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Abstract

With advances in onboard computing power and inter-processing-unit
communication technology, decision-making systems facilitated with on-
line distributed algorithms are becoming increasingly advantageous. How-
ever, in this setting uncertainties are prevalent and non-diminishing due
to estimation errors and communication asynchrony.

The first part of this thesis focuses on solving convex distributed optimisa-
tion problems with local consensus coupling constraints via the alternating
direction method of multipliers (ADMM), using an asynchronous method-
ology allowing for communication delays. We use a bipartite undirected
graph to denote the update structure of the processing agents that coop-
eratively perform the distributed algorithm without a centralised aggrega-
tor. We introduce a data server to exchange the asynchronous consensus
data among the processing agents. Under technical assumptions involv-
ing bounded delays, bounded step sizes, and strong convexities in parts
of the local objectives, the running average of local iterates generated by
the proposed asynchronous algorithm converges to an optimal solution.

To solve convex optimisation problems we rely on iterative algorithms,
but when the problem contains parameters that need to be estimated from
measurements with noise, another iterative process is needed to perform
estimation. In the second part of this thesis we devise a modified version
of ADMM that performs parameter estimation simultaneously with opti-
misation. Given convergent parameter estimates, and assuming the objec-
tive can be expressed in terms of a multi-parametric quadratic program
(mp-QP), we prove convergence of the objective values, dual variables
and primal residual. Simulation results show that the rate of convergence
tracks that of the estimator up to an upper limit that is characterised by
convergence rate of ADMM with no parametric uncertainty.

The third part of this thesis provides a general framework for analysing
the convergence of online decision-making algorithms under uncertainty.
These algorithms are formulated as recursive fixed-point iterations char-
acterised by stochastic nonexpansive operators that are parametrised by
recursive estimates of uncertain parameters in the presence of noise. Since
nonexpansiveness is preserved under convex combinations, we propose the
concept of the stochastic mean operator as the overall averaged operator.
Assuming non-i.i.d. and finite variance convergence of the estimated pa-
rameters, we provide first and second moment convergence theorems of
the iterates. Numerical results show the robustness of the iterates when
almost all the parameters of the optimisation problem are uncertain. In
addition to the obvious improvements in computational efficiency that
this approach affords, we also observe an “advantage over perfectionism”
effect, in which the proposed algorithm outperforms the optimal solutions
defined by the most recent estimated parameters.
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Chapter 1

Introduction

Recent enhancements in communication technologies and embedded systems have
spurred the progression of algorithms designed to coordinate intelligent agents dis-
tributively. Unlike centralized decision-making structures, distributed optimization
algorithms [1]-[3] allow participating agents to iteratively solve local optimization
problems and exchange information with their neighbours through predefined update
and communication protocols. These protocols are integral for addressing large-scale
problems where privacy is inherent, eventually leading to the asymptotic convergence
to the global problem’s optimal solution through local iterations.

Distributed optimisation algorithms generally employ iterative methods, relying
on primal or primal-dual iterations, to converge to the optimal solution. Inspired by
[4], a subset of distributed subgradient methods collectively approximate the common
primal consensus by implementing weighted averaging of local objective subgradient
updates across a potentially dynamic network [5]-[7]. For large scale problems, it
may be impractical to maintain a local copy of the entire consensus vector for each
agent. This motivates the use of dual decomposition algorithms [8] that allow agents
to share only local variables, rendering them more advantageous. The Alternating
Direction Method of Multipliers (ADMM) [1], [9] enhances dual decomposition by
incorporating an augmented Lagrangian, expanding the range of solvable problems.

Many numerical algorithms are constructed with the aim of finding the fixed points
of a given operator. In the context of convex optimisation, a very wide class of

algorithms can be interpreted in terms of a search for the zeros of a monotone operator



[10], which is often recast in terms of the fixed points of a proximal operator [11], [12].
Such operators are necessarily nonexpansive (which means their repeated application
defines a non-divergent iteration), and they are the basis of proximal algorithms such
as the Douglas-Rachford splitting (DRS) method [11], which includes ADMM.

Conventional iterative algorithms face difficulties when applied to uncertain real-
world environments. One of the primary challenges is the potential for delays within
the interconnected communication network between computing nodes. The first part
of this thesis focuses on the development of an asynchronous distributed ADMM
algorithm that avoids delays across an entire network of agents caused by a variable
(possibly stochastic) latency of individual agents. We propose the novel concept
of a data exchange server, which solely facilitates communication, contrasting with
traditional aggregators that participate in computing.

Secondly, many practical optimisation problems are not deterministically defined
due to uncertainty in problem parameters that need to be estimated from data. This
consideration is central to the second part of the thesis. We consider merging iterative
parameter estimation algorithms with optimisation iterates to guarantee convergence
of the combined iterative scheme. This is notably effective for /;-norm stable esti-
mators, e.g., the Luenberger observer, and linear or sub-linear variance converging
estimators like the Kalman filter.

Lastly, a broad class of estimators employed in practice estimate the mean value of
uncertain parameters by recursively minimising mean square estimation errors using
computationally efficient online iterations. This idea can be applied in the context
of nonexpansive operator theory by considering operators parametrised by random
variables, and studying the stability of the associated mean nonexpansive operators.
We thus derive a framework for analysing convergence that is applicable to compu-
tational optimal control laws (such as receding horizon control) with simultaneous

parameter estimation, control and optimisation iterations.



Chapter 2: Preliminaries

The development of this thesis depends on the preliminary knowledge of convex op-
timisation, operator theory, distributed optimisation concepts, as well as the estima-
tion and dynamic optimal control methods that constitute an online decision making
system (e.g. a feedback controller). This chapter starts with the introduction of
convex sets, functions and optimisation problems with Lagrangian duality. We then
discuss operator theory, focusing on fixed-point iterations of nonexpansive operators
that enable the solution of convex optimisation problems. This is followed by a brief
elaboration of distributed optimisation algorithms that combine the previous two the-
ories and their application to modern problems. Lastly, an overview of estimation
and optimal control theory is presented to address the necessary elements for an on-
line decision-making system, focusing on dealing with uncertainty while maintaining

computational efficiency.
Chapter 3: Asynchronous ADMM via a Data Exchange Server

The increasing number of agents and inevitable delays—attributed to greater dis-
tances, packet congestion, and limitations in processing—pose challenges to syn-
chronous algorithms, rendering them susceptible to delays by individual agents. The
study in [13] assessed the efficacy of distributed machine learning over a “stale” syn-
chronous server, spurring further investigations into distributed optimisation algo-
rithms with inherent delays [14], [15]. These algorithms, instead of waiting for all
agents to synchronise at each iterative step, utilise the most recent information avail-
able to compute subsequent updates, thus enhancing efficiency by minimising overall
waiting time. However, using outdated data at each step can lead to an accumulation
of errors in solution estimates. The research in [14] indicates that, for fixed-point algo-
rithms, such a trade-off can be favourable under certain conditions. In this chapter we
focus on asynchronous distributed optimisation via ADMM [15]-[20]. Recent studies
[21]-[25] investigate the application of distributed optimisation algorithms through
ADMM, thus eliminating the need for a centralised aggregator. On the other hand,



[15], [20] explore asynchronous ADMM with a centralised aggregator, and propose
three algorithms whose convergence analyses are based on worst case bounded delay
scenarios, to which our proposed algorithm is closely related.

This chapter begins with an introduction to convex optimisation, distributed op-
timisation, ADMM, and asynchronous algorithms, subsequently presenting the pro-
posed asynchronous ADMM complemented by a data exchange server. Further, it
incorporates numerical examples to elucidate the practical convergence conditions,
offering insights into the algorithm’s applicability and reliability. Following this, it
conducts a comprehensive numerical comparison with pertinent algorithms, notably
focusing on the one described in [15], to delineate the relative advantages of the in-
troduced asynchronous ADMM within the scope of distributed optimisation. The
scaling of communication cost is also discussed in this part. The chapter concludes
by a brief outlook of potential future work.

The following paper is based on this chapter:

e 7. Pan and M. Cannon, “Asynchronous ADMM via a Data Exchange Server,”
IEEFE Transactions on Control of Network Systems, pp. 1-12, 2024, 1SSN: 2325-
5870, 2372-2533. DOL: 10 . 1109/ TCNS . 2024 . 3354840. [Online]. Available:

https://ieeexplore.ieee.org/document/10400939/
Chapter 4: Optimisation with Parametric Uncertainty

Numerous problems of interest encompass parameters that are uncertain and require
estimation. For instance, in an optimal control problem, certain parameters of the
controlled system may be imprecise but can be estimated using noisy measurements.
Under such circumstances, system identification is often employed to estimate the un-
known parameters of the plant [27]. Typically, the decision-making process, responsi-
ble for computing an optimal control law, is initiated once the estimated parameters
have converged to an adequate level of accuracy. The study conducted by [28] consid-
ers solving semidefinite programming problems using an approximate ADMM solver.
Our work differs in that [28] does not deal with problems involving uncertain pa-

rameters; instead, it utilizes approximations within the exact ADMM iterations to
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lessen the computational demands of each iteration, thereby inducing errors in the
estimated solutions. In [29] an investigation is described into the standard form of
a multi-parametric quadratic program (mp-QP) in which the parameter appears on
the right-hand side of the inequality constraints, elucidating that the optimiser is
continuous and piecewise affine with respect to the perturbed parameter. This is
important in the context of Model Predictive Control (MPC) where the estimation
of initial state and polytopic constraints serves as the parameter.

This chapter begins with an introduction to firmly non-expansive operators and the
relationship with common iterative algorithms. Then we address optimisation prob-
lems with uncertainty, considering in particular problems with mp-QP formulations
solved by ADMM. The main results of the chapter are presented in two theorems,
and relevant lemmas and the proofs are provided to analyse the deterministic and
probabilistic convergence of the optimisation under uncertainty. A numerical study
is provided to test the convergence of the theorems. The chapter concludes by a brief
outlook of potential future works that links to Chapter 5.

The following paper is based on part of this work:

e 7Z.Pan and M. Cannon, “Optimisation with Parametric Uncertainty: An ADMM
Approach,” ITFAC World Congress 2023, 2023

Chapter 5: Online optimisation with the Recursive Fixed-point method:
A framework of stochastic nonexpansive operators

In the previous chapter, the core property that we exploit is firm non-expansiveness
operators, namely Vv, w € R, the operator T satisfies ||Tv—Tw|2+ ||(I —T)v— (I —
T)wl||? < |[v—w]||3. More generally, a fixed-point iteration converges [10], [31] if the it-
eration can be represented by a non-expansive operator with the a-averaged property,
i.e., the operator can be expressed as T' = aR+(1—«)I, where R is non-expansive and
a € (0,1) is a scalar constant’. In practical applications of optimisation-based control

and decision making (e.g. estimation and robust control from electricity trading [32],

!The operator T is firmly non-expansive in the special case of a = 1/2, in which case the
convergence rate is optimal [10], [31].



[33], building control [34]-[36], optimal power flow [37]-[41], battery SOC estimation
[42]-[44]), optimisation problems incorporate parameters that are often unknown or
affected by measurement uncertainty and thus need estimation. Proximal operators
that are frequently employed in optimisation algorithms have the form of a-averaged
operators ([12, Sec. 6]). Moreover, stable estimators often provide estimations of
the expected values of the uncertain parameters by recursively minimising the mean
square error of the a posteriori estimate (e.g. Kalman filter [45]). On the other hand,
averaged nonexpansive operators preserve their averagedness under convex combi-
nations, and the expectation operator E[] is itself a convex operator. Therefore,
the motivation of the work in this chapter is to synthesise the analysis of coupled
systems comprising estimator, control and optimiser subsystems by representing the
overall dynamic system as an iteration of a stochastic operator characterised by the
overall mean nonexpansive operator and conditional i.i.d. disturbances. This allows
the assumptions of the previous chapter to be relaxed and provides a very general
framework for design and analysis of robust optimisation and optimal control systems.

The chapter begins with a deep review of nonexpansive operators, providing lem-
mas and different perspectives to view nonexpansive operators. Then we introduce
stochastic nonexpansive operators with uncertain parameters, define the mean opera-
tor and the convex combination-invariance concept, followed by three main theorems
that analyse the first and second moment convergence of the stochastic operators. The
recursive fixed-point method is proposed and followed by a numerical study, highlight-
ing the algorithm’s convergence and robustness, even in challenging scenarios such as
indefinite matrices and constant noise. Notably, an “advantage over perfectionism”
effect is observed, where the proposed method achieves superior convergence com-
pared to time-varying optimal solutions, particularly under limited computational

resources.

Chapter 6: Conclusion and Outlook

This chapter summarises the contributions made by this thesis and outlines future

research directions.



Chapter 2

Preliminaries
2.1 Convex Optimisation . . . . . . ... ... ... ... ... ..., . 9
2.1.1 Convex sets, functions and optimisation problems . . . . . . . 10
2.1.2 Lagrangian duality . . . .. ... ... ... ... ... ... 15
2.1.3 KKT conditions for optimality . . . . . . . ... .. ... ... 17
2.2 Operator Theory and Fixed-point Algorithms . . . . . ... ... .. 19
2.2.1 Operators and basic properties . . . . . . ... ... .. ... 20
2.2.2  Nonexpansive operators and fixed-point iteration . . . .. .. 23
2.2.3 Operator splitting . . . . . . .. ... ... 31
2.3 Consensus-Oriented Distributed Optimisation . . . . . . ... .. .. 35
2.3.1 Formulation of the distributed optimisation problem . . . . . 35
2.3.2 Weighted Averaging . . . . .. ... ... ... ... ..... 36
2.3.3 Proximal Gradient Method . . . . . . . .. ... .. ... ... 38
2.3.4 Dual Decomposition . . . . .. ... ... 39
2.3.5  Method of Multipliers . . . . . ... ... ... ... ... .. 41
2.3.6  Alternating Direction Method of Multipliers (ADMM) . . .. 43
2.4 Recursive Estimation and Optimal Control . . . . . . .. .. .. ... 46
2.4.1 Recursive system identification and state estimation . . . . . . 46
2.4.2  Optimal control and Model Predictive Control (MPC) . . .. 53

2.4.3 Coupled decision-making system as the recursive estimation of
the optimal solution . . . . . . .. ... ... ... .. 56

In this chapter, we provide an outline for the preliminaries to build up a feedback
controller that is able to iteratively accomplish an objective amidst the real-world
uncertain environments. This comprises of: (Sec. 2.1) conver optimisation that
defines the problems to solve, (Sec. 2.2) operator theory that defines the iterative

solvers, (Sec. 2.3) distributed optimisation that defines how the sublevel agents act



collectively, as well as (Sec. 2.4) recursive estimation and optimal control that takes
the respective inductive or deductive role of a feedback controller. We refer the reader
to the works of (Sec. 2.1) for a more comprehensive elaboration.

Notation: The n-dimensional real space is denoted R™. tr(A) denotes the trace
of A. int(C) represents the interior of set C and relint(C) the relative interior of C.
@ > 0 and R > 0 represent positive definite and positive semidefinite matrices. We
define ||z[|3) := 2TQx for @ > 0. Z¢(x) denotes the indicator function (i.e. Z¢(z) = 0
for z € C and Z¢(x) = +oo otherwise) of the constraint set x € C. 9F(x) indicates

the subdifferential of function F' evaluated at z.

2.1 Convex Optimisation

To solve a problem subject to some constraints for optimal results that minimise an

objective of cost, we mathematically formulate the problem P as:

minimise f(x)
subject to h;(z) <0, i=1,2,...,m,

L(z)=0,j=1,2...,4q (2.1)

in which x € R”, and f : R* — R”, hi(z) : R* - R, ¢ = 1,2,3,...m, [;(z) :
R* - R, j = 1,2,3,...m are functions. The feasible/constraint set C = {x €
Dom(f)|h;(z) < 0,Vi;l;(z) = 0,V5}, and the problem P is feasible if C # @. P can
also be reformulated as the unconstrained problem:

minimise  f(z), (2.2)

where f(z) = f(z) + Ze(z) and Ze(z) is the indicator function (i.e. Ze(z) = 0 for
x € C and Z¢(x) = 400 otherwise) of the constraint set x € C. We note that the
objective function f is valued over the extended codomain RU{+o00}. We denote the
optimal solution (if there exists) z* € argmin, f(x) of P as: Vo € R", f(z*) < f(z),

and the optimal objective value p* == f(z*).



Remark 2.1. Naturally we ask the question: If f () has a local extremum charac-
terised by the first order condition 0 f = 0, will this extremum be the global one?
Usually this is not true, and to solve a general optimisation problem is usually NP-
hard [46], [47]. Therefore the framework of convex optimisation problems is preferred

in order to have polynomial-time algorithms [48].

2.1.1 Convex sets, functions and optimisation problems

Definition 2.1 (Convex set). A set C C R" is convex if Vz,y € C and a € [0, 1]:
ar + (1 —a)y € C. (2.3)

Remark 2.2. We denote a convex combination of a set of vectors {z;},i =1,2,...m
as the linear combination ). o;x; where oy > 0,Vi = 1,2,...,m and > ,o; = 1.
Definition 2.1 shows a special case of a convex combination when m = 2, and in
the context of convex analysis the definitions and properties can be extended to the
case when m > 2. It is worth mentioning that the expectation operator E [z] (of
a random variable ) is a convex (probabilistic) combination', and this property

motivates Chapter 5.

Example 2.1. The following sets are convex:

o Convex cone: C C R" is a convex cone if ax € C for all x € C and o« > 0.

Half-plane: C = {x € R": (a,x) < b}, where a € R" and b € R.

e Polyhedron: C = {x € R": Ax < b}, where A € R™*™ and b € R™.

o Intersection of conver sets: C = ﬂle C; is convex if each C; is convex for
i=1,... k.

e Cartesian product: C = C; X Cy = {(z,y) € R"*™2 1z € Cy,y € Cy} is convex if

C; and Cy are convex.

Figure 2.1 provides examples of convex and nonconvex sets.

For E[z] = Y, uwi, >, a; = 1, where z is a (discrete) random variable, the convex coefficient
a; =Pz = 2;],Vx; € Q is the probability assigned to each possible outcome in its sample space.
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Figure 2.1: Examples of convex and nonconvex sets.
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Definition 2.2 (Convex function). A function f : R" — R is called convez if V,y €

R™ and any « € [0, 1], the following inequality holds:

flax+ (1= a)y) < af(z)+(1—a)f(y) (2.4)

f is strictly convex if the inequality in strictly holds. f is strongly convex with pa-

rameter m if 38 > 0 such that

o) = f(a) 2 [P (25

is convex. We have strong convexity = strict convezity = convezity. f is L-smooth

if f is differentiable and V f is Lipschitz with parameter L, which is Vz,y € R™:

IVf(z) = Vi)l < Lijz =yl (2.6)

The epigraph of a function f is defined as:

Epi(f) := {(z,1)|x € Dom(f), f(z) <}, (2.7)

which can be perceived as the region above f(x) defined in R” x R. A function f is

convex if and only if Epi(f) is a convex set.
Ezxample 2.2. The following functions are convex:
o Affine: f(z) = (a,x) +b.
e Quadratic: f(x) = (z,Qz) + (c,x) +d, Q = 0.
e Support of a conver set: f(r) = sup,ec (v, y), where C is convex.

e Indicator function of a convex set: Z¢(x) = 0 for x € C and Z¢(z) = +o0

otherwise, where C is convex.

e Point-wise max of convex functions: f(x) = max{fi(z),..., fu(z)}, fi is con-

vex.

e Convex conjugate: f*(y) = sup,{(y,x) — f(x)} is convex with any f.

12
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(a) Convex: epigraph of f(z) = x2. (b) Nonconvex: epigraph of f(z) =
sin(27z) + 0.522

Figure 2.2: Example of the epigraphs of a convex and a nonconvex function.
Figure 2.2 provides examples of a convex and a nonconvex function with their
epigraphs.
Lemma 2.1. Convez functions have several desirable properties:

(1) Global minimum equals local minimum: For a convex function, every local

manimum 1S also a global minimum.

(2) Monotonicity of the subdifferential: The subdifferential Of(x) is a monotone
set-valued mapping, meaning if g1 € 0f(x1) and g € Of(xs), then ((¢1 —

g2), (€1 — x2)) > 0.

(8) Positive semidefinite Hessian: If f is twice differentiable, the Hessian matriz
V2f(x) is positive semidefinite at all points in the domain, i.e., 2T V?f(x)z > 0

for all z € R™.

(4) Jensen’s inequality: For a convez function f and any x,y € R™ with o € [0, 1],
flaz+ (1 —a)y) <af(z)+(1—-a)f(y).

(5) Sum of convex functions: If fi and fo are convex functions, then f(x) = fi(x)+

fa(x) is also conver.

Combining these properties with the question proposed in Remark 2.1, it motivates

the convex optimisation problem.
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Definition 2.3 (Convex optimisation problem). The optimisation problem P is con-

vex if in (2.1) the objective function f and the feasible set C are convex.

Remark 2.3. If we model P as an unconstrained problem with an extended-real-valued
objective f (2.2), the problem P is convex if f is convex. In practice, in addition to
the convexity of f, we focus on the optimisation problem defined by Convez, Closed

and Proper (CCP) f, for the following reasons:

e Properness: [ has a non-empty domain and is never —oo. This guarantees

feasibility and existence of the optimal solution.

e Closedness: The epigraph of f is closed (i.e. the convex f(z) is lower-semicontinuous).
This guarantees that the sublevel sets of f(z) ({z € R|f(z) < ¢}) are closed,

therefore the optimal solution z* can be found within the domain.
Example 2.3. We list the standard forms of convex optimisation:
(a) Linear Programming (LP): Minimize ¢!z, subject to Az < b, z € R",

(b) Quadratic Programming (QP): Minimize %ITQI + 'z, subject to Az < b,

z € R™

(c) Second-Order Cone Programming (SOCP): Minimize e’z subject to ||A;z +

billo <cfx+d;, Ft=g,i=1,2,...,m, z € R™.

(d) Semidefinite Programming (SDP): Minimize tr(CX), subject to tr(A;X) < b;,
i=1,2,...,m, X = 0.

(e) Conic Programming (CP): Minimize ¢’z subject to Az = b, x € K, where K

1S a convex cone.

They share the hierarchy: LP C QP C SOCP C SDP C CP.

14



2.1.2 Lagrangian duality

Lagrangian duality provides a different perspective to study optimisation problem
(2.1). We dualise the constraints of the problem in (2.1) and define the Lagrangian

function £ : R" x R™ x R? — R as
m q
Lz, A v) = f(x)+ > Nhi(z)+ ) vli(x), (2.8)
i=1 Jj=1

in which we introduce the Lagrangian multipliers / dual variables {\; > 0}, {v; € R}
to penalise the violation of the constraints in a relaxed fashion. In contrast to the
objective function f(x) of the primal problem, we further define the Lagrangian dual

function g : R™ x R? — R as
g9\ v) = inf L(z, A, v), (2.9)

where F = Dom(f) N(;Z, Dom(h;) N(;_, Dom(g;). If we assume \; > 0, Vi, and

compare the dual function g(\, v) with the optimal primal objective value p* = f(z*):

(2.9) .
)\7 = f L 7A7 SE *7)‘7 = : + )\z hz i + (2"
gAv) =" inf L(z, A\ v) < L(2%, A v) =f(27) 2 (%) Z;VJ ;@)
! >0 <o J =0
<fa*) =p (2.10)

On the other hand, Vz, £(z,\,v) in (2.8) can be viewed as an affine function with
respect to A and v, therefore the dual function g(\,v) = inf,ce L(x, \,v) can be
viewed as the pointwise minimisation over a group of affine functions. Hence as shown
in Example 2.2, g(\, v) is concave (i.e., —g(\, v) is convex). Naturally we address the
interest towards the maximisation of g and introduce the (convex optimisation) dual

problem D:

maximise g(\, v)
AV

subject to A > 0. (2.11)

We denote d* := g(A\*, v*) as the optimal value of the dual function and compare this

value with the optimal primal objective p* = f(z*). With (2.10), we have:
d*=g(\",v") < f(a") =p7, (2.12)
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and this always-valid inequality is called weak duality. We denote the duality gap as
the difference p* —d*. When the duality gap is zero (i.e., the equality holds in (2.12)),

we say strong duality holds.

Remark 2.4 (Saddle-point interpretation of duality). An interesting perspective to-
wards Lagrangian duality is via game theory. The optimal primal objective is equiv-
alent to:

pt = ig]fr/\sz%;’)yﬁ(x, A V). (2.13)
On the other hand, the optimal dual objective is:

d* = sup inf L(x,\,v). (2.14)

A>0, v TEF
From the saddle-point theorem, we have:
d* = inf sup L(z,\,v) < sup inf L(x, \,v) = p~, (2.15)
T€F A>0,v A>0,v TEF

which implies weak duality. Under strong duality, the equality holds in (2.15), and
the optimiser pair (z*, \*,v*) forms a saddle point of the minimax problem. This
minimax problem can be interpreted as a continuous zero-sum game (one player with
x € C wants to minimise the payoff £(z, A\, v) and another one with (A > 0, ) wants
to maximise it). The always valid inequality of weak duality is due to the fact that
in a zero-sum game the player who goes after the other’s decision will always take
the advantage. When strong duality holds, a saddle-point pair (z*, \*, v*) represents

a Nash FEquilibrium of the game, and there is no advantage to playing second.

Remark 2.5 (Geometric interpretation of duality). Lagrangian duality can also be
interpreted geometrically. Figure 2.3 shows the duality of a simple problem min, f(x),
s.t. h(z) < 0. We construct G := {(h(z), f(x)) € R x R*"|z € Dom(f) N Dom(h)}
and the support (negative slope) hyperplane h(\) = (A, u) + ¢ as the dual function
(point-wise maximisation of the Lagrangian g(A\) = min, f(x) + (A, h(x))). The
primal optimal p* = ¢ with u = h(z) < 0 (the lowest value of the right half-plane of
G), and the dual optimal ¢* = ¢ with u = 0 (the largest value of this negative slope

16



)+t = g(\)

Figure 2.3: Example min, f(z), s.t. h(z) < 0 of a geometrical interpretation of
Lagrangian dual as the support (negative-slope) hyperplane h(\) = (A, u) + ¢ of
G = {(h(x), f(z)) € R x R"z € Dom(f) N Dom(h)}. d* < p* illustrates weak
duality.

hyperplane with « = g(z) > 0). When the problem is not convex, G is usually not

convex [49].

One way to guarantee strong duality is by Constraint Qualifications (CQs)[50],
[51]?, among which a sufficient condition is Slater’s Condition. Tt claims that for
a convex optimisation problem formulated as (2.2), strong duality holds if Jx €

relint(F) such that h(z) < 0 (there exists a strictly feasible point in the feasible set).

2.1.3 KKT conditions for optimality

From Remark 2.4, we obtain an insight: For an optimisation problem, the primal op-
timal p* provides the upper bound of the dual function g(\, v) while the dual optimal
d* results in the lower bound of the primal objective. Therefore in Table 2.1 we con-
clude that, if the dual problem is unbounded (from above), then the primal problem
is infeasible (from (2.2) the primal can only take the value of +00); alternatively, if

the primal problem is unbounded (from below), then the dual problem is infeasible

2CQs may also guarantee other properties such as the existence and uniqueness of optimal dual
variables.
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(the dual can only take the value of —o0).

Unbounded dual Unbounded primal
g(\,v) can be +00 f(x) can be —oo
infeasible primal infeasible dual

Table 2.1: Relationship between unboundedness and feasibility of Lagrangian duality.

We also observe, if strong duality holds, a saddle-point (z*, \*, v*) must satisfy
some conditions. From the definition of dual function, with A* > 0, g(A\*,v*) =
inf, L(xz,\*,v*) > —oo; in order to attain the infimum, 0 € 9,L(x, \*,v*); this
can also be viewed as the supplementary condition of dual feasibility (g(\,v) >
—o0) for general (z,A,v). On the other hand, in order to attain the supremum
sup, , L(z%, A\, v), 0 € Oy, (L(x", X, v*) + Ly>0(A*)), which is equivalent to the fol-
lowing (i) O, L(x*, \*,v*) = I(z*) = 0, (ii) O L(z*, A", v*) = h(z*) < 0, and (iii)
Vi, Xf = 0 or O\, L(z*, \*,v*) = hy(z*) = 0. We summarise these and obtain the
Karush-Kuhn-Tucker (KKT) conditions for a saddle point (z*, \*, v*) under strong

duality, which are shown in Table 2.2.

Stationarity 0 € 0. L(x*, \*,v") attainment of inf, L(z, \*,v*)
Primal feasibility h(z*) <0, I(z*) =0 attainment of sup, , £(z*, A, v)
Dual feasibility A>0 feasible set of dual problem
Complementary Afhi(x*) =0 attainment of sup, , £L(z%, A, v)

slackness Vi=1,2,...m

Table 2.2: KKT conditions for optimal saddle point (z*, \*, v*).

We verify if KKT conditions are also sufficient conditions. If 3(z*, A*,v*) that
satisfies KKT conditions, then

p

g vh) = fla )+Z)‘ihi($ )+ZVi L (x")
i:lT s ——
Dy

= [(z"), (2.16)

(i)

in which (i) holds for stationarity, (ii) comes from complementary slackness, and (iii)

is due to primal feasibility. In summary, the KKT conditions are as follows:
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e sufficient for an optimal saddle-point (z*, \*, v*) with strong duality,

e necessary under strong duality for the existence of such an optimal saddle-point

(x*, \*, v*).

2.2 Operator Theory and Fixed-point Algorithms

In the previous section we introduced convex functions that have desirable proper-
ties (Lemma 2.1), among which we have, for a convex, closed and proper (CCP)
function f(x), a local minimum z* is a global minimum. This motivates the naive
(sub)gradient algorithm which acts as “to ski downhill until arriving at the valley” for
a convex optimisation problem defined by a CCP objective function f(x) as shown
in Algorithm 2.1, in which k is the step index, z* € R™ is the iterating variable, o is
the step size, and the condition ||z* — 2*~1|| < € is the stopping criteria. T : R* — R
is the iterating operator, and the algorithm can be viewed as the self-iteration of T

until 2% approaches the fized-point set Fix(T).

