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The fractional quantum Hall effect, being one of the most studied phenomena in con-
densed matter physics during the past thirty years, has generated many groundbreaking
new ideas and concepts. Very early on it was realized that the zoo of emerging states
of matter would need to be understood in a systematic manner. The first attempts to
do this, by Haldane and Halperin, set an agenda for further work which has continued
to this day. Since that time the idea of hierarchies of quasiparticles condensing to form
new states has been a pillar of our understanding of fractional quantum Hall physics.
In the thirty years that have passed since then, a number of new directions of thought
have advanced our understanding of fractional quantum Hall states, and have extended
it in new and unexpected ways. Among these directions is the extensive use of topo-
logical quantum field theories and conformal field theories, the application of the ideas
of composite bosons and fermions, and the study of nonabelian quantum Hall liquids.
This article aims to present a comprehensive overview of this field, including the most
recent developments.
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I. INTRODUCTION

A. Manifesto

The aim of this article is to give a systematic account of
several of the main approaches to quantum Hall physics.
In particular we have aimed at a comprehensive review
of conformal field theory techniques and of the various
approaches to quantum Hall hierachies. We describe the
original ideas of Haldane and Halperin, the composite
fermion approach, and the various field theory descrip-
tions based on composite bosons or fermions. We also,
for the first time, give a comprehensive review of the con-
formal field theory (CFT) approach to both abelian and
nonabelian hierarchy states.

We have tried to make this paper self-contained. We
carefully introduce the main ideas and results relating to
hierarchy states, and also the CFT approach. For brevity,
the main text assumes a basic knowledge of quantum Hall
physics. For those needing a review of basics, a brief in-
troduction is provided in appendix A. We similarly as-
sume some familiarity with a few concepts and techniques



of CFT (Belavin et al., 1984; Di Francesco et al., 1997),
so for the non-expert we provide a very brief introduction
to these ideas in appendix B. There are naturally several
comprehensive texts that cover part of the material in

this review, and we would particularly mention (Ezawa,
2008; Fradkin, 2013; Jain, 2007).

B. Brief historical introduction

It is hard to overemphasize the importance of the dis-
coveries of the integer (Klitzing et al., 1980) and frac-
tional (Tsui et al., 1982) quantum Hall effects. Exper-
imentally, the integer quantization of the Hall conduc-
tance, while being crucial for modern metrology!(Weis
and von Klitzing, 2011), is perhaps even more impor-
tant for its theoretical implications. The precise quan-
tization of the integer quantized Hall conductance was
initially understood as a reflection of gauge invariance
(Halperin, 1982; Laughlin, 1981) or as a measurement
of the quantized electron charge. However, soon there-
after it was realized that the quantized conductance could
also be understood as a robust topological invariant (Niu
et al., 1985; Thouless et al., 1982), which led to our mod-
ern understanding of topological insulators and super-
conductors (Hasan and Kane, 2010). Perhaps even more
revolutionary from the theoretical point of view was the
discovery of the fractional quantum Hall effect by Tsui
et al. (1982), and the resulting realization that quantum
liquids made of electrons could support excitations with
fractional charge (Laughlin, 1983) and fractional statis-
tics (Arovas et al., 1984; Halperin, 1984). This led to
the concept of topological order, which is central to the
modern classification of phases of matter (Wen, 2004).

Topological order is a way to characterize phases of
matter that cannot be distinguished by the pattern of
spontaneous symmetry breaking, and the associated ex-
pectation values of local order parameter fields. A topo-
logically ordered state of matter has an energy gap to
bulk excitations, some of which carry fractional quan-
tum numbers. In two spatial dimensions, the fraction-
alized particles are anyons, obeying fractional statistics
that can be abelian or nonabelian. The notion of non-
abelian fractional statistics?> opened up the possibility of

-

The quantum Hall effect defines the standard of electrical re-
sistance. The uncertainty of metrological quantum Hall mea-
surements has been determined to be less than 1 part in 1010
despite the fact that the samples have substantial disorder. This
is like measuring the distance from Stockholm to San Francisco
to within one millimeter!

The first theoretical works on nonabelian statistics of quasiparti-
cles were by Bais (1980); Fredenhagen et al. (1989); Frohlich and
Gabbiani (1990); Moore and Read (1991); and Witten (1989),
where the work of Moore and Read (1991) first suggested that
such statistics may occur in quantum Hall systems.
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FIG. 1 Very high quality quantum Hall data from Pan et al.
(2003) showing many plateaus in the Lowest Landau level.

using nonabelian quasiparticles as a resource in quan-
tum information processing (Kitaev, 2003; Nayak et al.,
2008). When defined on a topologically nontrivial closed
manifold, a topologically ordered state exhibits a char-
acteristic ground state degeneracy. On a manifold with
boundaries, there are — at least in the cases we will be
concerned with — gapless edge modes.® The robust con-
nection between the bulk topological order, and the exis-
tence and properties of edge states is made most clearly
through the connections forged by conformal field theory
(Moore and Read, 1991).

The first observed fractional quantum Hall liquid (Tsui
et al., 1982) was the state at filling fraction* v = 1/3
which was soon understood by Laughlin’s seminal the-
ory (Laughlin, 1983). This theory predicted states of
the form v = 1/m with m odd. A few additional states
were experimentally observed that could be understood
as simple generalizations of this, including particle-hole
conjugates of these simple Laughlin states and analogous
fractions in partially filled higher Landau levels. How-
ever, very soon thereafter, new states were found ex-
perimentally which did not fit this framework (Stormer
et al., 1983). In particular, many fractions were observed
in the lowest Landau level (LLL), generally of the form
v = n/(2mn £ 1) which are now known as “Jain Frac-
tions” (Jain, 2007). Additional fractions, not fitting this
Jain form, were later discovered in the LLL (Pan et al.,

3 This list of properties provides a working definition of topological
order, but there are also formal definitions in terms of modular
tensor chategories (Bonderson, 2007; Kitaev, 2003; Wang, 2010)

4 The filling fraction v is the number of complete Landau levels
filled, see Appendix A.
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FIG. 2 Very high quality quantum Hall data from Kumar
et al. (2010) showing plateaus in the second Landau level.
Note that many of the plateaus, labeled RIQHE (meaning
Re-entrant Integer Quantum Hall Effect) are not fractional
quantum Hall states but are believed to be some sort of charge
density wave.

2003) as well as in partially filled higher Landau levels
(Xia et al., 2004). See Figures 1 and 2 for high qual-
ity experimental data in the lowest and second (or ‘first
excited’) Landau levels.

Clearly it was necessary to find an organizing principle
in order to understand the plethora of experimentally ob-
served states. The first idea of this kind was due to Hal-
dane (1983) and Halperin (1984, 1983), who suggested
that the states in the LLL are hierarchically ordered.
Moving away from the centre of a quantum Hall plateau
by changing the filling fraction (by changing magnetic
field or electron density) amounts to creating quasielec-
trons or quasiholes. These are then assumed to condense
in a Laughlin-like state, thus forming a daughter state.
In this way one can obtain any fraction with odd inte-
ger denominator. A further major step was taken by
Jain (Heinonen, 1998; Jain, 1989, 1990, 2007) who con-
structed trial wave functions for the fractional quantum
Hall effect at v = q/(2gqp = 1) as being the integer quan-
tum Hall effect of “composite fermions”. The latter can
roughly be thought of as electrons with 2p quanta of vor-
ticity (or “flux”) attached, which fill ¢ effective Landau
levels. These hierarchies (and other generalizations of
the same ideas) are a main focus of this article.

The theoretical understanding of the fractional quan-
tum Hall effect has progressed on several fronts. The first
approach, starting with the seminal work of Laughlin,
and later that of Jain, has come from the analysis of clev-

erly guessed, and numerically highly accurate, trial wave
functions. Later, conformal field theory (CFT) was used
to engineer model wave functions with interesting prop-
erties (Moore and Read, 1991), which allowed the first
construction of nonabelian quantum Hall states such as
the Moore-Read (Moore and Read, 1991), Read-Rezayi
(Read and Rezayi, 1999), and nonabelian spin singlet
(Ardonne and Schoutens, 1999) states. A second front
of attack was the development of effective field theories.
These are of two different types. The first amounts to a
rewriting of the original microscopic field theory of elec-
trons moving in a strong magnetic field, as a field theory
of composite bosons in zero field (Zhang et al., 1989),
or composite fermions in a weaker magnetic field (Lopez
and Fradkin, 1991). In principle these theories describe
the microscopic physics of abelian quantum Hall states,
but they can only be solved using mean-field methods.
The second type of field theories are topological quan-
tum field theories (TQFT) based on Chern-Simons gauge
fields. These theories can be formulated for both abelian
and nonabelian states, but, as the name indicates, only
encode topological information, such as filling fractions
and charge and statistics of the quasiparticles (Nayak
et al., 2008; Wen, 1995).

Connections between TQFTs and CFTs have been
made extensively throughout the literature, starting with
the pioneering work of Witten (Witten, 1989). These
same connections are extremely powerful in the quan-
tum Hall context. The CFT approach (Moore and Read,
1991) gives a description of the dynamical (141 dimen-
sional) theory of the quantum Hall edge (Kane and
Fisher, 1996; Wen, 1992) and at the same time gives an
explicit wave function for the (240 dimensional) quan-
tum Hall bulk as a correlator of certain operators in
the CFT. The primary operators of the CFT then define
the fields of the corresponding TQFT, and hence define
the full statistics of quasiparticles present as excitations
above the ground state.

Perhaps surprisingly, it has been hard to fit the promi-
nently observed abelian hierarchy states in the LLL into
the CFT framework. The effective Chern-Simons de-
scription of these states is well developed, defining the
universal properties of the edge CFT as well, but most
work on trial wave functions has been in terms of com-
posite fermions, with no obvious connection to a hier-
archy formed by successive condensations of quasiparti-
cles. This situation has changed over the past decade
with the realization that CFT techniques can be used
to construct representative wave functions for any state
in both abelian and nonabelian hierarchies. Also, using
these methods, the composite fermion wave functions can
be written as condensates of quasiparticles of a parent
state, and thus belong to the Haldane-Halperin hierar-
chy as well. A main objective of this article is to review
these advances.



C. More detailed aims and organization of this article

In most of this review we will focus our attention on
the simplest cases where there is a single, partially filled,
Landau level with only one species of fermion (or boson).
It should be noted, however, that more complicated sit-
uations may be considered where each particle carries an
additional nontrivial quantum number. This has been
explored in many experiments — for example, for a spin-
unpolarized Landau level one must keep track of both
spin species (Du et al., 1995). Similarly in bilayer quan-
tum Hall effect (Eisenstein et al., 1992), the layer index
may play the role of a pseudospin. The situation may
be more complicated still in multi-valley semiconductors
such as graphene (Dean et al., 2011) where one may have
to keep track of both spin and valley indices.

This paper is organized as follows. In section II we in-
troduce the concept of quantum Hall hierarchies and then
give a short review of the various theoretical approaches
that have been employed to describe them. In section I1T
we discuss the current experimental status and relation
the proposed theoretical approaches, and in section IV
we review some important theoretical results with bear-
ing on the connection between Chern-Simons theory, con-
formal field theory and quantum Hall physics. The next
two sections describe how to obtain explicit wave func-
tions for abelian and nonabelian hierarchies respectively.
In particular we explain the need for “quasi-local” CFT
operators for describing quasiparticles, and give a fairly
detailed discussion of various approaches to nonabelian
hierarchies. In section VII we generalize the construc-
tion of wave functions to the sphere and the torus, and
explain why this is of interest. We conclude with a very
brief summary and outlook.

Several appendices are included for those needing a
bit more background. In Appendix A some basic facts
about quantum Hall physics are elaborated. Appendix B
gives basic facts about conformal field theory. Appendix
C gives some details of derivations for one-dimensional
edge theories.

D. Notation and conventions

For electron coordinates we shall use ¥ = (z,y), z =
x+i4y and Z = x — iy, and similarly 77, n and 7 for quasi-
particle coordinates. We sometimes use the abbreviation
{2;}® for the set (24,211 -.-2) etc., and just {z;} when
the label ¢ runs from 1 to N.

The term “quasiparticle” will refer to either a quasi-
electron or a quasihole. Up to a gaussian factor, elec-
tronic wave functions will be holomorphic functions of
the z;’s only and depend parametrically on the quasihole

coordinates 7; and the quasielectron coordinates 7; (see
Appendix A). Note however, that at an intermediate
step, the hierarchy wave functions will be constructed as
to have anti-holomorphic components which will either
be integrated out or projected onto the LLL. For sake of
brevity, we will often omit the gaussian factors.

Late Greek letters, u, v, o... will be used for Lorentz
indices, and early Greek letters a, 3, «v..., to label dif-
ferent CS gauge fields. In most of the paper we shall use
a radial gauge A = (B/2)(—y, z), where a single electron
wave function in the LLL is ~ f(z) exp[—|z|?/(4¢?)], and
often we will put the magnetic length (2> = hc/eB = 1.
The area element on the plane is denoted by d?r =
drdy = d%z. We will always put ¢ = 1, often 7 = 1,
and always assume zero temperature.

1. QUANTUM HALL HIERARCHIES

A. Laughlin states — plasma analogy and quasiparticles

In his original paper Laughlin (1983) argued that his
wave function describes an incompressible liquid, and
that the quasihole excitations are fractionally charged.
Soon thereafter it was shown that the quasiholes are
anyons, i.e. particles obeying fractional quantum statis-
tics (Leinaas and Myrheim, 1977; Wilczek, 1982). All
these insights were based on using the so-called plasma
analogy®, which we here briefly review using a modified
version of the original argument given by Arovas et al.
(1984) and Halperin (1984). More details are presented
in section IV.A.1 below.

The Laughlin wave function (Laughlin, 1983) at filling
fraction v = 1/m with two quasiholes at positions n; and
79 is given by

=

U(ne,me;21--.28) = N, m2) | [m — 2:)(n2 — 2i),

i=1

X ]‘_[(27z — Zj)

1<j

3
3
S

e~ Xl 7/ ()

where N(n1,72) is a normalization constant. By writing
N(n1,1m2) = Nl — no| e ama (mPHml) (g

|¥|2 can be related to the Boltzmann factor e #U of
a two-dimensional Coulomb plasma, meaning that two
point charges, ¢; and g2 repel each other by the potential
q1g2 In |7} — 7|%. The corresponding partition function is

N N
Zlmm) =[] [ @alp = |WP]] [ e,
i=1 i=1

51t is the common nomenclature to call it an ‘analogy’, even
though it is in fact a precise mapping.



The inverse temperature of this analogue plasma is § =
1/m, the charge of the z particles is m, the charge of
the 7 particles is unity, and there is a quadratic confin-
ing background potential m|r?|/(4¢2) corresponding to a
constant background charge density 2mp,; = eB. The
crucial observation by Laughlin (1983) was that the clas-
sical plasma is in a screening phase, at least for m < 70.

From this follows a number of important results. First,
in the absence of the quasiholes, a uniform density of z-
charges would (by Gauss’ law) precisely screen the con-
stant background charge. Thus, the wave function de-
scribes a system with uniform charge density, and since
the plasmon in this system is gapped, the long range den-
sity fluctuations are negligible and the quantum liquid is
incompressible. Second, it is easy to see that the elec-
trical charge associated with 1 must be exactly —1/m of
the charge of an electron — and is spread over a distance
given by the screening length of the plasma (on the or-
der of ¢). An important point is that these fractional
charges are sharp in the sense that properly defined, the
variance of their charge is essentially zero (Kivelson and
Schrieffer, 1982) as discussed by Kjgnsberg and Leinaas
(1999). Third, the partition function Z is independent
of the positions of the charges, and thus [N|? is a con-
stant independent of 1; and 72 as long as they are far
separated compared to the magnetic length (Halperin,
1984). From the properly normalized wave function, one
can verify that these particles obey fractional exchange
statistics, as is explained below.

A heuristic argument for the exchange phase was first
given by Halperin (1984), arguing that removing the ab-
solute value of the relative factors of Eq. (2) amounts
to a singular gauge transformation that leaves the elec-
tronic wave function ‘unchanged’, but allows us to in-
terpret Eq. (1) as the proper wave function for anyonic
particles in the LLL with exchange phase +m/m. Al-
ternatively, one can compute the Berry phase factor e,
or “holonomy”, associated with moving one quasiparti-
cle at 7 adiabatically around another at 7. The general
expression for the Berry phase is,

- d7<w<m<7>,n2>

Frmom). o

where 7 is a parameter that takes the particle 77 once
around 72 along some closed loop. Such an integral was
first considered by Arovas et al. (1984), who argued that
the presence of a quasiparticle within the loop gives an
additional +27 /m contribution to the Berry phase. Thus
the Berry phase can be written as

_ M yr (4)

" m ¢q m

where ¢o = h/e = 27 /e is the unit quantum of flux, and
® is the flux enclosed by the loop. Thus the first term

gives the usual Aharonov-Bohm phase for a particle of
charge e* = e/m moving in a magnetic field, while the
second term is twice the fractional exchange statistics
phase for anyons with statistical angle § = 7/m. For
more details on this calculation we refer the reader to
Stone (1992). We will present an alternative derivation of
the Berry phase in section IV.A.1, which is based on the
particular properties of the wave functions when written
in terms of CFT correlators.

A more detailed derivation of this result was done by
Kjgnsberg and Leinaas (1997), who used the plasma anal-
ogy to map the expressions to the two-anyon system.
This analytically derived result has been confirmed to be
true numerically (Kjgnsberg and Myrheim, 1999; Zaletel
and Mong, 2012), so long as the quasiholes remain suf-
ficiently far (on the order of ¢) from each other. While
there is no plasma analogy for handling quasielectrons
(rather than quasiholes), it is often assumed that putting
the factor Hilil(%)zi — 1), proposed by Laughlin (1983),
in front of the Laughlin wave function would amount to
placing a quasielectron at position 77. This description
is not unproblematic; we will discuss quasielectrons in
detail in section V.C.

Laughlin’s 1981 argument for the quantized conduc-
tance in case of the integer quantum Hall effect was based
on adiabatic flux insertion in an annulus (Corbino) ge-
ometry where the edges are held at a fixed voltage dif-
ference V. Each inserted flux quantum can be shown
to effectively move one unit of charge from one edge
to the other giving an energy shift AF = eV. On the
other hand the Hall current is given by I = AE/¢o,
so I = (e2/h)V = ooV (Laughlin, 1981). Having estab-
lished the presence of charge e/m quasiparticles, Laugh-
lin (1983) used the same argument to show that for the
fractional effect the Hall conductance is og/m.

The above argument can in fact be used in “reverse” to
establish that a quasihole created by adiabatic insertion
of a unit flux in any incompressible quantum Hall state
with filling fraction v has a fractional charge e* = ve
(Karlhede et al., 1992). The argument, which does not
invoke the plasma analogy, goes as follows: Imagine in-
serting a thin (radius < £) solenoid, and then adiabati-
cally turning on a flux ®(¢). This will, by Faraday’s law,
induce an azimuthal electric field E, = (0;®(t))/27 R,
where R is the distance from the solenoid. Because of
the quantum Hall response oy = ve?/h this results in
a radial current density j, = ogFE,. So during a pro-
cess which introduces one quantum of flux, ¢9 = h/e,
the charge transported through the circle at R is e* =
fdt 27 Rj.(R) = og¢o = ve. One can now invoke the
Byers-Yang theorem which states that if a system con-
sists entirely of particles with charge e, there is no phys-
ical consequence of having an integer number of elemen-
tary fluxes h/e added through a puncture in the plane
(Byers and Yang, 1961). This is precisely the configu-
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FIG. 3 Observed states and fractal structure. Quantum Hall
hierarchy states in the lowest Landau and their relative sta-
bility. For each rational, v = p/q < 1, q odd, there is a unique
state and its stability increases monotonically with 1/q. Red
dots denote observed states in the region 2/7 < v < 2/3 (Pan
et al., 2003). The horizontal line marks the extent in v of the
experiment and is a line of constant gap. This line provides
a good (though not perfect) approximate boundary for the
observed states. The inset shows the structure of hierarchy
states: At each v = p/q, q odd, there is a state with gap ~ 1/¢
and quasiparticles with charge +e/q. When these condense,
two sequences of states approaching p/q with decreasing gap
are obtained. Figure taken from Bergholtz et al. (2007).

ration we end up in after inserting the flux, so without
changing any physical properties of the system, it can
be gauged away leaving a local charge Q = ve excita-
tion. We do not know of any similarly clear and general
argument for the statistics of the Laughlin quasiholes.

B. The Haldane-Halperin idea

If only a few quasiparticles are present, they will be
pinned to impurities and remain inert, so that the sys-
tem will have the same conduction properties as if the
quasiparticles were not present (indeed, this is the origin
of the finite width of the quantum Hall plateau). If many
quasiparticles are present, and are unpinned, they will
form a system of itinerant charged particles in a mag-
netic field, which, at an appropriate filling fraction, is
likely to condense into a Laughlin-like state. This is the
heuristic picture behind the original proposal of a hier-
archy due to Haldane (1983) and Halperin (1984, 1983).
Given this idea, one can show that any filling fraction
with an odd denominator can be obtained by successive
condensations of quasiparticles into Laughlin-like states
(see Sections V.B and V.D). Since the charge of the el-

ementary quasiparticle in a state v = p/q is +e/q, the
Coulomb gap is expected to be a decreasing function of
q, and thus one expects states to be increasingly fragile,
and thus harder to observe, as ¢ increases. This tendency
is clearly seen in experiments as illustrated in Fig. 3.

1. General form of an abelian hierarchy wave function

Following Halperin, we shall refer to the wave func-
tions for the quasiparticles, ®(7; ...7n), as a pseudo
wave function, and write a general hierarchy state at level
n+1 as

U,y (71 ... 7N) :/dzﬁl.../dQﬁM O* (71 . .. 7Tar)

where ¥, is a state with M identical quasiparticle excita-
tions in a parent state at level n. Recall that throughout
this paper we shall use 7; or z; for the position of the i**
electron, and 7j; for the i*" quasiparticle.

The reader should be aware that the hierarchical con-
structions of Haldane and Halperin are slightly differ-
ent. For instance, Halperin obtains the filling fraction of
3/7 by condensing quasielectrons of the 2/5 state into a
Laughlin 1/2 state, while Haldane condenses quasipar-
ticles of the 1/3 state into a 2/3 quantum Hall state
(the bosonic version of 2/5). Also their arguments on
how to determine the possible filling fractions differ. De-
spite these differences, the two constructions yield the
same filling fractions with identical topological proper-
ties. In this manuscript, we will mostly follow Halperin’s
construction; in particular, the pseudo wave function in
Eq. (5) will always be of Laughlin form. Below we exem-
plify Haldane’s construction by giving a heuristic picture
based on (Haldane, 1983) on how to determine the fill-
ing fraction and quasiparticle properties of a hierarchical
daughter state.

Assume that M particles at positions & have con-
densed to form a parent quantum Hall state. (Note that
these particles can be either electrons, or the quasielec-
trons or quasiholes of some grandparent quantum Hall
state). A quasihole in this state at position 77 amounts to
having a factor Hij\il(fi —n) and for a quasielectron we

might take H?i1(28§i — 7). Effectively this means that
each quasihole at position 77 “sees” each of the particles &;
as if it were a single quantum of flux.® We can now form

6 What we precisely mean here is that the wave function for the 7
particle is an analytic polynomial whose overall degree is M —
this is exactly of the same form as we would have for a unit charge
particle in a magnetic flux of M¢g. It is tempting to imagine
that the n particles “see” a flux quantum at the position of each
of the ¢ particles. This is not correct, as a real flux quantum
would just imply a phase winding (i.e., it is a singular gauge



multi-quasiparticle states simply by taking a product of
such factors, and if we use the normalization (2) the wave
function is symmetric in the n; (or the 7; in case of quasi-
electrons), so the quasiparticles are bosons. In order for
the n particles to condense they must see enough total
flux to form a quantum Hall state. Since the quasiholes
are bosons in this description, we must have an effective
filling fraction v* = 1/p with p even, meaning that there
must be p times as many particles in the parent layer of
the hierarchy as in the daughter.

Let us exemplify the hierarchical construction by start-
ing from v = 1/3, with N electrons in 3N flux, and then
adding an extra N/2 flux. This creates N/2 (bosonic)
quasiholes, each experiencing one flux quantum per each
of the original electrons, hence N fluxes. These N/2
quasiholes in N flux can condense in a ¥ = 1/2 Laughlin
liquid of bosons. We conclude that this first level daugh-
ter state would have N electrons in 3N + N/2 flux, or a
filling fraction v = 1/(3+1/2) = 2/7.

To determine the charge of the fundamental quasihole
in this state we follow Haldane (1990), and imagine re-
moving one electron at fixed magnetic field. This creates
three quasiholes of the original electron Laughlin state,
leaving us with N/2 4 3 bosons in N — 1 flux. We must
now figure out how many defects (quasiparticles) we ob-
tain when we have N/2+ 3 bosons in N —1 flux at filling
fraction v = 1/2. Since there should be twice the number
of flux quanta as bosons in the “ground” state of such a
system, this would be 2(N/2 + 3) = N + 6 flux. With
N —1 flux, we are clearly 7 flux quanta short, and there-
fore there are seven quasiparticles present. Going back
to our original system where we removed a charge of —e,
we conclude that the elementary quasihole charge is e/7.
Note that there are no rigorous arguments for deduc-
ing the fractional statistics of such quasiholes. However,
Wen’s K-matrix expression in section II.F predicts a sta-
tistical phase —3m/7 for the elementary quasihole e/7.
Moreover, it has been shown that predictions based on
clustering arguments as invoked by Su (1986) are gener-
ally consistent with those from the K-matrix formalism
(Fulsebakke, 2010).

Read (1990) has suggested an alternative way to ex-
tract the topological content of hierarchy wave functions
written as in Eq. (5). The basic assumption is that
two such wave functions are orthogonal whenever the
quasiparticle positions differ much more than a magnetic
length. Using this orthogonality postulate the expecta-
tion values of operators, obtained by integrating over

transformation). It is more correct to think of the ¢ particles
as having captured the vortices of the wave functions for the n
particles. At a “mean field” level, one can heuristically think of
the £ particles as providing a uniform magnetic field that the n
particles experience, see sections I1.D and IL.E.

the electron coordinates, simplify to integrals that can
be reinterpreted in terms of a multi-component plasma,
and arguments similar to the ones given above for the
Laughlin case will apply. We will discuss the status of
the plasma analogy for hierarchy states further in section
V.E.

The hierarchy argument can be continued to higher
levels to give filling fractions of the continued fraction
form (Haldane, 1983; Halperin, 1984),

v= (6)

1
On—1Pn—1

where 1/m with m odd is the filling fraction of the 1%¢
level state, 1/p, with p, even is the filling fraction of the
at? level daughter bosonic condensate of quasiparticles
and o; = £1 indicates whether this condensate is formed
by quasiholes (=) or quasielectrons (+). Note that with
these conventions the Laughlin states are at level n =1,
and a general level n state is formed by n— 1 condensates
determined by po,, a=1,2...n—1.

An often aired criticism of the hierarchy scheme is
that it is based on a quasiparticle picture, which is only
valid when the separation between quasiparticles is large
compared to their radius. However, condensation into
a daughter state occurs precisely when the quasiparticles
are overlapping, and hence where a quasiparticle descrip-
tion loses its integrity. Thus the very notion of conden-
sation is questionable (Jain, 2007). We believe that this
point of view is based on demanding more than what can
be expected from a ‘picture’; the real content of the hi-
erarchy (in the Halperin sense) is embodied in Eq. (5),
as well as in the general arguments about the relative
stability and the properties of their excitations, see e.g.
(Halperin, 1984). The description in terms of condensa-
tion is only a (very suggestive!) picture. It is worth men-
tioning here that also ordinary electrons in the LLL have
a finite size (~ £?) and that they condense in a Laughlin
state precisely when the distance between them becomes
comparable with this length scale. Of course, electrons
are in a sense “real” particles, but it is far from clear that
this distinction should be very important.”

2. Difficulties, and early numerical work

Although it is in principle straightforward to gener-
ate hierarchy wave functions using Eq. (5), in practice

7 This is commented upon in section V.C.3.



this formula turns out to be very difficult to work with.
As a concrete example, consider the very simplest case
of a quasihole condensate in a ¥ = 1/3 Laughlin state.
The corresponding quasihole wave function is the obvi-
ous generalization of (1) with the normalization factor
Hiﬁ 5 Mo — ns|'/?, which assures that the normalization,
up to a phase, is independent of the positions 7;, as long
as these are far separated. The pseudo wave function is
taken as ¢ = |:H(11V<5(7]a - ”/3)2} e~ La Inal?/(4€%) which
is a Laughlin state treating the quasiholes at positions
7o as bosons (Haldane, 1983; Halperin, 1984), and the
factor of 1/3 in the gaussian exponent accounts for the
quasiholes having charge 1/3, and hence a longer mag-
netic length than the electrons. Choosing M = N/2 and
using the above expressions in the wave function Eq. (5)
gives a quantum Hall wave function at v = 2/78:

M M
_1 2 2 _ _
v = / TT e Se /48 T (e — 715)% 10 — 16]/2
a=1

a<f
N

M N ) 2
x H H (7704 - Zl) H(Zz - Zj)3 e 2 lzlT 4 (7)

a=1i=1 i<j

Even for this simplest case of a hierarchy wave function,
there is unfortunately no known way to evaluate the in-
tegrals analytically, and numerical methods are feasible
only for a small number of particles. Such calculations
were done early on by Greiter (1994), who compared
hierarchy states? with results of exact diagonalization;
mainly at level 2 (i.e. first level daughter) for up to
8 particles, but also level 3 for up to 6 particles. The
overlaps for these small systems are very good, but it is
clearly questionable to draw conclusions from studying a
level 3 hierarchy state of only 6 electrons.

The Laughlin wave function is the exact ground state
wave function for a certain ultrashort-ranged electron-
electron interaction (Haldane, 1983; Pokrovsky and Ta-
lapov, 1985; Trugman and Kivelson, 1985) which makes
it very amenable to certain analytic approaches. Simi-
larly, some of the more exotic wave functions such as the
Moore-Read wave function (Moore and Read, 1991) are
also the exact ground states of simple interactions (Gre-
iter et al., 1991; Read and Rezayi, 1996). Unfortunately,
there is no known electron-electron interaction for which

8 Note that at this density, there is no reason to believe that this
wave function is correctly normalized. As already mentioned in
section I1.B.1, the real meaning of “condensation” is embodied in
Eq. (5), and here we note that it must also come with a definite
prescription for how to construct the pseudo wave function for
the condensing particles.

9 In order to evaluate the expressions (7), Greiter omitted the fac-
tor |n — n|*/4, which amounts to a change in the short distance
behavior thought to be physically unimportant, cf. section V.C.

any of the hierachy wave functions (those discussed here
or below) are exact ground states, and this substantially
complicates the detailed analysis of their properties.

If we relax the condition that the wave function should
reside in the LLL, there are potentials for which the un-
projected Jain state'® at v = 2/5 is the ground state
(Jain et al., 1990). This might have been a satisfactory
situation if components in higher Landau levels had been
relatively small, but in reality this is not the case.!! An-
other argument for restricting the discussion to within
a single Landau level is that the large B (or small m.)
limit provides a theoretically well-defined limit that is
believed to capture the essence of quantum Hall physics.
So it seems like a good strategy to first try to solve that
problem, and only later include effects of higher Landau
levels (See the discussion at the end of section IIT.A).

3. Why wave functions, and which?

At this point it is fair to ask why we are at all inter-
ested in constructing explicit many body wave functions.
None of the model wave functions considered here are
the exact ground states of any experimentally relevant
Hamiltonian, and the overlap with the realistic ground
state will always be zero in the thermodynamic limit.
In addition, one may ask whether model wave functions
can tell us anything beyond what we can deduce from
the effective theories that are discussed in the following
sections.

