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How Large Should A Clinical Trial Be?

Hamid Pezeshk DPhil Thesis
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One of the most important questions in the planning of medical experiments
to assess the performance of new drugs or treatments, is how big to make the
trial. The problem, in its statistical formulation, is to determine the optimal
size of a trial. The most frequently used methods of determining sample size
in clinical trials is based on the required p-value, and the required power of
the trial for a specified treatment effect. In contrast to the Bayesian decision
theoretic approach there is no explicit balancing of the cost of a possible
increase in the size of the trial against the benefit of the more accurate in-
formation which it would give. In this work we consider a fully Bayesian (or
decision theoretic) approach to sample size determination in which the num-
ber of subsequent users of the therapy under investigation, and hence also the
total benefit resulting from the trial, depend on the strength of the evidence
provided by the trial. Our procedure differs from the usual Bayesian decision
theory methodology, which assumes a single decision maker, by recognizing
the existence of three decision makers, namely: the pharmaceutical company
conducting the trial, which decides on its size; the regulator, whose approval
is necessary for the drug to be licenced for sale; and the public at large, who
determine the ultimate usage. Moreover, we model the subsequent usage
by plausible assumptions for actual behaviour, rather than assuming that
this represents decisions which are in some sense optimal. For this reason
the procedure may be called “Behavioural Bayes” (or BeBay for short), the
word Bayes referring to the optimization of the sample size. In the BeBay
methodology the total expected benefit from carrying out the trial minus
the cost of the trial is maximized. For any additional sales to occur as a
result of the trial it must provide sufficient evidence both to convince the
regulator to issue the necessary licence and to convince potential users that
they should use the new treatment. The necessary evidence is in the form of
a high probability after the trial that the new treatment achieves a clinically
relevant improvement compared to the alternative treatment. The regula-
tor is assumed to start from a more sceptical and less well-informed view of
the likely performance of the treatment than the company carrying out the
trial. The total benefit from a conclusively favourable trial is assessed on
the basis of the size of the potential market and aggregated over the antici-
pated life-time of the product, using appropriate discounting for future years.
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Chapter 1

Introduction, Examples,
Background, and Summary

1. Introduction

When a new clinical treatment is being considered trials are carried out to
estimate the increase in performance which is likely to result if the new treat-
ment were to replace the treatment in current use. Many authors have looked
at this problem and many procedures have been introduced to solve it. An
important feature of the analysis in this work is that account is taken of the
fact that only if it turns out that the new treatment, in a statistical sense,
is clearly better than the previous treatment will the number of subsequent
users of the new treatment be high.

In the planning of medical experiments to assess the performance of new
drugs or treatments the question of how big to make the trial is an impor-
tant issue. Traditional classical methods of selecting sample sizes are based
on the required p-value, and the required power of the trial for a specified
treatment effect. The most frequently used sample size formulae arise from
the relationship between the standard error of the estimator of the parameter
of interest and the sample size (Lachin (1981), Desu and Raghavarao (1990)
Lemeshow et al (1990), and Lipsey (1990)).

Since the formulae can be highly sensitive to the choice of inputs, careful
selection of the parameter estimates and target criteria are essential steps in
determining the sample size. Classical or frequentist methods are unable to
take into account uncertainty in point specifications. Bayesian methods are
ideally suited for design since they provide a tool for specifying uncertainty,



and how it changes in response to further information.

In this work I consider a Bayesian approach to sample size determination
for clinical trials in which the number of subsequent users of the therapy
under investigation, and hence also the total benefit resulting from the trial,
depend on the strength of the evidence provided by the trial.

The statistical significance of a difference between the performance of two
treatments is one factor which may influence a decision to switch from one
treatment to the other, but by itself it is not sufficient. What is really required
is significant evidence that the performance of the new treatment improves
on the performance of the old treatment by at least some minimum, and in
general positive, difference.

Our objective function is based on the cost of the trial and the total benefit
from the resulting change in the number of patients using the new treatment.
The number of subsequent users of the new treatment is assumed to depend
on the apparent difference between the performance of the new treatment
and that of the treatment in current use. A general model with different
features which allow for various contingencies is introduced.

Our procedure differs from the usual fully Bayesian or decision theoretic
methodology, which assumes a single decision maker, by recognizing the ex-
istence of three decision makers, namely: the pharmaceutical company con-
ducting the trial, which decides on its size; the regulator, whose approval
is necessary for the drug to be licenced for sale; and the public at large,
who determine ultimate usage. Moreover, we model the subsequent usage
by plausible assumptions for actual behaviour, rather than assuming that it
represents decisions which are in some sense optimal. For this reason the
procedure may be called Behavioural Bayes (or BeBay for short), the word
Bayes referring to the optimization of the sample size.

The following list gives the distinctive features of our BeBay procedure.

® The total expected benefit from carrying out the trial minus the cost
of the trial is maximized.

@ For any additional sales to occur as a result of the trial it must provide
sufficient evidence both to convince the regulator to issue the necessary
licence and to convince potential users that they should use the new
treatment. The necessary evidence is in the form of a high probability



after the trial that the new treatment achieves a clinically relevant
improvement compared to the alternative treatment.

® The regulator is assumed to start from a more sceptical and less well-
informed view of the likely performance of the treatment than the com-
pany carrying out the trial.

® The number of patients who switch to the new treatment depends on
the strength of the evidence provided by the trial, from zero up to some
maximum number if the evidence is fairly conclusive in favour of the
new treatment.

® The total benefit following a conclusively favourable trial is assessed on
the basis of the size of the potential market, and aggregated over the
anticipated life-time of the product, using appropriate discounting for
future years.

2. Examples

Current practice for the determination of the size of a clinical trial is largely
based on the theory for testing the hypothesis that the new treatment being
tested is no better than the alternative treatment (or placebo) against the
hypothesis that the new treatment is better by some specified, and clinically
relevant, amount. Typical requirements are: at most a 5% chance of wrongly
deciding that the new treatment is better; and at least an 80% chance of de-
tecting the clinically relevant difference when it is present.

A test designed along these lines may turn out to be of a reasonably ap-
propriate size, but there is no guarantee whatever that this will be so. Since
there is no explicit attempt to balance the cost of carrying out the trial
against the possible sales of the new therapy, the classical procedure gives,
in particular, no indication of those cases when the likely benefits do not
justify carrying out a trial at all, or of those cases when the possible benefits
justify a larger trial, so as to increase the confidence of potential users of the
new therapy, and thereby persuade more of them to use it. Our subsequent
analysis of six different cases provide examples of both of these outcomes.

The following tables and figures set out the results of recalculating the sample
sizes for six trials which were recently carried out, with sample sizes deter-
mined in the manner outlined in the first paragraph of this section. Trials
1, 2 and 3 were all for the same drug, with different groups of potential



users. Trials 4, 5 and 6 were all for different drugs. Trial 1 was for normally
distributed data, and trials 2 to 6 for binomially distributed data. For the
binomial data inference was based on a normal approximation to the distri-
bution of the log—odds ratio of the cure rate with the new treatment to the
cure rate with a placebo; this leads to the tabulated standard deviation of
2 for each observation. The cost per patient in the trial was assumed, on
the basis of experience, to be £600 for out—patients and £4000 for hospi-
talized patients. For each trial four calculations of sample size were carried
out, the results of which are shown in table 2, together with the expected
power (1 — ) of an hypothesis test with 5% probability of detecting a non-
existent difference in performance between the new treatment and placebo.
The four calculations allow for high and low estimates for the strength of
the evidence required by the regulator, and high and low estimates of the
total benefit from a conclusively favourable trial. The low estimate for the
evidence required by the regulator amounts to an assumption that the reg-
ulator’s decision will be positive even when the apparent improvement from
using the new treatment is barely enough to persuade potential customers
to use it. This may well be a realistic assumption for at least some of the
six cases, as in every case the drug concerned was already on the market, so
it is plausible that approval for the additional use may have been obtainable
more easily than would have been the case for a new drug.

The results, not surprisingly, show that the optimal sample size depends
strongly on the expected benefit from a conclusively favourable outcome,
and on the strength of the evidence required by the regulator. In practice it
should be possible to estimate both of these much more accurately than the
wide intervals which have been used here for illustrative purposes.

It is also noticeable that the optimal sample size based on our analysis is
frequently much larger than the size used in practice. For large sample sizes
an interim analysis is very desirable, as it has the potential both to reduce
sampling costs and to advance the launch date of the new therapy. The re-
sults for trial 2 show that our analysis can indicate quite small sample sizes.

All the calculations reported here assume that there is a control group with
the same number of patients as the group receiving the treatment.



Trial Number:

Table 1: Data for Six

s.d. of each observation

Company’s prior mean

Company’s prior s.d.

Regulator’s prior mean

Regulator’s prior s.d.

Critical Difference: max for no sale
Critical Difference: min for max sale
Critical Difference: min for licence(low)
Critical Difference: min for licence(high)
Cost per patient in trial, £

Benefit from max sales(low), £M
Benefit from max sales(high),£M

In table 2 the following notation is used.

Recent Trials

0.3 2 2 2
0.15 2.09 1.1 1.35
0.075 1.045 0.55 0.7
0 0 0 0
015 209 1.1 1.35
0.12 167 09 1.1
0.18 251 13 1.6
0.1 1.50 0.8 1.0
0.15 209 11 1.35
600 4000 600 4000
25 o} 25 15
250 25 250 150

n = actual sample size used — calculated in the standard way.
n* = optimal sample size calculated by BeBay.
R* = maximized net expected benefit, calculated by BeBay.

1 — 8 = probability of detecting an improvement which is equal to the
mean of the pharmaceutical company’s prior distribution for the
amount of improvement. This might be called expected power.

Table 2: Sample Sizes for the Six Trials

2
0.41
0.21

0.41
0.33
0.49
0.27
0.41
4000
15
150

Trial 1
n = 100
(Low) Licence Minimum | (High) Licence Minimum
n* = 1319 n* = 1350
Low Benefit | R* = £10.11M R* = £9.09M
1-6=1.00 1 -8 =1.00
n* = 6165 n* = 6270
High Benefit | R* = £113.9M R* = £103.9M
1—3=1.00 1—8=1.00

10

2
0.64
0.32

0.64
0.51
0.77
0.48
0.64
600
15
150



Trial 2
n = 20

(Low) Licence Minimum

(High) Licence Minimum

n* =76

n* =78

Low Benefit | R* = £1.57TM R* = £1.35M
1-8=1.00 1-06=1.00
n* = 228 n* = 233
High Benefit | R* = £9.57TM R* = £8.71M
1-06=1.00 1-(4=1.00
Trial 3
n = 270

(Low) Licence Minimum

(High) Licence Minimum

n* = 1243

n* = 1270

Low Benefit | R* = £10.25M R* = £9.32M
1-06=1.00 1-0=1.00
n* = 5807 n* = 5892
High Benefit || R* = £114.54M R* = £105.45M
1—-06=1.00 1-03=1.00
Trial 4
n = 36

(Low) Licence Minimum

(High) Licence Minimum

n* = 207

n* =213

Low Benefit | R* = £4.94M R* = £4.36 M
1-3=1.00 1-03=1.00
n* = 981 n* = 1001

High Benefit | R* = £63.03M R* = £57.58M
1—-8=1.00 1-06=1.00
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Trial 5
n = 470

(Low) Licence Minimum

(High) Licence Minimum

n* = 403

n* = 399

Low Benefit || R* = £2.06 M R* = £1.39M
1-6=0.74 1-8=0.73
n* = 2128 n* = 2187
High Benefit | R* = £48.58 M R* = £42.40M
1-06=1.00 1-06=1.00
Trial 6
n = 400

(Low) Licence Minimum

(High) Licence Minimum

n* = 1245

n* = 1278

Low Benefit | R* = £5.22M R* = £4.58M
1-06=1.00 1-p8=1.00
n* = 5885 n* = 6007

High Benefit | R* = £64.37M R* = £58.21M
1-06=1.00 1-06=1.00

In the above tables the Low Benefit and the High Benefit refer, respectively,
to the last two rows of table 1. (Low) Licence Minimum represents a low
regulator’s requirement while (High) Licence Minimum stands for the reg-
ulator with higher requirement concerning the apparent difference between
the performances of the two treatments.

Figure 1.1 illustrates the variation of the expected net benefit as a func-
tion of the size of the trial.

For each trial we provide two graphs representing low benefit from mazi-
mum sale and high benefit from mazimum sale of the new treatment. In each
case there are two curves corresponding to the low and intermediate regula-
tor requirements. Not surprisingly, with a lower regulator requirement the
expected net benefit is higher.
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Figure 1.1: Expected net benefit.

3. Background

Suppose the random variable X has a probability distribution function F'(- | 9)
of known form, and dependent on an unknown parameter 8. Let the obser-
vations X;, Xa, ..., X, be independently and identically distributed with the
probability distribution function F'(- | ).

Definition: The sample size determination problem is to choose the sample

13



size n so that inferences and decisions about the parameter 8 may be made.

Sample size determination is directly related to the cost of a survey or data
gathering exercise. The quality of the inference about 6 and all decisions
made clearly have potential implications for subsequent events related to the
system of interest. In general terms, the aim of all sample size determination
1s to allow the investigator to determine the sample size by specifying a target
level of accuracy or by maximizing a specified objective function. However,
as noted by Adcock (1997), there are several complications. First, nuisance
parameters may be present. This is the case, for example, if the estimation
of the mean of a normal distribution is of interest, but the variance is un-
known. Secondly, the problem under investigation may have more than one
parameter of interest. For example, it may be of interest to estimate both
the mean and the variance of a normal distribution. Thirdly, we may have
more than one variable, and hence many unknown parameters. Fourthly, the
probability distribution of the random quantity X may not be known. In
short, the general sample size determination problem is potentially compli-
cated and many dimensional.

The different criteria which are used for sample size determination may be
classified into two groups: Bayesian and frequentist. Bayesian methods may
be further divided into two groups of techniques; methods which are in-
ferential and employ power calculations, hypothesis testing, and confidence
intervals (see, for example, Joseph et al (1997), Spiegelhalter and Freed-
man (1986), and Gardner and Altman (1986)) and fully Bayesian or decision
theoretic methods which are based on a loss or utility function. The fully
Bayesian methodology was first introduced by Grundy et al (1956), and set
out in detail by Raiffa and Schlaifer (1961). Lindley (1997) provides a re-
cent example of its use. In the frequentist approach sample sizes may be
determined by specifying the length of the resulting confidence interval, the
probability of a given absolute error, or the power and size of the result-
ing hypothesis test (see, for example, Desu and Raghavarao (1990)). The
book by Senn (1997) gives an extensive account of terminology and statisti-
cal methods, including sample size determination methods, used in clinical
trial and drug development issues.

4. Summary

The thesis is organized as follows

14



In chapter 2 some of the frequentist and Bayesian approaches to the sample
size determination problem are briefly reviewed.

Chapter 3 addresses a simplified introductory version of BeBay with no
regulator. An exact solution is derived for the case where the number of
subsequent users of the new treatment is proportional to the number of stan-
dard deviations by which the posterior mean of the unknown performance
parameter exceeds the performance of the current treatment.

The following publication is based on chapter 3.

® Sample Size Determination in Clinical Trials. Student (1999), 3, 19-26.

Chapters 4 and 5 discuss the full model for normally distributed observa-
tions. In chapter 4 the experimental variance of the observations is assumed
to be known, and in chapter 5 it is assumed to be unknown. In chapter 5
a joint prior density for the parameter of interest and the variance of the
observations is assumed.

Sections 1 to 3 and section 5 of chapter 4 have formed the basis for the
following publication

® How Large Should a Clinical Trial be? The Statistician (2000), 49,
part 2, pp. 177-187.

The contents of chapters 1 and 5 together with section 7 of chapter 4 have
formed the basis for the following publication

® A Behavioural Bayes Method for Determining the Size of a Clinical
Trial. Drug information Journal (2000), Vol. 34, pp. 355-363.

Chapter 6 discusses the case of binomially distributed observations.

Chapter 7 is a user—guide for the Mathematica—based routines which we have
used in this work. The accuracy of the calculations is also discussed in this
chapter.

Chapter 8 outlines the way forward for desirable further work.
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Chapter 2

A Review

1. Introduction

The determination of sample size is of key importance in designing medical
studies. There have been a number of papers, from both the frequentist and
Bayesian points of view, on this subject, a representative selection of which
will be reviewed in this chapter. Not all of these papers were written with
medical applications primarily in mind.

In section 2 some of the outlines of the frequentist methods of sample size
determination are reviewed. As we shall see these methods could be classified
into two groups: absolute error and power and size control rules. Current
practice for the determination of the size of a clinical trial is largely based on
the power and size control rules (see, for example Lemeshow et al (1990)).
There is a comprehensive summary of power and size control rules in Desu
and Raghavarao (1990) and Cohen (1977). Both Kraemer and Thiemann
(1987) and Desu and Raghavarao (1990) present overviews and methods for
numerous problems. There is an extensive treatment of sample size determi-
nation for regression in Muller et al (1992).

Section 3 briefly reviews the available Bayesian sample size determination
methods. As already mentioned these methods may be classified into two
groups: inferential and decision theoretic rules. Some of the key papers re-
lated to these two groups of techniques will be reviewed. Apart from the
paper by Joseph and Bélisle (1997) which discusses some inferential rules for
normally distributed data, there are other papers on Bayesian inference (see,
for example, Adcock (1987), Pham-Gia and Turkkan (1992), Spiegelhalter
et al (1994)). Adcock (1997) reviews both inferential and fully Bayesian (or

16



decision theoretic) rules. There is a detailed description of decision theoretic
rules for the determination of sample sizes in Raiffa and Schlaifer (1961).

It should be noted that this chapter does not seek to contribute to the debate
between Bayesians and frequentists. Our aim is simply to review the avail-
able methodology. There are so many papers on the subject that it is almost
impossible to achieve a comprehensive review. Efforts have been made not
to leave out any important approach. But in the words of Smith (1976), ‘no
review can ever replace a thorough reading of a fundamental paper, since
what is left out is often as important as what is included’.

2. Frequentist methods of sample size deter-
mination; a review

Sample size determination for inference about the mean of a normal distribu-
tion with known variance is the most simple case of sample size determina-
tion. If X ~ N(u,o?) then, following Desu and Raghavarao (1990), p.3, we
say that the mean y may be estimated with absolute error e and probability
1 — a by the sample mean X, if

Pr{IX,—ul <elu] 21 -a. (2.1)

Since n'/2(X, — p)/o ~ N(0,1) it follows that inequality (2.1) is satisfied
when the sample size n satisfies

n > 0’223/2/62, (2.2)

where z, denotes the upper 100(1 — )% point of the standard normal distri-
bution. Alternatively, if a 100(1 — «)% confidence interval for u is required of
length [, then provided that the variance o2 is known, the sample size must
satisfy the following inequality

n > 40223/2/l2, (2.3)

(see, for example, Joseph and Bélisle (1997)). An extension to the rule given
by inequality (2.2) comes from the theory of hypothesis testing.

Suppose that we have

{HOIM:NO
Hy:p=p1 # po,
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and that the test is to be of size a and with a type II error equal to 3 when
| 1 — po |= e. For a two-sided test the critical region is

).

|_Xn—,u0 | >za/2(

B

The required sample size n is chosen so that

o

PT(|yn",u0|>Za/2(%)|/1:/11):1—/8-

This can be written as

+1—PT(X"_

T\/?<ZQ/Q—M):1—,B.

— Ho
a/vn
(2.4)

If 4y > po, then the first probability on the left-hand side of (2.4) is close to
0, so that an approximate value of n may be found by solving the equation

Lo m—po)

On the other hand, if 1 < o, then the second probability term on the left-
hand side of (2.4) is close to 1, so that an approximate value of n may be
found by solving the equation

(1 — Ho) _
Zaf2 U/\/ﬁ = 23.

These two equations can be combined into one equation

|N1 —,U0| €

Zajr 25 = o/\/n  oyn’

giving

n = (2472 + 25)°0% /€. (2.5)

The above is an example of a power and size control rule. Such rules are
in general constructed as follows. Null and alternative hypotheses are both
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specified for the parameter of interest 8. The size and power parameters o
and 1 — 3 are also specified. The sample size n and a rejection value for the
null hypothesis are then chosen simultaneously to satisfy the two equations

Pr(reject Hy | Hyp is true)=a,
Pr(reject Hy | H; is true)=1 — (. (2.6)

These rules, which are used for the one-sample problem, may be extended to
other common situations, such as the difference of two means, for which the
problem of sample size determination is called the two-sample problem.

Formulae (2.2) and (2.5) are also applicable as approximations for distri-
butions other than normal, for cases where the central limit theorem ensures
that X, has an approximately normal distribution and an estimate for o2 is
available.

When o2 is unknown one possibility is to specify the acceptable error in
units of . Thus replacing e by ec, formulae (2.2) and (2.5) become, respec-
tively, n > 22 ,/e? and n = (2472 + 25)°/€”.

In many applications it is not appropriate to measure the acceptable er-
ror in units of o, and in such circumstances it is necessary to use an estimate
of the unknown variance. Stein (1945) developed the following two-stage pro-
cedure. Take an initial sample of size ng from the distribution and estimate
the variance in the usual way by the sample variance, SZ. If

ng > Sgtaa(no —1)/¢* (2.7)
then stop sampling. Otherwise draw a further sample of size
n= Sgti/Q(ng - 1)/62 — TNy, (28)

where t,(ng—1) denotes the upper 100(1—a)% point of the Student t—distrib-
ution with ng — 1 degrees of freedom. The same analysis may be applied to
show that for hypothesis testing the required size of trial is

n = ng + maz{0, S§ltas2(no — 1) +tg(ne — 1)}*/e* — ng}, (2.9)
(see, for example, Desu and Raghavarao (1990), p.9).

The above procedure could be interpreted as a sequential scheme for which
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initially ny observations are made and thereafter observations are made one
at a time and the sample variance is updated, until the stopping rule (2.7) is
satisfied with the current estimate of variance and the current sample size.
A variation of this rule is described by Liu (1997).

It should be noted that the choice of the initial sample size ng is very impor-
tant. If it is very small , then it is very likely that a second sample will have to
be drawn. If it is very large, then unnecessary expenditure is occurred. Seel-
binder (1953) presented a method for determining the size of the first part of
a two-stage sample, ng, for estimating the population mean of a normal dis-
tribution with a given precision. His approach, which uses the absolute error
criterion, assumes e/o is known. He then minimizes the expectation of the
total sample size given ngy to obtain n. Moshan (1957) extends this method
and proposes a guide to the selection of ng by using an upper percentage point
of the distribution of total sample size, n, in conjunction with its expectation.

The above power and size control methods use a pivot function for sample
size calculations. This is a function of the observations and of the unknown
parameter(s) whose distribution does not depend on the unknown parame-
ter(s). In the above example the quantity Z = n'/2(X, — puo)/o is a pivot,
because it depends on pg but its distribution, N (0, 1), does not depend on
to- When no pivot function exists some approximation procedure is typically
needed. A more general problem is that this method of sample size deter-
mination requires users to carry out computations that are specific to the
problem under consideration. Potentially this is a serious practical obstacle.
Kraemer and Thiemann (1987) avoid this in an elegant way by reducing a
large number of problems to a small number of standard forms. The basis
of their method is twofold. First, they work out the problem of sample size
determination for the correlation coefficient p in a bivariate normal distri-
bution. Secondly, they present a series of methods for different sample size
determination problems and transform each to the procedure for sample size
determination for the correlation coefficient.

Remark: If a study is designed to test the difference between two nor-
mal means e.g., Hy : pu; — po = 0 vs Hy : py — po # 0 then following a
strategy similar to that employed in developing (2.5), it follows that

n = 2(2q/2 + 25)°0° /€.

As already mentioned, this is called the two-sample problem (see, for ex-
ample, Lemeshow et al (1990)). It should be noted that here we assume

the variances are known and homoskedastic (i.e., 02 = 02 = ¢?) and, in
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addition, the same number of observations is selected from each of the two
populations i.e., n; = ny, = n.

Remark: For the case of unknown variances, where o2 # o3, Koopmans
and Qualls (1971) suggested a two—stage procedure using the absolute error
criterion for estimating p; — s, to meet the requirement

PAK-T) = (- ) <e} > 1-a, (2.10)

where X and Y are the means of samples taken, respectively, from N(u1,0?)

and ]\[(ALQ’CT%)'

Their procedure is described as follows

(i) Take first stage independent samples of sizes ny; (> 2) and ng; (> 2)
from the two populations. Let s%; and s3, be the two variances of these
samples.

(ii) Calculate upper 100(y/1 — a/2 )% confidence limits on o7 and o3. Let
o2 and o2, be these limits.

