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This project is motivated by Siemens’ desire to improve the efficiency of their steam

turbines. Siemens has developed a software called 3dv1d which tests a theoretical steam

turbine design both for efficiency and practicality. By using 3dv1d to define black

box objective and constraint functions, we can find optimal steam turbine designs by

applying mathematical optimisation software.

We begin by investigating the optimisation algorithm currently used by Siemens,

which is known to yield good steam turbine designs for Siemens even though it does

not converge to a point which satisfies optimality conditions. This investigation reveals

that this algorithm fails because the efficiency function is not continuously differentiable.

Since the algorithm currently used is a smooth optimisation algorithm, this means its

failure follows from the fact that it is not suitable to the problem.

Next we explore the literature for existing non-smooth optimisation (NSO) algo-

rithms which may be suitable for solving the problem. We identify one of these as being

most applicable, and test its effectiveness only to find that it runs too slowly to be useful

in practice.

Our continued exploration of the topic of non-smooth optimisation led us to the

particular topic of exact line search for non-smooth optimisation, and more specifically

non-smooth 1D optimisation. Here we have noted that many of the objections to using

ELS do not apply in the context of NSO. Moreover, while the topic of 1D optimisation

has been well developed, there is a surprising absence of any algorithm capable of robust

super-linear convergence when applied to 1D NS functions. Our main contribution to

mathematics through this project has been to construct a new algorithm to fill this

void.

In addition to this, we have also addressed the larger problem motivated by Siemens:

to robustly locate local optima for functions like that implied by 3dv1d. While not being

as rigorous as in 1D optimisation, we have constructed a heuristic for the purpose of

solving problems like Siemens’ which we demonstrate both to perform robustly and

often find the best known solution.
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Chapter 1

Introduction

1.1 Introduction

As of the year 2015, more than 80% of the worlds electricity was generated using fossil

fuels [3, p. 4]. In order to harvest this electricity, the fuel is burnt to create thermal

energy, which is then converted into electricity by use of a steam turbine. While turbines

are used mainly in the context of fossil fuels, they are also applicable to geothermal and

nuclear power, both of which also convert thermal energy to electricity.

Coal

Oil

Gas

Combustion 
Chamber

Steam 
Boiler

Steam 
Turbine

Steam 
CondenserPump

Generator

AC
 Power

Figure 1.1.1 – Schematic showing the process by which chemical energy is converted first
to thermal and then to electric energy.

The energy conversion process involves channelling the thermal energy, produced by

burning the fuel, into water contained in a boiler, thus converting the water into steam

which then is directed into the steam turbine. As the steam passes through the turbine,

it expands and causes the turbine to rotate, thus driving the generator and inducing
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electricity. Once the steam passes through the turbine, it is cooled and pumped back

into the boiler.

As one of the worlds leading manufacturers of steam turbines, Siemens aim to make

their designs as efficient as possible. For this purpose, they have constructed a software

called 3dv1d which approximates the performance of a turbine given a particular design.

Using this software, we can test the efficiency and practicality of a steam turbine without

needing to build it. By writing the output of this software in the form of an objective

function (the efficiency of the steam turbine) and a constraint function (which assesses

how practical the design is), Siemens can utilise mathematical software in order to find

optimal turbine designs.

The motivation of this project, which has been funded by Siemens, is to determine

how best to apply mathematical optimisation to compute optimal steam turbine de-

signs. In this chapter, we begin in Section 1.2 by looking at Siemens’ practical problem

and describe how Siemens’ shape optimisation problem is converted to the problem of

optimising efficiency with respect to a list of discrete and continuous parameters. We

continue in Section 1.3 by discussing the software package which Siemens have built to

model their steam turbines and explain how the software affects our problem formulation

before setting the scene for later chapters in Section 1.4.

In Chapter 2, we provide a detailed description of this projects starting point. Specif-

ically, we examine the optimisation algorithm which Siemens have been in the practice

of using: a sequential quadratic programming (SQP) called e04ucf from the Numerical

Algorithms Group (NAG) library [4], and identify the conditions which are required to

guarantee convergence. We do this in order to understand why the algorithm terminates

at a point which does not satisfy optimality conditions. Here we discover that the opti-

misation problem which we are attempting to solve is non-smooth (NS), meaning that

it lies outside of the domain for which e04ucf was intended to be used. As a consequence

of this, we redirected this project towards the topic of non-smooth optimisation (NSO)

in order to address the motivating problem.