Algorithm 2.1 (Sub)gradient method
Input: 2°

Repeat:

1: T(2%) « 2% — akof (aF)
2. o+« T(2)

3 k+—k+1

Until: ||zF — 2%l < e

Output: z*

Remark 2.6. However, such an algorithm may not work. For example, (i) 0f(x) may
not be easily calculated; (ii) the iterate 2** may get out of the feasible set (the region
where O f (%) = +00); in Figure 2.4(a) an example is shown of an out-of-boundary
gradient step at © = 1 for min, >« (iii) if the step size is not chosen properly, the
iteration may not converge; in Figure 2.4(b) an example is shown of a non-converging
gradient iteration of min, |x| with a constant step size @ = 1. The framework of

(algorithm-orientated) operator theory is therefore introduced to provide a method
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to analyse the convergence behaviour of first-order algorithms, and this is the key

methodology used in Chapter 4 and Chapter 5.

Gradient Descent on min ||
|

. Gradient Descent on min,>gx .
. 04

Infeasible Zone

151 — f(z) ==
@ Steps 2.0 1
L071 @ Infeasible step
1.54
051 Lol
ZL'O
0.0 - 0.51
2! (Infeagble)
—0.5 0.0
-2 -1 0 1 2
(a) Gradient Descent on min,>¢z (Out (b) Gradient Descent on min |z| (Non-
of feasible set example). converging example).

Figure 2.4: Examples of failed gradient descent methods.

2.2.1 Operators and basic properties

Definition 2.4 (Operator). An operator (relation) T on R™ is a point-to-set mapping

characterised as:
(z,y) € Graph(T) := {(z,y) € R" x R"|y € T(x)}, (2.17)

in which z,y € R™. If T'(x) is a singleton, then y = T'(x) is a (single-valued) function.

The two notations R(x) and Rz are used interchangeably.
Ezxample 2.4. Here we provide some examples of operators.
e Subgradient of a function f:R"™ — R at a point x € R" is defined as:
Of(x) ={9lf(y) = f(z) + {9,y —x), Yy e R"}. (2.18)

When f(z) is convex, 0f(z) # @, Ve € Dom(f). When a convex f(z) is differ-
entiable, 0f(x) = V f(x), which is therefore a single-valued operator (function).

e [dentily is a single-valued operator (function).
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We can apply some operations to the operators. The composition of operator P

and (single-valued) G is defined as:
PG(x) :={z|y € G(z), z € P(y)}. (2.19)
Definition 2.5 (Inverse). The inverse of an operator T is defined as:
T (z) = {yle € T(y)}. (2.20)

In general, we do not have TT~! = I as in the special case when 7T is a function

(single-valued mapping). For a convex, closed and proper (CCP) function f, we have:

of (v) = argmin(f(z) — (v, 2)), (2.21)

f@)+ f ) =(z0) & of '(v)=z & 0f ()=0f(), (222)
where f*(v) is the convex conjugate (Example 2.2) of (CCP) f(z), and f** = f [52].
This is consistent with the Fenchel-Young inequality (f(z) + f*(v) > (z,v)), which
holds with equality for CCP f(x).

Definition 2.6 (Monotone operator). An operator 7" on R" is said to be monotone

if Vo, y € R™
(u—v,x—y) >0, (2.23)

where u € Tz and v € Ty, and this can also be denoted as (T'z — Ty, z —y) > 0. An
operator 1" is mazimal monotone if there is no monotone operator that properly con-
tains it (i.e. There does not exist a monotone 7" such that Graph(7') C Graph(7”).

) An operator T is strongly monotone with parameter m if Vr.y € R™
(Tx —Ty,x —y) >m|z—y|*. (2.24)
In Figure 2.5 we provide 4 examples related to Definition 2.6.

Lemma 2.2. [10], [52], [55] For any function f : R"™ — R, the subdifferential 0 f(x) is
monotone, and this can be proven directly by applying the definition (2.18) of subgra-
dient to Vx,y € R™. If f is convez, closed and proper (CCP), then Of(x) is mazimal

monotone.

21



Not Monotone

3
94
1
B
= 0
1A
27 — T(x)=z—1forz<0
3 — T(z)=—(x—1)*+2forz >0
U 9 _1—— T(0) = [~1,1] (Point-to-Set)

(a) When x > 1, T(x) is not monotone.

Maximal Monotone

T
10 =—— T(@)=z—1forz <0
sl — T(z) =2+ 1forz >0
—— T(0) = [-1,1] (Point-to-Set)
6
= 4]
= 4
2
0
—94
-3 -2 -1 0 1 2 3

(¢) T(x) is maximal monotone, but not
strongly monotone since when Vr,y —
04, (T — Ty, z —y) — 0.

Monotone but Not Maximal
— T(z)=z—1forz<0 ;
— T(@)=23+1for0<z<1
— T(x)=2%+1forz>2

—— T(0) = [~1,1] (Point-to-Set)
Undefined for z € [1,2]

-3 -2 -1 0 1 2 3

(b) T(z) can be contained by another
monotone operator (e.g. Fig. 2.5(c)),
hence is not maximal monotone.

Strongly (Maximal) Monotone

T
— T(x)=z—1forz<0
— T(x)=xz+1forz>0
41— 7(0) = [-1, 1] (Point-to-Set)
=~ 21
8
[
0
_9
T T T T
-3 -2 -1 0 1 2 3

(d) T'(z) is strongly (maximal) monotone
because Vx,y € R", (Tz — Ty,x — y) >

2
[z —ylI”

Figure 2.5: Examples regarding monotone operators.
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The maximal monotone subgradient property of CCP functions plays a pivotal
role in analysing first-order algorithms, especially for the nonexpansiveness and full

domain properties of Cayley/Resolvent operators.

Lemma 2.3 (Strong convex functions [10], [54]-[57]). For a CCP function f : R" —

R, the following conditions are equivalent:

(a) f(z) is strongly conver with parameter m (by definition/Jensen’s inequality
Yo,y € R", VA € [0,1], f(Az + (1= Ny) < AMf(z) + (1 =N fy) — 321 -
Am [z =yl).

(b) Of(x) is strongly monotone with parameter m (Yz,y, (Of(x) — Of(y), 2 — y) >
m |z —yl|*).

(c) Yy € R, f(z)—im |z —y|* is conver.

(d) Vr,y € R, f(x) > f(y) + (0f(y),x —y) + 3m |z — y|*.

(¢) If f(x) is twice continuous differentiable, Yz € R, V2f(x) — ml > 0.

The strongly monotone 0 f(x) influences the contractiveness of the gradient descent
operator and has a duality relationship with the Lipschitz condition of df(z)™" (=
Jf*(x)), which will be explained in Lemma 2.4 and Remark 2.7.

2.2.2 Nonexpansive operators and fixed-point iteration

In response to Remark 2.6, the framework of nonexpansive operators is provided to

analyse the convergence of fix-point iterations.

Definition 2.7 (Nonexpansive operators). An operator T'(z) on R™ is L-Lipschitz if
Vo, y e R, we T (z), veT(y):

lu — vl < Lilz = yl. (2.25)

If T(z) is Lipschitz, then it degenerates to a single-valued function (When z = y,
u=v =T(z) = T(y) since ||lu—v|| < ||x —y|]| = 0.) When L < 1, T(x) is

nonexpansiwe. If L < 1, then T'(x) is L-contractive. (See Figure 2.6.)
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(a) Nonexpansive T'(x). (b) Contractive T'(z).

Figure 2.6: Examples of nonexpansive operators, where 7'(z) in (b) is contractive.

Lemma 2.4 (Strongly smooth function [10], [54]-[57]). For a CCP function f : R" —

R, the following conditions are equivalent:

(a) f(x) is L-smooth: f(x) is differentiable and Of(x) = V f(x) is Lipschitz with
(i)
parameter L (Va,y € R", (0f(x) —0f(y),x —y) < [|0f(x) = 0f(y)|llz —yl <
L||z — y||*> where (i) holds for Cauchy-Schwartz inequality).

(b) Yo,y € R, VA € [0,1], f(Az+ (1= Ny) = Af(2) + (1 = A)fy) — A1 -
ML |z =yl

(c) Vy €R, sL |z — y|I> = f(x) is convez.

(d) Va,y € R, Of(x) = Vf(z), f(x) < fly) +(0f (y), = —y) + 3L | -yl

(e) If f(x) is twice continuous differentiable, Vo € R", LI — V?f(x) = 0.

Remark 2.7 (Strongly convex and strongly smooth functions). We compare Lemma

2.4 with Lemma 2.3 and obtain Table 2.3. If f(x) on R" is both m-strongly convex

f(z) is m-strongly convex. H f(z) is L-smooth.
f(z) -3 ||| is convex. sL |z||> = f(z) is convex.
Jf (z) is m-strongly monotone. J0f(x) = Vf(z) is L-Lipschitz.
If f(x) is twice continuously differentiable, || If f(x) is twice continuously differentiable,
V2f(z) —mI = 0. LI —V%f(x) = 0.

Table 2.3: Properties of strongly convex and strongly smooth functions.
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and L-smooth, Vx,y € R" we have:

m e —yl* <(0f(x) = 0f(y),x —y) < [|0f(x) = df W)|lle = yll < Lz =yl
(2.26)

and k := L/m > 1 is the condition number of 0f(z). Moreover, with Jf*(z) =
8f(.:1:)71 (2.22) we have: If a CCP f(z) is strongly convex with parameter m, f*(x)

is strongly smooth with parameter L = 1/m, and vice versa.
Definition 2.8 (Averaged operators). For an operator 7'(z) on R", if o € (0, 1),
T(x) =aN(z)+ (1 —a)z, (2.27)

where N(z) is nonexpansive, then T'(z) is a-averaged. If a = 1/2 we say T'(z) is

firmly nonexpansive.

Definition 2.9 (Fixed-point set and fixed-point iteration). For a nonexpansive op-

erator T'(x) on R", its closed and convex fized-point set is defined as
Fix(T) := {x e R"|Tx = z}, (2.28)
The resulting fized-point iteration of T'(x) is defined as
"= T (), (2.29)
where k£ € N is the step index of the iteration.

Definition 2.10 (Fejér monotone [56], [58]-[60]). Let C be a convex and closed subset

of R". A sequence {2*},cn on R™ is Fejér monotone if Va* € C:
25 — 2™ < Jla* = 27]. (2.30)

From the definition (2.25) of nonexpansive operators we know that the fixed-point
iteration of a nonexpansive operator is Fejér monotone. Next we investigate the

convergence of the fixed-point iteration of nonexpansive operators.

Lemma 2.5 (Browder’s demiclosedness principle [61]). For a nonexpansive operator
T on R", a sequence {z"} € R", if 2™ — = and (T — I)a™ — 0, then (T — )z =0
(i.e., v € Fix(T)).
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Lemma 2.6 (Banach fixed-point theorem [62]). For a contractive operator T'(x) on

R™, the fized-point set Fix(T') is a singleton.

Lemma 2.7 (Convergence of the fixed-point iteration of nonexpansive operators
62], [63]). For a nonexpansive operator T(x), the fir-point iteration x*™1 « T (x*)

converges to Fix(T) if T is contractive or averaged.

Proof. We choose x* = Tx* € Fix(T). If T'(z) is contractive, with L < 1 in (2.25)

we have:
okt — 2| = [ Ta* — 2] < Llja* — "] < - < IHa® = 2*] "0, (2.31)

and this iteration was proposed together with Lemma 2.6 in [62]. If T(x) is a-
averaged, let 8 := a~! — 1, we combine (2.25) as L < 1 and (2.27) to obtain:

2

||Txk—x* 2—|—BH(T—])$’“H2 < ka—x* : (2.32)

A SN D € S [lat - ]

K= R 7
hemma 2.5 ||ac0 —P<- < ka_l el < ka [ 0, (2.33)
and this (Mann’s iteration) was proposed in [63]. O

The framework of the fixed-point iteration of nonexpansive operators plays an
important role in analysing first-order algorithms, and a detailed view focussing on

(T — I)x*) is elaborated in Chapter 5.

Ezxample 2.5 (Gradient descent method [64]). In the light of Remark 2.6, we investi-
gate the convergence behaviour of the (sub)gradient descent method (Algorithm 2.1),

namely the fixed-point iteration:
" T, (2.34)

where Tg(z) = (I — adf)(x), for a CCP function f(z) on R", with f(z) L-smooth
(0f(x) = Vf(zx) is L-Lipschitz) and m-strongly convex (m > 0 and when m = 0, f(x)

is simply a convex function). For the gradient descent operator T (z) = (I —aV f)(z)
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¥ = a, by combining VTg(z) = (I — aV2f)(z) (we assume

with constant step size «
the existence of V2f for simpler demonstration, but the result is also valid when f(z)
is not twice continuously differentiable) and mI < V?f(z) < LI listed in Table 2.3

we have:

I —aml = VTg(x)=1—aVif =1 —aLl

= |VTe(2)|| < max{|l — «Ll|,|1 — am|} = Lg, (2.35)
in which L¢ is the Lipschitz constant of T¢;. In order to make T averaged, we need:
a€(0,2/L). (2.36)

Moreover, if m > 0, Tg is contractive and L¢ is minimised at o = 2/(L + m). For
the subgradient method with non-differentiable f(x) and time-varying step sizes, we
refer readers to [65].

If the objective f(z) is subject to equality constraints Az = b, by dualising this
we may also apply the gradient descent method to the Lagrangian dual:

g(N) E inf £(2) + (A, Az — b) = —(f*(=ATA) = (A1), (2.37)

where f*(y) = sup, (z,y)— f(x) is the convex conjugate (Example 2.2) of the objective
f(z). Therefore we have the dual ascent (gradient descent of —g(\) = —(Az*(\) —b)
where z*(\) = argmin, (f(x) + (A, Az — b))) method [8], [66], [67]:

2"« argmin (f(z) + (A", Az — b)), (2.38a)

ML NF L a(Az® — b)), (2.38b)

From Remark 2.7, in order to make —g(\) (2.37) L-smooth (Ox —g(A\) = Va—g(A) =
—(Ax*(A — b)) L-Lipschitz), f(z) needs to be strongly convex with parameter m. In
this case L_y, = w, and o € (0,2m/ ||A||?) is needed for algorithm convergence
under averagedness criteria (2.36). In Section 2.3 we investigate this dual ascent

algorithm from the perspective of distributed optimisation.
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Definition 2.11. (Resolvent and Cayley operators) For an operator T'(xz) on R™ and
a € R, the Resolvent operator of T is defined as:

Rop = (I 4+ al)". (2.39)
The Cayley operator of 7' is defined as:
Cor =2R—1. (2.40)

Lemma 2.8 (Resolvent and Cayley operators of maximal monotone operators [10],

[56], [68]-[70]). For a mazximal monotone operator T'(z) on R™ and a > 0 we have:
(a) Dom(R,r) = Dom(C,r) = R™.

(b) Ror and Cur are nonexpansive operators, and Rur is %—avemged (firmly non-

expansive).

(¢c) 0 € T(x) if and only if v € Fix(Ror) = Fix(Car).

1

(d) If T is m-strongly monotone, then Ry is L-contractive where L = TTom

(e) (I—aT)(z) = Cor(I+aT)(x). WhenT is single-valued, Cor(z) = (I —aT)(I+
aT)(x).

As mentioned in Lemma 2.2, for a CCP function f(x) on R" the subdifferential

Jf(z) is maximal monotone. Moreover, as stated in Lemma 2.3 if f(z) is m-strongly

convex, Jf(z) is m-strongly monotone. We combine these with Lemma 2.8 and

investigate the Resolvent of the subgradient operator of CCP functions as follows.

Example 2.6 (Proximal operator [12], [31], [71]-[74]). For a CCP function f : R™ —
R U {400}, the proximal operator is defined as:

prox, (r) = argmin (f(v) + % v — x||2> , (2.41)

To attain this minimisation, the first-order stationary condition is satisfied:

39)

0€0,f(v)+ (1/a)(v—x) =z € (I+ adf)(v) (2:> v = Raoy(z) = prox,; (),

(2.42)
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which is always %—averaged for a > 0, and contractive when 0f is strongly monotone
(Lemma 2.8). Therefore compared with gradient descent method (Example 2.5),
which requires smooth f(x) and careful choice of step size «, the fixed-point iteration

of proximal operator (prozimal point method)
2"t prox,; (z") (2.43)

always converges to the optimal value for any CCP f(z) and for any a > 0. Since
prox,; (r) = Raps(z) is the inverse of I + adf, the proximal point method is also
called backward method compared to the forward (gradient descent) method. For time-
varying proximal point method, we may use line search [75] to find A*, and [76]-[30]
discuss the acceleration methods applied to the proximal operator.

Similar to gradient descent (Example 2.5), for the convex problem subject to
equality constraints Ax — b = 0, we may also interested in the proximal operator
of the dual function prox, ,(\) = Ra4(A) since —g(A) is convex, where g(\) 22
inf, f(x) + (A, Az — b). Therefore we calculate the Resolvent Ry_,()):

u=Roy(\) &)X = (I - adg)(u) & u= A+ a(Az” —b), 0 € Of(z") + ATu

=0€ 0f(2") + AT(A\ + a(Az" — b)) = 2™ = argmin (f(a:) +%

T

NE
Axr — b+ — ),
Q

(2.44)

The resulting proximal point method applied to the dual A**! < prox,_, (A*¥) is:

2) , (2.45a)

ML NF 1 a(Ax® — b)), (2.45Db)

)\k

2"« arg min (f(x) —|—% Ar — b+ —
o

T

which is called the method of multipliers [72], [81], [82]. Compared with dual ascent
(2.38) (gradient descent of the dual —g())), this method (proximal point method
of the dual) does not require a Lipschitz dg(z) (which means an m-strongly convex
primal f(z)) as well as a limited range of the step size a € (0,2m/||A|*) (Example
2.5). However it does have limitations when applying to distributed optimisation,

which is discussed in Section 2.3.
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Ezxample 2.7 (Projection and the normal cone operator). For a closed convex set

C C R™ and Vv € R", the projection operator is defined as Va > 0:

1
proj (v) := arg min (Ic(x) + % ||z — UHQ) , (2.46)

where Z¢(x) is the indicator function of C, and (2.46) is exactly the special case of
proximal operator (2.41) as f(z) = Z¢(z) (i.e., proje (v) = prox,z, (v)). From (2.42)
we know that prox,;, (v) = Raaz.(v), and we define the normal cone operator as:

0 ifz €int(C),

. (2.47)
{seR"|VyeCl, (s,y—x) <0} ifzebdry(C).

NC(.’E) = 8Ic($) = {

Note that, in (2.47), if € bdry(C), then N¢(x) is the set of all outward normal
vectors of the hyperplanes tangential to C passing through z. In Figure 2.7, z; is
inside C, hence N¢(z1) = 0, which is a singleton. Also, x5 is on the smooth part of
the boundary, hence N¢(x2) is a convex cone comprised of vectors of the same outward
direction, whereas z3 is on the non-smooth part of the boundary, hence N¢(z3) is a

convex cone of vectors of different outward directions. In Chapter 4 we use the normal

ns 132

n31,n32,n33‘ 0(233)
n33

o

ny € Nc(wl) =0
C ¢

M21,M22 € Ne(z2)

Figure 2.7: Normal cone operator Ne(z).

cone to restrict the range of optimal dual solution.

Remark 2.8. In this section we have discussed using the framework of nonexpansive
operators to analyse first-order algorithms for convex optimisation problems. For a
CCP f(x) on R", in order to find the optimal solution 0 € F(x*), we explored and

applied the nonexpansiveness of the (sub)gradient descent operator T = (I—adf)(z)
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and the proximal operator Ryss(z). Table 2.4 provides a brief comparison between

the two operators.

Gradient descent T = (I — adf)(z) H Proximal operator prox,; (v) = Raof(z)

Jf needs to be Lipschitz. N/A
T¢ is contractive when f strongly convex. Same as Tg.
Can be applied to primal and dual. Same as 1.
Primal gradient has closed form. Some have closed forms (See [12]).

Table 2.4: Comparison between gradient descent and the proximal operator.

2.2.3 Operator splitting

In practice we may have separable objectives (f(z) = ), fi(x)) and prefer to solve
the optimisation problem in a distributed manner (See Section 2.3). Therefore, we
want to find the optimal solution 0 € >, df(z*), which corresponds to 0 € (>, T;)(x)
where T} is maximal monotone. Operator splitting provides methods to transform the
problem into a fixed-point iteration comprised of the gradients, Resolvent and Cayley

operators.

Lemma 2.9 (Composition of nonexpansive operators). For two nonexpansive op-
erators A(z) and B(x) on R", the composition C(x) = A(B(x)) is nonerpansive.

Moreover
(a) If A or B is contractive, C' is contractive.
(b) If A and B are averaged, C' is averaged.

Proof. We apply the definition of Lipschitz operators (2.25) and directly prove the

nonexpansive and contractive case. For the averaged case see [11], [83]. O

Ezample 2.8 (Forward-backward splitting [84]). Suppose we want to find x € R™ such
that

0€e(P+G)z, (2.48)
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where P(z) and G(x) are maximal monotone operators on R”. Let a > 0, and

rearrange this condition:

0e(P+G)(z)=0e(I-DNr+a(P+G)x
& (I —aG@)xr e (I+aP)x

s r=I+4aP) (I -aG)z = Rep(I — aG)z. (2.49)

Thus we have reformulated (2.48) as the problem of finding the fixed-point of Tz =
Rop(I — aG)z. The resulting fixed-point iteration

" Rop(I — aG)a® (2.50)

is called forward-backward splitting method [84], of which the name comes from the
composition of a forward (gradient-like) operator and a backward (resolvent) operator.
From Lemma 2.9 we know that when both operators are averaged, the composition
is averaged. The resolvent R,p is always i-averaged (Lemma 2.8); if Gz = dg()
where g(z) is a CCP function on R", (I — aG) is averaged if g is L-smooth and
a € (0,2/L). If moreover Px = Jf(x) where f(z) is a CCP function on R", the
resulting fixed-point iteration 2**! <= Ra (1 — aVg)a* = prox,; ((1 — aVg)z*):

e (I —aVg)ak (2.51a)
2"« prox,; (") (2.51b)

is called the prozimal gradient method [85]-[87]. In Section 2.3, this method is dis-

cussed from the point of view of distributed optimisation in practice.

Ezample 2.9 (Peaceman-Rachford and Douglas-Rachford splitting [88]-[91]). We also

consider the problem of finding = € R™ such that
0€ (A+B)x, (2.52)
where A(z) and B(x) are maximal monotone operators on R". Given o > 0 we have

0edA+B)r S 0e (I +ad)z—(I-aB)

L2590 e (I + ad)r — Coup(I + aB)x
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(2<:3§)) Cuopz € (I + @A)Rapz, © = Rypz

(2<:3>?) RaACaBZ = RaBZ, r = R.pz
2. 1 1 1 1
(2<:4>9) (51 + 5 wA)Z = (51 + §C’QB)2, T = Ryopz

& 2= CasCupz, * = Ryp2. (2.53)

From Lemma 2.9 we know Tp = C,4C,p is nonexpansive. The resulting fixed-point

iteration 2¥+! «— T'z* defined by

2" Ryt (2.54a)
PRI ias L (2.54Db)
2"t Roaztte (2.54c¢)
AL gkt ks (2.54d)

is called Peaceman-Rachford splitting (PRS) [88]-[90]. However, C,4Cyp is not nec-

essarily averaged. We define the modified version,

1 1
Tpz = (51 + §Ca,4)z, x = Ropz, (2.55)

and the resulting fixed-point iteration z¢*! <— Tpz:

k+

N

"2 R, p2" (2.56a)
SAra o oghts _ (2.56b)
gF 1 Roaztte (2.56¢)
AL gty ok gt (2.56d)

is the Douglas-Rachford splitting (DRS) [10], [31], [56], [89], [91]. From Lemma 2.8
we know that, when either A or B is strongly monotone, T is contractive, and the

algorithm has linear convergence.

In the next section, we introduce the Alternating Direction Method of Multipliers
(ADMM) algorithm that can be formulated as either the primal [92] or the dual [93]
iteration of DRS. In Chapter 3 we propose an asynchronous ADMM algorithm with

a computing-free data exchange server. In Chapter 4 we discuss the convergence of

ADMM under uncertainty.
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Ezample 2.10 (Other operator splitting methods). Examples of other operator split-

ting methods for general monotone operators are as follows.

e Forward-backward-forward (FBF) splitting [56], [66], [9/]. For maximal mono-
tone operators A and B on R" that A is L-Lipschitz, forward-backward-forward
splitting addresses that Vo € (0,1/L):

0€(A+ B)x < x=Trpr (I — aA)Rop(I — aA) + aA). (2.57)
The resulting fixed-point iteration of FBF is:
2" Rop(a® — adz?) (2.58a)

gF o ghte a(Aka“% — Az"). (2.58Db)

e Davis-Yin (three-operator) splitting [10], [95]. For maximal monotone operators

A, B and C' on R" that C' is single valued. YVa > 0 we have:

0 (A+B+C) e Tpyz= (%I + % (Con(Cop —aCRyp) — &C’RQB)) z,
(2.59)
with x = R,pz. The resulting fixed-point iteration is:
a*t2 « Ropo* (2.60a)
PAARIED Pilas L (2.60D)
2P Roa(2M2 — aCabt2) (2.60c)
APPSR S (2.60d)

There are other operator splitting methods focusing on convex optimisation prob-
lems applied to the automation engineering field, such as Chambolle-Pock (CP) [96],
Split Bregman [97], Primal-Dual Hybrid Gradient (PDHG) [98], Condat—Vu Algo-
rithm (Primal-Dual Splitting Method) [99], [100]. Among these, for CCP functions
f, g and matrix M, to find 0 € Of + MT0g(Mz), Yo € (0,1/||M||) CP performs the

iteration:
" Ryp(z* — aMTZF) (2.61a)

34



P Roge (2 + aM (227 — 2F)). (2.61b)

This iteration is used in image processing applications and is also studied in [98],
[101], [102].
In Chapters 4 and 5 we analyse how the algorithms perform in uncertain environ-

ments via operator splitting methods.

2.3 Consensus-Oriented Distributed Optimisation

Recent advances in communication technologies and embedded systems have moti-
vated the development of algorithms to coordinate intelligent agents in a distributed
manner. Compared to centralised decision-making mechanisms, distributed optimi-
sation algorithms [1]-[3] feature the following characteristics: participating agents it-
eratively solve local optimisation problems and share the necessary information with
neighbouring agents, which is described via an update and communication protocol;
such protocols can be designed to facilitate large-scale problems with privacy intrinsi-
cally protected. The optimal solution of the global problem is asymptotically obtained
from the local iterates. However the challenges caused by limited local computational

power and communication reliability may arise.

2.3.1 Formulation of the distributed optimisation problem
We formulate a convex distributed optimisation problem with the consensus decision
variable x € R™ by m participating processing agents as follows:

M
minimise ; fi(z), (2.62)

subject to x € C,
where each local cost function f; : R® — R and the constraint set C is convex and
closed.
We also model the communication network among the agents at discrete time
k > ko with a graph G* = (U, E*, where U = {1,2,..., M} is the set of the agents

and E* is the set of communicating directed edges at time k. We assume (i,7) €
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E*, Vi € U, Vk as each agent has access to its own local data. The neighbourhood
of agent i at time k is defined as the set of agents from whom incoming data are
received: NF := {j|(j,7) € E*}. Further details on modeling multi-agent networks

using graph theory can be found in [103].

2.3.2 Weighted Averaging

To solve the problem (2.62), we consider the distributed subgradient algorithm pro-
posed in [5], [7]. A weighting matrix W¥* € RM*M associated with the communica-
tion graph E* is introduced to represent the reliability of information received, where
WZ > 0 for all j € NF, and Wl’j = 0 elsewhere. Each agent starts with an initial

value 2¥ € C and iteratively performs the following updates:

vf > What, (2.63a)
jeNE
2i*! « proje (vf — st | (2.63b)

k

where proj. (-) denotes the projection onto C, s¥ € dfi(vF) is a subgradient, and

a® > 0 is the step size.

Theorem 2.1. [5], [7] Under the following assumptions, the iterates generated by
(2.63) converge to an optimal solution z¥ — * € X* as k — +oo0:
(i) Bounded subgradients: Each function f; : R — R has bounded subgradients on
the set C: for all i and x; € C, there exists S; such that ||0f;(x)] < S;.
(11) Weighting rule: There exists a scalar n € (0,1) such that for all i,j € U and
k> ko, (a) Wi >n; (b)) Wi >0 if Wi > 0.
(iii) Double stochasticity: For all i,j € U, (a) 3,y WE=1; (b)) >,y WE = 1.
“+oo

(iv) Step size rule: The step size satisfies E;:ZO a¥ = +o0 and Y, % (oF)? < +o0.

(v) Connectivity: There ezists an infinite sequence of times {ko, k1, ks, ...}, where
0 <k — ki1 < By, with By € Z., such that the union of graphs uﬁ;jg’f 18

strongly connected for alll € Z. .
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(vi) Existence of an optimal solution: The optimal solution set X* # &.

Remark 2.9. Assumption (i) ensures the existence of bounded subgradients. Consider
the convex objective:

f(x)=zlnz —x, (2.64)

subject to the constraint C = [—1,1]. The subgradient becomes unbounded as = —
0,. If 2° € [-1,1], the algorithm may fail. We will show that this behaviour is
common in dual functions, making subgradient methods challenging for the dual
ascent algorithm described in Section 2.3.4. Assumption (ii) guarantees uniform
positivity of the weighting matrix. Assumption (iii) implies that, over time, each
agent is equally influenced by and equally influences others, aligning with the equal
weighting of f; in (2.62). Assumption (iv), known as the square summable but not
summable step size rule, is essential for convergence and is common in centralised
subgradient algorithms [65]. Recent work [104] provides convergence analysis for
more general step sizes. When the cost functions are Lipschitz smooth, constant step
sizes can also be used with modified algorithms [105], [106]. Assumption (v) ensures
strong connectivity within any time interval of length B;. Finally, assumption (vi)

guarantees the existence of an optimal solution.

The use of network communication to solve optimisation problems in parallel dates
back to the works of [107], [108]. Subsequently, the incremental method was intro-
duced, where the communication graph forms a directed cycle, and agents update
sequentially. These early works are summarised in [109]. More recently, averaging
consensus algorithms, which aim to achieve consensus among agents—such as averag-
ing their initial values—have attracted significant attention. The technical primer [2]
provides an overview of the evolution of weighted averaging algorithms. The works
[4], [5] establish a connection between weighted averaging algorithms and the sub-
gradient method, on which (2.63) is based. Several extensions of weighted averaging
distributed optimisation methods can be found in the recent survey [3]. It is worth

noting that the proposed time-varying algorithm still requires a global synchronous
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clock. Asynchronous distributed optimisation algorithms will be discussed in Chap-

ter 3.

