 1973 Lawvere [133] observed that every metric space is a category enriched over

the monoidal category [0,∞] with objects non-negative real numbers, and a morphism

ε → ε′ whenever ε ≥ ε′, with tensor product given by addition. Such enriched categories

are called “Lawvere metric spaces”, and a Lawvere metric space is the same thing as an

extended quasi-pseudo-metric space.

In his work on the generalisation of the Euler characteristic as a cardinality-like in-

variant, Leinster [136] introduced an invariant for finite categories generalising work done

by Rota on posets. The invariant introduced by Leinster generalises both the cardinality

of a set, as well as the topological Euler characteristic. In subsequent work [137] Leinster

generalised this invariant to enriched categories, calling it magnitude. The magnitude

of a metric space is a real number that measures the “effective number of points” of the

space. The magnitude function describes how the effective number of points changes as

one scales the distances of the points of the metric space by a non-negative real number.

The Euler characteristic of a topological space X is closely related to the singular

homology of a space, as it can be expressed as the alternating sum of its Betti numbers

χ(X) =
∞∑
i=0

(−1)iβi(X) ,

whenever the sum and the summands are finite. One then says that homology cate-

gorifies the Euler characteristic. Thus, a natural question to ask is whether there is

a homology theory for metric spaces that categorifies in an analogous way the magni-

tude. Leinster and Shulman [139] recently answered this question in the affirmative, by

introducing magnitude homology, a homology theory for metric spaces as a special

case of Hochschild homology for enriched categories. This homology theory encodes the

magnitude function of a metric space.

Towards the end of [139] Leinster and Shulman list a series of open problems, the last

two being as follows:
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9. Magnitude homology only “notices” whether the triangle inequality is a

strict equality or not. Is there a “blurred” version that notices “approx-

imate equalities”?

10. Almost everyone who encounters both magnitude homology and persis-

tent homology feels that there should be some relationship between them.

What is it?

In this chapter we attempt a first answer to these questions, and show that they are

intertwined. In [139] Leinster and Shulman define magnitude homology as the homology

of the geometric realisation of a certain two-sided simplicial bar construction. In online

discussions [138] they had previously considered a different definition, whose starting point

was the generalisation of a nerve of a category to enriched categories. Motivated by the

latter definition, we give an alternative definition of magnitude homology (Definition B’

in Section 4.8.2), and show that it is equivalent to the definition given by Leinster and

Shulman (Proposition 4.8.79). Specifically, let X be a Lawvere metric space. Its enriched

nerve N(X) is a functor [0,∞]op → sSet, where for each ε ∈ [0,∞] the simplicial set

N(X)(ε) has set of n-simplices given by

N(X)(ε)n = {(x0, . . . , xn) : d(x0, x1) + · · ·+ d(xn−1, xn) ≤ ε} .

We can then consider the composite functor

CN(X) =
(

[0,∞]op N(X)−→ sSet
Z[·]−→ sAb

U−→ chAb

)
,

where the functor Z[·] is induced by the free abelian group functor, and the functor U is

the functor that sends a simplicial abelian group to its unnormalised chain complex. For

any ε ∈ [0,∞] we consider the coefficient functor Aε : [0,∞] −→ chAb that sends ε to the

chain complex with a copy of Z concentrated in degree zero, and all other numbers to the

trivial chain complex. Let

CN(X)⊗[0,∞] A− : [0,∞]op → chAb

be the functor that sends a number ε to the coend CN(X) ⊗[0,∞] Aε. We can compose

this functor with the functor H? : chAb → Ab that sends a chain complex to its homol-

ogy. The magnitude homology of X (according to Definition B’) is then the composition

H?(CN(X)⊗[0,∞] A−).

Persistent homology is, in an appropriate sense, the generalisation of simplicial ho-

mology of a simplicial set to filtered simplicial sets. Given a metric space (X, d), one
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associates to it a filtered simplicial set S(X) such that S(X)(ε) captures in a certain

sense the topology of X “below distance ε”. One then considers the functor

CS(X) =
(

[0,∞]op S(X)−→ sSet
Z[·]−→ sAb

U−→ chAb

)
,

where Z[·] and U are defined as above. Furthermore, one usually considers the functor of

coefficients A : [0,∞]op → chAb that sends every number to the chain complex with a copy

of F concentrated in degree zero, where F is a field. One then considers the componen-

twise tensor product CS(X) � A of the functors CS(X) and A, and defines persistent

homology of S(X) with coefficients in F to be the composition H?(CS(X) � A),

where H? : chAb → Ab is the usual homology functor. More generally, we can consider

arbitrary coefficient functors A : [0,∞]op → chAb.

Now, to relate persistent homology to magnitude homology we introduce for any ε ∈
[0,∞] the coefficient functor

A[0,ε] : [0,∞]op → Ab

l 7→

{
Z, if l ∈ [0, ε]

0, otherwise

which we consider as taking values in chAb through the canonical inclusion functor Ab ↪→ chAb

that sends an abelian group to the chain complex with that abelian group concentrated

in degree zero. We then define the functor CN(X) ⊗[0,∞] A[0,−] : [0,∞]op → chAb that

sends ε to the coend CN(X)⊗[0,∞] A[0,ε]. The blurred magnitude homology of X is

the composition H?(CN(X)⊗[0,∞] A[0,−]). We then have (see Theorem 4.10.85):

Theorem. For any metric space X, the blurred magnitude homology of X is the persis-

tent homology of N(X).

It remains to convince the reader that this is indeed a right way to relate magnitude ho-

mology to persistent homology. For this, we note that the coefficient functors used in the

definition of magnitude homology are such that magnitude homology “forgets” the maps

induced on the homology groups by the inclusions of simplicial sets N(X)(ε)→ NX(ε′),

whenever ε′ ≥ ε. This is made clear by the characterisation of the chain complexes

CN(X) ⊗[0,∞] Aε in Lemma 4.8.78, together with Proposition 4.8.79. By contrast, the

“persistence” in persistent homology is exactly the information given by such maps. Thus,

morally, persistent homology and magnitude homology are very different homology theo-

ries.

Another way to see that persistent homology and magnitude homology are intrinsically

different is given by taking their limit. In what we call “limit homology”, one is interested
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not in the homology of a functor CS(X) : [0,∞]op → chAb, but in its homology as ε

approaches zero, namely in taking the categorical limit of the sequence of homology groups

{H?(CS(X)(ε))}. Such a homology theory was first introduced by Vietoris in [201] to

define a homology theory for compact metric spaces. To do this, Vietoris introduced what

is now called the Vietoris–Rips complex at scale ε: this is the simplicial complex V (X)

whose n-simplices are the unordered (n+ 1)-tuples of points {x0, . . . , xn} of X obeying

∀i, j d(xi, xj) ≤ ε.

Vietoris defined the homology of a compact metric space (X, d) to be the limit

H?(X) := lim←−
ε

H?(CV (X)(ε)) .

Vietoris’s motivation was to prove what is now called the “Vietoris mapping theorem”, a

result that relates the homology groups of two spaces using properties of a map between

them. While there has been some work done on Vietoris homology (see, e.g., [104, 174]),

the theory has not been as widely studied as other homology theories. A limit homology

theory that plays a fundamental role in algebraic topology is Čech homology: given

a space X and a cover U of X, one considers the simplicial homology H?(CN(U)) of

the nerve of U . If V is a cover of X that refines U , then there is a homomorphism

H?(CN(V)) → H?(CN(U)). The Čech homology of X is the inverse limit of the inverse

system obtained by considering all open covers of X.

In Corollary 4.11.89 we show that for finite metric spaces ordinary and blurred version

of magnitude homology — which coincides with the persistent homology of the enriched

nerve — differ in the limit: while the limit of blurred magnitude homology coincides with

Vietoris homology, the limit of ordinary magnitude homology is trivial.

Motivated by the relationship of persistent homology with (blurred) magnitude ho-

mology, we conjecture the existence of an Euler characteristic for persistent homology in

Section 4.12, which would then give the persistence function, an invariant for persis-

tent homology. In turn, by considering generalised Lawvere metric spaces, this invariant

could give an invariant for multiparameter persistent homology.

We note that while in limit homology and persistent homology one works with simpli-

cial complexes, the definition of magnitude homology is based on simplicial sets. While

simplicial complexes present advantages from the computational point of view, as a sim-

plex can be uniquely specified by listing its vertices, from the theoretical point of view

simplicial sets are better suited. In Section 4.2 we will explain how to a given simplicial

complex one can assign a simplicial set such that their geometric realisations are home-

omorphic. This assignment is not functorial, however this will not be a problem for our

purposes.
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4.1.1 Structure of the chapter

The chapter is structured as follows:

• We cover preliminaries about simplicial complexes and simplicial sets in Section 4.2;

enriched categories and Lawvere metric spaces in Section 4.3; filtered simplicial sets

in Section 4.4; and persistent as well as graded objects in Section 4.5.

• In Section 4.7 we recall the definition of magnitude for enriched categories, and

briefly discuss the special case of the magnitude of metric spaces as well as the

magnitude function.

• In Section 4.8 we give the definition of magnitude homology as a special case of

Hochschild homology following [139] (see Definition A in Section 4.8.1), and then

introduce an alternative definition (Definition B’ in Section 4.8.2), and show that

they are equivalent in Proposition 4.8.79. In Section 4.8.3 we briefly summarise how

magnitude homology categorifies the magnitude, following [139].

• In Section 4.9 we give a general definition of persistent homology, while in Section

4.10 we introduce the blurred magnitude homology, and show that it is the persistent

homology of the enriched nerve. We show how blurred and ordinary magnitude

homology differ in the limit in Section 4.11.

• Finally, we conjecture the existence of an Euler characteristic for persistent homol-

ogy in Section 4.12.

4.2 Simplicial complexes and simplicial sets

Simplicial complexes and simplicial sets can be seen as combinatorial versions of topo-

logical spaces. They are related to topological spaces by the geometric realisation. Here

we recall the definitions of simplicial complexes and simplicial sets and discuss how one

can assign a simplicial set to a simplicial complex in such a way that the corresponding

geometric realisations are homeomorphic.

Definition 4.2.58. A simplicial complex is a tuple K = (V,Σ) where V is a set, and

Σ is a set of non-empty finite subsets of V such that:

(i) for all v ∈ V we have that {v} ∈ Σ

(ii) Σ is closed with respect to taking subsets.
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The elements of Σ with cardinality n+1 are called n-simplices of K. The elements of V

are called vertices of K. Given two simplicial complexes K = (V,Σ) and K ′ = (V ′,Σ′), a

simplicial map K → K ′ is a map f : V → V ′ such that for all σ ∈ Σ we have f(σ) ∈ Σ′.

Remark 4.2.59. We note that if one wants the 0-simplices to coincide with the vertices

of a simplicial complex, then condition (i) in Definition 4.2.58 cannot be dispensed of;

while condition (ii) implies that all vertices contained in simplices are in Σ, condition (i)

guarantees that these are the only vertices. Often in the literature one finds a definition

of simplicial complex as a variant of Definition 4.2.58 in which condition (i) is omitted,

and in such a definition one thus allows vertices that are not 0-simplices. One could give

a definition equivalent to Definition 4.2.58 by only requiring closure under taking subsets

as follows: let Σ be a family of non-empty finite sets closed under taking subsets, and let

V (Σ) =
⋃

Σ. Then (V (Σ),Σ) is a simplicial complex according to Definition 4.2.58.

To define simplicial sets, we first need to introduce the “simplex category” ∆. Consider

the category with objects finite non-empty totally ordered sets, and morphisms given by

order preserving maps. The skeleton of this category is denoted by ∆ and called simplex

category. In other words, ∆ has objects given by a totally ordered set [n] = {0, 1, . . . , n}
for every natural number n, and morphisms order-preserving maps.

Definition 4.2.60. A simplicial set is a functor S : ∆op → Set. The elements of S(n)

are called n-simplices.

Explicitly, one can show that a simplicial set is a collection of sets {Sn}n∈N together with

maps

di : Sn → Sn−1

and

si : Sn → Sn+1

for all 0 ≤ i ≤ n, that satisfy certain compatibility conditions, see [54, Def. 1.1].

The geometric realisation functor gives a canonical way to associate a topological space

to a simplicial complex or set. For this, one chooses a topological model for n-simplices,

namely the standard n-simplex ∆n, and then proceeds to glue together standard simplices

using the face and boundary maps.

Definition 4.2.61. The standard n-simplex is the subset of Euclidean space

∆n =

{
(x0, . . . , xn) ∈ Rn |

n∑
i=0

xi = 1 , and 0 ≤ xi ≤ 1 for all i

}
.
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There are boundary maps

δi : ∆n → ∆n−1 : (x0, . . . , xn) 7→ (x0, . . . , xi + xi+1, . . . , xn)

and face maps

σi : ∆n → ∆n+1 : (x0, . . . , xn) 7→ (x0, . . . , xi−1, 0, xi, . . . , xn) .

Given a simplicial complex K = (V,Σ), its geometric realisation |K| is the quotient

space ⋃
σ∈Σ

∆|σ|−1 × {σ}/ ∼

where
⋃
σ∈Σ ∆|σ|−1 × {σ} is endowed with the disjoint union space topology, while the

equivalence relation ∼ is the transitive closure of the following relation{(
(x, σ), (δi(x), τ)

)
: x ∈ ∆|σ|−1, and σ ⊆ τ with |τ | = |σ|+ 1

}
.

