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1 Introduction
Let M be a square n x n matrix. Consider a system of partial differential equations
grad(w) = Mgrad(v), (1.1)

where v,w are real-valued functions defined on an open set U C R". The first
systematic treatment of this system and a complete description of solutions on
convex sets was provided in [4] by Jodeit and Olver. Later, Waterhouse in [13]
observed that if M has only one Jordan block corresponding to each eigenvalue,
then any solution to the equation is represented by some differentiable function on
a finite-dimensional, commutative algebra A. Differentiable functions on algebras
(see [6,10,12]), studied since their definition in 1891 by Georg Scheffers — a student
of Sophus Lie (see [12] for more historical background), are not enough to provide
such representation for an arbitrary M. However, Waterhouse in [13] suggested that
a solution in a general case could be represented by an A-differentiable function
on a module. Following this suggestion we develop the theory of A-differentiable
functions on modules (see §2). We prove that for an arbitrary M any solution may
be represented as an A-differentiable function on a certain A-module (see Theorem
9.1).

Waterhouse in [12] showed that A-differentiable functions on algebras depend
polynomially on some coordinates. We extend this result and provide (see §6) an
exact dependence of such functions on these coordinates and give a formula, in
terms of real and complex differentiable functions, for any A-differentiable func-
tion. In §6 we investigate the structure of any differentiable function on a free
module (see Theorem 7.2) and the structure of any differentiable function on an
arbitrary module over a singly generated algebra (see Theorem 8.2). Surprisingly,
even in the case of R-algebras, certain components of an A-differentiable function
are of the higher differentiability than it is assumed of the function.

Jonasson in [5] studied the equation (1.1) and posed a question, whether it
is true that every solution is given by a power series. We show that the answer
depends on the roots of characteristic polynomial of M. If there are no real roots,
then the answer is positive and, conversely, if the opposite case occurs, then the
answer is negative (see Theorem 9.2 and §4).

When analysing the equation (1.1), the generalised Laplace equations

MVZy = VZuMT (1.2)

appear naturally, as these are exactly the integrability conditions for (1.1). We are
thus interested in the boundary value problem for equations (1.2). §10 is devoted
to this problem. The connection with A-differentiable functions on modules (see
Theorem 3.8) and the structure theorem (Theorem 7.2 and Theorem 8.2) allows
us to provide an appropriate formulation of boundary value problem (see Theorem
10.2) such that (1.2) has a unique solution for a given boundary data. Moreover,
there exists a continuous linear operator that maps boundary data to the unique
solution.
There are several questions which arise. Let us enumerate some of them.

(i) How does an A-differentiable function between arbitrary A-modules look?
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(ii) How to generalise the notion of A-differentiability to non-commutative al-
gebras so that any A-analytic function is A-differentiable and the set of A-
differentiable functions forms an algebra?

(iii) How to solve the equation grad(w) = Mgrad(v) when M is a non-constant
matrix?

(iv) What are other partial differential equations such that the space of solutions
forms an algebra? What are the conditions for such a property? When is such
an algebra semisimple? When is it finitely generated?

2 Differentiable functions on modules

We begin with a definition of differentiability of functions on modules. Throughout
the paper A denotes a finite-dimensional commutative F-algebra with unit over field
F € {R,C}. B,C stand for finitely generated A-modules. U C B is an open set in
the norm topology of B. We shall denote by ||-|| a norm. Usually it can be chosen
arbitrarily, otherwise we shall specify what conditions we want a norm to satisfy.

Recall that a module B over A is finitely generated if there exists a surjective
module homomorphism n: A" — B. For finite-dimensional A this happens if and
only if B is finite-dimensional as a vector space.

If B is a finitely generated free module, we may choose an A-basis b1,...,bn
for B. For

n n
T = Zmﬂ)m Y= Zyibi and a matrix C = [¢i5]ij=1,...n € Mnxn(A)
i=1 i=1

we write
n

n

i=1 j=1

Definition 2.1 A function f: U — C is said to be A-differentiable if there is a map
Df: U x B — C, such that

(i) limy—o ppllf(z +y) = f(z) = Df(2) ()] =0,
(ii) Df(z)(ay) = aDf(z)(y) for all z € U, y € B and a € A.

Remark 2.2 If f is differentiable as a function of its real variables and the linear
derivative Df: U x B — C satisfies Df(z)(ay) = aDf(x)(y) for all z € U, y € B
and a € A, then f is A-differentiable.

Remark 2.3 As B,C and A are finite-dimensional, all norms on these spaces are
equivalent. Thus the condition of A-differentiability does not depend on the choice
of the norm.

Let us recall the definition of differentiability on algebras (see [13], [12]) — a
function f: U — A on U C A is said to be A-differentiable if for every z € U there

exists a limit
fy) — f(@)

lim ,
y—x

Yy—x
yE(z+G(A)NU
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where G(A) denotes the group of invertible elements in A. The above definition
of A-differentiability agrees with Definition 2.1 if we put B = C' = A. Indeed, as
is proved in [12], if the above limit exists, then f is differentiable as a function of
its real variables. The derivative at a point = € U is given by a multiplication by
a certain element f’(z) € A, so it is A-linear. The converse is trivial.

We shall indicate that the condition stated in the definition constitutes an
equivalent set of partial differential equations for f seen as a function of real

variables. We write down these equations for A-valued functions. Let ci,...,ct
denote an F-basis of B for the moment. Let ey, ..., e denote an F-basis of A, and
let

t
eic; = E ajjcs for some oj; € F.

s=1

The condition for A-differentiability is equivalent to the equations
t
Zaijf(~)(cs) =¢eDf(-)(¢j) foralli=1,...,kand all j =1,...¢
s=1

These equations are reduced to the Cauchy—Riemann equations when A = C,
viewed as an R-algebra, and B = A. When B = C" and A = C, then these are the
conditions for a function of several complex variables to be holomorphic.

Lemma 2.4 Let k > 1. Let f: U — C be a ck function that is A-differentiable.
Then for any x1,...,Tp_1 € B the function Dk_lf(~)(acl7 coyxp_1): U — C is again
A-differentiable. Moreover

D f() (a1, ..., zx) = aD" F() (@1, ..., ap)
forallxz1,...,x € B and all a € A.

Proof Let g(-) = DF=Lf()(z1,...,25_1). We have

Dkf(-)(aasl7 ce,Tg) :Dkil(Df()(axl))(xz, C k) =
=D (@Df() (1)) (w2, - k) = aD" () (w1, w)-

Thus Dg(-)(ay) = aDg(-)(y).

Lemma 2.5 Let B,C,D be A-modules and let U C B be an open set. Let f: U — D.
Let m: C — B be an A-linear surjection. Then

(i) f is A-differentiable on U if and only if f o w is A-differentiable on =~ *(U),
(ii) f is k-times continuously differentiable on U if and only if f o is k-times con-
tinuously differentiable on =1 (U),
(iil) f is k-times continuously differentiable on U if and only if f o is k-times con-
tinuously differentiable on 7=1(U),

Proof One needs to verify that Df exists and is A-linear if D(f o ) exists and is
A-linear. Let us first show that D f exists.

For some linear subspace V C C, we have C =V @ ker m, as vector spaces. On
C we may introduce a norm by the formula

Ir+ sl = lI=(r)ll 5 + lIsllc
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for r € V and s € ker 7 and some norms ||-|| 5 on B and |[-||~ on ker .
For any given « € U, y € B choose t € 7~ !(z) and 7 € 7~ '(y) NV such that
Iyllp = lI7 ()l g = lIrll. Since ||| = 0'if [lyl|z — 0, we have

= llf(@+y) = f@) =D(fom)(t)(r)l| =

lyll 5

= qpllf (@t +r)) = f(7(t)) = D(f o m)(£)(r)| — 0.

y—0

Hence f is differentiable and Df(z)(y) = D(f o 7)(¢)(r). A-linearity follows from
A-linearity of D(f o) and m. Indeed, for a € A we write ar = vq + kq, with ve € V,
kq € ker 7. Then n(ar) = m(vq) 50 va € 7' (ay) N V. Thus

Df(z)(ay) = Df(w(t))(m(va)) = D(f o m)(t)(va) =
=D(fom)(t)(ar — ka) = aDf(z)(y).
Let us prove that f is k-times continuously differentiable if f o 7 is k-times

continuously differentiable. We shall proceed inductively. Assume that we have
shown that for some | < k — 1 we have

D'f(@)(y1,--,y) = D' (fom)()(r1,...,m1) (2.1)

fort e 7~ (z)NV and r; € 7~ 1(y;)NV,i=1,...,I. Then, by Lemma 2.4, for given
y1i,...,y; function le(ﬂ'(-))(yl, ...,y) is A-differentiable. The previous argument
shows that le(~)(y1, ...,y;) is A-differentiable and

D (@) (g1, -y vign) =D F () (s ) () (r41) =
=D (fom)(t)(r1,...,r141)

for some 7141 € 7 (y;41) N V. Tt follows that f is k-times differentiable if f o is.

Assume that f o is k-times continuously differentiable on 7r_1(U). Then, by
(2.1), f is k-times continuously differentiable on u. For if (zn)p=; C U converges
to x, then choosing

tnen Yap)NVandter Hz)NV

we have |[tn — t||g = |7 (@n — 2)| 5 = ||&n — ||, SO tn converges to t.

Assume that f o is k-times continuously differentiable on #—1(U). Then (2.1)
allows us to extend the derivatives of f continuously on U, as we have =~ }(U) =
7~ 1(U).

2.1 Equivalent characterisations of A-differentiability

We shall deal now with A-valued forms on U. As previously, we shall denote by
e1,...,e, a basis of A over F. By z1,...,z, we now denote the corresponding
coordinate functions. If z: U — A is a joint A-coordinate function, then

k k

T = inei and dz = Z e;dx;.

i=1 =1

It is clear that the Poincaré’s lemma and standard rules for differentiating
wedge-product of two forms hold true.
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Theorem 2.6 Assume that U C A is open and simply connected. Let f: U — A be
continuously differentiable. The following conditions are equivalent

(i) f is A-differentiable,

(ii) the form fdz is closed,

(iii) f7 fdx = 0 for any smooth closed curve vy in U,

(iv) there exists an A-differentiable function g: U — A that is twice continuously
differentiable and such that

Dyg(b)(z) = z.f(b)
forallb e U and x € A.

