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The initial-boundary value problem for general non-local scalar
conservation laws in one space dimension

CRISTIANA DE FILIPPIS* PaorA GoOATINT

September 8, 2016

Abstract

We prove global well-posedness results for weak entropy solutions of bounded variation (BV)
of scalar conservation laws with non-local flux on bounded domains, under suitable regularity
assumptions on the flux function. In particular, existence is obtained by proving the conver-
gence of an adapted Lax-Friedrichs algorithm. Lipschitz continuos dependence from initial and
boundary data is derived applying Kruzhkov’s doubling of variable technique.

Key words: Scalar conservation laws, Non-local flux, Initial-boundary value problem, Lax-
Friedrichs scheme.

1 Introduction

Given a bounded open interval I =]a,b[C R, we consider the following initial-boundary value
problem

O+ Ouf(t,z,p,pxn) =0, (t,z) e RT x I, (1.1a)
o(0,2) = pole). el (1.1b)
p(t,a) = pa(t), teRT, (1.1c)
p(t,b) = p(t) teR", (1.1d)
where f € C2(RT x I x R x R;R) satisfies

ft,z,0,R) =0 Vt,z,R, (1.2a)
sup |8pf(t,:c,p, R)| < L, (1.2b)

t,x,p,R
fu%laxf(t,:v,p, R)| < Clpl, tsu%\aRf(t,x,p, R)| < Clpl, (1.2¢)

2t p, B)| < Clpl, sup

t,x,R t,x,

ain(t,:v,mR)’ < Clpl, sup Okrf(t,z,p,R)| < Clp|, (1.2d)

for some constants L > 0 and C > 0, and € (C! N WL)(R; R) is a convolution kernel (not
necessarily with compact support) such that

/Rn(x)d:r =1.

Equations of type (1.1a) arise in several applications, and have made the object of a large
literature in recent years. Space-integral terms appear for example in models for granular flows
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[3], sedimentation [7], supply chains [19], conveyor belts [18], weakly coupled oscillators [2], struc-
tured populations dynamics [24], or more general problems like gradient constrained equations [4].
Equations with non-local flux have been recently introduced also in traffic flow modeling to ac-
count for the reaction of drivers or pedestrians to the surrounding density of other individuals, see
[8, 10, 11, 26].

General analytical results on non-local conservation laws, proving existence and eventually unique-
ness of solutions of the Cauchy problem for (1.1a), can be found in [5] for scalar equations in one
space dimension, in [12] for scalar equations in several space dimensions and in [1, 13, 14] for multi-
dimensional systems of conservation laws. Besides, specific finite volume numerical methods have
been developed recently in [1, 17, 21]. To our knowledge, initial-boundary value problems of the
form (1.1) have not been rigorously studied yet, the difficulties lying in the presence of the non-
local term, which may exceed the boundaries of the space domain. Nonetheless, real applications
(confined environments, networks, etc.) and numerical computations require a precise account for
boundary conditions.

The scope of the present article is to propose an approach for a rigorous treatment of boundary
conditions, in the case of one space-dimensional problems. The strategies we employ are inspired
by classical results on scalar conservation laws with boundary conditions. In particular, we refer
to [6, 9, 27]. Our results are based on the extension of the solution outside the domain, set to
be constantly equal to the corresponding boundary condition values. It is far from obvious to
generalize this technique to problem in several space-dimensions.

As in the classical case, we assume that boundary conditions can not generally be satisfied in
strong sense. Therefore, we introduce the following notion of weak entropy solution for (1.1), which
extends to problems with boundaries the definition of solution given in [5] for the corresponding
Cauchy problem. This formulation, based on semi Kruzhkov entropies [23, 27], has the advantage
of not using explicitly the traces of the solution at the boundaries of the domain, which turns
particularly useful in the existence proof, provided in Section 2.

Definition 1 Let py € L®(I;R) and pg, pp € L°(RT;R). A map p € L™ (R+ X I;]R) 15 a weak
entropy solution to (1.1) if for every test function ¢ € CL(R?;RT) and for every k € R

+oo b
L[ (0=m% g +seno = 0* (.. R.2)) = 182 Rlt2) D0 (13)
b
—sgn(p — k) %f(t, z, K, R(t,x)) go) dx dt + /a (po — k)T ©(0,z) da

+00 +o0
+Lip(f) /0 (pa(t) — K) ™ @(t,a) dt + Lip(f) /0 (oo(t) = ) F(t,b)dt >0, (1.4)
where

R(t,x) = (plt, )+ n)(x) = /R oty —y) dy

b +o00
= / p(t,y)n(z —y) dy + pa(t) / n(x —y)dy + pu(t) /b n(x —y)dy

—0o0

b 400 z—b
=/ pty)n(x —y) dy+pa(t)/ n(y) dy+pb(t)/ n(y)dy. (1.5)
Above, we have noted sgn™(s) := max{s/|s|,0}, sgn™(s) := —sgn™(—s), sT := ssgn™(s) and
s~ = (—s)* for s € R. In the paper, we will also denote Z(r,s) := [min{r, s}, max{r, s}] for any

r,s € R.



The Definition 1 is equivalent to the one provided in [6] (for a proof of equivalence we refer the
reader to [22, Theorem 7.31]). This second definition will be used in Section 3 to prove Lipschitz
continuous dependence of solution with respect to initial and boundary data.

Definition 2 Let pg € L°(I;R) and pa,pp € L°(RT;R). A map p € BV (R" x I;R) is a weak
entropy solution to (1.1) if for every test function p € CL(R%;RY) and for every k € R

+oo b
/0 / <‘p - H‘aﬁp + sgn (P - /i) [f(t7$7pa R(t,(L‘)) - f(t7$7 K, R(t, {E))] 83390

d b
~sem(p— R) o f{t 2.5 R(L.7) @) dwdt+ [~ nlpl0,2) do

+oo
" / sen (pa — 1) [£(t,a, p(t,a+), R(t, @) — f(ta, v, B(t,0))] o(t,a) dt

+ /OOO sgn (pp — k) [f(t, b, 5, R(t,b)) — f(t,b,p(t,b—), R(t,b))] ¢(t,b)dt > 0. (1.6)

We remark that to ensure that the traces of p at = a, b, are well defined, we need to assume
that the solutions have bounded variation, see [6, Lemma 1]. Moreover, following [6, 15], we recall
that the entropy condition (1.6) implies that the traces of the solution at the boundary satisfy

e On the left boundary x = a: for all kK € R

(sgn (p(t,a—i—) — E) — sgn (pa(t) — H)) (f(t,a,p(t,a—i—), R(t,a)) — f(t,a,r, R(t, a))) <0,
(1.7)

e On the right boundary x = b: for all Kk € R
(Sgn (,O(t, b_> - K“) — sSgn (pb(t) - R)) (f(tv bv p<t7 b_)7 R(t? b)) - f(tv b7 R, R(ta b))) Z 0. (18)

Our main result states the global well-posedness of (1.1).

Theorem 1 Let hypotheses (1.2) hold. If py € (L N BV) (I;RT) and pa, pp € (L N BV) (RT;RY),
then for all T > 0 problem (1.1) has a unique weak entropy solution p € BV([O, T] x I;R*) in the
sense of Definitions 1, 2. Moreover, the following estimates hold:

Ip(T, )lprry < llpollLay + (HPaHLl([o,T]) + HPbHLl([O,T])) ; (1.9)
(T, ey < €L llpollnoo(r - (1.10)
TV (p(T,); I) < €T TV (po; I) + Zj (eKlT - 1) + TV (pa; [0,T)) + TV (pp:[0,T]),  (1.11)
Ip(T,) = p(T' =7, )lLry < C(T)7, 7>0, (1.12)

with £ as in (2.12), K12 as in (2.18) and (2.24), and C; as in (2.28).