Therefore in Chapter 3 we explore the literature of optimisers suitable for non-
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smooth functions and select the sequential quadratic programming with gradient sam-

pling (SQP-GS) method of Curtis and Overton [5] from the list of algorithms suitable for

this type of problem. However, when we trial SQP-GS on 3dv1d we find that SQP-GS

actually yields worse results than the original smooth optimiser, while being far more

expensive computationally. In the end, we find the best solutions to Siemens’ problem

by combining e04ucf (NAG’s sequential quadratic programming algorithm) and SQP-GS

to produce a heuristic which is practical for Siemens’ purposes.

From this point on, we focus less on Siemens’ specific problem and more on the

general optimisation problem which shares the properties which we observe in Siemens’

problem. We specifically interest ourselves in the line search subroutine which is found

in a class of commonly used optimisation algorithms called line search methods (LSMs).

In Chapter 4 we argue that the subset of line search algorithms called exact line

search may be effective for non-smooth optimisation problems despite not being com-

petitive for smooth optimisation. In the process of doing so, we construct a new line

search algorithm which makes use of ideas from exact line search while itself not being

always exact. In Chapter 4, we demonstrate the effectiveness of this new line search

algorithm by studying the performance of a greater line search method of which this

line search is a subroutine, and not so much on the new line search itself. We display

the full details of our new line search algorithm in Chapter 5 where we construct a new

1D optimiser which is designed to be used for this line search algorithm. It is within

these two final chapters where what we consider to be our contributes to mathematics

may be found, with Chapter 5 containing the more complete and thorough work of the

two.

1.2 Designing Steam Turbines

The problem of designing an optimal steam turbine involves determining what is the

ideal shape for each of its components, meaning that this is a shape optimisation prob-

lem. However, Siemens have simplified this problem through years of experience by
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constructing a parametrisation of the different shapes involved. Therefore, instead of

solving a shape optimisation problem, we have the much simpler option of optimising

over a vector of parameters. In this section, we briefly describe some of these parameters

which go into defining steam turbine design.

A steam turbine consists of a rotor shaft which passes through a number of compart-

ments called drums as illustrated in Figure 1.2.1. This shaft is connected to a generator

such that when it rotates, an electric current is induced. Fixed to the shaft are a number

of blade rows, as illustrated in Figure 1.2.2. When steam is forced through these blades,

it forces the shaft to rotate.

The shape of a turbine’s blades depends on the drum in which they are found. Each

turbine drum is designed with a different steam pressure in mind. A high pressure drum

will contain short and thick blades while a low pressure drum has blades which are far

longer and require strong roots to handle the stresses caused by the mass of the blades

themselves.

There are two types of blade rows which are found within a drum. First of all, the

rotor blade rows are fixed to the rotor shaft as previously described, and are what cause

the shaft to rotate. Next, we have stator blade rows which are fixed to the casing which

holds the rotor shaft in place. These blades redirect the steam as it passes through the

drum, ensuring that it hits the rotor blades at an ideal angle.

Figure 1.2.1 – Graphic of a steam tur-
bine which has a high pressure drum, a
medium pressure drum, and two low pres-
sure drums. (Image taken from [1].)

Figure 1.2.2 – We show above a ro-
tor shaft with the rotor blade rows for
a low pressure drum attached. This im-
age has been provided by and is owned by
Siemens.
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Given a set of variable values, Siemens visualises the corresponding steam turbine

with a schematic called a blade path (such as the one shown in Figure 1.2.3). We

present one here in order to draw attention to the different types of variables which are

visualised in the schematic. We now give a non-exhaustive list of the variables involved.

Casing

Rotating Shaft

Radial Direction

Steam Flow Direction

Figure 1.2.3 – Blade path of a high pressure turbine drum with 16 stages. This image
has been provided by and is owned by Siemens.

Number of stages - Dimensional

Blade rows come in pairs. For each row of blades fastened to the rotor shaft, there

is also a stator blade row fastened to the turbine casing which precedes it. We call

this combination of a rotor and a stator blade row a stage. The value of this variable

determines the number of each type of variable which follows.