Proof Let us first see what the condition (ii) means. The form fdz is closed if and
only if de Adf = 0. That is

k k

=1
= Y (eDf()(er) — eiDF()(er))day Ada.

0<i<I<k

This is equivalent to that for all 4,1 = 1,...,k we have ¢ Df(-)(e;) = e;Df(-)(e).
By bilinearity of both sides we have equivalently

yDf()(z) = 2Df()(y) (2:2)
for all z,y € A. Let a € A. Then
yDf()(az) = azDf(-)(y) = a(yDf(-)(x)) = y(aDf()(z))- (2.3)

Letting y to be the unit of A, we see that if (ii) is satisfied, then so is (i). Conversely,
knowing that (i) is true, then (2.3) holds true and so does (2.2). This condition is
equivalent to (ii).

If we know that there is an A-differentiable g is as in (iv), then by Lemma 2.4,
we have

zDf(b)(ay) = D?g(b)(z, ay) = aD?g(b)(z,y) = x(aDf(b)(y)),

thus Df(b) is A-linear.
Assume that the form fdz is closed. By the Poincaré’s lemma there exists a
twice continuously differentiable function g: U — A such that dg = fdz. That is

k

k
Z Dg()(ei)dz; = Z Jeidz;.

i=1

This condition is equivalent to Dg(-)(z) = zf(-). Hence, g is A-differentiable.
Assume that condition (iii) is satisfied by f: U — A. Choose any disc D C U,
let v be its boundary. Then by the Stokes’ theorem

/jjdedx:/[)d(fdx):Lfdmzo.
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Since D was arbitrary and df A dz is continuous, we infer that (ii) holds true.
Assume that (ii) is fulfilled. Take any smooth closed curve v: [0,1] — U. By

the Whitney’s approximation theorem (see [8], Theorem 6.21) and by simple con-

nectedness of U, ~v is a boundary of some smooth surface D C U. Again by the

Stokes’ theorem, the integral
/fdx :/ d(fdz)
o D

Below, B denotes a free module over A. If U C B and f: U — B then we write
f= Z?:l fibi, where by,...,bn is an A-basis of B. We shall consider A-valued
forms on U. In particular, let z; denote the A-valued i*? coordinate function on U

vanishes.

and dz; the corresponding form. We write for i = 1,...,n further
k
R = Z Tirer
r=1
with z;. for »r = 1,... k being the F-coordinate functions.

Proposition 2.7 Let U C B be open and simply connected. Let f: U — B be contin-
uously differentiable. The following are equivalent:

(i) f is A-differentiable and such that Df(-) satisfies
Dfi(-)(bj) = Df;(-)(b),

foralli,j=1,...,n,
(ii) there exists a twice continuously A-differentiable function g: U — A, such that

Dg(-)(z) = (=, f(-)) a-

Proof Define a one-form
n
h=">" fidz.
i=1

Then dh = 0. Indeed, by A-linearity and the assumption we have

n k n
dh="Y" > e;Dfi(-)(erbs)dzrs Adzji = Y Dfi()(bs)dzs Adz =
i,8=17,r=1 i,s=1
= Y (Dfi()(bs) = Dfs(-)(bi))dzs Adz; = 0.

0<i<s<n

By the Poincaré’s lemma there exists a twice continuously differentiable function
g: U — A such that dg = h. That is

n k n k
SO eifi()dzii =Y Y Dg(-)(ejbi)daji,
i=1j=1 i=1j=1

thus Dg(-)(e;b;) = e; fi(). Since this holds for all j =1,...,k, we have

Dg()(yb:) = yfi(")



8 Krzysztof J. Ciosmak

for all y € A and in consequence Dg(-)(z) = (z, f(-)) 4 for all z € B.
To prove the converse, let g be as in (ii). Then D?g(-)(x,y) = (2, Df(-)(v))a
By Lemma 2.4, Df(-) is A-linear. Further, since D?g(-) is symmetric, we have

(,Df()(y))a = (u, D ()(x))a

Taking * = b; and y = b; we obtain Df;(-)(b;) = Df;(-)(b;) for all numbers
iwj=1,...,n

For any b € B define té’-: A — B by the formula
tb(a) =ab; +b
J j T 0

The following proposition tells, roughly speaking, that a differentiable function is
A-differentiable if and only if it is A-differentiable on A-lines.

Proposition 2.8 Let U C B be open. Let f: U — A be a differentiable function. The
following conditions are equivalent:
(i) f is A-differentiable,
(ii) foranyx € Bandj=1,...,n,
foti: (t7)” (U )= A
is A-differentiable.

Proof If f is A-differentiable, then f ot} is also A-differentiable, since tj is A-
differentiable.

Assume that fotg’» is A-differentiable for any b € B and any j = 1,...,n. Choose
beUandz € B,z=), ,ab;, and a € A. Then

Df(b)(a) aibi) = > Df(b)(aab;) ZDf(t ) (D2 (0)(aa;))
i=1 i=1
= Z fot9)(0)(aa;) = aZD(f 0 17)(0)(a;) = an(b)(Z by).

=1 =1
This is to say, Df(b) is A-linear.
Corollary 2.9 Assume that U C B is an open set such that for j = 1,...,n and

any b € B the sets (t?)_l(U) are simply connected. Let f: U — B be a continuously
differentiable function. The following conditions are equivalent

(i) f is A-differentiable,
(ii) forj=1,...,n and any b € B the form (f o t;’-)dx is closed,
(iii) forj=1,...,n and any b€ B f,y(f o té’-)dw = 0 for any smooth closed curve ~.

Proof Conditions (i)-(iii) are equivalent by Theorem 2.6 and Proposition 2.8.

Remark 2.10 A-differentiability is a local condition. It it thus equivalent to the fact
that conditions (ii) and (iii) hold locally.
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2.2 A-continuity

The condition (iii) of Corollary 2.9 can be stated for merely continuous functions.
For example, when A = R, then it is satisfied by all continuous functions. If B = A,
then it implies the existence of a primitive function, which is A-differentiable.
Moreover, when A is a C-algebra, then every function which satisfies this condition
is actually analytic.

Proposition 2.11 Assume that U C A is an open, simply connected set. Let f: U —
B be a continuous function. The following conditions are equivalent

(i) f,y fdx =0 for any smooth closed curve 7,

(ii) there ezists a continuously A-differentiable function g: U — A, such that Dg(b)(x)
zf(b) for allb € U and x € B.

Proof Choose a point bg € U. Let b € U and let v, be a smooth curve with
7%(0) = by and ~,(1) = b. Define g(b) = f% fdz. Definition of g is independent of
the choice of smooth curve v4 as a consequence of the condition (i). Then by the
triangle inequality and by continuity of f we have

. 1
tim ila(b+ ) — 9(8) ~ o 0)] =
. 1
= lim HIHH/[,L,,M fda —xf(b)|| <
o1t
< lim / 1(F(b+ t2) — F(b)a]dt = 0.

This means exactly that Dg(b)(z) = zf(b).

Conversely, if (ii) holds then, as in Theorem 2.6, g satisfies dg = fdz. Choose
a smooth curve . Again as in Theorem 2.6 we may assume that ~ is a boundary
of a smooth surface D and thus

/fd:r:/dg:O.
Y Y

Definition 2.12 Let A" be a free module and B be a finitely generated A-module,
let n: A" — B be a surjective A-linear map. Let U C B be an open set. A function
f: U — Ais called A-continuous, if it is continuous and such that every point b in
U admits a neighbourhood V C U such that

[renothac=o
:

for any smooth closed curve v C (n ot?)_l(v)7 any j=1,...,n.

Remark 2.13 Assume that f is continuously differentiable. Then Lemma 2.5 and
Corollary 2.9 imply that f: U — A is A-continuous if and only if it is A-differentiable.
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3 Components of A-differentiable functions

We will here characterise F-valued functions defined on an arbitrary finitely gen-
erated A-module B that arise as components of A-differentiable functions on B.
That is, we shall specify differential conditions for a function v: U — F which are
satisfied if and only if v = ¢ (f) for some F-linear functional 1): A — F and some
A-differentiable function f defined on an open, simply connected set U C B. Such
v will be called a component function. If B = A, then such conditions are described
in [13]. We follow essentially the same lines as therein, except the main theorem.

3.1 Algebraic preliminaries

Before we come to the main point of this section, we shall now recall some algebraic
notions. This part comprises an extension of some facts from [13].

Definition 3.1 A commutative algebra A is called a Frobenius algebra if there
is a linear functional ¢: A — T such that the bilinear form (z,y) — ¢(zy) is
nondegenerate.

Alternatively, one could say that for every linear functional on A there exists
unique y € A such that the functional is of the form z — ¢(zy).
We refer the reader to [11] for an extensive account of Frobenius algebras.

Ezample 3.2 Let A = F[z]/(P(z)) be a quotient algebra of some polynomial P.
Then A is a Frobenius algebra.

Next we consider linear and bilinear functions on A-modules.

Lemma 3.3 Let A be a Frobenius algebra and B be a finitely generated free module
over A. Let K: B — T be a linear functional. Then there exists a unique ¢ € B such
that K (z) = ¢((z,c)a) for all x € B.

Proof For any i = 1,...,n the map z — K(zb;) is linear, thus it is equal to ¢(zc;)
for some unique ¢; € A. Then

K(Z xib;) = Z(j)(xzcl) = ¢((:c, C>A).

Lemma 3.4 Let A and B be as in the preceding lemma. Let L: B x ... x B — F
be a multilinear form such that L(z1,...,ax,...,zr) = L(z1,...,azk,...,2r) for all
T1,...,2r € B, alla € A and all k,l = 1,...,r. Then there exist unique elements
Civ,yoin €A, 01, 0 = 1,...,n such that

n

1 1
L(z,....,a")=¢ > i wlen

T1yetr=1

for all z* = 2?21 a:;-bj, i=1,...,7.
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Proof The map x — L(xb;,,bi,,...,b;.) is linear, thus it is equal to ¢(zc;, .. ;,) for
some unique ¢;, ... ;. € A. We have

L(a1bi1,a2bi2, s 7a7"bir) = L(al T a?"bilybigy RN bir)'
Therefore
n n n n
1 2 r _ 1 T
L( E x5, biy, § Tiybigy ooy E wi,,bi,) = E d(xi, - @i, Ciy, i)
i1=1 i=1 i=1 i1yeeein=1

Ezample 8.5 If r = 2, then (¢;, 4, )iy in=1,...,n form a matrix C € Myxn(A). Then L
is given by L(z,y) = ¢((z,Cy) ).