(iii) Let C = ¢y + c1n12 + cangy be the linear cost function, where ny2 and
nqo are the second stage sample sizes from the two populations. The
solutions of nis and nqy that minimizes C' subject to

:% %
u u
ni2 N2

are

2
Zo/4 \/C101u + /C209,
ngy = —i2 Y1 22 gy + 1. (2.11)
€ v/ C2

(iv) Let X, and Y, be the two sample means for the second stage samples.

Then X5 — Y, as an estimator of p; — s satisfies (2.10).
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2.1. Inference about the Variance of a Normal Distri-
bution

Suppose that we are concerned with estimating the variance of a normal
distribution o2, for which the mean, u, is unknown. If we use an unbiased
estimate, S* = —= 3" (z; — T)?, then (n — 1)s?/0? could be considered as
a pivot function for constructing a confidence interval or testing a statistical
hypothesis concerning 2.

The absolute error requirement in (2.1) now may be changed to percentage
error

Pr(|S%/o® — 1| < e|d?] > 1 —a.

Writing X? = %)Sz and rearranging the above inequality gives the sample
size as the solution to

Prin-1D1-e)<X*’<(n-1D(1+e)]>1-aq, (2.12)

where X2 is distributed as a chi-squared with n — 1 degrees of freedom,
which may be denoted as X (n 1y~ Since the inequality (2. 12) should be solved
numerically, one may apply a rough approximation by using the Central Limit
Theorem to obtain n. The distribution on (X(QV) v)/v/2v is asymptotically
N(0,1). Now (2.12) may be approximated by

Pr[—e\/n—;—l- <Z<e

where Z is the standard normal random variable. This can be easily solved
for n, resulting in the following formula

-1
]21—01,

+1. (2.13)

Remark: If a study is designed to test a (commonly tested) hypothesis; H :
o = o0y vs Hy : 0 = 01(> 0y), then for a power of 1 — § when 0 = 0,(> 0y),
n must be chosen so that

o2 X2
P.{S? _ﬂ_l._ — —1_
{S > — 01}
where X ., denotes the upper 100(1 — &)% point of the chi-squared with

n—1 degrees of freedom. Following the power and size control rule strategy,
this leads to the relation

0(2)X(2n—1),a = O%X(zn—l),ﬂa (2.14)
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which needs to be solved for n.
It should be noted that the X2 percentiles can be approximated by nor-

mal percentiles (see, for example, Desu and Raghavarao (1990), p.11). So
(2.14) could be solved approximately to give

(2.15)

1 (%)Za+zﬂ 2 3
nz—( - ) + —=.
-1 2

2.2. Multivariate Normal Distribution

The principles of sample size determination methods discussed at the begin-
ning of this chapter can be extended to multivariate problems.

Consider a k—variate vector X which is normally distributed with unknown
vector mean p and known variance—covariance matrix 3. The direct exten-
sion of the absolute error approach for the error vector e may be written
as

k

Pr[ﬂ(lyin — il <€) | w1 =1,2,..,k] > 1—a, (2.16)

i=1
where the X,,’s are the elements of the sample mean vector X,,, and the u;’s
and e;’s are, respectively, the elements of the mean vector p and the error
vector e. The region R = ﬂle(mn — ;| < e;) is known as a hyper-cubic
region. The requirement (2.16) means that we must evaluate the general mul-
tivariate normal integral. As pointed out by Adcock (1997), an alternative
is to consider elliptical regions, like

(Xn — )= (X, —p) <. (2.17)
This leads to the rule
n > X(zlc),a/eza (218)

where, once again, X&)’a denotes the upper 100(1 — a)% point of the chi-
squared distribution with k£ degrees of freedom.

For elliptical regions and the case when X is known it is straightforward
to extend the power and size control methodology. However, if ¥ is un-
known the problem of sample size determination becomes more complicated.
In the absolute error procedure, one possibility may be to employ a multi-
variate version of Stein’s two—stage method. Another sequential scheme may
be found in Liu (1997).
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2.3. Binomial Distribution

The determination of sample size for the binomial distribution is one of the
oldest cases for which there is a formal procedure (see, for example, Cochran
(1963)). The normal approximation to the binomial distribution may be

used. If X ~ b(n,p) then the sample proportion p = % is approximately

normally distributed with mean p and variance ’@. The absolute error for
finding the sample size may now be written as

Prlp—p|l <elp] >1-a. (2.19)

Since ’; (_1’_’ — has, approximately, a standard normal distribution, one can

n

conclude | \/%]2 has, approximately, a A}, distribution . Solving for n in

(2.19) gives "

p(l - p)X(zl),a
e2 '

As noted by Adcock (1987), the rule at (2.20) has two limitations. First, some

problems are multinomial, that is the number of classes is greater than two.

Secondly, the population parameter p is unknown. The second limitation
may be avoided by using the maximum value of p(1 — p) which gives the rule

n > (2.20)

— 462 I

which is conservative in the sense that the probability associated with it is
at least 1 — a. Another alternative is to use an estimate of p which might
have come from earlier related studies.

The use of absolute error is questionable. A given value *e when the true
value of p is close to 1/2 is a more stringent requirement than when p is close
to 0. If we elect to use the percentage error and require that

Pr(lp—p| <eplp] > 1—a (2.21)

then assuming the normal approximation, we obtain

1
n > (1_9 - 1)) /€. (2.22)
As pointed out by Tortora (1978), this does not seem completely sensible
either. As p — 1 the sample size tends to 0 and, as p — 0, the sample size is
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unbounded. Furthermore, if the true value of p, for example, is 0.075, then
estimates of 0.05 and 0.1 give sample sizes which differ considerably for all
values of o and e. So the ability to take the uncertainty of the estimate of p
into account becomes important.

Remark: A simple criterion that avoids the problems that arise when p
is close to its maximum or minimum is to use the approximate pivot func-
tion Z = n'/2(p — p)/{p(1 — p)}'/? in another way. Thus if we require that

Pr{lp - pl < e{p(1 = p)}'/?lp) > 1 - o, (2.23)
then using the normal approximation we obtain the rule
n> X3 /€. (2.24)

The following remarks demonstrate how one may apply the power and size
control method to obtain the sample size in binomial sampling.

Remark: The required sample size for testing the hypothesis Hy : p = pg
vs Hy : p # po, which is known as the one-sample problem in binomial
sampling, may be calculated from

n= {Za/2\/p0(1 — po) + 25/ p(1 —p)}Q/ez, (2.25)

where e = |p — po.
Remark: For testing the hypothesis concerning two population proportions

i.e., Hy : p1 = po vs Hy : p; # po, which is known as the two—sample problem
in binomial sampling, the required sample size may be calculated from

n = {za/Q\/Qﬁ(l — )+ 25v/p1(1 — p2) + pa(1 —pg)}2/62, (2.26)

where p = 2322 and e = |p; — /.

It should be noted that in (2.26) we assume that the common value of p,
and p, is denoted by p and n; = ny = n. So V(p; — p2) = 2[p(1 — p)/n],
which depends on p. This may be estimated as the average of the two—-sample
proportions p from the pilot or previous studies.
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Applying the same analysis as in (2.4) we may arrive at the following equa-

tions
Za/21\/ ?@ ~ (p2 — p1)

= —Z,B
Vp1(1 = p1)/n+pa(1 — po)/m
—za/2\) BB — (py — py)
= Zﬂ

VPi(1 = p1)/n+ pa(1 = pa2)/n

Putting e = |p, — p;| and solving for n yields (2.26).
OJ

Traditional methods of determining sample sizes for testing the equality of
proportions with a specified type I and II error probabilities are based on
approximations to the binomial distribution. When proportions involved are
small, the exact distribution of the test statistic may not follow the assumed
distribution (e.g., normal or chi-square). Consequently, use of the test statis-
tic with the sample size determined in the traditional way, as in (2.26), may
result in a test with type I and type II error probabilities that differ from
the values which have been specified.

A method for evaluating the exact type I and type II error probabilities
of test under these circumstances was described by Lemeshow et al (1981).
Their method has been applied to the case of a one—sided alternative hypoth-
esis. They described a procedure that adjusts the sample size in an iterative
manner until the value § for the test falls within a specified percent of the
derived value. They showed that the arcsin approximation appears to give
the closest approximation to the necessary sample sizes in the cases where
the probability of occurrence of the event is small. This leads to the following
commonly used formula (see, for example, Cochran and Cox (1957)) for a
size «, one—sample problem of testing Hy : p = py versus Hy : p = ps (> p1)

(Za + Zﬂ)2

: 2.27
2(arcsin,/p; — arcsin,/p;)? (227)

n =

2.4. Multinomial Distribution

The analysis for sample size determination in binomial sampling can be
extended to multinomial sampling. Suppose that the random vector X =
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(X1, X2, ..., Xi) has a density function of the form

n!

_— I, Lk — y —
f(z1, @0y oy zy) = - pi'pgt...pt, x;=0,1,..,n, i=1,2 ..k,

CC1!$2!
where Di ._>_ 0 (Z = 1>27 "'1k)) Zi'c:l bi = 1’ Zf:l Ly = N.

If p = 2, (i = 1,2, ..., k) are the observed proportions, then an exten-
sion to the absolute error criterion is to find n so that
k
Pri(\(p: —pil < &) | piyi=1,2,...,k] > 1 - a. (2.28)
1=1

When e; = e, Vi, the Bonferroni inequality leads to the rule
n 2 max{p;(1 - P) X3y asn/€}

which leads to the conservative rule

If e; in inequality (2.28) is replaced by e{p;(1 — p;)}!/? we obtain a simpler
rule 5
X,
n > —Welk
However, as noted by Thompson (1987), both these rules lead to a sample
size which increases when the number of classes increases. He resolved this

problem by showing that

1/k(1—1/k) X2
s e R D) X

> ma = (2.29)

satisfies (2.28), when e; = e, Vi. He provided a look-up table which is valid
for any number of classes k. The maximum of equation (2.29) occurs at low
values of k and so the sample size does not increase indefinitely with the
number of classes. A discussion about the limitations of Thompson’s proce-
dure, along with another way of satisfying (2.28), may be found in Sison and
Glaz (1995).

Other contributions to frequentist sample size determination have been made
by Feigel (1978), Haseman (1978), Whittemore (1981), Thigpen (1987), Miller
(1990), Signorini (1991), and Singer (1997).

Before closing this section, let us consider the following example which demon-
strates the use of confidence intervals in determining sample sizes for inference
about the difference between the success rates of two binomial distributions.
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2.5. An Example

Consider the design of a randomized clinical trial to compare the (success)
rates of two different treatments. What sample size is needed to provide
sufficient information to specify the difference between the two rates within
a confidence interval of width e?

The most common solution to this question for a 100(1 — )% confidence
interval (CI) is to set

422 L [;m (1 — p1) + pa(1 —
o 2P ;3 o Pz)]’ (2.30)

where p; and p, are the success rates of the two treatments. This conserva-
tive estimate, however, may be much larger than that truly required.

Obviously the sample size will be maximized when p; = p, = 1/2. For ex-
ample if e = 0.01 and a = 0.1, the maximum sample size will be n = 54121.
Suppose that there are two previous studies; one study of the first treat-
ment found 4 out of 15 (p; = 0.266, 90% CI= (0.078, 0.454)) patients cured
while another study for the second treatment found 10 out of 65 (p, = 0.154,
90% CI= (0.080, 0.228)) patients cured. Using p; and p, in (2.30) gives
n = 35236. Putting the lower limits and the upper limits of the confidence
intervals for p; and py into formula (2.30) gives n = 15751 and n = 45884,
respectively. What value should we actually choose? We might, for example,
use the average of these numbers.

The reason for this arbitrariness is that formulae such as (2.30) require point
estimates of p; and p, while a better summary of the available information
is a distribution over a range of values. Furthermore, the lengths of the in-
tervals calculated at the end of a trial depend on the data collected, which
is of course unknown at the planning stage.

In the next section some of the Bayesian methods for the sample size de-
termination problem will be reviewed.

28



3. Bayesian methods of sample size determi-
nation; a review

As pointed out by Pham-Gia and Turkkan (1992), in contrast to the classical
approach, in the Bayesian context sample size questions are less frequently
discussed. There are some reasons for this. First, it is sometimes argued
that a Bayesian statistician is interested more in a sequential procedure, us-
ing the posterior distribution at one step as the prior for the following step,
until a conclusion is reached. So it seems that there is no need for a fixed
sample size. In real life it is not always possible to use a sequential approach,
and therefore it is important to find a suitable sample size prior to sampling.
Secondly, precision conditions are not as widely used as in classical statistics,
mainly because of computational problems. For example, the computation of
exact credible intervals (or posterior confidence intervals) using the highest
posterior density (HPD) region may require the use of special tables such as
those constructed by Isaacs et al (1974) or special software. The associated
question of the sample size required so that these intervals are shorter than
a given quantity then becomes a complicated iterative process.

A number of researchers have considered inferential Bayesian approaches
to the sample size determination problem. For the mean of a normal dis-
tribution, Adcock (1988) developed closed formulae for both the known and
unknown variance cases by averaging the coverage of fixed length posterior
credible sets over the predictive distribution of the data. Joseph and Bélisle
(1997) used similar techniques to derive closed form formulae for the case of
average lengths of fixed coverage posterior credible sets, as well as worst case
criteria.

Bayesian sample size determination for estimating the success probability
in binomial sampling has received considerable attention (see, for example,
Adcock (1987), (1992), (1995), Pham-Gia and Turkkan (1992), Joseph et al
(1995)). The case of the difference between two binomial parameters has
been considered by Joseph et al (1997). In the following sections the outlines
of some of the Bayesian methods for the sample size determination problem
are reviewed.
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3.1. Bayesian and Mixed Bayesian/Likelihood Criteria

Let 6 € © denote the parameter of interest and m(f) the prior density of
6. Suppose that the experimental data are X= (X}, Xy, ..., X,,), where n is
the sample size and the components of X are exchangable and belong to the
data space X'. The predictive density of X , which we may also describe as
the pre-posterior marginal density of the data, is

f(x) = / (x| 6)m(6)do, (2.31)
e
and the posterior density of 8 given x is
14
(0] x) = X197 0) (2.32)

[y lx | 0)m(6)do’

where £(x | 6) is the likelihood of the data. If the prior density 7 () is a
(possibly improper) uniform density over ©, then (2.32) is the normalized
likelihood.

In the terminology of Joseph et al (1997), if 7(@) represents the true prior
information in both (2.31) and (2.32) then the methods of sample size deter-
mination, described in sections 3.1.1. to 3.1.3., are called Bayesian!, and if
7(0) is the true prior information in (2.31) but a uniform density for () is
substituted in (2.32), then they are called mixed Bayesian/Likelihood crite-
ria for sample size determination.

3.1.1. Tolerance Intervals or Average Coverage Criterion (ACC)

Following the alpha—expectation tolerance region approach of Fraser and
Guttmann (1956), which Raiffa and Schlaifer (1961) called pre—posterior
analysis, Adcock (1987) introduced the average coverage criterion. The
essence of this approach is to hold the HPD length, [, fixed and allow the
coverage probability 1 — a to vary with x. In other words, one requires
that, conditional on x, 6 is contained in a specified interval of length [, with
probability 1 — a, that is

a(x,n)+l
/ (0| x)df =1 — q, (2.33)

(x,n)

1Joseph et al (1997) call this the fully Bayesian approach to the sample size problem
but, as already mentioned, we shall restrict this term to cases where a utility or a loss
function is employed and the problem is treated as a decision problem.
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where a(x,n) is the lower limit of the HPD interval of length [ for the pos-
terior density 7"(6 | x) and in general depends upon both x and n.

This solution varies with x and so before sampling one requires that (2.33)
should hold on average over all possible samples. Thus we choose n so that

/X { / R (0 | x)d9}f (x)dx =1 —a. (2.34)

(x,n)

3.1.2. Average Length Criterion (ALC)

The essence of the ALC is that the coverage probability 1 —« is fixed and the
HPD interval length varies depending on the data. In this method, which
was first introduced by Joseph et al (1995), for each x € X one must first
find the HPD length I'(x,n) such that

a(x,n)+!'(x,n)
/ 70 | x)df =1 — «, (2.35)

(x,n)

then the sample size is the minimum integer n that satisfies

/Xl’(x, n)f(x)dx <, (2.36)

where [ is the prespecified average length. The left hand side of (2.36) aver-
ages the length of fixed coverage HPD intervals, weighted by the predictive
density f(x).

3.1.3. Worst Outcome Criterion (WOC)

The ACC and ALC are based on averages over all possible samples, but since
inferences are conditional on the observed sample, they lead to coverages and
lengths which are undesirably small or large, respectively, for some samples.
A criterion that recognizes this, was described by Pham—-Gia and Turkkan
(1992) and developed by Joseph et al (1995). A conservative approach is
to ensure a maximum length [ and a minimum coverage probability 1 — «,
regardless of the data X. Thus the sample size is the minimum value of n
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such that

a(x,n)+!
inf / (0 | x)d0 > 1 — a. (2.37)

X€X Ja(x,n)

This rule is known as the worst outcome criterion. (Lindley (1997) opines
that it is not a Bayes rule because it eschews the expected value operation
over the marginal distribution of x.)

3.2. Bayes Factor or Weiss’s Method

The standard Bayesian mechanism for testing two hypotheses is to compute
the posterior probability of either hypothesis given the data, the model, the
study design, and the prior probabilities. However, sometimes prior proba-
bilities for the two hypotheses are not readily available. In this case inference
may be based on the Bayes factor B(0 : 1| x) in favour of H, against H;:

f(x | Hp)

BO:11%) = Sy

where, using Weiss’s (1997) notation,

FOc | Hy) = [ £ 8,765 | Hy)ab,

in which 6; are the parameters under hypothesis H;, j = 0,1, f(x | §;) is the
sampling distribution of X under H; and 7(0; | H;) is the prior under the
hypothesis H;. Since B(0 : 1 | x) is non—negative, it is convenient to take
logarithms and to define

bor =b(0:1]|x)=1log B(0:1]|x).

A positive value of by; means that the data support Hp, and a negative value
means that the data support H;. Kass and Raftery (1995) suggest interpret-
ing by; between 3 and 5 as strong evidence in favour of Hy and by; = 5 as
very strong evidence. Negative values of by; favour H; in a symmetrical way.

Bayesian sample size selection might aim for a reasonable probability that by;
is greater than k or less than —k for a prescribed non—negative k, under H,
and H,, respectively. The type I error may be defined as Pr(by; < k | Hp)
and the type Il error may be Pr(by; > —k | H;). The sample size may be
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chosen to meet constraints on these two errors.

Weiss (1997) suggests another approach and gives a detailed presentation
of Bayes factor use for sample size selection for a normal distribution with
known variance. The basis of his procedure is to find the sample size by
specifying o and (3 and solving the pair of equations

{ PT{bOl > bcut | HO} =1- &, (238)

P?"{bm S bcut l Hl} =1- ﬂa

for given Hy and H,, to determine both the sample size n and the cut—off
point b.,;.

3.3. Methods of moments

The methods addressed above are all well defined in principle but may be
difficult to implement in practice. An approach that may avoid the imple-
mentation difficulties is to use the moments of the posterior distribution of 8
given x and then average over the predictive distribution. Since the posterior
variance provides information on the dispersion of the posterior distribution,
some authors address the sample size problem by setting an upper bound
on the posterior variance (Pham-Gia and Turkkan (1992)). For example De
Groot (1985, p.323) has noticed that in binomial sampling, if the prior den-
sity is uniform (a special case of beta distribution), then it is sufficient to
take n = 22 samples to ensure that the variance of the posterior distribution
is less than or equal to 0.01.

If Vpost denotes the variance of the posterior distribution then a general cri-
terion for sample size determination using the posterior variance is to require
that

Ex{V},ost} S €, (239)

where € (> 0) is a prespecified (known) constant.

3.3.1. Expected Value of Sample Information

In some applications of Bayesian decision theory and quality management,
the value of information (in money or an equivalent) may be considered.
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When quantified, population or sample information can be related to the
mean or variance of the related distribution.

Definition 1: If © # () is the parameter space and A is a non-empty set of
actions (or decisions) available to the statistician then a real valued function
L(6,a) defined as L : © x A — [0, 00) is called the loss due to taking action
a € A when parameter has the value 6.

In Bayesian estimation theory if a is the estimate of # then the loss function
L(6, a) reflects the discrepancy between the value of 6 and its estimate. Nor-
mally L(0,a) > 0 and L(6,6) = 0.

Definition 2: The expected value of perfect information (EV PI) is the
expected loss of the action that is optimal under the current state of infor-
mation, prior to sampling.

As pointed out by Claxton and Posnett (1996), there is a probability that a
decision based on the prior information will be wrong and opportunity losses
will be incurred. The expected loss is the expected cost of the uncertainty
surrounding the decision problem: this is the expected value of perfect infor-
mation.

Definition 3: The expected value of sample information (EVSI(n)), as
a function of sample size n, is the amount that may be paid for the infor-
mation provided by the sample without being worse off in terms of expected
loss than without taking the sample.

The expected benefit of sample information is measured by the reduction
in expected loss.

Definition 4: The expected net gain of sampling (ENGS(n)) is the dif-
ference between EV SI(n) and the sampling cost cn. Thus

ENGS(n) = EVSI(n) — cn. (2.40)

Maximizing ENGS(n), one can find the optimal sample size.

Remark: Under a squared error loss function L(6,a) = k(6 — a)?, where k
is a positive constant

EVPI = kv;rriora

and
EVSI(n) = k(Vprior — E(Vpost)),
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in which V., denotes the variance of the prior distribution.

Following Morris (1968), Pham-Gia and Turkkan (1992) showed that if in
a binomial sampling the parameter under investigation, p, has a beta prior
distribution with parameters o and 3, then the optimal sample size is

k‘(Ol + ﬂ)v;)rior

C

"2 = (a+B)}.

n* = maz{0, |

As long as ENGS(n) is positive, gain outweighs expenses, but the net gain
1s maximized at n*.

Remark: The average loss (with respect to the posterior distribution of
¢ conditional on x) is called posterior expected loss. If a is an unbiased esti-
mator for § and L(6,a) = k(# —a)?, then the posterior expected loss is equal
to kVpest- Its average with respect to the predictive distribution of X is called
integrated risk and denoted by 7(6,a). To find the optimal sample size for
the point estimation of #, sometimes the inequality (6, a) < € is used, which
is another representation of (2.39).

3.4. Fully Bayesian Approach (Decision Theory)

The first fully Bayesian treatment of the sample size problem was set out in
detail by Raiffa and Schlaifer (1961). Their method specifies a utility func-
tion u(n, X, a, §) expressing the benefit of choosing n, obtaining the result x
and taking the action a, when the parameter has the value 6.

Assuming a (prior) density for 6, 7(6), their resolution of the problem (as
recently described by Lindley (1997)) is to proceed in reverse time order,
0, o, x, n, taking expectations of utility over the random quantities 6 and

x, and maximizing over the deterministic quantities a and n. The expected
utility may be written as

max [/xm(?x { /au(n,:z:,a, NHn"(8 | a, x)d@}f(x | n)dx]. (2.41)

They assume that the utility does not depend on x and is additive and linear
in n, so that, for some c,

u(n, x, a,0) = u(a,d) — cn.
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So (2.41) may be written as

max [/xmgx { /0u(a, g)m™ (6 | x)d&}f(x | n)dx — cn|. (2.42)

Note that the choice of a does not influence the opinion of 8, given x and n,
so in (2.42) we have written 7"(6 | x) rather than 7"( | a, x).

This method of sample size determination is called maximization of expected
utility (MEU).

As pointed out by Lindley (1997), on theoretical grounds the use of MEU in
the determination of sample size has everything in its favour. First, it is the
only method that is guaranteed to be coherent: a user of MEU can never be
exposed as making absurd comparisons (technically, comparisons that violate
the axioms). Second, it is accompanied by a well-defined algorithm, set out
in expression (2.42), for its solution. This consists of a series of expectations
and maximizations that can be performed on a computer. Third it is very
flexible, since a wide range of utility functions can be accommodated.

Note that the methods based on the width of the posterior credible interval
are rather different from those based on hypothesis testing — which is the
basic idea in the classic or the frequentist approach. All methods are rather
arbitrary in their choice of criteria unless they are fully Bayesian.

3.5. An Example
In this section we apply the Bayesian rules for sample size determination,

noted above, to a normal distribution, and show how they work for inference
about the mean for both the known and unknown variance cases.

