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Abstract

In this thesis, we investigate the Strominger system on non-Kédhler man-
ifolds.

We will present a natural generalization of the Strominger system for
non-Kédhler hermitian manifolds M with ¢; (M) = 0. These manifolds
are more general than balanced hermitian manifolds with holomorphi-
cally trivial canonical bundles. We will then consider explicit examples
when M can be realized as a principal torus fibration over a Kéhler sur-
face S. We will solve the Strominger system on such construction which
also includes manifolds of topology (k — 1)(S5? x S*)#k(S? x S3).

We will investigate the anomaly cancellation condition on the princi-
pal torus fibration M. The anomaly cancellation condition reduces to
a complex Monge-Ampere-type PDE, and we will prove existence of
solution following Yau’s proof of the Calabi-conjecture [Yau78|], and Fu
and Yau’s analysis [FY08].

Finally, we will discuss the physical aspects of our work. We will dis-
cuss the Strominger system using a’-expansion and present a solution
up to (a’)!-order. In the o/-expansion approach on a principal torus fi-
bration, we will show that solving the anomaly cancellation condition
in topology is necessary and sufficient to solving it analytically. We will
discuss the potential problems with o/-expansion approach and con-
sider the full Strominger system with the Hull connection. We will
show that the a/-expansion does not correctly capture the behaviour
of the solution even up to (¢/)'-order and should be used with caution.
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Chapter 1

Introduction

In this thesis we investigate Strominger’s system on non-Kéhler hermitian man-
ifolds. This system of differential equations originates from compactifying the
low energy limit of the 10-dimensional heterotic string theory on a compact 6-
dimensional Riemannian manifold M requiring that the effective field theory on
the 4-dimensional Minkowski space to have N = 1 supersymmetry.

It has been well established that the low energy behaviour of heterotic string
theory is correctly approximated by N = 1 10-dimensional heterotic supergravity
[BBSO7, Pol05, MS10]. The bosonic part of the supergravity action in the string

frame up to the first order in o/, is

1 2 A N ~ 1= R
S=—-—— e Rg*1—4dp A xdp+ —H N +H
2"{10 Mg 2
e s
+ O/Ttl“ (F A*xF — R A *R) + O(a'?),
where }?5 is the Ricci scalar, ngS is the dilaton, His a 3-form, F' is the curvature
of the vector bundle, and R is the curvature 2-form. It has been shown that the

equations of motion of this action can be solved by requiring that the background

is supersymmetric and satisfies an anomaly cancellation condition [Ival0, MS10].



Strominger [Str86, [Str90] found that the internal Riemannian manifold (17, g)
should admit a complex structure J, and a hermitian form w with a non-vanishing
holomorphic (3,0)-form Q. Additionally (M, J, g,w) should be accompanied by a
holomorphic vector bundle (V, H) and the following system of equations should

be satisfied:

d'w = Jdlog |||, (1.1)

FAwW? =0, and F?° = F%2 =0, (1.2)
/

i09w = %tr(R AR—FAF). (1.3)

Note that there was a minus sign error in Equation of [Str86] which was later
corrected by Strominger in [Str90]. Strominger didn’t specify which connection to
use when computing trR A R, later Hull [Hul86] has shown this should be the Hull
connection.

A simple solution of the Strominger system can be constructed when (M, J, g, w)
is Calabi-Yau. Since ¢;(M) = 0, we can use the Calabi-Yau theorem and find a
Kéhler form w whose metric g is Ricci-flat. We can solve the Strominger system
with (M, J,g,w) and (V = T'"M,g). This is called the standard embedding in
string theory.

The virtue of the Strominger system is that it fits in well with Miles Reid’s fan-
tasy. Reid considered complex 3-manifolds with a trivial canonical bundle; we will
call such manifolds Reid manifolds. He [Rei87] conjectured that these manifolds
tit into one universal moduli space which is connected via birational transforma-
tions and smoothings. This conjecture has been tested [CGHO90, [CGGK96] for a
large number of Kdhler Reid manifolds, i.e. Calabi-Yau manifolds.

Strominger system provides the means to study Reid’s fantasy via metric geom-

etry even in the non-Kéhler case. Li and Yau [LY05] showed that the first condition



Equation (1.1) of the Strominger system is equivalent to

d(|||ow A w) = 0.

Thus in the non-Ké&hler case, the Calabi-Yau metrics are generalized to conformally
balanced metrics.

Balanced metrics are more flexible than Kédhler metrics. The existence of bal-
anced metrics is preserved under birational transformations [AB95], and under
conifold smoothings [FLY08]. If the manifold satisfies the 99-lemma, then the bal-
anced condition is preserved under small deformations of the complex structure
[Wu06]. However, unlike Calabi-Yau metrics, uniqueness is not guaranteed for
balanced metrics. This is where the holomorphic vector bundle (V, H) can help by
introducing extra restrictions from Equation (1.2), (1.3).

Regarding the vector bundle condition, Equation (1.2), Chuan [Chul0] consid-
ered the conifold transition and the family of balanced metrics studied in [FLY08].
He has shown that one can find a holomorphic vector bundle for each balanced
metric that fits into a family of hermitian-Yang-Mills vector bundles throughout
the conifold transition. Thus the vector bundle condition can be carried over along
the conifold transition.

Given a holomorphic vector bundle (V, H) which satisfies Equation (I.2), there
is an extra restriction on the balanced metric via the anomaly cancellation condi-
tion, Equation (1.3). Due to the non-linearity of the anomaly cancellation condition,
solving the equation is a challenge. However, in the explicit construction of princi-
pal torus bundles over a K3 surface [GP04], Fu and Yau [FY08] proved the existence
of solutions to the anomaly cancellation condition using the Chern connection for
R in Equation (1.3).

Meanwhile, D. Grantcharov, G. Grantcharov, and Poon [GGIP08] constructed



Calabi-Yau with torsion structures on principal torus bundles M of [GP04] which
are more general than those considered in [FY08]. They found examples of non-
Kéhler manifolds M that have vanishing first Chern class ¢;(A/) = 0 but do not
necessarily admit holomorphically trivial canonical bundles. A natural question to
ask is whether the Strominger system can be generalized to non-Kédhler manifolds
with ¢; (M) = 0 which do not necessarily have a holomorphic (3, 0)-form.

In this thesis, we investigate Strominger system on a non-Ké&hler hermitian
manifold (M, J, g,w) with ¢;(M) = 0. We derive a generalization of the confor-
mally balanced condition and discuss the existence of solutions when M is a prin-
cipal torus bundle constructed in [GP04]. We show that the Strominger system
solved with the Chern connection in Equation has a solution on such M us-
ing the continuity method. Finally, we investigate the Strominger system with the
Hull connection and discuss the implication of our work in the context of heterotic

string theory.

1.1 New results and outline

In Chapter[2) we review some results from complex geometry, and analysis. Often
the general theorems will be tailored to our needs.

In Chapter (3, we consider the Strominger system on a hermitian manifold
(M, J, g,w, Q) with a hermitian vector bundle (V, H). Here () is a nowhere van-
ishing holomorphic (3, 0)-form. We will show that the conformally balanced con-

dition d(||Q||. w A w) = 0 is equivalent to

RE =0,

where R? is the Ricci form of the Bismut connection when 2 exists. Note that

RE = 0 implies that ¢;(M) = 0. However, the converse is not true: ¢;(M) = 0

4



is not sufficient to guarantee existence of solution to R® = 0 on M [FG03]. We
will investigate hermitian structures (M, J, g, w) such that ¢; (M) = 0 and R? = 0.
In addition to these conditions, if (M, J) admits a holomorphically trivial canon-
ical bundle, then R” = 0 will imply that the conformally balanced condition is
satisfied. Thus the hermitian structure (M, J, g, w) that we consider in this thesis
includes the structure imposed by the Strominger system.

We focus on the explicit construction of [GP04]. The non-K&hler manifold M

constructed in [[GP04] is a torus fibration over a Kahler surface S:

M~<~—17T72
S

The torus fibration is determined by two (1, 1)-forms g—;, % € H*(S,Z). This con-
struction will allow us to reduce the Strominger system on M to differential equa-

tions on S. We present new solutions to the Strominger system.
1. Conformally balanced condition

(a) We prove that (5, gs) should have zero or positive Ricci scalar curvature.
By the Enriques-Kodaira classification this implies that S can only be 7%,

K3, rational, or ruled surface.

(b) We show that if (S, gs) has zero scalar curvature then (1, 1)-forms §'s
are anti-self-dual and vice versa. This is the case when our general con-

struction reduces to that of [FY08].

(c) We show that if (S, gs) has positive scalar curvature, then the confor-

mally balanced condition can be solved with a Hodge dual condition
61 — % ﬁQ-

(d) If (S, gs) has positive scalar curvature, we show that we can solve the



conformally balanced condition with self-dual 4' and anti-self-dual 2.

(e) With the combination of Hodge dual solutions and self-dual/anti-self-
dual solutions, we can obtain the non-Kéhler manifold (k — 1)(S? x
SH#E(S? x S?) [GGP08]. In particular, when k = 2, it is known that the
manifold admits complex structures J such that the canonical bundle is
holomorphically trivial [FP09]. Thus this manifold is a good candidate

for heterotic string compactifications.
2. Vector bundle condition

(a) We discuss a generalization of the standard embedding when (M, w) is
non-Kédhler and show that if (T"°M, h) admits a hermitian-Yang-Mills
connection, then (V = T'°M  h) is a solution of the vector bundle con-
dition.

(b) We show that this variation of the standard embedding fails for the
principal torus fibration M we are considering; that is we prove that

(T'YM, h) cannot be a solution to the vector bundle conditions when S

is not K3 or 7.
3. Anomaly cancellation condition

(a) We will show that the anomaly cancellation condition reduces to the

following PDE:

w§

/ / /
i00e" N\ wg — i%@éu A Nwg — i%@é(e_“p) - %8514 A OOu + 1 5 = 0.

Note that \? is the scalar curvature of S and this equation correctly re-

duces to the anomaly cancellation condition of [FY08] when A = 0.

(b) In general, p in the above PDE is a complicated (1,1)-form. We will

present an explicit expression for p for the Hodge dual solution 1.(c) and

6



the self-dual/anti-self-dual solution of the conformally balanced condi-
tion 1.(d). The explicit expression will be important when proving exis-

tence of solution of the PDE in general.

(c) We correct a result in [FY08] and show that the Strominger system can
be solved when S = T*. This means that the Iwasawa manifold can be

considered as a solution of the system.

In Chapter [, we explore the analytic properties of the anomaly cancellation
condition PDE and prove existence of a solution. The proof is valid for cases when
the vector bundle condition is solved on S and the conformally balanced condition
is solved either via the Hodge dual condition or the self-dual/anti-self-dual condi-
tion. In particular, the existence implies that the Strominger system has a solution
on (k — 1)(S? x S*)#k(S® x S%) for k > 2, since the conformally balanced condi-
tion can be solved with Hodge dual solution and self-dual/anti-self-dual solution
[GGPO8].

We prove the existence of a solution by writing the PDE in the following form:

o2
2ai det g - g'jiﬁ (%)

0 _ » B
= —det g’g'ﬂﬁ (e“tzgﬁ — at)\ngZ; + tae tpﬁ) + ok (det g+ Fyuydu,) »

where we have introduced ¢ € [0, 1], the parameter on which we use the continuity
method. Define a set 7' by

T := {t € [0, 1]; the PDE has a solution for ¢}.

When t = 0, we have a trivial solution © = constant, thus 0 € 7. When t = 1, the
PDE becomes the anomaly cancellation condition and we would like to show that

1 € T. The idea is to show that 7" is open and closed in [0, 1], and since 7" is not



empty 7' = [0, 1].
1. To show that 7" is open, we use the implicit function theorem.

2. To show that T is closed, we use a priori estimates following Yau’s proof of
the Calabi conjecture [Yau78] and Fu and Yau'’s analysis [FY08]. Assuming

u € C%(M), the key estimates we derive are the following:

(@) uis bounded from below and above.

(b) The first order derivatives of u are bounded and the PDE is uniformly

elliptic.
(c) The second order derivatives of u are bounded.

(d) The third order derivatives of u are bounded.

We prove T is closed by showing that it contains its limit points. This will
be proved using Schauder estimates, bootstrap procedure and the Rellich-

Kondrachov theorem.

In Chapter |5, we investigate the Strominger system with the Hull connection
in Equation (1.3). While mathematically the Chern connection is the most natural
connection to consider, Hull [Hul86] derived the physical connection that string
theory demands. We investigate how the Strominger system behaves using the

Hull connection.
1. We first consider o/-expansion on the principal torus fibration.

(a) We emphasize that (o’)°-order of the Strominger system implies that w

is Kahler at Oth-order [TP01, GMWO04, FT11].

(b) We solve the conformally balanced condition up to (a/)*-order and de-

duce (5, gs) must be Kéhler Ricci-flat, thus a Calabi-Yau.



()

(d)

(e)

We solve the vector bundle condition up to («’)!-order when V' = 7*E

and F — S is a stable bundle. The condition reduces to

try = 0.

We solve the anomaly cancellation condition up to («')!-order. We prove
that the necessary and sufficient condition for the anomaly cancellation
condition to have an analytic solution is p; (M) = p;(V). Thus in this
case solving the anomaly cancellation condition topologically is equiva-

lent to solving it analytically.

We discuss the problems of the a’-expansion, and the possible compli-
cations when the solution of the Strominger system with respect to the

Hull connection is not analytic.

2. We consider the exact solution of the Strominger system with respect to the

Hull connection.

(a)

(b)

We derive curvature identities between Chern, Bismut, and Hull con-

nections.

We express the anomaly cancellation in terms of the Hull connection:
— a/
100w = — (trR" ANR" —txF AF)

and show that trR*” A R has (3,1) + (1, 3)-components in general. We
will derive a sufficient condition such that (trR” A R¥ )(3’1) = 0, and

also present conditions when (trR” A R¥) *2) simplifies.

We apply the anomaly cancellation condition to the principal torus bun-
dle and prove that a solution u¢ of the Strominger system with respect

to the Chern connection converges to a solution uy of the system with

9



respect to the Hull connection. The explicit computation of the Hull con-

nection to show convergence is rather complicated, the details are left in
Appendix[A]

(d) By investigating the behaviour of uc — wuy, we show that not all of
the exact solutions to the Strominger system is obtained through the o/-
expansion. Conversely, it is not clear whether all of the o/-expansion

solution can be realized as an analytic approximation of a full solution.

In Chapter 6| we will discuss further work that can be done to improve the
existing results of this thesis. In Appendix[B| we present some numerical solutions

to the anomaly cancellation condition that is work in progress.

10



Chapter 2

Background

In this chapter we review some general aspects of complex geometry, analysis, and
heterotic string theory. Most of the contents in this chapter is based upon [GH94],

[Huy05] and [Mor07]. We set conventions that will be used throughout this thesis.

2.1 Complexification

We recall that a complex vector bundle V' over a manifold M is a vector bundle
whose fibres V), are complex vector spaces for p € M. At each fibre V), , we intro-
duce a hermitian inner product H, that is a complex-valued bilinear form which is

linear in its first argument and anti-linear in its second, that is

H,(u,v) = Hy(v,u), Hy(Au,v) = AH,(u,v), Hy(u, ) = AH,(u,v),

where u,v € V. If the hermitian product H, can be patched together and can be
realized as a section of (V ® V)*, then we call it a hermitian metric # € I'(V ®
V)*. We call a complex vector bundle a hermitian vector bundle if it is equipped

with a hermitian metric and denote it as (V, H). When the manifold M admits

an integrable complex structure .J, then we have a notion of holomorphicity. A

11



complex vector bundle V' over (M, J) is called a holomorphic vector bundle if it
admits a trivialization with holomorphic transition functions.

In this thesis we only deal with bundles over a complex manifold (, .J). Con-
sider a complex manifold (M, J) with a riemannian metric §, we can always con-
struct a metric g from g as in the following;:

g('?') = [g(J’J)+§(7)]

N | —

Such metric g can be expressed in holomorphic coordinates as
g= gﬁdzi ® dz? + g;idij ® dZ',

where 4, j, k are holomorphic indices and h := g;;dz' ® dzI can be thought of the
hermitian metric on 7"°M and h the hermitian metric on 70' M. It is also common
to call g a hermitian metric of (1/, J), and we will use such terminology if it doesn’t

cause any confusion. We define the hermitian form as

We call a hermitian form Kahler if it is closed dw = 0.

2.2 Connections

A connection V on a holomorphic vector bundle V' — M is a map

vV I(V) > T(T"M @ V)

12



satisfying the Leibniz rule,

V(fs)=df ® s+ fVs,

forany f € C*(M) and s € I'(V). We extend the connection to act on V-valued

p-forms a by imposing the Leibniz rule,
Vie®s)=da®s+ (—1)’a A Vs,

foralla € Q?M and s € I'(V). When (M, J) is a complex manifold the 1-form part
of V can be decomposed naturally: V = V@ V%!. The V%! part of the connection
is closely related to d on M; V%'(f - s) = 0f - s + fV*'s. When V! = J on a
holomorphic section s, we call the connection compatible with the holomorphic
structure.

Using the connection V we can define the curvature F' of V as follows. The

operator V? is linear over C>(M):

V3(fs) =V(df ® s+ fVs) = —df @ Vs +df @ Vs + fV?s

= fV?s.

Thus V? is a bundle map V — A”*(7*M) ® V and it is a section of \* (T*M) ®
End (V). This End (V')-valued 2-form F is called the curvature of the connection
V.

Using a local basis frame (ey, ..., e,) for an open patch U C V, we can express a

connection V in terms of a 1-form A which takes values in End (V)

Ve, = aﬁeg.

13



If the connection is compatible with the holomorphic structure then
vO,l(fea> _ 5]} Ceg + Ao’laﬂeﬁ — 5]‘ o

therefore A%! = 0 and the connection 1-form A only has (1, 0)-components.

The curvature 2-form can be computed using this frame,
Viea =V (Ade5) = (A" — A’ AN Ap ) e,

This is the Cartan structure equations for the curvature matrix with respect to the
frame e,

F=dA-ANA.

Note that we have a minus sign due to the fact that we defined the connection as a
section of T*M ® End (V).

We denote the index structure of the curvature form as F;,”, where qa, b are
general indices (not necessary holomorphic) on M and «, § are general indices
(not necessary holomorphic) on the vector bundle V. We can take the trace of F’

with respect to a, 3. We define the Ricci form as
i
R :=itry F = 3 e Az A dz2P
Now we review important connections that will be used through out this thesis.

2.2.1 Hermitian connection

The hermitian connection D will be the primary connection we use in this thesis
as it is the unique connection on a holomorphic hermitian vector bundle (V, H)

that is compatible with the hermitian structure. The conditions we impose are the
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following,
1. Hermitian metric preservation: DH = 0 < dH; = H(De;, e;) + H (e;, De;).
2. Holomorphic structure compatibility: V%! = 0.

Proposition 1. If (V, H) is a hermitian vector bundle over a complex manifold (M, J),
then there is a unique connection D called the hermitian connection that is compatible
with both the hermitian metric H and the complex structure J.

In holomorphic coordinates, D is given by,
A=0H -H".

Proof. Let (eq, ..., e) be a holomorphic frame for £ and put H,;; = (e;,¢;). Since D
is compatible with the holomorphic structure, De; is of type (1,0). By the metric

compatibility condition, we obtain,

On right hand side, the first term is a (1,0)-form and the second term is a (0, 1)-

form. Therefore we have,

A= 0H - H! is the unique solution to both of these equations. O

The curvature form of the hermitian connection can be obtained as the follow-
ing.

Proposition 2. The curvature form of a hermitian connection D on (V, H) isa (1, 1)-form.
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In a holomorphic frame, it is given by
F=00H-H™").
Proof. This is a result of direct computation.

F=dA—-ANA=dOH -H'Y)Y-0H-H*NOH-H'

=0(0H) - H ' —0HANdH™ " +0H NOH™,

where we have used H™! - 0H = —9H' - H. Expanding d and simplifying we
obtain

F=00H)-H'-0HANOH *=0(0H -H™").
This completes the proof. O

Using the hermitian connection we can derive a local expression of the Ricci

form of the hermitian connection:
RIe™ — jtry 0 (0]—] . H_l) = —i00log det H.

Note that det H is a tensor density and this is a purely local expression. Using this

expression we can express the first Chern class as
o(V,H) = | ——try F| = ———08log det H.
2m 2T

Consider the curvature form F' of a hermitian connection. We can take the trace
of F' with respect to the hermitian form w of the hermitian manifold (), J, g) in the
following sense:

(ter)aﬁ = iwijFijaﬁ = gijﬂjaﬁ'
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Note that tr,, /" € End (V). We call a hermitian connection hermitian-Yang-Mills if
it satisfies

try, F' = pl,

where 1 is some constant.
We can find y using the definition of a degree of a vector bundle. A degree of a

holomorphic vector bundle V' over M is defined as

deg(V) = /Mcl(V) A *w

where w is the hermitian form of a the Gauduchon metric [Gau77] i.e. w satisfies
90(xw) = 0. Kahler metrics are trivially Gauduchon. Note that for Gauduchon
metrics the degree is well defined. This is because changing the hermitian metric
on V will change the first Chern class by ¢;(V, hy) — ¢1(V, hy) = 00f where f =
—i/2mlog(det ho/ det hy) is a globally defined function on M. The integration will
remove the extra term (Stokes’ theorem). We take the Ricci form as a representative

of the Chern class and obtain:

deg(V) :/% A *w :/Lw”Fimo‘ vol
1

2T
=5 rank (V') vol(M).
Therefore,
2T deg(V
L v)

vol(M) rank(V')’

in particular when ¢; (V') = 0, then we obtain ;. = 0.
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2.2.2 Canonical connections

On a hermitian manifold (M, J, g), it is often more useful to talk about connections

that preserve the hermitian metric g and complex structure J, i.e.
1. Hermitian metric preservation: Vg = 0 & dg;; = g(Ve;, €;) + g(ei, VE;).
2. Complex structure preservation: V.J = 0.

The preservation condition of the complex structure can be understood using a
projection operator P := (1 — i.J)/2. Note that P(e;,-) = 0 and P(v,e’) = ¢*, thus
P projects v to its holomorphic component. Now we take the covariant derivative
of P(e;,e') and obtain

0= VP(ej,e') = P(Vej, '),

where we have used P(e;,-) = 0. This implies that Ve; € I'(T*M @ T%'M). Us-
ing this method we can show that the complex structure preservation condition is

equivalent to imposing
Vel (T"M @ End (T"°M)) & T (T*M © End (T M)) .

If we consider the connection components I',,¢ of V, this is condition implies that
the only non-vanishing components are T,/ and I',;/. This is significantly weaker
than the holomorphic structure compatibility condition; holomorphic structure
compatibility condition implies that the connection components are of pure type,
i.e. [/ and T';7. A hermitian manifold in fact admits a family of connections that

preserve the hermitian metric g, and complex structure J.

Proposition 3 ([Gau97])). Denote A, B,C' € I'(T'M). Any hermitian manifold (M, J, g, w)

admits a one-parameter family of connections t € R that preserve the hermitian metric g
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and the complex structure J:

t—1 t+1
g(vilB7 C) = g(ViCB, C) + T (dcw> <A7 B7 C) + % (dcw) (A> JB; JC)7
where d° = i(0 — 0) and V*C is the Levi-Civita connection. These connections are called

the canonical connections.

Note that when the metric is Kdhler we have d‘w = 0, and the canonical con-
nections degenerate into the Levi-Civita connection. Thus in the Ké&hler case, the
Levi-Civita connection is the natural connection to consider. Among the canonical
connections in the non-Kéahler case, two connections stand out. The connection
with ¢t = 1 is called the Chern connection and the one with ¢t = —1 is called the Bis-
mut connection. We will discuss these connection in detail in the coming sections.

For canonical connections, there are some components of the Riemann tensor
that vanish. In the convention we have used for the curvature tensor, the Riemann

tensor can be expressed in local coordinates as follows
Rabcd = aarbcd - abFULcd - Facerbed + I‘bceFaed-

Since the canonical connections preserve the complex structure I';/ = I';* = 0.

This can be used to show that R,/ = Rt = 0.

2.2.3 The Levi-Civita connection on Kiahler manifolds

We review some identities related to the Levi-Civita connection on Kéhler mani-
folds. The Levi-Civita connection preserves the complex structure in the Kahler

case, and using the symmetries R,p.q = Reqa Of the Riemann tensor with respect to
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the Levi-Civita connection V¢ we obtain

Rapea dz* @ d2° @ dz° ® dz?
= Rjudz ® d7 @ d2F @ d' + Ry d2' @ d¥ @ d2' @ dz*

+ Ry d? @ d2' @ d2* @ d7' + Ry, d7 ® d2' @ d7' ® d2F.

We define the Ricci form of (TCM, VLY) to be that of (TH°M, VL?) as defined be-
fore:

R = iRijk;gk[dzi Adz.

On TCM the Ricci curvature tensor is defined as
Rab = _Racbc-

By using the decomposition and symmetry of the Riemann tensor we can see that
R;; = R;; = 0 and R;; = R;;. Also because the Ricci tensor is a (1, 1)-type, we have
R(J-,J-) = R(-,-). These are the exact same symmetries as the hermitian metric,

and we define a (1, 1)-form similarly to what we did for the hermitian form
R =R(J),

where R is the Ricci tensor. Using the Bianchi identity R;;;; + Rjpi; + Ry;5r = 0 with
Ry;51 = 0, we can see that R is in fact the Ricci form defined before:
R = iRgg"d2' N dZ = —iRs, d2? A d2
_R.
Thus on a Kéhler manifold the components of the Ricci tensor and those of the
Ricci form are the same. This is not true in general for non-Kahler manifolds.
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Another property that is useful on Kahler manifolds is the fact that the Ricci
scalar curvature g’ R, and the hermitian scalar curvature (w, R) are related by a
factor:

1

<w7 R> = §gabRab'

2.2.4 The Chern connection

We have defined the Chern connection V¢ from the canonical connections with
t=1.1.e.

1
9(ViB,C) = g(ViB,C) + S (dw)(A, JB, JC),

where A, B,C € I'(T'M). In this section, we will give an alternative equivalent
definition that will be useful as well.

The complexified tangent bundle 7°M has the following natural decomposi-
tion,

(TM, g) = (T"°M,h) ® (T M, 1),

where g = hﬁei@ej +h3iej ®e'. (TOM, h) is a holomorphic hermitian vector bundle
over (M, J) and thus we can define a hermitian connection V" on it as before. On
(T%' M, h) we take the complex conjugate of the connection V* and obtain V*. The
connection on 7'M defined by V¢ := V" @ V" is called the Chern connection. We

state this definition formally in the following proposition.

Proposition 4. A complex manifold M has a unique connection V¢ called the Chern

connection on T®M that satisfies the following conditions,
1. it preserves the metric g: Vg = 0,

2. it is compatible with the holomorphic structure of T*°M:

(V)% = § on holomorphic sections of T*° M.
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3. it is compatible with the anti-holomorphic structure of T M:

(VL0 = 9 on anti-holomorphic sections of T®' M.

Denoting the hermitian part of the metric as h in a holomorphic frame, the connection

1-form matrix can be written as the following,

Ohh~! 0
0 Ohth~t

Proof. This proposition is a direct result of constructing the Chern connection on

(T M, g) from the hermitian connection (T’ M, h) as described before. H

Note that this definition gives the same connection when taking ¢t = 1 of the
canonical connections. Often the Chern connection is defined as the connection
that preserves the metric g, complex structure .J, and it is pure in its indices in the
physics literature. The condition that the connection should be pure in its indices
is essentially the holomorphic structure compatibility condition, and implies that
the connection preserves the complex structure V.J = 0.

We can compute the curvature of the Chern connection directly.

Proposition 5. The curvature 2-form of the Chern connection in a holomorphic frame can

be expressed as the following,

O(Ohh™1) 0

0 9(dhhY

RC =

Proof. The curvature form of the Chern connection can be derived using the cur-
vature expression we have derived for the hermitian connection using (T°M, g) =

(T, h) @ (TOL, ). 0
The decomposition 7€M = THOM @ TOYM simplifies computation when
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dealing with canonical connections. We can simply consider a canonical connec-
tion as I'(T* M ® End T*?) and take the complex conjugate to extend it to I'(T*M ®
End 7%'). We will use this technique when deriving connection identities in the
following sections.

Here we use this trick to derive an expression for the torsion of the Chern con-

nection V°.

Remark 6. The Chern connection V¢ on T1°M is given by
§(VSY. 2) = (VY. 2) + Jo(dwlA, V), 2),
The torsion of the Chern connection on 7'M can be expressed by
TY(AY,Z) = g(TC(A,Y), Z) = g(d°w(A,Y), Z).
This has close resemblance with the Hull connection which we will define in

the following sections.

Remark 7. Note that the expression for the torsion tensor 7|10y = dw is only
valid on 7M. If we consider the full Chern connection on 7 M, the torsion fails
to be skew-symmetric because the term involving d‘w is twisted by J in general,

ie. (VSY), = (VEOY), + L(dw)(X, JY, J-).

2.2.5 The Bismut connection

Bismut [Bis89] first introduced a connection with totally skew-symmetric torsion
on TCM to prove a local index formula. We have defined the Bismut connection

via the canonical connection with

1
§(VEB,C) = g(VEB,C) — S(dw)(A, B,C).
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Such connection also plays an important role in string theory. We can give an

equivalent definition as the following.

Proposition 8. A complex manifold M has a unique connection V¥ called the Bismut

connection on T M that satisfies the following conditions,
1. it preserves the metric: VPg =0,
2. it preserves the complex structure: V5J = 0,

3. the torsion contracted with the metric, ie TP (XY, Z) = g(TP(X,Y), Z), is totally

skew-symmetric.

The torsion T of V® can be expressed via the hermitian form w,
TP = —dw.

Proof. This is a corollary of Proposition With t=—1. O]

2.2.6 The Hull connection

Strominger system is used to find suitable backgrounds for heterotic string the-
ory. The connection that enters Strominger system has been worked out by Hull
[Hul86]], and it turns out that the connection is not a canonical connection. How-

ever the Hull connection is closely related to the Bismut connection.

