Noname manuscript No.
(will be inserted by the editor)

A non-local cross-diffusion model of population dynamics II: Exact,
approximate, and numerical traveling waves in single and multi-species
populations

Andrew L. Krause - Robert A. Van Gorder

Received: date / Accepted: date

Abstract We study traveling waves in a non-local cross-diffusion type model, where organisms move
along gradients in population densities. Such models are valuable for understanding waves of migration
and invasion, and how directed motion can impact such scenarios. In this paper we demonstrate the
emergence of traveling wave solutions, studying properties of both planar and radial wavefronts in one
and two species variants of the model. We compute exact traveling wave solutions in the purely diffusive
case, and then perturb these solutions to analytically capture the influence directed motion has on these
exact solutions. Using linear stability analysis, we find that the minimum wavespeeds correspond to
the purely diffusive case, but numerical simulations suggest that advection can in general increase or
decrease the observed wavespeed substantially, which allows a single species to more rapidly move into
unoccupied resource rich spatial regions, or modify the speed of an invasion for two populations. We
also find interesting effects from the non-local interactions in the model, suggesting that single species
invasions can be enhanced with stronger non-locality, but that invasion of a competitive species may
be slowed due to this non-local effect. Finally we simulate pattern formation behind waves of invasion,
showing that directed motion can have substantial impacts not only on wave speed but also on the
existence and structure of emergent patterns, as predicted in the first part of our study (Taylor et al,
2020).

Keywords aggregation - directed motion - traveling waves

1 Introduction

Since Fisher’s famous work on waves of advantageous genes in a population (Fisher, 1937), the emergence
of wave solutions in reaction-diffusion models in and beyond population ecology has been well studied
(Ablowitz and Zeppetella, 1979; Dunbar, 1983, 1984; Miller, 1997; Hosono, 1998; Grindrod, 1991; Hosono,
1998; Murray, 2003; Volpert and Petrovskii, 2009). Such solutions have been used to investigate invasion
fronts (Lewis et al, 2016) of species which locally out-compete their native competitors, such as in the
invasion of grey squirrels in Britain (Okubo et al, 1989; White et al, 2015), or in studying the invasive
properties of cancer cells (Sherratt, 1993; Strobl et al, 2020). Many other ecologically relevant scenarios
require the knowledge of how different kinds of dispersal mechanisms lead to different spreading speeds
of a population, and reaction-diffusion systems have been a central model of study in such spreading
processes.

Traveling wave studies have been extended to a variety of other dispersal mechanisms, especially
those including density-dependent dispersal, in order to better model motion of individuals beyond
purely random movement. The inclusion of advection has been shown to have an impact both on the
quantitative predictions of wavespeeds, and on the qualitative properties of stability and the structure
of fronts (Kiselev and Ryzhik, 2001; Berestycki, 2002; Satnoianu, 2003; Berestycki and Hamel, 2007),
in addition to being a framework within which to model various motion along gradients (“taxis”) and
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other relevant dispersal mechanisms Kareiva and Odell (1987); Pettet et al (2000); Wang (2013); Hillen
and Painter (2009). Traveling wave solutions have also been studied in cross-diffusion systems both
theoretically (Wu, 1995; del Castillo-Negrete et al, 2002; Gambino et al, 2012; Horstmann, 2007), and in
terms of modeling ecological scenarios, such as plant dispersal (Kuznetsov et al, 1994). In each of these
cases, the general approaches have built off of those developed for studying traveling wave solutions
in reaction-diffusion equations, and comparisons between them have given important insights on what
impacts the non-diffusive dispersal mechanisms have had on the structure of traveling wave solutions.

In (Taylor et al, 2020), we studied the dispersal and clustering of populations of multiple species
interacting via an extension of the model proposed by Grindrod (1988) controlling the dispersal of
individuals in single and multispecies communities (Grindrod, 1988, 1991). The work of Grindrod (1988)
built on simpler models by Gurtin and MacCamy (1977) and Bertsch et al (1985), by modelling behaviors
where individuals can respond to threats of predation and starvation, and responses to the environment
occur on a much shorter timescale than births and deaths of individuals. This motion was modelled
separately from random diffusion through an advection term, with each species moving along a fecundity
gradient. The dynamics of such models in one spatial domain were considered in Grindrod (1988), and
in two spatial dimensions in Kurowski et al (2017). The evolution of conditional dispersal strategies in
the context of competition between two species that are ecologically identical except in their dispersal
mechanisms was considered in Chen et al (2008), and the spatial dependence of such dynamics was then
considered in Hambrock and Lou (2009), when a spatially heterogeneous domain was considered. Much
of the work on this model has been in terms of studying its pattern-forming potential, and hence as a
framework to understand colony formation in population dynamics.

Previously, Ibrahim and Nasreddine (2017) proved the existence of planar waves in the one-species
version of the model of Grindrod (1988) on R, although no solutions were constructed or studied qualita-
tively. As far as we are aware, there have not been many studies concerned with traveling wave solutions
in this kind of model. Motivated by Ibrahim and Nasreddine (2017), we study wave solutions, both
planar waves and radial waves for one and two species, showing that the speed of the wavefront tends
to increase with the rate of directed motion along resource gradients. We will first rely on estimates of
the wavespeed from a classical linear analysis in the traveling-wave phase space. Such a linearization
will turn out to predict a minimal wavespeed independent of the directed motion of the populations, in
both the single and two-species cases, and hence will be equivalent to predictions from systems without
this additional feature. We will then pursue an alternative approach to quantifying the impact of this
advection by perturbing exact analytical expressions of traveling waves with special wave speeds, in order
to capture the influence of directed motion in these models. We finally will investigate such traveling
waves numerically.

Linear determinacy, when a wavefront’s spreading speed (Aronson and Weinberger, 1978) is precisely
predicted predicted by the linearization at the front, is an important question for reaction-diffusion
systems and related models, as it indicates when simple estimates of the wavespeed can be relied upon.
Substantial work has been done trying to resolve when estimates from linear stability analysis exactly
match the asymptotic spreading speed, especially in the context of cooperative or competitive Lotka-
Volterra equations (Lewis et al, 2002; Li et al, 2005; Huang and Han, 2011; Girardin and Nadin, 2015;
Girardin, 2018; Alhasanat and Ou, 2019; Girardin and Lam, 2019). Hosono (1998) first showed that
such simple estimates can fail for some parameters even in the two-species Lotka-Volterra system with
only diffusion, motivating much of the subsequent work. See also the review by Castillo-Chavez et al
(2013) for a broader perspective. It is also known that in many cases, advective or convective terms do
not enter into the analysis for pushed fronts, and hence such systems rarely have this property of linear
determinacy (Al-Kiffai and Crooks, 2016). Our perturbation analysis and numerical evidence suggests
that the model presented in (Taylor et al, 2020) will never satisfy this condition of linear determinacy,
and we raise the question of computing the exact dependence of the asymptotic spreading speed as future
work.

