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Abstract

We introduce a theory of non-commutative L?” spaces suitable for non-commutative
probability in a non-tracial setting and use it to develop stochastic analysis of
Grassmann-valued processes, including martingale inequalities, stochastic integrals
with respect to It6—Grassmann processes, Girsanov’s formula and a weak formula-
tion of Grassmann SDEs. We apply this new setting to the construction of several
unbounded random variables including a Grassmann analog of the ¢3 Euclidean QFT
in a bounded region and weak solution to singular SPDEs in the spirit of the early
work of Jona-Lasinio and Mitter on the stochastic quantisation of CI>§.
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1 Introduction

We continue to develop Grassmann probability and the associated stochastic anal-
ysis initiated in [1, 16] and motivated by applications to stochastic quantization of
Euclidean fermionic quantum field theories. The starting point is the observationin [1]
that the analysis of the renormalized Wick powers of Grassmann Euclidean free fields
does not fit naturally in the C*-algebraic framework of non-commutative probability.
Intuitively, this corresponds to the fact that while linear functionals in Grassmann
algebras can be represented as bounded operators on a Hilbert space, this does not
seem possible for higher Wick monomials which instead behave as unbounded oper-
ators very much like their bosonic counterparts. A similar observation has recently
been made also by Chandra—Hairer—Peev [13] where the authors develop a setting for
“almost sure” analysis of these unbounded random variables via the notion of locally
C*-algebras. While this localization is a useful concept, applications requires one to
take averages of these unbounded elements and to estimate or compute their moments.
More generally, our goal is to develop Grassmann probability and stochastic analysis
analogously to their bosonic counterparts; this involves adjusting an existing setting in
algebraic probability, which, until now, has lacked profound applications in stochastic
analysis.

In this paper we introduce appropriate notions of Banach spaces of non-
commutative random variables whose p-th powers are integrable, i.e., the equivalent of
the standard L” spaces associated with a classical probability space (2, F, IP) based
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on a probability measure [P on a measurable space (€2, F). Segal [48] recognized
quite early the possibility to introduce a useful generalization of a measure to the
non-commutative setting of a C*-algebra endowed with a tracial state t . See also the
lucid account by Nelson [40]. Unfortunately, the tracial setting does not allow for the
embedding of non-trivial Grassmann random variables, since the tracial nature of the
state forces the covariance to be zero due to the contrasting requirements of symmetry
(by the tracial condition) and antisymmetry (by their Grassmann nature). Following
the early work of Osterwalder—Schrader [42], Grassmann Gaussian variables of [1]
are constructed over the Fock state of a pair of canonical anticommutation relation
(CAR) algebras. This state is also not suitable to develop an appropriate L? theory
since it is not faithful for the underlying C*-algebra. We are bound, therefore, to look
for appropriate states elsewhere with the basic desiderata that they need to represent
the expectation of Grassmann Gaussian random variables (and processes or, more
generally, fields) and be faithful. Our proposal is to realize Grassmann Gaussian prob-
ability over a non-commutative probability space given by a large class of non-Fock
(and non-tracial) quasi-free states of the CAR algebra, and in particular by the Araki—
Wyss factors [6]. These algebras are obtained in the GNS representation associated
with a quasi-free state [5, 8], so that we can extend quite naturally the Osterwalder—
Schrader embedding to them in order to represent arbitrary Grassmann Gaussians. We
also notice that they are factors of type III, so that our construction proves to be a
further significant application of such factors in mathematical physics [30, 63].

The associated Tomita—Takesaki modular automorphism gives rise, via a standard
construction due to Haagerup [21], to an appropriate notion of non-commutative
L? (M) spaces in this non-tracial setting. Non-tracial L” spaces have been exten-
sively studied in the literature [44], in particular standard martingale inequalities are
available, see, e.g., the work of Pisier—Xu [46], Junge [27], Junge—Xu [28], and hyper-
contractivity of the Araki—Wyss factors has been proved by Lee—Richard [36] in the
greater generality of the g-Gaussian setting introduced by Hiai [23]. However, despite
this extensive literature, the use of these non-tracial L” spaces in non-commutative
probabilistic applications (other than proving inequalities) has remained underdevel-
oped mainly because of their abstract nature. While Haagerup’s theory is quite efficient
and tries to bring the analysis to the tracial setting (via a crossed-product construc-
tion originally due to Connes [14]), this happens at the price of the appearance of
many complications. Various reformulations of the L? theory have been proposed,
in particular by Connes—Hilsum [25], Araki-Masuda [2] and more concretely, with
applications to Markovian semigroups in quantum statistical mechanics by Majewski—
Zegarliski [38].

The main difficulty is that there is no canonical identification of elements of the von
Neumann algebra (vNa) M in the L? space and as a consequence there is no canonical
way to extend the algebra product into a continuous bilinear map compatible with the
expected Holder inequality. Another difficulty is related to the abstract nature of these
spaces, whereas in non-commutative probability it would be appropriate to identify
normal unbounded elements affiliated with the vNa M with unbounded complex-
valued random variables (i.e. operators on a Hilbert space). No such identification
is possible, to our knowledge, in general for the normal elements of the L” spaces.
Some early ideas on how to associate concrete closed unbounded operators on a Hilbert
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space to elements of L? spaces of general quasi-free states of CAR and CCR algebras
are present in the pioneering wo rk of Barnett—Streater—Wilde [10], which follows
their systematic development of the L>-based stochastic calculus in the tracial CAR
setting [9]. See also the follow-up work of Wilde [62], and [18, 19] for further
work on the tracial L2-based stochastic calculus. In [10] the authors identify some
additional conditions which allow one to associate a closed operator to a subset of
elements of L2. However, the work of these authors is restricted to the L2 setting and
due to the lack of a natural product structure, it does not allow them to construct a
fully fledged stochastic calculus.

Considering that our goal is to build applicable tools based on the previously estab-
lished results in algebraic probability, our main contributions can be summarized as
follows.

(a) We define Banach spaces IL” (twisted L? spaces) in such a way that they densely
contain the algebra M, of analytic elements of M. These spaces are constructed
via Haagerup’s L? spaces and for which the product in M, extends canonically to
a continuous bilinear map IL.? x LY — IL" for the standard Holder relation among
exponents 1/p + 1/g = 1/r (Sect. 2.3).

(b) We extend standard non-commutative probabilistic results to these spaces, includ-
ing martingale inequalities and hypercontractivity of Gaussian random variables
(in particular Grassmann-valued).

(c) Given a filtered probability space supporting a Grassmann Brownian motion,
we construct natural notions of IL”-valued Itd stochastic integrals and It6 pro-
cesses (Sect. 3) and prove an It6 formula for polynomial functionals of Itd
processes (Sect. 5.2).

(d) We prove a Grassmann version of Lévy’s martingale characterization of Brownian
motion, Girsanov’s theorem (Sect. 5.3) and give a notion of weak solutions to
SDEs (Sect. 5.4)

(e) We use the above tools to construct various examples of unbounded random vari-
ables in the Grassmann context, in particular:

e A Grassmann analog of the <I>§ measure in a bounded domain (Sect. 6.1);
e A Grassmann analog of a Langevin SPDE driven by a renormalized cubic
polynomial (Sect. 6.2);

(f) We identify conditions under which elements in L? can be canonically interpreted
as unbounded operators on a Hilbert space H (here H can be taken to be L*(M)
without loss of generality) (Appendix B).

In contrast to the works [1, 16], which deal with the stochastic quantisation of Grass-
mann measures via singular SPDEs and forward-backward SDEs respectively, the
present work focuses on advancing Grassmann stochastic analysis, including the devel-
opment of tools like stochastic integration and Girsanov’s formula, and can thus be
thought of as complementary to earlier work. In particular, the reader should note that
in [1, 16] an averaged Itd formula proves sufficient for the purposes of stochastic
quantisation, without the need of the stochastic integral.

Furthermore, note that, even with these IL” spaces we are not able to provide a
positive answer to the original problem formulated in [1], namely to solve non-linear
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singular renormalized Grassmann SPDEs with additive noise. The main difficulty is
the lack of an appropriate Banach space where we can find estimates of solutions via
fixed-point methods or, alternatively, via appropriate coercive estimates. Informally
put “the estimates do not close”, as it is the case also for commutative SPDEs, since
L? (2, P) spaces are not adequate for finding solutions via fixed-point methods. Yet,
we find that our investigation uncovered a very interesting and largely unexplored
area of non-commutative stochastic analysis. Another unexpected byproduct is the
identification of quasi-free modular states (i.e. thermal) as the natural arena for non-
commutative stochastic analysis. We plan to address in future work the consequences
of this observation outside the Grassmann setting, both for CAR and CCR algebras.

2 Non-commutative LP spaces

In this section, we briefly recall Haagerup’s construction of the non-commutative L”
spaces associated with a general vNa [21], see also [58] for a detailed exposition.
This construction is based on embedding M in a larger semifinite vNa obtained as
a crossed product with the group R, in which non-trivial elements of the L? spaces
are intrinsically identified with affiliated unbounded operators. Haagerup’s L? spaces
possess desirable properties, but still lack some crucial features needed for applications
to stochastic calculus. In Sect. 2.3 we introduce some novel twisted spaces that address
this difficulty and will serve our purposes throughout the paper. In the final part of this
section, we discuss conditional expectation and martingale inequalities for L? spaces
and their twisted counterpart.

2.1 Modular theory and crossed products

The modular theory by Tomita and Takesaki [23, 33, 52, 53, 57, 59] is the key that
opened the way to understanding factors without traces, that is, of type II1, see also [37].
Let M be a o-finite vNa acting on H, that is, M has a faithful normal state @ and,
via the GNS representation, it is isomorphic to a vNa that has a cyclic and separating
vector [7].! Without loss of generality, we can simply assume that w(-) = (Q, - Q),
with Q@ € H cyclic and separating for M, so that x +— x2 establishes a bijection
between M and the dense subspace M C H. The analysis of the operator acting
on H associated with the involution * is the starting point of the Tomita—Takesaki
modular theory. We let S, be the closure of the anti-linear operator on M2 defined
by SpxQ = x*Q and let S, =: JwA,lu/ 2 be its polar decomposition. Here J,, is an
anti-unitary operator called modular conjugation with the property Jaz) = 1, whereas
A, is a positive non-singular self-adjoint operator called modular operator. If w is
a trace, then ||waQ||%1 = ||x§2||%{, that is, S, is an isometry, so that S, = J,, and
A, = 1. More generally, the modular operator reflects the non-tracial character in
some way, as will be made precise below.
A crucial result is Tomita’s fundamental theorem [53, 59].

! In the GNS construction (Hw, Tw, Q) ©(-) = (R - Q) this means that €, is cyclic and separating
for 7, (M).
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954 F.De Vecchietal.

Theorem 2.1 (Tomita 1967). J,MJ, = M’ and A MA," = M forany t € R,
M’ denoting the commutant of M.

As a consequence, one can introduce a one-parameter group of *-automorphism
R 5 t +— o/ called the modular automorphism group associated with the pair (M, w)
and defined by

o (x) = Aif)x A;it.

If A, is bounded, then one has the stronger condition A3 MAZ* = M forany z € C.
Otherwise, it is useful to introduce the set of analytic elements in the vNa.

Definition 2.2 The set of entire elements M, C M is such that x € M, iff z —
0 (x) extends to an entire M-valued function.

Note that M, is a w*-dense and o ®-invariant *-sub-algebra of M. The modular
automorphism group makes the non-traciality of w quantitative precise via the KMS
condition (or, more precisely, the § = —1 KMS condition [8]):

w(xo?(y) =w(yx), Vx,yeM,,

showing again that w is a trace iff A, = 1.

We now introduce the cross product of the vNa with the modular automorphism
group [7, 14, 55]. This larger vNa turns is at the heart of Haagerup’s construction of
the non-commutative L? spaces associated with an arbitrary o-finite vNa. Such non-
commutative integration spaces were first introduced by Dixmier, Segal and Kunz in
the tracial setting [17, 34, 48] and later extended to an arbitrary vNa by Haagerup [21].
See also the work of Kosaki [31], of Araki-Masuda [2] for alternative definitions
and the work of Trunov—Sherstnev [60, 61] for preliminary work on L! spaces for
general vNas. .

Given the pair (M, w) with w modular, the crossed product M := M Qs« R is
the vNa acting on L2(R, ‘H) and generated by the operators (77 (x)) e and (A(S))ser
defined by

(Tx)E)() =02, x)EW),  (A(HE)(@) =& —s), VEe L>(R,H), a.e. t €R.

Note that 7 is a normal faithful representation of M on L?(R, ) and A gives the
modular automorphism group

70/ (x)) =0T ()AD)*, xeM, teR, 2.1
We will henceforth identify M = n(M) C M. One can also define a dual
automorphism (dual via Fourier transform): since (A(s))ser is the group of trans-
lations, one lets (W (7));cr be the unitary representation of R in L (R, H) given by
W(t)&(s) = e "5&(s) and define
61 (x) = W()xW ()", x€R,t eR.
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The following relations hold
o(x) = x, G,(A(s)) = e IA(s), xeM,s,teR

which likewise determine the action of &; uniquely. In particular this allows one to
identify M = (M) as the subset of M invariant under (6;);cr. For further details
on the cross product construction for a general W*-dynamical system, see [7].

It is well-known [14, 55] that the crossed product M is semifinite and it has a
normal sem1ﬁn1te faithful trace T such that T 0 6; = e~ ' for any t € R. Let P(M)
and P (M) denote the set of normal semifinite weights on M and M respectively [24].
Any ¢ € P(M)inducesadual $ € P (M) which admits a Radon—-Nikodym derivative
hy with respect to T [22],

() = t(hyo).

The mapping ¢ > ¢ is a bijection of the set of normal semifinite weights on M to
the subset of normal semifinite welghts on M such that @ Qoo = ga, vVt € R, see [58].
This allows one to obtain a mapping P(M) 3 ¢ — hy € M with the following
properties: 2

Theorem 2.3 The mapping ¢ +— hy, extends to a bijection from the predual M, to

the subspace {h e M|Vt e R 6/(hy) = e_’h(p} and satisfies, for any ¢ € M, and
X,y € M:

hypy = xhyy, hyr = h, lho| = hg|. (2.2)

Remark 2.4 Note that for any ¢ € M, one can always define its modulus |¢| € M
by duality, see [56].

In particular, the dual state @ has Radon—-Nikodym derivative with respect to
which, following standard notation in the literature, we denote by D = h,, (and
exclusively reserve D for this purpose) so that on M one has’

() =1(D).

Itis important to recall that D is a positive invertible self-adjoint operator on L*(R, H)
affiliated with M and

rt)=D", teR

which follows from the fact that ./T/l is semifinite.

2 Recall that the polar decomposition of ¢ € M is obtained via duality, see [56].

1 1
3In general, the expression should be intended as a suitable regularization of @(x) = t (DfxD7>, for

any x € /W+, see [45], unless w is finite, that is, w (1) < oo.
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956 F.De Vecchietal.

2.2 Haagerup’s L? spaces

Because T is a trace on M, one can form the topological algebra LO(M, 7) of 7-
measurable operators affiliated with M, see [40, 58]. Note that LO(M, 1) alsoincludes
unbounded operators. Haagerup’s spaces L” (M, w) are defined as follows [21]:

Definition 2.5 (Haagerup’s L” spaces). Set

LP(M, ) - {x e LOM, 1)|6;(x) =¢ rx, t€ R} p el 00),
LM, 0) = {xeL'M,0)|6(x) =x, teR}.

Remark 2.6 Note that L” (M, w) is a *-invariant linear subspace of LO(M, 7). By
definition, we also have that L? (M, w) N LY(M, w) = {0} if p # q.

By the considerations in the previous section we have that L°°(M, w) = M and
LY(M, w) = M,, so that we can equip LY (M, w) with the norm of M,,. It is then
evident that, up to an isometry, for p = 1, oo L? (M, w) do not depend on w, hence
it can be dropped from the notation. This can actually be done for any p € [1, oo].

Proposition 2.7 Let x € LO(/’\V/l, T) with the polar decomposition x = u|x| and let
p €[1,00). Then, x € L (M, ) iffu € L>°(M) and |x|P € L'(M).

We shall henceforth write LP (M) = LP(M, w) for any p € [1, c0]. As a con-
sequence of Proposition 2.7, the norm on M, then induces a norm on the L” (M)
spaces; this can also be done via Haagerup’s trace.

Definition 2.8 (Haagerup’s trace). On LY (M) define the following (positive contrac-
tive) linear functional:

tra(hy) = ¢(1).

By the arguments presented in the previous section, we can recover our distin-
guished state w as follows

w(x) =trgy(Dx) Vx e M,

where D = h,,. This functional is suggestively called a trace because for any x €
LP(M) and y € L9(M) with p,q € [1,00] such that 1/p + 1/g = 1, we have
xy, yx € L'(M) and

tr(xy) = trg(yx).

In particular we also have that for x € L'(M) and u € L (M) unitary try (uxu*) =
trg(x), and for y € L2(M) try(y*y) = tra(yy*).

The property in (2.2) implies that try(|hy]) = tryg(hyy) = le|(1) = ll@llm,, so
that x — trg(|x|) is precisely the norm on L!(M) induced by || - | m,. We can then
define a norm on L” (M) as follows.
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Definition 2.9 On L? (M) for p € [1, 00) define

1
IxllLrvy == (teu([x|P) P Vx € LP(M).
We also set || - [zooay == || - |-
If no confusion arises we abridge || - |[L»(m) to || - || . One can prove the following:

Theorem 2.10 (Holder’s inequality). Let p, g, r € [1, oo] suchthat 1/p+1/q = 1/r
and let x € LP(M) and y € L1(M). Then, xy € L" (M) and

eyl < Ixllpllyllg-

Furthermore, for p € [1,00) (x,y) — trg(xy) defines a duality between LP (M)
and L1(M), (LP(M))* = L1(M) isometrically.

In particular, this duality allows one to prove Minkowski’s inequality so that || - ||,
is indeed a norm. The space L” (M) is complete in the said norm.

Theorem 2.11 (L? (M), || - |Ip) is Banach space for any p € [1, o0]. In particular,
L%(M) is a Hilbert space with scalar product (x, YLzomy = Ta(x*y).

Haagerup’s L? spaces are uniformly convex [32], see also [58] for a proof of
Clarkson’s inequality.

Proposition 2.12 (L7 (M), || - || ) is uniformly convex for any p € (1, 00).

We have learnt that the only non-trivial elements in L” (M) are unbounded operators

1
if p # oo. The operator D is unbounded and it is clear that D7 € L?(M). We also
have the following stronger result, see [28].

1 1
Lemma For any p € [1,00) M D7 is dense in LP (M) and we have Dﬁ-‘_f./\/la
1 i
D% '=M,D?, foranyt € R.

1
Proof By Holder’s inequality M,D? C L”. The density is proved by duality: let
1
y € L1 with 1 = 1/p + 1/g be such that try (xDEy) = 0 for any x € M,. By

1
Theorem 2.10, D?y € L' and M = (L')*. Since M,, is w*-dense in M we have
1
D7y = 0 and thus y = 0 by the invertibility of D. To prove the identity, we note
1 1
that if Vx € M, then [x]_zi_t € M, forany r € R and thus D2 "* M,D?» © >
4

=+T - 1 . 1 B -
D> [x]_1 _,D? " = xDv, thatis, M,Dr C D" M,D? . The other
2p
inclusion is proved in the same way. O

1 . . .
The dense subspaces M,D» will play a crucial role in our non-commutative
stochastic calculus and, more generally, in the calculus of unbounded operators, see
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Appendix B. This is not at all surprising, given their importance for actual computa-
tions, see, e.g. [27-29].

Before delving into the details of our construction, let us conclude this section by
recalling the special case in which M is semifinite. In this case, M has a faithful
trace, see, e.g., [24], so that one can introduce the tracial L? spaces [17, 34, 48].
Let 7 denote the faithful semifinite normal trace on M. Recall that M ®,+ R acts on
LR, H) X H® L*(R). Let F: L2(R) — L*(R) denote the Fourier transform and,
for any f measurable function on R, let m( f) denote the multiplication operator by
f on L?(R). We have

M@yt R=M® F 'm(L®R))F.

Proposition 2.13 Let M be semifinite, let T be the faithful semifinite normal trace on
it and let LP (M, 1) denote the tracial L? space for p € [1, 00). Then, the following
isometry holds

LP(M) = LP(M, ) @ F'm (e?) F

Note that for p € [1, 00) e? is not bounded and in fact L?(M) contains only
unbounded non-vanishing operators on H ® L2(R).