Inner flow path diameter description - Continuous

Within each drum, the shape of the rotor shaft is not constant. In general, the rotor

shaft will be thinner at the entrance to the drum and thicker at the exit. The inner flow

path diameter description specifies the radial thickness of the rotor shaft at the position

of every blade row within the drum (see Figure 1.2.4).

Blade heights - Continuous

Each row of blades within the turbine is rooted either to the rotor shaft (if it is a rotor

blade row), or to the main casing (if it is a stator blade row). Regardless of which, the
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length of each blade row is such that there does not exist any leftover space between

the end of the blade row and the interior of the steam turbine. Therefore, the length of

the blade row refers directly to the shape of the steam turbine (see Figure 1.2.5). By

combining the blade height variables with the inner flow path diameter variables, we

obtain the shape of the drum.

Figure 1.2.4 – We mark above the an-
gle which can be used to uniquely specify
the inner flow path diameter description.
This image has been provided by and is
owned by Siemens.
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Figure 1.2.5 – We mark above the dis-
tance which is measured by the ‘inlet
channel height’ and ‘blade height’ vari-
ables respectively. This image has been
provided by and is owned by Siemens.

Blade root nominal size - Continuous

Every blade row is anchored into the rotating shaft (rotor blades) or casing (stator)

with a root. The size of the root determines how thick the blade row can be, but is

also related to the number of blade rows allowed, in that the thicker a blade root is the

fewer of them there is space for. We illustrate the meaning of root size in Figure 1.2.6.

Stator blade stagger angle - Continuous

The stator blade stagger angle controls the angle between the direction of steam flow

and the direction which the blade itself faces (see Figure 1.2.7). This angle will be

constant for all blades within a single blade row, this implying that there will be one

of these variable types for each blade row. Note that this particular variable is not
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Figure 1.2.6 – We identify a blade root
in this blade path with a red box. Note
that the roots corresponding to the 1st and
3rd stage are of different sizes. This im-
age has been provided by and is owned by
Siemens.

Direction of 
steam flow

Figure 1.2.7 – We illustrate the stagger
angle by the angle marked in blue between
the direction of the steam flow, and the
direction in which the blade is pointing.
This image has been provided by and is
owned by Siemens.

visualised within the blade path schematic.

Airfoil Scaling - Continuous

The airfoil scaling variable refers to the thickness of a blade row (not to be confused with

the thickness of the root which anchors the blade row). While we might fix this value

to equal the thickness of the corresponding root, allowing these values to be different

offers additional flexibility when designing steam turbines. In particular, separating

these variables is useful for cases where we might need a large root to handle stresses

but would prefer a thinner blade row for other reasons.

Stage load distribution - Continuous

The stage load distribution variables differ from the other variables in that we have no

direct control over these. While the physics of steam turbines lies outside the domain of

this project, we understand these variables to be dependent variables which refer to the

pressure within the steam turbine at each blade row. Siemens implement these variables

as independent variables which interact with the others through specific constraints.
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Blade materials - Discrete Ordinal

There are five types of metals which Siemens uses for its blades. We refer to them here

by {m1, m2,. . . ,m5}. The metals can be divided into two categories: those suitable

for ‘hot’ temperatures (> 520○C) and those suitable for ‘cold’ temperatures (< 510○C).

Aside from heat suitability, there are two factors which influence our choice of metal:

strength and cost. These two are related to each other in that stronger metals cost

more.

The order of metals suitable for ‘hot’ temperatures from weakest to strongest is

{m1,m2,m3}, while the order of metals suitable for ‘cold’ temperatures ordered from

weakest to strongest is {m4,m5}. In practice, the cost variation between these metals

is sufficiently large that given a realistic budget often only one metal is valid for any

particular blade row.

Root type - Discrete Categorical

Every blade row is anchored into the shaft (rotor) or the casing (stator) by use of a

root. In addition to being able to specify the size of a root, one can also pick the type

of root used. The three basic root types are illustrated in Figure 1.2.8 (taken from [2]).

Figure 1.2.8 – We show three basic root
types above. From left to right, these are
called the ‘Double T root’, the ‘T root’,
and the ‘L root’. (Image taken from [2,
Figure 6].)

