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The global commissioning of multi-Petawatt laser systems provides unprecedented access to ultra-
high electromagnetic fields for probing the quantum vacuum. However, current analytical models are
limited, necessitating large-scale simulations for experimental validation. Here, we present real-time
three-dimensional simulations of two quantum vacuum effects, using a semi-classical numerical
solver based on the Heisenberg-Euler Lagrangian. The simulation model is benchmarked against
vacuum birefringence analytical results with a counter-propagating setup. Simulations results of both
plane-wave and Gaussian pulses are consistent with theoretical predictions. The solver is then applied
to four-wave mixing using three Gaussian pulses with real-time information on the harmonic evolution.
We provide quantitative explanations for the astigmatism in the output and produce precise estimates
of the interaction time and size. Results are compared with the plane-wave model and previous
numerical results. This solver paves the way for in-depth investigations of a broad spectrum of

quantum vacuum effects in any arbitrary laser setup.

Quantum electrodynamics (QED) is one of the most fundamental and well-
tested theories in Physics, validated by numerous precision tests' . One of
the groundbreaking predictions of QED is on the nature of the vacuum,
classically viewed as an empty space. The quantum vacuum is filled with
energy fluctuations from which virtual electron-positron pairs arise. The
presence of these virtual particles creates non-linearities in vacuum that
interact with high power laser pulses propagating through, altering their
properties. Examples of these interactions include vacuum birefringence’™"’,
harmonic generation through four-wave mixing'**, photon splitting and
merging” ™, and quantum reflections™.

There have been various indirect tests for photon-photon scat-
tering, the underlying reaction for the above QED effects. These
include the inelastic scattering experiment at Stanford University
(1997) colliding an electron beam with terawatt laser pulses’’, the
previously unsuccessful attempt of measuring photon-photon scat-
tering via four-wave mixing (2000)%, scattering of virtual photons at
CERN using relativistic heavy-ion collisions (2017)*, astrophysical
observations on vacuum birefringence from neutron stars (2017)°,
and forward proton scattering in association with lepton pairs pro-
duced via photon fusion (2020)*.

The advent of multi-petawatt lasers is able to bring us into a new
regime of direct tests for real photon-photon scattering” . Currently,

the Extreme Light Infrastructure (ELI) in Romania™ is able to deliver two
10-PetaWatt (PW) laser beams along with a tunable gamma-ray beam.
Amongst the near-future high-power lasers is the Vulcan 20-20 laser at
the Central Laser Facility in the United Kingdom®, which will produce a
primary beam of 20 PW, as well as 8 beams with a combined energy of 20
kJ. The EP-OPAL project” at the University of Rochester in the United
States plans on generating two beams, each of 25 PW. Photon-photon
scattering via four-wave mixing has in fact been selected as one of the
flagship experiments to be conducted in the future EP-OPAL facility*'.
Finally, the station of extreme light (SEL)* at Shanghai High repetition
rate X-ray Free Laser and Extreme light facility (SHINE) in China are
aiming at a 100 PW beam with a focused electric field strength up to
10" V- m™". This laser is also designed to combine with an X-ray free laser
(XFEL) forexperiments such as vacuum birefringence. Unlike previous
experiments, purely laser-based experiments provide a clean source of
photons without interactions from other particles, significantly reducing
experimental noise. These experiments will not only probe the quantum
vacuum directly, but also provide tests for alternative theories such as
Born-Infeld electrodynamics™*, axions”” and millicharged particles®.

While experimental conditions are increasingly promising with
these up-coming facilities, current analytical models are somewhat
limited to at most Gaussian beams under the paraxial approximation.
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In the context of four-wave mixing, work on analytical solutions was
initially taken up by Lundin, Lundstrém et al. based on a plane-wave
model'”"**. Subsequent analytical work includes that by King et al.
where the input beams are modelled as paraxial Gaussian beams
under the infinite-Rayleigh-length approximation (IRLA)"**'. Berezin
and Fedetov extended the analysis of IRLA Gaussian beams into an
analytical formula for photon number yield for arbitrary interaction
geometries:’“. In terms of vacuum birefringence, Gies, Karbstein et al.
presented semi-analytical expressions for the signal photon dis-
tribution, using a leading-order paraxial expression for the pump
beam, but an IRLA expression for the probe'>*'~**. Implementation of
generic and novel laser beam profiles have gained interest during the
past decade’***, but analytical solutions are mostly obtained under
approximations or limitations to special cases for simplification. This
informs the need for more generic computational simulations to
provide benchmarks for future experimental designs and real
data sets.

