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The polaron is a quasiparticle formed by collectively dressing an electron with a

phonon cloud. It emerges in a crystal lattice when an extra electron is trapped at

the lattice distortion induced by itself. Due to its unique role and technological im-

plications, this subject has consistently received attention for many years. To date,

first-principle studies of polarons in materials are still based on direct calculations

with large simulation cells. In this thesis we develop a theoretical and computational

framework that allows for the modelling of lattice polarons in different materials

of interest, but using unit-cell calculations of electronic, vibrational properties and

electron-phonon couplings. We explain the architecture of the implementation in

detail, and propose a self-interaction corrected DFT scheme for the validation of

our methodology and implementation. We present extensive tests and benchmark

for the code. We apply this new approach to investigate polaron properties in LiF

and Li2O2 as prototypical bulk materials that host large and small polarons. We

demonstrate that our method can describe both large and small polarons on the

same footing, and capture both Fröhlich-type polar electron-phonon coupling and

non-Fröhlich couplings to acoustic and optical phonons. Furthermore, we report cal-

culations of formation energy, excitation energy, and wavefunction of polarons. To

establish a quantitative understanding of which KS states and phonon modes con-

tribute to the formation of polarons, we analysis the polaron spectral decomposition

in a spirit similar to the Eliashberg spectral function. The last part of the thesis is

devoted to explore the dimensionality effect on the polaron properties in h-BN. In

this case, we compare the polaron energies for a localised hole between the h-BN

in bulk and in monolayer, and show that the two-dimensional hole polaron trapped

in the h-BN monolayer exhibits a layer formation energy in comparison to the bulk

one. This work will open the door to predictive calculations of polarons in more

complicated systems, such as van der Waals heterostructure and interfacial systems,

and constitutes as a first step toward complete ab initio many-body calculations of

polarons in real materials.
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Chapter 1

Introduction

The polaron is a quasiparticle that can be found in many crystalline solids, such as

semiconductors [1], insulators [2] and molecular crystals [3] . It emerges when a slow

moving electron interacts with the surrounding lattice via electron-lattice (phonon)

interaction, which may introduce a distortion to the lattice and eventually the electron

becomes localised at the distorted region. Owing to the effect of lattice deformation

driven by the electron itself, the terms “self-trapped electrons” and “self-trapping”

have been frequently used to imply polarons and the related eletron-phonon physics

in many literatures in the past [4–6]. The composite particle consisting of the self-

trapped electron and the lattice distortion is known as an electron polaron, as firstly

introduced by Landau in 1933 [7]. Despite such polaron concepts had been proposed

in theory for many years, in contrast, the first experimental footprint of self-trapped

holes were discovered in alkali halides using spin resonance techniques only starting

from 1955 [8]. The richness and diversity of self-trapping phenomena makes polarons

one of the most active research themes in condensed matter physics.

1.1 Background and motivations

In a simple idealised picture of crystalline solids in the absence of any defects at zero

temperature, the lattice consists of valence electrons and nuclei in the ground state,

is perfectly ordered, and exhibits a spatial translational symmetry. For example, this

symmetry in the crystal is key to preserve the periodicity for all the electronic states

in the crystal as demonstrated in the Bloch’s theorem. However, the symmetry may

1



1.1. Background and motivations 2

be broken if the crystal is doped by introducing additional charge carriers. When a

doped charge carrier is coupled to the atomic nuclei in the lattice via electron-phonon

interaction (EPI), the nuclei are displaced in response to screen the additional elec-

tric field. This, in turn, considerably modifies the electronic and transport properties

of the excess charge carriers [9]. This phenomenon is accompanied by several ef-

fects, such as renormalisation of electronic bands, broadening of spectral functions,

enhancement of effective masses [10], and polaron satellites found in angle-resolved

photoemission spectroscopy (ARPES) measurements [11]. These initial steps pro-

vide a blueprint for ultimately understanding the role of polaron formation in various

classes of materials.

Furthermore, studies of polarons have been attracting significant attentions from

different areas of physics, starting from the innovative work by pioneers of condensed

matter theory such as Landau [7], Pekar [10], Fröhlich [12], Lee, Low and Pines [9],

Feynman [13], Holstein [14], Bogoliubov [15] and others [16–19]. Not only these inves-

tigations involved formulating theoretical models for lattice polarons across different

scales, such as the classic Landau-Pekar model for continuum polarons, the Fröhlich

model for large polarons [12] and the Holstein model [14] for small polarons, but

also various advanced techniques were developed to analyse these models and their

solutions for different coupling regimes [9, 13, 15]. Beyond early work on the develop-

ment of analytical techniques, more recent work included numerical investigations of

the Fröhlich model using the diagrammatic Monte Carlo method [20], path integral

Monte Carlo [21] and the renormalisation group approach [22]. For a more detailed

presentation about this vast research area one might consider up-to-date reviews [23–

25].

Over the years, polaron concepts have been adapted to several different fields

outside the traditional condensed matter and material physics communities. For

instance, the Landau-Pekar polaron model found applications in quantum gravity
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[26] and quantum state of reduction [27]. As the polaron problem constitutes as an

important chapter of in soliton physics and nonlinear physics, there have been studies

on the stabilities and possible solutions from the mathematical physics perspective

[28–31]. Very recently, research on polarons has moved onto the emergent field of

ultracold atoms and Bose-Einstein condensates (BEC) [22, 32, 33]. For example, by

combining a BEC with an optical lattice, it is possible to explore a quantum system

analogous to electrons in a crystalline solid but with tunable and precise control of

the lattice properties [34]. In such systems the concept of lattice polarons can be

generalised to the “Bose polaron”, in which an impurity atom is an analogue to the

extra electron but instead localised in the optical lattice immersed by an uniform

ultracold gas [35], and the interaction between the impurity atom and the bosonic

bath consists of ultracold atoms is an analogue to the e-ph interaction in solids. This

advancement sheds light on studying emergent states of quantum matter and offers

an alternative way to validate polaron theories, using novel experimental techniques

in atomic physics [34, 36, 37].

Despite the successes of the polaron models and growing interest in applying

these methods to study the quasi-particle properties of the impurity in ultracold

atoms [22, 32, 33], there are obstacles toward the application of these techniques to

the study of lattice polarons in real solids. For example, it is unclear how to select

the appropriate form of couplings that should appear in the model for a specific

compound. Furthermore, in most complicated materials of technological interest

such as perovskites [38, 39] and transition metal oxides [40], interesting couplings

emerge that are not well captured by the extreme descriptions of Frölhich and Holstein

polarons [12, 14]. Although polaron models have been advanced and are getting

more complex recently [41], the lack of comprehensive insights for specific compounds

generally limit the quality and the accuracy of the model. In contrast to the profuse

application of models [12, 14, 42] in studying various sizes of polarons across different
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scales, ab initio studies of lattice polarons are limited to small and intermediate-

size systems, which involves few hundreds up to about two thousands atoms [43].

In order to address these drawbacks, considerable effort is being made to expand

the model Hamiltonians using advanced ab initio formalisms that enable precise EPI

mechanisms in real solids to be captured [44, 45], where the EPI is computed from

first principle without making any priori assumptions.

Due to the fast-growing computational power in the recent decades, calculations

based on density-functional theory and periodic supercell have become an extremely

promising tool for studying polarons in various systems, including alkali halides, metal

oxides, superconductors and even molecules [46–49]. However, the DFT supercell

approach also encounters some limitations in the study of polarons. Since such cal-

culations consider adding or removing an electron in a supercell, it is impractical

to perform the calculations for a system that hosts intermediate-size polarons and

beyond (i.e. supercells containing up to a few thousand atoms) [43]. In addition

to these computational challenges, standard DFT calculations with local functional

also suffer from the well-known self-interaction error [50], which is believed to be the

causes of failure on predicting localised states. Early attempts involved modifying

the electronic structure using the Hubbard-corrected DFT [51, 52], hybrid function-

als [51–53] and specialised self-interaction correction (SIC) schemes [46]. Even if these

technical problems will be resolved in the future, DFT calculations based on super-

cell calculations offer limited physical insight into the EPI mechanisms that drive

polaron formation. Therefore, it is important to establish a general formalism start-

ing from practical considerations of the real lattice structure and their interactions

with electrons, in order to bridge the gap between such calculations and various model

approaches.

In this thesis, we formulate an ab initio theory of polarons and develop the cor-

responding computational framework. This work enables for the first time to access
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not only the wavefunction for small polarons that has already been probed by the

supercell approach [54, 55], but also for large polarons that were predicted in model

calculations. Our method also offers an unique opportunity to calculate atomic dis-

placements associated to the polaron ground state, polaron eigenvalues and formation

energies, as well as several interesting quantities that cannot be explored directly by

using the supercell approach, such as the spectral decompositions of polaron wave-

functions and atomic displacements, polaron effective masses, and the average number

of excited phonons. One of the potential applications of our theory is the investiga-

tion of polarons in systems with complicated structures, such as various perovskites

and low-dimensional systems including two-diemensional (2D) materials [56–60], van

der Waals heterostructures [61, 62], surfaces and interfaces [63–65].

In order to demonstrate the capability of our method, we concentrate on two

simple bulk materials as a starting point: lithium fluoride LiF, which is a prototypical

system for studying Fröhlich type polarons, and the hexagonal lithium peroxide Li2O2,

which exhibits a Holstein type EPI that leads to small polaron formation. In addition

to the investigation of the distinctive EPI mechanisms and the leading polaronic

effects in these compounds, the latter system is important for validating the present

theory against explicit DFT supercell calculations.

1.2 Overview of the thesis

Despite many models and solutions based on the plane-wave electron and the single

phonon coupling were developed to study polaronic effects in the last century, these

models lack sufficient atomistic insight. In order to accurately describe polaronic

properties in real materials, it is important to consider both electrons and phonons

using a proper atomistic treatment. This thesis is devoted to this aim, and is organised

as follows. In Chapter 2 we outline several representative works for polarons starting
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from the pioneer studies in the last century to the recent developments. In particular,

we introduce the classic Landau-Pekar model, followed by the quantum mechanical

description of large polarons by Fröhlich and small polarons by Holstein. We emphasis

the significance of these models and explain what is missing in order to accurately

describe polarons in real materials. Finally, we present some recent experimental

discoveries on polarons in transition metal oxides.

In Chapter 3 we review the theoretical basis for enabling ab initio calculations of

electronic and vibrational properties of solids. Here we begin with density-functional

theory (DFT) in the planewave and pseudopotential formalism, and we describe the

extension of DFT to density-functional perturbation theory for computing vibrational

properties. These methods constitute as a stepping stone for studying electron-

phonon interactions in real materials. Finally, we present the Fourier-Wannier in-

terpolation method that provides efficient calculations of electron-phonon matrix el-

ements from first-principles.

In Chapter 4 we develop a theoretical framework for calculating self-trapped po-

larons in semiconductors and insulators from first-principles, and we propose a DFT

functional with self-interaction correction (SIC) for the corresponding validation. In

Chapter 5 we show the computational details of all unit cell calculations, and de-

scribe how to solve the polaron equations. We also explain the technical aspect and

difficulties for the implementation. Finally, we give details of the code validation and

benchmark.

Chapters 6 and 7 present applications of the method to explore polarons in bulk

crystals and 2D systems respectively. In Chapter 6 we focus on two bulk materials,

namely the lithium fluoride (LiF) and lithium peroxide (Li2O2). In particular, we

show a cross validation by comparing direct calculations using the SIC functional

with previous work of Li2O2. Then we discuss the dependence of the polaron energies

on supercell size, and show calculations of polaron wavefunctions and lattice distor-
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tions. Lastly, we present the spectral decomposition of the polaron into KS states and

phonon modes. In Chapter 7 we proceed to investigate polarons in hexagonal boron

nitride (h-BN), we present first-principles calculations of polaron formation energies,

eigenvalues, wavefunctions and spectral decompositions for both the hole and elec-

tron polarons in h-BN monolayer. We demonstrate the concept of two-dimensional

polarons and discuss how to converge polaron energies in monolayer calculations. We

compare the polaron energies between the monolayer and the bulk form for the same

compound. Finally, Chapter 8 presents the summary, the forecast of future works

and a conclusion for this thesis.



Chapter 2

Early studies of polarons

In this introductory chapter, we review the notion of lattice polarons and the his-

torical development of various polaron approaches based on models and analytical

techniques. We begin with the Landau-Pekar (LP) polaron model and discuss the

underlying assumptions and limitations. Next we derive the quantum Fröhlich model,

and explain its significance and the interconnection to the classic LP model. Similarly

we introduce the concept of Holstein polarons, and the distinction between Fröhlich

and Holstein type EPI is emphasised. Furthermore, we review experimental evidence

for the polaron footprints, such as the polaron satellites found by angle-resolved pho-

toemission spectroscopy (APRES) [11] and electron paramagnetic resonance (EPR)

measurements [66]. The purpose of this section is to give a preliminary overview

on polaron physics so that we can proceed to a more elaborate discussion in later

chapters.

2.1 Semi-classical theory of self-trapped polarons

The first polaron concept was proposed by Landau in 1933, who provides a qualitative

discussion in his seminar article about a slow moving electron in an ionic crystal. He

suggested that the electron may perturb the crystal and eventually become trapped

at a distorted region of the host lattice induced by itself to form the so-called polaron.

The phenomenological model for describing such a nonlinear behaviour was miss-

ing for a decade, and was only developed by Landau and Pekar in the mid 1940s.

When this problem was revisited again, they realised that there was an internal con-

8
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tradiction in the well-established Bloch theory, namely: while considering the band

state of a free electron, the ions are always fixed at their equilibrium positions. In

this case, the electron turns out to be sitting in a periodic potential well and hence

appears to be delocalised. However, Pekar considered an alternative scenario where

the ions are able to move, and assumed that the electron should follow the ionic

motion adiabatically. He worked out the first polaron theory by treating the ionic

crystal as a continuum and polarisable dielectric. In this new point of view, the band

electron can polarise the ions with its own electric field. The ions are then displaced

to screen this additional electric field and form dipoles, which creates a secondary

dipole potential acting back on the electron. Through this feedback mechanism, the

electron and the ions can find an equilibrium configuration that breaks translational

invariance; that is a polaronic ground state. Because of the loss of periodicity, the

trapped electron exhibits a discrete energy spectrum, and the ground state energy is

lowered in comparison to the perfect lattice hosting a band electron. In the following,

we review this fascinating model and explain its significance in the historical devel-

opment of the polaron theory. This model provides a very useful starting point to

understand our novel ab initio formalism described in Chapter 4.

The Landau-Pekar (LP) model is a simple framework for studying self-trapped

phenomena in solids, which describes how a single electron added to a polar insu-

lator becomes localised. The basic assumption considered in the model is that the

electron wavefunction spreads over large spatial dimensions spanning many crystal

unit cells. As a consequence, the atomistic information of the crystal are smoothed

out; the interaction of the added electron with the valence electrons is described via

the effective-mass approximation and thus only enters to the kinetic energy term;

the interaction of this electron with the ionic lattice is described by a continuum
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electrostatic model. The total energy of the LP model is expressed as:

ELP =
~2

2m∗

∫
dr |∇ψ|2 +

1

2

∫
dr E ·D, (2.1)

where ψ(r) is the wavefunction of the added electron, E(r) is the self-consistent

electric field and D(r) is the electric displacement field. The first term on the r.h.s.

of Eq. (2.1) describes the band energy of the extra electron, which includes electron-

electron interactions via the conduction band effective mass m∗. The second term

describes the total electrostatic energy of the dielectric [67].

The electric displacement field D is related to the charge density of free carriers,

and therefore to the wavefunction of the excess electron, via the Maxwell’s equations

∇ ·D = −e|ψ(r)|2 (e is the elementary charge), or can be equivalently expressed in

an integral form:

D =
e

4π
∇
∫
dr′
|ψ(r′)|2

|r− r′|
. (2.2)

The electric displacement field can also be related to the self-consistent electric field

via D = ε0ε
0E, where ε0 is the vacuum permittivity and ε0 is the static dielectric

constant. By replacing Eq. (2.2) into (2.1) we obtain the total electrostatic energy

as:

1

2

∫
dr E ·D =

1

2

e2

4πε0

1

ε0

∫
dr dr′

|ψ(r)|2|ψ(r′)|2

|r− r′|
. (2.3)

In this expression, both the electronic screening and the lattice screening are included

in the electric field E. Since the electronic screening energy is already accounted for

in the band structure term in Eq. (2.1), we need to subtract this contribution from

Eq. (2.3). The electronic-only contribution is determined by evaluating Eq. (2.3) with

the ionic screening turned off, i.e. by using the high-frequency (electronic) permittivity

ε∞ instead of the static (electronic and ionic) permittivity ε0. After removing this
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contribution the electrostatic energy reads:

1

2

∫
dr E ·D =

1

2

e2

4πε0

(
1

ε0
− 1

ε∞

)∫
dr dr′

|ψ(r)|2|ψ(r′)|2

|r− r′|
. (2.4)

By defining 1/κ = 1/ε∞ − 1/ε0 [23], we can rewrite Eq. (2.1) as a functional of the

polaron wavefunction:

ELP[ψ] =
~2

2m∗

∫
dr |∇ψ(r)|2 − 1

2

e2

4πε0

1

κ

∫
dr dr′

|ψ(r)|2|ψ(r′)|2

|r− r′|
. (2.5)

The ground-state energy of the LP polaron is obtained by minimising this functional

with respect to ψ, subject to the constraint provided by the normalisation condition∫
dr |ψ(r)|2 = 1. This problem can be solved by transforming it into an unconstrained

minimisation with the normalisation incorporated via the Lagrange multiplier ε:

E ′LP[ψ, ε] =
~2

2m∗

∫
dr |∇ψ(r)|2 − 1

2

e2

4πε0

1

κ

∫
dr dr′

|ψ(r)|2 |ψ(r′)|2

|r− r′|

− ε
(∫

dr |ψ(r)|2 − 1

)
. (2.6)

By setting to zero the two functional derivatives δE ′LP/δψ
∗ and δE ′LP/δε, one obtains

a Schrödinger-type eigenvalue problem for ψ:


− ~2

2m∗
∇2ψ(r)− e2

4πε0

1

κ

∫
dr′
|ψ(r′)|2

|r− r′|
ψ(r) = ε ψ(r), (2.7)∫

dr |ψ(r)|2 = 1. (2.8)

Here the eigenvalue ε has the dimension of energy but it does not represent the total

energy of the polaron. This is seen by projecting Eq. (2.7) onto ψ∗ and comparing

with Eq. (2.5):

ELP = ε+
1

2

e2

4πε0

1

κ

∫
dr dr′

|ψ(r)|2 |ψ(r′)|2

|r− r′|
. (2.9)

Equation (2.7) provides an intuitive understanding of the nature of polaron self-
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Figure 2.1: Plot of energy vs polaron radius rp using the trial function in Eq. (2.10)

trapping in the LP model. Let us consider for example a normalised trial wavefunction

[23]:

ψ(r) = (πr3
p)−1/2 exp(−|r|/rp). (2.10)

Using this trial function in the LP functional in Eq. (2.5) as shown in Fig. 2.1, we see

that that minimisation of the kinetic energy term in Eq. (2.7) favors delocalisation

(larger rp), while the minimisation of the Coulomb term favors localisation (smaller

rp). The polaron size rp results from a trade-off between these competing effects. By

replacing the above exponential ansatz in Eq. (2.5), one obtains a simple estimate for

the energy as a function of the polaron size rp:

ELP(rp) =
~2

2m∗r2
p

− 5

16

1

κ

e2

4πε0rp

. (2.11)
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The minimum of this function is given by:

rp,min

a0

=
16

5

κ

m∗/me

, (2.12)

where a0 denotes the Bohr radius and me is the free electron mass. By replacing

Eq. (2.12) inside Eq. (2.11) we find the ground-state energy:

ELP,min

EHa

= − 25

512

m∗/me

κ2
, (2.13)

with EHa = 27.211 eV is known as the Hartree energy. Furthermore, by using Eq. (2.9)

we obtain the polaron eigenvalue [23]:

ε

EHa

= − 75

512

m∗/me

κ2
. (2.14)

The energy given by Eq. (2.13) can also be expressed by using the standard polaron

coupling constant α, which is defined as [23]:

α =
e2

4πε0~

√
m∗

2~ωLO

1

κ
, (2.15)

where ωLO is the characteristic frequency of longitudinal optical phonons. By com-

bining Eqs. (2.13) and (2.15) one obtains the standard result:

ELP,min = − 50

512
α2 ~ωLO, (2.16)

which is very close to the original variational solution by Pekar [10]. Much work has

been done to improve on the simple exponential ansatz in Eq. (2.10) employed in this

overview of the LP model. However, apart from obtaining a more accurate prefactor

in front of the term α2 ~ωLO in Eq. (2.16), these improvements do not change the

qualitative features of the solution. This is because Eq. (2.5) can be written in a
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scale-invariant form by defining:

ψ(r) = a−3/2φ(r/a), (2.17)

with a = κ a0/(m
∗/me) so that:

ELP

α2 ~ω
=

∫
dr |∇φ(r)|2 −

∫
|φ(r)|2|φ(r′)|2

|r− r′|
dr dr′, (2.18)

subject to the normalisation condition
∫
dr |φ(r)|2 = 1. The direct numerical solution

of Eq. (2.18) yields a wavefunction which is very close to the original variational result

found by Pekar using a modified exponential [10, 23, 68, 69].

From Eq. (2.13) we see that the formation of a localised polaron is only possible

when ε0 > ε∞, that is in polar crystals. This leaves out those polarons that can form

in non-polar semiconductors. In addition, since the electron-phonon (e-ph) coupling

mechanism is related to the ionic dielectric response, i.e. to the long-range Fröhlich

potential generated by lattice distortions, the LP model also leaves out acoustic and

piezo-acoustic polarons. Further limitations of the model are that it assumes an

isotropic dielectric, and does not take into account the atomistic nature of the crystal

lattice. In Ref. [69] it was pointed out that the LP model is essentially never valid,

because it relies on the assumption of large polarons in order to use continuum elec-

trostatics, but its results tend to be accurate in the regime of strong coupling, that

is for small polarons, in contrast with the starting hypothesis. The LP model is said

to describe strong-coupling polarons because the energy given by Eq. (2.16) is almost

the same as that obtained in the strong-coupling limit of the Feynman theory [13],

−α2 ~ω/3π, as shown in Fig. 2.2.

In Chapter 4, we show how the essential physics of the LP model can be retained

by moving to an ab initio formalism based on density-functional theory, and that

most of the intrinsic limitations of the model can be overcome in this new framework.
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2.2 Modern polaron models

Short after the classic treatment of polarons by Landau and Pekar in late 1940s,

Fröhlich provided a complete microscopic description of polarons in 1950 using a

proper quantum mechanical Hamiltonian, namely the Fröhlich model. Although the

first polaron theory was founded and developed by Landau and Pekar, the beginning

of real interest in this field was marked by the pioneering work of Fröhlich. This

is demonstrated by the substantial amount of work on determining the analytical

solutions for the Fröhlich model between the year 1950 and 1955 [9, 13, 16, 70]. In

the fully quantum mechanical picture of Fröhlich, the polaron was described as a

composed (quasi-) particle consisting of an electron and the induced lattice distortion

nearby. As opposed to the LP model, which represents the deformed lattice as a rigid

and static polarisable dielectric, the lattice distortion was captured precisely by using

harmonic oscillators in the Fröhlich model. This refinement was possibly the first

time that the quantum field picture of a non-relativistic electron interacting with a

scalar bosonic field (phonons) found its way in solid state physics. The Fröhlich model

considers the limit of a slow electron moving in a crystalline solid with a broad spatial

extent, so that the discrete nature of the atomic structure becomes insignificant, and

the continuum approximation could be used to simplify the model as much as possible.

The model retains sufficient ingredients of polaron physics, such as the band electron

as a simple structureless plane wave, dispersive phonons as a single Einstein mode,

and EPIs as a screened dipole interaction. This strategy turns out to be useful when

theorists develop simple models in order to understand the underlying mechanism

and their interrelations. In addition to its successes in explaining the properties of an

electron in polar crystal, the model constitutes as an extraordinary playground for

many different fields of physics as mentioned earlier. Therefore, it is useful to discuss

this model in detail.
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2.2.1 The Fröhlich model

To derive the Fröhlich Hamiltonian for describing a large polaron hosted by polar

crystals, we start from the lattice field theory of Fröhlich [70]. Let us firstly define

the total polarisation density Ptot at the coordinate r in the host lattice as the linear

superposition of the ionic polarisations Pion and electronic polarisations Pele:

Ptot(r, t) = Pion(r, t) + Pele(r, t). (2.19)

Here these two different polarisations in nature are responsible for the broken transla-

tional symmetry of the perfect lattice due to the ionic motion. The ionic polarisation

originates from the displacements of ions which may be induced thermally; the vi-

brational frequencies lie in the infrared region. The ionic displacements result in

the electronic polarisation, which oscillates much faster, with frequencies in the vis-

ible and ultraviolet region. When we consider an extra slow electron sitting in the

conduction band, the electron interacts with the phonon field associated with the

polarisation and this defines the so-called electron-phonon Hamiltonian. The slow

electron interacts with such induced ionic dipoles via long-range Coulomb interac-

tions to form a large polaron, its wavefunction will spread over many crystal unit

cells. In this case one may ignore effects of the lattice discreteness. This is known

as the continuum approximation and all the quantities in the Fröhlich model can be

expressed using continuous functions. Using the relations from electrostatics:

D = P + ε0E,

D = ε0ε(ω)E,

(2.20)
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where ε(ω) is the frequency-dependent dielectric constant of the medium. Rearranging

Eq. (2.20):

P =

[
1− 1

ε(ω)

]
D. (2.21)

In the low-frequency limit ε(ω → 0)→ ε0 and the total polarisation is given by:

P =

(
1− 1

ε0

)
D. (2.22)

Now we consider the high-frequency limit in order to eliminate the electronic polar-

isation from the total polarisation. The so-called high-frequency limit here means

that the frequency is much higher than the infrared range, but much lower than the

visible-ultraviolet range, i.e. ωion � ω∞ � ωele. The electronic polarisation responses

with this frequency and we have:

Pele =

(
1− 1

ε∞

)
D. (2.23)

We can extract the ionic polarisation by combining Eqs. (2.22) and (2.23):

Pion = P−Pele =

(
1

ε∞
− 1

ε0

)
D ≡ 1

κ
D. (2.24)

If we place an electron with coordinate rele into the system, and the electron creates

a source field D(r, rele), the equation of motion for describing the ionic polarisation

density is given by:

P̈ion(r) + ω2
ionPion(r) =

ω2
ion

κ
D(r, rele). (2.25)

Similarly, the equation of motion for the electron is:

m∗r̈ele = − e

ε0
Pion. (2.26)
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From these equations of motion, we are able to write down the Hamiltonian Ĥ which

can be partitioned into three terms as:

Ĥ = Ĥele + Ĥph + Ĥint, (2.27)

namely the non-interacting electron term Ĥele, the non-interacting phonon term Ĥph

and the EPI term Hint. They are given by:

Ĥele =
p2

ele

2m∗
,

Ĥph =
κ

2ω2
ion

(
1

ε0
)

∫
dr

[
Ṗ2

ion(r) + ω2
ionP

2
ion(r)

]
,

Ĥint = − 1

ε0

∫
dr D(r, rele) ·Pion(r),

(2.28)

where the conjugate momenta for the electron and the ionic polarisation are given

by pele = m∗ṙele and Πion = κ
ω2

ion
Ṗion. Note that we have neglected the contribution

from the electronic polarisation as Pele � Pion because of ω2
ion � ω2

ele. It is useful to

recall several electrostatics properties for the system beforehand. The source field D

generated by the electron satisfies the Maxwell’s equations ∇ ·D = −eδ(r− rele) and

∇×D = 0. Thus:

D = − e

4π
∇
[

1

|r− rele|

]
. (2.29)

Similarly, we can also express the ionic polarisation using a scalar potential Φpol(r)

because of ∇×P = 0:

Pion = ε0∇Φpol(r). (2.30)

Using Eqs. (2.29) and (2.30), we can evaluate the EPI term defined in Eq. (2.28) as:

Ĥint =
e

4π

[ ∫
dr∇ ·

(
Φpol∇

1

|r− rele|

)
− Φpol∇2 1

|r− rele|

]
= eΦpol(rele). (2.31)
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Until now the derived Hamiltonian is still a classical object. We proceed by perform-

ing a canonical quantisation on the polarisation field. The canonical commutation

between the field operator and its conjugate momentum is:

[
Pα(r),

κ

ω2
0

Ṗβ(r′)
]

= i~δαβδ(3)(r− r′), (2.32)

where the indices α, β denote the Cartesian components, δ(3)(r) is the Dirac delta

function in three-dimensional space. This enables us to transform the conjugate field

operators into the creation and annihilation operator pair such that
[
Bα(r), B†β(r′)

]
=

δαβδ
(3)(r− r′) is satisfied:

B(r) =

(
κ

2~ω0

) 1
2
[
Pion(r) +

i

ω0

Ṗion(r)

]
,

B†(r) =

(
κ

2~ω0

) 1
2
[
Pion(r)− i

ω0

Ṗion(r)

]
.

(2.33)

The inverse relations are:

Pion(r) =

(
~ω0

2κ

) 1
2 [

B(r) + B † (r)
]
,

iṖion(r) =

(
~ω0

2κ

) 1
2

ω0

[
B(r)−B†(r)

]
.

(2.34)

It is possible to express the operator B(r) as a Fourier series by considering∇×P = 0:

B(r) =

(
ε0
Ω

) 1
2 ∑

q

q

|q|
bqe

iq·r, (2.35)

where Ω is the volume of the primitive unit cell. Combining Eqs. (2.28), (2.34) and

(2.35), the non-interacting phonon term is simplified to:

Ĥph = ~ω0

∑
q

b†qbq +
1

2
~ω0. (2.36)
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Combining Eqs. (2.30), (2.34) and (2.35), the scalar potential is obtained as:

Φpol(rele) = i

√
1

Ω

~ω0

2ε0κ

∑
q

1

|q|

[
b†qe
−iq·rele − bqeiq·rele

]
. (2.37)

Inserting the scalar potential into Eq. (2.31) we obtain the EPI term as:

Ĥint = i

√
1

Ω

e2

ε0

~ω0

2κ

∑
q

1

|q|

[
b†qe
−iq·rele − bqeiq·rele

]
. (2.38)

At this point, we arrived at a fully quantum mechanical description of large continuum

polarons, for which the Hamiltonian takes the form:

ĤFröhlich(rele) =
p2

ele

2m∗
+ ~ω0

∑
q

b†qbq +
∑
q

g(q)b†qe
−iq·rele + h.c. (2.39)

where

g(q) =
i

|q|

√
4π

Ω

e2

4πε0

~ω0

2

1

κ
(2.40)

is the matrix element of the Fröhlich type EPI and exhibits a long-range character.

2.2.2 Ground-state solutions of the Fröhlich model

The Fröhlich model is perhaps one of the most popular problems in theoretical physics,

it provides the earliest and simplest framework to study particle-field interactions us-

ing a Galilean invariant Hamiltonian. Given that the model is potentially transferable

to more complicated phenomena in particle physics, quantum field theorists such as

Bogoliubov, Lee and Feynman have extensively worked on solutions for this model

during the early 1950s. The problem belongs to a nonlinear system, and there is

no exact analytical solution; only perturbative or variational solutions were available

in that period of time. The first numerical solution based on diagrammatic Monte

Carlo was only achieved in 1998 [20]. In many of these pioneer studies [9, 13, 70], the
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ground-state solution of the model was determined by using the variational method.