We first briefly review the model presented in (Taylor et al, 2020) in Section 2. We begin with the one-
species model, constructing the planar waves predicted in the work of Ibrahim and Nasreddine (2017)
in Section 3. Interestingly, our analytical results extend the exact wave solution of Fisher’s equation
derived in Ablowitz and Zeppetella (1979) to include small magnitude advection. We show, through
both analytical work and numerical simulations, that advection toward resource gradients can increase
the wavespeed relative to what is found in purely reaction-diffusion systems, resulting in more rapid
wavefront motion for each species, and hence in more effective motion toward underexploited resources.
We then study waves involving two species, with one following the other in Section 4. Finally, we link
some of the study of traveling waves to the results on pattern-formation derived in (Taylor et al, 2020)
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by showing preliminary numerical explorations of wave-initiated patterning in Section 5. In addition to
planar waves, we also numerically study radial waves, which model a radially expanding colony. Finally
we conclude by discussing our results, and suggesting a variety of extensions in Section 6.

2 Competition model with advection toward resource gradients

We recall the dimensionless model from Taylor et al (2020):

ou

57: = 5@V21Lg — eV - (UgWg) +upEy (1&)
—GKVQWg +wy=VEy, (1b)

n
Eg(ul,UQ,...,UH) :Ag—Zagjuj, (16)

j=1
Fylur,ug, ... up) = _Zbéjuj7 (1d)

j=1
for £ =1,...,n. Dimensionless boundary and initial conditions are

n-wy=n-Vu, =0, (le)
u(x,0) = up(x) > 0. (1f)

We will assume a;; > 0 for all ¢ so that each species undergoes intraspecific competition, although the
off-diagonal components can take either sign, depending on the dynamics being modelled. One can scale
the density of each species to reduce some of the parameters in the kinetic functions, but we will not
do so for generality and simplicity. We recall from Taylor et al (2020) that this model can be directly
related to a non-local cross-diffusion formulation in a few different ways.

2.1 Cross-diffusion model in the ¢, — 0 limit

In the ¢, = 0 limit, we can write wy = VFy(u1,...,u,). Placing this back into the reaction-diffusion
equations, we obtain

Ay n n
o =V |0 Vupy+ e Z bejueVuy | +uyp Ay — Z agiu; | (2)

j=1 j=1

which is a local cross-diffusion system.

2.2 Non-local cross-diffusion model in the small-¢, limit

Provided that €, is sufficiently small, note that (1b) can be solved if one obtains the Green’s function for
—e,V2w; +wy, resulting in a non-local formulation. Alternatively, one may consider a formal expansion
in small 4, of the form

Wy =Wypo+EWy1+ 6?Wg72 + - (3)

At lowest order, note that from this expansion we recover the e, = 0 limit, wy o = VF,. Placing the
expansion (3) back into (1b), and matching powers of e,, we arrive at the formal expansion

Wi =Y elVHVF(ur,...,un) =V Y eIV Fy(u, ... un), (4)

q=0 q=0

which we suppose will converge for small enough ¢,. Placing (4) back into the reaction-diffusion equations
(1a), we obtain

ou >
a—te =V - | 0eVup + pe ZEZugVQqHFg(ul, coytn) | FueEe(ur, .. un), (5)

q=0
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which is a non-local cross-diffusion system.

As (5) involves an infinite series of differential operators, there are natural questions of convergence
for this formulation. As we are concerned with travelling wave solutions, which commonly vary locally in
an exponential manner, it makes sense to consider u, satisfying ||V u|| < C¢Mj for each £ =1,2,...,n,
where M, > 0 is the exponential rate of growth or decay and Cy > 0 is an O(1) constant in M. Then,

V" EFp(ut, ..oy un)|| = [V (=berur — -+ benuy)||
< |ber |C1 M + -+ - + |ben |Cr M,

n s
E |bgk|ck max Mk .
—1 k=1,2,....,n

The functions u, will always be O(1) in M, (they are bounded by the form of the reaction kinetics u¢Ey),
and so for convergence of the series in (5), we should require

(6)

IN

n

2q+1
€l Z |bek| (k_rln2ax an) <1l as ¢q— 0. (7)
= 2,0,

Noting that the O(1) terms will not matter in the limit ¢ — 0o, we obtain geometric convergence of the
series in (5) through the gth root test provided that each ¢, satisfies the bound

—2
< .
0<e < (k_rlngxn Mk) (8)

We remark that non-local cross-diffusion models have been of increasing interest in the literature far
a variety of biological and ecological applications (Kuznetsov et al, 1994; Hillen and Painter, 2009). One
benefit of our approach is that for (1) the non-locality associated to this cross-diffusion mechanism is
encoded into the wy functions, and although the dimension of the state space is higher, one solves (1) as
a local model. We also view (1) as easier to interpret as each term has a clear ecological significance.

3 Planar traveling waves of a single species

We study planar traveling waves in one-species forms of the model (1), obtaining both qualitative ana-
lytical results and numerical simulations.

3.1 The single-species traveling wave problem

We first consider the case of plane waves for a single species, with x € R™. For simplicity, we drop indices,
and write the model as

% = 6V%u — puVv - (uw) + u(A — au) )

Making the change of variables u(x,t) = U(z), w(x,t) = W(z), where the wave variable is z =k -x —ct
with ¢ the wave speed, (9)-(10) becomes

d2U d dU
Sk|>*— — uk - —(UW — 4+ UA—-alU) =0, 11
K25 = pk - - (UW) + e + U(A - al) (1)
d®>W dU
—elk|? W = —bk— . 12
ek dz2 + b dz (12)
In the case where ¢ = 0, note that W = —bk%7 and we have the single equation
d*U d dU dU
k|?— k|2 — —_— —_— A— =0. 1
3|k dz2+b“| |dZ(UdZ>+ch+U( al) =0 (13)
In the case of 0 < € < 1, using (5) we have the non-local formulation
d?U d 0 dFTIU U
2 2 Ik |29 — =
5|k 12 + bulk| L U;:Oe k| Lot +Cdz +UA—-alU)=0 (14)

for the traveling wave.
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3.2 Asymptotic scalings and bound on wavespeed

Note that there are two fixed points in either of the two cases, and these are the algebraic solution of
U*(A—aU*) =0, namely U* =0 and U* = A/a.