There are currently two existing quantum vacuum simulation toolkits,
HEWES by Lindner, Olmez, and Ruhl”, and the Vacuum Emission Picture
solver by Blinne et al.*". Both are based on the Heisenberg-Euler (HE)
effective Lagrangian. HEWES is an implicit Ordinary Differental Equation
(ODE)-based solver for the semi-classical non-linear wave equation derived
from the effective Lagrangian. The solver simulates both four-and six-
photon processes and is able to achieve a high precision with ODE schemes
up to thirteenth discretisation order, without spatial or temporal inter-
polation. However, currently the solver only models up to two paraxial
Gaussian pulses, and performing three-dimensional simulations is chal-
lenging, especially with a high-order discretisation. On the other hand, the
Vacuum Emission Picture solver calculates the laser-stimulated signal
photon emission from the quantum vacuum. External fields are treated as a
classical background, while the quantum vacuum signature is treated as
signal photons. The solver is also coupled with a Maxwell solver to imple-
ment generic laser fields®. The nature of this numerical approach allows for
an excellent signal-to-background separation. However, it also leads to the
lack of inclusion of back-reactions into the driving laser fields, including
QED-induced beam depletion. Additionally, this method computes only
transition amplitudes to asymptotic states, limiting its ability to directly
access real-time evolution within the interaction region.

This paper builds on the work presented in”* on a Heisenberg-Euler
solver based on a modified Yee scheme and extends the solver from one and
two dimensions to three dimensions. The solver evaluates and propagates
the fields using the non-linear Maxwell’s equations derived from the HE
Lagrangian. The numerical stability and robustness of the solver have been
thoroughly tested in lower dimensions in*. This approach is implemented
as part of OSIRIS®, a highly parallel and fully relativistic particle-in-cell
(PIC) code that has been extensively benchmarked against high-intensity
laser-plasma interaction experiments, particularly those associated with
laser-wakefield accelerators. Thanks to its integration into OSIRIS, the
solver is able to simulate an arbitrary number of generic laser pulses that are
not limited by the paraxial approximation. The solver provides the full real-
time evolution and near-focal information of any simulated setup, allowing
detailed physics investigations into the formation and evolution of the
quantum vacuum signatures. Furthermore, the solver allows for greater
flexibility in simulating a wide range of quantum phenomena®, both in
vacuum and in the presence of particles, as will naturally arise in
experiments.

In this paper, the solver is incorporated into the latest version of
OSIRIS. Its robustness in three dimensions is validated by benchmarking it
against two quantum vacuum phenomena: vacuum birefringence and four-
wave mixing. The simulation results show excellent agreement with both
analytical results and past literature. Furthermore, the time-resolved cap-
ability of the solver provides insights into the temporal evolution of the
interaction and reveals the underlying physics of the end-state results.

Methods

Theory

QED in vacuum can be approximated by the HE Lagrangian”*, as
expressed below in Gaussian units:

(B - B) + 7 BY, (1)

where ¢ is the non-linearity coupling parameter:
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This appr0x1mat10n holds under the conditions for fields E < E;and A >> Ao
where E; =74~ 10" Vm™' is the Schwinger field, and A, = ~
1072 m is the Compton wavelength”. All simulations presented in this
paper have fields and wavelengths strictly within these limits.

A set of semi-classical non-linear Maxwell’s equations can be derived

from the Lagrangian””
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where one defines an effective polarisation P and magnetisation of the
vacuum M as:

?—B’)E+7(E-B)B], (7)

M= %T [-2(E* — B*)B + 7(E- B)E]. ®)

One also derives the non-linear wave equation
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Under this formulation, the vacuum possesses non-linear electro-
magnetic properties and interacts with laser pulses propagating through it.
The two effects of interest in this paper are vacuum birefringence and four-
wave mixing. The following sections present an overview of the analytical
solutions for the two effects, which will be compared to simulation results.
For ease of comparison with experimental parameters, the following ana-
Iytical expressions and later discussions are presented in SI units.

Vacuum birefringence. In vacuum birefringence*™"’, a probe pulse tra-
velling through a strong electromagnetic background will experience a
change in its refractive indices along different polarisations. The differ-
ence in refractive indices leads to dephasing between the different
polarisation components. A linearly polarised pulse will thus gain a small
ellipticity in its polarisation after passing through the strong background.
In our simulations, the strong field is provided by an ultra-intense pump
pulse, and the birefringence is extracted from a probe pulse that passes
through the pump pulse®”". The two pulses will be counter-propagating
along the X-axis, both focusing at the origin.
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Consider two scenarios. In the first scenario, both the pump and probe
pulses are plane waves with a Gaussian temporal profile’":

(10)

2
E(r, t) = E cos(kx + wt) exp (_ (xxct) > ’

202

where E is the pump and probe electric field profile, E is the amplitude of the
respective pulses, k and w are their wave-numbers and frequencies, and o is
their longitudinal duration.

