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Abstract

Sidney Coleman’s study of false vacuum decay, in which a metastable state

tunnels to a state of lower energy, remains one of the most fascinating

aspects of semi-classical methods in non-perturbative quantum field theory.

The Schwinger effect is the decay of a background electric field into charged

particle-antiparticle pairs, their energy coming from screening the electric

field. After reviewing essential background material, this thesis applies

the techniques of false vacuum decay to axion electrodynamics, a theory

of a photon and a hypothetical neutral pseudo-scalar particle, the axion,

interacting through a topological term in the action. Remarkably, a

mechanism similar to the celebrated Schwinger effect emerges, in which

a background electromagnetic field can decay through the nucleation of

bubbles, except for the perplexing point that in axion electrodynamics there

are no charged particles in the spectrum. This mechanism naturally leads to

a parallel process in brane nucleation, and equipped with the lessons of false

vacuum decay in axion electrodynamics, we immediately obtain decay rates

for branes in background electric fields. We then propose relations between

quantities such as brane tension and interaction strength to cosmological

quantities such as the Hubble parameter, generalizing the recent Festina

Lente conjecture for massive charged particles.
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Chapter 1

Introduction

1.1 Motivation and Overview

The axion remains one of the most well motivated and searched for proposed

particles in high energy physics. Its existence would resolve a great many mysteries

in theoretical physics. For instance, phenomenological models of the axion can solve

the strong CP problem of the standard model [1, 2, 3] and axions may constitute

portions of dark matter [4, 5].

Axion-Maxwell theory, or axion electrodynamics, is the theory of an Abelian

gauge field, or photon, interacting with a neutral (pseudo)scalar field, or axion, via

an anomaly term. Such an interaction is an extremely peculiar one: it is called a

Chern-Simons interaction. It is formally independent of the metric tensor, making

it topological in a sense, and it is unusual in that it drastically modifies Maxwell’s

equation leading to a richer theory of electrodynamics. The phenomenological

implications are profound: for instance, magnetic monopoles acquire electric charge,

becoming dyons, in the presence of a constant background axion field [6, 7].

Moreover, due to this topological operator, electric charges and currents are assigned
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to regions of space in which the axion field varies.

Parallel to the above is the study of non-perturbative effects in quantum field

theory. The vast majority of calculations in quantum field theory are done at

the perturbative level, where one typically has an exact solution, with corrections

involving a small parameter, and correlation functions are computed as a series in

that small parameter. However, non-perturbative processes exist in quantum field

theory, which cannot be expressed as an analytic expansion in that small parameter.

One such process is false vauum decay in quantum field theory [8, 9, 10, 11]. In

essence, a field could be at a local minimum of a potential profile, known as a false

vacuum. Such a configuration is typically unstable, and can decay into a lower energy

energy state, through quantum tunneling of the field past the potential barrier. This

phenomenon is the subject of a myriad of research, some of which are [12, 13, 14, 15,

16, 17, 18].

One particular application of great interest to us is Schwinger pair production

[19, 20]. Here, one sees that a background electric field is unstable and can decay

through the nucleation of pairs of charged particles, say electrons and positrons. As

we will review, the pair nucleation rate per volume is

Γ/V ∼ exp

(
− πm2

eE

)
, (1.1)

where E is the background electric field, which decays into pairs of particles of mass

m and charges ±e. This process is manifestly non-perturbative. Indeed, if one were

to approximate the decay rate as a function, Γ/V = f(e), of the small parameter e,

then presumably one could write f(e) ≈ f(0) + ef ′(0) + e2f ′′(0)/2 + · · · but every

single derivative of eq. (1.1) with respect to e, as well as f(e) itself, vanishes at

e = 0. Therefore, we will not be able to see this result at any finite order of the
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expansion parameter in perturbation theory.

One of the main results of this thesis is to show that non-perturbative false

vacuum decay occurs in axion electrodynamics, in the presence of background

electromagnetic fields. More specifically, we will argue that metastable states of

axion electrodynamics can decay to more stable ones through nucleating bubbles.

Furthermore, we will illustrate that this process is highly reminiscent of Schwinger

pair production.

What is remarkable is that whereas in the Schwinger effect the background

electric field could decay only due to the existence of light charged particles, in axion

electrodynamics we do not consider any charged particles at all, only the photon and

the axion. We will argue that this is only made feasible by a Chern-Simons term. In

essence, our work lies at the intersection of Chern-Simons theories, and the theory

of false vacuum decay.

The results we have found are sufficiently intriguing that they naturally lend

themselves to applications in other areas of theoretical physics, such as black

holes, swampland conjectures, and constraints in string theory and D-branes. The

swampland program consists of the effort to elucidate the boundary between effective

field theories that appear to be viable theories of low energy physics but which cannot

be UV completed to a theory of quantum gravity (the swampland), versus theories

that are good descriptors of low energy phenomenology and can be completed to

a theory of quantum gravity (the landscape). As such, a further motivation is the

application of false vacuum decay in axion electrodynamics towards understanding

restrictions on the sprectrum of strings and branes in quantum gravity. In exploring

this exiting avenue, we will find that there are indeed restrictions on branes and
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strings in de Sitter. More specifically, we will find connections between quantities

that are string-y and brane-y, such as brane tension and Wess-Zumino coupling

coefficient, and the Hubble parameter which is cosmological. We will then proceed

to extend these findings to higher dimensional spacetimes, and higher dimensional

branes.

1.2 Outline

This thesis is structured as follows. Chapter 2 provides a brief overview of two

key subjects that are important for the main content of this thesis. First, we look

at instantons and bounces, with a focus towards their applications in false vacuum

decay. Moreover, we present Schwinger pair production in the language of bubble

nucleation in false vacuum decay. Doing so allows for a natural progression towards

applying these techniques in axion electrodynamics. Second, we also review the

swampland conjecture, choosing to focus on those select few that are most relevant

to this thesis. Importantly, we review the vital pieces of the recent Festina Lente

conjecture. We subsequently review the basics of string theory and branes, before

moving on to Chern-Simons theories. In Chapter 3 we present an expanded version

of the material in [21] discussing our recent findings of a false vacuum decay process in

axion electrodynamics. In Chapter 4 we study the nucleation of branes in electric field

backgrounds, and extend the results of the Festina Lente conjecture to branes. We find

an intriguing connection between branes with Wess-Zumino couplings and domain

walls in axion electrodynamics. This work is largely based on an upcoming paper

with John March-Russell and Georges Obied. Finally, we conclude with Chapter 5,

including a discussion of possible exciting directions moving forward.
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Chapter 2

Essential Ingredients

In this chapter, we briefly review the key ingredients necessary for the subsequent

chapters. The first section provides key material regarding instantons, which are

certain interesting solutions of the equations of motions in Euclidean time. In

particular, our focus will be on deriving an expression for the decay rate of a

metastable minimum (or false vacuum) of a potential in quantum field theory, which

is analogous to barrier penetration in quantum mechanics. We start by introducing

solitons, which are static solutions of field equations, and then proceed to quantum

tunneling. We then put these ingredients together with the aim of introducing false

vacuum decay, with a special focus on the thin wall limit. This coverage is largely

based upon the seminal papers [8, 9, 10], as well as Aspects of Symmetry by Sidney

Coleman [11], and textbook resources [22, 23, 24].

Having built up the machinery of instantons, we will then review the Schwinger effect

[19, 20] that we outlined in the previous chapter, but using the worldline instanton

solution [25, 26], which immediately has the interpretation of a false vacuum decay

problem. Such an interpretation lends itself to a natural extension in axion-Maxwell

theory, which is the subject of Chapter 3. Moreover, the worldline approach to false
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vacuum decay offers a generalization to brane nucleation using worldvolume actions,

which we explore in Chapter 4. The Schwinger effect is the subject of extensive

research, for instance [27, 28, 29, 30, 31, 32].

Once we have reviewed instantons and the Schwinger effect, we will then move on to

reviewing (some of) the Swampland Conjectures. The Swampland program consists

of a series of conjectures relating low energy effective field theories to quantum

gravity. More specifically, low energy effective field theories that may seem to

be consistent possible descriptions of nature may not actually be consistent with

quantum gravity under UV completion. Theories that are seemingly reasonable

descriptions of nature at low energy scales but are impossible to reconcile with

quantum gravity are said to be in the swampland. Theories that can be rendered

consistent with essential requirements of quantum gravity are said to be in the

landscape. The swampland program describes a set of conjectures that elucidate the

boundary between the swampland and the landscape. Recent reviews include the

comprehensive resources [33, 34, 35, 36, 37, 38]. Sharpening these conjectures - and

obtaining phenomenological implications - is the subject of recent exciting work such

as [39, 40, 41, 42, 43].

Here too, we can only cover a few key topics. Our main focus will be on

conjectures pertaining to conducting thought experiments in particle physics,

especially Hawking radiation and the Schwinger effect, around black holes. The

most important topic for us is the recent and exciting “Festina Lente” conjecture

[44, 45] which is believed to apply to de Sitter universes. What is astonishing is

that this conjecture connects a charged particle’s mass and charge with Hubble size,

something cosmological. We will generalize this conjecture in Chapter 4 by finding

an analogous connection for branes in de Sitter.
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2.1 Solitons and Kinks

Before proceeding to false vacuum decay, we will require some elementary background

in solitons. These objects are time-independent solutions of the equations of motion

of a quantum field theory. Consider the following action for a real scalar field Φ(t, x)

in (1 + 1)d:

I =

∫
d2x L(Φ), with L(Φ) = −1

2
∂µΦ∂

µΦ− U(Φ), (2.1)

where we denote a potential U(Φ) that respects Z2 symmetry in Φ, and contains no

derivatives in Φ. Explicitly, let us choose the potential

U(Φ) =
λ

2

(
Φ2 − µ2

λ

)2
, (2.2)

where µ2 and λ are both separately positive and real parameters. Let us, for

Figure 2.1: The potential U(Φ) = λ
2
(Φ2 − a2)2.

convenience, call µ/
√
λ = a. Another useful example, that will play a role in Chapter

3 is the sine-Gordon potential

USG(Φ) =
α

β2

(
1− cos(βΦ)

)
. (2.3)

13



Figure 2.2: The sine-Gordon potential USG(Φ) =
α
β2

(
1− cos(βΦ)

)
.

In any case, let us return to the action of eq. (2.1). The momentum conjugate to Φ

is given by

ΠΦ = ∂tΦ, (2.4)

from which one obtains the Hamiltonian density by a Legendre transformation

H = ΠΦ∂tΦ− L. (2.5)

The Hamiltonian is then given by

H =

∫
dx H =

∫
dx

(
1

2
Π2

Φ +
1

2
(∂xΦ)

2 + U(Φ)

)
. (2.6)

Let us now look for field configurations Φ that minimize H and are static, i.e.

Φ(t, x) = Φ(x). Then ΠΦ = 0, and the Hamiltonian to minimize is

H =

∫
dx H =

∫
dx

(
1

2
(∂xΦ)

2 + U(Φ)

)
. (2.7)
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Varying this expression with respect to Φ(x) gives

∂2
xΦ =

dU

dΦ
. (2.8)

Note that we could have obtained this same equation by seeking constant time

solutions of the equations of motion that follow from varying eq. (2.1), in which

case we would have

−∂2
tΦ + ∂2

xΦ =
dU

dΦ
. (2.9)

Either way, it stands to reason that a constant value of Φ that minimizes the potential

U will be a solution. In the case of the potential in eq. (2.2), such solutions are

Φ = Φ± = ±a. But we would like a non-trivial static solution. By direct verification,

we see that

Φ(x) = a tanh (µx) (2.10)

is such a solution, known as a kink. See Fig. 2.3.

Figure 2.3: A kink solution.

Moreover, as x → ±∞, Φ(x) → ±a, which is to say that a kink is a solution that
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interpolates between two different solutions, which are themselves minima of the

potential U(Φ). Higher dimensional analogs of this are called domain walls.

Using the integral expression for the Hamiltonian eq. (2.6), we see that the

mass of a kink is

M =
4µ3

3λ
. (2.11)

This expression is finite owing to the fact that the potential vanishes far away1, and

the derivative energy is sharply localized in a region of width ∼ O(µ−1) centered at

x = 0, which is the only region over which the kink solution appreciably changes.

Outside this region, the kink exponentially approaches its asymptotic values. Due

to the Z2 symmetry, −Φ is also a solution, called an anti-kink, which interpolates

between ∓a at x = ±∞. Note that a kink and anti-kink have a distinguishing

feature. Indeed, the current

jµ = − 1

2a
ϵµν∂νΦ (2.12)

satisfies ∂µj
µ = 0, and the conserved quantity associated with a spatial integral of

the time component of this current is

Q =

∫
dx j0 =

1

2a

(
Φ(x = ∞)− Φ(x = −∞)

)
(2.13)

depends only on the asymptotic values of the field Φ. In particular, for a kink, we see

that Q = 1 whereas for an anti-kink Q = −1. Kinks and anti-kinks can interact and

annihilate, due to non-linear interactions in the potential, while preserving the total

Q. We can also get a moving kink of speed v by boosting a static solution:

Φ(t, x) = a tanh
(
µγ(x− vt)

)
, where γ =

1√
1− v2

. (2.14)

1Actually the field approaches a value that minimizes the potential far away, but we have taken
the minimum value of the potential to vanish.
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When λ is perturbatively small, which we have been assuming throughout, note

that the soliton mass M can be considerably larger than the mass of the elementary

particle excitation in the spectrum, which would appear to be ∼ µ.

A similar configuration arises in the case of the sine-Gordon potential of eq. (2.3)

where constant minima configurations are Φ = 2πn/β, where n is an integer. A

kink solution will interpolate between two adjacent minima. For instance, a kink

interpolating between Φ = 0 and Φ = 2π/β is

Φ(x) =
4

β
arctan

(
exp
(√

αx
))

. (2.15)

We see once more that as x → ∞, Φ → 2π/β, and as x → −∞, Φ → 0, with changes

in Φ being localized near x = 0. As such, the mass of this soliton is

M =
8
√
α

β2
. (2.16)

2.2 Instanton Magic

Quantum Tunneling and False Vacuum Decay

Consider a spinless particle in one spatial dimension, with the following Hamiltonian:

H =
p2

2m
+ V (x). (2.17)

Recall that the path integral computes the transition amplitude of a particle; in

Euclidean signature,

⟨x2| exp(−HT ) |x1⟩ =
∫

Dx exp
(
− IE[x]

)
. (2.18)
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Here, T is a positive number and the left hand side is the amplitude for a particle

starting at x1 at time t = −T/2 propagating to x2 at time t = T/2.2 Inserting a

complete set of energy eigenstates, we see that

⟨x2| exp(−HT ) |x1⟩ =
∑
n

exp(−EnT ) ⟨x2|n⟩ ⟨n|x1⟩ , (2.19)

where the sum is over energy eigenstates. It follows from the sum over exponentially

weighted functions that only the ground state - or first term - contributes significantly

at late times. The Euclidean action is

IE =

∫ T/2

−T/2

dτ

(
ẋ2

2
+ V (x)

)
. (2.20)

The positive sign in front of the potential is due to the Euclidean time derivative.

It is this sign difference that renders solutions of the Euclidean action akin to real

time solutions in an inverted potential −V (x), as shown in Fig. 2.5. Solutions to

Euclidean equations of motion are called instantons.

Figure 2.4: A potential profile with a metastable minimum, followed by a lower energy

profile for x > σ.

2Or from time t = 0 to T . That is a choice of convention.
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Figure 2.5: The inverted potential which admits solutions in Euclidean time.

Consider the harmonic oscillator with V (x) = ω2x2/2. Plugging the above action

eq. (2.20) into the right hand side of the path integral relation in eq. (2.18) we infer

with a Gaussian integral that the transition amplitude for propagation from x = 0

back to itself in time T is given by the formal expression

A ∼

(
Det
(
− d2

dτ 2
+ ω2

))−1/2

. (2.21)

We would like to know what this amplitude looks like at late times. We know that the

ground state wavefunction of a harmonic oscillator is ⟨x|0⟩ = (ω/π)1/4 exp(−ωx2/2),

with corresponding energy eigenvalue E0 = ω/2. Then it follows from eq. (2.19) that

A ∼
(ω
π

)1/2
exp(−ωT/2). (2.22)

for late times. We then equate these two expressions above for A.3

In order to evaluate the path integral, we may consider a saddle point approximation
3This derivation has been quick. It suffices for our purposes but a derivation applicable for more

general boundary conditions is in [46].