However, it turns out that the choice of the variational ansatz was tricky because

the Hamiltonian contains the coupling strength α. While the variational ansatz con-

sidered by Lee only works in the weak coupling regime and leads to a ground-state

energy E0 = −α~ω0 [9], the different ansatz considered by Pekar yields a rather dif-

ferent ground-state energy E0 = − 25
256
α2~ω0, which is however valid only in the strong

coupling regime (α� 1) [70]. This leads to the hypothesis that the ground-state so-

lution of the model may exhibit a first order phase transition as a function of α, but

it was later proven that such transition does not exist at least for the ground-state

solution of the Fröhlich model [71]. On top of these “direct variational” approaches,

Feynman derived an effective “phonon free” action for the Fröhlich model by using a

similar analogy in quantum electrodynamics. Using his path-integral formulation, he

worked out an upper bound of the ground-state energy [13]:

E0

~ω0

≤ min
v,w

3(v − w)2

4v
− αv√

π

∫ ∞
0

[
v2 − w2

v
(1− e−vx)

]− 1
2

e−x dx, (2.41)

where the arguments u, v are variational parameters. Since the Feynman solution

Eq. (2.41) carries an implicit integral with two minimisation arguments, one needs

to solve a coupled integral equation. Therefore, the ground-state energy by Feyn-

man cannot be expressed analytically in coupling strength α. However, it can be

easily solved by performing a numerical minimisation, and we illustrate this result in

Fig. 2.2. It is interesting to see that the ground-state solution of the Fröhlich model

simply has three different characters with respect to the α. The variational method

by Lee et al. [9] agrees perfectly with Feynman in small α, whereas the Landau-Pekar

agrees very well at large α but with a small offset of 1.9 ~ω0. For α ≈ 5− 8 only the

Feynman approach provides accurate solutions to the model. From this discussion,

we learn that the Landau-Pekar model can be regarded as a particular solution to
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Figure 2.2: Ground-state energy of the Fröhlich model against coupling strength α

the quantum Fröhlich model at the strong coupling limit, i.e. large number of excited

phonons coupled to the added electron makes it effectively trapped in the potential

[24]. Since the DFT formalism also uses the adiabatic approximation in order to

simplify the many-body problem, it is expected that the polaron energies calculated

by DFT would also inherit the same character as the LP solution.

2.2.3 The Holstein model

In addition to the primary studies of continuum polaron models [9, 10, 12, 13, 70, 72–

74] developed from the 1950s, there continues to be substantial attention to consider

the short-range EPIs present in molecular crystals [14, 75–77], leading to the forma-

tion of a small-radius polaron localised on a few atomic sites. In such systems, the

electrons are tightly bound by the atomic potential to form narrow bands. The elec-

tronic bandwidth is determined by the hopping between the atomic orbitals in the
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nearest neighbour atoms. The necessity to consider the discrete polaron model (e.g.

Holstein model) here lies on the fact that the polaron radius becomes comparable

to the lattice constant when the coupling is sufficiently large, and thus the effective

mass approximation used in the continuum polaron models is no longer valid in this

scenario. Therefore, the description of the small polaron problem is better consid-

ered by using a tight-binding model, as firstly introduced by Holstein in 1959 [14].

Here we briefly review the original work by Holstein to get an intuition on how the

small polaron behaves. The Hamiltonian describing a tightly-bound electron which

interacts with a one-dimensional molecular crystal is written as [14]:

H(r, {Rn}) = − ~2

2me

∇2
r +

N∑
n=1

[
− ~2

2M

∂2

∂Rn

+
1

2
Mω2

0R
2
n

]
+ V (r, {Rn}), (2.42)

where the first term is the kinetic energy of the electron, with r denoting the electron

coordinate, the second term describes the vibrational motion of molecules, with Rn

denoting the displacement of the n-th molecular site. Since only short-range inter-

actions are present, the potential experienced by the electron can be decoupled as

V (r, {Rn}) =
∑

n U(r− na, Rn), where a is a lattice vector. Using the tight-binding

approximation, the electron wavefunction should obey the stationary equation for the

n-th site:

[
− ~2

2me

∇2
r + U(r− na, Rn)

]
φ(r− na, Rn) = E(Rn)φ(r− na, Rn), (2.43)

where φ(r − na, Rn) is the localised atomic orbital at the n-th molecular site, and

E(Rn) is the cooresponding electron energy eigenvalue that depends on the displace-

ment Rn. By constructing the polaron wavefunction Ψ for the Hamiltonian (2.42) us-

ing the atomic orbitals as the basis set Ψ(r, {R1, ..., RN}) =
∑

n an({R1, ..., RN})φ(r−

na, Rn), following similar steps in the tight-binding model as set out in Ref. [14] one
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can obtain a eigenvalue difference equation for the expansion coefficients an:

[∑
m

(
− ~2

2M

∂2

∂R2
m

+
1

2
Mω2

0R
2
m

)
+ E(Rn)

]
an({R1, ..., RN})

−
∑

m=n+1,n−1

tnmam{R1, ..., RN} = Ean{R1, ..., RN},
(2.44)

where tnm = −〈φ(r− na)|U(r− na)|φ(r−ma)〉 is the hopping matrix element, and

we ignored the perturbation Wn =
∑

m6=n 〈φ(r− na)|U(r−ma)|φ(r− na)〉 on E(Rn)

from molecules at the other sites. Since the small polaron wavefunction is unit cell

periodic, it is convenient to label the displacements for all sites by a constant Rn = R.

By imposing the translational invariance of the system, the expansion coefficient

should have a trivial form an = AeikRn . Using this choice, the energy eigenvalue Ek

can be obtained as:

Ek = E(R) +
N

2
Mω2

0R
2 − 2t cos

(
ka
)
, (2.45)

where t = tn,n±1 is the hopping parameter. By linearising E(R) with respect to the

displacement as E(R) = −KR, we can adapt Eq. (2.44) using second quantisation.

The Holstein Hamiltonian in a one-dimensional molecular crystal reads:

H = −t
∑
n

(c†ncn+1 + c†n+1cn) + ~ω0

∑
n

(
b†nbn +

1

2

)
+ g0

∑
n

c†ncn(bn + b†n), (2.46)

where c†n(cn) is the fermionic creation (annihilation) operator for an electron at n-

th site, b†n(bn) is the bosonic creation (annihilation) operator for a phonon at n-th

site and g0 is the constant electron-phonon coupling which describes only the short-

range interaction. Conceptually, the site representation of the Holstein Hamiltonian

Eq. (2.46) is mathematically similar to the Fröhlich Hamiltonian Eq. (2.39) that we

met earlier. Apart from the motion of electrons through different mechanisms between

the two models, the constant e-ph coupling that appears in the Holstein model also
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provides a modified scenario, which is complementary to the Fröhlich-type long-range

interaction.

It is also worthwhile to discuss the ground state energies of self-trapped polarons

described in the Holstein model, which happens when g0/~ω0 � 1. In this limit, the

Holstein model can admit two distinctive solutions: namely a small radius polaron

when the hopping t/~ω0 � 1, or a large radius polaron when t/~ω0 � 1. The solution

for the small-radius polaron takes the translational-invariant form [78]:

ψk(x) =
1√
N

∑
n

eikna 〈x|c†ne
g0
~ω0

(b†n−bn)|0〉 , (2.47)

and the corresponding energy spectrum is:

Ek
~ω0

= −2

(
t

~ω0

)
e
− g20

~2ω2
0 cos(ka)− g2

0

~2ω2
0

. (2.48)

When the EP coupling is turned off by setting g0 = 0, the conventional tight-

binding solution is recovered. More interestingly, the hopping parameter carries

the factor e
− g20

~2ω2
0 which is known as the Holstein reduction factor [79]. This im-

plies that the electronic bandwidth contracts due to the polaron formation. At the

same time, the ground state energy is offset by − g2
0

~ω0
. Such polaronic features have

previously been found in the Landau-Pekar/Fröhlich model, in which the polaron

energy vs momentum dispersion relation in the strong-coupling limit is given by

E(P ) = −0.1085α2~ω0 + P 2

2Meff
, where Meff is the polaron effective mass [80]. Since

the self-trapped polaron is heavier than the band electron, the polaron band in the

Fröhlich model turns out to be narrower than the Bloch bands. It is useful to note

that the role of the e-ph coupling has a consistent renormalisation effect on the elec-

tronic bands in both models. Furthermore, the Holstein model can even describe the

large polaron limit. To this end, we can write the fermionic operators by brakets and
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Fourier-transform the bosonic operators as:

cn = |0〉 〈n| ,

bn =
1√
N

∑
k

bke
ikna.

(2.49)

Replacing Eq. (2.49) into Eq. (2.46) and taking |Ψ〉 =
∑

n an |n〉, the second-quantised

electronic term in the Holstein Hamiltonian is degraded by performing Ĥ = 〈Ψ|H|Ψ〉:

Ĥ = −t
∑
n

(a∗nan+1+ana
∗
n−1)+~ω0

∑
k

b†kbk+
g0√
N

∑
n,k

|an|2(bke
ikna+b†ke

−ikna). (2.50)

If we consider the large polaron limit with a wide electronic bandwidth t/~ω0 � 1

and using the finite difference scheme an±1 = an ± ∂an
∂(na)

a + 1
2
∂2an
∂(na)2a

2, the equivalent

1-D Fröhlich model is recovered by taking the continuum limit (x = na) [78]:

Ĥ = − ~2

2m∗x

∂2

∂x2
+ ~ω0

∑
k

b†kbk +
g0√
N

∑
k

(bke
ikx + b†ke

−ikx), (2.51)

where the one-dimensional effective mass is related to the tight-binding parameter by

m∗x = ~2

2ta2 .

2.2.4 Toward model studies into ab initio formalism

Although the Holstein model goes somewhat beyond the Fröhlich model, it is rather

difficult to make it widely applicable. Unlike the Fröhlich electron-phonon (e-ph)

matrix element, which can be expressed using intrinsic properties of the crystal such

as phonon frequences and dielectric constants, however, there is a missing connection

between the the constant e-ph coupling g0 in the Holstein model and the microscopic

detail of the crystal. As a result, studies of the Holstein model mostly focus on toy

systems, in which the solution is either analysed in a qualitative manner or is obtained

by fitting the model parameters to ab initio calculations.
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In the subsequent years, more sophisticated models were proposed to generalise

the Fröhlich and Holstein models to cover more realistic systems [42, 81–86], such

as small-bandwidth polar materials and high-temperature cuprate superconductors.

These works involved introducing the periodic lattice potential in the Fröhlich model

to describe the discrete nature of lattice, incorporating the Fröhlich interaction and

multiple bands into the discrete Holstein model, investigating dispersive phonons

and studying charge transport properties by using these models [87–89]. Further-

more, numerous numerical approaches based on the exact diagonalisation method

[90], continuous-time quantum Monte Carlo [91], and diagrammatic Monte Carlo al-

gorithms [92, 93] moved successful for solving various polaron models with arbitrary

coupling strengths, and served as a complement to the earlier variational methods.

More importantly, the variational and numerical studies clarified that the Fröhlich

and dispersive Holstein models are asymptotically reduced to the same limit in both

the weak and strong coupling regimes [69]. This conclusion based on the model studies

implies that there is indeed some overlap between the two models as we have already

seen once in Eq. (2.51). This motivates us to develop an unified ab initio formalism

to study polarons, with precise accounts of electronic band structures, dispersive

phonons and EPIs.

2.3 Experimental signatures of polarons

The interest in searching polarons in the last century were certainly not retricted to

theoretical developments, but also lead to experimental measurements of the prop-

erties of polarons. The early experimental observation of polarons was discovered in

alkali halides using spin resonance techniques in 1955 [8], followed by the electrical

conductivity measurements on uranium dioxide in 1963 [94]. Subsequently, several ex-

perimental techniques such as electron paramagnetic resonance (EPR), scanning tun-
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(a) (b)

Figure 2.3: (a) The shallow donor state on anatase (101) obtained by constant-
height STM measurement at T = 6 K and V = +0.3 V; and (b) a schematic view
of a shallow donor state in semiconductors. (a) and (b) are adapted with permission
from Ref. [51]. Copyright 2014 American Physical Society.

neling microscopy (STM) and angle-resolved photoemission spectroscopy (ARPES)

have been used to investigate polaron properties from different viewpoints. For ex-

amples, EPR has been used to study trapped electrons in nanoparticles and films

[66]; this technique enables small paramagnetic defects to be detected by hyperfine

interactions with external magnetic fields [95]. On the other hand, STM has been

employed to study defects in material surfaces; this technique enables a direct viewing

of the spatial distribution of electrons and the localised defect states [51, 96]. In the

following, we shall introduce the STM and the ARPES technique used to study the

many-body spectral property of polarons.

2.3.1 Scanning Tunneling Microscopy

Scanning tunneling microscopy (STM) is an imaging technique for probing electron

density of states at the atomistic scale. It allows for the study of pure crystalline

samples with flat surfaces [97], through a precisely scanning over the crystal surface

using a metal tip with angstrom-level control. The STM works by the effect of quan-
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tum tunnelling, in which a bias voltage is applied between the the tip and the sample

surface to measure the tunnelling current. This current is exponentially dependent

of the tip-surface distance d, while the applied bias voltage V and the work function

Φ are fixed. It can be related to the local electron density of states (LDOS) ρs near

the Fermi level of the sample EF at the probing surface via [98]:

I ∝ V ρs(0, EF )e−2
√

2meΦ
~ d. (2.52)

Since the current and the tip-surface distance are both free variables, it is possible to

fix one and use the other to represent the contour of the LDOS (the surface topog-

raphy). This means that there are two operation modes, namely the constant-height

mode and the constant-current mode. The constant-height mode works straightly

by fixing the tip-surface distance, followed by moving the tip and scan the sample

surface line-by-line so that measured tunnelling currents at different positions corre-

spond to the surface topography. In contrast, the constant-current mode works by

maintaining a constant tunnelling current via adjusting the tip-surface distance. This

requires an extra feedback circuit to monitor the current, and change the distance

of the scanning tip using the piezoelectric effect [99]. In this mode, the tip-surface

distances at difference surface points contribute to the surface topography. Overall,

the constant-height mode is faster in comparison to the constant-current mode but it

generally requires a smooth surface. The constant-current mode performs better for

irregular sample surfaces but takes longer for the scanning [100].

Recently, the STM has been applied to access images of the polaronic states

in anatase TiO2 [51]. In that work, extra electrons are introduced to the anatase

sample via the extrinsic Nb-dopant. An in-gap shallow donor state was identified at

the Nb-doped anatase sample by the constant-height STM. Figure 2.3(a) presents a

large-scale (13×11 nm2) STM image of the anatase (101) surface, couples of shallow
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donor states are clearly seen and found in different shapes. This was interpreted as

the electron density is distributing over several unit cells as shown in Fig. 2.3(b), but

the Nb donors reside at different depths and lead to an inhomogeneous net potential

in which the electron is bound to. Interestingly the spatial extent of this STM electron

distribution is characterised as ∆r[010] = 12 − 25 Å and ∆r[101̄] = 4 − 8 Å, which

are in close agreement with the Fröhlich model. The methods infer that this shallow

donor state exhibits a polaron-like feature but physically cannot travel freely inside

the crystal as the real polaron.

2.3.2 The ARPES technique

Angle-resolved photoemission spectroscopy (ARPES) is one of the most popular tools

for studying the excited state properties of quantum matter. It has had a significant

impact on the development of condensed matter physics because the single particle

Green’s function becomes experimentally measurable with this technique, which es-

tablishes a direct connection with theory calculations starting from the microscopic

Hamiltonians and field-theoretic techniques. What makes ARPES powerful is that it

can access the many-body effects beyond the mean-field level such as electron-hole,

electron-phonon and electron-magnon interactions. This allows secondary excitations

of electrons such as excitons, polarons [51], BCS-like Bogoliubov quasiparticles [101]

and even the recently discovered chiral topological fermions [102] to be investigated.

ARPES probes the distribution of electrons in the energy-momentum space of

the crystal. This distribution results from all possible interactions experienced by

the electrons in the crystal, including the interaction of electrons with periodic crys-

tal potential, lattice defects, impurities and thermal vibrations [103]. Overall, the

photoemission process can be schematically explained by using the phenomenological

three-step model [104]. In this model, the photoemission process involves three se-

quential steps: namely (1) the optical excitation of the bound electron by the incident
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photon; (2) the excited electron travels to the sample surface and (3) extraction of the

photoelectrons into vacuum by overcoming the surface confinement, so that photocur-

rents can be measured by the analyser. The photoemission intensity can be expressed

by a product of the three independent events [105], i.e. the total probability for the

optical transition approximated by Fermi’s golden rule, the scattering probability for

the travelling electrons and the transmission probability through the surface poten-

tial barrier. By invoking the sudden approximation to simplify the optical transition

probability in step (1), one may express the ARPES photocurrent:

I(k, ω) ∝Mk(hν)f(ω)A(k, ω), (2.53)

where Mk(hν) is proportional to the square modulus of the one-electron dipole matrix

element |Mk
f,i|2 which is related to the probability of photon absorption. f(ω) is the

Fermi-Dirac distribution, A(k, ω) is the spectral function, which contains the Dirac

delta functions from Fermi’s golden rule by:

A(k, ω = hν − Ekin) =
∑
σ=±1

∑
m

| 〈ΨN+σ
m |cσk|ΨN

i 〉 |2δ
[
hν − Ekin − σ

(
EN+σ
m − EN

i

)]
,

(2.54)

where ΨN±1
m is the (N ± 1)-particle wavefuntion with an excited state m, ΨN

i is

the (N)-particle initial state, ck is the annihilation operator for an electron with

momentum k, hν is the energy of an incident photon and Ekin is the kinetic energy

of the photoelectron. The distribution of the kinetic energies for photoelectrons are

obtained by the analyser. The parallel component of the crystal momenta ~k|| to

the surface can be deduced by measuring the polar emission angle θ and employing

momentum conservation:

Ekin = hν − φ− |EB|,

~k|| =
√

2mEkin sin θ,

(2.55)
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with φ denoting the material work function and EB denoting the binding energy. Note

that most ARPES experiments are typically performed at low photon energies where

hν < 100 eV, in order to obtain better resolutions [105]. Fig. 2.4 (a)–(c) illustrates

an example of the experimental ARPES intensity for TiO2 anatase with different

doping densities. We shall try to understand where these quasiparticle peaks and

satellites are originated from by analysing further the spectral function in Eq. (2.54).

The amplitude | 〈ΨN−1
m |ck|ΨN

i 〉 |2 represents the probability of removing an electron

from a N -particle system in state i, leaving the (N − 1)-particles in a new state

m. Suppose we have a non-interacting system in which the initial state i belongs to

one of the eigenstate of the N -body Hamiltonian m0. The removal of an electron

in such system will not induce a substantial change to the rest part of the electrons

and therefore we expect that the amplitude | 〈ΨN−1
m |ck|ΨN

m0
〉 |2 = δm,m0 . The spectral

function for this system will collapse to a Dirac delta function A(k, ω) = δ(ω − εk),

where εk = EN
m0
− EN−1

m0
. However, this is not the case in the interacting system

in which more than one excited states will be generated, because the system will be

largely perturbed while an electron is being removed. The spectral function for the

interacting system will show a quasiparticle peak and satellites due to a number of

excitation events.

2.3.3 Spectral feature of polarons in ARPES

In order to characterise the ARPES photocurrent for a system with polarons, for

example the one reported in Fig. 2.4 (a)–(c), one has to calculate the spectral function

for an electron-phonon interacting system. This requires the many-body Green’s

function formalism. Briefly, one define the time-ordered one-particle Green’s function

for a N -body system as G(k, t) = G+(k, t) + G−(k, t): where G+ and G− are given
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Figure 2.4: (a)-(c) Experimental ARPES spectra of anatase TiO2 produced by
Moser et al. with doping densities of (a) 5.0×1018 cm−3, (b) 3.0×1019 cm−3, and (c)
3.5× 1020 cm−3 [11]. The wavevector kx is along the path ΓΣ in the Brillouin zone.
Plots (a)-(c) are adapted with permission from Ref. [11]. Copyright 2013 American
Physical Society. (d)-(f) Calculated spectral functions with the cumulant method
using the same doping densities as in (a)-(c) produced by Verdi et al. [40]. Plots (d)-
(f) are adapted with permission from Ref. [40]. Copyright 2017 Nature Publishing
Group.
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by:

G+(k, t) = −iθ(t) 〈ΨN
i |ck(t)c†k|Ψ

N
i 〉

G−(k, t) = iθ(−t) 〈ΨN
i |c
†
kck(t)|ΨN

i 〉
(2.56)

Suppose that ΨN
i is the eigenstate of the N -body Hamiltonian, i.e. ĤΨN

i = EN
i ΨN

i .

The Lehmann representation of the one-particle Green’s function reads [106]:

G(k, ω) =
∑
m

| 〈ΨN+1
i |c†k|ΨN

i 〉 |2

ω −
[
EN+1
m − EN

i

]
+ iη

+
∑
m

| 〈ΨN−1
i |ck|ΨN

i 〉 |2

ω +
[
EN−1
m − EN

i

]
− iη

. (2.57)

It is important to point out that the spectral function Eq. (2.54) is indeed related

to the time-order Green’s function through A(k, ω) = − 1
π
Im G(k, ω). Although

the Lehmann representation Eq. (2.57) is exact, the eigenvalues and states of the

interacting Hamiltonian are generally inaccessible. To overcome this difficulty, one

can borrow the field-theoretic diagrammatic technique by expanding the time-ordered

Green’s function in the interacting picture as [106]:

G(k, t) =
∞∑
n=0

(−i)n+1

n!

∫ ∞
∞

dt1...

∫ ∞
∞

dtn 〈|T̂
[
V̂I(t1)...V̂I(tn)ck(t) c†k

]
|〉 , (2.58)

where V̂I(t) = eiĤ0tV̂ e−iĤ0t is the interacting potential V̂ in the Heisenberg picture,

which evolves according to the non-interacting Hamiltonian Ĥ0. The Dyson series

can be obtained by the Fourier transform of Eq. (2.58):

G(k, ω) = G0(k, ω) +G0(k, ω)Σ(k, ω)G(k, ω). (2.59)

The Σ is known as the self-energy which encodes the information about all the many-

body interactions in the system. The calculations of self-energies are based on the

diagrammatic perturbative series for a specific type of interaction, which requires
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specific Feynman’s rules. For example, the lowest order self-energy for a system with

EPIs is the Fan-Migdal (FM) self-energy which has the form [107]:

Σ
(1),FM
nn′ (k, ω) =

1

~
∑
mν

∫
dq

ΩBZ

g∗mnν(k,q)gmn′ν(k,q)

×
[

nqν + 1− fmk+q

ω − εmk+q

~ − ωqν + iη
+

nqν + fmk+q

ω − εmk+q

~ + ωqν − iη

]
, (2.60)

where g is the e-ph matrix element from ab initio, q is the phonon wavevector, ΩBZ is

the volume of the first Brillouin zone, fmk is the Fermi-Dirac occupation factor for an

electronic state |nk〉, nqν is the Bose-Einstein occupation factor for a phonon state qν,

ωqν is the phonon frequency and η is the infinitesimal that defined in the propagator.

In practice, expanding the self-energies to high diagrammatic orders is challenging

because this requires the evaluation of many high-dimensional integrations. In model

calculations of polarons, it was possible to access higher order diagrams using stochas-

tic sampling methods, for example the diagrammatic Monte Carlo [20] which takes

advantages of simple analytical forms of propagators and electron-phonon vertex. So

far, many ab initio studies of EPI in materials are still rely on the Fan-Migdal self-

energy. Taking the form of the non-interacting Green’s function G0(k, ω) = 1
ω−εk+iη

for an insulator, the Green’s function in Eq.(2.59) can be expressed using the complete

form of self-energies:

G(k, ω) =
1

ω − εk + Σ(k, ω) + iη
, (2.61)

The spectral function is A = − 1
π
ImG, therefore:

A(k, ω) = − 1

π

Σ′′(k, ω)

[ω − εk − Σ′(k, ω)]2 + [Σ′′(k, ω)]2
. (2.62)

In the non-interacting system where the self-energy is zero, the spectral function

is simply a delta function A(k, ω) = δ(ω − εk). In contrast, the spectral function

(2.62) behaves as a Lorentzian lineshape function in the interacting system where
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the interaction is present. This is known as the quasiparticle peak, and its width

is controlled by the magnitude of the imaginary part of the self-energy Σ′′, whereas

the bands associated to the non-interacting system are renormalised by the real part

Σ′. The imaginary part of the self-energy also carries additional information about

the excited particles. For instance, the quasiparticle lifetime τnk can be determined

from the width of the quasiparticle peak by 1
τnk

= 2π
~ Σ′′nk, and additional excitations

(also known as satellites) beyond the quasiparticle peak that are expected in ARPES

measurements can also be predicted by this many-body Green’s function formalism.

Although the many-body formalism in Eqs. (2.60)–(2.62) used to investigate the

spectral feature of polarons has been established for a while, it was still a big challenge

to study this from the ab initio point of view because the Fan-Migdal self-energy

Eq. (2.60) could only be obtained in a good accuracy by a heavy q-grid sampling.

The efficiency of calculating e-ph matrix element and Fan-Migdal self-energy for polar

materials was largely improved only after 2015 when the closed form of the ab initio

Fröhlich matrix element was proposed by Sjakste et al. [108]. Nevertheless, the

Fan-Migdal term was not sufficient to predict the satellite structure correctly, as

mentioned in few studies of eletron-plasmon interactions [109–111]. In order to recover

certain amounts of many-body effects in the spectral function, in 2017 Verdi et al [40]

borrowed the cumulant expansion technique which has been reported to successfully

reproduce the plasmon satellites [112]. This extension works by including the so called

cumulant factor eCnk(t) in the non-interacting Green’s function, for example:

Gn(k, t) = ieiεnkt/~+Cnk(t), (2.63)

and the spectral function adapts as:

A(k, ω) =
1

π

∑
n

Re

∫ ∞
−∞

dtei(ω−εnk~)teCnk(t). (2.64)
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Here the cumulant function Cnk(t) is related to the Fan-Migdal self-energy by [40,

111]:

Cnk(t) =
1

π~

∫ ∞
−∞

dω ImΣnk(εnk/~− ω)
eiωt − iωt− 1

ω2
θ(~ω − εnk). (2.65)

The form of cumulant function (2.65) guarantees the lowest order self-energy to be

coincident with the Fan-Migdal term if one expresses the Green’s function (2.63) in

the form of (2.61) [111]. The introduction of cumulant factor eCnk(t) enables some

additional diagrams beyond the Fan-Migdal order to be captured, but it should be

noted that many higher order diagrams are still missing in this method. Although

it is difficult to establish the accuracy of the cumulant method, it still works excep-

tionally well in predicting the satellite structure in comparison to the Fan-Migdal

approximation, and thus has become a mainstream method for calculating spectral

properties of many quantum systems.

Now we restrict ourselves to examine the spectral function for a prototypical

polar material, for example TiO2 anatase in which the Fröhlich coupling dominates.

Figures 2.4(d)–(f) illustrate the calculated ARPES spectral function at the doping

densities 5× 1018, 3× 1019 and 3.5× 1020 cm−3, which were directly compared with

the experimental spectra in Figs. 2.4(a)–(c) obtained by the same doping densities

as reported in Ref. [11]. In general, the calculated ARPES spectra by the cumulant

method Eqs. (2.63)–(2.65) agrees well with the experimental ones. For the low doping

densities such as the first two, a satellite appears clearly at the energy about 0.1 eV

below the quasiparticle peak; the second satellite appears at again 0.1 eV below the

first satellite and so on. This particular spectral feature in which multiple satellites

exist and separated by a constant phonon energy is recognised as the polaron footprint

[113]. It suggests polarons are generally present in many polar materials [11, 114–116],

and therefore understanding its properties is important.
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Since these experimental and theoretical ARPES spectra agree exceptionally well

and calling for the existence of polarons in many polar materials, it is desirable to

have an outstanding approach which can offer not only the excitation energies for this

quasiparticle, but also the fascinating microscopic structure which illustrates how an

electron is trapped in different materials. As the broader concept of polarons appeals

to the general interests from many areas, this thesis is devoted to develop a theory of

polarons in crystal lattices from first principle.



Chapter 3

First principle methods for extended

systems

This chapter outlines the basic electronic structure methods for calculating the ground

state electronic and vibrational properties of solids. The basis of such calculations are

density functional theory (DFT) and density functional perturbation theory (DFPT).

The central theme of this chapter is to introduce some practical concepts and useful

tools for the understanding of ab initio calculations in computational materials sci-

ence. At the beginning, we review the theoretical foundations of Kohn-Sham DFT

and explain its capability in modelling many electrons system. Next, we describe how

to formulate a lattice dynamics problem by using ground state DFT as a basic step,

leading to the so-called DFPT approach. Finally, we lay out the key steps toward

practical calculations of electron-phonon interactions by introducing the concept of

maximally localized Wannier functions (MLWFs). At the end of the section, we also

discuss a method that enable efficient calculations of electron-phonon interactions in

polar materials.

3.1 Electronic structure in solids

3.1.1 The electronic structure problem

The fundamental building blocks of crystalline solids at the atomic scale are unit

cells that are repeated periodically in space, where each unit cell hosts a collection of

39
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interacting electrons and atomic nuclei. Before getting to describe the extended solid-

state system which requires periodic boundary conditions, it is useful to begin with a

simpler molecular-like system without periodicity. The many-body Hamiltonian that

describes such an interacting system with N electrons and M nuclei maybe written

as [117]:

Ĥ = − ~2

2me

N∑
i

∇2
i −

M∑
I

~2

2MI

∇2
I −

∑
i,I

′ 1

4πε0

ZIe
2

|ri −RI |

+
1

2

e2

4πε0

∑
i,j

′ 1

|ri − rj|
+

1

2

e2

4πε0

∑
I,J

′ ZIZJ
|RI −RJ |

, (3.1)

where indices i and I label the i-th electron with mass me and the I-th nuclei with

mass MI respectively, ZI is the atomic number and
∑ ′

is the primed sum. {ri|i =

1, 2, ..., n} and {RI |I = 1, 2, ...,M} denote the sets of electron and nuclear coordinates

respectively. The time evolution of the many-body wavefunction Ψ({ri}, {RI}, t)

follows the Schördinger’s equation i~∂Ψ
∂t

= ĤΨ. Obtaining the exact stationary states

and energies for more than few atoms is extremely difficult, because these variables are

mutually correlated and form a high-dimensional wave function. In order to obtain the

solutions, it is useful to simplify the complexity of the many-body wave function by

considering that the instantaneous effects on the electrons due to the nuclear motion

are negligible. This is known as the Born-Oppenheimer (BO) approximation, which

has been applied in many electronic structure calculations, although it is known the

BO approximation fails to describe the nuclear quantum effects [118]. Once the wave

function is decoupled in the adiabatic form Ψ({ri}, {RI}) = ψe({ri})χ({RI}), the

many-body Schördinger’s equation as described in Eq. (3.1) maybe disentangled as

the coupled equations:

[
−

N∑
i

~2∇2
i

2me

−
∑
i,I

′ 1

4πε0

ZIe
2

|ri −RI |
+

1

2

e2

4πε0

∑
i,j

′ 1

|ri − rj|

]
ψe({ri}) = Ee({RI})ψe({ri}),

(3.2)
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[
−

M∑
I

~2∇2
I

2MI

+
1

2

e2

4πε0

∑
I,J

′ ZIZJ
|RI −RJ |

+ Ee({RI})
]
χ({RI}) = Etotχ({RI}). (3.3)

In these equations, we see that the kinetic energy (KE) for the nuclei is negligible in

comparison to the electrons, because of their heavier mass. Therefore, the nuclei can

been effectively viewed as classical point charges which do not exhibit any quantum

effects. Since the KE term in Eq. (3.3) is dropped and the equation simply reduces

to the classical potential energy surface, the problem is reduced to determining the

electronic wave function and the eigenenergies for a given nuclear configuration {RI}.

The eigenenergies for the electrons Ee({RI}) together with the Coulomb repulsion of

the nuclei form the adiabatic potential energy surface, which can be used to determine

the Hellmann-Feynman force acting on the nuclei:

FI = −∇I

[
Ee({RI}) +

1

2

e2

4πε0

∑
I,J

′ ZIZJ
|RI −RJ |

]
. (3.4)

Once these equations describing the adiabatic electronic structure are written down,

the challenge is solving Eq. (3.2). This turns out to be as challenging as the original

problem because Eq. (3.2) still contains the repulsive potential between the electrons.