Similarly, given a simplicial set S : ∆op → Set, its geometric realisation |S| is the

quotient space

⋃
n∈N

∆n × Sn/ ∼

where the equivalence relation ∼ is the transitive closure of the union of the relations{(
(x, di(σ)), (σi(x), σ)

)
: x ∈ ∆n and σ ∈ Sn+1

}
, and

{(
(x, si(σ)), (δi(x), σ)

)
: x ∈ ∆n and σ ∈ Sn−1

}
.

Now, given a simplicial complex K = (V,Σ), we assign to it a simplicial set so that

its geometric realisation is homeomorphic to that of K. First, choose a total order on V .

Let Ksim
n = {(x0, . . . , xn) | {x0, . . . , xn} ∈ Σ and x0 ≤ · · · ≤ xn}.

For 0 ≤ i ≤ n let

di : K
sim
n → Ksim

n−1 : (x0, . . . , xn) 7→ (x0, . . . , x̂i, . . . , xn) ,

where x̂i means that that entry is missing, and let

si : K
sim
n−1 → Ksim

n : (x0, . . . , xn−1) 7→ (x0, . . . , xi, xi, . . . , xn−1) .

It is then easy to show that {Ksim
n }n∈N together with the maps di and si is a simplicial

set. We denote this simplicial set by Ksim. Furthermore, we have:
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Lemma 4.2.62. The geometric realisations of Ksim and K are homeomorphic.

Proof. This is easy to see, since the non-degenerate simplices are in bijection, and all

degenerate simplices are in the image of some non-degenerate simplex. See also [54].

The assignment K 7→ Ksim is not functorial, since it depends on the choice of a total

order on V . One could assign a simplicial set to a simplicial complex in a functorial way,

so that their geometric realisations are homotopy equivalent rather than homeomorphic,

however this is at the cost of adding many more simplices. For our purposes the non-

functorial assignment K 7→ Ksim suffices.

4.3 Enriched categories and Lawvere metric spaces

An ordinary (small) category C is given by a set of objects, and for every pair of objects

x, y a set of morphisms C(x, y), together with composition maps

C(x, y)× C(y, z)→ C(x, z)

and maps assigning to every object x its identity morphism

{?} → C(x, x) ,

such that the composition of morphisms is associative and the identity morphism for every

object is the neutral element for this composition. Let V be a monoidal category with

tensor product ⊗V and unit 1V . A (small) category enriched over V (or V-category)

is a generalisation of an ordinary category: we still have a set of objects, for every pair of

objects x, y we are given an object C(x, y) in V , together with composition and identity

assigning morphisms in V , namely

C(x, y)⊗V C(y, z)→ C(x, z)

and

1V → C(x, x) ,

which satisfy associativity and unitality conditions. When V is the category of sets, a

category enriched over V is an ordinary category. We note that while an enriched category

is in general not a category, it has an “underlying” category, see [120] for details.

In [133] Lawvere observed that any metric space is an enriched category:
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Definition 4.3.63. Let P+ denote the symmetric monoidal category with objects given

by the extended non-negative real numbers (that is, elements of [0,∞]), exactly one

morphism l′ → l if l′ ≥ l, tensor product given by addition, and unit by 0. A Lawvere

metric space is a small category enriched over P+.

In other words, a Lawvere metric space is given by a set X, together with for all

x, y ∈ X a number X(x, y) ∈ [0,∞], and for all x, y, z ∈ X a morphism

X(x, y) +X(y, z)→ X(x, z) (4.1)

as well as a morphism

0→ X(x, x) . (4.2)

Equation (4.1) is the triangle inequality, while Equation (4.2) implies that X(x, x) = 0.

Thus, a Lawvere metric space is the same thing as an extended (since we are allowing

infinite distances) quasi-pseudo-metric space (as distances are not necessarily symmetric,

and we allow different elements to have zero distance).

4.4 Filtered simplicial sets

Given a metric space (X, d) we are interested in associating to it a filtered simplicial set,

namely a functor S : P+op → sSet, in such a way that S(ε) captures the topology and

geometry of X “below ε”, in a suitable sense. Examples of such filtered simplicial sets

that we consider in this paper are the enriched nerve and the Vietoris–Rips simplicial set.

We next recall their definitions.

Definition 4.4.64. Let (X, d) be a metric space. The enriched nerve of X is the

filtered simplicial set N(X) such that for any ε ∈ [0,∞] the simplicial set N(X)(ε) has

set of n-simplices given by

N(X)(ε)n =

{
(x0, . . . , xn) | xi ∈ X, and

n−1∑
i=0

d(xi, xi+1) ≤ ε)

}

and the obvious degeneracy and face maps. Further, for any ε′ ≥ ε the simplicial maps

N(X)(ε′ ≥ ε) : N(X)(ε)→ N(X)(ε′) are the canonical inclusion maps.

Definition 4.4.65. Let (X, d) be a metric space, and put a total order on X. The length

of an ordered tuple (x0, . . . , xn) of elements of X is
∑n−1

i=0 d(xi, xi+1).
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Definition 4.4.66. Let (X, d) be a metric space. The Vietoris–Rips simplicial set of

X is the filtered simplicial set V sim(X) with set of n-simplices given by

V sim(X)(ε)n = {(x0, . . . , xn) | d(xi, xj) ≤ ε for all i, j ∈ {0, . . . , n}}

and the obvious degeneracy and face maps. Furthermore, for any ε′ ≥ ε the simplicial

maps V sim(X)(ε′ ≥ ε) : V sim(X)(ε)→ V sim(X)(ε′) are the canonical inclusion maps.

4.5 Persistent vs. graded objects

Our aim is to study the homology of filtered simplicial sets such as those introduced in

Section 4.4, and we are thus interested in functors P+op → chAb. Since such functors are

the central object of study in persistent homology, we introduce the following definition:

Definition 4.5.67. Let C be a small category, and (P,≤) a poset, which we identify with

the category with objects given by the elements of P and exactly one morphism p′ → p if

p′ ≤ p. A functor P → C is called a P -persistent element of the set of objects of C.

Example 4.5.68. Let P = N and let ≤ be the usual order on the natural numbers,

and further let C = KVect be the category of vector spaces over a field K together with

linear maps. There is an isomorphism of categories between the functor category of N-

persistent vector spaces over K and the category of N-graded modules over the polynomial

ring K[x]. Implicit in this isomorphism is the fact that we are endowing the poset (N,≤)

with the usual monoid structure given by addition, which is compatible with the order.

Similarly, when we consider the poset ([0,∞],≤) together with monoid structure given

by addition, there is an isomorphism of categories between the functor category of [0,∞]-

persistent vector spaces and the category of [0,∞]-graded modules over the monoid ring

K[([0,∞],+)]. Furthermore, finitely generated modules correspond to persistent vector

spaces of “finitely presented type” [50]. This is known as the Correspondence Theorem in

the persistent homology literature, and N-, as well as [0,∞]-persistent vector spaces are

usually called persistence modules.

On the other hand, we will see that in magnitude homology one “forgets” the informa-

tion given by the inclusion maps in the filtration of a simplicial sets, and thus the chain

complexes that one ends up with are more properly graded objects, rather than persistent

objects.

Definition 4.5.69. Let C be a small category, and I a set, which we identify with the

discrete category with objects given by the elements of I and no morphisms apart from

the identity morphisms. A functor I → C is called an I-graded element of the set of

objects of C.
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If C has all coproducts, then one can characterise such functors as follows:

Proposition 4.5.70. Let C be a small category with all coproducts, and let I be a set.

There is an isomorphism of categories between the functor category of I-graded objects

of C and the category with objects pairs (c, {ci}i∈I) such that c is isomorphic to the

coproduct of {ci}i∈I , and morphisms (c, {ci}i∈I)→ (c′, {c′i}i∈I) given by {fi}i∈I where for

each i ∈ I we have that fi : ci → c′i is a morphism in C.

Example 4.5.71. When I = [0,∞], we have that a [0,∞]-graded chain complex of

abelian groups can be identified with a chain complex of [0,∞]-graded abelian groups,

because coproducts of chain complexes are computed componentwise.

Thus, while a [0,∞]-graded vector space over K is simply a vector space V together

with a direct sum decomposition V = ⊕l∈[0,∞]Vl, we have that a [0,∞]-persistent vector

space over K is a [0,∞]-graded vector space together with an action of the monoid ring

K[([0,∞],+)], which corresponds to the information given by the non-trivial maps l→ l′

whenever l ≤ l′.

4.6 Coends

One of the main ingredients in the definition of blurred magnitude homology that we will

give in Section 4.10 is the coend, a construction that is ubiquitous in category theory. For

ease of reference we briefly recall its definition here.

Intuitively, given a bivariate functor with mixed variance F : Dop×D → C, its coend

is an object in C that identifies the “left action” of F with the “right action” of F ; for

instance, the tensor product of a left module with a right module over a ring is an example

of coend, see [145, Section IX.6].

While one can define a coend in this general setting, we will make use of the following

characterisation of coends in the case that D is cocomplete and C small.

Definition 4.6.72. Suppose that D is a cocomplete category, and C is a small category.

Given a functor F : Cop × C → D, its coend is the coequaliser of the diagram

⊔
f : c→c′

F (c′, c)
⊔
c∈C

F (c, c) ,

where the two parallel morphisms are the unique morphisms induced by the morphisms

F (f, 1c) : F (c′, c)→ F (c, c), and F (1c′ , f) : F (c′, c)→ F (c′, c′), respectively.

For more details on coends we refer the reader to [145, Section IX.6], as well as the

survey [144].
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4.7 Magnitude

We first recall the definition of magnitude for arbitrary enriched categories following [139],

and then briefly discuss some properties of the magnitude function of a metric space.

Let V be a symmetric monoidal category with tensor product ⊗V and unit 1V . We

denote the set of objects of V by obV .

Definition 4.7.73. Let (K, ·,+, 1, 0) be a semiring. A size is a function #: ob(V)→ K
such that

(i) if x ∼= y then #x = #y

(ii) #(1V) = 1 and #(x⊗V y) = #(x) ·#(y).

If V is essentially small (i.e., equivalent to a small category), then there is a size

function #: ob(V) → K that is universal, in the sense that any other size function

#′ : ob(V) → K′ factors through it. We first describe the semiring K. The set of

isomorphism classes of V has a structure of monoid, where [x] · [y] = [x ⊗V y], and

1 · [x] = [1V ⊗V x]. Given a monoid (M, ·, 1M), there is a canonical way to associate a

semiring F (M) to it, given by the left adjoint functor to the forgetful functor that given

a semiring (R,+, 0, ·, 1,+) forgets the monoid structure (R,+, 0). The semiring F (M)

is thus given by formal N-linear combinations of elements of M , subject to the relation

m0 ∼ 1M for all m ∈M , and the relations that make the binary operation · of M distribu-

tive over taking linear combinations. Thus, we can consider the free semiring associated

to the monoid of isomorphism classes of ob(V), and we denote it by F (obV/ ∼=).

Definition 4.7.74. Let V be an essentially small symmetric monoidal category. The

canonical size function of V is the function #: ob(V) → F (obV/ ∼=): x 7→ [x] that

sends every object to its isomorphism class.

In particular, for V = P+, the elements of F (obV/ ∼=) are formal N-linear combinations

of numbers in [0,∞], and we have [l1] · [l2] = [l1 + l2]. This motivates the introduction of

the notation
∑

i aiq
li for

∑
i aili and N[q[0,∞]] for F (obV/ ∼=).

Definition 4.7.75. Let X be a finite V-category, together with a size #: obV → K, and

put a total order on the objects of X. The zeta function of X is the matrix ZX indexed

by the objects of X with

ZX(x, y) = #(X(x, y)) .

One says that X has Möbius inversion with respect to # if ZX is invertible over

K. The magnitude of X with respect to # is the sum of all entries of Z−1
X , and is

denoted by |X|.
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In general there are more inverse matrices over a field than a semiring, so it is natural

to complete K to a field. For this, one first needs to restrict to pseudo-quasi-metric spaces,

so to categories enriched over [0,∞), as otherwise q∞ is a non-trivial zero divisor. Denote

by Q(q[0,∞)) the field of fractions of Z[q[0,∞)]. One then has that any finite quasi-metric

space has Möbius inversion with respect to the canonical size function [139, Theorem

2.10]. So in particular any quasi-metric space has a magnitude lying in Q(q[0,∞)).

Evaluating the magnitude of a metric space with respect to the canonical size function

at q = e−t for varying values of t gives the magnitude function:

Definition 4.7.76. Let (X, d) be a finite metric space, and let f(q) ∈ Q(q[0,∞)) be its

magnitude with respect to the canonical size function. The magnitude function of

(X, d) is the (partially defined) function

[0,∞)→ R

t 7→ f(e−t) .

For arbitrary finite metric spaces the magnitude function can be ill-behaved: it might

only be partially defined, take on negative values, or the magnitude of a subspace might

be greater than the magnitude of the whole space. However, for a certain class of nice

spaces — positive definite spaces — the magnitude function is well-defined and has many

of the properties that one would expect a cardinality-like invariant to have [137, Section

2.4]. In particular, all finite subsets of Euclidean space are positive definite spaces. For

such spaces one has:

• The magnitude function is well-defined [137, Lemma 2.4.2 (i)].