First we should make clear that the wave functions we
are considering in this review are “representative wave
functions” in the sense of Moore and Read.'? This means
that even though they might not be eigenstates of any
physical Hamiltonian, they have the topological charac-
teristics of some distinct phase of matter. These are typi-
cally the charge and statistics of quasiparticles, as well as
properties of edge states and the ground state degeneracy
on topologically nontrivial manifolds. It is these topolog-
ical features we are interested in, rather than microscopic
details of the actual wave functions. This, however, still
begs the question of relevance — why are we not satis-
fied with an effective field theory description, since they
are after all constructed precisely in order to capture the

10 Jain’s composite fermion states will be introduced in more detail
in section IL.E.

1 Already for relatively small systems, such as 6 particles in the
(bosonic) v = 2/3 Jain state on the torus, only about 32% of
the unprojected state reside within the LLL, and this percentage
decreases rapidly with increasing system size. Similar numbers
for the LLL weight have been reported for the spherical geometry,
both for bosonic and fermionic Jain states (N. Regnault, private
communication).

12 As far as we know this concept was first introduced in (Moore
and Read, 1991).



topological characteristics of a phase. There are at least
three answers to this.

The first, which was already stressed in section II.A,
is that in many cases the construction of wave functions
has preceded the effective field theories. This was true
for both the Laughlin states, the Jain states, and the
states in the Read-Rezayi series. In fact, for the latter
there is to this day no generally accepted low energy field
theory. Thus, constructing explicit model wave functions
has been an important step in understanding many topo-
logical phases, and this might well continue to be true in
the future.

Secondly, one should be aware that the effective field
theories can rarely be derived from the microscopic
physics. In fact, even with rather low standards of rigor,
this can only be done for the Laughlin (Lee and Zhang,
1991) and the Jain states (Lopez and Fradkin, 1992).
Thus it is not at all guaranteed that given an effective
field theory, there will be any microscopic wave func-
tion with the same topological properties. In this case
the construction of trial wave functions provides a san-
ity check of the predictions based on the effective field
theory, provided one can determine the topological prop-
erties, either by analytical or numerical methods'3. The
latter has often proven hard, especially when dealing with
composite fermions. Here, the CFT methods detailed in
later sections have proven useful, as their direct connec-
tion to TQFTs allows us to conjecture their topological
properties. In this sense, rewriting the composite fermion
wave functions using CF'T is more than just an academic
exercise, but allows us more direct access to the impor-
tant properties of the representative wave functions.

Thirdly, as will be discussed many times later, explicit
wave functions for a small number of particles can be
compared with wave functions obtained by numerically
solving the Schrodinger equation for a realistic interac-
tion. Often good agreements (typically as measured by
overlaps of wave functions) are taken as a proof of the va-
lidity of the model wave function, but here we should add
a note of caution. First, it is clear that any conceivable
model wave function will have zero overlap with a numer-
ically obtained one in the thermodynamic limit.'* More-
over, for a too small number of particles, the relevant
Hilberts space, taking symmetries into account, might

13 Note that some properties, such as the edge theory or the topo-
logical ground state degeneracy, cannot be probed using the
sphere geometry, so constructing model wave functions on dif-
ferent geometries is an important aspect in numerics.

An amusing exception to the rule that overlaps decrease with
increasing system size is the composite fermion trial wave func-
tion for the so-called single vortex state of bosons in the LLL
with contact interaction. Its overlap with the exact ground state
increases with the number of particles and approaches 1 in the
limit N — oo (Korslund and Viefers, 2006).

14

10

not be very large, so that any model wave function that
is constructed as to keep the particles well separated,
typically by including Jastrow factors, will have a good
chance to have a large overlap. Thus it is to some extent
a matter of judgement and experience to decide upon the
success of trial wave function by only studying overlaps
for a small, but not too small, number of particles. The
Laughlin state is often considered as something of a gold
standard for overlaps. For example, for N = 9 electrons
at v = 1/3 on a spherical geometry (see section VIL.A),
the dimension of the symmetry-reduced Hilbert space is
84 and the squared overlap of the trial state with the ex-
act coulomb ground state is 0.988 (Fano et al., 1986). The
Jain wavefunctions are similarly (if not more!) impres-
sive. For example for v = 2/5 with N = 10 electrons on a
sphere, the symmetry-reduced Hilbert space has dimen-
sion 52, and the squared overlap with the exact Coulomb
ground state is .9956 (Tdke and Jain, 2009). A model
wave function that gives overlaps this large, for compa-
rably large Hilbert space is usually considered quite good.
However, overlaps must be used with caution. For exam-
ple, the Gaffnian wavefunction mentioned in section II1.J
(which, as discussed there is gapless and therefore not
a valid quantum Hall state) also has very high overlaps:
for the same v = 2/5 system the squared overlap is .954.
Because of this difficulty in interpreting overlaps, other
methods for determining the validity of wavefunctions
have become important. A particularly useful one is the
entanglement spectrum (Li and Haldane, 2008), which is
discussed in section I1.G.4 below.

C. Bosonic Chern-Simons theory and the Quantum Hall
phase diagram

It took some time after the discovery of the Laugh-
lin wave functions to unravel the physical nature of the
quantum Hall liquids. In modern terminology, they are
topologically ordered states (Wen, 2004). An important
step was taken by Girvin and MacDonald (1987), who
proposed an order parameter and showed that the Laugh-
lin states are characterized by algebraic off-diagonal long
range order (ODLRO). In essence, by removing all phases
from the Laughlin wave function using a singular gauge
transformation (see section II.D below) the remaining
wave function has algebraic long ranged order. The same
authors also suggested that this order pointed towards
a field theory description in terms of composite objects
consisting of charge and flux (Girvin, 1990; Girvin and
MacDonald, 1987).

This idea was exploited in a later paper by Zhang,
Hansson, and Kivelson (Zhang et al., 1989) who proposed



the Lagrangian for the v = 1/m Laughlin state

1
2me

+ ﬁe’“’"aﬂﬁuag, (8)
where m,. is the electron band mass. Here ¢ is a complex
scalar order parameter field that is minimally coupled to
the “statistical” gauge field a,, A, is the external elec-
tromagnetic field, and p = ¢*¢ is the particle density.
It had already been shown that coupling a gauge field
with a Chern-Simons (CS) term in the action, will ef-
fectively change the statistics of the original bosonic or
fermionic matter field (Pisarski and Rao, 1985; Wilczek,
1990; Wilczek and Zee, 1983). The choice of coefficient
in front of the Chern-Simons term in Eq. (8) (the final
term) corresponds to a change from fermions to bosons
when m is odd, ¢.e., the original underlying electrons are
fermions, but the field ¢ is bosonic. When the statisti-
cal gauge field is treated in a mean-field approximation,
where @ = e/f, this Ginzburg-Landau-Chern-Simons the-
ory (GLCS)'® thus describes interacting charged bosons
without any magnetic field.'® In this effective descrip-
tion, the system is essentially a charged superfluid and
captures many topological properties of the Laughlin
states, including the algebraic ODLRO discussed above.
Later it was also shown that the Laughlin wave func-
tions can be derived by including fluctuations around
the mean-field solution in a random phase approximation
(Kane et al., 1991; Zhang, 1992). The GLCS approach
was further developed to include effects of orbital spin,
and the response to curvature (Abanov, 2013; Son, 2013),
see also section VIL.B.

Applying the same ideas to the hierarchy states, Kivel-
son et al. (1992) used the GLCS approach to generate the
full abelian quantum Hall hierarchy, and to study the re-
sulting phase diagram and associated phase transitions.
An important tool in this analysis was the concept of
“corresponding states” (Jain et al., 1990), which relates
transport properties of quantum Hall liquids at different
filling fractions. Kivelson et al. (1992) also proposed the
existence of another phase of a two-dimensional electron
gas in a magnetic field, which they named a “Hall insu-
lator”. In this phase o,y ~ 02, — 0 as T — 0, SO pay

L =¢*(i00 — ao)p — = |(F — A+ @)p|> — V(p)

15 This name has stuck, although it is an exact rewriting of the
underlying fermionic theory, and as such a proper microscopic
theory with the extra condition of the bosons having hard cores.
The usual GL theory for superconductors are more like the hy-
drodynamic theory discussed in section II.F.

There is a precursor to this picture were the physical magnetic
field is “cancelled” by a collective effect due to a condensation of
bosons. Starting from a Wigner crystal, Kivelson et al. (1987)
use semi-classical methods to study instabilities that occur at the
Laughlin filling fraction, due to coherent tunneling events that
can be viewed as a condensation.

16

11

remains constant at very low temperatures. Early exper-
iments on heterojunctions giving evidence for this phase
were made by Shahar et al. (1995), and recently it has
also been found in disordered indium-oxide films (Brez-
nay et al., 2016). Liitken and Ross have analyzed the
quantum Hall phase diagram using an effective field the-
ory and certain, rather strong, symmetry assumptions
(Litken and Ross, 1992, 1993), see also (Fradkin and
Kivelson, 1996).

The bosonic Chern-Simons approach correctly ob-
tained much of the topological data about each of the
hierarchy states (including Hall conductivity, quasiparti-
cle charge and statistics), and set the stage for field theo-
retic evaluation of many additional quantities. While the
construction of the Chern-Simons Lagrangian Eq. (8) is
in principle exact, the evaluation of any quantity beyond
mean-field or random phase approximation level is quite
challenging, and the lack of any small parameter to con-
trol perturbation theory makes it essentially impossible
to confirm the correctness of any such calculation without
support from other approaches such as numerics. Partic-
ularly problematic is the issue of obtaining the proper
energy scale. While the bare band mass of the electron
m, is present in the Lagrangian Eq. (8), all low energy
physics (which describes physics of a partially filled sin-
gle Landau level) should be independent of the value of
this parameter — particularly in the limit of large Lan-
dau level spacing. In principle, this result should emerge
were calculations done exactly, but all approximations so
far attempted have failed to achieve this.

D. Composite bosons

In a first quantized language, the wave function for the
charge-flux bosons described by Eq. (8) is related to the
wave function of the original fermions via'”

. . Zi—2z \ . .
\I/F(Th...?"N):H(j) \I/B(T'h...'I”N),

i< |Z; — Zi

i.e. they differ by a phase factor which can be inter-
preted as attaching singular (infinitely thin) flux tubes
each carrying m flux quanta at the position of the parti-
cles. An alternative order parameter was introduced by
Read (1989),

O (7) = ¥ (7) Un (7) (9)
B

=T (7 exp [—422 + m/dzr' In(z" — 2)p(7")] ,

17 In the context of anyon superconductivity, attachment of phase
factors was already used by Laughlin (1988) to describe fractional
statistics particles in terms of fermion wavefunctions.



who showed that it exhibits true long-range order. Here,
T (7) creates an electron, p = 71 is the electron den-
sity operator, and U,, a vortex of strength m.'® In a
first quantized formalism, such a vortex, centered at the
particle position 7, is Uy, (7) = [[,(z — z)me*‘Z‘Q/(Mg).

The Read operator ¢r is bosonic, but it is mot re-
lated to the original fermion by a unitary transforma-
tion, and it is therefore more difficult to derive an effec-
tive GLCS theory (Rajaraman and Sondhi, 1996; Read,
1989). The difference, compared to the pure phase
transformation leading to Eq. (8), is that the Read op-
erator builds in the characteristic vanishing property,
lim,, ., Wr(z1...28) ~ (2 — 2;)™, and exhibits true
(i.e. not algebraic) ODLRO. The Laughlin state can be
constructed in a way similar to a Bose condensate, either
as a coherent state where the ¢ has a finite expectation
value, or as the state,

11/q;N)y, = [ / d2r¢k<f‘>r 0)

at fixed number of particles, which directly yields the
v = 1/m Laughlin wave function for N particles.

E. Composite fermions

The idea of composite fermions (Heinonen, 1998; Jain,
2007) is most easily understood as the fermionic version
of the transformation (9), where an even number of vor-
tices is attached to the original fermions in order to form
a composite fermion (CF). The transformation between
the fermion wave function ¥r and the CF wave func-
tions, ¥ is thus,

Up (... 7N) = OL(F, ... 7N )W op(F, ... 7y), (10)

where ®y is the wave function for a filled LLL.
This formula can be written in an arbitrary geom-
etry, and specializing to the plane we have &5 =
[Iic; (25 —2) e /U157 Note that (®9)? =
1, Uz2(z;) which provides the link to the composite bo-
son transformation (9). Using @ for the “fux attach-
ment” instead of the commonly employed Jastrow factor
[l (zi—2;)?? in Eq. (10) has the advantage that it gives
the correct gaussian factors independent of the geometry
or gauge choice. If U p is not a LLL wave function, then
neither is ¥, and one must project to the LLL to get a
valid (fully holomorphic) wave function.

18 Note that T is the full electron creation operator. In Read’s
original formulation, <¢>J1r2 is defined in terms of the electron oper-
ator projected on the LLL.
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1. The Jain wave functions

The composite fermion transformation (10) was used
by Jain to establish a powerful correspondence between
fractional and integer quantum Hall states. His ba-
sic insight was that Eq. (10) allows us to think of the
v =1/(2p+ 1) Laughlin state as a filled LLL of compos-
ite fermion. One may then consider other homogeneous
CF wave functions in order to form new model wave func-
tions. In particular, filling ¢ Landau levels of composite
fermions — which we call A-levels following Jain’s termi-
nology — gives a wave functions at v = ¢/(2pg + 1) in
the positive Jain series (Jain, 1989, 1990),

{7i}) = Pooe | {FH (7)) . (11)

where Prr; projects on the LLL. The filling fraction
follows from a simple counting argument: Since the
state is expected to be homogeneous (up to edge ef-
fects), the filling fraction is given by v = N/Lmax =
N/(2pN+ N/q)+O(1/N), where we used that each Lan-
dau level contains N/q particles and that all filled Lan-
dau levels have the same maximum angular momentum
L up to boundary effects, c¢f. appendix A. Similarly, the
states in the negative Jain series, v = ¢/(2pg — 1) are
obtained by attaching an even number of anti-vortices to
the electrons (Jain, 2007).

Quasiparticle excitations amount to putting compos-
ite fermions in an unfilled A-level (usually the lowest), or
holes in any of the filled A-levels — entirely analogous to
how we would make the corresponding low energy excita-
tions for integer quantum Hall states. This simple map-
ping between fractional quantum Hall states and systems
of free, or at most weakly interacting, fermions, gives a
very fruitful intuitive picture that extends far beyond
the above example. Another example is paired states of
composite fermions, which will be discussed later in the
context of nonabelian quantum Hall states. The ground
state wave functions (11), as well as those for its quasi-
particle excitations, have an excellent overlap with the
states found by exact diagonalization of realistic Hamil-
tonians, thus providing a strong a posteriori justification
for the CF ansatz. There is a large and successful body
of work based on the composite fermion wave functions
which is reviewed by Jain (2007) and in the book by
Heinonen (1998).

U_q

2pq+1

2. The Lopez-Fradkin and Halperin-Lee-Read effective field
theories

Just as the GLCS theory (8) can be considered as a
field theory for bosonic flux-charge composites, there is
also a field theory for fermionic flux-charge composites
that was proposed and analyzed by Lopez and Frad-
kin (1991). The only difference in the Lagrangian from
Eq. (8) is that the integer in the coefficient in front of the



CS term is now even, m = 2p, which means that the com-
posite object ¢ is still a fermion. The mean-field solution
does, however, differ from the one in the GLCS theory,
in that the statistical mean-field only partially cancels
the external magnetic field. This leaves the composite
objects moving in a weaker effective field. For special
filling fractions, these composite objects completely fill a
number of Landau levels and form a gapped state. The
effective mean-field seen by the composite fermions is

BT = B — 2pgop,

where p is the density of electrons, ¢g the flux quantum,
and B®' is the externally applied field. Thus, the effec-
tive filling fraction is

peft — pPo _ pPPo _ v
Beff Bext _9p¢op 1 —2pv’

which is an integer ¢ exactly when v = ¢/(2pg + 1).
At mean-field level, the fractional quantum Hall gap
is given by the effective cyclotron energy eBf/m, =
dop/(2gm.). As with the Chern-Simons boson theory,
the (exact) derivation of the Chern-Simons fermion La-
grangian results in the bare electron band mass m. ap-
pearing in the kinetic term (and this sets the size of the
mean-field gap). However, since the low energy physics
occurs within a single Landau level, m,. should not be
an important parameter of the problem (and should van-
ish altogether in the limit of large Landau level spacing).
As with the bosonic case, this problem occurs since the
Chern-Simons theory can only be evaluated using rather
crude methods such as mean-field or random phase ap-
proximation. Presumably a more precise (or exact) cal-
culation would result in the dependence on m, vanishing.
As with the bosonic case, there is, however, serious dif-
ficulty in achieving any more precise calculation, since
there is no natural small parameter in the theory.

The composite fermion field theory approach was fur-
ther developed by Halperin et al. (1993) who considered
the case of v = 1/2 (or any 1/m with m even) where
the composite fermions move in zero effective field (i.e.,
v°f = 00) and thus can form a Fermi liquid. In the Fermi
liquid context, a natural solution to the problem of en-
ergy scales results from viewing the strongly interacting
Fermi liquid via the phenomenological Landau Fermi lig-
uid theory where an energy functional is proposed to de-
scribe the deformation modes of the Fermi surface. In
this framework the electron mass can be renormalized
to an effective mass m™* set by the interaction strength
of the electrons so as to correctly give a fractional quan-
tum Hall gap (the composite fermion cyclotron frequency
eB®f/(m*c)) on the interaction scale (Halperin et al.,
1993; Simon and Halperin, 1993). As is usual in Landau
theory, the mass renormalization is linked to a certain
Fermi surface deformation parameter so as to preserve
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Galilean invariance of the system (Nozieres and Pines,
1999).

A feature of the composite fermion field theory, as well
as the composite fermion wavefunctions, is that they do
not manifestly obey particle-hole conjugation. In the
limit of infinite Landau level spacing, the lowest Lan-
dau level is perfectly particle-hole symmetric'®, so, for
example, the energy gap for v = 1/3 should be identi-
cal to the energy gap at v = 2/3. In the wavefunction
approach this symmetry is very close to true, but not ex-
actly true (Moller and Simon, 2005). In the field theory
approach, since the Lagrangian (8) is in principle exact,
the particle-hole symmetry should emerge if calculations
are performed exactly. However, any practical calcula-
tion involves approximations, and no known approxima-
tion preserves the particle-hole symmetry (although RPA
methods come very close (Simon and Halperin, 1993)),
similar to the wavefunction approach.

The composite fermion field theory gave rise to other
field theory approaches to composite fermions which em-
phasized the dipolar nature (Read, 1994) of the com-
posite object (Lee, 1999; Murthy and Shankar, 2003;
Pasquier and Haldane, 1998; Read, 1998; Stern et al.,
1999). There is a recent surge in interest in construct-
ing a particle-hole symmetric description of the com-
posite fermion liquid in terms of neutral Dirac particles
(Barkeshli et al., 2015; Geraedts et al., 2015b; Murthy
and Shankar, 2016; Son, 2015; Wang and Senthil, 2015).
This approach has the notable advantage that it is man-
ifestly particle-hole symmetric at all orders.

It should be noted that just as in the GLCS theory, in
the composite fermion field theory approach, the Laugh-
lin wave function does not appear at the mean-field level.
This is because in both cases the composite object is
formed by a charge and a point-like statistical flux, so
the extra “correlation hole” ~ T[], ;(z; — 2)* around
the electron at position z;, must arise from fluctuations
around the mean-field (Lopez and Fradkin, 1992).

Sometimes the wave functions (11) are also motivated
in terms of “flux attachment” — the cartoon picture be-
ing that each electron grabs 2p flux quanta, leaving a
weaker effective magnetic field. This picture is some-
what misleading since in the approaches by Read and
Jain the charge binds to a vortex that includes the corre-
lation hole, and directly yields good wave functions with
filling fractions following from a counting argument with-
out any appeal to effective fields.

19 In the presence of particle-hole symmetric disorder one can also
show that oy should be exactly €2/2h when the Landau level is
half filled (Kivelson et al., 1997)).



F. The Wen-Zee effective Chern-Simons theory

In the Chern-Simons approaches discussed above one
can imagine integrating out the particles of the theory to
leave an effective Lagrangian for the longest length scales
of the system. Since the quantum Hall states are gapped,
one might naively expect that this leaves no physics at all
remaining. This is however not true. First, as discussed
in some detail in the next section, in realistic geometries,
there are low energy modes propagating along the edges
of the sample. Second, even in closed geometries the
topological data remains at arbitrarily long length scale
and low energy.

Before presenting the general low energy Lagrangian
first proposed by Wen and Zee (1992) we make some
general comments about its structure and status. It is
useful to think of this kind of effective theories in terms
of hydrodynamics, implying that the strategy for deriv-
ing them is not to keep the original degrees of freedom
below some cut off scale, but rather to introduce new
ones. In hydrodynamics, the conserved currents are natu-
ral variables, and in two dimensions they are conveniently
parametrized as j* = €*”?0,a,. In this way, current con-
servation is built in, at the expense of introducing a gauge
symmetry. The hydrodynamical gauge field a is not to
be confused with the statistical gauge field a in the pre-
vious sections. In the case of the Laughlin states where
we have a GLCS theory, or a composite fermion field the-
ory, we can derive the hydrodynamical theory by directly
integrating over the microscopic field ¢ and the statisti-
cal gauge field a. For general QH states this procedure is
not possible, and one must revert to the usual philosophy
of effectve low-energy theories, and include in principle
all terms allowed by symmetry. In practice one is usu-
ally keeping only the lowest derivative terms. In the QH
context, these are Chern-Simons terms ~ €**?a,0,dq,
which are linear in derivatives and preserved rotation in-
variance but break parity and time-reversal symmetry.
This term is also Lorentz invariant, which is however a
consequence of gauge symmetry. Higher derivative terms
are, in general, not Lorentz invariant. What is special
with the Wen-Zee effective action, is that the coefficients
in front of the various terms have a direct topological
meaning, and thus can only take discrete values.

In fact, all topological information about an abelian
quantum Hall state at the n'® level of hierarchy can be
coded in the following effective Lagrangian based on n
Chern-Simons gauge fields (Wen and Zee, 1992; Wen,
1995),

1 e
Lwz = —EKage“””afjayag — %taA#eW‘TBl,ag‘

S .
— rwie 70,05 + ajlLgy (12)
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where we suppressed the tilde on the field a for ease of no-
tation, where u, v, o denote space-time indices and while
the index ¢ runs over spatial indices only. A, is an ex-
ternal electromagnetic field, and aj; are the n internal
Chern-Simons fields. The indices a, 8 run from 1...n,
where n is the rank of K,g which is a symmetric ma-
trix with odd integers along the diagonal and with all
other entries even integers, and t, is a vector of n inte-
gers defining the electric charge of the currents €779, a2.
The coupling of the n quasiparticle currents j!' to the
Chern-Simons fields is determined by the integer vector
14, and taking lg = 04, corresponds to the “elementary”
currents j/' that couple minimally to the gauge fields. In
Eq. (12) s, is a vector of spins associated with the differ-
ent Chern-Simons fields and w; a spin connection, such
that the corresponding field strength, R = €/ d,wj, is the
gaussian curvature of the surface on which the quantum
Hall state lives.?° We shall return to this in Sect. VILA
where we study quantum Hall states on a sphere. On a
flat surface, however, w can be taken to be zero and the
spin does not enter.

The full topological information can be extracted from
the Lagrangian (12). For example, using an obvious vec-
tor notation, the filling fraction is given by (Wen and
Zee, 1992),

v=tTK 't (13)

and the ground state degeneracy on a manifold with
genus ¢ is given by

(det K)9. (14)

Another important topological quantum number is the
shift S defined by

N. = v(Ng + ), (15)

where Ng denotes the total number of flux quanta (on
the sphere) or the highest occupied angular momentum
orbital (on the disk), respectively. Its value is determined
by the topological data as

2
S=25="t"TK's. (16)
14

where 5 is known as the average orbital spin. The electric
charge of the quasiparticle of the ¢*" type is,
Q= —et" K1, (17)

and clockwise braiding of quasiparticle type ¢ around one
of type r gives a phase of

Ogr =271 K™, (18)

20 The Ricci curvature R is twice the gaussian curvature, R = 2R.



whereas clockwise exchange of two quasiparticles of type
q gives

Oy =l K™, (19)

A given topological order does not uniquely define the
necessary data (K, t,s), in the Lagrangian (12). In fact,
one is free to make the transformation (Read, 1990; Wen
and Zee, 1992)

K > WKW
t - WTt

s — WTs (20)
1, - W7,

where W is an integer matrix with unit determinant,
without changing the values obtained from Egs. (13),
(14) and (16)-(19). There are two very natural bases to
work in. The first, stemming from the Haldane-Halperin
hierarchy and thus called hierarchical basis, has t; = 1
and t, = 0 for & > 1. The second basis is the symmet-
ric, or composite-fermion basis, which has t, =t =1 for
all . The transformation that maps the symmetric to
the hierarchical basis, i.e. K" = WTK*W, is given by
Wij = dij — 0it1,5-

Wen has argued that for a state at level n in the hierar-
chy, there must be n linearly independent combinations
with charge e, or in other word, n independent electron
currents (Wen, 1995). These are described by the n vec-
tors 1. In the symmetric basis these take the simple
form lgr = K, where « labels the vector and r its com-
ponent, resulting in Q. = —et = —e as expected. This
will be important when we later use the topological data
(K, t,s) to construct explicit electronic wave functions.
Finally we give the explicit form, in the symmetric ba-
sis, for the K-matrix and the spin vector that describe
the full hierarchy obtained by successive condensations
of quasiparticles:

Koo m+%, ifa=p
BV —gu+m+3D, ifa<p
a—1
Y, = .
j=1
1
Sq = §K,m +a-—1, (21)

with m odd and K,3 = Kga, if & > 3. The even integers
p; specify the density of the quasiparticle condensates,
and o; = +1(—1) for condensing quasielectrons (quasi-
holes) (compare Eq. (6)).

G. Physics at the quantum Hall edge
On a closed surface (such as a sphere or torus — see sec-

tion VII below), the above Lagrangian (12) is completely
self-consistent. However, for a system with edges, such
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as a disc, the action turns out to not even be gauge in-
variant, as we will discuss further in section II.G.2 below.
The reason for this failure is that quantum Hall systems
always have non-trivial edge states — which must be in-
cluded in the theory. We will thus briefly turn our at-
tention now to the physics of quantum Hall edge states —
and in particular edge states of the hierarchy. There are
a number of papers which give more detail about quan-
tum Hall edge physics (Chang, 2003; Kane and Fisher,
1996; Wen, 1992). Here we give a very brief review just
to indicate how these ideas fit into the overall framework
of hierarchies.

1. Introduction to edge physics

The existence of edge currents in a quantum Hall sys-
tem is virtually guaranteed by the presence of crossed
magnetic field B and electric field E (the electric field
being caused by the confining potential keeping the elec-
trons inside the sample). Classically one expects a drift
velocity v = E x B/|B|2. Thus a perturbation in density
will propagate along the edge, in only one direction, at
this velocity — thus giving a chiral hydrodynamics. An-
other semi-classical picture of these edge states is that
of electrons executing so-called “skipping orbits” that
bounce off the edge and travel in one direction. What
is less obvious is how to quantize this sort of motion. An
argument by Wen (1992) gives a proper quantum me-
chanical treatment for simple Laughlin states, which we
shall now review.

Let us imagine a quantum Hall system filling the lower
half plane, with an edge running in the z direction at
position y = 0. Given that the quantum Hall system is
incompressible, any perturbation of the edge must come
from a physical displacement of the edge by some dis-
tance h(z) in the y direction so that the excess density
along the edge is p(x) = nh(z) where i = v/(27(?) is the
electron density of the bulk quantized Hall state. The en-
ergy of the displacement should be given simply in terms
of the electrostatic potential V (x,y) = Ey on the edge?!
We expect (Wen, 1992)

h(x)
H= /dm/ dy eV (z,y)n = Een/dh()

2mv
=— [ dzp(z =" i (22)
k>0
with the Fourier transform convention pr =
ﬁfd:ce*““p(x). Now, given that any density

perturbation should move along the edge at the drift ve-
locity, we expect dynamical equations (9; —v9,)p(z) =0

21 With a sufficiently abrupt edge, this approach breaks down and
very different edge physics can result (Fern and Simon, 2016).



or equivalently
(0p — ivk)pr, = 0. (23)

From the Hamilton equations ¢ = 0H/Op and p =
—0H/09q, it follows that the momentum conjugate to
the coordinate ¢ = pi for k > 0, must be taken as
p = 2mp_/(ikv), in order for the dynamical equation
(23) to be consistent with the Hamiltonian (22). Canon-
ical quantization is now straightforward and one obtains
the so-called U(1) Kac-Moody algebra,

vk!
[Pk, prr] = == Okyhr - (24)

2w
This well known, but nevertheless quite subtle result, is
derived and commented upon in Appendix C.
Next we introduce a bose field ¢(z) related to the den-
sity by

1

where the field ¢ has equal-time commutation relations

(), p(a)] = ivrsign(z — o). (26)

For the normalization convention, see appendix B.2. Us-
ing these commutation relations together with the rela-
tion (25) for p(z), and Fourier transforming we recover
the Kac-Moody commutators, (24).

From Eq. (26) and (25) it easy to see that d,p/(27v) is
canonically conjugate to ¢(x) (their commutator is pro-
portional to a delta function). Using this information
with the Hamiltonian given above, Wen (1992) wrote the
Lagrangian for the edge as

1 v
Ledge = m(aﬂp)(aﬂp) - R(&Cgp)(&v ), (27)
which is that of a one dimensional chiral boson.
One can write a creation operator for a bump of charge
« at position x as
Valz) =: i@ . (28)
with colons denoting normal ordering. It is easy to check
that this inserts charge ar by noting that

[pla), Va (@)] = vaVa(@)d(e - o).

Crucially, we can create a charge e using the operator
V. =V;,,. Note, however, that this operator has proper
fermionic commutations, ¥ (x)U.(z') = =V (2')T.(z)
only when v is one over an odd integer, corresponding
to half integer conformal spin (see Appendix B.). This
implies that only these simple Laughlin states can be
described by a single edge mode.
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2. Chern-Simons approach and Wen-Zee edge

Another way to understand the edge physics is via the
Chern-Simons approach. In the case of a Laughlin state,
the Wen-Zee effective Chern-Simons Lagrangian (12) is
very simple:

L= —ﬁe“”"a,l&,ag —
where we have left out the coupling to external currents,
and possible curvature of the two dimensional surface.

On a closed manifold, it follows by integration by parts
that the corresponding action is gauge invariant. How-
ever, as mentioned above, the action is not gauge invari-
ant in the presence of a boundary. Let again our fluid
occupy y < 0, and our edge run along the y = 0 axis.
Now, we cannot integrate by parts in the y direction with-
out getting a boundary term. What happens is that the
would-be gauge mode at the boundary becomes a phys-
ical degree of freedom, which is shown as follows: First
notice that agp is not dynamical, but a Lagrange multi-
plier implementing the constraint €9;a; + vee?9;A; =
b + veB = 0, which is solved by a; = —veA; + 0;p.
Substituting this back in the action (29) and picking the
ao = 0 gauge, we get after partial integration and some
rearrangements:

€ vo
5= 00, Ar . (29)

S = / dtd*x Lo
1
=T dtdz (O p — veA,)(Orp — veAy)
2
ve 2. VO _
+ 2 [ e 4,0,4, / dtdz oE,, (30)

where p(z,t) = ¢(x,0,t) is a scalar field with support
along the boundary y = 0 and E, = 0, A, — 9, Ag. Writ-
ten in this form it is clear that the only dynamical degrees
of freedom reside on the edge, and from the “symplectic”
term ~ 0,¢0:¢ we immediately get the canonical com-
mutation relation (Faddeev and Jackiw, 1988)

[o(x), Oarp(a)] = 2mivé(x — '), (31)

which again means that 0,¢/(27v) is canonically con-
jugate to ¢(x) as was inferred from (24). For the ac-
tion (30) to be invariant under gauge transformations
of this background field, A, — A, + 0,{/e, the scalar
field ¢ must transform like ¢ — ¢ + v€ which identi-
fies it as a phase field. Also note that the edge action
on the first line is separately invariant under the gauge
transformation, while the “anomaly” term ~ E, on the
second line exactly cancels the gauge variation of the
Chern-Simons term for the background field (Hansson
and Viefers, 2000).