19



about a stationary point of the action. That is to to say, we seek a solution x̄(τ) for

which
δIE
δx

= 0, (2.23)

which yields the equation of motion: x = x̄(τ). Then differences of the action from

its minimum come from paths that deviate from x̄. Call the path

x(τ) = x̄(τ) +
∑
n

cnun(τ), (2.24)

where the {un} are a set of orthonormal functions, in the sense that

∫ T/2

−T/2

dτ um(τ)un(τ) = δmn. (2.25)

Also, un(±T/2) = 0. Recall that in the path integral approach, one inserts a

space integral at every infinitesimal time slice so that the measure Dx is actually

a product of dx at infinitesimally separated values of τ . Then the parametrization

eq. (2.24) may be viewed as a change of variables, with integration over cn. In

essence, Dx ∼ Πndcn, where once again we neglect the precise numerical value of the

Jacobian factor.

Now a saddle point approximation of the amplitude gives

⟨x2| exp(−HT ) |x1⟩ ∼ exp(−IE(x̄))×

(
Det
(
− d2

dτ 2
+

d2V

dx2
(x̄)

)−1/2

(2.26)

where the first term comes from the minimum action, and the second factor comes

from a Gaussian integral over the cn terms which appear quadratically4, with the

understanding that the determinant is a product of eigenvalues {λn}, which are found
4We only get terms like c2n and not cncm (where n ̸= m) due to orthonormality of un functions.
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from
d2un

dτ 2
+ V ′′(x̄)un = λnun. (2.27)

Suppose now we seek the amplitude for a particle to travel from x = 0 back to itself.

A trivial solution would be x = 0 for eternity. However, the particle may move

from the top of the hill, rolling to x = σ in Fig. 2.5, and subsequently returning to

x = 0. This trajectory is called a bounce solution. Indeed, there could be multiple

such bounces as the particle briefly stabilizes at the top and bounces once more, or

many times for that matter. If these bounces are well separated in time, then the

amplitudes will multiply; this is called the dilute instanton gas approximation. If the

bounce solution is sharply localized in time, but then the particle stabilizes at the

hill top for longer, then the amplitude is simply a contribution from the bounce, say

K occuring n times, times the amplitude for a harmonic oscillator which is a good

approximation near an extremum:

(ω
π

)1/2
exp(−ωT/2)Kn. (2.28)

One must also integrate over the times at which the bounces occur in sequence:

∫ T/2

−T/2

dτ

∫ τ1

−T/2

dτ2 · · ·
∫ τn−1

−T/2

dτn =
T n

n!
. (2.29)

Multiplying this factor to the above expression, and summing over all possible bounces

n ≥ 0, we obtain the amplitude

(ω
π

)1/2
exp

(
− ωT/2 +K exp(−IE)T

)
. (2.30)
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Interpreting the exponent as −ET , where E = E0 − iΓ/2 = ω/2 − K exp(−IE), it

immediately follows that when K is imaginary5, there is a decay channel with decay

width Γ ∼ Im(K) exp(−IE(x̄)).6 From this point onward, let us only consider the

exponent7, whose value only requires evaluating the classical action on a Euclidean

solution, so that

Γ ∼ exp(−IE(x̄)). (2.31)

What is pleasing to see though, is that this is the same exponent one would expect

to find from the WKB approximation in non-relativistic quantum mechanics.

The extension of this result to field theory is natural. Consider a scalar field

Φ with potential profile as in Fig. 2.6.

Take the Euclidean action

IE[Φ] =

∫
d4x

(
1

2
∂µΦ∂

µΦ + V (Φ)

)
. (2.32)

A solution is at Φ = Φ0, but we see from Fig. 2.6 that this is a metastable solution.

If at some large negative Euclidean time τ = −T the solution is at Φ = Φ0, let us

look for a solution that at τ = 0 gives a field profile with V (Φ) < 0. We would also

like that as |x| → ∞, Φ → Φ0 so that V → 0 in order to keep the integral over

space finite. Both of these requirements are satisfied by seeking solutions of the form
5This occurs due to one of the eigenvalues in {λn} being negative. An explicit computation of

eigenvalues in [9] shows exactly one negative eigenvalue. Upon Gaussian integration, this will yield
an imaginary term due to a square root in eq. (2.26). Indeed, this makes K pure imaginary and
that is precisely why the decay process occurs, which we can see immediately by a Wick rotation of
eq. (2.30) to real time.

6On a technical note, there is also a vanishing eigenvalue which follows from the equation of
motion itself. Upon Gaussian integration, the square root of this zero eigenvalue will appear as an
infinite pre-factor for the decay rate (eq. (2.26)), reflecting the fact that there is a time translation
symmetry for infinite time T . This formally infinite term is rendered finite by using a collective
coordinate (see [11]) change of variables. In the field theory case, there will also be a volume term
appearing due to a space translation symmetry. We do not consider these details here due to our
focus being exclusively on the bounce exponent for all future calculations in this thesis.

7This is justified when the quadratic correction is small, i.e. when the logarithm of the
determinant gives a small correction to the action. In essence, we require IE ≫ 1.
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Figure 2.6: A potential profile for Φ with a metastable minimum V = 0 at Φ = Φ0,

followed by a lower energy profile for Φ = Φ1.

Φ = Φ(ρ) where ρ2 = τ 2 + |x|2. This is the O(4) symmetric ansatz.

Now, the equation of motion becomes

d2Φ

dρ2
+

3

ρ

dΦ

dρ
=

dV

dΦ
. (2.33)

This equation of motion is that of a particle - if one is to view Φ as such - in an

inverted potential, along with a friction term that decays with “time” ρ. Note that

we also impose Neumann boundary conditions so that

dΦ

dρ
→ 0 as ρ → 0, (2.34)

to prevent singular behavior at the origin. Requiring the field be at its false vacuum

value far away, along with the Neumann boundary condition at the origin, we have

enough information to numerically integrate the above, generating a solution for the

field profile, Φ̄(ρ). Putting this solution in the Euclidean action gives the nucleation
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rate

Γ/V ∼ exp
(
−IE(Φ̄)

)
. (2.35)

Note the shape of the solution here: every slice of constant τ has a spatial spherical

symmetry and so the bubble is is born a sphere at some critical size. Upon

Wick rotating back to real time, we see that ρ →
√
|x|2 − t2, which means that

the spherical bubble expands outwards in a hyperbolic trajectory in spacetime,

asymptotically approaching the speed of light.

While in practice this equation is extremely difficult to solve analytically, there are

special cases in which wherever the height of the potential barrier is large compared

to the difference in energies of the false and true minima; these cases lead to analytic

solutions called thin wall solution. In the next chapter we will explicitly show some of

these. Other analytic approaches involve approximating the potential as a sequence

of straight lines stitched together [13], which generalizes a previous result of [12].

The Schwinger Effect

The worldline action of a single particle of mass m and electric charge e is

I = −m

∫
WL

ds+ e

∫
WL

A, (2.36)

where the abbreviation WL denotes an integral over the particle’s worldline. The first

term on the right hand side gives the integral over the length of the worldline. The

one-form gauge field is A = Aµdx
µ. For a constant electric field E, we may gauge fix

A1 = 0, and A0 = Ex. Consider now the problem of charged particle pair production

by strong background electric fields in (1 + 1)d. Then in Euclidean signature, the
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worldline action for the production of an electron positron pair8 in a background

electric field E is given by the effective single particle action

IE =

∫
dτ
(
m
√
1 + ẋ2 +m− eEx

)
, (2.37)

where the separating distance between the pair is x and an overdot indicates derivative

with respect to Euclidean time τ . The momentum conjugate to x is

p =
mẋ√
1 + ẋ2

. (2.38)

The potential m − eEx is sharply taken to vanish when the separation length x

vanishes, i.e. we can view this setup as a barrier penetration problem where the

effective single particle begins at the origin where the potential vanishes. It then

tunnels through a potential barrier of linear slope until it has accumulated energy 2m

from the electric field (figure 2.7), emerging as a pair of oppositely charged particles.

This process will lead to pair creation such that the pair can now be accelerated away

Figure 2.7: The effective potential for barrier penetration resulting in Schwinger pair

production.

by the electric field. There is a screening of the electric field in the intermediate
8The situation is more complicated when there are multiple pairs [47].
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region of space between the particles by the newly formed pair, but if the background

electric field is sufficiently strong and the charges sufficiently weak, we may neglect

this screening effect. Varying the action (eq. (2.37)) with respect to x gives the

equation of motion
d

dτ

( ẋ√
1 + ẋ2

)
+

eE

m
= 0. (2.39)

One may attempt an O(2) symmetric ansantz to solve this differential equation, and

indeed the instanton that solves it is the following:

x2 + τ 2 = x2
∗, (2.40)

where the constant x∗ = 2m/eE, and it is fully fixed by the above equation; it is not

an independent parameter. Physically, x∗ is the separation length at which the pairs

emerge9. Putting this solution in eq. (2.37) gives the pair nucleation rate per unit

volume

Γ/V ∼ exp

(
− πm2

eE

)
, (2.41)

which is the same result Schwinger derived [19, 20]. We have neglected a pre-factor,

focusing only on the exponent. Notice that upon nucleation, the particles follow a

hyperbolic trajectory in space-time since the equation of motion is now x2 − t2 = x2
∗

thereby asymptotically approaching the speed of light as they are accelerated away by

the external electric field. Viewing pair nucleation as a false vacuum decay problem

will directly lead us to bubble nucleation in axion electrodynamics.

2.3 Swampland Conjectures

Several conjectures can be motivated by considering thought experiments involving

black holes, and semi-classical particle physics in black hole backgrounds. We state
9There is a hierarchy of scales: one assumes that the critical length is larger than the Compton

wavelength for one of the particles. This amounts to requiring m2 ≳ eE.
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a few such conjectures, emphasizing those that are closely related to this thesis.

Weak Cosmic Censorship Conjecture

Perhaps the earliest of the swampland conjectures is the Weak Cosmic Censorship

Conjecture (WCCC) of Penrose [48]. Intuitively, it states that physical singularities

originating from gravitational collapse (such as r = 0 of a Schwarzschild black

hole) are hidden from external observers by an event horizon (at r = 2GNM for

Schwarzschild black holes). Immediately, interesting consequences follow from the

WCCC for Reissner-Nordstrom black holes, which are non-rotating black holes of

mass M and electric charge Q in an asymptotically flat background. Such a black

hole has the line element

ds2 = −h(r)dt2 + h(r)−1dr2 + r2dθ2 + r2 sin2 θdϕ2, (2.42)

h(r) = 1− 2GNM

r
+

GNQ
2

r2
, (2.43)

where the singularity at r = 0 is physical and cannot be removed by a coordinate

transformation.

Inspecting the h(r)−1 in the metric, the radial coordinates of the horizons are

determined by h(r±) = 0, from which we see that

r± = GNM ±GN

√
M2 − Q2

GN

, (2.44)

label the inner and outer horizons. It reduces to r = 2GNM as Q → 0 as anticipated.

However, real solutions only exist provided that
√
GNM ≥ Q, or else the horizons

no longer exist and one finds a naked singularity at r = 0. Therefore, the WCCC
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conjecture asserts that there should not be physical black holes for which
√
GNM < Q.

We should also note the classification of the solutions as Q varies. When
√
GNM > Q, the black hole is subextremal and the horizons are apart. When

√
GNM = Q, the horizons coincide at r = GNM and the solution is said to

be extremal. Finally, when
√
GNM < Q, we have superextremal solution with

no horizons (we may view it as the horizons crossing as Q is increased from

subextremality towards superextremality), which WCCC forbids. Indirect evidence

for WCCC also exists; for instance, Boulware has argued [49] that for a thin shell to

collapse forming a naked singularity, the energy density of the shell has to be negative.

No Global Symmetries Conjecture

The no global symmetries conjecture (NGSC) [50] states that there are no

global symmetries in quantum gravity, and any symmetry is either broken or gauged

[33].

We can motivate this conjecture using semi-classical arguments based on Hawking

radiation [51, 52]. See also [53, 54]. Consider a Schwarschild black hole with line

element

ds2 = −h(r)dt2 + h(r)−1dr2 + r2dθ2 + r2 sin2 θdϕ2, (2.45)

h(r) = 1− 2GNM

r
. (2.46)

The black hole has no hair [55], which is to say in this case that the only variable

parameter that the black hole possesses is its mass M .10 One important point to
10More generally, all stationary black hole solutions of the Einstein-Maxwell-Hilbert action can

be characterized by three externally observable parameters: mass, charge, and angular momentum
[56].
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note is that this is an eternal black hole solution, at least classically. How it was

born - whether from a collapsing star or in a thermal bath - is unimportant. The

metric is the same whether or not we construct it from, say, neutrons, neutrinos,

photons, etc. In particular, there are global symmetries such as the accidental U(1)

symmetries of the Standard Model, lepton number and baryon number. We could

make the black hole purely from an equal number protons and electrons. However,

the only parameter in question once the black hole is formed is M , and no semblance

of baryon or lepton number remains. We could just as well have made it out of

neutrons, which have baryon number only and no lepton number.

In either case, the black hole will radiate by emitting Hawking radiation. This

radiation will cause the black hole to lose its mass, simultaneously raising its

temperature, and decreasing the area of the horizon. However, this radiation from

the horizon is not sensitive to global charge, since it only depends on M . As such,

baryon and lepton number symmetry are violated by the black hole since either of

the above two methods of creation will lead to the same outcome. This thought

experiment illustrates that quantum gravity does not preserve global symmetries.

On the other hand, suppose we were to construct a subextremal Reissner-Nordstrom

black hole with protons and neutrons, then the resulting metric will depend on the

mass M and charge Q of the black hole, although not the baryon number. Now the

Hawking radiation is sensitive to the emission of charged particles. In practice, it

will attempt to radiate towards neutrality by disproportionately emitting positively

charged particles [57] such as positrons. This behavior is owing to the conservation

of electric charge, which is a global piece of a U(1) gauge invariance that quantum

gravity does appear to preserve.
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Let us also briefly consider an argument associated with remnants11. These

objects are the final states of Hawking radiation of black holes carrying global

charge. One presumes that such a remnant, unlike a black hole, is no longer

describable semi-classically, and that it has a mass of O(MPl). Now, if we construct

a black hole using a large number of charged particles, then when the mass of the

black hole is of O(MPl) after considerable Hawking evaporation, we are left with

a highly charged object with a mass of O(MPl). This state is now stable since

it no longer possesses enough mass to radiate away its charge. We can repeat

this argument with a different range of initial charges. Ultimately, we are left

with an infinite number of remnants. If we ask that there should not be an infinite

number of remnants [58], then global symmetry should be broken by quantum gravity.

Weak Gravity Conjecture

The weak gravity conjecture (WGC) [59] states that in a theory of gravity

weakly coupled to a U(1) gauge theory with gauge coupling g, there exists at least

one particle of mass m and charge qg satisfying qg ≳ m/MPl.

Arguments exist based upon string theory [60], but let us use more elementary

arguments based on black holes [61, 62]. Consider an electrically charged black

hole. According to the WCCC, we should not have superextremal solutions since

those would possess naked singularities. But an extremal black hole solution satisfies

Q = M/MPl. Hawking radiation is turned off since the black hole has vanishing

temperature12. It would then appear we have a stable state despite not having a

symmetry protecting it13. Nevertheless, extremal Reissner-Nordstrom black holes
11See also [34] for a discussion of this point.
12The fact that charged black holes have lower temperature was argued in [52]
13Indeed, no such symmetry should even exist due to the NGSC.
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have background electric fields and so the Schwinger effect can occur, semi-classically

producing charged particles. Imagine such particle-antiparticle pairs nucleating

spontaneously. If at least one particle species carries charge and mass, qg and

m, respectively with qg ≳ m/MPl then the gravitational attraction force on the

positively charged particle will be FG = −(Mm/M2
Pl)r

−2, and the electric repulsion

force will be FE = (Mqg/MPl)r
−2 since Q = M/MPl. It follows that this positively

charged particle will escape to infinity, allowing the extremal black hole to decay. In

the deep infrared, corrections to this linear inequality have been computed [63].

Festina Lente Conjecture

We are now ready to briefly summarize the recent Festina Lente conjecture

(FLC) [44, 45]. Just as the extremal Reissner-Nordstrom black hole was the key

object of interest in the WGC, here the key object will be extremal black holes in de

Sitter backgrounds. Explicitly, the line element is the following:

ds2 = −h(r)dt2 + h(r)−1dr2 + r2dθ2 + r2 sin2 θdϕ2, (2.47)

with lapse function

h(r) = 1− 2GNM

r
+

GNQ
2

r2
− r2

l2
, where l2 =

3

Λ
, (2.48)

where Λ is the cosmological constant and l is the de Sitter length. In addition to

the two black hole horizons, there is also a new root of h(r) corresponding to the

cosmological horizon, say at r = rC. Extremal solutions are those in which two, or

all three, horizons coincide. We review these extremal spacetimes in Appendix A.