2.3 Twisted LP spaces

Even though Haagerup’s L? spaces are very general and elegant, they turn out not to
be so convenient for constructing a general non-commutative stochastic calculus. This
is ultimately due to the following problems. First of all, unlike the tracial L? spaces,
a scale is completely missing: in fact, we have LP(M) N L9(M) = {0} if p # q.
This is intrinsically due to the crossed-product structure, as can be seen directly when
M is semifinite, see Proposition 2.13.

One natural way to recover such aproperty is to consider the closure of the i 1nJ ection

of M, into L?,e.g., v1a/\/laD1’ In fact, if we have (a,), C M, suchthatanDl’ — A

in L?, then by Holder’s inequality it is straightforward to see that a,, D i is convergentin
L7 forany g < p.Note thatin [38] a similar construction was adopted by considering

1 a1
the symmetric injection M, — D2 M,D? into LP.
Yet, this simple Ansatz is inconvenient when considering products. To see this, let

(an), (by) C M, be such that anD P and b, Dq converge in the L? and L4 topologies
respectively. But a, b, D = anD v o; L (by )Dq where o is the analytic continuation
of the automorphism group on M., so that the product sequence can be controlled
only if we can control the twisted sequence o; 1 (bn)Dql in the L7 topology. The same
issue appears when taking the expectation (and conditional expectations) as well : by
the definition of Haagerup’s trace, one has w(a,b,) = try (anD%cri 1 (bn)D$> with
1 =1/p + 1/q, hence the control of a twisted sequence is needed on[ee more.
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This discussion justifies the introduction of some novel “twisted” L? spaces, as
a natural adaptation of the existing setting. First of all, let us denote the analytic
continuation of the automorphism group on M, by [-];, that s, [x]; := o_i;(x). Then,
we introduce the curve of embeddings Tl(p ) M, — LP (M) defined by

TP (x) := D% [x], D7, 2.3)

satisfying T,(p ) (x*) = (Ti’; ) (x))*. This is indeed an embedding by Lemma 2.2:

Corollary 2.14 The map Tt(p) has kernel {0} and Tt(‘") (M) is dense in LP (M).

The triviality of the kernel is a straightforward consequence of the invertibility of
D. We can now introduce the twisted L? spaces, denoted by IL.” (M, w), as follows:

Definition 2.15 Let M be a vNa, let w be a nsf state on M and let Tt(p ) be the embed-
ding of M, in LP (M) as defined in (2.3). We denote by L” (M, w) the completion
of M, with respect to the norm

I¥ler oy = sup 1T O lLr-
lr1<1-45
We abridge the notation to L” = L” (M, ) and || - [[.»r = |- [l.> (M) if no confusion

arises.

This definition is clearly meaningful because T,(p ) is an embedding and because
Il - lLrm) is @ norm. With abuse of notation, we henceforth extend the map Tt(p ) to

the the IL? spaces as well, T,(p )L Lp (M, w) — LP(M). Therefore, for any x,, — x
in L?, we let

7P () =L — lim T7 (xy),
n— o0
forany |f| < 1 — ﬁ.
We note the following properties.

Lemma 2.16 We have:
i. Forany p € [1,00landt >0 Ulr’lgt TIEP)(JLP(M, )) is a *-invariant subspace
ofLO(M, ) and ||x|lLr = |x*|lLe, Vx € LP(M, ).
ii. Let p,q,r € [1,00] such that 1/p + 1/q = 1/r. Then, for any x,y € M, we
have
T (y) =T, )T, (), 2.4)
4o =25
and

lxylier < lxllnellylliee- 2.5
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Proof The first claim follows from the definition of the extension T(p )L (M, ) —>
LP (M), the fact that Haagerup’s L? spaces are *-invariant subspaces of LO(M 7)

and Tt(p ) (x*) = (Tf‘;’ ) (x))*. The relation (2.4) is a straightforward computation:

1 1 1 1 1 1 1 1
T[(r)(.xy) — DZTIJFE‘F[‘X_D*T[]“FE*[szﬁ+lyDz+Tp7l

Finally, we note that if [f] < 1 — 5-, then —1 + 2r + 2q <t+ ﬁ <1 - ﬁ, and
_1+ﬁg;_ﬁ<1—%—$,thans,
1 1 1 1
r+ — 1__9 I —— - ’
2q 2p 2p| T 2

and thus also (2.5) holds true by Holder’s inequality for Haagerup’s L? spaces. O

One would like to extend (2.5) to the whole twisted spaces. To this end, by
Lemma 2.16 we extend the product on M, x M, — M, to a product on L.” x 4.

Definition 2.17 Define the product - : IL” x LY — IL”, for any p, ¢, r € [1, oo] with
Vp+1/g=1/r

x, )~ x-y:=L"— lim x,y,,
n—0oo

for any (x,), (y,) C Mg suchthat x = L” —lim,,_, » x, and y = LY — lim,,_, o0 5.

Remark 2.18 This product is well-defined thanks to Lemma 2.16. In fact, it is straight-
forward to check that x, y, is a Cauchy sequence in " and that furthermore the limit
does not depend on the sequences (x,), (v,) C M,.

Proposition 2.19 We have:

i. Let p,q,r € [1,00] such that 1/p + 1/q = 1/r. Then, for any x € L” (M) and
y € LI(M), x - y € L" (M) and Hélder’s inequality holds true

-yl < lxllee lyliee - (2.6)

ii. LP(M) € LIM) forany 1 < q < p < o0 and ||x|e < |x|lLr for any
x € LP(M).

Proof The first claim is a direct consequence of Lemma 2.16 and Definition 2.17. The

1
second statement follows from (2.6) since || 1{lp.r vy = (tru(D))? = w(1) =1 for
any p € [1, oc]. O

Remark 2.20 Note that if x € (M) and y € L9(M), then their product x - y can
be made sense of as the " -limit for any 1/r > 1/p + 1/q, that is, for any x, — x
and y, — y the sequence x,y, is convergent in any such " topology. Furthermore,
the embedding map T,(p ) can actually be extended to a map from LY (M) — LP (M)
forany g > p.
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Thanks to Proposition 2.19, we can also extend the expectation w to any 7. In
fact, the following lemma holds true.

Lemma 2.21 Forany p € [1, 00] and x € IL?, the limit

w(x) = li)rréow(xn)

exists for any (x,), C Mg such that x = ILP — lim,,_, o X,, and is independent of the
sequence (Xp)p.

Proof We have |w(x;) — @ (xp)| < [[Xn — Xmll1 < llxn — xm”]Ll < llxn = XmllLe,
where in the last step we used Proposition 2.19, so that w(x,) is a Cauchy sequence
and thus converges. If (y,), C M, is another sequence such that y, — x in the L
topology, then |w (x;,) — @ (yn)| < x4 — YullLr, so that the limit does not depend on
the sequence. O

Remark 2.22 1t is possible to consider some generalisation of the norm in Defini-
tion 2.15: instead of taking the sup norm, with respect to the ¢ variable, we can
introduce for ¢, p € [1, oo]

1-5 q
1l () = ( / 1 ||Tﬁ”><x>||‘zw>dr) :

2p

The norm || - ”JL,’; (M.w) 8lVes rise to a Banach space analogous to LP (M, w), but in

this case the map Tt(p )is not usually well-defined on IL,I; (M, w) (but in some sense

this is the case for almost every ¢ € [—1 + ﬁ, 11— ﬁ]). For such spaces, the product
enjoys a Holder inequality and extends continuously to a mapping - : Lg (M, w) x
LY (M. w) — L?,(M, ). providedthat 1/p" = 1/p+1/p and 1/¢" = 1/q+1/q’"

2.4 Conditional expectation and L processes

It is a well-known result by Takesaki [54] that for any vN subalgebra N'C M that is
invariant under the modular automorphism group, that is, o, (N) = ANVt € R, there
exists a conditional expectation wy : M — A and it satisfies

WowWN=w, 01 0O WN = WA O O;. 2.7

One can extend the conditional expectation to a positive contractive projection from
LP (M) to LP(N) such that wpn(xyz) = xwp(y)z forany x, z € Nand y € LP (M),
see [28]. This is a general result that can be applied to any completely positive
contraction and is also relevant for proving hypercontractivity for suitable random
variables. See [29] for a general construction of such extensions and [36] for its
application to the proof of hypercontractivity within the g-deformed Araki—Woods
factors, that is, algebras interpolating between the Araki—Wyss and the Araki—Woods
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ones as the deformation parameter g goes from — 1 to 1.* For the sake of completeness,
we report these results here. Let P : M — A be a completely positive contraction

that is also state preserving (that is, w o P = w). Since M D7 is dense in L”, one can
introduce the densely-defined operators, for p € [1, co)

1 1 1 1
PP MD? - ND?  xD? +— P(x)D7. (2.8)

which extend to a contraction on L? (M), see [29, Section 7] for the proof.
One can apply this result to the extension of the conditional expectation to

1 1
Haagerup’s and to the twisted L? spaces. On D% M D? " one can define
1 1 1 1
P (Dﬂ“wﬂ") = D T op(x) DT, 2.9)

Since wy maps M, into the entire elements A,, which can be seen from (2.7), one

sees that because of Lemma 2.2 and the state preserving property (2.7) a)/(\’;) does not
depend on the parameter t, which was omitted from the notation on purpose. One can
extend the map in (2.9) to the L? spaces and prove that such a map satisfies the usual
properties [28].

Proposition 2.23 The map a)(p ) extends to a contractive projection, still denoted by
(p ) , from LP (M) to L? (./\/) Furthermore, the following properties hold true:

i. Let p € [1 o0]. Then, Vx € LP(M) (w(p)(x))* = (p)(x*) and x > 0 =
(P)(x)
ii. Let p € [2, oo] Then, Vx € LP(M) (0 () o (x) < 0P (x*).

iii. Letp,q,r € [1,00]suchthat1/p+1/q+1/r < 1. Then, wj(\’;)(yxz) = yw/(\’;)(x)z
forany x € LP(M), y € LY(N) and z € L"(N).

Remark 2.24 Tn particular, since 7,7 (wp(x)) = a)/(\’/’)(T,(p )(x)) forx € M, this result
allows us to extend the conditional expectation to the IL” spaces as well, extension
which we shall denote by ws with abuse of notation, that is, if x € I.”

wn(x) = LP —lim on(x,),
n
for any x, — x in the IL? topology. It follows that, see Remark 2.20,
17 (n(x) = o (17 () x el q>p.

Remark 2.25 Note the following duality relation, for x € L”(M) and y € L9(M)
with1/p+1/g =1

ra(yo (1) = @\ (y)x), (2.10)

4 In Sect. 4 we will introduce Grassmann random variables within the Araki—Wyss factors.
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1
which is a consequence of the tower property and the density of M,D? in L?(M).
In fact, we have

1

1 1 1
try (Dgaa)%) (bDF)> = w(awn(b)) = w(wpn(a)b) = try (a)/(\q/) (Dga) bDP) ,
from which (2.10) is obtained by continuity.

More generally, we will consider filtrations of VN subalgebras (M), invariant
under the modular automorphism. In this case, it is useful to introduce the following
nomenclature.

Definition 2.26 (Filtered modular space). The triple (M, @, (M;);er, ) consisting of
a vNa M, a modular state w and a filtration of vNa’s M; such that U,€R+ M; is
w*-dense in M is a filtered modular space if M, are invariant under the modular
group. In such a case, denote by w; : M — M, the conditional expectation and its
extension to L (M) by o’ ),

In a filtered modular space, one can define adapted processes and martingales in
the usual way. Of course, thanks to Proposition 2.23 this definition extends naturally
to the L? and IL? spaces, the former including M as a special case.

Definition 2.27 Let (M, w, (M,);cRr. ) be a filtered modular space. We say that (x;),
is an LP? process if x; € L? (M), that is an adapted L? process if x, € LP(M,) for
any r € Ry and that it is an L? martingale if additionally a)ﬁp ) (x¢) = xg forany s < t.
An LP process is bounded if sup;eg, lIx¢llp < o0. An L? martingale is finite if there
exists #o such that x, = x;, for any ¢ > 1.

Remark 2.28 The same definitions hold in the case of processes valued in M, or in
IL? with the obvious substitutions.

We can also introduce the notion of independent-increment process, which will
play an important role in Sect. 3.

Definition 2.29 (Independentincrement process) Let X : Ry xh — M be astochastic
process on (M, w, (M;),;) indexed by hh. We say that X has independent increments
if for any s <t € R4, for any k € N and for any f1, ..., fx € h we have

ws (X (f1) — Xs(f1) - (Xe (fi) — X5(f)
=w((X:(f1) = X;(f1) - (X (fi) — X5 ().

One can also introduce the notion of independent subalgebras of M.

Definition 2.30 Let (M, w) be a modular space and let Ay, Ay C M be two subal-
gebras. We say that A;, A are two independent algebras if for any a; € Ay, a2 € A
we have

w(a1az) = w(aa1) = w(a)w(ay). 2.11)
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Remark 2.31 A consequence of Definition 2.29 and the tower property for the condi-
tional expectation, is that if the process X; has independent increments then, forany s <
1, the algebra M and the algebra span {(X;(f1) — Xs(f1) -+ (X: (i) — Xs(fi),
k € Nand fi, ..., fi € b} are independent in the sense of Definition 2.30.

If (t,)n>0 C Ry is an unbounded set, having no accumulation point, such that
0 =1y < - - <t,, with abuse of notation, we will denote by (M,),cn, the filtration
of vNa’s (M, )nen,. We can then introduce simple adapted processes in LP: F is an
L? simple adapted process if there exists an unbounded set (#,),>0 C R4 as before,
such that

Fi=> F A0,  F, € LP(M,). (2.12)
n>0

Let us conclude this section by recalling the following fact about bounded L? martin-
gales with respect to a discrete filtration (M,,),enN,-

Lemma2.32 If p € (1, 00) any bounded LP martingales x = (x,)neN, has a limit
Xoo in LP and x, = wp(Xoo).

This is a general fact due to the uniform convexity of the L? spaces (Proposi-
tion 2.12), see, e.g., [46, Remark 1.3] for the tracial setting and [28] for the non-tracial
one. We provide a sketch of the proof for the reader’s convenience.

Proof Since x = (x,), is bounded in L? it has a weakly convergent subsequence in
L?, x,,—X, for which x,, = a),(Lp)(X) holds for any n € N. Let us now assume that
there is another subsequence x,,, =Y, with Y # X. Without loss of generality we may
assume || X||, = 1 and ||Y]|, < 1. By uniform convexity, we have that there exists

8 > O such that ||(X + Y)/2||, < 1 — 4. Then for all n > 0, by Proposition 2.23

X+Y
(3)
2

On the other hand, by duality we have weak lower semicontinuity

”X+Y
» 2

<1-6.

”xn”p = ‘
P

I=1Xllp < liminf flx,, ||, < 1-8

which is a contradiction, therefore X = Y, that is, the weak limit is unique. We also
have

lim sup [|lx, 1, < 1 X1lp,
n

% . Thus,

p
— 1 and by uniform convexity ||x, — X[, — 0. O
P

and again by the weak lower semicontinuity 1 = || X||, < liminf,

X+x,
2
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Remark2 33 Conversely, note that if xoo € LP, 1 < p < oo then x = (x,), with

Xp = wp )(xoo) defines a bounded L” martingale and x,, — x in the L? topology.
Thus, can identify a bounded L” martingale with xo, and viceversa.

2.5 Martingale inequalities

Martingale inequalities play a crucial role in defining the It6 integral for a sufficiently
large class of integrands, see Sect. 3. In the tracial setting, they have been established
in [46] and applied to the construction of the [t6—Clifford integral for suitable L”
processes, extended the seminal result in L? [9]. Because non-trivial Grassmann
martingales cannot be represented in the tracial setting, one has to resort to martingale
inequalities in Haagerup’s L” spaces, which were established in [28]. Below, we
recall these results and adapt some of the details to the twisted IL” setting.

Let (M, w, (M,),en,) be afiltered modular space, see Definition 2.26, and denote

by a)(p ) the extension of the conditional expectation w, to the spaces L?(M). We

shall now introduce some Hardy spaces of non-commutative martingales as follows.
Consider finite sequences x := (x,),>0 C L” (M), with the topologies [28, 46]

1/2 1/2
ellzoosey = || D 1l Il e = || 0l () :
n=0 n=0
p
1/2 172
Il pasery = ||| D il Xl e = ol :
n=0 n>0
p P
(2.13)
with the identification w(p ) — ) To be precise, in the case of L” (M; £2) for
0 p ’ cond g}

L .
1 < p < 2 one should consider finite sequences in M, D7, since the extension
theorem for the conditional expectation does not hold for those values of p. The
quantities in (2.13) define a norm on the space of finite sequences in L? (M) (or

M, DP if needed) for any p > 1, see [27, 28]. Additionally, consider the space
£LP (LP(M)) of sequences x = (xp), in L” (M) such that

Ixllerrvy = [ D lxallh | < oo
n=0
Define the difference sequence 8x := (8x,),>0 with §x, = x, — x,_1, where

x_1 = 0. For any finite L? martingale introduce the norms

”x”'}-{é’(/\/() = ”(S-x”LP(_/\/[’Zg)s ”x”h? = st”Lfona(M"f%)’ gt=c,r, 2.14)
Ixllp = N18xler e r)- '
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The closure of the space of finite L” martingales under the norms in (2.14) are denoted
respectively by Hé’ M), hf (M) and hs (M). The Hardy spaces of non-commutative
martingales are then defined as follows.

Definition 2.34 (Hardy spaces). For p € [1, 2) set

HP (M) 1= "HE (M) + H (M), hP? (M) = hjj(M) + h¢ (M) + by (M)
with norms
inf

X = X¢ + Xr

xe € HE (M),  xr € HE (M)

Y IVE (ellygp pgy + 15 lygp )

”x”hP(M) : inf (”xr ”hfl)(M) + HxC”hf(M) + ||xr ”hf)(M))

X =xq + Xc+ X
xqg € hiM), yehf M), zenf M)

For p € [2, 00) set
HP (M) 1= HE (M) N HE (M), h? (M) := h5 (M) N RE (M) N hE (M)
with norms
Ielizer oy = max el gy Ixllarv = max 2l ).

The next theorem extends the Burkholder—-Gundy and Burkholder inequalities to
the non-commutative setting of Haagerup’s L? spaces, see [28].

Theorem 2.35 (Junge—Xu, 2003). Let (M, w, (My,),) be a filtered modular space.
Let 1 < p < oo and let x = (x;)n>0 be an LP-martingale. Then, x is bounded iff

x € HP(M) and iff x € h? (M). In this case, there exist constants ap, B, 8p, 1p > 1
such that

@ Xl vy < Ixlp < Bpllxllage (s (2.15)
P

5;1||x||hv(/v1) < xllp < mpllxllae iy, (2.16)
where the quantity in the middle identifies x = xoo € LP(M).

In particular, bearing in mind the identification x = x, for bounded martingales,
see Remark 2.33, one has the following corollary.

Corollary 2.36 For any p € (1,00) we have LP (M) = HP (M) = hP (M) with
equivalent norms.

Stein’s inequality [28] is a further corollary of Theorem 2.35.
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Corollary 2.37 Let (M, w, (M,),) be a filtered modular space and let p € (1, 00).
On finite sequences x = (x,), C L? (M) define the map Q(x) = (a),(,p)(xn))n. Then,
there exists a constant 6, > 1 such that

”Q(x)”]qp(/\/(,gg) < ep”x”Lp(M,g%), f=c,r

that is Q extends to a bounded projection on LP (M, Zé)for f=c,r.

For constructing the It integral, some further spaces of adapted processes are
needed. We denote by S:d the linear space of all L? simple adapted processes and by
Sad the simple adapted processes taking values in M. Following [46], we introduce
the following norms on Sfd

1

1
t 2 t 2
1 ez o = H( f |Fs|2ds> H o IF g ouy = H( /0 |F;*|2ds)
0
r

From these norms, one can introduce Hardy spaces as was done in the discrete setting,
see Definition 2.34 and details in [46, Section 4]. For applications to the twisted
setting, we consider instead the following twisted Hardy spaces.

