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Abstract

We propose two alternative approaches to evaluate numerically credit basket

derivatives in a N -name structural model where the number of entities, N , is

large, and where the names are independent and identically distributed random

variables conditional on common random factors.

In the first framework, we treat a N -name model as a set of N Bernoulli

random variables indicating a default or a survival. We show that certain ex-

pected functionals of the proportion LN of variables in a given state converge

at rate 1/N as N → ∞. Based on these results, we propose a multi-level

simulation algorithm using a family of sequences with increasing length, to

obtain estimators for these expected functionals with a mean-square error of

ǫ2 and computational complexity of order ǫ−2, independent of N . In par-

ticular, this optimal complexity order also holds for the infinite-dimensional

limit. Numerical examples are presented for tranche spreads of basket credit

derivatives.

In the second framework, we extend the approximation of Bush et al. [13] to

a structural jump-diffusion model with discretely monitored defaults. Under

this approach, a N -name model is represented as a system of particles with

an absorbing boundary that is active in a discrete time set, and the loss of

a portfolio is given as the function of empirical measure of the system. We

show that, for the infinite system, the empirical measure has a density with

respect to the Lebesgue measure that satisfies a stochastic partial differential

equation. Then, we develop an algorithm to efficiently estimate CDO index

and tranche spreads consistent with underlying credit default swaps, using a

finite difference simulation for the resulting SPDE. We verify the validity of

this approximation numerically by comparison with results obtained by direct

Monte Carlo simulation of the basket constituents.

A calibration exercise assesses the flexibility of the model and its extensions

to match CDO spreads from precrisis and crisis periods.
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Chapter 1

Introduction

In this chapter, we present possible applications of the thesis, indicate the place of our

research in the existing literature, and present an outline of our work, together with the

thesis contribution.

1.1 Motivation

The thesis is devoted to modelling the credit risk of a portfolio with a large number of

defaultable assets. Special attention is paid to developing efficient numerical methods for

such multi-name models. Let us start by giving a definition of credit risk and presenting

two main credit derivatives.

1.1.1 Basic definitions

As in [73], p.1, we assume the following definition of credit risk.

Credit risk is the risk that an obligor does not honour his payment obligations.

Under this definition credit risk is equivalent to default risk, while in more general defi-

nitions, such as in [25] or [6], credit risk includes also the risk of the deterioration of the

1



obligor’s credit quality.

The main components of credit risk are the arrival of a default, exposure and recovery.

The arrival of a default is a random variable, then the exposure represents the amount

that is affected in case of a default, and the recovery stands for the payoff that a creditor

obtains after the default. The fraction of the received payment to the exposure is called

the recovery rate. The recovery payment is random and depends, for example, on the type

of default or guarantees received from the obliger. For details of the financial and legal

aspects of credit risk, we refer to [6] and [73].

Assets subject to credit risk are called defaultable assets. Loans, mortgages, bonds and

credit derivatives are examples of such assets.

Let us now introduce credit derivatives, the following presentation is motivated by [73].

While loans and bonds were the core of financial services from the beginning of banking,

credit derivatives are more recent financial innovations. The market for credit derivatives

was developed only in early 1990. It developed rapidly till the credit crisis of 2008-2009,

and currently the credit market has started a slow recovery.

Credit derivatives are financial instruments that transfer credit risk from the protection

buyer to the protection seller. The contracts can be based on a single entity or on a basket

of names. The most frequently traded single-name credit derivative is the credit default

swap (CDS), while the most common basket credit derivative is the collateralized debt

obligation (CDO).

In the CDS contract, the seller compensates the buyer if a default of the reference

entity happens. The buyer of the CDS pays a fee to the seller till a default or maturity of

the contract, whichever occurs first.

A CDO is a set of fixed income securities whose payments depend on credit events

in a pool of defaultable assets. It can consist, for example, of loans, mortgages or credit

default swaps. In the latter case, such a contract is called a synthetic CDO.

A CDO offers products with different risk profiles, based on so-called tranches. The

2



risk connected to the tranches varies, from equity tranches, which are typically unrated

or speculative-grade, investment-grade mezzanine tranches, to senior tranches, which can

even have an AAA rating. By dividing the pool of defaultable assets into tranches, for

instance, investors who would not be allowed to invest directly in the underlying assets,

because their ratings are too low, can invest in senior tranches. Each tranche of a CDO

is defined by an attachment point, a, and a detachment point, d > a, which are typically

given as a percentage of a portfolio notional, e.g., for the equity tranche typically a = 0%

and d = 3%. The tranche notional is given as the difference between a and d.

Credit models provide the probability of the default of a single reference entity or joint

default probability of a portfolio, defining the major component of the credit risk. The

models can be used to price single and multi-name credit derivatives and also as a tool

for credit risk management. Let us now present pricing formulas for the two main credit

derivatives, and then risk measures that help to manage credit risk.

1.1.2 Pricing formulas for CDS and CDO

Here, we derive pricing formulas for the credit derivatives that we analyse in the thesis.

For an overview of the pricing approaches, we refer for example to [73] or [9].

In the thesis, we assume that a CDS is written on the total debt of a single reference

entity. We assume that the reference entity’s shares or bonds are traded securities. Also,

we consider a synthetic CDO, where the reference basket consists of CDSs.

Motivated by the presentation in [7], we make the following assumptions about the

market that we consider. We assume that trading is frictionless and continuous in time.

Also, for simplicity, the risk-free interest rate, r, and recovery rate, R, are constant. We

assume that we are given a risk-neutral pricing measure P, under which the discounted

values of traded credit risky securities and also default-free securities are martingales,

leading to the absence of arbitrage in the market. What is more, we assume that a

defaultable bond is priced under this measure, giving a price processes for a family of

3



defaultable bonds with different maturities. Then, a CDS can be replicated by continuous

trading in the reference entity’s defaultable bonds or shares and default-free securities.

Also, a synthetic CDO can be replicated by continuous trading in the underlying CDSs

and default-free securities. We come back to the above replication in Section 1.2.1, where

we introduce a diffusion structural model and in Section 2.1.1, where we present a jump-

diffusion structural model considered throughout the thesis. We comment on why under

the former model, the above hedge of a CDS is perfect, and why this is not the case under

the latter model.

Let us denote the payment dates of a CDS or CDO by Tj , where 1 ≤ j ≤ n, the

payments intervals by ̺j = Tj − Tj−1, the value of a bank account at time t by bt. Also,

we denote by τ the default time of a reference entity.

Let us start by deriving a formula for a spread of a CDS. We assume that the notional

of the contract is unity. The fee leg of a CDS, cCDSB̄, equals

cCDSB̄ = cCDS

n∑

j=1

̺j
bTj

E[1{τ>t}],

where cCDS is a CDS spread, and E[1{τ>t}] = P[τ > t] is the survival probability of the

reference entity under the risk neutral measure P. Then, the protection leg, D̄, is given

by

D̄ = (1 −R)

n∑

j=1

1

bTj

E[1{Tj−1< τ ≤Tj}]

= (1 −R)

n∑

j=1

1

bTj

E[1{Tj−1> τ} − 1{Tj>τ}].

Since at time t = 0, the value of the fee and protection legs are equal, cCDSB̄ = D̄, then

4



the CDS spread is given by

cCDS =
(1 −R)

∑n
j=1

1
bTj

E[1{Tj−1> τ} − 1{Tj>τ}]
∑n

j=1
̺j

bTj

E[1{τ>t}]
.

Let us now derive pricing formulas for a single CDO tranche and for a CDO index.

We consider a synthetic CDO, where the reference portfolio consists of N CDSs, each

with notional N0 = 1/N . Let us start from the pricing formula for a CDO index. The

outstanding notional of the portfolio at time t equals

Z̃t = N0

N∑

i=1

1{τi>t},

where τi is the default time of the i-th entity. The fee leg of a contract, cINDB̃, is given

by

cINDB̃ = cIND

n∑

j=1

̺j
bTj

E[Z̃Tj
],

where cIND is a CDO index spread. The protection leg equals

D̃ = (1 −R)
n∑

j=1

1

bTj

E[Z̃Tj−1 − Z̃Tj
].

Since at time t = 0 value of fee and protection legs are equal, cINDB̃ = D̃, then the CDO

index spread is given by

cIND =
(1 −R)

∑n
j=1

1
bTj

E[Z̃Tj−1 − Z̃Tj
]

∑n
j=1

̺j

bTj

E[Z̃Tj
]

.

Let us now present the formula for a single CDO tranche, following [13]. The loss of

the portfolio, L, at time t, is defined as

Lt = N0(1 −R)

N∑

i=1

1{τi≤t}. (1.1)

5



The outstanding notional, Z, of a single tranche is given by

Zt = [d− Lt]
+ − [a− Lt]

+.

The single CDO tranche protection buyer pays a running spread cCDO on the outstanding

tranche notional. The value of the fee leg of the contract, BcCDO, is given by

BcCDO = cCDO

n∑

j=1

̺j
bTj

E[ZTj
],

while the value of the protection leg, D, equals

D =
n∑

j=1

1

bTj

E[ZTj−1 − ZTj
].

Since, at time t = 0, the fair values of fee and protection legs have to be equal, BcCDO = D,

the spread of a single tranche is given by

cCDO =

∑n
j=1

1
bTj

E[ZTj−1 − ZTj
]

∑n
j=1

̺j

bTj

E[ZTj
]

.

In the above derivation, we do not specify how often a default is monitored. However,

throughout the thesis we distinguish between default times τM , τD and τA. In the case of

τM , a default can only be defected at the maturity of a contract, whereas for τD a default

is monitored at a discrete set of times, and for τA a default can happen at any time.

1.1.3 Managing and measuring credit risk

Credit risk on the macro scale is managed via regulatory authorities that aim at increasing

the soundness and stability of financial systems.

On the international scale, the financial system is regulated by the Basel Accord.

As noted in [33], Basel I was introduced in 1988 by the Basel Committee on Banking
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Supervision. Then, in 2004, the regulations were strengthened with Basel II, based on

three ‘pillars’ of regulations. In Pillar I, minimal capital requirements were set to cover

potential losses due to credit, market and operational risks. Pillar II gives an institution

and its supervisors a choice over deciding if any additional capital for risks, not mentioned

in Pillar I, is needed. Also, Pillar III requires the institutions to publish more details of

their risks and capital. Currently, the works on Basel III are ongoing, with the hope of

addressing the deficiencies of the previous regulations revealed in the recent credit crisis

of 2008-2009. One of the crucial recommendations of the Basel III is including the risk of

the default of a counterparty in the value of a transaction with the counterparty. Such an

adjustment to the value of a transaction is called credit value adjustment (CVA). Including

CVA into valuation results in higher Pillar I capital requirements.

On the micro scale, managing credit risk can be based, for example, on using measures

indicating the risk of a defaultable portfolio, giving an estimate of the required capital

to hold, and also on relieving this extra capital by buying protection against a default of

reference entities. The latter approach is obtained via credit derivatives, discussed above,

hence let us now focus on the risk measures.

One of the risk measures suggested in Basel II and commonly used in the industry is

the Value at Risk (VAR). We define VAR as the following, motivated by the presentation

given in [31]. Let α ∈ (0, 1) be some confidence level, and L be the loss of a portfolio,

then VAR of the portfolio at a confidence level α is given as

VARα(L) = inf{l ∈ R : P[L ≥ l] ≤ 1 − α}.

As noted, for example, in [36] or [31], VAR suffers from several deficiencies, partic-

ularly the fact that it fails to take into account the size of the losses and may penalize

diversification of capital. An example of an improved risk measure is the average VAR
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(AVAR), defined for a confidence level α ∈ (0, 1) as

AVARα(L) =
1

1 − α

∫ α

0
VARθ(L) dθ.

We refer to [36] and [31], and reference therein for other risk measures and for a compar-

ative analysis of them.

As we can see, the main ingredient in VAR and AVAR is the loss of a portfolio. In

particular, the tail of the distribution is considered in both presented risk measures.

1.1.4 Applications of credit models with a large number of names

Multi-name models with a large number of assets can be used to price a CDO, since

typically a portfolio of a CDO consists of over 100 entities. What is more, portfolios of

loans or mortgages in banks can be easily counted in thousands. Therefore, multi-name

models can provide VAR or other risk measures for such portfolios. In the thesis, we focus

on developing a framework for multi-name credit models where the number of entities is

large.

1.2 Main approaches in credit modelling

In this section, we provide a brief review of credit modelling. The presentation is by no

means exhaustive, since our aim is to show the place of our work in the existing literature

rather than to provide a complete survey of this prolific field. For such a survey, we refer

to [7], [73], [34], [25], and also to [32], [18] for review of models used in practice.

By looking at the pricing formulas of CDSs, CDOs and risk measures, given in the

previous section, it is clear that the crucial issue is to define a default event and then

develop a way to compute the probability of a default under the proposed definition.

Then, the dependence between companies in a portfolio needs to be proposed together

with a method of calculating joint default probability, and the last step is to develop an
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approach that enables the calculation of multiple defaults in portfolios consisting of a large

number of entities.

1.2.1 Modelling of default events

Most of the credit models that are currently used fall into one of two categories: reduced

form and structural. In the first approach, the default event is exogenous, i.e. the models

do not explain why the default happens, whereas in the second approach, the main focus

is on giving the conditions leading to the default.

Reduced form models

The following presentation of reduced form models is motivated by [34] and [7].

In the reduced form model, a default happens unexpectedly and is defined as a first

jump of a point process of size one. Let H = {Ht, 0 ≤ t ≤ T} be a point process such

that Ht = 1{τ<t}. The rate of a default is given by the intensity of the point process, λ.

In the simplest settings, where λ > 0 is a constant, H becomes a time-homogeneous

Poisson process, and the default probability is given as

P(Ht = 1) = 1 − e−λ t.

Such a definition of a default is assumed for example in a model of [60].

In many reduced form models, such as [24] or [57], λ = {λt, t ∈ [0, 1]} is a stochastic

process, which leads to H being a doubly stochastic Poisson process or Cox process. This

means that, conditional on realisations of λ, H is a time-inhomogeneous Poisson process.

Then, the probability of default equals

P(Ht = 1) = 1 − E[e−
R t
0 λ(u) du]. (1.2)

The randomness of intensity is introduced via some risk factors, λ = λ(t,Ξ), where in
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these models Ξ = {(Ξ1
t , . . . ,Ξ

d
t ), d ∈ N, t ∈ [0, T ]}, and Ξ satisfies some SDE.

As noted in [34], a closed-form solution of (1.2) is available for a broad class of affine

models, introduced by [22] for interest rate modelling. Then, (1.2) becomes

P(Ht = 1) = 1 − eC(t)−D(t)Ξ0 ,

where Ξ0 is the initial state of risk factors, and C(t) and D(t) are some non-random

functions of time. For example, we obtain an affine model, if λ = Ξ, and the dynamics of

Ξ are given by a mean-reverting process

dΞt = c(µ− Ξt) dt + σWt,

where W is a standard Brownian motion, and µ, c and σ are positive constants, Ξ0 ∈ R,

then, C(t) and D(t) are given as

D(t) =
1

c

(
1 − e−ct

)

C(t) = µ(B(t) − t) +
σ2

2c2

(
t− 2D(t) +

1

2c

(
1 − e−2ct

))
.

Because of the explicit formulas for default probabilities, reduced models are commonly

used in practice. However, they do not have a direct economic grounding, unlike the

structural models, where the main focus is on the reasons behind a company’s default.

Structural models

Structural models are based on the microeconomic observation that a default depends on

the value of a company’s assets versus its debt. In these models, a default happens when

the asset value falls below a given barrier. [64] assumes that a firm’s asset value follows
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geometric Brownian motion

dAt = µAt dt + σAt dWt, (1.3)

where A is a company’s asset value, W a standard Brownian motion, cB a constant barrier,

A0 > 0, µ is a drift parameter, and σ > 0 is the volatility. Also, it is assumed that the

company can default only at the maturity of the debt. Then, the time of a default, τM ,

is defined as

τM =






T if AT ≤ cB

∞ otherwise.

It is assumed that under a risk-neutral measure the drift parameter equals the risk-free

interest rate, r, giving

dAt = r At dt+ σAt dWt. (1.4)

Also, the risk-neutral pricing measure is unique, leading to the completeness of the mar-

ket and perfect hedge. In particular, a defaultable bond, considered in [64], is perfectly

replicated by investing in the company’s asset value and default-free bonds. Then, it can

be argued that also a CDS is perfectly hedged via a similar replicating portfolio.

However, as noted in [7], dynamics of A given by (1.4) are justified only if A represents

a traded security or at least can be replicated by trading in the firm’s shares or bonds

and default-free securities. In practice the company’s asset value is neither a traded

security nor is observable. Hence, in the thesis, we consider only a CDS written on the

reference entity whose value of assets can be constructed from the firm’s shares or bonds

and default-free securities. For the details concerning obtaining data for the process A

and its parameters, we refer for example to [34] or [62].
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By applying Itô’s lemma to (1.4), we have

AT = A0 e
β̃T+σWT ,

where β̃ = r − 1
2σ

2. The probability of default is given by a simple formula

P(AT ≤ cB) = Φ

(
log( c

B

A0
) − β̃T

σ
√
T

)

,

where Φ is the standard normal distribution function.

In order to lose the direct dependence on cB and σ, it is common in the literature to

introduce a distance-to-default, X, defined as

Xt =
1

σ
(lnAt − ln cB).

By (1.4) and Itô’s lemma, at time t > 0, Xt equals

Xt = X0 + βt+Wt,

where β = 1/σ(r − 1
2σ

2). Then, a default event is defined as

τM =






T if XT ≤ 0

∞ otherwise

and the probability of default equals

P(XT ≤ 0) = Φ

(−X0 − βT√
T

)
. (1.5)

Using first passage time theory, [8] extends the model by allowing default at any time.
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In terms of distance-to-default, a default event is defined as

τA = inf{t > 0 : Xt = 0}, (1.6)

and the probability of default is given as the following

P(Xt = 0) = Φ

(−X0 − βT√
T

)
+ e−2βX0 Φ

(−X0 + βT√
T

)
.

Because of the continuity of Brownian motion, in the above models, a default does

not come as a complete surprise. As a consequence, diffusion models cannot explain high

short time CDS spreads observed in the market. Also, the term structure of credit spreads

given by the models starts at zero and is increasing, whereas in the market it can also be

flat or downward sloping.

There are well documented improvements of structural credit models, for instance

by considering: unobservable default barriers ([23]); asset value processes modelled by

jump-diffusions ([80]; [44]; [45]; [52]; [62]; [61]; [4]) or more general Lévy processes ([28]);

stochastic volatility ([30]) or stochastic recovery rate ([29]). However, for the improved

models, explicit formulas of the default probabilities are usually not available. As a con-

sequence, structural models are more of an academic interest.

1.2.2 Default dependence

In order to model joint defaults, the dependence structure between the obligors needs to

be specified, preferably closely based on the empirical evidence of defaults.

Empirical evidence

As noted in [73], historically, defaults tend to cluster. For example, in 1982-1986, 22 oil

industry companies defaulted; there were three defaults in airline companies in 1970-1971,

followed by five more in 1989-1990; also more than 20 retailers defaulted in 1990-1992.
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What is more, in [35], empirical evidence of default clustering is given for the past 150

years. For instance, many multiple defaults were observed during the Great Depression,

with the severest ones occurring during the railroad crisis of 1873-1875, when defaults

amounted to as much as 36 percent of the par value of the corporate bond market.

One reason behind the default clusters is that companies operating in the same country

or industry sector work under similar economic conditions. When the conditions become

worse, the situation for all companies deteriorates; however the scale of the effect can differ

due to the individual condition of companies. For example, when interest rates increase,

companies have to spend more on repaying their liabilities which, for companies that are

already in a distressed situation, can lead to default while for others only to a lowering

of their income. Another example is an exogenous shock that hits the economy, like a

natural disaster that changes the situation of the companies in the affected area.

Multiple defaults can be also explained by the links between companies. It is commonly

said that the economy is a system of communicating vessels; the prosperity of one company

improves the financial situation of its contractors, just as the default of one company can

lead to the worsening conditions of its suppliers or even to their default. For example, the

credit crisis of 2008-2009, initiated by the collapse of the subprime mortgage market in

the U.S. This affected financial institutions, for example via CDOs, which were based on

U.S. mortgages, and then the global economy suffered via the links between the financial

markets and the real economy, and then via the links between companies.

Default dependence in credit models

If there are two assets in a portfolio, then dependence can be modelled through the linear

correlation between assets, for example, as in [81], where analytic formulas are available

for a structural model. As noted in [73], having N assets in a portfolio, the number of

correlation coefficients would be N(N − 1)/2, determining only probability of bivariate

default events. Since 2N joint defaults are possible, taking into account all combinations
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of default events between companies, we have to make simplifying assumptions.

One solution proposed in the literature is modelling dependence between obligors by

introducing common factors that influence all companies in a portfolio and individual

ones that are specific to each company. Then, conditional on common factors, the names

are independent. Such models are also called conditionally independent factor models or

Bernoulli mixture models.

Another idea is to capture the empirical evidence of a default of one company affecting

another by introducing contagious or infectious defaults ([43], [47], [19], [37]). However,

introducing contagious effects may break the conditional independence of names and makes

the analysis less tractable.

In the industry, a popular solution is to introduce dependency between names via

copula functions as, for example, in [60] or [4]. We refer to [26] and [66] for an analysis

of the copula models. Since, in our thesis the focus is on Bernoulli mixture models, we

present here this class of multi-name credit models.

Bernoulli mixture models

The main idea behind the common factor models is that, conditional on common factors,

defaults are independent. If, additionally, the portfolio is homogeneous, meaning that the

marginal distributions for each name in the portfolio are the same, then the defaults are

also identically distributed. What is more, a default is a Bernoulli random variable, taking

zero when there is no default and one otherwise.

A common way to incorporate the idea of systemic and idiosyncratic risks of a company

into the structural framework is by correlated Brownian motions. Under this approach,

the distance-to-default of the i-th company follows the process

Xi
t = Xi

0 + βt+
√

1 − ρ W i
t +

√
ρ W ς

t , (1.7)
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where i = 1, . . . , N , ρ ∈ [0, 1) is a correlation coefficient, W ς denotes a common factor,

W i is an individual factor, and both are independent standard Brownian motions, for all

i.

In the simplest settings, as in [77], a default is monitored at maturity only. Let F ς be

the filtration generated by W ς . Observe that, conditional on F ς , the distances-to-default

are independent and identically distributed random variables. Then, the conditional prob-

ability of a default is given as

P(Xi
T ≤ 0 | F ς) = P(Xi

T ≤ 0 |W ς
T ) = Φ

(
−X0 − βT −√

ρ W ς
T√

(1 − ρ)T

)

. (1.8)

An extension to this approach, by allowing defaults also before maturity, is given, for

example, in [46], where defaults are monitored on payment dates, or in [13], where defaults

are monitored continuously. However, under these models, the conditional probability of

the default is not available in a closed-form.

In reduced form models, the dependence between obligors under a common factor

framework can be captured by the stochastic intensity driven by common and individual

risks. A simple way to incorporate this idea is given in [34], where the intensity satisfies

λit = Ξςt + Ξit,

where Ξς is a common factor, and Ξi is an individual factor of the i-th company, Ξς and

Ξi are independent for all i. Let FΞς
be the filtration generated by Ξς . The probability

of default conditional on the common factor is given as

P(H i
t = 1 | FΞς

) = 1 − e−
R t

0
Ξς

sds E[e−
R t

0
Ξi

sds]. (1.9)

If Ξi follows an affine process, then the expectation on the right-hand side is given in

closed-form.
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Let us now give the joint probability of default for Bernoulli mixture models. We

follow the presentation given in [32], where a common structure is developed in order

to compare different reduced form and structural models. Let us model a default of an

obligor by a Bernoulli random variable Y i, and a common factor (or joint effect of common

factors) by Ψ, together with its filtration FΨ. Also, we assume that the common factor Ψ

is distributed according to the law PΨ. The conditional probability of default is given as

P(Yi = 1 | FΨ) = si(Ψ),

where si is some function depending on Ψ and specified for each i. In the case of an

homogeneous portfolio, si(Ψ) = s(Ψ) for all i. By conditional independence and since

(Y i, i = 1, . . . , N) are Bernoulli distributed random variables with P(Yi = 1 | FΨ) = s(Ψ)

for all i, the joint density of a portfolio can be written as

P(Y1 = y1, . . . , YN = yN ) =

∫
(s(ψ))

PN
i=1 yi (1 − s(ψ))N−

PN
i=1 yi PΨ(Ψ ∈ dψ), (1.10)

where yi ∈ {0, 1}, ∀i. In the case of a heterogeneous portfolio, the joint density of a

portfolio equals

P(Y1 = y1, . . . , YN = yN ) =

∫ N∏

i=1

(si(ψ))yi (1 − si(ψ))1−yi PΨ(Ψ ∈ dψ). (1.11)

For Bernoulli mixture models, where analytic formulas are not available for si(Ψ) ,

such as in the structural model with defaults monitored also before maturity, formulas

like (1.10) or (1.11) are not directly applicable. Instead, paths of distance-to-default for

each name in the portfolio are simulated by Monte Carlo methods, giving in the end a

numerical estimate of joint default distribution. This approach is used, for example, in

[46] or [13].

17



1.2.3 Approximations for joint default probability in large portfolios

For a small or medium-sized portfolio, it is possible to calculate the joint default probability

by formulas (1.10)-(1.11) or standard Monte Carlo simulations. For a large portfolio,

containing a hundred names, it is still doable but time-consuming. However, calculating

the joint default probability of a portfolio where the number of names is counted in

thousands, is simply impossible in practical applications. That is why approximation

methods are suggested in the literature.

The approximations are mostly based on versions of the conditional Law of Large

Numbers. The first approximation is proposed in [77], for a structural model of the

Merton type where a portfolio is homogeneous. Then, for example, in [63], the method is

extended to a heterogeneous portfolio, consisting of a few homogeneous groups of names.

In [20], the authors consider approximation for the tail of a joint distribution. Also, in

[13], an extension for the continuous monitoring of default in a homogeneous portfolio

is suggested. Inspired by the results of [13], the dynamic extension of a reduced model

is proposed recently in [37]. Additionally to [13], the authors consider contagion effects.

Here, we focus on the approximations given by [77] and [13].

Vasicek approximation

Let us start with the approximation proposed in [77]. Consider a portfolio with an infinite

number of entities defined on some probability space (Ω,F ,P). Each distance-to-default

is given as in (1.7), where for all i, Xi
0 = X0.