What is interesting is the case in which the black hole outer horizon and the
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Figure 2.8: Schematic diagram showing pair nucleation - such as electrons and

positrons - in a background electric field E, on the Nariai branch.

cosmological horizon coincide (Nariai branch), as well as when all three horizons

coincide (ultracold point); details are in Appendix A. A coordinate change (see

Appendix A) shows that the near horizon geometry of a freely falling observer on

the Nariai branch is dS2 × S2 and at the ultracold point Mink2 × S2, where the

curvature scale of the S2 is R ∼ l ∼ H−1, along with a background electric field in

the spatial direction of Mink2 of magnitude E ∼ MPlH.14 This feature is analogous

to the background electric field seen by a freely falling observer in an extremal

Reissner-Nordstrom black hole, whose near horizon geometry is AdS2 × S2. In any

case, the background electric field is able to decay via Schwinger pair production of

charged particles (see Fig. 2.8), with Γ ∼ exp(−πm2/qE).

Let us first consider the case in which m2 ≫ qE. It has been shown [44] that

all configurations within the shark fin diagram (Appendix A) evolve to empty de

Sitter, consistent with previous arguments on the evolution of black holes in de

Sitter [64]. However, when m2 ≪ qE, nucleation is fast, although the semi-classical

approximation breaks down. One can consider a sudden approximation in which
14This value diminishes as one goes lower down the Nariai branch (see Fig. A.1)
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the electric field rapidly discharges by pair nucleation, although the background

geometry has not yet back-reacted. The particle pairs annihilate with one another

forming photons which dissipate away (see Fig. 2.9). Everywhere on the Nariai

Figure 2.9: Rapid pair nucleation leads to annihilation, forming photons.

branch, up to the ultracold point (see Appendix A), a transition in which the

electric field, and by extension Q rapidly falls leads to a transition from extremal to

superextremal solution (see Fig. A.1). This pathology would be analogous to the

inner and outer horizons of a Reissner-Nordstrom black hole crossing. One difference

here is that by lowering the electric field rapidly one gets an extremal configuration

if the starting point is the Nariai branch. The opposite behavior is true on the upper

branch (see Fig. A.1). In fact it was shown in [44] that this evolution leads to a big

crunch singularity. The argument of the FLC is that this outcome must be avoided,

which is guaranteed by taking m2 ≫ qE. Since E ∼ MPlH, the condition is that

m2 ≳ qMPlH. (2.49)

Notice the direction of the inequality, which is different from the WGC. In some

sense, this is a strong gravity conjecture. What is even more interesting is that the

inequality must apply to every single charged particle in the spectrum, for if even
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a single particle (pair) violated it, then that particle would nucleate at a fast rate,

leading to a superextremal configuration.

Throughout the remainder of this thesis, we will accept the argument of [44,

45] and assume that the Festina Lente conjecture is true. We emphasize though,

that unlike the WGC, the FLC has no evidence supporting it from string theory.

2.4 On Strings and Branes

Recall the worldline action of a charged particle interacting with a photon,

I = −m

∫
ds+ e

∫
A, (2.50)

where the electromagnetic gauge field is A = Aµdx
µ. Let us momentarily disregard the

second term and focus on the first. The first integral is over the length of the worldline

of the particle in spacetime. Here, −ds2 = gµνdx
µdxν = (−ṫ2 + ẋ2)dτ 2 = dτ 2, where

the spacetime coordinates are parameterized by the particle’s proper time τ , and

overdots indicate derivatives with respect to τ . There is an explicit reparameterization

invariance of the action under τ → f(τ). The generalization to extended objects is a

natural extension of the worldline action; indeed, if a point sweeps out a worldline,

then a string would sweep out a worldsheet. Its action would be

I = −T

∫
d2ξ

√
−h. (2.51)

The integral gives the worldsheet area, while the prefactor T denotes the string

tension. Explicitly, hab is the induced metric on the worldsheet:

hab = gαβ
dXα

dξa
dXβ

dξb
, (2.52)
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where just as τ previously parameterized the worldline, the coordinates {ξa} now

parameterize the worldsheet. This expression in eq. (2.51) is the famous Nambu-Goto

action [65, 66] 15. An immediate generalization to higher dimensional extended objects

is clear; for an object with p spatial dimensions, the action is

I = −T

∫
dp+1ξ

√
−h. (2.53)

Formally, extended objects of p spatial dimensions upon which the endpoints of open

strings may end are known as Dp branes, and they are dynamical objects in their

own right [78].

The (Dirac)-Born-Infeld Action

There may also be intrinsic gauge fields living on the brane. Indeed, there is

a non-linear generalization of Maxwell theory known as the Born-Infeld action:

IBI = −T

∫
Brane

dp+1ξ
√

−Det(ηab + 2πα′Fab). (2.54)

We can observe that when α′Fab ≪ 1, the determinant can be expanded out using

the standard relation Det(exp(M)) = exp(Tr(M)). The action then reduces to

−T

∫
Brane

dp+1ξ

(
1 + π2α′2FabF

ab + · · ·

)
. (2.55)

The leading non-trivial term in Maxwell theory, and the ellipses contain non-linear

corrections to Maxwell theory, suppressed by higher powers of α′. We may also be

interested in considering interactions of the gauge field with fluctuations of the brane,
15While we cannot provide an elaborate review of string theory and branes here, comprehensive

resources are available: [67, 68, 69, 70, 71, 72, 73, 74, 75, 76, 77].
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in which case a generalization of the above is the Dirac-Born-Infeld action:

IDBI = −T

∫
Brane

dp+1ξ
√
−Det(hab + 2πα′Fab), (2.56)

where one takes into account the pull-back formula for the intrinsic brane metric:

hab = ηµν
∂Xµ

∂ξa
∂Xν

∂ξb
. (2.57)

For clarity, {Xµ} and {ξa} are the bulk and brane coordinates respectively16.

Moreover, one may also incorporate a (p + 1) form field by adding C(p+1) to the

Lagrangian which charges the brane.

The Wess-Zumino Term

A natural interaction is of the form

IWZ = γ

∫
Brane

exp(2πα′F ) ∧ A, (2.58)

which is known as the Wess-Zumino interaction, and A is a one-form Ramond-Ramond

field17. The exponential is a formal expression indicating the fact that one takes

the number of field strength tensors such that those, combined with A, match the

dimension of the worldvolume of the brane so that the integration makes sense18. It
16One should also consider the anti-symmetric two form gauge field Bab for closed string theories,

but in this thesis we will exclusively consider backgrounds involving a U(1) gauge field and our
solutions in subsequent chapters will not require additional fields. We assume throughout the dilaton
that should be present is stabilized, so that it is merely a constant absorbed into the definition of
the tension T .

17We will only consider one form fields, but in type IIA string theory we could also have three
form, etc. In type IIB we would instead have zero-form, two form, etc. As such, more general
Wess-Zumino interactions are possible. Nevertheless, the backgrounds that we consider only involve
a non-vanishing one form field.

18Note for clarity that F in eq. (2.58) is the field strength corresponding to a gauge field intrinsic
to the brane. It is not the field strength corresponding to the Ramond-Ramond field.
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is interactions of this form that will play a key role in studying brane nucleation in

Chapter 4. In particular, note the curious special case of the D0 brane, or particle.

Then the only term in the expansion of exponential that matters is unity, i.e. the

zeroth order term, which is simply the same as the second term in (2.50). We

have seen that this term induces pair nucleation in two dimensions, and so it is

actually suggestive that the Wess-Zumino term may induce brane nucleation in higher

dimensions.
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Chapter 3

Nucleation of Bubbles in

Chern-Simons Theories

We will derive a process in axion electrodynamics that, in the presence of parallel

background electric and magnetic fields, leads to bubble nucleation.

3.1 Bubbles in (1 + 1)d

Before proceeding to the main problem of finding a new instanton of axion

electrodynamics in (3 + 1)d, let us first consider the analogous problem in (1 + 1)d.

In this low dimensional problem, axion electrodynamics vacuum decay is very

similar to Schwinger pair production and we will emphasize these similarities in

this section. Much of the material in this section is analogous to the (3 + 1)d

process we consider below, and these analogies will guide us in the main problem,

although there are significant differences as well which we will elaborate on afterwards.
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The Lorentzian signature action for (1 + 1)d axion electrodynamics is

I =

∫
d2x

(
− 1

4
FµνF

µν − 1

2
∂µθ∂

µθ −
(m
N

)2(
1− cos(Nθ)

)
+

Ke

2π
θϵµνF

µν

)
, (3.1)

where Fµν is the Maxwell field strength for the photon Aµ, and the pseudoscalar θ is

the axion field. Moreover, e is the electromagnetic coupling; the integers N and K

are the domain wall number and anomaly coefficient, respectively. The antisymmetric

symbol is ϵµν , with ϵ01 = +1. The field θ is periodic with the gauge identification

θ ∼ θ + 2π. In (1+1)d, there is only one independent component of the Maxwell

tensor which is the electric field E = F10. Varying the action (3.1) with respect to

Aµ and θ, we obtain the following equations of motion for the fields:

∂xE = −Ke

π
∂xθ, ∂tE = −Ke

π
∂tθ, and, (3.2)

1

m2
∂2θ =

1

N

(
sin(Nθ)−KN

eE

πm2

)
. (3.3)

There is no Bianchi identity in (1+ 1)d since the antisymmetric symbol has only two

indices. From eq.(3.3) constant θ local extrema are given by

θ =
1

N
arcsin

(
KNeE0

πm2

)
, (3.4)

where KNeE0/πm
2 ≤ 1, with subsequent minima 2π/N units apart. We now discuss

tunneling between these minima.

Previous work [79] has considered how solitons can lead to decays of excitations. We

would instead like to consider how charged domain wall pairs nucleate leading to

electric field screening, akin to the Schwinger effect. Consider the theory of eq. (3.1)

with a constant background electric field E0. Using eq. (3.2), we see that the effective

electric charge density is proportional to the spatial derivative of the axion field
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value and vanishes when the axion is constant. It is then easy to see that a pair of

domain walls, of opposite orientation can screen the background electric field. This

configuration can be nucleated from the vacuum in the presence of an electric field

and is exactly analogous to the Schwinger pair production process with the domain

walls playing the role of the electron-positron pair. The screening effect of these

domain walls facilitates the decay of the background electric field. We describe this

process in the thin and thick wall limits.

Thin Wall

Let us start by solving the system above (i.e. eq. (3.2) and eq. (3.3) in the

presence of a background electric field E0) in a convenient limit where we take

Ke ≪ E0. Then we can neglect the back-reaction of the axion profile on the electric

field. More precisely, we take E/m → ∞ and e/m → 0, but keeping their product

fixed. This limit ensures that the right hand sides of both expressions of eq. (3.2)

vanish, while the term proportional to eE in the eq. (3.3) remains relevant. The

implication here is that we can treat E = E0 as a constant that solves the first two

equations of (3.2). From the last of eq. (3.2), we see that the axion field evolves in

the potential

V (θ)/m2 =
1

N2

(
1− cos(Nθ)

)
−K

eE0

πm2
θ . (3.5)

So far, we have not assumed any thin wall limit. If we also take KNeE0/m
2 ≪ 1,

the subsequent minima will not be of significantly different energy, and the barrier

height will be relatively large. In such a scenario, the thin wall approximation is

applicable and can be used to describe the tunneling process and calculate its rate [8].

Differentiating eq. (3.5) with respect to θ, one can find the minima. The first
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minimum is at

θ0 ≈
KeE0

πm2
, (3.6)

with a subsequent lower energy minimum at θ0+2π/N . Physically, when a transition

occurs, a bubble forms in such a way that in the bubble interior, θ = θ0 + 2π/N and

in the bubble exterior θ = θ0. Note that this is true in the thin wall limit; when one

considers a thick wall bubble, the bubble interior will be at an intermediate value of θ

rather than at a minimum, after which the field classically rolls to the minimum. Then

the energy density in the interior is lower than in the exterior. A domain wall pair -

with opposite orientations of the two walls - constitutes the boundary of the bubble

and interpolates between these two minima. Because of the opposite orientations

of the two walls eq. (3.2) indicates that they carry opposite charges as expected.

Moreover, this is a screening orientation: the right wall is positively charged and

the left wall is negatively charged (see figure 3.1). Let us now calculate the bubble

Figure 3.1: Schematic outline of the bubble profile for θ in the (1+1)d thin-wall

example.

structure and the decay rate. Under a Wick rotation it = τ and the identification
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−IE = iI, the Euclidean action corresponding to eq. (3.1) is

IE =

∫
dxdτ

(
1

4
F (E)
µν F (E)

µν +
1

2
(∂µθ)

2 +
(m
N

)2(
1− cos(Nθ)

)
− i

Ke

2π
θϵµνF (E)

µν

)
,

(3.7)

where the superscript denotes Euclidean fields F
(E)
µν = ∂µA

(E)
ν − ∂νA

(E)
µ , with iA

(E)
τ =

A0; also note that ϵ1τ = 1 whereas previously in Lorentzian signature ϵ01 = 1. The

equations of motion, upon varying with respect to A(E) and θ, are

∂µF
(E)µν = i

Ke

π
ϵµν∂µθ, and ∂2θ = m2

(
sin (Nθ)

N
− i

Ke

2πm2
ϵµνF (E)

µν

)
. (3.8)

From now on we drop the superscript denoting Euclidean fields to avoid clutter,

although the context should make it unambiguous.

First we search for an instanton when KNeE0/m
2 ≲ 1, and Ke/N ≪ E0.

Then the screening effect of the electric field by the domain wall is small. In essence,

we take the right hand side of the first of eq. (3.8) to be vanishingly small, so that

the electric field is effectively constant. Then the photon just serves as a background

field. Analogous to the Schwinger effect, we attempt an O(2) symmetric ansatz,

taking θ = θ(ρ) where we define the dimensionless length ρ = m
√
τ 2 + x2. Then the

equation of motion for the axion becomes

d2δθ

dρ2
+

1

ρ

dδθ

dρ
=

1

N
sin(Nδθ) +O(θ0), (3.9)

where δθ(ρ) = θ(ρ)− θ0. In the thin wall limit where θ0 ≪ 1 we may drop the O(θ0)

term, as well as the friction term on the left hand side, which means (3.9) is solved
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by the sine-Gordon soliton

θ(ρ) = θ0 +
2π

N
− 4

N
arctan

(
exp(ρ− ρ∗)

)
. (3.10)

The wall thickness is therefore O(m−1), and the wall is situated at x = m−1ρ∗ upon

nucleation. We may find ρ∗ by substituting this solution in eq. (3.7), and minimizing1

to obtain the radius of the critical bubble. We find

ρ∗ ≈
4m2

NKeE0

. (3.11)

This expression is in good agreement with numerical solutions in the regime of validity

of the thin wall approximation. Moreover, a solution with this critical radius has

Euclidean action

IE =
32πm2

N3KeE0

(3.12)

Already, we see a resemblance with the Schwinger tunnelling exponent ISchwinger =

πµ2/qE, with µ the particle’s mass. To understand this point better, it is helpful to

know the energy momentum tensor in order to compute the domain wall mass. The

Hilbert energy momentum tensor is

T µν = F µλF ν
λ+∂µθ∂νθ−ηµν

(
1

4
FαβF

αβ +
1

2
(∂θ)2 +

(m
N

)2 (
1− cos (Nθ)

))
, (3.13)

which agrees with the canonical energy-momentum tensor upon Belinfante

improvement; note the absence of the topological term. Actually even under

Belinfante improvement, the canonical energy momentum tensor will appear to have

terms arising from the topological Chern-Simons operator in the action, but one can
1Recall that we are keeping the electric field constant in this approximation. We will drop this

condition in an example momentarily.
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show that such terms actually cancel, and we are left with the Hilbert form. It is

tempting to infer from this observation that the Chern-Simons term is immaterial,

but such a conclusion is misleading: the equations of motion, and their solutions θ

and Aµ, depend on the topological term and so ultimately the energy-momentum

tensor does too when evaluated on a solution. Alternatively, one can rewrite the

energy momentum tensor in terms of canonically conjugate momenta, and then the

Chern-Simons term will reappear.

Using eq. (3.13), we find that the mass of the domain wall is mDW ≈ 8m/N2.

Here again, the thin wall approximation is necessary. The domain wall charges are

QDW = ±2eK/N from integrating the first of eq. (3.2). Using these results in eq.

(3.12), it then follows that the decay rate is

Γ/V ∼ exp

(
− πm2

DW

QDWE0

)
. (3.14)

The exponent of the nucleation rate is similar to that in the Schwinger effect of

charged particles, except with the particle’s mass and charge replaced by those of

the domain wall. This similar scaling behavior demonstrates that axion domain wall

nucleation is a type of Schwinger process.