14
(2.17)

Definition 2.38 For § = ¢, r let Hf ([0, £]) be the completion of S, with respect to
the twisted norms

IFllgr qorp = sup 1T (F) e go.0p)-
f ’ 1 tt ’
ltI<1-7;
For p € [2, o0) set
HP ([0, £]) := HE ([0, e]) NHE (0, ¢, |- N o, = max || - g o.r)-

and let H”

loc

HP ([0, t]).

(R4+) denote the space of processes on R whose restriction to [0, ¢] is in

In the rest of this section, we prove the density of S,q in HI” . Whereas such a property
holds by construction in Hé’ for i = ¢, r, this is not a priori true for H” because of the
intersection topology. As shown in [46] in the tracial setting, it is straightforward to
project any element of H{;C (R4) onto an approximating sequence in Syq. To this end,
one introduces the following bounded projections.

Lemma2.39 Let o = (t;) ;>0 be a subdivision of Ry with tg = 0. On Syq let

1 Ikt 1
(Qox)(t) := —/ wr(x(s))ds, g <t < tgg1. (2.18)
Tk1 — Ik Jyy
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Then, for any p € [2,00),t > 0and § = c,r Q4 extends to a bounded projection on
HY ([0, 11).

Proof The proof is an application of Stein’s inequality in Theorem 2.37, see [46,
Lemma 4.2] for details, and the following operator inequality for a family of bounded
operators (a;) and the finite sequence (r;) C Ry, >~ iri= 1

2

Y riaj| <Y orjlajl, (2.19)

J J

which is a consequence of convexity. The proof of [46] for the tracial case carries
over: for fixed T and x € S,q we have

1
||Tr(p)(Qox)||Hf([o,,]) = H (f()t |T‘L’(p)(Qg'-x)|2dS>2

P 1

) H (Zk Z gyt 61 = DI @ x5 )

. p

(Z4 Sy G = s)IT x5 )R)

= 017" @) g2 0.1

<6,

p

where the second line follows by (2.19) with r; = (sj+1 — s;)/(tx+1 — #) and the
definition of Q,, whereas the third line by Stein’s inequality. O

One can also prove that, for any x € Hg 1oc (R), by choosing o — 0, in the sense
that sup; (tj41 — ;) — 0,

Iim Qysx = x,
o—0

in Hé’ ([0, t]),fort = ¢, r andforany ¢ > 0.In other words, one can produce an approx-
imating sequence in S,q starting from Hé’ ([0, t]). If x € HP ([0, ¢]) the approximating
sequence converges in both {Hf ([0, 1) }4=c.» and thus in the H” ([0, ¢]) topology. We
emphasize this result in the following corollary.

Corollary 2.40 Forany p € [2, 00) and t > 0 Syq([0, t]) is dense in HP ([0, t]).

3 Ito integration in the twisted LP spaces

It6 integration in the tracial setting has been constructed for Clifford random variables
in [9, 11, 12, 46]. In this section, we describe a general theory of integration with
respect to IL” martingales under some mild assumptions on the martingale. Unlike
the case of Clifford random variables, we deal with martingales whose square is not
simply a multiple of the identity, property which was crucially used in the former
works to compute the quadratic variation of Clifford martingales.
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3.1 Scalar It6 integral

We begin by considering the integration of an IL” simple adapted process against an
LY martingale.

Definition 3.1 (It6 integral). Let ¢, p € [1, oo] such that 1/p + 1/q < 1. Let F; be
a simple adapted process in IL” as defined in (2.12) and let X, be an IL¢ martingale;
letting X ; := X; — X fors < ¢, the It6 integral of F' with respect to X is the process
Y=

¢ k
Y, = / Fs-dX = Z sz : th,thAty (3.1
0 -
j=0

where k is such that ¢ € [fx, t+1) and where the product between elements of the
twisted spaces was given in Definition 2.17.

Remark 3.2 The It6 integral defines an IL” martingale, with 1/r = 1/p + 1/q.

In the rest of this section, we will extend the It0 integral to a larger class of adapted
process. Note that in Definition 3.1 we could consider the integration of an L” simple
adapted process against an L9 martingale. However, one cannot extend the definition
to more general L? adapted processes unless the martingale is analytic, stressing once
more the relevance of the twisted IL? spaces.

As awarm up, we consider I valued processes and integration against a martingale
in M,. We introduce the following subspace of HP ([0, ¢]), see Definition 2.38, for
p €[2,00)

1
"” (0. 1)) = {F € HP ([0, 1]) | / IFyl2pds < oo} . (3.2)
0
That this is indeed a subspace follows from the fact that for any F € Syq

I Fl sup (|77 (F)|12 sup ‘

HL(0.0])

t
/ TP (Fy)*|*ds
0

2 _
HE([0,6]) —
i lrI<1- 55 <-4 p

1t
< [1ER,
0
(p) i (p) (p) * :
where we used the shorthand 77" (Fy)* for 17" (Fy) or 1" (Fy)* depending on

whether f = cort =r.

Proposition 3.3 Let F be an L? simple adapted process, let X = (X;); be an M,
martingale with independent increments, see Definition 2.29, such that, for any 0 <
s <t

os([X5 [ Xsilr) = (t —8)c, s VOSs <1, Vrr'eR, (3.3)
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for some constant c!. ,. Let Y; denote the Ito integral as in Definition 3.1. Then, for

any |t] < % there is a constant c; (independent of F) such that
2 2 ! 2 2
1T X)I5 = e / 1T, (F)15dr. (34
0
~2
In particular, the Ité integral extends to a map from H ([0, t]) to C O([O, t]; ILZ) and

t
2 2
%02, < fo IF 12 ds.

Remark 3.4 In Definition 4.13 will see examples of martingales that satisfy (3.3),
compare with Lemma 4.15.

Proof We fix t € R and the set (¢;) ;>0 C R4, we let k be such that t € [, tx41)
and set 7; = 1; At for j = 0,..., k. We also abridge our notation by introducing
Fj=F; and§X; = X; | — X;.For Fj € My N M, we have by the definition of
Haagerup’s trace

ITP (¥} = va (T2 HTP (V) = oY Y]y,

where we set s = % + 2t. Then, by the modular property we can write
ITPW)I5 =) wGXFFFIFj8X 1) =Y o(FfIFy18X 1[8X11).
isJ’ i
If j/ > j, then we have
o (FF[Fyls[8X ps[8X511) = o(F}[Fylswp (8X 718X 1) = 0,

since the conditional expectation is state preserving, see (2.7), and since X is an M,
martingale. Similarly, is the expectation vanishing if j < j’. Therefore, by assump-
tion (3.3)

ITP D13 =Y w(FIF;1)w;(GX58X,15) = chy Y ITP (FpI3st;. (3.5)
7 j

so that, by continuity, this holds true for any L% valued simple adapted F, proving
the claim (3.4). Since c(’)’ s 18 locally bounded, we can take the sup over T we obtain

1Y: ||]i2 < fot | Fs ||H2‘2ds for any F € Syq. The conclusion follows by the density of S,q
)
in H ([0, t]), see Lemma 2.40. O

To extend this result to the general case of integration of an IL.” adapted process
against an LY martingale, we shall now resort to martingale inequalities, see Theo-
rem 2.35. The following is the main result of this section.
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Theorem 3.5 Let p,q,r € (2,00] with 1/r > 1/p + 1/q. Let X = (X;); be an 1.4
martingale with independent increments and such that

IXsille S =52, YO<s<t. (3.6)

Then, the Ito integral extends to a map F +— Y. = fo Fs - dX; from H{;C(Rg to
CO(R,, L") and

1Yl < I1F lme o,e)- (3.7

Remark 3.6 Note once more that (3.6) is satisfied by the martingales introduced in
Definition 4.13, see Lemma 4.15.

Proof For the sake of brevity, we denote by M ; = /\/lt_/. and write F; := Fi, Xj =
X;j, (SXj = Xj-H — Xj and 8Yj = Fj_l ~5Xj_1 fOl"j > 1 and 5Y0 := 0. The
martingale property follows by directinspection, since F; is adapted and a);?) (8 X j) =
0,V < j,being X, a martingale.

To prove (3.7), we control the norm || Tr(r) (Yy) |l at fixed T by means of Burkholder’s
inequality (2.16). Thus, we shall bound the norms || - ||z, || - [|»- and | - ||hj,- First of
all, we consider F;, X; € M, N M and note that

TGP = D T 8X; FFIF8X 11 5, D7,

(3)

Thus, by definition of @ ; and by the properties of w;

r L_ 3
DT (Y0 = DF "0 (X7 F [F13Xf]%+2r> D
. 3
= D> Tw;j F;[Fj3Xj]}+21[5X7]l> D *T

= 1" (Fj)lPw; <3X;[5Xj]}+2r g

where we used that F, FJ’.‘ € M; and that w; ((SX;[SXj]1+2T> € C, X having
independent increments. The latter property also implies

) D%+t

+2t

r

”w}”(|T§”(aX,-)|2>

= HD%*’a)j <8X7[8Xj]%
2

= ’wj <5x7[5xj]%+21)

Accordingly, forany |7] < 1 — %, by Proposition 2.23 and by Holder’s inequality we
have, recalling that r < ¢

0 (8X518X,11 45 )| < T GXNIE < 16X,
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Since by Proposition 223 ') (I (87 41)[) > 0, we obtain

S o POV 0P < ST EDPISX 12, (3.38)

j=0 j=0

which can be extended by continuity to X ; € 9. All in all, by assumption (3.6) we
have

2
(%) 2 2 1 §2) 1
ij? (TP @Y S Y T FPst; =Da | THT 8t; | Du
>0 j=0 j=0 !
We observe that
1
2 0\ 2 2
: (» An:l _ » _ :
D (Y |1, sty | De ) =1 20|, stj| D,
j=0 i>0
and thus, since |||x|||, = ||x||-, by Holder’s inequality we have
1
Q) Di 0
T @)l S | D7 X0 |T ar,» Di
,
1
= T(”) 8t, D4
T+
< ( j>=0 +2 81‘])
q
3.9
We observe that if 7| < 1 — 217’ clearly ’1’ + ﬁ‘ <1- 21—r + % =1- ﬁ,henoe
1
T () |T<P)(F )Pd = || Fllgy
sup T (YD)llpr < su s HE ([0,¢1)°
lT1<1-% |r\<1—2—p »
and similarly for the || - ||;r norm. We control the diagonal Hardy norm by using

. . . . 1
Holder’s inequality for the twisted spaces and the monotonicity of x +— xr and
x> x" forx e Ry,
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1 1 1

r r

sup [ Y HIsY;l | < | D Gsup syl | o= [ Do svils
T . . T .
J J J

1
-

r
Y IF 87 |
J

A

which can be made as small as desirable for r > 2. Thus, the 4?7 norm is dominated
by the contribution hé’ for § = ¢, r, and the claim follows by Burkholder’s inequality

1Yl Sp max  sup 1TVl S max | Fllge o,y = I F llse o,
= <-4 Lo o

By Lemma 2.40, S,q is dense in H” hence (3.1) extends by continuity to any F €
HP ([0, ). o

Remark 3.7 1t is possible to modify the hypotheses of Theorem 3.5, in such a way to
consider processes X satisfying inequality (3.6) without having independent incre-

ments. Indeed, if we consider a martingale X such that || X |l < (f — s)% and
F e ]ﬁlﬁ,c, for some p € (2, o], see (3.2), then ¥; = fot Fy - dXj is well-defined and,
forevery r € (2, pl, |Vl < ||F||Hp([0 e Under the described hypotheses, for any

simple process F € Iﬁlf;c, we get

S o106y 0P| S S IF s,

j=0 L J=0

where we used the fact that ij ((SX’; [5Xj]%+21)

|, <18X,12x S 81

3.2 Multidimensional It6 integral

We shall now consider martingales and adapted processes indexed by a Hilbert space
b with conjugation ®. We begin with the following definition.

Definition 3.8 Let p € [, c0]. We say that F is a simple adapted process in L”
indexed by the Hilbert space h if F : Ry x h — L? such that for any # € R, the
map v — F;(v), v € b, is linear, and for any v € 0, the process ¢ > F;(v) is simple
and adapted. Furthermore, we say that F is an L? finite-dimensional simple adapted
process, if furthermore there exists a set {vy, ..., vk} C h such that F;(v) = O for
any v € spanf{vy, ..., vk}J-.

For finite-dimensional simple adapted processes the multidimensional Itd integral
is the following generalisation of Definition 3.1.
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Definition 3.9 Let ¢, p € [1, 00] such that 1/p + 1/q < 1. Let F be an LL? finite-
dimensional simple adapted process and X = (X;); an LY martingale, both indexed
by the Hilbert space h. The multidimensional Itd integral of F with respect to X is the
process ¥ = (Y;);

Y,:/ (Fy, dX;) Z/ Fy(vg) - d X, (vg),

where {vy}qen 1s any orthonormal real basis wrt the conjugation ® and where the
r.h.s. is the scalar It6 integral of Definition 3.1.

Remark 3.10 Note that Y does not depend on the choice of the orthonormal real basis
{vataen.

Notation3.11 Let A : h — b be a bounded linear operator and F : h — L7,
H : b — 19, for some q, p > 2, be some linear (or anti-linear) maps. We set

Tra(F @ H) := ) (Avy, vg)y F (ve) - H(vp)
a.f

where {vy }qeN is some orthonormal real basis of b wrt the conjugation ©, whenever
the series is absolutely convergent in 1", 1/r = 1/p + 1/q, in which case it does not
depend on the choice of the real orthonormal basis {v,,}.

Remark 3.12 When A > 0 commutes with ©, tllere is A such Ehat A% = A and for
any orthonormal (real) basis {vy } of h we have (Avy, vg)y = (Avg, vg)p € R and as
a series of positive operators

Tra(F*® F) = ) |F(A@wa) . (3.10)

For this reason it is appealing to introduce the notation
|F|% :=Tra(F*® F).

As long as F is finite-dimensional, the It integral can be extended as was done
in the previous section to processes such that F(v,) € HP ([0, ¢]) for « in a finite
set. Otherwise, we introduce a finer topology in the following way. We let Syq(h)
denote the linear space of finite-dimensional simple adapted processes indexed by the
Hilbert space h and taking value in M,. On S,q(h) we introduce the norms, compare
with (2.17)

1

t 2
IE N34z 10,01, *= H </(; |Fs|3xds>

1

1 2
S Y H (/0 |Fs*|%4ds>
P

(3.11)

p
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We then introduce the following extension of the twisted Hardy spaces of Defini-
tion 2.38.

Definition 3.13 Let h) be a separable Hilbert space with conjugation ®. Let A > 0 be
a bounded linear operator on fj commuting with ®. For § = ¢, r let Hﬁ’j([o, t]) be
the completion of S,q(h) with respect to the twisted norms

1Pl oy = sup NTP (D)l go.pea-

NS
For p € [2, o0) set

HU (10, 1)) o= HY (0. 1) NEL, (101D, - g o gy = max - st g0

and let Hf;,loc (R4) denote the space of processes on R whose restriction to [0, ¢] is
in ]HIZ([O, t]).

Remark 3.14 1t is important to note that S,q is dense also in H’; and this is a simple
generalisation of Corollary 2.40. In fact, it suffices to observe that (2.19), which was
used in the proof of Stein’s inequality, holds for | - |4 as well: by (3.10), we have

2

2
erFj =Z Zr,Fj(Ava) <erjwj(fiua)ﬁ=er|F,|i.
j ' a j

A S

We also introduce the following subspace of Hi([O, t]), compare with (3.2)

~ 1
Hh@¢b:{FeHﬂ&ﬂ»ﬁMﬂMﬁﬂs<w}

We consider integration of an IL” adapted process for p > 2 against a M, martin-
gale. In comparison with Proposition 3.3, note that we consider more general adapted
processes, as was done in Theorem 3.5, albeit we still have some strong assumption
on the martingale.

Theorem 3.15 Let h) be a separable Hilbert space with conjugation ®. Let X = (X;);
be an M, martingale indexed by Y such that

o (X (DX (@) = ¢ =), (f Ag)y.  YO<s<t, Vf.geh Vrr'eR,
(3.12)

for some constant c|. , and some A > 0 commuting with ©. Then, the Ito integral

extends to amap F > Y. = [(Fy, dX,) from Hi([o, t1) to C°([0, t1; L?) and

t
2 2
nmws/mmmmm
0
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Assume furthermore that |[Xs (O Srp |t — s|Y2. Then, the It6 integral extends

toamap F — Y. = fo'(FS, dX;) from HZJOC(I&_) to CO(Ry; LP) for p € (2, 0]
and

IYellie Sp IF gz o,y

Proof In the case of p = 2 the proof of Proposition 3.3 carries over and one obtains

ITP DG = X X p @ (FF W) [Fi(0p)])0; (5X 5 (wa) [8X  (vp)]s)
= e X Loy (T (F (0u))* T2 (Fj (09)))81 (v, Avg)y
= ¢, X TP (FpRlist;.,

in place of (3.5), hence the claim. The case p € (2, oo] is an adaptation of the proof
of Theorem 3.5. Following the said proof, we obtain the identity

P
o) VTP GY40) = Loy T (Fy ) T (Fy o) (8,008, 0p)]1 1, )
= co’%+2I|T,(p)(Fj)|1243tj

compare with (3.8). Thus, instead of (3.9) we obtain the estimate

1

2

TP @l S (| Do ITPFEpGe | |

j=0
P
and likewise for the || - ”h,‘.’ norm. To control the diagonal Hardy norm, we use the
additional assumption [[[ X, ()1l <. r |t — s|'/? and obtain

J

1
P P
P
sup [ Y lsviln | <D <§ Coz”Fj(Ua)”]LP> sti ] .
T .
J o

which for p > 2 and finite-dimensional processes can be made arbitrary small by
making the partition of [0, ¢] finer. The conclusion holds by the density of Syq in HZ,
see Remark 3.14. O

Remark 3.16 If one requires weaker assumptions, e.g.
1
X0 (Plls S ¢ =)2NA2fllg,  YO<s <1, Vfeh, — (3.13)

then one can obtain the result of Theorem 3.15 provided that the topology on Sfd is
modified in a base-dependent way. Indeed, if we suppose that F' € Hﬁ is such that
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there is a basis {vy} of h for which, for any r € Ry and for F # — F, F*, we have

/;

then the integral Y, = fot (Fy, dXy) is well-defined. Indeed, for any F € S,q, we get

1
2 2

> FEwo)llA vy | ds < 0, (3.14)
o

L

o T 6Y 0P = Lo T Fy o) T (0o (35X 10X 0p)1 )

2
< 817 | Zo T (Fj e 1A vl

)

from which one can conclude along the lines of the proof of Theorem 3.15.

4 Grassmann random variables
4.1 Araki-Wyss factors

While the tracial setting is not suitable for hosting non-trivial Grassmann martingales,
see discussion in the Introduction, the Araki—Wyss factors [6, 24] represent a conve-
nient modular setting that serves our purposes. We introduce Araki—Wyss factors in the
GNS representation associated with a quasi-free gauge invariant state characterised
by an operator 0 < o < 1.

Definition 4.1 (Araki—Wyss factors). Let H be a complex separable Hilbert space with
conjugation © (that is, © is anti-unitary and ® = 1). Let 0 < o < 1 be an operator
acting on ‘H such that @p® = p. Let I'_(H @ H) be the antisymmetric Fock space
associated with H @ H and let a*, a denote the creation and annihilation operators on
it. Set

Yolf) i=alef ®0)+a*0®0 '0f), feH,

and

A(H, 0) = {yo (NI f € H}".

Remark 4.2 One could more generally introduce the g-deformed Araki—Woods factors
by considering g-Fock spaces instead, but this is beyond the scope of this paper.

Note that this definition of A(H, ¢) makes the isomorphism with the Baby Fock
models used in [36, 41] evident, with the choice I = Zg, and (,u;l) jeN equal to the
spectrum of p. This is particularly convenient, as the results of [36] on hypercontrac-
tivity carry over more easily, see Sect. 4.3.

We could equivalently work with the representation introduced by Shlyakht-
enko [50], see also [23] for the g-deformation. The following isomorphism holds.
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Proposition 4.3 In the same setting of Definition 4.1, A(H, 0) = I'_1 (HRg, (U,(Q)),),
where Ty is the q-deformed Araki-Woods factor introduced in 23], where HR is the

real Hilbert space such that 'H is its complexification and where U,(Q) is the following
orthogonal transformation

U@ . cos(tlog Q4)1HIR — sin(t log Q4)1HR @
ro sin(tlog0*) 13, cos(tlogo) 1y, |- ‘

Remark 4.4 Note that orthogonal transformations of the type in (4.1) are already con-
sidered in [23, 41].