Definition 9. On a hermitian manifold (M, J, g), we define Hull connection V#

by
1
g(VEY. Z) = g(ViEY, Z) + 5 ([dw) (X.Y, Z).

The Hull connection satisfies the following conditions.
1. It preserves the metric: V¥ g = 0.
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2. It does not preserve the complex structure: V.J = (.

3. The torsion contracted with the metric, i.e. T7(X,Y,Z) = g(T"(X,Y), Z) is

totally anti-symmetric and is given by
TH = d°w,

which is the torsion of the Bismut connection with opposite sign.

2.3 Lefschetz decomposition

We briefly review Lefschetz decomposition in complex 2 dimensions. The result
will be used extensively in the following chapters.

First we define the Hodge *-operator by
aAx8 = (a, ) vol,

where («, 8) = a®1 7% 3, ., /n!and the indices are raised using the metric g. The

Lefschetz operator L on « is defined by
La=wA a,
and the dual Lefschetz operator A is defined by
(A, B) = (o, L) forall g € /\ T"M.
Note that when 5 = 1, we have

Aa = (o, w).
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We will often interchange the two notations. With the dual Lefschetz operator, we
can define primitive forms. A differential form « is primitive if Ao = 0, and we
denote the linear space of k-th order primitive forms as P*.

We are ready to state the Lefschetz decomposition.

Proposition 10 ([HuyO05]]). There exists a direct sum decomposition of k-th order differ-

ential forms:

/\kT*M =i

i>0
This is called the Lefschetz decomposition.
We will be particularly interested in when k£ = 2,

/\ZT*M = L'(P°) @ L°(P?)

— (Coo(M) A w) D (P2’0 D Pl’l o) P0’2).

In Proposition 1.2.31 of [Huy05], the following formula has been derived: Suppose

dime(M) = n and a € P*, then the following formula holds

. k(k+1) 4! ki
x[Ja = (—1) 2 m[z j(-J)OOé,
where (—J) o a = a(Je, -, Je). Using this formula we can show that w = w in

complex 2-dimensions. Thus the primitive condition (w, @) = Aa = 0 is equivalent
to w A a = 0. Denote the space of self-dual forms /\i and anti-self-dual forms as

A\’ . Using the Lefschetz decomposition and the formula above we obtain,
2 2
o P2’0 (M) - PO,Q oY) Pl’l.
A= P e (0000 @ P N

We will often use the fact that the only self-dual (1, 1)-form is a multiple of w, and

all primitive (1, 1)-forms are anti-self-dual.
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2.4 Banach spaces

We introduce some results of analysis which we will use when showing that the
Strominger system has a solution. The results are taken from [Joy07| Eval0, Kry96),

GTO01], and often stated for special cases that we are interested in.

2.4.1 C* spaces and Holder spaces

Let (M, J, g) be a hermitian manifold. For an integer & > 0, we define C*(M) as the
space of functions f whose k-th derivative is continuous and bounded. We define

a norm on this space by

k
| fllow == ;Sﬁp(v’jf),

where V' is the Chern connection. C* is a Banach space with this norm.

When discussing elliptic PDEs, C* spaces are not ideal to work with. Holder
spaces C*“ are the correct spaces to consider. Heuristically, C** can be thought
of a space of functions that are “k.a-times” differentiable. First let us define C%°.
Suppose |z — y| be the distance between =,y € M calculated using V', and (g)
be the injectivity radius of g. Let & € (0,1), then f € C*>(M) is called Holder

continuous with exponent « if the following is finite

[f]a — sup ’f(x)__ fiy”
=y <r(o) [z =l

We denote the set of functions f which are Holder continuous with exponent a
as C%*(M). Any Holder continuous function is continuous thus on a compact
manifold M thus C%*(M) is consisted of bounded functions. We take the norm on
C%*(M) to be ||f]|lco« = [|f]lco + [f]a- HOlder spaces are Banach spaces with this
norm.

Higher order C* are defined analogously. If f € C*(M) and V*f is Holder
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continuous with exponent «, we say that f € C**(M). The norm is given by
1 lleven = [1fllox + [V*fla-
Holder continuity can be thought of fractional differentiation as mentioned be-

fore. An easy way to see this is to consider f € C'(M):

f(z) = fy)]

|z —y|*

[fla = sup C\f (@) — f)e

<[V £l (21 flleo) ™,

where we have used the mean value theorem. Thus Holder continuous functions

can be thought of ”0.a”-differentiable functions.

2.4.2 Lebesque spaces and Sobolev spaces

For p > 1, we define the Lebesque space L”()) to be the set of locally integrable

functions f on M which have finite norm:

1/p
1 1lee = ( e vol) .
M

A well known inequality regarding Lebesque spaces is the Holder inequality: Sup-
posep,q,r > land 1/r =1/p+1/q. If f; € LP(M), fo € LY(M) then f1f, € L"(M)
and

[ fifaller < (I filleel| foll La-

We will often use this inequality in the form such that f, = 1 and the volume of
the compact manifold is normalized to 1.
Sobolev spaces are defined analogously as Lebesque spaces. We define a Sobolev

space L} (M) to be a set of functions f € LP(M) such that f is k-times weakly dif-
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ferentiable and the following Sobolev norm on L} (M) is finite

k 1/p
[z = (Z/ VISP vol) ,
j=0 "M

where V' is the Chern connection and |V” f[P is computed using the metric g.

Sobolev spaces are Banach spaces with respect to this norm.

2.5 Embedding theorems

Embedding theorems will play an important role in proving the existence of solu-
tion. They will be used to derive a priori estimates, and show that a sequence has
a convergent point.

First we state the implicit function theorem for Banach spaces. This theorem

will be used in the continuity method when proving the set of solutions is open.

Theorem 11 (Implicit function theorem). Suppose X, Y, Z are Banach spaces and U,V
are open neighbourhoods around 0 of X,Y respectively. Suppose there exists a function

F' € C* such that maps the origin of X x Y to Z, that is

F:XxY—=Z

(0,0) — 0.

If the linear map dF|x : Y — Z at (0,0) is one-to-one and onto as vector spaces, then

there exists a connected neighbourhood U’ of 0 in X and a unique map G € C* such that

G:U =V

0~ 0,

and F(z,G(z)) =0forall x € U'.
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We will also use embedding theorems to find a priori estimates and limit points

of sequences. The following is a famous theorem due to Sobolev. The presentation

is based on [Aub98, [Joy07].

Theorem 12 (Sobolev embedding theorem). Suppose M is a real n-dimensional man-
ifold. Let k.l be integers such that k > 1 > 0; q,r real numbers such that q,r > 1; and

ac (0,1).
1. Ifgt <r '+ (k—1)/n, then L} (M) can be continuously embedded in Lj(M).
2. If¢' < (k—1—a)/n, then L} (M) can be continuously embedded in C>*(M).

We will denote continuous embeddings by Lj(M) — Lj(M). With slightly
stronger conditions some Sobolev spaces can be compactly embedded into oth-
ers. Here compactly embedded X — Y means to be continuously embedded and

every sequence in a bounded set in X has a subsequence that converges in Y.

Theorem 13 (Rellich-Kondrachov theorem). Suppose M is a real n-dimensional rie-
mannian manifold. Let k, [ be integers with k > 1 > 0; g, r be real numbers with q,r > 1;

and o € (0, 1).
1. If¢g ' <r~ '+ (k —1)/n, then the embedding L{(M) — L} (M) is compact.

2. Ifqg' < (k—1— a)/n, then the embedding Li(M) — C“*(M) is compact. Also
Cke(M) — C*(M) is compact.

The compact embedding C*“(M) < C®(M) will play a key role when showing

the set of solutions is closed using the continuity method.

2.6 Maximum principle and Schauder estimates

We are interested in uniformly elliptic operators L of order 2. For such operators,

we can use the maximum principle.
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Theorem 14 (Weak maximum principle). Let L be elliptic in a bounded domain (.
Suppose
Lu > 0in €,

with u € C*(Q) N C°(QY), then the maximum of w in () is obtained on 0. In other words,

sup(u) = sup(u).

Q o

This maximum principle will be used in the following way in this thesis: We
will work on a compact manifold M and construct a non-constant function u €
C?*(M) and an elliptic operator L. Since M is a compact domain, u will be bounded
and achieve its maximum at a point p. Take the bounded domain 2 such thatp € Q.
By the maximum principle we obtain Lu(p) < 0. This will be the key idea we use
in finding 2nd order and 3rd order a priori estimates of our elliptic PDE.

Another tool we will use in finding a priori estimates will be Schauder’s esti-

mates.

Theorem 15 (Schauder interior estimates). Let By, B, be the balls of radius 1,2 in R,

and let uw € C?(By) be a solution

Lu = a" Diju+ b'Dju + cu = f,

where [ € C"*(By) and the coefficients satisfy the following conditions.

1. Uniformly elliptic condition: a”¢,&; > NE|? for all x € BE € R", where X is a

positive constant.

2. Hélder continuous condition: a’ b7, c € C%%(By).

Let us denote a positive constant A such that

10| o, ||| o, []€] o < A.
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Then we have

ulp, € C**(B1) and ||ulp,||c2. < C(||fllcoe + |lullco),

where C' is a constant that depends on n, o, A, and A.
More generally, if the coefficients satisfy the conditions with C%*(By) replaced by

Ch(By) where | > 0 is a integer, then

ulp, € C*(By) and ||ulp, o120 < C(|fllora + [[ulleo),

where C' is a constant that depends on n, a, A, and A.

In our case, we are working on a compact manifold M. Denote the finite set
of indices as I. Using compactness, we can cover the manifold with finite open
cover {X;;i € I} and {Y};i € I}, where for each i we have X; C V; and (X,,Y}) is
diffeomorphic to (By, B). Since (X;, Y;) is diffeomorphic to (B, By) we can use the
Schauder interior estimates for the open covering X; and obtain a global estimates
on M. Thus we can replace B; and B, with M and state the result. This will be

used in the continuity method.

2.7 Conventions

We summarize the conventions we use in this work.

2.7.1 Indices

General index on V a, B,7.
General index on M a,b,c, d.
Complex index on M i,7,k,l,m,n,pqr,st, G
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2.7.2 Metric, complex structure, fundamental forms

The original metric on S gs OT g.

The new metric g’ on S g;j = (e“ —al? + O“T)‘Qe_") 9i5 + 20u;.

Complex structure Jo = (—=1)"p o J, where ¢ is a r-form.
Kihler form wg = won S wg = ig;dz" N dzd.

Hermitian form w’ W= (e“ —a)\? + QT’\Qe_“) wg + 20000u.
Hermitian form w, on M wy = €'wg + S0 A 6.

Hodge dual * a8 = (a,f) - vol.

2.7.3 Differentiation, differential forms

u; w; = Oju = Ou /0"

A A= gia,00b, or AYESE = i A wg.

Vu - Vv Vu - Vo = 19 (w5 + ujv;) = 1(60u A Qv — idu A Ov) A ws.
dz1a2an Az Ndz™ N - Ndz®.

dc d¢ = i(0 — 0) equivalently d° = (—1)".JdJ on a r-form.

2.7.4 Connections, and curvature

|4 Holomorphic hermitian vector bundle over M.
V or VLC Levi-Civita connection.
V’or V€ Chern connection.

vB Bismut connection.
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vH Hull connection.
D Hermitian connection on7V'.
R Curvature of a connection on T'M.

F Curvatureof DonTV.

2.7.5 Constants, and functions

o a:=a'/2.

C,c K Generic positive constants.

€ Constants that are free to choose.

f, f, h, h Positive bounded smooth functions.
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Chapter 3

The Strominger system

Strominger [Str86] investigated heterotic superstring backgrounds with N = 1 su-
persymmetry. We consider a hermitian 3-fold (), J, g, w) which admits a holomor-
phic (3, 0)-form €. In addition to the hermitian manifold, we have a holomorphic

hermitian vector bundle (V, H). The conditions Strominger derived are:

d*w = Jdlog |||,
FAwW? =0, and F?° = F%2 =0,

100w = %tr(R AR—FAF),

where R denotes the curvature form on 7'M and F' is the curvature form of the
hermitian connection with respect to /1. We will call the first equation the confor-
mally balanced condition, the second conditions the vector bundle conditions, and
the last equation the anomaly cancellation condition.

In Strominger’s original work, the author did not specify which connection
should be used in computing R. Hull [Hul86] worked out the connection V# that
string theory requires. It turns out that the connection V* is not one of the canon-

ical connections. This makes the Hull connection V¥ rather awkward to work
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with. In this work we will mainly use the Chern connection when computing R.
In Chapter 5we will discuss the Strominger system with the Hull connection and

address the implication of this work in terms of string theory.

3.1 Construction of the non-Kahler manifold

We are interested in a non-Kéhler manifold M which can be realized as a torus
fibration over a Kdhler surface S. Goldstein and Prokushkin [GP04] constructed
such M as a principal bundle over a hermitian manifold (S, gs, ws) where S is not

necessarily Kéhler.

Theorem 16 ([GP04]). Let 8 and 52 be closed 2-forms on a hermitian 2-fold (S, gs, ws)
such that 3* /27, 3?/2m € H?(S,Z). Then there is a 3-fold M which is a T? principal
bundle over S.

M~<~—17T2
S
Furthermore:

1. If B* + i$3* has no component in \*> T*S, then the complex structure is integrable.

1 2

2. Denote the local coordinates on T? as x and y; and define o' and o? using the
Poincaré lemma do' .= 3'. Then v*,~? defined as v' := dx + o' and v* := dy + o?
give a connection on the T? fibres.

Furthermore the following (1, 0)-form is well-defined

0 :=dx+ o' +i(dy + o?),
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and a metric on M has the following form

g=gs+ (dz+a")* + (dy + o?)>.

3. Ifeither 3 or 5% is not exact, then M is a non-Kihler manifold.
Goldstein and Prokushkin also studied the topology of M and showed that

1. The Betti numbers satisfy the following;:

hO(M) = h'0(S) RO (M) = h™H(S) + 1.

In particular A% (M) = RMO(M) + 1.

2. The Hodge numbers satisfy the following;:

bl(M) :bl(S)—f-l, bg(M) :bQ(S)—]_ whenBQ :’I’Lﬂl

bl(M) 261(3)7 bQ(M) :b2(5>—2 WhenBZ 7&7’251

3. The Euler number is zero: x(M) = 0.

A topological observation that will be useful later will be the relation between

the first Pontryagin classes p;(.S) of S and p; (M) of M.

Proposition 17. If M is a principal torus fibration over S, then p, (M) = 7*py(.S).

Proof. M and S fit into a short exact sequence as follows

0T M5 S —0,

therefore the Chern class satisfies ¢(M) = ¢(S) A ¢(T?). From this expression we
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obtain,
Cl(M) = Cl(S) + C1(T2> CQ(M) = CQ(S) + 01<S) N Cl(T2> + 02(T2>.

Using the definition of the first Pontryagin class p; (M) = ¢;(M)?/2 — co(M), we
obtain p; (M) = py(S) + p1(T?). Since p,(T?) = 0, we obtain p; (M) = p;(9). O

3.2 Conformally balanced condition

We start by investigating the properties of the conformally balanced condition. The
following proposition shows that the conformally balanced condition is equivalent
to various conditions. Note that the following proposition holds for a general m-

fold.

Proposition 18. Let (M, J, g, w) be a compact hermitian m-fold with non-vanishing holo-
morphic (m,0)-form . Denote the Ricci form with respect to the Bismut connection as

RE,. Then the following conditions are equivalent:
1. d*'w = Jdlog||Q||,,
2. RB =0,
3. d(]|9], w™ ) = 0.
Proof. We prove this by showing (1) = (2) = (3) = (1).
e (1) = (2) : The Ricci form of the Bismut connection R? and the Ricci form of

the Chern connection R satisfies the following equation,

RE = RC — dd*w.
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Locally, R¢ = —i00log det(g;7), and by using d*w = Jdlog ||2||,, we can show
Y j y g g

that R” = 0 by the following computation,

R = —iddlog [det(g;7)||]7]
— —imlddlog (|f]?)

=0,

where f a holomorphic function defined as f := (45...,,, and we have used
19112 = Qiy.i,, 5,977 -+ gimim = ml| f|? det(g7).

(2) = (3) : We use the local form of R? = 0 and obtain,

0 = dd*w + i00log det(g;;)

— d(d'w — Jdlog |9)|,). (3.1)

where we have used log det g;; = —21log ||Q2||, + log m! + log | f|* from the def-
inition of ||Q||,.
Note that if we define & := ||Q||'/™~Yw, then ¥& = @™~ ' /(m—1)!and d*@ = 0

is equivalent to d(||||, w™ ') = 0.

Since M is compact, d*@ = 0 is equivalent to dd*& = 0. We compute dd*:

2 Ay A +][9]y do™
(m —1)!
dlog |||y Aw™
(m—1)!

dd*o = —d

~—as ol ( Fadxw),

where we have used @ = @™ ! /(m—1)!in the first line. If a is a real (2m—1)-
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form then %o = [|Q||;! * a. Therefore, we have

dlog |||, A ™!

dd*S = dd*w — d
O A ST

= dd'w — dJdlog |||,

=0,

where we have used *(df A w™ ') = (m — 1)!Jdf [Huy05, Proposition 1.2.31]
and Equation (3.1). Thus, R® = 0 implies d(||Q||,, w™ ') = 0.

e (3) = (1) : [LYO0S] Let f be a real positive function, then d(fw™ ') = df A
w™ 1+ fdw™ !, Applying Hodge star * and using *(df Aw™ ') = (m—1)1.Jdf,

we obtain,

sd(fw™ ) = —(m — Dfd'w + (m — 1)LJdf,

=(m—D!f(=d*w+ JdIn f).

If we take f = [|Q||., we conclude d([|Q]|, w™ ' = 0 if and only if d*w =
JdIn |||,

]

If (M, J,g,w) admits a top (m,0)-form €2, then ¢;(M) = 0. In the Kédhler case
the converse is true: if ¢, (M) = 0 then M admits a top holomorphic (m, 0)-form €.
The proof normally involves applying the Calabi-Yau theorem to find a Ricci flat
metric.

However, in the non-Kéhler case, Calabi-Yau theorem does not apply and as a
result ¢; (M) = 0 does not imply existence of a top holomorphic (m, 0)-form. Such

counter examples can be found on Hopf surfaces, and Enriques surfaces [FG04,

FP09).
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In complex 3-dimensions, the following remark give a sufficient condition for

the existence of a holomorphic (3, 0)-form.

Remark 19. Consider a complex 3-dimensional manifold M. If h%Y (M) = 0, then

M admits a holomorphic (3, 0)-form.

Discussion. Since we are on a complex manifold, we have a (3, 0)-form ¥ which is

not necessarily holomorphic. We take a 0 derivative of ¥ and obtain:

oV =a AU,

where « is a (0, 1)-form. By applying d once more we obtain,

0=0aAWV.

Since ¥ is a nowhere vanishing (3, 0)-form and da is a (0, 2)-form, the last equation
implies that da = 0, thus o € H%!(M). Because h%}(M) = 0, we can write o = df

for some function f € C=(M). Integrating 0¥ = df A ¥, we obtain

(e~ 1) =0,

thus ) := e~/ is a holomorphic (3, 0)-form. O

We will solve the conformally balanced condition by solving R¥, = 0 in com-
plex 3-dimensions. An advantage of R¥, = 0 over d (||Q||, w A w) = 0 is that it can
be studied even on hermitian manifolds that do not admit holomorphically trivial
canonical bundles. This provides a natural generalization of the Strominger sys-
tem on manifolds with ¢; (M) = 0. Non-Ké&hler manifolds M with ¢;(M) = 0 have
been studied in [GGPO0S8, [FP11]].

We would like to investigate the conformally balanced condition over M. Con-

sider a principal torus bundle M constructed in Theorem D. Grantcharov, G.
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Grantcharov, and Poon derived the relation between the Ricci forms.

Proposition 20 ([GGPO8]). Let R, and RE be the Ricci forms of the Bismut connection

on M and S respectively. We have the following relation,
2
Ry =7"RE = d((ws, f)a).
=1

In what follows we will be interested in manifolds with hermitian forms w, :=
e"m*ws + 20 A 6 such that the conformally balanced condition is satisfied. We will
find the Ricci form R, of w, in terms of the Ricci form RE.

In our situation we have a conformal scaling e* on S. We investigate how the

Ricci form on S changes under the conformal scaling w§ = e"wg.

Lemma 21. For the conformal scaling w = e“wg on S, the curvature tensor RS, of the

Chern connection scales as the following,
RS, = 00u - 15+ RS.
Furthermore, the Ricci form R := itr RY scales as,
RS, = 2i00u + RS.
Proof. This is a result of direct computation,

RG, =0 [0(e"Hs) - e “Hg'],
=0 [(e"OuHg + e"0Hg)e “Hy']

= 58u-]ls+R§.

This completes the proof. O
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We are ready to prove the main result of this section. The following proposition
reduces the conformally balanced condition on M to a condition on S. Further-

more it gives a family of conformally balanced metrics on M.

Proposition 22. Let R%,, be the Ricci form of the Bismut connection for M with hermitian
form w, = e*m*ws + 10 A 0. If s are harmonic (1, 1)-forms, then we can write RY,, in

terms of the Ricci form on S, and ('s:

2
RE = (RS —) (ws, Bl)ﬁl) .

=1

Therefore, if Rs = >.r_,(ws, 813, then RE,, = 0 for the family of hermitian forms

Wy = e¥mr*wg + %9 N2

In other words, this proposition shows that if w, satisfies the conformally bal-

anced condition, then w,, also satisfies the condition for all u.

Proof of Proposition Recall the result of Proposition
2
Rip =™ RE, =Y _d({ws, ') .
I=1
First we compute RE, by using R” = R¢ — dd*w,

Rgu = Rgu — dd"Su wg
= 2i00u + RY + d(xg, (du A w¥))
= 2i00u + RS + d(Jdu)

C
:RSa

where we have used *(df A w) = Jdf [Huy05, Proposition 1.2.31]. We substitute
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this expression into Proposition [20|and obtain,
2
Ripy =m™RE = d((ws, fa). (3.2)
I=1

Now we use the fact that S is Kihler. For Kdhler metrics, all the canonical
connections are the same, we can therefore denote the Ricci form has Rg without
ambiguity. Since 3' is a harmonic (1, 1)-form and the metric is K&hler, its trace is
constant [Bes08, 2.33]. Therefore we have d({ws, 8)us0') = (ws, B).s0'. Substitut-

ing this expression into Equation (3.2) we obtain the result:

2
RY = (RS — ) {ws, 5%”) .

=1

This completes the proof. O

3.3 Computation of RS,

In this section, we compute R{;,. The results will be used in the vector bundle
condition and in the anomaly cancellation condition.

We compute R, using the Chern connection and reduce it down to an expres-
sion on S. To carry out the computation of the curvature 2-forms with respect to
the Chern connection we construct holomorphic frames. Let {2 = z'+iy’; i = 1,2}
be a local coordinate in S. By construction {7*dz'} are holomorphic (1, 0)-forms on
M. On the torus fibre direction recall that we have a (1,0)-from 0 = dz + 7*a! +
i(dy + 7*a?), where by definition 5° = da’. We construct a holomorphic (1, 0)-
form #° from 6 by subtracting the anti-holomorphic part. Since 5"’s are harmonic
on a Kahler metric g5, we can use the d-Poincaré lemma and express 3! = 9¢ and

32 = ¢ locally. Consider 0° := 0 —7*(£+i(), then 6° is a (1, 0)-form by construction
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and it is holomorphic. Holomorphicity can be checked explicitly,

36° — 56 — 7 (9¢ + iC)

=df — (8" +iB%) =0,

where we have used 06 = 0 since df is a (1, 1)-form. To simplify our notation, we
define ¢ := ¢ + i( locally and express §° = 6 — 7*¢.

Now we have {7*dz*, 0"} as our holomorphic basis (1,0)-forms. We seek for
holomorphic (1,0)-vector fields dual to the basis we have constructed. We take

Uy i= =2 ( 0 i%) which is dual to #° and orthogonal to {7*dz"}. We find {U;} by

2 \oz

a horizontal lifting of {7*dz"} that satisfies 6°(U;) = 0. Since 6°(9/9z") = 2 s[a! +

ia? — ¢], the following expression for U; is dual to 7*dz* and orthogonal to 6°,

9 [0 Ly
U; = 5. (8zi 2l +ia”) qb]) Up.

To summarize, so far we have constructed a holomorphic (1,0)-form frame
{m*dz*,0"} and a holomorphic (1, 0)-vector frame {U;, Uy} which are dual to each
other. We would like to express the metric g in the holomorphic frame. The easiest
way to achieve this is by applying U; in g. For example, if we denote the hermi-
tian part of g in this holomorphic frame as h, we can find its components in the

following way,

i :gM(UhUi)
i} — . 0(U) ®0(Uy
=7"gs(U1,Uz) + %
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6(U;) can be computed as in the following,

0(U;) = (6" + 7°¢)(Us) = 7" 6(Uy)
= ¢i

Using this expression we ﬁnally obtain,
b1 2
hii = g11 + —| 2| .

Similarly, we can work out the other components, and in this basis the hermi-

tian part of the metric takes the following form,

) _
g + |¢;‘ 913 + ¢12¢2 %
2
h = 921 + ¢22¢1 922 + |¢;| %
é ¢
8 2
g+ BB* B
B 1
: 1 . : :
where we introduced B := /2. It is straightforward to check that the inverse
$2
metric is given by
h_l _ gfl _ gfl B

—B*q! 1+ B*¢"'B

Using h and h~' we can compute the curvature 2-form R),.

Proposition 23 ([EFYO08]). The curvature 2-form Ry; on M can be expressed as

i} Ri Ri
RS, =d(n-nhy=|" " "7,

Ry1 Rys
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where

Ryt =Rs+0(BOB"-g7'),
Riz=—RsB+09g-9g"' NOB—0(BIB*- g 'B),
RZI = 5 (3B* : g_l) 3

Ry; = -0 (0B*-¢g7'B).

3.4 Vector bundle condition

We would like to find a holomorphic vector bundle V' that admits a hermitian-
Yang-Mills connection and

tr,, ' = 0.

A natural holomorphic vector bundle to consider would be TH° M. In string theory
taking V' = T"%M is known as the standard embedding.

If the (M, J, g,w,) satisfies the conformally balanced condition and (T*°M, H)
admits a hermitian-Yang-Mills connection, then we can show that (7'M, H) sat-
isfies the vector bundle condition. The following proposition can be thought of a

non-Kéhler version of the standard embedding in string theory.

Proposition 24. If (M, J, g,w) is a hermitian manifold with ¢,(M) = 0, and admits a
hermitian-Yang-Mills connection on its holomorphic tangent bundle (T'°M, g), then the
curvature form R with respect to the Chern connection satisfies the vector bundle condi-
tion:

RAsw =0, and R*° = R*? = (.
Proof. Since T"°M admits a hermitian-Yang-Mills connection, we have
RAxw=p-1,
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2z deg(V)
vol(M) rank(V)"®

where ;1 = The vanishing first Chern class ¢; (T"°M) = 0 implies that

that the degree of the vector bundle 7'M is zero:
deg(T"OM) = / el (T M) A xw = 0,

therefore R A xw = 0. O

Note that in particular, if (A, J) admits a nowhere vanishing top holomorphic
(3,0)-form €, then ¢; (M) = 0, and we can apply this proposition.

A natural question to ask is: when does (T"°M, H) admit a hermitian-Yang-
Mills connection? In the Kéhler case (T'°M, H) admits a hermitian-Yang-Mills
connection when it is stable by the Donaldson-Uhlenbeck-Yau theorem [Don85),
UY86]. In the non-Kéahler case, if (T'°M, H) is stable then T'°M admits a hermit-
ian-Yang-Mills connection by the Li-Yau theorem [LY87]. Note that in the non-
Kihler case, the stability of (7'M, H) is not a necessary condition for (T"°M, H)
to admit a hermitian-Yang-Mills connection. However, it seems stability of (7'M, H)
is sufficient in either cases. Finding a class of manifolds with stable (T*'M, H) is a
challenge in itself.

Consider when (M, J, g,w) is Kédhler and we would like to find a hermitian
structure (TH°M, H) which is stable. If the hermitian structure of (7'M, H) is

induced from a Kéahler structure (M, J, g,w), then we have the following remark.

Remark 25. If the hermitian structure of (7'M, H) is induced from a Ké&hler
structure (M, J, g,w), then (TH°M, H) is stable if and only if (M, J, g,w) is Kéhler-

Einstein.

Discussion. When (M, J, g,w) is Kdhler and the hermitian structure on (T+°M, H)
is induced from the Kéahler structure i.e. H = g, then the Levi-Civita connec-
tion on T'M becomes the hermitian connection on (7'M, g). We can see that the

hermitian-Yang-Mills connection on (7'M, g) is equivalent to (M, J, g,w) being
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Ké&hler-Einstein:

where we have used the Bianchi identity. Thus
tryR = p- 1 < Ry = pgy-

By the Donaldson-Uhlenbeck-Yau theorem this is equivalent to (7'M, g) being

stable with respect to w. O

However, even when a manifold does not admit a Kdhler-Einstein metric, there
could still exist (T'°M, H) that admits a hermitian-Yang-Mills connection. From
the remark above, in this case (T"° M, H) will induce hermitian metric on M which
cannot be Kédhler.

In our construction (M, J, g,,w,), we show that (T'°M, g,) does not admit a

hermitian-Yang-Mills connection.

Corollary 26. Suppose (M, J, g, w,) satisfies the conformally balanced condition and S
has a positive scalar curvature. Then (T*°M, g,) does not admit a hermitian-Yang-Mills

connection.

Proof. We use proof by contradiction. Since (M, J, g,,w,) satisfies the conformally
balanced condition, we have ¢;(M) = 0. This implies that if 7"°M admits a
hermitian-Yang-Mills connection, it should satisfy tr,, R, = 0. Denote the cur-

vature form RS, as

Rii Rys
RYy =
Ry1 Ry

Then tr,, R{;, = 0 implies Rj1 A w? = Ry A w? = 0. Meanwhile by Fu and Yau’s
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computation (Proposition , we know that R{, is a (1, 1)-form on S. Therefore,
0=Rig Aw? = Ryg A e*wg Nl A O

is equivalent to R;1 Aws = 0 and similarly Ry Aw? = 0 is equivalent to Ry; Awg = 0.