Finally, let p,oc € C° (R+;L1(I; R+)) N BV ([O,T] X I;R+) be two weak entropy solutions
to (1.1), with initial data po,o0 € L (I,R") and boundary data pa,py,0a,0 € L> (RT;RT)
respectively. Then the following estimate holds:

Ip(T,-) = o(T, )L < e |llpo — oollLin + (L +8') (Hpa — oallLao,m) + llow — Ub”Ll([O,T}))] ;

where the constants S, S’ are defined by (3.10).

The above result can be easily generalized to unbounded domains I =]a,b[, with a = —oo or
b = 400, under the assumption that the initial datum also belongs to L(I).



2 Existence of weak entropy solutions

The proof of existence is based on the following strategy: we construct a sequence of approximate
solutions using a finite volume algorithm, we prove the convergence of a subsequence and, finally,
we show that the limit is indeed a weak entropy solution in the sense of Definition 1. The procedure
follows closely [1, 5].

Let us fix a space grid in [a,b] of size Ax = (b —a)/N, N € N, and choose a time step At
(satisfying some stability conditions which will be detailed later). We introduce the usual notation

o1 . . At
t"=nAt, neN; z;=a+ (j—2) Az, zj1p=a+jAz, j=1,...,N; )\:E.
Throughout, an initial datum py € (L* NBV)(R;R) is fixed and we denote
0 1 Tj+1/2 .
pj:A/ po(x)drdy forj=1,...,N.
z Tj_1/2
We define a piecewise constant approximate solution pa to (1.1) as
t € [ttt n €N
Alt,z) = p'  for ’ ’ where . ’
P ( ) & { xe[xj—l/vaj-Fl/Q[a j=1...,N,
through the following adapted Lax-Friedrichs scheme
P?H =pj—A [an+1/2(9?7 P;‘l+1) - Ff-1/2(ﬂ?-179?)} ) (2.1)
where
1
an-‘,-l/Q(p?v p?+1) = 5 |:f(tn7 Lj, p?v R?) + f(tna Lj+1, p;'LJrh R?Jrl) + a(ﬂ? - p;L+1):| (22)

is the numerical flux (for some @ € R, « > 0) and

Ry ::Aa:Zn(xj_k)pZ, j=1,...,N,
kEZ

are the quadrature formulae approximating the convolution terms. Remark that, due to the bound-
edness of the domain |a, b[, we can set

N

R} = Aw Y n(wj k)i +pi Ax Yz ) + pf Az Y n(wj k)
=1 k<0 kSN

= Ax Yz k)i + oo Az n(ak) + o Az D> i)
k=1 k> k<j—N

The proof of the convergence of approximate solutions is divided in several steps, which are intended
to show that the sequence verifies the hypotheses of Helly’s compactness theorem.



2.1 Positivity

The following lemma ensures the positivity of approximate solutions corresponding to positive

initial and boundary data.

Lemma 1 Let pg € L™ (I;RY) and pq, py € L™ (RT;RT). Moreover, assume that

1 1 1
> [ < _
a>L, )\ 3mln{ (1+A:B)}

Then pa(t,x) >0 for allz € I,t> 0.

Proof. We rearrange (2.1) as

(

P;H—l = P? - A {FJ +1/2 Pg 7Pj+1) an+1/2<p?7 P;L) + Fjril/Q(P?aP?) - an—1/2(p?717p?)}
n
J

= (1= af = B7) 0} + a3y + B70fur = A (Ffir o055 03) = Ffy o 05.05) )

where, for j € {1,--- , N},

)\F;L_l/Q(p?,p?)—F]n_l/2(p?_1,p?) lf n # n
Oén L p;}_p}t_l pj pj—l )

0 if p? = p?—l )

and

]+1/2(p3 ’p]+l) ]+1/2(P?,P§L) . n n

By = —A Pi1—Py if Pj+1 7 P
3 23 —_ Vel

0 if Piy1 = Pj -

We consider the following estimates:
‘ j+1/2 Pj ) Pg) ?11/2(/??70?) =
- Q‘f t $]+17PJ7RJ+1) f(tn7wj—17p?> ?,1)‘

n

= §‘f(tn’xj+17p?7R?+l)if(tn7wj—1ap?7R?+l)_f(t » Lj— 17p]7 j— 1)‘

IN

1
§’f(t”, Ti1,p5 Ripy) — f(1", 251, P?,R?H)‘

1 1
5w B )+ S| P R

1
< L‘p?‘ALU + §)f(tn7xj—lap?)R§L+l) - f(tnﬁxj_bO’ R?—l—l)‘
1
+ 3 (tnij—lapglaRgLfl) - f(tnaxj—1707 R;LI)’
"+ Az).

Moreover, we observe that, whenever p # p7_; and pj,y # p7,

A

OZ}1 = —> |:f(tn7mj17p?7R§L—1) f(t y Lj—1, pj 17R ) T (p? - p?—l):|

2 (;07; — P

5

(2.4)

(2.5)



)\ n n n

Y (8pf(t y 1,651y B 1) + a) (2.6)

and
n )\ n T n T T n T 3
Bj = —ﬁ f(t 71’j+1apj+1aRj+1) +a (Pj - Pj+1> - f(t ainJrlan»RjH)
Piv1 =P

A n n n

9 <O‘ — O, f(t vxj+1’§j+1/27 j+1)) J (2.7)

for some §lqy0 € Z(pj_4,p}) and §lhaye € Z(p}, pjy1)- Assuming that

a>L, A<=, AM(1+Az)<

Y

Wl =
L =

we get

n

,0]‘7

1 1 1
a?aﬁ? S |:Oa 3:| y (1 - Oé? - B]n) c |:37 1:| 3 A (F]Z-l/Q(p;L?p?) - Ff—l/?(pgb?p?)) S g

which allow us to recover the sought estimate

1
ot 2 (1= af = 87) 6 0l + B0 = glof

)

> (5-an- ) i+t + Bl
0

2.2 L' bound

Lemma 2 Let hypotheses (1.2) and conditions (2.3) hold. If py € L™ (I;R") and pa,pp €
L> (R*;RY), then for all T >0

AT ey < ool + o (Ioalluagomy + lovleagory) = C(T) (2:8)

Proof. Thanks to the positivity of the discrete solution, using the definition of the scheme, we
compute

N
1P L1 () = A Z it
j=1
N
= Az Z |:p7; - A (F]Z_l/g(p?, p?_t,_l) - F]n_l/Q(ng—h p?)>:|
j=

N
= Ax Y = A (FRpajalobes o) = Fila(ol 1))
j=1

- Aa:ZPj -5 (f(t TN P B) + f (1 axN+17PbaRN+1)+04(PN—Pb)>



At n n pn n n PN n n
+7 (f(t aanpaaRO)—i_f(t ,$1,,01,R1)+Oé(pa _P1)>

N
= A:EZp?