In 1927, Hartree employed the variational principle and a product ansatz to obtain an

approximated ground state solution for the many electrons problem but it was found

that this ansatz misses the important antisymmetric property of fermions. Later it

was proposed to use the Slater determinant instead of the Hartree ansatz to recover

the antisymmetry in the trial ansatz. This can be written as

ψe({ri}) =
√
n!Â[ψ1(r1)ψ2(r2)...ψn(rn)], (3.5)
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where n denotes the number of electrons, ψi(ri) denotes the wavefunction for the ith

electron with coordinate ri, and

Â =
1

n!

∑
p∈Sn

(−1)pP̂ (p) (3.6)

is known as the antisymmetrising operator, and contains a collection of permutation

operators used for implementing the Pauli principle for the fermions, with (−1)pP̂ (p)

denoting the exchange operator and Sn denoting the symmetric group on n letters.

Taking the expectation value for the electronic Hamiltonian (3.2) by using the Slater

determinant (3.5), the ground state energy Ee = 〈ψe|Ĥ|ψe〉 may be expressed as:

Ee =
∑
i

∫
drψ∗i (r)

[
− ~2∇2

2me

+ Vn(r)
]
ψi(r) +

1

2

e2

4πε0

∑
i,j

∫
dr1dr2

|ψi(r1)|2|ψj(r2)|2

|r1 − r2|

− 1

2

e2

4πε0

∑
i,j

∫
dr1dr2

ψ∗i (r1)ψ∗j (r2)ψj(r1)ψi(r2)

|r1 − r2|
, (3.7)

where Vn(r) = − e2

4πε0

∑
I

ZI
|r−RI |

is the bare nuclear potential, and the indices i, j

run over the occupied states. The first term on the right hand side of Eq. (3.7) de-

scribes the non-interacting energy, the second term describes the classic electrostatic

energy also known as the Hartree energy, and the third term is known as the Fock

exchange energy, which results from the antisymmetrisation. The variation of this

energy functional Ee[{ψ∗k, ψk|1 ≤ k ≤ nocc}] with respect to ψ∗i leads to the Hartree-

Fock equations. Moreover, if we take the expectation value on the number operator

by using the Slater determinant (3.5), the total electron density of the system can be

expressed as the sum of the individual densities contributed by the occupied states:

n(r) = 〈ψe|
N∑
i=1

δ(r− ri)|ψe〉 =
∑
i∈occ

|ψi(r)|2. (3.8)
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The development of the Hartree-Fock method led to first ab initio calculations, which

are accurate for many systems even though the correlation energy is missing in the

formalism. However, the non-local nature of the Fock exchange energy makes it

computationally unfavourable for extended systems.

3.1.2 Density functional theory

In two landmark papers in ab initio electronic structure theory, Hohenberg and Kohn

and Kohn and Sham in the 1960s formulated an alternative approach to the many

electrons problem, which is nowadays called density-functional theory (DFT). Unlike

the equations in Hartree-Fock theory which keep track of the orbitals for all the oc-

cupied electrons, DFT only needs to handle the electron density n(r). This simplifies

considerably the structure of the problem. To understand DFT we can express the

energy functional using the many-body wave function ψe({ri}) in the most general

way:

Ee =

∫
dr1...drNψ

∗
e({ri})

[
−

N∑
i

~2∇2
i

2me

+
∑
i

Vn(ri) +
1

2

e2

4πε0

∑
i,j

′ 1

|ri − rj|

]
ψe({ri}).

(3.9)

In this form, it is clear that the Ee is a functional of the many-body wavefunction ψe,

i.e. Ee = F [ψe]. Since the argument of the energy functional is a high-dimensional

object that is difficult to compute, it would be desirable to express this functional in

an alternative form with an argument of lower dimensionality.

The Hohenberg-Kohn theorem

Hohenberg and Kohn in 1964 [119], showed that the energy functional (3.9) depends

solely on the electron density of the system, i.e. E = F [n(r)]. This is known as the

Hohenberg-Kohn (HK) theorem, which forms the foundation of modern DFT. Now

if we consider a system where its electrons experience an external potential say the
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bare nuclear potential Vn(r), the HK theorem states the following:

(I). In the ground state, there exists an unique one-to-one mapping between the

external potential and the electron density n← Vn. Hence the total energy is also an

unique functional of the electron density, i.e. E = F [n(r)].

(II). The total energy of the system E can be expressed as:

Ee[n(r)] =

∫
dr n(r)Vn(r) + 〈ψe|T̂ + Ŵ |ψe〉 [n]. (3.10)

The second term involves both the kinetic energies T̂ = −
∑

i
~2∇2

i

2me
and the electron

repulsion Ŵ = 1
2
e2

4πε0

∑′

i,j
1

|ri−rj | . This functional defines a variational problem to the

energy, whose minimum is associated to the ground state electron density n0(r).

The Kohn-Sham equation

Since the HK-theorem states that the energy of the system depends solely on the

ground state electron density, it is more convenient to separate the correlated part of

the electronic motions from the total kinetic energy term. By grouping together this

contribution with the exchange energy, Eq. (3.10) may be expressed as [120]:

Ee[n(r)] =

∫
dr n(r)Vn(r) + T0[n(r)] + EH [n(r)] + Exc[n(r)]. (3.11)

where T0 is the kinetic energy for the non-interaction electrons, EH is the Hartree

energy, and is the counterpart of the classical electrostatics energy for the electrons:

EH [n(r)] =
1

2

e2

4πε0

∫
drdr′

n(r)n(r′)

|r− r′|
, (3.12)

and Exc is called the exchange-correlation (xc) energy. Since the exact form of the

exchange-correlation functional is still unknown, modern DFT calculations of solids

mainly rely on semi-core apporimations, such as for example the local-density ap-



3.1. Electronic structure in solids 45

proximation (LDA) as a starting point. In LDA, the exchange energy Ex is based

on the analytical form derived by considering the system as a homogeneous electron

gas. The correlation energy Ec is, instead, parameterised by using the results from

quantum Monte Carlo calculations [121]. If we variate the energy functional (3.11)

with respect to the electron density n(r), and followed by orthonormalising all the

electronic states by performing a unitrary transformation, we obtain the so-called

Kohn-Sham (KS) equations as:

[
− ~2∇2

2me

+ VKS[n](r)

]
ψi(r) = εiψi(r), (3.13)

where the Kohn-Sham potential VKS is given by:

VKS[n](r) = − e2

4πε0

∑
I

ZI
|r−RI |

+
e2

4πε0

∫
n(r′)dr′

|r− r′|
+
δExc[n]

δn(r)
. (3.14)

The ground state electron density

n0(r) =
∑
i∈occ

|ψi(r)|2, (3.15)

together with the KS eigenstates {ψi} and energies {εi} can generally be found either

by using the self-consistent field approach [117], or by performing a direct minimisa-

tion on the functional [122]. Finally, the total energy of the system can be expressed

in terms of the solutions n0 and {εi} [117]:

Ee[n0] =
∑
i∈occ

εi −
(
EH [n0] +

∫
dr

δExc[n]

δn(r) |n0

n0(r)− Exc[n0]

)
. (3.16)

3.1.3 Periodicities in solids

So far we have focused on the electronic structure of an isolated system. We have

not yet mentioned how to incorporate DFT for an extended solid-state system, which
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contains infinite number of interacting electrons and nuclei. The problem is simplified

by considering crystalline solids with translational symmetry.

The plane wave basis set

The atoms in a perfect crystalline solid form a periodic array of identical units, the

primitive unit cell. The periodicity of the crystal imposes the same periodicity to the

external potential experienced by the electrons, as well as on the electron density.

Based on the Bloch theorem [123] and the BvK periodic boundary condition, the

Bloch wavefunction is given by:

ψnk(r) =
1√
Np

unk(r)eik·r, (3.17)

where Np is the number of unit cell within the BvK supercell, k is the wavevector

within the first Brillouin zone, which is used as an additional quantum number to

incorporate the translational symmetry in the potential, unk(r) is a periodic function

which has the same periodicity as the crystal, i.e. unk(r) = unk(r + R), and R is a

lattice vector. Given its periodicity, the function unk can generally be expressed as a

Fourier series:

ψnk(r) =
1√
NpΩ

∑
G

cnk(G)ei(k+G)·r, (3.18)

where G is the reciprocal lattice vector, Ω is the unit cell volume and cnk(G) are the

plane wave expansion coefficient for the KS state |ψnk〉. The periodic function unk is

normalised within the primitive unit cell, but the Bloch wavefunction is normalised

in the BvK supercell. The latter choice is to ensure the normalisation of the electron

density in this formalism. We note that the wavevector k is associated with the

periodic boundary condition that defines the BvK supercell in real space, in which

the Bloch state should satisfy ψnk(r) = ψnk(r + T), where T is a superlattice vector.

Since the Fourier series is defined on a complete metric space, it is naturally a complete
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orthonormal basis set if all the G vectors are used. However, the number of G vectors

used in practical calculations are truncated at the cutoff given by:

~2

2me

|k + G|2 ≤ Ecut. (3.19)

For each k-point, only G vectors with kinetic energy below this cutoff are included

in the series. The truncation of the plane waves is reasonable because the Fourier

coefficients of the KS potential VKS(G) decrease relatively fast with G. Since the

parameter Ecut controls the basis set errors, convergence test needs to be done as a

priority step in any plane wave code. The KS equations (3.13) can also be expressed

in the reciprocal space by using the plane wave expansion (3.18):

∑
G′

[
~2|k + G|2

2me

δG,G′ + VKS[n](G−G′)

]
cnk(G′) = εnkcnk(G). (3.20)

In this form, the kinetic energy term contributes only to the diagonal entries, and the

off-diagonal entries depend on the Fourier components of the KS potential. In modern

DFT implementation Eq. (3.20) is never stored in the matrix form Hk+G,k+G′ , and

the KS potential terms in Eq. (3.20) are evaluated on a real-space grid as VKS(r)ψ(r)

and then rely on extensive use of the Fast-Fourier transform algorithm to optimise

the calculations and the balance of memories.

Since the KS potential is formed by the electron density, it is convenient to relate

the electron density in the reciprocal space n(G) to the plane wave coefficients via:

n(r) =
∑
G

n(G)eiG·r =
∑
G

[
1

NpΩ

∑
nk,G′

c∗nk(G′)cnk(G + G′)

]
eiG·r. (3.21)

A self-consistent system is formed by (3.20) and (3.21), in which the plane wave

coefficients obtained by iternative diagonlisations are used to generate the electron

density via (3.21) which will update the KS potential. Since the external and the
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Hartree potential are local in G space, they can be expressed as a Ewald sum. The

exchange-correlation potential is neither local in G space nor explicit in n(G) [124],

and is better to be evaluated in real-space first, and then followed by the Fast Fourier

Transforms.

At last, we discuss the meaning of the k-point sampling in the first Brillouin

zone. If we take the Bloch wavefunction defined in (3.17), the electron density can

be expressed as n(r) = 1
Np

∑
nk |unk(r)|2. When we perform a real space integration

on the electron density n(r) over the BvK supercell, it can be shown that the average

number of electrons in the unit cell is given by:

1

Np

∫
SC

n(r) dr =
1

Np

∑
k

[
nocc

]
= nocc, (3.22)

where nocc is the number of occupied states per unit cell, and the the summation

domain of these discrete k-points is defined in the BvK boundary condition eik·T = 1.

The role of performing 1
Np

∑
k[...] is to average out the total number of electrons

contributed individually from each unit cell. Therefore, the physical meaning to

converge the k-point sampling in the self-consistently field calculations is that, ideally

we would like to have a sufficiently large supercell to accommodate many different

electron wavefunctions in order to simulate an extended crystal. This will give a good

averaged electron density with a dense k-point sampling as:

n(r) =
1

Np

∑
k

[ ∑
n∈occ

|unk(r)|2
]
. (3.23)

Since the shape of the electron wavefunctions should almost stay the same at two

very closed k-points, we would expect only a small subset of different k-points will

be sufficient to give a well-converged density. The Monkhorst-Pack method is widely

used in modern plane wave DFT code, which generates special points in the Brillouin

zone to achieve faster convergence than the uniform grid [125].
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Pseudopotentials

Using plane wave basis carries several practical advantages, however, it also carries a

weakness when describing the core electrons in the region of atomic nucleus. In order

to resolve the fine structure of wavefunctions around the nuclei, a large set of Fourier

components is required to describe the nodes; this can become very expensive compu-

tationally. Most of the physical and chemical properties of materials are determined

by the valence electrons which participate in bonding. In contrast, core electrons

are tightly bounded to the atomic nuclei and are chemically inert. Therefore, it is

reasonable to introduce the concept of pseudopotentials [126, 127], which describes

together the bare nucleus screened by the frozen core electrons as a single rigid ionic

core.

There are several ways to construct a pseudopotential, from early empirical pa-

rameterisation to fully ab initio methods with improved efficiency and accuracy [128].

Apart from eliminating the undesirable core states, pseudopotentials are designed for

replacing the nodal structure of the valence states by a smooth function to reduce

the planewaves cutoff. This will produce a pseudo wavefunction that matches exactly

the all-electron wavefunctions outside a set ionic radius rc, but is smooth inside the

ionic core. The other important feature for a pseudopotential is the transferability,

which means that the same pseudopotential should perform reliably in broad class of

environments, ranging from isolated molecules to bulk crystals [129].

A classic pseudopotential widely used in modern plane wave DFT code is called

the norm-conserving pseudopotentials [130], which imposes the norm-conservation

constrain between the (radial) pseudo wavefunctions upsl and the (radial) all-electron

wavefunctions unl [131]:

∫ rc

0

dr |upsl (r; εpsl )|2 =

∫ rc

0

dr |unl(r; εnl)|2, (3.24)
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where n denotes the principal quantum number, l denotes the angular momentum

quantum number, εnl is the all-electron eigenvalue and εpsl is the pseudo eigenvalue.

To construct the norm-conserving pseudopotentials ab initio, one has to obtain the

all-electron solutions for an isolated atom using DFT. Since the screened KS potential

for one atom exhibits a spherical symmetry, the usual KS equation can be simplified

to the radial central equation:

[
− ~2

2me

d2

dr2
+
l(l + 1)~2

2mer2
+ V (r)− εnl

]
unl(r; εnl) = 0, (3.25)

where the screened all electron potential and the (radial) electron density ρ are given

by:

V (r) = − e2

4πε0

Z

r
+ VH [ρ](r) + Vxc[ρ](r), (3.26)

ρ(r) =
1

4π

∑
n∈occ

n−1∑
l=0

fnl

∣∣∣∣unl(r; εnl)r

∣∣∣∣2. (3.27)

Once obtained the all-electron solutions unl(r; εnl) by solving Eqs. (3.25)–(3.27), one

can map the outer core part of the all electron valence state unl(r > rc) to the pseudo

wavefunction upsl (r > rc). Both wavefunctions should have the same eigenvalue εpsl =

εnl, and the logarithmic derivatives of the wavefunctions should be consistent outside

the ionic core to conserve the scattering properties. The next step is to construct

the inner core part unl(r < rc). For example in the Troullier-Martin scheme one

uses a 10-th order polynomial to optimise the smoothness [132]. The constructed

pseudo wavefunction is nodeless, and one can calculate the screened pseudo potential

by inverting Eq. (3.25) [131]:

V ps,screen
l (r) = εpsl −

l(l + 1)~2

2mer2
+

~2

2meu
ps
l (r)

d2

dr2
upsl (r). (3.28)

The last step is to obtain the bare ionic pseudopotential by removing the electronic
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screening from the pseudo-density ρ0:

V ps
l (r) = V ps,screen

l (r)− VH [ρps0 ](r)− Vxc[ρps0 ](r). (3.29)

We note that this pseudopotential has been resolved in angular momentum, and

importantly the ionic potential resolved at any l should behave the same outside

the ionic radius, i.e. V ps
l (r > rc) ≡ V ps

loc(r) = − e2

4πε0
Zv
|r| with Zv the number of

valence electrons. Since norm-conserving pseudopotentials are derived in terms of

a projection in the space of angular dependence, i.e. V̂ ps =
∑

lm |lm〉 V̂l 〈lm|, this

leads to a semi-local pseudopotential in real-space with the kernel form:

V ps(r, r′) = V ps
loc(r)δ

(3)(r− r′) +
δ(r − r′)

r2

∑
l

δV ps
l (r)

∑
m

Y ∗lm(Ω′)Ylm(Ω), (3.30)

where Ylm(Ω) is the solid angle spherical harmonics, δV ps(r) = V ps
l (r) − V ps

loc(r) be-

haves as a short-range potential which vanishes beyond rc. In the norm-conserving

pseudopotential formalism, the bare nuclear potential (3.14) needs to be replaced as

Ven(r)ψi(r) =
∫
dr′ V ps(r, r′)ψi(r

′) in order to account for non-locality. More technical

aspects on pseudopotentials can be found in the reviews [133, 134].

3.2 Vibrational properties of solids

3.2.1 Adiabatic lattice potentials

In Sec. 3.1, we only dealt with the basics of DFT and its practical usage for finding

the ground-states energy and density. This involved only self-consistent field calcula-

tions based on the clamped-nuclei Kohn-Sham equation, where the ions are fixed at

their equilibrium positions. However, it is also interesting to see how the electronic

properties are changed by the motion of these ions. To do so, we need to understand
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what is the underlying principle that determines the motions of ions in solids. Recall

from Eq. (3.3) we have defined the potential energy surface (PES) under the adia-

batic approximation for isolated systems. Now we proceed to the description of solids

and consider a Born-von Karman (BvK) supercell of the crystal, containing Np unit

cells of volume Ω. We follow the same notation of Ref. [107] and use τκp and τκpα to

indicate the position and Cartesian coordinates of the ion κ in the unit cell p along

the Cartesian direction α, respectively. The ion κ has a charge eZκ. We adapt the

pseudopotential formalism and the PES can be written as:

E({τκp}) = Ee({τ 0
κp}) +

1

2

e2

4πε0

∑
κp,κp′,T

ZκZ
′
κ

|τκp − τκ′p′ −T|
, (3.31)

where Ee({τ 0
κp}) is the ground state electron energy at the fixed ionic configuration

{τ 0
κp} which can be obtained by DFT using Eq. (3.16), and the second term is the

pairwise electrostatic repulsion between the ion, with T denoting the superlattice vec-

tor. The stabilisation of the lattice is achieved when the Hellmann-Feynman forces

(3.4) on all ions are less than a set of numerical thresholds. In practice, direct min-

imisation of the PES can be performed by using conjugate-gradient method in which

the Hellmann-Feynman forces are employed as the gradient functions.

Now let’s consider the ions are slightly displaced from their equilibrium positions

{τ 0
κp} and assume the electrons stay with density n. We can expand the PES about

the equilibrium positions up to second order in the displacements:

E({τκp}) = E({τ 0
κp}) +

1

2

∑
κpα,κ′p′α′

∂2E

∂τκpα∂τκ′p′α′ |0
∆τκpα∆τκ′p′α′ . (3.32)

Here the gradient term for the force at the equilibrium configuration vanished. We

note that the second derivative of the PES with respect to the ionic coordinates is
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the matrix of interatomic force constants (IFC), which is defined by:

Cκpα,κ′p′α′ =
∂2E[n; {τκp}]
∂τκpα∂τκ′p′α′ |0

. (3.33)

Once the force constants are determined, the equation of motion for the ions can be

shown as:

Mκ
∂2τκpα
∂t2

= −
∑
κ′p′α′

Cκpα,κ′p′α′∆τκ′p′α′ . (3.34)

Since the equation describes the harmonic motions of ions, it is reasonable to seek

a normal mode solution of the type: ∆τκpα(t) =
∑

qν χqνeκα,ν(q)eiq·Rpe−iωqνt where

χqν is the displacement amplitude for the phonon eigenmodes, and eκα,ν(q) is a nor-

mal mode. By substituting the normal mode solution in Eq. (3.34) we obtain the

eigenvalue problem:

∑
κ′α′

Dκα,κ′α′(q)eκ′α′,ν(q) = Mκω
2
qνeκα,ν(q), (3.35)

where Dκα,κ′α′(q) is known as the dynamical matrix and is given by the Fourier

transform of the matrix of interatomic force constants [107]:

Dκα,κ′α′(q) =
∑
p′

Cκ0α,κ′p′α′e
iq·Rp′ . (3.36)

3.2.2 Density-functional perturbation theory

Since the dynamical properties in a crystal are governed by the matrix of interatomic

force constants, there is a question on how to efficiently evaluate Eq. (3.33) without

using finite differences. The so-called density-functional perturbation theory (DFPT)

was developed to perform this task. A useful starting point is the alternative definition

of IFC based on the derivative of the forces, i.e. Cκpα,κ′p′α′ = −∂τκ′p′α′Fκpα. The calcu-

lations of the Hellmann-Feynman forces involve only the electron-nuclei interactions
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and the nuclei repulsion in the BO Hamiltonian (3.1). By evaluating the derivatives

on the Hellmann-Feynman force using the chain rule, the complete expression which

takes account of the electron responses to the displacements is [135]:

Cκpα,κ′p′α′ =

∫
dr

∂n(r)

∂τκ′p′α′

∂Vn(r; {τκp})
∂τκpα

+

∫
dr n(r)

∂2Vn(r; {τκp}
∂τκpα∂τκ′p′α′

+
∂2EN({τκp})
∂τκpα∂τκ′p′α′

.

(3.37)

In this expression, we almost have all the ingredients from the ground-state DFT

calculations except for the electronic response ∂n(r)
∂τκ′p′α′

to the ionic displacements. The

calculation of the density variation can be performed using DFPT [135]. If we denote

∆n as the first order correction of the electron density due to the ionic displacements,

in the regime of linear response, ∆n can be expressed in terms of the unperturbed

Kohn-Sham (KS) states ψ0
i (r) and perturbed KS states ∆ψi(r):

∆n(r) = 2Re
∑
i∈occ

[
ψ0
i (r)

]∗
∆ψi(r) (3.38)

The perturbed KS states ∆ψi(r) can be obtained by expanding the KS equation

(3.13) with a small perturbation λ. By collecting the terms in linear order of λ, the

Sternherimer equation can be obtained as:

(Ĥ0
KS − ε0i )∆ψi(r) = −[∆VKS(r)−∆εi]ψ

0
i (r), (3.39)

where Ĥ0
KS and ε0i are the unperturbed KS Hamiltonian and energy respectively,

∆εi = 〈ψ0
i |∆VKS|ψ0

i 〉 is the first-order correction to the KS eigenenergy, the first-

order correction to the unperturbed KS potential ∆VKS can be written in the form of

linear response [135, 136]:

∆VKS(r) = ∆Vn(r) +

∫
dr′
[

1

|r− r′|
+ fxc(r, r

′)

]
∆n(r′), (3.40)
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where fxc(r, r
′) = δ2Exc[n]

δn(r)δn(r′)
is the exchange-correlation kernel. Eqs. (3.38)–(3.40) form

a system of self-consistent equations which is known as the self-consistent Sternher-

imer system, similar to the KS system in DFT. The calculations procedure involves

constructing a perturbed density and use it in Eq. (3.40) to form a perturbed KS po-

tential ∆VKS, followed by solving Eq. (3.39) for the perturbed KS states. Finally these

perturbed states are used to update the perturbed electron density using Eq. (3.38).

These steps are iterated self-consistently until the perturbed KS potential no longer

varies. In this formulation, only the occupied electronic states obtained from the

prior KS-DFT calculations enter the equation for ∆ψi(r).

In the practical implementation of DFPT for a periodic lattice, one uses the Bloch

theorem and all quantities are computed in the primitive unit cells. Let us define:

∂τκqα =
∑
p

eiq·Rp∂τκpα , (3.41)

where Rp is the p-th site lattice vector in real space and q is the phonon wavevector.

Using Eq. (3.41), the dynamical matrix (3.36) and perturbed electron density (3.38)

can be expressed as:

Dκα,κ′α′(q) =
1

Np

∂2E

∂τκqα∂τ ∗κ′qα′
, (3.42)

∂τκqα∆n(q + G) = − 2

NpΩ

∑
vk

〈ψ0
vk|ei(q+G)·r|∆q

καψvk〉 , (3.43)

where Np is the total number of unit cells in the superlattice.

The derivative of the perturbed state ∆q
καψvk is obtained by solving the Sternher-

imer equation in reciprocal space:

(Ĥk+q
KS − ε

0
vk) |∆q

καψvk〉 = (P k+q
v − 1)∂τκqα∆VKS |ψ0

vk〉 , (3.44)

where the coordinate representation of the operator Ĥk+q
KS is defined in terms of the
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self-consistent field Hamiltonian Ĥ0
KS by the relation [135]:

〈r|Ĥk+q
KS |r

′〉 = e−i(k+q)·r 〈r|Ĥ0
KS|r′〉 ei(k+q)·r′ , (3.45)

where ε0
vk is the unperturbed occupied bands, and P̂ k+q

v =
∑

v |ψ0
vk+q〉 〈ψ0

vk+q| is the

projection operator for the occupied states of wave vector k + q [135].

Equations (3.43), (3.44) together with (3.40) should be solved self-consistently for

a fixed q-point to determine ∂τκqα∆n(q + G) and similarly for ∂τκqα∆VKS. Finally,

the electronic contribution to the dynamical matrix can be shown as [137]:

Dele
κα,κ′α′(q) = Ω

∑
G

[
∂τκqα∆n(q + G) ∂τ∗

κ′qα′
Vn(q + G) + n(G) ∂τκqα∂τ∗κ′qα′Vn(G)

]
.

(3.46)

This expression is very similar to the electronic contribution that appears in the first

two terms of Eq. (3.37) but more useful in practice. Since the perturbed quantities

formulated in the Fourier space are uncoupled between the wavevectors k and q, it

carries some practical advantages in the calculations. For example, these calculations

can be parallelised on a grid of q-points and symmetry reduction can be performed

directly for the equivalent q-points. Furthermore, the dynamical matrices for a grid

of q-points can be interpolated using discrete Fourier transforms.

3.2.3 Longitudinal optical phonons

As we mentioned for the Fröhlich model in Sec. 2.2, the formation of large polarons

happens when an electron is coupled to a polarisation field induced by itself. Such

description using the macroscopic polarisation and the electric field is associated

with the so-called longitudinal optical (LO) phonons in the long-wavelength limit, in

which the long-range nature of the Coulomb interactions plays a key role. In polar

crystals, the electric field generated by the displacement of an atom is nonperiodic;
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this corresponds to a singularity in reciprocal space when q → 0. DFPT has been

refined to explicitly treat the long-wavelength LO phonons by adapting the theory of

the electric polarisation [138]. In the long-wavelength limit, the PES depending on the

atomic displacements ∆τκq→0 and the macroscopic electric field E maybe expressed

as [139]:

U =
1

2

∑
κα,κ′α′

D̃an
κα,κ′α′∆τκα∆τκ′α′ −

ε0Ω

2

∑
αβ

Eαε
∞
αβEβ − e

∑
καβ

EαZ
∗
κ,αβ∆τκβ, (3.47)

where the first term describes the usual analytical part of the dynamical matrix, the

last two terms come from the electrostatic energy associated with the polarisation

and the macroscopic field. Z∗κ,αβ is known as the Born effective charge tensor for

the κ-th atom, and D̃an
κα,κ′α′ = D̃an

κα,κ′α′(q = 0) denotes the long-wavelength dynamical

matrix of the system in the absence of the macroscopic electric field. As we know from

electrostatics, the macroscopic electric field created by the induced polarisation from

the long-wavelength LO phonons exerts forces on the atoms. Therefore, we expect

that the LO phonon frequencies will be enhanced. This effect is called the LO-TO

splitting, and is unique signature of polar materials. If we minimise Eq. (3.47) with

respect to the macroscopic field at a fixed displacement, we obtain a relation for the

displacement field D that depends on both the macroscopic field and the polarisation

density:

D = − 1

Ω

∂U

∂E
= ε0ε

∞ · E +
e

Ω

∑
κ

Z∗κ ·∆τκ, (3.48)

where ε∞ is the high-frequency dielectric tensor, and Z∗κ is the Born effective charge

tensor for the κ-th atom. In the absence of free charges, the displacement field satisfies

Maxwell’s equation ∇ ·D(r) = 0. If we expand Eq. (3.48) as a Fourier series, it can

be shown that:

∑
q

q ·
[
ε0ε
∞ · Eq→0 +

e

Ω

∑
κ

Z∗κ ·∆τκq→0

]
eiq·r = 0. (3.49)
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Since the Born effective charge and the high-frequency dielectric tensor are both block

diagonal, the displacement and the macroscopic field induced by the LO phonon are

thus in the same direction q̂, where q̂ is the unit vector of the phonon wavevector.

If we express the PES in in terms of displacements only, i.e. replacing the macro-

scopic field by the displacement using Eq. (3.49), we can show that the PES can be

written via an effective dynamical matrix which contains the usual analytical part

plus an additional non-analytical contribution:

U =
1

2

∑
κα,κ′α′

[
D̃an
κα,κ′α′(q = 0) + D̃na

κα,κ′α′(q→ 0)

]
∆τκα∆τκ′α′ . (3.50)

Here the non-analytical contribution D̃na is given by:

D̃na
κα,κ′α′(q→ 0) =

e2

ε0Ω

[q · Z∗κ]α[q · Z∗κ′ ]α′

q · ε∞ · q
. (3.51)

The non-analytical contribution is responsible for the LO-TO splitting, and the en-

hancement of phonon frequency in the LO phonon can be obtained as:

ω2
ν(q→ 0) = ω2

ν(q→ 0) +
∑

κα,κ′α′

e∗κα,ν(q)
D̃na
κα,κ′α′(q→ 0)
√
MκMκ′

e∗κ′α′,ν(q). (3.52)

Although we have seen how the nonanalytical contribution D̃na depends on the phe-

nomenological parameters Z∗κ and ε∞, we have not yet discussed how they are obtained

from ab initio calculations. To this aim it is useful to obtain the polarisation P via

the identity (2.20):

P = ε0(ε∞ − I)E +
e

Ω

∑
κ

Z∗κ ·∆τκ. (3.53)

This relation enables us to define the Born effective charge as:

Z∗κ,αβ =
Ω

e

(
∂Pα

∂∆τκβq=0

)
E=0

, (3.54)
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and the high-frequency dielectric tensor can be calculated by the derivative of the

polarisation w.r.t. the macroscopic field [139]:

ε∞αβ = δαβ +
1

ε0

(
∂Pα
∂Eβ

)
∆τκβq=0=0

. (3.55)

As we see in Eq. (2.19) that the total polarisation is comprised of two contributions,

i.e. the displacements of the bare nuclei plus the polarisation of the charge density

response to the motions of nuclei. Therefore, the displacement derivative for the

polarisation can be calculated by:

∂Pα
∂∆τκβq=0

= − e

NpΩ

∫
dr rα

∂n(r)

∂∆τκβq=0

+
e

Ω
Zκδαβ. (3.56)

Similarly, the derivative w.r.t the macroscopic field for the polarisation is given by:

∂Pα
∂Eβ

= − e

NpΩ

∫
dr rα

∂n(r)

∂Eβ
. (3.57)

The electronic contribution in the expressions (3.56) and (3.57) are mathematically

ill-defined because the dipole moment operator is non-periodic, and thus contradict

the BvK boundary conditions. To circumvent this problem, it is useful to consider

the following identity for the off-diagonal matrix element of the position operator r̂α:

〈ψ0
j |r̂α|ψ0

i 〉 =
〈ψ0

j |[Ĥ0
KS, r̂α]|ψ0

i 〉
ε0j − ε0i

, where j 6= i. (3.58)

Since Eq. (3.58) can be rearranged in the form of first-order perturbation problem:

|ψ̄i〉 =
∑
j 6=i

−
〈ψ0

j |[Ĥ0
KS, r̂α]|ψ0

i 〉
ε0
i − ε0

j

|ψ0
j 〉 , (3.59)

where |ψ̄i〉 ≡ r̂α |ψ0
i 〉 can be seen as an effective perturbed state, this enables the
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solution to be determined by solving the Sternheimer equation [139]:

(Ĥ0
KS − ε0i ) |ψ̄i〉 = P̂c[ĤKS, r̂α] |ψ0

i 〉 , (3.60)

where the commutator is given by:

[Ĥ0
KS, r̂α] = −~2

m

∂

∂rα
. (3.61)

The above commutation relation holds because the KS potential depends on the

position operator, i.e. VKS = VKS(r̂). By combining Eqs. (3.54) and (3.56), the Born

effective charge can be obtained as [139]:

Z∗κ,αβ = Zκδαβ −
2

Np

∑
i∈occ

〈ψ̄i|∆q=0
κβ ψi〉 . (3.62)

In the calculations of the dielectric tensor, however, the crystal has to be exposed

to the applied field in order to measure how the polarisation density responds to the

field, in which scenarios the electrons will feel additional potentials Vext(r) = −er ·E.

