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Abstract

Gaussian fields are widely used for modelling spatial phenomena in disciplines such
as cosmology, medical imaging and quantum mechanics. Geometric properties of the
excursion sets of such fields are well studied, as they provide important test statistics
in these areas. There is also theoretical interest in the large scale topological behaviour
of excursion sets of Gaussian fields, due to recent results suggesting a connection with
discrete percolation models. In this thesis we study the geometry of planar Gaussian
fields with a focus on one particular quantity; the number of excursion/level set
components in a large domain, which is of interest both for statistical testing and in
relation to percolation.

Chapter 1 introduces the topic of excursion/level sets of Gaussian fields. This
includes motivation for their study, an outline of some mathematical techniques for
their analysis and a summary of the relevant literature.

In Chapter 2 we consider the mean number of connected components of a Gaussian
excursion set or level set in a large domain. Nazarov and Sodin have shown that this
quantity satisfies a law of large numbers as the size of the domain increases. The value
of the corresponding limit, at different levels, can be viewed as a functional which de-
scribes the asymptotic density of excursion set components. We derive a new integral
representation of this functional, which provides an alternative way of analysing it.
The representation is based on a deterministic decomposition of excursion set com-
ponents in terms of critical points, which is analogous to the Poincaré-Hopf theorem
for the Euler characteristic. We also derive some basic properties of the excursion
set functional, including symmetries, upper/lower bounds and continuity properties.
Finally, we explicitly compute this functional for a simple class of fields, which poses
some interesting questions about the general properties of the functional.

In Chapter 3, we extend the analysis of our integral representations to show that
the mean functionals are continuously differentiable for a wide class of fields. This
follows from a more general result, in which we derive differentiability of the func-
tionals from the decay of the probability of ‘four-arm events’ for the field conditioned
to have a saddle point at the origin. We discuss how this compares to related results

for percolation models. For some fields, including two important examples known



as the Random Plane Wave and the Bargmann-Fock field, we also derive stochastic
monotonicity of the conditioned field, which proves that the mean functionals are
monotone, with respect to the level, on certain regions.

In Chapter 4 we give the most significant result of this thesis: a lower bound on
the variance of the number of Gaussian excursion/level set components in a large
domain. More precisely, we prove a lower bound on the order of the fluctuations of
these variables, for certain classes of field and certain levels, which implies the cor-
responding variance bound. These bounds are conjectured to be optimal for generic
fields, based on the behaviour of other geometric quantities and also on the corre-
sponding properties of discrete percolation models. The bounds are intuitively driven
by ‘level shifts’ of the field and are proven by comparing the number of components

at different levels, which relies heavily on the results from Chapters 2 and 3.
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Chapter 1

Introduction

1.1 Basic setting

We begin with a quick description of the main objects of study for this thesis: excur-
sion sets of Gaussian fields. For readers unfamiliar with this material, a more detailed
account can be found in Appendix A.

For some d € N, let f : RY = R be a Gaussian random field, that is, f is a
random process indexed by R? such that for any m € N and any z1,...,2,, € R%
(f(z1),..., f(zm)) is a Gaussian vector. The finite dimensional distributions of the
field are completely specified by its mean and covariance functions p : R* — R and

k:RY x R? — R defined by

p(r) =E(f(z))  and  w(z,y) = Cov(f(x), f(y))-

The covariance function is positive definite and symmetric. We say that f is stationary
if its distribution is invariant under translations of R?. Under this assumption, which

we now make, the covariance of f may be expressed as

K(z —y) = k(z,y)

for a positive definite function K : R — R. We also now assume that f is normalised
to have mean zero and variance one, so that pu(z) = 0 and K(0) = E(f(z)?) =1 for
all x € R% This means that the distribution of f is entirely specified by K. If K
is continuous (which will be true throughout our analysis), then Bochner’s theorem

states that it is the Fourier transform of some probability measure v:

K(z) = /R ()

The measure v is known as the spectral measure of the field and must be Hermitian;
that is, ¥(A) = v(—A) for all Borel sets A. If v has a density p with respect to

1



Lebesgue measure, we refer to this as the spectral density. Since the spectral measure
determines the covariance function, it also determines the distribution of f. We say
that f is isotropic if its distribution is invariant under rotations. In this case both the
covariance function and the spectral measure will also be invariant under rotations,

and, in particular, the covariance function can be expressed as
2
K(z) =k (|2[*)

for some function & : [0, 00) — R (where |-| denotes the Euclidean norm). Results for
Gaussian fields are often stated in terms of the covariance function or equivalently in
terms of the spectral measure.

For this thesis, we are interested in the geometry of the (upper-)excursion sets

and level sets of f, defined, respectively, as
{z eR?| f(z) > ¢} and {z eRY| f(z) =} for ¢ € R.

To simplify notation, these sets will be denoted by {f > ¢} and {f = ¢} respectively.
We will only consider upper-excursion sets, because by symmetry of the Gaussian
distribution, {f < ¢} has the same distribution as {f > —¢}. Motivated by applica-
tions (to be described in the next section), we will consider the case where these sets,
and the fields generating them, are somewhat regular. For example, if f is continu-
ously differentiable; then for fixed ¢ the level set { f = ¢} will consist of simple curves
almost surely. By Kolmogorov’s theorem (Theorem A.1.2), smoothness assumptions
on the field can be justified by smoothness of the covariance function K. We will
always assume that f is at least twice continuously differentiable, which will allow us
to apply certain Morse theoretic arguments. This assumption also ensures that any
reasonable topological events which we may be interested in are measurable.
Various geometric properties of Gaussian excursion/level sets are relevant for ap-
plications (and we will give examples of these momentarily), however our primary
object of study in Chapters 2—4 is the number of connected components of an ex-
cursion set (or level set) contained in a large domain. We will also restrict to fields

defined on the plane. Explicitly, for a given field f and any R > 0, £ € R we define
NES(f7 R7 f) = NES’(Ra g)

to be the number of connected components of { f > ¢} which intersect B(R) (the ball
of radius R centred at the origin) but not R*\ B(R) and we define

Nps(f,R,€) = Nps(R, ()

2



in the corresponding way for {f = ¢}. We are then interested in the statistics of these
quantities as R tends to infinity. In the remainder of this chapter, we hope to justify
this apparently narrow focus, and convince the reader of the value of understanding

the behaviour of these variables.

1.2 Motivation

1.2.1 Direct applications

Smooth Gaussian fields are used in many areas of science to model spatial phenomena,
and as a result, studying their geometry has wide ranging implications. Here we will
describe a few of the most relevant such applications.

Cosmological theories predict that the Cosmic Microwave Background Radiation
observed on Earth can be well modelled as a realisation of a stationary, isotropic
Gaussian field on the two-dimensional sphere [41]. This prediction broadly agrees
with experimental evidence, however there are some discrepancies which have im-
portant implications for the underlying physical theories. Topological and geometric
quantities provide a useful way of testing the Gaussianity prediction and can also shed
light on particular discrepancies between the theory and observations. A classical way
of doing this, is to compare the expected Euler characteristic of the excursion set of a
random field (which is explicitly computable in the Gaussian case and in some non-
Gaussian cases) with the observed normalised Euler characteristic of the background
radiation at a range of different levels (see, for example, [38]). Some recent work [87]
suggests that performing the same comparison for the number of excursion set com-
ponents can give a better indication of discrepancies with the Gaussian theory. The
mean of this quantity is unknown, so must be estimated by simulation. Analytical
results for the large scale statistics of two dimensional Gaussian excursion sets would
therefore likely improve this testing procedure. There would also be cosmological
applications of more general results in this direction: the cosmic web can be modelled
as a Gaussian field on R?® and its excursion sets can be analysed in similar ways [88].

Excursion sets of Gaussian fields are also important for medical imaging. As
an example, we consider Positron Emission Tomography, which can be used to un-
derstand brain activity. The output of this procedure may be a set of voxels on a
discrete approximation of the brain, which is a combination of signals, representing
brain activity, and ambient noise. The medical community is naturally interested in
knowing whether particular treatments result in a significant change in brain activity,

and, if so, in which areas. A common statistical approach to this problem is to treat



the data as a realisation of some Gaussian field on a three-dimensional manifold and
use the maximum of the field as a test statistic [108]. Since the distribution of the
maximum is unknown, it is replaced with the distribution of the Euler characteristic
at high levels. This is justified by the ‘Euler characteristic heuristic’ which states
that at high levels ¢, any excursion set above ¢ is very likely to have a single, simply
connected component which will have an Euler characteristic of one. Therefore the
probability that the maximum of the field exceeds this level is approximately the
expected Euler characteristic of the excursion set above this level (which is known).
This method is considered superior to the naive approach of performing multiple tests
on the discrete values of the voxels, as it takes advantage of the natural continuity of
the problem and avoids difficulties associated with multiple testing for a large number
of random variables. Similar approaches can be applied to more complicated types
of data, such as that resulting from functional Magnetic Resonance Imaging (fMRI),
Electroencephalography (EEG) or Magnetoencephalography (MEG) [52].

Yet another application of Gaussian fields can be found in quantum mechanics.
Let € be a connected, compact subset of a Riemannian 2-manifold. The quantum
billiards model is the set of solutions ¢ € C?*(Q) to the Helmholtz equation

Ap+Ap=0 on{2

where A is the Laplacian operator, A > 0 and boundary conditions are imposed if
necessary. Equivalently, the solution is an eigenfunction of the Laplacian. This model
describes the wavefunction of a particle travelling through €2 with specular reflections
at the boundary and energy A. The zero level sets, or nodal sets, of such functions
have been well studied in the physics literature (see [47] for an overview). In part,
this is because of evidence that properties of the nodal set (such as the number of
connected components for different values of ) can help distinguish between chaotic
and integrable dynamics for the quantum billiard model [16]. There is also some
interest in the excursion sets of these eigenfunctions at high levels, as these give
the areas in which a quantum particle has the highest probability of being found
(109, Chapter 1].

In a seminal paper [13], Berry conjectured that eigenfunctions of the Laplacian de-
fined on a ‘generic’ Riemannian manifold (in any dimension greater than one) should
exhibit universal behaviour. In particular, he argued that an eigenfunction with
eigenvalue A should be well modelled by a random, isotropic wave with wavenumber

VA, and that this wave should have a Gaussian distribution. This became known as



Berry’s Random Wave Model, and is useful (if true) as it allows one to analyse eigen-
functions of the Laplacian using probabilistic tools. Physicists have found a variety
of evidence in favour of Berry’s conjecture, although some discrepancies remain (see
[27] and references therein).

An important example of the Random Wave Model occurs on the plane. One can

define a random isotropic superposition of m monochromatic plane waves as

f(x) = \/%Z cos(b; -z + ¢;)

where the ¢; are uniformly distributed on the unit circle, the ¢; are uniformly dis-
tributed on [0, 27| and all variables are independent. Taking the number of waves m
to infinity, it can be shown that this converges in distribution to a mean zero Gaussian

field with covariance
K(z) =E(f(0)f(x)) = Jo(|z)

where Jj is the zero-th Bessel function. It can also be shown that, almost surely,
realisations of this field are eigenfunctions of the Laplacian with eigenvalue —1 (this
can be generalised to an arbitrary negative eigenvalue by a rescaling of R?). This
field is known as the Random Plane Wave, and is an important object of study in the

literature on excursion sets of Gaussian fields due to its role in Berry’s conjecture.

1.2.2 Mathematical motivations

The study of level sets of Gaussian fields (particularly nodal sets) can also be moti-
vated mathematically. In many circumstances, one may be interested in the behaviour
of the zero set of some family of (deterministic) functions but find that this behaviour
cannot be tightly controlled in all cases. One way of overcoming such an obstacle, is
to consider a probability measure on the functions of interest and derive results for
‘typical’ behaviour according to this measure.

This approach has recently been taken to analysing Hilbert’s 16th problem: under-
standing the number and arrangement of components of real algebraic hypersurfaces
on projective space (see, for example, [96, 36, 64]). To be more specific, one can define
a real algebraic hypersurface as the zero set in RP™ of a homogeneous polynomial of
degree d in n + 1 variables. There are, of course, many ways of defining a measure
on such sets. One particular family of such measures which has been well studied is

the Kostlan ensemble, which can be constructed as follows. We fix n € N and let



fq: R"1 — R be the Gaussian field given by

d J

fa(z) |JZ:d ( J) asx
where J = (jo, ..., jn) is a multi-index with |J| = jo + -+ + jn, (¢) = % and
{as} are independent standard normal random variables. Each realisation of f; is
homogeneous of degree d, and so one can equivalently consider the restriction of this
field to the unit sphere S™. If the domain of {f;} is extended to C"*! (using the
same formula with complex Gaussian variables) then it is known as the Fubini-Study
ensemble.

This measure on homogeneous polynomials can be motivated very naturally as

follows. The set
d

can be taken to define an orthonormal basis for a Hilbert space of degree d homoge-

|J|=d

neous polynomials in n + 1 variables, so that f; is the canonical Gaussian measure
on this Hilbert space. The inner product of this space is then equal (up to a constant

factor \/E) to the restriction of the inner product of the Bargmann-Fock space (see

6): 1
i) = [ SO

It can be shown that this is the unique inner product on homogeneous polynomials

that is invariant under unitary transformations, so that the Kostlan ensemble is the
unique unitary invariant Gaussian ensemble of homogeneous polynomials. These
two properties (Gaussianity and unitary invariance) justify the interpretation of the
Kostlan ensemble as modelling ‘typical’ homogeneous polynomials in a natural way
(although there exist other Gaussian ensembles of homogeneous polynomials which
are orthogonally invariant [55, 56], and these have also been studied [35]).

A particularly important case is the behaviour of polynomials with large degree,
and interesting properties have been derived in this limit ([11]). The exhibition of nice
behaviour in this regime can be intuitively understood by the fact that the Kostlan
ensemble f; has a local scaling limit as d — oco. Specifically, in a neighbourhood of any
point of the sphere S”, if one maps to the plane using the inverse of the exponential
map, then the (appropriately rescaled) covariance function converges to the Gaussian

kernel. That is for zg € S” and x,y € R", as d — oo

= (o () o () o (52)

6



This has motivated interest in the centred Gaussian field f : R" — R with covariance
function K(x) = exp(—||z||*/2) which is known as the Bargmann-Fock field. This
scaling limit can be analysed as a field in its own right, and is useful for understanding
the behaviour of the Kostlan ensemble for large degree d. It can also be constructed

explicitly as a series; in the planar case this takes the form

loll? 1.
flx)=e 2" Z Uij——=T1 T for z = (z1, ) € R?
=
= Vi
where the a;; are independent standard normal random variables. With probability
one, the series converges locally uniformly, and so is analytic. In later sections we
will see that this field has become an important object of study in the topic of level

sets of Gaussian fields, particularly in the planar case.

1.2.3 Percolation and the Bogomolny-Schmit conjecture

Many of the interesting questions that one can ask about excursion/level sets of
Gaussian fields involve long range connections; for instance, one may ask about the
probability of an excursion set containing an unbounded component. This type of
question is generally very difficult to answer, and in particular is not amenable to
many of the standard tools of analysis (this will be explained more fully in the next
subsection). However long range connection properties have been historically well
studied in the simpler setting of percolation for discrete lattice models. As a result
of this, many physicists used heuristics based on such models to help understand
and make predictions for level sets of Gaussian fields. This connection has greatly
influenced the subsequent research on geometry of Gaussian fields; both through the
methods used and the type of question asked. More recently, the desire to make this
connection rigorous (and so understand the universal properties of these classes of
models) has actually served as independent motivation for studying the geometry of
Gaussian fields. In this subsection, we give an overview of discrete percolation models
and their heuristic connection with Gaussian fields.

Percolation models are used to understand long range connection properties of
random or disordered media. The archetypal model is Bernoulli bond percolation
on the square lattice, which is defined as follows: we form a graph with vertices at
each point of Z? and edges between all nearest neighbours, then declare each edge to
be open independently with probability p, and closed otherwise. The resulting open
sub-graph is a realisation of the model. Similar models have been used to represent

the spread of forest fires, where the vertices represent trees in the forest and open



edges represent fire spreading between them [66]. For this application, there is natural
interest in understanding how far the fire may spread and how this depends on the
local probability p of fire spreading from one tree to the next. This is typical of the
kind of question asked more generally of percolation models. The most classic result
for percolation models is the existence of a phase transition for long range connections:
there exists a critical probability p. such that for p > p. connections occur on infinite

scales and for p < p. connections occur only on finite scales.

Theorem 1.2.1 (Harris-Kesten Theorem [44, 51]). For Bernoulli bond percolation
on Z* with parameter p, if p < 1/2 then with probability one there is no unbounded
open connected component. If p > 1/2 then with probability one there exists a unique

unbounded open connected component.

Clearly this model is somewhat idealised, compared with what might be used in
direct applications. Indeed there are many ways of altering such a model, for example
by changing the underlying graph or by adding some dependence between different
edges. One could question the practical utility of proving results for a specific model
if these proofs cannot be adapted to more general situations. As a result, universality
phenomena are well studied within percolation. Intuitively, a result is universal if
it holds for a wide range of different models. Many percolation models of the same
dimension are believed to have universal properties based on non-rigorous physical
arguments and numerics, although much less is known rigorously (see [39, Chapter 9|
and references therein).

One way of justifying predictions of universality, in two dimensions, is by consid-
ering scaling limits. The Schramm-Loewner evolution with parameter x (SLE(k)) is a
family of random planar curves defined using a Brownian motion (of diffusivity ) and
Loewner’s differential equation (see [60] for more details). It is known that a variety
of random models defined on two dimensional lattices converge to SLE(x) (where
depends on the model) when the plane is rescaled. In particular, this is true for the
interface between open and closed clusters for certain percolation models [101], and is
believed to hold for a much wider variety of models [102]. If two percolation models
have SLE(k) as a common scaling limit, then their large scale behaviour should be
very similar and so the collection of models converging to SLE(k), for each value of
k, can be thought of as a universality class.

Bearing this conjectured universality in mind, and the fact that percolation models
were historically well studied, it was natural for physicists to try to understand the

geometry of excursion sets of Gaussian fields by relating them to these simpler models.



To this end they developed a heuristic connection based on critical points of the field.
Specifically, one can think of the local maxima of a Gaussian field above some level
¢ as defining a random lattice. If two local maxima are close to one another, then
intuitively there should be a saddle point between them, which can be thought of as
an edge of the lattice. If the saddle point is above height ¢ then the corresponding
edge can be though of as open (i.e. the two nearby local maxima should be connected

in {f > (}, see Figure 1.1). The first explicit description of this analogy that we can

Figure 1.1: The heuristic correspondence between a Gaussian field excursion set and
percolation (on a rotated copy of Z?, in this example). Local maxima (left) and
vertices (right) are denoted by ‘+’.

find was given by Weinrib [106] in 1982 although some elements of this idea, due to
Longuet-Higgins [65], date back to at least 1957.

The analogy between Gaussian fields and discrete models is not particularly help-
ful for rigorous arguments, as the joint distribution of the critical points of a Gaussian
field is very complicated, however it has had a large influence on the analysis of Gaus-
sian fields. In [18], Bogomolny and Schmit argued that the nodal sets of the Random
Plane Wave can be well modelled by open components of critical Bernoulli bond
percolation on the square lattice. Based on this, they then (non-rigorously) derived
that the number of nodal set components in a large area should be asymptotically
Gaussian with an explicit mean and variance. These claims became known as the
Bogomolny-Schmit conjecture, and drew a lot of subsequent attention from physicists
and mathematicians. The conjecture was thought of as potentially very interesting, if
true, but was regarded with some scepticism because of two objections. The first, is
that the correlations of the Random Plane Wave decay slowly with distance (points
of the field at a distance R typically have correlations of order R~/2 when R is large)
in contrast with the independence of different edges in Bernoulli percolation. Bogo-
molny and Schmit [19] used a non-rigorous heuristic, known as the Harris criterion,

to argue that the oscillation of the covariance function results in cancellations, and



so the Random Plane Wave should be in the same universality class as Bernoulli
percolation. However this heuristic is considered to be somewhat unconvincing by
many mathematicians. The second objection to the Bogomolny-Schmit conjecture is
that the choice of the square lattice is not well justified. This is less important for
large scale behaviour (as Bernoulli percolation on a general regular lattice should be
in the same universality class as the same process on the square lattice) however it
is important for the explicit constants given in the conjecture, which depend on the
lattice.

Subsequently, the mean prediction of the Bogomolny-Schmit conjecture was tested
numerically. Different authors confirmed that this prediction is inaccurate by about
5% (with a very low standard error) [79, 54, 8|, therefore the precise claim of the
conjecture seems to be incorrect. However it was also shown in [8], that the probability
of a nodal set of Random Plane Wave joining opposite sides of a given rectangle
(these are known as ‘crossing events’, and are defined formally later) is a good match
for the predicted probability of the corresponding events for Bernoulli percolation.
This is significant as these probabilities are expected to be universal, and so offer
convincing evidence that the nodal set of the Random Plane Wave may be in the
same universality class as critical Bernoulli percolation.

These tantalising ideas have motivated a great deal of work (which we describe in
Section 1.4) trying to rigorously understand the percolation properties of Gaussian

fields, however many open questions remain.

1.3 Methods and tools

In this section we outline some of the most important techniques used for analysing
the geometry of smooth Gaussian fields. These techniques can be broadly split into
two classes; analytic methods and percolation-type arguments, based on whether the
geometric quantity to be studied is ‘local” or not.

In the context of excursion sets of Gaussian fields, a geometric quantity depending
on a field f issaid to be local if its value on a domain can be determined by partitioning
the domain and considering the values of f on each element of the partition separately.
(We are solely interested in this property for heuristic purposes, and so we do not
attempt to define it formally.) So, for example, the volume of an excursion set is
local, as it is simply the sum of the volume of the excursion sets in each element
of a partition. However the number of connected components of an excursion set

is non-local, because when looking at elements of a partition separately, one cannot
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tell which components in subdomains join together (see Figure 1.2). Equivalently,
one can think of local quantities as those which are invariant under rearranging a
partition of an excursion set (see Figure 1.3); this captures the notion of evaluating
the functional on elements of the partition separately, although we will not attempt

to be precise in defining which types of rearrangement are valid.

Figure 1.2: Consider counting the number of excursion set components using this par-
tition of rectangles. The component A is contained in Ry, so, it is clear from looking
only at R; that this increases the total number of components by one. However B
intersects multiple elements of the partition, so, for example, when looking at Ry or
Rs individually, it is unclear whether these sets are connected and hence how they
contribute to the overall number of components.

An important class of local geometric functionals are the Lipschitz-Killing curva-
tures (also known as Minkowski functionals or intrinsic volumes). In general, for a
‘nice’ d-dimensional set M (such as a Whitney stratified manifold) there are d + 1
Lipschitz-Killing curvatures Lo(M), ..., L4(M) with the 0-th, (d — 1)-th and d-th
curvatures corresponding to the Euler characteristic, half the surface area and the
volume of M respectively. The remaining Lipschitz-Killing curvatures do not gen-
erally have simple interpretations, but L£,(M) can be thought of as a k-dimensional
measure. These objects are fundamental, as they form a basis for all finitely additive,
monotone functionals on basic complexes which are invariant under rigid motions
(this is known as Hadwiger’s characterisation theorem, see [53, Chapter 9]). For the
excursion sets of planar Gaussian fields (on some compact domain), there are three

Lipschitz-Killing curvatures, which roughly correspond to the area, half the perimeter
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{f =10}

Figure 1.3: The excursion sets of the two functions f and g can be obtained from one
another by a rearrangement of elements of this partition (indicated by the numbering
of the rectangles), hence any local functional must be identical on these two sets.
However the number of connected components of the two excursion sets differs, and
so this cannot be a local quantity.

and the Euler characteristic of the set (there is some correction for boundary effects).
It may not be obvious from the topological definition of the Euler characteristic that
this is a local functional, however this follows from the ‘inclusion-exclusion’ property
of the functional. Alternatively, the Poincaré-Hopf theorem decomposes the Euler
characteristic into an alternating sum of critical points, which are local.

Typical examples of non-local quantities include the number of unbounded com-
ponents of an excursion set or the event that an excursion set component intersects
opposite sides of a rectangle. These quantities usually involve macro- or meso-scopic
connections between excursion sets. The most important example for our purposes
is the number of excursion/level set components in a large, bounded domain.

From the above rough definition, it should be clear, in principle, why locality is
such a useful property: it allows one to take arbitrarily fine partitions, and so apply
integral/analytic methods. Non-local quantities are usually much more challenging to
study, and often the only tools available are those from percolation theory, which are
based on controlling short range interactions of fields/lattice models. In Section 1.4,
we show that the results for local geometric functionals of Gaussian fields are generally

much stronger than those for non-local functionals.

1.3.1 Analytic methods
1.3.1.1 The Kac-Rice formula

The Kac-Rice formula gives an exact expression for moments of level set volumes
for random fields in terms of their covariance structure. The simplest version of this

formula, which gives the expected number of zeros of a one dimensional random field,
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can help in developing an intuitive understanding of its more general form. Consider
a differentiable function f : [a,b] — R and let zy € [a,b] be an isolated zero of f
which is non-degenerate (that is, f'(z¢) # 0). Let U be some small neighbourhood of
xo, then by a Taylor approximation, the graph of f is well approximated on U x R
by a line through (z,0) with gradient f’(xy). We would therefore expect that

1
! — 1 ()< dx ~ 1.
/Ulf(l“)! 5 Ls@l<e dx

Hence, expanding the domain of this integral to [a, b], gives an approximate count for
the number of zeroes of f (assuming non-degeneracy of the zeroes). By taking € to

zero, this count becomes more accurate and results in Kac’s counting formula.

Proposition 1.3.1 (Kac’s counting formula [83]). Let f : [a,b] — R be continuously
differentiable such that all zeroes of f are non-degenerate and f(a), f(b) # 0, then the

number of zeroes of [ is given by

b
1
. /
g%/a [F (@) 5 Lis@)e de.

Applying this formula to a random function f : [a,b] — R (assuming some regu-
larity for the following manipulations) we obtain that the expected number of zeroes
of the field is equal to

b b
B (1 [ 17 gt ) = [t (176 5 1o ) do
b
_ / E(|f/(2)] | £(z) = 0) py(0) de

where pg(,) denotes the density of f(x). These arguments can be made rigorous
under assumptions on the distribution of the function f (see [83] which also contains
a nice introduction to the one-dimensional Kac-Rice formula). In this thesis we will
repeatedly use the following version of the Kac-Rice formula which holds in higher

dimensions.

Theorem 1.3.2 (Kac-Rice formula [1, Corollary 11.2.2]). Let T C R? be compact
such that OT has finite Hausdorff (d — 1)-measure. Let A C R* be open such that 0A
has Hausdorff dimension k — 1. Let f : T — R?% and g : T — R* be centred Gaussian
fields such that f is almost surely continuously differentiable and for each t € T the
vector (f(t),Vf(t),g(t)) is a non-degenerate Gaussian vector. Assume also that the

covariance functions of each element of Vf and g are uniformly Hélder continuous.
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Then for u € RY, letting N, denote the number of points t € T such that f(t) = u
and g(t) € A, one has

E(N,) = [ B (et V70 Lyea | 10 = ) prof) du
T
where pyy(u) denotes the probability density of f(t) at the point wu.

This formula can be generalised in many ways: to volumes of higher dimensional
sets (i.e. the level sets of a function f : R? — R* where k < d), to higher order
moments, to non-Gaussian fields or to fields defined on manifolds (see [5, Chapter 6]
for details).

1.3.1.2 The Wiener Chaos expansion

The Wiener Chaos expansion is an abstract orthogonal decomposition of Gaussian
Hilbert spaces which has recently been used to obtain strong characterisations of lo-
cal geometric variables for Gaussian fields. The basic decomposition holds in great
generality: let H be a closed, linear space of centred, jointly Gaussian random vari-
ables defined on the common probability space (€2, F,P). Let (H,,),en be the Hermite
polynomials on R defined by Hy = 1 and Hy(t) = tHy_1(t) — H;_,(t) for k> 1, so
that in particular Hy(t) =1, Hy(t) =t and Hy(t) =t*> — 1. For ¢ € {0,1,2,...}, the
g-th Wiener Chaos associated with H, denoted C, is defined as the closed linear span
(in L*(PP)) of all random variables of the form H,(§) where £ € ‘H with Var(¢) = 1.
It can be shown that the chaoses are orthogonal in L?*(P) and that

L*(Q,0(H),P) =P C,.
q=0
That is, any square integrable functional F' which is measurable with respect to o(H)

has a unique L?-series expansion

F =Y Flg
q=0
where F[q] is the projection of F' onto the ¢-th chaos C,. Note that F[0] = E(F).
Further details of this decomposition can be found in [85, Chapter 2| or, with a
slightly different approach, in [48, Chapter 2].
This decomposition has been successfully applied to the Lipschitz-Killing curva-
tures of Gaussian excursion sets (see the detailed references in Section 1.4.1). This

analysis relies on expressing the curvatures as functionals of finite Gaussian vectors.
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By arguments similar to those used to derive the Kac-Rice formula, one has the formal

equality

Lo = Length (1 = 1R RP) = [ 195G 8(7) ) da
-R,R
where () denotes the Dirac delta function. (This equality can be made rigorous by
a limiting argument using the co-area formula.) The chaos expansion of this variable
can be computed by taking the expansion of the integrand for each value of x and

integrating the result:

Lyr = Z Ly rlq]-
q=0

One can then obtain asymptotic results for the length of the level set by analysing
the behaviour of the chaos projections individually as R — oo. Analogous expansions
for other Lipschitz-Killing curvatures may be studied similarly.

The behaviour of the chaos projections depends heavily on the covariance structure
of the underlying field. For fields with fast correlation decay, each chaos projection
typically has the same order of variance as R — oo, and central limit theorems can
be obtained for the Lipschitz-Killing curvatures [58, 57]. For certain fields (including
some models of eigenfunctions of the Laplacian) the chaos expansion is dominated
by the first few projections. That is, the variance of one of the first few terms is of
higher order than the variance of all remaining terms, which can result in non-central
limit theorems [93].

The key to these arguments, is the local expression for the length, which simplifies
the problem to considering the chaos expansion of |V f(x)||6(f(x)). Since this is an L?
function of the Gaussian vector (V f(z), f(x)), its expansion is tractable. In contrast,
a non-local quantity such as the number of excursion set components also has a
Wiener chaos expansion, however there is no feasible way of evaluating it.

By the Poincaré-Hopf theorem, the Euler characteristic of an excursion set has a lo-
cal expression as the alternating sum of critical points of different indices. This allows
its chaos expansion to be analysed in a similar manner to the level set length above (in
any dimension). By Hadwiger’s formula ([1, Chapter 13]), the other Lipschitz-Killing
curvatures of excursion sets can be expressed as an integral over the Euler character-
istic of lower dimensional slices of the excursion set. Therefore the chaos expansion of

the other curvatures can be analysed using that of the Euler characteristic (see [57]).
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1.3.2 Percolation methods

Many methods from percolation have recently been adapted to the setting of contin-
uous Gaussian fields. We outline some of these methods here and give corresponding
definitions in the continuous setting. In Section 1.4.2, we discuss the known percola-
tion results for Gaussian fields.

A common strategy in percolation arguments, is to construct infinite scale events
(which one is interested in) from finite scale ones (which are easier to analyse). Two
quintessential examples of such finite events are ‘box-crossings’ and ‘arm events’. For
concreteness, consider a realisation of Bernoulli percolation on Z? with parameter p
(as defined in Section 1.2.3). A rectangle [a,b] X [c,d] C R? is said to have a left-
right crossing if there exists a path of open edges inside the rectangle which joins
{a} x [e,d] to {b} x [c,d] (see Figure 1.4a) and we denote this event as C[};?;]Cx[qd}'

This definition applies to other two dimensional percolation models and can also be
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° . . . . I—0—< . |
Y ] ° : ° ° ° E
1 ' r 1 1
: === :
: o o DRNNNGE LI TR SR 3
' ' R :
Ve ° ° o | ° ° ° [ '

Figure 1.4: A left-right crossing of [a,b] X [c,d] and a four-arm event on A, z. (Solid
lines represent open edges.)

generalised to other shapes. For & € N, a k-arm event is said to occur for an annulus
A, r = [—R, R?/[—r,r)? if there exist k different paths in A, g joining 9([—r,7]?) to
I([—R, R]?) which are alternatively open and closed when considered in a clockwise
order (see Figure 1.4b). The most important of these events are one-arm and four-
arm.

These events have clear analogues for Gaussian fields (recalling that the excursion

set above a level ¢ can be thought of as corresponding to the open subgraph of a
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percolation realisation with parameter p). A rectangle [a,b] X [c, d] is said to have a
left-right crossing in {f > ¢} if there exists a component of {f > ¢} N ([a,b] X [¢,d])
which intersects {a} x [¢,d] and {b} x [¢,d] (see Figure 1.5). A similar definition can

be made for arm events. These will be discussed more rigorously in Chapters 2 and 3.

(b, d)

Figure 1.5: A left-right crossing of [a,b] X [¢,d] in {f > (}.

In order to analyse infinite events using such definitions, the typical method is
to bound the probability of these finite events and then find a way of analysing the
probability of joint events. For Bernoulli bond percolation, the following bounds on

probabilities are classic.

Theorem 1.3.3 (Sharp phase transition [51, 95, 99]). Consider Bernoulli percolation
on Z* with parameter p and let ¢ > 0 be given. If p < 1/2 then there exists ci,co > 0
depending on p such that for all R > 0

P (C[%?]r{(ix[O,cR]) < et
If p=1/2 then there exists c; € (0,1) such that for all R >0
¢ <P (Clixper) <1—c.  (RSW)
If p > 1/2 then there exists c1,co > 0 depending on p such that for all R > 0
P (Clotixo.ery) = 1 — cre™ .

The second result is known as an RSW estimate after Russo, Seymour and Welsh
(95, 99]. The exponential bounds are due to Kesten [51] and in fact they are equivalent
to one another by self-duality of the square lattice (see [39, Chapter 11]). These results

are referred to as a ‘sharp’ phase transition, as they imply the phase transition of
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the model (Theorem 1.2.1) but also give stronger quantitative bounds. The regimes
p<1/2,p=1/2and p > 1/2 are referred to as sub-critical, critical and super-critical
respectively. The probabilities of arm events can often be bounded exponentially in
sub-critical or super-critical regimes (using a slight generalisation of the results for
box crossing). At criticality, the probabilities are more difficult to analyse, but results
for some two dimensional models are known [61] (and conjectured to be universal).

The next step in analysing infinite events is to consider the probability of a com-
bination of finite events. There are two common ways of doing this. The first is
to simply use a union bound. For example, consider an infinite sequence of rect-
angles with dimensions 2"*! by 2" for n > ng which are alternatively horizontally
or vertically oriented and have a corner at the origin (see Figure 1.6). If each of
these rectangles has an open crossing in the longer direction, then there exists an
infinite open cluster. By the exponential bounds above and the union bound, one can
show that this happens with positive probability for all p > 1/2 (after choosing ng
appropriately).

Figure 1.6: If each dashed rectangle in this infinite sequence has an open crossing
along its longer side, then there exists an unbounded open cluster.

The second tool for controlling the probability of combined events is known as the
Fortuin-Kasteleyn-Ginibre (FKG) inequality. An event A depending on a realisation
of Bernoulli percolation is said to be increasing if the following holds: let w; be a
realisation of the model such that A occurs and ws be another realisation such that
all open edges of w; are also open in ws, then wy is also in A. Roughly speaking this
says that an event is increasing if opening more edges does not stop the event from

occurring. Box crossing events are a typical example of increasing events.
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Theorem 1.3.4 (FKG inequality [34]). If A and B are increasing events for Bernoulli

bond percolation with parameter p, then
P(AN B) > P(A)P(B).

This property is also known as positive association, and is shared by many other
percolation models, although there are important examples for which it fails (such
as the random cluster model with certain parameter values, see [40, Chapter 3]).
By taking an intersection of multiple crossing events, one can create interesting and
complicated path events. Then, using the FKG inequality and RSW estimates, it can
be shown that the probability of such events on any scale is bounded away from zero
(and one) at criticality.

Many of the arguments used to prove the results in this section rely on the discrete
nature of bond percolation and so are not directly applicable to continuous Gaussian
fields. One approach to adapting these arguments is to consider discretisations of the
Gaussian field. Specifically, one considers a discrete lattice with a fine mesh such as
672 for 6 > 0 small, and declares each point z of the lattice to be open if f(z) > ¢ and
closed otherwise. This defines a dependent site percolation model ([39, Chapter 1]
gives an explanation of site percolation) to which standard percolation arguments
can be applied. One must then argue that the topology of the discretisation of
{f > ¢} matches that of its continuous analogue with high probability as 6 — 0. Two
properties of the Gaussian field are typically required for this argument: non-negative
correlations (that is, X' > 0) which ensures that the FKG inequality holds for the
discretised model and fast correlation decay (K (z) — 0 at some rate as |z| — 00)
which takes the place of independence when analysing the discretised model instead

of Bernoulli percolation.

1.4 Literature review

In this section we survey some current results on the geometry of smooth Gaussian
excursion sets, with a focus on those which are more relevant to later chapters of this
thesis.

1.4.1 Local geometric functionals

The most studied local geometric functionals of smooth Gaussian fields are the

Lipschitz-Killing curvatures and the number of critical points. The statistics of these
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quantities are generally analysed for one of two regimes; fields with fast decay of
correlations or Gaussian Laplace eigenfunctions.

In the former case, the behaviour of these local functionals can be characterised
quite generally: for fields with integrable covariance functions and a (continuous)
spectral density which is positive at the origin, the Lipschitz-Killing curvatures of
an excursion set in a domain have mean and variance proportional to the volume
of the domain, and obey a central limit theorem with Gaussian limit [57, 78]. In
particular this holds in any dimension and for excursion sets above any level. The
same statement is true for the total number of critical points in a domain [84]. These
results have all been proven using the Wiener Chaos expansion with the approach
outlined in Section 1.3.1.2.

Local geometric functionals for Gaussian Laplace eigenfunctions have been shown
to exhibit somewhat more complicated, and interesting, behaviour; necessitating sep-
arate study for different fields, functionals and levels. We focus here on Laplace
eigenfunctions on the two-dimensional sphere, which is the most well studied model,
to give a flavour of the known results. For this manifold, the spectrum of the Laplacian
is discrete and degenerate (has repeated eigenvalues). Specifically, the eigenvalues of
the Laplacian on the 2-dimensional sphere are of the form n(n + 1) for n € N with

multiplicity (2n + 1). The n-th Random Spherical Harmonic is then defined as

47 "
=4/ E i Y 2
fu(2) T 1 2 QniYni(x) €S

where Y, _,,..., Y, isan L? (S?)-orthonormal basis of the eigenspace with eigenvalue

n(n+1) and the a,; are standard complex Gaussian variables which are independent
except for the relation @,; = (—1)"a, ; (which ensures that the field takes real
values). This is a natural way of constructing a random eigenfunction of the Laplacian
on the sphere (see [80] for more details). One is typically interested in the behaviour
of this model as n — oo, which is called the high energy limit. It can be shown that,
after rescaling, the covariance function of this field converges locally to the covariance
function of the Random Plane Wave (with some multiplicative correction factor), so
that the Random Plane Wave can be thought of as the scaling limit of Random
Spherical Harmonics [107]. In particular, we will heuristically think of f,, for large n
as being comparable to the Random Plane Wave restricted to a domain with area of
order n? (since then the domain size is of order n? relative to the wavelength for both

models).
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Functional Order of mean Order of variance
Lo({fn>1}) ) n? for £ #0,+£1
n
(Euler characteristic) O(n%log®n) for £ =0,=+1
Li({fn >1}) ) n for £ #0
(Boundary length) " logn for £ =0
Lo({fn >1}) 2 1/n for £ #0
(Area) 1/n? for =0
Ncrit({fn Z g}) TLQ n3 for ¢ 7é 0
(Number of critical points) n?logn  for £ =0

Table 1.1: The asymptotic behaviour of local functionals for excursion sets of the
n-th Random Spherical Harmonic as n — oo.

Since the excursion sets of a Random Spherical Harmonic are two-dimensional,
three Lipschitz-Klling Curvatures can be defined on them: the area, boundary length
and Euler characteristic of {f,, > ¢} for £ € R. Separate central limit theorems have
been proven for each of these functionals (at generic fixed levels £) as n — oo using the
Wiener Chaos expansion (see [69, 70], [92, 68] and [21] respectively). A central limit
theorem has also been proven for the number of critical points of Random Spherical
Harmonics above a fixed level [22]. In contrast with the case of fields exhibiting fast
correlation decay, the statistics of these functionals are quite varied. Specifically,

whilst the mean of each functional is of order n?

as n — oo for any level ¢, the
order of the variances for generic levels depends on the functional. Moreover, for
each functional, there is a small number of levels at which the order of the variance
is lower than for generic levels (see Table 1.1). This phenomenon was first derived
non-rigorously by Berry for the length of the nodal set of the Random Plane Wave
[14] and is known as ‘Berry cancellation’.

These results are proven using the Wiener Chaos expansion. For generic levels, it
can be shown that each functional considered above is dominated by the projection
onto its second chaos (i.e. the variance of the sum of all higher order projections
has lower order variance and so is negligible in the limit). Furthermore, for each

functional ¢, the projection onto the second chaos takes the form

P = DR = gpltm) [ 73e) =1 o = go(tm) (Il —E (Il

for some explicit, deterministic function g, which depends on the functional (in the

case of the Euler characteristic there is also an error term which is Op(n)). The
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reduced order of variance at anomalous levels is then a consequence of this form: at
¢ =0 (and ¢ = £1 for the Euler characteristic) g, is identically zero and so the func-
tional is dominated by higher order chaoses. Another consequence of this analysis is
that at all generic levels, all of these local functionals are perfectly correlated asymp-
totically, since they are all proportional to the same random quantity fSQ f2(x)—1dx
which is known as the sample bispectrum. In particular this can be interpreted as
saying that for generic levels, the asymptotic fluctuations in geometric quantities are
driven by fluctuations in the L? norm of the field. All of these points are discussed
further in [68, 22, 23].

1.4.2 Percolation results

There have been a number of papers analysing the long range connectivity properties
of excursion sets of Gaussian fields. Most results have been obtained for the case of
two-dimensional fields with fast decay of correlation.

The first significant analysis was performed in a series of papers from 1983-1986
[73, 74, 75] challenging some of the non-rigorous heuristics used by physicists. These
works analysed stationary random fields, with general distributions, defined on Z?
and R? for arbitrary dimensions d. They derived conditions which ensure that the
field is ‘dominated’ at sufficiently high or low levels by Bernoulli percolation with
sufficiently large or small p respectively. For a field f satisfying these conditions, there
exists {1 < {5 such that with probability one, {f > ¢;} contains a unique unbounded
component and {f > (3} contains only bounded components. In particular, this
holds if f is a C? Gaussian field with covariance function satisfying some integrability
conditions.

A much stronger characterisation of the percolation phase transition was obtained
in [4] for a very specific class of smooth, stationary two-dimensional fields (which differ
greatly from the Gaussian fields considered in this thesis). The arguments in this
work exploited the natural lattice-like structure of these models along with standard
discrete percolation techniques.

A significant breakthrough then occurred in 1996: in [3] it was shown that for
two dimensional, ergodic fields f satisfying the FKG inequality, all components of
{f = ¢} are bounded, simultaneously for all ¢/ € R, almost surely. In particular, this
holds for Gaussian fields with a non-negative covariance function which decays to zero
at infinity (these conditions imply the FKG inequality and ergodicity respectively).
A corollary of of this result for Gaussian fields, is that {f > 0} almost surely has

no unbounded component, so this paper actually proves the first half of the phase
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transition for Gaussian fields with positive, decaying correlations. The results of this
work are proven using quite soft topological arguments adapted from the discrete
percolation literature.