At .
> (3pf(t TN EN 0 BN)PN + 0o f(t" 2N 11, EN 11,00 BN 11)Ph +O‘(PN Pb))

At

S (B (8" w0, €0, RO + 0, (", 01, €8, R Y + 2 (01 = o) )
al 7 At n n n 3

= A.sz] + 7 (apf(t ax07€a,07R0) + Oé) Pa
j=1

At
t5 (_8pf(tna TN+1,EN41,00 BN 41) + a) Py

At
+ 5 (S0 o, Ry RR) — ) ol

At
5 (0pf (1" 21, &1, RY) — a) pT .
Being the last two coefficients in the previous estimate non positive, we can conclude that

N N
Aach?“ < A:UZ/)? + alt (pp + pp)
=1 =1

thus ending the proof. O

2.3 L* bound

Lemma 3 Let hypotheses (1.2) and conditions (2.3) hold. If py € L* (I;R“‘) and pg,py €
L (R*;RY), then for all T >0

oA (T, L) < e“llpollLe(r , (2.9)
where L is given by (2.12).
Proof. We observe that
B - B <
N
< Az pp > n(ziia—k) = n(@imi—)| + Az D pRn(i—k) — n(j—1-k)]
k<0 k=1
+Azpp > n(zici—k) — n(zj—1-k)]
k>N+1
J+1-k N J+1-k J+1-k
= Ampzz / n'(s) ds| + A:EZpZ / n'(s) ds| + A:Epgz / n'(s) ds
k<o |"Ti-1-k k=1 Ti-1-k k<o |V Ti-1-k
N
< 202% |1 ||Loe ey | P + D0} + 0}
j=1



< 280 ey (Il + @ (Il oy + lonliagoan)
< 2T Az, (2.10)
where we have set

T = |17 llLe(m) <|P0HL1(1) +a <||pa||L1([0,T}) + ||Pb||L1([0,T]))> (2.11)

and for the latest bound we have applied Lemma 2.
Proceding as in Lemma 1, we can rearrange (2.1) as

ot = (1= af = 7)o + &y + B = A (FP oo o) = Fya ol o))

where o and j} are as in (2.6) and (2.7) respectively. Using (2.10), we get

(P o) = Fy o0, 0)| =

1
= S| g o B = £ 3, R

&

<2C|0p|az +C

axf(tnvjjap?wéy)“x]-‘rl - xj—l} +

00", 3355 )| [~ 11

7 n mn
P+ — Rj—l‘

<20Az|p? | (1+T).

Py

Thus,

o< (1= = 87) o+ s + B+ | Fs o] ) = Fiy o6} )

(1 —af — B?) 1™ [Lee(ry + @ 0™ Lo (1) + B 19" Lo (1) + 2CAAZ| p™ || oo (1) (1 +T)
= [|p"[|ee(r) (1 + ALL)

< 52| p" |0 1y

IN

for j=1,---, N, being
L:=2C (1 + 17| Lo m) <||P0||L1(1) +a (HPaHLl([o,T]) + ||pb”L1([0,T])>>> : (2.12)

A standard iterative argument completes the proof. O

2.4 BV estimates

Proposition 1 (BV estimate in space) Let hypotheses (1.2) and conditions (2.3) hold. If
po € L™ (I; ]R"") and pq, pp € L™ (R“‘; R"’), then pa satisfies the following Total Variation estimate

N
> )pﬁl - p?’ < Ca(t"), (2.13)
=0

8



for all n € N, where

o= ‘+Z‘pb -,

with K1 and Ko positive constants defined in (2.18), (2.19), (2.24).

N
n IC n
Co(t") i= 37 o0y = ] + [ (& =1) + Y
=0

Proof. We consider separately the central and boundary terms.

For j=1,---,N —1,n € N, we consider the difference
1 1
P = oy = =) = A [F;l+3/2(p?+l’ Pive) = Filayo(pj1, P5) £ Efyy o (Pf ’pﬁl)}

+ )‘< Eiao(0f pj1) + Fly o (0j— 1=Pg)>
= PP
—A <an+3/2(/0?+17 P?+2) - Fﬂrl/z(/)?, P;‘l+1) - an+3/2(,0?7 P?+1) + F; +1/2(Pg 1) Pj ))
—A (Fgﬂ:a/z(P?a Pir1) = Fla (05 pf1) + Fy o (01, 05) — Fi'y o (051, P?))
= A} — \B7, (2.14)
where we have set
A? = p?H o p? —A (Ff+3/2(p?+l’ p?+2) - an+1/2(p§'l’p?+1) - Fgﬂ:’,/z(p?’pglﬂ) + Fj +1/2(Pg 1> Pj )) )
Bj = Fl55(05, pf1) = 1 0(0F pi1) + Fiiy o (051, 05) — Fi'ya o (0f—1, 0F) -

Concerning the first term A7 and recalling (2.4) and (2.5), after suitable rearrangements we get

A = (py+1—p?)

14 00 p30) = Fily 10055 05) _ )\F]n+3/2(p?+1,p?+1) - F}n+3/2(p?’p?+1)]

i1 = Pf i1 =P

n . n
Pjto = Pjt+1

n n 2P, 07) = F3 1 o (p1, P})
+<pj_,0j—1) </\ JH+1/2\F5 0 7y ]+/ J J

E2 o o071, i) = Fil g 0 (P51s P41)
+3/2\Pj+15 Pjt2 1+3/2\Pj+15 Pt
+ (P}Lﬂ - P?+1> <—)\ SRR AR AR

Py = Pj_q
= (1 - B} — 757‘+1) (p?ﬂ - p?) + B4 (p}lz - p?H) + 77 (p? - p?—l) ; (2.15)
where
. Fi o055 05) = Fiy o (0515 p]) |

Pi — Pj_q

and the bounds 77 € [0,1/3] can be proved exactly as it has been done for a7, thanks to (2.3).
From (2.15) we recover

N-1 N-1
Z"A?‘ < Z [(1 -5 _73+1) ’p]Jrl Pj ‘ + BJJrl‘ijr? pJJrl‘ +7|pj — Pl 1”
j=1 j=1



N-1
= |t — P = BYles — Pt + et — | + BN ek — P| — YR Pk — PR |- (2.16)
j=1
We now focus on the term B} in (2.14):
B} = (f(tn Tj42s Pj41s R?+2) — f{t", zj41, i1 R?—&-l))
1
~ 35 f@" ngaP] 1 Rn) f(t”,arjfl,p?_l, R?—l))
O f(t", % Lj+3/2; /-’J+1a R]+3/2)A$ + Opf(t" a$]+3/2; P]+1a R]+3/2)(R?+2 - R;‘L+1)>

(a ft 7'7;] 1/27p_] 17Rj 1/2)Ax+6Rf(t ,.’E] 1/27p] 17Rj 1/2)(Rn ?—1))

I
Y

&l\)\)—l

A n ~ ~ n oA An PN n n
= ( xxf(t l‘],p],R )(xj+3/2 7xj—1/2)+8;2)xf(t axjvpijj)(pj—l-l 7pj—1)

+ al%mf@", o 0 ) (R — R )
1 n
—1-*( 2 f (" , &, P, RY )R]H/z( Tjy3/2 — Tj 1/2)+3pr(t , &, P, R} )R]+1/2(P]+1 Pj-1)
+ Orpf(t", 5, P}, RY) n+1/2(Rj+3/2 - Rj—1/2)
+8Rf(t 7i'j7ﬁj?Rj)(Rj+2 R R +Rn ))a
with &;_1/5 € (zj-1,25), o}, P} € T(p}_y, Pfr)s BRI 12 € TR}, RY), R R € I(R?_ 1/2,Rg+3/2),

Tj,Tj € I@j—l/ﬂjﬂ/z)’ R;'L+1/2 S I(Rn R? 17R" R?+1)
Notice that as in (2.10) we can estimate