3.2 Components and generalised Laplace equations

Lemma 3.6 Let v: U — F be a component function of a twice continuously A-
differentiable map f: U — A. Then

D?v(b)(az, y) = D*v(b) (=, ay)
for all x,y € B and a € A.

Proof By assumption, v = ¢(f) for some linear functional 1. By Lemma 2.4 we
have

D?v(b)(az,y) = »(D*f(b)(az,y)) = $(D*f(b)(z, ay)) = D*v(b)(x, ay).

Definition 3.7 Let U C B. We say that U is short-path connected, if there exists a
function h: [0,00) — R such that h(0) = 0, h is continuous in 0 and such that for
any points x,y € U there exists a path v C U connecting x and y and such that
its length || satisfies |v| < h(]|lz — yl|)-

Theorem 3.8 Suppose that A is a Frobenius algebra and let B be an A-module. As-
sume that U C B is an open and simply connected set. Let t > 0 be a natural number.
Letv: U = F be a (t + 2)-times continuously differentiable function such that

D?v(b)(az,y) = D*v(b)(x, ay)

for allb € U and z,y € B and a € A. Then v = ¢(f) for some (t + 2)-times
continuously A-differentiable function f. Such f is uniquely determined by v, up to a
constant. If U is short-path connected and v is (t+ 2)-times continuously differentiable
on U, then f is also (t + 2)-times continuously differentiable on U.

Lemma 3.9 The statement of Theorem 3.8 holds true for free modules.

Proof By Lemma 3.3 we see that for all b € U we have Dv(b)(z) = ¢({x, g(b)) 4) for
a uniquely determined element g(b). By Lemma 3.4 we have

D?u(b)(z,y) = ¢({z, C(b)y) 4) for a uniquely determined C(b) € My xn(A).
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We shall show that g: U — B is A-differentiable and that Dg(b)(y) = C(b)y. For
all z € B we have

lim by (Du(b + 9)(@) = Du(v) (@) = D*o(b) (@) ) = 0.

By our previous observations

lim 6 (2, 41 (96 +1) = 9(b) = C(B)y)) , ) = 0.

y—0

That means, by Lemma 3.3, that the quotients composed with any linear functional
”71”(g(b +y) — g(b) — C(b)y) converge to zero . Since B is finite-dimensional, as a
vector space over F, they converge in norm. This is to say, g is differentiable and
Dg(b)(y) = C(b)y. Thus the derivative is A-linear.

Observe that C(-) is continuous on U. Indeed, as D*v(-)(z,y) is continuous for
all z,y, if b, — b then

d((z, C(bn)y) 4) = D*v(bn)(2,y) = D*v(b)(z,y) = ¢((z, C(b)y) a)- (3.1)

Lemma 3.3 implies that C(bn)y converges to C(b)y for all y. In consequence C(by)
converges to C(b). Hence g is continuously differentiable.

Theorem 2.7 tells us that there exists an A-differentiable f: U — A such that
Df(b)(z) = (z,g(b))a for all b € U and = € B. Such f is unique up to a constant.
We have

Do (f(b))(x) = ¢ (Df(b)(x)) = ¢((z,9(b))a) = Do(b) ().

Thus ¢(f) and v differ only by a constant. Adding a suitable constant to f we get

v=¢(f).
We have to show that f is (¢ + 2)-times continuously differentiable provided
that v is. For all 2 < k <t + 2 the linear form

(z1,...,21) = DFo() (21, ..., 25)
satisfies the assumptions of Lemma 3.4. Indeed, as D?v(-) does, we have'
DR u() (w1, ..., azy, ..., x) = DF72(D20()(azy, 2p)) (@1, By ey Dy o) =
=DF2(D%0( ) (2, azp)) (@1, ..., L1 oo Ty ) = DX () (21, .. azp, ..., )
for all I < p < k. Thus there exist ¢;,, .4, (b) € A4, i1,...,9 = 1,...,n, such that

n

Dkv(b)(azl,...,xk) =09 Z m%l ~~-xfkcil7,__7ik(b)

i1yeesip=1
Assume that we have shown that f is k-times continuously differentiable for some
k<24t and

n

DFf(b)(at,....a") = > alafei L, (0). (3.2)

B0t =1

1 A ~
We denote (1,...,1—1,%141,--+>Tp—1,Tptl,---,Tk) by (T1,.. ., Z1, .., Tp, ..., Tk)-
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Then, as

&

we have that

¢<,;,( >

11500 =1

A (DFu(b 4 2) (2. ..

,a®) = DFo(b) (2, ..., a") = D" o(b) (2, ..., 2", 2)) —— 0

n

k
T, (Cil,...,ik(b+Z)—Ci1,...,ik(b)— > Zmlcz‘l,...,z‘k,ml(b))

ip41=1

)

converges to 0 as z converges to 0. By Lemma 3.3 we infer that ¢;, ., (-) are

differentiable and

n

Deiy, i ()(2) = Z ZiCiy,...ip,i (D)

i=1

Thus the condition (3.2) is true also for k+1. Induction shows that f is (t+2)-times
differentiable. Arguing as previously (see (3.1)) we show that f is (¢ + 2)-times
continuously differentiable. The same argument shows that if v is (¢ + 2)-times
continuously differentiable on U, then all derivatives of f, up to order 2+t, extend

continuously to U.

The function f extends to U, since its derivative does. Indeed, let by € U\U and
let a sequence (bn )5y C U converge to bg. Then (f(bn))ne; is a Cauchy sequence.
Indeed, for a curve v C U connecting by, and by, which satisfies |y| < h(||bn — bml|),

we have

1m) = 56l = | | DGO @)at] < 2121 < Mb(on = )

as Df(+) remains bounded by some M as n,m — co. Thus we may define

Fbo) = lim_f(bn).

This definition does not depend on the choice of the sequence (byp)p—;. Indeed,
choose a sequence (cn)nz; C U converging to bg. Then, as before,

Thus

[1f(en) = f(on) || < Mh(llcn = bnl)-

lim f(bn) = nl;rréof(cn)

n—oo

In particular, for any sequence (dn)ne, C U converging to by, we have

F(b0) = lim_f(dn).

Thus f is continuous on U.

Remark 3.10 The assumption about short-path connectedness is used only to show
that f itself (and not its derivatives) extends continuously on U.

Remark 3.11 We have actually shown that v = ¢(f), where ¢ is a linear functional
making the algebra Frobenius.
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Proof (Theorem 3.8) Let v: U — F be as in the theorem, (¢t + 2)-times continu-
ously differentiable. Let n: A™ — B be a surjective A-linear map. Consider the
composition

von:n H(U) = F.

Then v o n satisfies the assumptions of Lemma 3.9. Indeed,

D?(v o ) (b) (az,y) = D(D(w o n)(b)(a))(y) = D(Dv(n(b)) (n(az)))(y) =
— Du(n(b))(an(z), n(y)) = D*v(n(s)) (n(x), an(y)) =
— D(von)(b)(x, ay).

Thus there exists a (¢t+2)-times continuously A-differentiable function f: n~1(U) —
A such that von = ¢(f).
We shall show that there exists g: U — A such that g on = f. Observe that

¢(aDf(b)(x)) = Do(n(b))(n(az)) = Do(n(b))(an(z))

for all b€ =1 (U), = € A™, a € A. Thus if z € kern, then ¢(aDf(b)(x)) = 0 for all
a € A. Since A is Frobenius, Df(b)(x) = 0.

Choose two points bi,ba € n~'(x). Then by — b1 € kern. For any t € [0,1],
b1 +t(be —b1) € 1 (U). Thus

f(b2) = f(b1) = /0 Df(by +t(bz —b1))(bz —b1)dt =0

We may thus define g on U by g(n(z)) = f(z). In view of Lemma 2.5, we see that
g is (¢t + 2)-times continuously A-differentiable. Moreover

von=¢(f) =¢(g)on.

As n is surjective, we have v = ¢(g).

Assume now that U is short-path connected and that v is (¢ + 2)-times con-
tinuously differentiable on U. Then the composition v o 1 is again (¢t + 2)-times
continuously differentiable on n—1(U) and 1! (U) is short-path connected. There-
fore f is (¢ + 2)-times continuously differentiable on n~1(U), and by Lemma 2.5, g
is (¢ + 2)-times continuously differentiable on U.

Ezample 3.12 Equations
D?v(b)(az,y) = D*v(b) (=, ay)

are called generalised Laplace equations. If A = C, treated as anR-algebra, and
B = A, they are equivalent to the Laplace equation in two variables

=-550).

2 2
2 (b) = D2o(b)(i,1) = DPo()(, 1) = — o
Ay
In this case, the theorem tells us that every harmonic function on U C R? is a real
part of some holomorphic function. From this example one readily sees that the
assumption about simple connectedness of U can not be dropped. Indeed, log|-| is
harmonic on C\ {0}, but it is not the real part of a holomorphic function.
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If A= C and B = C", then these equations yield the conditions of plurihar-
monicity

8% . 2 2 . 2 oy %
al‘kafl (b) =-D ’U(b)(’L ek,el) =-D 'U(b)(lek,lel) - _aykayl )
8% 2 . 2 . 8%v
=D =—-D = ———(b).
Gt (6) = Do) (ks er) = ~ D) ierer) = — 50 (1)

4 A-analiticity and further properties

Definition 4.1 Let B be a finitely generated A-module. We say that a map L: B® —
A is symmetric if
L(l’l, ceey ml) = L(rg(l), ceey mo(i))

for any permutation o: {1,...,i} — {1,...,i}. We say that a map f: B — A is
A-polynomial if f(z) = YoicoLi(w,. .., x) for some A-multilinear, symmetric func-
tions L;: B* — A of which only a finite number is non-zero. The set of such
A-polynomials is denoted by B**°.

For L;(z,...,z) we will simply write L;(xz*).