3.2.1 The case of e =0

First we start with € = 0. If we consider a small perturbation about U*, say U = U* 4+ ¢U where |o| < 1,
then for U* = 0, (13) is linearized like

U du | -
27 —_— =
d|k| P +cdz + AU =0. (15)
We find that
S c+ /c? — 4A|k|? c—+/c? —4A5k|?
U(z) = K4 exp (— HIE z|+K_exp|— S[K]2 z ], (16)

where K. are constants. Note that U* = 0 is attracting for z — +oo (U — 0 as z — +o0) and
repulsive for z — —oo (U — oo as z — —o0), provided that ¢ > 2v/Ad|k|. We do not permit complex
heteroclinic solutions, as they will oscillate into either of the steady states they connect. Therefore, we
require ¢ > 2v/Ad|k|. Meanwhile, if we linearize U about U* = A/a, we find that (13) is linearized like

20 bAp, ,d2U AU .
2 2 _— =
o|k| 2 + P k| P +Cd2 AU =0. (17)

We find that

ca + +/(ca)? + 4Aa(ad + Abu)|k|? )
z

U(z) = Ky exp <— (a3 + Abj) kP2

(18)

ca —+/(ca)? + 4Aa(ad + Abp)|k[? >
Z

K_ —
+ - exp ( (a0 + Abp)[K]?

where K1 are constants. Provided that ad + Abu > 0, the state U* = A/a is repulsive for z — +oo
(U — 00 as z — 4o0). This suggests the existence of a heteroclinic connection U(z) between U* = 0
and U* = A/a, with U — A/a as z - —oco and U — 0 as z — +o0.

This is of course not a formal proof. Proofs of related results were found in (Dunbar, 1983, 1984), and
a formal proof of the existence of such a heteroclinic connection would be quite involved in its own right,
and we choose to instead provide evidence for the existence of these heteroclinic connections numerically.
This heteroclinic connection corresponds to a traveling wave solution u(x,t) = U(k - x — c¢t) with the
wavefront moving from high concentration u = A/a to low concentration v = 0. Ecologically, this means
that this single species moves from high concentration regions into regions of low concentration which it
then colonizes. For such a solution to exist, we require ¢ > 2v/Ad8 |k|, and such a bound on the wavespeed
is similar to other results in the literature for reaction-diffusion models, specifically the original model
including logistic growth and diffusion by Fisher (1937). In particular, the advective term does not change
the minimal wavespeed, though we anticipate it can influence the stability of different wavespeeds.

3.2.2 The case of 0 < € < 1 under the infinite order formulation (14)

Consider next the case of 0 < € <« 1. Linearization about U* = 0 is identical to what was found for
the € = 0 case in (15), with the asymptotic structure given by (16), and the argument for ¢ > 2v Ad k|
remaining. Linearizing about U* = A/a, we have that U(z) obeys

AU DA, g o 9, d¥T20 AU -
2 2 J 27 = —
Okf* 5 + = k| ;Oe k¥ g teg, —AU=0. (19)
As this equation is linear, we assume U(z) = exp(7z), to obtain
bA k|?n?
sl 4 A Ao, (20)

1 — elk[*n?
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where we have used that
00 2

J|Kk|2 2k +2 — n 21
I (21)

which is valid for |n| < ﬁ Since A > 0, observe that (20) has two real roots n* and n** satisfying

< <0<nt< (22)

7w vert

provided that ad + Abu > 0. Since these roots always fall in the interval bounded by |n| < ﬁ, the

operation (21) is well-defined and hence there exists one root which is always positive and one root which
is always negative. As such, U* = A/a is repulsive for both z — 0o, which is the same as what was
found in the € = 0 case. Similar to the e = 0 case, this suggests the existence of a heteroclinic connection
U(z) between U* = 0 and U* = A/a, with U — A/a as z - —oo and U — 0 as z — 400, with the
minimal wavespeed the same as for the e = 0 case discussed above.

We remark that the bound |n| < ﬁ is actually a restatement of (8). Indeed, we can rearrange this

inequality to find
< (nk|)~2, (23)

and hence we can see this is a bound for how small € needs to be in order to permit a travelling
wave solution to (5). This makes sense, as the linearized problem requires a solution which scales like
exp (n(k - x) — ct), for which [|[V7u|| < (n|k|)". Identifying M = n|k| > 0 (the exponential rate of growth
or decay) and C' = 1, then (8) reduces exactly to (23).

3.2.3 The case of 0 < € < 1 under the coupled system (11)-(12)

While the infinite order formulation is convenient, as it results in a scalar equation for the waveform u,
it is natural to worry that such a formulation may fail to converge or otherwise miss something from
the full system (11)-(12). We therefore consider the asymptotic scalings from the full system (11)-(12),
directly.
If we consider a small perturbation about U*, taking U = U* + oU and W = ¢ W, where lo| < 1.
For U* =0, (11)-(12) is linearized like
d2 dUu

d2W ~ du

W = —-bk—. 25
+ P (25)
Assuming U = exp(nz) and W = wy exp(nz)k, these differential equations reduce to the algebraic

equations

—elk|*—

SKP+en+A=0, (26)

(—6772|k|2 + 1) wo = —bn. (27)

From (26), we see that U is completely independent of W at O(o), and the behaviour near U* = 0 is
exactly the same as previously described by (16). After similar reasoning, we again require ¢ > 2v/ Ad|k|.
Next linearizing about U* = A/a, we obtain the linear system

20 A, dW dU

2> Y 4 oy = _
S|k| oz ok e AU =0, (28)
2 ~
f|k|2dW+W fbkil—U. (29)
z

As this system is linear, we assume U(z) = exp(nz) and W = wg exp(nz)k, obtaining the algebraic
system

A
lkn? = “Lwon|kf +en— 4 =0, (30)

(—67}2|k|2 + 1) wo = —bn. (31)
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Solving (31) for the constant wg, we find

bn
o 1—en?|k[?’ (32)
and substituting wq into (30), we obtain
bAu  |k|*n?
S ke i B/ RS R 33

which is exactly the same as (20). The constant wy only makes sense for |n| < ﬁ, and this is the
same restriction we obtained in the analysis of the infinite order equation (14). In other words, we again
require € to satisfy the bound (23).