2.3.3 Proximal Gradient Method

In Section 2.2, we proposed an operator framework to analyze first-order convex opti-
mization algorithms. By reformulating the first-order optimality condition 0 € 0 f(z*)
into the fixed-point condition of a nonexpansive operator, T'(z*) = z*, the fixed-point
iteration 2**! «— T'(2*) is performed to converge to the fixed-point set Fix(T), corre-
sponding to the optimal solution. For separable objectives, splitting methods may be
employed to facilitate distributed optimization. Example 2.8 introduced the forward-
backward splitting method [84]. In this section, the proximal gradient method [12],
[85]-[87] is applied to (2.62). Assume the objective function consists of a nonsmooth
term and a smooth separable term:

M

minimise  h(z) + Z filz), (2.65)

i=1
where Vi, f; : R — R is convex and differentiable, Zf\il fi(z) is L-smooth, and
h : R™ - R U {400} is a closed, convex, and proper (CCP) function, including the
constraints in (2.62). For a € (0,2/L), the distributed proximal gradient method is

given by:
g5 + Vfi(a®), (2.66a)
M
2"« prox,, <xk -« ng) : (2.66b)
i=1

This method is widely used in distributed learning [110], [111], where {fi(z)} are
local objectives, and h(z) is the global regularization term.

If the local objectives satisfy Vi, fi(z) = f;(x;) with f; : R® — R being L-smooth,

and x := [x1, 29, ..., 2|7, the algorithm becomes:
Y af —aVfi(a]), (2.67a)
2"« prox,, (v*), (2.67b)
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where y := [y1,y2,...,ynm]T. When all local variables have the same dimension (i.e.,
Vi, n; = n/M), and h(z) = Z¢(x) where C = {z | z; = z;, Vi,j = 1,2,..., M}, with

prox,z. (y) = proje (y) (Example 2.7), (2.67) can be reformulated as:
yi 2" —aVfi(:h), (2.68a)

M
" proje (vF) =1y ® i ;yf =1y ® 2", (2.68Db)
where 1, € RM is a vector of ones, and ® denotes the Kronecker product. This is the
projected gradient method [112], [113] for consensus-based distributed optimization,
which can be viewed as a variation of Algorithm (2.63).

In practice, non-smooth local objectives may arise. The next section explores

distributed algorithms leveraging dualisation techniques.

2.3.4 Dual Decomposition

Section 2.2 introduced the dual ascent method, presented as the gradient method
for the dual function in Example 2.5. In this section, we explore the formulation of
distributed optimisation using this approach. When the consensus decision variable

x in the optimisation problem (2.62) is separable, we have the following:

minimise Z fi(zy),

v (2.69)
subject to x; € X, ZAﬂi =0,
i€U
where 7; € R™, A; € RP™_ and b € R?. We concatenate [xq,2s,...,7y] = z,

Yoicv Aiwi = Az, and Y, fi(z;) = f(z). To solve this problem using averaging
algorithms, each agent must maintain a local copy of all other agents’ decision vari-
ables. This can lead to communication inefficiencies in large-scale problems and may
raise privacy concerns. These challenges motivate the use of dual decomposition.

We dualise the coupling equality constraints in (2.69), extending the local cost
functions by adding indicator functions for local constraints, as reformulated in (2.2),
ie., fi « fi+Ix, and f(z) « f(z)+Zx. The resulting Lagrangian is given by (2.8):

Lz, N) = fx) + AT (Az —b) =) filw:) + AT (Z Ajxi — b) . (2.70)
€U €U
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Minimising over the primal decision variables yields the (concave) dual function (2.9):

g(A\) :=inf L(z,\) = Zlnf filz) + M (A — — ZgZ (2.71)
’ icU ~ icU
::Li(xi, )

Since g(A) can be computed distributively, this approach is termed dual decomposi-

tion. The corresponding dual problem is:

maximise  » _ g;(\). (2.72)
icU

We derive the subgradient conditions as follows:

If 2} is found: 0 € 0,,Li(x], \), (2.73a)
b

The existence of x} is not always guaranteed, as discussed in Remark 2.10. If strong
duality holds (typically true for dualised affine constraints), a centralised aggregator
can perform dual updates using the distributed dual ascent algorithm [8], [66], [67]:

oF T arg min £; (zi, A7), Vi, (2.74a)

PURRIPE <Z Azt — b) : (2.74b)
icU

where o is the step size.
Remark 2.10. The subgradient must be bounded for convergence, meaning (2.74a)
must be solvable and A;x* must remain bounded. This is challenging for arbitrary
dual variables, as g(\) = —oo if \ is infeasible. For example, if f(z) = e* and A = —1,
—g(\) takes the form of (2.64) ,and (2.74a) becomes unbounded for A < 0. Similarly,
if f(x) = ¢"x (in linear programming), (2.74a) is typically unbounded for most \

values.

Remark 2.11. The step size in the dual ascent algorithm must be carefully chosen,
since the dual function is not always Lipschitz. As shown in Example 2.6, the gradient

descent algorithm for a non-Lipschitz objective with constant step sizes generally
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yields convergence to a suboptimal solution (||z* — z*|| < ). To have an exact
optimal solution, diminishing step sizes, such as square summable but not summable
sequences [65], are recommended to ensure convergence. Even then, the convergence

rate may be as low as O(1/Vk).

Remark 2.12. To address the challenges discussed earlier, we impose strong convexity
on f;(x;) with modulus ¢ > 0. This guarantees a unique solution for (2.74a) for all
A € RP. By replacing subgradients with gradients for g(\), we define s*(-) as the
subgradient satisfying (2.73a) and rewrite (2.73) for distinct A\! and A\*:

0 € s*(f(x?) — s*(f(z*) + AT(A2 = A, (2.75a)
Vg(\?) — Vg(A\h) = A(z** — ™). (2.75b)

With strong convexity, we obtain the following Lipschitz smoothness condition for
g(N):

IVg(3*) = Vg(W)l2 = [[A@™ — 2™D)]l2 < [All2[l2™ — 2™

My — (= L2 aroe g, < 1A ey,

(2.76)

where g(\) is Lipschitz smooth with parameter L, = ||A||*/o. From Example 2.5 we
know I —aLy_g4 is nonexpansive for o € (0,2/Ly_,], and averaged for o € (0,2/Ly_,)
(firmly nonezpansive when o € (0,1/Ly_,]) The gradient method achieves a conver-

gence rate of O(1/k) for constant step sizes (See (2.32)), with potential acceleration
to O(1/k?) using Nesterov’s method [78].

2.3.5 Method of Multipliers

We now pose the question: Can we smooth the dual function while ensuring that
(2.74a) remains bounded, without requiring the strong convexity of f(z)? One
promising approach is the method of multipliers, also known as the proximal point
method for the dual, as described in Example 2.6.

We define the augmented Lagrangian for (2.70) with a penalty parameter 6 > 0:

Lo(x,\) = L(x, ) + gHA:c — b2, (2.77)
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and the corresponding dual function:
go(\) =1inf Ly(x, N). (2.78)

Remark 2.13. Tt can be verified that the primal and dual solutions remain unchanged
compared to the original problem (2.69). The motivation for adding the penalty term
in (2.77) is to smooth the dual function without requiring the strong convexity as-
sumption in Remark 2.12. Furthermore, —gy(\) is Lipschitz smooth with a parameter
Ly_4, = 1/(6 + /|| Alj3), where ¢ > 0. When o > 0, it represents the modulus of
f (x), as noted in Remark 2.12. However, f (x) is not necessarily strongly convex since

o can be zero.

Applying dual ascent to the modified dual problem gives:

2T« argmin Ly(z, A¥), (2.79a)

AL NP g (AP —b), (2.79b)

which leads to the method of multipliers [81], [82], [114], where a fixed step size 0 is

adopted.

Remark 2.14. From Example 2.6, we know this method is equivalent to the proximal

point method for the dual, given by A**! « prox,,(A\*), which achieves an O(1/k)

1

convergence rate. Here, the proximal operator prox, (\) = Rgy()\) is always 5

averaged. From (2.79a), we observe:

0 € B Lo(2F1, NF) = Of (a*+1) + AT()\k + (At — b))
. (2.80)
= af(xk+1) +AT)\k+1 — @E(:pkﬂ,)\k“),

which demonstrates that the method of multipliers is a backward method for the non-

augmented dual problem. The update 2" ensures that \**! is feasible for g(\).?

Remark 2.15. One might argue that solving (2.79a) could still be challenging since
the augmentation term does not fully condition z ¢ null(A)*+ = row(A). To address
this, we can add a regularisation term 2|z — z*||3 to (2.77), resulting in the prowimal
method of multipliers [72], [115], which is the resolvent of the KKT operator T'(x, \) =
[0, L (2, N), On(—L(x, \)]T [10].

3In other words, z**! ensures A(k) is feasible for gg()\) in (2.79a).
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Remark 2.16. The main drawback of the method of multipliers is that it sacrifices
distributed solvability of (2.79a) because the additional penalty term couples local de-
cision variables. To address this, [116] proposed the diagonal quadratic approximation
(DQA) method with a nested loop to solve (2.79a). More recently, [117] introduced
the Accelerated Distributed Augmented Lagrangian (ADAL) method, which avoids
the nested loop but requires a small constant step size constrained by the problem’s
degree of constraints. In the next section, we will present the alternating direction
method of multipliers (ADMM) [1], [9], which adapts the augmented Lagrangian to

distributed optimisation.

2.3.6 Alternating Direction Method of Multipliers (ADMM)

The ADMM algorithm addresses the following convex optimisation problem:

min  hy(z) + ha(y), (2.81a)
r?y
subject to Az + By —c =0, (2.81b)

where hy : R™ — R U {400} and hy : R"™ — R U {+o0} are convex, closed, and
proper (CCP) functions, and A, B are matrices of appropriate dimensions.

The augmented Lagrangian (2.77) for this problem is given by:
0
Lo(w,y,A) = () + haly) + A (Az + By — o) + o[l Az + By — 3, (2.82)

where 6 > 0 is a penalty parameter.

To solve the problem, ADMM iteratively performs the following updates:

x < argmin Ly(x,y, \), (2.83a)

y < argmin Ly(x,y, ), (2.83b)
v

A+ A+ 0(Ax + By — ¢), (2.83¢)

where we omit the iteration index k for brevity.
ADMM guarantees convergence under certain conditions [1]. If problem (2.81) has

at least one saddle point (z*,y*, \*), the following hold:
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(i) The objective value at the iterates (z*,y"*) converges to the optimal value.
(ii) The primal residual Az* + By* — ¢ converges to zero.
(iii) The dual variable A* converges to a saddle point.

Remark 2.17. ADMM can be interpreted as the method of multipliers with inexact
minimisations (compare (2.79a) with (2.83a) and (2.83b)), where the updates alter-
nate in a Gauss-Seidel fashion. As discussed in Section 2.2, it can also be viewed as
an application of Douglas-Rachford splitting [91], an averaged version of Peaceman-
Rachford splitting [88], to either the primal [92] or dual [93] problem. However, even if
the assumptions in [1] are satisfied, examples exist where ADMM fails due to unsolv-
ability of (2.83a) or (2.83b) [118]. In general, averaged algorithms achieve an O(1/k)
convergence rate, with linear convergence rates possible under additional assump-
tions. For more on convergence rates, see [119]-[122]. Although ADMM converges
for any penalty parameter p > 0, the choice of p affects the convergence pattern.
Adaptive penalty parameter and step size strategies have been proposed in [118],

[123], [124].

Several extensions of the ADMM algorithm address various challenges. The work
in [125] proposes an iterative algorithm for problems with additional global inequality
constraints by dualising them. In [126], [127], the authors apply ADMM to the
dual problem after dualising polyhedral constraints, allowing for inexact updates and
time-varying networks. The authors of [21] combine the averaging algorithm from
Section 2.3.2 with ADMM to achieve dual consensus tracking. For cost functions
with coupling terms, convergence analysis is provided in [128]. The convergence
behaviour of ADMM under pathological cases is studied in [129].

An interesting question is whether ADMM can be extended from two alternating
blocks to multiple blocks. Convergence analyses for this question are found in [122],
[130]-[133], with applications such as [134].

ADMM is well-suited for distributed optimisation since it can be designed for prob-
lems with block-separable quadratic terms ||Az + By — c||%, provided AT A and/or
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BB are block-diagonal. For instance, many optimisation problems naturally split
into two groups of objectives, as seen in [135], [136] for decentralised power distribu-
tion systems and [137] for mobile data offloading problems. In traffic control appli-
cations, multiple roles can be assigned to the same physical agent, such as vehicles
serving as both motion planners and traffic mediators [138]-[141]. For non-convex
collision avoidance constraints, [138] uses convexification via formation control, while
[139]-[141] employ successive linearisation within either the model predictive control
horizon or ADMM iterations.

When the functions h; or hy and the augmented Lagrangian possess a block-
separable structure, ADMM can be applied to distributed optimisation. For Problem
2.69, we reformulate the problem as:

minimise Z (filz)) + Ix,(z)) + Iy (v),
iU (2.84)
subject to xr—y =0,
where Y = {y | > ier Aiyi = b}. By dualising the coupling z — y = 0 the augmented

Lagrangian for any 6 > 0 is given by:

0
Lo ) = 3 (o) + T ) + (o) + 35 (AT o= )+ Gl = )
ieU ieU
(2.85)
where y = [y1,y2, ..., yn] and A = [, Ag, ..., Aps]. The resulting ADMM algorithm

(2.83) for distributed optimisation is:

0
T; < arg min <fz(xl) + Ix, () + )\Z-T:Ly; + 5”% — yZH§> , VieU, (2.86a)
0
y  arg min (Iy(y) Ayt gllr - yll%) : (2.86b)
Y
A=A+ 0(x —vy). (2.86¢)

Compared to (2.77), the augmented Lagrangian (2.85) is block-separable, enabling
the development of a distributed optimisation algorithm with a centralised aggrega-

tor® via ADMM with greater solvability than the dual ascent method in (2.74).

4Agents perform (2.86a) distributively and the aggregator performs (2.86b) to enforce coupling
constraints.
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In Chapter 3, we provide a formulation for distributed optimisation with local
coupling consensus and address the challenges of asynchronicity and privacy through
a computation-free data exchange server. Chapter 4 discusses extensions of ADMM

to manage parametric uncertainty.

2.4 Recursive Estimation and Optimal Control

Remark 2.18 (Engineering notation of probability). In this thesis, we adopt an engi-
neering approach to probability, balancing simplicity and rigour, rather than relying
on measure-theoretic formalism. We use = to denote both a random variable and a
specific realisation of that variable, with the distinction made clear from the context.
For example, we write x € €2 to represent a random variable with sample space €2,
and y = g(z) to denote a random variable defined as a function of x. Unless explicitly
required, we do not differentiate between the event space and the sample space. Ad-
ditionally with proper discretisation assumed, we adopt the engineering convention
of treating the discrete sum _ p [z] as equivalent to the continuous integral [ p [z]dx

with the respective discrete or continuous probability density function (PDF) p [x].

2.4.1 Recursive system identification and state estimation

In reality, there is always a gap between what we measure and what we estimate.
Therefore, we use probability theory to analyse problems related to measurement

and estimation. Suppose that we have a dynamic system with:
e 7F € X, a random vector of the state we want to estimate,
e 2F € Z, a vector-valued measurement that we observe.

The system dynamics is modelled as:

ob = fE(a k), (2.87a)

28 = nF (2%, w"), (2.87b)
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where v* € V and w* € W are independent noise, f* in (2.87a) is the process
dynamics, and k¥ in (2.87b) is the measurement dynamics. Here the control input u”
is implicitly modelled in f* and h* for brevity.

We assume that the following are known before the iteration:
e f¥and h*, the process and measurement dynamics.

e 7Y the initial state, which is independent of v¥, w*, Vk.
e [Uk] and p [wk}, the PDF of independent noise.

Bayesian recursive tracking

At time k, we want to calculate p [xk]zlﬂ in a recursive way, assuming that p [z*~1[21# 1]
has been known at time k—1, where 2'** = {2!, 2% ... 2F}. From the total probability
theorem we have Va* € X

A priori update: p [z"[z"*71] Z [2"|2" ] p [2*7 12 (2.88)

zh—lex
where p [xk|xk*1} can be calculated from the sum rule as Vz* € X
p [zF[2"1] = Z p [v*]. (2.89)
{vkeV|fk(zk—1 vk)=ak}

In the next step, we calculate p [:Ek|zlzk} via Bayes’ law as Vx € X

A posteriori update: p [xk|z1ﬂ —p [xk|zk,zlzk—1}

p [Zk|xk} ) [mk|21:k—1]

= 2.90

o [2F]21F 1] , (2.90)

where since z¥ and z"**~! are independent given z*, we calculate p [2*|z'*71] from
the total probability theorem:

p ] = Z p [F|2*] p [2"]z171] (2.91)

zheX
in which, similar to (2.89), p [zk]xk} can be calculated from the sum rule as Vz € Z:
p [*|2*] = Z p [w*] . (2.92)
wkeW|zk=hk (zk wk)
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This is the Baysian tracking algorithm to recursively calculate p [:ck]zlz’“}.
In engineering applications, we usually only need an estimation of a random vari-
able instead of the PDF. In the following, we discuss how to obtain meaningful and

efficient estimations from PDFs.
Maximum likelihood estimation (MLE)

Suppose we have directly obtained the likelithood L [mk; zk] =p [zk|xk} as in (2.92).
The mazimum likelihood estimation of z* is:
IhLp = argmax p [2"[2"] . (2.93)
zheX
Example 2.11. If we have zF = Ha* + w* with 2% € R?, 2F,w* € R™, m > n, w* ~

N(0,X,,%), the we have:

1
p ["|2*] o exp <—§(zk — Ha®)T8 (2P — ka))

= Bypp = Phip = argknifaxﬂ [Zk‘xk} = (H™S e "H) P HTS 125 (2.94)
e

MLE depends on the precise distribution of the measurement model, and if we
have a linear measurement model and Gaussian noise as shown in Example 2.11, it
has a closed linear form. However, MLE is vulnerable to non-identifiability with lack
of data (in (2.93) the assumption m > n is not always true), imperfect model and
sharp outlier peaks. As shown in Figure 2.8, 2%, . = p [zk|xk = 5} but it is not a

reasonable estimate of x*.

Maximum a posteriori estimation (MAP)

1:k:—1]

If we have some prior knowledge of p [2"|z as in (2.88) at time k, we can have

the mazimum a posteriori estimation (MAP) of z*:
kL k|, 1:k] (2:90) kK ki, lik—1
Iyap = argmax p [2¥|z"*] Y=" argmax p [2¥|2*] p [2¥]21] (2.95)
zkeXx zheXx

k|21:k—1}

MAP heavily depends on the prior knowledge and clearly, if p [x is constant,

<k _ sk
Iniap = PMLE-
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g = p [#]2" = 5]
4

p [zk|:1:k = —5}

p ¥

Figure 2.8: MLE is vulnerable to sharp outlier peaks: 2%,, . = p [zk\:ck = 5} however
it is not a proper estimate of z*.

Minimum mean squared error (MMSE) estimation

Instead of searching for the maximum point of the PDF of a posteriori as in MAP
(2.95), the minimum mean squared error (MMSE) minimises the squared error and

is defined as:

Pise = argénin JE(&k) = arginin Eprpzrn [Hi:k — kaz]
x T

2
— arg minEyepn [ = 25 By [54]) + [Euson o] }
ik
D [24] (2.96)
where (i) comes by setting % = 0. Then we ask a question: is there a way to

efficiently calculate the MMSE without calculating the PDFs?
Recursive least squares (RLS) for parameter identification

Suppose we have a static system (i.e. f* = I,Vkin (2.87a)) with a linear measurement

model (i.e. (2.87b) is linear as in Example 2.11:
2F = H*z + wh, (2.97)

where z € R" with E [z] = y, and Var [z] = ,, w* € R™ with E [w*] = 0 and

Var [wk] = Y+ Compared to Example 2.11 we do not assume m > n, instead we
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assume [H', H? ... H*]T has full rank (i.e. the static system is observable), as is

more common in practice. We want to design a linear estimator,
FF e 2R KRR - HRERR (2.98)
that recursively minimises the squared error, defined as for MMSE in (2.96) as

TH(EF) = By [Hx _ gk

] = B (A ] =B o (eHehy7)] o= b (P),
(2.99)

k

where the error is e* ;= z — 2" and its covariance is P* := E,,1x [(¢"(e")T]. Similar

to the Luenberger observer [142], the error dynamics of (2.98) are

Elef] = (I - KFHM)E [¢*], (2.100a)

P"=E[e*(e")T] = (I — K*H*) P (1 — KFHF)T + K*S,0(K")T. (2.100b)

If we set #° = p, then e* will remain zero, hence RLS is an unbiased estimator.
Similar to (2.96), we solve 8.J*/0K* = dtr (P*) /0K* = 9(2.100b)/0K* = 0 for K*

and obtain

1

K* = PP HY(HY PR HRT + S0) (2.101)

We summarise above, set 2%, P° as the guesses of u,,Y,, and obtain the recursive

least squares (RLS) [}5], [143], [144] (Algorithm 2.2) for parameter identification.

Algorithm 2.2 Recursive least squares (RLS) [45], [143], [144]
Input: 2° = p,, P° =3,

Repeat:

1. K* « PEY(HRT(HFPRY(HR)T + Ewk>_1 (2.101) (can be computed offline)
2. 3F 2P KF(2h — HP2R1) (2.98) (to be computed online)
3: P¥« (I — KFH*®) PE=1 (I — KFH*®)T + K*FS,0 (K*)T (2.100b) (offline)
4 )

. Output: 2% (update the estimates online

As shown in Algorithm 2.2 RLS efficiently tracks 2%, the MMSE of 2%, with only
one online linear step (for %) and two offline steps (for K* and P*) involving matrix

inverses and quadratic forms. We output the estimate £* recursively since each update
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is meaningful. For RSL P* usually converges to a finite bound around the true value of
x instead of zero, due to the existence of measurement noise and unmodeled dynamics
of the parameter as well as the measurement. In the sequel, we will discuss an MMSE
filter that upgrades RLS from estimating static parameter states to the states with

linear dynamics, namely the Kalman filter.

Kalman filter (KF) for state estimation

Suppose in (2.87) we have a linear system with noise defined as:

a¥ = AP BRUE 4ok, (2.102a)

2 = mrRah 4wk, (2.102b)

where zF € R"™ is the system state, ©* € RP is the control input, z¥ € R™ is the

k

measurement, v¥, wF are the process noise and measurement noise, and A*, B* H*

are the time-varying matrices of system dynamics. We assume the following:
(1) {2° 0!, ... 0% w! ... w¥} are independent random variables.

(2) 2° ~ N(pgo0,%0), and v* ~ N(0, k), Sk ~ N(0,3,x) are random variables

with normal distribution.

We define auxiliary variables z*. 2% . and zF (“p” for “prediction/prior” and “m” for
p7 m? m

“measurement”) as follows. We set 20 = 2% ~ N(p,0,3,0) and Vk:

a:’; =AFghl o BRyE 4ok (2.103a)
2, = Hwy + w”, (2.103b)
pat, [U] =Pk, [yl2"] Yy, (2.103¢)

With similar approach as for (2.88) we can prove by induction [144]-[146] that Vk, Yy,

zh and zf, have the following distribution:

Pak (Y] = pakjpr- [y|z1:k’1] , (2.104)

Pk (Y] = puk|arik [y|zlzk] . (2.105)
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We define two MMSE estimators i’; =K [a:’;], ik = F [:cffn] as well as the variance
P¥ = Var [zF] | P¥ = Var [zF]. With the closure property under linear transfor-
mation of normal distribution, we use the following Kalman filter (KF) [45], [144]

Algorithm 2.3) to track ¥, and #* with iteration:
g D m

Algorithm 2.3 Kalman Filter (KF) [45], [144]
Input: 2% = 0, P = Y,0

Repeat:

I: Prediction/A priori update
L @k AFzh + B (to be computed online)
2: P AFPEHAR)T + 5, (can be done offline)
3: Output: 2 (update the estimates online)

II: Measurement/A posteriori update
1

4: K* < PE(HF)T(HFPFHF)T 4+ S0) (can be done offline)
5 b &k 4+ KF(2F — HF &) (to be computed online)
6: Pt « (I — KFH*) PE (I — KFH*)T 4+ K8, (KT (can be done offline)
7: Output: ¥, (update the estimates online)

k

Similar to RLS, the Kalman filter has only two online steps (for T,

and ¥ ) and
other three linear algebra steps (for PliﬂK ¥ and PY) involving the computing of
matrix inverses and quadratic forms. In the 1960s, this enabled the space craft of the
Apollo project to perform efficient online state estimates with the onboard computer
that had only 32KB of RAM [147]. Comparing Algorithm 2.3 with Algorithm 2.2, we
find that by limiting the states to static (setting A*¥ = I, B¥ = 0,3, = 0) in (2.102),
the Kalman filter (with 2y = 2!, P¥ = P»~") will reduce to RLS. Similar to RLS,

the estimation error:
e i=ab —ih = (I - K'H") A" e 4 (I = KPHF) o1 — KR (2.106)

is unbiased and Var [e¥] = Pk

If the system dynamics and the process and measurement noise statistics are time-
invariant, so that {A* B¥ H* ¥, ¥,x} = {A, B, H,%,,%,}, then we may assume
ij, Pk "29° P and the resulting K* ol By setting P¥ = Pk~ = P> and

52



K* = K*1 = K in (2.100b)(2.101), and solve the algebraic Ricatti equation:

P® =AP®AT + %, — AP®HT(HP®HT + %,) ", (2.107a)

K® =P*HT(HP*HT +%,)" (2.107b)

for the steady-state P>, K>°. If we have stabilisable (A, E'), ¥, = EET and detectable
(A, H), these equations have a unique positive semidefinite solution P> > 0, and
(I — K*H)A (which defines the dynamics of the error as in (2.106)) is stable and
PR R po [14g].

2.4.2 Optimal control and Model Predictive Control (MPC)

In the previous section, we discussed the inductive-thinking part of a feedback con-
troller, which uses available measurements (system outputs) to estimate model com-
ponents (system parameters and states). In this section we focus on the deductive-
thinking part, namely the controller.

Suppose we want to solve an optimal control problem described by:

S, 0 _ k(o k ,k
minimise J' = Z o" (2", u"), (2.108a)
0<k<N
subject to 2"t = fF(2* ) VE (2.108Db)

In contrast to (2.1), the stagewise structure of this problem implies that it is a dynamic
programming problem. In particular, its solution satisfies the Principle of Optimality
[149], which states that, regardless of the initial state 2° and decision u°, the remaining
decisions must constitute an optimal policy with regard to the state x! resulting from
the first decision. This property is the basis of a stagewise solution method known
as Dynamic Programming (DP) [149], which determines the optimal solution for u*
successively as the discrete time index counts backwards from k = N to k = 0. Under
mild conditions on ¢* and f*, it can be shown that the optimal solution of (2.108) is

a feedback control law of the form

ub = KF (). (2.109)
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Apart from certain special cases (e.g. f* linear, ¢* quadratic, and no inequality

¥ or u¥), the computation required for Dynamic Programming grows

constraints on x
exponentially with the state dimension, a feature often referred to as the curse of
dimensionality, making DP computationally intractable in general. This motivates
an alternative solution method known as Model Predictive Control (MPC) [150].

In MPC, the optimal control is computed for a specific initial state, which we

denote here as x. This allows the optimal control problem to be re-formulated as

L 0_ k(o k ok
minimise J = Z " (2", u”), (2.110a)
0<k<N
subject to "t = fF(a* uF) VE (2.110b)
" e X* vk (2.110c)
ub e U vk (2.110d)
=z (2.110e)

(where for future reference we have explicitly included the state and input inequality
constraints (2%, u*) € X* x U*). A consequence of this reformulation is that the
optimal control law u® = k°(x) can be computed by solving directly a numerical
optimisation problem in the form of (2.1), thus potentially avoiding the curse of
dimensionality. However the price to pay for this simplification is that in MPC the
optimisation (2.110) must be solved online at each discrete time step given the current
state x. The prediction horizon N is often fixed, in which case MPC is also known as
receding horizon control. The stability properties of MPC can be established (under
mild conditions on f* ¢* X* U* [e.g. 150]) by considering the optimal value J°(x)

of (2.110) as a Lyapunov (or Lyapunov-like) function of the system state .
Model Predictive Control (MPC) without uncertainty

In classical MPC, which considers the case in which the model dynamics, system
state, inequality constraints, and cost function are all known exactly, problem (2.110)
is convex if f* is linear, and ¢* and X%, U* are respectively convex functions and

convex sets for all k. We note that the more general case that f* is nonlinear and
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Lipschitz continuous can be handled using convex optimisation methods by making
use of successive local linear model approximations with appropriate bounds X%, (/"
and an appropriate min-max reformulation of the cost [e.g. 150].

Consider the case in which we have a linear dynamic system,
ot = Akgk o BRyF (2.111)
quadratic stage cost,
k 1xTfoHg]§u~’U koo k] |7
¢ (wu) =3 | e He| + [ch k] e (2.112)
and polytopic (i.e. closed, convex polyhedral) constraint sets,

XF = {z e R™: Fry <1}, (2.113)

U* = {u e R™ : FFy < 1}, (2.114)

Then (2.110) can be expressed as a convex Quadratic Program taking the form

minimise 12’ Qz +¢'z, (2.115a)
subject to Az <'b, (2.115b)
where z = (u%,u!,...,uN"1) € RV and the problem formulation has been con-

densed by eliminating the linear equality constraints (2.111) for £ =0,1,..., N — 1.
MPC in practice: state and parameter estimation

In practice we typically only have estimates instead of the true parameters of the MPC
optimisation problem. A case of particular importance is that in which the state z
is not measured, but must be estimated. Moreover, the constraint sets X*, U*, stage
cost ¢*, and model dynamics f*¥ may all contain unknown parameters that have to
be estimated online using available information. As a result, the MPC optimisation
(2.110) contains parameters that need to be estimated online, typically using filters
derived from Recursive Least Squares or Kalman Filtering operations.

For example, consider the very common situation in which the state z is to be

estimated, and suppose that the model dynamics are linear, the state and input
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constraints are polytopic, and the cost is quadratic. Then the right hand side of the
inequality constraint (b) and the linear term in the cost (¢) in the MPC optimisation

(2.115) both depend linearly on the state estimate.