In the second scenario, both are finite-width Gaussian beams under the
paraxial approximation”, with focus at the origin:

_ W ¥+ 2
E(r,t) =E W (;) exp <— W ) cos(P(r))
2 (11
* exp [ — (x£ct)
P 202 )’
where the phase ® is given by
o) = (kx+ t) + K7 arctan (X (12)
T 2R(x) z,)

W is the beam waist of the pulse. The transverse extent of the pulse and
its focusing effect are described by a longitudinal distance-dependent width
W(x) = Wy,/1+ (;—0)2, where z, = "KV% is the Rayleigh range of the pulse.

In the expressions presented below, the subscripts 0 and p designate the
relevant parameters for the pump and the probe pulse respectively. In both
cases, E;>E,, such that the birefringent effect created by the probe pulse is
considered negligible. For a probe pulse that is initially linearly polarised at 6,
it will acquire a phase difference between its two components along y and z
after the interaction:

E (x,1) = %exp(—ia)t) exp(ikrx) [cos(@) exp(—iAd)e, + sin(@)ez] + c.c.
(13)

where k' is the wave-number of the pulse after it passes through the pump,
62,71

and A¢ is the phase difference given by

A¢(r) = 12713/25E2)kp00 erf (g) (14)

for plane waves, and

Ag(r) = 12713/2£E(2)(r)kp00 erf (g) (15)

for paraxial Gaussian beams. c.c. denotes the complex conjugate of the first
term. The term E2 given by

E, Y+ 72
X 2 2 X 2
[1 +(2) } Wo(l +(2) )
comes from a the modulus squared of the electric field strength of a
transverse Gaussian profile. The longitudinal Gaussian profile integrates to

the erf function. Finally, the ellipticity § is related to the phase difference
through

Eg(r) = exp| —2 (16)

where

2 2
zexp B L e 2
@)\ W ()
P P

An additional signature of the quantum vacuum present in the inter-
action of tightly focused Gaussian beams is the diffraction spreading of
output photons due to momentum transfer from the pump beam, and has
been studied in recent years in'>*"*. For the simulations presented here
where a relatively loosely focused pump pulse was used (the simulated pump
pulse has a Rayleigh range 100 times greater than that used in'’), the
momentum transfer effects are considered negligible.

E,(r)=

(18)

Four-wave mixing. Now consider three input plane waves with fre-
quencies and wavevectors (w;, k;), where i = 1,2, 3. An output beam whose
four-wavevector (w4, ky) satisfies the conservation of energy and
momentum will be generated such that™:

k +k, =k; +k,, (19)

W, + w, = w3 + w,. (20)

In the present work, a two-dimensional interaction geometry is con-
sidered, where the wavevectors of all four waves are confined to the X-y
plane. The angles ¢; and y; are assigned to each field, where ¢; is defined as
the angle k makes with the x-axis, and y; is the angle of polarisation from the
z-axis, such that:

k; = k; cos ¢,x + k; sin ¢, (21)

E(r,t) = E|(r,t) [sin y,; sin ¢, X — siny; cos §,§ + cos yii} . (22)

Incoming beams are approximated as top-hat beams confined by length L,
width and height b (L > b). It is further approximated that during the
interaction process, the pulses interact in a cubic region with volume b”. The
interaction region is assumed to exist for a limited period of time,
determined by the duration of the pulse L. Any edge-effects are considered
negligible in the model. The output electric field then takes the form*

Eout(r7 t) = EO(rv 67 ¢) COS(k4T’ - w4t + 8)G2d7 (23)
where
Ey(r.0.0) = 1 8¢ sin(ky¢(cos ¢, — cos ¢ sin 6))
olr,0,4) = dme, kymr cos ¢, — cos ¢sin @
sin (k4 g (sin ¢, — sin ¢ sin 9)) sin (k4 g cos 6) (24)

sin ¢, — sin ¢sin 0 cos 6

E1E2E37

1, 0 and ¢ are conventional spherical coordinates, with the origin at the
interaction centre. § is a constant phase. G,q is a geometric factor that
depends on the interaction geometry and polarisation of input pulses, and
its full expression is given by Supplementary Note 1.

The output power can be calculated by integrating the intensity over a
spherical shell, which gives

sin20 ~ 2 4
- 17 48 (1
§="——E,A¢, (17) ot = 7 (}T G40’ P P,P;, (25)
ctey \MAy
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with o given by"

@ = k%ﬁ/ /

N sin? [k, 2 cos 6]
cos26

sin® [k, bf (6, ¢>)/2} sin® [k,bg(6, ¢)/2]
f3(8,¢)g%(6, ¢)

sin 0dode,

(26)

where (0, ¢) =1 — cos ¢ sin 0 and g(0, ¢) = sin ¢ sin 0. G,q is the mod-
ulus of Gyg. P35 represent the power of the input pulses. The expected
number of photons obtained per shot (No,,) is calculated by multiplying the
power by the time duration and dividing by the output photon energy:

288 (1Y)’
¢ (—) G340°LP, P, P;.