Since A > 0, observe that (33) again has two real roots n* and n** satisfying (22), provided that
ad + Abyp > 0. One root is always positive and one root which is always negative, so U* = A/a is
repulsive for both z — 400, suggesting the existence of a heteroclinic connection U(z) between U* = 0
and U* = A/a, with U — A/a as z — —oco and U — 0 as z — +o0o. As such, the asymptotic scalings
from the system (11)-(12) are equivalent to those found previously from the scalar but infinite order
formulation (14).

3.3 Perturbation approximation of a traveling wave solution

One interesting result for Fisher’s equation is the existence of an exact solution with a special wave
speed (Ablowitz and Zeppetella, 1979). However, when u # 0, we do not have such a solution for the
corresponding equation (E(u) = 1 —u). Actually, we can show that there will exist no closed-form exact
solutions of the kind found in Ablowitz and Zeppetella (1979). This demonstrates that the equations we
consider with advection are fundamentally more difficult to deal with than Fisher’s equation or systems
of such equations. In particular, we can show that our equation is not conditionally integrable, which
was true of Fisher’s equation.

One method for analytically constructing a nonlinear wave solution to a reaction-diffusion equation
is to exploit conditional integrability and construct a solution through dominant balance provided the
equation passes the Painlevé test. This approach was used in the construction of an exact solution to
Fisher’s equation in (Ablowitz and Zeppetella, 1979), and has been applied to study a variety of other
conditionally integrable reaction or reaction-diffusion equations; for more information, see (Goriely, 1996;
Hearns et al, 2012; Ramani et al, 1989; Russo et al, 2013; Weiss et al, 1983; Weiss, 1983). To begin,
consider the case of ¢ = 0, so that we have (13). We attempt to find a dominant balance for this
equation, consider an expansion about the singular manifold z = zp, as given by the terminating Laurent
expansion

U_a .
U(z) = ———— + higher order terms. (34)

(z — 20)

With this, the advection term in (13) dominates with order (z — 29)~2*~2 and for @ > 0 there is no

term to balance it. Any attempt at other balances would give a < 0, in which case there is no singular
manifold. Hence when € = 0 the traveling wave equation is not integrable for y # 0. A similar attempt
can be made with € > 0, and in this case, we can actually show that there exist Laurent series expansions

U_2

Uz) = m + higher order terms and W(z) =
— 20

Ww_
711k + higher order terms, (35)

(z — 20)

so the Laurent series truncates at a finite index. However, when calculating the coefficients in the Laurent
series, we find that the leading terms all must vanish when p # 0. As such, we cannot use the approach
to construct an exact solution, as done in Ablowitz and Zeppetella (1979).

As the exact solution of Ablowitz and Zeppetella (1979) exists in the p = 0 limit for the one-species
model, it is natural to consider the case where p < 1 in order to determine how this will modify the
exact solution. This would correspond to a perturbation of the exact heteroclinic connection which exists
for the p = 0 case. To simplify our analysis, we make the change of variable

Y = €exp (ﬂz)v U(Z) = V(y)a W(Z) = 7Q(y)ka (36)
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where 3 > 0 is a parameter to be determined. Equation (36) puts (11)-(12) into the form

dVv ,d?V dv
3|k|*5° ( +y? e ) + || ﬁy (QV) + CByf +V(A-aV)=0, (37)

dQ@ Q dv

k|?32 — — =0.
c[k[3 ( dy+yd2> Q-+ b8y =0 (33)
When p = 0, the equations decouple and one can solve for V', obtaining the exact solution
Ala
Vi(y) = _Afa 5 (39)
(1+¢y)

where ( is an arbitrary positive constant. This solution exists provided that 43%5|k|? — 28c+ A = 0 and
2326|k|? + 2Bc — 2A = 0, and these conditions give

c= 5\/ |k| and = (5 |k| (40)

Transforming (39) back into original coordinates, we obtain the exact solution

A A z
u(x,t) =U(z) = o 1+ Cexp <“6(5|k|>
—2
A [A k-x—5,/4% k|t
:E 1—|—C6Xp 6 ° )

|

(41)

which is the exact solution of (37) when p = 0, and corresponds to the exact solution of Ablowitz and
Zeppetella (1979) in our notation. The constant ¢ may be calibrated so that the solution will match
certain specified initial data.

While no exact solution appears to exist for p # 0, we can construct a perturbation solution to
determine the qualitative influence of advection. We assume

V(y) =Voly) + uVi(y) + O(p?) and Q(y) = Qo(y) + O(n), (42)

and shall also assume that the wave speed can be represented by ¢ = co + pc; + O(u?). We shall neglect
€, setting € = 0, as we expect the qualitative behaviour to be similar between the ¢ = 0 and ¢ > 0 cases,
yet neglecting € permits a local formulation which is solvable at the first-order perturbation. We later
show the effect of € when providing numerical simulations.

Placing these expansions into (37)-(38), we note that V;(y) satisfies (37) with u = 0, and hence its

solution is (39), while ¢y = 5,/42 |k|. Meanwhile, at next order, V;(y) and Qo(y) satisfy

dV; d2v; dVi dVy
5|k|* B ( yl +y? 1) 1lk|? ﬁyd (QoV1) +Co»3y7 + 1ﬁy7 +(A—-2aVp)V1 =0, (43)

dy?
~Qu+ b8y 0. (44)
We find (44) has solution
__2A By

and placing this into (43), we obtain an ODE for V; (y) alone. Solving the resulting second-order ODE, we
obtain two homogeneous solutions along with a particular solution. As V(y) already holds the boundary
data, we remove the two homogeneous solutions. To ensure regularity and boundedness of the particular
solution, we will determine permissible values of ¢;. In the limit y — oo, the particular solution tends to
zero, as required. However, in the limit y — 0, the particular solution diverges for generic parameter
values. However, the term which diverges multiplies a parameter combination, and upon setting

45A%bV/5|k| — 812V/6Aade; = 0, (46)
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Fig. 1 Perturbation solution (49) for various values of 1 and b. We fix A = a = § = |k| = 1 and choose the arbitrary
constant ¢ = 1. The solution for . = 0 corresponds to the exact solution to Fisher’s equation. When b > 0, the wavefront
is larger than the Fisher wavefront, whereas when b < 0 the wavefront is smaller than the Fisher wavefront. Additionally,
the wave propagates faster (slower) for b > 0 (b < 0). We plot this solution over the wave variable z, and note that the
wavefront will move to the right in original coordinates (x,t).

this secular divergence is removed. From this regularity condition, we find

15v/6 A3/?b|k|

601 % (47)

Cc1 =

The solution Vi (y) is then given by

Vi(y) = In(1 +Cy)

a? | 2842(1+(y)®  1421(Cy)S(1 + Cy)?