• 1 ≤ f(e−t) for all t, see [137, Corollary 2.4.5].

• limt→∞ f(e−t) = #X, where #X here denotes the cardinality of the set X (this

holds for arbitrary finite metric spaces) [137, Proposition 2.2.6].

4.8 Magnitude homology

Leinster and Shulman introduce magnitude homology in [139], as the categorification of

the magnitude of a metric space. Here we first briefly recall the definition of magnitude

homology as given in [139], then we give an alternative equivalent definition that will be

the definition that we will use later to relate persistent homology to magnitude homology,

and briefly summarise how magnitude homology categorifies the magnitude. In this and

the next sections we denote by P the symmetric monoidal category with set of objects

given by the non-negative real numbers [0,∞), with exactly one morphism l′ → l whenever

l′ ≥ l, tensor product given by addition, and unit by 0.
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4.8.1 Magnitude homology as Hochschild homology

LetA denote the category of [0,∞)-graded abelian groups. This category has two different

monoidal structures, induced by two different tensor products: the componentwise tensor

product (A � B)l = Al ⊗Z Bl and the tensor product ⊗ given by “convolution”, namely

(A ⊗ B)l = ⊕i+j=lAi ⊗Z Bj. These in turn induce two different tensor products on chA,

by taking as usual the tensor product of chain complexes to be defined by “convolution”,

namely (C•⊗D•)n = ⊕i+j=nCi⊗Dj, and similarly for the product �. Given a P-category

X, and a monoidal functor Σ: P −→ chA, this makes X into a chA-category, which we

denote by ΣX. Now, to define magnitude homology, Leinster and Shulman consider the

following functor of coefficients

Σ: P → A

l 7→ Zl

where Zl is the [0,∞)-graded abelian group with a copy of Z in degree l and 0 otherwise,

and we consider Σ to be a functor taking values in chA through the canonical inclusion

functor A ↪→ chA sending an abelian group to the chain complex concentrated in degree

zero. The functor Σ is strongly monoidal with respect to the product ⊗ on chA: we have

Σ(X(x, y)+X(y, z)) ∼= Σ(X(x, y))⊗Σ(X(y, z)) for all x, y, z ∈ [0,∞). Next, Leinster and

Shulman consider the two-sided simplicial bar construction [186] with n-simplices given

by the [0,∞)-graded chain complex:

Bn(ΣX) :=
⊔

(x0,...,xn)

ΣX(x0, x0)⊗ ΣX(x0, x1)⊗ · · · ⊗ ΣX(xn−1, xn)⊗ ΣX(xn, xn) .

This can be seen as an instance of a two-sided simplicial bar construction by noting that

ΣX(xn, xn) acts on ΣX(xn−1, xn) from the left, while ΣX(x0, x0) acts on ΣX(x0, x1) from

the right. Since Σ is strongly monoidal with respect to ⊗, we have that

Bn(ΣX) ∼=
⊔

(x0,...,xn)

Σ(X(x0, x1) + · · ·+X(xn−1, xn)) .

Definition 4.8.77. [139, p. 9–12] Let X be a P-category. The magnitude nerve of

X is the simplicial [0,∞)-graded chain complex B•(ΣX).

Magnitude homology (Definition A). The magnitude homology of X is the ho-

mology of the geometric realisation B(ΣX) of B•(ΣX), and denoted by HΣ
? (X).

The assignment X 7→ HΣ
? (X) induces a functor from the category with objects P-

categories and morphisms P-functors to the category of [0,∞)-graded abelian groups [139,
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Theorem 4.4]. Explicitly, one can describe the chain complex B(ΣX) as follows [139,

Section 5]: one has

B(ΣX)n =
⊕
l∈[0,∞)

Z

[
{(x0, . . . , xn) |

n∑
i=0

d(xi, xi+1) = l}

]
. (4.3)

Thus, in degree n it is the free [0,∞)-graded abelian group, which in degree l is generated

by the ordered tuples (x0, . . . , xn) of length exactly l. Furthermore, the boundary map

dn : B(ΣX)n → B(ΣX)n−1 is given by the alternating sum of maps din, defined as follows

for all 1 ≤ i ≤ n− 1:

din(x0, . . . , xn) =

{
(x0, . . . , xi−1, xi+1, . . . xn), if d(xi−1, xi) + d(xi, xi+1) = d(xi−1, xi+1)

0, otherwise

while for i = 0 we have

d0
n(x0, . . . , xn) =

{
(x1, x2, . . . xn), if d(x0, x1) = 0

0, otherwise
(4.4)

and similarly for i = n.

4.8.2 Magnitude homology: an alternative viewpoint

In online discussions [138] Leinster and Shulman initially gave a different definition of

magnitude homology. Here we recall this definition (Definition B), and prove that an

adaptation of it (Definition B’) agrees with the definition given in the previous section

(Definition A). We will use Definition B’ of magnitude homology to relate magnitude

homology to persistent homology.

Here Ab denotes the category of abelian groups with monoidal structure given by the

tensor product, which we denote by �; this induces a monoidal structure on the category

of chain complexes over Ab. Given a P-category X, Leinster and Shulman consider the

following functor

CN(X) =
(
Pop N(X)−→ sSet

Z[·]−→ sAb
U−→ chAb

)
, (4.5)

where the functor Z[·] is induced by the free abelian group functor, and the functor U is

the functor that sends a simplicial abelian group to its unnormalised chain complex. They

then introduce a functor of coefficients A : P −→ Ab, where one views A as taking values

in chAb through the canonical inclusion Ab ↪→ chAb, and give the following definition:

Magnitude homology (Definition B). The magnitude homology of X with co-

efficients in A is the homology of the chain complex given by the coend CN(X)⊗P A.
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Explicitly, one can describe this chain complex as follows for a particular choice of

coefficient functor.

Lemma 4.8.78. Let Aε : P −→ Ab, be the following functor:

Aε : P → Ab

l 7→

{
Z, if l = ε

0, otherwise,

which we consider as taking values in chAb through the canonical inclusion Ab ↪→ chAb.

The chain complex CN(X) ⊗P Aε is given in degree n by the free abelian group on

the tuples (x0, . . . , xn) that have length exactly ε. The boundary maps dn are given by

alternating sums of maps din which can be described as follows, for 0 < i < n:

din : (CN(X)⊗P Aε)n → (CN(X)⊗P Aε)n−1

(x0, . . . , xn) 7→

{
(x0, . . . , xi−1, xi+1, . . . , xn), if d(xi−1, xi+1) = d(xi−1, xi) + d(xi, xi+1)

0, otherwise

while for i = 0 we have

d0
n : (CN(X)⊗P Aε)n → (CN(X)⊗P Aε)n−1

(x0, . . . , xn) 7→

{
(x1, x2, . . . , xn), if d(x0, x1) = 0

0, otherwise

and similarly for i = n.

Proof. 1 The coend CN(X)⊗P Aε is the coequaliser of the following diagram:

⊕
l′≥l
CN(X)(l)� Aε(l′)

⊕
l∈P
CN(X)(l)� Aε(l) .

⊕
l′≥l
CN(X)(l′ ≥ l)� 1

⊕
l′≥l

1� Aε(l′ ≥ l)

Thus, it is the coproduct over l ∈ P of the chain complexes CN(X)(l)�Aε(l), modulo

the relations given by equating the two parallel morphisms on the left hand side. By

definition of Aε, the morphisms are both trivial if l′ 6= ε, thus we assume that l′ = ε. The

two morphisms are identical if l = ε, thus we assume that l 6= ε, and so we have ε > l.

Thus, the bottom parallel morphism is zero, while the top parallel morphism is

CN(X)(l) −→ CN(X)(ε) .

1We note that parts of this proof were given by Shulman in an online comment [185].
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Furthermore, we have ⊕
l∈P

CN(X)(l)� Aε(l) ∼= CN(X)(ε)

since tensoring with Aε(l) makes all summands vanish, except if l = ε. Thus, in degree n

the chain complex CN(X)⊗P Aε is the free abelian group on the tuples (x0, . . . , xn) that

have length exactly ε.

Now, denote by D(ε) the subcomplex of CN(X)(ε) whose n-chains are the n-tuples

with length strictly less than ε, so that CN(X)⊗P Aε ∼= CN(X)(ε)/D(ε) by the previous

discussion. Note that the boundary map on the quotient chain complex CN(X)(ε)/D(ε)

is the alternating sum of maps

din : CN(X)(ε)n/D(ε)n → CN(X)(ε)n−1/D(ε)n−1

which send c+D(ε)n to di,Cn (c)+D(ε)n−1, where di,Cn : CN(X)(ε)n → CN(X)(ε)n−1 is the

map induced by the ith face map. Thus din(x0, . . . , xn) is the map induced by the ith face

maps if and only if by deleting the ith entry the length of the tuple is unchanged, and is

the zero map otherwise.

Our aim is to relate Definition B with Definition A. For any ε′ ≥ ε define the natural

transformation ι : Aε ⇒ Aε′ where ιl is the identity if l = ε = ε′, and the zero map

otherwise. This induces a chain map CN(X)⊗P Aε → CN(X)⊗P Aε′ , and we thus have

a functor CN(X) ⊗P A− : Pop → chAb that assigns to a number ε the chain complex

CN(X)⊗P Aε. The functor CN(X)⊗P A− factors through the projection functor Pop →
[0,∞), where [0,∞) is the discrete category with objects given by non-negative real

numbers. Recall that a chain complex of of [0,∞)-graded abelian groups can be identified

with an [0,∞)-graded chain complex (see Example 4.5.71). Thus, in particular, we can

identify the chain complex B(ΣX) with a functor Pop → chAb that coincides with B(ΣX)

on the set of objects, and sends every morphism to the trivial chain map. We have:

Proposition 4.8.79. The functors CN(X) ⊗P A− and B(ΣX) are isomorphic. In par-

ticular, the magnitude homology of X (Definition A) is isomorphic to the homology of

CN(X)⊗P A−.

Proof. By Lemma 4.8.78 and (4.3) the chain complexes B(ΣX)l and CN(X) ⊗P Al are

canonically isomorphic. Next, for l′ ≥ l, consider the following diagram:

B(ΣX)l B(ΣX)l′

CN(X)⊗P Al CN(X)⊗P Al′
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where the vertical arrows are the canonical isomorphisms, while the horizontal arrows

are zero maps. Thus every such square commutes, so the canonical isomorphisms assemble

into a natural isomorphism between CN(X)⊗P A− and B(ΣX).

For ease of reference, we state here the equivalent definition of magnitude homology,

as given by Proposition 4.8.79:

Magnitude homology (Definition B’). The magnitude homology of X is the

homology of the [0,∞)-graded chain complex CN(X)⊗P A−.

4.8.3 Magnitude homology categorifies magnitude

The Euler characteristic can be defined very generally for any dualisable object in a

closed symmetric monoidal category [150]. Leinster and Shulman consider the closed

symmetric monoidal category chA of chain complexes of [0,∞)-graded abelian groups,

together with the tensor product � induced by the componentwise tensor product of

[0,∞)-graded abelian groups, and for a dualisable object C• of chA they denote by χ�(C•)

its Euler characteristic, according to the Definition in [150]. The Euler characteristic

χ�(C•) is an element of Z[0,∞), the endomorphism ring of the unit object for �, and one

has that χ�(C•)l = χ(C•,l), where χ is the usual Euler characteristic of a chain complex of

abelian groups. The Euler characteristic of a chain complex that is finitely generated and

projective can be computed as the alternating sum of the rank of its homology groups, and

Leinster and Shulman prove that this is indeed the case for the chain complexes B(ΣX)l,

whenever X is a finite quasi-pseudo-metric space [139, Lemma 5.8]. Thus, one has

χ�(B(ΣX)) =
∑

l∈[0,∞)

∞∑
n=0

(−1)nrankHn(B(ΣX)l)q
l . (4.6)

Leinster and Shulman’s goal is to prove that χ�(B(ΣX)) = |X|, where |X| denotes

the magnitude of X with respect to the canonical size, which is an element of Q(q[0,∞)),

and thus one would like to restrict attention to [0,∞)-graded chain complexes such that

their Euler characteristic χ� lies in Q(q[0,∞)). They thus first embed Z[0,∞) into Q[0,∞).

However, in general, even for finite metric spaces X, the sum in Eq. (4.6) is not finite

(as for finite quasi-pseudo-metric spaces X one has that B•(ΣX) is not n-skeletal for any

n, see [139, p. 19]). An appropriate finiteness condition for series in Q[0,∞) is given by

having well-ordered support: this guarantees that the product defined by “convolution” is

well-defined. Thus, they consider the subset of Q[0,∞) consisting of functions [0,∞)→ Q
having well-ordered support. Such functions form a field with componentwise addition

and product given by convolution, and it is called the field of Hahn series. They thus

restrict attention to chain complexes whose Euler characteristic is a Hahn series.
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The field of Hahn series is a valuation field, and as such it has a topology induced by

the valuation v. Consider a sequence of Hahn series {fn}n∈N, where for each n we have

fn :=
∑

l cn,lq
l. Such a sequence converges to

∑
l

∑∞
n=1 cn,lq

l in the topology given by the

valuation if and only if limn→∞ v(fn) = +∞. (See [27, VI.5] for details.) One then has:

Theorem 4.8.80. [139, Theorem 5.11, Corollary 6.28] Let X be a finite quasi-pseudo-

metric space. Then the sequence {Hn(B(ΣX))}n∈N converges in the topology of the field

of Hahn series, and one has:

χ�(B(ΣX)) =
∑
n

(−1)nrank(Hn(B(ΣX))) .