27
nctegh \ A, (@7)

out =

Semi-classical QED solver

The Yee scheme”” is a widely used solver for Maxwell’s equations, wherein
the electric and magnetic fields are computed on a staggered grid (See
Supplementary Fig. anchorlinkdmmc11). To address the non-linearities in
the modified Maxwell’s equations, the solver employs a modified Yee
scheme® (See Supplementary Fig. anchorlinkdmmc12 for a summary of the
below process). At each time step t,,:

 Thestandard Yee scheme, based on the original Maxwell’s equations in
the classical vacuum, is carried out to compute the electric and mag-
netic fields at staggered locations at #,,, ;.

* Given that the non-linearities couple to all components of electro-
magnetic flelds, the field values are linearly interpolated to all grid
locations.

* The two electromagnetic invariants, E* —
all grid locations at ¢, ;.

* The effective polarisation (Eq. (7)) and magnetisation (Eq. (8)) are
calculated at all grid locations at ¢, ;.

o The electric field at f,,; is then re-evaluated using the modified
Ampere’s Law (Eq. (6)).

* The updated electric field is used to revise the polarisation and mag-
netisation terms, which in turn update the electric field (Eq. (4)). The
iterative process continues until convergence to the desired accuracy is
achieved.

» The magnetic field at ¢, is then re-calculated using the modified
Faraday’s Law (Eq. (4)).

B?and E - B are calculated at

This scheme has the important advantage that it can be straight-
forwardly incorporated into the electromagnetic solver in PIC code, and

allows the calculation of quantum vacuum effects in the existing PIC
code algorithm without significant modifications. The solver has been
upgraded to be compatible with the latest version of OSIRIS, which
supports new features such as non-paraxial pulses and pulse propagation
atan angle"‘, and benefits from a shorter run- time For the simulation of
vacuum birefringence, a spatial resolution of % of the probe pulse
wavelength is adopted along its propagation direction, and  of the beam
width is used transversely. For four-wave mixing, to resolve the propa-
gation of the pulses at an angle, the spatial resolution is set to 3 of the
wavelength on the X-y plane, and ;5 along z. With the spec1ﬁed resolu—
tion, the simulation of vacuum birefringence with two plane-wave pulses
took approximately 0.5 hour to complete without quantum effects, and
15 hours with the addition of the quantum vacuum solver, using the
same computational resources. The simulations of four-wave mixing
took 0.75 and 3.4 hours without and with the solver. The reasonable run-
time allows for higher flexibility in running multiple simulations, for
example when carrying out parameter scans.

Results

Vacuum birefringence

The stability and accuracy of the solver in 1D and 2D have been
validated in”. Here the benchmarking was extended to vacuum
birefringence in 3D for the two scenarios outlined in Eq. (10) and Eq.
(11). To enhance the non-linear effects, the value of the non-linearity
coupling parameter £ in Eq. (7) and Eq. (8) was artificially increased
from ~ 107" to 107*. One notes that this adjustment only re-scales
the results to increase signal-to-noise ratio without introducing
additional physical effects. To obtain a realistic estimate of the
physical quantities, only a re-scaling based on & is needed. All
diagnostic calculations are performed using E and B fields inter-
polated to the cell centre.

The standard counter-propagating setup, shown in Fig. 1, consists of
an optical pump pulse and an X-ray probe pulse. The two pulses share
the same focal spot, duration and beam width, and fully overlap at focus.
The pulse parameters for both scenarios are detailed in Table 1. The
ellipticity value is measured from the polarisation plane of the probe
pulse at a fixed location.

Results for the ellipticity obtained in the plane-wave case are plotted as
aratio of the theoretical prediction (Eq. (14)) across the transverse plane, as
shown in Fig. 2 (a). The maximum deviation from theory is 2.9%,
demonstrating excellent agreement. There is a variation in the ratio within a
range of 3.9% across the transverse plane, demonstrating the robustness of
the solver across the -z plane.

Fig. 1 | A schematic view of the vacuum
birefringence setup. A counter-propagating probe
and pump setup is simulated in 3D: a both probe and
pump pulses are plane waves; b both are Gaussian
beams. Different colors represent different iso-
surfaces of electric field strengths. The relative
wavelengths and electric field strengths in the figure
are not to scale, with the accurate parameters shown
in Table 1.
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Table 1 | Input parameters for pump and probe pulse in
vacuum birefringence setup

Pulse A (nm) Eo (Vm™) o (fs) W, (uym)
Pump 1000 8.6 x 10" 2.1 9.6
Probe 10 3.2x10" 2.1 9.6

The plane-wave and Gaussian scenarios share the same wavelength A, peak electric field at focus Eq
and temporal duration o. Plane waves are simulated to have an infinite spatial extent that spans the
simulation box, while Gaussians have a beam waist W specified in the table.
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Fig. 2 | Simulation ellipticity 8 relative to theoretical predictions &co-

a Percentage deviation of § from e, across the transverse plane of the probe pulse

for plane-wave scenario. Maximum deviation from the theoretical prediction is

2.9%, with a variation of 3.9% across the plane; b Normalised ellipticity across the

transverse plane for the Gaussian scenario. Seo,0 = Oneo(y = z = 30 um) is the

theoretically predicted value for peak ellipticity. Line outs are taken along y and

Z-axis at central y and z locations (30 ym). Deviation from theoretical value at the

peak is 2.1%.