We take the trace of these expressions and obtain:

triRyy Awg = tr [RS +0 (B@B* . g_l)] ANwg =0,

trRRos A wg = tr [—3 (83* -g’lB)] ANwg = 0.
Adding the two equations and using the cyclic property of the trace, we obtain
trRg A wg = 0,

which is a contradiction to our assumption that S has positive scalar curvature, i.e.

tl"RS N wWg 7é 0. ]

This implies that we cannot use the standard embedding (V = T*°M, g,) to
solve the vector bundle condition in our case. This is one striking difference be-
tween non-Kéhler manifolds and Calabi-Yau manifolds.

We can construct a vector bundle V' equipped with a hermitian metric / fol-

lowing [FY08].

Lemma 27 ([EYO08]). Let (E, H) be a stable vector bundle over the base space S with
degree 0 with respect to the Kihler metric wg. Then V' = 7*E is a vector bundle over M
with degree 0 with respect to the metric w,,. Furthermore, 7* H is the hermitian-Yang-Mills

metricon V.

Proof. By the Donaldson-Uhlenbeck-Yau theorem, there exists a hermitian Yang-
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Mills metric H on E with curvature Fy that satisfies

FH/\WSIO,

since deg(E) = 0. We look into the pull-back V' = 7*E with the metric 7*H. The

curvature 7" Fy of V satisfies,

T Fg Aw? = 7" (Fg Aws) A (7% (e*wg) + 7“0 A 0) = 0.

Thus (V,n*H) is a vector bundle with degree 0 with respect to w,. Furthermore,

7*H is the hermitian-Yang-Mills metric on V. O

K. Becker, M. Becker, Fu, Tseng, and Yau found the most general form of a
vector bundle that satisfies the vector bundle condition. They prove the following

Proposition.

Proposition 28 ([BBET06]). Let (V, H) be a hermitian-Yang-Mills vector bundle over
(M, w,) with gauge group SU(r). If (M,w,,V, H) is a solution to the Strominger’s sys-

tem, then V' is of the following form,
V=nr"E®L,
where (E, H) is a hermitian-Yang-Mills vector bundle over S and L is a flat line bundle

over M.

The authors prove this proposition by considering the most general gauge field

on V' and use the hermitian-Yang-Mills condition.

Corollary 29. Let (V, H) be a hermitian-Yang-Mills vector bundle over (M,w,) with
gauge group SU(r). Then the hermitian-Yang-Mills connection over V is unique up to

scaling.
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Proof. By Proposition 28, V' = 7*E ® L. This implies the curvature can be written
in the following form,

F=Fp®1l+1® IT.
We impose the hermitian-Yang-Mills condition on each term independently.

1. Fg®1: When imposing the hermitian-Yang-Mills condition on Fz we obtain,

. 2
FpAw? = Fg A (e“ws—l—%e/\H) ,

=FpAe'wg NiO NGO =0,

since F is a pull-back of a two form on S. Because O A0 are forms on the fibre,
we obtain Fg A wg = 0. This is the hermitian-Yang-Mills condition on £ and

by the Donaldson-Uhlenbeck-Yau theorem, the connection on F is unique.

2. 1 ® Fy: Since the line bundle is constructed over the 7?2 fibration of M, the

connection on the line bundle would be of the following form
Ap = p(dz + o) + q(dy + o?),
where p, ¢ are constants. The hermitian-Yang-Mills connection gives
i _ 2
Fr Aw? = (pB 4+ qB%) A <e“ws -+ 59 A 0) =0,

which implies p(8', ws) + ¢(8% ws) = 0. This expression determines Ay,

uniquely up to scaling.

This completes the proof. O
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3.5 Anomaly cancellation condition

In this section, we focus on the anomaly cancellation condition,
_ o
z&@wu = Z(tTquw A RK/I - tI‘FH A FH)
3.5.1 Computation of trR}j, \ R},

Fu and Yau compute trR}j; A R},

Proposition 30 ([EY08]]). Consider the curvature 2-form R} with respect to the Chern

connection. Then we have the following equation
trRY, A Ry, = m*(trR% A RY% + 2i00(e™“p)),

where p == —itr{OB A OB* - g~} is a well-defined 2-form.

The computation is straight forward yet somewhat long. The details can be
found in the original paper.
We can express RY in terms of Rg and express trRj; A R}, entirely in terms of

formson S.

Lemma 31. tr R}, A R}y, can be expressed in terms of the pull-back of a form on S as follows
trRy, A Ry = 7 (200u A 00u + 200u A trRg + trRg A Rg + 2i00(e™"p)) .
Proof. We use the result of Proposition [30;
trRY, A Ry, = m*(trR% A RY + 2i00(e™"p)).

By lemma 1] trRY% A RY = 200u A 00u + 200u A trRs + trRs A Rg. Substituting this

expression into the expression above we derive the lemma. O
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Now we compute i00w,,.

3.5.2 Computation of i90w,
We express i00w, in terms of the base space.

Lemma 32. i00w,, can be expressed in terms of the Kihler form wg on the base space and
the f's as,
= = 1
100w, = 100e" N\ wg — 5(61 A B+ B2 A BY.

Proof. We carry out the calculations explicitly,

10000, — 100 (e“ws o e‘)

= i00e" N\ wg — %(51 A B+ B2 A B?)

In the second line, we have used df = 3! + i3? and 99 = 0 since df is a (1,1)-

form. O

3.5.3 Anomaly cancellation condition as a PDE on S

In the previous sections we have proved that a stable holomorphic vector bundle
E with an hermitian-Yang-Mills metric H over S can be pulled back to A/ and fur-
thermore (V = n*E, 7* H) is hermitian-Yang-Mills. We also discussed a hermitian-
Yang-Mills vector bundle (V, H) when V = T'°S & L. In both of the constructions,
Fisa (1,1)-form on S. We will only consider such examples when F € T'(Q'1S).

We reduce the anomaly cancellation condition to a PDE on S.

Proposition 33. Consider the hermitian manifold (M, w,) with the vector bundle (V, H)

such that F € T'(QYS). The anomaly cancellation condition reduces to a PDE of u on S
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of the following form

i00e" N\ wg — i%aéu ARg — i%@é(e*“p) - %85u A O0u

1
= %trRs A Rg — %trF ANF + §(ﬁl A B4 B2 A BY).

Proof. We use the expression derived on i9du and trRY, A RY,;. The anomaly can-

cellation condition becomes

i00u A\ wg — %(51 A B+ 5% A B

= - (200u A 90u+200u A Rs + trRs A Rs + 2i00(e™"p)) = P A F.

where we have used the definition Rg := itrRg. Simplifying this expression we

obtain the result of this proposition. O

3.6 Reduction of the Strominger system

Suppose we have solved the vector bundle condition using a pull-back V' = 7*E
of a stable bundle E over S. Applying Proposition 22| and Proposition the

Strominger system on (M, J, g, w,,) reduces to two equations on the base space S:

1. Conformally balanced condition:
2
RS - Z<w57 6l>6l7

=1

where f's are harmonic (1, 1)-forms.
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2. Vector bundle and the anomaly cancellation condition:

i00e" N wg — i%@éu ARg — i%aé(e*“p) - %85u A QOu

1
:%trRs/\Rg—%trF/\F+§(61Aﬁl+ﬁ2A52).

Throughout this work we will commonly refer to the last equation as ‘the PDE
of u” or simply ‘the PDE’. In Chapter §, we will prove that this PDE always has
a solution v under some assumptions. Therefore if we can find a solution to the
conformally balanced condition and vector bundle condition, then a solution of

the Strominger system always exists under some mild assumptions.

3.6.1 Solving the conformally balanced condition

We investigate solutions of the conformally balanced condition in this section. The

conformally balanced condition gives restriction on the base space S.

Proposition 34. If (M, J, g,,w,) satisfies the conformally balanced condition then the

metric on the base S must have zero or positive Ricci scalar curvature.

Proof. The metric g satisfies the conformally balanced condition, thus we have the

following equation,

We contract this with wg and obtain,

(ws. Rs) = > ({ws, 8)" >0,

=1
since wg and 3'’s are real forms. H

This proposition implies that either S should be T, K3 or have a positive Ricci

scalar curvature. By the Enriques-Kodaira classification, positive Ricci scalar cur-
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vature implies that S is either a rational or a ruled surface [LeB91, Sun97]. The

following conjecture could be used to find examples of S.

Conjecture 35. [LeBI91] Let S be a complex 2-dimensional compact Kithler surface. Then

the following are equivalent.

1. S admits a riemannian metric with positive Ricci scalar curvature.
2. S admits a Kihler metric with positive Ricci scalar curvature.
3. S'is either rational or ruled.

Currently the missing part of the proof is 3 = 2. In our case we are interested in

2 = 3 which has been proven. Using this result we come to conclude the following.

Corollary 36. If (M, J, g,,w.,2) satisfies the conformally balanced condition, then S

must be either T*, K3, ruled or rational surface.

3.6.1.1 Primitive solutions

The simplest solution to the conformally balanced condition is a solution with Ricci

scalar curvature 0. The following proposition investigates this case.

Proposition 37. Suppose that (M, J, g, w,) satisfies the conformally balanced condition.

S'is T* or a K3 surface if and only if B''s are primitive.

Proof. If 3s are primitive then (wg, ') = 0, therefore Rg = 0. Since S is Kédhler
this implies that S is T* or K3.

Conversely, suppose S is T* or K3 then we have

0="Rs=Y (ws )5

l

Therefore 3"s should be linearly dependent or primitive. If they are primitive

we are done. Suppose 's are linearly dependent where 32 = x3'. Using this
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expression we obtain

0= <w57ﬁl>/81 + /{2<w37 61>617
which implies that (wg, ') = 0. Therefore, 3'’s should be primitive. O

This is precisely the setting in Goldstein, Prokushkin [GP04] and Fu, Yau [FY0§].
We would like to relax the condition so that S need not be a surface with Ricci flat
metric.

3.6.1.2 Hodge dual solutions

In this thesis, we generalize the work in the literature by considering the case when

B! and 32 are Hodge dual to each other:
x,8' = B2
This condition will allow S with ¢;(5) # 0, and generate new examples of (M, w,,).

First we investigate the structures on S.

Proposition 38. If S is a 2-dimensional Kihler surface, and 3' are closed real (1,1)-forms

that satisfy ' = %, then
1. Y, 8% are harmonic,
2. (B ws) = (B%ws) = A,
3. f'+ 5% = dws,

where X is a constant (which can be zero).
Furthermore, if (M, w,,) satisfies the conformally balanced condition then Rg = Nwyg;

that is (S, wg) is Kihler-Einstein with constant positive curvature.
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Proof. In the following proofs we will use the fact that in real 4-dimensions the Lef-
schetz decomposition theorem [Huy05, Proposition 1.2.31] tells us that for (1, 1)-
forms (1) the anti-self-dual condition is equivalent to the primitive condition, and

(2) all self-dual 2-forms are multiple of wg.

1. 8' and % are harmonic because 3"’s are closed and Hodge dual to each other,

dp* =d= sl =0.

Thus dp' = d*8' = 0 and similarly ds? = d*3* = 0.

2. Note that the (1, 1)-form *(8* — 3?) is anti-self-dual and therefore primitive;

<51 - B27WS> = 0.
This implies that (3',ws) = (8% ws) = A. Because 3"s are harmonic (1,1)-
forms, \ is a constant [Bes08), 2.33].

3. On the other hand, ' + /32 is self-dual and from the Lefschetz decomposition
'+ % must be a multiple of wg. Suppose that 5'+3% = fwg for some function

/. Then by contracting this with ws we obtain f = ), therefore 8! + 5% = \ws.

Finally applying the facts we have derived before and assuming (M, w,) satisfies

the conformally balanced condition we obtain

Rs = (8", ws)B" + (5%, ws)* = A(B" + %)
= )\ZWS.
This completes the proof. O

Note that the Hodge dual condition ' = 32 reduces to the primitive condition
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when ' = — 2. Thus part of the Fu and Yau’s primitive solutions are included in
the Hodge dual case.

Conversely, if S is a Kdhler-Einstein manifold with constant positive Ricci scalar
curvature 4)?, then we can find M such that its hermitian form w, satisfies the
conformally balanced condition. We can show this by choosing ! = 5% = Nwg/4.
By assumption Rs = \wg, meanwhile (5!, wg)B' + (6%, ws)? = ANws. Therefore
the conformally balanced condition is satisfied. Note that 5’s are automatically

harmonic, because wg is Kahler.

3.6.1.3 Self-dual and anti-self-dual solution

We can also solve the conformally balanced condition by assuming (' is self-dual
and 3? is anti-self-dual. By the Lefschetz decomposition theorem ' € L(C>(M)),
and we write 3! = %ws.

If we would like (M, w,) to satisfy the conformally balanced condition on },

then we must have

RS = fQCdS,

which gives a restriction on S. We consider S that admits a positive scalar curva-
ture. By the Yamabe problem, we can conformally scale the metric on S so that
it has constant positive scalar curvature A\?. Therefore we will consider (S, gs, ws)
that is Kéhler-Einstein with positive scalar curvature \?, and 3! = \/%wg, (3? anti-
self-dual.

We will focus mostly on the Hodge dual solutions, however we will generalize

most of the results found in the Hodge dual case to this case as well. Especially,

the existence of solution proved in Chapter [4can be applied to this case as well.
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3.6.1.4 Other Solutions

Apart from primitive and Hodge dual solutions, in principle it is possible to con-
struct other solutions of the conformally balanced condition. S should be ruled or
rational thus perhaps del Pezzo and Hirzebruch surfaces would give examples as
well. However, it seems more complicated in these cases to prove the existence of

a solution w.

3.6.2 Solving the anomaly cancellation condition

Recall the anomaly cancellation condition as a PDE of u:

- .a/ _ .a/ _ B OC/ _ _
i00e" \ wg — zgﬁau ARs — 2568(6 “p) — ?aﬁu A 00u

/ / 1
_ %tIRS A Rg — %trF NF+ (B AB + 5 N 5).

Since wg and Rg are closed the left hand side can be written as an exact form.
Integrating over S we obtain

BB (BB

g2m 2w g2 2w

_d(ﬂﬂM%HﬂW—%qWY>, (33)

where we have used —tr FAF/(87%) = p1(V) = ¢1(V)?/2—c3(V). The left hand side
of this equation is the self-intersection numbers of 3'/27 and 3?/27. By construc-
tion, 3' /2w are the Chern classes of a line bundle over S, thus the self-intersection
numbers are integer valued. We consider V = 7*FE that is hermitian-Yang-Mills.
Such hermitian-Yang-Mills vector bundles over Kdhler surfaces are well studied,
and we can find E such that the above condition is satisfied. Suppose E is stable

bundle over S that satisfies Equation (3.3) then we can write

Oé/

o L 1 2 2 W%
ZtrRSARS—ZtrF/\F+§(ﬁ NGB+ AB)Z_“?’
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where p is some smooth function such that

2

Wg
pn—==0.

/s 2

Fu and Yau showed that on 7* there is no solution to the PDE of u. However
their proof has a mistake in it. We prove the following lemma and investigate the

constraints when S = T*.

Lemma 39. Suppose (V, H) is a hermitian vector bundle over a hermitian n-fold (M, w).

If F A\ xw =0, then

wan

(n—2)I"

||[F||? - vol := trtF A %F = —ttF A F A

Proof. Since F' A\ xw = 0, the curvature 2-form is primitive. We can use Lefschetz

decomposition and obtain the following

Thus the lemma follows. O

Remark 40. Suppose we want to find a solution of the Strominger system of the
form (M, w,,V,H) when S = T*. Fu and Yau originally proved that S cannot be
T*. However, there is a mistake in the original argument. In fact, the work in
[EYO08] implies there exists a solution. We present below a corrected version of

their argument. We wedge the PDE with w,, and integrate over S to obtain
/ (2’856“ Nwg — i%@éu ARs — i%ag(e’“p) - %8(% A 8(%) A Wy
S
! 1
— / <—%trF AF + 5(51 A B+ B2A 52)) A Wy,
s

where we have used Rg = 0 for S = T*. Using Stokes theorem, we show that the
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left hand side is zero:

/ (265@“ Awg — i%&éu ARs — i%@é(e*“p) - %85u A 85u) A Wy,
s

1 / / / _
- ——/ d€" Aws — —du A Rg — —d°(e™"p) +i%d°u A 9Bu | A dwy = 0,
2 /s 2 2 2

since dw, € T (23S & (225 A QM)) and the other terms are in the section of 35.

Meanwhile, since ' are anti-self dual and primitive we have
BN BT = =BT Axpt = —[|5]]* - vol.

Also by Lemma 39| we have

w3
—trF'AF Aw, = ||F|] - ?“

Therefore, the right hand side can be written as
[ (SRR = S8 + 1877 ) 2 nn =0
s\ 4 2 2 v
Notice the minus sign difference with the original arguments of [FY08]. By choos-

ing F and f3's, this equation can be satisfied.

Suppose it is possible to find V' such that we can write the anomaly cancellation

condition as

2
“s

i00e" N\ wg — z%aéu ARs — i%@g(e_“p) - %85u A QOu + 1 5y = 0.

In the next section, we reduce this PDE into a simpler form by looking into special

cases and generate some examples.

63



3.6.2.1 Primitive case: Ricci-flat

In the case when !, and 3? are primitive (1, 1)-forms, S should be Ricci-flat and

the PDE reduces to

w§

/ /
i09e A wg — i%f)é(e_up) - %85u AODu+ py =0,

This PDE has been extensively studied in [FY08]. In this thesis we study when S

is not Ricci flat.

3.6.2.2 Non-Ricci flat case

In general S need not be Ricci flat. However, we have shown that S should be
positive Ricci scalar curvature 2)?. Using Lefschetz decomposition this implies
that

Rs = Nws + ¢,

where ¢ is a primitive (1, 1)-form.
The form p can be simplified under certain conditions. The following expres-

sion is useful when studying p.

Proposition 41. The (1, 1)-form p is well-defined and can be expressed as the following,
=i k I N 1 2
p = 10459 opdz" N\ dz' + SWs + A8 + 57— \ws),

where o = ' +if? — 3(i + 1)ws.
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Proof. Recall that locally we have,

Bl =0k, § = &idz' + &d7?,
3% =0, ¢ = (dz" + (d7?,
. ¢1 i} L
¢ =&+, B = ,B:<¢1 ¢2).
P2

We start from the definition of p

p=10B* - g ' NOB

= 04397 Dppid2* A dZ
Meanwhile we can express the components of d¢ and d¢ in terms of o and ws.

_ A )
Ok = 045 + 5(—@ + 1wy

- A
Orp; = oy + 5(2' + 1)wy;.

Using these expressions we obtain

LA A
p=iGy;q" opd" A dZ + Sws+ 5(1 —i)o + 5(1 +14)G
2

N oA
= i0y;9" opdz* A dZ + Fws+ B+ B2 — ws),

where we have used

D | >

—(1—i)o+ g(l +i)5 = MB' + B2 — dws).

This completes the proof.
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3.6.2.3 Hodge dual case

When #,8' = 3%, by Proposition 3§ R s reduces to the following
RS = )\2w5.

Lemma 42. If 8 = (32 then, p reduces to the following

. T 2
p= i&kjgﬂal;dzk A dZ + 5 Ws-

Proof. This is direct result of Proposition 41 and using 8' + 5% = A\wg from Propo-
sition O

The following lemma will be useful latter when we analyse the Strominger’s

system for the simplest cases.

Lemma 43. If 8 = (3% and ' = nB3?, then p reduces as the following,

)\2
p = 7&)5.

Proof. Since ' = x5 and ' = nf? we have 8! = 5% Applying Lemma 38, we
have B! = 3% = \wg/2.

Now we apply this fact to o,

A A
o= (1 — i)§w5 + §<Z — 1)w5,

=0,

thus p = Nwg/2. O
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To summarize, in the Hodge dual case the PDE of u simplifies to

/ / / 2
i00e" A\ wg — i%&éu A Nwg — i%@é(e’”p) — %85u A O0u + /L% =0,

and furthermore when ' = ? it simplifies further to

_ . r )\2 r _ 2
i09e" A wg — i%&(‘?u A N2y — i%@@e‘“ A Sws — %83u A 8du + u% —0.

3.6.2.4 Self-dual/anti-self-dual case

We also consider the case when (5, g5, ws) is Kdhler-Einstein with constant positive
hermitian curvature \?

RS = )\2(,05.

The following is a solution of the conformally balanced condition: ' = %wg, B? is

anti-self-dual. In this case, the p can be derived as in the following.

Lemma 44. When ' = Jwg and 3% is anti-self-dual,

2

A
p=1i(6%)r59" (65 + S ws-

Proof. We use Proposition [41}

p=i(B' —i8%) ¢ (B'% +iB%)
Az . _'i )\ . )\ B
= Ews + 2521@9] 521‘1' - Ezﬁz[ - ﬁﬁQz‘k.

Using the anti-symmetry property of 5% we obtain the result. O

Note the similarity of Lemma{44{and Lemma 42, This will allow us to apply the
existence proof of Chapter {4{to both Hodge dual case and self-dual/anti-self-dual

case. This is of an interest because this type of construction will lead to (k —1)(5% x
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SY)#E(S? x S%) [GGP08], and the result of Chapter 4| will guarantee a solution to
the anomaly cancellation condition on (k—1)(S? x S*)#k(S® x S®) on (M, w,,, V, H).

We will discuss this further in later chapters.

3.7 Summary and future directions

We have discussed the Strominger system in general settings. In the following
chapter we will be considering the Strominger system on (M,w,,V = 7*E, H)
with a stable bundle E over S. The conformally balanced condition will be solved
with the Hodge dual solution or with the self-dual/anti-self-dual solution. Recall

in this case the Strominger system with respect to the Chern connection reduces to

1. Conformally balanced condition:

2

Rs = (ws B8,

i=1
with g € H2(S, 7).
2. Vector bundle condition is satisfied by V' = 7*E and FE is stable over S.

3. Anomaly cancellation condition reduces to the following PDE:

/ / / 2
i00e™ N\ wg — i%@éu A Nwg — i%ag(e’“p) — %85u A OOu + M% =0,

when the following condition is satisfied

o(5)+e(5) =Cns) +ne), 649

where Q(p1, p2) == [4 p1 A p2 gives the intersection number.
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In Chapter [, we will show that the PDE always has a solution under some mild
curvature assumptions. This implies that if we solve the conformally balanced
condition, and find a stable vector bundle £ over S that satisfies Equation (3.4),
then the Strominger system has a solution with respect to the Chern connection.
Note that Equation can be thought of as solving the anomaly cancellation in
topology on S, and therefore, in this case solving Equation (3.4) is sufficient and

necessary for existence of an analytic solution.
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Chapter 4

Existence Theorem

Consider the construction (M,w,,V = 7*E, H) discussed in the Chapter |3 with
the Hodge dual condition ' = %42 or the self-dual ' = 4ws anti-self-dual /?

condition. We have shown that the Strominger system reduces to the following;:

1. Conformally balanced condition:

2
RS = Z<w57ﬁi>ﬁi7
=1
with 3 € H2(S, 7).

2. Vector bundle condition is satisfied by assumption.

3. Anomaly cancellation condition reduces to the following PDE:

/ / / 2
i00e" \ wg — i%@éu A Nwg — i%@g(e_up) — %Oéu A OOu + /L% =0,

when the following condition is satisfied

o(5)+e(5) = nis) +ne), @
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where () gives the self-interaction number.

In this chapter, we will show that the PDE has a solution.

In the proof of existence, we will use the continuity method first pioneered by
Yau [Yau78]. We will follow the proof outlined in [Yau78}|/Aub70, Joy07, FY08]. The
PDE is closely related to [FY08], but due to S having positive scalar curvature we
have a extra term. We derive estimates needed to prove existence and improve the
proof of [FY08].

The fact that the anomaly cancellation condition has a solution for the Hodge
dual, and self-dual/anti-self-dual solutions will imply that there exists a solution
on (k—1)(S5? x S")#k(S? x S3) [GGP08]. This will be of a particular interest when
k = 2, as it is known that (S? x S*)#2(S® x S%) admits a holomorphically trivial
canonical bundle [FP09], thus it is a prime candidate for heterotic string compacti-

fication.

4.1 Main theorem

In the following theorem, we claim that the PDE we are interested in has a solution,

and furthermore defines a new hermitian metric on S.

Theorem 45. When \*a’ < 4, the following differential equation for u,

/ / / 2
i00e™ N\ wg — i%@éu A Nwg — i%@é(e’“p) — %&% A OOu + N% =0,

has a smooth solution such that

o o -
W= etwg — EAzws + Ee*“p + a'i00u

defines a hermitian metric on S.
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Proof. First we introduce o = o//2 to simplify our notation.
Continuity method: We will prove Theorem 45| using the continuity method.

We introduce a parameter :

2
i00e" A wg — iaN*td0u A wg — iatdd(e " p) — addu A OOu + ,ut% =0 4.2)

When ¢ = 0, this equation has a solution © = constant, we want to show that it also
has a solution u for ¢t = 1.

Setup: We impose the following conditions on the solution:

2\ 1 2
—4uWs )" _ Ws _
(/Se 5 > A, 2 1. 4.3)

o Normalization:

e Elliptic condition:

W' = e'wg — at\2wg + tae " p + 2iad0u > 0. (4.4)

The normalization is introduced to compute the estimates later.
Denote the space of functions whose k-derivatives are Holder continuous with

exponent 0 < ag < 1 as C**(S). Consider the following sets,
e B,isasetof u e C>*(S) that satisfies the normalization condition (4.3).

e T'is a set of ¢ such that the differential equation (4.2) has a solution « which

satisfies the the normalization condition (4.3) and the elliptic condition (4.4).

Note that 0 € T'with uw = —In A, and also 7" C [0, 1]. If we can show that 7" is open

and closed in [0, 1] then this implies 1 € 7" and the PDE has a solution.

Open: Consider a pair (¢,u) € [0,1] x B4. We define a natural map K by the
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following

2

K (t,u) = %, (i@ée“ A wg — iatA*00u A\ wg — iatdd(e”“p) — addu A AOu + /Lt%) :

It is straight forward to verify that [ K'(t,u) = 0, as [, 1 = 0 and S has no bound-
aries. Thus it is natural to introduce the following set C5°(S) = {1 € C30; [ ) =
0} and we can view the map Kas K :[0,1] x By — C2(8).

Now consider a pair (o, u,) where ¢y € T and u;, € By is a solution to the
PDE with ¢ = t,. If we can show that K maps an open neighbourhood Uy of
(to,us,) € [0,1] x B4 to an open neighbourhood V of 0 € Cg*°(S) then this will
imply that T is open. This is because K will map an arbitrary element (¢, u,) € Uy
to 1 € Cg™(S), and this will imply that

2

100" A wg — iatA*00u; A wg — iatdd(e " p) — adduy A OOy + ,u't% =0,

where 1 =y — 9. Thus (¢, u,) is also a solution, implying 7" is open.
We show that K is a homeomorphism using the implicit function theorem. For
(to,us,) € ker K, we write the linearisation of K as K := dK. Explicitly K (¢) is

defined as
K (@) := #yg [100(e"0§) N wg — iatgA’00¢ A wg + iatgdD(e” 0 pp) — 200duz, N 0P| .
Note that the principle part of *, K is
100 A (e"ows — atg\>w, + toae "0 p + 2ai00uy, ),

and by the elliptic condition it follows that K is elliptic. We use the fact that K

is elliptic with Lemma {46| to show that K is invertible. By the implicit function

74



theorem this implies that K is homeomorphic at uy,.

e One-to-one: By Lemma 46| ¢ € ker K is a no where zero function that has

constant sign. Therefore ker K N Tuw,Ba=0 and K is one-to-one.

e Onto: We show that K is onto by realizing for any ¢ € C¢*°(S) there exists
a weak solution ¢; of K(¢;) = 1 because ¢ L ker K* by Lemma @ Ac-
cording to Schauder theory, ¢; € C%*(S) when ¢ € Cy*(S). If we take
co = L9 then ¢y + cogy € T, Ba and K (¢ + codp) = 1, thus K is

Je g
onto.

Since dK, (to,uzg) is a bijection, Kisa homeomorphism and this implies 7" is open.

Closed: We show that 7' is closed by showing that it contains its limit points.
More explicitly, suppose (t;) is a sequence in 7" that converges to lim, . t, = t'.

Consider the PDE in the determinant form det¢’/detg = F},, 4u,- This form
will be discussed in detail in Lemma Here F ,, 4., is a smooth function of ¢, u,
and the first order derivatives of u,. We take a derivative with respect to J;, and
obtain

| | ‘ _ - 92 ou
20vi det (e“tzgﬁ — at)\ngZ; +tae " p;; + QOéZUt,ij) glﬂgzz‘azj (a_zli)

=0 . . B 0
= —det g'g'”@ (e“tzgﬁ — at)\ngﬁ + tae “tpﬁ) + 3k (det g - Fyuyau,) -

We consider this PDE with ¢, in place of ¢ and use the bootstrap argument. In
Proposition |63 and Proposition 91 we show that if u € C*(S) then g;; is positive
and bounded away from zero. This implies that the PDE above is uniformly ellip-
tic. In Proposition [74/and Proposition 91, we show that if u € C*(S), then there are
a priori estimates of u5;, this implies that the coefficients of the PDE above are at

least C%%(S) for any a € (0,1). Using Schauder estimates discussed in Chapter
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we obtain C?%(S) a priori estimates on du/dz*. This tells us that the coefficients

are now in C'1*(S). Repeating this process we obtain that ||u,

csa < C for some
constant C'.

Since the sequence v, is bounded in C%*(S) the Rellich-Kondrachov theorem
implies that the sequence w;, should lie in a compact subset of C°(S). Therefore
there should exists a subsequence u,, that converges to u in C*(9).

