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Abstract
We consider an information design problem in which the sender faces ambiguity
regarding the probability distribution over the states of the world, the utility function,
and the prior of the receiver. The solution concept is minimax loss (regret), that is, the
sender minimizes the difference in payoffs from the Bayesian benchmark in the worst-
case scenario. In the binary state and binary action setting the mechanism contains
a continuum of messages, and admits a representation as a randomization over two-
message mechanisms. A small level of uncertainty makes the sender more truthful,
but larger uncertainty may result in the sender lying more often than the Bayesian
benchmark. If the sender either knows the probability distribution over the states of
the world, or knows that the receiver knows it, then the maximal loss is bounded from
above by 1/e.When admissiblemechanisms are limited to cut-off strategies, this result
generalizes to a multiple state model.

Keywords Persuasion · Robustness · Multiple priors · Minimax regret

JEL Classification D81 · D82 · D83

1 Introduction

The standard Bayesian persuasion framework, pioneered by Kamenica and Gentzkow
(2011), imposes strong informational assumptions on the sender. In order to design
the optimal mechanism, the sender must know the probability distribution over the
states of the world, the receiver’s prior, and the receiver’s utility function. Arguably,
such assumptions are questionable in many practical settings. For example, an auto
seller who designs a test-drive procedure might not know the buyer’s prior thoughts
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about a car or whether the buyer has other offers at hand. A prosecutor might not be
aware of the judge’s prior belief about the probability of the defendant being guilty, or
of the judge’s preferences for acquitting a guilty person versus sentencing an innocent
one.

The optimal persuasion rule relies on precise information about the environment,
and thus may be rather fragile. That is, a marginal overestimation of the receiver’s
propensity to take the action desired by the sender may result in choosing amechanism
which fails to persuade the receiver in any state of the world. In this paper, we study a
robust sender’s decision rule that performs relativelywell in each possible environment
or under any prior distribution over these environments. Our approach is valid when
the sender faces a population of receivers with an unknown distribution of types. It can
also be viewed as a compromise among senders with different priors about the receiver
type who have to agree on a single persuasion mechanism. Such a compromise would
leave all the sender types minimally regretting their choice.

More specifically, we consider a setting in which the sender potentially faces uncer-
tainty about all three inputs of the optimal persuasion mechanism—the distribution of
the states, the receiver’s prior and utility. Moreover, the sender has no prior assump-
tions about the distribution of these inputs. Such an uninformed sender evaluates the
persuasion mechanism based on loss or regret, which is the difference between the
payoff from the current persuasion mechanism and what the Bayesian sender obtains.
We use the term ‘Bayesian sender’ for a sender who knows all the parameters of the
model but not the realization of the state of the world. The sender is interested in
minimizing loss in the worst-case scenario, and by doing so achieves relatively good
performance in any possible actual environment.

The receiver in our game is a standard Bayesian. Specifically, the receiver observes
the choice of the mechanism used by the sender, the realization of the signal produced
by this mechanism, and combines this information with her prior to choose the optimal
action.

The main part of our analysis focuses on the binary state (good or bad) and binary
action (adopt or reject) problem. There is a clear ranking of the states, but the sender
does not know the probability of the good state, the receiver’s prior, and the outside
option. We show that the receiver’s parameters can be combined into a single integral
characteristic—the receiver’s optimism. We solve for the optimal persuasion mech-
anism by representing the original problem as a zero-sum game between the sender
and adversarial nature. The sender chooses a persuasion strategy and wants to min-
imize loss, while nature chooses the probability of the good state and the receiver’s
optimism and tries to maximize loss. As is typical for zero-sum games, our game has
an equilibrium in mixed strategies only.1

The equilibrium mixed strategy of the sender in our zero-sum game is equivalent
to playing the optimal mechanism, which involves infinitely many messages; one
message fully revealing that the state is bad, and each of the other messages persuading
a receiver with optimism above a certain threshold. Any such message is equivalent
to the choice of a single two-message mechanism, designed to persuade a specific

1 See Duersch et al. (2012) for conditions for existence of pure strategy equilibria in symmetric zero-sum
games.
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receiver, from the support of the sender’s mixed strategy. Thus, the robust persuasion
mechanism involves considerably richer message space than the optimal Bayesian
mechanism, which includes only two messages.

The strategy of adversarial nature involves a negative correlation between the
receiver’s optimism and the true probability of being in the good state. That is, the
worst-case scenarios are those when having a high probability of being in the good
state is coupled with a receiver who is hard to persuade, either because of a low prior
or a high outside option, and vice versa. Intuitively, a pessimistic receiver is less likely
to be persuaded by a given mechanism, which is particularly bad when the state is
likely to be good and a (more) truthful mechanism would often result in adoption.

The minimax loss is increasing in uncertainty over parameters and, with our nor-
malization of the sender’s utility to an interval between 0 and 1, is bounded from above
by the omega constant.2 When the sender faces no uncertainty over the receiver’s opti-
mism, the minimax loss equals zero: if the sender knows the receiver’s optimism, he
can maximize the probability of persuasion in the bad state, even though the prob-
ability of this state may be unknown to the sender. When the sender faces maximal
uncertainty over the receiver’s optimism but knows the probability of the good state,
the maximal loss is bounded above by 1/e but can be lower if the good state is rela-
tively likely. These two results highlight the fact that information asymmetry between
the sender and the receiver plays a crucial role. Interestingly, if the receiver’s prior
coincides with the true probability distribution over the states of the world, then the
loss of the sender is also bounded above by 1/e. Therefore, the maximal loss of the
sender is the same irrespective of whether he knows the probability distribution over
the states or knows that the receiver knows it. The reason is that in both cases nature
cannot negatively correlate the receiver’s optimism with the probability of the state
being good, limiting the scope for inflicting losses on the sender.

We also investigate how the probability of lying (i.e., not sending a revealing mes-
sage in the bad state) depends on uncertainty about the receiver’s optimism. We show
that initially, this probability decreaseswith uncertainty, i.e., when uncertainty is small,
the sender employs a more truthful strategy than the one used by the Bayesian sender.
That is, from the perspective of the receiver, a small level of uncertainty improves
the quality of communication. However, as the level of uncertainty increases, at some
point the sender starts lyingmore, potentially becoming less truthful than the Bayesian
sender.

Finally, we extend our analysis to multiple states of the world. We assume that
the receiver’s utility is monotone and that the only uncertainty the sender faces is
about the receiver’s prior and her outside option. We show that the sender’s loss
approaches its maximal possible value of one as the number of states approaches
infinity. However, this negative result relies on a peculiar optimal mechanism in which
the Bayesian sender would find it optimal to exclude specific states, randomly chosen
by adversarial nature, from the support of adoption recommendation. If the sender
(as well as the Bayesian benchmark) is restricted to cut-off strategies, i.e., when the
adoption recommendation is sent in all states above a certain threshold, then the optimal

2 The omega constant is a solution to �e� = 1, see Mezo (2022) for details.
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mechanism is equivalent to the one we derived in the binary state model, resulting in
similar strategies and identical losses.

Literature review

Our paper extends robust decision-making techniques to theBayesian persuasion prob-
lem. We employ the minimax regret or minimax loss approach, which ensures that the
sender remains close to the optimum irrespective of the prior. An alternative interpre-
tation is that the sender faces a receiver drawn from an unknown distribution and aims
to perform near the optimal sender who observes the receiver’s type under the most
disadvantageous distribution. This approach was axiomatized by Stoye (2011) and
applied to monopoly pricing ( Bergemann and Schlag 2008), search ( Bergemann and
Schlag 2011; Parakhonyak and Sobolev 2015; Schlag and Zapechelnyuk 2021; Schlag
and Sobolev 2022),monopoly regulation (Guo and Shmaya 2025), project choice (Guo
and Shmaya 2023), statistical treatment choice (Manski 2004), and dynamic Bayesian
games (Schlag and Zapechelnyuk 2024).

The Bayesian persuasion literature, pioneered by Kamenica and Gentzkow (2011),
has grown rapidly (see Bergemann and Morris (2019); Kamenica (2019) for surveys).
Our paper relates to work onmultiple receiver types (see Kolotilin et al. (2017); Laclau
and Renou (2017); Guo and Shmaya (2019); Parakhonyak and Vikander (2023); Best
and Quigley (2024)), differing in that the sender does not know the receiver type
distribution. Another key feature of our model is that the receiver’s prior may differ
from the Bayesian sender’s, a setting first studied in Alonso and Camara (2016).

The most popular criterion for decision-making without priors, or robust decision-
making, is maximin utility. Robust persuasion literature primarily employs this
approach, which, unlike minimax loss, does not allow for the interpretation of an
unknown receiver population. Hu andWeng (2021) analyze a setting where the sender
and receiver share a common prior (unlike our model) and nature determines the
receiver’s private information. They show that even in binary settings, optimal mecha-
nisms may involve infinitely many messages, persuading some receivers with specific
beliefs while failing for others. Sapiro-Gheiler (2024) applies a similar maximin util-
ity approach to a setting where the outside option of the receiver is drawn from an
unknown distribution with a fixed mean. Dworczak and Pavan (2022) also assume a
common prior and examine a setting where nature sends an extra signal to the receiver
based on both the sender’s mechanism and signal realization, granting nature more
power than in our model, where nature and sender move simultaneously. Under this
approach, the sender aims for the best payoff under the worst-case prior. In our set-
ting with unknown priors, maximin utility criterion yields a trivial result: nature can
choose a non-persuadable receiver, yielding zero payoff. To address this, additional
constraints are introduced, such as restricting priors to distributions with a certain
probability mass above or below a given point (see Kosterina (2022)). Moreover,
unlike us, she considers sequential moves by the sender and adversarial nature. In her
model, the optimal mechanism is independent of the sender’s prior. By contrast, in our
framework, even if the sender had a prior (see Corollary 2), the optimal mechanism
and minimax loss would depend on it.
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The closest paper to ours is Babichenko et al. (2022). They also apply the minimax
loss/regret solution concept to a Bayesian persuasion problem. The main difference
lies in the structure of uncertainty. In Babichenko et al. (2022), the sender and the
receiver hold a common prior, and the uncertainty is with respect to the receiver’s
utility function. We consider two other sources of uncertainty-about the receiver’s
prior and the actual distribution over the states of the world.

