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Abstract

Over the last decade single cell genomics has transformed research in
genetics, resolving transcriptional activity at an unprecedented resolution.
Over 1000 single cell studies have been published to date and the scale of
single cell data is increasing, cell atlases of complex organisms are being

curated, and experimental sample sizes are increasing exponentially.

Standard analyses for single cell data include a hard clustering of cells
and an investigation of these clusters to identify cell-specific marker genes.
This approach is powerful and identifies transcriptomic differences between
cells. However, such analyses fail to account for biological heterogeneity
present in continuous developmental processes taking place in cells, or
to use relevant prior information that may be available to the researcher.
In this thesis we investigate incorporating prior information into factor
analysis for gene expression analyses, which infers components of genes
that are coexpressed or co-repressed across cells, and their expression in
each cell. First, we consider structural features of the data, extending
an existing tensor decomposition method to four dimensions, facilitating
analysis of gene expression data indexed by cell, time, tissue and gene. We
demonstrate the relative benefits of the method against a lower dimensional
method. Secondly, we develop a widely applicable new prior structure and
inference algorithm that allows for incorporating external prior information
into factor analysis. The new algorithm automatically selects important
annotations and leverages this information to infer biologically meaningful
components. Comparing two likelihood models, we evaluate their strengths
and weaknesses on simulated data, and the benefit of incorporating prior
information into the algorithm. We demonstrate the power of the method
to capture meaningful components of expression on a well-studied single
cell RNA-seq dataset from cells undergoing spermatogenesis, using tran-
scription factor binding affinities as prior information, and demonstrate

the utility of the new prior structure in leveraging such annotations.



Contents

1 Introduction 1
1.1 Main AImS . . . . . . .
1.2 Background . . . . ... ... 2

2 Sparse Bayesian Four Dimensional Tensor Decomposition for Gene

Expression Data 15
21 TheModel . . . . . .. . 16

2.1.1 Model fitting . . . . . ... 20
2.2 A Simulation Study . . . . . ... 25

2.2.1 Evaluating performance . . .. ... ... ... ... .. ... 27
23 Results. . . . . . 30
2.4 Discussion . . . . . ..o 33

3 Annotation Informed Factor Analysis Model for scRNA-seq data 36

3.1 The Model . . . . . . . . . . . . . 37
3.1.1 Heuristic description . . . . . . ... ... oL 37
3.1.2 Data model description . . . . . . .. ... 37
3.1.3 Distributions on prior parameter values . . . . . . . ... ... 40

3.2 Inference under the Model . . . . . . . .. ... ... ... ...... 44
3.2.1 Updates with a Gaussian likelihood model . . . . . . . . . .. 44
3.2.2 Inference under the Poisson likelihood model . . . . . . . . .. 47
323 The ELBO . .. .. ... ... .. ... 49

3.3 Optional Annotated Cell Scores . . . . . . ... ... .. ... .... 52

3.4 Implementation . . . . . ... ... o 53



4 Simulations of scRNA-seq data and associated annotations

4.1

4.2

Simulations of Count Data . . . . . . . . ... ... .. ... .....
4.1.1 Simulation metrics . . . . ... ... oL
4.1.2 Count data simulation results . . . . . . ... ... ... ...
4.1.3  On the effect of the gene-wise padding and library size scaling
Gaussian Data Simulation . . . . . .. ... ...
4.2.1 Gaussian dataresults . . . . . . ...
4.2.2 Effect of padding on the Gaussian model . . . . . . . . . . ..

5 Application to scRNA-seq data

5.1
5.2
5.3
5.4
5.5

5.6

5.7

Biological Background . . . . . . ... ... ... L.
Single Cell RNA-seq Data Preparation and Quality Control . . . . . .
Annotations . . . . . .. ...
Application of AnnotFA . . . . . . .. ... ... L.
Inferred Components . . . . . . . . . . ...
5.5.1 Component inclusion probabilities ordered by pseudotime . . .
Annotation Informed Inclusion Probabilities . . . . . ... ... ...
5.6.1 Annotation informed prior inclusion probabilities . . . . . ..
5.6.2 Signed component prior inclusion probabilities . . . . . . . ..
5.6.3 Signed pIPs over pseudo time . . . . ... ... ... .. ...

Discussion . . . . . . .

6 Discussion

6.1

Future Directions . . . . . . . . . . ..

A Supplementary Information

Al

A2

Empirical Bayes, Variational Bayes and Variational EM . . . . . . ..
A.1.1 The EM algorithm . . . ... ... ... ... ... ......
A.1.2 Variational Bayes . . . . . . .. ... ... L.
A.1.3 Empirical Bayes . . . . . .. ... oo
L-BFGS algorithm . . . . . .. .. ... oo
A.2.1 The Newton-Raphson Method . . . . . . ... ... ... ...
A.2.2 The BFGS and L-BFGS algorithm . . . ... ... ... ...

B Supplementary Figures

Bibliography

i



List of Figures

1.1

2.1
2.2
2.3
2.4
2.5

3.1

4.1
4.2
4.3
4.4
4.5
4.6
4.7

5.1
5.2
5.3
5.4
5.5
5.6
5.7
5.8

Exponential Scaling of scRNA-seq experiments . . . . . . . . .. ... 3
PARAFAC diagram . . . . . . . . . .. . ... 17
SDA4D Example Simulated and recovered tissue and time scores . . . 28
SDA4D Number of Components . . . . . . . . ... .. .. ... ... 31
SDA4D ROC curves and AUC . . . . . ... ... ... ... ..... 33
SDA4D Time Scores recovVery . . . . . . . . o u e 34
Scaling of the AnnotFA algorithm . . . . . . ... ... ... ..... 55
Simulating Gene Expression Matrices. . . . . . . . .. ... ... ... 58
Count Data Simulation Cell Scores. . . . . . . .. ... ... ... .. 65
Count Data Simulation Gene Loadings. . . . . . . . .. .. ... ... 68
Count Data Simulation B2 . . . . . . . ... ... ... ....... 70
Varying scaling and padding. . . . . . .. .. .. ... ... ... 73
Gaussian Simulation with zero padding. . . . . . ... .. ... ... 75
Gaussian Simulation with range of padding. . . . . . . .. ... ... 78
Convergence of AnnotFA . . . . . . . .. ... ... L. 85
Inferred Components . . . . . . . . . .. ... 86
Correlations between components . . . . . . . .. ... . ... .... 88
Cell Scores over Pseudo Time . . . . . ... ... ... ........ 92
Meiotic Sex Chromosome Inactivation Components C31 and C49. . . 94
Components Cl4dand V5 . . . . . . . . ... ... ... ... .... 98
Hormadl pathology component C16 . . . . . . . . ... ... .. ... 101
CNP knock-in component C48 . . . . . . . . ... ... ... ... .. 102

1ii



5.9 Culda components C19, C27, C45 . . . . . . . . . . .. ... ... .. 104

5.10 PIP correlation and Components C26 . . . . . . . .. . ... ... .. 106
5.11 Unsigned Prior and Posterior Inclusion Probabilities . . . . . . . . .. 110
5.12 Unsigned prior and posterior inclusion probabilities by (5,) . . . . . . 111
5.13 Annotations inform inclusion probabilities . . . . . . ... . ... .. 112
5.14 Prior inclusion probability correlation . . . . . . . .. . ... ... .. 115
5.15 Spearman Correlation of pIPs with annotations . . . . . .. ... .. 117
5.16 Signed prior inclusion probabilities information content . . . . . . . . 119
5.17 ROC and AUC for prior and posterior inclusion probabilities . . . . . 121
5.18 C14 and C16 annotations . . . . . . . . . . . . . ... . ... ..... 123
5.19 Correlation of signed prior inclusion probabilities over pseudotime . . 125
B.1 Absolute Correlation of aligned components . . . . . ... ... ... 148
B.2 Componentwise PIP AUC . . ... ... .. .. ... ... ...... 149
B.3 Absolute Correlation of Aligned Components . . . . . . ... .. ... 149
B.4 Convergence of AnnotFA acrossruns . . . . . .. ... ... ..... 150
B.5 SDA and AnnotFA cell score correlation . . . . ... ... ... ... 151
B.6 Procrustes rotated correlations . . . . ... ..o 0L 152
B.7 t-SNE, UMAP, and pseudotime examples . . . . . .. ... ... ... 153
B.8 Somatic components on t-SNE coordinates . . . . . .. ... ... .. 153
B.9 Spermatogenesis components on t-SNE coordinates . . . . . . . . .. 154
B.10 Gene loading distribution by PIP and 3, . . . . . . ... ... .. .. 155
B.11 PIP vs. pIP split by gene loadingand 8, . . . . . .. ... ... ... 156
B.12 pIP and PIP correlation by log(B,) . . . . ... ... ... ... ... 157
B.13 Signed pIP correlation between and within components . . . . . . . . 157

B.14 Unsigned pIP correlation plot ordered by pseudotime and clustering . 158
B.15 Signed cell scores ordered by pseudotime . . . . . . .. .. ... ... 159
B.16 Signed pIP regulating annotations . . . . . . .. .. .. ... L. 160

v



CHAPTER 1

Introduction

1.1 Main Aims

This thesis presents a new factor analysis method and prior structure for analysis of
single cell RNA-seq (scRNA-seq) data, while incorporating prior knowledge through
gene annotations. This can be viewed as either a first step in a dimension reduction of
scRNA-seq data for clustering and downstream analysis, or as a method to determine
components of genes that co-vary across cells explaining the variance in the dataset.
The method developed here primarily aims to identify components corresponding to
co-expressed or co-repressed genes, and the cells they are active in, while leveraging
annotations to favour identification of components with interpretable properties. In
this first chapter we give general background and context for the problem we are

addressing here.



1.2 Background

Information contained in the genome is expressed initially through a process that
generates functional molecules such as proteins or certain types of RNA. The first
stage in this process is the transcription from DNA to messenger RNA (mRNA).
Analysis of the transcriptome is thus a powerful strategy for dissecting the connection
between genotype and phenotype of a cell [TLS11], and the measurement of mRNA
present in cells is now possible through a number of technologies.

Previously measured in bulk, from tissue samples, since pioneering work in 2009,
it has been possible to measure mRNA levels in individual cells, in a process called
single cell RNA-seq (scRNA-seq). Since then single cell RNA-seq has become a
mainstay of modern genomics, providing a method to interrogate transcriptome-wide
dynamics of cells, within and between tissues and throughout developmental pathways.
Technological advances have driven an exponential scaling in cell numbers [SVTT18§]
(see also [SAVBP20], and Figure 1.1) revolutionising single cell transcriptomics. From
initially ([TBW™09]) 5 individual murine germ cells, driven by interest in a population
of rare cells, the power of single cell transcriptomics has come from technological
developments, with the profiling of tens of thousands of cells in parallel being common
by 2019. Certain recent datasets show this trend has continued, with some containing
over 2 million cells [CSQ*19]. The prevalence of the method in the last decade is
evidenced by the over 1000 single cell RNA-seq transcriptomics studies published
[SAVBP20].

Single cell RNA-seq is not a single method, but a collection of assays that vary in
their strengths and limitations (see [SNL*17] for a discussion). However, all scRNA-seq
methods share some common steps. In particular, once transcribed RNA is isolated,
it is reverse transcribed to complementary DNA (¢cDNA) before being amplified by
molecular biology methods such as PCR (this combination is known as RT-PCR). The

resulting DNA is sequenced allowing the quantification of expression of gene products.
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Figure 1.1: Exponential Scaling of scRNA-seq experiments. Figure 2 from
[SAVBP20).

To enable parallelization over cells, transcripts from each cell are tagged with polyT
primer attached to a unique cell barcode, and the majority of scRNA-seq assays
now include an additional unique molecular identifier (UMI), enabling pooling of the
starting material before reverse transcription and demultiplexing to be carried out later
in silico post-amplification. This results in the so-called digital gene expression (DGE)
matrix. This combination of UMI and cell barcode uniquely identifies each captured
RNA molecule and which cell it originated from resulting in absolute transcript count.
A further sample barcode is sometimes used to enable pooling of samples, further
increasing the scale of experiments. The precise details vary between protocols but
Drop-seq, for example, encapsulates each cell in a droplet containing a microparticle
bead covered in UMI/barcode primers, the cells are lysed within each droplet, and
the RNA attaches to the primers on the bead [MBS*15].

Cells, considered the fundamental unit of life, have traditionally been classified by
morphology. However, the changes in cellular identity and function reflect programmes
of transcriptional activity [SVTT18]. Since scRNA-seq provides a (noisy) snapshot of
the RNA transcripts in a cell, the power to distinguish and classify cell types lies in

the quality of the scRNA-seq assay and the number of cells that can be assayed. This



has led to a number of ambitious projects to classify all cell types in cell atlases of
various organisms, notably the Tabula Muris (or Mouse Cell Atlas) [SKNT18] and the
Human Cell Atlas [RTL*17, RRSRT17]. These will undoubtedly provide a valuable
resource as a baseline of healthy cells in order to investigate the effects of ageing,
disease, or response to therapeutic stimulus [AT20].

Methods in the field have progressed rapidly, and there are now standardised
ways to process and analyse a single cell dataset, with many typical steps automated
in software packages such as Seurat [BHS'18], Monocle [TCG*14]. Despite the
standardisation, each analysis is unique and most steps vary from one dataset to
another. We now describe a few of the typical steps in a single cell RNA-seq analysis.

The so-called digital gene expression (DGE) matrix Y is a matrix of counts, with
entries y;; representing the number of mapped reads of gene ¢ from cell j. A typical
first step is to perform quality control on cells and genes, filtering cells according to a
number of criteria. Although these filters vary from study to study, typical filters will

be based on the distributions of the following three covariates:
e the library size (or count depth), that is, the total UMI count in a cell;
e the proportion of mitochondrial genes in a cell;
e the number of genes detected.

The filtrations will typically aim to remove outliers. For example, if the library size and
the number of detected genes are particularly large this could be a sign that the row
of the matrix corresponds to a doublet, that is, more than one cell was captured in the
droplet and tagged with the cell barcode. A high mitochondrial gene proportion could
be indicative of cell death, or a cell under stress. Furthermore, [LT19] suggests that a
cell with a low library size and low number of genes detected but a high proportion of
mitochondrial genes is indicative of a cell whose membrane has broken leaving only

RNA in the mitochondria present.



However, this stage of the processing already exhibits context specific choices: it is
difficult to set a threshold for these covariates, or their combinations, that is robust to
cell-specific processes/context. For example, cells with a high mitochondrial count
may be involved in respiratory processes or large library size may be indicative of
larger cells.

The DGE matrix Y is large with often over 20000 genes present, and sparse, and
it is often reasonable to filter genes which are not expressed in more than a few cells,
since the expression of these genes has been missed, possibly due to sampling, so these
are not representative of the overall cellular heterogeneity in any quantifiable way.

As described by [LT19], a count in the DGE matrix represents the successful
capture of a cell, tagging of the RNA molecule, reverse transcription, and mapping.
Therefore, count profiles of identical cells will vary due to the inherent variability of
these processes, and normalisation is the stage of the processing employed to remove
the effect of this sampling, making cells comparable. A commonly employed method is
to scale cells to a constant count depth by dividing by the library size and multiplying
by a constant (often referred to as counts per million, or CPM, in the literature),
and scaling genes to unit variance, occasionally centering as well to obtain z-scores.
Typically a variance stabilising transformation will be applied at this stage. This
transformation is primarily applied to account for the mean-variance relationship as
many downstream analysis tools assume Gaussian distributed data. Recent work of
[Sve20] and [SS20] has shown that, after accounting for the library size, single cell
datasets are consistent with a Poisson count model, a property that we make use of in
this work.

Following normalisation, one of the first steps in many analyses is to perform some
sort of feature selection, selecting highly variable genes, and using these, or principal
components derived from them, for dimension reduction and visualisation. The use

of non-linear dimension reductions such as t-distributed stochastic neighbourhood



embedding (t-SNE) [vdMHO8], and uniform manifold approximation mapping (UMAP)
[MHSG18] are extremely common. While UMAP aims to approximate the true
topology of the dataset, it is known that t-SNE focuses on capturing local distances
between cells rather than global. That is, t-SNE aims to preserve local structure
amongst cells, with a trade-off that long-range information is lost [AH18]. Though
we have found this to be the case, there is evidence that with careful selection of the
parameters defining the details of the algorithm, a t-SNE implementation can capture
both local and global structure [KB19]. Both methods are widely used and have some
stochastic nature, so researchers benefit most from comparing the projections from
several initialisations, or random seeds. We note also that it can be advantageous
that UMAP defines a projection through which other data points can be mapped
for comparison with the existing dataset, whereas to incorporate out-of-sample data
points in a t-SNE dimension reduction requires ad-hoc methods such as those used to
visualise velocity vectors suggested in [LMSZ'18|.

With the goal of classification of cell types, a typical aim is to perform clustering
on the cells, usually by way of clustering on a dimension reduction. This has become
a standard analysis pipeline for single cell studies, as the first step to more in depth
analyses. Mathematically, this approach requires an unsupervised clustering algorithm,
a problem well studied in the machine learning field. Clustering approaches that have
been widely used in applications to single cell RNA-seq include k-means, hierarchical
clustering, or graph based clustering (also known as community-detection), usually
using a k-nearest-neighbours graph derived from a dimension reduction embedding.
Since dimension reductions are highly sensitive to batch effects and quality control
problems, it is essential that QC steps are stringent and batch effects are removed prior
to any dimension reduction or clustering. Moreover, each method for clustering makes
assumptions about the clusters in the data, usually in the form of the intra-cluster

and inter-cluster metrics used in the algorithm, and the results should be interpreted



in light of this. For example, k-means is fast, but requires a fixed number of clusters
to be specified and is stochastic in nature so requires multiple restarts to determine
the robustness of the clustering. It also has a bias towards similarly sized clusters
and so can miss small clusters. Hierarchical clustering has also been tailored to single
cell RNA-seq in a number of applications and published methods ([LTH17, GWP*15,
7ZY16, BVW*16]). On the other hand, community detection algorithms on graphs are
also well-studied, scale well to millions of samples [BGLLO0S8]|, and can detect connected
clusters (communities) of cells of varied size and structure. This has led in particular
to the Louvain community detection algorithm [BGLLO08, TWvE19] being included
in the popular single cell analysis software Seurat. We note however, that a “hard”
clustering of cells, as described in most of the methods above, does little to elucidate
identification of cells on a developmental process, and may disguise biological processes
that cross the imposed cell-type boundaries, such as transcriptional changes driving a
continuous developmental trajectory.

The focus of this thesis is on fitting latent variable models to gene expression data,
while incorporating external prior information that may be available to the researcher.
That is, we aim to fit some latent, underlying structure, explaining patterns of
variability present in the data, including some model for noise or confounding factors.
Such models can be used both to extract useful features of the data for further
dimension reduction, and to extract meaningful biological insights. Now a widely used
approach in genomics [SOACT 18], one of the simplest latent variable models is factor
analysis, modelling the variation in a J by I gene expression matrix Y as depending on
a number, C, of vectors (9, of length I such that each cell’s gene expression data is
modelled as a linear combination of the vectors z(¢). In this way, each cell’s expression

data is modelled as a set of individual weightings, or scores, for each component,

c
Yji = Z Qjclei + €y (1.1)
c=1



where aj. is the cell score for cell j and component ¢, z; is the ith entry of 29 and

€;i is a Gaussian noise term. Thus, we describe this model as

Y = AX + N(0, D), (1.2)

where V¥ is a diagonal covariance matrix. The rows of X (the vectors z(®)) are the
latent factors, or gene loadings vectors, and the columns of the matrix A are the
cell weightings, or cell scores vectors. In applications, the matrix A can be used for
clustering, pseudo-temporal ordering, or further dimension reduction and visualisation
using t-SNE or UMAP. If the cell scores matrix were constrained to have each row a
vector of zeros and a single one, then this would be a clustering model. Instead, the
cell scores matrix can also be viewed as a ‘soft clustering’ that allows for continuous
differentiation between cells, capturing the varying levels of expression of components
of expression captured in the gene loadings matrix. From this viewpoint the cell scores
matrix is often referred to as the pattern matrix [SOACT18]. The loadings matrix
contains information pertaining to the sources of variation in the dataset across genes.
Each component provides levels of expression of genes which are coexpressed across
the dataset, and these can be further analysed for biological insights through, for
example, enrichment analysis. For further discussion and references, see [SOAC™18].
Unfortunately, even for two dimensional data sets, a basic factor analysis model lacks
identifiability since any orthogonal change of basis preserves both the covariance and
the decomposition. In practice, sparsity in the loadings matrix can facilitate rotational
identifiability, and otherwise postprocessing techniques are used to identify rotations
of the identified factors ([HL94]).

Beyond matrix factorisation, datasets for gene expression in more dimensions are
becoming available, either multi-omics datasets, or gene expression datasets measured

in multiple tissues for each sample. When considering a dataset of higher dimensions



one can view it as a series of two dimensional datasets, for example as in Bayesian
group factor analysis as described by [VKKKI12] to model different data types or
contexts while sharing a common sample (cell) scores matrix. However, the results may
well reflect the choice of the two-dimensional slicing, each slice could be susceptible
to the rotational identifiability issues mentioned above, and it introduces a large
number of latent variables. An alternative approach that avoids this pitfall is to
extend the factor analysis model to higher dimensions more directly. It can be shown
that all tensors are sums of rank one tensors, and it is precisely such a decomposition
which we focus on in one of the methods we develop here. The concept of viewing
a tensor as a sum of a finite number of rank one tensors appears in the literature
in 1927, but became popular in 1970 when introduced as canonical decomposition
(CANDECOMP) by [CCT70], and Parallel Factor analysis (PARAFAC) by Harshman
(see [HL94]). Research into methods aimed at decomposing data tensors to extract
underlying explanatory structure has now been ongoing for at least four decades
([KB09)).

One method we build on in this thesis is SDA [HVB7*16], which implemented a
sparse Bayesian parallel factor analysis model for three-dimensional datasets. We
describe this here using the notation and indexing of [HVB*16], developed originally
for bulk RNA-seq data, with samples representing individuals. Consider a three-

RN*EXT " with measurements for N individuals, 7" tissues

dimensional data tensor ) €
(or contexts, cell-types, time points etc.) and L genes. A PARAFAC decomposition of

Y is described in equation 1.3 and illustrated in Figure 2.1,
c
Ynit = Z ancbtcxcl + Enlts (13)

c=1

where C is the number of components, A € RV*¢ B ¢ RT*¢ X € R*F, and €, is



a noise term. This is typically summarised as a sum of rank one tensors, as

Y= Z a9 o b o z(©) 4 ¢ (1.4)

c=1
where o is an outer tensor product, and a(?, b are ¢** columns of A, B respectively
and z(9 is the ¢ row of X. A single component comprises all three of these vectors.
Another approach to three-dimensional tensor decomposition is the Tucker decom-

RE*XEXC where C is the number of

position which includes an extra core tensor P €
components. This approach describes the tensor ) as a linear combination of tensors
of the form a™ o b o *) with coefficients given by the entries p;x of P. The Tucker
decomposition is more general than a PARAFAC decomposition (recovered by setting
pijk = 0 whenever 4, j, k are not all equal, and 1 otherwise), but we note that the
extra tensor P could introduce many variables that are not required in the PARAFAC
decomposition, and may be less easily interpretable in a gene expression context.

A number of different models exist for (parallel, group, or standard) factor analysis
of gene expression data, either by applying constraints to the decompositions, or by
applying different prior structures to the matrices. For example, in a 2-dimensional
setting, by constraining the entries of A and X to be non-negative, one obtains non-
negative matrix factorisation (NNMF), which is popular in gene expression analyses,
likely because the data is non-negative. More commonly, with the aim of interpreting
the components as representing biological processes and the belief that among all genes
the number involved in any process will be proportionally low, sparsity is imposed on
the loadings matrix. A number of methods exist to facilitate this, often incorporating
the spike and slab prior structure. First introduced in [MBS88] in the context of
variable selection in linear regression, spike and slab priors are widely considered the

gold-standard of Bayesian sparsity inducing priors in the literature.
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A spike and slab prior structure on x can be described as

P(z) = (1 — p)do(x) + pN ([0, 571),

for some mixing weight p and precision parameter §. That is, a mixture of a point
mass at 0, the spike and a more diffuse Gaussian distribution, referred to as the slab.
This effectively places extra prior density at 0 and inference of small p places most of
this prior density at 0, while a large p places the parameter x in the diffuse slab.
There are essentially two versions of this spike and slab in the gene expression
factor analysis literature. The group factor analysis method MOFA [AVA*18] utilises
a component-wide sparsity parameter p., and a component-wide scale in the prior £,

resulting in a prior as follows:

P(xa) = (1 — pe)do(za) +Pc/\/($cl|075c_1)7

placing conjugate uninformative priors on p, and .. We refer to this prior as the
Mitchell and Beauchamp Spike and Slab Prior (MBSS). We note that MOFA is
designed as a multi-omics integration model based around group factor analysis but
allowing for different data modalities in each view of the data, incorporating Poisson,
Bernoulli, and Gaussian likelihood models.

