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The decay timescales of the quasinormal modes of a massive scalar field have an intriguing behavior:
they either grow or decay with increasing angular harmonic numbers l, depending on whether the mass of
the scalar field is small or large. We identify the properties of the effective potential of the scalar field that
leads to this behavior and characterize it in detail. If the scalar field is nonminimally coupled, considered
here, the scalar quasinormal modes will leak into the gravitational wave signal and will have decaying times
that are comparable or smaller than those typical in general relativity. Hence, these modes could be
detectable in the future. Finally, we find that the anomalous behavior in the decay timescales of
quasinormal modes is present in a much larger class of models beyond a simple massive scalar field.
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I. INTRODUCTION

Quasinormal modes (QNM) are the resonant decaying
modes of a black hole (BH) as it settles down to its final
stationary state. These modes have an infinite discrete spec-
trum of complex frequencies, ω ¼ ωR þ iωI, whose real part
ωR determines the oscillation timescale of themodes, whereas
the complex part ωI determines their exponential damping
timescale (see e.g., [1–3] for reviews on QNM modes).
In general relativity (GR), QNM are characterized solely

by the mass, M, and angular momentum, J, of the black
hole, the angular harmonic indices ðl; mÞ and the degree of
the harmonic overtone number n [4]. If there are additional
fundamental fields present in the universe, they can affect
the QNM spectrum of BHs, and hence QNM can be a
powerful tool to test the properties of gravity. Indeed, while
a number of tests of gravity only probe the stationary
properties of the spacetime (e.g., orbiting stars around BHs
[5–7], or BH imaging [8–10]), QNM carry information on
the dynamical regime of gravity and thus provide crucial
new information. In particular, in the case of a massive
scalar field conformally coupled to gravity, the BH sta-
tionary solution is a Kerr metric, as in GR, while the QNM
spectrum will generically be given by a linear superposition
of the normal GR spectrum and the scalar field spectrum
[11]. Studying this scalar field spectrum then will help
understand one of the possible deviations from GR that can
be tested in the future with a detection of QNM.
The QNM of a scalar field with mass μ in the presence of

a Schwarzschild BH have been studied with numerical and

semi-analytical methods [12–15], where it has been found
that, at least for the overtone n ¼ 0, if we have a light scalar
field, then the longest-lived quasinormal modes are those
with a high angular number l, whereas for a heavy scalar
field the longest-lived modes are those with a low angular
number l. To elaborate slightly, this means that for small μ,
the scalar field fluctuations of the BH become fuzzier
(albeit with exponentially fast decaying amplitudes) as it
evolves toward its final, perfectly smooth, spherically
symmetric state. In contrast, for large μ, the scalar field
fluctuations become smooth, with low lmodes dominating
and eventually disappearing as the BH settles down.
This peculiar result should be compared to the

Schwarzschild tensor QNM spectrum in GR (and the same
behavior can be found for tensor QNM in Kerr1), where the
longest-lived modes are always the ones with lower angular
number l, very much as in the case of a very large μ.
Indeed, this is the typical hierarchy found in physical
scenarios, where more energetic modes have faster
decaying rates (e.g., electrons in higher energy states in
an atom have faster spontaneous decay rates to the ground
state, see also examples mentioned in [17]). The main goal
of this paper will then be to analyze the origin for this
“inversion” of the decay rate for small μ. We compare the
behavior of ωI for the massive scalar field and for the tensor
modes of Schwarzschild in Fig. 1. As we will show later,
when δ ¼ Mμ < 0.07 then jωIjwill decay with larger l. On
the other hand, we mention that the real part of the scalar
QNM frequency, ωR, does monotonically increase with the
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1From the publicly available data in [16], one can check that,
for any given azimuthal number m, the QNM are such that jωI j
grows with l for all values of the BH’s dimensionless spin
a ¼ J=M2.
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angular number l, as one would expect since higher
angular numbers correspond to more energetic systems,
and in typical classical and quantum systems the oscillation
frequency increases with energy.
In this paper, we analyze and characterize the non-

monotonic behavior of ωIðlÞ for a massive scalar field,
focusing mainly on a spherically symmetric spacetime, but
we obtain similar results around a Kerr black hole. We find
the critical mass of the scalar field δ̂ where the transition in
behavior happens: for lower masses the large-l modes live
the longest, whereas for larger masses the small-l modes
live the longest. Using the Wentzel-Kramers-Brillouin
(WKB) approximation to analyze the QNM frequencies,
we also find that ωI is closely related to the width of the
effective potential in the QNM equations. We show that
the width has a similar nonmonotonic behavior to ωI in the
case of a massive scalar field. We also find that the presence
of this inverted behavior is common to a broader class of
models and not only massive scalar fields.
This paper is organized as follows. In Sec. II we