3.5.1. Sample Size Determination for Normal Mean with Known

Variance

Suppose that conditional on # the observations are independently and iden-
tically distributed as N(#,0?) where o2 is known and assume # has a prior
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distribution which is N(u,0?/ng), ng > 0. The posterior distribution of 6
given the sample mean 7, and the predictive (or the unconditional) distri-
bution of X, are, respectively,

NT, + N o? — 1 1
oF )7 XnNN(,ua 02[—+_])'

0|z, ~N
| " ( n + Ny ’n+n0 n o

As Joseph and Bélisle (1997) point out, the ACC, ALC and WOC approaches
all give the same result, for this special case . Let u' denote the posterior
mean of ¢ and specify the HPD interval by |6 — u'| < e. The ACC for this
HPD of length 2e, may be written as

/ Pri0 — 1| < e | Zalf (Z)dEn > 1 — a0

Note that Pr[|0 — u'| < e | Z,] does not depend on Z,, even though ' does.
It follows that the sample size must be such that

®[\/(n +nglefo] >1— /2, (2.43)

where ®(u) = [* \/Lz_we"%tzdt. Solving for n + ng in (2.43) leads to

-0

n+ng > 0z ,/e. (2.44)

This demonstrates clearly the effect of the prior distribution of §. If we as-
sume that the prior information is so uninformative that ny is effectively 0,
then we obtain the classical result (2.2). When no > 02z} , /€’ then strictly
speaking it is unnecessary to take any sample.

Remark: The ACC may be extended to give a rule which is analogous
to the frequentist hypothesis testing rule (2.5). If the two hypotheses are

Ho: p' = pg

Hy: p'= g +e,

then the following equations

/_ {Pr[le - W[ <el|Z, and Ho]}f(fn)dfn =1-a

/_ [Pr{jo — 4| > ¢| %, and H)} f(z.)dz, =1 -
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give
_ 2 2/ 2
n+ng = 0" (za2 + 23)°/€". (2.45)

Following Weiss (1997), let us consider a novel Bayesian version of the hy-
pothesis test
HO . 0= 00

Hli HNN(H()-FB, 02/n0).

As already mentioned, the basis of Weiss’s method is to compute bg;, the
logarithm of the Bayes factor. The sample size n and cut—off point are then
found by solving the pair of equations in (2.38). For finite ny the solution
requires iterative computations. If ng — oo, for which the alternative hy-
pothesis is called precise, then the sample size is

n > 0(zq + 23)%/€ (2.46)

which is very similar to (2.5). If the alternative is vague in the sense that
ng — 0, then the power approaches 1 at all sample sizes. Care needs to be
exercised if ng is set judgementally.

Following Lindley (1997), let us consider a utility function of the form
u(n,x,a,0) =€ — cn, (2.47)

where ¢ = 1 if, conditional on the sample, 0 | T, € [a, a + €] and £ = 0
otherwise. The unit cost of sampling ¢, and the length of interval e are
given. The action a which is the starting point of the interval, is found as
part of the expected utility maximization

max [/xmgx { /Bf (0 | x)d@}f(x | n)dx — cn]. (2.48)

It is obvious that

!

[emr@1xa= [ a0 |0 = o) —a( LK)

o2 o
n+ng n+4+no

To find the maximum of the above expression we use - f o "6 | x)df = 0.
It turns out that a = p’' — e/2 is the optimum act (dec151on) and

ev/n+ng

20

max { /af (8 | x)d@} = 29( ) — 1. (2.49)
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Putting (2.49) in (2.48) and noting that (2.47) does not depend on x, the
optimal sample size is the solution to

max [2 @(6/2':+n0)—1—cn]. (2.50)

n

To find the maximum of the above expression we use differentiation with
respect to n, and set it equal to zero

9 [(I)/(e/Q\/Z + no)] i (n 4 no)—l/Z —c=0.

Hence, the optimal sample size is the solution to

n—+ng = [i ¢{i\/n+n0}]2, (251)
20¢c 20

where ¢(-) denotes the standard normal density function. For sample size
determination in this case of a normal distribution with known variance, the
key point is that the ACC, ALC, and WOC lead to the same result. Lind-
ley’s method is very different mathematically but as pointed out by Adcock
(1997) it may be made equivalent to the ACC by a suitable choice of the unit
cost ¢. It is shown in the following table.

Table 1: Example of sample sizes for normal distribution with
known variance

Rule Sample Size
Frequentist
(formula (2.5)) 71

ACC, ALC, WOC
(formula (2.44)) 33

Fully Bayesian
(formula (2.51))

¢ = 0.001 126
¢ = 0.003 68
c = 0.007 33
c=0.01 22

a=005 0=02n=2e=1,and o = 3.
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3.5.2. Sample Size Determination for Normal Mean with Unknown

Variance

When the variance is known, the results in the previous section show that
there is a close correspondence between sample size determination from the
frequentist, and the Bayesian, standpoints. When the variance is unknown
the differences are greater. In the frequentist approach, it may be necessary
to sample twice, or otherwise to have access to an independent estimate of
o%. In the Bayesian approach the key idea is to consider a prior density for
o2. Joseph and Bélisle (1997) give a comprehensive account of sample size
selection for inference about the mean, and for inference about the difference
between the means of two normal distributions. Following Adcock (1988),
let us assume that o2 is unknown but the quantity wo?/o? is distributed as
X(zw), w > 0; this being the standard form of prior distribution for variance.
As above, the tolerance interval is | —p'| < e, which is also the HPD interval.
The ACC sample size satisfies

n+ng > optap(w)/e. (2.52)

This is very similar to Stein’s (1945) rule with ny — 1 = w and o replaced
by S2. Joseph and Bélisle (1997) describe analogous ALC and WOC rules.

For the utility defined by equation (2.47) we obtain

2
n+ng = [8/2 fw{%\/n—l-ng}/aocJ : (2.53)
0

where f,(-) is the density of the Student t-distribution with w degrees of
freedom, and c is the unit cost of sampling. The methods of Bayes factors
may also be used but is more complicated to implement because of the form
of the marginal distributions f(Z, | Ho) and f(Z, | Hy).

O

Other contributions related to Bayesian sample size determination include

Goldstein (1981), Berger (1985), Gould (1993), Hutton and Owens (1993),
Stallard (1998), Pezeshk and Gittins (1999) and Gittins and Pezeshk (2000).
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Chapter 3

A Simplified Introductory
Model

1. Introduction and An Executive Summary

In this chapter we discuss optimal sample size for the case where the number
of subsequent users of the new treatment is a linear function of the pos-
terior expectation of the difference § between the performance of the two
treatments. We return to the fully Bayesian analysis of Raiffa and Schlaifer
(1961), with the modification that instead of a utility-maximising terminal
decision a plausible model is assumed for the way patients and their medical
advisers respond to the evidence from a trial. Our assumptions are somewhat
oversimplified, the aims being to show that the approach is computationally
tractable and gives sensible answers.

We suppose that the cost of a trial is a known function of its size, and the
benefit per patient of using the new treatment is a known function of §. This
is assumed to be expressed in monetary terms so that the cost of trial may be
directly offset against it. The optimal sample size is obtained by maximizing
expected net benefit. This is the total benefit from the resulting change in
the number of patients using the new treatment minus the cost of trial. Not
surprisingly it turns out that the optimal sample size increases when the prior
uncertainty about ¢ increases, and decreases when the cost/benefit ratio of
using the new treatment increases.

We give a Bayesian solution to a simplified model for sample size deter-

mination in a clinical trial, where the data are from a normal distribution
with unknown mean 6 (this might be the performance parameter of the new
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treatment), and known variance o2. A normal prior distribution is assumed
to describe our prior knowledge about 8. The objective function is based on
the number of subsequent users of the new treatment, the expected benefit
of using the new treatment, and the cost of conducting the trial.

In section 2 we state our sample size problem and introduce the notation.
As a check on the consistency of our calculations, we solve the problem for
the trivial case for which the number of subsequent users does not depend
on the outcome of the trial.

In section 3 we provide an exact solution for the problem in the case where
the number of subsequent users is proportional to the number of standard
deviations by which the posterior mean of § exceeds the performance of the
current treatment. An explicit expression is obtained for the expected net
benefit of the trial, and for the maximizing sample size. The limitations of
the model, such as the problem caused by assuming an unbounded linear
increasing function representing the number of subsequent users of the new
treatment, are also discussed in this section. It should be noted that, because
of the above assumption, the model introduced in this chapter is unrealistic
but it is discussed because it leads to an analytical solution.

2. Sample Size Problem

Suppose X1,Xs, - -- are i.i.d. observations from N (6, 0?) where ¢? is known
from previous experience, or else can be estimated from the results them-
selves with sufficient precision so that errors of estimation of ¢2 can be ig-
nored, and 6 is unknown. We can think of § as the performance parameter of
a new treatment and 6y (known) as the performance parameter of the treat-
ment in current use. We assume that for every patient treated by the new
treatment, there is a benefit b(6—6), where b (> 0) is known. Let C(n) = ¢n
be the cost of doing an experiment on a sample of size n. To formulate our
prior knowledge about 6 let us suppose a prior density function for § = 6 — 4,
which is N(p,7%). If 4 is the expectation of the posterior density of & after
doing the experiment, then the function, m(y’) is the number of subsequent
users of the new treatment. The question is what sample size maximizes the
expected net benefit?

The objective function is the total benefit from the resulting change in the
number of patients using the treatment minus the cost of the trial. Putting
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Z; = X;—0y,1=1,2, ..., the objective (or the expected net benefit) function
can be written as

r(n) = / / (i (7)) (B0)dII" (817 f (Za)dZn — cn (3.1)

where I1"(§|z,,) is the posterior distribution of §, given the sufficient statistic
Zn- We are looking for n* which maximizes r(n).

It is well known that if 2|6 ~ N(6,0%) and 6§ ~ N(u,7%) then §|z ~

N(511 77[)12) where ’(p12 = T_—%a——z and 51 = ’lp12('7% + ;—22) Soif Z = (Zl, Zg, Tt
, Zn) is the vector of sample observations then |z, ~ N(u'(Zn), 7'?) where
'(2,) = o’u+ nr?z, i _ o272
Plon) = = T2 o2 4 nr?

By calculating the inner integral in (3.1) we arrive at the following represen-
tation of r(n):

) = [ Ea)) b (20)) o) — e, (3.2)

Zn

It is straightforward to show that Z, ~ N(u, "Tzn—*"’z) It thus follows from
(3.2) that

= [ m(W(z.))b'(Z on K ~ _dz,—cn. (3.
)= [ m e ) oy [ e 9

To check the consistency of the above result with a trivial case for which
the solution is known, suppose the number of subsequent users of the new
treatment does not depend on the outcome of the trial, so we may write
m(u'(Z,)) = m'. Equation (3.3) now becomes:

= [ itz T e

r(n) = m'bE(W(Z,)) — en,

or

or
r(n) = m'bu — cn.

So the expected net benefit is a decreasing function of n and the optimal value
of n is zero, as we might have expected. In general m(u') is not constant. In
section 3 we consider it as a linear increasing function of '.

43



3. A Bayesian Solution

As noted in section 3 of the previous chapter, in the fully Bayesian framework
the optimal sample size may be found by maximizing the expected total
benefit of conducting the trial minus its cost.

3.1. Maximizing the Expected Net Benefit

Throughout we assume that the number of subsequent users of the new
treatment depends upon the posterior distribution of §. For example suppose
that

w (En)
7—/

m(i'(Zn)) = ku( ) + k2, (3.4)

where k1(> 0) and k(> 0) are known.

A high value of k; corresponds to a large number of potential users. The
constant ko has no influence on the size of the trial, as it represents a fixed
benefit, independent of the outcome. We shall see that the optimum sample
size depends only upon ;% (a kind of cost/benefit ratio), - (a measure of prior
uncertainty), and £ (a location parameter), which we denote by C, T, and D.

Theorem: If the number of subsequent users of the new treatment is given
by (3.4) then the optimal sample size for the problem of section 2 with the
scaled variable £ in place of b, is

o= [for BT e}

+{o- \/(D2 ;7T2)3 N 02}1/3] S

Proof: The objective function may be written as

(3.5)

)= [ ) ) iz e, (3

T o

or

aa+nnTT?n 9 9o _ —
r(n) =, 5 () () f (Ba)dz
e

2 2=
+fzn %(%)f(?n)d‘z‘n — cn.
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It can be shown that the above expression becomes

kib T2 o kob
r(n) = —== | [+ 7@ — W/ (Z)dz + —n—cn.
o g°T Zn "y +T7 o
o24nt?

After some calculations we arrive at the following expression:

kib T2 o2 kob

—‘;—;—[M2+( )2(—+72)]+—5‘N—Cn-
RV

r(n) = ——
2
T
This can be written as

r(n) = k(T2 + n)Y?[D? + nT*(T72 + n) "} + kebD — cn. (3.7)

To find the maximum of r(n) we suppose n > 0 is a continuous variable and

set % = (0. Thus we have
d’;i(:) = kyb[1/2(T72 + n)"VH(D? + nT*(T™%2 4 n)™)

+ (T2 4+ )2 THT 24+ n)" —nT*(T2+n)"?) - C]=0.

Writing H = (T2 4 n)~%/2 it follows that

dr(n)
dn

=0<= H’+ (D*+T?*H -2C =0. (3.8)

To solve this equation we use the standard method for solving the cubic
equation z3 + bx? + cx + d = 0. Define

b c (D? + T?) d fe
:—:O _ - — 2:— = — 3.__.__:__

(D2 + T2)3

= g3+ h? =
1= 27

+ (=C)?

Since j > 0 the equation has one real root. The real root H* of the equation
can be found as follows
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Let k = /7, 1, = (=h + k)3, and I, = (—h — k)}/3. Then the real root
of the equation is equal to I; + l,. Thus

o ={c+ \/(D2 T ep) P {o- \/(m P 4 o}

27 27
Since
dr(n) . LdH ., o dH. kb
7 = (3H . +(D*+T )%)(—2—)
= {3m2 (= 1/2(T 2 +n)™2) + (D* + T - 1/2T 7% + ) 7*2) }(%g)
<0,

this turning point gives the maximum value of 7(n). We now have n* =
H*2 —T-2. Tt should be noted here that the optimal sample size, n*, is pos-
itive if d:i(:) ln=0> 0. Putting n = 0in (3.8) it follows that C < T(D?/2+T?).
So if the cost of sampling is greater than T'(D?/2 + T?) it is not worth doing

any trial and n* = 0.

50-/_\
0

-50¢%

R(n)

-100t

-150t

0 50 100 150 2(‘)0

Number of Observations

Figure 3.1: Expected net benefit when D =2, T'=5, and C = 3.

Figures 3.1 and 3.2 illustrate the variation of the scaled objective function

R(n) = ’k(lnb) — Z—";D. The optimal size of trial n* for the case shown by figure

3.1 is 23 and for that shown by figure 3.2 is 211.
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Figure 3.2: Expected net benefit when D =2, T =5, and C = 1.

Figure 3.3 illustrates the variation of the logarithm of the optimal sample
size n* as a function of 7' and C. The optimal sample size increases when
prior uncertainty of ¢ increases and decreases when the cost/benefit ratio
of using the new treatment increases. In this example we assume that the
benefit of using the new treatment is by’ and D the measure of our prior
expectation of the superiority of the new treatment is equal to two.
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Proof: The objective function may be written as

r(n) = /_ [kl('u,f")) + ko) b f(Z,)dZ, — cn, (3.9)

or

0202_:7:17;‘22271 — — — —
r(n) = klb(—ﬁ)f(zn)dzn + kgbf(zn)dzn — Cn.
o P o

After some calculations it turns out that

R AR

Putting, once again, R(n) = "k(lnb) — %(g), and using the same notation as in

(3.5), this gives

R(n) = (T2 +n)Y2D - Cn. (3.10)

It is straightforward to show that the value of n which maximizes the above
objective function is given by

n* = (%)2 _ -2 (3.11)

It should be noted that if C' > %DT, it 1s not worth doing any trial and
n* = 0.

Figure 3.4 illustrates the variation of the scaled objective function for the
case where the benefit of using the new treatment is written from the stand-
point of the pharmaceutical company conducting the trial. The optimal
sample size for this example is n* = 99.
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Figure 3.4: Expected net benefit when D =1, T =1, and C = 0.05.

3.2. The Parameters Determining Optimal Sample Size

From the equations (3.5) and (3.11) it is clear that the optimal value n*
of n depends only on the parameters C, T\, D. These, we recall, have the
following interpretations;

C is a cost/benefit ratio,
T is a measure of our prior ignorance of p,

D is a measure of our prior expectation of the superiority of the new
treatment.

Calculations show that n* is a decreasing function of C' and an increasing
function of both 7" and D.

Figures 3.5 and 3.6 refer to the solution (3.5). The optimal sample size,
n*, is a decreasing function of C (figure 3.5) and an increasing function of T
(figure 3.6).
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Figure 3.5: Optimal sample size, n*, as a function of cost/benefit ratio, C:
clearly n* is a decreasing function of C; T = 3.
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Figure 3.6: Optimal sample size, n*, as a function of the parameter of un-
certainty T; C = 1.

That n* should decrease as the cost/benefit ratio increases (figure 3.5), and

that it should increase as the prior ignorance increases (figure 3.6), is just

what common sense suggests. That it should also be large when we expect

the new treatment to be much better than the current one at first looks odd.

In that case why do we need a trial at all? The reason for this is the fac-

tor “—I(T-E,"—) in the objective function (3.6). For instance, if it turns out that
1

£ = 6 and we choose the sample size big enough to ensure that 7' = 57,

T g—
then E(@) becomes approximately 12, with a consequent increase in the
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objective function, 7(n). On the other hand a smaller value of £ leads to a
smaller increase in 7(n), and consequently a smaller value of n*.
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Chapter 4

A Behavioural Bayes Approach
to the Sample Size Question;
Normal Distribution, Known
Variance

In this chapter the determination of the optimal sample size of a clinical trial
is considered when the number of subsequent users of the new treatment is a
function both of the magnitude of the apparent difference between the per-
formance of the new treatment and that of the treatment in current use and
of the statistical significance of the difference. A general model is introduced
with different features which allow for various contingencies.

1. Introduction

The determination of the optimal sample size of a clinical trial is consid-
ered when the number of subsequent users of a new treatment is a function
of both the magnitude of the apparent difference between the performance
of the new treatment and that of the treatment in current use and of the
statistical significance of the difference. An objective function is proposed
consisting of the total benefit from the resulting change in the number of
patients using the new treatment minus the cost of the trial. From this the
optimal sample size may be calculated. The model has features which allow
for the following contingencies: a cost difference between the two treatments;
a payoff function defined either from the public health or from a drug com-
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pany standpoint; the performance of the existing treatment may be either
known or unknown; varying degrees of severity of the condition to be treated;
and a set—up cost for conducting the trial.

We consider a fully Bayesian approach to sample size determination in which
the number of subsequent users of the therapy under investigation, and hence
also the total benefit resulting from the trial, depend on the strength of the
evidence provided by the trial.

A detailed description of the function representing the number of subsequent
users of the new treatment is given in section 2.

In section 3 we state the sample size problem and introduce a general model
which incorporates the above mentioned features. Both public health and
drug company oriented benefit functions are used.

Section 4 defines the function representing the number of subsequent users of
the new treatment. Various cases which may be handled within the general
model framework are discussed in section 5.

Sections 6 and 7 present a detailed discussion for the problem when there is
a regulator whose approval of a licence for the new treatment is necessary.

In section 8 the general model is applied to two recent trials which were
carried out by a pharmaceutical company. These are trials 1 and 2 of those
6 trials described in chapter 1.

We assume throughout this chapter that the observed effect is normally dis-
tributed with a known variance. Although the known variance assumption
is often a realistic assumption but it is relaxed in the next chapter.

2. The Number of Subsequent Users of the
New Treatment

The number of subsequent users of the new treatment will not be high, unless
it is, in the statistical sense, significantly better than the existing one. There
must also be a reasonable expectation that the new treatment achieves a
sufficiently large improvement to justify a switch.

54



For the moment we ignore the question of statistical significance and just
deal with the difference § between the performances, on some appropriate
scale, of the new treatment and of the existing treatment. Let AC = ex-
pected cost of new treatment — expected cost of old treatment. First suppose
AC = 0. It is reasonable to suppose that m, the number of subsequent users,
depends on ¢ as shown below.

av
E . 0

A B -

Figure 4.1: Number of subsequent users of the new treatment when AC = 0.

Here M is the expected total number of users when AC = 0, given a sub-
stantial improvement in performance. The above function implies that if the
amount of improvement is less than a certain value A, then nobody switches
to the new treatment; if it is between A and another higher value B then
some patients switch to the new treatment; and if it is higher than B then
all the patients switch to the new treatment.

Now suppose AC > 0. The function representing the number of subsequent
users will be of the form shown below.

my

A B

Figure 4.2: Number of subsequent users of the new treatment when AC > 0.
For some people the cost makes no difference to usage, so A is unchanged. For

some others the extra cost is prohibitive, so the maximum expected number
of subsequent users M is decreased. For others the extra cost means that a
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higher apparent improvement in performance is needed than when AC = 0,
so B is increased.

Finally, suppose AC' < 0. The number of subsequent users will be a function
of the form shown below.

Figure 4.3: Number of subsequent users of the new treatment when AC < 0.

Compared to the case where AC = 0, now B is unchanged, M is increased
and, because some additional patients can now afford to use the new treat-
ment, A is decreased (A could be negative).

The above discussion assumes that the actual amount of improvement in per-
formance is known. It may be extended to the case where there is uncertainty
about the amount of improvement. It is sufficient to shift the above men-
tioned functions 127/ or 27’ to the right, where 7' is the standard deviation
of the posterior distribution of the unknown parameter §. This corresponds
to assuming that individuals are prepared to switch to the new treatment
provided that the probability of the difference between the two treatments
exceeding their personal threshold difference is at least some minimum value.
Figure 4.4 sets out in graphical terms, where 4 is the posterior mean of 4.

7

A+ 157 B+ 157

Figure 4.4: Number of subsequent users,
Thus
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0 u < A+ 1.57
m=4{ s —A-15r" A+157 <y < B+ 1.57 (4.1)
M B+ 1.57" < p.

We may also note how A and B may be expected to depend on the severity
of the condition being treated. For an increasingly severe condition A and B
both decrease and approach zero, for AC = 0. Also the dependence of m on
AC is less marked for a severe condition than for a more mild condition. We
assume that some of the patients are prepared to switch to the new treatment
if the actual amount of improvement § is greater than 0.8y and if § > 1.2u
then all of them switch to the new treatment.

3. A General Model

Our discussion starts by considering paired comparison of normally dis-
tributed data. This is simply for convenience. As we shall see in section
5 the resulting methodology applies without these restrictions.

Suppose that the X;’s are the clinical outcomes on some appropriate scale
for patients using the new treatment and the Y;’s are those for patients us-
ing another (current) treatment. Assume that Z; = X; - Y; (1 = 1,2,...)
has a normal density which is N(§,0?), and let us formulate our previous
knowledge about ¢ by assuming a prior density for it which is N(u,72). The
random variable 1 Z?zl Z; will be written as Z,,, and Z,, denotes the value
which it takes. Under our assumptions of normality with known variance, Z,
is a sufficient statistic for the parameter 6. Let m be the number of subse-
quent users of the new treatment.

For every patient who goes on to use the new treatment as a result of the
trial there is a benefit. The objective (or expected net benefit) function r(n),
for a trial with n patients on each treatment, is the total expected benefit
from the resulting change in the number of patients using the new treatment
minus the cost of trial. The BeBay program is based on a benefit per patient
of b16 + by (by > 0). The discussion throughout this dissertation is based
on the two extreme cases by = 0 and b, = 0. The expected benefit is in
general the sum of these two components. The case b, = 0 might corre-
spond in aggregate to a public health benefit, while the second case b; = 0
might be more appropriate for a drug company, the total benefit in this case
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depending on the number of patients using the new treatment but not on
its performance. It will be convenient to refer to the two extreme cases as
the public health and commercial cases, oversimplified as this undoubtedly is.

Let the cost of carrying out a trial with n pairs of patients be cn + d if
n >0, and 0 if n = 0. Thus d is a set-up cost. The question is how large
should the trial be? We can proceed to calculate the optimal trial size n* as
though d = 0, and then compare the values of r(n) and 7(0) to see whether
a trial should be done. To simplify our discussion we shall assume from now
on that d = 0.

The model, which will be described in 3.1 and 3.2, is stated for normally
distributed data but it is much more widely applicable as we shall see in
section 5.

We shall now proceed to write our objective function for these two extreme
cases of benefit function in turn, and give some numerical examples.