Definition 4.2 Let U C B be an open subset. Let f: U — A. We call f an A-
analytic function if for every point in by € U there exists an open neighbourhood
V C U of bg, such that for b € V

oo
F() = Li((b—bo)"),
=0
for some symmetric A-multilinear L;: B* — A such that for any b e V

SILi((b — bo))]| < o

1=0

Ezample 4.3 If B is a free module then any A-multilinear symmetric mapping
L;: B* — A is given by

n

n n

1 i 1 i _ 1 i

Li(x Sy T ) —Li< E :Ejlbjl,..., E :I:jibji) = E T X5Ch g
j=1

Jji=1 Ji,--Ji=1
for some ¢j,, . ;. € A, j1,...,51 =1,...,n such that ¢;, . ;, = oy rmiatiy for any
permutation o on {1,...,i}. If T: B — A is a polynomial in coordinate functions

xp, with coefficients in A, then
l
T(z) = Z Z Ljy L Aga,.gis
1=10<j1 < <ji<n
for some aj, .. j, € A, 0< 51 <... < n. Put

; 1 1 )
Li(xl,...,ﬂl) = Z ﬁ Z x;fl( )"'x?i(l)ajla--~7ji'

0€S; 0<j1<<4i<n
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Then L; are A-multilinear and symmetric. Moreover

l
T(z) = ZLi(x, ce, ).

Thus the set of polynomials in coordinate functions xj, with coefficients in A, is
equal to B**>.

Remark 4.4 Consider the set B* of A-linear functions on B with values in A. Sup-
pose that g1,...,q; generate B* over A. Any map f: B — A of the form
n
@)= Y ankn@g@"
Eiyeoki=1

is A-polynomial.

If B is a free module, then the previous example shows, that any A-polynomial
map is of this form.

In [1] it is proved that, in the case of a free module, A-analytic functions on
an open set are exactly A-differentiable real-analytic functions. We prove that this
result actually extends to all finitely generated A-modules.

Theorem 4.5 (Taylor’s theorem) Let f: U — A be (t + 1)-times continuously
differentiable function. Let xo,x € U be such that U contains the segment [zo,xz]|. Then

D' (o +s(z—20))((—x0) Th)ds.

- toq 1(173)’5
fz) = kz:;) HD’“f(w)((w—xo)kH/O (t+1)!

Lemma 4.6 (see [7]) Let U C F'. Let f: U — F be a smooth function. The following
conditions are equivalent

(i) f is F-analytic,
(ii) for any x € U there exists v > 0 and M,C > 0 such that if |y; — ;| < r then

1 _
D PN < MOt TE 2

for all z € F, k e N.

Theorem 4.7 Let U C B be an open subset of an A-module B. Let f: U — A. Then
[ is A-differentiable and F-analytic if and only if it is A-analytic.

Proof We infer as in [1]. Assume that f is A-differentiable and F-analytic. Choose
bo € U. By Lemma 4.6 applied to each coordinate of f, there exists r > 0 such
that if ||b — bo|| < r then

IDF£(b) (")l < MCF|ly||*

for all £ € N and some constants M,C > 0. We bound the remainder term in
Taylor’s formula

l
1) = 3 mD* ) ((y — ) <
k=0

l(llfs)l
~Jo U+

1

RTINS

ID"* f(z + s(y — ) ((y — ) T)lds <




Differentiable functions on modules and equation grad(w) = Mgrad(v) 17

Thus if ||y — z| < %, then the series converges. Since %Dkf(x) is A-multilinear, f
is A-analytic.

Assume conversely, that f is A-analytic. Then A-differentiability follows readily
from the definition of A-analyticity. Moreover, for any linear functional ¢ the
composition ¥(f) is F-analytic, by Example 4.3. This means that f itself is F-
analytic.

Let us recall some basics of algebra. We refer the reader to [3] for the back-
ground.

Definition 4.8 An algebra A is local if it has exactly one maximal ideal.

Suppose that m C A is a maximal ideal. It is a well-known fact and an easy
observation that the quotient A/m is a field.

Theorem 4.9 Let A be a commutative finite dimensional algebra over field F. Then
there are finitely many ideals A; C A such that A = @:11 A;. Each A; is a local
algebra.

Let A= @D;", A;. Then the unit e € A decomposes into a sum

e =

K2

€i,
1

m

where e; € A;. Moreover e;e; = 0 if i # j. Since e;a; = a; for a; € A;, e; is a unit
in Ai~ Since €a; = €;Q4, Al = 6,‘A.
For any A-module B we have B = @?;1 e;B. Each B; = ¢;B is an A;-module.
Define projection 74,: A — A by 74,(a) = ¢;a and 7, : B — B by m;(b) = e;b.
Let L: B — A be an A-linear function. Then

m m m

L(b) =) eil(b) =) eiL(eib) = > ma,(L(xp, (b))
i=1 i=1 i=1

Functions 74, o L: B; — A; are A;-linear.

Proposition 4.10 Assume that A = @;nzl A; is a direct product of algebras. Let
U be a convexr and open set in a finitely generated A-module B. Let f: U — B be
A-differentiable. Then

m
f:ZfiowBi (4.1)
i=1
for some A;-differentiable functions f;: wp,(U) — A;. Conversely, any function of this
form is A-differentiable.

Proof Let e € A be the unit. Then, as above, e = Z:;l e; for e; € A; being units
of Az
Define g; = e; f. If, for some x € B, e;xz = 0 then
Dyi(y)(z) = D(eif)(y)(x) = D(eif)(y)(eix) = 0,

since ef = e;. By convexity, g;(z) = g;(y) if 75, () = 75, (y). We define function

firmi(U) — A
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by the formula f;(z) = g;(t), where t € 7, '(z). That is, f;orp, = g;. Then Lemma
2.5 implies that f; are A;-differentiable. It follows that

m m
fl@)=> eif(x) = filrp,(z)).
i=1 i=1
To prove the converse, observe that the derivative of a function of the form
(4.1), is given by

Df(u)(z) = ZDfi(ﬂBi (u)(73,(z))
Df(u)(az) = Y Dfi(rp,(w)(eiaz) =) eiaDfi(np,(u))(eix) = aDf (u) ().
i=1 i=1

Thus f is A-differentiable.

Lemma 4.11 (see [1]) Let A be a finite dimensional commutative local algebra over
Fe{R,C}. Then A= A/m@mand m4: A — A/m is equal to the identity on the first
summand and zero on the second.

As is shown in [1], if there exists a maximal ideal m in A, such that A/m =2 R,
then there exists a smooth A-differentiable function on a free module which is
not A-analytic. Actually, this result holds for arbitrary modules over Frobenius
algebras.

On the other hand, if A/m = C for all maximal ideals, then A is a C-algebra
(see Lemma 4.11) and from Proposition 2.11, one infers that any A-continuous
function is A-analytic.

Theorem 4.12 Let A be a C-algebra. Then every A-continuous function is A-analytic.

Proof Let f: U — B be an A-continuous function. Then, by Proposition 2.11, for
any b € B and any j = 1,...,n, there exists A-differentiable function g such that

Dg(y)(z) =xzfono té’-(y).

Since C C A, the derivative Dg(y) is C-linear, which means that g is C-differentiable
and hence C-analytic. Thus fono t? is smooth and A-differentiable. Then f o7 is
smooth and by Proposition 2.8, f o7 is A-differentiable. Then by Lemma 2.5, f is
A-differentiable and since C C A it is C-analytic. By Theorem 4.7, it is A-analytic.

5 Banach algebras of A-differentiable functions

For any two A-differentiable, A-valued functions f, g, their product fg satisfies

D(f9)(-)(az) = fDy(-)(az) + gDf()(ax) = a(fDg(-)(z) + gDf()(z)) =
= aD(fg)(") ().

Thus, it is again A-differentiable. Note the essential role played in the equation by
commutativity of A. We see that A-differentiable functions form an algebra and it
is natural to equip this algebra with a norm ||-||. We would like the formed algebra
to be a Banach algebra. We refer the reader to [14] for an account on Banach
algebras.
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Definition 5.1 Assume that U C B is open and bounded. Let C(U, A) denote the
set of all A-valued continuous functions on U equipped with the Banach algebra
norm

11 = sup |l f(2)]-

zeU
We define the following subsets of C(U, A):

(i) Ca(U,A) — the set of all A-continuous functions on U,
(ii) CX (U, A) — the set of all smooth A-differentiable functions on U, with all
derivatives continuous up to the boundary.
(iii) C%(U, A) — the set of all F-analytic, A-differentiable functions on U, with all
derivatives continuous up to the boundary.
(iv) Ck (U, A) — the set of all k-times continuously A-differentiable functions on
U, with all derivatives, of order up to k, continuous up to the boundary.

In the space Cﬁ (U, A) we introduce a norm given by the formula
L , '
1£1lx = sup|lf (@)l + Y 5 sup sup [D'f(@)((y)")]-
xzeU i=1 & zelU llyll=1

This norm makes C% (U, A) a Banach algebra.
We shall also write C9 (U, A) for C4(U, A).

Proposition 5.2 Assume that U C B is an open, convex and bounded set. Then for
any natural k > 0 the algebra CX (U, A) is dense in C% (U, A).

Proof Let us choose a function f: U — A belonging to C% (U, A). Recall that this
means that f is sufficiently differentiable and

/(fonot?)dmzo
;

for all j =1,...,n, all b € B and all smooth closed curves v in (no t?)_l(U).
Choose bg € U and 0 < § < 1. Let

Us={beB: (1-06)(b—bo)+boeU}.
Then § < dist(B\ Us,U). For any 0 < § < 1 we define f°: Us — A by

F2(6) = F((1 = 8)(b— bo) + bo)-

Then f° € C¥(Us, A) and the sequence (f°)sso converges in |||, to f on U. Thus
it is enough to approximate every f° on U.

Multiplying f° by a smooth bump function equal to one on Us/4 and zero on
Uss /4 We obtain a compactly supported k-times continuously diffrentiable function
f° defined on whole B. Again, it is enough to approximate f°.