Interest in percolation properties of Gaussian fields within the mathematics com-
munity has resurfaced more recently. In part, this is due to the work of Nazarov
and Sodin in [80], making rigorous some of the claims of the Bogomolny-Schmit con-
jecture (this is discussed in the next subsection). In 2016, Beffara and Gayet [7]
extended the results of [3] in a quantitative manner: they proved RSW estimates (as
described in Section 1.3.2) for fields with non-negative covariance functions which
decay sufficiently quickly (specifically, such that K(x) < C|x|~* for some C' > 0 and
a > 325). As a consequence, they obtained polynomially decaying bounds on both
one-arm events and the size of the excursion set component containing the origin.
Their result is based on a discretisation argument, showing that, with high probabil-
ity, the topology of the zero set of the field is determined by the signs of the field on
a lattice with fine mesh. Later work [9, 90] improved the discretisation scheme used
in this paper, which extended the result to fields satisfying the above conditions for
a > 16 and finally for o > 4.

The natural next step in analysing the percolation properties of Gaussian excur-
sion sets is the second half of the phase transition: proving that for all £ < 0 there
exists a unique unbounded component of {f > ¢} almost surely. This was proven for
the Bargmann-Fock field by Rivera and Vanneuville [91]. In particular, they proved
exponential bounds on box crossing probabilities analogous to those in Section 1.3.2,
thus establishing a sharp phase transition. This analysis is also based on discretisa-
tion arguments and methods from discrete percolation adapted to correlated models.
It also used some specific properties of the Bargmann-Fock field, so the arguments
would be difficult to generalise to other models.

The existence of a sharp phase transition was later proven for fields with positive
correlations such that K (z) < C|z|~® for some C' > 0 and o > 2 under some technical
assumptions on the spectral measure of the field [77]. This proof was based on a white
noise representation, which provides a way of approximating a given Gaussian field
in a compact domain by continuous fields which depend on only a finite number
of independent Gaussian variables. More recently, some of the stronger technical
assumptions required for this result have been removed [89].

Evidently, there has been impressive progress in recent years in understanding the
percolation properties of smooth Gaussian fields. The most significant implication

of this line of enquiry so far, is that, under general conditions, planar fields with
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positive, quickly decaying correlations exhibit a sharp phase transition closely analo-
gous to that of discrete Bernoulli percolation. However many open questions remain;
in particular it is unclear how generally the percolation phase transition should be
expected to hold for Gaussian fields. Once can easily construct trivial examples of
two-dimensional fields for which the phase transition at level zero fails (for example
fields which are constant in one direction or exhibit periodic behaviour), however there
are currently no known counterexamples amongst smooth, planar Gaussian fields sat-
isfying ‘natural’ conditions (i.e. something like ergodicity or correlations decaying to
zero). In [4] some smooth non-Gaussian counterexamples were constructed by impos-
ing a lattice structure analogous to certain discrete models. We also note that very
little is known about the percolation properties of smooth Gaussian fields in higher

dimensions.

1.4.3 Number of excursion set components

The number of connected components of excursion /level sets is an important quantity
in the geometry of Gaussian fields, as outlined in Section 1.2, and is the main subject
of this thesis. In this subsection, we highlight some of the results which form the
foundation of the original work in Chapters 2-4.

The first rigorous analysis of this quantity, dates back to 1962 [104]. In this work,
Swerling considered Ngg(f, R, (), the number of components of {f > ¢} contained in
B(R) where f is a smooth, stationary, two-dimensional Gaussian field. He showed
that this number was bounded above and below by certain local functionals, the
means of which are explicitly computable using the Kac-Rice formula, and hence
obtained the bounds

c(O)R* <E(Ngs(f, R,0)) < C()R*  for R > Ry

for two explicit, non-negative functions ¢(-), C(-). We discuss these bounds more fully
in Chapter 2 (see Proposition 2.1.10). One weakness of this result, is that ¢(0) = 0
(although c¢(¢) > 0 for ¢ # 0). This shortcoming was addressed by Malevich [67]
who showed that, for fields with a non-negative covariance function which decays
polynomially with distance, the same bound holds for some (non-explicit) ¢(0) > 0.
Arguably the most significant breakthrough in this topic occurred in 2009, when
Nazarov and Sodin [80] proved that the rescaled number of nodal sets of Random

Spherical Harmonics converges exponentially around its limiting mean. Specifically,
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they showed that for any e > 0 there exist C, ¢ > 0 such that

<’NLS fTL7 )

—a

> e) < Ce O

where Nps(fn,0) denotes the number of nodal components of the n—th Random Spher-
ical Harmonic f,, and a > 0 is an absolute constant. Their proof is based on the
Gaussian isoperimetric inequality and uses some deterministic properties of nodal
sets of Laplace eigenfunctions, so it is unclear whether this result can be extended
to other models or levels. We note that weaker concentration bounds have also been
established for general fields using different techniques [90, 10].

This work was partially motivated by the Bogomolny-Schmit conjecture, and in-
spired a great deal of future work on non-local/percolation properties of Gaussian
fields, by demonstrating that precise results in this direction were feasible. In par-
ticular several works have obtained bounds on the expected Betti numbers (which
includes the number of connected components) of nodal sets for various general Gaus-
sian ensembles on manifolds (see [64, 35, 37] and references therein).

The most relevant result in the literature, for the later chapters of this thesis, is
also due to Nazarov and Sodin. In 2015 they proved a law of large numbers for the
number of nodal set components of Gaussian fields in arbitrary dimensions [81, 103].
Specifically, they proved the following: if f is a smooth, ergodic, stationary Gaussian
field defined on R¢, Q C R? is a bounded, open, convex set and Npg(R - ,0) is the
number of components of {f = 0} contained in R-Q := {z € R? | (1/R)z € Q}, then

NLS(R ) Q,O)

—Rd~Vol(Q) —c as R — oo

for some constant ¢ > 0 which depends on the distribution of the field, where conver-
gence occurs in mean and almost surely. This result holds equally well for the number
of excursion or level set components at an arbitrary level, with different limiting con-
stants, but was stated only for the nodal set. We note that when f is the Random
Plane Wave, the limiting constant ¢ corresponds to the explicit mean prediction of
the Bogomolny-Schmit conjecture (Section 1.2.3). Nazarov and Sodin also prove an
analogous statement for families of Gaussian fields, defined on manifolds, whose co-
variance functions have local scaling limits. The principle behind their result, is that
when partitioning a very large domain into large subdomains, most nodal components
will be contained in a single subdomain (i.e. they will not intersect multiple subdo-
mains). Therefore the total number of components is equal to the sum of the number

in each subdomain plus an error term of lower order. This property is sometimes
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described as semi-locality, as it is akin to a large-scale version of the local property,
described in Section 1.3. Nazarov and Sodin’s proof takes advantage of this property
through some integral geometric estimates and an ergodic argument.

The results of Nazarov and Sodin have been extended in a number of directions.
For non-ergodic, planar fields, it has been shown that the mean number of nodal set

components in a large region scales like the area of the region:
E (Nps ([0, R?],0)) = cR*+ O(R) as R — oo

(see [59]). In this paper, it was also argued that the limiting constant ¢ (which depends
on the distribution of f) is better viewed as a functional over v, the spectral measure
of the field. The authors then prove that this functional is weak-* continuous with
respect to v.

Another generalisation was proven by Beliaev and Wigman in [12]. Let Q be a
compact, Riemannian n-manifold and {¢;}3°, an orthonormal basis of eigenfunctions

of its Laplacian such that
Api+ i =0 (1.1)

where 0 =ty <t; <ty <.... For a € [0,1), the a-random band limited functions

are then defined as

fa,T = Z Ci¢i for T >0

aT<t;<T

where the ¢; are independent standard Gaussians. For a =1

fir = Z i
T—n(T)<t;:<T
where n(T") — oo as T — oo but n(T') = o(T). Random Spherical Harmonics are
a particular example of random band limited functions with o = 1. Beliaev and
Wigman proved the existence of the asymptotic density of nodal domains with given
size for these models. (A nodal domain is a connected component of the complement
of the nodal set.) Specifically, if Nys(f,0,t) denotes the number of nodal domains of

f with volume at most ¢, then as T — oo

NLS(fa, 707 Lﬂ) 1
T rEl By
Nis(far,0)

for t outside of some countable (possibly empty) set 7. The function ¥, is shown to

be non-decreasing, continuous on R\7 and universal across manifolds (of the same

dimension).
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Another result somewhat related to the number of excursion/level set components
was proven by Sarnak and Wigman. They considered the topologies (or nestings) of
nodal sets for random band limited functions and showed that these have an asymp-
totic law which is universal across manifolds [97]. The asymptotic law has full support,
implying that in the limit ‘any topology’ will occur with positive probability.

A natural next step in understanding the behaviour of the number of excur-
sion/level set components is to consider its variance. Currently, very little is rigorously
known for this statistic. Since the number of excursion or level set components in a
domain is bounded above by the number of critical points of the field in that domain
(which is a local quantity), it is possible to deduce somewhat trivial upper bounds
on the variance. For a generic stationary, planar Gaussian field, a Kac-Rice compu-
tation, performed in [29, 31], shows that for each compact domain €2, there exists
¢ = ¢(¢) > 0 such that, for all sufficiently large R,

Var(Npg(R-Q,0)) < cR*

where Npg(R- €2, ¢) denotes the number of components of { f = ¢} contained in R- €.
(An analogous bound holds for excursion sets.) This bound can be improved slightly
in one important case: the exponential concentration result for Random Spherical

Harmonics proven in [80] implies that for some ¢ > 0
Var(Npg(fn,0)) < en*=2/15

where Npg(fn,0) is the number of nodal components of the n-th Random Spherical
Harmonic.

The only non-trivial lower bound on the variance of either the number of excur-
sion or level sets is the recently announced result of Nazarov and Sodin [82] that
Var(Nps(fn,0)) grows as a positive power of n for certain families of Gaussian fields
on the sphere (including Random Spherical Harmonics). The exponent in their bound
is not explictly calculated and expected to be suboptimal. It is unclear whether their
methods extend to studying non-zero level sets or excursion sets. The sparsity of
results on the variance of the number of excursion set components, along with its
potential use for statistical testing (see Section 1.2), makes it a good candidate for

further research.

1.5 Statement of purpose

The aim of this thesis, is to contribute towards an improved understanding of the

geometry of Gaussian fields, with an emphasis on properties related to percolation
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and statistical testing. To do this, we study the statistics of the number of connected
components of planar Gaussian excursion/level sets in large domains. We focus on
planar fields mainly for simplicity: there are many open questions about the be-
haviour of this quantity, even in this case. For reasons outlined in Section 1.2, we
are particularly interested in the specific cases of the Random Plane Wave and the

Bargmann-Fock field.
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Chapter 2

The Mean Functional for the
number of Excursion Sets

2.1 Main results

In this chapter, we begin our analysis of the number of excursion/level set components
of planar Gaussian fields in large domains. It has been shown by Nazarov and Sodin
that these quantities satisfy a law of large numbers, which implies the existence of
functionals describing the asymptotic density of excursion and level set components
at a given level. We derive an integral representation of these functionals which
provides an alternative method of analysing them. This will be the foundation of our
work in later chapters. The representation is based on a deterministic decomposition
of excursion sets in terms of critical points which is analogous to the Poincaré-Hopf
theorem for the Euler characteristic. We also derive some basic properties of the
mean functionals, including symmetries, upper/lower bounds and continuity. Finally,

we explicitly compute the functionals for a simple class of fields.

2.1.1 Integral representation

Throughout this thesis we consider a planar Gaussian field satisfying the following

assumption:

Assumption 2.1.1. The Gaussian field f : R* — R is stationary, normalised (i.e.

has mean zero and variance one) and satisfies:

1. For somen >0, f € C2T(R?) almost surely;

loc

2. V2f(0) is a non-degenerate Gaussian vector (here, and later on, we treat V> f

as a vector of distinct partial derivatives (fuw, foy, fyy));
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3. For each t € R?, if f(t) — f(0) is a non-degenerate Gaussian variable then
(f(t) — f(0),Vf(t),Vf(0)) is a non-degenerate Gaussian vector.

We define the spectral measure v of f by

B (@)f(0) = Ka) = [ e=auto).

These assumptions are quite minimal, and natural for our analysis; they impose
enough topological regularity for our later arguments. They can alternatively be
stated in terms of the spectral measure v. By Kolmogorov’s theorem (Theorem A.1.2),
the first condition holds provided that K € C’ﬁnl (R?) for some 7 > 2n which is
equivalent to requiring fRQIt\‘l*”/du(t) < 00. By Lemma A.2.3, the second condition
is equivalent to the measure v not being supported on the union of two lines through
the origin. The third condition holds provided that the support of v is not too
degenerate; in particular it holds if the support of v contains an open set.

The first contribution of this chapter is to extend the results of Nazarov-Sodin
[81] and Kurlberg-Wigman [59], which describe the mean behaviour of the number of
nodal set components of a Gaussian field, to excursion/level sets at arbitrary levels.
For u € R? and R > 0 let B(u, R) be the ball of radius R centred at u and let B(R) =
B(0,R). Let Ngs(f,R,{) = Ngs(R,¢) be the number of connected components of
{f > ¢} contained in B(R) (i.e. those which intersect B(R) but not 0B(R)). Let
Nps(f, R, ¢) = Nps(R,{) be the corresponding quantity for the level set {f = ¢}.

Theorem 2.1.2. Let f be a Gaussian field satisfying Assumption 2.1.1. For each
¢ € R, there exist cgs(v,L),crs(v,€) > 0 such that

E[Ngs(R,0)] = cps(v,£) - 7R* 4+ O(R) and E[Nps(R,()] = cps(v,f) - 7R* + O(R)

as R — oo. The constants implied by the O(-) notation may depend on v but are
independent of £. If f is also ergodic, then

Ngs(R, ()
mR?2

Nps(R,0)

— cps(v,f)  and —

— crs(v,0)
as R — 00, almost surely and in L*.

The limiting values cgg(v, £) and cp5(v, ) can be viewed as functionals over v and
¢ which specify the asymptotic mean density of excursion and level set components
respectively. We address the positivity of these functionals in the next subsection.
When the field f is fixed, we simplify notation to cgs(¢) and cps(?).
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Remark 2.1.3. The use of the domain B(R) in the definitions of Ngg(R,¥¢) and
Nps(R,{) is mainly for simplicity, and after minor modifications the proof of Theo-
rem 2.1.2 would go through equally well for rescaled copies of any bounded reference
domain Q C R?, provided that € contains a neighbourhood of the origin and 95
is piecewise smooth (and probably more generally as well). Moreover the limiting

constants cpg and cgpg would not depend on € (after replacing the scaling factor = R?
by Area(Q)R?).

Remark 2.1.4. Theorem 2.1.2 can also be applied to lower excursion sets (the com-
ponents of {xr € R? : f(z) < (}) since the distribution of f is symmetric and
[P eR: (1) <0} = {o € R2: —f(z) = 0},

Theorem 2.1.2 is, in isolation, only a modest improvement on previous results;
it could be proven by slightly adapting the analysis in [81] and [59]. The most
substantive contribution of this chapter, is to relate the functionals cgg and cpg to
the density of critical points of f of different types and at different levels. This
relationship depends on a topological classification of the saddle points of the field

into two types:

Definition 2.1.5. Let xy be a saddle point of a function g : R? — R such that there
are no other critical points at the same level as zy (that is, if x; is another critical
point of g, then g(x;) # g(zo)). We say that x is a lower connected saddle if it
is in the closure of only one component of {g < g(x¢)}. Similarly, zy is said to be
upper connected if it is in the closure of only one component of {g > g(x¢)}. (See
Figure 2.1.)

{9 > g(w0)} {9 > g(x0)}
(b)

(a)

Figure 2.1: The excursion set of a function with a lower connected (2.1a) and upper
connected (2.1b) saddle point respectively.

Interestingly, this definition was used as far back as 1870, by Maxwell [71], to

understand topographical properties of landscapes.
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We say that a Gaussian field f satisfying Assumption 2.1.1 is periodic if there
exists  # 0 with K(z) = 1 and is aperiodic otherwise (this name comes from the
fact that realisations of such a field are invariant under translation by nz for n € Z).
A Gaussian field which is aperiodic, almost surely has no two critical points at the
same level (see Lemma 2.2.4), and we will show that for such fields, all saddle points
of f satisfy exactly one of the two conditions in Definition 2.1.5. In the case that f
is periodic, a more general definition for classifying saddle points as upper or lower
connected is required, which is given in Section 2.3.

Previous work has shown that, for sufficiently regular isotropic Gaussian fields,
the expected number of local maxima, local minima or saddle points with value in a
certain interval can be expressed as the integral of an explicit level density function
[27, 26]. In Section 2.3, we prove the following version of this result, which applies to
more general Gaussian fields and also isolates the upper and lower connected saddles,
but does not explicitly identify the densities. This proposition uses Definition 2.3.1
for upper and lower connected saddle points (which coincides with Definition 2.1.5

for aperiodic fields).

Proposition 2.1.6. Let f be a Gaussian field satisfying Assumption 2.1.1. Then
there exist non-negative functions py+, Pm-, Pst, Ps—, Ps € L*(R) such that the follow-
ing holds. Let Q C R? be compact and O have finite Hausdorff-1 measure. Let
¢ € R and let N+ (£), Np—(€), Ng+(€), Ng-(€) and Ns(£) denote the number of local
maxima, local minima, upper connected saddles, lower connected saddles and saddles

of f in Q with level above { respectively. Then

E[N,(¢)] = Area() /E " () da

*. 57, 5. Furthermore, these functions can be chosen to satisfy the

for h =m* , m~,s
relations py+(x) = pm-(—x), ps+(x) = ps-(—x) and ps- + pe+ = ps, and such that

Pt Pm— and ps are continuous.

The main theorem of this chapter gives an explicit expression for the functionals
crs and cgg in terms of the densities introduced in Proposition 2.1.6. This represen-
tation implies the absolute continuity of these functionals with respect to the level.
In the case of spectral measures with compact support, we also show joint continuity
of these functionals with respect to both the level and the spectral measure.

Let P. denote the set of spectral measures v associated with a Gaussian field

satisfying Assumption 2.1.1 such that the support of v is contained in the closure of

32



B(1). By rescaling the axes, the results we state for P. can be shown to hold for any

collection of spectral measures with support in a compact set.

Theorem 2.1.7. Let f be a Gaussian field satisfying Assumption 2.1.1 and let p,,+,
Pm—, Pst, Ds— denote the densities specified in Proposition 2.1.6. Then

cps(v,l) = /;0 P+ (x) — ps—(x) dx (2.1)

and
cs(v, () / Port () — Do (2) + Pt (&) — P () d (2.2)

and hence crs and cgs are absolutely continuous in £. In addition, cps and cgs are
jointly continuous in (v,f) € P. x R where P, is given the weak-x topology (i.e. the

topology of probabilistic weak convergence).

Remark 2.1.8. Theorems 2.1.2, and 2.1.7 can be generalised to many examples of
non-Gaussian, stationary random fields, since the proof requires only that the field
satisfies certain topological properties almost surely and is sufficiently regular to apply
the Kac-Rice formula (see the more general version of this result stated in Proposi-
tion 2.2.6 below).

It is also likely that Theorems 2.1.2 and 2.1.7 could be generalised to higher
dimensions d, with the analogues of (2.1) and (2.2) still valid using a more general
definition of lower and upper connected saddle points as subsets of critical points with
index d — 1 and 1 respectively. Since some of the topological arguments in the proof
increase in complexity in higher dimensions, in the interest of simplicity we do not

pursue this generalisation here.

The primary motivation for Theorem 2.1.7 is to provide a new tool with which
to analyse the asymptotic mean number of level /excursion sets. Since the densities
Pm+, Pm— and p, are in principle known by the Kac-Rice formula, this result demon-
strates that the study of the functionals cgs and crg can be reduced to an analysis
of the density p,- (or, equivalently, p,+ = ps — ps—). In this chapter, we use some
simple properties of p,- to derive basic identities for the functionals cgxg and crg. In
Chapter 3 we perform a more detailed analysis of p,- in order to address more subtle
questions regarding the smoothness and overall shape of cgs and crg.

Theorem 2.1.7 has an intuitive geometric interpretation. This theorem is based
on a deterministic relationship between the excursion sets and critical points of suffi-
ciently regular planar functions, which is closely related to Morse theory. The excur-

sion set of such a function above a level, deforms continuously as the level changes,
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provided it does not pass through a critical point. In particular, there is no change
in the number of components of the excursion set. When passing through a critical
point, the topology of the excursion set changes in a way that is predicted by Morse
theory and depends on the index of the critical point. For local maxima and local
minima, the number of components of the excursion set changes in a consistent way:
decreasing by one and remaining unchanged respectively, as the level increases. For
saddle points, the change in the number of components is determined by whether it

is upper connected or lower connected (see Figure 2.2).

{92 g(w2) + ¢}
(b)

Figure 2.2: The number of excursion set components increases by one on passing
through the lower connected saddle x; (2.2a) and is constant on passing through the
upper connected saddle x5 (2.2b).

If we consider some regular function g defined on B(R) at level £ and then raise the
level above the maximum of ¢, this reduces the number of excursion set components to
zero. Therefore summing over the levels above ¢ at which the number of components
changes, which must correspond to particular types of critical points by the arguments
above, we see that

Ngs(g, R, 0) = N+ (R, ¢) — N- (R, ()

where N,,+(R,¢) and N,-(R, /) denote the number of local maxima and lower con-
nected saddles respectively of ¢g in B(R) above level ¢. A corresponding expression
holds for level sets. This equality is approximate because of boundary effects, however
for Gaussian fields, these become negligible as the domain size increases. Ultimately,
Theorem 2.1.7 is a probabilisitic expression, in the setting of Gaussian fields, of this
deterministic relationship between excursion set components and critical points of
various types.

This relationship is strongly analogous to the Poincaré-Hopf theorem for the Euler

characteristic which states that for a regular function ¢

o({g >} N B(R)) ~ N+ (R, ) — Ny(R,{) + N, (R, ()
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where p(A) denotes the Euler characteristic of the set A and Ny(R,¢) and N,,- (R, )
denote the number of saddle points and local minima respectively of g in B(R) above
level . Once again this equality is only approximate due to boundary effects. The
Poincare-Hopf theorem is useful in the analysis of Gaussian fields, because it shows
that the Euler characteristic of excursion sets is a local quantity. This permits precise
calculation of the statistics of the Euler characteristic as described in Section 1.4. The
number of excursion set components is non-local, so no equivalent representation is
possible. However our method provides an intermediate result: it separates out the
local and non-local aspects of the number of excursion set components, by defining
this quantity in terms of critical points (which are local) classified in a way that is

non-local.

2.1.2 Symmetries and bounds

Theorem 2.1.7 has some immediate consequences which also have geometric interpre-

tations.

Corollary 2.1.9. Let f be a Gaussian field satisfying Assumption 2.1.1, for all ¢ € R
(1) crs(f) = crs(—£),

(2) cps(l) + cps(—) = crs(f),

(3) cus(l) — cps(—0) = cpo(l) == (2m)~3/2,/det V2K (0) £ e=/2.

The first point says that the density of level set components is symmetric about
zero, which naturally follows from the symmetry of the Gaussian distribution. Noting
that {f > —¢} has the same distribution as {f < ¢}, (again by symmetry of the
Gaussian distribution) the second point can be interpreted as saying that, on large
scales, the number of level set components of f is approximately equal to the number
of upper excursion set components (i.e. components of {f > ¢}) plus the number
of lower excursion set components (i.e. components of {f < ¢}). In fact, it can be
shown that for any sufficiently regular deterministic function, this equality holds up to
boundary effects (this argument is given explicitly later, in the proof of Lemma 2.2.5).
The first two points of Corollary 2.1.9 follow immediately from Theorem 2.1.7 and
the identities in Proposition 2.1.6.

The notation cge in the third point of Corollary 2.1.9 is intended to denote the
mean Euler characteristic functional for excursion sets, which takes the explicit form

given above. Intuitively, this point reflects the definition of the Euler characteristic
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of a two dimensional set, as the number of connected components (i.e. components
of {f > ¢}) minus the number of ‘holes’ (i.e. components of {f < ¢}).

The equality in this point was proven for isotropic fields in [104] using a wind-
ing number calculation. We present a different proof using Theorem 2.1.7, which
simplifies the calculation in the non-isotropic case and also highlights the relation
to the Euler characteristic of the excursion set. Specifically, the proof is as fol-
lows: using the integral representation (2.1) and the symmetries p,,+(x) = pp,- (—z),

ps+ () = ps-(—2) and ps- + ps+ = ps, one sees that

ers(0) — cps(—) — / " Dt (2) = pal) + pon () da
=E(N+(£) — Ng(0) + N,,- (0))

where N,,+(¢), Ns(¢) and N,,-(¢) are the number of critical points above level ¢ as
defined in Proposition 2.1.6 for Q = [0,1]?>. Lemma 11.7.1 of [1] states that this
alternating sum is equal to the expression given in Corollary 2.1.9, thus completing
the proof.

By the Poincaré-Hopf theorem, this alternating sum is essentially the expected
Euler characteristic of the excursion set {z € [0,1]* | f(z) > ¢}. When working on
finite subsets of the plane, boundary effects must be considered, but these become
negligible as the area of the subset increases. Formally, if we let ¢(A) denote the
Euler characteristic of a set A, then Theorem 11.7.2 of [1] gives an expression for
the expected Euler characteristic of an excursion set on a cube (including boundary
effects) which implies that

B (N (0) = No(l) + Ny (0) = Jim = (i ({ € [0, R+ £(2) > 1))

R—o00

Hence the expression cpc () above, can be interpreted as the asymptotic mean Euler
characteristic of excursion sets in an analogous way to cgg or cpg.

The third point of Corollary 2.1.9 gives a non-trivial lower bound for cgg(¢) at
positive values of ¢ (since cgg(—¢) > 0). This can be combined with some local
estimates to give upper and lower bounds on cgg and cpg for most values of £. This
is most easily formulated when f is an isotropic Gaussian field. Recall that, in this
case its covariance function may be expressed as K (z) = k(|z|?). Tt is shown in [26]
that

_ —K(0)

X = ) € (O, \/5] and €% .=

—K'(0)
k’”(O)

€ [0,00) (2.3)
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parameterise the critical point densities p,,+, pn- and ps of isotropic fields in any
dimension. These parameters can equivalently be calculated using the covariance
function K:

v ~VBEL(0) . e = —6K11(0)

K1111(0) B Kllll(o) ‘

It can also be shown that, for planar isotropic fields, if Y = /2 then K(z) =
Jo(+/8/&? |z|), where Jy is the 0-th Bessel function. Therefore in this case, f is
simply the Random Plane Wave (possibly with a rescaling of space).

Proposition 2.1.10 (Swerling [104]). Let f be an isotropic Gaussian field satisfying
Assumption 2.1.1, then for £ >0

2 24/3 — x2 XY Xt
0= 0 (T (Vo) ). e

where ¢ and ® denote the standard normal probability density and cumulative density

functions respectively.

In particular, if x* > 266fr7r ~ 1.9 then by Corollary 2.1.9, cp5(0) < cps(1) so that

crs 18 at least bimodal (that is, it has at least two local mazxima).

This result is proven using the method of ‘flip points’. Specifically, for any fixed
direction u, the number of level set components at level £ in a finite region is bounded
above by half the number of points ¢ in the region such that f(t) = ¢ and 0, f(t) =0
where 0, denotes the partial derivative in the direction u. The expected number
of such points can be computed using the Kac-Rice formula. For isotropic fields,
this expectation is invariant over u and is given by the right hand side of (2.4).
This method could also be applied to non-isotropic fields, and the bound could be
optimised over the direction u, but we omit this for simplicity. The final comment of

this result follows from the fact that for an isotropic field

2'(0) 0 )

v2K(O>:< 0 2k(0)

It is also possible to construct an upper bound on cpg using the inequality 0 <
ps—- < ps and the densities p,,+, ps and p,,-, which are explicitly known for isotropic
fields. However this bound is larger than the bound in (2.4) at all levels /.

By combining Corollary 2.1.9 and Proposition 2.1.6, one can derive upper and
lower bounds on cgg and cpg for most values of /. This is illustrated in Figure 2.3,
which shows such bounds for the Random Plane Wave (for which y = /2 and £2 = 8).
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Although these bounds are not particularly tight for ¢ close to 0, they quickly become
accurate as || increases. For £ > 1 both the upper and lower bounds on cps(¢) are
within 5.1% of the true value (since the upper bound is within 5.1% of the lower
bound) while for ¢ > 1.5, both bounds are within 0.6% of the true value.

The bounds for other isotropic fields are similar, although for fields with lower
values of x, the percentage difference between the upper and lower bounds on cpg(¥)
is a bit larger. Figure 2.4 shows the corresponding bounds on cgg and cpg for the
Bargmann-Fock field, (recall that this is the field with covariance kernel K(z) =
exp(—|z|?/2)) for which xy = 1 and £ = 2. In this case, for £ > 1 the upper and lower
bounds on ¢g(¢) are within 40% of the true value, and the corresponding accuracies
for ¢ > 1.5, ¢ > 2 and ¢ > 2.5 are 14%, 5% and 2% respectively.

0.020 0.020 Ry 277N

0.015 0.015
0.010 0.010

0.005 0.005

-4 -2

Figure 2.3: Subfigures 2.3a and 2.3b show lower bounds (solid) and upper bounds
(dashed) for cpg(v, £) and cpg(v, £) respectively in the Random Plane Wave case, for
which y = v/2 and £ = 8.
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Figure 2.4: Subfigures 2.4a and 2.4b show lower bounds (solid) and upper bounds
(dashed) for cgg(v,¢) and cpg(v,{) respectively, where v is the spectral measure of
the Bargmann-Fock field, for which y = 1 and &2 = 2.

The positivity of cgg and cpg is extremely important for understanding the large
scale behaviour of excursion/level sets of a Gaussian field. When these functionals are
positive, Theorem 2.1.2 implies that the number of excursion or level set components

in a domain of area R? is, on average, of order R%. If cpg(¢) = 0 then, by stationarity,
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{f > ¢} almost surely has no compact components (and the analogous statement
holds for level sets). Corollary 2.1.9 states that cgg(¢) > 0 for all £ > 0, and so
crs(f) > 0 for all ¢ # 0, however the positivity of c.g(0) and cgg(¢) for £ < 0
is not addressed by this method. Nazarov and Sodin use a technique known as
the barrier method to prove sufficient conditions for positivity of ¢;5(0) = 2¢gg(0)
which hold quite generally [81]. In Chapter 3 we give an alternative proof of the
positivity of ¢rs(0) (under stronger assumptions) which follows easily from other
results derived therein. One weakness of all of these results, is that the bound on
crs(0) is not quantitative. There is only one case in which an explicit non-zero lower
bound on ¢;g(0) is known: for the Random Plane Wave, it has been shown that
crs(0) > 1.1 x 107° (see [46]) although numerical simulations suggest that c;5(0) ~
0.0589/(47) ~ 0.00469 (see [8] and references therein).

2.1.3 An explicit example

A natural question at this stage, is whether one can derive explicit values for the mean
functionals cgg and cpg for any particular fields and levels. For certain degenerate
cases, this question has a trivial answer: fields with spectral measure supported on a
line through the origin are known to be almost surely constant in one direction, and so
have no compact level domains. Therefore both mean functionals are identically zero
for such fields. There is only one non-degenerate case for which this question has been
answered: it has been shown that fields with spectral measure supported on precisely
four points almost surely have no compact nodal domains, so that cgs(0) = ¢s(0) =0
[59].

In this subsection, we extend the previous example slightly. Specifically, the meth-
ods developed in this chapter allow us to fully characterise the large scale behaviour
of the number of excursion/level set components (at all levels) of fields with spectral
measure supported on four or five points. In particular, this allows us to derive ex-
plicit expressions for the two mean functionals. We note that such fields do not satisfy
Assumption 2.1.1, and so we cannot apply Theorems 2.1.2 or 2.1.7. Nonetheless, we
are able to directly verify that the conclusions of these theorems also hold in this
degenerate case.

Recall that a random variable Y is said to be Rayleigh distributed with parameter
02 > 0, denoted Y ~ Ray(0), if P(Y < z) = 1 — e~*/(29%) for all > 0.

Proposition 2.1.11. Let f be the Gaussian field with spectral measure
b c
v = ady + 5(% +d_.)+ 5((% +0_y)
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where b,c >0,a=1—b—c>0 and u,v € R? are linearly independent. There exists
a version of this field such that

Nps(R,0) = lu x v| - 7R* - 1{]Y1 = Ya| < £+ X <Y1 + Ya]} + Opie) (R)
Nis(R,€) = |ux o] - wR* - 1{[Yy = Ya| < [£ + Xo| <Y1 + Ya]} + Oy (R)

as R — oo, where X denotes the cross product, Xo ~ N(0,a), Y1 ~ Ray (\/5),
Yy ~ Ray (v/¢) and Xo,Y1,Ys are independent. For a sequence of random variables
Zg, the notation Zr = Opip)(R) means that supg E(|Zr/R|) < occ.

As a consequence of this;
E[Ngs(R,0)] = cps(f) - 7R*+ O(R) and E[Nps(R,()] = crs(f) - 7R* + O(R)
where
ces(l) = [u xv| - P(|Y1 = Y| <€+ Xo <Y1 +Ya),
crs(f) =|luxv]-P(|Y1 =Y <[+ Xo| <Y1+ Y5).
Moreover the constants implied by the O(+) notation in these expressions are indepen-
dent of €. In particular, cps(€) = 0 if and only if ¢ = a = 0.
Furthermore, there exist functions ppy+, Ds—, Pm—, Ps+ and ps satisfying the con-

clusions of Proposition 2.1.6, and these are defined by

pm*(x) = pm*(_x) = |u X U’ 'pX0+Y1+Y2($>

Ps~(2) = psr (=) = |u X 0] - pxo4iyi vz (%)

where py denotes the probability density of a random variable Z. Therefore the equal-
ities in the conclusion of Theorem 2.1.7 hold for f.

Figures 2.5 and 2.6 show cgg and cpg for fields described in this proposition
with different values of a,b, ¢ when u = (1,0) and v = (0,1). These examples pose
some interesting questions about the general properties of the mean excursion/level
functionals.

Figures 2.5 and 2.6 suggest that the derivatives of cgg and cpg need not be con-

tinuous at zero when a = 0. This can be verified analytically since

Cps(0) = ps-(£) = pm+ (¢)

and these densities are explicitly known. In particular, it can be shown that py, 1y,
is everywhere continuous, whereas pjy,_y,| has a jump discontinuity at zero (but is

continuous elsewhere). So ¢4 is continuous except at zero. An analogous calculation
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Figure 2.5: The functions cgg(f) (left) and cps(¢) (right) with a = 0 for b —c =0
(solid), b — ¢ = 0.5 (dashed) and b — ¢ = 0.9 (dotted) respectively.
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Figure 2.6: The functions cgs(f) (left) and cpg(¢) (right) with b = ¢ for a = 0.1
(solid), a = 0.3 (dashed) and a = 0.6 (dotted) respectively.

permits the same conclusion for ¢} . On the other hand, when a # 0, cgg and cpg are
continuously differentiable everywhere. A major question arising from the analysis
in this chapter is whether ¢;g and cgg are continuously differentiable more generally
(i.e. for other fields). The analogous question for discrete percolation models has
important consequences. We address this further in Chapter 3.

Figure 2.5 also suggests that cpg is bimodal whenever ¢ = 0 (we know that
it is at least bimodal, since cg(0) = 0 and cpg(¢) > 0 for £ # 0 in this case),
however for a > 0, c¢pg can be bimodal or unimodal. Combining this observation with
Proposition 2.1.10, raises the question of determining the overall shape of cgg and
crs for general Gaussian fields, and, in particular, the number of critical points of
this functional. We will begin to answer these questions in Chapter 3. In Chapter 4,
we will see that these answers have important consequences for the behaviour of the

variance of the number of excursion/level sets.

2.1.4 Summary of the rest of the chapter

The remainder of this chapter is organised as follows. In Section 2.2, we state the main
(completely deterministic) topological lemma underlying our results (Lemma 2.2.5)
and combine this with Proposition 2.1.6 to prove Theorems 2.1.2 and 2.1.7 and their

corollaries. In Section 2.3, we give the full definition of upper/lower connected saddle
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points and prove Proposition 2.1.6. In Section 2.4, we prove Lemma 2.2.5 via a series
of steps, and also prove Proposition 2.1.11, thereby completing the proof of all results

in the chapter.

2.2 Proof of the main results

The first step in proving Theorems 2.1.2 and 2.1.7, is to translate our assumptions
on the Gaussian field f into topological properties; these properties differ slightly

depending on whether or not f is periodic.

Definition 2.2.1. Let g : R? — R be a function which is not constant in any direction;
that is, there is no v € R?\{0} such that for all z € R? and a € R, g(z) = g(x + av).
We say that g is doubly periodic if there exist two linearly independent vectors vy, z €
R? such that for all x € R?, g(z +vy) = g(z) = g(x + 2). We say that g is singly
periodic if it is not doubly periodic and there exists y € R?\{0} such that for all
r € R?, g(x) = g(x +vy). If neither of these conditions holds then we say that g is

aperiodic.

We note that this definition applies to deterministic functions. We say that a
random field f is doubly periodic if there exist linearly independent vectors y, z € R?
such that with probability one, f(x +y) = f(x) = f(z + z) for all z € R?*. We make
an analogous definition for singly periodic fields, and we say that a random field is
aperiodic if it is neither doubly periodic nor singly periodic.

For a stationary, C? random field f which is almost surely not constant in any
direction, we claim that f is doubly periodic if and only if there exists A € GL(2,R)
such that

{Az: f(x) = £(0) as.} = Z°.

If the latter condition holds, then clearly f is doubly periodic by definition. To verify
the converse statement, we note that S := {z : f(z) = f(0) a.s.} is an additive
subgroup of R?%: if f(y) = f(0) = f(x) almost surely then by stationarity f(z) =
f(z + y) almost surely. If this subgroup is discrete (i.e. SN B(0,¢) = {0} for some
e > 0) then it is a free Abelian group of rank at most 2. By definition of being doubly
periodic it must have rank at least two, therefore showing that S is discrete completes
the proof of the claim.

Suppose S is not discrete, so there exists a sequence z,, € R?N.S such that z,, — 0.
By restricting to a subsequence, we may assume that the argument of x,, converges

to some 6 € [0,27). Since f is almost surely constant on the union of this sequence
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and the origin, we see that the derivative of f at 0 in the direction # is almost surely
constant. However by stationarity, this implies that f is almost surely constant in
the direction # which gives a contradiction.

A similar argument shows that a stationary, C? random field f which is almost
surely not constant in any direction is singly periodic if and only if it is not doubly
periodic and there exists A € GL(2,R) such that {Az : f(z) = f(0) a.s.} =Z x {0}.

For our purposes, it is more natural to consider periodic functions as being defined
on the torus or cylinder, and so we will specify the topological properties of Gaussian
fields in terms of these domains.

For any doubly periodic C? function g : R*> — R we choose two linearly indepen-
dent vectors y,z € R? such that each vector in {z : g(x + z¢) = g(xo) Voo € R?}
can be expressed as a linear combination of y and z with constant coefficients. Such
vectors exist because this set forms a discrete lattice (which can be seen by repeat-
ing the arguments above in the deterministic case). The function g is then specified

entirely by its values on the parallelogram
P = {xERzzx:ty—i—sz, t,s € [0,1)}.

We call this the associated parallelogram for g and call y, z periodic vectors for g (they
are not unique, for instance we could also choose —y, —z). By identifying P with the
2-dimensional torus T, we let gr be g defined on the torus. By the choice of y, 2
above, when ¢ is a stationary random field there are no two distinct points in P, on
which ¢ is almost surely equal.

If ¢ is singly periodic, then we can choose y € R?\{0} satisfying the conditions in
Definition 2.2.1 with minimum distance to the origin; we call this a periodic vector for
g. By rotating the axes we may assume that g is periodic in the direction of the z-axis
(i.e. y = (y1,0)) so that g is specified entirely by its values on [0, ;] x R. This strip
can be identified with the infinite cylinder C := S! x R under the quotient relationship
that x ~ z if and only if  — 2 = (my;,0) for some m € Z. We will often work with
the compact subset C(n) := [0, y1] X [-n, n] under the same quotient relationship. We
let gc and ge(n) denote g restricted to these surfaces under the previous identification.

We next introduce some elements of Morse theory, in particular the concept of
a Morse function on a manifold; here we follow [43]. We emphasise that, unless
explicitly stated, a manifold M may or may not have a boundary M. We also
emphasise that we will only ever work with M being the plane R?, the closure of the
ball B(R), the torus T, or the cylinders C and C(n), and so it is sufficient to bear

these examples in mind.

43



Definition 2.2.2. Let M be an n-dimensional Riemannian manifold and f € C?*(M).
(It OM # 0, we take this to mean that for any coordinate chart 1, the function
f o1~ can be extended to a C? function on an open subset of R”. In particular this
means that f|gys is twice continuously differentiable.) We say that f is Morse if the
following hold (with any condition depending on 0M holding implicitly if M has no
boundary):

1. The critical points of f and f|gys are non-degenerate;
2. None of the critical points of f are contained in OM;

3. If Vf is tangent to OM at p and u is a unit vector normal to M at p, then
Ovsp)Ouf(p) # 0 where Oy, and 0, denote the directional derivatives in the
directions V f(p) and u respectively;

4. The critical points of f and f|sys all occur at distinct levels.

If M is a manifold without boundary this simplifies to the requirement that all critical

points of f are non-degenerate and occur at distinct levels.

We note that in the above definition f|gas is viewed as a function on the (n — 1)-
dimensional manifold 9M, so that a critical point of f|sys is not necessarily a critical
point of f.

Using the definition of a Morse function, we next introduce a set of conditions that
a stationary random field must satisfy in order for our main results to hold. In the
lemma that immediately follows, we will claim, in particular, that these conditions
are satisfied for Gaussian fields satisfying Assumption 2.1.1, but we have chosen to
isolate these conditions to illustrate the limited role of Gaussianity in the proof of the
main results.

We say that a point t € OM is a tangent point of f, if t is a critical point of the
restricted function f|sys (the name comes from the fact that the level set {f = f(¢)}
will be tangent to dM at t). We will also use the term ‘tangent point’ to describe a
local extrema of the restriction of f to a finite union of line segments. Let Niang(A)
denote the number of tangent points of f in A (where A is the boundary of a manifold
or a finite union of line segments) and N;;(M) the number of critical points of f in
M. We will only use these terms when A and M are compact, so that by the first
point in the definition of a Morse function, the number of critical and tangent points
will be finite.

44



Assumption 2.2.3. The random field f is stationary and satisfies the following:

1. If f s aperiodic, then for each R > 0, f|m is almost surely Morse (taking a

union over R € N, this implies also that f is almost surely Morse on R?);
2. If f is doubly periodic, then fr is almost surely Morse;

3. If f is singly periodic, then for eachn € N, feq is almost surely Morse (taking

a union over N, this implies that fc is almost surely Morse);

4. If f is periodic and L C R? is a line segment of length R, then E(Niang(L)) =
coR for a constant cyg > 0 that depends only on the direction of L;

5. E(Nait(B(R))) = cR? for a constant ¢ > 0;
6. E(Niang(0B(R))) = O(R) as R — oc.

Lemma 2.2.4. Let f be a Gaussian field satisfying Assumption 2.1.1, then it also
satisfies Assumption 2.2.3.