There are a few points that we wish to emphasize here. First, in the case of

the Schwinger effect, one nucleates a pair of charged particles. Here, one instead

nucleates from the vacuum a pair of extended objects - domain walls - which have

an effective electric charge. In (1+1)d the domain wall is a (0+1)d object and this

process is thus very similar to particle production in the Schwinger effect. In higher

dimensions this conceptual difference becomes more important as the domain walls

can no longer be thought of as particles. Importantly, this process can happen even

in the absence of charged particles in the spectrum.
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Moreover, as we stated earlier, the magnitude of the charge on the wall is

2eK/N , yet we have neglected the change in the electric field. However, in practice

the interior electric field is now E = E0−4eK/N , and after the walls have propagated

outwards, the new background electric field is E0 − 4eK/N , and the expectation

value of the axion is θ = N−1 arcsin (KNe(E0 − 4eK/N)/m2). We only considered

cases for which E0 ≫ eK/N so that the screening of the electric field is small

for each individual bubble that is nucleated. This approximation is not essential.

Nevertheless it leads to an important matter regarding bubble expansion in real time

after nucleation. We may understand the outward expansion as being caused by the

pressure difference between the interior and the exterior. In particular, from the

energy momentum tensor in eq. (3.13) the pressure P in a region where the axion is

not varying significantly is

P ≈ −E2

2
−
(m
N

)2(
1− cos (Nθ)

)
. (3.15)

This applies in the interior and exterior regions, but not on the wall itself. This

expression need not hold in the thick wall limit in which the interior axion field

is not constant. As θ changes by 2π/N between the exterior and the interior, the

second term in the expression for the pressure does not change. However, the

electric field is screened on the inside and the pressure is therefore less negative (i.e.

higher) inside the bubble. This pressure difference leads to an outward force on the

wall which causes expansion, ultimately leading to a hyperbolic trajectory in real time.

Thick Wall

Now, we may study processes in which the thin wall approximation is no longer

valid. In this case, we consider the scenario in which the difference in energies of the
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two minima is no longer small compared to the barrier height. To add to this, we

do not assume that the electric field is unchanged, and we incorporate the screening

effect of the domain wall. Then the axion will begin rolling in the inverted potential

subject to the (Euclidean) time dependent friction. This will lead to a thick wall

profile for which one must numerically integrate the equations of motion to obtain

the instanton solution. Substituting this solution in the Euclidean action gives the

bounce.

There is subtle point that we should clarify before proceeding. This point

stems from the fact that for a dynamical electric field we have to treat the action,

in particular the boundary terms, carefully [14]. Typically, when we vary the action

with respect to the fields, it is assumed that the field configurations are fixed on

the boundary. This allows us to drop boundary terms. Then requiring a stationary

action immediately yields the equations of motion. In our case, we would like the

fields θ and Fµν (or E) to be fixed at the boundary. The standard procedure however

assumes that Aµ is fixed at the boundary rather than Fµν . We can see this by varying

eq. (3.1) with respect to Aµ; note that the boundary term contains δAµ which one

typically assumes vanishes2. We may rectify this issue by adding a total derivative

∂µ((F
µν −Keθϵµν/π)Aν) to the Lagrangian of eq. (3.1). This addition amounts to a

Legendre transformation at the level of δI, since Keθϵµν/π − F µν is the momentum

conjugate to Aν . Varying the new action, one can show that the surface term

only contains δFµν now, and not δAµ. This procedure does not alter the equations

of motion since we are merely adding a total derivative. Therefore, solutions, in

particular bubble configurations, remain unchanged. Nevertheless, quantities that

depend not only on the functional form of the action but also its numerical value -
2Actually, the component of Aµ tangential to the boundary is required to be fixed on the

boundary.

47



such as decay rates - may be altered. Explicitly, the new action I ′ is

I ′ =

∫
d2x

(
1

4
FµνF

µν − 1

2
(∂θ)2 −

(m
N

)2
(1− cos (Nθ))

)
(3.16)

+

∫
d2x

(
Aν∂µ

(
F µν − Ke

π
θϵµν

))
.

Varying this action with respect to the fields gives the correct equations of motion,

with the requirement that δθ and δFµν vanish on the boundary. One can Wick rotate

eq. (3.16) to compute the decay rate. The second line vanishes on the equations of

motion. Note that the topological term no longer explicitly appears in the first line –

which is the line that contributes to the decay rate – despite playing a crucial role in

the decay process. Let us now return to the problem of computing bubble nucleation

rates for arbitrary walls.

First we will assume an O(2) symmetric ansatz for our fields, so that θ = θ(ρ)

as before, and A = Aρ(ρ)dρ + Aϕ(ρ)dϕ. where ϕ is the angular coordinate in the

τx-plane. Moreover, we gauge fix Aρ = 0. This gauge choice is consistent with

the O(2) ansatz under which the gauge fields and transformation parameters do

not depend on ϕ either. For instance, we may not have been able to consistently

require Aϕ to vanish in general by gauge choice. Then it automatically follows that

E = E(ρ) since now E = iρ−1∂ρAϕ(ρ). We will apply a similar strategy to dynamics

in (3 + 1)d in section 3.2. Varying eq. (3.7), subject to the boundary condition at

infinity, θ0 = N−1 sin−1(NKeE0/πm
2), we find the following equation for δθ:

d2δθ

dρ2
+

1

ρ

dδθ

dρ
− 1

N
(sin(Nθ0 +Nδθ)− sin(Nθ0))−

(
Ke

πm

)2

δθ = 0, (3.17)

where we must also require that the derivative of δθ vanishes at the origin. Note that

we have integrated the first of eq. (3.8) and substituted the result into the second.

Then numerical integration gives the axion profile. As an example, consider the case
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in which E0/m = 3, and e/m = N = K = 1. Numerical integration of eq. (3.17)

shows that at the center of the bubble, θ− θ0 ≈ 1.955 and figure 3.2 explicitly shows

the thick wall bubble profile. Substituting this profile in eq. (3.16) gives the decay rate

Figure 3.2: Bubble profile for θ − θ0.

Γ/V ∼ exp(−IB), with IB ≈ 5.416. This is a reasonably fast decay process since the

exponent is approaching unity. Note though, that when IB ≲ 1, we do not trust the

semi-classical analysis but intuitively the decay is also fast for IB ≲ 1. An important

aspect of this decay process is that even when we included the back-reaction of the

electric field, the O(2) ansatz was still valid. In section 3.2 we will find that in (3+1)d,

incorporating the back-reaction of the gauge field drastically reduces the symmetry

group of the solution.

3.2 Bubbles in Axion-Maxwell Theory

Our focus will be on axion electrodynamics with an action:

I =

∫
d4x

(
−1

4
FµνF

µν − f 2

2
∂µθ∂

µθ − V (θ) +
Kα

8π
θϵµνρσF

µνF ρσ

)
, (3.18)
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where Fµν = ∂µAν − ∂νAµ is the Maxwell field strength corresponding to the photon

Aµ, θ ≡ a/f where a is the neutral pseudo-scalar axion field with periodicity

a ∼ a + 2πf , f is the mass-dimension one axion decay constant and α = e2/4π

is the U(1) fine structure constant. The integer K specifies the Chern-Simons

interaction term between the gauge field and the axion. Note that ϵµνρσ is the totally

antisymmetric symbol with ϵ0123 = +1.

Since we are mainly interested in the physically most motivated case of a

massive axion we also include a non-zero axion potential, V (θ). Our conclusions

will apply to any V (θ) that is a periodic function. This includes the case where

V (θ) has a sub-periodicity VN(θ) = VN(θ + 2π/N) corresponding to a ZN global

symmetry of the theory with N degenerate local minima.3 In phenomenological

studies of the QCD axion, the integer N ≥ 1 is known as the domain wall number

and is typically determined by anomalies of the UV theory. For concreteness we will

consider a simple potential of the “one-instanton” form (although we emphasize that

our conclusions apply to more general periodic potentials [80]):

V (θ) ≡ VN(θ) =

(
mf

N

)2 (
1− cos(Nθ)

)
, (3.19)

where we have chosen the normalization of VN(θ) so that the parameter m is the mass

of the axion around any one of the minima of VN(θ). The theory is thus specified by

the two integers K,N , the dimensionless coupling α and the dimensional parameters

m, f .

The action eq. (3.18) can be thought of as arising from a UV theory of the
3When UV completed to a theory including gravity we expect that this ZN global symmetry

to be explicitly broken. The size of this symmetry breaking can be exponentially smaller than the
non-perturbative effects that give rise to VN(θ), and we can work in the approximation where this
breaking is sub-leading to the effects of the background gauge fields.
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axion interacting with the photon in the presence of heavy U(1)-charged fermions

which transform chirally under the continuous global shift symmetry a(x) → a(x)+ c

for c ∈ R a constant. These fermions determine the integer K in the Chern-Simons

topological coupling through their anomaly coefficient. In addition the axion is

coupled to a sector with non-perturbative dynamics that generates a potential for

the axion breaking the continuous shift symmetry a(x) → a(x) + c down to a ZN

subgroup. See also [81] for a review of these effects. We will not need to specify

the exact form of these dynamics as long as it takes place at energy scales much

higher than m, in other words, well above the low-energy effective field theory regime

containing the axion and the photon degrees of freedom.

We are mostly interested in the case where there are parallel background electric

and magnetic fields. In this situation, ϵµνρσF
µνF ρσ = 8E ·B ̸= 0, which leads to

a monodromy (see for example [82]) breaking of the discrete shift symmetry in θ.

Then, moving between adjacent minima can change the energy in the electromagnetic

fields and there are transitions from one vacuum to another of lower energy. We will

compute the nucleation rate of such processes both in the thin wall and thick wall

limits.

First we consider the Witten and Sikivie effects in section 3.3. These are the

effects that will be responsible for screening the electromagnetic fields. Then in

section 3.4 we describe domain wall nucleation without taking into account this

screening. This will be done by taking an appropriate ‘no back-reaction’ limit. This

analysis gives the correct leading order expression for the decay rate (up to an overall

O(1) coefficient in the thick wall case that we comment on). However, in order to

pin down the symmetries and time evolution of the domain wall, we have to include

back-reaction due to the Witten and Sikivie effects. We do this in section 3.5.
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3.3 The Witten and Sikivie Effects

The equations of motion for the axion and photon fields are obtained by varying the

action of eq. (3.18), with VN(θ) given in eq. (3.19). These equations are:

− ∂2
t θ + ∂2

i θ = m2

(
1

N
sin(Nθ)−K

α

8π

(
1

mf

)2

ϵµνρσFµνFρσ

)
, (3.20)

∂µF
νµ = −Kα

2π
ϵµνρσ∂µ(θFρσ), (3.21)

ϵµνρσ∂νFρσ = 0, (3.22)

where the last equation is the Bianchi identity. For constant electromagnetic and θ

fields, eq. (3.21) and eq. (3.22) are automatically satisfied. If so, we can also satisfy

eq. (3.20) by ensuring that its right hand side vanishes (when the term involving the

electromagnetic fields has magnitude smaller than 1/N). Such values of θ label the

minima and maxima of an “effective” potential for constant electric and magnetic field

backgrounds. The extrema of this potential are given by solutions to the equation:

sin(Nθ) =
NKα

π

E ·B
(mf)2

. (3.23)

In particular, in a setup with constant E and B fields oriented along the +z-axis the

FF̃ term is non-zero and the axion field is displaced from the origin, also acquiring

a non-zero value. In this background, with the axion in a local minimum of its

potential, we are interested in discussing a process that corresponds to the tunneling

of the axion field under the potential barrier [8]. As usual, the tunneling event results

in the creation of a bubble inside which the axion is different from (and in our case

larger than) its asymptotic value in the local minimum. The boundary of this bubble

is an axion domain wall that interpolates between the value of the axion inside the

bubble and its value in the local minimum. This domain wall bubble is nucleated
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at rest so all time derivatives vanish initially4. However, as the axion field varies in

space, it induces effective current and charge densities in the Maxwell equations due

to the Chern-Simons term on the right hand side of equation (3.21). These effects will

modify the electromagnetic fields inside and around the bubble. We may compute

corrections to the electric and magnetic fields by integrating eq. (3.21) subject to the

Bianchi identity of eq. (3.22). In vector component form, eq. (3.21) reads

∇ · E = −Kα

π
∇ · (θB) , and ∇×

(
B− Kα

π
θE

)
= ∂t

(
E+

Kα

π
θB

)
, (3.24)

and the Bianchi identity remains the same as in Maxwell electrodynamics. Since all

time derivatives vanish on the initial time slice that we are focusing on, we can use

the Bianchi identities to reduce equations (3.24) to the simple form:

∇ · E = −Kα

π
∇θ ·B, and ∇×B =

Kα

π
∇θ × E. (3.25)

We can view the first equation in eq. (3.25) as a modified Gauss Law, with

ρE ∼ −B · ∇θ. The fact that axion gradients parallel to magnetic fields behave

like effective electric charges is a manifestation of the Witten effect [6, 7]. More

precisely, with a monopole present ∇.B ̸= 0, and ρE ∼ −α∇.(θB), indicating that

an integral over a two sphere would demonstrate that the monopole has picked up

electric charge in a constant θ background. In our case, this equation implies that

the axion domain wall carries electric charge in a transverse background B-field, and

we do not consider monopoles. In particular, when the magnetic field is oriented

along the +z direction as in our setup, the axion domain wall on the initial time

slice acquires an effective electric charge density ρE ∝ cosσ where σ is the polar

angle measured from the +z-axis. The sign of the electric charge is positive in the
4The fields are nevertheless evolved non-trivially in Euclidean time, where a bubble emerges from

the vacuum at negative Euclidean time, and upon reaching critical radius at Euclidean time τ = 0,
then proceeds to expand in real time. Section 3.5 automatically incorporates this point.
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northern hemisphere and negative in the southern hemisphere so as to produce an

electric field that (partially) screens the original electric field inside the bubble. This

is similar to what happens in Schwinger pair production [19]. That said, just outside

the poles of the bubble, we expect the electric field to be enhanced compared to its

original background value. Finally, we note that the induced charge is proportional to

the magnetic field rather than the electric field as happens when polarizing a material.

Similarly, the second of eq. (3.25) is a modified Ampère’s law where the cross

product on the right hand side represents an effective current density. This effect,

whereby axion domain walls carry currents in the presence of parallel background

electric fields, has been described a while ago by Sikivie [83, 84] and we will refer to

this phenomenon as the Sikivie effect or anomalous Hall effect. Since our background

electric field is aligned along the +z-axis, the cross product means that the effective

current density is of the form j ∝ sinσφ̂ where φ is the azimuthal angle in 3d space

and φ̂ is the unit vector in the direction of increasing φ. This Hall current is localised

on the domain wall and has a magnitude that peaks on the equator. This current

is always in the φ̂-direction and leads to an anti-screening (enhancement) of the

magnetic field inside the bubble. The same current, however, leads to a screening of

the magnetic field just outside the bubble and near the equator. Again, we note that

the value of the current is proportional to the electric field value in the background.

The qualitative discussion above shows that, once back-reaction is taken into

account, the electromagnetic fields inside and around the bubble are modified from

their original background values. It is then easy to see that this would affect the

axion bubble solution itself by considering eq. (3.20) for example. Of course, the

equations (3.20), (3.21) and (3.22) should all be solved simultaneously, and we will

do this below, but let us first briefly comment on what we would expect from such a
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solution. This discussion will be heuristic but helpful in understanding the nature of

the solution we get.

Going back to the initial time slice, the pattern of (anti-)screening of the

electric/magnetic fields discussed above leads to the following observations. First

note that the effective charge (current) density leads to a uniform electric (magnetic)

field inside the bubble. This is easy to see by analogy with elementary problems

in electrodynamics: The distribution of the effective charge density is similar to

that of a dielectric sphere in a background electric field which is known to give a

uniform electric field inside the sphere. Similarly, the current density is like that of a

charged spherical shell rotating at constant angular velocity which gives a uniform

magnetic field inside the shell. Deep inside the bubble, the electric and magnetic

fields are then constant and so is the value of the axion field which is set by eq. (3.23).

Now imagine moving from the center of the bubble towards the north pole.

All fields remain constant until we get close to the bubble wall. We know that the

electric field is larger outside the bubble above the north pole. As such, we expect

the axion value to be larger above the north pole. Heuristically one can again see this

using eq. (3.23) although this is only heuristic because we are ignoring all derivatives.

Conversely, we can imagine moving from the center of the bubble towards the

equator. All fields are again constant but once we get close to the bubble wall, the

magnetic field starts to decrease. The same heuristic argument, using eq. (3.23),

now tells us that the axion field should be lower around the equator of the bubble.

These two effects, i.e. larger axion field values just outside the poles and smaller field

values around the equator, means that bubble is elongated along the +z-axis (recall

that the inside of the bubble has a larger field value than the outside). We now turn

to a more quantitative analysis of this bubble nucleation process.
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3.4 Bubble Nucleation with the O(4) Ansatz

In this section we study axion domain wall nucleation in the limit where we can

ignore the back-reaction on electromagnetic fields. This is the first iteration of the

solution describing the nucleation process and we will improve this in the following

section by including back-reaction effects. Said differently, the Witten and Sikivie

effects discussed in the previous section that lead to screening of the electromagnetic

fields and elongation of the nucleated bubbles are ignored. As mentioned previously,

we will calculate the (thin-wall) bubble nucleation rate and the critical bubble radius

in this approximation which is sufficient to get the correct parametric dependence

and provide an analytic understanding of the process. These limits will be made

more precise below.