2.4.3 Coupled decision-making system as the recursive esti-
mation of the optimal solution

If the MPC optimisation problem contains parameters that need estimating using an
iterative scheme that converges only asymptotically, a question of interest is whether
an iterative solver can be employed simultaneously with an iterative estimator, as
this would obviate the need to wait for the estimator to provide sufficiently accurate
estimates before initiating the iterations of a solver for (2.115). In particular, for
a certainty-equivalent approach in which the most recent estimate is used directly
in the solver iterations, how does the estimator convergence rate and estimation
uncertainty due to noise affect the solver convergence and its asymptotic solution
accuracy! Given that first-order solvers are widely used in MPC due to their low
per-iteration computational burden, this is one of the motivations behind the analysis
performed in Chapters 4 and 5.

A second question concerns the stability of the combined estimator, MPC law and
controlled system when noisy measurements and incomplete estimates are employed.
The analysis of Chapters 4 and 5 allows one to consider the combination of estimator
and solver as coupled dynamic systems, and thus provides an important avenue for

answering this question.
MPC with parametric uncertainty

For example, consider the following optimisation problem:

min  f*(y) + g(2), (2.116a)
Y,z
subject to y — 2z =0, (2.116b)
where
a 1
) = F) + Ty (v) = 5u"Qy + Ty + T (v), (2.116¢)
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Ff: Ay <b+ Dp". (2.116d)

This formulation can be interpreted as a model predictive control (MPC) problem
with inexact estimates of polytopic constraint parameters—such as electricity load
updated in real-time in load balancing problems [151]—modelled by a random variable
p*, where k denotes the time index of recursive estimation (see [150, Ch. 2] for details
on this MPC formulation). Any non-quadratic objectives or non-polytopic constraints
may be embedded in g(z), making (2.116) compatible with general optimal control
problems.

Note that (2.116) involves two potentially non-Lipschitz® objective terms; hence,
the proximal gradient method is inapplicable. Instead, we adopt ADMM to solve this
problem. The central question becomes: can we combine the ADMM iteration with
recursive estimation? As illustrated in Figure 2.9, k indexes both recursive estimation
and ADMM iterations. The analysis in Chapter 4 outlines the conditions under which

this combined algorithm converges in probability.

p* S+
> Estimator ADMM ——7—
mF k)

MPC with parametric uncertainty

Figure 2.9: MPC with parametric uncertainty.

Recursive estimation of the optimal solution of a decision-making system

A natural follow-up question is: what if we replace problem (2.116) with a generic
convex optimisation problem solved using any first-order algorithm? Suppose we
consider:

min fla, 0%, (2.117)

5The indicator functions of local constraints are non-Lipschitz.
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where 0% is a stochastic estimate of problem parameters (e.g. state estimates, sys-
tem identification parameters, or the objective/constraint parameters of an optimal
controller), with %k indicating the recursive update index. To solve this problem, we

employ a general first-order algorithm of the form:
Z‘k+1 « T(ack, ék>’

as specified in Algorithm 2.4. The key question is whether Algorithm 2.4 converges.
Chapter 5 analyses its convergence properties under different asymptotic behaviours
of Var [ék] —whether it vanishes or converges to a non-zero constant—within a

stochastic operator framework.

Algorithm 2.4 Recursive fixed-point method

Input: 2°

Repeat:

1: Receive the latest parameter estimate ok
9. ghtl «— T(z*, GF)

3 k+—k+1

4: Output 2F+!

We thus combine the recursive estimator of % with the first-order optimiser into a
unified decision-making system, illustrated in Figure 2.10. This coupled system may
be interpreted as a recursive estimator of the optimal solution to the coupled problem.
Note that z* and 6% are conditionally independent given the historical estimates
{6,602, ..., 6% '} Therefore, we conduct a convergence-in-probability analysis similar
to that used in recursive estimation, using a stochastic operator framework.

In each clock cycle, the coupled system performs prior updates—such as the
Kalman filter prior for 6% and parts of the optimisation step independent of 0 —before
the measurement m” arrives. Upon receiving m¥, the remaining steps are executed
as posterior updates. In Chapter 5, we introduce the concept of convex-combination
invariance (CCI), and show that the estimator of the optimal solution to the coupled

problem is asymptotically unbiased, i.e.,
dist? (E ("], Fix(E, ; [T(a:, é)] )) k2g0 ),
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ék :L,k:—i—l

—> Estimator — Optimiser — 17—
m” ‘

Online decision-making system

Figure 2.10: Online decision-making system.

if the optimiser is CCI. Here, Ez‘é [T(x, é)} denotes the overall mean operator under

the conditional distribution of 6.
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Introduction

Recent advances in communication technologies and embedded systems have moti-

vated the development of algorithms to coordinate intelligent agents in a distributed

fashion. In contrast to centralised decision-making mechanisms, distributed optimi-

sation algorithms [1]-[3] feature participating agents iteratively solving local optimi-

sation problems and sharing information with neighbouring agents, as specified by

an update and communication protocol. Such protocols can be designed to facilitate

the solution of large-scale problems with privacy intrinsically protected. The opti-

mal solution of the global problem is asymptotically obtained from the local iterates.
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However challenges may arise as a result of limited local computational power and
communication reliability.

In general, distributed optimisation algorithms are designed to iteratively approach
the optimal solution either by means of primal or primal-dual iterations. Motivated by
[4], a class of distributed subgradient methods collaboratively estimates the common
primal consensus via weighted averaging of local objective subgradient updates over a
possibly time-varying network, with the capability to have global or local constraints
[5], delays [7] and asymmetrical communication [6]. As the problem scales up, to keep
a local copy of the entire consensus vector for every agent becomes prohibitive, hence
dual decomposition algorithms [8] which allow agents to share only local variables be-
come more advantageous. The alternating direction method of multipliers (ADMM)
[1], [9] empowers the dual decomposition with an augmented Lagrangian to enhance
the class of problems that can be tackled. For a convergence rate analysis we refer to
[119]-[122].

As the number of agents increases, with delays becoming more prevalent due to
distance, packet congestion and limited availability or capability of processors, syn-
chronous algorithms may be challenged by a single straggler. In [13], the effectiveness
of distributed machine learning over a stale synchronous server was discussed. This
motivates us to explore distributed optimisation algorithms with delays. Instead of
waiting until all agents are synchronised at each iterative step, each agent uses the
most recent information at hand to compute the next update, hence achieving better
efficiency with respect to the diminishing overall waiting time [14], [15]. However such
optimisation algorithms have a natural limitation since the outdated data employed
at each update step may cause an undesirable accumulation of error in solution esti-
mates. The work of [14] shows that in general fixed-point algorithms such a trade-off

can be favourable.

3.1.1 Related Work

The works [108], [109] investigate asynchronous optimisation algorithms applied to

a collection of gradient-like methods. In [152] the authors focus on the delayed sub-
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gradient method performed by a centralised coordinator, and in the later work [153] it
is extended with an averaging consensus algorithm. The work of [154] extends these
developments to stochastic convex optimisation problems. The dual gradient method
for asynchronous distributed optimisation is explored in [155]. A framework for the
convergence analyses of asynchronous fixed-point distributed optimisation algorithms
is provided by [14], [156]. Addressing the need for parallel computing algorithms in
the field of machine learning, [157], [158] study delay-tolerant gradient algorithms for
distributed learning.

In this chapter we focus on asynchronous distributed optimisation via ADMM
[15]-[20], [159]-[165]. The work of [16] studies ADMM with asynchronous updates
and relates the almost sure convergence property to the case of synchronous ADMM.
Randomised ADMM is introduced in [17] with randomised Gauss-Seidel iterations
and convergence analysis via non-expansiveness. In [159] the authors propose an
asynchronous ADMM algorithm with a centralised aggregator, and also provide an
intuitive explanation for the convergence of the respective expected values provided
that the agents have equal probability delivering the updates to the aggregator. Based
on similar theoretical analyses, the works [18], [160], [162] propose hierarchical com-
munication strategies for asynchronous ADMM. The works [15], [20], [163], [164]
explore asynchronous ADMM with a centralised aggregator, and propose three algo-
rithms whose convergence analyses are based on worst case bounded delay scenarios,
to which our proposed algorithm is closely related. In [161] the authors propose
a proximal and majorized approximation variant of ADMM, while the work [165]
presents an incremental delayed-gradient variant, to enable the aggregator to cope
with asynchrony and nonconvexity.

Recent studies [21]-[25] investigate the application of distributed optimization al-
gorithms through ADMM, thus eliminating the need for a centralized aggregator.
In [21], an averaging algorithm is used to achieve a consensus of the global primal
residual and dual variable, thereby replacing the centralized aggregator. [24] presents

a different approach, introducing a pairwise structure that is employed to compute
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the bridging copies of local variables for relaxed ADMM. This method address prob-
lems that have a common global decision variable while also permitting asynchronous
updates with probabilistic convergence. Further, [22] integrates an inner loop of a
directed averaging algorithm. This strategy allows the distributed computation of
the e-consensus of the global decision variable. Similarly, [23] introduces an inner
loop but for computing the finite-time exact ratio consensus. Finally, [25] tackles a
bipartite optimal power flow problem with asynchrony via ADMM, utilizing learning

algorithms to create replacements for missing updates.

3.1.2 Contribution

In this chapter we propose a decentralised asynchronous communication and update
protocol that uses ADMM to solve a convex optimisation problem comprising two
groups of local cost functions and constraints with local coupling consensus. The
most closely related approach to our algorithm is [15, Algorithm 4], with the following
main difference: we propose a data server working at its own clock cycles that handles
asynchronous data exchange among agents with no computation involved, while in
[15] the authors use a centralised aggregator to take charge of data exchange, a part
of the primal variable update and the dual variable update. We also introduce local
consensus blocks instead of a common consensus, as well as a vectorised augmentation
parameter instead of a scalar one.

The chapter is organised as follows. Section 3.2 describes a distributed optimisa-
tion problem with local consensus constraints and a synchronous ADMM algorithm
for its solution. Section 3.3 introduces the concept of a data exchange server in this
context, explains the proposed asynchronous algorithm, and derives sufficient condi-
tions on the problem and solver parameters for convergence. Section 3.4 presents a
numerical study illustrating the theoretical results and provides a comparison with an
alternative approach. Concluding remarks and directions for future work are provided

in Section 3.5. Relevant proofs are included in Section 3.6.
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3.1.3 Notation

The n x n identity matrix and the n-dimensional column vector with all elements
taking the value 1 are denoted by I,, and 1,,, respectively. A symmetric positive def-
inite (or positive semidefinite) matrix is denoted A > 0 (or A = 0, respectively). We
define ||z||?) := 27Qx for @ > 0. The indicator function of a nonempty closed convex
set C is denoted Z¢(z), where Z¢(x) = 0 for 2 € C and Z¢(z) = 400 otherwise. OF ()
indicates the subdifferential of function F' evaluated at x. Rounding to the nearest

integer is denoted |-]. Ny.(i1, 02, a,b) indicates the truncated normal distribution'.

3.2 Problem Statement

3.2.1 ADMM Formulation

ADMM considers the following convex optimisation problem:

min  hy(z) + ha(y), (3.1a)
T,y
subject to Az + By —c=0. (3.1b)

where hy : R"™ — R U {400}, hy : R" — R U {400} are convex, closed and proper
functions; A, B are matrices of appropriate dimension. We construct the augmented

Lagrangian:
1
L= () + ha(y) + XT(Az + By — o) + S| Az + By — |5, (3:2)

in which p > 0 is a penalty parameter.

In order to solve the problem, ADMM iteratively performs the following updates:

x4 minL,, (3.3a)

y < minL,, (3.3b)
v

A< A+ p(Az + By — ¢). (3.3¢)

f a random variable x has the normal distribution N(u,0?) and a < b, then x conditional on
a < x < b follows Ny.(u, 02, a,b). We specifically define z ~ Ny,.(i1, 02, a,a) as P(x = a) = 1.
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ADMM guarantees [1] that if the problem (3.1) has a saddle point (z*,y*, \*), (i)
the objective evaluated at the iterates of the primal variables (z,y) converge to its
optimal value, (ii) the iterates of the primal residual (Az + By — ¢) converge to zero,

and (iii) the iterates of the dual variable A will converge to a saddle point.

3.2.2 Optimisation with Local Consensus

When the problems (3.3a) and (3.3b) are separable, they may be solved in a dis-
tributed manner. Here we propose a splitting scheme for distributed optimisation
with local consensus. We consider a network of processing agents grouped by (i)
U = {1,2,3... My} that solve separate problems in the form of (3.3a), and (ii)
V :={1,2,3... My} that solve separate problems in the form of (3.3b). We assume
(3.1b) has the special form of local coupling consensus constraints between the two
groups, and use an undirected bipartite graph (bigraph) G = (U, V, E') to denote these
relationships (see for example the illustration in Fig. 3.1). Thus the edge set F rep-
resents the local consensus couplings specified by the constraints (3.1b), which are
formulated as the constraints (3.4c) below. We refer readers to [103] for a detailed

description of modeling multi-agent networks using graph theory.

U E |4

Figure 3.1: Problem bigraph G = (U, V, E).
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We reformulate (3.1) to obtain the main problem P considered in this chapter:

e 2. (F"ﬂ'(zij) +Gij(wij)> (3.4a)
{zij it jyep, 2 "
{uiticv, {vj}jev (i.4)€

+ 3 filw) + ) g5 (vy), (3.4b)

iU jev
subject to
zy = wij, V(i,j) € E, (3.4c)
(ui, {Zij}jEM) < Ci, Vi € (]7 (34(31)
(vj, {wij tien;) €Cj, Vi€V, (3.4e)

where N; and N denote the sets of neighbours connected to agents i and j respec-
tively. For each i € U, u; € RP is the local (private) decision variable and z;; € R™#
is the local consensus decision variable to be shared with j € A;. Similarly, for each
Jj €V, v; € R¥ is the local (private) decision variable and w;; € R™# is to be shared
with ¢ € Nj. Constraint sets C; and C; represent inequality constraints that apply
to u; and v; and their local consensus variables {z;;}jcn; and {w;; }ien;, respectively.

Since the graph G is undirected, j € N if and only if i € N;.
Assumption 3.1. Problem P has the following properties:

(&). {Ej;Gij : R™ii — R}(i,j)6E7 {fz : RPi — R}ieU; and {gj : RPI — R}jGV are

convex objectives.
(b). C; and C; are convex local inequality constraint sets.

Remark 3.1. Several applications have the same structure as problem P. For exam-
ple, supply-demand pairs [151] in the scenario of market behaviour and individual-
regulator pairs [141] in the scenario of resource allocation. We notice that ADMM [1]
solves the problems which can be modelled in this bi-partite form of non-Lipschitz
local objectives, and compared to [15] this formulation does not require a centralised

aggregator hence end-to-end encryption can be established between agents.

Problem P in (3.4) is equivalent to (3.1) under the assignments:
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o h = Z Z i(zi5) + filus) + Ze, (wi, {Zw}]e/\/))

icU  jEN;

° hg = Z ( Z Gij(wij) + gj(vj) +IC]- (Ui, {ww}zej\f]))

JEV  iEN;

e (3.1b) is equivalent to (3.4c).

A local sub-problem P; is defined for each i € U as

Pi: min  fi(u) + E Fij(2i5), (3.5a)
ui{zij}jen; —
JEN

subject to: (u;, {zi}jen;) € Ci, (3.5b)

and likewise P; is defined for each agent j € V as

Pi: min  gi(v;) + Y Gij(wy), (3.62)
vj{wijtien; Py
subject to: (vj, {wij}iej\/j) € C;. (3.6b)

By dualising the coupling constraints (3.4c), we obtain the augmented Lagrangian

of problem P:

Lo = Z <fz(uz> + Z Fm(%))

icU JEN;
+> (91(%‘) +> Gij(wij)) (3.7)
JEV iEN;
1
+ ) ( (21— wig) + Sl = wz’j”éij)-
(3,5)EE

Here {©;;}; j)cr is a set of penalty parameters that control the step size, and hence the
convergence rate, of the Method of Multipliers applied to P (see e.g. [1] Sec. 3). Con-
ditions on {©;;}¢ j)er to ensure convergence of the proposed asynchronous ADMM
are identified in Section 3.3 and investigated numerically in Section 3.4. In this section

we simply make the following assumption.

Assumption 3.2. ©;; >~ 0, V(i,j) € E.
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We define £5,Vi € U, and £],,Vj € V as:

_fz uz + Z (E] Zz]

= 1 (3.8)
+ A (25 — wig) + 5 llzis = wy| éi]‘)’

ﬁ@'— 9 (v +Z< ij (wij)
iEN; (39)

+ Az — wi) + %ij)

Applying synchronous ADMM (3.3) to this problem results in Algorithm 3.1. Each

| 215 — wij]

iteration of this algorithm involves the following steps:

e In Step 1, each agent ¢ € U solves problem P; using {w;;, Ai; }icn;; computed at
the previous iteration and, for each j € N;, sends the updated local consensus
variable z;; to agent j.

e Similarly, in Step 2, each agent j € V solves problem P; using {zi;, Aij }ien;
computed at the previous iteration and sends the updated w;; to agent i, for

each i € Nj.

e In Step 3, all agents cooperatively update the Lagrange multipliers {\;; }  cr;
hence the local iterates \;; of ¢ and j are identical for all (i,7) € E at each
iteration.
Assumption 3.3. Assume that:
(a). The Lagrangian (3.7) has at least one saddle point {u; }icv, {v} }jev, {25, 0, Al Fg)ek-
(b). All the U and V updates in Algorithm 3.1 have solutions for any inputs.

Remark 3.2. Assumption 3.3(b) is easily achieved since, for all Vi € U, L, is strongly

convex in z;; under Assumption 3.2, and the same reasoning applies to Ejé, VieV.

Theorem 3.1. Under Assumptions 3.1, 3.2, and 3.3, the iterates u;, {zij, Nij }jen:,
Vi e U, and vj, {wij, Nij bien;, Vj € V of Algorithm 3.1 have the following convergence

properties:
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Algorithm 3.1 Solve P via Synchronous ADMM

Initialise: Zijy Wij, /\i]’, @ij
Repeat:
1: U Update
Input: {wi;, Aij en;
Output:
wis {Zijbjen:
arg min E’L@ (Ui, {Zija wij, /\U}JGM)
wis{zijtjen;

s.t. (’ILZ', {le}jEM> € CZ

(V(i,j) € E)

(Vi € U in parallel)

Each j € N; communicates {z;;}en; to the respective j

2: V Update
Input: {z;;, \ij }ien:
Output:
vj, {wijtien;
argmin £} (vjs {wij, 2ij, Aijhien; )
7/‘]',{7117',3'}1‘6.'\/]'
s.t. (Uj,{wij}iej\/j) €

(Vj € V in parallel)

Each i € N; communicates {w;;}icn; to the respective i

3: E Update (Vi € U and Vj € V in parallel)

Input: {Zij, /LUij, )\z'j}(i,j)EE
Aij = Aij + O45(zi5 — wiy)
Until satisfaction of the stopping criterion
Output:
4:
Uj, {ZU}]ENz Vie U
Uj, {ww}ze/\/] \V/] c V
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(1) the objective of P evaluated at the local iterates converges to the optimal value;

(2) the primal residual 3y, »cp(2i; — wij) evaluated at the local iterates converges

to zero.

Remark 3.3. Algorithm 3.1 is required to synchronise communication between agents
twice within each ADMM iteration. Therefore any unreliable peer-to-peer connections
(1,7) € E will increase the waiting time needed per iteration. To avoid this problem
and allow more flexible inter-agent communications, an asynchronous ADMM algo-

rithm with a data exchange server is proposed in the following section.

3.3 Network Model and Proposed Asynchronous
ADMM Algorithm

We introduce a Data Exchange Server to handle the shared data among the partic-
ipating agents. Fach agent is directly connected to the server via a communication
link with a different round-trip time, as illustrated in Fig. 3.2.

e Data Exchange
= ) Server

U |4

Figure 3.2: Network graph with a data exchange server.

The clock cycles of the data server are indexed by k € {kq, ko+1,...,—1,0,1,..., K},
where kg < 0. During each clock cycle the server receives the data from an arbitrary
set of agents. At the end of the clock cycle, the data server sends to each agent

from which it received data in that cycle a set of data that it has received from the
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Algorithm 3.2 Decentralised Asynchronous ADMM - (1/3) Data Exchange Server
Initialise: z;, w;;, O, V(i,j) € E
k=ky < —max({r;} U{7;})
1: Send the initial data:
Hulihen) — VieU

ij
{z/ b en;} = VjieV
Repeat:

2: During clock cycle k:
Receive data from inbound agents:

{2EYien: {20} jen VieU st al(k) =k
{wzkj}iej\/j — {wll;}zej\/; Vj eV s.t. bjl(k:) =k
For non-inbound agents:

{ij}je/\fi < {ij_l}je/\/i Vi e U s.t. a%(k:) <k

{wfj}ieNj — {wfj_l},-ej\/j Vj eV st. b}(k) <k
3: At the end of clock cycle k:
Respond to the inbound agents with the data:

{{wﬁj}jeNi}f:a?(k)H =i  VieUst. af(k)=k
{{Z,ﬁj}ie/\/'j}f:bi(k)_i_l —J VjieV st bi(k)=Fk
40 k< k+1
Until £ = K, send terminating signal to all agents.

respective coupling agents. We refer the reader to Algorithm 3.2 for the details of

how the data exchange server operates. To understand this algorithm:

e As shown in Fig. 3.3, a}(k) denotes the most recent clock cycle before the end
of cycle k in which data from agent ¢ € U arrived at the server, and aZ (k) the
next most recent one. Similarly, b}(k) denotes the most recent cycle before the
end of cycle k in which data from agent j € V" arrived at the server, and b?(k;)
the next most recent one. During the first few cycles when a7 (k) and b3(k) are

not defined, a7 (k) and b%(k) are set to ko, the initial clock cycle.

e The clock cycle counter is initialised as k = kg < —max({r;} U {7;}), where
7, and 7; are defined in Assumption 3.4 and represent available bounds on
communication delays. This choice ensures that all variables have been updated

at least once before k = 1 (see Algorithm 3.5) and also allows the window of a
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running average output to be adjusted by tuning £y and K.

The algorithm starts when the initial data is sent to the respective agents in

Step 1.

During each clock cycle k, the server passively collects the consensus updates
from the agents as shown in Step 2. The server receives consensus updates
{2}, {w}3} from inbound agents, namely 7 € U such that a/(k) = k and j € V
such that bj(k) = k. These saved as the recorded updates {2}, {w};}. For
the rest of the (non-inbound) agents whose consensus updates have not arrived
at the server during clock cycle k, represented by a;(k) < k or bj(k) < k,
the server saves duplicates of the consensus data of the previous cycle as the

recorded updates.

At the end of clock cycle k, the server responds to all the inbound agents
with all the historical recorded updates of their counterparts, to which they are
connected by the respective edge in F, since the last communication, as shown

in Step 3.

\ ’ \\ ,/
a2 (k) e N al (k) -7 Data
¢ 4 \z .7 Exchange
I~ 74 | | lg g
1 > A A | i_l\_’Server's
) v ,> k ‘. ClockCycle
i % \
RACKRS O

‘®
jev

Figure 3.3: Clock cycles of the data exchange server.
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Algorithm 3.3 Decentralised Asynchronous ADMM - (2/3) Vi € U in parallel
Repeat:
1: Receive data from server: {{w};};en; };

L1
2: )\ij — >\ij + Z @ij(zicj_l - wffj)
=1
¥ Oy —uh)  VieN
3: i, {25 Fjen,
arg min Ei@ (uq;, {7, w,;Lj, Aij }jeM)
uiv{zij}je./\/’i
s.t. (Um{zij}jeNi) €Ci
4: Send data to server: {z;;}ien;
5: d® < L := length({{wi; }jen; })

cc+1
Ufa {ch]} < U, {ZU}]E/\/;
Until receive the terminating signal from the server.

Output:
6:

_ _ Zc ; dc{u7?7 {ch}}
Ui, {zij tjen; = 2012 7 : (3.10)
c>C;

Every agent works responsively and asynchronously. When it receives data from
the server, the agent computes the update and replies to the server according to

Algorithm 3.3 or 3.4. In particular:

e In Step 1, the agent passively receives from the server a time sequence of
recorded consensus updates from its connected counterparts, which was sent

in Step 3 in Algorithm 3.2.

e The agent then reconstructs the \;; by adding the primal residuals as shown in
Step 2. Note that for Vo € U and Vj € V there is a slight difference in such

additions.
e In Step 3, the agent updates in the same way as Step 1 or 2 in Algorithm 3.1.

e The agent responds to the server with the updated consensus data in Step 4.
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Algorithm 3.4 Decentralised Asynchronous ADMM - (3/3) Vj € V in parallel
Repeat:
1: Receive data from server: {{z];}ien; Hy

2: /\ij — )\ij + Zlel @U(Zl — wc_l) Vi € ./\/’]

] iJ

3: vj,{wij}ie/\/j <—

. j L
arg min E@ (Uj, {wij, Zijs Az’j}z’e/\/j)
vj {wij bien;

s.t. (Uj, {wLJ}lej\/’]) S Cj
4: Send data to server: {w;;}ien;
5: d® < L := length({{z;; }ien; })
cic+1
vj, {wg; < vj, {wij biew;
Until receive the terminating signal from the server.

Output:
6:

>esc, {5, {wi; b}
ZCZC]' dC

T)]’, {ZDij}iGJ\fj = (311)

e In Step 5, the agent records the weights of its historical iterates, making prepa-

rations for the running-average output in Step 6.

e When the algorithm is terminated, the agent outputs the weighted running
average as in Step 6. The window sizes C; and Cj of the running average
output are adjustable and could be either set to kg or set independently (these

choices being equivalent in the limit as K — oo).

Algorithm 3.5 provides a summary of Algorithms 3.2, 3.3 and 3.4, after simplifica-
tion by removing the detailed description of the information that passes through the

data exchange server. To understand this:

e Steps 1 and 2 of Algorithm 3.5 resemble Steps 1 and 2 of the synchronous
Algorithm 3.1, but with historical data.

e The local reconstructions of \;; (in Step 2 of Algorithms 3.3 and 3.4) are equiv-
alent to Step 3 of Algorithm 3.5.
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Algorithm 3.5 Decentralised Asynchronous ADMM - Complete Picture
Initialise: Zijy Wij, )\ija ®Z7 V(Z,]) ek
Repeat:

Vi e U, Vj € V at server’s clock cycle k > 1:

1: U Update VieU

. i alz k a? k
argmin. £ (s, Lz 0 A Y jenr) (3.12)

;-
ui,{zij b jen;

s.t. (Ui, {Zij}jej\/i) € Cz

2: 'V Update VjeV

ol {wy bien;

. 2 2(k)—
argmin £ (v, {wij,zfj(k),)\?j’. w l}z’eNj) (3.13)
v {wijtien;
S.t. (’Uj, {TUZ']'}iEJ\[j) € Cj
The local reconstruction of \;; is equivalent to:
3: I/ Update Y(i,7) € E, at server’s clock cycle k
AL = AT Oy (2l — wl) (3.14)
4. k<« k+1
Until £ = K
Output:
5:

ﬂ{(, {25}]€M VieU
o AW Yien; VjEV

: : : K . 1 Kk
in which the running average 7" := &> ",
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e The weighted running averages in Step 6 of Algorithms 3.4 and 3.5 are equivalent
to the arithmetic average in Step 5 of Algorithm 3.5 since duplicates are recorded

in clock cycles in which no data is received by the data exchange server.
Assumption 3.4. We assume the following conditions:

(a). Bounded delay and postponed conflicts Vk:

1<a;(k)—a’(k) <7, Viel, (3.15)

1<bi(k)—bi(k) <7, VjeV (3.16)

(b). For all (¢,j) € E with 7; # 1, F}; is strongly convex with a generalised modulus
%{ = 0 defined as:

1
OF;; By ij — y Sll=ij = I3

](sz> (ZJ ZU)—{_ QHZJ ZUHEE]J’ (317)
<Fylzy) = Fy(ely), V]

y i
i i %ij € R™I.

(c). For all (i,7) € E, Gy; is strongly convex with a generalised modulus ¥} > 0

)

defined as:
1
T T T2
an’j(wz‘j)T(wij - wij) + §||wz'j - wz‘szyj (3.18)
< Gj(wy) — Gig(wl)),  Vwl,wy; € R™
V(i,j) € E, we define 7;; and «;; as
Tij = 27—1’ + 27']‘ — 4, (319)

1 S ——
Oéij = 1 + 5(37'2‘]' —|— 57’% —f- 87’1‘]' —|— 4) (320)

(d). V(i,j) € E such that 7; # 1:

U
T g =0 21
aij(4Ti — 4) 6” - 0 <3 )
(e). Y(i,j) € E:
2
i, 0. 22
aij(47j_3) @J _0 (3 )
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The convergence of the proposed asynchronous ADMM can be stated as follows

(a proof is provided in Section 3.6).

Theorem 3.2. Let Assumptions 3.1, 3.8 and 3./ hold. Then Algorithms 5.2, 3.3
and 3.4 (or equivalently Algorithm 3.5 in the limit as K — o0) have the following

asymptotic properties:

1. The reconstructed local running averages w;, {Z;j}ien;, Vi € U in Algorithm 3.3
and v;, {Wi;}ien;, Vj € V in Algorithm 3./ converge as K — oo to a saddle

point {u;}, {vi}, {25, 0 }ijer of the Lagrangian (3.7).

2. Equivalently, {af}, {oF}, {Z]§, 0] }ajjes in Algorithm 3.5 converge to {u;},

{U;}7 {Z;pw:j}(i,j)eE as K — oo.

