
Digital Object Identifier (DOI) https://doi.org/10.1007/s00220-024-05147-8
Commun. Math. Phys. (2025) 406:2 Communications in

Mathematical
Physics

A Dynamical Yukawa2 Model

Ajay Chandra1, Martin Hairer1,2, Martin Peev1

1 Imperial College London, London, UK. E-mail: m.peev21@imperial.ac.uk; a.chandra@imperial.ac.uk
2 EPFL, Lausanne, Switzerland. E-mail: m.hairer@imperial.ac.uk

Received: 31 May 2023 / Accepted: 4 September 2024
Published online: 9 December 2024 – © The Author(s) 2024

Abstract: We prove local (in space and time) well-posedness for a mildly regularised
version of the stochastic quantisation of the Yukawa2 Euclidean field theory with a
self-interacting boson. Our regularised dynamic is still singular but avoids non-local
divergences, allowing us to use a version of the Da Prato–Debussche argument (Da Prato
and Debussche in Ann Probab 31(4):1900–1916, 2003. https://doi.org/10.1214/aop/
1068646370). This model is a test case for a non-commutative probability framework
for formulating the kind of singular SPDEs arising in the stochastic quantisation of field
theories mixing both bosons and fermions.
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1. Introduction

One approach to constructing interacting quantum field theories satisfying the Wight-
man axioms was pioneered by Osterwalder and Schrader [OS73a,OS75]. The idea is to
consider “imaginary time”, hence turning the ill-posed Feynman path integrals into a
formal expression that has at least a chance of being interpretable as a probability mea-
sure on a space of tempered distributions over space-time. Amazingly, this operation
can be reversed: given such a probability measure satisfying a number of rather natural
properties, as well as reflection positivity, it is possible to recover a Hilbert space of
states as well as a unitary evolution on that space and natural field operators.

Still, the construction of these “interacting” probability measures is far from trivial
and one of the milestones in this area was the construction of the �4

3 measure in the 70’s
[Fel74,GJ87]. In the 80’s, Parisi and Wu [PW81] proposed to interpret these measures
as the invariant measures of an associated Markovian dynamic (the “time” appearing
there has no relation to physical time, which is treated as one of the spatial coordinates
in this picture). While this is a very appealing perspective, it led to rather little progress
for about three decades (but see notably [JLM85,AR91,DPD03]) mainly due to a lack
of understanding of the workings of renormalisation for the stochastic PDEs arising in
this way.

All this changed in the early 2010s with the appearance of several techniques includ-
ing regularity structures [Hai14,BHZ19,CH16,BCCH21] and paracontrolled analysis
[GIP15,GP17] that provide an unequivocal meaning to these stochastic PDEs which
is consistent with previous works in constructive field theory. However, nearly all of
these works deal with purely bosonic quantum field theories, thus excluding any of the
more realistic theories that combine both bosons and fermions. From a purely formal
perspective, the situation is quite well-understood [Wei05,Tic99]: a non-interacting pair
of particle / antiparticle fields (ψ, ψ̄) can be described by a type of centred “Gaussian”
generalised random field such that

〈ψ( f )ψ(g)〉 = 〈ψ̄( f )ψ̄(g)〉 = 0, 〈ψ̄( f )ψ(g)〉 = C( f, g) (1.1)

for some bilinear form C(•, •), and with higher-order correlations given by the Wick
rule. The difference with the bosonic case, however, is that these fields anticommute in
the sense that

ψ̄( f )ψ(g) = −ψ(g)ψ̄( f ),
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so that they can only be realised as observables on a non-commutative probability space.
In this case, a natural realisation is the Grassmann algebra �(H) over some1 Hilbert
space H. Namely, �(H) is the free algebra generated by H subject to the relations
F ∧ G = −G ∧ F for all F,G ∈ H. The problem of constructing interacting field
theories with bosons and fermions can then be framed as starting from a state 〈 • 〉 for a
Gaussian bosonic field ϕ and an independent Gaussian fermionic field (ψ, ψ̄) and then
building the Gibbsian state

〈 • 〉V = 1

Z
〈 • exp[−V (ϕ, ψ, ψ̄)]〉, (1.2)

where V (ϕ, ψ, ψ̄) is an interaction potential or action with a non-quadratic dependence
on the fields and Z is a normalising factor so that 〈1〉V = 1. However, in important cases
of interest (1.2) is ill-defined. Our focus in this article is analysis of the ultraviolet / small
scale problems with (1.2). The state 〈 • 〉 will be supported on spaces of distributional
bosons and fermions which makes the non-linear functional V ill-defined – requiring
the use of renormalisation. As mentioned earlier, methods from stochastic analysis have
provided robust tools for attacking this problem in the purely bosonic setting.

1.1. Stochastic analysis for fermions. The most frequently used formalism in probability
for working with fermions is the Grassmann–Berezin calculus [Ber87]. While it has been
a fundamental tool defining and computing correlation functions for fermionic fields,
it does not seem well-suited to describe fermions as objects of infinite dimensional
probability theory and analysis, and therefore unsuitable for studying fermions using
stochastic analysis.

In the recent article [ABDG22], the authors performed the first steps towards fermionic
stochastic analysis using the framework of non-commutative probability. We quickly
review how non-commutative probability can be seen as a generalisation of classical
(commutative) probability. In the latter setting, given a probability space (�,μ), we can
define a corresponding “algebra of bounded observables” L∞(�,μ), that is the algebra
of (equivalence classes of) bounded measurable complex-valued functions. In particular,
L∞(�,μ) is a (commutative) C∗-algebra equipped with a state ωμ : L∞(�,μ) → C

given by f 	→ ∫
f dμ. The non-commutative probability setting allows one to take

non-commutative algebras of observables, the basic ingredients of a non-commutative
probability space being a C∗-algebra A (playing the role of L∞(�,μ)) equipped with
a positive definite state ω : A → R (playing the role of expectation). In practice, one
often realises A as an algebra of bounded operators on some Hilbert space and the state
ω can be written in terms of this representation.

In Sect. 2.3 we will review how one can define a Gaussian fermionic process with
reproducing kernel Hilbert space H by choosing our C∗-algebra to be a CAR2 algebra
A = A(H). One can realise A as an algebra of bounded operators generated by creation
and annihilation operators on the antisymmetric Fock space generated by H and the
state ω is given by A 	→ 〈1, A1〉 where 1 denotes the vacuum of the Fock space. The
fermionic fields3 ψ, ψ̄ will then be generators of a Grassmann subalgebra of A.

1 One can essentially make any choice of H here, see Remark 2.2.
2 Canonical Anticommutation Relations.
3 The fields themselves are operator-valued distributions that mapD 
 f 	→ ψ( f ), ψ̄( f ) ∈ A⊗C

2 where
D is some space of test functions. The same is true of the regular white noise, where ξ(z) is not a random
variable but instead a distribution that takes test functions to random variables by mapping f 	→ ξ( f ).
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Remark 1.1. One difference a reader may find between our approach and that of
[ABDG22] is that theirs is dual to the one we use in this article. Given a probabil-
ity space (�,μ) and a target space V , a V -valued random variable X is usually seen as a
measurable map �→ V . However, there is a dual perspective which identifies the ran-
dom variable X with the map X	 taking bounded measurable functions on V to bounded
measurable functions on � by precomposing with X . In the fermionic setting the role
of bounded measurable functions on V is played by the Grassmann algebra �(V ) and
that of the bounded measurable functions on (�,μ) is played by some C∗-algebra A
endowed with a state ω : A → C. In [ABDG22], the role of (totally anticommuting)
random variables in V is then played by algebra homomorphisms � : �(V )→ A.

However, we will not take up this dual approach, and work directly on our CAR
algebra A along with extensions of this algebra. We find this more convenient for field
theory where V is infinite dimensional, for combining probabilistic and analytic argu-
ments, and for working with bosons and fermions simultaneously (without integrating
out either).

Some of the key achievements of [ABDG22] are formulating stochastic differential
equations and Itô calculus for fermions which are used to formulate Langevin dynamics
for a fermionic field theory, however, this field theory has been regularised at small scales
to avoid the need for renormalisation.

Our main objective in the present article is to investigate how to develop a local
well-posedness theory for singular fermionic stochastic partial differential equations.
An immediate obstacle we encounter is that non-commutative probability does not quite
generalise all aspects of classical probability as the latter theory makes heavy use of
the fact that there is underlying measure space of realisations (�,μ). For algebras
of bounded random variables, one can take A = L∞(�,μ). However, most random
variables appearing in classical probability are unbounded, so one usually works in
a much larger algebra M(�,μ) of all (equivalence classes modulo μ-null sets of)
measurable maps from� toC equipped with the topology of convergence in probability,
or in the spaces Lq(�,μ) ⊂ M(�,μ) for 1 � p < ∞. There are related notions in
non-commutative probability, such as unbounded operators affiliated with A or non-
commutative Lq spaces [Tak03,CdS19] but these frameworks are currently lacking for
our purposes and might be ill-suited to apply to non-linear problems.

When aiming for a robust local well-posedness theory for (commutative) non-linear
SDEs /SPDEs it is natural to leverage � even more strongly and work “pathwise” – that
is one performs all the analysis after freezing an arbitrary point p ∈ �. This allows one
to treat any stochastic driving noise as fixed and bounded and also bypasses the issue
that non-linear operations don’t behave well with Lq(�,μ) spaces for q < ∞. This
point of view is well-suited for the analysis of rough / singular equations, there fixing
p ∈ � allows one to treat an enhanced noise (including renormalised products) as fixed
and bounded.

The problem that appears in non-linear singular SPDEs is that, while fermionic
Gaussians can be thought of as bounded random variables, this is typically not true for the
higher order Gaussian chaoses which appear when renormalising non-linear expressions
of rough Gaussian fields. While these objects can be constructed as affiliated unbounded
operators or elements of a non-commutative Lq space, one is no longer able to solve
equations in which such objects appear. In particular, the approach to solving non-linear
stochastic differential equations in [ABDG22] appears to depend crucially on the fact
that A is a Banach algebra, or at least an m-convex topological algebra.
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Working “pathwise” in � in the commutative setting is analogous to the method
of “localisation” in algebraic geometry. The primary contribution of our article is the
development of a “localisation” approach to non-commutative probability (drawing on
[DV75,DV77]) and its application to obtain a local (in space and time) well-posedness
theory for an SPDE that includes fermions and requires the renormalisation of products
involving fermions.

Finally, we mention that [DFG22] has used stochastic analysis methods to construct
purely fermionic models that are ill-posed at small scales, in particular they are able
to completely remove small scale cut-offs (and also work in infinite volume). Their
approach is not to use a Langevin dynamic but to instead use the Polchinski flow. In this
flow, the role of time is played by scale and the evolving objects are effective actions
Vs and effective fields 
s , these describe a marginal of the full interacting theory with
small scales integrated out – recovering the full interacting field would then correspond
to taking s →∞. Since the Polchinski flow is written in terms of effective actions and
fields, one then does not need to explicitly construct any renormalised non-linearities in
this approach.

1.2. Overview of main results

1.2.1. Localisingnon-commutative probability Our localisation approach to non-commu-
tative probability aims to replace A by a Fréchet space A with a topology weak enough
to include as elements the unbounded operators that arise when we renormalise products.
We also do not wantA to be too big, we hope that is has a topology strong enough to help
one prove the convergence of correlation functions if one can prove sufficiently strong
bounds related to global well-posedness of our dynamic. Finally, to allow us to prove
local well-posedness of our dynamic in A , we want this Fréchet space to be topologised
by a family of multiplicative seminorms. In non-commutative algebraic geometry, irre-
ducible representations can serve as analogues of points [KR00,Ros95]. We also know
that while renormalised polynomials of the fermion fields are unbounded operators on
Fock space, each such operator can be controlled on subspaces of Fock space with finite
particle number.

With this in mind our “points” will be indexed by Gr(H), that is the collection of
finite dimensional subspaces b ⊂ H. For each such b we will localise by working in a
representation of infinite dimensional space onA(b), the finite dimensional CAR algebra
generated by b. An obstacle is that our infinite dimensional CAR algebra does not admit
such representations because of its relations, but here we follow the approach of [DV75]
and replace A with the free 	-algebra Â generated by H– this amounts to forgetting the
canonical anticommutation relations. We then have “projection” representations πb :
Â→ A(b) where πb(a) should be thought of as evaluating a at b.

We (partially) recover4 the anticommutation relations by quotienting Â by the ideal
of elements that vanish everywhere (that is, those a ∈ Â with πb(a) = 0 for all b) and
completing this quotient with respect to the seminorms

(‖ • ‖n
)
n∈N where

‖a‖n := sup
{‖πb(a)‖A(b)

∣
∣ b ∈ Gr(H), dim(b) � n

}
.

The resulting space A is a locally C∗-algebra5 and serves as a non-commutative algebra
of unbounded observables. It contains a subalgebra A∞ of bounded observables which

4 This is made precise in Lemma 2.18.
5 A locally C∗-algebra is a complete topological 	-algebra whose topology is generated by a family of

sub-multiplicative seminorms, each satisfying the C∗-identity.
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is itself a C∗-algebra and is an extension6 of the original CAR algebra A. The space
A carries the original fermionic fields (ψ, ψ̄) but unlike A it also carries renormalised
polynomials of (ψ, ψ̄). The following theorem summarises the key properties of our
construction.

Theorem 1.2. There is a locallyC∗-algebraA , equippedwithC∗-seminorms
(‖•‖n

)∞
n=1

with the following properties.

1. A contains a dense C∗-algebra A∞ = {
a ∈ A

∣
∣ supn ‖a‖n <∞}

, which carries a
surjectiveC∗-homomorphism� : A∞ → A.7 Under� the vacuumstateω onApulls
back to give a densely defined state ω on A and one has canonical isomorphisms8

L2(A, ω) � L2(A∞,ω).

2. Sequences of polynomials Pk(ψ, ψ̄) ∈ A of the fermionic fields ψ, ψ̄ that converge
in L2(A, ω) can be be pulled back to polynomials Pk(ψ, ψ̄) ∈ A∞ that converge in
A .

Proof. The first statement is the content of Theorem 2.19, and Theorem 2.20. The second
statement is obtained in Proposition 2.23. ��

(A ,ω) is a non-commutative probability space with observables that are bounded
locally (in every seminorm‖•‖n) but not globally (supn ‖•‖n need not be finite). Statement
1 puts some limitation on how “big”A is, while statement 2 tells us our topology is weak
enough to allow the convergence of renormalised products. We localise by choosing to
work with a fixed seminorm ‖•‖n and this serves as a substitute for the pathwise approach
that is lost in going from commutative to non-commutative probability.

Remark 1.3. We point out that the “localised non-commutative probability” formalism
we try to develop in this article has a fair amount of freedom in how one chooses to
localise. Theorem 1.2 above (and also Theorem 1.4 below) hold for a very wide class of
collections ofC∗-seminorms

(‖•‖n
)∞
n=1 – see the discussion starting from Definition 2.16

and ending with (2.23).
Different allowable choices of families of seminorms give rise to different topologies

and thus very different spaces A – some of which are likely unreasonable. In particu-
lar, some of these topologies make it unnecessary to perform renormalisation, and are
therefore likely to be too weak to be of real interest.

A natural question that is not fully answered in this work is what a reasonable choice
of seminorms and corresponding space A is.

However, one thing we do show is that with a good choice of state, i.e. a faithful
one, we can define a “local” non-commutative L2-space, which imposes that one must
renormalise appropriately. In particular, if one does not renormalise then the products
diverge and are not in this L2-space, see Remarks 2.21 and 4.6.

6 In fact, this extension is “central” in the sense that the kernel of the map A∞ → A is an ideal generated
by some elements in the center of A∞.

7 The letter � is pronounced “digamma”.
8 Note here that L2(A, ω) denotes the non-commutative L2 spaces on A with state ω, not a Lebesgue

space of functions on A, see Sect. 2.2 for definitions.
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1.2.2. The Higgs–Yukawa2 model We now present the specific model we investigate in
this article and summarise our main result in Theorem 1.4 – a more precise formulation
of our model and main result can respectively be found in Sect. 3 and Theorem 5.12.

Our aim is to perform the first steps in the stochastic quantisation of the full Higgs–
Yukawa2 model describing a simple interaction of two Dirac fermions mediated via a
self-interacting (real) scalar boson. Formally this is described by the Euclidean action

∫

R
2

(1

2
|∇ϕ|2 +

m2

2
ϕ2 + B

(
ū, (− /∇ + M)u

)
+ gϕB

(
ū, u

)
+
λ

4
ϕ4

)
dx, (1.3)

where ϕ is a real9 scalar field, u and ū are two independent, two-dimensional Euclidean
Dirac spinor fields (again, corresponding to a fermionic particle and antiparticle), B

(
•, •

)

is the bilinear (not sesquilinear) extension of the usual scalar product on R
2 to C

2, /∇ is
the Dirac operator given by

/∇ :=
(

0 −∂1 + i∂2
−∂1 − i∂2 0

)

, (1.4)

and the constants are g ∈ R and m2,M > 0.
This model has been studied since the earliest days of constructive quantum field the-

ory (QFT) and was first constructed in the Hamiltonian /Minkowski setting by Glimm–
Jaffe [GJ70,GJ71] and Schrader [Sch72]. It was later formulated in the language of
Euclidean field theory by Osterwalder–Schrader in [OS73b] and has been heavily stud-
ied as a paradigmatic model mixing bosons and fermions [Sei75,SS75,CR77].

From (1.3) one can formally derive the dynamical Higgs–Yukawa2 model given by
the system of stochastic partial differential equations (SPDEs)

∂tϕ = (�− m2)ϕ − gB
(
ū, u

)− λϕ3 + ξ

∂t u = ( /∇ − M)u − gϕu + χ

∂t ū = ( /∇ − M)†ū − gϕū + χ̄

= (− /∇ − M)ū − gϕū + χ̄ . (1.5)

Here /∇ denotes the complex conjugate (but not adjoint) of /∇, † denotes the adjoint
operation, χ and χ̄ are two fermionic space-time white noises10 for the particle and
antiparticle – these are free fermions as in (1.1) where, for f, g ∈ D(R ×T

2;C2),

C( f, g) := ω
(
χ̄( f )χ(g)

) =
∫

R

∫

T
2
〈 f (t, x), g(t, x)〉

C
2 dx dt,

and ξ is a bosonic (i.e. “standard”) space-time white noise. In principle, the “law” of
the “stationary” solutions of (1.5) should be consistent with the Euclidean formulation
of the Higgs–Yukawa2 model studied earlier.

The recent work [ABDG22] discussed in the first section of the introduction also
considered the Yukawa2 model (but in the smooth regime11) via a stochastic quantisation

9 In the context of stochastic quantisation below, this means that the bosonic noise driving the dynamics is
a random variable on the space of real-valued distributions.

10 Here we view the fermionic fields as A-valued distributions over space-time.
11 With a fixed continuum regularisation (in field theory language, with a UV cut-off).
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approach. We point out that [ABDG22], following the approach of [Les87], integrate
out the bosons in the field theory and then perform the stochastic quantisation of the
resulting “effective” purely fermionic theory.12 Our method has no problem dealing with
the ϕ4 potential term in (1.3), which prevents one from easily integrating out the bosons
from the start.

In the present article we do not study the dynamic (1.5) itself, but a similar equation
with two main differences:

• The first difference is also found in [ABDG22], this modification gives a differ-
ent dynamic but, modulo a change of variable, gives the same invariant state – see
Remark 3.4 for more details. In order to have equations where all the components
behave well under parabolic scaling we (i) change the bilinear form that is used to
define both the fermionic white noise and the functional derivative of the action (1.3)
in our stochastic quantisation and (ii) we change the fermionic variables, introducing
(υ, ῡ) where

u = ( /∇ + M)υ and ū = (− /∇ + M)ῡ. (1.6)

• The second change is more substantial. We improve the regularity of the fermionic
noises so that the equation remains singular but can be treated by a Da Prato–
Debussche type perturbative ansatz. We still have to carry out a renormalisation
procedure for our equations, but all the renormalisations needed are Wick renormal-
isations. With this change, our dynamic is not a stochastic quantisation of the action
(1.3). If we did not introduce this regularisation, our analysis would involve more
difficult divergences13 which would require us to employ a fermionic extension to
the framework of [Hai14]—this is left for future work.

The actual dynamic we then investigate is

∂tϕ = (�− m2)ϕ − gB
(
(− /∇ + M)ῡ, ( /∇ + M)υ

)− λϕ3 + ξ,

∂tυ = (�− M2)υ − gϕ( /∇ + M)υ + ψ,

∂t ῡ = (�− M2)ῡ − gϕ(− /∇ + M)ῡ + ψ̄, (1.7)

where ξ is again a bosonic space-time white noise, and (ψ, ψ̄) are free Dirac fermions
just like (1.1), where, for f, g ∈ D(R ×T

2;C2) we set

C( f, g) := ω
(
ψ̄( f )ψ(g)

) =
∫

R

∫

T
2
〈 f (t, x), (Qg)(t, x)〉

C
2 dx dt,

for Q := (−�+M2)−δ/2(− /∇ +M)−1 and δ > 0 represents the regularisation described
in the second bullet point above. In particular, if δ = 0, then one would formally expect(
ϕ,

(
( /∇ +M)υ, (− /∇ +M)ῡ

))
to admit the Higgs–Yukawa2 state as its equilibrium state.

For the rest of the article we fix a smooth, compactly supported function� : R×R
2 →

[0, 1] integrating to 1 and write �ε(t, x) := ε−4�(ε−2t, ε−1x). We define ξε := ξ ∗ �ε,
ψ̄ε := ψ̄ ∗ �ε, and ψε := ψ ∗ �ε. Our main result is as follows.

12 Note that [Sei75,SS75,CR77] went in the opposite direction and started their analysis with a bosonic
field theory where the fermions had been integrated out.