In linear response, Eq. (3.40) can be rather adapted to describe the response to the

field instead of the perturbation in the bare nuclei potential:

∂EαVKS(r) = ∂EαVext(r) +

∫
dr′
[

1

|r− r′|
+ fxc(r, r

′)

]
∂Eαn(r′). (3.63)

By the mean of solving the the Sternheimer equation (3.39), one can similarly de-

termine the response of the KS states to the field ∂Eαψi self-consistently. Hence, the

dielectric tensor can be obtained as [139]:

ε∞αβ = δαβ −
2e

NpΩε0

∑
i∈occ

〈ψ̄i|∂Eβψi〉 . (3.64)
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3.3 Electron-phonon interaction

3.3.1 Ab initio calculations of electron-phonon interactions

The electron-phonon matrix element

In the previous section, we demonstrated how the lattice dynamics can be studied

by a linear response approach on the basis of DFT. Conceptually, this relies on the

adiabatic approximation in which the nuclei are clamped in the adiabatic potential

energy surface, where the electronic contribution is related to the nuclear motions via

the static electronic screening [107]. Until now, we have only seen how the harmonic

properties are influenced by the electronic states but not yet how vibrations affect

the electrons. It is expected that the ions can also play an important role on the

electronic states, via what is known as the electron-phonon coupling. In order to

understand the origin of this coupling, let us first consider the bare electron-nuclei

interaction in a periodic lattice:

Ven(r, {τκp}) =
∑
κp,T

Vκ(|r− τκp −T|), (3.65)

where Vκ = − e2

4πε0
Zκ
|r| is the Coulomb interaction. When the ions are displaced from

their equilibrium positions, we can define the electron-phonon (e-ph) matrix element

as the scattering probability for an electron from the initial KS state |nk〉 to the

final state |mk + q〉, induced by the perturbed potential in response to the ionic

displacements:

gmnν(k,q) =
∑
κα

√
M0

Mκ

lqνeκα,ν(q) 〈ψmk+q|∂τκqαVen|ψnk〉 , (3.66)
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where lqν =
√

~
2M0ωqν

is the zero-point displacement amplitude [107]. This bare

electron-phonon matrix element describes only the potential change due to the rigid

ionic motions, which may only be valid for a perfect ionic crystal. As we have seen

earlier in the DFPT formulation, in general the electron density also responds to the

ionic displacements and screens the perturbation of the bare potential. As a result,

the ab initio electron-phonon matrix element must take into account the screening

effect, and thus is given by:

gmnν(k,q) = 〈ψmk+q|∆qνVKS|ψnk〉 . (3.67)

Here we introduced a new notation ∆qν ≡
∑

κα

√
M0

Mκ
lqνeκα,ν(q)∂τκqα for convenience.

For the completeness of these definitions, we can define the dielectric response function

ε by using the linear response relation (3.40), in order to describe how much the bare

electron-nuclei interaction is screened by the electronic states:

∆VKS(r) =

∫
ε−1

KS(r, r′′)∆Ven(r′′) dr′′, (3.68)

where the the dielectric response function can be represented by the density suscep-

tibility of the KS system χ0 and the Hartree-exchange-correlation kernel KHxc as a

symbolic matrix equation ε = 1 − KHxcχ0. As seen in Sec. 3.2.2 the perturbed KS

potential ∂τκqα∆VKS can be calculated in DFPT by the self-consistent scheme. Since

the e-ph matrix element is formed by the overlapping between the perturbed KS

potential and the unperturbed KS states, there is no extra computational effort to

obtain this quantity once the self-consistency in the Sternheimer equation is achieved.
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3.3.2 Fourier-Wannier interpolation

The calculation of electron-phonon effects, such as self energy effects on electrons

and phonons, mobilities, polaronic effects, phonon-mediated pairing interaction and

superconductivity, requires the numerical evaluation of the Brillouin-zone integrals,

which usually involves a dense sampling of the phonon momenta. In practice, direct

calculations of e-ph matrix elements using DFPT are still demanding even for simple

systems, because the self-consistent Sternheimer equation has to be solved for every

q-point. Therefore, efficient strategies for calculating e-ph matrix elements from first

principle are imperative [140]. In the following, we will layout a useful computational

method which is based on the Fourier interpolation and maximally localised Wannier

functions [141, 142]. This allows e-ph matrix elements to be obtained in an efficient

and reliable manner, without performing many brute-force calculations using DFPT.

Fourier interpolation

Before formally introducing the method of Ref. [140], it is worthwhile to discuss the

concept of Fourier interpolation. The method is used to determine a function which

passes through a given set of discrete data points, and is a given combination of

trigonometric functions. It is most suitable for the interpolation of periodic functions.

When the discrete points are equally spaced to form a regular lattice in reciprocal

space, the function can efficiently be obtained by using the Fast Fourier Transform

algorithm. Considering a periodic function in the reciprocal space f(k) = f(k + G)

that contains Np = Ni×Nj×Nk data points {(k, f(k))}, we can express the function

as a discrete Fourier series:

f(k) =
1

Np

∑
p

f̂(Rp)e
iRp·k, (3.69)
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where f̂(Rp) denotes the expansion coefficients of the series, and Rp is a lattice

vector in real space. The orthogonality of plane waves property enables the series to

be inverted as:

f̂(Rp) =
∑
k

f(k)e−iRp·k. (3.70)

Once the expansion coefficients in the real space domain are computed, we can apply

a backward Fourier transform (3.69) to obtain the function at arbitrary k in the

reciprocal space. The interpolation quality generally depends on the functional form

of f(k) and the density of the given data set. If the function f(k) is sufficiently

smooth, the required number of data points to maintain good interpolations are

small. This is equivalent to say that f̂(Rp) is localised in the space R. On the

other hand, it is is difficult to achieve good interpolation without a dense grid if the

function contains singularities. This situation was met in an attempt to interpolate

the e-ph matrix elements for the Fröhlich coupling in polar materials, in which the

matrix element diverges in small |q| closed to the gamma point [143]. We will come

back to this problem and discuss how to tackle it at the end of this section.

The Wannier function

The study of electronic properties of periodic crystals involves obtaining the extended

Bloch wavefunctions {ψnk(r)|n,k ∈ BZ} by diagonalising the KS Hamiltonian, the

periodicity in the effective potential assigns the crystal momentum k as an additional

quantum number to the band index n. These Bloch states exhibit a smooth wave

nature in the momentum space, therefore they should be accessible to Fourier inter-

polation. By reforming a generalised Fourier transform of the crystal momenta in the

Bloch wavefunctions one obtains the so-called Wannier functions [141].

The Wannier functions {wR(r)|R} are a complete orthonormal basis set used to

alternatively represent electronic states in a period system. These states are solid-

state counterpart of localised molecular orbitals for crystals [142]. The original form
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of the Wannier function for a single isolated band is defined by:

wR(r) =
1√
N

∑
k

e−ik·Rψk(r), (3.71)

where N is the number of discrete k points in the uniform BZ grid, and R is the

lattice vector in real space. When a group of Bloch bands {ψnk(r)|n = 1, 2, .., J }

with J denoting the number of entangled bands is connected among themselves by

degeneracies but separated from other lower and higher bands, a more generalised

Wannier functions {wmR(r)|m = 1, 2, ..., J } that spans the same space as the group

of Bloch bands were introduced [144], because Eq. (3.71) does not work in the case

of multiple bands. There were very limited applications of Wannier functions in

the past because of their nonuniqueness. This is because the Bloch states |ψnk〉

carry an arbitrary phase for the corresponding state, such that |ψnk〉 → eiφn(r) |ψnk〉

is still a legitimate KS state. To resolve this arbitrariness problem Marzari et al.

[141] introduced a method of constructing maximally localized Wannier functions

(MLWF), which works by transforming the composited Bloch states into a set of

Wannier functions via an arbitrary unitary matrix Umn,k at every k as:

|wmR〉 =
1√
Np

∑
k

[∑
n

Unm,k |ψnk〉
]
e−ik·R, (3.72)

where the band index n denotes the entangled manifold which contains a set of Bloch

bands, the index m is used to denote the band index in the Wannier space. The

arbitrary degree of freedom in the Wannier functions is fixed by minimising the spread

functional Ωs which is defined as the sum of the quadratic spreads of the Wannier

functions about their centres (the name “maximal localized” comes from the fact

that the Wannier functions become maximally localised while the total spreads are
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subjected to be minimised):

Ωs =
∑
m

〈wm0|(r− r̄m)2|wm0〉 , (3.73)

where r̄m ≡ 〈wm0|r̂|wm0〉 denotes the centre of the Wannier function wm0(r). In

practical implementation of finding MLWFs [145], the spread functional is expressed

explicitly in terms of the overlap matrix:

M (k,b)
mn = 〈umk|un,k+b〉 , (3.74)

where unk(r) = e−ik·rψnk is the periodic part of the Bloch function. Unm,k is updated

on-the-fly in conjunction with M
(k,b)
mn by the iterative minimisation of the spread

functional in Eq. (3.73).

By projecting the position ket onto Eq. (3.72), the Wannier function can be ex-

pressed as:

〈r|wmRp〉 =
1√
Np

∑
nk

e−ik·RpUnm,k 〈r|ψnk〉 , (3.75)

The relation (3.75) is invertible because of the unitarity, which enables the Bloch

states to be expressed as a linear superposition of MLWFs:

〈r|ψnk〉 =
1√
Np

∑
mp

eik·RpU †mn,k 〈r|wmRp〉 . (3.76)

It can be shown by taking Eq. (3.75) and translate the position vector r by r→ r−Rp,

resulting in

wm0(r−Rp) = wmRp(r). (3.77)

This relation is useful for reducing the memory usage in practical implementation, as

it can be used to generate arbitrary Wannier functions at any site Rp but using only

the MLWF at the primary site wm0(r).
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Interpolations of KS Hamiltonian and dynamical matrices

As a first example of Fourier-Wannier interpolation, we discuss the technique for

interpolating the matrix elements formed by the KS Hamiltonian operator. The

Hamiltonian matrix elements are given by:

Hmn,k = 〈ψmk|ĤKS|ψnk〉 = δmnεnk. (3.78)

By expressing the Bloch states in terms of the MLWF using Eq. (3.76), we can now

establish the Fourier-Wannier transform of the Hamiltonian matrix elements:

Hmn,k =
∑

n′,m′,Re

eik·ReUmm′,k 〈m′0|ĤKS|n′Re〉U †n′n,k. (3.79)

The matrix elements in the Wannier space can be expressed as a forward transform:

Hmn,Re ≡ 〈m0|ĤKS|nRe〉 =
1

Ne

∑
m′,n′,k

e−ik·ReU †mm′,kHm′n′,kUn′n,k. (3.80)

In practical implementations, the KS matrix elements (3.78) are firstly obtained via

DFT on a coarse k-grid, and then transformed into the Wannier representation {Re}

using Eq. (3.80). If the matrix elements are sufficiently localised in real space, i.e.

Hmn,Re decays fast with |Re|, then the matrix elements in the Bloch space Hmn,k′ can

be accurately obtained by the interpolation without using a dense coarse grid. The

final step involves bringing back the matrix elements to the Bloch representation by

using Eq. (3.79). However, the unitary matrix at arbitrary k′ is still missing. Thanks

to the diagonality of the KS matrix elements (3.78), we can obtain the interpolated

matrix element from a standard diagonalisation, i.e. H̃ = V · D · V † by equating
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Eqs. (3.78) and (3.79) [140]:

δmnεnk′ =
∑
n′,m′

Umm′,k′

[∑
Re

eik
′·ReHm′n′,Re

]
U †n′n,k′ , (3.81)

where we defined the interpolated matrix element awaiting for being diagonalised as

H̃m′n′,k′ =
∑

Re
eik
′·ReHm′n′,Re and the unitary matrix obtained from the diagonali-

sation is given by Vmn = U †mn. The relation (3.81) is powerful as it enables both the

electronic bands εnk′ and the unitary matrix Umm′,k′ to be interpolated on the same

footing. The interpolation of the unitary matrix is a primary step for obtaining other

matrix elements based on the method of FW interpolation.

The method layed out in this section is seamlessly applicable to phonons as well.

In the case of phonons, the dynamical matrix elements can be interpolated by using

the phonon Wannier representation [140]. Given that the mathematical structure for

the FW interpolation between the electrons and phonons is similar, we will skip the

phonons and proceed to describe how to interpolate e-ph matrix elements using this

formalism.

Interpolation of electron-phonon matrix elements

Another remarkable application of the FW interpolation method is to efficiently ob-

tain the e-ph matrix elements, because the brute-force calculation of them using

DFPT is computationally very demanding. Consider the definition of e-ph matrix

element in Eq. (3.67) where the perturbed screened potential ∆qνVKS is sandwiched

between the two Bloch states before and after scattering. This particular structure al-

lows the interpolation scheme for the EP interaction to be formulated using MLWFs.

If we introduce the FW transform of the Bloch state (3.76) into the definition (3.67)

and also write the displacement derivative in real space using Eq. (3.41), then the

e-ph matrix element can be expressed in the Wannier representation via the backward



3.3. Electron-phonon interaction 69

FW transform:

gmnν(k,q) =
∑

Re,Rp

ei(q·Rp+k·Re)
∑

m′n′,κα

(
~

2Mκωqν

) 1
2

eκα,ν(q)Umm′,k+q

× 〈m′0|∂τκRpαVKS|n′Re〉U †n′n,k, (3.82)

and similarly the forward transform gmn,κα(Re,Rp) ≡ 〈m′0|∂τκRpαVKS|n′Re〉 is given

by:

gmn,κα(Re,Rp) =
1

Ne

∑
k,q

e−i(q·Rp+k·Re)
∑
m′n′,ν

(
~

2Mκωqν

)− 1
2

e∗κα,ν(q)

× U †n′n,k+qgm′n′ν(k,q)Un′n,k, (3.83)

where we have used the following translational invariance property in deriving the

transformations:

〈mR′e|∂τκRpαVKS|nRe〉 = 〈m0|∂τκ(Rp−R′e)α
VKS|n(Re −R′e)〉 . (3.84)

In order to perform the FW interpolation for the EPI, the initial step is to obtain the

e-ph matrix elements in Eq. (3.67) on two coarse uniform grids using DFPT, with Ne

and Np denoting the dimensions of the k-grid and q-grid respectively. This is followed

by computing the matrix elements in the Wannier representation gmn,κα(Re,Rp) using

the forward FW transform (3.83), where the required unitary matrices Umn,k and

the phonon eigenvectors eκα,ν(q) were pre-computed from the prior calculations of

MLWFs, and from the diagonalisation of the dynamical matrix. In a spirit similar to

all other families of Fourier interpolation schemes, the e-ph matrix elements in the

Wannier representation need to be well localised. This can be checked by inspecting

the quantity |g(|Re|,0)| and |g(0, |Rp|)|, to make sure that they are negligible outside

of their Wigner-Seitz supercells [140]. The final step is to interpolate the matrix
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elements at arbitrary k and q by performing the backward FW transform using

Eq. (3.82). The required unitary matrix Umn,k, phonon eigenvectors eκα,ν(q) and

dispersions ωqν in this step are calculated on-the-fly by diagonalising the interpolated

KS Hamiltonian (3.81) and the dynamical matrix.

Fourier-Wannier Interpolation for Fröhlich couplings

As we have seen earlier in Sec. 3.2.3 the long-wavelength LO phonons in polar ma-

terials induce a long-range electric field. This effect yields a discontinuity in the

phonon dispersions, and results in the so-called LO-TO splitting. This behaviour is

also inherited by the e-ph matrix elements in all the LO modes. The terms “Fröhlich

coupling” or “polar coupling” are related to the same long-range electric field.

The form of the Fröhlich interaction was originally derived on the basis that a free

electron interacts with a dispersionless LO phonon in a three-dimensional isotropic

and homogeneous system, in which the coupling matrix elements could be expressed

in a form [see Eq. (2.39)] that depends on simple parameters, such as the isotropic

dielectric constants ε∞, ε0 and the dispersionless phonon frequency ~ωLO. However,

such simple expression is not enough to describe real materials, which may have more

complicated structure such as entangled bands, dispersive phonons, and generally

being inhomogeneous. While in principle DFPT in combination with the FW inter-

polation method is very general, the method has been limited for several years to

the study of non-polar systems since the interpolation method was firstly proposed

in 2007 [140]. Indeed the original method did not take into account the singularity

nature |q|−1 of the Fröhlich couplings in the electron-phonon matrix elements.

Although the Fröhlich coupling has been used in many model calculations for a

long period [70, 146], in the context of ab initio calculations this problem received

attention only from 2015, with two independent works [108, 143]. Unlike the classic

model proposed by Fröhlich, these works started from a microscopic approach, and



3.3. Electron-phonon interaction 71

successfully recover the Fröhlich coupling using microscopic quantities such as Born ef-

fective charge Z∗κ,αβ, normal mode displacements
√

~
2Mκωqν

eκα,ν(q) and high-frequency

dielectric tensor ε∞αβ. The most general form of the ab initio Fröhlich matrix element

which takes into account the periodicity in the BvK supercell is given by [143]:

gLmnν(k,q) = i
4π

Ω

e2

4πε0

∑
κ

(
~

2Mκωqν

) 1
2

×

∑
G6=−q

(q + G) · Z∗κ · eκ,ν(q)

(q + G) · ε∞ · (q + G)
〈ψmk+q|ei(q+G)·(r−τ0

κ)|ψnk〉 , (3.85)

where τ 0
κ denotes the equilibrium position of the κ-th atom. This expression precisely

capture the nonanalytical part of the e-ph matrix element at |q| → 0 that arises from

the long-range interaction induced by the Born charges of the ions. In contrast to the

simple Fröhlich formula, this expression not only enables direct ab initio calculations

of the Fröhlich e-ph matrix elements without relying on DFPT-FW interpolations, but

also takes into account naturally the atomistic details and the dielectric anisotropy.

When using Eq. (3.85) to extract the polar coupling for model calculations, it

is safe to impose the continuum approximation so that the the scattering factor

〈ψmk+q|ei(q+G)·(r−τ0
κ)|ψnk〉 can be simplified to δmn. This is because this expression

only describes the coupling of the long wavelength LO phonons at small |q|, in this

limit only the electrons near the conduction band bottom are responsible for the scat-

terings. Such electrons within the parabolic bands still behave as plane waves, which

makes the continuum approximation to be valid.

The other practical advantage of Eq. (3.85) is to improve the ab initio FW in-

terpolations for polar materials. Since the FW interpolation method suffers in the

regime |q| → 0 that exhibits the polar singularity, it is convenient to partition the

e-ph matrix element into the long-range gL and the short-range gL components, in
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analogy with the phonon case in Eq. (3.50):

gmnν(k,q) = gLmnν(k,q) + gSmnν(k,q). (3.86)

The choice of partitioning is arbitrary, and the general Fröhlich matrix element (3.85)

is best suited for representing the long-range component gL. The above partitioning

is very useful because the e-ph matrix elements can be regularised by removing the

gL that contains the singularity, so that the FW interpolation method can effectively

be performed on the smoother short-range part g − gL. The new scheme designed

for improving the original FW interpolation method in polar materials proceeds as

follows: 1) compute the e-ph matrix element g on the coarse grids using DFPT; 2)

regularise the e-ph matrix elements by calculating g − gL on the coarse k,q grids,

which leaves the short-range part gS; 3) perform the forward FW transform on gS

using Eq. (3.83); 4). interpolate the short-range part gSmnν(k,q) using the backward

FW transform (3.82); 5) recover the complete matrix element on-the-fly by adding

back the missing long-range component gSmnν(k,q) + gLmnν(k,q)→ gmnν(k,q).

The method of FW interpolation discussed in this section offers an efficient path-

way to calculate KS states and energies, phonon eigenvectors and dispersions, and

the first-order e-ph matrix elements at arbitrary k and q points in reciprocal space.

In this way, the computational cost for sampling the e-ph matrix elements with Np

q-points in the Brillouin zone can significantly be reduced to the cost of the pre-

processing DFPT calculations on a small q-grid with np points. The interpolation

method has been implemented as the main engine in the EPW code [147, 148], which

is an integral part of the Quantum ESPRESSO suite [149, 150]. The code also

uses the library mode of the Wannier90 code for calculating MLWFs. The code has

obviously been used for studies of phonon-assisted optical absorption [151], spectral

properties of plasmons and polarons [40, 110], superconducting properties and charge
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density waves [152–154], charge transport and mobilities [155–157]. In the next chap-

ter, we will demonstrate how the computational techniques developed in this chapter

can be applied on the ab initio studies of polarons but without supercells [45, 158].



Chapter 4

Ab initio theory of polarons

In this chapter, we present a novel theory and a computational method to study

polarons in insulators and semiconductors from first principles. After emphasising

the practical limitations in modelling polarons using the conventional DFT supercell

approach, we develop a polaron functional by considering exclusively an extra elec-

tron deposited on the BvK supercell and identifying the self-interaction terms that

hinders the formation of polarons. Starting from the variational minimisation to the

functional, we derive the general form of polaron equations in real space that correctly

describes the self-trapping of an electron by the displaced ions. Accordingly, we define

what is called the formation energy of a polaron and the associated eigenvalue. We

explain how to transform these equations in a practical form that can directly access

the quantities obtained from ab initio calculations. We establish a formal connection

between the polaron theory and the Landau-Pekar model. Lastly, we propose a DFT

polaron functional with SIC in conjunction with the polaron formalism developed

earlier in this chapter, which will be extensively used to cross validate the polaron

theory.

4.1 Polarons in density-functional theory

In order to develop an ab initio theory of polarons, we begin with standard DFT

that contains most of the essential physics, and can be used as a starting point. The

modification to remove the undesirable self-interaction error in DFT will be presented

in Sec. 4.2.

74
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4.1.1 Derivation of the polaron equations

The physics of the LP model has already been incorporated by standard DFT for-

malism: if we introduce an electron in an otherwise empty conduction band of a

semiconductor or insulator, the ions driven by an additional force are displaced to

screen the extra charge. This physical picture is well established, and has been eluci-

dated in several investigations of small polarons, i.e. polarons with a spatial extension

corresponding to one or few atomic orbitals [53, 54, 159].

The main limitation of such direct calculations supercell is that only small po-

larons can be explored, because intermediate-size and large polarons would require

prohibitively time-consuming calculations with supercells containing at least several

thousands of atoms. Another limitation is that with direct calculations it is impossible

to analyse the individual contributions to the polaron formation, for example which

phonon modes are excited and contribute to the self-trapping, and which electrons

participate in the polaron wavefunction. Lastly, direct calculations are particularly

sensitive to the choice of the DFT exchange-correlation functional because of the self

interaction errors, making it very challenging to obtain reliable polaron formation en-

ergies. To overcome these difficulties it is desirable to formulate an ab initio theory of

polarons which does not resort to large supercell calculations, and where the individ-

ual contributions to the polaron energies and wavefunctions become easily accessible.

In the following we discuss a new framework to address these challenges.

The starting point here is to express the DFT total energy of a semiconducting or

insulating crystal, with the fully occupied valence bands and the emptied conduction

bands. We consider a Born-von Karman supercell of the crystal, containing Np unit

cells of volume Ω. We write the equations with an all-electron implementation in

mind; the transposition to a pseudopotential formalism is default in conjunction with

modern DFT implementation of periodic systems. The KS states have wavefunctions



4.1. Polarons in density-functional theory 76

ψnk(r) with energies εnk, where n is the band index and k the wavevector. The KS

wavefunctions ψnk(r) are normalised within the supercell, and we have Np k-points

on a uniform grid. With this notation the electron density reads n = n↑ + n↓, with

n↑(r) = n↓(r) =
∑

vk |ψvk(r)|2 including the spin degeneracy in the ground state and

the subscript v running over all occupied states. The DFT total energy of the entire

supercell maybe written as:

E[{ψvk}, {τκα}]
EHa

= −2
∑
vk

∫
drψ∗vk

a2
0∇2

2
ψvk +

1

2

∑
T

∫
drdr′

a0 n(r)n(r′)

|r− r′ −T|

+
Exc[n

↑, n↓]

EHa

−
∑
κpT

∫
dr

a0 Zκn(r)

|r− τκp −T|
+

1

2

∑
κpT
κ′p′

a0 ZκZκ′

|τκp − τκ′p′ −T|
, (4.1)

where a0 is the Bohr radius, EHa is the Hartree energy, and all integration domains

are restricted to the supercell. In the last term the contribution from κp = κ′p′ is

omitted when T = 0. We now denote τ 0
κp as the atomic positions at equilibrium in the

ground state, so that a general ionic coordinate reads τκp = τ 0
κp+ ∆τκp. Similarly, we

denote ψ0
vk as the wavefunctions obtained with the ions in the equilibrium positions,

and n0 the corresponding density. To second order in the displacements ∆τκp, the

total energy in Eq. (4.1) is expressed as:

E[{ψvk}, {τκp}] = E[{ψ0
vk}, {τ 0

κp}]+
1

2

∑
καp
κ′α′p′

Cκαp,κ′α′p′∆τκαp∆τκ′α′p′+O(∆τ 3), (4.2)

where Cκαp,κ′α′p′ is the interatomic force constant matrix [107, 135, 160], evaluated at

the ground state. Upon adding an extra electron to the ground state, one conduction

state is occupied and the system becomes spin polarised. Before proceeding we em-

phasise that the same reasoning can be generalised to the case of a hole at the top of

the valence bands; the formalism is entirely symmetric in this respect. Let us denote

the wavefunction of the excess electron ψ, and the corresponding density ∆n = |ψ|2.
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For definiteness we assumes this extra electron carries a spin up. A compensating

jellium background, −1/NpΩ, is also added to avoid the Coulomb divergence of the

total energy. The total energy from Eq. (4.1) is modified as follows:

E[ψ, {ψvk}, {τκp}]
EHa

= −2
∑
vk

∫
drψ∗vk

a2
0∇2

2
ψvk−

∫
drψ∗

a2
0∇2

2
ψ+

Exc[n
↑ + ∆n, n↓]

EHa

+
1

2

∑
T

∫
drdr′

a0

|r− r′ −T|
[n(r) + ∆n(r)− 1/NpΩ][n(r′) + ∆n(r′)− 1/NpΩ]

−
∑
κpT

∫
dr
a0 Zκ[n(r) + ∆n(r)− 1/NpΩ]

|r− τκp −T|
+

1

2

∑
κp,κ′p′T

a0 ZκZκ′

|τκp − τκ′p′ −T|
. (4.3)

In order to continue we note the key observation as follows: the introduction of a single

electron to a system of many electrons will only modify the electron density gently.

Indeed, in the limit of very large polaron, the extra electron density at any point

will be in the order of (NpΩ)−1 � n; in the limit of very small polaron the density

will be in the order of Ω−1 in one unit cell, and negligible in the others. Following

this argument, we make the approximations that, upon adding one electron, ∆n� n

almost everywhere, and as a result the valence wavefunctions ψvk remain unaltered.

The latter approximation allows us to expand the exchange-correlation energy as

follows:

Exc[n
↑ + ∆n, n↓] = Exc[n

↑, n↓] +

∫
dr
δExc
δn↑

∆n(r) +

∫
drdr′

1

2

δ2Exc
δn↑δn↑

∆n(r)∆n(r′)

+O(∆n3). (4.4)

We note that this expansion is only valid when the DFT funcitonal has continuous

derivatives. In exact DFT this is not the case due to the discontinuity of the exchange-
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correlation potential. [161]. By combining Eqs. (4.1)–(4.4) and recasting we find:

E[ψ, {ψvk}, {τκp}] = E[{ψ0
vk}, {τ 0

κp}] +
1

2

∑
καp
κ′α′p′

C0
καp,κ′α′p′∆τκαp∆τκ′α′p′

+EHa

∫
drψ∗(r)

[
−a

2
0

2
∇2+

∑
T

∫
dr′

a0n(r′)

|r− r′ −T|
−
∑
κpT

Zκa0

|r− τκp −T|
+

1

EHa

δExc
δn↑

]
ψ(r)

+
1

2

[∫
drdr′

δ2Exc
δn↑δn↑

∆n(r)∆n(r′)+EHa

∑
T

∫
drdr′

[∆n(r)− 1/NpΩ][∆n(r′)− 1/NpΩ]

|r− r′ −T|/a0

]
+ EB +O(∆τ 3) +O(∆n3), (4.5)

where EB is a constant term arising from the jellium background. The square

brackets in the second line of this equation is recognised as the KS Hamiltonian

ĤKS[n(r), {τκp}] associated with the occupied manifold in absence of the excess elec-

tron. In analogy with Eq. (4.2), we can rewrite this term by performing a Taylor

expansion around the equilibrium ionic coordinates:

ĤKS[n(r), {τκp}] = ĤKS[n0(r), {τ 0
κp}] +

∑
καp

∂V 0
KS

∂τκαp
∆τκαp +O(∆τ 2), (4.6)

where we use V 0
KS to indicate the KS self-consistent potential at equilibrium, in the

absence of the excess electron. To keep the formalism in a simple form, we truncate

the expansion to first order in ∆τκαp. This is the lowest order that admits non-trivial

localised solutions, that is self-trapped polarons. By expanding to second order in the

displacement we would obtain terms relating to the so-called Debye-Waller self-energy

[162]. For simplicity we neglect these terms here.

The third line of Eq. (4.5) contains the Hartree and exchange-correlation self-

interaction of the excess electron. These are spurious contributions that artificially

increase the energy needed to form a polaron, and which tend to delocalise the polaron

wavefunctions. Therefore, these terms should be removed from the functional for the
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time being. In Sec. 4.2 we discuss how the correct procedure to handle these terms is to

modify the exchange-correlation functional Exc by including suitable self-interaction

corrections.

Now we can combine Eqs. (4.5) and (4.6) to obtain the expression for the DFT

functional of a polaron. At this point we omit the third and fourth lines of Eq. (4.5),

and we employ the short-hand notation Ĥ0
KS for ĤKS[n0(r), {τ 0

κp}]:

Ep[ψ, {∆τκαp}] = E[{ψ0
vk}, {τ 0

κp}] +
1

2

∑
καp
κ′α′p′

C0
καp,κ′α′p′∆τκαp∆τκ′α′p′

+

∫
drψ∗(r)

[
Ĥ0

KS +
∑
καp

∂V 0
KS

∂τκαp
∆τκαp

]
ψ(r). (4.7)

The functional Ep[ψ, {∆τκαp}] defined by this equation constitutes as the DFT coun-

terpart of the Laudau-Pekar functional in Eq. (2.9). Also in this case the normali-

sation constraint on the wavefunction is taken account by introducing the Lagrange

multiplier ε. By setting the derivatives with respect to ψ∗ and ∆τκαp to zero, we fi-

nally arrive the coupled system of equations which describes the self-trapped polaron

in a practical consideration:

δ

δψ∗

[
Ep − ε

(∫
dr |ψ(r)|2 − 1

)]
= 0 :

Ĥ0
KSψ(r) +

∑
καp

∂V 0
KS

∂τκαp
∆τκαpψ(r) = ε ψ(r), (4.8)

δEp

δ∆τκαp
= 0 :

∆τκαp = −
∑
κ′α′p′

(C0)−1
καp,κ′α′p′

∫
dr

∂V 0
KS

∂τκ′α′p′
|ψ(r)|2. (4.9)

This coupled system of equations defines a self-consistent problem in ψ and ∆τκαp.

The solution can yield a localised wavefunction and the associated pattern of atomic

displacements for a polaron. In order to emphasise the analogy with the Landau-
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Pekar polaron discussed in Sec. 2.1, it is convenient to replace Eq. (4.9) inside (4.8).