9 70(Cy)" 4 60(Cy)® — 450(Cy)® — 1450(Cy)* — 1975(Cy)?® — 1437(Cy)* — 549(Cy) — 87
5684 (Cy)®(1 +Cy)?

~ 56(¢y)" — 756(¢y)® — 1512(¢y)° — 1890(¢y)* — 1512(¢y)® — 756(Cy)* — 216(Cy) — 27} '

A% { 857CyIn(y)  406(Cy)” — 135(1 + Cy)”

56(Cy)° (1 + Cy)*
(48)
One may verify that V3 — 0 as either y — 0 or y — oo, as required.
With this, we have constructed the first-order perturbation theory under small p for a traveling wave
solution, and this reads

u(x,t) = U(z)

A Az —ct Ax—ct 2 (49)
= 1+Cexp< 66k|> + uWi exp( ) +O(p7),

where the approximate wavespeed reads

/ 15\fA3/2bk

_5 /A0 94b 1 2
=5 6|k<+812 5 HOW )>'

We plot the perturbation solution (49) in Figure 1 for fixed parameters, and compare it with the
classical Fisher traveling wave profile. This perturbation solution suggests that sgn (g—ﬁ) = sgn(b), with

¢ increasing with an increase in p provided that the motion is toward the fecundity gradient (b > 0) and
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¢ decreasing with an increase in p provided that the motion is away from the fecundity gradient (b < 0),
which makes intuitive sense and is consistent with findings for other models (Kiselev and Ryzhik, 2001).
With this, we have determined how a Fisher-type traveling wave should change under small advection
along resource gradients.

3.4 Numerical simulations

Here we present numerical solutions of the one-species model in one spatial dimension. We computed
these by discretizing (1) using centered finite differences in the spatial derivatives and using the MATLAB
function ‘ODE45’ which implements a Runge-Kutta scheme due to Dormand and Prince (1980). These
simulations were also checked against implementations in COMSOL, and quantitatively comparable
results obtained on sufficiently fine grids. To ensure accuracy in computing the wavespeeds, we set the
absolute and relative tolerances to 10~?, respectively, and constrain the maximum time step to ensure
accuracy of the scheme. Fixed time step simulations using the standard 4-step Runge-Kutta method were
also carried out to check convergence in the time and space steps. We considered the one-dimensional
domain x € [0, 1000] and took a spatial step length of Az = 0.25 so that we tracked the solution at 4,000
nodal points. We show results for various values of i1 and e. The initial data were taken to be a smoothed
step-function over the first 4% of the domain, namely u(x,0) = (tanh(3(4 — z)) + 1)/2.

In Figure 2 we demonstrate the effect of varying e and p in solutions for a one-species wave by
plotting the profiles of u with different values of these parameters. We note that the wave profiles do not
appear to qualitatively change, but there is a noticeable increase in the wavespeed due to the advection
as u increases, as predicted by the perturbation theory. We also note that there is a more gradual
increase in the wavespeed due to increasing ¢, and suspect this is due to its nonlocal nature influencing
the ‘pushed front’ aspect of the wave. As suggested by the analytics, wavefronts move from regions of
high concentrations into region of low concentrations (left to right for this configuration), meaning that
populations v migrate into unpopulated zones.

In Figure 3 we plot the numerically computed wavespeeds to confirm that these trends are generic
throughout the parameter space. The influence of € and p on the wavespeed ¢ depends on both parameters,
in that they amplify one another in a multiplicative way. As anticipated above, while the minimal
wavespeed is comparable to the Fisher wavespeed in all cases, the realized wavespeed for this initial
data varies substantially with the advection strength and e, which controls how strongly nonlocal the
advection is.
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Fig. 2 Final wave profiles u(z,t = 30) for A = a = b =6 = 1 and varying values of p and e. In (a) we set € = 0, and in
(b) we set ;= 3.5. An increase in either p or € results in an increase in the wavespeed.
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Fig. 3 Numerically computed wavespeeds for single-species waves with A = a =b = § = 1, for various values of p and e.
As predicted, an increase in either p or € results in an increase in the wavespeed.



A non-local cross-diffusion model of population dynamics II: Exact, approximate, and numerical traveling waves 13

4 Two-species planar and radial traveling waves

Motivated by existing work on reaction-diffusion models, we study planar traveling waves in two-species
forms of the model (1), obtaining both qualitative analytical results and numerical simulations. We
also provide evidence supporting the existence of radial waves by way of numerical simulations, and we
compare these waves to their more common planar counterparts. We start with the single-species model,
and later consider the two-species case.

4.1 Exact solutions

Making the change of variables u(x,t) = Uy(z), wi(x,t) = Wy(2), where the wave variable is z = k-x—ct
with ¢ the wave speed, we obtain from (1) that

d2U, d dU
5@|k|2 dZ; — Mng(U(Wg) + CT; + Uy (Ag —anU; — CLZQUQ) =0, (51&)
d2W( dUl dU2
—e,k|? = —bpk— — bpk—= 1
€g| | 12 + W, bt Ep by o (5 b)

where ¢ = 1,2. We have four spatially homogeneous steady states, defined by

So = (0,0), (52a)
S, = (:?111,0) , (52b)
Sy = (0, ;4222> , (52¢)

Asarz — Arazs Araz — Asan
S3 = (951, 932) = < ) : (52d)

a11@22 — G12G21 A11022 — @12021
We shall primarily be concerned with the scenario where one species is prevalent toward one far-field,
and the other species is prevalent toward the other far-field. Therefore, we will be most interested in
constructing heteroclinic solutions connecting the steady states (52b) and (52c). The analytical construc-
tion of such states is beyond the scope of this paper, but we can give some qualitative analytical results.
Using the approach of Section 3.2, we linearize around each of the steady states (52b) and (52c), to find
that the wavespeed is bounded exactly as the purely diffusive Lotka-Volterra models are, with
Agayy — Aragr o Araze — Asarn

