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Abstract. We study the local truncation error of the so-called fractional
variational integrators, recently developed in [I2] based on previous work
by Riewe and Cresson [3J4]. These integrators are obtained through two
main elements: the enlarging of the usual mechanical phase space by the
introduction of the fractional derivatives of the dynamical curves; and a
discrete restricted variational principle, in the spirit of discrete mechanics
and variational integrators [5]. The fractional variational integrators are
designed for modelling fractional dissipative systems, which, in particu-
lar cases, reduce to mechanical systems with linear damping. All these
elements are introduced in the paper. In addition, as original result, we
prove ( Theorem [2) the order of local truncation error of the frac-
tional variational integrators with respect to the dynamics of mechanical
systems with linear damping.
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1 Preliminaries

1.1 Local truncation error

Let z : [a,b] — R% and f : R? — R? a smooth curve and a smooth vector field,
respectively, for d € N and [a,b] C R. Using the usual dot notation as time
derivative we can define the initial value problem

2= f(2), z(a)= 2, (1)

29 € R?, with smooth solution z(t) C R%. On the other hand, we define an
implicit one-step numerical method:

Zh+1 = 2k + b fo (2, Zl11, B), (2)

where h € R, is the time step, fj, : R? x R x R — R is smooth, and z;, is con-
sidered an approximation of z(tj) for the time grid t, = {a + hk |k =0,--- , N},
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with N = (b — a)/h. We say that the local truncation error order of the
method with respect to is p if

[12(ter1) = ziga |l = O(APFY), 3)

when h — 0 and where || - || is the Euclidean norm in R? [6].

1.2 Conservative mechanical systems

The dynamics of conservative simple mechanical systems, subject to a potential
force [7], is described by the second-order differential equation:

mi = -VU(z), z(a)=xo, &(a)= vy, (4)

where zg,v9 € R, m € Ry is the mass of the system (for simplicity, we will
set m = 1), x : [a,b] — IRH is the dynamical curve and the potential energy
U : R — R is a smooth function. This equation can be transformed into a
first-order differential equation:

T =,

0=-=VU(x), xz(a)==xg, v(a)=uvp. 5)

The dynamical equation can be obtained as a critical condition for extremals
from the Hamilton’s principle [8], given the action integral

b
S(z) = / L(a(t), (1)) dt (6)

for a Lagrangian function L : TR — R (we shall consider the tangent bundle TR
as the space locally isomorphic to R x R, with coordinates (z,)) defined by

L(z,d) = %@2 —U(x). (7)

Remarkable geometric properties of the flow generated by (equivalently )
are its symplecticity (it preserves the symplectic form 2, := de Adi = dx Adv €
A*(TR)) and the preservation of symmetries (Noether’s theorem) [8].

Remark 1. Observe that we are choosing a “Lagrangian version” of Hamilton
equations for simple mechanical systems. In the picked setup, i.e. the configura-
tion manifold is the real space and the particular Lagrangian function , both
Lagrangian and Hamiltonian pictures are equivalent. Therefore, the theorems
about the local truncation error order of variational integrators in [59], apply

for .

1 'We will restrict to the real space R for sake of simplicity, but all results in these
paper are straighforwardly extended to RY.
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1.3 Variational integrators

A natural way of obtaining integrators preserving the symplectic form 27 and
the symmetries of the system is to construct variational integrators [5]. For
that, we replace the continuous curves x(t) by discrete ones xq = {xi}). v =
{zg, 21, -+ ,on} € RNTL Moreover, we define the discrete Lagrangian L4 :
R xR — R as an approximation in one time step of the action integral (@, say

thth

La(arzusn )= [ La(t),a(0) dr (®)
tk

where we shall omit the i dependence of the discrete Lagrangian unless needed.