3.1. Public Health Benefit Function

The benefit per patient of using the new treatment is assumed to be b;9
which is measured in the cost units. For the sake of notation let us assume
by = 2 (b > 0). The objective (ie expected net benefit) function, which
is proposed, consisting of the total benefit from the resulting change in the
number of patients using the new treatment minus the cost, can be written
as

b0 "6z A —cn
r(n) :/En/(sm(;)dﬂ (612.) £ (Z2)dZs — cn. (4.2)

Here I1"(§|z,) is the posterior distribution of the unknown parameter § given
Z,. This is N(p'(Z,), 7'%), where

2 25 2,2
'u,(zn)___a,u%—m' zn’ 7_,2: o°T .
o2 + nr? 0% + nr?
Thus (4.2) can be written as
bu'(Zy,
r(n) = / m-t & )f(in)din — cn, (4.3)
Zn o
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where f(Z,) is the predictive density of Z,. Since § ~ N (,u,_TQ), Zp =06~
N(0,0%/n), and § and Z,, —§ are independent, it follows that Z, ~ N(u, 72+
a?/n).

It is convenient to express the problem in terms of the scaled variables

Rn) =" C =6 D=" and T =Z Now we show that R(n) de-

pends on ¢, M, b, u, 7, and o as a function of the three ratios C, D, and T.

Let the number of subsequent users of the new treatment be of the form
shown in figure 4.4. It is convenient to work with Ao and Bo in places of
A and B in (4.1). This change of variable makes a considerable reduction
in number of parameters appeared in the objective function and from now
on through this chapter we work with them. Thus equation (4.3) may be
written as

« (“Cn)y 2 Vaz (4.4)

where H,(A,n) and H,(B,n) can be found from A + 1.5%' < —“I(f")
< B+1.5Z,

olA+15Z)(0% + n7?) — o%p

Hl (A, n) = n7’2 ’
o[B + 1.5Z)(0® + n7?) — o%p
HQ(B, n) = ) .
Writing u = 7"2—_"2 we find after some calculations that
U_+7-

n
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1 h2(B.n) 1 1,2
R(n) = / [D 4+ VnT(T™% 4+ n) V) ——e 2% du
h

B-A 1(A,n) V2T
A h2(B,n) \/_ 0 1/2 1 w
- — D+ /nT(T7*+n)""“ul—e 2" du
B-A h1(An) [ ( ) ] V2
l hz(B,n)
— 1.5(T7% +n)~/? / [D + VAT(T? + n)~"2y] (45)
B-A h1(A,n)
X Le_%“?alu

V2m

1 1,2
+ D+ /nT(T7? + n)"V2u|——e™2% du — Ch,
/h [ vnT( n) u]me u n

2(B,n)
where
hy(A,n) = [A+1.5(T~% +n)"'/? — D|(T2 4 n)'/?
I T\/’]_’L- b}
ho(B.m) = [B+ 1.5(T~% +n)"2 - D|(T2 + n)1/2.

Tm

Numerical calculations show that in all cases R(n) has a unique maximum
as a function of n. Figures 4.5 and 4.6 illustrate the variation of the scaled

Expected Net Benefit Function

-

012t
01}
0.08 }
S 006}
0.04}

002}

0 10 20 30 40 50

Number of Observations

Figure 4.5: Expected benefit when D =1, T =1, C = 0.001, and (A4, B) =
(1,1.5); public health benefit function.
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objective function. The optimal size of trial n* for the case shown by figure
4.5 1s 9 and for that shown by figure 4.6 is 18.

Expected Net Benefit Function

0.025} [-\
0

-0.025}

R(n)

-0.05¢1

-0.075 |

-01F

0 50 100 150 200
Number of Observations

Figure 4.6: Expected net benefit when D = 1, T = 1, C = 0.001, and
(A, B) = (2,2.5); public health benefit function.

3.2. Commercial Benefit Function

For each patient using the new treatment we assume there is a benefit by = b
(b > 0) independent of 6. Thus

r(n) :/_ mbf(Z,)dz, — cn. (4.6)

As before scaled variables R(n), C, D, and T may be defined. Again C = %,
though the meaning of b is now different. We now show that R(n) depends
onc, M, b, u, 7 and o as a function of the three ratios C, D, and T.

With m as in equation (4.1) we have

H3(B,n) 1 ,u/(z ) !
= = — A - 1.5—]f(Z,)dZ,
Rm=0+ [ gl "1 (E)dz

+ /00 f(z,)dz, — Cn,

H(B,n)
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where Hy(A,n) and Hy(B,n) are as in (4.4).

Proceeding as in (4.5) it may be shown that

1 h2(B;n) 1 1,2
R(n) = ~2 ~1/2 ~ly
()= 5= /h oy DRI ) ) et

A ha(B.n) 1 1,2
“B-4 VAl
raldm) VR (4.7)

hz(B,n) 1

1.5(T72 + n)'1/2/
B-A hi(An) V2T

o 1 1,2
-l-/ —e 2% du — Chn,
h2(B>n) 27r

where hi(A, n) and ho(B,n) are as in (4.5). Again, R(n) has a unique max-
imum as a function of n.

Expected Net Benefit Function

b Ib 20 30 40 50

Number of Observations

Figure 4.7: Expected net benefit when D = 1, T = 1, C = 0.001, and
(A, B) = (2,2.5); commercial benefit function.
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Figure 4.7 illustrates the variation of the scaled objective function. The
optimal size of trial n* for the case shown by this figure is 10.

4. Distribution of the Number of Subsequent
Users of the New Treatment

Before stating a lemma, to obtain the distribution function of m consider the
case where prior knowledge about 4, the difference between the performance
of the new treatment and that of the treatment in current use (or control
treatment), is such that y < A. Thus if we decide not to conduct a trial the
expected benefit, and hence the expected net benefit, is zero:

If the number of observations n is zero, then cn = 0 and the posterior mean
and variance for ¢ are in fact the prior mean and prior variance. The function
representing the number of subsequent users of the new treatment now is as
in figure 4.8.

m

A

M}

Y
=

A+157 B+1.57

Figure 4.8: Number of subsequent users when n = 0.
Since 4 < A implies ¢ < A + 1.57, the number of subsequent users of
the new treatment m, and hence the expected benefit from the trial, is zero.
Thus the objective function, which is the benefit resulting from subsequent

use of the new treatment minus the cost of the trial, is zero.

It should be noted that if 4 < A but the uncertainty parameter 7 is large it
may well be worth conducting a trial.

In this section and in sections 6 and 7 our discussion is in terms of the
scaled parameter defined in section 3.

Lemma: The prior distribution function of the number m of subsequent
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users of the new treatment 1s
(0 y <0

@([%(B —A)+ A+1.5(T2+n)"12 = D]

Fm(y) = 9 T—2 4 p)1/2
XLTT/;—}L) OSy<M
w M <uy.
(4.8)

Proof: If 0 < y < M then as shown by figure 4.9 we can write

Fn(y) = Pr(m < y)

()
2 < Z(B - A)+A+157‘/a}

T B+ 15T o
L(B-A)+ A+ 1570

A+ 15T

Figure 4.9: Number of subsequent users.
This may be written as

Ln— b
Pr{—————
[o24nT2
- [L(B—A)+A+15(T"2+n)"Y2 - D|(T2 + n)1/2}
< T

)

or

T2 + n)l/z)’

Fo(y) = @([%(B —A)+ A+ 1.5(T724n)"V2 - D]( T
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0<y< M.
Note that

P(m=0) = P,{“’f") <A+ 1.57’/0}

(T2 + n)l/z}

Zn—
:P,{—“<[A+1.5(T-2+n)—1/2—1)] N
n

o2+4nt?
n

= q)(hl (A7 n)),

and similarly

Zn— i > hg(B,n)} =1— ®(ha(B,n)).

o24nT1?
n

Po(m = M) = P,{

o
Remark: The prior density function of m is of the form
( P.(m =1y) = ®(hi(A,n)) y=0
o qb([%(B—A) + A+ 15(T2+n)"Y2 - D)
m(Y) = < _
< T ;—\l-/%)l/z>1\f;\,/47_l(T_2+n)l/2 O<y<M
| P.(m=y)=1- ®(hy(B,n)) y = M.
(4.9)

Using the above density one can find the expected number F(m) of subse-
quent users of the new treatment.

Figure 4.10 illustrates the variation of E(m) as a function of n. For this
example it is assumed that (A,B) = (0.836,1.254), p = 448 = 1.045,
T = 0.5225, and the maximum number M of potential subsequent users

of the new treatment is 10000.
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Expected Number of Subsequent Users (M=10000)

4800 |
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Figure 4.10: Expected number of subsequent users as a function of n.

As shown by the graph it is a bounded and increasing function with the upper
bound of M/2 = 5000. For this example we have

lim E(m) = M—

n—00 92

5. Range of Application

Our general model was formulated on the assumption of normally distributed
effects with a known variance. Here we show that, by using the central limit
theorem (CLT) to justify the assumption of normality, the same analysis
may be applied in a wide variety of other situations. In each case the prior
and posterior density for §, and the predictive density for Z,, take the same
forms as in section 3, as do the calculations leading to the optimal size of the
trial.

For most trials there are control groups rather than paired comparisons.
A control group may be an untreated group or a group receiving an active
treatment or a placebo. The need to increase the number of patients who
have received a new treatment prior to marketing approval, combined with
the need to study these high numbers in a limited time, and the need to have
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a reliable estimate of performance of the new treatment in various situations,
for instance in different hospitals, means that many trials, in particular in
phase III, are carried out at more than one centre. To avoid or control the
bias in the results of a multi-centre trial there are usually control groups
at each centre. We shall see how the general model deals with sample size
determination for such trials in different situations.

It should be noted here that if the control group is decided not to be the
same size as the actively treated group we can still apply our methodology
for determining the optimal sizes of each of them by considering the different
prior information and using our approach twice; once on the treatment group
and once on the control group.

Our model can be used for a clinical trial comparing two treatments for
a disease with a binary outcome, loosely termed success and failure.

Sometimes a patient response takes the form of a count: the number of times
an event occurs during a specified period of time. For instance the number of
angina attacks during the month following treatment. Usually the events are
undesirable and the experimental treatment is intended to lower the event
rate. Our model can deal with this situation assuming that the count has a
Poisson distribution.

Note that in the following cases X;’s and Y;’s are, respectively, the clinical
outcomes for patients using the new treatment and for the existing (control)
treatment. It follows from the central limit theorem that strict normality is
not required for the first three cases.

Normal data, paired comparisons
For this case, which was discussed in section 3, we can assume that X;|§; ~
N(&, 2, Yil& ~ N(& —6,¢6%). Thus Z; = X; =Y, ~ N(8,2¢?), and
Zn ~ N(6,02/n), where 0% = 2¢°.

Normal data, treated group and (same size) control group, but unpaired

For this case let X;|& ~ N(&,4%), & ~ N(0 +6,0%), Xn = n7' Y} X,
Yilv; ~ N(v;, ¢%), vi ~ N(0,0%), and Y, = n 13" Y;. Thus X, ~ N+
8, (62 + p2)/n), Y ~ N(0,(¢* + p*)/n), and Z, = X, — Y, ~ N(6,0%/n),
where o2 = 2(¢? + p?).

Normal data, known mean performance 0y for existing treatment
Let X1, X, ... be the clinical outcomes for patients using the new treatment
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i_n the trial and Zz = Xz - 00. If Xz ~ N(H, 0'2) then Zz ~ N(d, 0'2), and
Zn ~ N(6,02/n).

Binary data, paired comparisons

Let p(X; = 1|p;) = pi, p(Y; = 1|p;) = p; — 8, p; be close to some central value
p with hlgh probability, and § << p with high probability. Thus, to a good
approximation, Z; = X; —Y; has mean § and variance 2p(1 — p), and for
moderately large n, by the CLT, Z,, ~ N(§,0%/n), where 0% = 2p(1 — p).

Binary data, treated group and (same sz'zel control group, but unpaired
Let p(X; = llpz) =pi, pi ~ N(0+6,0%), Xp = n7' 3 X5, p(Ys = 1g) = ¢,

o~ N(0 p?), Y, =n"1 > Y;, 6 be close to some central value p with high
probability, 0 and p both be << p.
Using the CLT it follows that, to a good approximation, Xn n ~ N(9+6, (p(1—

p) +p*)/n), Yo ~ N8, (p(1 —p) + p*)/n) and Z, = X, = Y, ~ N(6,0%/n),
where 0% = 2p(1 — p) + 2p°.

Poisson data, paired comparisons

Let X;|\i ~ Poi();), Y|\ ~ Poi(\; + 6), A; be close to some central value
A with high probability and § << A with high probability. Thus, to a good
approximation, Z; = Y; — X; has mean § and variance 2\, and for large n,
by the CLT, Z, =Y, — X, ~ N(6,0%/n), where 0% = 2.

Poisson data, treated group and (same size) control group, but unpaired

Let Xil/\il ~ POi(/\il), )‘il ~ N(H, p2), yn = n‘l ZX“ KI/\,Q ~ PO’i(/\ig),
Mz~ N +6,0%),Y,=n"13Y; 0 be close to some specified value A with
high probability, and § and p both be << A. Using the CLT it follows that, to
a good approximation X, ~ N (6, (A+p )/n) and Y, ~ N(0+6, (A +p?)/n).
Thus Z, =Y, — X, ~ N(6,0%/n), where 0% = 2) 4 2p%.

Survival analysis, proportional hazards, treated group and (same size) control
group, unpaired

Binary responses defined for a clinical trial usually concern the occurrence of
an event within a specified time. A survival analysis seeks greater power by
using the time from allocation to treatment until some event as the patient
response. This time is referred to as the patient’s survival time. It is assumed
that the event under consideration is undesirable, such as death.

Let hx(t) and hy(t), be the hazard rates for a treated patient, and for a
control-group patient, at time ¢ after admission to the trial. Let log{+ h"(t) }
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0, which is assumed to be independent of t. Let t;, t,..., tx be the times at
which the numbers of events in the two groups are observed; these could be
the occurrence times of every event, or occur at less frequent intervals. At
each observation time we can construct a 2x2 contingency table for surviving
patients at risk since the last observation time, recording treatment/control
and event/no event. Let o; be the number of new observed events in the
control group at #;, and e; the expected number assuming § = 0. Let n be
the total number of events up to time ;. Let Z, =43 (0; — ¢;)/n.

It may be shown (see, for example, Spiegelhalter et al (1994)) that Z,, is
approximately distributed as N(d,0%/n), where 02 = 4. The approximation
is good for n large enough for convergence to normality, but small compared
with the original group sizes.

Further applications to, for example, binary data with § defined as a dif-
ference in log odds, Poisson data with ¢ defined as the log of the ratio of
Poisson rates, or to ordinal data, are straightforward. Most of the necessary
theory is given by Whitehead (1997).

6. Registration of the New Treatment

One of the key events in drug development and production is the registra-
tion of the new drug (treatment) for gaining a licence for marketing purposes.

It has already been mentioned that our methodology differs from the usual
Bayesian procedure, by recognizing the existence of two decision makers,
namely: the pharmaceutical company conducting the trial, which decides on
its size; and the public at large, who determine ultimate usage. We now show
that it is straightforward to include a regulator as another decision—maker,
whose approval is necessary for the treatment to be licenced.

Clearly if the new treatment under consideration is not approved by the
regulatory authorities it will not be used at all. Apart from the safety of
the new treatment, we assume that the regulatory authorities require statis-
tically significant evidence that its performance level exceeds some minimum.

In the following sections we shall show how the problem of registration of the
new treatment may be handled with our model.
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Let us assume that the new treatment will be approved if and only if 4’ >
L + 1.57" where L is the minimum amount of improvement required by the
regulatory authorities. For the consistency of the notations we work with
Lo in place of L (see (4.4)). Thus the condition may now be written as
pjo>L+157"/0.

Initially, and for the sake of simplicity, we suppose that the regulator’s prior
distribution is the same as the prior distribution for the company.

6.1. Public Health Benefit Function

For the public health benefit function, with the benefit of using the new
treatment proportional to J, one of the three following cases must occur.

Casel. L<A<B

In this case the regulator’s decision whether or not to grant a licence has
no influence on the number of users. This is because the licence is granted
for all those outcomes for which the number of users would have been posi-
tive with no intervention by the regulator.

The function representing the number of subsequent users of the new treat-
ment is unchanged and is of the form shown below

L+15Z A+157 B+ 157 o

Figure 4.11: Number of subsequent users when L < A < B.

Obviously for this case the sample size problem is unchanged and the aim is
still to find n* which maximizes (4.5).

Case 2. A< L< B

This means that the minimum amount of improvement in performance re-
quired by the regulator to grant a licence is bigger than the one needed to
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persuade some potential users to switch to the new treatment.

The function for the number of subsequent users of the new treatment is
of the form shown below.

ml
M-

. a | Kz)
A+15T L+15 B+15T o

Figure 4.12: Number of subsequent users when A < L < B.

There are no subsequent users unless an approval is granted, in which case
there are users, the minimum positive number being B—A_/[A(L — A).

For this case the problem is changed and the aim is to find n* which maxi-
mizes the following objective function

1 ha(B:n) 1 1,2
= D T(T* + n) uf——e"2"d
R(n) B—A/hl(L,n) D+ VRT(T 4 0) et

A h2(B’n) \/—- 2 1/2 1 1,2
_ D4 /nT(T™*+4+n)"""“ul——e" 2" du
x| (T2 4 n) /2] =
1 hz(B,n)
— 1.5(T72% +n)~/? / [D + /T (T72 + n)~V2]
B-A hi(L,n)
X L e~2% du

2m
o 1 1,2
+ / D + /0T (T2 + n)Y2y]——e"2* du — Cn.

hz(B,n)[ V2T
(4.10)

Case3. A< B<L
In this case the minimum amount of improvement in performance required

by the regulator to grant a licence to the new treatment is more than enough
to persuade all potential users to switch to it.
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The function representing the number of subsequent users of the new treat-
ment now has the form shown below

ml\
M.

. ; ' (Zn)
A+15Z B+15% L+15T d

Figure 4.13: Number of subsequent users when A < B < L.

The aim is now to find n* which maximizes the objective function

o0 1 1,2
R(n :/ D+ nT(T7%+n)"?y e 2" du — Cn. 4.11
m=[ | (T ) 2] (@.11)

6.2. Commercial Benefit Function

The same three cases occur when the benefit function is from the standpoint
of the company selling the new treatment.

Casel. L<A<B

The function representing the number of subsequent users of the new treat-
ment, m, is unchanged and the objective function is as in (4.7).

Case 2. A< L< B

m now becomes as in figure 4.12 and the objective function is
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R(n) = 1 /hz(B,n)[D N \/ﬁT(T—Q n n)_l/zu]_l_e—%uzdu
B—A Jh(Ln Vor

A h2(B,’n) 1

B-A hi(Lp) V2T

1,2
e 2% du

4.12
1 . 5(T_2 N )_1/2 /hZ(B,n) 1 _lu2d ( )
— : n e 2" du
B-A hy(Ln) V2T
e 1 1,2
+/ ——-¢e 2% du — Chn.
h2(B,n) V 2T
Case 3. A< B<L
m now becomes as in figure 4.13, and the objective function is
R(n) /oo ! e~ du — Cn (4.13)
- — u — . .
ha(L,n) V2T
O

7. The Regulator as a Third Decision-Maker

If the new treatment under consideration is not approved by the regula-
tory authorities, it will not be used at all. In section 6 we have shown how
the problem of registration of the new treatment may be handled when it
is assumed that the regulator uses the same prior distribution for ¢ as the
pharmaceutical company conducting the trial.

Here we assume that the regulator uses a prior distribution for § whose pa-
rameters are not necessarily the same as the one used by the pharmaceutical
company. This will occur, in particular, if the regulator is more pessimistic
than the company. To indicate that the prior distributions for ¢ is the one
for the company conducting the trial, from now on, we use y., 7., u., and 7,
in place of u, 7, i/, and 7’. The subscript r will indicate the corresponding
parameters for the regulator’s prior distribution.

Let us suppose that the regulator uses a prior density for § which is N (u,, 72).
Also, suppose that the new treatment will be approved if and only if

pl > L4 1.57, (4.15)
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in which L is the minimum amount of improvement required by the regulatory
authorities. Using Lo in place of L in the above expression, (4.15) could be
expressed as Z, > H.(L,n), where

o(o? +nr?)(L + 1.5-70—;) — o?p,

2
nr,

H.(L,n) =

7.1. The Regulator and the Public Health Benefit
Function

For the public health benefit function, with the benefit of using the new
treatment proportional to §, one of the three following cases must occur.

Case 1. H,(L,n) < Hi(A,n) < Hy(B,n)

In this case the regulator’s decision whether or not to grant a licence has
no influence on the number of users. This is because the licence is granted
for all those outcomes for which the number of users would have been posi-
tive with no intervention by the regulator.

The function representing the number of subsequent users of the new treat-
ment is unchanged and is of the form shown below

H,(L,n) Hi(A,n) HL(B, n)

Figure 4.14: Number of subsequent users when
H.(L,n) < Hi(A,n) < Hy(B,n)

Obviously for this case the sample size problem is unchanged and the aim is
to find n* which maximizes the objective function
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Hx(Bn) 1 nr2 ! o?
R”=0+/ ¢ Zn— A-152 a
(n) Han) B-— A[(a2 + an)az" o + (02 + nTcz)a]
2 2
X (g + ) f(Za)dZ,

(02 +n72)c™" (62 +nT2)o

o0 2 2
+/ ( e Zn + 9 He ) f(Z,)dZ, — Cn,

Ha(B,n) (62 +n12)o™™ (02 + nt2)o

(4.16)
where Z,, ~ N (g, & + 72).
Writing u = —22-#¢_ the objective function could be written as
V&t
1 ha(B,n) \/_ ) 12, 12 1 -
R(n) = / D, +nIT (T, +n) ul*——e" 2% du
(n)=5—% A [ ( ) or
A h2(B’n)[D + VAT(T7? + n) Y2y L e~ 3% dy
B-A h1(A,n) vV 2
1 hz(B,n)
— L5(T 2 +n)~1/2 / [De + VnT.(T; 2 + n) =124
B-A hi(Am)
1 1,2
X e 2% du
V2m
& 1 1,2
+ D, + /nT, (T2 4+ n)~Y2u]——e 3% du — Ch,
J o D VAL )
(4.17)

where T, = =, D, = &, C = &, R(n) = 2% and

A+ 15T 2+ n)y" V2 = DJ(T;2 + n)'/?
B T.\/n ’

[B+ 1.5(T;2+n)"Y2 — D (T2 + n)'/?
hg(B,n) = T\/_ .
/N

h1 (A, TL)

Case 2. Hy(A,n) < H,(L,n) < Hy(B,n)
In this case it is assumed that the minimum amount of improvement in
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performance required by the regulator to grant a licence is bigger than the
one assumed by the company conducting the trial.

Here there are some potential users for outcomes which are unacceptable
to the regulator, and the function for the number of subsequent users of the
new treatment is of the form shown below.

A(An) H,(L,n) H(Bn) ~ Zn

Figure 4.15: Number of subsequent users when
H,(A,n) < H.(L,n) < Hy(B,n).

As shown in figure 4.15, there are subsequent users if and only if an ap-
proval is granted.

For this case the problem is changed and the aim is to find n* which maxi-
mizes the following objective function

H2(B,n) 1 n7_2 7! 0.2,”
= 0 ¢ —n - A - 1-5_6— + ¢
k(n) * /HT(L,n) B — A[(O'2 + nTcz)az o (02+ nTC2)O’]
nr?

A Vf(%0)dZn
(02 + nt)o (02 +n12)o

00 2 2
N / ( e Zn + 7 He )f(zn)dgn - Chn.

Hy(Bn) (0% +nT2)0 (02 4+ n12)o

X

(4.18)

Using the change of variable as in (4.17), the objective function may be writ-
ten as
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I R 1 1y
R(n) = / Do+ VATUT? 4 ) Voo v7ay
h

B _ A T(L,n) \/ﬁ
A hz(B,n)[ \/_ 0 172 1 .
- = De + /nT(T;[* 4+ n)"*u]—e" 2" du
B-A h»(L,n) ( ) ]\/%
1 -2 e [MEN
— 5T ) / / [De + VnT (T2 +n)~ 2y
hr(L,n)
X ! e~ 2% duy

1,2
e 2% du — Chn,

5-%

+ / D, + /nT (T2 + n)‘l/zu]
h

2(B,n)
(4.19)

where

b (Ln) = A MIHL 4 LS(T2 +n)71%) = Dy = nT2D.
r\L, - TcTrz\/ﬁ(Tc_2 + n)1/2 )
D, =% T.=1

g g

Case 3. Hi(A,n) < Hy(B,n) < H(L,n)

In this case the minimum amount of improvement in performance required
by the regulator to grant a licence to the new treatment, is bigger than the
maximum amount of the one assumed by the company conducting the trial.