Differences in the sources of uncertainty imply differentmechanisms for generating
losses between the two papers, which implies that losses are different between the
two models, with two exceptions. Firstly, our models coincide when the number of
states equals two and when the following extra restrictions are imposed: (i) there is
no uncertainty about the state distribution in our model, and (ii) the utility function
is known to be monotone in Babichenko et al. (2022). Secondly, as the number of
states approaches infinity, both models generate maximal loss. Moreover, to obtain
the limiting result, Babichenko et al. (2022) require that the utility function is not
uniformly bounded from below, which is arguably a stronger assumption than a non-
negative (but arbitrarily small) prior. Another notable difference between the papers
is that our binary state space setting allows us to study questions not covered in
Babichenko et al. (2022). In particular, we explicitly derive the optimal mechanism
for an arbitrary level of uncertainty, show how uncertainty about the distribution of
states and about the prior interact in generating the maximal loss (i.e., either having a
correct prior or knowing that the receiver holds a correct but unknown prior reduces
themaximal loss to 1/e), and characterize the impact of uncertainty on the truthfulness
of the sender.

The rest of the paper is organized as follows. Section 2 introduces the model in a
binary setting, derives the Bayesian sender benchmark and sets up the loss function.
Section 3 contains all the main results for the binary setting. Section 4 extends our
results to a framework with multiple states, and Section 5 concludes. All the proofs
are presented in the Appendices, Appendix A contains proofs of the key results:
Lemma 2 and Theorems 1 and 2. Online Appendix B containing proofs of all other
results. Online Appendix C contains technical derivations used in the proofs. Online
AppendixDprovides a detailed comparisonwith the privately informed receivermodel
by Kolotilin et al. (2017).

2 Binary Model and Bayesian Sender Benchmark

In this section, we introduce necessary notation, the Bayesian sender benchmark and
set up the uninformed sender problem.

We consider a Bayesian persuasion problem with binary state and binary action.
Suppose that the set of possible states of the world is� = {0, 1}. The receiver chooses
an action a ∈ {0, 1}. In what follows we refer to a = 1 as adopting (e.g. purchasing
the product) and a = 0 as rejecting. Utility functions of the receiver and the sender
are given by

u R = r + a(ω − r), uS = a,
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where r ∈ (0, 1) is the outside option of the receiver.3 That is, the receiver (she) prefers
to adopt when ω = 1 and the sender (he) prefers adoption in any state of the world.

We assume that the receiver has a prior belief that probability of ω = 1 is equal
to β ∈ (0, 1). The true probability of ω = 1 might be different from the receiver’s
belief and is denoted by α ∈ (0, 1). The sender commits to a persuasion mechanism.
Formally, let M be a set of messages contained in topological space4 and M be a
Borel sigma-algebra generated by this set. The sender’s strategy is a mapping μM :
� × M → [0, 1], such that for any ω ∈ � and B ∈ M, μω(B) ≡ μ(B|ω) is
a probability measure. After observing the mechanism μM and a message m ∈ M
generated by this mechanism, the receiver updates the prior in a Bayesian way and
chooses an action a ∈ {0, 1}, which maximizes her expected utility.

Consider a mechanism μM = (μ0, μ1). We define a measure μR (corresponding
to the posterior of a Bayesian receiver), such that for any B ∈ M we have

μR(B) = βμ1(B) + (1 − β)μ0(B).

Now we define a conditional probability (of ω = 1 conditional on message m) as a
random variable Pβ(m), such that for all B ∈ M we have

∫
B

Pβ(m)dμR(m) = βμ1(B). (1)

We define the acceptance set as a set of messages that result in a posterior sufficiently
high to justify adoption:

A = {m ∈ M : Pβ(m) ≥ r}. (2)

Now we consider the Bayesian sender benchmark. That is, the sender (i) knows the
probability of the good stateα, and knows (ii) the prior of the receiver β and the outside
option r . Although the Bayesian sender knows the probability distribution over the
states, he does not know the realization of the state when he chooses his mechanism.
The objective function of such a sender can be written as

π(μ;α, β, r) = α

∫
A

dμ1 + (1 − α)

∫
A

dμ0 = αμ1(A) + (1 − α)μ0(A), (3)

where A is the acceptance set for mechanismμM and parameters β and r . The optimal
mechanism, which we denote by μ̂, is described in Kamenica and Gentzkow (2011),
contains two messages, one of which is sent with probability 1 in the good state.

Lemma 1 The optimal persuasion mechanism (of the Bayesian sender) contains two
messages m+ and m− such that:

1. if β < r then μ̂1(m+) = 1 and Pβ(m+) = r;

3 Our linear utility specification, naturally, is not restrictive in the binary setting. We keep this specification
in themultiple states extension, but all our results formultiple states presented in Section 4 can be generalized
to any utility function, provided that the sender knows the ranking of the states by the receiver.
4 One can think about M as an interval [0, 1].
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2. if β ≥ r then μ̂1(m+) = 1 and Pβ(m+) = β.

That is, the structure of the optimal mechanism does not depend on α. The expected
profit associated with the optimal mechanism μ̂ is given by

π(μ̂;α, β, r) = α + (1 − α)min

{
β(1 − r)

r(1 − β)
, 1

}
.

Now we proceed with the uninformed sender problem, which is the key focus of
this paper. The uninformed sender knows neither the probability of the good state α,
nor the receiver’s prior β and her outside option r . Suppose that such a sender commits
to some mechanism μM . We define the loss function as the difference between the
payoffs of the Bayesian and the uninformed senders:

L(μM ;α, β, r) = π(μ̂;α, β, r) − π(μM ;α, β, r). (4)

The objective of the uninformed sender is to minimize loss in the worst-case scenario:

inf
G∈G

sup
F∈F

∫ ∫
L(μM ;α, β, r)d FdG, (5)

where G is a set of all probability measures over all possible persuasion mechanisms5

defined on (M,M) and F is a set of all probability distributions over the admissible
parameters of themodel, i.e., [α, α]×[β, β]×[r , r ] ⊂ (0, 1)3. That is, the sender may
have some restriction on the range of parameters of the model. When α = α = α0 the
sender has (subjectively) perfect knowledge of the environment but faces uncertainty
about the type of the receiver. For example, a seller of a product knows the probability
of the product being faulty, or a doctor knows the probability of treatment failing to
be successful, but they do not know the buyer’s subjective view on the likelihood of
the product being good (i.e., the treatment being efficient).

3 Analysis

3.1 Optimal PersuasionMechanism

The solution to problem (5) is obtainedby solving a zero-sumgamebetween the sender,
who chooses persuasionmechanismμM and adversarial nature, which simultaneously
chooses a probability distribution over parameters of the environment, (α, β, r), in
order to maximize loss. In our analysis we are going to focus on the equilibrium of
this game.

Although the optimal strategy of theBayesian sender has a very simple two-message
structure, the strategy of the uninformed onemay involvemany differentmessages.We

5 For representational convenience, we derive the sender’s strategy as a randomization over a set of
mechanisms. Intuitively, such randomization can be represented as a single persuasion mechanism,
see Corollary 1.
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show that this is indeed the case (see Corollary 1). We show that despite its complexity
this mechanism can be represented as a randomization over standard mechanisms (see
Lemma 2), in which one message perfectly reveals the negative state.

Suppose that adversarial nature plays a distribution F(α, β, r). Suppose that the
sender plays mechanism μM = (μ0(m), μ1(m)), m ∈ M . The following Lemma
states that the set of best responses of the uninformed sender to any strategy of adver-
sarial nature includes a mechanism consisting of two messages.

Lemma 2 For any F and any mechanism μM the expected loss of the uninformed
sender EFL(μM ;α, β, r) can be achieved by a randomization over mechanisms con-
sisting of at most two messages. Moreover, in each of these mechanisms one of the
messages is sent with probability 1 if the state is ω = 1.

Intuitively, the proof of Lemma 2 relies on the following observation. Consider
a message m that is played in the original mechanism with probability μ1(m). This
messagem persuades some types of receivers but not others.With the same probability
μ1(m), the sender could choose a corresponding binary mechanism in which message
m+, sent with probability 1 inω = 1, persuades the same types of receivers asmessage
m does in the original mechanism. Such randomization yields the same expected
payoff as the original mechanism, implying that the payoff from any randomization
over general mechanisms can bematched by an appropriate randomization over binary
mechanisms. Hence, in deriving the optimal mechanism, it is sufficient to consider
binary recommendation mechanisms with μ1(m+) = 1. Thus, any mechanism is
fully characterized by a single number, that is, the probability of sending the adoption
recommendation in the bad state. Note, that for the binary message mechanism, the
receiver adopts if her posterior is higher than r , i.e.,

β

β + (1 − β)μ0(m+)
≥ r ⇔ λ ≥ μ0(m

+),

where

λ = β(1 − r)

r(1 − β)
(6)

is a characteristic of receiver’s behaviour, which we refer to as the ‘receiver’s opti-
mism’. We denote the range of possible values of λ as [λ, λ].6 Note that the receiver’s
decision to adopt depends solely on the optimism parameter λ, but the actual decom-
position into β and r does not play any role. In particular, uncertainty about λ can be
interpreted as uncertainty about the receiver’s prior beliefs, her utility, or both.7 Hence,
in what follows, instead of writing the strategy of nature as F(α, β, r), we will use
corresponding distribution F(α, λ); we will denote by F(λ) the marginal distribution
of receiver’s optimism. The higher the λ, the more optimistic the receiver is and the

6 From the restrictions on the strategy of nature we get λ = min

{
1,

β(1−r)

r(1−β)

}
and λ = min

{
1, β(1−r)

r(1−β)

}
,

as for all λ > 1 the receiver does not need to be persuaded.
7 For most of our analysis, a reader may assume, e.g., that r is fixed and is common knowledge.
Such interpretation is explicitly required for the analysis of the case of the correct prior of the receiver
(Propositions 4 and 5). The multiple states analysis requires r being a free choice of adversarial nature.
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more often the sender can send m+ in the bad state. In what follows, we denote the
probability of sending the adoption recommendation in the bad state as μ ≡ μ0(m+).
Lemma 1 implies that the optimal strategy of the Bayesian sender is μ̂0(m+) = λ.
Using Lemma 2, we can rewrite loss function (4) as

L(μ;α, λ) =
{

(1 − α)(λ − μ), μ ≤ λ

α + (1 − α)λ, 1 ≥ μ > λ
. (7)

The first line of the loss function corresponds to the case when the sender is too
modest in his recommendation. Recommending adoption in the bad state with higher
probability would still persuade the receiver, and thus the sender incurs a loss from
too infrequent recommendation. The second line of the loss function corresponds to
the case when the sender is too ambitious in his recommendation. Recommending
adoption in the bad state too frequently leads to failure of message m+ to persuade
the receiver (in both states of the world). When μ = λ, the sender chooses the optimal
mechanism and loss equals zero.