The operators y,’s satisfy the following anticommutation relations

Do) @) =0, (N ve@)=(g. @+ ) f)n. Vf.geH,
4.2)

where {-, -} denotes the anticommutator. One can check that the Fock vacuum w(-) :=
(€2, - 2) is a gauge-invariant quasi-free state (see, e.g., [8, Example 5.2.18]) and that

oVF M@ = (8.0 n.  oW@ri()) = (g0 fln. (43)

For convenience, we set K = H & H, let © be the conjugation on KC such that
O(f ® g) = ©g @ O f and define the linear operators g, : K — A(H, 0)

Bo(f & f) == yi ')+ ¥(®af)

. 44
= (B +a( @@ 0 DO @ F)), @4

which likewise generate A(H, o), that is, A(H,0) = {Bo(f)|If € K}". For any
f, g € K we have

o (Bo(f)Bo() = (Of, (@® @0 Ne)k. w(BE(f)Bo(8) = (f. 8. (4.5)

We then introduce Wick’s polynomials.

Definition 4.5 Wick’s Polynomials in the f,’s are defined recursively by setting

[Bo(H)] := Bo(f) forany f € Kand for f, f1,... f, €K

[Bo(F)Bo(fD) -+ Bo(fu) T:= Bo(H)[Bo(f1) - Bo(fi)]
+ ) (S oBo(HBAINB(f1) - BT+ Bo(f)]-

j=l1
Furthermore, for any F = fi A--- A f, € K™, n € N, we set Bo(F) =

Bo(f1) - Bo(fn) together with a*(F) := a*(f1)---a*(f,) and extend this by lin-
earity to polynomials in I'_ (K). By straightforward computations, one can prove that
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for any F polynomial in I'_ (K)
[Bo(F)]Q2 = a™(F)<, (4.6)

so that € is cyclic for A(H, o). As a simple consequence of (4.6), we can show that
€ is modular for A(H, o) and thus (A(H, o), w) is in its GNS representation. To this
end, one argues as follows. Consider the vNa

AH, 0) :={ale™ f®0) —a*(0® 0O f)|f € H}.

Then, A(H, o) is in the commutant of A(H, o), that is, A(H, 0) C A(H, o). We
have proved that €2 is cyclic for A(H, o) and likewise one can prove that €2 is cyclic for
A(H, o). Accordingly, €2 is cyclic also for A(H, ¢)" and thus separating for A(H, o),
that is, 2 is modular for the latter.

From (4.6) one can also deduce the identity

o ([Bo(F)]*[Bo(G)]) = (F, G)r_(x).- 4.7

Since 2 is modular, one can compute the modular automorphism group and obtain
the explicit formulas, compare with [23]:

A=T@*@0Y, aBo(f) =B @Y f), Vfek, 48

where for any bounded operator B : K — K, I'(B) denotes the operator such that
I'B)f1®---®f, = Bfi®---®Bf,. The simplest way to compute A is by inspection
of (4.5): in fact since w is modular we have

(02 ®0MOg, flic = @(Bo()Bo(8) = @(Bo()a—i(Bo(f)))
= ((*® 07 Og, f)k,

so that f/ = (0™* @ 0% f and by the cyclic property obtain the expression for
01 (Bo(f)).

We conclude this section with the following classification result, which is a corollary
of [23, Theorem 3.1].

Corollary 4.6 Let G be the closed multiplicative subgroup of Ry generated by the
spectrum of 0. Then, A(H, o) is a factor of type

L, if G={MneZ xe ),
m, if G=R,.

4.2 Grassmann Brownian martingales

Let us recall the definition of Grassmann random variables, see [1, 16] for more
details.
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Definition 4.7 (Grassmann random variable). Let M be a vNa and H a complex
separable Hilbert space. A Grassmann random variable indexed by H is a linear map
Y : H — M such that

(N, v} =0, Vf.g €H.

Remark 4.8 Denote by /\ H the Grassmann algebra associated with the Hilbert space
'H, that is, the quotient of the tensor algebra @n>0 H®" by the two-sided ideal gen-
erated by {f ® f|f € H}. It is implied that a Grassmann random variable extends
to an algebra homomorphism of the Grassmann algebra A H into M, by setting
v (f Ag) =¥ (f)Y(g). Equivalently, the set of Grassmann random variables on M
indexed by H is identified with Hom (A H; M).

Given two Grassmann random variables v; and i, in general one has that
{¥1(f), ¥2(g)} # 0O, for some f,g € H, that is, the random variable ¢ indexed
by H @ H and defined by ¢(f @ g) := ¥1(f) + ¥2(g), is not a Grassmann ran-
dom variable. If this is the case, we say that the Grassmann random variables vr; and
Yo are compatible. The prototypical example of a Grassmann random variable not
anticommuting with v is the adjoint ¥ *.

A process W, is said to be Grassmann if W, : h — M and if it satisfies anticom-
mutation relations {W;(f), Ws(g)} = O for any s, f and any Vf, g € h. In a similar
way, one defines Grassmann random variables and processes valued in the IL? spaces.

If W and W' are Grassmann random variables on different modular spaces, it is
useful to be able to construct a modular space where W and W’ are represented as
independent and compatible Grassmann random variables.

Lemma4.9 Let (M, w) and (M', ') be two modular spaces and let ¥ and ¥’ be
two Grassmann random variables taking value in the analytic elements M, and
M., respectively. Suppose further that the canonical representations C, C' of (M, o)
and (M, &) respectively, admit some involutions R, R, leaving some cyclic vectors
invariant, anticommuting with C (V) and C' (V). Then, it is always possible to build a
modular space (Mo, wior) such that M < Mo and M — Mo, and oo | p = @
and wiot| py = @'. Furthermore, if we identify W and V' with their images in Mo
under the embeddings mentioned above, then ¥ and V' are independent compatible
Grassmann random variables.

Proof The proof can be found in [1, Lemma 5] in the case of C*-algebras. The case
of modular spaces, discussed in the lemma, is a straightforward generalisation. O

Remark 4.10 The hypotheses of Lemma 4.9 are satisfied by all Grassmann random
variables indexed by a finite-dimensional (or more generally countably-generated)
Hilbert space. These examples cover all the cases of Grassmann random variables
considered in the rest of the paper.

An important class of Grassmann random variables are Grassmann Brownian mar-
tingales (GBM) [1, 16].
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Definition 4.11 Let G = (G;); a family of bounded and ®-antisymmetric operators
on . A Grassmann Brownian martingale on (M, w, (M;);) indexed by h and with
covariance G is the adapted centred Gaussian Grassmann process X = (X;); with
independent increments, that is, ws ((X; — X)(f)) =0 forany s < ¢ and f € b, and
such that

(X (f)Xs(8) = (OF, Giasg)y Vs, t,Vf,g€h. 4.9)

We shall now show how non-trivial GBMs are constructed within Araki—Wyss

factors. This is basically the Osterwalder—Schrader construction [43] already imple-
mented in [1, 16], although in such cases a Fock state was used instead.

01

Let i be a complex separable Hilbert space, and let ©® = < 10

) k be a conjugation

on h := h & h, k denoting complex conjugation. We set
M= L*(Rysh), Moo= L2([0,1]: b),
and for 0 < u < 1 we introduce the vNa’s
MW = AH,, 1) € MW = AH, 1113y).
One can easily see that (Mf“ )) >0 1s a filtration of vN subalgebras of M invariant

under the modular automorphism group, see (4.8), in the sense that o (/\/lf“)) - Mﬁ“)
forany ¢ > 0 and s € R. Thus, there exists the conditional expectation e; : M™ —

(” ) , so that (M®W | @, (/\/l(”))t>o) is a filtered modular space, see Definition 2.26.

Lemma4.12 Let (G;) A be a differentiable family of bounded ©-antisymmetric opera-
tors on by. Let G, = C U; be the polar decomposition of G,, with U, unitary and let

0 < ju < L. Then, for any t > O the linear operators C;, C; : b — 'H; defined by

t t
Cf = (2 — i) f/ 8 ® CoUs fds, Cof = (w2 — p?)" ff 5 ® C,© fds,
are bounded,
2 ! 2 e 2 ! 2
IC: f I3, §u/0 ICUs fllyds, NG fll% §u/0 I1Cs® fllyds,

and furthermore

(Cs8. Cof ) = —(Ci f, Cs8)m = (WP — n2) "1 (Og, Gynr

We abridge our notation to y = y,—,1,, and introduce GBM’s as follows.
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Definition 4.13 Let (MW, o, (Mf“))t>0) be as above and, let (G;),; be a differen-
tiable family of bounded ®-antisymmetric operators on . Letting C; and C; be as in
Lemma 4.12, we define the process X; : h — Mﬁ“)

X:(f) = y*Cf) — y(Cif). (4.10)

Proposition 4.14 The process X; of Definition 4.13 is a GBM valued in Mfﬂ) N M;“),
with covariance G; and satisfies

t
X5 (O 5M/ UIC-Ur FIIF + 1C-OF 17 )dr. (4.11)

Proof That X is adapted is clear by inspection. We check anticommutation relations
by (4.2) and by Lemma 4.12

—r*C ), v C + {y € ), v* (D)
=~ + 1 Csg, Co )+ (Ci f, Csg)r) = 0.

{X: (), Xs()}

Furthermore, X, are Gaussian random variables because w is quasi-free on y’s. We
compute the covariance with the aid of (4.3) and Lemma 4.12

0K (N)X:(8) = @ * €y C8) + 0y @ NHy*Cee))
= 1 2(Csg, Co f )1 — 2 (Cif Csg)m
= (Og, Gmtf)h

Finally, (4.11) is obtained by Lemma 4.12 and by recalling that ||a(f)]l, la*(f)] <
Il f I, for any f € H. 5

An important special case of GBM is the Grassmann Brownian motion, correspond-
ing to the choice G; = tC?U with U = 1@ —1 and some bounded C > 0. In Sect. 5,
we will only consider this special case, while more general GBM’s will be used only
in Sect. 6.1. In the former case, we note the following.

Lemma 4.15 If X; is as in Definition 4.13, then forany f € h,t e R;, 7 € R

(X, (H)le = X, (f). (4.12)

Assume furthermore that G; = tC2U with [C, ©] = [C, U] = 0. Then, there exist
constants c, ,» and ¢, , depending on ju and locally bounded inr,r" € R such that,
forany f,geb t,s eRy, r,r’ eR

w([Xt(f)]r[Xs(g)]r’) = Cr,r’(s AN t)<®f’ Gg)h,

o(UXF LX) = ¢ (s ADFL Ce)y. @13

Moreover, setting Xs; = X; — Xs we have || X5 :(f)llLr Spp It — s|%||Cf||bf0r
any p € [1, oo].
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Proof The action of the automorphism group on = By=.1,, see (4.4) and (4.8)
is simply o;(B(f)) = u~*B(f), hence its analytical continuation is [8(f)]; =

_4’,3(]‘) We can write X,;(f) = B(f; ® f,) see Lemma 4.12, with f; := uC, f
and f, = u~'C f so that (4.12) follows. This fact together with Proposition 4.14
implies the first identity in (4.13). The second identity follows by noting that C; f* o<,

110,71 ® UCS and Cf oy 1o, ® OCS, so that

M+M2

o (X;()X(9)) = 1 2(Csg, Co f)m + 12 (Ci f, Cs8)n 2(S/\t)(f C?e)p.

Regarding the bound, by Holder’s inequality and by (4.11) we have

») 3
1727 (X5, (DN p < MKt (DIl Spr 18— s121ICf Iy
implying the claim. O
On the other hand, the following identity will be useful in Sect. 6.

Lemma4.16 Ler X, be as in Definition 4.13, then, for any (fj)’}zl, (gj);f:] c b
s,teRyandt €R

(T2 X (D) - X fD T2 ([Xs(g1) - Xs ()] 2
= u2IHOE L D i) A At @ Fd)s (81 ® &1.6)
A AN (8ns @ 8ns)IT_ ()
(4.14)

whei:e fit = nC f; and fj,t = u_latfj and where g; s = uCsgj and g; s =
n'Cog.

Proof We note that

TEAX () X D) = UB U1 & i)+ Bfus ® fo]N1 ., D
= wHNB(f1 & fi) B @ fu0]D?

and thus, by the definition of Haagerup’s trace and by (4.7) we obtain (4.14). O

4.3 Hypercontractivity
Let us now recall the hypercontractivity result in [36] for the special case of Araki—
Wyss factors. Let P; be the Ornstein—Uhlenbeck (OU) semigroup on A = A(H, o),
defined by

P :=eNxQ), VxeAH, o),
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where N'= dI'(1) is the number operator on I'_ (K). By (4.6), we have

Pi([Bo(f1) - Bo(f)]) = 7" [Bo(f1) - - Bo(f)], (4.15)

that is, Wick’s polynomials are eigenvectors of the OU semigroup. Furthermore, note
that the modular operator A commutes with the number operator A and thus

os(Pi(x)) = Pi(o5(x)), Vs, t € R, (4.16)

so that P; maps the subalgebra of analytic elements A, into itself. To extend this map
to the L? spaces, one introduces the densely-defined operators, for 1 < p, g < oo,

() 1 7 v i
. ) t N :
P, c AD? — AD4 xD? +— Pi(x)D4 4.17)

These operators are not of the form (2.8), and in fact there is no general extension
theorem that holds. Still, for suitable p, g, Lee—Ricard prove the following result [36].

Theorem 4.17 (Lee—Ricard, 2011). Let 1 < p < 2. Then Pt(p 2 extends to a con-

traction from LP(A(H, 0)) to L>(A(H, o)), that is, ||Pt(p’2)||Lp_)Lz < 1 provided
that

8
_ 4
e < lollf (P —D.

T

1 1
Remark 4.18 Note that the map P,”*?’ can be more generally definedon D2 " AD 2~
by

PI(PJI)(TI([?)(X)) = T-[(q)(Pt(x))’ (418)

compare with (2.9), and would not depend on t because of Lemma 2.2 and the state
preserving property (2.7). The statement of the theorem holds for any such map as

1
well since in fact T,(p)(x) = [x]%HD? and by (4.16) we have [P;(x)]s = P:([x]s)
P
for x € A,, Py mapping A, into itself.

Pt(2, p)

Corollary 4.19 Let2 < p < oco. Then extends to a contraction from L? to LP
8

84
provided that e =" < lolly_w(p" — 1), with1/p"+1/p = 1.

1
Proof By duality and by the density of M, D7, we can write, for x € M, and ¢ as in
the claim
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T R T
" yeMDV,
Iyl =1
= sup ‘trH (Pt(P/’z)(y)*xD%)
y e M DYV,
Iyl =1

<o

’

2

where the bound follows by Holder’s inequality and by Theorem 4.17. This implies
the claim. o

The following hypercontractive estimates hold true.

4
Corollary 4.20 There exists a constant Cp, o o |l0]ly,_L3,(p — 1)*% such that, for any

polynomial F € T _(K)

IT@([Bo(F)D N2 < COENTP (B, (FDI, pell,2), (419

ITP B FIDI, < CEVITOAB(PIDI2 p e @00l (420)

=

Proof Take a monomial F = f; A --- A f,,. Then, by (4.15) and (4.18)
TP ([Bo(F)]) = " T (P ([Bo(F)])) = e PP (TP ([B,(F)])  (4.21)

and the estimate for ||Tf(2) ([Bo(F)]D 2 follows by Theorem 4.17, by choosing e’ ~
4

lolly Ly (P — 1)’%. The estimate for || Tr(p)([[ﬂQ(F)]])Hp follows in the same way. To

extend it to general polynomial F = Zn>0 F,, with F,, monomials, since T,(Z) x) =

[x11,,D? by (4.7) we have

IT2 Ao ODIE = Y o (1B FIT;  [TBo(F)ll )

n,n’

=> H [[Bo(F)lly ., z 4.22)
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which allows one to obtain (4.19) from (4.21). The bound (4.20) follows by writing

2
1T B (DI = | 2, e PN @ (B (F0D)|

2
< |z, e A F0D)|
=3, 2 T2 ([Bo(F)DI2

(
2
< (cd?,gi’) 172 Ao (FIDI5.

r—1

where in the first and second inequality we used Theorem 4.17 and (4.22). O

5 Grassmann stochastic calculus

In this section, we develop stochastic analysis of [t6—Grassmann processes, namely,
we introduce stochastic integration for Grassmann-valued processes, prove Itd’s and
Girsanov’s formula for such processes and finally provide a weak formulation of
Grassmann SDE:s.

5.1 It6—Grassmann integral

We begin by adapting Itd integration developed in Section to the special case of
Grassmann Brownian martingales, allowing for a general definition 1t6—Grassmann
processes, for which a simple Ité formula can be proven.

To describe processes generated by some analytic GBM X and an additional
independent compatible Grassmann random variable taking values in My, see Defi-
nition 2.30 and Lemma 4.9, it is useful to introduce the following algebras.

Definition 5.1 Consider the filtered modular space (M, w, (M;)),let X : Ry xh —
M, be an analytic GBM, let Xo € Hom (/\ h; Mo N M,) be an independent and

compatible Grassmann random variable, and set 7\;10 = X ( A l‘)). We denote by
Gx := span {aoX;, (v1) - - - Xy, (vn), where ag € Mo, neNy, vi,..., v €h, t, ...t €eRTY,

the algebra of polynomials generated by X (and ]\V40). For every p € [1, oo] we let
g§; be the closure of Gx with respect to the IL.” topology.

Remark 5.2 The additional Grassmann random variable is typically needed to study
SDE with non-trivial initial conditions, see Sects. 5.4 and 6.2.

In the following, it will be important to distinguish even and odd polynomials. To
this end, recall that the Grassmann algebra /\ h has the superalgebra structure /\ h =
Ath@ A~ h AThand A\~ b denoting the odd and even elements respectively.
Accordingly, following Definition 5.1 , one can introduce the even and odd algebras
Gx.+ and Gx, _ by restricting to /\+ hand /\~ b respectively, and denote their closure
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in the IL” topology by g§,+and g';(’_. Note that in general G} = span{gf(’Jr, gg’_}.
However, if X is an analytic GBM as per Definition 4.13, with covariance G = C 2y
such that U is unitary and C > 0, then, one can prove that Q; N g;_ = {0} and
thus we get that G% is a superalgebra with decomposition G5 = QQ’ L@ g;_.

If an adapted process takes values in Q[;()Jr or (]f(ﬁ for some p € [1, 00], we
will henceforth say that it is an even or odd process respectively. In particular we
have that, for any v € h, X(v) is an odd process. If the simple adapted process in
Definition 2.38 and 3.13 take value in either Gx 1, Gx + or Gx —, we can likewise
introduce the Hardy—Grassmann spaces GI;(, Gf(’ A Gf(’ 0 G? oA P = =+, in the same

way in which the spaces H?, HZ have been defined.
We have the following straightforward but fundamental result.

Proposition 5.3 Let X be an analytic GBM with covariance G; = tG and let F €

Gf(,\leoc' Then, foranyt € R, fot(Fs, dX;) € gg. Furthermore if F € G§,+,\G|;loc’

then [ (Fy, dX)eGY _andif F € GY _ ;100 then [3(Fy, dX;) € G .

Proof The claim is obvious in the case where Fj is a finite-dimensional simple process.
The generic case can be obtained by the density of finite-dimensional simple processes

in H, 1. and the continuity of the It6 integral in L” (an thus in G ). O

Remark 5.4 Unlike in the case of Clifford algebras [46, Theorem 4.6], we do not know
if the converse of this result holds, namely if a Grassmann martingale ¥ € g§ can be
represented as an [t6—Grassmann integral with respect to X for a suitable integrand
F € Gx,|G);1oc- The proof in the Clifford case relies significantly on the fact that the
Clifford algebra is self-adjoint, that is, it is closed under the * operation. This is not true
for a Grassmann algebra, therefore F* might not belong to the Grassmann algebra.

We conclude this section by introducing the notion of Ito—Grassmann processes with
respect to an analytic GBM, which, as shown in Lemma 4.15 satisfy the assumptions
of Theorem 3.15.