Choose a smooth non-negative function #: B — F supported on the unit ball
and such that fB #dX = 1. Here X\ denotes the Lebesgue measure. Set

9 (z) = ete(%),
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where t = dimg B. Then, by uniform continuity of f‘s and its derivatives,
f e(S = ]? %% 0c

converge in ||-||; on B to f° as € goes to zero. Moreover fO are smooth. We shall

now prove that every fE is A-continuous on U provided that e is sufficiently small,

depending on ¢. For this, let ¢ < C§, where a constant C' depends only on the

choice of norms, and choose a smooth closed curve v: [0,1] — (no t?)fl(U).
Then we have by the Fubini’s theorem

/y(fg ono t?)dm — /01 /Rt ete(f)fé(n(tg(q(t))) — 2)dA(2)dn(t) =
N /B(076) eta(z) /01 fg('r](t?('y(t))) —2)dy(t)dX(z) =

tof % 2,0 b
— oz /(f’ onot;)dzdA
/Bm,e) (E)-v !

where f#°, given by the formula f*°(a) = f°(a — z), is an A-continuous function,
as z € B(0,¢). Thus the integral vanishes. By Corollary 2.9 we see that every fg
is A-differentiable.

Corollary 5.3 If A is a C-algebra, then C4 (U, A) is a complez Banach algebra.

Proof By Theorem 4.12, any A-continuous function is A-analytic. Therefore we
have C4 (U, A) = CA(U, A).

Definition 5.4 Assume that U C A is an open set. We say that a function f: U —
A admits an A-primitive if there exists g: U — A such that Dg(-)(z) = zf(-).

Corollary 5.5 Assume that U C A is an open and simply connected set. Then the set
of continuous functions which admit an A-primitive forms an algebra.

Proof Proposition 2.11 shows that a continuous function admits an A-primitive if
and only if it is A-continuous. The set C4(U, A) of A-continuous functions is an
algebra, since it is the closure of the set of smooth A-differentiable functions.

It is interesting to compare these two situations: the first when A is a C-algebra,
and the second when A is a R-algebra. In the first case every A-differentiable
function is A-analytic. It may be differentiated as many times as desired, as well
primitives may be taken as many times as we want to. In the second case, taking
primitives is always possible.

6 Components of A-differentiable functions revisited

We shall now provide the precise formulae for A-differentiable functions on finitely
generated modules over commutative, finite-dimensional algebras.
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6.1 Preliminaries

Before we concentrate on the introduced Banach algebras, let us present some
preliminary lemmas.

Proposition 6.1 (see [9]) For any z1,...,x, € A
k
1 k
x1xk:W Z (q--Aek(ZeixO >
€1,...,€ =21 i=1

Corollary 6.2 Let I C A be an ideal and let a € A. Assume that I*a # 0. Then there
exists v € I such that v*a # 0.

Proof Follows from the preceding proposition.

Lemma 6.3 LetU C F” and let T C F™ be an infinite, bounded set. Letk,k1,..., km €
N. Let

Xk, k {f UxT— A: f(u,tq,... tm)_z Zf“ ; u)t“ im

21 =0 T =0

firi € CK(T, A) for all zlzm}
Assume that (fP)p2o is a sequence in Xy, 1, such that

Sl,lp”fp(-,t) - f(vt)Hk — 0.
teT

Then for any j =1,...,m and any i; =0,... k;

IfE i = fireim g = 0.
Proof The space
k1 km
Ykl,...,km,:{f3T—>A5f(t17~~~7tm = Z Z le znt e }

11=0 G =0

is finite-dimensional. Thus any two norms are equivalent on Yy, 1 . There exists
a constant G > 0 such that for any h € Y3, 1,

sup||h |\>GZ ZHh“ anll-

i1=0 i =0
Thus for any g € Xy, ... k,, and any indices i1,...,im

k

supllg (-, )l = Supzf sup sup [|D’g(u, )((1)")| = Glgi,...ip, Il
755! werlyl=1

Then
supl|fP(,t) = fC)lg > GIFE i = firin g

teT "
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6.2 Structure

By Theorem 4.9 and Proposition 4.10 we may now solely consider the case of a
local algebra. Let A be a local algebra with the maximal ideal m, so that A/m is
a field. For any ideal I C A let

wr: I — I/ml

denote the quotient map. Let p;: I/mI — I be a fixed A/m-linear map such that
wropr =id.
Assume that an A-module B has a decomposition into two submodules such

that B=C @ D. Let

mp: B — D/mD
be an A-linear map which is a composition of a projection onto D along C' and
the quotient map. Let

pp: D/mD — B
be A/m-linear map which is a composition of a fixed linear injection from D/mD
to D and the inclusion of D into B such that 7p o pp = id.

Definition 6.4 We say that a module B and an ideal I C A have the lifting property
if the following conditions are satisfied:

(i) there exist submodules C,D C B such that B = C @ D and such that a
symmetric A/m-multilinear function f: B x --- x B — I/mI admits a lifting
to a symmetric A-multilinear homomorphism h: B x --- x B — I such that
wroh = f and for any b;,...,b;_1 € B,

h(b17~~'abj—17'7bj+17"'abi—l)|c - Oa
if and only if f is admissible, that is for any by,...,b; € B,
f(b17 .. -7bj717 '7bj+17' . 7b1)‘c = 07

such h we shall call a lifting of f, 4
ii) for any j € N, there exists an A/m-linear operator G’ which assigns to an
y T g
admissible function f: B x --- x B — I/mlI its lifting

G;f:BX--AXBHI,
(iii) for any f: D/mD — I/mI and v € B we have
Gi(fomp)(v) = pr(f(xp(v))),

(iv) for any admissible f: B x --- x B — I/ml and any v1,...,vj41 € B

(G;f(-w..,-7vj+1))(v17...,vj) = (GJI-+1f)(v1, U5,V 41)

Lemma 6.5 Let I C A be an ideal. Let i, ...,1; € I give in the quotient an A/m-basis
of I/mI. Then an A-module B and ideal I have the lifting property with decomposition
B =C® D if and only if for any j = 1,...,k module the B and ideal (i;) generated
by i; have the lifting property with decomposition B = C & D.
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Proof Let i1,...,1; € I be as in the statement of the lemma, that is, their images
by the quotient map give an A/m-basis of I/mI. Choose the maps p(;,) in such a
way that for each I = 1,... &k there is pr([i1]) = pi,) ([it])-

Suppose that for each I, the module B and the ideal (i;) have the lifting
property, with A/m-linear operators G{i;) assigning to an admissible function
fi: B x...B — (3)/mi; its lifting Gjil)fl. We would like to define a lifting op-
erator for admissible functions f: B x ... B — I/ml.

Any symmetric, admissible, A/m-multilinear map

f:Bx...xB—=1I/ml

can be uniquely written as
k
F=Y_ flil,
=1

where each fi[i;] is a symmetric, admissible, A/m-multilinear map. Define
. k: .
Gif =Y G, (hlal).
=1

Then clearly G? is A/m-linear, and satisfies properties (iii) and (iv) of the lemma,
as each of the operators G%il ) does satisfy them. Indeed, let us check (iii). Take
any f: D/mD — I/mI and v € B. Then

Gi(formp)(v) = ZG(“) fromplil) ZP(H) (fiomplil(v)) =

=1

E

ZfzoﬂD(v)P(u)(lz ZszWD v)pr([if]) =

=1 =1

= <zk: fromp(v)[i ) = pi(fomp(v)).

Conversely, suppose that B and I have the lifting property with decomposition
B =C®D. Let G} be the corresponding lifting operator. Let I = 1,...,k and
let f: Bx...x B — (i;)/m(i;) be a symmetric, A/m-linear, admissible function.
Define a map n;: (4;)/m(i;) — I/mI by the formula n;([ai;]) = [ai;]. Clearly, it is
well defined and A/m-linear. Observe that f is admissible, symmetric and A/m-
multilinear if and only if ;0 f is. Set G]il) (f) = G9(mof). Employing the condition
p1([i1]) = p(,)([i1] one readily verifies (iii). Property (iv) is verified readily.

Lemma 6.6 Let B be a finitely generated A-module such that B and an ideal I have
the lifting property. Let U C B be an open, convexr and bounded set. Assume that
f: U — I is an A-continuous function. Then there exists a unique A/m-continuous
function g: mp(U) — I/mI such that

WIOf:gOTrD‘ (61)
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Proof Assume first that f is A-differentiable.
The map 7y: I — I/mlI is A-linear, hence A-differentiable. Thus the composi-
tion 77 o f is A-differentiable. Let u € U, b € B and a € m. Since we have

D(nr o f)(u)(b) € I/mlI,

then
D(7r o f)(u)(ab) = aD(7y o f)(u)(b) = 0.

Moreover, since D(ny o f)(u) = 7wy o Df(u), the function D(7 o f)(u) admits a
lifting. By the lifting property,

D(mro f)(u)lc = 0.
Let ui,u2 € U be such that mp(u1) = 7p(u2). By convexity of U
mro f(u1) =y o f(u2).

Therefore, there is g: mp(U) — I/mI such that mj o f = g o mp. A-differentiability
of g follows from Lemma 2.5, as wp is an A-linear surjection. In particular, g is
A/m-differentiable.

If f is merely A-continuous, then by Proposition 5.2 we may choose a sequence
of smooth A-differentiable functions (fn)ne converging to f uniformly. Then, by
the formula (6.1), the corresponding functions (gn)neg also converge. For its limit
(6.1) still holds. Uniqueness is a consequence of (6.1).

Observe that the assignment f — ¢ is A/m-linear. Using the lemma we may
define the continuous linear operator

H]Z CA(U, I) — C’A/m(ﬂ'D(U),I/mI),
by the formula H;(f) = g.

Definition 6.7 Let a € A. We define a natural number k(a) to be the largest k € N
such that m*a # {0}.

Lemma 6.8 (see [1]) There exists a system of elements e1,...,er € m and a set of
multi-indices M C N", M 5 (0,...,0), such that:

(i) the cosets of € = e - |a| = k, @ € M, modulo m¥** are a basis of the
A/m-vector space m* /m**1 for every k <1 —1,
(i) the elements (e¥)nenm are a basis of A as an A/m-vector space.

Let I € N be such that m*! = {0}, but m! # {0}. That is I = k(1).
We choose py» so that p,x([e?]) = e* for any a € M such that |a| = k.

Remark 6.9 Let f € C,(U,m"*). Observe that? HH,.f = > e, ja|=k fale?] for
some functions fa, which we shall, abusing notation, call H(.«) f. This shall not lead
to any misunderstanding. For if o] = k and f € C4(U, (%)), then Hx f = Hieay f.

2 Here [a] denotes the coset of an element a € A.
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Lemma 6.10 Let k,p € N. Let B be a finitely generated A-module such that B and
wF have the lifting property. Let U C B be an open, conver and bounded set. Assume
that f € C4 (U, wb). Then

k « feY
Ho f € @D R (mp(U), (%) /m(e®)).
aeM,|a|=k
Moreover, the linear operator
. OB (U, mk %@C’Hk(e ) (7 p(0), (e2)/m(e®)),
aeM,|a|=k

s continuous.

