
SPECTRA, PSEUDOSPECTRA, AND LOCALIZATION FORRANDOM BIDIAGONAL MATRICES�LLOYD N. TREFETHENy, MARCO CONTEDINIz, AND MARK EMBREExAbstra
t. There has been mu
h re
ent interest, initiated by work of the physi
ists Hatano andNelson, in the eigenvalues of 
ertain random non-hermitian periodi
 tridiagonal matri
es and theirbidiagonal limits. These eigenvalues 
luster along a \bubble with wings" in the 
omplex plane, andthe 
orresponding eigenve
tors are lo
alized in the wings, delo
alized in the bubble. Here, in additionto eigenvalues, pseudospe
tra are analyzed, making it possible to treat the non-periodi
 analoguesof these random matrix problems. Inside the bubble, the resolvent norm grows exponentially withthe dimension. Outside, it grows subexponentially in a bounded region that is the spe
trum ofthe in�nite-dimensional operator. Lo
alization and delo
alization 
orrespond to resolvent matri
eswhose entries exponentially de
rease or in
rease, respe
tively, with distan
e from the diagonal. Thisarti
le presents theorems that 
hara
terize the spe
tra, pseudospe
tra, and numeri
al range for thefour 
ases of �nite bidiagonal matri
es, in�nite bidiagonal matri
es (\sto
hasti
 Toeplitz operators"),�nite periodi
 matri
es, and doubly in�nite bidiagonal matri
es (\sto
hasti
 Laurent operators").Key words. random matrix, Hatano{Nelson problem, spe
trum, pseudospe
tra, Toeplitz ma-trix, Laurent operator, lo
alizationAMS subje
t 
lassi�
ations. 15A52, 15A60, 47B35, 47B801. Introdu
tion. In this arti
le we investigate random matri
es in a 
lass whi
hwe denote by bidiagNfX; 1g;(1.1)where X is a random variable taking values dense in a 
ompa
t subset supp(X) ofthe 
omplex plane C. The meaning of this notation is that ea
h A 2 bidiagNfX; 1gis an N �N bidiagonal matrix in whi
h the diagonal entries are independent samplesfrom X , the superdiagonal entries are equal to 1, and all other entries are 0:A = 0BBBBBBBB�
x1 1x2 1. . . . . .xN�1 1xN

1CCCCCCCCA :(1.2)Su
h matri
es have been 
onsidered previously under the name of \one way models"by Br�ezin, Feinberg, and Zee [7,17,18℄, ex
ept with a 
orner entry aN1 = 1 in
luded tomake the stru
ture periodi
 and permit nontrivial eigenvalue analysis. They arise as� This is a preprint of an arti
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2 L. N. TREFETHEN, M. CONTEDINI, AND M. EMBREEa limiting 
ase of the nonsymmetri
 random periodi
 tridiagonal matri
es introdu
edin 1996 by Hatano and Nelson [26,27℄.While our results hold for general 
ompa
tly supported probability distributions,two 
hoi
es of X will be of parti
ular interest, whi
h we denote byX = f�1g and X = [�2; 2℄:(1.3)The abbreviation X = f�1g denotes the random variable that takes values �1 withequal probability, generating perhaps the simplest nontrivial 
lass of nonsymmetri
random matri
es: A = 0BBBBBBBB�
�1 1�1 1. . . . . .�1 1�1

1CCCCCCCCA :(1.4)Feinberg and Zee 
all this (again with aN1 = 1) the \one way sign model". Theabbreviation X = [�2; 2℄ denotes the random variable that takes values in the inter-val [�2; 2℄ with uniform probability. The matri
es this random variable generates,whi
h are equally easy to analyze, 
apture some of the essential features asso
iatedwith the Hatano{Nelson model [26,26℄, in
luding, as we shall dis
uss in Se
tion 7, a\delo
alization transition."We o�er this arti
le as a 
ontribution to the heretofore nearly empty interse
-tion of two �elds: the study of random matri
es, and the study of pseudospe
tra formatri
es that are nonnormal (i.e., matri
es whose eigenve
tors, even if a 
ompleteset exists, 
annot be taken to be orthogonal). Random matri
es, parti
ularly theireigenvalues, have been a familiar topi
 for about �fty years in physi
s [37℄, statisti
s[38,59℄, and numeri
al analysis [15℄, and more re
ently in number theory [3,33℄. In
ondensed matter physi
s, the subje
t was made famous by Wigner's semi
ir
le law[58℄ and the phenomenon of Anderson lo
alization (exponential de
ay of eigenve
tors)[1℄. These and many other developments in random matrix theory have emphasizedhermitian matri
es, the setting for 
lassi
al quantum me
hani
s, but random non-hermitian problems have been studied too, sin
e the early work of Ginibre [19℄, bythe authors mentioned in the �rst two paragraphs and by Efetov, Fyodorov, Girko,Goldsheid, Khoruzhenko, Silvestrov, and Sommers, among others.Pseudospe
tra and related quantities for nonnormal matri
es and operators were�rst investigated in the 1970s and 1980s [21,35,55℄ and be
ame a standard tool inthe 1990s [8,48,49,51℄, with appli
ations in 
uid me
hani
s [54℄, numeri
al analysis[29,42,46,47℄, operator theory [2,5℄, 
ontrol theory [30℄, Markov 
hains [31℄, di�eren-tial equations [9,10,43℄, and integral equations [40,41℄. In all of these �elds it hasbeen found that in 
ases of pronoun
ed nonnormality, eigenvalues and eigenve
torsalone do not always reveal mu
h about the aspe
ts of the behavior of a matrix oroperator that matter in appli
ations, in
luding phenomena of stability, 
onvergen
e,and resonan
e, and that pseudo-eigenvalues and pseudo-eigenve
tors may do better.We shall show that random bidiagonal matri
es also follow this pattern. As has beenfound previously in studies of Toeplitz matri
es [5,6,45℄ and magnetohydrodynami
s[4℄, the 
onsideration of pseudospe
tra rather than spe
tra for these matri
es shedslight on the exponential (with respe
t to N) sensitivity to perturbations of eigenvalues



