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Donaldson and Thomas defined Donaldson-Thomas (DT) invariants for moduli
spaces of sheaves on proper Calabi-Yau threefolds in [DT) [T]. The definition has
been extended to more general moduli spaces of objects in 3-Calabi-Yau categories,
and in the last few years there has been an increasing interest in studying refinements
of DT invariants. This thesis is devoted to the computation of the generating series
of refined DT invariants in some geometric examples.

In Chapter 2] we compute the generating series of refined DT invariants for the moduli
space M,,, of higher rank framed sheaves on P3, generalizing the result of [BBS| for
the Hilbert scheme of n points on C*. We describe M,, . as a global critical locus by
means of the Beilinson spectral sequence, and compute the generating series using
motivic wallcrossing. We interpret the result as a count of r-tuples of weighted 3D
partitions in analogy with the refined topological vertex [IKV].

In Chapter |3 we study the refined DT invariants for the moduli space P} ; of higher
rank (framed) stable pairs on the resolved conifold. Applying twice the Beilinson spec-
tral sequence, we identify P, ; with the moduli space of PT-stable representations of
the r-framed conifold quiver with superpotential, generalizing a result of [NN]. We
compute a product expansion for the generating series of refined DT invariants of P, ;,
and we compare our results with the partition function counting U(1)-instantons on
the minimal resolution of an A,_; surface singularity.

In Chapter 4] we study the universal generating series of motivic DT invariants for
deformations of graded 3-Calabi-Yau algebras. We consider Jacobi algebras which
are derived equivalent to the resolved conifold and the resolution of a line of A,-
singularities, and investigate their marginal deformations. The universal series of
motivic DT invariants are affected by the deformations, and their variation is inter-
preted in terms of virtual classes of some special representation varieties associated

to the quiver.
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Introduction

Donaldson-Thomas (DT) invariants of Calabi-Yau threefolds were proposed by Don-
aldson and Thomas in |[DT], and defined by Thomas in [T}, as an analogue of the
Casson invariant for real 3-dimensional manifolds, with the objective of producing a
new numerical invariant of complex projective Calabi-Yau threefolds which is sensitive
to their complex structure while being invariant under smooth deformations. Given a
smooth complex projective Calabi-Yau threefold X with a fixed polarization L, the in-
variants are associated to the proper coarse moduli space M, (X, L) of Gieseker-stable
sheaves on X with trivial determinant and Chern character o € H*(X, Q), under the
assumption that stability coincides with semistability. More specifically, from the
Calabi-Yau assumption the deformations Ext'(E, E) of such a stable sheaf E on X
are dual to the obstructions Ext*(F, E), so that Thomas [T, following Behrend and
Fantechi [BE1], constructs a perfect obstruction theory on M, (X, L) which induces
a 0-dimensional cycle [M, (X, L)]yiy whose degree DT, (X, L) € Z is the required
invariant. The dependence on the polarization L has been interpreted in terms of
wall-crossing by Joyce and Song [JS], who generalized the construction for the case of
moduli spaces M3°(X, L) of semistable sheaves by defining an invariant DT (X, L)

which in general lies in Q, but that is still invariant under smooth deformations of X.

A new approach to the study of DT invariants is due to Behrend [B], who interprets
the numerical DT invariant as virtual Euler characteristic. In more detail, Behrend
shows that for any scheme Z equipped with a perfect symmetric obstruction theory,
there is an intrinsically defined constructible function vz, called the Behrend function,
such that when Z = M, (X, L) is proper one has

DTa(X,L) = x(Z,vz) = Y k- x(v;' (k)
keZ
where y is the topological Euler characteristic. Behrend’s insight gives a local ap-
proach to the theory, allowing more computational flexibility via stratification tech-

niques, and extending the definition of DT invariants to non-proper settings, such as



moduli spaces of sheaves on open Calabi-Yau threefolds.

In their work [DT], Donaldson and Thomas also observed that the moduli space of
vector bundles on a Calabi-Yau threefold X is locally cut out as the critical locus
of the Chern-Simons functional on an infinite-dimensional manifold. This led to the
long standing conjecture that the moduli space of sheaves M, (X, L) defined above is
locally the critical locus of a regular function on a smooth scheme. Progress in this
direction has been made by Joyce and Song in [JS], who proved by gauge theoretic
arguments that this is true in the analytic category, and by Behrend in [B], who
showed that the algebraic statement is true for any scheme with a perfect symmetric
obstruction theory if one relaxes the requirement to Z being the zero locus of an
almost closed 1-form. More recently, Brav, Bussi and Joyce showed in [BBJ] that if
one considers a scheme Z which is the classical truncation of a derived scheme with a
(—1)-shifted symplectic structure [PTVV], then Z arises locally as the critical locus
of a regular function on a smooth scheme. This together with the construction of
a (—1)-shifted symplectic structure on M, (X, L) due to Pantev, Toén, Vaquié and
Vezzosi [PTVV], shows that the natural local setting to study Donaldson-Thomas
theory is
Z = Crit(f: M — C),

where M is a smooth scheme and f a regular function.

In the local setting, the work of Behrend suggested the existence of various refinements
of Donaldson-Thomas theory. If Z = Crit(f) for a regular function f on a smooth
scheme M, the value of the Behrend function v at a point 2z in Z is the value of
the reduced Euler characteristic of the Milnor fiber of f at z, up to multiplication
by (—=1)4mM_ This agrees with the Euler characteristic at z of the half Tate twist
of Deligne’s perverse sheaf of vanishing cycles &y = (be(dlmM )[dim M], so that the

sheaf ®; can be considered as a categorification of the numerical DT invariant. The
cohomological DT invariant
H: (Z ) (I)f )

admits a mixed Hodge structure, and one defines the weight polynomial
W(Z,&;) = thz )" dimg Gr?¥ H(Z, @)

to be the refined DT invariant. A global version of this invariant has been defined

by Brav, Bussi, Dupont, Joyce and Szendréi in [BBDJS|] for derived schemes with



a (—1)-shifted symplectic structure and a choice of orientation [KS1] by gluing the
local data. Another approach towards refining numerical DT invariants follows the
insight of Kontsevich and Soibelman [KSI]. Since the DT invariant is a (weighted)
Euler characteristic, it can be computed using cut and paste techniques, so that it
is expected to admit a refinement in an enhanced version of the Grothendieck ring
of varieties Ko(Varc). When Z = Crit(f) as above, Kontsevich and Soibelman de-
fine the motivic DT invariant [Z];, of (Z, f) as the motivic class of vanishing cycles
defined by Denef and Losev in [DL]. Also in this case, a construction due to Bussi,
Joyce and Meinhardt [BJM]| shows that, starting from a scheme with a (—1)-shifted
symplectic structure and a choice of orientation, the local motivic DT invariants can

be glued to obtain a global invariant.

The main objective of this thesis is to compute the generating series of refinements
of the classical DT invariants in some geometric examples, related in different ways

to recent developments in the field.

The first example we consider, which will be discussed in Chapter [2| consists of a
higher rank refined generalization of the MNOP conjecture [MNOP] for the case of
C3. In [MNOP], the authors conjectured that the generating series of numerical DT
invariants of the Hilbert scheme of points on a quasi-projective Calabi-Yau threefold

admits a product expansion M (—q)X*X), where

M(q) =[] =g
n>1

is the MacMahon function counting 3D-partitions. The conjecture has been proven
independently by Behrend and Fantechi [BF2], Levine and Pandharipande [LP] and Li
[L], and it plays a prominent role in the work of Toda [To], where the author describes
the relation between the generating series of DT invariants of Hilbert scheme of curves
on Calabi-Yau threefolds and stable pairs invariants defined by Pandharipande and
Thomas [PT1]. More recently, in [BBS|] Behrend, Bryan and Szendréi computed
a motivic refinement of the MNOP conjecture which involves a product of twisted
MacMahon functions, and from [IKV] the result was interpreted as a weighted count
of 3D-partitions. We generalize the results in [BBS| for the higher rank case.

The moduli space M,,, of higher rank sheaves on C* we will be considering, which
generalizes the case of the Hilbert scheme of points Hilb"(C?), is defined by analogy

with the algebraic incarnation of the moduli space of instantons on R*, as in Nakajima



[N]. Similarly to the very recent work [GKY]|, we will consider a projective toric
compactification C* C P? obtained by adding an hyperplane p,,. We define M,,,
to be the moduli functor whose geometric points parametrise isomorphism classes

of torsion free sheaves F' on P? with a framing ¢ along p., i.e. a fixed isomorphism
¢: Fl,,, — O and with Chern character r — nh3. Section is devoted to the

Poo’?
proof of the following theorem, which shows that M,, , arises as a global critical locus.

Theorem 0.1. There is a smooth quasi-projective variety U, , and a reqular function
Wyt Upyp — C
such that M,, . is represented by M, , = Crit(w,,).

This result is achieved by employing the techniques of the Beilinson spectral sequence
for sheaves on P? to show that M,, . is represented by the moduli space of r-framed
stable representations of the three loop quiver with superpotential. From Theorem
m we can construct the topological coefficient system ®,,, . on M,, ., and define the
refined DT invariant W (M, ., @, ). We fix the rank r of the sheaves and study the

generating series

DT(CS,T((D =1+ Z W(Mn,ra (I)wn,r)qn;

n>1

obtaining the following theorem, which is the main result of Chapter [2

Theorem 0.2. The generating series DTcs,. of refined DT invariants of the moduli

space M, , admits a product expansion

co rm—1

DTes, ()= [ T (1 — &% (~1)79)™) . (1)

m=1 k=0

We give two different proofs of Theorem [0.2], and in both cases we pass through the
generating series of motivic DT invariants and then consider the weight specializa-
tion. In Section [2.2.1] we compute the generating series by dimensional reduction
closely following [BBS|]. The approach of Section is based on the techniques of
motivic wallcrossing for framed objects developed by Mozgovoy in [Moz3], i.e. in this
case we obtain the invariants for M,, , from the universal series of the invariants of
unframed representation of the three loop quiver in a critical chamber. Considering
the numerical specialization DT¢s ,.(¢) |t%:1 of the formula, we obtain the generating
series of numerical DT invariants, which is given by the r-th power of M((—1)"¢q), as
it was already observed by Oprea [O], and by Cirafici, Sinkovic and Szabo in [CSS]

using localization techniques. In this sense, our formula is also a refinement of

4



the building block formula [GKY] Conjecture C] of Gholampour, Kool and Young
for the case of C* where one assumes the reflexive hull to be locally free ( which is a
trivial case for the purposes of the authors in [GKY]). We discuss in Section [2.2.3/how
the series of refined DT-invariants for rank r sheaves factors as a product of twisted
rank 1 contributions, and we describe the weight polynomial in terms of a count of

weighted 3D-partitions discussing asymptotics.

Chapter (3| is devoted to the study of refined invariants of the moduli space P}, ;(X)
of higher rank framed stable pairs on a compactification of the resolved conifold sin-
gularity. Moduli spaces of stable pairs have been introduced by Pandharipande and
Thomas in [PT1] in order to obtain better suited moduli spaces for the study of a
correspondence with Gromov-Witten theory. They parametrise pairs (F,s) where
F' is a pure sheaf supported in dimension one on a Calabi-Yau threefold X, and
s: Ox — F' is a section which is surjective apart from a finite number of points.
Nagao and Nakajima showed in [NN] that the moduli space P, ;(X*°) of stable pairs
on the resolved conifold singularity X° = Tot(Op1(—1)%?) arises as a global proper
critical locus of a regular function on a smooth scheme, by constructing an isomor-
phism between Péd(X °) and the moduli space of PT-stable framed representations
of the conifold quiver with superpotential. They use this description to compute the
partition function of the numerical DT-invariants and to study its behavior under
change of King stability condition. Morrison, Mozgovoy, Nagao and Szendréi refined
in [MMNS] the results of Nagao and Nakajima, exhibiting a product expansion of
the generating series of motivic DT invariants, and interpreted the result in terms
of the formalism of the refined topological vertex [IKV]. In Chapter [3| we generalize
this result to the case of higher rank framed stable pairs on the resolved conifold, and
discuss its relation with invariants of surfaces.

In analogy with the case of C3, we consider the toric compactification X° C X =
Proj(Op: & Op1(1)%?%) obtained by adding a divisor D,,. Following [Sh] we study the
moduli space of framed higher rank stable pairs 73;7d(X ) whose geometric points are
isomorphism classes of pairs (F,s) where F' is a pure sheaf supported in dimension
one away from D, and s: OY" — F is a multi-section with cokernel supported on
a finite number of points. We show in Sections (3.2 and |3.3| that Py, ,(X) arises as a

global critical locus.



Theorem 0.3. The moduli functor P;jd(X) is represented by a proper scheme P ;,

and it arises as the critical locus of a reqular function
w;d: U:hd —C
on a smooth quasi-projective variety U] ;.

We achieve this result by applying twice the techniques of the Beilinson spectral
sequence. Following a construction due to Diaconescu [Di2], we use the relative
version of the Beilinson spectral sequence for sheaves on projective bundles, and we
show that P ; is isomorphic to the moduli space of asymptotically stable ADHM
sheaves on P! with framing rank r. The geometric points of this moduli space are
given by the datum of a vector bundle E on P! together with a decoration consisting of
two sections ¢1, ¢ € Hom(F(1), E) satisfying an ADHM-type relation, and a framing
given by a multi-section ¢: O%" — E which fulfills the requirements of asymptotic
stability. We then employ the Beilinson spectral sequence for sheaves on P! obtaining
that P, ; is isomorphic to the moduli space of r-framed PT-stable representations
of the conifold quiver with superpotential. This implies Theorem refteo2, giving a
generalization of the results of Nagao and Nakajima for the Pandharipande-Thomas
chamber. From Theorem we can construct the topological coefficient system @w;,d
and study the refined DT invariant W (P} ,, (sz,d)' We fix the rank r, and we study

the generating series of refined DT invariants

ZW i Pur )S”Td,

n,d>0

obtaining the following product expansion, which gives the main result of Chapter [3]

Theorem 0.4. The generating series Z% of refined DT invariants of the moduli

spaces of higher rank stable pairs admits a product expansion

rn—1

Zeo(s.T) = [T T] (1 - t%—ﬂ‘—%((—n’"s)nT).
n>1 j=0
Also in this case the formula is obtained in Section using motivic wallcrossing
for framed objects following [MMNS], and then considering the weight specialization.
Since the moduli space P} ; is proper, the weight filtration of H* (P} ,, @w;’d) agrees
with the degree filtration from [DMSS], so the product expansion that we obtain

in Theorem is actually computing the generating series of Poincaré polynomials



of the critical cohomology. The Euler characteristic specialization Zx (s, T)| is

t2=1
given by
Zxe(s,T)] 5, = [0 = ((=1)s)"T)™,
n>1

and it is obtained, up to the change of sign (—1)"s of the point-counting parameter s,
as the r-th power of the generating series of numerical DT invariants of Pandharipande
and Thomas stable pairs, as observed by Sheshmani in [Sh2] using torus localization
techniques. In Section we exhibit a factorization in terms of twisted rank 1
contributions in order to compare, as proposed by geometric engineering [KKV], the
generating series Z% with the partition function Z,4, ,; counting instantons on a re-
solved A,_j-surface singularity [NY]. Despite observing a striking similarity in the
factorizations of the two partition functions as the product of elementary contribu-
tions, we are unable to obtain a full correspondence, and we discuss how further
research building on the recent work of Nekrasov and Okounkov [NOJ] might achieve

a resolution of this discrepancy.

Chapter [4] is devoted to the study of the behavior of the universal generating series
of motivic DT invariants of some graded Calabi-Yau algebras under graded deforma-
tions. From the work of Kontsevich [Ko| on homological mirror symmetry, the DT
invariants of a Calabi-Yau threefold can be considered as invariants attached to the
derived category of coherent sheaves on X. When X is a local Calabi-Yau threefold
whose bounded derived category D?(Coh(X)) is isomorphic to the derived category
of modules over the path algebra A(Q, W) of a quiver with superpotential, it is then
natural to consider motivic DT invariants for the moduli spaces of finite-dimensional
modules over A(Q, W), as defined by Kontsevich and Soibelman in [KS1]. More pre-
cisely, using the fact that for such an algebra A(Q, W) the trace of the superpotential
W defines a regular function wy on the space Ry(Q, W) of d-dimensional modules,
one can define the virtual motive of the stack My(Q, W) of isomorphism classes of

d-dimensional modules and study the universal series

U(Q, W) = [Ma(QW)]ary”.
d
By analogy with the classical picture, graded deformations of the 3-Calabi-Yau al-
gebra A(Q, W) play the same role as smooth families of Calabi-Yau threefolds, so it
is interesting to investigate the behavior of the universal series U(Q, W) under such
deformations. We focus on the cases when the algebra A(Q, W) is the noncommu-

tative crepant resolution of the conifold singularity and of the resolution of a line

7



of A,-singularities. In particular, we concentrate on one parameter families of de-
formations of such algebras which are obtained from a marginal deformation W, of
the original superpotential W. We compute the universal generating series for the
marginally deformed algebras in Theorems [4.6] and via dimensional reduction of
quivers with a cut [Mol], expressing the series as a motivic exponential. The results
show that the universal series of motivic DT invariants is far from being invariant
under graded deformations of the 3-Calabi-Yau algebras, as observed also in [OU]
and independently by Morrison. When the deformation parameter ¢ is generic the
generating series stays unchanged, and in Propositions and we show how
the universal generating series can be understood in terms of the virtual motive of
the stack of stable representations of the relevant quiver with g-deformed potential
for some particular choice of King stability condition. While the universal series of
motivic DT invariants of A(Q), W,) depends on the deformation parameter ¢, in all
the examples that have been computed the Euler characteristic specialization is not
affected by deformations [CMPS], so that it is natural to ask if Donaldson-Thomas
invariants of graded 3-Calabi-Yau algebras are invariant under graded deformations
for which the algebra is still Calabi-Yau.



Chapter 1

Some Preliminary Constructions
and Results

1.1 Quivers with superpotential and moduli of their
representations

In this section we recall some basic definitions and results for (framed) quivers (with
superpotential) and moduli spaces of their representations, which are going to be
used in the rest of this thesis. The presentation we propose is mostly inspired by the
work of Bocklandt [Bo| and Ginzburg [Gi] for the definition and basic properties of
representations of quivers with superpotentials, by the work of King [Kil] for the con-
struction of moduli spaces of quiver representations, and by the work of Reineke [R]
for the discussion of the case of framed quiver representations. The examples where
we link the geometry of crepant resolutions of some rational threefold singularities to
that of moduli of representations of quivers with superpotential are due to the work

of Van den Bergh on non-commutative crepant resolutions [VdBI].

1.1.1 Quivers with superpotential

A quiver @ is a directed graph, i.e. the datum (V(Q), E(Q), h,t) of a set of vertices
V(Q), a set of arrows E(Q) and two functions h,t: E(Q) — V(Q) specifying the
head and the tail of each arrow. We will consider only finite connected quivers, that
is quivers whose sets of vertices and arrows are finite and whose underlying graph is

connected.



Once a quiver () is given, it is natural to define an associative C-algebra A called
the path algebra of the quiver. If an arrow a; ends where another arrow ay starts we
denote by a; * ay the path obtained by concatenation of the two arrows. The path
algebra A is spanned as a C-vector space by paths p on () obtained as consecutive
concatenation of arrows, where we include the trivial paths e; based at the vertices.
The product on Ag is defined by the C-linear extension of concatenation of paths
given by
ap*x...xa,xa) *...xa if h(a,) =t(a});

(a1 %...%a,) - (a)*...xa,) =
0 otherwise.

This defines a structure of associative C-algebra on Ag with unit ZieV(Q) €;.

Remark 1.1. The algebra Aq is almost never commutative. Furthermore, A is finite-

dimensional if and only if the quiver ) does not contain oriented cycles or loops.

It is usually more interesting to study the whole category of modules over the path
algebra of a quiver rather than the path algebra itself. This can be interpreted in

terms of quiver representations.

A representation of a quiver () is the assignment of a finite-dimensional vector space
Vi to each vertex i and of a linear morphism v, : Vi) — Vi) to each arrow of
Q. We call d = (dim¢(V;)) the dimension vector of the representation. A morphism
between two representations {V;,v,} and {V/ v/} of @ is a collection of linear maps
{o; : V; — V'} such that the diagrams

Vita) —= Vi)

Ot(a) i \LU}L((L)
/

/ Vg !
Vitw —> Vha)
commute.

Proposition 1.2. The category mody, of finite-dimensional left Ag-modules is

equivalent to the category repe(Q) of quiver representations of Q.

Our interest in quiver representations arises from the possibility of constructing ex-
plicit moduli spaces which are analogous to moduli of bundles (or sheaves) on local
geometries. In the case when one considers holomorphic bundles on a CY threefold
the moduli space is cut out by the critical locus of the Chern-Simons functional. The

idea of considering moduli of representations of quivers subject to relations coming
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from a superpotential arose in the physics literature, where it was used to construct

a local finite-dimensional model of the CS functional.

We will denote by Sup(Q) the quotient of the path algebra Ag by the commutator
subspace [Ag, Ag|. The vector space Sup(Q) is generated by elements represented
by cyclic monomials, i.e. elements a; - ... - a, satisfying ¢(a;) = h(a,). Notice that
Sup (@) admits a grading defined by the length of the cyclic monomials; we will adopt
the notation Sup(Q), for the graded part of degree d. For every arrow a in () we can
define a formal operation of differentiation 0,: Sup(Q)) — Ag as follows: given a
cyclic monomial = define 0,(x) to be zero if a does not appear in the monomial, and
otherwise define it to be the path obtained by cyclically permuting x until a is in first
position and then canceling it. The derivation 0, gives a well-defined linear map on
Sup(@), as it is independent of the cyclic ordering of the elements defining a cyclic

monomial z.

Remark 1.3. The C-linear extension of the function
n
O:rar...a, — Zai...anal...ai_l,
i=1

defined on the set of cyclic monomials, gives a morphism O: Sup(Q)) — Ag. For
any arrow a € E(Q) there is a lift of 9, to a linear map d,: Ag — Ag such that

Sup(Q) Ag
x i'a}
Aq

is a commutative diagram.

A superpotential for @ is the choice of an element W € Sup(Q). Consider the two
sided ideal Iy := ((0,W : a € E(Q))) of Ag. The Jacobi algebra of the quiver with
superpotential (@, W) is the quotient Ay /Iy of the path algebra by the ideal of re-
lations defined by the superpotential. We will denote the Jacobi algebra of (Q, W)
by Agw, or alternatively by J(Q,W). One can define the category of representa-
tions of (@, W) as the full subcategory of rep(Q) whose objects are representations

satisfying the relations in Iy,. Similarly to the above one gets:

Proposition 1.4. The category mod 4, ,,, of finite-dimensional left Agw-modules is

equivalent to the category repe(Q, W) of quiver representations of (Q, W).

11



Ezample 1.5. Let @ be a quiver with one vertex vy and three loops {a;}cr, based at
that vertex, as indicated in

a2 a

as

Figure 1.1: The three-loop quiver Q.

The path algebra Ag is the ring of functions of the non-commutative C?, i.e. the
free non-commutative algebra C(ay, as, az) with three generators. Consider now the
superpotential W = ajasas — ajazas. The ideal Iy is (([a;,a;])) and so the path

algebra Ag w is isomorphic to Clas, ag, as], the ring of functions of C?.

Ezample 1.6. Consider a quiver () with two vertices {vg, v1 }, two arrows {a;, as} from

vo to v1 and two arrows {by, bs} in the opposite direction. This is called the conifold

quiwer and is depicted in [Figure 1.2|

a2
a

O

by

Figure 1.2: The conifold quiver Q.

Consider the semisimple algebra S = Cle,,, €,,| generated by the trivial paths at the
vertices. The vector space (a;, b;]i € {1,2}) is a S — S bimodule under the usual
concatenation of paths. In this way the path algebra A of the conifold quiver is the
tensor algebra over S of this bimodule. If we consider the conifold superpotential
W = a1biasby — a1bsasby we obtain that the path algebra

Aq
((a1biay — azb;ayr, bragby — baa;by))

Aqw =

12



is finite-dimensional over its center Z(Agw) ~ Clz, vy, 2,t]/(xt — yz), the coordinate

ring of a three-dimensional nodal or conifold singularity, where
T = a1b1 -+ blal, Yy = a1b2 + bQCLl, z = CLle + blCLQ, t= a2b2 + bzag.

In fact Agw is a non-commutative crepant resolution (NCCR) of the conifold singu-
larity in the sense of Van den Bergh [VdBI1l, Definition 4.1].

Example 1.7. Consider the quiver @), 1 with n 4 1 vertices labeled from 0 to n and
with arrows depicted as in [Figure 1.3l This is called the A, -quiver.

bo

b1

ay

bn_l e b2

Figure 1.3: The A,-quiver Q1.

We are interested in the superpotential
W = Z bi+1afai — biaiaz‘, (11)
i=0

where we consider the indices modulo n + 1, so that in particular b,., := by. The

center Z(J(Qny1,W)) of the Jacobi algebra is isomorphic to Clz, y, z, t]/(zy — 2"*1),

the coordinate ring of a line of A,-singularities, where

n n
* * *
x:ao...an,y:an...ao,z:g aiai,t:E b;.
i=0 i=0

Also in this case the superpotential algebra Ag, ., w is a NCCR of the threefold
singularity whose coordinate ring is determined by the center Z(Ag,,, w). We will
see in Chapter {4| that @41 is the McKay quiver for the embedding of Z/(n + 1)Z in
SL(3, C) with weights (1,—1,0).

13



Remark 1.8. Examples and are particular cases of a much more general the-
ory initiated by Van den Bergh [VdBI]. For instance, every Gorenstein affine toric

threefold admits a non-commutative crepant resolution [Bro, Theorem 8.6].

1.1.2 Moduli of quiver representations

We report here some definitions and results on moduli spaces of (semi)-stable quiver
representations, developed in [Kil] by King via Mumford’s GIT theory of [MFK].

Given a quiver Q, fix an integer vector d in NV(@) and consider the affine variety

RQ(Q): @ HOmC(Cdi(a)7th(a))
a€E(Q)

of quiver representations of () of dimension vector d. The algebraic group G, =
[Ticv(g) GLa, acts on Ry(Q) via (gi) - va = gh(a)vagt_(;). The diagonal action of C*
leaves all the representations invariant, so that it is natural to consider the action of
PG, = (HieV(Q) GLdZ) /C*. With this notation two d-dimensional representations
of () are isomorphic if and only if they differ by an element of PG,.

In general the naive quotient Ry(Q)/ PGy is badly behaved, as it is often a non Haus-
dorff topological space (in the analytic topology).

The first idea to overcome this problem is to consider the classical Hilbert quotient

My(Q) = Spec(C [Ry(Q)]"Y),

obtained from the ring of PG4-invariant functions. In this case the points of the quo-
tient variety are in bijection with isomorphism classes of semisimple representations
of the quiver, i.e. direct sums of representations which do not admit non-trivial sub-
representations. This can be rather unsatisfactory as it often leads to uninteresting
moduli spaces; for instance, given a quiver with no cycles, the only simples are the
one-dimensional representations based at the vertices, so that in this case the quotient

is just a single point for each choice of dimension vector.

Mumford’s GIT construction allows us to see this very last construction as a spe-
cial case of a much more interesting class of moduli spaces. Consider a function
0: 7ZV(@ — 7. and write 6; for 6 - e;. If - d = 0 then the character

Xo : (g:) — H det(g;)"
iEV(Q)

14



of G4 descends to a character of PG,4. Denote by Ly the PGy-equivariant line bun-
dle on R4(Q) associated to the character g, and let H°(R4(Q), Ly) be the vector
space of its PG -equivariant sections. We define the moduli space of x,-semistable

representations of () of dimension vector d as

My(Q) = Proj (EB H(Ry(Q), Ln@)) :

n>0

It is well known that MF(Q) is the quotient of the yg-semistable locus

RHQ‘SS(Q) ={x € Ry(Q): f(x) # 0 for some [ € @HO(RQ(Q), Lno)}

n>0

by the following equivalence relation: x ~ y if and only if the intersection of PGy -
and PGy -y in Ry(Q)™ is non-empty.
The moduli space M g (Q) contains the stable locus M g‘St(Q) as an open subvariety,

i.e. the orbit space of
R%M(Q) = {z € Ry(Q)®: PG4~ x is closed and |Stabpg, (z)| < oo}

with respect to the action of PGy.

Remark 1.9. The Hilbert quotient My(Q) coincides with the GIT quotient with re-
spect to the trivial character. In particular, the Mumford GIT quotient Mde (Q) is
relatively projective over the classical Hilbert GIT quotient My(Q).

King’s main contribution in [Kil] was to show that the notions of stability and
semistability of Mumford’s construction can be formulated purely in algebraic terms
in the case of moduli of quiver representations. Let us discuss this now.

Given a dimension vector d, we define the slope of d with respect to 6 to be the
rational number

po(d) = %l, (1.2)

where | .| denotes the length of the integer vector. We will say that a d-dimensional
representation (V,v) of @ is 6-semistable if for every subrepresentation (V' v') we
have pp(dim V') < pp(dim V). Analogously, 6-stable representations are O-semistable
representations for which the strict inequality holds whenever one considers a proper
subrepresentation. Note that the notion of stability we consider here is presented
differently from the one adopted in [Kil], but they agree for representations satisfying
0-d=0.

It is a classical result that f-semistable representations of a quiver () of a given slope
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p form a full abelian subcategory of mod,. From this it follows that f-semistable
representations of () admit a Jordan-Hélder filtration by 6-semistables. In other
words, under the correspondence of Proposition [1.2] given a #-semistable Ag-module

M there is a proper increasing sequence of #-semistable modules
0O=MycC...CM,=M

such that each quotient M;/M; ;1 is f-stable of slope p(M). In particular, to each
O-semistable module M one can associate a graded @-polystable object gr (M) =
®;M;/M;_, that is unique up to permutation of the graded components. Two 6-
semistable representations are S-equivalent if their associated 6-polystable objects

are isomorphic.

Proposition 1.10 ([Kill, Proposition 3.1,3.2]). A point in Ry(Q) is xe-semistable
(resp. xo-stable) if and only if the corresponding quiver representation is 6-semistable
(resp. 0-stable). Furthermore, equivalence of xg-semistable points coincides with S-
equivalence of the corresponding semistable representations, so that the moduli space

Mg(Q) parametrises 0-polystable objects of dimension vector d.

Remark 1.11. Note that when we use the word moduli space we are not distinguishing
between fine and coarse moduli spaces. The stable locus of a quiver GIT construction
with primitive dimension vector d, i.e. a dimension vector such that ged(d;) = 1, is
a fine moduli space for the moduli problem classifying stable representations. If d
is not primitive then it is only a coarse moduli space. The semistable quotient is
just the coarse moduli space associated to the moduli problem classifying polystable

representations up to isomorphism.

Now suppose we are given a quiver with superpotential (@, ). By considering those
representations which satisfy the relations given by the finitely-generated ideal Iy,

we get a diagram of inclusions

RPMQ) < RP™Q) <  RaQ)

U U U
Red_St(Q7W) - R@d—ss(Qaw) C Rd(QaI/V):

where the horizontal inclusions denote open embeddings while the vertical ones denote
closed immersions.

Remark 1.12. The closed subscheme R4(Q, W) of R4(Q) is invariant under the action
of PG,4. Indeed, the formal derivation 0,(z) of a cyclic monomial along an arrow a
has head t(a) and tail h(a); so if (V;,v,) satisfies 9,(WW)(vp) = 0 then we have also

(9:) + 0a(W)(wn) = 0, as (g;) - 0a(W)(b) = gn(a)0a (W) (0b) g0
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Using Remark we can construct the moduli scheme My(Q, W), and its stable and
semistable versions M ; '(S)St(Q, W) as closed subschemes of the corresponding moduli

spaces of quiver representations.

Remark 1.13. While the Mumford GIT construction in the case of quiver represen-
tations gives an integral scheme of finite type over C, the moduli space of semistable
representations of a quiver with superpotential (@, W) can be a non-reduced and

reducible scheme.

We conclude the section by explaining the existence of a chamber decomposition of
the space of King’s stability conditions for a quiver () and a dimension vector d. The
equivariant Neron-Severi group NST% (R4(Q)) of the affine variety of d-dimensional
representations of () can be identified with the space of King’s stability conditions
{0 € ZV(Q): 0-d = 0}. Since the multiplication of a stability condition by a strictly
positive integer leaves the space of semistable representations of () unchanged, we can
consider the Q-linearization NS(SGQ (R4(Q)). We divide ng% (R4(Q)) into regions
called chambers so that choosing different stability conditions in the same chamber
leaves the moduli space of stable representations unchanged. We adopt the notation
e < d for a non-zero dimension vector e such that e; < d; for every vertex ¢ and
e; < d; for at least one vertex 7. Given a vector e < d, we let H, be the hyperplane
of Q-linearized stability conditions vanishing on e. This defines the region
H.. = {6 € NST™ (Ry(Q)): 0- ¢ > 0},

which corresponds to choices of King’s stabilities for which a stable representation of
dimension vector d does not have subrepresentations of dimension e. Two Q-linearized

stability conditions contained in a connected component of
PG
NS (Ra(@)) \ | He
e<d

give rise to the same moduli space of d-dimensional stable representations of (). In
particular, any stability condition lying outside the system of walls { H, }.4 is generic,

i.e. for such a choice stability coincides with semistability.

Notation 1.14. If a stability condition is generic and the dimension vector d is prim-
itive we will denote by M g(Q, W) the moduli space of stable representations, which

in this case coincide with the semistable ones.

It will be useful to consider also the stacky versions of the spaces constructed above.
We thus define the quotient Artin stack of representations of (@, W) by

Mqy(Q, W) := [Ro(Q, W)/ GLd],
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and we denote by MZ'(S)St(Q, W) the Artin stack obtained as the global quotient of
the space of (semi)stable representations by the group of changes of basis. Notice
that the diagonal subgroup C* acts trivially so that when 6 is generic, M%(Q, W) is
obtained as [MY(Q, W)/C*], where the torus C* acts trivially.