13 This would mean that we have to go beyond Wick renormalisation. In particular, without this regularisation
the equation would look like bosonic �4

3 whereas with our regularisation it looks more like bosonic �4
2.
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Theorem 1.4. There exist constants
(
C1
ε

)
ε∈(0,1] and

(
C2
ε

)
ε∈(0,1], such that, for each

n ∈N, the local in time solutions
(
ϕε, (υε, ῡε)

)
to the regularised system of equations

∂tϕε = (�− m2 + C1
ε )ϕε − g

(
B
((− /∇ + M

)
ῡε ,

(
/∇ + M

)
υε

)− C2
ε

)
− λϕ3

ε + ξε,

∂tυε = (�− M)υε − gϕε
(
/∇ + M

)
υε + ψε ,

∂t ῡε = (�− M)ῡε − gϕε
(− /∇ + M

)
ῡε + ψ̄ε, (1.8)

seen as random fields with respect to the Bosonic space-time white noise ξ and taking
values in A, can be lifted to random local in time solutions in An that converge in
probability on An as ε ↓ 0.

Here An is the Banach space obtained by quotienting A by the kernel of ‖ • ‖n and
completing with respect to ‖ • ‖n.
Proof. This is the content of Theorem 5.12. ��
Remark 1.5. In the above theorem, fixing n localises in the fermionic noise. Note that
the existence time of our solution may depend on our initial data, our realisation of the
bosonic noise, and on our choice of n. This is similar to the fact that the local existence
time for a regular stochastic PDE may depend on a suitably chosen notion of “size”
for the realisation of the driving noise. Obtaining local in time solutions in A instead
of An likely requires making progress on global well-posedness of the dynamic, see
Remark 5.11 and Sect. 5.3.

1.3. Notations and conventions. Unless we explicitly state otherwise, all of our vector
spaces are complex. Accordingly, by “scalar” we will usually mean complex-valued. All
of our algebras will be associative.

We use the notation [n] := {1, . . . , n} for n ∈ N. Given a vector space V we write
1 = 1V to denote the identity map on V . We overload notation, and for a unital algebra
A we also write 1 = 1A for unit of A. For topological vector spaces V,W we denote
by B(V,W ) the space of continuous linear maps V → W and by B(V,W ) the space of
antilinear ones.

Given any measurable space S we write M (S) for the space of measurable scalar
functions on � Given any measure space (S, μ) we write M(S, μ) for equivalence
classes of elements of M (S) which are equal μ-almost everywhere. We view M(S, μ)
is a topological vector space equipped with the topology of convergence in probability.

For q ∈ [1,∞) we write Lq(S, μ) for the standard Lq space of (equivalence classes)
of scalar functions. We define the vector space L∞−(S, μ) := ⋂

q�1 L
q(S, μ), which

is a locally convex topological vector space when equipped with the family of norms(‖ • ‖Lq
)
q�1. We also drop μ from the notation when it is clear from context.

Given a complete, locally convex space E with a collection of seminorms P, we
write L q(S, μ; E) for the closure of the E-valued measurable step-functions on S with
respect to the topology induced by the seminorms

‖ f ‖p,q :=
(∫

S

(
p( f (x))

)qdμ(x)

) 1
q

(1.9)

for all p ∈ P. We write Lq(S, μ; E) for the set of equivalence classes of functions
in L q(S, μ; E) that are equal almost everywhere. When P is countable (that is, E
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is a Fréchet space) we have that Lq(S, μ; E) is complete since one has to take into
account only countably many seminorms and the usual measure theoretic construc-
tions carry through, cf. [Tre67, Section 46.1].14 We again write L∞−(S, μ; E) :=⋂

q�1 L
q(S, μ; E). We analogously define M(S, μ; E).

Given an algebra A and state ω we will also use the notation L2(A, ω), see Sect. 2.2.
We write � := R×T

2 for the primary space-time domain we work on in this article.
We sometimes also work on R

3 as our space-time, where the first coordinate denotes
time, so the corresponding spatial domain T

2 is replaced with R
2. We also introduce the

subsets �T := [0, T ] ×T
2 and �+ := R+ ×T

2, where R+ := [0,∞).
Given an open domain A in space(-time) and a topological vector space E , we write

D(A; E) for the space of smooth, compactly supported E-valued functions on A. We
writeD ′(A; E) for the corresponding space of E-valued distributions, that is continuous
linear maps D(A;C) → E . We write C (A; E) for the space of continuous E-valued
functions on A and, for r ∈ N, C r (A; E) for the space of r -times continuously differ-
entiable E-valued functions on A. When E = C we drop E from the notation.

When we need to quantify regularity on space(-time) we will use Hölder–Besov
spaces which we quickly recall now. In the space-time setting we scale space and time
parabolically15 that is for (t, x1, x2) ∈ R

3 and λ > 0 we set

λs(t, x1, x2) := (λ2t, λx1, λx2).

We use an associated parabolic “norm” by setting, for z = (t, x1, x2) ∈ R
3,

|z|s :=
√|t | + |x1| + |x2|,

so that |λsz|s = λ|z|s. With this scaling, ds := 2 + 1 + 1 = 4 is the scaling dimension
of our space-time, in particular the function |z| js is locally integrable near 0 if and only
if j > −ds.

For α ∈ (0, 1), we define Cαs (R3) to be the space of all functions f on R
3 such that,

for every compact set K ⊂ R
3,

sup
z,z′∈K
z �=z′

| f (z)− f (z′)|
|z − z′|αs

<∞.

For α < 0, we define Cαs (R3) to consist of all distributions ξ ∈ D ′(R3) such that, for
every compact set K ⊂ R

3, one has

sup

{

λ−α|ξ(Sλ
s,zη

)|
∣
∣
∣
∣
η ∈ D(R3), ‖η‖C r � 1,

z ∈ K

}

<∞,

where we write (Sλ
s,zη)(w) := λ−dsη((λ−1)s(w − z)) and r = −�α�. We write Cαs (�)

for the space obtained when we also enforce periodicity in space.
We analogously write Cα(T2)/Cα(R2) for the corresponding Hölder–Besov spaces

of functions /distributions of a spatial variable – here we use the regular Euclidean scaling
(1, 1) for our two dimensions of space so we drop the scaling index s.

14 When E is not separable, this is in general smaller than the space of all appropriately integrable E-valued
measurable functions. The functions we defined above are usually called strongly measurable, cf. [HvNVW16].

15 In the language of regularity structures, we use the space-time scaling s = (2, 1, 1).
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In Appendix A.1 we define vector-valued Hölder–Besov spaces for general α ∈ R in
more detail along with recalling the Schauder estimate in Theorem A.9 and the Young
multiplication estimate Theorem A.10.

We fix a smooth, radially symmetric, compactly supported function � : R3 → R that
integrates to 1 as a mollifier, and define

�ε := Sε
s,0�. (1.10)

Finally, we will use � to refer to the probability space for the bosonic space-time
white noise.

2. Operator Algebras and Fock Spaces

2.1. Basic definitions of operator algebra theory Throughout this paper all of our
algebras will be unital. For elements a, b of an algebra A we write

[a, b]± := ab ± ba.

A topological algebra A is an algebra that is a topological vector space with a multi-
plication that is jointly continuous in both arguments. We add the attributes Hausdorff,
locally convex (LC), complete, Fréchet if the underlying topological vector space satis-
fies the corresponding conditions.

We say that a topological algebra is a topological 	-algebra if it is equipped with a
continuous antilinear16 involution a 	→ a† that satisfies (ab)† = b†a†.

A locally convex topological algebra A is “locally m-convex” if and only if there
exists a family of seminorms P inducing the topology of A, such that for all a, b ∈ A
and all p ∈ P

p(ab) � p(a)p(b). (2.1)

Generically, in a LC algebra the continuity of multiplication only requires that for each
p ∈ P, there exist q, r ∈ P such that p(ab) � q(a)r(b). The stronger property (2.1) will
be crucial in allowing us to formulate our SPDE as a well-posed fixed-point problem.

A Banach algebra A is a locally m-convex algebra that is also a Banach space with
a norm ‖ • ‖ for which one has, for all a, b ∈ A,

‖ab‖ � ‖a‖‖b‖.
A C∗-algebra A is a Banach 	-algebra where the 	-operation is an isometry and in
addition satisfies the relation

‖a†a‖ = ‖a‖2 (2.2)

for all a ∈ A. Equation (2.2) is called the C∗-identity.
A complete, locally m-convex 	-algebra A is called a locally C∗-algebra when its

topology can be induced by an m-convex family of seminorms P, which satisfy for all
a ∈ A and all p ∈ P

p(a†) = p(a) and p(a†a) = p(a)2.

16 Recall a map M on a complex vector space V is antilinear if, for every λ ∈ C, u, v ∈ V , one has
M(λu + v) = λ̄M(u) + M(v).
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Such seminorms are called C∗-seminorms. A locally C∗-algebra A contains a dense
C∗-algebra

A∞ :=
{
a ∈ A

∣
∣
∣ ‖a‖∞ := sup

p∈P
p(a) <∞

}

with C∗-norm ‖ • ‖∞, cf. [DV75, Lemma 5].
A state on a topological 	-algebra A is a continuous linear functional ω : A → C

that satisfies for all a ∈ A
ω(a†a) � 0 and ω(1) = 1.

Example 2.1. Let (S, μ) be a probability space. The space L∞(S, μ) of essentially
bounded complex-valued measurable functions is a C∗-algebra with the 	-operation be-
ing complex conjugation. A state on this algebra is given by the integration functional,
i.e.

ωμ( f ) =
∫

f dμ.

We can also define a space L∞loc(S, μ) of locally bounded measurable complex-valued
functions, mirroring our main construction of the extended CAR algebra in Sect. 2.7.
Choose a family U of measurable sets, s.t. μ

(⋃U) = 1 and μ(U ) > 0 for all U ∈ U .
For a measurable function f and U ∈ U , let

‖ f ‖U := ‖ f 1U‖L∞
where 1U is the indicator function of U . We let L∞loc(S, μ) be the space of measurable
functions f , s.t. ‖ f ‖U < ∞ for all U ∈ U , equipped with the topology induced by the
seminorms ‖•‖U . One can easily check that this is a locallyC∗-algebra. Furthermore, one
can view multiplication by 1U as an algebra representation L∞loc(S, μ)→ L∞(U, μ

∣
∣
U ).

In the non-commutative probability setting we will not be able to view our random
variables as functions on a space S, but we will have a canonical analogue of L∞(S, μ),
that is an algebra of bounded random variables. A key step will be finding a space to play
the role of L∞loc(S, μ) so that we can work “locally” with respect to unbounded random
variables.

2.2. Non-commutative L2-space of C∗-algebra For this section we fix an arbitrary
(unital) C∗-algebra A with involution denoted A 
 A 	→ A† ∈ A.

Letω : A→ C be a state onA, we can the define an associated positive semi-definite
inner product on A

〈•, •〉 : A×A −→ C

(A, B) 	−→ ω(A†B). (2.3)

By quotienting out the left ideal

Nω :=
{
A ∈ A ∣

∣ω(A†A) = 0
}

(2.4)

and completing the resulting space under the norm determined by (2.3), one obtains the
Hilbert space

L2(A, ω) := A/Nω.

Writing A 
 B 	→ [B] ∈ A/Nω for the quotient map, we note that the algebra A
naturally acts on this Hilbert space via A[B] := [AB].
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2.3. CAR algebras and antisymmetric fock space A CAR algebra is a C∗-algebra that
encodes a set of relations called the canonical anticommutation relations (CAR). We
present a short overview here, but for an introduction see Chapter 5 of [BR87] and for
an in-depth analysis see [Der06].

Let H be a separable, complex Hilbert space with antiunitary involution κ , i.e. κ is
antilinear and satisfies for all f, g ∈ H

〈κ f, κg〉 = 〈g, f 〉.
We will always use the convention compatible with the physicists’ bra-ket convention
that scalar products 〈g, f 〉 are linear in f and antilinear in g. We first define a complex
(non-commutative) 	-algebra Å(H) generated by symbolsα( f ), α†( f ) for every f ∈ H,
such that the assignment f 	→ α†( f ) is linear, f 	→ α( f ) is antilinear, α( f ) is the 	-
adjoint of α†( f ), and these elements satisfy the anticommutation relations

[α( f ), α†(g)]+ = α( f )α†(g) + α†(g)α( f ) = 〈 f, g〉H1,
[α( f ), α(g)]+v = [α†( f ), α†(g)]+ = 0, (2.5)

where 1 denotes the unit of Å(H).
Note that Å(H) is a special type of non-commutative algebra called a super-algebra

or a Z2-graded algebra. That is, we have a decomposition Å(H) = Å0(H)⊕ Å1(H) into
an even subalgebra Å0(H) and odd subspace Å1(H)– this is done by postulating that
every instance of α(•) or α†(•) is odd and by using the natural product rule.

The CAR algebra corresponding to H, denoted here by A(H), is the unique C∗-
algebra generated by Å(H). Here, uniqueness comes from the fact that (2.5) fixes the
C∗-algebra norm. The canonical anticommutation relations imply that

(
α†( f )α( f )

)2 = α†( f )
[
α†( f ), α( f )

]
+α( f ) = ‖ f ‖2

Hα
†( f )α( f )

and thus, because α†( f )α( f ) is self-adjoint, the C∗-norm ‖ • ‖ on Å(H) must satisfy (if
it exists)

‖α( f )‖4 = ‖α†( f )α( f )‖2 = ‖(α†( f )α( f ))2‖ = ‖ f ‖2
H‖α†( f )α( f )‖

= ‖ f ‖2
H‖α( f )‖2.

Combining this with the fact that (2.5) forces f �= 0 ⇒ α( f ) �= 0, we can conclude
that ‖α( f )‖ = ‖α†( f )‖ = ‖ f ‖H. We again point the reader to [BR97, Chapter 5.2] for
a complete proof that the relations above do indeed uniquely determine a C∗-algebra
(up to canonical isomorphism). Note that A(H) inherits the super-algebra structure from
Å(H). We sometimes suppress H from the notation.

One way to realiseA(H) is as a subalgebra of the bounded linear operators onFa(H),
the fermionic Fock space generated by H, i.e.

Fa(H) :=
∞⊕

n=0

H∧n, (2.6)

where H∧n denotes the n-fold antisymmetric (Hilbert space) tensor product of H with
itself, and H∧0 := C. In particular, H∧n can be viewed as the closed subspace of the
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Hilbert space H⊗n left invariant by the antisymmetric action of the permutation group.
Explicitly, given f1, . . . , fn ∈ H we define the element of H∧n given by

f1 ∧ · · · ∧ fn := S−n ( f1 ⊗ · · · ⊗ fn) := 1

n!
∑

σ∈Sn

sgn(σ ) fσ(1) ⊗ · · · ⊗ fσ(n) (2.7)

where S−n : H⊗n → H∧n ⊂ H⊗n extends by linearity to a projection operator. For
F,G ∈ H∧n we define

〈F,G〉H∧n := 〈F,G〉H⊗n

For product vectors f1 ∧ · · · ∧ fn, g1 ∧ · · · ∧ gn in H∧n , where all fi , gi ∈ H, one
furthermore has the expression

〈 f1 ∧ · · · ∧ fn, g1 ∧ · · · ∧ gn〉H∧n = 1

n!
∑

σ∈Sn

sgn(σ )
n∏

i=1

〈 fi , gσ(i)〉H

= 1

n! det
((〈 fi , g j 〉H

)
1�i, j�n

)
.

We call 1 ∈ H∧0 ⊂ Fa(H) the vacuum, where 1 denotes the empty exterior product.
We then set, for any f ∈ H, α†( f )1 = f and α( f )1 = 0 along with

α†( f ) f1 ∧ · · · ∧ fn :=
√
n + 1 f ∧ f1 ∧ · · · ∧ fn,

α( f ) f1 ∧ · · · ∧ fn := √
n

n∑

j=1

(−1) j−1〈 f, f j 〉H
∧

1�i�n
i �= j

fi . (2.8)

One can easily check that α( f ) and α†( f ) are in fact adjoints as operators on Fa(H)
and that they indeed satisfy (2.5). We remark that the above construction also gives a
corresponding vacuum state

ω : A(H) −→ C

A 	−→ 〈1, A1〉Fa(H). (2.9)

In the context of quantum field theory,H is called the single particle Hilbert space and
α†( f ) and α( f ) are called creation and annihilation operators on Fa(H) respectively.

Finally, an unbounded operator on Fa(H) that will be of importance to us will be the
number operator N given by

N =
∑

j

α†(e j )α(e j ), (2.10)

where (e j )∞j=1 can be taken to be any orthonormal basis of H. One can take the algebraic
direct sum ⊕∞

n=0H
∧n as a core for the number operator and we note that on H∧n , the

operator N is just given by multiplication by n. In particular, the definition of N does
not depend on the choice of orthonormal basis.
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2.4. Euclidean fermionic field operators In quantum field theories describing bosons
(or Majorana fermions), the quantum field � is a self-adjoint operator-valued distribu-
tion given by an expression of the type � = α + α† on the bosonic / fermionic Fock
space. However, for Dirac fields, which include pairs of particles and antiparticles, the
field operators are generally not self-adjoint and mix the creation and annihilation op-
erators of the particles and antiparticles. In particular, this means that we do not have
functional calculus or something similar at our disposal, leading to our definition of
non-commutative localisation below in Sect. 2.7.

Furthermore, our algebra and state need to be defined so that Euclidean fermionic
fields anticommute inside of expectations under this state.

Following [OS73b] and [ABDG22], we can achieve this by introducing a unitary
operator U on H that is κ-antisymmetric, i.e. UT := κU †κ = −U and then defining the
fermionic noise to be the (complex-linear) operator 
 : H→ A(H)


( f ) := α(κU f ) + α†( f ). (2.11)

Remark 2.2. We note that the choice of 〈•, •〉H andU together determine the “covariance”
of our fermionic noise. A quick calculation shows that, for f, g ∈ H,

ω(
( f )
(g)) = 〈1, 
( f )
(g)1〉Fa(H) = 〈κU f, g〉H = −〈κ f,Ug〉H.

In particular, we have the desired anticommutation in expectation.
Also note that there are many choices of 〈•, •〉H and skew-symmetric U that lead to

fermionic fields 
 with the same covariance.

Remark 2.3. If one has a polynomial F(
( f1), . . . , 
( fn)) for fi ∈ H, then

ω
(
F(
( f1), . . . , 
( fn))

)

is essentially a rigorous expression for the formal infinite-dimensional Berezin integral
against a fermionic “measure” of the form

e〈
,U
〉D
.

In particular one has the well-known17 fermionic Wick rule,

ω
(

( f1) · · ·
( f2n)

) =
∑

σ∈S2n

sgn(σ )
n∏

i=1

ω
(

( fσ(2i−1))
( fσ(2i))

)
.

One can easily check that [
( f ),
(g)]+ = 0 holds for all f, g ∈ H from which we
can conclude

{

( f )

∣
∣ f ∈ H

}
generates a super-subalgebra G̊(H) ⊂ A(H)– in partic-

ular it is super-commutative, i.e. for homogeneous (purely even or odd) elements x, y
of this subalgebra we have xy = (−1)|x |·|y|yx where |x |, |y| ∈ Z2 are the degrees of
the elements. However, G̊(H) is not closed under adjoints so it is not a sub-	-algebra of
A(H). We denote by G(H) the closure of G̊(H) with respect to the norm of A(H).

17 The identity can be proven by using a straightforward induction argument using (2.5), see for instance
[ABDG22].
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Remark 2.4. All the physical content of fermionic field theories is contained in observ-
ables built from 
, and much of the literature concerning Euclidean fermions pays little
attention to the C∗-algebra A and instead focuses exclusively on G̊ (often called the
Grassmann algebra) or some metric closure of G̊.

In fact, since it does not have a 	-structure, there exist many different reasonable
choices of norms on G̊ under which one may get different completions; see for example
[FKT02] for a different approach. Even though a C∗-algebra introduces many non-
physical observables, we have the following motivations for focusing on them in our
framework:

• As a subalgebra of A, G is a more concrete object than the abstractly defined Grass-
mann algebra usually found in the literature. In particular, one has an explicitly de-
fined state ω on A while defining some analogue of the state on an abstract Grassman
algebra can lead to having to define infinite-dimensional Pfaffians of operators.
• Our extended CAR algebra framework given in the next section, which is needed
for formulating SPDEs including unbounded renormalised physical observables built
from 
, involves building a locally C∗-algebra18 which enlarges the C∗-algebra A.
• It is unclear how to define renormalised fields in just the Grassmann setting as the
norm of the counterterm is independent of the norm of the product because they live in
different degrees of the N-gradation of the Grassmann algebra. However, such fields
do make sense as unbounded operators affiliated with von Neumann closures of A,
see Remark 2.11. It would be interesting in the future to make a strong connection
between the extended CAR algebra and such unbounded operators.
• This approach is closer to that of [OS73b] and thus it is a bit clearer how one would
have to proceed to implement the OS axioms.

2.5. Araki-Wyss representations This section will explore a slightly more intricately
defined quasi-free state ω� on A(H) that is, however, faithful, i.e. for all A ∈ A(H)

ω�(A
†A) > 0,

and thus the corresponding non-commutativeL2-space is a completion ofA(H).19 Recall
that the this is a Hilbert space with inner product (A, B) 	→ ω(A†B). In particular, with
this state one has Nω� = {0}.

However, we will not use this in the rest of the article except for isolated remarks, 2.9,
2.21 and 4.6.

Given a C∗-algebra there are typically (infinitely) many different ways to complete it
to a von Neumann algebra. This is readily seen when one considers the different spaces
L∞(�;μ) for some probability measures μ that are all von Neumann completions of
C (�), cf. [Tak02]. The fermionic CAR algebra A(H) constructed in Sect. 2.3 is an
example of a C∗-algebra that admits many such completions. In particular, we shall
describe the so-called Araki-Wyss representations, a class of quasi-free representations,
i.e. representations defined via a state that satisfies Wick’s rule.

Definition 2.5. Let � ∈ B(H) be a positive self-adjoint operator satisfying 0 � � � 1.
Let α2, α

†
2 denote the annihilation and creation operators of A(H⊕H). The (left) Araki-

Wyss representation of A(H) is the homomorphism π� : A(H) → A(H ⊕ H) defined

18 Locally C∗-algebras are defined in Sect. 2.1.
19 After submitting this article, we noticed the possibility of using this state within our framework after

seeing the recent article [VFGG23].
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via

α†( f ) 	−→ α
†
2

(√
1− � f, 0

)
+ α2

(
0, κ

√
� f

)

α( f ) 	−→ α
†
2

(
0, κ

√
� f

)
+ α2

(√
1− � f, 0

)

We shall denote by ω2 the Fock vacuum state on A(H⊕ H).