Proof Let v € m. Let f € C% (U, m*) be smooth in U. Then for any v € U and any
sufficiently small b € B by Taylor’s theorem we have
k(a) —k

f(u+vb) = u>+z e zlw F) (@),

k)

as by Lemma 2.4 the derivatives are A-multilinear. Observe that f = p xm,r + b,
where h has values in m**1. Indeed, i (f — pi i f) = 0. Then for any j =
... l—k

VDY f(u)((8)7) = 0D (ps e f) (W) ((0)7) + 0/ D h(w) (b))
By the definition of H v, mx o f = Hyx f omp. Thus
VDY f(u)((6)’) = v ppe D (Hyge f) (7D () (7 (8))”) + v DI () ((b)?).

Then
VDY fu)((0)) = 07D (Heay ) (mp () ((mp (b)) )+
aEM,|a|=k (62)
+ /D7 h(u)((b)7).

Choose now a function g € C% (U, m*) and a sequence (g,)%; € C(U,m")
which converges to g in the norm [[-||,. Then, by Lemma 6.3 for any small b € B

the corresponding left-hand sides of the equation (6.2) converge on U in the norm
[[Il,- So do the right-hand sides.
Therefore for any v € m,

v! €D (H o) /) (p (w)) (75 (b))
converge. By Corollary 6.2 there is v € m such that v*¢e* £ 0. It follows

that (H(ea)gn)n=1 converges in |||, (ca)- Since (H(eaygn)nZo converges to Heayg
uniformly we have that

Hieyg € CHIn (mp(0), (%) /m(e™)).
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Theorem 6.11 Let p € N. Let a € A. Let B be a finitely generated A-module such
that B and (a) have the lifting property. Let U C B be an open, conver and bounded
set. There exists a continuous map

0 O (xp (U), (a) /m(a) — CH (T, (a))
such that Hgy o T(q) =id.

Moreover, if k(a) = 0, then T,y 0 Hgy = id. If b € A is such that (a) D (b),
k(a) > k(b) and B and (b) have the lifting property, then Hqy o T () = 0.

Proof We want to define an operator

Tiay: O @ (wp(U), (@) /m(a)) = CR(T, (a))

such that H,) o T,y = id.
Let g € Cﬁjga)(ﬂD(U),(a)/m(a)). For any ¢ = 1,...,k(a), and any element
p € mp(U), the function

D'g(p): 7p(B)" = (a)/m(a)

is multilinear and so is its composition with wp,

D'g(p)(7p(-);- -, 7p(-)): B' = (a)/m(a).

For any fixed by,...,bj_1, the function Dig(p)(zp(b1),...,7p(),...,mp(bi—1)) is
linear and vanishes on C. By the lifting property there exist liftings

{ayD'g(p): B' = (a).
Define

k(a)
Tisle) = postn(e) + 3 Gl s(ap()((u = ppro(@)).  (6:3)

Since g € Cz';i(a)(ﬂD(U),(a)/m(a)) we see that T (,)g: U — (a) belongs to
C (U, A). Moreover T, is continuous.

We need to check that T,)g is A-continuous. For this, let us assume first that
g is smooth in 7p(U). We shall show that T,)g is A-differentiable.

As g is smooth in 7p(U) it makes sense to define G%a)Dig, for all i € N, in the
same manner as before. '

Assume first that v € B is such 7p(v) = 0. Then by multilinearity of Gza)ng

we see that
k(a) ‘
DT 4)g(u)(v) Z G- G \ D7 'g9(np(w)((u— pprp(u)’ ", v).

When v € B is such pprp(v) = v, then

DT ()9() (v) =p(ayDg(p () (mp (v))+
k(a)
+Z G D g () (- 7 (0)) (1 — pomp (w)?).
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By the compatibility conditions (ii)-(iv) of the lifting property we see that

DT (4)g(u)(v) =G {4)Dg(mp (u))(v)+
k(a)
+ Z SGLID g (rp () (w ~ pprp(w),v).

Observe that v =v — ppmp(v) + pprp(v). We have

pp7p(ppmp(v)) = ppmp(v) and pprp(v — pprp(v)) = 0.
Therefore the derivative of T ,)g for an arbitrary v is equal to

k(a)

DT (ou)(0) = 3 (3Gl Dm0 @) (u ~ pomo (@0~ pomp (w))+
j=1
ko)
+ Z GIED g () (u— ppmp (W), ppmp(v)) =

k(a)
- Z JIG%:)ID]H 9(mp () ((u — ppmp(u))!,v)—

(k(a)) G](gé()l)+1Dk(a)+1 (WD(U))((U - pDT[‘D(u))j’,U _ PDWD(’U))

From the definition of k(a) and A-multilinearity of Gk(a)"'le(a)"'1 g(mp(u)) it
follows that

GI(C(;I)-Fle:(a)—i-I )k(a)

g(mp(u))((u — ppmp(u) ,v—pp7rp(v)) =0.

Thus the derivative of G(,)g is A-linear and, in consequence, G,)g is A-differentiable.

Ifge C’ZJ/F‘];(@) (rp(U), A/m) is not smooth in wp(U), using Proposition 5.2 we

choose a sequence
k
(gn)az1 € CHIND (rp(0), A/m)

of smooth functions converging in H‘”p+k(a) to g. Then T (,)gn converges to T(4)g
in CP(U, A). Since all T ,)gn are A-continuous, so is T (4)g.
We will now show that H,) o T,y = id. For this it is enough to show that

() © T(ayd = g0 ™p-
From (6.3) we have
T(a) © T(ay9(u) = 7(a)P(a)9(7p(u)) = g(7p(u)).
If k(a) = 0, then by (6.3), T(a)f(u) = p(a)f(wD(u))7 SO
Ty Ha)9(v) = p(ayHa)9(7p (1)) = pra)m(a)9(u) = g(u),

as P(a)T(a) = id.
If now (b) C (a) and k(b) < k(a), then b = za for some z € m. Since T )9 € (b),
we see that m(,)T ;)9 = 0. Therefore H,y o Ty = 0.



28 Krzysztof J. Ciosmak

Remark 6.12 Assume that A is a local Frobenius algebra and B is an arbitrary
A-module. Then Lemma 6.10, for £ = 0, and Theorem 6.11, for a = 1, hold.
Therefore, we see that if A/m = R, then there are A-differentiable functions on B
which are not smooth and not analytic. If A is not local, then it is a product of
local Frobenius algebras, so also the general case can be deduced. Thus for such
algebras there exist A-differentiable functions which are not A-analytic.

Definition 6.13 Assume that B is a finitely generated A-module. Let M C N” be
a set of multi-indices, e1,...,e, € m be such as in Lemma 6.8. Assume that for any
a € M, B and (e%) have the lifting property with decomposition B = C}j, & Dy,
k = |a|. Let U be a convex, open, bounded subset of B. Define

l
TP P AR, (0), () /m(e) » CHT, A)

k=0 aeM,|al=k

by the formula
T((fa)acm) = Z T (o) fa-

aceM

Define l

H: R0, AP D W @, (€)/m(e))

k=0 aeM,|a|=k

by the formula

Hf = (fa)OéEMa
where
fo,.0) = Heeoy (),
Zfa[ea] = I—Im’C (f - ZT(eﬁ)f,B)7
aeM,|a|=k BeEM,|B|<k
fork=1,...,1

Remark 6.14 1f f € C% (U, m”), then from Theorem 6.11 it follows that
> HorTeoy fale®] =Y Heea)Tieo) fale®] = > fale®]. (6.4)
aEM,|a|=k aEM || =k a€M|a| k
For f € C%(U,m') we have
> T(eoyHeeoyf = f. (6.5)
aEM,|al=l

Theorem 6.15 Operators H and T are isomorphisms of Banach spaces and are mu-
tual reciprocals.

Proof Observe that by Lemma 6.5 B and m* have the lifting property for any
k=0,1,...,1. Let us check that H is well defined. For this we have to show that
for f € C{(U,A) and all k=0,1,...,1

F= " Tesfs € CHT,m"). (6.6)

BEM,|B|<k
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For k = 0 this is the assumption. We shall proceed inductively. Assume that
condition (6.6) holds for k < I. Then functions (fa)aens,|a|=r are well defined by

the formula
> fale®) =Hun(f = > Tieny f3)-

a€EM,|al=k BeM,|B|<k
Moreover, by (6.4), we have

Hygr (f - ZT(eB)fﬁ) = Zfa[ea] - ZH(eB)(T(eB)fﬁ)[eﬁ} =0.
BeM,|B|<k+1 a€EM,|a|=k BeM,|B|=k

This completes the induction. We shall now check that T and H are mutual recip-
rocals. Let f € CH (U, A) and Hf = (fa)acnm- Then, by (6.5),

ZT(BB)fB = ZT(eﬂ)H(EB)(f - ZT(e”)fa) =f- ZT(e“)f(%

BEM,|B|=1 BeM,|B|=L aEM,|a|<l aeM,|a|<l
Therefore
F=Y Teo)fa
aeEM

That is id = T o H. Choose now some

!
fe@ @B AT (@, ) () /me)).

k=0 aeM,|a|=k

Then Tf =3 car T(e) fa- By Theorem 6.11 we have HcoyTf = fo. Suppose now
that for k < [ and all & € M such that |a| < k we have (HTf)o = fo. Then, by
the definition of T,

Tf - ZT(ea)(HTf)a = ZT(eB)f,e-

aeM,|a|<k BEM,|B|>k

By the definition of H we have
D (HTf)y[e"] = Hyers (Tf =Y T(eay (HTf)a) =

YEM,|v|=k+1 aeM,|al<k
= Hyperr(Tiesy f5) = Y Hprrr (Tiesy f3) = Zfﬁ[e'g]-
BEMIB|>k BEM |B=k+1 BEM,|Bl=k+1

From induction it follows that H o T = id. Continuity of T and H follows from
Lemma 6.10 and Theorem 6.11.

Remark 6.16 Since A/m is a finite-dimensional extension of F, there are two cases
to consider. Either A/m is equal to R or to C. We want to stress the difference
which occurs.