RANDOM BIDIAGONAL MATRICES 3and eigenve
tors and eliminates troubling dis
ontinuities in the limit N !1. It alsoallows the delo
alization phenomenon to be analyzed without re
ourse to eigenvaluesor eigenve
tors and without the need for nonzero 
orner entries.Previous works emphasizing the nonnormal aspe
ts of random nonsymmetri
 ma-tri
es in
lude [11℄ and [56℄. An arti
le on pseudospe
tra of random triangular matri
esis in preparation [16℄, whi
h will make pre
ise some observations illustrated by ex-periments in [48℄ and [55℄. The signi�
an
e of pseudospe
tra for the Hatano{Nelsonmodel, and the limited signi�
an
e of eigenvalues, eigenve
tors, and 
orner entries forthat problem, have been pointed out by the �rst author sin
e late 1997 in unpublished
ommuni
ations and in presentations at 
onferen
es [50℄.Our theorems are summarized in Table 1 at the end of the paper.2. Spe
tra and pseudospe
tra. The spe
trum of an N �N matrix A, whi
hwe denote by �(A), is its set of eigenvalues, a �nite subset of C 
onsisting of at mostN points. For ea
h z 2 C, the resolvent of A at z is (z �A)�1, if this matrix exists;here z � A is an abbreviation for zI � A, where I is the identity. An equivalentde�nition of �(A) is that it is the set of numbers z 2 C for whi
h (z�A)�1 does notexist (see, e.g., [32℄ or [44℄).Sin
e the eigenvalues of a bidiagonal matrix are its diagonal entries, the spe
trumof any A 2 bidiagNfX; 1g is a subset of supp(X). Thus there is not mu
h to say aboutthe spe
tra of these matri
es. The most interesting fa
t is that they behave dis
on-tinuously in the limit N ! 1, as 
an be seen by 
omparing our Theorems 1 and 2.Su
h a dis
ontinuity was pointed out by Davies [11℄ and Goldsheid and Khoruzhenko[24℄, and as already noted, it is one motivation for 
onsidering pseudospe
tra instead.The pseudospe
tra of a matrix A are 
ompa
t sets in the 
omplex plane. Theydepend on ve
tor and matrix norms, and all our dis
ussion is based on the familiar
hoi
es kxk = �X jxj j2�1=2 ; kAk = supkxk=1 kAxk;although many of our statements 
an be generalized to other norms. The 0-pseudo-spe
trum �0(A) is the same as the spe
trum �(A), and for � > 0, the �-pseudospe
traare stri
tly nested sets that expand to �ll the plane as �!1. We 
an de�ne ��(A)in various equivalent ways:Definition 1. For any � � 0, the �-pseudospe
trum ��(A) of a matrix A is theset of numbers z 2 C satisfying any of the equivalent 
onditions(i) k(z �A)�1k � ��1 ;(ii) �min(z �A) � �;(iii) kAu� zuk � � for some ve
tor u with kuk = 1;(iv) z is an eigenvalue of A+E for some matrix E with kEk � �.Here �min denotes the smallest singular value, and we follow the 
onvention of writingk(z �A)�1k =1 if z 2 �(A).Conditions (i) and (ii) assert that ��(A) is the subset of the 
omplex planebounded by the ��1-level 
urve(s) of k(z�A)�1k or the �-level 
urve(s) of �min(z�A).Condition (iii) 
on
erns the existen
e of an �-pseudo-eigenve
tor. Condition (iv) as-serts that ��(A) is the set of all 
omplex numbers that are in the spe
trum of some
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N = 100

N = 10,000Fig. 1. Spe
tra and pseudospe
tra in the 
omplex plane of typi
al matri
es frombidiagNff�1g; 1g. The solid dots, at z = �1, are the eigenvalues. The 
ontours, from outsideto inside, are the boundaries of ��(A) for � = 10�2; 10�6; 10�10; 10�14; : : : ; 10�30.matrix obtained by a perturbation of norm � �. The equivalen
e of (i){(iv) is dis-
ussed in [13℄, [45℄, and [47℄, and mu
h more extensive related material 
an be foundin [32℄.Figure 1 shows pseudospe
tra of two matri
es from bidiagNff�1g; 1g, one withN = 100 and one with N = 10,000.1 The pi
tures reveal that the nonnormality ofthese matri
es is pronoun
ed. The resolvent norm grows exponentially in a regionwith the form of a �gure 8, more pre
isely a lemnis
ate, and for large N and small �,the �-pseudospe
tra have approximately this �xed shape, in
luding points far from1In view of 
ondition (ii) of the de�nition of pseudospe
tra, pi
tures like this 
an be generatedby 
omputing �min(z � A) for values of z on a grid in the 
omplex plane and sending the results toa 
ontour plotter. The work involved is potentially very large, O(N3�2) 
oating point operationsfor a � � � grid, if the standard O(N3) dense matrix methods for 
omputing the SVD are used.However, our matri
es are bidiagonal, so only \phase 2" of an SVD 
omputation is needed, involvingthe QR or LR or divide-and-
onquer algorithms, and this redu
es the operation 
ount to an easilymanageable O(N2�2) or O(N�2), depending on whether one 
omputes all the singular values or justthe smallest [12℄. Sin
e the bidiagonal SVD is not not a

essible in Matlab, we have a
hieved thespeedup to O(N�2) instead by 
omputing �min(z �A) by Lan
zos inverse iteration, as des
ribed in[52℄. Ea
h plot of Figures 1 and 2 with N = 10,000 took 5{10 hours to generate on a Pentium IIIworkstation, essentially the 
ost of solving on the order of 106 bidiagonal systems of 104 equations.The plots with N = 100 ea
h took about ten minutes.
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N = 100
N = 10,000Fig. 2. Same as Figure 1 but for bidiagNf[�2; 2℄; 1g. The eigenvalues are now distributedin the interval [�2; 2℄; in the lower plot, they appear to have fused into a solid line. The lowestpseudospe
tral 
ontour that appears in the upper plot is � = 10�22. The others are there too, inprin
iple, but hidden under the dots.the real axis. (An example in [45℄ 
onsiders the pseudospe
tra of matri
es of this formin whi
h the diagonal entries �1 are not random but stri
tly alternating.) There isalso some weaker growth of the resolvent norm outside the lemnis
ate.Figure 2 shows analogous pi
tures for the 
ase bidiagNf[�2; 2℄; 1g. The behavioris similar, ex
ept that instead of a lemnis
ate we see a \Hatano{Nelson bubble."Outside the bubble, there is again modest growth of the resolvent norms, and insidethe bubble, the norms are again exponentially large. We see, for example, that amatrix perturbation of norm as small as 10�30 may again 
hange the eigenvaluesfor N = 10,000 
ompletely, making them lie 
lose to the bubble. Introdu
ing anonzero 
orner entry aN1 would be an example of su
h a perturbation. It is a tenetof the theory of pseudospe
tra, however, that these sets reveal more than just themotion of eigenvalues under perturbation: they have impli
ations for the behaviorof the unperturbed matrix too. For example, the strong transient e�e
ts that makestreamwise streaky stru
tures ubiquitous in high Reynolds number shear 
ows arelinear but non-normal in origin; they 
an be explained by pseudospe
tra but not byspe
tra [28,54℄. Some estimates of the behavior of a matrix that 
an be obtained froma knowledge of its pseudospe
tra are reviewed in [49℄.We will now develop theorems that make the observations of Figures 1 and 2pre
ise.3. Four subsets of the 
omplex plane. Our results, whi
h are 
losely relatedto those of Goldsheid and Khoruzhenko [24℄ and Br�ezin, Feinberg, and Zee [7,17,18℄,are based on the expli
it 
omputation of the resolvent of the bidiagonal matrix A. In



6 L. N. TREFETHEN, M. CONTEDINI, AND M. EMBREEthe 3� 3 
ase, sin
e 0B�a�1 �1b�1 �1
�11CA0B�a ab ab
b b

 1CA = I;we see that if xj is the jth diagonal entry of A, then(z � A)�1 = 0B� z � x1 �1z � x2 �1z � x31CA�1
= 0B� (z � x1)�1 (z � x1)�1(z � x2)�1 (z � x1)�1(z � x2)�1(z � x3)�1(z � x2)�1 (z � x2)�1(z � x3)�1(z � x3)�1 1CA :The pattern for general N is 
lear. The (i; j) entry rij of (z �A)�1 for j � i is givenby rij = jYk=i (z � xk)�1;(3.1)whi
h implies log jrij j = � jXk=i log jz � xk j:(3.2)If z = xk for one of the terms in the produ
t or sum, the formulas are still valid if wede�ne jrij j to be 1.We now ask what (3.1) and (3.2) imply about the behavior of jrij j as j+1�i!1.We 
an establish a framework for this as follows. For any i, j, andN with 1 � i; j � N ,the quantity jrij j is a random variable taking values in [0;1℄ determined by the set ofmatri
es bidiagNfX; 1g. However, it is easily seen that this random variable dependsonly on j + 1� i, not on i or j individually or on N . Let us 
all it simply Rj+1�i.Now by (3.2), we have� logRj+1�i = log jz �X1j+ log jz �X2j+ � � �+ log jz �Xj+1�ij;a sum of independent identi
ally distributed random variables, all equal to log jz�X j.Sin
e jz �X j is bounded above, the expe
ted value of log jz �X j, de�ned byE(log jz �X j) = Zsupp(X) log jz � xj d�(x);ne
essarily exists: it is either �nite or �1. Here � is the measure de�ning the randomvariable X , with Rsupp(X) d�(x) = 1. A

ordingly, the number dmean(z) de�ned bydmean(z) = exp(E(log jz �X j))(3.3)