3.4 Numerical Analysis and Comparison

This section investigates the convergence properties of the proposed algorithm through
numerical simulations. The example considered is the following modified Ridge re-

gression problem (linear regression with ¢ regularisation):

min Z’I"ZHZZHg

{zi}iev

e ) ) (3.23a)
+ 0 (0 Uy = bl + Y ez — =)
JEV €U keU
subject to
st. 21, <z <7zl,, VieU. (3.23b)

We assume z; € R, r; >0,Vie U; ¢; >0,Vj € V; A; € Rm*™ b, € R, VY(i,j) €
U x V. This problem can be viewed as |U| independent learning nodes that identify
their respective parameters {z;} via the local data {A;;, b;;} stored in the |V data
centres, with {r;} being the penalty terms for ¢, regularisation. Data centres may have
prior knowledge that some parameters are related, and this motivates the inclusion

of the penalty terms {c;}. The vectors containing the elements of the matrices A;;
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are each drawn from the normal distribution N (0, L,,); each b;; is generated using
bi; = A;jZ + d;;, where the noise vector d;; is drawn from N(0,0.011,,), and 2; =

ref i5 zero with probability 0.5 and otherwise is drawn

2'f 1 ¢, where each element of 2
from N(0,1), and the noise e; is drawn from N(0,0.017,,). The remaining coefficients
are [U| =4, |V] =4, n =10, z = =2, 2 = 2, {¢; = 10}yjey. We reformulate

Problem (3.23) equivalently as

bl ey ;”“Zi”g (3.24a)
=3 (S s — b3+ 3 esllwy — wisl) (3.24b)
JEV ieU kel
subject to:
21, < 2z <21, Vie U, (3.24c)
zi = wij, V(i,j) € U x V. (3.24d)

To see the equivalence of this with problem P, note that each ¢ € U has the de-
cision variable z; = z;;,Vj € V with the local cost function (3.24a) and the local
constraint set (3.24c), whereas each j € V has local decision variables {w;;}vicu

with the local objective (3.24b). The realisation of the delay ¢;, i € U, is modelled as:

t; ~ LNW(”;l, (”4_1)2, 1,7;)], and ¢, j € V, is modelled analogously. The delay upper
bounds are identical for all i € U or j € V, namely {7, = 7y }viev and {7; = 7v }yjev.
Fig. 3.4 displays the convergence behaviour of the proposed asynchronous ADMM

algorithm. We define the residual of the objective value R°P(k) := %;jﬁfll)m

where
obj* is the optimal objective value obtained with a centralised solver. The parameter
vector ps := [0, Ty, Ty| summarises the simulation parameters, where 6 is a scalar
defining {©;; = 01,}v(ijep. We also compute 0, = [é,é], in which 6 is the step
size computed using (3.21) and (3.22) in Assumption 3.4, evaluated using the upper
bounds on delays, and € is the corresponding step size evaluated at the expected
values of the delays.

When the local objective functions of all the agents are strongly convex, we observe

from Fig. 3.4(a) that the iterations converge until # has increased to a critical value,
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(a) {ri = 20}vicy, m = 100

1010t M-S-p. = [0.05,4,4]; 6, = [0.1,0.37).] ]
+ps = [1,4,4]; 6, = [0.1,0.37].
10,4, 4]; 6, = [0.1,0.37].

=
I ij: [504 4]; 9 =1[0.1,0.37].
= [100, 4, 4]; 6, = [0.1,0.37].
' ﬁ %}Smm@-l% i

1P o5 L
N\

I{Obj(k)

Ol
O

2000 4000 6000 8000 10000

( ) {Tz = O}WEU, m = 100

| ?f{]

~ —5-ps = [100,1,4]; 6, =[0.4,1.5].

= +ps_[1001 2; 6, = [2.8,7.3]. WA
oy = [400,1,2]; 6, = [2.8,7.3].| -
o

~ l; 6, =

= [400,2,1]; 6, = [0,0].
i — 1000,2, 1]; 6, = [0,0].
= [10%,1,1]; 6, = [50,50].

2000 4000 6000 8000 10000
Iteration #k

Figure 3.4: Convergence with the local objective functions of the agents (a) all being

strongly convex, (b) only being strongly convex in group V, (c) only being strongly
convex in group U.
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above which the iterations diverge. In this specific example, the threshold from the
simulation is a factor of 103 higher than § and 102 higher than 8. If the local objectives
of the agents in U are not strongly convex, the simulation result in Fig. 3.4(b) shows
that (i) the critical value of € increases as the maximum delays decrease; (ii) when
we interchange the value of 7y and 7y, the case that 7y > 7y results in larger critical
value of 0, even when 6, diminishes to zero due to the loss of strong convexity;
(iii) when 77 = 7y = 1, the iteration converges even when 6 is increased to 10%.
Fig. 3.4(c) presents the results when local objectives of V' are not strongly convex.
We observe: (i) when 7y is greater than 1, the iterations diverge no matter how
small 6 is; (ii) Lower 7 implies higher critical value for 6; (iii) when 7y = 7y = 1,
similar to (b)(iii), the iteration converges at high #. To summarise the numerical
analysis: the processing agents in V' are more intolerant both to non-strongly-convex
local objectives and larger delays (that require lower € values for convergence). These
observations are consistent with Theorem 3.2 but they also indicate that the sufficient
conditions provided by (3.21) and (3.22) in Assumption 3.4 for the critical value of 0

are conservative.

@ Computing
< Aggregator

U |4

Figure 3.5: Replacing the data exchange server with an aggregator.

Problem (3.23) was further explored using the distributed ADMM approach of [15,
Algorithm 4]. In this approach, a computing aggregator (see Fig. 3.5) replaces the

data exchange server previously shown in Fig. 3.2. This aggregator is configured to
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~—{ri}viecv =20,m =100, 7y = 5,7y =5

+{ri}Vi€U = O,m = 100,7’(] = 2,7‘V =5H
{Tz‘}WeU = O,m = 100,7’[] = 2,7‘V =3

—V—{Tz’}\ﬁeU =0,m=100,7y =3, 7v =2

2000 4000 6000 8000 10000

10-10

Figure 3.6: Convergence when 6 — 6™ with [15, Algorithm 4].

maintain local copies of all the consensus decision variables {z; }vicu, {wij by, j)cuxv
executing updates in concordance with the form in [I, Sec. 7.2]. Owing to the
substantial alterations made to the ADMM structure, the convergence rates of the
two algorithms are not directly comparable. However Fig. 3.6 provides an indication
of the performance of [15, Algorithm 4] for several different delay bounds when its
penalty parameter  is set to the empirical upper limit #"™ that has the highest
convergence rate.

The plots in Fig. 3.6 are analogous to those in Fig. 3.4(a) (for {r;}vicr = 20) and
Fig. 3.4 (for {r;}vicv = 0). In this comparison, an extra clock cycle must be included
in the delay for [15, Algorithm 4] due to the change from a data exchange server
to a computing aggregator, as depicted in Fig. 3.7. From qualitative comparison of
Fig. 3.6 with Fig. 3.4, we conclude that the proposed asynchronous ADMM converges
rapidly when applied to the problems for which [15, Algorithm 4| converges within
5000 iterations, and moreover the proposed algorithm also converges in one of the two
cases shown in Fig. 3.6 in which the convergence of [15, Algorithm 4] is impractically
slow. Since it does not require a communication system with OSI (Open Systems
Interconnection [166]) Layer 6 (Presentation) and Layer 7 (Application), the pro-

posed method using a computation-free server considerably reduces processing time,
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resulting in smaller delays and/or allowing faster clock cycles. This characteristic
potentially facilitates the server’s integration into existing communication infrastruc-
ture.

Moreover, the absence of an encryption/decryption process in the proposed data
exchange server inherently safeguards peer-to-peer privacy, thereby strengthening its
appeal as a viable alternative to a computing aggregator. The data exchange server
necessitates larger memory allocation to cache historical data. Quantitatively, this
is approximately p times the amount employed by the aggregator, where p is pro-
portional to the average of {%(:—] + %)}("J)E g. However, it is crucial to recognise
that when computational aspects are taken into account, the aggregator’s memory
requirements may significantly exceed those of the data exchange server. Regarding
the communication cost, the exchange server maintains a data transfer rate equiv-
alent to that of the synchronous case (albeit with fluctuations due to asynchrony),
and when compared with a computing aggregator, it offers bandwidth savings by

eliminating the need to transfer data for dual variable updates.

Processing duration
%g

(=]

L5 Communication In]-\
L6 Decryption

5
H
&8
: g 8
OSI Layer 7 Computation 2 5| Computing
Ll
<//§| Aggregator
4]
| ] ] ] ] ] ] ] .
1 | 1 1 1 | | | » Time
2WE
$12 s
828 . o .
é 2 € » Services up to the OSI Layer 5, resulting in time savings. (:b
2 E
§ E § « May be integrated into the existing communication infrastructure.
;, = « Peer-to-peer encryption ensuring the preservation of privacy.
o Data Exchange
rocessing
duration Server

Figure 3.7: Key differences between a computing aggregator and a data exchange
server.

One may argue if this data-exchange server adds vulnerability to the entire system.
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However, this logical server can be physically realised by multiple synchronised, peer-

to-peer oriented servers with redundancies.

3.5 Conclusion

This chapter proposes an asynchronous, distributed ADMM optimisation algorithm
for problems with local consensus coupling constraints, in which a computation-free
data exchange server handles the communication between agents with delays. Under
assumptions of strongly convex local objectives and upper limits on communication
delays, sufficient conditions are derived on the penalty parameters in the augmented
Lagrangian formulation in order to ensure that the solver iterations converge asymp-
totically. In numerical experiments we observe that the sufficient conditions are con-
servative and in practice the algorithm may tolerate delays even when local objectives
are not non-strongly convex.

Future work will involve: (i) enabling inter-agent communication within group U
or V via virtual agents (with affine local constraint sets and zero local objectives), as
described for example in [1, Sec. 7], with the help of the data exchange server; (ii)
investigating acceleration methods for improving the linear convergence rates that
are observed in simulations; (iii) tightening the sufficient conditions for algorithm

convergence.

3.6 Convergence Analysis

Lemma 3.1. Similar to [109, Lemma 4.1], consider hy(z) and hs(x) are convex
functions over the conver domain v € X. We define ¥ = 0 such that Ohy(zo)7(z —
20)+ 5|z —zoll3 < ha(z) — ha(wo), Y, 20 € X. If ¥ = 0, this implies hy(z) is strongly
convex. We also define & := argmin,cy hy(z) + ha(x).

Therefore we have Vx € X:

1
hi(2) — hy(z) + 5Ha?: — z||% 4+ Oho(2)T(2 — 2) < 0. (3.25)
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Proof. Since & := argmin,, hi(x) + ha(x), hy, he, X being convex, we have:

hi(2) — hi(z) — Ohy(2)T(2 — 2) + %Hi: — |3 <0,
(Oh1(Z) + Ohy(2))T (& — z) < 0.

By combining the two equations we obtain (3.25). O

Proof of Theorem 3.2. Since the results 1) and 2) stated in the theorem are equiva-
lent, we explicitly prove only 2).
Part 0: we note that a saddle point of our Lagrangian (3.7): {u; }, {vj}, {2, w;, Afj }jer

has the following properties:

zy=wy V(i,j) €E (3.26)
({’LL } {’U } {21]7w1]7 z]} (4,9) GE)
< Lo({uit, {vs}, {zij, wij, Nj }ijyer) (3.27)

V{ui}, {v;}, {2z}, {wij} st m V(3.4d)V(3.4e)
Part 1: Vi € U, Vk > 1, from (3.12) and Lemma 3.1 we have:

filuk +Z[ Fiy(z;)

JEN;
a? (k a2(k)\\T "
+ <)\i;( - @ij(zfj - wi]?( ))) (zF — 22) (3.28)

1] 1]
1, & .o
™ 5“’21'3' - Zij”zgj <0,
in which with the arbitrarily chosen {\;;}:
a%(k) a%(k)
>\z‘j + @”(zfj —w, ! )
a a?
=\ () + @ij(zk. — wk.) + @ij(wk, _ ,w”z(k))

v

(3.19) A 2 N~ )\k Lok w%?(k)) (3.29)

= Ay + S A 1 )

a2
+ @ij(wfj - w'?(k))a

v
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and

= (wfj - wfj_l)T@ij(wfj - Z;)

 (wh — wE)TO, (2 — wh) (3.30)

v

— a?(k) *
+ (wfg b W )T@ij(zfj - 25;)

(wfj — w%’l)T@ij (wfj —w})

v

+ (wfy —wT T = A5

v

- a?(k) *
+ (wfj - W, )T@ij(zfj —z5).

2

Part 2: similar to Part 1, Vj € V| Vk, from (3.13) and Lemma 3.1 we have:

0y0h) — g + 3 ﬂﬁmﬁwz>-—C%jou;>

iEN;
2( 2 T
- (AT 0 —ul)) (wly - ) (3:31)
1 k * (12
+ §”wij - wij||2}§:| <0,
in which:
b2(k)—1 b2 (k
)\] k)= +@ij(zl-]’-( )—wfj)
b2(k)—1 b2 (k) b2 (k) b2 (k)
= /\i; + @z‘j(zz’;' - wijj' )+ @ij<wi;' - wf])
3. b2 (k b2 (k
(3:14) AZ;( ) 4 @ij(wi]]‘( ) . wfj]) (332)

b3(k)
= (N7 =)+ (N = Ag) + Ay
ORI _
+@U< 1)+®Z]<w’f_; 1—’LUZ)
Part 3: we combine the equations above as well as (3.26), (3.14), sum Vi € U Vj € V,

and take the average over K steps:

K

Z s+ 3 (A -l
=1
+ (A

(i,J)€E

X)) TOL (A = A5 (3.33a)
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+ 2(wf; — )T@”( —w;;)

(3.34)

therefore:

ij
1 * *
+ 5sz~ - z~HEU + —uwij - Ry
k 1 *
+ (wfj_l - "i )T@ij(zz‘j - Zz*g)
b§<k> .
+ ()\fj - >\ij )T<wfj - wzg)
k—1 b2 k) *
+ (wij - )T@u( wij)
+ ()\fj - )\fj_l)T(wfj — wfj_l)
) <o
in which:
Apt =" (ﬁ(u?) - ﬁ(u;‘))
iU
+ 3 () - gj<v;>)
jev
+ 3 (Rl - R
(3,7)EE
We note that H)\“ — )\b H2_ = H)\ H2_1 + H)\ H2_ — 2()\“)T@ 1)\fj,
K 1K
(3.330) = 13 (H)\ [
k=1 k=1 !
H)\k 1 _ Z]||2®;1)
1(“% gl = 1N Al
ij 1j i—jl ij ] 9;].1
v zw NI,
Similarly,

K
> (3.33b) = [lwf — wi3
k=1

2

+ Zszg 7,]
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We bound the following term:

Al“ (zfj — ;)

k=1 i=a2 (k)
K
k

=1 v

a..
5= MR+ 2l

1 k k— k
— 1) D7 (I = X gl -

*
— zij

*
j

6,)

2

ﬁ)’

(3.37)

where «;; > 0. To see the 2nd inequality in (3.37), we count the maximum possible

number of duplicates (A}; — )\f;“l) Vk illustrated in Fig. 3.8, which is 27; — 2.

\
& AN EEVLSNFE N
-
*) k Data
Exchange
k k Server's
1 2 Clock Cycle

Figure 3.8: The [ — [+ 1 couple (x) is duplicated up to 27; — 2 times as k; < k < ky

when deriving the 2nd inequality in (3.37).

Similarly:
K K 1
d B3 <(n-1)) (;ng -
k=1 k=1 Y

+ 28 - ij“rzeij),
K

K _m -l
3.33¢) J — A = AETHIZ
> S I3

k=1 k: 1 ij

2)7

’LJ

K
3 (3.336) < (1, - 1) (;waj v

)

(3.38)

(3.39)



ol = il (3.40)
- B,
> (333g) < Z( i W e [
k=1 —1 b
Oél] k k—112 341
+/B_ij||wij_wij @ij)~ (3.41)

where 3;; > 0.

Part 4: we rearrange Part 3 after having substituted (3.35), (3.36), (3.37), (3.38),
(3.39), (3.40) and (3.41) into (3.33):

K

1
| X (e b
k=1 (4,9)EF
27 + 27 — 3+ Bij — g k—1)12
. 201 A5 — Aij H@;jl (3.42a)
27—1"‘27’ —4+Oé i 20(1"
+ J 5 /63 J || Z . wfj—l 2@” (342b)
Qij
1 *
T §<sza — )T [(47 = 4)a; 05 — T (=1 — 235) (3.42c)
1 *
+ 5(“@ —w})T[(47; — 3)ay;0y — IJ ] (wh; — wy)) (3.42d)
1 K 2 1 2
)+ o 3 (=l = 1 = 2ol
(3,5)€E

o — w3, — s — wz;-uéﬁ) <0,

We choose (;; = a;; — (27; + 27; — 3) > 0 to make (3.42a) = 0. Solve (3.42b) < 0 and
— (27 + 273 — 3) > 0 for ay;:

1 /
Qi Z 1+ 5(37}']’ + 5T + 87—1] + 4) (343)

where 7;; := 27; + 27; — 4.

Let oy; = 14 5(37; + /572 + 8755 +4). Solve (3.42¢) <0, (3.42d) < 0 for ©;;, and

we obtain the conditions (a)-(e) in Assumption 3.4.
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Part 5: with Assumption 3.4 being imposed, condition (3.42) is therefore reduced to:

Ap—i—Z)\

(i,5)EE
1
S (wj = Noll + = w3,
(i,j)€E
(3.44)
S ONVED o (VR
(i,7)EE
s (P = Aol + = i 13,))
<0,
in which Z% denotes the running average: >, z*
Since we have convex cost functions,
L
T SNVED S (TSRt
k=1 ieU
+ Z (9] —g;(v ))
jev (3.45)
+ Z ( - ZJ(Z:]')
(i,7)eE
+ GU(U_)ZIJ{) — G”(U)Z)> = AﬁK
From (3.27), we have:
APS 4+ Y NT(EE —off) > 0. (3.46)

(i,J)EE

We combine (3.44) and (3.45). From the result we subtract (3.46) to get:

O CYRPVLC R

(B5)eE (3.47)
1
1 1 = Ml + oy~ w5 13,)) <0

—W;
; . ; ; o )\ ey = oy
Since {\;;} are arbitrarily chosen, we choose \;; = A5+ e, i = T, and

]
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substitute into (3.47) to obtain:

Z ”21] - wl]]{HQ

(i,9)EF
1 1 .
< 2 (g mae I - X - el
= 2 Jlesslla=1
(i.5)€E (3.48)
ol - w13,
ﬁ
A
We also have:
_K+ Z )\:}T(gg_u—)zf]{)
(4. EE
’Ap + Z >\*T _zj)‘
(i,7)EF
> [Ap" = Y T — @)
(i,J)eE (3 49)
> AP = D I lsollZ — @i [
(i,5)€E
> AP = D I oo/ dim(X) |25 — @S |
(i,J)€EE
(3 C1Cs
AP | —
| | K Y
in which (*) is due to norm equivalence.
Finally from (3.49),
|Ap — ;)
(i,j)eE
(3.44)(3.45) 1 . 3.50
S T 1 e L I
_ Q
K

We output the following results: {a}, {of}, {z]}

ij , W
Feasibility check: Note that (3.48) shows as K — oo the output satisfies dualised
constraints (3.4c). Since taking the running average is a convex combination, it also

satisfies all the the local constraints (3.4d)(3.4e).
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Optimality: (3.50) shows as K — oo the output minimises the cost function of P,

and hence converges to a minimiser of our problem. O]

91



Chapter 4

Optimisation with Parametric
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Introduction

[terative algorithms are widely used to solve convex optimisation problems. Many

problems of interest contain parameters that are uncertain and require estimation.

For example, consider an optimal control problem in which some parameters of the

controlled system are not known exactly but can be estimated from noisy measure-

ments. In this situation it is common to use system identification to estimate unknown

plant parameters [e.g. 167], and to wait for the estimated parameters to converge to a

sufficiently high level of accuracy before passing the identified model to the decision-

making process to compute an optimal control law. In this chapter we are concerned

with the question of whether we can combine the estimation and optimisation pro-

cesses in order to accelerate the solution of such problems.
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We consider the following optimisation problem:

min f(@) + (), (4.12)

subject to x — 2z =0, (4.1b)

in which f,g : R* — R U {400} are convex, closed, proper functions. Let f(z) =
flz) +Ir, (), g(2) = §(2) + Lry(2), where f,4:R" = R are convex and continuous,
Fr, F, C R™ are convex constraint sets, and Z¢(x) is the indicator function of a set C.
We assume that some parameters of this problem are unknown, but may be estimated
from available measurements. Thus we replace f in (4.1a) at discrete time instant k

by a time-varying function f*:

win f4(z) + 9(2). (4.20)
subject 1;0 x—2z=0, (4.2b)
where
£1(a) = F@) + Tpp(o) = 557Qu + T + Ty (o), (4.20
.7-"175 . Az < b+ Dpt. (4.2d)

Here @ and c are respectively a given matrix and vector, and p* € P C R™ is
a random variable representing an estimate of an uncertain parameter in problem
(4.1). In practice, an MPC problem with uncertain polytopic constraints can be
modelled in this form (See in Sec. 2.4.3 and [150]). We assume that the parameter
set P is compact and that p* can be expressed in terms of a constant but unknown
parameter p and a random variable 6% as p¥ = p + 6*. We consider the convergence
properties of an approach based on the Alternating Direction Method of Multipliers
[ADMM 1], with p approximated by p*.

The recent work [28] solves a semidefinite programming problem using an ap-
proximate ADMM solver. However, rather than considering problems with uncertain
parameters, in [28] approximations of the exact ADMM iteration are used in order to

reduce the computational requirements of individual iterations, and this introduces
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errors into the solution estimates. The authors show that convergence is guaranteed
provided that the errors introduced in the ADMM iteration are summable across the
iterations.

In [168], a Model Predictive Control (MPC) optimisation problem is considered
using an ADMM solver with a finite number of iterations. The authors construct an
invariant set containing the target state for the combination of the control problem
and the ADMM solver, such that the dynamics of the solver iterations become linear
within this set. It is shown that this simplifies the analysis of the stability of the
combined system.

A weighted average consensus algorithm is considered in [169] as the basis of
a distributed solution for problems involving networked systems with locally time-
varying quadratic cost functions. This is motivated by the problem of tracking the
optimal solutions of resource allocation problems with time-varying local demand
or resource constraints. The approach is able to track the optimal solution in a
distributed manner with bounded tracking error, with bounds that are dependent on
the cost parameters and network topology.

In each of Rontsis, Goulart, and Nakatsukasa [28], Schulze Darup and Book [168],
and Esteki, Kia, and Member [169], the inherent robustness of solver iterations is
exploited to derive guarantees of convergence despite bounded uncertainty or random
errors in problem data. In this chapter we use similar robustness properties to devise
a solver for (4.1). At each iteration, our approach uses the most recent estimate p*
to replace the unknown parameter p by replacing the uncertain function f with its
corresponding estimate f¥. Our approach is applicable more generally to first order
methods that can be expressed as Douglas-Rachford splitting (DRS) methods. We
show that, if the solver iteration can be expressed in the form of a DRS operator,
then, under the assumption of convergent estimation errors, the solution estimate

necessarily converges to the solution of (4.1) corresponding to p* = p.
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4.1.1 Notation

R"™ denotes the n-dimensional real space. I represents the identity mapping. @ >
0 and R > 0 represent real symmetric positive definite and positive semidefinite
matrices. Z¢(z) denotes the indicator function of a closed non-empty set C, so that
Ze(x) = 0 for x € C and Z¢(z) = oo otherwise. 0F(x) indicates the subdifferential
of function F' evaluated at x. The n-dimensional column vector with all elements
equal to 1is 1,,. The truncated normal distribution ' is denoted Ny,.(u1, 02, a,b). The
Euclidean distance between y and X is denoted dist(y, X') := inf,cx||z — yl|2 and
B,(q) = {z | ||z — qll2 < r} is the open ball of radius r centred on ¢q. N¢(y) =
0Z¢(y) denotes the normal cone of the feasible set C. E[-] denotes the expected value
k

. P . e
of a random variable. x* — x(, denotes convergence in probability, i.e., Ve > 0,

limy,_yo0 P [||2% — 20|| > €] = 0.

4.2 Problem Formulation

We first consider the solution of the deterministic problem defined by

min f(z) + g(2) (4.30)

subject to x — z =0, (4.3b)

where f(r) := %IL‘TQ:L‘ + T + Iz, (z) with Fy: Az < b+ Dp. This is simply prob-
lem (4.1) with the true parameter value p. We construct the augmented Lagrangian
for (4.3):

£y o= Fla)+9(2)+ M@ = 2)+ -l =<l (1.4
in which v > 0 is a penalty parameter. By defining the scaled multiplier u := A,
problem (4.3) can be solved [e.g. 1] via the following ADMM iteration:

2" min £, (7, 25, \F) = proxw;(zk — "), (4.5a)

2 min £, (a" 2, A7) = prox,, (z"! + u¥), (4.5b)

f a random variable z has the normal distribution N (u,0?) and a < b, then the distribution of
x conditional on a < x < b is denoted Ny,.(u, 02, a,b). We specifically define  ~ Ny,.(i, 0%, a,a) as
P(x =a) =1.
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uk+1 — uk 4 xk+1 - Zk+17 (45C)

where prox_,(v) := arg min, (h(m) + %Hx — vH%) denotes the prozimal operator and
k is an iteration counter. ADMM is well-suited for distributed optimisation when f(z)
and/or g(z) are separable functions.

By introducing the reflected prorimal operator R.; := 2prox., — I, the ADMM
iteration (4.5) can be expressed using Douglas-Rachford Splitting (DRS) in terms of
an operator T : R™ — R™ defined by

. 1.1
o =Toh = <§I + §R7wa> ok, (4.6)

where v* := 2% + u¥1, and z, z,u in (4.5) can be obtained given the value of v (see

[28] and [170], Appendix B) as:

R proxszka_l, (4.7a)
2" = prox,v", (4.7b)
u* = (I — prox,,) v*. (4.7¢)

Note that, as a result of DRS, T is a firmly non-ezpansive operator [see e.g. 171] that

satisfies, Vv, w € R",

ITv = Twll3 + (1 = T)v — (I = T)wll; < [lv — wll3. (4.8)

4.3 ADMM with Parametric Uncertainty

We suppose p* in (4.2) is a real-time estimate of p in (4.3), with
P =p+d" (4.9)

Convergent estimators typically ensure that ||0%]|s — 0 almost surely (a.s.) as k — oo,
and we therefore expect to obtain an accurate estimate of p by running the estimator
for a sufficiently long time. By subsequently passing this estimate to the ADMM
solver and iterating for another sufficiently large number of iterations we expect to

obtain an approximate solution to problem (4.3). In this section we consider how
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to combine the two processes to reliably accelerate the overall solution process for
real-world applications with estimated problem data.
By integrating p* into the ADMM iteration (4.5) we propose the following ADMM

algorithm with parametric uncertainty (ADMM-PU):

2"« prox. (2 — u"), (4.10a)
2 prox (2FT + u”), (4.10b)
e e e R AL (4.10c)

in which f*(z) is defined in terms of p* via (4.2¢)-(4.2d). We assume for convenience
that the solver and estimator share a common iteration index k; more generally p*
denotes the most recently available estimate of p.

Similar to (4.6)-(4.7), the ADMM-PU iteration (4.10) can be expressed as a time-
varying DRS operator T% : R® — R™:

1 1
'Uk+1 = Tk’Uk = (5[ + ER,yfkayg) 'Uk, (411)
where v* := 2% + v*~!, and «, 2z, u can be obtained from:
a* = prox. ; R,gv" ', (4.12a)
#* = prox, ", (4.12Db)
u* = (I — prox,,) v*. (4.12¢)

The following lemma shows that T* can be expressed in terms of a bounded pertur-

bation of the operator T defined in (4.6).

Lemma 4.1. The iteration (4.10) can be represented as
VL= Tk 4 EBReP,

where EF € R™™ satisfies ||E*||o < € for some finite é.

Proof. Since (4.10) can be expressed as (4.11), we have

1 1
UIH—I = Tk k— évk + §R7fkagUk

L (4.13)
— 51}’“ + 5(2pr0x7f;c — DR, 0"
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For all y € R™, prox. ;(y) solves the following problem

1 1
mwin ixTQx—i-ch—i- ﬂHx—yHg, (4.14a)

subject to Az < b+ Dp(2*) = b+ Dp+ D6, 6 = 6" (4.14b)

Define a matrix H, vector w and linear functional s as follows,

H=Q+~y'T (Q=0andy>0= H > 0), (4.15a)
wi=x+ H '(c—~1y), (4.15Db)
s(y) == AH '(c—~v'y) + b+ Dp. (4.15¢)

Then, by completing the square, solving (4.14) is equivalent to solving

1
w*(0) := arg min éwTHw, (4.16a)

subject to  Aw < s(y) + D9, (4.16b)

since prox. ;. (y) = w*(6¥) — H~'(c —y~'y). Problem (4.16) takes the standard form
of a right-hand side multi-parametric quadratic program (mp-QP), and the optimiser
w*(9) : R™ — R™ is therefore continuous and piecewise affine, and can be expressed

in the following form [see 29]:

w*(8) = HPAT(AHTAT)"Y(5(y) + D9¢). (4.17)

Here A, 5(y) and D correspond to the set of active constraints that depends on 8, and
we assume the rows of A are linearly independent. Since w*(9) is piecewise affine,

w*(6%) can be expressed as:
w*(6%) = w*(0) + E*6*, (4.18)

where

w*(0) = prox,¢(y) + H '(c —77"y), (4.19)

and bounds on E* can be determined by considering the value of dw*(§) along the

line segment L from § = 0 to § = §*. Without loss of generality we impose E¥ = 0
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when 6 = 0. For §¥ # 0, the mean value theorem [52] implies that E¥ = dw*(9), for
some 6 € L. Since dw*(§) > H'AT(AH*AT)~'D is independent of y we have

| E¥]l> < max|[ A AG)T(AGYHAG)) T D)z = &

where index j indicates a given set of active constraints, and J is the set of indices of
all possible active constraint sets for problem (4.16). Note that € is necessarily finite
since H in (4.15) is positive definite.

Combining (4.15b) and (4.18)-(4.19) we obtain

prox. i (y) = w*(0) — H '(c — 77 'y) + E*6*

(4.20)
= prox. ;(y) + EFsF.
Substituting (4.20) into (4.13) then gives the result
ok Lo 1 k ksk _ ik k sk
T =5v +§vava + E¥6" =Tv" + E%6", (4.21)
where ||E*|, < e. O

Our assumptions that the feasible set of problem (4.2) is non-empty and compact,
and that the error in the estimate of p in problem (4.3) is bounded and convergent,

can be stated as follows.

Assumption 4.1. For all £ we require that:
(a) F ]’f is non-empty and satisfies, for finite r,

Fj ={z| Az < b+ Dp"} C B.(0),
k
(b) 6% € B,(0) and Z||5Z||2 < A a.s., for finite p and A,
i=0
(c) Yy € FrNF,, VY € —Nyz,(y), Yw € Nr, (y), with ¢™** <1,
e < ol ol

(d) The strong duality holds for the time-varying £% and the reference L, La-
grangians associated with the ADMM.
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Let Fix(T') denote the fixed point set of T’ that corresponds to the set of saddle

points of (4.4). Before analysing convergence of ADMM-PU, we first show that the

iteration (4.11) ensures | Tv* — v*||5 is finite for all k£, where v* is any point in Fix(T')

such that [[v° — v*||5 is finite.