Because u;, converges to u in C*(S), we can take the limit of the PDE above with
respect to this subsequence lim._,, t. — ¢’ and this tells us that « will be a solution
of the PDE with ¢ = ¢'. Since u € C°(S), we can repeat the bootstrap procedure and
conclude u € C**(S). Therefore, T' contains its limit points and it is closed.

Regularity: We have showed that the PDE has a solution u € C*%(S). By
repeating the bootstrap process we can see that this in fact implies that u € C*°(5).

Therefore, ¢’ is a smooth hermitian metric on S. O

In the following sections, we give a detailed proof of lemmas and theorems that
are required to prove Theorem 45 We use the notation established in the proof of
Theorem (45| throughout this section.

4.2 To show T'is open.

The following lemma is used to prove that 7" is open.

Lemma 46. The operator K defined in Theorem 5| has the following properties,
o ker K* =R,
o ker K = {Ray; ¢ is a no where zero function that has constant sign}.

Proof. We would like to use Corollary (7.29) of [LT95] that states properties of an
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elliptic operator AA’. Define wy, to be the principal part of *,,, K:
i00¢ N Wy, = i00¢ N (e"ows — atgh’wg + toae "0 p + 2iadOuy, ).
Then we define an elliptic operator /A" associated with K in the following way,
N = iy, 90,

where A,; is the dual Lefschetz operator. A’ is an elliptic operator because w;, > 0.
A is smooth because we are assuming that u,, is a solution of the PDE and p, p are
smooth.

We use the definition of a laplacian i99y A w;, = A'(¢) é to establish ker A™ =

ker K,

2
. w
[rwes
= /w [i00(e"0 §) A wg — iatgA*DDP A wg + iatdd(e” "0 gp) — 200uy, N DO
= /gz%g@w A (e"ows — atgMPwg + toae™ "0 p 4 2iad0uy, )
w2

—- [ 2w

Therefore ker A" = ker K.
Corollary (7.29) of [LT95] states that every function f € ker A™ is nowhere zero

and has a constant sign; and ker A’ = R. Therefore we obtain this lemma. O

4.3 Simplification of the PDE and an Overview

The PDE can be written in several equivalent ways. Depending on the context,

we will choose the most convenient form of the PDE. In the following lemma we

77



introduce the first equivalent formulation.

Lemma 47. The PDE,

2
i00e" A wg — iaA*t00u A wg — iatdd(e " p) — addu A OOu + ,ut% =0,

is equivalent to
det ¢’
detg = t’utydut7

where ¢' is defined by ' = e"wg — aX*twg + ate “p+ 20iddu, and Fy ,, 4, only depends

on t and up to the first order differentiation of w,.

Proof. The easiest way to show this is to use the following identity,

w?  det g’ w?

2 detg 2°

We compute w'? explicitly and obtain:

w? = (" — aX*t)’wi + o*tPe " p? — 4a*00u A Ou
+ 2ae " (e" — aX*t)wg A pt + dae “tp A i0Ou + da(e” — al?)wg A iddu.
By using the PDE and contracting with w?/2, and we get the following expression:

detg’
detg

2 2 2

(e" — aX?t)* + %6_2“ <t2 2, %> + a(l — aXte™) <tp A wg, %>
_ U ; 3 wg 2 u . 3 w%’

2ae zﬁu/\f)quS,7 + 2a”e zE)u/\@u/\tp,7

2 2
+2a%e™ <i8u A top, %> —2a%e <z’8u A tdp, %>
— (.4(.)2

+2a%e™ <i88p, 73> — 2aut

= E’ut )dut °
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This proves the lemma. O

If ' = nfB?, then p simplifies and we can write the PDE explicitly in the follow-

ing way.

Lemma 48. If 3' = nf3?, the PDE simplifies and can be written in the following three

equivalent forms:

o In differential forms:

al’t

2
i00 (e“ — a\tu — e“) A wg — adOu A 00u + u% = 0. (4.5)

o In a complex Monge-Ampere-type equation:

det ¢’
det g

= Ftaut>dut °

e [n components:

det u;;
= 0. 4.6
dot g + 1 (4.6)

J

aN?t

gjiai(?; (e“ — aNtu — e“) + 2«

Proof. When 3' = nf3?, we use the fact that p reduces to p = /\?20.)5. We conclude
that the PDE reduces to Equation (4.5).

Equation (4.6) can be derived by using the following identity,

_ _ 2 det u.=
00u A 9B, 23\ = oY

and the definition of the laplacian,
_ wz
i00f \Nwg = Af;s.

Using these identities in Equation (4.5) we obtain Equation (4.6). O
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When 8! = nf? we will commonly refer to the PDE as the ‘simplified PDE’
or just ‘the PDE’ if it doesn’t cause any confusion. We first consider the simplified

PDE and show it has a solution. Later we will extend the result to the general PDE.

4.4 Zeroth order estimate

In this section, we obtain a lower bound and an upper bound of « subjected to the

following conditions

o Normalization:

e Elliptic condition:

N 5
W = etwg — Ot)\QUJS + a?e_uws + 2iaedO0u > 0. "

Naively, we can try to write the simplified PDE in terms of the simplified PDE
of Fu and Yau [FY08]:

2
i00 (e" — afe™) Aws — addu A ddu + u% =0,

with f = A\e"u + \*t/2. However this approach is not fruitful as the elliptic condi-
tion does not translate directly into the elliptic condition of [FY08]]. We work
out the bounds of u following the ideas of [FY08].

First we establish some conventions that will be used. We replace A*t by A\* and
ut by p to simplify the notation. A subscript on a function will denote its partial
derivative, i.e. u; := OQ;u. Also we introduce the following shorthand notation,

\Vul* = g7 uuy and Au = gYu;.
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We show that u is bounded by using integration by parts.

Lemma 49. Suppose ' satisfies the elliptic condition ' > 0, then for any k € RT,
/ i00(e ") AW > —k / e i00u N W' (4.7)
Equivalently, for p € Rt we have,
/i@g(e”“) AW > p/ep“iaéu AW (4.8)

Proof. Recall the definition of the laplacian:

2

o 2
Aw% = 0O A wg = giﬂaia;@z%.

Since w’ > 0, it can be associated to a metric ¢’. The inequality comes from the

following computation,

-0 _—ku /1.2 —ku _1ij 7(‘0/2 —ku _tij 7("}/2
i00(e ™) ANw' =k° [ e Mg uiuj7—k AR
- 2

z—k/ekug,i]lb"'w—

= —k/ek“z'@éu Aw.

The second inequality is obtained by replacing k with —p. This completes the

proof. O

4.4.1 Estimate of infu

We show that u is bounded by below using Inequality (4.7). The following lemma
is obtained by substituting «’ in the right hand side of Inequality and using

integration by parts,
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Lemma 50. For a solution of the PDE under the elliptic condition w' > 0, we have the

following inequality for |Vu|,

k’/ (e—u)kfl ’vu|2 < C/ (e—u)kJrl + C/ (e—u)k’
where C'is a constant depending on o/ \?, and pu.

Proof. First we substitute w’ on the right hand side of Inequality (4.7)

_ _ A2
—k / e Midou ANw' = — k / e *400u N (e“ws — a\wg + e“a?ws)

2
+ 2ik / e hu (856“ — aX?00u — a%@ée“) A wg

+2k‘/e_k“u,

where we have used the PDE (Equation (£.5)). This simplifies further using the

Leibniz rule,

2
—k / e Mi00u A W' =k / e hu (e“ —aN\ + a%e‘“) i00u A\ wg

A2 -
+ 2k / e ku (e“ — a?e_“> 10u A\ Ou A\ wg + 2k / e kuy,

Meanwhile the left hand side can be computed similarly,

2
/i@@(e‘k“) Aw' = / (e“ —ar + a%e‘“) Ae ),

/\2
= /e_k“ (e“ —a\? + a;e‘“) (K*|Vul|? — kAu).
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Combining the two expressions, we obtain the following,

/\2
k2/ek“ (e“ —a\ + a;e“) |Vul? (4.9)
—ku U 2 /\2 —u —ku U )‘2 —u 2
>2k [ e e’ —al —0—0476 Au+2k [ e e’ —a—e |Vu|

—|—2k/ek“u.

By integrating by parts on 2 [ e7*(e* — aA? + aX e~*) Au, we conclude

)\2
2 / e kv (e“ —a)\ + 0476“> Au

22
=2(k—1) / e~ k=Du 7y 2 — 2a)\2k/ek“|Vu]2 +2(k+1) / a?e’(k“)“\Vu\Q.
We substitute this expression into Inequality and simplify,

/\2
—Q/e_k“u > k:/e_(k_l)“|Vu|2—|—k:/oz?e_(k+1)“|Vu|2 —oz)\2k/e_k“|Vu]2
A2 A
=k (1 — a?) /e(kl)“]VuIQ + ?ka/ (e’“/2 — e“/2)2 e | Vul?
> k:C'_l/e_(k_l)“|Vu|2.
The last inequality follows because the second term is positive and we assume

4 —a’A? > 0, thus C is a constant depending on o’ A\?. We use C to denote a generic

constant from now. This inequality implies that,

k/e(kl)“\Vu\Q < C/ek“,

where C' now depends on a\? and n. We weaken this inequality, because in general

when ! # 3%, we do not obtain such strong inequality. The above inequality can

k/e_(k_l)“]Vu|2 < C/e‘k“_“~|—0/6_k“.
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This completes the proof. O

Using the Sobolev inequality and the Holder inequality we can obtain the fol-

lowing inequality from the lemma above.

Lemma 51. For a solution u of the PDE under the elliptic condition w’ > 0 and normal-

2
Ws
2

(/(e_“)%)% <C (/(e—“)k‘“) k%wk: (/(e_“)k+2> m+0k/(e—“)’“+z, (4.10)

where C' depends on o/ \?, 11 and the Sobolev constant of g.

ization [; = = 1, the following inequality holds,

Proof. The Sobolev embedding theorem (Theorem[I2) states that the following em-
bedding is continuous,

Ly(R") € L{(R")

when % = % — k=L Consider the Sobolev inequality for n = 4,1 = 1,k = 0,¢q = 2,

and p = 4. This leads to the following inequality,

[ e ()" ()]

where Cy is the Sobolev constant. By squaring, and using Lemma (50| with the

inequality of arithmetic and geometric means, we derive the following,

(fir) e[ ()" [fre]]
<C |:/e_ku+k/<€_u)k+2—}—k/(e—u)k+1:| |

where C depends on o’'\?, p, and Cs. Now using Holder’s inequality, we finally
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obtain

(Jior e(fir s sen(fieor) e oo

This completes the proof. O

To obtain inf u, the strategy we use is to reiterate Inequality (4.10). It is easy to
see that when £ = 2, Inequality (4.10) cannot be iterated any more. This gives a

natural motivation to define the normalization of the following integral,

1/4
A= (/ e_4u> < 1.

We finally state the following proposition concerning inf .

Proposition 52. If u is a solution of the PDE under the elliptic condition «' > 0, and

normalizations A < 1, f % = 1, then we have,
iréfu > —log(C1A),

where C, is a constant that depends on o/ \?, p and the Sobolev constant of g.

Proof. We use Inequality and reiterate it to obtain the limit. Regarding the
integral there are two cases, (1) when [(e™)* <1 for all k¥ > 4 and (2) when there
exists some kg such that [(e7*)* > 1. Holder inequality tells us thatif [(e7*)% > 1
then [(e )" > 1 for all k > ko. We first focus on the first case as it is simpler and

then deal with the second one.
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1. When for all & > 4, f (e <1, Inequality (4.10) implies

(fior) o)
(fen)” (feer) |

by the Holder inequality. We rearrange the terms and obtain

[y ot ([
< Ck? (/ (e—“)‘“>2.

By taking k = 2%, and the power 1/2°"! on both sides we have

EallN)

<Ck

1

(/ (e_u)%l)ﬂlﬂ < (287 (/(B_U)Qg)w

<OR)FTRNT (@) (/ (e-“>4)i.

When taking the limit 3 — oo, we can check the constant converges to some

C' by the ratio test. Therefore,

le™loe < C14,

where C; depends on o A2, ;i and the Sobolev constant of wg.

¥ > 1for k > ko. The strategy is to reduce k until k < kg

2. Suppose [(e™*)
so that [(e™)* < 1. Once this is achieved we can use the results described

above.
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Suppose we start from k > ko and [(e7*)* > 1. Inequality (.10) implies,

(fie)" <en e
<or([er) - (/ <>) ,

by the Holder inequality. By taking k = 2° and iterating this inequality we
obtain
1 ﬁ 1 ﬁ
(/ (efu)zfﬂ ) < C<26)m (/ (e“)Qﬁ)
<.

_1
2P0 —4

< C’(W)ﬁ(gﬁfl)ﬁ . (250)m (/ (eu)gﬂo> |

where f3 is the first integer so that 2% < ko, i.e. [ (e‘“)Qg < 1,and Cis a
generic constant that depends on o/ A2, 1, the Sobolev constant of ¢, k and ky.
When we reach 3, we proceed on with the method described in the first case,

to reduce the power of e™ on the right hand side. This will result in

1
9B8+1 \ 26+1 2P0 2B+1_y
—u Bo — B+1
(e ) < CAPo-a 2 ,

where C' now also depends on f.

As we did in the first case we take 5 — oo, it can be shown that C' converges
to a constant using the ratio test, and since we assume A < 1, this implies
that

le™|[oc < C1A,
where we defined C; and used the same notation as before.

Therefore we obtain infgu > —log(C} A) in both cases. O
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4.4.2 Estimate of sup u

We follow the same procedure with % replaced with —p. Inequality becomes,

)\2
pQ/ep“ (e“ —a\? + %e_“) |Vu|?
A2 A2
> —Qp/ (e“ —aX + O[Te“) Au — Qp/ep“ (e“ — %e“) |Vul?
—Zp/ep“,u.

Using integration by parts, this inequality reduces to,

A2 A2
2/610111u > p (1 _ QT) /epu+u|vu|2 ‘l’p% / (eu/Q o 6—u/2)2€pu|vu|2’
which implies
p/ep“+“|Vu|2 < C’/ep“u, (4.11)

where C' depends on a\?. An interesting case is when ¢ = 0. Recall that 4 is a
shorthand notation for pt. Thus when ¢ = 0, we obtain p [ e’*™*|Vu|*> = 0 and

therefore |Vu|? = 0. We summarize this in the following remark.

Remark 53. When ¢ = 0, the PDE,

_ B _ /\2 -~ _ w2
i00e™ N\ wg — iatd0u A Nwg — iatdde ™™ N\ 7@25 — adOu N\ 00u + ut?g =0
has a unique constant solution © = — In A which satisfies the normalization condi-

1
(/6_4uw_§>4 =A, u)—%:1.
s 2 s 2

Proposition 54. Suppose u is a solution to the PDE under the elliptic condition w' > 0,

tions
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and normalizations A < 1, f % = 1. If we choose A so that C1 A < 1, then we have
supu < Cs,

where Cy is a constant that depends on a)?, u, the Sobolev constant of g, and A.

Proof. The proof is similar to the proof of Proposition We use the Sobolev in-

equality as in Lemma 52|to obtain the following

2pu 1/2 2 U p_2 puU 2
() "< 5| [ e+ | e Vul

where Cj is the Sobolev constant. From Equation and Proposition 52| we

obtain

p/ep“]Vu]2 < C’/ep“, (4.12)

where we have chosen A4 small so that e* > (C;A)~! > 1. By using this expression

in the Sobolev inequality we obtain

where C now depends on a)?, i, Cs, and 3. By sending 3 — oo, and noting that C

converges to some constant we obtain

Hngc/&

Note that we have transformed a question of the upper bound of e" to a question

of the upper bound of the average of e*, therefore it is natural to consider the
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Poincaré’s inequality.

o) == [y <efss
<c[e

where the last inequality comes from Inequality (4.12).
Now we focus on the function e*. From the normalization condition ( [ e=4*)Y/4 =

A, we can expect S can be divided into two regions:

2 2
e LU < Z — . u(x) i
U, {a:eS,e(x)_A}, Us {:cES,e >A}

Note that neither U; nor U, is empty; if so it will lead to contradiction. Bear in mind

that U, is the region we are interested in. We use Young’s inequality 2 [, e* [, e* <

% < fU1 e“)2 +e€ ( fU2 e“) ’ in the following inequality

() < (=) (L) o= (f)
< (1 + %) vol(U) /UQ e® + (1 + €) vol(Us) /U2 e
< (1 + %) % +(1+¢€) VOI(UQ)/Sezu,

where we have used the Holder inequality in the second line. Now we use the

Poincaré inequality we have derived before, and simplify the expression to obtain

(1= (1+ &) vol(T)] (/&)2—0/@“— <1+%)%§0.

We will show that vol(U;) < 1 which allows us to pick ¢ small enough so that
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[1 — (14 €)vol(Us)] < 1. This in turn will imply that [ e* is bounded.

A4:/ €4u_'_/ 674u
Uy Us

ANA
< sup e *vol(U,) + (5) vol(Us)

A4
= (— supe ** + 1_6) vol(Us) + sup e **.
As a result, we obtain
sl
VOl(UQ) S 1-— A4 < 17
sup e~ — 7=

where we have used sup e ¥ > A*/16; otherwise it contradicts the normalization
condition. Therefore we can pick a small ¢ which implies that [ ¢* is bounded.
Therefore e" is bounded as well. The inequality derived above shows that the

bound depends on A as well as a\?, Cs, and p. This completes the proof. O

4.5 Estimates of the determinant and normal coordi-

nates

4.5.1 Estimates of the determinant

In this section we find the upper and lower bounds of the determinant F'

det ggj
T det 925 ’

and introduce some normal coordinates that will be useful for estimates later on.
We will need F' to be lower bounded to show that the PDE can be realized as

a uniformly elliptic PDE. Most of the work in this section is primarily based on
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[EY08] and [AubZ0, [Yau78].

First we derive F' explicitly. From the definition of w':

) s a)? 2, - s  a?
Ww? = (e“ — o\ + Te‘“) wg + 4iaddu A (e“ —a\” + Te‘“) Ws
— 40200u A 00,
A2\ \?
= (e“ —a\ + %6‘”) w3 + 20 (e“ —a\ + %e‘“) Au - wi

2 2
— 4o [(if)ée“ — ia\200u — i%@ée_“) A wg + M%} ,

where we have used the definition of the laplacian and the PDE. We simplify this

by computing further,

2

A ? \?
w? = (e“ —aX + %e“) wi — 2 <e“ — %e“) |VulPwi — 2auw3.

w2 det(g’-)

2
From - = 3505 “5, we obtain,
ij

A2t 2 A2t
Pl = (e 2) (- ) -

We would like to show that F' is bounded. First, we find an upper bound for

|Vul?.

Lemma 55. If a\* < 2 and A is small enough such that C1A < 1, then we have the

following upper bound for |Vul?,

1+C

V2 < e < Cy

where C'is a constant that depends on o, A2 and p. Cs is a constant that depends on c, A2,

i, and A.

Proof. We use the result that e~ < ;A and assume C;A < 1. By the elliptic
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condition we also have F' > 0, and thus

0<e®F
=1—2ae "Nt — 2ae "|Vul® + a*\2te " |Vul|?

2)\4
+e (a)\zt + a? A% — 2aut — a2\ MPe T 4+ O‘Tt2€2u) )

We define C := aX*+a?\*+2a sup |p|+a*A*/4, then we can write the last inequality

as,
al?

0<e ®™F<1—2ae™ (1 — 7(01A>2> |Vul? + (C1A)*C.
Since 1 — aA?(C1A)?/2 > 1/2, we obtain the upper bound,

1+ (C1A)*C

< 1—|—C’€u'

[Vul* <
«

6%

This completes the proof. O

Since we have shown that u is bounded in the previous section, this Lemma

implies the following corollary.
Corollary 56. If a\? < 2and C1 A < 1, then F is bounded from above.

Proof. We have shown that u is bounded and by the above Lemma |Vu| is upper
bounded. From the definition of F' one can see that this implies that F' is bounded

from above as well. ]

We would like to show that F' is uniformly bounded e ?“F(t,-) > & for any

constant x € (0, 1). Intuitively, this make sense because,

1<u
€
CiA~

and if we choose A to be small then det ¢’ ~ e** will be large. Thus for a given
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constant k € (0, 1), we expect there exists A such that e ?“F > k. Proving this fact,
however, tuns out to be quite technical. We will use Fu and Yau's result.
To use Fu and Yau'’s result, we compare our problem with theirs. In [FY08], the

PDE and the elliptic condition are:

1. PDE of Fu and Yau,

det g;5 pE=5

v

Ae" —atfe™) 4+ 2a

2. Elliptic condition of Fu and Yau,

(e" + atfe “)ws + 20id0u > 0,

where f is a positive function. If we take f = Aue® + \?/2, then we see that the
PDE of Fu and Yau becomes the PDE we are interested in. To use Fu and Yau's
result, we need to make sure that the elliptic condition of Fu and Yau is satisfied
with this choice of f as well. With this choice of f Fu and Yau’s elliptic condition

becomes

al?t

(e“ + aX’tu + e“) wg + 20:00u > 0.

The elliptic condition we impose implies Fu and Yau'’s elliptic condition when

ClA < 1:

aN’t

0< <e“ — aN’t + e“) wg + 2aid0u

aN’t

< (e“ + aXtu + e“) wg + 20i00u,

when C1A < 1 because 0 < —log(C1A) < u. Therefore, we can use Fu and Yau'’s
result in our case as well.

We state the following result from [FY08].
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Proposition 57 ([FY08]]). Let t € T and u be a solution of the PDE under the following

conditions,

1. Elliptic condition:

al’t

W = (e“ —aXt+ e“) wg + 20i00u > 0.

2. Normalization conditions:

1/4 2
(/6—4“) —A<1, [,
S S 2

If C1A < 1, then given any constant € € (0, 1), we can find a small A such that F' is

uniformly lower bounded by
F(t,) > ee®™ > €(C1A)2

Fu and Yau prove this proposition using proof by contradiction.

4.5.2 Normal coordinates

Let us introduce normal coordinates around a point p such that,
g = ldz']* + |d="P,
/

where our convention here is |dz|> = dz! ® dz' + dZ' ® dz'. In this coordinates g

becomes the following form,
/ u 2, aN 112 1 =2 =2 1
g =1e"—a\+ —e 2auyy | |dz |7 4+ 20uy3(dz” @ dz° + dzZ° @ dz°)

2

A _ -
+ <e“ —aX + %6_“ - 2au22> |d2%? + 20,1 (d2* @ dZ' + dz' @ d2?).
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Since Tél’O)M is isomorphic to C?, we can think of g;; and ggj as invertible hermitian

2 x 2 matrices. It is clear that g;; and 923 commute, thus they are simultaneously

diagonalizable. We summarize this in the following lemma.

Lemma 58. We can always find a normal coordinate with respect to g at p, such that g
and g’ has the following form,

g = |dz']* + |dz*)?,

and
)\2
qJ = (e“ —aX + %e_“ + 2au11> |dzt|?
2

)\2
+ (6“ a4 ey 2au22> |dz?|?.

Another coordinate system that is useful is a normal coordinate with uy = u; =
0. This coordinate system can be found by taking a normal coordinate system with

respect to g and rotating it.

Lemma 59. We can always find a normal coordinate with respect to g at p, such that
g = |dz"? + |d2*)?,

and

us =u3 =0, wuy =ug>0.

Proof. This normal coordinate can be obtained by an orthonormal rotation of a
normal coordinate at p to adapt the system such that du/dz' > 0 and du/dy* =
Ou/0x? = Ou/Oy* = 0. O
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4.6 Overview on second and third order estimates

In the following sections we will find a priori estimates of the second order deriva-
tives and third order derivatives of u. The general strategy we use is to start from a
function G that has free parameters \. Since we are working on a compact manifold
we can find a point ¢ where G will take its maximum. At that point we will have
AG(q) < 0. By choosing A we can find second order and third order estimates.

When computing AG(¢g) < 0 one key idea is to use the PDE. The PDE we are
interested in is a second order PDE, and this will allow use to write second order
differentiation in terms of lower order differentiations. Thus by using it we can
reduce the order of AG to lower order derivatives.

Suppose we want to find the estimates of second order derivatives of u. A
natural function to consider is G = ¢ 9;3- When computing AG this will increase
the second order derivatives to forth order derivatives which makes the problem
worse. However, by using the PDE we reduce the forth order derivatives into third
order. We can use the PDE once more to reduce the third order derivatives in terms
of second order derivatives, and through this process AG(q) < 0 will lead to an
inequality of second order derivatives. There are some technical differences, but
this general approach also applies to third order a priori estimates.

Finally, one can ask how to construct functions G such that this approach works.
The starting point comes from [Cal58||Aub70, Yau78]. In the original work, the au-
thors consider the following functions for the a priori estimates:

/ /
911925 —
G — 2117922 —du

> second order

il _jm _kn

G = g"¢" 9" w5 Upn + AU third order

In our case these functions are not enough to find bounds we are seeking for. This

is because our PDE has first order derivatives as well as second order derivatives.
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This introduces extra terms when reducing the higher order differentials into lower
order ones. Generally, these extra terms prevent us from finding desired bounds
and we need to modify the functions G.

Suppose we want to find a function G such that it can be used to find second
order estimates. The strategy is to add an extra term on to G such that AG behaves
nicely, naively we are adding extra terms on G so that we can control the highest
derivative term. When finding second order a priori estimates \|Vu/|? is a natural
candidate to consider. This is because we have already found estimates up to first
order thus we know how \|Vu|? behaves. When it comes to third order estimates,
we can use a similar approach. But we have more candidates we can consider: u,
|Vu|?, Au, |Vixul?, and the combination of these terms.

In the following sections we use these ideas outlined here to find the a priori
estimates of the derivatives of u. While the ideas are simple, the computation turns

out to be quite complicated.

4.7 Second order estimate

In this section we find the second order a priori estimate of v € C*(M). This will
be used to show that the PDE is uniformly bounded in the following sense; take

the PDE in the complex Monge-Ampere form and differentiate it to obtain

2 2
o _ou = Op(F det g) — O {(e“ —al + %e_“> gij} .

det ¢'¢" o ———
99 02107 0zF 92

If we can show that g; is bounded, this implies the above PDE of uy is uniformly
elliptic.

In the previous sections we have shown that F' is bounded. By the inequality
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of arithmetic and geometric means, in normal coordinates we have

)\2
e — aX? + %e*” +alu> FV? > gM2(C1A) 7 > 0.

In this section, we will show that L(u) := e* — al? + a\*¢™*/2 + aAu has an upper
bound. Then with the fact that F' is bounded this will imply that ¢; + g}5 and ¢/ 955
are bounded. This in turn implies g; = e — aX* + aX’¢ /2 + 2au;; is bounded as
well.

We use the techniques of [Aub70, [Yau78, [Joy07, FYO08] to find an upper bound

for L(u). We will consider a point ¢; where
Gy = log L(u) — Mju + Ao|Vul?

reaches its maximum. If we denote the laplacian with respect to the Chern connec-

tion of ¢’ as /\/, then at ¢; we have
A/Gl <Q1) S 0

By choosing A; and A, carefully, this will give us an inequality at ¢; that will be
used to show that L(u) is bounded from above on S. Note that the function G
which we maximize has an extra term compared to [AubZ0, Yau78, Joy07]. The
role of this term will be discussed after Lemma

First we find the forth order derivative of v and reduce the order of derivatives
using the PDE. This will be our main line of attack: reduce higher order derivatives

using the PDE and find the estimates.
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Lemma 60. We can find the forth order derivative of u:

~ - A2 V. FViF V. F
209" (Viu) = — 9795V (eu + e ) - AR K

2 F? F

+ 97" 9"V ighn - Vgl + 2097 (Rii™ i — Rii™ O

Proof. We take the log function of the definition of F' and differentiate it with re-
spect to V:
g"'Vigly = F'ViF,

note that we have used the fact that V is the Levi-Civita connection of g. We take

another derivative with respect to V;, and reorganize the terms:
9"V iigly = 97" 9V kG - Vigly — FEVGEVIE + FTVE,

where we have used Vg7 = —¢"™¢™V,g. .. By using the definition gi; = (e —

aA? + e "ar? /2)g; + 2au,;, we obtain

% FA— = a)? ViE'ViF Vi F
QOZQWVIJZ;U — g/jmg/nzvkg:nﬁ X vl_gzlj . g/ﬂgijvkl_ (eu + e U ) _ VE l + kl )

2 F? F

We can change the order of derivatives on the left hand side using
Vigiju = Vjru — Rkl_jmaimu + Rz‘jl_makmu7

and obtain the result of this lemma. ]

The Chern connection V' with respect to ¢/, and the Levi-Civita connection V

with respect to g are closely related. When we act the laplacian A’ with respect to
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the Chern connection on a function v/, we have the following:
A = V50 = 1OV T Vi)

= g’”@-;w = g/jivz'jw-

We use this property in the following lemma which is used to find A’Aw, and

NG

Corollary 61. We have the following equation:

+ 2aH

o 2 F F?

1 = A2 AF F|?
N (Au) = % { — 9950 (e“ + eu? ) + — VF]

+ g’m g/mj gkl_vk g - vlggj} ’

where H = g’jigm (Rkl‘jm iU — Ri}l’makmu)-

Proof. Contract the results of the lemma above with g/, then we obtain the follow-

ing corollary. u

Using this corollary and some additional estimates, we can derive the estimate

of LFA'G) in the following lemma.

Lemma 62. When a\? < 1and C1 A < 1, we have the following estimate:

, A
LFNGy > |:0501A —C(Ag+)\2+1)] L= C(M+X+1)L

KJ)\Q
e T — T —
+ (2(01A)2 C) cVT - C,

where T := ¢ g’“zvikuvjm and C'is a constant that depends on o, \?, n, A, and both the

Sobolev constant and the curvature bound of g.

The proof of this lemma is rather technical and we leave it for the next section.

From this lemma we can see why we need the extra A, |Vu|2 term in GG;. This is to

101



force the highest order in I' to have a positive leading term. Fix C' and take A\, such

that
li)\Q
2(C1A)?

—C>0.