By the independence of W i and W ς , for all i, we can write the probability space as

(ΩI × Ως ,FI ×F ς ,PI × P
ς),

where (ΩI ,FI ,PI) is the space where individual factors are defined, while (Ως ,F ς ,Pς) is

the space of common factor W ς .
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Observe that, by the conditional version of the Law of Large Numbers, for t = T and

for almost all ως ∈ Ως , we have

lim
N→∞

1

N

N∑

i=1

1{Xi
T

(ως )≤0} = P
I(XT (ως) ≤ 0), P

I -a.s.

where on the right-hand side we use that a portfolio is homogeneous. Then, for t = T ,

the loss of an infinite portfolio is defined for almost all ως ∈ Ως as

L(ως) = P
I(XT (ως) ≤ 0),

and by (1.8), we obtain also that

L(ως) = Φ

(
−X0 − βT −√

ρ W ς
T√

(1 − ρ)T

)
. (1.12)

Let us denote by p the marginal probability of default, given in (1.5). Then, in terms of

p, and since W ς
T can be written as U

√
T , where U is a standard normal random variable,

the loss is given as

L(ως) = Φ

(
1√

1 − ρ

(
Φ−1(p) −√

ρU
))

.

Then, the probability distribution of L equals

P(L ≤ l) = E
ς
[
P
I [L(ως) ≤ l]

]

=

∫
1{L(u)≤l} φ(u) du

=

∫
1{u≤ 1

√
ρ(

√
1−ρΦ−1(l)−Φ−1(p))} φ(u) du,
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where φ is the density of the standard normal random variable. Finally, we obtain

P(L ≤ l) = Φ

(
1√
ρ

(√
1 − ρ Φ−1(l) − Φ−1(p)

))
.

This formula is very easy to calculate; however, as noted before, the model assumptions

are too restrictive.

Bush et al approximation

Let us now present the approximation suggested in [13]. Throughout the thesis, we refer

to this approach also as a large basket approximation.

In a similar way to [77], in [13], each distance-to-default is given by (1.7) but here the

default is monitored continuously. Let (Xi, i = 1, 2, . . .) be defined on some probability

space (Ω,F ,P). It is assumed that (Xi
0, i = 1, 2, . . .) is a family of exchangeable random

variables, meaning that the distribution of (Xi
0, i = 1, 2, . . .) is invariant under permuta-

tions (see Section 4.3 for a precise definition). For example, each i.i.d. sequence is an

exchangeable sequence but the inverse is not true. Also, it is assumed that the initial

distances-to-default are independent of W i and W ς , for all i.

By the independence of X0, W i and W ς , for all i, the probability space of (Xi, i =

1, 2, . . .) can be divided into

(ΩI × Ως ,FI ×F ς ,PI × P
ς),

where (ΩI ,FI ,PI) is the space of individual factors, and (Ως ,F ς ,Pς) is the space of com-

mon factor W ς .

In [13], the authors consider the empirical measure of the portfolio. Let S ∈ B(R),

where B(R) is the σ-field of Borel sets on R, and let N ≥ 1, then the empirical measure
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is defined as

ν̃t,N (S) =
1

N

N∑

i=1

1{Xi
t∈S}. (1.13)

By the de Finetti theorem (see for example [2]) which is a generalisation of the Law of Large

Numbers, the limit of the empirical measure for N → ∞ exists for infinite exchangeable

sequences. In [13], the authors show that (Xi, i = 1, 2, . . .) is an infinite exchangeable

sequence, and hence the limit empirical measure exists for all t ≥ 0,

ν̃t(S) = lim
N→∞

ν̃t,N (S), P-a.s.

Then, for t > 0, the limiting empirical measure is decomposed into the empirical

measure of names that did not default by the time t, νt, and into the measure for the rest

of the names

ν̃t = νt + Ltδ0,

where ν is defined in (0,∞), δ0 is a Dirac mass at zero and L is the loss of the infinite

portfolio.

Let us now state the main result of [13]. The presentation is motivated by [58], where

the results of [13] are studied in detail. In [13], the authors show that, for almost all

ως ∈ Ως , t ∈ [0, T ], the empirical measure ν has a density v that satisfies

E
ς

[∫ T

0
‖ v ‖2

2 + ‖ vx ‖2
2 dt

]
<∞ (1.14)

and is a unique solution (in the space of functions satisfying (1.14)) to the following
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stochastic partial differential equation (SPDE)

dv = −β vx dt −
1

2
vxx dt−

√
ρvx dW

ς
t ,

v(0, x) = v0(x), v(t, 0) = 0,

where v0 is assumed to be smooth and has support in [C,C], where 0 < C < C <∞.

Note that this is an SPDE with an absorbing boundary at zero and an initial density

given by the density of the empirical measure of (Xi
0, i = 1, 2, . . .). In the limit, individual

factors disappear, while the market factor, W ς , drives the empirical measure.

Without an absorbing boundary, for each realisation of W ς
t , the SPDE can be solved

as

v(t, x) = u(t, x−√
ρW ς

t ), ∀x ∈ R, t > 0,

where u(t, x) is a solution to the deterministic PDE

u(t, x) =
1

2
(1 − ρ)uxx − βux.

This observation is used in [13] to obtain v(t, x) via finite difference methods accompanied

by Monte Carlo simulations.

Also, in [13], the authors show that for almost all ως ∈ Ως , t ∈ [0, T ], the portfolio loss

is given as

Lt = Lt(ω
ς) = 1 −

∫ ∞

0
v(t, x) dx.

Observe that, in terms of the Vasicek approximation, Bush et al provide a formula of a

type (1.12), while the distribution of L is given by numerical simulations.

What is more, in [13], the authors use the approximation to provide example CDO
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spreads for different values of model parameters, ρ and σ.

The approach is studied in detail in [48], also some extensions to the method are

proposed. Very recently, in [1], the approximation is applied to mortgage backed securities,

while in [59], more results are obtained regarding the regularity of the solution to the

aforementioned SPDE.

1.2.4 What is missing?

The credit crisis of 2008-2009 showed that regulations regarding credit risk should be

strengthened but also that default dependency is still an open, challenging problem facing

credit modelling.

As noted in [73], a good multi-name model should meet the following conditions.

(I) Default dependence: The model must produce a realistic default dependency.

(II) Estimation/parsimony: The number of parameters in the model should be limited,

especially it should not grow exponentially with the number of endogenous variables.

(III) Timing risk/clustering: The model must be dynamic, since the timing of defaults

can be as crucial as the number of defaults. Also, the model should produce default

clusters in time.

(IV) Calibration: The model must be capable of calibrating both to the individual and

to the joint term structure of defaults for a fixed time horizon.

(V) Implementation: The model should be accompanied by a workable implementation

mechanism.

Regarding the methods suggested for the joint default probability for portfolios with

a large number of names, the approximation proposed by Bush et al. is only developed

from an academic perspective. It is crucial to provide efficient numerical methods and

a calibration mechanism in order to make the approach useful for practical applications.
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Also, since the proposed model is based on diffusion processes, like other structural dif-

fusion models, it suffers from the continuity of Brownian motion. Therefore, the method

should be extended to tackle this problem, using the remedies presented in Section 2.1.

Overall, the framework should be extended in such a way that the new model, together

with its numerical methods, meets the Conditions (I)-(V) of a good multi-name model,

given above. Also, the approximation should be validated for portfolios with a large finite

number of names.

What is more, efficient Monte Carlo methods for calculating directly the loss of a large

portfolio are needed as an alternative to the analytical approximations. To the best of

our knowledge, methods for very large number of entities have not been considered in the

existing literature.

1.3 Outline and contribution of the thesis

In the thesis, we propose two alternative frameworks to evaluate numerically a multi-name

structural model where the number of entities is large. We evaluate the model either

directly via an efficient Monte Carlo method developed by ourselves for such models or by

extending the approximation proposed by Bush et al.

1.3.1 New simulation method and an extension to the Bush et al ap-

proximation

The proposed simulation method is based on the multi-level approach developed in [38]

to calculate efficiently the expected value of a functional of the solution to an SDE. In

the original setting, a Lipschitz functional and SDE for a diffusion process are considered,

then many authors extended the method, for example, to more general functionals and/or

more general SDEs. A survey of the extensions to the multi-level method can be found in

[41].

In essence, the multi-level method is based on the convergence of the solutions to an
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SDE for increasing the number of time steps, leading to lower computational complexity.

We reinterpret the multi-level approach to our setting and construct estimators based on

sequences of random variables with increasing lengths and a number of samples which

decreases faster than the length increases, such that the overall computational complexity

is essentially no larger than that for fixed small N . This is crucial, since the random se-

quences in our context are costly to simulate, because of the large number N of underlying

processes, often required over large time horizons. Moreover, often, many Monte Carlo

samples are necessary for the sufficiently accurate estimation of, for instance, the expected

tranche losses of the credit basket.

The second approach is an extension to Bush et al. [13] approximation, where each

company’s asset value process is driven by a pure diffusion process and default is monitored

continuously. Since the model in [13] is based on a diffusion process, because of continuity

of Brownian motion, the model does not fit the market data well. Also, the numerical

implementation of [13] consists of Monte Carlo and finite difference methods, which, for

some extensions to the approach, can be computationally demanding. Hence, we aim at

extending the method such that the new model can fit the market data reasonably well and

be computed sufficiently quickly. This is met by a jump-diffusion model with discretely

monitored defaults that we suggest as an extension to the Bush et al. approximation.

We derive analytical results for this extension, together with efficient numerical meth-

ods to use it in practice, including simulation and calibration algorithms. The heuristics

considering the extension to the system driven by a jump-diffusion process is suggested

earlier in [48], also, recently, a heuristic analysis of an extension to the general Lévy

processes is proposed in [58], both authors consider continuously monitored defaults.

In the thesis, for the multi-level approach calculations are performed for a structural

jump-diffusion model where the defaults are monitored discretely. However, the method

can be applied to any Bernoulli mixture model (up to some technical conditions), whereas

in case of the extension to the Bush et al. approximation, the analytical results hold only
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for the proposed model but we also show how the approach can be extended to certain

other models.

We wish to emphasise that the suggested frameworks accompanied by a jump-diffusion

model by no means end the search for the optimal credit multi-name framework, but we

hope that the frameworks mark an important step towards efficient practical implemen-

tation of a large class of models.

1.3.2 Overview of the chapters

In Chapter 2, we present the multi-name model considered throughout the thesis. We

check how the model meets the Conditions (I)-(V) given in Section 1.2.4, by analysing

the default dependency in the model, paying special attention to the individual and joint

term structure of defaults, and also by calibrating the model to pre and during the crisis

data, in order to check how the model fits the data under different market conditions. The

chapter is based on our article [12].

In Chapter 3, we propose our simulation method in the spirit of a multi-level Monte

Carlo algorithm. The approach is based on the convergence of certain expected func-

tionals of portfolio loss for increasing the number of obligors. We state the theoretical

and numerical convergence results. The theoretical convergence rates are derived for any

Bernoulli mixture models (up to some technical conditions) and for general Lipschitz func-

tionals of expected losses, whereas the empirical rates are calculated for the multi-name

jump-diffusion model proposed in the thesis and for the expected tranche loss of a CDO.

The chapter is based on our article [11].

In Chapter 4, we present an extension to the approximation suggested by Bush et

al. [13] for a jump-diffusion model with defaults monitored discretely. We show that, for

the infinite portfolio, the empirical measure has a density with respect to the Lebesgue

measure that satisfies an SPDE. Then, we present a recursive solution to this SPDE.

In Chapter 5, we develop numerical methods for using the extension proposed in Chap-
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ter 4 in practical applications. We develop methods for evaluating the model, calibrating

it to market data and calculating its sensitivities. Also, we check the validity of the ap-

proximation for finite numbers of entities in a portfolio. The chapter is based on our

article [12].

In Chapter 6, we summarize our main results, show how different results are connected

with each other, and give recommendations for future research.
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Chapter 2

Numerical valuation of basket credit

derivatives in structural

jump-diffusion models

In this chapter, we present a multi-name model that we develop numerical methods for in

the thesis. We analyse the model assumptions and show that the model is flexible enough

to match CDO spreads from precrisis and crisis periods. In our calibration algorithm, CDO

spreads are consistent with the underlying CDS spreads, such that a company’s asset value

at the initial time is based on its CDS spreads. We present numerical methods that we

develop for a single-name model to produce a CDS spread for each name underlying the

CDO basket. Also, we show that the model can produce different shapes of CDS term

structure observed in the market.

We consider a model where each company’s asset value process follows a jump-diffusion

process and is connected with other companies via random global factors. In our model,

a default can occur both expectedly, due to the diffusion part, and unexpectedly, due to

the jump part, by a sudden fall in a company’s value.
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Overview of the chapter

The chapter is organised as follows. First, in Sections 2.1 and 2.2 we present our structural

model for single-name and multi-name credit derivatives. Then, in Section 2.3, we present

calibration results, while Section 2.4 concludes with remarks on further improvements of

the model.

2.1 A single-name structural model

We begin by discussing a model and pricing formulae for the individual CDSs in this

section. The results here will also be used for the calibration of multi-name models.

2.1.1 The model setup

We model a company’s asset value, At, by a jump-diffusion process. Under a risk-neutral

measure P the dynamics of A are given as

dAt
At

= (r − λν) dt+ σ dWt + (Y − 1) dÑt, (2.1)

where r is the risk-free interest rate, σ the asset volatility, W is a standard Brownian

motion, Ñ a Poisson process with intensity λ, (Yk − 1) is the size of the kth jump of the

compound Poisson process
∑Ñt

k=1(Yk−1) and ν = E[Yk−1]. We assume that W , Ñ , Y are

mutually independent, and that {Yk} are independent and identically distributed (i.i.d.).

We would like to mention that because of the jump component present in the model,

the risk-neutral pricing measure is not unique and market is incomplete. As a consequence,

a perfect hedge of default risk via trading in the asset value of the reference entity and

default-free securities is not possible. Hence, under a jump-diffusion model a CDS cannot

be perfectly replicated in this way which is in contrast to the diffusion model discussed in

Section 1.2.1. Throughout the thesis, we assume that we are given a risk-neutral pricing

measure P.
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A solution to (2.1) is given by

At = A0 exp

{(
r − λν − 1

2
σ2

)
t+ σWt

} Ñt∏

k=1

Yk, A0 > 0. (2.2)

If λ = 0, then Ñt = 0, and we obtain geometric Brownian motion. As [65] notes, Y − 1

is the relative change of At through jumps. What is more, in the special case when {Yk}

are log-normally distributed, conditional on Ñt, At is also log-normally distributed.

Following [8], one can define the default time τA as the first passage time of the

company’s asset value of a constant default barrier cB ,

τA = inf
{
t > 0 : At ≤ cB

}
.

We assume that A0 > cB and P (Yk > 0) = 1, such that the asset price process remains

positive. In order to eliminate explicit dependence on cB , we introduce the distance-to-

default

Xt =
1

σ
(ln(At) − ln(cB)). (2.3)

Since, A0 > cB , X0 > 0. By applying Itô’s lemma to (2.3) and using (2.1), we obtain

dXt = β dt+ dWt + Π dÑt, (2.4)

where β = 1
σ (r − λν − 1

2σ
2), Π = lnY/σ. The first passage time τA of Xt is now

τA = inf {t > 0 : Xt ≤ 0} .

Implicit here is the assumption that default can be monitored continuously. We will later

work in a framework where default can only be detected at a discrete set of times t1, . . . , tn,

and then set

τD = min {t ∈ {t1, . . . , tn} : Xt ≤ 0} .
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We account for default in X by setting

Xt = 0 ∀ t ≥ τD. (2.5)

2.1.2 Distribution of the jump amplitude

We are aiming towards a computationally tractable, yet economically convincing structural

default model. To meet these conditions, we need a distribution of jump amplitudes that

enables sufficiently fast calculation of the survival probability of individual firms, yet gives

realistic market dynamics.

[80] suggests a jump-diffusion model with log-normal jumps, as first introduced in

the general context of financial modelling by [65] as an extension to the Black-Scholes

approach. In contrast, [55], [44], [45] and [62] propose a double exponential jump size

distribution. [55] specifically argues that although both types of jumps can lead to the

leptokurtic feature of equity returns observed in the market, in continuous time double-

exponential jump-diffusion models have better analytical tractability. As [54] shows, due to

the lack of memory associated with the exponential distribution, there exists an analytical

solution, via Laplace transforms, to the distribution of first passage times for the double

exponential case. Such a solution does not exist for the log-normal model. However, as

[68] note, the transition density of log-normal jump-diffusions has a more convenient form

than that of double-exponential ones.

What is more, [68] assesses empirically the performance of double exponential jump-

diffusion compared to log-normal jump-diffusion and geometric Brownian motion in match-

ing stock prices. Because of the inherent link between equity and credit in structural

models ([65]), empirical findings in equity markets are relevant for the present setting.

They find that both double-exponential and log-normal jump-diffusions give a better fit

to market data than geometric Brownian motion. In their study, double-exponential

jump-diffusions outperform log-normal ones when stock indices are concerned, however,
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for individual stocks the results are inconclusive. It should be noted that a slightly bet-

ter performance of the double-exponential jump-diffusion model can be attributed to the

presence of an extra parameter.

We focus in the following on the log-normal case, for reasons of convenience, which

will become clear in Section 2.1.3, however, the overall framework is independent of the

jump size distribution.

2.1.3 Computing survival probabilities for log-normal jumps

The initial distance-to-default X0, together with the jumps, determines default probabil-

ities at the very short end, while diffusion plays a role over the medium time range and

the drift only for long time horizons. One could therefore use CDS spreads with different

maturities to back out the different parameters. We will follow a different tack later on

and use information from tranche spreads, and use CDS spreads only to infer X0.

A key ingredient in the pricing of CDSs, which is used for the calibration of CDO

models in our framework, is the survival probability. For a log-normal jump-diffusion

model, an analytical formula for the survival probability does not exist, hence Zhou [80]

applies a Monte Carlo algorithm. Since this approach is computationally demanding

when a portfolio of CDSs is considered, in order to obtain an analytical approximation to

survival probabilities, [79] assumes that a firm has survived to a given monitoring time

out of t1, . . . , tn, if at this particular time the asset value is above the barrier. We denote

such a default time by τP . As the author notes, this is a crude approximation, and the

survival probability in the model is overestimated, especially when t is high,

P(τD > tn) = P(Xtn > 0,Xtn−1 > 0, . . . ,Xt1 > 0) < P(Xtn > 0) = P(τP > tn).

We now present a practically tractable algorithm to calculate the survival probability

for log-normally distributed jumps. Since the proofs of the following Propositions are
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relatively straightforward, the proofs are given in Appendix A.

Proposition 2.1.1. Let 0 < tn ≤ T be a monitoring date, X a jump-diffusion process

driven by (2.4) with Π ∼ N(µΠ, σ
2
Π). The survival probability at time tn, for n ≥ 2 is

given recursively by

p(Xtn = xtn , τ
D > tn−1) =

∫ ∞

0
p(Xtn = xtn | Xtn−1 = xtn−1)

× p(Xtn−1 = xtn−1 , τ
D > tn−2) dxtn−1 ,

P(τD > tn) =

∫ ∞

0
p(Xtn = xtn , τ

D > tn−1) dxtn . (2.6)

Proposition 2.1.2. The probability of no default at t1, and the density of Xt1 , are given

by

P(τD > t1) =

∞∑

c=0

P(Xt1 > 0 | Ñt1 = c) · p(Ñt1 = c)

= e−λt1
∞∑

c=0

Φ

(
µXt1

σXt1

)
(λt1)

c

c!
, (2.7)

p(Xt1 = xt1) =

∞∑

c=0

p(Xt1 > 0 | Ñt1 = c) · p(Ñt1 = c)

= e−λt1
∞∑

c=0

1

σXt1

φ

(
xt1 − µXt1

σXt1

)
(λt1)

c

c!
, (2.8)

where Φ(·) is the cumulative standard normal distribution, φ(·) is the standard normal

density, µXt1
= x0 + βt1 + cµΠ, σ2

Xt1
= t1 + cσ2

Π.
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Figure 2.1: Survival probability at T = 5 in the log-normal jump-diffusion model with m
default monitoring dates per year, where m = 2, . . . , 252. Parameters are taken from a
calibration to market data from 5 December 2008 (see Section 2.3 for details).

Proposition 2.1.3. The density of Xtn , conditional on Xtn−1 , for n ≥ 2, is given by

p(Xtn = xtn | Xtn−1 = xtn−1)

=

∞∑

c=0

p(Xtn = xtn | Xtn−1 = xtn−1 ,∆Ñtn = c) p(∆Ñtn = c)

= e−λ∆t
∞∑

c=0

1

σXtn |Xtn−1

φ

(
xtn − µXtn |Xtn−1

σXtn |Xtn−1

)
(λ∆t)c

c!
,

where ∆t = tn − tn−1, ∆Ñtn = Ñtn − Ñtn−1 , φ(·) is the standard normal density,

µXtn |Xtn−1
= xtn + β∆t+ cµΠ, σ2

Xtn |Xtn−1
= ∆t+ cσ2

Π.

Remark 2.1.1. The recursion given in the above Propositions, can be computed using

straightforward numerical integration, as the integrands are sums of standard normal den-

sities. What is more, the sums converge quickly, since (λ∆t)c

c! → 0 rapidly as c → ∞,

especially for λ≪ 1, as is the case for the calibration results given later in the thesis, and

for ∆t = 0.25, ie, for quarterly monitored defaults.
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Remark 2.1.2. A similar recursion is suggested in [28]. The difference is that the re-

cursion given by Fang et al. is backwards, ie, first p(Xtn−1 = xtn−1 ,Xtn > 0) is obtained,

then p(Xtn−2 = xtn−2 ,Xtn−1 > 0,Xtn > 0) and finally p(Xt1 = xt1 ,Xt2 > 0, . . . ,Xtn−1 >

0,Xtn > 0). In our case, we first calculate p(Xt1 = xt1), then p(Xt2 = xt2 ,Xt1 > 0) and,

in the end, p(Xtn = xtn ,Xtn−1 > 0, . . . ,Xt1 > 0), which gives immediately P(τD > tn) =

P(Xtn > 0, . . . ,Xt1 > 0) for each tn, 0 < tn ≤ T .

2.1.4 Continuous vs discrete default monitoring

Both continuous monitoring of default (e.g., [8] and [45]) and discrete monitoring (e.g.,

[46] and [28]) is assumed in applications of structural default models. In practice, a default

is announced on a daily basis, as [28] argue.

In order to make models computationally more tractable, some studies, e.g., [46] and

[13], assume that default is detected only on spread payment dates. We follow this line

and thus assume that defaults are monitored quarterly.

In order to check the impact of this approximation, we calculate survival probabilities

for m = 2, . . . , 252 monitoring dates per year, ie, from half-yearly to daily monitoring, at

time T = 5, ie, at the maturity of CDSs that we will use later to calibrate CDO pricing

models. The results are shown in Fig. 2.1. As expected, the survival probabilities con-

verge and are a decreasing function of m. The difference between the survival probability

calculated for m = 4, ie, for the number of monitoring times we will assume in the com-

putations, compared to m = 252, ie, the maximum realistic monitoring times per year, is

0.59 percentage points.

Remark 2.1.3. The question of continuous versus discrete monitoring of defaults is math-

ematically equivalent to that of continuous versus discrete barrier monitoring when pricing

barrier options.[10], in a diffusion model, approximate prices of discrete barrier options
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by formulae for continuously observed but shifted barrier, precisely (Theorem 1.1 in [10])

Vn(H) = V
(
H e−βσ

√
∆T
)

+ o

(
1√
n

)
, (2.9)

where Vn(H) is the price of a discretely monitored knock-out call option, V (H) is the price

of a corresponding continuously monitored barrier option, β is a constant derived by the

authors, n is the number of monitoring times at intervals ∆T . This correction accounts

for the probability of undetected barrier crossings between monitoring dates.

In a finite activity jump model, as the probability of a jump in an interval of length ∆T

is O(∆T ), and that of an undetected down-up combination even O(∆T 2), we conjecture

similar asymptotic behaviour.

As we calibrate the initial distance-to-default, X0, to CDS spreads, which are functions

of the survival probabilities, the barrier correction (2.9) is implicitly invoked. This is seen

from (2.3), which shows that a shift of the initial position is equivalent to an opposite shift

of the default barrier. When we use the calibrated model later to price basket derivatives

based on the same monitoring dates, the difference between monitoring frequencies should

be small.

2.1.5 Implied CDS term structure

In Figures 2.2 and 2.3, we present a CDS term structure implied by the model for different

values of initial distances-to-default. In the former figure, the model parameters are taken

from the precrisis period, while in the latter, during the crisis.

According to the empirical evidence, in quiet market conditions, CDS term structure

is usually increasing, while in more shaky periods, the CDS curve can have a different

shape, in particular, can be downward sloping. This is in line with our results.
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Figure 2.2: Implied CDS term structure for chosen values of x0 and model parameters
taken from a calibration to market data from 22 February 2007 (see Section 2.3 for details).

2.2 A multi-name structural model

In this section, we extend the single-name jump-diffusion to a multi-name model, with the

view of pricing basket credit derivatives.

The works closest to our basic setup are [79] and [52], where [79] uses a log-normal

jump-diffusion multi-name model to price CDOs, while [52] use a double exponential jump

distribution.

2.2.1 The model setup

We extend the single-name model to the setting of a portfolio of CDSs on N different

companies, which is consistent with (2.1) for the individual names, but makes a special

assumption on the dependence structure, namely,

dAit
Ait

= (r − λν) dt +
√

1 − ρ σ dW i
t +

√
ρ σ dW ς

t + (Y − 1) dÑt, (2.10)

where W ς is a standard Brownian motion, ρ ∈ [0, 1), lnY ∼ N(µY , σ
2
Y ), (W i) is a standard

Brownian motion, W i, W ς , Ñ , Y are mutually independent, for all i.

W i is an idiosyncratic factor, specific to each company, which affects the value of each
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Figure 2.3: Implied CDS term structure for chosen values of x0 and model parameters
taken from a calibration to market data from 5 December 2008 (see Section 2.3 for details).
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company’s assets alone, such as the management of a company. W ς , Ñ and Y represent

global factors that affect the default environment of all companies. As [46] note, such a

global factor could be for instance the S&P 500 index. Other candidates could be Gross

Domestic Product, or more specifically investment spending, central bank interest rates or

the unemployment rate, since they indicate the phase of the business cycle of the economy.

The jumps Ñ together with Y , model sudden effects by global factors on the situation

of companies, while W ς models more gradual influences. We aim at taking into account

predominantly negative jumps and consider only µY < 0. The intensity of Ñ , λ, then

measures the frequency of economic shocks. If the absolute value of the jump mean is high,

then λ can be interpreted as the frequency of economic crises. A similar interpretation

can be found in [79].

Like in the univariate case, we consider the distance-to-default Xi
t = 1

σ (ln(Ait)−ln(cBi )),

where cBi is a constant default barrier. We assume Xi
0 > 0 and the dynamics of Xi

t are

then given by

dXi
t = β dt+

√
1 − ρ dW i

t +
√
ρ dW ς

t + Π dÑt, (2.11)

where β = (r − λν − 1
2σ

2)/σ, Π ∼ N(µΠ, σ
2
Π), µΠ = µY /σ, σ2

Π = σ2
Y /σ

2.

The distribution of distances-to-default Xi
0 indicates the current state of the market.

If the mass of the distribution is close to zero, as shown in Fig. 2.4, right, for the iTraxx

constituents in December 2008, then the financial situation of companies is relatively bad;

if the mass is concentrated far away from zero, as shown in Fig. 2.4, left, again for the

iTraxx but in February 2007, the economic climate is good.