Lemma 4.2. Under Assumption 4.1 the iteration (/.11) satisfies, for all k,

170 — 0" s < o = v*[lo + 24,
where v* € Fix(T).
Proof. From Lemma 4.1 we have

HUkJrl o U*HQ — HTUk + Ekék . U*HQ
< To* = 0¥y + | R

< |Tv* = vz + &6l

(4.22)

But (4.8) implies that T is nonexpansive, since v = v* and w = v* in (4.8) gives

|Tv* — v*||s < [[vF — v*||2, and hence
[0 = vz < o = vl + |6 o
Summing both sides of this inequality over 0 < k < N, we obtain
N
[Nt — v ly < [0 = v*fla + &Y [[6"]s.
k=0
From Assumption 4.1(b), it follows that, for all k,

[ = vz < [0 = v*|l2 + €A,

and (4.22) then follows from the nonexpansive of T, which implies | Tv* — v*||; <

[ = v*[l2.

]

We next show that the optimal dual variable for problem (4.3) is necessarily finite

under Assumption 4.1(a) and (c). This result is also needed in Section 4.4, and it is

therefore stated here for the general case of problem (4.2) with 6* replaced by a given
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realisation d. In this setting (x}, z5, A\5) represents a saddle point of the associated
Lagrangian function and F represents the constraint set {z : Az < b+Dp} associated

with a given realisation p € P.

Lemma 4.3. If F;(6) N Fy is compact, and if, Yy € F(6)NFy, Vi € —Nx,(y), Vw €

Nr,(y), with ¢ < 1 we have
prw < " ©O)lpll2llwllo,
then the optimal dual variable 5 lies in a bounded set.

Proof. We prove Lemma 4.3 by contradiction and suppose that A\j may be infinite.
From the Karush-Kuhn-Tucker (KKT) conditions, the Lagrange multiplier \} satisfies
0 € df(x;) + Ay and 0 € 9g(x;) — Aj. Therefore

A5 € (99(x5) + Nrg(w5)) N = (0 (x5) + N, (x3)), (4.23)

so there must exist u € —Nz,(z}) and w € Ngy(zj) such that p = Aj + dj and
w = A\ — d for some d; € df(x%) and d; € 9g(x:). But Yy € Frn F,, vd; €

~

df(y), Vd; € 94(y),
(A5 +dp)T (A — dy)
A5 + dpll2llA; — dfll2
IN 15— 1IAsll2([ldfll2 + 1dgll2) — ldll2lldg 2
NS+ N2l d gl + Nl dall2) + lldzll2lldglle

(4.24)

Here ||d|[2 < d;n and ||dg]2 < dy, for some finite d,, since Fy(0) NF, is by assumption
compact, and hence

N+ )TN = dg) X313 — 2dml| 5o — &,

IA5 + dzll2llA5 = dpllz — NS5 + 2dmlIX5 12 + 3,

Therefore pTw/(||pll2l|wll2) — 1 as [[Aj]l2 — oo, contradicting the assertion that

M < 1. [l

Theorem 4.1. Under Assumption 4.1, the ADMM-PU iteration (4.10) converges as

k — oo, with:
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(i) |lobj* — obj*|l2 = 0 a.s.
(”) ||/\k - )\*||2 — 0 a.s.
(iii) ||2* — 2*|s — 0 a.s.

where obj™ and \* are respectively the optimal values of the objective and dual variable

for problem (4.3), and obj® := obj(z*, 2¥) = %aszka + Tk + g(2F).

Remark 4.1. The ADMM iteration (4.5), in which p is known, provides deterministic

guarantees of convergence of obj”, \¥, z* and z* analogous to (i)-(iii) [e.g. 1]).

Remark 4.2. Assumption 4.1(b) requires that ||0*||o converges sufficiently rapidly to
zero as k — oo. Since ||0%]| < ||6%]1, this convergence assumption is satisfied by any
[1-stable estimator (such as an exponentially stable Luenberger observer, for example)

driven by a finite /;-norm noise sequence [e.g. 172, Sec. 6.7].

Proof. The proof of Theorem 4.1 is given in two parts.

Part I (to prove that ||(I — T)v*||3 — 0 a.s.): Let v* be any point in Fix(T) such
that ||v° — v*||5 is finite. Then the firmly non-expansive property of 7" implies (e.g. by
setting v = v and w = v* in (4.8)) that

I1Tv® =3+ [[(1 = T3 < 0" = o7]l5. (4.26)
But Lemma 4.1 implies
[ — o5 = 170" — I3
= [|E*0M[3 + 2(E*0")T(Tv* — )
< 1EF0M |2 (I1E*0 |2 + 2(|Tv* — v*[l2).
Assumption 4.1(b) and (4.22) therefore imply
[ = v"5 = 17" — I3

< el|6"||a(ep + 2[v° — v*||2 + 2eA) (4.27)

= r]|0"]l2,
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where

k=& (p+2A) + 2¢||v° — v*||s.

Combining the inequality (4.27) with (4.26) yields
W = w3 4+ (T = TRl < Jlv* = o713 + ll6"]2-

Summing both sides of this inequality for 0 < k < N yields

N

N
DT =T)r 5 < o = o5+ k) 116"z
k=0

k=0
< o =73 + BA

for all N. Since the right hand side is finite for all N, this implies that ||(I —T)v*||? —

0 a.s. as k — oo.

Part II (to prove properties (i)-(iii) in Theorem 4.1): Since the reference prob-
lem (4.3) with Assumption 4.1(a) and (c) satisfies the conditions of Lemma 4.3, the
optimal dual variable A* (i.e. A\5_,) in (4.4) is bounded. Additionally, since Assump-
tion 4.1(a) implies that the feasible set of the convex optimisation problem (4.3) is
compact, the set of all optimal solutions X > z* is compact and convex. Hence
Fix(T) = {v*|Vz* € X,v* = 2* + y\*} is convex and compact. Therefore, for any

given € > 0, choose r € (0, €] and consider the following compact set,
Q, = {v e R"|dist(v, Fix(T)) < r}. (4.28)
Let oo = mingist (v, Fix(7))=r||({ — T)v||3. Choose § € (0,«) and let
Qp = {v e R"|||(I - T)vll; < B} (4.29)

Then, since |[(I — T)v||3 > 0 and ||(I — T)v||3 = 0 & v € Fix(T), Q3 is contained in
the interior of €2,. Therefore we have dist(v, Fix(7)) < e for all v € Qg. Furthermore,

Part I showed that ||(I — T)v*||2 — 0 a.s., and it follows that

dist(v*, Fix(T)) — 0 a.s. (4.30)
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Moreover, Assumption 4.1(b) implies ||§%]]2 — 0 a.s. so (4.20) and Lemma 4.1 imply,

for all v € R™,

[(prox. s« — prox_z)v|[z — 0 a.s. (4.31a)

I(T* = T)olla = 0 as. (4.31b)

By substituting (4.31) into (4.12) we therefore have

k 1

#1) := prox ;R v" "

2 = Z(* )2 = 0 as., T(v

To complete the proof, we use the continuity of the objective function to infer that
lobj(z", 2F) — obj(Z(v"1), 2)[| — 0 a.s.
and, by (4.30),
lobj(z(v"1), 2F) — obj*|l2 = 0 aus.

and hence that [|obj* — obj*||; — 0 a.s. By an analogous argument we can also

conclude that ||A* — A*||; — 0 and [|z* — 2*[|; — 0 a.s. O

4.4 Extension

We propose an extension of Theorem 4.1 that allows the assumption that the sequence
{116°2; /|6 |l2, - - -} is almost surely summable to be relaxed. The following assumption
replaces Assumption 4.1(c) with the requirement that the mean square estimate error
E [||6%]|3] converges with a rate of at least O(1/k) in order to provide convergence in

probability in Theorem 4.2.
Assumption 4.2. For all £ we require that:

(a) p(z*) = p + 6% results in a compact feasible set =,z € F;(6%) N F, of prob-
lem (4.1).

(b) Vo € {0|p+d € P}, Vy € Fp(d) N Fy, Vo € —Nr,5)(y), Vw € Nry(y), with
Cm(l.f < 1,

plw < ™| 2|2
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(c) E[||0%(13] — h(k) such that 0 < h(k) < C/k for some constant C' > 0.

(d) The strong duality holds for the time-varying L’,’j and the reference /j,7 La-
grangians associated with the ADMM.

Remark 4.3. The O(1/k) rate of convergence of mean square error in Assumption 4.2(c)
is achievable for many estimators in practice such as a Kalman filter with zero pro-

cessing noise.

Lemma 4.4. Under Assumption /.2, Yv* € Fix(T),
E [dist (v*,Fix(T’f))Z} 0. (4.32)

Proof. According to the definition of Fix(T), we have (I —T)v* = 0. Combining this
result with Lemma 4.1 yields T%v* — E*§* = v*. This implies

(I —T*)v* = E*o*, (4.33)

The proof of this lemma follows a similar line of reasoning to the proof (Part II) of
Theorem 4.1 as follows.

Since V§ € {d|p + 9 € P}, the varying problem with Assumption 4.2(a),(b)
satisfies the conditions of Lemma 4.3, the optimal dual variable A} in (4.4) is bounded.
Additionally, since Assumption 4.2(a) implies that the feasible set of the convex
optimisation problem (4.3) is compact, the set of all optimal solutions z} € Xj is
compact and convex. Hence Fix(Ts) = {v} |Vxj € X5, v5 = v5 +yA5} is convex and
compact, in which T} is the varying non-expansive operator defined similar to T, i.e,
Tk =Ts as § = 6F.

By combining (4.33) with Assumption 4.2(c) we have Vov* € Fix(T),

E [II(Z - T*)"|3] =0,

which implies

(I —T*v* 50, Vo € Fix(T). (4.34)
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We construct ,, Qg as follows. Vo € {§|p+d € P} U{0},Ve > 0, choose r € (0, ¢

and consider the following set
Q, = {v € R"|dist(v,Fix(T3)) < r}. (4.35)
Let & = mingist (v, Fix(ry))=r || (L — T5)v]|3. Choose 3 € (0, ) and let
Qg = {v e R"[||(I - Tp)vll; < B} (4.36)

Then, since ||(I — T5)v||3 > 0 and ||(I — T5)v||3 = 0 & v € Fix(T;), Q5 is contained

in the interior of €2,. We therefore have
dist(v, Fix(T5)) < €, Vv € Qg. (4.37)
Given € and 3 greater than zero, as defined previously, (4.34) can be restated as
P [v* ¢ Q4(6) |8 = 8¥] = 0.
Combining this with (4.37), we obtain
dist(v*, Fix(T")) 2 0. (4.38)

We have already demonstrated that Fix(7}) is contained within a compact set. Given
that 0 is also within a compact set, the sample space dist(v*, Fix(T})) is inherently
bounded. This combination—convergence in probability alongside a bounded sample
space—yields mean square convergence, thereby establishing the proof of the lemma.

]

Lemma 4.5. Under Assumption 4.2, Yv* € Fix(T),
E [||Tkvk - v*||§} <E [||vk — v*||§] + €F, (4.39)
such that the non-negative iterate € is bounded and € — 0 as k — oo.

Proof. Let v* € Fix(T).
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Given that Fix(T"*) is compact (as discussed in the proof of Lemma 4.4), and defin-
ing 9% as a minimiser of the optimization problem associated with dist in Lemma 4.4,
we have

o* € argmin ||v*, Fix(T%)]|,.
veFix(Tk)

It’s worth noting that for all k, T* is firmly non-expansive (4.8) and satisfies the

following for all v, w € R™:
1T = T*w]f3 + [(I = T*)v — (I = T*)wl3 < [lv — wlf3.

By substituting v = v* and w = 9* into the inequality and utilizing the property

% € Fix(T*), we deduce

IT*0* — "5+ [|(1 = T*)o"|3 < 0" = o°13,
& T — v + 0" =[5+ (T = T")o"3
< 0" = v+ ot = 3,
& || TH" — vl + [lv* = 0|3 + 2(T** — v*)T(v" — %)
+ [[T508 = oF|5 < Jlo* = o3 + [lo* = 3*|13
+2(0% — v*)T(v* — oF),
& T8 — v |l3 + | TH" — o + 0" —oF|13
< lo* = o3 + flo* = 3,
= | T"0" —o*|3 < o* —o*3 + " = |3,

= E[|T%" —v'|l2] <E[|lv* —v"ll2] +E [lv" = 3"]3] - (4.40)

From Lemma 4.4 and the definition of ¥, we deduce that E [|[v* — &*||3] — 0. In the
proofs of Theorem 4.1 and Lemma 4.4, we have shown that Fix(T) and Fix(T*) are

compact. This concludes the proof. O

Lemma 4.6. Under Assumption 4.2, Yv* € Fix(T), we have

|IE [(E*6*)T(T*0* — v*)] |2 = 0 as k — oco. (4.41)
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Proof. The Cauchy-Schwarz inequality implies

I [(E*")T(T " — )]
< \/E <6 3] E (|| T*0* — v*|3]

\/—E [||7%v* — v*||3] (Assumption 4.2(c) & Lemma 4.1)

k
C
< ?0 (E[IIT%O —v*[3] +nzzoe“> (Lemma 4.5)

[CL+ S e
< % (T° is non-expansive, v* bounded). (4.42)

Given that, as k — oo, €¥ — 0 (as per Lemma 4.5), we can conclude that the term

% Zizl €™ converges to 0. Since, in addition, we have % — 0, the proof of the lemma

is established. O

Theorem 4.2. Under Assumption 4.2, the ADMM-PU iteration (4.10) converges as
k — oo, with:

(i) obj* — obj* 50,

(ii) AF =2 5o,
(iii) oF — & 5 0.

Proof. The firmly non-expansive property of T implies, for instance by setting v = v*

and w = v* in (4.4), that
IT0" = o3+ 1(1 = T)o|3 < [lv* = v7f5. (4.43)
Combing this with Lemma 4.1 we obtain
I( = T)o*|3 < =[IT™0" — EF6* — o™ |5 + [Jo* —v*]3
= —[|T** — v*[[3 + [lv* — v*[|3 + 2(E*S")T(T*0* — o) — || B*6¥13
< [T = |5 4 loF = vt 5+ 2(BR)T(THE — ),
E[[|( = T)o"[3] <E[[lv* —v'3] = E[IIT"" —v*|3]
+[|IE [(B"")T(T*0" — )] l2,
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1 K

;‘E;E (12 = T)e*8) < ZE [llo* = o[} (4.44)

-~

(0)
From Lemma 4.5, we observe that the term labelled (a) in (4.44) is bounded from

above by E [||v° — v*||3] + €°, which is necessarily finite. According to Lemma 4.6, the

term labelled (b) in (4.44)(b) converges to 0. Thus, we conclude
E [[[(I - T)"|3] — 0. (4.45)

Following analogous steps to those in Part II of the proof of Theorem 4.1 and the

proof of Lemma 4.4, we derive:
dist(v*, Fix(T)) = 0. (4.46)

By continuing with the steps in Part II of the proof of Theorem 4.1, we conclude the
proof of Theorem 4.2. O

4.5 Numerical Study

This section investigates the convergence of the proposed algorithm using numerical

simulations. The example we consider is the following resource allocation problem:

min (2= s™)TQ(z —s™) + Tz (4.47a)
subject to x =z (4.47b)
1Tx = (4.47¢)

st<z< s (4.474d)

where z, 2, 8!, s%, 5™ € R", Q := diag(q1,q2,...,¢,) = 0, and p € R. This problem

can be viewed as n decentralised energy suppliers collaborating in order to match an
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unknown demand p. The parameters of the problem are generated as follows:

,~ U(0,2), ¢ ~ U(400,600),

Vi : 2” ~ U(80,120), 7 ~ U(20,30), (4.48a)
s; = s{' — 7, s = s + s,
U(1T(s™ —0.557),1T (s™ 4 0.5s")), (4.48D)

with the modification that ¢; = 0 so that problem (4.47) is not strongly convex. We
choose n = 10, and set v = 0.1 as the penalty term for ADMM iterations.

The following estimator models are considered for p*:
Model 1:  p(z*) ~ Ny (p, (10e75)2, d', d*),
Model 2:  p(z*) ~ ,(10e719)2,d', d*),

Nip(p
k
szneaw pmeas Nt?“(ﬁv 127 dla du)a

=1

Model 3:  p(z

wl»—k

where d' = p— %153’”, d“ = p+ %1}15”. Models 1 and 2 can be interpreted as estimators
that converge in mean with high (Model 1) and low (Model 2) convergence rates.
Since the probability distribution of p* (and hence that of §*) has constant support
for all k, the almost sure convergence requirement of Assumption 1(b) does not hold.
However, bounds on 6% corresponding to any confidence level less than 1 for Models
1 and 2 are exponentially convergent and thus have finite /!-norm. Model 3 estimates
p by taking the running average of the i.i.d. measurements represented by pF ... As
in the case of Models 1 and 2, Model 3 does not satisfy Assumption 1(b) (almost sure
convergence), and moreover the bounds on E [||6*||3] corresponding to a confidence
level less than 1 converge at the rate of 1/k in this case, and therefore do not have
finite {'-norm. On the other hand all the three models satisfy Assumption 4.2(c).
We sample (4.48) for one instance and pass this instance to the proposed ADMM-
PU algorithm (4.10) with each of the estimator models. The evolution of the fractional
error in the objective value, |obj* — obj*|/obj*, representing the residual error after
k iterations, is shown in Fig. 4.1. For benchmarking purposes, we compute (using
any capable solver) at each time step k the solution of the deterministic problem

defined by (4.2) with the most recent estimate p¥, and this is denoted as opt(p(z*))
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Figure 4.1: Simulation results

in Fig. 4.1. We also run the standard ADMM iteration (4.5) with the true value of
P to solve problem (4.3) directly, and the evolution of these iterations is shown in
Fig. 4.1 as ADMM-ref.

From the residual errors obtained with the Model 1 estimator (Fig. 4.1), it can be
seen that ADMM-PU converges at the same rate as ADMM-ref, which is slower than
opt(p(z*)). This is to be expected, because with the Model 1 estimator, p(x*) con-
verges faster than ADMM-ref, while the convergence rate of ADMM-ref is necessarily
an upper bound for the convergence rate of ADMM-PU. With the Model 2 estimator,
p(x*) converges more slowly than ADMMe-ref, and the proposed ADMM-PU algo-
rithm is therefore able to track opt(p(z*)) closely. With the Model 3 estimator, the
estimation error §* converges more slowly than for Models 1 and 2. Fig. 4.1 shows

that ADMM-PU is sufficiently robust to track opt(p(z¥)) in this case.
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4.6 Conclusions

This chapter proposes a variant of ADMM which combines simultaneous iterations for
optimisation and parameter estimation. The proposed approach guarantees conver-
gence almost surely, provided that the sub-problem solved at each ADMM iteration
takes the form of a mp-QP and the estimation error converges almost surely. Sim-
ulation results demonstrate that the proposed algorithm tracks the solution of the
deterministic problem defined in terms of the most recent parameter estimate, pro-
vided the estimator converges more slowly than the standard ADMM iteration with
no parameter uncertainty. For cases in which the estimator converges faster than
this, the proposed algorithm converges at its maximum rate, which is the same rate
as the standard ADMM iteration with no parameter uncertainty.

There are several directions to extend this work. Lemma 4.1 implies that the
prozimal operator of the time varying objective function (4.2) (i.e. prox. g (-)) can
be expressed in terms of the proximal operator of the original objective of problem
(4.1) and a remainder term that is bounded by a linear function of the estimator
error. This property is used in Theorem 4.1 to prove convergence of the proposed
algorithm based on ADMM. However, the proximal operator is the resolvent of the
subdifferential operator and appears in various splitting methods other than DRS
[see 10]. This analysis approach can therefore be applied more generally to first order
methods other than ADMM.

Apart from parametric uncertainty, the parameter estimation error may also arise
due to communication delays in a distributed optimisation setting. For example, [14]
puts forward an algorithmic framework for asynchronous iteration updates, and we
are therefore able to investigate the convergence behaviour when delays and para-
metric uncertainty coexist through an extension of the current work. We also plan
to investigate how the algorithm works in a real-world context, e.g. applications in

power systems with uncertainty or online collaboration of robots.
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Online optimisation with the
Recursive Fixed-point method: A
framework of Stochastic
Nonexpansive Operators
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Introduction

Many numerical algorithms are constructed with the aim of finding the fixed points

of a given operator. In the context of convex optimisation, a wide class of algorithms

perform a search for the zeros of a monotone operator [10] by finding the fixed points

of a proximal operator [12]. Such operators are nonexpansive, and their repeated

application defines an iteration that converges to a fixed point. This is the basis of

the alternating direction method of multipliers (ADMM) and the proximal gradient
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method (derived using Douglas-Rachford splitting and forward-backward splitting
respectively [85]), which have been successfully applied to large scale and distributed
optimisation problems [1].

In applications of optimisation in control and decision-making, optimisation prob-
lems often involve parameters that are either unknown or subject to measurement
uncertainty and must therefore be estimated. This context necessitates optimisation
algorithms capable of running concurrently with online parameter estimation in the

presence of noise. We consider a general convex optimisation problem:
min f(z, 0%), (5.1)
x

where f is a convex function, and 6% is an estimate of the problem parameter with
uncertainty, where k is the time stamp of recursive estimation. To solve this problem,
we apply one of the first-order algorithms that can be formulated as the fixed-point
iteration of a nonexpansive operator #*+! < T'(z*, §%) (See Chapter 1 and [10]). This
chapter investigates the convergence of this iteration by providing a framework of
stochastic nonexpansive operators.

Stochastic optimisation [173] addresses optimisation problems under uncertainty.
Scenario-based representations, value-at-risk measures, and sample average approx-
imations of the objective function are widely employed in energy systems, supply
chain management, and finance. For linear dynamic systems, Robust and Stochastic
Model Predictive Control (RMPC and SMPC) [150] have been proposed to handle
uncertainty. RMPC assumes uncertainty is confined within a bounded polytope over
the predicted horizon, while SMPC employs a stochastic framework. The problem of
finding the fixed point of an operator with uncertainty can be interpreted as identi-
fying the invariant set of a Markov stochastic process. In [174], the existence of such
an invariant set for stochastically averaged Markov chains is proven. For the specific

case of the projected gradient method, strong convexity is assumed.
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5.1.1 Related work

For the iteration disturbance that comes from the asynchrony of distributed coordi-
nate updates, a stochastic coordinate update framework of fixed-point iterations of
a deterministic operator is designed in [14], where at each fixed-point iteration one
of the coordinates of the overall iterate has a finite probability to be selected and
updated by a specific agent with no delay. Almost sure convergence is guaranteed for
averaged operators, and a linear convergence rate is achieved with contractive map-
pings. Since only one agent is selected per iteration, the convergence may be slow
with large-scale problems.

The convergence analysis of consensus distributed algorithms perturbed by asyn-
chrony modelled by probabilistic agent updates is investigated in [17], [175], [L76].
These papers rely on the specific averaging operator (a special case of the projection)
to guarantee almost sure convergence with the randomised Mann iteration proposed
in [175], [177]. Unlike the approach of [14], at each iteration, every agent has a finite
probability to perform its update, and the averaging aggregator replaces the missing
updates using earlier updates. The work of [176] discusses cases in which the operator
is perturbed by external i.i.d. noise and considers Sub-Weibull noise models instead
of Markov’s inequality in order to obtain narrower noise bounds. However, in order
for the averaged operator to converge, a challenging assumption (12) is made, and in
practice, the i.i.d. external noise assumption also lacks guarantee, since not all types
of disturbance can be modelled as separate external noise as discussed in Chapter
4. In particular, for the uncertainty arising from Bayesian parameter estimators, the
noises are persistently correlated.

The convergence properties of fixed point iterations perturbed by stochastic dis-
turbances are studied in [178]. This work provides conditions ensuring convergence
(in probability) to a fixed point. However, the approach uses tightened bounds on
step sizes to ensure convergence, potentially affecting convergence rates when there is
no uncertainty, and moreover, it does not allow for independently designed parameter

estimators. Depending on the type of parameter uncertainty and the available data,
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a variety of parameter estimators may be needed in practice (such as Kalman filters,
recursive least squares, and averaging filters), and the convergence guarantees should

therefore be obtained for a general class of stable estimators.

5.1.2 Contribution

The convergence properties of the combination of a proximal algorithm with param-
eter estimation were considered in Chapter 4, where the combined optimisation and
estimation iterations were considered as a coupled system involving coupled nonex-
pansive operators. In this chapter, we provide a general framework for analysing
convergence and robustness to stochastic uncertainty in systems of coupled averaged
operators, by showing that the overall system can be interpreted as an averaged non-
expansive operator. The benchmark solution, instead of being set to the optimisation
problem associated with the mean value of the uncertain parameter, is chosen as the
fixed-point of the mean operator, a novel concept which is proposed to describe the
overall stable point of the operators parametrised with uncertainty. This framework
allows for non-i.i.d. and finite converging parameter noise, while providing conver-
gence bounds for the first and second moments of the iterates. The numerical study
based on the consequently proposed recursive fixed-point method shows the resilience
to noise that appears in nearly all of the problem parameters. We also observe the
“advantage over perfectionism” effect, that the proposed algorithm exhibits better
convergence results compared to the time-varying optimal solutions, which take obvi-
ously more computational efforts, with respect to the most recent estimations of the
parameters. We also apply the Monte-Carlo method to estimate and demonstrate the

convergence of the proposed mean operator.

5.2 A Review of Nonexpansive Operators

As introduced in Chapter 2, operator theory provides a tool to analyse the conver-

gence of first-order algorithms, which is analogous to the stability analysis of control
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systems. Therefore, we begin by investigating the key properties of the fixed point

iteration of a nonexpansive operator.

Definition 5.1 (Momentum operator). We define the momentum operator P : R" —
R™as P:= (T — )z, Vo € R". When P(z) is single-valued (i.e. a function) we use
the notation:

p(z) = (T — I)z. (5.2)

Definition 5.2. The fized point set Fix(T') of an operator T' is defined as Vz* €
Fix(T), «* = Tx*. For an operator T with fixed points, the fized-point iteration is
defined as:

"= Tk = 2% 4 p(ab), (5.3)

where k is the temporal index for iterative steps.

Remark 5.1. The momentum can be viewed as the generalised gradient step associated

with the fixed-point iteration z¥*! « Tz. For an operator T with fixed points,

Va* € Fix(T), p(z) = 0.

Lemma 5.1 (Browder-Goéhde-Kirk [179], [180]). Let C' be a compact and convexr set
m R™. If T : C'"— C is a nonexpansive operator, then T' has at least one fixed point

i C.

Lemma 5.2. For a nonexpansive operator T, ¥Yq, X(q) := {z|p(x) = q} is closed

and convez.

Proof. [10, Sec. 3] discusses the case when ¢ = 0 (i.e., fixed-point set of T"), and here
we expand this result to Vq. Since p(z) is continuous (Corollary 5.1), X is closed.
Vra,xp € R such that p(za) = p(zrg) = ¢, V0 € [0,1], xc = 0xs + (1 — 0)xp, from
(2.25) we have:

lze +p(rc) = za = qll < llze = zall = (1 = O)||z5 — zal,
lze +p(ze) =25 =4l <z — 2l = 0llzp = zal,

= llzo +p(rc) —2a =gl + llzo +plxe) — 25 = qll < |lzp — 2all (5:4)

117



On the other hand, with triangular inequality applied:

[ = zall < llze +p(zo) =24 = gl + |z + plzc) — 25 — 4|

Therefore all the inequalities in (5.4) hold with equality, hence x¢ + p(z¢) = 0(z 4 +
Q)+ 1 =0)zp+q) =0xa+(1—0)zp+q=2c+q O

Remark 5.2. When we study fixed-point iteration algorithms to solve convex optimi-
sation problems in the engineering field, we usually assume that Range(7") is convex
and compact, and the existence of fixed points. This is because in practice: (i) we
assume the existence of an optimal solution that corresponds to a fixed point of T’
(ii) the bounds of the iterates which are associated with the decision variables are

convex and compact.

Lemma 5.3. For an averaged operator T' defined by (2.27), Vx4, x5 € R™ we have:
|Tzs = Tap|’ + BT = Dra— (T = Dap|” < |lva — 5|, (5.5)
where B := a~' — 1 with « defined in (2.27). We combine (5.5) and (5.2) to have:

B AP + [[Az + Ap||* < ||Az]? (5.62)
= (1+ ) | Ap|* + 2(Az, Ap) <0, (5.6b)
where Az := x4 —xp and Ap :=p(xa) — p(rp).

Remark 5.3. As f — 0 (and hence a — 11in (2.27)), the averaged operator T' becomes
a general nonexpansive operator since (5.5) becomes (2.25). Moreover, (5.6b) shows

that p(x) is a negative-monotonic function.

Corollary 5.1. For an averaged operator T defined by (2.27), Vx4, xp € R™ we have:
1+3
1Az([lAp] =2 —— 1Ap]*, (5.7)

where 8 := o' —1 with o defined in (2.27), Az := x4 —xp and Ap :=p(x4) —p(zp).
We apply the Cauchy-Schwartz inequality to (5.6b) to obtain (5.7). Therefore p(x) is

Lipschitz continuous.
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Lemma 5.4. For an L-contractive operator T, Vxa,xp € R™ we have:

YIIAZ|* + Az + Ap|* < || Az (5.8a)

= 7 | Azll” + |Ap|* +2(Az, Ap) <0, (5.8D)
where vy =1— L? Az :=1z4—xp and Ap := p(x4) — p(ap).

Remark 5.4. (5.8) can be viewed as replacing 3 ||Apl||* in (5.6) with ||Az|®. Similar
to (5.6a)(5.6b), L — 1 as v — 0, and the contractive operator 7' becomes a general

nonexpansive operator.
For a nonexpansive operator 7" on R"™ with fixed points, Vx4, x5 € R", we have
the following four perspectives to view Az and Ap in (5.6) and (5.8).

Perspective 1: ||Az| — 0.

Lemma 5.5 (Monotonic ||p(z)|* along the field line of p(x)). For a nonexpansive
operator T' on R"™, ¥Vt € [0,+00) and Yz(0) € R", we create a path C with dz(t) =
p(x(t)dt. Then gllp(x(t)|* < 0.