RANDOM BIDIAGONAL MATRICES 7also exists: it is either positive or 0. (If z 62 supp(X), it is positive; if z 2 supp(X) itmay be either positive or 0.) We 
an interpret dmean(z) as the mean distan
e of z tosupp(X) in the sense of a geometri
 mean weighted by �. For X = f�1g, dmean(z) isgiven by dmean(z) = jz2 � 1j1=2;(3.4)and for X = [�2; 2℄, an easy integral shows that we havedmean(z) = exp ��1 + 14 Re [ (z + 2) log(z + 2)� (z � 2) log(z � 2) ℄� :(3.5)Variants of (3.5) arise in numeri
al analysis whenever one deals with problems ofpolynomial interpolation in equally spa
ed points [34,53℄.Sin
e E(log jz �X j) exists, the Law of Large Numbers implies that� logRj+1�ij + 1� i ! E(log jz �X j)(3.6)or equivalently (Rj+1�i)1=j+1�i ! 1dmean(z)(3.7)almost surely as j + 1� i!1 [25℄.2 If dmean(z) = 0, the meaning of this statementis that (Rj+1�i)1=j+1�i !1 a.s. as N !1.For any X and z, let dmin(z) and dmax(z) be de�ned bydmin(z) = minx2supp(X) jz � xj; dmax(z) = maxx2supp(X) jz � xj:Our three measures of distan
e of z to supp(X) are ordered,0 � dmin(z) � dmean(z) � dmax(z) <1;and thus they 
an serve to divide [0;1) in general into four subintervals. Our resultswill distinguish four subsets of C de�ned by the 
onditions
I : dmax(z) < 1,
II : dmean(z) < 1 � dmax(z),
III : dmin(z) � 1 � dmean(z),
IV : 1 < dmin(z).(The number 1 in these 
onditions would be
ome j�j if (1.4) 
ontained � instead of 1above the diagonal.) Either or both of 
I and 
II 
an be empty, but 
III and 
IVare always nonempty. The sets are disjoint, with
I [
II [ 
III [ 
IV = C:2A 
ondition holds almost surely, abbreviated a.s., if it holds with probability 1. For example,if x1; x2; : : : is a sequen
e of independent samples from the uniform distribution [�2; 2℄, then thenumbers 1=xj are almost surely all �nite.



8 L. N. TREFETHEN, M. CONTEDINI, AND M. EMBREEAny or all of 
I , 
II , and 
III may 
ontain a portion of supp(X), but 
IV lies at adistan
e 1 from supp(X).We summarize the observations above in a lemma.Lemma 1. For z 2 C,(1=dmax(z))k � Rk � (1=dmin(z))k(3.8)and (Rk)1=k ! 1dmean(z) a.s. as k !1:(3.9)Thus for z in 
I , 
II , 
III , and 
IV we have guaranteed exponential growth, almostsure exponential growth, almost sure exponential de
ay, and guaranteed exponentialde
ay of Rk as k ! 1, respe
tively. In parti
ular, these 
on
lusions do not dependon whether or not z 2 supp(X).Figure 3 illustrates these sets for three examples of random variables X . These
ond and third of these are our 
hoi
es f�1g and [�2; 2℄, but sin
e supp(X) hasdiameter � 1, the set 
I is empty in both of these 
ases. Our �rst example a

ordinglytakes X to be the random variable distributed uniformly in the 
omplex disk fx 2C : jxj � 13g.For some of our assertions we will need a stronger 
onvergen
e result than inLemma 1. If we make the additional assumption z 62 supp(X), then log jz � X j isbounded below as well as above; this is now a random variable with the best possiblebehavior, in
luding, for example, existen
e of the varian
e and all higher moments.From the existen
e of the varian
e we 
ould apply the Central Limit Theorem, forexample, to 
on
lude that the distribution of (� logRk=k � log(dmean(z)))=pk 
on-verges as k !1 to the normal distribution N(0;Var(log jz�X j)). What we a
tuallyneed is a somewhat di�erent statement to the e�e
t that the tails of the distributionfor �nite k are small:Lemma 2. Let z 2 Cnsupp(X) be �xed. For any � > 0,P � ���� (Rk)1=k � 1dmean(z) ���� > �� � C1e�C2pk(3.10)for all k � 1, for some positive 
onstants C1 and C2.Sket
h of proof. The 
ondition in question is equivalent (with a 
hange of �) tothe 
ondition P � ��� logRk � kE(log jz �X j) �� > �k� � C1e�C2pk;whi
h is the same asP � �� log jz � x1j+ � � �+ log jz � xk j � kE(log jz �X j) �� > �k� � C1e�C2pk:Let F (t) be the distribution fun
tion for log jz�X j�E(log jz�X j), and, following astandard te
hnique in probability theory, let f(!) denote the 
hara
teristi
 fun
tionof F [25℄, f(!) = Z 1�1 ei!tF (dt);(3.11)
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I II III IV

(a) If X is the uniform distribution on fx 2 C : jxj � 13g, then 
I is de�ned by jzj < 2=3, 
II by2=3 � jzj < 1, 
III by 1 � jzj � 4=3, and 
IV by 4=3 < jzj.
II III IV

(b) For X = f�1g, 
I is empty, 
II is de�ned by jz2 � 1j < 1, 
III by 1 � jz2 � 1j and minfjz �1j; jz + 1jg � 1, and 
IV by minfjz � 1j; jz + 1jg > 1.
II III IV

(
) For X = [�2; 2℄, 
I is again empty, 
II is de�ned by dmean(z) < 1, 
III by dmean(z) � 1 andminx2[�2;2℄ jz � xj � 1, and 
IV by minx2[�2;2℄ jz � xj > 1, where dmean(z) is given by (3:5). Thestars are explained in Figure 4.Fig. 3. The sets 
I , 
II , 
III , 
IV for three random variables X. By Theorem 1, the resolventnorm of the N � N matrix grows exponentially as N ! 1 for z 2 
I (surely) and 
II (almostsurely), grows subexponentially in 
III (almost surely), and is bounded independently of N in 
IV .The boundary between 
II and 
III (dashed) is the \bubble" of points whose weighted geometri
mean distan
e to supp(X) is equal to 1. Theorems 2{4 relate these regions to the spe
tra of the
orresponding singly in�nite, periodi
, and doubly in�nite matri
es.