It is worth discussing in more detail a main premise of the model, namely that the

volatility parameter σ is identical for all firms. Credit indices usually consist of companies

from different industry sectors and different regions, and clearly there will be differences

between the variances of asset values. If we allowed individual σi for each company in the
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Figure 2.4: Histogram of Xi
0 obtained by calibration to 5 year CDS spreads from the

iTraxx Main Series, on two different dates pre- and during the crisis.

portfolio, the dynamics would be, instead of (2.10),

dAit
Ait

= (r − λν) dt +
√

1 − ρ σi dW
i
t +

√
ρ σi dW

ς
t + (eσiΠ − 1) dÑt, (2.12)

where σΠ and µΠ still have the same values for all companies. In terms of Xi
t ,

dXi
t = βi dt +

√
1 − ρ dW i

t +
√
ρ dW ς

t + Π dÑt, (2.13)

where βi = (r − λν − 1
2σ

2
i )/σi, and the initial distance-to-default is Xi

0 = (ln(Ai0) −

ln(cBi ))/σi. The volatility dependence of the default probabilities, is therefore to a large

extent captured by the initial credit quality through Xi
0, and, especially for maturities

that are not too long, the effect of the drift will be negligible compared to the diffusive

and jump components.

The consequence of identical driving processes for all firms is that, as long as Xi
0 are

exchangeable random variables, ie, their joint law is invariant under permutation, the

firm values Xi
t are also exchangeable (we refer to Section 4.3 for the precise definition of

exchangeability). Furthermore, conditional on Xi
0, W

ς and
∑Ñt

k=1 Πk; Xi
t are independent.

For practical applications, the initial Xi
0 will be calibrated to individual CDS spreads
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allowing heterogeneity in the portfolio.

The dependence between companies in the model is determined by diffusion correla-

tion, represented by a single parameter ρ, together with perfect jump correlation for all

companies, governed by common jump times of Ñt and the same jump sizes, Π. A simple

calculation shows that the overall correlation between Xi
t and Xj

t , i 6= j, driven by (2.11),

is

ρ
Xi

tX
j
t

=
ρ+ ϑ

1 + ϑ
, (2.14)

where ϑ = λ(σ2
Π + µ2

Π).

In the present setting, the dependence between companies can vary from slight, if the

values of ρ, λ, |µΠ|, σΠ are small, to extremely strong, if the values are high. A few years

ago, taking into account such a strong dependence might have been regarded as unrealistic,

but the recent credit crunch, which affected not only financial markets but also the global

real economy, showed that the dependence between companies can indeed be very strong.

One might consider allowing different exposure to market factors by individual companies,

which we do not do here for ease of calibration and computation, and since we are more

concerned with the macroscopic behaviour of the basket.

2.2.2 Numerical valuation methods proposed in the thesis

In the thesis, we propose two alternative frameworks for numerical valuation of the multi-

name model presented in this chapter. The first method is an efficient simulation approach,

while the second one, is an extension to the analytical approximation suggested in [13].

We give details of the first method in Chapter 3, and the second framework is presented

in Chapters 4 and 5. In this chapter, we only present calibration results. The calibration

exercise is performed under the latter approach.
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2.3 Calibration

The first step in using a model is to estimate its parameters by calibrating the model

to market data. We fit the jump-diffusion model and, for comparison, the pure diffusion

model, to CDO index and tranche spreads.

2.3.1 Results

In order to check if the model is flexible enough to match market spreads both in quiet

and extreme market conditions, we calibrate it to pre-crisis data, from 22 February 2007,

and during the crisis, 5 December 2008. We do not use current data since the market is

not sufficiently liquid.

For the first data set (see Table 2.1), spread curves both for index and tranches are

increasing with time, super senior tranches (22%-100%) are close to zero, indicating that

the market does not expect any shocks in the near future. For the second period (see Table

2.4), all quotes are much higher (for example prices of super senior tranches are higher than

junior mezzanine (3%-6%) with maturity 5 years for 22 February 2007), the index spread

curve is inverted, curves for tranches are almost flat, hence the market anticipates that

the situation will get worse in the near future. We anticipate that parameters indicating

market turbulences will be considerably higher for the second data set.

We compare the calibration results by the ARPE (Average Relative Percentage Error),

ARPE =
1

s

s∑

i=1

|yi − yθi |
yi

, (2.15)

and the RMSE (Root Mean Square Error),

RMSE =

√√√√1

s

s∑

i=1

(yi − yθi )
2, (2.16)

where y is a vector of observed prices, yθ is a vector of prices obtained from the model,
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s the total number of calibration prices. It is important to note that the ARPE can be

used to compare calibration results between data sets with different orders of magnitudes,

while the RMSE can be used for comparing calibration results within the same or similar

data sets and will attach disproportionate weight to the equity tranche spreads.

Diffusion Model

Calibration results for the diffusion model are given in Tables 2.1 to 2.6. Root mean square

errors (RMSE) are very high, especially for 5 December 2008, but as was noted before,

this is partially a result of higher spreads for 5 Dec 2008 compared to 22 Feb 2007.

For 5 Dec 2008, the estimated correlation coefficient, ρ, is much higher than the one

obtained for 22 Feb, 2007. High correlation not only increases the probability of companies

to default together, but also to survive together. Hence, in order to fit equity tranches,

a low correlation is needed, whereas high correlation is required for the senior tranches.

This can be observed in Figure 3 in [13], showing the implied correlation for each tranche.

Hence, in a diffusion model, there is usually a trade-off between matching equity and

senior tranches. The low correlation coefficient for 22 Feb 2007 results in zero spreads for

super senior tranches (22% − 100%), while equity tranches are underpriced. For 5 Dec

2008, the model produces non-zero spreads for super senior tranches, owing to a higher

correlation coefficient, but still both super senior and equity tranches are underpriced.

Jump-Diffusion Model

Tables 2.1 to 2.6 show calibration results for the jump-diffusion model. Compared to

the diffusion model, error measures for both data sets are much lower. What is more,

the jump-diffusion model gives spreads of roughly the correct magnitude for all tranches.

However, still some tranches are slightly underpriced, whereas other tranches are somewhat

overpriced, albeit to a lesser extent than in the diffusion case.

We would like to note that the better performance of the jump-diffusion model com-
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T=5 Years
Market Jump-Diffusion Diffusion

Index 21 24 17
Tranche 0%-3% 7.19% 11.07% 1.22%
Tranche 3%-6% 41 61 48
Tranche 6%-9% 10.8 15.2 10
Tranche 9%-12% 5 5.9 3
Tranche 12%-22% 1.8 2.5 0
Tranche 22%-100% 0.9 1.8 0

T=7 Years
Market Jump-Diffusion Diffusion

Index 30 32 25
Tranche 0%-3% 22.1% 24.7% 12.1%
Tranche 3%-6% 110 155 137
Tranche 6%-9% 32.5 39.5 41
Tranche 9%-12% 15 14 14
Tranche 12%-22% 4.9 3.9 2.0
Tranche 22%-100% 2 1.8 0

T=10 Years
Market Jump-Diffusion Diffusion

Index 41 37 32
Tranche 0%-3% 38% 35.4% 21.9%
Tranche 3%-6% 302.5 281.5 247
Tranche 6%-9% 83 87 97
Tranche 9%-12% 37 32 41
Tranche 12%-22% 12.5 7.3 9
Tranche 22%-100% 3.6 1.8 0

Table 2.1: Calibration results for 22 February 2007, iTraxx Main Series 6 index. Units are
basis points (bps) if not stated otherwise. Estimated parameters are given in Table 2.2,
measures of fit in Table 2.3. We assume that r = 0.042, R = 0.4.

Parameters Jump-Diffusion Diffusion
σ 0.16 0.18
ρ 0.11 0.22
λ 0.04 -
E[Y − 1] -0.07 -
Var[Y − 1] 0.01 -
ρ
Xi

tX
j
t

0.13 -

Table 2.2: Parameters estimated for 22 February 2007, overall correlation ρ
Xi

tX
j
t

as in

(2.14).
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Measure of Fit Jump-Diffusion Diffusion
RMSE 1.17 4.34
ARPE 0.27 0.42

Table 2.3: Measures of fit for 22 February 2007. Root Mean Square Error (RMSE) is
defined by (2.16), Average Relative Percentage Error (ARPE) is given by (2.15).

T=5 Years
Market Jump-Diffusion Diffusion

Index 215 245 200
Tranche 0%-3% 71.5% 76.5% 47%
Tranche 3%-6% 1576.3 1652 1158
Tranche 6%-9% 811.5 822 825
Tranche 9%-12% 506.1 504 636
Tranche 12%-22% 180.3 305 415
Tranche 22%-100% 77.9 77 56

T=7 Years
Market Jump-Diffusion Diffusion

Index 195 224 198
Tranche 0%-3% 72.9% 78.8% 50%
Tranche 3%-6% 1473.2 1557 1101
Tranche 6%-9% 804.2 805 805
Tranche 9%-12% 512.4 511 637
Tranche 12%-22% 182.6 311 434
Tranche 22%-100% 75.8 74 66

T=10 Years
Market Jump-Diffusion Diffusion

Index 175 204 188
Tranche 0%-3% 73.8% 81.2% 51.7%
Tranche 3%-6% 1385.5 1462 1016
Tranche 6%-9% 824.7 768 755
Tranche 9%-12% 526.1 500 607
Tranche 12%-22% 174.1 310 427
Tranche 22%-100% 76.3 69 70

Table 2.4: Calibration results for 5 December 2008, iTraxx Main Series 10 index. Units
are basis points (bps) if not stated otherwise. Estimated parameters are given in Table
2.5, measures of fit in Table 2.6. We assume that r = 0.033, R = 0.4.
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Parameters Jump-Diffusion Diffusion
σ 0.13 0.18
ρ 0.35 0.8
λ 0.04 -
E[Y − 1] -0.5 -
Var[Y − 1] 0.17 -
ρ
Xi

tX
j
t

0.83 -

Table 2.5: Parameters estimated for 5 Dec, 2008, overall correlation ρ
Xi

tX
j
t

as in (2.14).

Measure of Fit Jump-Diffusion Diffusion
RMSE 2.42 8.95
ARPE 0.16 0.35

Table 2.6: Measures of fit for 5 December 2008. Root Mean Square Error (RMSE) is
defined by (2.16), Average Relative Percentage Error (ARPE) is given by (2.15).

pared to the diffusion one can be attributed to the presence of three extra parameters. In

the jump-diffusion model, apart from ρ and σ, also λ, µY and σY affect multiple defaults.

Most importantly, unlike ρ, higher absolute values of jump parameters, with µX < 0, al-

ways lead to more expected defaults. Therefore, the trade-off between matching particular

tranches is smaller and the overall fit is better in the jump-diffusion model.

Let us now analyse the situation on the market in 22 Feb 2007 and 5 Dec 2008, implied

by the model parameters. As mentioned in Section 2.2.1, the initial distances-to-default,

obtained from CDS spreads, indicate the current state of the market. As expected, on

average, x0 is lower for December 2008, around 4.0, whereas for February 2007, it is 4.3.

It may seem a bit surprising that the difference is so small, though a better picture is

given by the tails of the distribution of initial distances-to-default, as seen back in Fig. 2.4.

For the former data set, for 6% of the companies x0 is in (0,1], ie, 6% of the companies

in the portfolio is already in a bad financial situation, and for 26% x0 is in (0,2], whereas

for none of the firms in the latter data set x0 is in (0,2]. This well reflects the situation in

the market during a crisis and in normal conditions.

The jump intensity, λ, is 0.042 for 22 Feb 2007 and 0.035 for 5 Dec 2008 respectively.
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This implies that under the risk neutral measure a market crash is expected to happen

every 25 years for 22 Feb 2007, and every 34 years for 5 Dec 2008. For the former data

set, market turbulences will be benign: if a jump occurs, on average a company’s assets

value will fall by 7%. For the latter, market conditions will worsen much more severely:

if a jump occurs, a company’s asset value will drop on average by 50%.

To our knowledge, a similar calibration exercise is found only in [79] and [52], however

the latter study does not discuss the parameters obtained. In [79], a jump-diffusion model

with log-normally distributed jumps was calibrated to market data from 8 August 2005.

The obtained jump intensity is very small, λ = 0.0012, while the mean jump size is

-96%. Under these settings, on average there is a complete market wipe-out every 870

years. Such a market situation would appear hard to reconcile with the timeframes market

participants operate in, or even the age of credit markets and the economy as we know it.

2.3.2 Extensions

Here, we comment on some aspects of the practical use of the model.

First, we remark that in the course of the calibration we calculate sensitivities of the

prices with respect to the input parameters, which can be used for hedging with other

products exposed to the same variables.

In practice, a common hedge is the index hedge, and in that case it is important

to be able to calibrate the model accurately to index spreads. The results of Tables

2.1 and 2.6 are unlikely to be good enough for this, in contrast to those in [13], where

the volatility is first calibrated to the index spreads, and then the correlation (as single

remaining parameter) is fit to tranche spreads, rather than performing an overall fit. A

better calibration to specific important data, say the index spreads, can be enforced by

increasing those weights in the least-squares functional. An interpretation of this is as a

penalty method for solving a least-squares optimisation problem for the remaining data,

where the penalty terms approximate equality constraints for the important data.
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Table 2.7 shows that by increasing the weights of the index in the objective function

(Cases 1 and 2), the market observed spreads can be fitted accurately, especially when

decreasing the weight of the super-senior tranche (Case 1). This is of course at the expense

of worse fit of tranche spreads (especially the last tranche in Case 1). Calibrated parameter

values and measures of fit are given in Tables 2.8 and 2.9, respectively.

2.4 Conclusions

In this chapter, we presented the model that we consider in the thesis. We show how

the model can be calibrated to individual CDSs by means of semi-analytical formulae for

survival probabilities, we provide an economic interpretation of the model and its pricing

performance.

The jump-diffusion model proves more flexible than the pure diffusion model to fit

market data in vastly different scenarios, with only a small number of parameters. How-

ever, to employ the model for pricing and risk management in practice, it is necessary to

further extend the model to allow a richer dependence and term structure. This can be

achieved in a number of ways.

A possible straightforward extension is to take into account different finite activity

jump processes, or even infinite activity, assuming discrete default monitoring. Also, a

stochastic volatility common to all assets, correlated, e.g., to the driving Brownian market

factor, can be easily included.

Contagion effects can be introduced by making the correlation coefficient loss depen-

dent. Similar to local volatility models, such a “local correlation model” could be specified

to provide a perfect fit to tranche spreads, while the correlation does not impact index

and CDS spreads, which aids calibration. Contagion could also manifest in loss dependent

(and hence stochastic) recovery rates.

The model could be further extended by a random default barrier, which has been

shown to give more realistic short-term credit spreads and would be an obvious and simple
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T=5 Years
Market Case 1 Case 2

Index 215 214.6 222.0
Tranche 0%-3% 71.5% 81.6% 80.2%
Tranche 3%-6% 1576.3 1775.1 1675.4 9
Tranche 6%-9% 811.5 763.7 726.4
Tranche 9%-12% 506.1 419.9 417.2
Tranche 12%-22% 180.3 231.9 252.4
Tranche 22%-100% 77.9 12.7 36.2

T=7 Years
Market Case 1 Case 2

Index 195 193.8 198.1
Tranche 0%-3% 72.9% 83.7% 82.0%
Tranche 3%-6% 1473.2 1736.4 1575.1
Tranche 6%-9% 804.2 781.6 710.7
Tranche 9%-12% 512.4 448.2 422.5
Tranche 12%-22% 182.6 241.6 255.1
Tranche 22%-100% 75.8 7.6 30.2

T=10 Years
Market Case 1 Case 2

Index 175 174.6 175.3
Tranche 0%-3% 73.8% 85.4% 84.2%
Tranche 3%-6% 1385.5 1691.9 1488.8
Tranche 6%-9% 824.7 781.3 679.7
Tranche 9%-12% 526.1 452.6 409.3
Tranche 12%-22% 174.1 246.3 247.9
Tranche 22%-100% 76.3 3.4 23.7

Table 2.7: Calibration results for different weight vectors for 5 December 2008, iTraxx
Main Series 10 index. Case 1: αi = 10 (CI0(Ti))

−2, αji = (Cj0(Ti))
−2, j = 1, . . . , 5,

α6
i = 0.01 (C6

0 (Ti))
−2. Case 2: αi = 10 (CI0(Ti))

−2, αji = (Cj0(Ti))
−2, j = 1, . . . , 6.

Estimated parameters are given in Table 2.8, measures of fit in Table 2.9. We assume that
r = 0.033, R = 0.4.

Parameters Case 1 Case 2
σ 0.11 0.10
ρ 0.25 0.27
λ 0.042 0.0397
E[Y − 1] -0.16 -0.34 6
Var[Y − 1] 0.82 0.24
ρ
Xi

tX
j
t

0.85 0.82

Table 2.8: Parameters estimated for 5 December 2008, overall correlation ρ
Xi

tX
j
t

as in

(2.14).
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Measure of Fit Case 1 Case 2
RMSE 4.24 3.64
ARPE 0.25 0.22

Table 2.9: Measures of fit for 5 December 2008. Root Mean Square Error (RMSE) is
defined by (2.16), Average Relative Percentage Error (ARPE) is given by (2.15).

extension to the model.

With such improved fit to standard tranches, the calibrated model would be suitable

for interpolating bespoke tranches on the same underlying pool. Applications to over-the-

counter basket products consisting of illiquid names would be conceivable if information

on the individual default probabilities could be obtained from, e.g., balance sheets; if the

company is listed, parameters may be obtained from equity time series; finally, parameters

for global factors may be obtained from liquid products of names operating in similar

sectors.
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Chapter 3

Multilevel simulation

In this chapter, we present our first framework developed to numerically evaluate a multi-

name model. The calculations are performed for a jump-diffusion model. However, the

method can be applied to any Bernoulli mixture model subject to some technical condi-

tions.

3.1 Introduction

This chapter is concerned with the behaviour of functionals of a large number of ex-

changeable random variables and the efficient numerical estimation of their expectation.

The objective of this work is thus two-fold: to analyse the order of convergence in 1/N

of expected functionals for N → ∞, and to derive estimators for these expectations for

which the computational complexity is asymptotically independent of N .

First, we analyse convergence in the case of general Lipschitz and smooth functions p of

the average of N exchangeable Bernoulli random variables as N goes to infinity. We then

specify p further to certain piecewise linear functions and show that the convergence order

is the same as in the smooth case. These results are relevant, for instance, if one wants to

approximate the result for large but finite N by its limit. A number of applications comes

from the credit risk literature.
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A driving practical motivation for investigating the limiting behaviour is that the

original sequence of random variables is costly to simulate, because of the large number

N of underlying processes, often required over large time horizons. Moreover, often many

Monte Carlo samples are necessary for sufficiently accurate estimation of, for instance,

expected tranche losses of credit basket. This chapter takes a different tack and develops

a simulation method where the computational complexity is asymptotically independent

of N . A small tweak of the algorithm can also be used to approximate the limit obtained

for N → ∞.

More concretely, it turns out that an interpretation of the multi-level Monte Carlo

approach (see [38]) in the present context allows us to construct estimators based on

sequences with increasing lengths and a number of samples which decreases faster than

the length increases, such that the overall computational complexity is essentially no larger

than for fixed small N .

A conceptually similar though distantly related approach is used in [5], where the

multilevel idea is applied to a sequence of martingales to estimate a dual upper bound

for the value of an early exercise option. In that setting they are able to show, as we do

here, that the achievable complexity is not substantially larger than that of a non-nested

simulation. The general problem of estimating conditional expectations through nested

multilevel simulation is addressed in [15]. There, further extrapolation is used to reduce

the bias of estimators, while here we will propose an improved estimator which reduces

the variance of higher level estimators.

Overview of the chapter

This chapter is organised as follows. In Section 3.2, we introduce the setting and outline the

main convergence results, explaining how they can be used to construct efficient estimators.

The first key result on the convergence order of expected functionals is proved in Section

3.3, with numerical illustrations from an example of a basket credit derivative presented
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in Section 3.4. In Section 3.5, we introduce in detail two multilevel simulation methods

and derive bounds on their computational complexity to achieve a prescribed accuracy.

Finally, in Section 3.6 we present numerical results illustrating the efficiency gains achieved

through multilevel simulation in this context and Section 3.7 concludes.

3.2 Set-up and main results

In this chapter, we are concerned with the behaviour of “loss” variables describing the

fraction of N random variables in a certain state, and expected functionals of this loss

variable, as N goes to infinity. The application we have in mind, and for which we will

present numerical illustrations, is that of a basket of defaultable firms, and then the loss

is the fraction of firms which default over a certain period.

More precisely, on a probability space (Ω,F ,P), consider a sequence of Bernoulli ran-

dom variables Yi, i ∈ N, and a random variable L taking values in [0, 1]. If required

we write Ω = ΩY × ΩL where canonically we could take ΩY = {0, 1}N and ΩL = [0, 1].

The probability measure P is constructed as follows. The random variable L is generated

according to its marginal law PL and then, conditional on FL, the σ-algebra generated by

L, the Yi are independent random variables with law given by

P[Yi = 1|FL] = L. (3.1)

Thus for each n ∈ N

P(Y1 = y1, . . . , Yn = yn, L ∈ B) =

∫

B
lsn(1 − l)n−snPL(L ∈ dl), ∀yi ∈ {0, 1}, B ⊂ [0, 1]

where sn =
∑n

i=1 yi. We will often write P|L = P(. | FL) for the conditional law of the Yi

given FL and E|L for the associated conditional expectation. In the setting of defaultable

firms, Yi = 1 iff the i-th firm defaults, and L is a global factor modelling the common
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tendency of firms to default. We define the loss variable to be the proportion of Bernoulli

variables in state 1

LN =
1

N

N∑

i=1

Yi. (3.2)

We consider a Lipschitz function p and random variables P and PN defined as

P ≡ p(L), (3.3)

PN ≡ p(LN ). (3.4)

In particular, we will study p of the form

p(l) ≡ [l −K1]
+ − [l −K2]

+ =






0 l ≤ K1,

l −K1 K1 ≤ l ≤ K2,

K2 −K1 l ≥ K2,

(3.5)

where [x]+ = max(x, 0) denotes the positive part and 0 ≤ K1 < K2 ≤ 1 are constants.

In credit derivative pricing, the particular shape of the function p in (3.5) measures the

losses in a certain tranche with attachment point K1 and detachment point K2, and its

expectation is the building block for formulae for CDO tranche spreads. A typical CDO

pool consists of N = 125 firms, while typical loan or mortgage books can have substantially

more obligors, and it is therefore practically relevant to understand the behaviour of

expected functionals for large N and to devise computationally efficient estimators.

By a conditional version of the strong law of large numbers and the continuity of p

LN → L for N → ∞, P|L − a.s., (3.6)

PN → P for N → ∞, P|L − a.s. (3.7)

This convergence will also hold in L2(ΩY ,P|L) (see Lemma 3.3.1).

We study here the convergence rate of PN −P and will prove the following two results.
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The first statement for Lipschitz and smooth functions p is a relatively straightforward

consequence of (3.1) and the easily computable convergence rate of LN in L2(ΩY ,P|L).

The second result shows that for a specific p which is only piecewise smooth we can still

obtain the same convergence order as in the smooth case and with explicitly computable

bounds.

Theorem 3.2.1. Let P and PN be defined by (3.3) and (3.4), respectively, and assume

that p is Lipschitz with constant cp. We have that

|E[PN − P ]| ≤ cp

2
√
N
, (3.8)

V ar[PN − P ] ≤
c2p
4N

. (3.9)

If, moreover, p is differentiable and the derivative has Lipschitz constant Cp, then

|E[PN − P ]| ≤ Cp
8N

. (3.10)

Theorem 3.2.2. For p defined in (3.5), if the cumulative density function (CDF) FL of

L is Lipschitz at any K1 > 0 and K2 < 1 with Lipschitz constant cL, i.e.,

|FL(Kj) − FL(l)| ≤ cL |Kj − l| (3.11)

for j = 1, 2 and all l ∈ [0, 1], then

|E[PN − P ]| ≤ 4cL
√
π

N
.

Note that if L has a density function which is bounded, then the CDF is certainly

Lipschitz. The fact that we only need the Lipschitz property at K1 and K2 will be useful

for the applications considered later.

Taking the two Theorems together, order 1 for the convergence of expectations also
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follows for piecewise smooth p which are Lipschitz overall, provided FL is Lipschitz. An

example of such a function is a tranche loss.

These Theorems show that expected functionals for large or infinite N can be succes-

sively approximated by those with smaller N . Combining this with a control variate idea

leads to multilevel simulation with a substantial variance reduction for large N . Specifi-

cally, the above results imply that for Lipschitz p we have |E[PN − PMN ]| ≤ c1/
√
N and

V ar[PN − PMN ] ≤ c2/N for any positive integer M with some constants c1 and c2. We

can consider a sequence Nl = M l, l ∈ N, with corresponding L(l) = LNl
and P (l) = PNl

.

Translating the central idea in [38] to this setting, we estimate in the decomposition

E[P (l)] = E[P (0)] +

l∑

k=1

E[P (k) − P (k−1)] (3.12)

every summand separately with independent samples of different sizes. These can be

chosen to obtain an optimal allocation of computational cost for a given overall mean-

square error (MSE). The general construction in [38] immediately gives the following

result.

Proposition 3.2.1 (cf. [38], Theorem 3.1). Let P , P (l) as above. If there exist indepen-

dent estimators Zl based on nl Monte Carlo samples, and positive constants α, β, c1, c2, c3

such that α≥ 1
2 and

(i)
∣∣∣E[P (l)−P ]

∣∣∣ ≤ c1M
−α l

(ii) E[Zl] =






E[P (0)], l = 0

E[P (l)−P (l−1)], l > 0

(iii) V ar[Zl] ≤ c2 n
−1
l M−β l

(iv) Cl ≤ c3 nlNl, where Cl is the computational complexity of Zl

then there exists a positive constant c4 such that for any ε < e−1, where e is Napier’s
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constant, there are values K and nl for which the multilevel estimator

GK =

K∑

l=0

Zl, (3.13)

has a mean-square-error with bound

MSE ≡ E

[
(GK − E[P ])2

]
< ε2

with a computational complexity C with bound

C ≤






c4 ε
−2, β > 1,

c4 ε
−2(log ε)2, β = 1,

c4 ε
−2−(1−β)/α, 0 < β < 1.

Corollary 3.2.1. Let PN and P be as in (3.3) and (3.4), and assume p is Lipschitz.

1. There is a multilevel estimator for E[P ] with MSE ǫ2 with computational complexity

C ≤ c4(log ǫ)
2ǫ−2.

2. For all N , there is a multilevel estimator for E[PN ] with MSE ǫ2 with computational

complexity C ≤ c4(log ǫ)
2ǫ−2, where c4 is independent of N .

Note that only order 1/2 is required for the convergence of expectations in Proposition

3.2.1, i, and that the complexity is then dictated by β, the case β = 1 implied by Theorem

3.2.1 for all Lipschitz payoffs being a boundary case.