Proof. To show this:

dx(t)

d(|lp(z()*) = 2(p(t), dp) = 2 "vdp) < —c <0, (5.9)

where ¢ > 0, ¢ = (1 + 5)% if T is averaged (5.6b), and ¢ = %ﬁ”d}?”? if T is

contractive (5.8b). O
Perspective 2: Ax = x — x*.

Definition 5.3 (Class x functions [181], [182]). A function f : [0, +00) — [0, +00) is

said to belong to class k if:
e Strictly increasing: f(x) < f(y), Vo <y.
e Zero at zero: f(0) =0.

A class k function f belongs to class koo if f(x) = 400 as x — o0.
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Class k functions, as an analytical tool, are widely used to analyse Lyapunov
stability, compared to the geometric analysis used in Chapter 4. Now we bound

Hp(:)ﬁ)”2 with class x functions.

| 2

Lemma 5.6. For a nonezpansive operator T # I on R™ with fized points, ||p(z)||” is
bounded by class Kk functions from above and below:
ki (dist? (z, Fix(T))) < ||p(x)||* < ko(dist? (z, Fix(T))), Vo € R™. (5.10)

Proof. We have the right-hand side inequality as a result of (5.7). From Lemma 2.5,
vz € R, if dist? (z, Fix(T)) is finite, we have finite ||p(z)||*, hence the left-hand side
inequality follows. Here we assume T' # [ to guarantee that there exists x € R"™ such

that dist? (z, Fix(T)) # 0. O

Remark 5.5. From Lemma 5.5 the sub-level sets ||p(z)||* < ¢ are closed and connected;
we can construct the sub-level sets ||p(z)||* < ¢ by expanding the fixed-point set along

the direction of field lines of p(x).

Lemma 5.7. For a nonexpansive operatorI’ on R™ with fixed points, consider the case

k

where x* is a random variable. Then the fized-point iteration x**1 « Ta* satisfies:

E [Hx“l —z* 2] <E [ka -z 2} — ¢, Va* € Fix(T), (5.11)

where ¢ > 0, ¢ = fE [Hp(xk)’ﬂ if T is averaged (5.6a), and ¢ = yE [ka —x*

2] if
T is contractive (5.8a).

k1

Perspective 3: Az ==z xk = p(z*).

Lemma 5.8 (Monotonic Hp(:z:k)H2 along the fixed-point iteration). For a nonerpan-

sive operator T on R™, we perform the fized-point iteration x*+' < Tx* and have:

[ )* < (o))" - . (5.12)

where ¢ >0, c = 3 Hp(xk“) —p(xk)”2 if T is averaged (5.6a), and ¢ =~y Hp(xk)H2 if

T is contractive (5.8a).
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Perspective 4: Az = 2% — E [2*].

Lemma 5.9. For a nonexpansive operator I’ on R™ with fixed points, consider the case

k

where ¥ is a random variable. Then the fized-point iteration z*T' < Tx* satisfies:

Var [a:k“] < Var [ajk} —c, (5.13)

where ¢ > 0, ¢ = PE [Hp(:pk)—p(]E [:Ek})‘ﬂ if T is averaged (5.6a), and ¢ =

YVar [2¥] if T is contractive (5.8a).

5.3 Stochastic Nonexpansive Operators and the
Recursive First-order Algorithm

For the parametric fixed-point iteration 21 « T*(2*) = T'(2*,6%), in this section
we assume that at time & both 2% and #* are random variables. Hence the following
notations are used: p|[z] represents the (either continuous or discrete) probability

density function (PDF) of the random variable z; [z|k] denotes the event conditioning

on the historical data {z°6°, ... 6%}, hence:
pi (2] = p [2]2%,6°, ..., 0"]. (5.14)
Furthermore, E.[g(z)] = [, g(2)p[z]d. is the expected value of g(z) over the

random variable z, where {2 denotes the sample space of z, and Var, [g(2)] =
E. [lg(z) — E. [g(z)]”z} is the respective variance of g(z). Finally, z L y indicates z

converges to y in probability.

Lemma 5.10 (Bias-Variance decomposition). For a random variable x € R", Yy €

R™, we have:
E [llz = yI*] = E [ll = E[«]|*] + lly — E [«]]|*. (5.15)

Lemma 5.11 (Preservation under convex combination [11]). The convex combination
T of nonexpansive operators {T;}M ., defined by

M M
T = Z%‘Ti; where a; > 0 and Zai =1, (5.16)

i=1 i=1
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is a nonexpansive operator. Moreover, if at least one of the operators T; € {T;}M, is

averaged or contractive, then T is averaged or contractive.

Remark 5.6. We notice that the E[-] is a convex combination, and this inspires the
main idea behind this work that explores the convergence of the fixed-point iteration

of a nonexpansive operator with uncertainty.

Definition 5.4 (Convex Combination-Invariant (CCI) operators). An operator T'(z) :
R" — R"™ with Range(T") = C is said to be convex combination-invariant if, for all

xa,xp € C and a € [0, 1], we have:
T(axs+ (1 —a)xg) =aTl(za) + (1 — )T (zp). (5.17)

Remark 5.7. Compared with Lemma 5.11, this proposed definition focuses on map-
ping invariance rather than property preservation. Although defined for the two-
weight case, it can be extended to infinite weights in convex combinations (see (5.16))
by successive grouping. Note that the expectation operator E[-] is a convex combi-
nation, playing a pivotal role in Theorems 5.1 and 5.2. Below in Lemma 5.12, we
provide examples of CCI operators relevant to optimisation algorithm-oriented oper-

ator theory introduced in Chapter-Section 2.2.

Lemma 5.12 (Examples of CCI Operators). The following operators T : R" — R”

are convex combination-invariant (CCI) (Definition 5./).

(a) If T = Ax+c is an affine function, where H : R"™ — R™ is linear. For example,
T is the gradient of a quadratic function f(z) = (x,Hx + ¢), T(z) = 0f(x) =
Ve=(H+H")x+c.

(b) If T is a proximal operator (See Example (2.6)[10], [12]):

T(v) = prox,; (v) = arg min <h(:1:) + Ze(x) + % |z — v||2) 7 (5.18)

xT

where A\ > 0, f = h(x) + Zc(x), Oh(x) is CCI (e.g. h(x) = (xz,Hx +¢) is a
quadratic function as in (a)), and Zc(x) is the indicator function of a convex

equality constraint set C : Ax = b.
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(¢c) If T is the projection onto a conver set C. That is, T(v) = projq(v) =

arg min, Z¢(x), where Z¢ is the indicator function.

(d) IfT is the projection onto a affine setC : Ax = b. That is, T(v) = proje. gp—p (v).
Proof. Part(a): Affine mapping T" = Ax + ¢ is CCI since, for all z4,25 € R* D
Range(Az + ¢), and a € [0, 1]:

Alaza+ (1 —a)zp) + (a+1—a)c
=aAzs+ac+ (1 —a)Azg+ (1 — a)c
= a(Azs+¢) + (1 — o) (Azp +¢), (5.19)

satisfying (5.17).
Part(b): For z4,rp € Range(prox,, (v)), a € [0,1] and A > 0,

. 1
T4 = prox, (v4) = arg min (f(xA) + o |lxa — UAHQ) S 0€NIf(xa)+ 24— V4,
T4

1
Tp = Prox,; (vg) = arg min <f(:z:B) + 53 |z — UBH2> < 0€ Nof(vp)+ x5 —vp,

= — (AOh(xa) + 24 —va) € ANc(4), — (NOW(zB) + 25 — vB) € ANc(xp),
(5.20)

where N¢(z) = 0Z¢(x) is the normal cone operator (See (2.47) and Figure 2.7). As
C:Ax—b=0,

Ne(z) = {v|{v,y — ) <0, Vy € C} = null(4)" = Range(AT) = col(AT), (5.21)

with Dom(N¢) = C. As 4,75 € Range(prox, (7)), 4,73 € C. From Definition

2.1 we have:
Mg+ (1—a)zg € C e Ne(axa+ (1 —a)rp) = col(AT). (5.22)
As Oh(z) = Vh(z) = Az + ¢, from (a) we have :
Oh(axa + (1 — a)xp) = adh(za) + (1 — a)Oh(zp) (5.23)
We combine (5.20), (5.21), (5.22), and (5.23) to have:
— a(AOh(za) + x4 —va) — (1 — @) (AOh(zg) + x5 — vp) € Acol(AT)
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= 0 € Acol(AT) + Mi(aza+ (1 —a)rp) +axa+ (1 — a)rp — (ava + (1 — avp))
= prox,; (ara + (1 — a)rp) = aprox,; (z4) + (1 — a)prox,, (zp) . (5.24)
One may also apply Lagrangian duality KKT conditions to solve this problem and

have the closed form (affine) solution.

Part(c): For all 24,25 € C and a € [0, 1]:

pl"Ojc(OéIA + (1 — OZ)IB) Def.:2.1omA + (1 — oz)xB
=a proje(za) + (1 — a) proje(zp), (5.25)

satisfying (5.17).
Part(d): If C: Ax = b, then Vv € R" D Range(proj; (v)),

projc (v) =v— AT (Av —b) = (I — AT A)yv — A™D, (5.26)

where AT is the pseudo-inverse of A [12], [183], is an affine function. Hence it is CCI

with (a). On the other hand, it is a special case of (b) when h(x) = 0, hence CCI. [

Definition 5.5. A stochastic operator T'(x,0) : R" x Qy — R™ is an operator with
a random variable 0 € €y (€ is the sample space of ) as the parameter. The

momentum of a stochastic operator is:
p(x,0) = (T —I)(z,0). (5.27)

A stochastic nonexpansive operator T (z,0) is a stochastic operator, of which the mean

operator :

Tm<$> = E@\x [T($7 0)] (528)

is a nonexpansive operator. If T, is averaged or contractive, we say T is a stochastic

averaged or contractive operator. And the resulting mean momentum is:
Pm(x) = Eogpp [(T'(2,0) — I)(x)]. (5.29)
We define the disturbance d(x, ) of a stochastic operator T'(x, ) as:
d(z,0) =T (x,0) = T, (x) = T(z,0) — Egjp [T, 0)] . (5.30)

124



To show that d(z,0) is zero-mean:
5.28
By, [d(z,0)] = Egp [T, 0) — T (2)] "2 0. (5.31)
We also define the disturbance variance vy(z) of a stochastic operator T'(x,0) as:

va(x) = Eq, [|T(,0) = T(@)|*] = Egpe [ld(z, 0)[*] - (5.32)

Remark 5.8. We may view the stochastic nonexpansive operator as a form of time-
inhomogeneous Markov chain operator, while we focus more on the nonexpansiveness
of the mean operator instead of the transition probability density function. It is worth
noting that the mean operator T,,(z) and the disturbance variance vg(x) are defined

by the expectation operator and are therefore deterministic.

Lemma 5.13. For a stochastic nonexpansive operator T(x,0) : R" x Q — R"™ and a

function g(x) : R" — R", we have:
Eq g [(d(2,0), 9(x))] = 0. (5.33)
Proof. This follows from

B, [(d(2,0), 9(x))] = E; [Eop; [{(d(,0), g(2))]] = Eq [(Bo [d(x,0)], g(x))] = 0.

Assumption 5.1. For the stochastic averaged operator T'(z*, 0%) : R" x Qp — R™,
we conduct the fixed-point iteration z¥t1 < T'(z* 0%), where {#*} has time-varying

distributions. We assume:

(a) (Mean operator convergence) As k — 0o, ||(Tffz - Tﬁf)(m)“z — 0,Vz € R", and

we hereby define 5 as in (5.5) for T)%°.
(b) (Bounded innovation disturbance with unbounded pS°(z))

lim sup vf(«*) "2 lim sup Ege [||T($'“7 0°) — Egrpr [T'(a",6")] ||2]
k—o0

k— o0

=0’ + 7 (dist® (z*, Fix (1)) ) , (5.34)
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in which we bound 7n(-) : [0,00) — [0,00) > 0 as Yz € R™

oo @)I° = (T = D(@)* = (ko + 5%) (dist” (z, Fix(T)))

> (1 + Ci) 5% (dist? (z, Fix(T2))) , (5.35)

n m

where k,(-) is a class koo function and ¢, > 0.

(c) (Conditional independence) For the fixed-point iteration 2**! « T'(z*, 6%): 6*

and 2% are independent conditioning on {z°, 6%, ... 61}
Remark 5.9. Regarding Assumption 5.1:

e In Assumption 5.1(b), in addition to the class x lower bound deduced in Lemma
5.6, we assume the lower bound to be class k.. This will be satisfied, for exam-
ple, if Range(7°°) is a compact set (i.e. If z° € R™, ||pf,f(x0)||2 = [|z! — 20| >

dist? (2°, Range(7°)), which is unbounded).

e In real-world applications, z* is dependent on {z°,6°, ... 6*~1} by the definition
of the fixed-point iteration; 6% as the output from a filter is usually dependent
on {6° ...,0* 1} (e.g. estimates from a low-pass filter); 0¥ may also depend
on {2° ... 2% 1} as for an estimator that collects the input signal from the
controller (e.g. estimates from a Kalman filter). Hence, rather than assuming
{6*} to be i.i.d., Assumption 5.1(c) allows for dependence between x* and 6*

without the condition on {z°,6°,... 6%}

Theorem 5.1. For a stochastic averaged operator T'(z,0) : R™ x Qy — R", for any
specific fized-point iteration process x**! « T(a* 0%), k € K ={0,1,2,..., K — 1},

as k — 00:

(a) If all Assumptions 5.1(a)(b)(c) are satisfied: The Cesaro mean,
L3 e dist® (2, Fix(T2°)), for this fized-point iteration is bounded by Markouv’s
inequality:
2

1 . . g §—00
P—E:d t2 (2 Fix(T>®)) > 6| < —— . .
K 2 ist? (¥, Fix(T;7)) > 6| < T (0) =0 (5.36)
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k
o If 52" =70, we have:

1 . . roon\ P
I Z dist® (¥, Fix(T7)) = 0. (5.37)
kel
(b) If all Assumptions 5.1(a)(b)(c) are satisfied: The Cesaro mean of the transi-

tional expectations,

% ke Var [p(a*,0%)] = £ 57, E [ka“ — a% — E [2FT — o¥] Hz}, is bounded:

1 1

% ZVar [p(2*,0%)] < <1 + @) (1+¢,)a?. (5.38)

(¢) If all Assumptions 5.1(a)(b)(c) are satisfied, and the iteration process becomes
stationary as k — oo, then dist® (E [2*], Fix(T°)) and E [Hp(xk,ek)Hz} are
bounded by

dist? (E [2*], Fix(T;Y)) < &, (11:50% 02) : (5.39)
E [lp(a*, 9] = E[Jle" - ] < (1 n é) (te)e®  (5.40)

(d) If we only know Assumptions 5.1(a)(c) are satisfied, and T>° is a convex com-

bination-invariant (CCI) operator (See Definition 5.4), then

dist? (E [2*], Fix(T2)) "= 0. (5.41)

Proof of Theorem 5.1. Without loss of generality, we locate the origin of the coor-
dinate system in Fix(7%°) (i.e. assume that z* = 0 € Fix(7:°)), where T:° is the

(deterministic) asymptotic mean operator.

k

At time k, since z¥ can be expressed as a function of {2°,6°, ... 61} with

Assumption 5.1(c), P [6¥]z*] is equivalent to P [6%|2°,6°, ... 6*~1]. Hence:

78 (2*) O Byun [T(2*,09)] = Egepey [T(*,08)] . (5.42)

Part 1: To Calculate ||E [¢5"] — 2* 2 (= |E [z*+] ||2 as z* = 0 assumed above

without loss of generality):
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k

At time, k for any possible z* € R", we choose x4 = 2*, zp = z*, and apply

(5.6b) with T (x):
2%, p (2%)) + (1 + By )s(2") +my(2*) = 0, (5.43)

where: % and pF (2F) := (T — I)(2*) are defined according to (5.5)(5.29) for T%;
2 *
sp(@*) = [P @) = [[pn (") — ph(27)

to p¥ (z*) (the momentum of a fixed point); and m(z¥) is the non-negative margin

? is the square error of pk (2%) with respect

that fills the gap of the inequality in (5.6b). We notice that (5.43) is also equivalent

to:

2(E [2*], plu(2")) + 20" = E [2*], pjp (2") — pi(E [2]))

(i)
+2(2* — B [2*] gy (E [2%])) + (1 + B,)s¢(2%) +my(2*) = 0. (5.44)

At time k, for any possible 2* € R", we choose 74 = 2¥, 5 = E [Sl]k] and re-apply
(5.6b) to have:

2(a* — E [2%] , pf,(2%) — pl (B [27])) +(1 + By)se(2") +me(a®) =0, (5.45)

N J/

—(5.49)(3)

where s, (2*) = ||pk, (%) — pk (E [2*]) H2 is the square error of pk (z*) with respect to
pk (E [2*]), and m.(2*) is the non-negative margin that fills the inequality. Combining
(5.45) with (5.44) we obtain:

2(E [2"] , pl (2)) + 2(z" — E [2"] , pk, (E [2¥]))

+ (14 BE)sp (™) + myp(a®) — (14 8F)se(2%) — me(aF) = 0. (5.46)
Taking the expectation E,x;,_1 [(5.46)] on both sides:

2(E [mk} JE [pfn(xk)} )+ 2(E [a:k} ) [xk},pﬁl(E [mk]))

J/

FE[(L4 85/ () + mya®) — (14 85)s.(a) - mo(a)]
I
= 2(E [¢"] ,E [p},(«")] ) + (1 + B1)SF + Mf — (1+ 51,)S¢ — M
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— 0. (5.47)

where S ’]‘?, M ]’f, Sk MPF are defined by taking E [-] of the respective squared errors and
margins in (5.47)(i). We apply the bias-variance decomposition (5.15) to the squared

errors S’j, S* and obtain:

|* + Var [pt, (z9)] (5.48)

= [ o4, («4)] (B [24])]*+E [l (2*) — E [, 2] ]

=A¥ + Var [pf (2], (5.49)

where A¥ := ||E [pk, (a")] —pk, (E [:ck})Ha which is the difference due to the nonlin-
earity of p¥ (z¥). Combining (5.48)(5.49) with (5.47) we have:

2(E [2"] ,E [pk,(+*)] ) + |[E [pk, ()]

= ||E [«*]|]° + M* + AF + 8ESF — ME — gk 5k, (5.50)

With Assumption 5.1(c) and (5.2), we calculate E,x gr [p(z*, 6%)]:

Assump.5.1(c) (5.29)

E,x g0 [p(2*,0%)] E.« [Egk |z [p(z*,60)]] "="E [pk,(z")] . (5.51)

To calculate H]E Bl HQ:

[ [ =

E [xk} + E x gr [xkﬂ — mk]

:p(xkvek)

(5.51)

B[4 + 2 [2] B [ph M) + B [ph ]I

B[] + ME + AF 4 gESE — Mk — gE sk, (5.52)

(5:50)

Part 2: To calculate Var [wk“} =E [ka“ —E [xk“] Hz]:
E [kaﬂ _E [:Ck+1] HQ}
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(5.30)(5. 29)

K g [l b (a) ", 6%) = (B [04] + o [p(a*, 64)])]]

bf@kwwx+mx>+Axe% hﬂ E [ph I

I [ [t 0+ - (E 4B [ o)
=E,» [Eek\xk [”d z*,0%)|| }‘FHSC + (2%)= (B [2"] +E [p, (= )DHZ]
Sl ] (5.53)

:EM@]+EM$H%()([xﬂ%

where E [v§(@)] "2 B gr |[|d(c*, 69||°] = Burgr || T(%,6) — Bapyar [T'(a*,67)] ||’

(542 E, g [HT(I‘k, o) — Egrp_1 [T(a:k, 9’“)} H2], as assumed in Assump. 5.1(b).
At time k, for any possible ¥ € R", we choose 4 = 2*, 25 = E [mk} and apply

(5.6a) to obtain

|2 + k(%) = (B [2%] + p5 (B [2]))||” + BE se(2*) + me(z¥)

= |la* —E ["]|I", (5.54)

where the square error s.(z*) and the margin m.(z") are defined in (5.45). We take

the expectation E,x [(5.54)] on both sides:

E [[J* + b, (%) = (B [2] + phy (B [*]))|*] + 8585 + ag?
—E || —E[*]|"] = Var [+'], (5.55)

where the expected squared error S* and margin MF* are defined in (5.47). We
combine (5.55) with (5.53):

Var [xkﬂ] G [vg(xk)] +E [“xk+pfn(xk)—E [xk] —ph (E [mk])HQ}

W
— ||E [+*] + P} (E [+*]) — E [+, («M)]||”
—AE(5.49)
C2Var [+7] + E [k (a%)] — BESH — AF — MFE. (5.56)

Part 3: To calculate E [Ha:kHHQ} and conclude the proof:
E [[Jo*+*] = Var [*+1] + [|E [o*11]||" = (5.52) + (5.56)
=Var [2"] + ||E [¢* ]H +E [vf(2¥)] — b’fnSf -
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—E |||2"[*] +E [v§(z")] - 858% - M. (5.57)

With Assumption 5.1(a), (TF — T°)(z) "= "29°0, V2 € R", therefore:

IE [*1]|” (5.52) “25° |E [«*]||" + MF + AF 4 528% — MF — 525k, (5.58)
Var [¢**1] (5.56) “=5° Var [¢*] + E [vf(2*)] — 825F - A’; — M, (5.58b)
E o] (5.57) "= E [|o¥]"] +E [uh(a")] - B2} — b, (5.58¢)

e’r~er

where {A}, MF, S, My, St} are defined by replacing pf,(-) in {Af, M}, S¥, M}, S5}
with p°(-). As k — oo, we take the Cesaro mean of (5.58¢), combine this with

Assumption 5.1(b) and obtain:

T 2 (RS + 3~ L) = 1 3 (] - 1))

kek ek
. = > (BS) + Mf —E [vf(a")]) = 0
s
AL hinsup—ZSf = hmsup—ZExk [Hpm )HQ}
o kek 0 kek
n (dist® (z k,Fix(Tﬁf)))
€
2
A hmsup—Z]Exk ko (dist® (2*, Fix(T7)))] < BUT’O' (5.59)

k—o0 bek m

We apply Markov’s inequality to (5.59):

P %Z dist® (z*, Fix(T7)) > 5] <P [% > ko (dist® (2%, Fix(T3Y))) > ke (0)

keK —
% > rec B [/ig (dist2 (x’“, Fix(T;f)))] (529) o2
/ig((s) - 52;)50(5)’

in which (i) applied the linearity of E [-], and this results in (5.36) of Theorem 5.1(a).

(i

(5.60)

Similarly we have:

— ZE k dlst2 k,FiX(T%O)))}

kEIC

5.1( 2 ist? (2F, Fix(T°
M LS e |l - U FED)

kek
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5.59 ) 2
(0<d ) Bm CWU 2

<A (5.61)
Then we calculate the Cesaro mean of the transitional expectation:
% Z Var,« g« [p(a”, 0")]
kek
:l Z Emkﬁk -||p(ajk, 0]{:) - Emk,ek |:p<xk7 6k>] H2i|
K kek i
O LS B [ (a) + (e, 0%) — E [ph )] ]
kelC
1
FLOZ S B ([l 09|+ (95,5 — E [ph )|
kelC
— 1
S? > B e, 0] + = S E [k
kek ) kek
MW L ZE [ (dist? (2", Fix(T))) + ||p,°n°(:nk)H2]
keIC
(5.59) 1 2 (+*,Fi
< 1+ — o+ — Z]E (dist” («*, Fix(T;))) ]
P keic
(5.61)
< (1 i B%’) (1+cy)o?, (5.62)

which proves Theorem 5.1(b).

If the iteration process reaches stationary condition (S.C.) as k — oo, we have:

0°E R [xk“

On the other hand, under S.C., all terms in (5.

(5.58b):
BowSE 4+ AL + MP
LY goo(AF 4 Var,ex [p2 (= >]>+A’5+Mf
= (1+82) |E [p2 ()] - pS(E [4])]|”
s Hpm (E [])]|"

MUY dist? (E [+, Fix(T))
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= k] O R (e + d(at, 0F)] = B [p(a")] .

(5.63)

58) become constant. We focus on

SO R [vS(mk)]

A5.1(b)

< o® 4+ Eu [ (dist® (28, Fix(T)))]
(5.61)
< (4o’
< Ltey o
1+ec
-1 n 2
o’ ), 5.64
< (mwr) oW



which proves (5.39) in Theorem 5.1(c); (5.40) follows directly from (5.38) under S.C.
With (5.37), which follows directly from (5.36) as o? *22° 0, we have proved
Theorem 5.1(a)(b)(c).
If we only know Assumptions 5.1(a)(c), and T2° is convex combination-invariant,
we notice that E[-] is a convex combination and have:

E [o"1] = E [T} ()] "= E [T5 (%)) "7 B [12(")] = 120 (E [24]),
(5.65)
which means as k — oo, the E [:vkﬂ] +— E [xk] performs the fixed-point iteration
under 7. Since T;° is averaged, E [z¥] converges to Fix(T:2°) (See [10], [62], [63]).

This concludes our proof. O

Similar to Theorem 5.1, for a stochastic contractive operator we have the following

results.

Assumption 5.2. For the stochastic contractive operator T'(z*, 6%) : R™ x Qy — R™,
we conduct the fixed-point iteration z*™! < T'(z*, 6%), where {6*} has time-varying

distributions. We assume:

(a) (Mean operator convergence) As k — oo, ||(T% —T;;f)(:zc)H2 — 0,Vz € R",
where T is L-contractive With 72° = 1 — L? defined as in (5.5).

(b) (Bounded innovation disturbance with ||z||*)

limsup E [vS(wk)} 2 \im sup K« gr [HT("Ek, %) — Eg | [T(mk, 9’“)} HZ}
k—o0 k—o0
= o” +n (dist® (2", Fix(T))) . (5.66)

in which we bound 7(+) : [0,00) — [0,00) > 0 as Vz € R™

z||” > (1 + Ci> % (dist® (z, Fix(TY))) , (5.67)

Y m

where ¢, > 0.

(c) (Conditional independence) For the fixed-point iteration z**! < T'(2*, 6%): ok

and 2% are independent conditioning on {z°,6°,..., 61}
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Theorem 5.2. For a stochastic contractive operator T'(x,0) : R™ x Qy — R"™, for any
specific fived-point iteration process x*t1 <« T(x* 0%), k € K = {0,1,2,..., K — 1},

2 18 bounded:

as k — oo, Vz* € Fix(T2°), the Cesiaro mean + > .o« ||z% — 2

1
EZ [* — a*

kel

E

1
2] <O (5.68)
Ym

o [f Assumptions 5.2(a)(b)(c) are satisfied, and the process reaches stationary
condition (S.C.),

|
2} <1tae (5.69)

Vi

E [ka -z

o If Assumptions 5.2(a)(b)(c) are satisfied, and o "22°0, we have:

1
?Zka_x*

ke

E

2] 200, (5.70)

o [fwe only know Assumptions 5.2(a)(c) are satisfied, and T5° is a convex combination-

invariant CCI operator (See Definition 5.4), then

dist? (E ["], Fix(T)) "2 0. (5.71)

Proof of Theorem 5.2. With the discussion in Remark 5.4, we refer to the proof of
Theorem 5.1 to support the following arguments.

Without loss of generality, we locate the origin of the coordinates in Fix(7°)
(i.e. assume z* = 0 € Fix(7°)), where T)° is the (deterministic) asymptotic mean

operator.

Part 1: To calculate E [”xk“Hz]: At k, for any possible x*:

ITh ) =P P27 o = | = [l = gty
= ITh GO =17 = 4 = s a)

= E [m@k)ﬂ —E [Hw’“IIQ] — kR [Hw’“lﬂ — MY, (5.72)
where M = E [my(«")] is the margin with respect to the fixed-point set of T0%.
E [« =B |7, 4] =" E || Th@") + da*,69)])
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8 B ) e ]
(5.33)A.5.2(c [HTk H ] +E [Hd(z ,Qk)H ]
(5.72)A.5.2(5.32) [H d ] —7*E [kaHQ} — My§ +E [vf(a")] . (5.73)

Part 2: Concluding the proof. With Assumption 5.2(a) we have (T —T°°)(z) "2°0

Va € R", therefore:
B [l 1F] (5.79) 2 B [t ] + B o) — o8 [Jo*]] - 315, (5.740)

where {A¥, M}, S¥ My, S5} are defined by replacing pf,(-) in {A¥, M}, S¥, My, S§}

with p2(). As k — oo, we take the Cesaro mean of (5.74a), combine this with

Assumption 5.2(b) and obtain:

i Z( S [[la#7] + M —  [oheh)]) "= = 3 ( [[l41F] - e+ ]

kek
= %Z (fyf,f]E [kaHQ} + M}“ —E [vfj(xk)D 200,
kek
k : 00
A52(0) hmsup 1 ZE [”ka } < a_oo L1 ZExk n (dist” (z ;Ole(Tm )))
k=00 kelC Tm kelC Tm
(5.75)
We take the Cesaro mean of i (dist* (z*, Fix(T2))):
— ZEM dlst2 zF, le(Tﬁf)))]
K
A5 (b k e (770
2 va CE. ”ka B n (dist® <$7;OFIX(Tm )))
k:elC m
(5.75) ~/© 2
S % — C770-2‘ (576)
Therefore from (5.75) we have:
o? n (dist® (2%, Fix(T)))
hms{gp—ZE[ka” ] ST‘; EZExk e
kek kek
(5£6) %027 (577)

135



which proves (5.68). Finally (5.69) and (5.70) follow directly from (5.68) as o "200
under the assumption of stationary conditions as k — oco.
If we only know Assumptions 5.2(a)(c), and T2° is convex combination-invariant,

we notice that E[-] is a convex combination and have:

E [z"1] = B [TE (2%)] P27 B [T (%)) “=5° B [T20(a%)] P2 T (R [24]),
(5.78)

which means as k — oo, the E [xk’“] +— E [ack] performs the fixed-point iteration
under 72°. Since T2 is contractive, E [2*] converges to Fix(T}°) (See [10], [62],

[63]). This concludes our proof. O

Lemma 5.14. For a composite stochastic operator
Tc(a:,HA,HB) = TB(TA(,CL’,(QA),HB)Z R™ x QQA X QgB — Rn,

where 04 € Qy, and Op € Qq,, are random variables, and Ta(x,04) and Tp(x,0p) are

stochastic operators, we have:
(a) If both conditions hold:

(i) for any 04 € Qy,, the operator Tx(x,04) is nonexpansive;

(1i) T g(x) = Eg, 2 [T(z,08)] is nonexpansive,

then To(x,04,08) is a stochastic nonexpansive operator; that is, T, c(x) =

Eg, 051z [Lc(z,04,05)] is nonexpansive.
(b) In addition to (a), if either

(i) for any 04 € Qy,, the operator Tx(x,0,) is averaged (or contractive);

(ii) Tp, g(x) is averaged (or contractive),

then To(x,04,0p) is a stochastic averaged (respectively, contractive) operator;

that is, Tyc(x) = Eg, 051 [Tc(x,04,08)] is averaged (respectively, contractive).
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Proof. To show this, note that
To(x,04,08) = T (Ta(x,04),05) "= Tpp(Ta(z,04)) + dp(z,05)

Y Tcl@) + dpa(z,04) + dg(z,05), (5.79)

where, in (%),

Tm,C/'(x) = ]E9A|l‘ [TWB (TA(ZE’GA))} :

Part (a). By the assumptions and the properties of composite nonexpansive opera-

tors [11], together with Lemma 5.11, the operator T, () is nonexpansive. Moreover,

Eo,.0502 [dpa(x,04) + dp(x,05)] = Eg,p2 [dpa(x,04)] + Egye [dp(z,08)] = 0,
(5.80)

implying Eg, o412 [Tc(®,04,08)] = Tmco(x). Hence, Te(x,04,0p) is a stochastic

nonexpansive operator, which proves (a).