Ezample 1.15. Consider the quiver with superpotential (@, W) of Example and
fix a dimension vector n. Then the representations of @ are triples (A;, Ay, A3)
of n x n commuting matrices and GL, acts by simultaneous conjugation. Thus
the quotient R, (Q, W)/ GL, is isomorphic to the Artin stack Coh,,(C?) of length n
coherent sheaves on C? supported on a finite set of points. Any such sheaf M is a
Clx, y, z]-module of dimension n, so by fixing an isomorphism M ~ C" we get a triple
of commuting matrices (X, Y, Z). The condition for two such C[z, y, z]-modules to be

isomorphic is described exactly by the action of GL,,.

1.1.3 Framed quiver representations

The example we have in mind when approaching moduli of framed representations of

a quiver is the Hilbert scheme of n points on C3.

Ezxample 1.16. The Hilbert scheme of points Hilb™! (C3) is the moduli space parametris-
ing closed zero-dimensional subschemes Z of C? of length n, or equivalently the moduli
space of ideal sheaves of C? of colength n. It has been shown in [Sz2] that Hilb™(C?)
can be realized as the moduli space 2, of cyclic modules with a generator over the
path algebra of the quiver with superpotential (@, W) defined in Example . More
explicitly, 9, parametrizes pairs (M, m) of n-dimensional Ag y-modules M gener-
ated by m, up to isomorphism preserving the generators. This can be formulated in
terms of moduli of representations of an extended quiver (CA217 W) with respect to a

special stability condition.

az

Voo J > Vo al

as

Figure 1.4: The extended quiver @);.
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Let (Q1, W) be the quiver with superpotential obtained from @ by adding a vertex
Uso, an arrow j from v, to vy and leaving the superpotential unchanged. Consider
a stability condition 0 = (0, 0p) such that 0., + 0y = 0 and 0., > 0. Then a (1,n)-
dimensional f-semistable representation ({V;},{¢.}) of (Q1, W) is a representation
{Vo, {¢pa}} of (Q, W) together with an injective morphism J: C — V; such that the
only ¢, -invariant subspace of V; containing Im(.J) is Vj itself. In particular there
are no strictly f-semistable representations. It is clear then that 91, is isomorphic to
ngn)(Ql, W), where we use the notation of [1.14}

Framed representations and framed modules have been widely discussed in the liter-
ature, each time with a slightly different flavor. We fix notation and then show how
one can find the smooth models of [ER] and the cyclic representations of [Sz1] as

special cases of framed representations.

Suppose we are given a quiver @, a dimension vector d, a vector § in Q@) and a
vector n in NV(@ distinct from 0. We construct a quiver @Q by adding a vertex v
to V(Q) and adding n; arrows from v, to the vertex v; to E(Q). Now we consider
the dimension vector d = (1,d) and the King stability condition 8 = (—d - 6,6) on
Q.. Note that 6 in QV@ need not itself be a King stability condition on Q.

d

Figure 1.5: Framed quiver QE.

A framed representation of () of type n, or an n-framed representation, is a repre-
sentation of QQ If we are given a quiver with superpotential (Q, W) instead of just
@, a n-framed representation of (Q, W) is a n-framed representation of @ of type
n satisfying the relations imposed by W. We say that a framed representation is
0-(semi)stable if it is é—(semi)stable as an ordinary quiver representation. Notice that
an n-framed representation V of (@ induces a representation of () if one forgets the

framing, and we will denote such a representation by V', omitting the".
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Remark 1.17. A framed representation V of @ is 6-semistable if and only if the

following two conditions are satisfied
e every subrepresentation U with Uy, = 0 satisfies dim(U) - 6 < 0;

e every subrepresentation U with U, = C induces a quotient V= ‘7/ U which is

a usual representation of (), and as such V has non-negative f-slope, i.e. dim V.

0> 0.

We will denote by M de’;‘”(@) the moduli space of #-semistable framed representa-
tions of @) of type n. In the case of a quiver () with superpotential W the variety
M ;;SS(Q, W) is a closed subscheme of M j;ss(Q). We define in analogy with the
unframed case the moduli of stable representations, and we adopt the notation of
when there are no strictly semistable representations.

A special role is played by #-semistable framed representations when
0=NO¢ —1, for 1=(1,...,1) (1.3)

where 6 € NV(@ is a King stability condition on @ for a dimension vector d and
N > |d|. Borrowing the notation of [ER], we will call V' a smooth @'-representation
of () if it is a A-semistable framed representation of () for a vector € constructed as

in equation (|1.3)).

Lemma 1.18 ([ER]). Let 0’ be a King stability condition on Q for a dimension vector
d and let 0 be as in equation . Then:

1. For every dimension vector 0 # e < d of ) we have 0 (0,e) < 0 if and only if

0 - (0,e) <0 if and only if @' - e < 0;
2. for every dimension vector ¢ < d the two inequalities 0 - <0 and 0 e <0 are

equivalent, and this is true if and only if 0’ - e < 0.

Proof. [Il We have 0 - (0,¢) < 0 if and only if @' - ¢ < |e|/N € (0,1), and since ¢’ - ¢
is an integer this is equivalent to #’ - e < 0. The same works for < in place of strict
inequalities.

. We have - ¢ < 0 if and only if ' - e < (|e| — |d|)/N € (=1,0), so this is equivalent

to asking #'-e < 0. One gets the same result starting with a non-strict inequality. [

Corollary 1.19. In the notation of equation , smooth 0'-representations of Q
are automatically 0-stable as n-framed representations of QQ. In particular, the variety

M;Q(Q) is smooth and quasi-projective.
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Proof. This is a direct consequence of Lemma [1.18] O

The datum of a framed representation of type n is equivalent to that of a finite-
dimensional Ag-module M together with a choice of |n| elements {m;car}, so that
m;, is based at the vertex i. Rephrasing the results of Lemma we see that M z;ss
parametrises pairs (M, {m;, }) where M is a f-semistable module that does not admit
any submodule M’ containing the framing {m;, } and satisfying 6-dim M’ > 6-dim M.
In other words, M de,; **(Q) parametrises @-semistable modules with a framing avoid-
ing strictly semistable submodules. The case of quivers with superpotential works

analogously, considering Ag y-modules instead of Ag-modules.

Lemma 1.20. Let ((Q,W),d) be a quiver with superpotential with fized dimension
vector d, and let n be a framing type. Taking 0 = —1 in ZV(@), Mde’ﬂ(Q, W) is the
fine moduli space of Agw-modules of dimension d with a choice of |n| generators at
vertices prescribed by n. For |n| =1, this is the moduli space of Ag w-cyclic modules

with generator at a vertex which appeared in [Sz2).

Proof. For d' < d we have 0 - c_z' = |d| — |d'| > 0. Hence there are no submodules
containing the set {m;, } defined by the framing. There are no conditions imposed on

the other submodules as 6 - e < 0 for any choice of non-zero e. O

Ezample 1.21. Consider the quiver (@, W) of Example and framing vector (1,0)
of [Figue T

a2

ay

@ b,
L bQ

Figure 1.6: The framed conifold quiver @);.

Fix the dimension vector to be 1 so that W does not impose any relations. The
chamber structure for the stability conditions on framed representations is determined
by the equations

01 =0,0,=0, 6, +6,=0.
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The diagonal line does not change the geometry of the moduli space, so the wall-

crossing picture is given by the table

0, <0 6, >0
B >0 | O(1) B O(—1) i ,

where the passage from the top left corner of the table to the bottom right corner is
the celebrated Atiyah flop. Notice in particular that when the moduli space of framed
representations is non-empty it is a commutative crepant resolution of the center of

the Jacobi algebra of the unframed quiver.

Example 1.22. A completely analogous picture to the one in Example works for
the chamber structure for the quiver of Example [1.7] where we take n = 0, we choose

the dimension vector to be (1,1) and the framing vector to be (1,0).

Remark 1.23. The two previous examples are again the shadow of a much more general
theory. This was developed by Van den Bergh [VdBI], inspired by work of Bridge-
land on threefold flops. Starting from the non-commutative crepant resolution of a
Gorenstein toric affine three-dimensional variety one can reconstruct its commutative

crepant resolutions via quiver GIT [Moz1].

1.2 Beilinson spectral sequence

In this section we discuss some consequences of results due to Beilinson and Orlov
on the derived category of coherent sheaves on projective spaces [Be] and projective
bundles [Or]. In particular, we describe how in these contexts one can obtain an
approximation of a given sheaf F': more precisely, we identify the associated graded
of a filtration of F' as the limit of a spectral sequence whose first page can be explic-
itly described in terms of linear algebra. The canonical reference for this material is
[OSS), Section 2.3], and our treatment follows it closely. The definitions of exceptional
objects and exceptional collections are due to Bondal and Orlov, and a reference for
this material is Huybrechts’ book [Hul.

It is easy to prove that the Fourier-Mukai transform with kernel the structure sheaf of
the diagonal is isomorphic to the identity functor on the derived category of a smooth
projective variety. The Beilinson spectral sequence is a non-trivial consequence of this

easy statement.
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Let X be a smooth projective variety and consider the commutative diagram

X (1.4)

=N
XX xX pt .
Ve

w2
X

We will say that a complex of coherent sheaves U® on X x X is decomposable if each
of its terms U* is the tensor product of two coherent sheaves pulled back from the two
factors, i.e. U* = p*V' @ ¢*W*. In such a case we will adopt the notation V* X W?,
and we write

Us=[V'RW?.
Assume that the structure sheaf A,(Ox) of the diagonal A(X) is quasi-isomorphic to
a decomposable complex U® = [V* K W*]. We consider the Fourier-Mukai transform

FoA: DPX) — DP(X)

sending a complex F* to R, (p*F* ® Oa(x)), where all the functors we consider are
derived. Given a sheaf F' on X, from the general machinery of derived functors we

have a spectral sequence
E;s = qu*((p*F ® OA(X))T) — Rs—i—rq*(p*F ® OA(X))

We see immediately from the projection formula that

Fifs+r=0;

s+r * =
R*™q.(p"F @ Oax)) = { 0 otherwise .

Replacing Oa(x) with the complex U*® we identify the E}* page
EF =Rq.(FeV)KW"),

and again by the projection formula we have
Ef =HX,FeV") W'

In order to make this result geometric, one has to have a good understanding of the
above decomposable complex. To be able to use the spectral sequence to understand
sheaves on a certain variety, one would like the resolution U® mentioned above to

be as simple as possible. A possible requirement would be for the W"’s to be line
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bundles, so that the first page of the spectral sequence can be described in terms of
linear maps between the cohomology groups and sections of line bundles. The most
important example is the case of projective space P"(C), as somehow many of the
other explicit constructions descend from this. We provide a brief proof as it consists

of a construction which will be used later.

Theorem 1.24 ([OSS|, Theorem 3.1.3]). Let F be a sheaf on P* and denote by Q.

the k-th exterior product of the cotangent sheaf on P™. Then the spectral sequence

El* = H*(P", F @ Qpr (—1)) ® Opn (1) (1.5)
converges to
= { 0 otherwise.

In other words, E = 0 ifr # —s and ®}_, E_>* is the associated graded of a filtration

of F'. The analogue result holds for the spectral sequence
ET =H(P", F ® Opn(—71)) @ Qpn (7).
Proof. Consider the section s of V' = Tpn(—1) X Opn (1) defined by
s([z],[y]): Az +—— A-x mod Cy, (1.6)

where we identify V' with the bundle Hom/(q¢*Opn(—1), p*Tpn(—1)). Let e be evalua-
tion on the section s, and let A*(e,) be described locally by

K
(¢1/\~-/\¢k)'_>Z<_1)i¢i(s)¢l/\---/\ai/\-"ﬁbk-

i=1

The complex

0— Q") B O(—n) "L o1y —1)RO1 —n) —> -

€s

e Q1) R O(-1) O 0

gives a decomposable resolution of the structure sheaf of the diagonal Oapny on
P x P, O

Remark 1.25. Consider diagram ([1.4])) with X = P" and fix homogeneous coordinates

(wo, ..., wy,) and (2o, ..., 2,) respectively on the first and second projective space in
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the product P" x P". Then the section s of equation ([1.6)) can be written explicitly

in coordinates as
- 0
= E X z;, 1.7
’ i_oe(aw’) ) o
P

where 57— are the sections of the twisted tangent sheaf 7p»(—1) defined by the dual

of the Euler sequence.

Remark 1.26. The existence of a decomposable resolution of the diagonal is a very
restrictive condition. For example, varieties with trivial canonical bundle do not have
one. The requirement for W to be line bundles is even more restrictive. For instance,

in the non-toric case, Grassmannians give a counterexample.

Recall that a collection {F}, ..., F,,} of objects in D°(X) is exceptional if

B E) = { 0 i1 e b0 19

It is said to be strongly exceptional if in addition
Ext"(F;, Fj) = 0 if k # 0, for all i, j. (1.9)
If the condition of being strongly exceptional for a collection {F}, ..., F,} can be seen

as an analogue of (semi-)orthogonality in linear algebra for D’(X), the property of
being full is parallel to the notion of a collection of elements in a vector space giving
a generating set. Indeed, we say that a collection F = {F},..., F,} is full if the
smallest full triangulated subcategory of D?(X) containing F is equivalent to D°(X).

Corollary 1.27. The collections

{O]pn, ey O]pn(n)}

and
{O]P’”a QllP’”<1)a B >Q$”(n)}

are full strongly exceptional collections on P™.
Proof. The Beilinson theorem [1.24] proves that the collections are full. The fact they
are strongly exceptional is an easy consequence of the Bott formula for the cohomology

of the projective space with coefficients in QF, (k) (Theorem of Appendix [2.B]).
[l
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In the projective case, the notion of a tilting generator is closely related to that of
a full strongly exceptional collection, but it has the advantage of generalizing to the

quasi-projective setting.

Definition 1.28. Let Y be a smooth quasi-projective variety. We say that an object
£ in D*(Y) is a tilting generator if

1. Ext'(£,&) = 0 for all i > 0;
2. if Ext(£, F) = 0 for all 4 then F is quasi-isomorphic to the 0 object;

3. the algebra Ar := Endps(x)(£) has finite Hochschild dimension, that is there
exists k big enough such that HH*(Ap, M) = 0 for any Ay bimodule M (see
[Wl, Section 9.1] for a definition of Hochschild cohomology).

If £ is concentrated in degree zero and locally free, then we say that £ is a tilting
bundle on X.

In fact, a full exceptional collection on a smooth projective variety defines a tilting

generator.

Lemma 1.29 ([Ki2, Lemma 4.3]). Let X be a smooth projective variety. Assume
that {Fy, ..., F,} is a full strongly exceptional collection in D°(X). Then

£ = é F, (1.10)
=0

s a tilting generator.

Ezample 1.30. The vector bundles €P;_; Opn (i) and P, _, . (p) are tilting bundles

on P".
The Beilinson spectral sequence admits a generalization for relative geometries fibered
in projective spaces over smooth projective varieties. Given a vector bundle

TV —Y

over a smooth projective variety, consider the associated projective bundle P(V') over
Y. Recall that the construction of the associated projective bundle comes equipped
with a relatively ample line bundle O, (1), and one can construct the bundle of relative
differentials Q2 on P(V).

26



Theorem 1.31. Given a sheaf F' on P(V'), there is a spectral sequence
El, = T Rm.(F ®@ QL(r)) @ Og(—7)
converging to
0  otherwise.

Fi:{ F ifi=0;

Remark 1.32. An analogous description to Remark holds for the relative setting
in a case we will be particularly interested in. Assume that X = P! and V =
O @ Opi(ay) @ Op1(az). Denote by z the section of O, (1) corresponding to (1,0,0)

via the identification
HO(P<V), Oﬂ—(]_)) = HO(PI, Opl) D HO(OPI(—GI)) S5 HO(OHM(—CLQ)); (]_].1)

and denote by z; the sections of O,(1) ® 7*Op1(a;) corresponding respectively to
e; = (0,0;1,0:), for i € {1,2}, where § is the Kronecker delta. The dual of the

relative Euler sequence

0—=On(—1) = 7" (V) —= To(~1) —>0 (1.12)
defines a section a%) of T-(—1) and two sections a% of T.(—1) ® Opi(—a;). The

Beilinson spectral sequence is recovered via the resolution of the structure sheaf of
the relative diagonal of P(V') xp1 P(V') defined by the Koszul complex induced by the

evaluation on the section s =Y z; X %, where the z;’s and w;’s refer to coordinates
of the different projective bundles. In particular, if one identifies Q.(1) with the
kernel of n* using the Euler sequence, so that Q1 (1) is identified with a subsheaf of

the direct sum of line bundles 7*(V*), the evaluation map is given by

(20, 21, 22), (1.13)

where there is a natural identification of O, (—1)X7*(V') with O (=1)@7*(V)XOp.
In the same way, the morphism A?(e,): O (—2) K Q2(2) — O,(—1) K QL(1) takes
the form

(21 X Wo — 29 X Wi, 29 X Wy — 20 X Wa, 20 X w1 — 21 X ’LU[)), (114)

if one identifies Q2(2) with 7*(det(V*)) ® O(—1), and Q,(1) with a subsheaf of
T (V*).
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1.3 (Graded) Calabi-Yau algebras

Homological mirror symmetry (HMS), originally proposed by Kontsevich in its earliest
formulation in [Ko|, is one of the major motivations to study the bounded derived
category of coherent sheaves of a Calabi-Yau threefold X, which we will denote by
D’(X). When X is assumed to be projective, the category D’(X) is quite complicated.
For example, one of the main tools used to understand the derived category of a
variety is finding a tilting bundle, which allows us to realize the category as the
derived category of modules over an algebra. However, when X is projective, Serre
duality

Homps(x)(E, F') = Homps(x)(F, E[3])* (1.15)

implies no tilting bundle exists. Indeed, for any locally free sheaf V' on X we have by
Serre duality

Ext*(V, V) = Ext®(V,V)* #£ 0. (1.16)
Remark 1.33. From it is clear that exceptional objects are not the right objects
to consider when studying the derived category of projective Calabi-Yau varieties. To
overcome this, Seidel and Thomas introduced spherical objects in [ST]. This thesis
focuses primarily on local cases, so we refer to [Hu, Chapter 8] for a treatment of

spherical objects and their properties.
The situation changes radically when considering local cases.

Ezample 1.34. Let X = {zy—wz = 0} be the conifold singularity and let f: Y — X
be the crepant resolution obtained by blowing up along the plane x = z = 0. Then
7: Y — P!is arank two vector bundle and £ := Oy @ 7*(Op:1(1)) is a tilting bundle

for Y [VdBI]. There is an equivalence of categories
D(Y) = D’ (mod-Ay)

where Ay is the endomorphism algebra Hompuy (€, ).
Another remarkable source of examples is the derived McKay correspondence in di-

mension 3.

Theorem 1.35 ([BKR), Theorem 1.2]). Let V' be a 3-dimensional complex vector
space, and let G < SL(V') be a finite subgroup. Denote by Y the G-Hilbert scheme of
V', parametrising 0-dimensional G-invariant subschemes Z of V' together with a fixed
isomorphism between H°(Z, Oz) and the regular representation C[G]. Thent:Y —

C3/G is a crepant resolution and there is a derived equivalence
D(Y) = D*(C[V] * G-mod),
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where C[V] * G is the skew group algebra, whose product is
(s@g)*(s®g)=s(g-5)®gg.

Motivated by analogous results to Example [1.34 and Theorem [I.35] there has been
increasing interest throughout the last decade in studying algebras A with Db(A—mod)
(denoted by D(A) in the rest of the chapter) sharing the same behavior as the derived
category of a non-compact Calabi-Yau threefold (or more generally of a non-compact
Calabi-Yau n-fold). This led to the definition which follows, due to Ginzburg. Our
approach to Calabi-Yau algebras follows the foundational paper of Ginzburg [Gil, but
especially the work of Bocklandt [Bo] which focuses on the graded situation.

Consider a C-algebra A and denote by A°¢ the A-bimodule A ®c A°?. The algebra
A®cA admits two A°-module structures: the outer structure is defined by (a, b)x®y =
ax ® yb and the inner structure by (a,b)z ® y = b ® ay. When A€ is regarded as
a module over itself we consider it with respect to the outer structure. Given an
A°-module M, the vector space Homge(M, A¢) naturally acquires the structure of

A°¢-module via the inner structure.

Definition 1.36 (|Gi, Definition 3.2.3]). An algebra A is Calabi-Yau of dimension
d (d-CY), for d > 2, if A admits a finite length resolution by finitely generated

projective A°-modules and
RHom(A, A%)[d] = A in D(A°).

The following proposition draws an analogy between d-CY algebras and the derived

category of d-CY varieties by matching the behavior of their Serre functors.

Proposition 1.37. Let A be a d-CY algebra. Given X and Y in D(A), we have
Extiy (X, Y) 2= Ext{ ) (Y, X)* fori € {0,...,d}. (1.17)

The following proposition due to Ginzburg formalizes explicitly the relation between
certain classes of open Calabi-Yau varieties and of Calabi-Yau algebras, essentially
generalizing the observation of Van den Bergh discussed in Example [1.34]

Proposition 1.38 ([Gi, Proposition 3.3.1]). Let X be a complex variety, projective
over an affine variety. Assume that € is a tilting generator (cf. Deﬁm’tion for
X. Then:
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1. the endomorphism algebra Endpex)(E) is finitely generated as a module over
its center Z(Endp(x(€));

2. X is a Calabi-Yau variety of dimension d if and only if Endpy(x)(€) is a d-CY

algebra.

Remark 1.39. Under the hypothesis of Proposition [1.38, denote by Ag the endomor-
phism algebra Endp(x)(€). Ginzburg observes in [Gi, Section 7.1] that there is an

equivalence of categories

D*(X) = Db(mod-Ag). (1.18)

Given the importance of CY algebras in the study of homological properties of Calabi-
Yau varieties, the question of constructing examples of such algebras has been of
general interest. Physicists discovered that in certain cases Jacobi algebras J(Q, W)
(defined in Section are Calabi-Yau. It was then conjectured and proven in cer-
tain cases by Ginzburg that, in the 3-dimensional case, friendly ([Gi, Definition 3.5.1])
CY algebras are superpotential algebras. In the case of graded quiver 3-CY algebras
Bocklandt proved the conjecture without any friendliness assumption [Bo]. We re-
strict to this setting for the rest of the chapter. Notice that this case is somewhat
special. For example Davison shows that there are examples of friendly 3-CY algebras

which are not superpotential algebras [D].

Let A be the path algebra of a (finite connected) quiver, considered as a graded A°-
module with grading induced by the length of the paths. Denote by J the ideal A-.
Let I be a finitely-generated graded two-sided ideal and assume that I C J2.

Theorem 1.40 ([Bol Theorem 3.1]). If A/I is a graded 3-CY algebra, there is a
homogeneous superpotential W in Sup(Q)ss such that A/ = J(Q,W).

Not all superpotential algebras are 3-CY. We will call a superpotential good if the
algebra J(Q, W) is 3-CY.

Example 1.41. Let @) be the one loop quiver. Consider the superpotential W = a™
where a is the generator of C[Q]. The algebra J(Q, W) is not 3-CY as it has infinite

global dimension as an A°-module.

The property of a superpotential algebra A = J(Q, W) being 3-CY can be described

in terms of the exactness of a particular complex of graded projective A°-modules
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constructed starting from (@, W). Denote by S the semisimple module A/A>;. Given

as S-bimodule T" we can construct a projective A°-module
FT :A®ST®SA

Given a quiver with superpotential (@, W) consider the self-dual complex of projective

bimodules

C(.Q,W) s Fefiow: ievQ) s Fe(o,w: acE(Q)} LN Feta: acr @) o Fs, (1.19)
where

¢ §:1®a®lr—a®t(a)®1 —1® h(a) ® a;

o for oW =a;...a,

Oy 1®a1...an®1»—>Zal...aiq@ai@aiﬂ...an;

¢ 53: i OW — 3 4 a®IW®1—-1®09,W ® a, where A; is the set of cyclic
paths in W passing through the vertex i.

Theorem 1.42 ([Ba, Theorem 4.3]). Let (Q, W) be a quiver with superpotential. The
Jacobi algebra J(Q, W) is 3-CY if and only if the complex C'('Q’W) defines a projective
bimodule resolution of J(Q,W).

Given a quiver @), it is not an easy task in general to describe exactly which homo-

geneous superpotentials are good.

Remark 1.43. We mention a more general construction which associates a differential
graded 3 Calabi-Yau algebra to any quiver with superpotential. Starting from a
superpotential W for @), Ginzburg defines in [Gi, Section 5.2] a differential graded
algebra (dg-algebra) D(Q, dy ) such that Hy (D(Q,dw)) = J(Q,W). In analogy with
[1.36] there is a definition of a Calabi-Yau dg-algebra [1.36] and with this definition
it was proven later by Keller and Van den Bergh in [K| that all the dg-algebras
D(Q,dw) defined from a quiver with superpotential are 3-CY. In particular, the
complex is a resolution of J(Q, W) if and only if the dg-algebra D(Q, dy) has
cohomology just in degree 0, and in this case the algebra J(Q,W) is itself Calabi-
Yau. In this thesis we restrict to the classical approach of Bocklandt and Ginzburg,
avoiding the differential graded case. In a sense, graded Calabi-Yau algebras are the
noncommutative analogue of local Calabi-Yau varieties, while enlarging our definition
of Calabi-Yau algebra to the dg case would correspond to considering derived schemes.
Since all of our constructions will be of a more classical nature, we prefer to restrict

to the graded case.
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The exactness of the complex in equation (1.19) can be checked on each graded
piece, and it imposes an open condition for every graded part. We will say that a
superpotential of degree d is very general if it lies outside a countable union of closed

subvarieties of Sup,(Q).

Corollary 1.44. Let Q) be a quiver admitting a good superpotential of degree d. Then

the very general superpotential of degree d is good.

Another remarkable consequence of Theorem [1.42is the fact that the matrix-valued
Hilbert series of graded quiver 3-CY algebras satisfy restrictive conditions. Given a
quiver () with n vertices and a homogeneous ideal of relations I the matriz-valued

Hilbert series of A = C[Q]/I is

Hu(t) =) hit* € Matyn (Z)[[1], (1.20)
k>0
where (hy);; = dimc e;Age;, and we fix a numbering {1,...,n} for the vertices of Q.

The following observation due to Bocklandt implies that the matrix-valued Hilbert
series of a graded quiver 3-CY algebra depends only on the adjacency matrix and the

degree of the superpotential.

Corollary 1.45. Let A = J(Q,W) be a graded 3-CY algebra, and let d be the degree
of W. If we denote by M the adjacency matriz of ), we have

1
Ha(t) = 1.21
Al =g —(Mt — Mid=1 4 1d td)’ (1.21)

where the equality is to be interpreted in the ring of matriz valued formal power series.

We can apply these results to the examples we considered at the beginning of the

chapter.

Example 1.46. Let Ay be the endomorphism algebra of the tilting bundle & of the
crepant resolution Y of the conifold singularity constructed in Example[1.34] Tt is well
known that Ay is the algebra J(Q, W) constructed from the conifold quiver depicted
in with superpotential defined in Example (1.6 Proposition [1.38 implies
that Ay is 3-CY and so W is a good superpotential of degree 4. Hence, the very

general superpotential of degree 4 for the conifold quiver is a good superpotential.

Example 1.47. Let G and V be as in the hypothesis of Theorem [1.35; assume in
addition that G is abelian. Let Irr(G) be the set of isomorphism classes of irreducible
representations of G, so that V' = p; @ py @ p3 for some choice of p;’s in Irr(G). The
McKay quiver Q¢ is defined as follows:
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e the set of vertices V(Qg) is Irr(G);

e there is an arrow af : pp; — p for all irreducible p and i € {1,2,3}, where
ppi = p R p;.

Since G < SL(V), the determinant det(V') can be identified with the trivial represen-
tation. We can then define a superpotential W by setting

pP12 . PPL P pP13 PPL P
3 Qo (7 —Qy "Aag ay),

W = (a
Ir(G)

where we denote by p;; the representation p; ®p;. The algebra J(Q¢, W) is isomorphic
to the skew group algebra C[V] x G of Theorem and is 3-CY [Gi, Theorem
4.4.6]. The non-abelian case, treated in |Gi, Section 4.4], is very similar, apart from
the fact that one gets Morita equivalence with the skew group algebra rather than
isomorphism. In particular, a very general superpotential W’ of Qg of degree 3 is

good.

In [Bol Section 5] Bocklandt explains how some techniques from the theory of Grobner
bases can be employed to identify good superpotentials. Denote by {ay,...,a,} the
set E£(Q) of the arrows of ). We can extend the ordering

a < ...<ap

on the set of arrows F(Q) to a total ordering on the set P(Q)>1 of paths of nonzero
length on () by imposing

Ay - . . Ay, <aj1...aj

when 4; < j, or when ¢, = j,, and there is a k such that a;, = a;, for h < k and
a;,, < aj,. Given a linear combination of paths a = Zp ap,p in C[Q], we denote
by lt(a) the leading term of «, i.e. ayp’ where p’ is maximal among the monomials

appearing in o with non-zero coefficient.

Remark 1.48. If X an element in Sup(Q), we adopt the notation 1t(X) for the leading
term of its image O X inside C[Q)].

Let G be a set of elements in C[Q]. We say that a triple of monomial terms (a, b, c)
is an ambiguity for G if there exist g;, go € G such that

ab =1t(g1), bc = 1t(g2).

Lemma 1.49 ([Bol Lemma 5.1]). Let Q be a quiver for which each vertex is the head
and tail of at least two arrows. Assume that we fiz an ordering for E(Q). Suppose
that W is an element of Sup(Q)q such that
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1. the leading terms of the relations 0,W are distinct and the set of ambiguities is

in bijective correspondence with V(Q) so that

amb, = (a, 1t(O,W)b"1,b) = (a,a  1t(BW), 1), and
lt(vWo) = alt(0,W) = 1t(W)b, and

2. for every vertex v there is an arrow a starting at v such that 1t(0,W)a = 0 for

all b in E(Q).

Then the complex C’('Q wy 05 @ resolution of J(Q, W), i.e. W is a good superpotential.

Condition (1) ensures that the Poincaré polynomial of the Jacobi algebra J(Q, W) is
given by the expression in equation ([1.21]), and that {9,W: a € E(Q)} is a Grobner
basis for Iy .On the other hand, it follows from condition ([2)) that the last morphism in
the complex C(.Q,W) of equation lb is injective, and hence that Cy, is a resolution
of J(Q,W).

Ezample 1.50. Let @ be the three-loop quiver of [Figure 1.1, The Jacobi algebra
J(Q,W,) defined by the marginally deformed potential W, = xyz — qzzy for ¢ € C*

is a 3-CY algebra. To prove this, we consider the ordering
xT>yY>z

on the set F(Q) of arrows of (). The leading terms of the relations induced by the

potential are
(0, W,) = yz, W(o,W,) = —qzxz, 1t(0.W,) = xy.

Since none of the leading terms of the relations end in z, condition (2) of Lemma
[1.49| is satisfied. There is just one ambiguity among the relations corresponding to

the vertex 0:
(2,160, W) 271, 2) = (2,27 16(0,W,,), 2), and 20, W, = 0, W,z = 1t(0OW0).

From Lemma [1.49] we obtain that the algebra J(Q,W,) is 3-CY.

1.4 Donaldson-Thomas invariants

1.4.1 A quick overview

This section is intended as motivation for the definition of the invariants of moduli

spaces of sheaves and of moduli of representations of quivers that we will study in
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the following chapters. In the last few years, much progress has been made in the
development of Donaldson-Thomas theory, with contributions from several groups
of mathematicians, and we refer to [PT2] and [Sz4], and references therein, for two
complementary surveys of the subject. We will instead present a summary of the
main contributions which led to the definition of refined /motivic Donaldson-Thomas
invariants in the local case, and which show why this setting is relevant for under-

standing the global picture.

Donaldson-Thomas invariants were conceived by S. K. Donaldson and R. P. Thomas
in [DT] as an analogue for complex threefolds of the Casson invariant for real 3-
dimensional manifolds. Following the work of Behrend and Fantechi on the in-
trinsic normal cone [BF1], Thomas constructed in [T] a perfect obstruction com-
plex on proper moduli spaces of stable sheaves on Calabi-Yau varieties, and defined
Donaldson-Thomas invariants as the result of the integration of the corresponding

virtual fundamental class.

Theorem 1.51 (Thomas,[T| Corollary 3.39]). Let (X, L) be a complex projective
Calabi-Yau threefold (i.e. assume that Kx ~ Ox) and a fized polarization L. Let
Mx be the coarse moduli scheme of stable sheaves F' on X with trivial determinant
(i.e. \" F ~ Ox) and prescribed Hilbert polynomial, and assume that stability co-
incides with semistability. There exists a perfect symmetric deformation-obstruction

complex on Mx.

Following [BE'1], one can construct a 0-dimensional cycle
Ce A()(./\/l X),

coinciding with the top Chern class of Mx when the moduli space is smooth, de-

pending just on the deformation-obstruction complex.

Definition 1.52. Given X and M x as in the theorem above one defines the Donaldson-

Thomas invariant of X as

1

Y

DT(M)() =0nN [Mx} :/

[MX]vi'r

where we have adopted the common notation [M x|, of virtual fundamental cycle

for C.

Remark 1.53. One of the most important properties of the numerical invariant DT(M),
proved by Thomas in [T], is that it is invariant under deformations of the underlying

Calabi-Yau threefold X.

35



A natural question arising from the work of Thomas is whether the invariant obtained
using the extra structure of a deformation-obstruction complex on the moduli space
Mx does actually depend on this extra piece of information. This question was
answered by K. Behrend in [B], where it was shown that the DT invariant defined

above only depends on the scheme structure of the moduli space.

Theorem 1.54 (Behrend,[B]). For any scheme Z, there is a canonical constructible

function, called the Behrend function, denoted by
Vg 4 — 1,

such that when Z = Mx s a proper moduli space of stable sheaves on a CY 3-fold

as in Theorem (1.51], one has

W(Zovz) =Y kg (h) = /M vady (1.22)

kEZ

coinciding with DT (Mx).

Remark 1.55. Note that y(Z,vz) is well-defined without requiring any assumption
of properness, so that one can take this as a generalization of Definition for

non-proper moduli spaces of sheaves over CY threefolds.