‘R;L_i_2 - R;L_i_l‘ S TAQ’J,
Ry~ Ry | < A,

Ry - RY| < 2T A

Moreover, by their very definition,
;‘l+3/2 - ?—1/2‘ = ‘)‘g+3/2Rg+2 +(1- ;L+3/2)R?+1 - N?—1/2R;‘1—1 S N?—1/2)R
= ’ 2 j+1‘+ ’R?— ?—1‘+‘ i)
< 3T Az,

and

g+1/2 (R? B R?—1> + (1 - 5?+1/2) (R?+2 - R?—H)

<9 +1/2‘R 1’ +(1- 5?+1/2)’R?+2 - R?H‘
< TAzx,

R +1/2|

for some §7 120 ]+3/2, j 12 € [0,1]. Finally,

P+ (-

71 = |t + (L= | < &

10



7] = [erpioy + (= Ept| <& lofa| + (1= &)ty

)

with €7, € € [0, 1]. Therefore
n 3 2| an 1 2 n n
B}] < SO0 + 5 A0 e s — P
3 . 3 _ 1
+ SCT(AP|0)] + SCT(API5] + S TN0%S i Ax|piy — o

- gCT2(A:c)2 + CT(Az)?

oy 2
1 n n 2 2
< §A:c‘pj+1 - pj—l‘ (II%JIIL%(R) + T||3pr”L°°)

NG 1 —n
+ 501+ T) (A2 |}] + 5CT (5+3T) (Ax)? 5|

w

Thus

N-1 N—-1

n ]' n T
SoAB < S at (102 i + TS i ) D |or = o]
j=1 j=1

N—-1

1 ~n -n n ~N -n n
+ 50& BA+T)+T(B+3T)) Az Z [(ej +ej)‘pj_1‘ +(2-¢&—&) ij”
j=1

N _ N
<Aty ‘p;gl - p;-l‘ + KoAtArS (p;%+1‘, (2.17)

j=0 J=1

where we have set

K1 =102 fllLes + TN02R fllLes, (2.18)
IEQ:C(3+8T+3T2>. (2.19)

Collecting (2.16) and (2.17), we conclude that

>

=1

N N
Pt = oy < YA+ A 1By
j=1 j=1
N N N 1
< (LKA | = o] + RaAtae > o] + SKaaelof = ot
Jj=1 J=1
N . 1
< (U K1) |y = |+ KoCa(t) At + A o — gl (2.20)
j=1
We now take into account the boundary terms. From the definition of the scheme we know that

P = = (1=l = BD) o ot 10— A (Fa (ot o) — Fjael o)) — o £ 41

= B (o5 = o) + (1= al) (ot — i) + (o — 1)

11



(B0t 1) = Flialo = )
=81 (py —p1) + (1 =17) (o7 — pi) + (pZ - pZ“)
- A <F3?/2(PZ>P?) — F'5(pa, p’i‘)) :
Indeed, by definition of af and of 7] we get
of (pf — pit) + A (Fé?/2(p?7p?) — Fi)5(p1, pi‘)) =
= X (Fgjalot, 07) = Fiyn(ol o1) £ Fia(o1 1))
_ AF;?/Q(p?,p?) — F3)5(05: A1)
Pr — Pa
=21 (1 = o) + X (B30, 1) = Flialis 1))

(o1 = i) + A (Fgja (e 1) = Fija(ol o))

Since

N (F3jalolts 1) = Fljalis o)) =
A n n pn n n pn A n n pn n n pn
:g(f(t 7x17pa7R1)_f(t ’anpa’RO))+§(f(t ’IQ’plvR2)_f(t 7x17p17R1))
A n n o pn n = n pn n n
= 5 (8xf(t 7'T1/2’pa7R1/2)A$ + aRf(t 7x1/25paaR1/2) (Rl - RO))

A n n pn n n o pn n n
+ B} <axf(t yL3/25 P15 R3/2)A$ + Orf(t »903/2,P17R3/2) (Rz - R1))
(where we used obvious notations for Z; /9, Z3/9, R?/Q and R§/2)7 we can conclude that

C
< At (L T) (1] +181)

NFg 60, 1) = Fo (o2 )

Thus, because of the positivity of the coefficients involved, we get

n n+1
Pa — Pa ‘

P = | < BRls = o] + (L= ) [t — o] +

C
+At5 1+T) (leal+ 1p7]) - (2.21)

Concerning the right boundary data, we have

ot = (1= ol = BR) o+ alepReos + Bk — A (Pt o (R o) = Fli_1 (ol o))
— oyt £ pp
= — (o = o) + (1= BR) (o — o) + (o = p3™)
+ay (Ph = Ph-1) =9 (PN = PN-1)
O (Fay o 080 = Flvy o 010 P%))
= (1= 8%) (k= o) + (o = oY) = 7% (0% — PR

A (P o (P ) = Py o (Per p3) ) (2:22)

12



We can justify the above equalities as follows. Taking into account of the expressions of af; and of
YN, We can rearrange

(P10 08) = Fiy o0 ) ) =
= =A <F11\1/+1/2(P7J§/7 PN) — Fﬁhlﬁ(ﬂ%ﬁ pN) E F]T\l/fl/2(p7\/717 PN) Fzr\L/H/z(Panla P%))
= = A (FR 1o (01 080) = Fie1 o (03 90) ) = A (Fita o (0 080) = Fita o (-1, 90))
S T N O R o T W 0)
= ak (ol = i) = 7 (& = pRer) = A (Pl ja(ohs o8 = Fi_1 (01 0) )

Let us estimate the last term in (2.22):

/\‘F]%+1/2(p7]1\/—17 PN) = FJ@A/Q(PRI—b P?V)‘ =

A
= §‘f(tna IN, pnN—h RR{) - f(tnafoluonN—lv RnN—l) + f(tnvaJrlvah RnN—i—l) - f(tn7xN7 pnN7 R?\J/)’
A
T2

O f(", ZN_1/2, PN—1, R%—1/2)A90 + Orf(t", ZN_1/2, PN—1, RnN—l/Q) (RR/ - R%—ﬂ

0 f (", TNt1/2, PN R}"{,H/Q)Ax + ORf(t", Tny1/2: PN RnN+1/2) (RR/H - RR/) ‘
C T n

< At (L+T) ([oR-a] + o)

Therefore we get

b — Pp

o = o < (1= BR) ok — of | + ikl ok — o] + |k — pp*|

C T 7’1
+ At (L4T) (IRl + PR 1) - (2.23)
Collecting estimates (2.20), (2.21) and (2.23), we obtain

N
J=0

Pj+1 = Pj

n+1 n+1‘

N-1
R D LR
j=1

Pt — PZH‘ +

C
< 81108 — o]+ (1= ok = pil + |oi = ot + At L+ T) (1] + 1)

n n c 7 n
n Jos —pbﬂ‘+At§(1+7-)(’PN—1’+’PN‘)

(L=8%) leb — pn| + N |PN — P |+
N-1

+ 37 | o — o] = 82165 — ot + 7ok — o] + B3 |of — o] =il — |
=1

N-1

+A ) |8}

J=1

<

13



<

Pa —

n n+1‘ +

n—H‘ + ‘p]+1 Pj ’
J_

C n n n n
+ At (1+T) (lozl + |t + [oR-a| + |k )

N N
ALY o = | + Kadstda Y ||
§=0 j=1

<

pg n+1‘ +|p

N
Pt (Al > o — |+ Kaci () At
§=0

n 1
+C(1+T) ( 1 pollee (1) + 2HPaHLoo([o,:r])) At.
Setting
Ko = ICgCl(t") +C(1+T) ( EthPOHLw (I + *HPaHLOO[o T}) (2.24)

we deduce from the previous estimate

(1+ KAL) /AL 1
K1

N N
S o = o < A Kaan AT — ]+ K
j=0 =0

n
?—pzn‘l‘+2’pb — 1‘

n
n 2 n
< S Z‘pﬁ—l pJ(Jr (e’“t —1)+Z i
m=1

7=0

)

n
—pZH‘ +) ‘pb — oyt
m=1
thus concluding the proof. O

Corollary 2 (BV estimate in space and time) Let hypotheses (1.2) and conditions (2.3) hold.
If pg € L™ (I; R+) and pg,pp € L™ (R+;R+), then pa satisfies the following Total Variation
estimate in space and time

ZAt‘pJH Py ‘ + Z ZA:L“ Al ,03”‘ < Cype(nAt), (2.25)

m=0 j=0 m=0 j=0

with Cy(nAt) given by (2.30).