We point out that for fixed N the standard (i.e., single level) Monte Carlo estimator

has a complexity C ≤ c ǫ−2, however, c increases linearly in N . The significance of the

multilevel estimator is that the constant c4 is independent of N .

For the specific p as in (3.5), we can exploit the piecewise linearity of p to construct

multilevel estimators with even better complexity, by making the following observations:
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The summands in (3.12) are unchanged if we replace P (k−1) = p(L(k−1)) with any of

p(L
(k−1)
m ) for m = 1, . . . ,M , where

L(k−1)
m ≡ 1

Nk−1

Nk−1∑

i=1

Yi+(m−1)Nk−1
. (3.14)

This is a direct consequence of the exchangeability. Now,

L(k) =
1

M

M∑

m=1

L(k−1)
m (3.15)

and, if all L(k−1)
m lie in the same interval [0,K1], (K1,K2] or (K2, 1], also P (k) = P

(k−1)
,

where

P
(k−1) ≡ 1

M

M∑

m=1

P (k−1)
m =

1

M

M∑

m=1

p(L(k−1)
m ), (3.16)

since p is linear in these intervals. Because of E[P (k−1)] = E[P
(k−1)

], we can now write

E[P (l)] = E[P (0)] +

l∑

k=1

E[P (k) − P
(k−1)

], (3.17)

and if we estimate the individual terms in the sum independently in the multilevel spirit,

there is only a variance contribution from a specific sample of the k-th term if at least two

P
(k−1)
m lie in different intervals. For large k, the probability of this is small, and we will

be able to show the following result.

Theorem 3.2.3. For p as in (3.5), let P (l) as in Proposition 3.2.1 and P
(l−1)

as in (3.16).

If the CDF FL of L is Lipschitz with Lipschitz constant cL, then

V ar[P (l) − P
(l−1)

] ≤ c2

N
3/2
l

, (3.18)

where c2 = cL 4
√
Mπ(

√
2 +

√
M)
√

7
8(M2 + 6M + 1).
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Here and throughout the chapter we give explicit expressions for the constants. These

should not be regarded as optimal in any sense.

Corollary 3.2.2. For Lipschitz FL and p as in (3.5), there is a constant c5 and multilevel

estimators for E[P ] and E[PN ] with MSE ǫ2 with computational complexity C ≤ c5 ǫ
−2.

The point here is that we managed to remove the logarithmic factor present in Corol-

lary 3.2.1 and that c5 does not depend on N .

3.3 Proof of convergence rates

We first prove Theorem 3.2.1 which contains statements in the general and smooth case.

The rest of this section is devoted to the proof of Theorem 3.2.2 dealing with a specific

non-smooth payoff relevant to our application.

Lemma 3.3.1. Let PN and P be as in (3.3) and (3.4), and assume p is Lipschitz with

constant cp. Then

E|L[(PN − P )2] ≤
c2p
4N

.

Proof. Since the function p in (3.3) is assumed Lipschitz and E|L[LN ] = L, we have

E|L[(PN − P )2] ≤ c2p E|L[(LN − L)2] = c2p V ar[LN |FL]

=
c2p
N

V ar[Yi|FL] =
c2p
N

L(1 − L).

For L ∈ [0, 1], L(1 − L) ≤ 1
4 , which gives the result.

Proof of Theorem 3.2.1. Equation (3.9) follows directly from Lemma 3.3.1, and then, by

Hölder’s inequality,

|E[P − PN ]| ≤
√

E[E|L[(PN − P )2]] ≤ cp

2
√
N
.
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The rest of the proof applies only to the function p satisfying the conditions stated in the

Theorem 3.2.1, the proof is given in [11].

Now, we turn to the proof of Theorem 3.2.2 and show a few Lemmas first. We divide

the ranges of L and LN into the three intervals I1 = [0,K1], I2 = (K2, 1] and I3 = (K1,K2],

in each of which the function p from (3.3) is linear; the point being that the probability

of L and LN lying in different intervals is small for large N , and the expected difference

of P − PN is small if they are in the same interval. The following Lemmas quantify this.

Lemma 3.3.2. For j = 1, 2, we have

P|L(L ∈ Ij, LN ∈ Icj ) ≤ 1L∈Ij e
−N(L−Kj)2 , (3.19)

P|L(L ∈ Icj , LN ∈ Ij) ≤ 1L∈Ic
j
e−N(L−Kj)

2
. (3.20)

Proof. This is a standard large deviations result. By Theorem 2.2.3 in [21], p. 27, and

Remark (c) thereafter, for FL-independent and identically distributed random variables

(Yi)1≤i≤N with E[Yi | FL] = L, we obtain that if 0 < L ≤ Kj,

P|L(LN > Kj) ≤ e−Ng(L,Kj),

and if Kj < L < 1,

P|L(LN ≤ Kj) ≤ e−Ng(L,Kj),

where the rate function g(L,Kj) is given on p. 35 in [21] as

g(L,Kj) = Kj log

(
Kj

L

)
+ (1 −Kj) log

(
1 −Kj

1 − L

)
,

since Yi are Bernoulli distributed random variables with P (Yi = 1 | FL) = L. It is
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straightforward to check that for all L ∈ (0, 1)

g(L,Kj) ≥ (Kj − L)2. (3.21)

Hence, by (3.21), for 0 < L ≤ Kj

P|L(LN > Kj) ≤ e−Ng(L,Kj) ≤ e−N(Kj−L)2 , (3.22)

and similarly for Kj < L < 1. These estimates are clearly true for the degenerate cases

L = 0 and L = 1. From this the result follows.

Lemma 3.3.3. Let p be as in (3.5). If AN is the event that LN and L are in the same

interval and AcN its complement, then

E[(PN − P )1AN
] = −E[(LN − L)1Ac

N
1{L∈I3}]. (3.23)

Proof. By splitting the range of L into the different intervals,

E[(PN − P )1AN
] =

3∑

j=1

E[(PN − P )1AN
1{L∈Ij}]

= E[(LN − L)1AN
1{L∈I3}]

= −E[(LN − L)1Ac
N

1{L∈I3}],

where we have used in the second line that PN = P if both LN and L lie in either I1

or I2 and that PN − P = LN − L in I3; in the last line that E|L[LN − L] = 0 and

1AN
+ 1Ac

N
= 1.

Lemma 3.3.4. Let AcN be as in Lemma 3.3.3. If the CDF FL of L is Lipschitz at Kj ,
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j = 1, 2, with constant cL, then

E

[(
P|L[AcN ]

) 1
2

]
≤ cL 4

√
π√

N
. (3.24)

Proof. Let Ic1 = (K1, 1] and Ic2 = [0,K2] be the complements in [0, 1] of I1 and I2, then

AcN ⊆ {L ∈ I1, LN ∈ Ic1} ∪ {L ∈ I2, LN ∈ Ic2} ∪ {L ∈ Ic1, LN ∈ I1} ∪ {L ∈ Ic2, LN ∈ Ic1}

and therefore

P|L[AcN ] ≤ P|L[L ∈ I1, LN ∈ Ic1] + P|L[L ∈ I2, LN ∈ Ic2] + P|L[L ∈ Ic1, LN ∈ I1]

+ P|L[L ∈ Ic2, LN ∈ I2].

By (3.19), (3.20) we have

P|L[AcN ] ≤ 2
(
e−N(L−K1)2 + e−N(L−K2)2

)
,

and we obtain

E

[(
P|L[AcN ]

) 1
2

]
≤ 2

1
2

(
E

[
e−N

(L−K1)2

2

]
+ E

[
e−N

(L−K2)2

2

])
. (3.25)
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If we extended FL by 0 and 1 from [0, 1] to R then, for j = 1, 2, we have

E

[
e−N

(L−Kj )2

2

]
=

∫ ∞

−∞
e−N

(l−Kj )2

2 dFL(l) (3.26)

= N

∫ ∞

−∞
(l −Kj)e

−N (l−Kj)2

2 FL(l) dl (3.27)

≤ NFL(Kj)

∫ ∞

−∞
(l −Kj)e

−N (l−Kj)2

2 dl

+ cL N

∫ ∞

−∞
(l −Kj)

2e−N
(l−Kj)2

2 dl

=
cL

√
2π√
N

,

where we used the Lipschitz property of the CDF after (3.27) and then integrated exactly.

The result follows directly by insertion in (3.25).

Proof of Theorem 3.2.2. By the tower property of conditional expectations and Jensen’s

inequality, we have

|E[(PN − P ) 1Ac
N

]| ≤ E[|E|L[(PN − P ) 1Ac
N

]|]. (3.28)

Then Cauchy-Schwarz gives

|E[(PN − P ) 1Ac
N

]| ≤ E|L
[(

E[(PN − P )2]
) 1

2
(
P|L[AcN ]

) 1
2

]
. (3.29)

By Lemmas 3.3.1 and 3.3.4, we obtain

|E[(PN − P ) 1Ac
N

]| ≤ cL2
√
π

N
. (3.30)

Similarly, using Lemma 3.3.3 and the same argument as above,

|E[(PN − P ) 1AN
]| ≤ cL2

√
π

N
,

63



from which the statement follows.

3.4 An application and numerical results

To illustrate the theoretical rate of convergence, we study numerical results for expected

tranche losses of a synthetic CDO for an increasing size N of the underlying CDS pool.

We consider the structural factor model that we presented in Chapter 2. Here, for

convenience, we state the model again. The distance-to-default of the i-th firm, i =

1, . . . , N , evolves according to

Xi
t = Xi

0 + βt+
√

1 − ρ W i
t +

√
ρ W ς

t + J̃t, t > 0, (3.31)

where ρ ∈ [0, 1), β given. Here, W ς is assumed to be a standard Brownian motion and

J̃t =
∑Ñt

k=1 Πk, where Ñt is a Poisson process with intensity λ and Πk are independent

Normals with mean µΠ and variance σ2
Π, while all W i are independent standard Brownian

motions and independent of W ς and J̃ . Thus W ς and J̃ model factors affecting the whole

market, whereas W i are idiosyncratic effects.

The i-th firm is considered to be in default if its distance-to-default is below 0 at

any one of the observation times Tj = jq, q = 0.25 (quarterly), up to T20 = T = 5,

the assumed maturity of the debt here. We introduce the default time τDi and Bernoulli

random variable Yi indicating default of the i-th firm before T , by

τDi = inf
(
{t ∈ {T1, . . . , Tm} : Xi

t ≤ 0} ∪ {∞}
)
,

Yi = 1{τD
i ≤T}.

For the numerical experiments, the initial values Xi
0 are drawn independently from a
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Normal distribution,

Xi
0 ∼ N(µX0 , σ

2
X0

),

where the mean µX0 = 4.6 and standard deviation σX0 = 0.8 are obtained from a cal-

ibration to iTraxx data as detailed in [12], as are ρ = 0.13, λ = 0.04, µΠ = −0.5 and

σ2
Π = 0.17.

We illustrate the CDF FL of L for different parameters in Figure 3.1. To this end, we

generated samples of L by simulating the SPDE satisfied by the limit empirical measure

of distances-to-default for N → ∞, see [12] for details. It appears that FL is Lipschitz

in (0, 1) but that the derivative at 0 and 1 can become very large in certain parameter

ranges for µ0 = µX0 and overall instantaneous correlation

ρA = (ρ+ ϑ)/(1 + ϑ), ϑ = λ(µ2
Π + σ2

Π), (3.32)

between Xi
t and Xj

t , i 6= j (see [12]).

For large values of µ0, the probability of defaults becomes very small and the density

of L is concentrated around 0. For ρA approaching 1, all Yi become identical and therefore

either all or none of the firms default, such that here the density of L is concentrated at

0 and 1. In the degenerate case ρA = 0 (i.e., ρ = λ = 0), L is deterministic, the measure

is atomic and FL a step function.

The empirical evidence thus suggests that FL is Lipschitz in the range (0, 1). Given that

Theorem 3.2.2 only requires the Lipschitz property at interior values Kj , the conditions

appear to be satisfied and the Theorem to apply in this setting. Even in situations where

FL has a bounded derivative at 0 and 1, the fact that only the Lipschitz constants from

K1 and K2 enter into the estimates gives us substantially smaller bounds.

We now move on to present numerical results for the payoff function p from (3.5) illus-

trating the convergence as the number of firms N goes to infinity. We consider portfolios
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Figure 3.1: Top row: Empirical CDF FL for different values of µ0 = µX0 (left)
and different ρA (right) The values of ρA are arrived at by (3.32) from (ρ, λ) ∈
{(0.03, 0.001), (0.1, 0.002), (0.35, 0.0035), (0.35, 0.0351), (0.8, 0.1)}. All other parameters
are fixed as given in the text. The plots in the second and third rows are zoomed into the
ranges of L close to 0 and 1, respectively.
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consisting of Nk = Mk = 5k companies for k = 1, . . . , 7.

To include a recovery value of defaulted firms in the model, we rescale LN by (1−R),

where R = 0.4 is the recovery rate. Equivalently, we pick (K1,K2) = (1 − R)−1(a, d) in

(3.3) and (a, d) ∈ {(0, 0.03), (0.03, 0.06), (0.06, 0.09), (0.09, 0.12), (0.12, 0.22), (0.22, 1)} as

the attachment and detachment points for iTraxx tranches, and then study (1−R)p(LN ).

A straightforward Monte Carlo estimator for expected tranche losses E[P (k)] is then

given by

Ĝk =
1

n

n∑

j=1

(1 −R)p(L(k,j)), (3.33)

L(k,j) =
1

Nk

Nk∑

i=1

Y
(j)
i , (3.34)

where (Y
(j)
i ) are independent samples of Yi, i.e., corresponding to independent paths for

W ς , W i and J̃ . There is no time discretisation error as (3.31) can be sampled directly.

However, it turns out to be computationally prohibitively expensive to choose n, the

number of samples, large enough to produce estimators with sufficiently small RMSE to

allow us to distinguish between Ĝk and Ĝk+1 for large k.

We therefore use the multilevel simulation approach outlined in Section 3.2 and detailed

further in Section 3.5. The point is that the differences Gk+1 −Gk are simulated directly

in the multilevel approach. Therefore, we approximate |G−Gk|, where G ≡ limk→∞Gk,

by

Sk = |Gk −GK | =

∣∣∣∣∣

K∑

l=k+1

Zl

∣∣∣∣∣ (3.35)

for k < K, where Zl is an estimator for E[P (l)−P (l−1)] as used in the construction of Gk in

(3.13) (precisely, we used the estimator Zl defined later in (3.37)). The difference between

Sk and |G−Gk| for k = K − 1 is given by GK−1 −GK ≈ (GK−1 −G)(1 − 1/M) and for

k = K − 2 by GK−2 −GK ≈ (GK−2 −G)(1 − 1/M2). Given M = 5 in our examples, the

error due to this approximation will be seen to be smaller than the estimation error.
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The choice of M = 5 is dictated by our numerical application where the typical size

of a CDO basket is N = 125 = 53. The discussion on the optimal selection of M for ex-

changeable Bernoulli random variables can be found in [11], while for a general application

of multilevel Monte Carlo is given in [38].

The results of our numerical experiments are shown in Figure 3.2. We plot the loga-

rithm of Sk to base M , together with the sample standard deviation of the the multilevel

estimators Gk (see (3.13)) and

yk = −k + y0, (3.36)

where y0 is a suitably chosen constant, to verify the predicted convergence order empiri-

cally. The data points appear to be in good agreement with first order convergence.

3.5 A multilevel method and its numerical analysis

In this section, we describe and analyse a multilevel simulation approach for the estimation

of expected functionals of the form (3.3) and (3.4), the latter with a particular emphasis

on the case of large N .

The multilevel Monte Carlo method proposed by Giles in [38] estimates the expected

value of a functional of the solution to a stochastic differential equation obtained by a

timestepping scheme. It performs computations on different refinement levels l with time

steps hl = h0M
−l for M > 1, such as to minimise the overall computational time of the

Monte Carlo estimator for prescribed mean square error (MSE). Since the MSE consists of

a Monte Carlo error (variance) and a discretisation error (bias), the method controls both

the number of samples nl on level l, to bound the Monte Carlo variance of order O(n−1
l ),

and the finest L with time step h−L on which to approximate the SDE, in order to reduce

the bias. The multilevel method is based on two premises: Monte Carlo estimators for an

increasing number of time steps converge at a certain order in hl, and the computational

cost needed to calculate an estimator increases with nlh
−1
l . In this approach, estimators
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Figure 3.2: Shown here is logM Sk, where Sk given by (3.35) is an estimator for |E[P (k) −
P ]|. The various plots are for tranches ranging from [0%-3%] to [22%-100%], of a CDO
basket consisting of Nk = Mk = 5k companies, where k = 1, . . . , 6. The comparison with
the predicted trend yk from (3.36) confirms the first order convergence. Included is also
the standard deviation of the estimated tranche loss Gk.
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obtained with a smaller number of time steps are used as control variates for estimators

with a larger number of time steps, which significantly decreases the computation time.

To obtain a complexity result for an estimator of E[P ] with P from (3.3), we substitute

hl by N−1
l in Theorem 3.1 of [38] and immediately obtain Proposition 3.2.1 from Section

3.2. We hence define estimators Zl by

Zl ≡ n−1
l

nl∑

j=1

(
P (l,j) − P (l,j)

c

)
, (3.37)

where ‘c’ denotes a ‘coarse’ estimator on level l, i.e., using only Nl−1 instead of Nl Bernoulli

random variables, precisely,

P (l,j) = p(L(l,j)), where L(l,j) = N−1
l

Nl∑

i=1

Y
(l,j)
i , (3.38)

P (l,j)
c = p(L(l,j)

c ), where L(l,j)
c = N−1

l−1

Nl−1∑

i=1

Y
(l,j)
i , (3.39)

where Y (l,j)
i , j = 1, . . . , nl, are independent samples of Yi for fixed level l and independent

across levels. They are constructed from a loss factor L(l,j) (with the same distribution as

L, independent across l and j) in the same way as Yi is constructed from L.

By direct inspection, for this construction of Zl, Assumption ii holds in Proposition

3.2.1. From Theorem 3.2.1, we know that i holds with α = 1/2 for general Lipschitz p.

Clearly, the computational effort to compute Zl is proportional to nlNl as required in iv.

Finally, iii holds by the following simple application of Lemma 3.3.1.

Proposition 3.5.1. Let P (l) = PNl
as per (3.4), where p is Lipschitz with constant cp,

then

V ar[P (l) − P (l−1)] ≤ c2p
M + 1

2Nl
. (3.40)
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Proof. This follows directly from

E|L[(P (l) − P (l−1))2] = E|L[((P (l) − P ) − (P (l−1) − P ))2]

≤ 2
(

E|L[(P (l) − P )2] + E|L[(P (l−1) − P )2]
)

(3.41)

by Lemma 3.3.1 and taking expectations over L.

We have therefore proven the first statement of Corollary 3.2.1.

In practice, it is also relevant to be able to compute E[PN ] efficiently for finite N . It is

clear that for fixed N , the complexity is bounded by c ǫ−2 for some c > 0, but for a naïve

(single-level) estimator the constant c will increase with N . From the proof of Theorem

3.1 in [38] it is clear, however, that there is a multilevel estimator with a priori bounded

upper level K which satisfies the second statement in Corollary 3.2.1.

We now propose a multilevel estimator with even lower variance, based on the faster

decay rate 3/2 in Theorem 3.2.3, which we prove subsequently. Specifically, we define

estimators Z l by

Zl ≡ n−1
l

nl∑

j=1

(
P (l,j) − P

(l,j)
)
, (3.42)

where P (l,j) is defined as in (3.38), but instead of P (l,j)
c we use

P
(l,j)

= M−1
M∑

m=1

p(L(l,j)
m ), where L(l,j)

m = N−1
l−1

Nl−1∑

i=1

Y
(l,j)
i+(m−1)Nl−1

, (3.43)

and where the rest of the set-up is as earlier.

It is clear that Zl satisfies ii in Proposition 3.2.1 and that the computational complexity

is still bounded as required per iv. In fact, as the main computational cost is typically

71



in sampling Yi, the computational complexity is virtually identical to that of Zl. In

particular, if we evaluate (3.38) by using (3.15) and the already computed (3.43), the

difference in evaluating Zl and Z l is an O(M) cost, i.e., independent of Nl. Now, given

Theorem 3.2.3, we have that

V ar[Zl] ≤ c n−1
l M−3/2 l, (3.44)

for some c, such that we are in the first regime in the complexity result of Proposition

3.2.1, i.e., we have optimal complexity order.

The remainder of this section is devoted to the proof of Theorem 3.2.3.

Lemma 3.5.1. Assume the CDF FL of L is Lipschitz with constant cL. Let B(l) be the

event that L(l) lies in the same interval as L(l−1), B(l),c its complement, then

E

[(
P|L[B(l),c]

) 1
2

]
≤ C√

Nl
,

where C = cL 4
√
π(
√

2 +
√
M).

Proof. Let A(l) again be the event that L(l) and L are in the same interval, A(l),c its

complement. Then from

B(l),c ⊆
(
A(l) ∩A(l−1),c

)⋃(
A(l),c ∩A(l−1)

)⋃(
A(l),c ∩A(l−1),c

)

follows

P|L[B(l),c] ≤ P|L[A(l) ∩A(l−1),c] + P|L[A(l),c ∩A(l−1)] + P|L[A(l),c ∩A(l−1),c]

≤ 2 P|L[A(l),c] + P|L[A(l−1),c],
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which leads to

E

[(
P|L[B(l),c]

) 1
2

]
≤

√
2 E

[(
P|L[A(l),c]

) 1
2

]
+ E

[(
P|L[A(l−1),c]

) 1
2

]
.

By Lemma 3.3.4, we obtain the result.

Lemma 3.5.2. For P , P (l), P (l−1) and P
(l−1)

as above, p Lipschitz with constant 1,

E|L[(P (l) − P )4] ≤ 3

16N2
l

(
1 +

4

3Nl

)
≤ 7

16N2
l

, (3.45)

E|L[(P (l) − P (l−1))4] ≤ C

N2
l

, (3.46)

E|L[(P (l) − P
(l−1)

)4] ≤ C

N2
l

, (3.47)

where C = 7
8 (M2 + 6M + 1).

Proof. We begin by showing (3.45) and then deduce (3.46) and (3.47). We have

| P (l) − P | ≤ | L(l) − L |,

where

L(l) =
1

Nl

Nl∑

i=1

Yi.

Hence, we get

E|L[(P (l) − P )4] ≤ E|L[(L(l) − L)4] = E|L

[(
1

Nl

Nl∑

i=1

(Yi − L)

)4]
.

As L is FL-measurable and the Yi are independent and identically distributed given FL

73



with E|L[Yi − L] = 0, we have

E|L[(L(l) − L)4] =
1

N4
l

E|L

[ Nl∑

i=1

(Yi − L)4 + 6
∑

i6=j
(Yi − L)2(Yj − L)2

]

=
1

N3
l

(
(1 − L)4L+ L4(1 − L)

)

+
3(Nl − 1)

N3
l

(
(1 − L)2L+ L2(1 − L)

)2

=
3L2(1 − L)2

N2
l

+
L(1 − L)(1 − 6L(1 − L))

N3
l

.

Using the fact that 0 ≤ L(1 − L) ≤ 1/4 we have the required bound in (3.45).

For (3.46), observe that there are many ways of estimating this fourth moment; we

choose the following

(P (l) − P (l−1))4 =
(
(P (l) − P ) − (P (l−1) − P )

)4

≤ 2
(
(P (l) − P )4 + (P (l−1) − P )4

)
+ 12(P (l) − P )2(P (l−1) − P )2.

Therefore, using Cauchy-Schwarz on the last term and applying (3.45) we have

E|L[(P (l) − P (l−1))4] ≤ 2
(

E|L[(P (l) − P )4] + E|L[(P (l−1) − P )4]
)

+ 12 E|L[(P (l) − P )4]1/2 E|L[(P (l−1) − P )4]1/2

≤ 7

8N2
l

+
7

8N2
l−1

+
42

8NlNl−1

as required to obtain (3.46).
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Finally, (3.47) follows from

E|L[(P (l) − P
(l−1)

)4] = E|L

[(
1

M

M∑

m=1

(P (l) − P (l−1)
m )

)4]

≤ E|L
[ 1

M

M∑

m=1

(P (l) − P (l−1))4
]

= E|L[(P (l) − P (l−1))4],

and an application of (3.46).

Proof of Theorem 3.2.3. Let E(l) be the event that all L(l−1)
m lie in the same interval,

1 ≤ m ≤M , and E(l),c its complement, then

E[(P (l) − P
(l−1)

)2] = E[(P (l) − P
(l−1)

)21E(l) ] + E[(P (l) − P
(l−1)

)21E(l),c ].

By (3.15) and linearity of p in each interval, we have

E[(P (l) − P
(l−1)

)21E(l) ] = 0.

By Cauchy-Schwartz, we have

E|L[(P (l) − P
(l−1)

)21E(l),c] ≤
(
E|L[(P (l) − P

(l−1)
)4]
) 1

2
(
P|L[E(l),c]

) 1
2
,

hence,

E[(P (l) − P
(l−1)

)21E(l),c ] ≤ E

[(
E|L[(P (l) − P

(l−1)
)4]
) 1

2
(

P|L[E(l),c]
) 1

2

]
.

By Lemma 3.5.2, we have that

(
E|L[(P (l) − P

(l−1)
)4]
) 1

2 ≤
√
c1
Nl

, (3.48)
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where c1 = 7
8(M2 + 6M + 1).

If we denote by B(l)
m the event that L(l−1)

m and L(l) lie in the same interval, then

E(l),c =
M⋃

m=1

B(l),c
m

and therefore

P|L(E(l),c) ≤
M∑

m=1

P|L(B(l),c
m ) = M P|L(B(l),c).

By Lemma 3.5.1, this gives

E

[(
P|L[E(l),c]

) 1
2

]
≤ c2
Nl
,

where c2 = cL 4
√
Mπ(

√
2 +

√
M). Together with (3.48), we obtain the result.

3.6 Multilevel tests

In this section, we present multilevel simulation results based on the estimators from the

previous section and illustrating the theoretical findings from there. We return to the

example from Section 3.4 and estimate expected tranche losses for credit baskets with an

increasing number of firms Nl = M l.

For the estimator Zl from (3.37), an upper bound for the variance – although not a

sharp one – is analytically known from (3.40) and we could use that to determine the

number nl of samples on level l which is required to bring the variance contribution under

a desired threshold. For the improved estimator Z l from (3.42), however, the bound in

(3.44) contains the unknown Lipschitz constant of the CDF of FL via Theorem 3.2.3. In

order to determine the optimal allocation n∗l , we use the following algorithm as per [38].

In contrast to there, the upper level K is fixed here which simplifies the stopping criterion

somewhat.
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1. Start with k = 1.

2. Estimate the variance Vk of a single sample using nk = 104 realisations.

3. Calculate the optimal number of samples, n∗l , for l = 0, 1, . . . , k, using

n∗l =




γ−2

√
Vl N

−1
l




k∑

j=1

√
Vj Nj








, (3.49)

where γ2 is a chosen upper bound of V ar[GK ].