Figure 1.2.9 – We show above four dif-
ferent sealing types that can be used.
The sealing type on the left is called a
labyrinth seal, the central types are called
fin seals, and the sealing type on the right
is called a step seal. (Image taken from
[2, Figure 6].)
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Sealing type - Discrete Categorical

As steam is driven through the turbine, we wish for it to push at the rotor blades and

thus cause the shaft to rotate. Since the rotor blade rows must be free to rotate, it

means that there must be some space left between the end of the blade row and the

casing. However, if too much steam passes through this region, then we do not harvest

any energy from it. Therefore, we use one of several sealing types to reduce the steam

that can pass the blade row in this way. In practice, each sealing type is designed for

a specific situation, and therefore in most cases the choice of sealing type is automatic.

We illustrate four different options for the sealing type in Figure 1.2.9 (taken from [2]).

Blade profiles - Discrete Categorical

Figure 1.2.10 – Three commonly used blade profiles. (Image taken from [2, Figure 6].)

The ideal shape of the stator blade row is considered known by Siemens. As such,

the only way that these blade rows are modified is by changing the stagger angle. For

the rotor blades however, we must consider what the ideal blade shape is. The problem

here is that shape optimisation is a hard problem in and of itself, and it would be costly

to carry out such a procedure for each individual blade row.

Instead, Siemens approximates a blade profile by the shape of the blade row at three

positions on the blade as illustrated in red in Figure 1.2.10 (taken from [2]). The shape

at each of these three positions is taken from a finite set of options which have been
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determined over the years. By default, the shapes used depend on the choice of inde-

pendent continuous variables. This dependency is based on Siemens’ prior experience

at constructing profiles. Hence the blade profile is a dependent discrete variable.

1.3 Formulating an optimisation problem

In the previous section, we described how Siemens parametrise their shape optimisation

problem, thus converting it into the problem of optimising efficiency with respect to

a number of continuous and discrete variables. Writing xxx ∈ Ω1 ⊆ Rn to be a vector of

continuous parameters, yyy ∈ Ω2 ⊆ Zm to be a vector of discrete parameters, ααα to be a

vector of customer specified constants, and f to be the efficiency function, we express

Siemens’ problem in the following form:

minimize
xxx∈Ω1(ααα)⊆Rn,
yyy∈Ω2(ααα)⊆Zm

f(xxx,yyy;ααα) (1.1)

In this section, we describe 3dv1d, the software tool which Siemens have provided

us with to compute a steam turbines efficiency given specified discrete and continuous

variables, and refine our formulation of Problem (1.1) by addressing the following points:

1. How do we access the 3dv1d subroutine which computes the efficiency?

2. How many variables need to be specified in order to compute the efficiency?

3. How many constraints exist and what type are they?

4. How much time may an optimisation solver take while still being useful?

How do we access the subroutine which computes efficiency?

To run 3dv1d, we need two particular input files, the 3dv1d.‘testcase’.dta file and the

restart.‘testcase’.in file. (Here the text ‘testcase’ refers to the arbitrary name given to

the specific problem instance). The .dta file contains information which specifies some

basic requirements for the steam turbine, such as the space available, in addition to
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providing the values for each discrete variable. Meanwhile, the ‘restart’ file contains a

list of continuous variables, along with an initial value for each of them.

When we run 3dv1d (having providing this pair of files) the software package will

load a large number of data files in order to set up the problem, a process which

takes a few seconds. Once this is done, a specific script called ‘v2opt76’ is run. This

script is the only part of 3dv1d which we have the power to edit. It is here than an

external optimisation solver is imported, and then applied to the continuous variables

(the discrete variables are fixed as these were required for setting up the problem).

In short, Siemens have split Problem (1.1) into the following two subproblems:

minimize
yyy∈Ω2(ααα)⊆Rn

g(yyy;ααα), (1.2)

where

g(yyy;ααα) = minimize
xxx∈Ω1(ααα)⊆Rn

f(xxx,yyy;ααα), (1.3)

Siemens are not currently able to solve Problem (1.1) algorithmically. Rather, they

use an external optimisation software to solve Problem (1.3), while relying on expert

experience to estimate a good solution to Problem (1.2).