Proof. All six conditions are established using variations of the Kac-Rice formula (see
Section 1.3.1.1 for background on this result).
(1)-(3). We first note that, since f € C2_(R?) almost surely by assumption, f|y €

loc

C?*(M) almost surely whenever M is B(R), T or C(n). Corollary 11.3.5 of [1] states
that f|ys has the first two properties of a Morse function if there exists a countable
atlas {¢;}ic; such that for each i € I, the covariance kernel of f® := f|y; o9, ! is
C** (on its domain of definition) and the Gaussian vectors (9; f@, 011 f, 915 f) and
(0o f D), Ooa f@, 015 f@) are non-degenerate at each point (where d; denotes taking the
derivative with respect to the first variable, d;; denotes taking the second derivative
with respect to the first variable and we make analogous definitions for 0y, 05 and
d12). For each choice of M that we consider (i.e. B(R), T or C(n)) it is clear that
we can choose a finite atlas of charts ¥; and that f|y; o v, will be a translation of
f (restricted to some open set) for each such chart. Therefore the covariance kernel
of f® is a restriction of K, which is C** by assumption, and all that remains is to
show that (01 f(t), 011 f(t),O2f(t)) and (Oaf (), Oaaf(t), O12f(t)) are non-degenerate
Gaussian vectors for any ¢ € R%. By assumption V f(¢) and V2 f(t) are non-degenerate
Gaussian vectors for any t € R2. It is a standard fact, for Gaussian fields with constant
variance, that V f(t) and V2 f(t) are independent for fixed ¢ (see Lemma A.2.2) and
this proves the necessary non-degeneracy. (This part of the result does not depend

on whether f is periodic.)
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We note that f ’W has the third property of a Morse function provided that
there is no 6 € [0, 27| such that

000 = () w500
0= () v ()

where p = (Rcos(6), Rsin(0)) (see Figure 2.7).

Figure 2.7: If p = (R cos(#), Rsin(f)) and V f(p) is orthogonal to u := (cos(), sin(#)),
we require that Oy 0. f(p) # 0.

If we assumed that f is C®, then Bulinskaya’s lemma would imply that no such 6

exists almost surely. Since we assume only that f is C**", we use a different argument
which is adapted from the proof of [1, Lemma 11.2.11]. Since f € CZI"(R?) almost

loc

surely, go is almost surely n-Holder continuous. Therefore for each € > 0 we can find

C., D, > 0 such that, with probability at least 1 — €, on dB(R) the n-Holder norm

of g, is at most C. and each element of V2f is bounded in absolute value by D.; we
denote this event by A..

Now let I,,; be a collection of open intervals in R such that [0,27] C U;1,,; for

each m, 3 Length(l,;) — 27 as m — oo and Length(l,,;) — 0 uniformly in j as

m — oo. Furthermore let 0,,,; be the midpoint of each I,,,; and define
Emj = {39 S Imj : g1<9) = g2(6> = 0}
On the event A, N E,,; we note that

|gl (9m3)| S cheLength(Imj) and |gg(9m])‘ S cheLength(Imj)"
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for some universal constant ¢; > 0. Therefore
P(A. N E,;)

<

/ P (1920m)] < 1CLength(1)g1 (0) = 2) oo, (2) da
|z|<c1DeLength(Ip, ;)

/ P (192(6m;)| < cxCcLength(Ln;)") pgy 6., (%) dax
|z|<c1DeLength(Ip,;)

(2.5)
where pg, (,,,) is the probability density function of g;(6,,;) and we have used the fact
that g1(6,,;) is independent of ¢2(6,,;). Each g;(0) is a linear combination of elements
of a non-degenerate Gaussian vector and so has non-zero variance, therefore on the
compact region [0, 27| these variances are bounded away from zero. Since these are
Gaussian fields, their univariate densities are bounded above by a constant times the
inverse of their standard deviations, so we see that the density of each g;(0.,;) is
bounded above uniformly in m and 7. We can therefore sum the expression on either
side of (2.5) over j. Since Length([,,;) converges to zero uniformly in j, so does the

integrand in each term of the sum, and so we conclude that

> P(AcN Epj) — 0
J
as m — oo. Since this is true for any € > 0 and P(A.) > 1 — ¢, we conclude that
there is almost surely no 6 € [0, 27| such that g;(0) = g2(#) = 0, and hence f almost
surely has the third property of a Morse function.

The proof that fe(,) satisfies the third property of a Morse function is near iden-
tical. The argument above can be repeated for the boundary S' x {—n,n}. Finally,
fr trivially satisfies the third property of a Morse function.

Next we consider the fourth property of a Morse function. We first suppose f is

aperiodic and define hy : T — R5 where T}, = {(S,t) € (R)2 |s —t| > l/k;} by

Vf(s)
h1(87 t) = Vf(t)
f(s) = f(t)

Bulinskaya’s lemma (Lemma A.2.1) states that P(h;'(0) = () = 1 provided that
hy € CY(T},) almost surely and the univariate densities of h; are bounded uniformly
in T},. By assumption, h; € C{.

show that the determinant of the covariance matrix of (V f(s), Vf(t), f(s) — f(t)) is

bounded away from zero on Tj. Since f is aperiodic, f(s) — f(t) is a non-degenerate

(R?) and so, since h; is Gaussian, we need only
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Gaussian variable for all s # ¢, and so by Assumption 2.1.1 (in particular using
stationarity of f), the determinant of this covariance matrix is non-zero for all s # ¢.
Since this determinant is continuous in (s,t) it is bounded away from zero on the
compact set Tj. Taking the countable union of T} for £ € N shows that almost
surely there are no points s,t € B(R) with s # ¢ such that Vf(s) = Vf(t) = 0 and
fs) = f(t).

Let f5(f) be a parametrisation of f|opr). To show that f has no two tangent
points at the same level and no tangent points at the level of any critical point, we

apply identical arguments to the following two functions:

f5(0) V()
ho(0,w) = fhH(w) and hs(t,0) = 15(0)
fo(0) = fo(w) f(t) = fa(0)

This completes the proof that f |W is a Morse function when f is aperiodic. When

f is doubly periodic, we can repeat these arguments with
Ty ={(s,t) e P2 :|s—t| > 1/k}

where P, = {ay + bz : a,b € [0,1 — 1/k]} and y, z are the periodic vectors of f,
to show that fr is Morse. Finally in the singly periodic case we consider C} =
0,y1 — 1/k] x [-n,n] and T}, = {(s,t) € C¥:|s —t| > 1/k} where y = (y1,0) is
the periodic vector of f. In both of these cases, the choice of domain ensures that
f(t) — f(s) is non-degenerate, so that Assumption 2.1.1 can be used. This completes
the proof of the first three points of the lemma.

(4). Let L be a line segment of length R and u a unit length vector parallel to L.
Applying the Kac-Rice formula (Theorem 1.3.2) to f|, and using the stationarity of
f along with the independence of V f(t) and V2f(t), we see that

E(Niang(L)) = / E (0 f ()] | 2 (£) = 0) poy ) (0)
= R po,s0)(0)E (|0uuf(0)]) =: coR

where pg, () is the probability density of 0,f(0), and ¢y < oo since Oy, f(0) can
be expressed as a linear combination of components of the non-degenerate Gaussian
vector V2f(0) and so has finite moments of all orders.

(5). Applying the same Kac-Rice formula to f, and using the same arguments as

above, shows that
E(Nai(B(R))) = /B(R)E (|det V()] | V(1) = 0) pysr)(0) dt

= T R’pvy(0)(0)E (|det V> £(0)|) =: cR>.
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(6). We now explicitly parametrise f|apr) as g() := f(Rcos(d), Rsin(f)) and
note that
g'(0) = — Rsin(0)0: f(p) + Rcos(0)02f (p)
9"(0) = — Rcos(0)0: f (p) — Rsin(0)0:f (p) (2.6)
+ R*sin?(0)011 f (p) — 2R*sin(0) cos(0)012.f (p) + R? cos®(0) O f (p)
where p = (Rcos(6), Rsin(6)). Since Vf(p) and V?f(p) are independent, a simple

calculation shows that (¢'(6), ¢”(6)) has non-degenerate distribution, so we can apply
the Kac-Rice formula (Theorem 1.3.2) to show that

E(Niang(0B(R))) = E (#{6 € [0,27] | ¢'(6) = 0})

TR / (2.7)
= [R50 =0 pr00) 0

Since f is stationary
Var (¢'(6)) = R’E ((—sin () 91 f(0) + cos (6) 62f(0))2) .

The expectation on the right side of this equation is non-zero for each 6, since V f(0)
is non-degenerate, and by compactness is bounded away from zero uniformly in 6.
Therefore, by considering the density of a Gaussian random variable, there exists
co > 0 such that py ) (0) < c¢o/R for all § € [0,27] and R > 0.

Using this observation, along with the fact that V f(0) is independent of V2 f(0),
and substituting (2.6) into (2.7), we see that there exists a constant ¢; > 0 indepen-

dent of 8 and R such that
E(Noang(DB(R)))
<R /D E (1001 (0)] + 022/ (0)] + 1812 (0)]) d6
e / "E(00/(0)] + 102£(0)] | sin(8)81 £ (p) = cos(8)Baf (p)) b
— O(R).
]

We now introduce the deterministic relationship between level sets and critical
points that is the foundation of our results. We denote the number of critical points
of f in B(R) of type h with level in [¢y, (2] by Ny gr[l1, (2], where h =m*™ m™, s, s~
denotes local maxima, local minima, upper connected saddles and lower connected

saddles respectively (for an aperiodic function that is Morse on R?, Definition 2.1.5
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defines the upper/lower connected saddle points; the definitions in the general case
will be given in Section 2.3). Let us recall our earlier notation: for a planar function
f, we denote the number of components of { f > ¢} and {f = ¢} in B(R) by Ngs(R, ()
and Nps(R,?) respectively.

In the case of a singly periodic function f : R? — R we also need to define internal
and external rectangular tilings of B(z, R) which have a finite number of horizontal
and vertical line segments as boundary. Let (yy,0) be the periodic vector of f, and let
S(ny,m2) = [nyr, (g + 1)ya] X [ng, na + 1] where ny, ny € Z. We define By (z, R) to
be the union over ny,ny € Z of all S(ny, ny) contained in B(z, R). Similarly we define
Bext(z, R) to be the union over ny,ny € Z of all S(ny,ng) which intersect B(z, R).

Lemma 2.2.5. Let f : R? — R be a deterministic function. Suppose first that f
is aperiodic and assume that f and f ‘W are Morse. Then there exists an absolute
constant ¢ > 0 such that for each { € R,

NEs(R, g) = Nm*,R[Ea OO) — NS*,R[& OO) + Ye,R (28)
and
NLs(R, g) = Nm+7R[€, OO) — NS*,R[& OO) + Ns+,R(€7 OO) — Nmng(g, OO) + 6@71{ (29)

where

max{\wRL |5g7R’} S cNtang(ﬁB(R)). (210)

Suppose instead that f : R> — R is doubly periodic with associated parallelogram P
and assume that fr is Morse and f|ap has a finite number of local extrema. Then
there exists a constant cy > 0 depending only on P, such that, for each R > 0 and
¢ e R, (2.8) and (2.9) hold with (2.10) replaced by

max{|y.zl; |0¢.k]} < ¢f - (Newit(P) B+ Niang(OB(R))) -

Finally, suppose that f : R? — R is singly periodic with periodic vector (y,0) and
assume that fewy is Morse for each n € Z and that Niang({0} x [-2R,2R]) < oo.
Then (2.8) and (2.9) still hold with (2.10) replaced by

max{|enl, 1805} < e (Niang(OBini( R)) + Niang (0 Bear(R))
+ Nest(B(R+p)\B(R = 1))

where ¢y and ry are constants that depend only on the periodic vector y = (y1,0) of

f (so in particular, they are independent of £ and R).
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The proof of Lemma 2.2.5 is contained in Section 2.4. The error term in the above
estimate can be intuitively understood as the result of boundary effects from working
with the domain B(R) in the definition of Npg and Ngg (i.e. from accounting for
excursion/level set components which intersect dB(R)). Although it appears quite
complicated (especially in the case of singly periodic functions), when applied to the
Gaussian field f, it is bounded in expectation by O(R) as a result of Lemma 2.2.4.
We are now ready to state the core technical results of this chapter; versions of
Theorems 2.1.2 and 2.1.7 that hold for arbitrary (i.e. non-Gaussian) random fields

using only the properties contained in Assumption 2.2.3.

Proposition 2.2.6. Let f be a random field satisfying Assumption 2.2.3. For each
teR

E (Nps(R, () = cps(f) - mR*+ O(R) and E(Nps(R, () = crs(f) - mR* + O(R)
as R — oo, where
(1) 1= TNy a[f,00) — Ny £, 00)
and
crs(l) = ~E (Nyws1[£,00) = Nor a6, 00) £ Nov 1 (6,00) = N1 (£,00)).
The constants implied by the O(-) notation may depend on the distribution of f but

are independent of £. If, in addition, f s ergodic, then

1 1a.s. 1 La.s.
— Nes(R, ) Loty eps(6)  and — Nus(R.0) Lot o s(0).

Remark 2.2.7. Since f is stationary, we could equivalently define cgg(¢) in Proposi-

tion 2.2.6 as .

sl = The

for any R > 0 or make an analogous definition for cpg(¢).

E (Nyp+ g€, 00) — Ns- g€, 0))

Together with Lemma 2.2.4 and Proposition 2.1.6, this proposition implies Theo-
rem 2.1.2 and also the first two parts of Theorem 2.1.7.

Proof of Proposition 2.2.6. We prove the statements given for excursion sets. The
analogous statements for level sets follow from a near identical argument. As f is

stationary, the expected number of critical points of f of a particular type in a domain
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is proportional to the area of the domain. Since the field satisfies Assumption 2.2.3,

we can apply Lemma 2.2.5, and taking expectations yields
E (Ngs(R,€)) = cps(f) - 7R* + O(R).

Sending R — oo proves the first two statements of the proposition.

The remainder of the proof follows the general roadmap of Nazarov and Sodin’s
arguments in [81]. Suppose that f is ergodic, and let N,SLI)% denote the number of
critical points of type h in B(u, R) with level in [¢,00) for h = m™,sT and level in
(¢,00) for h = m~, s~ respectively. The ‘sandwich estimate’ of [81] (Lemma 1) can
be slightly altered to show that for any r € (0, R)

LM N0 N

du.
TR? R—r) TT? mR? T wR? Jppiy TP

Applying Wiener’s ergodic theorem, (see [81, Section 6.1]) both of these integrals con-
verge almost surely and in L! to the limit E (N,(lol) ) /7. So in particular, N ,5?])% /(7w R?)
has the same limit, and

e (NS = NOL) 2 ),
Applying Lemma 2.2.5 with the bound on E(|y,g|) implied by Assumption 2.2.3
shows that

WR2 (‘NESRE) NO L+ N )) o(1)

as R — oco. Combining these results completes the proof of L' convergence.
We now extend our notation, by defining N gg)r to be the number of components
of {f =/} in B(u,r). The original ‘sandwich estimate’ of [81] states that

du

du < 5
mr

0 .
s Npgy o Niga _ 1 / NG,
TR? Jpp_y 712 - nR* T nR? Jprin

where N éus)r is the number of components of {f > ¢} which intersect B(u,r). Since
Ng3, < N, < N3, +#{z € 0B(u.r) | f(2) = ¢}

we can rearrange this estimate as

0 u u
Néé)',R . 1 / Nés),r du < 1 / NE(Z\S?,T du
7TR2 7TR2 (R) 7TT2 7TR B(R+r)\B(R—r) 7TT2
N 1 #{x € O0B(u,r)| f(x) =} .
TR2 Jp(rir) mr?
(2.11)
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Applying Lemma 2.2.5 inside the integral term on the left hand side of (2.11) shows
that

du

Ng)g',R 1 / N'r(:)r,r Ns(g?r
TR TR? Jpg 72 r?

1 N

<— L du
mR? B(R+r)\B(R—r) mr?

1 B =/
(L[ el =a,
TR? JB(R4r) T
Lo Nait(P) - 7+ Niang(B(u, 1)) du (2.12)
T R2 2
B(R)
+ c_f / Ntang(Bint (U, T’)) + Ntang(Bext(ua T)) du
R2 2
T B(R) T
N c_f2 Nerit(B(u, r + Tf;\B(U, r—ry)) .
TR B(R) r

(The upper bound here is a result of adding the upper bounds on the error terms
in Lemma 2.2.5 in the cases that f is aperiodic, doubly periodic and singly periodic
respectively, so that we can deal with all three cases at once.) From Wiener’s ergodic
theorem, the integral term within the absolute value signs will converge almost surely
to cps(¢) and the first integral term on the right hand side will converge almost surely
to zero. Applying the same argument to the remaining integral terms shows that they

will each converge to a constant, Wi(r), Wa(r), W(r) and W4(r) respectively, where

Vi(r) = —SE (e € 0B() | (@) = 1)),
_ o EWN(P) | o

y(r) s —5E (Niang(B(1))
Ws(r) = 5 ( (Noang (Bt (1)) + E (N (Bese (1))
Wa(r) = LB (Now(Blu, v+ rp)\Blu, 7 = 7).

We now fix > 0 and take the limit superior of (2.12) as R — oo to show that

N(O)
hgl sup WE};’QR —cps(0)| < Wi(r) + Ua(r) + Ws(r) + Wa(r) (2.13)
—00

almost surely. Since the number of boundary points of f at level £ is deterministically
bounded above by a constant times the number of tangent points, we see that ¥y (r) <
c1Wo(r) for some ¢; > 0. Assumption 2.2.3 implies that Wo(r) + Us(r) + Wa(r) = o(1)

as r — 0o. Therefore we may take a countable sequence 7, — oo, such that (2.13)
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holds almost surely for each r, and the right hand side of (2.13) becomes arbitrarily

small, to show that N éoé)w’ »/(TR?) converges almost surely to cgg(f). O

To complete the proof of Theorem 2.1.7, it remains only to show the joint conti-

nuity of cgg and cpg with respect to the level and spectral measure.

Proof of Theorem 2.1.7 (Joint continuity). By Prokhorov’s theorem, we know that
the weak-* topology on P, is metrisable, and so we can use the sequential definition
of continuity for c¢;s and cgg. Let (vy,,£,) be a sequence in P, X R converging to

(v,0). By the triangle inequality
\cns(Vn, 0n) — crs(v, 0)| < |es(Vn, bn) — cLs(Vn, O)| + |cns(Vn, £) — crs(v, £)]. (2.14)

Theorem 1.3 of [59] states that the second term on the right hand side converges to 0

with n in the special case ¢ = 0. However the proof of this theorem can be repeated

verbatim, using non-centred Gaussian fields, to show that |cLs(vp, £) — crs(v, £)| — 0.
Now assume that ¢, < ¢. By the first part of Theorem 2.1.7, we see that

ens(Wns ) = ers(va, O)] < (4/7)Ew, (NG 16n, ) (2.15)

where N, (fgz [€,,, (] denotes the number of critical points of f,, (the Gaussian field with
spectral measure v,,) in the circle of radius 1 with level in [¢,,¢]. By the Kac-Rice

theorem (Theorem 1.3.2)

B, (NG 0) = [ (40T 0] i | THol®) = 0) pes o 0)
=7E (‘det Van(0)| ]lfn(o)e[en,ﬂ]> prn(O)(())

<E (|det V2fn(0)|2>5 P (£.(0) € [, €]) :

1
2 \/det Cov(V £,(0))
(2.16)

where we have used the independence of a field and its gradient at a point, along with

N

the Cauchy-Schwarz inequality. It is well known that the covariance structure of a
stationary Gaussian field and its derivatives at a point can be expressed in terms of

the spectral measure (see [1, Chapter 5]). For example,
Var (01 f,(0)) :/ A du, (M)
RQ

with similar expressions for other derivatives and covariances. Since all spectral mea-

sures we are considering are supported on B(1), the definition of weak-* convergence
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implies that the covariance structure associated with each v, at the origin converges

to that of v. Specifically, if f denotes the field with spectral measure v, then

Cov(£a(0), V£u(0), V£.(0)) — Cov(f(0), V£(0), V2£(0)).

Applying this to (2.16), we see that det Cov(V f,,(0)) is bounded away from 0 in n.
Similarly E (|det V2 £,,(0)|?) is uniformly bounded above in n. Finally we note that
Cov(f,(0)) is uniformly bounded away from 0, so that choosing ¢, sufficiently close
to ¢ ensures that P (f,,(0) € [¢,,¢]) is arbitrarily small. An identical argument works
for ¢, > ¢, and so combining these observations with (2.14)—(2.16) shows that

leLs(Vn, £n) — crs(v, €)] == 0
as required. The proof of continuity of cgs(v, £) is almost identical. Although Theo-
rem 1.3 of [59] is stated only for level sets, the proof of this result can be adapted to

apply to excursion sets with no changes of any substance. O]

2.3 Ciritical point densities

In this section we prove Proposition 2.1.6. We begin by giving the general definition
for lower and upper connected saddle points (of two-dimensional functions). Let M
be a manifold and let A C M. We say that A is simple if it is compact, connected and
every loop in A (i.e. every continuous map h : S — A) is M-contractible. We will be
solely interested in the case that A is a component of an excursion set of f : M — R.
For such A, and in the case that M is simply connected (e.g. for M = R? or B(R)),

the condition of being simple is just the same as being bounded.

Definition 2.3.1. Let M be a 2-dimensional Riemannian manifold without boundary
and let f : M — R be a Morse function with a saddle point x € M such that
f(z) = L. For ¢ < ¢, let A. denote the component of {f > ¢} containing = and for
c> U let A, = AynN{f > c}. We say that = is lower connected if either of the

following conditions hold for all € > 0 sufficiently small:
1. Ay_. is simple and Ay . consists of two simple components; or
2. Ay_. is not simple but Ay, has a simple component.

We say that x is upper connected if it is a lower connected saddle for —f.
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Figure 2.8: Subfigures 2.8a and 2.8b give two examples of the excursion sets (shaded)
at a level below and above a lower connected saddle point in R? and T respectively
(the dashed rectangles in 2.8b are identified with the torus by the standard quotient
relation).

When f is an aperiodic Gaussian field, by Lemma 2.2.4 it will be Morse on R? so
we may take this as our Riemannian manifold and use the definition of lower/upper
connected saddle points directly (we show in Section 2.4 that this definition coincides
with that given in Section 2.1). If f is doubly periodic, recall that it is completely
specified by its values on the associated parallelogram P, which we identify with the
torus. We then say that a saddle point of f is lower connected if it corresponds to a
lower connected saddle of fr by the definition above (see Figure 2.8). Similarly if f
is singly periodic, we say that a saddle point of f is lower connected if it corresponds
to a lower connected saddle point of fo. Upper connected saddle points are defined
analogously. Figure 2.9 shows how lower connected saddle points of a doubly periodic

field affect the number of excursion sets of the field on the plane.

Ap-c Apye
5<§§§§§§ R anane
N an e el ananane
A A A A

Figure 2.9: Passing through the lower connected saddle points of a doubly periodic
function increases the number of compact excursion sets.

The following lemma shows that our above definitions partition the set of saddle

points in all cases of interest.
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Lemma 2.3.2. Let f be a random field satisfying Assumption 2.2.3. With probability

one, all saddle points of f are either upper connected or lower connected but not both.
This result is proven in Section 2.4. We are now ready to prove Proposition 2.1.6.

Proof of Proposition 2.1.6. Let f be a Gaussian field satisfying Assumption 2.1.1.
We fix a compact 2 C R? such that 00 has finite Hausdorff-1 measure and consider
Ny (¢), the number of critical points of f|g of type h with value greater than ¢,
where h = m~, s, m™ corresponds to local minima, saddle points and local maxima
respectively. If (f(0), V2f(0)) has a non-degenerate distribution, then by the Kac-
Rice formula (Theorem 1.3.2)

E(N,(0)) = /Q E (|det V2 f(£)] Tindexv2s(t)=i.sy>¢ | VI (1) = 0) Do sy (0) di
= Area(Q)pv (o) (0)E (|det V? £(0) | Lindexv2f(0)=i,f0)>¢)

— Area(Q)py 0)(0) / E (|det V2£(0)| Lindeorv2 i | £(0) = ) d(u) du
! (2.17)
where 7 is the index corresponding to A and ¢ denotes the standard Gaussian prob-
ability density. The third equality follows from the definition of conditioning on a
Gaussian variable. If (f(0), V2f(0)) has a degenerate distribution then f(0) can be
expressed as a linear combination of the elements of V2 f(0) almost surely. Substitut-
ing in this expression for f(0) allows us to apply Kac-Rice and the arguments above

to derive (2.17) in this case too. Then, by Gaussian regression,

E (‘det VQf(O)| ]llndeXVQf(O):i | f(O) = u)

is a continuous function of u (see, for example, Proposition 1.2 of [5]). This proves
the existence and continuity of the densities p,,+, p,,- and ps. The fact that p,,+(x) =
Pm-(—x) follows from the symmetry of f.

Since E(N[0,4,]) = fogps(x)dx, we know that E(N|0, £]) is absolutely continuous
in ¢. Tt is also clear that for any ¢; < lo, E(Ng+[l1, l2]) < E(Ns[l1,ls]) so E(N+ [0, £])
is absolutely continuous in ¢. Therefore there exists a function pg+ : R — [0, 00) such
that

¢
E(NS+ [0,6]) = / Ds+ (:13) dz.
0
Since E(Ns[0,00)) is finite, the monotone convergence theorem shows that pg+ €
L'(R). By symmetry of the Gaussian distribution, and the definition of lower con-

nected saddles, this also shows the existence of p,-(z) = ps+(—z). The fact that
Ds— + ps+ = ps follows from Lemma 2.3.2. u
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2.4 Topological lemmas

In this section we prove Lemma 2.2.5 using deterministic topological arguments. We
also establish Lemma 2.3.2 and Proposition 2.1.11 using similar methods, thereby
completing the proof of all results in the chapter.

To prove Lemmas 2.2.5 and 2.3.2 we require several results from Morse theory
which we now introduce. We note that several aspects of this theory require us to
work with compact manifolds, and so in the aperiodic and singly periodic cases we
work with B(R) and C(n) rather than directly with R? and C; in the doubly periodic
case, by contrast, we work directly with the torus T. We also emphasise that we only
ever work with the five examples of manifolds just mentioned, so it is sufficient to
have them in mind.

Recall that, for a Morse function f defined on a manifold M, the tangent points
of f are defined as the critical points of f|aps.

Theorem 2.4.1 ([43, Theorem 7]). Let M be a compact n-dimensional Riemannian
manifold and let f : M — R be a Morse function. If f has no critical or tangent
points with value in [a,b] then {f > b} is a deformation retract of {f > a}.

We define a k-cell to be a copy of the closed unit ball in R* and temporarily denote
this by Bg. If Y is a topological space, then we define the following operation to be
‘attaching a k-cell to Y’. First we find a continuous function g : 0By — Y, then we
take the disjoint union Y Ul By and identify each point in 0B) with its image under
g. By attaching a 0-cell, we simply mean taking the disjoint union of Y and a single

point.

Theorem 2.4.2 ([43, Theorem 8|). Let M be a compact 2-dimensional Riemannian
manifold and let f : M — R be a Morse function. Ift is a critical point of f of index
k with f(t) = ¢, then for e > 0 sufficiently small, {f > { — €} is homotopy equivalent
to {f >+ €} with a (2 — k)-cell attached. Ift is a tangent point and ¢, € are defined
in the same way, then {f > ¢ — €} is homotopy equivalent to either {f > ¢+ €} or
{f > {+ €} with a k-cell attached for some k € {0,1,2}.

These theorems are proven using methods very similar to those of the standard
proofs for manifolds without boundary, which can be found in almost any text on
Morse theory.

We now work towards a proof of Lemma 2.2.5. First we will need another definition

which, in the case of aperiodic or singly periodic fields, identifies a subset of the

o8



upper/lower connected saddle points which have unfavourable topological properties
(for our purposes). Recall that if M is a manifold, then A C M is said to be simple
if A is compact, connected and every loop in A is M-contractible. In the case that
M =R? or B(R) and A is an excursion set component, this is just the condition that
A is bounded.

Definition 2.4.3. Let M., be a Riemannian 2-manifold without boundary, such that
foo € Cﬁ)C(MOO) is a Morse function on M, and let M be a compact submanifold of
M, with boundary, such that f := f. |y is a Morse function on M. Let zy € M be
a saddle point of f at level £ and let A. be defined as in Definition 2.3.1 for f.. If xg
is lower connected, then we say that it is four-arm in M if, for all e > 0 sufficiently
small, all of the simple components of Ay, intersect M. Similarly, we say that an
upper connected saddle is four-arm in M if it satisfies the previous condition for —f
(and —/).

We say that z( is an infinite-four-arm saddle point if Ayy. has two unbounded
components for all € > 0 sufficiently small. (We also say that infinite-four-arm saddle

points are four-arm in M.)

Remark 2.4.4. In the proof of Lemma 2.3.2, we will show that when M., = R? (the
most important case for our analysis), the level set at the level of an infinite-four-arm
saddle takes the form shown in Figure 2.10b. This corresponds to the way an ‘infinite-
four-arm event’ is typically defined in the percolation literature: as two disjoint paths
joining a point to infinity which are separated by two ‘dual’ paths joining the same
point to infinity. For other choices of M, (such as M., = C) the level set at the level
of an infinite-four-arm saddle may look quite different, so that this terminology is less
intuitive.

©.¢]

{f>0}nB(R) BR) > {(r=0_

-
-

/ N
~ s m OO

(a) A lower connected saddle point that (b) An infinite-four-arm saddle point in
is four-arm in B(R). R2.

Figure 2.10: Different types of four-arm saddle points.
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Let us explain the importance of four-arm saddles. If f is aperiodic, then its lower
connected saddle points are defined so as to correspond to an increase in the number of

excursion set components in R?. However if such a saddle point is four-arm in B(R),
then this increase cannot be observed from inside B(R) since the excursion sets that
are created when passing through the saddle intersect 0B(R) (see Figure 2.10a). The
case when f is singly periodic is similar (in the case that f is doubly periodic we
do not have to worry about such saddles). Infinite-four-arm saddle points will be
relevant when we prove Lemma 2.3.2. Fortunately we can control the number of

four-arm saddles which occur in terms of the boundary behaviour of f.

Lemma 2.4.5. Let My, be a Riemannian 2-manifold without boundary such that
foo € C2 (My.). Let M be a compact submanifold of My, with boundary such that

= foolns is Morse. Let Nyam (M) be the number of saddle points of fs contained

in M which are four-arm in M (including infinite-four-arm). Then
N4-arm(M> S 3Ntang(aM)-

Intuitively this bound holds because as we raise the level past a saddle which is

four-arm in B(R), we separate (at least) two components of {f > ¢} N 9B(R) from
inside {f > ¢} N B(R) (in Figure 2.10a the two boundary components 4; and A, will
be in different excursion set components above level ¢). The total number of such
separations which may occur is bounded above by the number of boundary excursion
components at different levels, which in turn is bounded by the number of tangent

points. This is formalised in the proof below.

Proof. We describe an algorithm which will create an injective mapping from the
lower connected saddle points which are four-arm in M to the tangent points of f
in OM. Let xq,...,x, denote all such saddle points arranged in order of increasing
level, i.e. f(z;) < f(zi41). We fix € > 0 such that there are no critical or tangent
points (other than z;) with value in [f(x;) — €, f(x;) + €] for any ¢ and these intervals
are disjoint for different ¢. For each ¢+ = 1,...,m, we define Sfi), cee Sfﬁ) to be the
simple components of {f > f(x;) + ¢} which intersect OM.

We proceed by induction. Let A_ denote the component of {f > f(x;) — €}
containing x;. Since z is lower connected and four-arm in M, A_ will contain some
St (it may contain two such elements: see Figure 2.11), and so we make a preliminary

J
_ 1
association between x; and S](. ).
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Figure 2.11: Since z; is a lower connected saddle point, A_ may contain either one
(left) or two (right) simple component of {f > f(x1) + €}.

We now assume inductively that for each x1,..., z, we have either a preliminary
association with some S](-”) (which differs across points) or a final association to some
tangent point with value less than f(z,).

We consider 2,41 and let A_ denote the component of { f > f(x,41)—¢€} containing
ZTpy1. First suppose that A_ is contained in some S](-”) which has a preliminary
association with some z; (where i < n). Then A_ must be simple, as it is a subset
of S](.n), and so, by the definition of a lower connected four-arm saddle point, this
means that A_ must contain two different components S,(,nH) and Sé”“’. We then
make a preliminary association between x,,; and S]f,nﬂ) and make a new preliminary

+1 L
) (so we remove the old association between z; and

association between z; and Sé
S ](”)) If A_ is contained in some S ](n) which does not have a preliminary association
or if A_ is not contained in any SJ(-n) then we choose some S}(,nﬂ) contained in A_
(which must exist since x,; is four-arm in M) and make a preliminary association
between this and x,,,1.

Now suppose that z;, where ¢ < n, has a preliminary association with SJ(-"). It
the maximum level of any point in S](n) is less than f(z,41) then we make a final
association between x; and the highest such point in M N S](»n), which is by definition
a tangent point. We also remove the preliminary association between x; and Sj(").
Otherwise, S](-n) must be a superset of S,(fnﬂ) for some k, and we then make a new
preliminary association between x; and S ,in+1). We perform this process for all prelim-
inary associations which remain after the step described in the previous paragraph,
which completes the inductive step. This algorithm will cease after the m-th step, at

n+1)

which stage if a point x; has a preliminary association with some S]( , we make a

final association between x; and the highest tangent point of S](-"H).

The end result of this algorithm is an injective mapping, defined by the final
associations, from the set of lower connected saddles which are four-arm in M to the
tangent points of f. An identical argument applied to — f creates such a map for the

upper connected saddles which are four-arm in M. A very similar algorithm can be
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applied to the infinite-four-arm saddles of f, except that the inductive step is slightly
simpler. Combining these three results gives the statement of the lemma (with the

explicit factor three). O

Our next result is a preliminary version of Lemma 2.2.5 for Morse functions on
manifolds without boundary. This setting allows us to prove the desired relationship
between the number of excursion set components and critical points in the simpler

case that all critical points have different levels.

Lemma 2.4.6. Let M., be a Riemannian 2-manifold without boundary such that
f e C? (M) is Morse. Let M be a compact submanifold of My, and f := foo|n be

loc
Morse. For l € R, let Ngmple(£) be the number of simple components of { f > £} which
do not intersect the boundary of M and for {1 < Uy, let Ny,+[l1,02) and Ny-[lq,05), be
the number of local mazxima and lower connected saddle points respectively of f with

level in [l1,03). Then
Nsimple(gl) - Nsimple(€2) = ]\'fm+ [61762) - NS* [61762) +C (218)

where
|C| S N4—arm(Ma [£17€2)) + 2Ntang(aMa [617£2)) S 5Ntang(aM) <219)

and Ny arm (M, [1,02)), Niang(OM, [€1,£2)) denote the number of four-arm saddles (i.e.
those which are four-arm in M, including infinite-four-arm) and tangent points of f

respectively with level in [(1,03). So in particular, if M has no boundary then ¢ = 0.

The proof involves applying the Morse theorems to each critical /tangent point to
derive the change in the number of simple components at the corresponding levels

and then summing these changes.

Proof. First suppose that f has no critical or tangent points with level in [a,b].
By Theorem 2.4.1, {f > b} is a deformation retract of {f > a} under some map
h:{f >a} x|[0,1] — {f > a}. In particular, this is also true for each component
of {f > b} and the component of {f > a} in which it is contained. Since h is
a homotopy, the number of simple components is the same in each set. If A is
a component of {f > a} which intersects M, then we claim that A N {f > b}
also intersects OM. Suppose this is not true, then by considering the infimum ¢* of
¢ € [a,b] such that AN{f > ¢} does not intersect OM and taking a sequence of points
in AN{f >¢"—1/n} NOM we see that AN {f > ¢*} contains a tangent point at
level ¢* € [a,b], which is a contradiction. Combining all these observations, we see

that Ngmple s constant on intervals which contain no critical or tangent points.
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Now let x be a critical or tangent point of f at level ¢ and take ¢ > 0 small enough
to apply Lemma 2.4.2. We consider in turn the different types of critical or tangent
point and calculate Ngmple(¢ — €) — Neimple(c +€). Let A._. denote the component of
{f > ¢ — €} containing x and A,y = A.—c N {f > ¢+ €}. We note that to determine
Naimple(¢ — €) — Ngimple(¢ + €) it is enough to consider A. . and A, since by the
arguments in the previous paragraph, the number of simple components of {f > ¢}
in M\ A._. which do not intersect dM will be constant as ¢ varies in [c — €, ¢ + €].

If z is a local maximum, then by Lemma 2.4.2, A. . is homotopy equivalent to
Acye with a O-cell attached. So in particular { f > ¢—e€} has one more component than
{f > c+ €}, and this extra component is M-contractible. Since the extra component
contains a local maximum, (which cannot be in M) for € > 0 sufficiently small, this
component is disjoint from OM and so Ngmple(¢ — €) — Nsimple(c + €) = 1.

If x is a local minimum, then A._. is homotopy equivalent to A. . with a 2-cell
attached. Attaching a 2-cell does not change the number of components of { f > c+e},
and does not affect whether the component it is attached to is simple or not. Once
again since the local minimum is not in M, restricting e sufficiently small ensures
that the attached 2-cell does not intersect M and so Ngmple (¢ —€) — Ngimple(c+€) = 0.

Next we suppose that = is a saddle point, so that by Lemma 2.4.2, A._. is ho-
motopy equivalent to A... with a 1-cell attached. So in particular, A... consists
of either one or two components. First we note that if A._. is simple and does
not intersect OM, then any components of A... have both these properties, there-
fore Ngmple(¢ — €) — Nsimple(c +€) < 0. If A._. is simple but intersects OM, then
by repeating the sequential argument in the first paragraph of this proof we see
that A.,. must intersect M and so cannot consist of two simple components dis-
joint from the boundary. Furthermore, if A._. is not simple, then by the above
homotopy, A.;. cannot consist of two simple components. Combining these two
observations show that Ngmpie(¢ — €) — Ngimple(c + €) > —1. So the number of sim-
ple components disjoint from OM is either constant or increases by one on passing
through the saddle point. If x is not a lower connected saddle, then by definition
Naimple (¢ — €) — Ngimpie(¢ + €) = 0, if x is a lower connected saddle which is not four-
arm in M, then Ngmple(¢c — €) — Ngmple(¢ + €) = —1 and if z is a lower connected
saddle which is four-arm in M, then Ngmple(¢ — €) — Nample(¢ + €) = 0.

Finally let x be a tangent point, so that A._. is homotopy equivalent to A.,. with
a k-cell attached for some k € {0,1,2}. In each case, A.;. has at most two simple

components disjoint from OM, s0 | Ngimple(¢ — €) — Ngmple(c + €)| < 2.
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Now suppose that there are no critical or tangent points at levels ¢ and ¢5. Then
Naimple (1) — Nsimple (£2) is equal to the sum of the finite number of jumps Ngimple(c—€)—
Niimple(€ + €) at each level ¢ € ({1, () with a critical/tangent point. By the analysis
of different types of critical/tangent point above, we deduce (2.18) along with the
first inequality of (2.19). The second inequality of (2.19) follows immediately from
Lemma 2.4.5.

In the case that there is a critical /tangent point at level ¢; or ¢5, we note that

{(f=0=({r=t-¢
>0
and that the intersection of a decreasing family of compact, connected sets is con-
nected, so that {f > ¢} and {f > ¢ — €} have the same number of components for
e sufficiently small. Repeating the earlier argument for tangent points shows that
these sets have the same number of components which do not intersect 0M. Then,
if f has a critical point z at level ¢, applying the Morse lemma ([72, Lemma 2.2])
on a neighbourhood of x, and Theorem 2.4.1 outside this neighbourhood, shows that
Naimple(! — €) = Ngmpie(¢). (If no such point exists, we simply apply Theorem 2.4.1
to M.) Therefore we can apply the above arguments to deduce (2.18) and (2.19) for
the levels /1 — € and {5 — € such that Ngmple 1S constant on [¢; — €, (1] and [¢5 — €, £s].
Since there are no critical/tangent points with level in [¢; — €, £;) or [¢5 — €, {3), this

proves the lemma. ]

With the above preliminary lemma, the proof of Lemma 2.2.5 in the case of

aperiodic functions is straightforward.

Proof of Lemma 2.2.5 in the case of aperiodic functions. Let f be an aperiodic func-
tion satisfying the assumptions of Lemma 2.2.5. Applying Lemma 2.4.6 with M =
m and M, = R? and taking ¢, — oo gives exactly the stated relationship for
excursion sets. To complete the proof, we prove a corresponding relationship for level

sets. We fix a level £ and let fr = f |W’ we construct a graph on the vertex set
V := {Components of {fr > ¢}} U{Components of {fr < (}}

by declaring two vertices to be joined by an edge if they have non-empty intersection.
Clearly each edge corresponds to a component of { fp = ¢}. This graph is acyclic and
connected, so is by definition a tree. Hence the number of edges is one less than the

number of vertices:

#{Components of {fr = ¢}} =#{Components of {fr > (}}
+ #{Components of {fp < (}} — 1.
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The number of components of {fr = ¢} which intersect dB(R) is bounded above
by the number of tangent points of f in dB(R), and the same bound holds for the
components of { fp > ¢} and {fr < ¢}. Therefore we can express the equation above

as
NLS(f7 R7 g) = NES(f7 R7 6) + NES(_f7 R7 _6) + 5€,R

where |0y r| < 4Npang(0B(R)). Applying the first part of this lemma to each of the

Ngg terms here then completes the proof. O

For the periodic cases, the argument is a little more technical since we cannot apply
Lemma 2.4.6 to B(R) directly. Instead, we tile B(R) with translated parallelograms or
rectangles, apply Lemma 2.4.6 to fr or fe(,) on each translated domain and aggregate

the results.

Proof of Lemma 2.2.5 in the case of periodic functions. Let f be a doubly or singly
periodic function satisfying the assumptions of Lemma 2.2.5. It suffices to prove
the excursion set relationship, since the level set relationship will follow by the same
argument as in the aperiodic case.

Suppose f is doubly periodic with periodic vectors y, z € R? and associated par-
allelogram P. By assumption, fr is a Morse function almost surely. Suppose that
{fr > ¢} has Ngmple simple components.

Let A be a component of {f > ¢} and A’ be the corresponding component of
{fr > ¢}, we wish to show that A is bounded if and only if A’ is simple. If A’
contains a non-T-contractible loop, then there exists a path in A joining some point
T to &+ n1y+noz for some integers ny, ny not both equal to zero. Since f is invariant
under translations by y, z, the translation of this path joining x + niy + nsz to
x + 2n1y + 2nyz will be contained in {f > ¢}. By iterating this argument and
concatenating the paths we find an unbounded path in {f > ¢} started at = € A.
Therefore if A is compact, we see that A’ cannot contain a non-T-contractible loop,
and so it is simple.

Since f|sp has a finite number of local extrema, {f > ¢} NOP has a finite number
of components. Therefore, if A intersects the boundary of a translated parallelogram
P + nyy + noz where nq,ny € Z, then it must contain the translation of one of these
boundary components. So if A is unbounded, it must contain a path joining two
translated versions of the same boundary component. We can choose this path so
that it joins two points which differ by mqy + msz for some mq, ms € Z which are not
both zero. We note that the quotient of this path is a loop on the torus. Considering

the quotient map as a covering map, it is a standard result (see, for example, [20,
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Corollary 3.6]) that the lift of any contractible loop to a covering space must also
be a contractible loop. We therefore conclude that the quotient of the path we have
constructed is a non-T-contractible loop and so A’ is not simple.