As the sender and adversarial nature play a zero-sum game, there is no pure strategy
equilibrium (the sender wants to chooseμ = λ and nature wants to set λ 	= μ to create
some loss). In Theorem 1, we characterize a mixed strategy equilibrium of this game.

Theorem 1 There exists a mixed strategy equilibrium in which:

1. the sender and nature choose μ and λ from common support [μ, λ], where

μ ∈ [λ, λ);
2. the sender’s strategy is characterized by C.D.F. G(μ) which is continuous on

(μ, λ];
3. nature’s strategy is characterized by C.D.F. F(λ) which is continuous on [μ, λ);
4. nature sets the probability of the good state according to function

α(λ) =
{

α, λ < λ0
α, λ ≥ λ0

(8)

with λ0 ∈ (μ, λ).

Moreover, this equilibrium is unique in the class of binary message mechanism strate-
gies.

Expressions for G and F are given by equations (28) and (29) in the proof of
the Theorem in the Appendix (see page 35). Now we discuss the properties of the
equilibrium.

First, the sender and nature randomize over the same convex support. Moreover, if
the upper bound of the support of F was below λ, then for any strategy of the sender
nature could increase the loss by choosing a higher λ (see case 1 in formula (7)). This
logic does not work for the sender at the lower bound: there is no reason to choose μ

below the lower bound of the support of nature’s strategy, as this would only increase
loss. Hence, it may be the case that μ > λ.

Second, in the interior of the support their strategies are continuous. The intuition
is that if the sender had an atom at some point, then nature would like to put some
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probability mass just below this point, thus increasing loss by making the receiver
less persuadable. Hence, the only λ that the sender can potentially play with positive
probability is when it is impossible to undercut, i.e., λ.

Third, if nature had an atom at some point, the sender would like to transfer the
probability mass from just below this point slightly upwards. The only case when this
is not possible is the upper bound λ.

Fourth, conditional on nature playing some λ, its choice of α is deterministic (see
equation (8)) and takes extreme values only. Intuitively, if λ is high, then the sender is
more likely to end up in the first case in formula (7), implying that it is optimal to have
the lowest possible α. Similarly, when λ is low, then the second case is more likely,
meaning that the choice of the largest possible α maximizes loss. That is, nature makes
the probability of the good state to be negatively correlated with receiver’s optimism:
whenever the receiver is sufficiently optimistic, the probability of the good state is
minimal and vice versa.

The sender’s strategy G described in Theorem 1 may be interpreted as a mecha-
nism involving many messages. Indeed, such a strategy chooses a binary mechanism
{μ0(m+) = μ,μ1(m+) = 1} with density g(μ). Note that this binary mechanism
persuades any receiver with λ ≥ μ. Alternatively, the sender could commit to a large
mechanism, which sends a message “adopt if your λ ≥ μ” with density g(μ) in the
good state and μg(μ) in the bad state. Since for each (α, λ) this mechanism induces
the same adoption probability, the best response of nature is still F .8 That is, the
sender’s strategy allows for two interpretations: as a pure strategy mechanism with a
continuum of messages or a mixed strategy over two-message mechanisms. We sum
up this result in the following corollary.

Corollary 1 The worst-case loss is minimized by the following mechanism:

• send message “adopt if your λ ≥ μ” with density g(μ) if ω = 1;
• send message “adopt if your λ ≥ μ” with density μg(μ) if ω = 0;
• send message “reject” with probability 1 − EGμ if ω = 0;

where g is the density function corresponding to C.D.F. of sender’s strategy G defined
by (28) in the proof of Theorem 1.

Comparing the mechanism from Corollary 1 with the Bayesian sender benchmark
mechanism from Lemma 1 leads to the following observations. First, in the presence
of uncertainty the sender finds it optimal to use a continuum of messages instead of
two. Second, under uncertainty, the sender randomizes over messages in the good state
of the world, while the Bayesian sender sticks to a pure strategy in this state.9 Finally,
both mechanisms involve a message which perfectly reveals state ω = 0.

We now discuss uniqueness of the optimal mechanism. Theorem 1 established
uniqueness of the equilibrium in the class of binary mechanisms, in which the sender
randomizes between the messages only when ω = 0. However, as it follows from

8 Note that this construction essentially reverse-engineers the steps in the proof of Lemma 2 where we
represented an arbitrary mechanism with a randomization over binary mechanisms.
9 Note, that in the setting with multiple receiver types by Kolotilin et al. (2017), in the case of binary state
space the optimal mechanism contains two messages. Thus, the continuum of messages arises not from the
multiplicity of receiver types but from the sender’s ambiguity regarding the distribution over the types.
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Corollary 1 this randomization can be formulated as an alternative mechanism with
many messages. It is possible to construct other mechanisms, for example, by simply
relabelling the messages. However, according to Lemma 2, each such mechanism can
be replicated by an appropriate mixture of binary mechanisms. Proposition 1 verifies
that this replication is unique, i.e., any equilibrium mechanism is pay-off equivalent
to the mixed strategy described in Theorem 1. Although pay-off equivalence follows
from theMinimax Theorem, Proposition 1 establishes a stronger result: the strategy of
nature is identical for each sender’s mechanism, and each sender’s mechanism passes
the same amount of information to the receiver and induces the same distribution of
actions.

Proposition 1 Let G and F be the equilibrium strategies of the sender and nature
described in Theorem 1. Then, the set of equilibrium mechanisms and strategies of
nature (G ′, F ′) is such that F ′ = F, and G ′ and G result in the same loss, i.e.,

∫ ∫
L(μM ;α, β, r)d FdG ′ =

∫ ∫
L(μM ;α, β, r)d FdG.

3.2 Properties of Minimax Loss

Now we proceed with characterization of the minimax loss. We start with deriving
global properties and then focus on the impact of uncertainty on the minimax loss.

Lemma 3 The minimax loss of the sender is given by

L = ln

(
α + (1 − α)λ

α + (1 − α)λ0

)
. (9)

This result is obtained directly from the equilibrium strategies derived in Theorem 1.
Note that λ0 (i.e., the point where nature switches from the highest to the lowest α)
depends on α and λ, meaning that the minimax loss depends on all four boundaries
of the support of the nature strategy. We now consider the properties of the minimax
loss.

Proposition 2 The minimax loss is characterized by the following properties:

1. L strictly increases in α and λ, strictly decreases in α and weakly decreases in λ;

2. sup{α,α,λ,λ} L = �, where � is the solution to �e� = 1;10

3. if λ = λ then L = 0;
4. if α = α = α then there exists α̂0 such that L is weakly increasing for α ≤ α̂0 and

strictly decreasing otherwise; moreover, L ≤ 1
e .

The first part of Proposition 2 is very intuitive: more uncertainty always harms
the sender, as it makes it harder to target the optimal mechanism, while the Bayesian
sender benchmark is always optimal given the parameters.

10 Alternatively, � = W0(1), where W is Lambert’s W function, see https://en.wikipedia.org/wiki/
Omega_constant or Mezo (2022) for details.

123

https://en.wikipedia.org/wiki/Omega_constant
https://en.wikipedia.org/wiki/Omega_constant


A. Parakhonyak, A. Sobolev

The second part states that if uncertainty is maximal, then the minimax loss
approaches what is called the ‘omega constant’, which equals approximately 0.567.

The third part of Proposition 2 says that when there is no uncertainty about the
receiver’s type then the minimax loss equals zero. This is intuitive: the optimal mech-
anism employed by the Bayesian sender does not depend on α, thus the uninformed
sender can perfectly match this mechanism. The only impact of uncertainty is that
the uninformed sender does not know the exact value of the equilibrium payoff but is
certain that the maximal possible payoff will be achieved, whatever its value is.

Finally, the fourth part of Proposition 2 illustrates the role of uncertainty in λ.
Suppose that the probability of the good state is known and takes value α. For generic
λ and λ the minimax loss first increases and then decreases in α. If we allow for
the largest possible uncertainty in λ, i.e., λ = 0 and λ = 1, the minimax loss is
maximal and equals to 1/e for all α < 1/e and then strictly decreases in α, becoming
vanishingly small as α → 1.

This case of known α can be of particular interest for many applications. For
example, a seller might know the true quality of the product, modelled as a probability
to fit a particular buyer. What the seller does not know, however, is which product the
buyer is currently using and what the buyer’s beliefs about how likely it is that the
product will suit her. The seller designs an advertising strategy or a testing procedure,
i.e., a persuasion mechanism, to attain the maximal probability of selling the product.
Note that the strategy of the sender in this case is obtained directly from Theorem
1 by plugging in α = α = α.11 We present these much simpler expressions in the
following Corollary.12

Corollary 2 Suppose that α = α ≡ α and λ ∈ [λ, λ]. Then the equilibrium strategy of
the sender is

G(μ) = 1 + ln

(
α + (1 − α)μ

α + (1 − α)λ

)
, (10)

with support
[
μ, λ

]
, where

μ = max

{
λ,

1

1 − α

(
α + (1 − α)λ

e
− α

)}
.

The associated minimax loss is given by

L = [α + (1 − α)μ] ln
(

α + (1 − α)λ

α + (1 − α)μ

)
≤ 1/e.

Interestingly, when nature is not restricted in its strategies, the value of knowing the
true state of the world reduces the highest minimax loss by approximately one third.

11 See formulae (28) and (29) in the proof of the Theorem in the Appendix.
12 Our problem for known α has a similar structure to Bergemann and Schlag (2008), and therefore the
functional forms of the optimal distribution (over persuasion probability or price) and loss are the same in
both papers.
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That is,

�L = � − 1

e
.

This difference can be interpreted in the following way. Suppose, that nature is free in
its choice of λ and α but is now required to reveal its choice of α to the sender prior
to the choice of the persuasion mechanism. In this case, nature would be indifferent
between all α < 1/e and the sender would enjoy a decrease in the expected loss of�L .
This shape of the maximal loss as a function of α is similar to the one in Babichenko
et al. (2022) when nature chooses a monotone utility function over the states.