The result is given by:

Ĥ0
KSψ(r)−

∫
dr′K0(r, r′) |ψ(r′)|2 ψ(r) = ε ψ(r), (4.10)

having defined the ‘polaron kernel’ K0(r, r′) as:

K0(r, r′) =
∑
καp

∑
κ′α′p′

∂V 0
KS(r)

∂τκαp
(C0)−1

καp,κ′α′p′
∂V 0

KS(r′)

∂τκ′α′p′
. (4.11)

In this form the similarity with Eq. (2.7) is manifest: the KS Hamiltonian in Eq. (4.10)

is the counterpart of the kinetic energy associated with the band effective mass in the

LP model, while the kernel is the counterpart of the self-trapping potential. We will

discuss this analogy in more detail in Sec. 4.1.7.

4.1.2 The formation energy of a polaron and the meaning of

the polaron eigenvalue

As we have seen in the LP model, the eigenvalue ε appearing in Eq. (4.10) does not

correspond to the energy of the polaron. To see this it is convenient to define the

polaron formation energy ∆Ef as the energy required to trap a conduction band state

into a localised polaronic state:

∆Ef = minEp[ψ, {∆τκαp}]−minEp[ψ, {∆τκαp = 0}]. (4.12)

Here Ep is the functional defined by Eq. (4.7). This definition describes the energy

gained by the system when a delocalised conduction electron becomes self-trapped in

the superlattice, and allows us to separate the energetics of the polaron formation from

that of the electron addition into the conduction band of the insulator/semiconductor

with the ions in the equilibrium positions. By using Eqs. (4.7), (4.9) and (4.11) in
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this expression we find:

∆Ef =

∫
drψ∗(r)

(
Ĥ0

KS − εCBM

)
ψ(r) − 1

2

∫
dr dr′ |ψ(r)|2K0(r, r′)|ψ(r′)|2, (4.13)

where εCBM is the KS eigenenergy in the conduction band bottom. Similarly, an

expression for the Lagrange multiplier ε in Eq. (4.10) is obtained by projecting onto

ψ∗:

ε− εCBM =

∫
drψ∗(r)

(
Ĥ0

KS − εCBM

)
ψ(r)−

∫
dr dr′ |ψ(r)|2K0(r, r′)|ψ(r′)|2. (4.14)

By subtracting the last two equations we obtain a relation between the formation

energy ∆Ef and the eigenvalue ε:

∆Ef = ε− εCBM +
1

2

∫
dr dr′ |ψ(r)|2K0(r, r′)|ψ(r′)|2. (4.15)

This result indicates that the Lagrange multiplier carries a double counting of the

Coulomb energy, which has to be removed in order to obtain the formation energy.

This is analogous to the relation between the DFT total energy and the sum of the

band eigenvalues [117].

By using Eqs. (4.9) and (4.11) we can rewrite Eq. (4.15) as follows:

∆Ef = ε− εCBM +
1

2

∑
καp
κ′α′p′

C0
καp,κ′α′p′∆τκαp∆τκ′α′p′ . (4.16)

This expression for the formation energy can be interpreted in the context of Franck-

Condon principle: the difference εCBM−ε can be viewed as the energy required for an

ultrafast (adiabatic) excitation to promote the electron from the polaron state to a

band state at the bottom of the conduction manifold, while the ions are still staying in

the distorted polaron state; the sum on the r.h.s. then corresponds to energy released
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by the distorted lattice upon relaxation. The same interpretation is often discussed

in relation to the LP model [69].

4.1.3 Polaron equations in the basis of Kohn-Sham states

and phonon modes

For the purpose of practical ab initio calculations, it is convenient to express the

equations derived in Sec. 4.1.2 using the reciprocal space formulation. Since the KS

states obtained in the ground state DFT calculation form a complete orthonormal

basis, we can expand the polaron wavefunction as a linear superposition of these KS

states:

ψ(r) =
1√
Np

∑
nk

Ankψnk(r), (4.17)

where the summation is restricted to the unoccupied (conduction) manifold because

we are assuming that the valence band manifold remains unaltered. From the nor-

malisations of the KS states ψnk and the polaron wavefunction ψ, it follows:

1

Np

∑
nk

|Ank|2 = 1. (4.18)

Now we substitute Eq. (4.17) inside Eq. (4.10) and project both sides on a KS state.

To proceed with the algebra one should keep in mind the standard relations between

the electron-phonon matrix elements, the interatomic force constant tensor and the

vibrational eigenmodes [107]:

gmnν(k,q) =
∑
καp

(
~

2Mκωqν

)1/2

eκα,ν(q) eiq·Rp

∫
drψ∗mk+q(r)

∂V 0
KS(r)

∂τκαp
ψnk(r), (4.19)

(C0)−1
καp,κ′α′p′ =

1

Np

∑
qν

eκα,ν(q)e∗κ′α′,ν(q)
√
MκMκ′ω2

qν

eiq·(Rp−Rp′ ). (4.20)
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By combining Eqs. (4.10)–(4.11) and (4.17)–(4.20) we arrive at the self-consistent

eigenvalue problem again but in the reciprocal space:


2

Np

∑
qmν

Bqν g
∗
mnν(k,q)Amk+q = (εnk − ε)Ank, (4.21)

Bqν =
1

Np

∑
mnk

A∗mk+q

gmnν(k,q)

~ωqν

Ank. (4.22)

The term that multiplies Amk+q on the left-hand side of Eq. (4.21) is Hermitian. This

can be verified after noting that from Eq. (4.22) we have B∗qν = B−q+G,ν , where G

is a reciprocal lattice vector that folds −q back into the first Brillouin zone (with

G = 0). The periodicity of Bqν is inherited from choosing the periodic gauge for

both the KS states and phonon modes.


ψk+G = ψk

eq+G = eq

(4.23)

An other useful property is that if Ank is a solution vector, then also A∗n,−k+G is a so-

lution for the same eigenvalue. This can be shown by taking the complex conjugate of

Eq. (4.21) and apply g∗mnν(k,q) = gmnν(−k + G,−q) from time-reversal symmetries:

2

Np

∑
qmν

B∗qν g
∗
mnν(−k + G,−q)A∗mk+q = (εnk − ε)A∗nk. (4.24)

We proceed further by inverting the wavevector k → −k, and then followed by

q→ −q. Finally, we apply the property B∗qν = B−q+G,ν to obtain:

2

Np

∑
qmν

Bqν g
∗
mnν(k,q)A∗m,−(k+q) = (εnk − ε)A∗n,−k. (4.25)
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This implies that, apart from a non-essential phases:

An,−k+G = A∗nk. (4.26)

By using this property in the expansion Eq. (4.17) we infer that the polaron wave-

function ψ must be real-valued.

Equations (4.21) and (4.22) represent as the crucial result of this thesis. They

allow one to calculate the polaron wavefunction without resorting to supercell calcu-

lations, but only relying on standard ingredients of DFT calculations in the primitive

unit cell, such as KS states, phonon eigenmodes, and electron-phonon matrix elements

[107, 135]. These equations have been discussed in Ref. [45, 158].

4.1.4 Lattice distortion in the polaronic ground state

The polaron eigenvector Ank obtained from the solution of Eqs. (4.21), (4.22) can be

used to determine the atomic displacements in the polaron ground state. To this aim

we substitute Eqs. (4.17)–(4.20) and (4.22) inside Eq. (4.9). After few operations we

obtain:

∆τκαp = − 2

Np

∑
qν

B∗qν

(
~

2Mκωqν

)1/2

eκα,ν(q) eiq·Rp . (4.27)

It is clear that the quantity Bqν has the physical meaning of the amplitude of the

excited phonon mode qν which contributes to the ionic displacement ∆τκαp. As in

the case of the electron wavefunction discussed in the previous section, we can easily

verify that the atomic displacements ∆τκαp are real-valued as a result of time-reversal

symmetry, B∗qν = B−q+G,ν . By inverting Eq. (4.27) we also find that Bqν satisfies the

sum rule:

1

Np

∑
qν

|Bqν |2

ωqν

=
∑
καp

Mκ

2~
|∆τκαp|2, (4.28)

where the r.h.s. can be interpreted as a measure of the lattice distortion.
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4.1.5 Formation energy in the basis of Kohn-Sham states and

phonon modes

As a closed analogue to the Eq. (4.27), the formation energy can also be similarly

expressed in terms of the eigenvector Ank. To this aim we combine Eq. (4.13) with

Eqs. (4.17)–(4.20) and (4.22). The result is given by:

∆Ef =
1

Np

∑
nk

|Ank|2(εnk − εCBM)− 1

Np

∑
qν

|Bqν |2~ωqν , (4.29)

or equivalently, using Eq. (4.15):

∆Ef = ε− εCBM +
1

Np

∑
qν

|Bqν |2~ωqν . (4.30)

The formation energy in Eq. (4.29) consists of one term associated with the electron

part of the polaron, described by Ank, and one term associated with the phonon

part, described by Bqν . By comparing Eqs. (4.30) and (4.16), we infer |Bqν |2~ωqν

represents the contribution of every vibrational mode to the elastic energy of the

polaron. Therefore it is natural to interpret |Bqν |2 as the number of excited phonons

in each mode participating to the polaron.

This heuristic interpretation can be placed on more rigorous ground by moving

from a classical to a quantum-mechanical description of the ionic coordinates, and by

performing a Bogoliubov transformation [15]. For now we restrict ourselves to empha-

sise that in DFT calculations the nuclei are described in the adiabatic and classical

approximation, therefore we do not strictly have phonon quanta in our formalism.
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By introducing the spectral functions:

A2(E) =
1

Np

∑
nk

|Ank|2δ(E − εnk + εCBM), (4.31)

B2(E) =
1

Np

∑
qν

|Bqν |2 δ(E − ~ωqν), (4.32)

Eq. (4.29) can be expressed as:

∆Ef =

∫ ∞
0

A2(E)E dE −
∫ ∞

0

B2(E)E dE. (4.33)

From these relations we see that the spectral functions A2(E) and B2(E) play a

similar role in the polaron problem as the Eliashberg spectral function in the theory

of superconductors [163]. In Eliashberg theory of superconductivity, the gap function

partially depends on the phonon contribution V ph
n . The phonon contribution can be

related to the Eliashberg spectral function α2F (ω) [164], which is defined by [148]:

α2F (ω) =
1

2

∑
qν

ωqνλqνδ(ω − ωqν), (4.34)

where the electron-phonon coupling strength λqν associated with a specific phonon

mode ν and wavevector q is related to the electron-phonon matrix element by:

λqν =
1

N(εF )ωqν

∑
nm

∑
k

|gmnν(k,q)|2δ(εnk − εF )δ(εmk+q − εF ), (4.35)

and N(εF ) is the density of state per spin at the Fermi level εF . Given these similar-

ities, in Sec. 6.2.3 we will demonstrate that these polaron spectral functions can be

used to identify the EPI mechanisms leading to the formation of polarons.
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4.1.6 Visualisation of the polaron wavefunction

In order to visualise the polaron wavefunction ψ in Eq. (4.17), it is useful to utilise

the Wannier function representation. Using the standard notation introduced in

Ref. [142], each KS state can be expanded in a basis of maximally-localized Wannier

functions as shown in Eq. (3.76). By combining Eq. (4.17) and Eq. (3.76) we obtain:

ψ(r) =
∑
mp

Am(Rp) wm(r−Rp), (4.36)

having defined:

Am(Rp) =
1

Np

∑
nk

eik·Rp U †mnkAnk. (4.37)

Equation (4.36) naturally defines Am(Rp) as the envelope function of the polaron, but

starting from an ab initio perspective. It is interesting to realise that Eq. (4.37) for the

electron part of the polaron is entirely analogous to Eq. (4.27) for the phonon part.

Equation (4.37) is also useful for practical calculations, especially in combination

with the Fourier-Wannier interpolation of the electron-phonon matrix elements, as

we discuss in Sec. 6.2.2.

However, we should note that the use of Eq. (4.36) should receive a special care:

the KS wavefunctions employed to determine Ank from Eqs. (4.21) and (4.22) must

be the same as those employed to construct maximally-localized Wannier functions,

i.e. the matrix U †mnk required in Eq. (4.37). Failure to do so would result in the

introduction of spurious phases and the calculations of incorrect envelope function

and polaron energies.

If the Wannier functions are real, and the wavefunctions ψnk fulfil time-reversal

symmetry, i.e. ψn,−k = ψ∗nk, that is not automatically guaranteed in ab initio cal-

culations, then it follows that Umn,−k = U∗mnk. Combined with Eq. (4.37), these

properties imply that also the envelope functions Am(Rp) will also be real-valued.
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By combining Eqs. (4.37) and (4.18), we obtain the normalisation condition for the

envelope function: ∑
mp

|Am(Rp)|2 = 1, (4.38)

where we used the property that Umnk is an unitary matrix.

4.1.7 Link with the Landau-Pekar model

Under suitable limits, the ab initio polaron equations Eqs. (4.21)–(4.22) recover ex-

actly to the LP model presented in Sec. 2.1. To this aim we consider a model system

with only one conduction band with effective mass m∗, one dispersionless phonon

mode with frequency ωLO, and electron-phonon coupling given by the simple Fröhlich

interaction. The electron-phonon matrix element g(q) is given by [107, 143, 165]:

|g(q)|2 =
e2

4πε0

4π

Ω

~ωLO

2

1

κ q2
. (4.39)

This expression is valid only for an isotropic bulk crystal with a single infrared-active

phonon. By substituting Eqs. (4.37) and (4.39) inside Eqs. (4.21)–(4.22), after some

manipulations we obtain:

− ~2∇2

2m∗
A(R) −

∑
R′

1

Np

[∑
q

eiq·(R
′−R) 2

~ω
|g(q)|2|A(R′)|2

]
A(R) = εA(R), (4.40)

where we omitted the subscript p from Rp for the purpose of notational simplicities,

and the gradient is with respect to R.

In the limit of dense Brillouin-zone sampling, i.e. supercell of infinite size, we can

replace the summation over q by an integral using N−1
p

∑
q = Ω−1

BZ

∫
BZ
dq. Using this

replacement and evaluate the integral, Eq. (4.40) becomes:

− ~2∇2

2m∗
A(R)− e2

4πε0

1

κ

∑
R′

|A(R′)|2

|R′ −R|
A(R) = εA(R). (4.41)
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We can now replace the summation over the lattice vectors by an integral, but noting

R as a continuous variable and using the substitution Ω
∑

R =
∫
dR:

− ~2∇2

2m∗
A(R)− e2

4πε0

1

κ

1

Ω

∫
dR′
|A(R′)|2

|R′ −R|
A(R′) = εA(R). (4.42)

By comparing this result with Eq. (2.7), we see that the envelope function Ω−1/2A(r)

coincides with the solution ψ(r) of the LP model. Therefore, in the case of single-

band and single-phonon isotropic systems with Fröhlich electron-phonon coupling,

there exists a direct and unambiguous connection between the LP model and first-

principles calculations of polarons.

4.2 Self-interaction corrections to polarons

As we have seen in Sec. 4.1, the third line of Eq. (4.5) contains Hartree and exchange-

correlation self-interaction energy of the polaron state. These terms are regarded as

an artefact in DFT since the excess electron in a more accurate many-body picture

should not interact with itself. The practical consequence of including these terms

is that they tend to favour electron delocalisation. For example, if we consider the

Hartree energy evaluated by the exponential ansatz used in the Landau-Pekar model

(2.11):

V LP
H =

5

16

e2

4πε0rp
, (4.43)

it is immediate to see that the Hartree term always decreases the formation energy

of the polaron. As we discuss in Sec. 5.4, we confirmed by direct calculations that

we are unable to obtain stable self-trapped polarons in the presence of these spurious

self-interactions. This behaviour is also well documented in the literature [46, 159].

In order to remove the polaron self-interaction terms in Eq. (4.5), we introduce a
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modified DFT functional with SIC as follows:

ESIC[n↑ + ∆n, n↓] = E[n↑ + ∆n, n↓]− EH[∆n−∆nB]− 1

2

(
Exc[n↑ + ∆n, n↓]

− 2Exc[n↑, n↓] + Exc[n↑ −∆n, n↓]

)
, (4.44)

where E[n↑ + ∆n, n↓] is a standard DFT functional, as in Eq. (4.5). The term EH

in this equation indicates the Hartree energy functional, and ∆nB = (NpΩ)−1 is the

compensating jellium background. The form of the functional ESIC is designed in

such a way that the Hartree self-interaction of the polaron is exactly removed, and

the exchange-correlation self-interaction is cancelled up to third order in the polaron

density ∆n = |ψ|2. In fact, upon Taylor expansions of the exchange-correlation terms

in Eq. (4.44) we find:

ESIC[n↑+∆n, n↓] = E[n↑+∆n, n↓]−
1

2

e2

4πε0

∑
T

∫
drdr′

[∆n(r)−∆nB][∆n(r′)−∆nB]

|r− r′ −T|

− 1

2

∫
drdr′

δ2Exc
δn↑δn↑

∆n(r)∆n(r′) +O(∆n4), (4.45)

which are precisely equivalent to the functional in Eq. (4.5) with the third line being

removed. The present analysis demonstrates that, not only our starting functional

[as defined by the first two lines of Eq. (4.5)] is physically motivated, but also it can

be derived from a simple self-interaction-free DFT functional, as given by Eq. (4.44).

This is particularly useful for benchmarking our formalism against direct calculations

in large supercells.

In order to derive the KS Hamiltonians starting from Eq. (4.44), we evaluate the
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functional derivatives with respect to ψvk↑, ψvk↓, and ψ. As a reminder we have:

n↑ =
∑
vk

|ψvk↑|2,

n↓ =
∑
vk

|ψvk↓|2,

∆n = |ψ|2.

(4.46)

The total density is:

n = n↑ + ∆n+ n↓, (4.47)

where n↑+ ∆n is the spin-up density, and n↓ is the spin-down density. We obtain the

following modified KS Hamiltonians for spin-up valence electrons (ĤSIC
v↑ ), spin-down

valence electrons (ĤSIC
v↓ ), and the polaron (ĤSIC

pol ):

ĤSIC
v↑ = ĤKS

↑ [n↑+∆n, n↓]+V
↑
xc[n↑, n↓]−

1

2
V ↑xc[n↑+∆n, n↓]−

1

2
V ↑xc[n↑−∆n, n↓], (4.48)

ĤSIC
v↓ = ĤKS

↓ [n↑+∆n, n↓]+V
↓
xc[n↑, n↓]−

1

2
V ↓xc[n↑+∆n, n↓]−

1

2
V ↓xc[n↑−∆n, n↓], (4.49)

ĤSIC
pol = ĤKS

↑ [n↑ + ∆n, n↓]− VH[∆n−∆nB]− 1

2
V ↑xc[n↑ + ∆n, n↓] +

1

2
V ↑xc[n↑ −∆n, n↓],

(4.50)

where the Hartree potential VH and the exchange-correlation potentials V ↑,↓xc are de-

fined as:

VH[n](r) =
e2

4πε0

∫
dr

n(r)

|r− r′|
, (4.51)

and

V ↑,↓xc [n](r) =
δE[n]

δn↑,↓(r)
. (4.52)

In order to avoid false minima, which are typically encountered in self-interaction

corrected DFT [159, 166], we follow the method of Ref. [159] and choose to perform

a constrained total energy minimisation with the constraint ψvk↑ = ψvk↓. The ad-
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vantage of this choice is that it is fully consistent with the assumptions that we used

in Sec. 4.1.1 to derive the polaron equations, i.e. the spin-degenerate ground state

with n↑ = n↓. This choice is also favourable for implementation because we only need

to store the Hamiltonians (4.50) and the average of (4.48)–(4.49) instead of three,

and the minimisation only involves two arguments consisting of the spin up density

n↓ + ∆n and the spin down density n↓.

The functional ESIC in Eq. (4.44) is similar but not identical to the SIC proposed

in Ref. [159]. In that work the authors studied the self-trapping of a hole defect in

α-quartz, by using the damped Car-Parrinello minimisation of the total energy. Using

the present notation, their functional reads:

ESIC, Ref.[159][n↑+ ∆n, n↓] = E[n↑+ ∆n, n↓]−EH[∆n]−Exc[n↑+ ∆n, n↓] +Exc[n↑, n↓].

(4.53)

By comparing this expression with Eq. (4.44), we see that the Hartree self-interaction

is removed in a similar way in both approaches. The difference lies in the exchange-

correlation self-interaction: if we expand Exc[n↑ + ∆n, n↓] in Eq. (4.53) using the

functional derivative, it is clear that the polaron does not experience the exchange-

correlation interaction with the valence electrons. This can lead to artificially large

band gaps. By including the SIC to quadratic order in ∆n both for the Hartree and

for the exchange-correlation contributions via Eq. (4.45), the polaron experiences

the usual exchange-correlation interaction with the valence electrons, and band gaps

remain unaffected.

The correction provided by Eq. (4.44) is rather easy to implement in DFT schemes

which perform a direct minimisation on the energy functional, and requires minimal

modifications to existing codes [150]. in the present thesis, we modified the cp.x

code of the Quantum ESPRESSO distribution by altering the functional of Ref. [159]

which was already implemented.
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As we show in Sec. 6.4.1, the functional ESIC defined by Eq. (4.44) overcomes the

delocalisation problem of DFT, and correctly yields localised polaron wavefunctions

in polar materials. Importantly, this method does not require the tuning of Hubbard

corrections in DFT+U [167, 168] or the mixing parameter α in hybrid functional

calculations [169, 170], since the self-interaction error is removed from the outset

without introducing additional parameters.



Chapter 5

Practical implementation

In this chapter we outline the technical aspects of the implementation of polaron

theory in details. We start from describing the computational setup for our cal-

culations on lithium fluoride (LiF), lithium peroxide (Li2O2) and α-quartz (SiO2).

After reporting the convergence parameters for these compounds, we explain how to

numerically solve the polaron equations in practice. In particular, we introduce an

effective scheme to reduce the size of the polaron Hamiltonian, in order to avoid mem-

ory overload and achieve faster convergence for calculations involving large polarons.

We then explain why the gauge freedom for KS states and vibrational eigenmodes

needs to be fixed, and how to obtain polaron energies in the dilute limit. Next, we

describe the implementation of the polaron routine in the EPW code, and provide

several model calculations and comparisons using model parameters from LiF for the

purpose of validation. Lastly, we present a calculation for α-quartz to validate our

implementation of the modified self-interaction corrected functional. The use of this

new functional will be presented for Li2O2 in Chapter 6.

5.1 Density-functional theory calculations

In order to demonstrate the theory developed in Sec. 4.1 we perform DFT calcula-

tions based on planewaves and pseudopotentials, as implemented in the Quantum

ESPRESSO materials simulation suite [149], together with the Wannier90 [145]

and EPW[148] codes. The polaron equations described in Sec. 4.1.3 are implemented

in a modified version of the EPW code, and the visualisation of the polaron wave-

94
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functions as described in Sec. 4.1.6 is performed using a modified version of the Wan-

nier90 code and Vesta for the visualisation [171]. We use the generalised gradient

approximation to DFT of Perdew, Burke, and Ernzerhof (PBE) [172], and optimised

norm-conserving Vanderbilt (ONCV) pseudopotentials [173], with planewaves kinetic

energy cutoffs of 150 Ry, 105 Ry, and 70 Ry for LiF, Li2O2, and α-SiO2, respectively.

In the ground-state calculations we sample the Brillouin zone with Γ-centered uniform

meshes of size 12× 12× 12 and 8× 8× 8 for LiF and Li2O2 respectively, while direct

calculations of α-SiO2 and Li2O2 with supercells are sampled at Γ. Lattice vectors

and internal coordinates are optimised using this setup before proceeding to calculate

polarons. Equations (4.21) and (4.22) require the evaluation of KS energies, phonon

energies, and electron-phonon matrix elements on dense uniform grids. To this aim,

we employ the Fourier-Wannier interpolation technique as introduced in Chapter 3.

In addition, we validate our approach against explicit supercell calculations by con-

sidering two systems, Al-doped α-SiO2 and Li2O2. We perform Car-Parrinello calcu-

lations with self-interaction corrections using the cp code of Quantum ESPRESSO

[174]. The SIC scheme implemented in cp was originally developed in Ref. [159], and

corresponds to the functional in Eq. (4.53). To implement the functional in Eq. (4.45)

we adapt the existing code with minor modifications.

5.2 Solution of the polaron equations

In order to solve Eqs. (4.21)–(4.22) we express Eq. (4.21) in an explicit matrix form

as follows: ∑
mk′

Hnk,mk′ Amk′ = εAnk, (5.1)

with

Hnk,mk′ = δnk,mk′εmk′ −
2

Np

∑
ν

B∗k−k′,ν gnmν(k
′,k− k′). (5.2)
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Figure 5.1: A two-dimensional schematic representation of the wavevector basis (uni-
form grid) in the first Brillouin zone which defines a 7 × 7 supercell. The red solid
circle denotes an inner grid of 5 × 5. The initial electronic state is labelled by the
momentum k, the incoming phonon is labelled by the momentum q with wiggle line,
and the solid line indicates the scattering of the electron, where the arrow points
to the final electronic state with momentum k + q. The panels (a) illustrates the
scattering within the first Brillouin zone; and (b) illustrates the cross zone folding
with the periodic Gauge.

In this form it is clear that the solution of Eq. (5.1) can be obtained using standard

numerical eigensolvers. To this aim we initialise the vector of coefficients Ank using a

Gaussian lineshape centred at the band minimum. From this initial guess we proceed

to construct the vector of coefficients Bqν using Eq. (4.22). At this point we can set

up the Hamiltonian matrix of Eq. (5.2) and proceed to the solution of the eigenvalue

problem in Eq. (5.1). The lowest-energy eigenvector Ank is used to update the coeffi-

cients Bqν again in Eq. (4.22) and the whole procedure is repeated until convergence

in the polaron formation energy as given by Eq. (4.30). In all calculations the energy

convergence threshold of 0.1 meV is used.

The k-point grid employed in Eq. (5.1) defines the equivalent Born-von Kárman

(BvK) supercell hosting the polaron. For example a k-point grid 7×7×1 corresponds

to calculating the polaron wavefunction, the corresponding atomic displacements, and
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the energetics in an equivalent 7×7×1 supercell. Since we need information on both

Ank and Bqν , we use the same uniform and Γ-centered grid for both the k-points and

q-points. Such a uniform grid is shown in Fig. 5.1. When k + q falls outside of the

initial grid, we use the periodic gauge and set Ank+q = Ank+q+G, with G a reciprocal

lattice vector that folds k+q inside the original grid [see Fig. 5.1(b)]. This procedure

is necessary to guarantee that the solution vector Ank fulfils time-reversal symmetry

[see discussion after Eq. (4.22)].

In the case of large polarons dominated by the Fröhlich coupling, the electron-

phonon matrix elements exhibit a singularity at q = 0 [40]. As a result the solution

vectors Ank tend to have significant weight only in the vicinity of the band extrema.

This is the case of the electron polaron in LiF, for example, as discussed in Sec. 6.2.2.

In these situations one needs relatively fine k- and q-point meshes, but most grid

points do not contribute to the calculations; to reduce computational cost we use fine

grids but we restrict the Hamiltonian Hnk,n′k′ to an inner grid of k, k′-points near

the band edges. We then increase the size of the inner grid to check for convergence.

Since in the present formalism we study a localised charge distribution in a super-

cell, the solutions of the eigenvalue problem in Eq. (5.1) contain a spurious interaction

energy between the polaron and its periodic images. The same situation is also found

in the study of charged defects in periodic supercells. In order to eliminate this spu-

rious energy we employ the standard Makov-Payne correction [175]. To this aim we

perform calculations for increasing size of the equivalent BvK supercell, and then

extrapolate the formation energy and the polaron eigenvalue using the asymptotic

trend L−1, where L is the linear size of the equivalent supercell. For example, in the

case of the large electron polaron in LiF, we use k-point grids up to 33× 33× 33. In

order to cope with such large grids we use a distributed-memory eigensolver from the

ScaLAPACK library.[176]

One last aspect that requires some care is the gauge arbitrariness of the electron-
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phonon matrix elements gmnν(k,q) that one obtains from Wannier-Fourier interpo-

lation. The arbitrariness relates to the facts that (i) the unitary rotation U †mnk used

in Eq. (3.76) to go from the smooth Bloch basis to the basis of KS states is deter-

mined from a separate diagonalisation at each k-point; (ii) the analogous rotation

required for the atomic displacements in Eq. (4.19), that is the matrix of vibrational

eigenvectors eκα,ν(q), is also obtained by a separate diagonalisation at each q. These

diagonalisations have two drawbacks: 1) they do not satisfy the time-reversal symme-

try requirements; 2) they may lead to different results on different architectures, and

even on the same architecture but in different runs. This issue is particularly delicate

because, in order to save memory, we recompute the matrix elements gmnν(k,q) at

each self-consistent iteration. Our benchmarks indicate that this issue can lead to

(relatively small) numerical noise in the calculated formation energies, that shows up

as small oscillations in plots of ∆Ef vs. L. In order to eliminate these fluctuations

we enforce a predetermined choice for the gauge of eigenmodes and wavefunctions,

in the same spirit as in Sec. V C of Ref. [140]. First we rotate U †mnk and eκα,ν(q)

so that the first nonzero component is real and positive. Then we check for degen-

eracies in the electron or phonon energies, and we break these degeneracies using a

fictitious perturbation. To this aim we set up a Hermitian perturbation Pmnk that

spans the Bloch subspace. We fill this matrix by using a sequence of small prime

numbers as matrix elements. Then, we diagonalise P ′ijk =
∑

mn UimkPmnkU
†
njk, where

the indices i, j are restricted to the degenerate subspaces. By denoting with Vijk

the unitary matrix that diagonalises P ′ijk, we construct U ′jnk =
∑

p V
†
jpkUpnk. Finally

we obtain interpolated KS states and energies from U ′mnk instead of Umnk. If the

energies are all non-degenerate, then we are done. If there are still degeneracies we

repeat the operation by filling the perturbation matrix using the next prime num-

bers in the sequence. We note that in the subsequent polaron calculation the KS

energies remain unaffected by this fictitious perturbation, as from this procedure we
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only retain the unitary rotation Vmnk; formally this is equivalent to taking the limit

of a vanishingly small perturbation. We operate similarly for the vibrational eigen-

modes. This procedure guarantees that all KS states and phonon eigenmodes carry a

unique gauge across successive iterations in the same calculation, or across different

machines. We note that the present procedure is simpler and more efficient than the

one used in Ref. [140], since here we only perform operations on very small matrices

and we do not calculate explicitly the matrix elements of the fictitious perturbation

using planewaves, unlike in Ref. [140]. Finally we enforce time-reversal symmetry by

making sure that only half of the k-points are effectively employed in Eq. (5.1), using

a simple mapping.
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Figure 5.2: The flowchart illustrates the skeleton of our new implemented routine in
the EPW code for ab initio calculations of polarons.
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5.3 The implementation

5.3.1 Code development

In Fig. (5.2) we present a concise summary of our implementation for solving the po-

laron equations [Eqs. (5.1)–(5.2)]. The procedure was implemented as a Fortran90/MPI-

2 code [177], which forms an integral part of the EPW software. Before describing

the implementation, it is worth to discuss the practical challenges. If we consider

the mathematical structure of the polaron equations, it is formulated as a standard

self-consistent matrix eigenvalue problem. This can be relatively simple to deal with

when we simulate a polaron in small supercells, in which small grids are sufficient

to converge the calculation. However, the size of the Hamiltonian matrix grows

quadratically with number of bands and the size of the Brillouin zone grid. Sequen-

tial computing is not sufficient to diagonalise very large matrices. In order to tackle

this challenge, one might seek a distributed memory computing model which dis-

tributes the large matrix into different processors. In this way, each processor stores

part of the matrix and performs local calculations synchronously. The final outcome

is obtained by gathering all the pieces from different processors. In the following, we

explain how to implement this in practice.

Stage I: Initialisations

The code starts from the initialisation of all the global variables which can be accessed

by all the processors. This includes the grids, the electron band εnk, the phonon

dispersion ωqν , the coefficient vectors Ank and Bqν . These quantities are stored as

one-dimensional arrays, running over the grid indices in multiples of band indices, as

illustrated in Fig. 5.3(a). If we estimate the memory usage in storing these quantities,

for the case of LiF with a 33×33×33 grid each array will require ≈ 5× 10−4 GB for
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Figure 5.3: The global data structure for (a) the coefficient vector Ank; (b) the
Hamiltonian matrix Hnk,mk′ and (c) the e-ph matrix element gnmν(k,q).

each band index. This is affordable even if each processor carries the entire part of

these arrays, given that the average memory shared by each processor in a typical

high performance computing node is ≈ 3 GB/ core. However, we immediately see

that storing a two-dimensional array, such as for example the Hamiltonian matrix

Hnk,mk′ or the e-ph matrix element gnmν(k,q) as illustrated in Fig. 5.3(b)(c), will

require ≈ 19.2 GB per core. This set up is clearly not scalable.