Furthermore

|X| =
∑
n

(−1)nrankHn(B(ΣX)) ,

where |X| is the magnitude of X with respect to the canonical size function.

4.9 Persistent homology

Persistent homology is, in an appropriate sense, the generalisation of simplicial homology

of a simplicial set to persistent simplicial sets. Given a metric space (X, d), one associates

to it a Pop-persistent simplicial set S(X) such that S(X)(ε) captures in a certain sense

the topology of X “below distance ε”. One then considers the functor

CS(X) =
(
Pop S(X)−→ sSet

Z[·]−→ sAb
U−→ chAb

)
,

where Z[·] and U are defined as in (4.5). Furthermore, one considers the functor of

coefficients

A : Pop → chAb

l 7→ Fl

where F is a (finite) field, and Fl is the chain complex with a copy of F concentrated in

degree zero; further, for l′ ≥ the chain map Fl → Fl′ is the zero map. The composite

H?(CS(X) � A), where H? : chAb → Ab is the usual homology functor, is then called

the “persistent homology of S(X) with coefficients in F.” Using this coefficient functor

has the advantage that isomorphism classes of such functors that satisfy certain finiteness

conditions can be completely characterised by a collection of intervals, called the barcode,

see e.g., [166, Theorem 1.9]. More generally, we give the following definition:
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Definition 4.9.81. Let S be a Pop-persistent simplicial set, and A : Pop → chAb a functor.

The persistent homology of S with coefficients in A is the composition H?(CS�A).

When A is the unit for � we call the homology of CS �A the persistent homology of

S.

For arbitrary coefficient functors one in general no longer has a barcode. However,

motivated by the Euler characteristic for magnitude homology, we conjecture the exis-

tence of a cardinality-like invariant for such persistence modules in Section 4.12. Such

general functors of coefficients might be interesting for applications, as they might allow to

capture more refined information, for instance different torsion/orientability phenomena

over different filtration scales, which might be detected by taking e.g. coefficients over F2

(the field with two elements) over a certain interval I ⊂ [0,∞), and coefficients over F3

over a different disjoint interval J ⊂ [0,∞). More complicated coefficient functors might

allow for an even more refined analysis.

4.10 Magnitude meets persistence

In the final section of [139] Leinster and Shulman list a series of open problems, the last

two of which are as follows (from [139, Section 8]):

9. Magnitude homology only “notices” whether the triangle inequality is a

strict equality or not. Is there a “blurred” version that notices “approx-

imate equalities”?

10. Almost everyone who encounters both magnitude homology and persis-

tent homology feels that there should be some relationship between them.

What is it?

In this section we attempt a first answer to these problems, which we believe are

intertwined: it is the blurred version of magnitude homology that is related to persistent

homology. Indeed, as is apparent from Proposition 4.8.79, the magnitude homology of a

metric space X is a homology theory that in a certain sense “forgets” the maps induced

on the homology groups by the inclusions of simplicial sets N(X)(ε)→ NX(ε′), whenever

ε′ ≥ ε, whereas the “persistence” in persistent homology is exactly the information given

by such maps. Thus, morally, these are very different homology theories.

Our starting point is Definition B’ of magnitude, which we adapt to coefficient functors

not supported at points, but on intervals.
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Definition 4.10.82. For any ε ∈ [0,∞) define the following functor of coefficients:

A[0,ε] : Pop → Ab

l 7→

{
Z, if l ∈ [0, ε]

0, otherwise,

which we consider as taking values in chAb through the canonical inclusion functor Ab ↪→
chAb.

Now, for any ε′ ≥ ε we consider the natural transformation ι : A[0,ε] ⇒ A[0,ε′] where

ιl is the identity if l ∈ [0, ε], and the zero map otherwise. This natural transforma-

tion induces a chain map CN(X) ⊗P A[0,ε] → CN(X) ⊗P A[0,ε′], and we thus have a

functor CN(X)⊗P A[0,−] : Pop → chAb that assigns to a number ε the chain complex

CN(X)⊗P A[0,ε]. Explicitly, we can describe the chain complexes CN(X) ⊗P A[0,ε] as

follows:

Lemma 4.10.83. For any ε ∈ [0,∞) we have

CN(X)⊗P A[0,ε]n
= Z

[{
(x0, . . . , xn) |

n∑
i=0

d(xi, xi+1) ≤ ε

}]

with boundary maps given by alternating sums of maps induced by the face maps.

Proof. The chain complex CN(X)⊗P A[0,ε] is the coequaliser of the following diagram:

⊕
l′≥l
CN(X)(l)� A[0,ε](l

′)
⊕
l∈P
CN(X)(l)� A[0,ε](l) .

⊕
l′≥l
CN(X)(l′ ≥ l)� 1

⊕
l′≥l

1� A[0,ε](l
′ ≥ l)

First, note that ⊕
l∈P

CN(X)(l)� A[0,ε](l) ∼=
⊕
l∈[0,ε]

CN(X)(l) ,

as the summands vanish if l > ε, by definition of A[0,ε]. We next see what relations

are given by the two parallel morphisms in the diagram. For l′ > ε we have that the

morphisms are both zero, so we assume that l′ ∈ [0, ε]. Furthermore, the morphisms

are identical if l = l′, so we assume that l 6= l′, and thus have 0 ≤ l < l′ ≤ ε. Thus,

the top horizontal morphism is CN(X)(l) → CN(X)(l′), while the bottom morphism

is CN(X)(l) → CN(X)(l). By equating these morphisms in ⊕l∈[0,ε]CN(X)(l) we are
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thus identifying the summand CN(X)(l) with the image of the inclusion of CN(X)(l) in

CN(X)(l′). We thus obtain

CN(X)⊗P A[0,ε]
∼= CN(X)(ε) .

Similarly, the relations given by the pair of parallel morphisms tell us that the bound-

ary maps on the quotient chain complex are the boundary maps of the chain complex

CN(X)(ε), thus alternating sums of maps induced by face maps.

Definition 4.10.84. The blurred magnitude homology of X is the composition of

functors H?(CN(X)⊗P A[0,−]).

We have:

Theorem 4.10.85. The functors CN(X)⊗P A[0,−] and CN(X) are isomorphic. In par-

ticular, the blurred magnitude homology of X is isomorphic to the persistent homology

of the enriched nerve N(X).

Proof. By Lemma 4.10.83 we know that there is an isomorphism between CN(X)⊗P A[0,ε]

and CN(X)(ε) for any ε ∈ [0,∞). Next, for any ε′ ≥ ε, the square

CN(X)⊗P A[0,ε] CN(X)⊗P A[0,ε′]

CN(X)(ε) CN(X)(ε′)

where the vertical maps are the isomorphisms, commutes, as the horizontal morphisms

are inclusions.

4.11 Limit homology

In [201] Vietoris introduced what is now called the Vietoris–Rips complex, as a way to

define a homology theory for compact metric spaces2. One starts by considering the simpli-

cial homologyH?(CS) of a Pop-persistent chain complex CS = (Pop → sSet→ sAb→ chAb)

as what is usually called an “inverse system” in category theory: there are linear maps

φε,ε′ : H?(CS(ε)) → H?(CS(ε′)) for all ε′ ≥ ε, which are induced by the simplicial maps

2We note that while Vietoris used what is called the “Vietoris–Rips simplicial complex” (at level ε)
V (X)(ε), here we discuss this homology theory using the simplicial set V sim(X)(ε) associated to it, see
Section 4.4 and Lemma 4.2.62.
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CS(ε) → CS(ε′). Furthermore these maps satisfy the property that φε,ε = id and

φε,ε′′ = φε′,ε′′ ◦ φε,ε′ whenever ε′′ ≥ ε′ ≥ ε.

Vietoris defined the homology of X (for a compact metric space X) to be the inverse

limit of the inverse system in the case S = V sim(X):

H?(X) := lim←−
ε

H?(CV
sim(X)(ε)) . (4.7)

In later work, Hausmann [104] proposed a cohomological counterpart of the homology

theory introduced by Vietoris, by considering the direct limit of the direct system that

one obtains by taking simplicial cohomology of the Vietoris–Rips simplicial sets:

H?(X) := lim−→
ε

H?(CV sim(X)(ε)) .

He called this cohomology theory “metric cohomology”, and not Vietoris cohomology,

because the adjective Vietoris had already been used to designate a cohomology theory

which is in general not isomorphic to the cohomological counterpart of the homology

theory introduced by Vietoris [104]. The denomination “Vietoris–Rips” for the complex

introduced by Vietoris is also due to Hausmann, as the complex introduced by Vietoris

was in the meantime known as Rips complex [177].

Similarly, we can consider the inverse system that one obtains by considering the

simplicial sets {N(X)(ε)}ε∈[0,∞]:

lim←−
ε

H?(CN(X)(ε)) . (4.8)

In the following we relate the inverse limits (4.7) and (4.8). Let C be any category,

and P a poset. The category with objects given by P -persistent objects of C, and mor-

phisms given by natural transformations between them, can be endowed with an extended

pseudo-distance, called interleaving distance [29]. The interleaving distance was first

introduced in [42] for the special case that P = (R,≤). The central notion is that of

interleaving: for ε ≥ 0 two functors M,N : (R,≤)→ C are ε-interleaved if there are col-

lections of morphisms {φε : M(a)→ N(a+ε) | a ∈ R} and {ψε : N(a)→M(a+ε) | a ∈ R}
such that all diagrams of the following form commute:

M(a− ε)

N(a)

M(a+ ε)

N(a) N(b)

M(a+ ε) M(b+ ε)

N(a− ε) N(a+ ε)

M(a) M(a) M(b)

N(a+ ε) N(b+ ε) .
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Two functors that are ε-interleaved have bounded interleaving distance [42, Theorem 4.4].

On the other hand, in many examples of filtered spaces that one considers in topological

data analysis, what one obtains is not an interleaving of the corresponding homologies,

but rather an “approximation”: two functors M,N : (R,≤)→ C are c-approximations

of each other if there are collections of morphisms {φc : M(a) → N(ca) | a ∈ R} and

{ψc : N(a)→M(ca) | a ∈ R} such that all diagrams of the following form commute:

M(a)

N(ca)

M(c2a)

N(a) N(b)

M(ca) M(cb)

N(a) N(c2a)

M(ca) M(a) M(b)

N(ca) N(cb) .

It shouldn’t then be too surprising that functors that are c-approximations of each

other have bounded interleaving distance in the log scale [123].

Our setting differs slightly from the one considered above, because for a, b ∈ [0,∞) we

have a morphism a→ b whenever a ≥ b, and furthermore our functors are contravariant.

We therefore state the definition of c-approximation for Pop-persistent objects Pop → C:

Definition 4.11.86. Let C be a category, and let M,N : Pop −→ C be two functors. For

any c ≥ 1 denote by Dc : P → P the functor that sends a to ca. Furthermore, denote by

ηc : Dc ⇒ idP the natural transformation given by ηc(a) : ca → a. A c-approximation

of M and N is a pair of natural transformations

φ : M ⇒ NDc

and

ψ : N ⇒MDc

such that (ψDc)φ = Mηc2 and (φDc)ψ = Nηc2 .

Lemma 4.11.87. Let M,N : Pop −→ Ab be two Pop-persistent abelian groups. If there

exists a c-approximation between M and N , then

lim←−
ε

M(ε) ∼= lim←−
ε

N(ε) .
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Proof. Since the functors are contravariant we have an inverse system ({M(ε)}ε, {M(ε→ ε′)}ε′≥ε),
and similarly for N . Let φ : M ⇒ NDc and ψ : N ⇒MDc be the natural transformations

which are part of the data of the c-approximation. These induce homomorphisms

φ̄ : lim←−
ε

N(ε)→ lim←−
ε

M(ε)

and

ψ̄ : lim←−
ε

M(ε)→ lim←−
ε

N(ε)

which are inverse to each other.

The following is joint with John Baez:

Theorem 4.11.88. For all k = 0, 1, 2, . . . there is an isomorphism

lim←−
ε

Hk(CN(X)(ε)) ∼= Hk(X) .

Proof. While there is an inclusion map N(X)(ε) → V sim(X)(ε) for all ε ∈ [0,∞], in

general there is an inclusion V sim(X)(ε)→ N(X)(cε) only for c =∞, since a p-simplex in

V sim(X)(ε) may have length equal to pε. On the other hand, when computing simplicial

homology in dimension k, we only need to consider simplices up to dimension k + 1,

and we will therefore consider the truncations of the simplicial sets N(X)(ε)≤k, given

by precomposing N(X)(ε) : ∆op → Set with the inclusion ∆op
≤k → ∆op, and similarly for

V sim(X)(ε).

The inclusion N(X)(ε)→ V sim(X)(ε) induces an inclusion

φc(ε) : N(X)≤k+1(ε)→ V sim(X)≤k+1(cε)

for any c ≥ 1. If σ is a p-simplex in V sim(X)(ε), then its length is bounded by pε, and

thus there is an inclusion map

ψk+1(ε) : V sim(X)≤k+1(ε)→ N(X)≤k+1((k + 1)ε) .