For the Gaussian setup (Fig.1b), the ellipticity is expected to mirror
the Gaussian profile of the pump pulse across the y-z plane, as shown in
Fig. 2. Comparison with theory is shown in slices along the central y and
z axes. The deviation from theory at the peak of the Gaussian is 2.1% and
is found to be resolution dependent. Increasing the y-z plane resolution
by 1.8 times reduces the deviation to 1.7%. The deviation from analytical
predictions for both scenarios is consistent with previous deviations
obtained in past literature when the solver was benchmarked in two
dimensions”', validating the continued accuracy of the solver when
extended to three dimensions.

\kl k
Fig. 3 | A schematic view of the four-wave mixing set up. A two-dimensional
interaction geometry is simulated, where the wave-vectors of all four beams lie on the

% — ¥ plane. The four beams have a wavelength of 0.5ym (1, and A,), lym (A3) and
0.3um (A4). The colouring reflects the respective wavelengths.

Table 2 | Input parameters for the three input pulses in four-
wave mixing

M (pm) A2 (pm) As (um) Aq (pm)
0.5 0.5 1 0.33
Eo (Vm™) Po (PW) o (fs) W (um)
6.4 x 10 13.9 11.2 4.0

The input beams have different wavelengths A, but share the same peak electric field at focus Eq,
temporal duration o and beam waist W. For ease of comparison with other literature, the peak power
of each beam at focus Py is also shown.

Four-wave mixing
The particular geometry studied here is

k, = —kk — \/3ky

k, = —kx + V/3ky, 28)
k, = kx
k, = —3kx

as shown by Fig. 3, reproducing the setup studied theoretically in Refs. 17,22.
The output beam is well-separated from the three incoming beams, making
detection straightforward. This geometry also yields a reasonable number of
photons compared to other potential setups®.

The plane-wave model is physically unrealistic and offers limited
insight for future experiments. Therefore, in our simulation, all three beams
have realistic Gaussian profiles. The input beams each have a wavelength of
0.5 ym (A; and A,) and 1 ym (A3). They share the same electric field strength,
pulse duration and beam width, as shown by Table 2. This geometry yields a
third harmonic output pulse with a wavelength of 0.3 ym (A,). The simplest
polarisation configuration was first simulated: all three input beams are
polarised along the Z-axis. The time-resolved feature of the solver allows one
to visualise and analyse the interaction process at any time step (See Sup-
plementary Fig. anchorlinkdmmc13 for snapshots of the simulation). A first
deviation from the plane-wave model is already observed by looking at the
interaction region at wt = 100 (Fig. 4), which corresponds to the mid-point
of the simulation where maximal overlap between the input beams occurs.
The region shown is defined to include all points whose local field strength
exceeds half of the peak field strength, thus highlighting the regions of
significant non-linearities. It can be clearly seen that the region fits more to
an ellipsoid than the cube assumed by the plane-wave model. A surface fit
gives the radii along X, y,and Z as 3.43um, 3.51um and 3.35um. Such insights
are helpful for prospective experimental designs on vacuum chamber
dimensions for four-wave mixing setups.
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Fig. 4 | The interaction region at wt = 100 in three dimensions. The region is
defined by the spatial envelope where the local field strength exceeds half of the peak
field strength. a All the points in space satisfying the criterion. The colour-coding

(b)

represents the local electric field strength; (b) includes only the points near the outer
surface, and the ellipsoid fit.

kx/kO

Fig. 5 | Fast Fourier Transforms of the electric field E, in the x-y plane at three
stages of the simulation. The Fourier Transformed field is plotted on a log,, scale.
Multiple harmonics can be identified in wt = (a) 1, b 100 and ¢ 200. k values are
normalised by the fundamental wavenumber ko, which corresponds to the funda-
mental frequency w. The initial harmonics in (a) are produced from self-interaction

logio |E;|

of the input beams. Harmonics produced from four-wave mixing are presented at
(b), consistent with simple harmonic analysis. The third harmonics at (+3k,, 0)
remain the highest intensity among all higher harmonics throughout the interaction.
The real time evolution is shown by Supplementary Movie 1.