Given this, we define the discrete action sum Sy(zq) = ZkN;Ol Lg(zk, xp41); the

discrete Hamilton’s principle applied upon this action sum provides the so-called

discrete Euler-Lagrange equations:

DlLd(:L‘k, $k+1) + Dng(Z’k,hl‘k) =0, k=1,..,.N -1, (9)

which, under the condition [Dy2Lg4] is regular, define a discrete flow Fr, : R x
R — R x R; (xk, Tk41) = (Tk+t1, Trt2), that we call variational integrator.
Alternatively, the transformatio

v, = —D1Lq(Tk, Try1), (10)
U/—f:-l = Dng(zk,:ck+1),

defines an alternate discrete flow FLd RXR = RXR; (zg,vr) = (Tht1, Vkt1),
which, when we pick the Lagrangian 7 will be a variational integrator for ()
(observe that, in the general case, the “velocity matching” condition v, = v}
reproduces the discrete Euler-Lagrange equations @) As mentioned above, F, B
is symplectic and momentum preserving. Moreover, the symplecticity ensures a
bounded energy behaviour in the long-term, which is explained by Backward
Error Analysis [6]. Another advantage of the variational approach is that the
local truncation error order of the integrators can be determined from the ap-
proximation in . In particular, we can establish the following result, which is
a direct application of the order theorems in [5] and [9]:

Theorem 1. Given the Lagrangian L(x(t),z(t)) (7) and Ly(zk, xx+1) an order
p approximation of the action integral , then the local truncation error of the
variational integrator Fr,, determined by with respect to s of order p.

Low-order integrators (up to 2)E| can be obtained through a first order quadrature
and the following linerar interpolation between the points [z, xg41]: ©(tg) =~
(xgps+1 — zg)/h and z(t) ~ vz + (1 — ¥)Tr1, where v € [0,1] C R. Namely:

1 2
La(r, wrr1) = op (2he1 — 2)” = hU (v + (1 = 7)2p41)-
2 Naturally, this transformation is nothing but the discrete Legendre transform [5],
which is shown here in a Lagrangian version.
3 High-order variational integrators can be obtained via the use of inner discrete nodes
and more involved interpolations, see [10].
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From this discrete Lagrangian, the discrete Euler-Lagrange equations read:
Tpy1 — 2%k + T
B2

which are a discretization in finite differences of ({)); whereas the flow Fp,, defined

by reads:

= VU (yop+(1=7)Tk41) —(1=7) VU (y2p—1+ (1 =7)zk),

Tpy1 = Tp 4 hog, — R2yVU (yzp + (1 — 7)zpg1),
Vg1 = vk — hVU (yzp + (1 — ) Tpt1)-

Using the Taylor expansion and the definition in it is easy to see that the
order 2 of this integrator w.r.t. is achieved when v = 1/2, i.e. for the midpoint
rule, circumstance which is consistent with Theorem

(11)

1.4 Linearly damped mechanical systems

The dynamical equations of a mechanical system subject to linear damping are:

= —VU(@) - pi, w(a) =0, i(a) = vo, (12)
with p € Ry. In the first-order version:

T =,

13
0 ==VU(z) —pv, z(a)=1xq, v(a)=1p. (13)

There is no Lagrangian function such that are its Euler-Lagrange equations

[I1]. With our fractional approach [II2], explained in §2| we have designed a

restricted variational principle surpassing this issue.

2 Fractional variational integrators

2.1 Continuous and discrete fractional derivatives

Given a smooth function g : [a,b] — R, the a-fractional derivatives (Riemann-
Liouville version), with a € [0, 1] are:

t b
D2o(t) = Fr—ayap [ (=) "o Da(t) =~ [ (=) (e

where I'(z) is the Gamma function [I2]. Relevant properties in our approach
are

b b
/ h(t) Dz g(t)dt = / (D2,h(t) g(t)dt, DY*D?g(t) = §(t), DYDY ?g(t) = —4(t),
with o = {—, +}. On the other hand, for a discrete curve {z;},., and the time
step h € Ry, we can define the following discrete a-fractional derivatives [4]:

1 & | Nk
A%z = e Z QUnThk—n, Al xy = e Z QnThin, (15)
n=0 n=0

where a,, := —a(l—a)(2—a)---(n—1—a)/n! and ag := 1. It is proven in
[13] (Theorem 2.4) that A%z is an order 0 approximation (i.e. consistent) of
D x(t).
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2.2 Continuous restricted variational principle