Proposition 2.6. π� is a C∗-algebra homomorphism.

Proof. We only check that π� preserves the anticommutation relations, for more details
see [Der06].
[
π�(α

†( f )), π�(α(g))
]

+
=

[
α

†
2(

√
1− � f, 0), α2(

√
1− �g, 0)

]

+

+
[
α2(0, κ

√
� f ), α†

2(0, κ
√
�g)

]

+

= 〈√1− �g,
√
1− � f 〉H1+〈κ√� f, κ

√
�g〉H1=〈g, f 〉H1

[
π�(α

†( f )), π�(α
†(g))

]

+
=

[
α

†
2(

√
1− � f, 0), α†

2(
√
1− �g, 0)

]

+

+
[
α2(0, κ

√
� f ), α2(0, κ

√
�g)

]
+ = 0

Here we have only included terms with both input vectors belonging either to the first
or second factor of H⊕ H as the other ones are necessarily 0 by orthogonality.

��
Proposition 2.7. The state ω� := ω2 ◦ π� is faithful if and only if the kernel of � and
1 − � are trivial.

Proof. See [Der06, Theorem 43]. ��
Note that the state depends on the choice of representation π� and thus the operator �.
From now on we shall assume that � induces a faithful state. In particular this means
that L2(A(H), ω�) ⊃ A(H).

Remark 2.8. This contrasts with the vacuum state where many elements of A(H) are
identified with one another inL2(A, ω). For example,‖α( f )‖L2(ω) = 0 but‖α( f )‖L2(ω�)

= ‖√� f ‖H.

The image of the fermionic field 
( f ) under the representation π� is given

π�(
( f )) = α
†
2

(√
1− � f, κ

√
�κU f

)
+ α2

(√
1− �κU f, κ

√
� f

)

Now suppose that κU commutes with the one-particle density �. Then

ω� (
( f )
(g)) = 〈κU f, (1− 2�)g〉.
If 1 − 2� is invertible, e.g. if � < 1

21, then we can modify U in such a way that the
resulting fermionic fields 
�( f ) are still Gaussian and have covariance U w.r.t. ω�. In
particular,


�( f ) := α†( f ) + α(κŨ f )

Where

Ũ := U (1− 2�)−1.

One easily checks, that Ũ T = −Ũ . One easy way to ensure that � commutes with κU
is to set � = λ1 with λ ∈ (0, 1

2 ).
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2.6. Wick products and fock space In much of the singular SPDE literature, given a
multilinear functional of singular Gaussian (bosonic) noises, in order to prescribe the
renormalisation of this functional and prove its probabilistic convergence (for instance,
in some Lq

(
�,μ; Cαs (�)

)
topology), the standard way to proceed is to rewrite objects

as chaos expansions / sums of Hermite polynomials and then remove divergent terms in
these sums.

In comparison, our renormalisation prescription for multilinear functionals of the
fermionic noise will involve super-commutative analogues of these Hermite polynomials
of the fermionic noise.

We start by introducing our joint field operator /noise process. For this section we
again view H as generic complex Hilbert spaces and introduce a second bosonic Hilbert
spaceB. As before, given aU onH, we then have a fermionic noise which is a continuous
map � : H→ A∞.

Fixing a Gaussian measure μ on some real topological vector space S with reproduc-
ing kernel Hilbert space20 B, we have a corresponding bosonic noise field (process)21

ξ which is a continuous map ξ : B→ L∞−(S, μ).

2.6.1. Itô–Segal–Wiener isomorphisms We will review standard facts about the rela-
tionship between Gaussian measures / states and bosonic and fermionic Fock spaces –
for more details we refer the reader to [Nua06] for the bosonic case and [Mey95] dis-
cussing both fermions and bosons.

For any n ∈ N, we denote by B⊗sn the n-fold symmetric tensor power of B and
B⊗s0 := C. Here we write, in analogy to (2.7), for f1, . . . , fn ∈ B

f1 ⊗s · · · ⊗s fn := 1

n!
∑

σ∈Sn

fσ(1) ⊗ · · · ⊗ fσ(n)

and for g1 ⊗s · · · ⊗s gn ∈ B⊗sn we have the scalar product

〈 f1 ⊗s · · · ⊗s fn, g1 ⊗s · · · ⊗s gn〉B⊗s n = 1

n!
∑

σ∈Sn

n∏

i=1

〈 fi , gσ(i)〉.

As before, B is called the single particle Hilbert space, and Fs(B) is the corresponding
bosonic or symmetric Fock space.

The Itô–Segal–Wiener isomorphism

ιs : Fs(B) :=
∞⊕

n=0

B⊗sn → L2(S, μ), (2.12)

is then given by

ιs :=
∞⊕

n=0

1√
n!ξ

�n

20 That is the Hilbert space generated by the scalar product Eμ(κ( f ∗(ξ))g∗(ξ)) in the complexification of
S′, the dual space of S, after quotienting out vectors of norm 0 and taking its completion.

21 Note that there is an asymmetry in how we define 
 and ξ here since ξ does not take values in some
algebra of observables AB (see Remark 3.10) that is defined independently of the state /measure, so ξ(•) is
more analogous to [
(•)] where [•] is defined as in Sect. 2.2.
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where, for n ∈ N, the maps ξ�n : B⊗sn → L2(S, μ), the Wick22 or normal ordered
products, are defined by the inductive relation

ξ�n
(
f1⊗s · · · ⊗s fn

) := ξ( f1)ξ
�(n−1)( f2 ⊗s · · · ⊗s fn

)

−
n∑

i=2

Eμ[ξ( f1)ξ( fi )] ξ�(n−2)( f2 ⊗s · · · ⊗s f̂i ⊗s · · · ⊗s fn
)
, (2.13)

where we write f̂i above to denote the omission of the factor fi from the tensor product.
This induction “starts” with ξ�1 := ξ and ξ�0(c) := c1 where 1 is the function that is
identically 1 on �. It is not hard to check that ξ�n(•) satisfies the appropriate symmetry
properties so that it is well-defined on the algebraic n-fold symmetric tensor product and
that moreover it preserves the B⊗sn norm so that it indeed extends from the algebraic
n-fold symmetric tensor product to all of B⊗sn .

We now turn to discussing the fermionic analogue ιa of (2.12). Recall Sect. 2.3 and our
fermionic noise 
 as defined in (2.11). As we shall see shortly, there is an isomorphism

ιa : Fa(H)→ L2(A(H), ω), (2.14)

where the space L2(A(H), ω) is defined as in Sect. 2.2.
We first inductively define for n ∈N the maps


�n : �n(H)→ A(H) (2.15)

where �n(H) ⊂ H∧n is the algebraic n-fold antisymmetric tensor product. (This inclu-
sion is strict unless dim H <∞ since the Hilbert space tensor product appearing in H∧n
is strictly larger than the algebraic tensor product.) We set


�n( f1∧ · · · ∧ fn
) := 
( f1)


�(n−1)( f2 ∧ · · · ∧ fn
)−

−
n∑

i=2

(−1)iω
(

( f1)
( fi )

)

�(n−2)( f2 ∧ · · · ∧ f̂i ∧ · · · ∧ fn

)
, (2.16)

where we use the same conventions as in (2.13) namely 
�0(c) = c1 and 
�1 = 
.
It is not hard to check that 
�n(•) satisfies the appropriate antisymmetry properties so
it is indeed well-defined on �n(H), but for n � 2 one cannot expect to extend 
�n to
a map from H∧n to A(H)– see Theorem 2.12 below. However, writing [•] : A(H) →
L2(A(H), ω) for the map taking algebra elements to their equivalence classes, one can23

extend [
�n(•)] to an isometry from H∧n to L2(A(H), ω). We can then set

ιa(•) :=
∞⊕

n=0

1√
n! [


�n(•)].

Remark 2.9. In the context of the faithful state ω�, there is no need to take equivalence
classes when defining L2(A(H), ω�). In that case 
�n(F) is directly an element of
L2(A(H), ω�) and thus also an unbounded operator affiliated (with the von Neumann
closure) of A(H). Furthermore, ιa is again a unitary map in this case.

22 Another common notation for ξ�n( f1, . . . , fn) is : ξ( f1) · · · ξ( fn) : .
23 This is an easy consequence of calculating the L2 norm of the right-hand side of (2.17).



2 Page 20 of 65 A. Chandra, M. Hairer, M. Peev

2.6.2. Wick powers as unbounded operators We remark that, for f1 ∧ · · · ∧ fn ∈ H∧n

[
�n( f1 ∧ · · · ∧ fn)] = [α†( f1) · · ·α†( fn)], (2.17)

as elements of L2(A(H), ω). To see this, we first note that (2.17) is trivial for n ∈ {0, 1},
so it suffices to show that it is stable under the induction (2.16). Assuming (2.17) holds
up to n − 1, it follows from the fact that Nω = {

A ∈ A(H)
∣
∣ A� = 0

}
(cf. (2.4) and

(2.9)) is a left ideal that

[
�n( f1 ∧ · · · ∧ fn
)] = [


( f1)α
†( f2) · · ·α†( fn)

]−

−
n∑

i=2

(−1)iω
(

( f1)
( fi )

)[
α†( f2) · · · α̂†( fi ) · · ·α†( fn)

]
.

As a consequence of (2.11), we then see that
[

( f1)α

†( f2) · · ·α†( fn)
]− [

α†( f1) · · ·α†( fn)
] = [

α(κU f1)α
†( f2) · · ·α†( fn)

]

= 〈κU f1, f2〉
[
α†( f3) · · ·α†( fn)

]− [
α†( f2)α(κU f1)α

†( f3) · · ·α†( fn)
]

= 〈κU f1, f2〉
[
α†( f3) · · ·α†( fn)

]− 〈κU f1, f3〉
[
α†( f2)α

†( f4) · · ·α†( fn)
]

+
[
α†( f2)α

†( f3)α(κU f1)α
†( f4) · · ·α†( fn)

]

=
n∑

i=2

(−1)i 〈κU f1, fi 〉
[
α†( f2) · · · α̂†( fi ) · · ·α†( fn)

]

− (−1)n
[
α†( f2) · · ·α†( fn)α(κU f1)

]

=
n∑

i=2

(−1)iω
(

( f1)
( fi )

)[
α†( f2) · · · α̂†( fi ) · · ·α†( fn)

]
,

and the claim follows. It is important to note that we do not have 
�n( f1 ∧ · · · ∧ fn) =
α†( f1) · · ·α†( fn) in A(H). However, they are equivalent in L2(A(H), ω), see Sect. 2.7.

As is the case for 
�n , one does not expect the map �n(H) 
 f1 ∧ · · · ∧ fn 	→
α†( f1) · · ·α†( fn) ∈ A(H) to extend to H∧n . However, we can extend this mapping to
H∧n if we are willing to map to unbounded operators bounded by the number operator.
This is the content of the estimate [GJ85, Proposition 1.2.3] which will be crucial for
us, we restate this as follows.

Theorem 2.10. For all r, s ∈N the multilinear map Wr,s : Hr+s → B(Fa(H)
)

( f1, . . . , fr+s) 	−→ α†( f1) · · ·α( fr )†α(κ fr+1) · · ·α(κ fr+s)(1 + N )−
r+s−1

2

extends to a continuous map H⊗(r+s) → B(Fa(H)
)
. Here, N is the number operator

defined in (2.10).
Furthermore, there exists a constant C > 0 independent of r , s such that

‖Wr,s(G)‖ � C(|r − s| + 1)
r+s

2 ‖G‖H⊗(r+s)

We prove this in Appendix B.

Remark 2.11. In particular, we note that this means that for all F ∈ H∧n the closure
of 
�n(F), which exists by Lemma B.2, can always be interpreted as an unbounded
operator affiliated with B(Fa(H)), the von Neumann closure of A(H) w.r.t. ω.
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Although we will not use these results here, one can show similar lower bounds,
cf. [Ott09], which show that renormalised products in this algebra necessarily yield
unbounded operator-valued distributions. Explicitly, we have the following.

Theorem 2.12. Let (ei )i be an orthonormal basis of H and A ∈ HS(H) where HS(H) is
the space of Hilbert–Schmidt operators fromH to itself. Suppose that

∑
i α

†(ei )α†(Aei )
is a bounded operator.

It then follows that, for all ε > 0,

Tr
((

A†A
) 1+ε

2
)
<∞. (2.18)

The same holds for
∑

i α(ei )α(Aei ).

Remark 2.13. Note that the map

A 	→
∞∑

i, j=1

ei ⊗ Ae j (2.19)

is a Hilbert space isomorphism between HS(H) and the Hilbert space tensor productH⊗
H. The condition (2.18) for ε = 1 is equivalent to A being Hilbert–Schmidt, but for ε = 0
it is equivalent to A being trace-class. The map (2.19) is also a continuous isomorphism
from the Banach space of trace class operators to the much smaller projective tensor
productH⊗̂πH � H⊗H. Theorem 2.12 then tells us that if v = ∑

i, j fi, j ei⊗e j ∈ H⊗H

has the property that the sum
∑

i, j fi, jα†(ei )α†(e j ) converges in A(H) then v almost
belongs to H ⊗̂π H.

2.7. Extended CAR algebra and local convergence One of our aims is to develop
notions of “pointwise” /“local” convergence for the CAR algebra with the properties
that (i) regularised Hermite polynomials of the free Dirac fields converge pointwise as
their regularisation is removed24 and (ii) pointwise convergence and sufficiently strong
uniform bounds should imply the convergence of expectations of observables.

In non-commutative algebraic geometry, irreducible representations are sometimes
interpreted as non-commutative analogues of points, just as classical (commutative)
points can be defined by the irreducible (one-dimensional) representations of the com-
mutative function algebra over a space [KR00,Ros95]. For statement (i) above, we will
see it makes sense for our “points” to correspond to finite-dimensional representations.

We would then want to define representations25 � 
 π : A → B
(
C

N (π)
)

for some

N (π) ∈ N, and the topology of pointwise convergence would then be encoded by the
corresponding seminorms ‖a‖π = ‖π(a)‖ for π ∈ �.

However, it is well-known that for an infinite-dimensional Hilbert space H the CAR
algebra A(H) does not admit any non-trivial finite-dimensional representations,26 this
is a consequence of the anticommutation relations that are enforced in A(H). To over-
come this we follow the approach of [DV75] and temporarily drop the anticommutation

24 We want a codomain which is an m-convex algebra for which 
�n extends to H∧n .
25 Recall that B(V ) denotes bounded linear operators on V .
26 Assume that π : A(H) → B(CN ) is a non-trivial representation for some N ∈ N. Then there must

exist f ∈ H s.t. α†( f ) ∈ ker π , contradicting the anticommutation relations. Indeed, for the same reason a
finite-dimensional CAR algebra does not admit a non-trivial representation of dimension lower than itself.
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relations giving us an algebra A(H) with fewer relations than Å(H), allowing it to admit
many different finite-dimensional representations π .

We then fix a particular collection of finite dimensional representations� and partially
reintroduce the anticommutation relations by quotienting out the ideal I� of all elements
of A(H) that vanish in every representation in � (that is, vanish on all points).

We topologise and completeA(H)/I� by usingm-convexC∗-seminorms27 (‖a‖π )π∈�
mentioned earlier (that is, we topologise and complete using seminorms derived from
our “points” ).

We now make this construction precise. Let H again be a separable, complex Hilbert
space with antiunitary involution κ . Let A(H) be the free 	-algebra generated by H, that
is A(H) is generated by symbols α( f ),α†( f ) for every f ∈ H, such that the assignment
f 	→ α†( f ) is linear, f 	→ α( f ) is antilinear, α( f ) is the 	-adjoint of α†( f ). Indeed,
one should think of A(H) as an analogue of Å(H) where one does not enforce the
anticommutation relations.

In contrast with Å(H), the algebra A(H) admits many finite-dimensional represen-
tations. Given a finite-dimensional subspace b ⊂ H, and writing Pb : H → b for the
associated orthogonal projection, we define πb : A(H) → A(b) to be the unique mor-
phism of 	-algebras such that

πb(α
†( f )) = α†(Pb f ),

where α† is the corresponding generator of A(b).
This allows us to define on A(H) the C∗-seminorm

‖ϕ‖b := ‖πb(ϕ)‖.
That this is indeed a C∗-seminorm follows from the fact that ‖ • ‖ is a C∗-algebra norm
and that πb is a 	-algebra morphism.

Thus, for each b ∈ Gr(H) we have a C∗-seminorm on A(H), where Gr(H) is the
Grassmannian of H, that is the set of finite-dimensional subspaces of H. We could
therefore use Gr(H) as an underlying set of “points” for our non-commutative algebra
A(H).

Remark 2.14. It will be convenient to identify Im(πb) = A(b) with a particular subal-
gebra of B(Fa(H)).

Let P̂b be the orthogonal projection onto the finite dimensional subspace F (b)
a ⊂

Fa(H) given by polynomials of
{
α†( f )

∣
∣ f ∈ b

}
acting on 1. Note that dim(F (b)

a ) =
2dim(b) and that there is a canonical isomorphismF (b)

a � Fa(b). In particular, this allows
us to identify A(b) with a subalgebra B(Fa(H)) by mapping A 	→ P̂b AP̂b = AP̂b. Note
that this is an algebra morphism because A and P̂b commute. With this identification,
one has

πb(α
†( f ) + α(g)) =

(
α†(Pb f ) + α(Pbg)

)
P̂b,

where the α† and α appearing above are the generators of A(H). The second equality
follows from the fact that α†(Pb f ) + α(Pbg) preserves the subspace F (b)

a .

27 m-convexity and C∗-seminorms are discussed in Sect. 2.1.
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We will find it useful to restrict our set of points so that we can continue to work
with super-commuting fields28. Recall that we have fixed a unitary, κ-antisymmetric an
operator U : H→ H in Section 2.4. We define GrU (H) ⊂ Gr(H) by setting

GrU (H) = {
b + κUb

∣
∣ b ∈ Gr(H)

}
.

Since

(κU )2 = κUκU = −U †U = −1H,

it follows that GrU (H) is simply the collection of all elements of Gr(H) which are κU
invariant. We then take our set of points to be given by � := GrU (H).

Remark 2.15. The set Gr(H) is a directed set with respect to the order b � b′ if and
only if b ⊂ b′. In other sections we will sometimes write limb∈Gr(H), it should then be
understood we are using this directed set structure.

Also note that GrU (H) is cofinal29 in Gr(H), and therefore any statements we prove
regarding limits over Gr(H) also hold for limits over GrU (H).

We now wish to quotient out the elements of A(H) that vanish on �, so we set

I� :=
{

ϕ ∈ A(H)

∣
∣
∣
∣ ∀b ∈ GrU (H) : πb(ϕ) = 0

}

. (2.20)

Since the maps πb are 	-algebra morphisms, this is a two-sided 	-ideal in A(H) so that
Â(H) := A(H)/I� is a 	-algebra. In our notation we often do not distinguish between
equivalence classes in Â(H) and elements in A(H).

As mentioned before, convergence with respect to the seminorms
(‖ • ‖b

)
b∈� should

be thought of as pointwise convergence. However, it will be convenient to end up with
a Fréchet space so we will want to work with a countable family of seminorms.

Definition 2.16. We say that a sequence (�n)
∞
n=0, with �n ⊂ �, is a filtration of � if the

following conditions hold.

1. For all n ∈N, �n ⊂ GrU (H).
2. For any n � m, one has �n ⊃ �m .
3. For any n ∈N, supb∈�n

dim(b) = n.
4.

⋃∞
n=0

⋃
b∈�n

b is dense in H.

The first condition above enforces the compatibility with the conjugation κU . The sec-
ond condition ensures that our countable family of seminorms is totally ordered which
will make our completion a projective limit – see Lemma 2.26. The third condition en-
sures that our topologies are weak enough to allow the convergence of renormalised
Wick products – see Proposition 2.23. The specific choice that supb∈�n

dim(b) = n was
made for the sake of convenience, in principle it would be enough to simply require
supb∈�n

dim(b) < ∞. The last condition guarantees that an algebra element being uni-
formly bounded in our seminorms means that it corresponds to an operator in A(H)– see
Theorem 2.19.

28 See Sect. 2.7.1 below.
29 That is for every b ∈ Gr(H) there exists a b′ ∈ GrU (H), s.t. b � b′.
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Example 2.17. An example of a filtration is setting, for each n ∈N,

�n =
{
b ∈ �

∣
∣ dim(b) � n

}
. (2.21)

An alternative choice is to fix some choice of orthonormal basis (ei )∞i=1 of H and then
set, for each n ∈N,

�n =
{

span
({e1, . . . , e j }

) ∣
∣
∣ 1 � j � n

}
. (2.22)

We fix some choice of filtration for the rest of the paper. Many of our constructions do
depend on this choice of filtration, but all of the statements we prove hold independently
of the chosen filtration.

For n ∈N we define ‖ • ‖n to be the C∗-seminorm on A(H) given by

‖ϕ‖n := sup
b∈�n

‖ϕ‖b. (2.23)

We write P = (‖ • ‖n
)
n∈N for our directed family of C∗-seminorms on A(H).

We can now define a so-called locally C∗-algebra A (H), cf. [Ino71], as the comple-
tion of Â(H) with respect to the collection of seminorms in P.

The following lemma describes how the original anticommutation relations manifest
in A (H).

Lemma 2.18. For any f, g ∈ H we have, as elements of A (H),

[α†( f ),α(g)]+ ∈ Z(A (H)),

[α†( f ),α†(g)]+ = [α( f ),α(g)]+ = 0. (2.24)

Here Z(A (H)) denotes the center of the algebra A (H).

Proof. We perform computations in A(H) which give us our desired results after quoti-
enting by I� and taking limits.