10 L. N. TREFETHEN, M. CONTEDINI, AND M. EMBREEwhi
h is the Fourier transform of dF=dt. The sum of k independent 
opies of thisrandom variable has the 
hara
teristi
 fun
tion (f(!))k , and the inverse Fourier trans-form givesP ( (� logRk � kE(log jz �X j)) > �k) = Z 1�k 12�i Z 1�1 e�i!t(f(!))kd! dt;(3.12)with a similar integral for values < ��. Now sin
e X has 
ompa
t support, by thestandard theory of 
hara
teristi
 fun
tions, f(0) = 1, f 0(0) = 0, jf(!)j < 1 for! 2 Rnf0g, and f 00(0) < 0 (unless the distribution log jz � X j has zero varian
e,in whi
h 
ase the lemma is trivial). Moreover, f(!) is an entire fun
tion of !, i.e.,analyti
 throughout the 
omplex !-plane. This means that the 
ontour of integrationof the inner integral in (3.12) 
an be deformed into the 
omplex plane without 
hangingthe value of the integral. In parti
ular, let the real axis be repla
ed by the 
omplexpath �1 ! � ! � ! 
 ! Æ ! +1, where � = �k�1=4, � = �k�1=4 � ik�1=2,
 = k�1=4 � ik�1=2, and Æ = k�1=4. (Instead of the exponent �1=4 we 
ould takeany number in [�1=4; 0).) On the segment [�; 
℄ of this new 
ontour of integration,je�i!tj � e��pk sin
e t � �k. On the segments [�; �℄ and [
; Æ℄, jf(!)j � 1 � (1 +o(1))jf 00(0)j=2pk, implying j(f(!))kj � (1 + o(1))e�jf 00(0)jpk=2. On the segments(�1; �℄ and [Æ;1), jf(!)j is bounded below 1 and thus j(f(!))kj is exponentiallysmall. Putting together these estimates, we see that the the integrand is boundedover the whole 
ontour by a fun
tion of the form C1e�C2pk.4. Random bidiagonal matri
es. Lemmas 1 and 2 
on
erned the entries jrij jof the resolvent (z�A)�1, but our main interest is in the resolvent norm, whi
h de�nesthe pseudospe
tra. The following theorem re
ords a number of fa
ts about thesenorms. It also makes some statements about spe
tra, whi
h depend on a de�nitionof what it means for a sequen
e of sets to 
onverge to a limit. For our purposes thefollowing quite strong de�nition is suitable.Definition 2. Let fKNg, N = 1; 2; : : : be a sequen
e of subsets of C and let Kbe a 
losed subset of C. We say thatKN ! K as N !1(4.1)if for every � > 0, there exists an integer N0 su
h that for all N � N0, KN and S areea
h 
ontained in the �-neighborhood of the other. We say thatKN ! K a.s. as N !1(4.2)if this 
ondition holds with probability 1.Theorem 1 (random bidiagonal matri
es). Let A be an N � N matrix of theform (1.2), and let 
I , 
II , 
III , 
IV , dmin(z), dmean(z), and dmax(z) be de�ned as inthe previous se
tion. Then for z 2 C, we have the following 
onditions on the normof the resolvent. As always, we write k(z �A)�1k =1 if (z �A)�1 does not exist.(I) If z 2 
I , then k(z �A)�1k � (1=dmax(z))N (guaranteed exponential growth).(II) If z 2 
I [
II , then k(z�A)�1k ! 1 a.s., and if in addition z 62 supp(X),then k(z �A)�1k1=N ! 1=dmean(z) a.s. as N !1 (almost sure exponential growth).(III) If z 2 
III , then k(z � A)�1k ! 1 a.s., and if in addition z 62 supp(X),then k(z �A)�1k1=N ! 1 a.s. as N !1 (almost sure subexponential growth).
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IV , then k(z �A)�1k < 1=(dmin(z)� 1) (guaranteed boundedness).The spe
trum satis�es �(A) � supp(X), with �(A) ! supp(X) a.s. as N ! 1in the sense of De�nition 2. The numeri
al range satis�es W (A) � 
onv(
III), withW (A)! 
onv(
III) a.s. as N !1, where 
onv( � ) denotes the 
onvex hull.Proof. Sin
e the norm of a matrix is at least as large as the absolute value of anyof its entries, 
ondition (I) follows from Lemma 1 by 
onsidering the 
orner entry r1Nof (z �A)�1.For 
ondition (II), by Lemma 1, 
onsideration of r1N again is enough to ensurethat k(z � A)�1k1=N is at least as large as 1=dmean(z) a.s. as N ! 1: the pre
isestatement is lim infN!1 k(z�A)�1k1=N � 1=dmean(z) almost surely. To 
omplete theproof we must show that k(z � A)�1k1=N 
annot be essentially larger than this, i.e.,lim supN!1 k(z � A)�1k1=N � 1=dmean(z) almost surely. To do this, we 
onsider theentries rij of (z � A)�1 in two 
lasses: those with j + 1� i � pN and those withj + 1� i > pN . By (4.7), the entries in the former 
lass satisfy jrij j � (1=dmin(z))pNand therefore lim supN!1maxi;j jrij j1=N � 1. By Lemma 2, for any � > 0, ea
h ofthe entries in the latter 
lass satisfy jrij j1=N > 1=dmean(z) + � with a probability thatde
reases as N ! 1 faster than the inverse of any polynomial in N . Sin
e thereare only polynomially many entries in the matrix, it follows that the same statementabout probabilities is true of maxij jrij j1=N and of k(z�A)�1k1=N . Sin
e � is arbitrary,it follows that lim supN!1 k(z �A)�1k1=N � 1=dmean(z) almost surely.For 
ondition (IV), we note that k(z � A)�1k � kD0k + kD1k + � � � + kDN�1k,where Dj denotes the jth upper diagonal of (z�A)�1. Sin
e kDjk � dmin(z)�1�j byLemma 1, the result follows on summing a �nite geometri
 series.This leaves 
ondition (III) of the resolvent norm estimates, whi
h is the mostinteresting one, sin
e the resolvent norms are diverging to 1 while the 
orner entriesr1N are 
onverging to zero. What is going on here is that although on average theentries of the resolvent de
rease away from the diagonal, arbitrarily large po
kets must(almost surely) appear in whi
h they in
rease, a phenomenon we shall 
onsider fromanother angle in Se
tion 6. To be pre
ise, for z 2 
III , sin
e dmin(z) � 1, there existsx0 2 supp(X) with jz � x0j � 1. For any � > 0, there is a positive probability that arandom sample x 2 X will satisfy jx�x0j < �. It follows that for any J > 0, a sequen
eof matri
es A1; A2; : : : from bidiagNfX; 1g for N = 1; 2; : : : almost surely eventually
ontains a blo
k with diagonal entries xj , of length at least J , with jxj�x0j < �. Theresolvent (z�A)�1 of su
h a matrix 
ontains a J �J square blo
k along the diagonaldetermined by these J entries, and by taking � suÆ
iently small and J suÆ
ientlylarge, we 
an make the norm of this square blo
k arbitrarily large. The proof ofk(z � A)�1k ! 1 a.s. is �nished by noting that the norm of the square blo
k is alower bound for k(z � A)�1k. To prove that k(z � A)�1k1=N ! 1 a.s., on the otherhand, we 
an reason as in the se
ond part of (II), above. As in that argument, theentries with j + 1� i � pN have Nth roots bounded by 1 in the limit N ! 1,be
ause of the absolute bound on jrij j, and the entries with j + 1� i > pN almostsurely have the same property be
ause of Lemma 2.Con
erning the spe
trum, the in
lusion �(A) � supp(X) is trivial. To establishthat �(A) ! supp(X) a.s. as N !1 we must show in addition that for any �, withprobability 1, there exists an integer N0 su
h that for all N � N0, supp(X) is 
overedby the �-neighborhood of �(AN ). Su
h a result holds pointwise for ea
h z 2 supp(X)individually, and the extension to supp(X) as a set is an easy matter of 
ompa
tness.Con
erning the numeri
al range, the in
lusion W (A) � 
onv(
III) follows fromthe inequality k(z � A)�1k � 1=(dmin(z) � 1) for all z 2 
IV , thus in
luding all
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onv(
III). The limit W (A) ! 
onv(
III) a.s. follows from this together withthe fa
t that k(z �A)�1k ! 1 a.s. for z 2 
III .Theorem 1 explains the results of Figures 1 and 2. In parti
ular, it explains theexponential growth of the resolvent norms inside the bubble and the slower growthoutside. We see that the bubble is de�ned by the 
ondition dmean(z) = 1, i.e., it isthe set of points whose weighted geometri
 mean distan
e to supp(X) is equal to 1;we shall make more of this de�nition in Se
tion 7. Feinberg and Zee [17℄ obtainedthe same formula for the lo
ation of eigenvalues in their periodi
 one way model,based on a similar result by Goldsheid and Khoruzhenko [24℄ for the eigenvalues ofthe Hatano{Nelson model.A more quantitative 
on�rmation of Theorem 1 is presented in Figure 4. Here,for a su