For this case the function representing the number of subsequent users of
the new treatment is changed to the form shown below
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A i

H,(A,n) Hy(B,n)H,(L,n)

Y
N
3

Figure 4.16: Number of subsequent users when
Hi(A,n) < Hy(B,n) < H,(L,n).

As shown in figure 4.16, as soon as approval is granted all the expected
subsequent users of the new treatment, M, will appear.
The aim is now to find n* which maximizes the objective function

R(n) = / T s L Tk )f(Zn)dZn — Cn,  (4.20)

H.(Lpn) (02 +nT2)o " (62 +ntdo
which may be written as
o 1
R(n) = / Do+ VATW(T 2 + 1)~V e~ 3y — Cn. (4.21)
hr(L,n) \/%
Now we can establish the following theorem.
Theorem: If the regulator’s requirement is as in (4.15) and the benefit

of using the new treatment is from the public health standpoint, then the
scaled expected net benefit from carrying out a trial of size n is

1 maz(ha,hr) 1 _
= D. T (T, % +n) ufP——e 2" d
Rin) B—A[nax(hl,hr) [De+ VnT{Te" 4 m) ] Voro

A maz(hz,hr) JRTAT 1/2 1 L2
_— D.+ T (T;“4+n) /“ul——e 2" du
B - A [rlax(hl,hr) [ ( ) ] 1% 27T

mazx(ha,hr)

1.5(T; 2 4+ n)~1/2 / [De + /T (T2 + 1)~V 2]
maz(hi,hy)

B-A

1 1,2
X ——e 2% du

V2m
% 1 1,2
+ / D, + /0T (T, ? + n) "V ?u]——=e"2" du ~ Cn.
[ ( )7 =

maz(ha,h,) 27
(4.22)
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7.2. The Regulator and the Commercial Benefit
Function

The same analysis as in 7.1 may be applied to show that when the benefit
function is written from the standpoint of the pharmaceutical company con-
ducting the trial, the registration problem may be dealt with by our general
model by considering three different cases. These are listed below.

Case 1. HT(L,’I?J) < Hl(A,n) < HQ(B,TL)

The function representing the number of subsequent users of the new treat-
ment, m, is unchanged and the scaled expected net benefit is

Ha(Bm) 1 nr? 7!
R(n)=0+/ < Zn—A— 1525
HyAn) B— A[(a2 +nr)o o

2
el B (429

+ /00 f(Zzn)dz, — Cn,

H»(B,n)

which may be written as

1 h2(B,n)
= D, T(T, % +n)"'/? 2
R(n) B_ A [zl(A,n) [ + \/ﬁ ( c n) u]\/ﬁ

h2(B,n)
— EE ! e 2% duy

B= A mam Vo (4.24)
1 2 4 )12 mBm 1, 2
— 1.5(1I,“+n)” / ——e 2% du
B-A ( hi(An) V2T

o0

1
h2(B,n) V 2T
where hi(A,n) and hy(B,n) are as in (4.17).

+ e~ 7% dy — Chn,

Case 2. Hi(A,n) < H.(L,n) < Hy(B,n)

m now becomes as in figure 4.15 and the scaled expected net benefit is
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H3(B,n) 1 2 '

Rn=0+/ e 7, —A- 155
) Ho(Ln) B — A[(U2 T 2o Lo
U2,Uc — N\ =
+ (o2 + m.z)a]f(zn)dzn (425)
+ / f(zn)dz, — Cn.
H(B,n)
This may be written as
R( ) 1 hz(B,n)[ \/— 2 1/2 1 1,2
n) = Do+ /nT (T % +n)" ' u]—=e"2""du
B-A hr(L,n) ( ) ]\/ 27
A ha(B,n) 1 1,2
— e 2% du
B - A hr(L;n) V 27 (4 26)
: (T2 4 n)~1/2 S e |
— L5(I,; " +n)” / ——-e 2" du
B—-A hr(L,n) vV 2T

- 1 1,2
-l-/ e 2% du — Chn.
hZ(Ban) v 27r

Case 3. Hl(A,n) < HQ(B,’N,) < HT(L,n)

m now becomes as in figure 4.16, and the scaled expected net benefit is

R(n) = /00 f(Z,)dz, — Chn. (4.27)

H.(L,n)
This may be written as

0 1 1,2
R(n :/ ——ce 2% du — Cn. 4.28
(n) i) V2 (4.28)

Now we can establish the following theorem.
Theorem: If the regulator’s requirement is as in (4.15) and the benefit

of using the new treatment is expressed from the commercial standpoint,
then the scaled expected net benefit for carrying out a trial of size n may be
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written as

maz(hg,h,)

1 1
R(n) = / D, + VnTo(T7% 4+ n)~V2y]——e— 2% du
B-A maz(hy,h,) [ ‘ ( ‘ ) ]\/2_7T
A /ma:c(hg,hr) 1 1
- = ——ce" 2% du
B-A maz(hi,h,) V 2m
(4.29)
! 1.5(T; 2 4+ n)~1/2 /maﬂhz,hr) ! ~3u’g
- — 1. n e 2 u
B-A ‘ maz(hy,h;) m
+ /00 ! e 2%’ du — C
— u—on.
maz(ha,h,) V 2w

8. Two Case Studies

The tables and figures which follow set out a detailed description of using
BeBay to calculate retrospectively ‘optimal’ sample sizes for trials 1 and 2 of
those 6 trials described in chapter 1. These trials were recently carried out
by a UK-based pharmaceutical company which for commercial reasons its
name has been omitted. The results are then contrasted with the sample sizes
which were actually used, calculated on the basis of the size and power of
the resulting significance tests (the 5% and 80% chances mentioned there are
the quantities which are defined to be the size and power of the test). Trial 1

was for normally distributed data, and trial 2 for binomially distributed data.

Since no direct information on prior distributions was available it was de-
cided, after consulting the company concerned, to make the following rea-
sonably realistic assumptions for each trial for the means p. and p,, and
standard deviations 7. and 7., of the company’s and the regulator’s prior
distributions for 4, the average difference in the outcomes for the two treat-

ments being compared.

i = the clinically relevant difference in outcomes used in the original calcu-

lation of sample size, 7. = u./2, p, = 0, 7, = p.. It was also assumed, and

81



again this seemed realistic, that A = 0.8u,, B = 1.2u,, and that 2u./3 and
pc were low and high estimates for L (see section 7). The low estimate for the
evidence required by the regulator amounts to an assumption that the reg-
ulator’s decision will be positive even when the apparent improvement from
using the new treatment is barely enough to persuade potential customers
to use it. This may well be a realistic assumption for the both trials, as in
every case the drug concerned was already on the market, so it is plausible
that approval for the additional use may have been obtainable more easily

than would have been the case for a new drug.

For trial 1, the value 0 = 0.3 was taken from the original calculation of sample
size. For the binomial data Z, was redefined as log[: > X;/(1 - 1 3" X;)] -
logly > Yi/(1 = + 3°Y;)] and § as log[py/(1 — p1)] — log[pz/(1 — p2)], where
p1 = P.(cure | new treatment) and p, = P,.(cure | alternative treatment).
Now X; = 1 if the ¢’th patient responds favourably to the new treatment,
and otherwise X; = 0, and Y; is defined similarly for the i’th patient receiv-
ing the alternative treatment. Inference was based on the fact that Z, has

a distribution which is approximately normal with the mean § and the vari-

2(p1(1—p1)+p2(1—p2))
np1(l—p1)p2(1—p2)

Spiegelhalter et al (1994) suggest an approximation of 4/n for the variance
of Z,,.

ance (see Coad and Rosenberger (1999)). For rare events,

The cost per patient in the trial was assumed, on the basis of the com-
pany’s previous experience, to be £600 for out—patients in trial 1 and £4000
for hospitalised patients in trial 2. A more careful cost analysis would have
included a set up cost for the trial in addition to the cost per patient. This
would simply have reduced the objective function r(n) by the amount of the
setup cost, leaving the optimal trial size unchanged, provided it remained
worthwhile to carry out a trial. Each of the two trials was for an existing
drug applied to a new class of patients (for example juveniles, or patients
suffering from the effects of chemotherapy). Thus actual sales and profit
figures were available. High and low estimates for the total benefit from a

conclusively favourable trial were obtained by assuming either a 50% or a
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5% increase in annual profit, and discounting the resulting cash flow to give
a figure for its present value.

The function r(n) was maximized and the optimal (i.e. maximizing) sample
size recorded. The probability of detecting the clinically relevant difference
in outcomes (i.e. the power) of a hypothesis test with 5% probability of de-
tecting a non-existent difference in performance between the new treatment
and the placebo was also calculated. For each trial four calculations were
carried out: for high and low estimates for the strength of the evidence re-
quired by the regulator, and for high and low estimates of the total benefit

from a conclusively favourable trial.

The results, not surprisingly, show that the optimal sample size depends
strongly on the expected benefit from a conclusively favourable outcome,
and on the strength of the evidence required by the regulator. In practice
it should be possible to estimate both of these much more accurately than
the wide intervals, based on ball-park figures, which have been used here for

illustrative purposes.

It is also noticeable that the optimal sample size based on our analysis is
frequently much larger than the size used in practice. For large sample sizes
an interim analysis is very desirable, as it has the potential both to reduce
sampling costs and to advance the launch date of the new therapy. The re-

sults for trial 2 show that our analysis can also indicate small sample sizes.

@ Trial 1; A trial for the suitability of an existing drug
for juveniles, carried out by GP’s

A trial for the suitability of a certain treatment for juveniles was carried
out by a pharmaceutical company using GP’s. Based on earlier experience
the standard deviation of change in total score assumed to be 0.3. BeBay

was run with the following parameter values.

o = 0.3. This was based on the company’s previous experience with similar
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trials.

pe = 0.15. The company view of the likely difference in the performance
of the treatments

pr = 0. The regulator’s view of the likely difference in the performance
of the treatments.

Te = Me/2. A convenient representation of prior ignorance. It means that
P(6 < 0)=P(6 > 2u) =~ 0.025.
7, = 27, = 0.15. The regulator’s prior standard deviation.

c = £600. The total cost per patient, to include payment to the GP and
administration cost.

A = 0.8u. = 0.12. Maximum critical difference for no sale.
B =1.2u. = 0.18. Minimum critical difference for maximum sale.

L = 0.1, 0.15. Minimum regulator critical difference for granting a
licence.

Mb= £25M, £250M. A couple of estimates, arrived at along the following
lines, for the total additional return if the trial gives a clear positive

result.
Let

I = Current annual income from the treatment,

I(1 + z) = Future annual income if this trial gives a clear positive result,

(1 + ) =(value of being able to show now that the trial result is clearly
positive)/(value of being able to show in one year from now that
the trial result is clearly positive).

Thus r is a discount rate. It is convenient to express it in ‘real’ terms,

with the effect of inflation removed. Its main components are attributable to

obsolescence because of advances in alternative therapies and to reduction of
the remaining period of patent protection.
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Thus the expected net benefit if the trial is clearly successful is

Mb=1Iz(1+

1

1+r

BNTEToE

+ ) =Iz(1+

2

For example, if ] = £15M, x = 0.1, and r = 0.1, then Mb = £16.5M.

The following table illustrates the results of sample size calculations for this

trial.
Trial 1
Actual Number of Patients, 100
Low Regulator | High Regulator
Requirement Requirement
Optimal (BeBay)
Low No. of Patients 1319 1350
Mazimum || Maximized expected
Benefit net benefit £10.11M £9.09M
Power 1.00 1.00
Optimal (BeBay)
High No. of Patients 6165 6270
Mazimum | Maximized expected
Benefit net benefit £113.9M £103.9M
Power 1.00 1.00

As shown by the table the cost/benefit ratio % has a considerable influence

on the optimal sample size.

@ Trial 2; A trial for the suitability of the drug for
treating severely ill hospitalised patients

This is another trial using the same treatment as in trial 1, but now we
are observing a 0-1 quantity (some hair loss=0, no hair loss=1) for severely
ill hospitalized patients. We work in term of the log odds-ratio § and assume
central limit theorem normality to calculate the optimal sample size which
maximizes the expected net benefit resulting from the trial.
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o= 2.

pe = 2.09. This is the log odds-ratio with success probabilities of 0.2 with
placebo and 0.67 with the active cream, which we assume to be the
expected value.

pr =0, 7. = 1.045, and 7, = 2.09. As before.

c = £4K. Larger costs per patient than the £600 assumed for the other
case, on the grounds that these are hospital patients.

A =1.672, B = 2.508, and regulator requirements (low) L = 1.5, (interme-
diate) L = 2.09.
Mb= £5M, £25M. As before.

The following table shows optimal sample sizes, maximized expected net
benefit and the expected power for this trial.

Trial 2
Actual Number of Patients, 20

Low Regulator | High Regulator
Requirement Requirement
Optimal (BeBay)
Low No. of Patients 76 78
Mazimum || Maximized expected
Benefit net benefit £1.5™™ £1.35M
Power 1.00 1.00
Optimal (BeBay)
High No. of Patients 228 233
Mazimum | Maximized expected
Benefit net benefit £9.57TM £8.71M
Power 1.00 1.00

Figure 4.17 shows how the expected net benefit varies as a function of the size
of the trial. The relationship is shown for the same four cases as in previous
tables for each of two trials. As shown by figure 4.17, when the regulator
requires a milder condition for granting a licence to the new treatment the
expected net benefit is increased.
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Figure 4.17: Expected net benefit as a function of n for the two trials. The
upper and lower curves on each plot are for the lower and higher regulatory
requirements respectively.

Lemma: Probability of approval of the new treatment is
P=1-%(h.(L,n)) (4.30)
Proof: Note that

Probability of approval = P (u.(Z,)/o > L + 1.57! /o)

(L + 1.5\/%)(02 + nr2) — o?u,
P.(Z, > ).

2
nr,

Using the same change of variable as in (4.19), after some calculation we ar-
rive at (4.30). O
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Figure 4.18: Probability of approval as a function of n.

Figure 4.18 shows the probability that the regulator approves the treatments
in the second trial and grants a licence to it. This is an increasing function
of n, as we might have expected.
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Chapter 5

A Behavioural Bayes Approach
to the Sample Size Question;
Normal Distribution, Unknown
Variance

In this chapter we discuss the sample size problem for the case where the
data are assumed to come from a normal distribution for which the mean
and variance are both unknown.

1. Introduction

Our general model (or BeBay approach) was formulated on the assumption
of paired comparison of normally distributed effects with a known variance,
but we have shown how it could be applied to a rather wide class of other
cases without these restrictions (see section 5 of chapter 4). As mentioned
before the known variance is often a realistic and applicable assumption but
in this chapter this will be relaxed.

Frequently both the mean and the variance of the observations are unknown,
rather than just the mean. So we consider the case where we have a set
of clinical outcomes Z;, i = 1,2, ... which are distributed independently as
N(6,0?) with § and o2 both unknown. To deal with sample size determina-
tion for this case we consider a joint prior density for § and 2.

In section 2 we state the sample size problem and introduce the notation.
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In section 3 we establish our objective function which is the expected net
benefit. The optimal size of a clinical trial is obtained with a benefit func-
tion which seems appropriate from the public health standpoint.

Section 4 deals with the problem for which the benefit function is defined
from the standpoint of the company selling the drug.

In section 5 the distribution of the number of subsequent users of the new
treatment is discussed.

The regulatory authority’s requirements for granting a licence to the new
treatment are discussed in section 6.

Section 7 shows the consistency of the calculation by illustrating the con-
vergence of the reward function for a sequence of unknown variance cases to
the reward function for the limiting case in which ¢? is known.

2. Preliminaries

Consider the sample size question stated in chapter 4 in which Z; = X; - Y;
(1 = 1,2,...) have a normal density which is N(4,0°) where both ¢ and o?
are unknown.

Following O’Hagan (1994), let us assume that the joint prior density function
for (8,0?) is of the form shown below

7(6,02) = k(a, g, w)(c?) ™7 e~ mzlotC=m?/u}, (5.1)

where "
k(a, g,w) = a?27"% (mw)/3{T(g/2)} .

Thus the marginal prior density functions for é and o? are

_ 1 ~1/2 (6 — p)° —otl
m(6) = B1/2.972) (aw)~Y2{1 + — } : (5.2)
where B(a, ) = Fr(?ozi(ﬂﬂ))’ and
SN S L
(0%) = (375 (o) Fean(—55). (5.3
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The latter is a kind of inverse chi-squared distribution, because the distribu-
tion of a/o? is chi-squared with g degrees of freedom.

Applying Bayes’ theorem the posterior density turns out to be

7"(8,0%|2) = k(ar, g1, w1) (o)~ % "z lor+Oom)?/u}, (5.4)

where z; = z; —y; (¢ = 1,2,...,n), z is the vector of observations,

Zn =232, 8= (2 —%,)?% and

w U+ nwz, p

wy, = - —-— =
S T H 14 nw (= 1),
- 2

n ——
g1 =g +n, a1:a+82+—(z" ﬂ).

1+ nw

So the joint prior distribution function is conjugate in the sense that the
posterior distribution has the same form as the prior.

The marginal posterior density function of § can be easily found by inte-
grating over the joint posterior density function and using the substitution
y = {a; + (6 — n)?/w1}/(20?). We find that the posterior density of § is

1
(1/2,91/2)

}—%

{140 — pm)*/wiay (5.5)

" (3]2) = (wiar) 2

Therefore (§ — p1)/+v/w1a1/g1 has a Student t-distribution with g; degrees of
freedom. So the posterior mean and variance of § (provided g; > 2) are

’(3)-% Wiay
H\on) = 14+ nw 91—2

[t is also easy to show that the posterior density function of o2 is of the form

y 7-,2(271, 82) =

(37

['(g:/2)

(027" exp(— o). (5.6)

n( 2 — -
m (U IZ)— 20_2

As in the known o2 we suppose that m, the number of subsequent users,

depends on the mean u' and the standard deviation 7' of the posterior dis-
tribution for § as shown below.
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Figure 5.1: Number of subsequent users,
where A' = A+ 1.57'(Z,,s*) and B’ = B + 1.57'(Z,, s?).

M, A, and B are as described in chapter 4.

We are now in a position to write our objective function for our two ver-
sions of the benefit function in turn, and give some numerical examples.

3. Public Health Benefit Function

If the benefit of using the new treatment is b0, (b > 0) then the expected net
benefit can be written as

r(n)z////mbé f (8,02, %, s*)dédo*dz,ds* — cn
s2Jz, Jo?2 J§

= / / / / mb5 7-‘-71(5’ O'2|En’ 82)f(zn, 82)d6d02d2nd82 —en,
32 En 0'2 )

or finally
r(n) = /2 ] mby' f(Z,, s°)dz,ds® — cn. (5.7)
To calculate f(z,,s?) we use the fact that
Fns) = [, [ 76.001(z0l6,0%) (521,07 s,

where

1 n (- 2
Zn|0,0°%) = ————e" 27 70"
f(Znl ) 2mo?/n
1 n—1 ].

f(52|5’ 02) = (50__2)71—\(71 1)

2
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After some calculations it turns out that

o 1 ad/? n
f(Zn,5%) = B(1/2, (g+n)/2){1“("—;—1) }\/J (5.8)

(E - :U‘)2)—9¥
1+ nw '

n—1 1

x (s*)77 Ha+s*+

Let the number of subsequent users of the new treatment be of the form
shown in figure 5.1, so that

0 u < A
m={ sy —-A4) A<y<B
M B' <y

Thus equation (5.7) may be written

wiay '
= - - . n, d nd
/0 / B A{u 1.5 gl—Q}M fz ) Znds

+ Mb/ / t f(Zn, s2)dz,ds® — cn
o JH,
or

1 a9/2 ,u-i—n'wzn
R(n):(B—A) B(1/2, (g+n/2 Vl—l—nw/ 1+ nw

A—-1 5\/1+nw (a' + 57+ n(lzing ) 1+ nwz,

)(s7)F !

3

g+mn—2 I+ nw

)2
x(a+ s* + n(zn ,u)) T dzZpds?

14+ nw
+ 1 a-"/2 / / ,u—l-nwzn
B(1/2, (g+n/2 —2—1 l+nw w,  l+nw
Y
x(s°) )T Ha+s*+ lin;;) ) T 47, ds?
—Chn,
(5.9)

where R(n) = %2, C =

respectively,

175> and Hy and H, are the values of Z, for which,

(A+1.5,/24)(1 +nw) — p

N
3
|

nw
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and

(B+1.5 )L+ nw) — p

Zn =

nw

Numerical calculations show that r(n) has a unique maximum as a function
of n.

The optimal sample size n* for the case shown by figure 5.2 is 44.

R(n) Expected Net Benefit Function

200 400 600 800 1000 1200 1400
1.8¢
1.6
1.4}

Figure 5.2: Expected net benefit whena=w =1, u =3, g =5, 37 = 0.001,
and (A, B) = (2, 2.5); public heath benefit function.
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4. Commercial Benefit Function

If we assume that for each patient using the new treatment there is a benefit
b(> 0) independent of §, then

r(n) = / mbf (%, 52)dZ,ds? — cn. (5.10)

By proceeding as in section 3 it can be shown that the objective (or expected
net benefit) function is

R(n) = 1 a9/2 / ,u+nwzn
" (B - A)B(1/2, (g+n/2 —2—1 1+n'w 1+nw

— A — 1.5\/1+nw( +32+ nf—?—ns )}(82)"———1—1

g+n—2
RS
(a+s*+ (lz—l-nlfz;)) 7 dZ,ds?
T e A A
T B g /D) T 1+nw .
X (a+s +—_—1+_n5))) " dz,ds?

(5.11)

Expected Net Benefit Function

VRN

-0.01

R(n)

-0.02

-0.03

(} 100 200 300 400 500

Number of obsevations

Figure 5.3: Expected net benefit whena =w =1,y =1, g =5, 357 = 0.0001,
and (A, B) = (2,2.5); commercial benefit function.
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Figure 5.3 illustrates the variation of (5.11) as a function of n. The op-
timal sample size n* for this case is 48. It should be noted that in (5.11)
R(n), C, Hy, and H, are as in (5.9), though the meaning of b is now different.

5. Distribution of the Number of Subsequent
Users of the New Treatment

The same reasoning as in the known variance case suggests that when n = 0,
the number of subsequent users of the new treatment may be of the form
shown below.

A+ 1.57 B + 1.57

Figure 5.4: Number of subsequent users.

Here p is the prior mean and 7 = ,/;"T“Q is the standard deviation of the

prior distribution for 4. If the prior knowledge about ¢ indicates that u < A
and we decide not to conduct a trial (n = 0) then u < A+ 1.57, so the num-
ber of subsequent users, m, and hence the expected benefit resulting from
the trial, is equal to zero. Consequently the expected net benefit is equal to
Zero.

It should be noted that if 4 < A but 7 is large it may well be worth conduct-
ing a trial.

Proceeding as in (4.8) we have the following lemma.

Lemma: The prior distribution function of m, the number of subsequent
users of the new treatment, is

96



0 y <0
H' (y)—
Fu(y) = { Fo(-RlEl) 0<y<M (5.12)

ng

1 y > M.

Hyg degrees of freedom and H'(y) is the value of Z, for which

[i7(B — A) + A+ 15, /24](1 + nw) — p
nw ‘

Zn =

Using the above lemma we can show that the prior density function of m is

Hy—p

g(\/m) y=0

M OER fg(j;g’iliﬁ g (1 + nw) 0<y<M (5.13)

ng

P(m=y)=1-F(sEts) y=M,

where f,(.) denotes the density function of ¢-Student with g degrees of free-
dom. Using this density function one can find the expected number of sub-
sequent users of the new treatment.

6. The Regulator as a Third Decision-Maker

As in the known variance case, we assume that the regulator uses a differ-
ent (joint) prior density for (4,0?%) from the one assumed by the company
conducting the trial. This may be written as

T2 (6,0%) = k(ar, gr, w,) (07) " el Ol ),

where o o
k(ar, gr,w,) = a2 2772 (mw,) " Y2{T(1/2)} .

The mean and the variance of the marginal prior density of § will be denoted
by u, and 72, while 4! and 7'7(2 denote, respectively, the posterior mean and
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the posterior variance for . We assume that the new treatment will be ap-
proved if and only if

. > L+1.57, (5.14)

where, once again, L is the minimum amount of improvement required by
the regulatory authorities to grant a licence to the new treatment. This in-
equality may be written as z,, > H,, where H, is the value of z, for which

(L+1.5 i) (1 + nw,) — py

Zn = . .1
Z . (5.15)

Using the above notation, the function representing the number of subsequent
users of the new treatment may now be written as

0 p, < A+ 1.57,
m=1{ peslu,—A—157]] A+ 157, < p,<B+157,
M B+ 1.57; < pl.