Neglecting the background field, the Lagrangian (30)
matches the above Eq. (27) except that it has zero edge
velocity! This is perhaps not surprising since the velocity



is a non-universal parameter of the edge — depending on
the details of the edge confinement. In order to obtain
precisely the edge Lagrangian Eq. (27), one can choose a
different gauge fixing ag — va, = 0, as discussed by Wen
(1992), or alternatively one can simply add the potential
term —(v/4mv) (0 — veA,)? by hand.

Calculating the edge charge and current by varying
the action (30) with respect to Ay and A, we get pegge =
(e/2m)(0rp — veAs) and jeqge = 0. Using the equation
of motion for ¢ we get peqge = —(ve?/27)E,, while a di-
rect variation of the bulk action with respect to A, gives
the outgoing bulk current perpendicular to the edge,
and we find J;, = pedge- This “anomaly cancellation”
which was originally pointed out in the quantum Hall
context by Stone (1991), based on earlier work by Callan
and Harvey (1985) is a general phenomenon. Charge
non-conservation in a CS theory, which physically corre-
sponds to a current perpendicular to the boundary, is ex-
actly compensated by the charge not being conserved in
the edge theory since the corresponding current is anoma-
lous. Here we considered the charge current, but we shall
later also discuss the energy-momentum current related
to heat transport.

It is quite easy to generalize to arbitrary hierarchy
states. One starts with the first term of the Lagrangian
(12) and similarly enforces gauge invariance to obtain an
edge Lagrangian generalizing Eq. (30) to hierarchy states,

1

Lo=—
07 4r

where here p® are a set of bose fields with commutations

s (0:0) (0"),

[ (x), " (a")] = imK 5 sign(z — a).

As in the case of Eq. (27) there is also a non-universal
interaction term H, which depends on details of the edge
structure as well as the strength of the interaction be-
tween the different edge modes. We generally write the
full Lagrangian as Ledgge = Lo —H with the Hamiltonian

1
_ a 3
H = pp 08 (0z0%)(0x0”)

where V is a positive definite matrix.

Given the coupling of the gauge field a in Eq. (12) to
the external electromagnetic field A, it follows that the
charge density associated with an edge excitation must
be

1
7toc8xaa
5 1o (0¢%)

and a quasiparticle described by a vector 1 with entries
lo as in Eq. (17) can be created using the operator

cel Lala®®(@)

p(z) =

U(z) =

The emerging picture of the edge of a hierarchy state is
one involving multiple chiral bose modes — one for each
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level of the hierarchy. However, one should be aware that
modes corresponding to any negative eigenvalue of the K
matrix will be reverse moving. One should also remem-
ber that there may be processes which can remove an
electron from one of the edge modes and put it back into
a different edge mode. In composite fermion language
this would correspond to removing an electron from one
A level edge and placing it in another.

3. The conformal edge

Whether one is considering a single edge mode, or a
system with multiple edge modes, one obtains a gapless
(massless) one dimensional system — which is necessarily
described by a conformal field theory (CFT). There are,
however, several added features. To begin with, multi-
ple edge modes will generically have different velocities,
whereas in a true CFT there should be only one veloc-
ity of light. More generally the edge can be a perturbed
CFT where the perturbations may be irrelevant (vanish-
ing at low energy), marginal, or relevant. In some cases, a
relevant perturbation can drive the edge to another gap-
less fixed point (Cano et al., 2014; Haldane, 1995; Read,
2009a). Nonetheless, even when we consider more com-
plex quantum Hall states (such as nonabelian states), the
edges will always be described by (possibly perturbed)
CFTs.

The connection to CFT turns out to be far more signif-
icant than it might appear so far. As we will see in sec-
tion IV.C.2 below, a so-called bulk-edge correspondence
allows us to describe the bulk of the quantum Hall state
with the same CFT that we use for a minimal description
of the edge.

4. Edge CFT and entanglement spectrum

For quantum Hall wave functions that are the exact
zero-energy ground states of a model Hamiltonian, one
can explicitly derive the edge excitations and show that
the state counting (as a function of angular momentum)
is the same as in the associated CFT (Ardonne et al.,
2005; Read, 2006; Read and Rezayi, 1996). For other
quantum Hall states, one has to resort to numerical sim-
ulations. While the study of quantum Hall edges poten-
tially gives a direct way to study the spectrum of the 1+1
dimensional CF'T associated with a quantum Hall state,
it can also be complicated by the fact that these spectra
depend on non-universal properties of the edges (such as
the slope of the potential at the edge) and can also be
further complicated by so-called “reconstruction” where
edges become non-monotonic in density (Chamon and
Wen, 1994; Johnson and MacDonald, 1991; MacDonald,
1990).

Recently it has been realized that one can learn about



the excitations by looking at the entanglement properties
of the representative ground state wave function. The en-
tanglement entropy, independently introduced by Kitaev
and Preskill (2006) and Levin and Wen (2006), is cur-
rently the most commonly used entanglement measure.??
It contains, in principle, all the information about the
S-matrix, and thus the quasiparticle excitations (Zhang
et al., 2012), and gives direct access to the total quantum
dimension of the underlying field theory. The numerical
evaluation is, however, very difficult for FQH systems
(Haque et al., 2007), and only very recently it was possi-
ble to obtain reliable results (Zaletel et al., 2013). A nu-
merically more accessible quantity is the ‘entanglement
spectrum’ (Li and Haldane, 2008), which allows one to
examine the CFT spectrum of a virtual edge and has
quickly become an indispensible tool of the community.

We consider a system bi-partitoned into two subsys-
tems A and B (we can choose A and B to be the top and
bottom halfs of a sphere divided along the equator, al-
though many other geometries are possible). The ground
state wave function |¥) is contained in the tensor prod-
uct of the Hilbert spaces of the A subsystem and the B
subsystem. We make a Schmidt decomposition of the
state as

W) =) e 2 yn) @ [yvR) (32)

where |¢7) and [¢)},) are states forming orthonormal sets
completely contained in the A and B subsystems respec-
tively. The &, are known as “entanglement energies”,
but one should realize that they are properties of the
ground state decomposition and have nothing to do with
the physical energies of the quantum Hall state. The
rather remarkable conjecture by Li and Haldane (2008)
(see also (Kitaev and Preskill, 2006)) is that the spec-
trum of entanglement energies should match that of the
141 dimensional CFT defining the quantum Hall state.
In order to examine these spectra more closely, one typ-
ically divides the system into A and B so as to conserve
several quantum numbers. For example, if we divide the
sphere into an upper and lower part along a latitude, the
division conserves the total L, angular momentum, and,
assuming a rotationally invariant interaction, it will con-
serve the number of particles in each part. In this case
one can plot the entanglement energies as a function of
these conserved quantities, for example (N, L,). One
can choose to bipartition the system in several different
ways: an orbital cut, where certain single electron or-
bitals are placed in subsystem A and others in subsytem

22 For a mathematical perspective on topological entanglement en-
tropy in Chern-Simons theories and quantum Hall states, see
(Dong et al., 2008) and (Hikami, 2008).
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B (Li and Haldane, 2008); a real-space cut, where parti-
cles in one physical region are placed in subsystem A and
others in subsystem B (Dubail et al., 2012b; Rodriguez
et al., 2012a; Sterdyniak et al., 2012); or a particle cut,
where certain particles are placed in subsystem A and
others in subsystem B (Sterdyniak et al., 2011; Zozulya
et al., 2007).

For topologically ordered states, both the orbital and
the real-space cut can be used to extract important in-
formation about the edge spectrum wviz. the type of CF'T
that describes the edge spectrum and the compactifica-
tion radius of the charge field, which is directly related
to the filling fraction (Dubail et al., 2012b; Hermanns
et al., 2011). Both cuts should also give the same topo-
logical entanglement entropy (Dubail et al., 2012a; Zale-
tel et al., 2013; Zozulya et al., 2007), even though the
finite-size corrections in numerical simulations can be
quite substantial for the currently accessible system sizes
(Sterdyniak et al., 2012). There are, however, differences
which reflect that the orbital cut strictly speaking does
not mimic a spatial edge, as can be easily seen in the case
of the IQHE.?? From practical point of view, the orbital
cut is the favoured tool since it is much easier to evaluate
numerically.

The particle cut provides information about bulk ex-
citations. More precisely, for trial wave functions that
are zero-energy ground states of model Hamiltonians, the
particle entanglement spectrum reproduces the quasihole
state counting: the number of non-infinite eigenvalues
equals the number of zero-energy states for the appropri-
ate number of particles/flux. For other trial states, where
no model Hamiltonian exists, the particle entanglement
spectrum may instead be used to ‘define’ the quasihole
state counting. This ‘definition’ is consistent both with
the counting obtained using the composite fermion pic-
ture, as long as one considers holes in any of the filled A
levels, and with that obtained using CFT techniques, as
long as all quasihole operators (see section V) are taken
into account.

Even though entanglement spectra of strongly corre-
lated states are very complicated and rigorous proofs
are rare, there have been some advancements recently.
Several works have formalized the connection between
the CFT spectrum and entanglement spectrum (Dubail
et al., 2012a,b; Qi et al., 2012; Swingle and Senthil, 2012)
at various levels of rigor. In addition, one can derive a
bulk-edge correspondence in the entanglement spectra,
analogously to the well-established bulk-edge correspon-
dence in the physical system (Chandran et al., 2011).

23 Being a single slater determinant, this is trivially a short-range
entangled states, and an orbital cut gives an entanglement spec-
trum with a single state. A real-space cut does reveal that the
edge supports a gapless fermion, i.e. a ¢ = 1 CFT with unit
charge radius.



The “simple” quantum Hall states, i.e. those that can
be written as correlators of primary fields of a CFT, have
correspondingly simple entanglement spectra. The spec-
tra for hierarchy states are somewhat more complicated,
and have been studied to a much lesser extent. At least
for v = 2/5 and 3/7 the counting of low entanglement
energy modes matches that of 2 or 3 chiral bosons respec-
tively (Regnault et al., 2009; Rodriguez et al., 2013). It
has also been suggested that these states can be described
fairly simply in terms of composite fermions (Daven-
port et al., 2015) although this has only been explicitly
tested for the fractional quantum Hall effect of bosons
at v = 2/3 (which is presumably similar to fermions at
v =2/5).

H. Effective response action

Since the Wen-Zee action (12) is quadratic in the topo-
logical gauge fields aj;, these can be integrated to give an
effective action that describes the response to external
fields. Neglecting the quasiparticle currents,?* a (non-
trivial) calculation and some rearrangement gives (Gro-

mov et al., 2015b),
Seps = 4L /d3x " [(eA+ 5w),0,(eA + 5w),
77

+ fw,Oyws) — é/d?’x "W, 0w, (33)

Note that the first term is what we naively get from the
Gaussian integration. The filling fraction v and the aver-
age orbital spin 5 are given by (13) and (16) respectively,
and the orbital spin variance, 3, is 8 = v(s? — 5?) with
vs? = sTK~'s. For a v = 1/q Laughlin state 5 = ¢/2
and 8 = 0, since in a one-component state all electrons
have the same orbital spin so the variance vanishes. For
general abelian hierarchy states, as e.g. the Jain states,
B#0.

In the last term, the chiral, or topological, central
charge c¢ equals the signature of the K-matrix which is
the difference between the number of positive and nega-
tive eigenvalues (Kane and Fisher, 1997; Read and Green,
2000)

Wk%T
.-

Although the first term in (33) goes back to the original
work of Wen and Zee (1992), the history of the second
term is more involved. It was introduced in the con-
densed matter context by Volovik (1990) in his work on

KH

24 These can be included, but will give a non-local action, which
is needed in order to encode the statistical phases related to the
braiding of the quasiparticles.
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liquid ®He films, and later Read and Green (2000) ar-
gued that it was needed to cancel the anomaly in the
energy-momentum current conservation on the bound-
ary, in analogy with the anomaly cancellation in the
charge current described in section I1.G.2. Later it was
found by an explicit calculation using free fermions (i.e.
integer QH effect) by Abanov and Gromov (2014), and
subsequently by Gromov et al. (2015a,b) by carefully per-
forming the integral over topological gauge fields in (12).
The subtlety is that although the action is independent
of the metric, performing the integral requires a gauge-
fixing which will depend on the metric. As shown by Wit-
ten (1989), this generates an extra term, which essentially
is the the second one in (33). In Bar-Natan and Witten
(1991) this is referred to as the “framing anomaly”. In
a parallell development, Bradlyn and Read (2015a) de-
termined the general form the effective low-energy action
obtained by integrating out the matter fields. Later they
calculated the second term in (33) directly from partic-
ular CFT wave functions (Bradlyn and Read, 2015b).
They also argued, based on anomaly cancellation (for this
see also (Stone, 2012)) that the orbital spin variance, 8
should vanish in a general one-component (non-abelian)
quantum Hall state. Related work on the gravitational
response of Hall fluids was done by Hoyos and Son (2012)
and Son (2013), Can et al. (2014, 2015) and Cho et al.
(2014).

I. Nonabelian quantum Hall states and nonabelian
hierarchies

The defining feature of a nonabelian quantum Hall
state is that the quasiparticles are described by multi-
component wave functions and obey nonabelian frac-
tional statistics due to the appearance of nonabelian
Berry phases (Moore and Read, 1991; Wilczek and Zee,
1984) during braiding. The first concrete proposal was
the Moore-Read Pfaffian state discussed in detail in sec-
tion IV.C.5. Several more filling fractions — all of them
in the second Landau level (see Fig. 2)— have been
conjectured to be nonabelian. It is natural to wonder,
whether there is a single governing principle that can
explain all the observed states as well as their properties
and relative stability, similar to the Haldane-Halperin hi-
erarchy in the LLL. Another obvious question is whether
it is possible to form hierarchy states by condensing non-
abelian quasiparticles. Several proposals in these direc-
tions are discussed in Sect. VI.

J. Other approaches

There has been no shortage of attempts to construct
new representative wave functions for the quantum Hall
effect. Ideally we would like these to be based on some



physical principles, and we would like them to be gapped
ground states of some (even slightly realistic) Hamilto-
nians. This combination of demands makes successful
wave function building extremely difficult. Establishing
that a ground state is gapped is particularly difficult, and
is only ever really confirmed by extensive numerics, re-
quiring large system size extrapolation, which is always
open to at least some degree of doubt. Even the conven-
tional hierarchies discussed above are not beyond ques-
tion. For example, a detailed analysis of the conventional
hierarchy has been given in a series of papers reviewed by
Quinn et al. (2009). Further it has been proposed that
certain experimentally observed fractional quantum Hall
states may not be of the hierarchy/composite-fermion
form (Mukherjee et al., 2014a,b) — although it is not
at all clear if the proposed competing states would be
viable gapped states in the thermodynamic limit.

One very straightforward way to build new wave func-
tions is to perform one of several well-established trans-
formations on a known wave function. One such trans-
formation is to build the same wave function in a higher
Landau level, which should be a simple alteration — in-
deed, given a Hamiltonian with a corresponding ground
state in one Landau level, it is easy to produce another
Hamiltonian that will give precisely the same ground
state within another Landau level (Haldane, 1990; Si-
mon et al., 2007c). Another transformation is particle-
hole conjugation, which can potentially produce new
topological orders (Jolicoeur, 2007) even for a half-filled
Landau-level (Lee et al., 2007; Levin et al., 2007). A
third transformation is flux attachment, which has seen
great success in the composite-fermion (Jain, 2007) and
composite-boson approaches. Finally, one can consider
simply multiplying together two known wave functions,
which can be interpreted as a parton construction (Wen,
1999), see also section IV.D.2. Combinations of these
techniques have been used to generate a number of novel
filling fractions outside of the conventional hierarchy such
as v = 3/8 (T6ke et al., 2008; Hutasoit et al., 2016;
Mukherjee et al., 2012) and an alternative candidate for
4/11 that is distinct from the hierarchical one (Mukherjee
et al., 2014a).

There have also been approaches proposed that pre-
cisely reproduce known conventional hierarchies from dif-
ferent physical intuition. In two interesting papers using
a formalism entirely in the LLL, Haxton and co-workers
(Ginocchio and Haxton, 1996; Haxton and Haxton, 2015)
provide a quite different way to understand why the
hierarchy/composite-fermion states are energetically fa-
vorable. Another work by Jain and Kamilla (1997a)
physically motivates the fully chiral subset of the CF hi-
erarchy without appeal to higher Landau levels. This
is also the case for the CFT approach (Bergholtz et al.,
2008; Hansson et al., 2009b; Suorsa et al., 2011a,b), which
is discussed in detail in section V.A.
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Aside from the above methods, there have been at-
tempts to unify fractional quantum Hall states, and to
construct new states, by focusing on clustering patterns.
There are several closely related ways of approaching this
which we will review below. Generalizing the clustering
patterns of the Laughlin and Moore-Read state lead to
the Read-Rezayi series of quantum Hall states (Read and
Rezayi, 1999), which can also be defined as correlators of
primary fields of CFTs. In addition to the Read-Rezayi
series, several other wave functions can be described
in this clustering language including the Haffnian wave
function (Green, 2001) describing electrons at v = 1/3
and the Gaffnian wave function (Simon et al., 2007a;
Yoshioka et al., 1988) describing electrons at v = 2/5.
Unfortunately, despite having good overlaps with exact
diagonalizations for small systems sizes, the Gaffnian and
Haffnian wave functions are defective in certain ways.

The Haffnian turns out to be a correlator of a non-
rational conformal field theory which invalidates it as
a candidate for a sensible quantum Hall state as dis-
cussed in detail by Read (2009b). Some of its result-
ing defects are that it has an infinite number of particle
types and correspondingly an infinite ground state degen-
eracy on the torus in the thermodynamic limit — both of
which strongly suggests that it is gapless in this limit
(Read, 2009b). Indeed, arguments have been made that
this wave function represents a particular critical point
(Green, 2001).

Similarly, the Gaffnian is a correlator of a non-unitary
conformal field theory (Simon et al., 2007a), and Read
(2009a,b) has given a series of arguments demonstrating
that no non-unitary CF'T can represent a gapped phase of
matter. Recently, numerical studies on the Gaffnian ver-
ified that its excitation spectrum is gapless (Papié, 2014;
Jolicoeur et al., 2014; Weerasinghe and Seidel, 2014) and
that charge is indeed not screened (Bernevig et al., 2012;
Estienne et al., 2015; Wu et al., 2014). This is an unfor-
tunate feature of the clustering approaches — focusing on
the single component case for simplicity, none of these
clustering approaches have convincingly yielded any new
gapped phases of matter, beyond the Read-Rezayi series.

One of the clustering approaches to building new wave
functions is to identify polynomials (wave functions) with
certain clustering or vanishing properties. For example,
the Laughlin v = 1/3 wave function is uniquely iden-
tified by being the lowest degree antisymmetric polyno-
mial in z1, ..., zy which vanishes as three or more powers
when any two coordinates z; and z; approach the same
point. This direction of thought has resulted in the de-
tailed study of Jack polynomials (Bernevig and Haldane,
2008a; Greiter, 1993), which are a family of special poly-
nomials having well defined vanishing properties, where
each polynomial can be identified with a particular CF'T
(Bernevig et al., 2009; Estienne and Santachiara, 2009;
Feigin et al., 2003). While this Jack approach successfully
describes the Read-Rezayi series, and is very powerful



for both numerical and analytic computation (Bernevig
and Haldane, 2008b; Bernevig and Regnault, 2009), all of
the other CFTs it describes (including the Gaffnian for
example) are non-unitary and therefore cannot describe
gapped phases of matter (Read, 2009a,b).

A very closely related approach is the so-called “pat-
tern of zeros” approach (Wen and Wang, 2008). In this
case, one tries to fully describe polynomials by the way
in which zeros emerge as various numbers of particles ap-
proach each other. Again this works well for the Read-
Rezayi series, and can also define wave functions such
as the Gaffnian and Haffnian (which, as discussed above
are not acceptable quantum Hall states). However, the
approach runs into trouble in many other cases since the
pattern of zeros is not generically sufficient to uniquely
define a polynomial (Jackson et al., 2013; Simon et al.,
2007¢, 2010) and must be supplemented by further infor-
mation (Lu et al., 2010) to fully define a wave function,
which ends up being almost the same as simply defining
a full CFT.

Another closely related approach is to examine quan-
tum Hall states in the limit of a thin torus or cylinder ge-
ometry (Bergholtz et al., 2006; Bergholtz and Karlhede,
2005; Seidel and Lee, 2006). In this “TT-limit”2° the
problem of finding the ground state and low energy ex-
citations of strongly interacting quantum particles is re-
duced to finding the lowest energy configurations of clas-
sical, static charges, see e.g. (Bergholtz and Karlhede,
2008) for a detailed discussion on this. In the TT-limit,
the quantum Hall ground states become simple charge
density waves?® where the pattern of occupied and unoc-
cupied orbitals maps to the pattern of zeros, or vanishing
properties in the above described clustering approaches.
Indeed, each Jack polynomial can be directly mapped to
a TT-pattern of occupancies, known as its “root state”.
Furthermore the domain walls in these charge density
wave states map precisely to the operators of the corre-
sponding CFT (Ardonne, 2009) and give a very simple
way to understand many of the complicated quasipar-
ticle properties of these quantum Hall wave functions.
Nonetheless, with the exception of the abelian hierar-
chy states and the Read-Rezayi series, the CFTs are all
nonunitary.

There is an interesting alternative way of looking at the
TT-limit that is also explained by Bergholtz and Karl-
hede (2008). Rather than thinking of making a torus

25 Here TT can stand either for thin torus, or Tou and Thouless,
who first considered this limit (Tao and Thouless, 1983).

26 Note that there is a close relation to the charge density waves
occuring in one-dimensional coupled electron-phonon systems as
studied by Su et al. (1979) and later works (Goldstone and
Wilczek, 1981; Jackiw and Schrieffer, 1981; Su and Schrieffer,
1981). These systems also harbor fractionally charged excita-
tions on the domain walls between different ground states.
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very thin, one can equivalently keep the geometry fixed,
but change the interaction to become very anisotropic.
Viewed in this way, the TT-limit amounts to a RG flow,
towards (an admittedly unphysical) fixed point Hamilto-
nian. Conversely, moving from the TT-limit to a realistic
Hamiltonian, the topological properties, that are mani-
fest in the TT-limit, will persist as long as the excitation
gap does not close.

Yet another clustering approach is to define model
Hamiltonians that enforce a particular clustering behav-
ior (Simon et al., 2007b,c). Quite similarly to the ap-
proaches discussed above one can design a Hamiltonian
to forbid clusters of p particles having relative angular
momentum less than some number m. Again this works
well for the Read-Rezayi series but beyond this, appears
to generate gapless states.

Given that there are many CFTs that are unitary (in
fact an infinite number!), it seems that one should be able
to define a Hamiltonian whose ground state is the cor-
relator of some rational, unitary CFT that would evade
the arguments given by Read (2009a). Indeed, in sev-
eral cases a Hamiltonian has been constructed so that
its ground state is uniquely given by the correlator of a
unitary CFT which is different from those defining the
Read-Rezayi series (Jackson et al., 2013; Simon et al.,
2010). Unfortunately, unitarity of a CFT still does not
guarantee that the system is gapped. Indeed, in no case
considered so far, except the Read-Rezayi series, has any-
one written a single-component quantum Hall wave func-
tion which is a simple correlator of primary fields of a
CFT and which appears to be gapped. Nonetheless, there
have been many varieties of hierarchies attempted from
the field theoretical or CFT viewpoints (Cappelli and
Zemba, 1997; Estienne et al., 2010; Flohr and Osterloh,
2003; Frohlich and Zee, 1991; Frohlich et al., 2001, 1994).
It remains to be seen if any of these will actually result
in gapped ground states of some (even slightly realistic)
Hamiltonian.

I1l. RELATION TO EXPERIMENT

While much of the theoretical study of hierarchies (and
fractional quantum Hall effect in general) focuses on the
construction of trial wavefunctions, at the end of the day
one is inevitably interested in explaining some physical
experiment (whether it be real or hypothetical). As men-
tioned above (end of section II.B) there are special short
range interactions for which the Laughlin states are exact
ground states (Haldane, 1983; Pokrovsky and Talapov,
1985; Trugman and Kivelson, 1985), and similarly for
the Moore-Read state (Greiter et al., 1991; Moore and
Read, 1991) as well as the Read-Rezayi series (Read and
Rezayi, 1999). Yet there is no known special interaction
which yields the ground state for any other spin polarized
gapped quantum Hall state (including all of the hierar-



chy or Jain states except the Laughlin states). While
such short range interactions are perhaps natural in a
cold-atom experimental context (Cooper, 2008; Cooper
and Dalibard, 2013; Viefers, 2008; Yao et al., 2013) or
lattice-based quantum Hall realizations®” , such interest-
ing systems remain proposals and have not yet been re-
alized experimentally?®. For real physical systems where
the fractional quantum Hall effect has been realized, in-
teractions are much more complicated, and it is usually
impossible to make any exact statements.

A. Connection of Theory to Real Experiments

If we focus on real experiments, then the only sys-
tems ever to show the FQHE are two-dimensional elec-
tron gases in semiconductors. While the vast majority
of fractional quantum experiments have been performed
in some variety of GaAlAs heterostructures, a few other
semiconductor systems have also allowed observation of
FQH physics, including Si MOSFETS (Furneaux et al.,
1986), SiGe (Lai et al., 2004; Lu et al., 2012; Monroe
et al., 1992), ZnMnO (Tsukazaki et al., 2010), and par-
ticularly graphene (Bolotin et al., 2009; Dean et al., 2011;
Du et al., 2009).

In any given case of experimental interest, the Hamilto-
nian should reflect the particular electron-electron inter-
action relevant to the physical system in question. While
one might naively guess that the physical interaction be-
tween electrons is simply the Coulomb interaction, the
situation is actually quite a bit more complicated. Wave-
functions of electrons in two-dimensional electron sys-
tems typically have a substantial width in the direction
transverse to the two dimensional plane. As a result, one
typically models the Coulomb interaction as being soft-
ened at short distances depending on the shape of the
transverse wavefunction (Girvin et al., 1986; Stern and
Howard, 1967; Zhang and Das Sarma, 1986). There may
also be some amount of screening due to nearby metallic
layers, such as electrostatic gates, which must be taken
into account. When all of these things are done, one
obtains an electron-electron interaction within a single
Landau level which can be studied to try to predict what
FQH states will be seen in a given experiment, and what
their properties will be.

As mentioned in App. A, independent of which Lan-
dau level is being studied, it is always possible to map the

27 Fractional quantum Hall effect of particles on a lattice, also
known as “Fractional Chern insulators”, are a huge subfield. We
will not give any discussion of these interesting proposals, but
we refer the reader to the review by Bergholtz and Liu (2013).

28 An extremely interesting preprint (Gemelke et al., 2010) suggests
that one can get small numbers of cold atoms into the Laughlin
regime.
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problem to an effective interaction within the LLL (Hal-
dane, 1990), which is often done for simplicity. We em-
phasize, however, that the effective interaction resulting
from the physical problem of a partially filled n** Lan-
dau level is extremely dependent on the value of n. For
typical GaAs samples, in the LLL (v < 2 since there are
two spin species), the effective interaction is fairly strong
at short range, which tends to favor the realization of the
Jain series of quantum Hall states (Pan et al., 2008), see
Fig. 1. On the other hand, in high Landau levels, the
effective interaction is longer ranged, as well as oscilla-
tory. This type of interaction favors charge density wave
ground states, such as stripes and bubbles (Fogler et al.,
1996; Moessner and Chalker, 1996). This is in agreement
with experiment: no quantum Hall state has been ob-
served?® for Landau levels greater than the first excited
level (i.e. v > 4), whereas anisotropic compressible states
(presumed to be stripe or nematic (Fradkin and Kivelson,
1999)) are observed in ultra-clean samples for filling frac-
tions between 9/2 and 15/2 (Du et al., 1999; Lilly et al.,
1999). The intermediate case of the partially filled sec-
ond Landau level (2 < v < 4 for typical GaAs samples)
is potentially the most interesting having both fractional
quantum Hall physics, as well as some charge density
wave physics (Eisenstein et al., 2002). It is in this regime
that the potentially non-Abelian quantum Hall states are
experimentally observed at v = 5/2 and v = 12/5 (Ku-
mar et al., 2010; Pan et al., 1999, 2008; Willett et al.,
1987), see also Figure 2. The reason that this regime is
special stems from the form of the intermediate range of
the Coulomb interaction projected to the second Landau
level, which promotes clustering of electrons, which in
turn appears to favor non-Abelian quantum Hall states.
(See also the discussion at the start of section VI).

Theoretically once an interaction is determined for
a physical system of interest there are several com-
mon methods of analysis. The simplest is to choose
several trial wavefunctions and compare their interac-
tion energies (i.e., their ground state energies within
the Landau level) using Metropolis Monte-Carlo inte-
gration (Chakraborty and Pietildinen, 1995). Although
this method is quite crude (since one is simply guessing
the ground state wavefunction) it has the advantage that
such Monte-Carlo calculations can be performed for ex-
tremely large systems, with numbers of electrons possibly
over a hundred.

A second method of analysis (and indeed, the gold-
standard of fractional quantum Hall theory for a gen-
eration) is to perform exact diagonalization of a system
for a small number of interacting electrons (typically on
a closed surface such as a sphere (Haldane and Rezayi,

29 Possible exceptions are filling fractions 4+1/5 and 4+4/5 which
look like FQHE states at intermediate temperature (Gervais
et al., 2004).



1985a) or torus (Haldane and Rezayi, 1985b) to avoid
edge effects). Once one obtains the ground state, one
usually attempts to identify which phase of matter it be-
longs to by examining its properties, such as its shift (see
Eq. (15)) or its excitation spectrum. More recently the
entanglement spectrum (see section I1.G.4) has been used
as a fingerprint for phases of matter.

A hybrid approach, known as composite fermion diag-
onalization, has been pursued by Jain (Jain, 2007). In
this work one chooses a small basis of trial wavefunc-
tions corresponding to states that would be low-energy
in composite fermion language. Using Monte Carlo, one
can calculate matrix elements in this basis and then diag-
onalize the resulting matrix. This approach has the ad-
vantage of allowing study of larger systems than exact di-
agonalization, but presumably introduces a bias towards
composite fermion states.

Very recently another set of extremely powerful tools
have been added to the toolbox of numerical techniques.
Using CFT ideas, it is now possible to express certain
quantum Hall states, such as the Laughlin, Moore-Read,
and Read-Rezayi states in matrix product representa-
tion (Estienne et al., 2013a,b; Zaletel and Mong, 2012).
This highly efficient encoding of the wavefunciton en-
ables numerical calculations on very large systems (in-
finitely long cylindrical geometry with circumference of
30 magnetic lengths) for these particular wavefunctions
obtaining quantities such as quasiparticle braiding statis-
tics, correlation length, pair-correlation function, and so
forth. Very closely related to this technique is the density
matrix renormalization group (DMRG) method (White,
1992), which is effectively a variational matrix product
approach, which can be used as a replacement for ex-
act diagonalization but for much larger systems, similar
to that for matrix product calculations (Bergholtz and
Karlhede, 2003; Geraedts et al., 2015a; Kovrizhin, 2010;
Mong et al., 2015; Shibata and Nomura, 2009; Zaletel
et al., 2013, 2015).

For simplicity one typically views the fractional quan-
tum Hall effect as existing within a single partially filled
Landau level. However, in real semiconductor systems,
the Landau level mixing parameter, the ratio of the in-
teraction energy Eeoutoms = €2/(ef), to the cyclotron en-
ergy fw. = eB/(m*c) is often of order unity, meaning
that virtual transitions between Landau levels can po-
tentially be important. While often it is assumed that
such transitions only have a small effect on the physics,
in cases where two possible states of matter are very
close in energy, the small effects of Landau level mixing
can be crucial in determining which one is the ground
state. Onme case where Landau level mixing terms are
obviously crucial is in determining3® whether the quan-

30 Tandau level mixing also appears quite important in determining
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tized Hall state experimentally observed at v = 5/2 is
the Moore-Read Pfaffian (Moore and Read, 1991), or its
particle-hole conjugate, known as the anti-Pfaffian (Lee
et al., 2007; Levin et al., 2007) — the two states be-
ing energetically equivalent for any two-body interaction
without Landau level mixing. There are two controlled
methods of handling Landau level mixing theoretically,
the first being to integrate out inter-Landau-level tran-
sitions (Peterson and Nayak, 2013; Rezayi and Haldane,
1990; Simon and Rezayi, 2013; Sodemann and MacDon-
ald, 2013; Wooten et al., 2013) at leading order in the
Landau level mixing pararameter (Ecouiomp/fwe) to ob-
tain a modified interaction within a single Landau level®!.
A second approach is to include multiple Landau levels
within an exact diagonalization or DMRG calculation,
and attempt an extrapolation to a system which includes
all the Landau levels, as well as the usual extrapolation
to large system size (Mong et al., 2015; Rezayi and Si-
mon, 2011; Zaletel et al., 2015). In principle the two ap-
proaches should agree with each other at least for small
values of Ecouiomb/(fwe). However, there are cases where
they do not agree (see in particular the discussion regard-
ing v = 5/2 below), and the cause of the conflict remains
undetermined.3?