Then by completing square and since at ¢; we have LFA'G; < 0, we obtain

0> M

> aclA—O(A§+A2+1) L~ C\+X+1)L-C.

Now choose \; such that

A1
OéClA

—CA5+ X +1)>0.

This implies that L is bounded from above at ¢;.
From the definition of G;, we see that (G; is bounded because L, u and |Vu/| are

also bounded. By assumption (7; takes its maximum value at ¢; therefore we have

log L — M\ju + Xo|Vul? < Gi(q1),

thus log L < Gi(q1) + Aisupu and L is bounded on S. Since both F' and L are
bounded on S, this implies that g;; is bounded as well. We summarize this in the

following proposition.

Proposition 63. Let t € T and u € C*(S) be a solution of the PDE under the following

conditions,

1. Elliptic condition:

al’t

w = (e“ —aNt+ 6‘”) wg + 20000u > 0.
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2. Normalization conditions:

1/4 2
</e4”) =A<, “5 .
s s 2

If C1A < 1and a)® < 2, then e* — a)®t + e “a)*t/2 + 2aAu has an upper bound
depending on «, j1, A\, the Sobolev constant of g, the curvature bound of g, and A.
Furthermore, with the result of Proposition 57| this implies that gj; is bounded from

above and below uniformly and positively away from zero.

As discussed in the beginning of this section, this proposition implies that the

PDE is uniformly elliptic.

4.7.1 Estimates for Lemma

In this section we derive the estimates in Lemma 62 First we compute A’G) in the

following lemma,

Lemma 64. LFA'G, satisfies the following inequality:

2\ HF
LFNGy > = MLFAu+ M LEN |Vul* = LA (eu + e%) T
1 F2 )\2
(oY (e ) Cenr,

where C' is a constant that depends on c, A2, i, A, and Sobolev constant of g.

Proof. We compute A'G; directly:
NGy =—LV'LE + LTA'L = M Au 4 XN |Vl

We now compute term by term in normal coordinates.

In normal coordinates that diagonalizes ¢/, the first term satisfies the following
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inequality

L V'L = L7 Zg \/»\/97
<y zf&fz

glzzg/]j
< L Z 8 g]]&gjj’

7‘7
where we have used the Cauchy-Schwarz inequality. Note that 0;); = 0;g;; +
<e" + QT’\Qe_") “and similarly 0;g7; = 9;97; + (" + %e‘“)g. We use these equations
and compute:

A2 A2
2L V'L < ng Ik (8kg;k + (e - aTe “) > <8kg;k + (e“ - &76_“)>

i#k
+ 3 (9")0ig}0i9;

A ZZ )\2 —Uu
<> G g0 Ok + Y g g™ ( + e )@gék

i,k i#£k
04)\2
+ Z g/zz 1kk ( 5 e—u>‘ 819212’
i#£k 7

where we haveadded 2", ,, g™ (" + aX?e™"/2), (" + aA?e™/2); which is pos-
itive and rearranged the index on the derivative of ¢’. Using the Cauchy-Schwartz

inequality on the last two terms we obtain

o N\ 2
2L() VL < Y g g rgyngs + Y (6) rghadis

ik ik

2 2
+Z m ( +T)\e u)(e ‘I’%e u)

L(u)*
F )

i7j7k
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where we have used the fact that v and the first order derivatives of u are bounded,
S°.(¢")? < 4L%/F?, and F is lower bounded. C is a constant that depends on ,
the upper bound of Vu and the lower bound of F.
Using Lemma [p1]it is straightforward to derive the following expression for the
second term,
a)?
L'ANL =L [A’ (e“ + Te_“)

H

1 oy
+ —{ — g7 g\ (e“ +e

aX\  AF |VF]?
. + = - +

2 F F?

+g""g g VzginnV;;gz’-j}] :
We substitute these expressions into A'G; and use Fg”ig;; = 2L(u) in normal co-
ordinates to obtain the result of this lemma. O

We estimate Inequality (4.13) term-by-term using normal coordinates that will

simplify the estimates. The first term is estimated in the following lemma.

Lemma 65. If a\? < 2 and C1A < 1, then the first term on the right hand side of
Inequality (4.13)), has the following lower bound:

At
L2
OéClA ’

~MLFNu > —\CL+

where C' is a constant that depends on «, A2, 1, Sobolev constant of g, and A.

Proof. Using the definitions, we compute the following

- MLE - /\2 —u
—MLFg"u; = — g [Ql{; - (e“ a4 2 ) gw}

2a 2
MLE A A2
=2 2 <e“ —ar? + e‘“a—) L?
e} e} 2

where we used Fg'”g;;/2 = L. We have shown |Vu| is bounded above, and this
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implies that " has some upper bound C. Using this we obtain the following lower

bound:
A1
O[ClA

—MLEN > —)\CL+ L2

This completes the proof. O

The second term is addressed in the following lemma.

Lemma 66. If a\* < 2 and C1A < 1, then the second term on the right hand side of
Inequality (4.13)), has the following lower bound:

li)\g

!/ 2> R
/\QLFA |VU| = (2(01A)2

1) [ —C(\5+ ) L? — CA\y L,

where C'is a constant that depends on c, A2, 1, Sobolev constant of g, and A.

Proof. By direct computation, we can expand the second term:
N LFg" 0,05 (uguz) = \oLF g sy, + Mo LE G (ugzpuy, + uptzg) + Mo LF g s,

The first term can be bounded using the definition of ¢’ and L:

2

— -~ A
Ao LF g7 uzu;, > —2)\2LFg'”g§k (e” —a)\ + 6_“%) i = —CA L, (4.14)

where C'is a generic constant that depends on the bounds of w.

Using the PDE we obtain the following expression for the second term

)\ZLFg/ij(uijkul_c + urU)

2 2
= —2)\2L[ (e“ + %e_“) |Vul* + (e“ - %e_“> IVul?Au

u Oé)\2 —u 2
+ (et = —e VuoV|Vul*+VuoVyu

> M\ LC|V|Vul?| — \CL* — X\CL,
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now C depends on the bound of u, Vu, and p. We can obtain the bound on |V |Vu|?|

by using a normal coordinate that also satisfies uy = u3 = 0.

IVIVul’|? = (winuz + wiuz + ugus + wi) |Vl

< 2(ujuz + Uhuii)‘vu‘z
Here we observe that

up g < uziug = (Ui + Ugg)* — 2det U5
2 2
< (Au)?— = [A (e“ —aXu — O476_“) + ,u}

2 2 2 2
< (Au)? - = (e“ — ﬂe‘“) |Vul? — o (e“ —a\ + %e‘“) Au+C

2 L2
(5 crrosie
(0%

where we have used the PDE and the fact that C; A < 1. Using this inequality and

defining I := g% gkl_VikuV;fu, we can find a bound for |V|Vu/?|:
IV |Vul?| < V2|Vul[TV? + L/a] + C.

Combining this expression with the inequality for the second term, we finally ob-

tain the following bound:

Ao LF " (upug + upuip) > —ACLVT — A\COL? — A\CL
= (VT = MCL)? =T — C(\2 4 X)) L? — \,CL

> T — O(\2 4+ \y)L* — \,CL. (4.15)

We can find a bound for the last term from a straight forward computation. In
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normal coordinates, we have

. F - r-
/\QFLg’”uiku;,; = Ag— {(1 + @) UkUTE + <% + 1> UQkUQk]

2 11 22

F KA
> NI > r 4.1
=227 T 9(C,A)2 (4.16)

Combining Inequality (4.14), (4.15), and (4.16), we obtain the bound of this lemma.
[

It is easy to find estimates for the third term.

Lemma 67. If a\® < 2 and C1 A < 1, then the third term of the right hand side of Lemma
(4.13) has the following lower bound:

2
L QA

— LA <€u +e T) Z —CL2 — CL,

where C' is a constant that depends on «, A2, 1, the Sobolev constant of g, and A.
Proof. This estimate can be derived by simple computation:

A2 A2 A2
—LA (e“ + e_“aT) =—-L [(e“ + 6_“%) IVul? + (e“ — e_“aT) Au]

> —CL*>-CL,

where C' depends on the bound of v and Vu and we have used e* — e “a\?/2 >

0. U

The forth term involves the Riemann tensor. We assume g is a given metric that

is C*°.

Lemma 68. If a)\? < 2 and C1A < 1, then the forth term of the right hand side of
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Inequality (4.13) has the following lower bound:

HF
- Z —CL* - C,

where C'is a constant that depends on o, N\?, pi, the Sobolev constant of g, A, and the

curvature bounds of g.

Proof. We use normal coordinates that diagonalizes u;; and expand ¢’ in terms of

g.

HF A2 _ _
5 = (Gu — X + e_u%) (R Oimu — Rigr™ Okmul

2 1 2 k k
+ 2 (Rkl?:i U1TUos + Ryps Ugatnn — Ry1r Uppuos — Rosp, ukwli)
9 5 i 25, 3 2 o 1 2
=2 (Rlii + Rost )uﬁ’lm — 20 Ry13” (u93)” — 20 Roz1 (w11)

7 7 2
> —40” max ‘Riﬁ,l’ UpTles — 20° max )Riﬁ,l‘ g (ug)

By completing the square and using the definition of L we finally obtain the fol-

lowing estimate:

HF C e \1°
g0 2 _ _ &Y w2 26
5 C(Au) " {L (e al” + al 5 >}
> -CL*-C,
where C' depends on «, the bound of « and the curvature bound of g. O

The estimate for the fifth term is somewhat long. We first estimate V|Vu|? and
A|Vul* which will be used in finding an estimate for the fifth term and also in the

third order estimates of w.

Lemma 69. If a\* < 2and C1 A < 1, then there exists a constant C' that depends on a\?,
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W, the Sobolev constant of g, and A which satisfies
IV |Vul?| < V2 (g +VT + c> Vul.
Furthermore, if G, takes its maximum value at ¢, then we have
AVul> < (CA2+Chy +C)L* + 2T + C (M + X)L + C.

Proof. We expand the expression and use normal coordinates described in Lemma
59
IV|Vul)* = Z(uﬁui + w7 ) (ugzug + Uitz

= Z(uﬂuﬁ + upui + gty + wiiv)| Val?
<2 (Z wijug; + F) [Vul?,

where we have used the Cauchy-Schwarz inequality. Meanwhile we have

iUy < UGy = (Au)2 — 2det u;;
L? \? L
< — - (e“—a)\Q—i—a—e“) —+C
«

<—=+C,

where we have used the PDE and C'is a generic constant the depends on the bound

of u. Therefore we finally get
L2
IVIVul?]* <2 (? +T + C) |Vul®.
Now we focus on A|Vu|?. Using the normal coordinates that diagonalizes g;;, we
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can find A|Vu|? at ¢;:

AVul> =2VAuo Vu+T + (Au)? — 2det u;;

L? L A2
<2VArou+F—|————2(e —a)\z—l—%e “) +C
«Q

L2
§2VArou+F+—2+C,
«Q

where we have used the PDE. Since (; takes its maximum value at ¢;, we have

VGi(q1) = 0. This implies

1 2
VAu = - LA\ Yu — LAV |Vul? — (e — %e U)} ,

at ¢;. We use this to obtain the following

2

2 2 L
AVl < =L\ |Vul* + = LoV Vul*||Vul + T + =5 + C
2v/2 )
— + —|VU| Mo | L2 + 200 LVT +T + M CL + \CL + C

<(CHCXN)L*+ ONL* + 2T + O(A + )L + C,

which concludes the proof. O

We also need the estimates for the derivatives of I to find a bound for the fifth

term.

Lemma 70. If a\? < 2and Cy A < 1, then we have the following estimate:
IVF| < C<L+\/f+1>.
Furthermore, if G, take its maximum value at q1, then we have

|AF| < C|AIVul?| + C|V|Vul’| + CL + C.
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where C' is a constant that depends on «, A2, 1, the Sobolev constant of g, and A.

Proof. Take a derivative of the definition of F":

\? A2
VF:2<6 —a)\z—i-%e “) <e —aTe “)Vu

2 2
— 2« (6“ + %e ) Vu|Vul* - 2a (e - %e ) V|Vul|? = 2aV.

Therefore, we have |VF| < C|V|Vul?| + C. Meanwhile, the upper bound for

|V|Vul?| can be read from Lemma 69} Thus we obtain,
VFI<C(L+vT+1).

We take another derivative and contract it with the metric.

A2 A2 A2
AF—Z(e —aTe ) |Vu]2+2(e —oz)?—i—%e “)( —i—aTe )|Vu|2

2 2 2
+ 2 (6“ —a\? + %e‘”) (e“ - %e‘“) Au — 20 (e - TAe ) |Vul*

2 2
— 2« <e“ + %e‘“) Au|Vul® — 4a (e“ + %e‘") Vuo V|Vul?

2
— 2« (e — T)\e ) A|Vul* = 2a\p.

Therefore we have,

|IAF| < O|A|Vul?| + C|V|Vul*| + CL + C

<O+ N+ 1)L24+20T +CM + X)L+ C(L+ VD) +CL+C,

where we have used Lemma |69, Combining the two results for |[VF| and AF we

get this lemma. O

Now we are ready to find the estimate of the fifth term.
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Lemma71. If a\? < 2and Cy A < 1, then the fifth term of the right hand side of Inequality
(4.13) has the following lower bound at q;:

1 Jal
§(AF—WF| ) > _C(A+ M+ 1)L —C(M+ X+ 1)L —CT—CVT = C,

where C'is a constant that depends on c, A2, 1, the Sobolev constant of g, and A.
Proof. Using Lemma 70| we have

1

2
5 (AF — @) > —C|A|Vul?| = C|V|Vu)?| — CL — C — CVT.

Using Lemma |69| we obtain the result of this lemma. O
Finally we find an estimate for the last term.

Lemma 72. If a)? < 2 and C1A < 1, then the sixth term of Inequality (4.13) has the

following lower bound:
2
FA (e“ n %e—u) > _CL-C,

where C' is a constant that depends on a)?, i, the Sobolev constant of g, and A.

Proof. We expand the laplacian and obtain

/ u Oé/\z —u u Oé/\z —u g,
FA <e +T€ )Z(e —Te Fg*ug;

= (eu - —€"> (d17u22 + gostian),

where we have used normal coordinates that diagonalize ¢’ as well. Expressing ¢’
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in terms of g and using the PDE we obtain

\? A2 \?
EFA <e“ + %e“) > (e“ — aTe“) { (e“ —a)+ aTe“) Au

therefore we obtain the result of this lemma. O
Now we are ready to prove Lemma

Proof of Lemma[62} Using the estimates derived before, from Inequality (4.13) we

obtain the following lower bound

A2 HF
LFNGy > =\ LFENu+ M LEN |Vul? — LA (e“ + e%) Ty
1 |VF|2 s a2 . ,
+§(AF— 2 )—l—FA <e +Te — CL(u)
A
> {OzCiA —O(A§+>\2+1)} L? —CM +X+1)L
/i)\g
Y22V I I'— Ir-cC.
i <2<01A>2 C) ovr-c
This completes the proof. o

4.8 Third order estimates

In this section we estimate third order derivatives of u € C°(M) following [AubZ0),

Yau78| [FY08]. First we introduce some definitions for this section.
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Definition 73. The following notations will be used in this section:

[ = ¢" "V yuVsmu,

ol 1im ke B
©:=g"¢""g"Vi5,uViau,

[1]

. 1ig 1kl _mi -
=39 9" ViemuViru,

. tig 1kl _im@_Ipg _
=g797gg Vikﬁpuvjlmqua

®
U i= g g G gV

We use the same technique applied in finding the second order estimates to
find the third order estimates. Calabi [Cal58] originally suggested the function
S = 0 + AA¢ to find the third order estimate in the Aubin-Calabi-Yau theorem. In

our case, the function we consider is
Go = Au -0 + A30 + \Au - T+ X5 | Vul’T + AT

A similar function has been used in [FY08]. The following lemma suggests why
we need G5 instead of S.
Lemma (85, Suppose aX? < 2and C1 A < 1. If G takes its maximum at qo, then we have
the following estimate for A'© at go:
! 2c 2 2 —
AN'O > 26_3_6 0 -Cleo-Cr--c=-«C
where €, 0 < § < 1 are positive constants that we are free to choose, and C'is a constant

that depends on €, o, \?, g, p, and A.

From this lemma, we can see why the original function S suggested by Calabi

does not work in our case. Suppose we take Calabi’s function S, and S takes its
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maximum at q. Then we have

0>A'S=AN0+ A Au

{20—%0—6} 02— CTO — CT2— C= — C + A(kO + CT + C),

where we have used estimates of A’ Au that we will derive later. We can see that
the leading order terms of this inequality are negative, thus we cannot find a bound
on the terms.

On the contrary, we can pick \; of the extra terms introduced in 3 such that
all the highest order terms in (7, are positive. The additional terms introduced are
natural extensions of S in the following sense: the goal of (G, is to find the estimates
of third order derivatives of u, therefore we should construct GG, with derivatives
equal or lower than the third order derivative: ©, I, u, Vu, and Au. We already
have estimates of u, Vu, and Au. Thus these terms can be treated as Oth order terms.
This leads to constructing G, as it is.

Using the estimates derived in subsequent sections we can find an expression

for N'Gs.

Lemma Suppose a)? < 2, C1 A < 1, and )5 is a large constant such that A3+ Au > 0.
pp 8

If G takes its maximum at g, then we have the following inequality at g,:

NGy > |:li+<)\3+Au) (20—%—6) )\3+Au e?
+ :/m —C - ﬁ(m + X5+ X)) —C(As+ A )}
+ :ms — O\ — ﬁ&, —Chs+ Au)] I
+ :mﬁ —CM\—C)y—C — ﬁw s+ Ag) — C(A\s + Au)] =
-Co-Cr'-C,
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where ¢, 0 < 6 < 1 are positive smooth constants that we are free to choose; ¢, r are
constants that depends on «, A2, u, the Sobolev constant of g, and the curvature bound of
g; C'is a constant that depends on €, o, N2, i, the Sobolev constant of g, and the curvature

bound of g.

Now we choose functions ¢, d such that the coefficient of ©? is positive to sim-

plify this result. Since 0 < 6 < 1 and A3 + Au > 0, we can find a ¢, § such that

Therefore when )3 is a large positive constant, the ©2 term has a positive coeffi-

cient, i.e.

C 9 9
e — > .
(K )\3+Au>® _K:@

So far, we have only assumed )3 is a large positive constant that is large such
that A3 + Au > 0. We fix A3, Ay, A5, A¢ by requiring the coefficients of T'9, I'?, = to
be positive. This will give three inequalities, and since we have four )\;’s this can
be thought of an underdetermined problem. Naively, we can expect a solution and
we show that this is indeed the case. First we note that there is a general pattern
among the coefficients, and we exploit this on I'? coefficient as well:

|:li/\5 —C\ — L&, —C(A\s+ Au)} r?
A3+ Au

Z |:li)\5—0)\4— u()\4+)\5+/\6)—0()\3+AU):| FQ.

¢
N+ A

Note that for an arbitrary positive constants C, C5, Cg, and given )3, we can
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always find A4, A5, A that satisfy

rAy — C — C(A3 +sup Au) = Cy
Ii)\5 — C)\4 — C()\3 + sup Au) = 05

Ii)\ﬁ — C/\4 — C)\5 —C - C()\3 -+ sup Au) = C(;.

With the choice of A4, A5, A¢ and the new coefficient of I'?, the following condition

is sufficient for all of the coefficients of 'O, I'?, = to be positive

C

Ol—m(Azl—i-)\g)—i-)\G)ZOfOI'Z:4,5,6

This can always be satisfied for large C; and A3. To show this we write )\, in terms

of Cy and \s:

C C C 1 Cy
N W SO (e Mt
Au+/\3>\4_ ko Au+); (/f—i_/i)’

where we have used the fact that Au is bounded. Using this inequality and the

definitions of A5 and \¢ we can derive

¢ .. ¢_ ¢ ¢ (L. G G
Au+X""" K K2 Aut+d\r2 K2 k)
¢ A >_€_£_£_L 1 i+i+%+%+% %
Au+)\36_ kK2 kP Aut+M \k K2 3 K2 3 kg2 K
Therefore we obtain,
i — ———— (M + A5+ A
G Rugag Mt het )
1 1 1
26}—0{——1——2—1——31
K K K
C 1 1 1 ¢ C C Cs Cs5 Cq
—— -t =t =t — =+ =+ —+—=+—]. 4.17
)\3+Au[m+m2+m3+m+/{2+/{3+m+/{2+ﬁ (417)
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Now we fix the generic constant C' and take C;’s such that the following is satisfied

Ci—C{l—i-i—f—i
K

> 0.
K2 K3

From Equation (4.17), we can see that for such C;’s we can take A3 large such that
all the coefficients of I'©, ©2, = are positive.

Using the result of this process, we obtain

NGy > kO + kIO + k% —CO - CI - C,

where we are using x and C' in a generic sense. We are assuming G, obtains its
maximum at ¢y, i.e. A'Gy(g2) < 0. This implies that © and I' are bounded at g».

Therefore (G5 is bounded at ¢5, and we have

(A3 + Au)O + (MDu + As|Vul? + X6)T < Golga).

Hence © < G2(¢2)/(A3+ Au), which gives an upper bound for the third derivatives

of u. We summarize this in the following proposition.

Proposition 74. Let t € T and u € C°(S) be a solution of the PDE under the following

conditions,

1. Elliptic condition:

a\’t

2

w' = (e" —aNt+ e‘“) wg + 20000u > 0.

2. Normalization conditions:

1/4 2
</e—4“) —A<1, /ﬁzl.
S S 2
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If CiA < 1land aX?* < 2, then V;5,u has an upper bound that depends on o, N2, 11, A, the

Sobolev constant of g, and the curvature bound of g.

4.8.1 Some basic estimates

First we present some basic estimates of derivatives of u which will serve as build-

ing blocks for estimates of A'G.
Lemma 75. If a\? < 2and C1 A < 1, then we have the following estimates:

1. kT — CVO — C < N|Vul> < C(VO +T + 1), where « is a constant that depends
on the bounds of g, u, and Au. C'is a constant that depends on the bounds of g, u,

Vu, and the curvature bound of g.

2. |Vl Vul?| € C(VZ4+VT ++O), where Cis a constant that depends on the bounds
of Vu, and Au.

3. AN(Au) > k© — CT' — C, where C'is a constant that depends on the bounds of g, u,
Vu, and Au.

4. |V|Vul?| < C(VT + 1), where C is a constant that depends on the bounds of g, and
Vu.

5. |VAu| < CV/O, where C is a constant that depends on the bounds of g.

6. |[VA|Vu)?| < C(V®+VO+VET +VTO + VT + U +1), where C is a constant
that depends on the bounds of g, Vu, Au, the Riemann curvature R of g, and V R.

7. |V(Vuo V|Vu?)| < C(T + VT + VO + VZ + 1), where C is a constant that

depends on the bounds of g, Vu, and Au.
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Proof. Expanding the definition of A'|Vu/|?, the first estimate is obtained by

N|Vul? = ¢4 g™ (V,5uV5u + ViuVsu + ViuViu + ViV gu)
> g/kl_gij(vk[iuvju + ViuVzu + Vkiuvl‘ju)

> kI — CVO — C,

where we have used V,j;u = Vj;u — Ry5" Viu. & is a constant that depends on the
bounds of g, u, and Au. C is a constant that depends on the bounds of ¢, u, Vu,
and the curvature bound of g. Similarly the upper bound can be read off from the
first line:

N|Vu)? < O[T +vVO +1).
The second estimate can be obtain using similar methods.

Vi (gijviuV;u> = gﬁ (th-uV;u + ViuVigu + ViuVigu + viuku)
<C (\/E + VT + \/@> ,

where C' is a constant that depends on the bounds of g, Vu, and Aw.
The third estimate can be found starting from the computation of A’'(Au) ob-

tained in the previous sections (Corollary [61).

N(Au) > —C — C|AF| — C|VF|* + QOég/mg/mjgkl_vlmmuvl’ijU

> kO —-C(I'+1),

where we have used the result of the next lemma (Lemma [76)). « is a constant that
depends on the bounds of g, u, and Aw. C'is a constant that depends on the bounds

of g, u, Vu, Au, and the curvature bound of g.
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The forth estimate can be derived as the following;:

Vi | Vul?| = |7 (ViuViu + VuVsu)]

< C(VT +1),

where C'is a constant that depends on the bounds of g, and Vu.

The fifth estimate is straightforward computation:
Vit = |97 Vigul < CV6,

where C' is a constant that depends on the bounds of g.

The sixth estimate is obtain from the following equation:

VA Vul* = gkigﬁ (mG[iuvju + ViuV5u + V, puVigu + ViuV,su

+ Vit Viu + ViuV, 5t 4 ViV igu + VY, o).
Therefore, we can estimate

IVAIVuP| < C|{VE+VO+VEL + VI (VO +1) + VU + 1|,

where we have used V,,;u = V;,,;u — R, 5" Vzu. Cis a constant that depends on
the bounds of g, Vu, Au, the Riemann curvature R of g, and VR.

The seventh estimate comes from the following computation:

Vo (Vo V|Vul?) = %(VmiuVﬂVu]Z + ViV s | Va2

+ Vi uVi| Vul? + V5uV 0 Vul?).
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Therefore
|V (Vuo V|Vu]2)| < C\/f|V|Vu\2| + C’|A\Vu|2| + C\V!Vum + C’|Vmi\Vu]2|,

where C is a constant that depends on the bounds of g, Vu, and Au. Using the
estimates derived before we get the result of this lemma.

This completes the proof. O
We can also derive estimates for the derivative of F.
Lemma 76. If a\? < 2and C1 A < 1, then we have the following estimates:

1. [VF| < C(VT + 1), where C is a constant that depends on the bounds of u, Vu,
and Au.

2. |AF)| < CT + VT +VO+1),and [V F| < C(1 + VT + V0 + V3),

3. [VAF| < C(14+ VT + VO + VE+ V& + VU + T + VZT + VIO),

Proof. The first estimate is a direct result of Lemma [70} since now we have an esti-
mate of L.

The second estimate can be obtained from Lemma |70l as well:

|IAF| < C|VIVul?| + |A|Vul?| + C

<CWT+1)+C(WO+T +1),

where we have used the result of Lemma and the fact that now we have an
estimate for L. VF' can be computed
22 A2
VEF =2 (e” —aN+ %e‘“) (e“ - &Te_“) Vu

A2 A2
— 2« (e“ + %e‘“) Vu|Vul? - 2a (e“ - %e‘“) V|Vul|? —2aV .
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From this expression we obtain:

Vi F| < C|Vau| + C|V|Vul2| + C|Vau | Vul?| + C
< C\/f+C(\/f+1> +C(\/§+\/f+\/6> +C,

where we have used Lemma |75, C'is a constant that depends on the bounds of «,
Vu, and p.

The third estimate comes from taking the derivative of AF™:

22 2 2 2
AF =2 (e“ - @76_“) |Vul? + 2 (e“ —ar + %e_“) (e“ + %G_U) |Vul?
A A2 A2
+2 (e“ —aX + a—e_“) (e“ - a—e_“) Au — 2« (e“ — Oé—e‘“) |Vul*
2 2 2
A2 A2
— 2 (e“ + %e‘“) Au|Vul* — 4o (e“ + O[Te_“) Vuo V|Vul?

)\2
— 2« <e“ — aTe_“) A|Vul? — 2aAp.
Therefore we obtain,

IVAF| < C 14 |V|Vul?| + [VAu| + |V(Vuo V|Vul?)| + [VAIVul’| + |AVul]]
§C<1+\/f+1+\/@+r+\/f+\/@+\/ﬁ+1+\/5+\/@
+\/EF+\/F@+\/f+\/@+1+\/@+F+1>,

where we have used the estimates derived in Lemma /5, This completes the proof.

]

We conclude this section with the following lemma.
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Lemma 77. We have the following estimates for I':

IV’F\SC(\/E_FJF@JF\/f),

AT >KkE+KO —€d - CT - C,

where € is a positive constant that we are free to choose; C' is a constant that depends on e,

g and its curvature bound; and  is a constant that depends on the bounds of g, u, and Auw.

Proof. We take a derivative of I':
Vil = 976" (Vi Vi + ViV ).

Therefore,

VD] < O(\/ﬁ+\/f(\/6+ c>),

where we have used V, 5iu = V;,,ju — R, ;;"Vyzu. C is a constant that depends on
Vuand R.
We take another derivative on the expression we have obtained above and con-

tract it with ¢

AT — gz‘j gki g/mﬁ
% [(Vointt — Vo RVt — RVt — Rogni?V it — R V1) Vs
+ Vit Vw4 (Viat — Ragl? Vpu) (Viamu — R, Vau)
+ Vit Vijmit — VaR5mi'Vau — R5i?Vigu — RV — Ry, Vigu)|

> kE+ kO — CVOL — CT — CVT — CVO — C,

where « is a constant that depends on the bounds of g, u, and Au. C is a constant

that depends on the bound of u, Vu, and R.
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By noting that

—~CVar = (%é_—%\/ff—gcb—or

for any positive constant e we obtain this lemma. O]

4.8.2 Estimates for A\'O
In this section, we derive estimates for A'© (Lemma following [Yau78, Aub70].

Lemma 78. A'O satisfies the following equation:

NO = |2 gliﬂ g/§t g/Zr gljm g/kﬁ +92 g/z‘g glit g/rﬂ g/jm g/kﬁ +2 g/i§ g/ir g/jt g/mﬂ g/kﬁ
49 g/ig glir g/jm g/kﬂ g/m + gliﬂ g/Zt gljr g/m§ g/kﬁ + g/z‘[ g/jt g/m glm§ g/kﬁ
+ g/z‘Z g/jr g/mﬂ g/§t glkﬁ + g/ii gfjr g/m§ g/kﬂ g/ﬁt] g/pq
X ViikttVnn Vg Vs (first class)
— [29”59”_’"9’37” + g”l—g’irg’mg] g g
X [Vpgfngvijkuqu‘mnu + thgylﬂgvpijkuvl_mﬁu] (second class)

_ [29/i§glfrg/jm + glifg/jrg/mé] g/kﬁg/pq

X [Viglgvﬁkuvplﬁnﬁu + vpgq/n§vcii3kuvimﬁu] (third class)
= 207" g7+ g7 4GV G Vs (forth class)
+gtgTm g g [quﬁkuvz‘mﬁu + Vz’ikuvpél'mﬁ“} (fifth class)
4 g gIm gk gpa [ti;kuvpz’mﬁu + Vi kuvq[mﬁu} (sixth class)
— (6.