4. Draw extra samples for each level according to n∗l .

5. If k < K, set k = k + 1 and go to 2.

6. If k = K, finish.

Remark 3.6.1. As per [38], choosing n∗l by (3.49), guarantees that the variance V ar[GK ]

is bounded by γ2, since

V ar[GK ] =

K∑

l=1

(n∗l )
−1 Vl ≤

K∑

l=1



γ−2
√
VlN

−1
l

K∑

j=1

√
VjNj




−1

Vl = γ2.

A side effect is that, for k < K, the variance is smaller than for k = K, since

V ar[Gk] =
k∑

l=1

(n∗l )
−1 Vl < γ2

∑k
l=1

√
VlNl∑K

l=1

√
VlNl

.

Hence, if we compute estimators Gk for all k as a by-product of GK , the variance is the

smallest for G1 and then for Gk, k = 2, . . . ,K, gradually reaches the upper bound γ2. This

effect can be observed in Figure 3.3.D.

In Figure 3.3 we show results for the same parameter setting as in Section 3.4 and only

for the equity tranche. Results from other tests were very similar and did not show any
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noteworthy additional effects. In order to easily see the rate of convergence in 3.3.A., we

plot the logarithm of Vl to base M , together with

fk = −β k + f0 (3.50)

for different values of β. The estimated slope is β̂ ≈ 1 for the original estimator and

β̂ ≈ 3/2 for the improved estimator, which agrees with the theoretical findings. The order

of convergence of |E[P (l)−P (l−1)]| is α̂ ≈ 1, which also agrees with the previous results. As

can be observed in Figure 3.3.C, the number of samples ranges from 150 millions for k = 1

to 34000 for k = 7. The improved estimator gives further reductions in computational

time: the total number of samples ranges now from 35 millions for k = 1 to only 350 for

k = 7. The standard deviation of Gk is an increasing function of k, and is less than or

equal to the chosen upper bound γ = 4 × 10−6.

3.7 Conclusions

The main focus of this chapter was the construction of an efficient simulation algorithm for

functionals of a large number of exchangeable random variables. For a specific set-up, we

were able to demonstrate optimal complexity order by theoretical analysis and numerical

illustrations.

The results from the previous section show that the computational savings can be

significant in situations of practical relevance. As seen from Figure 3.3.C, already for

N = 125 (i.e., k = 3), the size of a CDO basket, the required number n3 of samples on

this level is reduced by about two orders of magnitude compared to the number of samples

for k = 1, n1. It is roughly this number which would be required for a standard (i.e., single

level) estimator on level 3 for a comparable variance achieved by the multilevel estimator

at substantially lower cost.

We would expect there to be scope to apply the presented nested simulation approach
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Figure 3.3: Multilevel results for the expected loss in the equity tranche of a CDO basket
consisting of Nk companies, Nk = Mk = 5k, k = 1, . . . , 7. Overlined quantities refer to the
estimator Z l from (3.42), all others to the standard estimator Zl from (3.37). A. Variance
of a single Monte Carlo sample, Vl and V l, together with a predicted trend, fl, given
by (3.50), where β = 1 or β = 3/2. B. Mean at level l, Zl and Z l, and a trend, yl,
defined by (3.36), with slope -1. C. Optimal number of simulations in both cases, n∗l and
n∗l , calculated according to (3.49) for k = K = 7. D. Standard deviation of multilevel
estimators Gk defined in (3.13), and similar for Gk, with their chosen upper bound, γ.
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to a wider range of settings beyond the particular application studied here. An interesting

extension would be to the model from [37], where the analysis requires further tools,

in particular accounting for heterogeneity, resulting in a non-exchangeability. While our

motivation comes from credit baskets and some of the later results are specific to piecewise

linear functionals encountered in the valuation of basket credit derivatives, there appears

to be a wider relevance of the main approach to the simulation of certain functionals

arising in large interacting particle systems for example in fields like biology or physics.
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Chapter 4

Extension to the Bush et al.

approximation

In this chapter, we give a theoretical underpinning of our second numerical framework.

The method is an extension to the approximation proposed in [13].

We view the N -name credit model presented in Chapter 2 as a system of particles

with an absorbing boundary at zero, monitored discretely. Here, the value of a particle

represents a distance-to-default of a company, and the absorption of a particle corresponds

to the default of that company. The loss of the portfolio is then a function of the empirical

measure of the system.

We show that, for the infinite system, the empirical measure has a density with respect

to the Lebesgue measure that satisfies a stochastic partial differential equation (SPDE).

What is more, between the times that the absorbing boundary is not active, the solution

to the resulting SPDE can be represented as the solution to a heat equation shifted by

the realisation of the jump-diffusion process in that time interval. Also, at the times that

the absorbing boundary is monitored, the density is given as the solution of the SPDE

obtained between the monitoring times for values of the particles in (0,∞), that is the

portion of the density below the boundary is truncated. By recursion, we obtain explicit
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formulas for the density at all of the times that we consider.

4.1 Introduction

Representing a multi-name credit model as a system of particles was first introduced in

[13], where the distance-to-default follows a diffusion process with a continuously moni-

tored barrier. The method was inspired by [56], where, in a purely mathematical setting,

each particle follows a diffusion process, there is no absorbing barrier but a non-linear

interaction between particles is assumed.

In both articles, the initial state of particles is given by a family of exchangeable random

variables. In the recent work [58], the same system as in [13] is considered, but with a

slightly stronger assumption that the initial state of particles is given by independent and

identically distributed random variables. Also, in this framework, the system driven by

general Lévy processes is analysed. It is shown that the limit empirical measure exists

for such a system and heuristics concerning regularity of the limit empirical measure are

given. What is more, earlier, heuristics concerning systems driven by Lévy processes were

given in [48].

In this chapter, we adopt the presentation in [58], though we assume only the ex-

changeability of the initial state of the particles.

Overview of the chapter

In Section 4.2, we introduce the setting. In Section 4.3, we present classical results for

infinite exchangeable sequences, and then in Section 4.4, we discuss their implications for

our particle system. Throughout Sections 4.5 - 4.8, we gradually derive our main results.

Finally, in Section 4.9, we conclude.
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4.2 Setup

Let (ΩN ,FN , (FN
t )0≤t≤T ,PN ) be a filtered probability space of a system consisting of N

particles, where the filtration {FN
t } satisfies the usual assumptions and the time horizon

T is a deterministic constant. We assume that the value of the i-th particle, where

i = 1, . . . , N , represents the distance-to-default of the i-th company, Xi, defined as

Xi
t =

1

σ
(ln(Ait) − ln(cB)),

where Ai is the i-th company’s asset value, cB is a constant barrier and σ is the variance

parameter in the process underlying Ai given by (2.10). Each particle takes values in the

state space (R,B(R)), where B(R) denotes the σ-field of Borel subsets of R. We assume

further that under the measure P
N , the i-th particle follows a jump-diffusion process with

an absorbing boundary being monitored discretely

Xi
t = Xi

0 + βt+
√

1 − ρ W i
t +

√
ρ W ς

t + J̃t, t < τDi ,

J̃t = Π1 + Π2 + . . . + ΠÑt

Xi
t = 0, t ≥ τDi ,

τDi = min{t ∈ {T1, . . . , Tm} : Xi
t ≤ 0}, (4.1)

where T1 > 0, Tm = T , ρ ∈ [0, 1), WN = {(W i
t , i = 1, . . . , N),FN

t , 0 ≤ t ≤ T},

W ς = {W ς
t ,F

N
t , 0 ≤ t ≤ T} are standard Brownian motions adapted to filtration {FN

t }

and Ñ = {Ñt,F
N
t , 0 ≤ t ≤ T} is a Poisson process with intensity λ > 0. We assume that

jump sizes, Πk, k ∈ N, are i.i.d. random variables with common law νΠ, which means

that J̃t is a compound Poisson process. For simplicity, we assume that νΠ = N(µΠ, σ
2
Π),

that is each Πk is Normally distributed with mean µΠ and variance σ2
Π. We assume

that (Xi
0, i = 1, . . . , N) is a sequence of exchangeable random variables taking values in

(R+,B(R+)), where R+ = (0,∞), such that the sequence can be extended to an infinite
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exchangeable sequence. In the system, for all i, we assume that Xi
0, W

i, W ς , Ñ , Π are

mutually independent.

Let us now introduce the empirical measure. For any S ∈ B(R), 0 ≤ t ≤ T , ωN ∈ ΩN ,

the empirical measure of the system (4.1) is defined to be

νt,N (S, ωN ) :=
1

N

N∑

i=1

1{Xi
t (ω

N )∈S}. (4.2)

Observe that νt,N is a measure-valued stochastic process, such that for fixed S ∈ B(R),

ν·,N(S, ·) is a real-valued stochastic process, whereas for fixed 0 ≤ t ≤ T and ωN ∈ ΩN ,

νt,N (·, ωN ) is a sub-probability measure on B(R),

By construction, the system (4.1) is extendible to an infinite system. Let the proba-

bility space for the infinite system be (Ω,F , (Ft)0≤t≤T ,P), where (Xi
0, i = 1, 2, . . .) is an

infinite exchangeable sequence and W = {(W i
t , i = 1, 2, . . .),Ft, 0 ≤ t ≤ T} is an infinite

dimensional standard Brownian motion.

For any S ∈ B(R), t ∈ [0, T ], ω ∈ Ω, we are interested in the limit empirical measure

ν̃t(S, ω) := lim
N→∞

1

N

N∑

i=1

1{Xi
t (ω)∈S}.

Observe first that Xi
t is a stopped process absorbed at zero. Hence, the dynamics of

the i-th particle can be written as

Xi
t = X̃i

t 1{t<τD
i }, (4.3)

X̃i
t = Xi

0 + βt+
√

1 − ρ W i
t +

√
ρ W ς

t + J̃t. (4.4)

84



Also, note that X̃i
t can be divided into the following building blocks

X̃i
t = Xi

0 +Bi,0
t + Zt

Bi,0
t =

√
1 − ρ W i

t

Zt = ZCt + J̃t

ZCt = βt+
√
ρ W ς

t , (4.5)

where, for each i, Bi,0 is a Brownian motion starting at zero with a variance coefficient
√

1 − ρ, and Zt consists of a continuous part ZC and discontinuous J̃ , where ZC is a Brow-

nian motion starting at zero with drift β and variance coefficient
√
ρ and J̃ is compound

Poisson process.

The aim of this chapter is to give a more explicit definition of the limit empirical

measure, then show that the limit measure has a density with respect to the Lebesgue

measure and that the density satisfies a stochastic partial differential equation (SPDE).

Also, we wish to give the solution to this SPDE and state properties of the solution. We

begin with an analysis of the empirical measure at time t = 0, where we need to put

additional assumptions to the initial distribution of (Xi
0, i = 1, 2, . . .). Then, in order to

obtain our main result, we first analyse the empirical measures of systems that are the

building blocks of (4.1) given by (4.5).

4.3 Exchangeability

First, we give a definition of an exchangeable sequence of random variables, then present

classical results for infinite exchangeable sequences and discuss their implications. The

following presentation is motivated by [2] and [50].

Definition 4.3.1 (Exchangeability, [2], p.6, [50], p. 24). A finite or infinite sequence

ξ = (ξ1, . . . , ξN ), N ≥ 1, of random variables in a measurable space (S,S) is exchangeable
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if

(ξ1, . . . , ξN )
D
= (ξπ(1), . . . , ξπ(N)) (4.6)

for each finite permutation π of {1, . . . , N}.

According to this definition, the joint distribution of an exchangeable sequence is

invariant under finite permutations or simply does not change if the random variables are

put in any order. Hence, the marginal distribution for each ξ is the same. Obviously, i.i.d.

sequences are exchangeable.

Before stating the classical results, we need to introduce a random measure. Let

us assume first that the infinite exchangeable sequence ξ = (ξ1, ξ2, . . .) is defined on

probability space (Ω,F ,P). A random probability measure α is a function α : Ω × S 7→

[0, 1] such that, for fixed ω ∈ Ω, α(ω, ·) is a probability measure on (S,S), whereas for

each A ∈ S, α(·, A) is a random variable in P(S), where P(S) is a set of probability

measures on S and its σ-field is generated by all maps θ 7→ θ(A), A ∈ S.

Definition 4.3.2 (Conditional i.i.d. for infinite sequence, [50], [70]). A random infinite

sequence ξ in S is conditionally i.i.d. if

P (ξ ∈ · | G ) = α∞ a.s., (4.7)

where G is sub-σ-field of F , α is a random probability measure on S, α∞ = α × α . . . is

random probability measure on S∞, such that S∞ is a countable infinite product of S, and

α× α . . . is a unique extension of the Kolmogorov product measures to F .

Observe that, for each N ≥ 1 and i ∈ N, (4.7) can be written as

P (ξi ∈ Ai, 1 ≤ i ≤ N | G )(ω) =

N∏

i=1

α(ω,Ai), P-a.e. ω ∈ Ω, ∀Ai ∈ S, (4.8)
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Hence, given G , for P-a.e. ω ∈ Ω and all Ai ∈ S, α assigns probability
∏N
i=1 α(ω,Ai) to

all vectors of length N in the infinite sequence ξ.

Theorem 4.3.1 (Infinite exchangeable sequences, de Finetti, [50] p.25). Let ξ be an

infinite exchangeable sequence of random elements in a measurable space S. Then the

following conditions are equivalent when S is Borel

(i) ξ is exchangeable,

(ii) ξ is conditionally i.i.d.

For general S, we have (i) ⇐ (ii).

By this Theorem and Definition 4.3.2, we can say that each infinite exchangeable

sequence, taking values in a Borel space S, is conditionally independent with some common

random measure α, whereas for a general space S, conditional i.i.d. implies exchangeability

but the inverse is not true.

Theorem 4.3.2 (Uniqueness, [50], p. 28, [2], p.28). Let ξ be infinite exchangeable sequence

in a Borel space (S,S), such that

P (ξ ∈ · | G ) = α∞ a.s., (4.9)

for some σ-field G and some random probability measure α on S, then

(i) α is a.s. unique, ξ-measurable, and given by

α(B) = lim
N→∞

1

N

N∑

i=1

1{ξi∈B} a.s., B ∈ S; (4.10)

(ii) G and ξ are conditionally independent, G ⊂ σ(ξ), implies G = σ(α) a.s.,

(iii) the distribution of ξ has the following representation, iff Pα is a distribution of α,

P (ξ ∈ ·) =

∫

P(S)
θ∞ Pα(α ∈ dθ), (4.11)
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(iv) if ξ is an i.i.d. sequence then α = θ a.s. for some fixed distribution θ.

Let us now discuss the results given by Theorem 4.3.2. By (i), we have

α(ω,B) = lim
N→∞

1

N

N∑

i=1

1{ξi(ω)∈B} P-a.e. ω ∈ Ω, B ∈ S,

meaning that for P-a.e. ω ∈ Ω, we obtain a realisation of ξ given by ξ(ω), which uniquely

determines α as a limit empirical measure of ξ(ω). Since α is unique, it is called the

directing random measure of ξ.

By (ii), (4.9) can be written as

P (ξ ∈ · | σ(α)) = α∞ a.s., (4.12)

which, as noted in [2], also implies that P (ξ ∈ · | α) = α∞ a.s..

Result (iii) of the Theorem provides a representation of an infinite exchangeable se-

quence as a mixture of i.i.d. sequences, where α is a random probability measure in a set

of probability measures P(S), becoming a distribution θ according to Pα. As noted in

[50], P (ξ ∈ ·) = E[α∞], hence α is ‘treated’ as any other random variable; the difference

is its state space, which is P(S), endowed with the aforementioned σ-field.

What is more, as noted in [2], the abstract representation given by (4.11) can be

simplified if α belongs to a parametric family of distributions with some random parameter.

Here, we give an example of an infinite exchangeable sequence with such α. Let ξi =

Ψ +U i, where i = 1, 2, . . ., each U i is a standard Normal random variable, and Ψ is some

random variable taking values in (R,B(R)), with some distribution PΨ. This is an infinite

exchangeable sequence taking values in (R,B(R)). Conditional on Ψ, ξ are i.i.d.. For all

i, α = P (ξi ∈ Ai | Ψ) = µΨ,1(Ai), for any Ai ∈ B(R), where µΨ,1 is a Normal distribution
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with a mean Ψ and variance 1. For any N ≥ 1, the joint distribution is given as

P (ξi ∈ Ai, 1 ≤ i ≤ N) =

∫

R

N∏

i=1

µψ,1(Ai) PΨ(Ψ ∈ dψ). (4.13)

Similarly, for any fixed time t > 0, (X̃i
t , i = 1, 2, . . .), given by (4.4), is also an infinite

exchangeable sequence, where the joint distribution has similar form to (4.13).

By (iv) of Theorem 4.3.2, if ξ is an i.i.d. sequence, then α is non-random and for P-a.e.

ω ∈ Ω it is equal to some fixed distribution θ. Similarly, Pα can be degenerate at some

fixed θ, i.e., Pα = δθ, where δ is a Dirac measure centred at θ.

4.4 Limit empirical measure at the initial time

In this section, we discuss the implications for our particle system (4.1) arising from the

fact that at the initial time particles form an infinite exchangeable sequence. We also add

additional assumptions to particles at the initial time.

Let us first divide the probability space of all particles, (Ω,F ,P), into the probability

space at the initial time and afterwards

(Ω0 × Ω0,T ,F0 × F0,T ,P0 × P0,T ),

such that X0 = (Xi
0, i = 1, 2, . . .) is defined on (Ω0,F0,P0), where a similar division of

probability space is given in [71] for the d-dimmensional diffusion process, d ∈ N. Such a

representation is allowed since, as we assume in Section 4.2, for all i, Xi
0, W

N , W ς , Ñ , Π

are mutually independent.

Let us now fix ω0 ∈ Ω0, meaning that a realisation of the infinite sequence X0 is known

and given by X0(ω0). Then, by (i) in Theorem 4.3.2, we obtain a unique limit empirical
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measure for almost all of the chosen ω0

α(ω0, A) = lim
N→∞

1

N

N∑

i=1

1Xi
0(ω0)∈A, ∀A ∈ B(R),

where α(ω0, A) is in [0, 1]. Additionally, by (ii) in Theorem 4.3.2, the conditional distri-

bution for each particle given α and ω0 equals

P (Xi
0 ∈ A | α)(ω0) = α(ω0, A),∀A ∈ B(R).

Let us denote α(ω0) by ν0. Then, the probability space (Ω,F ,P) can be written as

(R∞
+ × Ω0,T ,F0 × F0,T , ν

∞
0 × P0,T ). (4.14)

By (iv) in Theorem 4.3.2, if X0 is an i.i.d. sequence, then for almost all ω0, we would

obtain the same ν0. However, since X0 is exchangeable for each ω0, we obtain different

ν0.

Through the chapter, we assume that ω0 is fixed and that (Ω,F ,P) has the represen-

tation (4.14) for some given ν0. Additionally, we assume that the measure ν0 has a density

v0 with respect to the Lebesgue measure. We summarise the assumptions for particles at

initial time as

P [Xi
0 ∈ A] = ν0(A), (4.15)

ν0(A) =

∫

A∩R+

v0(x) dx, (4.16)

where i = 1, 2, . . . and A ∈ B(R).
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4.5 System of Brownian motions with identical initial distri-

bution

First, we consider the easiest system from the building blocks of (4.1), then define the

limit empirical measure of the particle system and give the properties of the measure.

Let (Ω,F , (Ft)0≤t≤T ,P) be some probability space. Consider an infinite system of

particles defined in this space, where the i-th particle satisfies

Xi
t = Xi

0 +Bi,0
t . (4.17)

This is a special case of system (4.5), where for all 0 ≤ t ≤ T , Zt ≡ 0. Using assumption

(4.16), we can write (4.17) as

Xi
t = Bi

t, t > 0

P[Bi
0 ∈ S] = ν0(S), ∀S ∈ B(R), (4.18)

where each Bi is a Brownian motion with a variance coefficient
√

1 − ρ and initial distri-

bution ν0. Hence, we can write

P(Xi
t ∈ S) = P

i,ν0(Bi
t ∈ S),

where P
i,ν0 is a probability measure for Bi.

Since the particles are i.i.d., (Ω,F , (Ft)0≤t≤T ,P) has the following representation

(ΩB,1 × ΩB,2 × . . . ,FB,1 × F
B,2 × . . . ,P1,ν0 × P

2,ν0 × . . .)

such that (ΩB,i,FB,i,Pi,ν0) is a probability space of each Bi
t, and the representation is

motivated by the construction of d-dimension Brownian motion with some initial distri-

bution given in [51]. For ease of notation, we drop subscript i, meaning that Xt = Bt is
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any tagged particle from the system (4.17).

By a classical result (see, for example, [51]),

P
ν0(Bt ∈ S) =

∫

S

∫ ∞

0
p(t, x, y) v0(y) dy dx, (4.19)

p(t, x, y) :=
1√

2π(1 − ρ)t
e
− (x−y)2

2(1−ρ)t . (4.20)

Note that p(t, x, y) is a Gaussian kernel or transition density of Brownian motion with a

variance coefficient
√

1 − ρ starting at value x and arriving at y at time t, where x, y ∈ R,

t > 0, i.e. as in [51], p(t, x, y) is defined as

p(t, x, y) =
1

dy
P
B,x[Bt ∈ dy], (4.21)

where {PB,x}x∈R is a family of probability measures of a Brownian motion with a variance

coefficient
√

1 − ρ, B, defined on (ΩB ,FB) with a starting value x.

Since, for the infinite system, the particles are i.i.d., by the Strong Law of Large

Numbers, the empirical measure of the system is given by the probability that a single

particle is in a set S ∈ B(R).

Lemma 4.5.1 (Strong Law of Large Numbers for the system). Let t ∈ (0, T ], S ∈ B(R)

and (Xi
t , i = 1, 2, . . .) be given by (4.18), then

lim
N→∞

1

N

N∑

i=1

1{Xi
t∈S} = P

ν0(Bt ∈ S), a.s.

Let us now define the empirical measure of the infinite system using Lemma 4.5.1.

Definition 4.5.1. The empirical measure of the system (4.18), ν∗t , is defined as

ν∗t (S) := P
ν0(Bt ∈ S), ∀S ∈ B(R), t ∈ (0, T ].

Also, by (4.19) and (4.20), we have the following representation of ν∗.
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Lemma 4.5.2. Let t ∈ (0, T ], S ∈ B(R), then the empirical measure of the system (4.18),

ν∗t , can be written as

ν∗t (S) =

∫

S
u(t, x) dx,

u(t, x) :=

∫ ∞

0
p(t, x, y) v0(y) dy, x ∈ R, (4.22)

where u is density of ν∗t with respect to the Lebesgue measure, and p(t, x, y) is given by

(4.20).

By using the theorem below, which is a classical result for the heat equation, we can

demonstrate several properties of u.

Theorem 4.5.1 (Solution to the initial value problem of the heat equation, [27] p.46, [75]

p.81). Let g be a bounded and piecewise continuous function on R and let s be given by

s(t, x) =

∫

R

p(t, x, y) g(y) dy, x ∈ R,

where p(t, x, y) equals (4.20), then, for all T > 0, s satisfies

(i) s ∈ C∞(R × (0, T ]),

(ii) st = 1
2 (1 − ρ)sxx, x ∈ R, t > 0,

(iii) lim(t,x)→(0,x0) s(t, x) = g(x0), for each continuity point x0 of g,

(iv) lim(t,x)→(0,x0) s(t, x) = 1
2

[
v0(x

−
0 ) + v0(x

+
0 )
]
, for each discontinuity point x0 of g,

where x−0 = limx↑x0 , x
+
0 = limx↓x0 .

In order to obtain the above properties for u, we make additional assumptions:

(A1) v0 is bounded and continuous in R+,

(A2) v0 ≡ 0 for x ≤ 0,
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meaning that v0 is a piecewise continuous function with a discontinuity at x = 0. Then,

by a simple application of Theorem 4.5.1, we obtain the following lemma.

Lemma 4.5.3. Let Assumptions (A1) and (A2) hold, and let u be given by (4.22), then

(i) u ∈ C∞(R × (0, T ]),

(ii) ut = 1
2(1 − ρ)uxx, x ∈ R, t > 0,

(iii) lim(t,x)→(0,x0) u(t, x) is given as

lim
(t,x)→(0,x0)

u(t, x) =






v0(x), x > 0,

0, x < 0.

(4.23)

Observe also that u can be represented as an expectation under measure P
B,x of the

initial condition v0 calculated at Bt, t > 0, x ∈ R. This is a simple consequence of the

definition of u given in (4.22) and p in (4.21).

Lemma 4.5.4 (Probabilistic representation of the solution to heat equation, [51], p.254).

Let u be defined as above, then

u(t, x) = E
B,x[v0(Bt)] = E

B,0[v0(Bt + x)].

4.6 System of Brownian motions with a Brownian common

factor

In this section, we adapt the approach given in [58] to our setting. The representation of

the probability space as a product of idiosyncratic and common factor spaces, which we

use throughout the chapter, follows from [58]. Also, the definition of the limit empirical

measure is inspired by [58].
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Let (Ω,F , (Ft)0≤t≤T ,P) be some probability space. Consider an infinite system of

particles defined on this space, where the i-th particle satisfies

Xi
t = Bi

t + ZCt , (4.24)

where Bi is given as in (4.18), whereas ZC is as in (4.5), meaning that ZC is a Brownian

motion with drift β and dispersion coefficient
√
ρ. This is a special case of system (4.5),

where for all 0 ≤ t ≤ T , Jt ≡ 0.

Observe first that, conditional on ZC , (Xi, i = 1, 2, . . .) are i.i.d.. Hence, the probabil-

ity space (Ω, (Ft)0≤t≤T ,P) can be represented as a product of two spaces: a space of the

infinite Brownian motion with common initial distribution, (Bi, i = 1, 2, . . .), and a space

of the Brownian motion ZC

(ΩB × ΩC ,FB × F
C ,PB × P

C),

where (ΩB,FB,PB) is defined as in Section 4.5.

Note now that for fixed ω = (ωB, ωC), t > 0 and A ∈ B(R), the empirical measure of

the system (4.24) containing N particles, ν̄t,N , defined as in (4.2), can be written as

ν̄t,N (A)(ωB, ωC) =
1

N

N∑

i=1

1{Xi
t (ω

B,ωC)∈A},

and takes a value in [0, 1]. Whereas, when we fix only ωC ∈ ΩC , for t > 0 and A ∈ B(R),

the empirical measure takes the form

ν̄t,N (A)(ωC ) =
1

N

N∑

i=1

1{Xi
t (ω

C)∈A},
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and is a FB-measurable random variable. Also, since Xi
t(ω

C) = Bi
t + ZCt (ωC), we have

ν̄t,N (A)(ωC) =
1

N

N∑

i=1

1{Bi
t∈A−ZC

t },

where ZCt = ZCt (ωC), as we shall write throughout this section, and for A ∈ B(R),

A− ZCt = {a− ZCt (ωC) : a ∈ A}.