For the second statement, we note that, for every b ∈ �,

πb
([α†( f ),α†(g)]+

) = [α†(Pb f ), α
†(Pbg)]+ = 0,

where α† and α are the generators of A(b). Therefore, [α†(Pb f ),α†(Pbg)]+ ∈ I� . The
assertion for [α( f ),α(g)]+ is proven analogously.

Turning to the first statement, we note that

πb
([α†( f ),α(g)]+

) = [α†(Pb f ), α(Pbg)]+ = 〈Pb f, Pbg〉b1b.

It follows that, for any a ∈ A(H),

πb

([
a, [α†( f ),α(g)]+

]
−
)
= 〈Pb f, Pbg〉b

[
πb(a), 1b

]
− = 0.

Therefore,
[
a, [α†( f ),α(g)]+

]
− ∈ I� . ��
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We emphasize that as a locally convex algebra A (H) is locally m-convex, since all the
seminorms are C∗-seminorms.

An important 	-subalgebra of A (H) is given by the closure of Â(H) in A (H), w.r.t.
the norm ‖ϕ‖∞ = supn∈N ‖ϕ‖n .30 That is we define

A∞(H) := Â(H)
‖•‖∞

. (2.25)

In fact, A∞(H) is a C∗-algebra with the norm ‖ • ‖∞, see [DV75, Lemma 5].
All four algebras A(H), Â(H), A (H), and A∞(H) naturally carry a Z

2-grading,
defined analogously to the grading of A(H), and we denote the even subalgebra by a
superscript 0 and the odd subspace by a superscript 1.

Returning to our analogy with algebras of functions, one should think of A (H) as
our analogue of the locally C∗-algebra of all continuous functions and A∞(H) as the
analogue of the C∗-algebra of bounded continuous functions.

We can return to our originalC∗-algebra via the 	-homomorphism � : A(H)→ A(H)
given by mapping

α†( f ) 	−→ α†( f )

The next theorem, proven in Appendix C, states that � descends to the quotient space
Â(H) and extends to a continuous C∗-homomorphism on A∞(H). We abuse notation
and also denote the quotient map � : Â(H)→ A(H) by �.

Theorem 2.19. The 	-homomorphism � : Â(H) → A(H) is well-defined and extends
uniquely to a surjective C∗-homomorphism A∞(H)→ A(H).

Thanks to Theorem 2.19, we can pull back the state ω : A(H) → C to a state
ω : A∞(H)→ C by setting ω := ω ◦� on A∞(H). For this state we have the following
isomorphism of non-commutative L2-spaces.

Theorem 2.20. Define � : A∞(H)→ L2(A(H), ω) to be given by

�(a) = [
�(a)

]
.

We then have that � descends to A∞(H)/Nω
31 and then extends to an isomorphism

� : L2(A∞(H),ω)→ L2(A(H), ω).

Proof. The fact that the map � descends and extends to an isometry follows from the
fact that, for any a ∈ A∞(H),

‖�(a)‖2
L2(A(H),ω)

= ω
(
�(a)∗�(a)

) = ω
(
�(a∗a)

) = ‖a‖2
L2(A∞(H),ω)

.

Surjectivity of �̄ follows from the surjectivity of � : A∞(H) → A(H). The statement
that L2(A (H),ω) = L2(A∞(H),ω) follows trivially.

��
30 We note here that ‖ϕ‖∞ < ∞ necessarily holds for all ϕ ∈ Â(H). For the generators this holds as we

have the uniform bound ‖α†( f )‖b = ‖α( f )‖b = ‖Pb f ‖H � ‖ f ‖H and all othere elments of Â(H) are finite
sums of finite products of creation and annihilation operators of these generators.

31 For the definitions of Nω and L2 see Sect. 2.2.
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Remark 2.21. If we instead used the faithful stateω� from Sect. 2.5, then we could define
the following norm on Â(H)

‖A‖L2,∞(A (H),ω�)
:= sup

b∈�
‖πb(A)‖L2(A(H),ω�)

.

This is a norm, rather than just a seminorm, as ‖πb( • )‖L2(A(H),ω�)
is equivalent to the

operator norm on B(b), and thus ‖A‖L2,∞(A (H),ω�)
= 0 if and only if πb(A) = 0 for

all b ∈ �. If we define the non-commutative L2-space of A (H) to be

L2,∞(A (H),ω�) := Â(H)
‖ • ‖L2,∞(A (H),ω�) ⊂ A (H),

then � naturally extends to a continuous map L2,∞(A (H),ω�)→ L2(A(H), ω�). We
note here that L2,∞(A∞(H),ω�) is a strictly larger space than L2(A∞(H),ω�) as any
non-zero element of ker � is equivalent to 0 in L2(A∞(H),ω�) but will be different
from 0 in L2,∞(A∞(H),ω�).

2.7.1. Extended fermionic fields We now turn to building an analogue of our fermionic
field 
 in A∞(H). Recall that we have fixed a unitary, κ-antisymmetric conjugation
operator U : H → H so that 
( f ) = α†( f ) + α(κU f ). We define a corresponding
object in A∞(H) ⊂ A (H)

�( f ) := α†( f ) + α(κU f ) ∈ A∞(H), (2.26)

which, by the same abuse of notation, we will later on again write simply as 
( f ) when
no confusion can arise. One obviously has �

(
�( f )

) = 
( f ).

We claim that � supercommutes when seen as an element of Â(H). For b ∈ Gr(H)
and f, g ∈ H we have, at the level of elements of A(H),

πb ([�( f ),�(g)]+) = 〈κU f, Pbg〉1 + 〈κUg, Pb f 〉1.

Now we observe that for b ∈ � = GrU (H), we have that Pb commutes with κU from
which it follows that [�( f ),�(g)]+ ∈ I� .

We denote by G (H) the closure of the algebra generated by �( f ) and Z(A (H)) in
A (H).

Remark 2.22. We have defined 
 here as a linear functional from some indexing Hilbert
space H into our algebra of bounded fermionic observables A∞(H) and later on we will
in fact see that � ∈ D ′(R3;A∞(H)). This is akin to considering the (bosonic) space-
time white noise ξ as an element of D ′(R3;M(�,μ)) although in stochastic analysis
one typically thinks of ξ as an element of M(�,μ;D ′(R3)). When performing our
stochastic estimates we shall take the former point of view, whilst switching to the latter
when obtaining local in time existence for our non-linear PDE pathwise in �.



A Dynamical Yukawa Page 27 of 65 2

2.7.2. Extended fermionic wick product Our convergence for renormalised products
will occur in the Cαs (�;A ) topology. In order to renormalise products of integrated
fermionic noises we would need to be able to extend 
�n to the full (antisymmetric)
Hilbert space tensor product H∧n , rather than just the algebraic one, with a codomain of
observables that is larger than A(H). Again, note that this algebra has to be larger since,
for arbitrary F ∈ H∧n , one expects 
�n(F) could be an unbounded operator.

In this section we define a map ��n : �n(H)→ Â(H) and then show that it extends
to a map ��n : H∧n → A (H). We saw that this is impossible when working solely with
A(H), however, we can do this if we lift the Wick product to Â(H) and then extend it to
A (H).

We use an analogue of the prescription given in (2.14). We set ��0(c) := c1, ��1( f )
:= �( f ), and, for n > 1 and fi ∈ H with i ∈ [n], we recursively define

��n( f1 ∧ · · · ∧ fn
) := �( f1)�

�(n−1)( f2 ∧ · · · ∧ fn
)−

−
n∑

i=2

(−1)i
[
α(κU f1),α

†( fi )
]

+��(n−2)( f2 ∧ · · · ∧ f̂i ∧ · · · ∧ fn
)
, (2.27)

where we note that
[
α(κU f1),α†( fi )

]
+ belongs to the centre of the algebra and hence

our definition is independent of its position in the products. This essentially reproduces
the classical definition since, in A(H), one has

[
α(κU f1), α

†( fi )
]

+ = ω(
( f1)
( fi ))1.

In fact, �(��n) = 
�n .

Proposition 2.23. For any n ∈ N \ {0} there exists a constant Cn < ∞, such that for
all G ∈ H∧n and all b ∈ Gr(H)

∥
∥��n(G)

∥
∥
b � Cn(1 + dim b)

n−1
2 ‖G‖H∧n .

In particular, ��n extends to a continuous map H∧n → A (H). Furthermore, one also
has the inequality

‖G‖H∧n �
∥
∥��n(G)

∥
∥∞.

Proof. The first inequality follows directly by applying Theorem 2.10, since πb ◦
�n ,
viewed as an operator on F (b)

a ⊂ Fa(H), is a sum of 2n terms of the type

Wr,s

((
I⊗r ⊗ κ⊗s)P⊗n

b

(
I⊗r ⊗ (κU )⊗s)G

)
(N + 1)

n−1
2 P̂b,

that
∥
∥P⊗n

b

∥
∥ � 1, that I⊗r ⊗ κ⊗s and I⊗r ⊗ (κU )⊗s are isometric operators, and one

has the operator estimate

(N + 1)
n−1

2 P̂b � (dim b + 1)
n−1

2 P̂b.

For the second inequality we note that, using the definitions in Sect. 2.2, we have

‖G‖H∧n = ∥
∥[
�n(G)]∥∥L2(A(H),ω)

= ∥
∥[��n(G)]∥∥L2(A∞(H),ω)

�
∥
∥��n(G)

∥
∥∞,

where, to obtain the inequality, we used the fact that for any A ∈ A∞(H), one has
|ω(A†A)| � ‖A†A‖∞ = ‖A‖2∞. ��
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This theorem allows us to analyse the behaviour of regularised singular products at the
level of the Fock space and perform renormalisation by removing diverging contractions,
analogously to bosonic renormalisation.

Remark 2.24. In the context of the faithful state ω� and Remark 2.21, we note that this
means that ��n maps into L2,∞(A (H),ω�).

Remark 2.25. One may ask what the computation above would look like in the bosonic
setting. The key difference is that F (b)

a is finite-dimensional in the fermionic case but
not in the bosonic case – in particular N is necessarily a bounded operator on F (b)

a in the
fermionic case but not the bosonic one.

2.7.3. Localised spaces As mentioned earlier what we mean by localising is fixing a
choice of n ∈ N and doing our analysis with respect to the multiplicative seminorm
‖ • ‖n . We will want to perform our localised analysis in Banach spaces. For n ∈N we
define

In =
{
ϕ ∈ A (H)

∣
∣ ∀b ∈ �n : dim(b) � n �⇒ πb(ϕ) = 0

}
,

and let An(H) denote the Banach space closure of the quotient space A (H)/In with
norm

‖[ϕ]‖An(H) := min
χ∈In

‖ϕ + χ‖n = ‖ϕ‖n .

For the last equality above recall that, for χ, χ ′ ∈ In and ϕ ∈ A ,

∣
∣
∣‖ϕ + χ‖n − ‖ϕ + χ ′‖n

∣
∣
∣ � ‖χ − χ ′‖n = 0.

Since In is a two-sided 	-ideal of A (H) and ‖ • ‖n is a C∗-seminorm, it is well-known
that An(H) is a C∗-algebra, see also [DV75, Section 2].

Since our norms are directed, we have for everyn � m a canonicalC∗-homomorphism
πm,n : An(H)→ Am(H). In fact, we have the following lemma.

Lemma 2.26 ([DV75, Lemma 1]). A (H) is canonically isomorphic to the projective
limit of

((
An(H)

)∞
n=0,

(
πm,n

)
m�n∈N

)

with the isomorphism given by

A (H) 
 x 	→ (
πn(x)

)∞
n=0 ∈ lim←−

n∈N
An(H).

Remark 2.27. To make an analogy with “classical” commutative probability, the pro-
jection πn : A (H) → An(H) can be compared to the restriction map of measurable
functions M (X) → M (An), f 	→ f � An for some measurable space X and some
measurable sets An ⊂ X with An ↑ X as n →∞.
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2.8. Mixed products The following Paley–Marcinkiewicz–Zygmund theorem allows
us to extend hypercontractivity to combinations of bosonic and A (H)-valued noises.

Theorem 2.28 ([HvNVW16, Theorem 2.1.9]). Let (S1, μ1) and (S2, μ2) be measure
spaces, q1, q2 ∈ [1,∞), and T : Lq1(S1, μ1)→ Lq2(S2, μ2) be a bounded operator.

Given aHilbert space H, T⊗1H uniquely extends to a bounded operator Lq1(S1, μ1;
H)→ Lq2(S2, μ2; H).

The next proposition introduces joint bosonic-fermionic Wick products.

Proposition 2.29. Defining, for F ∈ B⊗sn and G ∈ H∧m,
(
ξ�n ⊗��m)

(F ⊗ G) = ξ�n(F)��m(G) ∈ L2(�,μ)⊗A (H), (2.28)

on the algebraic tensor product of B⊗sn and H∧m, this map continuously extends to a
linear map

ξ�n ⊗��m : B⊗sn ⊗ H∧m −→ L2(�,μ;A (H))

on the Hilbert space tensor product of B⊗sn and H∧m. Furthermore,

ξ�n ⊗��m : B⊗sn ⊗ H∧m −→ L∞−(�,μ;A (H)) (2.29)

is continuous.

Proof. From the continuity of ξ�n and the fact that the spaces B⊗sn ⊗ H∧m and
L2(�,μ;H∧m) are the completions of the corresponding algebraic tensor products with
respect to the Hilbert space structure it follows that ξ�n ⊗ 1H∧m is a continuous map

ξ�n ⊗ 1H∧m : B⊗sn ⊗ H∧m −→ L2(�,μ;H∧m)

and therefore, by Nelson’s hypercontraction property and Theorem 2.28, also a contin-
uous map

ξ�n ⊗ 1H∧m : B⊗sn ⊗ H∧m −→ L∞−(�,μ;H∧m). (2.30)

Finally, by composing the operators in (2.30) with ��m , which is continuous by Propo-
sition 2.23, we obtain the desired result. ��
Remark 2.30. Note that the statement above is not making any reference to non-commutative
Lq -spaces. We are only using the bosonic hypercontractivity and Proposition 2.23.

3. Fixing the Fermionic Noise and Remainder Equation

We now turn to more carefully defining the fermionic noises ψ , ψ̄ appearing in (1.7),
which will also fix the extended CAR algebra A that our solutions take their values in.
From now on we write α, α†, and � as α, α†, and 
.

We write h for the Hilbert space obtained by completing D(�;C4) (the set of all
smooth, compactly supported f : �→ C

4) with respect to ‖ • ‖h = 〈•, •〉1/2
h where, for

any f, g ∈ D(�;C4), we set

〈 f, g〉h :=
∫

R

∫

T
2

〈(
(−� + M2)−(1+2δ)/2 f

)
(t, x), g(t, x)

〉

C
4

dx dt. (3.1)
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Note that h = L2(R)⊗H− 1+2δ
2 (T2)⊗C

4, where H− 1+2δ
2 (T2) is the standard Sobolev

space with exponent − 1+2δ
2 . We emphasise again that unless otherwise mentioned, all

vector spaces are assumed to be complex and the tensor products are also taken over C.
The involution map κ : h → h will be the usual complex conjugation (defined as the
continuous antilinear extension of complex conjugation on D).

The role of the parameter δ > 0 above is to improve the power counting of our
problem, allowing us to use the Da Prato–Debussche argument [DPD03]. The true
Higgs–Yukawa2 model corresponds to taking δ = 0 and would require us to employ the
framework of [Hai14] as we already mentioned. The upper bound, δ < 1

2 , is there to
ensure that the model remains singular and thus that one has to perform a renormalisation
procedure.

We write A := A (h) for the extended CAR algebra determined by h and A∞ :=
A∞(h) for the C∗-algebra it contains. We shall view its creation and annihilation op-

erators α, α† : D(R3;C4)
ι

↪→ h → A as A -valued, spatially periodic distributions
on R

3, i.e. as an element of the spatially periodic subspace of B(D(R3;C4),A ),32

using the canonical spatial periodisation and inclusion ι : D(R3;C4) ↪→ h. That is,
f ∈ D(R3;C4) gets mapped to

ι( f )(t, [x]) =
∑

k∈Z2

f (t, x + k) ∈ D(�;C4) ⊂ h.

Furthermore, we shall also view them as spatially periodic distributions on R
3.

Switching to a more PDE-theoretic viewpoint we make use of the usual abuse of
notation viewing distributions as generalised functions, writing for instance

α†( f ) =
∫

f (z)α†(z) dz, α( f ) =
∫
(κ f )(z)α(z) dz. (3.2)

This should only be taken as formal expressions,α†(z) itself can in general not be realised
as an element of A . It is, however, consistent with (2.8) which shows that f 	→ α†( f )
is linear while f 	→ α( f ) is antilinear.

When given a continuous linear or antilinear operator A onD(R3;C4) that commutes
with spatial translations then its adjoint A∗, with respect to the L2-inner product, yields
again a continuous (anti)linear operator on D(R3;C4), and we can define

(Aβ)( f ) := β(κA∗κ f ) and (Aβ̄)( f ) := β̄(κA∗κ f ), (3.3)

for β ∈ L(D(R3;C4);A ) and β̄ ∈ L̄(D(R3;C4);A ). Note that AT := κA∗κ is
essentially a real transpose instead of a complex adjoint. This extends A to a linear map
on B(D(R3;C4),A ).

Remark 3.1. Although the requirement that A commute with all spatial translation is not
necessary for the existence of A∗ as a map D(R3;C4) → D(R3;C4) it is sufficient
for our needs. Furthermore, this also allows us to restrict A to a map on the spatially
periodic distributions in B(D(R3;C4),A ).

We also fix a choice of decomposition C
4 = C

2 ⊕C
2, this induces a pair of isomor-

phisms, one being B(D(R3;C4),A ) � B(D(R3;C2),A )2 and the other being the

32 We set B(V,W ) := B(V,W )⊕ B(V,W ) for vector spaces V,W .



A Dynamical Yukawa Page 31 of 65 2

analogue for the space of antilinear operators. Then our operator-valued distributions
α, α† can be written as

α(z) =
(
a(z)
ā(z)

)

and α†(z) =
(
a†(z)
ā†(z)

)

, (3.4)

for the spatially periodic, operator-valued distributions

a, ā ∈ B(D(R3;C2),A ) and a†, ā† ∈ B(D(R3;C2),A ).

Our fermionic noise will be realised as a pair of two-dimensional Dirac spinor fields.
For the present work this simply means that it takes values in C

2 ⊕ C
2, however, for

completeness we note that these two subspaces correspond to two separate represen-
tations of the spin group, namely the first spinor (i.e. the first copy of C2) transforms
under Spin(2) � U (1) by �(θ)(u, v) = (e−iθu, eiθ v) and the second according to the
complex conjugate representation �̄(θ)(u, v) = (eiθu, e−iθ v).

In particular, a, a† and ā, ā† can be seen as two pairs of creation and annihilation
operators that correspond to two different copies of the extended CAR algebra generated

by the Hilbert space h̊ := L2(R) ⊗ H− 1+2δ
2 (T2) ⊗ C

2 (with inner product as in (3.1))
sitting inside the extended CAR algebra A .

Using the generalised function notation, we write our fermionic noise 
 ∈ B(D(R3;
C

4),A∞) from (2.26) as


(z) = (U∗κα)(z) + α†(z), (3.5)

where we have made the choice

U :=
√
−� + M2

(
0

(− /∇ + M
)−1

−(
/∇ + M

)−1 0

)

. (3.6)

Here we use the two-dimensional Dirac operator defined in (1.4). Note thatU is a unitary
operator on L2(R3;C4), as well as h = h̊⊕ h̊, and satisfies UT = −U .

We also view 
 as a map L2(R) ⊗ H− 1+2δ
2 (T2) → A∞ ⊗ C

4 and an element of
D ′(�;A∞ ⊗ C

4).33 Analogously to (3.4) we can decompose the noise 
 into its two
spinor components


(z) =
(
ψ(z)
ψ̄(z)

)

,

where ψ, ψ̄ ∈ D ′(�;A∞ ⊗ C
2) are given by

ψ(z) = Ā∗κ ā(z) + a†(z) and ψ̄(z) = A∗κa(z) + ā†(z),

with A = −(
/∇ + M

)−1
√
−� + M2 and Ā = (− /∇ + M)−1

√
−� + M2.

Remark 3.2. The noises χ, χ̄ in (1.5) could in principle be defined analogously to ψ , ψ̄ ,

the difference being that one takes h = L2(�;C4) and U =
(

0 1
−1 0

)
.

33 We use the notation D ′(�; E) for subspace of spatially periodic elements of L(D(R3), E) for any
topological vector space E throughout the rest of the article.
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If we fix a specific realisation of the bosonic noise ξ , then (1.7) can be thought of as
a system of singular PDEs taking values in an infinite dimensional vector space which
happens to have some further algebraic properties. In fact we will adopt this “pathwise”
approach, well-known from [DPD03], rough paths theory, and regularity structures,
when actually solving it.34 The solutions are then distributions with values in A . We
further discuss the issue of combining bosonic and fermionic probability in Remark 3.10.

Remark 3.3. We note that the bosonic part of (1.7) (the first equation) remains in the even
part A 0 of A whereas the other two equations remain in the odd part A 1. Furthermore,
if the initial conditions of (1.7) take their values in G , defined in Sect. 2.7.1, then so do
the solutions of this equation, since the non-linearity of (1.7) leaves G invariant. This is
important since the physical observables must be contained in G .

Remark 3.4. As promised in the introduction we give more detail on how, if one took
δ = 0, (1.7) is a stochastic quantisation of the state with action (1.3). We recall a simpler
situation first.

Letμ be a probability measure onRd of the form dμ(x) = Z−1e−V (x)dx , determined
by the some potential (or Euclidean action) V : Rd → R and where Z is a normalising
constant.

We describe how, employing various “changes of coordinates” for SDEs, one can
obtain various dynamics whose equilibrium measures can be used to recover μ.

The simplest case is when X is the solution to the SDE

∂t X (t) = F(X (t)) + ξ(t)

where F = −∇V , and ∇ is the gradient with respect to the usual Euclidean inner
product, and ξ(t) is a temporal white noise, i.e.

E[ξ i (t)ξ j (s)] = 2δi jδ(t − s).

In this situation, at least formally, the Fokker-Planck equation tells us thatμ is an invariant
measure for X .