Definition 5.5 (It6—Grassmann process). Let X = (X;); be an analytic GBM with
covariance G; = tG. We say that Y € CO(R+; g§) is an [t6—Grassmann process (of
integrability p > 2) if Yo € G, H € Gf o0 and K : Ry — GF, [[K||Lr €
Ll]OC (R™) such that

t t
Y, = Y0+/ (HS,dXS)—i—/ K,ds 5.1
0 0

P
X4

K, € gg’(ﬁ (resp. Hy € gf(ﬁ, K, € g§’+) we call Y an odd (resp. even) It6—
Grassmann process.

where the second integral is in the Bochner sense. If, in particular, H; € G

Remark 5.6 The above definition can be extended to the case of a multidimensional
process X indexed by a (pre-)Hilbert space W.Indeed, we callthemap Y. : Ry x W —
Qf( an [t6—Grassmann process indexed by W and of integrability p > 2, a map that
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for any t € Ry, Y;() is a linear operator, for any w € W, Y.(w) € CO(R+; gﬁ), and
thereare H : Ry x W x K — G and K : Ry x W — G}, which are linear in the W
variable, and for any w € W we have H.(w, -) € Gl;(,lGl;loc’ K. (w)|lLr € Llloc(ﬂh),
for which for any r € Ry and w € W we have

t t
Yi(w) = Yo(w) + / (Hy(w, ). dX,) + f K, (w)ds. (52)
0 0

If, forany s € Ry, v € hand w € W, we have Fs(w, v) € g’;#, Ks(w) € Q[;(’_

(resp. Fs € gﬁﬁ, K e Qé’(’ +) we call Y an odd (resp. even) [t6—Grassmann process.

Remark 5.7 The fact that Y € CO(Ry; Qi) or Y(w) € CO(Ry; Q‘;) follows directly
from the representations (5.1) and (5.2). Furthermore, by Proposition 5.3, an odd/even
[t6—Grassmann process is made (for fixed s € Ry and w € W) by odd/even elements
of G¥.

Remark 5.8 If Y; is an Itd process in IL? then, as consequence of Theorem 3.15, for
every T > 0, we have

lim sup sup |1Yr_, — Yslly2p | =0
.. 1 s P
w&{partitions of [0,T]},|7|—=0 \ t;en telti ti—1] ! L

where the limit is taken with respect to the diameter || of partitions 7w going to O.
This property is analogous to the uniform continuity in L? for commutative stochastic
processes.

5.2 Itd formula

In this section we want to prove an It6 formula for It6—Grassmann processes in the
sense of Definition 5.5. We remark that the following discussion could be extended
to the anticommutative analogue of continuous commutative martingales - see, e.g.,
[47, Chapter IV, Section 5] for the latter notion.

Definition 5.9 Let p,g € [1,00] and let B, B’ be two martingales in CO(R,; L?)
and CO(R; IL9) respectively. The quadratic variation [B, B'] € CO(R, ;L") with
1/r = 1/p + 1/q is a process of bounded variation (in the I.” norm) such that the
process

t+— B, B, —[B,B']

is an " martingale.

Lemma 5.10 Let X = (X;); be an analytic GBM with covariance G; = tG. Then, for
any v, v’ € h we have

[X(v), X(V)]; = (Ov, GV)yt.
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Proof The proof is a consequence of the fact that the processes X, (v) and X, (v’) have
independent increments and that @ ((X; ) (v) (X5./) (V")) = 5 (Xs5.1) (V) (X5.1) (V) =
(®v, GV')(t —s5), forany 0 < s < ¢. O

Theorem 511 Let Y = (Y;);, Y = (Y/); be two It6—Grassmann processes of inte-
grability p > 2 of the form

t t
Yt:YO+/ (HSthS)v Yt/:Y(/)"f‘/ <Hs/,dXs>v
0 0

where X = (X;); is an analytic GBM indexed by Hwith covariance G; = tG. Then,
we have

t
¥y = [ oo, @ s 5.3)
0

where Trgxg(+) is defined in Notation 3.11, ® being the conjugation in .

Proof We prove the theorem in the special case of Y, Y’ being simple finite-
dimensional processes. The general case follows from the linearity of the quadratic
variation and by density. On the other hand, formula (5.3) follows directly from the def-
inition of simple processes, the properties of conditional expectation and Lemma 5.10.

O

For convenience, we introduce some subspaces of the spaces H, see Defini-
tion 3.13.

Definition 5.12 Let F an IL” adapted process indexed by a Hilbert space § with con-
jugation ® and let A > 0 be a linear bounded operator on h commuting with ®. We
let

[ Fsllnr a := I1FslallLe. (5.4

and introduce the following subspace of ]HIZJ oc
=P
Hy 1oc = {F € HY oo | IFsliLr,a € L%oc(R‘F)} .

Remark 5.13 One can check that Hﬁ’loc is indeed a subspace of Hﬁ’loc, in fact

1
t 2
||F||Hg([0,l])§(/ ||Fs||ip,Ads> :
0

We also note that I[:]Ii’loc are semimetric spaces with the set of semidistances

1
1 2
d\(F, G)H(fo ||FS—GS||%Lp,Ads> .
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Furthermore the finite-dimensional processes taking values in IL.” defined in Def-

inition 3.9 are dense in H:]IZ’IOC with respect to its natural topology, compare with
Remark 3.14.

Corollary 5.14 Under the hypotheses of Theorem 5.11, the following inequality holds

t
Troro(Hy, @ H) |1 rds < ||H|% H'|| . 55
fo I Trgeo(Hs ® H)llurds S IHIG, (o HIH G o 55

Proof We will use the representation (5.3). Consider first H, H' € S,q and let [s, 1] C
R be an interval where both H and H’ are constant so that H, - H/ € M, N M for
r € [s, t] and thus

t t
f | Trgro(Hy ® H)llurdr = Hw ( f Trgro(H, ®H;>dr)
s K L

Then, by Theorem 5.11 and by using that r > Y; - ¥/ — [Y, Y], is a martingale

w5 ([ Troro(Hy ® H)Ar) = oy([¥. ¥l = [¥, ¥'])
= o (fj(H,, dx,>) (fj(H;,, dX,/)) .

By Holder’s inequality, Theorem 3.15 and the bound || - II%IZ([0 0 < - ”%1”([0 D we
: (o0,

thus have

S Trg-o(Hy @ Hwrdr < [ (/7 Hy ax)) (7 ax,0) |
< (L2 gy dr) + (12, g dr)
Taking the sum over a partition where both Hy and H, are constant, we obtain (5.5). O
We introduce the following standard notation.
Notation 5.15 If Y, Y’ are Ito—Grassmann processes of the form Y; = Yo +

fot (Hy,dX,) + fot Kyds, Y/ = Y§ + fé (HS/,dXS> + fot K!ds, and H and K are
adapted processes, we use the notation

1 t t
/ H,dY, ;:/ (I:ISHS,dXs)—i-/ HKds,
0 0 0

t t
/st[Y, Y, :=/ K, Trg+o(Hs; ® H,)ds.
0 0

We want to prove an Itd formula for [td6—Grassmann processes indexed by some
finite-dimensional linear space W. To this end, we introduce the space of polynomials
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of degree at most k € N of commutative and anticommutative random variables
indexed by W:

k n
Fw)y =P —‘weow,

n=0 £=0

i.e., the tensor product of the antisymmetric and symmetric vector spaces generated
by W. We also use the notation 7°(W) = Uiy F¥(W). The space F>°(W) is an
algebra with the following multiplication: if F € FX(W), that is,

k n
F = Z Z F0 g F0.0 (5.6)

n=0¢=0
where F-0 ¢ A"tW and F®0 ¢ O' W, forany G € AW and G’ € @m/ w
we set

k n
(G®G) - F:= Z Z(G AF®DY® (G o F™Y). (5.7)
n=0 ¢=0

We introduce commutative and anticommutative derivatives on F*(W).

Definition 5.16 For any w € W, we define two linear maps 9y : f-k(W) — p1 (W)
and 95 : FW) > FLw) by the following recursive relation, for any v € W,

MA@V =050 1) =0,

(@) F)=(w ywF—w®1)-0%F, 35(1®v)-F)=(w,v),F +(1®uw)-3°F.

IfZ_ W —Gh _andF =}, Wel A+ AWk € A*W.n < p, where wyr € W,
we can define

F(Z2) =) Z-(wy) - Z-(wy)

which is a well-defined object (not depending on the explicit representation of F') since
Zis Gy _-valued. Inthe same way if Zy : W — G§  and F = )~ w10+ - -Quyk €

O* W we can define F(Z;) = Y Zi(we) Zy(wee). 1 Z : W — G can be
decomposed in a unique way Z = Z_ + Z,, where Z, : W — gf;,p, p ==, for
anyF € F*(W) we define

k

F(2):=> Y F"9z.) - F"Yz,). (5.8)

n=0£=0
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With the previous notation we have that if F, G € F°°(W) and Z has enough inte-
grability we have (F - G)(Z) = F(Z) - G(Z) (where the first product is the product
of polynomials in the sense of definition (5.7), and the second is the product in the
twisted space LL7).

This setting allows us to provide a suitable Taylor formula in the Grassmann vari-
ables.

Lemma 5.17 Consider F € F*(W), let Z = Z_ + Z, and R = R_ + Ry where
Zy, Rp: W — g';(,pfor p ==, and let {u)j}?/:1 be an orthonormal basis of W. Then

1 a a a c c
F(Z)-FR) = ZZ Z ot Own Oy 0wy, g B, ()R-

n=0L=0 jy, ... ju—g. jisenr =1
: (1‘[(2_<w,;,> - R_<w_,;,)>> (]_[(Z+(w]/) — Re(wj, )))
o=1

We omit the proof, it being a simple generalisation of the usual Taylor formula. We
are in a position to prove an It6 formula for polynomials of [t6—Grassmann processes.

Theorem 5.18 Let h be a Hilbert space with conjugation ©. Let X = (X;); be an
analytic GBM indexed by ) with covariance G; = tG. Let Y = Y_ + Y4 be an
1t6—Grassmann process of integrability p > 2, indexed by a finite-dimensional vector
space W, where Y_ and Y are an odd and even Ito—Grassmann random fields such
that, for any w € W

t t
Yp,t(w) = Yp,O(w) +/é Kp,s(w)ds +[) (Hp,s(wv ), dXs), p==x

where K, : W — g’,’( o Hp (w,-) € Gl;(p IGl:loc’ o ==. Consider F € F'(W),

wheren < & 5, then, for any orthonormal basis {v J} 1 of W, we have
t t
F(Y,) — F(Yy) = Zf 9% F(Y)dy? +/ 39S F(Ys)dYy
o Jo 0
1 a a o ﬂ
+52/ 00 05, F(Yod[y®, v2i
a.p
1 t P
w5 3 [ ona Foodirg. v
o, p 0
+Z/ 96,08 F(Yy)d[Ye, rP (5.9)
[

where Y;;‘ =Y,(va), p = £, and the integrals are defined in terms of X, K ,, H,, for
p = =% as in Notation 5.15.
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Remark 5.19 1f Y is odd and F € @ﬁ:o AW the composition F(Y;) is well-defined
(as a particular case of equation (5.8)) and Theorem 5.18 implies

t 1 t
F(Y) = F(Yo) =) fo 05, FODAY + = 3 /O o 95, F(Ys)d(Y®, YP1,,
a o,f

(5.10)

which is the perfect analogous of the Itd formula in standard stochastic calculus. If F
isevenand F € @ﬁ:o ©" W 1td formula (5.10) holds with 85 in place of e

Proof of Theorem 5.18 The proof is along the lines of the standard proof of the It6
formula in the commutative setting (see, e.g., [35, Section 5.2]). For this reason, we
sketch it in the special case K_ = K. = H; = 0. Furthermore, we consider the
convergence in I since .” C L? for any p > 2; in fact, by proving the equality in
IL?, because both members belong to L we have that the equality holds in L? as well.

We write Y* = Y_ ;(vy),and H¥ (-) = H_ ;(vy, -). Furthermore, since in the proof
only anticommutative derivatives d“ are needed, we use the notation by d,, = 9y ,

a;’,al vy = agal --- 0y . Being F a polynomial of degree at most n, forany j, .. . ,;
we have
Ou vy FHD | sy S (1 Wil ™ (5.11)

where the constant in the symbol < depends only on F. Furthermore, by Lemma 5.17,
we get

F(Y) —F(Yo) =} er F(Yy) — F(Yy, )
= Zt,—e;r[ Za avaF(Yfi—l)(Yt? - Yt?_|
+% Zrien Za,ﬁ agavﬂF(Yti—l)(Yt? - Yt?,l)(Yz/? - th;,l)
+ Zzien Z?:S ,_1! Zil ..... =1 ’i’al-"vui F(Yti—l)(Yt‘;l - Yz?,ll "'(Yt(;” - Yf?[il .
(5.12)

Furthermore, combining (5.11) and (5.12), we get

o, -V

Oy oy FXD=0,, Ly, F(Y)

antnn S NVl 1Yo gz~ Y= Yol
(5.13)

Let us focus on each term in the sum in (5.12). For any |7| < %, we have that
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2
t
Tr(2) (Z 3UaF(Yti71)(Ya Yt(lx 1 / (avaF(YS)HS’—’ dXS))
tiem L?
t 2
7 (Z ( / (@u, F (Vi) = 8y, F (Y)) Hs ., dXs>>>
LET li-1 L?

< Z/ (avaFm D) = 3y, F(Yy))-

ten

2n
“Trero (T (Hy) @ TS (H ))TT(I )(avaF(Y,, D)=, F(Y))| ds
Ll
SYsup 19y, F(Y,) = 3y, FOOI 20y
tjen SEltizti-1]
I
Z/ I Trgro (H® ® HY) |l 2nds
o Yli-1
t
S (Z f 1H ||u,|Gds> (sup (1+[|¥flLr)> ™
. 0 s€[0,1]
(max sup [[Y,_, — Y[}, (5.14)
L€ selti tio1]

where 71, T2 > 0 are suitable real numbers, and in the last step we used the inequali-
ties (5.5) and (5.13).

By the inequality (5.13) and by Remark 5.8 applied to the Ito—Grassmann process
Y;, the last term goes to zero. Taking the sup over |t| < % in (5.14), we obtain that
Zl,-en Oy, F(Yy, (Y = Y;* ) converges to fé(8vaF(Xv)H;”(-), dX;)as|7| — Oin
L2

By using the fact that Y YS’S —[Y%, Y#], is a martingale, see Definition 5.9, we get
that, for any |7| < %,

7O (Z 02, F(Yi,) ((Y;f —Ye) (th‘ - Yf_l)

tien

—ye YA, + v Y ) e =

2n
n—=2
T‘L'(ln) ((Y;’x - Yl?—l)(Yl’? - Yl/is—l) - [Ya’ Yﬁ]ti + [Ya’ Yﬁ]li*l) TT(Z )

-

tiemw

2n
(BU UﬂF(Yt' D) Tf(Zn l)(a F(Ytifl))*Tr(;) <(Yt? o Yzl;l—|)(Yt/,-3 - Yt/,-s—l)

Vo Ug

—ye, Yy, + v YA, )"

Ll
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<Y -yl -yl ) - e v,

tiemw

HY VP 12185, 0 F (VDI 20

< (sup <1 + 1Yl )™~ 4(2 e =y @l =yl )1 + e, v,

s€l0, tien

v, Yﬂ],i,l )

< 11y, 2n—4 HY |12 HP |12 2
< Csup (14 % [lr) (Z(n Rl i ET

s€l0,7] Py

(5.15)

where we used that n < p/2, which goes to zero as || — 0 since the map ¢ —

IH*2, (and thus the map ¢ — [|[HY||%, ) is an absolutely continuous
H{g([0.1]) g ([0.1)

function. On the other hand, we have that

t
e (Z 00y F (Y ) (Y YPYy = (Y, Y7, ) — / uaLﬂF(Y)Trc*o(Ha()®Hﬁ())ds)

tien L2
T® (Z (83avﬁF<Yi,.,,> 05 F(Y0)) Trgro (H () @ HY (- >>ds)
Lewr LZ
<> [ 1603, 0y F (Vi) = 30y F YOm0 | Trgro (Y () @ HE () llrds
tierx Yli-1
< n—3 _ . a B
(ri}‘p (T4 1Y llp20)) (sggteliuf lJHY,, 1= Vsl (1 H ()HH, 10 o FIH ()||Hp‘([0[]))
(5.16)

which converges to 0 by Remark 5.8 applied to the It6 process Y;. Thus, tak-
ing the supremum over |7| < %, the inequalities (5.15) and (5.16) imply that

% Z[ien UavﬂF(Y, 1)(Y°‘ Yl‘l?‘il)(Yf )convergestofo v UﬁF(YS)TrG*@(H;"
O Hsﬁ(~))ds in L2 Finally we have

2 Ay PO ) =YL - (=Y

Lemw iLZ

S Zi val.--vakF(Yfi—l)(Yt?I — Y =Y 2
tiemw

< sup (14 1Yol D 1Y, = Yo, lif s
5€[0,1] fem

< sup (L4 1Yl Z( / Tra(Hf(-)@Hf*c))ds) :
s€[0,7] o ter ti—1
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The last term converges to 0 since k > 2. This means that

F(Y;) = F(Yo) = limz 0 Y, o F(Y,) — F(Y,_)
= 3y Jo (0o, FOY)HE (), dX ) +5 Y 4 fo 02, F(Y5) Trgro (HA () ® HE ())ds.

Remark 5.20 The fact that the It6—Grassmann process Y is gf(-valued is used in an
essential way in the proof for obtaining the last three terms in the It6 formula (5.9),
namely the terms involving the quadratic variation. Indeed, in order to get the quadratic
variation, we need to pull through the term (Yt‘l?‘ — Yg‘_ 1 )(Yt/? — Yt’?_ ,) in the Taylor
expansion which is possible thanks to the anticommutativity or commutativity of the
Y%®s.

Remark 5.21 An important consequence of Theorem 5.18 is that sums and products
of [t6—Grassmann processes are again [t6—Grassmann processes. In other words, [t6—
Grassmann processes are closed with respect to algebraic operations.

5.3 Girsanov’s formula

In this section, we will prove a form of Girsanov’s theorem involving [t6—Grassmann
processes in the algebra Gy := () p>1 g‘; (see Remark 5.25 below for more details).

Since Gy is only a Fréchet algebra, but the notions of GBM and conditional expectation
were so far discussed for filtered modular spaces (M, w, (M,;),), we shall now extend
them. First of all, we introduce the notion of signed expectation for a generic Fréchet
algebra A.

Definition 5.22 Let A be a Fréchet algebra. We call a continuous linear functional
£ : A — C asigned expectation on A . Let {A4;};,er . be a filtration of Fréchet
subalgebra of A and let & : A — A, be a family of linear continuous operators, we
say &, is a conditional expectation associated with & if for anya € A, t,5 € RT,
t>s>0,b,c e Ag we have

1. &Ei(a) = &),
2. & (&) =& (a),
3. & (bac) = b&s(a)c.

Remark 5.23 Note that in a generic Fréchet algebra (without a * operation) we do not
have the notion of positive operator and thus of positive linear functional. Also in
the particular case of a Fréchet *-algebra the expectation £ is generally not a positive
linear functional.

A process X € A is a martingale with respect to the signed expectation & if, as
usual,

E(X) = X,, Vs<t.

We can also define a concept of law for random fields with respect to a signed expec-
tation & we say that two random fields B, B’ : h — A, defined on the same vector
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space b, have the same law with respect to the signed state € if and only if the n points
functions of the two fields are the same; i.e. for any vy, ..., v, € h we have

EB(v1) -+ B(vy) = EB'(v1) - -- B'(vn)).

We can extend the same notion for processes, and thus we are able to define the notion
of a Brownian motion with covariance G with respect to £ and of martingale.

Definition 5.24 Let A be a Fréchet algebra with signed expectation £and let B C Abe
the algebra generated by some Grassmann random variable. Denote by B, B C B
be the even and odd subspaces respectively. Let ) be a separable Hilbert space with
conjugation ®. We say that a process X : Ry x h — B_ is a weak Grassmann
Brownian motion with respect to £ and with covariance G, if it is a martingale and if,
for any vy, ...,v, € hand 1, ..., , € R4, we have

2n
E(Hx,,.<v,~)>= > DM T (©v. Guj)i At)).
i=1

M ePerfect matches of {1,...,2n} (i,j)eM

Obviously the n-point functions of Brownian motion defined with respect a signed
state £ are equal to the ones of Brownian motion with respect to a positive state, as
defined in Definition 4.11.