Once again we discuss the registration problem, first for the case where the
benefit function is written from the public health standpoint.

6.1. The Regulator and the Public Health Benefit
Function

As before there are three different cases to be considered. Note that each
case depends on n and on s

Case 1. H, < H; < Hy

In this case the regulator’s decision whether or not to grant a licence to
the new treatment has no influence on the number of users.
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Thus

1 aJe/?

(B—A)B(l/?,(gc+n)/2){ INE— 1)} l+'n,wC %
/ / Pe + NWZy —A-15 1+nwc( +82+ﬂf—7}l-—n%)—)}
1 + nw, ' ge+mn—2

He + NWeZp, , 9 n=1_, 2 n(zn - ,Uc)2 _
s°) 2 a. + s° +
( 1+ nw, )( ) (. 1+ nw, )

N 1 ale/? } / / uc+nwczn)
B(1/2,(g. + n) /2 1+nwc g, 1+nw

(

l—}—nwc

R(n) =

+n
2 dZ,ds’

n—1 1

X (s8%)° T "Ha, + s +

c+n

) dz,ds* — Cn.

(5.16)

Case 2. H; < H, < Hy

Now the objective function can be written as

1 ade/? B e + nwezn
B = =B/, @) }\/1+”wc// T,

—A—-15 1+nwc( +82+(1Z-T;Tfjc)}(uc+nwczn

n—1 1 1

)(s°) T

X (ac + 8* + N = pe) )" dz,ds?
1 + nw,

n 1 gc/2 } / / /lc—l-n'wczn)(sz)nT_l_l
B(1/2,(g. +n) /2 1+nwc m, 1+ nw

X (a+ s* + = “6) )" dz,ds® — Cn.
1 4+ nw,

(5.17)
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Case 3. H; < Hy, < H,

Now we have

1 96/2 /lc+n'w63n oy 2=l 9
Rn) = B(1/2, (gc+n/2 r(z5+) }\/1+an/ / 1 + nw, (%)

( Tl ,Uc) )—-

1+ nw,

X (a. + s* + 3 " dz,ds® — Cn.

(5.18)

6.2. The Regulator and the Commercial Benefit
Function

There are three different cases to be considered
Casel. H,. < Hy < Hy

The objective function can be written as

1 aJe/?

> (172, (9. + )/2) ‘T

n(Zn—Ue 2
,Uc + nwczn 1+nw (a’c + 82 + (1+mlzljc) )
—A-15 c )
1+ nw, ge+n—2

n—1_4 2 ’I’L(En h MC) c+7ld
Zpds?
2 (ac +s° + 1+ nw, ) n

+ (1/2(glc+n/2 2 }\/1+nwc/ /Hz T

X (ac+ 8> + (= ,uc) ) C+ndznds - Cn.
1+ nw

R(n) = }

l—l-nwC

(5.19)

Case 2. H{ < H, < Hy

Thus
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o) = 1 9c/2 Hy ,Ufc"*'nwczn
R )—(B—A) B(1/2, (gc+n/2 }\/1+nwc/ / ! 1 + nw, -4

n n(zn— c)
_ 1 5 1+nw, (CLC + 32 + _1+n£c ) 9 nT_l—l
' ge+n—2 Hs)

n(Zn — phe)? gein
X (a. + s% + 2 dz

* B(1/2, (glc+n )/2) i }\/ 1+n'w/ /H2 ——1

n{Zn /lc) )~ 3 dEndsz——Cn.
14+ nw,
(5.20)

x (a. + 8> +

Case 3. Hy < Hy < H,

Now we have

R(n) = B(1/2, (glc+n i }\/—1_4;/ / = (5.21)

n(Zn “C)) T dz,ds® — Cn.
1+ nw,

x (ac + s +

The above results may now be summarized in the following theorems.

Theorem: If the regulator’s requirement is as in (5.14) and the benefit
of using the new treatment is expressed from the public health standpoint,

then the optimal solution to the sample size problem stated in section 2 is
n* which maximizes the following objective (expected net benefit) function
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9
1 ade/ n

(B—A)B(1/2,(gc+n)/2){ Izt 1)} 1+ nw,

H, H,) - (Zn—pc)?
/ /max( 2 'uc+nwczn _A_1_5¢1+:wc(a6+82+%)}
0
n—1

mex(Hy,H,) 1+ W ge+n—2
2\ 25— -1 2 ’I’L(En - ,Uc)2
§°) 2 A, + S
1+ nw, (%) ( T 1 + nw,

1 ade/? / / (e + n'chn)
B(1/2,(g.+ n) /2 INE= 1+ nw, mam(Hz,Hr 1 + nw,

n(Zn

l—l-'n/wC

R(n) =

X

He + NWZy

X )~ 2" 47, ds?

x (s2)" 7 a, + s° + ) “3* dz,ds® — Cn.

(5.22)

Theorem: If the benefit of using the new treatment is written from stand-
point of the pharmaceutical company conducting the trial and if the regula-
tor’s requirement is as in (5.14) then the optimal solution to the sample size
problem stated in section 2 is n* which maximizes the following objective
(expected net benefit) function

1 a£’°/2
B A)B(l/z, 0t )/ ()

maz(H,,H;) 1+ nwe gc +n-—2

R(n) =

}

X
1+nwc

}

n—1 1

n(Zn — fic)” etn
dz,ds*
x (s7)7T Y a.+ s> + 1+nwc) S

1 96/2 _
4 } / 82)"—2l—1
B(1/2,(g. +n) /2 1+ nw, z(Ha,Hy)

x (ac+ s° + (n—ﬂc) )~ C+nd— ds* — Cn.
1+ nw

(5.23)

Figure 5.5 illustrates the case of figure 5.3 for low (L = 1.5) and intermediate
(L = 2.25) regulator requirements. With the low requirement the expected
net benefit is higher than the one for the intermediate requirement. In this
example we assumed that p, = 0, a, = w, = 1, and g, = 3. The optimal
sample size for the lower expected net benefit function is n* = 36.
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Expected Net Benefit Function

0.005 | /‘\
0 T —

A

-0.005 |

-0.01t

R(n)

-0.015¢}

-0.02¢

-0.025 |
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Number of observations

Figure 5.5: Expected net benefit with low and intermediate regulator re-
quirements for the case of figure 5.3.

7. Convergence to the Known Variance Case

For a sequence of unknown variance cases for which the mean and variance
of the prior distribution for § and the mean of the prior distribution for o*
are held fixed, the variance of the prior distribution for o2 is decreasing, and
the prior distribution for § tends to normal, we would expect to find that n*
tends to the value for the known ¢? limit.

Recall that the prior density function of 4 is such that

Ok Ly, (5.24)

which converges in distribution to N(0,1) as g — oo.

From (5.8) one can derive the (predictive) density function of Z,. This

N 1 a(l + nw), 172 (Zn — p)? _agt
f(Zn) - B(l/?, 9/2) ( n ) [1 + m] . (525)

n
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Putting ¢t = % we have

ng

1 1 2 o1
ft) = B(1/2.9/2) NG [1+—g—] 2, (5.26)

Zn—p
50 fa(l+nw) ~ tg'
ng

0% has a prior density which is an inverse chi-squared with the mean and
the variance

E(o?) = —° Vo) = — 2?3(9 — 6

With a tight prior distribution for o2 we are close to the situation where
0?2 is known to be equal to the mean of this distribution. Thus the optimal
sample size calculated with a tight prior distribution for o2 should result in
a value close to the one for the known variance case. We can use this fact to
check the consistency of our sample size calculations for the case where the
variance of the observations is unknown.

Now let a and g tend to infinity, subject to ;%; = p? and = 72, where p
and 7 are fixed.

Thus
7. —
22y N(o, 1),
a(l4+nw)
ng
— D p’
Z, — N(p, 7™+ g)’ (5.28)
and

o2 L5 p.

In other words the predictive distribution of Z, in the unknown variance
case tends to the one for the known variance case.

Since the prior distribution of ¢ and the predictive distribution of Z, in
the unknown variance case tend to those for the known variance case, it is
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not difficult to show that muy' converges in distribution to its distribution
for the known variance case as the objective or expected net benefit function
tends to the one for known variance, and it follows that the optimal sample
size tends to the optimal sample for the known o2 limit. We shall prove
this through the following lemmas and theorems. We use the subscript u to
indicate that the parameter belongs to the case of unknown variance and the
subscript k£ to indicate the known variance case.

Lemma: The posterior mean of § for unknown variance converges in distri-
bution to its value for known variance. In symbols

p+nwZ, p_ pPp+nr’Zy

> 5.29
1+ nw p? + nt? (5:29)

Proof: The observation (5.28) may be written as Z, Ly Zi. Tt follows
that

L utn 280 b pPutnrZ,

(4

Thus

p+nwZ, p_ pu+nr’Zy
1+ nw " p2 4 nr?

(5.30)
and (5.29) follows.
0

Lemma: The posterior variance of § for the unknown variance case con-
verges in probability to its value for known variance. In symbols

w zu'— 2
1+nw (CL + 82 + n(1+mfj) ) P} p2T2 (531)
n+g—2 p? + nr?
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Proof: First note that as ¢ tends to infinity Z, — 4. So (Zy — p)? 25 0.
Also note that n—5_2—1 Ly 02 as g — 00. So

2
n(Zy —
a+ s*+ (1+n'ulj) , a+ (n—1)p% (5.32)

Since ;%5 = p? and 24 = 72 it follows that

wla+(n—1)p%)  wa/(g—2)  p'r

(Il+nw)(n+g—2) ~ l14+nw  p*+nr?’ (5.33)
as ¢ — 0o0. The lemma follows from (5.32) and (5.33).
Now we are in a position to state following theorems.
Theorem: If a and g tend to infinity, subject to %5 = p? and o = 72,

where p® and 7 are fixed, then E[m(ul)] — E[m(u})].

Proof: Since m is a bounded continuous function of both y! and 7., and

since p, LN py and 7, N 71, as a and ¢ tend to infinity, the theorem holds
(see, for example, theorem 2.2 of Durrett (1996), p.86).
(]

This theorem implies that the reward function of the unknown variance case
with the commercial benefit function converges to the corresponding reward
function of the known variance case:

ru(n) — ri(n). (5.34)
Theorem: Under the conditions of the previous theorem
Elm(u)pm,] — Elm(um)wm]-

Proof: 1t follows from the continuous mapping theorem that since u;, 2, m
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and m(z)z is a continuous function of = then m(u!)u., 2, m(py,) 1y, Now

note that E(u,) = u = E(u,) < oo and m(.) is bounded. The theorem
follows.

O

The above theorem implies that the reward function of the unknown variance
case with the public health benefit function converges to the corresponding
reward function for the known variance case.

Before closing this section let us consider the following example which demon-
strates the convergence of the optimal sample size of a sequence of the un-
known variance cases to the one of the known o2 limit.

7.1. An Example

Let us consider known variance with the following parameters for the com-
mercial version of the objective function.

c 4000
Mb 5000000’

ot=4, T=1045 p=2.09, (A, B) = (1.67,2.51).

It can be shown that the optimal sample size is n* = 75.77125 and that
r(n*) = 1.56795 x 10°.

A sequence of sets of parameters for unknown variance which converge to
this case are shown below.

1)
g=5 a=12, w=0435 =209, (A4, B)=(167,2.51);
n* = 63.6099, r(n*) = 1.76210 x 106,
2)
g=12, a=40, w=0.3135 p=209, (A,B)=/(1.67,251);
n* = 71.5817, r(n*) = 1.68758 x 108,
3)

g=32, a=120, w=0.2787, p=209, (A, B)=/(1.67,251);
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n* = 74.6111,

r(n*) = 1.66123 x 10°.

Here n* tends to the known variance value 75.77125 as a and g tend to

infinity.
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Chapter 6

A Behavioral Bayes Approach
to the Sample Size Question;
Binomial Distribution

1. Introduction

Using the central limit theorem to justify the assumption of normality for
the case with binary responses, in chapter four we discussed how we may
apply our BeBay methodology to binomially distributed data. In our ex-
amples for binomial data, using the notation of chapter four, Z, was re-
defined as log[z > X;/(1 — 3" X;)] — log[: > ¥;/(1 = 23°Y;)] and ¢ as
log{pn(1 — pc)/(pc(1 — pn))} where py = P,(cure | new treatment) and
pc = P,(cure | control or alternative treatment). Thus py and pc are the
respective probabilities of success on the new and control (alternative or ex-
isting) treatments. Now X; = 1 if the i’th patient responds favourably to
the new treatment, and otherwise X; = 0, and Y; is defined similarly for
the ¢’th patient receiving the alternative treatment. Inference was based on
the assumption that 6 has a normal prior density, using the fact that Z,

has a distribution which is approximately normal with mean é and variance

2%’5&; _”Ifc);’;v”((lz’;”))) (see Coad and Rosenberger (1999)). For rare events,

Spiegelhalter et al (1994) suggest an approximation of 4/n for the variance
of Z,,.

This chapter extends the methodology to binomial data for which the central
limit theorem does not provide an adequate approximation. As usual the op-
timal sample size is obtained by maximizing the expected net benefit, which
is the benefit from subsequent use of the new treatment minus the cost of
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conducting the trial. Throughout this chapter we assume that there is just
one group of patients in the trial and they receive the new treatment. In due
course 1t is hoped to extend the BeBay methodology to trials for which there
are control groups.

In the second section we introduce the notation. In section 3 the function m
representing the number of subsequent users of the new treatment is intro-
duced. Section 4 works out the expected net benefit function for both the
public health and commercial benefit functions. The prior density function
of m is obtained in section 5. The regulator’s requirements for granting a
licence to the new treatment are discussed in section 6.

2. Notation

In a clinical trial of size n, suppose X is the number of favourable outcomes
for patients using the new treatment. If we assume that the patients (obser-
vations) are independent then X is binomially distributed with parameters
n and p where p is the probability of favourable outcome for each individual.

With a binomial likelihood it is mathematically convenient, and often rea-
sonably realistic, to make the assumption that p has a prior distribution 7
which is beta with parameters o and 3. Thus

m(p) = B(a,ﬂ)pa_l(l —p)f1 o, >0, 0<p<lI, (6.1)

(B(a, B) is the beta function with parameters o and ). We may write this as
p ~ Beta(a, B). If X takes the value z, then the posterior distribution of p is

1

atz—1 (1_
Bla+z,0+n—2x

p)ftn=l 0<p< 1.
(6.2)

™(p|z) = P

Recall that in binomial sampling, we assume that n is fixed and X is a ran-
dom variable with x =0, 1,2, ..., n.

The means and the variances of the prior and posterior distributions are
then, respectively,

0 ) Olﬂ
a+p’ (e + B+ B +1)
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and

r__atzT 2 (a+2)(B+n—x)
g a+pf+n’ (a4 B+n)2(a+pf+n+1)

Note that the predictive distribution of X is a beta—binomial distribution
with parameters o, # and n and density function

fx(z) = ( . ) Bla +;(’aﬂ ;)” —2 201,20 (6.3)

[ts cumulative distribution function will be denoted by Fx(z). Before taking
a sample of fixed size n, preposterior analysis studies the possible outcomes
concerning the posterior distribution. Since X is a random variable, it fol-
lows that ' and 7'* are random variables because of their dependence on X.

Using (6.3), we may obtain the means and the variances of ' and 7'

o nr?

E(N’) = = K, V(M’) = m,

V(') = {E(X*) +2(a —n - B)E(X®) + [® + (n+ B)(B + n — 4a)|E(X?)
+2a(B+n)(B+n—a)E(X)+ o?(B +n)?}
x [(a+B+n)a+f+n+1)" = [E(r),

where E(X7), 1 < j < 4, is the jth moment of a random variable X having
a beta—binomial distribution with parameters «, 3, and n.

Using these results we may calculate the sample sizes required to satisfy
precision conditions on criteria related to the posterior distribution (see, for
example Pham-Gia and Turkkan (1992)). Here we follow our usual procedure
and obtain the optimal sample size by maximizing the expected net benefit
function. This is the expected benefit from conducting the trial minus its
cost.
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3. Number of Subsequent Users of the New
Treatment

Following our approach in normal sampling we assume that the number of
subsequent users of the new treatment is a function of the posterior mean
and variance of p. As shown by the following graph the number of subsequent

users of the new treatment is zero unless the posterior mean is greater than
A+ 1.57.

0 p < A+1.57
m=4{ ey —A—157] A+ 157 <y < B+ 157
M B+1.57 <y, (6.4)

in graphical terms

m

4

A+ L5 B+ 157

Figure 6.1: Number of subsequent users.

4. Utility Functions

The benefit per patient using the new treatment is assumed by the BeBay
programme to be byp + by (b > 0). As before, our discussion focuses on
the two extreme cases by = 0 and b, = 0. The case by = 0, which might
correspond to a public health benefit, is discussed first.

4.1. Public Health Benefit Function

To simplify the notation let us suppress the subscript and assume that the
benefit per patient of using the new treatment is bp, where b (> 0) is a known
constant.
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The objective function is

r(n) = Z/m bp 7" (p | z)dp fx(z) — cn,

T

where cn is the cost of a trial of size n. This may be written as

Zmb a+x (n)B(a+a:, B+n-—z1)

a+tftn\z B(a, §) o

It is convenient to write (6.4) as a function of x

z < [H(A)]

where [s] is the greatest integer less than or equal to s, and

H(i) —by + /b2 — da;
i) = ,

2a1

1=A, B
with

a1=a+ﬁ+n+3.25,
by = 2.25(8+n — a)

—2a—ila+B+n))(a+B+n+1),
C1 =

(@ —ila+B+n))(a+B+n+1)—225a(8 +n).

So (6.5) may now be written as

(H(B)]
o+ oa+x
)=20 —A-157"(———— x
+x[§%A)]B Aa+ﬁ+n 7-](oz—l-ﬂ+'n,)fx()

Y M=) () - en
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or finally

[H(B)]

. 1 at+z n, o+
R(n) = _Z B-—A[a+ﬂ+n—A—l'ST](m)fX(x)
=[H(A)] (6.6)
a+zx
+ )fx(z) -
_[ZH(:B)] a+B+n""

where fx(z) is defined in (6.3), R(n) = %l—bz, and C' = %

4.2. Commercial Benefit Function

A similar analysis to the above, now with a constant benefit b, = b per
patients, leads us to the following objective (or expected net benefit) function

) a+z
Z B Aa+ﬁ+n—A—l.57']fX(x)
+ Z fx(z) — Cn,
z=[H(B)]

where R(n), H(A), H(B) and C are as in (6.6), although the meaning of b
is now different.
0

Remark: If p ~ B(a, §) with the mean F(p) = p and the variance V(p) =
7% then

o= (LR - - = (CEPut -1 (68

4.3. Example (Trial 2 of chapter 1)

Losing hair is a common problem for those patients under chemotherapy
for treating cancer. Without any treatment, 80% of patients lose hair. Con-
sider a randomized clinical trial designed to detect a reduction to 33% in
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the population of patients losing their hair if they are treated with a certain
cream. The question is what sample size is needed to maximize the expected
net benefit of conducting the trial?

A trial along these lines was recently carried out by a pharmaceutical com-
pany, whose name has been omitted for commercial reasons. Since no direct
information on prior distributions was available it was decided, after consult-
ing the company, to make the following reasonably realistic assumptions.

The clinically relevant proportion of successes is as 47%. Consequently the
mean p of the prior distribution for p was assumed to be 0.47. The prior
standard deviation, 7, for p was assumed to be 1/2min(u, 1 — ). It was also
assumed, and this seemed realistic, that A = 0.8 and B = 1.2u. Since the
trial was for an existing cream applied to a new class of patients, the current
sales and profit margin were known and it was estimated that the expected
net benefit, Mb, would be £5, 000, 000 provided the trial was successful. The
total cost ¢ per patient in the trial including hospital expenses and adminis-
tration costs, is £4000.

Running BeBay with the following parameters gives the optimal sample size.
i = 0.47. The company view of the likely improvement in condition.

T =1/2min(p, 1 — p) = 0.235. A convenient representation of prior
ignorance.

(From equations (6.8) it follows that & = 1.65 and § = 1.85)

A = 0.8y = 0.376 = maximum critical difference for no sale.

B = 1.2y = 0.564 = minimum critical difference for maximum sale.

Mb = £5,000,000 = the expected net benefit if the trial is clearly successful.
The function r(n), as given by equation (6.7), was maximized and the op-
timal (i.e. maximizing) sample size n* for this trial was found to be 52,
resulting in an expected net benefit r(n*) of £1.67815M.

In fact the company concerned based the sample size on calculations of the

power and size of the resulting significance test leading, control rules of clas-
sical approach to the inclusion of 40 patients in the trial. We shall see later
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that, as in the normal distribution case, the important issues influencing the
optimal sample size are the expected benefit from a conclusively favourable
outcome and the strength of the evidence required by the regulator.

5. Distribution of the Number of Subsequent
Users of the New Treatment

Lemma: The prior distribution of the number m of subsequent users of the
new treatment, is

0 y <0
! n a+z, n—zx
Fu(y) =4 YW ( x ) Blode Bint) 0 <y< M (6.9)
1 M <y,

where

H'(y) =1/2(a+B+n+325)225B+n~a)—2(a+p+n+1)

/
x (%(B—A)+A)(a+ﬁ+n)+2a(a+ﬂ+n+l)
+{((2.25(ﬂ+n—a)—2(a+ﬁ+n+1)(%(B—A)+A)
x (a4 B+n)+2a(a+B+n+1))° —4(a+ B +n+3.25)

x ((a? - 2a(%(3 —A)+ A)+ (%(B — A) + A)?

< (a+ B +m)?)(@+B+n+1)—2250(8+n)) }1/2).
(6.10)

Proof: If 0 < y < M then as shown by figure 6.2 we may write
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A+ 157 T B+ 157
Y(B-A)+ A+ 157

Figure 6.2: Number of subsequent users.

(@+z)(B+n—2z) ]1/2}
(@+pB+n)(atB+n+1) 1

Using the fact that, if 0 < a < b then a? < b%, the above expression can be
written as

Fo(y) = PT{2.25(a+x)(ﬂ+n —z)— (a+B+n+1)

o+ — ( (B—A)+A)(a+ﬂ+n)]220}.

Y
M

Solving this quadratic expression for z leads us to (6.9).

It should be noted that
P.(m=0)= PR {4 < A+ 157"}
= Fx([H(A))),
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and

P(m= M) = P{y' > B+1.57'}
=1 - Fx([H(B))).

Using these equations together with the above lemma, the prior density func-
tion of m at any point of its support is given by the equation

fm(y) = Fu(H'()]) - Fu((H'(y7))),  y=12,.,M -1,  (6.11)

where F,([H'(y7)]) is lim, Frn([H'(2))).

6. The Regulator as a third decision—Maker

We assume that the regulator also uses a beta prior density for p, but with
different parameters from the one used by the company conducting the trial.
Parameters for prior and posterior distributions for the company and for the
regulator will be distinguished by the subscripts ¢ and r.

We assume that the new treatment will be approved if and only if
p > L+ 1.57,, (6.12)

where L is the minimum probability of success p required by the regulator
to grant a licence to the new treatment. This inequality may be written as
x > H,(L), where H,(L) is the value of z for which

= (L+ 1.57))(a, + B +1n) — . (6.13)

Taking account of the regulator in this way the function representing the
number of subsequent users of the new treatment becomes
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0 pe < A+ 1.57,
m = B—I‘i‘[u’c——A— 1.57)] A+ 157 < u. < B+ 1.57
M B+ 1.57, < p.

We shall discuss the registration of the new treatment first for the public
health benefit function.

6.1. The Regulator and the Public Health Benefit
Function

As discussed in chapters 4 and 5 there are three different cases to be consid-
ered. These may be summarized in the following theorem.

Theorem: If the regulator’s requirement is as in (6.12) and the benefit
of using the new treatment is expressed from the public health standpoint,
then the optimal solution n* to the sample size problem stated in section 2 is
the value of n which maximizes the following objective (expected net benefit)
function

maz([H(B)),[H:(L)]) 1 Q.+ .+ T

R(n) = Z [ — A — 1.57.)( ) fx (z)
smmas (i) D A Get Pt ac+ P +n

n
Q.+

+ Z (ac + B +n)fx($) — Cn,

g=maz([H(B)],[H:(L)])

(6.14)

where fx(z) is as in (6.3), R(n) = T—A(/I"—b), C = 1%, and H(7) (¢ = A, B) are as
in (6.6), and H,.(L) is defined in (6.13).