The collection of maps{
φk+1(ε) : N(X)≤k+1(ε)→ V sim(X)≤k+1((k + 1)ε) | ε ∈ [0,∞)

}
and {

ψk+1(ε) : V sim(X)≤k+1(ε)→ N(X)≤k+1((k + 1)ε) | ε ∈ [0,∞)
}
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are easily seen to satisfy the properties of a k + 1-approximation, as all maps involved

are inclusions. Applying homology we obtain a k + 1-approximation between the func-

tors Hk(CV
sim(X)) and Hk(CN(X)). We can now use Lemma 4.11.87 and obtain an

isomorphism

lim←−
ε

Hk(CN(X)≤k+1(ε)) ∼= lim←−
ε

Hk(CV
sim(X)≤k+1(ε)) .

Since Hk(CN(X)≤k+1(ε)) is equal to Hk(CN(X)(ε)) for all k, and similarly for the

truncation of the Vietoris–Rips simplicial set, we obtain the claim.

Corollary 4.11.89. Let k be a non-negative integer, and let X be a metric space with

Hk(X) � 0. Then

lim←−
l

Hk(CN(X)⊗P Al) � lim←−
l

Hk(CN(X)⊗P A[0,l]) .

That is, under the limit, the kth ordinary and blurred magnitude homology of X are not

isomorphic. In particular, for any finite metric space the limits differ for k = 0.

Proof. First, note that

lim←−
l

Hk(CN(X)⊗P Al) ∼= 0

since for any ε′ ≥ ε we have that CN(X)⊗P Aε → CN(X)⊗P Aε′ is the zero chain map.

By Lemma 4.10.83 we know that CN(X)⊗P A[0,l]
∼= CN(X)(l), and further by Theorem

4.11.88 we have that lim←−lHk(CN(X)(l)) is the Vietoris homology of X.

4.12 An Euler characteristic for persistent homology

and the persistence function

Analogously as for magnitude homology, we would like to have a statement of the following

form:

Conjecture 4.12.90. For any finite quasi-pseudo-metric space X the Euler characteristic

of CN(X) exists, and

χ(CN(X)) =
∞∑
n=0

(−1)nrankHn(CN(X)) .

This would then allow to define a persistence function, by evaluating the series

χ(CN(X)) ∈ Z[0,∞) at q = e−t, for t ∈ [0,∞). One could then investigate what informa-

tion about the topology or geometry of the metric space such a function captures, and

115



how this information changes if instead of the enriched nerve we consider other persistent

simplicial sets associated to the metric space. Furthermore, by considering generalised

Lawvere metric spaces (by which we mean categories enriched over [0,∞)r), one would

also obtain a new invariant to study multiparameter persistent homology.

It seems reasonable to assume that CN(X) is dualisable, at least for finite ordinary

Lawvere metric spaces; the situation might be more delicate for generalised Lawvere metric

spaces, especially in the presence of multifiltrations that are not one-critical. However, it

is not clear whether we can expect the series

∑
l∈[0,∞)

∑
n

(−1)nrankHn(NC(X)l)q
l

to have well-ordered support, for comparing the chain complex for the blurred version of

magnitude homology with that for the ordinary magnitude homology we would expect to

have many more non-zero terms in the sum.

On the other hand, given a simplicial complex K(X) associated to a finite metric

space X, the ith persistence module Hi(K(X))) is finitely presented, and such modules

can be approximated by modules graded by the poset (Z,≤) [140, Proposition 2.9]. Thus,

by considering simplicial complexes instead of simplicial sets, we might be able to define

an Euler characteristic for the chain complex associated to a simplicial complex filtered

by the poset (Z,≤), which would then be a Laurent series, and then define a persistence

function as an interpolation of the evaluation of the corresponding series.
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Appendix A

Tutorial

In this tutorial, we give detailed guidelines for the computation of persistent homology and

for several of the functionalities that are implemented by the libraries in Table 2.2. We first

give some advice on how to install the various libraries, and we then give guidelines for how

to compute PH for every step of the pipeline in Fig. 2.6. We explain how to compute PH

for networks with the weight rank clique filtration (WRCF); for point clouds with the VR,

alpha, Čech, and witness complexes; and for image data sets with cubical complexes. We

then give guidelines for visualizing the outputs of the computations and for computing

the bottleneck and Wasserstein distances with Dionysus and hera. In addition to

the bottleneck and Wasserstein distances, there are also other tools (such as persistence

landscapes and confidence sets) that are useful for statistical assessment of barcodes, but

we do not discuss them here, as there are already comprehensive tutorials [30,86] for the

packages that implement these methods. All MATLAB scripts written for this tutorial

are available at https://github.com/n-otter/PH-roadmap/tree/master/matlab. In

Fig. A.1, we give instructions for how to navigate this tutorial.

Many tears and much sweat and blood were spent learning about the different libraries,

writing this tutorial, and the scripts. If you find this tutorial helpful, please acknowledge

it.

A.1 Installation

In this section, we give guidelines on how to get and/or install the software packages.

A.1.1 Dionysus

At http://www.mrzv.org/software/dionysus/get-build-install.html one can find

the code for Dionysus, as well as information on dependencies and how to build the

library. The library is written in C++, but it also supports python bindings (i.e., there
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Figure A.1: Schematic for how to navigate the tutorial.

is a python interface to some of the functionalities that are implemented in the library).

Depending on the machine on which one is building Dionysus, the python bindings

can create some issues. Additionally, from the perspective of performance, it is better

to directly use the C++ code. If one wishes to build the library without the python

bindings, one needs to delete the bindings directory and also to delete the (last) line

add_subdirectory (bindings) in the file CMakeLists.txt.

If one seeks to compute the bottleneck or Wasserstein distances with the library (see

Section A.6), then before building the library, one needs to amend a mistake in the

bottleneck-distance.cpp script as follows: in the subdirectory examples, one finds the file

bottleneck-distance.cpp. One needs to uncomment the following line (which occurs

towards the end of the file):

std::cout << "Distance: " << bottleneck_distance(dgm1, dgm2) << std::endl;

Now one can build the library as follows (from the directory in which the CMakeLists.txt

file is):

$ mkdir build

$ cd build

$ cmake ..

$ make
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A.1.2 DIPHA

The DIPHA library is available at https://github.com/DIPHA/dipha. One can build

the library as follows (from the directory in which the CMakeLists.txt file is):

$ mkdir build

$ cd build

$ cmake ..

$ make

A.1.3 Gudhi

The Gudhi library is available at https://gforge.inria.fr/frs/?group_id=3865. In-

formation about dependencies and how to build the library is available at http://gudhi.

gforge.inria.fr/doc/latest/installation.html. One can build the library in a sim-

ilar way as explained for DIPHA.

We note that a python interface was released with the most recent version (at the time

of this writing) of the library Gudhi; in this tutorial, we give instructions on how to

use the C++ implementation, and we point readers who are familiar with python to the

documentation available at http://gudhi.gforge.inria.fr/python/latest/.

A.1.4 javaPlex

The javaPlex library does not require installation, and all implementations that we

listed in Table 2.2 can be found in the directory matlab-examples_x.y.z (where x.y.z

stands for the version number). This directory, and the accompanying tutorial, can

be downloaded at https://github.com/appliedtopology/javaplex/releases/. All

of the scripts in matlab-examples_x.y.z are written in MATLAB.

A.1.5 hera

The hera library is available at https://bitbucket.org/grey_narn/hera. The root

folder includes two subfolders: geom_bottleneck contains the source code for computing

bottleneck distance, and geom_matching contains the source code for computing Wasser-

stein distance.

One can build the library by running the following commands in each of the subfolders

geom_bottleneck/ and geom_matching/wasserstein:

$ mkdir build

$ cd build
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$ cmake ..

$ make

A.1.6 jHoles

Ideally, the jHoles library should be available for download at http://cuda.unicam.

it/jHoles. However, this website is often down, so the best way to obtain the library is

to contact Matteo Rucco, who is the corresponding author of the companion paper [21].

The library does not require installation or to be built.

A.1.7 Perseus

A compiled version of the Perseus library is available at http://people.maths.ox.ac.

uk/nanda/perseus/. Those wishing to build the library from source code can find the

source code at the same website.

A.1.8 ripser

The ripser library is available at https://github.com/Ripser/ripser. One can build

the library by running make in the folder that includes the Makefile. Note that ripser

supports several options that can be passed to make. See https://github.com/Ripser/

ripser for more information.

A.2 Computation of PH for networks

In this section, we explain how to compute PH for undirected weighted networks. We

represent the nodes of a network with N nodes using the natural numbers 1, . . . , N .

A.2.1 Sample network data

To create weighted networks, one can use the script fractal_weighted.m available at

https://github.com/n-otter/PH-roadmap/tree/master/matlab/synthetic_data_sets_

scripts. We recall that a fractal network is determined by three non-negative integers n,

b and k. The script fractal_weighted.m takes four parameters as input: (1) a natural

number n (the total number of nodes of the graph is 2n); (2) a natural number b (the

number of nodes of the initial network); (3) a natural number k (this is the connection

density parameter); and (4) a string which indicates how weights are associated to edges:

this is either 'random'or 'linear'.

Example: The command
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>> fractal_weighted(4,2,1,'random')

saves the files fractal_4_2_1_random.txt and fractal_4_2_1_random_edge_list.txt,

where the first file is a text file storing the weighted adjacency matrix of a fractal network

with 16 nodes and random weight on every edge, while the second file is a text file storing

the weighted edge list of the same network.

A.2.2 Adjacency matrix versus edge-list file

We assume that a network is given either as an adjacency matrix in a MAT-file or as a

text file with a list of weighted edges. A typical entry on one line of such a file is a triple “i

j wij”, where i and j are the nodes incident to the edge and wij is the weight of the edge.

We call such a file an “edge-list file”. We provide the script adj_matrix_to_edge_list.m

to obtain edge-list files from adjacency matrices. (Note that we also provide the script

edgelist_to_point_cloud_dist_mat.m to obtain distance matrices from edge-list files,

where the distances between nodes are computed using shortest paths.)

A.2.3 PH with the WRCF (with jHoles)

Using edge-list files, we compute PH by constructing the weight rank clique filtration

(WRCF) with the library jHoles. Here we give instructions on how to compute PH with

Version 3 of jHoles. One needs to run the following command in the terminal:

$ java -Xmx<value> -jar jHoles.jar input-file output-file1 output-file2

where -Xmx<value> is optional and can be used to set the maximum heap size of the

garbage collector (we recommend doing this for networks with a large number of nodes

or high density). For example, -Xmx4g sets the maximum heap size to 4 gigabytes. The

file input-file is the edge-list file of the network, and output-file1 is a file in which

information (e.g., number of edges, average degree, etc.) about the network is saved, and

output-file2 is the file in which the intervals are saved.

Example: With the command

$ java -Xmx4g -jar jHoles.jar fractal_4_2_1_random_edge_list.txt \

fractal_info.txt fractal_intervals.txt

one computes PH with the WRCF for the fractal network with parameters (n, b, k) =

(4, 2, 1) and random weight on every edge. The persistence diagram is saved in the file

fractal_intervals.txt, where for every interval also representative cycles are given,

while in file fractal_info.txt information such as average degree, density, or average
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cluster is given. Note that the backslash in the above command indicates that the com-

mand continues on the next line, and should therefore be omitted if one writes the whole

command on the same line.

A.2.4 Networks as point clouds

One can construe a connected weighted network as a finite metric space and then compute

PH by using one of the methods from Section A.3. We now explain how to compute a

distance matrix from an undirected weighted network using information about shortest

paths between nodes. If two nodes i and j are connected by an edge with weight w, we

set the distance between i and j to be 1/w. Otherwise, we define the distance between

i and j to be the minimum of the lengths of all paths between them, where we define

the length of a path to be the the sum of the inverse of the weights of the edges in this

shortest path. One can compute this distance matrix with the script shortest_paths.m.

As input, it takes an edge-list file. (See Section A.2.2 for how to obtain an edge-list file

from a MAT-file that stores an adjacency matrix.) The output of the script is a text file in

which each line gives the entries of a row of the distance matrix. (Note that if a network

is not connected, then one sets the distance between nodes in two distinct components of

the network to be infinite, and one thereby obtains an extended metric space.)

Example:

>> shortest_paths('fractal_4_2_1_random_edge_list.txt')

saves the text file 'fractal_4_2_1_random_edge_list_SP_distmat.txt'.

Additionally, using tools like multidimensional scaling, one can convert a distance ma-

trix into a finite set of points in Euclidean space. This is handy if one wants to use a

library that does not support distance matrices as an input type. We provide the script

distmat_to_pointcloud.m to obtain a point cloud from a distance matrix using multi-

dimensional scaling.

Example:

>> distmat_to_pointcloud('fractal_4_2_1_random_edge_list_SP_distmat.txt')

A.3 Computation of PH for point clouds

In this section, we explain how to compute PH for finite metric spaces.
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A.3.1 Sample point-cloud data

We provide scripts to create point-cloud data. These are available at https://github.

com/n-otter/PH-roadmap/tree/master/matlab/synthetic_data_sets_scripts. To

create points clouds in R3 and R4, one can use the scripts klein_bottle_imm.m and

klein_bottle_emb.m, respectively.

Example:

>> klein_bottle_imm(5)

samples 25 points uniformly at random from the image of the immersion of the Klein bottle

in R3 and saves the point cloud in the text file klein_bottle_pointcloud_25.txt, with

each line storing the coordinates of one point, as well as in the MAT-file called

klein_bottle_25.mat.