introduce and discuss the massive scalar field equation.
In Sec. III we use the WKB approximation to obtain
analytical expressions in the large-l limit for the QNM
frequencies. We find the critical δ where ωI inverts its
behavior and discuss its observational consequences. In
Sec. IV we study the geometrical properties of the effective
potential in the QNM equations and show that the width of
this potential causes the anomalous behavior in ωI . In
Sec. V we show that this anomalous behavior happens for a
range of potentials beyond a simple massive scalar field.
Finally, in Sec. VI we summarize our findings and discuss
their consequences. Throughout this paper we will be using
geometric units, in which G ¼ c ¼ ℏ ¼ 1.

II. MASSIVE SCALAR FIELD

Scalar fields have been extensively studied in the context
of quantum-gravity candidates (e.g., [18,19]), cosmology
(e.g., as inflatons [20], as dark matter [21], or dark energy

[22]), and in the strong-field regime as fields modifying the
BH spacetime geometry [23,24], or forming clouds through
accretion or instabilities around BHs [25–27].
One can go beyond simple scalar field actions and

consider nonminimal interactions with the spacetime met-
ric. These can lead to black hole hair (i.e., a stationary black
hole spacetime differing from Kerr and Schwarzschild)
[23,28,29]. However, in [30] it was argued that, in the
presence of a cosmologically relevant scalar field with
second-order equations of motion that does not modify the
propagation speed of gravitational waves (in agreement
with GW170817 observations [31,32]), black holes have no
hair and therefore black hole solutions are simply described
by Kerr and Schwarzschild. Explicitly, the scalar-tensor
theories with second-order equations of motion satisfying
these conditions are given by:

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p ½G4ðΦÞRþG2ðΦ; XÞ −G3ðΦ; XÞ□Φ�;

where G4 is an arbitrary function of the scalar field Φ, and
G2 and G3 arbitrary functions of Φ and its kinetic term
X ¼ −ð1=2Þ∇μΦ∇μΦ. Here, □ ¼ ∇μ∇μ. In these models,
[30] showed that the QNM for a massive scalar fieldΦ on a
black hole spherically symmetric spacetime will be deter-
mined by a Klein-Gordon-like equation:

½□þ μðrÞ2�Φ ¼ 0; ð1Þ

where μ can depend on space and represents an effective
mass term, and where the derivatives □ are taken with
respect to the black hole spacetime. When the spacetime is
spherically symmetric, the line element is given by the
Schwarzschild metric:

ds2 ¼ −fðrÞdt2 þ 1

fðrÞ dr
2 þ r2ðdθ2 þ sin θ2dϕ2Þ ð2Þ

with fðrÞ ¼ 1 − rs=r with rs ¼ 2M the Schwarzschild
radius.
In models with nonminimal interactions between the

scalar field and the metric of the form G4ðΦÞR, the
gravitational waves hμν of the spacetime metric will be a
linear combination of those in GR and the scalar field
solutions [15]:

hμν ¼ hðGRÞμν −G4;ΦðrÞgμνΦ; ð3Þ

where G4;ΦðrÞ is the derivative of the arbitrary function
G4 with respect to the scalar field Φ evaluated in the
background Schwarzschild solution, and gμν is the
Schwarzschild metric. In this scenario, the QNM spectrum
that could potentially be observed is given by hμν and it
would have components oscillating with the GR QNM
frequencies, in addition to components oscillating with the

FIG. 1. Complex QNM frequency for the cases of a massless
scalar field δ ¼ 0 (blue), for a massive scalar field with δ ¼ 0.1
(orange) and 0.5 (red), and for the tensor modes of Schwarzschild
[3] (black), as a function of the angular number l. We show the
fundamental overtone n ¼ 0.
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scalar QNM frequencies. We emphasize that since the
background is a black hole with vanishing curvature,
R ¼ 0, then the conformal coupling G4 plays no relevant
role in the Schwarzschild equations of motion. However, at
the level of linear perturbations, the perturbed curvature
will not vanish and therefore G4 becomes relevant, and
determines the mixing between scalar and tensor QNM
shown in Eq. (3).
Since Eq. (1) turns out to describe the QNM modes in a

range of scalar-tensor theories, we focus on solving this
equation. For differentmodels,μðrÞwill take different forms
as a function of r. For concreteness,wewill consider the case
where μ is a constant in most of this paper but, later, we will
show our results hold in a wider range of situations.
On the spacetime (2), the solution to Eq. (1) can always

be decomposed into spherical harmonics Ylm as:

Φ ¼
X
l;m

φlmðrÞ
r

Ylmðθ;ϕÞe−iωlmt; ð4Þ

where ωlm are the QNM frequencies which, in this case,
are independent of m. The radial part of the scalar field
satisfies the following equation:

∂2
r�φþWðr�Þφ ¼ 0; ð5Þ

where r�¼rþrs lnðr=rs−1Þ (hence dr�=dr¼ð1−rs=rÞ−1)
is the tortoise coordinate. Here, and onward, we omit the
explicit harmonic number l dependence in φ and other
quantities. The effective potential W is given by:

W ¼ ω2 − V; V ¼
�
1 −

rs
r

��
rsσ
r3

þ μ2 þ lðlþ 1Þ
r2

�
;

ð6Þ
where σ ¼ 1 − s2 with s ¼ 0 being the spin of the particle
for the case of a scalar field. In order to find the QNM
frequencies, one must find all the solutions of φ that satisfy
purely ingoing boundary conditions at the BH horizon, and
purely outgoing conditions at spatial infinity. This can be
done numerically [12,13] or semianalytically [15].

III. QNM WITH THE WKB METHOD

The shape of the potential, V, as function of the tortoise
coordinate is illustrated in Fig. 2, where we see that the

potential tends to constant values at the horizon r� ¼ −∞
and spatial infinity r� ¼ ∞, and exhibits a maximum value
at a finite distance.
The overall shape of V is generic for the problems we are

considering and makes Eq. (5) take the form of a
Schrödinger equation with a potential barrier W. One
can then apply the Wentzel-Kramers-Brillouin (WKB)
method as it is used in quantum mechanics to obtain the
QNM spectrum. In this case, the QNM frequencies are fully
determined by the behavior of the potential and its
derivatives at its maximum value. Given that, it is con-
venient to expand the potential around its maximum in a
Taylor series as:

Wðr�Þ ¼ ω2 − Vðr̂�Þ −
Xk¼∞

k¼2

1

k!
VðkÞðr� − r̂�Þk ð7Þ

where VðkÞ denotes the kth derivative of the potential V with
respect to the tortoise coordinate, evaluated at the maxi-
mum of the potential r̂�. One can truncate this expansion to
a given order to obtain a better approximation to the entire
potential. The lowest orders have been found to give very
accurate results for high-l modes. In [33–36] the WKB
approximation was studied up to 6th order (and higher) in
the Taylor expansion (7), where it was found that the
frequencies ω must satisfy a specific constraint in terms of
V and the coefficients VðkÞ:

ω2 − Vðr̂�Þ ¼ −2i
�
N

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−Vð2Þ=2

q
þ i
64

�
−
1

9

Vð3Þ2

Vð2Þ2 ð7þ 60N2Þ þ Vð4Þ

Vð2Þ ð1þ 4N2Þ
�

þ N

23=2288

�
5

24

Vð3Þ4

ð−Vð2ÞÞ9=2 ð77þ 188N2Þ þ 3

4

Vð3Þ2Vð4Þ

ð−Vð2ÞÞ7=2 ð51þ 100N2Þ þ 1

8

Vð4Þ2

ð−Vð2ÞÞ5=2 ð67þ 68N2Þ

þ Vð3ÞVð5Þ

ð−Vð2ÞÞ5=2 ð19þ 28N2Þ þ Vð6Þ

ð−Vð2ÞÞ3=2 ð5þ 4N2Þ
��

; ð8Þ

FIG. 2. General shape of V as function of tortoise coordinate.
We indicate the maximum height Vðr̂�Þ at r� ¼ r̂�, as well as the
width Δr� of the potential when it has decayed a factor (1 − ε)
from its maximum. The height and width play a crucial role in
determining the QNM frequencies.
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where N ¼ nþ 1=2 with n ¼ 0; 1; 2;… the overtone
number.
It is useful to define the function U such that:

ω2 − Vðr̂�Þ ¼ −2iU; ð9Þ
where −2iU is given by the right-hand side (RHS) of
Eq. (8), and can therefore be a complex number. The
complex part of the QNM frequency, ωI, can then be
expressed as:

2ω2
I ¼ −ð2ImðUÞ þ VÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2ImðUÞ þ VÞ2 þ 4ReðUÞ2

q

ð10Þ
where all the RHS must be evaluated at the maximum
r̂�. Meanwhile, the real part of the frequency can be ex-
pressed as:

ω2
R ¼ ReðUÞ2=ω2

I : ð11Þ
Note that, by construction, both expressions for ω2

I and ω2
R

are always ensured to be positive.