Another observation is that under full information, the choice of the optimal mech-
anism does not depend on α. However, in the case of uncertainty about λ, the actual
(known) value of α affects both the choice of themechanism and the strategy of nature.
The reason is that nature plays a more pessimistic distribution over λwhen α is higher,
which makes the sender more truthful; that is, the distribution function G(μ) shifts to
the right.

Proposition 2 considers global properties of the minimax loss. Nowwe are going to
explore the marginal impact of a small uncertainty in parameters on the minimax loss.
Suppose that either α or λ is fixed, with a complimentary variable taking values from
a permissible range. That is, we allow nature to vary its corresponding parameter, for
example, the probability of the good state, in a neighbourhood [α−ε/2, α+ε/2]. Part
1 of Proposition 2 establishes that theminimax loss should increase. Nowwe are going
to establish by how much it increases in response to a small increase in uncertainty.

Proposition 3 Consider small parameter uncertainty.

1. Suppose that α ∈ [α, α] and let λ ∈ [λ̂ − ε/2, λ̂ + ε/2]. Then, when ε → 0,
L = (1 − α)ε + o(ε).

2. Suppose that λ ∈ [λ, λ] and let α ∈ [α̂ − ε/2, α̂ + ε/2]. Then, when ε → 0,

L = L0 + kε + o(ε), where k < 1/2 and L0 = [α̂ + (1 − α̂)λ] ln
(

α̂+(1−α̂)λ
α̂+(1−α̂)λ

)
.

The first part of Proposition 3 says that the impact of the uncertainty in λ crucially
depends on α, but does not depend on α. The intuition is as follows. Consider equation
(9). We know that λ increases by ε/2, and in the worst-case λ0 can decrease by ε/2
(i.e., not by more than the decrease in λ) which, for small ε, results in a total impact of
(1 − α)ε (due to the coefficient (1−α) in front of both λ’s). The upper bound α affects
theminimax loss only indirectly via λ0, but does not play any role for sufficiently small
ε. Thus, the overall impact of uncertainty in λ is generically less than one-to-one. For
ε = 0 the minimax loss equals zero, as follows from part 3 of Proposition 2.

The second part of Proposition 3 says that uncertainty in α of size ε generates
at most a 1

2ε increase in the minimax loss. The precise value of k depends on the
parameter values, explicit formulae for each of the cases are given by equations (37)
and (39) in the Online Appendix. For ε = 0 the minimax loss is positive, unlike in
the first part of the proposition. This is because uncertainty in λ alone, unlike only
uncertainty in α, is sufficient to generate a positive loss. Moreover, from Proposition 2,
we have that L0 ≤ 1/e. Intuitively, for any ε ≥ 0 the highest minimax loss is obtained
when nature is not restricted in its choice of λ.
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3.3 Probability of Lying

We now consider the probability of the sender lying in the bad state, that is, recom-
mending adoption when ω = 0. This probability is given by the expected value of
μ given the optimal strategy of the sender. The Lemma 4 characterizes the average
probability of lying.

Lemma 4 The probability of lying, i.e., recommending adoption in the bad state, can
be represented as

EGμ = λ − L

1 − α
.

It strictly increases in λ, weakly increases in λ, and strictly decreases in α and α.

If either λ or λ goes up, then the receiver is on average easier to persuade. The
sender naturally responds to a more optimistic distribution of receivers with a choice
of a more ambitious strategy, that is, he is more likely to recommend adoption in the
bad state.

Whenever α or α increases, the probability of being in the good state goes up. This
increases the cost of not persuading the receiver, as choosing too high μ would result
in the receiver rejecting regardless of the state of the world, while using a more modest
strategy with a lower μ harms the sender only in the bad state, which is relatively less
likely than before. Thus, the higher costs of failing to persuade the receiver result in
the choice of a more truthful mechanism.

Overall, increasing uncertainty affects the probability of lying through two chan-
nels: either directly through λ and α or indirectly through L; ceteris paribus a higher
value of loss is associated with a more truthful sender. Since L is weakly increasing
in uncertainty, the indirect effect on the probability of lying is always negative. In
particular, this implies that an increase in uncertainty through λ and α increases the
minimax loss (see Proposition 2) and disciplines the sender. Therefore, a policy maker
who is interested in the receiver’s welfare never wants to reduce the set of admissi-
ble parameters by excluding the most pessimistic receiver types and most favourable
distributions over the states, i.e., prefers to maximize sender’s minimax loss L given
parameters λ and α.

The overall impact of increasing uncertainty on the probability of lying is ambigu-
ous. First, consider the impact of an increase in uncertainty in λ, where λ increases and
λ decreases by ε/2. In this case, if uncertainty is small, we know that the minimax loss
increases proportionally to (1−α)ε, as shown in Proposition 3. Then, from Lemma 4,
we can derive that

�EGμ ≈ ε

2
− ε = −ε

2
.

That is, the sender who is only marginally unsure about the receiver’s prior is more
truthful than the Bayesian one, because the indirect channel dominates the direct one.
Intuitively, such sender responds to the risk of failure to persuade, which results in
zero payoff, by choosing a more cautious strategy.

Second, consider larger levels of uncertainty in λ. At some point it may be the
case that the lower bound μ becomes larger than λ. In this case L does not depend
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Fig. 1 EG (μ) as a function of ε,
α = 0.1, α = 0.3, λ̂ = 0.5

on λ, thus we can apply Lemma 4, which states that EGμ increases in λ and thus,
increases in uncertainty. Intuitively, when uncertainty is large reducing risk to persuade
is extremely costly and the sender prefers to gamble with a more aggressive strategy.

A combination of these two results is presented in Figure 1. In this figure, we impose
λ ∈ [λ̂−ε/2, λ̂+ε/2] and vary ε between zero and one. If there is no uncertainty, i.e.,
ε = 0, then the sender uses the optimal strategy, that is, recommends adopting with
probabilityμ = λ̂ = 1/2. For small ε the probability of lying decreases in uncertainty,
as explained above. For ε very large, when the lower bound of the support is larger than
λ (all points to the right of the vertical dashed line), the probability of lying strictly
increases in ε. As can be seen, there is an interior minimum of the probability of lying,
which is attained at such levels of uncertainty that the lower bound is still determined
by λ. Interestingly, the largest level of uncertainty may correspond to the least truthful
strategy of the sender.

The impact of uncertainty in α (i.e., when α = α̂ − ε/2 and α = α̂ + ε/2) on the
sender’s strategy is ambiguous. Our numerical analysis shows that the probability of
lying can both increase or decrease in uncertainty even in the neighbourhood of ε = 0,
depending on the initial choice of parameters.

3.4 Informed Receiver

In Corollary 2, we showed that the sender can reduce the minimax loss from� to 1
e by

being informed about the distribution over the states of the world. We now consider
an alternative setting where the sender knows the outside option r and knows that the
receiver holds a correct prior, i.e., β = α. This restricts nature’s strategy, preventing
independent choices for λ and α.13 We show that, in this setting, the upper bound on
the sender’s minimax loss remains 1/e as in Corollary 2. We focus on the case where
nature’s choice of α is not restricted, i.e., α ∈ (0, 1). We define

λr (α) ≡ min

{
α

1 − α

1 − r

r
, 1

}
. (11)

13 The assumption that the receiver knows r is crucial. Without it, nature could adjust r to choose λ, making
the model identical to the baseline.
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Thus, λr (α) is the receiver’s optimism, similar to (6), but here it depends on nature’s
choice of α. For a given mechanism μ and α, the loss function is:

Lr (μ;α) =
{

(1 − α)(λr (α) − μ), μ ≤ λr (α) ≤ 1,
α + (1 − α)λr (α), μ > λr (α).

(12)

The second case can be rewritten as α + (1 − α)λr (α) = α/r .
As in the baseline model, both the sender and nature play mixed strategies. We

denote the lower and upper bounds of the sender’s strategy support as μ and μ, and
the bounds of nature’s strategy as αF and αF . Now, we characterize the sender’s
optimal mechanism.

Proposition 4 Suppose r ∈ (0, 1). Then, there exists a mixed strategy equilibrium
where:

1. The sender chooses the mechanism according to the continuous distribution func-
tion

G(μ) = 1

1 − μr

[
1 −

(
μ

μ

)r]
,

with support [μ, 1], where μ satisfies

μr + μr2/(1 − r) = (1 − r); (13)

2. Nature plays a continuous distribution function F on support [αF , αF ), where
αF = λ−1

r (μ) = rμ/(1 − r + rμ) and αF = λ−1
r (1) = r .

The supports of λ and μ coincide, and the sender’s equilibrium strategy is contin-
uous, with no atom at the lower bound. Unlike in the baseline model, where α and
λ are negatively correlated, here they are positively related via λr (α). Nature may
choose large α, making λr (α) > 1, but this is suboptimal: in case μ ≤ λr (α), loss
(12) decreases with α when λr (α) > 1. However, nature still pushes αF to r , so the
largest λ equals 1, as for μ ≤ λr (α) loss (12) increases in α.

The receiver’s correct prior belief replaces the negative correlation between α and
λ with a positive one, reducing the sender’s equilibrium loss that we characterize in
the following proposition.

Proposition 5 The minimax loss in the informed receiver model is:

Lr = αF

αF
= μ

1 − r + rμ
. (14)

Lr decreases in r and is bounded above by limr→+0 Lr = 1/e.

Equation (14) may seem counter-intuitive, as a higher ratio between the lower and
upper bounds increases equilibrium loss. However, note that both αF and αF depend
on r . As r increases, the receiver becomes harder to persuade, leading the sender to use
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more truthful strategies, making the case μ ≤ λr (α) more likely. Also, as r increases,
the distribution F(α) shifts up, reducing the loss in the case μ ≤ λr (α).

Proposition 5 shows that the maximum loss equals 1/e, the same as when the
sender knows the true state, as in Corollary 2. This implies that, without restrictions
on nature’s strategy, the sender is equally well-off whether they know α or know that
the receiver knows α. In both cases, nature’s strategy is limited to choosing a single
variable, leading to the same minimax loss.

4 Model with Large Number of States

In this section, we generalize our model to a richer state space. We assume that the
state space consists of n + 1 states:14

� =
{
0,

1

n
,
2

n
, . . . ,

n − 1

n
, 1

}
.