When a scheme Z is cut out as the critical locus of a regular function on a smooth
scheme, one is able to obtain a very explicit description of the Behrend function, as
explained for instance by Beherend and Fantechi in [BE2]. Let f: M — C be a
regular function and let

= Crit(f) = Z(df)

be its scheme-theoretic critical locus. The deformations and obstructions of Z are
controlled by the truncation 7>_;(L%) of the cotangent complex L%, which in this

simple case can be explicitly described by the complex of sheaves
7>-1(Ly) = /1" — Qulz],

where [ is the ideal sheaf defining Z in M and €2)|7 is the restriction of the sheaf of

differentials to the critical locus. The morphism of complexes

o f .
o
7>-1(LY) I/I? ——=T"M]|g,
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where 9%f is induced by the Hessian of f, defines the perfect obstruction theory on
Z. Indeed, E® is a complex of locally free sheaves on Z and the morphism of com-
plexes induces an isomorphism H°(E®) ~ H°(LL$,) and a surjective morphism
H'(E*) — H *(L%). The perfect obstruction theory is also symmetric, as there is
an isomorphism E* — (E®)*[1] induced by the symmetry of the Hessian. Following
the work of Behrend and Fantechi [BE1] one can define a virtual fundamental class
[Z]vir € A(Z); from the symmetry of the obstruction theory it follows that [Z]i is
zero-dimensional. A remarkable property of this local setting is that one is actually
able to describe explicitly the value of the Behrend function vz at a point of the

critical locus. Given a point P in the critical locus we have
vz(P) = (=1)"Y(1 = x(MFy(P))),

where MF;(P) is the Milnor fiber of f at P, i.e. MF;(P) = f~(¢) N Bs(P) where
O<|t—f(P)<e<xdk 1.

The reason we are particularly interested in the local case comes from the observa-
tion of Donaldson and Thomas that the moduli space of holomorphic bundles on a
Calabi-Yau threefold is locally cut out as the critical locus of a holomorphic func-
tional on an infinite-dimensional manifold [DT, Section 2]. Much work has been done
and new mathematics has been developed to show that the same picture holds in
the algebraic category. First of all, Behrend proved in [B] that a scheme Z (resp. a
Deligne-Mumford stack) with a perfect symmetric obstruction theory is Zariski lo-
cally (resp. étale locally) the zero locus of an almost closed 1-form w. More precisely,
each point z in such a Z is contained in a Zariski (resp. etalé¢) open U which admits
an embedding U < M in a smooth scheme M so that there is a 1-form w € Q},
for which scheme-theoretically U = Z(w) and dw € IQ3,. (Here we denote by I the
ideal sheaf of U in M.) A natural question arose at this point: is it true that at
least in the analytic topology the zero locus of an almost closed 1-form is locally the
critical locus of a holomorphic function? Pandharipande and Thomas in [PT3] gave
a negative answer to this question, exhibiting an example of an almost closed 1-form
on C? whose zero locus near the origin cannot be described as the critical locus of
a holomorphic function. A different approach using gauge theoretic arguments was
used by Joyce and Song to prove in [JS, Theorem 5.4]; they showed that, in the ana-
lytic topology, the moduli space of stable sheaves on a Calabi-Yau threefold is locally
the critical locus of a holomorphic function, obtaining a finite-dimensional model of

the Donaldson-Thomas construction. The authors also generalized this result to the
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case of semistable sheaves on Calabi-Yau threefolds, showing that analytically locally
the stack of semistable sheaves admits an atlas [S/G| such that S is locally the crit-
ical locus of a G-equivariant holomorphic function, where GG is a complex reductive
algebraic group. The next major step towards understanding the local structure of
moduli spaces of stable sheaves on CY 3-folds is due to Pantev, Toén, Vaquié and
Vezzosi [PTVV], who proved using derived algebraic geometry that such spaces ad-
mit a richer structure than a symmetric obstruction theory. They define (—1)-shifted
symplectic structures on derived algebraic schemes, and they prove that the moduli
space of stable sheaves Mx on a 3 CY-variety X admits such a structure. Follow-
ing this, Brav, Bussi and Joyce proved in [BBJ] that the classical truncation ¢y(2)
of a derived scheme (Z,wz) with a (—1)-shifted symplectic structure is Zariski lo-
cally the critical locus of a regular function on a smooth scheme, and this together
with the results in [PTVV] implies that the moduli space M x of stable sheaves on a
Calabi-Yau threefold X is locally a critical locus. Further development for the case

of (—1)-shifted symplectic structures on Artin stacks recently appeared in [BBBB.J].

Using the Behrend function in the analytic setting, or rather its version for Artin
stacks locally of finite type over C, Joyce and Song generalized in [JS] the definition
of Donaldson-Thomas invariants to the case of moduli spaces of semistable sheaves on
complex projective threefolds, and showed how the invariants depend on the choice of
a stability condition by describing their behavior under wall crossing. In this setting
the invariants remain again unchanged under deformation of the underlying Calabi-
Yau threefold. In [JS] the authors also define the Behrend function over algebraically
closed fields K of characteristic 0, and Bussi later proved in [Bu] that the definition of
Donaldson-Thomas invariants can be extended to any algebraically closed field K of
characteristic 0, by proving that the local description of the moduli spaces as critical

loci still holds and showing that the Behrend identities are valid also in this context.
The analysis of the local case when Z = Crit(f: M — C) led Behrend to suggest
a categorified version of the DT invariants, later formally defined and studied in the

special case of the Hilbert scheme of four points on C* by Dimca and Szendréi [DS].

Deligne defined in [De] the complez of vanishing cycles ¢;Q, a complex of sheaves

of Q-vector spaces with constructible cohomology supported on Z, whose pointwise
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Euler characteristic

x(@0)(P) =) (=1) dimg H'(Z,6,Q)
satisfies x(¢;)(P) = (—=1)4mMy,(P). Taking hypercohomology with compact sup-

ports of a suitable shift by the dimension of M, one recovers the numerical DT

invariant of ([1.22)):

DT(Z) =) (~1)" dimg H(Z, ¢;Q[dim M]).
At least in this local setting one could say that ¢;Q[dim M|, called the perverse sheaf
of vanishing cycles, gives a categorification of the numerical DT invariant, and that

the vector space

D Hi(Z, ¢,Qldim M)) (1.24)

gives a cohomological refinement of such. Starting from this description, other types of
refinements of numerical Donaldson-Thomas invariants can be defined by considering
the Poincaré polynomial or the weight polynomial of the hypercohomology .
The existence of such refinements has been conjectured in the physics literature in
some local cases [IKP], IKV]. Since moduli spaces of sheaves are locally the critical
locus of a regular function on a smooth scheme, it is natural to ask whether it is
possible to glue the local data ¢;Q[dim M| constructed around each point to obtain
a global invariant. This is a very subtle question, and in order to perform the gluing
it is necessary to consider a choice of orientation [KSI], which is an extra piece of
information on the symmetric obstruction theory or on the (—1)-shifted symplectic
structure. If £* — LY, is a symmetric obstruction theory on a scheme Z as described
above, an orientation is a choice of a square root of the determinant bundle det(E*).
It was proven by Brav, Bussi, Dupont, Joyce and Szendréi in [BBDJS|] that, given
a choice of orientation for the moduli space of sheaves on a Calabi-Yau threefold
X, one can construct a global perverse sheaf P}, by gluing the local data. This
together with the result of Hua [H] on the existence of orientation data for moduli
of stable sheaves on Calabi-Yau 3-folds, shows that there exists a categorification of
the DT-invariant also in the global case, and hence that cohomological and refined
invariants can be defined also in this setting. The authors also prove the analogous
statement for derived schemes with a (—1)-shifted symplectic structure and a fixed
choice of orientation [BBDJS, Corollary 6.11].
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Remark 1.56. In the local case there exists a canonical choice of orientation. If X is
the critical locus of a regular function f on a smooth scheme M and we consider the

symmetric obstruction theory described in (|1.23)), we have
det(E®) = det(TM|x) ' @ det(T*M|x) = K|

Thus, the choice of the square root K, defines a canonical orientation on X.

There is another direction that one can take, following an insight of Kontsevich and
Soibelman [KS1]. Since the DT invariant is an Euler characteristic type invariant, it
can be computed using cut-and-paste techniques, i.e. by decomposing the variety into
disjoint union of open and closed subvarieties. In the local setting Z = Crit(f: M —

C), Denef and Losev constructed in [DL] the motivic class of vanishing cycles, a class
[07] € K (Vare) L 2] (1.25)

in a suitable enhancement of the Grothendieck ring of varieties. It was observed in
IBBS] that the Euler characteristic of —(—L~2)%m[¢ ] recovers the classical DT in-
variant. Recent work of Bussi, Joyce and Meinhardt [BJM] uses the results of [BB.]
on the local structure of derived schemes with a (—1)-shifted symplectic structure ad-
mitting an orientation to generalize the definition to the global setting. In particular,
in [BBJ] the authors define a motivic invariant for the moduli space of stable sheaves
on a Calabi-Yau threefold with a choice of orientation, which refines the classical

invariant of Donaldson and Thomas.

The following sections describe the construction of the class —(—L_%)dimM [¢f] in the
local setting and some of its properties.

1.4.2 Grothendieck ring of varieties and its enhancements
The constructions we report in this subsection are the result of work by Denef and

Losev [DL] and Loojienga [Lo], based on unpublished work of Kontsevich.

The Grothendieck ring of varieties Ko(Varc), introduced for the first time by Gro-
thendieck in a letter to Serre, is the quotient of the free Z-module generated by
isomorphism classes of complex varieties (reduced separated schemes of finite type)

by the scissor equivalence relation

(X]=[U]+[Y], UC X openand Y = X \ U. (1.26)
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The product is induced by the Cartesian product of varieties. An element A of
Ko(Vare) is said to be effective if A = [X] for a variety X.

Remark 1.57. This ring is not sensitive to non-reduced scheme structure, so that we

could have equivalently considered Ko(Sche).

There are two properties of Ko(Varc) that will be used several times in this exposition:

o If m: X — B is a Zariski locally trivial fibration with fiber F' we have [X]| =
[F11BJ;

e If f: X — Y is a morphism that is a bijection at the level of geometric points,
then [X] = [Y].

One can refer for example to Bridgeland [Br, Lemma 2.5, 2.9] for a proof of these
facts.
From Deligne’s theory of mixed Hodge structures on compactly supported cohomology

with coefficients in QQ, we get a morphism of rings
E: Ko(Varc) — Z[z, y]
defined on generators by the F-polynomial

E([X]) =) 2Py ) (-1)' dim HY(H.(X,Q)). (1.27)

Forgetting the Hodge filtration, one is left with the finite increasing weight filtration
0 = Wo(HE(X, Q) € Wi(H(X, Q). € W,(H(X,Q)) = Hi(X, Q).
Hence, one can consider the weight polynomial
W: Ko(Varg) — Z[t?] (1.28)
associating to a variety X the polynomial in half integer powers of ¢

D 3 (—1)'dim Gr)) H(X, Q),
where Gr¥ H'(X, Q) is the n-th piece of the associated graded of the weight filtration.
In particular, the weight polynomial can be obtained by formally setting x =y = t2
in the E-polynomial. The further specialization #2 = 1 defines the Euler characteristic

for cohomology with compact support
x: Ko(Varg) — Z. (1.29)
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As explained in [DL], in order to define the motivic class of vanishing cycles of a func-
tion as in ([1.25)) one needs to consider a certain enhancement of the Grothendieck

ring of varieties.

Definition 1.58. Let i = lim, u,, be the group of roots of unity. An action of i on a
scheme X is good if the action factors through a finite quotient of /i and every point x
in X admits a fi-invariant affine open neighbourhood. An isomorphism between two
schemes X and Y with a good ji-action is a ji-equivariant isomorphism of schemes
f: X —Y.

We define K (’;‘ (Varc) to be the quotient of the free Z-module generated by isomorphism
classes of varieties with a good ji-action by the analogue of the scissor equivalence
relation of , where we allow only ji-invariant open sets U. Finally we consider
the additive group K& (Varc) obtained as the quotient of K (Varc) by the relation
identifying the class [V fi] of a vector space with a linear fi-action with the class [V] of
V with the trivial ji-action. The group Ko(Vare) sits inside K/ (Varg) by considering
the trivial action. One can endow Kél (Varc) with a commutative ring structure that
extends the one on Ky(Varc); this involves the introduction of the product % which
involves a somewhat complicated construction introducing a Fermat curve. Since this
will not be used in the following chapters we refer to [DL], [Lo| for the definition of
the product.

Ezample 1.59. The ring K (Varc) admits a square root of the class L = [A!] of the
affine line, [DLl [Lo]. The Thom-Sebastiani theorem of [DL] describes the motivic
Milnor fiber of the sum of two functions f = g; H g2, where g;: X; — C are two
regular functions and ¢g;8gs(x1, 2) = g1(21)+9g2(x2), in terms of the classes associated

to the two functions ¢g; and gs:

[_Qbf} = [_¢91][_¢g2]'

We consider the special case when X; = C and g;(z;) = 2?. Studying the fiber over
0 of the embedded resolution Bly(C?) of the zero locus of f, it can be proven that
[¢f] = L. Since clearly [¢,,] = [¢g,], it is natural to define [¢,,] := Lz. Following [DI]
it is easy to show that [¢g,] = 1 — [{p1, P2}, pt2], where the generator of ys acts on the

two points interchanging them.
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The second enhancement of the Grothendieck ring of varieties concerns the necessity
of adding a formal inverse of the square root of the class IL of the affine line. This
procedure requires some care as it has been recently proven in [Bor] by L. Borisov

that the class of the affine line is a zero divisor in Ky(Varc). Let Tory, be the ideal
Torp = {A € Kj(Varg) : A% L = 0}.

We can invert the class of the square root of the affine line after we have killed the
LL-torsion, obtaining
ME = (Kg(Var(c) / TorL> L3,

The invariants we will consider sit in a subring Mc of ./\/lé. Since Ko(Vare) is included
in K (Varc), we can consider the subring Ko(Varg)[LL2] of polynomials in half-integer
powers of the class of the affine line. In particular, it follows from [DL] and [Lo] that

the product of two elements in this subring is given by

n m _ n+m k
(Z aiL§> x (Z bj]L%) =N ab L, (1.30)
i=0 J=0

k=0 =0

where a;b; denotes the usual product of classes in the Grothendieck ring of varieties.

Proceeding exactly as above we localize with respect to the class L to obtain
M = (Ko(varc)[L%] /Tor]L> L3, (1.31)

where the product again corresponds to a rule completely analogous to the one of

equation (|1.30)).
Remark 1.60. If A is in Tory, then E(A) = 0. Indeed, we have that E is a ring

homomorphism, E(IL) = zy, and Z[z,y] is an integral domain.

From Remark the E-polynomial, the weight polynomial, and the Euler character-
istic extend to homomorphisms with source M¢ and target respectively Z[mi%,yi%],
Z[t*2] and Z, by setting:

E:L"+— (xy)™,

Wi L™ — 1™,

x: L™ — 1,

for m a half integer.

The following remark explains some of the geometric reasons and conventions which
make it necessary to define M in order to construct a class whose Euler characteristic

recovers the numerical DT invariant.
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Remark 1.61. In order to be able to extend all these constructions to varieties locally
cut out as the critical locus of a function on a smooth scheme one has to include the
case of a smooth projective variety M endowed with the zero function f. In this case
one has [¢f] = —[M]. Furthermore, the weight filtration of the cohomology coincides
with the degree filtration, so that the weight polynomial is the Poincaré polynomial
(with half integer exponents). From what we have seen above, we know that we
have to consider the shift Q[dim M] of the constant Q-local system on M when we
apply the functor of vanishing cycles, in order to preserve the correspondence with
classical DT invariants, and to make the result a perverse sheaf. We take P! as a
simple example, and we refer to [Sz3, Appendix A] for a more detailed discussion
on weights. In this case we have H*(P!, Q[1]) = Q[1] ® Q(—1)[—1] where mathbbQ
and Q(—1) are pure Tate Hodge structures of weight 0 and 2 respectively. To keep
the property that weight and degree filtrations agree for the smooth projective case,
it is thus convenient to tensor Q[dim(X)] by a Tate twist Q (dim(X)/2) of half the
dimension of X, i.e. a formal object satisfying Q (dim(X)/2)** = Q(dim X) [KS2,
Section 3.4]. In particular, the Tate object Q(3) can be seen as an analogue of the
inverse L2 of the square root of the Lefschetz motive in the motivic case. In the
example of P! we have H* (P!, Q(1/2)[1]) = Q[1]® Q[—1], now with weights 1 and —1.
Computing the weight polynomial with coefficient system Q(3)[1] we obtain tz 413,
In terms of motivic Milnor fibers this is translated into multiplication of the class [¢]
by —(—L_%)dimM , where again the meaning of the class L~% becomes manifest by
thinking about the Lefschetz motive L as the class corresponding to the Tate twist

Q(—1) of weight 2, since we consider cohomology with compact support.

In order to perform wall-crossing we will need to be able to compute invariants on a
degenerate wall. To do so we will also consider invariants in the Grothendieck ring
Ko(Stc) of stacks which are of finite type over C and have affine stabilizers at each
point. It has been proven in [Br] that any stack of finite type over C with affine
stabilizers is the image under a bijective morphism of a global quotient stack with
stabilizer an affine group. This is the crucial fact that allows Bridgeland to prove
that the Grothendieck ring Ky(Stc) can be obtained from Ky(Varc) by inverting the
class of linear algebraic groups [GL,], where [GL,] is a polynomial in the class of the

affine line
d

[GLy) = LG T - 1).

Again, in light of the result of [Bor], it is better to factor by the torsion ideal

Torgr, = {A € KO(Var@) cA- [GLd] = 0}
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before localizing. We then have

Ko(Ste) = (Ko(Varg)/ Torgr)[[GLg ™! : d > 1].

We will denote by M the ring obtained by formally adding the square root of the
class of the affine line ]L%, taking the quotient modulo the torsion ideal, and localizing

with respect to Lz,
Remark 1.62. The ring Ko(Stc) can also be described as

(Ko(Varg)/ Tory, g _ray) [L™", (1 =LY " : d >1].

In particular, it can be considered as a subring of Mc[[L7!]] by identifying (1 —
L=4)~! with its power series expansion. Here the notation Mc[[L~!]] indicates the
dimensional completion of M¢ explained by Behrend and Dhillon in [BD, Section 2].
We recall its construction as it will be useful in the rest of the exposition. For each

n > 0 let ™ be the subring of M¢ generated by elements
(XIL7F,  dim(X) -k < —n.
Every F" gives an ideal in F°, and we have a decreasing filtration
..CF*CF'cF"
We denote by FO the completion of F° with respect to this filtration and define
Me = Mc[[L7Y)] = Fy @po Me. (1.32)

We conclude this section with a brief description of the definition of the relative
Grothendieck ring; we refer to [Lo, Section 4] for a more detailed presentation. In
the case of varieties, we fix a variety S, and we let Ky(Varg) be the quotient of the
free Z-module generated by isomorphism classes of varieties over S by the scissor
relation for varieties over S. A multiplication on Ky(Varg) is defined via the fiber
product of varieties over S. The same procedure which led to the construction of M¢
starting from Ky(Varc) carries over to the relative setting, giving a ring Mg. This
generalizes to the construction of M¥, the enhanced Grothendieck ring of stacks with

affine stabilizers over a fixed stack .S of finite type and with affine stabilizers.
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1.4.3 Power structure on Ky(Varc) and Mv(c

We recall the construction of a power structure on the Grothendieck ring of varieties;
this will be extensively used in the following chapters, and in particular in Chapter
to compute motivic invariants of deformations of Calabi-Yau algebras. The power
structure on Ko(Varc) was introduced by Gusein-Zade, Luengo and Melle-Hernandez
in [GZLMH], and its geometrical interpretation due to Bryan and Morrison [BM, Sec-
tion 2] can be used to reinterpret many computations of generating series of motivic
DT invariants, as in for example [BBS, MMNS].

Definition 1.63. Let R be a ring. A power structure on R is an assignment

(1+tR[[t]]) x R — (1 + Rt[[t]]) (1.33)
(A(t), M) — A(D™, (1.34)

which satisfies the following:

(5) AMMBHM = (A()B(t)"™;
6) (1+t)™ =1+ mt+ O(t?).

Gusein-Zade, Luengo and Melle-Hernandez proved in [GZLMH] that there is a unique
power structure on the Grothendieck ring of varieties Ky(Varc) such that for any

variety X one has
o0

(1 =) =" [Sym™ (X)), (1.35)

i=0

where Sym"(X) is the n-th symmetric power of X. In [GZLMH] the authors also

prove that the power structure is effective: given a collection of varieties {A;}ien

and a variety [B], then the series A(¢)!F) = (3", [Ai]ti)[B] has effective coefficients. In

the case when A is a point, the coefficients of the series A(¢)!Z! can be described
explicitly:

(AP = || (BN A x AM)/Sy,), (1.36)

AFn
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where A - n denotes a partition of n, A C B* is the big diagonal
A= {(z1,...,2y,) € BY: z; # x; for all i, j},
and S, acts by permuting simultaneously the factors in the product.

Remark 1.64. In [BM] the authors describe how to obtain a nice geometric interpre-

tation of the power structure in the effective case. In the notation above, we define
deg: D A, — N
i=1

as the function which sends a point z in A; to i. Then the coefficient (A(t)™M)yn
parametrises pairs (S, ¢) where S is a subset of n elements of the geometric points of
M and ¢: S — | |2, A; satisfies Y ¢ deg(o(x)) = n.
This power structure extends uniquely to a power structure on the ring M@ of ,
by requiring

(1—¢) WX = (1 — k)~ (1.37)
for all half integers k.
Remark 1.65. In the case when k is a positive integer, the identity is a conse-

quence of a lemma due to B. Totaro [Gd, Lemma 4.4], which states that
[Sym™(CF x X)] = L™ [Sym"(X)].

Remark 1.66. The extension of the power structure to Ky(Stc) ( and the other en-
hancements) is still effective in the following sense: if A(t) has coefficients which are
all effective classes of stacks, B is a variety and A(t)yo; = 1 then (A(2))!?) has coeffi-
cients which are effective classes of stacks. In particular, up to the fact that the A;
are stacks, the geometric description of Remark is still valid.

We conclude the section by defining motivic exponentiation and describing one prop-

erty which will be used in the subsequent chapters.

Definition 1.67. [GZLMH] The motivic ezponential is the assignment

Exp: Mec[[t]] — 1+ Mc][[t] (1.38)
defined by
Exp: Z[Ak]tk — H(l — th) A (1.39)
k>0 k>0
In particular, it follows directly from ([1.37]) that
Exp (A(]th)) = EXp(A(t))}tHth (1.40)

for any half integer k.
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1.4.4 DT invariants for quivers with superpotential (and a
cut)

Let M be a smooth scheme and f: M — C a regular function. Following [BBS| we
define the motivic DT invariant of X=Crit(f: M — C) to be the following multiple
of the motive of vanishing cycles of ([1.25))

(X = —(—=L72)3mM[5] € ME. (1.41)

We refer to the Laurent polynomial W ([ X];,) with half integer exponents, defined in
(1.28) as the refined DT invariant of X.

Remark 1.68. Both the motivic and the refined DT invariants we defined are invariants
of X as the critical locus of f, so that in principle we should write [X]vi; = [(X, f)]vir
and DT(X) = DT(X, f). We omit the f in order to simplify the notation, unless
it is not clear from the context which function cuts X out as a critical locus. In
particular, if X is smooth we will write [X]y;; in place of [(X, 0)]yi: to denote the class
dim (X)

—(=L)" = [X].

The class [¢¢] measures the difference between the class [1f] of nearby cycles, which
can be described explicitly in terms of an embedded resolution, and the central fiber
[f71(0)]. Theorem of [BBS] explains that when f is equivariant with respect to
a torus action with some good properties, then the class of nearby cycles is just the

class of a generic fiber [f~1(1)].

Remark 1.69. It was proven independently by Navarro Aznar [Nal Proposition 15.11]
and Saito [S] that the perverse sheaf ¢;Q[dim M| admits a mixed Hodge structure in

the sense of Deligne. Furthermore,

W([XJw) = D t5 ) (=1)" dimg Gr,) HL(X, ¢;Q[m] (m/2)), (1.42)
where m is the dimension of M and Q(m/2) is the Tate twist described in Remark
1.61} Refined DT invariants of the global critical locus X are the weight polynomials
W for the critical cohomology of X.

Moduli spaces of representations of (framed) quivers with superpotential give exam-
ples of global critical loci. This has been known for quite a long time in the physics
literature, and was proven by E. Segal [Se]. We sketch the proof here as it consists of

a construction that we will use again.
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Proposition 1.70. Let 6 be a generic stability parameter for a quiver with superpo-
tential (Q,W). Then there is a regular function Tt W on the smooth variety M3(Q)
such that

Crit(Te W) = MJ(Q, W).

Proof. The smoothness of M§(Q) is a consequence of the genericity of §. Given a
cyclic summand ¢; ... c, in W, we can compute the trace of the linear map v, ... v,

constructed starting from a representation (V,v) in R9(Q), thus obtaining a function
Bap: RY(Q) — C. (1.43)

Cyclicity of the trace shows that this induces a well-defined morphism on RY(Q) and
that it descends to a function wgg = TrW on the geometric quotient M(Q). The
vanishing of the derivatives of Tr W imposes the same relations as the ones given by

formal derivations of the superpotential. O

Remark 1.71. Given a quiver with superpotential (@), W), a framing vector n, and 6
in ZV(@ chosen as in 1’ the moduli space M g@(Q, W) is a global critical locus on

a smooth scheme.

There is a subset of the vector space Sup(Q) of superpotentials that give rise to critical
loci admitting a torus actions, making the virtual class [MY(Q, W )]y, particularly
well-behaved.

Definition 1.72. We say that (Q, W) admits a cut if there is a set of arrows I such
that every cyclic monomial of W contains exactly one arrow in /. Equivalently, there
is a Z-grading g; on the paths in () defined on arrows by

lifa eI

gr: a— { 0 otherwise,

such that W is homogeneous of degree 1.

The following definition gives an important property that may be satisfied by a torus
action on a variety. In particular, we will show that the torus action that one con-
structs on the moduli space of a quiver with superpotential admitting a cut satisfies

this property.

Definition 1.73. [BBS|] Let f: M — C be a regular function on a smooth quasi-
projective variety and assume we have an action of a one-dimensional torus C* on
M. We say that f is circle closed if it is equivariant, i.e. f(t-m) = tf(m) for m in

M and t in C*, and the limit lim;_,o ¢ - m exists for every m € M.
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Remark 1.74. Our definition of a circle closed action differs slightly from the notion
of a circle compact action in [BBS|]. Nevertheless it is proven in [Loc. Cit.] that the

requirement of having a circle closed action is sufficient to obtain the characterization

of [Crit(f)]vi that follows.

Theorem 1.75 (|[BBS, Proposition 2.11)). Let f: M — C be a regular function
with a circle closed action. Then the class [Crit(f)]vi lies in Mc¢ and

[Crit(f)]ir = —(~L72) 3 M ([F~1(1)] — [£71(0))).

Lemma 1.76. Let (Q,W) be a quiver with a superpotential admitting a cut and 0 be

a generic stability condition. Then f admits a circle closed torus action.

Proof. Let I be a cut. Consider the action on MY(Q) induced by the action
C* x Rg(Q) — R4(Q), (t,(va)) — (V).

The action is circle compact with respect to the function Tr(W') defined in Theorem
[1.70] First of all from the definition we have Tr W (¢(v,)) = t Tr W (v;), so that Tr W

is equivariant. There is a projective morphism

to the affine variety MJ(Q,W). Tt is clear that all limits lim, ,o(¢(v,)) exist in
MY(Q,W) as they are already well-defined in RY(Q). Since 7 is proper, the lim-
its exist also in MJ(Q, W). O

Denote by T': ZV®) — Z the Tits form of Q defined by T(d) = Ycy (o) 4 —
Y i i d;d;. The following proposition describes the virtual class of the critical locus
of Tr(W) for a particular class of dimension vectors including the case of quivers with

framing, as defined in Section [L.1.3]

Proposition 1.77. Let (Q,W) a quiver admitting a cut and 0 a generic stability
condition. Let d be a dimension vector with d; =1 for at least one vertex i. Then we

have
7)1 [Bap(0)] = [Bza(1)]
[PGd] ’

where G: RY(Q, W) — C is the lift of the function Tr(W) of Theorem .

[Crit(wgo)lvir = — (=1L

(1.44)

20



Proof. The group PG4 = [[ GL(d;)/C* is isomorphic to a product of general linear
groups, so that in particular it is a special algebraic group (i.e. every étale locally
trivial fibration is automatically Zariski locally trivial). Hence we have that R%(Q, W)
is a Zariski locally trivial PGg-bundle. Since the lift & to RY(Q, W) of Tr(W) is PG4
equivariant, we have that the preimages @=*(0) and &~!(1) are Zariski locally trivial
PG g-bundles, so that [Tr(W)~!(z)] = [0~ (z)]/[PGg4] for z € {0,1}. Now the result

follows from dimension counting. O]

Remark 1.78. Under the hypotheses of Proposition the refined DT invariant,
obtained by taking the weight polynomial W ([Crit(wgg)]vir), computes the weight
polynomial of the hypercohomology group of M gﬁ(Q, W) with coefficient system ¢, 9,
i.e. the refined Donaldson-Thomas invariants of the moduli space of #-stable quiver

representation of (@), W) with dimension d.

If we assume that (Q, W), 6 and d satisfy the hypotheses of Proposition , it is
natural to generalize the definition of Donaldson-Thomas invariants to the case of the

quotient stack M%(Q, W) = MJ(Q,W)/C* as

MG ) W vir
N [C ]vir
Then using Proposition we immediately obtain the characterization
Crit @ vir
MYUQ Wy = L Cu0)ic (1.46)

(G4l

We then generalize the definition of motivic Donaldson-Thomas invariants for the
stack of representations MZ(Q, W) to the case when d does not satisfy the hypotheses
of Proposition and 6 is not necessarily generic, but where we still assume that the
superpotential admits a cut. The motivic DT invariant of the stack of #-semistable

representations with dimension vector d is

(@) [Dg9(1)] — [Dg0 ol

0 e (73
[MYUQ, W)]yir = ( L ) e (1.47)
Remark 1.79. When 6 = 0 then
(MG(Q, W)y = M (1.48)

[Galvic

so that in this case the geometric meaning of the DT invariants is still related to
the motivic vanishing cycle [¢,,,]. Other stacky cases are not so easy to interpret

from the geometric point of view. It has been proven for example in [Moz2, Remark
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3.5] that there exists a quiver @) such that if we consider the trivial superpotential
and a particular choice of stability condition 6, the function @Wyy does not admit
a C*-action for which it is circle closed. Hence we cannot apply Theorem [1.75 in
this case. This demonstrates that the definition (1.47)) is not entirely geometrically
justified, but it will be useful when performing wall-crossing. Ben-Bessat, Brav, Bussi
and Joyce define in [BBBBJ] motivic Donaldson-Thomas invariants for Artin stacks
with a (—1)-shifted symplectic structure and orientation. It would be interesting to
understand whether the ad hoc definition of equation agrees with the result of

their constructions.

In Chapters [2[ and [3| we use Proposition to give a geometric description of and
techniques to compute virtual classes. In Chapter 4 we will consider DT invariants of
some stacky moduli spaces of representations of quivers with superpotential, but we

will concentrate on the case of the 0 stability condition so that the definition (|1.47)
is still geometric by Remark [1.79|

52



Chapter 2

Higher Rank Refined DT
Invariants for C3

We consider the moduli problem .7, , parametrising families of torsion free sheaves
on the projective space P3(C) with Chern character (7,0, 0, —n) together with a fixed
isomorphism to the sheaf O;?O’; at a given torus invariant plane p,.. We prove that the
moduli functor ., , is represented by a quasi-projective scheme M,, , arising as the
moduli space of stable representations of a framed quiver with superpotential. From
Theorem we obtain a description of M,, , as the critical locus of a global regular
function on a smooth scheme, thus generalizing the result for the rank one case that
appeared for example in Szendr6i [Sz2]. As explained in Section this leads to the
study of motivic/refined Donaldson-Thomas invariants of M,, .. We first give a direct
computation of the generating function for the refined Donaldson Thomas invariants
of M,,, defined in following Behrend, Bryan and Szendrdi [BBS], and then
we apply the techniques developed in Mozgovoy [Moz3| to obtain our expression via

motivic wall-crossing. We obtain the product expansion

rm—1
Z[Mnm]virqn = H H (1- LQJFk?%((_l)rq)m)il
n>0 m>1 k=0

where [M,, ;]vir lies in M¢ by Lemma [1.76, The numerical specialization of this
formula computes the generating series for classical Donaldson-Thomas invariants,
defined in (1.29) as the Euler characteristic of M,,, weighted by the Behrend con-
structible function. Explicitly, we have

> DT(M,,)q" = M((=1)'0)",

n>0

where M(q) is the MacMahon function



which counts three-dimensional (3D) partitions in the positive octant. This same
generating series has already appeared in the literature in two different contexts.
On one hand Cirafici, Sinkovic and Szabo proved in [CSS] that it corresponds to
the partition function counting D0-D6 branes on C3 for the abelian gauge group
U(1)". On the other hand, Oprea proves in [O] that M((—1)"q)" corresponds to
a virtual count of torus invariant (H,J)-stable framed sheaves, for a given stability
condition (H,d) with § = d(n,r) a “good” parameter, thus providing a generating
series for DT(M/?). Tt follows from Appendixthat the moduli spaces we consider
coincide with the moduli spaces of Oprea as stability is automatically satisfied. Hence,
our result consists of an alternative computation of the generating series of classical
DT invariants, with our techniques having the advantage of computing more refined
invariants for M,, ..

We conclude the chapter by showing that the weight specialization of the generating

series Y o o[Munr]uirg” can be described as a weighted count of 3D partitions.

2.1 The geometric picture

Consider the projective space P?(C) and fix once and for all a plane p,, cut out by

the equation zg = 0 after a choice of homogeneous coordinates on P3.