We will use Coleman’s Euclidean prescription [8] to calculate the domain wall

nucleation rate and the critical bubble size. As such, we first Wick rotate the

action (3.18) to Euclidean signature (taking τ = it) to get:

IE =

∫
d4x

(
1

4
FµνF

µν +
f 2

2
∂µθ∂

µθ + VN(θ)− i
Kα

8π
θϵµνρσF

µνF ρσ

)
, (3.26)

where ϵ123τ = +1 (note the difference from the Lorentzian signature in eq. (3.18)).

Also, iAτ = A0, so the components of Fµν here are not the same as in Lorentzian

signature.

With this action, the equations of motion become:

∂2
τθ + ∂2

i θ = m2

(
1

N
sin(Nθ)− iK

α

8π

(
1

mf

)2

ϵµνρσFµνFρσ

)
, (3.27)

∂µF
νµ = i

Kα

2π
ϵµνρσ∂µ(θFρσ), (3.28)

ϵµνρσ∂νFρσ = 0. (3.29)
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Once more, these equations are easy to satisfy with constant electromagnetic and θ

fields and these solutions correspond to, when rotated back to Lorentzian signature,

the solutions we discussed in section 3.3. In Euclidean signature, the field strength

tensor has imaginary electric field components and real magnetic field components.

We will consider the case where the electromagnetic fields are identically constant.

More precisely, we take a limit where we can ignore the back-reaction of the axion

field on the electromagnetic fields. This can be done by taking α → 0 and Fµν → ∞

keeping the product αϵµνρσFµνFρσ finite, or more precisely, keeping
√
αFµν finite.

In this limit, the right hand side of eq. (3.28) vanishes but the term in eq. (3.27)

arising from the Chern-Simons interaction remains relevant. We can then study

axion electrodynamics in the presence of non-dynamical background electromagnetic

fields which we now do. We will show in section 3.5 that this limit is a consistent

leading order solution.

For concreteness, we orient our coordinate system such that the background

electric and magnetic fields are E = Eẑ and B = Bẑ respectively. Since the parallel

background electric and magnetic fields spontaneously break the shift symmetry in

θ, the potential when we are ignoring the dynamics of the electromagnetic field is

V (θ)

m2f 2
=

1

N2

(
1− cos(Nθ)

)
−K

αEB

πm2f 2
θ. (3.30)

The extrema are given by solutions to the equation:

sin(Nθ) = NK
αEB

πm2f 2
, (3.31)

where we will study the case in which the right hand side has magnitude less than

unity so that there are static non-rolling solutions. There is then a transition process
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in which the false vacuum at one minimum of the potential tunnels to a lower

minimum. In this process, a background value of θ exists in space, and bubbles of

higher values of θ with lower potential are spontaneously nucleated. We now solve

for the bubble profile and compute the nucleation rate in the special case of the thin

wall limit.

To work in the thin wall regime, we consider parameters where NKαEB/m2f 2 ≪ 1

and Nθ ≪ 1 (while still working in the limit of negligible back-reaction). Then a

minimum exists at θ = θ0 which is given by a solution of eq. (3.31)

θ0 ≈ K
αEB

πm2f 2
, (3.32)

with a subsequent minimum at θ = θ0 + 2π/N . Following [10], we expect that the

solution with highest symmetry has the lowest action and therefore dominates the

nucleation process. As such, we look for an O(4) symmetric instanton solution for

the axion so that θ = θ(u) with u = m
√

τ 2 + x2 + y2 + z2 the dimensionless radial

coordinate. Then eq. (3.20) becomes approximately

d2δθ

du2
+

3

u

dδθ

du
=

1

N
sin(Nδθ) +O(θ0) (3.33)

where we have defined δθ = θ(u)− θ0 and expanded the right hand side in the limit

θ0 ≪ 1 as follows from eq. (3.32). This gives the equation of motion for a particle

rolling in a potential with dimensionless time u in the presence of a damping force

inversely proportional to u. Neglecting the friction term in the thin wall limit, we

find that the sine-Gordon soliton is an appropriate solution:

θ(u) = θ0 +
2π

N
− 4

N
arctan

(
exp(u− u∗)

)
. (3.34)
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The wall thickness is therefore O(m−1) and the wall is situated at x = m−1u∗. We

may find u∗ by substituting this solution in (3.26) and minimizing to obtain the

critical bubble size:

u∗ ≈
12m2f 2

αKNEB
. (3.35)

Moreover, using the critical radius we can compute the value of the Euclidean action

which directly gives the nucleation rate for such a thin-wall bubble:

Γ/V ∼ exp

(
− 6912π2m4f 8

(αKEB)3N5

)
. (3.36)

Let us also compare this result with eq. (1.1). The large numerical factor is largely

geometric in origin, in that it comes from ratios of volume and area elements - raised

to the fourth power - in higher dimensions. It is expected that as m increases,

tunneling become more difficult since the wall tension is T ∼ mf 2/N2, and therefore

there is a greater action, and energy, cost to nucleating a heavier wall. The same

argument holds for f . As α becomes smaller, the process is more suppressed since

the bubble size scales as u∗ ∼ 1/KNαEB, and therefore a larger critical bubble

must be nucleated, mandating a larger action cost. The same argument holds for

the background electric and magnetic fields. Increasing N makes the tunneling faster

since it effectively decreases the wall tension; increasing K also speeds up the rate

since it effectively increases the coupling α. One can also infer the same conclusion

by observing eq. (3.35), since increasing K or N simply means that a smaller critical

bubble gets nucleated, which certainly has a lower action cost.
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3.5 Back-Reaction and the O(2)×O(2) Solution

We now turn to the fully back-reacted solution. Due to the directionality of the

background fields, and as per the discussion in section 3.3, we should not expect

the fully back-reacted instanton to be O(4)-symmetric as in the case without

back-reaction. The back-reaction we find only preserves an O(2) × O(2) subgroup

of the full O(4): the first factor rotates the τz-plane, and the second rotates the

xy-plane. To be more precise, we can certainly expect, based upon the parallel

electric and magnetic field background, there is a rotational symmetry corresponding

to rotations in the xy plane; the assumption of an additional rotational symmetry in

the τz plane is purely an ansatz, and we will show this holds by explicitly obtaining

a solution5. This is the instanton we will look for in this section. As we will see,

knowing this symmetry helps inform our coordinate and gauge choices making the

problem more tractable.

Assuming that the back-reacted instanton solution preserves this O(2) × O(2)

symmetry, we define dimensionless radial coordinates in the xy- and τz-planes:

r = m
√
x2 + y2, ρ = m

√
τ 2 + z2. (3.37)

In this coordinate system, the fields in Euclidean signature are simply θ = θ(ρ, r),

and A = Aµdx
µ = Aρ(ρ, r)dρ + Aσ(ρ, r)dσ + Ar(ρ, r)dr + Aϕ(ρ, r)dϕ. We use σ

and ϕ to denote the angular coordinates in the τz- and xy- planes respectively and

all fields are independent of (ϕ, σ) by symmetry. We now have the O(2)×O(2) ansatz.

It is easier to solve for the gauge fields rather than the field strength directly.
5However, note that we do not prove that this ansatz gives the lowest Euclidean action

configuration, and finding a solution does not necessarily exclude the possibility of there existing a
lower action solution with a different symmetry group.
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The Bianchi identity is now ∇ν(ϵ
µναβFαβ) = 0, and if the gauge field depends only

on the radial coordinates, then we can see that the Binachi identity is automatically

satisfied. In fact, we may re-express it as

[µναβ]∂µ∂αAβ = 0, (3.38)

and the contraction of the anti-symmetric symbol with two symmetric partial

derivatives manifestly vanishes. A point to note here is that due to the coordinates,

the anti-symmetric symbol is now [µναβ], and ϵµναβ =
√
h[µναβ], along with

ϵµναβ = [µναβ]/
√
h in Euclidean signature. It is ϵµναβ that transforms as a tensor.

Previously in Cartesian coordinates, we did not need to make this distinction.

In addition, we have the freedom to pick a convenient gauge choice. Our

ansatz above already assumes that the gauge fields are independent of the angular

coordinates so that we may no longer perform gauge transformations that depend on

the angular coordinates since these spoil the ansatz. That said, we may still consider

A → A+ dΛ(ρ, r).

We now pick Λ(ρ, r) such that Ar vanishes. This gauge choice eliminates one

of the field components; we can still perform gauge transformations that depend

on ρ only, but let us check that this is enough to eliminate Aρ(ρ, r). Consider an

equation of motion, eq. (3.28):

∇µF
νµ = i

Kα

π
ϵµναβ∂µθ∂αAβ. (3.39)

Since the derivatives on the right hand side must be either ρ or r, but not

simultaneously both, it follows that if ν were picked to be one of these two

coordinates, then the right hand side would necessarily vanish due to repeated
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indices on the Levi-Civita tensor. The covariant derivative is important here

due to our coordinates. The left hand side of eq. (3.39) can be evaluated

using the ∇µF
νµ = ∂µF

νµ + Γµ
µσF

νσ + Γν
µσF

σµ → ∂µF
νµ + Γµ

µσF
νσ since Fµν is

anti-symmetric. Furthermore, the remaining Christoffel symbol can be expanded

to give ∇µF
νµ = h−1/2∂µ(h

1/2F νµ) where h is the determinant of the metric

hµν = diag(1, r2, 1, ρ2) in the O(2)×O(2) adapted coordinate system.

Upon inspecting the ν = ρ and r components of eq. (3.39), we find that Aρ(ρ, r)

must satisfy

∂ρ(rρ∂rAρ) = 0, and ∂r(rρ∂rAρ) = 0, (3.40)

implying that rρ∂rAρ is constant, from which it follows that

Aρ =
k

ρ
log r + f(ρ), (3.41)

where k is an integration constant and f(ρ) is an arbitrary function of ρ. Requiring

non-singular behavior at either r = 0 or ρ = 0 compels us to choose k = 0. But then

Aρ is a function of ρ only, which we happily gauge away since carrying out a gauge

transformation of the type A → A+ dΛ(ρ) will not alter the other components. This

is another piece of the gauge field that now vanishes. Therefore, we may obtain the

entirety of the information regarding the electric and magnetic fields by solving for

θ, Aϕ, and Aσ.

We will be calculating in the weak coupling limit in which α ≪ 1. It is useful to

organize the equations in powers of α. To this end, we rescale Aµ →
√
αAµ/m. The
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Euclidean equations of motion (3.27) and (3.28) are now:

∂2
ρθ +

∂ρθ

ρ
+ ∂2

rθ +
∂rθ

r
− sin(Nθ)

N
+

iK

πrρ

(
m

f

)2

(∂ρAσ∂rAϕ − ∂rAσ∂ρAϕ) = 0,

(3.42)

for the axion, as well as:

∂2
ρAσ −

∂ρAσ

ρ
+ ∂2

rAσ +
∂rAσ

r
− iKα

π

ρ

r
(∂rθ∂ρAϕ − ∂ρθ∂rAϕ) = 0, (3.43)

∂2
ρAϕ +

∂ρAϕ

ρ
+ ∂2

rAϕ −
∂rAϕ

r
− iKα

π

r

ρ
(∂rθ∂ρAσ − ∂ρθ∂rAσ) = 0. (3.44)

for the gauge boson.

We now have a system of non-linear coupled partial differential equations, and

in general we do not expect analytic solutions. The last two equations encapsulate

the Witten and Sikivie effects. As a sanity check, let us first consider the familiar

small back-reaction limit which is the limit α → 0 in the above equations. We

may neglect the non-linear O(α) terms in equations (3.43) and (3.44). Then the

background configurations of constant electric and magnetic fields - E0 and B0

respectively - solve these two equations; i.e.

iÃσ =
Ẽ0ρ

2

2m2
, and Ãϕ =

B̃0r
2

2m2
. (3.45)

where we have denoted Ẽ0 =
√
αE0 and B̃0 =

√
αB0. We may then substitute these

expressions in eq. (3.42), which reduces to

∂2
ρθ +

∂ρθ

ρ
+ ∂2

rθ +
∂rθ

r
− sin(Nθ)

N
+

K

π

(
m

f

)2
Ẽ0B̃0

m4
= 0. (3.46)
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This is readily solved by the O(4) symmetric ansatz [10]: if one takes θ(ρ, r) =

θ(
√

ρ2 + r2), then it follows that

∂2
ρθ + ρ−1∂ρθ + ∂2

rθ + r−1∂rθ → ∂2
uθ + 3u−1∂uθ, (3.47)

where now u =
√

ρ2 + r2. We therefore obtain

d2θ

du2
+

3

u

dθ

du
− sin(Nθ)

N
+

K

π

(
m

f

)2
Ẽ0B̃0

m4
= 0, (3.48)

at O(α0) which we may solve numerically, or with a phenomenological approximation

to the wall profile, or with the thin wall approximation under appropriate

circumstances. We call this O(4) symmetric solution θ̃(u). It is by solving this

expression that we may obtain the bounce exponent in Γ/V ∼ exp(−IB), such as in

section 3.4.6 Incorporating back-reaction effects should then give O(α) corrections

to the exponent. It is also now clear why the procedure of section 3.4 was justified:

the regime in which α ≪ 1, but Ẽ0 and B̃0 are held fixed (eq. (3.45)), gives a critical

size to the bubble which depends only on Ẽ0B̃0 = αE0B0, as we see in eq. (3.35).

Back-reaction effects are corrections on top of this O(α0) profile. Typically, we

can only solve the set of equations (3.42), (3.43) and (3.44) numerically subject to

specific boundary conditions, as we now discuss.

In order to do that, we have to impose appropriate boundary conditions on

the fields. Far away from the origin (i.e. when ρ → ∞ or r → ∞), all fields must

match on to their asymptotic values. These are the ones given in eqs. (3.45) for Aϕ

and Aσ. For the axion field θ, it should match to a value θ0 given by a solution to

eq. (3.23). In addition, all fields must obey vanishing Neumann boundary conditions
6We note that numerical solutions show that even thick wall cases possess the same bounce

exponent as in eq. (4.2) up to an overall O(1) multiplicative factor. Nevertheless, an O(1) reduction
in the exponent can lead to a significant enhancement of the nucleation rate.

64



at r = 0 or ρ = 0 to avoid spurious singularities. Finally, we also impose the

Dirichlet conditions Aϕ = 0 at ρ = 0 and Aσ = 0 at r = 0 since these determine

components of the E and B fields that vanish by the symmetry of the problem.

We show two examples of the solutions to these equations in the next subsection.

Note the presence of the features discussed in section 3.3, i.e. the elongation of the

instanton solution and the (anti-)screening of the electric and magnetic fields.

The interaction of the axion with the gauge field will induce changes in

both these fields. Concretely, we denote these changes through the following

perturbations: θ(ρ, r) = θ̃(u) + αδθ(ρ, r), Aϕ(ρ, r) = Ãϕ(ρ) + αδAϕ(ρ, r), and

Aσ(ρ, r) = Ãσ(r) + αδAσ(ρ, r), with the expansion truncated to first order in α.

It then follows from eq. (3.43) and eq. (3.44) that the gauge field perturbations

satisfy the following differential equations at O(α):

∂2
ρδAσ −

∂ρδAσ

ρ
+ ∂2

r δAσ +
∂rδAσ

r
= −iK

π

B̃0

m2

ρ2√
ρ2 + r2

dθ̃

du
, (3.49)

∂2
ρδAϕ +

∂ρδAϕ

ρ
+ ∂2

r δAϕ −
∂rδAϕ

r
=

K

π

Ẽ0

m2

r2√
ρ2 + r2

dθ̃

du
. (3.50)

Note that the terms on the right hand sides of both equations above show that the

varying axion profile sources the change in the electric and magnetic fields from their

unperturbed background values. We also find that at corrections linear in α, the

components of the gauge field perturbation effectively decouple. In general though,

gauge field components will not decouple order by order with higher powers of α. We

must now numerically integrate these equations, subject to the requirements above.

We may also compute the change in the bubble profile due to these back-reactions

65



of the electromagnetic field. From eq. (3.42), at O(α),

∂2
ρδθ +

∂ρδθ

ρ
+ ∂2

r δθ +
∂rδθ

r
= δθ cos θ̃ − 1

π

(m
f

)2( Ẽ0

m2

∂rδAϕ

r
+

B̃0

m2

∂ρδAσ

ρ

)
, (3.51)

which upon integrating subject to the same Neumann boundary conditions as above,

we obtain a modified bubble profile, which incorporates O(2) × O(2) corrections to

the leading order O(4) solution.

3.6 Example Solutions

We will now, utilizing some toy choice of parameters, demonstrate both thin wall and

thick wall critical bubble solutions at nucleation and explore some of their features.