In contrast to this component-wide sparsity, the SDA model implementing parallel,
group, and standard factor analysis, follows the approach of Lucas [LCWT06], with a
gene-component-wise sparsity inducing prior, placing a Beta-Bernoulli mixture version

of the spike and slab prior on p, as follows:

P(Id> = (1 - pcz)5o(513cl) +pcl~/\/’(xcl|07ﬁc_1)7

11



where

P(per) = (1 = pe)do(per) + peB(pele; f)

for hyper parameters e, f chosen to reinforce sparsity, and the prior on the component-
wise sparsity parameters p. is a beta distribution. We refer to this prior structure as
the Lucas Spike and Slab prior (LSS).

Marginalizing over the p; shows that the LSS prior is identical to setting p. = pcﬁ
in the MBSS prior (this is also noted in [LCWT06]). However, both [LCW*06] and
[Hor15] report that LSS provides an improved false discovery rate in practice in certain
scenarios. This may be due to the approximation inherent in the variational inference
used in [Horl5], including the imposed posterior independence of certain parameters
in the variational inference algorithms, details of specific implementations, or due
to the imposed upper bound dictated by choices of e and f on the component-wide
sparsity.

The main focus of this thesis is incorporating extra information in latent variable
models for gene expression data, with a focus on single cell RNA-seq data in particular.
Although SDA was designed for bulk RNA-seq data, the model is very general and still
valid for well normalised scRNA-seq data, and can accommodate samples from cells
and genes across many contexts (tissues in the SDA model). With the diminishing cost
and technological advances driving the field, it is natural to assume that time series
data will be available, and we have extended the SDA model into four dimensions,
incorporating a time scores matrix. We have investigated the benefits of the four
dimensional model, demonstrating that it reliably captures the four-dimensional
structure of simulated data, and outperforms the 3D model on a single time slice.
However, we find that if the time and context dimensions in the time series data are
unfolded into a single context dimension, then the 3D model is sufficient to capture
the sample scores and gene loadings as accurately as the 4D model for all but the

most sparse datasets. This work is presented in Chapter 2.
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Although sparsity inducing prior structures go some way to mitigating the rota-
tional unidentifiability of factor analysis [GBE13], the interpretation of components
through their gene loadings requires great care and a significant amount of postpro-
cessing, for example through enrichment analysis. We investigate here an approach
to integrating data from other sources into a factor analysis inference algorithm and
model. In particular, although there are still many unanswered questions regarding
gene expression such as the determination of protein structure from sequence, and how
gene expression levels relate to the interaction of genotype and tissue/cell context,
much experimental information regarding gene function and transcriptional dynamics
has been collected. For example, it is known that certain proteins act as transcription
factors, binding to DNA and effectively promoting transcription of certain genes and
silencing, or repressing others. Many such transcription factors have been identified
and their binding motifs inferred, which is a valuable resource for determining binding
affinities near enhancer or promoter regions of genes. This information should ideally
inform our analyses of expression data but is currently difficult to incorporate. In this
thesis we present a new factor analysis model that integrates prior information in the
form of annotation vectors, with a score for each gene in the dataset, into the spike
probabilities in a spike and slab factor analysis model. We model the log-odds of the
inclusion probability as a linear combination of the annotation vectors and infer which
annotations each component depends on as part of the algorithm with immediate
biological interpretability.

The only other model in the literature capable of incorporating prior annotations
that we are aware of is f-scLVM [BPM™17], designed for use with pathway annotations
such as those available from the REACTOME [JTGVT'05] database. The f-scLVM
model also uses a spike and slab sparsity inducing prior structure, incorporating
a component for each annotation, with spike inclusion probability approximately

determined by the gene inclusion in the corresponding pathway subject to some
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specified false negative rate and false positive rate. While this is a useful model, we
note that restricting each component to be informed by exactly one annotation is
limiting; in the event that more than one annotation informs inclusion in a single
underlying component of the data this model will need to infer multiple correlated
components, each explaining less variance than a single component that would depend
on combinations of annotations. Moreover, the annotations incorporated are binary
vectors, devoid of any level of uncertainty as is available for annotations such as
transcription factor binding affinities.

The model and inference algorithm, presented in Chapter 3, defines a new prior
structure for data integration in factor analysis, and has numerous other scenarios it
could be applied to. Due to the prevalence of Gaussian models currently in use [L.T19],
and the recent results suggesting that (conditional on library size), scRNA-seq data is
Poisson distributed, we have implemented both a Poisson model which incorporates
library size, and a Gaussian model, and compare and contrast on both Gaussian and
count data in a simulation study. We focus our application of the model on a rich
scRNA-seq dataset that has been previously studied [JWR*19]. This large dataset is
from a Drop-seq protocol, involving approximately 20000 cells from testis from several
mouse lines, including mutant mice. Since several of the mutant mouse strains are
chosen specifically such that their cells arrest at certain stages of spermatogenesis, this
dataset is enriched for early meiotic cells. We identify many components identifying
known biological function and which capture a continuous developmental trajectory
across cells when cell scores are ordered chronologically. Moreover, we demonstrate
that a post-meiotic switch in gene expression which occurs during spermatogenesis
is consistent with signatures of transcriptional regulation inferred as part of the

algorithm.
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CHAPTER 2

Sparse Bayesian Four Dimensional Tensor Decomposition for

Gene Expression Data

Disease etiology may be better understood through the study of gene expression in four
dimensional (4D) experiments that consist of measurements on multiple individuals,
genes, tissues and under multiple conditions or through time. For example, a single
cell dataset [CLT*20] has recently been studied in connection with COVID-19 severity
with multiple individuals, with gene expression measurements in several tissues and
several time points after onset of symptoms. We note however that such datasets
have only appeared after the completion of this part of the work presented in this
thesis. Motivated by the possibility of such datasets, we developed a sparse Bayesian
four dimensional tensor decomposition algorithm. It is possible to restrict our four-
dimensional implementation to recover the three-dimensional model from [HVB*16].
In this chapter we describe the model, inference algorithm and a simulation study,

based on that from [HVBT*16], in which we aim to determine the extent to which the
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fourth dimension in the model aids analyses. We illustrate the utility of the method
using simulated datasets, and show that when 4D data is available our method shows
improved performance when compared to using a 3D method on a single slice of the 4D
dataset. We also compare the results of the 4D method to that of the 3D method on
a suitable unfolding of the data, demonstrating that the 3D and 4D methods perform
similarly on their common dimensions, while the 4D method accurately recovers the
additional structure in the data. Software implementing our approach is available at

https://github.com/marchinilab/SDA4D

2.1 The Model

The model is an extension of parallel factor analysis CANDECOMP/PARAFAC (CP)
to four dimensions with a sparse loadings matrix. This is a generalisation of the SDA
model used in [Horl5] and [HVBT'16] to four dimensions. Specifically, for a tensor

Y € RVXIXMXT e consider the decomposition

C
Ynimt = Z Canbtcdrr’wxd + €nimt, (21)

c=1

where C' is the number of components, A € RV*¢ B € RT*¢ D € RM*¢ X ¢ RE*L
and €,;,,; 18 Gaussian noise. Figure 2.1 is an illustration of the model. The motivation
is to consider a gene expression dataset of N individuals, T tissues, M time points,
across L genes and we model the noise as having variance constant across individuals
and time, with P(€,mt) = N (€nime|0, )\l_tl), where \j; is the precision, indexed by the
tissue and gene.

Parallel factor tensor decompositions are invariant under permutation of the com-
ponents. That is, if P is a permutation matrix and A, B, D, X are a PARAFAC
decomposition of a tensor ), then AP, BP, DP, PX are also a PARAFAC decom-

position of ). Furthermore, sign and scale are non-identifiable in a PARAFAC
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Figure 2.1: A) Diagram of a PARAFAC decomposition of a three dimensional tensor. B)
Diagram of the four-dimensional PARAFAC model.
decomposition. We take into account these limitations when evaluating the results
of the method in simulations. We follow the approach of [Horl5] and with these
limitations in mind, we use standard normal distributions for priors of a,., b, dpe.
We place a conjugate prior on Ay, a Gamma distribution with parameters u, v.
Amongst a full spectrum of genes in any dataset, the number involved in any
particular biological process will be small, so we aim to impose sparsity on the gene
loadings vectors, using a ‘spike-and-slab’ prior, with a large density at zero, and
remaining density spread as a normal distribution with mean zero and some precision.

Assuming uniform precision across the component, the prior on z; is defined as follows:

P(zq) = paN (zal0, B.1) + (1 — pa)do(za), (2.2)

where [, is the precision of the ‘slab’, and p. is a weight indicating whether the gene
is active in that component. Following [TLG11] we facilitate inference with such a
distribution by expressing z. as a product of a Gaussian distributed random variable

wy and a Bernoulli distributed random variable s.;. That is, we write x4 = WSy
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where

P(wa) = N(wal0, 57,

P(s) = Bernoulli(sy|pe)-

We apply a conjugate prior to ., a Gamma distribution with parameters e, f. The
mixing weight p, is also given a spike and slab prior, this time involving a Beta

distribution:

P(pa) = peB(palg, ) + (1 = pe)do(pe)- (2.3)

Such a hierarchical structure on the ’spike’ was first introduced in [LCWT06], demon-
strating that it reduced the false discovery rate in certain scenarios. Since p. is
the likelihood that gene [ is ‘on’ in component ¢ (that is, z4 # 0), the value of p,
determines the sparsity of the component. If p. takes a value close to 1 then p, will
take values from the Beta distribution, resulting in a dense component, whereas, if p,. is
close to zero then p. has density highest at 0 and will result in a sparse component. We
typically initialise with g, h close to zero resulting in a Beta distribution with peaks at
zero and one, which further imposes sparsity. To make inference more straightforward,

we write pg = ¢qq, Where

P<¢cl |IOC) - Bernouui(chl |pc>;

IP)<77Z}cl) = B(¢cl|ga h))

The prior for p. is a beta distribution with parameters r, z.

By setting M = 1, fixing (d,,.) = 1 for all ¢, and neglecting to update D, we regain
a three-dimensional model that is essentially equivalent to the method detailed in
[HVBT'16], though we note that since our method was implemented independently

exact details may differ.
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We summarise the model as follows for a data tensor V = (Ynimt)n.1m.t:

The Likelihood

C
IP(J/|@) = H N (ynlmt|z ancbtcdmcwclscla/\l_tl) :

n,l,m,t c=1

Prior distributions

P(N\y) = G(A\i|u, v);
P(anc) = N (ane|0, 1);
P(bee) = N (bic|0, 1);
P(dme) = N (dmcl0,1);
P(wa|Be) = N (wal0, 67);
P(sal¢a, ha) = Bernoulli(saltada);
P(8.) = G(Bele, f);
P(¢alpc) = Bernoulli(¢ulp.);
P(Ya) = B(alg, h);

P(pc) = B(pe|r, 2).
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2.1.1 Model fitting

Due to the complex nature of this model, exact inference is not possible, so we have
implemented a variational Bayes (VB), approximate inference, approach. We defer
details and references on variational inference to Appendix A.1.2.

We follow the approach of [TLG11] for inference with a spike and slab prior, and
we find it beneficial to couple w., and s, in the parameter partition as they together

parametrize the spike and slab distribution. We partition the parameters as follows:

{anc}7 {btc}v {dm6}7 {¢cl}a {wcl}a {pc}v {ﬁc}a {)‘lt}> {wcl7 Scl}'

Deriving the updates as described in Section A.1.2, this results in the following

VB updates, where we denote Eq(-) by (-):

Individual scores matrix:

Q" (ane) = N(ancmzcawzzl)

wne = 14 D () (Bie) () (i)

Lt
fine = wl;;c (%(Alt><btc><dmc><wclscl> (ynlmt - ;(anﬁ<btk><dmk><wmsm>>) :
Tissue scores matrix:
Q*(bte) = N (eelvpes 72 ),
T =14 Y (@l ) (dr ) (wish),
Lo
Vie = % (%(Au}(anc>(dmc><wcz8d) (ynzmt - §<ank><btk><dmk>(wkl5k1>>) :
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Time scores matrix:

Q" (dme) = N (dmelas,,., /B:n_cl)v
/B:;ZC =1+ Z<)\lt><aic> <b§c> <wglsgl>7

n,lt

mc 5*
mc

o, ! (Z<)\lt><anc><btc><wclscl> <ynlmt ) (k) (b () (wra i)

n,lt

Noise precision:

Q" (M) = G (Aufuiy, viy)

1 1 < :
U;;t = ; + 5 < (ynlmt - Z ancbtcdmcwclscl> >
n,m c=1

21
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Gene loadings matrix:

Q*(/Bc) = g(ﬁc|6za fc*)

. +L
e. = e —_—
c 27

. L1 2 -
fc = (? + §;<wcl>>

Q" (walsa) =N (wczlsczm;}, (sa0y + (1= sa){B)) ")
Y+ D (Al ) (b (d2,)

m,n,t
1
mzl - O'_* (Z <)\lt> <anc> <btc> <dmc> (ynlmt - Z(ank> <btk> <dmk> <wkl3kl>> )
cl m,n,t k#c
Q*(se) = Bernoulli (sq|v2)
. 1
fyCl - 1 + e_uzl
* 1 * 1 * \2 _k 1
U = _5 lOg O + §(mcl) O + log<¢clwcl) 1Og<ﬁc> log( (bclwcl)

Following the same procedure for the variables p., Y., ¢4 does not result in a closed
form distribution. In this case we maximise the ELBO, denoted F'(Q), with respect
to point estimates of these parameters. The corresponding component of the ELBO

dependent on these parameters is F (Q), defined as follows:

F(Q) = Eg (Z log P(pe) +Zl: log P(5c1[tet; ¢er) + log (1) +10gIP’(¢cz|pc))>
_ Z ((r — 1) log(p?) + C(z — 1) log(1 — p7))
+Z ((scr) log(@qtba) + (1 — (se)) log(1 — dgba))
+Z — 1) log(v}) + (h —1)log(1 — %))

+ Z ¢ log pi + (1 — ¢3) log(1 — ).
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There is a unique solution to g—i = 0, which gives the update for p. as

*_T—1+Zl ol
Pe = Thr+z2-2

For the remaining parameters ¢, 1y we optimise F(Q) by maximising F(Q) using

Newton’s method in two dimensions. The gradient vector is

Sc C 1— Sc
o — S 4 log pe — log(1 - p)

(Set) _ bal=(sat)) | g=1 h—1

'¢'cl 1_¢cl¢cl Yei 1=ta

The Hessian matrix, H, is calculated as

O2F 02F {(sa) ¥ (1—=(sa)) __(=(sa))

39% a(bclawcl — El (1_¢Zl¢:l)2 (1_¢clwcl)2

82 F 92 __(=(se)) (sa) @A (=(se) _ (g=1) _ (h—1)
8¢cla¢cl alﬁ?l (17¢clwcl)2 31 (17¢le:l)2 3[ (171/)61)2

The update for (¢, 1) is then

¢i+1 i ) .
(5)-(8) e
cl cl

where « is chosen by a backtracking line search to ensure the step increases F/(Q).

Each of these updates is guaranteed to increase the ELBO,
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The ELBO (or negative free energy) for this model is as follows:

F(Q) = constant + % Z ((log(/\lt)> — () < (ymmt - Zambtedmcwclsd> >)

ly;m,n,t c

-5 2l — 5 ki

_ % ;(b@ - % tz log|7;:]

1 i<d3nc> ! Z log|By,c|

i Z log B.) — ZI (Be) (W)

-3 Zl:<sd> log(077) — 5 2;(1 — (sa)) log((Bc))
4 27((7“ — 1) log(p!) + (z’— 1)log(1 — p7))

+ Z — 1) log(¥%) + (h — 1) log(1 — 4))

i Zl (o7 log(pz) + (1 — ¢7y) log(1 — pf))

+ glj ((sa) Log(@f0) + (1 = (sa)) log(1 — ¢580%)
—(1 — (sa)) log(1 — {sa)) — (s) log(sa))

#3 (eon e + (e = eDpuler) + et - et +logT(e) )

* * * * 1 * 0k *
+ Z (U log vy, + (u — g ) (wy) + wyy — e+ log F(ult>>
It

C

Here v is the digamma function.
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2.2 A Simulation Study

We carried out a simulation study to evaluate the benefits of the 4D model, applied to
4D data, versus the 3D model applied to simulated data that replicates the simulations
from [HVB*16]. These 3D datasets are effectively a single time point of a 4D dataset.
We also compare the results from the 4D algorithm to the results of the 3D model
applied to a 3D unfolding of the 4D dataset.

We simulate 3D data for N = 200 individuals, across L = 500 genes, and T = 3
tissues with C' = 8 underlying components. The data is generated by specifying
matrices A, B, and X and adding noise. We generate an Individual Scores matrix
A by sampling each entry from N(0,1). B is the tissues matrix, and we give this a
strong signal that differs strongly over tissues. Specifically, we simulate 8 components,
across three tissues such that three components are active in just one tissue, three
are active in two tissues and two are active in three tissues. The non-zero entries of
B are sampled from {—1,1}. The gene loadings matrix X is simulated by specifying
a level of sparsity, chosen by fixing the occupancy p . Each entry of X is non-zero
with probability p, in which case it is sampled from N (0, 1). We consider occupancy
and sparsity to be equivalent, defining sparsity as 1 — p. Finally, each data point is

generated as
c

Ynimt = Z ancbtcdmcxcl + €nimt, (24)

c=1

where €., is sampled from N(0, 10).
The 4D data was simulated in a similar manner, for N = 200 individuals across
L = 500 genes, in T" = 3 tissues, and across M = 16 time points. We simulated an

underlying set of C' = 8 components. A, B and X were generated as above, and we
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generated D deterministically, according to the following formulae (for m =1,...,16)

. /mm .o/mm .o/mm .o/mr
d,1 = sin <T> ,  dpyo = sin (T) ,  dy,3 =sin <?> , Ay =sin (H) ,

mm mm mm mm
s = COS (?> ,  d;e = COs <T) , d,7 = cos <?> , d,s = cos (T) )

For each four dimensional tensor Y(!) of dimension N x L x M x T we also unfold
this into a three dimensional tensor Y of dimension N x L x MT. We consider
the individuals and genes to be fixed, and the tissue and time dimensions to capture
context, which is how one might interpret the so-called tissue scores matrix in the
three dimensional tensor. This results in an unfolding as Yn@l)m )M = Y;llyzlt. In
this way, the unfolding determines a one-to-one correspondence between entries in the
two tensors.

We varied the level of sparsity, such that p € {0.1,0.2,0.3,0.4,0.5}, and at each
level of sparsity we simulated 50 datasets. Variational inference is deterministic, and
guaranteed to converge to a local maximum of the negative free energy, but can be
sensitive to initialisation. For this reason we ran the method ten times on each dataset
and consider only the run which achieves the largest ELBO at termination. Following
a similar approach to that taken in [Hor15], for the purposes of the simulations we stop
the algorithm as soon as the average rate of posterior inclusion probabilities (PIPs) (s.)
passing the threshold of 0.5 across 10-iterations drops below 1. In all inspected cases,
the ELBO had also converged at this point. The algorithm can shrink components
to zero, automatically selecting the number of non-zero components. We initialised
with double the true number of components in all cases, and fix the hyperparameters
as follows: e = 107%, f =10%, g =0,h =0, u = 107%, 0 = 105, 7 = 1, 2 = 1 resulting
in uninformative priors on the precision of the noise and ‘slab’, a flat prior on the
component sparsity parameter p., and a beta with point masses at 0 and 1 for ¢.

The algorithm scales linearly in N, L, M,T and quadratically in the number of
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(N,L,M,T,C) Time for 200 iterations (s) | Time to convergence (s)
(200, 500, 16, 3, 8) 131 8
(400, 1000, 32, 6, 16) 1891 611

Table 2.1: Example running times. To demonstrate timing, we simulated two
datasets with occupancy p = 0.4, simulated with 8 components each, and with
dimensions (N, L, M,T) as given in the first column, identically to the simulated
datasets used in the main text except extending the underlying tissue scores matrix
B beyond T'= 3 to T' = 6 by drawing from a standard normal distribution. On a
desktop computer running R version 3.5.2, we ran the method on each dataset twice,
for 200 iterations, and to the convergence criterion described in the main text.

components C'. Example running times are given in Table 2.1. Figure 2.2(A) shows the
simulated tissue and temporal loadings, together with the estimates of these loadings

when our algorithm was applied to a single simulated dataset, with occupancy p = 0.4.

2.2.1 Evaluating performance

We compared performance of the models by evaluating how well the method estimates
the number of components and how well the individual scores and the gene loadings

were recovered.

Identifying estimated components

To evaluate the estimated number of non-zero components, we consider the posterior
means (S, (ane), (o), (dme). The PIPs (sy) are thresholded such that an entry
(sa) > 0.5 indicates x4 # 0 and gene [ is active in component ¢. The posterior mean
values (s.) tend to be either close to zero, or to one, so although a threshold of 0.5
was used, any value between 0.1 and 0.9 gave very similar results.

Having identified the components that were shrunk to zero, those columns of A, B,
D were removed. Computing the remaining postprocessing and metrics requires the

correct number of components in all cases. If the number of estimated components
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Figure 2.2: Example simulated and recovered tissue and time scores matrices. (A)
The recovered and simulated tissue scores matrices. Component alignment was carried out
with the individual scores matrix as described in the main text. Up to scale and sign (which
are undetermined in the model), the tissue scores matrix is recovered well, and we note the
scale is common on any given column reflecting the component-independence of scale in the
model. (B) The corresponding recovered and simulated time scores for each component. Up
to scale and sign these are recovered almost perfectly.

was less than the true number, then additional zero components were added to X, and
columns of zeros added to A, B, D. If more than 8 components were estimated then
the components were selected to maximise the absolute correlation of the individual
scores vectors with the true individual scores vectors.

The estimated individual, tissue, and time scores, and gene loadings matrices

produced by this method are denoted fl, B , D and X respectively.

Individual scores vectors

Since there is a permutation and scale indeterminacy in the model we perform a

search to determine the optimal permutation of components. That is, we permute
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the estimated components to maximise the average absolute correlation between the
individual scores vectors, and change the sign of the vector in order to make the
resulting correlations positive.

We compare the estimated individual scores vectors with the true individual scores
vectors by root mean squared error. Since root mean squared error (2.5) is affected by
scaling, each of the estimated and true individual scores vectors are scaled to have

unit variance where the component is non-zero.

RMSE(A, A) NLC S (e — ane)? (2.5)

n,c

With a poor set of estimates, the optimal permutation may not be very well-defined
(that is, it may not be significantly better than all others). In view of this, we use the
sparse stability index as introduced in [GBE13]. Let 3 be the C' x C' matrix with i, j
entry the absolute correlation of the ith column of A and the jth column of A. With

this definition, the sparse stability index is defined as

-1

c c
1 - T > 85)2,
+ — (maXZij—ZZ_l (0]1 ) ]>,

c c
1 21 L(Eij > s7) %y

where s”, s¢ are the vectors of row and column means of ¥ respectively, and 1(-) denotes
an indicator function. This is invariant to scaling and permutation.

The SSI penalises cases where more than one entry in a row or column is close
to one, or if a row or column contains no large entries. The former might happen
if a component is split into two or more estimated components, and the latter if a

component is missed. A high SSI indicates a good match between A and A.
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Gene loadings vectors

Finally, we consider recovery of the set of non-zero gene loadings, by varying a threshold
of inclusion on the posterior inclusion probabilities, calculating the false positive rate
and true positive rate of the method and summarizing this as a receiver operating
characteristic curve. The false positive rate (FPR) is calculated as in equation (2.6),
and true positive rate (TPR) as in equation (2.7), where X is the simulated gene
loadings matrix, and X is the inferred gene loadings matrix, with columns aligned
using the individual scores matrix. We define Xu = 0 precisely when the posterior

inclusion probability exceeds a defined threshold.

FPR = 25:1 Zlel H(Xcl # 0 and X, =0)
Zf:l ZZL:1 1(Xgq =0)

S SE 1(Xy # 0 and X # 0)
Y Yy 1(Xa #0)

TPR = . (2.7)

2.3 Results

Figure 2.3 shows the results of the 3D and 4D models at estimating the number of
components for each of the 5 levels of sparsity and each of the data types. We find that
for occupancy p > 0.2, the algorithm tends to overestimate the number of components
in both 3D and 4D datasets, but this improves as p decreases (as the gene loadings
matrix becomes increasingly sparse).

The number of components estimated in the 4D simulations typically showed less
variability than the 3D simulation, and for each sparsity level, was typically closer to
the true value. The 3D model on the unfolded dataset performs qualitatively similarly
to the 4D model, with both typically overestimating the number of components for
occupancy > 0.2, when components are often split into two or more, and tending to

underestimate the number of components for very sparse p = 0.1.
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Figure 2.3: A) Comparison of estimated number of components. The dashed line indicates
the true value of 8 underlying components. B) RMSE of the simulated and inferred cell
scores after alignment as described in the main text. C) SSI of the inferred and simulated
cell scores after alignment.