Proof. The spatial BV estimate (2.13) yields

n—1 N

Sy At‘ Py — p;n) < nAtCy(nAt). (2.26)
m=0 j=0

In order to bound the second term in (2.25), we make use of the definition of the numerical scheme
(2.1), (2.2). In fact, by (1.2) and (2.10) we have the following estimate

A
+1
‘pm pﬂ <5 (‘f&” —p}”_l‘ + ‘pﬁl —pﬂ)

14



2

S (", € R A +

Opf (" 5, €8 R) (P = 21 )

ot a5, B (R - RIS

A
< gla ) (|- o+ o - o)
+ CAtlepiyy + (1 —e)pily| + TAt‘ﬁﬂjnh + (1 —€)pjL 1‘

)\ o m m m m m
< 5 (a+ L) (‘Pj - Pj—1‘ + ‘Pj+1 —pj D +At(C+T) <€|Pj+1| +(1 - €)|Pj—1|)

fOI’j =1,---,N —1, where €;n = Epﬁl + (1 - f)P}nA € I(pgnfhp;n—l)? € € [07 1]1 ij € [ZL‘j_l,.Tj+1]
and R € Z(RT |, R™ ). Therefore,
N-1
ZAx‘pm—H ‘ _ A:c( mt+1 _ ‘pm-i-l D i Ax‘pmﬂ pm‘
J
7j=1
< Az (‘p@"“ -y ‘pm“ p’b”D
N-1
+At(@+ L)Y )p]H ol ’ 1 2AzAL(C+T) Z!p}"l
Jj=0 7=0
< Az <‘pZ‘+1 -y ‘pm“ pZ”D
+ At (a + L) Cyp(mAt) + 2AzAt (C + T) Cy(mAt), (2.27)

due to estimates (2.13) and (2.8). In particular,
Zm«) = | < Avcmat),

where

m+1
a

Ci(mAt) = X < P

‘pmﬂ D (o + L) Cx(mAt) + 2Ax (C + T) Ci(mAt), (2.28)

which allows to derive the L! Lipschitz continuity in time (1.12).

Summing over =0, -+ ,n — 1, we get
n—1 N n—1
> ZM‘/}’"“ p}”‘ <Az ) < pu - ‘pm“ pZ‘D
m=0 j=0 m=0
+ nAt (a + L) C(nAt) + 2nAtAz (C + T) C1(nAt) . (2.29)

Summing (2.26) and (2.29) we get (2.25) with

Crt(nAt) :== nAt (a+ L+ 1) Cx(nAt)

15



n—1
+ Az 288 (C+T)Ci(nAl + Y < ot — |+ oyt - p?\) . (2.30)

m=0

thus completing the proof. ]

2.5 Discrete entropy inequalities

We adopt the following notation

3 1 n n n n
i polus0) i= 5 (£ o BY) + (8 20,0, By) + 0 (u =) ).

Hj(u,v,2) :=v— X (Fﬁ_lm(v, z) — an_l/Q(u,v)> ,

Tiije =i p(unN B OANK) = FL o (K, K).

The approximate solution pa satisfies the following inequalities.

Lemma 4 Under the hypotheses (1.2) and the conditions (2.3), the following discrete entropy
inequalities hold for j =1,--- N, n €N, x € R:

+ +
(ot = k) = (o5 =)+ A (Coerjalo i) = Gy yolPfs )
A
—1—5 sgn™ (p;.‘Jrl - /<;> <f(t”,xj+1, K, Rip) — f(t", 251, K, R?_l)> <0. (2.31)
Proof. Let us consider the map (u,v, z) — H;(u,v,2). By (2.3), it holds

OH A . .
ou (’LL,’U,Z) = _5 (apf(t y Lj—1, U, Rj—l) - Oé) > 07
OH a
=1—-—>
av(uavaz) 1 2 >0,
0H A

P (u,v,2) = 5 <8pf(t",xj+1,z,R;-l+1) - a) >0.

Notice that

A
Hj("@ R, %) =R = 5 (f(tnvijrl? R, R?—i—l) - f(tnaxjflv H7R§‘l—1)) .

For Kk € R, j = 1,---, N, noticing that p;-”rl = H;(p}_1.p},p}41) and using the monotonicity
above, we get

Hj(p?;l Nk, P;L N K, p;'LJrl A ’i) - Hj(’% R, K’) >
> Hj (p}lfl? p}lv p?+1) N Hj(ﬁv K, K) — Hj(’% Ky ’KJ)

Jr
— (H (051, s 1) = s ) )
1 A -
= (p;”r — K+ 5 <f(t”,mj+1, K, R ) — f(t", @)1, ”»R?—1))> :
On the other hand we obtain

Hj(p?—l N K, p;l N K, :0?-1-1 A "{) - Hj(’%v K, KJ) =

16



=(5-x)

- A (F]nﬂ/g(l)? NE, P NE) = Fiy o (pfon N, 0 NR) = FLy ok, K) + FiLy o (5, ”))

B (p? B ﬁ>+ —A (G?Jrl/Z(p?’p?H) - G?fl/z(P?—pP?)) '

Thus,
7 + K non K n n
(Pj - Fﬂ) —A (Gj+1/2(pj7pj+1) - Gj—l/?(pj—lvpj )) >
1 A "
2 (P;LJF — K+ B} (f(tn,ffjﬂa wy Ry ) — f(E" 251, 5, R?—l)))
n A n n n n
= Sgn+ <pj+l — K+ 5 (f(t ,Ij+1, K, R]+1) — f(t ,I‘j_:[? K, le)))
n A n i n n
X (pj+1_/€+2 (f(t 7xj+17/<’7Rj+1>_f(t 7xj—17/€7Rj—1))>
n n A n n n n
Z Sgn+ <pj+1 _ f{) <pj+1 — K+ 5 (f(t ,:L‘j+1,/{,Rj+1) — f(t ,.l'jfl, K, R]_1)>>
_ n+l + é + n+l no,.. m _ no .. mn
- p] R + 2 sgn p] R f(t y Lj4+1, K,y Rj+1) f(t y Lj—1, K, Rj—l) 5
which proves (2.31). O

2.6 Convergence towards a weak entropy solution

The estimates given by Lemmas 3 and Corollary 2 allow to apply Helly’s compactness theorem,
ensuring the existence of a subsequence, still denoted {pa} converging to a function p € L*°([0, T x
I) in the LY-norm, for all T > 0 (see for example [16, Section 5.3.5]). We need now to prove that
the limit of approximate solutions is indeed a weak entropy solution, in the sense of Definition 1.