6.2. The Regulator and the Commercial Benefit
Function

Proceeding as before we can state the following theorem.
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Theorem: If the regulator’s requirement is as in (6.12) and the benefit
of using the new treatment is expressed from the standpoint of the drug
company conducting the trial, then the optimal solution to the sample size
problem stated in section 2 is n* which maximizes the following objective
(expected net benefit) function

mac((H(BLIHD)) Qe+
C

[ —A- 1.57”]fx(517)
B-A'a.+ B, ’
z=maz((H(A)),[H.(L)) %t fetn (6.15)

n

+ Z fx(x) = Cn,

z=maz([H(B)),[H-(L)))

R(n) =

where the notation is as in (6.14), though the meaning of b is now different
(see section 4).

6.3. Example (see section 4.3.)

We assume that the regulator is not as optimistic as the company conducting
the trial, and suppose he estimates the performance of the new treatment
as ty = pc = 0.2, i.e. no improvement on the control (placebo) treatment.
Since the regulator has less information than the company, let us assume
7. = min(,,1 — ) = 0.2. So his prior belief about p, the probability of
success of the new treatment, may be summarized as p ~ Beta(0.6, 2.4). If
we assume that the regulator is prepared to grant a licence to the cream for
the public use if the minimum probability of success is greater than or equal
L = ﬁ‘iz“—li = (.47, then the optimal BeBay sample size n* turns out to be 43
resulting in a net expected benefit of £1.55694 M.

The following table shows BeBay optimal sample sizes and maximized ex-
pected benefit.

It is noticeable that when the regulator requires a milder condition for grant-
ing a licence to the new treatment the expected net benefit is increased.
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Trial 2
Actual Number of Patients, 20

Low Regulator | High Regulator
Requirement Requirement

Optimal (BeBay)

Low No. of Patients
Mazimum || Binomial Calculation | 52 43
Benefit Maximized expected

net benefit £1.68M £1.56M
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Chapter 7
BeBay; A User—Guide

In this chapter we introduce the commands which might be used to run the
computer-based planning tool, BeBay, for producing the optimal size of a
trial.

BeBay is written in Mathematica which is a software platform on which the
user can run packages built for specific applications and also it can be used as
a high-level programming language which allows the user to create programs.
It is therefore necessary for the user of BeBay to have access to Mathematica.

Mathematica is a general software system and language intended for mathe-
matical and other applications. It can be run on a wide variety of computer
systems such as Apple Macintosh, CONVEX, DEC, VAX (Ultrix and VMS)
and RISC, Hewlett—Packard, Appollo, IBM 386(onwards)-based PC com-
patibles (MS-Dos and Microsoft Windows) and IBM RISC, MIPS, NeXT,
Silicon Graphics, Sony and Sun (and SPARC compatibles) (see, for example,
http://www.wolfram.com for more detailed information about the soft-
ware).

1. Introduction

BeBay is a computer program for calculating the optimal size of a clinical
trial using our general model described in previous chapters. It helps the
drug company, or other organization conducting the trial, to estimate how
many patients should be recruited in the trial. It is applicable to trials for
drugs applied to new classes of patients, and to phase III clinical trials. In
all cases the question at issue is the number of patients “in total” who should
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be included. In general these will be at more than one centre, and will con-
stitute more than one trial.

The objective (or the net expected benefit) function for the data from a
continuous population may be written as a multiple integral of the form
shown below

/ m(bid + by) f((2), ©)dz — cn,

in which m is the number of subsequent users of the new treatment un-
der consideration, ¢ is the average amount of improvement of a treated
patient, b;0 + by is the benefit for each patient using the new treatment,
z=(z1, 22, ..., 2,) are data, y(2) is the estimate of § based on the data, © is
the vector of unknown parameters (including §), and cn is the cost of a trial
with n patients. For discrete data the multiple integral becomes a multiple
summation.

Thus the program calculates the expected net benefit of conducting a trial
as the expected benefit resulting from it minus the cost of the trial. It con-
sists of a set of routines which may be used for the calculations described in
chapters 4, 5, and 6.

BeBay has two distinct stages of operation:

1) Data input,
2) Results.

Section 2 is a guide for using BeBay with normally distributed data. In
section 3 the necessary routines and commands for BeBay sample size deter-
mination for binomially distributed data are discussed. Section 4 is a brief
description about truncation error in numerical integration. Section 5 is a
discussion about the numerical precision. A summary of the filenames is
given in section 6.

2. Normally Distributed Data

Mathematica allows a user to work with either a text-based interface or a
notebook interface. With a text—based interface, which we have used for our
programming, when Mathematica is ready for input, it prints a prompt of
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the form In[n]:=. When the user has entered the input, Mathematica pro-
cesses it, and, if appropriate, prints out the result, with a label of the form
Out [n]=. In a notebook interface, the input and output appear as elements
in the notebook document, potentially mixed with text and graphics. Once
again, the prompt for the input is of the form In[n] := and the label for the
output is Out [n]=.

With a text-based interface, the user can interact with the computer pri-
marily by typing text on the keyboard. This kind of interface is available for
Mathematica on many computer system, for instance those running the Unix
or VMS operating system. On such systems Mathematica is called by typing
the command math at an operating system prompt. When Mathematica has
started, it will print the prompt In[1]:=, signifying that it is ready for the
input. Ending a line (usually by pressing Return or Enter) tells Mathemat-
ica that you have finished giving your input. To exit Mathematica, you may
either type CONTROL-D or Quit[ ] at an input prompt.

With a notebook interface, the user can start a session by double—click
on the Mathematica icon. When Mathematica starts up, it usually gives
a blank notebook. You can enter the input into the notebook, then press
SHIFT-RETURN to make Mathematica process the input. After you send your
input from the notebook, Mathematica will label the input with In[n]:=. It
labels the corresponding output Out [n]=. You can use the Quit menu item
in the notebook interface to exit from Mathematica.

There are nine files containing the routines needed for running BeBay. These
are listed in section 6. Before starting a Mathematica session, these files must
be loaded on a working directory (of user’s choice).

We are now ready to discuss the data input process. Let us start with the
known variance case (note that this includes the variants discussed in section
5 of chapter 4).

The next section gives a brief introduction to the meaning of the variables
which must be entered as the input parameters along with some explana-
tions about the BeBay input procedure for normally distributed data with
known variance. Section 2.2. explains how the user may obtain the output
associated with the input. There is a detailed example in section 2.3., based
on a recent clinical trial, illustrating sections 2.1.and 2.2. We invite the user
to work through the illustration sessions at the end of each section and see
what happens.
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2.1. Data Input; Known Variance
(see chapter 4 section 7)

The user of BeBay is asked to supply data outlining the characteristics of
the trial under consideration. These may be summarized as

A,B,c,m,mr, tc, tr , s, L, Mbl ,6 Mb2 .
The parameters have the following meanings.

A: The amount of apparent improvement of the new treatment above
which some users switch to the new treatment.

B: The amount of apparent improvement of the new treatment above
which all users switch to the new treatment.

c: Cost per patient in trial

mc: Company’s prior mean for § the average amount of improvement with
the new treatment

mr: Regulator’s prior mean for J the average amount of improvement with
the new treatment

tc: Company’s prior standard deviation for the average amount of improve-
ment with the new treatment

tr: Regulator’s prior standard deviation for the average amount of im-
provement with the new treatment

s: standard deviation of distribution of patients’ responses

L: The minimum amount of apparent improvement required by the regu-
lator to grant a licence for the new treatment

Mbl: First parameter of the total benefit function

Mb2: Second parameter of the total benefit function

Note that éMb1+ Mb2 is the total benefit if all the potential users switch to
the new treatment. If one of the parameters Mbl and Mb2 is zero we get one
of the two reduced forms of the benefit function discussed in sections 7.1.
and 7.2. of chapter 4.
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A routine which calculates the objective (or the expected net benefit) func-
tion, for which the benefit per patient of using the new treatment is b15+b2
(where bl = Mb1/M and b2 = Mb2/M and M is as defined in section 2 of chap-
ter 4), has been written and saved on the file BeBayNK.all. The user has to
provide the above eleven data and then use the following procedure to run
BeBay on BeBayNK.all and calculate the optimal size of the trial, n*, which
maximizes the expected net benefit from it.

2.2. Results; Known Variance

When the data entry process has been completed the user needs to run BeBay
for the known variance data by using the command

In[12]:= <<BeBayNK.all

This reads in the input file BeBayNK.all, evaluates the objective function in
the known variance case for the eleven parameter values entered above, and
writes the expected net benefit as a function of n.

The following command plots the objective function as a function of n, the
number of patients in the trial. It should be noted that n varies between 0
and N, which must be specified.

In[13]:=gt1 = Plot[%, {n, 0, N}]

Here ¥ refers to the the previous output (for this case output of the In[12]).
Note that if one wishes to label the axes he can instead use the following
command

gtl = Plot[%, {n, O, N}, AxesLabel
=>{" n ", " Total Benefit (e.g. Million Pounds) "}]

This is not recommended at this stage. In[15] illustrates how to produce
the final graph with title and with labelled axes.

The following command gives the optimal sample size, which maximizes the

expected net benefit function, r(n). The lower and the upper bounds can be
determined from the previous graph.
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In[14]:= FindMinimum[ - %%, {n, {Lower bound, upper bound}}]

Here %% refers to the output of the second previous operation (once again,
the output of In[12]). To produce a graph with a title and with labelled
axes the following command may be used

In[15] := gl= Show[ gtl, Frame -> True, FrameLabel ->
{" Number of Observations", " Total Benefit
(e.g. Million Pounds) ", " ", " "},
DefaultFont -> {"Times-Italic", 8}, PlotLabel
-> FontForm["Title for the Graph", {"Helvetica-Bold",
12}]]

If the same calculations have been done for another set of parameters (e.g.
different values for Mbi, ¢ = 1, 2, or a different value for L) then we may have
another graph g2, say. The following command illustrates how to show them
beside each other

In[16] := Show([GraphicsArray[{gl, g2}]]

Using the following command we can have both the graphs plotted on the
same set of axes.

In[17]:= Show([gl, g2].

2.3. Illustration I (Trial 5 of Chapter 1)

In this section we provide an example to illustrate how the user may start
from In[1] in section 2.1. and carry on to get the optimal sample size and
different graphs. Data are taken from trial 5 of chapter 1.

In(1]:= A = 0.33
In[2}:= B = 0.49
In[3]:= ¢ = 4000
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In[4]:= mc = 0.41
In[5]:= mr =0

In[6]:= tc =0.21
In[7]:= tr = 0.41

In[8):= s =2
In[9]):= L = 0.27
In[10]:= Mbl = 0

Inf11] := Mb2 = 15000000

Now we can run BeBay on this set of parameters by reading in the input file
BeBayNK.all;

In[12] :=<<BeBayNK.all

This produces the following output which is the formula for the expected net
benefit as a function of n or r(n) (see equation (4.29)).

Out[12]= -4000 n + 1.5 10 (6.25

1 0.5
> NIntegrate[Max[0, (-0.33 - 0.63 (--------——-- )
4 + 0.0441 n
1.64 0.0441 n u
> dm—mm—m— e + m—mm——————— ) /
4 + 0.0441 n 4 + 0.0441 n
2
(-0.41 + u) /(2 (0.0441 + 4/n)) 4
> (Sqrt[2] E Sqrt[(0.0441 + -)
n
> PilDI\ , {u, Max[(22.6757 (-1.64 + ...

Applying the command

In[13]:= gt1 = Plot[%, {n, 0, 1000}]

where % refers to Out[12], we get the following graph for r(n) for n €
[0, 1000]. Note that here we called this graph gt1 to show that it is tem-
porarily plotted. We shall call the final graph for this part g1.
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Figure 7.1: Expected net benefit as a function of trial size.

Now we can use the following command to determine the optimal sample
size n*. According to the graph n* is around 400 so we may choose {Lower
bound, upper bound} in In[14] as {200, 600} or any other (conservative
or tight) interval containing the graph’s peak.

In[14] := FindMinimum[ - %%, {n, {200, 600}}]

%% refers to the output of two operations ago, Out [12]. This gives

6
Out [14]= {-2.05906 10 , {n -> 402.929}}

which means that n = 402.929 minimizes {—r(n)} (or, equivalently, maxi-
mizes r(n)). So the maximum expected net benefit is 2.05906 x 10° and it
occurs at n* = 402.929. To assess the precision of the calculation the user
may use the following command

In[15] := Precision[Y%]
On our machine (Sparc Server 1000) the precision was output as

Out[16]= 16
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This means the total number of digits in the calculation of n is 16.

To assess the accuracy of n we may use

In[16]:= Accuracy[%%]

This gives

Out [16]= 10

and means that the number of significant decimal digits to the right of the
decimal point in every n (including n*) is 10. We shall discuss the numerical
precision further in section 5.

Now we may want to title the graph and label its axes.

In[17]:= gi= Show[gtl, Frame -> True, FrameLabel
> {"n", "r() ", " ", " "} DefaultFont —->
{"Times-Italic", 8}, PlotLabel ->
FontForm["Graph Title", {"Helvetica-Bold", 12}]]

This produces the following graph

Graph Title

61
2.10

6 r
1510

61
110

r(n)

500000

0

(‘) 200 400 600 800 1000
n

Figure 7.2: The previous graph with title and with labelled axes(g1).
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If the same calculations have been done with a different value for regulator
requirement L, say L = 0.41, we may have another graph, g2 as shown below

Graph Title

6

1410
6 r

1210

6
1. 10

800000

rin)

600000 ¢

400000

200000

0

0 200 400 600 800 1000
n

Figure 7.3: Expected net benefit function with a new value for L (=0.41).

we may have, for example,
In[18] := Show[graphicsArray[{gtl, gt2}]]

to get the following graph

° 1.4 102
125 186 1.2 106
; 106 égoé@o
500000 §8§§§§
200400600800000 20040060080Q0000
Figure 7.4: gt1 and gt2 beside each other.
Alternatively

In[19]:= Show([gl, g2]

plots both the g1 and g2 on one set of axes.
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Graph Title
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Figure 7.5: g1 and g2 on one set of axes.

2.4. Data Input; Unknown Variance
(see chapter 5 section 6)

As in the known variance case, we give some brief explanations first and
then provide an illustration.

The user is asked to supply data outlining the characteristics of the trial.
These may be summarized as:

A,B,c,m,mr,ba , ar , gc , gr , wC , Wr ,
L , Mbl , Mb2.

Some of these parameters have already been defined in section 2.1. of this
chapter. The following list gives the meanings of those which have not been
introduced. Note that the variance of observation o2 has a prior distribu-
tion where a/og? ~ X(Qg) and the the amount of improvement with the new

treatment § has a prior density where (6 — u)/ \/m ~ t(g)-
ac: One of the parameters of the company’s prior density for o2.
ar: One of the parameters of the regulator’s prior density for o.
gc: Another parameter of the company’s prior density for o2.
gr: Another parameter of the regulator’s prior density for 0.
wc: Parameter of the company’s prior density for .

wr: Parameter of the regulator’s prior density for 4.
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It should be noted that the mean and the mode of the prior density for o are,
respectively, mode = a/(g — 2) and mean = a/(g +2). So we may write a =
4 (mode) . (mean)/(mean—mode) and g = 2 (mode+ mean)/(mean—mode).
Also the conditional prior density of § given o2 has the variance wo?.

A routine which calculates the objective (or the expected net benefit) func-
tion, for which the benefit of using the new treatment is b6 + by, has been
written and saved on the file BeBayNU.all. The user must provide the above
fourteen data and then use the following procedure to calculate the optimal
size of the trial, n*, which maximizes the expected net benefit from the trial.

2.5. Results; Unknown Variance

When the data entry process has been completed the user must call BeBayNU.all
by the following command and continue as in the known variance case (see
section 2.2.).

In[15] :=<<BeBayNU.all

2.6. Tllustration II (Case 2 of Chapter 5)

Applying BeBayNU.all to the following set of values for the parameters,
we shall illustrate how one may get the desired results. Data are taken from
case 2 of section 4 of chapter 5.

Data entry:
In[1]:= A = 2
In[2]:= B = 2.5
In[3]:= ¢ = 1000
In[4]:=mc =1
In[8]:= mr = 0
In(6]:= wc = 1
In(7]:= wr = 1
In[8]:= ac = 1
In[9]:= ar = 1
In[10]:= gc = 5

g
Inf11]:= gr= 3
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In[12]:= L = 1.5
In(13]:= Mbl = 0
In[14] := Mb2 = 10000000

As before we need to read in the input file for this set of parameter values.

In[15] := <<BeBayNU.all

Now we are in the position to get our outputs including

In[16]:= gt3 = Plot[/, {n, 0, 100}]

which gives

50000
40000
30000
20000

10000

v 20 20 60 80 100

Figure 7.6: Expected net benefit as a function of trial size.

or

In[17] := FindMinimum[- %%, {n, 20, 80}}]

which gives

Out [17]= {-55309.8, {n -> 47.3909}}

and this means that the optimal size n* is 47.3909 resulting in a net expected
benefit of 55309.8.

Now let us enter
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In[18]:= L= 2.25
which changes the value of L (from 1.5) to 2.25 and run the program again
In[19] := <<BeBayNU.all
We can now calculate another set of results. For instance
In[20] := FindMinimum([- %, {n, 20, 80}}]
produces
Out [20]= {-7931.51, {n -> 35.6886}}
or checking the precision and accuracy of the result

In[21] := Precision[%]
Out[21]=16
In[22] :=Accuracy [%%]

Out [22]=10

Now
In[23]:= gt4 = Plot[ %4%%, {n, 0, 100}]

which means plot a graph for the output of four operations ago (%%%%)

135



5000} /\

\/ 20 40 60 80 100

-5000¢}

-10000¢

-15000¢

-20000
Figure 7.7: Expected net benefit as a function of trial size.

Proceeding as in In[17] to In[19] of the previous section gives the following
graph.

Expected Net Benefit
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Number of Observations

Figure 7.8: g3 and g4 on one set of axes.

3. Binomially Distributed Data

As in previous sections, we give some brief explanations first and then pro-
vide an illustration.

The user of the BeBay is asked to supply data outlining the characteristics
of the trial under consideration. These may be summarized as

A,B,c,m,mr, tc , tr , L , Mbl , Mb2
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All these parameters have already been introduced.

It should be noted here that if p has a beta prior density with the mean
1 and the variance 72 then the parameters of the beta density, o and 8 may
be found from & = (£)*(1 — p) — p and 8 = (=£)%u + (u — 1). A routine
which calculates the objective (or the expected net benefit) function , for
which the benefit of using the new treatment is b;p + b, has been saved on
the file called BeBayB.all. The user must provide the above ten data and
then use the following procedure to calculate the optimal size of the trial,n*,
which maximizes the expected net benefit from the trial.

3.1. Results; Binary Data

When the data entry process has been completed the user needs to run BeBay
for the binomially distributed data by using the command

In[11] := <<BeBayB.all

This reads in the input file BeBayB.all, evaluates the objective function for
the ten parameter values entered above, and writes the expected net benefit
as a function of n. Using the following command we can calculate r(n) for
different values of n between 0 and V.

In[12]:= Tablel %, {n, 0, N}]

The following command gives the maximum value of the objective function

r(n)
In[13]:= Max[ % ]

To find the optimal sample size n* use the command
In[14]:= Position[ %%, % ]

This means find the position of previous output, % (or Out [13]) in the output
of two operations ago, %% (or Out [12]).
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3.2. Illustration III (Trial 2, see chapter 6)

In this section we provide an example to illustrate how the BeBay user may
start from In[1] and carry on to get the optimal sample size for a trial with
binary data. Data are taken from example (1) of chapter 6.

In[1]:= A = 0.376
In[2]:= B = 0.564
In[3]:= ¢ = 4000
In(4]:= mc = 0.47
In[5]:= mr = 0.2

In[6]:= tc = 0.235
In[7]:= tr = 0.2

In(8]:= L =
In[9]:= Mbl
In[10] := Mb2 = 5000000

Now read in BeBayB.all by using the following command
In[11] :=<<BeBayB.all

This produces the following output which is the expected net benefit r(n) as
a function of n

Out[11]= -4000 n + 5000000 (Sum[3.93702 Betal[l.65 + x,

> 1.86064 + n - x]
> Binomial[n, x], {x, Max[Floor[(2.256 (1.8 + n) -
> 2 (4. +n) (0.6 - 0.47 (3. +n)) +

2
> Sqrt[(2.25(1.8 + n)- 2(4. + n)(0.6 - 0.47(3. + n))) -
> 4 (6.25 + n) (-1.35 (2.4 + n) +
>

Applying the following command the user can produce a table of the expected
net benefit for different values of n between 0 and 100.
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In[12]:= Table[%, {n, 0, 100}]

Again %, refers to the previous output.

6 6
Out[12]= {0, -4000, -8000, 1.3448 10 , 1.17317 10 ,

6 6 6 6
> 1.5304 10 , 1.38505 10 , 1.24017 10 , 1.50089 10 ,
6 6 6 6
> 1.36601 10 , 1.44284 10 , 1.45642 10 , 1.33782 10 ,
6 6 6 6
> 1.437 10 , 1.41333 10 , 1.48152 10 , 1.41548 10 ,
6 6 6 6
> 1.47624 10 , 1.4584 10 , 1.4722 10 , 1.45406 10 }

The maximum of these numbers may be found by

In[13]:= Max[ % ]

6
Out[13]= 1.55649 10

Note that if we check the precision and accuracy of calculation (as in pre-
vious sections; In[14]:= Precision[] and In[15]:= Accuracy[%%]) we
get, respectively, 16 and 10. So on our machine the BeBay program auto-
matically uses these significant digits in the calculation. As we shall see later
it is possible to change the precision and the accuracy of calculation.

To find n* which gives the above (optimal) value for r(n) we may use
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In[14] := Position( %%, % ]
which gives
Out[14]= {{44}}

This means n* = 43. Note that we calculated r(n) for n = {0,1,..., N}.
So n* = Position - 1. If we want to have the expected net benefit at the
optimal sample size n* = 43 with a precision of eleven significant figures we
may use

In[156]:= N[%%, 11]
6
Out[15]= 1.5564921674 10

where N[%%, 11] means “show the result of Out[13], numerically, with
eleven significant digits”.

4. Assessing the Truncation Error

Truncation error is a consequence of doing a finite number of steps in a cal-
culation that would require an infinite number of steps to do exactly.

Numerical integration is an example of an operation that is affected by
truncation error. The NIntegrate function, which represents the numeri-
cal integration routine used in the BeBay program, works by evaluating the
integral at a finite number of points, and by using smoothing functions to ap-
proximate the integrand between those points. The difference between those
smoothing functions and the actual integrand leads to truncation error. It is
not possible by numerical techniques alone to get an exact value of the size of
truncation error in the value n*. However, the user of BeBay can obtain an
estimate of this error at n = ng, where ng is known. There are two routines
BeBayNKT.all and BeBayNUT.all, for normally distributed data with known
and with unknown variance, respectively. Using these routines for a speci-
fied n with a particular set of parameter values, as shown in the following
examples, the user may obtain an estimate of truncation error.
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For example, let us consider trial 5 of chapter 1. The user of BeBay may es-
timate this error at n = ny. For instance to estimate the error at the optimal
sample size n* = 403 the following commands may be used

In(1]:= A = 0.33
In[2]:= B = 0.49
In[3]:= ¢ = 4000
In(4]:= mc = 0.41
In[5]:=mr = 0

In[6]:= tc = 0.21
In[7]:= tr = 0.41

In[8]:= s = 2
In[9]:= L = 0.27
In[10]:

= Mbl =0
In[10] := Mb2 = 15000000
Inf11]:= n = 403
In[12] := <<BeBayNKT.all

This gives

-5
Out[12]= 7.54097 10

which means the upper bound for the truncation error is 7.54097 x 107°. The
following command shows it with 16 significant figures.

In[13]:= N[%, 16]
Out[13]= 0.00007540965452790261

Note that if we run BeBayNK.all with the above set of parameters we get
2.05906 x 10° (or more precisely 2.059064061851345 x 10°).

In writing BeBayNKT.all we tried to compare the results of calculation us-

ing the fundamental theorem of calculus, where possible, to the numerical
integration used in BeBayNK.all.
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Now let us consider Illustration II. If we want to have an estimate of trun-
cation error at the optimal sample size n* = 48 we may use the following
commands

In(1]:= A = 2
In[2]:= B = 2.5
In[3]:= ¢ = 1000
In[4]:=mc = 1
In[5]:=mr = 0
In{6]:= wc = 1
In[7]:= wr = 1
In[8]:= ac = 1
In[9]:= ar = 1
In[10]:= gc = 5
In[11]:= gr= 3
In{12]:= L = 1.5
In(13]:= Mbl = 0
In[14] := Mb2 = 10000000
In[15]:= n = 48

In[16] :=<<BeBayNUT.all

this gives

187375. Sqrt([3]
Out[16]= -48000 + ——————————e————r

where Pi and Sqrt[3] represent, respectively, 7 and v/3. In Out[16] both
the m and /3 are left symbolically instead of being approximated by a num-
ber with a finite significant figures. This means that BeBayNUT.all tries,
where possible, to avoid the representation error! as well as the truncation
error. The following command represents the previous output to 16 signifi-
cant figures (v/3 and 7 are also being approximated to 16 significant figures).