Figure 2.3(B,C) shows the RMSE and SSI metrics between estimated and simulated
individual scores matrices for each sparsity level. We note that for 8 components, the
SSI metric is bounded above by g. Both statistics appear stable and tightly distributed
for occupancy between p = 0.2 and p = 0.5. It is noticeable that performance slightly
worsens as the simulations become more sparse (low p), but the performance is
particularly less predictable at p = 0.1. The RMSE achieved by the four-dimensional
algorithm is generally lower than that achieved by the three-dimensional algorithm
and the SSI is generally higher in the four dimensional results than those of the three-
dimensional results, highlighting the improved performance achieved by incorporating
time-series data. However, the 3D model applied to the unfolded datasets perform
very similarly to the 4D model in all but the occupancy 0.1 datasets, where the 4D
model outperforms the unfolded results. This is an important observation as it may
be the most realistic cases since relatively few genes are involved in most biological

processes and we note also that many inferred components in the scRNA-seq data
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analyses presented in Chapter 5 have occupancy less than 0.1.

We note also that in order to calculate the statistics we use here, we have discarded
estimated components since the algorithm often inferred more than the 8 simulated
components. It is perfectly possible for this method to split a component into two or
more inferred components. This would not be detected in the statistics used here and
could lead to decreased sparse stability index, or increased root mean squared error.

We also compare the false-positive-rate and true-positive-rate achieved by each
method across sparsity levels in Figure 2.4. In all cases, the false positive rate is
very conservative. These results show a similar pattern to the other statistics, a
decrease in performance as sparsity increases. The four-dimensional algorithm again
seems comparable to the three-dimensional results from the unfolded data, and clearly
outperforms the three-dimensional algorithm on a smaller dataset, with increased true
positive rate and lower false positive rate across the majority of simulations (in fact
all simulations for p = 0.3,0.4, and p = 0.5).

We note also that the time and tissue scores matrices have been recovered very well
in all scenarios. An example of the tissue scores matrix as simulated and as recovered
is shown in Figure 2.2(A). For the same dataset and run, we plot the recovered time
scores in Figure 2.2(B). In both plots the scale and sign indeterminacy of the model is
clear, but subject to this consideration, the recovery is excellent. These components
were aligned with the simulated components by the individual scores matrix, following
the method described earlier in the text. Applying this same method and recording
the average absolute correlation achieved across the columns of the estimated and
simulated time scores matrices, we found exceptionally clear recovery of the time
scores matrix (Figure 2.5). We consider this to be a relatively complex time scores

matrix, with several columns highly correlated, but it was recovered extremely well.
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Figure 2.4: Comparison of recovery of the gene loadings matrix by FPR and TPR.
On the 50 datasets at each level of sparsity we consider false positive rate and true positive
rate for both 3D and 4D simulations. A) ROC curves for the three methods for the highest
ELBO run on each dataset/method after component alignment using individual scores as
described in the main text. B) Area under the curve for the ROC curves. C) FPR/TPR
plotted when applying a threshold of 0.5 to the posterior inclusion probabilities.

2.4 Discussion

The application of sparsity inducing priors to a parallel factor analysis model for
gene expression data was novel in [HVB*16] and has been shown to have application
in large gene expression studies, in particular having power to detect trans eQTLs.
We have extended this model to perform inference on four-dimensional data with
gene expression data in mind, although we expect the approach to be more widely
applicable.

The interpretation of the matrix B has been that of a tissue scores matrix and
this has been recovered well. Similarly the matrix D, which we have used to define

the variability of component expression over time has been recovered well - see for
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Figure 2.5: Time Scores matrix is recovered well.

For the highest negative free energy runs on each dataset we plot the average absolute
correlation of the non-constant columns of the estimated time scores matrix with the true
underlying time scores matrix, based on the component alignment carried out with the
Individual scores matrix described in the main text. The plot above shows excellent recovery
of the matrix. We note also that the sign and scale are indeterminate in the model, as shown
in Figure 2.2.

an example Figure 2.2 and Figure 2.5. The combination of these two matrices and
patterns being recovered is indicative of the power of both methods to detect 'discrete’
patterns in the componentwise scores such as that seen in the tissue scores matrix, as
well as the more continuous variation as captured in the time scores matrix.

We have shown that the four-dimensional method outperforms the three-dimensional
method in recovering the gene loadings in components and the individual scores ma-
trix, and observed excellent recovery of the tissue and time scores matrices. The
results presented here suggest that the results from the 3D model are limited by
the amount of data in a single time slice. When applied to a suitable unfolding of
the four dimensional data, the results of the 3D model are comparable with that
of the 4D model in gene loadings and individual scores for all but the most sparse
simulations, when the 4D model outperforms the 3D model even on the unfolded data.
However, the 4D PARAFAC method presented here reliably recovered the tissue and

time scores across multiple components and simulations while using fewer parameters

than the corresponding 3D model, and these “context” dimensions are very difficult to
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disentangle or interpret in the results from an unrolled 3D dataset. We thus conclude
that, when interpretability in the two additional context dimensions is desirable, or
when components are expected to be sparse, the 4D model is a valuable extension.

While we present here a brief summary of results from a simulation study similar to
that of [HVBT16], we have observed qualitatively identical results in another scenario
designed to be more symmetric in dimension, with a range of dimensions up to
50 x 50 x 50 x 50 datasets.

The current implementation of the model does not allow for missing data of any
kind, and it is usual practice to remove any sample, tissue, time, or genes that are
completely missing. However, in principle a four dimensional PARAFAC model as
described in this chapter can accommodate missing data by simply masking the
missing data points from the likelihood calculation. In particular, we note that care
should be taken if extending and applying this model in such a way as missing time
points could be a source of confounding between the time scores and individual scores.

We expect that with the increasing availability of gene expression data, time series
data across multiple tissues will become available and this method will prove valuable
in decomposing such datasets into active components with weightings (scores) for
different features (dimensions). This approach has the potential to provide insight
into components of genes involved in biological processes, as well as their differential
expression over time. We note, however, that both the 3D and 4D model were designed
with bulk RNA-seq data in mind. When large single cell RNA-seq data is used, the
size of the datasets is large and a 2D (possibly group) factor analysis may be sufficient
to capture much of the variation present while not constraining the results by requiring

any structural modelling assumptions such as the PARAFAC decomposition.
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CHAPTER 3

Annotation Informed Factor Analysis Model for scRNA-seq data

This chapter describes a new method for factor analysis leveraging annotations,
named AnnotFA, for inferring structure in a single cell RNA-seq dataset. Such a
dataset consists of counts for every cell in a sample, for a set of genes. The approach
proposed here is to model this data in a factor analysis setting, thereby modelling
the components of variation in expression that are shared across cells and genes.
Currently, few methods in the literature exist to incorporate prior knowledge that may
inform factor loadings. Examples of such prior information may include, for example,
pathway annotations as available through the REACTOME database [JTGV105],
or prior evidence of transcriptional regulation, such as transcription factor binding
affinities for each gene in the dataset. We may also have information on cells, such
as batch, or case-control status of cells from patients undergoing treatment. In the
model described here, we make use of a spike-and-slab prior that informs sparsity
on the component loadings, incorporating such prior information into the inclusion

weights of genes in components. This method allows for automatic selection of relevant
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information to the component gene inclusion probabilities, with immediate biological
interpretability, while remaining scalable to existing large datasets. In this way, we
make use of several of the features of existing factor analysis methods in the literature

while incorporating prior information in our inference.

3.1 The Model

3.1.1 Heuristic description

In single cell RNA-seq datasets, biological processes are likely shared across many
cells, and each cell is likely undergoing several processes at any one time. This leads
to patterns of expression of genes that are shared across subsets of cells at differing
levels. There will also be non-biological sources of variation present in the data such
as technical artefacts including batch effects and noise. The method we describe in
this chapter attempts to infer these sources of variation that are shared across cells,

and their respective levels of expression in each cell.

3.1.2 Data model description

Throughout, we assume the data is a J x I matrix representing J cells and I genes,
and we model the data mean values as AZT, where A = (a;,) is a cell scores matrix
and Z = (z;,) a gene loadings matrix.

Additionally, we assume the presence of a set of annotation vectors {¢,}, represent-
ing prior information relevant to patterns of gene expression dynamics. For example,
this may be inclusion or exclusion of genes in a given biological process, or vectors for
each of a set of transcription factors, consisting of binding affinities (i.e likelihood of
regulation) of that transcription factor to the promoter region of each gene.

We first describe the Gaussian AnnotFA model, before describing the closely

related Poisson AnnotFA model. In later sections we describe our prior on model
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parameters, and details of the inference procedure.

We model the data as a sum of () latent components and an intercept component.
Each component, or factor, is a pair of columns from the cell scores and gene loadings
matrices respectively. In this way the model attempts to explain the variance present
in the data across many cells and genes using a much smaller number of latent factors,

each capturing covariance across cells and genes.

AnnotFA Gaussian model

The Gaussian model is described in Equation 3.1

Yji = Z Ajq2iq + 2+ €ji (3.1)
q
where €; is Gaussian noise, fori =1...,1,j=1...J,and ¢ = 1...Q and where 2/ is
an intercept loading for each gene. This can equivalently be written as Y = AZT + ¢
(by including an intercept component in the scores and loadings matrices). We assume
heteroscedastic Gaussian residual noise, independent for each ¢ and j with precision
differing across cells,

m(e;) = N(eji | 0, /\]-_1).

AnnotFA Poisson model

As described in [SS20, SVTT18], there has been much discussion around the number
of zero values present in scRNA-seq data, and some methods have modelled so-called
dropout (for example [PY15]). However, when accounting for the technical noise
created by the varying library size, it has been shown that the Poisson model is
appropriate for single cell RNA-seq data [SS20, SVTT18].

Based on an identical prior structure to the Gaussian model, we have implemented

a Poisson model as in Equation 3.2, where A\ : R — Ry is the rate function x —
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log(1+€®) and n; = >, y;; is the library size for cell j, and we scale by some (usually
large) pre-chosen constant (.

Specifically, for ¢ = 1,..., 7 and j = 1,...,J we model the data y;; as

yii ~ Poi <ﬁjA(?’")), 50 (3.2)
P(Y|0) o 1_][ (ﬁjA(?”)yﬁ exp (— (@M?i)» where (3.3)
Tj = iajqziq+z{. (3.4)

Incorporating library size in the model accounts for this source of variation in the
data, similar to the suggestion in [SS20]. A similar approach is taken in [GI20], in the
context of probabilistic cell type identification.

The rate function x — log(1+e”) was chosen to facilitate inference based on [SB12]
(see also Section 3.2.2) while maintaining the desirable features of the Gaussian model,
modelling co-expressed genes and capturing both up-regulated (promoted) and down-
regulated (repressed) factors. We note that it is also desirable that the components and
their relationships are easily interpretable, and the rate function presents a challenge
here, due to the non-linearity near zero. This is of particular concern as the inference
method we use approximates the Poisson likelihood by a Gaussian. However, the
prior structure specified in Section 3.1.3 results in a symmetric prior distribution with
mean 0 on the z;;, so a heuristic argument replacing A(z;;) with log(2) suggests an
appropriate value of ¢ is I'log(2). For these reasons, in applications we have used
values of ( of the order of I, the number of genes in the model. We also tested this
in simulations, some of which are presented in Section 4.1.3, demonstrating that the
model achieves largest R? for such values of ¢. Since ( is large, this concentrates the

posterior in a region in which the link function is approximately linear .

'Notice that log(1 + €®) ~ x for sufficiently large .
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3.1.3 Distributions on prior parameter values
Gene loadings

Most biological processes are likely to involve relatively few genes, and this corresponds
to a belief that components that represent biological pathways or processes will be
sparse. For this reason, we incorporate sparsity-inducing priors on the gene loadings.
In doing so, we have aimed to maintain the features of other methods such as SDA
[HVB*16] and MOFA [AVA*18], whilst also incorporating prior information into
which genes are included in the loadings vector, in a data-driven way. To achieve this,
we developed a prior structure that allows for sparsity in the gene inclusion in a factor
loadings vector while being informed by prior information, and also allows for sparsity
in the sense of shrinking components explaining little variance to zero. Building on
the spike and slab prior structure of ([LCW'06, MB8S8]), we describe the new prior
as follows:

We place a spike-and-slab prior on the columns of Z, consisting of a mixture of
a “spike”, being a point-mass at zero, and a “slab” being a more diffuse distribution,
in this case a Gaussian centered at zero. The prior placed on an entry of the gene

loadings matrix z;, is

T(2iq| By Pig) = (1 — Pig) d0(2iq) +p’in(ziq|0= 6(;_1) (3.5)

where p;, is an inclusion weight, 3, is the precision of the Gaussian slab, and 4y is a
delta function at 0. One advantage of such priors is that the p;, can be interpreted as
probabilities of inclusion in the component. Therefore, these inclusion probabilities
provide a means to model the gene-wise sparsity in a component. As discussed in
Chapter 1, both MOFA [AVA*18] and SDA [HVB'16] make use of similar prior
structures on gene loadings.

Since the atom at zero makes inference with such a distribution difficult, it is usual
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to reparameterize this, following [TLG11] modelling the loading as a product of a
Gaussian distributed w;, and a Bernoulli variable s;, with parameter p;,. Thus, the

prior structure can be written as follows:

Ziq = wiqsiq (36)
T(siglpig) = Ber(siglpig) (3.7)
m(wiglBy) = N(wiqlo»ﬁq_l) (3-8)

The component-wide slab precision parameters 3, are given a conjugate Gamma

prior distribution with parameters e, f.

7T(ﬁq) = g(6q|67 f). (3.9)

This corresponds to a so-called automatic relevance determination (ARD) prior.
Effectively, the value of 1//3, determines the importance of (i.e the amount of variance
explained by) the ¢ component. A large value of 3, corresponds to a component
explaining little variance, and can force all loadings in the component to zero, while a
small value of 3, corresponds to an important component. This ARD prior structure
was also present in MOFA[AVAT18], SDA [HVB*16] and f-scLVM [BPM*17].

A main new feature of our model is to incorporate prior information into the gene
loadings. We model the inclusion indicators s;, probabilistically as informed by the
prior information, which we call annotations, by modelling the log-odds of s;, as linear

combinations of the prior annotation vectors,

1 — Piq

Pi
log ( 1 > = 775 + er]qvtm‘; (310)

where 775 is an intercept coefficient. This approach allows the annotations to be

selected based on their importance in factors and also accommodates measurement

41



noise in the annotations or measurements.

The intercept coefficient serves two purposes, the first is that since patterns of
co-expression may not be well known in advance (for example the data may contain
information originating from previously unknown biological processes, or batch effects)
and therefore may not be represented in the set of annotations used to inform the
model, the intercept provides a means of returning non-zero probability across genes
while not inferring any importance on any particular annotations. Secondly, we use the
intercept to impose sparsity as we now describe. Previous approaches have imposed
sparsity by having a prior with a large density near zero for p;,. This suggests that
the average value across a component should be small. To impose this, we first center
the annotations by subtracting the mean of each annotation vector, and we include a
pre-specified number of padding genes to each annotation with annotation value zero
(the mean), and in our inference we assume the presence of a zero inclusion probability
for each of the padding genes. This results in fitting an intercept which is negative,
requiring evidence to incorporate an annotation with a positive coefficient including
genes in a component. The number of zeros to use as padding is fixed throughout
the inference and specified at the start of the algorithm. In practice we see that this
creates a flexible way to impose sparsity within components.

In this way we incorporate the sparsity inducing prior structure from other spike
and slab models. Moreover, we are able to infer components that are well represented
by the annotations, and those that are not, without the need for a secondary type
of “free” component, and we can capture components that are well represented by
combinations of annotations without the need for multiple correlated components.

We note that if we include only annotations set to zero, then the model reduces
to a single parameter p;, = p,, and the spike and slab prior with a component-wide
inclusion weight is recovered.

Finally, we have a prior on the intercept loadings component, consisting of the
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2!, which is included in all cells but varies across genes, and is used to capture either
issues with the centering of the data during normalization, as is usually applied before
application of a Gaussian model, or a dense component which is common across cells.

We give this a broad Gaussian prior,

I I -1
m(2;) = N (70,8 ).
We set 37 = 10~ as our default precision parameter to provide an uninformative
prior.
Cell scores

In our default setting we give the cell scores standard Gaussian priors. This corresponds
to a belief that cells and components are independent. Independently for each j and
q, the prior is

7(ajq) = N(ajql0,1).

We have also extended the model to include an annotation-informed spike-and-slab

prior on the cell scores, with cell-annotation vectors, as an option in the implementation.

Gaussian noise precision

Recall that for the Gaussian model, the noise is modelled for each j = 1,...J and
each i =1,...,1 as ¢;; ~ N (0, )\j_l). We additionally place a conjugate Gamma prior

on the precision parameters J);, independently for each j as

T(A;) = G(\jlu,v). (3.11)
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Hyperparameters

The full set of hyperparameters for the model is e, f, 87, {1 } 4. and additionally u,v
for the Gaussian model. The default settings are e = 1079, f = 10%, u = 107%, v = 109,
providing broad uninformative priors on the Gamma distributions, and 3/ = 1074,
again providing a broad uninformative prior on the intercept component.

The remaining hyperparameters {7,,} are not given priors but are instead inferred
in an empirical Bayes framework, applying a variational EM algorithm to maximise a
lower bound to the log marginal likelihood, or model evidence, with respect to both

the hyperparameters {7,,}, and the variational approximation to the posterior.

3.2 Inference under the Model

We fit the AnnotFA model by variational inference (VI) with a structured mean-field
approach, which ensures the method scales well to the size of datasets we expect
it to be used for. The reader is referred to Section A.1.2 for further references and

discussion.

3.2.1 Updates with a Gaussian likelihood model

In deriving the AnnotFA inference algorithm we fully partition the model variables
except for the pairs of spike and slab from the loadings (or, if this option is used,
the cell scores) which are paired together, since they are strongly correlated [TLG11].
Denoting Eq(.) by (.) for brevity, the updates for the variational distributions @} in

the variational EM algorithm are as follows:
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Gaussian Noise Precision

Q" (Nj) = G(Ajluj, v})
. I
Uj =u-+ 5;
1

2
1 1
v; = ;+§Z<<yﬁ_zz’1_z%qziq> > ;

q

Cell Scores

Q" (ajy) = N(aqu;qv (W}kq)_l)

Gene Loadings

The intercept component:

Q" (=) = N(=IG, ™)
=B D)
J

Gt =m0 Wi — D _(aje)(zi));

J q

Recall that 2, = w;,s;, and we pair w;, and s;, in the partition and infer Q*(wqy, si4), as
first demonstrated in [TLG11]. This can be decomposed as Q* (wiq, Sig) = Q*(Wiq|Siq) Q* (Siq),

resulting in the following update equations:
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The slab:

Q" (wiglsiq) = N(wiq|5iqmzqa (1 = sig)(By) + Siquq)_l)

7hy = (B + ) )

my, = % Z(Aj><ajq> (yji —(z) - Z(ajk><zik>> ;

k#q

The spike:

Q" (51q) = Ber(siq|7ig)
1

Tig = 1+ eiu;‘q

* 1 * * \2 1 Piq 1 iy
iy = 30mi,)? + 5 Tog((00) +log( ) = S log(0):

The precision:

Q" (By) = g(ﬁq‘ez;a f;)

eq:e+§,

* 1 1 2 B .
q — <? + §Z<w1q>> )

7

It remains to describe the updates for 7,,: Approaching this as a variational EM
algorithm we update the values for 7,, to maximise the ELBO. Since the only terms

of the ELBO that rely on 7,, are the expected log likelihood of the (prior) spike
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probabilities, this amounts to maximising the following function:

F(n) = ({sig) log(pig) + (1 = (si4)) log(1 — piy))

1,q

Z(qu nq+znqv vi 10% 1+ exp 77q+Z?7qv vi )

pzq

where log(;=%- ) = 775 + >, Ngotvi, and 77; is the intercept coefficient. This is clearly
separable across factors ¢, and within each factor is similar to a logistic regression,
but with continuous valued response. We update each set of component coefficients

{ngv}v independently by a limited memory BFGS (L-BFGS) quasi-Newton algorithm.

3.2.2 Inference under the Poisson likelihood model

For inference under the Poisson model, we follow the general approach of [SB12],
applying a Gaussian approximation to the Poisson likelihood, with some adjustments
to accommodate some differences in our model. We now collectively think of © as
denoting all parameters and variables in the AnnotFA model. We denote by X (©)
the matrix obtained from the model, that is X(0);; = 2/ 4+ >_, ajq2i- and we write
xj; for X(0);;. For brevity, we define n; = % for the remainder of this chapter.
Recall that inference in variational Bayes proceeds by optimizing the ELBO, that
is, the lower bound F(Q) to the model evidence log(P(Y")). This can equivalently be

written as minimizing the negative lower bound, that is, finding

g%i@r%(—F(Q)) = g%ie%(EQ(— log P(Y|©) + KL(Q(0)|7(0))) (3.12)

Now, returning to the Poisson model, we can write —log(P(Y'|0©)) = >, . fii(;:),
up to a constant term which depends only on the data Y. Here we define f;;(x;;) =
niA(xj;) — y;ilog(njA(xj;)) where X is the rate function z +— log(1 + €®). Now, f;; is

twice differentiable, and in order to proceed with a Taylor expansion we first determine
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a bound on f7;. Note that \"(z) = ;7= 175 and thus \'(z) <

Tre=7 Thet Following [SB12],

1
1

the second derivative of —log(n;A(x)) is bounded above? by 0.17. It follows that
" n;
fji(xji) < 1 + 0'17m?X(yji) =: K

With this bound in place, by Taylor expansion, we can bound the coordinate
functions of the log-likelihood as in Equation 3.13. Although throughout this derivation
the bounds are tight, the presence of extremely large values in the data will degrade
the bound k;, and the authors of [SB12] recommend clipping outlying large data
values in practice.

/{ .
fii(zji) < é(%‘z’ — &i)? 4 (&) (g — &) + [3i(Ei) =2 gy, i) (3.13)
Now using these bounds and exchanging Eq and ming;, in Equation 3.12, we can

reframe inference as a new variational optimization problem:

Q(©).&i

min (ZEQmﬂ(:cﬁ,fﬂ))+KL<@<@>|¢<@>>) (3.14)

A natural approach to this problem is to alternate between updates for ¢ and the
updates for Q(O). For the updates to &, notice that Eq(q;i(xji, i) = ¢;i(Eq(xji), £i)+
Cji where C}; depends only on the first and second moments of ), not on ;;. Thus,
conditional on Q(©), we may aim to minimize the term g¢;;(Eq(z;:),&;;). Now, for any

é-jia

3i(Bq(x)i), &) > fii(Eq(zyi)) (3.15)

0ji(Eq (i), Eq(xi))- (3.16)

2This is claimed by inspection. Since for z >> 0, A(z) ~ 2 we found in practice this identity
holds to computational accuracy for > 10 , and A(z) ~ 0 for << 0, again in practice for z < —10.
Between these values the second derivative is clearly positive, and by inspection is bounded above by
0.17.
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It follows that, conditional on Q(©), the optimal update for ¢;; is to set &;; =

Eq(zji) = (2]) + 22 (@) (2iq)-
Now for the update of Q(0): Setting g;; = &j;i — f};(&ji)/ K, reveals that

K .
@i(@ji, §5i) = Ej(sz — yji)2 + Tji, (3.17)

where 7j; is a constant with respect to ). Thus, up to a term constant with respect
to @, the term g;; (i, &;;) is the negative log-likelihood of N (9|5, %) Holding the
&j; fixed and comparing equations 3.14 and 3.12, this implies that the updates for @
are identical to those from a Gaussian model, with precision fixed at x; and the data
replaced by pseudo-data points Y = (Fji)-

To summarise: to fit the Poisson model we alternate between updates for ;;
and updates for the variational distributions Q(©). The update for §;; is &;; =

(zh) +2_,{ajq)(2iq), and the pseudo-data gj; is then updated according to the following:

g..:é‘,._i N — Yii 1
Pk U7 log(14-ebi) ) T4 e G

The gene loadings and cell scores updates remain the same as in the Gaussian
model, except the precision is now fixed at ;, and the data is replaced by the

pseudo-data.

3.2.3 The ELBO

Recall that the ELBO is calculated as Eg (log Pg(/g))> . In practice this can be separated
into the sum of the log-likelihood term E (log P(Y'|©)) plus the prior term E(log P(O))
minus the variational term Eq(log Q(©)). We describe first the general Gaussian form,

and then comment on the adjustments required to formulate the objective function

for inference under the Poisson model. We summarise the terms as follows:
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Log-likelihood terms

J 4.J

—% log(27) + g Z<10g()\j)> - %Z(%) < (yji — 7 - Zajqziq> > '

For the Gaussian model, A; has a Gamma variational distribution, and thus

(log(A;)) = ¢ (uj) +log(v}),

where ¢ is the digamma function.

When calculating this for the Poisson model, we can remove the constant terms,
and replace \; with x; (which is constant) throughout these terms. The full Poisson
objective is thus recovered by adding the sum of the constants 7;; (see Section 3.2.2),

and excluding the Gaussian noise precision terms.