Wealso assume that, similar to the setting in Corollary 2, the uninformed sender knows
the true probability distribution over the states of world, that is now represented as
a vector (αω)ω∈� with

∑
� αω = 1. In all other features, the model we analyze

here is identical to our baseline. That is, adversarial nature chooses a distribution
over the receiver’s prior βω and the outside option r , while the sender chooses a
persuasion mechanism which maps � to the message space M . Upon learning about
the mechanism and a signal it generated, the receiver updates her beliefs in a Bayesian
way and decides whether to adopt or reject.

We start with a negative result for large number of states, i.e., n → ∞. We assume
that for any two states ω′, ω′′ ∈ � we have αω′/αω′′ < A, where A ∈ R. That is, as
the number of states grows larger, none of the states becomes infinitely more likely
than some other state. Note that αω < A/n for any ω ∈ �. This implies that the
distribution of states αω converges to a continuous distribution function. The minimax
loss is denoted as L .

Theorem 2 Suppose that the distribution of states (αω)ω∈� is known to the sender
and nature is unrestricted in its choice of the receiver’s prior and the outside option.
Furthermore, suppose that for any n, αω < A/n for some A ∈ R++. Then,

lim
n→∞ L = 1.

The mechanism behind Theorem 2 is as follows. For illustration purposes, suppose
that all states are equally likely. Then adversarial nature can choose the following
combination of the receiver’s prior and the outside option. Nature assigns the prior of
the receiver in the following way:

1. puts a large probability mass on state ω = 1;

14 Note, that we maintain the specification of the receiver’s utility function as u R = r + a(ω − r). Our
analysis remains valid for an arbitrary utility function, provided that the utility the receiver obtains in each
state is known to the sender. In this case, the states can be re-labeled to make the function monotone.
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2. randomly selects 
√n� states among the remaining ones,15 which we call ‘cursed
states’, and assigns the same small probability mass to each of them; we denote
this mass as δ, requiring that the total mass of ‘cursed states’ approaches zero as
n approaches infinity;

3. assigns probability mass ε, such that
√

nε/δ → 0, to each of the n − 
√n�
remaining states;

4. chooses r ∈ ( n−1
n , 1

)
, such that pooling state ω = 1 with state ω = (n − 1)/n

happening with probability δ leads to rejection, but if state ω = 1 is pooled even
with the lowest n − 
√n� states, each happening with probability ε, then the
receiver finds it optimal to adopt.

Intuitively, nature puts 
√n� ‘cursed states’ in n states below ω = 1. These states
are assigned with high enough prior δ, that pooling them with the top state drags the
expected utility of the receiver down sufficiently to result in rejection. The Bayesian
sender can avoid these ‘cursed states’, andpool all the remaining states, as the receiver’s
prior belief of being in these states, ε, is so low that the expected utility does not
decrease enough to justify rejection. Thus, the Bayesian sender can persuade the
receiver in n − 
√n� states, or almost always in large state spaces since

lim
n→∞

n − 
√n�
n

= 1.

In order to persuade the receiver in a number of states that does not become vanishingly
small as n → ∞, the uninformed sender has to include 
γ n� out of n states in the
receiver’s posterior, γ ∈ (0, 1). However, for any fixed γ the probability of having
a ‘cursed state’ among any 
γ n� states approaches one as n approaches infinity. As
having a ‘cursed state’ in a posterior leads to rejection, the uninformed sender can
only persuade in a vanishingly small fraction of states, meaning that the minimax loss
approaches one.

Theorem 2 has an interesting connection to the results of Babichenko et al. (2022).
They consider a setting with a common prior, but the receiver’s utility is unknown.
In their case, if the sender knows the ranking of the states (which is equivalent to the
monotone utility assumption), the loss is bounded above by 1/e for any n (Theorem
3.6). In contrast, in our case, it approaches 1 as the number of states tends to infinity.
This difference arises from nature’s freedom in choosing the receiver’s prior. In their
setting, the loss approaches 1 if the utility that nature can assign to cursed states is
not bounded from below as n → ∞. Although the tool used by adversarial nature in
their case is stronger compared to the choice of the prior in our paper, the mechanism
is ultimately similar: some states become ‘cursed’, and pooling each of these states
with the rest results in a failure to persuade. The difference is in how aggressively
nature could assign probability mass to cursed states (one can show that the loss in
their setting is weakly higher than in ours).

Although the results of Theorem 2 might seem rather pessimistic for the prospects
of the uninformed sender in large state environments, it is important to understand
that the result relies on having rather peculiar optimal persuasion mechanisms. In

15 
x� is the largest integer smaller or equal to x .
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such mechanisms, the Bayesian sender hand-picks some small number of states in
which rejection is recommended. Most real-life mechanisms, such as certification
procedures, are unlikely to exhibit this feature: they take the form of a simple pass-fail
rule (that is, the utility level is above a certain threshold in our context).16 Moreover,
it is straightforward to show that the optimal mechanism indeed exhibits the cut-off
property as long as [β(ω)/α(ω)](ω − r) is monotone in ω, which holds when the
receiver’s beliefs do not differ substantially from the sender’s.

We now look at a restricted set of mechanisms, which arguably are more likely to be
implemented in reality, namely cut-off mechanisms. In a cut-off mechanism, there is
a state ω0, such that message m+ is sent in all ω > ω0, sends message m− in all states
ω < ω0 and potentially randomizes between both messages at ω0. We assume that
both the Bayesian and the uninformed senders are restricted to cut-off strategies. We
will now establish the equivalence between the problem restricted to cut-off strategies
with the binary problem studied in Section 3.

We start by showing that any cut-off rule can be described by a real number in
[0, 1]. Suppose that the sender plays a mechanism in which message m+ is sent with
probability one in all ω > ω0, where ω0 < 1,17 and with probability η ∈ [0, 1] in
state ω0.

We define λ = 1 − ω0 − (1 − η) 1n . Then, since

ω0 = 
(1 − λ)n�
n

and η = 1 − ((1 − λ)n − 
(1 − λ)n�),

we obtain that there is one-to-one mapping between any cutoff mechanism and
λ ∈ [0, 1]. Analogously to our main model, λ can be interpreted as receiver opti-
mism: in all states ω > λ the Bayesian sender can send m+ with probability 1, and in
state just below λ with probability η, and still persuade the receiver.

We define

y(λ) = 1

1 − αn

⎡
⎣−αn +

∑
ω>
(1−λ)n�/n

αω + α 
(1−λ)n�
n

(1 − (1 − λ)n + 
(1 − λ)n�)
⎤
⎦ ,

that is, the total probability of sending message m+ conditional on ω 	= 1 if a mecha-
nism characterized by λ is being played. Note that y(λ) : [0, 1] → [0, 1] is a strictly
increasing function. The term in square brackets equals to the total probability of
adoption minus αn .

Now, suppose that for some realization of the strategy of nature the Bayesian sender
uses the optimal mechanism which persuades the receiver with optimism λ, i.e., a
mechanism that recommends adoption in all states except the top with probability
y(λ) and with probability one in ω = 1. Suppose that the uninformed sender uses a

16 Zapechelnyuk (2020) shows that such mechanisms are optimally chosen by a regulator.
17 It is always optimal to send m+ in ω = 1.
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cut-off mechanism characterized by μ. Then, the loss function can be represented by

L(μ;α, λ) =
{

(1 − αn)(y(λ) − y(μ)), μ ≤ λ

αn + (1 − αn)y(λ), 1 ≥ μ > λ
. (15)

That is, loss depends on how much the sender lies in states below ω = 1 relative to
the Bayesian benchmark. Note that this loss function (15) is equivalent to loss in the
binary problem (7) with α replaced with αn , λ and μ replaced with y(λ) and y(μ)

respectively. Thus, we can directly apply Corollary 2 with λ = 0 and λ = 1. This
allows us to formulate the following result.

Proposition 6 Suppose that the sender knows the probability distribution over the
states of the world α and nature is free in its choice of the receiver’s prior and the
outside option. Moreover, suppose that the sender is restricted to cut-off strategies.
Then the equilibrium strategy of the sender is

G(μ) = 1 + ln (αn + (1 − αn)y(μ)) ,

with support
[
μ, 1

]
, where μ satisfies y(μ) = max

{
0, 1

1−αn

( 1
e − αn

)}
. The associ-

ated minimax loss is given by

L = −[αn + (1 − αn)y(μ)] ln
(
αn + (1 − αn)y(μ)

)
≤ 1/e.

Proposition 6 implies that the probability of the best state is the only important
parameter for determining the minimax loss. If αn < 1/e then the minimax loss
equals 1/e, otherwise it equals −αn ln αn and converges to 0 as αn approaches one.
This result is related to Babichenko et al. (2022), see Theorem 3.6, where the cut-off
property of the optimal mechanism is delivered by a combination of monotonic utility
and common prior. Proposition 6 implies that it is the cut-off property, rather than the
common prior assumption, that is crucial in obtaining this result.

Note that, as equation (15) and Proposition 6 essentially establish the equivalence
between the multiple state problem restricted to the cut-off mechanism and the binary
state problem with a known distribution of states derived in Corollary 2, all the prop-
erties of the optimal binary-state mechanism are inherited in this setting. In particular,
the optimal mechanism consists of a continuum of messages (see Corollary 1), loss is
increasing in uncertainty (see Proposition 2), and small uncertainty makes the sender
more truthful (see Figure 1). Moreover, the comparison with the privately informed
receiver setting by Kolotilin et al. (2017) presented in Section 2 is qualitatively similar.

5 Conclusion

In this paper we characterize the optimal persuasion mechanism when the sender does
not have priors about the environment he faces: probability distribution over possible
states, the receiver’s prior and outside option. The maximin utility approach, which is
prevalent in the literature on robust persuasion, has little ‘bite’ in our settingwithout any
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external constraints. Moreover, it restricts the sender’s attention to a specific worst-
case prior of the receiver. Instead, we use a minimax loss approach, in which the
sender is striving for the best irrespective of the receiver’s prior. With this approach,
our setting can be interpreted as a problem of a sender facing a population of receivers
with unknown characteristics.18

In a model with binary state space, the optimal mechanism involves a continuum
of messages, but admits a simple representation as a randomization over two-message
mechanisms. We characterize properties of the minimax loss and demonstrate that
having perfect information about the receiver’s characteristics reduces loss from � to
zero, while having perfect information about the state space reduces it to 1/e. Surpris-
ingly, to achieve this loss the sender does not need to know probabilities of the states
but can be equally well-off if he is sure that the receiver has an accurate knowledge
of them. We show that small uncertainty makes the sender more truthful than in the
perfect information, Bayesian, benchmark, while larger uncertainty may lead to more
lying. This indicates that introducing some small noise into the environment might
improve the quality of communication.