We will also discuss the subsequent real time evolution of the nucleated bubbles.

Thin wall

Consider the choice α = 0.1,m/f = 0.1, with anomaly coefficient and domain

wall number set K = N = 1, as well as the background fields E0/m
2 = B0/m

2 = 30.

The asymptotic value of the axion is θ0 ≈ 0.291, while its interior value is θ0+2π. For

the leading order O(4) symmetric profile, we must solve eq. (3.48). In this regime the

thin wall approximation is applicable since using eq. (3.35) one finds u∗ ≈ 13.3 ≫ 1,

and as shown in Fig. 3.3, the numerical solution is very well approximated by the

thin wall solution from eq. (3.34).

We then use this leading solution in eqs. (3.42)-(3.44) to compute the back-reaction

of the electric and magnetic fields, as well as the correction to the axion profile.

Obtaining these solutions for the gauge field components, we then directly compute

the electric and magnetic field perturbations. We take the τ = 0 slice so ρ → z, and

by rotational symmetry, set y = 0 so that r → x. See Fig. 3.5. Notice, given the
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Figure 3.3: Bubble profile for θ̃(u) at leading order. The red curve denotes the

numerical solution, and the black curve denotes the thin wall approximation (see

text).

bubble profile, the electromagnetic field pattern is intuitively what we expect based

upon the discussion in section 3.3. The modified axion profile is shown in Fig. 3.6.

We would also like to observe the energy density distribution in the xz -plane. The

wall will carry positive energy due to a varying axion profile of course, but we would

like to see where this energy is sourced from. To that end, we use the Hilbert energy

momentum tensor:

T µν = F µλF ν
λ + f 2∂µθ∂νθ − ηµν

(
1

4
FαβF

αβ +
f 2

2
(∂θ)2 +

(
mf

N

)2 (
1− cos (Nθ)

))
,

(3.52)

where we remark that the Chern-Simons term does not explicitly contribute7.

Evaluating T 00, we find that the bubble interior has, to leading non-trivial order, the

same energy density as the far exterior ! In contrast, we see that the region of lower

energy density is actually outside the bubble, like a doughnut - or torus - about the

equatorial plane (see Fig. 3.4 and Fig. 3.7). This energy distribution is in stark
7The same arguments we made earlier carry through here; in particular, this stress tensor agrees

with the canonical version despite seeming not to due to Chern-Simons terms that appear in the
canonical form. Those terms cancel when simplified, giving agreement with the Hilbert form.
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Figure 3.4: Cartoon of energy distribution, showing the bubble wall (red) and a region

of lower energy density (blue), relative to the background, outside the bubble.

contrast to the usual version of false vacuum decay in which the interior contains

lower energy density, as in [8] for instance. Moreover, it is different from even the

(1 + 1)d version. As far as we are aware, such a configuration is unlike anything else

existing in the literature.

To explain this energy distribution, note that from eq. (3.52), the θ-dependent

piece changes on the wall and gives positive energy density as anticipated. However,

the bizarre energy distribution stems from the electromagnetic part. From Fig.

3.5, above the north pole, both electric and magnetic fields actually enhance the

background electric and magnetic fields respectively. In the interior, the electric field

is screened and the magnetic field is anti-screened, so the change in energy density

cancels at this order, giving the same energy density as the far away false vacuum.

Just outside the bubble, about the equatorial plane, Fig. 3.5 shows that both the

electric and magnetic fields are screened, however. It is precisely this zone that has
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Figure 3.5: The left panel shows the electric field sourced by the nucleated axion

domain wall; similarly the right panel shows the magnetic field induced by the domain

wall currents (both fields divided by α). The constant ẑ-directed background E and

B fields are not shown. The induced fields partially screen the background E field

inside the domain wall and less so outside around the equator, while anti-screening

the E field outside the poles. The B fields are anti-screened inside the domain wall

and somewhat less so outside the poles of the domain wall, but screened significantly

in a torus shaped equatorial region outside the wall.

lower energy relative to the background. Despite initial appearances, this region

actually has a large volume, which one can picture by rotating the diagrams around

the z axis. So there is a torus-shaped region of lower energy density outside the

prolate bubble.

Thick wall

Now consider the following choice of parameters: as before, N = K = 1, but

now we set α = 0.1π, m/f = 1/
√
2, E0/m

2 = 7, B0/m
2 = 2. The background

value of the axion field is θ0 ≈ 0.775. We find the leading order solution, given

by numerically integrating eq. (3.48). The interior value of θ̃(u) − θ0 as u → 0 is
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Figure 3.6: Left panel shows the leading-order O(4)-symmetric bubble profile θ̃(u),

so not including back-reaction effects from the domain-wall-generated electric and

magnetic fields. Contour lines indicate the value of the axion field varying from

exterior value θ0 to interior value θ0 + 2π (we have taken N = 1). Right panel shows

the bubble profile including leading-order back-reaction effects θ̃(u) + αδθ(ρ, r). The

bubble has become slightly prolate.

approximately 5.71. In fact, as the field tunnels, it does not even reach a subsequent

minimum, but emerges instead at some intermediate value, from which it will then

classically roll in real time. We consider the real time evolution of this bubble below.

Again, using these leading solutions, we can compute the back-reaction effects, which

modify the shape of the bubble, using eq. (3.42) - eq. (3.44). Incorporating these

effects in eq. (3.52) gives the energy density (with the background value subtracted),

shown on the right hand side of Fig. 3.8. The dark blue region is the region of lower

energy density.
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Figure 3.7: Energy density with the uniform background value subtracted. The bright

yellow represents the wall. The pale blue in the bubble interior and far in the exterior

indicate the same energy density at this order. The region of lower energy density

is dark blue, just outside the bubble near the x axis. The pale yellow just above

the north pole represents anti-screening (see text). The dark blue region dominates

the volume-integrated change in energy upon rotating the figure about the z axis to

obtain the full three dimensional picture.

3.7 Evolution in Real Time

The Euclidean evolution that we have been using prepares an initial state on the

t = 0 time slice in Minkowski space. We will argue qualitatively why the bubble now

expands, despite the fact that the lower energy density is now in the bubble exterior.

We also look at numerical time evolution using the Lorentzian signature (classical)

equations of motion in section 3.8. In this case, we find that it is numerically more

efficient to track the electric and magnetic fields (and the axion) directly since

these equations have single time derivatives. The equations we use are the Maxwell

equations in eq. (3.24), the usual electromagnetic Bianchi identities and the axion
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Figure 3.8: The left panel shows the thick wall bubble profile for θ̃(u) at leading order

and at the instant of nucleation. The right panel shows the full energy distribution,

including the back-reacted field profiles computed using θ̃(u), at nucleation. Observe

again that the lower energy density region is outside the equator of the domain wall

in a toroidally shaped region, rather than on the inside.

equation of motion in eq. (3.20).

Pressure differences on the bubble wall

We can intuitively understand the expansion of the bubble by studying the

pressures on either side of the wall. To that end, we use the Hilbert energy

momentum tensor eq. (3.52). It is convenient, though not essential, to have the

thin wall profile of section 3.5 in mind (see also Fig. 3.9). We require the spatial

components,

Tij ≈
1

2
(E2 +B2)δij − (EiEj +BiBj). (3.53)

Notice that since we are in the thin wall regime, the terms depending on axion

derivatives are negligible away from the wall so we do not include them above.

Furthermore, to leading non-trivial order in the α-expansion, the axion changes by

72



Figure 3.9: The left panel shows the back-reacted electric field from Fig. 3.5

superimposed on the background Ẽ0/m
2. Similarly, the right panel shows the

back-reacted plus the background magnetic field. The red line indicates the wall

position (see section 3.5).

2π from one side of the wall to the other (here again we specialize to the N = 1

case, though similar statements are true for N > 1 as well), so we can drop the cos θ

potential term when computing pressure differences across the wall. As such, only

the electromagnetic fields are important for this discussion.

Let us start by comparing the pressures along the z-axis on either side of the

bubble wall near the north pole, i.e. with Tzz. Just outside the north pole, the

electric field is anti-screened (enhanced) and the magnetic field is also enhanced. On

the other side of the domain wall, i.e. just inside the bubble near the north pole,

the magnetic field is still anti-screened, but the electric field is screened. A quick

computation of Tzz ≈ −(E2
z + B2

z )/2 shows that the pressure is higher (i.e. less

negative) inside the bubble causing a force in the +z-direction (see Fig. 3.9). So

we infer an outward force along the north pole. A similar argument - due to the

O(2) × O(2) symmetry - indicates that there is an outward force along the south
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pole as well. Next, consider the pressure differences near the equator of the bubble

in Fig. 3.9. For this, consider Trr (in cylindrical coordinates). Just outside the

bubble wall, along the x-axis or equatorial plane for that matter, Ex, Ey, Bx, and By

all vanish by symmetry so only the z-components contribute to Trr ≈ (E2
z + B2

z )/2

(the sign difference relative to Tzz is important here). Along the equator, slightly

outside the bubble, both Ez and Bz are screened. On the other hand, just inside,

only Ez is screened whereas Bz is enhanced (in fact, E2
z + B2

z inside is the same

as the asymptotic exterior upto and including O(α) corrections). Using these to

compute Trr shows that the pressure inside is a larger positive number than that

outside, implying that there is an outward force along the equator. We may therefore

understand the bubble evolution by considering pressure gradients associated with

these semi-classical solutions.

3.8 A Russian Doll Instanton

As a concrete example, let us study the real time evolution of the thick wall bubble

of section 3.5. On the initial time slice, we see the nucleated oblong bubble (right

hand side of Fig. 3.8; Georges Obied has written the real time evolution code). The

bubble wall interpolates over the potential barrier and the axion field inside the

bubble lies on the other side of this potential potential barrier. Since this is a thick

wall profile, the axion field tunnels from the false vacuum to some intermediate

value between the false vacuum and true vacuum. Subsequently, in real time, the

field rolls to the true vacuum. In fact, from Fig. 3.10, we see the axion traverses

its field range three times before stabilising. In short, there is an initial quantum

tunnelling, followed by two additional cascades from classical rolling. These give the

domain wall an interested foliated structure that could lead to distinct observational

signatures. We will study the phenomenology of these cascading decays in a more
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general setting in future work.

Another feature of the back-reacted time evolution is the (anti-)screening of

the electromagnetic fields. In the initial configuration, the fields have values that are

different from the asymptotic background although not by much. By the time the

bubble has expanded, the majority of the electric field inside the bubble has been

screened. The magnetic field inside the bubble is larger than its initial value but

in return it is screened in a larger volume around the bubble. By integrating the

energy density inside and around the bubble, we can clearly see the nucleation and

evolution of the axion domain wall leads to a lower energy configuration. This is

yet another piece of evidence supporting our claim that parallel E and B fields will

spontaneously nucleate axion domain walls as this process leads to a lower energy

state. A striking feature of the axion domain wall profile is its lopsided oblong shape.

In fact, we see that this asymmetry becomes more pronounced as the domain wall

evolves in time.
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Figure 3.10: Real time evolution of the bubble energy density (in units of m4, with

background subtracted) for the thick wall bubble. The top left (right) is at t = 20 (40);

the bottom left (right) is at t = 60 (80), in units of m−1. The initial energy density

at t = 0 is given by Fig. 3.8. Notice in this figure that the lower energy (dark blue)

region is growing in time as the bubble expands.
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Chapter 4

Bounds for Branes in de Sitter

In this chapter, we study the nucleation of branes in the presence of background

electric fields.

The motivating purpose of this exploration is to extend the Festina Lente

swampland conjecture to incorporate not just massive charged particles, but also

branes. In particular, we are especially interested in branes that have a Wess-Zumino

term on their worldvolume action. These operators appear naturally in string theory,

and we will see that they are closely related to the axion domain wall nucleation

problem - in the presence of background electric and magnetic fields - that we have

so far considered. Notice a key point: axion domain walls in background electric and

magnetic fields will be immensely helpful in finding the nucleation rate of branes,

in the presence of only electric fields and not magnetic fields. It is a bound on this

decay rate that remarkably relates brane tension, coupling, Planck mass, and Hubble

size.
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4.1 Nucleation with Nambu-Goto action

We would like to generalize the Festina Lente conjecture to branes in (3 + 1)d. First

we will consider D2 branes, with a Wess-Zumino type worldvolume interaction1.

We will show that this solution follows immediately from the (seemingly unrelated)

Schwinger-like bubble nucleation process in axion-Maxwell theory that we have

recently shown in the previous chapter. There, we showed that in the presence of

parallel background electric and magnetic fields, the axion field can decay via bubble

nucleation with energy coming from the screening the elctromagnetic field. Crucially,

a topological Chern-Simons term, θϵµνρσF
µνF ρσ, was responsible for assigning

electric charges and currents to the bubble walls [6, 7, 83, 84], which allowed the

decay to proceed.

Now we would like to first reformulate this result with a Nambu-Goto type

action for thin walls. This procedure will then generalize to branes, and the axion

will be a guiding light to deriving key results.

Chern-Simons Bubble Nucleation with Worldvolume Action

In the previous chapter we showed that in the presence of parallel background

electric and magnetic fields, bubble nucleation occurs by the formation of axion

domain walls. In the thin wall case the critical bubble size is

r∗ =
12mf 2

αEB
, (4.1)

1Although we call these objects Dp branes, the form of the actions we will take will be fairly
general and may apply to other such branes.
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which must be larger than m−1 for consistency. We showed that the decay rate per

unit volume is

Γ/V ∼ exp(−IB), with IB ≈ 6912π2m4f 8

(αKEB)3N5
. (4.2)

Let us focus on the special case in which the nucleated bubble size is much larger

than the wall thickness, i.e. the domain wall that is a boundary for the bubble is

effectively two dimensional in space. Then the nucleation, and subsequent expansion,

process should be describable with a woldvolume effective field theory, akin to how

one realizes the Schwinger effect for point particles [19, 20] with an equivalent

worldline action [14, 26] rather than the full Euler-Heisenberg action.

Concretely, we should have an action resembling a Nambu-Goto action with

additional terms that lead to the nucleation of axion domain walls. Such as action is

the following:

I =

∫
Bulk

d4x

(
− 1

4
FµνF

µν

)
− T

∫
WV

d3ξ
√
−h+ g

∫
WV

d3ξ
√
−hϵabcAaFbc (4.3)

where the abbreviation WV denotes a worldvolume integral; ξa is an intrinsic brane

coordinate and hab is the induced metric on the brane. T denotes the brane tension.

The worldvolume indices are related to the bulk indices in the follwing way: for a

tensor on the brane

Sabc... = Sαβγ...e
α
ae

β
b e

γ
c ... (4.4)

where the projection tensor,

eαa =
∂xα

∂ξa
, (4.5)
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denotes a projection of the (flat) bulk indices to the brane. For instance, we obtain

the worldvolume metric from the bulk spacetime metric via

hab = ηαβe
α
ae

β
b . (4.6)

Then the length of a line element on the worldvolume will match in both bulk and

brane coordinates. We can infer the parameters of this action based on considering

the thin wall case, a special class of solutions of eq. (3.20), in which the axion is of

the form2 (θ − θ0) ∼ 2π(1 − H(r − r(t))), where H is the Heaviside function and

θ0 is the asymptotic value of the axion field. Then integrating by parts, the term

θF ∧ F ∼ dθ ∧A ∧ F in eq. (3.18) becomes A ∧ F upon integrating over r, since the

derivative of a Heaviside function becomes a delta function in the radial coordinate.

Comparing eq. (4.3) with eq. (3.18) indicates that g ∼ α.

Moreover, since we are considering a spherically symmetric θ profile, a simple

scaling argument shows that integration over the derivative term (or potential term)

of eq. (3.18) implies that T ∼ mf 2. Here we have used the fact that the delta

function has width m−1 → 0, but we emphasize that this limit must be taken in the

final step, or else one gets a product of delta functions. If we are solely interested in

parametric form and scaling behavior, then we are done here. However, we will also

describe an explicit matching procedure below in which we determine the values of

T and g, including their numerical prefactors and not just their parametric scaling.

Additionally, on a technical note, the worldvolume action should also be able

to describe fluctuations of the wall itself that do not respect spherical symmetry,

but nevertheless have negligible wall thickness. The use of spherical symmetry

in the above paragraph was merely to match “Wilson coefficients” T and g to
2Let us also set K = N = 1 for concreteness.
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the full axion-Maxwell action, but once we have them we should be able to use

the Nambu-Goto action to describe non-spherically symmetric dynamics as well.

Previous work has incorporated Nambu-Goto membrane actions - or used arguments

invoking them - in describing dynamical evolution of domain walls or bubbles, for

instance [85, 86, 87].