Noise Precision Terms:

Prior \; terms:
57 (- toe ) — wlog) + (u = D1oeh)) = 1))

Variational Q()\;) = G(\;j|ul, v¥) terms:

J 7

> (— log T(u3) — s log(v?) + (u} — 1){log(,)) — — <Aj>)

J
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Unannotated Cell Scores:

Prior aj, terms:

— ? log(27) — %Z(ai)

J4q
Variational Q(ajq) = N (ajql,, w;‘q_l) terms:

JQ 1 oy JQ
- log(27) + 3 Zlog(qu) -5
34

Gene Loadings Terms:

Prior 3, terms:

zq: (— logI'(e) — elog(f) + (e — 1)(log(8,)) — %<5q>) :

Variational Q(8,) = G(Ble;, fy) terms:

2 (o) — lon(1) + 6~ Do) = 7))

Prior spike s;, terms:

> ((siq) 10g(pig) + (1 = (sig)) log(p — tiy))

4,q

o1



Variational Q(sy) = Ber(siq|;,) terms:

> ((sig) log(sig) + (1 = (siq)) log(1 = (siq)))

iq

Prior slab w;, terms:

Variational Q(wiq|sig) = N (wig|mj,siq, (07,81 + (1 = 5ig)(Bg)) ") terms:

- g log(27) — g + %Z ((5iq) log(07,) + (1 — (si4)) log({B,))

Prior intercept z! terms:
I I 1
— 5 log(2m) + 5 log(Br) — 56 Ei:«z] ’

Variational Q(zf) = N (2|¢7, m!) terms:

I I 1
—5 log(27) — 3 + 3 zi:log(ﬁ

3.3 Optional Annotated Cell Scores

In addition to prior information on expression of genes, one may have prior information

on cells, such as, for example, batch labels, or case-control status, or some treatment

status such as dosage. To accommodate this we have also implemented the inclusion of

prior information in the cell scores via the same prior-informed spike and slab structure

on the cell scores, as on the gene loadings. Since scale is unidentifiable in this model,
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we maintain the precision of the slab at 1, so that the spike and slab prior can be
implemented by writing the cell scores as a product of a Bernoulli random variable Sﬁ;
and a standard Gaussian random variable wﬁ]. In this case the updates are identical
to the gene loadings updates, replacing the ¢, information vectors (or annotations),
with corresponding annotations for the cells, and replacing every occurrence of f,
with 1.

In this case we use the same idea of using padding with zeros in the logistic
regression update to impose sparsity, and include this as an additional parameter to
set in the model.

The cell scores ELBO terms described previously are for the unannotated cell
scores. The ELBO terms for annotated cell scores follow the same structure as for the
gene loadings terms, but setting 3, = 1 throughout, and excluding the corresponding

terms depending on e, f, ey, f,.

3.4 Implementation

Hyper parameters have been chosen to provide uninformative priors whenever possible.

AnnotFA is implemented as an R [R C19] package, and will be released at a later
date. We make extensive use of Repp [EF11] and ReppEigen [BE13] to enable the
updates to scale well with sample size. The implementation of the updates scale
linearly with the number of genes and number of cells, and quadratically in the number
of components, O(IJQ?). The precise scaling of the algorithm is demonstrated for
50 components, plus the intercept component, for 5000 iterations in Figure 3.1. We
note that the Poisson model is slower than the Gaussian model due to the pseudodata
update. Although the algorithm is iterative and iterations cannot be parallelized,
we have implemented multithreading through the use of openmp for the pseudodata

update, the logistic regression updates, and all matrix operations.
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In implementing the Logistic Regression update we make use of the gradient-based
L-BFGS optimization procedure as provided by the header library included in the
R(cpp) package ReppNumerical [QBB119], and first described in [LN89]. The L-
BFGS method is a quasi-Newton method that uses an analytical function and gradient
computation but approximates the product of the (inverse) Hessian with the gradient,
making use of a short history of updates for the function value and the gradient. The
resulting algorithm, described briefly in Section A.2.2 is fast and memory-efficient.
We run the optimization based on the default settings for the ReppNumerical function
fastLR?, for a maximum of 100 iterations, and we accept the update to the returned
parameters only when the function F increases with the updated parameters.

The only scaling we are not able to bound analytically is the L-BFGS algorithm,
though we have found the L-BFGS algorithm scales very well and for up to 100
annotations we find little to no impact on the inference time in practice. We also
found that updating the coefficients in this step was unnecessary on every iteration,
and instead we set default values of arguments to update the coefficients every 10
iterations for the first 2000 iterations, and every 50 iterations thereafter.

There is a certain amount of flexibility in implementing an algorithm such as this,
in particular in the order of the updates for variational posteriors. In practice for the
cell scores and gene loadings the updates within a component are independent and we
found we gained efficiency by simultaneously updating parameters within a component
and looping over the components for each update type. By grouping the updates of
all gene loadings (or all cell scores), the vast majority of the computations in the loop
could be efficiently precomputed. In practice, in each iteration we update first the cell
scores, then the gene loadings, the loadings precision, the noise precision and then the
logistic regression updates. In the Poisson model, the pseudodata update precedes all

other updates. By default we only calculate the ELBO every 50 iterations.

3fastLR is a function in the ReppNumerical package that implements a fast logistic regression
with L-BFGS optimization, but does not include the padding terms we have implemented here.
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Figure 3.1: Scaling of the AnnotFA algorithm. We ran AnnotFA with default settings,
including 50 components and the intercept, for 5000 iterations on datasets simulated to
scale one of the dimensions while holding the other fixed. We ran 3 initialisations with 50
annotations, and 3 initialisations with a single zero vector as an annotation (labelled as no
annotations). In both cases we see AnnotFA scales linearly with the dimension, completes
in less than 24 hours, and the annotations are negligible in runtime. To vary the number
of cells, we fix the number of genes at I = 10000, and run the algorithm on simulated
datasets with J = 1000, 2500, 5000, 7500, . .., 20000 cells. To vary the number of genes, we
fix the number of cells at J = 10000, and run the algorithm on simulated datasets with
I = 1000, 2500, 5000, 7500, . . ., 20000 genes.
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CHAPTER 4

Simulations of scRNA-seq data and associated annotations

In Chapter 3 we described AnnotFA, a new variational Bayes method for sparse
Bayesian factor analysis incorporating prior information in the form of vectors that
inform the inclusion probability for factor loadings. AnnotFA includes implementations
of two versions of the model, the first incorporates a Poisson likelihood model for
count data, and the second a Gaussian likelihood model. In this chapter we present
several simulations to compare the approaches, and to evaluate the impact of including
such prior information. We note that although other approaches exist, there are two
main modelling approaches to analysing scRNA-seq data in the literature. Namely,
modelling the data as Poisson, as suggested by recent analyses [SS20, SVTT18, GI20]
and a more common approach that attempts to normalize the data and apply models
and methods based on a Gaussian assumption. Moreover, despite other methods
providing both Gaussian and Poisson likelihood models, we are not aware of any
direct comparison of the two approaches. In this chapter we first simulate count data

and compare the two modelling assumptions, and secondly we validate the AnnotFA
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Gaussian model on simulated data with a Gaussian noise model.

4.1 Simulations of Count Data

Gene expression is a well orchestrated process, with many genes being expressed due
to the binding of certain transcription factors which activate expression of collections
of genes and together provide a mechanism for initiation or continuation of biological
processes. Beyond this, it is known that certain transcription factors can bind to DNA
in such a way as to repress expression. To capture this variation in a simulation for
factor analysis, we simulate both a cell scores matrix and a gene loadings matrix in a
manner close to the AnnotFA model described in Chapter 3. Corresponding columns
of the gene loadings and cell scores matrices constitute one factor, or component, of
the underlying pattern of expression. Such a pattern is simulated to be positive and
can be considered to be the underlying expression levels of RNA in cells, from which
a single cell RNA-seq assay essentially samples.

In this chapter we present several simulation scenarios, with some common threads
throughout. In all cases, the annotations in the annotation matrix V' are simulated to
be non-zero in several relatively small blocks of genes with partial overlap, as well as
three more dense annotations (Figure 4.1(a)). From these blocks we assign a value
between 0 and 1 drawn from a B(3,2) distribution. Following this, we append an
intercept vector of 1’s, and define an annotation dependency matrix 7, such that Vn
is the log-odds of gene inclusion in the corresponding components of the gene loadings
matrix. 7 is defined with an intercept of —10 for all components, reflecting a belief
that true biological components depend strongly on annotations and are typically
sparse. Each of these initial 8 components is simulated to depend on between 1 and 5
annotations, some are simulated to be very sparse, others to be dense. Several are

simulated with overlapping annotations representing the complex interplay of biological
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Figure 4.1: Simulating Gene Expression Matrices. (a) Example annotation matrix.
(b) Example gene loadings probability matrix. (c¢) Example simulated gene loadings matrix.
(d) Plot of variance explained against sparsity, of the simulated components.
drivers (and repressors) of expression. We also append two dense components which
are not simulated to depend on the annotations. For an example annotation matrix
and corresponding gene loadings probability matrix, see Figure 4.1(a,b).

For each component, the gene loadings are sampled from the product of a Bernoulli
random variable using the corresponding column of the probabilities matrix, and the
absolute value of a sample from a Gaussian distribution with mean 0 and variance 3.
The cell scores are sampled, for each cell and component, from a Gaussian distribution
with mean 2 and variance 1, and truncated at 0. This defines cell scores and gene

loadings for 10 components, 8 of which depend on annotations.
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To further include repressors, we assume that repressor components will act on
specific processes or expression patterns and the effect will vary across cells. As such,
we simulate cell scores to determine the amount of repression that is active in the cell as
positive, and the gene loadings in repressor components to be negative. Specifically, we
select two (disjoint) pairs of annotated components to repress, selected to ensure that
the intersection of non-zero gene loadings in each pair of components is at least 10%
of genes. For each pair, each gene loading of the corresponding repressor component
is zero unless both components in the pair have non-zero loading, in which case it is
non-zero with probability drawn from a beta distribution with shape parameters 6
and 2, whence the repressor loading is the sum of the respective loadings. For each
cell, the repressor cell scores are sampled to be non-zero with probability 0.5, and in
this case, the repressor cell score is a proportion, sampled from a B(3, 1) distribution,
of the minimum of the two cell scores.

This results in a 12 component simulation, consisting of 8 annotated components,
2 unannotated components, and 2 repressor components. To simulate a single cell
RNA-seq dataset in the form of a DGE matrix, the product of the cell scores matrix
and gene loadings matrix AZ7 is used as the underlying pattern matrix, and the rows
of this matrix correspond to underlying mean expression levels present in cells. As
such, we sample from these under the assumption of independent Poisson samples with
means given by the pattern entries, conditional on a library size, which is sampled from
the library sizes of the post-QC DGE matrix from [JWR"19] scaled to the number of

genes in the simulation'. Denoting the library size of cell j by n;, the simulated mean

Zq AjqZiq

for each gene and cell pair is hence n; .
2 i,q Ca%iq

To investigate the effect of both including annotations, and the normalisation
procedure on signal capture, we simulated 5 datasets with 4000 cells, and 5000 genes

following the procedure described above.

!This amounts to row-wise normalising the underlying pattern matrix, and sampling from a
multinomial distribution
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To apply AnnotFA with the Poisson likelihood model, we use the count data
y;; as simulated. To apply AnnotFA with the Gaussian likelihood model, we first
normalize the library size, by dividing each UMI count by the total UMI count for the
corresponding cell, and multiplying by the median cell total UMI count, and then scale
reads from each gene to unit variance across cells. For both the Poisson and Gaussian
models, we include an intercept component, and run the inference algorithm for 20000
iterations, both with and without annotations. When the model is provided with
annotations, these are the simulated annotation matrix as described above, otherwise,
the annotation matrix provided is just an intercept term. For each dataset and each
type of run we initialise AnnotFA 10 times and select the run achieving the highest
ELBO. Throughout we compare to SDA run on the data normalised following the steps
described in [JWR™19], first normalizing cell library sizes, then applying the square
root variance stabilizing transformation to account for the Poisson mean-variance
relationship, and lastly we scale reads from each gene to unit variance across cells. In
order to get meaningful results from SDA we found we needed to remove any columns
of zeros from the dataset?, which represent genes that are not sampled in any cell.
This is a common step in most scRNA-seq data preparations, but such filtering may
limit the ability of the AnnotFA model to leverage the information in these genes
across annotations. For ease of comparison, we also remove these columns from the

data for the Gaussian AnnotFA results presented here.

4.1.1 Simulation metrics

Since the model is invariant to permutation and sign of components, to evaluate how
well components are captured we first align simulated and inferred cell scores. Since
the Poisson model, and the Gaussian normalisation procedure both account for library

size, the simulated cell scores must be divided by the simulated means row sums for

2This is due to the gene-wise noise precision term in the SDA model, which dominated the terms
of the optimization.
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comparison with the inferred cell scores. More precisely, the cell scores are aligned
with a suitably normalized cell scores matrix A such that Qjq = % (note that
AZT is the row normalised pattern matrix). To align the cell scores we thus calculate
the absolute correlation of each pair of columns from the simulated cell scores A
and the inferred cell scores A. We iteratively select the highest absolute correlation
among the non-zero unassigned components. If A has more non-zero columns than the
number of simulated components then this returns a subset of the non-zero columns
of A and a permutation to align the two matrices.

We assess recovery of the cell scores matrix by root mean squared error (RMSE)
as in Equation 4.1. Since the model is unidentifiable in terms of sign and scale of
components, and RMSE is sensitive to scale, we scale the simulated and inferred cell

scores to have unit variance in each component, and reverse sign where the correlation

is negative.

RMSE(A, A) = \/ % S (0 — )2 (4.1)

To assess how well the gene loadings are recovered, we align the columns of the
gene loadings according to the subset and permutation determined from the cell scores.
From this, we reverse any scaling of the loadings during normalisation, and consider
the absolute correlation of the inferred component posterior mean gene loadings (the
product of the posterior inclusion probability, and the posterior mean of the slab),
and the simulated gene loadings components.

We further assess the ability of the method to infer the inclusion of genes in the
posterior inclusion probability matrix. For each component and each gene, this is a
value between 0 and 1 indicating the posterior probability of inclusion (s;,) of gene
i in component q. We consider the false positive rate (FPR) and true positive rate
(TPR) and by varying the threshold we construct a receiver operating characteristic
curve for each component, and derive an area under the curve (AUC) statistic for

comparison between components, runs, and models.
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FPR(X,X) = S I, =) (4.3)

TPR(X,X)

We note that AnnotFA can incorporate annotations, and when these are provided
to the model, we compare the simulated coefficients to those inferred under the logistic
regression update step.

We also consider the overall R? of the model, calculated for a centered simulated
matrix Y and centered inferred matrix }A/, as in Equation 4.4. The simulated matrix is
the centered matrix of simulated Poisson means, obtained by multiplying the simulated
cell scores matrix and gene loadings matrix, and scaling the cellwise sums to be the

library size, followed by centering.

R —1_ Zz](ylj - gz’j)Q‘
¥ Z” (yi5)?

(4.4)

For the Gaussian model, we calculate Y by multiplying the inferred cell scores
matrix A and the transpose of the inferred gene loadings matrix Z, to obtain the
inferred mean, and reverse the normalising transformation that was applied to the
count data. For the Poisson model, we calculate the inferred means as ¢;; = n; log(1 +
exp (D2, ((ajq)(2iq)))). In both cases, for calculating the R* we center the matrix.

To determine the relative importance of simulated and inferred components, we
aim to compare the proportion of the variance of the model that is explained by each
component. Note that if Y is a data vector, and Y is a model based inferred estimate
of Y, and both are centered, then equation 4.4 is a measure of the variance explained
by Y. We make use of this as follows: Consider Y = AZ7, the product of the cell

scores and the transpose of the gene loadings matrix, and determine the variance
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explained by component i as one minus the variance explained (of Y) by all other
components. Denoting the cell scores and gene loadings excluding component ¢ by
A_,, and Z_, respectively, we thus define PV E(q) to be 1 — R;? where Y = AZT
and Y = A,quq.

4.1.2 Count data simulation results

Since we have evaluated five different models for multiple initialisations on several
datasets, throughout this chapter we refer to the AnnotFA models as simply the

Gaussian or Poisson model run with annotations or without annotations.

Cell scores

To assess how well and specifically the different methods captured each component
across the five datasets, we compared the number of inferred components exceeding
absolute correlation of 0.4 with each simulated component. The results are summarised
in Figure 4.2(a). We found that the Poisson model consistently missed the repressor
components in the highest ELBO runs, though a few initialisations did find them.
The Poisson model essentially captures the first 6 components consistently, that is,
the 6 components explaining the most variance in the underlying expression pattern
(see Figure 4.1(d)). The Poisson model inferred the seventh only once, and split the
first unannotated component in one dataset. We note that the Poisson model also
inferred all other components to be zero, so in the run where a component was split,
this splitting of the component is likely conflating other variation in the data into
two correlated components. All non-zero non-intercept components had correlation at
least 0.4 with one simulated component. By this measure, both AnnotFA Gaussian
models with and without annotations, and SDA captured all of the components. SDA
occasionally split the first two unannotated components, and occasionally missed the

most sparse annotated components, similarly to the AnnotFA Gaussian model when
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run without annotations. The AnnotFA Gaussian model with annotations reliably
inferred all except the single most sparse component, which was missed only once,
and occasionally split the most variable unannotated component into two correlated
components.

We further compare inferred and simulated components of cell scores by absolute
correlation directly in Figure 4.2(b). The repressor components (which were not
captured by the Poisson model at all) were less well captured by the Gaussian model and
SDA in comparison to other components. While SDA and the unannotated Gaussian
model captured repressors similarly well, we note that the annotated Gaussian model
performed slightly better in this respect. The unannotated components were captured
well in all cases (see Figure 4.2(b)), though both AnnotFA models with and without
annotations inferred components which exceeded the correlation achieved by those
inferred by SDA. The AnnotFA Gaussian initialisations incorporating annotations
slightly improve on all other runs in this respect. We note also that Figure 4.2(b) should
be interpreted with care as the correlation of the annotated components decreases as
they become more sparse (see Figure B.1 for the corresponding plot by component),
and the Poisson plots do not include the components that were not captured. We
note in particular that the AnnotFA Gaussian model slightly outperforms SDA for all
components.

Finally we compare the inferred and simulated cell scores by RMSE. Figure 4.2(c)
shows both SDA and the AnnotFA Gaussian models outperforming the Poisson models
in most instances, likely due to the Poisson model underestimating the number of
components. SDA achieves both the maximum and minimum RMSE, while the
AnnotFA Guassian models appear more consistent, and the model incorporating

annotations mainly outperforming SDA.
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Figure 4.2: Count Data Simulation Cell Scores. (a) Counting an inferred component
as matching with a simulated component if the correlation of cell scores is at least 0.4, this
plot shows the frequency of match counts across datasets, run with and without annotations
in both Poisson and Gaussian AnnotFA models, and SDA. (b) Absolute correlation of the
inferred and simulated cell scores, with components matched as described in the main text.
A further breakdown by component is Figure B.1(a). (c) RMSE of inferred and simulated
cell scores, as described in the main text.
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Gene loadings

Applying the component alignment derived from the cell scores, the inferred com-
ponent gene loadings can be compared with simulated gene loadings. For both the
AnnotFA Poisson and Gaussian models we observe in Figure 4.3(a) increases in the
absolute correlation of inferred gene loadings with simulated gene loadings when
incorporating annotations in the model. The AnnotFA Gaussian model clearly out-
performs the Poisson model for repressor components and unannotated components
when annotations are incorporated, and slightly outperforms SDA. In particular, the
repressor components are clearly captured with absolute correlation exceeding 0.9 in
the AnnotFA Gaussian model, while these components were not captured at all in
the Poisson model. For the annotated components, the AnnotFA Gaussian model
performs almost identically to SDA for the 4 most dense annotated components,
slightly worse than the Poisson model. For both SDA and the AnnotFA Gaussian
model, the correlations increase as the annotated components become more sparse,
and the AnnotFA Gaussian model incorporating annotations outperforms both SDA
and the Gaussian model without annotations (see Figure B.1(b)).

To compare inclusion of genes in components, we consider the true positive rate
(TPR) and false positive rate (FPR) by a receiver operating characteristic curve
by varying a threshold on the inferred posterior inclusion probability (PIP) for the
gene loadings spike and slab. The resulting ROC curves are plotted in Figure 4.3(b),
clearly demonstrating the significant improvement of incorporating the annotations
in both Poisson and Gaussian AnnotFA models. This demonstrates again that the
Gaussian model is generally capturing the gene inclusion probabilities significantly
better than the Poisson model. For annotated and repressor components the Gaussian
model without annotations performs similarly to SDA, which is extremely conservative
achieving a low FPR, and where components were captured these are similar to the

results for the Poisson model without annotations. For both annotated components
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and repressor components the AnnotFA Gaussian model with annotations outperforms
all models. Among unannotated components, and all models without annotations, the
Poisson model achieves the best ROC curve, and the Poisson model with annotations
shows slight improvement over the Poisson model without annotations. The AnnotFA
Gaussian model appears to perform similarly to, but more consistently than, SDA.
Including annotations in the AnnotFA Gaussian model has increased FPR and TPR
showing that the model is making some use of the annotations, and is benefiting
from the better resolved annotated and repressor components. We note also that the
differences in pre-processing are evident here, the Poisson model has more information
to resolve inclusion probabilities as in some genes all annotations were zero and the
corresponding columns of zeros were included for the Poisson runs only. This may
have the effect of inflating the true positive rate and decreasing the false positive rate
for the Poisson results. Overall, this clearly demonstrates the utility of incorporating
annotations in the model, and the AnnotFA Gaussian results with annotations are
exceptionally good.

For all inferred components the model infers logistic regression coefficients. From
these we predict the prior inclusion probabilities and compare with the simulated
probabilities in Figure 4.3(c). The correlation is near perfect for the annotated com-
ponents and falls for the Gaussian model on the unannotated components (simulated
components which were simulated without annotations). This reflects the poorer
inference of the PIPs as discussed and demonstrated in the ROC curves.

Furthermore, since the log-odds of inclusion of a gene in a component is simulated
as depending linearly on the annotations, we compare the inferred coefficients from the
logistic regression update steps. In Figure 4.3(d) we plot the non-intercept coefficients
that are greater than —10. It is clear that the annotations the components depend on
are identified as non-zero, and are much further separated from the approximately

zero coefficients in the Gaussian model than the Poisson model. Moreover, among
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Figure 4.3: Count Data Simulation Gene Loadings. (a) Absolute correlation of
components of gene loadings matched by cell scores. A further breakdown by component
is Figure B.1(b).(b) Componentwise ROC curves for the Gaussian and Poisson model,
and for SDA. See Figure B.2 for the corresponding AUC. (c) Correlation of the predicted
prior inclusion probabilities derived from the inferred logistic regression coefficients. (d)
Comparison of simulated and inferred logistic regression coefficients. The x-axis labels
indicate the index of the corresponding annotated component, we plot the results for each
of the results from an initialisation achieving the highest ELBO for each dataset. Each
horizontal position corresponds to one dataset and one component. Green colour indicates
coefficients simulated to be non-zero while orange indicates coefficients simulated to be zero.
Shape corresponds to rank of the simulated coefficient, and the simulated values are plotted
in black.
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annotated components the Gaussian model does very well at identifying the non-zero
coefficients. For component 5, which is very sparse but depends on three annotations,
the model incorrectly incorporates several annotations as non-zero. The Poisson model
only identified the first 5 annotated components and the truly non-zero coefficients
were highest ranking in all results. However, the separation of the zero and non-zero

coefficients is less clear, reflecting the poorer ROC curves.

Inference of expression means

To compare the variance explained by the Gaussian and Poisson models, we compare
the R? of the simulated means and inferred means, after reversing the normalisation
applied to the DGE matrix for each method. The results are presented in Figure 4.4.
We note that the Gaussian model outperforms the Poisson model in R2. We found the
R? to be consistent across datasets and across runs with or without annotations (see
Figure 4.4), and the AnnotFA models outperform SDA. However, while the Poisson
imputed means appear to be unbiased, the Gaussian model does show signs of bias
(Figure 4.4(b)), systematically underestimating the larger simulated means. We note
that in all simulations incorporating Gaussian noise that we have investigated in the
course of this work, including the simulations presented in Section 4.2, the AnnotFA
Gaussian model infers unbiased estimates of the simulated means. We therefore believe
the bias evident here is an artefact of the normalisation procedure, and may indicate
that the Poisson mean-variance relationship has not been fully accounted for.

In conclusion, despite the data normalisation procedure, the Gaussian model
captures more subtle components and outperforms the Poisson model in terms of
inclusion of genes in components and capture of the gene loadings. Moreover, the
Poisson model has underestimated the number of components, missing true components
that explain variance in the data. We note that despite the poor performance

in capturing the weaker components, the Poisson model nevertheless does capture

69



Gaussian Poisson

09
8
log(count)
»
08 g
3 3
] ] g 12
s |
-
3
07 g4 4
0
06
0
05
Gaussian Poisson SDA 00 25 50 75 100 00 25 50 75 100
Simulated
£3 SDA 3 With_annotations 3 Without_annotations
c
Gaussian Poisson SDA
24500000
25000000
—1
) — 2
4 — 3
o
— 4
25500000 -5
26000000 —
0 5000 10000 15000 20000 O 5000 10000 15000 20000 O 5000 10000 15000 20000

Iteration

Figure 4.4: Count Data Simulation R2. (a) R? for each model as described in the main
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meaningful components well.