Let us now define the empirical measure of the infinite system (4.24). Since, for the

infinite system, the particles are conditionally i.i.d., by a conditional version of the Strong

Law of Large Numbers, the empirical measure of the system is given by the probability

that a single particle is in a set S ∈ B(R), for any t ∈ (0, T ] conditional on ZCt . Also, let

us note that we shall use ‘for almost all ωC ∈ ΩC ’, ‘PC − a.s.’ and ‘PC − a.e. ωC ∈ ΩC ’

interchangeably.

Lemma 4.6.1 (Conditional Strong Law of Large Numbers for the system). Let t ∈ (0, T ],

S ∈ B(R) and (Xi
t , i = 1, 2, . . .) be given by (4.24), then for almost all ωC ∈ ΩC , we have

lim
N→∞

1

N

N∑

i=1

1{Xi
t (ω

C)∈S} = P
ν0(Bt ∈ S − ZCt ), P

B-a.s.

Definition 4.6.1. The empirical measure of the system (4.24), ν̄t, is defined for almost

all ωC ∈ ΩC , as

ν̄t(S) = ν̄t(S)(ωC) := P
ν0(Bt ∈ S − ZCt ) ∀S ∈ B(R), t ∈ (0, T ].

Lemma 4.6.2. Let t ∈ (0, T ], S ∈ B(R), then the empirical measure of the system (4.24),

ν̄t, can be written as

ν̄t(S) =

∫

S
v̄(t, x) dx, (4.25)

v̄(t, x) :=

∫ ∞

0
p(t, x− ZCt , y) v0(y) dy, x ∈ R, (4.26)
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where v̄(t, x) is a density of ν̄t with respect to the Lebesgue measure and p(t, x, y) is given

by (4.20).

Proposition 4.6.1. Let ν̄t and v̄ be defined as above, then

v̄(t, x) = u(t, x− ZCt ), P
C-a.s. (4.27)

where u is defined in (4.22) and satisfies the heat equation, for t > 0, x ∈ R,

ut(t, x) =
1

2
(1 − ρ)uxx(t, x), (4.28)

with initial condition v0. Additionally, v̄ satisfies a stochastic partial differential equation

dv̄(t, x) = −β v̄x(t, x) dt+
1

2
v̄xx(t, x) dt −

√
ρ v̄x(t, x) dW

ς
t , P

C-a.s. (4.29)

Proof. We obtain (4.27) by comparison of definition of u given by (4.22) and of v̄ given

in (4.26). Since, u is a deterministic function and, by Theorem 4.5.1, u ∈ C∞(R× (0, T ]),

we can apply Itô lemma to u(t, x− ZCt ) and obtain P
C-a.s.

du(t, x− ZCt ) = ut(t, x− ZCt ) dt − β ux(t, x− ZCt ) dt−√
ρux(t, x− ZCt ) dW ς

t

+
1

2
ρ uxx(t, x− ZCt ) dt

= −β ux(t, x− ZCt ) dt−√
ρux(t, x− ZCt ) dW ς

t + ρ uxx(t, x− ZCt ) dt,

where in the second equality we use (4.28). Then, by (4.27), we arrive at (4.29).

Lemma 4.6.3. Let v̄ be defined as above, and let Assumptions (A1) and (A2) be satisfied,

then P
C-a.s. v̄(t, ·) ∈ C∞(R), ∀t ∈ (0, T ].

Proof. We obtain the result by (4.27) and Lemma 4.5.3, point (i).
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Remark 4.6.1. Observe that by (4.27), we have P
C-a.s.

v̄(t, x+ ZCt ) = u(t, x), (4.30)

however unlike u, v̄ is a stochastic function. As noted, for example in [72], we cannot

apply the Itô’s lemma to a stochastic function and instead we need to use the Itô-Wentzell

lemma. Hence, by applying the Itô-Wentzell lemma to v̄(t, x+ZCt ), and then using (4.29)

and (4.30), we obtain (4.28).

Similar to Lemma 4.5.4, we obtain the probabilistic representation of the solution to

(4.29).

Lemma 4.6.4. Let v̄ be defined as above, then P
C-a.s.

v̄(t, x) = E
B,x−ZC

t [v0(Bt)] = E
B,x[v0(Bt − ZCt )].

Observe that, expectations are taken under the measure P
B,x for Brownian motion B,

conditional on realisation, ZCt (ωC), of the common Brownian motion that is independent

of B. A similar representation can be found for example in [72].

4.7 System of Brownian motions with jump-diffusion com-

mon factor

Let us now consider system (4.5), defined on (Ω,F , (Ft)0≤t≤T ,P) as introduced in Section

4.2. Each particle satisfies

X̃i
t = Bi

t + Zt,

Zt = ZCt + J̃t, (4.31)
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where i = 1, 2, . . ., B, ZC are defined as in Section 4.6, and J̃ is a compound Poisson

process, introduced in Section 4.2. Observe that Z = {Zt,Ft, 0 ≤ t ≤ T} is a jump-

diffusion process and, in particular, is right-continuous with left limits.

Similarly, as in Section 4.6, we divide (Ω,F , (Ft)0≤t≤T ,P) into a space of i.i.d. Brow-

nian motions, B, and space of the common factor, Z:

(ΩB × ΩZ ,FB × F
Z ,PB × P

Z).

Let us now give the definition of the empirical measure of the system at any time t > 0

and at time t−, i.e. just before a jump of Z, of size ∆Z, where

∆Zt = Zt − Zt− (4.32)

X̃t− = lim
s↑t

X̃s.

Here we state an analogous version of Lemma 4.6.1. Note that we use the time conti-

nuity of Brownian motion.

Lemma 4.7.1 (Conditional Strong Law of Large Numbers for the system). Let t ∈ (0, T ],

S ∈ B(R) and (X̃i
t , i = 1, 2, . . .) be given by (4.31), then, for almost all ωZ ∈ ΩZ, we have

lim
N→∞

1

N

N∑

i=1

1{X̃i
t (ω

Z )∈S} = P
ν0(Bt ∈ S − Zt), P

B-a.s.

Similarly, for pre-jump times we have, for almost all ωZ ∈ ΩZ

lim
N→∞

1

N

N∑

i=1

1{X̃i

t−
(ωZ )∈S} = P

ν0(Bt ∈ S − Zt−), P
B-a.s.

Definition 4.7.1. The empirical measure of the system (4.31), ν̃t, is defined for almost
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all ωZ ∈ ΩZ as

ν̃t(S) = ν̃t(S)(ωZ) := P
ν0(Bt ∈ S − Zt), ∀S ∈ B(R), t ∈ (0, T ].

Similarly, we define the pre-jump empirical measure of the system (4.31) for almost all

ωZ ∈ ΩZ as

ν̃t−(S) = ν̃t−(S)(ωZ) := P
ν0(Bt ∈ S − Zt−), ∀S ∈ B(R), t ∈ (0, T ].

Lemma 4.7.2. Let t ∈ (0, T ], S ∈ B(R), then the empirical measure of the system (4.31),

ν̃t, can be written as

ṽt(S) =

∫

S
ṽ(t, x) dx,

ṽ(t, x) :=

∫ ∞

0
p(t, x− Zt, y) v0(y) dy, x ∈ R, (4.33)

where ṽ(t, x) is a density of ν̃t with respect to the Lebesgue measure and p(t, x, y) is given

by (4.20). Similarly, ν̃t− can be written as

ṽt− =

∫

S
ṽ(t−, x) dx,

ṽ(t−, x) :=

∫ ∞

0
p(t, x− Zt− , y) v0(y) dy, x ∈ R. (4.34)

In order to give the properties of ṽ, we need to construct ΩZ . We assume that ΩZ

consists of the space of the geometric Brownian motion ZC , (ΩC ,FC ,PC), and the space

of the compound Poisson process J̃ , (ΩJ̃ ,F J̃ ,PJ̃):

(ΩC × ΩJ̃ ,FC × F
J̃ ,PC × P

J̃).

We define ΩJ̃ canonically, where we closely follow the definition given in [74]. We assume
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that ΩJ̃ consists of a vector of the arrival times of jumps and of the corresponding vector

of jump sizes

ΩJ̃ = ∪n≥0([0, T ] × S)n,

where ([0, T ] × S)0 = {a}, a is arbitrary point and S ∈ B(R − {0}). Note that, n, the

number of jumps that we consider, is finite, since this is the case for a Poisson process with

constant intensity, as we assume in Section 4.2. Then, the realisation of the compound

Poisson process, J̃t(ωJ̃), can be written as

J̃t(ω
J̃) =






∑n
k=1 Πk1{tk∈(0,t)}, ωJ̃ = (t1,Π1), . . . , (tn,Πn),

0, ωJ̃ = {a}.

If ωJ̃ is given by a single point, then we mean that no jump occurs, otherwise n > 1 gives

the lengths of the vector of the arrival times and the size of the jumps. Then, P
J̃ is a

distribution of a compound Poisson process, where the precise construction of P
J̃ can be

found in [74].

Let us now introduce the Poisson random measure Ñ(t, S) corresponding to ωJ̃ . Sim-

ilar to [3], we define the measure as

Ñ(t, S)(ωJ̃ ) =

t∑

s=0

1{∆Zs(ωZ )∈S},

such that S ∈ B(R − {0}) and as above, represents a set of possible values of jump sizes.

Proposition 4.7.1. Let ν̃t and ṽ be defined as above, then P
Z-a.s.

ṽ(t, x) = u(t, x− Zt), (4.35)

ṽ(t−, x) = u(t, x− Zt−), (4.36)
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where u is defined in (4.22) and satisfies the heat equation for t > 0, x ∈ R,

ut(t, x) =
1

2
(1 − ρ)uxx(t, x) (4.37)

with the initial condition v0. Additionally, ṽ satisfies a stochastic partial differential equa-

tion P
Z-a.s.

dṽ(t, x) = −β ṽx(t−, x) dt +
1

2
ṽxx(t

−, x) dt−√
ρ ṽx(t

−, x) dW ς
t

+
(
ṽ(t−, x− Π) − ṽ(t−, x)

)
Ñ(dt, dΠ). (4.38)

Proof. The equalities (4.35) and (4.36) are a simple consequence of the definitions of

u(t, x), ṽ(t, x) and ṽ(t−, x). We obtain (4.38) by application of Itô’s lemma for Lévy

processes, given for example in [3]. Here, for completeness, we give an outline of the

derivation of the lemma for our case. Let us assume now that ωJ̃ = (t1,Π1), . . . , (tn,Πn),

such that tn < t. If ωJ̃ = {a}, we would obtain the results given in Section 4.6, which is

why we omit this case. Observe that, we can write u(t, x− Zt) as

u(t, x− Zt) =

n+1∑

k=1

(
u(t, x− Zt−

k
) − u(t, x− Ztk−1

)
)

+

n∑

k=1

(
u(t, x− Zt−

k
− Πk) − u(t, x− Zt−

k
)
)

(4.39)

where t0 = 0 and tn+1 = t. The first sum represents increments of u due to the continuous

part of Z, whereas the second sum is, due to the jumps of Z.

By Itô’s lemma, similar to Section 4.6, a summand u(t, x − Zt−
k
) − u(t, x − Ztk), can

be written as

u(t, x− Zt−
k
) = u(t, x− Ztk−1

) −
∫ tk

tk−1

β ux(s, x− Zs−) ds

−
∫ tk

tk−1

√
ρ ux(s, x− Zs−) dW ς

s +
1

2

∫ tk

tk−1

uxx(s, x− Zs−) ds.
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Applying this to all summands, we can write the first sum in (4.39) as

u(0, x) −
∫ t

0
β ux(s, x− Zs−) ds−

∫ t

0

√
ρ ux(s, x− Zs−) dW ς

s

+
1

2

∫ t

0
uxx(s, x− Zs−) ds. (4.40)

The second sum in (4.39), can be written as

∫ t

0

∫

A
(u(s, x− Zs− − Π) − u(s, x− Zs−)) Ñ(ds, dΠ), (4.41)

where A ∈ B(R−{0}). Then, using (4.35), (4.36), (4.40), (4.41), and that u(0, x) = v0(x),

we can write ṽ as

ṽ(t, x) = v0(x) +

∫ t

0
β ṽx(s

−, x) ds−
∫ t

0

√
ρ ṽx(s

−, x) dW ς
s

+
1

2

∫ t

0
ṽxx(s

−, x) ds+

∫ t

0

∫

A

(
ṽ(s−, x− Π) − ṽ(s−, x)

)
Ñ(ds, dΠ),

where a differential representation of ṽ is given in (4.38).

Lemma 4.7.3. Let ṽ be defined as above and suppose Assumptions (A1) and (A2) are

satisfied, then P
Z-a.s. ṽ(t, ·) ∈ C∞(R), ∀t ∈ (0, T ].

Proof. Similar to Section 4.6, this is a consequence of equality (4.35) and the properties

of u.

In order to state the next Proposition, we need to introduce some notation first. Let

ν̃t|s(A), be the empirical measure of the system (4.31) conditional on the filtration Fs,

ν̃t|s(A) := P
ν0[Bt + Zt ∈ A | Fs], ∀A ∈ B(R), 0 ≤ s < t ≤ T. (4.42)

Also, let ν̄t(A,µ) be the empirical measure of the system (4.24), where the initial

distribution of each particle is some distribution µ. Similarly, v̄(t, ·, fµ) is a density of
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ν̄t(·, µ), such that fµ is a density of µ

ν̄t(A,µ) :=

∫

A
v̄(t, x, fµ) dx (4.43)

v̄(t, x, fµ) :=

∫

R

p(t, x− ZCt , y) fµ(y) dy. (4.44)

Observe that under this notation, ν̄t(A) given by Definition 4.6.1, can be written as

ν̄t(A, ν0), and also v̄(t, ·) as v̄(t, ·, ν0), where A ∈ B(R) and ν0 is the distribution of

particles at the time t = 0.

Proposition 4.7.2. Let (t1,Π1), . . . , (tn,Πn), t1 > 0, tn < T , be a vector of the times

and sizes of the jumps of {Zt : 0 < t ≤ T}. Let ν̃t|tk−1
be defined as in (4.42), ν̄t−tk−1

(·, ·)

and v̄(t− tk−1, ·, ·) as in (4.43)-(4.44), where k = 1, . . . , n, n+ 1 and t0 = 0. Then for any

A ∈ B(R), we obtain P
Z-a.s.

ν̃t|tk−1
(A) =






ν̄t(A, ν0), t ∈ (0, t1), k = 1,

ν̄t1(A− Π1, ν0), t = t1, k = 1,

ν̄t−tk−1
(A, ν̃tk−1

), t ∈ (tk−1, tk), k = 2, . . . , n,

ν̄tk−tk−1
(A− Πk, ν̃tk−1

), t = tk, k = 2, . . . , n,

ν̄t−tn(A, ν̃tn), t ∈ (tn, T ],

(4.45)

and also, the density of the measure ν̃t|tk−1
is given as

ṽ(t, x)|tk−1
=






v̄(t, x, v0), t ∈ (0, t1), k = 1,

v̄(t1, x− Π1, v0), t = t1, k = 1,

v̄(t− tk−1, x, ṽtk−1
), t ∈ (tk−1, tk), k = 2, . . . , n,

v̄(tk − tk−1, x− Πk, ṽtk−1
), t = tk, k = 2, . . . , n,

v̄(t− tn, x, ṽtn), t ∈ (tn, T ].

(4.46)
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Proof. Let t ∈ (tk−1, tk), k = 2, . . . , n, then by the definition of ν̃t|tk−1
and the Markov

property of X̃ , we obtain

ν̃t|tk−1
(A) = P

ν0[Bt + Zt ∈ A | Ftk−1
]

= P
ν0[Bt + Zt ∈ A | X̃tk−1

]. (4.47)

Observe that by the Markov property, {Btk−1+h − Btk−1
: h ∈ (0, tk − tk−1)} has the

same distribution as {Bh−B0 : h ∈ (0, tk−tk−1)}, and {ZCtk−1+h−ZCtk−1
: h ∈ (0, tk−tk−1)}

has the same distribution as {ZCh −ZC0 : h ∈ (0, tk− tk−1)}. Also, note that, by Definition

4.7.1, ν̃tk−1
is the distribution of X̃. Therefore, (4.47) can be written as

ν̃t|tk−1
(A) = P

ν̃tk−1 [Bt−tk−1
+ ZCt−tk−1

∈ A],

where {Bt−tk−1
: t ∈ (tk−1, tk)} is a Brownian motion with the initial distribution ν̃tk−1

,

and {ZCt−tk−1
: t ∈ (tk−1, tk)} is a Brownian motion with the initial value zero. Then, by

Definition 4.6.1 and by (4.43), we obtain ν̃t|tk−1
(A) = ν̄t−tk−1

(A, ν̃tk−1
).

Let now t = tk, k = 2, . . . , n, then we have,

ν̃tk|tk−1
(A) = P

ν̃tk−1 [Btk−tk−1
+ ZCtk−tk−1

+ Πk ∈ A]

= ν̄tk−tk−1
(A− Πk, ν̃tk−1

).

Also, for t ∈ (0, t1) and k = 1, i.e. before the first jump and when we condition on the

filtration at time t = 0, we simply have ν̃t|0(A) = ν̄t(A, ν0). Then, for t = t1 and k = 1,

i.e. at the first jump, by the previous arguments, we obtain the result. Having (4.45), by

(4.44), we get (4.46).
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4.8 The final system of particles

Finally, we consider the particle system that we introduce in Section 4.2, which is a particle

system with underlying process X̃ , analysed in Section 4.7, and an absorbing boundary

monitored discretely, that is

Xi
t = X̃i

t 1{t<τD
i },

τDi = min{t ∈ {T1, . . . , Tm} : X̃i
t ≤ 0}, (4.48)

where T1 > 0, Tm = T . Let the probability space, on which the system is defined be the

same as in Section 4.7. Conditional on Z, (Xi, i = 1, 2, . . .) are i.i.d.; hence, similar to the

previous sections, we have the following definition of the empirical measure of the final

system.

Lemma 4.8.1 (Conditional Strong Law of Large Numbers for the system). Let t > 0,

A ∈ B(R) and (Xi
t , i = 1, 2, . . .) be given by (4.48), then, for almost all ωZ ∈ ΩZ, we have

lim
N→∞

1

N

N∑

i=1

1{Xi
t (ω

Z )∈A} = P
B(Xt(ω

Z) ∈ A), P
B-a.s.

Definition 4.8.1. The empirical measure of the system (4.48), νt, is defined for almost

all ωZ ∈ ΩZ as

νt(A) = νt(A)(ωZ) := P
B(Xt(ω

Z) ∈ A), ∀A ∈ B(R), t ∈ (0, T ].

In order to state the next Proposition, we need to introduce some notation. Let νt|s

be the empirical measure for the system conditional on filtration Fs, where 0 ≤ s < t ≤

T . Also, let ν̃t(A,µ) be the empirical measure of the system (4.31), where the initial

distribution of each particle is some distribution µ. Similarly, ṽ(t, ·, fµ) is a density of
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ν̃t(·, µ), such that fµ is a density of µ

ν̃t(A,µ) :=

∫

A
ṽ(t, x, fµ) dx (4.49)

ṽ(t, x, fµ) :=

∫

R

p(t, x− Zt, y) fµ(y) dy. (4.50)

Under this notation, ν̃t(A) given by Definition 4.7.1, can be written as ν̃t(A, ν0), and also

v(t, ·) as v(t, ·, ν0), where A ∈ B(R) and ν0 is the distribution of particles at the time

t = 0. In the next result, we give an explicit recursive formula for νt|s and its density.

Proposition 4.8.1. Let νt|Tk−1
be defined as above, ν̃t−Tk−1

(·, ·) and ṽ(t− Tk−1, ·, ·) as in

(4.49)-(4.50), where k = 1, . . . ,m and T0 = 0, then, for any A ∈ B(R), we obtain P
Z-a.s.

νt|Tk−1
(A) =






ν̃t−Tk−1
(A, νTk−1

), t ∈ (Tk−1, Tk),

ν̃t−Tk−1
(A ∩ (0,+∞), νTk−1

), t = Tk,

and also, the density of the measure νt|Tk−1
, for t ∈ (Tk−1, Tk), is given as

v(t, x) = ṽ(t− Tk−1, x, vTk−1
),

whereas, for t = Tk, it is

v(t, x) =






ṽ(t− Tk−1, x, vTk−1
), x > 0,

0, x ≤ 0.

Proof. Let t ∈ (0, T1), i.e. before the first monitoring time, then, by Section 4.7, we obtain

νt|T0
(A) = ν̃t−T0(A, νT0), where T0 = 0, which can be written simply as νt(A) = ν̃t(A, ν0).
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Then, at time t = T1, we have

νt|T0
(A) = P

ν0(X̃t ∈ A, X̃t ∈ (0,+∞)) = P
ν0(X̃t ∈ A ∩ (0,+∞)) (4.51)

= P
ν0(Bt + Zt ∈ A ∩ (0,+∞))

= ν̃t(A ∩ (0,+∞), ν0),

where we use the definition of τD. Also, the density is given as

v(T1, x) = ṽ(T1, x, v0) 1{x>0}.

Then, for t ∈ (T1, T2), by the Markov property of X̃, we have

νt|T1
(A) = P

ν0(X̃t ∈ A, X̃T1 ∈ (0,+∞) | X̃T1),

= P
ν0(X̃T1 +Bt−T1 + Zt−T1 ∈ A, X̃T1 ∈ (0,+∞)).

Then, by (4.51), the distribution of X̃T1 ∈ (0,+∞) is given by νT1|T0
; hence

νt|T1
(A) = P

νT1 (Bt−T1 + Zt−T1 ∈ A),

= ν̃t−T1(A, νT1),

where, for ease of notation, we drop dependence of νT1 on T0. Then, the density is given

as

v(t, x) = ṽ(t− T1, x, vT1).

Recursively, we obtain the results for all t ∈ (Tk−1, Tk) and t = Tk, where k = 1, . . . ,m.

Theorem 4.8.1. Let v(t, x) be defined as above, and let Assumptions (A1) and (A2) hold,

then for any k = 1, . . . ,m, we obtain P
Z-a.s

108



(i) v(t, ·) ∈ C∞(R), ∀t ∈ (Tk−1, Tk),

(ii) for t ∈ (Tk−1, Tk), x ∈ R, v is given as

v(t, x) = u(t, x− Zt) (4.52)

ut(t, x) =
1

2
(1 − ρ) uxx(t, x), (4.53)

where the initial condition at time Tk−1 for u equals vTk−1
, given in Proposition 4.8.1,

(iii) for t ∈ (Tk−1, Tk), x ∈ R, v satisfies a stochastic partial differential equation,

dv(t, x) = −β vx(t−, x) dt +
1

2
vxx(t

−, x) dt−√
ρ vx(t

−, x) dW ς
t

+
(
v(t−, x− Π) − v(t−, x)

)
Ñ(dt, dΠ), (4.54)

with initial condition vTk−1
, given in Proposition 4.8.1,

(iv) lim(t,x)→(Tk−1,x0) v(t, x), t ∈ (Tk−1, Tk), is given as

lim
(t,x)→(Tk−1,x0)

v(t, x) =






v(t, x0), x0 > 0,

0, x0 < 0.

(4.55)

Proof. For t ∈ (T0, T1), by Lemma 4.7.3, v(t, ·) ∈ C∞(R). Then, at time t = T1, by

Proposition 4.8.1, v(t, x) = ṽ(t, x, ν0) 1{x>0} and since v0 meets assumptions (A1) and

(A2), then, by Lemma 4.7.3, ṽ is smooth, which leads to v being bounded and piecewise

continuous. Then, by Proposition 4.8.1, for t ∈ (T1, T2), v(t, x) = ṽ(t − T1, x, vT1), and

by Lemma 4.7.3, ṽ is again smooth. By recursion, we obtain that a.s. v(t, ·) ∈ C∞(R).

The results (ii)-(iv) are the simple consequences of Propositions 4.8.1, 4.7.1 and Theorem

4.5.1.
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We wish now to introduce the loss of the particle system, Lt, based on the empirical

measure νt.

Definition 4.8.2. The loss of the particle system (4.48), Lt, is defined for almost all

ωZ ∈ ΩZ as

Lt = Lt(ω
Z) := 1 − νt(R)(ωZ) ∀t ∈ [0, T ].

By the definition of Lt and νt, for almost all ωZ ∈ Ω, Lt is a non decreasing, piecewise

constant function, starting at L0 = 0.

Since, νt has density with respect to the Lebesgue measure, then P
Z-a.s. we have

Lt = 1 −
∫

R

v(t, x) dx, ∀t > 0. (4.56)

4.9 Conclusions

In this chapter, we represent the structural jump-diffusion model with defaults monitored

discretely as a system of particles, extending the approach given in [13].

In the large basket approximation, particles correspond to distances-to-default of enti-

ties in the basket and the loss of the portfolio is a function of the empirical measure of the

system. We show that, for the infinite portfolio, the empirical measure has a density with

respect to the Lebesgue measure, and also, the density satisfies an SPDE. By recursion,

we give explicit formulas to solve the resulting SPDE.

What is more, in Chapter 6, we present an outline of how the above results can be

extended to a system of particles with more general driving processes or when interaction

between particles is included.
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Chapter 5

Numerical methods and tests for the

extension to the large basket

approximation

In this chapter, we present numerical methods and tests developed for the extension to

the Bush et al. [13] approximation, the theoretical derivation of which is given in Chapter

4 and which are the basis of the numerical results presented in the Chapter 2.

Overview of this chapter

The chapter is organised as follows. In Section 5.1, we check the validity of the approxima-

tion for a large but finite number of companies. Section 5.2 gives details of the numerical

implementation of the model. Then, in Section 5.3, we show how to calibrate the model

efficiently. Finally, in Section 5.4, we discuss methods to calculate sensitivities and Section

5.5 concludes.
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5.1 Validity of the approximation

In this section we analyse if the size of common CDO baskets, typically N = 125, is large

enough to use the (numerical) solution to the limiting SPDE, given in Theorem 4.8.1 and

obtained for N → ∞, as approximation to the evolution of firm values. We construct

“nested” baskets of size Nk = 5k, k = 1, . . . , 9, ie, the Nk-basket contains all firms of the

Nk−1-basket etc. For each basket, we calculate expected tranche losses, E [Yt], for t = 5

years, where

Yt = [Lt − a]+ − [Lt − d]+,

and the losses are either calculated from (1.1) by “direct” Monte Carlo simulation of (4.1),

or by

Lt = (1 −R)

(
1 −

∫

R

v(t, x) dx

)
, (5.1)

where we use the representation given in (4.56), adjusted by the recovery rate, and where

v is the solution to the SPDE.

To create hypothetical baskets of different sizes, we simulate initial distances-to-default,

Xi
0. For direct Monte Carlo simulation, the samples serve directly as starting values

for (2.11), whereas for the SPDE, we construct the empirical measure (4.2) at t = 0.

For simplicity, we draw Xi
0 from a normal distribution, where the mean µX0 = 4.6 and

standard deviation σX0 = 0.8.