In any case, we should be able to compute the bubble size and nucleation

rate, and match these outputs with eq. (4.1) and eq. (4.2) respectively, since the

action eq. (4.3) contains the brane and electromagnetic degrees of freedom. First

let us ignore the back-reaction of the electromagnetic field as before. Then the

Euclidean version of eq. (4.3) with tE = it is:

IE =

∫
Bulk

d4x

(
1

4
FµνF

µν

)
+ T

∫
WV

d3ξ
√
h− ig

∫
WV

d3ξ
√
hϵabcAaFbc. (4.7)

Consider now a nucleated O(4) symmetric bubble. On the one hand, the second

term on the right hand side of eq. (4.7) is proportional to the worldvolume ∼ R3.

On the other hand, we can view the final term as a boundary integral over A ∧ F ,

where the boundary here is the worldvolume that separates the bulk into two regions.

By Stokes’ theorem, we then have a bulk integral over F ∧ F ∼ E.B. So the final

term is ∼ R4gEB. Then the Euclidean action that must be minimized has the form

IE ∼ TR3 − gEBR4, and so the critical radius of the bubble is R ∼ T/gEB. The

decay rate is

Γ/V ∼ exp(−IB), with IB ∼ T 4

(gEB)3
. (4.8)

Pleasingly, this scaling matches the decay rate from eq. (4.2), with the parameters g

and T identified in accordance with the arguments of the previous paragraphs. To

obtain the appropriate numerical factors we should write T = k1mf 2 and g = k2α,

where the dimensionless numbers k1 and k2 are 12π and 1/8 respectively. This choice
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correctly reproduces the results in eq. (4.1) and eq. (4.2).

4.2 An Explicit Solution for D2 Branes

We would like to generalize the worldline picture of Schwinger pair production of D0

branes (particles) [14, 26] to higher dimensional branes. Explicitly, let us consider D2

branes. The background field is - just as in the typical Schwinger effect - a constant

uniform electric field in the z direction: E = Eẑ. We consider the following action:

I =

∫
WV

d3ξ

(
− 1

4
F

(B)
ab F (B)ab

)
− T

∫
WV

d3ξ
√
−h+ g

∫
WV

√
−hϵabcAaF

(B)
bc (4.9)

+

∫
Bulk

d4x

(
− 1

4
FµνF

µν

)
.

The corresponding Euclidean action is

IE =

∫
WV

d3ξ

(
1

4
F

(B)
ab F (B)ab

)
+ T

∫
WV

d3ξ
√
h− ig

∫
WV

√
hϵabcAaF

(B)
bc (4.10)

+

∫
Bulk

d4x

(
1

4
FµνF

µν

)
.

Here Aµ, with F = dA, indicates the electromagnetic vector potential, and A
(B)
a ,

with F (B) = dA(B), being a U(1) gauge potential living on the brane. The constant

bulk electric field configuration implies that F tz = E, and if we gauge fix Aµ such

that only At is non-vanishing, then it follows that a solution of the vector potential

is Aµ = Er cosσδtµ. Treating this term as a background field, we will now show that

a gauge field solution for A(B) exists corresponding to an instanton representing a

nucleated bubble.
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The equation of motion for the brane gauge field is

∂a

(√
−hF (B)ab + 2g[cab]Ac

)
= 0. (4.11)

Here [abc] is the totally anti-symmetric symbol related to3 ϵabc = −[abc]/
√
−h.

Physically, this equation states that the background electric field induces charges

on the brane, since we can read it as a modified Gauss law. We have written this

equation in Lorentzian signature but we can freely translate between Euclidean and

Lorentzian signature without ambiguity. To properly fix the conventions, let us now

establish a coordinate system compatible with the standard rotationally symmetric

ansatz. Following [8, 10, 11] we assume the ansatz

r2 − t2 = r2∗, or r2 + t2E = r2∗, (4.12)

with x2 + y2 + z2 = r2 i.e. the O(4) ansatz in Euclidean signature. We take the

bulk coordinate system to consist of {t, r, σ, ϕ}; in the bubble interior, we take

the coordinate system to be {τ, R, σ, ϕ}, and the corresponding line elements are

respectively:

ds2 = −dt2 + dr2 + r2dσ2 + r2 sin2 σdϕ2,

ds2 = −dτ 2 + dR2 +R2dσ2 +R2 sin2 σdϕ2,

the latter of which extends up to the bubble4. On the bubble, these two line elements

must match, forcing r = R and dR = 0, as well as

(dr
dτ

)2
−
( dt
dτ

)2
= 1. (4.13)

3The extra sign is due to Lorentzian signature; it is not present in Euclidean signature, but it is
a simple matter to Wick rotate to Euclidean signature.

4τ is not to be confused with the Euclidean time here.
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This matching procedure is akin to Oppenheimer-Snyder collapse of a thin shell of

gravitating matter, except the situation here is simpler since we take the exterior

metric to be flat rather than Schwarzschild5. A solution compatible with our

aforementioned ansatz is

r(τ) = r∗ cosh (τ/r∗), and t(τ) = r∗ sinh (τ/r∗). (4.14)

It is a choice to have set our clocks such that the initial time t = 0 corresponds to

τ = 0. Furthermore, we can also Wick rotate to Euclidean signature to reveal that

r(τE) = r∗ cos (τE/r∗), and tE(τE) = r∗ sin (τE/r∗). (4.15)

The picture in Euclidean signature is clear: we have an O(4) instanton appearing

at τE = 0, which we continue by Wick rotation to Lorentzian time and match at

τ = 0. The nucleated bubble that is born with a critical radius r∗ - which we will

compute momentarily - then expands in a hyperbolic trajectory which asymptotically

approaches a future light cone.

Using the parametrization of eq. (4.15), the projection tensors of eq. (4.5)

now have the following components

etτ = cosh (τ/r∗), erτ = sinh (τ/r∗), eσσ = 1, eϕϕ = 1, (4.16)

with all other pieces vanishing.

It then follows from eq. (4.6) that the metric on the brane with intrinsic coordinates
5For details, see [88, 56, 89, 90]
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{τ, σ, ϕ} is

[hab] =


−1 0 0

0 r(τ)2 0

0 0 r(τ)2 sin2 σ

 . (4.17)

We now possess all of the ingredients necessary to solve eq. (4.11). Note that by

azimuthal symmetry, we should be able to remove dependence on the equatorial

angle ϕ in A
(B)
a , i.e. A

(B)
a = A

(B)
a (τ, σ). Therefore, we are free to gauge fix A

(B)
σ = 0;

with this symmetry and the given ansatz, we would not have been able to gauge

away A
(B)
ϕ . Recalling that Aτ = Ate

t
τ (with other components vanishing), due to the

anti-symmetry of the interaction term, A(B)
τ does not appear. Actually we are being

slightly quick here; a solution satisfying ∂σAτ ∼ 1/ sinσ is possible but such a term

gives the brane kinetic piece an infinite Euclidean action, and so only a vanishing

constant prefactor is allowed.

Now, we turn to the problem of solving for A
(B)
ϕ , which we have argued is the

only non-vanishing component of A(B)
a . Setting the free index in eq. (4.11) to ϕ gives

the following second order partial differential equation:

∂σ

(
1

r2∗ cosh
2 (τ/r∗) sinσ

∂σA
(B)
ϕ + 2gEr∗ cosh

2 (τ/r∗) cosσ

)
=

1

sinσ
∂2
τA

(B)
ϕ . (4.18)

It is at this stage that recalling the bubble nucleation process in axion electrodynamics

greatly helps.

Let us for a moment look closely and compare the expressions of eq. (4.7)

and eq. (4.9). The two are strikingly similar. In the case of the former, we know

from the discussion in section 4.1 that an axion bubble nucleates in the presence

of parallel electric and magnetic fields. In the present case, we do not have a

background magnetic field. Nevertheless, we can see that if we pick F (B) to have
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a component mimicking a background magnetic field, then our interaction will

resemble a Quantum Hall state on an axion domain wall. That is to say, the

Wess-Zumino interaction on the brane will resemble a Chern-Simons interaction on

an axion domain wall. In short, we have to get E.B in the action for this argument

to carry through. The background Aµ already contains the electric piece. A constant

magnetic field in the ẑ direction corresponds to having6

A
(B)
ϕ = k cosh2 (τ/r∗) sin

2 σ, (4.19)

which is proportional to x2 + y2, and involves an unkown coeffiecient k. We now use

this informed guess in eq. (4.18). Hearteningly, this ansatz is indeed a solution. In

principle, one could guess the ansatz and solve eq. (4.18) without any relation to

the axion domain wall, but it would be an exceptionally lucky guess. In fact, this

step fully fixes the numerical prefactor k = −gEr3∗/2 as well. We emphasize once

more for clarity that there is no background magnetic field, just an electric field; the

magnetic field is inspirational only, and for the sole purpose of solving for the brane

vector potential A(B), which is ultimately what we require.

In summary, we have derived a solution to eq. (4.11) corresponding to a spherical

brane bubble nucleation process (see Fig. 4.1). We may also like to ask how the

background electric field back-reacts to this nucleation process. As we have briefly

mentioned before, the interaction assigns charges to the brane, but as the bubble

expands in real time, there will be currents due to its expanding nature, and hence

magnetic fields as well. An analogous step occurs in the Schwinger effect when the

charges particles accelerate. As such, let us then only focus on the induced charges

at nucleation, i.e. at τE = τ = t = 0.

6This expression follows from the O(2)×O(2) ansatz in [21], or Chapter 3.
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Figure 4.1: Schematic diagram represent brane nucleation. The oppositely colored

hemispheres indicate that they are oppositely charged. There is a non-vanishing gauge

field A
(B)
ϕ on the brane.

Looking once again at the action eq. (4.9), we can treat the coeffient of Aa as

a source for the electromagnetic gauge field, which is to say that we can treat

gϵabcF
(B)
bc as an electric source current ja. We can then solve the (sourced) wave

equations in the bulk upon converting ja → jα with the projection tensors eαa ,

thereby extracting the back-reaction on the electric field; this effect will be higher

order in g, as it must. We find that at t = 0, the only non-vanishing component of

the current is

jt = 2g2Er∗ cosσ, (4.20)

which we identify as the electric charge density, ρE. In essence, the brane acquires the

charge distribution resembling a conducting shell in a uniform background electric

field in the ẑ direction. The northern and southern hemispheres are oppositely

charged due to the sign of cosσ changing across hemispheres.

At the moment of birth, the electric field gets screened uniformly in the interior,

and the electric potential is proportional to a first order Legendre polynomial,

87



with radial scaling behavior of the form ∼ r and ∼ r−3 in the bubble interior and

exterior respectively. It is this screened electric field that provides the energy for

the brane, and the gauge field configuration living on the brane. Upon nucleation,

the background electric field pulls apart these two oppositely charged hemispheres,

leading the bubble to expand.

We are left with one final task: we must still calculate what r∗ actually is!

Towards this end, we put the solutions we have obtained so far in the Euclidean

action eq. (4.10) and minimize it with respect to r∗, which in turn yields the critical

radius of the bubble. We find that

r∗ ∼
T 1/2

gE
. (4.21)

We may now obtain the nucleation rate:

Γ/V ∼ exp(−IB), with IB ∼ T 5/2

(gE)3
. (4.22)

As before, an exponentially suppressed nucleation rate requires T 5/2 ≳ (gE)3.

4.3 A Swampland Condition

At the ultracold point of the Nariai solution, E ∼ MPH. If the brane nucleation is

too rapid, then the spacetime undergoes a big crunch singularity as outlined in [44,

45]. See Fig. 4.2.

Avoiding this outcome requires the nucleation rate to be exponentially suppressed,
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Figure 4.2: Schematic diagram represent brane nucleation. The oppositely colored

hemispheres indicate that they are oppositely charged.

which in turn places a lower bound on brane tension. In fact, we require

T ≳ (gMPlH)6/5. (4.23)

This expression is a striking result: quantum gravity relates brane tension and

Wess-Zumino coupling with the size of the Hubble horizon. An assumption here

is that the bubble size is less than the characteristic curvature scale of the spacetime

geometry, so that the flat space limit is well justified, i.e. r∗ ∼ T 1/2/gE ≪ 1/H,

which is to say T ≪ (gMPl)
2 on the Nariai branch near the ultracold point. One may

interpret a violation of this bound to be an obstruction to nucleation - since a bubble

that is too large will not fit - so that the true requirement is

T ≳ min
(
(gMPlH)6/5, gM2

Pl

)
. (4.24)

Having already demonstrated an explicit solution for the brane gauge field in the

previous section, we could ask ourselves the following question: if the scaling of

eq. (4.22) is all we seek, can we use simpler arguments to extract it?
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4.4 Scaling Arguments

Let us attempt to re-derive D2 brane nucleation rates in (3 + 1)d using scaling

arguments alone. On a first note, a significant portion of the above section relied

on the thin wall limit, in which the wall thickness is negligible compared to the

bubble size, for which the characteristic length scale is r∗. We should look at the

scaling behavior of the action with respect to this parameter. Let us schematically

rewrite eq. (4.10) in a language more amenable to scaling arguments:

IE ∼ T

∫
WV

⋆1 + ig

∫
WV

A ∧ F (B) +

∫
WV

F (B) ∧ ⋆F (B) +

∫
Bulk

dA ∧ ⋆dA, (4.25)

where once again we disregard numerical factors for simplicity7.

Since we neglect the back-reaction of the bulk electromagnetic field, let us

ignore the final term since it will cancel in the evaluation of the bounce action. The

equation of motion of the brane gauge field is

d ⋆ F (B) ∼ ig dA. (4.26)

Knowing that dA ∼ E, i.e. the background electric field, we infer the scaling behavior

of the brane field strength F (B) ∼ gE. Putting this term in eq. (4.25), and integrating

over the bubble worldvolume, we find

IE ∼ TR3 + (gE)2R5, (4.27)
7The ⋆ symbol is the Hodge dual operator. In d dimensions, it maps a k form to a d− k form of

different basis forms. For example, in d = 3, ⋆(dx2∧dx3) = dx1, mapping a two-form to a one-form.
So the integral over ⋆1 indicates a worldline/wolrdsheet/worldvolume integral. Similarly, one can
show that the dA∧ ⋆dA is the kinetic piece for the Ramond-Ramond field, A. For additional details
on these topics, see [56, 91, 92, 93, 94, 95] for example.
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where the power law behavior of R in the second term is fixed by dimensional

analysis. We once more obtain, in agreement with eq. (4.21), r∗ ∼ T 1/2/gE by

minimizing the above action with respect to R. This result implies again that the

bounce action of eq. (4.27) scales as IB ∼ T 5/2/(gE)3, just as in eq. (4.22).

We reiterate that such scaling arguments cannot give explicit solutions as in

section 4.2, and they assume such a solution exists. Nevertheless, a major advantage

is immediately clear: a direct scaling argument gives the parametric form of the

bounce action. It is this simplification that lends this method viable for extracting

the form of the bounce action for branes of different dimensions in higher dimensional

spacetimes as well, especially where we are not able to solve for the bounce itself.

4.5 Generalizations to Other Branes and Higher

Dimensions

The methods we have outlined above are especially applicable to analogous problems

in higher dimensions. In all cases, we assume the dimension of the brane can vary,

i.e. we may allow Dp branes with p ≤ n − 1 in (n + 1)d. We just considered D2

branes in (3 + 1)d. In subsequent examples, we continue to assume only a uniform

background electric field, E. We provide specific examples below.

D1 Branes (Strings) in (3 + 1)d

The Euclidean action for strings in (3 + 1)d is of the form

IE ∼ T

∫
WS

⋆1 + ig

∫
WS

A ∧ dθ +

∫
WS

dθ ∧ ⋆dθ +

∫
Bulk

dA ∧ ⋆dA, (4.28)
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where the abbreviation WS denotes a worldsheet integral, and θ is a scalar field on

the string, whose equation of motion is

d ⋆ dθ ∼ ig dA. (4.29)

Scaling arguments suggest dθ ∼ gE since dA ∼ E. Using dimensional analysis, we

infer

IE ∼ TR2 + (gE)2R4, (4.30)

and hence r∗ ∼ T 1/2/gE, and IB ∼ (T/gE)2. Exponentially suppressed nucleation

requires T 2 ≳ (gE)2. This scaling behavior continues to hold for strings in higher

dimensions as well.

D6 Branes in (7 + 1)d

As a final example, consider D6 Branes in (7 + 1)d, with action

IE ∼ T

∫
WV

⋆1 + ig

∫
WV

A ∧ F (B) ∧ F (B) ∧ F (B) +

∫
WV

F (B) ∧ ⋆F (B) +

∫
Bulk

dA ∧ ⋆dA.

(4.31)

It follows that

d ⋆ F (B) ∼ ig d(A ∧ F (B) ∧ F (B)), (4.32)

and hence F (B) ∼ 1/gE. The action becomes

IE ∼ TR7 + (gE)−2R5, (4.33)

which is minimized by r∗ ∼ (T 1/2gE)−1, with corresponding bounce IB ∼

T−5/2(gE)−7. This time, an exponentially suppressed nucleation rate requires T 5/2 ≲

(gE)−7. Notice that in stark contrast to previous examples, we now get an upper
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bound on the brane tension, not a lower bound. This feature is not unique to D6

branes, as the results of the next section show.