In the complex field case, differentiability of a function in

CHE M@ (xp(U), (a) /m(a))

in open set wp(U) is automatic for any p > 0. Indeed, the condition of A/m-
continuity means that a function is complex differentiable. However, the continuity
of derivatives on the closure of U is not automatic.

In the real field case, which appears to be much more interesting, we see that
certain components of a function in C% (U, (a)) are necessarily of higher differen-
tiability, which is an unexpected phenomenon.
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7 General algebra, free module

We shall now consider the case when A is an arbitrary finite dimensional, com-
mutative algebra and the module B is free. We may, without loss of generality,
assume that A is local. The maximal ideal in A is denoted by m.

Let b1,...,bn be an A-basis of B. Define pg: B/mB — B by the formula

n

pp (D _laidmp(b:) = lailbs,
i=1

=1
forany a; € A,i=1,...,n.

Lemma 7.1 Assume that B is a finitely generated, free A-module. Then for anya € A,
B and (a) have the lifting property with the decomposition B = C @& B, C = {0}.

Proof Let a € A. We have to show that any symmetric A/m-multilinear map
f:Bx-+x B — (a)/m(a) admits a lifting to an A-multilinear symmetric map
h: B x .- x B — (a) such that 74 oh = f. Let f: Bx---x B — (a)/m(a) be
symmetric and A/m-multilinear. Define

GZ)JC(Z aillbila--~: Z aimmbim) =

i1=1 im=1
n

= Z i1 i mpP(a)f (biys - biy, )

i1=1,...im=1

Then conditions (i)-(ii) and (iv) of Definition 6.4 are clearly satisfied. Let us check
that the condition (iii) holds true. Let f: B — (a)/m(a) be A/m-linear. Recall
that 7p = wp is a quotient map onto B/mB and pp = pp is A/m-linear map from
B/mB to B. We have to check that

G%a)f(Z[ai]bz‘) = p(a)f(Z[ai]bi)'

i=1 i=1
This is again clear from the definition of G(la).

Theorem 7.2 Assume that B is a finitely generated, free module over a local algebra
A. Assume that U C B is open, convex and bounded. Then any A-continuous function
in f € CY (U, A) may be written in the form
k(e™) )
=3 | penfamn @)+ Y 5 Gl D falma(w)(w = ppma())
j=1

aeM

for some functions (fa)acm € Bacyr CZJ;I’;(C(!)(TTB(U), (e2)/m(e®)) Conversely, any

such function belongs to C’f‘(ﬁ, A). This assignment is an isomorphism of Banach
spaces.

Proof Follows directly from Lemma 7.1 and Theorem 6.15.



Differentiable functions on modules and equation grad(w) = Mgrad(v) 31

This theorem answers the question raised by Waterhouse in [12] about rules
satisfied by A-differentiable functions on algebras. The case of an arbitrary finitely
generated module remains open, but it can be expected that the structure of
A-differentiable functions should rely on the lifting properties of A-module homo-
morphisms. Another possible approach is to follow the observation from Lemma
2.5 that if f € C4j (U, A), and n: A™ — B is a surjective A-linear map, then fon is
in C%(n=1(U), A). Thus Theorem 7.2 gives us a description of f on.

8 Algebra generated by one element

We shall now study the case when A is an algebra generated by one element. This
case is particularly simple and will lead us to interesting applications. Let us first
describe how such algebras look and how modules over such algebras look. We
refer to [2,3] to background on algebras and their modules.

Any finite dimensional, commutative algebra over F that is generated by one
element is isomorphic to F[z]/(P(z)), for some polynomial P.

If F = R, then P factors into a product of polynomials of the form?®

Qa (@) = (z = N)", (8.1)
for some A € R or of the form
R pi(z) = (2° = 202 + B)F, (8.2)
for some a, 8 € R such that o? + 3 > 0. That is
m n
P(x) = H Q)\hli (x) H Rauﬁuki (:E)
i=1 i=1

Sending z — z we have R[z]/(Rq, g, 1 (z)) = Clz]/(Q~, 1, (2)), where v; =
o £ \/a + By

By the Chinese remainder theorem we obtain a decomposition of R[z]/(P(z))
into a direct sum of local algebras

R[z]/(P(2)) = EDRI]/(@Qx, 1, (2)) ® @ Cl21/ (Qr 1, (2))- (8.3)
=0 =0

When F = C, then the polynomial P factors into a product of polynomials of
the form (8.1). Thus

Clz]/(P(z)) = @C[Z}/(Qm,ki (2))- (8.4)

Proposition 4.10 tells us that we may restrict ourselves to the case

A =TFlz]/(Qx(2)).

3 We shall use this notation also for A € C.
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Let e = Qj,1(x). Then e generates the maximal ideal m = (@, 1(z)). Note that
m!~1 = {0} and [—1 is maximal among all such natural numbers. Moreover powers
of e, including 1 = ¢, are an A/m-basis of A.

From the structure theorem for finitely generated modules over principal ideal
domains (see [3]) or from the Jordan canonical form of a matrix, any finitely
generated module over such an algebra is of the form

B:@F[m]/(QA,l(x))GB@F[x] /(Qx2()) @@F /(@Qxi()),

for some natural numbers j1,...,5; > 0; if j; = 0 for some ¢t = 1,...,1, then the
corresponding summand is omitted.
Let e; denote the unit in the summand F[z]/(Qx +(xz)). Let for k =0,1,...,1—1

jl—k—l
Cy = @F /@ai@) @& @ Flal/(Qrirr-1(2)),
i=1
and ,
Ji—k
Dy = @F[x]/(QA,lfk(x))@ @@]F /(@Qx,1(x)).
Let

k k k
pery: (5)/m(e) = ()
be defined by the formula p(ek)(a[ek]) = ae® for a € A/m. Then T(ek) © Prery = id.
Let
Dy : Dk/ka — B
be defined by the formula pp, (ale:]) = aer for a € A/m and ¢ > | — k. Then
Dy ©PDy = id.
Lemma 8.1 Let k = 0,...,1 — 1. Then the module B and ideal (e¥) C A have the
lifting property with the decomposition B = C} & Dy,.

Proof Assume that for an A/m-linear map f: B — (¢¥)/m(e") there exists an A-
linear map h: B — (e¥), such that T(ery o h = f. Then
0="n(Qxt(z)er) = Qxe(x)h(er).

Since (Qx¢(z)) = m’, we see that h(e;) € Ann(m’) = m'~". Thus if | — > k + 1,
that is ¢ <1 —k —1, then m(cxy o h(et) = f(et) = 0. As e; generate Fz]/(Qx ¢(2)),
f is zero on whole Cy.

Assume now that f: B x --- x B — (e¥)/m(e¥) is a multilinear map such that
for any b1,...,b;_1 € B

f(bl, .. -,bm—1, ',bm+1,. . .,bj—1)|Ck. =0.

Set
h(etl,...,etj) :p(ek)f(etl,...,etj) (85)
forallt=1,...,land all i =1,...,j;. Extend this definition by A-linearity

h(Q}\,Sl (JZ)Etl ey Q/\,Sj (Q)Etj) - Q/\,Sl (LU) e Q/\,Sj (I)p(ek)f(etl gy etj)7 (86)
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for all sp < tr, r=1,...,j. Since Qy +(x)e; = 0, we must have

Q)\,t(‘r)p(ek)f(etm‘“aet7“'7€tj) =0.
By assumption f(et,,...,e¢...,eq;) = 0if t <1 —k— 1. Assume that t > | — k.
Then p(cryf(ety, .- et,...,et;) € mF and Qxi(x) € m, so
Qxe(T)peeryfletys - ety et;) € m!TF cm! = {0}.

This shows that h is well defined.
Furthermore, we have

(W(ek) oh)(etl,. . .,etj) = (ﬂ—(ek) op(ek))f(etl,. . .,etj) = f(etl,. . .,et].).

Since both sides are A-linear and e; generate B, mxyoh = f.
We define G? (e d = I Then G( X

(e*)/m(e?) which vanishes on Cj and v € B. It is necessary now to show that

are linear. Choose a function f: B —

Ggek)f(pDkﬂ’Dk (v) = p(ek)f(pDkTer (v))-

This follows immediately from (8.5). The condition (iv) from Definition 6.4 follows
readily - both sides there are linear, so it is enough to check it on a basis. Thus it
follows from (8.6).

Theorem 8.2 Assume that B is a finitely generated module over A = Flz]/(Qx,1)-
Assume that U C B is an open, conver and bounded set. Then any A-continuous
function in f € CY (U, A) may be written in the form

-1 I—1-k
= Z p(e’“)fk(ﬂ—Dk )+ Z lGJek)D fk(ﬂ—Dk(u))(uipDkﬂ-Dk(u))j)

k=0

for some functions
(fe)k=0,1..1-1 € @CZJ/FL - k k(U)7(ek)/m(6k))'

Conversely, any such function belongs to C’i (U, A). This assignment is an isomorphism
of Banach spaces.

Proof Follows readily from Lemma 8.1 and Theorem 6.15.

Lemma 8.3 Let A =TF[z]/(Qx,;(x)). Let ¢: A — T be defined by the formula

-1
¢(Z ae') = a1,
i=0

where a; € F. Assume that pp,7p,(U) C U for all i = 0,...,1 — 1. Then for any
k=0,...,1—1 and any

J e CRr T T (rp, (0), () /m(et))
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we have
¢(€l_1_kT(ek)f)|W = fomp,
and if j #k
¢(el_1_jT(ek)f)|W =0.
If functions

i € T (G, (0, () /m(eb),

k=0,...,1—2, have derivatives equal to zero and
fior € (im0, () ()

is equal to zero, then

¢(Tf) =0.

Proof By (6.3) it follows that T . f]| = p(eryf o mp, . Then

pp, 7D, (U)

$ler-1-xT () Nl —p <y = $ler-1-1f o mpyer)| = fomp,.

P07, (U)

and if j #k
Her—1-3T(er) Pl op—p oy = a1 o mpen) o — gy = 0.