02, 01 ¢
aqq a22

> (¢*)? = 4]k]? max{ (53)
In a very specific parameter regime, it is possible to find exact solutions which are generalizations of

the exact solution to Fisher’s equation, again for the advection-free case of y = 0. We shall demonstrate

this for the solution (f—l, O) — (0, ﬂ). To obtain an exact solution, we will need to assume 4L = Az
11 a2 ail a2

We furthermore assume that as; = a11, ass = a12, and d5 = 6;. Taking these parameter restrictions, and
following an approach similar to that employed in Section 3.3, we find the exact solution

2
A1 1 (a11 — alg)Al z
Ui(z) o + Cexp \/6’ / =y K] (54a)

—2

A 1 [(a11 — a12)A
Ug(z):a—ll1 11 e | (a“%‘?f)l'f{' , (54b)

where the wavespeed is given by

and

5 a1; — ai2)A10
e 2 (a1 12) A1 1|k|, (55)
\/6 a1l
and ¢ > 0 is an arbitrary constant which determines the location of the wave at ¢ = 0. This exact
solution only holds for a1; > aj2, requiring the intra-specific competition to dominate any inter-specific
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competition. We remark that the wavespeed (55) is slightly above the theoretical threshold predicted by
(53) which reduces to ¢ > ¢*, where

(1111 - a12)A151

a1

=2

K] (56)

is the threshold wavespeed for the parameter regime which permits (54).

Similar to what has been discussed in Section 3.3, exact solutions do not appear to exist when p # 0.
As we considered in Section 3.3, in the case of small advection, it is possible to seek perturbation solutions
in order to correct the solution profiles and the wavespeed c. The approach for extending the exact wave
solution (54) to the case of small yet non-zero y is similar to that carried out in Section 3.3 for the single
species wave, although much more analytically messy, and we omit the lengthy expressions. Note that
since there are a number of parameters b;; involved in the advection, whether advection speeds up or
slows down a wave solution will vary from case to case.

4.2 Numerical simulations

We now present numerical solutions of the two-species model in one spatial dimension. We computed
these using the same methods as described at the beginning of Section 3.4, but considered the smaller
domain z € [0, 100] using a spatial step-size of Az = 0.1. The initial data were taken to be a smoothed
step-function over the first 5% of the domain, namely u;(z,0) = (tanh(3(20 — x)) + 1)/2 and uz(z,0) =
1—wu4(z,0). This corresponds to an invasive species, u1, which is assumed to locally out-compete the more
abundant species us. Many other simulations with different initial data and parameters were explored
and demonstrated comparable behaviours for competitive dynamics.

In Figure 4 we demonstrate the effect of varying € and p in solutions of (1). Note that only u; is shown,
but the profiles for us correspond to the expected mirrored profiles, roughly of the form us &~ 1 — uy
away from the wave front. As in the single-species case, the wave profiles do not change qualitatively,
but there is a noticeable increase in the wavespeed due to the advection as u increases. In contrast to
the single-species case, however, we note that increasing e leads to a reduced wavespeed, likely due to
non-local interactions between both species.

In Figure 5 we plot the numerically computed wavespeeds to confirm that these trends are generic
throughout the parameter space. As before we see a substantial increase in the wavespeed as a function
of 1, but now we observe a reduction in this wavespeed due to € which appears smaller than the increase
due to the presence of advection, but does suggest that the non-local problem in the two-species case
is markedly different from the one-species case. In particular, due to interaction between species, the
wavefront is slowed considerably, and non-local interactions slow the wavefront further.

4.3 Simulations of radially symmetric waves

We now present numerical solutions of the two-species model in two spatial dimensions to demonstrate
curvature effects, demonstrating the emergence and dynamics of radially symmetric waves (Jones, 1983;
Roussier, 2004) for the model (1). We computed these using finite element solver COMSOL, and checked
one spatial dimensional simulations against those computed using methods from Section 3.4, in addition
to performing time and space convergence checks. We used 24,912 finite elements which gave a total of
306,174 degrees of freedom for all independent variables. We consider initial data that evolved into planar
and circular wave fronts. The first of these is analogous to the one-dimensional simulations in Section
4, namely u(x,0) = (tanh(3(20 — x1)) + 1)/2 and u2(x,0) = 1 — u;(x,0) in the domain x € [0, 100]>.
The circular wave fronts were generated replacing the initial condition with u;(x,0) = (tanh(3(20 —
V22 +23)) +1)/2 in the domain x € [-100, 100].

In Figure 6, we plot values of u; over the course of these simulations over the two-dimensional domains.
We note that the circular waves appear to move more slowly than the planar waves, which have speeds
approximately identical to planar waves in one spatial dimension.

To confirm this curvature effect, we consider one dimensional slices from ;1 = 0 to 1 = 100 with
x9 = 0 fixed in both domains, plotted in Figure 7. We observe a definite decrease in the wave speed of the
circular front, and attribute this effect to the local curvature. The influence of curvature on wavespeed
has been well-studied in traveling waves in excitable media (Kenner, 1986, 1991), though we do not
pursue the derivation of an Eikonal equation for the wavespeed here.
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Fig. 4 Planar wave profiles u1(z,100) for §; = Ay = 1 with a11 = a22 =1, a12 = 2, a21 = 3, bg; = ag;, and with varying
values of u; = p and ¢; = €. In (a) we fix € =0, and in (b) we fix p = 3.5.
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Fig. 5 Wavespeeds c for two-species waves computed numerically using the same parameter values as in Figure 4.
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Fig. 6 Plots of u; in (a) planar and (b) radially symmetric waves at times ¢t = 50, 100, and 200. We take §; = Ay = pg =
g¢ = 1 with a11 = a22 = 1, a12 = 2, a1 = 3, and by; = ay;. Note that the domain in (a) is taken to be {2 = [0, 100]2,
whereas the domain in (b) is taken to be 2 = [—100, 100]2.
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Fig. 7 Plots of uj in planar and radially symmetric (circular) waves in one dimensional slices from z1 = 0 to 1 = 100
with zo = 0 fixed. We provide plots at times (a) ¢ = 50, (b) ¢ = 200. We take §p = Ay = py = g = 1 with a11 = a2 =1,
a2 =2, az; = 3, and bej = ay;.
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5 Wave-Initiated Pattern Formation

In (Taylor et al, 2020) we derived conditions for the instability of spatially homogeneous states of two and
three-species versions of the system (1) leading to patterned states. In the previous sections, we similarly
considered traveling waves in one and two-species forms of these models, finding strong evidence that the
direction motion of each population can have a nontrivial impact on the emergent wavespeed. While the
homogeneous instability analysis is the most commonly performed for a variety of reasons, even Turing
(1952) noted that most patterns in the development of organisms do not emerge from homogeneity.
Similarly, in ecological contexts, spreading processes leading to colony formation and spatial segregation
are common, especially in the wake of invasions (Shigesada et al, 1995; Liebhold and Tobin, 2008;
Lockwood et al, 2013). While results about homogeneous instability suggest that the final equilibrium
state in such situations cannot be the homogeneous state, linear instability analysis cannot directly be
used to infer much about the mode selection of patterns from large perturbations, such as in wave-
initiated patterning.