However, we can replace X with X = AX̃ , where A ∈ GL(n;R) and S with
Ṽ = V ◦ A and instead solve

∂t X̃(t) = −∇ Ṽ (X̃(t)) + ξ(t) = F(AX̃(t)) + ξ(t) (3.7)

with the two stationary solutions being equivalent in the sense that for any measurable
function f on R

d

Eμ[ f ] = Eμ̃[ f ◦ A]
where μ and μ̃ are the corresponding stationary measures.

However, this would not quite yield (1.7). For this we note that, if instead of the white
noise ξ we use a noise ξ̃ = Bξ with � = BBT , we then have to solve

∂t X̃(t) = �F(AX̃(t)) + ξ̃ (t).

By carefully choosing B we can thus “repair” the equation.

34 Here our approach diverges from the one explored in [ABDG22] as mentioned in the introduction. There
one viewed the dynamic object as a time-dependent algebra homomorphism, akin to considering the push-
forward dynamic in a regular SPDE.
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The same procedure with BBT replaced by B
(

0 1−1 0

)
BT applies for fermionic sys-

tems as well because they satisfy an Itô formula, see [ABDG22]. In this case A is given
by

((
/∇ + M

)−1 0

0
(− /∇ + M

)−1

)

yielding (1.6), and B is chosen such that

B

(
0 1
−1 0

)

BT = U,

where we defined U in (3.6).
Finally, we note that we can replace the standard scalar product δi j on R

d with an
arbitrary one, gi j , without changing (3.7), because all the objects transform correctly
although the definitions of ∇V and BT depend on the inner product. This is important
because we have made the change to h from L2(�;C4).

3.1. Heat kernels and power counting Most of the power counting that appears in our
arguments comes from estimating the heat kernel and its derivatives by kernels of the
form ‖z‖ζs and applying basic rules for the pointwise products and convolution of such
kernels – we follow [Hai14, Section 10.3] in our presentation here.

We make the following ad hoc definition of a space of singular integration kernels
that correspond to the action of heat kernels with mass and other kernels derived from
these.

Definition 3.5. Let Nζ,m denote the space of smooth, compactly supported kernels
K : R3 \ {0} → C such that

|||K |||ζ ;m := sup
|k|s�m

sup
z∈R3\{0}

‖z‖|k|s−ζs

∣
∣
∣DkK (z)

∣
∣
∣ <∞.

Furthermore, let Nζ := ⋂
m∈N Nζ,m .

Remark 3.6. If ζ ′ < ζ then we have |||K |||ζ ′;m � |||K |||ζ ;m , where the proportionality
constant only depends on the size of the support of K .

The basic power-counting estimate for us is [Hai14, Lemma 10.14] which we state
without proof below.

Lemma 3.7. Let K1 ∈ Nζ1,m and K2 ∈ Nζ2,m. Then K1K2 ∈ Nζ1+ζ2,m and

|||K1K2|||ζ1+ζ2;m � |||K1|||ζ1;m |||K2|||ζ2;m .

If ζ1 ∧ ζ2 > −ds and ζ := ζ1 + ζ2 + ds < 0, then K1 ∗ K2 ∈ Nζ,m and

|||K1 ∗ K2|||ζ ;m � |||K1|||ζ1;m |||K2|||ζ2;m .

Lemma 3.8. If K ∈ Nζ with−ds < ζ < 0, then, writing Kε = K ∗ �ε, one has, for all
m ∈N and all ζ̄ ∈ [ζ − 1, ζ ), the bound

|||K − Kε|||ζ̄ ;m � εζ−ζ̄ |||K |||ζ ;m+1.
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We now begin by fixing a compactly supported kernel K̃ : R3 → R that near the
origin in R

3 is given by the standard heat kernel

K(t, x) := 1{t>0}
4π t

e−
|x |2
4t

but is compactly supported in space and such that for any spatially periodic distribution
u supported in [0,∞)× R

2 one has

K̃ ∗ u(z) = K ∗ u(z).

for all z ∈ (−∞, 1]×R
2. This is most easily achieved by taking a smooth bump function

ϕ : R2 → [0, 1] supported in a ball around the origin such that for all x ∈ R
2

∑

k∈Z2

ϕ(x + k) = 1,

a smooth function χ : R → [0, 1] such that χ � (−∞, 1] ≡ 1 and χ � [2,∞) ≡ 0, and
then defining for any (t, x) ∈ R

3

K̃(t, x) :=
∑

k∈Z2

χ(t)ϕ(x)K(t, x + k).

We also wish to incorporate the h-inner product into the kernel picture. For this pur-

pose, letQ : R2\{0} → R denote the kernel of the operator (−�+M2)− 1+2δ
2 : L2(R2)→

L2(R2). Explicitly it can be calculated, cf. [MS22], that

Q(x) = 1

2π�
( 1

2 + δ
)

(
2M

|x |
) 1

2−δ
K 1

2−δ(M |x |),

where K 1
2−δ denotes the modified Bessel function of the second kind of order 1

2 − δ.
From the asymptotic behaviour of the Bessel functions we find that

Q(x) ∼ |x |2δ−1 when |x | −→ 0 ,

Q(x) ∼ |x |δ−1e−M|x | when |x | −→ ∞ .

From the exponential decay it follows that we can define the compactly supported kernel
Q : R2 \ {0} → R

Q(x) :=
∑

k∈Z2

ϕ(x)Q(x + k),

with singularity of order 1 − 2δ at the origin. For all periodic distributions on R
2 the

convolution with Q agrees with the action of (−� + M2)− 1+2δ
2 .

Using K̃ and Q we list here the relevant kernels we will use:
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• IB will denote the linear operator mapping D(R3)→ D(R3) given by convolution
with the integral kernel K : R3 \ {0} → R where

K (t, x) := e−tm2K̃(t, x)

corresponding to a truncated version of (∂t − � + m2)−1. Its L2-transpose IT
B is a

truncation of (−∂t − � + m2)−1 again mapping D(R3) → D(R3) by convolution
with K (−t, x).
We also introduce the shorthand notation Kz := K (• − z) for z ∈ R

3. We note that
K ∈ N−2. The kernel of IBIT

B truncating (−∂2
t + (−�+m2)2)−1 will be denoted by

K 	2 which belongs to N0− by Lemma 3.7) and we define K 	2
z := K 	2(•− z). We use

these kernels when proving the regularity properties of the renormalised products as
well as in applying Theorem A.9.
Finally, for u ∈ Cα(T2) let GBu(t, x) := e(�−m2)t u(x).
• Analogously to above we let IF and IT

F denote integration against the truncation
of (∂t − � + M2)−1 and its L2-transpose, and write the kernel of IT

F as G which
belongs to N−2. The kernel of IFIT

F will be denoted by G	2 ∈ N0− and its translate
by G	2

z .

• We also need the derivative of IF . Let I /∇
F and

(I /∇
F

)T denote ( /∇ + M)IF and its

L2-transpose respectively. The kernel of
(I /∇

F

)T will be denoted by G /∇ ∈ N−3, and
its translate by G /∇

z . This is a slight abuse of notation as G /∇ is in fact C2-valued.
Explicitly,

G /∇ = /∇ (
G
G

)
.

The truncated kernel of
(I /∇

F

)∗(I /∇
F

)T

(√−� + M2
)1+2δ ≈

(√
−� + M2

)1−2δ (− ∂2
t + (−� + M2)2)−1

is denoted by G /∇,	2 ∈ N−1+2δ35 and its translate by G
/∇,	2
z . Here

(I /∇
F

)∗ denotes

κ ◦ I /∇
F ◦ κ , i.e. the complex conjugate of I /∇

F . For the sake of convenience, we have
also included the kernel Q coming from the h inner product.
• The notation for the terms containing − /∇ instead of /∇ are analogous to the above

with /∇ replaced by /∇.

Convolution with �ε will be denoted by an index ε, e.g. the mollified version of G /∇
z

will be denoted by G /∇
z,ε.

3.2. Da Prato–Debussche argument The problem that arises when attempting to solve
(1.7) is that the driving noises have negative regularities, in the sense of the Hölder–Besov
spaces defined above. A scaling argument shows that ξ ∈ C−2−κ

s almost everywhere,

for all κ > 0, and ψ,ψ ∈ C−
3
2 +δ

s . (Note that as usual there is no loss of regularity for
the fermionic noise.)

35 Although, strictly speaking, G /∇,	2 does not fall under the auspices of Lemma 3.7 one can easily check
that G /∇,	2 is smooth away from 0, as δ(t)Q(x) is being convolved with both the usual heat kernel and its
time-reversed version, and that it has the correct scaling behaviour at 0.
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Since the action of the heat kernel improves regularity by 2 (this is a formulation
of our Schauder estimate in parabolic Hölder–Besov spaces), we expect the solutions

to be at most in C0−κ
s for the bosonic part ϕ and in C

1
2 +δ
s for the fermionic parts υ, ῡ.

Taking into account the derivative we see that ( /∇ +M)υ and (− /∇ +M)ῡ have regularity
δ− f12. This means we are dealing with a non-linear equation where the solutions are in
fact genuine distributions and not functions, especially when δ < f12. It is well-known,
see Theorem A.10, that a product of a function of regularity θ > 0 with a distribution
of regularity θ ′ < 0 is canonically well-defined if and only if θ + θ ′ > 0 – the resulting
product will have regularity θ ′. This means that all the products in (1.7) are ill-defined.

To overcome this problem we adapt the argument of [DPD03]. Let ( , , ) be the
stationary solutions to the linear part of (1.7), i.e. we set

∂t = (�− m2) + ξ, ∂t = (�− M2) + ψ, ∂t = (�− M2) + ψ̄.

We then introduce the ansatz

ϕ = U + , υ = Y + , ῡ = Y + . (3.8)

Our hope36 is that (U,Y,Y ) will have better regularity than ( , , ) and that one can
define a well-posed equation for them.

We also introduce := ( /∇ + M) and := (− /∇ + M) , which are A∞ ⊗ C
2-valued

distributions of regularity δ− f12. Using the notation Y /∇ := ( /∇ + M)Y and Y
/∇

, we can
rewrite (1.7), at least formally, as follows

∂tU = (�− m2)U

− g
(
B
(
Y

/∇
,Y /∇)

+ B
(
Y

/∇
,

)
+ B

(
,Y /∇)

+ B
(
,

))

− λ
(
U 3 + 3U 2 + 3U 2 + 3

)
,

∂t Y = (�− M2)Y − g
(
UY /∇ + Y /∇ + U +

)
,

∂t Y = (�− M2)Y − g
(
UY

/∇
+ Y

/∇
+ U +

)
, (3.9)

with initial conditions U0 = ϕ0 − (0), Y0 = υ0 − (0), and Y 0 = ῡ0 − (0). While
the products B

(
,

)
, , , 2, and 3 are not canonically defined (since the sum of their

regularities is not positive), we can define these products by using stochastic methods
and renormalising, obtaining

∈ C−1+2δ
s (�;A 0), , ∈ C−

1
2 +δ−κ

s (�;A1∞), , ∈ C−κs (�), (3.10)

see Subsection 4.2.1 and Subsection 4.2.2 – the trees , , and above require the
insertion of diverging renormalisations C1

ε and C2
ε

37 in the bosonic equation while the
other trees above do not introduce renormalisation constants.

The assumption that the objects in (3.10) are the most irregular terms in their re-
spective equations turns out to be a self-consistent one, in fact one can work with the

36 The fact that this turns out to be the case is called subcriticality in singular SPDEs, or UV super-
renormalisability in field theory.

37 One does not see this particular renormalisation in some treatments of Yukawa2 as it is implicitly removed
by normal ordering creation and annihilation operators in .
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assumption that U and Y, Y have regularity 1 + 2δ and 3
2 + δ− respectively38 – all the

relevant products involving U and Y,Y will be canonically defined and will have suf-
ficient regularity so that after they are acted on by the heat kernel they will exceed our
regularity assumptions.

Remark 3.9. If we remove our regularisation (choose δ = 0) then some of the products
involving U , Y , and Y become ill-defined. One can try to make the remainders U , Y ,
and Y more regular by including more trees in the ansatz (3.8), but regardless of how far
one goes it will not be possible to make a self-consistent assumption on the regularities
of our remainders that lets us close the argument.39

The source of the difficulty can be linked to the need to construct new trees on the
right hand side of the U equation, for instance . The stochastic construction of
is different from that of (3.9) in that it involves a “non-local” renormalisation, for the
tree this is due to the divergent subtree . All of these new divergences requires the
insertion of a C̃εϕ renormalisation counterterm to the bosonic equation which, at the
level of the field theory, would correspond to a “mass renormalisation” of the boson. We
expect that the usual methods used to go beyond the Da Prato–Debussche regime in the
bosonic case can be adapted to this setting to overcome this difficulty.

Remark 3.10. Note that we take an “asymmetric” approach where we work with the
bosons pointwise on � but treat the fermions as algebra elements, that is we work on
M(�,μ;D ′(�+;A )).

A more symmetric approach would be to viewM(�,μ) as a (commutative) topolog-
ical 	-algebra AB that we may consider to be the “bosonic algebra”. Then heuristically
the solution could be considered as an element of D ′(�+;AB ⊗ A ). However, com-
pleting the algebraic tensor product AB ⊗ A using the topology of convergence in
probability on AB would again give us the space M(�,μ;D ′(�+;A )).

4. Stochastic Estimates

4.1. Regularity of the noises and linear solutions We start with regularity estimates
for the fermionic noise. From the definition of the extended CAR algebra, we have
the following bound on the fermionic driving noise. Below, we define, for ε > 0,

ε := 
 ∗ �ε and analogously for ψ, ψ̄ , and ξ . Here �ε is again the scaled mollifier
introduced in Sect. 1.3.

Lemma 4.1. For any f ∈ h, one has

‖
( f )‖∞ �
√

2‖ f ‖h. (4.1)

It follows that, as an operator-valued distribution, 
 ∈ C−3/2+δ
s (�;A∞ ⊗C

4) . More-
over, 
ε → 
 in C−3/2+δ−ν

s (�;A∞ ⊗ C
4) as ε ↓ 0 for any ν ∈ (0, 1].

38 Here, we just write “−” in the regularity to mean minus nκ for some n ∈ N. Recall that κ can be taken
arbitrarily small so the precise value of n is unimportant.

39 This is the same obstruction encountered when trying to apply the argument of [DPD03] to the stochastic
quantisation of �4

3.
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Proof. From (2.5) one has, for all f ∈ D(R3;C4) and all b ∈ Gr(H),
[
πb(
( f )), πb(
( f ))†]

+ =
[
α(Pb(Uκ f )), α†(Pb(Uκ f ))

]
+

+
[
α†(Pb f ), α(Pb f )

]
+

= 〈PbUκ f, PbUκ f 〉h 1 + 〈Pb f, Pb f 〉h 1
� 2‖ f ‖2

h 1.

Therefore, for any u ∈ F (b)
a ,

‖πb(
( f ))u‖2 � ‖πb(
( f ))u‖2 + ‖πb(
( f ))†u‖2

= 〈
u,

[
πb(
( f )), πb(
( f ))†]

+u
〉
F

� 2‖ f ‖2
h‖u‖2

F .

The second statement of the lemma follows from (4.1) by estimating the given
Hölder–Besov norm (A.1) using the scaling properties of the norm ‖ • ‖h. Explicitly
given f ∈ D(R3;C4), let f̃ (t, x) := ∑

k∈Z2 f (t, x + k) be the corresponding peri-

odised element in C∞(�;C4) ⊂ h. By linearity we find that Q ∗ f̃ = Q̃ ∗ f and,
therefore,

‖ f̃ ‖2
h � ‖ f ‖L2

∥
∥Q ∗ f

∥
∥
L2 .

By slight abuse of notation, Q∗ f only denotes the convolution along the spatial variable.
Using the scaling property of Q at the origin, a straighforward calculation then yields

‖S̃λ
s,z f ‖h � λ−

4/2
2 λ

1+2δ−4/2
2 = λ−

3
2 +δ,

where the constant only depends on the support of f and its C -norm. This directly
implies that 
 ∈ C−3/2+δ

s (�;A∞ ⊗ C
4).

The final statement regarding convergence is a simple consequence of the fact that
∥
∥Sλ

s,z (�ε ∗ f )− Sλ
s,z f

∥
∥
L2 �

(
λ−

4
2−1ε‖ f ‖C 1

)
∧

(
λ−

4
2 ‖ f ‖C

)

and interpolating between the two bounds, i.e. for any ν ∈ [0, 1] ,

λ−2−1ε ∧ λ−2 �
(
λ−2−1ε

)ν (
λ−2

)1−ν = λ−2−νεν.

We are allowed to use the C 1-norm of f thanks to the definition of the space C−
3
2 +δ

s (cf.
Appendix A.1). Analogously we find that

∥
∥Sλ

s,z (�ε ∗ Q ∗ f )− Sλ
s,z(Q ∗ f )

∥
∥
L2 � λ−1+2δ−νεν‖ f ‖C 1 ,

where the constants above depend only on the size of the support of f . ��
Lemma 4.2. One has IF (
) ∈ C

1
2 +δ
s (�;A∞ ⊗ C

4). Moreover, for any θ ∈ (
0, 1

2

)
,

IF (
) ∈ Cθ ([0, 1]; C 1
2 +δ−2θ (

T
2;A∞ ⊗ C

4)).

Additionally, for ν ∈ (0, 1], IF (
ε)→ IF (
) as ε ↓ 0 in the spaces C
1
2 +δ−ν
s (�;A∞

⊗ C
4) and C (R; C 1

2 +δ−ν(T2;A∞ ⊗ C
4)).
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Proof. The first and third assertions follow from an application of the Schauder estimate
Theorem A.9.

Concerning the second, observe that we can rewrite the difference needed for the
Hölder estimate as

∫
〈(IF (
)(t, y)− IF (
)(s, y)

)
,
(Sλ

x η
)
(y)〉

C
4 dy

= IF (
)
(
(δt − δs)⊗ Sλ

x η
) = −∂tIF (
)

(
1[s,t] ⊗ Sλ

x η
)
,

where η ∈ D(T2;C4) such that
∫
T

2 η = 0.
The evaluation at points t , s, and the following calculations are admissible asIF (
) is

a continuous function. The ‖ • ‖∞-norm of this expression can be calculated by applying
∂tIT

F to the argument of 
 and calculating its h norm squared, see Lemma 4.1. We get
∥
∥
∥∂tIT

F

(
1[s,t] ⊗ S̃λ

x η
)∥
∥
∥

2

L2⊗H− 1+2δ
2

= 4
〈
1[s,t] ⊗ S̃λ

x η,−∂2
t IT

FIF
(
1[s,t] ⊗ S̃λ

x η
)〉

,

where we are using the L2⊗ H− 1+2δ
2 on the right-hand side. Now, since s, t ∈ [0, 1] and

S̃λ
x η is spatially periodic, we may replace −∂2

t IT
FIF with −∂2

t (−∂2
t + (−� + M2)2)−1.

In order to separately estimate the space and time regularities we convert the sum in the
denominator into a product which can be done via functional calculus using Young’s
inequality for products, i.e.

|∂t |1+2θ (−� + M2)1−2θ � 1 + 2θ

2
(−∂2

t ) +
1 − 2θ

2
(−� + M2)2

giving us

−∂2
t

−∂2
t + (−� + M2)2

� −∂2
t

|∂t |1+2θ (−� + M2)1−2θ =
|∂t |1+2θ

(−� + M2)1−2θ

which has two separate scaling degrees for space and time. We find
∥
∥
∥∂tIT

F

(
1[s,t] ⊗ S̃λ

x η
)∥
∥
∥
L2⊗H− 1+2δ

2
� |t − s|θλ 1

2 +δ−2θ

proving the claim. The last claim follows analogously from the third one. ��
We now turn to the corresponding bosonic objects.

Lemma 4.3. For every κ > 0 and θ ∈ (
0, 1

2

)
we have, almost everywhere (in the

probability space of the bosonic noise)

ξ ∈ C−2−κ
s (�), IB(ξ) ∈ C−κs (�), and IB(ξ) ∈ Cθ

(
R; C−κ−2θ

(
T

2
))

.

Moreover, as ε ↓ 0, one has, in probability, ξε → ξ in C−2−κ
s (�) and IB(ξε)→ IB(ξ)

in C−κs (�) and C
(
R; C−κ−θ (

T
2
))
.

Proof. The first statement is standard, proven by a Kolmogorov type argument. The
second follows from the first and Theorem A.9. The third can also be proven by a standard
Kolmogorov type estimate (analogously to the time regularity estimate in Lemma 4.2).
Finally, the statement regarding convergence can be argued via compactness. ��

As in Sect. 3.2, we frequently use graphical tree notations in what follows. Note that

Lemma 4.2 immediately gives ∈ C−
1
2 +δ

s (�;A∞ ⊗ C
2) and ∈ C−

1
2 +δ

s (�;A∞ ⊗ C
2).

We use subscripts to encode regularisation, writing ε := IB(ξε), ε := IF (ψε) and
ε := IF (ψε), and similarly for ε and ε.
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4.2. Convergence of products We now turn to constructing the fermionic Wick product
along with the mixed boson / fermion products , . For the bosonic Wick products
, we simply cite the corresponding results as these objects are well-known in the

literature.

4.2.1. Fermionic wick square We start by rewriting B
(I /∇

F

(
ψε

)
, I /∇

F

(
ψε

))
(z) as a sum

in zeroth order and second order chaoses. We will then show that the projection to
the second chaos gives a well-defined operator-valued distribution in the limit and our
renormalisation prescription will be the subtraction of the zeroth order chaos (which is
just a constant). For f ∧ g ∈ h∧2, (2.27) simplifies to


�2( f ∧ g) = 
( f )
(g)− [
α(κU f ), α†(g)

]
+. (4.2)

The key estimate for us from Proposition 2.23 is the following: one has for all n ∈ N,
uniformly in F ∈ h∧2, the estimate

‖
�2(F)‖n � ‖F‖h∧2 , (4.3)

with the constant only depending n. For writing out various objects explicitly it will be
helpful to refer to individual (vector) components of the fermionic noise 
. For i ∈ [4]
let πi : h→ h be the projection onto the subspace of h where only the i th component of
the functions are non-zero. Then we set


i := 
 ◦ πi , α
†
i := α† ◦ πi , αi := α ◦ πi .