We show that as the number of states approaches infinity, the sender’s performance
drops to zero. This result, however, arises in the environments when the optimal
mechanism excludes specific states, randomly chosen by nature, from the support
of adoption recommendation. As such mechanisms do not look reasonable, we focus
on cut-off mechanisms, for which the results from the binary model carry over to an
arbitrary number of states, producing a similar persuasion strategy and an identical
minimax loss.

Appendix A: Proofs of themain results

A1: Notation

In this section we introduce notation, which we will use throughout the proofs. Denote

φ(λ) = α + (1 − α)λ, φ(λ) = α + (1 − α)λ (16)

and

C(λ) = 1 − ln φ(λ) − ln

(
φ(λ)

φ(λ)

)
. (17)

Moreover, we define functions

18 In Appendix D, we compare our results to a setting with a sender who knows the population of receivers,
but does not know the actual receiver type he faces, which is analyzed in Kolotilin et al. (2017). If such
sender is used as a benchmark for the loss function, then none of our results changes. However, when played
against fixed populations, robust mechanism performs well. For example, for the uniform distribution of
receiver types, the difference in payoffs between the robust mechanism and the optimal mechanism is less
than 1/9. At the same time, when facing adversarial nature, mechanism from Kolotilin et al. (2017) may
result in the maximal possible loss of one.
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μ(λ) ≡ max

{
λ,

1

1 − α

(
e−C(λ) − α

)}
(18)

and

H(λ) ≡ ln

(
φ(λ)

φ(λ)

)
− max{e−C(λ), φ(λ)}

(
1 + ln

(
1

φ(λ)
min{e−C(λ), φ(λ)}

))
.

(19)

A2: Proof of Lemma 2

Suppose that the sender plays mechanism μM = {μ0, μ1}, on message space M .
Nature randomizes over parameters (α, β, r). We view the randomization over (β, r)

as a randomization over the acceptance sets A defined in (2). LetA be a collection of
all acceptance sets generated by different choices of (β, r) for a given μM . Let F be
a strategy of nature defined on all (α, β, r) and F(A) be a corresponding ‘marginal
distribution’ over A ∈ A.

Let M ′ = ∪AA—i.e., M ′ is a set of messages which could potentially persuade
at least some receiver. Let M′ be a sigma-algebra on M ′. We claim that μ0 << μ1
(μ0 is absolutely continuous with respect to μ1 on M′). Indeed, if there exists a set
B ∈ M′ such that μ0(B) > 0 and μ1(B) = 0 then ∀A ∈ A we have B 	⊂ A as any
m ∈ B reveals that ω = 0.

We define

q(m) =
∫
A
I(m ∈ A)d F(A)

and

αe(m) = E(α|m ∈ M ′) = 1

q(m)

∫
A×[α,α]

αI(m ∈ A)dF.

We can write down the expected payoff of the sender as

EFπ(μM ;α, β, r) = EF

[
α

∫
M
I(m ∈ A)dμ1 + (1 − α)

∫
M
I(m ∈ A)dμ0

]

= EF

[
α

∫
M ′

I(m ∈ A)dμ1 + (1 − α)

∫
M ′

I(m ∈ A)dμ0

]

=
∫

M ′
αe(m)q(m)dμ1 +

∫
M ′

[1 − αe(m)]q(m)dμ0

=
∫

M ′

(
αe(m) + [1 − αe(m)]dμ0

dμ1
(m)

)
q(m)dμ1,

where dμ0
dμ1

(m) is a Radon-Nikodym derivative of μ0 with respect ot μ1. We denote

t(m) = dμ0
dμ1

(m) for allm ∈ M ′ and set it equal to an arbitrary t > 1 for allm ∈ M\M ′.
It is straightforward to verify that t(m) ≤ 1 for any m ∈ M ′.

Consider a binarymechanismμt(m) with twomessagesm+ andm−, wheremessage
m+ is sent with probability 1 if ω = 1 and with probability t(m) if ω = 0. Note that if
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m was in the acceptance set of some receiver under old mechanism, then m+ is in the
acceptance set under new mechanism. Indeed, the posterior of the receiver following
message m+ is

p̃(m) = β

β + (1 − β)t(m)
.

Consider a receiver with a corresponding acceptance set A. Now, for any set C ⊆ A
we have
∫

C
( p̃(m) − r)dμR =

∫
C

p̃(m)dμR − rμR(C)

=
∫

C

β

β + (1 − β)t(m)

(
β + (1 − β)

dμ0

dμ1
(m)

)
dμ1 − rμR(C)

= βμ1(C) − rμR(C) =
∫

C
Pβ(m)dμR − rμR(C)

=
∫

C
(Pβ(m) − r)dμR ≥ 0.

As this must hold for any set C we conclude that p̃(m) ≥ r almost everywhere. Then,
the expected payoff of such binary mechanism is

EFπ(μt(m);α, β, r) = EF [(α + (1 − α)t(m))I(m ∈ A)]

= [
αe(m) + [1 − αe(m)]t(m)

]
q(m).

Thus, we can rewrite the expected payoff from an arbitrary mechanism as

EFπ(μM ;α, β, r) =
∫

M ′
EFπ(μt(m);α, β, r)dμ1

=
∫

M
EFπ(μt(m);α, β, r)dμ1. (20)

Therefore, a payoff from each mechanism can be represented as a payoff from a
randomization over binary mechanisms. Let G be the set of all probability measures
over persuasion mechanisms, and G2 be the set of all probability measures over binary
message mechanisms. From (20) and the fact that G2 ⊂ G we obtain that

sup
μM ∈G

EFπ(μM ;α, β, r) = sup
μM ∈G2

EFπ(μM ;α, β, r).

Thus, infμM ∈G EFL(μM ;α, β, r) = infμM ∈G2
EFL(μM ;α, β, r).

A3: Proof of Theorem 1

We are going to prove several Lemmata and finally proceed with the proof of the main
result. We define the lower and upper bounds of the support of the strategy of nature as
(αF , αF ) and (λF , λF ). Note that our restrictions imply that α ≤ αF ≤ αF ≤ α and

123



A. Parakhonyak, A. Sobolev

λ ≤ λF ≤ λF ≤ λ. Correspondingly, the lower and the upper bounds of the support
of the strategy of the sender are μ

G
and μG . For a fixed strategy of the sender the

expected loss of nature is given by

L F (α, λ) =
∫ μG

μ
G

L(μ;α, λ)dG(μ).

The following Lemma states that for any λ nature chooses either α = α or α = α.
That is, with respect to the probability of the good state nature’s strategy has the widest
support consisting of two points.

Lemma 5 There is a function α̂(λ) : [λF , λF ] → {α, α} such that L F (α̂(λ), λ) ≥
L F (α, λ) for all α ∈ [α, α].

Moreover, there is λ0 ∈ [λF , λF ) such that α̂(λ) = α for all λ < λ0 and α̂(λ) = α

for all λ > λ0. Moreover, λ0 > μ
G

.

Proof Fix the strategy of the sender G. Then, the expected loss of nature is given by

L F (α, λ) =[1 − G(λ)](α + (1 − α)λ) + (1 − α)

∫ λ

μ
G

(λ − μ)dG(μ),

which is linear in α for any λ. Thus, for given G and λ the expected loss of nature
L F (α, λ) is maximized by α ∈ {α, α}. Moreover,

∂L F (α, λ)

∂α
= (1−λ)[1−G(λ)]−

∫ λ

μ
G

(λ−μ)dG(μ) = (1−λ)−
∫ λ

μ
G

(1−μ)dG(μ),

which is decreasing in λ. Thus, either α jumps downward from α to α at some interior
point λ0 or it equals to either α or α over the whole support (in which case λ0 = λF
or λ0 = λF respectively).

Note that as at the point λ = μ
G
we have ∂L F

∂α
> 0 it must be the case that λ0 > μ

G
.

Moreover, at λ = λF

∂L F (α, λ)

∂α
= (1 − λF ) −

∫ λF

μ
G

(1 − μ)dG(μ) < 0

as playing μ > λF is dominated by playing μ = λF for the sender, so G(λF ) = 1. ��
We show that nature does not play λ0 with a positive probability.

Lemma 6 If λ0 < λF , then in equilibrium F(λ) is continuous at λ = λ0.

Proof Suppose that nature plays λ0 with positive probability. We show that the sender
prefers μ = λ0 to μ = λ0 + ε. For any function a(x) we define a(x−) = sup{a(t) :
t < x}. Consider loss of the sender from choosing μ = λ0:
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∫ λ−
0

λF

[α + (1 − α)λ]d F(λ) + [F(λ0) − F(λ−
0 )]α(λ0) × 0

+
∫ λF

λ0

(1 − α)(λ − λ0)d F(λ).

The expected loss from playing μ = λ0 + ε equals to

∫ λ−
0

λF

[α + (1 − α)λ]d F(λ) + [F(λ0) − F(λ−
0 )][α(λ0) + (1 − α(λ0))λ0]+

+
∫ λ0+ε

λ0

[α + (1 − α)λ]d F(λ) +
∫ λF

λ0+ε

(1 − α)(λ − λ0 − ε)d F(λ).

The difference between the two losses is

[F(λ0) − F(λ−
0 )][α(λ0) + (1 − α(λ0))λ0]+∫ λ0+ε

λ0

[α + (1 − α)λ − (1 − α)(λ − λ0)]d F(λ) −
∫ λF

λ0+ε

(1 − α)εd F(λ),

which is positive for ε small enough. Thus, the sender prefers not to play μ in some
neighbourhood above λ0. Then, any point in that neighbourhood gives nature a higher
payoff than λ0, arriving to contradiction. ��

Lemma 5 defines α̂(·) at all points except λ0. Lemma 6 states that the measure of
this point is zero, so the minimax loss is unaffected by the choice of α̂(λ0). We define
function at this point as α̂(λ0) = α, so that α̂ is now uniquely defined on the full
domain [α, α]. This allows us to redefine nature’s loss as

L F (λ) =
∫ μG

μ
G

L(μ, α̂(λ), λ)dG(μ).