We can tile R? with the translated parallelograms P +mn,y +nez where ni, no € Z.
We associate each bounded component A of {f > ¢} to a particular translation
P+nyy+ngz of P such that (P+n1y+mnez) NA # (0, Nsmple components are mapped
to each translated parallelogram and if A is associated with P, then A 4+ niy + nsz
is associated with P + njy + ngz. If A is a component of {f > ¢} contained in B(R)

then it must be associated with a parallelogram which intersects B(R), therefore
Ngs(R,£) < Ngmple - #{Translations of P in B(R+ d)} (2.20)

where d = diam(P). Similarly, each compact component of {f > ¢} which is associ-
ated with a parallelogram inside B(R) must be in B(R) unless it intersects 0B(R),
but the number of such intersections is bounded above by the number of tangent
points of f to B(R). Therefore

Ngimple - #{Translations of P in B(R)} — Niang(0B(R)) < Ngs(R, () (2.21)

The number of translated parallelograms contained in the ball of a given radius can

be approximated by a generalisation of Gauss’ circle problem. It is shown in [62] that

T R?

#{Translations of P in B(R)} = Area(P)

+o(R)
as R — oo. We also note that Ngmple < Neit(P) since each component must contain
a critical point. Combining these two facts with (2.20) and (2.21),

RQ
Nes(R,€) = N -

simple * W(P) + O(Ncrit<P) : R + Ntang(aB(R)))

as R — 0o, where the constant implied by the O(-) notation depends only on P.
Now suppose that {fr > ¢} contains m local maxima. Reasoning as above, it is

clear that

m - #{Translations of P in B(R)} < N,,+ g[{, 00)
< m - #{Translations of P in B(R+d)}

and so )
TR

" Area(p) i

N+ gll,00) =m O(Neit(P) - R)
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with an analogous result holding for lower connected saddles. Applying Lemma 2.4.6
to fr (i.e. with the setting M, = M = T and {5 — o0) then shows that

Nps(R, ) = N+ gll, 00) — Ng- g[l,00)) + O(Neyit(P) - R + Niang(0B(R)))

as R — oo where the constant in the O(-) notation is independent of ¢, as required
(although it may depend on P).

Now suppose that f is singly periodic with periodic vector y = (y1,0) and define
R(n) = [ny1, (n + 1)y1) x R. By assumption, f almost surely has a finite number
of tangent points in [0, y;] X {n1} or {ney1} x [—R, R] for any ny,ny € Z or R > 0.
Repeating the argument from the doubly periodic case then shows that the compact
components of {f > ¢} correspond precisely to the simple components of {fc > ¢}.

As before, we can associate each compact component of {f > ¢} with a translated
rectangle R(n) for n € Z, in such a way that if A is a compact component of {f > ¢}
which is mapped to R(n) then A intersects R(n), and if A’ = A+ y then A’ maps to
R(n+1).

We recall our earlier definitions: if S(ny, ng) = [n1y1, (n1+1)y1] X [n2, ne+1] where
ny,ny € Z, then we define Bjy(x, R) to be the union over ny,ny € Z of all S(ny,ns)
contained in B(z, R). Similarly we define Be(z, R) to be the union over ny,ny € Z
of S(ny,ny) which intersect B(x, R). We now fix R > 0 and define m,, for n € Z to
be the largest integer such that

[ny1, (n + 1)y1] x [-m,, m,] C B(R)

and note that under the standard quotient relationship, this rectangle can be identified
with C(my,).

Let Naimpie(fe(m,),¢) denote the number of simple components of {f|c(m,) > ¢}
which do not intersect dC(m,). By the mapping described above, there will be at
least Ngimple(fe(m,)s£) compact components of {f > ¢} which are associated with
R(n) and intersect [ny;, (n+ 1)y1] X [=m,, m,]. If any of these components intersect
O0Bint(R), then they will do so at distinct components of {f|ss,,(r) > ¢} and so in
particular the number of such components intersecting the boundary is at most the

number of tangent points in 0By (R). Therefore

NES(Ra g) > Z Nsimple(fC(mn)a ﬁ) - Ntang<aBint(R))

We can then apply Lemma 2.4.6 to fe(m,) (i.e. with the setting M, = C and M =

C(my,)) for each n to get this inequality in terms of local maxima and lower connected
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saddles points. Let r = max{v/2,4:}. Then, since Biy(R) covers B(R — r), we see
that

Ngs(R,0) >Nyt (R, ) — Ng- (R, £) — 6 Npang (0Bint (R)) — Nait(B(R)\B(R — 1))

This gives the required lower bound for Ngg(R,¢). The upper bound follows from a

very similar argument. First we define M,, to be the largest integer such that
[nylv (77, + 1)y1] X [Mn - 17 Mn] - Bext(R)

so that B(R) is covered by the finite union of rectangles [ny;, (n+ 1)yi| X [ My, M,].
Then

Nes(R,0) <Y Nampie(fer,): 0)
and by applying Lemma 2.4.6 to each c;linder we see that
Nps(R, £) <N+ (R, £) = No= (R, £) + 5Niang(0Bext (R)) + Nt (B(R + 1)\ B(R))
as required. O

The following refinement of Lemma 2.2.5 is not needed in this chapter, but will

be useful in Chapter 4.

Corollary 2.4.7. Let f : R?> — R be an aperiodic deterministic function such that f
and f|ﬁ are Morse. Let {1 < {5y and assume that f]m has no critical or tangent

points at level {1 or £y, then

Ngs(R,l1) — Ngs(R, l2) = N+ gll,€2) — Ns- r[l1,02) + Yoy 0. (2.22)
and
Nis(R,t) — Nps(R, ly) =N+ gllr, l2) — Ns- pl[l1,¢2) (2.23)
+ Ng+ r(01, 3] — Ny (41, o] + 04, 05 1
where
max{ |y, 6.l [06y 02, R} < 2Nacarm (B(R), [€1, £a]) + 4Ntang (OB(R), [(1, £2]) (2.24)

< 10Niang(OB(R)).

If f is instead an aperiodic Gaussian field satisfying Assumption 2.1.1, then for each
R >0 and {y < {3, with probability one (2.22), (2.23) and (2.24) hold.
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The key difference between this result and Lemma 2.2.5 in the aperiodic case, is
that the error term is bounded by the number of critical/tangent points in a finite
range of levels. The arguments needed to prove these two results (Lemma 2.2.5 for
aperiodic functions and Corollary 2.4.7) are very similar, however because of the
difference in the error terms and the assumption that ¢; and ¢y are not critical levels,

it turns out to be easier to give separate proofs rather than trying to combine them.

Proof. If f is an aperiodic random field satisfying Assumption 2.1.1, then applying

Bulinskaya’s lemma (Lemma A.2.1) to
(f—¢,Vf):B(R)—-R* and  (f—¢{,Vasf): 0B(R) — R?

(where Vy denotes the derivative in the direction tangent to the boundary) for ¢ =
(1, ly shows that f |W almost surely has no critical /tangent points at level ¢; or /5.
Therefore the statement of the present corollary for random fields follows from the
deterministic result and Lemma 2.2.4. The deterministic statement of the corollary
for excursion sets is simply an application of Lemma 2.4.6 (with M, = R? and
M = B(R)). It remains to prove the result for level sets.

We fix a deterministic f and ¢; < /{5 satisfying the conditions of the corollary.
Since f |m has no critical /tangent points at level ¢; or {5, each component of the
level set {f = ¢} (for £ = {1, ;) contained in B(R) is a closed C*-curve which does
not intersect dB(R). Each such curve must ‘surround’ a component of either {f > ¢}
or {f < (¢} contained in B(R) (i.e. the curve will be the part of the boundary of
the excursion set component which separates its interior from infinity). Moreover,
every component of {f > ¢} or {f < ¢} contained in B(R) will have a component of
{f = ¢} contained in B(R) as its outer boundary. We therefore have

NLS(R7 61) - NLS(R7 62) :NE,S'(R?El) - NES(Ra 62)
+ NES(_fa R7 _61) - NES(_f7 Ra _£2)

where Ngg(—f, R, —{) denotes the number of components of {—f > —¢} = {f < (}
contained in B(R) (and the other terms are defined, as earlier, for f). We note that
by symmetry, local maxima and lower connected saddle points of —f correspond to
local minima and upper connected saddle points respectively of f. Then applying
Lemma 2.4.6 to the right hand side of the above expression verifies (2.23) with (2.24).

O
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We next complete the proof of Lemma 2.3.2. Again we shall separate the argument
into the aperiodic case and the periodic cases, so that the reader interested only in
the aperiodic case can access the simplest version of the argument. Since in this
case we work only with the manifolds R? and B(R), we replace the condition that an

excursion set component A is simple with the equivalent condition that it is bounded.

Proof of Lemma 2.53.2 in the case of aperiodic fields. Let f be an aperiodic station-
ary field satisfying Assumption 2.2.3. Let ¢g : R?> — R be a Morse realisation of f and
assume that g|% is Morse for all n € N. Let x be a lower connected saddle of g at
level /.

The first step is to show that, with probability one, x is not also an upper con-
nected saddle of g. For e > 0 sufficiently small, let A, . be the component of
{g > ¢ — €} containing = and Ay = Ar—c N {g > ¢ + €}. From the definition of
a lower connected saddle point, we have three cases to consider. In the first two cases
we use the fact that g is Morse to (deterministically) rule out the possibility of =
being upper connected; we show that the third case occurs with zero probability and
can therefore be neglected.

1)A,_. is unbounded and A,,. has one bounded and one unbounded
component.

Let S denote the bounded component of Ay, .. We start by choosing n sufficiently
large that W contains a neighbourhood of S and a neighbourhood of . We let A;_,
be the component of {g|zy = £ — €} containing z and A}, denote A, N{g > (+€}.

We can apply Theorem 2.4.2 to —g to deduce that B(n) N {g < ¢+ €} is homotopy

equivalent to B(n) N {g < ¢ — €} with a 1-cell, denoted 7, attached. By reducing e
we can ensure that Aj, _has two components, one of which is bounded, and so both
end-points of 4 must be contained in the same component of B(n) N {g < ¢ — €}.
This will in turn be contained in a component of {g < ¢ — ¢} which we denote by
B. Clearly B U~ is bounded if and only if B is, therefore B(n) N {g < ¢ — €} and
B(n) N {g < £+ €} have the same number of bounded components. This holds for
any n sufficiently large (possibly after reducing €) but if x were upper connected we

could find m large enough that B(m)N{g < ¢ —¢€} has one more bounded component
than B(m) N {g < ¢ + €} (this argument is stated more formally in the proof of
Lemma 2.4.6). Therefore z is not an upper connected saddle point.

2) A, . is bounded and A,,. has two bounded components.
The arguments in the previous case are also valid in this case where S is chosen to

be either of the two components of Ay,..
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3)A/_. is unbounded and A, . is bounded and connected.

We will show that when f is aperiodic, it almost surely has no saddle points of this
type. We fix R > 0 and let gr = g|pr) which we assume is Morse. For y € R?
and € > 0, we define A, _. to be the component of {g > g(y) — €} containing y and
Aye=A,_N{g > g(y)+e€}. Let 24, ..., x, be the saddle points of g for which A,, _.
is unbounded but A,, . is bounded for all € > 0 sufficiently small. We then choose a
fixed e sufficiently small that this condition holds for each ¢ and such that gz has no
other critical points and no tangent points in {gg(z;) — 3¢ < gr < gr(z;)+ 3¢} for any
i. This ensures the intervals [g(z;) — €, g(z;) + €] are non-overlapping for i = 1,...,n.
Finally we assume that the x; are ordered so that g(z;) < g(z;) for i < j.

Since A,, _. is unbounded for each 7, we see that
B :=A,, _.NOB(R)

is non-empty for each i. Since there are no tangent points with level in [gg(z;) —

€, gr(x;) + €], we can repeat the arguments in the proof of Lemma 2.4.6 to show that

B :=A,,.NOB(R)

)

is non-empty and has the same number of components as B, for each 7 = 1,...,n
(see Figure 2.12). Suppose there exists a point y € B; N B} for some i < j. Since
Az, e is unbounded and path connected, there exists an unbounded path started at y
and contained in {g > g(z;) —€)}. Since y € A,, . which is path connected, this path
must also be contained in A,, . which is bounded. This contradiction implies that
By, ..., B, are disjoint. Since each of these sets must have a local maximum, we see
that n < Niang(OB(R)). Since f is stationary, we know that the expected number
of lower connected saddle points x contained in B(R) for which A, . is unbounded
and A, . is bounded for € > 0 sufficiently small, is coR? for some ¢y > 0. However by
the argument just given, this number is bounded above by the expected number of
tangent points of f in 0B(R) which is O(R) by Assumption 2.2.3. Hence ¢q = 0 so f
almost surely has no saddle points of this type.

We have shown that the set of lower connected saddles of f is almost surely disjoint
from the set of upper connected saddles. Using the same notation as above, we will
now show that any saddle point of ¢ must be lower connected or upper connected,
thus completing the proof of the lemma.

For a small neighbourhood N of z, {g > ¢} N N and {g < ¢} N N each have
two components. Since g is Morse, it has no other critical points at level ¢ and so

the level set {g = ¢} consists of non-intersecting curves except for the component
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Figure 2.12: We show that almost surely an unbounded excursion set component of f
cannot split into two bounded excursions set components by passing through a saddle
point.

which contains x. Since g has no infinite-four-arm saddles, there are two mutually
exclusive possibilities to consider; either there exists a path in {g < ¢} joining the
two components of {g < ¢} N N or there exists a path in {g > ¢} joining the two
components of {g > ¢} N N.

We now show that in the first case z will be lower connected. By symmetry, this
will imply that in the second case, x is upper connected and so complete the proof for
aperiodic fields. We fix a path v in {g < ¢} connecting the components of {g < /}NN.
From the existence of « it is clear that A,\{x} has two components B;, B, and that
without loss of generality, B; is bounded (see Figure 2.13).

Figure 2.13: The existence of the path v implies that x is a lower connected saddle
point.

For € > 0 sufficiently small, Ay, . therefore has at least one bounded component
Bin{g > (+e}. If Ay, is compact for some € > 0, then clearly By is also bounded and
so Agy. has two bounded components so x is lower connected. If A, . is unbounded
for arbitrarily small € we can assume that Ay, . has an unbounded component, by the
argument given above, and so x is again lower connected. We note that this also proves

the equivalence of Definition 2.3.1 in the aperiodic case and Definition 2.1.5. O]

Proof of Lemma 2.3.2 in the case of periodic fields. The arguments here are similar
to those in the aperiodic case (i.e. replacing the condition of boundedness with the
more general condition of simplicity). Let f be a stationary field satisfying Assump-
tion 2.2.3. Let g : M — R be a Morse realisation of f restricted to M, where M is
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one of T or C depending on whether f is doubly periodic or singly periodic. We also
assume that g|c(n) is Morse for all n € N in the singly periodic case. Let x be a lower
connected saddle of g at level /.

Again the first step is to show that, with probability one, x is not an upper
connected saddle of g. For € > 0 sufficiently small, let A, . be the component of
{g > ¢ — €} containing x and A, = A, N {g > ¢+ €}. Again we have three cases
to consider, the first two of which are proven deterministically:

1)A,_. is not simple and A,,. has one simple and one non-simple com-
ponent.

Let S denote the simple component of Ayy.. If f is singly periodic, we set M. = C(n)
where n is sufficiently large that M, contains a neighbourhood of S and a neighbour-
hood of x. If f is doubly periodic we take M. = M = T. We define A;__ to be the
component of {g|y. > ¢ — €} containing x and A), = A, N {g|lm. > {+ €}. By
Theorem 2.4.2 applied to —g, we deduce that M.N{g < {+¢€} is homotopy equivalent
to M. N {g < ¢ — €} with a 1-cell, denoted 7, attached. By reducing € we can ensure
that A, _ has two components, one of which is simple, and so both end-points of
must be contained in the same component of M. N {g < ¢ —€}. This will then be
contained in a component of {g < ¢ — €} which we denote by B. If B is not simple,
then clearly BU~ is not simple. Suppose that B is simple but BU~ is not simple, then
B U~ must contain a loop, denoted ¢, which is not M-contractible and in particular ¢
must intersect 7. However B is path connected and B U~y ‘surrounds’ a region which
is homotopy equivalent to S and so must be simple (See Figure 2.14 for an example

of these sets in the doubly periodic case).

Figure 2.14: An example of the excursion sets at a level below (left) and above (right)
a saddle point at level ¢ for which A,_. is not simple and A,,. has one simple and
one non-simple component when M = T.

Therefore ¢ is homotopy equivalent to a loop which is contained in B and so B is

not simple, which is a contradiction. We have shown that B U~ is simple if and only
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if B is, therefore M, N{g < ¢ — ¢} and M. N {g < ¢ + €} have the same number of
simple components. This holds for any M, sufficiently large (possibly after reducing
€) but if x were upper connected we could find M. such that M.N{g < ¢ — €} has one
more simple component than M. N {g < ¢ + €} (again, we note that this argument
is stated more formally in the proof of Lemma 2.4.6). We conclude that z is not an
upper connected saddle point.
2) A, . is simple and A,,. has two simple components.

Once again, the arguments in the previous case are also valid in this case where S is
chosen to be either of the two components of Ay,..

3)A,_. is not simple and A, . is simple (in particular, connected).

We can repeat the argument given in this section of the proof for aperiodic fields to
show that if f is singly periodic then A, . must be bounded. Clearly in the doubly
periodic case, A;_. C T must also be bounded. We therefore choose a compact
domain M. C M of the form T or C(n) for some n which contains a neighbourhood of
Ag_.. Let By,..., B, denote the components of {g < ¢+ ¢} N M, which intersect Ay...
Since Ay, is simple, we know that at most one of these sets is not simple and the
remainder are. (One of the sets will ‘surround’ A, which in turn will ‘surround’ the
remaining sets.) Without loss of generality, we assume Bj is the ‘surrounding’ set,
which may not be simple (and we will show that it is not simple). By Theorem 2.4.2,
Ay_. is homotopy equivalent to Ay with a 1-cell, denoted v, attached. Clearly = is
contained in By and Bj is not simple, otherwise A, U~ would be simple. If M =C
then B;\7y has two components and each of these components contains a loop which
is not C-contractible (since Ayye U~y is compact and so separated from oo and —oo
by Bi\7). If M = T then B;\7y may have one or two components, in either case each
component will contain a non-T-contractible loop (to see this, consider a path on
either side of v which then traverses the boundary of A,..). This means that passing
through the saddle point x can only create non-simple components of {g < ¢ — €}, so
x is not upper connected.

This completes the proof that the sets of upper and lower connected saddle points
of f are almost surely disjoint. We continue to use the notation defined above, and
we now show that any saddle point of g must be lower connected or upper connected.
As in the aperiodic case, Lemma 2.4.5 and Assumption 2.2.3 allow us to conclude
that f almost surely has no infinite four-arm saddles.

Suppose that f is doubly periodic, so that g is defined on the torus T. We fix a
small neighbourhood N of x such that {g > ¢} N N has precisely two components
denoted Ny, No. If v : [0,1] — T is a path contained in {g > ¢} U {z}, we say that
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v cuts through x if x € 4[0,1] and for every ¢t € (0,1) such that v(t) = z, for e > 0
sufficiently small y((t —¢,t)) C Ny and v((¢,t+¢€)) C N» (intuitively, this means that
the image of v just before hitting x is always on the same side of the saddle point; see

Figure 2.15). We make an analogous definition for paths contained in {g < ¢} U {z}.

o®

Figure 2.15: The paths v; and 7, cut through = but v3 does not.

First we suppose that there exists a T-contractible loop v in {g < ¢} U {z} which
cuts through x. Since z is a saddle point, it is clear that Ay, . must have two compo-
nents, one of which is surrounded by ~ and so is simple. If A,_, is simple, then both
components of Ay, must be simple. If A, . is not simple, we know from Lemma 2.4.6
that Ay, can contain at most one simple component. In either case, we see that x is
lower connected. By symmetry, z is upper connected if there exists a T-contractible
loop in {g > ¢} U {x} cutting through =.

Now we suppose that all loops cutting through = are non-T-contractible. We
define C; to be the union of {z} and the components of {g > ¢} which x is in the
closure of. We define C_ to be the analogous set for {g < ¢}. At least one of C
or C'_ must contain a non-contractible loop cutting through x (in order to stop any
paths in Cy cutting through x from joining to form a loop, there must be a loop in
T\C cutting through = which blocks them, and since x is the only critical point at
level ¢, such a ‘blocking’ loop can be found in C'_). We also note that both C, and
C_ must contain non-T-contractible loops (if C'; was simple, then we could find a
T-contractible loop in C_ cutting through z, and this argument is symmetric).

Suppose that ~; is a loop contained in C'; which cuts through z. If every non-
T-contractible loop in C intersects x, then C,\{z} is simple, so A, is simple and
hence z is lower connected. Therefore we may assume that C, contains a non-T-
contractible loop 7, which does not intersect x. Let ¢; and ( be two loops which
generate the fundamental group of T, we denote the concatenation of n copies of (4
and m copies of (» by n(; +ms. We suppose 71 =~ n1(; +mq1(s and vo =~ 1oy +malo
where ~ denotes being T-homotopic. It is known (see [33, Section 1.2.3]) that any
loop homotopic to n1(; + m1(s must intersect any loop homotopic to no(; + ma(s

unless nyme = nomy.
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If nymoy # nymy then we know that any non-contractible loop in C'_ must intersect
either 1 or 5. Since C_NCy = {x} clearly such a loop must intersect v, at z. By the
previous paragraph this means that C'_\{z} is simple, and so x is upper connected.

If nyms = mymy then by choosing a path ¢ in Cy\{x} which joins v; to v, we

consider the concatenated loop

nay1 + &+ ni(—y2) + (=€)

where — denotes inverting the direction of the path. This path is contained in C
and cuts through = (since y; does but 75 and ¢ do not hit x) and since nymy = nomy
this loop is T-contractible. However this contradicts the above supposition, so this
case is not possible. This completes the proof in the doubly periodic case. The proof
in the singly periodic case is simply a repetition of parts of the proof for aperiodic

and doubly periodic fields, so we omit it. O

All that remains is to complete the calculations for the special class of degenerate
fields.

Proof of Proposition 2.1.11. We recall that a random variable Y is Rayleigh dis-
tributed with parameter o > 0 if

P(Y <z)=1—¢ %/

for all x > 0, and we denote this as Y ~ Ray(c). If Y ~ Ray(c) and 6 is an

independent uniform-[0, 27] random variable then it is well known that Y cos(f) ~
N(0,0?).

Let f be the Gaussian field with spectral measure
b c
v = ady + 5(5u +0_y) + 5(51} +0_y)
where a + b+ ¢ = 1 so that the covariance function of f is
K(x) = a+ bcos(2mu - z) + ccos(2mv - x).
Then f has the representation
f(x) = Xo + Yicos(2mu - x + 61) + Yz cos(2mv - x + 65) (2.25)

where Xy ~ N(0,a), Y1 ~ Ray(vb), Ya ~ Ray(,/c), the 6; are uniformly distributed
on [0,27] and all of these random variables are independent. (By well known prop-
erties of the Rayleigh distribution, the field defined by the right hand side of (2.25)
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will have Gaussian finite dimensional distributions and simple calculations show that

the covariance function of this field is K.)

Let
1 (%) 1 U9
p=—"7"7"7""-" gq=—""—"
U1V — U201 \ —1q U1V — UgV1 \ —Uy

and P = {tp+ sq : t,s € [0,1]}. Then P is the parallelogram associated with f
and we consider fr to be the restriction of f to P when P is identified with the two
dimensional torus. By rotating the axes, we may assume that u; > 0 (since this does

not affect the definition of ¢y g). Some basic calculations show that, on the event

[Yi # 0} N {Y; # 0} N {¥i £ Y # 0},

fr has four critical points which occur at different levels and are all non-degenerate.
Therefore fr is almost surely a Morse function. Moreover, the critical points of fr—Xj
occur at levels —Y; —Y5, —|Y1 —=Y5|, [Y1—Y5]|, Y1 +Y5. Clearly the critical points at levels
Y + Y5 and —Y; — Y5 are a local maximum and local minimum respectively. We can
use Lemma 2.4.6 to characterise the other two critical points and the number of simple
components of { fr— Xy > ¢}, denoted Ngimpie(¢), at different levels. Specifically, since
{fr—Xo>Yi+Ys} =0and {fr — Xo > —Y1 — Yo} = T, we see that Ngmpe(£) =0
whenever |¢| > Y] + Ys. Then, since the critical points at level Y7 + Y5 and —Y; — Y,
must be a local maximum and local minimum respectively, applying Lemma 2.4.6
shows that Ngmple(£) does not change as ¢ passes through —Y; — Y5 and decreases by
one as { passes through Y; + Y5. Therefore

0, if¢>Y+Y5,

1, ifle(|Y;—Ya|,Y:+ Yo,
Nsimple<€) = .
0, ifle[-Y)—Ys —|Y] —Ys|),
0, ifl<-Y,-Y5.
Now assume that 6; = 6, = 0. Then by traversing the parallelogram P across

one of its edges (depending on which of Y7,Y5 is bigger) we can find a closed path
which is not T-contractible, on which fr — Xy is bounded below by |Y; — Y|, so in
particular is positive. This shows that {fr — X, > 0} has a non-simple component
(for general values of 61,65, such a path will also exist, but it will be translated).
Since {fr — Xo > |Y1 — Y3|} consists of a single simple component, this implies that
the critical point at level |Y; — Y3| must be a lower connected saddle point. Then by

Lemma 2.4.6 we see that

Nsimple(£>:{ > ! EEO 1 2|7 1+ 2],

0, otherwise.
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It is then clear that

1 1
P+ (7) = mponrYlJrYQ () and ps-(7) = mponYrYz\(fﬂ)-

Arguments given in the proof of Lemma 2.2.5 for periodic functions show that

TR?
Nes(R, £) = Lo xpe(vi—valYi+Ya] * Area(P) + O(R + Niang(0B(R))).

Arguing as in the proof of Lemma 2.2.4 it can be shown that E( Ny (0B(R)) = O(R)

as B — oo. Then for ¢ € R
1
:O o
)=0(x):
1

Ngs(R, () 1
= TR2 Area(P)]léone('Yl*YZ"YﬁYﬂ
. 1
= }%1_1}010 7T_R2E<NES(R’ 6)) = —Area(P) P(ﬁ —Xo € (|Y1 — Yé|, Y+ }/2])

as required. In particular, this convergence shows that
CES (8)

We can repeat these arguments for the sum of upper and lower excursion sets to

derive the corresponding expression for cpg(). O
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Chapter 3

Smoothness and Monotonicity of
the Mean Functional

3.1 Introduction

In this chapter we analyse the smoothness and monotonicity (with respect to the
level) of the mean functionals cgg and ¢ introduced in the previous chapter, which
encode the asymptotic density of excursion and level set components respectively for
planar Gaussian fields. Our main results (Theorems 3.2.4, 3.2.5 and Corollary 3.2.12)
show that, for a wide class of fields, the continuous differentiability of cgg and cpg at
¢ is equivalent to the statement that, if the field is conditioned to have a saddle point
at the origin at level ¢, then almost surely the ‘arms’ of the saddle (i.e. the four level
lines that emanate from the saddle point) do not connect the origin to infinity. Since
we can prove that the latter property holds for many fields, we deduce the continuous
differentiability of the density functionals.

As discussed in Chapter 1, recent work has established that, in many circum-
stances, the geometry of Gaussian excursion sets exhibits similar behaviour to discrete
percolation models. The results in this chapter can therefore be compared to what is
known, and conjectured, about the analogous density functionals for discrete perco-
lation models. Consider Bernoulli bond percolation on Z?, defined by declaring the
edges of the d-dimensional integer lattice to be open independently with probability
p and closed otherwise (this is the natural generalisation of Bernoulli percolation on
Z? as defined in Section 1.2.3). Let C, denote the number of open clusters that are
contained in [—n,n]?. Then it is known ([39, Chapter 4]) that there exists a function

¥ :[0,1] — [0,1] such that
Ch

(2n)4

— 1h(p)
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as n — 00, almost surely and in L'. This is a direct analogue of the definition of
cps(?) given in Theorem 2.1.2, and is also proven using an ergodic argument. The
smoothness of 1) is of interest because it is related to the percolation phase transition.
Specifically, it is conjectured that ¢ is analytic on [0, 1]\{p.} and twice but not three
times differentiable at p., where p. € (0,1) is the critical probability for the model;
this reflects the values of certain ‘critical exponents’ which are believed to be universal
for percolation models (see [39, Chapter 9]). What has been shown rigorously, is that,
for all d > 2, 1 is analytic on [0,p.) and smooth on (p., 1]. In the case d = 2, it is
further known that v is analytic on (p., 1] and at least twice differentiable at p. (see
[39, Chapter 4]). Somewhat weaker results have been derived for other percolation
models, including the Poisson-Boolean model and ‘spread-out’ percolation models
[15].

Since the connectivity of the excursion sets of a wide class of planar Gaussian fields
is conjectured, and in some cases known, to undergo a phase transition at £ = 0 that
is analogous to the phase transition at p. for Bernoulli percolation (Section 1.4.2),
it is natural to conjecture that, for such fields, cgg and cpg are also analytic on
R\{0} and twice but not three times differentiable at 0. Our proof of the continuous
differentiability of cgg and c g can be seen as a first step in this direction.

Despite the connections to classical percolation theory, the method we use to prove
differentiability of the density functionals is quite different. In Bernoulli percolation,

the starting point is the equality

Y(p) =&, (IC*7).

where |C*| is the number of vertices in the open cluster at the origin and E, denotes
expectation for the percolation model with parameter p. By enumerating clusters,
this can be expressed as a power series in p, and the smoothness of 1 can be deduced
from bounds on the coefficients in terms of connection probabilities for the cluster at
the origin.

This approach does not readily generalise to the setting of Gaussian fields: whilst

it can be shown that

ces(0) = E (Vol(C*) 'L y0)¢)
where Vol(C*) is the volume of the component of {f > ¢} containing the origin,
it is not known whether the density of (Vol(C*), f(0)) is jointly continuous ([12]
studies a kind of ‘ergodic’ density for Vol(C') at the zero level). Instead, our proof of
differentiability uses the integral representation for cgg and cpg from Chapter 2. We

recall that one of the motivations for Theorem 2.1.7, was to provide a tool with which
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to study the excursion/level set functionals: since p,,+, pm-, and ps = ps+ + ps— are
explicitly known for a wide class of fields, by establishing simple properties of p,— we

can deduce results for cgg and cpg. In this chapter, we consider the function
pi-(l) :==ps(O) P ( f¢ has a lower connected saddle point at the origin> , (3.1

where fg is the field f conditioned to have a saddle point at the origin at level ¢ (in
the sense of Palm distributions; see Lemma 3.3.2 for a formal definition) and lower
connected saddle points are as defined in Chapter 2. Under mild conditions, we show
that p?_ defines a version of p,- (as the latter is defined only up to null sets). By
studying fg we are able to deduce properties of p?_, and hence of cgg and cpg.

Our study of fg also allows us to derive certain montonicity properties of cgg and
crs (see Propositions 3.2.14-3.2.16), which are informative about the general shape

of these functionals and also a key input to our most significant results in Chapter 4.

3.2 Main results

In this chapter we continue to work in the basic setting of fields satisfying Assump-
tion 2.1.1 (and later introduce some stronger assumptions). We are especially in-
terested in two fields satisfying this assumption: the Random Plane Wave and the
Bargmann-Fock field. These fields were introduced and motivated in Chapter 1. Re-
call that the Random Plane Wave has covariance K (z) = Jy(|z|), where Jy is the 0-th
Bessel function, and spectral measure equal to the normalised Lebesgue measure on
the unit circle. The Bargmann-Fock field has covariance K(x) = exp(—|z[?/2), and

Gaussian spectral measure.

3.2.1 Differentiability

Our first set of results concerns the differentiability of cgs and c¢pg. These require

some further assumptions on f.
Assumption 3.2.1. For all t € R*\{0},
Cov ((f(£), V£(1)) | £(0), V£(0), V2£(0))
is non-degenerate (i.e. this 3 x 3 matriz has non-zero determinant).
Assumption 3.2.2. There exist ¢, > 0 such that, for all |t| > 1,

max ‘GkK(t)‘ < ||~ 9.
|k|<3
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Moreover, there exists a neighbourhood V' of the origin on which the spectral measure

v has density p with respect to Lebesgue measure and infy p > 0.

Assumption 3.2.3. For 0 <r < R, let Army(r, R) denote the ‘one-arm event’ that
there ezists a component of {f > (} which intersects both 0B(r) and 0B(R). Then
there exist c1,co > 0 such that for any 1 <r < R

P(f € Armg(r, R)) < ¢1(r/R)*. (3.2)

Assumption 3.2.1 is extremely mild; it is satisfied whenever the support of the
spectral measure v contains an open set or a centred circle/ellipse (Lemma A.2.4).
In particular, it holds for the Random Plane Wave and the Bargmann-Fock field.

Assumptions 3.2.2 and 3.2.3 are somewhat more restrictive. Assumption 3.2.2
holds for any smooth field with sufficiently nice correlation decay, and in particular
holds for the Bargmann-Fock field, but it does not hold for the Random Plane Wave
(whose correlations decay only as [¢t|7'/2). It also implies Assumption 3.2.1, by the
previous remark.

Assumption 3.2.3 relates to the conjectured properties of the ‘percolation univer-
sality class’, and has been shown to hold for a wide class of fields that includes the
Bargmann-Fock field [77]. Moreover it is strongly believed to hold for the Random
Plane Wave. We state our results directly in terms of one-arm decay, as it is likely
that these bounds will be extended to more fields over time.

The first main result of this chapter is that cgg and cpg are continuously differ-

entiable under the above assumptions:

Theorem 3.2.4. Let f be a Gaussian field satisfying Assumptions 2.1.1 and 3.2.2—
3.2.3. Then cgs and cps are continuously differentiable on R. In other words, the
functions ps- and pg+ defined (up to null sets) in Proposition 2.1.6 can be chosen to

be continuous, and
ps(l) = —pm+(€) + ps-(£)

and
C/LS(€> = —DPm+ (€> + Ds- (8) — Ps+ (€> + Pm— (6)

We emphasise that Theorem 3.2.4 applies to a wide class of fields, including the
important case of the Bargmann-Fock field, but does not apply to the Random Plane

Wave as stated (although we believe the conclusion to be true).
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3.2.1.1 Four-arm saddle points

Theorem 3.2.4 follows from a more general result establishing that, under very mild
conditions, the continuous differentiability of cgs and cpg is implied by the decay
of certain connection probabilities involving four-arm saddles. We now repeat the
definition of four-arm saddle points given (in a more general setting) in Chapter 2.
Let D C R? be a simply connected domain with piecewise C'! boundary and let
zo € D be a saddle point of g € C2_(R?) such that g has no other critical points
at the same level as xy. We say that z is four-arm in D if it is in the closure of
two components of {x € D : g(x) > g(xo)} and two components of {z € D : g(z) <
g(xo)} (see Figure 3.1a); intuitively, a saddle point is four-arm in D if we cannot
tell whether it is upper or lower connected by looking at the values of g in D. A
saddle point zg is said to be infinite four-arm if it is in the closure of two components
of {x € R? : g(z) > g(x9)} and two components of {z € R? : g(z) < g(x¢)} (see
Figure 3.1b). Four-arm saddle points are somewhat analogous to four-arm events for

percolation models (see Section 1.3.2).

e {g=g@)}

N N

00 oo

(a) An upper connected saddle point (b) An infinite-four-arm saddle point.
that is four-arm in B(R).

Figure 3.1: Four arm saddle points

Recall the conditional field f, (to be formally defined in Lemma 3.3.2) and the
functions p!_ and p,- defined in (3.1) and Proposition 2.1.6 respectively.

Theorem 3.2.5. Let f be a Gaussian field satisfying Assumptions 2.1.1 and 3.2.1.
Then pi_ = ps- almost everywhere. Moreover, let a < b and suppose that for all
¢ € (a,b)

P < f¢ has an infinite four arm saddle at the 0rigin> = 0. (3.3)

Then pt_|(ap) is continuous, and hence cgs and crs are continuously differentiable on

(a,b).
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Theorem 3.2.4 follows from Theorem 3.2.5, once we verify condition (3.3) un-
der Assumptions 3.2.2 and 3.2.3. To do so, we first use Assumption 3.2.2 and a
Cameron-Martin argument to treat the conditional field f, away from the origin as a
perturbation of the unconditioned field f. We then use Assumption 3.2.3 to bound
the relevant connection probabilities for the unconditioned field.

As a corollary of Theorem 3.2.5 (actually of its proof), we deduce a bound on the
number of saddle points of a Gaussian field that are four-arm inside a ball and whose
level lies in a narrow range. This improves a bound that was used in Chapter 2,
and is also a key ingredient in the lower bounds on the variance of the number of

excursion/level set components given in Chapter 4.

Corollary 3.2.6. Let f be a Gaussian field satisfying all the assumptions of Theo-
rem 3.2.5. Then there exists a function g — 0 as R — oo and a constant ¢ > 0 such
that, for each R > 1 and a < ag < br < b,

E (N4—arm(R7 [G,R, bR])) S cmin {5RR2(bR — CLR), R}

where Nyam(R, [agr,br]) is the number of saddle points of f which are four-arm in
B(R) and have level in [ag, bg).

Remark 3.2.7. In Chapter 2 it was shown that E (Ny.m(R)) = O(R); Corollary 3.2.6
supersedes this bound whenever bgr — ap = O(R™1). Tt is possible to improve the
conclusion of Corollary 3.2.6 further by imposing stronger assumptions on the field.
For example, suppose we assume exponential decay of arm probabilities at some non-

zero level: for some ¢* > 0 and § € (0, 1), there exist ¢, ca > 0 such that
P(f € Armg(6R, R)) < cre” ™. (3.4)

Then for any a > ¢* (or b < —{*), it is possible to prove that there exists ¢ > 0 such
that
E (Ngam (R, [ar,bg])) < cmin{Rlog(R)(br — ar), R} .

In [77, 89], it is shown that a wide class of fields satisfy (3.4), so this assumption
is reasonable. We do not prove this result formally here because Corollary 3.2.6 is
simpler to prove, holds for a wider class of fields, and suffices for its intended purpose
(see Chapter 4).

In light of Theorem 3.2.5, the fact that (3.4) is expected to hold for a wide class
of fields also suggests it should be much easier to prove the differentiability of cgg
away from zero, since the probability of four-arm saddles in B(R) should decay ex-

ponentially at non-zero levels.
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3.2.1.2 The positivity of the level set density

As discussed in Section 3.2, the positivity of the mean excursion/level set functionals
is important for determining the asymptotic geometric behaviour of Gaussian excur-
sion/level sets. One nice consequence of the differentiability of cps and cpg, is that

it gives a new, short proof of their positivity in the delicate case £ = 0:

Proposition 3.2.8. Let f be a Gaussian field satisfying Assumption 2.1.1. Suppose
either cps or cps is differentiable at 0. Then cgg(0) > 0 and cs(0) > 0.

The positivity of cgs(0) and crg(0) are already known under quite general as-
sumptions ([81, 45] give a variety of sufficient conditions, whose union can be checked
to exhaust fields satisfying Assumptions 2.1.1 and 3.2.1). We restate this result be-
cause it uses a very different method of proof; in particular, it does not rely on the

‘barrier method’.

3.2.2 Monotonicity

We next consider monotonicity properties of cgg and cps. We begin by analysing the

ratio

=P ( fy has a lower connected saddle point at the origin) ,

which we intuitively expect to be non-decreasing: if we condition on the origin being
a saddle point at increasing heights, it seems more likely that it should be lower
connected. This can be made rigorous under some additional assumptions, and allows

us to deduce regions on which cgg(¢) and cpg(¢) are monotone.

Assumption 3.2.9. The field f is isotropic (i.e. its law is invariant under rotations)
and hence its covariance function can be expressed as K(x) = k(|z|*). Then
—K'(0)

X = o > 1. (3.5)

1
@)
~—

Furthermore, (f(0),V2£(0)) is a non-degenerate Gaussian vector, and for all x € R?,

E (f(:v) £(0) = 0,V2f(0) = (; 8))
E (f(cc) F(0) = 1,V2£(0) = (8 8))
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As discussed in Section 2.1.2, the parameter x is used in [26] to parameterise the
density of eigenvalues of V2 at critical points and is shown to take values in (0, \/5]
We note that (3.5) can be replaced by a weaker condition (see Remark 3.5.8) however
we do not state the general condition here, as (3.5) is much simpler to verify.

In Section 3.5.1.2, we explain how (3.6) and (3.7) can be translated into explicit
properties of the conditional field f,. We can also give equivalent versions of (3.6)
and (3.7) that are easier to check in practice. If we rescale the domain of f so that
k'(0) = —1 (note that k'(0) = 2K31(0) and that this rescaling does not affect the

value of x), then it can be shown by Gaussian regression that (3.6) is equivalent to
(k (|z*) + & (|z]?)) ”(0) + (27 (3K"(0) — 1) + =3 (1 — £”(0))) k" (]=|*) > 0
for all x € R? and (3.7) is equivalent to

2K"(0)k (y) +yk" (y) + K (y) _ |
2k"(0) — 1 -

From this, it can be verified that specific fields satisfy Assumption 3.2.9, including the

Vy >0,

Bargmann-Fock field. The Random Plane Wave does not satisfy Assumption 3.2.9; in
this case y = v/2 but (f(0), V2f(0)) is non-degenerate so the conditional expectations
in (3.6) and (3.7) are not defined. However we are able to prove the monotonicity of

pi_/ps in this case too:

Theorem 3.2.10. Let f be the Random Plane Wave or a field satisfying Assump-
tions 2.1.1, 3.2.1 and 3.2.9 (e.g. the Bargmann-Fock field). Then p%_({)/ps({) is

non-decreasing in £.

Given the definition of p?_, we will show that Theorem 3.2.10 is a consequence of
fo — ¢ being stochastically decreasing in £. Our proof of the latter fact differs for the
Random Plane Wave and for fields satisfying Assumption 3.2.9 (in the former case
it is somewhat simpler, because (f(0), V2f(0)) is degenerate for the Random Plane
Wave).

The monotonicity of p_ /p, has implications for the smoothness of cgg and cpg:

Corollary 3.2.11. Let f satisfy the conditions of Theorem 3.2.10, then pi_ has at
most a countable set of discontinuities, all of which are jump discontinuities. In

particular, cgs and cps are twice differentiable almost everywhere.

As discussed in Section 3.1, it seems likely that the stronger result that cgs and ¢ g
are twice differentiable everywhere should hold. There are no known counterexamples
to this statement, aside from fields which are periodic or constant in one direction.

Monotonicity of p’_/p, also implies a converse of Theorem 3.2.5:
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Corollary 3.2.12. Let f satisfy the conditions of Theorem 3.2.10, then for every

a < b the following are equivalent:

1. For alll € (a,b)

P ( f¢ has an infinite four-arm saddle at the 0rigin> =0;

2. There exists a version of ps— which is continuous on (a,b);
3. cgs(+) is continuously differentiable on (a,b);

4. crs(+) is continuously differentiable on (a,b).

Remark 3.2.13. Clearly, if any of (1)—(4) hold in Corollary 3.2.12, then by Theo-

rem 3.2.5, the version of p,- (4 which is continuous is equal to p’_ |-

Finally we use Theorem 3.2.10 to deduce intervals on which cgs and cpg are
monotone. We shall state the strongest form of our results only in the case of the
Random Plane Wave and Bargmann-Fock field. Let D, and D™ respectively denote
the lower and upper right Dini derivatives, that is, for g : R — R,

D.g(z) = limui)nf glx+e) = g() and D%g(z) := limsup glr+e) - g(x)

€ € el0

Proposition 3.2.14. Let f be the Random Plane Wave. Then

D.cgs(f) >0 forl e (—00,0.87]
Dteps(f) <0 for £ € [1,00)

and
Dreps(0) <0 for £ € [1,00).

Proposition 3.2.15. Let f be the Bargmann-Fock field. Then there exists € > 0 such
that
' (0) {> 0 fortl e (—e0.64]
<0 fort e [1.03,00)
and

crg(l) <0 forl € [1.03,00).