Lemma 5 Let hypotheses (1.2) and conditions (2.3) hold. If py € (L N BV) (I;R") and pa, py €
(L*>* N BY) (R*;R*), then the piecewise constant approximate solutions pa resulting from the
adapted Lax-Friedrichs scheme (2.1) converge, as Ax \, 0, towards a weak entropy solution of
the initial boundary value problem (1.1).

Proof. We follow closely [27]. Adding and subtracting G%, /Q(p;-‘, p}), we rearrange (2.31) as

02 (o3 = w) " = (o —5) 4 A(Cpno] 00 — G ol o))
(G5l o) = G (00 )
+ %SgnJr (p;”rl — /@) (f(t",ijrl,n,R?H) — f(t", z_q, /@,R;-‘_l)> : (2.32)

Let ¢ € CL([0,T) % [a, b], RT) for some T' > 0. Multiplying (2.32) by Az ¢(t", ;) > 0, and summing
over j =1,--- N, n €N, we get the inequality

+o0 N

0>Az) Y (ni(p’]“) - ni(xﬁ)) p(t", 7))

n=0 j=1

17



+o00 N

A S (( Saa (0 ) = G o (0, 03)) = (G a0, - G;H/z(py,py))) p(t",15)

n=0 j=1
+m N

Zngn (”“ )<f(t",a:j+1,/£,R?H)—f(t”,xj_l,/i,R;Ll))go(t",xj). (2.33)

n=0 j=1
Summing by parts in (2.33) we obtain

+oo N

=AY Y (n;f(p"“) - ni(p?)) o(t", ;)
n—Oj—l
+o0o0 N n—1
t,iL"—QOt T
Y O ) - Arar 3 H )~ P )
j=1 n=1 j=1

b +o00 b
Aot — / 2(0,2)po(x) d — / / Brplt, 2y (p(t, ) da dt.
a 0 a

and

A%x N

Z ngn ( p— ) <f(tn737j+1a K, R?Jrl) - f(tn7xj—1v ’%7R}lfl)> Qp(tnvxj)

n=0 j=1

+oo N n m
f(t » Lj+1, Ky Rn-}-l) - f(tn7$j—1’ K, R‘—l)
= At IS sgn® (ot - k) : J
v e lsgn N

+oo b
—>A:E\0+ /(; / Sgn+ (p;'H_l - K) 8$f<t7 T, R, R(tv flf))(p dx dt )

by the Dominated Convergence Theorem. Furthermore

+oo0 N

Atzz[( 5o ) - G;H/Q(p;,py))—(G;_1/2<py1,py>—G§+1/2<py,p7>)} o(t", ;)
n=0 j=1

+o0o N

= ALY S (Gl ) = G o0 0)) (0", ))

n=0 j=1
+oo N—1

_ Atz Z (G?Jrl/?(p?’pyﬂ) n G;+3/2(p1j1+1vp?+1)) o™, xj41)
n=0 j=0
+oo N—1
= Atz Z [( 12(P5, Piv1) — G?H/z(ﬂ?,P?)) (", x;)

n=0 j=1

~ (Geapl ) = Glfrs ) (0" 10)

+At2( Seo1y2 (PR ) = G o (s o)) (7 ) = (G0l 1) = G0, 1)) (0t 1)

= Tty Tb = T, (2.34)
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Let us define

= pt" j11) — p(t", 7))
% n n yLg+1) — y g
Ty = — AtAz Y Y Gy 0o} o)) & !

neN j=1 Az
—alt > (et bnt (o) + ot @ () )
neN

Being
G?+1/2(P?7 P?) = an+1/2(/)? N K, P? NEK) — F;l+1/2(’€7 K)

1 n n n n n
= §<f(t y Ljs Pj /\’{'aR])_f(t 733]'7”{’Rj))

1
+ B (f(t”, Lj+1, P;L A R?Jrl) — ft", x4, K, R}LH))

1
5 Sgn+ <p? - R) (f(tn7x]7p§b7 R?) - f(tnﬂ xj7 K, R?))
1
+ 5 Sgl’l+ (pgb - H) <f(tn>$j+17 P?7R?+1) - f(tna Lj+1, K, R?—‘,—l)) ’

it is straightforward to see that
“+o0o
T —sewr = [ [ s (0= 0) (7t o, R(t.2) ~ £t R 0) Ot ) dide
0 a

+oo o0
_ Lip(f) /O (palt) — 1) ot a) dt — Lip(f) /0 T o) - )t b)

We decompose Thg as

+oo N

Too = — ALY NGy (0], 07) (8", 241) — (t", 25))
n=0 j=1

_amz (( )+ 0" ()
N

400 N-1
= — Atz (Z G?+1/2(P§'L7P? (", xj41) Z Gi j+3/2 PJ+17PJ+1)<P(tn’Ij+1))
n=0 j— j=0

_amz(( O a5) + (¢ i () )

+oo N—1

= - Atz Z ( J+1/2 p]’ﬂj) G?+3/2(P?+17P?+1)> ‘P(tnaxj—i-l)
n=0 j=1

“+00
~ Aty (G?v+1/2(p?v, PN)e(", en1) — Gy (ot p1 ) (t", xl))
n=0

_amz (( O a) + (¢ )i (1))

int
20 t+ T20 .
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We rewrite

+oo N—1
Ty’ = — Atz Z (G;+1/2(P?>P?) T Gli12(0] Pf41) = Giigya(pfin, p?“)) AUREEES)
n=0 j=1
+oo N—1
=AY > (", mj11) (G?H/g(/)??ﬂﬁl) - Gfﬂ/z(/}?’py))
n=0 j=1
+oo N—1

- Atz Z P(t" zj41) (G?+1/2(P?7P?+1) - G;”+3/2(p?+1,p?+1)> .
n=0 j=1

Hence

+oo N—1

<A S et wy) = ot i) |G o (0 ) = Gyl )]
n=0 j=1

‘ 'mt mt

Notice that

’G;_,_l/g(ﬁ)?,ﬂ?-;-l) - G;+1/2(p?7:0?>’ =

1
=5 fQ@ zjp1, 0700 A6y RYy) — f(E, 20, 07 AR R ) + (P? NE = pipg A FD)

< L+«
- 2

< a(p?ﬂ it

i

according to conditions (2.3). Therefore

+oo N—1
‘ Tint _ Tint §anAtH<Pm||L°°ZZ’p7+1_pﬂ
n=0 j=1
<alAzT - TV(pa(t",-)) = O(Az),
< aAx H<Pcc||L OS%%N (pA( )) ( 95)

thanks to the uniform BV bound (2.13). We now compare the terms 7% and T%;:

“+o0o
Th-Ti= —AtY (Gesaa (P PR)R(E" 2 41) = G o (0, )i (", 21))
— at Z ( by (o) + o(t", a)n;f(pZ))
+o0o

- Atz (G'me(p"zv, Py — Gz”m/g(p%,p”zv)) p(t", zN)
+ Atz ( 1/2 (P, PT) Gg/Q(P?vﬂ?)) (", x1)
= Atz ( 17206, p1)e(t", 1) — ani(pﬁ)w(t",a)>
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- Atz (e (o)t B) + Gy i R £ ) )
- A Z (G ol 30 (90t ovs1) = (", 7))