For a given strategy of nature we define the expected loss of the sender as

LG(μ) =
∫ λF

λF

L(μ, α̂(λ), λ)d F(λ).

The following Lemma characterises supports of the equilibrium strategies.

Lemma 7 In equilibrium,

1. F(λ) is continuous on [λF , λF );
2. G(μ) is continuous on (μ

G
, μG ];

3. Distributions G(μ) and F(λ) have the same compact support with λF = μ
G

≡ μ

and λF = μG ≡ μ. Moreover, μ = λ.
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Proof Claim 1. Suppose, that the marginal distribution of the strategy of nature has
an atom at some λ1, which is not the upper bound of its support. Suppose, that α̂ is
constant (either α or α) in the neighbourhood of λ1. Then there exists ε1 > 0 such that
for all ε ≤ ε1 LG(λ1) < LG(λ1 + ε). Thus the sender would not play μ just above λ1
and G(λ1 + ε1) − G(λ1) = 0. Then we have that L F (λ1) < L F (λ1 + ε1/2), as loss,
defined by either case of equation (7), is increasing in λ and probability of having each
case does not depend on λ if λ ∈ (λ1, λ1 + ε1). Contradiction. Now consider the case
when α̂ changes from α to α at λ1. Again, as (1−α)(λ−μ) < α + (1−α)λ we have
that LG(λ1) < LG(λ1 + ε) and the proof follows the same steps as in the previous
case.

Claim 2. Suppose that G has an atom at some point μ1. Then, there exists ε1 > 0
such that for all ε ≤ ε1 we have that

L F (μ1) < L F (μ1 − ε). (21)

Now consider two cases. First, suppose that μ1 = λF . From (21) we get that nature
must play λF with probability zero, hence by playing μ1 the sender never persuades
the receiver, thus μ1 cannot be played by the sender with positive probability. Second,
suppose that μ1 < λF . From (21) it follows that points at and just above μ1 are
dominated from nature’s perspective with points above μ1, hence there exists ε2 > 0
such that F(μ1 + ε2) − F(μ1) = 0. Then, we get that LG(μ1) > LG(μ1 + ε2/2),
regardless of whether α̂ is constant or jumps down from α to α at μ1. Thus, the sender
cannot play μ1 with positive probability, a contradiction.

Claim 3. Suppose, that for some a < b we have G(b) − G(a) = 0 but F(b) −
F(a) > 0. Then note that for any c ∈ [a, b) we have that L F (b) > L F (c) (as
α̂(b) ≤ α̂(c)), and thus no values in [a, b) can be played with positive probability.
Similarly, if F(b) − F(a) = 0, we have that the sender has lower losses at a than in
any other point in the gap. Thus, supports must coincide. Now, if both supports have
the same gap [a, b) we have that L F ((a + b)/2) > L F (a), so there is a profitable
deviation. Thus, both supports coincide and convex. Now, suppose that the upper
bound of both supports μ < λ. Note that L F (λ) > L F (μ), thus there is a profitable
deviation, hence μ = λ. ��

Now we are ready to prove the main theorem.

Proof of Theorem 1. First, note that from Lemma 7 we have that μ = λ, as well as
the continuity of strategies in the interior of common support. Second, in the mixed
strategy equilibrium both the sender and nature should be indifferent between all
actions in the support of their distributions.

Denote the lower bound of the equilibrium support as μ ≥ λ. From Lemma 5 there

exists λ0 ∈ (μ, λ] such that α̂(λ) = α for all λ < λ0 and α̂(λ) = α for all λ ≥ λ0. At
the end of the proof we show that λ0 is determined by equation H(λ0) = 0.

Strategy of nature. We start by characterizing the strategy of nature for given μ

and λ0 > μ (this inequality will be verified later using Lemma C.1). Consider the
equilibrium loss of the sender. Using the indifference condition for μ < λ0 we obtain
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that

LG(μ) =
∫ λ

λ0

(1 − α)(λ − μ)d F(λ)

+
∫ λ0

μ

(1 − α)λd F(λ) − μ(1 − α)[F(λ0) − F(μ)] + αF(μ).

By setting μ = μ and using the fact that the sender must be indifferent across all μ

we get

∫ λ

λ0

(1 − α)(λ − μ)d F(λ) − μ(1 − α)[F(λ0) − F(μ)] + αF(μ)

=
∫ λ

λ0

(1 − α)(λ − μ)d F(λ) − μ(1 − α)F(λ0),

which simplifies to

[1 − F(λ0)](1 − α)(μ − μ) + F(λ0)(1 − α)(μ − μ) = [α + (1 − α)μ]F(μ).

Thus,

F(μ) = B(μ − μ)

α + (1 − α)μ
,

where B = [1 − F(λ0)](1 − α) + F(λ0)(1 − α).
Next, we consider the case μ ≥ λ0. The expected loss of the sender LG(μ) is given

by

∫ λ

μ

(1 − α)(λ − μ)d F(λ) +
∫ μ

λ0

[α + (1 − α)λ]d F(λ) +
∫ λ0

μ

[α + (1 − α)λ]d F(λ).

By plugging in μ = λ0 and using the indifference we obtain:

∫ λ

μ

(1 − α)(λ − μ)d F(λ) +
∫ μ

λ0

[α + (1 − α)λ]d F(λ) =
∫ λ

λ0

(1 − α)(λ − λ0)d F(λ),

which simplifies to

[1 − F(λ0)](1 − α)(μ − λ0) = [α + (1 − α)μ]F(μ),

which can be rewritten as

F(μ) = 1 − A

α + (1 − α)μ
.
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where A = [1 − F(λ0)][α + (1 − α)λ0]. By plugging in μ = λ and using the result
from Lemma 7 that the distribution function must be continuous at λ0 we obtain

F(λ0) = B(λ0 − μ)

α + (1 − α)λ0
= 1 − A

α + (1 − α)λ0
.

Recall that B = (1−α)− (α −α)F(λ0). Then, by solving for F(λ0) and A and using
our notation φ and φ we obtain

A = φ(μ)φ(λ0)

φ(λ0) − φ(μ) + φ(μ)
, B = (1 − α)

φ(λ0)

φ(λ0) − φ(μ) + φ(μ)
(22)

and

F(λ0) = φ(λ0) − φ(μ)

φ(λ0) − φ(μ) + φ(μ)
.

It remains to show that F(λ0) ∈ [0, 1]. If λ0 solves H(λ) = 0, which we are going
to verify later, then following the result of Lemma C.1 we have that λ0 > μ. Then,
using φ′ > 0 we obtain

0 < A <
φ(μ)φ(λ0)

φ(μ)
= φ(λ0).

This implies that F(λ0) = 1 − A
φ(λ0)

∈ (0, 1).

Strategy of the sender. Next we derive the equilibrium strategy of the sender G.
From Lemma 7 we know that G is continuous on (μ, λ]. Consider the equilibrium
loss of nature that plays λ ≥ λ0:19

L F (λ) = (1 − G(λ))(α + (1 − α)λ) + (1 − α)

∫ λ

μ

G(μ)dμ.

Similarly we can rewrite the loss for the case of λ < λ0, so we get that

L F (λ) =
⎧⎨
⎩

(1 − G(λ))(α + (1 − α)λ) + (1 − α)
∫ λ

μ
G(μ)dμ, λ < λ0

(1 − G(λ))(α + (1 − α)λ) + (1 − α)
∫ λ

μ
G(μ)dμ, λ ≥ λ0

. (23)

Consider the case of λ < λ0. Define a differentiable function J (λ) = ∫ λ

μ
G(μ)dμ.

Then, we can rewrite equation (23) as

[1 − J ′(λ)]φ(λ) + (1 − α)J (λ) = L. (24)

19 Here we apply integration by parts to Riemann-Stiltjes integral, using the fact that (λ−μ) is continuous
and G is non-decreasing, see Theorem 21.67 in Hewitt and Stromberg (2013).
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Solving homogeneous equation J ′(λ)φ(λ) = (1 − α)J (λ) gives J (λ) = c(λ)φ(λ).

Plugging in back to the original equation gives [1 − c′(λ)φ(λ)]φ(λ) = L. Thus,

c′(λ) = φ(λ) − L

[φ(λ)]2 ,

which gives a solution (by replacing argument λwithμ): G(μ) = J ′(μ) = ln φ(μ)+
C0. Similarly, for the case λ ≥ λ0 we obtain G(μ) = ln φ(μ) + C1.

Using the continuity of G at the upper bound of the support, G(λ) = 1, we get that
C1 = 1 − φ(λ). To determine C0 we use the fact that G(μ) is continuous at μ = λ0
as λ0 > μ, so

ln φ(λ0) + C0 = ln φ(λ0) + 1 − ln φ(λ)

and therefore C0 = C(λ0), where C(·) is defined by equation (17). Thus, we obtain

G(μ) =
{
ln φ(μ) + C(λ0), μ < λ0
ln φ(μ) + 1 − ln φ(λ), μ ≥ λ0

.

The equilibrium lower bound. Next we are ready to characterize μ as a function
of λ0. By substituting λ into the obtained function G(μ)we have that G(λ) > 0 if and
only if ln φ(λ)+C(λ0) > 0 or equivalently when φ(λ) > e−C(λ0). In this caseμ = λ.

Otherwise μ is determined by the solution of φ(μ) = e−C(λ0) and since C ′ > 0 it is

easy to see that μ ≥ λ where the equality occurs if and only if φ(λ) = e−C(λ0).
Summing up we established that the lower bound is determined by equation (18):

μ = μ(λ0) = max

{
λ,

1

1 − α

(
e−C(λ0) − α

)}
.

The lower bound is defined as a function of λ0 which we are going to characterise
using Lemma 5. This Lemma also guarantees that μ(λ0) < λ0.

Characterization of λ0. It remains to show that λ0, i.e., the point where α jumps
from the highest to the lowest possible value is defined by H(λ0) = 0. Then, by
Lemma 5 such λ0 always exists and is uniquely defined, and moreover, the lower
bound is also correctly defined, so that μ(λ0) < λ0 ≤ λ.

Note that the loss of nature is defined by

L F (α, λ) = (1 − G(λ))(α + (1 − α)λ) + (1 − α)

∫ λ

μ

G(μ)dμ.