Remark 5.25 Hereafter we consider the following setting: we fix a filtered modular
space (M, w, (M;),), for which there is an analytic Brownian mggion X, defined
on h, and the algebras Gx and gl;( generated by X and by some My C My (see
Definition 5.1). We then consider the space

Gx =) 6% (5.17)
p=1
which is, thanks to Holder’s inequality, a Fréchet algebra with the seminorms || - ||r.».

We also introduce the spaces EX,i =N 1 g§ 1. We call standard setting the case
in which A = Gy.

In Sect. 2.4 we extended the conditional expectation w, to the IL” spaces, see
Remark 2.24, so that the the state w is also a signed expectation with conditional
expectation w; on Gy in the sense of Definition 5.22. We shall now describe a standard
way of building from w and w; a signed expectation € with a conditional expectation
E, on the Fréchet algebra ax-

Lemma 5.26 Inthe standard setting of Remark 5.25, consider amartingale (Z;)rcr, C
GX,J,_ suchthat Zo = 1, Zoo = limy_, 1 o Z; exists, w;(Z) = Z;, and, foranyt € Ry
there is Z,_1 € aXA- such that Z; - Zt_1 = 1. Then, if for everya € Gx and t € R,
we define

) =waZe). & (@) =w(aZe)Z ", (5.18)
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=Z = =Z
Then £ is a signed expectation on Gx with associated conditional expectation &,
with respect to the filtration (Gx ()ier, = (Gx N L! (M)ier, of Gx, in the sense
of Definition 5.22.

Proof The continuity of & and ?,Z is given by Holder’s inequality for the twisted IL”
spaces. Furtk_lermore properties 1, 2, 3 of Definition 5.22 hold. Indeed, we have that,
foranya € Gx and s < ¢,

EE (@) = w5 (0(aZoo) 27 Zoo) 27!
= w5 (0(aZoo) Z; 01 (Zoo)) Z !
= ws(0(aZx))Z; !
=& ()

and similarly in the case where E‘YZ is replaced by EZ Furthermore for any b, ¢ € G Xt
we get

& (bac) = wy(bacZeo) 27" = w;(baZoo) 27\ = by (aZoo)e Z" = bE (a)c
Wh_ere we used that Zso, Z; ! commute with any element of ax being both elements
in gX’_A,_. O

Below, it will be important to characterise weak Grassmann Brownian motion. To

this end, we will use the following theorem, which is a non-commutative version
ofLévy’s characterization theorem.

Theorem 5.27 (Non-commutative Lévy’s characterization). Suppose we are in the
standard setting, see Remark 5.25, and let € be a signed expectation on Gx admit-
ting the conditional expectation &. Consider the Ito—Grassmann process B; =
Jo(HL dX) + [y Kds, with [|H! ||Lr 6| € Ly (Ry), K € LYy Ry, GY), for every
p > 2, which is a martingale with respect to &. Then, B is a weak Brownian motion
with covariance G and with respect to the signed state € if and only if By = 0 and the
quadratic variation [ B(v), B(v)], with respect to & is [B(v), B(v")], = (Ov, GV/)1.

The proof of Theorem 5.27 requires the following technical lemma.

Lemma5.28 Let Y, Y’ be two Ito—Grassmann processes taking values in Gx such
that Y € Lloc(R+ gﬁ{’) and Y] = fé(H’,dXs) + fot K.ds with s ||HS’||]qu’|G‘ €
Lloc(R+) K € L*(R,, g ) and 1 + = 1. Then, for each t € Ry, the following
identity holds in L2

t
lim ZYL Mt(Yt/\t t, IA;)—[O quYY/

|7|—0
tiemw

Proof The proof is similar to the one of Theorem 5.18 (see in particular Equa-
tion (5.18)). O
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An important consequence of Lemma 5.28 is the following.

Corollary 5.29 Let Yy, Y/be two It6—Grassmann processes satisfying the hypotheses
of Lemma 5.28. Then, if Y/ is a martingale with respect to the signed expectation ¢
also fé Y,dY! is a martingale with respect to E. Furthermore, if U, U’ is an other
pair of Ito—Grassmann processes satisfying the hypotheses of Lemma 5.28, such that
U = fot (T],dXs) + fé Lgds is a martingale with respect to the signed expectation

&, then the quadratic variation of fOt Y,dY; and fol U,dU| with respect to Eis

. . t
[/ stYS/a / UVdU;iI = / Trg+e ((Y; - Hy/) ® (U - Ty/))ds
0 0 t 0

Proof The pioof of the first partis a consequence of the fact that 5, o ¥y, jar(Yy o, —
Y, | ) isa&martingale whenever Y is a £ martingale, and the fact that the martingale
property is preserved by taking limits in L%, & being continuous. The second part of
the statement is a consequence of the first part and the Itd formula. O

Proof of Theorem 5.27 Let 0y, ...,0, € Ex,_,o be independent and compatible ran-
dom variables which are (non-zero) elements of Mg and such that the algebra
generated by (0;); is a Grassmann algebra (by Lemma 4.9 it is always possible to
assume that M contains a numerable set of independent and compatible Grassmann
random variables). Consider f1,..., fp : Ry — B smooth compactly supported
functions. Let I C [n] := {1, ..., n} and define

t
Si(t) =& (1‘[ (1 +e,-/0 (fi(s),st>)> :
iel

The functions S; take value in the finite-dimensional Grassmann algebra span
{]_[ jer 0,1 C [n]}. Furthermore, the coefficients of the function S; contain all the

possible n-point functions of the Grassmann random variables fot (fi(s), dBy), indeed

Si(t)y =" _S;(1)0,

Jcl
where ; = H(Z,{i1<..‘<ik}=J 6, and

_ t
Sy (1) = sign(J))E [1 [ (fir(s), dBy) |,

Olir<...<iz)=J V0

for some function sign(J) € {%}. This means that, if for any / C [n], the function

S (1) is equal to
t
Si(t) =& (]‘[ (1 +el-fo (fi(S),dXs>>>

iel
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where X is some Brownian motion with covariance G with respect to w, then B has
the same law of a Brownian motion.

Suppose that B is a € martingale and that it has quadratic variation with respect
to £ equal to (G*®-, -)t. By Corollary 5.29 also fé (fj(s)dBy) are martingales with

quadratic variation given by fot (G*O fi(s), fj(s))ds. This means that, if we apply
1t6’s formula to the product ]—L»e, (1 + 6; fé (fi(s), st)), we get that Sy satisfies the
following system of ODEs

t
Sit) =1+ Z fo (GO fi(s), fj(5))0;6:Sn\(ijy(s)ds.

{i,jyct

Since the previous system of ODESs for {S7} [, takes value in the finite-dimensional
Grassmann algebra span {]_[ jer 9,1 C [n]} it has a unique solution. On the other

hand, using again Itd’s formula, the previous system of ODE:s is satisfied by the n-
point functions of the Brownian motion X with covariance G, namely

— l —
S0 =14 3 [ (G010, £60065n.5 6
ti.j1cr 0

This implies that {S;(¢)};cq) (Where T € Ry is such that supp(f;) C [0, T]) are
equal to {S; (1)} Ic[n]> Which is equivalent to saying that B; has, with respect to o,
the law of the Brownian motion X with covariance G. The opposite direction of the
implication is trivial.

Theorem 5.27 is crucial for proving the following non-commutative version of
Girsanov’s theorem.

Theorem 5.30 (Non-commutative Girsanov’s formula). Let (M, w, (M;),) be a fil-
tered modular space and let X be an analytic Brownian motion of covariance G.
Consider a process H. : Ry xbh — ax,,, where Gy is the Fréchet algebra introduced
in Remark 5.25, and let Z; be an even adapted process in L2 satisfying

t
Z,:l—i—/ (Zs - Hy, dX). (5.19)
0
Let E’Z be the expectation associated with it. Then, the random field such that

t
B,(v) = X,(v) —/ Hy(G*®(v))ds, Yveh teR,,
0

. . . . . . . L
is a Brownian motion of covariance G with respect to the signed expectation £ .

Remark 5.31 By requiring that Z € L? satisfies equation (5.19), we automatically get
that Z is a martingale by definition of the Itd integral, see Sect. 3.
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Proof of Theorem 5.30 The proof follows the same strategy of the commutative case
(see, e.g., [35, Section 5.5]). First of all, by (5.18) for the conditional expectation E’,Z,

. . . =2 . .
we have that the process B; is a martingale with respect to £, if and only if the process
B, Z, is a martingale with respect to the conditional expectation w,. On the other hand,
by the It6 formula, the fact that Z commutes with B and (5.19), we get

t t
B/(v)Z, = / Z,dB,(v) + / B, (v)dZs + [B), Z],
0 0
t t t
_ / Z,dX, (v) — / Z, Hy(G*©v)ds + / (By()Z, - Hy, dX,)
0 0 0
t
~|—/ Z,H,(G*OGv)ds
0

t t
= / ZydX + / (Bs(v)ZsHy, dX5)
0 0

which is a martingale with respect to wy, since it is an It6 integral with respect to X.

On the other hand, by Corollary 5.29, the quadratic variation of B; with respect to E‘tz
is

[B(v), BW)] = [X(v), X(V)]; = (Ov, GV').

. . . . =Z . . ..
Thus since B is a martingale with respect to £, with quadratic variation (Qv, Gv'),

. . . . =Z . .
by Theorem 5.27, B is a weak Brownian motion with respect to £, with covariance
G. O

Unlike the commutative case, we do not know if (5.19) has a solution because the
exponential of an It6 process in Gy is generally not well-defined. We will now consider
some sufficient conditions on H such that the solution Z to (5.19) exists.

Definition 5.32 Let X be an analytic Brownian motion of covariance G. An adapted

process H. : Ry x h — G¥ satisfies the Novikov condition if for every p > 2 we
have [|H.[lLr |G| € L. (R4), and for every t > 0, we get

1 [ "
<f (H dX) — 5 f TrG*@(Hv@Hs)dS>
0

Let H : Ry x h — Gx _ be an adapted process satisfying the Novikov condition.
We set

< Q.
Lr

=1
2

n

1 t 1 t j
z" =Y = (/0 (Hy, dX,) — 5/0 Trgro(Hs ® Hs)ds) .

=
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For every p > 1, Zt(") converges to

J

o0 1 t 1 t
Z, = Z 7 (/0 (Hy,dX,) — 5/0 Troro(Hs ® Hs)ds> (5.20)
j=0""

in CO(R+; L?), and Z; is an invertible element of gf with inverse

2 (=1 (! e !
z7 = Z . ([ (H,, dBy) — —[ Trg+e(Hy ® Hs)ds) .
=0 J: 0 2 Jo

Lemma 5.33 Let X be an analytic Brownian motion of covariance G and let H. :
Ry x b — GX be an adapted process satisfying the Novikov condition. Then, Z,
defined in (5.20) satisfies (5.19).

Proof By the Itd formula we get that
() g L I
Z =1+ f ("~ Hy, dXs) + 5 / (202 — ZI"D)  Trgre (Hy ® Hy)ds.
0 0

Taking the limit n — oo, which is well-defined by the Novikov condition, we obtain
the claim. O

When H takes values in G5 the Novikov condition is automatically satisfied. More
precisely, we have the following proposition.

Proposition 5.34 Let X be an analytic Brownian motion of covariance G and let
H.: R, xbh — GX be an adapted process such that Trg+e(H.® H) € L®(R; G).
Then, H satisfies the Novikov condition.

Proof We note that for any n € N

L[ L[ S S
;(fo <Hs,dXs>—5/0 TrG*@(Hs®Hs)dS> =z —Z"D (521

By Theorem 3.5, equation (5.3) and Holder’s inequality for the twisted IL” spaces we
get

1
1z =z

t 1
—1 1
<cp /0 128D = 20y (1 Trgeo (Hs ® Hy)llpe)? ds

C ! _ B B
+ l‘/o <||(Z§n 2 _ gy 1))||]Lp + ||Z§” n_ Z(")“LP) | Trgxe (Hs @ Hs)”]LoodS>

2
(5.22)
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for a suitable constant C,, > 0 (depending on p > 2). By induction, it is simple to see
that

sup (127 =z, < Gt ITrGre( 1 Dl ) (T + 1))
t€[0,T] )

)

hence the claim. O

5.4 Weak solutions of finite-dimensional Grassmann SDE

In this section we define the notion of weak and strong solution to a Grassmann
stochastic differential equation (SDE), when the vector space b is finite dimensional.
First of all we introduce some notation. We note that the space G = GX NL*®isa
Banach algebra, thus if an adapted process B belongs to CO(R; G%) we can consider
the Banach algebra G3 as the natural Banach subalgebra generated by B in G¥.

We now consider two linear functions

+o0 +o00
mib— @Az"“b, o:hxh— <@ Az"h) . (5.23)
n=0 n=0

Definition 5.35 In a standard setting, let £ be a signed expectation on Gx and consider
two linear functions u, o as in (5.23), we say that the pair of adapted Gx,_-valued
random processes (\W., B.) is a weak solution to the SDE (u, o) (wrt the signed
expectation E’) on [0, T'] and with initial condition Wy if B is a weak Brownian motion
with covariance G wrt £ and, for any v € b and r < T, the following equation holds:

t

t
i (v) — Wo(v) =/0 ,u(v)(‘lfs)d5+/0 (o (v, ) (W), dBy).

Furthermore, if B € C 0(]R+; Q‘)’(O) we say that W is a strong solution on [0, 7] to the
SDE (u, o) driven by B if (¥, B) is a weak solution to the SDE (i, o) and ¥; € GF
forany 0 <t < T.

In the special case where o (v, v") = (v, v')y (i.e. additive noise SDEs) and b is
finite-dimensional, we can prove the existence of strong solutions.

Theorem 5.36 Suppose that by is finite-dimensional and let o (v, v') = (v, v')y then
forany Wy € G =GY NGx.—, B € CO(Ry; G) Brownian motion with respect to
E andT >0, there is a unique strong solution V; € CO(R+; Q%o) to the SDE (., 0),
driven by B.

Proof This theorem, using a slightly difference language and notations, has been

. . 1
proved in [1, Theorem 30 and 31], in the case where ||B; — Byl < |t — s|2.
The case where the map ¢ — B; is continuous in IL°° can be proved in a similar way.

O
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Here we introduce the notation
A o
u(v) == pn(v) — Av,

where A : h — b is a linear map.

Theorem 5.37 Suppose that b is finite-dimensional, suppose that G = G*® is an
invertible antilinear map, and consider o (v, v') = (v, v')y. Write

t
XA () = Xoe*v) + / (€A (v), dX).
0

and consider the processes

A

t —_
zt =exp(/0 Lo, 71 (G, (XA + e hg)), dXs)+

1 [f _ ) _
-3 /0 10,71() Trg (G, (X2 +eMno)ou (G (X;“+eASho)>>ds>

t
Bi() = /O Lo.71 )2 (XA 4+ ho e ))ds + X;.

Then, the pair of processes (XA + ho(e?), B) is a weak solution of the SDE (i1, o)
7

on [0, T'] with initial condition )Z’o + hg and with respect to the expectation £
Furthermore X tA + ho(e?!) coincides with the strong solution of Theorem 5.36.

A —
Proof First we note that the process Zt” is well-defined. Indeed, (G-, (X f +

e4Shg)) € Lﬁi(Rg Q}O) and by Proposition 5.34 it satisfies the Novikov condition.

Furthermore, the process X 4 h¢(e’) solves the SDE X/ (v) + ho(e'v) — Xo(v) —
ho(v) = [y (X2(Av) + ho(e Av))ds + X, (v). Which means that we have the fol-
lowing relation, for any t < T

t
XA) + ho(ev) — Xo(v) — ho(v) = /0 (0, XA+ o™ ))ds + B (v).

Since, by Theorem 5.30, B; is a Brownian motion with respect to the expectation
7k

EZ’ , Equation (5.4) implies that (X4 + ho(e?"), B) is a weak solution to the SDE
(u, o). Finally, since by Theorem 5.36 the strong solution exists and is unique, we
have G§ = G7 so that any weak solution is also a strong solution. O
6 Applications

6.1 Twisted LP bound of the exponential

In this section, we prove the existence of a family of weak Gibbsian quartic perturbation
of w, a special case being the Grassmann \IJ§ on the torus. The brevity of the arguments
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presented should convince the reader about the usefulness of the twisted IL” spaces
introduced in Sect. 2.3. Our strategy is based on the control of the exponential of a
Wick’s polynomial in the spirit of the well-known bound by Nelson [39, 51].

In order to consider spin-% fermionic fields on T2, we let # = L2(T?; C?) and let

(MW o, (/\/lt(” )),20) be the filtered modular space associated with h = h & h, see
Sect. 4.2. For the sake of brevity, we henceforth fix u = % and remove it from our
notation. We let (¥;); be a GBM with covariance

Gr=(—-AN""x((-0)"/mae -1, (6.1)
where —A is the Laplacian on A, where 6 > 0 and where x € CZ°(R;) is such

that x ([0, 1/4]) = 1 and supp(x) = [0, 1/2]. We let 8; ,(y) = Y cp2 €XO ™1,
together with 8, ; + = (8x.s, 0) and 8, ;— = (0, 8, ;), and introduce

II/l,a (x) = lI/l(ax,l,a @ 0), \I’t,a(x) =900 ax,t,o) o e {%}.
Note that

ek =y (1k| /1)

w(‘l’t,o(x)‘i’t,a(y)) = Z W,

kez?

6.2)

and that by Proposition 4.14, if 6 > 0

x (kl/1) ~ 20

d+i7 ©3)

2
sup | W0 (017 S E
e e7?

whereas the divergence is as ~ log t if 6 = 0. We prove the existence of weak Gibbsian
quartic perturbation of w, for 6 small enough.

Theorem 6.1 Forany A € C and t > 0 define Z,O‘) = exp(AV;) with
Vo= [ I, wio s,
T

having set (W,(x), W;(x)) = >, _4 VU, o (X)W 5 (x). Then, if 80 < 1 and if |A| is
small enough depending on |, the weak limit

w ~Z,()‘))
oM () = lim

s 6.4)
t—>00 (Z;}»))

is a well-defined continuous normalized linear functional on ILP for any 1 < p < oo.
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Remark 6.2 In particular, o is a signed expectation on the Fréchet algebra Gy, see
Definition 5.22 and Remark 5.25. The fermionic \I/§ theory corresponds to the choice
0 = 0. Note that the analysis we present can be easily generalized to the case of a
general polynomial interaction and of any dimension, provided that the covariance is
suitably adjusted.

The claim in Theorem 6.1 is a straightforward consequence of Theorem 6.3 and

Corollary 6.5 below. The crucial point here is to show that even though lim;_, oo Z t()‘) is
not abounded random variable, it belongs to the twisted IL” spaces forany 1 < p < oo.

Theorem 6.3 Let 80 < 1. Then, for any A € C we have Zt(k) eN
int > 0 and sz — ZW ast — oo in the P topology, for any 1 < p < oo.

IL? uniformly

p<00

Furthermore, forany x € L?, 1 < p < 00, o (x - Z,()")) has a limit as t — oo.
The following technical lemma will be used in the proof of Theorem 6.3.

Lemma 6.4 The following bounds hold true foranyv <1 —460 and 1 < s <t
IVelleee < 1%, T2 (Ve = VI3 Su,e 572 =172,

where the constant in <, ¢ is locally bounded in t.

Proof To prove the first bound, we write the Wick polynomial explicitly
[(@r (), W ()] = (B (), Wi (2))? + 26, (P (x), Wy (1)) +2CF

with C; = (¥, ,(X)¥; 4 (x)) ~ 1?9, see (6.2), and therefore, by (6.3) and by
Lemma 4.16 we obtain the bound

IVillzee < sup [0 (x), W, )]l < 1%

xeT?