ession of randomly sele
ted matri
es A 2 bidiagNf[�2; 2℄; 1g for variousdimensions N , the norm k(z � A)�1k is plotted for the �ve values of z in 
II , 
III ,and 
IV marked by stars in Figure 3(
). As predi
ted, we see exponential growth inthe �rst 
ase, subexponential growth in the se
ond, and no growth in the third.Figure 5 shows numeri
ally 
omputed boundaries of the �-pseudospe
tra of asingle matrix A 2 bidiagNf[�2; 2℄; 1g of dimension N = 106 for � = 10�1, 10�2, and10�100. Note that the 10�100-pseudospe
trum is almost identi
al to the region insidethe \bubble", plus two \wings" (a
tually strings of very small 
onne
ted 
omponentsaround the eigenvalues) extending outside. Inside this region we have k(z �A)�1k >10100, and the norms at the points 0:3i and 0:1i indi
ated by stars in Figure 3 areapproximately 1035804 and 1099698, respe
tively. In an appli
ation governed by thisoperator one would expe
t that for pra
ti
al purposes, the behavior would be as ifthe spe
trum in
luded all of the region inside the bubble.We do not know of a previously published plot of a 10�100-pseudospe
trum, or ofpseudospe
tra of a matrix with dimension in the millions.5. Random bidiagonal in�nite matri
es. For an operator a
ting on a spa
eof in�nite dimension, 
ompli
ations arise in spe
tral theory that are absent for matri-
es. It is no longer the 
ase that the spe
trum is just the set of eigenvalues. Instead,for a bounded operator A a
ting in Hilbert spa
e (whi
h is the natural 
ontext ofour problem, though various generalizations are possible), �(A) is the set of numbersz 2 C for whi
h z �A does not have a bounded inverse (z �A)�1 [20,32,44℄.Let us be spe
i�
 about our bidiagonal matri
es A of the form (1.2). In thein�nite dimensional limit, we 
ould 
onsider a singly in�nite bidiagonal matrix a
tingon ve
tors (v1; v2; : : :)T . We like to think of su
h an A as a bidiagonal sto
hasti
 Toep-litz operator, with domain `+2 = `2(Z+). (A Toeplitz matrix has 
onstant entries onea
h diagonal; a \sto
hasti
 Toeplitz matrix" has independent samples from a �xeddistribution on ea
h diagonal.) Alternatively, we 
ould 
onsider a doubly in�nitebidiagonal matrix a
ting on ve
tors (: : : ; v�1; v0; v1; : : :)T . We think of this as abidiagonal sto
hasti
 Laurent operator, with domain `2 = `2(Z).Roughly speaking, for these sto
hasti
 problems as for their non-sto
hasti
 Toep-litz and Laurent 
ousins, the Toeplitz operator 
orresponds to a limit of Toeplitzmatri
es and the Laurent operator 
orresponds to a limit of 
ir
ulant matri
es (i.e.,Toeplitz matri
es with 
orner entries introdu
ed to make the stru
ture periodi
) asN ! 1. We 
an explain this for our bidiagonal matri
es as follows. If a singlyin�nite triangular matrix B has an inverse B�1, then it is easily shown by indu
tionthat the �nite se
tions of B�1 must be the inverses of the 
orresponding �nite se
tionsof B. Thus a nonsingular upper triangular Toeplitz operator has an upper triangular
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Fig. 5. Numeri
ally 
omputed �-pseudospe
tra for a single matrix A 2 bidiagNf[�2; 2℄; 1g withN = 106 for � = 10�1, 10�2, and 10�100. The inner dashed 
urve is the bubble separating 
II and
III , and the outer dashed 
urve is the boundary of 
III and 
IV . Inside the bubble, the resolventnorm is very large.inverse, namely the matrix one gets by 
omputing out from the diagonal in the obviousfashion.Here are results for the singly in�nite 
ase; the doubly in�nite 
ase is addressedin Se
tion 7.Theorem 2 (random bidiagonal in�nite matri
es). Let A be a singly in�nitematrix (\sto
hasti
 Toeplitz operator") of the form (1.2). Then 
I � �(A) � 
I [
II [ 
III , and with probability 1,�(A) = 
I [ 
II [ 
III :(5.1)For z 2 
IV , we have k(z �A)�1k � 1dmin(z)� 1 ;(5.2)and with probability 1, this inequality is an equality. Also with probability 1, thenumeri
al range W (A) is W (A) = 
onv(
III):(5.3)Proof. Suppose a bounded inverse (z � A)�1 exists for some z. As was justnoted, one 
an show by indu
tion starting at the upper left 
orner that (z � A)�1 isupper triangular too and that its entries are given by the same formula (3.1) as for�nite-dimensional matri
es.For the �rst assertion of the theorem, 
onsider z 2 
I , i.e., dmax(z) < 1. Ifz 62 �(A), then (3.1) applies, giving us jrij j � 1 for ea
h i and j with j � i (in fa
twith exponential growth). Thus (z �A)�1 
annot be bounded after all, and we havea 
ontradi
tion.Next, 
onsider z 2 
II [ 
III , i.e., dmin(z) � 1. Again, if z 62 �(A), then (3.1)applies, and by parts (II) and (III) of Theorem 1, with probability 1, there are �nite
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tions of (z�A)�1 with arbitrarily large norms. Thus with probability 1, (z�A)�1is unbounded after all, implying that z 2 �(A). Now this establishes that any �xedz 2 
II [ 
III is in �(A) with probability 1, but the assertion of the theorem isstronger: that with probability 1 all su
h z are in �(A). As in the proof of the lasttheorem, the argument 
an be expanded to establish this by the use of 
ompa
tness.As this 
ase is slightly more 
ompli
ated than that one, we spell out the details. Sin
esupp(X) is 
ompa
t, so is 
II [ 
III , and it follows that for any � > 0, there existsa �nite set of values zj 2 
II [ 
III su
h that the union of the �-balls around fzjg
overs 
II [
III . Our argument implies that with probability 1, none of the inverses(zj � A)�1 exist as bounded operators. The nonexisten
e of (zj � A)�1 implies thatfor jz� zj j < �, if (z�A)�1 exists, then k(z�A)�1k > ��1. Thus we see that for any� > 0, k(z �A)�1k > ��1 uniformly for all z 2 
II [ 
III , with probability 1. Sin
e �is arbitrary, this implies �(A) � 
II [
III with probability 1.Now 
onsider z 2 
IV , i.e., dmin(z) > 1. In this 
ase we 
an use (3.1) to 
onstru
tan in�nite matrix (z � A)�1. Regardless of what numbers xj 2 supp(X) appear onthe diagonal of A, (4.7) implies that the entries of the matrix de
rease exponentiallyaway from the diagonal, and thus it is indeed a bounded inverse of z � A. Thebound (5.2) 
an be veri�ed by the same geometri
 series argument as in the proofof Theorem 1; a weak rather than stri
t inequality now appears be
ause the seriesis in�nite. Sin
e arbitrarily long stret
hes of entries arbitrarily 
lose to some x 2supp(X) with jz � xj = dmin(z) must almost surely appear on the diagonal of A, theinequality is almost surely an equality.Finally, the assertion about W (A) follows essentially as in Theorem 1.6. Lo
alized and delo
alized resolvents. To physi
ists interested in randommatri
es related to the Hatano{Nelson example, a 
ru
ial phenomenon is that of adelo
alization transition. In all previous arti
les on the subje
t that we know of, thisphenomenon has been approa
hed via the eigenve
tors of random matri
es of peri-odi
 stru
ture, i.e., with aN1 6= 0. It is found that when an eigenvalue � is real, the
orresponding eigenve
tor is exponentially lo
alized in the sense that for some j0, itsentries de
ay exponentially with jj � j0j; this is a nonhermitian generalization of thephenomenon of Anderson lo
alization [1℄. As one moves along the 
urve of eigen-values or 
hanges a parameter so that � be
omes 
omplex, on the other hand, theexponential de
ay is lost and the eigenve
tors be
ome global. Questions of lo
aliza-tion and delo
alization of eigenve
tors have been a 
entral topi
 in 
ondensed matterphysi
s for many years, be
ause they are related to quantum me
hani
al phenomenasu
h as transparen
y to light and 
ondu
tivity to ele
tri
ity. Hatano, Nelson, andShnerb have proposed a number of possible physi
al impli
ations of the delo
alizationtransition for their matri
es [26,27,39℄.For non-periodi
 matri
es, with aN1 = 0, the eigenvalues are trivial, and no onehas suggested that the eigenve
tors 
orresponding to eigenvalues inside the bubble arephysi
ally meaningful. (They are \gauge-transformed Anderson modes," lo
alizedat one end, and their exponential growth with the ve
tor index implies that the
orresponding eigenvalues are exponentially ill-
onditioned; we shall say more aboutthis at the end of the next se
tion.) However, the delo
alization phenomenon 
anstill be seen in the resolvent matrix (z �A)�1. Mathemati
ally speaking, if a linearsystem generated by a matrix A is driven at a 
omplex frequen
y z,d�dt = A�+ eztv
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tor v, the solution is�(t) = eztu; u = (z �A)�1v:In parti
ular, if we take v to be the dis
rete delta fun
tion ej , then u is the jth 
olumnof (z � A)�1. Thus ea
h 
olumn of (z � A)�1 represents the response of the systemto spatially lo
alized input at frequen
y z, and it is natural to regard (z � A)�1 aslo
alized if the entries of these 
olumns de
ay exponentially with distan
e from thediagonal, delo
alized if they do not.Our Lemma 1 implies that a