Proof. This is a result of direct computation. O

We find the estimates class-by-class.
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Lemma 79. If a\? < 2and Cy A < 1, then the first class has the following lower bound:

(ﬁl’St class) > 29liﬂg/§tg/l_rg/jmg/kﬁ + 2g/i§g/l_tg/rﬁg/jmg/kﬁ + 2g/i§g/l_rg/jtg/mﬁg/kﬁ
+ 2g/i§g/7rg/jmg/kﬂg/ﬁt + gliﬂglftg/jrg/m§g/kﬁ + g/iig/jtg/rag/mgg/kﬁ
+ g/ifg/jrg/maglgtg/kﬁ + g/iig/jrg/mgg/kﬂg/ﬁt] g/pq

X 4a2Vi3kuV;mﬁqumquT§u — 0% — (0,

where we have the freedom to choose €, and C' is a constant that depends on e, the bounds

of g, u, Vu, and Au.

Proof. We express ¢’ in terms of g and find the lower bounds. We do the computa-
tion for one term and the rest follows accordingly.
299" " 47" 4" ¢V 55V 1V 9 V s

_ 29/iﬁg/§tg/[rg/jmg/kﬁg/pqvﬁkuvzmﬁu

/\2 —u\ 2
X 4042meuvqrgu + (e“ @ 26 > GraGrs VpuVau
A2 A2
+ 2aV,au <e“ — CYTe“) GrsVgu + 20V g 5u (e“ — aTeu> Gra Vpll

> 8a2g/iﬂg/§tg/[rg/jmg/kﬁg/pqvﬁkuvl_mﬁuvpmuvqrgu _ 063/2 N C@,

where C' is a constant that depends on the bounds of g, v, Vu, and Au. After

similar computation for other terms and splitting ©3/?, we obtain this lemma. [
The second class can be estimated similarly.

Lemma 80. If a\? < 2and C1 A < 1, then the second class has the following lower bound:

15 i _1jm + g/il_ rjr s | 1kn _Ipg

(second class) > — [29 g9'g g°g gg

X 20 [VpgruVijkuvcﬂ_mﬁu + Vq,,guvpﬁkuvl-mﬁu] —éd - CO,
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where € is a positive constant that we have the freedom to choose, and C' is a constant that

depends on €, the bounds of f, g, u, Vu, and Au.

Proof. A typical term in the second class is:

15 _Hr _rgm 1kn IpG

299" g7""g™"g [Vpg:ngvijkuvql_mﬁu+ng;’gvpijkuvl_mﬁu}

145 i 1gm ki Ipd

=-=29"g"9""g™"g

X [2avpsruvijkuvqlmnu + QQVQTEUVpﬁkuvaﬁU

a\?
+ (Bu — TB_U) Grs (Vpuvijkuvq[mﬁu + vquvpijkuvfmﬁu)

> —dag®g" g Im g g1 [V 0 uV 55UV gt + VstV gt Vinnu] — CVO®
We note that

—(NG_Z(\/E\/_—%V@Y—g@—%@z—e@—ca

We can do the same estimate for the other term and obtain the result of this lemma.

]

The third class is estimated in the following lemma.

Lemma 81. If a\? < 2and C1 A < 1, then the third class has the following lower bound:

(third class) > — [2g/i§g/l_rg/jm + g/il'g/jrg/mg g/lmg/pq

X 2a [Vqrguvﬁkuvp;mﬁu + VpsruVgipuVipau| — €V — CO,

where we have the freedom to choose a positive constant €, and C'is a constant that depends

on €, the bounds of g, u, and Vu.
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Proof. A generic term in the third class can be estimated as the following:

15 v 1jm  tk@ Ipd

=299 g9y

X |20 (VarsuViguVpimntt + VstV gt Vi,nt)

a\?

> —4agligglzr9/3m9/kﬁ9,pq (Vqrsuvijkuvpimﬁu + Vpsruvqijkuvimﬁu) - CVov,

where C' depends on the bounds of g, u, and Vu.
By using —CvOW¥ > —¢é¥ — ('O and repeating this process for the other term,

we obtain the result of this lemma. ]

To find the estimates of the forth class we use the PDE to reduce the other

derivatives and use estimates of VF and A F that we have derived before.

Lemma 82. If a\? < 2.and Cy1 A < 1, then the forth class has the following lower bound:

(forth ClaSS) Z . 2g/i§g/l_rgljm + g/il_gljrglmg g/kﬁg/wtgmUZlanrﬂtuvﬁ;wuvijkuvfmﬁu

— 0> —CO(+1),

where we have the freedom to choose a bounded positive constant e and C'is a constant that

depends on €, the bounds of g, u, Vu, and Au.

Proof. Expand ¢’ in a typical term in the forth class then we get

15 _Nr _1jm 1k

—2¢"°¢" g7 9" gV pgGrsV ik UV it

> _29/igg/l_rg/3mg’kﬁ (209" TV pgrstt) V i51uV . — CO
VsFV,.F  V,F
— +

2 i + glwtglmvrggavw;w

Z _Qg/iEQIZTgljmglkﬁvﬁkuvl_mﬁu
- (O

129



where C' depends on the bounds of g, v, and Vu. In this inequality, we have used
Lemma |60| to reduce the forth order derivative into lower order terms. Expanding

¢' again we obtain:

—2g"%g" g g PN a9V UV
> 9 gm‘g gzir g/jm g/kﬁ g/wt glﬁv 4 OzQVTatuV§UwuVi3kuvl’mﬁU
—CO(|[VF]>+|AF|) - CO
> 9 g/i§ g/Zr g/jm g/kﬁ g/wt glﬂv 4 a2vrm qukuViijV[mﬁu

—C@<F+\/f+1+\/@>—09,

where we have used Lemma [75| Realizing —C03%? > —©% — €0, and following

the same process for the other term and obtain the result of this lemma. O
We use the PDE and the estimates of V£ and AF for the fifth class as well.

Lemma 83. If a\? < 2and C1 A < 1, then the fifth class has the following lower bound:

(fifth class) > g™ g™ """ g7 " 20/ [V i1tV parigtt Vit + Vi st'Vpigmn tV 1]
+ "7 g g g 20 (Vi V hgpt + VstV ingytt) Vi
+ (Vs tVapgtt + Vins 'V pgt) Ve
— g gIm g (g TG+ g PG do?
X [ViattV3,5uV kgpuVimntt + VigtV st VapguVi,u]

— D — VU —e®?—CO-C=—-CT?2-CTO - C

where we have the freedom to choose positive constant e and €. C'is a constant that depends

on €, €, the bounds of g, u, Vu, and the curvature bound of g.
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Proof. We differentiate the result of Lemma |60and obtain:

a\?

209"V ygizru = — Vi |:g/pquqvkj <€u + 6“7)]

+ 2ag™ (Rz'qlﬁvpkﬁu — Ragp™ Vpmijtt — Rpikqu’miu)
+2aV; [g’pq(Rk;qﬁvpﬁu — pgjﬁvkﬁu)]

+ 209" gV i Vit + Vi (67" 97"V 590V eGhg)
VirF  VoFViF + VyFViF + VyFVF | ViFVFVF
F F2 3 '

Using this expression, we can derive an estimate on a typical term of the fifth class:

nl _1gm ki Ipg B B
209" 97" g™ " gV gk Vimat

> 2ag/il_g/;mg/kﬁg/p§g/qrVigigqukjuvimﬁu — 00O

I o ViF  V,FV:FV.F
+ 9" g7 gV it | V(67 9P V5915V ko) + ;f +2 ;3 k
ViFViF + Vi, FV,F + Vi, FV;F

F? ’

where C'is a constant that depends on the curvature bound of ¢. The first term can

be estimated as the following by expanding ¢

nl rim 1k

209" g7 g™ 4GV 161V parg UV I

> 4a2ggTm g G TN N s uV s — CV WO,

where C' now also depends on the bounds of ¢, u, and Vu. The estimate for the

second term can be obtained by expanding ¢’ with estimates |V,g/.| < C(1 ++/0),
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Viidlsl < C(1+ VO + V), and [Vigle| < C(1 +V0 +V@):

97 GV iV (97 9V 5615V k)
> gt gldm g/hn g1 /95 4 2 [VirsuVigpt + VisuVikgptt] Vipau
o g/ilgljmg/kﬁ (g/qtg/rﬁg/pg 4 g/(jrg/pﬂg@t) 8a3viﬁtuvjr§uvkcjpuvfmﬁu

—0(@3/2+@+\/6+\/\1/@+\/c1>@).

The terms involving F' can be estimated using Lemma We finally obtain the

following estimate:

nl _1im  1k#

9 979" 9N it Vit
> g g7 g P g 20V 5 UV gtV
+g"1g7" g g 720 [V asuV gyt + VipsuViagptt] Vipgu
= g" g7 g (g9 g + g7 g g™ 40PV iV 5,5V kg Vit

—OVO —(CO —Ce¥? - VIO — VOO — CVTO
— OVZ6 — CTVO — CVEIO — CVTO — cver?,

where we have used Lemma The other term can be estimated similarly and by
splitting terms we obtain the result. O

Collecting all the estimates we have derived, we prove the following lemma.

Lemma 84. Suppose a\? < 2 and C1 A < 1. If G, takes its maximum at gy, then we have
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the following estimate for /\'© at g,:

2

Vet — 200g"V i uV

A/@ Z g/iig/jjg/kkglpp|: ol

_ 2
+ ‘Vp@ku — 2049,” (Vpﬂuvzjku + szzuvlﬁu) ) :|

D &0 — ®? — CTO — CT? — C= — C,

where €, € are positive constants that we are free to choose, and C'is a constant that depends

one € a, N2, g, and A.

Proof. We use the estimates we have derived and use normal coordinate that diag-

onalize ¢’ to obtain Lemma O

We would like to construct G5 such that A’'G2(¢2) < 0 gives us a bound on ©.
Suppose G2 only have ©, then from the previous lemma we immediately observe
that the leading order of ®, and ¥ are negative. By introducing positive constant

9, we can make the leading orders positive.

NO > g/ﬁg/jjg/kl_cg/pp

20 7 2
X U\/Svpgku — %g ”Vﬂ;uvu-ku

+ )\/Evm-;ku -

2a 1l
\/gg

+(1—5—€)\IJ+(1—5—€)®+{20—%—6} e’

2
pli ]
—CTe - CI? -C=z-C. (4.18)

If 0 < § < 1, then we can always find a small € such that 1 — § — € > 0. Therefore

we obtain the following lemma.

Lemma 85. Suppose a)? < 2 and C1 A < 1. If G, takes its maximum at qo, then we have
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the following estimate for /\'© at g,:

NO>(1-56-8d+ {2(;—%—6] ©2— Cre —CT2—C=-C,

where €, €, 6 are positive constants we are free to choose, and C'is a constant that depends

one & a, N2, g, 1, and A.

4.8.3 Estimates of A\'G5

In this section we give the details of the estimates of A'G5:
NGy =N (Lu-0) + MAO + MA (Au-T) + XA (|Vul’T) + A A'T.
Lemma 86. At ¢y we have

N(Au-0) > Au- NO + k0% — COT — CO
C

—m[@2+>\4r@+>\5(r®+r2+r+®)
3

+ M+ X+X)E+T+0+T0)],

where C'is a constant that depends on the bounds of g, Vu, Au, and the curvature bound
of g.

Proof. At g, we are assuming G, reaches its maximum thus we have V'G, = 0.

This can be used to find an expression for V'O as in the following;:

1

VO =Rt

(OV' Au+ MV (Au-T) + AV (|Vul’T) + AsV'T) .
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From this expression we can estimate |V'O|:

V'Ol < (OIV'Au| + [Ad| V' Aul + X5 |V |Vul[] T + (A + A5 + X6)|[V'T)
[@3/2 + MIVO + A (r3/2 + ﬁ)

(A4 A5 + Ag) <\/§+\/ﬁ+\/f)],

AU"‘)\{J,
C

<

- Au+)\3

where we have used Lemma(75| and[77] C'is a constant that depends on the bounds
of g, Vu, Au, and the curvature bound of g.
By expanding the laplacian and using the above expression with Lemma |75, we

obtain

N(Au-0) > Au-NO +OA Au— CIV' Au||V'6),
> Au-A'O + k0% — COr — CO

¢ [@2 +0TO + A <F3/2\/@ + \/ﬁ)

14+ A3
£ (Mt A+ Ae) (x/ﬂ+\/f@+@>].

We split —C'vZI'O in the following way;,
2
—CVETO — <\/§ — c\/r@) _=-_crTe.

By splitting other terms similarly we obtain this lemma. O]

Lemma 87. We have the following lower bound:
N(Vul’T) > kI? —ed - CT' - C= - CO - C

where € is a positive constant we are free to choose, and C'is a constant that depends on e,

the bounds of f, g, v, Vu, and Au.
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Proof. We expand the laplacian and use Lemma|[75|and

N (IVulT) = ANN|Vul|? - T + 2V'|[Vul> o VT + [Vu|*A'T
> (kI — CVO — O — O(VT + 1)(VEL + VTO + VT)

+C(kE+ KO —ed — CT' - C),

where € is a positive constant, and C depends on the bounds of ¢, g, u, Vu, and Aw.

We use the following identity:

2

2
—CTV= = (ra — %@) —T252% = %E

By choosing § small enough so that x — §* > 0, and using similar identities to

simplify we obtain the result of this lemma. O

Lemma 88. We have the following lower bound:
N(Au-T) > kO — CI? —ed — CZ - CO — C,

where € is a positive constant we are free to choose; and C'is a constant that depends on e,

the bounds of g and curvature bounds of g.

Proof. We observe

N (Au-T) > AN(Au)-T = CIV' Aul|[V'T| + Au- AT
> (k6 — CVO — C)T - VO (VET + VIO +T)

+Au- (K24 KO —ed — CT - C),

where we have used Lemma(75land[77} C'is a constant that depends on the bounds

of g and the curvature bounds of g.
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By splitting terms in the following way

kO — CVOI — CVIO > kel — CT — CO,

we obtain the result of this lemma.

Gathering all the estimates of this section, we obtain the following

C
/ > / _ 2
AGQ_(/\3+Au)A@+<m Au+)\3>@

+ _m —C - ﬁ(& + X5 + A6)} ro

+ kA5 — Oy — ¢ /\5] 2
L Au + /\3

+ kX — CAy — C )5 — ¢ (A4+A5+A6)}E
I Au+ A3

—ed-CO-CT-C.
By using the estimates on A’© (Lemma|85)), we obtain the following inequality

NGy > [(Ns+ Au)(l—6—¢) — @

[ 2¢ C )
+ _H—()\3+Au> (ZC—K—E>—)\3+AU1@

+ -:‘i/\4 —C - m()\4 +)\5 + /\6) - C()\?, —f‘AU)} e

[ C
+ -/i/\5 — C)\4 — m)\g, — C(Ag + AU):| F2

- C _
+ _KJ)\G —C>\4 —C)\5 - C - Au+)\3(>\4+)\5+/\6) —C(A3+Au)} =

-Ce-Cr'-C.

For small 0 < 0 < 1 we can always find € such that 1 —§ — € > 0, and large A3 we
can always find e small such that (A3 + Au)(1 — 6 — €) — € > 0. This gives us the

main result of this section.
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Lemma 89. Suppose a\? < 2, C1A < 1, and A3 + Au > 0. If Gy takes its maximum at

q2, then we have the following inequality at go:

NGy > {/43+()\3+Au) (26—%—6) _MLAu ©2
+ :K;M —C - ﬁw + X5+ Xg) — C(A3 + Au)} re
+ :m — O\ — ﬁ& —C(As + Au)} I
+ :mﬁ —CA\—CX\y—C — ﬁw + A5+ X)) — C(As + Au)} =

—CO-CT -0,

where 0 < €,6 < 1 are positive constants that we are free to choose; c, k are constants
that depends on o, \*, u, the Sobolev constant of g, and the curvature bound of g; C'is a

constant that depends on €, ., A2, 11, the Sobolev constant of g, and the curvature bound of

g.

4.9 The general case

In the previous sections we have shown that the PDE has a solution when they are
Hodge dual to each other 8! = %% and ' = 5% In this section, we prove that the
PDE has a solution for Hodge dual solutions 3' = %7 in general, and also when
Bt is self-dual and 3? is anti-self-dual.

The proof of each case is similar. We will prove the Hodge dual case first and

show that the same technique can be applied for the self-dual/anti-self-dual case.
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49.1 Hodge dual case
We look into the Hodge dual case when ! # 2. Recall the PDE:

2
i00e" N\ wg — it \*00u A wg — iatdd(e " p) — adou A O0u + ,ut% =0.

We use the same simplified notation as in Section by renaming tA\* to \?, i to
i, and tp to p. We prove u is lower bounded in the general case following a similar
procedure discussed in the previous sections.

The general Hodge dual case differs from the simple case of ' = 5 mainly in

terms of p. The following lemma applies for p in the general case when ! = /32,

Lemma 90. The (1, 1)-form p is real and satisfies the following inequality
iOuNOuNp > %2|Vu|2%29
Proof. Using the definition of p
p = i0k0;g" Dypudz" N dZ.
We can check that it is real explicitly,

p= —ié;;qﬁjgjgal&gdfi A dz2*

In the previous sections, we have shown that

. T 2
p= i&kjgﬂal-idzk Ad2 + S Ws

when ! = x3? (Proposition 41). Hence to prove the inequality we show that the
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term involving o is positive. For simplicity we introduce the following notation
Y= i&kjgjia[idzk AdZ.
i0u A\ Ou A ¢ can be computed using coordinates

z@u A\ éu AN Y = i(uluigoﬁ — UU5P9T — UUT P13 + UgUgQOﬂ)leDQ

2
Ys

= —+U;(adj ) s 5

where we have used vol = — det g;;dz''?> and adj ¢ denotes the adjugate matrix of
¢ when the components of ¢ are treated as a 2 x 2 matrix, i.e. adjy - ¢ = det p1.

Meanwhile when treating ¢ as a matrix, it can be expressed as
p=iMg~'M",
where M is a matrix with components M;; = ;. Therefore,

i0u N\ Ou N p =

>0,

| &,

detgr (u* cadjM* -adjg™ - adj M - u)

where u = (u; ug)’. O

Now we can find the lower bound of u for the general Hodge dual case using

this lemma.

Proposition 91. Suppose a\? < 2. If u is a solution of the general PDE under the elliptic

condition w' > 0, and normalizations A < 1, f % = 1, then we have,
igfu > —log(C1A),

where Cy is a constant that depends on o/ \?, p and the Sobolev constant of wg.
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Proof. We use Lemma [4.7}
/z’@é(ek”) ANw' > —i/{;/ekuﬁéu Aw'.
We compute the right hand side of this inequality:

—ik / e MO0u A (e"ws — aX’wg + ae " p + 2iaddu)
= —ik / e M 90u A (e"ws — aX’wg + ae™p)
+ ik / e kv (00e" A ws — addu A Nwg — atdd(e "p)) + /e‘k“%‘,u
= k/ek“(e“ —aX)Au + 21{/67“% + 2/{/6’““*“]VU!2

+ ik / e M (00U N p —20u A Ou A p — 20u A Dp + 20u A Op — 200p)

where we have used the PDE and the Leibniz rule. On the other hand, the left

hand side of the inequality can be computed using the chain rule:

i/(%?ek“ A (e"ws — aX’ws + ae "p)
= kQ/ek“(e“ —aX)|Vul? — k/ek“(e“ —a\?)Au

+ iy / e " A (K*Ou A Ou — kOOu).
We substitute these two expressions into the inequality and obtain:

k / e Fu(e" — al?)|Vul® + ka / e M Ou A Qu A p
> 2/6"““(6” — aX)Au + 2k/e‘ku+u|VU|2 + Qk/e_k“u

—|—2a/ek““i(@@u/\p—8u/\8p+8u/\0p—8u/\8u/\p—88,0).
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We use the following expression by Stokes’ theorem.

O—/88 “humu g

/ (k4 1)20u A Du A p+ (—k — 1)du A p — (—k — 1)du A 9p

+ (—=k — 1)0u A Op + 90p],
and substitute this into the inequality:

[t — o+ ha [ e tioundun g
> 2k/eku(eu —a)\z)]Vu|2+2/ek“u

1 _ _
+ 20 (k——i—l — 1) /e—ku—%aap + 2ak / e FTi0u A du A p,

where we have used integration by parts on the term including Au. We simplify

and obtain

/\

) ku—ulaép_zfe—ku'u

/ Yl — a?)|Vul* + ka/ “RUTiOu A Ou A p

| \/

)\2
> /{/e_k“(e“ —a\?)|Vul® + ka/e_k“_“7]Vu|2,

where we have used Lemma

Therefore we conclude:

. 1 —ku—uny, —ku
22a<1 k—+1>/6 00p 2/6 L

A2 —ku+ 2 N —ku (,—u/2 /2)? 2
>k 1—?04 e T V| +?ak‘ e " (e7? — e"?)" |V
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which implies

k/e_(k_l)“|Vu|2 < C/e_k“_“~|—0/6_k“.

We follow the discussion in the previous sections on the lower bound of « and

obtain an estimate inf u > —In(C, A). O

A gives the normalization of the solution u which we are free to choose. We
can set A small enough so that e* becomes large enough to control the extra term
e U[tr(OBAOB*-g)|. Thus the analysis for the special case still holds for the general

case.

4.9.2 Self-dual/anti-self-dual case

The proof for the self-dual ' and anti-self-dual $* case is similar to the Hodge
dual case. Note that for this case the (1, 1)-form p becomes

)\2

p= i(52)k393i(52)h + o Ws-

Note that p is of the same form as in the Hodge dual case with ¢ = (2. Therefore,
Lemma 90| still holds for the self-dual/anti-self-dual case and the existence proof

follows from the exact same procedure as in the Hodge dual case.

4.9.3 (k—1)(S? x SYH#k(S? x S?)

The fact that the anomaly cancellation condition admits a solution in the Hodge
dual case and also in the self-dual/anti-self-dual case implies that the PDE has
a solution when the Strominger system is considered on the connected sum of
(k —1)(S? x SY)#k(S® x S3). This is because the 3!, 3 chosen to construct (k —
1)(S? x S*)#k(S? x S?) is either Hodge dual or self-dual/anti-self-dual [GGP08].
From [GGP08] Chapter 4, (k—1)(S5?x S*)#k(S%x 5?) is constructed by the following

143



choice of B! and 2.

1. For k = 1, ' = 3% Thus the PDE has a solution by the proof of Hodge dual

case.

2. For k = 2, ' = Jwg and j? is anti-self-dual. Thus the PDE has a solution by

the proof of self-dual/anti-self-dual case.

3. For3 < k <8, 8! = Jwg and /3* is anti-self-dual. Thus the PDE has a solution

by the proof of self-dual/anti-self-dual case.

4. For k > 9, the construction is such that (wg, 3') = (wg, %) = 2 and (wg, B! +
(%) > 0. The first condition implies that ' — 3% is primitive and anti-self-

dual (Lefschetz decomposition in real 4-dimensions). Meanwhile, the second

condition implies that 8* + 3% € L(C*(M)). Therefore,
A A
1 2
= — —|— s = — — ,
g st g ol

where ¢ is a primitive form and the normalization is chosen to match that of

[GGP08]. Therefore 5 = /32, and the PDE has a solution in this case as well.

In summary, the anomaly cancellation condition has a solution on (k — 1)(5? x

SH#k(S? x S3) forall k € N.
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Chapter 5

Heterotic String Theory Aspects

5.1 Statement of main results

In this chapter, we study the Strominger system in the context of heterotic string
theory. We investigate two approaches: the o/-expansion and the exact solutions
of the Strominger system with the Hull connection.

In the o/-expansion approach, we prove the following proposition.

Proposition Consider (M, w,, 2, V, H) as a solution of the Strominger system up to
(«)'-order. The anomaly cancellation condition has a solution up to (')*-order if and only

iftrF A F € T(N**T*S) and p, (M) = p, (V).

The condition p; (M) = p; (V) is commonly called solving the anomaly cancel-
lation condition in topology. This proposition states that the topological solution
is necessary and sufficient to guarantee existence of an analytical solution in o’'-
expansion for the principal torus construction.

In fact, we derive necessary and sufficient conditions for existence of solution

up to (/)!-order.

Proposition Consider (M,w,,2,V = n*E, H) as a o/-expansion solution of the

Strominger system up to (o) -order. The following is sufficient and necessary for existence
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of solution up to (o) -order.

1. The conformally balanced condition has a solution up to (o/)'-order if and only if

wy(0) 1s Kihler and Ricci-flat.
2. The vector bundle condition has a solution up to (o/)*-order if and only if tr,, F' = 0.

3. The anomaly cancellation condition has a solution up to («')'-order if and only if
p1(V) = pi(S).

The o/-expansion is problematic if the solution of the Strominger system is not
analytic to begin with. One limitation of the a/-expansion approach is that at 0-th
order, any hermitian manifold (), J, g,w) that satisfies the conformally balanced
condition should be Kéahler.

We discuss exact solutions of the Strominger system with respect to the Hull
connection. Particularly, we focus on the anomaly cancellation condition with re-
spect to the Hull connection. We show that the Hull connection introduces addi-
tional terms compared to the Chern connection and these terms introduce extra
conditions in the anomaly cancellation condition.

We will show that in general trR” A R¥ has a (3, 1)-component and if (trR¥ A
RMYBY = 0, then dTH € L*(C>*(M)). Here L?>(C>(M)) denotes the Lefschetz
decomposition.

Finally, we investigate the Strominger system with the Hull connection in our

case (M, w,, V, H). We will prove the following proposition.

Proposition Consider (M,w,,V, H). Denote a solution of the Strominger system

with respect to the Chern connection as uc. Then we have the following estimate,

100wy, — O‘Z [(trR" A R")(uc) — trF A F] H <C(A°+ A+ A' + A° + A7),

where ||¢|| := (¢, wd/2)| for ¢ € L2 (C>*(M)), and A = ([ 6_4“0)1/4. C is a constant
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that depends on (B' A B')2 + 82 A B2/2,w%/2), &' N?, p, the Sobolev constant of gs, and
Cy of Chapter [4
Therefore when A — 0, uc can be considered as a solution of the anomaly cancellation

condition with respect to the Hull connection.

Using this proposition we show that the o’-expansion fails to capture the be-
haviour of exact solutions of the Strominger system with respect to the Hull con-
nection even up to o/-order. This strongly suggests that the solution of the Stro-
minger system with respect to the Hull connection is not analytic. Thus the o/-

expansion approach should be used with caution.

5.2 Strominger system in o/-expansion

We introduce «’-expansion to the Strominger system and solve it by o’-order. This
approach can be valid if the solution is analytic, however if the solution is not
analytic to start with this approach may not give a correct solution even in (o/)°-th
order. We discuss potential problems with o/-expansion in the next section. In this
section, we show that the o/-expansion approach is rather restrictive and show that
it only allows solutions with S being a Calabi-Yau manifold.

First, we introduce the objects that have a/-expansions. We assume that v and

the connection 1-forms !, o? of the fibre have o/-expansions:

U = U(0) + a - U(1) + O(Oé/2>,

a' = afg + o - o) + 0(?).
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The o/ expansion will manifest itself to w, as well:

wy = W) + - wyua) + O(a’?)

= " (1 +ao - U(l)) ws + %9 A6+ O(O/Q),

where 0 = dz + (afy +iaj,)) + o' - (afy) +iaf,) + O(”?). In this section, we will
often write w for w, to simplify the notation. With these expansions in mind we

solve the Strominger system.

52.1 (o/)’-order

5.2.1.1 Conformally balanced condition and anomaly cancellation condition

The conformally balanced condition in the 0-th order of o/ gives us the following
equation:

d (192]](0) wioy A wioy) = 0+ O().

Thus w(g) should be conformally balanced.
On the other hand, the 0-th order expansion of the anomaly cancellation condi-

tion gives us the following equation:
iaéw«)) =0+ O(O/).

Therefore, w(q) is astheno-Kéahler; recall that w is called astheno-Kahler, if i00w" 2 =
0 in complex n-dimensions. In complex 3-dimensions, this condition is sometimes
called strong Kéhler with torsion. In general this condition does not imply Kéhler.
However when the metric is conformally balanced the astheno-K&hler condition

implies that the metric is Kdhler.

Proposition 92 ([IP01, GMWO04, FT11l]). Consider a compact complex n-manifold (M, J).
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Suppose the hermitian form is astheno-Kihler i00(w"~%) = 0 and conformally balanced

d(e™??xw) = 0, where e~ is some conformal scaling. Then w is Kihler dw = 0.

Proof. The general proof can be found in the original papers. We will present a
short proof on 3-complex dimensions that closely resembles the argument in [IP01,

GMWO04]. We assume that the metric is conformally balanced:
d(e*wAw) =2e*w A (dw — dp A w) = 0.

We define a (2,1) + (1, 2)-form W3 := dw — d¢ A w. By the conformally balanced
condition we have W3 A w = 0 which implies that W3 is primitive.

We compute *(d°w) using the Lefschetz decomposition:
#(d°w) = —w A de + Wy = dw — 2dp A\ w = e**°d (6_2%}) .
Using this expression, we can show that d“w = 0 by the following computation:
lle™?dw||? = /e_2¢dcw A *(dw) = /—d(dcw) ANe 2w =0,

since w is astheno-Kéhler and we are focusing on n = 3. O
From this proposition, we conclude that w) is Kéhler dw) = 0.