A.3.2 Distance matrices versus points clouds

Given a finite set of points in Euclidean space, one can compute an associated dis-

tance matrix. To get a distance matrix from a point cloud, we provide the script

pointcloud_to_distmat.m.

Example:

pointcloud_to_distmat('klein_bottle_pointcloud_25.txt')

computes the distance matrix for the 25 points sampled from the Klein bottle and saves

it in the text file 'klein_bottle_pointcloud_25_distmat.txt'.

Conversely, a distance matrix can yield a finite set of points in Euclidean space by

using a method such as multidimensional scaling. We implement such a conversion in the

script distmat_to_pointcloud.m.

Example:

>> distmat_to_pointcloud('klein_bottle_pointcloud_25_distmat.txt')

A.3.3 VR complex

A.3.3.1 Input data

The standard input for the construction of the VR complex is a distance matrix. The

software packages that take a distance matrix as input are Perseus and DIPHA, but
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the other packages do not. Instead, they take a set of points in Euclidean space as

input. Note that Perseus can also take a set of points in Euclidean space as input,

but the implementation does not allow one to set a bound on the upper dimension in

the computation of the VR complex, so this implementation is impractical to use for

most data sets. We next compute the VR complex with each library. With most of the

libraries, one has to indicate the maximum filtration value for which one wants to compute

the filtered simplicial complex. We set this value to the maximum distance between any

two points. Note, however, that a smaller value often suffices. To compute the maximum

distance given a text file input-file with the coordinates of a point on each line, one

can type the following in MATLAB:

>> A=load(input-file);

>> D=pdist(A);

>> D=squareform(D);

>> M=max(max(D));

Example:

>> A = load('klein_bottle_pointcloud_25.txt');

>> D=pdist(A);

>> D=squareform(D);

>> M=max(max(D));

>> M

M =

7.0513

The maximum distance is given by M. Similarly, if one is given a text file input-file that

stores a distance matrix, then one can compute the maximum distance by typing

>> D=load(input-file);

>> M=max(max(D));

A.3.3.2 Dionysus

The library Dionysus takes a point cloud as input. We can use either the standard or

dual algorithm. For the former, we use the command

$ ./rips-pairwise -s max-dimension -m max-distance \

-d output-file input-file
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where the file ./rips-pairwise is in the dionysus/build/examples/rips directory,

further max-dimension is the maximum dimension for which we want to compute the

simplicial complex, max-distance is the maximum parameter value for which we want

to compute the complex, output-file is the file to which the intervals are written, and

input-file is a text file with the coordinates of a point on each line. To compute the

intervals with the dual algorithm, we use the command

$ ./rips-pairwise-cohomology -s max-dimension -m max-distance \

-p prime -d output-file input-file

where the file ./rips-pairwise-cohomology is in the directory named

dionysus/build/examples/cohomology, further prime is a prime number and indicates

the coefficient field for the computation of cohomology. (For the standard algorithm,

there is no choice: one must use p = 2.)

Example:

$ ./rips-pairwise-cohomology -s 3 -m 7.0513 -p 2 \

-d klein_bottle_25_output.txt klein_bottle_pointcloud_25.txt

A.3.3.3 DIPHA

The DIPHA library reads and writes to binary files. One can convert the text file that

stores the distance matrix (see Section A.3.2 for how to obtain a distance matrix from

a point cloud) into a binary file of the right input type for DIPHA by using the file

save_distance_matrix.m provided by the developers of DIPHA, which can be found in

dipha-master/matlab.

Example:

>> D=load('klein_bottle_pointcloud_25_distmat.txt');

>> save_distance_matrix(D,'kleinbottle_25.bin');

To run DIPHA using a single process, one types the command

$ ./dipha [options] --upper_dim d input-file output-file

where options include --benchmark to display profiling information and --dual to run

the dual algorithm. (The default is the standard algorithm.) To run DIPHA on more

than one process, one uses the command

$ mpiexec -n N dipha options --upper-dim d input-file output_file
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where N is the number of process and the above options are again available.

Example:

$ ./dipha --benchmark --dual --upper_dim 3 klein_bottle_25.bin \

klein_bottle_out.bin

A.3.3.4 Gudhi

The library Gudhi takes a point cloud as input. We run the command

$ ./rips_persistence -r max-distance -d max-dimension \

-p prime -o output-file input-file

where max-distance, max-dimension, and prime are as above, output-file is a file to

which the intervals are written, and input-file is a text file with the coordinates of a

point on each line.

Example:

$ ./rips_persistence -r 7.0513 -d 3 -p 2 -o klein_bottle_25_output.txt \

klein_bottle_pointcloud_25.txt

A.3.3.5 javaPlex

The library javaPlex takes a point cloud as input. Before starting using this library

one has to run the script load_javaplex.m which is located in the javaPlex directory

matlab_examples. We wrote the script vietoris_rips_javaplex.m to compute PH with

the VR complex in javaPlex. This script takes four parameters as input: (1) the name

of the text file with the point cloud; (2) the maximum dimension for which we want to

compute the simplicial complex; (3) the maximum filtration step for which we want to

compute the VR complex; and (4) the number of filtration steps for which we compute

the VR complex.

The script saves text files containing the barcode intervals, one file for each homological

dimension. These are the files ending with i_right_format.txt where i indicates the

homological dimension.

Example:

>> vietoris_rips_javaplex('klein_bottle_pointcloud_25.txt',7.0513,3,20);
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A.3.3.6 Perseus

The library Perseus takes a distance matrix as input (see Section A.3.2 for how to obtain

a distance matrix from a point cloud). One has to prepare the input file by adding two

lines at the beginning of the file that stores the distance matrix. We do this as follows:

N

first-step step-increment steps max-dimension

d11 d12 ...

d21 d22 ...

...

where N is the number of points (and hence the number of rows (or columns) in the

distance matrix), first-step is the value for the first filtration step, step-increment

is the step size between any two filtration steps, steps is the number of total steps, and

max-dimension is the maximum dimension for which we compute the complex. We now

can compute PH with the command

$ ./perseus distmat input-file output-file

in the terminal, where input-file is the name of the input file and output-file is the

name of the file in which the intervals will be saved. Perseus creates a series of files

named output-file_i.txt for i ∈ {0, 1, . . . }, where output-file_i.txt contains the

intervals for the homological degree i.

Example:

$ ./perseus distmat klein_bottle_25.txt klein_bottle_25_output.txt

where these are the first two lines of the file klein_bottle_25.txt:

25

0 0.1 71 3

A.3.3.7 ripser

The library ripser takes both a point cloud and a distance matrix as input, and it

supports four different format types for the distance matrix. (See https://github.com/

Ripser/ripser#description for more details.) One of the supported input types for the

distance matrix is the format accepted by DIPHA (see Section A.3.3.3).

We run the command
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$ ./ripser --format input-type --dim max-dimension [options] input-file

where input-type is a string that indicates the type of the input, max-dimension is the

maximum dimension of persistent homology that is computed (note the difference with

respect to the other libraries, for which one indicates the maximum dimension of the

complex), and options includes -- modulus p (with which one can choose the coefficient

field Fp). Note that one has to enable this option at compilation (see Section A.1.8). The

output of the computation is written to the standard output.

Example:

$ ./ripser --format dipha --dim 2 klein_bottle_25.bin > \

klein_bottle_25_out.log

where klein_bott_25.bin is the input file from Section A.3.3.3 and the standard output

is saved to the file klein_bottle_25_out.log.

A.3.4 Alpha

In this section, we explain how to compute PH with the alpha complex with Dionysus

and Gudhi.

A.3.4.1 Dionysus

One can compute PH with the alpha complex for finite subsets of points in R2 or R3. For

points clouds in R2, one runs the command

$ ./alphashapes2d < input-file > output-file

where input-file a text file with coordinates of a point in R2 on each line and output-file

is the file to which the intervals in the persistence diagram are written. For points clouds

in R3, one runs the command

$ ./alphashapes3d-cohomology input-file output-file

where input-file and output-file are as above.1

Example:

$ ./alphashapes3d-cohomology klein_bottle_pointcloud_25.txt \

klein_bottle_25_output.txt

1There is also a script |./alphashapes3d , but this script has a bug and does not compute.
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A.3.4.2 Gudhi

The program Gudhi supports both points clouds in R2 and R3. To compute PH with

the alpha complex one can use the script ./alpha_complex_persistence which is in

the folder example/Persistent_cohomology. The script takes as input an OFF file, as

decribed here http://www.geomview.org/docs/html/OFF.html. Namely, the first lines

of the input file are as follows:

OFF

embedding-dimension V 0 0

x11 x12 ... x1d

x21 x22 ... x2d

...

where embedding-dimension is the dimension d of the Euclidean space, V is the number

of points, and all other lines store coordinates xi1,. . . , xid of the points.

One then computes PH by running the following command in the terminal

$ ./alpha_complex_persistence -p prime -o output-file input-file

where p is a prime number and indicates that one does computations over the coefficient

field Fp.

Example:

$ ./alpha_complex_persistence -p 2 -o klein_bottle_25_output.txt \

klein_bottle_25_input.txt

where the first two lines of the file klein_bottle_25_input.txt are as follows:

OFF

3 25 0 0

A.3.5 Čech

One can compute PH with the Čech complex for a point cloud in Euclidean space using

the implementation in Dionysus. One runs the command

$ ./cech-complex < input-file > output-file

where input-file is a text file of the following form:
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embedding-dimension max-dimension

x11 x12 ... x1d

x21 x22 ... x2d

...

where embedding-dimension is the dimension d of the Euclidean space, max-dimension

is the dimension up to which we compute the complex, and all other lines store coordi-

nates xi1,. . . , xid of the points.

Example:

$ ./cech-complex < klein_bottle_25_input.txt > klein_bottle_output.txt

where the first line of the file klein_bottle_25_input.txt is as follows:

3 3

A.3.6 Witness

One can compute the witness complex using javaPlex. Recall that before starting

using this library one has to run the script load_javaplex.m which is located in the

javaPlex directory matlab_examples. Given a point cloud S, the witness complex is a

simplicial complex constructed on a subset L ⊆ S of so-called “landmark” points. As we

explained in Section 2.5.2.4, there are several versions of the witness complex. The ones

implemented in javaPlex are the weak Delaunay complex, which is also just called the

“witness complex”, and parametrized witness complexes, which are also known as “lazy

witness complexes”. Given a point cloud L, one can compute the witness complex or lazy

witness complex using the scripts witness_javaPlex.m and lazy_witness_javaPlex.m.

The script witness_javaPlex.m takes five parameters as input: (1) the name of the

text file with the point cloud; (2) the maximum dimension for which we want to compute

the simplicial complex; (3) the number of landmark points; (4) how the landmark points

are selected (this is either 'random' or 'maxmin'); and (5) the number of filtration steps

for which we compute the complex.

The script lazy_witness_javaPlex.m takes six parameters as input: (1) the name

of the text file with the point cloud; (2) the maximum dimension for which we want to

compute the simplicial complex; (3) the number of landmark points; (4) how the landmark

points are selected (this is either 'random' or 'maxmin'); (5) the value for the parameter

ν; and (6) the number of filtration steps for which we compute the complex.
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See the scripts for further details on input parameters, and see Section 2.5.2.4 and the

javaPlex tutorial [3] for further detail on witness complexes.

Example:

lazy_witness_javaPlex('klein_bottle_pointcloud_25.txt',3,10,'random',2,20)

A.4 Computation of PH for image data

In this section, we discuss how to compute PH for image data using cubical complexes.

The packages DIPHA, Perseus, and Gudhi support the construction of filtered cubical

complexes from grey-scale image data. As an example of grey-scale image data, we use

the data set “Nucleon” from the Volvis repository [1]. This is a 3-dimensional grey-scale

image data set; one is given a 3-dimensional lattice of resolution 41× 41× 41, where each

lattice point is labeled by an integer that represents the grey-scale value for the voxel

anchored at that lattice point. The .raw data file from [1] is binary, and it stores 8 bits

for each voxel. We read the .raw data file in MATLAB as follows:

>> fileID=fopen('nucleon.raw','r');

>> A=fread(fileID,41*41*41,'int8');

>> B=reshape(A,[41 41 41]);

so B is a 3-dimensional array of size 41× 41× 41 that stores the grey-scale values.

Note for this example that the cubical complex constructed in DIPHA and Gudhi

has dimension 3 and size 531441, while the cubical complex constructed with Perseus

has dimension 3 and size 571787. This is because DIPHA and Gudhi implement the

optimized way to represent a cubical complex that was introduced in [202]. However,

all three libraries implement the same algorithm for the computation of PH from cubical

complexes. When interpreting the results of the computations with Gudhi and Perseus,

one needs to take into account the rescaling of the grey values (see Section A.4.2).

A.4.1 DIPHA

To save the array in a file that can be given as input to DIPHA, one can use the MATLAB

script save_image_data.m provided by the developers of DIPHA, which can be found in

dipha-master/matlab. One gives the array B as input and a name for the input file. One

then proceeds in a similar way as for the computation of the VR complex (see Section

A.3.3).