Definition 2.1. Denote by G the framing datum (poo, O?;). A framed sheaf on P3
with framing datum G is a pair (F, ¢) where

e I is a torsion free sheaf on P3,
e ¢: Fl|,, — O is an isomorphism of sheaves.

A morphism of framed sheaves : (F,¢) — (F', ¢') with framing type G is a mor-
phism of sheaves ¢): F — F’ making the diagram

wlpoo F/ ’poo

OpOO

commutative.

For a choice of two positive integers r and n we consider the moduli problem

My, . AffSchemes — Set”™
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assigning to a Noetherian affine scheme of finite type S the family

~

Y

O: Fpoxs — Op xs sheaf isomorphism,
ch(F,) = r —nh?, for each geometric point s of S

F torsion free sheaf on P? x S flat over S, /

where h is Poincaré dual to the class of a hyperplane in P? and where isomorphisms

are in the category of framed sheaves.

Remark 2.2. The functor .#, , defines uniquely a functor .#, ,: Schemes — Set”
by requiring the gluing conditions to be satisfied.

Remark 2.3. In the literature, for example in the pioneering work [HL] or in [O],
one usually considers the problem of the representability of the moduli problem for
(H, d)-stable framed sheaves, where 0 is a suitable polynomial, in order to avoid auto-
morphisms. We prove in Appendix that framed sheaves on P" are automatically
stable for a suitable choice of (H,¢) and all n > 3.

2.1.1 A first glimpse of the quiver description

First of all we notice that the threefold situation is quite different from the surface
case analyzed by Nakajima in [N] due to the Horrocks splitting principle, which says
that for n > 3 a vector bundle on P" which is trivial on a hyperplane is automatically
trivial. For any r and n strictly positive integers, there are no locally free sheaves
on 3 of cohomological type (r,0,0,—n) restricting to the trivial sheaf at p,,. In a
sense, this is really a problem regarding torsion free sheaves rather then a partial
compactification of a moduli problem for vector bundles, as it happens in the two
dimensional case. Another crucial difference is given by the following observation due
to Abe and Yoshinaga.

Theorem 2.4 (JAY] Theorem 0.2]). Any reflezive sheaf onP? splitting as & O, (a;)*"i

on the plane ps, is isomorphic to @} Ops(a;)®".

The following corollary is an immediate consequence. The result will become evident

also from the description we will give in the next section.

Corollary 2.5. Any torsion free rank r framed sheaf F' on P? with framing G embeds

m Og.

Proof. Embed F into its double dual FVV. The double dual F" is then a reflexive

sheaf on P* isomorphic along p. to OF", hence it is the trivial vector bundle Og;. [
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Given a framed sheaf (F,¢) of cohomological type (r,0,0, —n), we have an exact
sequence of sheaves
0 F Oy G 0

where G is a zero-dimensional sheaf of length n. Assuming that the inclusion F' —
O%" is compatible with the framing, we can associate to (F,¢) the n-dimensional
Clz1, 22, 23)-module H°(G) of dimension n together with a morphism : C" —
H°(G@). Note that we write C" in place H°(Og) to stress the fact that the framing
given by the inclusion is fixing a basis for H'(O). The surjectivity of 0% — G
implies that the image of 1) generates H°(G) as a C[z1, 22, 23]-module. In the language
of Section [L.1 we say that we can associate to a framed sheaf (F,¢) a #-stable r-
framed representation V' of the quiver with superpotential (@), W) defined in Example
m. Explicitly V' is a representation of a quiver with superpotential (Qr, W):

e the set of vertices V(@r) is {00, 0};

the set of arrows E(Q,) is {a;,in: j € {1,...,3}, h € {1,...,7}} with a;’s loops
based at the vertex 0 and i;,: co — 0;

the superpotential W is given by ajasas — ajasas;

the dimension vector d = d(n) is (1,n);

the stability parameter 6 is given by (6, 6y) with 6, + nfy = 0 and 6y < 0.

Recall that the two-sided ideal of relations associated to the superpotential is defined
by
Iy = {(0.W: a € E(@Q,)),

so that a representation ({A;}icqi,. 3),/) of (Q,, W) has to satisfy the quadratic
commutation relations

[Ai, A] =0 ije{1,....3}.

Remark 2.6. 1t is easy to check that V is f-stable if and only if it does not admit
subrepresentations with dimension vector (1,n') for 0 < n’ < n. As there are no
Clz1, 22, 23] —invariant subspaces of H’(G) containing the image of ¢ this condition is

clearly satisfied by the representation associated to the framed sheaf (F, ¢).

o6



2.1.2 Pointwise description of .#, ,

This section is devoted to a rigorous proof that the naive correspondence established in
Section is actually a bijection, using the language of monads. Similar results were
obtained independently in [BASHJ] for the rank one case and the overall construction
is inspired by [N] and [CSS].

Definition 2.7. A k-step linear monad C*® on P? is a complex of sheaves

Vo r®0(2 — k) 25V 0003 — k) 24 L V00 —22- Ve 0(1)
such that the V;’s are finite-dimensional complex vector spaces, and such that for each
[ # 0 the cohomology sheaf H'(C*) is zero, where V; ® O(i) is placed in degree i. We
will call
(dim(Va_), ..., dim(V}))

the dimension vector of the monad.

Morphisms of monads are just morphisms of complexes of sheaves, so that k-step
linear monads become a full subcategory of Kom®(Coh(IP?)), the category of bounded

complexes of coherent sheaves on P3.

Remark 2.8. 1t is clear that an isomorphism ®: C* — C’* of k-step monads induces
an isomorphism of sheaves H°(C*) = H°(C").

Lemma 2.9. Let F be a torsion free sheaf on P that is trivial on ps.. Then we have
for each i € {0,2,3}

H'(F(=j)) =0, forje{-1,-2}, (2.1)
HY(F ® Qps) = 0, (2.2)
H'(F ® Q3s(1)) = 0. (2.3)

Proof. This is a particular case of a more general vanishing statement for framed
sheaves on P" that we prove in Theorem in Appendix 2.B] O

Theorem 2.10. Let F' be a torsion free sheaf trivial on ps, with Chern character

(r,0,0,—n). Then F is the cohomology of a 4-step linear monad
Mp: Va@0(=2) =2V, 0(-1) =5V, 00 -2V, ® O(1)
with dimension vector (n,3n,3n +r,n).
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Proof. Applying Beilinson’s theorem (Theorem [1.24)) to the twist F'(—1) we obtain a

spectral sequence EfY with E)-sheet
EYf = HY(F @ Qpf(—p — 1)) ® Ops(p)

converging to a graded object @ E_P? associated to a filtration of F(—1). From
Lemma we see that the only non-trivial part of the E; sheet is the line E$'. Hence
the spectral sequence degenerates at the Ey term, the complex EY' has non-trivial
cohomology just in degree —1, and H ' (E') is the trivial filtration of F(—1). If we
define
Vi = H(F @ QL (i)

and we tensor the line E$' by Ops(1), we obtain a 4-step linear monad whose coho-
mology is F. By Lemma [2.9] the Riemann-Roch formula reads

dim V; = [ch (F ® QL (—i)) Td(P%)],,
so that the verification of the dimensions of the V;’s follows easily, using the expression
Td(P?) =1+ 2h + %hQ + h?.
O

Corollary 2.11. Suppose that F and F' are isomorphic torsion free sheaves on P2,
both trivial on po. Then the two corresponding 4-step linear monads Mg and Mg

are isomorphic.

Proof. The isomorphism ¢: F' = F’ induces isomorphisms ¢;: V; = V/. The collection

¢; ® 1 is then an isomorphism of monads. O]

The description of Theorem [2.10]is not optimal. We show that up to isomorphism the
monad can be put into a certain standard form. In particular, as Home_, (Ops, Ops(1))
is isomorphic to &Cz; we have

3 3

3
_9 = E a;z;, _1 = E bizi; and Qp — E CiZ;
i=0

=0 =0

where a;, b; and ¢; are linear maps. With this notation the relations
bz‘CLj + bjaz- = O, Cibj + Cjbi =0 (24)
are satisfied for all 4 and j in {0,...,3}.

Fix a framed sheaf (F,¢) and its corresponding monad Mp. We denote by af° the

restriction oy,
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Lemma 2.12. We have a decomposition Vo = U & W, where W s canonically iden-
tified with H(F|,_), such that

(c1 2 c3)': U {0} — V3
18 an isomorphism.

Proof. Restricting the monad to p.,, we get three exact sequences

0—=Vo®0, (-2) —2V.,®0,_ (1) —Im(a®) —0, (2.5)
0—— Ker(ag®) —= Vo ® O, Vi 0, (1) —0, (2.6)
0 —— Im(a™)) — Ker(a°) Fl,. 0. (2.7)

From ({2.5) we see that H’(Im(a*,)) = H'(Im(a*)) = 0, so that we have an isomor-
phism H°(Ker(ag®)) & H°(F|,..). As F is trivial along p,, we have H' (Ker(ag®)) = 0.

We thus obtain an exact sequence of vector spaces
0 — H(Ker(ag)) — Vp @ H(0) —> V; @ HY(O(1)) —=0 .

As H°(O(1)) is isomorphic to @?_,Cz;, we can identify V; ® H*(O(1)) with V;** and
write af° as (¢1 ¢z ¢3)" where ¢; is in Hom(Vp, V7). In particular (¢; ¢z ¢3)! is surjective
with kernel W = H°(Ker(ag°)). O

Lemma 2.13. The morphism csbyay identifies V_o and Vy. Under this identification
the morphism

. @3
(alaa’27a3)' ‘/1 — V_l
s an isomorphism.

Proof. From Remark we have

0 0 0
_ ! . 1/m3 3 1/mpn _
csboay = H (Id@ (6w3 A 9w, A 0w1)) : HY(P?, F ® Qps3(2)) — H (P", F(—1)).
(2.8)

Let £ be the isomorphism between O(—2) and p3(2), and notice that we have
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We get a commutative diagram
F(=2) (2.10)

wo

0 A0 A_D
F ® 93(2§d®€<6w3/\6w2/\6w1)

F(-1).
From the fact that F' is isomorphic to (9]?; along p., and thus in particular locally

free in a neighborhood of p.,, we have an exact sequence

wo

0—F(=2) —F(-1) == 0, (-1)*" —0,

and from the vanishing of H' (pu,, O, (—1)) we immediately see that the map induced
on the first cohomology groups is an isomorphism, thus proving that csbsa; is an iso-
morphism.

Now suppose that (vy, vs,v3)" is in the kernel of (a; as as). In particular ¢;by (>, a;v;) =
0 for all choices of [ and k. From the relations this is equivalent to asking that

for each choice o in Y3 we have
Co(3)bo(2)00(1) (Vo(1)) = 0.
This implies that v; = 0 for all ¢ € {1, 2, 3}. O

From Lemmawe have that W is naturally identified with H°(F,_.). On the other
hand, the choice of a framing for F induces a fixed isomorphism between H’(F|, )
and HO(OISBO’;). Thus the choice of a framing is equivalent to the choice of a basis for
W. From now on, when we deal with this situation we write C" in place of W to

stress the fact that we are not considering the action of GL, on the vector space W.

Theorem 2.14. The monad of a framed sheaf (F, @) is isomorphic to
Vi®O0(=2) 518 0 0(-1) “> (VB e C) e 0 -V, 0(1)  (2.11)

with morphisms

0 A320+Id23 —AQZQ—IdZQ
A120+1d21 —AgZO—Ing 0 A120+Idz1
a_o=| Aszp+Id 2z |, a 1= A )
220+Id22 —Alzo—Id 21 0
A320+Id23 0 0 0
[ <A120—|-Id 21 A220+Id Z9 A320—|-1d Z3 IZO) . (212)

In particular the linear maps A; satisfy the commutation relation

[AZ',A]'] = 07 fOT l,] m ]3. (213)
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Proof. We use Lemmas and to identify V_, with Vi, V_; with V;*® and V;
with V®* @ C”. Then it follows from the relations (2.4) that we can assume that

Idy 0 0
a; = 0 , Qg = Idv , A3 = 0 s
0 0 Idy
0 0 0 0 0 —Idy
(0 0 ddv| , _fo 0 0
1o -1dy o |>?* (& 0 0 |’
0 K -J 0 L
0 Idy 0
R [ C I
3 0 0o o}
-K —-L 0
1dy 0 0
0 Id 0
t t %4 t
Cl - 0 3 62 0 ) 03 - IdV
0 0 0

Furthermore, up to composing with the automorphism (Id ®1,G ® 1,Id ®1), where

G is the matrix
Idy, 0 0 0

0 Idy O 0
0 0 Idy 0 |’
L —-K J lIdwy

we can assume that L, K and J are the zero matrices. Imposing the relations ([2.4)),
we get a monad in standard form (2.12)) and satisfying formula (2.13)). O

Remark 2.15. Note that given a framed sheaf (F, ¢), the datum of a representation

({Ai}iers, I) is determined only up to isomorphism of the monad. In other words,

considering the action of GL,, given by

we see that representations in the same GL,-orbit define isomorphic framed sheaves.

Proposition 2.16. Let Ay, Ay and As be endomorphisms of Vi such that [A;, A;] =0
and I: C" — Vi. The datum ({A;},I) defines a monad as in Theorem if and
only if the following stability condition is satisfied: the only non-trivial subspace of V;

that is A;-invariant and that contains Im(I) is Vi itself.
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Proof. Using the datum ({A;},I) we can construct a complex as in Theorem [2.14]
Let us begin by showing that a_s is injective. It is clear that «|,  is injective as a
morphism of vector bundles. Consider then a point ¢ = (1, 21, 22, 23). As a morphism
of vector bundles a_5 is not injective on the fiber (V; ® O(—2)), if and only if there
is a vector v in V such that A;v = z;v for all ¢ in I5. As the A;’s have only a finite
number of common eigenvalues we have that as is not injective on the fibers only for
a finite number of points in P, hence it is injective as a morphism of sheaves.

We are left with proving the equivalence between the surjectivity of oy and the stabil-
ity condition being satisfied. The surjectivity of aig on each fiber over p, is automatic.
So ay is a surjective morphism of sheaves if and only if ), = (A1 —21, Ao —22, A3—23, )
is surjective for every (z1, 22, 23), that is if and only if the transpose né is injective for
all z. Suppose there exists z such that 7! is not injective. Then there is ¢ # 0 in
Ker(n!) and so S = Ker(¢) contains Im(I) and is A;-invariant, since ¢(Av — zv) = 0
for every choice of v in V and 7 in I3. Conversely, suppose that a subspace S as in the
statement exists. As the A;’s commute we have ¢ # 0 in St = {¢: ¢|s = 0} such
that ¢ is a common eigenvector for the A! with respective eigenvalues z;, but then 7,

is not surjective. O

Let (Q,W) be the three-loop quiver with the superpotential W defined in Example
. As in Section , let Mg’T(Q, W) be the fine moduli space parametrising flat

families of #-stable r-framed representations of ) for 6 < 0.

Theorem 2.17. There is a bijection between the set of 1somorphism classes of framed
sheaves on P> with Chern character (r,0,0,—n) and the set of geometric points of the
scheme M (Q,W).

Proof. By Theorem we can associate to a framed sheaf (F), ¢) an equivalence class
of r-framed representations of () satisfying the relations given by the superpotential
W. Each representative is #-stable by Proposition [2.16, so that we get a point of
M (Q,W). Conversely, starting from a r-framed f-stable representation of (Q, W)
we can construct a complex as in ; the stability condition for the representation
is equivalent to the requirement that the complex is a 4-step linear monad. The
cohomology sheaf F' has the correct Chern character by construction, and it comes
equipped with a framing obtained by restricting the complex to the plane p,,. The

sheaf F' thus obtained is torsion free as it is locally free along p..; furthermore,
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restricting to P2 \ py
Vi ® Ocs

a—1 ap

¥
C" ® Oc¢s

J

C" ® Oc¢s

‘/1@3 ® O(C3

Vi ® Ocs

gives an inclusion of F|cs in C" ® Ogs. It follows from Remark [2.8/ and Corollary

that the construction we have exhibited is a bijection. O]

2.1.3 Representability of .#,,

We use the relative version of Beilinson’s Theorem (Theorem [1.31)) to prove that the
bijective correspondence obtained in Theorem ([2.17)) induces an equivalence of mod-

uli functors.

Let S be a Noetherian scheme of finite type over C and consider the diagram

P} > p3 .

|

S ——pt

We denote by O,(1) and Qé respectively the relative twisting sheaf of P over S and
the relative sheaf of I-forms of P over S. We will shorten QL @0, (k) to QL (k). Given a
sheaf F} on S and a sheaf F, on P? we write F; X F, for the tensor product p*F}, ® ¢* Fs.

It will be useful to define a sheafified version of the definition of a linear monad.

Definition 2.18. A k-step sheafified linear monad is a complex of sheaves C* on P%

of the form
VQ,]JXOPLS(Q - k’) Hngk&OPB(?) - k) — T VO&OHDS —>V1&OP3(1) 5

where the V;’s are vector bundles on S, and such that for each { # 0 the cohomology
sheaf H'(C*) is zero. The dimension vector of a sheafified monad is the collection of
the ranks of the vector bundles V;.

We will use a relative version of Beilinson’s theorem to realize families of framed

sheaves on P? as cohomologies of sheafified monads.
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Theorem 2.19 ([OSS, Theorem 4.1.11]). Let F be a torsion free sheaf on P flat

over S. Then there is a spectral sequence EP? of sheaves on P% with Ey-term given by
EF = Rfp(F @ Q' (1)) ® Opn (1)
that converges to the associated graded @, EX" of a filtration of F.

We want F to be a flat family of framed sheaves on P* parametrized by S. From the

vanishings of Lemma [2.9 we get the following.

Theorem 2.20. Let F be a family of framed sheaves on P3 with Chern character
(r,0,0,—n) over a base scheme S. Then F is the cohomology of a 4-step sheafified

linear monad with dimension vector (n,3n,3n +r,n).

Proof. We apply Theorem to F ® O,(—1). Since F is flat, for each point s we
have
Rip (FeQ (-1 -1)), 2 H (P, F, ® Qi (—1 — 1)).

We immediately see that the spectral sequence degenerates at the F-term, and hence
F has cohomology only in degree 0. The computation of the rank of the monad is

then just an application of the Riemann-Roch theorem as in Theorem [2.10] O
This is all we need to prove the equivalence of functors.

Theorem 2.21. The moduli functor #,, is representable, and it is isomorphic to
My, = ME(Q, W) for § < 0.

Proof. Given an affine scheme S and an element F of ., ,(S) we obtain a 4-step
sheafified linear monad C%. Restricting the monad to S X ps we see that C% is

isomorphic to

a1

(V ® Os) B Ops(=2) —> (VE* ® O5) K Ops (—1) —>

2L (VS @ CT) © Og) B Ops —22> (V © Os) K Ops(1)
where V' is a n-dimensional vector space and where o/, are defined by

3 3 3

a,2|pm:Z(ai X 15) X Zi, Oé*l‘poo:Z(bi X 13) X Zis 0472’1000:2(@ X 15) X Z;

i=1 i=1 i=1

with a;, b; and ¢; are as in the proof of Theorem [2.14, Imposing the conditions of a
monad on the coordinate zy we obtain a flat family of r-framed #-stable representa-

tions of @) of dimension n satisfying the relations in W. Conversely, let us consider a
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flat family of r-framed 6-stable representations of (@), W) on an affine scheme S. We
can construct a 4-step sheafified linear monad using a trivialization ({A;(s)}, I(s)) of
the family on S in the structural expressions of equation . This gives a family F
of torsion free sheaves over S with the required Chern character, and the restriction
of the monad to S X po, defines a framing for . By Theorem [2.17] this defines an

isomorphism of functors. ]

2.2 The algebraic picture: invariants

Combining Theorem and Theorem we immediately obtain the following

result.

Theorem 2.22. The moduli scheme M,,, is quasi-projective and arises as the global

critical locus of a reqular function on a smooth variety.

Let us modify the notation from Section and denote by w, , the trace of the su-
perpotential W defining the regular morphism on Mg’r(Q) which cuts out the quasi-
projective variety M (Q,W).

We have then

[Mn,’r]vir - - (_L% )2n2+7"n [(wanm} ;

and by Lemma [1.76
(G, ] = [wrp (1] = w5, (0)].

Remark 2.23. In [BJM] Bussi, Joyce and Meinhardt explained that the motivic in-
variant of a moduli problem depends on considering it as a derived scheme together
with a (—1)-shifted symplectic structure with orientation. To claim that our pro-
cedure is actually computing the motivic invariant of M,, ., we should construct on
both M,,, and M{ (Q,W) a (—1)-shifted symplectic structure and prove that the
scheme isomorphism we constructed can be promoted to an isomorphism preserving
this structure. As far as the author is aware, this is not yet understood even for the
case of the Hilbert scheme of points of C3, when r = 1. Nevertheless, the isomorphism
we constructed defines naturally a coefficient system ®,,, := ¢,,,, Q[m](%) on M, .,
where m = 2n? + rn. The weight specialization of (M, ]vir computes the weight

polynomial of M,, , with respect to this coefficient system.
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2.2.1 Direct computation of the generating series

We use the strategy of Behrend, Bryan and Szendréi [BBS| and Morrison [Mol] to

compute the generating series

DTc37T(q) =1+ Z[Mn,r]virqn

n>1

of rank r motivic degree zero DT invariants for C? by relating it to the generating
series of the class of the commuting variety. This is a very explicit version of the
technique of dimensional reduction which we will use in Chapter [d In this case, we
use the fact that a; is a cut for (Q,, W) to reduce the computation to a computation
involving just the quiver obtained from @), removing the arrow a;. The weight spe-

cialization gives the generating series of refined invariants.

We consider the commuting variety
C, ={(Y,Z) € End(C")*®?: [X,Y] = 0}, (2.14)

and we denote by ¢, its class in K(Varc). The quotient C,,/ GL,, by the action of GL,,
by change of basis gives the stack Coh, (C?) of coherent sheaves on C? supported on
points and of length n. One has

G/ GLa) = 1~

where the classes can be considered in the ring j/\/lvc by Remark

It was proven in [BM, Theorem 1’] that the generating series of the classes [Coh,,(C?)]

admits a product formula

c o o
1+) ————q" = (1-L*"*¢™), (2.15)
2 i~ L1
where both sides of the equation lie in Mc|[q]].

We recall the construction of M,,, in order to fix some notation that will be useful

in the following part of the section. Consider the affine space

V,, = End(C™)®® x (C)e.
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We have a GL,,-invariant function
Onr: (X,Y, Z,{v:})) — Te(X]Y, Z])

defined on V,,,. Given a set of r vectors {v;} we will denote by span(X,Y, Z){v;} the
vector space generated by the images of the v;’s under all the possible monomials in
X,Y and Z. For j € {1,...,n} we define

Unri ={((X,Y, Z2),{v;}) € V), : dim¢span(X,Y, Z){v;} = j}.

The restriction of &, , to U, ; will be denoted by W, ;. The variety Mgm(Q) is just
the quotient of U,, ,.,, by the usual free action of GL,, on framed representations. The
intersection of the critical locus of w,, , with U,, ,,, is a GL,,-invariant subscheme whose
quotient by GL,, is M,, .

Theorem 2.24. The generating series DT¢s, of rank r motivic DT invariants of

M,, . is given by

oco rm—1

IT I (- (=g~

m=1 k=0

Proof. We begin by proving the equality

L7+ e, = [@1(0)] — [@:1(1)). (2.16)

To start with, notice that we have an isomorphism
Vor \ &7;,{(0) — C* x @;},(1),
defined by
V=(X,Y,Z,v) — (@n,(V),0n,r(V) ' XY, Z,0).

From this it follows directly that

L — LEzh(0)] = (1 - L)(@H0)] - @2 ). (2.17)

n,r n,r

The variety End(C") x C,, x (C")®" is contained in @, (0). Its complement is an
affine bundle in the Zariski topology with base End(C")?\ C,, and fibers of dimension
n?+nr —1, as each fiber is cut out by a single linear equation in an affine space. We

then have
@, 1(0)] = L™ (Ln%n + L1 (LW - cn>) .

Substituting in (2.17) we get (2.16]).
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We now need to impose the stability condition. The affine space V,,, admits a strat-
ification indexed by the dimension of the subspace generated by the framing, so that
we have [V,,,] = > [V,.,;]- In particular,

(G0 (0)] = @t (D] = > (@15 (0)] = @, (D)) (2.18)
For a given 5 we have a Zariski locally trivial fibration

@, 1 (1) — Gr(j,n)

n,rJ

sending (X, Y, Z,{v;}) to span(X,Y, Z){v;}. We compute the class of the fiber fixing
a suitable basis. We can assume that the matrices X, Y and Z and the vectors v; are

decomposed into blocks of the form

X1 X i Y. Zy Z, Vi1
0 Xo) 7 \0 Yy)7 \0 Z)  \0)°
The condition Tr(X[Y, Z]) = 1 then becomes

Te(X1[Y1, Z1]) + To(Xa[Ys, Zo]) = 1.

We distinguish three cases. If Tr(X;[Y1, Z1]) = 1 then we have that the class of the
fiber is
(675 (D@2, (L& =),

j,T,j n—j,r

If Tr(X;[Y1, Z1]) = 0 the class of the fiber is

7 (OG5, (L7,

j,T7j n—j,r
In the remaining case, Tr(X;[Y1, Z1]) # 0,1, we get

(L — 2)[@; 1, (D)@, ()LE ==,

Collecting the results we obtain
(@ (D] = (@75 O [[@72, (D] + &5, (D@52, (0)]+
(L = 2)[@;,; (D][@, 2, (1)) [Gr(j, m)LE -0,

Reasoning in the same way, we get the expression

(50135, 0] + (L = DI (D), (D)) [Gr(mL )

j7r7j
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'rsz

for the class (@, ;(0)]. Taking the difference of the two classes and substituting (2.16)

we have

Bt (0] = B2 (10] = ens (135,500 = [35,4,(1)) [Ga(, L2009,

n7r7j n7r7] ]77‘7] ]7T7j
Now recall that the class of the Grassmannian Gr(j,n) is

[GLy]

(G0 = T, e

Substituting the result in formula (2.18]) and dividing by [GL,] we have

n

Ln2+nr Cn _ _ Cn—j I:Soaj,r,j]LTLQ—]Q’
|GL,) 2 [GL,—;] [GL]

J=0

where [z, ] is the motivic class of vanishing cycles of w;,.;. Next we notice that

_ [gpa‘j,r,j]

— (1) Jt T S
[GLJ] _( 1) ]L’ [MJJ’]VH'

Multiplying both sides by L~% ¢" and summing over n > 0 we find

i ; [GCL Sy ( L72q)" [Mj,r]m((—n’"q)f)

n=1 j=0
Finally, using the expression ([2.15]), we have

DT@S H H 1 _ L27k+%qm)

e A
m>1k>1 1 —L 2 qm)

:HH 2kt q)l

m>1k=1

-1

rm—1

=TI IT (2 -r2+2qm) .

m>1 k=0

2.2.2 Motivic invariants of M, , via wall-crossing

In this section we provide an alternative proof of Theorem [2.24, We compute the
generating series Z¢s(q) via motivic wall-crossing following the strategy of [MMNS].
This technique consists essentially of a simplification of [Moz3] where one has just

two stability chambers, giving a neat interpretation in our case of the wall-crossing
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phenomenon.

Recall that given a quiver @ one defines the Euler-Ringel form on ZY(@) by
X(nn') = Y nnl— D )
iEV(Q) acE(Q)

and its antisymmetrized version by (n,n’) = x(n,n’) — x(n/, n).

Following [KST] we define the twisted motivic quantum torus associated to a quiver Q).
This is a completion of the positive part of Kontsevich-Soibelman motivic quantum

torus, defined by
To= [] Mcy™ (2.19)

where the multiplication of two formal variables ¢ and 3 is given by

n ,n 1) (o) n+n’
yf . yf — <—]L2) nyrf .
Remark 2.25. If () is symmetric, the quantum torus is commutative.

Now consider the quiver with superpotential (Q,«, W) of Section . Recall that the
choice of a pg-stability consists in the choice of a vector § = (6,6p) in R?. In this
case we have just one wall which is given by the line [ defined by the equation 6., = 6.
We denote by [~ the chamber where 0, > 6, and by [< the other open chamber. The

following lemma summarizes describes ug-stability of framed representations of Q,.

Lemma 2.26. Let V = (X,Y,Z,{v;}) be a representation of Q, with dimension

vector v satisfying vo, = 1. Varying the stability parameter we get:

e for O € 1~ the representation V is semistable if and only if it is stable if and
only if span(X, Y, Z){vi} = Vp;

e if 0 =0 then V is strictly semistable;
e if 0 €< then V is semistable if and only if it is stable if and only if Vo = 0.

It is easy to describe the Harder-Narasimhan filtration of a representation with respect
to the choice of stability in the various chambers, and we refer to for a

pictorial representation of the behavior of the HN-filtration when crossing the wall.

Lemma 2.27. Let V = (XY, Z,{v;}) be a representation of Q, with dimension

vector v such that voo = 1. Then:
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e if 0 € [~ then the HN filtration is 0 C W C V where W is the representation
obtained restricting X, Y and Z to span(X,Y, Z){v;}. In this case we will denote
0 by O+

e if 0 =0 then the HN filtration of V is trivial;

e if 0 € 1< then the HN filtration is 0 C W C V where W is the subrepresentation

based at the vertex 0. In this case we will denote 6 by 0.

>

@ @ 0 eoviagm

”
” <

Figure 2.1: Change of H N-filtration when crossing the wall.

Given an integer n we will use the notation
Ai: = [Mnfoj (QJ W)]vir

for the motivic Donaldson-Thomas invariant of the moduli space of r-framed repre-
sentations of (Q, W) with stability condition §*. We then define

AU,n = [Mrgr(Qv W)]vira

to be the virtual motive of the stack of framed representations with no stability

condition imposed, and finally we define

BUJL = [MS(Q’ W)]Vir>
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the universal virtual motive for unframed representations.

We define then the corresponding elements in the quantum torus:
A5 Y gy,
Ay = Z Ay ny™™;

By =Y Bu.ym.

Remark 2.28. The definition of the product on 75 gives
1 nr n
y Oy B0 = (—Lz)mrythn), (2.20)

Notice also that
To = To o Do/
d

and 7Tg is a commutative subalgebra, so we can rewrite A1 as
AT = Zes, ((—L73)y00) - 10,

We combine powerful results proven by Mozgovoy in [Moz3], following in the case of
quivers with a cut the original work of Kontsevich and Soibelman [KS1], with Lemma
together to get the following theorem.

Theorem 2.29. We have the relations
Ay = ATBy = By A~ (2.21)
i the twisted quantum torus 72%

Remark 2.30. Without going into too much detail, we give an idea of why this relation
must hold. Let’s concentrate on the “6%” equality. Given a representation V of the
quiver Q,, we have a 1-step HN filtration with respect to 8% which is given by 0 C
V*t C V, where V7 is 6*-stable. The quotient V/V* is an unframed representation
of Q. Thus every representation of Q, is an extension of a #*-stable representation
by an unframed representation. This induces relations in the motivic Hall algebra
which induce via the integration map a relation between the motivic DT invariants
in the twisted quantum torus. We refer to [Moz3, Section 5] for a formal proof of this

result.
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Notice that there is only one 6~ -stable representation of Q, with framing rank 1,

namely the only representation with dimension vector (1,0). This immediately im-
plies that A~ = y10),

From Remark 2.28 and Theorem 2.29 we have:
Zes((—L72) Oy . 0. By (yOD) = By (O . y(10),
and using again equation (2.20)) we see that

-1 T T
Zes <(_L ) y<o,1>> By (L7y®D) - 419 = By, (yOV) . 410,

Writing (—L~2)"yY = ¢, we have

(2.22)

Zes(q) = B, <(—L_é)Tq)‘

In this way the problem is reduced to the computation of the universal generating
series BY. Using ([2.16) we can reduce the computation of By to the generating series

for the stack of the commuting variety. We have then

:ﬁﬁ ]Lka

m=1 k=1

Substituting in (2.22)) we obtain the formula.

2.2.3 Combinatorial description of the invariants

The following purely combinatorial observation relates the generating series D7¢s ,
for the virtual Poincaré polynomial of the moduli spaces M, , to some counting of

3D partitions.

A 8D partition 7 is the datum {m;;};; of some non-negative integers m; ; such that
Tij > Tit1,j, Tij > Ti+1 and such that the volume |7| = > m; ; is finite. The number
m;; can be interpreted as the number of boxes that are piled in position (7,j) in
the tessellated positive quadrant, so that one can associate to a 3D partition some
configuration of boxes in the positive octant of the 3-dimensional space. Given a

partition 7 denote by wy(7) the number > 7, of diagonal boxes, with w_(7) the
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number . ;

above the diagonal. Set

7;; of boxes below the diagonal and with wy(7) the number of boxes

]/\\/[/r(q,t) = H ﬁ (1 _ t4+rmf2kq )71 ’

m>1 k=1

so that W(D1gs,.) = M((—l)’"q, t2), where W (D1T¢s ) is the generating series of the

virtual weight polynomials of M,, ,.

If we set t = 1 we obtain, as explained in Section the classical DT invariants of

M,, ;. The series we obtain in this way is

1+ 3 DM, )" =[] - ((1)g") ™ (2:23)

n>1 n>1

Up to a formal change of coordinates z = (—1)"q, this series is the r-th power of the
MacMahon function M(z) = [],5,(1—2")"". By a celebrated theorem of MacMahon

[M] the coefficient of 2™ in M(z) counts the number of 3D partitions of volume n.