A. Eikonal limit

The eikonal limit of the QNM expansion is given by the
limit l → ∞. It has been shown in the past [37,38] that, in
some cases, this regime can be associated to the behavior
of null particles trapped on the unstable circular geodesic
of spacetime, with ωR determined by the angular velocity at
the unstable null geodesic, and ωI determined by the
instability timescale of the orbit. The QNM then represent
waves orbiting in the vicinity of the photon ring, slowly
leaking out toward the event horizon as well as spatial
infinity [39].
As previously mentioned, the behavior of the potential at

its maximum fully determines the QNM frequencies. In the
case of the conformally coupled massive scalar field (that
is, with G4 ≠ 0), this agrees with the null geodesic picture
described above, as one can easily verify that the maximum
of the potential in Eq. (6) coincides with the photon ring
radius r̂ ≈ ð3=2Þrs for l → ∞. In this context, the QNM
frequencies are associated to specific geometrical proper-
ties of the potential around the light ring. We illustrate this
in the eikonal limit, where it is enough to use the WKB
constraint in Eq. (8) only up to second-order derivatives of
the potential. In this limit we have

ω2
I ≈

1

8

−Vð2Þ

Vðr̂�Þ
; ð12Þ

ω2
R ≈ Vðr̂�Þ2: ð13Þ

We can see from here that the QNM frequencies are solely
determined by the maximum height of the potential, as well
as its width around its maximum (see Fig. 2). Indeed, using
the Taylor expansion to second-order derivatives, we

identify the width of the potential when it has decayed
from its maximum to εVðr̂�Þ as ðΔr�Þ2 ≈ 2ð1 − εÞV=
ð−Vð2ÞÞ. We can then rewrite Eq. (12) as:

ω2
I ≈

1

4

ð1 − εÞ
ðΔr�Þ2

: ð14Þ

Note that ε is an arbitrary number that determines where the
width of the potential is measured, and it is independent of
the QNM numbers l and n. For the approximation to be
valid, ε cannot be too small so that the quadratic Taylor
expansion of the potential remains valid.
The fact thatωI scales inversely proportional to the width

of the potential can be understood by invoking the afore-
mentioned interpretation of QNM as wave packets orbiting
the light ring. These waves must be able to tunnel through
the potential barrier W in order to leak out. This tunneling
rate is precisely what the WKB approach proposed in
[33,34] analyzes to obtain the QNM frequencies.
One can construct an interesting, but somewhat artificial,

toy analogy: the quantum tunneling across a square barrier
but in which the incident wave is forced to zero (reminis-
cent of no outgoing waves from the event horizon nor
incoming from infinity) [34]. Strictly this goes beyond the
usual applicability of quantum mechanics in that the
eigenvalues are complex. Nevertheless, in that case, only
a discrete set of complex, “energy” levels are permitted in
which the imaginary part is indeed inversely proportional to
the width of the barrier.

B. Inverted ωI behavior

Going beyond the eikonal limit, from the potential V in
Eq. (6) we obtain that the maximum of the potential for
large l is at:

r̂ ≈
3rs
2

−
rs
6λ2

ð1 − 27δ2Þ þOðλ−4Þ; ð15Þ

where λ2 ≡ lðlþ 1Þ and δ ¼ μM, and the value of the
potential at this position is approximately:

Vðr̂�Þ ≈
4

27

λ2

r2s
þ 4

81

ð2þ 27δ2Þ
r2s

: ð16Þ

For the higher derivatives of the potential, we find that
(except for Vð2Þ) only the leading terms when l → ∞ are
relevant in determining the QNM frequencies with Eq. (8).
The relevant expansions are then given by:

Vð2Þðr̂�Þ ≈ −
32

729

λ2

r4s
þ 64

6561r4s
ð−4þ 27δ2Þ ð17Þ

Vð3Þðr̂�Þ ≈
128

6561

λ2

r5s
ð18Þ
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Vð4Þðr̂�Þ ≈
1024

19683

λ2

r6s
ð19Þ

Vð5Þðr̂�Þ ≈ −
5120

59049

λ2

r7s
ð20Þ

Vð6Þðr̂�Þ ≈ −
16384

177147

λ2

r8s
: ð21Þ

In order to illustrate the overall behavior of the QNM
frequencies, we focus on the fundamental mode n ¼ 0
from now on (higher overtones will exhibit similar char-
acteristics). For this mode, we find that U can be approxi-
mated by:

Uðr̂�Þ ≈
2

27

λ

r2s
þ 1

52488

1

λr2s
ð−749þ 11664δ2Þ ð22Þ

þ i
r2s

�
−

65

1458
þ 1

6561λ2
ð−59þ 378δ2Þ

�
; ð23Þ

and hence the complex part of the frequency is given by:

r2sω2
I ≈

1

27
þ 1

52488λ2
ð137 − 29160δ2Þ: ð24Þ

From this analytical expression we find that there is indeed
a change in behavior that happens for ωIðlÞ: there is a
critical mass δ̂ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

137=29160
p

≈ 0.06854, such that for
lower masses jωIj decays with l, whereas for larger masses
jωIj grows with l. Note that the perturbative expansion we
have performed is valid only when the first term in (24)
dominates, and therefore only when δ2=λ2 ≪ 1 and λ2 ≫ 1.
For any value of l, we can also use the WKB expression

in Eq. (8) and numerically obtain the QNM frequencies.
Figure 3 shows the numerical results for ωI as function of δ
for different values of l. In this figure we see that all the
scalar QNM have ωI < 0 (regardless of their hierarchy in
l), which means that all modes have exponentially fast
decaying amplitudes. This ensures the stability of the

Schwarzschild black hole under disturbances, as well as
the validity of the perturbative approach we have employed.
We note that for large-l values, there is one fixed critical
mass δ̂ where curves cross over, but this is not the case for
low l. Indeed, moving beyond the subleading term in the
eikonal expression for ωI, we can calculate the critical δ
value for which the imaginary frequency of two QNMs
with successive l values are equal. That is, using ωl

I ¼
ωlþ1
I as a proxy for where the transition occurs, we obtain

the following expression for δ̂ when using the WKB
method:

δ̂2≈
137

29160
þ 4747969

566870400
l−2−

47479699

283435200
l−3

þ 295823943463

11019960576000
l−4−

111222908743

2754990144000
l−5: ð25Þ

We note that while the results presented so far in this paper
have all been obtained using analytical or semianalytical
methods, the calculations are consistent with numerical
methods. As an example, we compare to the numerical
parametrization of QNMs given in [40], whose results were
obtained using high accuracy direct integration of QNM
equations with generic power law additions to the potential.
For the case of a massive scalar field, [40] obtained δ̂ ¼
0.071 when ωl¼2

I ¼ ωl¼3
I , whereas we obtain δ̂ ¼ 0.072

using Eq. (25). There is an even closer agreement when
extending Eq. (25) to further powers in 1=l.
For a slowly rotating Kerr black hole, we find the

following expression for δ̂ using the expressions of [15]
for maximally corotating modes (those with m ¼ l) by
requiring that ωl

I ¼ ωlþ1
I :

δ̂2≈ δ̂20þ
affiffiffi
3

p
�

223

36450
−

223

48600
l−1þ 63240251

12754584000
l−2

−
429752621

51018336000
l−3þ 6855418935097

991796451840000
l−4

�
; ð26Þ

where a is the dimensionless angular momentum of the
black hole, and δ̂0 is the critical value for a Schwarzschild
background (i.e., with a ¼ 0). We thus find that the critical
value δ̂ increases with increasing black hole spin for these
modes with l ¼ m.
Moving beyond the slow rotation approximation, we see

this behavior persist for black holes with significant spin.
For example, with a ¼ 0.5 we find a hierarchy inversion
occurs for δ ≈ 0.09 when calculating QNMs using Leaver’s
continued fraction method. The QNM for extremal Kerr
BHs have been studied in [14,41].
We also mention that the QNM of a massive scalar field

around a spherically symmetric wormhole have been
studied in [42], where the same anomalous behavior of
ωIðlÞ has been found.

FIG. 3. Complex QNM frequency as a function of δ for a few
values of l. We see that the large-l curves cross each other near
δ ≈ 0.068 (vertical grey line).
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In order to understand better the consequence of the
anomalous behavior in ωI , let us notice that we can rewrite
δ ¼ rs=ð2λcÞ, where λc is the Compton wavelength of the
scalar. The transition then happens when rs ∼ 0.1λc. For a
solar mass BH, we will have a transition for λ ∼ 10 km (or a
scalar mass of μ ∼ 10−10 eV). We also notice that for δ < δ̂
we always have that jωIj will be larger than that for