Lemma 5 states that for λ = λ0 nature is indifferent between all possible values of α

(and prefers α above and α below this point, see (23)). Thus, ∂L F/∂α = 0 at λ = λ0
and

(1 − G(λ0))(1 − λ0) =
∫ λ0

μ(λ0)

G(μ)dμ. (25)

Let us first compute the left-hand side of (25)
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(1 − G(λ0))(1 − λ0) = (ln φ(λ) − ln φ(λ0))(1 − λ0).

The right-hand side of (25) can be rewritten as

∫ λ0

μ(λ0)

G(μ)dμ = 1

1 − α

[
φ(μ) ln φ(μ)

] ∣∣∣∣
λ0

μ(λ0)

− (1 − C(λ0))(λ0 − μ(λ0)).

To characterize λ0 we consider two cases determining the lower bound μ(λ0).

Case 1: φ(λ) > e−C(λ0). First, suppose that λ0 satisfies φ(λ) > e−C(λ0) and
μ(λ0) = λ. Then, equation (25) results in

(1 − C(λ0) − ln φ(λ0))(1 − λ0) = 1

1 − α
ln φ(λ0) − φ(λ) ln φ(λ)

1 − α
.

Notice that (1−α)(1−λ) = (1−φ(λ)). Using the formula for C(λ0)we come obtain

ln

(
φ(λ)

φ(λ0)

)
− φ(λ)(1 − C(λ0) − ln φ(λ)) = 0. (26)

Notice that if φ(λ) > e−C(λ0), then equations H(λ0) = 0 and (26) coincide.
Case 2: φ(λ) ≤ e−C(λ0). Suppose that λ0 satisfies φ(λ) ≤ e−C(λ0). Moreover,

suppose that φ(μ(λ0)) = e−C(λ0). By plugging μ(λ0) into (25) we obtain:

ln

(
φ(λ)

φ(λ0)

)
− φ(μ(λ0))(1 − C(λ0) − ln φ(μ(λ0))) = 0.

Using that φ(μ(λ0)) = e−C(λ0) we have the final equation

ln

(
φ(λ)

φ(λ0)

)
− e−C(λ0) = 0. (27)

Notice that if φ(λ) ≤ e−C(λ0), then equations H(λ0) = 0 and (27) coincide. So we
showed that λ0 is indeed determined by equation H(λ0) = 0 and therefore according
to Lemma C.1 there exists a unique λ0 such that μ(λ0) < λ0 ≤ λ. ��
At the end of this section we explicitly present the equilibrium strategies derived in the
proof of Theorem1. For all values of parameters the sender’s strategywhichminimizes
loss in the worst-case scenario is given by

G(μ) =
{
ln φ(μ) + C(λ0), μ < λ0
ln φ(μ) + 1 − ln φ(λ), μ ≥ λ0

, (28)
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with support [μ(λ0), λ], where expressions forφ(·), φ(·), C(·), μ(·) are given by equa-
tions (16) - (18) and λ0 solves H(λ) = 0.

Corresponding strategy of nature, which maximizes expected loss of the sender has
the same support and is defined by

F(λ) =

⎧⎪⎨
⎪⎩

B(λ−μ(λ0))

φ(λ)
, λ < λ0

1 − A
φ(λ)

, λ0 ≤ λ < λ

1 λ ≥ λ

, (29)

where A and B are given by (22).
Uniqueness. Note, that the mixed strategy equilibrium is uniquely defined for any

support by constant expected payoff condition. Lemma 7 states that the upper bound
of the support is uniquely defined. Then, for a given values of the upper bound and λ0
the lower bound is uniquely defined by equation (18). Finally, the uniqueness of λ0 is
guaranteed by Lemma (C.1).

A4: Proof of Theorem 2

Suppose that malicious nature uniformly randomizes between
( n

√n�

)
possible types

of the receiver. Receiver j’s prior belief about the state of the world is characterized
by

β j
w =

⎧⎨
⎩
1 − 
√n�δ − (n − 
√n�)ε, if ω = 1,
δ, if ω ∈ S j ,

ε, otherwise,

where S j ⊂ � consisting of 
√n� elements from �. We define20

δ = 1


√n�n1/2
and ε = 1

(n − 
√n�)n7/2
.

Suppose that there are two messages m1 and m2 which persuade the receiver
(i.e., give expected utility higher than r ), sent with probabilities μω(mi ) such that
μω(m1) + μω(m2) ≤ 1. Then, m+ is sent with probability μω(m+) = μω(m1) +
μω(m2) and also persuades the receiver. Thus, we can focus on two-message mecha-
nisms.

To determine the nature’s choice of the outside option r , consider the expected

payoff of receiver j with S j =
{

n−
√n�
n , . . . , n−1

n

}
, after receiving a message m+

from the mechanism which sends this message if and only if ω ∈ � \ S j . Then,

E(u R |m+, a = 1) = 1 − 
√n�δ − (n − 
√n�)ε + ε
∑

ω∈�\(S j ∪1) ω

1 − 
√n�δ .

20 Note that the receiver’s prior is well-defined for all n ≥ 2 since β
j
1 = 1 − 1

n1/2
− 1

n7/2
increases in n

and is equal to 1 − 9/(8
√

(2)) > 0 for n = 2, which implies that β j
1 ∈ (0, 1).
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Define the receiver’s outside option (for all types j) as

r ≡ 1 − 
√n�δ − (n − 
√n�)ε
1 − 
√n�δ .

Clearly, E(u R |m+, a = 1) > r , as r is equivalent to the expected payoff in the case if
all the bottom n − 
√n� were replaced with zero.

Now, consider an expected payoff of a receiver who faces amechanismwhich sends
message m+ with probability p > 0 in a ‘cursed state’ upon receiving such message:

E(u R |μ(m+|ω ∈ S j ) > 0, m+, a = 1) <
1 − 
√n�δ − (n − 
√n�)ε + n−1

n δ p

1 − 
√n�δ − (n − 
√n�)ε + δ p
≡ ρ.

The right-hand-side, which we denote as ρ, is the payoff of the receiver with the
most optimistic prior, i.e., with β(n−1)/n = δ, upon receiving message m+ from a
mechanismwhich sends thismessage only inω = 1with probability 1 and inω = n−1

n
with probability p. Alternatively, one can interpret the right-hand-side as the upper
bound of the payoff of the receiver who faces a mechanism sending m+ at least in one
of ‘cursed states’ with probability p. Now we will show that for our choice of ε and δ

we have ρ < r for p = 1, i.e., sending m+ just in one ‘cursed state’ with probability
1 is sufficient for rejection. By plugging in our expressions we obtain that

ρ = 1 − 1/
√

n − 1/
√

n7 + (n − 1)/(
√n�√n3)

1 − 1/
√

n − 1/
√

n7 + 1/
√n�(√n)
<

1 − 1/
√

n − 1/
√

n7 + (n − 1)/n2

1 − 1/
√

n − 1/
√

n7 + 1/n
.

Comparing the left–hand-side of this expression to r gives that ρ < r whenever

−n9/2 + n3 + n2 + n3/2 + n + n1/2 + 1

n3
(
n7/2 − n3 + n5/2 − 1

) < 0.

The denominator of the last expression is clearly positive for n ≥ 2. Denote the
numerator:

ξ(n) = −n9/2 + n3 + n2 + n3/2 + n + n1/2 + 1.

We have that ξ(2) = 15 − 13
√
2 < 0. Moreover, for any n ≥ 2 we have that

ξ ′(n) = −9

2
n7/2 + 3n2 + 2n + 3

2
n1/2 + 1 + 1

2
n−1/2 < −2n2 + 1 < 0.

Thus, ξ(n) is decreasing, and, therefore, is always negative, which implies that for
our choice of ε and δ we have ρ < r , meaning that message m+ does not persuade
the receiver if sent with probability 1 in a ‘cursed state’. Thus, that there exists p̄ ∈
(0, 1) such that if the sender sends message m+ in a ‘cursed state’ with probability
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p > p̄, then the receiver rejects. Since the receiver is indifferent between adopting
and rejecting for p = p̄ we have that

p̄ = εn(n − 
√n�)(1 − 
√n�δ − (n − 
√n�)ε)
δ(1 − 
√n�δ − n(n − 
√n�)ε) .

Note that limn→∞ n p̄ = 0.
Next, we show that the maximal payoff that the uninformed sender can obtain

approaches 0 when n tends to ∞. Consider two cases.
First, suppose that the sender sends message m+ in state ω = 1 with probability

1 and in some other states with probabilities not higher than p̄. Then, the probability
of persuading the receiver is not higher than α1 + ∑

ω∈(�\1) αω p̄ = α1 + (1 − α1) p̄.
Since we have that α1 → 0 and p̄ → 0 when n tends to∞, the probability to persuade
the receiver approaches 0 when n → ∞.

Second, suppose that the sender sends m+ in k < n states with probability strictly
larger than p̄. Then, the payoff of the uninformed sender is not larger than

α1+(n−k)p+ A

n
k

(
n − k


√n�
)/(

n


√n�
)

< α1+(n−k)p+ A

n
k

(
1 − 
√n�

n

)k

≡ �.

If k ≤ 
√n�, then � ≤ α1 + np + A 
√n�
n → 0 when n tends to 0. If 
√n� <

k < n − 
√n�, then since k
(
1 − 
√n�

n

)k
is a weakly decreasing function for all

k ≥ 
√n� + 1, we have that

lim
n→∞ � ≤ lim

n→∞

(
α1 + (n − k)p + A


√n� + 1

n

(
1 − 
√n�

n

)
√n�+1
)

= A lim
n→∞


√n� + 1

n
e− 
√n�

n (
√n�+1) = 0.

We conclude that the expected payoff of the uninformed sender approaches 0 as the
number of states approaches infinity.

TheBayesian sender can persuade the receiver in all states except the ‘cursed states’,
as pooling all non-cursed states with the top states delivers utility r to the receiver.
Thus, using the fact that nature randomises uniformly across all

( n

√n�

)
choices, the

expected payoff of Bayesian sender can be written as

α1 + (1 − α1)

(
1 − 
√n�

n

)

which approaches 1 as n → ∞.
Thus, as the number of states approaches infinity, the payoff of the Bayesian sender

approaches 1, while the payoff of the uninformed sender approaches 0, thus L → 1.
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