These results are proven using the integral representation for cgpgs and cpg along
with the explicitly known densities p,,+, ps and p,,—. These densities are known for
general isotropic fields, and so we obtain similar results in this case. Recall that the

covariance function of an isotropic f may be expressed as K(x) = k(|z|*) for some

k:[0,00) = R, and that x := —&'(0)/1/k"(0) € (0v/2].
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Proposition 3.2.16. Let f be an isotropic field satisfying Assumptions 2.1.1, 3.2.2,
3.2.3 and 3.2.9. Then there exists € > 0 and an explicit constant C' > 0 such that

D) >0 forle (—eC)
“es <0 forte (v/2/x,0)

and
& o(0) <0 forl e (V2/x,00).

The explicit formula for the constant C' is quite complicated and is given in the
proof of this proposition. However it is straightforward to evaluate this formula for
any particular field (as we have done for the Random Plane Wave and Bargmann-Fock
field in Propositions 3.2.14 and 3.2.15).

As an intermediate result to Proposition 3.2.14 we require that, for the Random
Plane Wave, cgg(¢) > 0 for £ < 0. Since this result is not stated elsewhere in the
literature, we do so here. The proof uses the ‘barrier method’ and is near-identical
to that of Nazarov-Sodin in [81] in the case ¢ = 0.

Proposition 3.2.17. Let f be the Random Plane Wave. Then cgs(¢) > 0 for all
¢eR.

3.2.3 Summary of the rest of the chapter

In Section 3.3 we give a formal definition of f,, the field f conditioned to have a
saddle point at the origin at level ¢, and derive explicit distributions for fg in special
cases. In Section 3.4 we study topological properties of fg, and use this to deduce the
results outlined in Section 3.2.1. In Section 3.5 we consider stochastic monotonicity

properties of fy, and complete the proofs of the results in Section 3.2.2.

3.3 The field conditioned to have a saddle at the
origin

In this section we consider fg, the field f conditioned to have a saddle point at
the origin at level ¢. Using the theory of Palm distributions, we give an explicit
representation for fg, and in the isotropic case we derive simple expressions for its
distribution.

We begin with a general statement expressing fg as (a limit of) a Palm distribution
relative to a point process defined by the saddle points of f. Let us first recall the
relevant theory of Palm distributions (see [50, Chapter 11] for background). We
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define a point process ¢ to be a random measure on R? such that ¢((B) is integer-
valued for every bounded Borel set B. We say that ( is simple if, with probability one,
C({s}) < 1for every s € R%. We say that it is non-degenerate if E(¢(B)) > 0 for every
Borel set B with positive Lebesgue measure. Let g : R? — R be a planar random
field and S a non-degenerate, simple point process on R?, and suppose that (g,S) are
jointly stationary (i.e. this joint distribution is invariant under translations). Fix a
bounded Borel set B C R? such that 0 < E(#{s € B: s € S}) < oco. Then the Palm
distribution of g relative to S is defined as the random field g satisfying, for any Borel
cylinder set A,

#{se B:seS,g(x —s) e A})
E(#{s€ B:se€S}) '

P(§(x) € 4) = = (33)

This definition is independent of the reference set B, hence we write g = (¢ | {0} € S).

Lemma 3.3.1. Let f be a Gaussian field satisfying Assumption 2.1.1. For { € R and
€>0, let

fieera = (f {0} € S[L, € +€])

be the Palm distribution of f relative to S[¢, ¢ + €|, the point process of saddle points
with level in [0, €+ €. (This point process is non-degenerate by Lemma A.2.5.) Then
there exists a random field fg such that, as e — 0, fwﬁ] converges in distribution to

fo in the topology of uniform C2t1 convergence on compacts.

It is important to distinguish _/?[Ag_i_e] from the conditioned field
(F()VF(0) = 0, det V2£(0) < 0, £(0) € [£, €+ ],
which is defined via the distributional limit

lim(f(6)|£1(0). £2(0) € [0,6), det V2£(0) < 0, £(0) € [, £+ €]).

§—0

The latter is sometimes known as ‘vertical window conditioning’, and is the standard
way of conditioning on part of a random vector (for a Gaussian vector, this condition-
ing is given explicitly by Gaussian regression, see [5, Proposition 1.2]). By constrast,
the former can be thought of as ‘horizontal window conditioning’, and corresponds
to sampling a ‘typical’ saddle point (i.e. via the counting measure). The difference
between these forms of conditioning is elegantly explained in [49].

Using basic properties of Gaussian fields, we can derive explicit representations

for JFWM and fg:
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Lemma 3.3.2. Let f be a Gaussian field satisfying Assumption 2.1.1 such that
(£(0),V2£(0)) is a non-degenerate Gaussian vector. Define a : R* — R and 3 =
(P11, Baz, Br2) : R — R3 to be the unique functions satisfying

E (f(#)]£(0) = u, V?f(0) = w) = a(t)u+ B(t) - w
for allu € R, w € R3, and define

(s, 1) = E (f(s)f ()| £(0) = 0,V £(0) = 0, V*f(0) = 0).
Then
~ d
Jieerq = 9+ 200490 + Zjppsq - B,
where g is a centred Gaussian field with covariance function v, and (zwﬂ], ZWJFE])
is an independent random vector with density

P Zinerg) @ XD 0 |det X[ pro) v250) (2, X) Laepeerqlact x<o-

Moreover,
fz i g+ lo + Zg . 6

where Zy is a random vector, independent of g, with density
Pz, (X) o |det X| proy,v2r0) (€ X)Laet x<0-

The functions «, § and v in Lemma 3.3.2 can be computed explicitly via Gaussian

regression (see [5, Proposition 1.2]). Specifically, we define

Vo = (f(0)7 811f(0>7 822f(0)7 al2f(0))
and
v =(f(0),Vf(0),011f(0),022f(0),012£(0)),

and let Xy and X be the respective covariance matrices of these vectors. Then

(Oé(t), 611(t>7 ﬁ22(t)7 612<t)) = Cov (f(t)a UO) 251

and

7(s,t) = Cov (f(s), f(t)) — Cov (f(s),v) ¥~ Cov (f(t),v)".

'Here and in the proof of this lemma we treat Z104¢ interchangeably as the three-
dimensional column vector (Zjg¢te,115 Zie,04¢),22> Z[t,0+¢,12) and the symmetric 2 x 2 matrix

Zipord a1 Zieete 12
Ziterdiz Zleete,22
use this convention for Z, and X (introduced below).

); which form we are using will always be clear from context. We also
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In the case that (f(0), V2f(0)) is degenerate (which includes the Random Plane
Wave), the representations of fwﬂ] and fg in Lemma 3.3.2 must be modified to
accommodate this degeneracy; in particular, V2 f(0) should be considered as a vector
consisting of two of its coordinates, chosen so that they are non-degenerate with
f(0), and «a, f and v should be defined accordingly. For simplicity we will not state
this representation formally; for the Random Plane Wave we state a more precise
description below (in Proposition 3.3.4).

Lemmas 3.3.1 and 3.3.2 are essentially derived in [2, Chapter 6]; we repeat this

here for completeness, and so that we can extend the arguments slightly.

Proof of Lemmas 3.5.1 and 3.3.2. We consider the case in which (f(0), V2f(0)) is
non-degenerate, since the degenerate case is similar. Let T = (ty,...,t,) € R*™
and y1,...,yn € R. Then by the definition of JFWerv and the Kac-Rice theorem
(Theorem 1.3.2),

P (f[z,ue}(h) <Y1, feerg(tn) < ym>
_E(#{se B(1): Vf(s) =0,det V*f(s) <0, f(s) € [(,{+¢€], f(s+1;) < y; Vi)
E(#{s€ B(1):Vf(s)=0,det V2f(s) <0, f(s) € [(,{+€])
 E(|det V2 F(0)[1 soyefeerqLaci vz ro)<o [ L sty |V F(0) = 0)
N E (|det V2 £(0) |1 f0)efe, e+ Laes w2 £(0)<0| V.S (0) = 0)
B /yl v [y [ det X|pr(, 0, X, 1) Loy x<o da dX

oo Sooo [ [T det Xp(x, 0, X)L aes x <o d dX

Um - dul,

where pr and p denote the densities of (f(0),Vf(0),V2f(0), f(t1),..., f(tn)) and
(£(0),Vf(0),V2f(0)) respectively. We note that p is non-degenerate since V f(0) is
independent of (f(0), V2f(0)) (Lemma A.2.2) and these vectors are non-degenerate
by assumption. The density pr may be degenerate, in which case we think of it as

having atomic mass. Rearranging these terms, we can express the joint density of

(]E[e’prg](ti) r=1,... ,m) as

l+e
o () = / Ya(X)pr(w, 0, X, ) /p(x, 0, X) d dX
R3 Jo
where
|det X |p(x, 0, X)1 et x <0

fR3 €€+6|detX|p(l‘707X>]ldetX<() dx dX

2 (X)

Then the characteristic function of ( fwﬂ] (t1),..., f[g,gﬁ](tm)) is given by

l+e
2 (6) = / a(X) / ¢ pr(e,0, X, u)/p(x,0,X) dudw dX.  (3.9)
R3 J¢ m
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The inner integral of equation (3.9) can be calculated by Gaussian regression (see [5,
Proposition 1.2]). Specifically, let A = (a(t1),...,a(tn)), B = (B(t1),...,B(tm))
and I' = (’}/(tz, tj))i,jzl m- Then

(f(t1),-- ., ftwm) | f(0) =2,V f(0) =0,V>f(0) = X) ~ N(Az + BX,T).

Since pr(z,0, X, u)/p(z,0,X) is the probability density of this random variable, we

can substitute the characteristic function of a Gaussian vector into (3.9) to give

l+e
M+e] / /+ ¢ z0~(A;r+BX)—%6’F0 de dX
R3

_igro Jps €9 AT B det X |p(z,0, X) Lyeprereq Laet x<o dz dX
fR4|det X‘p([t 0, X)]lxe[é €+E]]ldetX<O dr dX

Since the characteristic function of a random vector uniquely specifies its distribution,
we identify the distribution of f.[g,m_e] as that given in the statement of Lemma 3.3.2
(using the fact that p(z,0,X) = pyo)ves) (2, X) since Vf(0) is independent of
(£(0), V2£(0))).

By inspecting their joint distribution, it is clear that zj . 4 ¢ and 2,044 N Zy
as € = 0. We now fix a sequence ¢; | 0, and create a coupling of f[e,uq] for each 17
such that each field consists of the same realisation of ¢ and the sequences {Z[Mﬁi} bien
and {Zjs1¢, }ien converge almost surely. Since K € CH(R2), the same is true of

loc

a, B and v and hence g € Cot"(R?) almost surely for the choice of € (0,7//2)
made at the beginning of Section 2.1 (Kolmogorov’s theorem: Theorem A.1.2). It
is therefore clear that the coupled fields f[é,@rei} converge almost surely in the C?*7
topology uniformly on compact sets as ¢ — oo to ﬂ This completes the proof of the

lemmas. O

We now present simpler descriptions for f; in the case of isotropic fields. In
this case it is quite natural to express the Hessian component Z, in terms of its
eigenvalues \; < Ay and the argument of the first eigenvector 6. Recall the parameter
x = —k'(0)//k"(0) € (0,v/2], where K(t) = k(|t|?). Again we must distinguish the
case in which (f(0), V2£(0)) is degenerate, which corresponds to x = v/2 and implies

that f is (a rescaled version of) the Random Plane Wave.

Proposition 3.3.3. Let f be an isotropic field satisfying Assumption 2.1.1 such that
X < V2. Then

foe() £ g() + €a(-) + \bi(-,0) + Aaba(-, 0),
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where g, and (8 are as in Lemma 3.5.2,
b (t,0) = cos®(0) 11 (t) + sin?(0)Baz(t) + sin(6) cos(8)Bia(t),
by(t,0) = sin®(0) B11(t) + cos?(#) Baz(t) + sin(f) cos(6) Bia(1),

0 is an independent random variable, uniform on [0,27), and (A1, \2) is an indepen-

dent random vector with density proportional to

(v = pl)* + (y — ul)* +27(x — pl)(y — M))

%uww—uww—xmpwwm(—

where , )
1602 ) |
3—x? 3—x?

Proof. Recall the random vector Z, from Lemma 3.3.2, which we view as a 2 x 2

=2k (0) , (3.10)

symmetric matrix. Let A\; < Ay be the eigenvalues of Z,, and let 6 be the argument

of the eigenvector associated to A;. If h denotes the bijection which maps Z, to
A = (A1, \g, 0), then for any Borel set A

E (|det V2£(0)| Laet v2f(0)<0,v2f(0)eal f(0) = £)
E (|det V2£(0)| Laet w2 s(0)<olf(0) = £)

Since f is isotropic and (f(0), V2f(0)) is non-degenerate, [26] derives the density of
the ordered eigenvalues of (V2£(0)|f(0) = ¢) and the arguments of the corresponding

P(A € h(A)) =

eigenvectors as that given above. O

Proposition 3.3.4. Let f be the Random Plane Wave. Then
fe £ g+tat 25,

where g is a centred Gaussian field with covariance function v (which is defined as in
Lemma 3.3.2), «, 8 are defined as

a(t) = %ww+2ﬁ; 2 (1)

t2 t2 t1t2

and Z* = (Z¢,, Z%,)! is an independent random vector with density

w@(x>y) X (x(x + €) + y2)]1(93(36+5)+y2)>0 Pr(0),£11(0),f12(0 (E x y)

Alternatively, f, has the representation
fe@) = g(t) + € [Jo([t]) + 2 cos(2(0 — argt))Ja([t])] + A - 4 cos(2(0 — arg t))Ja([t]),
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where argt denotes the argument of t and (0, \) = (0, \;) is a random vector, inde-

pendent of g, with density
P06 (ZE, y) X I(ZL’ + £)<2$ + €>6_4x(m+€)]lx>max{0,—€}]ly€[0,27r)~ (311)

Proof. The representation
fi=g+ta+2°-8

follows from an argument similar to that used to prove Lemma 3.3.2. The functions
a and 8 can be explicitly calculated using Gaussian regression (see [5, Proposition

1.2] for example). Next we note that (Z{,, Z%,) is supported on the region for which

Zi  Zh
det (Ze T < 0.
12 11 .

Therefore this matrix almost surely has a unique, positive eigenvalue A and corre-
sponding eigenvector with argument 6. By explicitly diagonalising this matrix, we

obtain a formula for A and 0:

Zi 4+ 0)2 = (A +£/2) cos(20)
Zt, = (A +£/2)sin(20).

By the standard change of variable formula (and explicitly evaluating 1, in terms of
the covariance of the Random Plane Wave) we can calculate the joint density of (A, 0)

to be equal to the expression in (3.11). O

3.4 Differentiability of the mean functional

In this section we prove the results stated in Section 3.2.1. We begin by studying
the space Cﬁ:g of functions h € CZF" (R?) which have a non-degenerate critical point
at the origin and no other critical points at level h(0). We will also use the space
Cli:g (R) which is the set of all h € Céjg” such that h(0) is not a critical level of

h|ap(r)- We endow these spaces with the 01201'" topology.
By showing that f, € C’?;rg (R) almost surely, we prove that f, having an upper
(or lower) connected saddle point in a compact region is a continuity event, from this

we deduce Theorem 3.2.5 (with the other results following as consequences).

Lemma 3.4.1. If h € C3" has a saddle point at the origin, then this saddle point
Reg

18 either upper connected, lower connected or an infinite four-arm saddle.
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Proof. For a small enough neighbourhood B of the origin, the level set {h = h(0)}
in B\ {0} consists of four curves that connect 0 to 0B (the Morse lemma [72,
Lemma 2.2]). If the connected components of these curves in R?* \ B are all un-
bounded, the saddle point must be infinite four-arm. If one of them is finite, then
by the implicit function theorem it is a simple C* curve joining two points on dB5.
Hence the saddle point is either upper connected (if the field takes values larger than
h(0) on the outer boundary of the loop) or lower connected (if the field takes values

smaller the h(0) on the outer boundary of the loop). O

We now consider saddle points which are upper or lower connected in a compact
domain. Specifically, for a C? function h with a saddle point 2 we say that zg is R-
lower connected if it is in the closure of only one component of {h < h(zo)}NB(xg, R).

We make an analogous definition for R-upper connected saddles.

Lemma 3.4.2. Let s~ (R) be the subset of functions h € C}Q{Jgg"(R) such that the origin
is an R-lower connected saddle point of h, then s~ (R) is open and closed in Cf{:g"(R).

The same is true for the set sT(R) of functions with R-upper connected saddle points.

Proof. Let h € C’é:g (R) have a saddle point at the origin which is R-lower connected;
we will find a neighbourhood around h which contains only functions with such saddle
points at the origin. First we choose r € (0, 1) sufficiently small that & has a four-arm
saddle in B(r). Since the origin is a non-degenerate saddle point for h, V2h(0) has
eigenvalues \; < 0 < A9 and corresponding eigenvectors vy, vs. We now choose a
neighbourhood N; C C’ggg (R) of h (in the topology of uniform C?™ convergence)

such that for all g € Ny,
Dy n9(0) < A1 /2 and  Dyy.,9(0) > Ao /2.

This ensures that each function in N; also has a saddle point at the origin.

Next we choose Ny C Cé;rg"(R) such that for each g € Na, ||gl24y < 2||h]|24y. We
consider the four line segments joining 0 to 0B(r) parallel to v; and v, and we reduce
r relative to [|h||24+, so that for each g € Ny N Ny, the directional derivative of g on
this line segment (parallel to the line segment) has constant sign. This ensures that
for each such g the saddle point at the origin is four-arm in B(r).

There exist two connected subsets Ay, Ay of dB(r) such that h < h(0) — 3¢ on
A1 UA, for some € > 0 and A; and A, are in different components of B(r)N{h < h(0)}
(see Figure 3.2). We next choose a neighbourhood N3 C C’f{:g (R) of h such that A;
and A, have the same properties for any function g € N3 with 3¢ replaced by 2¢ and

19(0) = h(0)] <&
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Figure 3.2: Approximating an R-lower connected saddle point in the C?*7 (B (R))
topology.

By definition of a saddle being R-lower connected, there is a curve v in B(R)
joining A; to A in {h < h(0)} and h is bounded above by h(0) — 36 on « for some
9 > 0. Since 7 is compact we can find a neighbourhood N, such that g < h(0) — 2
on v for all g € Ny and |h(0) — g(0)] < 0. Combining these observation, we see that
N := Ny N Ny N N3N Ny is a neighbourhood of h (in Cﬁjg"(R)) and any g € N has a
saddle point at the origin which is lower connected in B(R) and so the set of functions
with such saddle points is open, as required.

The set Cﬁg’ can be partitioned into sets of functions which have either a local
maximum, a local minimum, a saddle point which is four-arm in B(R) or a saddle
point which is R-upper/lower connected at the origin. Arguments which are very
similar to those above show that each of these subsets is open, hence proving the
statement of the lemma. (For saddle points which are four-arm in B(R), we use the
fact that h(0) is not a critical level of h|sp(r), which implies that the four level lines

emanating from the origin intersect 0B(R) at different points.) O

We next confirm that f, € Cﬁ:g (R) almost surely:

Lemma 3.4.3. If f is a Gaussian field satisfying Assumptions 2.1.1 and 3.2.1, then
forany ( €R and R >0, f, € C’IQ{;"(R) almost surely.

Proof. To simplify the presentation we assume that (f(0), V2f(0)) is non-degenerate;
the degenerate case is similar. Recall the representation of f, in Lemma 3.3.2. By

the definitions of «, 8 and 7, fg is almost surely in C’E:g

"(R?), and has a critical point
at the origin at level £. By evaluating the second order derivatives of «, § and 7, it
follows that V?2 fg(O) = Z,. Since the density of Z, is identically zero on the region
where its determinant is zero, det V? fg(O) # 0 almost surely, and so the critical point

at the origin is non-degenerate.
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Next we show that fg almost surely has no other critical points at level . Let T}, =
W\B(%) and consider (V fy, fr—¢) : T, — R®. Bulinskaya’s lemma (Lemma A.2.1)
states that f, almost surely has no critical points at level ¢ in T, provided that
the univariate densities of (V fy(t), f¢(t)) are bounded in a neighbourhood of (0, )
uniformly over ¢t € T},. Since g and Z; are independent, the density of (V fy(t), fu(t))

is given by the convolution

P .7 () = /R PYa0.90) (& — WDV(ze50) +a(0).2080) +a(v) (1) du
< sup DPvg(t),g(t) (x)/ pV(Zg-B(t)-l-foc(t)),Zgﬂ(t)-&-ﬁa(t)(u) du
x6R3 RS

= SUp Pvy(t),g(t)(T)-
z€R3

Therefore, to show that pg 7.(1).f,(v) 18 bounded, it is sufficient to show that the density
of (Vg(t),g(t)) is bounded uniformly in . Since these densities are Gaussian, this is
equivalent to showing that the determinant of the covariance matrix of (Vg(t), g(t))

is bounded away from 0 on T,,. However this is the determinant of

Cov ((V£(), (1)) | £(0), V£(0), V*f(0))

which is non-degenerate for each ¢t € T}, by Assumption 3.2.1. Since this determinant
is continuous in ¢, it is bounded away from 0 on the compact set T),. Taking the
countable union of T}, for n € N then shows that f, almost surely has no critical

points at level ¢ in R?\{0}.

To verify that fg!aB( r) almost surely has no critical points at level ¢, we apply an

((‘?é?) Vi), ﬁ@))

where y = (Rcos(d), Rsin(f)). This completes the proof that f, € Cﬁjg (R) almost
surely. O]

identical argument to

We are now ready to prove Theorem 3.2.5. Let Nf ) [1, £5] denote the number of
R-lower connected saddle points of f in B(1) with height in [¢y, l5]. If Ns(f% ) is replaced
with N,- or N, we make a corresponding definition for lower connected saddle points
or saddle points respectively. Recall that s~(R) is the subset of functions in C’E{Jgg (R)
with an R-lower connected saddle point at the origin. We also define s~ and s* to
be the subsets of Cf{:g with lower and upper connected saddle points at the origin

respectively.
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Proof of Theorem 3.2.5. Let f be a field satisfying Assumptions 2.1.1 and 3.2.1. The
first step is to show that p?_ is lower semi-continuous, by expressing it as the pointwise
supremum of a sequence of continuous functions. Let / € R and € > 0 and we fix
R > 0. We now claim that

E (NS@ [0, 0+ e]>
E (Ns[€, ¢+ €])

—P (firerg €57(R)).

We first note that, by Lemma 3.4.2, the event s~ (R) is contained in the Borel o-
algebra generated by the C'f{:g (R) topology and that JZWM is measurable with respect
to this o-algebra. Furthermore, by an elementary argument (see, for example, [81,
Lemma A.1]) this o-algebra is generated by cylinder sets; those which depend on the
value of the function at only finitely many points. Since the distribution of f~[€,€+e]
on cylinder sets is defined in (3.8) as an empirical measure, these two measures must
coincide on the o algebra generated by this 7w-system. This verifies the claim.

By Lemma 3.3.1, fwﬂ] converges in distribution to f; (in the C’f;g" topology) as
e — 0, and since having a saddle point at the origin which is R-lower connected is
a continuity event for f, (Lemmas 3.4.2 and 3.4.3), the portmanteau lemma implies

that
P ( fieosa € s—(R)) P ( fie s—(R))

as € = 0. By inspecting the form of py,, it is clear that fe 4 f[o as { — Ly in the C21"

loc

topology. So by applying the portmanteau lemma again, we see that P( foes (R))

is continuous in ¢. Hence the function

P (0) = p(0)P ( fi e s—(R)) , (3.12)
is continuous in ¢. Now note that

E(Ns[MJrGDE(Ns@w’EHD (R)
€ E(N[l, ¢+ €])

g (NS@ 16,0+ e]) -

€

as € — 0 (by Proposition 2.1.6). Hence E <Nf)[—oo,€]> is differentiable in ¢ with

derivative pil_%) (¢). We now allow R to vary; since s~ (R) is non-decreasing in R and
Ugrsos™ (R) = s, taking the limit of (3.12) shows that

pi-(0) = lim p{™(0)

R—o0

for each ¢ € R. Hence p;_ is indeed a pointwise supremum of continuous functions,

and so is lower semi-continuous.
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We next prove that pf_ = p,- almost everywhere. Let a < b, then since |p¥_ —p,-|
is bounded, by dominated convergence
b b
/ ps-(x) — pi-(x) de = lim ps- () — pi,}_%)(m) dx

R—o0 a

— lim E <NS_ [, b] — N [a,b]) —0,

R—o0

where in the last line we have used the definition of p,-, the fundamental theorem

(R)

of calculus applied to E(N .~ [—o0, f]) (along with the differentiability proven above),

s
and then dominated convergence once again. Since a and b are arbitrary, we conclude
that p?_ = p,- almost everywhere.

To finish the proof, we show that (3.3), the condition that f, does not have an
infinite four-arm saddle, implies the continuity of p?_. Observe that, by repeating the

arguments above, we may define the lower semi-continuous function
P (0) = po(OP (fr € %)

which is a version of p,+. By Lemmas 3.4.1 and 3.4.3, the saddle point of f, at the
origin must be either upper connected, lower connected or an infinite four-arm saddle.
Therefore
P (ﬁg has an infinite four-arm saddle) =1-P <fg €stuU s‘)
I RGN 80 (3.13)
ps(€)  ps(0)
(Note that ps(¢) > 0 by Lemma A.2.5.) Now suppose that (3.3) holds, that is, for

all ¢ € (a,b), fo almost surely does not have an infinite four-arm saddle point at the

origin. By (3.13) we see that p%, (¢) = ps(¢)—pi_(¢) for all ¢ € (a,b). Since p%, is lower
semi-continuous (and p, is continuous), we deduce that p’_ is upper semi-continuous
on (a,b). Hence we have shown that p*_ is both upper and lower semi-continuous on

(a,b), which completes the result. ]

As mentioned previously, Theorem 3.2.4 follows from Theorem 3.2.5 once we verify

condition (3.3). This is done in the next lemma:

Lemma 3.4.4. Let f be a Gaussian field satisfying Assumptions 2.1.1 and 3.2.2—
3.2.3. Then for every £ > 0 and r > 0,

P (fg € Army(r, R)) — 0 (3.14)

as R — oo. In particular, for all ¢ € R, f, almost surely does not have an infinite

four-arm saddle point at the origin.
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Proof. We first note that if f, has an infinite four-arm saddle at the origin, then both
{fo > ¢} and {f, < ¢} = {—f, > —¢} have unbounded components containing the
origin. Then, since f, and —f_, have the same distribution by Lemma 3.3.2, the
second claim of this lemma follows from the first.

Since the event Army(r, R) is weakly increasing in r, it is sufficient to prove (3.14)
for a sequence rg — oo as R — oco. This allows us to make use of the fact that, far
from the origin, the distribution of fg is close to that of f.

By Assumption 3.2.2 and Lemma A.2.4, we know that (f(0),V2f(0)) is non-

degenerate. Recall the representation for ﬁ in Lemma 3.3.2
fe=g+la+Z- B,

and recall also the explicit expressions for a, 8 and the covariance of g derived after
this lemma. Since this covariance is expressed as the difference of two positive definite

functions, if we let f; be a centred Gaussian field with covariance
Ki(s,t) = Cov (f(s),v) 27" Cov (f(),v)’,

then we can decompose f = g + fi, where f; and g are independent. Since K
can be expressed as a linear combination of 0" K (s)0" K (t), for |ki|, |ks| < 2, by
Assumption 3.2.2 there exists ¢1,( > 0 such that, for all » > 1,

sup sup|0FK;(s,t)] < ¢ 210, (3.15)
5,t¢B(r) |k|<2

Moreover, since «, 3 can be expressed as a linear combination of 9*K (t), for |k| < 2,
by Assumption 3.2.2 there exists ¢, ( > 0 such that

supla(t)] < cr™ 9 and  sup ||B(t)]|oe < cor” 1O, (3.16)

[t]>r [t|>r

Next, we fix ¢ > 0 and apply a Cameron-Martin argument to the unconditional
field f. In particular, by [77, Corollary 3.7] (valid by the condition on the spectral
density in Assumption 3.2.2; and since Army(r, R) is an increasing event with respect
to the field) there exists c3,79 > 0 such that for all » > rq the following holds: if
F :R? — R is a continuous random field coupled with f such that

P (Hf — Fllco,a(rr) > e) <9

where || - ||, a(,r) denotes the supremum norm on A(r, R) the centred annulus of

inner radius r and outer radius R, then
P(F € Army(r,R)) <P (f € Army(r, R)) 4+ 0 + c3Re. (3.17)
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We will apply this bound to
F=fi=f—fi+la+Z B

Note that, by the union bound,

()
00,A(r,R)
<P (Hﬁ& + Zy- 5Hoo,,4(r,R) > 6/2> +P <Hf1|\oo7A(r7R) > e/2>
<1 {€‘|QHOO,A(T7R) > 6/8} + Z P (]ZM 1Billso,a(r) > 6/8)

ic{11,12,22}
+P (Il = €/2)

We now show that, for a suitable choice of r = rg — o0 and € = e — 0, the three

(3.18)

terms in (3.18) all decay to zero as R — oc.

By (3.16), and since Zy; is almost surely finite, the first two terms in (3.18)
converge to zero as long as er!™ — oco. If we assume this convergence is sufficiently
fast (to be specified below) then it is a standard estimate for the norm of a Gaussian
field that the third term of (3.18) also converges to zero. This argument is essentially
the same as [77, Lemma 3.12], but our setting is slightly different so we give a complete
proof.

Let B,(1) denote the ball of radius 1 centred at z. Covering A(r, R) with O(R?)

unit balls, and using the union bound,

P (|| filloo,a(mr) > €/2) < c3R? SAL}I)R)P (1 f1lloo.Ba)) = €/2) .
xeA(r,

By the Borell-TIS inequality ([1, Theorem 2.1.1]), for all u > 0,
P (Hfl”oo,Bz(l)) > my + u) < 26—112/(203)7

where
my = E[|| filloo,,1)] and o2 = sup Ki(y,y).
yE€BL(1)

By Kolmogorov’s theorem [81, Appendix A.9], there is a ¢4 > 0 such that

me <cy sup  sup (02K (s, t)"?.
$,t€By (1) |a1],|az2|<1

Therefore, by (3.15),

1— 2-2¢

sup My < csr ¢ and sup 0§<c5r’
z€A(r,R) z€A(r,R)
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Taking u = ¢/4 and assuming that €/4 > ¢s7~1=¢ we have
P (”leOO,A(r,R) > 6/2) < 2C6R2 eXp(—c7e2r2+2<),

To finish, we take
R 1

= w and €= W(R)
and observe that for this choice the right hand side of the estimate above converges
to 0 as R — oo. Combining all of these estimates together we have that the right
hand side of (3.18) tends to zero as R — 0.
Substituting into (3.17), and noting that r/R — 0 and Re — 0 as R — 0o, proves
that P(f, € Army(r, R)) can be made arbitrarily small, which completes the proof of

the lemma. O
Proof of Theorem 3.2.4. This is immediate from Theorem 3.2.5 and Lemma 3.4.4. [J

To end the section we prove the remaining results stated in Section 3.2.1, namely
Corollary 3.2.6 and Proposition 3.2.8.

Proof of Corollary 3.2.6. By Lemmas 2.2.4 and 2.4.5, E(Nyam(R)) = O(R), so it
suffices to prove the other bound here. Recall that A(R — r, R) denotes the annulus
of inner radius R — r and outer radius R. We first note that for any 1 <r < R

N4—arm<R7 [aR, bR]) SNcrit (A (R -, R) s [CLR, bR]) + N4—a7’m,r (B (R — 7") s [aR, bR])

where, by a slight abuse of notation, N (A (R — 7, R),[ag,bg]) denotes the num-
ber of critical points in A (R — r, R) which have level in [ag, bg], and we denote by
Ny—army(B(R — 1), [ag, bg]) the number of saddle points t € B(R—r) which are four-
arm in B(t,r) and have level in [ag, bg|. Using the Kac-Rice theorem (Theorem 1.3.2)
and the independence of (f(0), V2f(0)) and V f(0)

E(Ncrit(A<R -, R), [aR, bR]))

= / E (|det (V2 £(0))] 1 r©)efansn| V. (0) = 0) pyr)(0) dt
A(R—m,R)

3.19
— o (R~ (R—1)?) /bR E (|det (V2£(0))|| £(0) = 2) pyoy(a) da .
< oBr (bn—an)
for some ¢1, ¢, > 0 independent of R. By stationarity of f
E(Ni—army(B(R = 7),[ar,br])) < R* E (Nyams(B(1), [ar, br)))
(3.20)

o (r) (r)
7R [ pa) o) - e do

aRr
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where p(r,) and pg? are the continuous functions defined as in the proof of Theo-

S
ir_) + pg_? converges pointwise

rem 3.2.5. In this proof it is shown that as r — oo, p
monotonically to pi_ + pi, = p, which is continuous. Therefore, by Dini’s theo-
rem, this convergence is uniform on [a, b], and so for any € > 0, taking r sufficiently
large relative to € ensures that the right hand side of (3.20) is bounded above by
eR*(br — ag). If we choose 7 depending on R such that » — oo but r/R — 0 as

R — o0, then combining (3.19) and (3.20) proves the corollary. O

Proof of Proposition 3.2.8. By Corollary 2.1.9,

crs(l) = cps(l) + crs(—0), (3.21)

CEC(g) = CES(E) - CES(_K) =\ det V2K<O) (27f)3/2 6_£2/2. (322)

If ¢15(0) = 0, then it follows from (3.21) that cgs(0) = 0. Similarly, if ¢z is differ-
entiable at 0, then by (3.21) and the differentiability of cgc, cgs is also differentiable
at 0.

It remains to show that if cgg is differentiable at 0 then cgs(0) # 0. Suppose for
the sake of contradiction that cgg(0) = 0. Then by the non-negativity of cgg, we
have ¢j;4(0) = 0. Hence, by (3.22), ¢z(0) = 0. Since cge has critical points only at

¢ = #+1, we have derived the necessary contradiction. O

Remark 3.4.5. Assuming differentiability of cgg or cpg at ¢, the above argument
actually shows that c;g(¢) > 0 for all £ # +1 (although it apparently says nothing
about the positivity of cgg(¢) for £ # 0).

3.5 Monotonicity results

In this section, we prove the monotonicity results stated in Section 3.2.2. The main
intermediate step is to show that the finite-dimensional projections of fg — ( are

stochastically decreasing in ¢, which we do in the next subsection.

3.5.1 Stochastic monotonicity

Our analysis differs depending on whether we deal with the Random Plane Wave or
a general isotropic field satisfying Assumption 3.2.9, the Random Plane Wave case

being somewhat simpler.
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3.5.1.1 Stochastic monotonicity for the Random Plane Wave

Let f be the Random Plane Wave. The first step is to show, via explicit calculation,
that f, — ¢ is stochastically decreasing in ¢ at every point.
By Proposition 3.3.4, ﬁ has the distribution

fo) = g(&)+L-[To(|t]) + 2 cos(2(0 — arg t)) Jo([t])]+A-4 cos(2(0—arg t)) Jo(|t]) (3.23)

for the random vector (6, A) defined in that proposition. To simplify notation, we
define

a:=a(t,0) =1— Jy(|t]) — 2cos(2(0 — argt))J2(|t])
b:=b(t,0) =4cos(2(0 — argt))Jo(|t]).

The key fact leading to stochastic monotonicity is that, by Lemma 3.5.1 below,
a=a(t,0) >0 for all t and §. This is equivalent to the statement that for all ¢ € R?

at) =E(f(@)[f(0) =1, f11(0) = f12(0) = 0) < L.

For general isotropic fields, we show in Lemma 3.5.6 that Assumption 3.2.9 implies
a(t) < 1 (recall that o has a slightly different definition in the general case, see
Lemma 3.3.2).

Lemma 3.5.1. For allt € R? and § € R,

a=a(t,0) =1— Jy(|t]) —2cos(2(0 — argt))Jo(]t|]) > 0.
Proof. 1t is sufficient to prove that, for s > 0,

1—Jo(s) —2J2(s) >0 and 1— Jy(s) + 2J2(s) > 0.

By the identity 2.J;(s)/s = Jo(s) + Jo(s) and an explicit uniform bound on /s|J,,(s)|
given in [86, Theorem 2.1], the first inequality holds for all s > 4. Hence, since
1 — Jo(0) = 2J5(0) = 0 and £(1 — Jo(s) — 2Ja(s)) = J3(s) (which is non-negative for
s € [0,4]), the first inequality holds for all s > 0.

The same bound from [86] shows that the second inequality holds for s > 11.
Since |Jy] < 1 everywhere and Jy(s) > 0 for s € [0,5] U [9,11], the inequality also
holds on these intervals. We verify the second inequality on the remaining compact

set [5,9] by inspection. More precisely, since

d

25 (L= Jo(s) +2J2(5)) | = [2J1(s) = Ja(s)] < 2| N1(s)] + | Ss(s)] < 2,
it suffices to check that 1 — Jy(s) + 2J5(s) > 0.08 for all s € {5+ 4i/100 : i =
0,1,...,100}. 0
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Remark 3.5.2. We prove the above lemma by somewhat explicit computations. We

believe that there might be a more conceptual proof of this statement.

We shall actually show the slightly stronger statement that fg — { is pointwise

stochastically decreasing conditional on all values of (g, 0):

Lemma 3.5.3. Let f be the Random Plane Wave. Fort € R? and c € R

9, 9)

P(ﬁ(t)—egc

15 non-decreasing in { € R.
Proof. Given the representation in (3.23), we have

P(A< (c— g(t) +al)/b) if b(t,0) > 0,
0.0) = CE(A> (c—g(t) +al)/b) ifb(t,0) <0, (3.24)
]1a£+c—g(t)20 lf b(t, 6) - 0

P(ﬁ(t)—égc

It remains to show that each of the expressions on the right-hand side of (3.24)
are non-decreasing in ¢ for all values of g, # and c¢. Recall that a = a(t,0) > 0
by Lemma 3.5.1. Hence 1gpq.—g()>0 is clearly non-decreasing in . Moreover, after

integrating (3.11), we see that for a differentiable function h: R — R

h(€)
2h(0) + ¢

b () < () = pr(h) (h'(@) n

de ) < pa(h) (R'(€) + 1) (3.25)

where the last inequality follows from the fact that p,,(h) is zero unless h > 0V (—/).
Now let h(f) = (¢ — g(t) + af)/b, and first suppose b > 0. Then h'({) = a/b > 0,
h/(2h + ¢) > 0 on the region h > 0V (—¢) and py(h) > 0 (as a probability density)
so (3.25) shows that the left hand side of (3.24) is non-decreasing whenever b > 0.
Finally we suppose b < 0 and note that

, _a(t,0) +b(t,0) 1 — Jy(|t]) +2cos(2(0 — argt)).Jx(]t])
PO+ === ~ o(t.0)
a(t, 0 + m/2)
T e

So once again, (3.25) shows the left hand side of (3.24) is non-decreasing whenever

b < 0, completing the proof of the lemma. O]

We now extend this result to finite-dimensional projections of f; — £. Recall that a
random vector X = (X1,...,X,,) is said to stochastically dominate a random vector
Y = (Y1,...,Y,), written X > Y, if E(g(X)) > E(g(Y)) for any coordinate-wise
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increasing g : R® — R. Clearly, if X > Y then X; > Y, for each ¢+ = 1,...,n. The
converse is not true in general, but a useful sufficient condition can be formulated
using the notion of copulas.

Let X = (X,...,X,), where X; has cumulative density function F; and induced
probability measure P;. Then Sklar’s theorem states that there exists a (unique on
117, Range(IP;)) function Copy : [0, 1]™ — [0, 1], known as the copula of X, such that

IED(X S Al X+ X An) = COpX(]P)l(Al), e 7Pn(An)>
for all Ay,..., A, € B(R). The copula is equivalently specified by
Copx(ur, ... uy) =P (F1(X7) <upy..o, Fo(Xn) <uy), (3.26)

i.e. Copy is the joint cumulative density function of the collection of uniform-[0,1]
random variables Fi(X1),..., F.(X,).

Theorem 3.5.4 ([98, Theorem 2]). Let X = (Xy,...,X,) and Y = (Y1,...,Y,) be
random vectors with induced marginal probability measures Py, ... P, and Q,...,Q,
respectively. If Copy = Copy, III",Range(P;) = 1", Range(Q;), and X; > Y; for
each i, then X =Y.

Using this theorem, we extend Lemma 3.5.3 to show the stochastic monotonicity

of the finite-dimensional projections f; — ¢, conditional on any g, 6.
Lemma 3.5.5. Let f be the Random Plane Wave. For {1 < {5 and ti, ..., t, € R?,
(Ferlt) =1y Ju () = €1 ] 9.0) = (Fults) = oo, futa) =2 | 9.6) . (327)

Proof. By Theorem 3.5.4, it is sufficient to show that the random vectors in (3.27)
have the same copula (these copulas are uniquely defined on the same domain, and
the stochastic domination of the marginals follows from Lemma 3.5.3).

Fix f € R and t4,...,t, € R? and consider the copula

Copy, :=C
By the definition of a and b, we can express

for deterministic functions a,b. Since g(t;), ¢a(t;,0) and b(t;,0) are constants under
the conditioning on (g,0), and since copulas are invariant under strictly increasing

transformations,

Cop, = Cop
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where the last equality holds since ¢ is independent of A = A\, and 6. Notice that
the random vector (A, -sign(b(t1,0)), ..., A - sign(b(t,,0))|#) consists of A, multiplied
by a constant vector (with elements taking values 1, —1 or 0). Hence by considering
the alternative characterisation of a copula in (3.26), it is clear that Cop, does not

depend on the distribution of Ay, and so is independent of /. n

3.5.1.2 Stochastic monotonicity in the general isotropic case

The copula argument in the Random Plane Wave case relies crucially on the degener-
acy of Random Plane Wave, which implies that after conditioning on 6 and g, the field
depends on the single random variable . For general isotropic fields, f, is defined in
terms of two eigenvalues, so this argument fails. Instead we use a different method
that works with the finite-dimensional projections directly.

Let f satisfy Assumptions 2.1.1, 3.2.1 and 3.2.9. Recall from Proposition 3.3.3
that

fo() = g(t) + La(t) + Mbyi(t, 0) + Aobs(t, 0)

for a, by, by as stated in the proposition (where b; and by are defined in terms of f3).

The role of Assumption 3.2.9 is to ensure the following inequalities hold for «, by, bs:

Lemma 3.5.6. Let f satisfy Assumptions 2.1.1, 3.2.1 and 3.2.9. For all t € R? and
6 € [0,2m),
bi(t,0) >0, 0bo(t,0) >0 and oft) <1.

Proof. From the definition of by (¢, 0) and 3, it is immediate that b; (¢, 0) is the quantity
given in Assumption 3.2.9 to be non-negative for all values of ¢. Since f is isotropic,
by is non-negative for all values of 6. (By the identity cos(6) = sin(f + 7/2), this also
means that by is non-negative.) Similarly, « is the function given in Assumption 3.2.9
to be bounded above by 1. O]

Lemma 3.5.7. Let f satisfy Assumptions 2.1.1, 3.2.1 and 3.2.9. For anyty,...,t, €
R? and uq,...,u, € R,
g,9>

18 non-decreasing in £ € R.