We consider the action of a torus 7\ = C3 on the moduli space M,,,. For a given A

in C* let 0, be the automorphism of P3
Ox: (20, 21, 22, 23) ¥ (20, A21, Az, A23),

and let {x: OF7 — OP" be the isomorphism rescaling sections by A. We define an
action of T on M,, , by
(£, ¢) — (63(F), ¢"), (2.24)

where ¢’ is the composition

* 03(¢) r r £ T
¢/ : eA(F) |poo AH OSBOO Ogaoo - OIEJBOO :

The fixed points of this torus action are r-tuples of ideal sheaves &;_,Z; on P? with

the trivialization at p., induced by the composition

and such that the scheme defined by Z; is invariant by the action of C* corresponding
to rescaling the coordinate on P3. Thus, in analogy with the rank 1 case of the Hilbert
scheme of points on C3, the classical DT invariant of M,, , counts the number of torus

invariant sheaves weighted by the coefficient (—1)"" which account for the value of
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the Behrend function of Theorem [1.54] at the torus invariant locus.

In [BBS] the authors prove that the generating series D71¢s; has the combinatorial

Mi(q.t) =YY 7@ (2.26)

n>0 wkn

description

where the sum runs over the set P, of 3D partitions of n and where
on: By — 7, 0,=3w)+w, —w_. (2.27)

We can rewrite M, (t, q) as

T m

H H H (1 . t4+mf2k<tr+1f2iq)m)_1 :

i=1 m>0 k=1

and using equation ([2.26) we have

ﬁ Z to'\-ni\(Wi)+(r+1*2i)|ﬂ'i|q‘7ri"

=1 m;

where each sum runs over the set of 3D partitions. Interchanging sum and product

we get the final formulation

Z H {1l (T 1=2DIm] il (2.28)

TLyeensTp 2=1

where the sum runs over r-tuple of partitions {m}ie{l,m,r}. We thus obtain the follow-
ing combinatorial interpretation for the weight polynomial W ([M,, ,]vir): the alternat-
ing sum of the dimensions of the weight & part of the hypercohomology H*(M,, ., ©,, )
is the number of r-tuples of 3D partitions {7;};c1,.. 4 such that >, |m;| = n, and such
that

Onr({mi}i) Z Oy (M) + (r + 1 = 20)|m;| = . (2.29)

Remark 2.31. Tt has recently been proven by A. Morrison [Mo2], following some ob-
servations made by Hausel and Rodriguez-Villegas [HRV), Section 5], that the weight
polynomials of M,,; = Hilb"(C?) have Gaussian behavior for large n. More pre-
cisely, the renormalized function o, = n_%an: P, — R defines a random variable
on the identically distributed probability space of 3D partitions of volume n. Morri-
son shows that as n — oo the distribution of the random variable &, converges to a
normal distribution with mean p = 3£(2)/(2¢(3))3 and covariance o2 = 1/(2¢(3))3.
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Several computer experiments show that the behavior of the weight polynomial of
M,, , is very similar for r > 1 to that observed by Hausel and Rodriguez-Villegas
for the Hilbert scheme of points on C3. We conjecture that there exists a suitable

renormalization o,,, of o, , which converges as n — oo to a normal distribution.
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2.A Stability of framed sheaves on P

In this appendix we show that a framed sheaf on P which is trivial on a hyperplane
is automatically stable in the sense of Huybrechts and Lehn [HLJ, and hence in par-

ticular has no non-trivial automorphisms.

Denote by ps a fixed hyperplane in P, and let H be the polarization defined by p...
Following Huybrechts and Lehn we will say that a pair (F, ¢) is a framed module on P™
ifo: FF — (’)Si’; is not the zero map. Fix a rational polynomial with positive leading
coefficient . A coherent module (F, ¢) is (H, d)—semi-stable (or simply semi-stable
if (H,0) have been fixed) if for any framed subsheaf (F”, ¢/)

T(PF/ — 5) S T,(PF — (5), (230)
and for any subsheaf F’ contained in the kernel of the framing ¢
T‘PF/ S T’,(PF — 6) (231)

Here we denote by Pg the Hilbert polynomial x(E ® Opm(kH)) of a coherent sheaf
E on P™. In the usual way we define a coherent module to be stable when the
inequalities and are strict for all proper subsheaves of F'. A theorem
[HL, Theorem 0.1] of Huybrechts and Lehn states that GIT allows us to construct
scheme-theoretic moduli spaces of (semi)-stable coherent modules for more general
choices of varieties and framings. We present here the version for P that will be of

interest to us.

Theorem 2.32. Fix a rational polynomial § of degree at most n and with positive
leading coefficient. There exists a projective scheme M. (P™,0) which is the coarse
moduli scheme for the moduli problem parametrising flat families of semi-stable co-
herent modules on P™ with Hilbert polynomial r Po,,, —n. The scheme M35 (P™,0)
admits an open subset M (P™,0) which is a fine moduli space for the moduli problem

parametrising flat families of stable coherent modules.

The next proposition proves that the generalization for P of the moduli functor M,, .
of Section defines an open sub-functor of M?*(P™,§) for a choice of § = §(n,r)
sufficiently large.

Proposition 2.33. Let (F,¢) be a framed sheaf on P™, that is a pair consisting of
a torsion free sheaf F on P™ and an isomorphism ¢: F|, . — Opn. Then (F, ) is
(H,0d)-stable for each choice of 6 > (—=1)"(rk(F) — 1) ch,,(F).
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Proof. Recall that F' embeds into Op, and since F' is framed along p., it has Chern
character r 4 (—1)™nh™, where h is the class Poncaré dual to the cycle of the hyper-
plane po.. In particular, F' has singularities on points. Since ¢ is an isomorphism,
the condition is automatically satisfied. It remains to prove that holds.
Suppose that (F’, ¢') is a framed subsheaf of (F, ¢) of strictly smaller rank r’. Since
we are assuming § > (r — 1)n, we have that

r—r

J.

’
PF/ST/X(Opm(/{ZH))<T7PF+5 ,

We are left with the case when rk(F’) = rk(F'). Denote by G and G’ the quotients
Opn /F and Opn /F’. Both G and G’ are supported on points and we have a surjection
G" — G. We have then Pp = rPp,, —n’, where n’ > n, so that is indeed
satisfied. O

2.B Some vanishing theorems for framed sheaves
on P

The following classical theorem due to R. Bott describes the dimensions of the sheaf

cohomology of P with coefficient in various twists of exterior powers of the cotangent

bundle Qpm.
Theorem 2.34 ([OSS| Bott Formula]). We have

ey (Y ifa=0, k> p;

p

1 ifk=0, p=g¢;
e (P™ QF,. (k) = _ e _ ' ’ 2.32
( pm (K)) (E:p)(rf_pl) if g =m,k <p—m; (232)
0 otherwise.

Theorem 2.35. Let F' be a torsion free sheaf on P™ isomorphic to Opm along a

hyperplane po, with m > 2. Then,
HY(P™", Fo M. (p—1)=0 (2.33)
for q # 1 and for all p, where we define Q... to be 0 for negative p.
Proof. Tensoring the short exact sequence of the hyperplane p,, by F(k) we obtain
0—F(k—1)—= F— Opm-1(k) —=0.

Then we have:
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H(F(k —1)) 2 H(F(k))  for k <0, (2.34)
HY(F(k—1)) 2 HI(F(k)) for g € {2,...m — 1} and for all k, (2.35)
H™(F(k — 1)) = H™(F(k)) for k > —m + 1. (2.36)

From Serre’s vanishing theorem and equation we immediately see that H™ (P™, F(k)) =
0 for kK > —m. Since F is torsion free there is an embedding F' — L for a certain
direct sum of line bundles £. Hence, by Serre’s duality and Serre’s vanishing theo-
rem, we obtain starting from equation that H°(P™, F(k)) = 0 for k < 0. From
Serre’s vanishing theorem and we have that HY(P™, F'(k)) = 0 for all k if we
assume ¢ € {2,...,m — 1}. Recall that for any p € {0,...,m} we have an exact
sequence
0—= 8. (p) —= A" (O ™) — Qb (p) — 0. (2.37)
Tensoring this sequence by F'(k) implies immediately that from the isomorphisms
— that we have just deduced
HY(F @ QP(k)) = 0 for k < p; (2.38)
H™(F @ QP(k)) =0 for k> p—m. (2.39)

Rewriting part of Theorem [2.34] we have

HYP™, F @ Qpm(k)) =0for g €{2,...,m —1}. (2.40)
Using equation and the vanishing of the cohomology of the twists of the F'(k)’s
we see that

HY(P™ F @ Q8. (k) =0 for g € {2,...,m — 2}; (2.41)

HYP™, F @ QY (k) =0 for g=m — 1, k > 0. (2.42)
Proceeding by induction and using the long exact sequence in cohomology induced
by , we obtain in particular

HY(P™ F@ QL. (k) =0forqge{2,...,m—1},k > 0. (2.43)

Hence, all the cohomology vanishings listed in the statement of the theorem are
satisfied. O

Remark 2.36. Using Theorem ({2.35]) one can proceed in complete analogy with the P?
case to describe framed torsion free sheaves on P of cohomological type r+(—1)"™nh™
in terms of representations of an r-framed quiver with one node and m loops satisfying

commuting quadratic relations.
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Chapter 3

Refined Invariants for Higher Rank
Stable Pairs on the Conifold

We consider the moduli functor P, ,(X) parametrising families of higher rank stable
pairs OY" —>= F on the toric projective bundle X = P(O @ Op:(—1)%?) for a par-
ticular choice of limiting stability condition, studied by Sheshmani in [Sh1l [Sh2]. We
begin by using the relative Beilinson spectral sequence Theorem for projective
bundles to realize P, ;(X) as a moduli problem Mg (P!, r) parametrising vec-
tor bundles on P! with some extra decorations, following very closely Diaconescu’s
approach of [Dil]. More precisely, this reduction to P! leads us to consider asymp-
totically stable ADHM sheaves on P! with higher framing rank with respect to the
choice of line bundles L; = Op1(1), where the ADHM relation in the decoration of
the sheaves is a relative version of the classical ADHM relation for framed sheaves
on P? [ADHM]. The moduli scheme M7, (P, ) is isomorphic to the moduli space
of PT-stable representations of the (r,0)-framed conifold quiver with superpotential
of Example where PT-stability is a particular choice of a (limit) King stability
condition. This generalizes to higher rank the description given for rank 1 by Na-
gao and Nakajima in [NNJ, and it gives an alternative proof for their results (only
in the PT-chamber) for the rank 1 case. It follows that the moduli functor P, ;(X)
is represented by a proper scheme P, which is the critical locus of a regular func-
tion wy 4, on a smooth quasi-projective variety. Using this description we compute
the generating series of motivic/refined Donaldson-Thomas invariants employing the
techniques developed in [MMNS]. If we denote by Zx,(s,T") the generating series

S o[Py glvies™T?, we have the factorization

rn—1

Ze, (1. T) = [T T] (1 - L%—j—%s”T) .

n>1 j=0
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As the conifold superpotential admits a cut and the critical locus is proper, it follows
from the work of Davison, Maulik, Schiirmann and Szendréi and [DMSS| Corollary
3.1] that the cohomology with respect to the topological coefficient system ®g,,, =
Gusy. Q[m] (%) is pure, where m = n? + (n—d)?+nr is the dimension of the ambient
space. It follows that the specialization L: = ¢2 computes the generating series of

the virtual Poincaré polynomials:

The numerical specialization I. = 1 gives the generating series of the numerical
Donaldson-Thomas invariants of higher rank stable pairs:

Y DT(Pr(X)Ts" =[] (1= ((=1)"s)"T))",

n,d n>1

recovering the computations performed by Sheshmani in [Sh2] using virtual localiza-

tion.

All of this carries through with minor modifications to the case when we replace X by
the projective bundle P(O%? & Opi(—2)), extending the constructions to the case of
the compactification of the line of resolved A;-singularities. Since this example does
not differ significantly from the one of resolved conifold, we relegate a brief discussion
of higher rank pair invariants on X to the Appendix [3.A]

The main motivation for these constructions has been the desire to compare invariants
of rank r stable pairs to invariants a la Nekrasov counting U(1) instantons on the
resolution of A,_j-surface singularities, as suggested by geometric engineering and
in [MO]. Unfortunately, our attempt does not seem to be very fruitful for these
purposes, since despite the fact that the threefold and surface partition functions
factorize in very similar ways, we are not able to find a suitable change of variables
bringing one to the other. This is in line with the recent observations of Nekrasov
and Okounkov [NO] that some extra interactions between the rank 1 contributions
must be taken into account in order to realize a full correspondence between the two

counting problems.

3.1 The moduli spaces

In this section we describe the two moduli spaces which are the main objects of interest

of the current chapter, together with the moduli space of (r, 0)-framed representations
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of the conifold quiver with superpotential of Example [1.6

3.1.1 Higher rank stable pairs

The study of pairs consisting of a sheaf E' on a smooth projective variety X together
with some section V®QOx — FE is a relatively classical subject, and it was extensively
studied by several authors beginning with Le Potier. More recently Pandharipande
and Thomas [PT1] understood that the moduli spaces of these objects (for some par-
ticular choice of limit stability) are in a sense the right moduli spaces to be considered
when studying the enumerative geometry of curves lying on Calabi-Yau threefolds.
The key reason for preferring moduli of stable pairs rather than Hilbert scheme-like
moduli spaces is that the former moduli problem eliminates the contributions com-
ing from points which lie outside of the curves one is meant to count, thus ensuring
properness of the moduli spaces also when the CY variety is quasi-projective. This
makes their invariants well suited with respect to the (in part still conjectural) cor-

respondence with Gromov-Witten invariants.

Denote by X a smooth projective threefold. A rank r (framed) pair on X is a pair
(F, s) of a sheaf F supported in dimension 1 and a (multi-)section s: OY" — F. We
will consider morphisms between pairs preserving the source of the section, so that a
morphism of pairs p: (F,s) — (F’,s") consists of a map p: F' — F’ which sits in

the commutative diagram

oY 2 F

J !

oy — F

Notation 3.1. In order to keep the notation as light as possible, we omit the adjective
framed for higher rank stable pairs with morphisms as just described. Framing is
crucial for all of our constructions, so for the rest of this chapter the reader should

assume that we do not consider anything other then the framed case.

A pair (F), s) is said to be stable if F' is pure and coker(s) is supported on a finite set

of points.

Remark 3.2. As presented here the definition of stability for pairs might seem ad
hoc. It has been shown by Pandharipande and Thomas [PT1, Lemma 1.3] that the
condition of almost surjectivity of the section s arises naturally as the limit of a more
familiar type of stability condition. The authors consider the limit of a family of

stability conditions depending on the datum (H,d) of a polarization H for X and a
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rational polynomial § as the leading coefficient of § goes to oo, in a very similar way
to what we have done in Appendix for framed sheaves on P". We refer to their

work for a careful explanation of this.

We will say that a rank r stable pair (F,s) on X is of type (n,) when chy F' = 3,
for some class § € Hy(X,Z), and we have x(F') = n, where y here denotes the sheaf

cohomology Euler characteristic.

Now let T" be an affine scheme. A family (Fr, st) of rank r stable pairs of type (n, ()
over T' is the data of a coherent Oy r-module Fr flat over T together with a multi-
section sp: OY. , — Fr such that for every geometric point ¢ € T the restriction
(Erli, s7l¢) is a rank r stable pair of type (n, 8) on X x {t}. We say that two families
Fr and F} over T are isomorphic if there is a morphism pr of Oxxr-modules that

makes the diagram

or ST
OX xT FT
Idl lPT
Dr 51
OX xT Fr

commutative. We denote by P, ; the moduli functor AffSchemes — Set” which

parametrises families of rank r stable pairs on X.

Sheshmani understood that considering moduli problems for higher rank stable pairs
with framing, or in his terminology highly frozen stable pairs, one eliminates the

automorphisms of the objects. Hence P ; is represented by a scheme.

Lemma 3.3 ([Sh2, Lemma 3.6]). Suppose p: F — F defines an automorphism of
the stable pair (F,s). Then p =1dp.

Proof. There is a commutative diagram

oLr . Im(s) . F
lld J/Id lp
oY - Im(s) - F,

where ¢ is the inclusion map. Since s has cokernel () supported on points, if we apply

Hom(., F') to the short exact sequence

0 —Im(s) F Q 0,
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we obtain a short exact sequence
0 — Hom(Q, F') — Hom(F, F') — Hom(Im(s), F') — 0.

From the assumption of purity it follows that Hom(Q, F)) = 0 and so there is an
isomorphism Hom(F, F') = Hom(Im(s), F'), sending the morphism p to ¢. But then
p=1Id. [l

This is one of the essential ingredients in the proof of the following theorem.

Theorem 3.4 ([Sh2, Theorem 3.7]). The moduli space P, 5 is represented by a scheme
Pls.

As mentioned in the introduction of the chapter, we will be particularly interested
in the case when X is the projective bundle P(Op1 & Opi(—1)%2) over the projec-
tive line. The threefold X is a toric projective bundle which is a compactification of
X = Tot(Op1(—1)%?) obtained by adding the divisor P(0 & Opi(—1)%?) = P! x P!
at co. We will denote the complementary divisor X \ X° by D, its class in coho-
mology by H, and the cohomology class of a fiber by F. The rigid rational curve
b = P(Op @ 0%?) is disjoint from D, and its class 8 in Hy(X,Z) spans the entire
kernel of - N H.

]Pal

Figure 3.1: Compactification X° C X (divisor D, light grey, curve b bold).

We will denote by P, the proper moduli scheme representing the moduli problem

for rank r stable pairs of type (n,df).

Remark 3.5. The condition that the support of F' must be disjoint from D., implies
that the relevant geometry of the problem is happening on X°, which is a local CY
threefold. Similarly to the case of framed sheaves on P?, we compactify the CY
geometry to a projective variety to use the classical techniques for studying sheaves

on projective spaces or projective bundles.

84



3.1.2 Moduli of ADHM Sheaves

Moduli spaces of sheaves on complex algebraic varieties satisfying some ADHM type
relations have been studied by several authors in different contexts. A particularly
interesting case is when such a moduli space arises from a reduction process starting
from a moduli space of sheaves on a local Calabi-Yau threefold fibered over a curve
[Sz2]. A systematic approach to the subject has been carried through by Diaconescu
during the last few years; see for instance [Di2]. This brief introduction to ADHM

sheaves is strongly influenced by the mentioned above papers.

Let X be a complex projective variety, and let L; and Lo be two line bundles on X.
Denote by L5 the tensor product Ly ® Ls. Let E be a coherent sheaf which will be

referred to as the framing sheaf, in analogy with the original ADHM construction.

Definition 3.6. An ADHM sheaf on X is the datum & = (FE,¢1,Pa, p,9) of a

coherent sheaf E on X and morphisms of sheaves as described in the diagram

W x\

E® Ly E .

$2®1p, %

v

Ew
These morphisms are required to satisfy the ADHM-like relation

[P1, da] + thp 1= d1(da ® 11,) — P21 ® 11,) + Y = 0. (3.1)
Notation 3.7. We will adopt throughout the chapter the following terminology: if n

and d are the rank and the degree of F, respectively, and r is the rank of the framing
sheaf E,, we will say that £ is a rank » ADHM sheaf of type (n,d).

Remark 3.8. The name ADHM sheaf is justified by the fact that, for each point x in X,
equation ([3.1)) coincides with the classical ADHM relation that arises when describing
SU (r)-instantons on R*, or equivalently torsion free sheaves F' on P? together with a
fixed isomorphism F|;_ = (’)lei: along the line at infinity /., = P'. Morally, one should
really think of ADHM sheaves as the result which one expects when considering
sheaves living on P = P(Ox & L; & Lo) with a framing along the divisor D, =
PO® Ly @ Ly).
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There are different possible definitions of morphisms of ADHM sheaves. Thinking
about ADHM sheaves as the result of a reduction from the geometry of sheaves on
the (compactification of the) total space of the rank two bundle L; & Ly — X,
different choices of morphisms correspond to different requirements on the sheaves
on the total space. Our choice is induced essentially from the necessity of avoiding

non-trivial automorphisms in order to compute refined invariants.

Definition 3.9. A morphism of ADHM sheaves between £ and £’ is a morphism of
sheaves 0: E — E’ making the diagrams

E®L--p E®Lyy—2>E., E.,—'-F
9®1L1¢ J/e 9®1L12i lld Idi le
E’®in>El E/®L12L.EOO EOOL)E/

commute.

Remark 3.10. Notice that we do not consider ADHM subsheaves with framing dif-
ferent from E.. In the literature this choice of morphisms has appeared under the
name of the Coulomb branch [CSS| [Di2].

In order to obtain moduli spaces with reasonable geometric properties one has to
introduce at this stage the choice of a stability condition. Again there is a dichotomy
in the literature, depending on the choice of Definition Our choice leads to the

following definition of stability condition, as in [Di2].
Definition 3.11. An ADHM sheaf is said to be asymptotically stable if
e F is torsion free and Im(v)) # 0;

e there is no saturated subsheaf Fy C E containing Im(¢) such that ¢;(Ey® L;) C
Ey and Im(y) C Ej.

Remark 3.12. Again in this case, as explained in [Dil]], the stability condition arises
as the limit of d-twisted p-stabilities as the parameter ¢ goes to oo.
The following technical lemma on destabilizing ADHM subsheaves will be useful in

the following sections.

Lemma 3.13 ([Di2, Lemma 2.4]). Let & be an ADHM sheaf. There exists a saturated
subsheaf Ey C E such that ¢;(Eo(L;)) C Ey and Im(y) C Ey, and such that Ey

contains all the saturated subsheaves satisfying the same properties.
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We denote by #((X, Ey),n,d) the moduli functor parametrising flat families of
stable ADHM sheaves on X with framing F., and with underlying sheaf of rank n
and degree d.

Theorem 3.14 (|Di2, Theorem 1.1]). Assume that r > 0 and n > 0. The functor
M (X, Ex),n,d) is represented by a quasi-projective variety M ((X, Fx),n,d).

We restrict now to the case when X = P!, B = 0% and the bundle L;® L, is isomor-
phic to —Kx. In this case we will denote the moduli scheme by M, (X, L1, La, 7).

We further assume that the line bundles L; and L. have non-negative degree.

Lemma 3.15. Let L1, Ly be line bundles on P! with non-negative degree such that
Ly = —Kp1. Then, the underlying sheaf E of an asymptotically stable ADHM sheaf £
in M, a) (P, Ly, Ly, 7) has no direct summand with negative degree, and the morphism

@ 1s identically zero.

Proof. Since FE is locally free on P!, it decomposes as the direct sum of line bundles.
Let Es( be the direct sum of all the summands in £/ with non-negative degree. Since
deg(L;) > 0 we have that ¢;(E>o ® L;) C E>g. Also since each direct summand of

E~y ® Lqo has strictly positive degree we have PEso@L; = 0. Then

520 = (E207 ¢z’|Ego®Lw O? w)

defines a saturated ADHM subsheaf £ of £ which contains Im(¢). But then E>q =
E from stability. [

The situation is more complicated if we drop the requirement that the L;’s have non-
negative degree. In fact, it is Lemma that allows us to employ the techniques of
Section [1.2] to reduce the study of ADHM sheaves to a problem of linear algebra.

Remark 3.16. Considering Ly = Opi1(—1), Ly = Op1(3) we run into trouble. Con-
cretely, there are stable ADHM sheaves £ with a direct summand with zero degree
in £, and Lemma does not hold for these sheaves. However, if we are required
to restrict to the setting of ADHM sheaves without degree zero summands in £ the
same argument as in Lemma [3.15| works. T'wo interesting questions arise, which will

not be addressed in the thesis, but might be interesting for future research:

e Can we describe explicitly the locus of ADHM sheaves with a degree zero sum-

mand? How big is it?
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e Once we have a description of its complement in terms of quivers with superpo-
tential, how do we incorporate the residual part? What role does it play when

computing invariants?

Notation 3.17. In the rest of the chapter we will treat the case Ly = Ly = Opi(1),
and in this case we denote the moduli space of rank r asymptotically stable ADHM
sheaves of type (n,d) by MG (P',r). In Appendix we will discuss the case
Ly = Op1, Ly = Op1(2), and the moduli spaces will be denoted by M(‘?;d) (PL,r).

3.2 From stable pairs on X to conifold-like ADHM
sheaves

Let C' be a smooth projective curve, let L; and Ly be two line bundles on C, and let
Y be the projective bundle P(O¢ & LY & Ly). Denote by b the section P(Oc &0 0)
and by 3 its class in H*(Y, Z), and denote by Dy, the divisor P(0@® L; @ Ly). In [Di2,
Theorem 1.9] Diaconescu proves that there is an isomorphism between the moduli
space P, 4(Y) of rank 1 stable pairs (F,s) of type (df,n) such that Supp(F) does
not intersect D.,, and the moduli space of asymptotically stable ADHM sheaves
M((C,0¢),d,n+ d(g(C) — 1)) with respect to the choice of line bundles L; and Ls.
Probably due to the fact that at the time there was not yet a good understanding
of moduli of framed stable pairs and their enumerative interpretations, which later
appeared in [Shl], the author did not consider the higher rank case, but the construc-
tions continue to work also in this setting, so that all of the credit for the results of
this section goes to him. We report here the main parts of the construction including
the higher rank case for the particular example of the resolved conifold, but one could
replace C' = P! with a general smooth projective curve C' and Opi(1)%? by the di-

rect sum of two line bundles on C' as above, in the same way as has been done in [Di2].

We switch to the dual notation X = Proj(Op: & Op:1(1)#?). Following the canonical
notation for projective bundles in the algebro-geometric setting, we denote by 7 the
projection to P! and we denote by V the sheaf Op1 & Op1(1)¥2. Let zg be the pull-back
of the section (1,0,0) of

H°(X,0x(1)) =2 H(P', Op1) @ H° (P, Op (1))%2, (3.2)
and by z; and z the pull-back of the sections (1,0) and (0,1) of
H°(X,0x(1) ® 7*Op1 (—1)) = H° (P, Op1)®2. (3.3)
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The following lemma is a consequence of the relative Beilinson theorem for projective
bundles ( Theorem , combined with the observation of [Di2, Lemma 6.4] that the
underlying sheaf F of a stable pair (F, s) is flat over P!, since it is pure and supported

away from D.

Lemma 3.18. Let (F,s) be a stable pair of rank r. Then F admits a locally free

resolution F*

-1

0—0x(-2) @71 (E ® Op1(2)) =2 Ox(—1) @ m(E ® Op (1)%?) L E

(3.4)
where E = R, (F), and the morphisms a_y, a_y are described by:
ay= (22— 2@y, 20 QT 1 — 21)", (3.5)
and
a_1 = (ZO & 7T*¢1 — 21,20 ® 7T*¢2 — 22) . (36)
Furthermore, the morphisms ¢1 and ¢o satisfy the ADHM-type identity
P102 — P21 = 0, (3.7)

and the multi-section s induces a non trivial morphism 1 : (9%?{” — F.

Proof. Since F is flat over P! and the restriction F, to the fiber of X over p € P! is

supported on points we have
R'm.(F) =0, i > 1. (3.8)

We denote by E the pushforward Rm,(F'). From the vanishings (3.8) the relative

Beilinson spectral sequence degenerates at the first page and the complex

0— Ox(-2)@m* R (F®Q3(2)) R Ox (-1 @7 R, (FRQL(1)) B

(3.9)
has F' in degree zero as the only non-zero cohomology. Since F' is flat the sheaves
R, (F &€ (i) are locally free on P! for all choices of i. Tensoring the Euler sequence

by F and pushing forward we get an exact sequence
0— R (FROL(1)) — R, (F@m* V) —=R% 1, (F(1)) —0, (3.10)

where 7 is (¢o, ¢1,¢2) and where ¢; denotes R°m,(Idr ®2;). Since F has support

disjoint from D, the morphism z, identifies F' and its twist F'(1), and so ¢¢ is an
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isomorphism. In this way we can identify R°m.(F®QL(1)) and E ® 7*Op (1)%2.
Identifying further Q,(2) with Ox(—1) ® Op1(2) we obtain a complex

o3

Ox(—2)@m* RO, (F(—1)@7*Op1 (2)) —>

Ox(=1) @7 RO, (F@7* Op1 (1)92) —> 7* RO, (F (1)) (3.11)
whose only cohomology is F' in degree 0. By Remark the morphisms a_s and

«_1 can be written as

a1 = (20® ¢p1 — 21 ® o, 20 @ P2 — 22 @ )

t (3.12)
a_g = (22 ® ¢ — 20 @ P2, 20 ® p1 — 21 ® ¢y)’,

and from the fact that ¢o: R°7,F — R7,F(1) is an isomorphism we get the desired
complex. The fact that the ¢,’s satisfy the ADHM-type identity follows directly
from the fact that is a complex. From the functoriality of the Beilinson spectral
sequence we get a non-zero morphism ¢: O — F.

O

By Lemma we can construct a conifold-like ADHM sheaf €& = (E, ¢1, ¢o, )
starting from a pair (F,s). Conversely, starting with an ADHM sheaf on P! one can
pull back the datum to the projective bundle X, and construct a diagram of the form
(3.4). The following two lemmas show that the ADHM sheaf constructed starting
from a stable pair (F,s) is asymptotically stable, and that the complex associated to

an ADHM sheaf naturally defines a stable pair.

Lemma 3.19. The ADHM sheaf £ constructed in Lemma 15 asymptotically
stable.

Proof. We show that if & C £ is a destabilizing subsheaf then the pair (F,s) from
which F was constructed is not stable. The idea is to show that for a point p in
P! the restriction s|, of the multi-section to the fiber is not surjective at a generic
point, using a result of Nakajima for framed sheaves on P2. Let p be a point in the
base, and denote by X the subvariety of the fiber not intersecting D, and let ¢;
denote the restriction of the pullback 7*¢; to X7. By Lemma the multi-section

s is surjective on X7 if and only if the morphism

a2|xe @Yl xg

(B, ® B, ®C") ® Oxg E, ® Oxg (3.13)

is surjective, where 042|X3 = (21— @1, 22— P2). By [N, Lemma 2.7], this is equivalent

to the fact that E, does not admit a subspace Ep closed under ¢;, and containing
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Im(¢,). For a generic p in P! the restriction of the ADHM subsheaf E' to p gives
such a subspace. Hence the pair O" — F' is not generically surjective and we have
a contradiction. O
Lemma 3.20. Let £ be an asymptotically stable ADHM sheaf. The complex
0—O0x(~2) @7 (E® Opi(2)) —> Ox(-1) @ 7*(E @ Op: (1)92) ——> 1*F
(3.14)

has cohomology just in degree 0, where
g = (22— 2@ T Pa, 20 @ T 1 — 21)",
and
a1 = (20 @7 P — 21,20 @ T g — 22)
If we denote by F its cohomology in degree 0, then 7*(v): OY" — F is a stable pair

of type (deg(E) — rk(E),rk(E)).

Proof. Suppose a5 has non-trivial kernel. Then, Ker(as) is torsion free, so that it
is locally free outside a codimension 2 subvariety Z. Hence if we restrict to the fiber

over a generic point p of P! the morphism

o2 xp

Ep ® OXp (Ep &b Ep) &® OXp (3.15)

is generically not injective. But this contradicts the fact that such a map can only
have finitely many zeros by [N, Lemma 2.7]. Notice that since for a generic point p in
P! the restriction ao x, has only finitely many zeros, the cokernel coker(ay) is locally
free in codimension 2. This together with the fact that coker(aw) is the quotient
of two locally free sheaves implies that it is torsion free. Hence the cohomology

Ker(ay)/Im(ay) is torsion free. Since we have
g =(a_g1,a 92)" = (=20 ® ¢+ 22, =20 @ 1 + 21), 1 = (—a_92,021), (3.16)

it is enough to prove that one of the two restrictions of a_5 and a_5; to a point
y is an isomorphism in order to prove that the stalk Ker(oy)/Im(as), = 0. But
again from [N, Lemma 2.7] this gives a codimension 2 condition, so it follows that

Ker(ay)/Im(ay) = 0 because it is torsion free.

Now we denote by F' the cohomology in degree 0. We need to prove that 7*(¢): O%" —
I is a stable pair. First of all notice that the support of F' must be disjoint from
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D, since the sections z; and z; cannot vanish simultaneously on D.,. Using the fact
that (3.4) has F as its only cohomology and 3 = H?> — 2HF, we see that the Chern

character of F satisfies
cho(F) =0,chy(F) = 0,chy(F) = rk(E)S (3.17)

where 7k and deg denote the usual rank and degree of E, and x(F') = deg(E)+rk(E).

First we show that the cokernel of s = 7*(1)) is supported on points. Suppose that s is
not surjective at a point x in X. Localizing at x and then dualizing this is equivalent

to the fact that the morphism of vector spaces
E,®C(z) — E,(E,® E,®C") ® C(x), (3.18)

is not injective, where E, as usual denotes the fiber of E at p = w(z). Again by
[N, Lemma 2.7] this implies that there is a proper subspace £, which is closed under
the restriction of the ¢;’s to p and which contains Im(v,). If we assume that the
cokernel is not supported on points, such a subspace would exist for all p in P!, since
the support of the cokernel is at least one-dimensional and does not intersect D..
But then the canonical saturated ADHM subsheaf £ of £ defined in Lemma [3.13 has
rank strictly smaller than the rank of £ and so it is destabilizing. It remains to prove
that F'is pure, and from [Di2l Lemma 6.4] this is equivalent to proving that F' is flat
over P!, This is not affected by the change in the rank of the framing, so we refer to
[Di2, Proposition 7.7]. O

Proposition 3.21. The constructions of Lemma and Lemma define a bi-
jection between P, 4(X) and My, _q(P*,r).

Proof. Lemma [3.18 shows how to construct an asymptotically stable ADHM sheaf £
starting from a stable pair (F,s). Suppose p: (F,s) — (F’,s') is an isomorphism
of pairs. Since the Beilinson spectral sequence is functorial we get an isomorphism
®(p) of the corresponding complexes (3.9), and this in turn gives an isomorphism
®(p) between the complexes F* and F * which define £ and £. This implies directly
that R7,(p): £ — E’ induces the desired isomorphism of ADHM sheaves, since it

satisfies the compatibility conditions because (f)(p) is a morphism of complexes.