Figure 5 shows the resulting Fast Fourier Transforms (FFT) in the X-y
plane at three stages, wt = (a) 0, (b) 100 and (c) 200, which corresponds to the
start, the mid-point and the end of the simulation. Tracking the evolution of
the phase space allows one to identify the range of harmonics produced
throughout the simulation. The six highest-intensity harmonics at locations
(ko k) = (£ko,0)and (£ ky, = V/3k,) represent the three input beams. The
harmonics are smeared out around the central frequencies due to finite pulse
sizes. The white strips along k, and k; arise from imperfections in pulse
propagation in the simulation, but are easily separable from the desired third
harmonic due to intensity differences. From Fig.5 (a) one can see the har-
monics at (£ 3k, 0) and (£ 3k,, = 3\/§k0) arising due to self-interaction of
the input beams’'. One notes that self-interaction occurs only in non-plane-
wave pulses, where the curvature of the wave fronts induces photon-photon
scattering within the pulse itself. Mathematically, this can also be straight-
forwardly seen from the two invariants E> — B* and E - B contained in the
non-linear terms in Eqs. (7) and (8), which are exactly zero for plane waves.
This is hence not captured in the plane-wave model. The harmonics pro-
duced from the three-beam interaction are presented by Fig. 5b. From Eq.
(9), one can see that the output electric field includes the frequency

components present in the non-linear source term, which scales as E’.
Substituting the input field as:

E@r 1) = (El(r, t)e k4 B, (r, e ketV)
i (29)
+E;(r, t)e*”‘(x*ﬁy)) + e

into Eq. (9) gives a range of harmonics including (+k,, +2+/3k,),
(ky, £33/3ky), (% 3ko 0), (£3ky, £+/3k,) and (+3k,, +2+/3k,).
However, most of these modes are off-shell, i.e. they only satisfy the con-
servation of momentum but not energy. Therefore, the intensities of har-
monics at (+ kg, +2+/3k,), (£ 3ky, = +/3ky) and (£ 3k,, +2+/3k,) decay
with time and they are no longer present approaching the end of the
simulation, suggesting their evanescent nature. The interesting presence of
these harmonics might contribute to additional quantum signatures in a
single experiment that are discernible from the input pulses in frequency.
Their evolution is often overlooked in analytical expressions that focus
solely on the on-shell harmonic output, yet they offer new opportunities for
investigating evanescent fields within the interaction. In this context, the
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time-resolved capability of the solver is valuable for providing quantitative
descriptions of the full spectrum of harmonics that emerge throughout the
interaction process. On the other hand, the third harmonic’s intensity stays
relatively constant. The difference in intensities and frequencies allows the
straightforward separation of the third harmonic from the other frequency
components. These plots align with the principle of the four-wave mixing
experiment, which is used to stimulate the generation of this particular
harmonic.

The resulting output pulse, extracted by a frequency filter, also exhibits
a Gaussian profile, as shown by the insets in Fig. 6a, b. The output pulse is
polarised along the z-axis, consistent with the theoretical predictions. The
solver also allows one to gain insights into its evolution. Figure 6 illustrates
the evolution of several key characteristics. A similar transition is seen in the
pulse length and peak field strength. The generation process begins before wt
=100, when considerable pulse overlap occurs. Both follow an exponential-
like increase until reaching a maximum at wt = 126, coinciding with the
separation of the input pulses. Beyond this point, the peak field strength
decreases due to the pulse spreading in vacuum, as evidenced by the gradual
increase in transverse width shown in Figure 6b, while its length remains
constant. This enables the identification of an asymptotic time beyond
which the pulse propagates classically, without further nonlinear interac-
tions. The asymptotic length of the output pulse is shorter than the input
ones, with o ~ 8.6fs. It is also smaller in size and slightly astigmatic, with
W ~ 2.51pm along the y-axis, and 2.37ym along the z-axis. The astigmatism
comes from the asymmetry in the interaction geometry. When the beams
approach each other at oblique incidence, the overlap region along the two
axes is asymmetric. Specifically, the interaction length along the y-axis is
determined by both the transverse width and length of the input pulses,
while the interaction length along the z-axis is dependent only on their
width. In the current simulation settings, the pulses’ length is slightly larger
than their width, suggesting that the output pulse may have a slightly greater
width along y. Astigmatism is ignored in the plane-wave model, while
deviations from this approximation are evident in the overlap region shown
in Fig. 4. A similar asymmetry was observed in ref. 59 for a different
interaction geometry. Here, a more quantitative basis is given by comparing
the interaction lengths along the two axes in Fig. 4. The full-width-at-half-
maximum (FWHM), given by the diameters of the fitted ellipsoid, is 7.0 ym
along y and 6.7um along Z, supporting the hypothesis that astigmatism in

the output signal originates from the interaction region. This highlights the
solver’s capability to trace output characteristics back to their physical ori-
gins at any time step.