ording to this 
riterion, (z�A)�1 has the followingproperties as N !1 for z in ea
h of the four regions:
I : delo
alized (surely),
II : delo
alized almost surely,
III : lo
alized almost surely,
IV : lo
alized (surely).Figure 6 
on�rms these predi
tions for a random matrix with N = 400. For largerN , of 
ourse, the distin
tion between lo
alized and delo
alized 
ases would growsteadily more pronoun
ed. Note that as z approa
hes the bubble from outside, thoughthe resolvent remains lo
alized, the \
orrelation lengths" be
ome larger, a familiarphenomenon near 
riti
al points in 
ondensed matter.7. Random bidiagonal periodi
 matri
es. We have 
onsidered nonperiodi
bidiagonal matri
es and shown that they exhibit a Hatano{Nelson bubble and anasso
iated lo
alization-delo
alization e�e
t, provided that one looks at pseudospe
traand resolvents rather than eigenvalues and eigenve
tors. If one looks at eigenvaluesand eigenve
tors for these matri
es, one sees little.As mentioned in the last se
tion, the usual approa
h in the literature has beento investigate eigenvalues and eigenve
tors, but to do this for matri
es of periodi
stru
ture, in whi
h the pattern of the superdiagonal entry is 
ontinued in the bottom-left 
orner of the matrix by setting aN1 = 1. Some authors 
all a matrix of thisstru
ture \periodi
 bidiagonal". We might also 
ontinue the usage of Se
tion 5 and
all it \sto
hasti
 
ir
ulant". In this periodi
 
ase it is found that eigenvalues appearthat lie along the \bubble" boundary between regions 
II and 
III . Goldsheid andKhoruzhenko [24℄ and Feinberg and Zee [18℄ have made this pre
ise, and the detailsof their mathemati
al arguments are 
lose to ours.An upper bidiagonal matrix and its periodi
 variant are 
losely related, di�eringonly in the (N; 1) position. Sin
e the di�eren
e there in our 
ase is 1, one mightthink that one problem 
annot be regarded as a perturbation of the other that issmall in norm. In fa
t, however, one 
an interpret a great deal in the light of smallperturbations. If d > 1 is arbitrary, then
D0BBBBBBBB�

x1 1x2 1. . . . . .xN�1 11 xN
1CCCCCCCCAD�1 = 0BBBBBBBB�

x1 dx2 d. . . . . .xN�1 dd�N xN
1CCCCCCCCA ;(7.1)
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 Fig. 6. Lo
alization and delo
alization as seen in the resolvents (z �A)�1 for a �xed 
hoi
e ofA 2 bidiagNf[�2; 2℄; 1g, N = 400, for the same �ve values of z as in Figure 3. A dot is printed atea
h position of the matrix with jrij j > 0:5. For z outside the bubble (�rst three plots), the resolventis 
on
entrated on the diagonal, while for z inside the bubble (last two plots), it is not 
on
entrated.As z approa
hes the bubble, lo
al ex
eptions of larger and larger s
ale appear.
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ians 
all this a diagonal similarity trans-formation; physi
ists 
all it a gauge transformation. For large N , the 
orner entryd�N is exponentially small, so the latter matrix is an exponentially small perturbationof a bidiagonal matrix (1.2) with the eigenvalues x1; : : : ; xN and a slightly enlargeddiagonal.Can this exponentially small perturbation 
hange the eigenvalues very mu
h? Thefollowing theorem shows that the answer is resoundingly no for some of the eigenvalues,yes for others (those with d�1 < dmean(xj) < 1). Though not stated in exa
tly thisform before, the statement in the theorem about 
onvergen
e of the eigenvalues to the\bubble" plus the \wings" is essentially 
ontained in the papers of Br�ezin, Feinberg,Goldsheid, Khoruzhenko, and Zee. We de�ne these two sets pre
isely, for general X ,as follows: Sbubble � fz 2 C : dmean(z) = 1g;Swings � fz 2 supp(X) : dmean(z) > 1g:The set Swings may 
ontain 
urves and regions with interior, but it 
annot 
ontainisolated points, for if an isolated point z0 belongs to supp(X), then the measure�(z0) must be positive, implying dmean(z0) = 0. In the unbounded region exterior tosupp(X), Sbubble 
an 
onsist only of 
losed 
urves with dmean(z) > 1 on one side anddmean(z) < 1 on the other, for it is a level set of the harmoni
 fun
tion E(log jz�X j),whi
h satis�es the maximum prin
iple, yet is not 
onstant sin
e it in
reases to 1as z ! 1. Within and interior to supp(X), Sbubble 
an be more 
ompli
ated. Forexample, if X is the uniform distribution on the unit 
ir
le, then Sbubble is the 
losedunit disk.Theorem 3 (random bidiagonal periodi
 matri
es). Let A be an N �N matrix(\sto
hasti
 bidiagonal 
ir
ulant matrix") of the form (1.2), ex
ept with aN1 = 1, andlet z 2 C be given. If z 2 
I , then k(z � A)�1k � 1=(1 � dmax(z)), and if z 2 
IV ,then k(z � A)�1k � 1=(dmin(z) � 1). If z 2 
II [ 
III , then k(z � A)�1k ! 1 a.s.as N ! 1, and if in addition z 62 Sbubble [ Swings, then k(z � A)�1k1=N ! 1 a.s. asN !1. Moreover, W (A)! 
onv(
III)(7.2)almost surely as N ! 1, and, provided that Sbubble 
onsists only of 
urves disjointfrom supp(X) ex
ept at isolated points,�(A)! Sbubble [ Swings(7.3)almost surely as N !1.Proof. First, 
onsider z 2 
I , i.e., dmax(z) < 1. Let S denote the 
ir
ulant shiftmatrix with sij = 1 for j � (i+ 1)(modN), 0 otherwise. Then we havez �A = D � S;(7.4)where D is the diagonal matrix with entries z � xj . Thus we 
an regard z � A as aperturbation of norm kDk � dmax(z) of �S. It follows that z�A has an inverse, andit satis�es k(z �A)�1k � 1=(1� dmax(z)).Next, suppose z 2 
II [ 
III . An argument to establish k(z � A)�1k ! 1 a.s.
an be made that is essentially the same as in the proof of the 
orresponding part of
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tion; we give details there. Conversely, we must show thatif z 62 Sbubble [ Swings, the growth is not exponential. We return to this at the end ofthe proof.If z 2 
IV , again we make use of (7.4), but now it is kD�1k rather than kDk thatis small. Sin
e dmin(z) > 1, we now have kD�1k � 1=dmin(z) < 1, hen
e kSD�1k < 1also, giving a 
onvergent series representation(z �A)�1 = (D � S)�1 = D�1 +D�1(SD�1) +D�1(SD�1)2 + � � �(7.5)and the required bound.The assertions 
on
erningW (A) are 
orollaries of the fa
ts that k(z�A)�1k ! 1a.s. as N !1 for z 2 
II [
III and that k(z�A)�1k � 1=(dmin(z)� 1) for z outsidethis region, as in the proofs of the last two theorems.The 
laim (7.3) regarding the spe
trum is essentially as in the papers by Goldsheidand Khoruzhenko and Feinberg and Zee. A proof 
an be based on the 
hara
teristi
equation of A, whi
h is easily seen to bep(z) = NYj=1(xj � z) = 1:(7.6)We sket
h the argument without giving details, and without repeating in ea
h 
lausethe quali�
ation \almost surely as N ! 1." By methods akin to those of earlierproofs in this paper it 
an be seen that if dmean(z) < 1, i.e., for z 2 
I [ 
II , (7.6)
annot hold: p(z) is exponentially smaller in magnitude than 1. For dmean(z) > 1, wesimilarly have that p(z) is exponentially larger than 1, ex
ept that if z 2 supp(X),then equality may be a
hieved by taking z ex
eptionally 
lose to some xj . (A physi
istmight say that an eigenvalue is pinned to an impurity.) Thus any limit points of �(A)as N !1 must be 
on�ned to Sbubble [ Swings. Conversely, we must show that everyz 2 Sbubble[Swings is su
h a limit point. This 
an be done with the aid of the prin
ipleof the argument of 
omplex analysis, whi
h asserts that if p(z) maps a 
losed loop� onto a 
urve that winds � times 
ounter
lo
kwise around the point 1, then theequation p(z) = 1 has � roots interior to �, 
ounted with multipli
ity. For z 2 Swings,sin
e dmean(z) > 1, we 
an 
onstru
t arbitrarily small loops � near z that en
lose oneor more points xj but satisfy jp(�)j > 1 for all � 2 �; by the argument prin
iple, thereare as many eigenvalues � inside su
h a loop as there are points xj . Note that thisshows not only that the eigenvalues 
luster on supp(X) for dmean(z) > 1, but that thedensities of the eigenvalues mat
h those of the samples from supp(X).For z 62 supp(X) lying on an ar
 of Sbubble, as noted above, we have dmean(�) > 1on one side of the ar
 and dmean(�) < 1 on the other. It follows that the same holdsfor jp(�)j, implying that a small loop � 
an be 
onstru
ted near z su
h that p(�)winds 
ounter
lo
kwise around the outside of the unit disk a number of times, 
utsinside without passing through the point 1, winds around inside, then 
uts ba
k outagain. Su
h a 
urve has positive winding number about 1, and thus again there areeigenvalues near z.Finally we return to the proof that for z 62 Sbubble [ Swings, though k(z � A)�1kmay diverge to 1 as N !1, the growth is almost surely not exponential. For this,as in the proof of Theorem 1, it is 
onvenient to use an expli
it formula for (z�A)�1.