Lemma shows how to construct a stable pair (F,s) from an ADHM sheaf. In
particular, if £: & — &’ is an isomorphism of ADHM sheaves the pullback 7*(&)
defines an isomorphism of complexes (3.20). This induces an isomorphism between
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the cohomologies F' and F’. The compatibility condition for the framing morphisms
in Definition [3.9| implies that this is an isomorphism of stable pairs. The two con-
structions thus pass to the level of isomorphism classes, and it is not difficult to verify

they are mutually inverse. O]

We now want to prove a version of Proposition that holds in families. Similarly
to[2.21] it is based on a relative version of the Beilison theorem for projective bundles.
Let X7 be the product X x T" and let py be the projection onto T". Denote by Ox.,.(j)
the pullback p5O,(j) and define Qx,. := p5Q,. Considering the diagram

XT X]plT XT *>p2 XT (319)
pll \LWT
Xy —F—>PL

we have the following theorem.

Theorem 3.22 ([Di2, Lemma 7.1]). Let Frr be a sheaf on Xr, and assume Fr is flat

over T'. Then there is a spectral sequence EE? of sheaves on Xp with Ey-term given
by
Eff = m:RMmr. (Fr @ Oy (1) © Ox,. (1)

that converges to the associated graded ®;E" of a filtration of Fp.

As mentioned at the beginning of the section, the following theorem is implicit in the

work of Diaconescu [Di2, Theorem 1.9].

Theorem 3.23. The moduli space Pnfd(X) is isomorphic to the moduli space of

conifold-like ADHM sheaves M7 (P r).

Proof. Let T be an affine scheme and let (Fr, s7) be a family of stable pairs over T
Since Fr is flat over T and F} is flat over P! for all ¢t € T', we have that Fr is flat

over P! x T. Hence for each t in T we have
Ri7TT*(FT & Q;q];(_j))hplx{t} = Riﬂ{t}*(F{t} ® Qﬂ{t}(_j)) =0, (3'20)

where 7y the restriction of mp to X x {t}, because the restriction (Fr|gy,srl:) is a
stable pair. By Theorem [3.22| if we denote R" mr«(Fr) by Ep, we get a complex of
sheaves F7.
Ox, (~2)®7* RO, (FR Q% (2)) 222 Oy, (—1)@7* Rop. (FROY, (1) 2225 73 By
(3.21)
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whose only cohomology is Fr in degree 0. Proceeding as in Lemma but relative
to T', we can construct a quasi-isomorphic complex

a1

Ox,(—2) ® m(Er ® Op1(2)) —> Ox, (1) @ 7*(Er @ Op (1)*?) —> 1" Er,

(3.22)
where o' and a;” are the relative version of and . This constructs a flat
family of asymptotically stable ADHM sheaves (Er, ¢r1, dra, RO7r.(s7)), since the
ADHM equation and the asymptotic stability can be checked pointwise. Conversely,
if we start with a flat family of asymptotically stable ADHM sheaves on PX. we can
pull-back the datum to obtain a complex of the form (3.22)). It can be checked
by restricting to each single fiber that the only cohomology Fr sits in degree zero.
The pull-back 77%.(¢r) defines a multi-section sr, and by Lemma the restriction
(Erlt, st|¢) is a rank r stable pair. By Lemma 5.3 of [Di2] we obtain that Fr is flat
over T so that (Fr, sr) is a family of stable pairs. From Proposition we see that

the two constructions are inverse to each other. OJ

3.3 From conifold-like ADHM sheaves on curves
to moduli of quiver representations

This section is devoted to the construction of a scheme-theoretic isomorphism be-
tween M7, (P!, r) and the moduli space M(en va.a) (@), W) of O-stable (r, 0)-framed
representations of the conifold quiver @) with superpotential W depicted in [Figure 3.2]
where 0 is a particular choice of stability condition appearing in the literature un-
der the name of Pandharipande-Thomas stability [NN]. We proceed in analogy with
Chapter [2] i.e. we first establish a bijection at the level of geometric points by means
of the Beilinson spectral sequence (L.F]), and then we prove that this extends to the

level of families, thus giving an isomorphism of moduli spaces.

ai
0

Figure 3.2: The framed conifold quiver @), ).
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The following lemma, due to K. Nagao and H. Nakajima [NN| Lemma 4.4], describes
the chamber decomposition of the space of King stability conditions for the framed
conifold quiver. Following the conventions of Chapter [I} it is important to recall that
a vector 6 in R? defines a King stability condition for the framed quiver Qo) with
dimension vector d by taking 0 = 0(d) = (—0 - d, 0).

Lemma 3.24. Consider the set of walls £ in R? consisting of the lines depicted in
[Figure 3.3

o Lv—ir—z = {(90,91)2 (m — 1)90 + m01 = O},
[ LO = {(90,01)1 00 + 91 = 0},
° L;} = {(00,01)2 m90+(m—1)«91 :O},

where m ranges through all the positive integers. Suppose that 0 does not lie on one

of the walls in L. For any choice of dimension vector d the King stability condition

0 of Q) 18 generic.

PT
(m +1)0y +mby =0
DT 0o +6, =0
\—’ \
mby + (m+1)0, =0
0, =0
NCDT/Sz.
4——\
DT
Oy =0
PT*

Figure 3.3: Chamber structure of the framed conifold quiver.
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As mentioned above, we will be interested in one particular (limiting) stability con-
dition which is referred to in the literature as PT stability. A framed representation
V' of Qo) with dimension vector (1,d) is said to be PT stable if any non trivial

subrepresentation V’ of dimension vector (d/,, d') satisfies the inequality
0-d —d(0-d) <0,
where 6 is chosen such that
0o <0, 0<by+6 <e, (3.23)

for a choice of € = €(d) > 0 sufficiently small. To be more precise, for each fixed
dimension vector d = (dy,ds) it is sufficient to consider # lying in the chamber
Cy,+1 consisting of the interior of the half cone spanned by the vectors (—1,1) and
(—dy,d; 4+ 1). In this sense the PT stability can be understood as a limit of stability
conditions approaching the wall given by the half line generated by the vector (—1,1).

Remark 3.25. The notation PT, adopted from Nakajima and Nagao in [NN], is moti-
vated by their proposition [NN, Proposition 2.11], where they prove that the moduli
space of PT-stable representations of the framed conifold quiver is isomorphic to the
moduli space of rank 1 stable pairs on the resolved conifold X, which was studied in

the context of Donaldson-Thomas theory by Pandharipande and Thomas in [PT1].

In rest of the section we develop the constructions which will allow us to prove the

following proposition.

Proposition 3.26. The moduli space Mﬁf’g(ﬁ”l, 1) is isomorphic to M((’ner,d)(Q(r,o), w).

In particular, it is proper, and it arises as the global critical locus of a reqular function

con

wdr- That is, scheme-

frdr: Uptg, — € on the smooth quasi-projective variety

theoretically we have
o (B 1r) = {dfnar = 0} C U,
Theorem [3.23] and Proposition [3.26] immediately imply the following theorem.

Theorem 3.27. The moduli space P, ; is proper, and it arises as the scheme-theoretic

critical locus of a reqular function on a smooth quasi-projective variety.
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From conifold-like ADHM sheaves to quiver representations

Starting from an r-framed asymptotically stable conifold-like ADHM sheaf of type
(n,d), we construct an (r,0)-framed PT-stable representation of the Jacobi algebra
J(Q, W) of the conifold quiver with superpotential defined in Example , with di-
mension vector (n+d,d). In particular, we show that two isomorphic ADHM sheaves

give rise to isomorphic representations if and only if they are isomorphic.

Let £ = (E, ¢1, ¢2,1) be an asymptotically stable ADHM sheaf. Consider the dia-

/\

P! 2> Pl x P

where the notation is consistent with that adopted in Section We have seen that
there is a locally free decomposable resolution of the pushforward of E along the
diagonal

(E®Qp1(1) R Op1(—1) = ER O — A (E),

where ¢ is the evaluation on the section

Zev (8?0) X z;

)

for choices of homogeneous coordinates (wg : wq) and (2o : z1) on the first and second
copy of P! respectively. Under the identification Qpi(1) = Opi(—1) the morphism ¢

can be written explicitly as
— (IdE ®U)1) X Zo + (IdE ®w0) X 21 (324)

Recall from Lemma that E has no direct summand of negative degree. Thus, as
a consequence of the convergence of the Beilinson spectral sequence on P! there is a

canonical two-step locally free resolution of F,

0—=H(E(=1)) ® Opi(—1) 2> HY(E) © Ops —> E—=0. (3.25)

The morphism [ is of the form 8 = byzg + b121, where the b;’s are linear morphisms
in Homg (HO(E(—l)), HO(E)). From equation 1) it is clear that, up to sign, the
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b;’s are the morphisms induced in cohomology by the multiplication by the section
w1 of Op1(1), where we read the indices modulo 2. Consider the twists ¢;(—1) of
the morphisms ¢; in the ADHM datum, that is

The ¢;(—1)’s define two linear morphisms
;1. HD(E) — H0<E<—1))

by simply taking a;_; to be the induced morphism H%(¢;(—1)) in cohomology. In the

same way we obtain a framing
[:C" — HYE),

where we denote HO(OS?f) by C" to stress the fact that morphisms between ADHM

sheaves restrict to the identity at the level of framings, as in Definition (3.9

Summarizing, we started from an ADHM sheaf £ and we constructed:

e two vector spaces Vy = H(E) and V; = H°(E(—1)) of dimension n + d and d

respectively;
e two morphisms by, by: Vi — Vj;
e two morphisms ag, a;: Vo — Vi;
e a framing /: C" — 1}, or equivalently r linear maps ¢;: C — V4.

In other words, we have an (r,0)-framed representation V' of the conifold quiver @
with dimension vector (n + d, d). The following lemmas are devoted to showing that
V' sits in the locally closed subvariety R?d n, d)(Q(r,0)7 W) of PT-stable representations

of the conifold quiver with superpotential.

Lemma 3.28. The representation V' satisfies the relations

aobjal — albj(lo, jE {O, 1}7 (326)
bOajbl — blajbo, jE {0, 1} (327)
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Proof. We start with equation (3.26)). We consider in particular the (—1)-twist of the
ADHM relation

gbl(—l) O QZSQ — Qﬁg(-l) ©] ¢1 == O (328)
The functoriality of the Beilinson spectral sequence together with (3.28)) gives a com-

mutative diagram

B o E D —— B(-1)
E 1 /ev b2 ev ¢1(71) / ev
(1) E E(-1)
) 1d R®o - Vho® O et 1d ieo
/ /
A®O0 Vo® O B“‘)@“ Vi®0
Vo 0(-1) aoe1d Vi ® O(—1) - Fp 0 0(-1)
/
Vo2 0(-1) — % v 0 O(-1) F o0 0(-1)

where we have denoted by F} and F_, respectively the vector spaces H’(F(1)) and
H°(E(—2)). The morphism of sheaves

(a1bgap — apboar)zo + (arbrag — agbiar)

is identically 0, so the linear morphisms we have constructed must satisfy the relations

of (3.26).
To prove that the representation V' satisfies the relations of (3.27)) it is enough to

consider the commutative diagram

S(a @
0—> E(~1) > goz E(1)—=0
¢k®ldl l%
E(-1e2 g

where the first line is the syzygy resolution of E(1) with o = (wo wl). Passing to

the level of cohomology we get

(b() bl)t V@Q diag(ak) V@Q <b1 _b0>

Vi 0 e
and since the composition a(—1) o (¢ ® Id) o S(a) is zero we get (3.27)). O

Lemma 3.29. The representation V' is PT-stable.
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Proof. Assume first that there exists a destabilizing subrepresentation V' of V' with
V. = 1. The diagram

0—V1®0(-1) —V®0 —FE—0

0—V/®@0(-1) —Vj®0 —F —0

defines a locally free subsheaf E’' of E. It is immediate from the definition of quiver
subrepresentation that in fact £’ defines an ADHM subsheaf of E containing Im(2)).
Furthermore, since we are assuming the subrepresentation V"’ of dimension (1, dj, d})

to be destabilizing with respect to the PT-stability, we have
0 < d(dy —dy) < Oo((dy — dy) — ),

for ¢ sufficiently small and positive. Hence the vector bundle £’ must have rank
strictly smaller than the rank of E. The saturation of £’ in F is ¢;-invariant and
defines a proper saturated subsheaf of E containing Im(v)), thus contradicting the
asymptotic stability.

We show now that a non-zero subrepresentation V' C V with V. = 0 cannot be
destabilizing with respect to PT-stability. The map § = bpzy + b12; is injective on
each fiber and defines a vector bundle E, so the restriction 5" = bfzo + b2 defines a
non-trivial vector sub-bundle of E. This implies that the dimension vector of V' is of
the form (d} + 7', d}) for some d; > 0 and r > 0, and so 6 - dim(V"’) < 0. O

In the following remarks, we discuss the behavior of the correspondence we just es-
tablished with respect to isomorphisms. Together they prove that the representations
defined starting from two ADHM sheaves are isomorphic if and only if the two ADHM

sheaves are themselves isomorphic.

Remark 3.30. Starting from an isomorphism &: € — &' of ADHM sheaves we can
construct an isomorphism between the induced representations V' and V’. From the

functoriality of the Beilinson spectral sequence, £ induces a commutative diagram

0—=Vi®0(—1) V@O —=FE——=0 (3.29)
lH%(l)) lHO(ﬁ) is
00—V ®0(-1) ">V ®0— 5 —0,

so that we have two invertible morphisms gy = H%(¢) and g; = H°(£(—1)) respectively
in GL(Vp) and GL(V}), satisfying

b, = go o bigr "
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From Definition [3.9 we have £(—1)o¢; = ¢}0&, which in cohomology gives the relation
a;:gloaiogo_l.

Since we also have also £ o 1) = ¢/, it is clear that (Id, go, g1) defines an isomorphism

between the representations V' and V.

Remark 3.31. Suppose now that the two representations defined by the ADHM
sheaves £ and &’ are isomorphic. Denoting the two representations by V and V'
and the isomorphism by (go, g1) we obtain a morphism of sheaves {: &€ — & from
the fact that an isomorphism between the Beilinson resolutions of £ and E’ induces
an isomorphism of sheaves. Now it remains to check that the morphisms in the def-
initions of £ and &£’ are compatible, but this is just a consequence of the fact that
the morphisms of the corresponding Beilinson resolutions are compatible from the

definition of isomorphism of quiver representations.

From quiver representations to conifold-like ADHM sheaves

We describe how to construct an asymptotically stable conifold-like ADHM sheaf of
type (dop — dy,d;y) from the datum of a PT-stable r-framed representation V' of the

conifold quiver with dimension vector (dy, d;).

We construct a sheaf on P! by reverse engineering the Beilinson theorem for sheaves
on P!, Starting from the linear maps b;: V; — V} of the given representation V', we

consider the morphism of sheaves
BI ‘/1 X O[pl(—l) — ‘/0 X O]pl, ﬁ = boZo -+ blzl.

Lemma 3.32. The cokernel E of the morphism (3 is a locally free sheaf on P! of rank
dy — dy and degree d;.

Proof. We need to show that f is injective when considered as a morphism of vector
bundles, i.e. that the restriction 5 to the fiber over a point A of P! is an injective
linear map. More precisely, we show that the non-injectivity of 3y for A € P! forces
the representation V' to be PT-unstable. Let K’ be the kernel of ), and assume
K’ # 0. Consider the J(Q, W)-module K generated by K’, i.e. the subrepresentation

K of V with underlying vector spaces

K() = <biK/, bzajka’, .. .>, K1 = <K,, CLiij/ .. >
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based respectively at the vertices 0 and 1 respectively. Using the relations imposed

by the potential W we have
/BAailbjl . ainbjnv = bjlail C bjnainﬁ,\v, RS ‘/1,

so that we have the equality K; = K’. It is then clear that dim K, < dim K7, so that
the subrepresentation K of V is destabilizing with respect to the PT stability. The
rank and degree of E can be easily computed from the fact that E sits by construction

in the exact sequence
0—Vi®O0p(-1) —Vy ® Op —= E —0. (3.30)
[

We have thus constructed a candidate E for the underlying sheaf of an asymptotically
stable conifold-like ADHM sheaf on P!. Notice in particular that it follows directly
from the definition that E has no direct summand of negative degree, since from
one can easily deduce that H'(E) = H'(E(—1)) = 0. We now construct the
ADHM morphisms ¢;: E(1) — E. In order to do so, we will need to consider the
syzygy resolution

v=(wy  —w)’ (wo wr)

0— E(-1) F®2 E(1) 0, (3.31)

where (wp, w;) is a choice of coordinates on P'. We consider the diagram

(wn —w)

Vi®O(-2) V¥ ® O0(-1) (3.32)
B(_1) (akbl Clkbo>
diag(8)
(i —w)
Vo ® O(—-1) Vi? @O Vi1®O(-1)
t B
i)
boa
0k VE)@O,

where the left square is induced by the morphism = in (3.31]) and where the morphisms
corresponding to vertical lines are defined as in equation (3.25)). Since the linear
maps a;, b; satisfy the relations induced by the superpotential W, diagram ({3.32) is

commutative.
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Lemma 3.33. The diagram defines a morphism of sheaves ¢p: E(1) — E
for k € {0,1}.

Proof. From the syzygy resolution (3.31)), giving a morphism p: E(1) — E is equiv-

alent to defining a morphism of complexes p: E} — El’ as in the diagram

ES: E(—1) > pe2
,0—1L lﬂo
E?: 0 E.

From the commutativity of 1} we can define a morphism p: E} — EI, which in
turn defines a morphism of sheaves ¢y,1: F(1) — E. O

We need to prove that the ADHM morphisms ¢y, satisfy the ADHM relation.
Lemma 3.34. The morphisms ¢1 and ¢o satisfy ¢1 0 ¢o(1) — ¢y 0 ¢1(1) = 0.

Proof. From the definition of the ¢;’s it suffices to check commutativity at the level

of the syzygy resolutions. Define 52: Vit — V2 ® O as

—~  (biar—1 boar_1 0 0
(bk - ( 0 0 blak_l boak_l ® Id )

The relation between the ¢;’s can be recovered from
(b1a0 boao) (%9 Id OQ’;Q = (blal boal) X Id O&Jl. (333)
O

We can deduce the asymptotic stability of the ADHM sheaf £ from the PT-stability

of the quiver representation.
Lemma 3.35. The ADHM sheaf € is asymptotically stable.

Proof. Assume that £ admits an ADHM subsheaf £ contradicting asymptotic sta-
bility. By construction the representation V' admits a subrepresentation V' with
dimension vector (n’+d', d'), where n' is the rank of £ and d’ is the degree. We have
in particular that n’ needs to be strictly smaller than n, and from the definition of
PT-stability we have

0 dim(V') = 61(n —n') + ec,

for some integer ¢ and € > 0 arbitrarily small. But then V"’ destabilizes V. O]
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We conclude with analogues of Remarks and (3.31] i.e. by showing that two rep-

resentations define isomorphic sheaves if and only if they are themselves isomorphic.

Remark 3.36. The construction preserves isomorphism classes. To show this it is
enough to notice that two isomorphic representations V' and V' define a commutative
diagram

0—=1o00(-1) Vo0 —F——0

J{go ®Id lg
/8/

0—V®0(-1) —V,® 0O —F —0.

lgl ®Id

One can check that the commutativity conditions required in Definition [3.9 are sat-

isfied using the relations b, = gobig; ' and a} = g,d}go.

Remark 3.37. Assume that two representations V' and V' define isomorphic ADHM
sheaves £ and &’. Recalling that identifies the vector spaces in the representa-
tions with cohomology groups of F and E’ and their twist by Op:(—1), the isomor-
phism of sheaves £: E — E’ induces isomorphisms in cohomology ¢y := Ho(f) and
g =H'(¢® Ido,, (—1)) which fit in the commutative diagram

0—=Vi®Op(—1)—2= V00 E 0 (3.34)

lm@ld J{go@ld lf

0— V] ® Opi(~1) L~V © Opt —> B/ —0).

We just need to check that (go, g1) defines a morphism of representations. The com-
mutativity of (3.34) implies immediately that b = gob;g; * for i € {0,1}. The fact
that a; = gia;g; " follows directly from the relation ¢}, o & = £ o ¢y, once we look at

the morphism induced in cohomology.

Moduli of conifold-like ADHM sheaves as a proper critical locus

Combining the results of the two previous subsections with the relative version of
the Beilinson spectral sequence ( Theorem [1.31)) gives the proof of Proposition m,

which we report here.

Proposition 3.38. There is a scheme-theoretic isomorphism between the moduli
spaces M{T (P',7) and M, 4 1 (Qr0y, W).
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Proof. Suppose we have a flat family £ of ADHM sheaves over an affine scheme S,

with underlying vector bundle Eg. Consider the diagram

Plg*q>IP1

|

SHpta

so that we can adopt the notation of Section [2.1.3] By Theorem there is a
spectral sequence
EP =R p.(Fs ® Q;”(—r)) X Op1 (1)

whose associated graded converges to a filtration of Eg. Since Eg is flat over S we

have by Grauert’s theorem that
R*p.(Es @ €,"(=r))s = H(Esls ® Qpl (=),

and as the fiber of EFg over a geometric point s has no direct summand of negative
degree the spectral sequence degenerates at the E;-term. Because S is affine, we get

a two-step locally free resolution
0 _— (‘/1 ® OS) |Z O[p:l(—1> A (‘/E) ® OS) g O[pl(—1> _— ES HO,

for some vector spaces V and V; of dimension n + d and d respectively. Notice also
that Sg = Byzg + Biz1, where By and B; are two morphism of vector bundles from
V1 ® Og to Vg ® Og. The morphisms ¢ (S) in the definition of ADHM sheaf induce
morphisms Aj, in the opposite direction simply by taking the pushforward R%p,, and
in the same way from the framing 1s we get a morphism OF" — Vj ® Ogs. We have
thus constructed a flat family of representations of the conifold quiver Qo) with
superpotential. Since both the stability of the representations and the fact that they
satisfy the relations induced by the superpotential W can be checked on geometric
points, we can apply Lemma [3.28 and to see that in fact we constructed a flat
family of representations of (@), W) which are PT-stable.

Consider now a flat family of PT-stable representations of (Q ), W) with dimension

(1,do, d;) on an affine scheme S. We construct Eg as the cokernel of the morphism

BoXzo+B1Xz1
A ——

%@OSIEOPI(—l) Vi®Ogs X Op: .

Applying Lemma for all the geometric points of S we obtain that Fg is locally
free of rank dy — d; and degree d;, and so also flat over S. A relative version of
diagram (13.32)) allows us to construct the morphisms ¢y, for k € {1,2}, and one can
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check all the compatibilities of the morphisms and the asymptotic stability simply by
looking at the pointwise constructions of the previous sections. In this way we obtain
a flat family of asymptotically stable rank » ADHM sheaves on P!.

It is clear from Lemma [3.30] and that this construction sends isomorphic families
to isomorphic families. On the other hand, Lemma [3.31] and [3.37] show that the

morphism of functors defined in this way is an isomorphism, thus concluding the

proof. O

3.4 Invariants

In this section we compute the generating series of motivic Donaldson-Thomas in-
variants for the moduli spaces Mde (Qr0), W) of PT-stable r-framed representations
of the conifold quiver with superpotential. By Theorem [3.27], the specialization L = 1
recovers the generating series of classical DT invariants of the moduli space of higher
rank stable pairs on the resolution of the conifold singularity. As mentioned in Re-
mark [2.23], it is not enough to have an isomorphism of schemes. In order to ensure
that the expression we obtain for the quiver with superpotential is actually com-
puting the generating series of motivic Donaldson-Thomas invariants for the higher
rank stable pair moduli spaces, and in order to achieve this result we would need
to enhance our construction to be an isomorphism of derived schemes with a (—1)-
shifted symplectic structure and orientation, as explained in [BJM]. This is a very
interesting question already for » = 1, but it will not be addressed in this thesis.
Nevertheless, the isomorphism we constructed defines naturally a topological coeffi-
cient system @7 ; = dur, (%) [k] on P, 4y, where k = 2nd — (d + n)? 4+ nr, and the

specialization I = t2 computes the Poincaré polynomial of the hypercohomology of

P, with respect to to ®; ;. In this sense, the polynomial [P ]y 1,4 consists of

L2
a refinement of the classical DT invariant.

The techniques we use are inspired by the work of Morrison, Mozgovoy, Nagao and
Szendr6i [MMNS], and they consist of extending to generic framed quivers the proce-
dure we have used in Section for the framed 3-loop quiver with superpotential.
The idea is to use the expression for the universal series of motivic invariants of the
conifold quiver (Q, W) computed in [MMNSY], as well as wall-crossing for framed ob-
jects, to obtain the invariants of M;(Q(m), w).
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We start by fixing some notation. Denote by a a dimension vector for the conifold

quiver. We define A to be the union of
A= {(i,i—1):i>1yU{(i—1,i): > 1},
and
AT = {(i,i): i > 1}

The universal series Ay of motivic Donaldson-Thomas invariants of (@, W) lies in the
Kontsevich-Soibelman quantum torus 7T defined in ([2.19)), which is symmetric since
the conifold quiver is symmetric. Using the fact that [ = {a,} is a cut for (Q, W),

the universal series

Ay =D [Ma(QW)]ir 4° (3.35)
in the quantum torus 7Tg has been computed in [MMNS, Theorem 2.1] via dimensional
reduction:

Ay =[] 4~
acAy
where
Ar=TJ-L7"2y"), aeAY, (3.36)
320
and
A =T -1y (1 - L7 y?), ae Al (3.37)

=0
From now on we let ¢ be a generic stability condition for ), where here the word stabil-
ity refers to the pg-stability of and not necessarily to a King stability condition.
Consider a representation V of (Q, W) and let 0 =V, C ... C V,, = V be its Harder-
Narashiman filtration with respect to pe. We say that V' has only positive (resp.
negative) Harder-Narashiman factors if pe(V;/Viey) > 0 (resp. pe(Vi/Vie1) < 0) for
all i € {1,...,n}. Let M{ (Q,W) (resp. M, (Q,W)) denote the stack of repre-
sentations of (@, W) which have only positive (resp. negative) Harder-Narasimhan
factors. We let Aza be the virtual motive [Mjfa(Q, W) lyir in /WC of Section , and

we define the positive and negative generating series
A =) ALy~ (3.38)

The following lemma explains how the universal series factors depending on the pos-
itivity of the HN factors.
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Lemma 3.39 ([MMNS, Lemma 2.6]). We have a factorization

I] a° (3.39)

+£-a>0

and the universal series can be expressed in terms of the positive and negative factors:
Ay = Ag “Ag (3.40)

Consider the extended quantum torus 7@ where QT is the r-framed conifold quiver,
and where the expression r-framed is intended as a shortening of (r,0)-framed. Let
Yoo = y@Y. Note that

To, =To® @Mvc e, (3.41)
d

where we identify y® with y(*®. When a = (1,0) we will denote y* by o, and we
define similarly y;. Since 7 is commutative these two variables commute. From the

definition of the product in Section [2.2.2] we have

Yoo - @0 = <_]Lé) S e, (3.42)

where o = (o, q).

We define generating series in the extended quantum torus corresponding to invariants

of framed sheaves:

AVU = Z[ (QT‘7 )]wry ) (3'43)

(e}

Ae =Y [MS(Qr, Wiy, (3.44)

o

Ze = [ME(Qr, W)uiry @), (3.45)

a
Remark 3.40. It is worth recalling the notation we adopt in —. The stack
M;{l(Q,ﬂ, W) parametrises r-framed representations of the conifold quiver with su-
perpotential up to isomorphisms acting as change of basis at the vertices which are
distinct from the framing vertex v. The variety Moil(@r, W) parametrises framed
representations of (@, W) which are stable with respect to the King stability con-
dition induced by & up to isomorphisms acting as the identity on the vector space

associated to the vertex of the framing.
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In particular we have

Yoo - Ze((—L2)"yo, 1) = Ae(yo, y1)- (3.46)

Recall that when V is a framed representation of () we denote by V' the representation

obtained by forgetting the framing.
Lemma 3.41. We have /TU = Ay * Yoo

Proof. As we are considering the trivial stability condition, this follows from the fact

that each framed representation V has a unique filtration
0ocvVcV,

such that V /V is the simple representation based at the vertex co. O

Lemma 3.42. Let V be an r-framed representation of Q. There is a filtration
0=V'cVicVicVi=V
such that the quotients Ui = f/i/f/i—l, when not zero, satisfy:

° Uolo = 0 and each HN factor F' of U with respect to the stability condition &
satisfies € - F > 0;

° UOQO =1and U is a &-stable framed representation;

° Ugo = 0 and each HN factor F' of U3 with respect to the stability condition &
satisfies £ - F < 0.

Proof. For a given € > 0 sufficiently small, let u. be the stability on Q, defined by

£V

(V)= —~—— .
V) V| + Vo

Suppose we consider a representation W with Wy =1 and a subrepresentation W’
with W/, = 0. We have ¢ - dim(W’) > 0 if and only if p.(W’) > u (W). Consider
the Harder-Narasimhan filtration of V with respect to [te. Suppose the maximal
p-destabilizing subrepresentation V2 of V has V2 = 1. The quotient U? has only
negative HN-factors from the maximality of V2, and V2 is &-semistable. Indeed, if
U c V2 has Uy = 0 then automatically £ - U < 0, and if V' € V2 has V. = 1 we
have (14 ¢|V'))€- V2 > (1+¢€|V?|)¢- V7, so that £- V' — £ - V2 < 0. Suppose instead
that the maximal p.-destabilizing subrepresentation U of V has Uy, = 0. We sce
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that U has only positive HN-factors with respect to £ since for any subrepresentation
U’ C U, the condition . (U") < pc(U) together with | dim(U")| < | dim(U)| implies
that £-dim(U’) < £-dim(U). Then the maximal p.-destabilizing subrepresentation W
of V / U necessarily has W = 1. Denote by V2 its preimage in V under the pro jection.
Then it is not difficult to check that U ¢ W’ C V2 is the desired sequence. O

Corollary 3.43 ([MMNS]). There is a factorization
Ay = AF A AL (3.47)
Proof. This follows from the properties of the filtration of Lemma [3.42] O]

Theorem 3.44. We have

A((-L2) o, )
20 ) = S (L) o) (3.48)

Proof. From Lemma and Corollary we get

Afyo Ay (Lyo, ) = Au = ALAAL,
so that from equation (3.46)) we obtain

Ae (Lo, 1)
A (yo, 1)

and changing variables we get the result. O]

NI

Yoo - Ze((—=L2) Yo, ¥1) = Yoo -

Corollary 3.45. The generating series of motivic invariants of the moduli space of

PT-stable r-framed representations of the conifold quiver with superpotential

Ziow(o 1) = Y [MG(Qr, W)] vy (3.49)
da
factorizes as
rm—1
thm(( 3/0,341 H H <1 - L 2 - 2?/8@71” 1) : (35())
m>1 j=0
Proof. It is enough to use equation ([3.48) together with Lemma m O

As explained at the beginning of the section, it is natural to consider the hyper-
cohomology of P, with respect to the coefficient system @ ;. The next theorem

computes the generating series of the virtual Poincaré polynomlals

L 1 : % r r i
p’r:,d(t:t2) = Z(_l) dlmQH (Pn,d7 (bmd) 2 <351)

7
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Theorem 3.46. The generating series of refined Donaldson-Thomas invariants of

, :
P, factorizes as

Zx (ti%,yO,%) = pri,d (t%) vt = H H (1 — t%—j—%((_l)ryo)my?z_1> ‘
=0
(3.52)

Proof. The specialization of 1) which sends L2 s ¢2 computes the weight poly-
nomial of P with respect to @, ;, as explained in [1.420 Since the moduli space P,

is proper, we have that the weight filtration of the cohomology with coefficients in

®, ; coincides with the degree filtration, and so we obtain the desired result. O

We rewrite now the series in term of the variables s = gy, and T = ¢;*, which we
will call the box counting parameter and the curve counting parameter, following the
terminology of the literature on the topological vertex. Factorizing in terms of rank

1 contributions we have:

r—1
Zr (tié, (_1)T5,T) — T Zeons (zi%, (—1)'L s, T) , (3.53)
=0

so that it is evident that the rank r partition function consists of a multiple count
of rank 1 contributions where the box counting parameter is twisted by a half power
of the motive of the affine line. If we specialize further setting I — 1, we obtain a

product expansion for the partition function of classical DT invariants

[T —=nrs) ), (3.54)
d>1
which recovers a result of Sheshmani [Sh2]. In [Sh2] the author uses the non-geometric
action of a torus (C*)" to reduce the computation of invariants for rank r stable pairs
to r contributions of rank one. Notice that we cannot use localization techniques for
the computation of refined invariants as it is not at all clear in general how the fixed

points of the torus action contribute to the virtual Poincaré polynomial.

3.4.1 Comparison with Nekrasov partition function

As mentioned in the introduction to this chapter, the motivations for computing in-
variants of higher rank stable pairs on the conifold are two-fold. On one hand we have
seen in that the partition function of refined invariants of higher rank stable
pairs factorizes into twisted elementary contributions, so that the generating series of

refined invariants behaves similarly to the unrefined one but incorporates some extra
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twists whose nature is not entirely clear and which might lead to further interesting
research. On the other hand, inspired by observations of Maulik and Okounkov in
[IMO] and of Giinaydin, Neitzke, Pavlyk and Pioline [GNPP, Section 4], we want to
compare higher rank invariants for the conifold to instanton type invariants on the

resolution of an A,_;-surface singularity.

This correspondence between invariants of surfaces and of threefolds has been inves-
tigated for some years in the physics literature and goes under the name of geometric
engineering [KKV]. This predicts that the string partition function Z )1(” of a certain
threefold X, can be computed starting from the partition function Zy! counting rank
r1 instantons on a surface Y;. On the threefold side one considers the minimal reso-
lution X, of the orbifold quotient X/pu,, of the resolved conifold X = Opi(—1)%? by
the fiberwise action of p,, with weights (—1,1). On the surface side, the variety Y is
just C2. The string partition function Z )191 can be taken to be the generating series
of rank 1 Donaldson-Thomas invariants of stable pairs on X,, with support on the
rational curves parallel to the base of the fibration X,, — P!. The instanton parti-
tion function Zy, has been computed by Nekrasov via equivariant integration on the

moduli space M, ., of SU(ry)-instantons on R* of charge n, in order to understand

/ L, (3.55)
mn,rz

and it will be briefly described later on in the section. At the unrefined level, the

the ill-defined expression

correspondence has been checked using the topological vertex. For refined invariants
the situation is much more complicated due to the lack of a mathematical formulation
for the refined topological vertex, but already the r; = 1 case has given interesting
results [Sz3].