Remark. Reiterating what was said above in light of our notation, in order to run

3dv1d, we require a .dta input file which specifies the values of yyy and ααα. Then within

the v2opt76 script, we may attempt to solve Problem (1.3).

How many variables are there?

The number of continuous variables taken by 3dv1d depends on the size of the steam

turbine to be built, specifically on the number of stages (see Section 1.2) which is

specified in the .dta file. Using the notation above, this means that n, the number of

continuous variables is actually a natural number valued function of ααα. Siemens have

provided us with 5 different sample .dta files (or values of ααα) which describe 5 different

test problems containing 1, 2, 9, 9 and 27 stages respectively. These testcases involves

roughly 20, 40, 100, 100 and 300 variables respectively.
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How many and what type of constraints are involved?

An optimisation problem defined by 3dv1d will contain a small number of analytic linear

constraints, along with a large number of nonlinear simulation based constraints (using

the terminology of Digabel and Wild [6]) all of which are inequality constraints. The

number of linear constraints is roughly twice the number of stages in the steam turbine.

However, we lack even an approximate rule for the number of nonlinear constraints. For

our two 9 stage test problems, there are roughly 300 nonlinear constraints while the 27

stage test problem has closer to 1000.

In short, we may further refine Problem (1.3) into the form:

g(yyy;ααα) = minimize
xxx∈Rn(ααα)

f(xxx,yyy;ααα) ,

subject to cj(xxx,yyy;ααα) ≤ 0, j ∈ I(ααα),
(1.4)

where ccc is a nonlinear vector valued function, and I is index set of constraints. While

some of these constraints are linear, we write Problem (1.4) as if they are all nonlinear

for ease of notation.

In addition to these known constraints, we note that the 3dv1d software package is

designed with a very practical application in mind: that of approximating the design

of a steam turbine. While this means we can expect a sensible approximation of a

reasonable steam turbine design, 3dv1d was never designed to return a value given

nonsensical input (for example a blade with negative length is nonsense). If we fail to

acknowledge this and apply 3dv1d as an objective function blindly, we will encounter

some problems.

In practice, when particular inputs are fed into 3dv1d which correspond to nonsen-

sical steam turbine designs, 3dv1d will exit and return an error. In other words, there

exists some hidden constraints (by hidden we are referring to the Taxonomy of Digabel

and Wild [6]), such that 3dv1d is incapable of yielding a meaningful output if these con-

straints are violated. This means that our calculation of g(xxx,yyy;ααα) (see Problem (1.3))

will fail if we trial any value of xxx which violates these hidden constraints while solving
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Problem (1.3). All we know about these hidden constraints is that no point which satis-

fies all known constraints violates these hidden ones, meaning that the feasible domain

is contained within the domain which satisfies the hidden constraints.

This is highly problematic given that most of our constraints are (again using the

terminology of Digabel and Wild) simulation-based. This being the case, it is not

possible for us to construct a feasible steam turbine design a priori. Hence, we must

hope that our starting point does not fail 3dv1d’s plausibility check, resulting in 3dv1d

closing down. Moreover, we need that any optimisation solver we use navigates towards

a feasible solution without ever evaluating a nonsensical steam turbine design along the

way.

There are two contexts in which this is particularly troublesome. First of all, some

numerical optimisation solvers involve the random sampling of nearby points. To use

such a method (which we do) runs the risk of sampling a point that violates one of the

hidden constraints.

The second problem comes from the fact that we don’t have many functions which

are ideal for numerical testing. In general, when testing the effectiveness of an optimiser,

one either needs many different functions, or many different starting points. Given that

we only have five .dta files (meaning five values of ααα), we need to be able to generate

a multitude of starting points when testing an optimiser on 3dv1d. A natural step

is to restart 3dv1d whenever a randomly generated starting point violates a hidden

constraint and try again. In our experience however, we have not found this approach

to be effective as nearly all randomly sampled points which we trialled violated the

hidden constraints. In Section 1.4.3, we explain how this problem is addressed.

How fast does a solver need to be?

From the time that Siemens get the specifications for a steam turbine (that is the value

of ααα) from a customer, they have roughly three days to produce a produce a steam

turbine design and quote a price. Since each set of customer constraints: ααα defines a

unique problem, this is not work which can be done in advance. Therefore, any proposed
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solution to Problem (1.1) must be solvable within three days.