Proof. Since the u; are arbitrary, we may assume ¢(t;) = 0 for all i. We define the

region
Ay = {(x,y) € R?: xby(t;,0) + yby(t;, 0) < uy + (1 — a(t;))l, Vi=1,... ,n}

107



so that fg(tl) —{ < u; for all 7 if and only if (A1, Ag) € A,. It is enough to prove that the
probability of the latter event is non-decreasing in ¢, because (A1, \2) is independent
of (g,0). Given the density of (A1, A2) in Proposition 3.3.3,

d [y, @(w,y) dedy
Al [ qe(w,y) dxdy
Joo @ dxdy - 5 [ qe dady — [, qe dxdy - 5[50 qe dady

(Jre ae ddy)”®

Since by,by > 0 and o < 1 by Lemma 3.5.6, A, is non-decreasing in ¢, and so for this

d
@P(()\l,Ag) - Ag) =

derivative to be non-negative it is sufficient that

fA,_; d%qg(a:,y) dxdy N Jae %qg(x,y) dzxdy

> . 3.28
Ja, @e(@,y) dzdy Jgo @e(z, y) dady (3.28)
By direct evaluation (using Proposition 3.3.3)
d 147
S atey) = "D gy ot y),
where 1, 7 and 0% are defined in (3.10). Since p < 0, (3.28) is equivalent to
E ()\1 + )\2’()\1, )\2) € Ag) <E ()\1 + )\2) . (329)

To complete the proof of the lemma, we show that this inequality holds for any
possible region A,. Since the shape of A, might be quite complicated (see Figure 3.3
for a typical example), we divide the analysis into three cases and in each case show
that conditioning on (A1, A2) being contained in some simple region can only increase
the expectation of A\; + Ay relative to conditioning on (A1, \2) € Ay.

(Case 1). Suppose by(t;,0)/bo(t;,0) = 1 for all i, so that the boundary of Ay,
denoted 0Ay, is a line of the form =+ y = ¢ for some ¢ € R. (Note that A, is a subset
of the entire plane not just the upper-left quadrant which is the support of (Aq, As).)
Then trivially

E()\l + )\2|(>\1,>\2) S Ag) = E()\l + )\2|)\1 + A < C) < ]E()\l -+ )\2)

and so (3.29) is verified in this case.

(Case 2). Now suppose that by (t;,0)/ba(t;,0) > 1 for all i and that this inequality
is strict for some i (allowing for the degenerate case that by(t;,0) = 0). Let ¢* =
E (A1 + A2|(A1, A2) € Ap) and then we note that the line z + y = ¢* must intersect

0A, at precisely one point (since the distribution of (A1, Ag) is continuous) which we
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Figure 3.3: A typical example of the region Ay.

denote by (dy,ds). We now consider the region {x < d;}, conditioning on (A1, \2)
lying in this region weakly increases the probability that A\ + Ay = ¢ for ¢ > ¢* and
weakly decreases this probability for ¢ < ¢* (see Figure 3.4). Therefore

E ()\1 + )\2|()\1, )\2) & Ag) < E()\l + )\zl)\l < dl) (330)

T

/m+y=&

/x+y=c*

(a) (b)

Figure 3.4: When A, takes the form shown on the left (Case 2), we condition on the
region shown on the right, which weakly increases the mean of \; 4+ As.

If by(t;,0)/ba(t;,0) < 1 for all i and this inequality is strict for some ¢, then an

entirely analogous argument shows that for some ds
E (A1 + A2|(A1, A2) € Ap) S E(A + XA < dy). (3.31)
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(Case 3). Suppose that for some ¢ and j, by (t;,0)/b2(t;,0) < 1 < bi(t;,0)/ba(t;,0).
Defining ¢* as before, we note that the line x+y = ¢* must intersect A, (by definition
of ¢*) and so must intersect 0 A, at two points (since the distribution of (A, A2) has no
atoms). We denote these points by (dy, ds2) and (e, e2) and without loss of generality
take d; < e;. We now consider the region {z < e;} N {y < dy}. Reasoning as
before, conditioning on (A;, A2) lying in this region weakly increases the probability
that A\ + Ay = ¢ for ¢ > ¢* and weakly decreases this probability for ¢ < ¢* (see
Figure 3.5). So in this case

E (/\1 —+ /\2|(/\1, /\2) - Ag) < E()\l + /\2|/\1 < €1, )\2 < dg) (332)
Yy Y
Ay
. X
:Jc—l—/y:c T4y =c
/
(a) (b)

Figure 3.5: When A, takes the form shown on the left (Case 3), we condition on the
region shown on the right, which weakly increases the mean of A; + As.

From (3.30), (3.31) and (3.32) we see that, in order to complete the proof of the
lemma, we need only verify (3.29) (or, equivalently, (3.28)) when A, is of the form
{M < al, {a <t or {\ <, A < e}, Furthermore, since Ay > 0 > \;, we may
assume ¢; < 0 and ¢ > 0.

Gromov’s theorem ([30, Theorem 1.3]) states that if hy, hy are integrable on [a, b]
such that hy > 0 and hy(2)/hs(2) is non-increasing in « then [ hy(x) da/ [ ho(x) da
is non-increasing in ¢. Applying this to

Cc2

hy(z) = /C2 qug(x y)dy and he(z) = / q(x,y) dy

—00

we see that, provided hq(x)/hs(z) is non-increasing, we have that

SO 2 drae(w.y) dydo
fcl f q(z,y) dydx
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is non-increasing in ¢;. Then taking ¢; — oo, we see that we need only verify (3.28)
when A, is of the form {A\ < ¢} or {A2 < o}

It remains to show that hy(z)/ho(z) is non-increasing in z, or equivalently, that
E(A1 4+ A2JA = z, A2 < ¢3) is non-decreasing in = for z < 0. Using the joint density
of (A, A2) given in Proposition 3.3.3

c2 1

2 —zH) exp(—5(y —m)?) d
E(M + oM = 2, o < ¢3) = oc2y(y ) exp( igz(y 3) y
o Y —x)exp(—5,z(y —m)?) dy

where m = (1 + 7)ul — 7x. We next differentiate this expression with respect to

x. To simplify the resulting expression, we let Z be a random variable with density
proportional to exp(—zs (y — m)?)Lyeo,ey) (€. Z is a truncated normal variable).

Then using the Leibniz rule for differentiating integrals:

(2 1ts ooty dy)2 (00 dlhy =2 < )

Iy exp(—552(y —m)?) dy da

_(eg=m)?
Teo(ch — x?)e” 202

Jo? exp(=(y —m)?/(20%)) dy

(cg—m)?
TCo(co — x)e 5T

Jo? exp(—(y —m)?/(20?)) dy

This expression can be rearranged to take the form

= (E(Z2*) —zE(Z)) | =37E (Z?) — 22E (Z) + 12° +

— (E(Z°) = 2”E(2)) | —2r + DE(Z) + 2 +

_(cg—'m)2
e 272
(27 + VE (2°)E(2) = 3rE (2°)’ + 7B (32%(e, - £)) ———
X . fO € 2 dyj
B
_(eg=m)?
—z | (2-37E(Z°)E(Z) + 7E (Z°) + 7E (2 Z (5 — Z7)) - <y2j>2
\ Y ’ Jo e dy
D
,<cQ;r2n>2
+a? | 7B (2%) + (1= 20)E(2)) + 70 (Z (e — 2)) —
E } . Joe = dy
F

Then, since x < 0, we need only verify that each of the terms A-F' are non-negative.
We show this by using two facts: first, that 0 < Z < ¢y (which is true by defini-
tion) and second, that 0 < 7 < 1 (which holds because 7 = (x* — 1)/(3 — x?) and
Assumption 3.2.9 implies that 1 < y? < 2).
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These two facts immediately show that B, D and F are non-negative. Furthermore
> (27 +1) (E(2°)E(2) — E (2°)")

2(1-7)E(Z*)E(Z) + 7Cov (Z°, Z)

=(1-71)E(2)* +Var(2)

A
C
E

(where the first inequality uses 7 < 1). Applying the Cauchy-Schwarz inequality to
7Z? = 732712 shows that A is non-negative. Using the fact that Z > 0 (so that Z2
is an increasing function of Z) implies that C' > 0. Since 7 € [0, 1] we see that E > 0.

Using Gromov’s theorem in the same way as above, shows that in order to ver-
ify (3.29) for A, of the form {As < e} or {A\ < ¢} it is enough to show that
E(A1 + A2]As = ¢2) and E(A; + Ag|]A\; = ¢1) are non-decreasing in ¢ > 0 and
c1 < 0 respectively. This can be proven using a near identical calculation to that
for LE(A; + Xo|A; = z, A2 < ¢3) (the only change is the region on which Z is trun-
cated, which means there will be no terms analogous to B, D and F' above). This

completes the proof of the lemma. n

Remark 3.5.8. In Assumption 3.2.9, we impose the condition that xy > 1. The only
point in this chapter at which we use this condition is in the proof of Lemma 3.5.7,

in order to show that
E()\1+/\2|/\1:$,)\2§CQ), E(/\1+)\2|)\1:$), and ]E()\1+)\2])\2::U)

are non-decreasing in « (for all ¢; > 0). Therefore, if an alternative method was found
to verify this property (or to verify that (3.29) holds for A, of the form {\; < ¢},
{A2 < e} and {\; < ¢1, Ay < o)) for fields with x < 1, then our results (including
Theorem 3.2.10) would also hold for such fields.

We expect that it should be possible to extend our results in this way. In the proof
of Lemma 3.5.7 we use x > 1 (or equivalently, 7 > 0) to show that A-F are non-
negative. If we explicitly evaluate these terms using the higher order moments of a
truncated normal distribution, then numerical calculations suggest that A+ B, C+ D
and E+ F' are non-negative for all relevant values of 7, (i.e. including negative values)
which would be sufficient to prove this lemma in such cases. We do not attempt to
prove this analytically, because the algebraic expressions involved in these calculation
are quite long and we are primarily interested in the case of the Bargmann-Fock field,
for which 7 = 0.
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3.5.2 Proof of Theorem 3.2.10

We now use Lemmas 3.5.5 and 3.5.7 to complete the proof of Theorem 3.2.10, treating

the Random Plane Wave case and the general case simultaneously.

Proof of Theorem 3.2.10. We begin by fixing a realisation of g and 0. Let A(e, R)
denote the annulus on the plane centred at the origin with inner radius € and outer

radius R. We discretise this region by considering the points with polar coordinates
(™ W) o= (1, w5) = (e +i27(R — €),0 + j27"27)

fori,7 =0,1,...,2". We consider these points as a graph by placing an edge between
(1iy,wj,) and (r;,,w;,) if and only if |1 —is|+[j1 — j2| = 1. We define a site percolation
model by declaring the vertex (r;,w;) open if fg(ﬁ-,wj) — ¢ < 0 (so an edge is open
precisely when both of its vertices are open). Let S g, ¢ denote the event that there
is an open path between (¢,6) and (e, + 7) in this percolation model.

Let Sc ps denote the event that {fg < £} N A(e, R) contains a path joining (¢, 0)
to (e,0 + m). We claim that with probability one,

Lg (3.33)

e, R0 = nll_)nolo ]lse,R,n,Z'

Since f, has no critical points at level ¢ away from the origin (Lemma 3.4.3), the
level set {f; = £} N A(e, R) consists of C**7 curves. So in particular, if there exists

a path in {f, < £} N A(e, R) joining (e, ) to (e,0 + ), then for n sufficiently large
(n) | (n)
% 7Wj

Hence 1g_,, < liminf, 1g,_, ,. If there is no path in {fi < €} N A(e, R) joining

we may assume this path lies on the graph with vertices (r ) as defined above.
(¢,0) to (e,0 +7) then there are three possibilities: (1) f; — ¢ is non-negative at (e, 6)
or (6,0 + 7); (2) there exists a path in {f; > £} N A(e, R) joining (e,w;) to (€, w;)
for some w; € (6,0 + 7) and w; € (6 — m,0), (here we note that by Lemma 3.4.3,
fg|aB(E) has no local extrema at level £ and we assume that n is sufficiently large to
find such w;, w;); or (3) there exist two paths in {f; > £} N A(e, R) which join (e, w;)
and (e,w;) respectively to 0B(R) for w;,w; as before (See Figure 3.6). In this case,
by Lemma 3.4.3 we may assume that the paths intersect 0B(R) at different points.
In each of these cases, for all n large enough we can construct corresponding
paths on the discrete lattice as above which block a discrete path from joining (e, 6)
to (e,0+7) in {f; < £} and so S g cannot occur for sufficiently large n. Therefore

Is, , > limsup, 1g,,  ,, completing the proof of the claim.
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Figure 3.6: Two of the three ways in which S, r, can fail, corresponding to cases (2)
and (3) above respectively.

Since Se r.n¢ depends on only finitely many points of fo and is a decreasing event,

by Lemma 3.5.5 for the Random Plane Wave and Lemma 3.5.7 for general fields

P (Sernei9,0) <P (Sermenlg,0)

for any ¢; < ¢5. Then by (3.33) and the bounded convergence theorem
P (Serelg,0) <P (S relg,0)- (3.34)

Now let Sr, be the event that ﬁ has an R-lower connected saddle point at the
origin. Conditional on @, if this event occurs then so must S, g, for e sufficiently
small. Conversely, if the saddle point at the origin is not R-lower connected, then it
must be four arm in B(R) or R-upper connected. In both of these cases S, g, cannot
occur for € sufficiently small. We conclude that 1g,,, = lim. o 1s_,, and by applying

the bounded convergence theorem to (3.34) we see that
P (Srelg.0) <P (Srely,0)- (3.35)

Finally we let S, be the event that f; has a lower connected saddle point at the
origin and note that trivially S; = UrSg,. Applying this to (3.35) shows that

]P)(Sﬁly.%e) < P(S@’gve) :

Integrating over realisations of g and ¢ implies that P(S,,) < P(S,,) and so by defini-
tion (see the proof of Theorem 3.2.5)

pi(h) _ pi(la)
el = pa(la)
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A near identical argument shows that p*, (¢)/ps(¢) is non-increasing in . O

3.5.3 Proof of remaining results

We now prove the remaining results stated in Section 3.2.2., namely Corollaries 3.2.11
and 3.2.12 and Propositions 3.2.14-3.2.17.

Proof of Corollary 3.2.11. Since p}_/p, is monotone, it has at most a countable num-
ber of discontinuities, all of which are jump discontinuities. By the continuity of p;,
the same is true of p! . Since cgg is absolutely continuous (Theorem 2.1.7) it is
differentiable almost everywhere (see [94, Theorem 7.18]) with derivative p¥. — p,+.
The density p,,+ is derived explicitly in [26] and is continuously differentiable. It also
follows from monotonicity that p’_/p, is differentiable almost everywhere, and since
ps is smooth (again, from [26]) the same is true of p%_, thus showing that cgg is twice

differentiable almost everywhere. A similar proof applies to cjg. O

Proof of Corollary 3.2.12. The equivalence of (2)—(4) follows from Theorem 2.1.7, and
(1) implies (2) by Theorem 3.2.5, therefore it remains to show that (2) implies (1).
Now suppose there exists a version of p,- which is continuous on (a, b), denoted ps-.
Then p,- /ps = pi-/ps almost everywhere, and since the former is continuous and the
latter is monotone, this equality must hold pointwise on (a, ), so p¥_ is continuous on
(a,b). We note that ps+ := ps— ps- defines a continuous version of p,+ and arguing as
above then shows that p¥, is continuous on (a,b). Therefore the almost everywhere
equality p*_ + p¥, = p; is in fact true for all points in (a,b), and by (3.13) fo almost

surely has no infinite four arm saddle at the origin for all £ € (a,b). O

Proof of Proposition 3.2.17. We use the ‘barrier method’, that is, we show that the
probability of having at least one component of {f > ¢} contained in B(r) is strictly
positive for some fixed » > 0. By linearity of expectation and stationarity of f, this
shows that liminfz .. E(Ngs(R, ¢))/R? > 0, so in particular cgg(£) > 0.

It is known that the Random Plane Wave has the orthogonal expansion

f(z) = Z g (1) €™
mez
where (r,0) represents z in polar coordinates, J,, is the m-th Bessel function and
U = by + iCp = T with by, (V2b,)men and (v/2¢,,)men independent standard
(real) Gaussians and ¢o = 0. (This function is clearly Gaussian and can be shown
to have the correct covariance structure using Graf’s addition theorem for Bessel

functions.) Let r be the minimiser of Jy, so r ~ 3.83 and Jy(r) < —0.4. We note
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that by considering the power series for the Bessel functions, it can be shown that
for x € [0,4], |Jn(z)| < e*(2™/m!). Finally we note that J,, is bounded in absolute

value by 1 for any m. Now consider the event that
ap > min{|¢|,1}, |a_1|,|a—a|,|a1],|az] < Cy and V|m|> 2, |a,| < Ca(m!)/4™.

It is easily seen that this event has positive probability, and for appropriately chosen
constants C7,Cy > 0, we see that on this event f(0) > ¢ and f(z) < ¢ for any x such
that |x| = r. Therefore f has a component of {f > ¢} contained in B(r) with positive
probability, completing the proof of the result. m

Proof of Proposition 3.2.14. By Corollary 3.2.12 we may assume that p,-(£)/ps(¢) is

non-decreasing. In [26] it is shown that for the Random Plane Wave

2 _ 322

2 —1)e 7 e 2 ) 1.0

322
2

B 1
P+ () = W ((
1 _
ps(ﬂf) = We
In particular, p,,+(x) =0 for x < 0, so by Theorem 2.1.7 for ¢’ < ¢ <0

l

cps(t) — cps(l) = / - (2) da.

él

Taking ¢/ — —oo shows that for £ < 0

¢
ces(0) :/ ps- () dz.

By Proposition 3.2.17, this is positive for every ¢ < 0, so in particular there must exist
arbitrarily negative x such that p,-(z) > 0. Since p,-(¢)/ps(¢) is non-decreasing, we
conclude that p,- is strictly positive for all £ € R. Since p,- () = ps+(—2x) we also see
that pg+ (z) > 0 for all z and since p,- +ps+ = ps we see that 0 < ps-(z)/ps(z) < 1 for
all x € R. Finally, we note that there must exist a sequence ¢,, > 0 with ¢, — 0 such
that ps—(¢,)/ps(¢,) > 1/2 for all n. Indeed, if this were not true, by monotonicity,
there would exist a neighbourhood of 0 on which p,- /ps < 1/2 and by symmetry
ps+/Ds < 1/2 on a possibly smaller neighbourhood, but then there would exist a set
of positive measure on which p,- + ps+ < ps giving a contradiction.
For ¢/ < /¢ and e > 0

O+e , l+e
l/g D™ (g >ps($) _pm+(x) dx < %/e Ds— (ZL‘) _pm+($) du

€ ps(0)
< 1 /E+€ ps- (0 +¢€)
‘

< - 0 ps(T) — pm+ () de.
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By Theorem 2.1.7 and continuity of p,, we therefore see that

Z;j_((;j;)ps(g) — Pm+ (f) < DJFCES(@ < D+CES<£) =

Since p,s- /ps < 1, evaluating the final inequality using the explicit forms of pys and

ps— (L +¢)
ps(l + €)

Ps() — pm+(0).

Pm+ shows that DTecgg(¢) < 0 whenever ¢ > 1. Since p,- > 0 and p,,+(¢) = 0 for
¢ < 0, taking ¢/ = ¢ in the first inequality shows that D cgs(¢) > 0 for ¢ < 0. If
¢ > 0 then we may take ¢/ = ¢,, as defined above for sufficiently large n. Then by
evaluating the densities explicitly we see that 1/2p,(¢) — p,+(¢) > 0 for £ € (0,0.876]
thus completing the proof of the statements for cgg.

Since pp,-(z) = 0 for z > 0, we see from Theorem 2.1.7 that

crs(+€) —crs(l) _ cms(l+e) —cps(l) 1 /;Jrgpw(??) dx

€ € €

for ¢ > 0. As DTegg(f) < 0 for £ > 1 and p,+ > 0, taking the limit superior here
shows that D epg(¢) <0 (for £ > 1). O

Proof of Propositions 3.2.15 and 3.2.16. By Theorem 3.2.4, both cps and cpg are

differentiable, and so by Theorem 2.1.7
C/ES(K) = Ds- (e) = Pm+ (6) < ps(f) — Pm+ (ﬂ) (3 36)
rs(€) = pm—(0) + ps—(€) = P+ (€) — pst () < Py (€) + ps(€) = - (£).

The densities p,,-, ps and p,,+ were derived for isotropic fields satisfying (a weaker
version of) Assumption 2.1.1 in [26]. Specifically, these densities are given in terms
of x € (0,/2] and &2 > 0 (defined in (2.3)) by

Pt (2) = Pr-(—) = % <x2<x2 — 1)é(x)® ( X X2> LXEV2 X

1 V2 __sa?

s T) == ————¢€ 2(3—x<)
ps(w) e Sy

where ¢ and ® denote the standard normal probability density and cumulative density

respectively. (We ignore the case y = v/2 since that corresponds to the Random Plane
Wave which is covered by the previous proposition.) By Theorem 2.1.7,

crs(C+¢€) —cps(f) < /e 6pm— () + ps(x) — P+ () dx.
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We denote the integrand above by I(z). Evaluating this expression using the standard
Gaussian inequality 1 — ®(z) < (1/x)¢(x) shows that

1 2—x212—x? _ a2 2 o2
I(z) < < N 227X e o X (x2—1)e_2>

_7r_§2 a T X

N

which is negative for z > v/2/x. Similarly we have

cps(l+¢€) —cps(l) < /e 6ps(yc) — P+ () dz,

which is less than our upper bound for cpg(¢ + €) — cps(¢). Hence cgzg(€), cpo(€) <0
for £ > /2/x.

We note that this is a sufficient condition for the derivatives to be negative, chosen
for its simplicity. For many fields, the derivatives will be negative on a larger region,
and this can be found by using the densities specified above with the appropriate value
of x. For the Bargmann-Fock field, (for which y = 1) substituting these densities into
(3.36) shows that zq(f),r¢(¢) < 0 for ¢ > 1.03, improving on the general bound
0 >/2 /X = V2.

Next we note that czg(0) = ps—(0) — pu+(0), and by the identities ps-(z) =
ps+(—), ps— + ps+ = ps almost everywhere and the fact these densities are all con-
tinuous, we see that ps-(0) = ps(0)/2. Evaluating the densities given in [26] at zero
shows that ps(0)/2 > p,,,+(0) so we conclude that ¢z¢(0) > 0. Since cgg is continu-
ously differentiable, we can extend this to a neighbourhood of the origin.

By Theorem 3.2.10, p,-(¢)/ps(¢) is non-decreasing and so for ¢ > 0
Ps- (E) > ps—(o) _ 1
ps(€) — ps(0) 2

Therefore cyg(€) > ps(€)/2 — pp+ (€) for £ > 0. Evaluating the densities above then
gives an explicit constant C' such that this expression is strictly positive for ¢ < C.
In the case of the Bargmann-Fock field, C' = 0.64. [
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Chapter 4

Variance of the Number of
Excursion Sets

4.1 Introduction

In the final chapter of this thesis, we continue analysing the number of Gaussian
excursion/level sets in a large domain and progress from studying the mean of this
quantity to its variance. We recall from Section 1.2, that this variable has important
statistical applications, in fields such as cosmology, and is significant to the develop-
ment of mathematical theory in helping to unify the percolation theory of Gaussian
fields and discrete lattice models. In particular, the Bogomolny-Schmit conjecture
makes explicit claims about the variance of the number of nodal and level set com-
ponents of the Random Plane Wave.

As discussed in Section 1.4.3, results for the variance of the number of excur-
sion/level set components are comparatively lacking. For general fields it is known
that there exists ¢ = ¢(f) > 0 such that, for all sufficiently large R,

Var(Nps(R,€)) < cR* and Var(Ngs(R,/)) < cR". (4.1)

This upper bound has been slightly improved for Random Spherical Harmonics in
the case of zero level sets [80]. For a general class of Gaussian ensembles (f,,) defined
on the sphere, the variance of the number of nodal set components has been shown
to grow at least as a positive power of n, with some unspecified exponent [82].
Given the sparsity of such results, one could attempt to predict the true behaviour
of the variance in (at least) two ways: based on the corresponding statistics of other
geometric variables or using the similarities between Gaussian fields and discrete

percolation models.
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For Gaussian fields with fast correlation decay, these methods offer a clear pre-
diction: Var(Ngg(R,¢)) and Var(Nps(R,()) should be of order R? as R — oo. This
matches the behaviour of local geometric functionals such as Lipschitz-Killing cur-
vatures or the number of critical points (see Section 1.4). It is also consistent with
Bernoulli bond percolation on the square lattice (and other similar models); in this
case the number of open connected components in [—R, R]? has variance of order R?
for any value of the parameter p € (0,1). Recall from Section 1.4.2 that planar Gaus-
sian fields with fast correlation decay behave analogously to Bernoulli percolation in
other respects.

For Gaussian fields with strong long range dependence, the percolation analogy
is not particularly helpful. For example, consider a doubly periodic field which is
completely specified by its values on [0,1]? (i.e. the value of the field is the same at
any two points which differ by an integer coordinate translation). It is clear that
such a model bears little resemblance to Bernoulli percolation. In Proposition 2.1.11,
we gave an example of this type of field (with spectral measure supported on four
or five points) and showed that the number of excursion set components in B(R) is
R? times a single random variable, plus some lower order boundary term, and so has
variance of order R*. This argument could be extended to other doubly periodic fields
(without explicitly identifying the random variable) assuming some non-degeneracy.
We consider another type of long range dependence, in which this order of variance
is attained, later in this chapter (see Theorem 4.2.11).

It is less clear what behaviour to expect in intermediate cases: Gaussian fields
with correlations which decay slowly or oscillate. An important instance of this case
is the Random Plane Wave. The Bogomolny-Schmit conjecture predicts that the
variance of the number of nodal sets of the Random Plane Wave should be of order
R%. In a follow up paper [19], Bogomolny and Schmit make the stronger claim that
level sets of the Random Plane Wave at levels close to zero can be modelled by non-
critical Bernoulli bond percolation, and give some numerical evidence in favour of
this statement. If this is true, it would imply that the variance of the number of
excursion/level sets should be of order R? for such levels. This is in contrast with
the behaviour of local geometric functionals for a closely related model: Random
Spherical Harmonics. If f,, is the n-th Random Spherical Harmonic, then the Euler
characteristic of {f, > ¢} has variance of order n® at generic levels (Section 1.4.1).
This functional should scale roughly like the number of excursion sets (bearing in
mind the definition of the Euler characteristic of a two-dimensional set as the number

of components minus the number of ‘holes’). Based on this, we might expect the
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variance of the number of excursion/level set components of Random Plane Wave to
be of order R? at generic levels.

These heuristic arguments highlight the implications of studying the variance of
the number of excursion sets on universality. One of the central goals in the recent
literature on percolation results for Gaussian fields, is to understand which fields share
a ‘universality class’ with discrete lattice models (i.e. which of these models have the
same large scale behaviour). Depending on how exactly the notion of universality
class is made rigorous, it is likely that the number of excursion sets of models in the
same class should have the same order of variance. Therefore if this variance can be
shown to have different order for two models, then this provides strong evidence that
the models are not in the same universality class.

In this chapter, we prove lower bounds on Var(Nps(R,¢)) and Var(Ngs(R,?))
which are, conjecturally at least, of the correct order. To summarise our main results,
we show that for a wide class of Gaussian fields there exists an exponent a € [2,4]

(depending on the field and explicitly known) such that, for many levels ¢,
Var(Nps(R, () > cR* and Var(Ngg(R,{)) > cR". (4.2)

for some ¢ = ¢(¢) > 0 and all R sufficiently large. The value of a € [2,4] depends on
the behaviour at the origin of the spectral measure of the field. For fields with fast
correlation decay and positive spectral density at the origin, the bound (4.2) holds for
a = 2, whereas for fields whose spectral measure has a singularity at the origin, (4.2)
holds for an « € (2,4) that depends on the rate of blow-up of the singularity. We
also study the important special case of the Random Plane Wave, for which we show
that (4.2) holds with o = 3. We now present these results formally, before discussing
them in Section 4.2.3.

4.2 Main results

4.2.1 Fluctuations of the number of excursion/level set com-
ponents

Throughout this chapter we refine the basic assumptions on our field to the following:

Assumption 4.2.1. The field [ satisfies Assumption 2.1.1 and also the following:

1. feC} (R?) almost surely;

loc

2. Cov(Vf(0)) = cly where c is a positive constant and I is the 2 X 2 identity

matriz.
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This is only a very slight strengthening of Assumption 2.1.1: the first point sim-
plifies some of the arguments we will make involving Bulinskaya’s lemma, but could
likely be removed at the cost of lengthening our proofs. The second point is simply
a convenient normalisation; for any field satisfying Assumption 2.1.1 we can rotate
and rescale the domain R? so that this normalisation holds. It will be clear from the
statement of our later results that they are not affected by this rescaling (apart from
the value of some implicit constants).

Our main results concern the order of fluctuations of Ngg and Nyg. To formalise

this concept we make use of the following definition, taken from [25].

Definition 4.2.2. Let X,, be a sequence of random variables and wu, a sequence of
positive real numbers. We say that X,, has fluctuations of order at least u, if there
exist ¢1,co > 0 such that, for all sufficiently large n and all real numbers a < b with
b—a < cu,,

Pla < X, <b) <1-—cy.

Similarly, we say that a collection of random variables (Xg)r>o has fluctuations of
order at least (ug)p>o if, for any increasing sequence R,, — oo, Xg, has fluctuations

of order at least ug, .

It is easy to see that if a collection of random variables (X,,),>o has fluctuations of
order at least (u,),>o then it has variance of order at least u?2, i.e. there exists ¢ > 0
such that

Var(X,,) > cu? (4.3)

for all n sufficiently large. On the other hand, having fluctuations of order at least
uy, is a strictly stronger statement than (4.3), since the latter is consistent with the
bulk of the probability mass concentrating on arbitrarily small scales.

We now present our main results on the fluctuations of Ngg and Ny g, which are
divided into three statements. The first applies to general fields, and in particular
fields that either (i) have fast correlation decay and positive spectral density at the
origin, or (ii) have a spectral measure with a singularity at the origin. The second
concerns the special case of the Random Plane Wave. The third treats a certain class

of degenerate fields.

4.2.1.1 General fields

To state our first result we introduce stronger assumptions on fields.
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Assumption 4.2.3.

1. There exists a neighbourhood V- C R? of the origin such that the spectral measure
v has density p on V' and infy p > 0.

2. maxy<2 |0"K (z)| — 0 as |z] = oc.

We discuss this assumption in more detail after stating our results. For now, we
simply note that under this assumption, the support of v contains an open set, and
so the Gaussian vector formed from f and V f at any finite number of distinct points
is non-degenerate (Lemma A.2.4).

In the case in which there is no singularity in the spectral measure, we need to
assume some extra control over the saddle points of the field. We recall that four-
arm saddle points are defined in Section 3.2.1.1 and that Ny .m(R, [a,b]) denotes the

number of saddle points of f which are four-arm in B(R) and have level in [a, b].

Assumption 4.2.4. For every a < b, there exists a function dg — 0 as R — oo and
a constant ¢ > 0 such that, for each R > 1 and a < ar < bg < b,

E (N4—arm<Ra [aR, bR])) < cmin{éRRz(bR — CLR), R}

Corollary 3.2.6 gives sufficient conditions for a field to satisfy Assumption 4.2.4.
We state this assumption separately, as future work may prove it under weaker con-
ditions.

We can now state our fluctuation lower bound for general fields. We recall that

the definition of Dini derivatives was given in Section 3.2.2.

Theorem 4.2.5. Let f be a Gaussian field satisfying Assumptions 4.2.1 and 4.2.3,
and define g(r) = inf,epor p(x). Suppose further that at least one of the following
holds:

1. The field f satisfies Assumption 4.2.4, or
2. The spectral measure v has a singularity at the origin, i.e. g(r) — oo asr — 0.

If cgg has a positive lower Dini derivative at { (or a negative upper Dini derivative),
then (Ngs(R,{))r>o0 has fluctuations of order at least R+/g(1/R), and hence variance
of order at least R?*g(1/R). The same conclusion holds if we replace Nps and cgs

with Nps and crs respectively.
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The variance lower bound R%*g(1/R) interpolates between R? (if the spectral den-
sity is bounded at the origin) and o(R*) (note that g(1/R) = o(R?) since the spectral
density around the origin is integrable). This is consistent with the trivial upper
bound in (4.1).

We note that fields with integrable covariance functions have a spectral density
which is continuous and bounded (this follows from standard results for the Fourier
transform). In this case, Theorem 4.2.5 gives a variance lower bound of order R?.
This matches the order of variance of all Lipschitz-Killing curvatures of excursion
sets and also of the number of critical points for such fields (see Section 1.4.1). We
therefore strongly expect that this lower bound is of the correct order for such fields.

In Chapter 3 we gave conditions on the field which ensured that cgs and ¢ g are
continuously differentiable; in this case the conditions on Dini derivatives in Theo-
rem 4.2.5 are equivalent to the conditions ¢zg(¢) # 0 and ¢} ¢(¢) # 0.

At this point, it is natural to ask how generally the derivative condition of Theo-
rem 4.2.5 holds. This further justifies our investigation of the shape of the functionals
cgs and cpg in Chapter 3. For general fields, we expect that cgg and cpg have non-
zero derivative for all but a small, finite number of levels /. We do not have any
particularly strong justification for this, however we note that the mean functionals
for local geometric quantities of planar Gaussian fields generally have this property
and simulations have shown that cgg should be unimodal for some non-degenerate
fields (see [87]). We therefore hope that Theorem 4.2.5 can eventually be applied to
all but a finite number of levels. However we note that, Theorem 4.2.5 cannot be ap-
plied directly to Nps(R,0), since by symmetry ¢} ¢(0) = 0 whenever the derivative is
defined. In Section 4.2.3 we give some motivation for why c¢j;¢(¢) # 0 and ¢} ¢(¢) # 0
are, in a sense, natural conditions for a lower bound on fluctuations.

Using the monotonicity results of Chapter 3, we are able to apply Theorem 4.2.5
for a large range of levels. We illustrate this with the Bargmann-Fock field.

Corollary 4.2.6. Let f be the Bargmann-Fock field. Then there exists € > 0 such
that the following holds. If ¢ € [—¢,0.64] U [1.03,00) then (Ngs(R,{))r>o has fluctu-
ations of order at least R and hence variance of order at least R*. If || > 1.03 then

(NLs(R,0))r>o has fluctuations of order at least R and hence variance of order at
least R%.

Proof. Assumptions 4.2.1 and 4.2.3 are trivially satisfied for the Bargmann-Fock field,
and Corollary 3.2.6 states that Assumption 4.2.4 is also satisfied. The corollary then
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follows from Proposition 3.2.15, which states that ¢z¢(¢) # 0 and ¢} ¢(¢) # 0 for the

respective ranges of levels given above. O

For general isotropic fields we can apply Corollary 3.2.6 and Proposition 3.2.16 to
deduce the same fluctuation bounds for a similar range of levels. The exact values of

the end-points of the intervals depend on the covariance function of the field.

4.2.1.2 The Random Plane Wave

We now turn to the special case of the Random Plane Wave. This field does not
fall within the scope of Theorem 4.2.5, since it does not satisfy Assumption 4.2.3
(its spectral measure is supported on the unit circle). Nevertheless we can prove the

following fluctuation bound.

Theorem 4.2.7. Let [ be the Random Plane Wave. If cps has a positive lower Dini
deriwative at ¢ # 0 (or a negative upper Dini derivative), then (Ngs(R,{))gr>o has
fluctuations of order at least R*/?, and hence variance of order at least R®. The same

conclusion holds if we replace Ngs and cgs with Npg and cpg respectively.

The order of variance in this lower bound matches that of two related geometric
functionals of Random Spherical Harmonic excursion sets at generic levels: the Eu-
ler characteristic and the number of critical points. Since these two quantities are
comparable to the number of excursion set components (in a sense these are all zero-
dimensional variables, in contrast to, say, the boundary length of excursion sets), we
expect that this bound is of the correct order for general levels.

As for the Bargmann-Fock field, our monotonicity bounds in Chapter 3 allow us

to apply this result for a specific range of levels, which leads to the following corollary.

Corollary 4.2.8. Let f be the Random Plane Wave. If{ € (—o0,0)U(0,0.87]U[1, c0)
then (Nps(R, £))r=o has fluctuations of order at least R*/* and hence variance of order
at least R®. If || > 1 then (Nps(R,€))rs0 has fluctuations of order at least R3? and

hence variance of order at least R3.

4.2.1.3 Fields with a random level shift

Finally we consider the class of fields whose spectral measure has a delta mass at the
origin. In this case, we prove that the variance attains the order of the trivial upper
bound in (4.1) for all levels.
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Assumption 4.2.9.

1. For each x € R?, (f(x), f(0),Vf(z),Vf(0)) is a non-degenerate Gaussian vec-

tor;
2. maxjy<2 |0"K(z)| — 0 as |z] — oc.

Assumption 4.2.10. The stationary Gaussian field f has spectral measure v =
ady + v* where a > 0 and v* is a (positive) measure. If g is the Gaussian field with

spectral measure v* then g satisfies Assumptions 2.1.1 and 4.2.9.

Under this assumption, the field f is no longer normalised to have variance one
at a point: instead Var(f(z)) = 1 + a and Var(g(x)) = 1 for all x € R?. This is

motivated by the fact that we can represent f as

f=g9+Vaz

where 7 is a standard Gaussian variable independent of g. This representation follows
immediately from considering its covariance function. In order to analyse the level
sets of f, we apply results from previous chapters to g and consider the additional
effect of shifting the overall level due to Z. It is therefore convenient to normalise g
as in our earlier work. Of course, our results apply to any stationary Gaussian field
with spectral mass at the origin, one simply has to rescale the level to match the

normalisation above.

Theorem 4.2.11. Let f be a Gaussian field satisfying Assumption 4.2.10. For each
€ R, (Ngs(f, R,0))r>0 has fluctuations of order at least R*. Moreover, there exist

positive constants c1(€), ca(€) such that
c1R* < Var(Ngg(f, R, () < coR*

for all R > 0 sufficiently large. The same conclusions hold if we replace Ngs and cgs

with Nis and crg respectively.

In this case there is no requirement on the derivative of the mean functional at
a given level. Roughly speaking this holds because the level shift Z can always shift
the field g to levels at which its mean functional has non-zero derivative (and the
collection of such levels has positive measure). Therefore, this result intuitively says
that adding a random independent level shift to any non-degenerate Gaussian field
(which is equivalent to adding a delta mass to the spectral measure at the origin - see
above) ensures that the number of excursion/level set components of the resulting

field have variance of maximal order at all levels.
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4.2.2 Outline of the method

Before discussing the consequences of our results in detail, it will be helpful to outline
our method of proof. The foundation of our argument is a versatile lemma due to
Chatterjee.

Lemma 4.2.12 (25, Lemma 1.2]). Let X and Y be random variables defined on the

same probability space. Then, for real numbers a < b,
1
Pla <X <) < 5(1+IP’(|X—Y| <b—a)+drv(X,Y)),
where dry denotes the total variation distance between the distributions of X and Y .

Definition 4.2.13. Let X,, and Y,, be sequences of random variables defined on the
same probability space and let u, be a sequence of positive real numbers. We say

that X,, and Y,, differ by order at least u,, if there exist constants c;, co > 0 such that
IP>(|‘Xrn - Yn| Z Clun) 2 (&)
for all n sufficiently large.

Corollary 4.2.14. Let X,, and Y, be sequences of random variables defined on the
same probability space and let u, be a sequence of positive numbers. If X, and Y,
differ by order at least u,, and dry(X,,Y,) — 0 as n — oo, then X,, has fluctuations

of order at least u,,.

We apply Corollary 4.2.14 with Xgp = Ngg(R,{) and Yg = Ngg(R,{ + ag) for a
certain sequence ag — 0 as R — oo. There are two competing requirements on ag:
(i) ag should decay slowly enough that Ngg(R, ¢) and Ngs(R, {+ag) differ by a large
order; and (ii) ag must decay quickly enough that dry(Ngs(R, (), Nps(R,{ + ag))
tends to zero.

Let us consider first the order by which Ngg(R, ¢) and Ngs(R, {+ag) differ. Using
the assumption that c¢gg has non-zero (Dini-)derivative at ¢, and the convergence to

cgs proven in Chapter 2, we show in Lemma 4.3.2 that
[E(Nps(R,0) — Nps(R. €+ ag))| 2 R*ag.

Using a bound on the second moment of the number of critical points in a shrink-
ing height window from [76], (proven using the Kac-Rice theorem) we then show in
Lemma 4.3.3 that

1/2

(E ((Nps(R,0) — Ngs(R, € +ag))?)) " < R*a.
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Since these bounds are of the same order, the second moment method implies that
Ngs(R, ) and Ngs(R, { + ar) differ by order at least R?ag (see Proposition 4.3.5).
The next step is to bound the total variation distance between Ngg(R,¢) and
Ngs(R,{+ag). Our arguments in this step are different for general fields and for the
Random Plane Wave.
For general fields (Theorems 4.2.5 and 4.2.11), we view Ngg(R,{+ agr) as the

number of excursion sets of the field f — ar at level ¢, and so

drv(Nes(R,{), Nps(R,{ +ag)) < dry(f, f — ar).

A Cameron-Martin argument then gives an upper bound on this distance in terms of
the norm of an (approximately) constant function in the reproducing kernel Hilbert
space induced by the field (see (4.12) for the definition of this Hilbert space). By
bounding this norm in terms of the behaviour of the spectral measure at the origin,
we can prove that dry (Ngs(R, (), Ngs(R,{ + agr)) — 0 as long as

ar < /g(1/R)/R,

or ag < 1 in the case of spectral mass at the origin. Combining this with the previous

step, we deduce a fluctuation bound of order

R?’ar ~ R\/g(1/R),

or R%ap ~ R? in the case of spectral mass at the origin.

In the case of the Random Plane Wave (Theorem 4.2.7), the previous approach
fails since the constant function cannot be approximated in the reproducing kernel
Hilbert space of the Random Plane Wave (which consists of solutions to the Helmholtz
equation Af = —f). Instead, our approach is to view Ngg(R, ¢ + ag) as the number
of excursion sets of the field /(¢ + agr)f at level ¢ (note that this only holds for
¢ # 0, which is why the nodal level is excluded from our results on the Random Plane

Wave), and so

drv(Nes(R, ), Nps(R, £ + ag)) < dry ( f, ﬁ f) . (4.4)

Using an orthogonal expansion for the Random Plane Wave in terms of Bessel func-
tions (4.20), we show that the topological behaviour of the Random Plane Wave on
B(R) is essentially determined by 4R i.i.d. standard Gaussian variables. Pinsker’s in-
equality therefore allows us to bound (4.4) in terms of the Kullback-Leibler divergence

from one Gaussian vector to another. We recall that, for two probability measures
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P, () such that P is absolutely continuous with respect to @, the Kullback-Leibler

divergence from () to P is defined as

dP

ta (P11 @) = [ 1og (@) aP (45)

where (2 is the sample space of P and % is the Radon-Nikodym derivative of P with
respect to (). This quantity can be computed explicitly for Gaussian vectors, and as
a result we show dry (Ngs(R,¢), Ngs(R, ¢+ ag)) — 0 as long as

ar < 1/VR.
Combining this with the previous step, we deduce a fluctuation bound of order
R’ap ~ R/

In both cases, the main technical step is to ensure that the approximations (in
the general case, approximating the constant function inside the reproducing kernel
Hilbert space, and for the Random Plane Wave, truncating the orthogonal expansion)
do not radically change the number of excursion set components. To achieve this we
apply Morse theory arguments to bound the change by the number of ‘quasi-critical
points’, which we can control with local computations (see the proofs of Lemmas 4.3.8
and 4.3.9 in Section 4.4).