Example:
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>> save_image_data(B,'nucleon.bin');

$ ./dipha --benchmark nucleon.bin nucleon_out.bin

A.4.2 Perseus

To compute PH with cubical complexes with Perseus, one needs to rescale the grey

values so that all grey values are positive, because Perseus does not allow cells to have

negative birth times. We wrote the script save_image_data_perseus.m to save the array

in a file that can be given as input to Perseus. This script takes the array B as input

and a name for the input file for Perseus.

Example:

>> save_image_data_perseus(B,'nucleon.txt');

To compute PH with Perseus one then runs the following command:

$ ./perseus cubtop input-file output-file

where input-file is the text file prepared with the script save_image_data_perseus.m,

and output-file is the name of the text file to which the barcode intervals are written.

Example:

$ ./perseus cubtop nucleon.txt nucleon_output.txt

A.4.3 Gudhi

To compute PH with Gudhi, one can use the same input file as for Perseus. We run

the command

$ ./Bitmap_cubical_complex input-file

and the output is then saved to a file with name input-file_persistence.

A.4.4 Images as point clouds

As we discussed in Section 2.5.1.2, one can construe a collection of images as a metric

space, and one can then apply the methods for computing the PH for point clouds that

we discussed in Section A.3.
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A.5 Barcodes and persistence diagrams

Once we have computed the intervals, we plot the barcodes and persistence diagrams.

The format of the output files varies widely across the different packages. To address

this issue and to interpret the results of the computations, we first need to change the

format of the output files to a common format. In the unified format, each homological

dimension has an accompanying text file in which we store the intervals. In this file, the

entry in line i has the form

xi yi ,

where xi is the left endpoint of the interval and yi is the right endpoint. If the interval is

infinite, we set yi = −1.

• Dionysus: We provide the script dionysus_reformat_output.m to obtain the

right format. This script takes two parameters as input, namely the name of the text

file to which the ouput of the computations with Dionysus were stored, and a string

of five letters indicating the type of file: “dcech” for the output of PH computation

with the Čech complex; “alpha” for the output of PH computation with the alpha

complex; “VR-st” for the output of PH computation with a Vietoris–Rips complex

and the standard algorithm; and “VR-co’ for the output of PH computation with a

Vietoris–Rips complex and the dual algorithm.

• DIPHA: We provide the script dipha_reformat_output.m to obtain the right

format. The script takes as input the name of the binary file to which the ouput of

the computations with DIPHA were stored.

• Gudhi: We provide the script gudhi_reformat_output.m to obtain the right for-

mat. The script takes as input the name of the text file to which the output of the

computations with Gudhi are stored.

• javaPlex: We wrote the three scripts vietoris_rips_javaplex.m,

lazy_witness_javaPlex.m, and witness_javaPlex.m, which have been written to

give this type of output.

• jHoles: We provide the script jholes_reformat_output.m to obtain the right

format. The script takes as input the name of the text file to which the barcode

intervals obtained with jHoles were stored.

• Perseus: The output is already in the right format.

• ripser: The script ripser_reformat_output.m gives the right format.

134



Example:

>> dionysus_reformat_output('klein_bottle_25_output.txt','alpha')

creates the three files klein_bottle_25_output_0.txt, klein_bottle_25_output_1.txt,

and further klein_bottle_25_output_2.txt, each storing intervals for PH in dimension

0, 1, and 2, respectively.

We can then plot barcodes using the script plot_barcodes.m and plot persistence

diagrams using the script plot_pdg.m. Both scripts take as inputs (1) the name of a text

file storing the intervals for PH in a certain dimension and (2) the title for the plot.

Example:

>> plot_pdg('klein_bottle_25_output_1.txt','Klein bottle alpha dim 1')

produces the plot in Fig. A.2(a) and saves it as a .pdf file klein_bottle_25_output_1.pdf.

Example:

>> plot_barcodes('klein_bottle_25_output_1.txt','Klein bottle alpha dim 1')

produces the plot in Fig. A.2(a) and saves it as a .pdf file.
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Figure A.2: Visualisation of output for the computation of PH in dimension 1 with the
alpha complex (with Dionysus) for 25 points sampled uniformly at random form the
Klein bottle: (a) persistence diagram and (b) barcode.

In the plots in Fig. A.2, there are no infinite intervals, so we give an additional example

to illustrate how infinite intervals are plotted with our scripts.

Example:
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>> gudhi_reformat_output('klein_bottle_25_output.txt')

>> plot_barcodes('klein_bottle_25_output_0.txt','Klein bottle VR dim 0')

>> plot_pdg('klein_bottle_25_output_0.txt','Klein bottle VR dim 0')

produces the two plots in Fig. A.3.
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Figure A.3: Visualisation of output for the computation of PH in dimension 0 with the
VR complex (with Gudhi) for 25 points sampled uniformly at random form the Klein
bottle: (a) persistence diagram and (b) barcode. Infinite intervals are represented by a
square in the persistence diagram, by an arrow in the barcode plot.

A.6 Statistical interpretation of barcodes

Once one has computed barcodes, one can interpret the results using available imple-

mentations of tools (such as bottleneck distance, Wasserstein distance, and persistence

landscapes) that are useful for statistical assessment of barcodes. In this section, we give

instructions for how to compute the bottleneck and Wasserstein distances with Dionysus

and hera. See the tutorial for the Persistence landscape toolbox [30] and the TDA pack-

age [86] for instructions on how to use these packages. For ease of reference, we recall the

definition of Wasserstein distance from Section 2.5.4:

Definition A.6.91. Let p ∈ [1,∞]. The pth Wasserstein distance between X and Y is

defined as

Wp[d](X, Y ) := inf
φ : X→Y

[∑
x∈X

d[x, φ(x)]p

]1/p

for p ∈ [1,∞) and as

W∞[d](X, Y ) := inf
φ : X→Y

sup
x∈X

d[x, φ(x)]

for p =∞, where d is a metric on R2 and φ ranges over all bijections from X to Y .
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A.6.1 Bottleneck distance

The bottleneck distance is the Wasserstein distance for p =∞ and d = L∞ (see Definition

A.6.91).

A.6.1.1 Dionysus

To compute the bottleneck distance between two barcodes, one can use the script named

bottleneck-distance.cpp (appropriately modified as explained in Section A.1.1) in the

Dionysus subdirectory examples. This script requires right endpoints of infinite intervals

to be denoted by inf ; additionally, if there are intervals of length 0, the script will

compute the wrong distance. To make sure that no intervals of length 0 are in the input

files and that the intervals of infinite length are in the right format, one can use the script

bottleneck_dionysus.m. This script takes as input two text files corresponding to two

persistence diagrams in the unified format (see Section A.5), with one interval per line,

as follows:

>> bottleneck_dionysus('pdg1','pdg2')

and saves the persistence diagrams to two files called diagram1.txt and diagram2.txt

to the current directory. Now one can compute the bottleneck distance as follows:

$ ./bottleneck-distance diagram1.txt diagram2.txt

A.6.1.2 hera

To compute the bottleneck distance with hera, one can use the script bottleneck_dist

in the subdirectory geom_bottleneck/build/example. This script requires right end-

points of infinite intervals to be denoted by -1 ; this corresponds to the convention in the

unified format (see Section A.5). One can compute the bottleneck distance as follows:

$ ./bottleneck_dist diagram1.txt diagram2.txt error

where diagram1.txt and diagram2.txt are two text files corresponding to two persis-

tence diagrams in the unified format, and error is a nonnegative real number that is an

optional input argument. If error is nonzero, instead of the exact distance, an approxi-

mation to the bottleneck distance with relative error error will be computed. (See the

explanation in [122].) This option can be useful when dealing with persistence diagrams

that include many off-diagonal points, as it can speed up computations.

137



A.6.2 Wasserstein distance

With Dionysus, one can compute the Wasserstein distance for d = L∞ and p = 2, and

one can compute this distance for other values of p with a straightforward modification

of the source code. With hera, one can compute the Wasserstein distance for any choice

of metric d = Lq, with q ∈ [1, . . . ,∞], for any p ∈ [1,∞).

A.6.2.1 Dionysus

The script bottleneck-distance.cpp computes both the bottleneck distance and the

Wasserstein distance for d = L∞ and p = 2, so one can follow the instructions in A.6.1.1

to compute the Wasserstein distance for these choices. If one wishes to compute the

Wasserstein distance for other values of p, one has to modify the script named

bottleneck-distance.cpp as follows. Towards the end of the file, in the line

std::cout << "L2-Distance: " << wasserstein_distance(dgm1, dgm2, 2)

<< std::endl;

one can substitute the third input of the script wasserstein_distance with any number

p ∈ [1,∞).

A.6.2.2 hera

With hera, one can compute the approximate Wasserstein distance discussed in [122].

One can use the script wasserstein_dist in the subdirectory called

geom_matching/wasserstein/build. This script requires right endpoints of infinite in-

tervals to be denoted by -1 ; this corresponds to the convention in the unified format (see

Section A.5). One can compute the approximate Wasserstein distance as follows:

$ ./wasserstein_dist power error distance diagram1.txt diagram2.txt

where power is the value for p, error is the relative error, distance is the value for q

(where d = Lq is the employed distance), and diagram1.txt and diagram2.txt are two

text files corresponding to two persistence diagrams in the unified format.

138



Appendix B

Additional computations

We report additional computations that we perform with the libraries that we study.

B.1 Vietoris–Rips complex

In this section, we report additional results for the computation of PH with the VR com-

plex, as explained in Section 2.7. In Tables B.1–B.4, we give results for the computations

on a cluster; in Table B.5, we give results for the computations on a shared-memory sys-

tem. For the data set Vicsek, we computed PH for six different point clouds, as we also

explain in the main paper. We report results only for one of these points clouds, because

the results of the computations — in terms of wall-time seconds and memory used — were

all similar. The point cloud for which we report the results has the following parameters

(see the main manuscript for a discussion of these parameters): N = 300, l = 5, θ0 = 1,

v0 = 0.03, η = 0.1, and T = 600. Of the 600 different points clouds (one for each time

step t), we choose the one that corresponds to time step t = 300.

Table B.1: Computations of PH with VR complex for the data set drag 1. The size of
the complex is 1.7 × 108, and the dimension is 2. We run DIPHA on one node and 16
cores.

Wall-time seconds CPU seconds Memory in GB
javaPlex (st) - - > 64
Dionysus (st) - - -
DIPHA (st) 7356 117417 2.4
Perseus - - -

Dionysus (d) 4360 4362 16.8
DIPHA (d) 75 1176 1.8

Gudhi 1524 1517 7.9
ripser 2 1 0.04
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Table B.2: Computations of PH with VR complex for the data set house. The size of
the complex is 1.6× 109, and the dimension is 3. We run DIPHA (d) on three nodes of
16 cores, and DIPHA (st) on four nodes of 16 cores.

Wall-time seconds CPU seconds Memory in GB
javaPlex (st) - - > 64
DIPHA (st) 53686 243587 5.3
Perseus - - -

Dionysus (d) - - -
DIPHA (d) 1450 22981 7.1

Gudhi 46377 25925 64.6
ripser 11 11 0.8

Table B.3: Computations of PH with VR complex for the data set senate. The size of
the complex is 4.6 × 106, and the dimension is 3. We run DIPHA on two nodes and 16
cores.

Wall-time seconds CPU seconds Memory in GB
javaPlex (st) 222 571 < 5
DIPHA (st) 5 58 0.1
Perseus 457 457 4.9

Dionysus (d) 183 183 0.5
DIPHA (d) 5 34 0.1

Gudhi 51 51 0.2
ripser 1 1 0.01

Table B.4: Computations of PH with VR complex for the data set netw-sc. The size
of the complex is 8.5× 108, and the dimension is 3. We run DIPHA on two nodes of 16
cores.

Wall-time seconds CPU seconds Memory in GB
javaPlex (st) - - > 64
DIPHA (st) 16004 202755 5.6
Perseus - - -

Dionysus (d) - - -
DIPHA (d) 618 9842 5.8

Gudhi 13483 13465 40.6
ripser 9 9 0.5

B.2 Image data set

In this section, we report timings and memory usage for the computation of PH with

cubical complexes with the libraries DIPHA, Perseus, and Gudhi for the data set
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Table B.5: Computations on the shared-memory system.

(a) Computations on the shared-memory system: wall-time seconds

Data set H3N2 Vicsek drag 1 fract l
Size of complex 3.4× 109 3.3× 108 1.7× 108 2.8× 109

Max. dim. 2 3 2 3
javaPlex (st) - 26257 19054 -

Perseus - - - -
Dionysus (d) - 4637 2889 593528
DIPHA (d) 14362 369 1775 3920

Gudhi 3377 433 144 4154
ripser 24 3 2 14

(b) Computations on the shared-memory system: memory in GB

Data set H3N2 Vicsek drag 1 fract l
Size of complex 3.4× 109 3.3× 108 1.7× 108 2.8× 109

Max. dim. 2 3 2 3
javaPlex (st) > 700 < 600 < 600 > 700

Perseus - - - -
Dionysus (d) - 33.5 16.8 269
DIPHA (d) 276.1 32.5 13.8 276.1

Gudhi 158.2 15.9 7.9 134.5
ripser 0.2 0.3 0.04 1.2

vertebra. For this data set, the standard implementation in DIPHA performs better in

terms of wall time, CPU seconds, and memory usage than the dual implementation. This

does not necessarily contradict the fact that the dual implementation gives a heuristic

speed-up with respect to the standard implementation, because it is well-known that the

dual implementation gives a speed-up when one computes PH with the VR complex but

not in general.