As stated before, Siemens currently approach Problem (1.1) by splitting it into

Problems (1.2) and (1.4), relying on expert opinion to solve the former and using an

external optimisation software to solve the latter. However, Siemens’ long term goal is

to solve the entirety of Problem (1.1) automatically. Therefore, any solution we propose

to Siemens, either for Problem (1.2) or (1.4) must keep this time constraint in mind.

For this reason, we have taken 2 hours to be the soft upper bound for the time available

to solve Problem 1.4.

1.4 Additional details

Having formulated the problem which we are trying to solve, in this section we provide

information on such topics which we think are important to know before proceeding to

later chapters. These include:

1. Do we attempt to solve both Problem (1.2) and (1.3)?

2. How long does it take to compute f (see Problem (1.4))?

3. How do we randomly sample points which don’t violate the hidden constraints?

4. What modifications need to be made to 3dv1d first?

1.4.1 Which problem did we solve?

Although the goal for this project was to address both Problems (1.2) and (1.4), ulti-

mately we have only worked on Problem (1.4). The reason for this is that we agree with

Siemens’ approach to split Problem (1.1) into (1.2) and (1.4).

However, since the statement of Problem (1.2) presupposes that Problem (1.4) has

already been solved, we did not view there to be any point in working on Problem

(1.2) until being finished with Problem (1.4). Since solving Problem (1.4) had more

complications then initially expected, we ultimately did no work on Problem (1.2). For
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the remainder of this thesis, we no longer view the efficiency function f to depend on ααα,

but rather view each pair of discrete variables yyy and specifications ααα to define a separate

problem instance.

1.4.2 How long does it take to estimate efficiency?

It should not be a surprise that the amount of time required to compute the efficiency

depends on the number of variables, which in turn depends on ααα, the vector of cus-

tomer specifications. As stated previously, Siemens have provided us with five different

.dta files, each containing a different pair of discrete variables and customer specified

constants (yyy,ααα) and each defining a separate problem.

For any of these problems, 3dv1d can compute the efficiency is significantly less than

a second. However, we have been cautioned by Siemens that the two smallest sample

functions are too small to have practical meaning. Therefore, while we sometimes use

these functions to check that 3dv1d is working as we’d expect, we can’t draw any

meaningful conclusions when using these for testing. Therefore, we have not used these

two smallest problems, or testcases in any numerical experiments described in this thesis.

Moreover, we don’t use the largest sample problem for any rigorous testing later

because its cost, while small, is still orders of magnitude larger than the others. For

perspective, given the two middle sized test problems (each of which have 9 stages), we

can numerically approximate their gradients in roughly 0.1 seconds. The largest test

function (which has 27 stages) requires closer to 5 seconds to approximate the gradient.

For this reason, and the fact that the higher dimensionality of the largest test prob-

lem makes it harder, we have found it impractical to include in our testing. Most of

our numerical experiments were conducted on the time scale of 3 days or less. We ac-

knowledge that a longer numerical experiment could in principle have been conducted,

but we did not do so. In short, we only use the two middle sized problems for testing

purposes. We refer to these test functions as tc001 and tc004.
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1.4.3 Generating random starting points

While we lack any concrete rules as to how to avoid points corresponding to nonsensical

steam turbine designs, Siemens has provided us with some guidelines which, if followed,

reduce the chances of randomly sampling one. These rules apply particularly to the

variable types: inner flow path diameter description, and the stage load distribution

(see Section 1.2).

Ultimately both of these variable types must be distributed in the same fashion in

that there is one of these variables for each stage (recall Section 1.2) of the turbine.

Thus each of these variable types may be written in the form: {x1, x2, . . . , xn}, where

the subscript refers to steam turbines stage, and each xi is contained within a common

interval l ≤ xi ≤ u, ∀i. We arrange the xi’s such that the dummy variables x0 and

xn+1 are given by x0 = l, xn+1 = u (the upper and lower bounds respectively), and the

remainder are positioned roughly on the line between these points. When generating a

randomly sampled point, we first fit the line, and then randomly perturb each xi by a

margin small enough to ensure the general shape of the distribution holds.