In [II2], the fractional phase space TR is defined, which is a vector bundle over
R x R with coordinates (x,y, &, 5y, D*x, DSy) over the point (x,y). This is an
extension of the usual tangent bundle, including the fractional derivatives after
doubling the space of curves (note that we are considering an extra curve y(t)).
The necessity of this doubling comes out of the assymetric integration by parts
rule in . Given this fractional phase space, we define a Lagrangian function
L : TR — R and the action integral:

b
S(e.) = [ £l u(0). 20,90 DR ale), DYy(e) . (16)
a
Using a particular set of varied curves (z(t), y(t)) := (z(t), y(t)) +e(dz(t), 0x(t))
(observe that we are “restricting” the variations of both curves to be equal),
where € € Ry and 6z : [a,b] — R is smooth and defined such that dz(a) =
0x(b) = 0, and considering the extremal condition of the action as d/de|€=05((x, Y)e) =
0, we obtain the next result.

Proposition 1. Given the Lagrangian function

.. a o 1, 1. @ e
L(%yﬁfﬁl/?Di%DJJJ) = (xg - U(x)) + (2y2 - U(y)> - pD7$D+y, (17)

2
then, a sufficient condition for the extremals of subject to restricted varia-
tions (x,y)e are the equations:

i=-VU(x)—pD*D% — (a«=1/2) > i =-VU(z) — pz, (18)

§=-VU(y) —pDiDTy = (a=1/2) = ij = -VU(y) + py.
The previous equations are the so-called restricted fractional Euler-Lagrange
equations in [I2] (see these references for the proof) for the particular La-
grangian (17). It can be rigourosly proven that the y-system is nothing but the
x-system in reversed time (even for more general Lagrangians), and therefore
these equations do not imply extra physics. For a general o we obtain the equa-
tions of a mechanical system subject to fractional damping. When o — 1/2,
according to 7 we recover the dynamics of systems with linear damping .

2.3 Discrete restricted variational principle

Given discrete sequences zq = {zi}o.n and yq = {yr},.y and defining &), =
(Tht1 — k) /hs equiv. Yis Tpy1y2 = (T + %) /2 and zg 12 1= (T +T-1)/2;
equiv. yg+1/2; (we pick the midpoint rule because it provides the maximum order
of w.r.t. ), the discrete action sum for the fractional problem is

N-1

Sa((xq,ya)) = Z L (gt /2y Ykt1/2> Ths Yrr A% 1, AT g, (19)
k=0
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where the discrete fractional derivatives are defined in . As in the con-
tinuous case, we pick a particular set of restricted discrete variations, namely
(a,ya)e := {zrto.n s Wi to.n) T €02k} . x> 10Tk }o. ), Where {62y} 5 is such
that dzg = dxy = 0. Considering the extremal condition of the discrete action
as d/deL:OSd((xd,yd)E) =0, we get the next result:

Proposition 2. Given the Lagrangian L , a sufficient condition for the
extremals of subject to restricted variations (xq,yq)e s

T — 2z, +x 1 1 o Ao
M = _QVU(xk—Q—l/Q) - *VU(xk_l/Q) — pA,A,ack,

h? 2
(20)
_92 + 1 1 a Ao
W = —§VU(yk+1/2) - §VU(?/k—1/2) — P AT ALY,

fork=1.-- N —1.

The previous equations are the so-called discrete restricted fractional Euler-
Lagrange equations in [1I2] for the particular Lagrangian . In we
recognize a discretization in finite differences of for a general o. Moreover,
it can be also rigourosly proven that the discrete y-system is the discrete x-
system in reversed (discrete) time.