Analytical results on wave-initiated patterns are limited in comparison to those on instability of
homogeneous states; see Section 2.6 of Murray (2003) for some discussion of mode selection due to
wave-initiated patterning. Myerscough and Murray (1992) used a linear asymptotic analysis to compute
the wavelength of a patterned state due to the spreading of a local perturbation in a cell-chemotaxis
system. Analytical-numerical approaches have also been employed to estimate mode selection effects
behind propogating fronts (Dee and Langer, 1983; Ben-Jacob et al, 1985; Dee and van Saarlos, 1988).
Jensen et al (1994) in particular studied the speed of propagation between homogeneous equilibria and
Turing structures in the Lengyel-Epstein model of the CDIMA reaction, finding some agreement with
experiments at the time. In general, making analytical progress in these kinds of problems is quite difficult,
even in the simple case of scalar bistable reaction-diffusion equations. For this reason, we analyze a few
interesting scenarios numerically, but leave a more thorough investigation to future work.

In (Taylor et al, 2020) we found that three species were required to obtain patterns with directed
motion along fecundity gradients (as in purely diffusive Lotka-Volterra models), though more general
directed motion allowed for pattern formation in two species cases. Motivated by these constraints, We
study a two competing species example, followed by a three species example. We consider the domain to
be the unit square (with no-flux conditions).

We first consider two competing species with directed motion not necessarily proportional to fecundity
gradients, motivated by the pattern-formation of such models observed in Figure 4 of (Taylor et al, 2020).
We use the initial data,

u1(x,0) = uiS(x), ua(x,0) =uj(l — S(x)), S(x) = sech(2500((x — 0.5)% + (y — 0.5)?))?, (57)

where ui = Ay /a1; and uy = Ay /agy are the single-species equilibria, representing invasion from a small
group of species u; in the center of a large territory of species us. If species u; was more fit than species
ug, we would anticipate a competitive exclusion invasion comparable to the theoretical wave solutions
described in previous sections where the state (uf,0) invades (0, u3). Instead, we will choose parameters
where these species can stably coexist, but show that inhomogeneous patterning can occur given directed
motion which is not along fecundity gradients.

We show examples of this kind of invasion dynamics by plotting transient traveling profiles of u;
in Figure 8 for varying values of the coefficients bi5, b1 representing inter-species directed motion. We
remark that for bjs = bo; = 1, the directed motion of each species is precisely along fecundity gradients,
whereas the other two examples given show stronger inter-species interaction. In this case, as in the
purely diffusive case (which has visually identical traveling-wave profiles at each time), the population
will eventually spread throughout the entire domain and both species will reach a spatially homogeneous
competition equilibrium. For larger inter-species movement parameters, we see less diffuse traveling
wave fronts, and these will eventually form spatially inhomogeneous equilibria. We plot these equilibria
in Figure 9. As expected, the two populations have a reasonably diffuse boundary between them for
b12 = boy = 5, but a sharper boundary for b5 = by; = 20, with the invading population having a smaller
overall population, but a denser core than is possible with purely random motion. These patterned states
are qualitatively similar to those given in Figure 4 of (Taylor et al, 2020), but we remark that the localized
initiation led to an interior localization of 7 in this case, whereas random initial data led to colonies with
both species adjacent to domain boundaries. This suggests that there are many possible heterogeneous
steady states given different initial data, as is often observed in multiple-species patterns.

We next consider three-species pattern formation, as we can compare it directly to the purely diffusive
case which also allows for pattern formation behind waves of invasion. The parameters and community
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Fig. 8 Plots of the density of u; over time from simulations of two-species competition given by (1) with the initial data
(57). We use the parameters A; = As = a1z = a1 = 1, a11 = asz = 2,81 = 82 = 1073, pug = po = 1072, e = 1071,

b11 = baa = 2, and the other advective parameters were varied as labelled.
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Fig. 9 Final states reached for the populations u; and ug as dwescribed in Figure 8. Simulations shown at time ¢ = 50,

and they are quantiatively the same over much longer time periods.
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matrix chosen are motivated by Figure 1 in (Taylor et al, 2020), where we have three species competing
for resources, and take species uz to also be an intraguild predator which can consume prey us. We
consider the domain to be the unit square (with no-flux conditions), and the following initial data:

u1(x,0) = uj (1 — S(x)), ua(x,0) = ui(1l — S(x)), uz(x,0) = u35(x), (58)

with S(X) as defined in (57), UT = (Alazg - Agalg)/(auagg - algagl), ’LL; = (A2a11 - A1a21)/(a22a11 —
asa12), and u} = As/asz. Such data represent the two purely prey species at their competition equilibria
being invaded by a small amount of an omnivorous predator, at its single-species carrying capacity.

We show the transient wave dynamics and final patterned states reached for the predator in Figure
10. The other two species are out-of-phase with the predator, with w; having fairly sharp boundaries and
ug being more diffuse, given its much larger diffusion coefficient, d5. We remark that the first row, giving
the purely random motion case, has a mode-selection effect due to the domain boundaries, which was
not seen from the random initial perturbation in Figure 1 in (Taylor et al, 2020), which showed a less
structured labyrinthine pattern. We then consider directed motion of only one species in each subsequent
row. Setting 1 = 1072 in the second row of Figure 10 leads to a sharper traveling wave boundary, and
a more curved final predator distribution. Taking jz = 1072 on the other hand leads to a much more
diffuse invasion front and final pattern. Lastly, giving the predator only directed movement (muz = 10~2)
led to a rapid invasion front, and an amalgam of spots and labyrinthine patterns. In all cases except
mu, = 1072, we observed the original predator colony persist, though in this case the colony grew large
enough for a central prey colony to form.