- AtZ {( aloa ) — () e(#'a) = (cnf () + Gl ) (07 )
+ (’)(Ax) ,

owing to the regularity of ¢. Indeed, we observe that

A" (s jalpe o) (Pl 2vs1) = (2", 2n) )

neN

< At gl 3 |Gy oo )
neN

= Aol S |FRar oo A ooy A ) — Efyey ol )|
neN

> (£ aw. ok A BR) = F(E" 2w, BR) )

neN

< AtAa:H;px || oo

AtAz| ¢z |Lee
+ + Z (’f(tn’J:NH’pr Ay Riq) — f(E" 2N, H,RRIH)’)
neN

< LAtAzZ|s = 3 (o — 1) ©
neN

< LT|¢s Lo € llpollie Az = O(Az),
thanks to the L*°-bound (2.9). Moreover, since

G;—&-l/?(u’ v) = Fi'yy jp(u A, v AK) = FYy jo(k, K)

> Fi'yjo(R, 0 AR) = FYy o(5, K)

1
=3 <f(t”,$j+1,v A /{,R;-Zrl) — f(t", xR, R;‘H) —a(vAk— K))

> —% (L|v/\n—m\+a(v—ﬂ)+)
= L w rat- )

> —a(v—r)"
and

Giiao(u,v) = FYy p(u A, v AR) = FYy o (R, K)
S Flyp(u Ak K) = Yy ok, K)
1
== (f(t”,:z:j,u/\ K, RY) — f(t", 2,5, RY) + o (uA Kk — /{))

<

N — DN

(L]u/\n—f@]—i—oz(u—n)Jr)
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we conclude that
b b
Therefore we get

0>T1+ T3+ 15
=T+ T3+ Ti" + T2
> Ty + T3+ T3 + Ty, — O(Ax)
=T1 + T3+ Tz — O(Ax),

thus concluding the proof. O

3 Stability

Proposition 2 Under hypotheses (1.2), let p,o € C° (R*; Ll(I;R+)) N BV([O,T] X I;R), T >0,
be two weak entropy solutions to (1.1), with initial data py,o9 € L (I,R+) and boundary data
Pas Pbs Oa, 0p € L™ (R*;R*) respectively. Then the following estimate holds:

Ip(T, ) = o (T, )2y < €7 |llpo — oollpa + (L + S) (Hpa = dallLrom) + lleo — O'b”Ll([O,T}))] :
(3.1)
where the constants S, S’ are defined by (3.6), (3.7) and (3.10), and L is as in (2.28).

Proof. Let p, o be two weak entropy solutions to (1.1), with fluxes f(¢, z, p, R(t,x)) and f(t,z,0,S(t,z))
respectively, where

R(t,x) = / p(t.y)n(e —y)dy and S(t,z) = /R o(t, gz —y) dy.

In particular from Definition 2, they satisfy

alo— |+ [san (p— w) (72,9, B(t,2)) — (1,2, R(t,2)))]

+sgn(p—k) %f(t, z, K, R(t,z)) <0, (3.2)
d - -
Olo — k| + o sgn (0 — k) (f(t,x,a,S(t,a:)) — f(t,z, R, S(t,x)))_

+sgn (o — k) %f(t, z, Kk, S(t,x)) <0, (3.3)

in distributional sense on Rt x I. Rearranging (3.2) we get

0> 0p— k| +sgn(p—kK) % (f(t,x,ﬁ,R(t,x)) + f(t,m,ﬁ,S(t,x)))
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+ % [sgn (p— &) (f(t,z,p, R(t,x)) — f(t,x, K, R(t,x)) + f(t,z,p,S(t x)) + f(t,a:,mS(t,:L’)))}
= o~ 1+ s (p— #) (700,29, S(1,2)) — 10,5, 5(0,2)] + s (0 — 8) [ (0,2, 5(0,2)
10 s 0= ) (10000 R 2) = 002 0500,20) = (70 Rlt2) = (0 50,2) )
+sn(p— ) [ft 0,5, R(,2)) — £t 2, 5,5(1,2))],
thus
Ol — 1+ [sm (o — ) (F(t,2,p, S(0,2)) — 10,2, ,(t,2)))] 458 (p — 1) - f(t, 2,1, 5(t,2))
< o {5 0= ) [(£(0.5(0.2) = Fltp R .2) = (7t 8(0,0) = o Rt 2))] |
+sgn (p — k) % [f(t,z,k,5(t,x)) — f(t,z, kK R, 2))]. (3.4)
Notice that from (1.5) we can bound

b
|R(t,z) = S(t,2)| < [Inflp / |p(t,2) — o(t,x)|dz + [pa(t) — oa(®)] + |pe(t) — ou(t)],

b
0:R(t,2) = 0.5(t,3)| < [0l [ |ott,a) = ott,2)|do + [l ([oa(®) = a(®)] + [o0(0) = 0n(8)])
Therefore we recover the following estimate:

(s 50,00 = St Rt 2))| <
< 0o f(t, @, 5, (8, @) = Duf (¢, 2, 5, R(t, )]
—+ ‘aRf(t,(E,li S(t X )8x5( ) 8Rf(t T, K, R(t IE)) 890R(t7 :L') iaRf(tvxv"i? S(t7 x)) a;,;R(t, (E)}
)||S(t,x) — R(t,z)|
)|[02S(t, ZL') — 0. R(t,2)|
)—0

)

< 6§Rf(t,$,/€,R1 t,x)
)

)

(t,
+ ‘aRf(t,m,/i S(t
(t

+\8Rf(t,x,ns x)) — Orf(t,x, Kk, R(t, x)) H(?Rtx)‘

<
+ |Orf(t, @, K, S(t, 2))||0:5(t, ) — O, R(t, )|
< Clx| (1 + |0:R(t, @ ) |S(t,z) — R(t,z)| 4+ C|k||0:S(t,x) — O, R(t, )|

_ |<1

|<1+Hp , HLmuaxnuLl) |S(t,2) — R(t, )| + Clr]|0.S(t, ) — 0. R(t, )]

Clil (1+ ot ) gae IOemla )

8§Rf(t z, K, R1(t,:L‘ ) ‘8Rth:r/€R2t:): ‘) ‘Stw — R(t, x)‘

xn T — (t y)dy’) }S( ) - R(ta$)‘ + C|/{|‘a’r5(ta x) - 83:R(t’m)’

| /\

b
7]l / |p(t,2) — o(t,2)|dz + | pa(t) — ga(t)| + [ op(t) — Ub(t)\]

IN

b
+Cl (sl [ |ott.) = ott.2)ldz + il (Joa®) = oa®)] + |onte) - ab<t>\)]
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b
< Clel |l (14 100 g W0etlus) + Woatlge | [ lote.) = a(t.0)|az
+ Clwl (14 ot e IOl + nllg ) (Jea(t) = 2a()] + [on(t) = o0(2)])
b
<8 / |p(t,y) — o(t,y)|dy + S (Ipa(t) —aa(t)] + |pp(t) — ab(t)\) ; (3.5)

where

S1=C sup {max{upu,»uww@, e} {nnnw (1+ [lot, )l el ) +uamn||mo]},

t€[0,T]
(3.6)
1= s fme ey 0l (14 0t B0t + o) o 57

which are bounded by assumption. Moreover

% {Sgn (ﬂ - K‘,) [(f(t,ﬂ?,p, S(t’ ‘T)) - f(t,a:,p,R(t,x))) - (f(tvr’ K, S(t7$)) - f(t,CC, K, R(t’x))ﬂ }|