The Poisson model is inferred by means of a Gaussian approximation to the
likelihood, and the inference algorithm effectively fixes the cell-wise precision and
iteratively changes the data being fitted to. This is likely obfuscating the more sparse
components that explain less variance in the model. Furthermore, we note that the
rate function involved in the Poisson likelihood model is non-linear near zero but
linear for large values, which can impede the algorithms ability to fit to the data
through an underlying linear factor analysis model. To illustrate this, we note that the
interpretation of a loading in the Poisson model is conditional on the cell scores and
loadings for all other components. For example, if all other components reconstruction
from cell scores and gene loadings is negative or close to zero in a particular cell and
gene (before application of the rate function A), then any small or negative additional
component will contribute to the inferred mean in a region in which the rate function
is well approximated by the exponential x — exp(x), so multiplicatively. Whereas, if
all other components reconstruction is sufficiently large, then the contribution will be
in a region in which the rate function is approximately linear. Moreover, this could
vary between cells for a particular gene. Besides the difficulties in interpreting results
that this causes, we suggest that this may also account for the Poisson models inability
to infer more than the coarsest componentwise structure in the data.

Considering the challenges in interpretability posed by the Poisson model, as well
as the inherent approximations in the inference procedure and significantly slower
inference times in comparison to the Gaussian model, and that normalisation is
well-studied and routinely applied to scRNA-seq data, we recommend the use of the

Gaussian model over the Poisson model in practice.
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4.1.3 On the effect of the gene-wise padding and library size

scaling

Having demonstrated in the previous section that incorporating the annotations in
the model is effective, we briefly demonstrate that for the Poisson model including
annotations, padding the logistic regression update has had a positive impact on the
results observed. We also consider the effect of the combination of library size scaling
and padding on the Poisson model.

We initialised the Poisson method with a range of scaling values, that is, scaling
the library size by ¢ = 1, 5000, 10000, 15000, 20000, and 25000, and for each scaling
choice, we initialised with padding of either 0 or 50000. The R?, as plotted in Figure
4.5(a) clearly demonstrates that the scaling of 5000 with padding is the best choice
of parameterisation. Moreover, when compared with padding of 100000, we see that
the results are stable as the padding increases. This is similar to results we have seen
in other scenarios, that it is necessary to use some padding, at least as large as the
number of genes in the dataset, but the precise choice is not important. We also plot
the sparsity of the inferred components in Figure 4.5(b), which shows the components
are dense unless padding is used. For the count data simulations we observe the same
behaviour for the Gaussian model, whereas for the Gaussian simulations in Section

4.2, we find padding is not needed.

4.2 (Gaussian Data Simulation

In this section, we consider the performance of the AnnotFA Gaussian model on data
simulated with a Gaussian noise model. This section serves to validate the Gaussian
model. We simulate data in a manner similar to that in Section 4.1, with a range
of sparse and dense components, use an annotation matrix simulated in an identical

fashion to the count data simulation. For each simulation we include 2000 cells and
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5000 genes, and 10 components. The components included here correspond to the
unannotated and annotated components. The cell scores are simulated from N(0,1)
and the gene loadings are simulated to be included in a component with probability
given from the probability matrix, and if so, then the value is sampled from a standard
Gaussian distribution N(0,1). Gaussian noise is added with a cell-wise variance
sampled from a Poisson distribution with mean 20. We simulate 5 such datasets, and
run the Gaussian model with no intercept but at a range of logistic regression padding
values, namely 0, 20000, ...,100000. We run the Gaussian model with and without
annotations for 10000 iterations, and SDA for 30000 iterations, as it took longer to

converge, see Figure 4.6(e). All models were run with 20 components, double the

simulated number.
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4.2.1 Gaussian data results

We compare the results of the AnnotFA Gaussian model with and without annotations
against SDA. The best results we see for the AnnotFA Gaussian model in this scenario
are without padding the logistic regression updates, so we focus primarily on this
model here. In Section 4.2.2 we briefly discuss the effect of the padding in this setting.

Applying a componentwise PVE threshold of 0.005 for inclusion, all methods
returned the correct number 10 non-zero components. On decreasing the threshold to
0.001 SDA increased to 20 while the AnnotFA Gaussian model maintained 10 compo-
nents when run with or without annotations, demonstrating a clearer determination
of the underlying components.

All models captured all components to absolute correlation at least 0.9 for each
component cell scores. Although the aligned cell scores agreed with the simulated cell
scores almost identically across different models, the correlation of inferred components
gene loadings with simulated loadings were improved for the AnnotFA Gaussian model
with annotations, compared to SDA and to the AnnotFA Gaussian model without
annotations. We note that the AnnotFA Gaussian model without annotations slightly
exceeded SDA in this measure (Figure 4.6(c,d)).

Similarly the AnnotFA Gaussian models outperformed SDA in terms of true
positive rate, achieving higher AUC than SDA both with and without annotations
and performing excellently with annotations (Figure 4.6(a,b)). We note however, that

SDA appears to be more conservative on false positive rate as discussed in Chapter 1.

4.2.2 Effect of padding on the Gaussian model

We also initialised the AnnotFA model with a range of padding levels between 0 and
120000. The trend is well represented by padding levels 0, 40000, 80000 so we restrict
our attention to these values here and summarise some important aspects of the results

in Figure 4.7.
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For a threshold of 0.002 on the componentwise proportion of variance explained,
SDA and the AnnotFA Gaussian model with and without annotations, all captured
the correct number of components when run without padding. As padding increased,
the number of components passing this threshold increased to 11 for one out of 5
initialisations of the AnnotFA Gaussian model with annotations, and to 13 or more
components when run without annotations (Figure 4.7(b). This is reflected in the
number of components with absolute correlation greater than 0.4 between cell scores
with the simulated components in Figure 4.7(c). This shows that for the runs with
annotations, increasing the padding has led to splitting the unannotated components,
while for the annotated components (those simulated to depend directly on the
annotations) exactly one component is captured in each run. For the runs without
annotations, both the annotated components, and the unannotated components can
be split into more than one component. Figure 4.7(a) shows that for 0 padding
the ROC curves for all components were very high, with AUC close to 1, whereas
the SDA and runs without annotations are extremely conservative but achieve lower
TPR. The unannotated components are captured slightly less well in the runs with
annotations, than the annotated components. Moreover, as padding increases the runs
with annotations maintain similar ROC curves while the runs without annotations
have much lower ROC curves, with decreased TPR. Finally, the absolute correlation of
aligned cell scores and gene loadings (Figure 4.7(d,e)) were all very high for cell scores,
with the runs with annotations slightly outperforming the runs without annotations
in all cases, and outperforming SDA when run without padding. For 0 padding the
same is true for gene loadings, but the absolute correlation of gene loadings dropped
significantly when the padding was increased and annotations were not included in
the model.

We conclude that our model outperforms SDA on all the simulations we run

here, the prior structure is making excellent use of the annotations which improve
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the inferred parameters that are available in other models, and provides additional

information as to which annotations are informative for each component.
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CHAPTER b

Application to scRNA-seq data

In this chapter we apply AnnotFA to an existing scRNA-seq dataset previously studied
in [JWR*19]. This is a dataset consisting of cells from mouse testis, a heterogeneous
tissue consisting of somatic cells and germ cells undergoing spermatogenesis, a highly
dynamic process that operates continually in mature male mammals and is essential
for evolution and fertility, and maintaining diversity. In this chapter we present the
key results from applying AnnotFA to this dataset with vectors of binding affinities of
transcription factors to promoter regions of genes as the provided annotations informing
gene inclusion in components. In particular we find that the components capture broad
stages of spermatogenesis, highlighting in particular meiosis and mutant pathology.
We demonstrate that new components are found, examine inferred components across
initialisations to demonstrate that most are reproducibly inferred, and show that
the algorithm makes use of the annotations provided to inform gene inclusion in
the inferred components. We highlight the important annotations in a family of

components, and the complexity of the dependence on annotations. Furthermore, we
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discuss the observed patterns of inferred prior and posterior inclusion probabilities

across the developmental trajectory present in these cells.

5.1 Biological Background

Spermatogenesis is the process by which male gametes, named spermatozoa, are
produced. In mammals this takes place in the seminiferous tubules of the male testes.
Broadly, spermatogenesis can be understood as a three stage process [{KLM™98]. The
first stage is mitotic division of spermatogonial stem cells into type A and B cells.
The former of which serve to replenish the stem cells, and the latter of which, known
as primary spermatocytes, have a complete diploid genome, and are committed to the
second stage of spermatogenesis, undergoing meiosis. Through meiosis, each such cell
results in four daughter cells, each of which has a full haploid genome. These haploid
spermatids then undergo the third stage, spermiogenesis, during which the immature
spermatids mature to functioning, haploid spermatozoa. During spermiogenesis, a tail
is formed by developing microtubules to form an axoneme, DNA is repackaged around
protamines [YHFT18], becoming highly condensed and transcription is silenced. A
number of reorganisations then take place including the formation of the acrosome,
forming mature but immotile spermatozoa. Cells completing spermatogenesis have
been in contact with somatic Sertoli cells throughout the process, before finally being
released into the lumen of the seminiferous tubule, transported to the epididymis
where the now mature spermatozoa gain motility. Each of these stages is strongly
controlled with various biological checkpoints for which failure leads to apoptosis.
Meiosis, and in particular recombination, is the basis of Mendelian inheritance,
providing a mechanism to maintain diversity in the population and is typically
separated into meiosis I and meiosis II. In meiosis I during Prophase I, maternal

and paternal homologous chromosomes pair and exchange information in homologous
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recombination, before the first division in which two haploid cells are produced
(each containing a single sister chromatid pair of each chromosome). Prophase I is
further separated into Leptotene, Zygotene, Pachytene, Diplotene [dKLM*98]. The
first stage of prophase I is Leptotene, meaning “thin threads” [SSJ97], where the
synaptonemal complex begins to form, and double strand breaks are created by
SPO11. Leptotene is followed by Zygotene, meaning “paired threads” [SSJ97], also
known as the “bouquet stage” [LJ19] during which the telomeres are clustered, the
synaptonemal complex is formed and homologous chromosomes become synapsed.
Following Zygotene is Pachytene, meaning “thick threads” [SSJ97]. This is the stage
at which double strand breaks are repaired and chromosomal crossovers result in
homologous recombination. Following Pachytene is Diplotene, meaning “two threads”
during which the synaptonemal complex is disassembled and homologous chromosomes
separate except at crossovers where they are connected by chiasmata. The remaining
stages of meiosis I are Metaphase I, Anaphase I, Telophase I. During these stages,
a complex interplay of processes involving microtubules reshape the cell, elongating
it, and also pull the homologous chromosomes apart while cohesin is cleaved but
remains on the centromeres [Piel6], allowing the separation of chromosomes (while
sister chromatids remain connected). This allows for the pairs of sister chromatids to
be separated to opposite poles and the cell to cleave creating two cells.

Meiosis II is the second meiotic division, separating sister chromatids, resulting
from centrosomes moving to opposite poles and spindle fibers attaching to opposite
centromeres (at the kinetochores), the cohesin connecting the sister chromatids is
cleaved and the sister chromatids separate. At this point the chromosomes lengthen
and decondense, nuclear envelopes form and cells separate producing four haploid
daughter cells.

These processes are highly dynamic and require a specific transcriptional program

and environment. In particular, spermatogenesis is the main function of the testes,
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which have been found to have the largest number of tissue specific genes [JWR™19],
and to share an unusual transcriptional similarity with the cerebral cortex [GHS105].
Moreover, cells undergoing spermatogenesis are the only cells in the male body with

sex chromosome inactivation [YMO09].

5.2 Single Cell RNA-seq Data Preparation and Qual-
ity Control

The data we study here has been previously analysed using the SDA factor analysis
approach in [JWR*19]. The dataset initially consisted of 57,600 cells from the testes
of wild-type mice and mice with gonadal defects due to disruption of the genes MIh3,
Hormad1l, Culda or Cnp. The cells studied here had sequencing libraries generated
according to the drop-seq protocol described in [MBS*15] (the reader is referred to
[JWR*19] for further details). Following sequencing processing, filtering and alignment
as described in [MBS*15], DGE matrices were generated for each experimental batch
and combined. Cells with fewer than 200 UMI counts or fewer than 50 genes expressed
were removed, as were cells for which the total UMI count, or number of genes
expressed were more than one standard deviation below the mean for that experiment.
A further homogeneous group characterized by low library size, and high mitochondrial
gene expression as well as coexpressed genes from early and late meiosis were also
removed on the suspicion of poor quality or doublets. After these steps 20,322 cells
and 28,893 genes remained. This post-QC DGE matrix is the start of our work. We
normalize the library size to the median for the dataset, dividing each entry of the
DGE by the library size for that cell and multiplying by the median library size.
Secondly, we remove all genes in the lower third of expression means and normalize
the genes to unit variance. The final matrix (the normalised DGE matrix) consists

of 20,322 cells and 19,262 genes. These cells were jointly analysed in [JWR*19], and
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we take a similar approach here relying on the inherent features of a factor analysis
model to identify technical artefacts, spermatogenic gene regulatory components, and
transcriptomic signatures of the mutant pathologies. Throughout this chapter we
draw comparison with the previously published SDA analysis of [JWR'19], and adopt
the convention that those components are identified with a “V” prefix throughout the

text.

5.3 Annotations

A key feature of AnnotFA is the integration of external data in the form of annotations
that may represent biological heterogeneity and inform inclusion of genes in a compo-
nent. For this first application of the method we have used a set of transcription factor
binding vectors from [JWR*19, Fig. 7B]. These were generated using motifs from
the Hocomoco database [KVY™17], subject to some thinning, using the motifFinder
software first described in [DHA16], to assign to each gene and transcription factor a
probability of binding to the promoter region. Due to availability of the transcription
start site annotations for certain genes, we had information for only 18,513 genes of
the 19,262 genes in the dataset, so we further filter the DGE matrix to these genes.
In order to remove collinearity in the annotation matrix we iteratively selected
the transcription factor vector that had absolute correlation greater than 0.7 with
the maximum number of other vectors, and removed all annotations that correlated
beyond the threshold 0.7 with it. This procedure resulted in thinning from 1276
vectors to 469 transcription factor binding vectors that we include in the model as
annotations and which we regard as representing groups of correlated transcription

factors.
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5.4 Application of AnnotFA

Considering the results of Chapter 4 we apply the Gaussian model to a normalised
expression matrix.

Since variational inference can be sensitive to initialisation, we initialised each of
five runs of AnnotFA with different seeds and 50 components and ran the algorithm
for 20000 iterations. To assess convergence we considered the change in ELBO, the
change in proportion of PIPs below 0.5, and also the correlation of each components’
gene loadings and cell scores between successive checkpoints 2000 iterations apart.
In all cases we saw that 20000 iterations was sufficient for convergence, see Figures
5.1 and B.4. We later initialised at the same seeds running to 50000 iterations as

confirmation and saw minimal change, confirming that the algorithm has converged.

5.5 Inferred Components

We selected the initialisation achieving the highest ELBO, run 5, for further down-
stream analysis and interrogation of components. We note that most components
in the results of each run have relatively low correlations. See Figure 5.3(a) for the
components from run 5. The intercept component was usually the last component to
converge to its final state (this component is qualitatively the largest difference between
the cell scores correlation and gene loadings correlations in Figure B.4). We adopt the
convention that non-intercept components from run 5 will be referred to with a “C”
prefix. Some initial observations on the non-intercept components are presented in
Figure 5.2. The posterior mean of 3, correlates well with the variance of the loadings
for each component, and many of the most variable components are predominantly
one-sided. That is, the large loadings are mostly positive or mostly negative. This also
holds for the cell scores for which the within component variance is more stable across

components, consistent with the model. Moreover, most components are sparse, with
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Figure 5.1: Convergence of AnnotFA. (a) ELBO trace for five initialisations over 20000
iterations, showing clearly that they have converged and Run 5 has achieved the highest
ELBO. (b) Trace of the overall sparsity of the model captured as the proportion of PIPs below
0.5 across 5 initialisations.(c) Componentwise trace of the correlation with the corresponding
component in the preceding 2000 iteration checkpoint as described in the main text. (d)
Change in proportion of PIPs below 0.5 per iteration in Run 5.

the majority of components having less than 20% of PIPs over 0.5 (Figure 5.2(b)).
The majority of PIPs are close to zero or one (this is clear from the slope of the
component points in Figure 5.2(c)), and the spike and slab structure of the loadings
has captured much of the gene inclusion structure in the components (Figure 5.2(d)).

Whilst a factor analysis approach can provide a useful dimension reduction, inferring
components of co-expressed genes in the gene loadings and their respective expression
profile in cell scores, care is still required when interpreting the components. To
address this, we make use of the cell scores and gene loadings from the previous

analysis from [JWR™19], which we label as “SDA” components. To distinguish in the

85



8
8

loadings log(Beta) sparsity

g
|

0.0 0.2 04 06 08 1.0
Sparsity

},l““lll,.l ¥

il

|I|I;|‘

1
a

)

|
i

.mlm.||||l||l||llllll"ll!!ill!l'l'”l” H"

S

20 0.4 06 08 050 0.25 025 050

B
@
°
°
IS
>
®
8

0.00
Gene Loading

PIP<0.5 I:‘ PIP>0.5

Figure 5.2: Inferred Components (a) Scatter plots by component of the posterior means
of gene loadings, cell scores, the log-transformed posterior mean of 3, and the component
sparsity. Here, we define sparsity to be the proportion of PIPs below 0.5. (b) Histogram of
component-wise sparsity for AnnotFA run 5. (b) PIPs ordered left to right by magnitude
within each component, showing all 50 inferred components. (d) density plot of the gene
loadings, coloured according to the gene being included in the component.

86



text, we will henceforth follow the notation from the figures of [JWR*19], referring to
the SDA components with a “V” prefix. These SDA components are extremely useful
for comparison and to get a sense of the developmental stage of the cells involved. For
a direct comparison of run 5 components and SDA components we plot a heatmap
and scatter plots in Figure B.5 showing clearly that many of the SDA components are
well correlated with AnnotFA components, while approximately 20 components are
not well matched by AnnotFA components and vice versa.

We find that most of the AnnotFA components are well conserved between initiali-
sations and that component correlations between AnnotFA initialisations are often
higher than those with SDA components (Figure 5.3(b)). In particular 12 of the
inferred AnnotFA components had gene loadings with maximal correlation with an
SDA component less than 0.5, suggesting these are novel components of co-expressed
genes. The intercept component consistently captured the gene-wise mean normalised
expression (Figure 5.3(c)), similar to observed behaviour on simulations. This compo-
nent therefore has an effect equivalent to centering the columns of the data matrix and
running without an intercept. We consider that most of the differences between the
AnnotFA and SDA results are due to the inclusion of annotations in the inference, and
have compared the prior and posterior inclusion probabilities of genes in components
between SDA and AnnotFA components in Section 5.6. In particular, the AnnotFA
components achieve similar levels of sparsity to SDA components, but show evidence
of having inclusion probabilities strongly informed by the fitted prior derived from
the annotations. Viewing the prior annotation informed inclusion probabilities as
predictors for posterior gene inclusion, AnnotFA components achieve AUC ranging
from 0.67 to 0.97 (mean 0.8), while SDA components achieve AUC ranging from 0.65
to 0.77 (mean 0.69) for SDA. We describe this in more detail in Section 5.6.

Since post-multiplication of the cell scores matrix by an orthogonal matrix and

corresponding pre-multiplication of the loadings matrix results in an identical re-
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Figure 5.3: Correlation between components (a) Between component (absolute) cor-
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SDA components. The left panel captured the cell scores correlation and the right panel the
gene loadings. (c) Plotting the intercept component gene loading against the mean gene
expression across cells for each gene.

construction, explaining the same variance in the data, we must consider whether
this is the relationship between different factor analysis results here. To address
this, we make use of the Procrustes transformation, an orthogonal transformation
(i.e multiplication by an orthogonal matrix) of one matrix in such a way as to mini-
mize the sum of squares differences with another matrix. We have calculated such
transformations of cell scores matrices towards both the SDA scores matrix and the
run 5 scores matrix and plotted the resulting correlations between components in

Figure B.6. As expected, since informing sparsity in the loadings goes some way

to addressing this orthogonal invariance, the conclusions are similar to those from
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direct comparison of components. The vast majority of AnnotFA components were
well conserved between runs of AnnotFA and better correlated between AnnotFA
runs than with the SDA components. The post-Procrustes transformed AnnotFA
runs correlation with the SDA components revealed a number of SDA components
V8,V46,V14,V50,V4,V1,V10,V16,V3, V7 that were particularly poorly matched
with AnnotFA components (correlation less than 0.25). It is noted in [JWR™19] that
V1,V4,V8 V14, and V46 are expressed in only one or very few cells, and are hence
described as single cell components. V50 differentiates stem cells, V10 is potentially a
sertoli cell component, V16 is labelled sertoli (rare) V3 marks T lymphocytes, and
V7 marks differentiating early stage spermatogonia. With the exception of V7, these
components appear to be evident in relatively few cells in the population, and often
with relatively low cell scores, suggesting that they explain little variance. These were
also the lowest correlated with the untransformed cell scores matrices in Figure B.5.
Comparing the sets of SDA components that were highly correlated with AnnotFA
components and those with procrustes transformed AnnotFA scores matrices reveals
that most of the highest correlated components from the latter are represented in the
highest ranked from the former set. However, two components stand out, components
V5 and V34 have Procrustes correlation between 0.931 and 0.943 and between 0.95
and 0.966 with components from AnnotFA initialisations respectively, while they
have largest correlations -0.779 and 0.733 respectively with components C14 and
C4 from Run 5. Inspection of the rotation matrix shows that Component V5 has
been expressed as a linear combination with coefficients for C12, C14, C15, C35 all
with modulus greater than 0.1 and all other coefficients below 0.1, while V34 has
three most prominent coefficients corresponding to C3, C4, and C5. The orthogonal
transformation of the SDA cell scores to the AnnotFA cell scores is the transpose of
the one previously calculated. From this we note that Component C14 achieves a

correlation of 0.93 with a component of the procrustes transformation of the SDA
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cell scores, while the maximal component-wise correlation was 0.779 (with component
V5). The largest coefficients in the procrustes transformation matrix were -0.83 (V5
(pre)Leptotene), 0.35 ( V44 Zygotene), -0.23 (V23 pre-pachytene & Hormadl), and 0.21
(V2 B Spermatogonia), and -0.2 (V38 X activation (Hormadl)). These components
are all early stage meiotic components and go some way to describing some of the
differences between C14 and V5 that we will discuss in a later section. We note in
particular that C14 is strongly informed by annotations, with inclusion probabilities
achieving AUC of 0.87, while V5 has AUC of 0.72, and each of V44, V23, V2 having
AUC less than 0.74 (See Section 5.6 and Figure 5.13 for further details). Similarly C12,
C14, C15, C35 have AUCs of 0.87, 0.87, 0.81, and 0.86 respectively. This suggests
that the AnnotFA model has explained the variance in this portion of the data in a
manner consistent with the prior information provided. Since the annotations used
here are biologically relevant for expression dynamics, we suggest that the annotation
informed components are likely more biologically representative.

The results of [JWR'19] included separating somatic cells and cells undergoing
spermatogenesis, with the latter being assigned a pseudotime ordering based on a
principal curve fitted to a t-SNE dimension reduction of the inferred cell scores, on
which cells are ordered from early stem cells through to mature spermatids in a
clockwise direction. To get a sense of how the pseudotime ordering may be similar if
inferred from our components, we calculated UMAP and t-SNE dimension reductions
from components C1 - C50 cell scores, after removing components that appeared
to be batch effects, or whose large loadings were dominated by pseudo genes. Such
components were C2, C7, C10, C15, C17, C19, C23, C24, C27, C36, C45, and C48.
UMAP dimension reductions were calculated using the R package umap [Kon20], and
t-SNE reductions using the R package Rtsne [Kril5, vdMHO8, vanl4], in both cases
without a PCA initialisation. Being stochastic methods, results are dependent on

the random seed. However, we found the results were generally qualitatively similar
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and we provide some representative dimension reductions in Figure B.7, coloured by
the inferred pseudo time from [JWR*19]. The UMAP figures (plots (c¢) and (d)) are
characteristically similar in shape to each other and qualitatively similar to the t-SNE
plot (a) from [JWRT19], showing only a few cells that we might likely place at a later
pseudo time. The t-SNE shown (b) similarly shows cells on a more or less continuous
trajectory again showing a few cells which we might infer as later stage. As such,
and considering the previous analysis based around the published t-SNE figure, we
decided to make use of the t-SNE coordinates and pseudotime from [JWR'19] to
inform further downstream analyses. Many inferred components show clear patterns
of expression over pseudotime. This is representative of, as expected, transcriptomic
signatures of a highly dynamic well orchestrated biological process. For a subset of
these components, see Figure 5.4(a-e).