A particularly intriguing observation from the simulation results is the
transition in the peak location of the generated third harmonic. During the
interaction process, there is a continuous transition from the peak staying
nearly stationary as the pulse is being generated, to propagating at a constant
speed. The change in group velocity reflects the evolving effective refractive
index of the quantum vacuum, an effect that is qualitatively expected due to
the separation of the driving pulses but has not been explicitly resolved in
previous studies. Similar to Fig. 6a, ¢, the transition completes near wt = 126.
The asymptotic propagation speed of the generated pulse, measured from
the slope, is 0.99c. These findings enable precise estimates of interaction
durations and propagation times to a detector, which are crucial for
experimental setups employing time-gated photon detectors to enhance
signal-to-noise ratio. For example, the peak of the output pulse reaches a
position 16 ym from the interaction point 106s after the simulation starts.
Considering that the pulse has reached the asymptotic stage where it can be
modelled classically, these graphs can be extrapolated to give some initial
estimates of a detection window. For a detector 10cm away, it takes 0.34ns
for the peak to reach the detector, with a 21fs window determined from the
pulse’s FWHM. This highlights the solver’s distinct advantage in identifying
and predicting key time points, compared to previous analytical and
numerical approaches that focus solely on asymptotic results.

Comparing with analytical results from the plane-wave model"”
requires normalisation. Here, two different methods have been adopted. As
Eq. (25) and Eq. (27) suggest, four-wave mixing is a local interaction process,
where the power and energy of the output pulse is directly proportional to
the power of the input pulses. Hence, in the first method, the input power of
the plane waves is matched with the peak power of Gaussian pulses in the
simulations. The width (b) of the plane waves is approximated by an
effective width of the Gaussian pulses given by /7 W. Similarly, the effective
time duration of the pulses is /270. The choices of the effective width and
duration are kept consistent with'’, where a similar comparison to the plane-
wave model was carried out. However, in light of future experiments, where
the pulse energy is the main parameter that can be controlled, in the second
method, the total energy of each plane wave is matched to that of the input
pulse in the simulations. This also allows one to compare straightforwardly
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Fig. 7 | Ratios of analytical results to simulation results for output pulse prop-
erties. The ratios of (a) peak electric field, b peak power, ¢ total number of photons
are plotted against distance from the interaction point (also the focus). The simu-
lation results are represented by crosses, and the dashed lines represent trend lines.
Two axes are shown with different normalisation methods, scaled by a constant
factor. The left axis represents the ratio when the plane-wave model input energy is
matched with that of each input pulse in the simulation. The right axis represents
when the plane-wave model input power is matched with the peak power of each
input pulse in the simulation. Analytical results for the output electric field overshoot
close to the interaction point, while ratios of power and photon number remain
nearly constant with distance.

with the results obtained by the Vacuum Emission Picture solver in”, where
the same method was used. Given the use of input pulse powers in Egs. (23),
(25), (27)), the input pulse energy is converted into an effective power given
by Py = ﬁ, where ] is the input pulse energy. The effe?tive power cal-
culated is 5PW, compared with the peak power of the simulated Gaus-
sians ~ 14PW.

Before discussing the results, it is worth noting again the main
assumptions in the plane-wave model: (a) Both the input and output beams
are assumed to have a top-hat transverse and longitudinal profile, with a
constant electric field strength in the region confined by their lengths and
widths; (b) The interaction region is assumed as a cube that exists for a
limited period of time determined by the input pulse duration; (c) All end-
effects at the edges of the pulses are ignored; (d) In deriving Eq. (23), it is
assumed that the detector (observer) distance r > L. These points will be
referred back to when explaining the various differences from theory.

First, one compares the on-axis electric field, peak power of the output
pulse and the total number of photons emitted per interaction with the
plane-wave model predictions. Figure 7 represents the ratio of theoretical to

simulation results for the respective quantities against the detector distance
from the interaction point. The right axis represents method 1, where input
power is matched. The left axis represents method 2, where input energy is
matched. Starting with method 1, on average, there is a factor of 3.9 dif-
ference between theory and simulation results for the output peak power,
while the photon number ratio reaches 13.5. The O(1) difference in power
shows that the plane-wave model provides a reasonably good estimate of the
output power, for input pulses that fall under the paraxial approximation.
Differences can be attributed to point (b) raised above, the over-
simplification of the interaction region, and (c), the lack of treatment of end-
effects. The larger discrepancy in photon number is justified by point (a),
since theory assumes plane-wave inputs with a constant power, whereas the
power of Gaussian pulses falls off rapidly away from the peak position. This
result is also consistent with"”, where King et al. demonstrated that imple-
menting more realistic input laser profiles predicts a lower photon number
than the plane-wave model, under the power matching method. The biggest
variation is found in the on-axis electric field ratio, which drops progres-
sively with detector distance. This aligns with point (d) given that the length
scale investigated here is of the same order as the pulse length, and thus is
outside the validity of the assumption. The dropping discrepancy as the
detector is placed further away is also justified by (d). This marks the success
of the simulation to produce more accurate results at near-focal locations
than analytical predictions. The ratios of power and photon number are also
analysed at various distances from the interaction point to assess the con-
sistency of the simulation results. The output power shows a maximum
variation of 7.0% in a range of 11 ym, while the photon number ratio varies
by up to 0.2% in 4.5 yum, further demonstrating the robustness of the solver
to propagate the output pulse in space and time without numerical dif-
fraction effects.