20 L. N. TREFETHEN, M. CONTEDINI, AND M. EMBREEFrom Cramer's Rule we �nd, in analogy to (3.1),rij = 8>>>>>>><>>>>>>>:
Yk<i or k>j(z � xk), �1 + Yall k(z � xk)! ; i � j,Yk<i and k>j(z � xk), �1 + Yall k(z � xk)! ; i > j.(7.7)For z 62 Sbubble [Swings, as argued above, Qall k is almost surely exponentially smaller(inside the bubble) or larger than 1 (outside). In the former 
ase the denominatorsin (7.7) are � �1 and the numerators are O(1), so rij is O(1). In the latter 
ase thedenominators are exponentially large and the numerators are exponentially large too,but as there are fewer fa
tors (z�xk) in the numerators, the ratio is again O(1). Thusin either 
ase rij is O(1), and a 
omplete proof that this gives the required behaviora.s. as N !1 
an be based on Lemma 2, as in the proof of Theorem 1.The papers by Feinberg and Zee and Goldsheid and Khoruzhenko 
arry argumentslike these further to obtain estimates not just of where the eigenvalues lie, but of theirdensity. These are essentially arguments of potential theory. If an eigenvalue � ofA is thought of as a point 
harge with potential N�1 log jz � �j, then in the limitN ! 1, Sbubble is an equipotential surfa
e of potential zero, and the eigenvalues liealong it in an equilibrium 
on�guration subje
t to the external �eld applied by theother eigenvalues, if any, pinned to the values xj in Swings.In this arti
le we have hardly mentioned 
ondition numbers of eigenvalues, whi
hmeasure sensitivity of individual eigenvalues to perturbations [12℄, but they are im-pli
it in any dis
ussion of pseudospe
tra, and Davies has investigated eigenvalue 
on-dition numbers for his random tridiagonal matri
es [11℄. If xj is a simple eigenvalueof a bidiagonal matrix A, the 
ondition number of xj is �(xj) = 1=jw�vj, where w�and v are normalized left and right eigenve
tors of A asso
iated with xj , respe
-tively. If xj is in Swings, both w� and v are lo
alized and �(xj) = O(1), whereasif dmean(xj) < 1, �(xj) is of order dmean(xj)�N . This huge 
ondition number givesanother perspe
tive on how it is possible that introdu
ing a 
orner entry 
an moveall the eigenvalues with dmean(xj) < 1 out to the bubble. For xj 2 Swings, the 
ondi-tion number 
an also be used to give an alternative proof that introdu
ing the 
ornerentry has negligible e�e
t on this eigenvalue. At �rst one might think, sin
e aN1 = 1and �(xj) = O(1), that introdu
ing the 
orner entry 
ould move the eigenvalue by adistan
e O(1), but with the help of (7.1) we see that nothing like that 
an happen. Ifd is 
hosen slightly less than dmean(xj), the bidiagonal part of the right-hand matrixof (7.1) still has lo
alized left and right eigenve
tors and �(xj) = O(1), but it is onlya distan
e d�N � dmean(xj)�N from the periodi
 matrix. Thus introdu
ing the 
ornerentry in fa
t perturbs the eigenvalue xj at most on the order of dmean(xj)�N .8. Random bidiagonal doubly in�nite matri
es. Finally we turn to thedoubly in�nite or Laurent 
ase. Questions of spe
tra have been 
onsidered for a 
lassof tridiagonal doubly in�nite random operators by Davies [11℄, and our argumentsare 
lose to his. Some results on su
h spe
tra are also mentioned by Goldsheid andKhoruzhenko [24℄.It is well known that whereas the spe
trum of a Toeplitz operator is a 
ertain
urve in the 
omplex plane (the image of the unit 
ir
le under the fun
tion known asthe symbol of the operator) together with the points it en
loses [6,22,57℄, the spe
trum
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orresponding Laurent operator is just the 
urve itself [6,14,57℄. The simplestexample is the shift operator S with si;i+1 = 1 for ea
h i but sij = 0 otherwise,whi
h has spe
trum equal to the 
losed unit disk if it is singly in�nite, but just theunit 
ir
le if it is doubly in�nite. Part of the explanation is that in the doubly in�nite
ase, the inverse of an upper triangular operator need not be upper triangular. Indeed,for this example the inverse is the lower triangular reverse-shift operator de�ned by(S�1)i+1;i = 1.For us, the shift operator is more than just an example, for as in the proof ofTheorem 3, our in�nite matrix A 
an be regarded as a diagonal perturbation of thedoubly in�nite shift operator S, whi
h is a normal operator (SS� = S�S). Therefore,introdu
ing the diagonal entries 
an only perturb the spe
trum|the unit 
ir
le|byat most supj jxj j [32℄.Theorem 4 (random bidiagonal doubly in�nite matri
es). Let A be a doublyin�nite matrix (\sto
hasti
 Laurent operator") of the form (1.2). Then �(A) � 
II [
III , and with probability 1, �(A) = 
II [ 
III :For z 2 
I we have k(z�A)�1k � 1=(1�dmax(z)), for z 2 
IV we have k(z�A)�1k �1=(dmin(z) � 1), and with probability 1, both of these inequalities are equalities. Alsowith probability 1, W (A) = 
onv(
III).Proof. First, 
onsider z 2 
I , i.e., dmax(z) < 1. As in the proof of Theorem 3, wemake use of equation (7.4), where now S denotes the doubly in�nite shift operator.As in the that proof, sin
e z � A is a perturbation of �S of norm � dmax(z), it hasan inverse satisfying k(z � A)�1k � 1=(1� dmax(z)). Sin
e arbitrarily long stret
hesof entries arbitrarily 
lose to some x 2 supp(X) with jz � xj = dmax(z) must almostsurely appear on the diagonal of A, the inequality is almost surely an equality.Next, suppose z 2 
II [
III . Suppose the diagonal entries of A happen to 
onsistof a �xed �nite set of numbers x1; : : : ; xJ 2 supp(X) repeating periodi
ally. Then bystandard theory of spe
tra of blo
k Laurent operators [23,36℄, it is known that thespe
trum of A is f� 2 C : j(� � x1) � � � (� � xJ )j = 1g, and that for ea
h � 2 �(A)there is a 
orresponding eigenve
tor in `1(Z), �nite se
tions of whi
h give arbitrarilygood approximate eigenve
tors in `2(Z). Now sin
e dmin(z) � 1 � dmax(z), we 
anpi
k su
h a set x1; : : : ; xJ whose geometri
 mean distan
e to z is as 
lose as we wishto 1, implying that there are values � 2 �(A) as 
lose as we wish to z. Sin
e A is anin�nite matrix, arbitrarily large �nite se
tions must almost surely appear that 
omearbitrarily 
lose to this parti
ular periodi
 stru
ture. Therefore the random matrixmust also have arbitrarily good approximate eigenve
tors in `2(Z).If z 2 
IV , we repeat the argument of Theorem 2 or Theorem 3: 
onstru
t anupper triangular operator (z �A)�1 by (3.1) or (7.5) and verify that it is a boundedinverse with the ne
essary properties.The assertions 
on
erning �(A) and W (A) follow as in the previous theorems.In the proof just given we have noted that for z 2 
IV , (z �A)�1 is upper trian-gular, whereas for dmax(z) < 1, it is lower triangular. This di�eren
e in stru
ture fromone region to another is a familiar phenomenon in the theory of Toeplitz operators,where the 
ru
ial quantity is the winding number about a point z in the 
omplexplane of the image of the unit 
ir
le under the symbol [6,14℄. Here, be
ause of ran-domness, the 
urve broadens to a belt of �nite thi
kness. A
tually, our hypotheses
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onstant, we just have bidiagonal Toeplitzmatri
es, and Theorems 2 and 4 redu
e to the familiar result that �(A) is a 
loseddisk and a 
ir
le, respe
tively.9. Summary and dis
ussion. In this arti
le we have not dis
ussed the Hatano{Nelson model expli
itly, but those familiar with this area will re
ognize that it has beena motivating for
e throughout. The Hatano{Nelson model is a tridiagonal analogueof (1.2) in whi
h both the sub- and super-diagonal entries are nonzero, but distin
t.Their analogous notation to that of (1.1) would betridiagNf t2e�g; X; t2e+gg;where t and g � 0 are real parameters. The papers [17,18,24,26,27,39℄ all deal withthe eigenvalues of su
h matri
es in the periodi
 
ase aN1 = e+g, and there are manymore we have not 
ited.We developed the observations of this paper originally for Hatano{Nelson ma-tri
es. In parti
ular, in the nonperiodi
 tridiagonal 
ase one has an exponentiallygrowing resolvent norm inside the bubble and a subexponentially growing norm in abounded region outside. We have 
on�ned our treatment here to the bidiagonal 
asebe
ause it 
aptures the essen
e of the matter and yet is essentially simple. Table 1summarizes the fa
ts about these matri
es established in our four theorems. It wouldprobably not be a big step to work out analogues of most of these results for tridi-agonal matri
es. Mu
h of the work has already been done in the papers of Br�ezin,Feinberg, and Zee [7,17,18℄, Goldsheid and Khoruzhenko [24℄, and Davies [11℄.Speaking as mathemati
ians, we propose that it would be interesting to see howfar the theorems summarized in Table 1 
an be generalized to more general \sto
hasti
Toeplitz and 
ir
ulant/Laurent matri
es and operators."Speaking as physi
ists, we note that in a wide range of appli
ations involvingstrongly non-normal matri
es and operators, as listed in the introdu
tion, pseudospe
-tra have been found to have greater physi
al signi�
an
e than spe
tra. It will beinteresting to see what happens when physi
al systems are eventually 
onstru
ted inthe laboratory that are governed by matri
es of the Hatano{Nelson type. We expe
tthat for non-periodi
 systems of this kind, it may on
e again be the pseudospe
trathat mat
h the experiments.A
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Table 1.Summary of results.Theorem 1 Theorem 2 Theorem 3 Theorem 4\sto
hasti
 \sto
hasti
 \sto
hasti
 \sto
hasti
bidiagonal bidiagonal bidiagonal bidiagonalToeplitz Toeplitz 
ir
ulant Laurentmatrix" operator" matrix" operator"non-periodi
 non-periodi
 periodi
 periodi
N <1 N =1 N <1 N =1RESOLVENT NORMS
I � 1(dmax(z))N 1 � 11� dmax(z) � 11� dmax(z)(equality a.s.)
II !1 a.s. 1 a.s. !1 a.s. 1 a.s.Np � ! 1dmean(z) a.s. Np � ! 1 a.s.if z 62 supp(X)
III !1 a.s. 1 a.s. !1 a.s. 1 a.s.Np � ! 1 a.s. Np � ! 1 a.s.if z 62 supp(X) if z 62 Sbubble [ Swings
IV < 1dmin(z)� 1 � 1dmin(z)� 1 � 1dmin(z)� 1 � 1dmin(z)� 1(equality a.s.) (equality a.s.)SPECTRUM AND NUMERICAL RANGE�(A) ! supp(X) a.s. 
I [ 
II [ 
III a.s. ! Sbubble [ Swings a.s. 
II [ 
III a.s.W (A) ! 
onv(
III) a.s. 
onv(
III) a.s. ! 
onv(
III) a.s. 
onv(
III) a.s.