To collectively visualise and order all inferred components over pseudotime, we
employed a two stage process. We first restricted to cells which have pseudotime, and
assigned to each component a weighted average pseudotime, where the weights are the
absolute value of the corresponding cell scores, including only those cell scores with
absolute value greater than 1. However, a number of components are more naturally
considered to be somatic components, being primarily active in somatic cells, which
do not have an inferred pseudotime. To identify somatic components, we included
somatic cells by ordering them by library size, and extended pseudotime to be negative
for these cells (to distinguish them from the non-somatic cells), and recalculated the
weighted average. This placed ten components below all other components, with
negative weighted average pseudotime. We have thus labelled these components as
somatic and we confirmed the labelling by inspecting the cell scores plotted on the
t-SNE coordinates (Figure B.8), noting the clusters determined in [JWR*19]. The
ten identified somatic components are C9, C10, C21, C22, C28, C32, C33, C41, C42,

C47. Comparing with the cluster-labelled t-SNE diagram from [JWR'19] confirms
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that C9, C10, and C41 are all active primarily in Leydig cells, while C42 differentiates
Leydig cells, similarly to V26, C21 is a Macrophage component, C22, C28, and C47
are active in Sertoli cells, and C32 is active in Sertoli cells and Telocytes, while C33 is
qualitatively similar to V49, marking somatic cells generally.

In Figure 5.4(f) we visualise component cell scores over pseudotime in a heatmap
and plot the non-somatic component cell scores on t-SNE coordinates, ordered accord-
ing to the same weighted pseudotime in Figure B.9. These two figures show clearly
the temporal dynamics present in many components as cell scores are silent over some
period, before becoming strongly positive or negative. This demonstrates well the
benefit of a factor analysis approach to modelling gene expression data since a hard
clustering would fail to capture these temporal signals which overlap considerably. By
comparing Figure B.9 with the cell type clustering and identification from [JWR*19],
we can identify that the AnnotFA components capturing variation in known stages of
spermatogenesis. For example, C38 is negative through meiosis and positive through
spermiogenesis. C50 is a broad early meiotic component, with C8 to C36 capturing
early meiosis, C31 through C1 are primarily active in pachytene through to the meiotic
divisions, C26 is expressed around the final meiotic division and early acrosomal stage.
C20 is broadly acrosomal and C40 is round spermatid stage.

We now highlight some components with particularly striking features.

Meiotic sex chromosome inactivation components

A key stage in meiosis is the synapsis of chromosomes preceding double strand break
repair and recombination. At this stage, unsynapsed chromatin is silenced in a process
known as meiotic silencing of unsynapsed chromatin (MSUC), in particular since
the X and Y sex chromosomes do not synapse, meiotic sex chromosome inactivation
(MSCI) is observed [Tur07, Turl5]. In previous studies MSCI has been shown to

occur from the start of pachytene [LBEW18] and this has been confirmed for this
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dataset [JWR'19]. Importantly, we observe this silencing in the component scores and
loadings for components C31 and C49. In Figure 5.5(a,c), the loadings for both C31
and C49 are positive on the X chromosome, and Figure 5.5(b,d) show the corresponding
cell scores on the t-SNE dimension reduction, demonstrating that these components
have strong negative scores through early pachytene, corresponding to a repression of

X-linked genes.
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Figure 5.5: MSCI Components C31 and C49 (a) Gene loadings for C31, labelling the
20 genes with largest loadings in absolute value. (b) Cell scores for C31 on t-SNE coordinates.
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Cell scores for C49 on t-SNE coordinates.
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Meiotic component C14

We now highlight particularly Component C14, both due to its key function in meiosis
and to introduce several downstream inferences we make use of throughout the rest of
the chapter. Component C14 is the 6th most highly conserved between initialisations
but also shows some distinction from the corresponding SDA component V5 with
which it has correlation -0.78 for cell scores (Figure 5.3(b)). See Figure 5.6(a,b) for the
corresponding cell scores plotted over pseudotime and on the t-SNE coordinates. The
cells in which the components are most active, having largest absolute cell scores, are
highly conserved between the two components. In [JWR*19] a hard clustering was
performed on the cells in this dataset and based on known major cell type markers
these cells and component V5 were labelled (pre)Leptotene. We therefore consider
our component C14 to also mark pre Leptotene cells. The most noticeable difference
between V5 and C14 across cells being scores for the opposite sign (that is, negative
cell scores for C14, and positive for V5) which occur before this main activity in V5
and after this main activity in C14. We also plot the gene loadings in Figure 5.6(c),
labelling the 50 genes with the largest loadings. This component is of particular
interest in meiosis, due to the number of high loading genes of known vital function.
For example, stimulated by retinoic acid 8 (Stra8), the fourth ranked gene, is known
to be first expressed in pre-leptotene cells and be expressed throughout leptotene.
This important transcription factor binds to its own promoter and those of thousands
of other meiotic genes triggering the transcriptional program that initiates meiosis
in mice [KdRP19]. Zcwpwl has the highest loading in this component and this
is known to be recruited by Prdm9 (the gene with the 6th highest loading in this
component), and is necessary for double strand break repair [WBM120]. Prdm9, a
speciation gene, is known to deposit histone marks that position double strand breaks
[BBGT10, MBT*10, PPP10]. Hells is also known to be essential for meiotic progression

[SDA*20] and forms a complex with Prdm9 to open chromatin to provide access for
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double strand break formation. Beyond the genes highlighted here, a large number of
noteworthy genes are in the highest 500 rankings for C14: genes coding for components
of the cohesin complex Rad21l, Smclb, Sme3, Stag3 and Esco2 [Ranl5, JWR*19]),
genes involved in double strand breaks: Meil, Ccde36, proteins involved in formation
and processing of single strand DNA intermediates and regulators Dmcl, Rad51,
Brca2, Tex15, components of the synaptonemal complex Sycel, Syce2, Tex12, and
meiotic telomere complex proteins Terbl, Terb2. Additionally, Meioc and Ythdc2 are
known to act as post-transcriptional regulators, effectively extending meiotic prophase
I despite the expression of many general cell cycle genes [KdRP19, ATR*16]. Many of
the genes listed above are known to be upregulated by Stra8 [KdRP19], and although
Stra8 was not present in the annotations used in the inference performed here, it is
strongly related to annotations that were used in the inference for this component
(see Section 5.6).

In practice we see most components have both positive and negative loadings, and
positive and negative cell scores. The natural interpretation is that these could be two
components of expression that are opposing each other in expression dynamics across
cells. That is, genes are coexpressed in such a way that positive cell scores represent
the positive signed loadings being expressed, and the negative signed loadings being
repressed, and vice versa for negative cell scores. This is the natural interpretation
from the model and the way we interpret the inferred components here. To confirm
this from the data, for each cell we first sum the total (normalised) expression of the
50 genes with highest ranked loadings on each sign of C14, labelling these signed
components C14P and C14N (where the P and N suffix denote the positive loadings
and negative loadings respectively) and view this across pseudotime in Figure 5.6(d).
It is clear that the aggregated expression of the 50 largest negative loadings are most
expressed in line with the large negative cell scores, and the aggregated expression of

the 50 largest loadings is expressed most highly in line with the largest positive cell
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scores, demonstrating that the components are capturing coexpressed genes across
cells and that both sides of the component loadings should be considered separately.
Secondly, we split the gene loadings into positive and negative parts (setting the
loadings on the opposite side to zero in each case) and consider each of these to be
“signed gene loadings components”. For each such “signed” component, we obtained
the residuals in the data by subtracting the reconstruction using only the remaining
49 components (and the intercept), and for each cell we regress the residual expression
against the signed loadings to obtain signed cell scores. These inferred signed cell
scores are plotted against pseudo time in Figure 5.6(e). Both components of signed cell
scores showed qualitatively similar behaviour to the unsigned cell scores (those from
the AnnotFA output), demonstrating that C14P does indeed capture a component of
expression in the positive corresponding C14 cell scores, and repression in the negative,
and similarly C14N captures the opposite. However, regressing the unsigned cell scores
(the posterior means from the model) against the z-scores obtained from both C14P
and C14N cell scores produced an R? of 0.998, and both significant coefficients of 0.751
and 0.236 for C14P, C14N respectively, demonstrating that, as expected from the
magnitude of the loadings, the positive component C14P is the dominant component
in explaining the variance across cells.

For all AnnotFA and SDA components, treating positive and negative loadings sep-
arately, we used the enrichGO function from the R package clusterProfiler [YWHH12]
to perform gene ontology (GO) analysis, performing a hypergeometric test on whether
the highest ranking 250 genes are enriched for GO terms compared to the background
genes in the dataset and correcting for multiple testing using the Benjamini-Hochberg
procedure.

Component C14 demonstrates the complexity and number of biological processes
occurring during meiosis 1, since both C14P and C14N loadings clearly capture

expression at closely related (pseudo)time points, which both occur within meiosis
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Figure 5.6: Components C14 and V5. (a) Cell scores over pseudotime for non-somatic
cells for components C14 and V5. (b) Cell scores for all cells plotted on t-SNE coordinates.
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1. GO annotations for C14P and V5N both highlight this stage of meiosis, with
shared terms meiosis 1, meiotic chromosome segregation, chromosome organization
involved in meiotic cell cycle, homologous chromosome pairing at meiosis, DNA
recombination, DNA repair, double strand break repair, homologous recombination,
double-strand break repair via homologous recombination, recombinational repair and
histone methylation, all with adjusted p-value less than 0.01.

As described earlier, the two components C14 and V5 are remarkably similar in
the main burst of expression that is captured (for C14P and V5N), and the Procrustes
transformation explained some of the differences in the way in which the models
explain variance in the data. This difference was also evident in the GO analysis
since the opposite sides (V5P and C14N) were enriched for strikingly different GO
terms. We considered the complements of GO annotations for which V5P and C14N
were enriched with adjusted p-value less than 0.01. The SDA component V5P is
enriched for terms involved in cellular respiration and chromatid segregation that are
not enriched in C14N, while C14N was enriched for terms involved in RNA splicing

and gene silencing for which V5P was not enriched.

Components identifying mutant pathology

A careful investigation of all inferred components across cells and experimental batches
has revealed a number of components identifying different mutant mouse strains. In
particular, Hormad1l is known to be a meiosis-specific protein regulating chromosome
recombination and synapsis. Hormadl knockout mice cells fail to silence the X
chromosome and become apoptotic due to pachytene checkpoint failure [DLH"11].
This pathology was captured in Component C16 which is highly conserved between
initialisations and has large negative cell scores for a subset of the Hormadl KO cells
(Figure 5.7(b)). These cells are clearly separated from the majority of other cells in

the t-SNE plot (Figure 5.7(c)), consistent with the fact that they are not following
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the usual developmental trajectory. Moreover, the majority of the largest loadings of
C16 are on the X chromosome (Figure 5.7(a)), including Rhox2h, an X-linked gene
which is reported in [JWR*19] to have not been expressed in cells at earlier stages
but is highly expressed in the Hormadl KO cells identified in the cell cluster that
this component is most strongly expressed in (cf. Cluster 30 from [JWR'19]). A
very similar component (V38) was identified and discussed in [JWR*19], which has
loadings and scores with Pearson correlation 0.72 and 0.78 respectively with C16,
and subject to reversing the sign has several very similar properties, including also
having highest loadings on chromosome X, while still having non-zero loadings on
autosomes. However, we note that V38 has AUC 0.69 based on our downstream
analyses inferring the PIP prediction from annotations (see Figure 5.13), while C16
has AUC 0.79, demonstrating that C16 is informed by annotations. We see further
evidence (see Figure 5.18(c,d)) that the prior inclusion for the negative loadings are
complex, depending on many annotations, including MybA, E2f5, Zfx. MybA is also
known as Mybll which is a master regulator of meiosis [BFBB*11]. Zfx is an X-linked
transcription factor that binds many of the same genes as Zfyl and Zfy2, which have
large loadings in C16 and V38, and were suggested in [JWR™19] to potentially explain
the large autosomal loadings in V38.

Another mutant mouse line associated with infertility is CNP knock-in mice. In
previous work no component was identified to clearly explain the mutant phenotype.
However we do identify one component that has an expression profile that identifies
Cnp knock-in cells (henceforth CNP cells), namely Component C48. This component
has a relatively flat cell score profile but scores for CNP cells are noticeably lower
(negative and larger in absolute value) than other cells. To investigate this, we first
consider signed cell scores derived from the positive and negative loadings of C48
to determine whether one, or both are driving the separation of the CNP cells from

the remaining cells. It is clear from Figure 5.8(c,d) that while the negative loadings

100



wr

spoil

iy B SR IR Y U e e R B R T
00 {3 o e {5 e o7 e o O 10} 1 o 12 {3 18} TP} i B 7HET]
M AW e B EAG AT T MRS <o B K .

i

sl

5
&
1
i
£
H
-
-

Swis_ . Poia
(Gmizseo) (cane) ()
=) — m
02 3
= m: 1700013H16Rik
© (Aept = ey (1roomstiiaRi]
© i Rhoxzh 3830403N 18RIk "
. Il a1
miar)
(assooeLreri T700080016Rik) | Bcap31 ]
cuda
o
04 -0 s o 5
(C16 cell scores.
c
w
Component_16
» —
N o
&
zo0 s
10
o [Frrpss) "
2 o E3
Genomic Coordinate SNE_1
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Hormadl KO cells that are not proceeding in the usual direction.
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are consistent with lower cell scores, the positive component C48P is driving the
separation. This is consistent with the component loadings for which the largest are
overwhelmingly positive (92 of the largest 100 loadings were from positively weighted

genes, while 49 of the largest 50 were positivel).

Cells with pseudo time Other

Cc48

Cells with pseudo time Other

N8¥O
N8¥O

Signed Cell Scores

dsyd
dsyd

Pseudo time

® other ® CNP

Figure 5.8: CNP knock-in component C48. (a) Component C48 cell scores ordered
by pseudotime where it is available and by library size otherwise. Coloured by mouse cell
line to indicate Cnp knock-in cells. (b) boxplot and scatter plots of the cell scores for C48,
coloured as for (a). (¢ - d) Signed component cell scores similar to (a-b).

The CNP mice are transgenic, expressing ribosomal protein Rpll0a under the
control of the Cnp promoter (described at https://www.jax.org/strain /009159, and
[DDH'08]). Consistent with this, the most significant GO terms associated with
the positive part of the component include ribosomal small subunit assembly (OR
34.7, p-value 8 x 107, and g-value 2.59 x 10711), ribosome biogenesis (8.29, 3.73 x
1071%,2.38 x 1071%), ribosomal small subunit biogenesis (16.28, 5 x 1071%,2.41 x 10712),

ribosome assembly (16.9,1.9 x 107,7.3 x 10712). The most significant term was

Lthe exception being the 11th ranked gene Csnk2b which had the largest negative loading.

102



cytoplasmic translation with an odds ratio of 20.7 and p-value 2.91 x 10~%, g-value
5.58 x 10721, Both before and after correction for multiple testing these terms were the
most significant for C48P. We note that the pattern of cell scores, loadings, and these
terms are consistent with genes associated with these terms being under expressed in
the CNP cells.

We also identified components clearly capturing Culda KO mutant pathology.
Culda is a component of the E3 ubiquitin ligase complex CRL4 which regulates cell
cycle, DNA replication, DNA repair and chromatin remodelling [DDWN18]. Previous
studies of Culda knockouts observe some cells arresting at the pachytene checkpoint,
and cells that complete meiosis result in malformed spermatozoa [YLK*11]. This
suggests that we should see at least one component capturing Cul4da KO pathology and
we observe three such components, namely C19, C27, and C45 (see Figure 5.9). All
three of these components correlate most highly with Component V25 from [JWR™19]
which was identified as a Cul4a knockout component. However, C19, C27, and C45
appear to be active in three different stages, C45 being the earliest, diverging from
wild type cells in Pachytene/Division II. Component C27 appears to diverge during the
round spermatid phase, and Component C19 diverges at the latest stage of elongating
spermatids.

We inferred the signed cell scores and both signed components show the same
divergence from wild type cells in all three of the components, and the aggregate
expression shows expected patterns for the highest ranking genes in each signed
component, suggesting that both signed components are diverging for Culda cells
at the stage indicated by the cell scores. Component C45 cell scores diverge to
be positive for Culda cells, while the wild type cells are noisily around zero. The
highest ranking 250 loadings for C45P revealed no significant association with GO
terms after correction for multiple testing. However, C45N has several GO terms

associated such as cilium organization (OR 6, p-value 1.5 x 107! g-value 2.76 x 1078)
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Figure 5.9: Culd4a components C19, C27, C45.

and cilium assembly (OR 5.48, p-value 2.86 x 1072, g-value 2.59 x 107%). This may
well signify repressive regulation in the Cul4da mutant disrupting the later stages of
spermatogenesis.

Components C27 and C19 both diverge to negative cell scores while the wild type
cells stay closer to zero. The signed loadings associated to C27 and C19 had no
significant associations (adjusted p-value < 0.01) with GO annotations after correction

for multiple testing.

5.5.1 Component inclusion probabilities ordered by pseudo-
time

The model also infers posterior inclusion probabilities (PIPs) for genes in components,
providing a valuable insight into the association between sets of genes involved in
different stages of spermatogenesis. For completeness we examine these here, but we
note that many of the key features are also reflected in the inferred prior inclusion

probabilities which are derived directly from the annotations, and which we further
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examine in Section 5.6.1.

Correlations of component PIPs reveal a dramatic switch between two sets of
developmental components occurring at a particular stage of pseudotime, visualised
in Figure 5.10(a). This heatmap shows a clear separation between the earliest 22
developmental components and the later 16 developmental components. Between the
two blocks, components have typically uncorrelated or negatively correlated PIPs,
pointing to a switch in genes involved in an early set of stages and the later stages of
spermatogenesis. The two components on the cusp of this switch are components C2
and C26. Component C2 maintains low cell scores in the majority of cells except for
a particular batch of wild type cells distinguished by the fact they are enzymatically
dissociated, while all other wild type cells were mechanically dissociated. We therefore
consider this component to have captured a batch effect most likely caused by the
dissociation method used. On the other hand, C26, appears to be of biological interest:
It has a clear temporally dynamic expression profile (Figure 5.4(b)) that is small but
negative for early and late stage cells but switches sign and becomes strongly positive
for a portion of pseudotime in a continuous pseudotime trajectory roughly crossing the
threshold between the second meiotic division stage and the round spermatid stage
(cf. https://www.testisatlas.ml for stage determination). The larger size of the early
block of components is consistent with the complexity of the orchestra of biological
processes occurring in meiosis, and this first block also exhibiting signs of further
structure.

Component C26 PIPs show low but positive correlation with both the early
and late clusters of components. We thus split the C26 PIPs according to the
sign of the gene loadings, resulting in PIPs for signed components C26P and C26N
and calculated the correlation with each of the (unsigned) components C1 - C50.
Signed components C26P and C26N have correlation 0.69 and 0.56 with Component

C26 respectively, all other components had lower correlation and are plotted in
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Figure 5.10: PIP correlation and Component C26.(a) Correlation between inferred
posterior inclusion probabilities (PIPs), separated into somatic components and other
components, with other components ordered by a weighted average of pseudo time as
described in the main text, chronologically left to right. (b) Correlation of the signed PIPs
C26P and C26N with components ordered as in (a). The dashed black line marks 0, and
the dashed green line marks the C26 component, points for which are not plotted. (c)
Component C26 and inferred signed cell scores C26N, C26P on t-SNE coordinates. (d)
Aggregated normalised expression of the highest ranking 250 genes on either positive or
negative side of C26 plotted over pseudo time. (e) Inferred cell scores C26P and C26N
plotted with C26 over pseudo time.
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Figure 5.10(b) ordered in pseudotime. This shows that the correlation for the later
stage components is partially explained by the positive signed component C26P
and the early stage components are correlated most highly with C26N. Patterns
of aggregated normalised expression over pseudotime reveal also that the highest
ranked 250 genes of the positive side of C26 follow a continuous expression trajectory
over pseudotime similar to the cell scores of C26, while those of the negative side
of the component are primarily expressed at an earlier stage of the developmental
timeline, with a second weaker wave of expression at the end of the main C26P wave
(Figure 5.10(d)), consistent with this component repressing the C26N gene loadings
during the positive wave of C26P expression. The signed cell scores, inferred as
described for C14, reveal a similar pattern of expression (Figure 5.10(c,e)). The
loadings for component C26N are enriched for GO terms mitotic sister chromatid
segregation (OR 4.95, p-value 2 x 107°, g-value 7.7 x 107?), mitotic nuclear division
(OR 4.08, p-value 8 x 1079, g-value 6.3 x 1073) and other terms consistent with the
second division occurring in meiosis I such as mitotic spindle organization, mitotic
spindle assembly, positive regulation of G2/M transition of mitotic cell cycle (OR
= 7, p-value 8 x 1073), nuclear division and nuclear chromosome segregation. The
positive signed component C26P has 250 highest ranked genes enriched for GO terms
consistent with development of the axoneme as a first step toward the spermatid
developing a tail. In particular, we note the association of GO terms axonemal
dynein complex assembly (OR 12.26, p-value 5 x 107°, g-value 9.9 x 1073), axoneme
assembly (8.42, 5.8 x 107¢,1.2 x 1073) cilium assembly (5.97,0,1 x 1077), cilium
organization (5.6,0,1 x 10~7), and cilium movement (5.35,4.2 x 1075,2 x 1073), as
well as cilium-dependent cell motility (5.31,6.7 x 107>, 1 x 1072).

Some remaining structure in Figure 5.10(a) highlights batch effects and issues with
the ordering of components, but there is evidence that the more subtle structure is

biologically relevant. In particular, C36 and C46 appear to disrupt the earlier block
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(pre-C26), and on closer inspection, they are likely placed too late in pseudo-time (cf.
Figure 5.4(f)). The remaining structure in the early block is subtle but there appears
to be a switch roughly separating the pairs C14, C16 and C31, C49 (in pseudotime
order, having identified C36 as an earlier component). This is consistent with the start
of pachytene. Recall that C31 and C49 mark X chromosome inactivation, as noted in
Section 5.5. However, we note that the change in PIP correlation observed here is
not signified by exclusion of the X chromosome from the PIPs since both components
included X-linked genes on one side of the loadings.

The spermiogenesis block (the late stage block, occurring after C26) also has some
structurally interesting features. Component C23 appears out of place, and on closer
inspection appears to be a batch effect identifying the same batch of cells as C2.
Some more subtle structure in this later block is a visual change between C40 and
C13. Component C40 has a beautifully continuous trajectory when plotted against
pseudotime (Figure 5.4(c)), and on comparison with the stages from [JWR*19], marks
the end of the round spermatid stage, as the spermatid matures into the elongating

spermatid stage of development.

5.6 Annotation Informed Inclusion Probabilities

5.6.1 Annotation informed prior inclusion probabilities

A novel feature of AnnotFA is the incorporation of annotations into the prior for
the inclusion probabilities. As a part of the inference algorithm, AnnotFA infers the
important annotations for each component and constructs the prior through a logistic
regression update (see Section 3.2). In this section we consider the prior inclusion
probabilities (pIPs) and posterior inclusion probabilities (PIPs), and the evidence that
the model has made effective use of the annotations.

The density plot in Figure 5.2(d) shows some gene loadings density at 0 for PIPs
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greater than 0.5. We consider this to occur for two reasons. Firstly, if the component-
wide prior slab precision 3, is large then the spike and slab model for each gene in this
component places a large density close to zero from the slab as well as the spike and
this poses an identifiability issue. This results in little power to remove a gene with a
small loading from a component by the PIP, and in the variational posterior for the
gene loading is characterized by inferring a large PIP and centering the conditional
mean of the slab at zero. Secondly, we consider this to also be consistent with the
new prior structure in AnnotFA since the prior dependence on annotations can cause
genes to have a strong prior for inclusion while the genes are not included in the
component, and we may not have enough information in the data to remove the gene
in the posterior. Figure B.10 confirms that the excess in PIPs being larger than 0.5
while having loading close to 0 is correlated with the posterior mean of 3, consistent
with the comments above.