Table B.6: Computations of PH with cubical complexes for the data set vertebra on
the shared-memory system. The complex, as constructed by DIPHA and Gudhi, has
1.1× 109 cells, and its dimension is 3. Note that Perseus implements a less efficient way
for building filtered cubical complexes from grey-scale images, and the resulting complex
has more cells than the one constructed by DIPHA and Gudhi.

DIPHA (d) DIPHA (st) Perseus Gudhi (d)
Wall-time seconds 2115 1793 19604 3668

Memory in GB 82.1 80.9 628.8 59.8
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B.3 Additional functionalities

In this section, we report timings and memory usage for the computation of PH with the

alpha (α), Čech (Č), weak witness complex (W), and parametrised witness complex for

ν = 2 (W2) (see the main text for a description of these complexes). For the witness

complexes we choose the landmark points uniformly at random. We use the two data sets

consisting of point clouds in R3 (i.e., the data sets Klein and Vicsek). Additionally, note

that the newest version of Gudhi (Version 1.3.1) implements the computation of witness

complexes, but it does not implement the computation of filtered witness complexes.

Table B.7: Computations of alpha and Čech complexes on the shared-memory system.

(a) Time and memory usage for the data set Klein.

Dionysus α Dionysus Č Gudhi α
Size of complex 9.2× 103 - 9.2× 103

Wall-time seconds 1 - 2
Memory in GB 0.008 - 0.006

(b) Time and memory usage for the data set Vicsek. For the
witness complexes we choose 100 landmark points uniformly at
random.

Dionysus α Dionysus Č Gudhi α
Size of complex 7.7× 103 - 7.7× 103

Wall-time seconds 1 - 2
Memory in GB 0.007 - 0.006
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Table B.8: Computations of PH with the witness complex on the shared-memory system.

(a) Time and memory usage for the data set Klein. We
choose 100 landmark points uniformly at random.

javaPlex W javaPlex W2

Size of complex 6.8× 105 2.8× 106

Wall-time seconds 32 328
Memory in GB < 2 < 5

(b) Time and memory usage for the data set Vicsek.
For the witness complexes, we choose 100 landmark
points uniformly at random.

javaPlex W javaPlex W2

Size of complex 1× 106 4.1× 106

Wall-time seconds 50 84
Memory in GB < 3 < 5
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Appendix C

Code

We have written code which takes as input a simplicial complex and one-critical bi-

filtration, and builds the associated chain complex in the Macaulay2 package of Grayson

and Stillman, available at: http://www.math.uiuc.edu/Macaulay2/. The scripts are

available at: http://www.math.iastate.edu/hschenck/MPH.m2. Note that this code

can easily be adapted to the case r > 2 (so not necessarily a bifiltration). One important

note: in Macaulay2, the degrees for a multigraded ring start, by default, with index

zero, so output for multigraded Hilbert series always appears with variables T0, T1. In

particular, when reading Hilbert series computations below and comparing to the body

of the paper, Ti 7→ ti+1.

C.1 Computation of homology of chain complex

Here we provide a code that takes as input a simplicial complex together with a one-critical

bifiltration and builds the associated chain complex.

loadPackage "SimplicialComplexes"

--Turn a row vector into a list.

rvectTolist = (M)->(apply(rank source M, i->M_(0,i)))

--Tor every face, we need to assign it the multidegree

--in which it appears. For now, just work with a Z^2 grading.

AllFaces=(SC)->(apply((dim SC)+2, i->(rvectTolist faces(i,SC))))

WeightedFaces = (SC, W)->(FF=flatten AllFaces(SC);

FW=flatten W;

apply(#FF, i->({FF#i, FW#i})))

--Build the ith differential. Use the differential from the simplicial complex,
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--and the hash table with the weightings.

WD = (SC,W,i)->(Fi = faces(i,SC);

Fim = faces(i-1,SC);

f=rank source Fi;

g=rank source Fim;

apply(g,m->(apply(f,n->(if ((CCSC.dd_i)_(m,n) !=0) then

(y_1^(HT#(Fi_(0,n))#0-HT#(Fim_(0,m))#0)*

y_2^(HT#(Fi_(0,n))#1-HT#(Fim_(0,m))#1))*

((CCSC.dd_i)_(m,n)) else 0_R1)))))

---Build the chain complex for a bifiltration.

BuildCC2 =(SC,W)->(R1=R[y_1,y_2];

CCSC = chainComplex SC;

d = dim(SC)+1;

HT=hashTable WeightedFaces(SC,W);

listdiffs=apply(d, i->(WD(SC,W,i+1)));

S=ZZ/31991[x_1,x_2, Degrees=>{{1,0},{0,1}}];

tidyup=map(S,R1, matrix{{x_1,x_2}});

listdiffsS=apply(listdiffs, i->apply(i, j->

apply(j, k->tidyup k)));

diffs1 = apply(listdiffsS, i->(matrix i)**S);

--Top differential has target ZZ^n instead of R1^n, just tensor

--everything together

Clist = apply(W, j->directSum(apply(j, i->S^{-i})));

diffs2 = apply((#Clist-1), i->(map(Clist_i, Clist_(i+1),

diffs1#i)));

chainComplex(diffs2))

We illustrate how to build a chain complex, and then how to compute a minimal

presentation of the first homology for the bifiltration in Example 3.3.22.

i1 : R=ZZ/31991[a..f];

-- I is the monomial ideal of the non-edges

i2 : I = monomialIdeal (a*c,a*d,a*e,b*d,b*e,c*f,d*f);

-- W is a list of lists: the first list stores the entry degrees of the vertices,

-- the second list the entry degrees of the edges

-- and the third list the entry degrees of the faces.

-- Vertices, edges and faces are ordered by lexicographical order.

i3 : W={{{1,1},{0,0},{0,0},{1,0},{0,0},{0,0}},

{{1,2},{1,2},{2,2},{0,2},{1,0},{0,1},{1,0},{2,0}},

{{2,2},{3,1}}};

--Build the simplicial complex
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i4 : K=simplicialComplex I;

i5 : AllFaces K;

-- Build the chain complex

i6 : Kcomplex=BuildCC2(K,W);

--Compute a minimal presentation of the first homology of the chain complex

i7 : prune(HH_1(Kcomplex))

o7 = cokernel {1, 1} | x_1^2 0 |

{1, 2} | 0 x_1 |

{2, 2} | 0 0 |

3

o7 : S-module, quotient of S

For space reasons we only report the ouput of the computation of the minimal presentation

of the module; note that the command Kcomplex=BuildCC2(K,W); gives the same chain

complex as in Example 3.3.22.

C.2 Hilbert function and series, local cohomology

Here we show how one can compute the Hilbert function and series, and display the

Hilbert function as a table.

--Input M a bigraded module. Output is a 6x6 grid displaying

--(low degree) values of the bigraded Hilbert function, and the

--bigraded Hilbert series. Specific to the 2D case. Also for

--the 3 valuse I in {{x_1},{x_2},{x_1,x_2}} compute H^0_I(M).

Dis = (M)->(print matrix table(6,6,

T=(i,j)->hilbertFunction({5-i,j},M));

print hilbertSeries M;

print "H^0_I(M) for all associated primes";

R=ring(M);

Vlist=rvectTolist vars(R);

AllPrimes = drop((subsets Vlist),1);

--get all subsets of vars, drop the empty one

H0I=apply(AllPrimes, i-> saturate(0_M, ideal(i)));

--compute H^0_I(M) for all associated primes

scan(#AllPrimes, i->(print AllPrimes_i;

PHOI = prune H0I_i;

print PHOI;

if PHOI =!=0_M then print hilbertSeries H0I_i)))
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For instance, for the bifiltration in Example 3.3.22 we let M be its homology in degree 1

and obtain:

i22 : Dis M

| 0 0 1 1 1 1 |

| 0 0 1 1 1 1 |

| 0 0 1 1 1 1 |

| 0 1 2 2 2 2 |

| 0 1 2 2 2 2 |

| 0 0 0 0 0 0 |

2 3

T T + T T - T T

0 1 0 1 0 1

------------------

(1 - T )(1 - T )

1 0

H^0_I(M) for all associated primes

{x }

1

cokernel {1, 1} | x_1^2 0 |

{1, 2} | 0 x_1 |

2 3 2 2

T T + T T - T T - T T

0 1 0 1 0 1 0 1

-------------------------

(1 - T )(1 - T )

1 0

{x }

2

0

{x , x }

1 2

0

Similarly, we denote by M the homology in degree 1 of the bifiltration from Example

3.3.23, and compute:

i23 : Dis M

| 0 0 1 1 1 1 |

| 0 0 1 1 1 1 |

| 0 0 1 1 1 1 |

| 0 1 2 2 2 2 |

| 0 1 2 1 1 1 |

| 0 0 0 0 0 0 |

2 3 3 2 3
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T T + T T - T T - T T + T T

0 1 0 1 0 1 0 1 0 1

--------------------------------

(1 - T )(1 - T )

1 0

H^0_I(M) for all associated primes

{x }

1

cokernel {1, 1} | x_1^2 0 0 |

{1, 2} | 0 x_2 x_1 |

2 3 2 2 3 2 3

T T + T T - T T - T T - T T + T T

0 1 0 1 0 1 0 1 0 1 0 1

---------------------------------------

(1 - T )(1 - T )

1 0

{x }

2

cokernel {1, 2} | x_2 x_1 |

2 2 2 3 2 3

T T - T T - T T + T T

0 1 0 1 0 1 0 1

-------------------------

(1 - T )(1 - T )

1 0

{x , x }

1 2

cokernel {1, 2} | x_2 x_1 |

2 2 2 3 2 3

T T - T T - T T + T T

0 1 0 1 0 1 0 1

-------------------------

(1 - T )(1 - T )

1 0

We next consider the module M from Example 3.3.27:

o16 : M=S^{{-1,-1}}++S^{{-2,-2}}

o16 : S-module, free, degrees {{1, 1}, {2, 2}}

i17 : M=S^{{-1,-1}}++S^{{-2,-2}};

i17 : Dis(M)

| 0 1 2 2 2 2 |

148



| 0 1 2 2 2 2 |

| 0 1 2 2 2 2 |

| 0 1 2 2 2 2 |

| 0 1 1 1 1 1 |

| 0 0 0 0 0 0 |

2 2

T T + T T

0 1 0 1

----------------

(1 - T )(1 - T )

1 0

H^0_I(M) for all associated primes

{x }

1

0

{x }

2

0

{x , x }

1 2

0

Since M is a free module, the only submodule supported on the (possible) associated

prime is the trivial submodule. Next, we consider module N from Example 3.3.27:

i19 : N=S^{{-2,-2}}++S^{{-2,-2}}++((coker matrix{{x_2}})**S^{{-1,-1}})

++((coker gens ideal(x_1))**S^{{-1,-2}})

o19 = cokernel {2, 2} | 0 0 |

{2, 2} | 0 0 |

{1, 1} | x_2 0 |

{1, 2} | 0 x_1 |

i20 : Dis(N)

| 0 1 2 2 2 2 |

| 0 1 2 2 2 2 |

| 0 1 2 2 2 2 |

| 0 1 2 2 2 2 |

| 0 1 1 1 1 1 |

| 0 0 0 0 0 0 |

2 2

T T + T T

0 1 0 1

----------------

(1 - T )(1 - T )

1 0
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H^0_I(M) for all associated primes

{x }

1

cokernel {1, 2} | x_1 |

2 2 2

T T - T T

0 1 0 1

----------------

(1 - T )(1 - T )

1 0

{x }

2

cokernel {1, 1} | x_2 |

2

T T - T T

0 1 0 1

----------------

(1 - T )(1 - T )

1 0

{x , x }

1 2

0

The modules M and N have the same Hilbert function and multigraded Hilbert series,

but the local cohomology distinguishes them.

C.3 Rank

Here we provide a code to compute the rank of the module, using the reduction to a line

of Section 3.5.

-- Script to change from a Z^2 graded ring to a singly graded ring.

RestrictLine2 = (U)->(V = vars ring U;

n=rank source V;

A = ZZ/31991[a_1..a_n];

W = vars A;

L = apply(n, i->(V_(0,i)=>W_(0,i)));

Uzgraded = A**(matrix MatToList sub(U, L));

firstVar = matrix{apply(n, i->a_1)};

diagonalIdeal = ideal(firstVar-W);

diagonalVar = coker mingens diagonalIdeal;

Udiag = coker(Uzgraded)**diagonalVar;
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hilbertPolynomial Udiag)

-- Script to take a multigraded module U, and return the

--same module over a Z graded ring A with the same number

--of variables, then restrict to the diagonal and return

--hilbertPolynomial which is of the form rP_0, r = rk(M).

--NEED TO HAVE INPUT U A MATRIX (use presentation U if U

--is a module to get the presentation matrix). Calls the

--script MatToList to fix grading issues.

MatToList = (AMAT)->(s = rank source AMAT;

t = rank target AMAT;

apply(t, i->(apply(s, j->(AMAT_(i,j))))))

For instance, for the modules in Example 3.3.27 one computes:

i1 : RestrictLine2 presentation N

o1 = 2*P

0

o1 : ProjectiveHilbertPolynomial

i2 : RestrictLine2 presentation M

o2 = 2*P

0

o2 : ProjectiveHilbertPolynomial

Thus the modules have both rank 2, as was expected.
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