Schwarzschild jωðGRÞ
I j. Therefore, in all the situations

when the scalar QNM have an inverted behavior in l,
the QNM of the metric will live longer, although the
timescales are very similar (see Fig. 1). In addition, their
quality factors, defined as Q≡ jωR=ð2ωIÞj, will also be
very similar, with the Q of the scalar always being slightly
larger than that of the Schwarzschild QNM. We thus
conclude that it could indeed be possible to detect modes
with the inverted behavior, if the sensitivity of gravita-
tional-wave detectors is enough to observe those in GR
(assuming that the initial amplitude of both scalar and
tensor modes is equally relevant, which must be verified
modeling numerically the merger of compact objects in
scalar-tensor theories) [43].
We also notice that, for any given l, jωIj decays with the

mass of the scalar field. This means that if the scalar is
heavy enough, the scalar QNM modes may live consid-
erably longer than the Schwarzschild ones, and they would
dominate the gravitational wave signal. The red curve of
Fig. 1 illustrates this for δ ¼ 0.5. For even higher masses,
ωI will eventually vanish, at which point these modes will
disappear from the QNM spectrum [44].
As also shown in Fig. 1, we see that in the large-l limit,

ωI converges to the same value as in Schwarzschild, and
becomes independent of δ (since the presence of the mass
term μ in the effective potential W makes a subdominant
contribution in the limit l → ∞). Indeed, the QNM
frequencies for the scalar field will have the same limit
as the GR Schwarzschild’s QNM:

lim
l→∞

Mω ¼ 1ffiffiffiffiffi
27

p
�
1 − i

�
nþ 1

2

��
ð27Þ

for any overtone n.
Finally, we mention that this anomalous behavior in ωI

appears for higher overtones as well, although the critical
scalar mass where the inverted behavior starts will vary
with n. Explicitly, we find that, for large l,

δ̂2 ¼ ð137þ 235nþ 235n2Þ
29160

; ð28Þ

and thus the critical mass grows with n.

IV. POTENTIAL SHAPE

Let us assume we know exactly what the eikonal limit of
the potential V is, and that only the subleading corrections
to the potential and its derivatives are unknown. We can

write the coefficients in the Taylor series of the potential in
the large-l limit as:

rkþ2
s VðkÞ ≡ vkaλ2 þ vkb ð29Þ

with Vð0Þ ¼ Vðr̂Þ, and where the coefficients vka can be
read off from Eqs. (16)–(21) for n ¼ 0. We then have:

r2sω2
I ¼

1

27
þ 1

λ2

�
−

295

52488
−
v0b
4

−
27v2b
32

�
: ð30Þ

From here we see that all the subdominant terms have a
negative sign, which means that if both v0b and v2b are
positive then ωI will always grow with larger l, as is
typically the case for most examples considered in the
literature. However, in the case of a scalar field, v2b can
take negative values and dominate the entire subleading
term, and eventually lead to an inverted behavior in ωIðlÞ.
A necessary condition for the presence of the inverted

behavior in ωI is that there exists a δ (or any other free
parameter in the potential VðrÞ, in more general cases)
such that:

−
295

52488
¼ v0b

4
þ 27v2b

32
: ð31Þ

We note that the number in the left-hand side (LHS) of
Eq. (31) is crucial in determining where exactly the inverted
behavior happens. With the WKB approach we have found
that this number depends on all the derivatives of the
potential (up to 6th order) at the maximum of the potential
in the eikonal limit in a nontrivial way (see Appendix for
the full symbolic expression), which is the reason why δ̂
has an unnatural value. Indeed, we have verified that if the
WKB taylor series is truncated to, for instance, second
order in derivatives of the potential, one does not see the
inverted behavior in ωIðlÞ as this number is not reproduced
correctly.
Equation (30) can be reexpressed in the following way:

ω2
I ¼ −

1

8

Vð2Þ

Vðr̂�Þ
−

1

r2sλ2
295

52488
; ð32Þ

where V and Vð2Þ include their leading and subleading
order terms when l → ∞. This expression is a generali-
zation of Eq. (12) that now is valid beyond the leading order
of the eikonal limit. Thus, we find the following relation-
ship between the width of the potential and the complex
frequency to subleading order:

ω2
I ≈

1

4

ð1 − εÞ
ðΔr�Þ2

−
1

r2sλ2
295

52488
: ð33Þ

This expression illustrates explicitly the fact that if the
eikonal limit of the potential is known, then the only
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unknown quantity determining the behavior of ωI is the
width ðΔr�Þ2. The width is given by:

ðΔr�Þ2 ≈ −2ð1 − εÞr2s
v0a
v2a

�
1þ v0b

v0aλ2
−

v2b
v2aλ2

�
; ð34Þ

which contains a leading term fixed by the potential in the
eikonal limit, as well as subleading terms that depend on
the behavior of the potential beyond the eikonal limit. For
the case of the scalar field, the width will behave as:

ðΔr�Þ2 ≈
3

4
ð1 − εÞr2s

�
9þ ð−2þ 135δ2Þ

λ2

�
; ð35Þ

from which we again see an inverted behavior. We plot the
potential for a couple of values of mass and l in Fig. 4, and
compare the width when ε ¼ 0.01. Here we see the shape
of the potential in four cases. The potential is nearly
symmetric as we are close to its maximum and the
quadratic approximation holds. In the top panel we have
the potential for δ ¼ 0 and in the bottom panel for δ ¼ 0.2.
In both panels, the solid line corresponds to l ¼ 1 and the
dashed line to l ¼ 5. We see that for δ ¼ 0 the width grows
with l, whereas for δ ¼ 0.2 the width gets smaller with l.
We note that this inversion in the behavior of the width does
not happen exactly at the same critical value δ̂ where ωI
exhibits an inverted behavior, due to the presence of the
second term in the RHS of Eq. (33). Nevertheless, the
inverted behavior of ωI is caused by the one in Δr�.

V. OTHER POTENTIALS

Let us now generalize the potential V to

VðrÞ ¼
�
1 −

rs
r

��
lðlþ 1Þ

r2
þ VeffðrÞ

�
ð36Þ

where VeffðrÞ can take different forms depending on the
specific model we have in mind, although we assume that it
is independent of l (so that the eikonal limit of the potential
is known). In this scenario, Veff crucially determines the
behavior of the potential in the subleading regime of the
eikonal limit. In terms of the potential Veff , the criticality
condition (31) can be rewritten as:

−
1180

729
¼ 40r2s V̂eff þ 48r3s V̂

0
eff þ 9r4sV̂

00
eff ; ð37Þ

where these derivatives are with respect to r and evaluated
at the maximum of the potential r̂ ¼ 3rs=2. We note that
the same critical condition given by Eq. (37) can also be
derived by calculating the QNMs using the analytic series
expansion method of [45] and looking at the subleading
term forωI in the eikonal limit. Analytic expressions for the
QNMs of massive scalar fields obtained through the series
expansion method of [45] can be found in [15].
For a massive scalar field we have that

Veffðr; μÞ ¼
rs
r3

þ μ2 ð38Þ

and therefore

r2sV̂eff ¼
8

27
þ 4δ2; r3sV̂

0
eff ¼ −

16

27
; r4s V̂

00
eff ¼

128

81

ð39Þ

and the condition in Eq. (37) lets us recover

29160δ2 − 137 ¼ 0 ð40Þ

as before.
We can use the generic nature of the condition given by

Eq. (37) to probe how general a hierarchy inversion of
imaginary frequencies can be. If we again use a scalar field
as our starting point, we can imagine introducing a simple
power law addition to the effective potential:

VeffðrÞ ¼
rs
r3

þ αq
r2s

�
rs
r

�
q
: ð41Þ

Now, we find that Eq. (37) can be simplified into a
condition for a critical value α̂q:

α̂q ¼
3q−6137

2qðq − 5Þðq − 2Þ: ð42Þ

FIG. 4. Potential as function of tortoise coordinate for δ ¼ 0
(top panel) and δ ¼ 0.2 (bottom panel). In both panels the solid
line corresponds to l ¼ 1 and the dashed line to l ¼ 5.
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We see that there is no defined critical value for q ¼ 2, 5.
The q ¼ 2 case is unsurprising as this simply corresponds
to a change in the effective l value of each QNM. The
special status of q ¼ 5, however, is currently unclear.
Examples of potentials with the form of Eq. (41) include

that of Einstein-dilaton-Gauss-Bonnet gravity, where
perturbations to the dilaton field are sourced by the
Kretschmann scalar K of the background spacetime (for
Schwarzschild, K ¼ RμναβRμναβ ¼ 48M2r−6) [24,46,47].
We emphasize that this transition in the QNM is present

also in more complicated models. In [48,49], the QNM of a
massive vector field in a Schwarzschild black hole was
analyzed (and for Kerr in [50]). A massive vector field
generically propagates three degrees of freedom, corre-
sponding to the helicity-0 and �1 modes. The QNM
equations can be reduced to one equation of the form
(5) for an odd-parity field, and two coupled equations of
similar form for two even-parity modes. The odd-parity
mode has the potential in Eq. (6) with σ ¼ 0 (and hence
Veff ¼ μ2). In this case, there is no mass μ for which the
critical condition (37) is satisfied and therefore this mode
does not present the inverted behavior in ωIðlÞ, which
agrees with the numerical results found in Fig. 1 of [49].
Regarding the two even-parity modes, one of them corre-
sponds to a “scalar” wave that has a nonvanishing monop-
ole l ¼ 0 component. This mode is found to have an
inverted behavior in [49]. Meanwhile, the “vector” even-
parity mode does not exhibit such an inverted behavior.
The QNM of a massive spin-2 particle in a