Since as part of the algorithm the prior is constructed through the inference of
annotation coefficients, we have used these annotation coefficients to reconstruct the
prior inclusion probabilities, as visualised in Figure 5.11(b). These show considerably
more uncertainty than the posterior inclusion probabilities in Figure 5.2(c), but each
component is positively correlated with the PIPs (Figure 5.11(a)), with correlation
ranging from 0.31 to 0.89. The annotation coefficients were typically sparse, with
many coefficients close to zero. We note also that while the correlation between prior
and posterior inclusion probabilities is positive, it is clear from Figure 5.11(d) that
the posterior inclusion probabilities can be high when the prior was low. However,
when the prior is high enough, it appears there is little evidence to remove a gene
(that is, to set the PIP to zero). Furthermore, the stratification in Figure 5.11(d)
showing curves of high density where the prior is high but the posterior is relatively
low are bounds on the PIPs within components achieved when the inferred loading

is small. The bound depends on (f,), as shown in Figures 5.12 and B.11. This is
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representative of the identifiability issue as discussed earlier that we observe in the
small loadings for large 3, values. Furthermore, the prior and posterior inclusion
probabilities correlation is positively correlated with (f3,) (correlation coefficient 0.71,

p-value 5 x 107%), plotted in Figure B.12.
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Figure 5.12: Unsigned prior and posterior inclusion probabilities by (3,) Scatter
plot of the posterior inclusion probabilities against the prior inclusion probabilities including
only those genes and components for which loadings are less than 104, and coloured by
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To quantify the impact of incorporating annotations into the model, in comparison
to an analysis method which does not make use of annotations, we compare with the
SDA components from [JWR*19]. To determine whether the SDA components are
consistent with being informed by the annotations, we fit a logistic regression model
to the SDA PIPs with the annotations as predictors and evaluate the effectiveness of
the predicted inclusion probabilities as a predictor for SDA PIPs by considering the
AUC from the associated ROC curve. It is clear from Figure 5.13, that although both
SDA components and AnnotFA components achieve a similar range of sparsity, the
AnnotFA PIPs are better predicted by annotations than the SDA PIPs, suggesting
that the model is making effective use of the annotations. Further evidence is provided
by the Spearman and Pearson correlation of the annotation predicted prior inclusion
probabilities and the PIPs.

We have shown evidence that the prior inclusion probabilities are informative and
that the posterior inclusion probabilities capture patterns of expression that align with

stages of spermatogenesis, suggesting that transcription factor binding to promoter
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Figure 5.13: Annotations inform inclusion probabilities. Violin plots comparing SDA
and AnnotFA components in terms of sparsity, AUC, and correlation of prior inclusion
probabilities with posterior inclusion probabilities as described in the main text.

is associated to the spermatogenic stage of the cell and that the prior inclusion
probabilities will capture this information. When ordered over pseudotime, the inter-
component pIP correlations have a pattern similar to that of the posterior inclusion
probabilities, clearly separating meiosis and spermiogenesis (Figures 5.10 and 5.14(a)).
To further examine the structure present, we performed a hierarchical clustering on the
correlation matrix which identified further rich structure (Figure B.14(b,c) and Table
5.1). The clusters detected capture broad stages of spermatogenesis, as indicated in
Table 5.1. In particular, the major split is separation of components into two clusters
of 33 and 17 components respectively. The larger cluster of 33 components consists
of the two somatic, three meiotic, and the “Other” clusters as labelled in Table 5.1.
The smaller cluster of 17 components consisted of two batch effect components (C2,
(23, as described in Section 5.5.1), and three clusters which broadly capture early,
mid and late spermiogenesis. Almost all components in clusters are consistent with
the labels attached to the cluster, with the exception of C46, which is most likely

associated to Spermatogonia and commitment to meiosis (based on pseudotime and
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Cluster \ Component ‘

Somatic cluster 1 C9, C10, C21, €28, C32, C33, C42, C46
Somatic cluster 2 C22, C41, C47

Early meiosis cluster | C14, C15, C16, C35, C50

Pachytene cluster C1, C18, C24, C29, C31

Late meiosis cluster | C11, C26, C37, C39, C43, C44, C45, C48
Early spermiogenesis | C6, C17, C20, C25, C27, C40

Mid spermiogenesis | C13, C19, C38, C34

Late spermiogenesis | C3, C4, C5, C7, C30

Batch effect C2, C23

Other C8, C12, C36, C49

Table 5.1: Clusters of component prior inclusion probabilities as indicated in the
dendrogram in Figure B.14(c)

comparison of cell scores with those from a highly correlated SDA component labelled
B spermatogonia in [JWR*19]). The cluster labelled “Other” consists of Component
C8, a very early meiotic component, Component C36 is a batch effect for a batch
of spermatogonial stem cells, and components C49 and C12. The expression of C49
is highly specific to the early pachytene cells in which X chromosome inactivation
initially occurs, with a large loading on Hormadl, a gene which is responsible for
MSCI, so we consider this to be a component which likely captures this unusual
and highly specific process. The identification as an outlier here may well signify a
transcriptional regulation related signature. C12 has largest cell scores expressed at
a similar pseudotime in opposite directions for two different mutant strains so we
consider this to likely be a component capturing mutant pathology.

Having identified the clusters as described above, there is a clear pattern of
development in the correlations, as shown in Figure 5.14(b) where we have ordered
(left to right and bottom to top) these clades roughly according to pseudotime as
somatic clades, meiotic clades and spermiogenic clades, followed by the batch clade of
C2 and C23, the mixed clade consisting of C8, C12, C36, C49, and finally the outlying
component C46. This ordering reveals a great deal of heterogeneity between blocks of

somatic components, meiotic components, spermiogenic components, and a number of
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outliers that correlate most closely with the meiotic components. In particular, we
note the clear separation of meiotic and spermiogenesis components, which are mostly
negatively correlated, suggests a clear separation of transcriptional expression activity,
and likely signalling a significant switch in transcriptional regulation. Furthermore, the
clade of somatic components C22, C41, C47, most closely clustered with the meiotic
components forms a clear bridge between the somatic and meiotic components, with
correlation structure blending with the early meiotic components, in particular with
C50 and C15, which occur roughly before C14 in pseudotime, and therefore relate to
spermatogonial stem cell differentiation and commitment to meiosis. This correlation
of regulation may well be indicative of early signalling which may be shared between
spermatogonial stem cells and the neighbouring “nurse” sertoli cells [MLH*00]. The
pachytene cluster is clearly present, and bridges the preceding early meiotic and later
meiotic clades. Similarly, early spermiogenesis clades show clear structure with the
structure being weaker as components move through spermiogenesis. This clustering
therefore provides another perspective into the post-meiotic switch as evidenced in
Figure 5.10(a), revealing structure in the patterns of transcriptional regulation involved
in spermatogenesis which are predicted by sequence features.

To elucidate the information regarding shared regulatory features captured in
the prior inclusion probabilities, we further considered rank correlation between
pIPs and certain annotations. In addition to the annotations that were included in
the model we also include a binary annotation indicating whether there is a CpG
island within 2kb of the transcription start site, derived from [KdRP19, Supplementary
Information]. In Figure 5.15 we show a subset of the results. It is clear that the somatic
and meiotic components share regulatory features distinct from the spermiogenesis
components. This switch in regulation at the meiotic division is consistent with
findings in [JWR™19], which asserted that there is a switch in groups of transcription

factors regulating expression between pre-division cells and post division cells. It is
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Figure 5.14: Prior inclusion probability correlation (a) Correlation between prior
inclusion probabilities, with components identified as somatic and ordered according to
pseudotime in an identical ordering to Figure 5.4(f). (b) Correlations between prior inclusion
probabilities with ordering based on the hierarchical clustering presented in Figure B.14(b,c)

noted in [JWR™19] that many of the motifs associated with pre-division gene loadings
contain CpG dinucleotides, and this is consistent with the pattern observed here for
the CpG annotation, that gene inclusions in the pre-division components are positively
correlated with inclusion of a CpG island at the promoter, and negatively correlated
for post-division components. Here we see only the Rfx3 motif spanning the divide,
and we note that this is also consistent with the observation that Rfx2, which is a
master regulator of spermiogenesis [KBL115], spans the divide in [JWR*19], since
Rfx3 is the representative of the transcription factors Rfx1-6 (see Section 5.3).

We see strongest correlation for AP2D, concentrated in Component C35 and C14,
which we consider to be a signature of the Stra8 initiated transcriptional program,
noting particularly that the AP-2 family of transcription factors were noted for being
most similar to the Stra8 motif described in [KdRP19] (which was not included in
our analysis), while AP-2 genes were found to not be expressed in preleptotene cells,
the stage at which C14 is primarily expressed. Similarly both E2F5 and E2F6 are

present in the set of annotations correlating with meiotic components, and E2f family
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transcription factors were noted to have motifs enriched near Stra8-activated genes
transcription start sites. A further striking feature is the strong negative correlation
that the Kaiso annotation presents. This annotation shows positive association with
the pre-division components followed by strong negative correlation with the post-
division components. Furthermore, Kaiso is known to act as a methylation-dependent
transcriptional repressor, binding either to a sequence-specific site or to methylated
CpG dinucleotides [SZPP15], so the strong negative correlation here may suggest a
role for Kaiso in the sudden transcriptional silencing of genes that were active in
meiotic cells pre-division. However, the only detected expression of Kaiso in this

dataset is in early meiotic cells.

5.6.2 Signed component prior inclusion probabilities

We have shown in Section 5.5 that there is reason to consider the components as
signed components, taking the positive and negative loadings separately. To study
the PIPs further we split the PIPs for each component into two “signed” components
labelled P and N corresponding to the positive and negative loadings respectively, and
setting PIPs for which the loading takes the opposite sign to zero in each case.

We now further investigate the evidence that transcription factor binding to
promoter sequence may be predictive of sets of genes that are coexpressed through
spermatogenesis by considering the informativeness of the prior inclusion probabilities.
To identify the signed prior inclusion probabilities, we infer coefficients in a logistic
regression on the signed PIPs in R using the glm function with family “quasi-binomial”,
with the same predictors as used in the model. From this we predict the inclusion
probabilities and we refer to these as signed prior inclusion probabilities (signed pIPs)
and distinguish these from the unsigned prior inclusion probabilities that were inferred
in the model. When inferring the signed pIPs we set genes for which the loading

takes a certain sign to zero, so the signed PIPs are necessarily more sparse than the
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Figure 5.15: Spearman Correlation of pIPs with annotations. The annotation matrix
used in the model was filtered to include only annotations for which the absolute rank corre-
lation with component prior inclusion probabilities exceeds 0.4 for at least one component.
The annotations are ordered by hierarchical clustering of the correlation vectors, and the
first row is a CpG annotation as described in the main text.
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unsigned PIPs, and this is reflected in the corresponding pIPs (see Figures 5.11(b)
and 5.16(b)). We also find that the regression coefficients for unsigned pIPs are
relatively sparse. Each component has one signed component for which the pIPs are
highly correlated with the unsigned prior (Figure B.13(a)). Furthermore, for each
component the correlation between the two corresponding vectors of signed pIPs are
positive, with coefficients ranging from 0.11 to nearly 0.78 (Figure 5.16(c,d)). The
components for which the correlation of signed priors is low, each have one signed
pIP which correlates well with the unsigned pIPs and one that does not (Figure
B.13). Moreover, in this case the signed pIPs are often more correlated with other
components of signed pIPs (Figure B.13). The correlation between signed pIPs for
a component has correlation 0.66 with (5,), and as (f3,) decreases, the components
tend to be predominantly one sign or the other (Figure 5.2(a)). On inspection, the
components which are predominantly one sign or the other in loadings have lowest
correlation between signed pIPs. This suggests that the unsigned pIPs are correlated
with the dominant side of the loadings, and the corresponding signed pIPs reflect this.

We have taken two approaches to determine the informativeness of the prior. First,
we define the informativeness score of a component’s signed pIPs as the standard
deviation divided by the maximal possible standard deviation from a component with
identical mean. That is, we scale the standard deviation by \/m where p is the
mean pIP. An informativeness score of 0 corresponds to a uniform prior distribution
on the inclusion probabilities, while a 1 corresponds to a distribution of probabilities
with maximal variance among those with mean p. Figure 5.16 shows the pIPs have
a range of informativeness, which does not appear to depend on the sparsity of the
component, and is weakly correlated with the standard deviation of the prior inclusion
probabilities. The vast majority have an informativeness score between 0.25 and 0.5
with only 2 components falling below 0.25, and five above 0.5, demonstrating that all

components infer informative prior distributions of probabilities for inclusion.
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Figure 5.16: Signed prior inclusion probabilities information content. (a) Informa-
tiveness, sparsity and prior sd for signed component prior inclusion probabilities as described
in the main text. Ordered by informativeness score. (b) Prior inclusion probabilities ordered
within signed component. (c¢) Ordered prior annotation coefficients for each signed compo-
nent. (d) Correlation of positive and negative prior inclusion probabilities for each unsigned

component.

119



Secondly, we note that the PIPs are relatively certain taking values close to 0 or to
1, (see Figure 5.2(c)) so we also consider whether the prior inclusion probabilities are
good predictors of the PIPs by considering them as a classifier. That is, for unsigned
components, and signed components, we round the PIPs to be either 0 or 1 and
calculate the ROC curve and AUC for each of the component classifiers (priors) by
varying a threshold. The resulting curves in Figure 5.17 show that in all cases the
priors are predictive of the posterior inclusion probabilities, with AUC ranging from
approximately 0.7 to 0.95. In most cases, one signed prior is a better predictor than
either the unsigned prior or the alternate side, and often the worst predictor within a
component (the P, N or unsigned component) is the unsigned component. However,
Component C46 stands out as being very well predicted by the pIPs, with AUC over
0.9 while the signed components C46N and C46P have AUC between 0.75 and 0.8.
This component is unusual in that it has the most uncertainty in the PIPs, being the
component with smallest slope in Figure 5.2(c), and has cell scores that vary from very
strongly positive to strongly negative in a small early window of pseudotime. It is also
the most dense component (Figure 5.2(a)) and has the second largest posterior mean
B4-value, suggesting that the unusually high prediction of the unsigned PIPs may
be due to the identifiability issue noted earlier. That is, the high PIPs will strongly
resemble those predicted from the annotations. However, the component is reliably
inferred between different initialisations (Figure 5.3(b)), and the largest loadings for
both C46P and C46N have strong enrichments for gene ontology terms. Component
(38 also stands out, with the lowest signed AUC for C38P and the lowest unsigned
AUC for C38, both just below 0.7, while still achieving AUC approximately 0.85 for
the signed component C38N. On inspection, C38 appears to have positively skewed
loadings, has the smallest (3,) (Figure 5.2(a)) and the cell scores range from being
around —1 through much of meiosis, before switching to approximately 2 through

spermiogenesis in a continuous trajectory through pseudotime. Large loadings for both
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C38N and C38P are significantly enriched for gene ontology terms consistent with their
expression stage. We note also that C38 is consistently inferred between initialisations,
and, having the smallest posterior 3, suggests it has PIPs strongly informative for
inclusion and exclusion of genes in the component. We therefore suggest that the
findings here are representative of a pattern of expression that is not as well predicted
by the annotations present. This could be due to lack of annotations, poor quality of
relevant annotations, or potentially due to the fact that C38 captures a broad wave of
expression across spermiogenesis for which C38N captures early expression and later
repression of a component of expression that is well predicted by the annotations,
while C38P captures early repression and later expression of a component that is

poorly predicted by the annotations.
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Figure 5.17: ROC and AUC for prior and posterior inclusion probabilities. (a)
ROC curves for the prior inclusion probabilities as classifiers of the posterior inclusion
probabilities. (b) AUC for the ROC curves from (a), ordered by maximal AUC for a signed
component. (c¢) Boxplots of AUC from (b), points have horizontal jitter added.
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To investigate which annotations are important in explaining the variance in the
PIPs, and the complexity of the dependence on annotations, we performed forward
stepwise logistic regressions on the signed PIPs with annotations as predictors. The
first 30 steps in the stepwise regressions for signed components C14P and C16N are
visualised in Figure 5.18(a,c). These two components show clearly that even after 30
steps, the AIC and deviance are both still decreasing, showing that the regulation of
these components by annotations is complex. C14P is clearly most well explained
by the AP2D transcription factor annotation, but the deviance and AIC continue to
decrease as more annotations are included. Moreover, this provides evidence that a
feature unique to our model, the dependence of components on multiple annotations, is
appropriate to model the complexity of such biological systems. It has been noted that
AP-2 family transcription factors are not highly expressed in preleptotene cells, but
that the Stra8 motif is most similar to AP-2 family motifs [KdRP19], so we consider
that the selection of AP2D in this component is indicative of the Stra8 regulation
expected at this stage. Furthermore, [KdRP19] found that many Stra8 activated genes
are also bound by E2f family transcription factors, and the transcription start sites
of Stra8 bound genes had among the most enriched known motifs those of the E2f
transcription factors. We note that the C14P annotations presented here include E2f
and Nrf genes, both of which feature among the closest known matches to denovo

motifs inferred from ChIP-seq peaks near Stra8-activated genes [KdRP19].

5.6.3 Signed pIPs over pseudo time

We further consider the correlations between signed prior inclusion probabilities and
the progression over pseudotime. To order the signed pIPs over pseudotime we assigned
a signed cell score to each cell and signed component as the absolute value of the cell
scores that agree with the sign of the gene loading selected for this component, and 0

otherwise. By filtering by sign in this way, this results in cell scores that capture the
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Figure 5.18: C14 and C16 annotations. In (a) and (c) we have carried out 30 steps of a
forward stepwise logistic regression on the signed PIPs of C14P and C16N, the predominant
signs of each component as described in the main text. Here we show the AIC and deviance
trace over the first 30 steps, indicating the sign of the coeflicient for each transcription factor
below the name on the axis. (b) and (d) show example motifs explaining variance in the
PIPs from the traces in (a) and (c).
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expression of genes from each signed component. However, the thresholding on the
scores can result in (signed) components that are expressed in early pseudotime and
later pseudotime but with zero expression in the middle, for example C26N (cf. Figure
5.4(b)). For this reason, a weighted average of pseudotime as used in a previous section
resulted in an ordering that was uninformative for maximal expression times, and
we opted to use a rolling average of cell scores. We ordered the signed cell scores by
pseudotime and for each cell assigned an average absolute signed cell score in a window
of length 1000 cells centered on the cell in question. We assigned to each component
the pseudotime of the maximal rolling average cell score. To identify somatic signed
components we first extended the original pseudotime to include somatic cells (somatic
cells were ordered by library size) and ordered components as described above, which
identified 18 components for which the assigned pseudotime was outside of the range
of pseudotime for non-somatic cells. Only C38N was wrongly assigned to be somatic,
so we recalculated the ordering for the remaining 82 signed components and C38N,
using only non-somatic cells. This results in a signed cell score ordering as illustrated
in Figure B.15. We illustrate the correlation of the signed prior inclusion probabilities
with components ordered by pseudotime in Figure 5.19.

The major structure present is a split between early and late pseudotime occurring
in line with components C2P, C26P, and C47N. The vast majority of earlier components
are positively correlated with the early components and negatively correlated with
the components occurring later than these three. Similarly, the late components are
positively correlated with late components and negatively correlated with the early
components. At the transition between the two sets, these three components are
unusual, C47N is more characteristic of the early components, C26P is correlated most
positively with late components, and C2P is correlated with the later components. It
is possible that issues with cell ordering in pseudotime, or uncertainty in the inferred

cell scores may have caused C47N and C2P to be reversed in pseudotime. However,
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C47 has loadings which are skewed to be positive and the positive cell scores C47P
highlight a particular subset of somatic cells which are enriched for Hormadl KO
mouse cells, and among cells with pseudotime the largest scores occur in Hormad1
cells. The negative cell scores are fewer but largest in early pseudotime Hormad1 cells,
so this rolling average has, in this case, been biased to be later by the prevalence of
positive cell scores in early pseudotime (resulting in an abundance of zeros in the early
pseudotime signed cell scores for C47N). Component C26P and C2P mark the early
to late spermatogenesis transition consistent with our findings in Section 5.5.1.

A further component which stands out from Figure 5.19 is the late component
C50N which appears to have a correlation pattern more consistent with the earlier
meiotic component block. Component C50 is another component for which the large
loadings are strongly positive and the scores primarily show a burst of expression in
early pseudotime, roughly throughout the early stages of meiosis I until pachytene.
The remaining cell scores are relatively small and negative throughout pseudotime.
We note also that C50P and C50N pIPs have very low correlation so we consider that
it is most likely that C50N is acting to repress genes that are consistent with the stage
of spermatogenesis that C50P is expressed in. This is likely either caused by genes
that are included in C50 through the dependence on the prior annotations or other
components expressed at a similar time.

We further investigated the signed prior inclusion probabilities by examining
the rank correlation with annotations. The correlations, including only annotations
achieving at least correlation 0.4 with some signed component pIPs, are presented in
Figure B.16 with components ordered identically to Figure 5.19. This shows broadly
similar results to the corresponding figure for AnnotFA inferred component pIPs (see

Figure 5.15), suggesting a clear switch in regulation of expression at meiotic division.
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5.7 Discussion

In this chapter we have applied the AnnotFA software, as described in Chapter 3,
to an existing scRNA-seq dataset from [JWR'19]. Through an extensive analysis of
the inferred components from several initialisations of AnnotFA, we have shown that
most components are well conserved between runs. Moreover, certain early meiotic
components from [JWR™'19] are explained by combinations of AnnotFA components,
as described and determined using a procrustes transformation. By comparison with
the previous analysis, we have shown that AnnotFA components achieve a wider range
of sparsity than those inferred in an SDA analysis, and the inferred prior inclusion
probabilities are informative for the posterior inclusion probabilities in the model.
That is, the model has made use of the transcription factor binding annotation vectors
to inform inclusion in components. We have identified novel components capturing
mutant pathology, and identified components capturing broad changes in meiosis
and spermatogenesis. Furthermore, inter-component correlations between both the
prior and posterior inclusion probabilities capture broad stages of spermatogenesis,
in particular a signature of a switch in expression at the end of meiosis. We have
further investigated the annotations in the model, showing that some components
are dependent on multiple annotations, and finding that the motifs and annotations
indicated in the early meiotic stages are consistent with previous studies. In future
work it would be useful to include an annotation based on the Stra8 motif, and carry
out a similar study. Unfortunately we did not have such an annotation vector when
carrying out this study. This additional vector, if distinct enough from the existing
AP2D vector, would provide a useful case study for sensitivity analysis in the early
meiotic cells. We would also like to include annotations derived from GO terms.

We note that the signature of dependence on annotations inferred in this chapter
showed usually several components, closely aligned in pseudotime, were associated

with annotations suggesting that the transcription factor activation may well capture

127



a broad part of the transcriptional dynamics, but other regulation may be driving
the fine scale differences between components. A similar observation was made in
[JWR*19], where it was suggested that the fine scale differences might be described
by transcription factor binding to more distant enhancer regions, or other factors.

We would also like to carry out a similar analysis of other scRNA-seq datasets (for
example [LBEW18]) from mouse testes, with a view to compare and contrast both the
performance of AnnotFA on datasets generated from different scRNA-seq technologies,
and the components inferred between different datasets.

There are several directions suggested by this study for future methodological
development. Firstly, we note that the model implemented here incorporates com-
ponents that have loadings (and scores) of both positive and negative sign. In this
case we showed that often the negative sign loadings signify repression when the
scores are positive and expression when the scores are negative (and vice versa for
the positive loadings). Moreover, in certain components with a dominant sign, the
opposite signed component was found to align more closely with other components
expressed at similar times. We further analysed “signed components” where we split
the loadings into one sign or the other for all components and found that these
reflected similar structure to the “two-sided” components. However, this model has
successfully incorporated annotations into the inference. We therefore suggest that a
model with “single-sided” components, still incorporating annotations, and a suitable
likelihood model for scRNA-seq data (that is, a Poisson measurement model [SS20]),
which would remove the need for normalisation, would be a useful direction for future
research.

One challenge we encountered is the collinearity in the matrix of annotations, and
here we have been cautious and thinned the annotations. An alternative approach
would be to use a penalized logistic regression update, such as a ridge or lasso regression

penalty term. For example, the coefficient shrinkage and variable selection of the lasso
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would yield more immediately interpretable results.
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CHAPTER 6

Discussion

The widespread use of RNA-seq technology has catalysed advancements in the under-
standing of biology, highlighting previously unknown or poorly understood aspects
of gene expression. For example revealing the extent of RNA splicing [WSL108],
the regulation of gene expression by non-coding RNAs [MM14], and enhancer RNAs
[SGH19]. It is expected that bulk RNA-seq will remain a widely used and useful
approach [SGH19], providing insights into differentially expressed genes between tis-
sues. However, transcription is a highly dynamic process, the RNA profile of cells
is constantly changing and the use of single cell RNA-seq data provides increased
cellular resolution beyond that of bulk methods providing insights into developmental
processes, cell types and cell-type transcriptional markers.

In this thesis we have focussed on latent variable models for the analysis of RNA-
seq data, predominantly related to factor analysis, noting in particular that such an
approach avoids the pitfalls of a hard clustering of cells, instead allowing for a “soft

clustering” approach that infers both components of co-expressed genes and their
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expression levels across cells. We have presented methods for incorporating additional
contextual or annotation information (functional or regulatory, for example) into a
(parallel) factor analysis model for single cell or bulk RNA-seq data.