4.6 General Cases and the D3/D4 Exceptions

Using similar arguments to those above, we present results for general dimensions in

Table 4.1, and we notice the pattern:

gE ≲ T
1

p+1
+ 4−p

4 , (4.34)

when p is even. Observe how instead of getting a lower bound, we get an upper bound

on the tension when p > 4. When p is odd,

gE ≲ T
1

p+1
+ 3−p

4 . (4.35)

These relations do not apply when p = 3, or when p = 4. These special cases are

somewhat more subtle. Take for instance the action for a D4 brane:

IE ∼ T

∫
WV

⋆1 + ig

∫
WV

A ∧ F (B) ∧ F (B) +

∫
WV

F (B) ∧ ⋆F (B) (4.36)

+

∫
Bulk

dA ∧ ⋆dA.

Varying with respect to A(B) shows that

d ⋆ F (B) ∼ ig dA ∧ F (B). (4.37)

The complication lies in the fact that the equation of motion possesses an accidental

dilatation symmetry8, in the sense that whatever solution we may obtain for A(B),

linearity guarantees that λA(B) is also a solution, for some number λ. The action does
8Not a scaling of the coordinate, just the field.
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not have this symmetry. This feature is reminiscent of the small amplitude simple

pendulum system whose action is

I =

∫
dt

(
1

2
θ̇2 − 1

2
ω2θ2

)
. (4.38)

The equation of motion is that of a simple harmonic oscillator:

θ̈ + ω2θ = 0. (4.39)

The implication of this accidental dilatation symmetry (θ → λθ) at the level of the

equation of motion, albeit not the action, is that the frequency of oscillation ω does

not fix the amplitude, which remains an independent parameter. In the case of D4

branes, the accidental symmetry implies that the critical size of the bubble is not

fixed by the terms in the action so far. We must include an extra piece in the action

that breaks this symmetry at the level of the equation of motion. Such a term may

arise, for instance, in a higher order expansion of the DBI action. The same issue

occurs with D3 branes. There a simultaneous scaling of the brane gauge field as well

as the brane scalar field shows an accidental symmetry at the level of the equation of

motion.

4.7 Consistency Conditions on Brane Couplings

All throughout, we have been neglecting brane self-interactions, which is to say that

we suppose one part of the brane may only very weakly interact with another part of

the brane. When this coupling is strong, our results may not hold. For instance, let

us look back at the D2 brane action in eq. (4.25). We should append to the action
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the following additional piece:

γ

∫
WV

C3 +

∫
Bulk

dC3 ∧ ⋆dC3, (4.40)

where C3 is a three-form. When γ is sufficiently large, the brane will self-interact

in ways that may negate the computation of the nucleation rates. In that case, we

do not trust the computations above. In this specific case, we should require - as a

consistency check - that the contribution of these terms to the bounce is negligible

on the bounce solution. The additional equation of motion here is

d ⋆ dC3 ∼ γ × δ(Brane) (4.41)

where there is a delta function on the brane woldvolume which must be integrated

with a Green’s function for a higher dimensional Laplacian. However, we only seek

the contribution to the action, and this follows from the scaling behavior C3 ∼ γ.

Dimensional analysis fixes the correct factor of r∗. Explicitly, the action is modified

with the addition of γ2r4∗, up to numerical coefficients. Ultimately, we must require

this contribution to the action to be much less than IB in eq. (4.22), calculated

previously, for consistency. This requirement is

γ2 ≪ T 1/2gE. (4.42)

Similar arguments apply to branes of other dimensions in higher dimensional

spacetimes as well, with natural generalizations of eq. (4.41).

We have presented requirements that lead to exponentially suppressed nucleation

rates for branes in background electric fields in Table 4.1. The prerequisite conditions

on the brane couplings, for these results to be reliable, is that the following additional
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piece:

γ

∫
WV

Cp+1 +

∫
Bulk

dCp+1 ∧ ⋆dCp+1, (4.43)

gives only a small correction relative to the bounce action, when evaluated on the

bounce solution. Repeating calculations based upon the same argument above, the

conditions for Dp branes in (n+ 1)d are given by:

γ2 ≲
T 1+ 1

4
(4−p)(n−p−2)

(gE)n−p−2
, (4.44)

for even p and p ̸= 4, as well as

γ2 ≲
T 1+ 1

4
(3−p)(n−p−2)

(gE)n−p−2
, (4.45)

for odd p and p ̸= 3. When the above conditions are satisfied, we trust the results of

Table 4.1.
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Chapter 5

Conclusion and Outlook

In this thesis, we have presented a novel instanton of axion-Maxwell theory, which

facilitates the decay of a parallel background electric and magnetic field configuration

through the nucleation of bubbles. This result was the key topic of Chapter 3. The

structure of the bubble is rich; indeed, the bubble wall is endowed with charges and

currents owing to the classical findings of Witten and Sikivie [6, 7, 83, 84] that follow

from having a Chern-Simons term in the action. This process mimics the well-known

Schwinger effect [19, 20] and opens up an exciting avenue in non-perturbative

quantum field theory.

Furthermore, we have found that the real time evolution of the bubble is unusual.

At birth, the region of lower energy is outside the bubble itself which is completely

at odds with any other similar result anywhere else in the literature, to the best

of our knowledge. In all known cases so far, the lower energy density region lies

within the interior of the bubble, rather than the exterior. This feature is also a

point Sidney Coleman makes in his papers [8, 9, 10, 11, 96], and the bubble that

we have found would therefore be an exception. Moreover, as the bubble expands,

the lower energy density region gradually migrates to the interior of the expanding
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bubble, and we have shown that - for certain configurations - a cascading avalanche

of bubbles, stemming from the classical rolling of the fields, may emerge. We have

called this nucleation process a Russian doll instanton.

The implications are vast. On the phenomenological frontier, such axion domain

walls could have been nucleated and annihilated in the early universe. This is

similar to bubble nucleation in a first order phase transition and will produce

gravitational wave signals (see for example [97] and references therein) that could

be within the reach of near-future gravitational wave detectors such as PTA’s (such

as IPTA [98]), laser interferometers (such as LIGO/VIRGO [99, 100], aLIGO [101]

or LISA[102]) and atom interferometers (such as AION [103] and MAGIS [104,

105]). However, there are several important features that distinguish our lopsided

bubbles from those seen in typical phase transitions that are the subject of work

in preparation. Since the bubbles are elongated along the direction of the parallel

electric and magnetic fields, they have less symmetry. This can allow the evasion

of certain theorems that apply to spherical bubbles and prohibit the production

of gravitational wave signals [106]. In summary, if one considers the expansion

of two nearby spherical bubbles, the O(2, 1) symmetry of the system forbids the

generation of gravitational waves by an analog of Birkhoff’s theorem that applies to

O(3) symmetric spacetimes. For our non-spherical bubbles, there is generically no

such O(2, 1) symmetry and their expansion can evade this theorem. Such structures

will influence the gravitational wave signals and can produce sharp peaks that are

distinct from the usual broad peaks characteristic of first order phase transitions.

The energy density in electromagnetic fields in and around the bubbles also displays

an intricate structure that could give additional observational signatures distinct

from those seen in typical first order phase transitions. These features will be the

subject of work in preparation. Also, the collision of such bubbles could lead to the
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formation of primordial black holes [107] and it would be interesting to see if the

asymmetry can play a role in enhancing or quenching the black hole formation rate.

On the more formal side, we have seen in Chapter 4 that the structure of the

axion domain wall has intriguing similarities with branes possessing Wess-Zumino

interactions. We have extended the Festina Lente swampland conjecture [44, 45]

- for charged massive particles in de Sitter space - to branes carrying natural

Wess-Zumino couplings as well. It is especially important since top-down attempts

using string theory at obtaining constraints on de Sitter are extremely difficult

[38], and therefore bottom-up approaches, such as non-perturbative particle physics

gedankenexperiments in black hole backgrounds, provide an alternative direction.

This exploration amounts to a further contribution to the swampland program.
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Appendix A

Extremal Black Hole Solutions in de

Sitter

We would like to first review the theory of charged black holes in a de Sitter

background. Consider the Einstein-Hilbert-Maxwell action including cosmological

constant Λ:

I =

∫
d4x

√
−g

(
1

16πGN

(
R− 2Λ

)
− 1

4
FµνF

µν

)
, (A.1)

where F = dA, and GN = M−2
Pl as usual, with the Planck mass MPl = 1.22×1019GeV.

Varying the action with respect to gµν gives the equation of motion for the metric

tensor

Rµν −
1

2
Rgµν + Λgµν = 8πGNTµν , (A.2)

where we have defined the electromagnetic energy momentum tensor

Tµν =
1

4π

(
FµρF

ρ
ν − 1

4
gµνFρσF

ρσ
)
. (A.3)

Moreover, varying the action with respect to Aµ gives the equation of the motion

for the vector potential ∇νF
µν = 0. A solution to this system of equations is the
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following:

ds2 = −h(r)dt2 + h(r)−1dr2 + r2dσ2 + r2 sin2 σdϕ2, (A.4)

h(r) = 1− 2GNM

r
+

GNQ
2

r2
− r2

l2
, where l2 =

3

Λ
, (A.5)

A = Aµdx
µ = −Q

r
dt. (A.6)

We use σ to denote the polar angle to avoid confusion with the axion field. This line

element describes a black hole with mass parameter M and electric charge parameter

Q, although we note that the spacetime is not asymptotically flat , but rather de

Sitter with length
√
3/Λ.

We will soon derive the values of M and Q for such black holes that lead to

extremal solutions. Fig. A.1 shows the space of extremal solutions. There are

three horizons: the inner black hole horizon, the outher black hole horizon, and the

cosmological horizon [108, 109]. The upper red line connected to the origin, or the

upper branch, represents the cases in which the inner black hole horizon and outer

black hole horizon meet. The cosmological horizon is not in contact with these

two, except at the tip of the shark fin diagram. We may view this system as an

extremal Reissner-Nordstrom black hole in a de Sitter universe. On the black dotted

line,
√
GNM = Q. This line would represent extremal black holes if the action had

vanishing cosmological constant. Indeed, in that case, there would be no limit to

how large an extremal Reissner-Nordstrom black holes could be, but here, if we were

to make the black hole larger and larger, eventually the black hole would become

large enough to reach the cosmological horizon. This is the ultracold point, which is

the tip of the shark fin diagram.

Furthermore, the red right branch respresents the case in which the black hole

outer horizon is coincident with the cosmological horizon but the inner horizon is
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not, except at the tip. This is the Nariai branch. The tip of the shark fin diagram

itself represents the values of parameters for which the three horizons coincide. This

point is called the ultracold point. We outline below where the numerical values of

the particular points originate.

While points on the shark fin represent extremal solutions, points interior represent

subextremal solutions, and points exterior represent superextremal solutions. In

particular, note that starting on any point on the Nariai branch, if we reduce the

charge/electric field, we transition to a superextremal state; this behavior is in stark

contrast to the upper branch, or Reissner-Nordstrom black holes in flat backgrounds.

It is precisely this feature that allows for the Festina Lente conjecture [44, 45] to

hold.

A.1 Horizon Structure

Let us return to the line element,

ds2 = −h(r)dt2 + h(r)−1dr2 + r2dσ2 + r2 sin2 σdϕ2, (A.7)

with lapse function

h(r) = 1− 2GNM

r
+

GNQ
2

r2
− r2

l2
, where l2 =

3

Λ
. (A.8)

It is helpful to write h(r) = −u(r)/(lr)2 where we have defined

u(r) = r4 − l2r2 + 2GNMl2r −GNQ
2l2, (A.9)
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Figure A.1: The shark fin diagram depicting in red the lines of extremal black holes

solutions, where atleast two horizons meet. The ultracold point is at the tip of the

shark fin. The black dashed line represents
√
GNM = Q.

which is a quartic polynomial in r. In particular, since the coefficient of the cubic

term is vanishing, it follows that the sum of roots of u(r) is vanishing. The polynomial

u(r) factorizes, so that for general values of parameters (M,Q, l):

h(r) = − 1

(lr)2
(r − α)(r − β)(r − γ)(r + α + β + γ). (A.10)

The roots give the radial coordinates of the horizon, asssuming the root is a positive

real number. If the first three roots are positive, then the final root is negative.

We therefore see that we have at most three horizons corresponding to the three

positive roots at which h(r) vanishes. The outermost root with largest r gives the

cosmological horizon, the middle root gives the black hole outer horizon, and the
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smallest root gives the black hole inner horizon. We are most interested in extremal

solutions, which are solutions that arise when at least two roots are degenerate.

First consider the special case in which all three horizons are coincident. This

is the ultracold point. Then call all the positive roots α. We find

h(r) = − 1

(lr)2
(r − α)3(r + 3α). (A.11)

Expanding the above, and equating with eq. (A.8) gives α = l/
√
6. This parameter

is the radial coordinate of the three coincident horizons.

Second, we will consider the theory of two degenerate roots for general values

of (M,Q, l), before classifying spacetimes of special interest that occur from

particular choices of these parameters. We may express the degeneracy of two roots

by taking γ → β in eq. (A.10), so that β is the radial coordinate of the two coincident

horizons. Then,

h(r) = − 1

(lr)2
(r − α)(r − β)2(r + α + 2β), (A.12)

which, upon expanding out and collecting terms in powers of r, simplifies to the

expression

h(r) = − 1

(lr)2

(
r4 − r2((α + β)2 + 2β2) + r(2β(α + β)2)− αβ2(α + 2β)

)
. (A.13)

Comparing this result with eq. (A.8), we may eliminate α and obtain a parametric

system of equations in β,

GNM

l
=

β

l

(
1− 2

(β
l

)2)
,

√
GNQ

l
=

β

l

(
1− 3

(β
l

)2)1/2

. (A.14)
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This is precisely the parametric plot Fig.A.1. We see that 0 ≤ β/l ≤ 1/
√
3 since

we keep the charge real. Note that as l → ∞ (i.e. Λ → 0), we find that
√
GNM =

Q, indicating a Reissner-Nordstrom solution in Minkowski background, as expected.

Furthermore, when 0 ≤ β/l < 1/
√
6, we are on the upper branch, when 1/

√
6 <

β/l ≤ 1/
√
3, and when β/l = 1/

√
6, we are at the ultracold point.

A.2 Near-Horizon Geometry

We are interested in the near-horizon geometry of observers in extremal spacetime

configurations for charged black holes in de Sitter in (3 + 1)d. Since h(r) contains at

least a double zero on either the upper or Nariai branch1, the h′(r) = 0 on the radial

coordinate of the coincident horizons. Defining x = r − u, we may expand

h(r)dt2 ≈
(
dt
√
h(u)

)2(
1 +

x2

2h(u)/h′′(u)
+ · · ·

)
, (A.15)

and

h(r)−1dr2 ≈

(
dr√
h(u)

)2(
1 +

x2

2h(u)/h′′(u)
+ · · ·

)−1

. (A.16)

Defining new coordinates,

y =
x√
h(u)

, and, τ = t
√

h(u), (A.17)

we see that

h(r)dt2 ≈ dτ 2

(
1 +

h′′(u)

2
y2

)
and,

dr2

h(r)
≈ dy2

(
1 +

h′′(u)

2
y2

)−1

, (A.18)

where we have truncated the expressions to quadratic powers of y. Taking r = u

to be the radial coordinate of the coincident horizons, we see that the sign of h′′(u)

1And a triple zero at the ultracold point.
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determines whether the near horizon geometry is AdS2 × S2 (on the upper branch)2

or dS2 × S2 on the Nariai branch, in the {τ, x, σ, ϕ} coordinate system. It is merely a

tedious algebraic exercise to check that this sign is positive on the upper branch and

negative on the Nariai branch.

However, one thing is clear without any further calculation at all: since the

ultracold point has a triple zero, h′′(u) = 0 there and so the near horizon geometry

becomes Mink2 × S2. We see clearly now via explicit redefinition of coordinates

that the singularities of the metric stemming from the zeros of h(r) corresponding

to horizons were entirely coordinate singularities, except the singularity at r = 0,

which is a physical singularity. One point to mention is that just as in extremal

Reissner-Nordstrom, in addition to the near horizon metric being AdS2 × S2, there

was also a uniform background electric field in the radial direction, here to we have

a uniform background electric field E = Q/r2 where r is the S2 radius. Near the

ultracold point, E ∼ MPlH.

The results above generalize to higher dimensions (for instance, see [110, 111,

112, 113]) which have a similar shark fin shaped (sub-)extremal region.

2This outcome is expected since the near horizon geometry of an extremal Reissner-Nordstrom
black hole is precisely AdS2 × S2, with a background electric field.
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