Part (b). If either Ta(x,04) or T, g(x) is averaged (or contractive), then by the
properties of composite nonexpansive operators [10], [11], the operator T, c(z) +
dpa(x,04) is averaged (or contractive). Applying Lemma 5.11 to the convex combi-
nation Eg,|, [T m.B (TA(:I:,HA))} , we conclude that T, o(x) is also averaged (or con-
tractive). Therefore, T-(x,04,05) is a stochastic averaged (respectively, contractive)

operator, proving (b). ]
Theorem 5.3. For a composite stochastic operator
To(2,04,05) = Tp(Ta(z,04),08): R" x Qg x Qy, — R,
we have:
(a) Suppose both:

(i) for any 64 € Qq,, the operator Tx(x,04) is nonexpansive;

(ii) the operator T, g(x) = Egp e [T(2,0p)] is nonexpansive,
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then the following inequality holds:

(1 +ﬁm,B) ||(Tm,C _Tm,B Tm,A) (x)H2 + ﬁm,B (b(fl?) + Ud,BA(x) S Ud,A((x>7 )
5.81

where ¢(x) = Eg,), [H(dBA - dA)(a?,QA)”Q] s vapa(t) = Egp. [[ldpalz, 9A>||2} ;
and vga(x) = Eg o [HdA(.r,HA)HQ} are defined according to (5.32), and By >

0 is the coefficient of averagedness from (5.5).
(b) In addition to (a), if
via®) = oo [lda(z.02)7] "5 0,
then we have

(T (@) = T T a) (@) "5 0, (5.82)

vapa() = Eoyp [ldalz,04)]7] 5 0. (5.83)

Proof of Theorem 5.3. Consider the composite stochastic operator
Tc<l’,0A,QB) = TB(TA(I,QA),QB) R™ x Q@A X Q@B — R"™.

If (i) for any 04 € Qy,, the operator T4(z,0,) is nonexpansive, and (ii) the operator
TonB(x) = Egpe [ITB(x,0p)] is nonexpansive, we let 4 = Tu(x,04) and x5 = T;, a(2).

By applying (5.5) to 1), g, we have

B | Ton5(Ta(2.04)) = T (T () — (Ta(,04) = Twoa(@)|* (5.84)
T3 (Ta (2, 0.4)) = T (Tt (1) < I Ta(,04) = T a ()|

805 (Toc: = T 5Ton,a) (@) + (A — da)(,00)]
+ 1(Tomc: = Ton8Ton, 1) (@) + dpa(,04) |7 < [|da(e, 0)]

5.33
20+ Bos) 1(Tonc: = T 5T ) (@) + Bon5Eo 1o [1(da — da)(, 04)]°]

+vgpa(r) < vga(z), (5.85)
which proves (a). Finally, by applying this inequality under the condition vy 4(z) koo
0, we obtain (b). O
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5.3.1 Recursive fixed-point method

In practice, when designing a decision making system (e.g. a feedback optimal con-
troller), one must solve an online optimisation problem with uncertain parameters for

the control inputs.

ok k1
—— Estimator — Optimiser — 17—

Online decision-making system

Figure 5.1: Feedback controller as an online decision-making system

As illustrated in Figure 5.1, the estimator recursively computes the uncertain pa-
rameter 9 required by the optimiser, based on plant measurements m* and other
inbound signals. With an MMSE (Minimum Mean Square Error) estimator intro-
duced in Chapter 2, we have

0" = Egrpur [0"]

(i.e., the Bayesian posterior mean), and it typically takes time for Var [6’“] to decrease
to sufficiently small values. Meanwhile, the optimiser solves an online optimisation
problem for the next control output z**!, which is required by the estimator, the
plant, and external subsystems. However, due to limited computational capabilities,

the optimiser can only produce a suboptimal solution.

Algorithm 5.1 Recursive fixed-point method

Input: 2°

Repeat:

1: Receive the most recent parameter estimate o
9: ghtl «— T(a*, GF)

3k k+1
4

. Output xF+!
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For first-order optimisation algorithms formulated as fixed-point iterations of non-
expansive operators, and applying the stochastic nonexpansive operator theory pro-
posed in this chapter, we propose the following recursive fixed-point method (Algo-

rithm 5.1). In Step 2, instead of
" Fix(T (2", ék)),
we perform only a single fixed-point iteration
zFH T(mk, ék)

and then output the result. From Lemma 5.11, any convex combination of aver-
aged (or contractive) operators remains averaged (or contractive). Consequently, the
stochastic mean operator

Eoejor [T (2", 6%)]

is also averaged, since, for each realisation of 6%, the first-order step T(xk, «9’“) is typ-
ically averaged (as it corresponds to solving a convex optimisation problem specified
by that particular realisation of 6%).

Theorems 5.1 and 5.2 establish convergence in probability when Var [9’“} con-
verges, under the respective averaged or contractive settings. Theorem 5.3 then treats
the case of composite operators, encompassing first-order algorithms with operator
splitting methods. In the next section, we present a numerical study to verify whether

this algorithm produces reliable results.

5.4 Numerical Study

This section presents a numerical study on the convergence of Algorithm 5.1. The

following quadratic programming problem is considered:

minimise §<x, Hz) + (c,x),
subject to Az < b,

Ez =d, (5.86)
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where x € R” is the decision variable, H € R™" > 0, and ¢ € R" define the
quadratic objective function. The parameters A € R™*" b € R™, E € R?" and
d € RY represent the inequality and equality constraints. We set n = 20, m = 40, and
g = 1. The matrix A and vector b are deterministic, defining box constraints such
that z; € [—10, 10] for all 7.

The parameters ¢, F/, and d are random variables with nominal mean values sam-

pled as ¢ E,d

8'LU'L

N(0,1), where X “X" D indicates that each element of X is
independently drawn from the distribution D (i.e., &, Ej,d; ~ N(0,1),Y4,7,k,t).
The matrix H is also random, constructed to satisfy H = VAVT > 0. Here, V is a
deterministic orthogonal matrix, chosen as the orthonormal basis for col(B), where
B X" N(0,1). The diagonal matrix A = diag(]) is defined such that \; = ||s;]|, with
si ~ N(0,1) for ¢ > 0.5n, and \; = 0 for ¢ < 0.5n. This eigenvalue configuration
ensures the quadratic objective is not strongly convex.

To solve this problem, we estimate the random parameters § = {H, ¢, E,d} at
each iteration, obtaining {H*,c* E* d*} (i.e., 6% in Algorithm 5.1). The projected
gradient method (2.68) is adapted for Algorithm 5.1 as follows for all k:

1 T(a*,6%) = proje (2" — a(H 2" + ), (5.87)

where C* is the feasible set defined by {A* b* E* d*}, a = 1/max; \; is the fixed
step size, and T'(x, 0) is the projected gradient operator parameterised by 6.
We consider three noise modes and two options for sampling the realisations of

the random parameters H, ¢, I/, d at each iteration, described as follows for all k:

(HF, kR gey Y g e BLdY 4+ (Vek VT, 6 ok, kY, (5.882)
e eddreny) VIA+0%|VT (] -] takes elementwise absolute values),

(b, BF dy ) e Bay ok, ok, 6k}, (5.88b)

Mode 1: {6k, 0%, 6%, 6k} = Cok=/2{Cy diag(sh), s*, 5%, sk}, (5.88c¢)

Mode 2: {0k, 0%, 6%, 0k} = Coe */2C{Cy diag(sh), s¥, 5%, sk, (5.88d)

Mode 3 :  {0%,0%, 6%, 05} = Co{Cy diag(sh), s*, sk, sk}, (5.88¢)
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where {sk, 5% 5% sk} XY N(0,1), and Cyy, Cy, C,, C. are scalar constants. The con-
stant Cy scales 6%, as the problem is sensitive to the quadratic term of the objective.
The option “-b (add+abs)” ensures H* = 0 in most cases, whereas “-a (add-only)”
allows H* to be indefinite but maintains E [H k] = 0. However, the “-b (add+abs)”
option slightly shifts E [H] away from H due to the adjustment |A +6%|. Mode 3 pro-
duces random noise with constant variance, while Modes 2 and 1 generate diminishing
noise with polynomial or exponential decay rates, respectively. We do not verify the
feasibility of C*, as it is generally guaranteed.

Simulation results are benchmarked against the optimal solution 2* € Fix(7T'(x,)),
obtained by solving the deterministic optimisation problem with # = {H, ¢, E,d}. The
optimal objective value is f* = f(z*) = 1(z*, Hz*) + (¢, 2*). Two types of normalised
error functions are defined:

_ @) = @)
TS

In addition to the iterates {z*} generated by (5.87), we compute {z* | 7% € Fix(T*)},

[l — 7]

2
[Eal

ez (1) 1= (5.89)

er(z) :

where T% = T'(z,60%). The resulting error metrics are denoted as e’fc tors € stors e’} Fix(TF)’

and eF

v Fix(T)? respectively.

5.4.1 Discussion of results

Figures 5.2 and 5.3 present the simulation results under different noise modes, with
fixed parameters {Cy, Cy} = {0.1,0.2}. In all cases, some degree of convergence is
observed. However, in Figure 5.2, the iterating problem is nonconvex' due to the
indefinite nature of H* when additive-only noise is applied to the zero eigenvalues of
E [HY].

This behaviour can be explained by the proposed framework, as the iterating

gradient-projection operator

Tap(2,0) = projec-1 (2) — a(H*(proje-1 (2)) + CF) (5.90)
IFor this reason, e’;Fix(T,c) and e’;’Fix(Tk) are not calculated in Figure 5.2.

142



Convergence Plot for f at add-only Cy = 20%
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Figure 5.2: Convergence plot for add-only Cy = 20% with different noise convergence
rates.
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Convergence Plot for f at add+abs Cy = 20%
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Figure 5.3: Convergence plot for add+abs Cy = 20% with different noise convergence
rates.
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is a stochastic nonexpansive operator, as defined in Definition 5.5 (i.e., Eg|. [Tgp(z, 0)]
is nonexpansive).

In both figures, as the noise mode transitions from Mode 3 to Mode 1 (i.e., from
constant to diminishing noise with faster convergence rates), convergence is observed:

to finite errors in Mode 3, and to small values in Modes 2 and 1. For fast exponen-

k

x,iter

tially decreasing noise (Mode 1-a, C, = 10), the convergence rate of e reaches its
maximum, overlapping with that of the no-noise case.

In Figure 5.3, this is particularly evident in Mode 1-b (C, = 10), where it can be
seen that {e?’Fix(Tk), e’;’FiX(T,ﬂ)} rapidly converges to zero, but {e’;iter, €k e | CONVETZES
at a rate comparable to the case without noise. An intriguing observation in Figure 5.3
is that, over time, the plots of {e% ... €% .} fall below those of {e’;Fix(T,ﬁ), e’;’Fix(Tk)}
for cases with slow or non-diminishing noise (Modes 2-b and 3-b). This implies that
the iterates x* generated by (5.87) outperform #* € Fix(T'(x, %)), which represents
the optimal solution to the optimisation problem using the most recent realisations
of the uncertain parameters.

This phenomenon of “advantage over perfectionism” can be explained by the ob-
servation that ¥ consistently overshoots the time-varying Fix(T*), whereas the fixed-
point iterate 2* benefits from: (i) the nonexpansiveness of T, yielding more stable

iterates, and (ii) avoiding overshoots by iterating only one step to approach Fix(T*%).

To investigate this, we perform additional simulations to compare {e?iter, eﬁ’iter} and

{el;,Fix(Tk)’ e];7Fix(T’“)} for different values of Cy and Cx under noise Mode 3-b. The
results are presented in Figures 5.4, 5.5, and 5.6.

The aforementioned phenomenon is more pronounced in Figures 5.4(b), 5.5(b),
and 5.6(b) compared to Figures 5.4(a), 5.5(a), and 5.6(a). This can be attributed
to z*, in its full dimensionality compared to f(z*), leveraging the advantages of the
nonexpansiveness of T*.

When comparing the plots with increasing Cy (i.e., from Figure 5.4 to 5.5 and
5.6), both {e’}7iter,e’;7iter} and {6?,Fix(T’€)’eI;,Fix(T’€)} demonstrate sensitivity to noise

in the quadratic objective, as discussed earlier when defining C'y. However, Figure 5.6
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Convergence Plot for f at add+abs Cyg = 0%
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Figure 5.4: Convergence plot for add+abs Cy = 0% with different constant noise
levels.
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Convergence Plot for f at add+abs Cy = 20%
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Figure 5.5: Convergence plot for add+abs Cy = 20% with different constant noise
levels.
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Convergence Plot for f at add+abs Cy = 100%
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Figure 5.6: Convergence plot for add4+abs Cy = 100% with different constant noise
levels.
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reveals that the proposed algorithm further exploits the aforementioned advantage
for larger values of C'y.
To investigate the sensitivity of the proposed algorithm to different noise levels,

we define the following fixed-point iteration:
aktl e T (ah), (5.91)

where T2 is the estimated Egrj, [T'(z,6%)] (the mean operator defined in (5.28)) as
k — oo. For constant noise (Mode 3-a), the random variables {#*} are i.i.d., implying

TF =T =T, for all k. Thus, we estimate T;?f using the ensemble sample mean:

T () — Ni Z T(x, 0li]), (5.92)

where {0[i]}*, are N, independent random samples of #*. From Theorems 5.1 and 5.2,
it follows that 2* is distributed around Fix(7), and at stationarity, dist® (E [2*], Fix(T°))

is bounded.

e

We perform the iteration (5.91) until convergence to ensure x converges to

m

zr,, providing an estimate of z¥, € Fix(7:°). Empirically, convergence is achieved

2/ 1la*|1?, requir-

m

when the residual |24 — x’;lHQ / Hx%ﬁ falls below 0.1% ||z, — 2

ing fewer than 1000 steps of (5.91) even with Cy = 10%. The iteration starts from
10 = 2* € Fix(T(x,0)), with N, = 1000 independently drawn samples at each k.

In Figure 5.7, we plot the errors of the estimates {2 } under different constant
noise levels of Mode 3-a on a log-log scale and observe a strongly monotonic relation-
ship. By comparing Figure 5.7(b) with Figure 5.7(a), we observe that z is more
sensitive to Cy than f(&7F)).

This observation can be attributed to the previously mentioned advantage of the
proposed algorithm: by updating only one step per iteration of T*, it leverages the
nonexpansiveness of T* while avoiding overshooting Fix(T%).

We recognise the open question of whether x}, € Fix(Eg, [T(x,0)]) is a viable
solution, potentially surpassing the benchmark z* € Fix(T(xz,E[6])). In practice,

our algorithm conserves computational effort by performing only a single iteration

149



Sensitivity Plot for f(Z7))
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per T* thus avoiding any waiting period for parameter noise convergence. At the
same time, it capitalises on the most recent realisations of the uncertain parameters
and leverages the iterative stability provided by the nonexpansiveness of T%. These

observations suggest that x}, € Fix(Eg, [T'(x,0)]) is indeed a viable solution.

5.4.2 Summary of numerical study

This numerical study examines the performance of the proposed online algorithm in
solving a random quadratic programming (QP) problem under various noise modes.
We consider random parameters § = {H, ¢, E/,d} and assess the algorithm’s iterates
{x*} alongside the fixed-point solutions {#*}, where each 7* solves the optimisation
problem with the most recent realisations of the uncertain parameters.

Our results indicate that, even with indefinite matrices H* (Mode “-a”), the al-
gorithm achieves notable convergence. In certain scenarios, z* outperforms #*, high-
lighting an “advantage over perfectionism.” This occurs because updating x* by
one step leverages the nonexpansiveness of T'(x,#) while avoiding overshoots toward
Fix(T(x,0)). Additional simulations demonstrate the algorithm’s robustness under
diminishing noise (Modes 1 and 2) and constant noise (Mode 3). We further estimate
the mean operator 7)5° by averaging multiple samples of 6 (5.92) and observe bounded
convergence around Fix(7)%°). Moreover, increasing the scaling factor Cy amplifies
the algorithm’s sensitivity to noise in the quadratic objective. However, a larger Cy
may also enhance the previously mentioned advantage, allowing =¥ to remain stable
relative to ¥. Overall, the numerical findings confirm the effectiveness and robust-
ness of the proposed approach in the presence of uncertain parameters and varying

noise levels.

5.5 Conclusion

This chapter introduces a framework for analysing convergence and robustness in
averaged operators under stochastic uncertainty. We describe the novel concept of

the stochastic mean operator to characterise stable fixed-points of uncertain operators
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parametrised by estimated parameters. The proposed recursive fixed-point method
reduces computational demands by replacing full optimisation steps with a single
step per estimated parameter while maintaining convergence guarantees. Numerical
studies demonstrate the algorithm’s robustness across various noise conditions and
highlighted the “advantage over perfectionism”, where the proposed method under
limited computational resources outperforms time-varying optimal solutions. These
results validate the framework’s effectiveness and practical relevance for optimisation
problems with uncertain parameters.

Future research will focus on applying this framework to specific problems and
solvers, for which tighter bounds on uncertainty are available. A promising direction
to investigate is whether, in problems that do not satisfy the combination-invariance
condition proposed in this chapter, the error relative to this condition can be used
characterise the mean values of iterates. This would allow more practical sample

mean-based methods to be applied as proper estimations of the stochastic result.
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Chapter 6

Conclusion and Outlook

This thesis provides a deep investigation into the first order optimisation algorithms
under the uncertainties induced by asynchrony (Chapter 3) and parameter estimations
(Chapters 4 and 5). In Chapter 5 we propose a general framework of stochastic
operators and consequentially the recursive fixed-point method which solves online

optimisation problems with uncertainty.

Asynchronous ADMM via a Data Exchange Server

In this work, a decentralised asynchronous communication and update protocol is
introduced, leveraging the ADMM to address a convex optimisation problem, which
involves two sets of local cost functions and constraints with local coupling consen-
sus. The algorithm proposed in this study has some features in common with [15,
Algorithm 4], which employs a centralized aggregator to oversee data exchange and to
perform parts of the primal and dual variable updates. However, notable distinctions
are present: in our formulation we introduce a data server operating on independent
clock cycles to manage asynchronous data exchanges among agents—this is purely a
data handling role with no computational involvement. Additionally, our approach
employs local consensus blocks in lieu of a singular common consensus and utilises a
vectorised augmentation parameter as opposed to a scalar one.

The numerical study of this work shows the convergence of the proposed algorithm
with varying asynchrony parameters, and suggests that the theoretical bounds are

somewhat conservative. Hence future work will focus on tightening the sufficient
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conditions of our approach. A comparison with [15] is also provided which emphasises

the key bipartite structure of the proposed algorithm.

Optimisation with Parametric Uncertainty

In this work we exploit the inherent robustness of solver iterations to devise an ADMM
algorithm with parametric uncertainty (ADMM-PU) for the following distributed
optimisation problem with uncertainty:

min  f*(x) + g(2), subjectto x—2z=0,

T,z

where

- 1
F ) = f(z) —|—If}c($) = §xTQx +cTx —|—If}c(a:), Ff: Az < b+ Dp",

in which f* g : R® — R U {+oc} are convex, closed, proper functions. Let g(z) =
9(2) + Irg(z). § : R" — R is convex and continuous, Ff,F, C R" are convex
constraint sets, and Z¢(z) is the indicator function of a set C.

At each iteration, our approach uses the most recent estimate p* to replace the
unknown parameter p by replacing the uncertain function f with its corresponding
estimate f*. Our approach is applicable more generally to first order methods that
can be expressed as DRS methods. If the solver iteration can be expressed in the
form of a DRS operator, then, under two groups of assumptions, we show the so-
lution estimate necessarily converges to the solution of the reference deterministic
problem with p¥ = p. The first set of assumptions assumes bounded feasible sets for
the time-varying part (f*) of the problem, a [;-norm stable estimator driven by a
finite /;-norm noise sequence, and no overlap between the normal cones of the con-
straint sets as p¥ = p. The second set of assumptions assumes a compact overall
feasible set, an estimator that guarantees O(1/k) variance convergence, and no over-
lap between the normal cones of the constraint sets for all p¥. Apart from the two
main convergence theorems, this chapter provides several additional subsidiary re-

sults: firstly, the above-mentioned problem can be formulated as a DRS applied to
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the reference time-invariant problem with a bounded piecewise affine residual; sec-
ondly, the work provides conditions that guarantee the boundedness of the set of the
optimal dual variables; thirdly the work points out and investigates the convergence
of the time-varying nonexpansive operator and thus motivates the following chapter,

which generalises the result with a framework of stochastic nonexpansive operators.

Online optimisation with the Recursive Fixed-point method: A framework
of stochastic nonexpansive operators

This chapter develops a general framework of stochastic nonexpansive operators to
analyse convergence and robustness in optimisation algorithms involving parametric
uncertainty. By interpreting the iteration as an averaged nonexpansive operator, we
introduce the concept of the stochastic mean nonexpansive operator and the resulting
fixed-point set, which represents the overall stable point. This framework accommo-
dates non-i.i.d. and finite variance parameter noise, providing convergence bounds for
the first and second moments of the iterates.

A consequent recursive fixed-point method is proposed, where a single iteration
of the parameter estimator replaces the multiple steps that would be required for
estimator to converge to an accurate estimate. As a result we consider solving the
optimisation problem parametrised by time-varying parameter estimates, thus signif-
icantly reducing computational effort. The stochastic mean operator is shown to re-
main averaged, ensuring convergence in probability if the parameter variance Var [Gk}
vanishes asymptotically, and allowing the derivation of Markov bounds when Var [0’“}
converges to finite bounds. Composite operators, such as those arising in first-order
optimisation methods with splitting methods, are also addressed, further extending
the framework’s applicability.

The numerical study evaluates the algorithm’s performance on random quadratic
programming problems under varying noise conditions. Results demonstrate that the
proposed method achieves convergence and robustness across different noise modes.

Notably, an “advantage over perfectionism” effect is observed, where the algorithm
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outperforms time-varying optimal solutions by leveraging nonexpansiveness and avoid-
ing overshoots. Simulations confirm stability and effectiveness even with temporary
non-convexity and non-diminishing noise, validating the framework’s practical rel-
evance in noisy optimisation settings. A Monte-Carlo sampling method is used in

order to verify the existence of the fixed-point set of the stochastic mean operator.

6.1 Future research directions
Model the asynchrony with the proposed stochastic framework

In Chapter 3 we use a deterministic approach to bound the uncertainty of the asyn-
chrony by the strong convexity of part of the cost functions. In [17], [175]-[177],
asynchrony-induced uncertainty is investigated in the context of the distributed op-
timisation problem min ) . f;(z) with randomised Mann iteration [17], [L77] applied
to ADMM [17], a primal-dual method [175] or to projection gradient method [176]

which is as follows:

2F b — aV fi(a¥) (6.1a)

1
gt ok (6.1b)
m

which is a special form of the projected gradient method with projection onto the
affine constraint set z; = wx;, Vi,j. In [17], [L75]-[177], convergence is proved via
the scaled norm ||| - ||| introduced in [17], [177], when 2 is missing and replaced
by zf_l due to probabilistic asynchrony. To apply the concept of stochastic mean
operator proposed in Chapter 5, we can explore the case where constraints other
than x; = x;, Vi,j are included for problems with constrained objectives. On the
other hand, instead of using zf‘l as the replacement for a missing update 2¥, we can
use an estimate of Vf;(z%) to replace the gradient step (i.e. zF « z%F — aV f;(z*))
and provide convergence bounds.

Apart from the projected gradient method, which is a forward-backward splitting

(Example 2.8), we may also investigate the convergence under both the asynchrony

and parametric uncertainty of other splitting methods such as the Douglas-Rachford
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splitting and the ADMM algorithm introduced in Chapters 3 and 4 to solve problems

with non-smooth objectives.

Tighten the bound for the convergence of the mean value

We proposed the concept of convex combination-invariance (CCI, see Definition 5.4)
in Chapter 5, focusing on the specific stochastic expectation invariance for fixed-point
iterations by emphasising the example of projection onto a convex set operator which
is not affine but convex combination-invariant (CCI) given that the input is already
inside the convex set.

From the numerical study of Chapter 5 we observe that, under stationary condi-
tions, the offset ||+ >, #% — i"jnHz/Hi"jnHQ can be as small as 107, where + >, z*
is the Cesaro mean of z*. Hence a possible future research direction is to investi-
gate the convex combination-invariance offset of the mean operator with the aim of
tightening the bounds on dist? (E [:v’ﬂ , Fix(T, 7ff’)) under stationary conditions when
E [¢%] = E[T°(a")] is guaranteed. The QP example described in this numerical
study would be a good starting point for this work, since the gradient is affine and
for each active constraint set the projection is also affine.

Apart from the CCI property with respect to the iterates z*, another possi-
ble research direction is to study the CCI property with respect to the param-
eter @ for the stochastic operator T'(x,6). This could lead to useful bounds on

dist® (Fix(T(z, E [0])), Fix(Eq|, [T(z,0)])).
Provide a numerical analysis of the “advantage over perfectionism” effect

In Chapter 5, the numerical analysis reveals the “advantage over perfectionism” effect,

characterised by:

k k
€. iter < e:(:,Fix(Tk)7 (62)
where e’;iter and e’;,Fix(T,@) denote the error of the recursive fixed-point iterates and the

error of the iterating fixed points, respectively. We therefore propose the following

conjectures:
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e Var [¢"] < Var [Fix(T(z,6*))], suggesting that our proposed recursive fixed-

point method outperforms the exact solutions to the iterating problems.

e Compared to Fix(T(z,E [6*])), the fixed point Fix(E,js [T'(z,0"%)]) serves as a

more appropriate benchmark for the overall coupling problem.

To investigate these conjectures, we intend to develop a theoretical analysis of this
newly observed effect, potentially reshaping our understanding of coupled decision-

making systems.

Discuss the convergence rate and noise gains of the closed-loop system

In Chapter 5, we analyse the case of “one estimation step followed by one optimisation
step” for Algorithm 5.1. As observed in Figure 4.1 of Chapter 4, the optimiser
eventually “catches up” to the convergence rate of the estimator. This motivates an
investigation into the convergence rate of the coupled system and the development
of a framework to optimise the step ratio between the estimator and the optimiser.
Such a study also characterises the convergence behaviour of the recursive fixed-point

method from the initial condition to the asymptotically stable state.

Plant EE—
ok kt1
*—> Estimator — Optimiser >
m

Online decision-making system

Figure 6.1: Closed-loop system.

Additionally, Chapters 4 and 5 propose robustness analyses of the noise gain from
6% to 1. We are particularly interested in quantifying the noise gains of the closed-

loop system. For instance, by applying the small-gain theorem, we can analyse the
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loop gain of the system, provided that an appropriate model of the controlled plant

is available, as illustrated in Figure 6.1.

Investigate the performance of the recursive fixed-point method applied
to real-world systems
In recent years, Al-based estimation algorithms have emerged, often leveraging sta-
tistical inference through neural network models. These approaches typically produce
uncertain estimates and are widely adopted in industries involving pattern recogni-
tion from visual or linguistic inputs. We plan to explore such applications and assess
whether these algorithms can be enhanced via the recursive fixed-point method pro-
posed in Chapter 5.

Recent developments in data-driven control theory [184] offer frameworks for mod-
elling system dynamics, observers, and controllers directly from data. We aim to con-
tribute to this growing field by integrating the recursive fixed-point method within

the data-driven control paradigm.
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Epilogue

During my years in Oxford, I experienced numerous life-changing moments, includ-
ing the global pandemic and the unexpected virality of my name—a rare Chinese
name—becoming a tag in a meme that amassed billions of views online. I am deeply
grateful for the unwavering support of my family and my supervisor, Prof. Mark
Cannon, especially during many dark and challenging times. I also thank my col-
lege (St Peter’s), the University, the NHS, my dear friends, and countless strangers
who offered their kindness and help. I am indebted to the professors whose critical

feedback has honed my academic judgement to a top-tier standard.

—— Estimator —> Optimiser — 71—

Online decision-making system

Figure 6.2: Online decision-making system.

Surviving this DPhil journey has required considerable philosophical reflection.
These contemplations contributed to the development of the recursive fixed-point
method illustrated in Figure 6.2. I share below the most essential principles that

emerged from this process:

1. Every intelligent agent! can only experience its own inner stream of subjective

L An organic or inorganic being capable of logical reasoning.
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thought?.

2. Every intelligent agent interacts with others through input/output devices—via

objective measurement and actuation®.

3. Every intelligent agent perceives only the “present moment”?.

This thesis bears the subtitle: *Iterate to minimise the uncertain gap between ra-
tionality and reality*—a philosophical reflection of the proposed algorithm. I believe
this principle resonates beyond engineering, extending into the meaning of our lives.

I wish you all the very best, wherever and whenever you may be, as you read this

final line.

2 Analogous to the iterating variables m*, ék, and zF*1 in Figure 6.2.

3 Analogous to m* and 2**! in Figure 6.2.

4The sensations of “past” and “future” are reconstructions and predictions occurring in the
present. Variables mF, ék, and zFt! in Figure 6.2 are updated at each iteration.
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