The two-species patterns are somewhat simple, with the broad structure of the original colony remain-
ing the same circular region and some boundary between the two species in their two distinct regions.
We anticipate more complicated patterns emerging from distributed but large initial perturbations —
for example, if multiple competing species invade at different points in a sufficiently large domain. In
contrast, the three species simulations demonstrate strong influences of the resulting pattern from the
form of the initial wave, as well as its interaction with the domain geometry; note the obvious impact
of the square domain in the final patterns of Figure 10 for instance, as well as the impact the invasion
wave hitting this barrier has on subsequent interior patterning. We also remark that these waves differ
from those in previous sections, as the region behind the invasion front is not a kinetic equilibrium, but
a more complicated transient state which is undergoing nonlinear pattern formation; see for instance the
column of t = 100 in Figure 10, where some of the oscillatory pattern formation can be seen behind the
wavefront.
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Fig. 10 Plots of the density of ug over time from simulations of three-species competition and predation given by (1) with
the initial data (58). We use the parameters A1 = Az = A3 =1, a11 = 1.09, a12 = 0.8, a13 = 0.81, a21 = 0.82, a2 = 1.1,
a23 = 0.83, az; = 1.68, azs = —.85, azz = 1.11, 61 = 1076, 2 = 1073, §3 = 1072, ¢ = 10~ 2, with directed motion along
fecundity gradients so that Fy, = E, for £ = 1,2, 3, and the other advective parameters were varied as labelled.

Q
&)

7
%©

»
v - -
s“‘
' )
.
\ 7. ),
—
—
..—_.‘.

|



22 A. L. Krause, R. A. Van Gorder

6 Discussion

Following our analysis of pattern formation in (Taylor et al, 2020), we have studied a variety of traveling
wave solutions for the extended model previously studied in Grindrod (1988) and Kurowski et al (2017).
The model (1) employs a non-local cross-diffusion mechanism for advection toward resource gradients,
and hence our study focused on the role of this type of advection in modifying solutions of traveling wave
type found in purely diffusive systems, and observing how these traveling wave structures led to pattern
formation distinct from the randomly perturbed homogeneous initial data used in (Taylor et al, 2020).

There have been a variety of wave solution to reaction-diffusion equations and systems with Lotka-
Volterra kinetics, and in the best known case of Fisher’s equation, there exists an exact solution (Ablowitz
and Zeppetella, 1979). We extended this exact solution using perturbation theory for small advection,
showing analytically that the wavespeed of a wavefront increases with an increase in the advection rate
parameter u, as one might intuitively expect. We then extended the exact solution to a pair of waves for
the two-species model. While these exact solutions do not necessarily correspond to the wavespeeds of
the asymptotic spreading speed, perturbations of these solutions for small advective parameters showed
that generically the advective motion would modify the observed wavespeed. This is a valuable insight
as the linear stability analysis for a minimal wavespeed does not anticipate any change due to advective
motion.

We then compared our analytical findings with numerical simulations, for both one and two species
variants of the model (1). We observed that advection toward resource gradients can increase the
wavespeed relative to what is found in purely reaction-diffusion systems, resulting in more rapid wave-
front motion for each species, and hence in more effective foraging toward underexploited resources or
migration into new regions. In addition to the more commonly studied planar waves, we also provide
evidence supporting the existence of radially symmetric waves, which model a population moving out
from a small region. For identical parameter values, these radially symmetric wavefronts move more
slowly than do the corresponding planar waves, likely due to curvature effects. Still, an increase in the
advection rate, p, increases the wavespeed of radially symmetric waves, as well.

While some of the pattern formation aspects of this model are distinctly different from either a purely
diffusive Lotka-Volterra system, or the original model of advection along fecundity gradients presented
in Grindrod (1988), broadly we find that the traveling wave character of solutions remains comparable
to that in the purely diffusive setting. Linearization predicts the same minimal wavespeed independently
of the advection, and while exact solutions of the same form found in the purely diffusive case are no
longer possible for our model (1), perturbations due to small advection behave as one would expect by
modifying the wavespeed and the front structure only slightly. We do find numerical evidence that larger
advection terms, or non-locality of this directed motion, can lead to a substantially changed wavespeed
from the purely diffusive case (see Figures 3 and 5). Our simulations in the radial case suggest that the
influence of curvature may be enhanced by the non-local nature of the directed motion. Taken together,
our analytical and numerical findings suggest that generically these systems may not obey any kind of
linear determinacy, where the asymptotic spreading speed is equal to that found from linear stability
analysis at the wavefront, though we leave a rigorous investigation of this to future work.

Finally, we investigated wave-initiated pattern formation, motivated by colony formation behind
fronts of invasion in various ecological scenarios. We observed a strong impact of both the initial data
and the domain geometry, which was not seen in the patterns studied in (Taylor et al, 2020). We showed
that the directed motion of species can have profound impacts both on the structure of the traveling
fronts, as well as the resulting patterns. While there is more work to do in precisely understanding
the mode selection effects, even in the purely diffusive setting, we anticipate that these kinds of wave-
initiated patterns are more faithful to real ecological scenarios than random perturbations of homogeneous
equilibria.

In addition to the extensions of the model outlined in Taylor et al (2020), there are a number of wave-
phenomena related aspects which would be valuable to pursue. Rigorously formalizing the arguments
made here about the impact of the wavespeed would require a more sophisticated analysis than that
presented by Dunbar (1984), due to the higher-dimensionality of the system, the coupling of parabolic
and elliptic equations, and the nonlinear advection terms. Similarly, while we conjecture that linear de-
terminacy never holds for nonzero advection, rigorously showing this or classifying under what parameter
restrictions it might still hold remains to be done, though there has been much recent progress in the
purely diffusive Lotka-Volterra setting (Alhasanat and Ou, 2019; Girardin and Lam, 2019). More rele-
vant for ecological analysis would be to extend the kinds of directed motion to include other kinds of
taxis and cues between species, as recently studied in pure dispersal models by Potts and Lewis (2019).
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Allee effects have been shown to have profound impacts on the structure of traveling waves and invasive
fronts in populations (Wang and Kot, 2001; Liebhold and Tobin, 2008; Roques et al, 2012), and these
cannot be captured by the linear Lotka-Volterra functional responses we have considered. Stochasticity
at the wavefront can also have profound impacts on the colony formation behind an invasion (Liebhold
and Tobin, 2008). Therefore, extending these models to more realistic functional responses would also
be worthwhile, as some of our results may change substantially.
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