Let fi, € Cf‘;n]i'”*l(pDkWDk (U), () /m(e*)), k =0,...,1—2 have derivatives equal
to zero and let f;_, € Cf‘/m (pp,_,7p,_, (U), (e!71) /m(e!~1)) be equal to zero. Then
by (6.3) it follows that T k) fx = p(eryfromp, for k=0,...,1-2and T;_; f; 1 =0.
Since ¢(e*) =0 for k=0,...,l — 2 we have

-2

o(Tf) = Z ¢(p(eryfx omp,) = 0.
k=0

9 The equation grad(w) = Mgrad(v)

This section is devoted to application of the theory to the equation grad(w) =
Mgrad(v). In particular, we study the case, when the matrix M has at least two
Jordan blocks corresponding to the same eigenvalue, which was not covered by
Waterhouse in [13].

Our equation can be reformulated in an equivalent form

Dw(:)(z) = Duv(-)(MTz),

for all z € F™.
Observe that an algebra A generated by a matrix M is isomorphic to Flz]/(P(z)),
where P is the minimal polynomial of M. By Example 3.2 A is a Frobenius algebra.
We prove an analogue of Theorem 5.1 from [13].

Theorem 9.1 Lett > 0 be a natural number. Let U C F™ be an open, simply connected
set. Let A be an algebra generated by the matriz MT € My,xn(F) and let B = F™ with
the natural structure of an A-module. Let v,w: U — F. The following conditions are
equivalent



Differentiable functions on modules and equation grad(w) = Mgrad(v) 35

(i) v, w are C*TH(U) functions satisfying Dw = Dv o MT,
(ii) v = ¢(f) is a component function of an A-differentiable function f: U — A of
class C*TH(U, A), and w = ¢(MT f) + ¢, where ¢ is a constant.

Assume additionally that U is short-path connected*. Then the following conditions are
equivalent

(i) v, w are C*TH(T) functions satisfying Dw = Dv o MT,
(ii) v = ¢(f) is a component function of an A-differentiable function f: U — A of
class C*TH(U, A), and w = ¢(MT f) + ¢, where ¢ is a constant.

Proof Let us first prove the first equivalence. Assume that f is A-differentiable and
of class C**1(U, A) and v = ¢(f) and w = ¢(MT f) +c . Then, thanks to A-linearity
of the derivative of f, we have:

Duw(b)(z) = ¢(DMTf(b)(z)) = ¢(Df(b)(MTz)) = Dv(b)(MTx).

Conversely, if v and w satisfy Dw = Dv o MT, then the right-hand side of the
equation is a derivative of some C?%!(U) function. Hence it’s second derivative
must be symmetric. Thus

D?v(b)(MTz,y) = D(Do(b)(M"2))(y) = D(Dw(b)(x))(y) =
= D*w(b)(z,y) = D*w(b)(y, ) = D*v(b)(MTy, ).

As MT generates the algebra, this condition holds also for any element a € A. By

Theorem 3.8, there exists an uniquely determined, up to a constant, A-differentiable

f:U = A, of class C*T4(U, A), which satisfies v = ¢(f). Then w and ¢(MTf) have

the same derivative by the first part of the proof, so they differ by a constant.
The second equivalence follows from Theorem 3.8 in the same way.

Theorem 9.2 Let U be an open, convexr and bounded subset of F™. The following
conditions are equivalent:

(i) any functions v, w of class C*(U) which satisfy Dw = DvoMT, are analytic and
are components of A-analytic functions.
(ii) M has no real eigenvalues

Proof If M does not have any real eigenvalue, then the algebra A generated by MT
is a C-algebra. By Theorem 4.12 every A-differentiable function is A-analytic. So
is a component of such a function.

Conversely, if M has a real eigenvalue, then by Proposition 4.10 and §8 we
may assume that it is the only eigenvalue. Then Theorem 8.2 gives us examples
of A-differentiable functions whose all components are not analytic.

10 Boundary value problem for generalised Laplace equations
Now we are ready to pose a boundary value problem. We assume that U is an

open, convex, bounded set. Our aim is to find appropriate boundary for the equa-
tion and the conditions that have to be imposed on the boundary values so that a

4 See Definition 3.7.
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solution is of prescribed differentiability and is unique up to a constant. Theorem
9.1 tells us that solving the equation, up to a constant, is the same as finding an A-
differentiable function. By Theorem 8.2 we see that to describe an A-differentiable
function it is sufficient and enough to prescribe some functions of sufficient differ-
entiability on the projections of U and then extend them to the whole of U by the
Taylor’s formula.

Ezample 10.1 Consider the matrix

A00
M=1]10X0
01X

The minimal polynomial of MT is P(z) = (z — \)?. Algebra A generated by MT is
then equal to R[z]/(z — A\)?. A-module B = R? has the decomposition

B =R[z]/(z — \) @ R[z]/(z — A)*.

A has a basis 1,e, where e = z — X\. B has a basis (e1, ez, e3), such that ee; = 0,
eea = 0, ee3 = e2. A is a Frobenius algebra, with the functional ¢(z11+ z2e) = z2,
r1,22 € R. Let

U=(0,1)° = {x1e1 + zoea + x3e3 € B: 0 < z; < 1}.
Let t € N, v € C?*TY(U). Consider the equation
D20() (2, MTy) = D2u()(MT2,), (10.1
for all z,y € B. Equivalently D?v(-)(z, ey) = D?v(-)(ez,y). This means that
D?u(-)(z1€1 4 2262 + 2363, yze2) = D20 (:)(z3e2, y1e1 + y2ea + yzes),

that is
5%v . 5%v

dx10x9 87163 -

Theorem 3.8 tells us that any such v is given by v = ¢(f) for some A-differentiable
f of class C?(U, A). Further, by Theorem 8.2, any such f is uniquely determined
by two functions - fo in C3(7p,(U),R), and f1 in CZ(7p, (U),R), where

Do =R[z]/(z — A)?
D1 =R[z]/(z — \) © R[]/ (z — )2,
and
mp,: B — Do/mDg, wp,(z1e1 + x2e2 + x3e3) = x2]ea],

mp,: B — 1)1/1'('11)17 D, (l’161 + x2e9 + x3€3) = xl[el] + 332[62].
The extension is given by

F(u) = peoy fo(mpy (1)) + Gleoy (D fo(mpy (W) (u — ppympyu) + prer) f1(mp, (1)) =

= fo(uzle2])1 + u327{2(u2 le2])e + f1(uile1] + uz[ez])e.
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Thus 5
v(u) = ¢(f(u)) = u3aT]:Z(u2 [e2]) + fi(uile1] + uzlez2]).

Therefore any solution to the equation grad(w) = Mgrad(v) is of the form
v(u) = ¢(f(u)) = UB%(W[@D + f1(urfer] + uale2]),
w(u) = ¢(MTf(u)) + ¢ = fo(uzlez]) + Aus gf (uzle2]) + Afi(uifer] + uzlez]) +c

We see that there is a unique solution v of generalised Laplace equations (10.1)
such that it has fixed values on pp,mp, (U) and such that w — Av has fixed, up to
a constant, values on pp,mp, (U).

The last observation in the above example may be generalised to a theorem that
links the components of A-differentiable functions with the solutions of boundary
value problem for generalised Laplace equations.

For clarity, we shall only treat the case when M has one eigenvalue. The gen-
eral case may also be inferred from this particular case, using Proposition 4.10.
However, we shall not state the corresponding theorem, due to the complexity of
the notation.

Assume first that the matrix M € M,xn(R) has one eigenvalue A € F, F €
{R,C}. Then the algebra A generated by MT is a local algebra isomorphic to
Flz]/(x — A)!. Define ¢g: A — R by the formula

-1

Zaz (SE— _al—1~

i=0
and ¢c: A — R by the formula

-1
¢(Z a;[(x —N)']) = Ima;_;.
i=0
Then ¢y makes A a Frobenius algebra. Define up: F — R by pug = id and uc = Im.
Recall that (z — A\)* =¥, forall k=0,...,1—1.

Theorem 10.2 Assume that U C R"™ is a convez, open and bounded set. Assume that
pp,7p,(U) CU for alli=0,...,l—1. Let t > 2. Then for any functions

fie CFF 1 7, (U),F),i = 0,...,1 -1,
there exists a unique v € C* (U) such that
D%u(-)(MTz,y) = D?u(-)(z, MTy),
Du()(MT = A1) )|y = D (fi 0 7p,) () (@),
z € pp,mp,(B),i=0,...,1—2.

=prfi—1°7p,_,,
(10.2)

The unique solution is given by v = ¢p(Tf), where

I—-1-k

-1
Tf =3 | piery fu(mp () +
k=0

j=1

%Gzek)Djfk(ﬂ.Dk (W) ((u = pp, 7D, (w)’)



38 Krzysztof J. Ciosmak

Proof Let us show that v = ¢p(Tf) solves the system. Since Tf is A-differentiable,
by Lemma 3.6 it follows that for any z,y € R"

D?u(b)(MTz,y) = D*v(b)(z, MTy).

We shall show that the boundary conditions are satisfied. For this we use Lemma
8.3 and infer that 4
¢s(e! "' TIT))

[ — o
oo, 7D, (U) prfi o mp,

and in particular

— = o .
,U‘leilﬂ'lfl(U) pEfi-1 07D,

By A-linearity of derivative of T f we have
Du(b)(e' ™" 'a) = gp(DTS(b)(e' ' '2)) = Do (e " Tf)(b)(x) = ueD(fiomp, ) (b) ()

for all b € pp,7p,(U) and all € pp,7p,(B). This means that v satisfies (10.2).
We shall show that the solution is unique. Assume that

D*u()(MTz,y) = D*v(-)(z, MTy),
Ulle_lﬂ'l—l(U) =0,

Do(-)((MT =A™ a)| 0,

pp, 7D, (U) —
T € pDiWi(B),i =0,...,0—2.

We need to show that v = 0. Since U is short-path connected, from Theorem 3.8
we infer that v = ¢r(h) for some h € C%y (U, A). By Theorem 8.2, h = Tg for some

-1

ge Pt (mp, (U),F).
k=0

The first part of the proof shows that urg;_1 = 0 and for alli = 0,...,!—2 functions
urg; have zero derivatives. If F = R, then, by Lemma 8.3, v = ¢r(Tg) = 0.

Assume that F = C. Then, as g; are C-differentiable, Cauchy—Riemann equa-
tions imply that g; have zero derivatives for ¢ = 0,1,...,1 — 2 and that g;_; is a
real constant. Thus ¢¢c(Tg;—1) = 0 and Lemma 8.3 implies that

oc(T(g —g91-1)) = 0.

Therefore ¢c(Tg) = 0.
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