Abusing notation, we also view 
i , α
†
i , and αi as maps L2(R) ⊗ H− 1+2δ

2 (T2) → A∞
and elements of D ′(�;A∞). We also consider the component maps 
i � 
 j of 
�2

given by setting, for F ∈ h⊗2,

(
i �
 j )(F) := 
�2
(
(πi ⊗ π j )(F)

)
.

which are well-defined maps on the full Hilbert space tensor product by Proposition 2.23.
We then rewrite the product distribution B

(
ψ,ψ

)
on h̊× h̊ as

B
(
ψ( f ), ψ(g)

) = 
3( f )
1(g) + 
4( f )
2(g)

= (
3 �
1)( f ∧ g) + (
4 �
2)( f ∧ g)

+
[
α3(κU (0, f )), α†

1(g, 0)
]

+
+

[
α4(κU (0, f )), α†

2(g, 0)
]

+
.

As a shorthand for the first two terms in the above expression we define the linear map

B
(
ψ,ψ

)� : h∧2 −→ A

F 	−→ (
3 �
1)(F) + (
4 �
2)(F).

We define the maps Zε[ ],Z[ ] ∈ D ′(�; h∧2) by setting

Zε[ ](z) :=
(

0,G /∇
z,ε

)
∧

(
G /∇

z,ε, 0
)

and Z[ ](z) :=
(

0,G /∇
z

)
∧

(
G /∇

z , 0
)
.
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While it is clear that Zε[ ] belongs to D ′(�; h∧2), this needs to be verified for Z[ ]
but, to avoid breaking up our exposition here, we leave that to the first statement of
Lemma 4.4. With these definitions we have

B
(
ε, ε

)
(z) := B

(I /∇
F

(
ψε

)
, I /∇

F (ψε)
)
(z)

= B
(
ψ,ψ

)�(
Zε[ ](z)

)
+ Cε (z), (4.4)

where

Cε (z) :=
2∑

i=1

[
αi+2

(
κU

(
0,G /∇

z,ε

))
, α

†
i

(
G /∇

z,ε, 0
)]

+
∈ Z(A ). (4.5)

We then define ε, ∈ D ′(�;A ) by setting

ε(z) := B
(
ε, ε

)
(z)− Cε (z) = B

(
ψ,ψ

)�(
Zε[ ](z)

)
,

(z) := B
(
ψ,ψ

)�(
Z[ ](z)

)
. (4.6)

Again, the definition of only makes sense once we have proven the first statement of
Lemma 4.4, which we proceed to do now.

Lemma 4.4. OnehasZ[ ] ∈ C−1+2δ
s (�; h∧2), andonehasZε[ ] → Z[ ] inC−1+2δ−ν

s

(�; h∧2) as ε ↓ 0 for any ν ∈ (0, 1].
Proof. For the first statement note that, for every f ∈ D(R3),

‖Z[ ]( f )‖2
h∧2 �

�
�×R

3

(̃κ f )(z)G /∇,	2
z (y)G /∇,	2

z (y) f̃ (y)dydz =

= 〈 f̃ , (G /∇,	2G /∇,	2) ∗ f̃ 〉, (4.7)

where G
/∇,	2
z ,G

/∇,	2
z and G /∇,	2,G /∇,	2 are as defined in Sect. 3.1, f̃ again denotes the

partial periodisation of f , and we have estimated the antisymmetrised inner product

using the normal one. Since G /∇,	2G /∇,	2 ∈ N−2+4δ , the first statement directly follows
from Proposition A.11. The second statement follows from combining Proposition A.11

and Lemma 3.8 for the convergence of G /∇,	2
ε ,G /∇

ε to G /∇,	2,G /∇ . ��
Note that the renormalisation counterterm in (4.5) is a lift of the of the counterterm one
would expect from Wick renormalisation in A. Indeed, a straightforward calculation
gives

�
(
Cε (z)

) = ω
(
B
(
ψ(G /∇

ε ), ψ(G /∇
ε )

))
1 := Cε 1. (4.8)

Our main result on the fermionic Wick square is given by the following proposition.
Here we use the notation ‖ • ‖α;p described in Appendix A, where α is the regularity
exponent for the Hölder–Besov space and p denotes the seminorm. We do not reference
a compact set K here since this estimate is actually uniform over �.
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Proposition 4.5. One has ∈ C−1+2δ
s (�;A ). Moreover, for any ν ∈ (0, 1] and any

n ∈N

∥
∥ − ε

∥
∥−1+2δ−ν;n � εν/4,

so that ε → in C−1+2δ−ν
s (�;A ) as ε ↓ 0. The constant of proportionality here

only depends on n.

Proof. Recalling that B
(
ψ,ψ

)� : h⊗2 → A is continuous (since the same is true of
�2

thanks to (4.3)) the result follows from (4.6) and the second statement of Lemma 4.4. ��
Remark 4.6. We point out that if � is chosen so that, for every b ∈ �, b is spanned by
functions of sufficiently good regularity, then the seminorms ‖ · ‖n cannot detect the
divergence of Cε as ε ↓ 0.

In particular, one would be able to find γ > 0 such that for any n ∈N,Cε converges

in C−γs (�;An) as ε ↓ 0. The control over this limit will not be uniform in n – however
this is still enough for convergence in C−γs (�;A ). It follows that this choice of � gives
a topology on A where renormalisation is not necessary.

However, we can show that, regardless of the choice of filtration �, the choice of a
good state imposes we correctly renormalise if we want convergence in a reasonable
non-commutative L2-space. If we use the faithful state ω� instead of the vacuum state,
then we can show that the limit of Cε is not a L2,∞(A ,ω�)-valued distribution, where
this space was defined in Remark 2.21.

4.2.2. Mixed product The role of (4.2) and (4.3) will be played by (2.28) and (2.29) of
Proposition 2.29.

We give details for defining , the treatment of is identical. In analogy with the
last section, we start by writing

ε(z) ε(z) = (ξ ⊗
)
(
Zε[ ](z)) (4.9)

where Zε[ ] ∈ D ′(�; b⊗ h
)

is now given by

Zε[ ](z) := Kz,ε ⊗ (G /∇
z,ε, 0).

We then have the following lemma.

Lemma 4.7. Defining

Z[ ](z) := Kz ⊗ (G /∇
z , 0),

one has Z[ ] ∈ C−
1
2

s (�; b⊗ h) and Zε[ ] → Z[ ] in C−
1
2−ν

s (�; b⊗ h) as ε ↓ 0 for
any ν ∈ (0, 1].
Proof. For all f ∈ D(R3)

‖Z[ ]( f )‖2
b⊗h =

�
�×R

3

(̃κ f )(z)K 	2
z (y)G /∇,	2

z (y) f̃ (y) dydz

= 〈 f, (K 	2G /∇,	2) ∗ f 〉L2 .

Since K 	2G /∇,	2 ∈ N−1− the first assertion follows from Proposition A.11. Similarly,
the second assertion follows from the same proposition as well as Lemmata 3.7 and 3.8.

��
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We then define ε, ∈ C−
1
2

s

(
�; L∞−(�,μ;A∞)

)
by setting

ε(z) = ε(z) ε(z) and (z) := (ξ ⊗
)
(
Z[ ](z)). (4.10)

is indeed well-defined by the Lemma 4.7 as well as Proposition 2.29.
As described in Remarks 2.22 and 3.10, we now switch our point of view and instead

consider as a measurable map � → D ′(�;A∞ ⊗ C
2). Here we use the notation

‖ • ‖α;K,p described in Appendix A where we choose the seminorm p = ∞, that is we
are using the norm ‖ • ‖∞ on A∞.

Proposition 4.8. For all κ > 0, K ⊂ � compact and for a.e.p ∈ �,

‖ (•)(p)‖− 1
2 +δ−κ;K,∞ <∞

and ε
ε↓0−−→ in probability as measurable functions �→ C−

1
2 +δ−κ

s (�;A∞ ⊗ C
2).

Proof. From Proposition A.12 we find that for all n ∈N

∥
∥
∥‖ ‖− 1

2 +δ−κ,∞
∥
∥
∥
Lq

�
∥
∥
∥
∥‖ ‖∞

∥
∥
Lq

∥
∥C−1/2+δ (4.11)

as long as κ > 4
q , the claim now follows from Lemma 4.7. ��

4.2.3. Bosonic products We want to define for ε > 0,

ε = 2
ε − Cε and ε = 3

ε − 3Cε ,

where we write Cε := E[ ε(0)2] = K 	2
ε (0). The convergence of ε and 3

ε as ε ↓ 0 is
well known, see the following lemma.

Proposition 4.9 ([TW18, Theorem 2.1]). For all κ > 0, there are random elements

, ∈ C−κs such that one has the convergence in probability ε
ε↓0−−→ and ε

ε↓0−−→
.

Remark 4.10. Alternatively and more in line with the previous sections, we could have
defined for ε ∈ [0, 1]

Zε[ ](z) := Kz ⊗ Kz and Zε[ ](z) := Kz ⊗ Kz ⊗ Kz

and set

ε = ξ�2(Zε[ ]) and ε = ξ�3(Zε[ ]).

5. Local Solution Theory

Now that we have set up our extended CAR algebra and proven the needed convergence
results for the stochastic data, we turn to putting this all together along with results on
Schauder theory and multiplication on Hölder–Besov spaces (see Appendix A) to solve
our SPDE.
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5.1. Solving the equation in An We start by proving the existence of a solution to
(a renormalised version of) the equations (3.9) from Sect. 3.2 for short enough times
and in the “localised” Banach space An for any fixed n ∈ N. We fix sufficiently small
δ > κ > 0 and solve the SPDE for generic choices of the driving noises

∈ C−κ,−κs (�1) , ∈ C−2κ,−2κ
s (�1) ,

∈ C−3κ,−3κ
s (�1) , ∈ C−

1
2 +δ,− 1

2 +δ
s (�1;A 1

n ⊗ C
2) ,

∈ C−
1
2 +δ,− 1

2 +δ
s (�1;A 1

n ⊗ C
2) , ∈ C−

1
2 +δ−κ,− 1

2 +δ−κ
s (�1;A 1

n ⊗ C
2) ,

∈ C−
1
2 +δ−κ,− 1

2 +δ−κ
s (�1;A 1

n ⊗ C
2) , ∈ C−1+2δ,−1+2δ

s (�1;A 0
n ).

(5.1)

The Hölder spaces Cα,ηs of functions with singularities at time 0 are defined below in
Appendix A.2.

The Banach space of driving noises, which is just the Cartesian product of all the
Banach spaces40 appearing in (5.1), is denoted by Nn . Note that for a generic choice of
driving noises, that is an arbitrary element ! = ( , , , , , , , ) ∈ Nn – there
is a-priori there no relationship between the different component noises and ! need not
be built from renormalised polynomials of the bosonic and fermionic noises. The reader
should is cautioned that we write ! instead of !n to lighten the notation. Similarly, we
have dropped n from the notation for all components of !, u0, and its components, as
well as the solutions U , Y , and Y .

The aim of this section is to define a continuous map mapping driving noises ! ∈ Nn
to the local solution to the SPDE driven by !.

Remark 5.1. From the continuity of the canonical projection πn : A → An it follows
that πn ◦ f ∈ Cα,ηs (�1;An) if f ∈ Cα,ηs (�1;A ), etc.

Remark 5.2. The choice of space Cα,αs , rather than Cαs , was made because we need to mul-
tiply the driving noises constructed in Sect. 4 by the temporal cut-off 1{t�0} ∈ C∞,0

s (�).
Their product then belongs to Cα,αs by Theorem A.19.

Theorem 5.3. Let ! ∈ Nn. Then for any κ ∈ (0, δ) and ς ∈ (0, κ) and any initial
condition

u0 = (U0,Y0,Y 0) ∈ C init
n := C−κ+ς (T2;A 0

n )× C 1
2 +δ−κ+ς (T2;A 1

n ⊗ C
4)

the equations

∂tU = (�− m2)U − g
(
B
(
(− /∇ + M)Y , ( /∇ + M)Y

)

+ B
(
(− /∇ + M)Y ,

)
+ B

(
, ( /∇ + M)Y

)
+

)

− λ
(
U 3 + 3U 2 + 3U +

)
,

∂t Y = (�− M2)Y − g
(
U

(
/∇ + M

)
Y + ( /∇ + M)Y + U +

)
,

∂t Y = (�− M2)Y − g
(
U

(− /∇ + M
)
Y + (− /∇ + M)Y + U +

)
, (5.2)

40 Since �1 is compact, all of the above spaces should be viewed as Banach spaces with a single norm
where K = �1.
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have a solution in

CT,n := C1+2δ,−κ
s (�T ;A 0

n )× C
3
2 +δ−κ, 1

2 +δ−κ
s (�T ;A 1

n ⊗ C
4) (5.3)

for 0 < T = T (n, u0, !) � 1 small enough.
This solution is unique on the temporal interval [0, T ] and for δ1, δ2 > 0 small

enough the solution map is jointly continuous on the balls of radii δ1 and δ2 around u0
and ! respectively

ST
n : C init

n ×Nn ⊃ Bδ1(u0)× Bδ2(!) −→ CT,n
(u′0, !′) 	−→ u′

Remark 5.4. The PDE above are “remainder PDE” governing the remainder of the solu-
tion to the full PDE after subtracting the linear solution – see Sect. 3.2. The η-regularities
in (5.3), that is the second exponent in the superscripts on the right side of (5.3), are
chosen so that we can accommodate ( (0), (0), (0)) as an initial condition in the re-
mainder equation. This means that we can start the full system of PDEs with arbitrary
initial data of the same regularity as the linear solution.

Remark 5.5. We note here that the dependence of T (n, u0, !) only comes from the am-
bient space CT,n within which we are solving the equation. Later on when the initial
conditions and noises are chosen as the different projections of single A valued distri-
butions u0 and ! the dependence will become more direct as n determines the norms of
the initial conditions and driving noises via πn .

Remark 5.6. In the above theorem one can replace An by the closure of πn(G ) in An as
per Remark 3.3.

In what follows, we will denote the norm of CT,n by ||| • |||T,n .

Proof. We denote the non-linear part of the right-hand side of (5.2) by F(u, !) for
u = (U,Y,Y ) and ! = ( , , , , , , , ).

We also use the abbreviationsY /∇ := ( /∇+M)Y andY
/∇ := (− /∇+M)Y . Furthermore,

we suppress the equation for the “anti-fermions” from now on as it is practically the same
as the equation for the fermions. We also leave out a detailed treatment of the bosonic
self-interaction as the analysis there proceeds by the usual arguments and the regularity
of those terms is strictly better than the regularity of the terms containing fermions.

Integrating (5.2) with respect to IB and IF respectively we arrive at the equation

U = GBU0 − gIB

(

1
2 +δ−κ

−1+2δ−2κ︷ ︸︸ ︷

Y
/∇

• Y /∇ +

− 1
2 +δ

−1+2δ−κ︷ ︸︸ ︷

Y
/∇

• +

− 1
2 +δ

−1+2δ−κ︷ ︸︸ ︷
• Y /∇ +

−1+2δ−1+2δ︷︸︸︷ )

− λIB

(
1+2δ−3κ︷︸︸︷
U 3 +3

−κ−3κ︷︸︸︷
U 2 +3

−2κ−κ︷︸︸︷
U +

−3κ−3κ︷︸︸︷)

Y = GFY0 − gIF
(

1
2 +δ−κ

− 1
2 +δ−2κ
︷ ︸︸ ︷
UY /∇ +

−κ
− 1

2 +δ−2κ
︷︸︸︷
Y /∇ +

− 1
2 +δ

− 1
2 +δ−κ
︷︸︸︷
U +

− 1
2 +δ−κ

− 1
2 +δ−κ
︷︸︸︷ )

(5.4)
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where we have written • as shorthand for the bilinear map B( ). We have noted the α and
η regularity of the products as α

η . All of the products are well-defined and continuous
maps by Theorem A.19 and Theorem A.20.

We denote the right-hand side of (5.4) by M!
n (u) and the terms that are being

integrated by F(u). We begin by showing that M!
n maps CT,n into itself for any T � 1.

First note that GBU0 ∈ Cγ,−κ+ς
s ↪→ Cγ,−κs for any γ > 0 because of Proposition A.24

and because the inclusion Cγ,−κ+σ
s ↪→ Cγ,−κs is continuous. The analogous statements

hold for the other terms depending on the initial condition which we abbreviate as Gu0.
The latter also satisfies uniformly in T � 1 the estimate

|||Gu0|||T,n � ‖u0‖C init
n

where ‖u0‖C init
n

is the norm of u0 in its space. Next note that taking spatial derivatives is a

continuous map Cα,ηs → Cα−1,η−1
s , cf. Theorem A.21 By the theorems on the continuity

of multiplication, Theorem A.19 and Theorem A.20, the map

(
U,Y, Y

) 	−→ (
Y

/∇
Y /∇ ,UY /∇ ,UY

/∇)

is Lipschitz continuous with constant � R on the balls of radius R in CT,n (independently
of T ), whileU 	→ U 3 has constant � R2. Similarly, the multiplication with the noises is
also Lipschitz continuous, and, therefore,F as a whole is Lipschitz continuous on the ball
of radius R. Since bothIF andIB are 2-regularising it follows that (IB , IF , IF )◦F maps
the original space first into Cβ,η, where β, η are 1+2δ, 1+2δ−2κ and 3

2 +δ−κ, 3
2 +δ−2κ

for the bosonic and fermionic equation respectively, and then we use the embedding

Cβ,η ↪−→ Cβ,η−1−σ

to return to the original spaces. Here we have set σ = 2δ−κ for the bosons and σ = −κ
for the fermions respectively. In particular, this embedding is bounded such that

||| • |||β,η−1−σ ;�T ,An � T
1+σ

2 ||| • |||β,η;�T ,An ,

cf. Proposition A.22. We have thus shown that M!
n : CT,n → CT,n and that for some

constant C > 0, and for any two u, v ∈ CT,n with |||u|||T,n, |||v|||T,n � R

|||M!
n (u)|||T,n � |||Gu0|||T,n + CT

1+σ
2 R|||u|||T,n ,

|||M!
n (u)−M!(v)|||T,n � CT

1+σ
2 R|||u − v|||T,n .

Choosing R = |||Gu0|||T,n + 1, for T small enough, M!
n therefore maps the ball of

radius R around 0 into itself as a contraction – resulting in a map with a fixed point.
Furthermore, since F is also Lipschitz continuous with respect to our choice of noise !
it follows that

|||M!
n (u)−M!′

n (u)|||T,n � ‖!−!′‖Nn .

If ‖! − !′‖Nn is chosen small enough, then one can choose the same T for M!
n and

M!′
n . Thus, the fixed-points are continuous with respect to the choice of (localised)

driving noises in a small neighbourhood around a given set of noises !. ��
Remark 5.7. For given R, S > 0 and u0 ∈ BR(0), ! ∈ BS(0) the choice of T only
depends on R and S, and not the individual u0 and !.
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The next step is to view the solution up to time T as an element of C
([0, T ]; C̃ init

n

) ∩
C

(
(0, T ]; C init

n

)
, where

C̃ init
n := C−κ(T2;A 0

n )× C 1
2 +δ−κ(T2;A 1

n ⊗ C
4)

which is of slightly worse regularity than C init
n . For the term depending on the initial

condition, this follows directly from Proposition A.24. For the non-linearity we argue
as follows.

For any T ∈ (0, 1], t ∈ (0, T ], and α, η, θ > 0 we have the sequence of inclusions

Cα,ηs (�T ;An) ↪→ Cη,ηs (�T ;An) = Cηs(�T ;An) ↪→ C
([0, T ]; Cη−θ (T2;An)

)

with

sup
t∈[0,T ]

‖u(t, •)‖α;An � |||u|||α,η;�T ,An ,

where the constant of proportionality is independent of n ∈ N. The contribution from

the non-linearity is actually an element of C1+2δ,1+2δ−2κ
s × C

3
2 +δ−κ, 3

2 +δ−2κ
s , in particular

both η-regularities are positive and we see that it is in C
([0, T ]; C̃ init

n

)∩C
(
(0, T ]; C init

n

)
.

Corollary 5.8. In the setting of Theorem 5.3, the solution map ST
n can also be viewed

as a map

ST
n : Bδ1(u0)× Bδ2(!) −→ C ([0, T ]; C̃ init).

We can now evaluate the solution u at time T < 1 giving us an element in C init
n and

allowing us to restart the equation at that time with noises shifted temporally by T (which
does not change their norms) and new initial condition u(T, •). By the usual arguments
we construct in this way a maximal solution on an interval [0, 1 ∧ T (n, u0, !)] where
either T (n, u0, !) = ∞ or T (n, u0, !) ∈ (0, 1] and

lim
t↑T (n,u0,!)

‖u(t, •)‖C init
n
= ∞.

For L > 0 define

T L(n, u0, !) := inf
{
t ∈ [0, 1]

∣
∣
∣ ‖u(t, •)‖C init

n
� L

}
.

For (u0, !) ∈ C init
n ×Nn we letSL

n (u0, !) denote the solution (5.2) up until T L(n, u0, !).

Corollary 5.9. Let L > 0 be fixed, and let T L and SL
n be as above. Then for every ε > 0

and C > 0 there exist δ1, δ2 > 0, such that for T = 1 ∧ T L(n, u0, !) ∧ T L(n, u′0, !′)
one has the bound

|||SL
n (u0, !)− SL

n (u
′
0, !

′)|||CT,n � ε

for all u0, u′0 ∈ C init
n , and!,!′ ∈ Nn such that ‖!‖Nn , ‖!′‖Nn � C, ‖!−!′‖Nn � δ2,

‖u0‖C init
n
, ‖u′0‖C init

n
� L

2 , and ‖u0 − u′0‖C init
n

� δ1.