We calculate expected tranche losses conditional on these initial positions, ie, we av-

erage tranche losses over a large number of sample paths, but do not resample the initial

positions. This is theoretically slightly less elegant but closer to the practical situation

where initial values are backed out from implied default probabilities.

The differences between the direct Monte Carlo and SPDE results are due to: error of

the finite difference discretisation of the SPDE; simulation error, both for the SPDE and
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direct Monte Carlo; large basket approximation of the dynamics. We want to focus on the

latter effect, therefore we choose a large number of grid points and time steps to reduce

the discretisation bias, and a high number of simulations to reduce the Monte Carlo error

to a negligible size.

As seen in Fig. 5.1, the difference between the SPDE results and those from direct

Monte Carlo simulation of the basket vanishes (within the sampling error of Xi
0) for large

N .

The SPDE results depend on N only via the initial sample Xi
0, which is chosen to

be the same here as for the direct Monte Carlo simulation. Therefore, the results in

Fig. 5.1 indicate that the approximation error of tranche spreads due to approximating

the evolution of the firm value distribution by the SPDE is noticeably smaller than the

effect of the finite sample approximating the continuous density at t = 0.

Closer inspection reveals that this is due to the fact that the tails of the initial distri-

bution of Xi
0 are not well resolved for moderate N , which affects junior tranches, which

measure losses in the left tail, more than senior tranches. To verify this numerically, we

repeated the experiment with all mass centred in a single point Xi
0 = z, where z is a

constant, for all firms in the portfolio. Thus the initial condition becomes independent of

the basket size. This gave a significantly smaller difference, especially for junior tranches.

For N = 125, ie, k = 3, the results of both methods are close, hence we argue that

this number of companies is sufficiently large to use the large basket approximation.

5.2 Simulation of the model

The key ingredient in the calculation of index and tranche spreads are the basket losses.

We ascertained in Section 5.1 that the large basket approximation from the Chapter

4 is sufficiently accurate for the considered basket size. Therefore, the losses may be

obtained from the large basket density v as per (5.1), where v has to be approximated by

a numerical solution to the SPDE. In this section, we outline a numerical method based
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Figure 5.1: Expected losses in tranches [0%-3%], [3%-6%], [6%-9%], [9%-12%], [12%-22%], [22%-100%], calculated by direct
Monte Carlo simulation of Nk = 5k asset value processes, k = 1, . . . , 9, and the SPDE approximation, t=5 years, X0 ∼
N(µX0 , σ

2
X0

), where µX0 = 4.6, σX0 = 0.8, and, for t > 0, Xi
t follows a jump diffusion process (2.11) with parameters obtained

in the calibration exercise for 5 December 2008 from Section 2.3.
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on Monte Carlo simulation on top of a PDE solver. In the presence of non-smooth (initial)

data, and with senior tranche prices depending on very low probability events, a carefully

adapted numerical scheme is necessary for good accuracy.

We discuss the calibration of model parameters, including initial conditions, in Section

2.3, and assume these as given here.

5.2.1 Setup and finite difference discretisation

We can take advantage of the representation (4.52)-(4.53) of the solution to the SPDE

problem (4.54) piecewise in time, as the boundary condition is not active in intervals

(Tk, Tk+1), and therefore the Brownian driver and the jump part only introduce a shift to

the solution, accumulated over the entire interval. Conditional on the number of jumps

that occur in the interval, the shift is normally distributed. Based on Theorem 4.8.1, a

different density with identical losses can therefore be defined by

v(t, x) =






0 x ≤ 0, t = Tk+1,

v(k)(t− Tk, x−√
ρ(W ς

t −W ς
Tk

) − (J̃t − J̃Tk
)), else if t ∈ (Tk, Tk+1],

(5.2)

for 0 ≤ k < n, where J̃t =
∑Ñt

i=1 Πi, and v(k) is the solution to the (deterministic) problem

v
(k)
t =

1

2
(1 − ρ)v(k)

xx − βv(k)
x , t ∈ (0,∆T ) = (0, Tk+1 − Tk) (5.3)

v(k)(0, x) = v(Tk, x) (5.4)

assuming monitoring dates are equally spaced with intervals ∆T = Tk+1 − Tk.

Note that, in Chapter 4, we include the drift term into the common factor, and hence we

obtain the representation (4.52)-(4.53), whereas here the drift is not included, and therefore

instead of the heat equation we have the PDE of the form (5.3). Both representations are

equivalent for each realisation of (W ς
t −W ς

Tk
) and (J̃t− J̃Tk

), which can be shown by Itô’s

lemma.
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The above results suggest the following inductive strategy for k = 0, . . . , n− 1:

1. Start with v(0)(0, x) = v0(x), the initial empirical measure.

2. Solve the PDE (5.3) numerically in the interval (0, T1), to obtain v(0)(T1, x).

3. Simulate W ς
T1

, J̃T1 evaluate v(T1, x) according to (5.2).

4. For k > 0, having computed v(Tk, x) in the previous step, use this as initial condition

for v(k), and repeat until k = n.

To solve the PDEs (5.3) by a finite difference method, we approximate the measure

by one with support [xmin, xmax], and set zero boundary conditions at xmin and xmax.

Proposition 5.2.1. If vb is the solution to (5.2)-(5.4), where (5.3) holds only on (−b, b),

with v(k)(t,−b) = v(k)(t, b) = 0, then

E[Zbt ] → E[Zt] for b→ ∞,

where Zbt is the outstanding tranche notional derived from losses Lbt of vb.

Proof. See [12].

In practice, we pick xmin and xmax experimentally large enough such that the effect

of the truncation is negligible.

Then, introduce a grid x0 = xmin, x1 = xmin + ∆x, . . . , xj = xmin + j∆x, . . . , xJ =

xmin+J∆x, where ∆x = (xmax−xmin)/J , timesteps t0 = 0, t1 = ∆t, . . . , tI = I∆t, where

∆t = ∆T/I, and define an approximation vij to v(ti, xj) by the difference scheme

vij − vi−1
j

∆t
= θ

{
1

2
(1 − ρ)

vij+1 − 2vij + vij−1

∆x2
− β

vij+1 − vij−1

2∆x

}
(5.5)

+(1 − θ)

{
1

2
(1 − ρ)

vi−1
j+1 − 2vi−1

j + vi−1
j−1

∆x2
− β

vi−1
j+1 − vi−1

j−1

2∆x

}
. (5.6)
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For an introduction to finite differences in financial instrument pricing see, e.g., [76]. The

scheme is of second order accurate in ∆x for smooth solutions. The Crank-Nicolson scheme

θ = 1
2 is of second order accurate in ∆t, and is unconditionally stable for sufficiently smooth

solutions, but does not converge for initial conditions comprising of δ-distributions as in

the present setting. We address this, together with aspects of approximating non-smooth

initial and interface conditions (4.55) accurately on the grid, in the following section.

5.2.2 Initial and interface conditions

The initial condition has the form

v(0, x) =
1

N

N∑

i=1

δ(x− xi),

where xi is the observed initial distance-to-default of firm i.

To achieve second order accuracy in ∆x, the δ’s have to be “split” between adjacent

grid points. The correct weighting can be written as integral of linear splines

Φk(x) =
1

∆x
min (max(x− xk + ∆x, 0),max(xk + ∆x− x, 0))

over the initial condition, ie,

v0
k =

1

∆x

∫ xmax

xmin

Φk(x)v(0, x) dx.

Note that the initial condition is a probability measure and in particular the above defi-

nition is well defined for Dirac measures. By this construction, ∆x
∑J

k=0 v
0
k = 1. See also

[67] for applications of this idea to option pricing and estimation of sensitivities.

To incorporate the interface condition (5.2) at t = Tk, one has to evaluate the grid

function at shifted arguments xj −
√
ρ(W ς

t −W ς
Tk

) − (J̃t − J̃Tk
), which do not normally

coincide with grid points. To deal with this, we first define a piecewise linear interpolant
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v̂, obtained in the last step over the previous interval [Tk−1, Tk], v
(k),I
j , I the number of

timesteps, by

v̂(Tk, x) =

J∑

j=0

Φj(x−√
ρ∆W ς − ∆J̃)v

(k),I
j , (5.7)

where ∆W ς = W ς
Tk

−W ς
Tk−1

, ∆J̃ = J̃Tk
− J̃Tk−1

. Then, approximate (5.2) by setting

v
(k+1),0
j =

∫ max(xj+∆x/2,0)

max(xj−∆x/2,0)
v̂(Tk, x) dx, (5.8)

and use this as initial condition for the next interval. This ensures that

∆x

J∑

j=0

v
(k+1),0
j =

∫ xmax

0
v̂(Tk, x) dx,

so the cumulative density of firms with firm values greater than 0 is preserved. It also has

the effect that the solution is smoothed at x = 0. In contrast to simpler, e.g., pointwise

application of the interface condition, this procedure guarantees second order convergence

in ∆x. See [67] for averaging procedures to restore higher order convergence for non-

smooth payoffs in option pricing.

Finally, it is well-known that Crank-Nicolson timestepping has reduced convergence

order for discontinuous initial conditions, and does not converge at all for Dirac initial

conditions, unless the timesteps are chosen very small. This severely slows down the

performance. A simple and well-established remedy is to replace the first Crank-Nicolson

steps with backward Euler steps, a practice now known as “Rannacher start-up” [69]. The

analysis in [39] shows that the optimal balance between accuracy and stability is achieved

by replacing the first two Crank-Nicolson steps by four backward Euler steps of half the

stepsize. We do this at t = 0, and also at t = Tk, where the interface conditions introduce

discontinuities at x = 0.
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5.2.3 Loss simulation

For a given realisation of the market factors, we can approximate the loss functional (5.1)

at time Tk, using (5.7) and (5.8), by

L̂Tk
= (1 −R)

(
1 −

∫ xmax

0
v̂(Tk, x) dx

)
= (1 −R)

(

1 − ∆x

J−1∑

j=1

v
(k+1),0
j

)

. (5.9)

We first study the discretisation error of (5.9) in ∆t and ∆x numerically, first for a

single realisation of the path of the market factors. Fig. 5.2 shows, for a typical set of
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Figure 5.2: Estimated discretisation error of L̂Tn for increasing J (left) and I (right) for
a single realisation of the path of the market factors. The error estimator is based on
Richardson extrapolation of the numerical solutions on subsequent refinement levels.

model parameters, how many grid points (I) and how many timesteps between payment

dates (J) are necessary for a desired accuracy ǫ. We clearly see second order convergence

in ∆t and ∆x. Note that the time smoothing scheme, weighted approximation of initial

positions and adapted averaging, as per Section 5.2.2, are essential to achieve this.

Next, we want to compute expected losses and outstanding tranche notionals. If we

explicitly include the dependence on the Monte Carlo samples φi of
√
ρ (W ς

Ti
−W ς

Ti−1
) +

J̃Ti
− J̃Ti−1 in (5.9) by writing L̂Tk

(φ), φ = (φi)1≤i≤n, where φi are independent, then for
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Nsims simulations with samples φl = (φli)1≤i≤n, 1 ≤ l ≤ Nsims,

E[ZTk
] ≈ E[max(d− L̂Tk

, 0) − max(a− L̂Tk
, 0)]

≈ 1

Nsims

Nsims∑

l=1

(
max(d− L̂Tk

(φl), 0) − max(a− L̂Tk
(φl), 0)

)
.

For the simulations, we fix ∆x and ∆t at values which have proven empirically to give

negligible discretisation error which is confirmed by numerical tests. We have used two

data sets: from 22 February 2007 and 5 December 2008. Initial positions for individual

firms were calibrated to their individual CDS spreads, and were well within the range

[xmin, xmax] = [−10, 20].

We now analyse the convergence of the obtained Monte Carlo estimator. The estimated

expected tranche losses with confidence intervals are given in Figure 5.3, for 22 February

2007. For super senior tranches especially, the standard error is higher relative to the

values than for equity and mezzanine ones. The reason behind this is that a large number

of companies have to default in order to affect senior tranches and such an event is rare.

For this date, the estimated parameters imply normal market conditions, where multiple

defaults are highly unlikely (see Section 2.3 for a discussion of calibration results). In order

to price senior tranches more accurately, variance reduction techniques such as importance

sampling should be applied, see, e.g., [14], however the accuracy of the results for the basic

scheme was found sufficient for the purposes of this study.

5.3 Numerical methods developed for calibration

Here we present the numerical methods that we develop for calibrating a model to market

spreads under the Bush et al approximation and its extension. Calibration results are

given in Chapter 2.
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Figure 5.3: Monte Carlo estimators with 95%-confidence intervals for expected losses in tranches [0%-3%], [3%-6%], [6%-9%],
[9%-12%], [12%-22%], [22%-100%], for N = 4k+1 simulations, k = 1, . . . , 9. The results are for parameters from a calibration
of the model to data from 22 February 2007 (see Section 2.3).
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5.3.1 Stating the calibration problem

The initial distances-to-default of the individual names are thereby calibrated to their

short-term CDS spreads, to ensure consistency of the multi-name CDO model with single-

name CDS models. We fit the remaining parameters defined in Section 2.2.1 to index

spreads for M maturities (usually 5-, 7- and 10-year, ie, M = 3) and G tranche spreads

for each maturity (usually G = 6). The number of calibration prices, M · (G+ 1), is then

typically much larger than the number of parameters, here 5. We therefore cannot expect

the model to fit all prices exactly, and formulate the calibration exercise as a weighted

least-squares problem.

Problem 1. Given market spreads at time t = 0, of CDO tranches, Cj0(Ti), and the CDO

index, CI0(Ti), for maturities Ti, i = 1, . . . ,M , tranches j = 1, . . . , G, and given spreads

c0 =
(
c10, . . . , c

N
0

)
for CDSs written on N underlying companies, solve the minimisation

problem

M∑

i=1

G∑

j=1

αji

(
Cj0(Ti) − Cj,θ,x0

0 (Ti)
)2

+
M∑

i=1

αi

(
CI0(Ti) − CIθ,x0

0 (Ti)
)2

→ min
θ
, (5.10)

where θ = (ρ, σ, λ, σΠ, µΠ), subject to

(i) x0 =
(
x1

0, . . . , x
N
0

)
is a solution to

c0 = cθ0(x0), (5.11)

(ii) ρ ∈ [0, 1), σ > 0, λ > 0, σΠ > 0, µΠ < 0,

where cθ, Cj,θ,x0
0 , CIθ,x0

0 denote CDS, CDO tranche and index spreads calculated in the

model with parameter vector θ, x0 is a vector of initial distances-to-default, α = (αji , αi)

is a scaling vector.
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The minimisation problem has a scaled least-squares objective function, linear inequal-

ity constraints (ii) and non-linear equality constraints (i).

Since CDO tranche and index spreads have different orders of magnitudes, we scale

the data by α to make each observation roughly equally important, precisely, we choose

the weights α as powers of ten such that the scaled market prices lie between 0.1 and 1.

Alternative choices are discussed in Section 2.3.2.

The non-linear constraints are incorporated directly into (5.10) by numerical inversion

of (5.11) giving x0 = x0 (σ, λ, σΠ, µΠ) = x0(θ). We then solve the minimisation problem

(5.10) with bounds on the parameters. A robust algorithm developed specially for this

kind of minimisation problems is the interior-reflective Newton method in [16] and [17].

We use this algorithm as implemented in the Matlab Optimisation Toolbox.

5.3.2 Computational issues

For each calibration, a number γ of Newton-type iterations is needed to solve (5.10) to a

specified accuracy, and in each iteration, an approximation to the objective function and

its derivatives is required. We address here ways of improving the computational efficiency

of the most costly components.

Search for Initial Distances-To-Default

Since we use finite differences to approximate the derivatives, xn0 is searched K = (1 +

2b)×N × γ times, where n = 1, . . . , N = 125, the number of CDSs in the portfolio, b = 4

is the number of parameters (excluding ρ, which does not affect x0), and γ is in the range

of 10 − 20. Since K ≈ 1.5 × 104, an efficient way of finding x0 from (5.11) is crucial.

Given CDS data, c0 = (ci0)1≤i≤N , we search for initial distances-to-default, x0 =

(xi0)1≤i≤N , taking advantage of properties of c0. CDS spreads decrease with the ini-

tial distance-to-default, since higher x0 leads to higher survival probability, which en-

tails lower spreads, ie, if ci0 > cj0 then xi0 < xj0. Hence, for a CDS spread, cs0, where
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cmin
0 ≤ cs−1

0 < cs0 < cs+1
0 ≤ cmax

0 , the initial distance-to-default, xs0, is in (xs+1
0 , xs−1

0 ).

Hence, a good starting point for xs0 is either xs+1
0 or xs−1

0 . Sorting spreads, then choosing

starting points as stated above, greatly decreases the computation time of x0.

Monte Carlo “Inside” the Objective Function

What is more, the objective function (5.10) is estimated by a Monte Carlo method, and

in order to obtain accurate results, a high number of simulations is needed, as seen from

the accuracy of expected tranche losses in Fig. 5.3. Given the numerical evaluation of the

objective function and its derivatives is part of an iterative solution method for the opti-

misation problem, where the initial parameter iterates will be inaccurate, it is unnecessary

to evaluate the spreads there with high accuracy.

Let Ni, i = 1, . . . , Z, be an increasing number of paths, and let θiNi
be a sequence of

parameters obtained using Ni simulations, with an iterative scheme with starting value

θi−1
Ni−1

and γi iterations. Since the Monte Carlo estimator and Newton’s method both

converge, it is hoped that the θiNi
converge to the optimiser, while only few iterations are

needed for large Ni. This idea is a simple version of the Multi-layer method in [49].

In the calibration exercises, we heuristically picked N1 = 6 × 103, since for this num-

ber of simulations the estimator “starts converging”, as can be observed in Fig. 5.3, and

the computation time per iteration is very low. For N1, γ1 is about 15, whereas for

N3 = NZ−1 = 105, it is about 2-4, and, finally, for N4 = 106, it is only 1. The overall com-

putation time of the calibration algorithm is significantly reduced compared to calibration

with uniformly NZ simulations, here by a factor of roughly 15.

It would be possible to automatise this procedure and find an optimal sequence Ni

to minimize the overall computational time, based on the variance of the Monte Carlo

estimator and the convergence speed of the optimisation algorithm.
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5.4 Calculation of sensitivities via automatic differentiation

and finite difference

In our calibration problem, we use an algorithm based on the calculation of the Jacobian.

Hence, the method for the evaluation of derivatives must be accurate and fast. Motivated

by the positive results by [40] of applying automatic/algorithmic differentiation (AD) to

financial mathematics, we decided to check the performance of AD derivatives in our

settings compared to standard finite difference (FD) derivatives.

5.4.1 Basics of automatic differentiation

As is noted in [78], the AD method is based on calculating analytically derivatives of

a function written in a computer program. Since every computer program can be de-

composed into elementary functions like summation or square root, one can calculate a

derivative with respect to a function defined by a computer program simply by calcu-

lating derivatives of elementary functions and then, by the chain rule, finally evaluating

the derivative of a given function. The main difference between AD and FD is that AD

calculates derivatives up to machine precision and does not introduce any truncation error

while FD does. A good reference on automatic differentiation is [42].

There are two ways of calculating AD derivatives: forward and reverse (adjoint) mode.

Following the review of the AD modes given in [78], we denote y = (y1, · · · , ys)⊤ the output

of the coded function, θ = (θ1, · · · , θm)⊤ the vector of parameters with respect to which

we would like to calculate derivatives and z = (z1, · · · , zp)⊤ the vector of intermediate

variables, where usually p ≫ s + m. The variables z are connected to each other via

elementary functions, for example in the form: zk = fke (zi, zj), where i < k and j < k.

In order to obtain the Jacobian
[
∂yi

∂θj

]
, where i = 1, . . . , s, j = 1, . . . ,m, by the forward

mode, the chain rule is applied to evaluate intermediate derivatives, beginning from z1

and finishing at zp. As an example let us take zk = fke (zi, zj). The forward derivative żnk
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is given by

żnk =
∂zk
∂θn

=
∂fke
∂zi

∂zi
∂θn

+
∂fke
∂zj

∂zj
∂θn

, ∀1 ≤ n ≤ m,∀1 ≤ k ≤ p.

This procedure is done for all intermediate variables and finally one obtains the Jacobian.

In the adjoint mode, the order of differentiation is reversed. One starts with ∂y
∂y = 1

and then the chain rule is applied to calculate intermediate derivatives, beginning from zp

and finishing at z1, and finally with respect to θ. Precisely, for zk = fke (zi, zj), the adjoint

derivatives z̄i and z̄j are obtained by

z̄i =
∂y

∂zi
=

∂y

∂zk

∂fke
∂zi

, z̄j =
∂y

∂zj
=

∂y

∂zk

∂fke
∂zj

, ∀1 ≤ k ≤ p.

Let us now illustrate the differences in calculating forward and adjoint derivatives in

the following example. Consider a function

y = f(x, z) = ex+z x2.

The function can be decomposed into elementary functions

m = x+ z (5.12)

s = em (5.13)

w = x2 (5.14)

y = s · w. (5.15)

In the forward mode, derivatives are calculated together with the function. Consider x = 1
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and z = 2, in our example, y and ẏ are calculated as follows

m = 3

ṁx =
∂m

∂x
= 1

ṁz =
∂m

∂z
= 1

s = 20.1

ṡx =
∂s

∂m

∂m

∂x
= em · ṁx = 20.1

ṡz =
∂s

∂m

∂m

∂z
= em · ṁz = 20.1

w = 1

ẇx = 2x = 2

ẇz = 0

y = 20.1

ẏx =
∂y

∂x
=
∂y

∂s

∂s

∂x
+
∂y

∂w

∂w

∂x
= w · ṡx + s · ẇx = 60.3

ẏz =
∂y

∂z
=
∂y

∂s

∂s

∂z
+
∂y

∂w

∂w

∂z
= w · ṡz = 20.1

In the reverse mode, first a function is evaluated, the values of intermediate functions are

stored and then the adjoint derivative is calculated. In our example, where x = 1, z = 2,

y and ȳ are evaluated as follows
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m = 3 (5.16)

s = 20.1 (5.17)

w = 1 (5.18)

y = 20.1 (5.19)

ȳ =
∂y

∂y
= 1 (5.20)

s̄ = ȳ · ∂y
∂s

= w = 1 (5.21)

w̄ = ȳ · ∂y
∂w

= s = 20.1 (5.22)

x̄ =
∂y

∂x
=
∂y

∂w

∂w

∂x
= w̄ · 2x = 40.2 (5.23)

m̄ =
∂y

∂m
=
∂y

∂s

∂s

∂m
= s̄ · em = 20.1 (5.24)

x̄ = x̄+
∂y

∂m

∂m

∂x
= x̄+ m̄ = 60.3 (5.25)

z̄ =
∂y

∂x
=

∂y

∂m

∂m

∂z
= m̄ = 20.1, (5.26)

where (5.21) and (5.22) were calculated from (5.15), (5.23) from (5.14), (5.24) from (5.13),

(5.25) from (5.12) and updated by (5.23), finally (5.26) was calculated from (5.12). As

one can see in the above example, forward and reverse mode produce the same values of

derivatives, but calculations are different.

Observe that, for each variable θn with respect to which one calculates the derivative

a separate forward mode is needed, whereas for the adjoint method only one reverse mode

is required regardless of the dimension of θ, ie calculations are common for all variables θ,

until a variable explicitly occurs in the code, as in the above example.
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T=5 Years
y σ ρ

Index - 0.001
Tranche 0%-3% 0.013 0.029
Tranche 3%-6% - 0.010
Tranche 6%-9% - 0.003
Tranche 9%-12% - 0.002
Tranche 12%-22% - 0.002
Tranche 22%-100% - -

T=7 Years
y σ ρ

Index - 0.001
Tranche 0%-3% 0.015 0.017
Tranche 3%-6% 0.001 0.008
Tranche 6%-9% - 0.006
Tranche 9%-12% - 0.003
Tranche 12%-22% - 0.001
Tranche 22%-100% - -

T=10 Years
y σ ρ

Index - 0.001
Tranche 0%-3% 0.016 0.007
Tranche 3%-6% 0.001 0.007
Tranche 6%-9% - 0.005
Tranche 9%-12% - 0.004
Tranche 12%-22% - 0.002
Tranche 22%-100% - -

Table 5.1: Absolute differences between derivatives calculated by AD and FD methods of
CDO index and tranche spreads with respect to σ and ρ in the diffusion model. The cal-
culations are done for σ = 0.22, ρ = 0.32, R = 0.4, n = 128 grid points, 4000 simulations,
FD stepsize equals 1.0e − 06, by ‘-’ we denote the results that are less than 0.1e − 03.
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5.4.2 Results for the large basket approximation

First, it should be underlined that the implementation of AD for our problem is a somewhat

challenging task, since the function used to calculate CDO indices and tranche spreads,

for which we need the Jacobian, consists of more than 200 lines of code, consists of a

finite difference solution to the PDE, Monte Carlo method, an inversion algorithm used to

find initial distances-to-default from the CDS data, several loops (some of them nested)

and also branches. As was noted before, the AD derivatives are evaluated analytically, by

investigating the code line by line. Because of that, we wanted to implement the method

once and then use it for different models, including models with many parameters. That

is why we chose the reverse mode.

In Table 5.1, we present the results for the diffusion model. The differences between

derivatives calculated by AD and FD methods are small, but the computational time

for the AD method is much longer. We refer to the Appendix B for the reasons behind

the poor performance of the AD method in our setting. What is more, we used both

Jacobians in the calibration exercise and in both cases the same solution was found, with

the same number of iterations. Hence, for this particular problem FD is accurate enough

and efficient. That is why in the jump-diffusion case we finally used FD instead of AD.

More details on the implementation of the AD method are given in Appendix B.

5.5 Conclusions

We have presented a numerical implementation of the extension given in Chapter 4 of the

method proposed in [13].

We derive a numerical method for basket credit derivatives based on a large basket

approximation and a Monte Carlo finite difference solution of the resulting SPDE, and

outline an algorithm for calibration to CDO index and tranche spreads. Also, our nu-

merical experiments confirm that calculation of sensitivities via finite difference is more
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efficient in our setting than using automatic differentiation. What is more, we show that

the large basket approximation is valid for a typical CDO portfolio.
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Chapter 6

Conclusions

In the final chapter, we summarise the main results presented in the previous chapters

and demonstrate how the results are connected and complete one other. Also, we briefly

discuss potential extensions to our work.

6.1 Our thesis

In the thesis, we propose two alternative approaches to evaluate numerically an N -name

Bernoulli mixture model where the number of entities, N , is large and the portfolio is

homogeneous. The first approach is in the spirit of a multi-level Monte Carlo method,

while the second is an extension to the large basket approximation, proposed in [13]. In

this section, using a common structure, we present the main results of both methods. For

convenience, some of the definitions used throughout the thesis are repeated here.