Stage II: Block-cyclic distributions and parallelisation algorithms

In order to overcome this limitation, we initialise the parallelisation environment by

using the BLACS library [178]. Both the Hnk,mk′ and gnmν(k,q) are allocated in 2D

block-cyclic distributions [179], where each processor carries different sections of the

matrix. This data structure not only resolves the memory scaling issue encountered

in the global structure, but also is particularly useful for parallelising linear algebra

operations. Fig. 5.4 demonstrates the concept of the block-cyclic distribution and the

algorithm used to perform matrix-vector product in parallel, by using a small 5×5
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Figure 5.4: An outline of parallel implementation of a matrix-vector product using
the block-cyclic distribution.

matrix and a 5×1 vector with four processors as an illustration.

In Fig. 5.4(a) we illustrate a 2×2 processor grid formed by the four processors,

each of them is assigned a processor ID (we also label by colour for convenience).

The block size nb = 2 is used to partition the global matrix into many nb × nb

blocks and the remainder blocks, where each processor stores these blocks only in

alternative as a submatrix, i.e. the processor only sees the submatrix labelled by the

same colour. In the case of distributing a vector, we see that only processors in the

first column of the processor grid are responsible for the subvectors. In Fig. 5.4(b)

we show that these submatrices and subvectors can be arranged in the block form, so

that the usual multiplication rule can be applied directly on the block matrices and

vectors. In Fig. 5.4(c) we demonstrate how the multiplication task is broken down to

smaller scales but processing in parallel. This requires some communications between

processors. In Fig. 5.4(d)–(e) we show the final outcome in the block form and the

global form respectively.

In general, this algorithm is also applicable to other matrix algebra operations,
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Figure 5.5: Program flow for (a) the MPI two-sided communication model; (b) the
MPI one-sided communication model with the passive target synchronisation mode.

such as vector additions, dot products and matrix-matrix multiplications. We note

that the step in Fig. 5.4(c) requires some hard coding from scratch to pass the subma-

trices across different processors via some message-passing techniques, for example the

Message Passing Interface (MPI). This step is indeed hidden in our implementation

by using the ScaLAPACK library [176], which provides explicitly built in routines

for parallelising matrix algebra operations. Our code offers two types of eigenvalue

solvers: (I) a written parallel routine based on steepest descent, which can only cal-

culate the lowest eigenvalues and eigenvectors; the time complexity scales between

quadratically and cubically with the matrix size; (II) a default ScaLAPACK routine

Pzheevd based on the Cholesky decomposition which computes the full eigenvalue

spectra, but the time complexity scales cubically with the matrix size and requires

more memory.
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Figure 5.6: Schematic representations of (a) the remote-memory access window in a
distributed computing architecture; (b) the local data structure for an e-ph submatrix
g(ν, loc j, loc i), in which the symbol ν, loc j and loc i indicate the phonon mode,
the row and the column indices respectively. We indicate the corresponding global
variables inside the square bracket.

Stage III: MPI one-sided communications and RMA

Since the Hamiltonian matrix defined in Eq. 5.2 is never stored globally, the ideal

case is that the matrix entries can concurrently be computed locally, without any

communications. Unfortunately, the off-diagonal elements in our Hamiltonian matrix

depend on the electron-phonon matrix elements at different q-points, and it is not

guaranteed that a processor can directly access this from its local memory. In order

to access non-local matrix elements, an obvious choice is to establish the conventional

point-to-point (two-sided) communication between the local processor and the target

processor as illustrated in Fig. 5.5(a). In this model, whenever a local processor needs

a matrix element not found in its own memory, it has to send a request to the target

processor, which will need to know which processor is making the request in order to

receive the buffer (or otherwise the blocking will last forever and cause a deadlock to

the code). In response, the same MPI send-receive operation is performed again to
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transfer the data from the target processor to the local processor as requested. We

note that implementing such model is relatively demanding, because the send-receive

communications need to be completed in pair to avoid deadlock. It turns out that a

large startup overhead is also required to prepare for such communications.

Thanks to the development of communication libraries, the MPI-2 and the recent

developed MPI-3 standard provide a powerful shared memory model which is known

as the MPI one-sided communication [180]. We note that such a shared memory

model is indeed tailored for our data structure. In Fig. 5.5(b) we show the one-sided

communication model with the passive target synchronisation mode. In contrast

to the two-sided communications, the key advantage of the passive one-sided com-

munication is that the target processor no longer participates in the communication.

Because of this non-blocking feature, multiple data transfers can process concurrently

without blocking the targets. Recent benchmark shows that the one-sided commu-

nication could even scale up to ten times faster than the two-sided communications

[181]. Given that the one-sided communication model has better performance and is

easier to implement, we employ this model to transfer the non-local matrix elements

between processors.

To establish the one-sided communication in our implementation, we need to

create a remote-memory access (RMA) window as illustrated in Fig. 5.6(a). After

allocating the distributed e-ph submatrices g(nmodes, grows, gcols), where nmodes

is the total number of phonon modes, grows and gcols are the local dimension of

the the distributed e-ph submatrix, we use the call MPI Win Create to generate the

RMA window for exposing g(:, loc j, loc i) to all the processors. Once this set up is

done, we can fill in these distributed e-ph submatrices by performing Fourier-Wannier

interpolations. After the startup preparation for the communication is finalised, we

can follow the MPI calls as shown in 5.5(b). To access a given non-local e-ph matrix

element from a local processor, we need to supply the index of the target processor
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that stores the desired matrix element, and its array index in the distributed e-

ph submatrices to the call MPI Get. As we see in Fig. 5.6(b) the distributed e-ph

submatrices are allocated as 3-D arrays, the cyclic entries correspond to our variables

are given by: i → ν, j → loc j and k → loc i. We can now locate the array index

disp aint using the following mapping:

disp aint = (ν − 1) + nmodes× (loc j − 1) + nmodes× grows× (loc i− 1), (5.3)

where the first array index is offset to zero as required by the call MPI Get.

Stage IV: Self-consistent cycles and post-processing

The concurrent calculations of the distributed Hamiltonian matrix and the corre-

sponding eigenvalue solvers are embedded in the self-consistent solutions as shown

in Fig. 5.2. The cycle begins with an update of the amplitude vector Bqν , which

corresponds to altering the ionic displacements in real space. This is followed by re-

calculating the Hamiltonian matrix based on the updated Bqν . Finally, we diagonalise

the Hamiltonian matrix to obtain the polaron eigenvalue ε and the coefficient vector

Ank by using the distributed-memory eigenvalue solver. We write both Ank and Bqν

in plain text files which can be used to restart the calculations. At the end of the

self-consistent cycle, we evaluate a condition to exit the cycle, by deciding weather

the polaron energy is converged within a threshold.

After exiting the self-consistent cycle, the code writes the converged polaron eigen-

value, formation energy and the coefficient vector to the standard EPW output file.

At this stage there is no need to use the Hamiltonian matrix and the distributed e-ph

submartices, we release the memory by deallocating the distributed objects. Finally,

the code proceeds to calculate the ionic displacement for each atom and write to the

output on the fly. This avoids resorting to distributing memory technique for storing
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a large set of displacements. We note that there are several side routines used to

support the post-processing calculations, for instances, the polaron spectral functions

in Eqs. (4.31)–(4.32) and the polaron wavefunction in Eqs. (4.36)–(4.37). We leave

these routine separated from the main polaron engine in Fig. 5.2, because they require

more variables to describe specific features; for example, the broadening parameters,

the domains of the 1D energy grid, or even the pre-computed Wannier functions by

Wannier90.

5.3.2 Benchmark

Before proceeding to study polarons using this new development, it is important to

perform extensive benchmarks. As we seen in Sec. 4.1.7 the ab initio polaron equa-

tions reduce to the Landau-Pekar equation in the continuum limit; in this limit one

assumes that characteristic length scale of the polaron is large so that the discrete

atomistic details are unimportant. In this limit we can use a parabolic band struc-

ture, a dispersionless phonon and the simple Fröhlich matrix element in the equations.

Following this reasoning, we can now test our implementation by comparing our nu-

merical solutions, to the analytical result for the Landau-Pekar model. We employ LiF

as the testing platform because it exhibits the strongest Fröhlich coupling among all

the halide salts [182], and is expected to yield the smallest possible Fröhlich polaron.

This choice is computationally advantages because it allows us to use reasonable small

Brillouin-zone grids.

Since the most delicate aspect of the code is the distributed memory self-consistent

diagonalisation, the main focus for the validation should be on testing if the converged

polaron eigenvalue ε, the coefficients Ank, the polaron wavefunction ψ and the atomic

displacements ∆τκpα will reproduce the Landau-Pekar solutions. To this aim we use

the ground state solutions of the Landau-Pekar equation Eq. (2.7) obtained varia-
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Quantities Values

a 7.6703 (Bohr)
Ω 112.8177 (Bohr3)
ε∞ 2.0435 (ε0)
ε0 10.6146 (ε0)
m∗ 0.8784 (me)
Z∗Li 1.0544 (e)
Z∗F −1.0507 (e)
~ωLO 77.3020 (meV)
MLi 6.9410 (mp)
MF 18.9980 (mp)

Table 5.1: Calculated physical quantities of rocksalt LiF from ab initio using func-
tional within the GGA-PBE approximation [172] and the ONCV pseudopotential
[173]. We use these parameters to construct the Landau-Pekar model for testing our
implementation.

tionally. The polaron wavefunction takes the form [23]:

ψ(r) = 0.1231r−1.5
p f(|r|), (5.4)

where

rp =
1.51

m∗

[
1

ε∞
− 1

ε0

]−1

(Bohr), (5.5)

f(|r|) =

[
1 + (

|r|
rp

) + 0.45(
|r|
rp

)2

]
e
− |r|
rp , (5.6)

and m∗ is the isotropic eletron effective mass in atomic units. The ground-state

polaron eigenvalue reads [23, 30]:

ε = −4.435

(
1

ε∞
− 1

ε0

)2

m∗ (eV). (5.7)

By taking the continuum limit in Eq. (4.9) and combining it with Eqs. (5.4)–(5.5), we

obtain an analytical expression for the atomic displacements using the Landau-Pekar
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Figure 5.7: (a) Calculated polaron eigenvalues in LiF vs supercell size, where the size
is given in (na)−1. The numbers next to the data points indicate the supercell size, for

example, N
1/3
p ≡ n = 33 means a supercell of size 33× 33× 33. We consider various

form of the e-ph matrix elements: (i) isotropic Fröhlich matrix element [Eq. (4.39)]
with Einstein phonon ωLO (blue dots); general Fröhlich matrix elements [Eq. (3.85)]
(ii) with Einstein phonon ωLO (orange squares); (iii) with dispersive phonons ωqLO

(green solid circles); and (iv) ab initio matrix elements with dispersive phonons ωqLO

(purple solid circles). The red solid lines indicate the Makov-Payne extrapolations.
The inset shows the corresponding matrix elements along a q-path. (b) a comparison
between the isotropic Fröhlich matrix element [Eq. (4.39)] and the general Fröhlich
matrix element with Coulomb truncation [Eq. (5.10)] and Einstein phonon ωLO.

model:

∆τ (τ 0
κp) = − e2

4πε0

1

Mκω2
LO

Z∗κ
ε∞
·
4π(0.1231r−1.5

p )2

|τ 0
κp −Rpol,c|3

[ ∫ |τ0
κp−Rpol,c|

0

dr r2f(r)

]
(τ 0
κp−Rpol,c),

(5.8)

where Rpol,c is the centre of the polaron and Z∗κ is the isotropic Born-effective charge.

Eqs. (5.4)–(5.8) can be evaluated directly using the parameters given in Table 5.1

and the results are presented in Figs. 5.7(a) and 5.8(a)(b) as “LP solution”. In

order to compare our numerical solutions to the Landau-Pekar solutions, we consider

only a single conduction band, and replace the ab initio ingredients in Eq. (5.2) by

effective quantities: the parabolic band εnk = ~2|k|2
2m∗

, the Einstein phonon ωqν = ωLO
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Figure 5.8: (a) The polaron wavefunctions resolved in the the x-axis [100] and (b)
The displacement in magnitude for the F atoms vs distance from the polaron centre.
The ground state solutions of Landau-Pekar model [Eqs. (5.4) and (5.8)] are used for
comparison.

and the isotropic Fröhlich matrix element in Eq. (2.40). The polaron eigenvalue

ε, the coefficient vector Ak and the atomic displacements ∆τκp are computed once

the self-consistent calculations are converged. For the comparison of the polaron

wavefunctions, we transform the coefficient vector Ak to obtain ψ via Eq. (4.17)

while keeping only the plane wave factor in the Bloch wavefunctions:

ψ(r) =
1√
NpΩ

∑
k

Ake
ik·r. (5.9)

In order to approach the thermodynamic limit of infinite supercell, we repeat the

self-consistent calculations with increasingly dense grids starting from 53 up to 333. In

Fig. 5.7(a), we show the calculated polaron eigenvalues obtained via Eqs. (5.1)–(5.2)

with various combinations of e-ph matrix elements and phonons (the same parabolic

band with a fixed effective mass is employed). These energies all scale as the inverse

of the linear dimension of the supercell, as expected in a charged defect system (see

discussion in Sec. 5.2). We verified that both the polaron eigenvalues ε calculated

using the isotropic Fröhlich matrix element and the general Fröhlich matrix element
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coincides, and that the extrapolated energy is the same as the Landau-Pekar solution

obtained by Eq. (5.7). This is well understood from the inset where the two matrix

elements are exactly on top of each other, except at the zone edge. When a dispersive

phonon is considered, we immediately see that polaron eigenvalue is enhanced by 3 %

due to the influence on the Fröhlich matrix element by the phonon dispersion. In

contrast to the model calculations, the polaron eigenvalue is lowered by 10 % when

we use the ab initio matrix element. This is because the analytical expression of

Fröhlich only captures correctly the long-range coupling in the small |q| regime, but

it tends to overestimate the coupling at short wavelength, as shown in the inset of

Fig. 5.7(a).

On the other hand, we note that the calculated of polaron energies using the

isotropic Fröhlich matrix element do not correspond to the finite size Landau-Pekar

model with the periodic boundary condition. The reason comes from the fact that

the Fröhlich matrix element is derived from a dipole potential in infinite space, unlike

in our formalism where we use periodic boundary conditions. To correct this artefact,

one needs to introduce the Coulomb truncation into the e-ph matrix element as follows

(see Appendix A for derivation):

gL,Tmnν(k,q) = i
4π

Ω

e2

4πε0

∑
κ

(
~

2Mκωqν

) 1
2 ∑
G 6=−q

(q + G) · Z∗κ · eκν(q)

(q + G) · ε∞ · (q + G)

×
[
1− sinc(R′c

√
(q + G) · ε∞ · (q + G))

]
〈ψmk+q|ei(q+G)·(r−τκ)|ψnk〉 , (5.10)

where the interaction radius is given by:

R′c = (
3NpΩ

4π
)

1
3

1√
ε∞
. (5.11)

In Fig. 5.7(b) we show the comparison between polaron eigenvalues calculated with

the isotropic Fröhlich matrix element and the ab initio matrix element with Coulomb
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truncation. We see that the polaron eigenvalues calculated with the Coulomb trun-

cated matrix element are enhanced significantly for small supercells near the critical

size for hosting a localised polaron. The enhancement becomes weaker until intercept

at which supercell size approaches to infinite. This is expected because the Coulomb

truncated matrix element must recover to the Fröhlich matrix element in the limit

of infinite supercell size (i.e. the periodic boundary condition no longer exists). In

the inset we illustrate how the Coulomb truncated matrix element depends on the

supercerll size.

Figures 5.8(a) and 5.8(b) show the calculated polaron wavefunction and displace-

ments in magnitude for the F atoms that corresponds to the numerical calculations

of polaron eigenvalues in Fig. 5.7(a)(i). These results are directly compared to the

Landau-Pekar solutions. In Fig. 5.8(a) we see that the tail of the calculated polaron

wavefunction is already similar to the LP solution for a 153 supercell, even though the

supercell size is just beyond the critical limit for having a localised polaron. This is

very different from the convergence of the polaron eigenvalues, which converge much

more slowly. In Fig. 5.8(b) we also see a slow convergence in the atomic displacements

for atoms closed to the polaron centre. We note that only few atoms near the po-

laron centre are significantly influenced by the polaron in comparison to the atoms far

away from the polaron, but still the displacements in the latter case asymptotically

approach to zero because of the long-range nature of the Fröhlich interaction.

5.4 Validation of the SIC functional

5.4.1 α-Quartz

Since in Sec. 4.2 we introduced a modified version of the SIC for polarons of Ref. [159],

it is important to check that our functional yields results in line with previous work

[159, 183, 184]. To this aim we repeat previous calculations on Al-doped α-quartz,
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Figure 5.9: Ball and stick models of the compounds considered in this chapter. (a)
2×2×2 Supercell of α-SiO2, with Si and O atoms in blue and red, respectively. The
isosurface plot represents the delocalised conduction band bottom in the undistorted
structure. (b) 2×2×2 supercell of α-SiO2 with one Al atom (cyan) replacing Si. In
this case the lowest unoccupied state is localised near the defect.

and we compare the localisation of the trapped hole with the existing results [159,

183, 184].

Figure 5.9(a) illustrates the optimised structure of the primitive unit cell of α-SiO2,

in the absence of the Al defect. Our optimised lattice parameters are a = 4.913 Å and

c/a = 1.100, in agreement with the experimental values a = 4.904 Å and c/a = 1.100

[185]. We model the defect-induced localised hole using a supercell with 72 atoms,

with one Si atom replaced by Al. The lattice parameters of the supercell are not

re-optimised after this substitution. The defective structure is shown in Fig. 5.9(b).

5.4.2 Benchmark

In order to validate the SIC functional proposed in Eq. (4.44), we consider an Al

defect in α-quartz, following previous work [159, 183, 184]. A calculation without SIC

yields a delocalised electronic state and no lattice distortion, as shown in Fig. 5.9(a).

However, when we include the SIC of Eq. (4.44), we obtain a localised solution, as

seen in Fig. 5.9(b). This result is in agreement with previous work based on the
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Bond UHF US PW91 pSIC

Al-O(1) 1.924 1.957 1.880 1.946
Al-O(2) 1.688 1.710 1.700 1.696
Al-O(3) 1.703 1.705 1.710 1.708
Al-O(4) 1.689 1.715 1.700 1.699

Table 5.2: Bond lengths (in Å) for the localised geometry around the Al impurity
using unrestricted Hartree-Fock [183], density functional theory with US-pSIC scheme
[159], PW91-SIC scheme [184] and our polaron SIC functional (4.44)

unrestricted Hartree-Fock method [183] and other SIC schemes [159, 184].

To be more quantitative we also calculate the bond lengths around the defect site.

Using the labeling convention set out in Fig. 5.9(b), we show in Table 5.2 our SIC

functional yields the bond lengths 1.946/1.696/1.708/1.699 Å for the bonds Al-O(1)

to Al-O(4), respectively. These values compare well with previous findings, with r.m.s.

deviations of only 0.006 Å. We can conclude that our modified SIC functional yields

the same geometry as in previous work. We also confirmed that the isosurface of the

hole density [Fig. 5.9(b)] looks similar to what previously reported [159, 183, 184].

To avoid possible ambiguity, we emphasise that the localised hole in Al-doped

α-SiO2 does not constitute a polaron strictly speaking. In fact the localisation and

self-trapping are driven by the crystal potential of Al, and do not reflect a sponta-

neous breaking of translational symmetry as in the cases of Li2O2 and LiF discussed

below. Accordingly, in this case we do not compare with our linear-response polaron

formalism, which addresses spontaneous symmetry breaking in perfect crystals.



Chapter 6

Application I: bulk materials

In this chapter we demonstrate the capability of our developed methodology by study-

ing polarons in bulk materials using LiF and Li2O2 as prototypical examples; the

study of a 2D layer will be presented in Chapter 7. We first show that our method

can describe both large electron polaron and small hole polaron in LiF, and seamlessly

captures Fröhlich-type polar electron-phonon coupling and non-Fröhlich coupling to

acoustic and optical phonons. For each of the case we report calculations of polaron

energies, wavefunctions, atomic displacements and the spectral decompositions. Us-

ing these results we calculate the spatial extent of these polarons hosted by LiF, which

indicates the type of localisation. To explore further which phonon modes are respon-

sible for the polaron formation, we quantify the fractional contributions of different

phonon modes. Lastly, we perform the same analysis on the small electron polaron in

Li2O2. In particular, we validate our theory using both analytical results and direct

calculations on large supercells.

6.1 Test systems

6.1.1 Lithium fluoride

The first test system that we consider is a prototypical ionic insulator, lithium fluo-

ride. LiF crystallises in a simple rock-salt structure and is known to be a wide-gap

insulator. As the other members of the alkali halides family, LiF hosts color cen-

ters with interesting optoelectronic properties [186]. In particular, the VK center

116
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(a) (b)

Figure 6.1: Ball and stick models of the compounds considered in this chapter.
(a) 3×1×1 supercell of Li2O2, with Li and O atoms in green and red, respectively.
Also in this case we show an isosurface plot of the density at the conduction band
bottom, in the undistorted structure. The electron is completely delocalised. (b)
3×1×1 supercell of LiF, with Li and F atoms in green and silver, respectively. We
also show an isosurface plot of the density at the conduction band bottom. In the
undistorted structure this state is completely delocalised.

is a self-trapped hole polaron which has been studied in a number of investigations

[46, 53, 169, 187–193]. On the other hand, the electron polaron is expected to be a

large polaron and has been investigated only by means of model Hamiltonians [194].

Here we perform calculations for both the large electron polaron and the small hole

polaron of LiF, and we show that our formalism correctly describes both limits on

the same footing.

Fig. 6.1(a) shows a supercell of LiF (the unit cell consists of only two atoms). Our

optimised lattice parameter is a = 4.058 Å, in agreement with the experimental value

a = 4.02 Å [195]. Our calculated KS band gap is Eg = 8.9 eV, and underestimates

the experimental optical gap of 14.2 eV as expected [196]. We find isotropic electron

and hole effective masses of 0.88me and 3.73me, respectively. The electron mass is

in good agreement with the reported values 0.78-1.2me [182, 197], but we could not

find previous values for the hole mass. The calculated relative dielectric constants are

ε0 = 10.62 and ε∞ = 2.04, to be compared with the measured values ε0 = 9.04 and

ε∞ = 1.92 [198, 199]. The highest computed phonon energy is ~ωmax = 77.0 meV,
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close to the experimental value ~ωmax = 80 meV [200], and the Fröhlich coupling

constant for the electrons is α = 4.92.

6.1.2 Lithium peroxide

The second test system that we consider is lithium peroxide, Li2O2. This compound

crystallises in a layered hexagonal structure, with space group P63/mmc. The struc-

ture can be though of as consisting of LiO2 layers intercalated by Li planes as seen

on Fig. 6.1(b). Li2O2 forms in battery cathodes during the operation of lithium-air

batteries, and can degrade the battery performance through its low electrical conduc-

tivity [54, 201, 202]. It has been proposed that the low conductivity of this compound

originates from a strong electron-phonon coupling, and several studies reported the

calculation of small electron polarons using a supercell approach [54, 167, 203]. In

Ref. [54] it was shown that a small electron polaron can form in a 3× 3× 2 supercell,

without the use of Hubbard corrections or hybrid functionals. This finding suggests

that Li2O2 supports strongly bound small polarons. Furthermore Li2O2 is highly

anisotropic. These properties make lithium peroxide an ideal candidate for testing

the limits of our approach.

Figure 6.1(b) illustrates a supercell of this compound: in each unit cell we have

four Li and four O atoms, and the optimised lattice parameters are a = 3.153 Å and

c/a = 2.433. Using these parameters, we calculate a band gap of Eg = 2.05 eV,

electron effective masses in- and out-of-plane of 2.19me and 0.42me, respectively,

and in-/out-of-plane relative dielectric constants ε∞ = 2.73/3.94 and ε0 = 8.36/14.20.

The highest phonon energy that we calculate is ~ωmax = 98.2 meV, and the in-/out-

of-plane Fröhlich coupling constants[40] are α = 4.74/1.54. Our calculations are in

good agreement with previous ones yielding a = 3.17 Å [204], c/a = 2.43 [204],

Eg =3.6-4.8 eV [205], and ~ωmax = 99.3 meV [206].
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Figure 6.2: (a) Formation energy ∆Ef of the electron polaron in LiF vs. supercell
size. We give the size as L−1, where L3 is the supercell volume. Brown symbols are
our calculations using the polaron equations of this work. The dashed grey line is the
Makov-Payne extrapolation to infinite supercell size. The orange line is the result of
the LP model. The blue symbols are our calculations after considering a parabolic
band and a dispersionless LO mode. The shaded regions (blue for parabolic and
dispersionless and brown for ab initio) indicate supercells for which we did not find
self-trapped polarons. (b) Same as in (a), but this time for the polaron eigenvalue ε.
The numbers next to the data points indicate the supercell size, for example 33 means
a supercell of size 33×33×33. (c) Electron-phonon matrix element for an electron at
the conduction band bottom of LiF, as a function of the phonon wavevector |q|. The
brown line is the ab initio matrix element, the blue line is the Fröhlich approximation,
which retains only the long-range component.

6.2 Electron polaron in LiF

6.2.1 Polaron energy vs. supercell size and Mott transition

In Fig. 6.2(a),(b) we compare the formation energy and polaron eigenvalue obtained

via our Eqs. (4.21)–(4.22) (brown symbols) with the results of the continuous LP

model described in Sec. 2.1 (orange lines). We focus on the large electron polaron in

LiF for definiteness, and for calculations using the LP model we take κ = 2.53 and

m∗/me = 0.88 from Sec. 6.1.1. Fig. 6.2(a) shows that the polaron formation energy

scales with the supercell size as L−1, as expected. In the LP model, the formation

energy extrapolated at infinite supercell size is ∆Ef = −210 meV. In contrast, when
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we solve the ab initio polaron equations, we find the extrapolated energy ∆Ef =

−231 meV. The difference between the LP model and our method relates to the fact

that in our ab initio calculations the bands, phonons, and electron-phonon matrix

elements are not as simple as in the LP model. To demonstrate this point, we show

in the same figure a calculation carried out using our method, but after replacing the

band structure by a parabolic band with the same effective mass as in the LP mode,

the phonon dispersion relations by a single, non-dispersive longitudinal-optical (LO)

mode, and retaining only the long-range component of the electron-phonon matrix

element. This “trimmed” version of the calculation reproduces the LP model exactly,

as shown by the blue symbols in Fig. 6.2(a). A comparison of the ab initio electron-

phonon matrix element for this mode and the long-range Fröhlich component used in

the LP model is shown in Fig. 6.2(c); here we see that the LP model overestimates the

strength of the coupling at short range. Besides validating our method, the present

comparison highlights the fact that even in a compound as simple as LiF the electron-

phonon coupling is more complex than a simple Fröhlich interaction, and that details

of band structures, phonon dispersions, and matrix elements are to be taken into

account for predictive calculations.

In Fig. 6.2(b) we report the polaron eigenvalue ε measured from the conduction-

band bottom as a function of supercell size L. In this case the Makov-Payne ex-

trapolation to infinite supercell size yields ε = −800 meV with our method (brown

symbols), and ε = −609 meV with the LP model (orange line). As for the forma-

tion energy, also in the case of the polaron eigenvalue we fully recover the LP result

when we consider a parabolic band and a non-dispersive LO phonon [blue symbols

in Fig. 6.2(b)]. It is interesting to note that in LiF the ratio between the polaron

eigenvalue and its formation energy is 3.46; this ratio is close to the prediction of

the LP model in Sec. 2.1, which yields ε/∆Ef = 3 using the exponential ansatz in

Eqs. (2.13) and (2.14); note that in the LP model ∆Ef coincides with the energy
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ELP.

In Fig. 6.2(a) we also see that when the LiF supercell is smaller than 12× 12× 12

unit cells there is no localised polaron solution, i.e. ∆Ef = 0. The existence of a

critical supercell size for polaron formation can be explained in terms of the Mott

transition: when the periodic replicas of the polaron are too close, they form an

extended wavefunction, and the corresponding lattice deformation is too shallow to

trap an electron. In this case the excess electron becomes fully delocalised. Therefore

a localised polaron can only form when the overlap between nearest-neighbor replicas

is negligible. This is the same criterion used by Mott to identify the metal-insulator

transition [207]. Using the Mott criterion in the standard form rp n
1/3
c = 0.26 [207],

with nc being the critical density and rp from Eq. (2.12), we can estimate a critical

density:

nc ' 3.6

(
m∗/me

κ

)3

· 1021cm−3. (6.1)

We note that this is only a crude estimate since it is based on a simplified solution

to the Landau-Pekar model. Using κ = 2.53 and m∗/me = 0.88 from Sec. 6.1.1

inside Eq. (6.1), we obtain nc = 15 · 1019 cm−3. This estimate is of the same order

of magnitude as our calculation in Fig. 6.2(a), which places the transition between

supercells of size 113 and 123, that is nc = 4 · 1019 cm−3.

6.2.2 Polaron wavefunctions

Figure 6.3 shows the electron polaron in LiF, obtained by solving Eqs. (4.21) and

(4.22). The electron wavefunction is computed using Eqs. (4.36)–(4.37), and the

atomic displacements are obtained via Eq. (4.27). Figures 6.3(a),(b) show the electron

wavefunction as an isosurface and as a contour plot in a plane cutting through the

center, respectively. When we compare with the delocalised electronic state shown in

Fig. 6.1(a) we see that now we are in the presence of a localised, but large, polaron.
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Figure 6.3: Electron polaron in LiF. (a) Isosurface plot of the polaron wavefunction
ψ computed with our method for an extra electron in LiF. We use a 12×12×12
supercell, as it can be seen from the underlying ball-stick model (Li and F are in
green and silver, respectively). (b) Same wavefunction as in (a), but as a contour
plot in a plane passing through the center and perpendicular to the [100] direction.
(c) One-dimensional profile of the polaron density |ψ|2 along the line indicated by the
arrow in (b). (d) Displacements of F atoms in this polaron state. The length of the
arrows has been scaled ×150 for visualisation purposes. (e) Absolute values of the Li
and F displacements along a line passing near the polaron center.
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To quantify the spatial extension of the polaron we plot the electron density along a

line going through the polaron center, see Fig. 6.3(c). The envelope of the resulting

function resembles a Gaussian; if we define the polaron size as the full width at half

maximum we obtain 2rp = 9.0 Å. Therefore this polaron extends approximately over

two unit cells of the LiF lattice. In Figs. 6.3(d),(e) we report the atomic displacements

associated with this polaron, using a vectorial representation and a one-dimensional

cut, respectively. We note that the displacements of the F anions are consistently

larger than those of the Li cations. This may appear counterintuitive because the

F anions are heavier, but it is consistent with the fact that the electron charge is

mostly concentrated around the Li cations due to the character of the conduction

band bottom, therefore the F atoms experience the strongest electrostatic force. The

largest atomic displacement is 0.02 Å, and this value is only 1% of the Li-F bond

length. Therefore we are well within the remit of the harmonic approximation.

6.2.3 Spectral decomposition of the polaron

In Figs. 6.4 we present the spectral decomposition of the polaron wavefunctions and

atomic displacements in terms of the underling band states. Figure 6.4(a) shows the

electronic weights |Ank|2 plotted on top of the band structure for the case of the large

electron polaron in LiF. The corresponding electronic density of states and spectral

function A2(E) are shown in Fig. 6.4(b). These plots are meant to mimic similar

representations of the excitons calculated via the Bethe-Salpeter method [208–210].