4.2.3 Further discussion and open questions

4.2.3.1 Role of assumptions

Roughly speaking, we have shown that, if a Gaussian field at a given level is statis-
tically similar to the same field at a different level and the asymptotic behaviour of
excursion sets at these levels is different, then the number of components fluctuates.
One way of interpreting this result, is to say that the fluctuations we have proven
are caused by ‘level shifts’ of the fields. This is most clearly illustrated by Theo-
rem 4.2.11: fields with a true global level shift, as the result of adding an independent
Gaussian variable, have the maximal order of fluctuations in the number of excursion
set components. For cases like the Bargmann-Fock field, which have fast correlation
decay, there is no possibility of having a global level shift. However by assuming the
spectral density is bounded away from zero at the origin, we ensure that approximate
level shifts on finite domains are possible with some probability. Making the stronger
assumption of a spectral singularity at the origin, it becomes more likely for the field

to have a level shift and consequently our fluctuation bounds increase.
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These ideas can also be related to long-range dependence of the field. Intuitively,
one would expect that fields with slower decay of correlation are more likely to ex-
hibit level shifts. This is evident for fields with spectral mass at the origin: such
fields have global level shifts and their covariance functions cannot decay to zero.
Similarly, Gaussian fields with spectral measure supported on precisely five points
(see Proposition 2.1.11) have a (doubly periodic) covariance function which does not
decay to zero and attain the maximal order of variance for the number of excur-
sion sets. This result could easily be extended to doubly-periodic fields under some
minimal non-degeneracy assumptions.

In the case of spectral singularity at the origin (i.e. g(r) — o0), the covari-
ance function typically decays too slowly to be integrable. In particular, standard
Abel/Tauberian theorems [63, Chapter 1.4] imply that, up to some regularity as-
sumptions, the asymptotics p(z) ~ |z|7® as |z| — 0 and K(z) ~ |z|*2 as |z| — oo
are equivalent for o € (0,2). Hence, broadly speaking, our results show that if cor-
relations decay polynomially with exponent 5 € (0,2), then the variance of Ngg and
Nps grow with order at least R*~?. This is analogous to known results on fluctu-
ations of certain local functionals of long-range dependent Gaussian processes and
fields [63, 100].

The Random Plane Wave also displays long-range dependence: its covariance func-

tion decays like |z|!/2

as |x| — oo. In this case we again observe larger fluctuations
of the number of excursion sets (order R*? compared to the generic R). Assuming
this bound is tight, it does not match the behaviour of fields with spectral singularity

|=1/2 would be associated with

at the origin, for which covariance decay of order |z
variance of order R7/2. This is perhaps unsurprising, given that we approximate level
shifts in a different way in this case. Specifically, we approximately parameterise the
field in a bounded domain by a finite number of random variables and rescale these,
rather than adding a constant to the field. Moreover, the argument for the Random
Plane Wave must be different: raising a realisation of this field by a constant causes
the Helmholtz equation to break down, and so is extremely degenerate for this field.
It is possible, therefore, that the ‘reason’ for fluctuations in the Random Plane Wave
case is different, in some sense.

Finally in the case of fields with integrable covariance functions, we obtain variance
lower bounds of minimal order R?. We note that this bound is not reduced by
assuming faster decay of correlations. Hence, any correlations which decay fast enough

to be integrable have no large scale effects on the fluctuations of excursion sets (this

assumes our bounds are of the correct order). Overall we can conclude that, assuming
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our bounds are sharp at generic levels, stronger long range dependence is associated

with larger fluctuations.

4.2.3.2 Comparison with other geometric variables

At this point, it is interesting to compare our results to those for other geometric
properties of Gaussian fields, as described in Section 1.4.1.

As discussed above, we believe our bounds to be of the correct order for generic
levels, based on this comparison. However it is known that some geometric functionals
exhibit lower variance at certain anomalous levels for particular fields. Specifically,
for Random Spherical Harmonics, (which are closely related to the Random Plane
Wave) lower order variance occurs for each of the Lipschitz-Killing curvatures at
certain levels (including the zero level). This is due to the coefficient of the dominant
Wiener Chaos projection vanishing at certain levels.

The same is also known to be true in the case of spectral singularity at the origin
(63, Chapter 3|. By contrast, for fields with rapid correlation decay, many terms
in the Wiener chaos expansion have fluctuations of leading order (see for instance
[32]), and so one should not expect anomalous levels, since that would require many
coefficients to vanish simultaneously. This is indeed what occurs for the Lipschitz-
Killing curvatures of such fields.

Based on these observations, we conjecture the following:

Conjecture 4.2.15. Suppose that f satisfies Assumptions 4.2.1, 4.2.3, 4.2./ and
that K is integrable (e.g., the Bargmann-Fock field). Then for all ¢ € R there exists
Coar(0) > 0 such that

Var(Ngs(R, £)) ~ cyar(£)R2,

where ar ~ br denotes that limg_,oo ar/br = 1, and the same conclusion is true for

Nps(R,0).

Conjecture 4.2.16. Suppose that f satisfies Assumptions 4.2.1 and 4.2.3, and as-
sume that there ezist o € (0,2), ro >0 and 0 < ¢ < C such that

cle|™* < p(x) < Clz|™®

for all |z| < rg. Then there exists a (possibly empty) finite set L C R and cyq,(£) > 0
such that, for all { ¢ L,

Var(Ngg(R, £)) ~ Cypar(£) R*T*
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whereas for all ¢ € L,
Var(Ngs(R, () < R*™,

and the same conclusion is true for Nps(R, () (with different L and cpar(-)). We
expect the same conclusion if p(x) is of order |x|~* as |x| — 0 in some appropriate
sense. If f is the Random Plane Wave, then the same conclusion is true with R*T®
replaced with R3.

Assuming that Conjectures 4.2.15 and 4.2.16 are correct, they give rise to a number
of further questions. For simplicity we discuss only the case of excursion sets, but the
analogous questions can be asked of level sets.

A first set of questions concerns the anomalous levels £ in the case of the Random

Plane Wave or fields with spectral singularity.

Question 4.2.17.
1. Is the set of anomalous levels £ non-empty? What is its cardinality?

2. Let C denote the set of critical points of the density functional cgg. By Theo-
rems 4.2.5 and 4.2.7, we know that £ C C U {0} for the Random Plane Wave,
whereas £ C C in the case of spectral singularity case. Are these containments
strict?

3. What is the order of Var(Ngs(R,{)) for £ € L? Does it depend on the field and

on the level? Is it always of order at least R2?

A second question concerns the constants ¢, (¢) for generic levels ¢ ¢ L. For
the Lipschitz-Killing curvatures of Random Spherical Harmonics, it is known [24, 21]
that c,q.-(¢) is related to the derivative of the first moment (i.e. density) functional
c(0) via

Coar(£) o< (£ (0))2. (4.6)

In particular, levels are anomalous precisely when either ¢ = 0 or ¢/(¢) = 0, which are
exactly the conditions for which our bound in Theorem 4.2.7 hold. This is evidence
that our conditions in Theorem 4.2.7 are quite natural.

We are not aware of any similar results to (4.6) for the Lipschitz-Killing curvatures
of general fields, and indeed in general it is difficult to compute the value of c,q,
exactly (even if the density ¢(¢) is well-understood for Lipschitz-Killing curvatures [1]).
It would be interesting to know if (4.6), or a similar relationship, holds in more

generality.
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Question 4.2.18. What is the relationship between c¢,,,(¢) and the derivative of the
density functional c5g(£)? IS Cpar(f) o< (£ dgg(€))? for the Random Plane Wave?

The third question involves the asymptotic (normalised) distribution of Ngg(R, ¢).
For the Lipschitz-Killing curvatures, these are known to be Gaussian in many cases
(see Section 1.4.1). Non-Gaussian limit theorems have also been observed in the case

of spectral singularity at the origin [63, 100].

Question 4.2.19. Does Ngg(R, () have asymptotically Gaussian fluctuations? Does it
depend on the field and on the level?

Our final question is somewhat more vague. For Random Spherical Harmonics,
it is known that the Lipschitz-Killing curvatures at generic levels are asymptotically

proportional to the sample bispectrum;

f2(z) — 1 da.
SZ

Fluctuations in these variables can therefore be interpreted as a consequence of fluc-
tuations in the overall L? norm of the field (see Section 1.4.1). This appears to be
very similar to the interpretation of our lower bounds as arising from ‘level shifts’.
Unfortunately there seems to be no hope of proving that these phenomena are the

same using the Wiener Chaos expansion.

Question 4.2.20. Can we prove a rigorous statement that fluctuations in the number
of excursion set components at generic levels are ‘caused by level shifts’? Is Ngg

asymptotically proportional to the sample bispectrum for the Random Plane Wave?

4.2.3.3 Comparison with percolation models

As mentioned in the introduction to this chapter, one of the motivations for our
variance results is to compare the behaviour of level sets of Gaussian fields with that
of discrete percolation models. We recall that the variance of the number of open
clusters of Bernoulli percolation in [—R, R]? is of order R? for each p € (0,1). This is
consistent with our results for fields with fast decay of correlations, and contributes to
the growing literature (see Section 1.4.2) suggesting that such fields are in the same
universality class as Bernoulli percolation.

Interestingly, our results contradict some of the auxiliary claims of the Bogomolny-
Schmit conjecture. Specifically, we show that for ¢ arbitrarily close to zero, Ngg(R, )
has variance of order at least R* as R — oo. This is inconsistent with the behaviour
of open clusters of Bernoulli percolation (at any level), and so inconsistent with some

of the claims made by Bogomolny and Schmit in [19]. However we emphasise that the
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most important case of the Bogolmony-Schmit conjecture is the critical case, which
posits that the nodal set { f = 0} of the Random Plane Wave has statistics that match
critical Bernoulli percolation (p = 1/2). Unfortunately our results do not address this
case.

We also note that this contradiction could have been predicted from previously

known results. If we let ¢(A) denote the Euler characteristic of a set A C R? then

where f is the Random Plane Wave and equality holds up to some boundary effects.
The stronger claims of the Bogomolny-Schmit conjecture would imply that both terms
on the right hand side have variance of order R? for || sufficiently small, so that the
variance of the Euler characteristic would be at most order R?. However the variance
of the corresponding Fuler characteristic for Random Spherical Harmonics is of cubic
order for ¢ # 0, +1. If this matches the behaviour of the Random Plane Wave, it would
lead to the described contradiction. As far as we can tell, this observation has not

been made previously and regardless, our methods offer a proof of this inconsistency.

Question 4.2.21. What is the order of Var(Nps(R,0)) and Var(Ngs(R,0)) for the
Random Plane Wave? Does it agree with the Bogolmony-Schmit prediction of order
R??

4.2.3.4 Possible extensions

We expect that there are a number of productive ways in which our techniques and

results could be extended.

1. An obvious first step would be to better characterise the shape of cgg and crg.
Proving that these functionals have a non-zero derivative for a larger range of
levels than in Corollaries 4.2.6 and 4.2.8 would immediately extend our variance
bounds. This is particularly useful as it reduces a question about variance to

one about expectation, which should be easier to analyse.

2. One could extend our results to more general fields by finding alternative ways
to control the total variation distance between the number of excursion sets at
different levels. The method used to prove Theorems 4.2.5 and 4.2.11 would be
difficult to generalise greatly: it seems crucial to this argument that constant
functions can be approximated in the reproducing kernel Hilbert space of the

field, which requires the spectral measure to have mass around the origin. On
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the other hand, the proof of Theorem 4.2.7 seems likely to hold for many other
fields: the only property of the Random Plane Wave that we use, is that it can
be effectively paramaterised on a domain of area R? by 4R random variables.
Generally, if one could show that a field on B(R) is determined by R* random
variables for a € (0,2) then this method should prove variance bounds of order
R*. As in the case of the Random Plane Wave, this would only apply to

non-zero levels.

. One could find different variables to compare in Chatterjee’s lemma. Our choice
of Yg = Ngg(R, ¢+ ag) was motivated by our previous results which made an

analysis of Xp — Yg tractable, but perhaps other choices of Yz might work.

. Our method could be useful to prove fluctuations bounds on other non-local (or
even local) geometric functionals of Gaussian excursion sets. In principle, all
we require is that the geometric variable is homotopy-invariant. For example
one could consider the number of bounded, doubly-connected excursion set
components (i.e. those which look like annuli). This would require an analysis
of the corresponding mean functional analogous to that in Chapters 2 and 3.
Of course for local functionals, superior results can generally be deduced using

the Wiener Chaos expansion.

. Unfortunately it seems very difficult to extend our method to levels for which
cps(f) = 0, even to prove lower order fluctuation bounds. Even if we assume
ts(0) # 0, the second moment method fails completely (the orders of the first
and second moment bounds do not match). It would therefore be necessary to
find an alternative proof that Ngg(R, () and Ngs(R, ¢+ ar) differ by a certain
order for such levels ¢, which seems roughly as difficult as proving the fluctuation

bounds on Ngg in the first place.

4.3 Main arguments

In this Section we prove our main results (Theorems 4.2.5, 4.2.7 and 4.2.11) following

the outline given in Section 4.2.2, subject to two auxiliary results (Lemmas 4.3.8

and 4.3.9) whose proof is deferred to Section 4.4.

Recall that the lower and upper right Dini-derivatives of a function ¢ : R — R at

a point x are defined respectively as

D.g(x) := liminf g

(x4 = 9(x) and D%g(z) := limsup
cl0 € clo

. (A7)

gl +¢) - g(x)
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The lower and upper left Dini-derivatives are defined respectively as

D_g(z) == limui)nf 9(x) = g(r =) and D7 g(x) := limsup 9l@) ~g(z = ¢)
‘ € €l0 €

. (4.8)

For the sake of simplicity, in this section we focus on Ngg rather than Npg, and we
also assume the level ¢ is such that either D" cpg(¢) < 0 or Dycpg(¢) > 0 rather than
one of the corresponding conditions for left Dini-derivatives. The arguments are near

identical in all of these cases, and we will mention any points of difference.

4.3.1 Varying the level

We first show that Ngg(R,,¢) and Ngg(R,,{ + a,) differ by at least a certain order,
for carefully chosen sequences R,, — oo and a,, — 0. There are two main inputs into
this result.

The first is a deterministic topological link between Ngg(R,,, ¢) and Ngs(R,,, (+a,)
given by Corollary 2.4.7. We recall the statement of this result: if f is an aperiodic
Gaussian field satisfying Assumption 2.1.1 (or Assumption 4.2.1) then for any R > 0
and ¢, < {5, with probability one

Ngs(R,01) — Ngs(R, l2) = N+ gll1,02) — Ns- r[l1,02) + Yoy 0.

and
NLS(R7 gl) - NLS(R7 62) :Nm+,R[€17€2) - Ns‘,R[€17€2>

+ N+ r(01, ly] — Ny r(41, Lo] + 04, 05,0

where

max{|ve,,e5,rls [061,65,r} < 2Naarm (B(R), [l1, £2]) + 4Nyang (0B(R), [41, L2])
< 10Noang(OB(R)).

The second input, is a moment bound on the number of critical /tangent points of
f in B(R) inside shrinking height windows, taken from [76].

Proposition 4.3.1. Let f be a Gaussian field satisfying Assumptions 4.2.1 and 4.2.9.
Then there exists ¢ > 0 such that for all R > 0 and a < b

E (Neit(B(R), [a,b])?) < emin{R*(b — a)® + R*(b — a), R*}

and

E (Neang(0B(R), [a,b])?) < cmin{R*(b— a)* + R(b — a), R*}.
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Proof. The first statement is precisely [76, Theorem 1.3]. We deduce the second
statement from [76, Theorem A.4]. This theorem is stated for fields defined on subsets
of R, so we divide the boundary of B(R) into two semicircles, and let fr be the
Gaussian process defined on [0, ¢ R that is the arc-length parameterisation of f
restricted to one semicircle, with the domain scaled so that Var[fp(z)] = 1 (this
scaling is independent of R by the normalisation in Assumption 4.2.1). It is enough

to prove that
E (Ng([a,b])?) < comin {R*(b—a)® + R(b— a), R*},

where Ng([a,b]) is the number of critical points of fr with level in [a,b]. By [76,
Theorem A.4] (which is stated for possibly non-stationary fields) this is true whenever

fr satisfies the following conditions:

1. Each fg is normalised so that

E(fr(z)) =0, Var[fr(z)] = 1, Cov[fr(z), fr(z)] =0 and Var[f(z)] =1,

and the Gaussian vector (fr(x), fr(v), fr(z), fr(y)) is non-degenerate for all
distinct z,y € [0, c1 R);

2. There exists a constant c3 > 0 such that

limsup sup max Var[0®fr(x)] < cs;
R—oo z€[0,c1R] <3

3. There exists a constant ¢, > 0 such that

liminf inf Var[fZ(z)?] > 1 :
el VU] = e

4. For each § > 0, there exists a constant c; > 0 such that

liminf inf det(XF(z,y)) >¢s and liminf inf det(X5(z,y)) > e,

R—co |z—y|>6 R—oo |z—y|>6

where X(z,y) and Y& (x) denote respectively the covariance matrices of the

Gaussian vectors

(fr(®), frRW) | (fr(2), fr(y)) and  (fr(x), fa(y)).
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Since fr(z) is a linear combination of the elements of V f(z), the first condition is
immediate from Assumptions 4.2.1 and 4.2.9.

The second and third conditions hold for the planar field f by Assumption 4.2.1
(see the proof of Theorem 1.3 in [76]), and since the covariance kernel Kg(x,y) =
E(fr(z)fr(y)) converges uniformly, as R — oo, in the C*3 norm on compact sets
(more precisely, on sets of the form {z = R, |y — x| < ¢}), they also hold eventually
for fr as R — oo.

By Assumption 4.2.9 and stationarity, for any 6 > 0, there exists a constant ¢5 > 0
such that

inf det Cov (f(z), f(y) | Vf(2), V[(y)) > cs,

|z—y[>6>0

inf det Cov (Vf(z),Vf(y)) > cs.

|z—y|>6>0
Since fg(x) is a linear combination of V f(x) (with uniformly bounded coefficients),

this implies the fourth condition above. O

We now work with a Gaussian field f that satisfies Assumptions 4.2.1 and 4.2.9
(we note that the Random Plane Wave satisfies both of these assumptions). To apply

the second moment method, we require a lower bound on the mean of the difference
NES(Rn, f) — NES(Rna f + (ln).

Lemma 4.3.2. Let f be a Gaussian field satisfying Assumptions 4.2.1 and 4.2.9. If
Dtegs(f) < 0 or Dicgs(f) > 0 then there exists ¢ > 0 such that, for any positive

sequences a, — 0 and R, — oo,
|E (Ngs(Rn, £) — Ngs(Rn,  + ay,))| > cR2a, + O(R,)
for all n sufficiently large. If, in addition, f satisfies Assumption 4.2.4 then
IE (Nps(Rp, £) — Nis(Bp, £+ an))| > cR2ay + O(Rpan) + O (m)

for all n sufficiently large. If right Dini derivatives are replaced with left Dini deriva-
tives, then the same conclusion holds on replacing Ngs(R, (+a,) with Ngs(R,{—ay,).

These statements also hold if excursion sets are replaced by level sets.

Proof. By Corollary 2.4.7

Ngs(Ra, 0) = Ngs(Ry, 0+ ay) = Nyt (B(R,), [£.€ + a,)) — No- (B(Ry), [€, £ + a,))
+ O (Niang(0B(Rn)))

almost surely, and so by Theorem 2.1.7 and Lemma 2.2.4,
[E(Nps(Rn, €) = Nes(Ra, £+ an))| > |ces(f) = cas(C + an)| - 7Ry + O (Ry) .
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Applying our assumption on the Dini-derivative of cgg here proves the first part of
the lemma.

The tighter inequality in Corollary 2.4.7 states that

Ngs(Rp,0) — Ngs(Rp, £ + an) =Np+ (B(Ry), [0, 0+ a,)) — Ne-(B(Ry), [, + ay))
+ O (Niang(0B(R,,), [0, + ay)))
+ O (Ngam(B(Ry), [€, £ + ay)))
almost surely, and so by Theorem 2.1.7 and Assumption 4.2.4,
|E(Ngs(Rn, 0) — Ngs(Ru, L+ an))| 2|cps(0) — cps({ + ay)| - R,
+ O (E(Neang(0B(Ry), [, € + a,)))) + o( R2ay,).
Since, by Proposition 4.3.1 and the Cauchy-Schwarz inequality,
E(Neang(OB(Ra), [0, + ,])) = O(Ruan) + O (VRutn)
the lemma is proved. O

We next prove a matching second moment bound.

Lemma 4.3.3. Let f be a Gaussian field satisfying Assumptions 4.2.1 and 4.2.9.

There exists ¢ > 0 such that, for any positive sequences a,, — 0 and R, — oo,

E ((Ngs(Rn,€) — Ngs(Rn, L+ a,))?) < ¢ (Rpal + Rlay) (4.9)
and the same conclusion holds for level sets.
Proof. Combine Corollary 2.4.7 and the bounds

E (Nait(B(R), [a,b])?) < ¢ (R*(b— a)* + R*(b— a))
and
E (Niang(0B(R), [a,b])?) < ¢ (R*(b — a)* + R(b—a)) .
in Proposition 4.3.1. O
Remark 4.3.4. By taking instead the bounds
E (Nait(B(R), [a,b])?) < cR* and E (Nung(0B(R), [a,b])?) < cR?

in Proposition 4.3.1, and setting /2 = oo in Corollary 2.4.7, the same argument also
establishes the trivial upper bound (4.1) under Assumptions 4.2.1 and 4.2.9. In fact,
by applying this argument to a compact domain B(1), covering B(R) with ~ R?
copies of B(1) and controlling boundary components, we can actually derive (4.1)

without the second condition maxq4<2|0a K (2)] = 0 in Assumption 4.2.9.
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Armed with matching first and second moment bounds, an application of the
second moment method yields a lower bound on the order by which Ngg(¢, R,,) and
Ngs(? + ap, R,) differ.

Proposition 4.3.5. Let f be a Gaussian field satisfying Assumptions 4.2.1 and 4.2.9.
Assume that Dt egg(0) < 0 or Dicgs(€) > 0 and let a,, — 0 and R,, — oo be positive

sequences. If either of the following conditions hold:
1. R,a, — 00 asn — oo;
2. f satisfies Assumption 4.2.4, and R%a, is bounded away from zero as n — oo;

then Ngs(R,,() and Ngs(R,,{ + a,) differ by order at least R%a,,. This statement

also holds if excursion sets are replaced by level sets.

Proof. Let
X, = Ngs(Rp,0) and Y, = Ngs(R,,{ + ay).

Under either condition (1) or (2) in the statement of the proposition, Lemma 4.3.2
shows that there is a constant ¢; > 0 such that

E|X, — Y| > |E(X, — Y,)| > c1 R2a,

for all n sufficiently large. Combining this with the Paley-Zygmund inequality

P (| X, — Y| > (c1/2)Roan) > P (| X, — Ya| > E(|X,, — Va])/2)
(E|X, — Y, |)? (4.10)
= 4E (X, — Y,)?)

Combining this with Lemma 4.3.3 gives

(E|Xn - Yn|)2 |E(Xn - Yn)|2 Rﬁa%
> 2 C3
E (X, —Y,)?) R}a2 + R%a, Rla2 + R%a,

> ¢y >0 (4.11)

for constants ¢, c3, ¢4 > 0 and all n sufficiently large. Combining (4.10) and (4.11)
completes the proof. We make the observation here (for later use) that the constants
¢ and ¢4 do not depend on ¢ except through the value of D cpg(f) (or D cpg(¥) if
this quantity is negative). This observation follows immediately from the proof here
and the proof of Lemma 4.3.3. O
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4.3.2 Bounding the total variation distance

We next bound the total variation distance between the number of excursion sets
at different levels, using different arguments for the case of general fields (i.e. fields
satisfying the conditions of Theorems 4.2.5 and 4.2.11) and for the Random Plane
Wave. This completes the proof of the main results (subject to two auxiliary lemmas,

the proofs of which are deferred until Section 4.4).

4.3.2.1 General fields

We begin by recalling some general theory of Gaussian fields (for which we refer to
[48]). Recall that to a continuous Gaussian field f, we can associate a Hilbert space
of functions H C C(R?) known as the reproducing kernel Hilbert space (RKHS),
or Cameron-Martin space, defined as the completion of the space of finite linear

combinations of the covariance function K
Z a;K(si,"), a; €Rs;€R* neN (4.12)
1<i<n
equipped with the inner product
<Z a; K (s;,-), Z a}K(s},-)> = Z a;a; K (s, 85).
1<i<n 1<j<m g 1<i<n1<j<m
The importance of the RKHS for our purposes, is the following corollary of the

Cameron-Martin theorem.

Proposition 4.3.6 ([77, Corollary 3.10]). Let f be a continuous Gaussian field de-

fined on some Fuclidean space. For every h € H,

12l
Viog2'

If the Gaussian field f is stationary, the norm ||h|/y can be written explicitly in

dov(f, f—h) <

terms of the spectral measure v. Indeed, we can represent H as the Fourier transform
of Lgym(dy), the space of complex, Hermitian functions which are square integrable

with respect to v. Namely, each h € H is of the form F (iz dV) with a unique
he L% _(dv), and

sym

(b, habir = (o)

LZpun(dv)
In particular,
e

Ly (dv)
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Let us draw two immediate consequences. First, in the case that v({0}) > 0, the

constant function 1 € H. Indeed

1= /62”'3350(:10) = /ezm'wgzﬁ(x)dy(a:) = F(pdv),
where ¢(z) = 1,-0/v({0}). This implies that

. _vop 1
B = ({07 v((0]) 19

Second, in the case that v has density p, we have that F <iL du) =F (ﬁp dw), ie.

1117 = ll¢

h differs from the standard (inverse) Fourier transform F~!(h) by division by p. If
Q) = supp (ﬂ) has finite area, this implies the bound

Il = ||

< sup {|F 1 (0)[*/p} Area(®) (4.14)

_ supg {71 (W) Area(®)
- infq p

2
Ly (dv)

We also make use of the following elementary lemma:

Lemma 4.3.7. Let X,, and Y, be two sequences of random variables defined on the
same probability space and u, a sequence of positive real numbers. Let A be a fized
event (i.e. independent of n) such that P(A) > 0.

1. If X,, has fluctuations of order at least d,u,, for all positive sequences 9, con-

verging to zero arbitrarily slowly, then X, has fluctuation of order at least u,,.

2. If there exist constants c1,co > 0 such that
P(‘Xn — Yn’ 2 C1Up ’ A) 2 Co
for all n sufficiently large, then X,, and Y, differ by order at least u,,.

Proof. We note that by Definition 4.2.2, X,, has fluctuations of order u,, if and only
if X,,/u, has fluctuations of order 1. Therefore when proving the first statement, we
may assume u,, = 1 for all n.

We fix some positive sequence 6, — 0 as k — oo, and suppose that X,, does not
have fluctuations of order at least 1. Then by Definition 4.2.2, for each k£ we can find

ny > ng_y and a,, < b,, such that b,, — a,, <7 and
P(an, < Xy, < by,) >1—0;. (4.15)
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By assumption, X, has fluctuations of order d;. So there exist absolute constants
c1, co > 0 such that for all k sufficiently large (so that 0, < ¢;) we have b,, —a,,, < c¢10y
and hence

Provided k is large enough, this contradicts (4.15), so we deduce that X,, has fluctu-
ations of order 1, as required.

Turning to the second statement, for all n sufficiently large
P(A) <P{|X, — Yo > cu,} NA) <P(X, - Y, >cu,).

Therefore X,, and Y, satisfy Definition 4.2.13 with constants ¢y, coP(A) > 0. [

We can now complete the proof of Theorems 4.2.5 and Theorem 4.2.11, beginning
with the simpler case of Theorem 4.2.11. For this it will be helpful to extend our
previous notation Ngg(R, /) slightly, defining Ngg(g; R, ) for g € CZ.(R?) to be

the number of components of {g > ¢} contained in B(R) (so that Ngg(R,() =

Proof of Theorem 4.2.11. Let f be a Gaussian field satisfying Assumption 4.2.10,
which means it can be represented as f = g + /aZ where g has spectral measure
v* and Z is an independent standard Gaussian variable. We first note that, since
ces(v*, £) is absolutely continuous in ¢ (Theorem 2.1.7), it is differentiable for almost
every ¢ € R. We also know that cgg(v*, ¢) is not constant in ¢, since it is positive for
some ¢ (Corollary 2.1.9) and tends to zero as ¢ — —oo (Theorem 2.1.7). Therefore
the function ¢zg(v*,-), which is defined almost everywhere, is not identically zero.
In particular, there exists a set A C R of positive Lebesgue measure and a constant
co > 0 such that cgg(v*,-) is differentiable for all £ € A and

;ggcﬁgs(u*,é) > ¢ > 0.

We now fix sequences R, — oo and a, | 0, such that a,R, — oco. (We will
later choose the convergence of a,, to be arbitrarily slow.) Applying Proposition 4.3.5
to the field g at a level for which ¢jz¢(¢) > 0 (and also assuming this derivative is
defined) we can conclude that Ngs(g, R,,,¢) and Ngs(g, Ry, ¢+ a,,) differ by order at
least R2a,. More specifically we can say that there exists ¢1, co > 0 such that for all

n sufficiently large

P (|NES(g7Rn7£) - NES(gaRmE‘{' an)| > ClRian) > Ca. (416)
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By the observation at the end of the proof of Proposition 4.3.5, if we consider a set
of levels ¢ for which ¢5¢(¢) is uniformly bounded away from zero, then we can choose
1,2 > 0 such that (4.16) holds for all ¢ in this set when n is sufficiently large (how
large n is required to be may depend on /).

We now fix an arbitrary £* € R and ¢, c2 > 0 such that (4.16) holds for all £ € A

(when n is sufficiently large). We define the events
E,(u) = {|NEg(g,Rn,u) — Ngs(g, R, u+a,)| > clRian} )
Then, recalling that f = g + /aZ, we have
P (|Nes(f, Rn, €°) = Ngs(f, R, 0" + an)| > e1R}a, | € = VaZ € A)

— P (B, (6" — VaZ) | ' — vaZ € A)

_ JuP (En(u)) per— yaz(u) du
P ((* — JaZ € A)

where py-_ /77 denotes the (Gaussian) density of ¢* — \/aZ. By Fatou’s lemma and
(4.16), this expression is bounded below by ¢2/2 for sufficiently large n. Since the
event we condition on above (¢* — /aZ € A) is independent of n and has positive
probability, by Lemma 4.3.7 we conclude that Ngs(f, R, (*) and Ngs(f, Ry, * + ay)
differ by order at least R%a,,.

By Proposition 4.3.6 and (4.13) there is a ¢y > 0 such that,

dov(Nes(fi Rp, 0), Nes(f — an; Ry, 0)) < dov(f, [ — an) < coan.

Since a,, — 0, the total variation distance converges to zero as n — oo. Therefore, by
Corollary 4.2.14, we conclude that Ngg(R,,, ¢) has fluctuations of order at least R2a,,.
Since this statement holds for any sequence a,, which converges to zero arbitrarily
slowly, it then follows from Lemma 4.3.7 that Ngg(R,, ¢) has fluctuations of order at
least R2. By definition, this means that (Ngs(R,())r>o has fluctuations of order at
least R?. Combining this with the trivial upper bound on the variance (4.1) (see also

Remark 4.3.4) we have the result. Identical arguments apply to level sets. O

We now turn to the general setting of Theorem 4.2.5. Let f be a Gaussian field
satisfying Assumptions 4.2.1 and 4.2.3, and recall that Assumption 4.2.3 implies As-
sumption 4.2.9. We recall also that g(r) := inf,cpr) p() where p is the spectral
density of the field near the origin. Let R, — oo and é,, — 0 be positive sequences
such that 6,R, — oco. For each r > 0, we define h, : R? — R by

1 sin(2mrty) sin(27rts)
h.(t) = —F |1i_, 2| (t) = : 4.17
®) 4r2 [ [=r, ]2} ®) 27ty 27rts ( )
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We will use h,, r — 0, to approximate the constant function 1; if we choose positive

sequences R, — oo and r,, — 0 such that r, R, — 0, then by a Taylor expansion,
||1 — hrnHC?(B(Rn)) =0 (T?LREL) as n — oQ. (418)

In the next lemma we show that this approximation has a negligible effect on the
number of excursion sets, that is, the number of excursion sets of f — a, is well
approximated by the number of excursion sets of f — a,h,, for an appropriate choice

of r,.

Lemma 4.3.8. Let f be a Gaussian field satisfying the conditions of Theorem 4.2.5
and fir ¢ € R. Let R, r, and a, be sequences of positive numbers such that R, — 00,
rn — 0, an — 0, 7R, — 0 and a,72R> — 0 as n — oo. Then there exist ¢,ng > 0
such that, for all n > ny,

]EUNES(f —ap; Ry, ) — Ngs(f — anh,,; Rn,f)ﬂ < ca,riR;}.
The same conclusion holds for level sets.

We defer the proof of Lemma 4.3.8 until Section 4.4. The upshot is that we can
apply Proposition 4.3.6 to the field f — a,h,,,, since h,, is an element of the RKHS
H. Indeed, by (4.14) for r sufficiently small

Rl < (4.19)

1
2r\/g(r)

We now have all the ingredients needed to prove Theorem 4.2.5.

Proof of Theorem 4.2.5. Let R, — oo and d,, — 0 be positive, monotone sequences
such that 62R, — oco. If g(r) — oo as r — 0 we also choose ¢, converging to zero
sufficiently slowly that 62+/¢(d,,/R,) — oo as n — oo. We apply Proposition 4.3.5
with a,, = 621/9(0,/R,)/ R, and deduce that Ngs(f; Rn,¢) and Ngs(f; R, £ + a,)
differ by order at least R2a, = 62R,+/9(0,/R,). Applying Lemma 4.3.8 with r,, =
dn/ R, and Markov’s inequality we have that, for every e > 0 and n sufficiently large,

ca,r2 R}

P (|Ngs(f — an; Rn, ) — Nps(f — anhy,; Ro, 0)| > eR2a,) < =02 /e — 0.

eR%a,

Hence Ngs(f; Rn,f) and Ngs(f — aph,,; Ry, () also differ by order at least RZa,,.
Moreover, by Proposition 4.3.6 and (4.19), there is a ¢y > 0 such that

dTV(NES(f; Rnag)a NES(f —aphy,; Rn7€)) < dTV(fa f = anhrn)

Coln, _ Cody
2ry, g(rn> 2

S COHanhrnHH S — 0.
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Therefore, by Corollary 4.2.14, we conclude that Ngg(R,,¥) has fluctuations of or-
der at least R2a,. Since §, can be chosen to converge to zero arbitrarily slowly,
Lemma 4.3.7 implies that Ngs(R,,, ¢) has fluctuations of order at least R, \/m ,
completing the proof of the theorem. n

4.3.2.2 The Random Plane Wave

We now move onto the proof of Theorem 4.2.7. We recall the orthogonal expansion

of the Random Plane Wave given in the proof of Proposition 3.2.17:

F@) =" amdim(r)e™, (4.20)

meZ
where (r,0) represents z in polar coordinates, J,, is the m-th Bessel function and
U = by + iCp = Gy With by, (V2b,)men and (v2¢,,)men independent standard
(real) Gaussians and ¢y = 0. We let fy denote the truncation of this expansion at

N, that is
@) =" amdim(r)e™. (4.21)

Im|<N
Known inequalities for Bessel functions [105, Section 8.5, (9)] state that, for all a €
(0,1), m >0, and r < am,
[T ()] < cre ™, (4.22)

which means that the terms beyond m = 2R are exponentially small inside B(R). In
the next lemma we show that these terms have a bounded effect on the number of

excursion sets.

Lemma 4.3.9. Let f be the Random Plane Wave, fix (* € R, and let a € (0,1).
Then there exist c¢,ng > 0 such that, for all ¢ € [(* —1,0* + 1], N > ng and R < aN,

E (|Ngs(f; R, £) — Ngs(fn; R, 0)]) < c.

The proof of Lemma 4.3.9 is deferred to Section 4.4. Armed with this lemma we

can complete the proof of Theorem 4.2.7.

Proof of Theorem 4.2.7. Let R, — oo be a positive sequence, and a, = 6nR;1/2 for

some sequence 9, > 0 which converges to zero slowly enough that R,a, — oo (we will

eventually allow 4,, to converge to zero arbitrarily slowly). Applying Proposition 4.3.5
shows that Ngs(f; Rn, ) and Ngs(f; R, {+a,,) differ by order at least R2a,, = 6nR§/2.
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Now choose m,, = [2R,,]. Applying Lemma 4.3.9 and Markov’s inequality shows
that for any € > 0

P (|Ngs(f; Rn. 0) — Nps(fm,; Bn, 0)| > €R2a,) — 0

and
P (|Ngs(f; Rn. 0+ an) — Nps(fin,; Bu, 0+ an)| > eR2a,) — 0

as n — 00, so we conclude that Ngg(fm, ; Rn,?) and Ngs(fm,; Rn, ¢ + ay,) also differ

by order at least 5nR?/ 2,

We note that, since f,,(t) > ¢+ a, if and only if ﬁfmn (t) > ¢ (assuming n is

sufficiently large that ¢ 4 a,, is bounded away from zero),

12
NES(fmn;Rn7€+an) - NES (—fmn;Rm€> .

{+ a,

Since f,,, is parametrised by 2m,, + 1 independent standard Gaussian variables we
see that

dTV (NES'<fmn7 ng)a NES(fmn; ng + an))

14
=dry (NEs(fmn; R,,0), Ngs ( Jrns Rn,€>)

{+a,

’ 2
<drvy (N(O,[2mn+1)>/\/ <0> (€+ an) IZanrl)) :

By Pinsker’s inequality, the square of the above quantity is at most

1 ¢\’
§dKL (N (0, (€+an) Izmn+1> H N(O,I2m,L+1)> (4.23)

where d;, denotes the Kullback-Leibler divergence defined by (4.5). If P = N(0,%)
and Q = N(0,%;) are two centred k-dimensional Gaussian measures, then it is a
standard result that

(P11 Q) = 5 (1og (o) — F+ To(80) )

- 5 det 21

Therefore the quantity in (4.23) is equal to

2m,, +1 14 2 14 2 ¢ 9
— 1 — < =
4 <(€+an) ! ln<<€+an> )) - 4(4R”+3)an

for some constant ¢; > 0 depending only on ¢ (the inequality follows from a Taylor

expansion of the logarithm). This bound converges to zero as n — oo and so we can
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apply Corollary 4.2.14 and conclude that Ngg(fm, ; Rn, ) has fluctuations of order at
least 5HR§/2. Applying Lemma 4.3.9, the same conclusion is true for Ngg(f; R, ().
Since 6, can be chosen to converge to zero arbitrarily slowly, Lemma 4.3.7 implies
that Ngs(f; Rn, ) has fluctuations of order at least RY? as required. ]

4.4 Perturbation arguments

In this section we prove Lemmas 4.3.8 and 4.3.9, thus completing the proof of all
results in the chapter.

We begin with some heuristics. Let F' be a random field on a compact domain
D. Our aim is to control the expected difference between the number of components
of {F >0} and {F —p > 0}, where p is a small (possibly random) perturbation. If
p is a constant function taking the value ¢ > 0, then the standard methods of Morse
theory show that the difference between these two quantities is at most the number of
critical points of F' with level between 0 and ¢, since the excursion set {F' > ¢} varies
continuously with ¢ unless passing through a critical point of F', in which case the
number of components changes by at most one. Since the number of critical points
is a local quantity, we can use the Kac-Rice formula to bound its mean.

This same reasoning can be applied to more general perturbations p. Assuming
some regularity of £ and p (which will be specified in the next subsection) the number
of components of {F' — ap > 0} changes continuously with « unless passing through
a point at which V(F — ap) = 0, and it can be shown that at such points the number
of components changes by at most one. Therefore, the difference in the number of
excursion sets is bounded above by the number of points at which V(F — ap) = 0
for a € [0,1] (plus an analogous term which controls boundary effects). Since the
number of such points is still a local quantity, an application of the Kac-Rice formula
will yield Lemmas 4.3.8 and 4.3.9.

Let us formalise the concepts just described. Let D C R? be a compact domain
with C! boundary and let F,p € C%*(D). We say that x € D is a quasi-critical
point of (F,p) at level a € [0,1] if V(F — ap)(z) = 0 and (F — ap)(x) = 0. For
x € 0D, let vg(x) and vz(x) denote respectively the unit vectors in the tangent and
normal directions to 0D, and let Vg and Vz denote the derivatives in these respective
directions. We say that © € 0D is a quasi-tangent point of (F,p) at level a € [0, 1]
if Vo(F — ap)(z) = 0 and (F — ap)(x) = 0. We denote the number of quasi-critical
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and quasi-tangent points by Ngc(F,p) and Ngr(F, p) respectively, i.e.

NQC(Fap) = #{I €D:3Jac [07 1]7 V(F - Ozp)(l’) =0, (F_ O[p)(I) = 0}
Nor(F,p) =#{x € 0D : 3a € [0,1], Vo(F — ap)(z) =0, (F — ap)(z) = 0}.
We can now state our main perturbation result. We generalise our previous no-

tation Ngg(g; R, £) slightly, defining Ngs(g; D, ¢) to be the number of components of

{g > (} contained in a compact domain D (with analogous notation for level sets).

Proposition 4.4.1. Let D C R? be a compact domain with C' boundary. Suppose
that F' and p are independent C3-smooth planar Gaussian fields defined on a neigh-
bourhood of D satisfying the following conditions:

1. For each x,y € D, x # y, the Gaussian vector (F(z), F(y), VF(x),VF(y)) is

non-degenerate;
2. For each x € D, the Gaussian vector (VF(x),V2F(z)) is non-degenerate;

3. For each x € 0D, both of the Gaussian vectors (F(x),VaF(z),VeVaF(x)) and
(F(x),VaF(z),ViF (x)) are non-degenerate;

4. Either:

(a) p is deterministic and the set {p = 0} N D consists of a union of simple

curves and isolated points, which intersect 0D only at isolated points, or

(b) For each x € D, the Gaussian vector (p(x), Vp(x)) is non-degenerate.

Then there exists ¢ > 0, independent of F', p and D, such that with probability one
|Nes(F; D,0) — Ngs(F' —p; D,0)| < ¢(Noc(F,p) + Nor(F,p)) .
The same conclusion holds on replacing Ngs with Npg.

We prove Proposition 4.4.1 in the next subsection. Before that, we use it to
complete the proofs of Lemmas 4.3.8 and 4.3.9. We state these proofs exclusively for
excursion sets; the arguments for level sets are identical.

The simpler case is Lemma 4.3.8, since the perturbation is deterministic.

Proof of Lemma 4.3.8 (given Proposition 4.4.1). For fixed n sufficiently large, we de-
fine
F=f—-l—-a, and  p=a,(h., —1).



Then by the definition of h,., in (4.17), the zero set of p|p(g,) consists of a single point
at the origin. Hence we may apply Proposition 4.4.1 to the functions F' and p on the
domain D = B(R,,) (f satisfies the conditions of the proposition by Assumptions 4.2.1
and 4.2.3 and Lemma A.2.4), and so it is sufficient to prove that there exists a ¢ > 0

such that, for n sufficiently large,
E(Ngc(F,p)) < ca,r2R:  and E(Ngr(F,p)) < ca,r2R3. (4.24)

We begin with the first bound in (4.24). Define G : B(R,) x [0,1] — R3 by

ooy [ VE = 0)(2)
G(z,7) ( (F — o)) ) (4.25)

and let pg(a) denote the density of the (non-degenerate) Gaussian vector G(z,7).
We now apply the Kac-Rice formula to G. Note that Theorem 1.3.2 is not ap-
plicable here since the mean of G is not constant. Instead we apply [5, Theorem 6.2

and Proposition 6.5] (which require G to by C? almost surely) to conclude that

E(Ngc(F,p))

- I =
B(Rn)x[0,1]

< WR?L sup E
z€B(Ry)
~v€[0,1]

ot (W(F —w)(x) V(F - w)(x))
—Vp(z)' —p(z)

et (W(F —)(x) V(F =) <x>>
—Vp(z)' —p(z)

G(z,7) = 0) P (0).