The first method we developed here is presented in Chapter 2, building on an
existing sparse Bayesian parallel factor analysis method for bulk RNA-seq data.
Extending the SDA [Hor15, HVB116] model from three dimensions to four dimensional
gene expression data, this allows for an additional contextual or time series dimension
in the data tensor. We have made the software for this method, SDA4D, available
as an R package. In Chapter 2 we demonstrate on simulated data that additional
contextual data provides power to more accurately infer the patterns of sample
scores and gene loadings. Moreover, the four dimensional model accurately infers a
parsimonious representation of the structure of the data. The same four dimensional
data, with the tissue and time dimensions unfolded into a single context dimension
led to almost identical recovery of the gene loadings and sample scores when using
the 3D model. We note however, that the three dimensional model does not capture
the four dimensional structure, and it is not clear how one might disentangle the
inferred context dimension into separate time and tissue dimensions. We note also
that we might expect that for many applications of bulk RNA-seq data much of
the variability in the data will be explained in the context and gene dimensions,
and the additional time dimension will provide valuable additional insights to the
transcriptomic dynamics present in the data. Though we have not explored it here,
the SDA4D software would benefit from extensions to accommodate missing data, as
is present in many genetic datasets [Hor15|, though care is needed in such applications,
due to the possibility of confounding as discussed in Chapter 2.

The prevalence and size of single cell RNA-seq data presents an opportunity to
integrate other external datasets into analysis pipelines. It is possible to apply methods

such as SDA4D to scRNA-seq data. However, in this context we suggest that many
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sources of context (tissue, time for example) may be less clearly defined. For example,
time series context labels may not be appropriate as the stage of development of cells
on a developmental trajectory might be more informative than the time a sample is
assayed, and cells included from a tissue sample may include cells which are not tissue
specific. For example, many tissue samples will include blood cells. Considering this,
it may be better to model the variability across cells and genes directly. In this work
we take such an approach, with a factor analysis model, introducing a sparse Bayesian
prior structure that integrates annotations into the inclusion probabilities of genes in
components and adaptively selects the informative annotations in a data driven way.
The predominant trend in the literature has been to use a Gaussian noise model, but
several recent findings have highlighted that after accounting for library size, single
cell RNA-seq data is consistent with a Poisson distribution [Sve20, SS20]. For this
reason we developed a model and inference algorithm for both Poisson and Gaussian
likelihood models, with the Poisson model incorporating the library size. The model
and implementation are described in Chapter 3.

In Chapter 4 we investigate the relative merits of each of the models and compare
against the factor analysis model implemented as part of SDA, which has previously
been applied to scRNA-seq data [JWR'19]. Early simulations close to the model but
not representing expression dynamics well were not included in this work, but served
to highlight the interpretability issues we mentioned in Chapter 4. Specifically that the
rate function A : z — log(1+exp(x)), as suggested in [SB12] and used in other methods
such as MOFA [AVA 18], f-scLVM [BPM*17], causes some difficulties in interpretation.
We found that the model would explain variance in the data with a suitable number
of components but the inferred components were not always linearly related to the
simulated components. Instead, each inferred component is best understood through
considering the link function which necessitates considering the reconstruction based

on all other components. This inference method is similar to that used in MOFA
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and f-scLVM (all based on that suggested in [SB12]) which approximates the Poisson
likelihood by a Gaussian likelihood and iteratively updates the pseudo-data that
the underlying Gaussian model fits to. In Chapter 4 we demonstrate on several
datasets simulated from one protocol that the Poisson model reliably captures the
most variable components but the finer grained components that are more sparse
and explain less variance are not captured. On the other hand, after normalising the
library size of the data, we found the Gaussian model reliably captured all of the
components, explained more variance in the data and outperformed the Poisson model
and SDA. Moreover, AnnotFA made effective use of the annotations when available,
the inclusion probabilities were reliably inferred and the correct annotations were
included in components. We note also that a feature of the model is the cell-wise
Gaussian noise precision in the model. During development we tested the Gaussian
model on the Poisson simulated data with normalisation carried out as described in
[JWR™19]. This follows a library size normalisation, followed by square-root variance
stabilisation and scaling genes to unit variance. However, we found that the inferred
components were well correlated with the true components only when conditioning on
the library size, in contrast to the SDA inferred components which were well correlated
showing limited effect of library size. This is due to the variance stabilisation occurring
after the library size normalization. After removing the intermediate step of square-
root variance stabilisation for the Gaussian model we recovered excellent correlation
with the simulated components, outperforming SDA. Furthermore, in applications in
Chapter 5 we compared the dimension reductions resulting from UMAP and t-SNE on
AnnotFA cell scores with those from the SDA cell scores from [JWR*19]. As described
in [JWR*19] the SDA dimension reduction shows a strong radial effect of library size
in which distance from the center is strongly correlated with library size, while there is
no evident effect of library size from the AnnotFA dimension reductions. We conclude

that after accounting for library size by row-sum normalising the DGE matrix, the
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Gaussian model with cell-wise noise variance captures the sources of variance in the
data well, and the prior structure described in this work makes effective use of the
annotations in the model.

In Chapter 5 we applied AnnotFA to an existing single cell RNA-seq dataset, from
a drop-seq experimental protocol applied to over 20000 cells originating from testes.
The cells were from a variety of mouse lines including several mutant mice for which
spermatogenic cells are known to arrest at certain stages, resulting in a dataset enriched
for early meiotic cells. Following the original analysis [JWR*19] we analysed all cell
lines together and with 50 components, plus an intercept. To incorporate annotations
that may be informative for biological mechanisms driving transcription, we used a
number of annotations from [JWR*19] consisting of probabilities of transcription factor
binding to a promoter region of each gene. The inferred components showed consistency
across initialisations and several components clearly explain similar variation to
that explained by the components from [JWR*19]. By careful consideration of
all inferred components we have identified a number of batch effects, a number of
components that capture biological mutant pathology, and identified the signatures
of testes-specific biological phenomena such as meiotic sex chromosome inactivation.
We confirmed that the pseudotime from [JWR'19] was consistent with dimension
reductions based on AnnotFA components scores, and used this pseudotime extensively.
In particular, we observed that many components scores show a continuous trajectory
as pseudotime progresses, demonstrating the power of factor analysis to explain
variance that is continuous over time. Furthermore, the posterior inclusion probabilities
show clear patterns of correlation that concur with known major biological stages
of spermatogenesis, most strikingly a significant split between meiotic components
and spermiogenic components which are often negatively correlated. We further
demonstrated that this same signal is present in the prior inclusion probabilities

which are constructed from the annotations, and confirmed that the prior inclusion
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probabilities are informative for the posterior inclusion probabilities. On inspection
of the correlation of the transcription factor annotations with the prior inclusion
probabilities, we observe, similarly to [JWR™19] that the annotations driving meiotic
components of expression have motifs typically enriched for CpG dinucleotides. The
AnnotFA components are strongly informed by annotations, moreso than those of SDA
which only aims to induce sparsity in components. Due to the biological relevance
of the annotations used, we suggest that this means the AnnotFA components are
more representative of the underlying biological processes. Furthermore, AnnotFA
components achieve a wider range of sparsity than those of SDA, capturing components
both more sparse and less sparse than those of SDA, and we find that the dependence on
annotations is complex but meaningful. For example, a signature of motifs consistent
with the Stra8 initiated meiotic transcriptional program is clearly present in early
meiotic components.

Overall, this application confirms that the method is working effectively, can be
applied to large datasets, and has recovered both known results from a previously
studied dataset, and also uncovered previously unknown components describing mutant
pathology. Moreover, by using transcription factor binding probabilities derived from
motifs, we have shown that the variation explained by this model is informed by

transcriptional regulation that is predicted from DNA sequence.

6.1 Future Directions

There are a number of extensions of the model that we would like to explore. First and
foremost, we would like to improve upon the integration of the annotations. Currently
the dependency on annotations is incorporated by an Empirical Bayes methodology
making use of a logistic regression update. This has proven useful but we found with

the application to large sets of annotations in Chapter 5 that several annotations were
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collinear requiring thinning of the set. While we have not quantified the effects of
this, it is possible that informative annotations for this dataset were removed. For
this reason we suggest that a penalised logistic regression update might be used (such
as a ridge or lasso regression), facilitating the use of a larger more complete set of
annotations.

Further to this, many biologically informative annotations may be better incorpo-
rated through interaction terms in the regression. For example, while we have made
use of transcription factor binding affinities as annotations, binding is only possible
on open chromatin, so chromatin accessibility profiles for sorted cell lines will be
informative for transcriptional regulation and may be best incorporated as interaction
terms with transcription factor binding affinities.

To make further use of the current model and similar annotations corresponding
to transcription factor binding affinities predicted from motifs, and noting that
transcription factors can only bind to open chromatin, we would like to apply AnnotFA
to single cell ATAC-seq data, which measures chromatin accessibility across the genome
at a single cell resolution.

We also expect that the model would be powerful when used with other annotations,
such as chromatin accessibility profiles, DNase activity profiles, GO annotations,
histone mark profiles, or ChIP-seq assays. While several of these would only be
available from separate studies, presenting challenges for integration, recent efforts in
genomics have aimed to curate collections of such epigenetic maps, such as EpiMap
[BJP*21], providing a valuable resource for future work.

Beyond this, we have incorporated a similar prior structure that leverages anno-
tations for the cell scores. We expect this to have wide applicability with use cases
including tissue labels, time points, patient ID, case-control status, or treatment status,
cellular phenotype for example. We have not tested such applications in this work but

expect it to work similarly well.
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A modelling extension would be to accommodate additional data types in a group
factor analysis model similarly to MOFA [AVAT18], with a common cell scores matrix
and the different data modalities each having a loadings matrix. This is a natural
model to integrate different data types, and could accommodate different sets of
annotations for each datatype. Although many applications are possible, it would
be interesting to apply such a model to the abundances of unspliced (nascent) RNA
and spliced RNA such as are used in the RNA velocity model [LMSZ*18]. It may be
possible to identify components of variation that complement RNA velocity this way.

We also anticipate application of this model to existing bulk RNA-seq datasets
and suggest that it may be useful to implement the prior structure in a parallel factor
analysis model.

Factor analysis is a widely used statistical model. For example, in genomics it
has been applied in a number of settings, from population genetics [ES10, FJ20], to
determining latent factors for integration into polygenic risk scores [JHG20], and
gene expression studies. For this reason we expect that the model presented here can
be applied in many analysis settings as an effective method of integrating external
information. All of the above extensions will facilitate the use of the model in a wide
variety of settings. We also note that the current implementation scales to the size of
datasets we expected it to be used for. However, considering the exponential scaling
of single cell RNA-seq data, and diverse number of applications that may be possible,
we expect to implement a stochastic variational inference [HBWP13] version of the
algorithm. Stochastic variational inference has been used in a (group) factor analysis
context in MOFA+ [AAB™20] and applied to single cell data, but does not feature the
prior structure facilitating incorporating prior information that we have developed in
this work. We note in particular that a careful design of the software would facilitate
fast stochastic variational inference while allowing for multiple use cases such as factor

analysis, group factor analysis, and parallel factor analysis.
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APPENDIX A

Supplementary Information

A.1 Empirical Bayes, Variational Bayes and Vari-

ational EM

A.1.1 The EM algorithm

Here, we briefly outline the Expectation-Maximisation (EM) algorithm [DLR77]. In
maximum likelihood inference under a probabilistic model, it is common to have
observed data X, and a set of parameters £, and often unobserved latent variables ©.
In models without latent variables where, for instance, the model is summarized by
an analytical likelihood function L(&) = P(X|), based entirely on the parameters &,
inference of the parameters £ is often approached by finding the maximum likelihood
estimator f , that is, the value of £ that maximises the likelihood function.

In the presence of latent variables ©, the likelihood P(X, ©[¢) is a function of X, O,

and the unknown parameters £. In this case, the maximum likelihood estimate is the
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value of ¢ maximising the marginal likelihood,

P(X|¢) = / P(X, 0]¢)dO. (A1)

In certain cases this is tractable to compute analytically, but in many cases, this
is not possible. For example, even in a discrete model involving © such as a hidden
markov model (HMM) with a discrete hidden state space, the latent variables are
states in a sequence, so the number of possible states of the complete sequence grows
exponentially with the length of the sequence of states. In such cases with intractable
marginal likelihoods, the EM algorithm is often used. The EM algorithm typically
proceeds by initialising a guess at the parameters £, and proceeds by iteratively

updating the parameter estimate by alternating between the E-step, which calculates

Q(¢1EY) = Egyx,e log P(X, ©I€); (A-2)

and the M-step, which updates £®) to £*+1) a value which maximises Q(£[€®).

It has been shown analytically that each step of the algorithm leads to an increase in
the marginal likelihood (Equation A.1), and thus will eventually find a local optimum.
An alternative formulation of the EM algorithm was given in [NH98] (see also [Bis06]),
and we present this here as it provides justification that each step is increasing the
marginal likelihood, and clearly emphasises the connection with variational Bayes and
the inference method we apply in this work.

Choosing a distribution ¢(©) on the latent variables ©, the log marginal likelihood

separates into two terms as

log P(X€) = F(q, &) + KL(¢(©)[P(6] X, £)), (A.3)
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where KL(¢(0)|P(0]X,¢)) is the Kullback-Leibler divergence, defined as

KL(g(0) P(1X.9) = — [ () log (%) o, (A1)

and the term F(q,&) is defined as

F(g.8) = /Q(@) log (P(f(’—;'g)) do. (A.5)

The Kullback—Leibler divergence between two distributions is not symmetric, but
is non-negative, and is equal to zero precisely when the two distributions are equal. It
follows that F(q,&) < P(X|[¢). That is, F(q¢,£) is a lower bound for the log marginal
likelihood.

Viewed from this perspective, the EM algorithm proceeds by iterating between the
E-step, which consists of holding ¢ = ¢® and maximizing F(q,®) with respect to
the distributions ¢, and the M-step in which the resulting lower bound is maximized
with respect to €.

The marginal likelihood is constant with respect to ¢, so in the E step, the
lower bound F is maximised with respect to ¢ when the Kullback—Leibler diver-
gence is minimized. This is precisely when ¢¥(0) = P(0]X,£®). Now, in the M
step, maximizing F (¢, €) with respect to £ results in a new value £¢*+1 such that
F(gP, D) > F(qg®, W), In general, ¢M(0) # P(O]X, ), so the Kullback-
Leibler divergence increases to being non-zero and this demonstrates that the log
marginal likelihood has been increased by the M step, and by more than the increase
in the lower bound. Moreover, it can be shown that after the E-step, the lower bound
F is equal (up to a term constant with respect to &) to Q(£|€®), so the typical
description of the EM algorithm, as previously given, is recovered in this setup.

A key point in this alternative view of the EM algorithm is that in both the E-step

and the M-step, the objective is maximization. From this viewpoint, the algorithm
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can be generalized in a number of ways when the original formulation may remain
intractable. This is further explored and justified in [NH98|, showing that if (¢,¢) is a
local maxima of F(q,£) then ¢ is a local maxima of the log marginal likelihood, while
if (¢,¢) is a global maxima of F(q,§) then ¢ is a global maxima of the log marginal
likelihood.

A.1.2 Variational Bayes

A central aim of Bayesian inference is to compute the posterior distribution of param-
eters in a statistical model in which a generative model is specified for data, based
on a likelihood model, and a prior structure specified for each of the latent variables
and parameters. In many cases a precise description of the posterior distribution is
intractable, and approximate methods can be useful. One such approximate inference,
or Variational Inference (VI) approach is Variational Bayes (VB). Variational methods
are well covered in the literature, see for example [BKM17, Bis06]. We note here that
variational Bayes is known to be fast and produce good posterior mean estimates, but
it is prone to underestimating posterior variance. We now briefly describe a commonly
used approach to mean-field variational Bayes, sometimes referred to as coordinate
ascent variational inference (CAVI).

For the purposes of this section we write © for all latent variables and parameters,
and assume prior distributions have been specified for ©.

In this setting the log marginal likelihood, or model evidence, is denoted P(X),
and similarly to the discussion of the EM algorithm, we can express the log marginal
likelihood as

log P(X) = F(q) + KL(q(©)[P(O] X)), (A.6)

where
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Following an identical discussion to that given in Section A.1.1, minimising the
Kullback—Leibler divergence is equivalent to maximizing the quantity F(q), which is
a lower bound to the log marginal likelihood. This lower bound is often called the
evidence lower bound, or ELBO, and is the objective function to be maximised in
variational Bayesian inference.

Variational inference proceeds by placing some assumptions on the family of the
distributions ¢ over which to optimize the ELBO. Without such an assumption, the
global optimum occurs at the posterior, and a balance must be struck between simplify-
ing the optimization, and maintaining enough structure to adequately approximate the
posterior. For a spike and slab prior structure, this is well demonstrated in [TLG11]. In
(structured) mean field variational Bayes a partition is specified on O, partitioning the
parameters into subsets {©;};. The inherent assumption in the method is that in the
variational posterior, the different subsets are treated as independent. The posterior
distribution is thus approximated by a distribution ¢(©) =[], ¢:(#;), by minimizing
the Kullback-Leibler divergence (see Equation A.4) between the posterior P(©]X)
and ¢(©). We note that since the posterior will likely have dependencies between
variables, the family of distributions determined by these independence assumptions
will rarely contain the true posterior, but this simplifying assumption facilitates a
deterministic inference procedure.

Making use of the factorisation ¢(©) =[], ¢:(©;), we can rearrange the defining

equation for the ELBO as follows:

Fa) = [ ateyios (“55 ) as
— Eyen ( [ 4@ os(px.0) - 1og<q<@>>>d@_k)

Enon ( [ 4-4(6 1) 008(B (X, 0) ~ og(a- (6 )b - 1og<qk<ek>>)

= By (Boy0-0(l0g(P(X,0))) = Ey_o_,)(108(q-1(O-k))) — log(gx(Or)))
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Since the second term on the right hand side is constant with respect to g, if we

hold all g; constant for j # k, the second term is constant and the variable terms can

be rewritten as —KL(g,(O)|P(X, ) where P(X, ©) is the distribution defined by
logP(X,0) =E,_,e_,(logP(X,0)) + constant. (A.8)
Thus, F(¢) is maximized with respect to ¢ (Oy) by
(00) = - exp(Ey o, (log PX, 0))) (4.9)

where z is a normalising constant.

Equations A.8 and A.9 form the basis of coordinate ascent variational inference,
and variational Bayes is thus implemented by initialising all ¢;(0;) and iteratively
updating each ¢; while holding each ¢_; fixed. In practice, when conjugate priors
are used, the form for each ¢;(©y) is analytical, and the distribution of ¢}(Oy) is
dependent on the moments of ¢;(0;) for i # k. For parameters where conjugate priors
are not used, and no analytical form of the distribution is available, point estimates
for the parameters are used, and the ELBO is optimized using standard optimisation
methods.

In practice convergence of such inference algorithms is difficult to assess, and
stopping conditions vary from implementation to implementation. For example, in
SDA [HVB*16], the stopping condition is based on monitoring rates of change of PIPs,
while in practice in [JWR*19] SDA was used without the stopping condition and the
ELBO trajectory visualized to confirm convergence. Moreover, this form of inference
is prone to finding local optima, and is often sensitive to initialisation so it is typically

advisable to run several initialisations and keep the one achieving the highest ELBO.
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A.1.3 Empirical Bayes

In empirical Bayes, a Bayesian model is defined with some unknown hyperparameters
¢ which do not have prior distributions placed on them. In this case, the parameters
¢ are determined by maximising the marginal likelihood.

In order to proceed with this approach in a Variational Bayesian methodology,
we note that the algorithms described in Sections A.1.1 and A.1.2 are compatible.
That is, we can consider the unknown hyperparameters £ as additional parameters
in the ELBO (Equation A.7) and the log-marginal likelihood, and alternate between
maximising the ELBO with respect to the variational distributions ¢; and the unknown
hyperparameters . This is equivalent to applying the EM algorithm with the E step
replaced by an approximate E step, maximizing the lower bound with respect to ¢,
subject to the mean-field factorisation in Section A.1.2. Such an approach results in
updates identical to those in the variational Bayes algorithm for the distributions g
and an M-step optimization of the ELBO for the unknown hyperparameters £. A
similar approach is taken as a part of the inference algorithm for a Latent Dirichlet

Allocation model in [BNJ03].

A.2 L-BFGS algorithm

In this section we briefly describe the low memory BFGS algorithm for numerical

optimisation.

A.2.1 The Newton-Raphson Method

We consider a differentiable function f : R® — R. We briefly recall the Newton—
Raphson method optimizing multivariate functions of this form before describing the
BFGS and L-BFGS algorithms. The standard Newton-Raphson method for functions

g : R — R can be generalised for multivariate functions such as f by replacing the
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derivative Z—g by the gradient V f(x) = (g—i_) and the inverse of the second derivative

29 by the inverse H (x) of the Hessian matrix, that is,
dx f

2f \'
Hf(X) B <3ngxj> .

A standard derivation of the Newton—Raphson method involves approximating f

by the second order Taylor expansion of f, and iteratively updating point estimates
X; to X;41 in the locally optimal direction. The direction of the Newton update t(x) is
obtained by setting the first derivative of the second order Taylor expansion of f to

zero, resulting in

1x) = —H/(x)Vf ().

An update for x; is then typically defined as x;11 = x; + y;t(x;) for some ~; > 0.
A basic Newton—Raphson update takes the value v; = 1, but often other methods are
used to choose appropriate values of ~;, for example backtracking where ~; is decreased

systematically until the objective function f(x) decreases.

A.2.2 The BFGS and L-BFGS algorithm

In a family of algorithms collectively known as quasi-Newton methods, the inverse
Hessian is not computed but is approximated using updates based on the history of the
computation of the gradient [Sha70], generalising the secant method in which gradients
are replaced by quotients of differences. The Broyden-Fletcher-Goldfarb—Shanno
(henceforth BFGS) algorithm is a popular quasi-Newton method.

To be more precise, quasi-Newton methods use a quadratic model of the objective
function f:

mi(t) = F(x) + V f(x)T6 + %tTBit (A.10)

where B; is a symmetric positive definite matrix and is updated at every iteration.

145



The minimiser t; = —B; 'V f; of Equation A.10 is the step direction for iteration i + 1.
The next iterate is defined to be x;,1 = x; + 7;t; where ~; is usually determined by a
line search to satisfy certain conditions. This procedure is typically repeated until
convergence, which is measured by the norm of the gradient falling below a tolerance.
For brevity, we omit the precise mathematical formulation and motivation but refer
the reader to the details in the original papers [Sha70, Bro70, Fle70, Gol70].

After each iteration, two quantities are updated, s; = x;11—%; and y; = V f(X;11)—

V f(x;), and the BEGS update for the approximate inverse Hessian matrix is as follows:

Hiy = (I —psiyl)Hi (I - piyis]) + pisis] with p; = y;sf

The limited memory BFGS algorithm (L-BFGS) maintains a history of length,
say, m, of vectors s;,y; and the above update is iteratively expanded as a sequence of
O(m) vector-vector products and a matrix-vector product with the initial H,. For

further information and references, see [Murl2].
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Figure B.2: Componentwise PIP AUC. AUC of posterior inclusion probabilities from
AnnotFA and SDA models as predictors for the simulated component gene inclusions in the
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Figure B.5: SDA and AnnotFA cell score correlation. (a) Heatmap showing the
correlation of cell scores between Run 5 of AnnotFA and the SDA results from [JWR'19).
(b-c) Absolute correlation between the cell scores
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Figure B.7: t-SNE, UMAP, and pseudotime examples.

pseudo time

-4000
-8000
-12000

-16000

(a) The t-SNE coordinates

coloured by pseudotime ordering as inferred in [JWR'19]. All panels in this figure are
coloured with the same pseudotime ordering. (b) t-SNE dimension reduction of the AnnotFA
components as described in the main text. (¢,d) Two UMAP dimension reductions of the

AnnotFA components as described in the main text.
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Figure B.8: Somatic components on t-SNE coordinates. Cell scores for somatic
components, as identified in Figure 5.4(f), and described in the main text, plotted on the

t-SNE coordinates from [JWR'19].
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Figure B.9: Spermatogenesis components ordered by pseudo time. The cell scores
of all non-somatic components, in order of pseudotime as in Figure 5.4(f), plotted on the
t-SNE coordinates from [JWR'19).
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Figure B.10: Gene loading distribution by PIP (s;,) and (5,). Each row includes the
loadings for components with log;(((53,)) in the interval indicated on the right, where 3, is
the component-wide loadings precision parameter from the AnnotFA model. This includes
the 50 components from the 5th run of AnnotFA, as described in Chapter 5.
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Figure B.12: pIP and PIP correlation by log(3,). The Pearson correlation between
prior inclusion probabilities and posterior inclusion probabilities, plotted against the log of
the posterior mean of the component slab precision ().
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Figure B.13: Signed pIP correlation between and within components. (a) For each
component we indicate the correlation of the signed prior inclusion probabilities with the
unsigned prior inclusion probabilities inferred in the algorithm. Colour and shape indicate
the sign of the signed prior inclusion probabilities. (b) Within component correlation shows
the correlation of the positive and negative signed prior inclusion probabilities from a given
component, indicated in orange. The green points indicate the correlations of both signed
prior inclusion probabilities for this component with the signed prior inclusion probabilities
from all other components.
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Figure B.14: Unsigned pIP correlation plot ordered by pseudotime and clustering.
(a) Heatmap of the correlations of prior inclusion probabilities, with somatic components
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for Figure 5.4(f) (b) The prior inclusion probability correlations from (a), with components
ordered from a hierarchical clustering, corresponding to the dendrogram in (c).
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