= ’{azf(t, x,p,S(t,x)) — Ouf(t,x,p, R(t,x)) + Ou f(t,x,k, R(t, z)) — Ou f(t, x, K, S(t,x))
+ Orf(t,x,p, S(t,2)) (025t x) — OuR(t, 2)) + O R(t, x) (Ouf(t, 2, p, S(t,x)) — Bu f (L, 2, p, R(t, 2)))
+ Opf(t,z, K, S(t,2)) (OxR(t, ) — 0,5(t, ) + O, R(t, x) (Ouf (t, 2, K, R(t,2)) — O f (L, %, K, S(t, 2))) }‘

rf(t, z,p, Rl) (S(t,a:) R(t,x)) + 02pf(t,z, K, Ro) (R(t,z) — S(t,z))
+8Rf(t 2,0, S(t,2)) (0:5(t, x) — O R(t,x)) + OuR(t, ) 25 f (t x, p, R3) (S(t,x) — R(t,))
+8Rf(tx/<;5’tx) (0uR(t,7) — 0.S(t, ) +0,R(t, ) 02 f (t,z, K, Ra) (R(, x)—S(t,a:))‘

TR
< C (llp(t, e + [6]) (1 + llptt, MLl 0enllea) [R(E, 2) — S(t, )|
+C (llo(t, e +15]) [02R(t, 2) — 925(t, )]

b
= 82/ ’p(t,y) - U(tay)‘ dy + Sé <|Pa(t) - O-a(t)’ + |Pb(t) - O-b(t)D ) (38)

being Sy = 28; and &) = 2S7.
Inserting estimates (3.5) and (3.8) in (3.4) we get

at|p - "{| + % [Sgn (P - K;) (f(ta 5P, S(t,:ﬂ)) - f(t’ Ly K, S(tx)))} +sgn (P - K;) %f(tv$a K, S(ta x))

). (3.9)

b
< S/ p(t,y) —o(t,y)| dy + S’ (Ipa(t) —aa(t)] + [pb(t) — ov(t)

S=8+8 =385 and & =8| +S8,=238]. (3.10)

Following [6, Theorem 2] and [25, Theorem 15.1.5], we apply the standard Kruzhkov doubling of
variable technique [20, Section 3] to (3.9) and (3.3), with a test function ¢ € CL(R x I;RT). We
obtain the following Kato inequality

b
/ [po(z) — 00(2) | 9(0, 2) de

24



400 b
+ /0 / (\P(t, ) — o(t,x)|0ip +sgn (p — o) [f(t,z,p, S(t,x)) — f(t,x,0,5(t,x))] a,,cgp) da dt

+o00 b +oo
+ Sl [ ( [ ot - a(t,x>\dx) i+ 8Nel [ (1lt) = a0 + o) — o))
>0. (3.11)

We now consider in (3.11) a test function of the form o(t,z) = 1 (t)0s(z), where 5 € C'([a,b]) be
such that

05(a) =0, 65(b) =0,

1051100 < K/,

Os=1on [a+d,b— 4],

0 <0s(x) <1forall z € a,b],

where C' does not depend on d, and 1 € C1([0, T[). In this case, (3.11) becomes
b
/ ‘po(a:) — 00(:6)}1/1(0)95(56) dz
+oo b
= [ [ (1ot = sttt

+1()05(z) sgn (p — o) [f(t, x,p,S(t,x)) — f(t,z,0,5(t, x))]) dx dt

T b T
+Slelh | ( / \p<t,x>—a<t,x>!dx> at+ 8l [ (ou® = oult)] + [onte) = )] )
>0. (3.12)

Integrating by parts in (3.12) and letting 6 N\, 0 we obtain
b
[ lo(@) = ao(@)]0) da
400 b T b
+ [ [l ot deder Slel. [ [ o) - otto)ds | d
0 a 0 a

T
8ol [ (Inuft) = )]+ () = (0] )
+o00

0 {sgn (p(t.a®) = o(t.a%)) [£(t.a. plt.07), S(t,0)) = f(t a,0(t,a7), S(t,0))]
0
—sgn (p(t.b7) = o(,67) ) [ £(2b. p(t,67), S(8,)) = (2. b.0(2,57). S(2.0))] } dt > 0.
(3.13)

From the weak boundary conditions (1.7) and (1.8), we earn

sgn (p(t, at) — a(t,a+)> [f(t, a, p(t,a*), S(t,a)) — f(t,a,0t,at),S(t, a))]

= S5 (p(t.a%) — o(t,a%)) [F(t.a,p(ta*), S(t,)) — F(t,0,0(t,a7), (¢, a))]
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+ %sgn (olt.a*) —o(t.a")) [F(t.a.plt.a*). S(t.0) ~ f(t.,0(ta"), S(t.a)]

< s (palt) — o(t,0")) [#(ts0,p(t,a7),8(1,0))  f(t,0,0(,7),5(1,0)]

+ 5o (p(t,a%) = 0alt)) [£(t.0,p(t,0%), S(0,0)) = (t,0,0(0,07), S(0,0)]
-1 < sgn (pult) - o(t,a)) +sgn (p(t.a") — ot ) [F(t.a.plt.a*).5(t0)) — F(t.a.0(t.a%), S(t.a)]
< sup ’f(t,a,s,S(t,a))—f(tarSta ’

5,r€L(pa(t),0a(t))
< sup Lis —r|

8,7€ZL(pa(t),0a(t))
< Lipa(t) — oa(t)], (3.14)
and

sen (p(t,67) = o(t,67) ) [£(2,b.p(t:67), S(2.0)) = F(t,b.0(t,57), S(1,b))]
- %sgn( )~ a(t,b™ ) [f(t b, p(t,b7), S(t,b)) — f(t,b,a(t, b—),S(t,b))}

+; gn( )= o(t,b ) F(£,b, p(t,b7), S(t, b)) — f(t,b,a(t,b’),S(t,b))]
> 2 s (polt) — 0(6,67)) [£0,b,plt,67), (1,)) — (1,0, (8,57), S(t,0))]

+ 5 s (p(57) — 0u() [F0b, 1,07, 5(2,5)) — £ (2, b,o(1,57), (2,0))
-2 <sgn (Polt) = o(t,57)) +sen (p(t.b7) - ab<t>)) (b, (57, S(8,)) = F(t,b,0(2b7), S(1,D)
> — sup }f(t, b,s,S(t,b)) — f(t,b,r, S(t,b))‘

s,r€L(pp(t),0p(t))
> — sup Lis —r|
s,7€L(pp(t),05(t))

> — L|py(t) — ()] (3.15)

Collecting (3.14) and (3.15) we conclude that
+o0

v(t) {sgn (p(t.a®) = ot,a")) |F(ta.plt.a*), S(t.a) = f(t,a.0(t,a), S(t,0))]

0

—sgn (p(t, b7) — ot b—)) [f(t, b, p(t,b7), S, b)) — f(t,b,a(t,b7), S(t, b))] } dt

—+00

<1 [ ) (|palt) = 0a®)] + () — ou(0)]) .
0

Thus (3.13) becomes

400 b T b
+/0 /a ‘p(t,x) o(t,z) W dxdt—i—SngHLoo/ (/a ‘p(t,x)—a(t,x)‘da:) dt
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T
+ 8ol [ (Inult) = 0]+ (&) = (0] )
+L Om b(t) (\pa(t) — oa(t)] + |po(t) — Ub(t)D dt>0.

We choose the test function ¢ = i, as

1 if t €[0,T — ¢
Ye(t) = ¢ e(t) €10,1] forallte[0,T].
[WL(t)| < K/e forallte [0,T]

As e 0, we get
Ip(T,) = (T, My < llpo — oollrry + L <||Pb = opllLrory + llpa — 0a||L1([o,T]))

T T
+8 [ lott) = oty i+ [ (Jpa®) = o)+ n6) = (0] .

and Gronwall’s lemma allows us to recover (3.1).
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