The insight of [MO] and [GNPP] is that one should aim for a picture

I
I
v Y

T2 T1
23 s T4

X Y., (3.56)
!
|

where Y,, is the resolution of an A,, j-surface singularity. Here the arrow between
the partition functions is representing the fact that the refined invariants of rank ro

stable pairs on X, could be computed starting from the surface side.
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In the rest of this section we are going to assume that r; = 1, rename ry = r, and

discuss how Theorem [3.46] fits into the picture.

It has been understood by Kronheimer and Nakajima [KN| that the moduli space
O, of rank 1 instantons of charge n on Y, is a hyperkéhler variety isomorphic to
Hilb™(Y;), the Hilbert scheme of n points on the resolution. As mentioned above the
naive integral ffmﬁ,l 1 gives an ill-defined expression since the moduli spaces 9, ; are
non-compact and 1 is not a top-form. Nekrasov explained that if one appropriately
interprets the integral in the equivariant setting, then it gives a count of charge n
instantons on Y,. In order to reduce to the equivariant setting we have to fix the
action of a torus T on Y,. Consider the usual action of 7' = (C*)? on C? by dilation,
and notice that the inclusion u, C (C*)? induces an action of the quotient torus
T = (C*)?/u, on the quotient C?/pu,. This action has weights (r,0,1) and (0,7,1) on

the generators (u,v,w) of the ring of invariant functions Clu,v,w]/(uv —w"). The

T

1, S0 that the structure

action of T' lifts to an action on the instanton moduli space 9t
sheaf Ogyr ~defines a class in the T-equivariant K-theory of 9, ;. The class Omr |
replaces 1 in ([3.55)), and we just need to explain how to perform the equivariant

integration of this class. Let 7, ; be the morphism sending 9 ; to a point. We have

r

an action of T" on each of the cohomology groups Riﬂ'n,l*

Ogr |, so that the formal
difference R7) |, Omr = > ;(—=1)'Ra) | O defines a class in the T-equivariant

n,1x* n,l *

K-theory of the point. The instanton partition function of Y, is defined as
7y (q1, ¢0) = Z A" charp(Rr, Oy ), (3.57)

where (q1,¢2) is a basis for the characters of the torus 7', and where chary com-
putes the character of the virtual representation. Since all the T-weight spaces are
finite-dimensional by a result of Nakajima and Yoshioka [NY] Section 4], this gives a

well-defined formula.

We compute now a product expansion of the partition function of rank 1 instantons on
Y,.. Denote by ﬁ;l the symmetric quotient S"(C?/p,.). The morphism 7, factorizes
through ﬁ:;l:

mr il m (3.58)
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where o, is the composition of the Hilbert-Chow morphism with the n-th symmet-
ric power of the projection Y, — C?/u,. Since the morphism o, is a projective
symplectic resolution of singularities, we have that Ria;*omgl by the Grauert-

Riemenschneider theorem. From the fact that ﬁ;}l is an affine rational singularity
a7

we also get H'(O,, ;, Ogir ) = 0, so that in fact R'mr ), Omr =0 for all i > 0 and

n,l *

Rm, 1 ,Oomr  is a representation of 7. From these observations we immediately get

2 o 2) = A" iy H (W1, Oy )

Cltgy ooy Upy U1y ooy Uy W,y ooy Wy Sn
~ (wv; —wliie{l,...,r})

— Zn: A" chary S™ (%) (3.59)

C
— charpye. 5 [ Sl vl
(uv —wn)
i1 da A\ L
= 1] -aran),
’i1£i2(7‘)
11,8220

where the last equality comes from the computation of the Hilbert series for the va-
riety C?/u, .
If we simplify further setting r = 1, the curly arrow in (3.56|) has been explained by

Szendréi in [Sz3].

Theorem 3.47. Let Zk(t%, s, T) be the generating series of refined invariants of rank

1 stable pairs moduli spaces on the resolved conifold X. Then if we set q; = —t%s, G2 =
—t735 and A = —sT', we have
Zy(s,T) = Z{o(qu, qa, N) 71 (3.60)

This result is the key ingredient that together with the Lefschetz action on the critical
cohomology allowed Szendr6i to prove that the vector space @, JH* (P, 4, Py, 4) admits

a GLy xC*-action making it isomorphic to the exterior algebra A C[x,y].
When we have » > 1, we want to try to compare the generating series we computed in

Theorem with (3.59). In order to do so we notice that if we set ¢, = —t2s, gy =

—t"35 and A = t55"T the partition function for rank 1 instantons on Y, factorizes as
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a twisted product of elementary contributions:

i1 d2 A) L
Zy (g0 M) = [ (1-di'eA)
ilgiQ(T’)
11,i2>0

"I 10 <1 B twsr(kl+k2+l)52_jT> -

J=0 k1,k2>0

T IT 0 iema)

=0 m>1 k=0
r—1 r r

= HZCz ((tis) , (t’%s) ,32k+1T> .
=0

We exhibit now another factorization of the series in Theorem B.46] which is more

(3.61)

suited for this comparison:
Zr(tt3, 5, T) = 71 (ti%,s,t%‘l—’f:r> . (3.62)

The factorization of the two formulas into elementary contributions is extremely sim-
ilar. The essential difference is in the nature of the twists: the twists of the C?
contributions on the instanton side are corrections which involve a rescaling of the
curve counting parameter 1" by a power of the point counting parameter, while on
the stable pairs side the corrections of the rank 1 contributions consist of a rescaling
of the curve counting parameter by powers of the weight parameter t. This difference
is not entirely clear, and it has been observed by Nekrasov and Okounkov that this
discrepancy between the two formulas indicates a need for a less naive approach to
counting of higher rank objects. In particular, in [NO| Section 5.1] they define a class
in the K-theory of the locus of stable pairs which are fixed by the non geometric
action rescaling the framing which is sensitive to certain interactions between the
various rank one components. They show that, up to some conjectural assumptions,
this recovers some count of curves inside the 5-fold X x Y., and that this should then

recover fully the geometric engineering picture (3.56) for 1 = 1 and ry = 7.

3.A Refined invariants for higher rank stable pairs
on a line of resolved A;-singularities

The same story we described in this chapter carries through without major modifi-
cations for the case when we consider the projective bundle Y = P(OZ & Opi(—2)).

The toric projective bundle Y is a compactification of the resolution of a line of A;
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singularities V(zy — t?) C C* obtained by adding the divisor Dy, = P(0 & Op @
Op1(—2)). Again in this case, the rational line b corresponding to the zero section of
Op1 ® Op1 (—2) defines a class 3 € H*(Y, Z) which spans the kernel of the cap product
with DL,.

.

Figure 3.4: Compactification Y° C Y ( divisor D, light grey, curve b bold).

We denote by P/ ,(Y) the moduli space parametrising flat families of rank r stable
pairs (F,s) with chy(F) = df, x(F) = n, and support disjoint from D.,. Following
the construction of [Di2] in the same way as in Section 3.2 we get an isomorphism be-

tween P ) (Y) and the moduli space of rank r asymptotically stable ADHM sheaves

M (’21 d.d) (P!, r) defined in |3.17, The following proposition explains how we get a de-

scription of Pn’j 4(Y) in terms of quiver representations.

Proposition 3.48. The moduli space Pr:d(Y) of rank r stable pairs is isomorphic to
the moduli space M(?z,n—d)(Q(r,O)v W) of representations of the framed A;-quiver with
superpotential of Example where 6 is chosen in the PT-chamber as in .

Proof. We need to prove there is an isomorphism
A ~
M(nid,d) (Plv 7") = M(?z,n—d)(Q(r,O)a W)

We explain how to construct a representation of (), oy starting from a rank r asymp-
totically stable ADHM sheaf £. Since H'(E) = H'(E(—1)) = 0 by Lemma[3.15] the
Beilinson spectral sequence describing E on P! degenerates at the E;-sheet. It follows

that we have a resolution

agzo+aiz

0—=H(B(~1)) ® Op (~1)

H°(E) ® Om E 0. (3.63)

Hence we can construct:
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e two vector spaces Vo = H*(E) and V; = HY(E(-1));
e two morphisms ag,a;: Vi — Vj from (3.63));

e two endomorphisms by € End(V}) and b; € End(V}) induced respectively by &4
and ®; ® Id: E(—1) — E(-1);

e two morphisms —aj, ag: Vo — V; that are induced by the composition

(P ®Id) o (wy wo) : E¥? — E(-1);

e a morphism ¢: C" — Vj from H°(4)).
The remaining steps of the proof are obtained in the same way as in Section [3.3] [

As an immediate consequence we obtain that P, ; arises as the critical locus of a
regular function w], ; on a smooth quasi-projective variety of dimension 4n(n—d)+nr.
Since {ag, a7} is a cut for the superpotential W of the A;-quiver, the class [P, j]vir
lies in the enhanced Grothendieck ring of varieties M from Theorem [1.75 The
techniques of Section enable us to compute the generating series for (r, 0)-framed
representations of () starting from the universal series of motivic Donaldson-Thomas
invariants of ) without imposing any choice of stability condition. In particular,

Bryan and Morrison in [BM] proved the formula

Av(g) = Y IMa(@Q W) 501"

T G-ty -ty

m>1 k>0

TITT -1 e )™ (- L %)

m>1k>0

where we adopt the notation ¢ := ¢yq;. From this together with Theorem we
have the following formula for the refined Donaldson-Thomas invariants of Fj, ;) (Y).
Theorem 3.49. The generating series Z} (qo, q1) of the virtual classes [P, ;) (Y )lvir
has a product expansion

rm—1

Z 4, (q0,q1) = H H (1- L%_k((—l)rqwl)mq;l)_l : (3.64)

m>1 k=0
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Proof. Denote by £ the PT-stability conditions. From Theorem [3.44] it is enough to
compute the generating series A, (qo, q1), which consists of the product of factors in

the universal series Ay corresponding to vectors d = (dy, dy) satisfying £ - d < 0. We

have
m 1y —1
(o) =[]t —L*¢"qt) ",

m>1 k>0

so that .
- . Hle szo (1 - LT_kmefl)
ZAl((_l) q0,q1) = Tm g N1

Hle szo (1 — L™= g™y )

and simplifying we get [3.64] O]

In complete analogy with the conifold case we have a factorization of the generating
series for refined invariants of rank r stable pairs as the product of r factors which

consist of twists of the rank 1 contributions:

ZA1 QO>Q1 HZAl < T !

Q0.1 (3.65)
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Chapter 4

DT Invariants of Deformations of
3-Calabi-Yau Algebras

As explained in Chapter [I} the study of Donaldson-Thomas invariants of moduli
spaces of sheaves on a 3-dimensional Calabi-Yau variety X gives information about
the geometry of X. In the direction of homological mirror symmetry, Kontsevich and
Soibelman proposed in [KS1] that one should really aim at computing Donaldson-
Thomas invariants for 3-CY-categories, that is, triangulated categories with Serre
functor behaving as for D’(X) with X a Calabi-Yau threefold [KSI, Section 3.3].
Following the idea that, at least in many local cases such as in Proposition [1.38]
the homological information of D?(X) can be described by means of modules on a
3-CY algebra T'x, one can think of Tx as a non-commutative analogue of X. In the
case when this algebra arises as the path algebra of quivers with superpotential, one
can study its motivic Donaldson-Thomas invariants as defined by Kontsevich and
Soibelman [KSI], and by Behrend, Bryan and Szendré6i [BBS|. Continuing with the
analogy, the universal generating series Ay (Tx) of motivic Donaldson-Thomas in-
variants of T'x can be thought as the non-commutative counterpart of the generating
series of motivic DT invariants for moduli of sheaves on X. It is then natural to in-
vestigate the behavior of Ay (Tx) under deformations of the algebra Ty, in a similar
way to that in which Thomas studied the invariance of the numerical DT invariant
under deformations of the underlying Calabi-Yau variety in a smooth family. When
doing so, we choose to restrict to the case when Ty is realized as the path algebra
of a quiver with homogeneous superpotential with respect to the grading where all
arrows have degree 1, and we consider only graded deformation of such algebras. The
matrix-valued Hilbert series (cf. remains constant under such deformations, so
that our examples play the analogous role to families of projective Calabi-Yau three-

folds in the classical picture of Thomas.

119



This chapter focuses on the study of the universal generating series of motivic DT in-
variants for graded deformations of 3-CY algebras in two examples: the conifold alge-
bra of Example[1.46] and the non-commutative resolution of a line of A,-singularities,
which is a particular instance of the McKay correspondence of Example [1.47 We
concentrate on a particular family of deformations which goes under the name of
marginal deformations, showing that non-commutative motivic Donaldson-Thomas
invariants are sensitive to the deformations of the algebra and discussing how the
generating series is affected by these deformations. The first results are in line with
the observations, made independently by Morrison [CMPS] and Okawa and Ueda
[OU], that motivic Donaldson-Thomas invariants are not invariant under deforma-
tion. The second set of results describe the fact that generically the generating series
of Donaldson-Thomas invariants is entirely determined by the virtual motive of the
moduli stack of stable representations for some choice of stability condition. This
last result differs quite drastically from the case of marginal deformations of C? (cf.
4.Al) where the universal series is determined by simple representations, and raises an

interesting question regarding the role of these representations.

4.1 DT invariants of deformations of the conifold
algebra

In this section we describe the moduli space of homogeneous deformations of the
superpotential of the conifold algebra J(Q, W), following [OU]. After discussing
the connection between deformations of the superpotential W and deformations of
J(Q,W) as a graded 3-CY, we concentrate on a particular family of deformations
and compute the universal series of motivic Donaldson-Thomas invariants for the
deformed algebras. We then discuss the relationship between the motives appearing
in the universal series and the geometry of representations of the conifold quiver with

deformed superpotential with respect to some particular choice of stability condition.

4.1.1 Moduli of deformation of potentials

Let Jo = J(Q, W) be the conifold algebra of Example [1.6] It is clear from Theorem
that all the deformations of Jy as a graded Calabi-Yau algebra can be obtained
by deforming the superpotential in Sup(Q),. Corollary further implies that a

very general deformation of W} inside Sup(Q))4 defines a deformation of J; as a graded
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3-CY algebra. Not all the choices of W inside Sup,(Q) give rise to a 3-CY algebra,
though.

Remark 4.1. Consider the superpotential W = aibja1by and Jy = J(Q,W). The
dimension of the vector space eg(Jy )ze; is 7. This differs from the dimension predicted
by Corollary for a 3-CY algebra constructed from the conifold quiver and a

superpotential of degree 4.

Following [OU] we study the (coarse) moduli space M, of superpotential algebras
J(Q, W) with W of degree 4 and we show that the complement of a quartic hyper-

surface in M,,,; corresponds to genuine deformations of Jy as a graded 3-CY algebra.

Let V4 and V; be two complex vector spaces of dimension 2, and let V' denote Vy ® V.
We regard V; as the vector space of linear combinations of arrows from i to 7 4+ 1
(with indices read mod 2). Let W be a homogeneous superpotential of @) of degree
4. Since it is defined only up to cyclic permutations we can assume without loss
of generality that any cyclic monomial in W is represented by a path starting at 0.
Furthermore, if we consider v;, v € V; for i € {0, 1}, both vovyvjv] and vjvjvevy start
at 0 and represent the same cyclic monomial. Hence, the degree 4 superpotential
W of @ corresponds to an element in U = Sym*(Vy ® V). Consider the action of
Gy = GL(Vh) x GL(V}) defined by

(90, 91) - ((vo @ v1) © (v @ 1)) = (go(v1) © g1 (v2)) © (9o(vp) ® ga(vn)),  (4.1)

where the symbol ® denotes the symmetric tensor of two vectors. Two superpotentials
differing by the action of Gy define isomorphic algebras, so that we can define the

moduli stack of superpotentials
Mpot = [U/ GU] .
We consider the character
x: Gu — C*, x: (9o, 1) — det(gog1),
so that the associated GIT quotient of U by the action of Gy is
Mo :=U ) Gy = Proj (@nzo C[Sym?*(V, ® Vl)]GL(VO)XGL(Vl)’Xn) .

The rest of the subsection explains the constructions necessary for the proof of the

following proposition.
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Proposition 4.2. Consider the action of Gy on U of . Then

1. (JOU, Theorem 1.1]) the coarse moduli space of potentials My is isomorphic
to the weighted projective space P(1,2,3,4);

2. given a generic superpotential W' in Sups(Q), the algebra Agw: is 3-CY.

Hence, there is a non-empty Zariski open subset of P(1,2,3,4) representing
good superpotentials (cf. Sec. .

First of all we notice that there is an isomorphism

M, = Proj (C[Sym?(V; @ V;)]PH(0)xSLVDY

where the grading puts Sym‘(U*) in degree i. This GIT quotient can be described
explicitly by means of the accidental isomorphism between SL(2) x SL(2) and Spin(4)
induced by the isomorphism of root systems A; x A; = D,. The action of SL(V;) on
V; preserves a generator w; of A?(V;) for i in {0,1}. The non-degenerate symmetric

bilinear form
n € Sym*(Vo @ Vi)™ n: (v ®@ v1,v5 © v}) — wo(vg, vg) wi(vy, v7)

is preserved by the action of SL(V) x SL(V}) defined in (4.1)). We thus get a surjective

morphism of Lie groups
SL(Vp) x SL(V1) — SO(Vp @ ),

with kernel {#(Id,Id)}. Since —(Id, Id) acts trivially on Sym*(V,® Vi) we get obtain
isomorphism

U/ \Gu = Proj (C[Sym®(V)]%°M)) .
Lemma 4.3. There is an isomorphism
C[Sym*(V)]5°V) ~ Clzy, ..., 2], (4.2)
where z; is the symmetric polynomial of degree i in the eigenvalues. We thus get
U/ Gu = Proj(Clz, ..., z]) =P(1,2,3,4),

Proof. Two symmetric complex matrices are similar if and only if they are orthogo-

nally similar [G, Chap. 11, Sec. 2, Thm. 4] Hence, any symmetric complex matrix
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with distinct eigenvalues is orthogonally similar to a diagonal matrix. The discrimi-

nant A is a symmetric polynomial in the eigenvalues, so that we have
(C[Sym*(V)][A™])5Y) = Clpua, o pa, pa M][AT], (4.3)

where the p;’s are the eigenvalues of the symmetric non-singular matrix and the
symmetric group Sy permutes the eigenvalues. If we let z; = > i ,u;'- be the i-th

symmetric polynomial in the eigenvalues p; we have then C[uy, pa, i3, pa]**[A™1] =
Clz1, 22, 23, 24, A1, We thus get

C[Sym?(V)]5°V) 2 (C[Sym?(V)][AT])SOV) N C[Sym*(V)] =2 Clzy, 2, 23, 24].  (4.4)

In other words the closure of the SO(V)-orbit of any symmetric complex matrix
contains a diagonal matrix. It is then clear that the unstable locus for the SO(V)

action consists of the nilpotent matrices and that the GIT quotient is isomorphic to
P(1,2,3,4). O]

From the general machinery of Geometric Invariant Theory [MFK] there is a mor-
phism
o: U — P(1,2,3,4)

which is a good categorical quotient.
In fact, we can ensure that the preimage of a Zariski open dense subset of P(1, 2, 3,4)
consists of superpotentials giving rise to Calabi-Yau algebras. We fix bases {ai, as}

and {b1,bo} for the vector spaces Vj and Vi. Now consider then the homogeneous

deformation of the conifold potential
Wae = Aoaibrazby — Araibashy,

where the complex coefficients \; satisfy A\gA; # 0, and denote by (Sup(Q)s)<w the

subspace
(Sup(Q)a)<cw = {W': 1L(0OW'0) < It(0W0), t(1W'1) < It(1W1)} U {0}
inside the vector space Sup(Q)4 of degree 4 potentials.

Lemma 4.4. Fiz Ay and A\ such that \g\y # 0. For any choice of a superpotential
W in the affine subspace

L = Wae + (Sup(Q)a) <wy
the algebra J(Q, W) is 3-CY.
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Proof. We consider the ordering
ay > ag > b1 > bg

on the set F(Q) of arrows of the conifold quiver ). The leading terms of the relations

are

1t(8a1W) == Aoblagbg, lt(f)bl W) = /\1@162@2,
1t(8a2W) = Alblalbg, lt((‘?sz) = /\Oalblag.

Notice in particular that none of the leading terms ends in a; or by, so that condition
(2) of Theorem is satisfied. On the other hand, the only ambiguities are

(a1, 16(0a, Wby, by) = (a1, a7 ' 16(0p, W), ba), a3 16(0a, W) = 1t(0p,W )by = 1t(0W0);
(bl, 1t<ab1W)a2_1, CLQ) = (bh bl_l lt(6a2W), ag), b1 lt(ﬁbl W) :113(8@2W)(12 = lt(]_W]_),

corresponding respectively to the vertices 0 and 1. It then follows from Theorem [1.49
that the algebra J(Q, W) is 3-CY. O

The cyclic monomials
arbaaiba, aibaasbe, aszbiaghy, asbiazba, asbaasbs
generate the linear subspace (Sup(Q)s)<w. We consider the basis
{al ® by, a1 @ by, as @by, as ® 52}

of Vo ® V1, so that any superpotential is represented by a symmetric 4 x 4 matrix. In
these coordinates, a superpotential lying in the affine subspace L can be represented

by a matrix of the form

0 0 0 %)\0

0 « —%)\1 vy

0 _%)\1 5 5 (4.5)
%)\0 Y 0 €

Hence, the generic superpotential in Sups(Q) is good. Hence, there is a non-empty
Zariski open subset of P(1,2,3,4) representing equivalence classes of good superpo-

tentials.
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4.1.2 DT invariants of quantum/marginal deformations

We will now to concentrate on superpotentials in P(1,2,3,4) lying on the weighted
projective line [: {z; = z3 = 0}. In particular, we are only interested in potentials
defining 3-CY algebras, so that we can exclude the point p := (0,2,0,2). Thus, a

potential in [\ {p} admits a representative of the form
Wq = alb1agbg — qalbgagbl, (46)

where ¢ € C*, and it correspont to the point (0,2(1 + ¢*),0,2(1 + ¢*)) on I.

Fix a dimension vector d for ), and denote by M(Jw,,d) the quotient stack
[Crit(wg.q)/Gd)

where w, 4 is the regular function Tr(W,): R(Q,d) — C. The stack M(Jw,,d)
parametrises d-dimensional modules over the Jacobian algebra J(Q,W,). We will
adopt the notation [M (Jy,, d)]vir for the class

[Crit (w%d)]vir
[Gd] vir

Recall that the virtual class of a regular function on a smooth scheme was defined
in Since the set I = {a;} is a cut for W, the class [M(Jy,, d)}vir lives in the
enhanced Grothendieck ring of varieties /WC of Section We are interested in
computing the universal series Ay, of motivic Donaldson-Thomas invariants for the

quiver with superpotential (¢), W;). This is the formal power series

AU’q =1+ Z [M(‘]Wwd)}vir yd7

deNV(Q)

where we have introduced the multivariable notation y¢ = ygoyfl. As we are in the
case of a superpotential with a cut we can employ dimensional reduction, a procedure
which has been analyzed by A. Morrison in [Mol]. The idea is that it is possible to
recover the motivic virtual class of the stack of modules over the Jacobi algebra from

the class of the reduced variety
R(Jw,1,d) = {(As2, B1, B2) € R(Q\ I,d): BiAsBy — qBy Ay Bi}, (4.7)

which forgets the matrices corresponding to arrows in the cut.
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Theorem 4.5 ([Moll, Proposition 5.1]). There is an identity of generating series

B 1 (do—d1)? [R(JWq,Dd)] d
toa= 32 (M) S v
deNV(Q)

The rest of the section will be devoted to the proof of the following theorem, which
explicitly describes the universal series of motivic invariants of the marginally de-
formed conifold quiver with superpotential. We will compute the generating series by
means of a stratification of the reduced variety R(Jw, r,d) following the strategy of
[IMMNS, Section 2.2].

Theorem 4.6. Let W, be the deformed conifold potential of (@ The universal

series of motivic Donaldson-Thomas invariants of (Q,W,) factorizes as

E ]L (yoy1)" or(q)
[LewExp (L= 1600

Exp ((L — 1)%) ’

1-yoy1

Ap(Q,W,) = Ap(Q, W) - (4.8)

where Ay (Q,W1) is the universal series for the conifold quiver with undeformed su-

perpotential, and where

(4.9)

5.(q) = 1 if q is a primitive r — th root of unity ,
T 0 otherwise.
Given a triple (Ag, By, By) in R(Jw, 1,d), consider the linear map
Ay & By € Hom(Vp, Vi) @ Hom(Vy, V) € End(V),

where we denote by V the direct sum Vi & V) of dimension dy + d;. The stratifica-
tion of R(Jw, r,d) is based on the following simple lemma about decomposing linear

operators.

Lemma 4.7. Let C' be a linear endomorphism of a vector space W. There is a direct
sum decomposition W = W@ W such that

o O =Clap OV € End(W!) @ End(WN), i.e. C is diagonal with respect to the
decomposition W = W o WV ;

o C' is invertible;

o OV is nilpotent.
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Proof. Let n be the dimension of W. Define two subspaces W := Ker(C™) and
W = Im(C™). The subspaces W! and W intersect trivially since C**(w) = 0
implies C™(w) = 0. We thus obtain W = W! & W¥ and from the definition it is
evident that C' preserves both W/ and W¥. Invertibility of C! and nilpotence of C

are again direct consequences of the definition. O]

Lemma applied to Ay @ By defines decompositions V; = VI @& V.V, where the
components are obtained by intersecting V; with the invertible and the nilpotent
subspaces of V. With respect to this decomposition we can write

Ay = A @ AY € Hom(V{, V') & Hom(Vy", 1i);

4.10
By = By ® By € Hom(V{, V') ® Hom(V{", V"), 10

where Al and BJ are required to be invertible. Clearly the subspaces V{ and V/
are of the same dimension. Notice also that both AYBY and B} A% are nilpotent
endomorphisms. The following lemma ensures the compatibility of the matrix B

with respect to this decomposition.

Lemma 4.8. Assume (Ay, By, By) lies in R(Jw,1,d). Let V; = VI & VN be the
decomposition of for Ay @ By. Then we have

By = Bl & BY € Hom(V{!, V) & Hom(V;™, V).

Proof. First of all notice that B; maps V¥ to V. Indeed, if n > dy and v € V¥ we
have (B2A3)"By(v) = ¢ "B1(A2B2)"(v) = 0. Now take n > max(do, d;). Writing the
equality By(AsBy)™ = ¢"(B2As)™ By in components we get

Bi' 0\ ((A3BY)" 0 _ . ((BiA)" 0\ (Bi' 0
BN BN o o) 1 0o 0)\BM BM)

and from the invertibility of A2BJ and B} Al we see that B! = 0. O

Remark 4.9. This reasoning strongly depends on the assumption ¢ # 0. Notice that
this is the same condition for which the superpotential W, actually defines a 3-CY
algebra.

Remark 4.10. The notation By = Bf @ BY is purely formal. It does not indicate any

invertibility and nilpotence property of the components of Bj.

The reduced variety R(Jw, 1, d) admits a stratification {R,(Jw,,1,d)}, depending on
the dimension 2a of the invertible subspace V! of V. Define two representation

varieties by
Rl(a) = {(A2, B1, B2) € R(Jw, 1, (a,a)): Ay ® B is invertible},
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RY(d) = {(A2, B1, B2) € R(Jw,,1,d): A2 ® By is nilpotent},
and let M (d, a) be the variety parametrising decompositions
Vo=V eV, Vi=VeW: dimc(V/) = a}.
Notice that M(d, a) is a Zariski open subset of the product of Grassmannians Gr(a, dy) X
Gr(a,d), and its class in Kq(Vare) is

[GLdo] [GLdl]

[M(d, a)] = [GL2[GL(do — a)][GL(d; — a)]’

For every choice of a in {0,...,min(dy,d;)} the variety M (a,d) admits a Zariski
locally trivial tautological vector bundle V! & V¥ & V] & VY. One can consider then

the bundle of homomorphisms
Hom(V], V) @ Hom(Vy, V)2

for @ € {I, N}, and it becomes evident that the deformed relation (4.7) defines a

Zariski locally trivial fibration

Rl(a) x RY(dy — a,dy — a)— R, (Jw, 1, d)

|

M(d,a).
This gives the equality
[Ro(Jw,1,d)]  [RY(@)][RY (do — a,dy — a)]

[GLd] [GLaP [GL(dOfa,chfa)]
Setting
' [RY ()]
Ny ) = 3 (Lo Ha (D
q(yo yl) - ( ) [GLd] Y

Ly) = [{ZQL(ZZ] v,

the universal series factors into invertible and nilpotent parts as

Av(Q, Wq) = Iq(@/OZ/l)Nq@Oa Y1)

We now compute the invertible and nilpotent contributions in the generating series by
comparing them to the invertible and nilpotent parts in the undeformed generating
series. The results are expressed in exponential form, and we refer to Section for

the definition and properties of motivic exponentiation.
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Lemma 4.11. The invertible part 1,(y) factors as

I,(y) = Exp (L) e ((L Y T)Mq)

1_y reN

for 6,(q) as defined in[4.9

Proof. We reduce the computation to the calculation of the generating series of the

classes of the invertible part of the marginally deformed commuting varieties, i.e.
T a. - . .
C,(a) ={(A,B) € EndC": AB — ¢BA =0, B invertible}.

This has been computed by A. Morrison [CMPS], and we discuss the main ideas of
the calculation in the Appendix [£.A] to Chapter [] for completeness. The map

Ré(a) — C;(CL), (AQ, Bl, BQ) — (B;lBl, AQBQ)
is a GL, Zariski fiber bundle over C}(a), where the fiber over (X,Y") is
GLG<Y7 X, Id) = {(Yg_17 9X, g>}

We thus have

[Cy(a)]
1, = 1 @ 4.11
(You1) Ea [GL] Yy, ( )
and the statement follows directly from Theorem [4.30] O

Lemma 4.12. The nilpotent part of the generating series Ny(yo,y1) is not affected

by marginal deformations.

Proof. Let us first set some combinatorial notation. Given a partition 7w of an integer
n we will denote by 7(7) the number of parts of type ¢ and by [(7) the length of the
partition. For a quadruple of partitions (my, w9, 73, 74), define sets of indices I, for
1<k<4by

L, ={(i,5,h): 1 <i<l(m),1 <j<m(i),1 <h<2i}
when k < 2 and
Lo ={(i,j,k): 1 <i <U(m),1 <j<mp(i), 1 <h<2i—1}

when k£ > 3.
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Given an element (A, By, By) of RY () there is a quadruple of partitions (my, ..., my)

and a basis
{{a;;,]}lﬂ'l’ {b’;‘l]}lw27 {c;;,j}lﬂg)? {d;;‘]}lﬂyl} (412)
of Vo @ Vi such that
ij Ay ij B Az ij j .
Vo2 ag S as, = ... 5 a, st By(a?) = 0;
‘/1 = leJZ % bgifl 'A# c. g bl, s.t. Ag(bzlj) = 0,
X & A, 55 7, st Ay(d7) = 0;
Visadi  Bdi 8. 847, st By(d?)=0.
In particular the m;’s contain all the combinatorial information necessary to describe
the normal forms of both A; By and By Ay, which are respectively (my, mo, 13 — d, 74)
and (my, o, w3, 4 — J), where m — 6 denotes (7(1) — 1,7(2) — 1,...,m(n) — 1) for a
partition 7 of length n. The nilpotent reduced variety Rév (d) admits a stratification
RY(d)= || R,({m}),
{ﬂi}EAd

where Ay is the set of quadruples of partitions satisfying
{do =) |mil = 1U(ma), di =) |mil —1(ms)},

and where the stratum indexed by (7;) corresponds to triples (Ay, By, Bs) with As® By

admitting a basis as in (4.12]). Each stratum is a vector bundle

Fq € Ry({mi})

| |

(Ag, BQ) O {(AQ, Bg)l Ag D BQ ~ N({ﬂ'l})}
with fiber F, = {By: B1AyBy — ¢ByAs By = 0} over pairs of matrices whose direct

sum has a prescribed normal form. The base of the fibration is clearly independent

on the deformation parameter ¢, and we claim the same if true for the fibers. Since
As @ B, is nilpotent, also the product By As is nilpotent. So By A, is similar to ¢Bs A,

via some change of basis, say given by P. Then

F,—t- R

gives an isomorphism between the fibers. We are then reduced to the classical case
considered in [MMNS] Section 2.2], so that

2Lyoyr — Lf%@o +y1) 1 )

Nq(yo,y1) = N1(yo, 1) = Exp ( L-1 1 —youn
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Combining the results of the two lemmas, we obtain the result of Theorem [4.6]

Formula (4.8) implies an immediate but important geometric consequence. Since
the generating series depends on the choice of the deformation parameter, we can
conclude that motivic Donaldson-Thomas invariants of quiver with superpotential
algebras are not invariant under graded deformation. This could provide motivation
to investigate if the same assertion is true for motivic invariants of moduli spaces of
sheaves with orientation, defined in [BJM], on Calabi-Yau threefolds.

4.1.3 Generating series and moduli of representations

Assuming that ¢ is not a root of unity, the generating series has the form

3L: — L2 yous 1 Yo + U1 )

AU = EXp —
i <L§—L—é l—yoy  Lz—L21—yom

This result shows that there are some elementary classes in M for low dimension vec-
tors which determine via exponentiation the collection of motivic Donaldson-Thomas
invariants. We investigate how these classes can be interpreted as virtual classes of

the moduli space of the corresponding ¢-deformed variety of representations.

It is worth spending a few words on the undeformed case, as it will motivate our in-
vestigation of the deformed generating series. The universal series for the undeformed

algebra is

L3+ L2 1
AU,1=EXP( 2+ L2 Yoy y0+y1>.