Proof. This follows by the same arguments as in Corollary 7.12 in [Hai14]. The argument
relies on the fact that, knowing C and that ‖u(t, •)‖C init

n
� L , we can find a lower bound

for the interval �t in the contraction argument, which is independent of the explicit
noise realisation and initial condition. ��
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If a solution u blows up at some finite time T (u), then we can add an element ∞ to
the space of solutions. In particular, let Csol

n be the extension of the space C
([0, 1]; C̃ init

n

)
,

defined in Appendix A.3, to include trajectories which blow up in finite time. In this
space we can define for arbitrary u0 ∈ C init

n and ! ∈ Nn the solution map

Sn : C init
n ×Nn −→ Csol

n

where Sn(u0, !) � [0, T ] := ST
n (u0, !) for any T ∈ [

0, T (n, u0, !)
)∩ [0, 1], while for

t ∈ (T (n, u0, !), 1] we set Sn(u0, !) = ∞. We have by the above Corollary 5.9 and
Lemma A.23 the following.

Proposition 5.10. For all n ∈ N, the map Sn : C init
n ×Nn −→ Csol

n is well-defined and
continuous.

5.2. Solving the equation in A We now wish to do our best to patch together the
solution maps (Sn)n∈N into a single solution map giving solutions taking value in A .

Recalling that in Lemma 2.26 we showed that A is the projective limit of the spaces
(An)n∈N, we define the following projective space:

Csol
A :=

{

(un)n ∈
∏

n∈N
Csol
n

∣
∣
∣
∣

∀n,m ∈N with n � m,

πnm ◦ um � [0, Tm) = un � [0, Tm)
}

where πnm : Am → An is the canonical projection, and

Tm := inf
{
t ∈ [0, 1] ∣∣ um(t) = ∞}

.

The reason for restricting the equality of um and un to the interval [0, Tm) is that, although
limt↑Tm um(t) = ∞ the same might not be true for un(t)– we have Tn � Tm and cannot
rule out a strict inequality. Since the maps πmn are C∗-algebra morphisms, it follows
from continuity that

πnm

(
Sm(πm ◦ u0, πm ◦!) � [0, Tm)

)
= Sn(πn ◦ u0, πn ◦!) � [0, Tm).

Furthermore, let

C init

A := C−κ
(
T

2;A 0
)
× C 1

2 +δ−κ (
T

2;A 1 ⊗ C
4
)

and analogously define the space NA by replacing, for i ∈ {1, 2}, all instances of A i
n

in (5.3) with A i .
We can then write down the desired solution map for A -valued solutions as

SA : C init

A ×NA −→ Csol
A

(u0, !) 	−→ (Sn (πn ◦ u0, πn ◦!)
)
n∈N

.

Remark 5.11. Note that here we fall short of honestly building local solutions in A ,
in particular we cannot rule out that TA := infn∈N Tn = 0. If TA > 0 however,
then we can show that iterates of the fixed-point map converges in the extended CAR
algebra A on the temporal interval [0, TA ), and the solution makes sense as an element
C

([0, TA ); C init

A

)
.
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Theorem 5.12. The map SA is well-defined and continuous. In particular, there exist
Z(A )-valued functions

(
Cε

)
ε∈(0,1], independent of g and λ such that the solutions

uε := (
ϕε, (υε, ῡε)

) ∈ Csol
A to the system of equations (1.8) with initial conditions

u0 := (ϕ0, υ0, ῡ0) ∈ C init

A , converge in probability inM(
�,μ; Csol

A

)
as ε ↓ 0 to

SA
(
u0 −

(
, ,

)
(0),!

)
+

(
, ,

)
,

where

! = ( , , , , , )

are the ξ -measurable, A -valued, space-time distributions constructed in Sect.4.

Remark 5.13. Before beginning with the proof, we note that one arrives at the regularised
version of (5.2) from the regularised version of (3.9) by subtracting the central element
gCε as well as 3λCε u, defined in (4.5) and (4.11), from the bosonic equation as

B
(
,

) = + Cε and u3 − 3Cε u = U 3 + 3U 2 + 3U + ,

where u = U + . Thus, we are indeed solving the renormalised equation (1.8) instead
of the original (1.7).

Proof. This follows almost immediately from the previous results. The final ingredients
necessary are the regularities of the noises used in the Da Prato–Debussche decomposi-
tion. From Proposition 4.3 and Proposition 4.2 we have that

(
, ,

) ∈ C (R; C̃ init

A ) and it
is straighforward to use the ε ↓ 0 convergence statement in each of the three lemmas of
Sect. 4.1 to show that

(
ε, ε, ε

)
converges to

(
, ,

)
in Csol

A , this gives us the result. ��
Remark 5.14. The above argument can be easily repeated to extend the solutions beyond
time 1 by suitably shifting the noises in time and modifying the integration kernels
correspondingly.

5.3. A∞-valued and A-valued solutions Since ε, ε are smooth A∞ ⊗ C
2-valued

functions, it follows that

ε ∈ C∞(�;A∞) ⊂ C−1+2δ
s (�;A∞),

etc. for the other mollified noises. In particular, for ε > 0, we can solve (5.2) in an
analogously defined space Csol

A , in the same way we solved the equation with values in
the spaces An . We call this solution map SA. The same is true for A, and we call the
corresponding solution map SA with solution space Csol

A .
As the maps πn �A∞ and � are C∗-algebra homomorphisms from A∞ to An and A

respectively the same compatibility condition between solutions with values in A∞ and
values in An or A holds. Again the blow-up time in A∞ might be strictly smaller than
in An and A.

We summarise this interrelationship between the different solutions in the following
commutative diagram, where we only note the dependence on the mollified noise input
denoted by Nε.
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Nε

Csol
A Csol

A

Csol
n Csol

A C ([0, 1]; C̃ init

A )

SASA

Sn

SA

�

πn
π

If one is able to prove that T (n, πn ◦ u0, πn ◦ !ε) = ∞ for all n ∈ N and ε >

0, then the solution will converge in the closure of the image of C ([0, 1]; C̃ init

A ) in
∏

n∈N C ([0, 1]; C̃ init

An
) and thus also in C ([0, 1]; C̃ init

A ) which we have denoted here by a
dotted arrow.

This commutative diagram tells us that when ε > 0, the solutions that we can construct
inAn , orA, andA are consistent with each other – in particular they are indistinguishable
at the level of correlation functions.
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Appendix A. Spaces of Distributions

A.1. LCTVS-valued Hölder–Besov spaces

Definition A.1. Let (E,P) be a locally convex topological vector space (LCTVS) with
collection of seminorms P. We denote by D ′(Rd; E) the set continuous linear maps
D(Rd)→ E equipped with the following topology. A net (ξα)α ⊂ D ′(Rd; E) converges
to ξ if and only if for every bounded set A ⊂ D(Rd) and every seminorm p ∈ P

lim
α

sup
ϕ∈A

p
(
ξα(ϕ)− ξ(ϕ)

) = 0.

A subset A ⊂ D(Rd) is said to be bounded if and only if there exists some compact
K ⊂ R

d , s.t. A ⊂ D(K), and, for every seminorm ‖ • ‖n,K of D(K), ‖A‖n,K is a bounded
subset of [0,∞).

In the following we denote by Bs(x, r) :=
{
y ∈ R

d
∣
∣ ‖x − y‖s � r

}
.

Definition A.2 (Test Functions Br
s,x ). Let r ∈ N, s a scaling on R

d , and x ∈ R
d .

Define

Br
s,x :=

{
η ∈ D(Rd)

∣
∣ supp η ⊂ Bs(x, 1), ‖η‖C r � 1

}
,

http://creativecommons.org/licenses/by/4.0/
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where ‖ • ‖C r denotes the usual C r -norm. Furthermore, for α ∈ R, let Br,α
s,x be the subset

of Br
s,x such that for all polynomials P of degree deg P � α and all ϕ ∈ Br,α

s,x

∫
ϕ(x)P(x)dx = 0.

We have the following definition of Hölder–Besov Spaces on open domains.

Definition A.3. Let (E,P) be a locally convex topological vector space (LCTVS) with
a collection of seminorms P. Let U ⊂ R

d be an open set. We define for ξ ∈ D ′ (U ; E),
K ⊂ U compact, the seminorm

‖ξ‖α;U,K,p := sup
x∈K

sup
η∈Br,α

s,0

sup
λ∈(0,λx ]

λ−αp
(
ξ

(Sλ
s,xη

))
+ sup

x∈K
sup

η∈Br
s,0

p
(
ξ

(Sλx
s,xη

))
,(A.1)

where λx := 1 ∧ 1
2 dists(x,Rd\U ) with

dists(x,R
d \U ) := inf

y∈Rd\U
‖x − y‖s.

Then the space of E-valued α-Hölder functions is given by

Cαs
(
U ; E) :=

{
ξ ∈ D ′ (U ; E)

∣
∣
∣∀p ∈ P∀K ⊂ U compact : ‖ξ‖α;U,K,p <∞

}

which is a complete subspace of D ′(U ; E). If the index K is dropped, the supremum is
taken over all of U . When no confusion may arise we often drop the index U .

We can also naturally define Hölder–Besov spaces over closed domains.

Definition A.4. In the above setting, let A ⊂ R
d be a closed subset, and U the system

of open neighbourhoods U of A, where in particular
⋂U = A, and let α ∈ R. We set

Cαs (A; E) to be the space of germs of distributions defined on open sets containing A.
That is, for A ⊂ U, V open we say that f ∈ Cαs (U ; E) and g ∈ Cαs (V ; E) are

equivalent if and only if f (ϕ) = g(ϕ) for all test functions ϕ compactly supported in
U ∩ V . Together with the natural restriction Cαs (V ; E) → Cαs (U ; E) for A ⊂ U ⊂ V ,
we can thus define the direct limit

Cαs (A; E) := lim−→
U⊃A

Cαs (U ; E),

with canonical continuous restrictions πU : Cαs (U ; E)→ Cαs (A; E).
This space is topologised by the set of seminorms

‖ f ‖α;A,K,p := inf
U⊃A

inf
g∈Cα

s (U ;E)
πU (g)= f

‖g‖α;U,K,p,

where K ⊂ A compact. If the index K is dropped, the supremum is taken over all of A.
When no confusion may arise we often drop the index A.

Remark A.5. By following the argument of [Tre67, Theorem 44.1] in the case ofC r (U ; E)
for U ⊂ R

d open, it is straightforward to prove that Cαs (U ; E) is isomorphic to the in-
jective tensor product Cαs (U ) ⊗̂ε E . For a closed subset A ⊂ R

n as in Definition A.4,
this follows from the universal property of the direct limit.
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Remark A.6. For Proposition A.12, we also need another equivalent set of seminorms
on Cαs (Rd; E). As in [Hai14], let χ : R → R be a scaling function of regularity r ∈N+.
We define the s-scaled lattice to be

�s
n := 2−ns

Z
d ⊂ R

d .

and as in [Hai14] an s-scaled wavelet basis on R
d with mother wavelets χz for z ∈ �s

0
and father wavelets ϕn

z for z ∈ �s
n , n ∈ N and ϕ ∈ � where � is the finite set of

generating father wavelets.
We define the seminorm

‖ξ‖w,α;K,p := sup
n∈N

sup
z∈�s

n

sup
ϕ∈�

2
n|s|

2 +nαp
(
ξ(ϕn

z )
) ∨ sup

z∈�s
0

p (ξ(χz)) ,

which is equivalent to ‖ • ‖α;K,p by a straightforward argument.

Remark A.7. For α > 0, α /∈ N the spaces Cαs
(
R
d ; E)

agree with the classical Hölder
spaces.

Definition A.8. A kernel K : Rd \{0} → C smooth except for a singularity at the origin
is called β-regularising if it is compactly supported and for every k ∈N

d there exists a
constant C such that for all x ∈ R

d

∣
∣DkK (x)

∣
∣ � C‖x‖β−|s|−|k|ss .

Theorem A.9 (Schauder Estimate). Let α ∈ R, β > 0 and K a β-regularising kernel.
Convolution with K is a continuous map Cαs (Rd; E)→ Cα+β

s (Rd; E).
Proof. Thanks to Remark A.5 and [Tre67, Proposition 43.6] the general case follows
from the scalar case E = R proven in the classical Schauder estimate, cf. [FH14,
Theorem 14.17]. ��
Theorem A.10. Let A be a locally m-convex topological algebra.

For α, β ∈ R, the map ( f, g) 	→ f · g extends to a continuous bilinear map
Cαs (Rd;A)×Cβs (Rd;A)→ Cα∧βs (Rd;A) if and only if α+β > 0. W.r.t. each seminorm
p ∈ P it is Lipschitz continuous with constant R on the ball of radius R

BR(0) =
{
( f, g) ∈ Cαs (Rd;A)× Cβs (Rd;A)

∣
∣
∣ ‖ f ‖α;p ∨ ‖g‖β;p � R

}
.

The statement above also holds if one replaces Rd with an open or closed subset of Rd .

Proof. This can be argued analogously to the proof of the case A = R in [Hai14,
Proposition 4.14]. This proof carries over since, for r > 0, one has ‖ f g‖C r ;K,p �
‖ f ‖C r ;K,p‖g‖C r ;K,p on the point-wise product of the bonafide functions f and g, and
one has similar estimates for the point-wise multiplication of modelled distributions, cf.
[Hai14, Theorem 4.7] ��
Proposition A.11. Let ξ ∈ D ′(Rd; E). Suppose that there exists a kernel K ∈ Nζ with
ζ ∈ (−|s|, 0), s.t. for all f ∈ D(Rd) and all p ∈ P

‖ξ( f )‖2
p �

∣
∣
∣〈 f, K ∗ f 〉L2(Rd )

∣
∣
∣ ,

where the constant may depend on p but is independent of f . Then ξ ∈ Cζ/2(Rd; E).
The same holds true for Rd replaced with Rd ×T

k .
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Proof. This follows straighforwardly from the identity

〈Sδ
s,z f, K ∗ (Sδ

s,z f )〉L2 = 〈Sδ
s,0 f, K ∗ (Sδ

s,0 f )〉L2 = δ−|s|〈 f, (Sδ−1

s,0 K ) ∗ f 〉L2

and the bound δ−|s|
∣
∣(Sδ−1

s,0 K )(x)
∣
∣ = |K (δsx)| � 1supp K (x)|||K |||ζ‖x‖ζsδζ . ��

Proposition A.12. Let E be a Fréchet space and (S, μ) a measure space. Then for any
q ∈ [1,∞) we have a continuous imbedding

Cαs
(
R
d; Lq(S, μ; E)

)
⊂ Lq

(
S, μ; Cα−κ (Rd; E)

)
,

for any κ >
|s|
q . The same holds when one replaces Rd by Rd ×T

k .

Proof. Let (χx , ϕ
k
y) be the above introduced a wavelet basis. Let q >

|s|
κ

and ξ ∈
Cαs

(
R
d ; L∞−(S, μ; E)). First we interpret ξ as the measurable function S → D ′(Rd; E)

mapping

p 	−→ (ϕ 	→ ξ(ϕ)(p))

where ξ(ϕ)(p) is the value in E of ξ(ϕ).
Now using the wavelet Cα−κ -seminorms we find that for p ∈ S

‖ξ(•)(p)‖q
w,α−κ;K,n �

� sup
k∈N

sup
z∈�s

n∩K
sup
ϕ∈�

2
k|s|q

2 +k(α−κ)q‖ξ(ϕk
z )(p)‖qn ∨ sup

z∈�s
0∩K

‖ξ(χz)(p)‖qn .

We will estimate the integral with respect to p of the terms on the right-hand side to
conclude that ξ is in Lq

(
S, μ; Cα−κ (Rd; E)). By estimating the suprema with sums we

can pass the integral through them to directly estimate
∥
∥
∥
∥
∥ξ(ϕk

z )
∥
∥
n

∥
∥
∥
Lq

� 2−
k|s|

2 −kα.

Thus,
∥
∥‖ξ(•)‖w,α−κ;K,n

∥
∥q
Lq �

∑

k∈N

∑

z∈�s
k∩K

∑

ϕ∈�
2k(α−κ)q2−kαq �

∑

k∈N
2|s|k−κkq

which converges since we assumed that κ >
|s|
q . ��

Before defining the Hölder spaces on T
k we note that there is a continuous embed-

ding D ′(Rd−k ×T
k; E) ↪→ D ′(Rd; E) by extending a distribution D ′(Rd−k ×T

k; E)
periodically. We will identify the distributionRd−k×T

k with the corresponding periodic
distributions on R

d .

Definition A.13. We define for any α ∈ R a partially periodic α-Hölder-Besov space
given by Cαs (Rd−k ×T

k; E) := Cαs (Rd; E) ∩D ′(Rd−k ×T
k; E).

Note that Cαs (Rd−k×T
k; E) is a closed subspace of Cαs (Rd; E) and moreover convo-

lution with a translation invariant kernel preserves the periodicity properties as convolu-
tion commutes with translation. In particular, all the results remain true when replacing
R
d with R

d−k ×T
k .
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A.2. Hölder spaces with singularities In this section we discuss Hölder–Besov spaces
of space-time functions but which can have singular behaviour near the T = 0 hyper-
plane. This is important in order to allow to take initial data for our system of equations
that is as rough as the linear solution and is also convenient for obtaining a contractive
factor when formulating our PDE as a fixed-point problem.

Recall that the theory of regularity structures when applied to regularity structures of
polynomials reproduces the classical theory of Hölder–Besov spaces. In what follows
we formulate a small tweak of this classical theory in order to allow blow-up at the
T = 0 hyperplane. We adopt the language of regularity structures to do this but only
because it is convenient, more classical methods could also be used here.

Definition A.14. For α, η ∈ R we say that a distribution ξ ∈ Cα,ηs (Rd; E) if and only
if ξ ∈ Cη∧0

s (Rd; E) and for every K ⊂ R
d compact and every seminorm p ∈ P there

exists a constant C > 0, s.t. for all (t, x) ∈ R×R
d−1\{t = 0} ∩ K, all ψ ∈ Br,α

s,0 where
r := 0 ∨ −�α�, and all λ ∈ [0, 1] satisfying 2λ � |t |1/s1 ,

p
(
ξ

(Sλ
s,zψ

))
� C(|t | ∧ 1)

η−α
s1 λα,

and for all ϕ ∈ Br
s,0

p
(
ξ

(Sλt
s,zϕ

))
� C(|t | ∧ 1)

η∧0
s1 ,

where λt := |t |1/s1

2 ∧ 1.
The smallest possible constant for the above inequalities will be denoted by |||ξ |||α,η;K,p.

For U ⊂ R
d open and A ⊂ R

d closed, we define Cα,η(U ; E) and Cα,η(A; E) analo-
gously to Definitions A.3 and A.4 respectively.

Remark A.15. From the definition one has that Cα,αs ⊃ Cαs , for α > 0, Cαs (R+ ×
R
d−1; E) = Cα,αs (R+ × R

d−1; E), and that for any η � η′, one has for all f ∈ Cα,η′s

||| f |||α,η;K,p � ||| f |||α,η′;K,p.

We now state a slight modification of the reconstruction theorem of [Hai14], we defer
its proof to the end of the section.

Theorem A.16. Let V be a sector of regularity α, let H = {t = 0} ⊂ R
d be the time

zero hyperplane, and let γ, η ∈ R, s.t. η ∧ α > d − 1 and γ > 0. The reconstruction
operator R : Dγ,η

H (V )→ Cα∧ηs (Rd) maps into the subspace Cα,α∧ηs (Rd).

Remark A.17. We need this modification of the original theorem as we are running the
fixed-point argument at the level of the Hölder–Besov spaces directly rather than in a
space of singular modelled distributions. If we were to use only [Hai14, Proposition 6.9],
the resulting regularities would be suboptimal and would not allow us to close the fixed-
point argument.

For the definition of concepts in this theorem please refer to [Hai14], in particular
Definitions 2.1 & 2.5 for sectors, Definitions 3.1 & 6.2 for the space Dγ,η

H (V ), and
Theorem 3.10 & Proposition 6.9 for the reconstruction operator R.

The next statements in this section are analogues of Theorems A.9 and A.10 and they
can be proven using the same arguments in conjunction with Theorem A.16.
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Theorem A.18. Let α, η ∈ R and K be a β-regularising kernel. Convolution with K is
a continuous map

Cα,ηs (Rd; E) −→ Cα+β,η+β
s (Rd; E).

In addition, if K is non-anticipative, i.e. K (t, x) ≡ 0 on {t < 0}, then the same is
true for Rd replaced with �T for any T > 0.

Theorem A.19. Let α > 0, β, η ∈ R, η � α, and D = �T or D = R
d .

The map ( f, g) 	→ f · g extends to a continuous bilinear map Cα,ηs (D;A) ×
Cβs (D;A)→ Cβ,β+η

s (D;A) if α + β > 0 and (β + η) ∧ β > m := −|s| + s1.

Theorem A.20. Let α, β > 0, η � α, η′ � β, and D = �T or D = R
d .

The map ( f, g) 	→ f · g extends to a continuous bilinear map Cα,ηs (D;A) ×
Cβ,η′s (D;A)→ Cα∧β,η+η′

s (D;A) if η + η′ > −m.

We also have the following versions of [Hai14, Proposition 6.15] and [Hai14, Theo-
rem 7.1].

Theorem A.21. Let α, η ∈ R, i ∈ {1, . . . , d} and D = �T or D = R
d . Then the

derivative ∂i is a continuous map

Cα,ηs (D; E) −→ Cα−si ,η−si
s (D; E).

Proposition A.22. Let α > 0, η � α, 0 < T � 1, K ⊂ R
d−1 compact, and KT :=

(−∞,

T ] × K. Suppose that f ∈ Cα,ηs is supported in [0,∞)× R
d−1, then for any κ � 0

||| f |||α,η−κ;KT ,p � T
κ
s1 ||| f |||α,η;KT ,p.

Proof of Theorem A.16. We assume that η � α for otherwise the assertion is trivial. Let
K ⊂ R

d be compact, (t, x ′) = x ∈ K\H , and ψ ∈ Br
s,0.

First, we split
∣
∣R f

(
ψλ
t

)∣∣ �
∣
∣(R f −#x f (x))

(
ψλ
x

)∣∣ +
∣
∣(#x f (x))

(
ψλ
x

)∣∣ .