Remark 93. When solving the Strominger system via (a/)-expansion, the Oth-order
hermitian form should be always Kahler. In [MS10], the authors argue the Chern
connection at Oth-order is necessary Kahler and this is true in general. Thus the
Chern connection can be used to solve the Strominger system via o/-expansion. In
fact, in (o/)%-order w(oy is Kédhler therefore Chern connection, Bismut connection,
and Hull connection all reduce to the Levi-Civita connection, and we are free to

choose any connection we like.
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The Kéahler condition is a very strong condition, and simplifies the expression
on the expansion of w. Using the expansion we obtain

. i _ i .
duo) = €"Odugo) A wst5 (Bo) +1B(o)) A (42 + (o) —iafy))

From this we conclude (3, + iB(QO)) A dz = 0. This implies 8 = 6(20) = 0, because
B, 3% € H*(S,2nZ). Also we conclude that a%o), 04?0) € H'(S,2nZ). Since now we

have f,, = f, = 0, this gives us du) = 0 therefore () is a constant.

5.2.1.2 Vector bundle condition

In («/)°-th order the only condition on the vector bundle is
b1 F=0.

Often the holomorphic tangent bundle 7"° M with the Ricci-flat metric g is consid-
ered as the vector bundle V' to satisfy this condition. This is called the standard
embedding.

In [BBET06], the authors show that the most general holomorphic bundle with
SU(n)-structure is of a form V = 7*E' ® L, where E is a holomorphic vector over S

and L is a line bundle over the fibres. If we take V' = n*E then we obtain
trw(O)F =e "Otr, =0,

which is a condition on S.
In summary, the conformally balanced condition and the anomaly cancellation

condition up to Oth-order implies that
1. w0 is Kahler with ¢; (M) = 0.
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2. ug is a constant.
3. B”s have no Oth-order terms.

4. If V = n*F, then tr,, F = 0.

52.2 (o)'-order
5.2.2.1 Conformally balanced condition

We use R? = 0 formulation of the conformally balanced condition. In the previous

chapters, we have shown that this is equivalent to
RS - <wSa 61>51 + <w57 62>ﬂ2'

Since 3! = o/ - 5%1) + O(o'?), we conclude Rg = 0 + O(a'?). Therefore, w, () should

be Ricci-flat.

5.2.2.2 Anomaly cancellation condition

The anomaly cancellation condition in («')!-order is

iaéw(l) = (tI‘R(g) A Ry — trF' A F) .

|

Hull [Hul86] has derived that the connection in Ry should be the Hull connection.
However, we have shown that w( is Kdhler in the previous sections, thus the
Hull connection reduces to the Levi-Civita connection. In fact, all of the canonical
connections reduce to the Levi-Civita connection as well so we can use the results
of the previous chapters on the Chern connection in this condition. Using the fact

that u(g) is a constant and the derivation of the previous chapters, we conclude

trRoy A Ry = m*(trRg A Rg — 2e~“©id0p).
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On the other hand, we have
i@éw(l) = €“©{00u; A wyg,

where we have used the fact that 6(10) = ﬁ(QO) = 0.

Therefore, the anomaly cancellation condition becomes

/

7 ("©i00us A ws + 2 "©iddp) = % [7* (trRg A Rg) — tr ' A\ F.

From this expressions we obtain the following remark.

Remark 94. trF A F € T(\>*T*S) is a necessary condition for the Strominger

system to have a solution on (M,w,,V, H).

If we construct V by V = 7*E, then trF' A F € I'(A**T*S) automatically. In
fact, if trF A F € T(\>* T*S), then we have a necessary and sufficient condition on

the existence of solution.

Proposition 95. Consider (M,w,, 2, V, H) as a solution of the Strominger system up to
(«)'-order. The anomaly cancellation condition has a solution up to (')*-order if and only

iftrFE A F e T(N**T*S) and py (M) = py(V).

Proof. The first part of the statement comes from the remark above. We assume
tr FAF only has components in %25 and write the anomaly cancellation condition

as the following,

~%0)

i@éu(l) ANwg = (trRg A Rg — trF' A F) — 2~ 2400p.

Note that all of the forms are top forms on S. Thus the right hand side can

be expressed as a function f multiplied by the volume form w%/2. We use the
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definition of the Laplacian and write the anomaly cancellation condition as

CL)Q CL)Q
Au(l)?‘s = f 757

where f := (<% (trRg A Rg — trF A F) — 224009, §> This is the Poisson
equation on a compact complex manifold. It is well known [Aub98, Theorem 4.7]
that the necessary and sufficient condition for existence of solution is [ f = 0; in

other words the (o/)!-order equation has a solution if and only if

O -
/ € 1 (trRs A Rg — trF A F) — 2 2*©i0dp = 0,
which is equivalent to p; (V') = p1(S) = p1(M). O

5.2.2.3 Vector bundle condition

If V = 7*FE, and the vector bundle condition is satisfied in (a/)°-order then it is

satisfied automatically in («’)!-order. This can be easily seen from
. i _ _
Wy(1) = € Vumws + 5(9(0) N0y + 59(1) N 0,
and since F € T(A\"' T*S) we have
try, o, F = e"Oumytryg F' = upytry, o, F.

Therefore if V = 7*F the solution of the vector bundle condition in the Oth-order

is sufficient and necessary for the 1st-order solution.

5.2.3 Summary of o’-expansion solutions.

In summary, we have proved the following proposition.
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Proposition 96. Consider (M,w,,),V = 7*E, H) as a o'-expansion solution of the
Strominger system up to (a')*-order. The following is sufficient and necessary for existence

of solution up to («)'-order.

1. The conformally balanced condition has a solution up to (o/)'-order if and only if

wy(0) is Kiihler and Ricci-flat.
2. The vector bundle condition has a solution up to (o')'-order if and only if tr,, F' = 0.

3. The anomaly cancellation condition has a solution up to («')*-order if and only if

pi(V) = pi(9).

However, the o/-expansion approach has a potential problem. Noticeably, if the
general solution of the Strominger system is not analytic, we run into problems
immediately. We discuss the problems with o'-expansion in the next section in

detail.

5.3 Comments on the o/-expansion

The o/-expansion approach to the Strominger system is rather incomplete. A gen-
eral solution to the Strominger system with the torus fibration construction we are
considering allows S to be a Kihler surfaces other than a Calabi-Yau surface. How-
ever once we impose the o/-expansion, S is forced to be Calabi-Yau. This behaviour

occurs because of three main reasons:

1. When we expand functions in the power of /, we are assuming which func-
tions will have o/-corrections and how. This is a quite strong condition which
we are imposing extra to the Strominger system. In terms of the PDE, this

affects what the principal symbol is for each o/-order. Explicitly the general
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PDE we are trying to solve is

/ / / 2
i00e" A\ wg — i%&éu A Nwg — i%ag(e’”p) - %85u A OOu + u% = 0.

We easily see that this PDE has a non-linear term 99u A d9u in the principal
symbol. However, once we impose the a’-expansions, it modifies the princi-

pal symbol into a linear operator. In this case the PDE becomes

_ wz
100e" N\ wg + /l?S =0,
and the principal symbol becomes that of the Laplacian. The behaviour of

the two principal symbols are different and thus we have different solutions

as a result.

. The o’-expansion approach is problematic when the solution is not analytic.
In the previous chapters, we have shown that the solution u to the Strominger
system is smooth, i.e. v € C*°(M). The family of smooth functions is larger
than the family of analytic functions, thus assuming the solution is analytic
and imposing the o/-expansion will limit the number of solutions obtained

through the approach.

. Another problem with the o/-expansion is that there is no guarantee that the
sum Y .(a/)'u;) of the o/-solution will converge to a solution v of the PDE.
This is a similar situation to first order deformations and obstructions; it is
not clear which «o'-solution can be realized as a solution of the Strominger
system. A local existence theorem for the Cauchy problem with an analytical
solution has been addressed in the Cauchy-Kowalevski theorem. It is less
clear whether a similar theorem holds in the Strominger system, and in more

general the equation of motion of heterotic string theory.
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5.4 Hull connection

We have discussed the limitations of a/-expansion in the previous chapter. It may
be more natural to consider the full Strominger system with Hull connection. We
investigate properties of the Hull connection in this section, and show that the Hull

connection is closely related to the Chern connection.

5.4.1 Connection identities

Chern connection, Bismut connection and Hull connection are closely related. In
this section we derive some identities that shows the similarity of these connec-

tions. For A, B,C, D € I'(T M), the Riemann tensor is defined as

R(A,B)C = VAVBC - VBVAC - V[A,B]Ca

and the covariant Riemann tensor is defined as

R(A, B,C, D) := g(R(A, B)C, D).

Bismut connection and Hull connection have totally skew-symmetric torsion,

i.e. if we use the metric g to lower the indices of the torsion, we obtain a 3-form:

T(X,Y,Z) = g(T(X,Y), Z).

We derive connection and curvature identities with our convention. Not all of the
identities are new, similar identites on the Bismut connection and Chern connec-
tion can be found in [Bis89, IP01]. The identities regarding the Hull connection are

new.
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Consider a connection V7 with torsion 7' which is of the following form,

1
V=V T,

where V€ is the Levi-Civita connection. We have the following relation between

the Riemann tensor of connection VZ and the Levi-Civita connection VX,

Proposition 97. Suppose V7 is a connection with totally skew-symmetric torsion T. Then
the Riemann tensor RT with respect to V' and the Riemann tensor R*© with respect to

the Levi-Civita connection V¢ are related by

RY(A,B,C,D) = R (A,B,C, D)

[9(T(A, D), T(B,C)) —g(T(B, D), T(A,C))]

+ = [(VE°T) (B,C,D) — (VE°T) (A,C,D)] .

N — | =

Proof. We start from the definition of the Riemann tensor and substitute the rela-

tion between V! and V¢

RT(A,B)C =V} (ngc + %T(B, C)) - Vi (ngc + %T(A, C))
— ViisC —T([A B],0)
= RI(A, B)C + 3 (VEIT(B,0)] - VI [T(A, C)

+ - [T(A,T(B,C))—T(B,T(A,C))]

N — | —

+ - (T(A, VEEC) = T(B,VECC) - T([A, B).C)).

Now we use the fact that the torsion of the Levi-Civita connection vanishes, i.e.
VECB—VLS A—[A, B] = 0 and contract the expression with the metric. After some

rearrangement and using the fact that 7" is totally skew-symmetric, we obtain the
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following

RY(A,B,C, D)
= R"(A,B,C,D) - i [9(T'(A, D), T(B,C)) — g(T(B,D), T(A,C))]

+ - (VE9[T(B,C,D)] - T(B,C,VL°D) — VE°[T(A, C, D)] + T(A,C,VE'D))

N — N~

+ - [-T(Vi“B,C,D) - T(B,Vi°C, D)+ T(VE A, C,D) + T(A, Vi C,D)].

Using the Leibniz rule on V4C[T(B, C, D)] we obtain the proposition. O

By definition, Bismut connection and Hull connection have totally skew-symmetric
torsion with opposite sign. Using the proposition above, we obtain the following

corollary.

Corollary 98 ([Ferl0]). Denote the Riemann tensor of the Bismut connection as R® and
that of the Hull connection as R¥ , then the Riemann tensor of each connection satisfies the

following identity

RY(A,B,C,D) = R?(C,D, A, B) + %dTH(A, B,C, D).

Proof. We use Proposition[97}

R"(A,B,C,D) = R®(C,D, A, B) + % [(VECT) (B, C, D) — (VE'T") (A, C, D)]
+ % [(VECT™) (D, A, B) — (VEET™) (C, A, B)]

1
=R (C,D, A, B)+ 5dTH(A, B,C, D),

where we have used the definition of da(A, B,C, D) := Y1, p o p| (V&%a) (B, C, D)
for arbitrary 2-form «, where ), 5 denote the anti-symmetric sum, for example

>4 @A, B) == a(A,B) — a(B, A). O
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Meanwhile, on T'° M we have the following observation.

Corollary 99. Consider A, B € T(TM) and X,Y,Z,W € T(T*°M). On T*°M, the

Hull connection V' and the Chern connection V< are identical, i.e.
9(VAZ, W) = g(ViZW).
Furthermore, on T1° M the Riemann curvature tensors are identical, i.e.
RY(A,B,Z,W)=RC(A,B,Z, W),

which implies that R (X, Y, Z,W) = RE(X, Y, Z,W) = 0.

Proof. The connection identity and the curvature identity is true because if we re-

strict the definition of the Chern connection to 7" M we obtain the following,
__ __ 1 __
§(VG2.T7) = o(VE 2.T0) + Soldw(B, 2),T),

which is the same expression for the Hull connection restricted to 7M. The
vanishing components come from the fact that the curvature 2-form of the Chern

connection is of type (1,1). O

From the above corollaries, we can deduce properties of the covariant curvature
tensor R of the Hull connection. We will refer to the component type of the
Riemann tensor by the type of the vector fields contracted to it, that is we will refer

to (1,1)(1,1)-component of R¥ by R (X,Y,Z, W) for X, Y, Z, W € I'(T*°M).

Corollary 100. Denote X,Y, Z,W & I'(T'M) and the covariant Riemann curvature ten-
sor of the Hull connection as R¥. The non-vanishing components of R are the following

and its complex conjugate.
1. (1,1)(1,1)-component: R (X,Y,Z, W) = RC(X,Y, Z,W).
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2. (1,1)(2,0)-component: RE(X,Y,Z,W) = RE(Z, W, X,Y).
3. (0,2)(2,0)-component: R*(X,Y,Z,W) = 3dT"(X,Y,Z,W).

Proof. We have the following identity
1
RY(A,B,C,D) = R®(C,D, A, B) + §dTH(A, B,C, D),

with TH = d°w thus dT* € Q32 M. Also the Bismut connection preserves the com-
plex structure, therefore R? € I' (M ® End T"OM) @ (Q*M @ End TV M)).

This implies that R? is of a type (-,-)(1,1).

1. (2,0)(2,0)-component vanishes. We show this using the fact that R? is of type
(-,-)(1,1) and dT" is a (2,2)-form. Then R (X,Y,Z, W) = RP(Z, W, X,Y) +
LATH(X,Y, Z,W) = 0.

2. (1,1)(1,1)-component is identical to the Chern connection because we have

shown that R¢ = R on T1OM.

3. (1,1)(2,0)-component identity follows from Corollary 98 and since d7* is a

(2,2)-form.

4. (0,2)(0,2)-component identity follows from Corollary and the fact that
RB is of a type (-,-)(1,1).
[l

Proposition [97|and Corollary [98| can be applied on 7'M with the Chern con-

nection and Bismut connection. We obtain the following corollary.

Corollary 101. For X,Y,Z,W € ' (T'*)M), we have the following identities for the

covariant Riemann tensors.
1. RB(X,Y,Z,W)=RC(Z,W,X,Y)+ 3dT?(X,Y,Z,W).
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2. RB(X7 Y7 Z> W) = (vg('CTB)(Y; Z> W) - (V}L/CTB)(X7 Za W)

Proof. The first identity is equivalent to Corollary |98 restricted to 7M. The sec-

ond identity comes from Proposition[97| with T2 = —T¢ on T M. O

54.2 trRE N RHE

In general to find a physical solution, the Hull connection should be used to solve

the anomaly cancellation condition,

Oé,

100w = Z(trRH ARY —trF A F).
In this section, we focus on trRY A RY.

5.4.2.1 (trRT A RH)GD

First we note that a necessary condition for the anomaly cancellation condition
to have a solution is that trR” A R is a (2,2)-form. However trR¥ A R has a
(3,1) + (1, 3)-component in general. This can be seen from the curvature identities

we have derived before,

1. (1,1)(1,1)-component: R¥(X,Y,Z, W) = RY(X,Y,Z,W).
2. (1,1)(2,0)-component: R¥ (XY, Z, W) = RE(Z, W, X,Y).
3. (0,2)(2,0)-component: R*(X,Y, Z,W) = 3dT"(X,Y,Z,W).

Because the (-, -)(2,0)-component has (1,1)(2,0) and (0,2)(2, 0)-type, this implies

that trR A R¥ will have a (3,1) + (1,3) components. If we denote the basis for a
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unitary frame as e;, €;, then the (3, 1)-component is of the following form.

J— 1 J—
(trRH/\RH)(&l)(X? Y7 Z7 W) = E Z RH(X7 W7 ei7€j>RH(Y7 27 _57_2)

4,7

[X,Y,Z,W]

— 1
=1 Z RB(eia 6j7X7 W) ’ §dTH<é§7é57 Za W)a

,J

[X,Y,Z,W]

where 3y, , 5 denotes the anti-symmetrized sum. dT* is a (2,2)-form. By the

Lefschetz decomposition, we have
dr™ e LX(C™(M)) & L'(PV'(M)) & P**(M),

where L is the Lefschetz operator and P is the space of primitive forms. If dT"

only has components in L?(C*(M)) then (3, 1)-component of trR¥ A R¥ vanishes.

Lemma 102. If dT* only has components in L?(C*(M)), then (3,1)-component of

trRE A RY is zero.

Proof. Denote the basis for a unitary frame as ¢;, &; and suppose dT7 = fw A w.
Then we have

AT (Y, Z,&5,&) = 8f [w(Y, Z)w(e;, &) + w(Y, &5)w(e;, Z) + w(Y, &)w(Z, &)]

J

Using this expression and the curvature identities, we can express the (3,1)-

component of trR” A R as the following

— — 1
(trRTARTOVXY, Z,W) =y RP(ei e, X, W) - dT™(Y, Z,¢5, )

[X,Y,Z,W]

—f Y (TR e, XT) — (VECTP) e X,T)] x [i2: - ¥i2

162



Since we are using a unitary frame, we have Y; = Y7 component-wise. Therefore,

the above expression can be simplified

_ 2 _
(teRT ARTCDX,Y, ZW)=2f > (VT X, W)

[X,Y’:Z, ]
1 —
= —fdT3(Z,Y, X, W) =0,
36
since dT'? is a (2, 2)-form. O

It is less clear whether dT" € L*(C°°(M)) is a necessary condition for the (3, 1)-
component of trR” A R to vanish. When there are components in other spaces,
for example dT € L'(P“!(M)), the (3, 1)-component may not vanish. Explicitly, if

dT = fw A ¢ where ¢ is a primitive form we obtain,

(trRY ARMEV(XY, Z W)~ Y RP(p(X),Y, 2, W),
(XY, Z, W]

where the musical isomorphism is understood implicitly. It will be interesting to

find a necessary condition for the existence of a solution to (trR* A RH)D = 0.

5.4.2.2 (trRT A RT)Z2)

The (2, 2)-component of trR¥ A R¥ can be derived as the following

(trR A REYED(X Y, Z, W)

- (trRC A RC)(X7?7 Z>W) T Z RB(&';@]',X,?)RB(E;,@;,W, Z)
X, Y.2,77)
1 o S
B 4 x 4! Z dTH(X’ Z’ €is 63) ) dTH(Y7 Wa ej>€i)
i,j

[X,Y,Z2,W]

The last term can be simplified if dT7 € L*(C>~(M)).
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Lemma 103. If dim¢ M = nand dTH € L?(C°°(M)) then

2(dTH, dTH)

AT (X, Z.W.Y).
n(n—1) (X,2,W.Y)

dT(X,Z,6,e) - dT (Y, W,e;,e;) =8
J J

(X,Y,2,W]

Proof. The proof is similar to the proof of Lemma We write dT" = fw A w and

use the computation in Lemma 102}
— — 1
dT (Y, W, ej,e:) = 2 f [Y;Wi = YiWj].
Therefore,

i ©j

— 2
Z dT(X, Z, &; éf)-dTH(Y,W,ej,ei):gf > dT(X, Z,&,&)Y; W,
[X,;:JZ,W] [X,;,JZ,W]

= 16fdT" (X, Z,W,Y)

Meanwhile,

n

dT" N xdTH = f20° A xw? = 2f%n(n — 1)w—|,
n!

where we have used *w?/2 = w"%/(n — 2)! in n-complex dimensions. Therefore

we have

(dT",dT"y = 2f*n(n —1).

Substituting this expression for F' we obtain this formula. O

5.5 Anomaly cancellation condition on (M, w,,V, H)

In this section we explore the anomaly cancellation condition with the Hull con-
nection

/
100w, = % (trRH AR —trF A F) )
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in our setting (M, J, g,, wy, V, H). We will apply the general results derived in the

previous section to our particular case. We focus on trRA A RH.

55.1 (trRA A RA)GD

In this section we show that the (3, 1)-component of trR* A R¥ vanishes automat-

ically. First we observe that
dTH = 2i00w, = 2i00e* Awg — L A B — B2 A 2,

and by construction all of the forms are on S. Thus it should be a multiple of the

top form on S. Therefore, we have

where f := 2A¢e" — (B' A B + % A %, wE/2). Now we use Lemma [102]and prove
(trRH A RFHYGD = 0,

Proposition 104. Consider (M, J, g,,wy,V, H) as a solution of the Strominger system

with respect to the Hull connection. Then
(trRT A RT3 =0,

Proof. We compute this directly,

— 1 —
(teRTARTEVX Y, ZW) =5 Y RUX, Wi, e))RY(Y, Z,¢;, )
0,7
[X,Y,Z,W]
1 — 1 o
= Z Z RB<€iuej7X7 W) ’ §dTH<€j7efu Z; W)7
[X,Y,JZ,*]

from the connection identities derived in the previous sections. We use the fact
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that the metric is scaled by

1 _
gu=-e"gs+ 5000,

where  © 0 := 0 ® 6 + 6 ® 0. Thus the unitary frame {¢'} on M is related to the

unitary frame {¢'} on S by

e =e"e' and e; = e “é;.

Therefore

dT" (65,85, 2, W) = e dT" (&;,6, 2, W) = e " f=2(¢,é

R

Since Z, W € I'(T'S), we can apply the computation of Lemma and we obtain

the result of this lemma. O

5.5.2 (trRA A RA)(22)

From the derivations in the previous section, we know that the (2, 2)-component

of trR” A R™ has three types of contributions

(trR¥ A RTYC2D(XY, Z, W)

— _ 1 . o
= (trR° ARO)(X,Y, Z, W) — i Z RE(ei,e;, X,Y)RE (&5, e, W, Z)
X,¥. 2]
1 o -
“on Y ATM(X Z.ee) - dTH (YW e e).

trRY A R has been investigated in detail in the previous chapters. We look into

the other two terms.

Lemma 105. Consider (M,w,,V, H) as a solution to the Strominger system with respect

166



to the Hull connection. Then we have

Y dT(X,Z&;,85) - AT (Y, W, ej,¢;) = 16e ™ (Ae" — B) dT",

[X,Y:Z,W]
where B := (' N\ BY/2+ (% A B2/2,wh/2).

Proof. We will use Lemma We denote the unitary frame of w, as {¢'} and that

of wg as {¢'} then since w, = e"wg + 260 A 6, we have

e =¢e"e and e¢; = e “¢;.

Therefore,

> dT(X, Z,8;,85) - dT (Y, W, ¢, €:)

0]

[X,Y,Z,W]

= Y e MdTM(X,Z,&.6) - dT" (Y, W, ¢, ).

0,3

[X.,Y,Z,W]
Now dT# € T'(Q*29) thus dT" = fwg A ws. We compute dT7:

2
Wg

dT" = 2i00e" Aws — B N\ B — B2 A 5% = (206" — 23)7,

where B := (8' A B'/2+ 82 A 5?/2,w%/2). Now we can use Lemma[103|with n = 2,

which gives the result of this lemma. =
The term
1 — R
] Z RP(ei, e, X,Y)RP(¢5,6;, W, Z)
X.v.2.77)

is trickier than the other terms to write explicitly. We have done an explicit com-

putation in Appendix |A} and showed that this term is non-vanishing only when
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XY, Z,W € TS, and we have the following expression

x (terms on S independent of v).

5.5.3 Anomaly cancellation condition with respect to the Chern

and Hull connection

Now we are ready to prove the main proposition of this chapter.

Proposition 106. Consider (M, w,,V, H). Denote a solution of the Strominger system

with respect to the Chern connection as uc. Then we have the following estimate,

/
100wy, — % [(trR" A R™)(uc) — trF A F] H < C(A%+ A% + A* + A3 + A?),

where ||¢|| := (¢, wd/2)| for ¢ € L2 (C>®(M)), and A = ([ e‘4“0)1/4. C is a constant
that depends on (B A B')2 + 8% A B?/2,w?/2), &' N?, p, the Sobolev constant of gs, and
Cy of Chapter 4

Therefore when A — 0, uc can be considered as a solution of the anomaly cancellation

condition with respect to the Hull connection.

Proof. Consider the anomaly cancellation condition with respect to the Hull con-

nection then we have

0 = 00w, — 7 (trR" AR — trF A F)

= 00w, — 7 (rR° A RC — ttF A F)

O[/

+ 56*4“ (Ae" — B)idow, + Y RP(ei,ej,-,) A RP(e5,6, ).

1,J
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We have proven existence of solution uc of the Strominger system with respect
to the Chern connection in Theorem 45, With this solution u¢ the above equation

becomes

100wy, — % [(trR" A R")(uc) — trF A F]

O{/

2
= 56_4uc (Aeuc - B)2 % + Z RB(ei7 €57y ) N RB(éE7 € " ')7 (51)

,J

where B := (B' A 8'/2+ 5% A 5%/2,w%/2), and we have used the fact that i00w,,,. =

(Ae'c — B)w?/2. Recall that in Chapter |4, we have derived the following estimate
e ve S ClA,

where A := ([, e ") "% We use this to find an estimate of the right hand side of

Equation (5.1).

Estimates of e~%“c (Ae“c — B)%.

We expand the Laplacian
e e (Ne" — B)? = (7 |Vue|* + e "¢ Aug — 2e72"C B)?,

and find estimates of the individual terms.

1. e % |Vuc|* From Lemma 0| with k& = 2, we have

/e_“C]Vuc\z < 0/6_3”0 +C/6_2“C
3/4 2/4
<C (/ e‘4“0) +C (/ 6‘4“0) ;

where we have used the Holder inequality in the second line and C'is a pos-
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itive constant that depends on o’\?, and u. Since we have normalized the

metric gg to volume 1, we have the following

sup (67" |Vuc|*) < CA* + C A%

2. e "¢ Auc: Consider the Sobolev embedding theorem of L3(S) < L3(S):

/6_“+za:/6_u|8“”|+;/€_“laaabu| < COg (/(e‘“)2>1/2 <y (/(e_“)4) 1/4’

Therefore, we obtain

sup(le” " Auc|) < CsA,
where we have used the fact that vol(S) = 1.

3. —2e~?"c B: Using the fact that B is a bounded function on S by definition, we

obtain the following inequality
sup (—26_2“CB) < CA?

where C'is a constant that depends on B and C; of Chapter [4

Using the estimates derived above, we finally conclude
et (Ne' — B)? < C(A* 4+ A% + A%, (5.2)

where C is a constant that depends on B, o/ \?, i, Sobolev constant of g and 4.
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Estimates of ), - R”(e;, ¢j,-,-) AR”(€;, &, -, ). In the Appendix, we have shown
that

~ [672“ ([Vul+ e+ 1) + e (|V2u| + e[ Vu| + e’“)2]

X (terms on S independent of ).

Using the Sobolev embedding L3(S) — L3(S) we have discussed above, we can

simplify the terms with u = uc

1 — ——
Z Z RB(eiaej7X7Y)RB( 37657W7 Z)‘

C [6_2“0 (|Vuc| + e + 1)2 + ¢~ duc (|V2uc| + A+ e_“c)z}
< C[e*”‘c (|Vucl? + 2|Vuc| + 1+ A% + 44)

+ et (|V2u0]? + 24|V2uc| + 442 + 24) } ,

where C' is a constant that depends on the Sobolev constant and the terms on S.

We use the Sobolev embedding once again, and obtain the following,

1
HI Z RB(ei’ej’-’.)RB(ej’i’,’.)H S C[A6+A5+A4+A3+A2] ) (5.3)

i,]
[X,Y,Z,W]

Using Inequality and in Equation (5.1, we obtain the result of this

proposition. [

We can use this proposition to show potential problems with the o/-expansion

approach. Let us take A = o/ /(5C) < 1, then we have the following from Proposi-
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tion 106

Oé/

100wy, — 1 [(trR" A R™)(uc) — trF A F| H < ()2

Therefore, with this choice of normalization A, the solution u¢ of the Strominger
system with respect to the Chern connection becomes an exact solution of the Stro-
minger system up to o order with respect to the Hull connection. As discussed
in Chapter 3| and [} there exists w,, over Kahler surfaces S that are not Calabi-
Yau. This is contrary to the findings when using a’-expansion that restricts S to
a Calabi-Yau surface. This suggests that not all of the exact solutions of the Stro-
minger system with respect to the Hull connection can be approximated using the
o'-expansion. This result is expected; in Chapter 4} we have shown that the so-
lution u¢ is smooth, however the o’-expansion approach assumes u is analytic.
Since the set of smooth functions is larger than that of analytic functions, it is ex-
pected that the o'-expansion approach will leave out a large number of smooth
solutions.

We can ask the converse: when can an o’-expansion solution be realized as a
exact solution of the Strominger system? The o'-expansion approach is built on
the assumption that the exact solution is analytic and thus can be expanded in the
following form:

W= wy + a'w + (o) wy + - -

Often w is truncated w = wy + o/w; + O(’), and the equations are solved in o/

order-to-order. This approach has the following problems.
1. There is no convergence proof of the sum w = wy + &/wy + (a/)%we + -+ -

2. Even if the expansion does converge, there is no guarantee that it will con-

verge to an exact solution of the PDEs we are considering.

Note that the Cauchy-Kowalevski theorem addresses similar issues for Cauchy
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initial value problems locally. It will be interesting to see if a similar theorem can

be established for the anomaly cancellation condition.
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Chapter 6

Conclusions and outlook

In this thesis we have investigated the Strominger system on a non-Kédhler hermi-
tian manifold in detail.

In Chapter 3, we have solved the conformally balanced condition, and the vec-
tor bundle condition when M is a principal torus bundle over a Kahler surface
S. The general results correctly reproduce special cases considered in [GP04] and
[FY08].

In Chapter [}, we have shown that the anomaly cancellation condition has a
solution using the continuity method. The result can be applied to various non-
Kihler manifolds, and in particular to (k — 1)(S? x S*)#k(S?® x S3). When k = 2,
it is known that (S? x S*)#2(5% x S%) admits complex structures J with holomor-
phically trivial canonical bundles. Thus it is a good candidate for heterotic string
compactification.