Li—L31—yoy L:—L31— gy

Our first attempt is to interpret the motives in the generating series in terms of
simple representations, in analogy with the case of the 3-loop quiver with marginally
deformed superpotential . Define d9 = (1,0) and 6; = (0,1), and let 6 be &y + 6.
We will denote by M*(.Jy,d) (resp. M?*(J1,d)) the open subscheme (resp. substack)
of M(Jy,d) (resp. M(Jy,d)) of simple modules. One can show the following:

o M*(Jy,0;) = {pt}, so that M*(J,,0;) = {pt}/C* and
(MG 0]y = 1/ [C iy = —(L2 = L75)7
o M?*(J1,0) = Opi(—1,—1)\ Z, where Z is the zero section, so that

Lz +Lz)(L—1
[MS(J175)]M7‘ = ( 1 )<_l )
L2 — L2
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While the virtual motive of simple representations of dimension vector d; corresponds
precisely to the coefficient of the d; term y; /(1—yoy1), this is not the case for dimension
vector §. If we consider the King stability condition (1, —1) we have that M%(J,,d)
is the closure of the simple locus M*(J,, d) and

L3+ L3
[Me(‘]la 5)] vir IL;% — L_Qéa

which gives the coefficient of y°/(1 — 3°).

The necessity of considering also non-simple representations to understand the mo-
tives in the generating series becomes even more evident in the case of a deformed
potential W, for ¢ # 0, 1. For the dimension vectors ¢; the situation is completely ana-
loguous to the undeformed case. In the dimension 0 case, the moduli space M*(.J,,0)
is cut out by the function w; = Tr(W;) on M?*(Jy,d). It turns out that it is the
disjoint union of 4 copies of C*, namely the coordinate axes minus the origin of the
fibers over 0 and oo when we consider the inclusion M*(Q,0) C Opi(—1,—1). We
compute the virtual class of the simple locus of representations of the Jacobian alge-
bra. Using the description M*(Q,d) C Opi(—1,—1) we can describe w; locally on the
two charts U; and Us which trivialize the bundle Opi(—1, —1). On each of the charts

our function can be expressed as

wi: U N M*(Q,6) ~C*\ ({0} x C) — C

wpt (z,y,2) — xy2.

Denoting by w; (i) the restriction of w; to U; N M*(Q, ) we have

(w3 (D) ()] = [(wq() 7' (0)] = —2L(L - 1),

and denoting by w;(12) the restriction to the overlap of the two charts we have

[(w5(12) 7 (1)] = [(w5(12)) 7 (0)] = —(L — 1)*.

We thus obtain . ) ,
B 3Lz —2L72 — L2

vir ]L% _1L-3
This agrees only birationally with the coefficient of 4°/(1 — ¢°) in the argument of

(M>(Jy,0)]

the exponential form of the universal series. Let us explain how replacing simplicity
with King stability gives full agreement. First of all in this case it is not a sensi-

ble approach to consider the closure of the simple locus inside the moduli space of
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f-stable representations with dimension vector ¢, as this subvariety does not arise

as the critical locus of a function on M?(Q,d). We proceed instead as follows: the

s
q

M?(J,,d) of w, consists of the union of M*(.J,, §) and the zero section inside M?(Q, 0)
as depicted in

function w? naturally extends to a function w, on all of M?(Q,§). The critical locus

0[5»1 Qp1
P! C Opi(—1)%2

Figure 4.1: Critical locus of Tr(W,), ¢ # 1 and dimension vector (1, 1).

The following proposition shows that in this way we recover the motive appearing as

the coefficient of the y°/(1 — 4°) in the exponential form of the universal series.

Proposition 4.13. The virtual fundamental class of the moduli stack MQ(JQ, ) of

0-stable o-dimensional representations is
3Lz — Lz
Lz L7z
Proof. Since C* acts trivially on M?(J,, d) it suffices to compute [M?(J,, §)]vir. Notice

that we can cover M?(J,, §) with two charts U; and U, corresponding to the two charts

of P'. The restriction of the function wq to each of these charts is
we: U 2C— C, wy(z,y,2) = ayz.

Furthermore, U; N Uy & C? x C*, where the coordinate z is different from 0. We then

have

(MO (g, 6)]oir = —(-L72)%(=2(2L% — L) + (L? - L)) = —3L2 + L"=.
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The reason why we are forced to introduce the stability condition # in order to describe
the elementary virtual motives which determine the universal series is not entirely
clear at this stage. It would be interesting to understand if the introduction of 6
is related to motivic wall crossing, since in a sense the fundamental role played by
the O-stable representations in determining the universal series can be interpreted as
the fact they are the building blocks out of which all the other representations are

constructed.

4.2 DT invariants of deformations of noncommu-
tative resolutions of C x C*/Z,

Let @ be the McKay quiver of G = Z,, C SL(3,C) with diagonal embedding with
weights (0,1, —1). The McKay quiver is the same quiver we considered in [Figure 1.2|

so that we have

e n vertices {0,...,n — 1};
e a loop b; at each vertex;
e an arrow a;: i — i+ 1 fori € {0,...,n — 1};
e anarrow a;:i+1—iforie{0,...,n—1}.

Notation 4.14. The indices appearing in the current section are to be understood
modulo n. It will be mentioned explicitly when an index is to be taken in classical

terms.

We have seen in Example that a very generic degree 3 potential defines a 3-CY

algebra, since the potential

n—1
Wy = Z biyra;a; — biaa;
i=0
defines an algebra A(Q,W;) isomorphic to the skew group algebra C[V] * G. We
concentrate in this section on the family of graded quantum/marginal deformations
of the McKay potential W, given by

n—1

Wy = Z gbivr1a;a; — gibia;a;, (4.13)

=0
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where we assume [] i q;qj # 0. Up to rescaling the a;'s we can assume that the
coefficients ¢, are identically 1. Denoting by ¢ the choice of an n-th root of the
product of the ¢;’s, the change of variables

/ / —1 / i, —1 -1 /
bo="bo, a; 1 =q "qo---qi—1ai-1, b; =¢qy" ... q;_1bi, a;, 1 = a1

brings W, into the form

n—1

§ : * *
Wq = bi—&-lai a; — qbiaiai,

1=0

so that in fact the family of potentials we are considering corresponds to a one pa-
rameter deformation of the classical McKay algebra of G with embedding in SL(3, C)
described above. Ginzburg observed in [Gi, Remark 4.5.3] that a ¢-deformation of the
McKay superpotential defines a 3-CY algebra when ¢ is assumed not to be a root of
unity. The following lemma shows that it is enough to require that the deformation

parameter does not vanish.

Lemma 4.15. For any choice of potential W, in the family

n—1
{Z bi+1a: — qbiaiaf: q < C*}
i=0
the Jacobi algebra J(Q, W) is 3-CY.

Proof. We consider the ordering
bp>ap>by>a1>...>by,1 >a,1>0a5>...>a,_,

on the set E(Q) of arrows of the A,-quiver. The leading terms of the relations defined
by the superpotential are

16(00, W) = biyaa;, 16(0.:W) = —qbsa;, (0 W) = —qa;a;-.

Since none of the leading terms ends in b; the condition (2) of Theorem is
immediately satisfied. On the other hand, for each choice of i in {0,...,n — 1} there

is only one ambiguity associated to the vertex ¢:
(b, 16O, W) (a) 1, al) = (b, b; 16(0a: W), a;), and b;16(0p, W) = 16(0,: W )a; = 1t(iW74).

It follows then from Theorem that the Jacobi algebra J(Q, W) is 3-CY. O
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We compute the universal generating series of motivic Donaldson-Thomas invariants
AU,q =1+ Z [M<‘]Wq7 d)}vir yia
deNV(Q)

where Jy, is the Jacobi algebra J(Q, W,), and where we adopt the multi-index nota-
tion y2 = ygl .. .yff’fll. Once again the result will be expressed in exponential form,
and we will be able to interpret the motives in the argument of the exponential in

terms of the virtual classes of representation spaces of Jyy,.

4.2.1 DT invariants of marginal/quantum deformations

The set of arrows I = {aj,...,a’_;} is a cut for W,. For a given dimension vector d

we denote by V; a d;-dimensional vector space, and we define the reduced variety
R(qu,bd) = {4; € Hom(V;,Viy1), B; € End(V;): Biy1 A — qA;B; = 0},
so that by [Moll Proposition 5.1]

[R(Jw,.1,4)]
Ave= D g v

deNV(Q)

The remainder of this section will be devoted to the proof of the following theorem.

Theorem 4.16. Let Ay(Q,W1) be the generating series for the undeformed case
qg=1. Then

B (L — 1) )"
HTEN Xp ( )l—y“s

(
Exp ((IL —1)-£ ) ,

1—y°

Au(Q,Wy) = Ap(Q, W) - (4.14)

where we set § = (1,...,1) and where

1 if ¢ is a primitive r-th root of unity
0 otherwise '

d,(q") = {

We rewrite the definition of the reduced variety in a more compact form. If we denote
by V the direct sum ®,;V;, the endomorphism B = @ B; is of block diagonal type (b.d.)
and A = @A, is of cyclic type (c.t.), so that

R(Jw,1,d) ={A,B € End(V): BA—qAB, Bb.d., Act.}. (4.15)

By Lemma there is a decomposition V = V! @ V¥ such that A decomposes into

the direct sum of its nilpotent and invertible part.
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Lemma 4.17. The endomorphism B is compatible with the decomposition V = VI @
VN,

Proof. From the equality BA = gAB we deduce that B preserves the nilpotent sub-
space V. Writing the equation BAY = ¢l4l Al B with respect to the block decom-

position we have

(v mo) (7 0) = (07 ) (B o).

and from this we immediately see that BN = 0 for ¢ # 0. O

We can consider a further decomposition which combines both the original one of
(4.15) and that of Lemma , so that we end up having V; = VI @ V.V with
A; = Al @ AV where A! is invertible and the direct sum @AY is nilpotent. Note
that this implies that dimV;’ = dimV} for any choice of ¢ and j in Z,. Given
a € N, denote by aé € NV(@ the vector (a,...,a) as in Theorem m The variety
R(Jw, 1,d) admits a stratification { R(Jw,.1,d, ad)},, where each stratum consists of
representations of () with dimension vector d which decompose into invertible and
nilpotent part in such a way that dim(V;/) = a. For each of these strata we have a

Zariski locally trivial fibration

R!(ad) x RN (d — ab)— R(Jw, 1, d, ad)

|

M(d, ad),

where M(d, ad) is the space of decompositions V; = V;' @ V; and where R](ad) and
Rév (d — ad) are respectively the spaces of the invertible and nilpotent part of the

representation in the sense above. Proceeding in analogy with the conifold case we
define

Iy(y) = Z % y°,
Ny(y) = Z %yd’
deNV(Q) =

so that the universal series factors as Ay(Q,W,) = I;(yo.. yn)Ny(y). Again we

compute separately the invertible and the nilpotent parts of the generating series and

then combine the results.
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Lemma 4.18. The invertible part of the universal series has exponential form

I,(y) = Exp (ﬁ) []Exp <(]L - 1)3 gry,q)ér(qn) ,

reN

where

5,(q") = { 1 of ¢" is a primitive r-th root of unity;

0 otherwise.

Proof. Since the A;’s are invertible, we have the expression
Bi == ini,1 e A()B()(Ai,l Ce Ao)il.

for i # 1, and we can use this to reduce the system of matrix equations to the single
equation

B()(An,1 .. Ao) - qn(An,1 .. Ao)BO = 0.

Then we have that R/ (ad) is a Zariski locally trivial fiber bundle over C}. (a) with fiber

GL"!', where C’én(a) is the ¢"-deformed invertible part of the commuting variety:
{A € GL(\,), B € End(Vp): BA—¢"AB = 0}.

From this it is clear that [C’I (a)]
n |\ A a

a

and so as in Lemma [4.11] we obtain the formula. O

Lemma 4.19. The nilpotent contribution to the generating series is independent of

the deformation.

Proof. There is a collection {ey, ..., e} such that {A’¢;: Ale; # 0},; is a basis of V.
We say that e; starts at a and ends at b if e; € V, and AFe; € V;, where k is the
smallest integer such that A le; = 0. We call the integer % + 1 the length of e;.
Next we define a collection of partitions {7 (a,b)} such that m(a,b); is the number of
vectors in {ey,..., ¢} starting at a, ending at b, and of length j. Denote by Jix(ap)
the associated matrix in Jordan normal form. There is a block diagonal matrix P such
that PAP™' = J{x(ap)}- Note that the same initial set of vectors {ei, ..., ¢} defines
a basis for the matrix ¢A which bring it in the same Jordan normal form Jgr(p)1,
so that we have a matrix P’ of diagonal block type such that P'¢A(P") ™" = Jix(ap)-

But then multiplication by (P')~'P defines an isomorphism between
(B: BA—gqAB=0,Bb. d. }
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and
{B: BA— AB=0,Bb. d.}.

Using the fact that there is a stratification {R)(d — ad, ™)} (r(ap)y of RY(d — ad)
indexed by the set of collections of partitions {m(a,b)}, together with the fact that
each stratum is a vector bundle over the variety N({m(a,b)}) of nilpotent matrices

which are similar to Jix(4p)y, We can conclude the proof of the lemma. O

From Lemma and we obtain a proof of Theorem [£.16]

The results obtained for the non-commutative crepant resolution of a line of A,,-
singularities are in complete agreement with the results of section 4.1, The universal
series of motivic invariants is affected by deformations of the potential.

4.2.2 Generating series and moduli of representations

We focus mainly on the space of representations with dimension vector § = (1,...,1),

since only the coefficient of 1325 changes when considering a g-deformation of J(Q, Wy).
Let us start by discussing the undeformed case. Let ; be the dimension vector which

takes value 1 on the vertex ¢ and 0 otherwise. Define
A={6+4... +6u:i€{0,....n—1} k€ {0,...,n—2}},

where we read the indices modulo n, so that for example the vector do+...4+ 09,1+
lies in A. The universal series of motivic Donaldson-Thomas invariants of J(Q, W),

computed by Bryan and Morrison in [BM], reads

L3+ (n—1)Lz L Y
E : / +3y . . 416
P < Lz—L=> 1-9° Lz —Lz1-%° (416)

aEA

While the virtual class of the stack M?*(Jy,, ) of simple representations with dimen-
sion vector a in A coincides with the coefficient of the term y®/(1 — ¢°), this is not
the case for dimension vector §. In the following example we show this phenomenon
explicitly for the case n = 2; the argument can be easily generalized for all cyclic

groups Z,.

Example 4.20. A representation (b;, a;,af) with dimension vector (1,1) is simple if
and only if (a;,a;, ;) # 0 for ¢ in {0,1}. We can realize M*(Q,6) as a subscheme of
M?(Q,5) where § = (—1,1) is the stability condition giving the G-Hilbert scheme of
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C3. The variety M%(Q,d) can be covered by two coordinate charts Uy and U; with

coordinates respectively
*
Y0,05 Yo,15 0,0, 0,1, Lo,15

(4.17)

* .
Y1,0,Y1,15, 21,0, L1,0, L0,1;
and transition functions
* —1 *
Y15 = Yo,5,T1,0 = 0,0L0,1,T1 0 = Lg,15L1,1 = L0,1% -

The intersection U7 = U; N M*(Q,6) is the complement of the 3-dimensional linear
subspace cut out by z;; = x; ;41 = 0. The function w = Tr(W;): M*(Q,0) — C can

be expressed in coordinates as

wlus (i) = Wiisr — Vi) (Tig — Tig1T) ;1)

on the open set U’. We can thus compute

S -

w 51(0)] = ~L¥(L - 1),

and on the double overlap

[w _gﬂUf(l)] — [w

The virtual class of the coarse moduli space of simple representations of Jy, is

(;glme(O)] = _LQ(L - 1)2'

[M*(Jw,, 8)]uir = —L2 + L2,

which differs from the coefficient of 47 /(1 — y?) by the class Lz — L2,

Remark 4.21. This is a special instance of Theorem 3.4 in the paper [BJM] of Bussi,
Joyce and Meinhardt. This theorem states that the virtual motive [Crit(f)]yi of the
critical locus X = Crit(f) of a regular function f: U — C on a smooth scheme
U depends only on the third thickening X® of X inside U and on the restriction
B of fto X®. In our case, we have the following situation: we have a regular
function f: U — C such that X = Crit(f) is smooth and the restriction of f to X
is identically zero. Denote by X3 the third order thickening of X inside U and by
f®) the restriction of f to X X3 as above. The third order thickening X® of X inside
itself does not affect X and the restriction of f to X, so that we have a commutative
diagram

XB) — ¥
NG
C.
It follows then from [BJM| Theorem 3.4] that [(X,0)]vi = [Crit(f)]vir-
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We thus proceed as in Subsection extending the function w® to the locus of
f-stable representations of the McKay quiver, where 6 is the King stability condition
(—(n—1),1,...,1) in the chamber which give rise to the G-Hilbert scheme.

Proposition 4.22. The virtual class of the moduli space of 0-stable representations

of the Jacobi algebra Jy, s

[N

(M (Jiwy, )i = —LL2 — (n — 1)L2.

Proof. We start describing an atlas {U;}; for M%(Q,§) and describing how the func-
tion w = Tr(W;) can be expressed locally in coordinates. We adopt the following
notation: if xy,...,x, are coordinates for C*, we denote by (4, ...,z;,) the locus
where all the z;,’s are not 0. If we denote by U the complement of n(n +1)/2 linear

subspaces of codimension 2 in C?"
N (T \Viaiay)),
i

a representation (a;, af, b;) of dimension ¢ is #-stable only if it lies in
T} X U.
The open set U admits an open cover {ﬁz}, where
Ui=(..,a_1,0q1,...)

is the complement of a union of n — 1 hyperplanes. If we identify the torus T =
GL;s /C* with (C*)"~! so that the i-th copy of C* acts with weight 1 on a;_; and a,
with weight —1 on a; and a;_;, and with weight 0 on the other variables, we get an

explicit description _
CrxU
MUQ.0) = et

The open sets U; are T-invariant, and we can construct an atlas {U;} for M?(Q, 0)

taking U; := C" x U /T. A system of coordinates for U; is given by

bi,O; RIS bi,n—lu

Hj>i a;

*
)~ ) i—13 ©1,0 S i,
Hj<iaj (4.18)
*
.. a
* 1<t 7] % o %

i = H "5 Ziyitl = Qi1 @iy gy -

j>i @5
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Denote by w; the restriction of w to the intersection of the U;’s whose indices lie in
I. We have

wiiy = (iirr = bid)ziaz, + > (bijer = bij)2
J#
in this system of coordinates. Up to another change of coordinates we can write

locally

. _
wiiy = ezl — Zsn) + D CigZige
i+l

Using Thom-Sebastiani formula we can compute
(1] = i (0)) = L2
and for all 7 € {0,...n — 2}
iy (D] = [y (0)] = =L 4 L

It is not difficult to prove, again using the Thom-Sebastiani theorem, that the analo-
gous contribution for wy is trivial when I consists of a pair of non-consecutive indices
(we do not consider n— 1 and 0 to be consecutive here) or when / contains more then

two indices. We thus obtain
(MO (s )i = —(=L72)% 1 (—L"*2 4 (n — 1)L ).
by a simple inclusion-exclusion argument. O]

We now pass to the g-deformed case, and we assume that ¢ is not a root of unity.
As above we consider the function w = Tr(W,) as a function over M(Q,0), so that
we can avoid any issue related to the commutativity of the various linear maps in a

representation. We can write
n—1
*
W, = E cia;a; .
i=0

after a change of variables. The following lemma describes the locus of simple repre-

sentation of the Jacobi algebra Jyy, .

Lemma 4.23. There is a (non-canonical) isomorphism

M?(Jw,,8) = C*LUC".
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Proof. Let V' = (a;, af,b;) be a representation of () with dimension vector § and let

¢;i = biy1 — gb;. The representation is simple if and only if

(ai,aj) # (0,0) fori# j.

Considering M*(Q, §) inside M%(Q, &) as above, we have that the intersection between
the open set U; defined in Proposition with the locus of simple representations

is the complement of the (n —i)(i + 1) codimension 2 subspaces

Tipg=a;; =0, for k<7, >1+1,

)

i =2x;,; =0, for k <i.
On the other hand points in U; corresponding to representations of Jyy, satisfying
* * . .
Ciﬂ'ﬂfi’i = Ci,ixiyi = xl’,’ixi,i = O, CiJ‘ = .CCi’j =0 fOI' ¥ 7é 2.

It is then clear that the locus of simple representations of the Jacobi algebra Jy, does

not intersect U; for ¢ # 0,n — 1. Furthermore we have

Uo N MS(qu) = {I’Qyo 7é O, xS,O = Co,j = Lo,k = O, k > 0 and for all j},
Un,1 N MS(qu) = {.1'2717"71 # O, Cn—1;j = Tn—-1,;5 = 0, for all j}

O

The following example shows, in the case G = Z,, that the virtual motive of simple
representations with dimension vector d does not correspond to the coefficient of

y°/(1 — %) in the exponential of the g-deformed generating series.

Example 4.24. We proceed analogously to Example We look at simple repre-
sentations of the McKay quiver of G inside #-stable representations for § = (—1,1).
On the open set U7 with coordinates as in (4.17)), the function w® can be expressed

as
*
Yiit1Tii+1 T YiiTiiT; -

The Thom-Sebastiani theorem together with an inclusion-exclusion argument gives
[(Wfi})_l(l)] — [(wfi})_l(o)] — 13412

and
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In this way we obtain

L: — L~z
ME(Jw,, ) ]wir =2+ )
[ ( Wy )] L% _ ]L_%
This does not match, even at the birational level, the coefficient
3Lz — L2
Lz —L"2

of the term 3°/(1 — %) in the exponential form of the universal series.

As in the conifold case, we now choose a stability condition # and look at the critical
locus of the extension of w® to the moduli space M G(JWq, 9). In particular, we take 6
tobe (—(n—1),1,...,1), the stability condition that gives G-Hilb(C?). The following

propositions describe the geometry and the motivic virtual cycle of M G(JWq, J).

Proposition 4.25. The critical locus of the function
w: M’(Jw,,0) — C, w=Tr(W,),

consists of the following components (see for an illustration):

. . . 1 . _ . .
e atree ' of n—1 projective lines P;;,; with 0P$,¢+1 =o0p1, ., foriin{l,...,n—
2};

e n — 2 disjoint affine lines, each intersecting I' in one of its singular points;

e two pairs of affine lines meeting at a point which intersect respectively one of
of T.

the two extremities Op1  and oop:
0,1 n—2,n—1

Proof. We adopt the notation of Proposition [4.22| i.e. we consider M G(JWq, 9) inside
M?(Q,5) and consider locally the coordinates defined in (4.18). Up to a further

change of coordinates ¢; = b;; 1 — qb;, we have
*
Wiy = -+ Ciim12ii-1 + CiZiiZi; T Ciit1Zige - (4.19)

In particular, the intersection of Crit(w) with U; is the union of the three coordi-
nate axes corresponding to the variables ¢;;, z;; and 254 The critical locus Crit(w)
intersects the overlap U; N U; of two charts only if ¢ and j are consecutive integers
(not read modulo n). The intersection of Crit(w) with U; N U;41 consists of a pointed
line C* with coordinate z; = 2.} ; , so that Crit(w(;13) consists of the union of
a projective line ]P’le +1 and two affine lines attached respectively at 0;,;,1 and 00; 4.
This reasoning applied for i € {0,...,n — 2} leads us to the required description of

the critical locus. O
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Figure 4.2: Critical locus of W, for ¢ not a root of unity.

Proposition 4.26. The virtual class of the stacky quotient Crit(w)/C* is

(n+1)Lz — L2
Me J) 75 vir — 1 1 .
MOy )i =

Proof. Since W, admits a cut we have
(Crit(w)]uir = —(=L72)*" ! ([ ()] = [ (0)]),

so we can combine the local description of w from Proposition and an inclusion-

exclusion argument to compute [Crit(w)]y;. We have
W W] = T O)] =Y (wpy (W] = [wi (O) = D (wpisy (D] = [wgly O]+
i

+ Y (g (W] - gk O — .

1,3,k distinct
An easy argument involving the Thom-Sebastiani theorem implies that there is no
contribution coming from the overlaps of charts with non-consecutive indices and

from overlaps of multiplicity at least 3. We thus get

W™ (1)] = [wH(0)] :Z([w@i(l)] — w0+
=0 (4.20)

In light of the local form for wg;y of (4.19), we can compute the various contributions
by means of the Thom-Sebastiani theorem. Recall that the class of the motivic

vanishing cycles of the function
fij: C —C, fileijzig) = cijaig
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is —IL, and the class of the function
et —
Gigi C—C Q(Ci,i,Zz‘,z’, ZZ*Z) = C’LZZ’L’LZ:z

is —2IL.2 + 1. Thus we have

[y

; (Wi (V)] = [wi; (0)]) = —nL"(2L — 1). (4.21)

7

Il
o

Recall that the intersection U; N U, ;1 can be expressed in the coordinates of U; as the
locus where z;; does not vanish. Proceeding in an analogous way to the approach for

wy;y we obtain

S (ke (D] = gk O) = —(n = DL L = 1), (122

=0

From equations (4.21)) and (4.22)) we conclude

[Crit(w)]pir = —(n + 1)L2 + L2,
0

Similarly to the conifold case, the universal series of motivic Donaldson-Thomas in-
variants is determined by the non-commutative skeleton of the resolution of a line
of A,-singularities depicted in Figure [£.2] Again, it would be interesting to have a
more intrinsic motivation for this phenomenon in order to clarify the role of #-stable

representations in the computation of the universal series.

4.A The deformed commuting variety

We describe in this appendix the computation of the generating series

Aq(?/) =1+ Z %yna

n>1

where

Cy(n) = {A,B € End(C"): AB —¢BA =0}

is the g-deformed commuting variety. The computation is a contribution of A. Mor-
rison to [CMPS], and it is reported here for reasons of completeness. The technique
used to obtain an exponential form for the universal series is similar to the one we em-

ployed in Sections .1} and [4.2] i.e. it consists of stratifying the space of g-commuting
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varieties based on the structure of the nilpotent and the invertible part of the matrices.

Recall we introduced the notation Cé (n) for the variety of g-commuting matrices
where the second matrix is invertible, and let C¥(n) denote the analogous variety
where we require the second matrix to be nilpotent. It will be also useful, for a
given pair x and o of elements in {I, N'}, to let C;°(n) be the variety of g-commuting
matrices with nilpotency/invertibility specified respectively by the letter * and o.
We also introduce a similar notation for the generating series of the classes of the
corresponding varieties:

Al (y) =1+ Z —[Tééz)] y".

n>1

Given a pair of matrices (A, B) in Cy(n) there is a decomposition C" = V& V" such
that B = B! @ BY with B’ invertible and B" nilpotent, and such that A = A’ @ AN
is also block diagonal. This reduces the problem to the study of the variety C}(n),
where * lies in {I, N}. Given a pair of g-commuting matrices in C}(n), one can
further decompose V* as V*{ @ V*N and obtain two pairs of g-commuting matrices
(A, B*N), (A*N, B*N) in C}'(n) and C;™(n) respectively. We obtain in this way

Ag(y) = A7 W) AT (AT (9) Ay (y)-
Proceeding exactly as in Lemma (and [4.19) we obtain that if we require one of

the two ¢g-commuting varieties to be nilpotent the generating series is not affected by

the deformation parameter. We have then
A AT (AT () = AT () AT (y) ATV ().

In particular, AY!(y) can be computed as follows. Consider the stratification {C{! (7, n)}
of CM'(n) indexed by the set of partitions 7 of n which define the Jordan type of the

second matrix. We have a Zariski trivial fibration

{A: AJ(m) — J(m)A =0}

Cl(m,m)

|

{B: B~ J(m)},

where J(7) is the standard Jordan form corresponding to the partition 7. Computing
the classes of the base and the fiber of the fibration we obtain

[GLy]
[Stabgr, (J())]

(C ()] = [Stabay, (J(7))] = [GLx],
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so that

Using (1.37), we get
NN NI 1 1 Yy
AN y) = (A (y) T =Exp | ————

and finally we obtain the following expression for the product of the factors requiring

at least one of the two matrices to be nilpotent:

Aﬁ,VN@)Ag“(y)A;N(y):Exp(ﬂ"‘l y )

L-11—-y
We are then left with the factor Aél (y). This contribution is genuinely affected by

the deformation parameter.

Remark 4.27. In the case when ¢ is not a root of unity the variety C1'(n) is empty.
Indeed, two g-commuting matrices A and B satisfy det(AB) = ¢"det(BA), and if
they are invertible it follows that ¢ = 1.

We can therefore restrict to the study of C}/(n) when ¢ is a primitive r-th root of
unity and n = rm. First of all notice that the g-commutation relation implies that A
is similar to ¢*A for all choices of k. If the Jordan normal block decomposition of A
is y
A~ @B I (),
k=1

the Jordan decomposition of ¢'A is

q'A ~ J(q e, ).
We thus obtain

r—1 N
=0 k=0

Remark 4.28. We will assume that J; and J;, have no common eigenvalues for i # k.
This can be done, without loss of generality, by replacing p; by ¢*p; any time we have

i = ¢* 1y changing only the ordering in the Jordan normal decomposition of A.

Lemma 4.29. Suppose A has Jordan normal form as in and assume that
(A, B) lies in C}(n). If we write B = (B;;) as a block matriz with respect to the

decomposition induced by A = &J; we have B;; = 0 unless ¢/~ = 1.
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Proof. In the block decomposition described in the lemma the equation AB—qBA =0
can be rewritten in components as J;B;r, — qB;rJr = 0. Recall that there is an
invertible matrix P, such that PlJlPl_l = ¢'Jy, so that we can rewrite the equations
as

¢ JoB' — ¢ B'Jy,
where B’ = P,B;, P;;'. We obtain that B’ is 0 if ¢7~**1 # 1. We can write Jy = Dy+Np

with Dg invertible and Ny nilpotent. The equation can then be rewritten as
¢'DyB' — ¢"'B'Dy = ¢**B'N, — ¢'DyB’.

Note that (B’);, gets rescaled by ¢'u; — ¢~ fi,,, which is non-zero by Remark [4.28]
On other hand, one easily see that the element in the bottom left corner of the right

hand side of the equation is zero. Proceeding by induction it is not difficult to show
that B’ = 0. O

Theorem 4.30. Let q be a primitive r-th root of unity. The generating series Aél(y)

can be expressed in exponential form as

Ayl (y) = Exp ((L ~nL ) :

1—yr

Proof. Consider the substack C}" (n) of C1¥(n) defined by requiring that 1 be the only
eigenvalue of the first matrix. From the definition of a power structure of Section|1.4.3

we have
Al(y) = (A )" = (AT ().
Similarly we can define the closed substack C,’(rm) of C}(rm) consisting of ¢-

commuting pairs where the first matrix has eigenvalues 1,q,...,¢ ! all with the

same multiplicity. Again using power structures we obtain
IT N _ AL () \C ue] (A1, r\\L—1
A (y) = AY (")) = (AY (),
so that it is enough to prove
[C;I(r‘m)/ GLy) = [Clll(m)/ GL,,].

Let {C{! (7, m)}. be the stratification of C!(m) indexed by the partition correspond-
ing to the Jordan normal form of the matrix A. We have a Zariski locally trivial
fibration

{B: JoB = BJo}— C} (7, m)

|

{AZ A~ J()}
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The class of the base is given by

[GL]
[Staber,, (Jo)]”

and the fiber is isomorphic to the stabilizer group Stabgr,,(Jo). We thus have

{Célér)} = p(m),

where p(n) is the number of partitions of the integer n. Consider now Cj'(rm). It
follows from Lemma that this quotient stack admits a stratification {C,’ (7, rm)}

depending on the Jordan normal form of the matrix A. Denote by J; the Jordan

normal form of the matrix A described in (4.23). There is a Zariski locally trivial
fibration

{B: J.B = qBJ,}——=C}(m,rm) (4.24)
{A: A~ J:}.
We show that the class of the fiber is isomorphic to [Stabe, (Jo)]". By Lemma [1.29]

k+1—i

the fiber is given by matrices B;, with ¢ = 1 satisfying

JiBir, = qBir Jj.

From the description of 1) there are matrices P, such that J; = PiJOP[l, so that
the map
(Bij)ij — (BijPy)i

defines an isomorphism between the fiber in (4.24)) and r copies of the stabilizer
Stabar,, (Jo). It remains to show that the class of the base is

[Ger}
[Stabay,,, (Jx)]

In analogy with Lemma write a matrix B in the stabilizer group Stabgr,.,, (Jx)
in blocks B;; where ¢ and k vary between 0 and » — 1. Then the block B;; satisfies

JiBix = BigJk,
and using the fact that Jy, = ¢"P.Jo P, ! this equation can be rewritten as

q' JoP,Bi. P, = ¢ P,By.P; ' Jo.
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As in the last part of the proof of Lemma |4.29 we can prove that this implies B;;, = 0

whenever ¢ is different from j. But then
(Bir) — (P:Bir P ")

defines an isomorphism between Stabgr,,, (/) and r copies of Stab(GL,,(Jy)), and
this completes the proof. O

The computation of the generating series of the classes of the g-deformed commuting
varieties together with Morrison’s dimensional reduction [Moll Prop. 5.1] enable us
to compute the generating series of motivic DT-invariants of the three loop quiver
with deformed superpotential. We let () be the three loop quiver of Example [1.5( and

W, to be the marginally deformed potential W = aa2a3 — qaiasas.

Theorem 4.31 (|[CMPS)). If g € C* is a primitive rth root of unity, then

2L—-1 y t"
Uq,w,(y) = Exp ( 1 er(L_l)l—y’“) :
Otherwise oL 1
- Y
Uquw,(y) = Exp ( R y) : (4.25)

Assume now that ¢ is a generic deformation parameter. The motives appearing as the
coefficients of /(1 —y) in the generating series in terms of representations of (Q, W)
admit a geometric interpretation in term of simple representations. Let M?*(J,, 1) be
the moduli stack of simple representations of (@, W,) with dimension vector 1. We
can compute directly the virtual motive [M?*(J,, 1)]yi:

—92L7 + L3

(W ()] = W, 0)]) = BT

Mgy Dloir = =

and notice that this matches exactly the coefficient of y/(1—y) inside the exponential
of [£.25] The same phenomenon has been observed also for other more complicated
homogeneous deformation of the potential [CMPS, Sec. 3].
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