To prove the other bound, we follow the strategy of [49], see also [51], and switch to
the Fourier components:

Vi= Y Iy <H x(lkil/t)) [0 (k). B (k) (B k). B k)],

where now, denotipg spinorial plane waves b){ e;fg =eko @0, ¢, =0 ero,
with e () = (e*7,0) and e —(y) = (0, "), we set W, (k) := ¥;(e; ) and
\f/t,(, (k) = ¥, (e,:ra). With the notation introduced in Lemma 4.12, we also set e,f ot =
C,e,f . together with E,f ot = é,e,f . and note that, for some constant C

¢/ x (kl/( A s))

4 4 ~0
(ek,a,t, ek”g/’_y)H = <ek,a,[v ek’,o",S>H = C5£,(/8a,m5k,k/ (1—+ k2)1_9 . (65)
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Then, by Lemma 4.16, noting that the r.h.s. of (6.5) depends only on r =t A s, we
have

(T2 (W10 (k1) B (k) W, o k3) B (k)]
@(ﬂ% ot (K] )ws o k)W k)W (KDD) 2
= CT<(ek1,o,r D ekl,a,r) ARRRNA (ek4,p,r D ek4 0, r)
(e,ji’a,’r ® 5:;,0/,) A ley @8y T ot

(6.6)
ky,p'.r

for some constant C; locally bounded in t. Therefore, combining (6.5) and (6.6), we
have

T2 (v, = VI3 = 1T Vi 12 = 12 (VoI 1
=Ce Y4, ezz (T x kil /1) = TT; x kil /9)) mi—“

,,,,,

for some other constant C; locally bounded in t. By Young’s inequality for convolu-
tions we obtain, for any ¢ > 0

IT2 Ve = VO3 Se Ifsall oyl foull} ey Se s =172 6.7)

where < is up to a constant locally bounded in t, where

1+e¢ . e+0
— , =3 , — 1 — 40,
1= 19 P (1+s> Y

and where f; (k) = (x(ki|/t) — x(kil/s)(A + k2)9_1 Note that g is chosen as
small as possible in such a way that || fo,/ [l ;4 g2, <¢ 1 uniformly in ¢ > 0, so that p
is al large as possible and one gains the decaying factor || ;| » g2, A el
This concludes the proof. O

Proof of Theorem 6.3 By Holder’s inequality for the twisted IL” spaces, we have

1ZM e <y ——

n=0

MMMV "
A tan | ©8)

By Lemma 6.4 and by the hypercontractivity bounds, see Lemma 4.20, noting that

C 11H§p%,wehaveforp>2

PoT0=1
”Tt(p)(vt - Vs)||p§v,r1725_v~ (6.9)

Therefore, by Proposition 2.19, by Lemma 6.4 and by (6.9) we obtain for any 1 <
p < o0

46 2 -
IVillLe < IVsllwee + 11V = Villprva Sus™ 4+ ps™Y.
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2 80
In particular, choosing s = p#+ we have || V;|lLr <, p%+v. The fact that 86 < 1,
allows us to choose v < 1 — 46 such that % < 1, hence by (6.8) we obtain

86n
Al (pn) 3+
1200 < S LRI
>0 n!
nz

for some constant ¢ and for any 1 < p < oo, hence Z,()‘) eN p<oo LL? uniformly in
t > 0. To prove that the limit exists, we use that V; are commuting random variables
and by the fundamental theorem of calculus write

1
Vi _ oMV — kf V=D (v, vtV dr,
0

Therefore, forany 1 < p < coand any s < ¢

A
1ZH = 2P e < IMCsup 1ZP120) 1Ve = Vil 20

r=s,t

—V
<)\.,p s ’

~

proving the continuity in the IL.” topology. The continuity of @ (x - Zt()”)) for x € L7,
1 < p < oo follows by the fact that x - Zt(k) e ! for any 7 and that

A A A s
o - Z) — o - Z7)| = o - (2 = 2PN < Ixllee 127 = 27

where p/ ' =1- p~! < c0.
On the other hand, the normalization factor can be controlled for small |A|.

Corollary 6.5 If |\| is small enough, then |1 — a)(Zt(A))| < |A| for any t > 0. Further-
Lo SN
more, the limit lim;_, oc w(Z;"") exists.

Proof Along the lines of the proof of Theorem 6.3, by using the properties of the
twisted IL” spaces we have

|)»|" n 4§)0+n
cn v
<p |A].

! ~

A A A
1= =lo( =) <1 =27 <)
n>1

Furthermore, for any s < ¢
A A A _
0(ZM) = 0(Z3)] = 0@z - Z) < 127 - ZP ) S 57
hence the existence of the limit. O
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6.2 Weak solution to ‘I’g stochastic quantization SPDE

In this section, we provide the solution to the stochastic quantization equation for a
fermionic \IJE‘ on the two-dimensional torus T? (namely the fermionic SPDE having the
signed expectation built in Sect. 6.1 as invariant solution), in the same way in which
Jona-Lasinio-Mitter [26] proved the existence of a weak solution in the bosonic
case. More precisely, our strategy is as follows. First, we give a finite-dimensional
approximation of the \IIEt stochastic quantization equation (6.10). Thanks to this finite-
dimensional approximation, see (6.13), we can apply the tools developed in Sects. 5.2
and 5.3, namely It6’s and Girsanov’s formulas, to provide a weak solution to (6.13),
compare with Sect. 5.4. Flnally, we prove that the process Z%, i.e. the density of

the signed expectation 8 that appears in Girsanov’s formula, converges to a well-

defined random variable Z as the N — 00. As a result, we obtain a weak solution to
.. . . . =z

the original equation (6.10) under the signed expectation £ .

Let us now delve into the details of the construction. We consider 7 = Lz(']I‘z; (Cz),
h = h & h and an analytic Brownian motion X with covariance U = (11 e —1).
Hereafterif x : Ry x b — g§ we write x;(x) = (X, x), x (x) X 2(x), Xi 2(x)) to be
the limit, if it exists,

X ()= im0y @0 X (@)= im0 8r,)).

which has to be understood in S'(T?; gf() (see Appendix A for the definitions of
S(T%; Gi) and S'(T%; GR)). In this way, if v(x) = (v!(x), v (x), V2 (x), 82(x)) €
C®(T%: CYH b, we have

1@ =Y (X O O s+ 7 0. O)g.)-

j=12

Using the described identification, when possible, of x : Ry x h — g;} with
the function x : Ry — S(T% g§)4 allows us to speak about the Besov regu-
larity of a stochastic process. In particular, we say that a stochastic process x :
Ry — S(T?% G§)* has Besov regularity BS , if x.(-) € CO(Ry; B3 (T2, GY)) -
see Appendix A for the definitions of space of distributions and Besov spaces taking
values in a Banach space.

Remark 6.6 In the particular case where x.(-) € C? Ry; B;’p('ﬂ‘zg Q’;)), we can con-
sider the following sequence of stronger seminorms, for any 7 > 0

sup Z 18] ,/W K * X(x)llﬁpdx,

17, 200y
COOTEBY (PG5 ~ gy £
Jz

where K ; = .7-“1}2] (¢j), j =2 —1,and {g;};>_1 is a dyadic partition of unity of R?, see
Appendix A.
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Using the notation introduced above, the \IJEL stochastic quantization SPDE reads,

foranyO<K<%,AeR+,

t
() = x0(x) — /0 (A2 1, () + A2 (s 1t P ()

—A00A™H x)ds + AT X, (x), x e T2, (6.10)

where A = (—A + m?), where

x?= " x/x/, 6.11)

j=12

x = L al a2 53 e CORy; S(T?%; g§)4) (for some ¢ > 3) and X; is some
Brownian motion of covariance U, and the subtraction of —ooA~2¢ Xs stands for a
renormalisation procedure which will be explained below. As usual, the necessity of a

renormalisation procedure is due to the low expected regularity of the solution to the
SPDE (6.10).

Lemma 6.7 Forany 0 < k < % consider the process

t
XA =e ARy + f e~ AT gR g x| (6.12)
0

where X is an analytic (odd) Gaussian with covariance A~'U independent of
the process (X;);>0, then for any, ¢ > 0, and 2 < p < o0 we have X4 e
COR+; B, (T2 GR)).

Proof The proof is given in the case p = oo in [1, Lemma 62]. The generic p > 2 can
be proved using a similar method and hypercontractivity of Gaussian random variables
of Theorem 4.17 (see also [15] for an analogous proof in the commutative case). O

Notation 6.8 Let Q(x, V) be a (local) antisymmetric polynomial of the (regular)
random fields, we denote by [Q(x, V)] the same polynomial where every product
between the components of x and  is replaced by the Wick product, where x, ¥ are
Gaussian random field, more precisely we suppose x = X IA and ¢ = A1 X ZA.

For example if Q(x,¥) = Py(x") @) Py(x") @) Py (x*) () Py (X*)(x), where
Py is the (L? (']I‘z)- Jorthogonal {Jrojection on the Fourier modes less or equal than N >
0, and recalling that E(Py (X ) (x) Py (X1 (x)) = E(PN (XA (0) Py (X)) (1)) =
Cy where Cy = Z\k\gN m and EXAT () XA (x)) = 0, foranyi, j = 1,2
andi # j, we have

10T = x" O x X202 — Cvx ) () — Cyx2(0) 12 (x)—Cx.
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Using the symbols introduced in Notation 6.8, we consider an approximate stochas-
tic quantization equation for x € T?

1™ ) = 1™ 00 = [TIAT2 N 0+ 2Py (AT LM ™ PD 0 Ms + ATEX (),
%" () = Xo(x) + ho(x).

(6.13)

Remark 6.9 We take an initial condition of the form Gaussian free field plus some
regular random variable, since we want to cover the case where the initial condition is
distributed as the non-commutative measure »* defined in Theorem 6.1. The fact that
a non-commutative random variable distributed as @) can be realized as a regular
shift of a Gaussian free field is proved in [16].

Let us now consider the process

t
zZV" = exp (x/o /Tz Py (AT [Pa(Py (X2 + e o) (n)d X, (x)
A2 [t A Al
_7 /0 f]D(PN(AiK [[%33(PN(XS te ShO))H)’

UA=[P3(Py (X2 + eA””Sho))mRmxds) ,
where
P3(Pr(X2 +e A he)) = Py (XA + e Sho) Py (X2 + ¢4 S ho) 2,
and the Itd random field

BN (x) = X, (x)

t
+ f Py (A2 (Py (XA + ¢4 S ho) Py (XA + e S hp) %) (x)ds.
0

The reason of the introduction of the previous processes is the following weak repre-
sentation of the solution to the approximating SPDE (6.13).

Proposition 6.10 For any hy € C(T?; G%) and for any & > O, there is a

unique (global in time) strong solution to )(t(N) e CORy;C* (T2 G%)) to equa-
tion (6.13) driven by the Brownian motion X;. Furthermore the couple of processes
(X4 4+ eAl_ZK'ho, BN-hoy is a weak solution to the SPDE (6.13) with respect to

_7N.hg
the expectation SZ ) = 50(~Z¥’h°), namely we have that, for any polynomial
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F e @ﬁ:o A(S(T?)) and forany 1) < ... <1, € Ry,

N —zN.ho _Al-2 a2
wo(FOM o i) =& (PP e ’lho,...,xfj+ AT oY)
1-2«
— E(F(X e " ho, o XA e A I hg)zN Moy,

(6.14)

Proof The result follows from Theorems 5.36 and 5.37 by noting that it is possible
to split equation (6.13) into two independent equations, by projecting the solution
on the image of the projection Py and I — Py. The first equation is a non-linear
finite-dimensional equation, and thus Theorems 5.36 and 5.37 apply directly. The
second equation is the linear equation (6.12) projected on the image of I/ — Py. A
linear equation of the form (6.12) has always global in time solution and, by the
independence of the processes Py (x; N)) and zZN-ho , equality (6.14) can be checked
directly. O

In order to take the limit N — oo, in the weak solution (X4, BN 'ho) and obtain a
weak solution to the limit equation (6.10), we first need a result on the regularity of
Wick’s polynomials of X ZA.

Lemma 6.11 Ler Q(x, ) be any antisymmetric local polynomial of the random fields
X, ¥ of degree n, which is at most of first degree in . Then, for any nn=2)+3

4n(n—2)+8
2"(";2)+4K . 2n(nz—rl2)+3, the sequence of random fields

K < j, >2and 0 < s <
_1
[[Q(PN(X{‘), PN(AI’Z"X,A))]] is a Cauchy sequence in C° <R+; B;,p2 (T?; gff)).

We denote the limit by [Q(XA, A'=2>XM)]. If Q does not depend on s, then
[[Q(PN(X;“))]} — [[D(XtA)]] in CO(R.; B;’Ep(']l’z; g‘;)) for any ¢ > 0. Finally, we
have that, for any T > 0,

sup [|Q(X, AT — Py (X[, Py (Al 2”xA»u g 5P
t€[0,T] ( GY)
(6.15)
Ay A V(k,€)
sup QX)) — QPN XN goe 2,g0)S P (6.16)
t€[0,T]

for some v(k, s), V(k, &) < 1, not depending on T

Proof We give the proof for the case where Q(x, ¥) is a monomial of the form

Q. ¥) =y~ 1—[212:1 Xjkl n2 1Xjk2 or Q(x,¥) = Hkl 1)(]](l n2 Xjkz, for
some n1, n2, ji; jky, ¥ € N. By linearity the general result follows.
Let us call

Vj,r = sz [[PN(Al—ZKXA,r) 1—[n12:1 PN (X:ijl) 222_1 PN ( ]kz)]](x)K (x)dx
= JellTi= P ( . JA]) =1 Py (XtA)]kz)]](X)Kj(X)an
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where K; = F~ e ) is the function corresponding to the j-th Littlewood—Paley
block.

By the invariance of the law, and of the norm of Py (X#) and Py(A'=%XA) with
respect to spatial and temporal translation, we have that, for any N, N' € N,

sup [I[Q(PN (X, Py (A" X)) = [Q(Py (X, Py (AT XI)IIP

1€[0,T} By,
4 1Y . .
<Yy 2(S’7>’”||vx,"—vlfva’||£p sup ||[[Q(PN<XA> Py AT XN
r=1;>-1 r€lo, Bppz
6.17)
4 1Y .
<Y 2‘(5‘7)"”||V/V”||£pdx (6.18)

I
W

r=1j>-1

and similarly for VI{,. _Since [Q(Pn (X IA), Py(A1=2¢ X ,A))]], is a polynomial of
Pn(X2) and Py(A'=%X2) with coefficient bounded by log(N) and N>~%, by fol-
lowing the proof of Lemma 6.4 we get

sup  N[QPN (X, Py (AT X)) 12 S (log Ny 2 N4—8¢,
1€[0,T],xeT?

and thus, since ||K;ll, 12 = 1, ||V,§*’||Lw S UKl g2y (log Nyt N4=86 <

(log N)"1+m2 N4=8€ (when Vlf,’r is replaced by V1</ we obtain a bound proportional to
(log(N))"1+72).
Following again the proof of Lemma 6.4, we obtain that

172V = T2 VDI
ni+ny
=C; Z (pJZ_ (h + Z El) .

1oy €72 i=1

2 ni+na

|h| " 1€; | lgl 1€
(131 ( 1_[ 1p, ~ ) 15, N l_[ I, Wl .
i=1

1 ni+ny 1

(P4 2] E (62 +m?)

ni+ny
=G, > <p]2-(h+ZEi)-
i=1

hv£1"'-v£}’ll+n2 GZZ

ni+ny |£ | 1 ny+nz 1
(IBN/\BN(“’lD 1_[ 131( )) (|h|2+m2)4x 1 l_[ (|£i|2+m2)

i=1
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ni+ny ni+na
+ > > ¢ <h+ Z z)

hsel sssss en1+nzez k=1

h ni+ny e E
(monans () T (5 ()

i=k+1
1 ni+ny 1
. . (6.19)
(A2 +m?)%T D (16 +m?)
Following the proof of [15, Lemma 3.2], we get
ni+ny
— i ~ —k
(6.19) S 277 (nyN,nyl';&*"anm + ) v vt yN,N/nHHg)
k=1
where
lkX lk‘(
VL) = Xhcrker? gy VL) = Xiugrker? (mTIklz)’

ik-x

YL (X) Z\k|<L keZ? (m2+]k|2)20-1> )/L /L()C) ZL<|k\<L’ keZ? (m2+]k|2)20-1*

If we choose, § < 0,8,8" > 0and p’, g’ > 1 such that

1
§>2 -1, 8,8/>m—-22-40), §>G+1)— —,
q'(n—1)
o 11 1
p p q

(the existence of the previous constant is ensured by the conditions % <Kk <

2n(n72)+4 2n(n 2)+3
n

%, and0 < s < ), using the Besov embedding Theorem A.3

for the computation of || )7N,N/ ”B‘“ , ||)/N,N’ ”B‘“ , and so on we get that
p.p

<27 IS(NTY 4 N7,

~

IV = Vi I12, = sup ITP (VD = T2 (Vi

(6.20)

Since [Q(Py (X?), Py(A'=2¢X2))]is a polynomial of degree n = ny-+n,+1,by the
hypercontractivity inequalities (6.17) and (6.20) we have that [Q(Py (X), Py (A2

_1
X A))]] is a Cauchy sequence in C° <R+; Bs . (Tz; G )). In order to get inequal-
ity (6.15), we proceed as in the proof of Theorem 6.3. Indeed, for any p > 2, we have,
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for any N’ > 0,

Jj.r Jj.r Jj.r Jj.r
IV e < VY e + 11V — V& lie

<
5 10gN)nl+n2N2_4K + p%z—ji"(N—a +N_6/),
< i~

2 (Qog Ny N4 1 pE(NTP 4 NTH)) (621

By our assumptions on §, 8 there is a < ﬁ such that, (2 — 4x)a < v(k,s),

5 - a8’ < v(k,s) and 5 —ad < v(k, s), for a suitable 0 < v(k, s) < 1. This mean

that by choosing N = p* we get
”V]{;/r”]LP < 2§ ((log p)n1+112p<x(2—40) + pg—aa + pg—aa’) < 2j§pv(0,s)'

By using inequality (6.18) the claim (6.15) follows.
In order to prove the convergence [Q(Py(X2A)] — [Q(X?)] and inequal-

ity (6.16), we can repeat the previous reasoning by replacing VZ{,’r by V/. The reason
for the arbitrary (negative) Besov regularity —e¢ in this second case is due to the fact

that [Vl < (log(N))"+"2. o

We observe now that, by the It6 formula,

ZtN’hO = exp ()‘ /]1‘2 [[PN(|PN (X}A + e_A]_2KSh0)|4)ﬂdx
— /T [P 1Py (Ko + ho)[H)]dx

t
A / / [Py (X2 +e A 5 hg)
0 JT?

APy (XA 4 e AT o)1 Py (XA + e A S hg) 2] dxds

R A Al-2¢
5 [ v e o+ o,

UAT P3Py (X + e )], dxds) , (6.22)

where we use the notation

X-v= > G+ XY

j=12

Lemma 6.12 Consider % <Kk < % Under the hypotheses of Proposition 6.10, the

terms in the sum defining the exponential (6.22) (namely [[I(X,A + e_AlfzK’ho)|4]],
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[[PN(|PN()~(0 + ho)|4)]], etc.) converge, as N — 00, to some well defined random
processes which we denote by

1-2k 1-2k
[t +e™ ol [T + e hy)
A(XA e AT XA e AT )Y,
(6.23)

1

— _Al=2« _Al-2
(AT[XA e S ho) | (XA +e74 S ho)l?],

UAT (XA + e A 7 Sho) (XA + e—A"”ShO)F]]} (6.24)

R4

Proof Thanks to Lemma 6.11 and Theorem A.4 (on the multiplication of distributions
in Besov spaces), the expressions in Eqs. (6.23) and (6.24) can be defined in the
following way: taking for example [|(X + e’AlfzK’ho) 4], if we (formally) expand
the fourth power and using the properties of Wick products with respect to addition
we can define [|(X/ + e’AlfzK’ho)|4]]

[ + e o) ]
= [IXAP] + 2[1XAPPXA] - e~ A" g + 2| X A2 Je= A" 1 h |2
2L X e A R le AT R2) + XM XA e A  hhem AT k)
XA e A T ) e A g 4 e A .
(6.25)

The right hand side of the expression (6.25) is well-defined since [|X ,"‘ |4]],
[x ,A 12X ,A}], etc. are, by Lemma 6.11, random distributions in B;fp (T2 g§), mean-
whilee 4" py, |e‘A172K’h0 |2, etc. are random fields in C! (T?; G¥).Since —e+1 >
0 (for & small enough) and % + % < 1 (forany p > 1), by Theorem A.4, the prod-
ucts [|XA1>XA] - e= A g, [[|X{*|2]]|e_Al_2K’h0|2, etc. are well-defined as random
distribution in B;f; (']I‘z; g;?). In a similar way we can define all the other random
distribution in expression (6.23) and (6.24).
By observing that

_Al=2«
[Py (XA +e=4 ) Y]
_Al-2« _Al-2
= [PV XM YT+ 2l Py X PPy XA - e T Pyho + 2[ 1PN X PTle™ A Py kgl

_Al=2« _Al=2« _Al=2¢
+[Py XA @ PyXA] - (674 TIPyho®@e™ T Pyho) +le”A T Py (o)l
(6.26)

it is easy to see that, by Lemma 6.11, Theorem A.4 and the convergence of
e‘AHK’PN(ho) to e_AHKhO in C1=¢(T?; G%), as N — +oo, the expression at

@ Springer



Non-commutative LP spaces... 1017

the right hand side of equation (6.26) converges to the sum (6.12), as N — +o0c. The

convergence of the other terms to the random processes in equations (6.23) and (6.24)

can be done in a similar way. O
We can now, prove that ZZN 10 has a limit as N — oo.