If the stage load distribution and the inner flow path diameter is generated in this

way, while the remaining variables are sampled from within the set which is feasible with

respect to bound and linear constraints, then there is a good chance that the resulting

randomly generated steam turbine design will not violate the hidden conditions.

1.4.4 Practical modifications to 3dv1d

Recall from Section 1.3 that in order to actually calculate the efficiency of a steam

turbine, we must use a subroutine of 3dv1d which may only be accessed from within the

script v2opt76. The first body of work we completed for this project was to implement

two interface methods in order to call the efficiency function from an external python

script. Here we refer to these two methods as the ‘fast’ method and the ‘slow’ method.

When evaluating the objective function given a set of variables using the slow

method, we instruct python to write two input files required by 3dv1d, thus speci-
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fying both the discrete variables and customer specifications (yyy,ααα) in the .dta file and

the continuous variables in the restart file. Next we command 3dv1d to start up from

python, modify the v2opt76 script to evaluate the objective function at the point indi-

cated by the restart file, and write the result as an output file which is read by python.

The merit of this approach is that it gives us the freedom to modify discrete vari-

ables within the context of a python script. However, this approach is excessively time

consuming given that the time required by 3dv1d to read its list of input files (those

other than the one containing discrete variables) and construct the problem greatly ex-

ceeds the time required to evaluate the efficiency of the turbine itself. By using the slow

method, each function evaluation takes a few seconds rather than a fraction of a second.

While this approach was not useful for the direction this project ultimately went it, this

development would have been necessary in order to attempt to solve Problem (1.2).

The second, or fast approach involves creating a dynamic interaction between the

script v2opt76 and the python package. This is accomplished by starting 3dv1d in-

dependently of python and instructing it to do nothing until it receives an input file

(written from python) containing instructions. Once this file is read, 3dv1d carries out

these instructions, writes the outcome to an output file, and then resumes waiting, all

within the v2opt76 script. Meanwhile, the python package is designed such that in

order to call the objective, we write the file containing instructions for 3dv1d, and then

wait for the output file to appear. The merit of this approach is that we do not need

to reload all of the input files for every function evaluation, meaning that the cost of

each function evaluation is comparable to if we were calling the objective function from

within the v2opt76 script (in fortran). On the other hand, since we load 3dv1d only

once, the set of dimensional and discrete variables is fixed. Therefore, this method is

exactly what we need for developing solutions to Problem (1.4)

While these interface methods usually work for running a single algorithm on 3dv1d,

we have not managed to make these methods entirely stable. In our experience, we have

found that experiments using this interface work well on a time scale of 1 week or less,

but are unreliable over longer periods of time. Ultimately, we resigned ourselves to

shorter experiments as an alternative to spending time in developing these interfaces.
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Chapter 2

Applying SQP to 3dv1d

The task of finding an optimal steam turbine design (given fixed discrete variables) may

be written in the form of the general nonlinear programming (NP) problem [7]:

minimize
xxx ∈ Rn

f(xxx)

subject to cj(xxx) ≤ 0, j ∈ I,
(2.1)

where f , the objective function, is the efficiency of the steam turbine as computed by

3dv1d, ccc is the constraint function, and I is the finite index set for inequality constraints.

There exist several professional software packages designed to solve Problem (2.1)

including: Knitro [8], Tomlab [9], and Lancelot [10]. Currently, Siemens makes use of

the nonlinear programming routines in the Numerical Algorithms Group (NAG) library

[4]. In the chapter of the NAG library manual on Optimisation (code E04), in Section

4 (Choice of available functions), there is a flowchart to help with finding the solver

most suited to the problem. Recommended for dense problems with constraints are the

functions e04ucc, e04ucf and e04wdc, of which e04ucf is the function that Siemens uses.

We begin this chapter in Section 2.1 by outlining the main definitions and results

required to understand sequential quadratic programming (SQP), which is the general

class of algorithms to which e04ucf belongs. In Section 2.2 we discuss some inputs and

outputs for NAG which we have found to be of particular significance when applying it

to 3dv1d. Finally, in Section 2.3 we apply e04ucf to 3dv1d and discuss the consequences.
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2.1 Sequential quadratic programming

The NAG function e04ucf is a sequential quadratic programming (SQP) algorithm,

which is a specific example from a more general class of algorithms called Line Search

Methods. In this section, we begin by presenting some definitions and results from the

theory of constrained optimisation following Nocedal and Wright [11]. After this, we

outline how line search methods and more specifically SQP work, and what conditions

must be satisfied to ensure their convergence.