Schwarzschild black hole has been analyzed in [51]. In
this case, there is a total of five degrees of freedom,
corresponding to all the possible helicities. The odd-parity
sector will have two coupled degrees of freedom (asso-
ciated to a vector and tensor mode), and the even-parity
sector will have three coupled degrees of freedom (a scalar,
vector, and tensor mode). Due to the difficulty of the
equations, [51] analyzed only the QNM for the odd sector
where no inverted behavior was found. Whether this
behavior emerges in the even sector where the scalar mode
appears is beyond the scope of this paper and remains to
be seen.

VI. CONCLUSIONS

In this paper we have explored the QNM of a massive
scalar field. Both in the case of a Schwarzschild and Kerr
black hole, we have found that the complex part of the
QNM frequencies ωI , which determines the timescale in
which these modes decay, has an intriguing behavior as a
function of the spherical harmonic number l. In particular,
we found that there exists a critical mass of the scalar field
such that for lower masses jωIj decays with larger l,
contrary to most cases studied in the literature. On the other
hand, for larger masses, jωIj grows with larger l and the
standard behavior is recovered.

Using theWKBmethod in the case of Schwarzschild, we
found that ωI is closely related to the width of the effective
potential in the QNM equations, which exhibits the same
anomalous behavior as ωI. Indeed, QNM can be interpreted
as wave packets orbiting in the vicinity of the photon ring
of the black hole, slowly leaking out toward the event
horizon as well as spatial infinity. In order for this to
happen, these waves must be able to tunnel through the
effective potential that acts as a barrier. A simple analogous
toy model of quantum tunneling shows that the energy of
the system indeed takes discrete, albeit complex, “energy”
values in which the imaginary part is inversely proportional
to the width of the barrier, as we have found for the QNM of
the massive scalar field.
While we have identified the feature of the potential—its

width—that dictates how ωI behaves and shown how it also
undergoes a transition at a particular value of δ, the
underlying reason for this transition remains to be under-
stood. Given the simplicity of the set up, the best way
forward will be to construct analogous examples that may
shed more light on the phenomenon.
Interestingly, we have found evidence that this transition

to the anomalous behavior occurs in other physical sit-
uations. An open question is whether this phenomenon is
generic for the zero helicity components of any massive
field. Often these modes arise coupled to other degrees of
freedom and are difficult to disentangle (vide the case of
spin-2 fields studied in [51]) and thus more work needs to
be done in streamlining such calculations.
Finally, we emphasize that if a massive scalar field has a

nonminimal coupling to the metric, then the scalar QNM
will leak to the QNM of the spacetime metric and become
potentially observable. Indeed, we showed that if a gravi-
tational wave detector has the sensitivity to detect the
standard QNM of a Schwarzschild black hole, then it
should also detect the scalar QNM provided they are
present and that the initial amplitude of both scalar and
tensor modes are equally relevant, which must be verified
modeling numerically the merger of compact objects in
scalar-tensor theories in the future.
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APPENDIX: SUBLEADING ORDER OF ωI

If we generically write the coefficients in the Taylor series of the potential in the large-l limit as:

rkþ2
s VðkÞ ¼ vkaλ2 þ vkb ðA1Þ

with Vð0Þ ¼ Vðr̂Þ, then the complex QNM is given at subleading order in l by:

r2sω2
I ≈−

1

8

v2a
v0a

þ 1

8v20aλ
2

�
v0bv2a−v0av2b−

1

8

v22a
v0a

−
11

144

v23a
v2a

þ 155

1728

v0av43a
v42a

þ 1

16
v4a−

19

96

v0av23a
v32a

v4a

þ 7

192

v0a
v22a

v24aþ
13

144

v0a
v22a

v3av5a−
1

48

v0a
v2a

v6a

�
: ðA2Þ

Here we see that the coefficients vka for all k contribute to the expression (i.e., all the derivatives of the potential in the
eikonal limit), whereas only vkb for k ¼ ð0; 2Þ contribute.
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