In both approaches, we consider a sequence of Bernoulli random variables, Y = (Yi, i =

1, . . . , N), N ≥ 1, defined on some probability space (Ω,F ,P). Each Yi takes unity if a

default of an entity occurs within a time horizon T . Also, the marginal distribution of Y

is identical.
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In both methods, we focus on the loss of the portfolio, LN , defined as

LN = (1 −R)
1

N

N∑

i=1

Yi, (6.1)

and on a tranche loss, PN , given as the following

PN = [LN −K1]
+ − [LN −K2]

+,

where K1, K2, are the tranche attachment and detachment points respectively, and 0 <

K1 < K2 < 1. We aim at obtaining E[LN ] and E[PN ].

In a common factor model, each Yi is driven by an idiosyncratic factor, ZI,i = {ZI,it , i =

1, . . . N, t ∈ [0, T ]}, and a common factor Ψ = {Ψt, t ∈ [0, T ]}. Then, as previously, we

divide the probability space into the space of the individual factor, (ΩI ,F I ,PI), and the

space of a common factor, (ΩΨ,FΨ,PΨ), such that

(ΩI × ΩΨ,F I × F
Ψ,PI × P

Ψ).

Then, conditional on a realisation of the common factor, Y is i.i.d., which, for ωΨ ∈ ΩΨ,

can be written as

P
I [Y i

t (ω
Ψ) = 1] = s(ωΨ), (6.2)

where s is some function, that needs to be specified for each Bernoulli mixture model.

What is more, by the conditional version of the Law of Large Numbers, we obtain

that, for almost all ωΨ ∈ ΩΨ, the loss of an infinite portfolio exists and equals

L = L(ωΨ) := lim
N→∞

LN (ωΨ) = P
I [Yt(ω

Ψ) = 1], P
I-a.s., (6.3)
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leading to a tranche loss of an infinite portfolio being defined as

P = P (ωΨ) := [L−K1]
+ − [L−K2]

+.

Also, by the conditional independence of Y , the conditional expected loss of a finite

portfolio can be written as

E
I [LN (ωΨ)] = P

I [Yt(ω
Ψ) = 1], (6.4)

and the expected loss equals

E[LN ] = E
Ψ
[
P
I
[
Yt(ω

Ψ) = 1
]]

=

∫

R

s(ψ) PΨ(Ψ ∈ dψ), (6.5)

where the function s is specific for each model, and PΨ is the law of Ψ. Then, a formula

for E[PN ] is also specific for each Bernoulli model.

6.1.1 Multi-level approach

In the multi-level approach, we are interested in the convergence rates of PN for N → ∞

under any Bernoulli mixture model. Our crucial observation is that, using (6.3) and (6.4),

we can write the expected difference between PN and P in a model-independent way (up

to the law of the infinite loss) as

E[PN − P ] =

∫ 1

0
g(N, l) PL(L ∈ dl), (6.6)
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where g is some function depending on N and L; and PL is the law of the infinite loss.

The function g can be bounded, and based on this observation, we obtain that

|E[PN − P ]| = O(N−1)

V ar[PN − P ] = O(N−1),

provided that the following condition is satisfied

|FL(Kj) − FL(l)| ≤ cL |Kj − l|, (6.7)

where FL is the cumulative density function of L, cL a Lipschitz constant, j = 1, 2 and all

l ∈ [0, 1].

The convergence result shows that the expected tranche loss for large or infinite N can

be well approximated by those with smaller N . Combining this with a control variate idea

leads us to multilevel simulation with a substantial variance reduction for large N . Our

multi-level estimators for the expected tranche loss with a mean-square error of ǫ2 have

computational complexity of order ǫ−2, independent of N . Our numerical experiments

confirm the theoretical results.

6.1.2 The large basket approximation

In the large basket approximation [13], the focus is on a specific Bernoulli mixture model,

which is a structural diffusion model with continuously monitored defaults, also on a semi-

analytical approximation for LN and, finally, on a numerical calculation of E[LN ] for this

model.

In our extension to the large basket approximation, we consider a structural jump-

diffusion model with discretely monitored defaults. Since the conditional probability of

default, given by (6.2), is unavailable in a closed form for such a model, then the repre-

sentation (6.5) is not directly applicable. Following [13], instead, we represent the loss of
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a portfolio as

LN = (1 −R) (1 − νt,N (R)) ,

where νt,N is the empirical measure of the system with an absorbing boundary, defined,

for S ∈ B(R), as the following

νt,N (S) =
1

N

N∑

i=1

1{Xi
t∈S},

Xi
t = X̃t1{τD

i >t},

where τDi denotes the time of default of the i-th entity, where a default is monitored at a

discrete set of times, and X̃ is a jump-diffusion process underlying a distance-to-default.

Then, by the conditional version of the Law of Large Numbers, we obtain that for

almost all ωΨ ∈ ΩΨ, the empirical measure of an infinite portfolio exists and equals

νt(S) = νt(S)(ωΨ) := lim
N→∞

νt,N (S)(ωΨ) = P
I [Xt(ω

Ψ) ∈ S], P
I-a.s.

We show that this empirical measure has a density v with respect to the Lebesgue measure.

Therefore, the loss of an infinite portfolio can be written as

L = (1 −R)

(
1 −

∫

R

v(t, x) dx

)
.

Also, we show that the density satisfies a stochastic partial differential equation, the solu-

tion of which can be represented between two subsequent monitoring times as a solution

to the heat equation shifted by a realisation of a common factor in that time interval.

Finally, in order to obtain the loss of the portfolio and tranche loss, we use the following
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approximations,

LN ≈ L,

PN ≈ P.

Then, based on the above results we develop a numerical algorithm to estimate E[L],

E[P ] and then the tranche spreads efficiently. Also, we propose calibration methods for

the approach. What is more, we verify the validity of this approximation numerically by

comparison with results obtained by the direct Monte Carlo simulation of the portfolio.

6.2 Extensions

Finally, we provide an outline of potential extensions to our work. We start by presenting

extensions specific to each approach, and then focus on extensions that can be applied to

both methods.

6.2.1 Multi-level approach

In the multi-level approach, we derive the main results for the case when the condition

(6.7) is met. We show numerically that, for the structural jump-diffusion model, the

condition holds. However, it is an open mathematical question to prove analytically that,

for this model or some class of Bernoulli mixture models, the cumulative density function

of the infinite loss is indeed Lipschitz.

Also, the multi-level approach can be extended to a heterogeneous portfolio, by di-

viding the portfolio into sub-portfolios with identical marginal distribution of entities.

Possibly, the approach can be applied to other applications beyond those that we con-

sider.
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6.2.2 The large basket approximation

In the thesis, the extension to the large basket approximation is derived for a specific

Bernoulli mixture model, which is a structural jump-diffusion model. We show in the

calibration exercise that the jump-diffusion model is more flexible than the pure diffusion

model to fit market data in vastly different scenarios, with only a small number of param-

eters. But, to use the model in practical applications, it is necessary to extend it further

to allow a richer dependence and term structure.

A possible extension is to take into account different finite activity jump processes, a

stochastic volatility common to all assets, or a random default barrier. Also, we can add

individual jumps to the idiosyncratic factors or allow contagious effects. Here, we discuss

the last two extensions, however, the analysis is still introductory.

Idiosyncratic jumps

Let each particle follow a process

Xi
t = X̃i

t 1{t<τD
i },

X̃i
t = Git + Zt,

Git =
√

1 − ρ W i
t + Υi

1 + . . .+ Υi
N̄ i

t
, (6.8)

where for each i, (Υi
k, k ∈ N) is a sequence of i.i.d. random variables, independent of

all other random variables, also (Υi
k, k ∈ N) are normally distributed with mean µΥ and

standard deviation σΥ, Ñ i is a Poisson process with common intensity γ, and all previous

assumptions hold. In particular, similar to the previous sections, we assume that the

initial distribution for Gi is ν0. We denote by P
ν0 , the probability measure for Gi0, and

also, other notation is in line with Chapter 4.
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Observe that, the density of Git, for t > 0, is given as

q(t, x, y) := e−γt
∞∑

i=1

p

(
t,
x− kµΥ

σΥ
,
y

σΥ

)
(γt)k

k!
, (6.9)

where we use Proposition 2.1.3, and p(t, x, y) is given by (4.20).

Let us consider first the system where Zt ≡ 0 and the absorbing boundary is not active.

Similar to the case where the idiosyncratic part of X̃ is a Brownian motion, we obtain

the following definition and representation of the empirical measure for the system, where

the underlying process for each particle is a jump-diffusion. The result is similar since,

as previously, conditional on Z the particles are i.i.d. Let us denote by Gt any tagged

particle at time t.

Lemma 6.2.1 (Strong Law of Large Numbers for the system). Let t > 0, S ∈ B(R) and

(Xi
t , i = 1, 2, . . .) be given by (6.8), then

lim
N→∞

1

N

N∑

i=1

1{Xi
t∈S} = P

ν0(Gt ∈ S), a.s.,

with

P
ν0(Gt ∈ S) =

∫

S
g(t, x) dx,

g(t, x) :=

∫ ∞

0
q(t, x, y) v0(y) dy, x ∈ R, (6.10)

where g is the density of νt with respect to the Lebesgue measure, and q(t, x, y) is given by

(6.9).

Definition 6.2.1. The empirical measure of the system (6.8), νt, is defined as

νt(S) := P
ν0(Gt ∈ S), ∀S ∈ B(R), t ∈ (0, T ].

Lemma 6.2.2. Let assumptions (A1) and (A2) hold, then g ∈ C∞(R × (0, T ]).
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Proof. This is due to q being a weighted average of p, where the weight exponentially

decays and p is infinitely differentiable.

Theorem 6.2.1 (Forward Kolmogorov equation for jump-diffusion, based on [53]). Let g

be given by (6.10), then g satisfies the partial-integro differential equation

gt(t, x) =
1

2
(1 − ρ)gxx(t, x) + γ E[g(t, x+ Υ) − g(t, x)], t > 0, x ∈ R, (6.11)

g(0, x) = v0(x), x ∈ R, (6.12)

such that the expectations are given as

E[g(t, x+ Υ) − g(t, x)] =

∫

R

[g(t, x+ z) − g(t, x)]
1

σΥ
φ

(
z − µΥ

σΥ

)
dz,

where φ is a density of a standard normal random variable.

In order to obtain g we can solve numerically either the integral in (6.10), as we do in

Section 2.1.3, or the partial-integro differential equation given by (6.11).

Let us now consider the system where Zt is given as in Section 4.7, but the absorbing

boundary is still not active.

Lemma 6.2.3 (Conditional Strong Law of Large Numbers for the system). Let t > 0,

S ∈ B(R) and (X̃i
t , i = 1, 2, . . .) be given by (6.8), then for almost all ωZ ∈ ΩZ , we have

lim
N→∞

1

N

N∑

i=1

1{X̃i
t (ω

Z )∈A} = P
ν0(Gt ∈ A− Zt), P

B-a.s.,

such that,

P
ν0(Gt ∈ A− Zt) =

∫

A
g̃(t, x) dx, (6.13)

g̃(t, x) =

∫ ∞

0
q(t, x− Zt, y) v0(y) dy, x ∈ R, (6.14)
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where g̃(t, x) is a density of ν̃t with respect to the Lebesgue measure and q(t, x, y) is given

by (6.9).

Definition 6.2.2. The empirical measure of the system ν̃t, is defined, for almost all

ωZ ∈ ΩZ, as

ν̃t(A) = ν̃t(A)(ωZ) := P
ν0(Gt ∈ A− Zt), ∀A ∈ B(R), t ∈ (0, T ].

Since the representation of the system and its limit empirical measure closely resembles

the representation given in Section 4.7, we would probably obtain analogous results as in

Section 4.7, and the same applies to the final system with absorbing boundaries. Also, by

(6.11), the system can be extended to individual jumps with the jump-amplitude having

any distribution, not only Normal, presented here.

Interaction between particles

Let us now add interaction between particles. In [56], the particle system following dif-

fusion processes, is considered, and the interaction between particles is introduced by the

common dependence on the empirical measure of the system. The authors assume that

(Xi
0, i = 1, 2, . . .) is an exchangeable sequence and that each Xi

0 is square integrable. Then

they show that, under these assumptions, the limit empirical measure exists, for any t ≥ 0,

and also has a density with respect to the Lebesgue measure. What is more, the density

satisfies an SPDE, however, the authors do not consider the existence and the uniqueness

of the solutions to the SPDE.

In case of credit models, interaction between particles can be introduced as the conta-

gious effects between companies in bad financial situations. We can incorporate contagious

effects into our system, for example by assuming that ρ = ρ(t, Lt) or λ = λ(t, Lt), i.e. that

correlation coefficient, ρ, or intensity, λ, are some functions of Lt. Then, based on [56], we

would probably obtain a non-linear SPDE for the density, where the coefficients depend
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on the loss variable which in turn depends on the solution to the SPDE. However, a very

careful analysis of the existence of the limit empirical measure, the existence and unique-

ness of its density, and also the existence and uniqueness of a solution of the SPDE are

required.

A simpler way is to assume that, at time t ∈ (Tk−1, Tk), λ = λ(t, LTk−1
) is an increasing

step function, depending on the value of L at the latest monitoring time,

λ(t, LTk−1
) =






λ0, LTk−1
∈ [0, l0),

λ1, LTk−1
∈ [l0, l1),

. . .

λs, LTk−1
∈ [ls−1, 1],

where s ≥ 1, s ∈ N, (λ0, λ1, . . . , λs) is a vector of the values of λ, whereas (l0, l1, . . . , ls)

is a vector of threshold values of LTk−1
, meaning that our system is enriched by 2s + 1

new parameters. Since, unlike ρ, λ occurs only in the common factor Z, the division of

probability space into the space of individual factors and the space of the common factors,

(ΩZ ,FZ ,PZ), is still possible. However, now, the realisations of the jump component of

Z, J̃ depend also on the realisations of L at the latest monitoring time. Defining the

empirical measure recursively, for each t ∈ (Tk−1, Tk), we would probably arrive at similar

results as in Section 4.7, in particular that for almost all ω(Tk−1) ∈ Ω and for almost all

ωZ(t) ∈ ΩZ

ṽ(t, x) = u(t, x− ZCt (ωZ(t)) − J̃t(ω
Z(t), ω(Tk−1)), (6.15)

where canonically ω = ω(t1), . . . , ω(tm), for some 0 < t1 ≤ . . . ≤ tm ≤ T , and a precise

construction of Ω can be found, for example in [3], p.64. Then, by results in Section 4.8,

we would probably obtain analogous results for the system with absorbing boundaries.
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6.2.3 Numerical methods for calculating risk measures

In order to use the large basket approximation or multi-level approach to calculate the risk

measures such as VAR or AVAR, presented in Chapter 1, additional efficient numerical

methods should be developed.

For example, in the case of VAR with a confidence level α, an efficient algorithm

should be proposed for calculating the distribution of the portfolio loss together with its

α-quantile.

6.2.4 Loss given default

Throughout the thesis, we focus on the loss function, defined in (6.1), where the recovery

rate is a constant. However, we can generalize both approaches by taking into account

the loss given default, that introduces randomness of the recovery rate. Such an extension

to the multi-level method was proposed by an anonymous referee who commented on our

work [11].

The loss given default, L̄N , N ≥ 1, is defined as

L̄N =
1

N

N∑

i=1

Ȳi

Ȳi = Ai Yi,

where (Ai, i = 1, 2 . . .) are some random variables, taking values in [0, 1].

The specification of (Ai, i = 1, 2, . . .) is crucial for including L̄ in our approaches. In

the simplest settings, where (Ai, i = 1, 2, . . .) are i.i.d. random variables, independent of

(Yi, i = 1, 2, . . .), extending the large basket approximation and the multi-level approach

should be fairly straightforward. Note that, by the independence of A and Y , and the

conditional independence of Y , (Ȳi, i = 1, 2, . . .) are conditionally independent. Then, by
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the conditional version of the Law of Large Numbers, we obtain for almost all ωΨ ∈ ΩΨ

L̄ = L̄(ωΨ) = lim
N→∞

L̄N (ωΨ) = E
I [Ȳ (ωΨ)], P

I -a.s.

where now the space of the individual factors contains also (Ai, i = 1, 2, . . .). Also, by the

independence of A and Y , we have

L̄ = E
I [A] P

I [Y (ωΨ) = 1].

Based on this observation, the new results for the multi-level approach and the large basket

approximation, should be easy to derive.
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Appendix A

Addition to Chapter 2

Proof of Proposition 2.1.1.

p(Xtn = xtn , τ
D > tn−1) = p(Xtn = xtn ,Xtn−1 > 0, . . . ,Xt1 > 0)

= p(Xtn = xtn ,Xtn−1 > 0, τ > tn−2)

=

∫ ∞

0
p(Xtn = xtn ,Xtn−1 = xtn−1 , τ

D > tn−2) dxtn−1 .

Since

p(Xtn = xtn | Xtn−1 = xtn−1 , τ
D > tn−2) =

p(Xtn = xtn ,Xtn−1 = xtn−1 , τ
D > tn−2)

p(Xtn−1 = xtn−1 , τ
D > tn−2)

,

we obtain

p(Xtn = xtn , τ
D > tn−1) =

∫ ∞

0
p(Xtn = xtn | Xtn−1 = xtn−1 , τ

D > tn−2)

× p(Xtn−1 = xtn−1 , τ
D > tn−2) dxtn−1 .

Observe now that for two subsequent monitoring times tn−1 and tn, such that
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0 ≤ tn ≤ T , and x0 > 0, (2.4) can be written as

Xtn = x0 + βtn +Wtn +

Ñtn∑

k=1

Πk

= Xtn−1 + β∆tn + ∆Wtn +

∆Ñtn∑

k=1

Πk,

(A.1)

where ∆tn = tn − tn−1, ∆Wtn = Wtn −Wtn−1 , ∆Ñtn = Ñtn − Ñtn−1 . By independence of

increments of Brownian motion and Poisson process respectively, ∆Wtn is independent of

Wtn−1 , ∆Ñtn is independent of Ñtn−1 . What is more, ∆Wtn ∼ N(0,∆tn) and ∆Ñtn is a

Poisson process with intensity λ∆tn. Hence, knowing that Xtn−1 = xtn−1 , we have

Xtn = xtn−1 + β∆tn + ∆Wtn +

∆Ñtn∑

k=1

Πk. (A.2)

Then, by (2.5) and (A.2), we obtain

Xtn =






xtn−1 + β∆tn + ∆Wtn +
∑∆Ñtn

k=1 Πk, xtn−1 > 0

0, xtn−1 = 0.

(A.3)

Hence,

p(Xtn = xtn | Xtn−1 = xtn−1 , τ
D > tn−2) = p(Xtn = xtn | Xtn−1 = xtn−1),

and we get

p(Xtn = xtn , τ
D > tn−1) =

∫ ∞

0
p(Xtn = xtn | Xtn−1 = xtn−1)

× p(Xtn−1 = xtn−1 , τ
D > tn−2) dxtn−1 .
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Similarly,

P(τD > tn) = P(Xtn > 0, τD > tn−1) =

∫ ∞

0
p(Xtn = xtn , τ

D > tn−1) dxtn .

Proof of Proposition 2.1.2. Since, t1 is the first monitoring time, we have

P(τD > t1) = P(Xt1 > 0).

By the law of total probability

P(Xt1 > 0) =

∞∑

c=0

P(Xt1 > 0 | Ñt1 = c) · p(Ñt1 = c).

We observe that
∑c

k=1 Πk, where {Πk} are i.i.d. and Π ∼ N(µΠ, σ
2
Π), is normally dis-

tributed with mean cµΠ and variance cσ2
Π. By (A.1), conditional on Ñt1 = c, Xt1 ∼

N(µXt1
, σ2
Xt1

), where µXt1
= x0 + βt1 + cµΠ, σ2

Xt1
= t1 + cσ2

Π. Then,

P(Xt1 > 0 | Ñt1 = c) = Φ

(
µXt1

σXt1

)
.

What is more, Ñt1 is a Poisson process with intensity λt1, hence

p(Ñt1 = c) = e−λt1
(λt1)

c

c!
,

and we obtain (2.7). Observe now that,

P(Xt1 ≤ xt1 | Ñt1 = c) = P

(

U ≤
xt1 − µXt1

σXt1

)

= Φ

(
xt1 − µXt1

σXt1

)

,

147



where U ∼ N(0, 1), Φ(·) is the cumulative standard normal distribution, and

p(Xt1 = xt1 | Ñt1 = c) =
1

σXt1

φ

(
xt1 − µXt1

σXt1

)
,

where φ(·) is standard normal density.

Proof of Proposition 2.1.3. By (A.1), conditional on ∆Ñtn = c and on Xtn−1 = xtn−1 , Xtn

is normally distributed with mean µXtn |Xtn−1
= xtn +β∆t+cµΠ and variance σ2

Xtn |Xtn−1
=

∆t+ cσ2
Π, where ∆t = tn − tn−1, ∆Ñtn = Ñtn − Ñtn−1 . Similarly to the case when t = t1,

p(Xtn = xtn | Xtn−1 = xtn−1 ,∆Ñtn = c) =
1

σXtn |Xtn−1

φ

(
xtn − µXtn |Xtn−1

σXtn |Xtn−1

)
,

∆Ñtn is a Poisson process with intensity λ∆t, therefore

p(∆Ñtn = c) = e−λ∆t (λ∆t)c

c!
.
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Appendix B

Addition to Chapter 5

Here we present details of the implementation of AD method to calculate sensitivities

under Bush et al approximation, and also we analyse the computation time of the AD and

FD approaches in our setting.

Derivatives in the inversion algorithm

One of the AD intermediate derivatives that we calculate is a derivative of initial distance-

to-default, x0, with respect to each parameter θn, where x0 is obtained from CDS data

using the algorithm explained in Chapter 5. In order to find the FD derivative, one needs

to perturb each parameter and then search for x0 every time, which for central finite

difference takes 2×m×N runs of the inverse algorithm, where N is the number of CDSs

in the portfolio, which typically equals 125, m is the number of parameters. The AD

method is much quicker, since it does not require any re-runs of the algorithm.

Let c be a CDS spread, B a fee leg, D a protection leg, θ a vector of the model

parameters, x distance-to-default at time zero. The CDS spread is given by

c =
D(θ, x(θ))

B(θ, x(θ))
. (B.1)
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In order to find the initial distance-to-default implied by CDS data, we search for a root

of the function

F (θ, x(θ)) = cB(θ, x(θ)) −D(θ, x(θ)).

Let x = x0 be the solution given by the algorithm, then approximately F (θ, x0) = 0. Let

z = θi be a parameter with respect to which we would like to calculate a derivative, then

x = f(z) and the derivative of F with respect to z at x = x0 is given by

∂F (z, f(z))

∂z
|x=x0 = Fz

∂z

∂z
|x=x0 + Fx

∂x

∂z
|x=x0. (B.2)

This approximately equals zero, since F (θ, x0) ≈ 0 at the solution. Hence, the derivative

of the initial distance-to-default with respect to the parameter θi equals

∂x

∂z
|x=x0 = −Fz

Fx
|x=x0. (B.3)

In order to obtain the AD derivative, one just needs to evaluate the formula (B.3) for each

CDS in the basket, which takes a fraction of a second for all CDS. Hence in this case the

AD method is much more efficient than the finite difference one.

Derivatives in the PDE block

Other interesting AD derivatives are the derivatives in the finite difference solution to the

deterministic PDE given by (5.3). Let uk be the solution at the iteration k of the finite

difference mode at grid points from i = 1, . . . , n, uk−1 the solution at the step k − 1, A

a n × n matrix of finite difference coefficients, where aij , 1 ≤ i, j ≤ n, is a function of θ.

One of the steps of the finite difference mode, in Matlab notation, is given by

uk = A\uk−1, (B.4)
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which can be written as

F (A, z(A)) = Az − g = 0,

where z = uk, g = uk−1. In order to calculate the Jacobian of the final output y, we need

to calculate the intermediate AD derivative of z with respect to A, which is given by

[
∂zi
∂Aij

]

i,j=1,...,n

= −FAF−1
z , (B.5)

where

Fz =

[
∂F (A, z(A))

∂zi

]

i=1,...,n

= A

FA =

[
∂F (A, z(A))

∂Aij

]

i,j=1,...,n

= I ⊗ z, (B.6)

where I is an identity matrix. Calculating (B.5) using (B.6) is time-consuming, especially

when n is high, since the Kronecker product is a n2 × n matrix. Using the fact that

A is a sparse matrix (see [13] for details), with diagonal elements equal ci(θ) = c(θ),

superdiagonal di(θ) = d(θ), subdiagonal bi(θ) = b(θ), where i = 1, . . . , n, we need to

consider the derivative of z with respect to non-zero elements of the matrix A only. Hence,

the derivative of z with respect to A is given by

[
∂zi
∂Aij

]

i,j=1,...,n

= −F⊤
bcdA

−1,

where

Fbcd =





0 z1 z2

z1 z2 z3
...

...
...

zn−2 zn−1 zn

zn−1 zn 0





,

which is quick to calculate, since F⊤
bcd is a 3 × n matrix.
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Computational time of AD and FD

The reason behind the less efficient performance of AD is mainly due to the time-consuming

linear algebra operations involved in the AD method. In our calibration exercise, there

are seven different payoffs (one for the CDO index and six for the different CDO tranche

spreads) with maturities T = {5, 7, 10} years. For each maturity the final output y is a

7× 1 vector, all intermediate derivatives have to be calculated for each component of the

vector. Therefore vectors uk and uk−1 in (B.4) used to calculate the AD derivatives have

dimension n× 7, where n is the number of grid points1. For FD uk and uk−1 are simply

n× 1 vectors.

Furthermore, calculation of the AD derivatives must be done for each maturity sep-

arately, since the first intermediate derivatives are different for different maturities and

there is no simple connection between a derivative of the same output but with different

maturity. What is more, evaluation of (B.4) is repeated z × d × t times, where z is the

number of Monte Carlo simulations, d the number of Rannacher time steps per time in-

terval, t the number of intervals, which makes (B.4) the most time-consuming operation

in the code. Moreover, it is based on O(n) operations, hence if the number of grid points

is high, computational time is high as well.

In order to obtain the FD Jacobian, one needs to calculate y twice for each parameter

of interest, hence the calculation time can be roughly approximated by

2 ×m× h,

where m is a number of parameters, h is the calculation time of the PDE block. The

1The true dimension of uk and uk−1 is n × α, where 1 ≤ α ≤ 7. Since for early payments times losses

occur only in some tranches, some columns of matrices uk and uk−1 are zero. In our algorithm we take

advantage of the sparsity of the matrices, hence the dimension of uk and uk−1 is 1 ≤ α ≤ 7, where for

early time points α is closer to 1, for later α is closer to 7.

152



calculation time of the AD method can by approximated by

(2 + s× α) × h,

where s is the length of the maturity vector. Because in the reverse mode one has to know

values of the intermediate operations, two extra runs of the function are needed (since

storing z × z, where z is a high number, is not efficient). Hence, the AD method is more

efficient than FD if the number of parameters in the model, m, is

m ≥ 2 + s α

2
.

An average value of α is 3, s equals 3, therefore approximately m ≥ 6. Hence, for the

jump-diffusion, where there are five parameters to estimate, it is not justified to use AD

reverse mode.
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