The large electron polaron is dominated by states at the bottom of the conduction

band; as expected the localisation in reciprocal space mirrors the delocalisation in real

space. The corresponding atomic displacements are resolved using the weights |Bqν |2

in Fig. 6.4(c), and the density of vibrational states and phonon spectral function

B2(E) are given in Fig. 6.4(d). We see that the polaron is dominated by the LO

mode at 76 meV, as expected from earlier work on Fröhlich polarons in halide salts
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Figure 6.4: Spectral decomposition of the electron polaron in LiF. (a) Generalised
Fourier amplitudes Ank plotted on top of the band structure of LiF. The radius of each
circle is proportional to |Ank|2. The zero of the energy is aligned with the top of the
valence bands. (b) Electronic density of states (blue, arb. unit) and spectral function
A2(E) (yellow), aligned with the bands in (a). (c) Generalised Fourier amplitudes
Bqν plotted on top of the phonon dispersion relations of LiF. The radius of each circle
is proportional to |Bqν |2. (d) Phonon density of states (blue, arb. unit) and spectral
function B2(E), aligned with the dispersions in (c).
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[194], but we also have smaller contributions coming from the acoustic branches.

By integrating B2(E) in Fig. 6.4(d) we can quantify the roles of these phonons: we

find that the LO mode accounts for 62% of the polaronic distortion, while the the

transverse acoustic (TA) mode is responsible for the remaining 38%. To the best

of our knowledge this is the first study where the importance of TA phonons in the

polaron physics of LiF has been identified. This is precisely the kind of new insight

that our method can offer.

6.3 Hole polaron in LiF

6.3.1 Polaron energy vs. supercell size and Mott transition

In Figs. 6.5(a),(b) we show our calculated formation energy and eigenvalue for the

hole polaron in LiF, respectively. In this case we obtain self-trapped polarons already

for supercells as small as 2× 2× 2 unit cells. This result is consistent with Eq. (6.1)

and the heavy effective mass of the valence bands. In fact if we use m∗/me = 3.73

from Sec. 6.1.1 we obtain nc = 1.15 · 1022 cm−3, which corresponds approximately

to one electron in a 2 × 2 × 2 supercell. The Makov-Payne extrapolation yields

∆Ef = −1.98 eV and ε = +4.76 eV (measured from the valence-band top), therefore

we are in the presence of a strongly bound polaron. We note that the polaron eigen-

value is positive because the localised hole state lies above the valence band, but the

energy is still within the KS gap of this system (Eg = 8.9 eV from Sec. 6.1.1). For

comparison with explicit DFT calculations, in Fig. 6.5(a) we also report the formation

energies calculated in Ref. [46] using SIC or hybrid functionals (filled squares). These

calculations correspond to 5× 5× 5 supercells and are in very good agreement with

our results.



6.3. Hole polaron in LiF 126

E
n

e
rg

y 
(e

V
)

-2.0

0.00 0.02 0.04 0.06
Inverse supercell size (Å-1)

0.08

0.0

-1.0
(a)

0.0

2.0

4.0

1

2

3

4
5

6
78911

13

1525

(b)

hole polaron in LiF

Formation energies

Polaron eigenvalues

Figure 6.5: (a) Formation energy of the hole polaron in LiF vs. supercell size (brown
symbols). The dashed line is the Makov-Payne extrapolation. The filled squares
are the formation energies calculated in Ref. [46]. (b) Same as in (a), but for the
eigenvalue of the hole polaron in LiF (brown symbols). The numbers represent the
supercell size as in Fig. 6.2(b).

6.3.2 Polaron wavefunction

Figure 6.6 shows the hole polaron in LiF, namely (a) the wavefunction isosurface, (b)

the same function as a contour plot, (c) a line-cut of the wavefunction, (d) the atomic

displacements as arrows, and (e) the size of the displacements along a line passing

through the center. Here we are in the presence of a small hole polaron, which is

expected given the much heavier masses of the holes as compared to electrons in

this system and the much narrowed valence band width [Fig. 6.4(a)]. As it will be

discussed in Sec. 6.3.3 the hole polaron in LiF is much closer to a Holstein polaron

than a Fröhlich polaron. In this case the wavefunction extends over approximately

two atomic orbitals, and from Fig. 6.6(c) we obtain the full width at half maximum

2rp = 0.97 Å. Accordingly only a few atoms undergo significant displacements, as

shown in Fig. 6.6(e). The largest displacements are found for Li cations, in line with
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Figure 6.6: Hole polaron in LiF. (a) Isosurface plot of the polaron wavefunction ψ
computed with our method for an extra electron in LiF. We use a 5×5×5 supercell,
as shown by the underlying ball-stick model (Li and F are in green and silver, respec-
tively). (b) Same wavefunction as in (a), but as a contour plot in a plane passing
through the center and perpendicular to the [100] direction. (c) One-dimensional
profile of the polaron density |ψ|2 along the line indicated by the arrow in (b). (d)
Displacements of Li atoms in this polaron state. The length of the arrows has been
scaled ×8 for clarity. (e) Absolute values of the Li and F displacements along the
same line used in (c).
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the fact that the wavefunctions at the top of the valence band are localised around

the anions, which therefore experience a weaker force. We obtain a maximum dis-

placement of 0.44 Å, which is approximately 20% of the bond length of Li-F (2.03 Å).

It is remarkable that our formalism is able to capture this limit of very small polaron,

even when the atomic displacements are definitely beyond the harmonic regime. We

believe that the reason why the formalism works in this extreme case is that the

distortion caused by the small polaron affects only a small portion of the crystal;

therefore the use of bands, phonons, and electron-phonon matrix elements calculated

for the undistorted unit cell does not lead to significant inaccuracies.

6.3.3 Spectral decomposition of the polaron

Figure 6.7 shows the spectral decomposition of the small hole polaron in LiF. Here

the main observation is that the entire highest valence band contributes to the pola-

ronic wavefunction, with smaller contributions from lower-lying bands. This behavior

suggests that the small hole polaron of LiF is closer to the Holstein limit [14] than

the Fröhlich limit [12]. We emphasise that, at variance with model Hamiltonians,

our approach is parameter-free, therefore it captures seamlessly both limits. Also in

this case the LO phonon branch dominates the coupling, however now it is the entire

branch that contributes, as shown in Fig. 6.7(d). This observation is in line with the

fact that the small polaron requires short-range electron-phonon coupling, therefore

the range of important phonon wavevectors must extend away from the zone center.

By integrating the spectral function B2(E) we find that the LO branch contributes

78% of the coupling in this case.
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Figure 6.7: Spectral decomposition of the hole polaron in LiF. (a) Generalised Fourier
amplitudes Ank plotted on top of the band structure of LiF. The radius of each circle
is proportional to |Ank|2. (b) Electronic density of states (blue, arb. unit) and
spectral function A2(E) (yellow), aligned with the bands in (a). (c) Generalised
Fourier amplitudes Bqν plotted on top of the phonon dispersion relations of LiF. The
radius of each circle is proportional to |Bqν |2. (d) Phonon density of states (blue, arb.
unit) and spectral function B2(E), aligned with the dispersions in (c).
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Figure 6.8: (a) Formation energy of the electron polaron in Li2O2 vs. supercell
size. N × N × 1 indicates a non-uniform supercell (used for computational conve-
nience). We compare the results of our polaron equations (green symbols) and our
explicit DFT calculations with the SIC functional of Eq. (4.44) (cyan symbols), both
on non-uniform N × N × 1 supercells. We also include DFT calculations without
self-interaction correction (orange symbols), and our polaron equations on uniform
supercells (brown symbols). (b) The eigenvalue of the electron polaron in Li2O2 vs.
supercell size (brown symbols). The notation is the same as in Fig. 6.2(b).
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6.4 Electron polaron in Li2O2

6.4.1 Polaron energy vs. supercell size and Mott transition

In Figs. 6.8(a),(b) we show the eigenvalues and formation energies of the electron

polaron in Li2O2, respectively, as a function of supercell size. Using κ = 4.05 and

m∗/me = 2.19 from Sec. 6.1.2 inside Eq. (6.1), we obtain the estimate nc = 6 ·

1020 cm−3; therefore we expect to see localised solutions already for supercells as small

as 5 × 5 × 1 unit cells. Our calculations indeed find polarons already at 2 × 2 × 1,

see Fig. 6.8(a). In this case the formation energy and eigenvalue extrapolated at

infinite supercell size (brown symbols) are ∆Ef = −4.87 eV and ε = −10.98 eV,

respectively. The polaron eigenvalue falls within a band gap in the valence manifold.

In this figure we also compare to direct calculations using the SIC functional of

Sec. 4.2. The formation energy in our explicit DFT SIC calculation (cyan symbols)

is close to the results of our linear response polaron equations (green symbols), and

exhibits the same trend as a function of supercell size; the DFT SIC calculation for

the largest supercell considered here (7 × 7 × 1) yields −4.13 eV, to be compared

to our linear-response result −4.70 eV. The deviation of ∼14% can be attributed

to the fact that our formalism neglects the response of the valence electrons to the

localised lattice distortion caused by this strongly bound polaron, or to the fact that

the approximation of linear electron-phonon coupling becomes inaccurate for such

large atomic displacements. In the same figure we also show that a DFT calculation

without SIC fails to predict the correct formation energy, and tends to delocalise the

polaron when increasing the supercell size (orange symbols). We note that a study of

the scaling of the polaron energy vs. supercell size has not yet been reported in the

literature.



6.4. Electron polaron in Li2O2 132

6.4.2 Polaron wavefunction

Figure 6.9 shows the electron polaron in Li2O2. In this case we compare three cal-

culations: in (a)-(d) we show the small electron polaron obtained with our formal-

ism; in (e)-(h) we show an explicit supercell calculation using the SIC functional of

Sec. 4.2; in (i)-(l) we show the results of a standard DFT calculation without SIC.

In each column we report, from top to bottom: the electron wavefunction, its one-

dimensional cut across the polaron center, the atomic displacements as arrows, and

the one-dimensional cut of these displacements. The first observation to be made is

that standard DFT yields a two-dimensional electronic state that is localised along

the c axis [Fig. 6.9(i)] but delocalised in the ab plane. The SIC leads to electron locali-

sation also in the plane, and this is observed both in the explicit supercell calculation

[Fig. 6.9(e)] and using our method [Fig. 6.9(a)]. The explicit supercell calculation

yields a slightly asymmetric wavefunction, while our method gives a perfectly sym-

metric polaron. This is an artifact of the constraint ψvk↑ = ψvk↓ used in the SIC

calculation, in fact previous work using hybrid functionals and supercells also found

a symmetric polaron [203], as in our method. In this case the polaron is also very

small, and extends over two adjacent O-p orbitals. From Fig. 6.9(b) we determine

2rp = 0.63 Å, and from Fig. 6.9(d) we find the largest displacement to be 0.38 Å. Also

in this case the atomic displacements are large (∼25% of the O-O distance, 1.51 Å),

but our method correctly predicts the distorted structure as the explicit DFT SIC

calculation. This success is remarkable if we consider that our theory is based on

small displacements and linear electron-phonon interactions.

6.4.3 Cross validation of the SIC functional

In addition to the first test on a defect induced hole polaron in the α-quart, we

perform a second test to check the geometry of the small electron polaron in Li2O2.
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Figure 6.9: Electron polaron in Li2O2. All calculations were performed in a 3×3×3
supercell. (a) Isosurface plot of the polaron wavefunction ψ, computed using our
method. The green and red spheres are Li and O atoms, respectively. (b) Planar av-
erage of |ψ|2 along a [010] line passing through the polaron center. (c) Displacements
of the O atoms in this polaron, amplified ×8 for clarity. (d) Absolute value of the
displacements along a [100] line passing near the polaron center. In (e)-(h) we repro-
pose the same set of data, this time using the DFT SIC functional of Eq. (4.44). In
(i)-(l) we repropose the same set of data, this time using standard DFT calculations
without SIC.
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In this case previous work finds an electron localised around two nearest-neighbor O

atoms in the LiO2 plane, see for example Fig. 6.9(a). The O-O distance in the pristine

lattice is 1.54 Å (1.51 Å in Ref. [203]). Using hybrid functional calculations, Ref. [203]

reported that this distance increases to 2.20 Å upon adding one excess electron in

a supercell with 192 atoms. Our calculations using the SIC functional of Eq. (4.44)

also yield an electron localised around the same pair of oxygen atoms, as shown in

Fig. 6.9(e). The resulting O-O distance is 2.25 Å, only 2 % larger than in Ref. [203].

6.4.4 Spectral decomposition of the polaron

Finally Fig. 6.10 shows the spectral decomposition for the small electron polaron in

Li2O2. In this case the two lowest conduction bands contribute equally to the polaron

wavefunctions. This is a case where one-band model Hamiltonians such as the models

of Fröhlich and Feynman would not be sufficient to capture the essential features of the

problem. We also point out that the higher-lying conduction bands do not contribute

appreciably to the polaron wavefunction, as it can be seen from the spectral density

A2(E) in Fig. 6.10(b). The largest contribution to the lattice distortion comes from

TO modes around 96 meV, which account for 64% of the coupling.
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Figure 6.10: Spectral decomposition of the electron polaron in Li2O2. (a) Generalised
Fourier amplitudes Ank plotted on top of the band structure of Li2O2. The radius of
each circle is proportional to |Ank|2. In this case we scale all radii by a large factor in
order to show the tiny contribution arising from the topmost unoccupied bands. (b)
Electronic density of states (blue, arb. unit) and spectral function A2(E) (yellow),
aligned with the bands in (a). (c) Generalised Fourier amplitudes Bqν plotted on top
of the phonon dispersion relations of Li2O2. The radius of each circle is proportional
to |Bqν |2. (d) Phonon density of states (blue, arb. unit) and spectral function B2(E),
aligned with the dispersions in (c).



Chapter 7

Application II: 2D materials

In this chapter, we apply our methodology to study polarons in 2D materials. The

main purpose is to examine the influence of the dimensionality effects on the po-

laron properties, by using hexagonal boron nitride as an example. This allows us to

observe for the first time a 2D polaron wavefunction with atomistic details. After

identifying the key contributions from KS states and phonons to the formation of

the large polarons, we describe how to converge polaron energies in monolayer cal-

culations. Lastly, we elucidate the origin of dimensionality effects by comparing the

polaron energies, wavefunctions and spectral decompositions between the bulk and

the monolayer limit.

7.1 Hexagonal boron nitride

As a rapidly growing field in nanoscience and technology, graphene [56] and the related

classes of two-dimensional (2D) materials, including transition metal dichalcogenides

(TMDCs) [57, 211], phosphorenes [58, 212], chalcogenides [59] and boron nitrides

[60], have received substantial attention in recent years [213–216]. 2D materials are

interesting due to their electronic structure and the potential to study novel van der

Waals heterostructures [61, 62], 2D materials are considered as a potential platform for

next generation optoelectronic devices [217–219]. One of the applications of these 2D

materials is as transparaent layers in optoelectronic devices. For instances, graphene

layers can serve as a high-performance transparent conducting electrode in solar cells

because of their tunable conductivity and transparency with increasing number of

136
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(c) (d)

(f)(e)

(a) (b)

Figure 7.1: Ball and stick models of (a) bulk h-BN which exhibits AA’-type stacking
with alternating B and N atoms along the [001] direction; (b) h-BN monolayer in a
3×2×1 supercell, with B and N atoms in green and silver respectively. We show in
(c) an isosurface plot of the density at the valence band top, with h-BN in bulk ; (d)
an isosurface plot of the density at the valence band top, with h-BN in monolayer;
(e) same as (c) but this time at the conduction band bottom; and (f) same as (d) but
this time at the conduction band bottom.
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layers [220]; TMDCs such as MoS2 and WS2 can be used as hole-extraction layers in

low-cost perovskite solar cells due to their desirable work functions [221, 222].

Hexagonal boron nitride (h-BN) is an isomorph of graphite with a similar layered

structure but exhibits a wide-bandgap of ∼6 eV in the ultraviolet (UV) spectral

range. Due to its insulating nature, thermal and chemical stability, it has initially

been used as an engineering ceramic for a long period of time [223], and as a substrate

for graphene and other heterostructures since the past decade [224, 225]. The large

bandgap and high internal quantum efficiency in h-BN make it a promising candidate

for deep-UV lighting devices [226, 227]; the capability of hosting colour centers make it

promising to engineer for a single-photon emitters [228, 229]. These novel applications

motivate more in-depth theoretical studies of exciton-phonon couplings of by h-BN

[230–232].

To date, a detailed picture of pure polaronic effects in h-BN and how they scale

with dimensionality is still missing. Since the excitonic effects are more pronounced

in fewer layers as compared to the bulk, due to the reduced electronic screening in

lower dimensions, it is important to characterise whether the polaronic effect would

be enhanced and become comparable to the excitonic effects in monolayers. If this is

the case, a more subtle question is how to incorporate large polaronic effects within

the excitonic picture.

In this work, we calculate the polaron excitation energies, wavefunctions and spec-

tral decomposition for both hole and electron polarons in h-BN monolayer and bulk,

by employing our recent developed ab initio formalism of Chapter 4. Our calcula-

tions show that both polarons exhibit a very similar long-range Fröhlich coupling

nature. In order to correctly extrapolate the polaron energies, we follow the method

in Ref. [233] to eliminate the spurious electrostatic interactions in the out-of-plane

direction. Finally, we show that the hole polaron in the monolayer which yield ∼50%

more energetic than in the bulk crystal.
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7.2 Computational details

We perform ground state electronic structure and phonon calculations for h-BN using

the same electronic structure code as outlined in Sec. 5.1. To describe better the

interlayer interaction for the bulk h-BN as shown in Fig. 7.1(a), we use the local

density approximation (LDA) to DFT [234], and ONCV pseudopotentials [173], with

planewaves kinetic energy cutoffs of 125 Ry. In the ground-state calculations of

electrons and phonons, we sample the Brillouin zone with a Γ-centred uniform grid

of 14×14×6 points. The lattice vectors and internal coordinates are optimised using

this setup before proceeding to the polaron calculations for the h-BN monolayer. To

construct a monolayer as shown in Fig. 7.1(b), we remove the upper layer in bulk h-BN

and increase the out-of-plane lattice constant to 20 Å. The latter choice is essential

to prevent spurious interactions between periodic replicas [235]. In Sec. 7.3.1 we

show that the direct gap of h-BN monolayer can only be captured correctly when the

interlayer distance increases beyond 10 Å; we also confirmed that the polaron energies

are converged with this choice (see Sec. 7.4.2). In the ground-state calculations of

electrons and phonons for the monolayer, we sample the Brillouin zone with a Γ-

centred uniform grid of 16×16×2 points.

We note that our computed electron (conduction band) effective mass of h-BN

monolayer using LDA differs by more than 20 % from more accurate hybrid func-

tional calculations [236]. In order to obtain a better in-plane electron mass, which is

important to completely describe polarons, as we seen in Sec. 2.1, we follow exactly

the same procedures as outlined above, but this time using the generalised gradient

approximation to DFT of PBE [172], and ONCV pseudopotentials [173], with the

same planewaves kinetic energy cutoffs of 125 Ry. In the ground-state calculations

of electrons and phonons for the monolayer, we sample the Brillouin zone with a

Γ-centred uniform grid of 16×16×2 points.
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Figure 7.1(a) illustrates the supercells used for bulk h-BN. Since the interlayer

interactions in bulk layers are well described by LDA but not PBE, here we only report

calculations with LDA for bulk h-BN. Our optimised lattice parameters for the bulk

unit cell are a = 2.49 Å (LDA) and c/a = 2.60, in agreement with the experimental

values a = 2.50 Å and c/a = 2.66 [237]. Our calculated KS band gap is Eg = 4.06 eV,

and underestimates the experimental optical gap of 5.97 eV as expected [237]. We

find in-plane hole effective mass of 0.54 me (LDA), which is in good agreement with

the reported value of 0.49 me [238]. The in (out-of)-plane relative dielectric constants

ε∞|| (ε∞⊥ ) = 4.85 (2.85) and ε0|| (ε0⊥) = 6.61 (3.39). The highest computed phonon

energy is ~ωmax = 201 meV, close to the reported value ~ωmax = 200 meV [239], and

the Fröhlich couplings constant for the hole is α|| (α⊥) = 0.331 (0.337).

Figure 7.1(b) illustrates the supercells of h-BN in monolayer. In the monolayer cal-

culations we use the same lattice constants optimised in bulk a = 2.49/2.51 Å (LDA/

PBE), but adjusting the aspect ratio to c/a = 8.04/7.97 (LDA/PBE) which corre-

sponds to the vacuum size of 20 Å. For the monolayer we find the in-plane hole and

electron effective massess of 0.62/0.65 me (LDA/PBE) and 0.89/0.94 me (LDA/PBE)

respectively. Both the hole and electron masses are in a good agreement with the

reported values 0.61-0.63 me and 0.83-1.07 me [216, 236], respectively. The in (out-

of)-plane relative dielectric constants ε∞|| (ε∞⊥ ) = 1.63 (1.12)/1.62 (1.12) (LDA/PBE)

and ε0|| (ε0⊥) = 1.91 (1.12)/1.92 (1.12) (LDA/PBE).

7.3 Preliminary analyses

We perform calculations for both the hole polaron and the electron polaron in a h-BN

monolayer, and we show that both polarons exhibit the Fröhlich long-range character

as anticipated in Ref. [240] and should be classified as large polarons. When we

solve the ab initio polaron equations, we sample the grid only along the in-plane
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Figure 7.2: (a) Band structures for the h-BN monolayer calculated by PBE functional.
Plots of the electron density of the KS state at (b) the conduction band bottom at Γ;
(c) the conduction band bottom at K; and (d) the valence band top at K, respectively.

direction while keeping kz = 0. This choice leads to incorrect energetics but it is

computationally very affordable and allows us to perform a preliminary analysis. The

equivalent physical picture is that the constructed supercells is still unit cell periodic

in the z-direction, each of them hosts a localised polaron but with the same unit cell

periodicity along z. Since 3D Fröhlich interactions are long-range, we expect that

the polaron energies would diverge while such in-plane expansions of the supercell

approach to infinite. If we refer to the polaron interaction term in Eq. (4.13), we note

that this divergence is indeed closely related to the Coulomb divergence in the Ewald

summation, which happens when a charge is presented under a periodic boundary

condition. However, we still consider this set up as a preliminary calculation which

allows us to analyse which electron bands and excited phonon modes are involved

in the 2D polaron formation, and we will present the Makov-Payne extrapolation of

polaron energies in Sec. 7.4.1.
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7.3.1 Convergence of band structures against vacuum size

In order to describe the direct bandgap in monolayer of BN [227], we conduct a

convergence test to ensure that the interlayer interactions are reduced to a suitable

level that the character of the band gap does not change. We perform band structure

calculations on unit cells of the h-BN monolayer with various c-axis lengths, from

5 Å up to 20 Å, while the lattice constant is fixed at the one optimised with the PBE

functional. Figure 7.2(a) shows the band structures as colour contours, each of them

is labelled by the corresponding vacuum size, and the energy zero is aligned with the

valence band top. We see that the occupied bands do not depend on the vacuum

size, but the unoccupied bands change rapidly when the vacuum size is below 11 Å.

To compromise between the interlayer interactions and the number of planewaves, we

choose a vacuum size of 20 Å for our monolayer calculations of polarons.

Since polarons in h-BN are constructed from the low-lying states near the band

edge, it is useful to explore how these states behave. Figures 7.2(b)-(d) illustrate the

electron densities correspond to three band edge states of our interest. In Fig. 7.2(b)

we see that a delocalised electron density is present on top of the h-BN layer, which

behaves as two-dimensional electron gas and contributes to the parabolic-like band

structure in near Γ. In Sec. 7.3.4 we will show that these nearly-free electron states

lead to additional couplings in the case of the large electron polaron. For the con-

duction/valence band edge states at k =K as shown in Figs. 7.2(c)–(d), 2pz orbitals

are found to localise around the boron and the nitrogen atoms, respectively. These

orbitals contribute to the tight-binding bands as recognised in many layered systems

[241, 242].
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Figure 7.3: Preliminary calculations of polaron formation energies and eigenvalues
sampled by the grid size of L×L×1 points for (a) the hole polaron; and (b) the
electron polaron, respectively.

7.3.2 Polaron energies

Figure 7.3 shows the formation energies and polaron eigenvalues for the hole and

electron polarons in the h-BN monolayer. We see that these energies tend to diverge

when the Brillouin zone grid is expanded from 18×18×1 to 130×130×1, as expected

from our previous discussion. In Fig. 7.3(a) we report the calculated formation en-

ergies and eigenvalue ε of the hole polaron as a function of the in-plane supercell

size L. In this case, we obtain self-trapped polarons beginning at the supercell size

corresponding to 22×22×1 unit cells. In Fig. 7.3(b) we show the formation energies

and eigenvalues of the electron polaron. Our calculations find localised electron po-

larons starting at a supercell size corresponding to 22×22×1 unit cells. We discuss

the interesting feature of these localised polarons further in the following section.

7.3.3 Polaron wavefunctions

Figure 7.4 shows the hole polaron and electron polaron in h-BN monolayer, obtained

by solving the ab initio polaron equations at the grid size 26×26×1. The polaron

wavefunction is calculated via Eq. (4.17). Figs. 7.4(a) and (b) show the hole polaron
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Figure 7.4: Isosurface plots of the polaron wavefunction ψ for the hole polaron
[(a)–(c)] and the electron polaron [(d)–(f)] in monolayer h-BN, computed using the
ab initio polaron formalism. We used the same isosurface values in the plots of
(a),(b),(d) and (e) for the comparison of their spacial extent.
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wavefunction as an isosurface viewed from the side and from the top, respectively. If

we compare these plots with the delocalised hole state shown in Fig. 7.1(d), we see that

the polaron is localised but extends over many unit cells. To characterise the orbital

nature of this large hole polaron, we show in Fig. 7.4(c) the same wavefunction but

as a contour plot in a horizontal plane parallel to the monolayer. Here we recognise

the polaron wavefunction is comprised of 2pz orbitals of nitrogen atoms, modulated

by a localised envelope function.

Figs. 7.4(d) and (e) show the electron polaron wavefunction as an isosurface,

viewed from side and from top, respectively. If we compare these plots with the

delocalised electron state shown in Fig. 7.1(f), we also see the electron polaron is

localised but extends over many unit cells. The localised radius is smaller than for

the hole polaron. This is expected given that the electron polaron possess larger

formation energy (if we consider the same supercell size, see Fig. 7.3). Moreover, we

also see that the polaron centre is covered by an additional layer of electrons, which is

missing in the hole polaron. To perform a similar orbital characterisation for the large

electron polaron, we show in Fig. 7.4(f) the same wavefunction but as a contour plot

in a horizontal plane parallel to the monolayer. In order to understand the distinctive

shape between the electron polaron wavefunction and the hole polaron wavefunction,

it is useful to analyse the spectral decomposition of each polaron.

7.3.4 Spectral decompositions of the polaron

Figures 7.5–7.6 illustrate the spectral decomposition of the polaron wavefunctions

and atomic displacements in terms of KS states and phonon modes. In Fig. 7.5(a),

we visualise the electronic Fourier amplitudes |Ank|2 by plotting it on top of the

band structure for the hole polaron in monolayer h-BN. The corresponding electronic

density of states and spectral function A2(E) are shown in Fig. 7.5(b). We see that

the large hole polaron is formed by the states near the valence band maximum, which
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Figure 7.5: Spectral decomposition of the hole polaron in h-BN monolayer. (a)
Generalised Fourier amplitudes Ank plotted on top of the band structure of h-BN
monolayer. The radius of each circle is proportional to |Ank|2. The zero of the
energy is aligned with the top of the valence bands. (b) Electronic density of states
(blue, arb. unit) and spectral function A2(E) (yellow), aligned with the bands in
(a). (c) Generalised Fourier amplitudes Bqν plotted on top of the phonon dispersion
relations of h-BN monolayer. The radius of each circle is proportional to |Bqν |2. (d)
Phonon density of states (blue, arb. unit) and spectral function B2(E), aligned with
the dispersions in (c).
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Figure 7.6: Spectral decomposition of the electron polaron in h-BN monolayer. (a)
Generalised Fourier amplitudes Ank plotted on top of the band structure of h-BN
monolayer. The radius of each circle is proportional to |Ank|2. The zero of the
energy is aligned with the top of the valence bands. (b) Electronic density of states
(blue, arb. unit) and spectral function A2(E) (yellow), aligned with the bands in
(a). (c) Generalised Fourier amplitudes Bqν plotted on top of the phonon dispersion
relations of h-BN monolayer. The radius of each circle is proportional to |Bqν |2. (d)
Phonon density of states (blue, arb. unit) and spectral function B2(E), aligned with
the dispersions in (c).
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Figure 7.7: Projected density of states against energy for monolayer h-BN.

are dominated by the 2pz orbital of the nitrogen atoms as suggested by the projected

density of states in Fig. 7.7. This agrees to the orbital character of the hole polaron

wavefunction. In Fig. 7.5(c), we present the displacements Fourier amplitudes |Bqν |2,

and the density of vibrational states and phonon spectral function B2(E) are shown

in Fig. 7.5(d). We see that the polaron is dominated by the long-wavelength LO E2g

phonon at 182 meV, where the two atoms exhibit out-of-phase vibrations along the

same direction of the wavevector as shown in Fig. 7.8(f). As in the phonon spectrum

of the large polaron in LiF, we also find small contributions from the LA and TA

modes here. If we integrate B2(E) in Fig. 7.5(d), we can quantify the fractional

contributions from these phonon modes. For example, we find that the LO mode

accounts for 66 % of the total displacement, while the acoustic modes contribute the

remaining 34 %.

Figure 7.6 shows the spectral decomposition of the large electron polaron in mono-

layer h-BN. We see that the main contribution to the large electron polaron comes

from the two different conduction bands. In addition to the contribution from the

usual band with conduction band minima at the K-point, where the low-lying states
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Figure 7.8: Ball-and-stick representation of (a)-(c) acoustic phonons (ν = 1 − 3);
and (d)-(f) optical phonons (ν = 4 − 6) at |q| → 0 from the Γ–M path, showing for
3×3×1 unit cells of the monolayer h-BN.
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are comprised of the 2pz orbitals of the boron atoms as suggested by the projected

density of states in Fig. 7.7, we note that the parabolic band centred at the Γ-point

also plays a role. Since the conduction band minima of the two bands are very close,

the inclusion of these low energy parabolic states can lead to the coupling to addi-

tional phonons. To emphasise this point we compare the plot of |Bqν |2 in Fig. 7.6(c)

to the case of the hole polaron as shown in Fig. 7.5(c). We see that additional optical

phonons are excited near the zone boundary. Again we can quantify the fractional

contributions from these phonon modes by integrating the spectral function. We

find that the LO modes contribute 55 % of the total excited phonons, the acoustic

modes contribute 27 % and the additional ZO phonons [see Fig. 7.8(d)] contribute

the remaining 18 %.

Based on this analysis, we see that the measure of the low-lying nearly-free electron

band [243, 244] in the case of electron polaron rescales the fractional contributions

from the LO and acoustic phonons, by coupling to additional modes. In addition, we

note that the low-lying parabolic band is formed by the nearly-free electron states.

This observation indeed explains why we see an additional layer-like electron density

in the electron polaron as shown in Figs. 7.4(d)–(e), in which these low-lying parabolic

states form a localised continuum electron density on top of the large polaron.

7.4 Formation energy of polarons in monolayer h-

BN

In order to extrapolate the polaron energies corresponding to the correct monolayer

limit, we follow previous works in Refs. [233, 245] by considering a 3D sampling

of the Brillouin zone. This approach allows us to perform a Madelung correction

to obtain the formation energy of an isolated charge in an infinite supercell. We

note that this approach is equivalent to constructing a supercell that contains many
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Figure 7.9: (a) An example supercell comprised of 26×26×3 primitive unit cells of
h-BN, where each of them contains a layer of atoms. The hole polaron wavefunction
shown here is calculated at the uniform grid of 26×26×3 points. (b) The horizontal
planar average of the polaron wavefunction against the z-axis in Bohr.

isolated monolayers, as shown in Fig. 7.9(a), where each of the layer is separated

from its neighbours by a large distance of 20 Å. To guarantee the calculated energies

correspond to the monolayer limit, we confirm in Fig. 7.9(b) the calculated polaron

wavefunction at the uniform grid of 26×26×3 points is indeed tightly bounded to one

of the layer, and the shape of the wavefunction remains similar to those in Fig. 7.4.