B. Status of Real Experiments

Perhaps the most surprising thing about fractional
quantum Hall effect is that it is so definitively observed
in experiment. (Indeed, we should not forget that it was
discovered in experiment (Tsui et al., 1982) before it was
explained theoretically!®®) In this section we will dis-
cuss what is known from some key experiments. It is
obviously impossible for us to discuss all of the beautiful
experiments that have been performed on FQH systems
so we have instead focused on those that are most inter-
esting in the context of this review.

1. The Nature of Plateaus

The observation of any fractional quantum Hall
plateau always raises the question of what the properties

the nature of the experimentally observed v = 12/5 fractional
quantum Hall state and the apparent charge density wave at
v = 13/5 (Mong et al., 2015; Pakrouski et al., 2016).

31 Beyond leading order one obtains retarded terms, which make it
impossible to represent the resulting interaction terms as simply
an equal-time interaction within a single Landau level.

32 This conflict appears to have recently been resolved by Ed Rezayi
(to be published), with the conclusion being that the Antipfaffian
is favored at low values of E¢ouiomp/(hwe).

33 Tt is interesting to debate whether anyone would have believed
quantum Hall effect (integer much less fractional) theory if it had
been provided before the experimental observation.



of that plateau are, that is, what phase of matter are we
observing? Focusing on high mobiltity GaAs heterostruc-
tures within the LLL (v < 2) over 60 FHQ plateaus have
been observed (Pan et al., 2003, 2008). Of these, all but
a very few are of the Jain form v = ¢/(2pg £ 1) or are
closely related (particle-hole conjugate for example) and
are assumed to be topologically equivalent to simple Jain
or Halperin-Haldane hierarchy states. A very few frac-
tions observed within the LLL do not fit this obvious Jain
form, including 4/11, 7/11, 4/13, 5/13, 5/17, 6/17 and
4/19. None of these are fully formed fractional quantum
Hall plateaus, but the evidence for 4/11 (and possibly
5/13) in particular appears fairly good (with higher de-
nominators getting successively weaker as suggested by
Fig. 3). These anomalous states could potentially all be
explained within the hierarchy construction. Nonethe-
less there have been a number of other proposals for the
nature of these states which are discussed in (Mukher-
jee et al., 2014a). The most recent study (Mukherjee
et al., 2014a,b) has been interpreted as suggesting quan-
tum Hall states arising from an exotic mechanism pro-
posed by Wéjs et al. (2004)3%, although this conclusion
is certainly not generally agreed upon.

In the second Landau level (2 < v < 4), where roughly
a dozen FQH plateaus have been observed, the situa-
tion is potentially even more interesting. There have
been many proposals that many of these states are non-
conventional in one way or another.

5/2: The most prominent of the states in this range
is the 5/2 state (and its sister the 7/2 state). Since
the seminal work of Morf (1998), it has been increas-
ingly clear (and now fairly solidly established numeri-
cally) that this state is either in the Moore-Read Pfaf-
fian phase (Moore and Read, 1991) or in its particle-hole
conjugate phase, known as the anti-Pfaffian (Lee et al.,
2007; Levin et al., 2007). As mentioned above, in the
absence of Landau level mixing, the two possibilities are
equal in energy. Deciding which is realized has been dif-
ficult. While Rezayi and Simon (2011) and Zaletel et al.

34 This work stems from the proposal that a different kind of quan-
tum Hall state for v = 1/3 can be produced by having an effective
hollow-core-like interaction, generating a rotationally invariant
ground state on the sphere for v = 1/3 at a shift S = 7 instead
of the usual Laughlin value S = 3. Using the corresponding
v = 4/3 wave function as Yo in Eq. (10) (with p = 1) then
results in a trial wavefunction for v = 4/11 and similarly using
5/3 gives a trial state for v = 5/13. A toy model of this type
of wavefunction can be built at v = 1/5 by using an interaction
that forbids pairs with relative angular momentum 3 but allows
pairs with relative angular momentum 1. This model interaction
generates a rotationally invariant ground state at shift S = 9
rather than the Laughlin value of S = 5. Such a ground state
is unfortunately gapless suggesting that all such states in this
family might be also. Examining the data in (Mukherjee et al.,
2014a) it looks very likely that the 5/13 state considered there
is indeed gapless, but it is less clear for 4/11.
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(2015) have found the anti-Pfaffian is favored, the work
of Pakrouski et al. (2015) has found that the Pfaffian
is favored. It is not yet clear why these do not agree
(see however footnote 32). The only experiment that at-
tempts to directly distinguish the two possibilities (Radu
et al., 2008) was found to be more consistent with the
anti-Pfaffian.® The experimental observation by Dolev
et al. (2011) of upstream neutral edge currents (flowing
opposite the direction of charge transport) seems more
natural for the anti-Pfaffian, but could also occur for
the Pfaffian if there were edge-reconstruction. Finally
we mention that recent interferometry experiments (see
(Willett et al., 2013) for example) have been interpreted
in a simple picture in terms of the anti-Pfaffian, but not
the Pfaffian (von Keyserlingk et al., 2015). This conclu-
sion should not be taken as definitive given the controvery
over interpretation of these experiments (see Sec. I11.B.3
below).

7/3, 8/3: The overlap of the Coulomb ground state
with the conventional Laughlin wavefunction is found to
be quite low for 7/3 and 8/3 (Balram et al., 2013). It was
later suggested by Peterson et al. (2015) that (when Lan-
dau Level mixing is included) the 8/3 state might be the
Z4 Read-Rezayi phase, and this has been supported us-
ing exact diagonalization of up to 12 electrons. However,
more recent DMRG calculations for much larger systems,
including Landau level mixing terms, conclude that the
8/3 state is of Laughlin type (Zaletel et al., 2015). The
experiment of Baer et al. (2014) concludes that both 7/3
and 8/3 are of Laughlin type (although there is some
question of the reliabiltity of this type of experiment, see
footnote 35 above).

12/5: The observation of a 12/5 plateau (Pan et al.,
1999) is now beyond any doubt (Kumar et al., 2010).
Due to the small size of the gap (around 80mK in the
only experiments that have observed this fraction), it has
been impossible to perform many experiments beyond
simply the observation of the plateau. Theoretically, the
most recent works by Mong et al. (2015) and Pakrouski
et al. (2016) confirm that the 12/5 state is (the particle-
hole conjugate of) the Z3 Read-Rezayi state, and further
that Landau level mixing suppresses the (experimentally
unobserved) 13/5 state.

2+46/13: Perhaps the most intriguing fraction yet ob-
served is at filling fraction 2+6/13 (Kumar et al., 2010).
While this could potentially fit into a conventional hier-
archy, it would be an extremely unusual creature corre-
sponding to ¢ = 6 of the Jain series ¢/(2¢ + 1), where
qg = 3,4,5 are not observed. A very natural explana-

35 Repeats of this experiment (Baer et al., 2014; Lin et al., 2012)
found that the 331 state was favored — which is very hard to
understand, being completely contradictory to a large body of
numerical work, and potentially casts doubt on the interpretation
of the experiment.



tion of this state would be a first order daughter state of
the anti-Pfaffian at 5/2 (Levin and Halperin, 2009). The
physics of this hierarchy will be discussed in section VI.B
below. The experimentally measured activation gap for
this state is exceedingly small at only about 10 mK.
2+4-3/8 In the LLL there is possibly some (albeit very
weak) evidence for a v = 3/8 plateau (Pan et al., 2003)
which has been discussed theoretically by Mukherjee
et al. (2012) and Scarola et al. (2002). (If verified this
would be the first even denominator state in the LLL).
However, in the second Landau level, the evidence for
a 2+3/8 state is somewhat stronger, albeit with a very
small measured activation gap of roughly 10 mK. Re-
cent theoretical work by Hutasoit et al. (2016) comparing
possible trial wavefunctions suggests that this state is of
Bonderson-Slingerland type (Bonderson and Slingerland,
2008), which will be discussed in section VI.A below.

2. Quasiparticle Charge Experiments

One of the particularly interesting features of FQHE
physics is the existence of fractionally charged quasipar-
ticles. Although in some sense, the fractionally quan-
tized Hall conductance is indirect evidence of fraction-
ally charged quasiparticles, it has nonetheless been a key
experimental quest to measure these fractional charges
directly.

The first clear measurements were made via shot noise
obtaining charges of e* ~ ¢/3 at v = 1/3 (de Picciotto
et al., 1997; Saminadayar et al., 1997) compatible with
the Laughlin prediction, as well as e* ~ e/5 at v = 2/5
and e* = e/7 at v = 3/7 (see Heiblum (2010)). These
latter charges are compatible with the prediction of the
Halperin-Haldane hierarchy. More recent shot noise ex-
periments by Dolev et al. (2008) have established charges
of e* = e/4 at v = 5/2 compatible with the Moore-Read
state or the anti-Pfaffian3%, as well as establishing charge
e/3 at filling v = 8/3 and 5/3. Unfortunately, when
the same experiments were performed at extremely low
temperature and low voltage other values of charge were
sometimes measured, and these results remain not fully
understood (Dolev et al., 2010; Heiblum, 2010).

A second approach has been to measure charge motion
with scanning tips, or stationary single-electron transis-
tors. Such experiments similarly give very clear evidence
(Martin et al., 2004) of e* =~ e/3 at v =1/3 and v = 2/3.
The same experiments attempted at v = 5/2 were far
more challenging for a number of technical reasons. Al-

36 Tn fact, Levin and Stern (2009) argued that the additional charge
fractionalization of /2 to e/4 has to occur for any valid repre-
sentative wave function, simply because of the even denominator
filling fraction.
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though the expected result of e* & e/4 was indeed mea-
sured (Venkatachalam et al., 2011), the result is a bit less
clear than for the same experiments at v = 1/3.

3. Quasiparticle Statisitics and Quantum Hall Interferometers

Perhaps the single most theoretically exciting quantity
to be measured experimentally would be exotic braid-
ing statistics (fractional or non-Abelian). Unfortunately,
despite many attempts over the years there is still no
clear demonstration of quasiparticle statistics. The main
proposals for achieving such a demonstration (C. Cha-
mon et al., 1997) revolve around building Fabry-Perot
interferometers out of two-point contacts.?” Early ex-
periments reported a number of successes (see for exam-
ple, Camino et al. (2007)) but it was later realized by
Rosenow and Halperin (2007) (with later theoretical ex-
tensions by Halperin et al. (2011) and von Keyserlingk
et al. (2015)) that Coulomb charging effects may dom-
inate the physics and as a result the statistical phase
may be hidden. Further interferometry experiments con-
firmed the picture of “Coulomb domination” in some de-
tail (Choi et al., 2011; McClure et al., 2012; Ofek et al.,
2010; Zhang et al., 2009).

Similar interferometry experiments were predicted to
give particularly clear evidence of non-Abelian statistics
for the v = 5/2 state (Bonderson et al., 2006; Stern and
Halperin, 2006) given a number of simplifying assump-
tions (see also the discussion in (von Keyserlingk et al.,
2015; Rosenow et al., 2009)). A series of detailed experi-
ments were conducted attempting to see this physics (see
(Willett et al., 2013) and references therein). However,
the published data actually disagrees with predictions as
detailed in (von Keyserlingk et al., 2015) and the situ-
ation remains controversial. Potentially, further experi-
ments will clarify the situation.38

4. Composite Fermion Experiments

There have been quite a few experiments demonstrat-
ing the detailed physics of composite fermions near the
half-filled (often lowest) Landau level. In particular these
have shown that there is indeed a fermionic quasiparticle
which moves with a cyclotron radius R} = hkp/(eAB)
where kp is set by the density of particles and AB =
B — By 5 is the deviation of the magnetic field from the

37 There have also been impressive experiments with Mach-Zehnder
interferometers in the integer quantum Hall regime, but not in
the fractional regime. See for example, Neder et al. (2006).

38 Another experiment to see this statistical physics with an in-
terferometer by examining phase slips claimed to observe both
fractional and non-Abelian statistics (An et al., 2011). However,
as of yet, this work has not been reproduced.



half-filled Landau level. The existence of this length scale
is exactly as predicted by Halperin et al. (1993). We refer
the reader to (Jain, 2007) as well as (Heinonen, 1998) for
detailed discussions of these experiments.

IV. QUANTUM HALL LIQUIDS FROM CFT

A. Chern-Simons theory and CFT — abelian quantum Hall
states

The presence of fractional statistics particles suggests
there should be a Chern-Simons description of the topo-
logical properties of the system. Indeed, this is exactly
what is embodied in the Wen-Zee Lagrangian (12) dis-
cussed earlier. Once the connection to Chern-Simons the-
ories is made, one can exploit the many connections and
mathematical results relevant to these well studied theo-
ries.

The Chern-Simons term was first considered in a
physics context by Deser et al. (1982), who showed that
when added to a Maxwell, or in the nonabelian case
a Yang-Mills, Lagrangian it gives mass to the gauge
field without breaking the gauge invariance. Soon af-
terwards, it was realized that coupling non-relativistic
particles minimally to a gauge potential with a Chern-
Simons term effectively changes their statistics. Starting
with the work of Witten (1989), it was realized that there
is an intimate connection between Chern-Simons theories
and CFT. It is perhaps then not surprising that quantum
Hall states can be written in terms of CFT correlators.

As the connection between Chern-Simons theory and
CFT was developed, it was noticed that the polynomial
part of the Laughlin wave functions can be interpreted as
holomorphic conformal blocks (Fubini and Liitken, 1991;
Moore and Read, 1991). For example, the wave function
for two quasiholes in Eq. (1) can be written as

W, n2;{zi}) = (Hm)Hn2)V (1) .. V(z8)Obg)
N
= (m =)™ [ on = 2) (2 = 2)
=1
% T[(21 — 2j)me 1/ Ame ) im *+1ml?)
1<J
X 6_1/(462) ZL |Zi|27 (34)

where the average is taken with respect to the action of
a massless chiral boson ¢, normalized as

(3(2)(2")) = —log(z — 7).
The vertex operators are given by
Vi(z) =: iVme(z) .
H(n) =z eVI/motn s, (35)
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and Oy, provides a neutralizing background charge that
is discussed in more detail below. Although closely re-
lated, ¢ is distinct from the ¢ used in section II.G. In
particular, their normalizations differ. More details on
this chiral boson CFT are found in appendix B. The
value of the correlator in Eq. (34) is almost precisely
that of Eq. (1) except for the (n; — 12)'/™ factor in
Eq. (34), which is holomorphic (although with a branch
cut), while Eq. (1) has a factor |, — 72|"/™. The differ-
ence is just a choice of gauge; the one used in Eq. (34)
is often called “holomorphic” or “fractional statistics”
gauge. We should keep in mind that the z variables are
actual positions of the physical electrons in the system,
whereas the 7 variables are just parameters in the wave
function — and we are free to multiply the wave function
with any n-dependent phase factor.

As mentioned in Appendix B, correlators of vertex op-
erators vanish if the fields inside the correlator do not
fuse to the identity. This ‘charge neutrality’ is ensured by
the insertion of the background charge operator Oy,. In
principle, there is a freedom of where to put this neutral-
izing charge. However, it turns out that if the operator
is chosen as (Moore and Read, 1991)

Opy = exp (—z’pm/d%qs(z)) , (36)

where p is the (constant) fermion density, it provides the
gaussian factors needed to directly interpret the correla-
tors as LLL wave functions. Making this operator well-
defined is a bit tricky, as discussed in some detail by
Hansson et al. (2009b). On geometries other than the
plane, the gaussian factors look different, but, mutatis
mutandis, the same recipe will work (see section VIIL.A
below).

In general, primary fields of the CFT correspond to
the Wilson line operators of the corresponding Chern-
Simons theory. In the above case, the gauge group is a
single U(1) at “level” m/2. The operator content of the
CFT contains all clusters of multiple elementary quasi-
holes H and each of these should correspond to a different
species of Wilson line. The Wilson lines generally braid
nontrivially with each other, but the electron operator
(which topologically amounts to a cluster of m elemen-
tary quasiparticles) should actually be topologically triv-
ial. This statement is precisely true if the “electron” is
a boson, which is true for even m. For odd m, braiding
is trivial, but exchange of two fermions accumulates a
statistical sign.

1. Quasiparticle braiding and monodromies

We now revisit the question of fractional charge and
statistics, and use the wave function (34) to derive the
Berry phase in Eq. (4) for braiding one quasihole at posi-
tion 7; around another at ny. Using the expression (34)



(rather than (1)) for the wave function ¥, and the de-
composition

d dn dip

dr (dT)am—'_(dT)am’
it is particularly easy to calculate the Berry phase (Gu-
rarie and Nayak, 1997; Nayak and Wilczek, 1996). In
the expression (¥|0;|¥) in Eq. (3) the J5, only acts on
the exponent, bringing down a factor of —n; /(4mf?). To
handle the 0,, we integrate by parts so that (¥|0,,|¥)
is replaced by (—0,, (¥])|¥) noting that (¥|¥) = 1 so
the total derivative vanishes. Once in this form, the 0,

again operates only on the exponent to give i /(4mf?).
Thus we obtain,

iy gl dm o di
T dmez " T M ar
1A 27

ST

(37)
with A being the (signed) area enclosed by the path of
11 and @ the corresponding enclosed flux in units of the
flux quantum. This is simply the Aharonov-Bohm phase
associated with moving a charge +e/m around the area
A.

At this point, it appears that there is no effect of the
other quasihole, 72. Indeed, the position of 75 does not
enter the Berry phase calculation here. However, exam-
ining the holomorphic form of the wave function (34)
we see that the wave function is actually multi-valued;
mathematically this amounts to having a branch cut in
the complex 1y plane, or equivalently, defining this vari-
able on a Riemann surface with m sheets. The wave
function itself accumulates a phase of €2™/™ when 7, is
moved around 7. This explicit phase in the wave func-
tion is known as the monodromy. Thus the total phase
accumulated as one particle is moved around the other
is the sum of the Berry phase and the monodromy. The
latter gives twice the expected statistical angle § = w/m,
precisely the same as that obtained from Eq. (4). In the
current calculation, the fractional statistics is explicit in
the phase of the wave function and the Berry phase gives
only the Aharonov-Bohm phase, whereas if one works in
the gauge of Eq. (2) there is no monodromy and both
the statistical phase and the Aharonov-Bohm phase are
parts of the Berry phase (Kjgnsberg and Leinaas, 1997).
Both of these approaches are correct, in that they give
the same total phase. However, the holomorphic gauge
appears much simpler for most purposes, and it will gen-
eralize very easily to the nonabelian case treated in sec-
tion IV.C.4.

B. Multicomponent abelian states

Although the electrons are spin half particles, the spin
degree of freedom can often be neglected in the context of
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the quantum Hall effect, since it is quenched by the strong
magnetic field. This is, however, not always the case
(Girvin and MacDonald, 1995), and in general one must
consider both components (Du et al., 1995; Halperin,
1983). Other situations that require a multicomponent,
or multilayer, description are bilayers (Eisenstein et al.,
1992; Lopez and Fradkin, 1995; Yoshioka et al., 1989),
where the layer index is a new quantum number, and
semiconductors, like graphene, where there is a valley
degeneracy (Dean et al., 2011).

All these cases can be described in the K-matrix for-
malism, and the recipe for finding the corresponding CFT
wave functions is a straightforward generalization of the
Laughlin case: For a state with n components, or layers,
the integer valued positive definite K-matrix is symmet-
ric and has rank n, and it can always be factorized as,

K =QQ", (38)

where Q is a n X k matrix and k > n, since the rank of
K is .3 We can then form n electron operators, using
k chiral boson fields:°

V, =: eiQapd’ . (39)

where the chiral bosons satisfy

(0%(2)0° (2')) = —bap log(z — ') .

To neutralize a correlator with N, particles in the a®
layer, we insert a background charge

sy = exp (—z' / d%pmnaQamﬂ(z)) . (40)

where p is the fermion density (which usually is assumed
to be constant), so [ d*r p(¥) = N. The neutrality con-
dition for the field ¢® becomes,

NaQa,B = n(xNQa,B

from which follows N, = noN, so n, is just the relative
density of the layers.4! The relative filling fraction v, is

39 An alternative notation is to write Kog = Q(a) -Q(ﬁ) where Q(a)
are n different k-dimensional “charge vectors”, with elements

Q(Ba) = Qqap- The vertex operators are then written as Vo =
: exp(iCj("‘) - @) :, where ¢ = (ot ... 9%).

While we need at least n chiral bosons to represent the state, in
some cases it is advantageous to use more — for instance when
representing the Jain series on the sphere (Kvorning, 2013).
Note that there is a U(1)™ symmetry, and thus n conserved
Abelian charges (the electric charge is —ep). In many physi-
cal situations this charge is not precisely conserved and strictly
speaking the wavefunction should be superposition of sectors
having different numbers of particles in the different “layers”.
For example, the bilayer 111 state can be more properly written
as Hm(cjm‘ + cin¢)|0>. However, for many purposes it is suffi-
cient to think about a single sector with fixed particle number
in each layer. Note that the K-matrix of such a state is 1, not

40

41

( } } ), as we always require it to be invertible, see (13).



given by
Vo = No/No =nov = K ;5. (41)

In most cases one takes k = n i.e. uses as many fields
as there are layers, but this is not necessary. Even for
a given k the factorization is not unique, as shown in
the example below. One can think of Q as the matrix
square root of the K; in the Laughlin case where Q is
a scalar, we have Q = VK = v/m. The multi-particle
wave functions will be built by products of factors like,

(Va(2:)Va(25)) = (7 — Zj)KQB

and of course also the proper gaussian factors. As an
example, we show how this works*? for the Halperin
(m,m,n) states (Halperin, 1983) with m > n. The cor-
responding K can be factorized as,

K:(TS Z) (42)

N 0 vm \/7;?
n m2—n?2 0 m2—n2
\/E m “m
m+n m—n m—+n m—+n
2 2 2 2
m+n m—n m-—n __ m-—n ’
2 2 2 2

where we showed two different ways to factorize. In both
cases the ground state wave function is obtained by tak-
ing an equal number of the operators V; and V5 in the
correlator, and it is easy to show that using the second,
symmetric, factorization, only the field ¢; is related to
the electric charge and requires a background. As a con-
crete example, the vertex operators corresponding to the

first factorization are
Vi = :elVmen .

Vy = : i(n/vmortiy/ma—n?)fmos .

giving the Halperin wave function

i<j k<l

(43)

with 1 and | denoting the (pseudo)spin up and down
species, respectively.

It is also possible to generalize Laughlin’s plasma anal-
ogy to the multicomponent case, and thus to extract the
topological properties of the states, as long as the equiv-
alent multicomponent Coulomb plasma is in a screening
phase (Qiu et al., 1989).

42 The CFT vertex operators for the Halperin states were first con-
structed by Moore and Read (1991).
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C. Nonabelian quantum Hall states and the Moore-Read
conjecture

That the Laughlin wave functions can be represented
as correlators in a CFT suggests that other CFTs might
be used to generate valid quantum Hall wave functions.
Indeed, in their groundbreaking paper, Moore and Read
(1991) suggested that quantum Hall states might gener-
ally be constructed in this way. The very close relation-
ship between CFT and TQFT both allows an immedi-
ate identification of the topological properties associated
with that quantum Hall state, and provides a natural
way to describe the edge of both abelian and nonabelian
states. Not every CFT will produce acceptable quan-
tum Hall states. One important condition is that the
CF'T is rational, which in this context means that there
is a finite number of inequivalent particle types, and that
the ground state on a torus has a finite degeneracy in
the thermodynamic limit. Further the CFT should be
unitary (Read, 2009b), as a nonunitary theory will in-
evitably result in a gapless state. However, it seems un-
likely that these two conditions alone are sufficient to
guarantee a well behaved quantum Hall state in many
cases (Jackson et al., 2013).

The physics of the quantum Hall/CFT connection, and
the resulting study of a number of nonabelian quantum
Hall states, was reviewed in some depth by Nayak et al.
(2008). In this review we shall mainly restrict ourselves
to the simplest of these states, namely the Moore-Read,
or Pfaffian state.

1. Electronic wave functions as conformal blocks

In order to implement the Moore-Read scheme, one
starts by choosing a CFT to work with. There will always
be a U(1) charge sector given by a chiral boson, as we ex-
plored above for the case of the Laughlin wave function.
Multiple U(1) sectors can be present if there are multi-
ple species of electrons, as in the multicomponent liquids
in section IV.B, or the hierarchies to be discussed in V
below. For now, we assume only one U(1) sector. The
electrical charge of a particle is determined entirely by its
U(1) charge. In addition there may be a neutral sector of
the CFT which might be a more complicated CFT, such
as the Ising CFT in the case of the Moore-Read state.
Those who find the following general discussion too ab-
stract, are referred to Sec. IV.C.5 where the example of
the Moore-Read state is treated explicitly.

Within the CFT, we must choose some simple current
field, which we will call ¥, to represent the electron (see
Appendix B for a definition of simple current). The elec-
tron must also be a fermion, meaning that it has half-odd
integer conformal weight (or scaling dimension). Or, if
one is considering the quantum Hall effect of bosons, the
“electron” must be a boson, meaning that it has inte-



ger conformal weight. The ground state wave function is
given as the holomorphic chiral correlator or conformal
block,

\11(217 ceey ZN) = <7~/}e(zl)¢e(22) v ¢e(ZN)Obg>

where Oy, is the appropriate background field operator
such that the correlator does not vanish. Except for the
gaussian factors, this wave function is fully holomorphic
and is appropriate as a LLL wave function. For fermionic
fields 1. the wave function is totally antisymmetric and
for bosonic fields it is symmetric.

We can further consider fields 1, yielding wave func-
tions such as

P({n:h"s {2i3) = Wan(m)an(m2) - vqn(mar)
X Pe(21)%e(22) - . . Ye(2n) Obg)

which represent quasiholes at positions 7; .. .ns inserted
into the prior ground state wave function. In general
there may be several different species of quasiholes, rep-
resented by distinct operators.

In order to be a valid electron wave function, these
correlators must be single valued, i.e. the electron op-
erators must braid trivially with the quasihole operators
and no singularities in the wave function must result.
This condition corresponds to the following. Consider
taking a quasihole to the same position as an electron.
The combination will form some other type of quasiparti-
cle excitation vy, which we call the fusion of 1. and ¥gp.
(In CFT language, we say ¥e X ¥qn, = 9y). If the scaling
dimensions of these operators are h., hqn, and hy respec-
tively, then examining the operator product expansion in
Eq. (B4) tells us that we must have

hy — he — hgn = integer > 0 (44)
for the wave functions to remain single valued (no branch
cuts) and non-singular (no poles) as an electron ap-
proaches the position of the quasihole. This provides a
very strong constraint on the type of quasihole operator
that can exist in our theory. The simplest example is
that of a hole in a v = 1/m Laughlin state. The opera-
tors (35) are fused using the operator product expansion
lim,,,, V(2) x H(n) ~ (z —n) : MTDIE/Vm g0 re-
calling that V, =: ¢’®® : has the conformal dimension
he = o?/2 (cf. Appendix B), we get hy — he — hgp =
%(n)z—i—l)z/m— im—211/m = 1 which fullfills the relation
44).

2. Bulk-edge correspondence

The massless boson CFT that describes the bulk of
the Laughlin state is in fact the same massless bose the-
ory that describes the Laughlin quantum Hall edge that
we considered earlier in section II.G. Even the operators
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that create charge are, in this case, identical (compare
the quasiparticle creation operators (35) to (28)). This
similarity, which is a manifestation of what is known as
bulk-edge correspondence, is not a coincidence, but fol-
lows naturally from deep mathematical results on the
quantization of Chern-Simons theories (Cappelli et al.,
1993; Witten, 1989). The general idea is that the Chern-
Simons description of the quantum Hall state is essen-
tially an isotropic 3 = 2 4+ 1 dimensional theory. If we
“cut” the 3-manifold in a spacelike slice (at fixed time) we
end up with the 2 4+ 0 dimensional CFT that describes
the ground state wave function*>. On the other hand,
if we cut the 3-manifold in a time-like slice (a fixed 1-
dimensional curve crossed with time) we obtain a 141
dimensional CF'T describing an edge.

Also in the general case of hierarchy and/or nonabelian
states, there is a correspondence between the bulk CFT,
whose correlators describe the stationary 240 dimen-
sional wave function of the state, and the edge CF'T that
describes the dynamics of the 1+1 dimensional quantum
Hall edge. As discussed in section II.G, there is always
at least one chiral boson mode describing the dynamics
of the charged edge modes. However, in addition there
can also be dynamical neutral modes corresponding to
the non-boson part of the CFT. While there is often no
simple representation of the Lagrangian, the mathemat-
ical power of CFT can be brought to bear on this part
of the problem (Di Francesco et al., 1997). For example,
using CFT methods one can determine fine details of the
dynamical neutral mode spectrum without ever having
to write a Lagrangian (Bonderson et al., 2010; Cappelli
et al., 2010; Ilan et al., 2009; Stern et al., 2010).

3. Vector space of conformal blocks, braiding, and monodromy

As in the case of Eq. (34), the wave functions need not
be single valued in the coordinates 7 of the quasiholes,
since these are simply parameters of the wave function,
rather than physical electron coordinates. We already
discussed the Laughlin case where fixing the hole posi-
tion 72, the single component wave function ¥y ,,,(11,72)

43 Tn the CS description, particles are represented by Wilson lines
and the statistical phase factors, abelian or nonabelian, can be
extracted from the correlation functions of such lines. At a fixed
time surface, the Wilson lines correspond to a number of points
or “punctures”. In his fundamental paper on the subject, Witten
showed how to canonically quantize the CS theory in the presence
of such punctures (Witten, 1989). The outcome is that the cor-
responding finite dimensiononal Hilbert space is precisely the
space spanned by the blocks of a conformal field theory. Thus,
identifying the coordinates in the conformal block as the (holo-
morphic) coordinates of the particles, it is quite natural to inter-
pret the blocks themselves as bona fide representative wave func-
tions for the state in question, since the monodromies of these
functions will properly represent the statistics of the particles, be
they electrons or abelian or nonabelian anyonic quasiparticles.



defines a function of 7; on a Riemann surface with m
sheets. In the case of a more complicated CFT, and
multiple quasiholes, the wave function has many compo-
nents, each with a complicated analytic structure with
multiple branch cuts. During a general braiding opera-
tion (that also can amount to exchange of identical quasi-
particles) the components transform into each other by a
unitary matrix. To make this more concrete, let us con-
sider the Moore-Read state at filling fraction v = 1/2,
that we discuss at length in section IV.C.5. The corre-
lator of four quasiholes only (no electrons) can be calcu-
lated by standard methods (Belavin et al., 1984; Zuber
and Ttzykson, 1977) with the result,

limy, 5 00 (Ygn (0)1gn (1) Y g (1)1gn (w) Opg)
~ a+\II+(777w) + a—qj—(nvw)v

which holds for |w| > |n|,1 and where a4 are arbitrary
coefficients, and

Uy ~ w1441 —7.

Put differently, the wave function, at fixed positions of
the quasiholes, is given by the vector with coordinates
(at,a—) in the basis of the two conformal blocks W_.
Letting the quasiparticle at w encircle the three others
clockwise, while keeping 7 fixed, the wave function picks
up an abelian phase e/™/2 in close analogy to the Laughlin
case. The interesting effect occurs when w is kept fixed,
and the quasiparticle at n encircles the one at 1. This
amounts to ¥ (n,w) — ¥x(n,w), or equivalently, ar —
ax, i.e. to a unitary rotation o, of the two dimensional
state vector when thought of as a spinor.