The density pe(z,,)(0) is bounded above by c¢;/+/det £(x,v), where ¥(x,v) is the
covariance matrix of G(z,v) and ¢; > 0 is an absolute constant. Using the condition

G(z,7) = 0 (which implies V(F — vp)(z) = 0), we have

“

. VZ(F —p)(z) V(F —~p)(x) o) —
dt( V() —p() ) el O)

= |p(x)| - E (|det (VX(F - 1p)(2))| |G(x,7) = 0)

< cglp(x)|mixmax E !8’“F(m)‘2 G(z,v)=0), ‘3kp(x)|2 )
|k|=2

where ¢, > 0 is an absolute constant and we have expanded the determinant and

applied Holder’s inequality in the final line. By (4.18),

Ipllc2B(Ra) = O(an(ran)Q) —0 as n — 0o.
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Hence it suffices to show that

1 . ) B
wmey @ masE (0 F@) G =0) (4.26)

are bounded above, uniformly over n sufficiently large and (x,~) € B(R,,) x [0, 1].

Considering the first term; since p is deterministic and f is stationary,

o (VI@Y _ o (V5O)
e =¢ (ﬂ@) ¢ (ﬂm>

which has a non-zero determinant, by Assumption 4.2.1, that clearly does not depend
on x or 7.

Now turning to the second term of (4.26), since f is stationary we know that
(f(x), V2f(z)) is independent of V f(z) (Lemma A.2.2) and so for |k| =2

G(z,7) = o) —E (}akf(x)
~E <}a’“f(0)

]E(}akF(x)]2 k

f(x) =L+ a, + 'Vp(:v))

(4.27)
F(0) = £+ an +p(x) )

}2

where the second equality also follows from stationarity of f (recall that p is de-
terministic). By Gaussian regression ([5, Proposition 1.2]), this final expression is
continuous in the variable ¢ + a,, +yp(z). Since a,, and ||p||c2(p(r,)) converge to zero
as n — 00, we see that this variable has a uniformly bounded range for all n and
all (z,7) € B(R,,) x [0,1]. Therefore (4.27) is uniformly bounded as required. This
establishes the first bound in (4.24).

For the second bound in (4.24), a similar application of the Kac-Rice formula on
the boundary 0D = 0B(R,,) gives the result once we establish that

v
det(Zs(z,7))

are bounded above uniformly over n sufficiently large and (z,~) € 90B(R,) X [0, 1],

E (|V3F(2)| |Go(x,7) =0) , |Vip(z)] and

where Vy denotes the derivative in the direction tangent to the boundary 0B(R,,),
Vo(F — x
G ) = o(F —p)(x)
(F'=p)(z)

and Xs(z,y) denotes the covariance matrix of Gy(z,y). These facts are proven using

arguments near identical to those given above. O

The proof of Lemma 4.3.9 is slightly more complex because the perturbation is
random, and we require some additional auxiliary lemmas (which we state here and

prove at the end of the subsection):
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Lemma 4.4.2. Fiz d,n € N. Let X and Y be random variables, let Z € R? be a
random vector, and suppose that (X, Y, Z) is jointly Gaussian and centred with (Y, Z)

non-degenerate. Then

c E(yQ)n/Q
Sup]E <|X|n’Y =Y, Z = O) p Y, Z (y7 0) S —E(X2>n/2 max 17 9 Nn /0 ’
e ) det (D) (03"
where ¢ > 0 s a constant depending only on d and n, > and p denote respectively the
covariance and density of (Y,Z), and 0}2,|Z denotes the variance of Y conditionally

on /.

Lemma 4.4.3. For each o € (0,1) and k € N there ezists ¢1,co > 0 such that, for
all N > 1,

E (Il = il a ) < e,

Proof of Lemma 4.3.9 (given Proposition 4.4.1 and Lemmas 4.4.2 and 4.4.3).

We recall the orthogonal expansion of the Random Plane Wave in (4.20) and its
truncation fy in (4.21). Since the covariance kernels of fy converge to that of f in
the C'*° on compacts topology, it can be shown that fy — f in law in the C'*° topology
on compact sets (see [81, Appendix A]). Let us extend our notation slightly by letting
Ngs(g; R, ¢) denote number of components of {g > ¢} contained in B(R)\ B(1). We
first claim that there is a ¢ > 0 such that

E (’NES<f;R>€) - NES(f;R7€)D <c

_ (4.28)
E (|Nes(fv; R.0) — Nes(fv; R, 0)]) < c

for all sufficiently large N and R > 1. To see this, note that, for g € {f, fn},
‘NES(ga R> e) - NES(97 R7 €)| < Ncrit(.ga B(l)) + 2Ntang(gv 8B<]-))a

which holds because each excursion set component contained in B(R) which intersects
B(1) is either contained in B(1) or intersects dB(1). In the former case, such a
component must contain a local maximum in B(1) and in the latter, it must contain
a tangent point in 0B(1). Then the Kac-Rice formula shows that the quantities
Nait(g, B(1)) and Niang(g,0B(1)) have a finite mean that is continuous with respect
to the C*(B(1)) topology on the covariance kernel of g on B(1) (at least, if g is a C?
Gaussian field such that Vg(z) is non-degenerate on B(1)). Since fy — f in law in
the C'* topology on compacts and V fy is eventually non-degenerate on B(1), the

result follows.
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It remains to show that
E[|Ngs(f; R, €) — Ngs(fn; R, 0)]] < ¢

uniformly over N sufficiently large and R < aN. Define F' := fy —fand p := fy— f,
which are independent C'* Gaussian fields. Note that p is centred, and we may check
that (p(x), Vp(z)) is non-degenerate for each x # 0 and sufficiently large N. Hence
we can apply Proposition 4.4.1 to F and p on D = B(R) \ B(1). Applying this

proposition, it suffices to prove that
E(Ngc(F,p)) <c and E(Ngr(F,p)) <c (4.29)

uniformly over N sufficiently large and R < aN, where Noc(F,p) and Nor(F,p)
denote respectively quasi-critical points and quasi-tangent points in B(R) \ B(1).
Arguing as in the proof of Lemma 4.3.8 (with one additional application of Holder’s
inequality because p is now random), the first bound in (4.29) follows from the Kac-
Rice formula once we check the following two conditions. First, for all N sufficiently

large

1
sup  E(lp(=)*) < -
2€B(aN)\B(1) ( ) N2

This condition is immediately implied by Lemma 4.4.3.

Second, we require that

maxE (‘8’“F(x)|4‘G(x, ") = o) Do (0)

Ik|=2
and (4.30)
I‘Ei)éE <‘8kp(:c)|4‘G(:c,”y) = 0) pG(z,7)<O>

are bounded above uniformly over (z,v) € B(alN) x [0, 1] for sufficiently large N,
where G(x, ) is defined as in (4.25) with pg(s,,) its density. Since fy and p are centred
Gaussian fields, an application of Lemma 4.4.2 (with the setting X = 0*F(z) =
O fn(x), Y = (fx —yp)(x),Z = V(fy — 7p)(x)) shows that the first quantity in
(4.30) is

E (|0°F(@)[|G(2.7) = 0) poge(0)
=E (IX|"|Y =¢,Z = 0) py,2(0,0)

< c E(‘aka(x)|2>2maX{17E((fN(l') —,-)/p(l.))Q)Q} |

- Vdet(E(z, 7))
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where p(y,z) is defined as in Lemma 4.4.2, ¥(x,v) is the covariance matrix of G(x,7),
and 0?(z,7) is the variance of fy(z) — yp(x) conditional on V(fy — vp)(z) = 0.
Applying the same argument to the second quantity in (4.30), it is enough to show
that each of

%iéqmax {E <‘8ka(x)‘2> JE <‘8kp($)‘2>} , E ((fN(37> — ’YP($>>2) )
X | (4.31)
det(X(z,7))" o*(z,7)

are bounded above uniformly for sufficiently large N and over (z,7) € B(aN) x [0, 1].

By the independence of fy and p,

E((fn(z) = yp(2))?) < E (fn(2)?) +E(p(z)?)
det(2(z,7)) > detCov (vf N(I)> ,

fn(z)

and so the bound on the first three terms of (4.31) follows from stationarity of f, the
convergence of the covariance functions of fy and the bound on p in Lemma 4.4.3.

This convergence also implies that

ov [ VIv(@) = () o [ V@)
¢ (fN(fv)—w(x)>%C <f<a:>>

uniformly on B(aN) x [0,1] as N — oo. Therefore
o*(z,7) = Var(f(z) | Vf(z) = 0) = Var(f(0)) = 1

uniformly, proving the required bound on the final term of (4.31).

For the second bound in (4.29), we count the quasi-tangent points on 0B(R)
and 0B(1) separately. The first quantity is bounded above uniformly by the same
argument as for the quasi-critical points applied on the boundary 0B(R). The second

count is bounded above uniformly by the same argument used to establish (4.28). [

Proof of Lemma /.4.2. The proof is similar to [77, Lemma 3.1]. We denote by ¢ > 0
a constant that depends only on d and n but may change from line to line. Since a
normal random variable A (u, 0?) satisfies E(|N (i1, 02)|") < cmax{(c?)"/2, |u|"}, and
since conditioning on part of a Gaussian vector reduces the variance of all coordinates,

it suffices to prove that

c  E(X?|Z =0)"2E(Y?|Z = 0)"/?
sup |[E(X|Y =y, Z2 =0)|" ,0) < .

154



Recall that, by Gaussian regression,

XY|Z=0 ce v/ 27%12)
( 2| ) and  p,z)(y,0) <

E
E(X]Y =y, 7 = 0)| = || ce "
UY|Z det(Z)

Since, for any o2 > 0,

sup [y["e /%) = (on/e)"?,
yeR

we deduce that

- E(XY|Z = 0)|"
Sup|E(X|Y:y7Z:O)|n€ y2/(20%,‘z) §C| ( 2| - )| ’
and the result follows by the Cauchy-Schwarz inequality. 0

Proof of Lemma 4.4.3. Recall from (4.22) that there exist ¢1, co > 0 such that, for all
m >0 and r < am,

| T (r)| < cre” ™. (4.32)

Applying this to the orthogonal expansion (4.20), we have

2

E( Bty |f<x>—fN<x>\2> <E(| 3 alale ] | <ees

z€B(aN) Im[>N

for some c3, ¢4 > 0, which gives the result in the case k = 0.
For the general case k > 1, we differentiate in polar coordinates and use Bessel
identities to replace the resulting terms by linear combinations of Bessel functions.

For instance, since

2mJ,, (r)
r

= Jn1(r) + Jni1(r) and 2J (1) = J1(r) — iy (1)

we have that

o f(2) = O f(2) = D am@™ (S (1) cos(8) — i sin(8) (m /1) Jjm (1))

lm|>N
= 3 ™ (g2 0) = Jingia (7)) cos(6)
— 18I (0)(=1)" (Jjm-1(r) + Jjmj12 (7))

Hence by the triangle inequality and (4.32), we have

E ( sup [0, f(x) — @clfzv(w)IQ) < e

z€B(R)

The proof for k£ > 1 is similar, and we omit the details. n
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4.4.1 Morse theory arguments

In this section we prove Proposition 4.4.1, which is based on the following deter-
ministic result. We say that a quasi-critical point z at level « is non-degenerate if
det V2(F — ap)(z) # 0. Similarly, we say that a quasi-tangent point x at level « is
non-degenerate if V4(F — ap)(z) # 0.

Lemma 4.4.4. Let F,p € C?(D) be deterministic functions that satisfy the following:

1. The quasi-critical and quasi-tangent points of (F,p) are non-degenerate, all oc-
cur at distinct levels, are not contained in {p = 0}, and do not occur at level 0

or1;
2. The quasi-critical points of (F,p) are not contained in 0D;

3. The set {p = 0} consists of a union of simple curves and isolated points, and

there are no accumulation points in {F =0} N {p = 0};
4. Defining g = F/p, there is no x € 9D such that

vo(z) - (VF = gVp)(x) =0 and vh(z)(V*F — gV°p)(z)vg() = 0.

Then there exists ¢ > 0, independent of F', p and D, such that
|Ngs(F; D,0) — Ngs(F —p; D,0)| < e(Ngo(F,p) + Nor(F,p)).
The same conclusion holds on replacing Ngs with Npg.

Given this result, the proof of Proposition 4.4.1 is a straightforward application

of Bulinskaya’s lemma to various combinations of F', p and their first two derivatives.

Proof of Proposition 4.4.1 (given Lemma 4.4.4). It is sufficient to verify that F' and
p almost surely satisfy the four conditions in Lemma 4.4.4.

(1). We first verify that, almost surely, the quasi-critical points of (F, p) are at distinct
levels. Define D, = {(z,y) € D?: |z —y| > 1/n} x [0,1] and g; : D,, — R® by

Bulinskaya’s lemma (Lemma A.2.1) states that g; almost surely does not hit 0 € R®
at any point in D,,, provided it is almost surely C' and that the density of g;(z, vy, «)
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is bounded on a neighbourhood of 0 uniformly in D,,. We know that g; € C(D,,) by
assumption and so turn to the second condition. Since F' and p are independent, the

density of g;(x,y, ) can be given by a convolution over the densities of

(VE(z),VF(y), F(z), F(y))  and  «(Vp(z), Vp(y),p(x),py)),  (4.33)

and therefore it is sufficient to show that the density of either of these vectors is
bounded. By assumption, the covariance matrix of the first vector in (4.33) is non-
degenerate for every x # y, and by continuity the determinant of this covariance
matrix is bounded away from zero on the compact set D,. Since this vector is
Gaussian, this implies that its density is uniformly bounded above and allows us to
apply Bulinskaya’s lemma. Taking a countable union over n completes the proof.

Applying the same argument to g, : 9D?*x[0,1] — R*and g3 : 9D x D x[0,1] — R
defined by

Vao(F — ap)(z) Vo(F — ap)(x)
_ | VolF —ap)(y) . _ | V&F—ap)(y)
2= (R - ap)) T e |
(F —ap)(y) (F — ap)(y)

completes the proof that, almost surely, all quasi-critical and quasi-tangent points of
(F,p) are at distinct levels.

Similarly, applying this argument to g4, g5 : D — R3? and g¢g, g7 : 0D — R? given
by

_(VE-p@\ _(VF@) _ (VeF-n)@) _ (VoF@)
“’(w-m@>%’<Fm>”“‘<w-mw)”“‘(ww)’

shows that (F p) has no quasi-critical or quasi-tangent points at level 0 or 1 (using the
assumption that (F(x), VF(z)) is a non-degenerate Gaussian vector for each x € D).
Applying the arguments above to gg : 9D x [0,1] — R3 given by
Vi(F — ap)()
gs = | Vo(F — ap)(z)
(F' = ap)(z)
shows that the quasi-tangent points of (F,p) are non-degenerate almost surely. A

slightly different version of Bulinskaya’s lemma ([5, Proposition 6.5]) states that since
go : D x [0,1] = R? defined by

gw:<VW—amuU
(F ~ ap)()
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is almost surely C? and has a univariate probability density which is uniformly
bounded, there is almost surely no (x,«) € D x [0, 1] such that go(z,a) = 0 and
det V2(F — ap)(x) = 0. Hence the quasi-critical points of (F,p) are non-degenerate
almost surely.

It remains to show that (F,p) has no quasi-critical or quasi-tangent points in
{p = 0}. In the case that {p = 0} consists of simple curves and isolated points, which

intersects 0D only at isolated points, we apply Bulinskaya’s lemma to

_ [ V(F —ap)(z) n o Vo(F — ap)(z)
" <<F—ap><x>> oo ((F—apxa:))’

restricted to {p = 0} x [0,1] and 0D N {p = 0} x [0,1] respectively, which gives
the results. In the case that the variance of p(x) is non-zero for each x (and so

bounded away from zero by compactness), we define g;; : D x [0,1] — R* and
gi12 0D x [0, 1] — R3 by

V(F — ap)(z) Vo(F — ap)(z)
gi1 = F(z) and g2 = F(z)
p() p(z)

Once again, Bulinskaya’s lemma (along with the convolution argument) gives the
result.

(2). Applying the same arguments to gg restricted to 9D x [0, 1] shows that (F,p)
almost surely has no quasi-critical points in 0D.

(3). If p is deterministic, then {p = 0} consists of a union of simple curves and isolated
points by assumption. Otherwise, applying Bulinskaya’s lemma to (p, Vp) shows that
p almost surely has no critical points in D at level zero. Since p is C* by assumption,
the implicit function theorem then states that {p = 0} N D consists of simple C?
curves. It remains to show that the number of points in {F = 0} N {p = 0} has
finite expectation (so in particular, has no accumulation points almost surely). If p is
deterministic, we apply the Kac-Rice formula (Theorem 1.3.2) to F restricted to the
one-dimensional set {p = 0}. Since F'is C? and (F(z), VF(z)) is a non-degenerate
Gaussian vector for each x, this gives the necessary result. In the case that p is
random, we apply the Kac-Rice formula to (F,p) : D — R?. This is valid since F’
and p are C? (so the same is true of their covariance functions) and (F, VF,p, Vp) is
a non-degenerate Gaussian vector at each point of D. The integrand in the Kac-Rice
formula is bounded (by compactness of D and non-degeneracy of (F, VF,p, Vp)), so
we conclude that the cardinality of {F = 0} N {p = 0} has finite expectation.
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(4). Let g13: 0D x [0,1] — R3 be given by

vh(x)(VEE — aV?p)(x)vs(x)
gi3(z, ) = va(z) - (VF — aVp)(z)
(F' = ap)(z)

Once again, applying Bulinskaya’s lemma with the convolution argument from before,
and the assumption that (F(x), VoF (z), VoV 5F(x)) is non-degenerate for each x, we

conclude that g;3 almost surely has no zeroes in 9D x [0, 1] as required. O

To complete the section, we prove Lemma 4.4.4. We will make use of the Morse
theorems for manifolds with boundary stated in Section 2.4 (i.e. Theorems 2.4.1
and 2.4.2). We will not require the full strength of these results; we only use the fact
that on passing through a critical or tangent point of a Morse function, the number
of excursion set components changes by at most one.

The proof of Lemma 4.4.4 is extremely simple whenever p > 0 (or p < 0) on D.
In this case, we can apply the Morse theorems directly to g := F/p to show that

|NES(gu D,O) - NE‘S(g7D7 1)’ < Ncrit + Ntang~

where Ngi; and Niane denote respectively the number of critical and tangent points
of g in D with level in [0, 1]. We then observe that g > « if and only if F'—ap > 0,
and that the critical/tangent points of g with level in [0, 1] are exactly the quasi-
critical /tangent points of (F,p), which completes the proof.

When p takes positive and negative values, we will instead apply this argument to
g restricted to A := {p # 0} and then argue that the same conclusion holds when we
replace {F —ap > 0} N A with {F' — ap > 0}. Intuitively this makes sense because
the set {F' — ap > 0} N {p = 0} is invariant under «, and so any changes in the
topology of {F — ap > 0} as « varies must occur in A. This assumes that F' and p
have some regularity properties: specifically the conditions given in the statement of
Lemma 4.4.4.

Proof of Lemma 4.4.4. We begin with the statement for excursion sets. Define A =
{p # 0} and g : A — R, by g(z) = F(x)/p(x), which by assumption is a Morse
function on A (i.e. when viewed as a manifold with boundary in 0D). The first step
is to show that, if g does not contain any critical or tangent points in {p # 0} with

level in [y, o), then

Ngs(F — aip; D,0) = Ngs(F — agp; D, 0). (4.34)
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In other words, {F' — a1p > 0} and {F — asp > 0} have the same number of compo-
nents that do not intersect 0D.

So suppose that g has no critical or tangent points with level in [aq, as]. Note
that, on {p > 0}, F'— ap > 0 if and only if ¢ > «. Therefore by Theorem 2.4.1,
{F —agp > 0} N {p > 0} is a deformation retract of {F' — a;p > 0} N {p > 0}. The
same reasoning (applied to lower excursion sets) holds on {p < 0}, and combining
these arguments we see that the components of {F — ayp > 0} N A are in bijection
with the components of {F' — asp > 0} N A where one component maps to another if
and only if they have non-empty intersection.

We now extend this to the components of {F'—ayp > 0} and {F — asp > 0}. Let
B be a component of {F — a;p > 0}, and let Ay, ..., A, be the distinct components
of {FF—ayp >0} NAin B (since D is compact and ¢ is Morse on A, there are a
finite number of such components), with C1, ..., C,, the corresponding components of
{F —agp > 0} N A. Suppose that 0A; NOA; contains a simple curve ; ; (in {p = 0})
of positive length. Then we can find a path ¢, ; contained in A; U A; U~; ; joining an
arbitrary point in A; to an arbitrary point in A;. Moreover, since {F = 0} N {p = 0}
has no accumulation points, we may assume that the chosen d;; does not intersect
{F = 0}. Since F' — a;p > 0 on 9, j, and §; ; passes through {p = 0} and is disjoint
from {F = 0}, by continuity of I and p we can find a restriction d; ; of d; ; such that
F —asp > 0 on §;; and 4] ; still has one end-point in each of A; and A;. Notice that
OB consists of simple curves, and the A; are separated in B by {p = 0}, which also
consists of simple curves. Therefore by applying the above argument to all such ¢
and j, we see that Cy,...,C,, are connected in {F — aop > 0}. Reversing the roles
of a; and ay, we conclude that the components of {F — a;p > 0} N A are connected
in {F — ayp > 0} if and only if the corresponding components of {F — asp >0} N A
are connected in {F — aop > 0}. Since the boundaries of the sets {F — ayp > 0}
and {F — asp > 0} consist of simple curves, each component of {F — a;p > 0} or
{F — app > 0} must intersect A. Hence the components of {F — ayp > 0} and
{F — aup > 0} are also in bijection (where one component maps to another if and
only if they have non-empty intersection), and in particular the number of these
components is the same.

To finish the proof of (4.34), it remains to show that a component of { F—ayp > 0}
hits the boundary 0D if and only if the same is true of the corresponding component
of {F — agp > 0}. Let C be a component of {F — a;p > 0} that does not intersect
dD. For a € [ay,aq] let C, be the component of {F — ap > 0} which intersects

C' (by the previous paragraph this component exists and is unique). Suppose, for
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a contradiction, that C,, N 9D # (). We assume part of this intersection occurs in
{p > 0} (the arguments are similar if part of the intersection occurs in {p < 0} and
we know that the intersection must occur in {p # 0}). Let o’ be the infimum of
a € [y, ag) such that

CoNODN{p >0} #0.

We can then choose a sequence «; | o’ and corresponding points x; € 0D N {p > 0}
such that (F' — ayp)(x;) > 0. By compactness we can then find 2’ € D N {p > 0}
such that {F' — o/p > 0} and so we note that o/ > «;. Since 2’ is not a quasi-
critical /quasi-tangent point, the implicit function theorem shows that for some o €
(o, ), {F —ap >0} NID # (. However this contradicts the definition of /. We
conclude that for all a € [y, ag], C, NID = (), and the result follows (after reversing
the roles of a; and ap in this argument). Therefore (4.34) is proved.

The second step is to bound the effect of the critical/tangent points of g. So
suppose that there is a unique critical or tangent point x of g with level in (aq, ).
We assume that p(x) > 0 (the following arguments are similar when p(z) < 0 and
by the conditions of the lemma, p(x) # 0). Theorem 2.4.2 implies that the number
of components of {F — asp > 0} N A differs from the corresponding number for
{F —ajp > 0} N A by at most one. We now let Ay,..., A,, be the components of
{F —a;p>0}nNAandlet Cy,...,Cp1 be the components of {F — asp > 0} N A
where C), and C,, ;1 may be empty. By relabelling, we assume that x € A,,. Applying
Theorem 2.4.1 to A\ A,, shows that the A; and C; contained in A\A4,, are in bijection.
Therefore by relabelling we may assume that A;,NC; # 0 for i = 1,...,m — 1 and
that Cp,, Cri1 C Ay, (if p(z) < 0 this inclusion would be replaced by A, A1 C Cp,
where one or both of A,, and A,,;; may be empty). The earlier argument can be
repeated to show that if 4,5 # m and dA; N OA; contains a curve then C; and C;
are connected in {F — agp > 0}. If JA; N OA,, contains a curve, then the same
argument shows that C; must be connected to one of C,,, or Cy, 41 in {F — agp > 0}.
Therefore, we see that each component of {F — ap > 0} not containing x intersects
a unique component of {F — agp > 0}, the component of {F' — ayp > 0} containing
x intersects at most two components of {F — asp > 0} and all the components
of {F — asp > 0} are accounted for by these intersections. We conclude that the
number of components of {F' — ayp > 0} differs from the corresponding number for
{F — asp > 0} by at most one. Repeating the argument by contradiction above, we
see that the components of {F' — a;p > 0} which do not contain A,, intersect 0D if
and only if the corresponding components {F — agp > 0} intersect dD. Therefore,

regardless of whether the remaining components intersect 9D or not, the number of
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components contained in D of {F — aj;p > 0} and {F — agp > 0} differ by at most
two. Summing this difference over all critical/tangent points of g (of which there
are finitely many, all at different levels since g is Morse) proves the statement of the
lemma for excursion sets.

We now show the corresponding result for level sets, making use of the arguments

just given. For any a € [0, 1], we can construct a graph on the vertex set
V := {Components of {F' — ap > 0}} U {Components of {F' — ap < 0}}

by declaring two vertices to be joined by an edge if they have non-empty intersection.
Each edge of the graph corresponds to a component of {F — ap = 0}. This graph
is acyclic and connected, and hence is a tree, therefore the number of vertices is one

more than the number of edges:

#{Components of {F — ap = 0}} =#{Components of {F' — ap > 0}}
+ #{Components of {F —ap <0}} (4.35)
— 1.

Now suppose that g has no critical /tangent points with level in [ag, as]. Again
the first step is to show that {F — ayp = 0} and {F — asp = 0} have the same
number of components contained in D. By (4.35) and the earlier arguments (which
can be applied to {F —ap < 0}), {F — agp = 0} and {F — asp = 0} have the
same number of components, so it remains to check that the same number of these
components intersect dD. Each component of {F — ayp > 0} or {F — ayp < 0}
has a unique outer boundary (that is, the component of its boundary which it shares
with the unbounded component of its complement in R?), which contains at least one
component of {F — ayp = 0}. A component of {F — a;p > 0} or {F — ayp < 0}
intersects D if and only if its outer boundary does. The argument by contradiction
given above shows that this occurs if and only if the corresponding component of
{F — agp >0} or {F — agp < 0} intersects 0D, which occurs if and only if its outer
boundary does. Since each component of {F — a;p = 0} is contained in the outer
boundary of at least one component of {F'— a;p > 0} or {F — a;p < 0}, we have the
result.

We turn to the second step, bounding the effect of the critical /tangent points of g.
So suppose that g has precisely one critical/tangent point z with level in (aq, as)
and assume p(x) > 0. Let Ay,..., A, be the components of {F — a;p > 0} and
C1,...,Cphyq the components of { F'—aop > 0}, where A;NC; # D fori=1,...,m—1,
either /both of C,, and C,,;; may be empty and A,,NC; =0 fori=1,...,m—2. The
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argument in the previous paragraph shows that for ¢ = 1,...,m — 2, each component
of {FF — ayp = 0} in the outer boundary of A; intersects 0D if and only if each
component of {F — agp = 0} in the outer boundary of C; does. Since A,, (or A,,_1)
can have at most one component of { F'— a;p = 0} which does not intersect 0D in its
outer boundary (and the same is true for C,, and C,,;; with respect to { F'—agp = 0})
we see that the difference between the number of components of { F'—a;p = 0} which
are in the outer boundary of some component of {F — a;p > 0} and are contained
in D and the corresponding number for {F' — app = 0} is at most two. This also
holds for {F — ayp < 0}, and each component of {F — a;p = 0} is contained in
the outer boundary of at least one component of {F — a;p > 0} or {F — a;p < 0},
therefore |Nps(F — aap; D,0) — Npg(F — agp; D,0)| < 4. Summing this result over

the critical /tangent points of g proves the result for level sets. O]
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Appendix A

Smooth Gaussian fields

A.1 Foundations

For the reader’s convenience, we state some fundamental properties of Gaussian fields
in this appendix. These results are well known and taken from a number of sources,
including [1, 81, 5], which may be consulted for further details.

We begin by defining Gaussian random functions: we say that a collection of
random variables (f(z)).er indexed by some non-empty set 7" and defined on a com-
mon probability space is a Gaussian random function, provided that any finite sub-
collection of these variables is a Gaussian random vector. We denote this collection
of variables by f. A Gaussian random function is said to be centred if E(f(x)) = 0

for all z € T. The covariance function of f, is the function x : 7?2 — R defined by

R, y) = Cov(f(x), f(y)).

Since the distribution of a centred Gaussian vector is determined by its covariance
matrix, the finite dimensional distributions of a centred Gaussian random function are
determined by its covariance function. The covariance function is therefore a succinct
way of specifying this distribution, and so many results for Gaussian functions are
stated in terms of required properties of the covariance function.

A natural first question is, when do such random functions exist? Or equivalently,
for which functions x : 7% — R does there exist a Gaussian random function with x
as its covariance function? It is enough to consider centred random functions, since a

deterministic mean can always be added at each point. If k is a covariance function,

then it is clearly symmetric in  and y, and for z1,...,z, € T and aq,...,a, € R
n n n 2
Z aiajk(z;,z;) =E <Z aiajf(xi)f(xj)> =E (Z al-f(xi))
bhy=1 ij=1 i=1
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We therefore see that x must be positive definite: for all n € N, zy,..., 2, € T and
aiy...,a, € R

n

Z a;ajr(z;, z;) > 0.

t,j=1
This condition is, in fact, also sufficient for the existence of a Gaussian random

function.

Theorem A.1.1 (Kolmogorov’s existence theorem [28, Theorem 12.1.2]). Let T' be
any set and k : T? — R. There exists a centred Gaussian random function (f(x))zer

with Kk as covariance function if and only if k is symmetric and positive definite.

Whilst this apparently settles the question of existence, it is actually a somewhat
limited result in this context: the interesting questions that can be asked of a Gaussian
random function all require some form of measurability in 7', which is not guaranteed
by the previous theorem. To obtain measurability, it is necessary to impose more
structure on T, for example by giving it a topology. In this thesis we only consider
(restrictions of ) functions defined on Euclidean space and so we now restrict to this
case: T'= R" for some n € N (we mention results for fields defined on some simple
manifolds in Chapters 1 and 2). When a Gaussian random function is defined on
Euclidean space (or more generally, on a manifold) we refer to it as a Gaussian field
(this distinction is not uniform across the literature).

To give a specific example in which measurability is a pertinent concern, we con-
sider the supremum of f on some compact set. This is a natural object of interest
when studying the geometry of f, but as the supremum of potentially uncountably
many random variables, is not necessarily measurable. One obvious solution to this
issue, is to work with continuous fields; under this assumption the supremum may be
taken over a countable, dense subset, thus ensuring measurability. More generally, a
continuous function on Euclidean space is completely determined by its values on a
countable dense subset, and so any reasonable topological/geometric events will be
measurable. It is possible to ensure measurability without assuming continuity of the
field (see [5, Chapter 1] for the notion of a separable process) however continuity is
necessary for the events we consider in this thesis anyway.

The classical way of obtaining continuity of a random field is Kolmogorov’s the-
orem [5, Proposition 1.16], which implies the existence of a continuous version of
a general random field under a moment condition for points of the field which are
close. The following version of this theorem shows that for Gaussian fields, smooth-

ness of the covariance function is essentially equivalent to smoothness of the field.

165



For V.C R" and a > 1, let C2*(V) denote the set of functions F' : V? — R for

loc
which partial derivatives of order at most |« in both variables exist and are Holder

(67

@ (V') denote the set of functions from

continuous with exponent o — [a]. We let

V to R which are a-smooth in the analogous sense.

Theorem A.1.2 (Kolmogorov [81, Sections A.9, A.3], [42, Theorem 3.17]). Let
V C R™ be an open set and K : V? — R be positive definite and symmetric. If
k€ O (VY for some m € N and 1 € (0,1), then there exists a centred Gaus-
sian field f defined on V with covariance function k such that f € CZ:CM(V), with
probability one, for any n € (0,17'/2).

Conversely, if f is a Gaussian field defined on V- C R™ and there exists m € N
such that with probability one, x +— f(z) is an element of C]I.(V'), then the covariance

function of f is an element of C;™ (V).

loc

To prove this result, first note that differentiability of the covariance function of
some order is equivalent to the existence of L? derivatives of the field of the same
order (this follows from linearity of expectation and basic properties of Gaussian
variables). One can then extend this smoothness to a pathwise result using the
standard version of Kolmogorov’s theorem. (The converse statement holds since
pathwise convergence implies L? convergence for jointly Gaussian variables.) We note
that tighter smoothness results (using entropy arguments and majorizing measures)

are given in [1, Chapter 1], however these are not needed in this thesis.
(V)) denote the

Borel o-algebra on functions in C° (V) (this is the o-algebra generated by all finite-

This theorem then solves our measurability concerns. Let B (C{ic

dimensional cylinder sets). For a Gaussian field f on a probability space (2, F,P)
satisfying the conditions of the first part of Kolmogorov’s theorem, it is straightfor-
ward to show that (after removing a null set) f: (Q, F) — (C’E)C(V), B (CﬁC(V)>) is
measurable. Any events of interest in this thesis are measurable by this statement.
In proving measurability, we have also analysed the first important assumption
we make on fields in this thesis: smoothness. This is necessary to ensure regularity
of excursion/level sets, which many of our arguments depend on, and it is unlikely
that our results could be extended beyond this setting. We now introduce the second
major assumption on our fields: stationarity. We say that a random field f defined
on R" is stationary if the finite dimensional distributions of the field are invariant

under translations. Specifically, for any m € N and x, z¢,...,z,, € R"

(F(x1), oy f(n) £ (flar +2), oy f(@m + 7).



For a centred Gaussian field, this is equivalent to saying that the covariance func-
tion k takes the form r(z,y) = K(z — y) for some function K : R" — R and all
x,y € R™ This assumption is extremely important for our results: many of our
arguments involve averaging the behaviour of a field f over some large region, for
which stationarity (or something close to it) would seem to be essential.

For stationary continuous Gaussian fields, there is an alternative to the covari-
ance function for specifying the distribution. Bochner’s theorem [17] states that a
continuous function K : R" — R is positive definite, if and only if it is the Fourier

transform of some finite Borel measure v defined on R"; that is, for all x € R"

K(z) = / e dv(h).

When K is the covariance function of a random field, the measure v is known as
the spectral measure of the field. Whenever the field is centred and Gaussian, its
distribution is clearly specified by its spectral measure. For a real-valued field, the
spectral measure is Hermitian, in the sense that v(A) = v(—A) for Borel sets A.
Whenever the field is normalised so that K(0) = Var(f(0)) = 1 the spectral measure
is a probability measure.

There are several reasons for considering the spectral measure of a random field.
One motivation is that some results are much easier to state in terms of properties
of the spectral measure than in terms of those of the covariance function. A more
significant motivation is the following ‘spectral decomposition’ of the field. For a Borel
measure i on R", we define a compler Gaussian p-noise to be a centred Gaussian
process W indexed by the Borel sets of R™ such that for all A, B

E (W(A)W(B)) —v(ANB) and W(AUB)™ W(A)+W(B) - W(AnN B).

Theorem A.1.3 ([1, Theorem 5.4.2]). Let v be a finite Borel measure on R"™ and W

a complex Gaussian v-noise. Then the random field

fa)i= [ et widn)

is centred, stationary and Gaussian with covariance function

K(z) == / e du().

This result can be extended to non-Gaussian fields and to include a partial converse
(see [1, Chapter 5]). This representation gives a heuristic way of understanding any

stationary continuous Gaussian field as a superposition of sine waves with random
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amplitudes and directions: if we approximate the r-noise integral by Lebesgue sums
we obtain
flz) Y et W(Ty)
J
where the T} are small n-dimensional cubes partitioning R™ and ¢; € T;. Writing
U and V for the real and imaginary parts of W and ignoring complex terms (which

must cancel in the limit since f is real) this approximation becomes
flz) ) cos(t; - )U(T;) — sin(t; - 2)V(T5).
J

We therefore see that f can be decomposed as a sum of sine waves with different
directions and wavelengths where the amplitudes are determined (randomly) by the

spectral measure.

A.2 Bulinskaya’s lemma

In this thesis, we often require our fields to be ‘topologically non-degenerate’ in some
sense, with probability one. For example, we may wish to know that given some fixed
value £, a field f : R™ — R does not have any critical points at this level: that is, there
is no point x such that Vf(z) = 0 and f(z) = ¢. This situation can be thought of as
‘topologically degenerate’ in the sense that it imposes n + 1 constraints (V f(z) =0
and f(z) = ¢) on a set with n degrees of freedom. A result due to Bulinskaya gives
conditions on the distribution of a continuous field which ensure that this type of
degeneracy is a null event. In the remainder of this appendix, we state Bulinskaya’s

lemma and give some simple results which facilitate its application.

Lemma A.2.1 (Bulinskaya [1, Lemma 11.2.10]). Let T' C R™ be a compact set and
g : T — R" be a random field such that with probability one, g € CH(T). Let
ug € R™™ and suppose that for each t € T, g(t) has a probability density pyw) and
that for some € > 0

sup  sup  py((u) < oo,
teT ueB(ug,€)

then with probability one, g~ (ug) = 0.

To apply this to the previous example of a critical point at level ¢, one can define
g = (f,V[f) and then needs conditions to ensure that the univariate densities of this

field are appropriately bounded. From this and similar examples, we are naturally
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lead to consider the joint distribution of a Gaussian field and its derivatives at a
number of points.

Using the fact that Gaussian spaces are closed, and the definition of the derivative,
one immediately obtains the useful fact that derivatives of a Gaussian field (when they
exist) are also Gaussian. Rigorously, we can make the following statement: if 7" C R™
is open and f : T' — R is a centred Gaussian field with covariance function s such
that f € C"(T') with probability one, then for any multi-index « in n variables such

loc

that |a| < m, the field 9“f : T — R is a centred Gaussian and furthermore
E (0°f(2)0" f(y)) = 070, k(. y).

for all z,y € T and |5| < m.

Therefore studying the distribution of f and its derivatives reduces to studying
their covariance. In particular, when applying Bulinskaya’s lemma to some g which
consists of f and its derivatives, it is sufficient to show that the covariance matrix
of g is non-degenerate at each point of 7' (that is, the determinant of the covariance
matrix is non-zero at each point). The univariate densities are then bounded above
pointwise in 1" by Gaussianity, and this bound is continuous on 7', so that uniform
boundedness follows from compactness. (This arguments is spelt out when it is used
in the thesis.)

We now verify several claims about non-degeneracy of covariance matrices for
Gaussian fields which are used in the thesis. The first result is well known and

extremely useful.

Lemma A.2.2. Let f: R® — R be a C* Gaussian field with constant variance, then
for any x € R™, f(x) is independent of V f(x). In particular, this holds for stationary
fields.

Proof. Without loss of generality we assume that f is centred. Since f and Vf are
jointly Gaussian it is enough to show that they are uncorrelated at each point. For
ie{l,...,n}

0 0 0
E = — = — ) Al
(160 10)) = gl = onon),., (A1)
Since f has constant variance
0 0 0
0= axi’i(‘ra l’) - 8_%’%(1% l’)‘y:x + a_yi’%(xa y)}yzm
and so the terms in (A.1) must equal zero. O
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We emphasise that f and V[ are only independent when evaluated at a single
point: they are not independent processes. For the following three claims, we restrict
to the planar case. These results are more specific to the setting of this thesis, so

could be omitted on a first reading and referred to when needed.

Lemma A.2.3. Let f be a C? stationary planar Gaussian field. Then the spectral
measure v being supported on the union of two lines through the origin is equivalent

to the Gaussian vector V2 f(0) being degenerate.

Proof. By [1, Chapter 5|, for any s,t € R? and «,3,7,d € NU {0} (such that the

following derivatives are defined)

ooth 8'Y+5— B . a . 5 it . : ——
. <3t?6t§f(t)3s¥8sgf(s)> N /RQ(_Z‘Tl) (—ixe)’ e (—iw1)7(—ixz)’e dv(x)

where v is the spectral measure of f. Then for a € R3,

E ((a-V?f(0)%) = [ |a1z] + asa3 + azzi1zs|” dv(2).

R2

If V2£(0) is degenerate, then we may choose a # 0 such that this expression is zero,
and hence the integrand is identically zero on the support of v. Hence the support of
v is contained in the zero set of this binary quadratic form, which is contained in the
union of two lines through the origin.

Conversely if the support of v is contained in the union of two lines through the
origin, then we may choose a # 0 such that the zero set of ayz? + asx3 + azz s
is equal to this union. Hence the integral above will be zero and V?f(0) will be

degenerate. O]

Lemma A.2.4. Let f: R? = R be a Gaussian field which is stationary and centred
with Var(f(0)) = 1 and covariance function K € CE (R2) for some nf/ > 0. If the

loc

support of the spectral measure v contains a centred ellipse (or circle), then Assump-
tions 2.1.1 and 3.2.1 hold. Moreover, if the support of v contains an open set then,

or any distinct t1, ..., t, C R?, the vector
Y

(f(tl)a ce 7f<tn)7 vf(t1)7 M) Vf(tn), V2f(t1), R v2f(tn)>

is non-degenerate (so in particular, Assumptions 2.1.1 and 3.2.1 hold).

Proof. Let a € R? and

w = (f(t), VF(#), £(0), Vf(0), V2 £(0)).
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By the same arguments as in the proof of Lemma A.2.3

E((a-w)?) =
}a (e7HT —jxyeT T —iree™ T 1, —ixy, —ixg, —T3, —X1To, —T3) |2 dv(z).
R2
If f does not satisfy Assumption 3.2.1, then there exists a choice of a such that this
expectation is zero and one of the first three elements of a is non-zero. Hence the
integrand above must be identically zero on the support of v. By considering the
real and imaginary parts explicitly, the zero set of this integrand cannot contain an
ellipse/circle centred at the origin and so neither can the support of . By a near-
identical argument, and Lemma A.2.3, f also satisfies the non-degeneracy conditions
of Assumption 2.1.1. (The other conditions are satisfied by the premise of this lemma.)

By a completely analogous argument we see that if

(f(tl)a s >f<tn)v vf(t1)7 M) vf(tn)a v2f(t1)> c V2f(tn))

is degenerate then some non-trivial linear combination of

671t1-17 o ’efztn-z’
ixie T re T faae T T jrge T
x%e‘”’”‘, o ,x%e"t""f, :L’ge_“fl'x, o ,x%e‘“”"”, T1Toe T pqwge

is identically zero on the support of v. Since the t; are distinct, we see that the

support of v cannot contain an open set. L]

Lemma A.2.5. Let f be a Gaussian field satisfying Assumption 2.1.1. Then the
density of saddle points ps defined in Proposition 2.1.6 is non-zero for all ¢ € R.

Proof. By the Kac-Rice theorem (Theorem 1.3.2), and the independence of V f(0)
and (f(0), V2£(0)),

ps(l) =E [|det sz(O)‘ Laet v2£(0)<0 | f(0) = 5] proy(£)- (A.2)

We note that by Gaussian regression

t

Cov (V2£(0) | £(0) =€) = Cov (V*£(0)) — Cov (V*£(0), f(0)) Cov (V*£(0), f(0))

where Cov (V2f(0)) is a three by three matrix and Cov (V2f(0), f(0)) is a three-
dimensional row vector. Since we assume that V?f(0) is non-degenerate, the condi-

tional covariance matrix above is the difference between a rank three and rank one
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matrix, so must have rank at least two. Therefore (V2f(0)|f(0) = ¢) must be sup-
ported on either a two or three dimensional (affine) subspace of R3. This implies that

the support of
(det V2 £(0) | f(0) = ¢) (A.3)

is R, and hence by (A.2) ps(¢) > 0 for all £ € R. O
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