7.4.1 Polaron energies and metal-insulator transitions

Figure 7.10 shows the formation energies and polaron eigenvalues for the hole polaron

in the h-BN monolayer as a function of grid size. We see that these energies scale

with the supercell size as L−1, when the grid is expanded in 3D from 10×10×1 points

up to 88×88×11 points. Our calculations find localised hole polarons starting at the
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Figure 7.10: Polaron formation energies and eigenvalues for the hole polaron.
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Figure 7.11: Polaron formation energies and eigenvalues for the electron polaron
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supercell size of 22×22×3 unit cells. In this case, the formation energy and eigenvalue

extrapolated to the infinite supercell are ∆Ef = −0.02 eV and ε = 0.07 eV (measured

from the valence band maximum). Now we can apply the Mott criterion (6.1), to esti-

mate at which supercell size the metal-insulator transition happens. Using κ|| = 10.48

and m∗/me = 0.65 for the hole, we obtain the critical density nc = 8.6 ×1017 cm−3.

Taking the unit cell volume of the monolayer h-BN Ω = 736.89 Bohr3, we obtain that

the critical supercell size of 223 marks the MIT. We note that this estimate is very

close to our calculation, which also confirms that the hole polaron is indeed a large

one, and is well described by the Landau-Pekar model.

In Fig. 7.11 we present the formation energies and polaron eigenvalues in the same

system but for the electron polaron. Our calculations find localised polarons starting

at the supercell size of 14×14×2 unit cells. In this case, the extrapolated formation

energy and eigenvalue are ∆Ef = −0.06 eV and ε = 0.153 eV (measured from the

conduction band minimum), thus the electron polaron determined here is a large

polaron. We find that the formation energy and polaron eigenvalue of the electron

polaron are 200 % and 119 % larger than for the hole polaron, respectively. This is due

to the additional coupling arising from the free electron states. Using κ|| = 10.48 and

m∗/me = 0.94 from the electron, we obtain the critical density nc = 2.6 ×1017 cm−3.

Taking the unit cell volume of the monolayer h-BN Ω = 736.89 Bohr3, we obtain that

the MIT corresponds to the the critical supercell size of 153, not too far from the hole

polaron case yielded by223.

7.4.2 Convergence of polaron energies with vacuum size

In order to check that our calculated polaron energies are indeed converged at our

chosen vacuum size of 20 Å, we repeat the calculation of polaron formation energies

and eigenvalues by systematically increasing the vacuum sizes from 10 Å to 20 Å .

Since we would like to compare the monolayer calculations to the bulk in the next



7.4. Formation energy of polarons in monolayer h-BN 154

Hole polaron

ɛ  = 59.0 meV

ɛ  = 69.7 meV

ɛ  = -17.1 meV

ɛ  = -20.3 meV

(Å-1)

Fo
rm

at
io

n 
en

er
gy

 (m
eV

)

Ei
ge

nv
al

ue
 (m

eV
)

)Å( c/1)Å( c/1

(a)

)c()b(

Figure 7.12: (a) Hole polaron energies with increasingly vacuum sizes from 10 Å to
20 Å in the h-BN monolayer. Previous calculations based on the PBE functional is
shown in purple as a reference. Extrapolated polaron formation energies (b); and
eigenvalues (c) from (a) against the inverse of lattice constant c. The two grey dash
lines represent the best fit of all the data points (10-20 Å) and the points (15-20 Å),
respectively.
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section, LDA functional was employed for the repeated calculations of monolayers to

ensure the consistency.

Figure 7.12(a) shows the calculated polaron energies with increasingly vacuum

sizes from 10 Å to 20 Å in the h-BN monolayer. We confirm that both formation

energies and eigenvalues extrapolated at infinite supercell size are converged at the

vacuum size of 15 Å. In order to obtain the polaron energies correspond to an isolated

monolayer, in principle one needs to push the polaron calculations by using a very

large vacuum. We note that this can be very expensive to achieve. To this aim,

instead we perform a further extrapolation on our energies with several vacuum sizes

to estimate the energies in the monolayer limit. In Figs. 7.12(b)-(c) we present the

extrapolated polaron energies against different vacuum sizes. Using these data, we

determine the polaron formation energy and the eigenvalue in the monolayer limit

are about 17.8–17.9 meV and 60.4–62.7 meV, respectively.

7.5 Comparisons between bulk and monolayer

To explore how the polaron energies change from monolayer to bulk, we repeat the

polaron calculations but this time using bulk h-BN as shown in Fig. 7.1(a). Since

the c-axis parameter is better described by the LDA functional, we consider the LDA

functional for both calculations. In addition, we focus on the hole polaron which

exhibits simple spectral decompositions.

Figure 7.13 shows both the formation energies and polaron eigenvalues for the h-

BN in bulk and in monolayer, respectively. In the bulk calculations, we find localised

polarons starting with a supercell of 24×24×8 unit cells. The formation energy

and eigenvalue extrapolated at infinite supercell size (black symbols) are ∆Ef =

−13.6 meV and ε = 38.2 meV, respectively. In the same figure we also compare

to the monolayer calculations using the same LDA functional. Both the formation
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Figure 7.13: Comparisons of hole polaron formation energies and eigenvalues in
h-BN between the bulk (black) and the monolayer (blue).

energies and eigenvalues exhibit a similar trend but different slopes as a function

of L−1, and the extrapolated energies at infinite supercell size (blue symbols) as

∆Ef = −17.1 meV and ε = 59.0 meV, respectively.

The formation energy is large in the monolayer due to the reduced screening. This

is similar to what is found in the study of excitons in the h-BN bulk and monolayer

[246, 247]. Using κ|| = 18.22 and m∗/me = 0.54 from the hole, we obtain the

critical density nc = 9.55 ×1016 cm−3. Taking the unit cell volume of the bulk h-BN

Ω = 234.65 Bohr3, we obtain the critical supercell size of 673. The estimate of the

critical size is few times larger than in our calculation, which implies that the polaron

in bulk may not exhibit purely Fröhlich interactions but also other phonon modes

may play a role. To understand this mechanism further, we analyse the spectral

decomposition in the following paragraph.

Figure 7.14 shows the 3D hole polaron in bulk h-BN, obtained by solving the ab

initio polaron equations at the grid size of 24×24×8 points. The polaron wavefunc-
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Figure 7.14: Isosurface plots of the polaron wavefunction ψ for the hole polaron
in bulk h-BN, viewed from sides (a),(c); and from top (d) respectively. (b) The
horizontal planar average of the polaron wavefunction against the z-axis in Bohr.
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tion is calculated via Eq. (4.17). Figs. 7.14(a),(c) and (d) illustrate the hole polaron

wavefunction as an isosurface viewed from different sides and from the top, respec-

tively. Overall, the 3D hole polaron looks very similar to the 2D hole polaron shown

in Fig. 7.4(a)–(c), where the polaron wavefunction is still comprised of 2pz orbitals of

nitrogen atoms, modulated by a localised envelop function. If we compare these plots

with the 2D hole polaron shown in Fig. 7.9, we see that the polaron in bulk h-BN is

not only bound to one of the layer, but also it extends over several unit cells before

it decays. In Fig. 7.14(b) we show the 1D-profile of the polaron wavefunction along

the out-of-plane direction. We determine that the out-of-plane width (full-width at

half maximum) of this 3D hole polaron is of 13 Å , which is 9 times larger than for

the 2D hole polaron in monolayer h-BN. This large width is also expected from the

smaller formation energy in the bulk case. In Figs. 7.14(c)–(d) we see that the 3D

hole polaron possesses a very symmetric localisation in both in-plane and out-of-plane

directions. In particular, the alternating pattern of the polaron wavefunction along

the [001] is induced by the alternative arrangement of the atoms in the setup of the

AA’ type stacking. Interestingly, such alternance has been previously observed in the

exciton wavefunctions for few-layer h-BN [248].

Figure 7.15 shows the spectral decomposition of the polaron wavefunctions and

atomic displacements in terms of the KS states and the vibrational normal modes. In

Fig. 7.15(a) we visualise the electronic Fourier amplitudes |Ank|2 by plotting it on top

of the band structure for the hole polaron in bulk h-BN. The corresponding electronic

density of states and spectral function A2(E) are shown in Fig. 7.15(b). We see that

the main contribution to the large hole polaron comes from the high-lying valence

states near the valence band maximum. We note that the valence band maxima

(T1) for the bulk h-BN is off from the symmetric points [249], which introduces extra

complication on the couplings. For example, the states near the local maxima in

the path M-K also contribute to the polaron formation, in addition to the principal
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Figure 7.15: Spectral decomposition of the hole polaron in bulk h-BN. (a) Gener-
alised Fourier amplitudes Ank plotted on top of the band structure of bulk h-BN.
The radius of each circle is proportional to |Ank|2. The zero of the energy is aligned
with the top of the valence bands. (b) Electronic density of states (blue, arb. unit)
and spectral function A2(E) (yellow), aligned with the bands in (a). (c) Generalised
Fourier amplitudes Bqν plotted on top of the phonon dispersion relations of h-BN
monolayer. The radius of each circle is proportional to |Bqν |2. (d) Phonon density of
states (blue, arb. unit) and spectral function B2(E), aligned with the dispersions in
(c).
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Figure 7.16: Ball-and-stick representation of (a) LO E1g phonon; (b) LO E1u phonon
at |q| → 0 from the Γ–M path; and (c) optical phonons (ν = 8) at |q| → 0 from the
Γ–A path, showing for 3×3×1 unit cells of the bulk h-BN.
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contributions at T1.

In Fig. 7.15(c) we show the displacements Fourier amplitudes |Bqν |2, and the

density of vibrational states and phonon spectral function B2(E) are presented in

Fig. 7.15(d). We find that the polaron is dominated by the LO E1u phonon at

201 meV [Fig. 7.16(a)], but also the ZO mode [Fig. 7.16(c)] and acoustic phonons have

significant contributions. If we compare the phonon contributions to the case of the

2D hole polaron in monolayer as shown in Fig. 7.5(c), we see that the polaron in bulk

h-BN is indeed not induced by the same LO mode with E1g symmetry but a higher

frequency one with E1u symmetry. Fig. 7.16(a)–(b) illustrates the difference between

these two modes. Since the LO E1u mode represents the atoms in the same position

but with different layer oscillating out-of-phase, this explains why the side view of the

3D hole polaron exhibits the alternating pattern as shown in Fig. 7.14(c). Another

useful remark is that the ZO phonons are substantially excited for the bulk case

in comparison to monolayer. This kind of coupling comes from the inhomogeneous,

multilayer nature of the system, which cannot be described accurately by the Landau-

Pekar model. This additional coupling indeed affects our estimate of the critical size

in which the metal-insulator transition happens, based on Eq. (6.1). Again we can

quantify the fractional contributions from these phonon modes by integrating the

spectral function in Fig. 7.15(d). We find that the LO modes contribute 38 % of the

total excited phonons, the acoustic modes contribute 36 % and the additional ZO

phonons contribute the rest of 26 %.

7.6 Further work

Having reported calculations of 2D polarons by using the newly developed method in

Chapters 4–5, it is desirable to understand the underlying mechanism by using models.

For example, we identified that the long-wavelength LO phonons are dominant in h-
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BN. One could devise out an effective analytical model to describe polarons in the

monolayer limit, but resorting only to simple parameters such as in-plane effective

mass, dielectric constants and phonon frequencies.

To understand the dependence of electron-phonon couplings on the screening ef-

fects, it would be desirable to establish a model for the monolayer which includes an

inhomogeneous dielectric profile. From our point of view, these model studies are

important in the sense that they will provide a first step towards the ab initio studies

of polarons in more complicated heterostructure and interfacial systems [250].

A possible potential work can also be integrating the established polaron frame-

work with the exciton theory to provide a complete picture of these many-body effects,

although this might not be trivial.



Chapter 8

Conclusion

8.1 Summary

In this thesis we developed an ab initio theory and a computational methodology

that enables calculations of self-trapped polarons in semiconductors and insulators,

without resorting to the conventional supercell approach. Before formally apply-

ing the method to real materials, we established numerical tests and benchmarks

for validating our implementation. The application starts from the investigation of

polarons in two bulk crystals, a halide salt, LiF and a layered metal oxide, Li2O2.

Furthermore, we applied our developed method for calculating two-dimensional (2D)

polarons in h-BN from first-principle, in order to explore the dimensionality effect of

the self-trapped state in layered materials.

We presented the theoretical formalism in Chapter 4, which employs electronic

band structures, phonon dispersion relations, and electron-phonon matrix elements

calculated in the crystal unit cell by density-functional theory and density-functional

perturbation theory. In the theory we formulated the polaron problem as a vari-

ational minimisation of a self-interaction corrected DFT functional with respect to

the polaron wavefunction, which led to a non-linear system of two coupled equations

for the polaron wavefunction and the associated atomic displacements. We showed

that this approach is mathematically similar to the classic Landau-Pekar polaron

problem, but in our case the electron-phonon couplings are generalised to all phonon

modes, including acoustic and optical, and both short- and long-range interactions,

163
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are all considered in our formalism. We also established an explicit form for the self-

interaction corrected DFT functional, which was used to cross validate our polaron

formalism.

In Chapter 5 we outlined the computational setup used for these studied com-

pounds, and explained how to solve the coupled polaron equations in practice. Fur-

thermore, we proposed an efficient concurrent computing model allows for boost-

ing self-consistent diagonalisations of the giant polaron matrix with capable power

of modern high-performance computer, which was successfully tested on LiF using

model parameters.

In Chapter 6 we applied this new approach to three cases, namely the large electron

polaron in LiF, the small hole polaron in the same material, and the small electron

polaron in Li2O2. In the case of the large polaron we validated our calculation using

the Landau-Pekar model; in the case of the small polaron we compared our results

with explicit supercell calculations. We noted that our developed method describes

correctly both large and small polarons, therefore this method reveals general validity

across the length scales. We also introduced a spectral analysis of the polaron wave-

function and atomic displacements in order to quantify which electron bands, phonon

modes, and electron-phonon couplings play the most important role in the formation

of the polaron. This analysis allowed us to identify Fröhlich-type electron polarons in

LiF, and Holstein-type polarons in LiF (holes) and Li2O2 (electrons). We anticipated

that this type of analysis will be useful to devise model polaron Hamiltonian starting

from realistic materials parameters computed from first principles.

In Chapter 7 we employed this new approach to investigate polarons in h-BN,

we presented a first-principle calculations of polaron formation energies, eigenvalues,

wavefunctions and spectral decompositions for both the hole and electron polarons in

h-BN monolayer. Our calculations suggested that both polarons exhibit a long-range

spatial extent, and thus should be classified as large polarons. In particular, we show
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that our approach can lead to the formation of a 2D polaron, with the correct choice.

Lastly, we demonstrated by calculations the 2D polaron in h-BN monolayer exhibits

a stronger polaronic effect than the 3D one found in its bulk form.

8.2 Future work

We believe that the work introduced in this thesis provided a solid foundation for

blueprinting predictive calculations of lattice polarons in real materials, and will pos-

sibly open up several potential directions for future developments.

One immediate development would be to explore excited polaron states beyond the

ground state. This involves solving Eq. (4.21) for higher-lying electronic eigenstates

instead of keeping only the ground state in the self-consistent calculations. The study

of electronic excitations at fixed lattice distortion could be useful to understand the

response of polarons to ultrafast optical excitations.

Another important work would be to go beyond the adiabatic approximations

and the assumption of classical ions. Indeed, the main limitation of the present

formalism is that we started from the DFT energy functional in Eq. (4.1). In this

functional the electronic structure is described as a parametric function of classical

ionic coordinates, therefore both DFT calculations of polarons and our formalism are

both similar in spirit to the Landau-Pekar polaron model. In principle, this problem

should be formulated by using a field-theoretic approach, as provided for example

by the self-consistent Hedin-Baym equations for the coupled electron-phonon system

[107]. While it may be possible to proceed along this direction, we speculate that

it may be easier to begin with the present formulation, but upgrading the polaron

theory by reintroducing non-adiabatic effects and quantum nuclear fluctuations from

the outset. For example, the kinetic energy of the nuclei could be introduced into

the Eq. (4.7), which allows us to express the problem in terms of the correlated
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electron-ion wavefunction Ψ(r, {∆τκαp}):

E ′p[Ψ] =

∫
dr d{∆τκαp}Ψ∗(r, {∆τκαp})×

[
− 1

2

∑
καp

~2

2Mκ

∂2

∂∆τ 2
καp

+
1

2

∑
καp
κ′α′p′

C0
καp,κ′α′p′∆τκαp∆τκ′α′p′ + Ĥ0

KS +
∑
καp

∂V 0
KS

∂τκαp
∆τκαp

]
Ψ(r, {∆τκαp}). (8.1)

This formulation takes an advantage by focusing only on a single electron interact-

ing with a phonon bath, because the electron-electron interaction is already cap-

tured by the KS-DFT Hamiltonian. Equation (8.1) can be reformulated in terms of

phonon ladder operators and electron-phonon matrix elements, following steps similar

to Sec. 4.1.4. Using the same notation as in Ref. [107], the Hamiltonian inside the

square brackets becomes (apart from a constant provided by the zero-point energy):

Ĥ ′p =
∑
nk

εnk|nk〉〈nk|+
∑
qν

~ωqν â
†
qν âqν

+N
− 1

2
p

∑
mnν,k,q

gmnν(k,q)(âqν + â†−qν)|mk + q〉〈nk|, (8.2)

where the summations over bands are restricted to conduction or to valence states

for electron or hole polarons, respectively. In this equation we do not employ the

usual electron field operator because we have only one electron, therefore second

quantisation only applies to phonons.

Equation (8.2) can be considered as the ab initio counterpart of the Fröhlich

electron-phonon Hamiltonian.[70] In fact the standard Fröhlich Hamiltonian is re-

covered by retaining only one parabolic band and considering only one LO phonon

branch. This equation suggests a potential way to connect the present approach with

many-body calculations of model polaron Hamiltonians: (i) for a given system we

could identify the most important electronic bands, phonons, and electron-phonon

couplings using the spectral decompositions of Ank and Bqν ; (ii) we could accord-
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ingly truncate Eq. (8.2) to retain only the most important contributions; (iii) at this

point we could employ advanced many-body techniques for polaron Hamiltonians, for

example the diagrammatic Monte Carlo (DMC) approach [20]. In this way one could

envision complete first-principles calculations of polarons, where the atomistic details

and predictive power of DFT approaches are combined with the wealth of many-body

physics and numerical techniques of Monte Carlo.

In conclusion, we would like to stress that investigating polarons from first-

principle is not only of a theoretical interest, but also equivalently important for

envisioning meaningful applications in which polarons may play a unique role. We

hope that the present work will serve as a basis for enabling predictive calculations of

polarons in more complex materials, and it will ultimately help the ab initio design of

many optoelectronic materials that host polarons for a broad range of applications.



Appendix A

Truncation of the long-range Fröhlich

matrix element

In this appendix, we introduce a spherical Coulomb truncation to speed up the conver-

gence of polaron calculations. We derive a closed-form expression for the truncated

Fröhlich matrix element. First, considering the Coulomb potential generated by a

point charge +Q immersed by anisotropic medium as in Ref. [251]:

φ(r; τ ) =
Q

4πε0
√

det εr

1√
(r− τ ) · εr−1 · (r− τ )

.

The dipole contribution may be written as:

φdip(r; τ ) =
∑
α

∂φ

∂τα |τ=0

τα =
1

4πε0
√

det εr

p · εr−1 · r[
r · εr−1 · r

] 3
2

. (A.1)

The Fourier coefficient of a periodic dipole potential with a spherical cutoff Rc maybe

obtained by φdipq+G = 1
NpΩ

∫
SC
φdip(r)θ(Rc − |r|)e−i(q+G)·rdr:

φdipq =
1

NpΩ

1

4πε0
√

det ε
p · εr−1 · i∇q

∫
SC

dr
e−iq·rθ(Rc − |r|)[

r · εr−1 · r
] 3

2︸ ︷︷ ︸
J

.
(A.2)

Now we are in the position of computing the integral J . This part involves a particular

choice of coordinate transformation. First, we diagonalise the full dielectric tensor by
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an orthogonal matrix C:

εr = C · ε′r · CT , (A.3)

where ε′r = diag(ε1, ε2, ε3) stores the three eigenvalues of εr. Second, we define a

scaling matrix D = diag(
√
ε1,
√
ε2,
√
ε3) and such that:

εr = C ·D2 · CT ,

εr
−1 = C ·D−2 · CT .

(A.4)

While evaluating the J integral, we seek a transformation r = C ·D ·u and the volume

element d3r = det(C ·D) d3u =
√

det εr d
3u:

J =
√

det εr

∫
d3u

e−iq
T ·C·D·uθ(Rc −

√
u ·D2 · u)[

rT · C · (D−1)T ·D−1 · CT · r︸ ︷︷ ︸
u

] 3
2

. (A.5)

Note that this integral may have to be evaluated using ellipsoidal polar coordinates

since the integration domain is defined within ( ux
Rc/
√
ε1

)2 + ( uy
Rc/
√
ε2

)2 + ( uz
Rc/
√
ε3

)2 < 1).

To simply the problem, we may consider a weak polarised system for which it is valid

to approximate the ellipsoidal volume by an effective sphere ( i.e. 4πR′3c
3

= 4π
3

R3
c√

ε1ε2ε3
).

But we do not hope to lose too much accuracy in an extreme case. More generally,

it is reasonable to consider the radius of the effective sphere that covers up to the

largest axis of the ellipsoid although this may introduce a slightly extra cost. Hence

R′c = Rc√
min(ε1,ε2,ε3)

J =
√

det εr

∫
|u|<R′c

d3u
e−i(D·C

T ·q)T ·u

|u|3

=
√

det εr
4π

|q′|

∫ R′c

0

sin(|q′|u)

u2
du with q′ ≡ D · CT · q.

(A.6)
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Since 1D integral in J is improper at u = 0, one has to also take into account the

curl operator ∇q together with J in order to regularise the integral:

∇qJ =
√

det εr

[
∇q

4π

|q′|

∫ R′c

0

sin(|q′|u)

u2
du

]
. (A.7)

Remark: a small subtle point here is the partial derivative∇q is operated on a function

with transformed coordinate q′, one has to recall some tensor algebra. Considering a

contravariant vector q′i = Di
j(C

T )jkq
k and differentiate a scalar function f by:

∂f

∂qi
=
∂q′a

∂qi
· ∂f
∂q′a

.

We note that:

∂q′a

∂qi
= Da

j(C
T )jkδ

k
i = Da

j(C
T )ji.

Hence,

∂

∂qi
= Da

j(C
T )ji

∂

∂q′a

= (D · CT )ai
∂

∂q′a
.

This shows that partial derivative is a covector with rank (0,1) and we can transpose

the above relation to obtain the corresponding contravariant curl operator:

∇q = C ·DT · ∇q′

= C ·D · ∇q′ .

(A.8)

Now substituting this result into Eq. (A.7):

∇qJ =

(√
det εr

)
C ·D · ∇q′

[
4π

|q′|

∫ R′c

0

sin(|q′|u)

u2
du

]
= −4π

(√
det εr

)
C ·D · q̂′

|q′|

[
1− sin |q′|R′c

|q′|R′c

]
.

(A.9)



171

Replacing this result into Eq. (A.2):

φdipq =
1

NpΩ

1

4πε0
√

det εr
p · εr−1 · i

[
− 4π

(√
det εr

)
C ·D · q′

|q′|2

[
1− sin |q′|R′c

|q′|R′c

]]

= − i

NpΩε0

p · q
q · εr · q

[
1−

sin(R′c
√

q · εr · q)

R′c
√

q · εr · q

]
.

(A.10)

At this point, we re-arrived at the Fourier series of a periodic dipole potential with a

cutoff R′c:

φdip(r; p) = − i

NpΩε0

∑
q,G6=−q

p · (q + G)

(q + G) · εr · (q + G)

×
[
1−

sin(R′c

√
(q + G) · εr · (q + G))

R′c

√
(q + G) · εr · (q + G)

]
ei(q+G)·r, (A.11)

where R′c is defined as

R′c =
Rc√

min(ε1, ε2, ε3)
. (A.12)

The dipole potential in q-space and the electron-phonon matrix element are therefore:

∆qνV
L(r) = i

4π

Ω

e2

4πε0

∑
κ′

(
~

2Mκ′ωqν

) 1
2

×
∑

G 6=−q

(q + G) · Z∗κ′ · eκ′ν(q)
[
1− sinc(R′c

√
(q+G) · εr · (q + G))

]
(q + G) · εr · (q + G)

ei(q+G)·(r−τκ′ ),

(A.13)
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gL,Tmnν(k,q) = i
4π

Ω

e2

4πε0

∑
κ′

(
~

2Mκ′ωqν

) 1
2

×
∑

G6=−q

(q + G) · Z∗κ′ · eκ′ν(q)
[
1− sinc(R′c

√
(q + G) · εr · (q + G))

]
(q + G) · εr · (q + G)

× 〈ψmk+q|ei(q+G)·(r−τκ′ )|ψnk〉 . (A.14)

This expression has been used in Chapter 5, with the comparison between the usual

Fröhlich matrix element and the truncated one presenting in Fig. 5.7(b).



Appendix B

Average phonon number

In this section, we derive an analytical expression for calculating the average phonon

number in a strong-coupling polaron system. Considering the second quantised for-

malism in Ref. [15], the average phonon number is given by:

〈N̂〉 =
∑
qν

|cqν |2, (B.1)

where cqν is a c-number from the linear Bogoliubov transformation. It is possible to

relate the polaron ground state wavefunction to this c-number via [15]:

cqν = − 1√
Np~ωqν

∫
dr′|Ψ(r′)|2[∆qνV

KS(r′)]∗. (B.2)

Here ∆qνV
KS(r′) denotes the perturbed KS potential defined in Chapter 3. In the

most general case, the long range contribution can be expressed in terms of ab initio

variables, namely Born effective charge, dielectric tensor and phonon eigenvectors as

described in Eq. (A.13):

∆qνV
L(r) = i

4π

Ω

e2

4πε0

∑
κ′

(
~

2Mκ′ωqν

) 1
2 ∑
G6=−q

(q + G) · Z∗κ′ · eκ′ν(q) ei(q+G)·(r−τκ′ )

(q + G) · ε∞ · (q + G)
.

(B.3)

In order to relate this expression to the isotropic Landau-Pekar model, one has to

consider only longitudinal optical mode and the continuum limit, i.e. the unit cell size

effectively goes to zero, the type of atomic label κ and phonon mode ν are omitted.
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The expression now reads

∆qV
LP(r) = i

4π

Ω

e2

4πε0

(
~

2MωLO

) 1
2 Z∗

ε∞
eiq·re(q) ·

∑
G 6=−q

(q + G)

|q + G|2
eiG·r. (B.4)

As in the continuum limit the first Brillouin zone becomes infinite, the discrete sum

G should naturally pick up the primary one G = 0. Hence,

∆qV
LP(r) = i

4π

Ω

e2

4πε0

(
~

2MωLO

) 1
2 Z∗

ε∞
eiq·r

|q|
. (B.5)

Now we expresses the Born effective charge using high / low frequency dielectric

constants ε∞/ε0 and phonon frequency ~ωLO,

Z∗

ε∞
=

[
ε0ΩMω2

LO

e2
(

1

ε∞
− 1

ε0
)

] 1
2

. (B.6)

Therefore, the perturbed potential now reads

∆qV
LP(r) =

i

|q|

[
e2

4πε0

(4π

Ω

)~ωLO

2
(

1

ε∞
− 1

ε0
)

] 1
2

eiq·r.

≡ i

|q|
Feiq·r.

(B.7)

Inserting this into Eq. (B.2) , the phonon c-number with Fröhlich type interaction

becomes

cq =
i√

Np~ωLO

F

|q|

∫
dr′|Ψ(r′)|2eiq·r. (B.8)

Combining Eqs. (B.1) and (B.8), the average phonon number is expressed as

〈N̂〉 =
ΩF 2

~2ω2
LO

1

(2π)3

∫
drdr′|Ψ(r)|2|Ψ(r′)|2

∫
∞3

dq

|q|2
eiq·(r−r

′)

=
ΩF 2

~2ω2
LO

1

4π

∫
drdr′

|Ψ(r)|2|Ψ(r′)|2

|r− r′|
.

(B.9)
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By taking the variational polaron wavefunction Eqs. (5.4)–(5.6), the Coulomb integral

can be evaluated as:

∫
drdr′

|Ψ(r)|2|Ψ(r′)|2

|r− r′|
= 0.2183

m∗

κ

[
me

~2
(
e2

4πε0
)

]
. (B.10)

Replacing this result into Eq. (B.9), the phonon average number is therefore:

〈N̂〉 = 0.1092
m∗

κ2

1

~ωLO
me

(
e2

4πε0~

)2

= 0.2183α2.

(B.11)

As anticipated in the strong-coupling limit, this result is different to the one derived

from the perturbation theory which is given by [106]:

〈N̂〉 =
α

2
. (B.12)

We note that Eq. (B.11) should be compared to the measure of phonon number

by integrating the phonon spectral function B2(E) as presented in Ref. [158]. For

example, it was found that the electron polaron in LiF involves the excitation of

5 LO phonons. By taking α = 4.92 in Sec. 6.1.1 we determine the average number

of phonon is of 5.3 from Eq. (B.11), in contrast perturbation theory only gives 2.5

phonons which is clearly underestimated. To understand why the integral of the

phonon spectral function corresponds to the number of excited phonons in the system,

one needs to relate Eqs. (B.1)–(B.2) to show:

〈N̂〉 =
1

Np

∑
qν

|Bqν |2, (B.13)
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where Bqν is the phonon Fourier amplitude defined in Eq. (4.22). This indeed can be

expressed as an integral with the phonon spectral function B2(E):

〈N̂〉 =

∫ ∞
0

B2(E)dE, (B.14)

where B2(E) is defined in Eq. (4.32).
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[86] O. Rösch and O. Gunnarsson, “Electron-phonon interaction in the t−J model,”

Phys. Rev. Lett. 92, 146403 (2004).

[87] L. Cruzeiro-Hansson, J. Eilbeck, J. Marın, and F. Russell, “Interplay between

dispersive and non-dispersive modes in the polaron problem,” Phys. Lett. A

266, 160 (2000).

[88] A. S. Alexandrov, Theory of superconductivity: from weak to strong coupling

(IOP, Bristol, 2003).

[89] F. Ortmann, F. Bechstedt, and K. Hannewald, “Theory of charge transport

in organic crystals: Beyond Holstein’s small-polaron model,” Phys. Rev. B 79,

235206 (2009).



Bibliography 186

[90] H. Fehske and S. Trugman, “Numerical solution of the holstein polaron prob-

lem,” in Polarons in Advanced Materials, Springer Series in Material Sciences

103, edited by A. S. Alexandrov (Springer Verlag, Dordrecht, 2007) pp. 393–461.

[91] P. Kornilovitch, “Path integrals in the physics of lattice polarons,” in Polarons

in Advanced Materials, Springer Series in Material Sciences 103, edited by A. S.

Alexandrov (Springer Verlag, Dordrecht, 2007) pp. 192–230.

[92] A. S. Mishchenko, N. V. Prokof’ev, A. Sakamoto, and B. V. Svistunov, “Di-

agrammatic quantum Monte Carlo study of the Fröhlich polaron,” Phys. Rev.
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[111] B. Gumhalter, V. Kovač, F. Caruso, H. Lambert, and F. Giustino, “On the

combined use of GW approximation and cumulant expansion in the calculations

of quasiparticle spectra: The paradigm of Si valence bands,” Phys. Rev. B 94,

035103 (2016).

[112] J. Inglesfield, “Plasmon satellites in core-level photoemission,” J. Phys. C: Solid

State Phys. 16, 403 (1983).

[113] M. Kang, S. W. Jung, W. J. Shin, Y. Sohn, S. H. Ryu, T. K. Kim, M. Hoesch,

and K. S. Kim, “Holstein polaron in a valley-degenerate two-dimensional semi-

conductor,” Nat. Mater. 17, 1 (2018).

[114] C. Chen, J. Avila, E. Frantzeskakis, A. Levy, and M. C. Asensio, “Observation
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