Including the electrons to get the full quantum Hall
wave function is more complicated, and was originally
done for four quasiholes by Nayak and Wilczek (1996)
and later for the general case of M holes and N electrons
by Ardonne and Sierra (2010). The explicit expressions
are complicated, but schematically the result is

V(e mai {z) = ) caValmunz . onac {z}).

where the conformal blocks, labeled by «, form a degener-
ate vector space. Moving the quasiparticles around each
other and then returning to the same positions leaves
the ¥, unchanged, but transforms the coefficients ¢, by
a unitary matrix,

Co — Ugj/gaid) cB,

where the monodromy matriz, U9 depends on the
particular braid performed on the coordinates. This
is the essence of nonabelian statistics. By braiding
quasiparticles around each other, the wave function is
transformed unitarily within the degenerate vector space
spanned by the ¥,. The term “nonabelian” stems from
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the fact that the unitary matrices, corresponding to dif-
ferent braid operations, will generically not commute
with each other (Moore and Read, 1991; Rowell and
Wang, 2016; ?).

4. Holonomy=monodromy and the Moore-Read conjecture

In the Abelian case, as discussed in the above Sections
IT.A and IV.A.1, the result of adiabatically moving one
quasiparticle around another is given by the sum of the
phase due to the monodromy and the Berry phase (3).
Furthermore, for wave functions extracted from confor-
mal blocks, the Berry phase solely comes from the gaus-
sian factor which gives the Ahararonov-Bohm phase due
to the magnetic field. In the present case where we have
a degenerate vector space, the Berry phase becomes ma-
trix valued. Following the notation in Read (2009b) we

write for the holonomy
d
— | 45
o)), @

B = MPexp (]{dr <\I/a

where we denoted the monodromy matrix with M, and
where P is a path ordering operator which is necessary
since the matrices in the exponent do not commute at
different times.

Assuming that the charge sector can be ignored, Read
(2009b) explicitly calculated the nonabelian monodromy
matrices for two and four quasiparticles in the Moore-
Read state. He furthermore argued that the Berry phase
in (45) just gives the Aharonov-Bohm phase times a triv-
ial identity matrix.

In general, the path ordered exponential in (45) can
be calculated by the methods given in section IV.A.1,
again assuming the conformal blocks to be holomorphic.
In this case the Berry matrix will again just give the
Aharonov-Bohm phase times the identity, so long as we
have orthonormality of the conformal blocks

(Wa|Wg) = Cap. (46)

Thus, assuming this, the holonomy, B (the physical result
of moving quasiparticles around each other) is given by
the monodromy, M (how the wave function explicitly
transforms due to its branch cuts, as discussed in section
IV.C.3 above) multiplied by the abelian Aharonov-Bohm
phase (Gurarie and Nayak, 1997; Read, 2009b).

While for well behaved quantum Hall states, it appears
that Eq. (46) is true (and this is always assumed), proving
this fact turns out to be quite difficult. Equivalently we
might ask whether there are ways to prove that the holon-
omy is the monodromy. The latter has been shown to be
true numerically for the Moore-Read state several times
(Baraban et al., 2009; Tserkovnyak and Simon, 2003),
and then more recently for the Z3 Read-Rezayi state as
well (Wu et al., 2014). Direct numerical tests of Eq. (46)
have been done by Baraban (2010) for the Moore-Read



state. On the analytical side, we already mentioned the
calculation by Read (2009b) for two and four quasiholes
in the Moore-Read state. An alternative derivation based
on a mapping to a more complicated plasma was given
by Bonderson et al. (2011).

Read (2009b) also gave some very general arguments
for the assertion holonomy = monodromy, or equiva-
lently the orthogonality relation (46), for quasiparticle
wave functions constructed from holomorphic conformal
blocks. The main idea is to consider expressions like

) 27 (5
<6z)\fd Zl/’e(z)l/’E(Z)H(nl) Ce H(TIM)Obg> )

where the electron operator has been factorized in a
charge and a topological part viz. 1, = e(#/V¥)¢4) For
A = 0 the above formula is just a CF'T correlator of some
primary fields, and will have power-law dependence on
the quasiparticle coordinates 7;. For nonzero \, expand-
ing the exponential, we see that the expression resembles
the grand canonical sum over different numbers of elec-
trons, in addition to the quasiparticles. With a suitably
chosen background, this will describe an NN electron state
with negligibly small charge fluctuations. Alternatively,
we can consider the operator .1, as a perturbation on
the original CFT. For the charged sector, one can use the
Laughlin plasma analogy to infer screening of the electric
charge.

To demonstrate “generalized screening”, i.e. that all
correlations fall exponentially, which implies holonomy =
monodromy, one must show that also the topological sec-
tor is in a massive phase. Read (2009b) gives a series of
arguments for this assertion, but also points out that it
is hard to draw firm conclusions, since scaling arguments
based on the conformal dimensions of the perturbing op-
erators are not to be trusted since it can be argued that
the renormalization group flow occurs for large (~ 1) val-
ues of \.

We now summarize the results of the preceding sections
in what we refer to as the Moore-Read conjecture:

Representative wave functions for quantum Hall
ground states, as well as their quasihole excitations, can
be expressed in terms of conformal blocks of primary
fields in (rational, unitary**) CFTs. The holonomies, or
statistical braiding matrices, equal the monodromies of
these blocks. Furthermore, the same CFTs yield a mini-
mal*® dynamical theory for the edge of the quantum Hall
liquid.

This conjecture, which has been a crucial guiding
principle for later work, applies directly to all one-
component states, as well as to multi-component states

44 The importance of unitarity was pointed out in a later paper by
Read (2009b)

45 Many edge CFTs can correspond to a single 2d topological bulk.
This nonuniqueness is discussed in detail in Cano et al. (2014).
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of the Halperin type. As formulated, it however does not
apply to hierarchy states where some of the electrons are
described by descendant fields. This will be a main topic
in section V.

5. Example: the Moore-Read state

As a well known example, we consider in detail the
extensively studied Moore-Read state (Moore and Read,
1991). The corresponding CFT is based on the Ising
CFT*6, which has three primary fields: 1,4, with con-
formal weights 0, %, and 1—16 respectively. The fusion rules
(see appendix B for a crash course in CFT) are given by
the table

1x1=1 1xy=1 1xo=o0
PxPp=1 YXo=0 (47)
oxo=1+1¢.

That there is a fusion rule with two fields on the right
hand side (the last rule) indicates that this is a non-
abelian theory. This Ising CFT is particularly simple
in that v is just a free Fermi field, so Wick’s theorem
applies, and we can evaluate correlators such as

<w(2’1)w(ZN)> :A<21iz2 ZgiZzL ZN711— ZN)

EPf( 1 ),
zifzj

where N is even and A denotes an antisymmetric sum
over all pairings of coordinates. This expression defines a
Pfaffian and we denote it as Pf. Correlators including o
fields (which are not free so Wick’s theorem does not ap-
ply) can be calculated analytically as well, although the
results are far more complicated (Ardonne and Sierra,
2010; Belavin et al., 1984; Bonderson et al., 2011; Nayak
and Wilczek, 1996). This Ising CFT must be supple-
mented with a U(1) CFT to make a proper quantum
Hall state. We consider the v = 1/2 state of fermions,
and correspondingly define

Ve(2) = V(2)V(2) = ¥(2) : eV290)

where V(z) is a bosonic vertex operator in the U(1) sec-
tor. Recalling that the scaling dimension of : e'*? : is
a?/2 (see appendix B), we note that the scaling dimen-
sion of the electron field is he = hy +hy =1/2+1=3/2
which is a half integer, and therefore appropriate for a

(48)

46 More correctly, it is based on the chiral part of the Ising CFT.
For a pedagocial discussion of the full Ising theory, we refer the
reader to (Belavin et al., 1984), as well as to (Di Francesco et al.,
1997).



fermionic wave function.*” The ground state wave func-
tion is then obtained by multiplying together the results
of the Ising and U(1) sectors

Bt = () o) Ongh = P

BT L

Note that this wave function is nowhere singular. How-
ever, the Pfaffian allows particles to ‘pair’, i.e. the wave
function vanishes only as a single power, when two par-
ticle positions coincide.

We can pause for a moment to consider the rather sur-
prising fact that we have constructed a very interesting
wavefunction based on noninteracting fermion operators
(obeying Wick’s theorem) and noninteracting free boson
operators, and yet this wavefunction has built into it
some extremely complicated correlations.

We can also construct quasihole operators by

Yan = o(nH(n) = o(n) : 4D/@V2 - (49)

The coefficient in the exponent of the vertex operator
is chosen to give the lowest possible charge while still
satisfying Eq. (44). To see this, note that g, % ¢, =
o ¢ e/ (VD) o ¢. The scaling dimensions are
hgw = he +hg = 1/16 + 1/16 = 1/8 and similarly
hy = 1/16 + 25/16 = 13/8. Thus with h, = 3/2 as
above, we obtain hy — he — hg, = 0 which assures no
singularity in the electron wave function. There are also
other operators that are nonsingular but they can all be
obtained by fusing a number of elementary holes (49).

We get for the Moore-Read wave function with NV elec-
trons and M quasiholes,

Vo =(o(m)...olm)(z1)...¢¥(2n))a
X (Him)...Hmm)V(z1) ... V(2n)Opg)
=(o(m)...cm)y(z1) .. Y(2n))a

M N M
X H (77'7 - 77#)1/8 H H(n'y - Zi)1/2 H(Zz - Zj)2 .

Fy<p i=1vy=1 1<j

For the correlator not to vanish, all the Ising fields have
to fuse to the identity, and from Eq. (47) it follows that
M must be even. As described in section IV.C.3, cor-
relators involving multiple quasiholes (and thus multiple
o fields) will generally be multivalued and span a vector
space rather than giving a single wave function. For 2n
quasiholes on a spherical or planar geometry, the corre-
sponding vector space is 2”~! dimensional. The most

47 Indeed, the scaling dimension of 3/2 indicates that this is actually
a superconformal field theory, but we will not need this fact
(Di Francesco et al., 1997).
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suitable basis for this vector space is given by the confor-
mal blocks (Di Francesco et al., 1997), labeled by the in-
dex « in the above equation. The charge of the quasihole
is set by the repulsion of the electrons from the quasihole
position, i.e., the (7 — 2)'/2 factor. Note that although
this has a fractional power, the product of all terms on
the right is guaranteed, by Eq. (44), to be nonsingular
and without branch cuts for electron coordinates. The
half power can be viewed as 1/2 of a Laughlin quasihole,
which is obtained by inserting a flux quantum and has
electrical charge +ev. Thus, the elementary quasihole
(49) has charge v/2 = +e/4. For a discussion of the cor-
responding braiding properties the reader is referred to
Nayak et al. (2008).

D. Nonabelian effective Chern-Simons theory

Just as for the abelian states, there are effective low
energy gauge theories also for the nonabelian states, and
not surprisingly, they contain nonabelian Chern-Simons
terms. These theories can be derived in different ways,
and there can be different candidate theories for the same
state.

1. Construction based on the anomaly

Starting from the bosonic version of the Moore-Read
state at v = 1, the edge theory consists of a Majorana
fermion + and a chiral boson : €'*®?) :. This boson can
be fermionized to a Dirac fermion, or equivalently two
Majorana fermions. Consequently the edge theory has
three Majorana fermions. From these one can form three
current operators that transform as a spin one represen-
tation of an SU(2)s Kac-Moody algebra, where the sub-
script denotes the level. This algebra is also generated
by a chiral SU(2)2 Wess-Zumino-Witten model, which
is thus the purely bosonic incarnation of the edge the-
ory. To proceed from here, we recall the anomaly ap-
proach to the bulk-edge correspondence described in sec-
tion II.G.2. Starting from the bulk theory, we derived
an anomalous edge theory where the non-conservation of
the edge charge was due to inflow from the bulk. Here
we turn the argument around. Knowing the edge theory
we can find the anomaly, and then ask what bulk theory
will have a non-gauge invariant boundary term that ex-
actly cancels this anomaly. The answer is a nonabelian
SU(2)2 CS theory. We refer to the original article by
Fradkin et al. (1998) for details of the derivation, and
also for a similar, albeit more complicated, construction
for the v = 1/2 fermionic Moore-Read state. (In a later
paper, a Ginzburg-Landau approach, similar to the one
described in section II.C, is constructed for the bosonic
case (Fradkin et al., 1999).)



2. Parton construction

An alternative way to derive effective Chern-Simons
theories for the nonabelian states is the parton construc-
tion due to Wen (1999). The main idea is to introduce a
redundant set of free fermions, or partons, that transform
under an SU(N) “color” group. The electron operator
is a singlet under this group, and the projection on the
singlet sector is achieved by gauging the symmetry. By
integrating out the redundant parton degrees of freedom
one is left with an effective nonabelian theory for the
gauge field. We illustrate this with an example given by
Wen (1999). We start from a set of fermionic, charge e/2
parton fields, 1,,, with the Lagrangian,

Lourt = 0] Oythes + —— 1] (a- - iEA-)Qw

part aaYt¥aa 2m ao 7 2 ) acx

where ais a spin half index and a = 1,2 an SU(2) “color”

index, also in the spin half representation. By combining

two partons we can form a charge e spin one bosonic
electron,

\Ilm(z) = waa(z)¢bﬁ(z)6abco% 3

where m is a spin one index and Cjj; the pertinent
Clebsch-Gordan recoupling coefficients. Next we assume
that the only physical excitations are bosons with spin
one and unit electric charge. This can be achieved by
coupling the color current to a dynamical SU(2) gauge
field, aﬁ,
Loar” = iha (5uds — il Vv (50)
by ((a —ifa)1 —a; -€)2 "

9, e () 9 7 7 ab ba 5
where t = %5 with ¢* being the Pauli matrices. In this
theory only the color singlet operators are physical. This
can be seen in different ways. First, variation with re-
spect to the gauge fields shows that the color currents
vanish identically. Alternatively one can think of adding
a Maxwell term éTrFl’fyFk’/“’ to the action and note
that Eq. (50) corresponds to the strong coupling (con-
fining) limit ¢ — oco. Since the color singlet is antisym-
metric the spin wave function must be symmetric by the
Pauli principle, so the theory indeed describes spin one
bosons. To establish that the state is nonabelian, one
integrates the parton field to get a low energy effective
action. Assuming that the partons are at a density cor-
responding to two filled Landau levels, the resulting low
energy action is again a nonabelian SU(2)2 CS theory,
which is the spin one counterpart of the spin zero theory
derived using the anomaly approach.

In a later work Barkeshli and Wen (2010) carried out a
parton construction for the Z; Read-Rezayi parafermion
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states at filling factor v = k/(kM + 2), for which they
find the nonabelian fermionic bulk theory to be [U(M) x

E. CFT quasiparticles and hierarchies — a summary

The task of generalizing the CFT construction to even
the abelian hierarchies has turned out to be quite diffi-
cult, and we shall pursue this in more depth in the coming
sections. Since these by necessity will be somewhat more
technical, we here provide a short summary of the main
results with references to the proper sections.

Before doing so, however, we note that as long as we
are concerned only with universal topological properties
(and do not aim at obtaining accurate wave functions)
there is a relatively straightforward path to be followed
(Moore and Read, 1991). Following the idea of a pseudo
wave function (Eq. (5)), we can for example, construct a
v = 2/7 wave function as follows (compare Eq. (7)).

M A~ A
= [ TL @ (V). V(i) 0s,)
a=1
X <H(’I]1) e H(?]M)‘/i(zl) . VI(ZN)Obg>

with M = N/2. Here V(z) and H(n) were defined in
Eq. (35) (with m = 3 in this case), and

V(’ﬁ) —. ei\/2+1/3 (1) .

Note that the correlator of the V is actually anti-
holomorphic, and corresponds to fields with opposite
chirality in order to properly cancel the phases in the
holomorphic factors (1, —1s)/3 that arise from the sec-
ond correlator. Ignoring, for simplicity, the background
charges and the resulting gaussian exponential factors,
we obtain almost the same wave function as in Eq. (7)
— the only difference is that the fractional power of the
factors |1, — 1| changes from 1/3 to 2/3. In section V.C
we will argue that this is a short-distance effect that does
not influence the topological properties.

Topologically the above construction is valid, but, as
stressed in section II1.B.2; it is very difficult to evaluate
the integrals for a reasonable number of particles. Also,
if one tries to describe condensates of quasielectrons by
naively replacing the hole operators H(n) with their in-
verse H*(7}) = e ¢ the correlators will have singu-
larities ~ (z; — 77)~!. Again, this should not change the
long distance topological properties, but to get accept-
able wave functions one would need not only to handle
these singularities in the integrals over the positions 7;,
but also to project the result on the LLL for the electrons.

Physically the singularities come about since introduc-
ing a vortex of strength m changes the angular momen-
tum of all the electrons by m units with respect to the
position of the vortex. The problem occurs when one



tries to make an anti-vortex, i.e. a vortex with nega-
tive m, at a position where there is already an electron.
This electron cannot lower its angular momentum while
still staying in the LLL, and this is what is manifested in
the singularities ~ (z; — 1))~ encountered when naively
trying to form a quasielectron using the operator H*.
Leaving the LLL, the angular momentum can be lowered
by including a factor (z; —7) which after projection onto
the LLL provides the rationale for Laughlin’s proposal
that going from a quasihole to a quasielectron amounts
to [[;(zi —n) — 11,;(20; — 7). The resulting multi quasi-
electron wave functions are however equally difficult to
handle in the hierarchy integrals as their quasihole coun-
terparts.

Fortunately, there is a way out of these problems, and
the key insight is that calculating correlators of H, or H*,
is not the only way to represent quasiparticles using the
CFT formalism. To explain the alternative method, we
first notice that in the Laughlin ground state, the " elec-
tron is surrounded by a “correlation hole”, J;(z;i —2;)™,
that we can think of as m elementary holes on top of
each other. The charge counting, with respect to the
ground state, now works as follows. Introducing m el-
ementary holes amounts to electric charge +e, and the
actual electron at position z; adds charge —e, meaning
that the electron together with its correlation hole is neu-
tral. This is as it should be, since adding an electron to
the incompressible quantum Hall liquid does not change
the local charge density, but just expands the droplet
a tiny bit at the edge. This provides the crucial clue
for how to introduce quasiholes or quasielectrons — we
Just modify a number of electron operators by contracting
or expanding their correlation holes by one unit. These
words can be translated into CFT equations; contracting
amounts to fusing an electron operator V(z) with an in-
verse hole, i.e. the operator H*. Just as in section IV.C.1
fusion means making an operator product expansion, but
in this case the first term turns out to vanish, so the
leading term in the expansion will be a descendant which
means that it includes a derivative. In the simplest case
of the v = 1/(2p 4+ 1) Laughlin state, fusing the electron
operator (35) with the conjugate of the hole (35) we get
V(z) = (H* @ V(2)) ~: 8,e2P/V2PT10(2) . We can now
form states with an arbitrary number of quasielectrons
simply by replacing a number of the original electron op-
erators, V, with the new operators V.48 This will give
rise to a state with increased density at the second level
of the hierarchy. In particular, if half of the original elec-
trons are replaced by V, one obtains the v = 2/(4p + 1)
Jain state. By constructing the relevant hole operators

48 As discussed in detail in V.C this is not entirely true; as written
the operator V' is anyonic, and has to be augmented by another
vertex operator to give fermionic commutation relations.
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in this new state the procedure can be iterated.

In complete analogy one can introduce quasiholes by
expanding the correlation holes around the electrons; this
is done by fusing V with an appropriate hole operator. 4°
In this case, modifying a fraction of the original electrons
results in a second level hierarchy state with charge den-
sity lower than the parent state. In particular, this pro-
cedure will give the states of the negative Jain sequences.
That some of the Jain states were obtained in these sim-
ple cases is not a coincidence; we shall show that all the
Jain composite fermion states are exactly reproduced by
this procedure.

Note that in the above there was no reference to the hi-
erarchy integrals, or even states of several localized quasi-
particles. Such states can however be constructed by in-
serting a number of quasi-local operators H(n) and P(7}),
representing quasiholes and quasielectrons respectively,
into the correlators. The exact definition and properties
of these operators are discussed in section V.C. A most
remarkable property of the resulting multi-quasiparticle
wave functions is that when inserted in the integral ex-
pressions for the hierarchy wave functions, the integrals
over the quasiparticle coordinates can be carried out ex-
actly, thus giving closed form expressions for the wave
function of the daughter state. These are just the wave
functions discussed in the previous paragraphs. The de-
tails of this are explained in section V.F. An upshot of
this is also that all composite fermion wave functions can
be exactly written in a manifestly hierarchical form.

In section I'V.C.4 we emphasized the importance of the
plasma analogy for proving the “monodromy = holon-
omy” conjecture that the topological properties of the
quantum Hall states could be obtained directly from the
monodromies of the conformal blocks. This turns out to
be more difficult in the case of the hierarchy states, which
is discussed in section V.E.

V. EXPLICIT HIERARCHY WAVE FUNCTIONS FOR
ABELIAN QUANTUM HALL STATES

In section II.B we gave the general form of a hierarchy
wave function expressed as integrals over quasiparticle
coordinates, and in II.E the explicit composite fermion
wave functions in the Jain series. As already mentioned,
the latter have successfully been compared with experi-
ments, while the former are usually too hard to evaluate.
In this section we shall tie the two pictures together us-
ing the CFT approach. Following Bergholtz et al. (2008),
and Suorsa et al. (2011a,b), we first present explicit ver-
tex operators whose correlators produce trial wave func-

49 Perhaps surprisingly, the pertinent hole operator is not the naive
Laughlin hole H; we get back to this technical detail in section
V.C.



tions for any abelian hierarchy state. These are con-
sistent with Wen’s topological classification, and reduce
to Jain’s wave functions whenever these exist. We then
proceed to explain how to construct excited states with
quasielectrons and quasiholes. Finally we show that these
wave functions do form a hierarchy in that they can all be
written in the Halperin form (5), or in other words, they
can all be obtained by successive condensations of quasi-
particles. For sake of readability, we shall often omit the
background charge operator (40) from the correlators in
this section.

A. The chiral hierarchy

For simplicity, we first consider states with a positive
semi-definite K-matrix which describe fully chiral states,
where all the modes of the minimal, i.e. unreconstructed,
edge move in the same direction. These states form a sub-
hierarchy within the full hierarchy that will be considered
in section V.B.

1. The need for many electron operators

In order to describe a state at level n in the hierarchy,
we shall use n different electron operators (Read, 1990;
Wen, 1995), see also Section ILF. In the edge theory,
these are CF'T vertex operators. A natural assumption,
consistent with the Moore-Read conjecture, is that the
bulk should be described by the same CFT (¢f. Section
ITA in (Suorsa et al., 2011b)). Given this, it is natu-
ral that the description of the bulk states involves one
electron (vertex) operator for each level of the hierarchy.

The n electron operators will differ by their conformal
spin, which has a natural interpretation as orbital spin
(cf. sections ILF, IL.H and VII). This however does not
mean that the electrons come in different types. They
are indistinguishable, and the electronic wave functions
are fully antisymmetric as required by the Pauli princi-
ple. For heuristic purposes, it is however sometimes use-
ful to think in terms of distinct types of electrons. For
instance, we will show below that in all cases where com-
posite fermion wave functions exist, the CFT approach
leads to identically the same wave functions. In these
cases, the existence of n different “kinds” of electrons
finds its natural counterpart in the CF language, where
the different electron operators correspond to composite
fermions in different effective “A levels”.

2. Chiral ground states: wave functions from topological data
We now present the general form of ground state wave

functions for chiral states. These are hierarchy states re-
sulting from quasielectron condensation only. They can
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be expressed as holomorphic correlators of local chiral
operators, and their edge states all have the same chi-
rality. These wave functions can be derived via an ex-
plicit hierarchical condensation procedure, which will be
discussed in Section V.D. Here we directly present the
upshot — a set of vertex operators whose correlators give
wave functions that are consistent with Wen’s topolog-
ical classification (Bergholtz et al., 2008; Suorsa et al.,
2011a).

The vertex operators at level n of the hierarchy closely
resemble those of the multicomponent states,

a=1,2...n,(51)

where we recall from Eq. (38) that K = QQT. V, has
conformal spin s, = %Kaa + a — 1, where the two last
terms come from the derivatives, and the first term is just
the conformal dimension of the corresponding primary
field. These are exactly the entries in the hierarchy spin
vector (21), which should be interpreted as the orbital
spins of the electrons. The derivatives appear naturally
from the condensation construction presented below, and
are necessary for the resulting wave functions not to van-
ish under antisymmetrization. In our scheme we divide
the electrons into n groups I ... I,, assigning a different
electron operator V,, to each of the groups, and then sum
over all ways of choosing the groups. The ground state
wave functions become

\Il:A(H H Va(zi,)Ovg)

a=lic€ls
= A{(1 - 1)K105(2 — 2)K22 . 9n " (n — n)Knn
x (1—=2)%2(1-3)%s . ((n—1)—n)fn-1n}
X e~ Zi|2i|2/(452)’ (52)

Va(z) =: 921! Zo Quad”(2)

where A is the antisymmetrization operator. The deriva-
tives act on the Jastrow factors, but not on the gaussian,
and we use the short-hand notation,

82 = H aﬁia

ia€la

IT (i —zp)fee

i<j€ln

(a0 — B)Ker = H H (zi, — ziﬁ)K“‘? . (53)

ta€la ig€lp

(o — @)oo =

The groups I, have the same partial filling fractions
Vo = K(Iﬁltg, as the multicomponent states in section
IV.B, and the neutralizing background (40) is also the
same. The size of each of the groups is determined by
requiring homogeneity. For details about how to impose
the homogeneity condition, we refer to the original pa-
per by Bergholtz et al. (2008). The vertex operators in
Eq. (51) are by no means unique. In principle, one needs
to consider more general expressions, where the deriva-
tives act only on parts of the vertex operator, such as

glad” gneitd” (54)



The freedom in placing the derivatives reflects the vari-
ous possibilities to regularize operator products between
electron and quasiparticle operators, see e.g. (Hansson
et al., 2009b; Suorsa et al., 2011a,b). Numerical studies
indicate that on the plane the precise placement of the
derivates does not matter, i.e. it does not change any
of the topological features of the state. This is widely
used in numerical computations in order to find alterna-
tive descriptions of the state that can be implemented
more efficiently on a computer, see e.g. (Bonderson and
Slingerland, 2008; Jain and Kamilla, 1997a,b; Méller and
Simon, 2005; Rodriguez et al., 2012b), even though there
is no rigorous proof of the equivalence of these various al-
ternatives as of yet. However, not all choices are allowed
in Eq. (54), as some would give singular wave functions
by having too many derivatives acting on a Jastrow fac-
tor to a broken power like (z; — zj)p/q. On the plane,
a simple prescription that avoids this is to always move
all derivatives to the left so that they act on fully holo-
morphic functions. For instance, the operators (51), as
well as P and H in section V.C are defined such as to
give this prescription when used in a hierarchy construc-
tion. However, it was noted by Kvorning (2013) that it
does not give correct vertex operators for the spherical
geometry, and one is forced to use the more general ex-
pression (54) in order to obtain wave functions that are
non-vanishing, see section VIL.A.

By evaluating the wave functions (52) on a thin cylin-
der, Bergholtz et al. (2008) reproduced exactly the same
charge density wave patterns as those found by Bergholtz
and Karlhede in the TT-limit (¢f. section II.J). It is both
reassuring and encouraging that the CFT wave functions
precisely reproduce the exact ground states found in a
non-trivial model of interacting electrons, and constitutes
an important consistency check of the former.

To make this discussion less abstract, let us consider
the example of the quantum Hall state at filling v =
2/5, and factorize K as in the first alternative in the
expression (42),

< (3)-( o) [0 0

Eq.(51) then gives the two vertex operators,

Vi=: V31 . Vo =: 8Zei( VA/3o1ty 5/3¢2) .
Homogeneity requires the two sets, Iy and I, to be of
equal size, i.e. N/2, where N is the number of electrons,
and the wave function becomes

Uys = A{(1—1)305(2— 2)3(1 — 2)?} e~ X =7/
(55)
This wave function is identical to the one obtained below
in Eq. (71) by condensing quasielectrons on top of the
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Laughlin 1/3 state, and in fact also identical to the v =
2/5 Jain wave function.

At level n of the hierarchy there are n elementary

quasiholes,
, 1.8

H,(n) =: et 28 Qpad” (n) :
where Q7! is the inverse of the matrix Q in the electron
operators (51).5° In Wen’s language, a generic quasi-
hole is some composite of these, as encoded in the 1-
vector defined in section II.F. For example, a fundamen-
tal hole created by the above operator H, corresponds to
14 = d4o. A Laughlin hole, on the other hand, amounts
to a unit vortex in all condensates, and is created by
the operator Hy, = [[, Ha and represented by the I-
vector (1,1,1...,1). The simple connection between the
K-matrix and the above hierarchy wave functions is man-
ifest only in the “symmetric basis” where the t-vector
equals (1,1, ...,1) (see section ILF). The statistics of any
quasihole follows from Eq. (18).

The conformal spin of the operator H,, is calculated as
250 = 2 Q1050 = $5(QNE,Q51 = Kyt in accor-
dance with (21), if we again identify the conformal spin
with the orbital spin in the Wen-Zee formalism. The
holes obtained using H, do not in general have the same
charge, but there is always one with the minimal charge
e/q for a state with v = p/q. We believe that at level
n in the hierarchy one can always find n distinct hole
operators with the same charge and that only differ by
integer units of conformal spin.?! Since the n holes are
topologically the same, it is fair to ask if all are needed.
The tentative answer is yes, but is based on arguments
that go beyond topology. Just as the n electron opera-
tors are needed in order to construct a ground state wave
function at level n in the hierarchy, we presumably need
all n quasihole operators to describe a general quasihole
wave function. This belief is based on calculations of the
particle entanglement spectrum, and is briefly outlined
in section I1.G.4.

While the above description of quasiholes was rather
straightforward, the situation is more complicated for
quasielectrons. A naive approach leads to singular wave
functions, and there is no local operator that creates ac-
ceptable quasielectron wave functions. A heuristic way to
understand what goes wrong was given in section IV.E.
In section V.C we explain how this problem can be cir-
cumvented (Hansson et al., 2009a,b), and discuss in some
detail how to construct operators for quasielectrons.

50 If Q is not a square matrix, one instead chooses Q~1 as the

Moore-Penrose pseudo-inverse, which (as n is the rank of K)
-1
fulfills Zﬂ QQBQ/B'Y = ban-
51 We have not tried to prove this in general, but we have tested
several nontrivial cases of K-matrices of rank two and three.



B. Ground states of the full abelian hierarchy

Having, as above, positive definite K-matrices is a spe-
cial case. For general hierarchy states, containing quasi-
hole condensates and, correspondingly, antichiral edge
modes, a description in terms of purely holomorphic con-
formal blocks is not possible. Suorsa et al. (2011a,b) gen-
eralized the construction in the previous section to gen-
eral hierarchy states. The idea is to split the K-matrix
as

K=rk—F, (56)

where both k and kK are positive semi-definite and are
associated with the chiral and antichiral sector, respec-
tively. This decomposition is in general not unique, but
all such choices are believed to represent the same topo-
logical phase. In particular, filling fraction, quasiparticle
charges and statistics only depend on the full K-matrix,
cf. section IL.LF. There might be ways to restrict the free-
dom in splitting the K-matrix, for instance by demanding
that the resulting wave function should have the correct
thin torus (TT) limit just as the chiral states discussed
earlier. The freedom of decomposing the K-matrix will
be illustrated in examples below.

Given a splitting of the K-matrix, we parallel the de-
composition (38) in section IV.B, and write k = gq’ and
% = qq*.>2 With this notation, the background operator
(40) generalizes to

Obg = exp <Z / d27" p(ﬂna(QaBQSB + q_aﬁggﬁ)> 3(57)

and the generalized version of the vertex operators (51)
is

Vo =:07°02¢" 35 4apd’ ¢iXp 1apd” 5 (58)

where the powers of derivatives are related to the spin
vector, s, = %K(m 4+ 04 — 0o- In a minimal hierarchy
construction we get a single derivative at each level, so
0+ = a—1. By adding extra derivatives, it can be gen-
eralized to states with a shift (15) that differs from the
minimal one obtained by the condensation procedure to
be described in section V.D, but this has so far no appli-
cation to experimentally or numerically observed quan-
tum Hall states.