Looking at method 2, one notes that with energy matching, realistic
Gaussian pulses are actually able to generate a stronger signal than the plane-
wave model predicts. A justification for this result has been suggested first in
ref. 58, which suggests that the signal depends decisively on the peak field
strengths of the input pulses. Plane wave pulses have a more even dis-
tribution of energy than Gaussians, so for the same energy, it naturally
follows that plane waves have a lower electric field strength than the peak of
the Gaussians. The simulations results are also consistent with the results in
ref. 59. In particular, the obtained output photon number is a factor of six
greater than the theoretical prediction on average. This is in good agreement
with the results presented in ref. 59, where a different interaction geometry
was investigated using paraxial Gaussian pulses in four-wave mixing, and
the resulting photon number was a factor of two to three bigger than the
plane-wave prediction. The potential differences between these results are
attributed to the different interaction geometry and pulse sizes. The photon
number ratio also depends on how the effective pulse duration is defined
and calculated. Finally, upon rescaling & back to its actual value while
maintaining the rest of the parameters used in the simulation, a photon
number of 156 is achieved with the simulation settings, compared with 24
from the plane-wave model.

These comparisons indicate the success of the simulations in capturing
results at near-focal positions. To further validate the accuracy of the
simulation, the dependence of normalised power and polarisation of the
output pulse as a function of the polarisation angle of the three input beams
was investigated, which is independent of input beam profile. It is then
compared with theoretical predictions. For this particular interaction geo-
metry, a maximal output photon number is achieved when the three input
beams are all polarised at 45°. This can be well reasoned for by the maximal
interactions between different components of the electric and magnetic
fields when they are equally distributed into two polarisation components,
as suggested by the invariant term E - B present in the non-linear source
terms. The resulting output pulse is also polarised at 45°. Nine simulations
with the same interaction geometry were run while varying the polarisation
angle y of the three input pulses. Figure 8 shows the normalised power and
polarisation of the output pulse from the simulation results and theory. The
simulation results closely match the theoretical predictions for the angles
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Fig. 8 | Benchmarking of the solver in four-wave mixing. The simulation results
are benchmarked by investigating (a) the normalised power and (b) the polarisation
angle of the output pulse as a function of the polarisation angle of input pulses. The
minus sign in the output polarisation angle follows the convention used in Eq. (22).
All points align well with theory within error bars (calculated as standard deviations
of each quantity at a range of detector locations).

tested, validating the accuracy of the solver when applied to a different
quantum phenomenon and field configuration.

Conclusions

In this paper, a semi-classical three-dimensional solver for quantum
vacuum effects based on the Heisenberg-Euler Lagrangian was introduced.
The solver operates on a modified Yee scheme and is integrated into the PIC
framework OSIRIS. The precision and robustness of the HE QED solver in
three dimensions were demonstrated by applying it to two quantum
vacuum phenomena: vacuum birefringence and four-wave mixing. The
results align well with analytical predictions and results from previous sol-
vers. The time-resolved feature of the solver is also presented in real-time
FFTs, the interaction region and the evolution of the output pulse. This
allows one to gain unique insights into the full range of quantum signatures
and structural details throughout the interaction process.

The time-resolved capability of the solver is of great potential in
uncovering physics origins of quantum vacuum interactions, and translat-
ing from the quantum interpretation to classical properties. For instance, the
widening diffraction cone of a probe pulse due to a momentum transfer
between photons studied in ref. 54 can be analysed in greater temporal detail
within a semi-classical framework. The generation and evolution of multiple
harmonics in multi-beam interactions’® can also be traced in more detail.

Looking ahead, the solver could be applied to studying interactions of
novel pulse shapes, including Laguerre-Gaussian beams™”” and tightly
focused beams®'. The simulation results can complement existing theore-
tical work and provide benchmarks for future high-power laser experi-
ments. Additionally, with the adaptation and use of a virtual detector
diagnostic developed in ref. 78, in future it will be possible to assign far-field

information collected by infinite-distance detectors, providing a compre-
hensive analysis for future high energy laser experiments. Finally, it opens up
the possibility of investigating QED effects in the presence of particles. For
example, in future four-wave mixing experiments, the solver could place
initial estimates of noise levels from Compton scattering, thus opening the
way to full-scale modelling of upcoming all-optical photon-photon scat-
tering experiments.

Data availability
The datasets generated during the current study are available in the Figshare
public repository.

Code availability
The source code of the quantum vacuum solver is available from the cor-
responding author on reasonable request.
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