In Chapter |5, we investigated the Strominger system in o’-expansion context
and also by using the Hull connection. We have shown that the o’ -expansion does
not reproduce the solution of the system with respect to the Hull connection and
thus should be used with caution.

The work of this thesis can be improved further. In Chapter |3, we show that
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Iwasawa manifolds can be solutions of the Strominger system since S = 7" in this
case. We could explicitly work out the Strominger system with the Hull connection
in detail and understand the solution better.

In the previous chapters, we have shown that the Strominger system has a so-
lution on (k — 1)(S? x S*)#k(S* x S?). When k = 2 in particular it is known that
(S% x S*)#2(S? x S?) admits infinitely many complex structures that have holo-
morphically trivial canonical bundles [FP09]. It will be interesting to see if the
particular complex structure we use in this thesis is one of these complex struc-
tures.

In this thesis, we have shown that the o’-expansion does not correctly capture
the behaviour of the solution even up to (a/)'-order. We could improve our un-
derstanding of the o/-expansion by investigating when the exact solution of the
Strominger system is analytic and by establishing a similar result to the Cauchy-
Kowalevski theorem. Ideally, we should try to to discuss the a/-expansion in
higher order corrections along the lines of [WW87].

A particularly interesting non-Kédhler hermitian manifold to consider might be
(M, J,g,w) that admits a conformally balanced metric and and also (7'M, g) is
stable. In such cases, we can take (V' = T, ¢) and reduce the Strominger system
to

/
00w = az (trR" A R" — trR® A RC)..

This can be thought as a modified version of the standard embedding. Using the
derivation of the curvature identities, it is possible to simplify this expression and
gain insight of the behaviour of the non-Kéahler solution. This equation will show
the effects of the Hull connection components that do not preserve the complex
structure.

We could also provide numerical solutions to demonstrate an example explic-

itly. This is still work in progress, and we have included some preliminary numer-
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ical results in Appendix
Finally, the estimates in Chapter [4 can be improved. Note that we assume u €
C>*(M) and then use the following chain of uniform bounds independent of ¢ to

show that T is closed:
H82u||co,a(M) <C— H(?QuHcl,a(M) <C— HaQUHCQ,a(M) <C— H82UH03,0(M) < C,

where C'is some generic constant. This procedure seems convoluted since we start
from a strong assumption v € C**(M) and then show a somewhat weaker esti-
mate ||0%ul|coayy < C. Ideally, we would like to start from a weaker assumption
and obtain a stronger estimate. It has been pointed out to the author by Professor
Jan Kristensen that it might be possible to present a more elegant and simple proof

using viscosity theory.
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Appendix A

Computation of connection

components

In this section, we compute the Hull connection and the Bismut connection explic-
itly. Since the Hull connection is not a canonical connection, using holomorphic
coordinates does not simplify the computation unlike the case with the Chern con-
nection. In this section we use a unitary basis and Cartan’s structure equations to
derive the results. The results will be used to show that the solution of the Stro-
minger system with respect to the Chern connection converges to a solution to the

system with respect to the Hull connection in Chapter

A.1 Setup and conventions

We establish the notation of this appendix. First of all, we will use a unitary frame

{0',0',62,6%,0,0} so the metric can be expressed in the following form,

1 - - _
9:5(91@91+62®92+9®9),

20 -1 . =3 _
- @ ol +Pol) S 000)
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where © is the symmetric product such that ' © 6? = ' ® 6> + 0> ® 0, 2¢) = u, and
{6°} are the unitary basis 1-forms on the base before the conformal scaling.

We introduce the following conventions for this section.

e Index p, v, p, 0,7 for general index, i.e. 6? € {#',...,0% 6,0}. Index i, j, k for

holomorphic indices i.e. §° € {#',0% 6} and vice versa for i, j, k.

e Index a, 3, v for index on the base S, i.e. % € {#',...,6%}. And index a, b, ¢ for
the holomorphic indices on the base S, i.e. §* € {6',6*} and vice versa for
a, b, ¢ indices.

e We will use the following convention: #° := 6 and its complex conjugate

0° =0.

We use the following convention for the Cartan structure equations:

TH = dor 4+~ A 9, (A1)

R:, =dy*, + 4", NPy, (A.2)

where the 7#, are connection one forms that are related to the connection compo-

nents, y*, 1= I',,"6°.

e V¢ denotes the Levi-Civita connection, V~ the Bismut connection, and V+*
the Hull connection. In this section only, we use V to denote a metric pre-
serving connection with totally skew-symmetric (2,1) + (1, 2)-torsion, i.e.

V=V

e I' denotes the Christoffel symbols of the Levi-Civita connection, and T de-
notes the connection components of V. I'" and I'™ are the connection com-

ponents of V' and V™ respectively.
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A.2 Properties of the connection

In this section, we assume that a general connection V preserves the metric and
has torsion which is a (1, 2) + (2, 1)-form using the metric isomorphism. The Hull

connection and the Bismut connection are examples of such connection V.

A.2.1 Preservation of the metric

Since V preserves the metric, this gives constraints on the connection components.

For a unitary frame, the metric preservation condition is,

VuGvp = OuGvp — L' 9op = Lp” Guo

0=—-T, =T

Thus the connection components are antisymmetric on the last two indices. Using

this property, it is straightforward to derive the following identity,

Lyve = Titp = Twoln + Liopgr- (A.3)

A.2.2 Some vanishing components

We show that connection components with pure lowered indices vanish:
Fijk = FE}E = 0.

In case of the Bismut connection, this can be easily seen from the complex structure
preservation condition V~J = 0 that F;Zj = F;{ = 0. Thus the above identities

follows. We show that it is true for both Hull and Bismut connections.

Lemma 107. Suppose V is metric preserving connection with skew-symmetric torsion
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that is a (2,1) + (1, 2)-form. Then the following connection components I" vanish

Ly = Dip = 0. (A.4)

Proof. Since V preserves the hermitian metric g, we have

0=Vx[g(Y,2)] =9(VxY,Z)+g(Y,VxZ),

where X,Y, Z € T(T""M) and we have used the fact that g is hermitian. Now we

follow the arguments of [Tag11]:

9(VxY, Z) = =[9(VxY,Z) — g(Vy X, Z) — g(T(X,Y), Z)

N | —

+g(vZK X) - g(vYZaX) - g(T<Zv Y)vX)

+g(vZX> Y) - g(VXZa Y) - g(T(Z,X),Y)},

where we have used the fact that the skew-symmetric torsion is a (2, 1) + (1, 2)-

form, therefore T'(X,Y) € I'(T"°M). We therefore obtain

| =

g(VXY7 Z) = [g([X>Y]7Z) +g([Z7 Y]7X) +g<[Z7X]7Y)]

I
S N

because the complex structure is integrable, i.e. [X,Y] € ['(T"°M) (Frobenius the-

orem). Since g(VxY, Z) = 0 we obtain

Lij =I5z = 0.

i
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A.2.3 Computation of the connection components

When computing the connection components explicitly, it is convenient to intro-
duce the following (1, 2)-tensor ¥ which is antisymmetric on its covariant indices

$U, 0P NG = df*. Using this notation the first Cartan structure equation becomes,
1T HOP N OY = 119 RGP NG + 1,107 NO”
5l NG" = 5V NO"+ 1, NG

This gives an expression of I'},,,}, in terms of the torsion 7},,,, and 9,,,,,. Using Equa-

tion (A.3) and the fact that 7" is a 3-form we obtain,
1
Lovp = ) (T/wu — Dpup + Dopp — ﬁupl/) : (A.5)

Because V preserves the metric and we are using a unitary frame, notall of I',,,,
are independent. We have shown that I" is antisymmetric in the last two indices,
ie. I'y, = —I',,, and using the fact that I' is a real object only the following

components are independent,
1. T'000, Looar ovar Lovar Foa,é, Fan-
2. I‘040(_)/ FonB_I Foc(_)ﬁl Fa()ﬂ_’/ Faﬂ’?/ Faﬁ_"y'

To compute the components explicitly, we take specific values for x in the first

Cartan structure equation:
TH = do" +~+", N0,

and derive the connection components for V,

1. When ;1 = a, we can express I in terms of ' which denotes the connection
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components for the Levi-Civita connection on 5,

T = d(e®6%) + 4, N 0",
= dp NO™ — e T30 AOP +T,,%6° N 0",

1 5
§praep NG = 0,00507 N6O° — e T 5%07 N 0° +T,,%0° A 6”.

(a) 00 component: Ty5™ = 245, and Jy5* = 0.
(b) 08 component: Tyg* = 2I'pg*, and PJos* = 0.
(c) 7B component:
Ty5* = 2(0,005 — € T + Tpg ™), and 9,5 = 20,605 — e T 5%).

2. When p = 0, the first Cartan structure equation becomes,

1
5 0007 N0 = B+ i3 + 1,007 N6

(a) 00 component: Ty = 25, and Yg5° = 0.
(b) 08 component: Tys” = 2I'j5°, and Yo" = 0.
(c) 08 component: T55° = 2155, and Jg4° = 0.
(d) af component: T,5° = (8 +i%)as + 2", and 9o5° = (8" + i6?)ap-

Now using Equation (A.5), we can compute the independent components listed

above. A straightforward computation reveals:

1. Vanishing components:

Loos = Fooa = 0.
2. Purely torsional terms:
1 1 1 1 1
Looa = =T06a> Losa = =Toar LToas = =Toaps Laoo = =Tw0ss Laor = =TLudo-
00a 9 00a>s 00a 2 00a > Oab 2 Oab> a00 92 a00> a0b 92 a0b
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3. ! terms:

1 1
FOQE = §<T0a5 + 79(11;0)7 FaOB = §<Ta05 + 19&130)7 Fa(_)E =
1

4. Base terms:

~ 1
FabE - €_¢Fab6 + 5aﬁab¢ + §Tab6a

~ 1
Fal_)é = €7¢Fa56 - Zda[EaE}(b + §Tal_)é

Note that the Kronecker 4’s are defined with respect to the covariant and
contravariant indices, for instance §{ = 1. When the index is lowered this

translates into &7 = 3.

A.3 The Bismut and Hull connection

So far we have only assumed that V is a metric preserving connection with (1, 2) +
(2, 1)-form torsion. Now we consider the Bismut connection V~ and the Hull con-
nection V+.

The Bismut connection V™ is the unique metric preserving and complex struc-
ture preserving connection with skew symmetric torsion. The Bismut connection
can be expressed in terms of the Levi-Civita connection V¢ in the following way,

Vo= tro g iy,
2 2
Note that we are using the metric isomorphism implicitly. The Hull connection is

defined as,

1
vVH=v ¢ §dcw.
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It can be checked that V* preserves the metric and has skew-symmetric torsion
by construction. However the Hull’s connection no longer preserves the complex
structure. The torsion of the Bismut connection 7~ and that of the Hull connection
T+, are given from the above definitions as 7% = +d°w. To keep our notation as
simple as possible, we often drop + and express a generic connection which can
be either the Bismut or the Hull connection as V = V* and similarly also for the
torsion as ' = T**.

We use the explicit expression for d‘w to simplify the connection components

further,

d°w = 2*?d°p N wg — %(59 NG+ 0N 00),

—id°O A (0" NG+ 62 A G%) — %[(ﬁl +if) NG+ 0 A (B —if?)].

From this expression we obtain the components of the torsion,

1. Vanishing torsion components:

To0o = Taoo = Toas = Ty = 0.
2. ' terms:
T =5 (0 + i) Tt = F5 (8~ i)
3. Torsion coming from the base:

+
TlQi

= Fa0, 5

122

= j:61¢,

+ 3 +
THQ = :F8§¢a T

212

= +0;¢.
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Thus for the Bismut and Hull connections the torsional connection components

vanish. We summarize the result in the following list.

1. Vanishing components:

F00[‘) =Tgoa = Fo()a = Fo()a = FO&E = Faoﬁ = Fa(‘)b =0.

2. ' terms:
I‘i__ 0 Fi_ %(51_i62)a5 Fi—_ %(ﬁ1+262)a5
Oab 1/ o1 22 ) alb ) alb :
5(6 _Zﬁ )aE 0 0
3. Base terms:
[t =e T3 10 | ) ! It = ‘¢f—:|:18
ui — ¢ 11 + BY 1P, 101 — € 121 + , ng = € 211 £ 5 h,
(10
I = e Ty 18 . =e Ty 0 It = —¢f—ila
203 — € 222 + 2 ho, 55 =c¢ 212 + , 193 — € 1234 5 10,
019
_bF e —02
Fétzi = ¢ T, Fﬁé = e Tz + ,
0
\
( —
- S o1
Fii = e Ty, inii = e Tyis + 0
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A.4 The Riemann curvature tensor

Using Cartan structure equations, the general form of the Riemann curvature ten-

sor can be derived:

Ruupa = aurupo - al/rupa - F/J,pTFZ/TU + FVpTF;rro

+ (TIUJ/T - 1—‘/“/7 + FV},LT) FTpU'

The Riemann curvature tensor in this form can be thought as a section of A\ T*M ®
N\’ T*M. In this perspective we will refer to types of the Riemann tensor as the
type of the two 2-forms. For instance, R;j,, will be referred to a (1,1)(2,0)-type.
In our setting, we have five independent types: (2,0)(2,0), (2,0)(1,1), (2,0)(0,2),
(1,1)(2,0), and (1,1)(1,1). However because the pure types of the connection
components vanish, the (2,0)(2,0)-type of the Riemann tensor vanish. Also the
Riemann tensors simplify because we have a set of vanishing connection compo-
nents, and none of the connection components depend on 0 nor 0 direction, i.e.
o' = opI" = 0.

An arbitrary component of the Riemann tensor can be read from the expression
above and the connection component we have derived before. We are interested
in the following term in Chapter

o > RP(eie;, X, Y)R (65,6, W, Z).
i
[XY.2W)]
We first note that when X, Y ¢ T'(T'S), then R®(e;, e;, X,Y) = 0. This is because the
connection components of the Bismut connection vanishes when it takes values on
the fibre directions, i.e. I' o, =" 5, =T"_ 5 = 0.
Since the unitary basis is related by §* = ¢“0® and e, = e é,, while 6° and ¢

are invariant. We obtain two types of Riemann tensor behaviour:
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1. RB(eg,eq, X,Y) = e “RB(eg, €5, X,Y).

2. RB(es, e, X,Y) = e 2“RB(é5,6;, X,Y).
We investigate the expression of each Riemann tensor.
Lemma 108. Consider the Bismut connection V~ on (M, w,). Then the Riemann tensor
RPB of the Bismut connection has the following form

|R"(e0, €0, X,Y)| ~ [|[Vqu| + e " + 1] x (terms on S independent of u).

Proof. We take u = 0, v = a, p = b, 0 = ¢ for the general expression for R® and
obtain

RS e = =0T obe — LopTade + LapTode + (Toa” — Toa) T ave,

where we have omitted vanishing components. Using the connection components

we derived before, we obtain

R = —500(8" — i6%e = 5T (8" — i)+ 5T (8" ~ 8 — (8" = i67)a'T g

We are interested in term containing u, substituting I',;? terms we obtain,
Roape ~ [|[Vau| + e + 1] x (base terms).

Thus we obtain the result of this lemma. ]
We have a similar result for RZ(e,, e, X,Y).

Lemma 109. Consider the Bismut connection V~ on (M, w,). Then the Riemann tensor

RP of the Bismut connection has the following form

IR (eq, €5, X,Y)| ~ [|VoViu| + € ¥|Vu| + e ] x (terms on S independent of u).
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Proof. We take p = a, v = b, p =c¢, 0 = d in the general expression for R”, and

follow the proof of the previous lemma. Using the general expression, R® becomes

RD =0T, — Ol LT, o+ T T 4 (T — T + T, )

acd ec

From the connection components we have derived, we see that except from the

second order derivatives, the terms have e~ factor. Thus we have
RE i~ [VaViu+ e “Vu+ e ™| x (base terms).

Therefore obtain the result of this lemma. ]
Finally we conclude that the behaviour of trR” A RP.

Lemma 110. Consider the Bismut connection V~ on (M, w,). Then

~ [6_2“ (IVul + e + 1) + e~ (|V%u| + e~ Vu| + e‘“)Q]

X (terms on S independent of u).

Proof. The computation done for the connection components are in the unitary

frame 0* which is related to the unitary frame on S by 6 = e“6°. Since u is a

function on S we express the result in terms of the unitary frame é; on S:
1. RB(eg,eq, X,Y) = e “RE(eg, €5, X,Y).
2. RB(eq, e, X,Y) = e 2“RB(é5,6;, X,Y).
By squaring these expression and taking the trace we get the result of this lemma.

]
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Appendix B

Local Numerical Examples

In this appendix we reduce the PDE

/ ! / 2
i00e" N\ wg — i%@éu A Nwg — i%(’?g(e_“p) — %85u A OOu + u% =0,

into an ordinary differential equation by considering cases when (.5, wg) is a coho-
mogeneity one metric. The work here is still work in progress.

We assume u only depends on the direction that is invariant under the action of
the isometry group of gs. This reduces the PDE into an ODE. We solve the resulting
ODE numerically on a given patch on S for some simple examples.

We have solved the ODE numerically using Mathematica and Maple. We only
present the graph of each numerical solution to illustrate the behaviour of the so-
lution. Typically, u(s) is a function of a variable s which takes values in s € [0, c0).
We map this interval to [0, 7/2) using s = tant. The plots are done with respect to
t.

In each examples, the initial conditions are chosen such that the numerical so-
lution is bounded. In Chapter i} we have proved that u is bounded given that u
has sufficiently large initial value (Section[4.4, Chapter ). We choose u sufficiently

large such that this condition is satisfied.
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B.1 Simplification of p

First we look into cases when we can simplify p. In general p is a complicated
(1,1)-form. However by Corollary 43, when ' = nf? for some integer n, we can

express p as

)\2
P = ?ws.
In this case, the PDE simplifies to,
/Y2 AW / 2
i00 (e“ — a2)\ u— a4)\ e‘“) A wg — %aéu A 0Ou, + u% =0. (B.1)

B.2 Simplification of wg

We simplify the PDE further by taking special cases of (S,wg). We consider the
Gibbons-Pope metric given in [GP78] and Gauntlett-Martelli-Sparks-Yau metric
given in [GMSY07].

B.3 Metrics of [GP78]

We explore the PDE on CP' x CP' and CP* with Gibbons and Pope’s [GP78] metric,
which is the standard Kédhler-Einstein metric written in cohomogeneity one form.
The metrics have isometries that leave one “radial” direction r invariant. We will

assume u = u(r) and reduce the PDE into an ODE.

B.3.1 CP! x CP!

In [GP78], the authors study the following generic metric

gs = dx* + A(x)(d) + € cos 0dp)® + B(x)(d? + sin® 0d¢?).
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They show that for specific A(x) and B(x) this generic metric becomes metrics on
different manifolds. For CP! x CP', the authors propose ¢ = 0, A = sin?(xv/A)/A

and B = 1/A, where A is a constant. Then the metric becomes

in?(xvVA 1
gs = dx> + de + —(d6? + sin? 0do?),

VA A

where 0 < y < %,0§9§7r,and0§@/},¢§27r.

This metric can be obtained from the standard Fubini-Study metric using stere-
ographic projection. Denote the inhomogeneous coordinate for CP! x CP' as (21, 23).
If we take the following stereographic projection,

2 = cot(xVA)e™, Z9 = cot (5) e’

then the standard Fubini-Study metric on CP' x CP' takes the form of the metric
above with the choice of ¢, A, B.

If we think of y as the radial direction as in [GP78] and assume u = u(y), we
can reduce the PDE into a ODE of x. Note that this assumption implies that we
are only considering the effects of one of the CP' and ignoring the contribution of
the other. This is acceptable as CP' x CP' is a trivial fibration. We carry out the

numerical analysis on a given patch.

e Assumptions: We assume u = u(x). We take ! = ? = Jwg with a trivial

vector bundle V, i.e. Fp = 0.

e Conformally Balanced Condition: Explicit computation shows that Rg =

2wg. The conformally balanced condition gives an condition on A\?. From

Proposition

0= Rﬁu = 7T*(2UJS — )\2(,05),
thus \? = 2.
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Figure B.1: Numerical solution on CP' x CP'

e Computation of ;: Since we are on CP' x CP*, due to dimensional reasons

we obtain trR A R = 0. We can read p off from the following definition,

2 2

W o o w
—IUTS = Zt[‘R/\ R — ZtrFH A FH + <ﬁ1a62>757
_ N
2 2

Thus, p = —1.

e ODE: Now the PDE reduces to the following ODE,

—Uu

(e“ - %) (14 8)*(u')*s + (e“ — i + %) (1+s)(su"+u')—1=0,

where we have taken o/ = 1/4 for numerical computations. Also we have

defined s := cot?(xV/A).
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e Numerical solution: We have solved the non-linear ODE with the following
initial values «(0) = 7 and u/(0) = —1. We have chosen the initial values so
that u is bounded. We have used a reparametrization s = tan(¢) to illustrate
the behaviour of the solution on [0, 7/2). Note that the scaling factor exp(u)

does not have a singularity and it is bounded by the results of Chapter {4

(Figure [B.1).

B.3.2 CP?

The next example we consider is CP?. The Fubini-Study metric on CP? in inhomo-

geneous coordinates z; is given as,

( ) 1 1+ |22|2 —2921
95) = 5 a2
2<1+‘Z‘ ) —2129 1+|21’2,
where |z|% := |2 |* + | 2]
SU(3) acts on CP? on the homogeneous coordinates in the standard way and an

arbitrary U(2) matrix can be embedded into SU(3) as in the following,

U(2) 0
0 [detU2)]"

It can be checked that this embedding leaves r? := |z;|*+ |22|* invariant. Following

[GP78], we parametrize z; and z; using Euler angles,

N Y AN
zl—rcoséexp<z 5 ), zg—r51n2exp(z 5 ), (B.2)
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with the coordinates having the following values,

In these coordinates, the Fubini-Study metric becomes,

1 2 r? 2 2 r’ 2
9= e t qaa ey o) g (B3)

where 0,’s are the left-invariant one forms on SU(2), explicitly,

o1 = cos Ydf + sin 0 sin Ydo,
09 = — sinydf + sin 6 cos Yde,

03 = cos 0d¢ + dip.

The symmetry of the Fubini-Study metric becomes clear in this form. We assume

u only depends on r? and solve the PDE numerically.

e Assumptions: We take 8! = % = %w and take V' to be a trivial vector bundle,

e Computation: It can derived that Ry = 3wg thus from the conformally bal-
anced condition \* = 3. We take o/ = 1/6 for the numerical computations.
The function x can be read off from the following definition,

wi

Oé, O/ w2
_,U? = ZtrR/\ R — ZtrFH N Fyg+ <617ﬂ2>75'

Explicit calculations show that,

3 w2
trRAR=—--2
g 272"
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Figure B.2: Numerical solution on CP”
giving us . = —23/16.

e ODE: Now the PDE reduces into the following ODE,

(e“ - %) (W) s(1 + 5)2

+ (e" — i + %) [s(1+ s)*u" 4+ (1 + 5)(2+ s)u]

23

1 3.7 /i /___0
+ (14 s)’u/(su” +u') 35 =0

Wl

du(s)
ds °

where s := 1%, s € [0,00) and v :=

e Numerical solution: The numeric solution has been computed with «(0) =
11 and «/(0) = —10. The initial condition was chosen so that u is bounded. We
have used s* = tan(t) to plot the scaling exp(u) as a function of ¢ € [0,7/2). u

is smooth and it is bounded (Section 4.4, Chapter [4).
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B.4 Complex structures and cohomogeneity one met-
rics

By a further coordinate transformation » = tan(¢) with 0 < ¢ < 7/2, the standard

Fubini-Study Metric (B.3) of CP* in real coordinates reads,

i 2
st , 9

24 2
cos“tsin“t

1 03. (B.4)

g=dt* +

A natural generalization of this metric is of the following form,

gs = dt* + a*(t)o; + b*(t)os + *(t)o3.

This type of metric has been studied thoroughly in [GMSY07] and we apply this
metric to our PDE.

Since the PDE is in complex coordinates, we need to introduce a complex struc-
ture on this metric. We take the following basis (1,0)-forms which gives us the

complex structure,

0' = dt +ic(t)os, 0> = a(t)o, + ib(t)oy, (B.5)

Frobenius theorem states that if the (0, 2)-part of df' and d6? vanish then the com-

plex structure is integrable. In this case the vanishing condition is the following;:

a? — 0% + (ab — ab)c = 0,

where the dot indicates derivatives with respect to t. The Metric (B.4) satisfy this
condition trivially as a = b.

The metric in [GMSY07] also satisfies this integrable condition. This can be seen
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from the following ODEs derived in [GMSY07],

R T N
a(t) = 2bc( a4+ b° + %),
1 _ 1 2 2 2
(1) = 50— 17 ),
1
C(t) = —%((I2 + b2 — C2> + Aab.

In the new 6 coordinates we have,

wsg =

(91A0_1+92A0_§).

N =

We assume u depends only on the radial coordinate ¢, i.e. u = u(t) and compute

Ou, Ou and 9du in @ coordinates:

_21 *_Q*I *_1 E .\ 91 *i_ﬂQ 7y
8u-29, 8u-29, 88u—4<cu+u>0 N 4ab9 A 6.

We can substitute these expressions into the simplified PDE (B.1) and reduce the
PDE into an ODE. The process of reducing the PDE to an ODE is somewhat long.
We have used Maple to find the explicit ODE when necessary. We carry out numer-

ical computations for three cases: the CP* metric given in [GPZ8], the CP' x CP'
and the CP? metric given in [GMSY07].

B.4.1 CP? revisited

We use the complex structure given in and compute for the CP? metric given
in [GP78], with a = b = sin®t/4, ¢ = cos? t sin® ¢ /4. Note that the complex structure
is different from the one given in Equation (B.2)). We have solved the resulting ODE
numerically with initial conditions «(0) = 2 and u(0) = —0.1 (Figure B.3). These
initial values were chosen so that u is bounded (Section 4.4, Chapter [4).
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Figure B.3: Numerical solution on CP? with the complex structure (B.5)

B.4.2 CP' x CP' of [GMSY07]

The CP' x CP' metric proposed in [GMSY07] is the following,

cos?(v/3t 1 sin?(v/3t

with 0 <t < 7/(2V/3).

e Assumptions: We use the same setting as the CP' x CP' computation before.
We take ' = %2 = /2wg with a trivial vector bundle V, i.e., Fy = 0. Also

p = —1 stays the same as it does not depend on the complex structure.

e Numerical solution: We have solved the ODE numerically with the follow-
ing initial conditions: «(0) = 5 and «/(0) = —10. The scaling factor exp(u) on

wg is bounded.
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Figure B.4: Numerical solution on CP' x CP' with the complex structure (B.5)

B.4.3 CP? of [GMSYO07]

The CP? metric given in [GMSY07] is the following,
2 2 T\ 2 .2 T\ 2 .2 2
gs = dt + cos (t + Z) oy + sin (t + Z) o5 + sin”(2t)o3,

with 0 <t < 7 /4.

e Assumptions: We use the same setting as the CP? computation before with

fl =2 = Lugand = —23/16.

e Numerical solution: The numerical solution for «(0) = 5 and «/(0) = —10

has been plotted in Figure
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Figure B.5: Numerical solution on CP* with the complex structure (B.5)

B.5 S3x S3— CP! x CP!

We consider the base space CP' x CP' with the standard Fubini-Study metric,

. le ® dzj + dZi ® le i dZQ ® dZQ + dzi ® dZQ
N FR PR (1 + [2]?)?

We take 3'’s as the following,

dzy N\ dzg dzy N dzs
1 _ \/§ 1 1 2 _ \/5 2 2 )
STV TV I Ty
This corresponds to having S* x S% as the entire space over CP' x CP' [GGP08].
In this setting since ' # %, we cannot use Corollary 43| We use Proposition[41|to
obtain p in general,

2

A
p=(2-2\)p"+ S ws:
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Since 8! is harmonic and wg is Kéhler, p is also harmonic respect to Aj. Using this

fact, we can simplify the PDE in the following form,

B r r I B 2
i0e" A wg — i%@@u A N2wg — z%aae-u Ap— %08u A O + M% —0.

We assume u = u(s) where s := |2|?, and reduce the PDE into an ODE. A straight-

forward yet somewhat long calculation produces the following ODE,

1 A’ _uyo u neo Lo _uys a’ u " / H
5 <_5€ A+ 2e ) (u') S—|—§ ¢ A —25)\ +2e" ) (u -s+u)—|—(1+8)2 =0,
where the prime derivative is a shorthand notation for d/ds.

e Assumptions: We take g = 242050 32 — /9 dz2/\dz22 with a trivial vector

(1+\z1|2)2’ (1+]z2]?)

bundle V,i.e. Fy = 0.

e Conformally Balanced Condition: Explicit computation shows that Rg =

2wg. The conformally balanced condition (cf. Proposition

0= RMu =T (2&)5 — )\ZWS),

gives \? = 2.

e Computation of y: Since we are on CP' x CP', we get trR A R = 0. We can

read p off from the following definition,

2 o ! 5
—u% = —trR/\R— %UFHAFHJF wl’m%’
_)\Qws
2 27

Thus, p = —1.
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e ODE: Now the PDE reduces to the following ODE,

—Uu

(e“ — %) (14 8)(u')*s + (e“ — i + %) (1+s)(su"+u)—1=0,

where s := cot(xv/A)? and we have taken o/ = 1/4 for numerical computa-

tions.

e Numerical solution: We have solved the non-linear ODE with the following
initial values «(0) = 7 and «/(0) = —1. We have used a reparametrization
s = tan(t) to illustrate the behaviour in an interval ¢ € [0, 7/2). Note that the
scaling factor exp(u) has no singularity (Figure and it is bounded by the

results in Chapter @

B.6 Comments

Some numerical plots seem to suggest that exp(u) develops a singularity. How-
ever, by the analytic proof of Chapter {4, all of the solutions are smooth. Closer
investigation on the numerical data with higher resolution, confirms that all the

solutions are smooth and bounded.
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