The properly antisymmetrized correlators of products

52 Recall that ¢ and § are matrices.
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of these operators give the functions,
v({&} (&) = A{ T] 9295 (a — )" (a — @)™

% [T (e =By (a — Byses fem Zlel/ae)

a<f

= Te({&}) x Ta({&:}), (59)

where we have used the same short-hand notation as in
Eq. (53), except that the z’s are replaced by &’s and the
bar denotes complex conjugation. They nicely factorize
into a chiral and antichiral part (except the gaussian,
which is distributed equally between these two parts).
Clearly the expressions in (59) are not valid (holomor-
phic) LLL wave functions, but they can be interpreted
as wave functions in a coherent state representation, i.e.
the ¢’s are considered as coordinates for the guiding cen-
ters of the electrons. The coherent state wave functions
are related to LLL wave functions by the transformation,

() = [P HE DTl
< Unl{E). (60

Here ({2 }{&}) = [T, (2il&), with (z[¢) = exp[—(J¢[*~
2€2 + |2])/(4€2)] is the coherent state kernel, describing
N particles maximally localized to the points (&1, ..., €N );
up to a phase, (z|¢) equals exp[—|z — £]?/(4¢?)]. Tech-
nically, this transformation can also be interpreted as
a LLL projection, as the coherent state kernel and the
gaussian from ¥ combine to a LLL delta function,

oppp = e (87 =€)/(2%) (61)
A third interpretation is that the wave function
U(z, 22, ...,2n) can be viewed as a CFT correlator of
quasi-local electron operators

V(2) _/§6(|§IQ25Z+Izlz)/(4f2) V(Ed). (62)

This latter view is appealing in that it displays the inher-
ent “fuzziness” of particles in the LLL, i.e. that they can-
not be localized more precisely than the magnetic length.
The concept of quasi-locality will be central below when
we discuss how to explicitly build a hierarchy of quasi-
electron and quasihole condensates.

The “sewing together” of the chiral and antichiral sec-
tors amounts to a two-fluid picture in which the chiral
component consists of the bare electrons and all quasi-
electron condensates, and the antichiral sector consists
of the hole condensates. The actual particles are built as
composites of the positively and negatively charged parts,
with their coordinates identified (Suorsa et al., 2011b).

With this background, we can now propose a general-
ized version of the Moore-Read conjecture:



Representative wave functions for ground states of hi-
erarchical quantum Hall phases, as well as their quasi-
particle excitations, can be constructed from antisym-
metrized products of chiral and antichiral conformal
blocks of primary and descendant fields in a CFT, in the
basis of coherent states |1, ...,En). These wave functions
obey generalized screening, and have minimal edge theo-
ries given by the same CFTs that describe the bulk wave
functions.

The assumption about generalized screening, which is
equivalent to postulating holonomy = monodromy, is dis-
cussed further in section V.E. So far we only considered
abelian phases, and presented a concrete construction
that yields explicit wave functions for the full hierarchy.
In section VI we generalize to non-abelian states, some
of which again have explicit wave functions, while others
only can be expressed in terms of integrals over quasipar-
ticle coordinates.

Examples:

The coherent state formulation and the freedom in de-
composing the K-matrix, can be illustrated already at
the level of the Laughlin wave function. The K-matrix
for the standard v = 1/m state is simply K = m. How-
ever one can imagine a more general form

K=k—-r=(m+k)—k

This corresponds to the modified Laughlin wave func-
tions introduced by Girvin and Jach (1984),

V({z)) = / @] (e T n - €9)"

a<f
X H (6o — Eﬁ)k+m67 > l&l?/(4?) (63)
a<f
— /Hd2fi drrr(zi, &) H €. ,gﬁ|2k
a<f
X H (ga — fﬁ)mef > 1€12/(46%) )
a<f

The second line emphasizes that this can be considered
as the LLL projection of the Laughlin wave function with
additional correlation factors [[,_, |€a — E5|%F. For inte-
ger k, the explicit form of the LLL projected wave func-
tion is
U({z}) =[]0 = 0,)F [ [ (i — 2y)Ftmem 2=/ @),
i<j (3]

The pertinent vertex operator for obtaining this general-
ized Laughlin wave function as a CFT correlator is

Vi) (6, &) =: eV FRO(©) (iVEG(E) .

Girvin and Jach proposed Eq. (63) as a particular scheme
to make Laughlin’s wave function variational, with k
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as the variational parameter. The additional correla-
tion factor in Eq. (63) or, more generically a function

f (H(Kﬁ |€a — §f5|2’€)7 can be used to change the short-

distance behaviour of the wave function, and thus lower
the ground state energy, without effecting the topological
properties (Fremling et al., 2016).

One might wonder whether such a non-minimal de-
scription of the Laughlin states would have implications
for the edge physics. To our knowledge this question
has not been investigated numerically, but the simplest
guess is that the edge still just supports a single, charged,
mode. To see this, we use a non-minimal vertex opera-
tor,

Vi (6,€) =: V9O eIVEA1(©) ¢iVESL(E)
where ¢ is the same field as in the original description
of the Laughlin state — ¢f. Eq. (35). The correspond-
ing edge Lagrangian contains kinetic terms for the left
moving charged field, ¢, as well as for the neutral right-
and left-moving fields ¢z and ¢,. However, it generically
also contains a term ~ cos(¢r — ¢r) which opens a gap
in the neutral sector, while leaving the edge unchanged,
up to microscopic details.

As a second example, consider v = 2/3. It can be
viewed as the particle-hole conjugate of the 1/3 Laugh-
lin state or alternatively as a hole condensate in the
v = 1 quantum Hall state. In the language of composite
fermions it is described as a “reverse flux attachment”
CF state. Its K-matrix is

There is no consistent purely chiral description of this
state, since K has a negative eigenvalue, corresponding to
a counter-propagating edge mode. This can also be seen
at the level of wave functions, in that the naive (112)-
state has a very poor overlap with the exact Coulomb
state, and it does not have the correct thin torus limit
(Bergholtz et al., 2008; Suorsa et al., 2011a,b). So one
has to introduce an antichiral component. Again there
are many possible ways of splitting K. In particular, all
integer-valued splittings

K—r—f— L+k 240\ (k1
TETRT 240 14k Ik
are ‘allowed’, in the sense that k and k are both positive
(semi-)definite, provided k > [+1 (k,! > 0). The special

case (I = 0,k = 1) reproduces Jain’s v = 2/3 “reverse
flux attachment” wave function (Wu et al., 1993),

vy = (1-1)%2-2)(1-1)*2-2)%(1-2)°

o 5 lmilP /Ay

This wave function has been tested numerically (in spher-
ical geometry) and is very close to the exact Coulomb



ground state (Wu et al., 1993). It would be interesting
to perform a more systematic numerical comparison of
states with different splittings of the K-matrix. Again,
note that the derivatives do not follow from the form of
the K-matrix itself, but rather from the explicit conden-
sation procedure explained below, and they are needed
in order to get the correct shift.

C. Local and quasi-local quasiparticle operators

Our ‘recipes’ for writing down representative ground
state wave functions for general abelian quantum Hall
ground states were stated in sections V.A and V.B, with-
out further explanation. In this section we discuss the
CFT description of fractionally charged excitations, in
particular quasielectrons.

Recall Laughlin’s wave function for a quasihole in a
v = 1/m quantum Hall state, localized at 1),

N
quh(nv 21, ZN) = H(zt - 77)7//L(217 ceey ZN)
i=1
and correspondingly for quasielectrons,
N
Vrge(; 21,y 2v) = [ [(20i = Dr(z1, s 2) - (64)
i=1

While the former agrees with the composite fermion
quasihole, the CF quasielectron differs quite substantially
from Laughlin’s (Jain, 2007). The CF expression for a
quasielectron localized at 7 is

bomge (i {z}) = D (=1t Il 20=0/4E0

< JI  —amo[J(a—z)m e Zslal/ae),
I<k;j k#i £
(65)

Numerical studies (Jeon et al., 2003; Kjgnsberg and
Leinaas, 1999) have shown that the CF quasielectrons
do better than Laughlin’s in that the former exhibits
well-defined fractional statistics for braiding of two well-
separated quasielectrons, while this is not the case for the
latter. This issue was revisited by Jeon and Jain (2010),
who found that also Laughlin’s quasielectron has the cor-
rect braiding statistics as long as the ratio A,,.,/A — 0,
where A,,,, is the area enclosed by the braiding path and
A is the total area of the quantum Hall droplet. However,
if A,.., encloses a finite fraction of the droplet, then the
braiding phase of Laughlin’s quasielectron becomes ill-
defined, due to the O(1/N) corrections to the Aharonov-
Bohm phase found by Kjgnsberg and Myrheim (1999).
There is an inherent asymmetry between the tradi-
tional descriptions of quasiholes and quasielectrons that
is reflected also in the CFT formulation. When writing
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wave functions as CFT correlators, the expression for a
Laughlin quasihole at 7 is reproduced by inserting a lo-
cal hole operator, H(n) = exp [i¢(n)/+/m|. However, the
naive guess for a quasielectron, using the inverse hole op-
erator H1(n) does not work, as this leads to unwanted
singularities of the form [];(z; — n)~! in the wave func-
tion. The physical reason behind this was discussed in
section IV.E, where it was also pointed out that the prob-
lem can be solved by noting that since every electron in
the liquid is surrounded by a correlation hole (m-fold in
the v = 1/m state), it is ‘safe’ to contract the liquid
by contracting the correlation hole around any electron.
Formally, this is obtained by modifying one of the elec-
tron operators; in the simplest case of a 1/m Laughlin
state one introduces

P(z) =8, : V7)) (66)

This is essentially an inverse quasihole fused with an elec-
tron, using a particular regularization scheme to avoid
the singularities mentioned above while retaining the cor-
rect fractional charge and anyonic statistics of the inverse
hole. Replacing one of the electron operators V(z) in the
ground state correlator by P(z) and antisymmetrizing
over particle coordinates exactly reproduces the expres-
sion for a CF quasielectron at the center. It is then
possible to, by hand, write an expression for a local-
ized quasielectron as a coherent superposition of such
a quasielectron in different angular momentum states.
This is however not fully satisfactory, as one would wish
for one single operator P(7) which, when inserted into
the ground state correlator, directly produces such a lo-
calized quasielectron state — in analogy to the quasihole
operator H(n). Ideally, such an operator should make the
anyonic properties — fractional charge and anyonic braid-
ing statistics — manifest. It turns out that requiring man-
ifest braiding statistics, i.e. an anyonic monodromy fac-
tor and zero Berry’s phase as discussed in Section IV.C.5,
is quite non-trivial, and has so far not been achieved. It
is, however, possible to instead use bosonic or fermionic
representations of the quasiparticles. The monodromies
are then bosonic or fermionic, and the statistics is hidden
in the Berry phase. Before presenting this operator, let
us shortly explain why obtaining explicit anyonic mon-
odromies is problematic for quasielectrons.

The root of the problem can already be seen from
the expression (66); trying to use it to create multi-
quasielectron states results in factors ~ (z; — z;)*/3 for
each pair of P’s. This is unacceptable since the wave
function, although being a many-quasielectron state, de-
scribes a fermionic many-body state in the LLL and thus
must be analytic and antisymmetric. To remedy this
problem, one introduces (chargeless) auxiliary fields that
make the braiding of the quasielectrons trivial (either
bosonic or fermionic), while leaving their braiding prop-
erties vis-a-vis the electrons and quasiholes unchanged.
For instance, for a Laughlin state at filling 1/m one can



use

P(z) =0, : et v PRIV EEX() (67)

instead of the operator (66), which amounts to

fusing a bosonized inverse quasihole, H,~ b=
eIV etV Bt :;, with an electron operator. Even
though this operator has fermionic monodromy, it can
be used to create proper many-quasielectron states that
exhibit the expected anyonic braiding phase.

To get a better feel for this, let us briefly recall the
case of quasiholes. In their original form, : e!®/V™ . the
quasihole operator produces factors ~ (1, — 175)1/ ™ for
any pair of quasiholes. In this representation, the holon-
omy equals the monodromy, i.e. the fractional braiding
phase is fully displayed in the many-hole wave function,
as explained in section IV.C. Such a representation —
commonly believed to be connected to the ‘minimal’ CFT
description — is not the only viable choice. Alternatively,
we can change the monodromy of H, e.g. to bosonic
ones, by introducing auxiliary bosonic fields as shown
above. This does not, of course, change the physics,
but amounts to ‘shuffling’ the fractional statistics from
the monodromy into the Berry phase. For quasiholes,
we can therefore freely change the monodromy factor,
while for quasielectrons we are limited to either bosonic
or fermionic monodromy, in order to avoid branch cuts in
the electron coordinates. In this latter case the different
choices will not just be a matter of normalization, but in
fact correspond to wave functions that differ by factors
(2; — #z;)"™ where the coordinates are those of the quasi-
electrons. Although such factors clearly are important
when the quasielectrons come close to each other, they
do not influence the rest of the electrons. They are also
negligible when the quasiparticles are far apart, and thus
do not change the topological properties.

Here we should also recall two other sources of short-
distance ambiguities related to the CFT wave functions
that were mentioned earlier. The first occurred in the
first example in section V.B, and amounts to introducing
Jastrow factors like [, ; |& — &;|¥, or even more general
functions of the distance between the particles. Since
such factors do not introduce any angular momentum,
they will not influence the density of the liquid and most
likely®® neither will they influence any other topological
property. The second source of short-distance ambigui-
ties was discussed in section V.B, and relates to the par-
ticular ordering of the derivatives that are present in the
LLL wave functions. We should stress that this, rather
large, freedom in changing the short-distance details of
the wave functions without altering the topological prop-
erties, is in fact a virtue. It might be used in a variational

53 In spite of this reservation, we strongly believe in this statement.
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sense to find good wave functions with specified topolog-
ical properties for realistic Hamiltonians. In this context
we should also recall that within the composite fermion
picture, similar short-distance ambiguities can occur. A
prominent example is the approximation to the LLL pro-
jection that was devised by Jain and Kamilla (1997b) and
shows very good agreement with the exact projection.

1. Quasilocal quasiparticle operators

Let us now return to the question of how to actu-
ally write down an operator P(77) that directly creates
a quasielectron at an arbitrary position 7. The idea is
that the surplus of charge is generated by contracting
the correlation holes of electrons in the vicinity of 7.
This localization is accomplished by means of a gaussian
weight which localizes the quasielectrons on the scale of
the magnetic length; thus the term “quasi-local”. The
quasielectron operator has the same charge and confor-
mal dimensions as H~1. As indicated earlier, it involves
“fusing” an inverse quasihole with an electron in an ap-
propriate way. In order to avoid the branch cuts that
rendered Eq. (66) unacceptable, we need to use a quasi-
hole operator with trivial — either fermionic or bosonic —
monodromy factor. The two choices differ in their short-
distance properties, i.e. how exactly the charge is local-
ized. Depending on the task at hand, one or the other
might be more convenient and we will use both possi-
bilities in the following discussion. In analogy with the
quasihole case, a correlator of the type (P(77) [[;, V(2))
gives a wave function for a quasielectron localized around
77. Moreover, multi-quasielectron states can be generated
by multiple insertions of P (7).

To be more concrete, the operator for a quasielectron
with charge —gye is given by®*

(68)

Note the similarity to the quasi-local electron operators
(62) discussed in section V.B. The exponential factor
indeed localizes the quasielectron around the position
i, as it equals the gaussian exp[(—qp/4¢%)|w — n|?] up
to a pure phase. Note that this exponential factor is
fully determined by this condition together with the re-
quirement that the resulting gaussian factors for the elec-
trons should come out correctly. This is also equivalent
with demanding that the gaussian factor in 7 in Eq. (68)
is precisely the one expected for a charge ¢, particle.

54 For simplicity we are here somewhat cavalier about the the subtle
issue of the background charge. See (Suorsa et al., 2011a) for a
precise discussion of this point.



J(w) = i0¢(w)/+/m is the holomorphic U(1) current re-
lated to the electric charge. Its divergence, 9.J(w), van-
ishes except at the position of the charges. Thus, it can
effectively be replaced by a sum of d-functions centered
at the electron positions (Hansson et al., 2009b). (...),
denotes a generalized normal ordering, which we get back
to below. Its purpose is to regularize the fusion of the
inverse hole with the electron operators.

A very appealing property of the quasielectron opera-
tor (68) is its general applicability. It is not limited to
Laughlin states, but can be used for any abelian, or even
nonabelian, quantum Hall state, as long as one makes
sure to use the appropriate choice for the inverse quasi-
hole. For hierarchy states at level n, only one of the n
quasiholes gives a non-vanishing result when inserted into
Eq. (68). Thus, for any level there is only a single quasi-
electron, in accordance to findings by Jain (2007) for the
CF series. The example of nonabelian quasielectrons in
the Moore-Read state is discussed in more detail in sec-
tion VI. Finally, we stress that in spite of the quasi-local
nature of the operator P, the resulting density profile of
the corresponding quasielectron is only marginally larger
than that of the quasiholes in the same state (see for
instance chapter 8.5 in (Jain, 2007)).

2. A case study — quasielectrons in the v = 1/3 Laughlin state

To illustrate what happens when computing correla-
tors of the type (P(7) [, V(2:)), we consider the simplest
case, quasielectrons in the v = 1/3 Laughlin state, so that
V =: exp(iv3¢y1) : . Without changing the topological
properties, we can use a bosonized inverse quasihole,

H = cTivsttivEe
As mentioned above, current conservation implies that
0.J(w) has support only at positions of charges. This
leads to delta functions, >, 6%(w — z;) where z; are the
electron positions, and thus,

(P(m) HV(21)> = </ 2w e~ (an /46 (Jw|*+|n|* —27w)
x (H;19),, () [TV (i)

= 3 (— 1)k e APl -2)
k

< ((H'V), ) [ V()

ik

where ¢, = 1/3 denotes the quasielectron charge. In the
simplest case of Laughlin states, the normal ordering is
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the conventional one,

1 dz

2wt | z— zg

(Hy V), (z) =

= 9 eiTnE+ivEeG) (g

Hy (2)V (1)

where the operator product expansion of H,~ V' was
carried out to next to leading order before integrating,
thus keeping the first descendant (here just meaning first
derivative) of the vertex operator. The result is nothing
but the operator P(z;) in Eq. (67). Note that the deriva-
tive is a direct consequence of the normal ordering.®® So,
to summarize, one gets

(P(n) H Vi(z)) = Z(*l)ke*(qh/m)(lzk\2+|n|27277zk)

k

x (P(z) [TV (),

ik

(70)

with the announced gaussian-weighted sum over “shrink-
ing the correlation hole” (i.e. turning V’s into P’s) at
the various electron positions. This expression is iden-
tical to the one for a CF quasielectron localized at n in
Eq. (65). However, the expressions for several quasielec-
trons do differ slightly between the CF and CFT con-
struction (Hansson et al., 2009b).

3. Quasilocal quasiholes and local quasielectrons

In fact, the description of quasielectrons and quasi-
holes is not as asymmetric as it seems at first sight. It
is possible to reverse the above logic and construct a
quasilocal quasihole operator H(n) as a gaussian-weighted
sum of expanding the correlation holes around the elec-
trons in the vicinity of some position 7 (Suorsa et al.,
2011a). Technically, this involves fusing the inverse of
a local quasielectron operator (which in fact corresponds
to Laughlin’s original quasielectron (64)) with a suitable
representation of the electron operator. This is well-
defined within the coherent state formalism discussed
in section V.B. A single insertion of a hole operator
(H(n)IL; V(2)) produces an alternative to Laughlin’s
quasihole wave function which actually is slightly bet-
ter numerically than the latter (Jeon et al., 2005). It is

55 For more general hierarchy states, involving several bosonic
fields, one has to apply a generalized normal ordering (which
coincides with the expression (69) in the Laughlin case),

(AB)n(w) Ej{ dyT(y)% dz A(2) B(w)

w
where T is the energy-momentum tensor. This normal ordering,
including the definition of the integration contours, is explained
in detail in (Hansson et al., 2009b). Here we just mention that
the y-integration amounts to taking the first descendant of the
operators to its right, which again produces the pertinent deriva-
tives.



appealing that quasielectrons and quasiholes can be put
on the same footing in this way. Moreover, it is this de-
scription of quasiholes, rather than local Laughlin holes,
one has to resort to when carrying out an explicit hier-
archy construction for condensates of quasiholes. Also
note the similarity with the quasi-local electron operator
in (62). This emphasizes the point made in passing at the
end of section II.B.1: Because of the cyclotron motion,
all charged particles acquire a size in the LLL, so con-
densing quasiparticles into a hierarchy state might not
be conceptually very different from condensing electrons
into a Laughlin state.

D. CFT wave functions as hierarchy states

Hansson et al. (2009b) proved that the chiral states
of section V.A can be written in the Halperin form, and
thus form a hierarchy. The extension to the full hier-
archy, including hole condensates, was given by Suorsa
et al. (2011a). We shall here give the argument for the
simplest case of the v = 2/5 state in the positive Jain
series that is obtained by condensing quasielectrons as
densely as possible in the v = 1/3 state. The starting
point is Eq. (5)

U1 (7. .. FN) = /dzﬁl.../d2ﬁM O* (771 . .. 7Tar)
X \I/n(ﬁlﬁ]\/faFIFN)a

describing the v = 2/5 wave function as a coherent su-
perposition of quasielectrons in the parent Laughlin state
U, at filling v = 1/3. For this densest possible conden-
sate, the number of quasielectrons, M, equals half the
number of electrons in the parent state. In general, the
relation between the number of quasielectrons and elec-
trons is determined from demanding homogeneity of the
final state (Hansson et al., 2009b). One constructs multi-
quasielectron states by multiple insertions of the quasi-
electron operator,

N

Pa) [Tiz)

i=1

Uy ({15 {7Y) = (P()P(72) .

where V; =: €1V391 ;. The evaluation of this correlator is
a direct generalization of the derivation of Eq. (70), with
one set of gaussian factors for each quasielectron coordi-
nate. Since the final polynomial has to be antisymmetric,
one has to choose a symmetric pseudo wave function for
the Laughlin-like state of the quasielectrons. Its generic
form is

k[ = N _ 2 g2
O (11, 1) = H(m — ;) 2Re (@A) K lmil”
i<

where in this case ¢, = 1/3, and k£ = 0 for the dens-
est possible condensate. The gaussian factors in the
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pseudo wave function combine with those from the many-

quasielectron correlator into holomorphic delta functions

(61), so that the integration over the 7’s becomes trivial.
The result is, for general k,

M N M
U({Fh) = A (] Va(ze) J] Vi) ] (zi—2)**
k=1 I=M+1 i<j=1

= (1-1)32—2)%9,(2 — 2)3(1 — 2)%e = 127/
(71)

with M = N/(2 + 2k) and
Vo = eiV2ks §ei2/V3¢1+in/5/302 .

Note that the precise form of the vertex operator depends
both on the details of the normal ordering (69), as well
as on the choice of the quasihole operator. For instance,
using the simplest fermionic quasihole (combined with a
fermionic pseudo wave function), yields a vertex operator

Vo =: oV2RHTes gin/4/301+i\/2/3¢2 .

For k = 0, (71) is simply the Jain 2/5 wave function,
while the less dense condensate with £ = 1 gives a trial
wave function for filling fraction v = 4/11 (Bergholtz
et al., 2007). This procedure naturally generalizes to
the entire chiral hierarchy, and gives the wave functions
shown in Eq. (52). Similarly, quasihole condensation can
be carried out using multiple insertions of the quasilo-
cal quasihole operator H(n) (discussed in section V.C.3)
to construct the required many-quasihole states (Suorsa
et al., 2011b).

E. Topological properties and plasma analogy

We already mentioned that it, perhaps surprisingly,
has turned out to be quite difficult to extract the topo-
logical content from even explicitly given abelian hier-
archy wave functions. Superficially, the problem resem-
bles the one we touched upon in section IV.C.4 in the
context of nonabelian states. There we saw that cor-
relators describing states with many quasiparticles, are
not uniquely defined, but depend on the fusion channels
of the quasiparticles, and are generally to be thought of
as a vector in the space of conformal blocks. For the
abelian hierarchy wave functions, there is no such de-
generacy, but instead the wave functions are given by
sums of conformal blocks; these sums are needed in or-
der to satisfy the Pauli principle. In neither of the cases,
there is a simple plasma analogy as in the case of the
Laughlin states, or the multi-component states discussed
in section IV.B. An additional complication in the hierar-
chy case is that the operators are not all primary fields,
but descendants involving derivatives. At this point it



is important to stress that although a hierarchy state
is an antisymmetrized (in the z;’s) sum of correlators
(IT, H(e) IT, P(m) I1; V(2i)), each term has the same
monodromy. Thus it is meaningful to talk about the
monodromy of a hierarchy state, and assuming general-
ized screening as discussed in section IV.C.4 we posited
that holonomy = monodromy also for these states. We
now discuss the status of this conjecture.

Most attempts to understand the topology of the
abelian hierarchy states boil down to the claim that
they essentially can be described by a multi-component
Coulomb plasma. In section II.B we mentioned the ar-
guments for this given by Read (1990). These are based
on the assumption that quasiparticle wave functions are
orthogonal if the particle positions differ much more than
a magnetic length, and while quite reasonable, at least
for quasiholes, it is not so easy to prove. In the case of
quasielectrons, there are extra complications due to the
need to regularize singularities like (z; — 7)1

In section IV.C.4 we discussed various attempts to find
plasma mappings also for nonabelian states. Here we
should mention that although the main focus in (Read,
2009b) is on the nonabelian states, the analysis is also
applicable to abelian multicomponent states, and the
Halperin (m,m,n) state discussed in section IV.B is in
fact taken as an example. Because of the need of anti-
symmetrization between inequivalent groups of electrons,
it is far from clear that this kind of analysis would ap-
ply to the hierarchy states, but it is certainly worth fur-
ther considerations. Bonderson et al. (2011) also con-
sider hierarchy states, but again it is not clear that their
analysis properly takes into account the need for anti-
symmetrization.

To appreciate the problem, consider the simplest pos-
sible case — the normalization integral for the v = 2/5
ground state wave function (55)

U= A{(1-1)%0(2 —2)3(1 — 2)%} e~ X [/

For a 2N-particle state, the two groups each contain N
particles, and recalling that the function is fully antisym-
metric within the groups, the sum due to the antisym-
metrizer A contains (2N)!/(N!)? distinct terms. Up to
an overall constant, the normalization integral is,

Z/HdQZi U*(z1...28)¥(zpa) - - - 2p(v)) (72)
T

where P denotes a permutation of the coordinates. Let
us first consider those permutations that only reshuffle
the coordinates within the groups. Disregarding, for the
time being, the derivatives, the integrand will be

N 2N
=% [T I 12— =l

i=1j=N+1
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and can directly be written as the partition function for
a two-component Coulomb plasma, just as in the multi-
component case discussed earlier.

However, for general terms in the sum (72) the coordi-
nates will not match, since a particle at z; belonging to
group 1 together with another at z; belonging to group
2 will give the complex factor (z; — z;)?(z; — z;)?. Thus,
the Hamiltonian for the equivalent plasma will, in ad-
dition to the usual “electric” interaction ~ In|z; — zj
contain a term ~ iArg(z; — z;) which is interpreted as
the interaction between a charge and a vortex (Nienhuis,
1984). Thus, still disregarding the derivatives, the terms
in the sum in the expression (72) have the interpretation
of a Coulomb plasma with electric charges, and a num-
ber of vortices. It is rather straightforward to include
quasiparticles, so the question is whether all of the terms
(or at least the dominant ones) correspond to a screening
plasma. Also, including the derivatives is far from trivial,
but the hope is that they can be mapped onto impurities
in the plasma. It remains an open question whether or
not these expressions can be understood well enough to
be useful in the quantum Hall context.

F. Composite fermions and the hierarchy

Recall that a strength of the hierarchy construction
is that it encodes the topological properties of a hierar-
chy state, while these are less obvious in the CF descrip-
tion. On the other hand, the CF formulation gives a very
appealing, and phenomenologically successful, picture of
the prominent states in the Jain sequences as systems of
essentially free fermions, while the hierarchy picture of
these states, is rather complicated (v = 4/9, for example,
amounts to three successive quasielectron condensates on
top of a Lauglin v = 1/3 state). It is also far from clear
why any of the schemes should lead to good candidates
for ground states. The argument in the CF case is that
the introduction of a “flux-attachment” factor that keeps
the electrons apart, will vouch for a low interaction en-
ergy; but this is true only provided that the projection to
the LLL is not too important, which is by no means intu-
itively obvious. In the hierarchy picture one expects low
energy states since the daughter states are built by corre-
lating the low energy excitations of the parent state, viz.
the quasiparticles, in an energetically favorable Laughlin-
like configuration. It is however not clear why the good
correlations in the original parent liquid are not totally
destroyed by the sequence of condensations.

Thus, at the level of heuristics, both pictures have their
pros and cons, and the precise relation between them has
been a topic of debate. Read (1990) has argued that both
schemes have the same topological content, and thus es-



sentially describe the same physics,”® while Jain (1990,
2007) has argued that the two schemes are distinct. This
issue has been difficult to settle; while the CF approach
has provided explicit wave functions that can be tested
numerically to a great precision, there has been no vi-
able numerical scheme to evaluate the hierarchy wave
functions.

The results of the previous sections shed considerable
light on the relation between the hierarchy and the com-
posite fermion states. First, it shows that Jain’s very
successful wave functions fit beautifully into the hierar-
chy scheme, which strongly suggests that they have the
expected topological properties. Secondly, it shows that
the hierarchy construction of “condensates within con-
densates” in the end produces wave functions which in-
tuitively have very low interaction energy since they build
in a large number of Jastrow factors in the electron co-
ordinates, in a way that is compatible with the filling
fraction and the shift. Thirdly, and for the same reason,
it provides an intuitive understanding of why the Jain
states are so good in spite of the LLL projection.

VI. CFT DESCRIPTION OF NONABELIAN
HIERARCHIES

While the physics pertinent to the LLL is very well
understood in terms of the Haldane-Halperin hierarchy
described in the previous sections, this is not true for
the second LL. The latter is potentially very interesting,
as numerical studies have shown that certain nonabelian
quantum Hall states could be stabilized. One of the un-
derlying reasons is the nodal structure of single-particle
orbitals within the second LL. This causes the matrix
elements, even for purely repulsive interactions, in the
second Landau level to have a ‘hollow-core’ — meaning
that the effective interaction between two electrons can
be attractive at certain length scales. This favors pair-
ing or clustering of electrons, which is a common feature
of nonabelian candidate states. From numerical work,
e.g. by Wéjs (2001), one expects clustering to be im-
portant in the second LL, which in turn may stabilize
nonabelian quantum Hall liquids (Greiter et al., 1991;
Moore and Read, 1991; Read and Rezayi, 1999). One
naturally may wonder if there is an underlying, govern-
ing principle for the fractions in the second LL, simi-
lar to the Haldane-Halperin hierarchy in the LLL. There
have been several attempts to generalize the Haldane-
Halperin hierarchy to nonabelian states. The main diffi-
culty in such an endeavor is the nonabelian statistics of

56 The same conclusion was reached by Bergholtz et al. (2008) by
studying the TT limit of the hierarchy, and also by Bonderson
(2012).
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the quasiparticles. It is far from clear how to make sense
of the integration over quasiparticle positions in Eq. (5),
as the many-quasiparticle states form a vector space and
moving quasiparticles around changes not just an overall
phase, but the actual state.

Below, we review three different possible solutions to
this conundrum that lead to quite different predictions
as to what filling fractions can be obtained, and what
properties the resulting quantum Hall liquids have. For
the sake of simplicity, we restrict the discussion to using
the Moore-Read state as parent state. But all the hierar-
chies can be applied to general nonabelian states, in par-
ticular the Read-Rezayi series (Read and Rezayi, 1999).
Note that hierarchy states on top of the anti-Pfaffian (Lee
et al., 2007; Levin et al., 2007) — the particle-hole conju-
gate of the Moore-Read Pfaffian state — can be obtained
by simply taking the particle-hole conjugate of hierarchy
states on top of the Moore-Read state. While we are of
course interested in these hierarchies because of their rel-
evance for the second LL, we will phrase the wave func-
tions (and filling fractions) within the LLL. Note that
you can always map between different LLs as long as
the interaction Hamiltonian is properly adjusted (see Ap-
pendix A).