Lemma 6.13 Suppose that }‘—g <Kk < % Then, for any p > 2 we have that Z,N’ho —

Ztho in CO(Ry; gﬁ) where Ztho is as follows

_Al-2¢
Z/ = exp <x /Tz[n(xf‘ +e " ho)dx — Asz[n(Xg‘ + ho)|*]dx

4 —2k —2k
+A f f I+ e hgy - AV 4 e hg ) X
0 JT

_A|—2K

+e Sho|*]dxds

» o —K A —Al- 2 A —Al=2g 2
-y AT e ho)|(X§ +e ho)|”].
0 JT

UA™[(XA + e 7 Sho)| (XA + e_A1_2K5h0)|2]])R4dxdt> . (6.27)

where the expressions [|(X2 + e‘AlizK’h0)|4}], [[|(X6‘ + ho)|*], etc. in formula (6.27)
are defined as explained in Lemma 6.12.

Proof We prove only that exp (A Jp2[Pn (1P (X2 + e‘Alfthh0)|4)]]dx) converges
to

1-2k 1-2k
exp (& fra(IXAT] + 20X PXAT - €A ho + 201X Pl o 2
+ X @ X[ @A Tho @ e o) + oA Tho[d)
(6.28)

where

[X{ ® X] - (A" hg @ e~ *1hg)
Al1+vA2 _Al=2km1 _Al=26, 5 A1 GA2 _Al=2k _Al=2k
= 20X X e A T hle A T R + [ X X[l (em A T Thiem A T R,

inCO(Ry; g’;(), since the convergence of all other terms can be proved in a similar way.
By equation (6.26), in order to prove that exp (A [r2 [Py (| Py (X7 + e_AlfzK'h0)|4)]]
dx) converges to the exponential in (6.28), it is enough to prove that exp (A sz [| Py
X2*]dx) converges to exp (A [p2[IX{[*]dx), that exp (24 [ [| Py X > Py X ]
AT PNhodx) converges to the quantity exp ()» Jr2 20X A1PXA] - e*AHK’hodx),
etc.

The convergence of exp (A [[|Py X7 *]dx) to exp (A [[IX/|*]dx), has been
proved in Theorem 6.3.
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If we consider the term [[|PNXtA|2PNX;4ﬂ . e‘AlfthPNho, by Lemma 6.11 and
Theorem A.4, for any k € N and p > 2, we have that

H/[“PNXA| PyXA] e AP hodx—/[[lXAl XA ) e A hgd

L*P
A2 A ARy A
< MIPv X7 1P XE] — [IXF 17X ]]IIB];;kpllhollc'
ARy A 261
HIDX X T e, N Pllholicr — 0 (6.29)
as N — oo. Furthermore, by inequality (6.15) and Theorem A.4, we get
ok A2p A7 —Al2g AR yAn  —Al2G k
ZF /H|PNXt|PNXtﬂ'e PNhde*/[“Xt‘Xtﬂ'e hodx
k=0 LP
< Z ARpyxA] e A 2K’PNh0dx7/ﬂ|X,A|2X,A]] e AT dx )
LrpP
- kllhO”cl A2p yA A2y Apk kQe—1) 1w A2 y A7k
S Z ADPNXE1 Py X ] = IXE1EXE - + N IXE XD G- )
kp.kp kp.kp
< Z Cgk(\)(/{,é‘)—l)’ (6.30)
k=0

where C,, > 1 is a suitable constant depending on p. Since » ;_, C f,k("("’s)_l) isa
convergent sequence, inequality (6.30) proves that exp (A JlIx ZA 12X ,A]] e AT hodx>
is well-defined in gé}. Furthermore, by the convergence of (6.29) and Lebesgue domi-
nated convergence theorem, inequality (6.30) implies thatexp (A [ [| Py X1 1> Py X] -
e‘Al_ZK’PNhodx) converges to exp (k JUXA2XA] - e‘Al_ZK’hodx) in CO(R4; Gh).
In the same way, it is possible to prove that the exponential of every term in the
sum (6.26) converges to the exponential of the corresponding term of equation (6.28).
Since every term in the exponential is even, and thus the standard properties of the
products of exponentials hold, and since we proved the convergence of each single

exponential in CO(R+; fo), for any arbitrary p > 2, the statement follows from
Holder’s inequality for the twisted spaces. O

We have now all the tools for proving the convergence of weak solutions to equa-
tion (6.13) to the weak solution to equation (6.10).

Theorem 6.14 Let % < Kk < % and ho € Cl(']I‘z;g‘)’(o). Then, for any F €
@ﬁ:o AN S(T?) and any ty < - -+ < t, € Ry we have

N -2« _Al-2
Jim wo(FOM M) = ES (P e Mhg, L x P e g

= FXP +e A hg, XA e A gz,
(6.31)
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where Xt(N) is the solution to equation (6.13).

Proof The proof is a consequence of the representation of solutions to equation (6.13)
given in Proposition 6.10 and of the convergence of the process Z"-"0 to Z"0 provided
by Lemma 6.13. O

A Besov spaces of distributions taking values in Banach spaces

In this appendix, we want to recall some results about Besov spaces of functions (or
distributions) on T taking values in a Banach space .A. The results of this section can
be found in [3, 4], where the theory of Besov spaces taking values in a Banach space
has been developed.

We denote by S(T¢) the space of smooth functions defined on T¢ and equipped
with the set of seminorms

£ lle = 1D £l o ey < 09,

where @ € N?. We denote by & (T%) the strong dual of S(T?) with respect to the
topology induced by the seminorms || - ||4. If A is a Banach space and B a nuclear
space, we denote by B® A the completion of B ® A with respect to the natural metric
of the algebraic tensor product on B ® A. Such a completion is unique up to an
isomorphism. Using this notation we define

ST A) = S(THRA, S (T4 A) =S (THRA,

where A is a Banach space. It is important to note that
d
S(T% A) = (T4 A)

where the arrow means that a space is continuously embedded and dense in the fol-
lowing one.

Remark A.1 Let A, A, and A3 be three Banach spaces, for which a product operation
-1 A1 X A — A3z (which is a continuous bilinear function) is defined. Then, for any
i =1,2,3, it is possible to define uniquely (-, ) : S(T%; A;) x S (T9; Ay) — As,
S ST Ar) x S'(T9 Ap) — S'(T Az), -+ S(TY) x (T4 A) — S(TY; A,
% : S(T?) x §'(T%: A;) — S(TY; A;) and D* : S(T¢; A) — S'(T?; A) (where
o € N?) which extend in a continuous way the following operations: any f € S(T%),
ueS (M) anda € Aj,a; € Ay, ar € Ay we have

(f®a,u®az) = (f, u)araz
(f®a1)  u®az) = (fu) ® (ara)
fw®a)=((fu)®a
fxu®a) = (f+xu)Q@a
D*(u®a) = (D*u)®a
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where (f, u) is the normal pairing in S(T?) x §'(TY), (fu) is the product in S(T9) x
S'(T?), (fxu) is the convolution in S(T?) x &' (T¢) and D* is the « derivative in
S'(T?) (see [4] Appendix 1).

We recall the definition of Littlewood—Paley decomposition on the torus T, Let
X » ¢ be smooth non-negative functions from R? to R such that

supp(x) C B4 (0) and supp(g) C Bs (0)\B3(0),

X, @ < 1and x(y) + Zj20¢(2’jy) = 1forany y € R",
supp(x) Nsupp(p(2™'+)) = ¥ fori > 1,

supp(¢(277+)) Nsupp(p(2~') = @ if |i — j| > 1,

where by B, (x) we denote the ball centered at x € R and of radius r > 0. We
introduce the following notation: ¢_1 = x, ¢;(-) = ¢(277/-), K; = Fl(gojlzd) €
S(TY).

IfveS (T A andifi € Z,i > —1 we define the ith Littlewood-Paley block as
follows

Ajv = K;xv € S(Td; A).
Then, if s € R, p, g € [1, +00], we define the function

1/q

+o0
— E Jsq T
”U”Bf;,q(Td;A) = 2 ”AJUHLP('JT";A) s
Jj=—1

when g € [1,+o0) and ”U”B;’+OO(Td;A) = supj(ZjS||Ajv||L,,(Td’A)), where || -

||Lp(Td;A) is the norm in the space LP(']I‘d; A) that is,

1/p
U pd. g = ( /T ) ||f(y>||f1dy>

for p € [1, +00), and

”f”LOO(Td;A) = sup [[f WA,
ye’]l‘d

for p = +o0.Forany v € S(T%; A) the norm vl gs (1d; 4y < 00 is finite. Then we
Pq ’

look at B[S,’ q (T?: A) as the closure of S(T¢; A) in S'(T¢; A) with respect to the norm
-1l gs (T9: A)- Hereafter, if s € R, p,q € [1, +00], we use the following notation
Pt

C (T4 A) = Bgoyoo('ll‘d; A), B, , = Bz,q(Td; R) etc.
In this paper we need some results.
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Theorem A.2 Considerm > 0, a,s € R, p,q € [1, +00], such thats, s +a ¢ N then
we have that (—A +m)™%, where A is the standard Laplacian on T, is a continuous

linear map from By, , (T%; A) into B‘;;q"‘ (T?; A).

Proof This is exactly [4, Theorem 5.3.2] for the case R?. The theorem on the torus
can be proved in a similar way. O

Theorem A.3 Consider s; > s» € R, py, p» € [1,400], and let Ay C A be two
Banach spaces (where the inclusion is continuous). Suppose further that s1 — % >

s2 — %, then we have the following continuous inclusion

(T9; A) € B2 (T%; Ay).

S1
BPI,PI p2,p2

Proof The proof can be found in [4]. O

Theorem A.4 Let Ay, Ay and Az be three Banach spaces, for which a product operation
-1 Al X Ay — A3 (which is a continuous bilinear function) is defined. Consider
s1,82 € R, such that s1 > 0, so < 0, and s1 + s > 0. Consider pi, p2, p3 €
[1, +o00] such that % + % = % then we have that the product - : S(Td; Ap) x

S(T?; Ay) — S(T%; A3) can be (uniquely) extended in a continuous way to a product
fromB), (T4; Ap) x B} (T?; Ayp) into B b (T%: A3), furthermore for any vi €

B;JII,pl (T Ay) and v, € B}Yzzz,pz (T?: Ay) we have

) . < ;
lvg v2||3;23_p3(Td;A3) S v ”gvplhpl(’H‘d;Al)”U2||B;22,p2(’]1‘d;¢42)~

Proof The proof can be found in [4]. O

B Twisted L? spaces and unbounded operators

In this section, we investigate the link between unbounded operators and non-
commutative L? spaces. Recall that H := L?(M) equipped with the inner product
defined by Haagerup’s trace (x, y)» := trg(x*y) is a Hilbert space, see Proposi-
tion 2.11. It is convenient to represent the vNa M as acting on H by left multiplication,
that is, ;(x)€ := x&, for any x € M and £ € H, giving rise to the so-called stan-
dard form {m;(M), H, J, H+} with conjugation J& = &*, see [20]. For the sake of
simplicity, we will henceforth write M = 7;(M). The element D’ e ‘H is the unit
cyclic separating vector for M associated with the state w, so that M is in the GNS
representation. Recall that D := D%M is dense in H, see Lemma 2.2

Whereas M acts as bounded multiplication operators on H, we would like to extend
this identification to elements of L” (M) for any 1 < p < oo as follows.

Definition B.1 If x € L? (M) we define Op(x) : D — H by
1 1_1
Op,(x)D2y :=xD? »ry.
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This is an extension of the multiplication by elements in M since in fact
1
Op, (MDF) = M, that is,

1
Op, (xDF> D%y:xD%y. Vx,y € M.

Unfortunately, the operators so defined lack some important properties, e.g., they
1
might not be closable and this is due to the fact that if x,D? — x € LP(M), W1th

X, € My, it is not clear whether also x*DP has a limit, or equivalently if [x,]1 1 DP
converges.

1
LemmaB.2 Let x € LP(M) be such that there exists a sequence x,Dr — x for
1
which x;} D7 is convergent in L (M). Then, Op »(X) is a closable operator.

The proof is the same as for Lemma B.4 proposed below. The difficulty discussed
above motivates us consider spaces of unbounded operators where the twisted sequence
converges as well, that is, the IL? space introduced in Sect. 2.3.

DefinitionB.3 Let 1 < p < oo. For any x € LL”(M) define the operator Op,,(x) :
D — H by

@pp(x)D%y = L% — lim an%y,
n— o0

where (x,) C My, x, — x in the IL? topology.

This definition is meaningful because x,, — x in the IL? topology implies conver-

1
gence of the sequence x, D 7. Thus, by Holder’s inequality the L>—limit exists and
does not depend on the sequence (x,). We can prove that such operators are closable.

LemmaB.4 Let 1 < p < oo. For any x € LP (M) the operator Op,,(x) is closable.

Proof For any a, b € M, by continuity we have

<D%a,@p,,(x)1)%b> = lim <D%a,xn1)%b> = lim <x;D%a,D%b>
H n— 00 H n—o00

H
= (Op, () D%a, D%b>H
where we crucially used that x,’ converges in L” to x*. In other words, we proved that
Opp (x)* D Opp(x*) the latter being densely defined on D, hence the claim. O
We denote by Op,,(x) the closure of Op, (x) and its domain by D(x) D D.

Remark B.5 A priori we do not know if D is a core for Op(x), that is, if b is another
closed operator which coincide with a := Op(x) on D then a = b. In principle there
could be a closed operator with a larger domain. We will see below that this does not
happen under some additional assumptions.
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Let us now investigate sufficient conditions to have self-adjoint operators associated
with elements in twisted L” spaces. Recall that if x € M,, [x]} = [x*]—, and this
will pose a problem in our computations. This will require some strong condition for
proving that a sequence (x,), C M, self-adjoint converges to a self-adjoint operator

on H.

TheoremB.6 Let2 < p < 00. Let x € LP (M) and assume that there exists (x,), C

1 .
My self-adjoint such that x, D? converges to x in LP and moreover that U, (t) :=
exp(ix,t) € M, satisfies

1 1
sup (U (5)]_1 D77
n P

< 0. (B.1)

2p
p—2

Then, Op,(x) is essentially self-adjoint, affiliated with M and if we denote by u the
law of Op ,(x) under w, i.e. the unique Radon measure . for which

w(g(Op,(x))) = /g(y)u(dy)

for g € C(R), then we have

2

/yzu(dy) = HxD%‘% L <0 (B.2)

Proof We want to construct an unbounded self-adjoint operator X 2 Op,,(x) acting
on H which represent the limit of the sequence (x,), C M,. To do so, we observe that
% (U, Uy (8)*] = iU, () (xyy — X ) Upy (2)* and thus, by the fundamental theorem of
calculus

t
Un(t) = Un(t) = i/ Un(5) (6n — ) Un( — 5)ds,
0

the integral being intended in the Bochner sense. Since x,, is analytic, so is U, (),
1 1
[Un()]_1 D27 Sl
P

2p ~

[Un(s)]_1 is well-defined and by assumption sup,
P

Thus, we write

Bl—

_1
ra,

Up($)(tn — Xm)Un(t — $)D¥a = Up(5) (i — X)) D7 [Up(t — $)]_1 D
P
and by Holder’s inequality
1 1
1w~ vw@1Dtal, < thal | — 07| (B.3)
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which shows that (Un (t)D%a> is a Cauchy sequence in H, so that we can define
n
U():D— Hby

U(t)D2a = lim U,(t)D2a.
n—oo
By continuity, we have

1 1 1
Ll I
|vwpial, = tim |vao0ta], < [pia],

so that U(t) can be extended by continuity to a bounded operator on H with
U (t)||}—+ = 1. One can also prove that U(¢)* = U(—t) and that U(t)U (s) =
U (t + s), the latter as a consequence of the identity

UU(s) = Up(t +5) = (U@) = Un(0))U(s) + Un(t)(U (s) — Un(s))

where U, (t + s) = U, (t)U,(s) was used. Thus (U (?)); is a one-parameter unitary
group. We can prove strong continuity: in fact, by continuity and by the same argument
that lead us to (B.3), we have

I =Vl < |11 = v@1Dia| + 101 = U@l o - D3a

1
<t o ol
Stlall+ e ”

and the r.h.s. can be made arbitrarily small by choosing a such that H(p — D3a HH is
small and then ¢ small depending on a. By Stone’s theorem, there exists a self-adjoint
operator X : D(X) — H, D(X) being the domain of X, such that U(¢) = el X It
is easy to see that X is affiliated with M since this is the case for (U(t));. For any
D%a € D, we have

t t

1 1
(U@t) —1)D?a = lim i/ Uy (r)x, D2 adr =1/ U(r)xD? " 7adr
n—oo 0

0

t
- i/ U(r) Op,,(x)Dadr,
0

so that D € D(X) and X 2 Op,,(x). Furthermore, by Holder’s inequality

1 1
x,D2a — XDfaHH <

1
xu,D7P —x” la]l = O VD%a eD.
P

We shall now show that D is a core for X. Assuming by contradiction that the closure
Y := X|p is different from X, we show that the one-parameter groups they generate
are equal on D. By the above considerations, for any a € M

i 1 . i 1 . 1
e®D2g = lim e"*Dza = lim D2[e""*]; 2a, (B.4)
n—o0 n—0oo
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Furthermore, since ¥ — X is identically null on D, we have that lim,_, (Y —
X )D%[eixﬂs J12a = 0. Accordingly, since ¥ — X is a closed operator, by (B.4) we
obtain

(¥ = X)e™*D7a = Tim (¥ — X)D7[e¥"*]1 20 =0,
and therefore, by the fundamental theorem of calculus
(@ —eX)Dia = ifei”f—s)(y — X)e¥*Dlads = 0.

Since D is dense, by boundedness the two groups coincide on the whole H, that is,
Y =X.
By the functional calculus we can define f(X) € M forall f € C(R) and then

| roop?

2 2 2
sz(lf(X)l )=/|f(y)| n(dy)

where p is the law of x under w, i.e. the random measure such that

/g(y)u(dy) =w(gX)) = <D%, g(X)D%>H

for all g € C(R). Taking f — Id we obtain that
1

= U yzu(dy)]z.

1_1
H)CD2 P

— HXD%
H

O

Remark B.7 Any self-adjoint operator X for which [ y2u(dy) < oo gives rise to an
element of H. To prove this, note that f(X )D% € 'H and

(00 = gxD?

2 2
H=/|f(y)—g(y)| w(dy)

so if f,(y) — y in L?(u) we have also that f,,(X)D% — x in H. Finally, to see
that x = XD?, if ¢ € Dom(X) we have <(p, f,,(X)D%>H - <fn(X)<p, D%>H and

therefore (¢, x)y = (X(p, D%)H which shows that D% € D(X*) = D(X) and that
X = XD%.

We note that (B.2) is particularly interesting in the case p = 2 since it establishes
the link between the L? norm of the operator and the expectation of y > y. To obtain
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a link with the L? norm, we need to intertwine D with x since in fact

"D).

On the other hand, this can be achieved in the twisted setting.

/|y|m(dy> = try ()w—é

CorollaryB.8 Let p € [2, 00] and let x € ILP. Assume that there exists (x,) C M,
self-adjoint such that x, — x in the ILP topology and assume that U, (t) := exp(ix,t)
satisfies (B.1). Then, Qp,(x) is essentially self-adjoint, affiliated with M and if we
denote by  its law under w, compare with Theorem B.6, we have

2
< OQ.
H

1
[ iy =[x}
Furthermore, if p = 2n € 2N, we also have

[P < i, < .

Proof We only need to prove the last claim. For p = 2n € 2N we have

o0 ]L2n .

/ ¥ n(dy) = ru(jx[*" D) = e (T2 GH TP () - T2 () < x| 2
[m}
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