From the properties of the reconstruction operator it follows that for all λ ∈ (0, λt ]
∣
∣(R f −#x f (x))

(
ψλ
x

)∣∣ � λγ sup
y,z∈suppψλ

x
y �=z

sup
$<γ

‖ f (y)− �yz f (z)‖$
‖y − z‖γ−$s

� λγ sup
y,z∈suppψλ

x
y �=z

sup
$<γ

‖ f (y)− �yz f (z)‖$
‖y − z‖γ−$s ‖y, z‖η−γH

‖y, z‖η−γH .

From λ � λt , it follows that ‖y, z‖H � ‖x‖H
2 and thus

� λγ ‖x‖η−γH sup
y,z∈suppψλ

x
y �=z

sup
$<γ

‖ f (y)− �yz f (z)‖$
‖y − z‖γ−$s ‖y, z‖η−γH

� λγ ‖x‖η−γH ||| f |||γ,η;K = λγ ‖x‖α−γH ‖x‖η−αH ||| f |||γ,η;K
� λγ λα−γ ‖x‖η−αH ||| f |||γ,η;K = λα‖x‖η−αH ||| f |||γ,η;K ,



2 Page 56 of 65 A. Chandra, M. Hairer, M. Peev

where we used that λ � ‖x‖H
2 and α − γ < 0, and K is the 1-fattening of K.

For the second term, noting that η − $ � 0 for all $ ∈ A, we have
∣
∣(#x f (x))

(
ψλ
x

)∣∣ � sup
$<γ

λ$‖ f (x)‖$

= sup
$<γ

λ$‖x‖η−$H
‖ f (x)‖$
‖x‖(η−$)∧0

H

� ‖x‖ηH ||| f |||γ,η;K sup
$<γ

(
λ

‖x‖H
)$

� ‖x‖ηH ||| f |||γ,η;K
λα

‖x‖αH
= λα‖x‖η−αH ||| f |||γ,η;K ,

where we used that λ � ‖x‖H
2 . ��

A.3. Spaces of local solutions In order to describe solutions that might blow up at
a finite time we will introduce the following spaces which include a point at infinity.
Within this section we assume that E is a Banach space. We write C init for a Banach space
of distributions on T

d with values in E denote its norm by ‖ • ‖C init .
We add a point ∞ to C init and define the space Ĉ0 := C init � {∞} with the topology of

C init extended by the system of neighbourhoods of ∞ given by
{
g ∈ C init

∣
∣ ‖g‖C init > N

}

for any N > 0. We will also use the convention that ‖∞‖C init = ∞.
For f ∈ C

([0, 1]; Ĉ0
)
, let T [ f ] := inf

{
t � 0

∣
∣ f (t) = ∞}

. Then we define the
space

Csol := {
f ∈ C

([0, 1]; Ĉ0
) ∣
∣ f (t) = ∞ ∀t > T [ f ]} .

For f ∈ Csol and t � 1 let

S f (t) := sup
s�t

‖ f (s)‖C init ∈ [0,∞].

For a fixed smooth ϕ : R → [0,∞) with support in [0, 1] and
∫
ϕ = 1 we define the

mollified version of S f

SLf (t) := tan

⎛

⎝
1∫

0

arctan
(
S f

(
t +

s

L

))
ϕ(s)ds

⎞

⎠

which is increasing, and satisfies SLf (t) � S f (t) as well as

inf
{
t ∈ [0, 1]

∣
∣
∣ SLf (t) = ∞

}
= inf

{
t ∈ [0, 1]

∣
∣
∣ S f (t) = ∞

}
.

We also fix a smooth function ψ : R → [0, 1] that is decreasing and such that ψ �
(−∞, 1] ≡ 1 and ψ � [2,∞) ≡ 0. We combine ψ and SLf to cut off f when its norm
reaches some threshold of order O(L):

Csol 
 f 	−→ %L( f ) := ψ
( SLf (•)

L

)
f ∈ C

([0, 1]; C init
)
,
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where we have adopted the convention that 0 · ∞ = 0.
The cut-off function is smooth in t since SLf is smooth on

{
t ∈ [0, 1] ∣∣ SLf (t) < 3L

}
.

We also have the bound supt∈[0,1] ‖%L( f )(t)‖C init � 2 L . With this in place we can
define the metric d(•, •) := ∑∞

L=1 2−LdL(•, •) on Csol where for f, g ∈ Csol

dL( f, g) := 1 ∧ sup
t∈[0,1]

‖%L( f )(t)−%L(g)(t)‖C init .

The importance of this metric lies within the following lemma which tells us that the
“local” continuity property of the solution map S carries over to global continuity in the
space Csol.

Lemma A.23. A sequence ( fn)n ⊂ Csol converges to f ∈ Csol if and only if, for every
L ∈N, one has

lim
n→∞ sup

t∈[0,T (L ,n)]
‖ f (t)− fn(t)‖C init = 0

where

T (L , n) = inf
{
t ∈ [0, 1] ∣∣ ‖ f (t)‖C init � L or ‖ fn(t)‖C init � L

}
.

Proof. See Lemma 2.19 of the arXiv version of [BCCH21]. ��

A.4. Heat kernel smoothing property

Proposition A.24. Let E be a Fréchet space. For all η ∈ R\N, ξ ∈ Cη(Td; E) and
γ > 0 one has for all κ > 0

Gξ ∈ Cγ,ηs

(
R ×T

d; E) ∩ C
([0,∞); Cη−κs (Td; E))

where

Gξ(t, x) = (
et�ξ

)
(x).

Proof. See Lemma 7.5 of [Hai14] for Gξ ∈ Cγ,ηs

(
R+ × T

d; E)
. The second claim

follows from the weak continuity of t 	→ et�ξ , the boundedness of ‖et�ξ‖η;Td ,p for all

p ∈ P and t ∈ [0,∞), and compactness of the embedding Cηs(Td; E) ↪→ Cη−κs (Td; E)
for all κ > 0. ��

Appendix B. N-Contractive Estimates

We prove Theorem 2.10 in several steps, adapting [GJ71, Proposition 1.2.3].
Let H be a separable complex Hilbert space with antiunitary involution κ and let

F(H) :=
⊕

n∈N
H⊗n, ‖h‖2 =

∑

n∈N
‖hn‖2,

denote the full Fock space of H, where here and in the following ⊗ always denotes the
usual Hilbert space tensor product. Let P− : F(H)→ Fa(H) be the projection operator
where P− � H⊗n := S−n as defined in (2.7).
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We can define a second set of “creation” and “annihilation” operators β†, β onFa(H)
which, for f ∈ H and F ∈ Fa(H), are given by

β†( f )F = f ∧ F,

with β( f ) being the adjoint. For any G ∈ H⊗n one has
((
β†)⊗n

(G)
)
F = P−(G ⊗ F) = (P−G) ∧ F.

Thus,
(
β†

)⊗n
can be viewed as a bounded operator H⊗n ⊗ Fa(H) → Fa(H) (and

therefore β⊗n : Fa(H)→ (H∗)⊗n ⊗Fa(H) where H∗ is the dual space of H), and both
are contractions.

We note that α† = √
N + 1β† = β†

√
N and α = √

Nβ = β
√
N − 1. More

generally for n ∈N we define the operators

(N + k)(n) := (N + k) · · · (N + k + n − 1)

(N + k)(n) := (N + k)(N + k − 1) · · · (N + k − n + 1)

imitating the usual notation for the Pochhammer symbols which allows us to write down
the identities

(α†)⊗n = (β†)⊗n
√
(N + 1)(n) = √

(N )(n)(β
†)⊗n,

α⊗n = β⊗n
√
(N )(n) =

√
(N + 1)(n)β⊗n .

In the following we will interpret
(
(N )(n)

)−1 as the pseudo-inverse, i.e. it vanishes
on {N < n}. From this discussion the following lemma follows.

Lemma B.1. For all n ∈N the maps

(
α†)⊗n ◦

(
(N + 1)(n)

)− 1
2 = (

(N )(n)
)− 1

2 ◦ (
α†)⊗n : H⊗n ⊗ Fa(H) −→ Fa(H)

α⊗n ◦ (
(N )(n)

)− 1
2 =

(
(N + 1)(n)

)− 1
2 ◦ α⊗n : Fa(H) −→ H⊗n ⊗ Fa(H)

are bounded operators.

Given a bounded operator A : (H∗)⊗s ⊗Fa(H) −→ H⊗r ⊗Fa(H), we can combine
β⊗s and

(
β†

)⊗r to a single map

W̃ r,s
A := (

β†)⊗r ◦ A ◦ β⊗s : Fa(H) −→ Fa(H)

with operator norm ‖W̃ r,s
A ‖ � ‖A‖, as well as the potentially unbounded operators

Wr,s
A := (

α†)⊗r ◦ A ◦ α⊗s

with the quadratic form domain containing at least D(
(N )(s)

)×D(
(N )(r)

)
.

If the operator A is of the form B⊗ I where B is a bounded operator (H∗)⊗s → H⊗r ,
then we can write

W̃ r,s
A = (

(N )(r)
)− 1

2 ◦Wr,s
A ◦ (

(N )(s)
)− 1

2 = Wr,s
A ◦

(
(N + 1 − r)(r)

)− 1
2 ◦ (

(N )(s)
)− 1

2
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using Lemma B.1, that
(
(N + 1)(r)

)− 1
2 commutes with A, and

(
(N + 1)(r)

)− 1
2 ◦ α⊗s ◦ (

(N )(s)
)− 1

2 = α⊗s ◦
(
(N + 1 − s)(r)

)− 1
2 ◦ (

(N )(s)
)− 1

2 .

We conclude that in this case Wr,s
A ◦ (1 + N )− r+s

2 is a bounded operator as we have the
estimate for all k ∈ Z

∥
∥
∥
∥
N + k

N + 1

∥
∥
∥
∥ � |k| + 1

giving us the constant in Theorem 2.10 as |k| � |r − s| for all k appearing in
(
(N + 1 − s)(r)

)− 1
2 ◦ (

(N )(s)
)− 1

2 .
We can summarise this as follows:

Lemma B.2. For any bounded operator B : (H∗)⊗s → H⊗r , the operator Wr,s
B⊗1 ◦ (N +

1)− r+s
2 is bounded with norm satisfying

∥
∥Wr,s

B⊗1 ◦ (N + 1)−
r+s

2
∥
∥ � (|r − s| + 1)

r+s
2 ‖B‖.

Furthermore, Wr,s
B⊗1 is a closable operator with core D

(
(N + 1)− r+s

2
)
.

Remark B.3. We note that everything up to this point works verbatim for bosonic creation
and annihilation operators.

We will be mainly interested in the case where B is a Hilbert–Schmidt operator, i.e.

Tr
(
B†B

) = Tr
(
BB†) <∞.

Recall that the space of Hilbert–Schmidt operators HS(H,H) is canonically isomorphic
to the Hilbert space tensor product H⊗H via ( f ⊗ g)(h) = f 〈κg, h〉 (the appearance of
κ is necessary since otherwise the right-hand side would be antilinear in g), and similarly
for HS((H∗)⊗s,H⊗r ). In particular for

B =
∑

j

f j
1 ⊗ · · · ⊗ f j

r+s ∈ H⊗(r+s)

we have that

Wr,s
B⊗I =

∑

j

α†( f j
1 ) · · ·α†( f j

r )α(κ f
j
r+1) · · ·α(κ f j

r+s)

is a well-defined, closable operator.

To obtain the estimate with bound (1 + N )
r+s−1

2 instead of (1 + N )
r+s

2 we have to
interpret one of theα’s appearing inWr,s

A instead as part of the bounded operator (H∗)⊗s⊗
Fa(H) −→ H⊗r ⊗ Fa(H) as we can still commute

(
(N + 1)(r)

)− 1
2 past it without

changing the final expression. In particular, if

B =
∑

j

f j
1 ⊗ · · · ⊗ f j

r+s ∈ H⊗(r+s)

is Hilbert–Schmidt operator, then

A =
∑

j

f j
1 ⊗ · · · ⊗ f j

r+s−1 ⊗ α(κ fr+s)

is a bounded operator. Performing the same commutation calculation with the number
operators finally proves Theorem 2.10.
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Appendix C. Proof of Theorem 2.19

We start by reviewing some results of operator algebra theory we need, for further details
cf. [BR87].

Let H be a Hilbert space, and B(H) be the C∗-algebra of bounded operators on H.
This space is the continuous dual space of the Banach space of trace class operators

L1(B(H),Tr) :=
{
A ∈ B(H)

∣
∣
∣ Tr

√
A†A <∞

}

with the pairing 〈•, •〉 : B(H)× L1(B(H),Tr)→ C

〈A, B〉 := Tr(AB).

This allows us to conclude from the Banach-Alaoglu theorem that closed balls of finite
radius in B(H) are compact in the weak∗ topology.

We say that a net (Aα)α ⊂ B(H) converges strongly to an operator A ∈ B(H) if and
only if for all v ∈ H

lim
α

Aαv = Av.

We now introduce an order on B(H) along with a corresponding positive cone. For
two operators A, B ∈ B(H) we say that A � B if and only if B − A is a non-negative
operator. Furthermore this order satisfies the property

A � B �⇒ ‖A‖ � ‖B‖.
The positive cone of B(H) is the set

B(H)+ :=
{
A ∈ B(H) ∣∣ A � 0

}
.

For a subset U ⊂ B(H) we say that A ∈ B(H) is an upper bound if and only if A � B
for all B ∈ U . If a least such upper bound of U exists, we denote it by supU . Note that
any least upper bound is necessarily unique, but it need not exist in general.

Theorem C.1. Let (Aα)α ⊂ B(H)+ be an increasing net of operators, i.e.

α � β �⇒ Aα � Aβ.

If (Aα)α has an upper bound B ∈ B(H)+, A := supα Aα exists and the net converges
strongly to A.

Proof. Since the net has upper bound B it is contained in the ball of radius ‖B‖ which
is a weak∗-compact set. Thus let Cα be the weak∗-closure of the set (Aβ)β�α , which as
closed subsets of a compactum are themselves compact. It follows that

⋂
α Cα �= �� for

otherwise some finite intersection of these sets would be empty. Let A be an element of⋂
α Cα .
Next we show that A is supα Aα . The sets Cα :=

{
B ∈ B(H) ∣∣ B � Aα

}
are weak∗

closed, as for any v ∈ H, the following functional is per definitionem weak∗-continuous

$v(B) = 〈v, Bv〉 = Tr(PvB)

where Pv is the projection onto the one dimensional space spanned by v, so

Cα =
⋂

v∈H
$−1
v ([$v(Aα),∞))
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is weak∗-closed. Since the net is increasing it follows that (Aβ)β�α ⊂ Cα and therefore
also Cα ⊂ Cα . On the other hand,

⋂
α Cα is the set of upper bounds of (Aα)α , thus A is

an upper bound of the net. Since the functionals $v are weak∗-continuous it follows that
if B is an upper bound for the net, i.e. $v(B − Aα) � 0 for all α and v, that is also an
upper bound for any element in the weak∗-closure of the net, in particular A. Therefore,
A is a least upper bound and the weak∗-limit of the net (Aα)α .

To show strong convergence, we write

‖(A − Aα)v‖2 = 〈v, (A − Aα)
2v〉 = 〈v,√A − Aα(A − Aα)

√
A − Aαv〉

� 〈v,√A − Aα‖A − Aα‖
√
A − Aαv〉 � 2‖A‖〈v, (A − Aα)v〉

= 2‖A‖$v(A − Aα)→ 0,

which we used that Aα → A in the weak∗-topology. ��
Next we note the following criterion for whether an element belongs to the center of

a topological algebra.

Lemma C.2. LetA be a topological algebra and C ⊂ A a set whose algebraic closure,
i.e. the set of finite linear combinations of finite products of elements in C, is dense in
A. Then A ∈ Z(A) if and only if it commutes with all elements of C.

Proof. The necessity is obvious. Concerning the sufficiency, note that since the com-
mutator of two elements is bilinear and satisfies for A, B, B ′ ∈ A

[A, BB ′]− = [A, B]−B ′ + B[A, B ′]− (C.1)

the assumption implies that A commutes with the algebraic closure of C and therefore
by density all elements of A. ��

Next, we prove some lemmas regarding bounded operators on Fa(H).

Lemma C.3. Suppose that A ∈ B(Fa(H)) commuteswithα†( f )andα( f ) for all f ∈ �̃,
where �̃ ⊂ H is dense. Then A = λ1 for some λ ∈ C.

Proof. By Lemma C.2 the assumption implies that A commutes with all of A(H). Now
as A(H)1 is dense in Fa(H) this implies that A is uniquely determined by its action on
1. Since, for all f ∈ �̃,

α( f )A1 = Aα( f )1 = 0

it follows that A1 must be multiple of 1, because 〈1〉 is the unique subspace contained in
the kernel of all α( f ). Therefore, there exists some λ ∈ C such that A = λ1 as claimed.

��
In the next lemma, we take limits over nets in Gr(H) and associated projections.

Remark C.4. Note that b 	→ P̂b is a monotonously increasing net as

b � b′ ⇐⇒ P̂b � P̂b′ ,

where P̂b � P̂b′ means that the operator P̂b′ − P̂b is positive.

Lemma C.5. Let (�n)n be as in Definition 2.16 and define �∞ := ⋃
n∈N �n. The net

(P̂b)b∈�∞ converges strongly to the identity 1 in the von Neumann algebra B(Fa(H)).
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Proof. Since Pb � 1 for all b ∈ �∞ it follows that the net converges strongly to some
projection

P̂ := sup
b∈�∞

P̂b,

by Theorem C.1.
We prove that for all f ∈ �̃ := ⋃

b∈�∞ b

[P̂, α( f )]− = 0 and [P̂, α†( f )]− = 0, (C.2)

it will then follow from Lemma C.3 that P̂ = λ1 for some λ ∈ C and since P̂ is a
(non-zero) projection it will have to be the case that λ = 1.

Since P̂ , α( f ), and α†( f ) are bounded operators, it is enough to show (C.2) on a
dense subset, e.g. Å(�̃)1, i.e. the 	-algebra generated just by elements of �̃ instead of
all of H. Its closure is still A(H) by density. Let v = A1 for some A ∈ Å(�̃) and fix
some f ∈ �̃. One can write A as a polynomial in α†(g) and α(g) for elements g ∈ �̃.
Fix some b ∈ �∞ that contains all the vectors g ∈ �̃ that appear in this polynomial
expression for A and also contains the vector f .

It follows that for any b′ ∈ �∞ with b � b′, one has v, α( f )v, α†( f )v ∈ P̂b′Fa(H).
Therefore,

[
P̂b′ , α( f )

]
−v = 0 and

[
P̂b′ , α†( f )

]
−v = 0, and by taking limits we see

that

[
P̂, α( f )

]
−v = 0 and

[
P̂, α†( f )

]
−v = 0.

Since v and f were arbitrary we have proven the desired statement. ��
We can finally give the main proof of this section.

Proof of Theorem 2.19. We first establish that � descends to the quotient 	-algebra
Â(H). Suppose that for some A ∈ A(H) we have πb(A) = 0 for all b ∈ GrU (H). Then,
for any finite-dimensional subspace b containing all the vectors of H appearing in the
expression for A, we have

�(A)P̂b = πb(A) = 0. (C.3)

Using Lemma C.5, we see that �(A) is the strong limit of �(A)P̂b and must therefore
itself be zero.

To show that � extends to a C∗-homomorphism on A∞, it suffices to show that �(•)
is bounded with respect to the norm ‖ • ‖∞ on A∞(H). In particular, we show that for
all A ∈ Â(H)

‖�(A)‖ � ‖A‖∞, (C.4)

Fix A and let b ∈ �∞ such that (C.3) holds. Then,

πb(A) = �(A)P̂b
b∈�∞−−−→ �(A)

in the topology of strong convergence, as P̂b ↑ 1 by the above lemma.
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It follows that

‖�(A)‖ = sup
v∈Fa(H)
‖v‖=1

‖�(A)v‖ = sup
v∈Fa(H)
‖v‖=1

lim
b∈�∞

‖πb(A)v‖

� sup
v∈Fa(H)
‖v‖=1

sup
b∈�∞

‖πb(A)v‖ = sup
b∈�∞

sup
v∈Fa(H)
‖v‖=1

‖πb(A)v‖

= sup
b∈�∞

sup
v∈F (b)

a‖v‖=1

‖πb(A)v‖ = sup
b∈�∞

‖A‖b = ‖A‖∞,

which is indeed (C.4).
Regarding surjectivity, recall that the image of aC∗-algebra under aC∗-homomorphism

is itself always a C∗-algebra – this means the image Im(�) ⊂ A is a C∗-subalgebra of
A. This follows directly from the standard result that a C∗-isomorphism is an isometry,
cf. [BR87, Proposition 2.3.3], applied to A/ ker(�). On the other hand, Im(�) contains
the all the generators

{
α( f ), α†(g)

∣
∣ f, g ∈ H

}
of A so we must have Im(�) = A. ��

Appendix D. Glossary

Here, we list various constants, norms and other objects used in this article together with
their meanings and references to definitions.

Object Meaning Ref.
α( f ) Annihilation operator p. 16
α†( f ) Creation operator p. 16
A(H) CAR C∗-algebra generated by H p. 15
A(H) Free 	-algebra generated by H p. 25
Â(H) Quotient of A(H) by I� p. 26
A (H) Completion of Â(H) under collection of seminorms p. 27
A∞(H) Uniformly bounded elements in A (H) p. 28
B⊗s n Symmetric Hilbert tensor power p. 21
� Morphism A∞(H)→ A(H) p. 28
Fa(H) Fermionic Fock space generated by H p. 15
Fs (B) Bosonic Fock space generated by B p. 21
Gr(H) Grassmannian of H p. 28
G(H) Subalgebra of A(H) generated by fields p. 15
H, B Fermionic/bosonic single particle Hilbert spaces p. 15, 20
H∧n Antisymmetric Hilbert tensor power p. 15
I� Intersection of all the ker πb p. 26
�n(H) Antisymmetric algebraic tensor power p. 22
�(H) Grassmann algebra generated by H p. 3
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