3 Order result

As original result, we explore the local truncation error order of with respect
to . With that aim, we need to establish an equivalent to in the fractional
case. Based on [Il2], we pick (restricting to the x-system):

_ Tk+1 — Tk h

Th41 — Tk h
Ui = % B §VU(33,€+1/2), (21b)

Note that the first two terms in the right hand side of both equations corresponds
to for Ly(xk, vry1) = (Tp1—2k)/2h—h U(2)41/2). In addition, observe that
the “velocity matching” condition v, = v,j reproduces the discrete dynamics
(20). Finally, according to it can be proven [12] that

A1_/2A1_/2£L'k = (.’Ek—(tkfl)/h, k:]., ,N. (22)
With these elements, we can establish the following order result

Theorem 2. The local truncation order of the fractional variational integrators
for simple mechanical systems when o = 1/2, with respect to the continuous

dynamics , is one.
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Proof. First, using Taylor expansions and setting the notation z(t) := x, ©(tg) :=
Vg, v(tx) 1= vk, we deliver expressions for x(tx11) and v(tx+1) in terms of the
dynamics , namely:

h2 h2

z(ty + h) = xp + hog, — ?VU(xk) 5 Pk + O(h?), (23a)
h2

v(ty + h) = v — hVU (zx) — hpog — ?AU(mk)vk (23b)

h? h?
+ ?pVU(xk) + ?p%k +O(h?).

On the other hand, from we get the integrator:

h2
Tht1 = T + hogr + ?VU($k+1/2), (24a)

Vg+1 = Vg — hVU(Z‘k+1/2) — h,O A1_/2A1_/2xk. (24b)
Replacing (24b]) into (24a)) we get

h2
Tpt1 = Ti, + hog — ?VU(%H/z) — h?pAP Ay

h? — Tp_
=! x + hvg — ?VU(karl/Q) - h2p (%hl'kl)

h2
=2z, + hv, — ?VU(JCk) — h2pvk + O(hg),

where in =! we have used and in =2 we have used xj1/9 = T} + hvg/2 +
O(h?*) and (z, —x—1)/h = v, +hVU(2)_1/2)/2, according to (21D). Thus, from
the last expression and (23a)), it follows that |[z(tk+1) — zk11|| = O(R?). From
we get

1/2 Al1/2 Tk — Tk—
Uk+1 :kahVU(ka/g)fhpA_/ AY r = vp — hVU(Tpq1/2) — hp (khkl)

h? h?
= vy — hVU (z) — hpvg — 7AU(gck)vk - ?pVU(xk_l/z) +0(h®)

h? h?
= v — hVU(zy) — hpvy, — 7AU(xk)vk — EpVU(xk) +O(h%),
where we have taken into account that x;_;/o = xx 4+ O(h) and used the same

expressions as above for x;11/; and (zx — xx—1)/h. From this last expression
and (23b)), we obtain that |[v(tx41) — ve+1|| = O(h?), and the result follows from

the definition of local truncation error in O
Remark 2. The alternate integrator:

_ - h T —xkx h o Aa
v, = 7xk+lh Tk +§VU($k+1/2): U;ﬂ = 7“1,1 : _§VU($k+l/2)_hpA*A*mk+1’

which also reproduces via velocity matching v, = v,j, delivers the same
result.
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4 Conclusions

We prove that the local truncation error order of the fractional variational inte-
grators (21), with respect to the dynamics of linearly damped mechanical sys-
tems is one. These integrators are designed in the spirit of variational
integrators [0, i.e. by means of the discretization of variational principles, in
our case the Hamilton’s principle with restricted variations. Thus, we expect
similar behaviour in terms of Theorem [l} i.e. the order of the approximation
of the action is equal to the order of the integrator. Our result is not coherent
in the fractional case. On the one hand, we pick the midpoint rule approxima-
tion x(tx) ~ (2 + Tx+1)/2, which is the case where the maximum order (2) is
achieved for the usual variational integrators and conservative mechanical sys-
tems. On the other, the approximation of the fractional derivative that we use,
A%xy, is only consistent (order 0) w.r.t. D®x(t) ([13], Theorem 2.4). Thus, the
approximation of the action is limited to O(h), whereas the integrator is
O(h?). This represents an improvement from the expected result.
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