A. The Bonderson-Slingerland hierarchies

The hierarchy by Bonderson and Slingerland (2008)
(BS) is essentially an abelian hierarchy on top of a non-
abelian state. The basic idea behind this hierarchy is that
for a sufficiently large density of the nonabelian quasipar-
ticles, the interactions among them lift the degeneracy
between the different fusion channels. Thus, it may be
energetically favorable that pairs of quasiparticles form
essentially abelian excitations, which may then condense
in the same fashion as for abelian quantum Hall states
(5). Using the CFT description of the Moore-Read state
in Section IV.C.5, these abelian quasihole operators can
be written either as

Ygn =1 1 V12000 (73)
or as
Yan = (n) : VIR (74)

i.e. they combine the usual Laughlin quasihole of an
abelian, bosonic v = 1/2 state with the fields 1 or ¢
depending on which of the fusion channels is energeti-
cally preferred. For quasielectrons, one instead combines
a Laughlin or CF quasielectron with 1 or ¥. The two
possibilities for the preferred fusion channel give distinct
hierarchies. In particular, the series of filling fractions, as
well as the shift at a given filling fraction differ for the two
cases. Note that condensing abelian quasiparticles can-
not change the nonabelian part of the CFT, but only the



charge part. In particular, daughter states in the BS hier-
archy on top of the Moore-Read state always have quasi-
particles of Ising type. Consequently, the torus ground
state degeneracy for such hierarchy states is always given
by 3¢ for even number of electrons and ¢ for odd num-
ber of electrons, where ¢ denotes the denominator of the
filling fraction. The first factor 3 is due to the Pfaffian,
while the second factor ¢ encodes the (trivial) center-of-
mass degeneracy of fractional quantum Hall states on the
torus, see Eq. (14) or alternatively Section VIL.B.

Let us first focus on the condensation of pairs in fusion
channel 1, where the discussion is slightly simpler. As we
are essentially condensing Laughlin quasiholes or quasi-
electrons, we can use the same pseudo wave function as
for the abelian hierarchy. The resulting daughter wave
functions have a particularly simple form,

\I/BS:Pf|: :| X\I/l(,b)(zlw-wZN)v (75)

Zi—Zj

where \I'l(,b) is a bosonic state in the abelian hierarchy over
the Laughlin 1/2 wave function, and the possible filling
fractions for Upg are given by Eq. (6) with m = 2. Its

shift S differs from the one for \I/l(,b) due to the Pfaffian,
which reduces the highest possible angular momentum by
one. Thus, S = S, +1, where S, denotes the shift of \I/,(,b)
as given in Eq. (16). The expression (75) is an example
of building a hierarchy by multiplying two known wave
functions, as discussed in Section II.J.

To give a concrete example we consider the first hier-
archy level on top of the Moore-Read state. In this case,
we can use the techniques of the abelian hierarchy in sec-
tion V to obtain explicit wave functions. For instance,
condensing quasielectrons with maximal possible density
gives a model wave function for filling fraction v = 2/3,

aZN)
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ZZ‘*Zj

\IIBS:Pf{ ] xqu;g(zl,._.

:Pf[ ] x S{(1-1)%0,(2—2)*(1-2)}

x e i l=l?/ (46 (76)

where S denotes an overall symmetrization. Note that

v ®

2/3
tion (55). This state has two electron operators, both
of which are combinations of 1) with the vertex operators

of the v = 2/3 bosonic CF state,

is simply the bosonic version of the wave func-

Ye1 (Z) = ¢(z) : eiﬂqﬁ(z) .
Yea(2) = P(2)0, : eVI201()+iV3/262(2) .

The quasihole spectrum is generated by two operators,
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both with charge e/3,

Ygn1(n) = o(2) : e/ 1/861(m)+i/(2V8)p2(n)
bana(n) =: €V1/201+iV/1/66a(0)

Pgn1 is the straightforward analog to the Moore-Read
quasihole. The vertex operator is determined by requir-
ing it to reproduce (z — 7)'/? in correlation functions
with the vertex operators of both 1.1 and 1.2, i.e. the
quasihole-electron correlations are identical to the ones
in the Moore-Read state. 1442, on the other hand, is the
usual abelian quasihole that lives entirely in the charge
sector. The state (76) has the same K-matrix as the
abelian bosonic v = 2/3 state, i.e.

2 1
<=(12)

shift S = 4, and a ground state degeneracy of 9 on the
torus for even number of electrons.
Condensing abelian quasiparticles of type 1(n)

etV1/26101) . i not conceptually more difficult than the
case above, but the expressions become much more com-
plicated, as the quasiparticle coordinates enter in the
Pfaffian. Also, note that the extra fermion field 1 in
Eq. (74) changes the statistics of the quasiholes compared
to that in Eq. (73). To compensate for this, the pseudo
wave function acquires an extra Jastrow factor in the
quasihole positions, which in turn alters the K-matrix of
the daughter states. As the filling fractions in the BS-
hierarchies are solely determined by the K-matrix, one
finds a different series of filling fractions compared to the
case where the condensed quasiparticle pairs are in the
trivial fusion channel. The shifts of the daughter states
also differ, and are given by S = S, + 2 — Zj(Kfl)lj,
where S, is determined by the K-matrix via Eq. (16). To
give a concrete example, let us again consider the maxi-
mal density quasielectron condensate at filling v = 3/5,
which is described by the K-matrix

21
- (21).
This state has shift S = 13/3 and a torus ground state
degeneracy of 15 for even number of electrons. Note that
even though the shift is fractional, v(Ng + S) in Eq. (15)
is an integer.

B. The Levin-Halperin hierarchies

The hierarchy by Levin and Halperin (2009) is sim-
plest to describe for condensing nonabelian quasiholes.
As already mentioned, this is in general not possible be-
cause of the branch cuts at the quasiparticle positions
that make the integrals (5) ill-defined. The way out de-
vised by Levin and Halperin is to choose a pseudo wave



function which combines with the original multi quasi-
particle wave function to form a correlator of full CF'T
fields, i.e. fields containing both holomorphic and anti-
holomorphic parts. Such a correlator is guaranteed not to
contain any branch cuts and can thus be integrated over
with impunity. The pseudo wave function can, in fact,
be interpreted as the proper many-body wave function
for the nonabelian anyons and is given by

M
LT, -5 TM) = <H 6(ﬁj)eim¢(ﬁj)ob9>a
j=1

for the Moore-Read state. Here, M is the number of
anyons, « labels the conformal block of the o correla-
tor, and m is a positive integer that sets the density of
quasiholes in Eq. (5). Note that the bosonic field ¢ in
the pseudo wave function is independent of the original
bosonic field in Eq. (48). The product of the pseudo wave
function and the many-quasihole wave function in Eq. (5)
now becomes an inner product, as both wave functions
are vectors in the 2! dimensional vector space,

7N) :/dQﬁln-/dQﬁM

Z‘I’Z(ﬁl~--77M)‘I’QMR(771-~-77M;F1~-~77N)- (77)

‘I’l(Fl

As promised, the integrand is well-defined in the 7 coordi-
nates, i.e. it no longer has branch-cuts. This can readily
be seen from the decomposition of the full o-correlator
into holomorphic and anti-holomorphic blocks,

M M M
Lot =S qLo@) o x ([[ o) o,
J= J= J= (78)

and using that the full correlator has no branch cuts.
This hierarchical construction yields candidate wave
functions for filling fractions v = 8m/(16m + 1). It turns
out that these states are abelian, despite being daughters
of a nonabelian state.

Evaluating Eq. (77) is in principle possible for small
numbers of electrons, but there is no closed expression
for an arbitrary number of electrons. We can, how-
ever, still deduce the quasihole properties by requiring
that the corresponding operators are local with respect
to the electron operators and the full quasihole opera-
tor, i.e. the combination of both the holomorphic and
anti-holomorphic part given by

o(n, 1) : €9/ VD2t 1/8d) .

The above locality conditions ensure that the full ex-
pression in Eq. (77) has no branch cuts or poles, and,
thus, gives a valid electronic wave function. From this
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constraint one can deduce that the quasihole spectrum
is generated by a single quasihole operator with elec-
tric charge e/(16m + 1) and abelian exchange phase
0 = w(16m —1)/(16m +1). As the first level daugh-
ter states are abelian, further condensation of quasiholes
will, of course, only yield abelian candidate states. In-
terestingly, it was pointed out by Levin and Halperin
(2009) that the series of states (77) can alternatively
be obtained by an abelian hierarchy starting from the
strong-pairing v = 1/2 state, which is a v = 1/8 Laugh-
lin state of strongly bound electron pairs that was origi-
nally discussed by Halperin (1983). The two approaches
yield wave functions with the same topological data, and
should therefore be in the same universality class.

The simplest example for the Levin-Halperin hierarchy
is the state with the highest density of quasiholes, i.e.
m = 1, which yields a candidate state at filling v = 8/17.
Even though this state is abelian, it is distinct from the
abelian Haldane-Halperin hierarchy state at this filling
fraction; the latter is obtained with ¢ = 8 and p = 1
in the Jain series in Eq. (11). This can most easily be
seen from their different shifts; the Levin-Halperin hier-
archy state has shift S = 5/2, while the abelian Haldane-
Halperin hierarchy state has shift 8. Candidate states for
this filling can also be obtained by the other hierarchies,
but only at higher levels.

Levin and Halperin also suggested model states for
condensing nonabelian quasielectrons, which in the sim-
plest case yields a candidate state at v = 7/13. This
seems not as natural as the quasihole condensates. In
particular, the quasielectron wave functions contain un-
physical poles, and it is not clear if these can be regu-
larized while keeping the nonabelian braiding statistics
explicit. The proposal for a state at filling fraction 7/13
is still very interesting because its particle-hole conju-
gate state at v = 2+ 6/13 has been seen in experiments
by Kumar et al. (2010), suggesting that this quantum
Hall state may be a daughter state of the anti-Pfaffian
(see also the discussion in III.B.1). Note that this filling
fraction also occurs in the BS and Hermanns hierarchies.
However, neither of these provides a natural explanation
for its occurrence. The BS hierarchy contains this state
at the second level, but it also predicts a state at filling
4/9 as more prominent. The latter was, however, not
observed in Kumar et al. (2010). The Hermanns hierar-
chy discussed below contains this filling in the third level
of hierarchy as a daughter state of 4/7. The latter was
again not observed. Thus, so far only the Levin-Halperin
hierarchy provides a natural explanation for v = 2+6/13.

C. The Hermanns hierarchies
In contrast to the other nonabelian hierarchies dis-

cussed in the previous sections, the daughter states in this
hierarchy have nonabelian statistics different from their



parents. Before getting to the actual construction, we
first devote some time to explain how nonabelian quasi-
electrons can be represented in terms of CFT operators
without unphysical singularities. We focus on the con-
densation of quasielectrons. One can also study quasihole
condensation, but the wave functions will no longer have
such a simple form and interpretation.

1. Quasielectrons in the Moore-Read state

Before discussing the nonabelian quasielectrons in the
Moore-Read state, let us first recall again the essential
steps in the definition of the abelian quasielectron (68).
The quasielectron operator is obtained by attaching an
inverse quasihole to the electrons in such a way that the
resulting correlator has no branch cuts and no poles in the
electron coordinates. The latter is ensured by regulariz-
ing the resulting operators using a generalized normal or-
dering. The former is achieved by using a quasihole oper-
ator which has trivial monodromies. In the abelian case,
the monodromies of the quasihole can be made trivial
simply by adding auxiliary, chargeless, boson fields. This
is not possible for the nonabelian quantum Hall states,
within the usual description in terms of the Ising CFT, as
the quasiholes are manifestly nonabelian. Braiding quasi-
holes around each other does not solely give an additional
phase factor, but in general also changes the state. As a
result, the quasihole of the Ising CFT description cannot
be used in the definition of the quasielectron operator, as
it necessarily leads to branch cuts in the electron coordi-
nates.

A way around this problem is to use an equivalent de-
scription of the Moore-Read state that does allow for triv-
ial monodromies of the quasiholes. In the following, we
use the multi-layer description of Cappelli et al. (2001).
The bosonic Read-Rezayi state at level k is described by
k layers of bosonic Laughlin v = 1/2 states with a subse-
quent symmetrization over the layer index. For example,
the bosonic Moore-Read wave function can alternatively
be written — using the shorthand notation (53) — as

Uap =S {(1-1)2(2—-2)2} e~ Xil=l/(46)

where we divided the particle coordinates into two equal-
sized groups, I; and Is, and S denotes the overall sym-
metrization over all such partitions. This faithfully re-
produces the Moore-Read ground state. Quasihole exci-
tations are obtained by inserting Laughlin quasiholes in
each of the layers. At level k, one thus artificially in-
troduces k quasihole operators, which are then identified
by the symmetrization. The vector space of n quasihole
states is spanned by the various orderings of the k types
of operators at positons 71, ..., n,, and is identical to the
space obtained using the Ising CFT description (Cap-
pelli et al., 2001). However, in this description the non-
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abelian part of the braiding statistics resides entirely in
the Berry’s phase. The monodromies can then be made
trivial by introducing k£ additional bosonic fields in the
same way as in the abelian case.

As an example, the fermionic Moore-Read state —
phrased in the two-layer description — has vertex op-
erators

V(z) =Vi(z) + V_(2)

Vi(z) = eF10(2) givV2x1(2) |
Hy(n) =: eX20mHiy/1/8xa () —iy/3/8x2()F(i/2)xs(n)
(79)
where + denotes the two layers (Cappelli et al., 2001)

and the manifest monodromies of the quasiholes were
chosen to be fermionic. Using the quasiholes of Eq. (79)
in Eq. (68) one can construct the two corresponding
quasielectron operators, Py (77) and P_(7), with the cor-
rect quasi-local excess charge g = —qp. Just like the
quasiholes, the quasielectrons must be inserted in pairs,
otherwise the correlator vanishes because of charge neu-
trality in the ¢ sector. Inserting 2n quasielectrons, one
finds 277! linearly independent orderings of P, (7)) and
P_(7) in complete analogy to the quasiholes (Hansson
et al., 2009a,b). An appealing, alternative interpretation
of these operators is possible in the bosonic Moore-Read
state. There, they can be seen as the usual abelian quasi-
electrons in each of the layers, and the nonabelian prop-
erties arise due to the symmetrization over the layers.
As shown by Rodriguez et al. (2012b), this allows for a
numerically very efficient way to study the properties of
quasieletrons as well as of the neutral excitations.

2. Condensing quasielectrons

We now proceed to generalize the Haldane-Halperin hi-
erarchy using the nonabelian quasielectrons introduced
above. We restrict to the Moore-Read state as parent
state, but mention briefly, at the end of this section,
how the construction can be adapted to other nonabelian
states, such as the Read-Rezayi series.

Consider a quasielectron wave function for an insertion
of 2M quasielectrons using an equal number of P, and
P_ at positions 71, ...,72p. Such a multi-quasielectron
state is for instance given by

Wl(ﬁl,...,ﬁM;Fl,... FN) =

<H7’+(m H P_(n; H

j=M+1 Jj=1

2

(2§)Og),

but any other ordering of Py and P_ gives an equally
valid wave function. Note that the order of the quasielec-



tron operators is, in general, important. In particular,

(P (m)P+(n2)P-(n3)P-(na) - ...)
# (P (m)P-(1m2)P+(13)P—-(n4) - - ),

even though P, and P_ are indistinguishable by any
local measurement.

Only 2M~1 of these orderings are linearly indepen-
dent, but that still leaves a macroscopic number of parent
states to choose from. It turns out that it is unimpor-
tant which of these states is chosen in Eq. (5), as the
integration over the quasielectron coordinates can be in-
terpreted as an average over all positions, and the final
result is independent of which of the multi-quasielectron
states was used as a starting configuration. As the mon-
odromies of the quasielectrons are fermionic, the simplest
appropriate pseudo wave function is a fermionic Laughlin
state for each of the layers,

@*(ﬁla"';ﬁQM) = H (771 777]_)21)71
1<jeli
x H (Mo — mp)?P " le™ ™ pDrna} Inj\2/4€2’
a<belr

where I contains 71, ...,7n, i.e. all quasihole positions
appearing in P, and I contains the rest. The integer p
is fixed by requiring homogeneity of the daughter state,
M/N = 1/(4p). The integral in Eq. (5) is straightforward
to evaluate, and the daughter state at filling fraction v =
4p/(8p — 1) can be compactly written as,

U, (7). .. 7N = s{%(a,...,FN/Q)

Uo7 [z = 2), (80)

1<j

where U is a bosonic hierarchy state at filling fraction
v =2p/(4p—1) and [, _,(z; — 2;) denotes a full Jastrow
factor containing all the electrons. Note that in writ-
ing the wave function in this form, we are cavalier about
the exact placement of the derivatives, which now act
solely within W;. While this changes the wave function
slightly, it is widely believed not to have an impact on
its nonabelian properties (see also the discussion below
Eq. (54)). The benefit of writing the expression (80) in
this form lies in its natural interpretation as symmetrized
products of hierarchy (or CF) wave functions (times a
Jastrow factor)— very similar to the above interpretation
of the Moore-Read state as a symmetrized product of
two Laughlin 1/2 states (again times a Jastrow factor).
Successive condensation of quasielectrons yields a hierar-
chy of model states with filling fractions v = 2/(1+20),
where 7 denote the filling fractions of the chiral (bosonic)
hierarchy over the Laughlin 1/2 state.

An exciting feature of this hierarchy is that the non-
abelian statistics changes from parent to daughter state,
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in contrast to the hierarchy described in Section VI.A
and without making the nonabelian statistics trivial as
in Section VI.B. From Eq. (80), however, it is not ap-
parent what the topological properties of the states are,
as all the nonabelian properties are hidden in the Berry
phase. The easiest way to proceed is to consider the
bosonic version of Eq. (80) and use the techniques in-
troduced by Ardonne et al. (2008) and Ardonne (2009)
for the thin torus limit (Bergholtz et al., 2008). This
yields the ground state degeneracy and the quasihole fu-
sion rules, but not the braiding properties of the state.
For instance, for the subset of wave functions obtained
by successively condensing quasielectrons with maximal
density,
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one finds a ground state degeneracy on the torus of
(n + 1)(n + 2)/2 (for even number of particles) and
su(n 4+ 1)2 type fusion. The properties of the corre-
sponding fermionic filling fractions can then be deduced
by incorporating the Jastrow factor again. In fact, for
the highest density condensate (p = 1) in Eq. (80) at
filling fraction v = 4/7, one can even identify the CFT
that makes braiding and fusion properties explicit in the
monodromy factor by noting the close resemblance to the
nonabelian spin-singlet state proposed by Ardonne and
Schoutens (1999) and Ardonne et al. (2001). This anal-
ysis determines the pertinent CFT to be su(3)2/u(1)?
(Gepner, 1987), as shown by Hermanns (2010). The gen-
eralization of this hierarchy to the Read-Rezayi states by
taking k layers instead of two is straightforward. Numer-
ical tests on these type of wave functions have been per-
formed by Sreejith et al. (2011) and Sreejith et al. (2013),
showing their relevance as possible candidate states in the
second LL.

VIl. CFT HIERARCHY WAVE FUNCTIONS IN OTHER
GEOMETRIES

There are several reasons for studying quantum Hall
liquids on geometries other than the plane, and in par-
ticular on closed geometries. Although these are, for ob-
vious reasons, not experimentally realizable (we do not
have magnetic monopoles at our disposal in the lab), they
are very interesting both from theoretical and numerical
point of view. In particular, closed geometries do not
suffer from edge/boundary effects. On the disk geome-
try, these can be substantial for the small system sizes
possible to probe with numerical techniques.

The simplest example of a closed manifold is the
sphere, which after the pioneering work by Haldane
(1983) has not only become the favorite geometry for nu-
merical simulations, but also has been instrumental for



understanding how the quantum Hall liquids respond to
spatial curvature. The other example that we shall treat
is the torus. Here the geometry is locally flat, but the
manifold is topologically nontrivial which is manifested in
a characteristic ground state degeneracy. In both these
cases, a key point is to understand how the magnetic
translations, which are the proper symmetries of an in-
finite plane penetrated by a constant magnetic field, are
manifested in other geometries. In the following we will
outline how this is done and how hierarchy wave func-
tions on the sphere and the torus can be obtained using
CFT techniques.

A. The sphere

In a suitably chosen gauge (Dirac gauge with the string
entering at the north pole) solutions of the Landau prob-
lem on the sphere are monopole harmonics (Jain, 2007;
Stone, 1992), and the multi particle solutions can be or-
ganized in angular momentum multiplets, with homoge-
neous states, such as ground states, having L = 0. Stated
differently, the state should be invariant under magnetic
rotations. We already saw that in the CFT formulation
the physical condition of homogeneity of the quantum
Hall liquid translated into charge neutrality enforced by
coupling to a background charge density. On a curved
surface this is not sufficient for having a consistent de-
scription, since the electrons and the quasiparticles carry
(orbital) spin and thus respond to curvature. As we shall
see, what is needed is both an extra piece in the action
and a modification of the electron operators.

Before turning to the general hierarchy wave functions,
it behooves us to stress that in many cases one does not
have to worry about these complications. For the “sim-
ple” wave functions, i.e. those that can be written as
correlators of primary fields only, it is straightforward to
move from the expressions on the plane to those on the
sphere. In essence, this recipe amounts to expressing the
z coordinates in the polynomial part of the wave func-
tions in terms of the spherical coordinates (6, ¢), by the
stereographic mapping (Read and Rezayi, 1996),

z — 2Rtan(6/2)e' (81)

from the infinite plane to a sphere with radius R. At the
same time, the gaussian factors have to be changed as
exp(—|z|?/40%) — 1/(1+|z|?/4R?)'*N*/2 Choosing the
number of electrons N, and the number of flux quanta
Ng as to implement the correct shift (15), one obtains
a valid wave function (Haldane, 1983). A similar, al-
though somewhat more complicated scheme for moving
wave functions from the plane to the sphere, has also been
devised for the composite fermion states in the Jain se-
ries (Jain, 2007). For the general hierarchy states, which
cannot be written as a projected version of a number of
filled Landau levels, these simple methods do not work.
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We now turn to the general case, and review the
main results from the original paper by Kvorning (2013).
Naively, one would expect that expressing hierarchical
wave functions on the sphere is straightforward: one sim-
ply has to evaluate the corresponding CFT correlators
(e.g. Eq. (52) for the fully chiral states) on the sphere. It
would indeed be that simple, if the correlators contained
only proper CFT operators (primaries or descendants),
but the background charge makes it more complicated.
So far we referred to the insertion Oy in Eq. (57) as a
background operator. An equivalent way, which is more
appropriate for the present purpose, is to view it as a part
of the action for the fields ¢”. Kvorning (2013) showed
that using

K_l ap _
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(82)

in the action when evaluating the correlators, indeed
gives wave functions that are invariant under magnetic
rotations. Note that adding the term ~ R is the standard
way to include curvature, while the term ~ B describes
the neutralizing background. Eq. (82) is quite natural in
light of the combination t,eA,e*"? 0, a5 + Sawi€?0,as
appearing in the Wen-Zee Lagrangian (12). Making a
partial integration to rewrite it in terms of the dual elec-
tromagnetic field strength *F* = €*¥?9,, A, and the cor-
responding *RF = e*"?0,w, where w; is the spin con-
nection, the af coeflicient is precisely the combination
(etaB + sqR) in Eq. (82).

The remaining difficulty for obtaining the hierarchy
wave functions on the sphere is related to the precise
form of the vertex operators, when they contain deriva-
tives. In section V, we already pointed out that there
is a freedom in distributing the derivatives acting in the
wave functions. On the disk, a valid (in fact the sim-
plest!) prescription is to move all derivatives to the left,
which ensures that the derivatives always act on fully
holomorphic functions (or antiholomorphic in the case
of 3). However, this prescription does not work on the
sphere (and likely not on any other closed surface).

The reason is that convoluting the resulting coherent
state wave functions with the spherical version of the
coherent state kernel, as in Eq. (60), gives zero, since it
basically amounts to integrating a total derivative over a
closed manifold. We must thus resort to consider more
general expressions for the vertex operators of the type
(54)
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where D"[f] = e~ 9"e'/, so D"[b¢”] is nothing but a
polynomial in ¢?. For details on how to adapt the oper-
ator D to the sphere, and how to use it to construct a set
of electron operators that give well behaved representa-
tive wave functions for all states in the hierarchy, we refer
the reader to the original article by Kvorning (2013).



B. The torus

The torus is interesting for several reasons. First, the
ground state wave function is degenerate, where the de-
generacy is identical to the number of particle typesin
the CFT. This ground state degeneracy is in fact a smok-
ing gun for a topologically ordered phase. From a com-
putational point of view, the torus is interesting since
candidate wave functions with different shifts can be di-
rectly compared with each other (on the sphere, wave
functions with different shifts require different number of
flux quanta and, therefore, cannot be directly compared).
In fact, it was at first not clear in what way states with
different shift would differ on the torus. Through work
by Avron et al. (1995) and Read (2009b) it became clear
that the shift is related to the Hall viscosity, which is a
transport coefficient characterizing a non-dissipative flow
possible only in 2d systems violating time reversal sym-
metry. As explained in section VII.B.4 below, the Hall
viscosity can be probed by deforming the geometry of the
torus, and can be extracted from the CFT wave func-
tions, again evoking assumptions about screening similar
to those described in section IV.C.4. Last, but not least,
studying quantum Hall wave functions on the torus pro-
vides an independent test of the holonomy = monodromy
conjecture, as will be discussed in VII.B.5 below. Note
that in this section we shall only consider chiral abelian
states.

1. QH wave function on the torus

There are various ways to obtain the proper torus wave
functions for the “simple” quantum Hall states, i.e. those
built from CFT correlators involving only primary fields.
The torus version of the Laughlin wave function was first
derived by Haldane and Rezayi (1985b), using the van-
ishing properties of the state as well the constraints im-
posed by the magnetic translations. The latter implies
that proper torus wave functions need to fulfill certain
quasiperiodic boundary conditions. These two proper-
ties are sufficient to uniquely specify the set of m degen-
erate ground state wave functions for ¥ = 1/m Laughlin
states. In fact, not only is the ground state m-fold de-
generate, but so is the entire spectrum (Haldane, 1985).
This center-of-mass degeneracy occurs, because the mag-
netic translations along the two cycles of the torus do not
commute.

A similar approach as described above for the Langh-
ling states can be used for the Halperin mmn states (43)
(Wen, 2012) and even the Read-Rezayi series, see e.g.
Greiter et al. (1991) and Chung and Stone (2007) for the
Moore-Read ground state and quasihole states, respec-
tively. Note that for nonabelian states, there is an ex-
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tra ground state degeneracy in addition to the kinematic
center-of-mass degeneracy (Read and Rezayi, 1996).

Another way to derive the pertinent wave functions is
to compute the relevant CFT correlators on the torus.
Then, just as on the sphere, one can extract wave func-
tions by calculating correlators of vertex operators to get
the conformal blocks, and then impose the boundary con-
ditions, see (Hermanns et al., 2008). For technical rea-
sons, one needs to consider the full fields (holomorphic
and antiholomorphic components) and separate the cor-
relator into a sum over conformal blocks (Di Francesco
et al., 1997). When doing this, it is also important to
correctly handle the Gaussian factor, which amounts to
distributing it symmetrically. A detailed derivation of
these wave functions, keeping the full 7-dependence, was
given for the Laughlin case by Read (2009b) and for the
multilayer states by Fremling et al. (2014). In both cases,
the ground state wave functions are fully determined by
the topological data; in the Laughlin case this is only the
filling fraction, v, while for the multilayer states it is both
the K-matrix, and the spin vector.

One would naively assume that this approach has a
straightforward generalization to the hierachical states.
However, the presence of derivatives in the wave func-
tions makes the problem much harder, as they destroy
the quasiperiodic boundary conditions of the holomor-
phic blocks. Thus, one needs to identify the proper torus
analog of derivatives. To do this, we must understand the
modular properties of the torus wave functions, which is
the topic of the next subsection.

2. Modular properties of CFT wave functions

The geometry of a (flat) torus is determined by a com-
plex number, the modular parameter, T, which defines the
periods under which the coordinates are to be identified.
We imagine starting with a complex plane and drawing a
segment from 0 to 1 on the real axis, and another segment
from 0 to 7. Forming a parallelogram from these two seg-
ments and identifying opposite edges, we obtain a torus.
The boundary conditions on the wave functions are de-
fined by specifying how they transform under z — z + 1
and z — z + 7. The relation between the geometry of
the torus and the modular parameter is not one-to-one;
different 7 can describe the same torus (i.e., they enforce
the same periodicity on the plane). The different values
are related via modular transformations, which form a
group that is generated by the two transformations,

T: 7—=7+1

1
S: 17—
T

It will be important in the following that the S transfor-
mation involves a rotation of the torus. Since values of
7 that differ only by a modular transformation describe



the same physics, the space spanned by the ground states
must be invariant, meaning that the states must trans-
form into each other by a unitary transformation.

For the CFT hierarchy construction, we shall need the
modular transformations of the multicomponent wave
functions, which can be derived using the techniques em-
ployed by Read (2009b) for the Laughlin case. Schemat-
ically, they can be written as®”
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where 1, are the (degenerate) ground state wave func-
tions, and hio is the total conformal weight of all the
electron operators. In the S transformation we also let
z — z/ = |7|z/7, while in the T transformation, z is un-
changed. Note that the only 7-dependence in Eq. (83)
is in the S transformation. This is easy to understand:
If we write 7 = |7]e'® the S transformation is associ-
ated to a rotation of the coordinate z by an angle « in
the negative direction. Thus, an operator with confor-
mal dimension h,, which here equals the conformal spin,
acquires a phase factor e’**». The factor (7/|7|)"** in
Eq. (83) is precisely the product of these phase factors
for all of the electrons.

We are now ready to treat the hierarchy states. But
before showing how the general CF'T formalism in section
V.A can be implemented on the torus, we describe some
work specially aimed at the Jain states.

3. Composite fermion wave functions on the torus

For obtaining the Jain series on the torus, one can
take a different route, by using the fact that the product
of two single-particle states at fluxes No, and Ng,
is a valid single particle state at flux No, + No, —
independent of the underlying geometry. Thus, the
Jain wave functions (including the Laughlin states) on
the torus can be computed by using the torus version
of Eq. (11). Note that this expression only contains
integer quantum Hall wave functions, which are known
on the torus. The only remaining difficulty lies in the
projection to the LLL, for which explicit expressions

57 The complete formulae, which include gauge transformations, 7-
independent phase factors, and offsets in the arguments of the
modular § and 7 matrices, also involve changes in the boundary
conditions. These can be periodic or anti-periodic in the cycles of
torus. The S transformation effectively swaps x <+ y and conse-
quently also their boundary conditions, for details see (Fremling
et al., 2014).
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were derived by Hermanns (2013). This approach is
numerically inefficient and one can only handle small
system sizes for two reasons. First, there is no analog
of the fairly simple projection scheme of Girvin and
Jach (1984) on the torus. Second, due to the periodic
boundary conditions, momentum is not conserved when
multiplying two single particle wave functions (it is only
conserved modulo Ng), which makes the evaluation of
the projection much more numerically costly than e.g.
on the sphere.

Note that evaluating Eq. (11) on the torus always gives
a unique ground state wave function, in contrast to the
expected ground state degeneracy on the torus. As mo-
menta are only defined modulo Ng, the flux attachment
of Eq. (11) does not conserve the total momentum of
the state and the resulting wave function is, in general,
a linear combination of the different degenerate ground
states. The set of degenerate ground states can be recov-
ered by acting with the center-of-mass translation op-
erators or by allowing non-trivial boundary conditions
around the two handles of the torus for the individual
IQH wave functions. This construction even works well
for the MR state, when using the “layer description” by
Cappelli et al. (1999, 2001). For the general RR Zj, series,
however, the full set of degenerate ground (and excited)
states can only be generated by amending this construc-
tion as discussed by Repellin et al. (2015).