In[17]:= N[/]

556305.

Out [17]

! Representation error, or roundoff error, is the error associated with the fact that the
computer keeps only a finite number of digits in calculations with irrational numbers.
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If we want to see this output with a precision of 16, claimed by default
precision on Sparc Server 1000, we may use the command

In[18]:= N[%, 16]

which means show the previous output, %, to 16 significant figures. This
gives

Out [18]= 55305.01816793824

We can get other demonstrations. For example In[17]:= N[%, 7] gives
Out [17]= 55305.02 or In[17]:= N[%, 13] gives Out [17]=
556305.01816794. Now the upper bound for the truncation error for the
above example may be obtained by comparing Out [16] and Out[17]

In(19]:= %% - %%%

-11
Out [19]= -1.45519 10

in which %% and %%/ refer, respectively, to the outputs of two and three op-
erations ago.

As shown above the procedure for obtaining the truncation error in the un-
known variance case is different from the one in the known variance case.
This is because of the double integrals in the objective function (see (5.22)
and (5.23) in section 6 of chapter 5), which have to be calculated numerically.

Truncation error in numerical integration can be reduced by evaluating the
integrand at a greater number of points. Such a direct approach, however,
is not very convenient. What we really want is to control the error itself, or
equivalently, the number of significant digits in the result. In NIntegrate
function used in BeBay program we can change the number of significant
digits in the result by running BeBay on BeBayNKP.all for normal data
with known variance and BeBayNUP.all for normal data with unknown vari-
ance. The following two examples illustrate how the user can change the
precision of calculation to achieve more precise results. It should be noted
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here that we used the option PrecisionGoal in writing BeBayNKP.all and
BeBayNUP.all. This option is the number of significant figures that BeBay
tries to get in the final answer. The default value for this option in Mathe-
matica software is Automatic.

Changing the value for this option allows the user to see how the result
of computations is sensitive to the significant figures, which BeBay tries to
get in the final output. If the result changes rapidly when the value for the
PrecisionGoal is increased then it is advised to use high values.

Suppose that the user wants to have the net expected benefit function for
trial 5, discussed in Illustration I, at n = 100 with different values for the
PrecisionGoal (say 5 and 12).

In[1]:= A = 0.33
In[2]:= B = 0.49
In[3]l:= ¢ = 4000
In[4]:= mc = 0.41
In[5]:= mr =0

In[6]:= tc = 0.21
In[7]:= tr = 0.41
In[8]:= s = 2

In[9]:= L = 0.27
In[10]:= Mbl = 0
In[11]:= Mb2 = 15000000
In[12]:= n = 100
In[13]:= PG = 5
In[14] := <<BeBayNKP.all

This gives

Out [14]= 888687.

To see this value computed to 16 significant figures we may use

In[15]:= N[%, 16]
Out[15]= 888687.141674561
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Now let us change the PrecisionGoal for this calculation to 12

Inf16]:= PG = 12

We may run BeBay on BeBayNKP.all and get the following results

In[17] := <<BeBayNKP.all
Out [17]= 888687.

In[18]:= N[%, 16]
Out[18]= 888687.141692357

As we see the the difference between Out [18] and Out [15] is 1.77962 x 107°,
Since increasing the value for the PrecisionGoal increases both the duration
of the calculation and the memory used one may conclude that it was not
worth changing the value from 5 to 12 for this example.

Now let us consider Illustration II. The following commands allow us to
compare the expected net benefit calculated with PrecisionGoal = 5 and
with PrecisionGoal = 7 at n = 48.

In[1]:= A = 2
In[2]:= B = 2.5
In[3]:= ¢ = 1000
In(4]:=mc = 1
In[5]:=mr = 0
In[6]:= wc = 1
In[7]:= wr = 1
In[8]:= ac = 1
In[9]:= ar = 1
In[10]:= gc = 5
In[11]:= gr= 3
Inf12]:= L = 1.5
In[13]:= Mbl = 0
In[14] := Mb2 = 10000000

In[15]:= n = 48
In[16]:= PG = 5
In[17] := <<BeBayNUP.all
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This gives

Out[17]= 58394.18459931144

Now with 7 digits

In[18]:= PG = 7
In[19] := <<BeBayNUP.all
Out[19]= 58394.19015326887

So the difference between the results of the two calculations is 5.55396 x 1073,
One might think it was worth using PrecisionGoal = 7 for this example.

Although it is possible to change the precision of calculation when using
BeBay, the default precision set up in Mathematica is normally sufficient.
For instance, on Sparc Server 1000 the default precision is between [6, c0],
where oo is the precision of an integer number.

5. Numerical Precision

As already mentioned, the precision of a real number is the number of
decimal digits in it which are treated as significant for computation. The
accuracy of a real number is the number of decimal digits which appear to
the right of the decimal point. Precision is thus a measure of the relative
error in a number, while accuracy is a measure of absolute error.

In general, Mathematica distinguishes two kinds of approximate real num-
bers: arbitrary—precision ones, and machine-precision ones. Arbitrary—precisi
on numbers can contain any number of digits, and their precision is adjusted
during numerical computations. Machine-precision numbers, on the other
hand, contain a fixed number of digits, and their precision remains unchanged

throughout the computations.

Machine-precision numbers work by making direct use of the numerical capa-
bilities of the underlying computer system. For instance on the Sparc Server
1000, which we have been using for our numerical calculations the machine

precision is 16 decimal digits:
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In[1] := $MachinePrecision

Out[1]= 16

When one does calculations with arbitrary—precision numbers, Mathematica
keeps track of precision at all points. It treats arbitrary—precision numbers
as representing the values of quantities where a certain number of digits are
known, and the rest are unknown. In general, an arbitrary-precision number
x is taken to have Precision[x] digits which are known exactly, followed
by an infinite number of digits which are completely unknown.

When one does a computation BeBay, which is written in Mathematica, keeps
track of which digits in the result could be affected by unknown digits in the
input. It sets the precision of the result so that no affected digits are ever
included. This procedure ensures that all digits returned by BeBay are cor-
rect, whatever the values of the unknown digits may be.

We have written routines, which incorporates the WorkingPrecision op-
tion of Mathematica, for normally distributed data with known variance
and with unknown variance. These are, respectively, BeBayNKW.all and
BeBayNUW.all. The default value for the WorkingPrecision option, which is
the number of digits to use in internal computations, is $MachinePrecision.
Running BeBay on these files allows the user to specify the precision.

The following example calculates the expected net benefit of illustration I
at the optimal sample size, n* = 403, using 20-digits-precision.

In[1]:= A = 0.33
In[2]:= B = 0.49
In[3]:= ¢ = 4000

In[4]:= mc = 0.41
In[5}:=mr = 0

In[6]:= tc = 0.21
In[7]:= tr = 0.41

In[8]:= s = 2

In{9]:= L = 0.27
In(10]:= Mbl = 0
In[11]:= Mb2 = 15000000
In[12]:= n = 403
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In[13]:
In[14]:

WP = 20
<<BeBayNKW.all

This gives the output

6
Out [14]= 2.059064061926754 10

Typical machine—precision numbers in Mathematica are represented as “double—
precision—floating—point numbers” in the underlying computer system. On
most current computers, such numbers contain a total of 64 binary bits, typ-
ically yielding 16 decimal digits of mantissa. If the user wants to use the
default value for the WorkingPrecision, (s)he may skip In[13] and run
BeBayNK.all in the above example.

The main advantage of using the built-in floating—point capabilities of the
computer is speed. Arbitrary—precision numerical calculations, which do not
make such direct use of these capabilities, are usually many times slower than
machine—precision calculations.

Using 5-digits—precision in the following example, the result of calculating
the net expected benefit for illustration I at the optimal sample size, n* = 43,
is shown.

Inf1]:= A =2
In[2]:= B = 2.5
In[3]:= ¢ = 1000
In[4]:=mc = 1
In(8]:= mr = 0
In(6]:= wc =1
In[7]:= wr = 1
In[8]:= ac = 1
In[9]:= ar = 1
In[10]:= gc = 5
In[11]:= gr= 3
In(12]:= L = 1.5
In[13]:= Mbl = 0
In[14] := Mb2 = 10000000
In(15]:= n = 48



In[16]:= WP = 5
In[17] := <<BeBayNUW.all

which gives

Out [17]

58394 .18946
The result is accurate to 11 digits:

In[18] := Accuracy[%]
Out[18]= 11

Although the user of the BeBay program can change the working precision,
if Machine—precision uses 64 binary bits, which yields to 16 decimal digits in
the mantissa, it is almost certainly adequate to work with Machine-precision.
This reduces both the duration of the calculation and the memory used (for
more details visit http://www.wri.com/support /Math/Numerics).

6. A Summary of the BeBay Program Files

In the following list we give the names of the BeBay program files, with brief
descriptions of their contents. The user can call these files in a Mathematica
session using the command In[n]:= <<filename.

BeBayB.all BeBay program for binary data with the benefit function of
the form byp + b,

BeBayNK.all BeBay program for normally distributed data with known
variance and with the benefit function of the form b,6 + by

BeBayNKP.all BeBay program using the option PrecisionGoal = PG at
n = ng for calculating the expected net benefit in normally

distributed data with known variance

BeBayNKT.all BeBay program estimating the truncation error at n = nyg
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for normally distributed data with known variance

BeBayNKW.all BeBay program using the option WorkingPrecision = WP
at n = ny for calculating the expected net benefit in normally
distributed data with known variance

BeBayNU.all BeBay program for normally distributed data with unknown
variance and with the benefit function of the form ;6 + b,

BeBayNUP.all BeBay program using the option PrecisionGoal = PG at
n = ny for calculating the expected net benefit in normally
distributed data with unknown variance

BeBayNUT.all BeBay program estimating the truncation error at n = ng
for normally distributed data with unknown variance

BeBayNUW.all BeBay program using the option WorkingPrecision = WP

at n = ng for calculating the expected net benefit in normally
distributed data with unknown variance
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Chapter 8

Desirable Further Work

In this chapter some desirable further work is discussed. We shall start with
some more general assumptions on the function representing the number of
subsequent user of the new treatment by introducing a continuous bounded
function in section 1. We shall briefly discuss the reasons for considering this
function and show how the objective (or the expected net benefit) function
for the known variance case may be changed.

In any trial some patients receive the inferior treatment. It might be worth
investigating benefit (cost) functions which are a mixture of the two already
mentioned in the general model to deal with this. In section 2 we briefly dis-
cuss the problem for normally distributed data with known variance where
the benefit of using the new treatment is written from the public health
standpoint.

We have already mentioned how we may apply the BeBay methodology to
the case where the size of the control group is not the same as the size of
the treated group (see section 5 of chapter 4). In section 3 we point to a
Bayesian argument to discuss how we may use the prior information on each
treatment to decide how to distribute the total sample size, n, between the

control and treated groups.

Section 4 discusses the regulator’s requirement for granting a licence to the
new treatment from a frequentist perspective. It is important to work out
the details of applying BeBay in this situation as regulators often do use the
frequentist approach for assessing the difference between the performances

of two treatments.

To extend our model to Poisson data, we have supposed that n is large
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and applied the Central Limit Theorem. Further investigation is needed to
obtain a methodology which is valid for smaller values of n.

We have also assumed 7 is large and applied the Central Limit Theorem to
extend our methodology to survival analysis. Further investigation is needed
to develop BeBay for smaller values of n.

In chapter 6 we discussed how we may apply BeBay methodology to tri-
als with binary outcomes for which there is just one group of patients in the
trial. Further investigation is needed to adapt the methodology to the case
where there is a control group in the trial.

Another potential substantial task is to work out how the BeBay methodol-
ogy may be applied to 2 or 3 stage trials.

1. More General Assumptions

While our assumptions for constructing the function used to describe m are
rational and easy to interpret, it should be noted that the function m has
two points where the derivative does not exist. It might be worth considering
using a function for m of the form

o M
T 14e0

which is a kind of logistic function.

The amount of improvement

Figure 8.1: Number of subsequent users of the new treatment.
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In the known variance case if we work with the scaled random variable “
. g
then we may write m as

. M
m = _u’(?n) . (8.1)

1+e

The objective function for the public health version of the benefit function
may be written as

M bp'(Zn), ,
r(N)=L 1+E_M( ,u((jz ))f(zn)dfn—cn

_Mb [t TS (E - )

T2 =
o —00 1 + e*%[l‘*‘#j(zn—#)]

f(En)dEn —Ccn (82)

R e
N Mb/ by T2 N 1/2 (‘fz:’_nj/n f(Zn)dzn — cn.
— —[a'l'\/ﬁ;(;z“f'") (\/m)]

®14+e

Zn—M
2

g2 4 .2
n +T

R(n) = TA(/Z,)’ and T = I, (8.2) becomes

Putting u = and using the change of variables, C = 35, D = £,

Mb>

® D+ /0T (T2 +n)" Y

—oo 1 + e~ [D+VAT(T=24n)=1/24] ¢(u)du — Cn. (8.3)

R(n) =

Thus the scaled objective function, R(n), reduces to a function of C, D, and
n.

This form for the function m may also be used with the commercial ver-
sion of the objective function and when the observation variance ¢? is not

known.

It should be noted that this change in m is expected to make calculations,
especially in the unknown variance case, more complicated and they take
longer to carry out.
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2. A Note On the Cost Structure

In our general model for normally distributed data with known variance we
assumed that the public health version of the objective function could be
written as

r(n) = /_ /6 m(%)dH"(dlzn)f(zn)dzn — (en + d),

where d is the setup cost.

It is obvious that in any trial some patients receive the worse treatment.
Suppose these number kn, (0 < k£ < 1). At the same time there is a benefit
for the (1 — k)n patients receiving the better treatment in the trial. If these
contributions to cost and benefit are included the objective function becomes

r(n) = /_ /6[m + (1 - k)n](?)dﬂ"(éﬁn)f(fn)d%n —cn — co(kn) — d,

where c; is the cost per patient in the trial and c; is the cost for a patient
receiving the inferior treatment. The objective function now becomes

= m@ "(0|Zn) f(Zn)dZ b1 = k)n — (c Ca)n —
) = [ [ T Ezn + T o+ e = d

Proceeding as before it may be shown that

1 ha2(B,n) 1 -
R(n) = / [D + v/nT(T72 + n) "y —=e " du
h

B-A 1(A,n) \/ﬁ
A hz(B’n)[D+\/_T(T-2+ )—1/2 ] 1__ ‘%uzdu
B — A Jp(am) o
1 9 1/2 h2(B,n)[ VAT (T2 + n) ™%y
_ 1.5(T"% +n)~ / P/
B—-A ( ) hi(An) (8.4)
X _1_8_%u2du

00 1 1, 2
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where D= £ R(n) =" T =1

Mb> g’

-2 -1/2 __ -2 1/2
hy(A,n) = [A+1.5(T*% +n) D|(T~% +n) |
Tvn

_ [B+15(T7%+n)~Y2 — D|(T? + n)/?
T/n '

The same approach may be applied with the commercial benefit function
and to the case of unknown variance. It may be of some interest to write a
program taking these new parameters together with the regulator’s ones into
account.

hQ(A, n)

3. Numbers of Patients on Each of the Two
Treatments; Known Variance

In our general method for finding the optimal size of trial we assume that
n patients are allocated to both the new treatment and control groups. In
this section we shall apply a Bayesian argument to show how we may use the
prior information on the two treatment effects to decide how many patients
are needed in each of these two groups.

Question: Suppose that 6, and 6, are, respectively, the unknown responses
for patients using placebo and for those using the new treatment. We assume
0, ~ N(ip, ™2), 0 ~ N(ue, 7%), and we are interested in § = 6; — 6,. The
question is how we may determine the number of patients on each of these
two groups.

The prior density for 4 is
N(,Ut = Kp; 7't2 + sz)'

Let 21, 3, ..., Zn, and y1, Ya, ..., Yn, D€, TESpectively, the outcomes for patients
using the new treatment and for those using placebo, and let X; ~ NV (6;,02)
and Y; ~ N(0,,0%). If 7, and 7, are the sample means then the posterior
distribution of ¢ is

t7't_2 + ftnt0_2 .Upr_z + ypnpa_2

7 -2 ~2y—-1 —2 —~2y—1
N — A C o + (1 “ +nyo :
( T2 + nyo—? T2 + npo 2 (7 ™) (7 o))
(8.5)
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One possible answer to the above question is to find n; and n, so as to min-
imize the posterior variance of the parameter of interest, 6. Applying the
Lagrange multiplier technique the question becomes

7Ilrtlinn f(nenp) = (2 +n07%) 7 4+ (1,7 + npo ™) 7,
sMp

subject to:  g(n¢,ny) = ny+n,—n = 0. (8.6)

To find the stationary points of f(n;,n,) we need to solve the following
system of equations

¢ of dg _
o T Az =0

or

—-(Tt_2 + nt0_2)_20'—2 +A=0
—~(1" 2+ nyo %) 207+ A =0 (8.7)
ny+n, —n=0.

Solving for n; and n, in the first two equations and putting them into the
third one gives

n+ (Tt_2 +7.p—2)0.2

A2 =
206
So
")) ) 02 n —9 _9 O'2 n

ng = (Tp — Tt )—2—+—2—, npz(Tt — Tp )?—f—g, (88)

or finally
o? 0 002 M

ny = ma:c{O, (Tp_2 — Tt_Q)—Z— + 5}, Ny = ma:z:{(), (=1 )—2— + 5}
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3.1. Discussion

If the prior information on the placebo and on the new treatment are the
same (ie; 7,> = 7,%) then n; = n, = n/2. This means a sample of size n/2
should be taken from each of the two groups.

If the prior information on the placebo is more than for the new treatment
(ie; 7> < 7?) then (8.8) implies n, < n/2 < n,. This means that we have
to make the treated group larger than the control group. If the prior infor-
mation on the placebo is less than for the new treatment (ie; 7,2 > 7,2) then
(8.8) implies n, < n/2 < n,. So we need to make the control group larger
than the treated group.

It might be worth trying to investigate the question for the unknown variance
case and for the binomially distributed data to work out the conditions on
the parameter values under which we may find that %f ~ 1.

4. Frequentist Regulatory Authorities

Assuming that the regulator uses a frequentist approach for assessing the dif-
ference between the performances of the two treatments, as often happens,
it is important to consider how the BeBay methodology may be adapted. In
this section we discuss an approach to this problem for normally distributed
data with known variance. It is worth investigating the problem for other
cases like unknown variance and binomially distributed data.

4.1. Known Variance

Let us assume that the regulator wishes to test the hypothesis Hy that § =0
against the alternative H; that § > 0. If the data are normally distributed
and if the size of the test is o then the regulator’s criterion for rejecting H
in favour of H; is

2
reject Hy if and only if Z, > za\/ %. (8.9)

In other words, the regulator grants a licence to the new treatment, provided
that (8.9) holds. Note that here the paired comparison case of normally dis-
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tributed data, discussed in chapter 4, is considered (see section 5 of chapter
4).

Recall that the function representing the number of subsequent users of the
new treatment, m, is of the form shown below

H.(A,n) H.(B,n)

Figure 8.2: Number of subsequent users

/
where
H.(A 1) = (62 + nt2)(A + 1.57%) — o2 p,
C 3 nTcz b
2 2\(B n_ 2
H,(B,n) = (6 +n1f)(B+1.57) -0 ,uc’ (8.10)

2
nrt,

and u. and 7. are, respectively, the prior mean and the prior standard devi-
ation of ¢ assumed by the drug company conducting the trial.

4.1.1. Public Health Benefit Function

As before there are three cases to be considered

Case 1: z4+\/02/n < H.(A,n) < H(B,n)
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N

Ze \/aé/n H.(A,n) H(B,n)

Figure 8.3: Number of subsequent users;
Low Frequentist Regulator Requirement.

The objective function for this case is the same as the one with no regu-
lator so the problem of sample size determination is unchanged.

Case 2: H (A, n) < zo\/02/n < H(B,n)

H.(A,n) z4\/02/n H(B,n)

Figure 8.4: Number of Subsequent users;
Intermediate Frequentist Regulator Requirement.

As shown in figure 8.4 there are no subsequent users unless an approval
is granted. For this case the problem is to find n* which maximizes the fol-

lowing objective function
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Hc(B,n) 2 / 2
R(n)=0+/ 1 e g, —A-15T .y THe

ar/o2m B — A[(a2 + n12)o o (024 n7?)o
2 2
X (g b ) (200

(62 +n72)0™ (0?2 +n72)0

o0 2 2
+/ (e 7, + — 2 He )\ ¢(z)dz, - Cn.

(B (02 +172)0 " (02 +n2)o

(8.11)
Putting u = % the objective function may be written as
U_+7-C
R( ) 1 n hZ(B,n) \/_ 9 1/2 5 1 1.2
n) = De + T (T;” + n)"*u]*——e" 2" du
B __ A fr(a’n) [ ( ) ] \/ﬁ
A ha(B.n) 1 1,2
- D, + \/nT, Tc_2 +n) V2l ——e" 2% du
B =4 Jf(an) Dot Vil RN
1 h2(B,n)
— 1L.5(T7% + n)"1/2/ [De + VT (T2 +n) =2y
B-A fr(a,n)
1 1,2
X e 2% du
V2T
i 1 12
+ / D, + VnT(T;? + n) 2y ——e " 2“"du — Chn,
hz(B,n)[ V2T
(8.12)
where T. = =, D, = % C = &, R(n) = "% and

2q — /nT,
fr(a,n) = Nk
[A+1.5(T;72 +n)"V2 — DJ(T;% +n)/?
T.\/n !
B+ 1.5(T;2 +n)"Y2 — D J(T;? + n)'/?
hQ(B,n) — [ ( )71 ]( ) :
Vn

hl (A, n) =

It should be noted that we used the above change of variable to convert
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the inequalities z,0/\/n < Z, < 0(02+"T°2)(BT:;12'5T4/”)'”2“C to fila,n) <u<
hg(B, TL)

In this case the minimum amount of improvement in performance required
by the regulator to grant a licence is bigger than the minimum improvement
needed for some users to switch to the new treatment.

Case 3: H.(A,n) < H.(B,n) < z4v/0%/n

Y
N
3

HC(A; n) H.(B,n) z;\/UQ/n

Figure 8.5: Number of subsequent users;
High Frequentist Regulator Requirement

In this case the minimum amount of improvement in performance required
by the regulator to grant a licence to the new treatment is so high that if it is
achieved all the potential users of the new treatment do use it in preference
to the old treatment.

Using the same change of variable as in (8.12) the objective function for
this case is

o 1 1,2
R(n) = / D, + /nTo(T% +n) "2y e *du—Cn. (8.13
)= [ 1D VAT )l )

Now we can establish the following theorem.

Theorem: If the regulator’s requirement is as in (8.9) and the benefit of
using the new treatment is from the public health standpoint, then the scaled
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expected net benefit from carrying out a trial of size n is

1 mam(h%fr) 1
R(n) = / D, 4+ /nT. (T2 + n)~ Y2y 2___e3%dy
B-A maz(hi,fr) [ ( ¢ ) ] vV 2T
A maz(ha, fr)

1 1,2
i — D + VAT,(T; % 4 n) Y2y ——=e 2% du
B-A /mam(hl,fr) [ ( ) ] V 21

1 maa(ha, fr)
- B__A]"S(Tc_2 + 71)_1/2 / [Dc + \/rﬁ,TC(,Tc_2 + n)_1/2u]
o maz(hy,h;)

1
2T

o 1 1,2
+ / D, +/nT(T;% +n 12y ——e~ 2% du — Cn.
max(hg,hr)[ ( ) ]\/ 27

_1.2
X e 2% du

(8.14)

4.1.2. Commercial Benefit Function

Applying the same analysis as for public health version of the benefit func-
tion we can state the following theorem.

Theorem: If the regulator’s requirement is as in (8.9) and the benefit of
using the new treatment is expressed from the commercial standpoint, then
the scaled expected net benefit for carrying out a trial of size n may be
written as

1 max(ha,fr) 1 "
R(n) = / D + VT (T2 +n)~Y2u)——e 2" du
( ) B-A maz(hy,fr) [ vV 2

maz(ha,fr)
A4 L e 2%’ du

B-A maz(hy,fy) V2T (8.15)

( ) 1/2 mazx(ha,fr) 1 Lo
1 5 T" +n / ——e 2% du
maz(hi,hs) V 2m

B
——6_5“ du — Cn.
[n h2 fr) \
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