4. Chiral hierarchical wave functions on the torus

The first attempt to use CFT methods for obtaining
hierarchy states was made by Hermanns et al. (2008),
where the derivatives were replaced by finite translations.
While these were chosen to locally have the same ef-
fect as derivatives, the resulting wave functions did not
transform properly under modular transformations, and
worked well only for tori of certain shapes. These difficul-
ties were resolved by Fremling et al. (2014) who conjec-
tured that the transformations (83), which were derived
for the multicomponent case, should hold true also for
the hierarchy states.

The main achievement of Fremling et al. was to replace
the derivatives with combinations of finite differences in
a way such that Eq. (83) still holds, but with the total
conformal dimension h;,; adjusted to include the contri-
butions from the derivatives. The construction is rather
technical, but the upshot is that the torus generalization
of the chiral hierarchy wave functions (52) is given by

bs = AT D s s (84)
a=1

where 1), is the toroidal wave function of the correspond-
ing multicomponent state with the same K-matrix. The



product is over the n distinct electron operators, and the
generalized shift operator D(,) is a sum over finite mag-
netic translations on a lattice with N2 points.”® The ac-
tual expression for D, is quite complicated but, up to a
single choice of a sign, it is fully determined by require-
ment that the wave function (84) transforms as (83) with
the appropriate conformal spins. The simplest example
of a wave function (84), namely the second level Jain
state at v = 2/5, shows an excellent agreement over the
whole 7-plane with the numerically obtained Coulomb
wave function for eight electrons. It should be stressed
that the overlap, as a function of T, is obtained without
fitting any parameter.

5. The Hall viscosity

Avron et al. (1995) showed that the Hall viscosity,
which is a transport coefficient that determines the non-
dissipative response to a strain rate, can be obtained by
adiabatically changing the modular parameter 7, much
like the Hall conductance oy can be obtained from an
adiabatic change of the flux though the holes in the
torus (Niu et al., 1985). In analogy with this case,
we define the Berry potentials related to the modu-
lar parameter 7 = 7 + ims by A, = i (¥(7)]0,¥ (7)),
and A; = i (U(7)|0-¥(7)), and the corresponding field
strength F.» = i10; A, —i0,Az. In terms of this quantity,
the result of Avron et al. (1995) reads,

H 2722
= Frr, (85)
where A is the area of the system.

Avron et al. (1995) used (85) to calculate n* for the
filled LLL level where the wave function is known. Later
Read (2009b) applied the same methods to the Laughlin
and Moore-Read states, using the representative CFT
wave functions.®® The result of these calculations could
be summarized in the formula,

h h
H—— S = —
= 5p8= 18, (86)

where p is the electron density, and § the average con-
formal spin of the electrons, S is the shift on the sphere
(see Eq. 16), and where we reinserted /. Read has ar-
gued that Eq. (86) should hold also for general quantum
Hall states.

i. Adiabatic calculation for the Laughlin states
Here we outline the main ingredients used by Read

58 This lattice provides a natural way to define coherent states on
the torus (Fremling, 2013; Haldane, 1985).

59 This paper also discusses earlier work on the Hall viscosity, and
gives relevant references.
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(2009b) to calculate n* for the Laughlin states. To de-
termine the Berry potentials A, and A-, and thus the
field strength, one must determine the full 7-dependence
of the normalized wave functions. In this case this can
be done by generalizing the plasma analogy described in
section II.A to the case of a torus with arbitrary 7. Tech-
nically it amounts to keeping the full 7-dependence in the
calculation of the conformal blocks used to construct the
wave function as already discussed. The calculation of
A then proceeds similarly to the derivation of (37) —
using that the normalization constant is 7-independent,
the only contribution comes from the non-holomophic (in
T) piece in the wave function which turns out to be deter-
mined by the orbital spin. In fact this non-holomorphic
piece is directly related to the conformal spin of the elec-
tron operators. So, as long as holonomy = monodromy,
the relation (86) will hold for any wave function which is
just a product of conformal blocks up to Gaussian fac-
tors.

ii. Other approaches to the Hall viscosity

The most direct way to use (85) is to simply compute
Fr7 numerically from a normalized wave function, that
can be either a model wave function, or one obtained nu-
merically from a model Hamiltonian. Such calculations
for the v = 1/2 bosonic and v = 1/3 fermionic Laughlin,
and the numerically found Moore-Read state, were done
by Read and Rezayi (2011), who found good agreement
with (86). They also checked the stability of the result
for the v = 1/2 state by adding a perturbation to the
exact model Hamiltonian.

It was pointed out by Hoyos and Son (2012) and Brad-
lyn et al. (2012) that — asuming Galilean invariance — the
Hall viscosity can be extracted from the ¢ term in the
momentum dependent Hall conductance op(g), which
also can be read of from the term ~ 5Adw in the effective
response action (33) in section II.H. This is perhaps not
very surprising given that, according to (86), the Hall
viscosity is proportional to the average orbital spin s.

iii. Hall viscosity for abelian hierarchy states

Using the same techniques as in (Read and Rezayi, 2011)
Fremling et al. (2014) calculated n*! for the v = 2/5 Jain
state, and found good agreement, both with the formula
(86) and with the corresponding results from the numer-
ically obtain Coulomb wave functions. To appreciate the
significance of this, let us again emphasize that the strong
arguments for the formula (86) were given under the as-
sumption that our wave functions are normalized such
that no extra Berry phases are incurred during the adi-
abatic change of 7, i.e. that all relevant 7-dependence is
explicit in the wave functions. For some of the states that
can be written as correlators of primary fields, this can be
convincingly argued using the exact mapping onto a clas-
sical plasma. The formula (86) will, however, apply to
hierarchy states only if the reasoning based on the plasma
analogy holds. Thus, the mere fact that the numerical



results for n are in accordance with it, gives strong sup-
port for the assertion that holonomy = monodromy in
the case of adiabatic changes of the 7 parameters. Al-
though this does not per se lend support to the corre-
sponding claim for adiabatically moving quasiparticles,
it certainly lends indirect support.

iv.  Hall viscosity in realistic systems
Here we comment on the significance of the Hall viscosity
when we move away from a isotropic and clean system.

Concerning anisotropies, Haldane (2011) and Park and
Haldane (2014) have argued that when rotational invari-
ance is broken, e.g. by a tilted magnetic field, the re-
lation (86) between Hall viscosity and orbital spin has
to be modified. Also on a sufficiently deformed torus,
i.e. coming close to the TT limit, Eq. (86) no longer
holds (Fremling, 2015), in much the same way as braiding
phases of quasiparticles are well defined only when they
are sufficiently separated. Stated differently, we can only
expect the topological properties to emerge in a suitable
scaling limit (Frohlich and Kerler, 1991).

As far as we know, there is no conclusive answer to
whether or not the Hall viscosity has any meaning for
weakly disordered systems, and the same holds for the
shift on the sphere. In Ref. (Read and Rezayi, 2011)
it is claimed that in the presence of disorder “the shift
ceases to have significance, due to the loss of rotational
invariance on the sphere. The same will be true for the
Hall viscosity”. In a strict sense, this is presumably true,
but we believe that for sufficiently weak disorder, the
shift ought to be robust, since changing the shift amounts
to changing the number of particles in the ground state
at given flux. Seen from the undisturbed system, this
amounts to exciting quasiparticles that will be pinned to
the impurity centers, but this will be energetically advan-
tageous only if the strength of the impurity is comparable
to the gap. We know of no similar argument for the Hall
viscosity, and find it quite likely that the quantization
of this quantity is lost even for weak disorder. However,
even in this case the average value of the orbital spin of
the constituent electrons might have a meaning, at least
for weak disorder. It is however completely unclear if this
is an observable that could even in principle be measured.

Having said this, we want to stress that both from a
conceptual, and a computational point of view the Hall
viscosity is quite interesting quantity, as should have been
clear from the above discussion.

Vill. SUMMARY AND FUTURE DIRECTIONS

The main message of this review is that to address the
plethora of observed states, and the multitude of theories,
models and schemes, there are powerful theoretical tools,
and deep physical principles, that help us organize our
knowledge of the vast and fascinating field of quantum
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Hall physics.

Hierarchy is such a principle. It comes in many vari-
eties, but the basic idea of starting from a parent state
and generating a sequence of topological liquids, by suc-
cessive condensation of quasiparticles, is common to all
of them. If the parent state is abelian, so is the hierarchy,
while a nonabelian parent state can give rise to qualita-
tively different hierarchies depending on which quasipar-
ticles condense, and the details of how it is done. In par-
ticular certain types of condensations give rise to abelian
offspring, while others can result in nonabelian states ei-
ther similar to or different from that of the parent.

Conformal field theory has emerged as a unifying the-
oretical tool in quantum Hall physics. Originally its re-
lation to quantum Hall physics was via Chern-Simons
theory. Expectation values of the Wilson loops in these
gauge theories, which encode the topological properties
of quasiparticles, are closely related to the monodromies
of the conformal blocks of the corresponding CFT. In
the quantum Hall context, the CFT plays the dual role
of providing representative bulk wave functions, and be-
ing the dynamical theory of the edge modes. In this
review we also showed that the CFT techniques are not
restricted to states that can be expressed as correlators
of primary fields, such as the Laughlin, Moore-Read and
the Read-Rezayi states, but can also successfully be ap-
plied to hierarchy states. Although we did not mention
it prominently, there is a very general, and in a sense
minimal, mathematical description of topological phases,
phrased in terms of tensor categories (Bonderson, 2007;
Kitaev, 2003; Wang, 2010).

There are many intriguing questions concerning the
relationships between different hierarchies, and between
hierarchy constructions and other organizing principles.
Approaches based on effective field theories for composite
fermions and bosons, naturally lead to hierarchy schemes,
and effective field theories based on Chern-Simons gauge
fields are general enough to encompass all the hierar-
chies discussed in this review. The composite fermion
wave functions also fit nicely in a hierarchy scheme, al-
though they were originally organized using quite a dif-
ferent logic.

In spite of the successes of the various hierarchy
schemes, there are many unanswered questions and sev-
eral promising lines of research. Clearly there is still
no comprehensive theoretical understanding of the non-
abelian hierarchies, and we are still waiting for a univer-
sally accepted experimental signature for any nonabelian
state. At the more detailed level, there are many remain-
ing theoretical problems. We already mentioned the need
for proofs of the expected topological properties of quasi-
particles in the hierarchy states. At the theoretical level
this would require new tools, such as much more refined
plasma analogies, while convincing numerical work would
require developing novel methods. The extension of the
matrix product state methods (Wu et al., 2015; Zaletel



and Mong, 2012) to hierarchy states might be the way
to go forward. Another challenging problem is to find a
direct and precise link between the microscopic physics
of the quantum Hall effect, and the description in terms
of CFT correlators, which is not based on case-by-case
numerical verifications of the Moore-Read conjecture.

The biggest question is, perhaps, to what extent the
methods discussed in this work will pertain to other non-
quantum Hall physical systems. The quantum Hall effect
is clearly quite special as the only (for dimensions d > 1)
experimental system that has convincingly demonstrated
topological properties, such as charge fractionalization.
Nonetheless, there is an enormous amount of research ac-
tivity exploring other systems that have nontrivial topo-
logical properties (Hasan and Kane, 2010; Kallin and
Berlinsky, 2016; Savary and Balents, 2016) and many
such materials have recently been found. While no ex-
periment has observed any hierarchy physics in non-
quantum Hall systems, there is nonetheless substantial
influence of theoretical ideas from the quantum Hall
world on these research topics (Lu and Vishwanath, 2012,
2016). It is very likely that our deep understanding of
quantum Hall hierarchies will continue to enlighten a
broad range of future research directions.
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APPENDICES

Appendix A: Super-abbreviated quantum Hall basics

The bare basics of quantum Hall physics will be given
here for reference. For further details we refer the
reader to various books on the subject (Chakraborty and
Pietilainen, 1995; Ezawa, 2008; Prange and Girvin, 1990;
Stone, 1992).

We consider a particle in two dimensions, of mass p and
charge ¢ in a magnetic field B perpendicular to the plane.
The single particle energy spectrum breaks up into de-
generate “Landau levels” with energies F = hiw(n + 1/2)

o4

where w = ¢B/p is the cyclotron frequency. Work-
ing in symmetric gauge so that the vector potential is

A = (B/2)(y,—x,0), we can construct a set of ladder
operators
0= (224 29) ot = (32— 20)
f f
1
b=—(2/2+20 b= —(2/2-20
5(/2+20) (:/2-20)

with z = 2 + iy and where 9 = 9/0z = 4(0/0x —i0/dy)
and 0 = 9/0z = £(0/0z + i0/Jy) and the magnetic
length scale ¢ = \/h/eB has been set to unity (a conven-
tion that we adopt often). Note that T = —0. These
operators satisfy [a,al] = [b,bT] = 1 with other commuta-
tors vanishing. The single particle Hamiltonian and the
z component of angular momentum take the form

H = hw(a'a +1/2) ; L,=h(bb—a'a). (A1)

Thus, af is a Landau level raising operator, which
changes the energy eigenvalue and b! increases the an-
gular momentum one unit within the Landau level.

Defining a fiducial state |0, 0), which is annihilated by
both a and b, we can construct a single particle eigenstate
with energy eigenvalue hw(n 4+ 1/2) and L. eigenvalue
h(m —n)

[, m) ~ (ah)"(6")™|0,0).

Explicitly, we have the real—space2 wave function form of
the fiducial state (z|tgg) ~ e~ 1*I"/(4) 50 that the LLL
basis states become

(z|bom) ~
2

Here the m'" state is shaped like a ring of radius 72 =
22 +y? = 2me?. The density of single particle eigenstates
(and hence the density of a filled Landau level) is thus
m/(72ml?) = 1/(2n¢?). The most general LLL wave
function for a single particle is f(z)e"zﬁ/(‘w) for any
analytic function f.

Unless otherwise stated, we will always be interested
in the physics of a partially filled LLL. We define the
filling fraction v = p¢o/B where p is the particle den-
sity and ¢ = 27h/e is the flux quantum. For fermionic
particles, v can also be understood as the fraction of the
orbitals available in the Landau level that are occupied.
When the LLL is partially filled there is an enormous
degeneracy corresponding to the choice of which orbitals
should be filled and which should be left empty.%® This
degeneracy is broken only by the interactions between
the particles, since within a single Landau level, the ki-
netic energy H from Eq. (A1) is simply an uninteresting
constant.

(b1 ymeI1P/A8) | m—ll/a),

60 For bosons, the degeneracy remains even for v an integer.



When there are N identical particles in a fractionally
filled LLL, a many particle wave function must be of the
form

N
,ZN) H e lzil?/(42)

i=1

\Il:f(zl,...

where f is a symmetric (antisymmetric) analytic function
when the particles are bosons (fermions). If the Hamil-
tonian is rotationally symmetric and the ground state is
nondegenerate, then it should be an angular momentum
eigenstate, which means the function f should be a ho-
mogeneous polynomial with an overall degree that is set
by the total angular momentum of the system. Given
a function f, one can determine the filling fraction, by
finding the highest power L., of z1 (or of any given
z;). This determines the maximum radial extent of the
droplet. Thus, the filling fraction is given by

v — N/Lnax

as both N and L,,,, become large. For finite N we have
a relation L,q. = % — S where S is a constant known
as the shift, see Eq. (15).

Which analytic function f should be chosen is deter-
mined by the particular inter-particle interaction so as to
minimize the interaction energy at the appropriate filling
fraction in order to find a ground state wave function.
Laughlin’s original ansatz for v = 1/m given by

f=1lG-z)m
i<j
was motivated by the intuition that forcing the wave
function to vanish rapidly as two particles approach each
other, will essentially keep the particles further apart,
and is therefore prone to lower the energy due to a short
ranged repulsive interaction.

In fact, the Laughlin wave function can be shown to be
the exact ground state of a particular ultra-short range
interaction which gives positive energy when the wave
function vanishes slower than m powers as two particles
approach each other (Haldane, 1983; Pokrovsky and Ta-
lapov, 1985; Trugman and Kivelson, 1985). The Laughlin
v = 1/m ground state is the highest density zero energy
state of this interaction. The quasihole states, obtained
by multiplying the wave function by factors [[,(z; — 714)
are also zero energy states of the Hamiltonian, but are
at lower electron density. Similarly, edge excitations can
be obtained by multiplying the Laughlin ground state by
any symmetric polynomial.

Let us very quickly comment on the case of a partially
filled higher Landau level. The easiest way to handle
such higher Landau level wave functions is to use the
one-to-one mapping to LLL wave functions, via

|n'" LL wave function) = H(a})"|LLL wave function)

9

%)

where a;r is the Landau level raising operator for the i*®

particle. It is worth noting that the application of af
operators puts Z factors in front of the gaussian, and
typically the n'" Landau level wave functions will have
terms with n such factors of each z. A wave function
can be projected (Girvin and Jach, 1984) to the LLL by
moving all Z coordinates to the left and replacing them
with 20,.

For many filling fractions, the system will have a gap
in the excitation spectrum above the ground state — this
is a sign of incompressibility. If the system is also fluid
(in the sense of not having broken translational symme-
try) then this is known as a quantum Hall ground state.
The stability of the quantum Hall state is determined by
the size of the excitation gap. There are two types of
collective excitations in quantum Hall systems. The low-
energy excitations are intra-Landau level quasiparticle-
quasihole pairs, which are commonly called magnetoro-
tons. Their energy gap is set by the Coulomb interaction,
and it is this gap that is relevant for the stability of the
quantum Hall state. The other collective mode is the cy-
clotron resonance mode of the center of mass, also called
the ‘Kohn-mode’. At zero momentum it is just the cy-
clotron motion of the center of mass, so the gap is hw,
independent of the interactions (Kohn, 1961).

In the absence of disorder, by Galilean invariance®!,
the conductance matrix of a two dimensional system in
a magnetic field is always given by 0, = pz = 0 for the
longitudinal component and oy = 04y = 1/py, = ve?/h
for the Hall component, with i being Planck’s constant
and e the electron charge. If we consider a fractional
quantum Hall ground state with filling fraction v = p/q,
when disorder is added, the Hall conductance will be
fixed at oy = (p/q)e?/h for a range of values of v around
p/q and o, remains zero over this range as well. This is
known as a quantum Hall plateau and typically the size
of the plateau, i.e. the range of v for which the conduc-
tance is quantized, is larger for quantum Hall states with
larger gaps. If the disorder or the temperature becomes
larger than roughly the gap scale, then the quantum Hall
state will be destroyed: o,, becomes nonzero, and the
quantization of oy is lost.

Appendix B: Everything you need to know about Conformal
Field Theory

Conformal Field Theory (CFT) is a rich and beautiful
subject and there are many excellent introductions to the
subject itself, most notably perhaps (Di Francesco et al.,
1997). For a pedagocical review on how it is applied to
quantum Hall states, we refer the reader to (Nayak et al.,

61 The Galilean invariant result holds for strictly zero disorder, but
not necessarily for the limit of disorder going to zero.



2008). Although the topic is quite complex,5? for our
purposes we will only use some of the very basic ideas.

While CFTs exist in higher dimensions, they are par-
ticularly powerful for describing the physics of gapless
141 dimensional relativistic systems with spatial coordi-
nate x, time coordinate ¢ and speed of light ¢ which we
usually set to unity. We often use the complex coordi-
nates z = x + it and Z = x — it, which naturally describe
left-moving and right-moving particles. In general, gap-
less 1+1 dimensional systems the two sectors decouple
almost perfectly, and one can treat the holomorphic (2)
and antiholomorphic (Z) variables almost entirely inde-
pendently of each other. In this Appendix we will mainly
focus on the holomorphic parts, so we are essentially con-
sidering a left-moving chiral theory. The generalization
to the right-moving, or anti-holomorphic sector, which
is needed when considering general quantum Hall states,
should be obvious.

The use of CFT in the quantum Hall context is two-
fold. As discussed in section I.B in the main text, the
CFT is used to describe not only the 141 dimensional
dynamics of the chiral quantum Hall edge, but also the
bulk (240) dimensional wave function, which essentially
is a purely holomorphic polynomial. While CFTs in 1+1
dimension completely describe the physics of such sys-
tems, for our purposes is it easier to think of a particular
CFT as being simply an operator algebra with certain
nice properties, and which is used to generate holomor-
phic functions, and hence quantum Hall wave functions.

While one might attempt to build a quantum Hall
state, both at the edge and in the bulk, from any 1+1
dimensional CFT, it turns out that various subtle con-
sistency conditions prevent most CFTs from describing
sensible quantum Hall states. Most of them turn out to
be described by some version of one of the simplest CFTs
imaginable — the chiral boson — which we will describe in
some detail later.

1. General CFTs

Generally, a CFT contains a set of primary fields
®,(z, z) (or sometimes just ®;) each with scaling dimen-
sions A;. Each primary field also has a tower of corre-
sponding descendant fields (which are basically deriva-
tives of the primary fields) whose scaling dimensions are
higher by integer steps from the corresponding primary.

62 Pun intended
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The primary fields obey a set of fusion rules®3

O x ;= Nid,
k

(B1)

where the ij’s are non-negative integers. A field ®; is
known as a simple current if fusion with this field acts as
a permutation on the fields — or in other words, if for
fixed ¢ and any j we have Ni’; being zero for all values of

k except a single value of k for which Ni’} =1.

There always exists a special field known as the identity
(written usually as 1) which fuses trivially with all fields
N{; = ;. Each field i has a unique conjugate field
7, with which it can fuse to form the identity, i.e., such
that N}t = 1. Note that a field’s inverse may be itself. A
so-called charge conjugation matrix Cj; is defined to be
unity for two fields that are conjugates Cj; = 1 and zero
otherwise. The matrix Njj, = >, CpeNJ5 must be fully
symmetric under permutation of ¢, j, p.

The objects of particular interest for us are the con-
formal blocks, which are correlation functions of holo-
morphic or anti-holomorphic fields. In many cases there
are techniques for calculating these blocks independently,
while in general they can be extracted by factorizing the
correlators of the full fields, ®(Z,z), which essentially
are the products of the holomorphic, ®(z), and the anti-

holomorphic fields, ®(z),

= Z@(zl), @) (P(21), - (2N ))a s (B2)

[

where « labels the different blocks. In simple cases the
sum has only one term, but in general there are many
blocks that will correpond to different quantum Hall wave
functions, as discussed in sections IV.C.1 and VIL.B. The
scaling dimensions, or “conformal weights” of the fields
®; and ®; are denoted by h; and h; respectively. %4 The
total scaling dimension is then A; = h; + h;, and the
conformal spin, which in the context of quantum Hall
wave functions is identified with the orbital spin, is given
by S; = hl — }_lz

There is a “neutrality” condition on any correlator
(D15 ... Py) that the fields inside the correlator must
fuse to the identity, or the entire correlator will vanish.
The correlator of two conjugate fields must take the form

(@i(2)@s(w)) = (2 —w) ™M (B3)

63 Fusion rules simply specify the possible outcomes when taking
the short-distance product of two local fields. One can consider
it a short-hand notation of the operator product expansion in
Eq. (B4). When the integer Ni’“j is greater than one, it means that
when ®; fuses with ®; it results in several copies of the field ®y,.
This is analogous to tensor products of group representations;
e.g. inSU(3),808=108®8® 10® 10® 27, so 8 occurs twice.
Note that the conjugate of a field 7 has the same conformal weight
as the original field, i.e. h; = hs.
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by dimensional analysis. The coefficient of unity (not
written) on the right of this equation is a conven-
tional normalization of the fields. There is a com-
pletely algebraic approach to computing the correlators
(P1Dy ... Pyy), using fusion rules and conformal invari-
ance, but in the cases where there is a Lagrangian de-
scription the correlators are just the usual vacuum expec-
tation values of time (or in the Euclidian case radially)
ordered products of field operators, that can be calcu-
lated using standard field theory techniques. The main
examples used in this paper, namely the chiral bosons
and the Ising CFT (used to construct the Moore-Read
state), belong to this category.

The fusion rules and the scaling dimensions allow one
to write the operator product expansion which describes
what happens when coordinates of the fields approach
each other

0i(2)®;(w) = Cl(z—w)"™ MMy (w) + ... (B
k

where the coefficients ij are constants that are only
nonzero when Nl’j is. There are also terms on the right
hand side corresponding to descendant fields®®, but if we
are considering only the leading terms in the expansion,
it is sufficient just to write the primaries.

2. The chiral boson

Perhaps the simplest example of a CFT is the chiral
boson, described by the Lagrangian (27). We define a
boson field ¢(z) as a function of the holomorphic coordi-
nate z. These are free bose fields so the bosonic version
of Wick’s theorem applies. The elementary two point
correlator is given by

(3(2)6(')) = — log(= — /).

Note that the constant k can be changed by renormal-
izing the fields. In section II.G we have k = 1/v. In
section IV and onwards, we will take £k = 1. In the main
text, chiral bosons with normalization k = 1/v are usu-
ally denoted by ¢, while those with normalization k& = 1
are denoted by ¢.

The vertex operators are defined as

Va(z) =: ') - (B5)

with the colons representing normal ordering. The fusion
rules are given by

Vo x Vg = Va+5

65 Descendants are obtained by acting with derivatives on primary
fields.
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The key identity (which can be proven by use of Wick’s
theorem) is

(Voo (21)Vas (22) - Va (o)) = [[ (20 = 2) %"

1<J

(B6)

provided that > ;@ = 0, otherwise the correlator van-
ishes identically. The reason for this is that « is the
charge of the operator V,, with respect to the U(1) sym-
metry ¢(z) — ¢(z) + a. For the correlator on the left-
hand-side of Eq. (B6) to be invariant under such U(1)
transformations, the resulting phase factor, [| j €'*i® has
to be 1, thus yielding the charge neutrality conditions.
Frequently we can be sloppy about this final constraint
on the sum of a as we can imagine placing an appropriate
neutralizing charge at infinity to force it to be satisfied if
we want. Or, as discussed in the main text (see Eq. (36))
we can use a smeared background charge operator.

By dimension counting, the scaling dimension of the
primary field V,, is given by o?/2k, and combining this
with the operator product expansion formula (B4), we
see that, taking k = 1, the vertex operators (B5) are
bosonic or fermionic for a being an even or odd integer
respectively.

3. The compactified boson

In the quantum Hall context (say, for the Laughlin
states) we do not want our bose CFT to contain quasi-
particle operators V,, for all possible a. As discussed in
connection with Eq. (44), once we define our electron
operator ¥, = V,,, we must insist that all other opera-
tors in the theory are mutually local with respect to this
operator — that is, there should be no branch cuts in
the electron wave function due to the insertion of quasi-
particle operators. This limits the particle content of our
theory to only contain operators 1, = V;, /4, with integer
n.

This constraint on the bose vertex algebra is in fact
equivalent to having what is known as a “compacti-
fied” boson. One begins with the same bose Lagrangian
Eq. (27), but imposes the periodicity relation

6(2) = 8(2) +2nR,

where R is known as the compactification radius, i.e. ¢
is defined on a circle with radius R. This immediately
constrains the possible vertex operators since

Vo, =: elad . . gia(e+2TR) ., _ e2m‘aRVa
which implies that & = n/R, i.e. there is a discrete set

of allowed values for o.

Appendix C: Commutator of Edge Operators

In the text we motivated the fundamental anomalous
commutator, Eq. (24), by a heuristic argument, based



on the expected equation of motion for edge excitations.
Here we give two complementary field theoretic deriva-
tions.

Approach 1: The UV perspective. Here we give a deriva-
tion which is essentially the original one by Mattis and
Lieb (1965) but cast in the quantum Hall context. Work-
ing in Landau gauge, single electron orbitals can be taken
to be strips parallel to the edge, indexed by their momen-
tum in the direction along the edge k, and having posi-
tion perpendicular to the edge y = k¢2. For v = 1, the
ground state is simply described as a Slater determinant
of k states filled up to a Fermi energy kr (we imagine
a half-infinite space so we only consider one edge). The
density operator along the edge (with the same normal-
ization as section II.G.1) is then

1
Pq = ﬁ Zk: CITchqu (C1)

Direct calculation of the commutator yields

1 t t
[pq7 Pq’] = Z Z [Ck/+q+qlckl5k,k"+q - Ck;+q+q’ck;5k'/,k+q:|
kK

While it may look like the two terms on the right precisely
cancel, consideration of the ultraviolet limit (k far from
the Fermi surface) can give something nonzero. When
we are far below the Fermi surface, since all states are
filled, cz tq+q/Ch 1S Z€ro unless ¢ = —¢'. However, when
q = —¢', then we are generally subtracting two nonzero
terms from each other and we must be more careful since
there are potentially an infinite number of such terms —
and depending on how they are paired up, they can leave
a finite result. Thus we focus on this particular case and
obtain
1

[pg: P—q] = i3 Z [Mhtq — k] - (C2)

k

where nj = czck which is exactly unity deep below the

Fermi surface. Now suppose we try to cut off the infinite
sum in Eq. (C1), say by including a regularization factor
wy, inside the sum which is equal to unity near the Fermi
surface, but drops to zero very far away from the Fermi
surface. For any form of this cutoff function (we can
consider a step function) we will find that the difference
in the two terms is nonzero and gives exactly q(L/2m)
which is just the number of k states that lie between
k + ¢ and k, thus recovering exactly Eq. (24). In the
case of FQHE, one need only modify this derivation by
assuming that far below the Fermi surface nj will be v
rather than 1.
Approach 2: The IR perspective.

The above derivation was contingent upon subtle non-
cancellations of potentially UV divergent terms, and as
such appear as a UV effect. Although formally correct,
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this looks strange, particularly from a condensed matter
perspective where there is certainly no infinite Dirac sea.
A similar conundrum is related to the axial anomaly in
141 dimensions. Defining left and right moving currents
to be 7+ and j_ respectively, the vector and axial currents
are jy = j+ + j— and ja = j+ — j—. We then have
0uj" = eE/m, which for a chiral theory amounts to an
anomaly in the fermion current, j = (ja +jv)/2 given by
0uj" = eE/(2m). This can, by the following reasoning,
be understood as an IR effect:

A constant electric field in the positive z-direction will
give rise to a spectral flow at the Fermi level, which corre-
sponds to creating right-moving particles and left-moving
holes in such a way that the total electric charge is con-
served, while the axial charge, i.e. the difference between
right and left movers, is not. For a more detailed de-
scription of this “infinite hotel”%® derivation of the axial
anomaly, see the nice presentation by Zahed and Brown
(1986).

We now give a direct derivation of the anomalous com-
mutator using only IR arguments. Starting with an achi-
ral one-dimensional system, we can construct a chiral the-
ory by separating the two chiralities. To do this we start
with the usual one-dimensional (non-chiral) current and
density operators in first quantization p(x) = 22;1 §(z—
z,) and j(z) = - 22[:1 [Pnd(z—x,)+0(x—2p)py] from
which we can directly derive

[p(2), j(2")] = —i(h/m)p(2)0x6(x — ')

along with [p(z), p(2')] = [j(x),j(z")] = 0. We then as-
sume small excitations of both the left-going and right-
going Fermi surfaces. Then we can write p = po+p4++p—
and j = vp(p+ — p—) where + and — again indicate left
and right movers, and pg is a constant background den-
sity which is much larger than the perturbations p, and
p—. We then have

(C3)

= =

[0+ (@), p1 ()] = Zlp(x) + j (@) /vr, p(2') + j(a) /vF]

= —i(h/(2vpm))p(x)dp0(z — 2')
—i(1/(2m)),0(x — 2')

7

where in going to the last line we have substituted pg
for p(z) on the right, since it is assumed to be much
larger than py and p_. We also used that for spinless
one-dimensional fermions pg = kp/m = mvp/(7wh). The
chiral operators p; are what we called p(z) in section
I1.G.1, and Fourier transforming gives Eq. (24).

Note that just as in the “infinite hotel” derivation
of the axial anomaly, we only considered effects close
to the Fermi surface. The connection between the

66 This name seems to have been coined by H.B. Nielsen in reference
to Hilbert’s infinite hotel paradox.



two calculations follows if we couple the right mov-
ing charge to an electromagnetic potential by H =
e [App+ and use (C3) and partial integration to get

0,Q+ = [dady[p+(x),eAo(y)p+(y)] = e [ dr 0z Ao(z) =
(1/7) [ dxeE(x) which is the integrate form of the
fermion current anomaly for spatially constant fields.
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