2.1.1 The Theory of Constrained Optimisation

To solve Problem 2.1, we must understand what it means to minimise a constrained

function. We begin by defining what it means for a point to be feasible.

Definition 2.1 (Feasible Set [11]). Given Problem 2.1, we define the set of feasible

points: Ω to be

Ω ∶= {xxx ∈ Rn ∣ cj(xxx) ≤ 0 ∀j ∈ I}. (2.2)

When solving Problem 2.1 to obtain a steam turbine design, the most important

property that a solution must have is that it be feasible. Following this, we also wish

for a solution to be optimal, a concept which we now define.

Definition 2.2 (Global Minimiser [11]). The vector xxx∗ is called a global optimiser of

Problem 2.1, or optimal, if xxx ∈ Ω and f(xxx∗) ≤ f(yyy), ∀yyy ∈ Ω.

While it is ideal to find an optimal solution, this can be very difficult and costly

unless the problem has special structure such as convexity. Instead, we relax the notion

of optimal to the more achievable condition of locally optimal.

Definition 2.3 (Local Minimiser [11]). We call the vector xxx∗ a local optimiser of Prob-

lem 2.1, or locally optimal, if xxx∗ ∈ Ω and there exists N , a neighbourhood of xxx∗, such

that f(xxx∗) ≤ f(yyy), ∀yyy ∈ N ∩Ω.

In order to construct an algorithm which locates a locally optimal solution to Prob-

lem 2.1, we need the ability to identify when a point is locally optimal. In the definitions
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which follow, we work towards defining the KKT conditions, which are necessary (but

not sufficient) conditions for identifying a local minimiser.

Definition 2.4 (LICQ). Given the point xxx and active set: A(xxx) = {j ∈ I ∣ cj(xxx) = 0},

we say that the linear independence constraint qualification (LICQ) holds if the set of

active constraint gradients {∇cj, j ∈ A(xxx)} is linearly independent.

In practice, we assume that the LICQ holds, and only question when a solver termi-

nates unexpectedly. If it does apply, then we can define first order optimality conditions

for Problem 2.1.

Definition 2.5 (KKT Conditions). The point xxx∗ is said to satisfy the Karush-Kuhn-

Tucker (KKT) conditions for Problem 2.1 if there exists a vector λλλ such that:

∂f

∂xi
(xxx∗) = −∑

j∈I

λj
∂cj
∂xi

(xxx∗), ∀i ∈ {1,2, . . . , n} (2.3a)

cj(xxx∗) ≤ 0, for all j ∈ I, (2.3b)

λj ≥ 0, for all j ∈ I, (2.3c)

λicj(xxx∗) = 0 for all j ∈ I. (2.3d)

If such a λλλ exists, we call xxx∗ a KKT point.

Theorem 1 ([11]). Suppose that xxx∗ ∈ Ω is a local minimiser of f . If the functions f

and ccc are all continuously differentiable and the LICQ condition holds at xxx∗, then the

KKT conditions are satisfied at xxx∗.

Since Theorem 1 guarantees that if xxx∗ is a feasible local optimiser of Problem 2.1,

then the KKT conditions are satisfied, we need an algorithm which is guaranteed to

converge to a KKT point.

Remark. It is important to note that the KKT conditions are only 1st order optimality

conditions. To truly guarantee that xxx∗ is a local optimiser, second order conditions are

needed. However, this additional theory is ultimately not relevant to this thesis, and

thus we neglect it. For more information on second order conditions, see [11, Chapter

12].
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2.1.2 A practical sequential quadratic programming algorithm

The SQP algorithm: e04ucf (implemented by NAG) which we have used is based on

the software package: NPSOL[12]. This specific implementation of SQP is an instance

of a line search method (LSM) which are the class of algorithms that may be written

generically in the form of Algorithm 1. Such algorithms consist of two main steps:

finding a search direction and determining a step length, which we outline in greater

detail within Sections 2.1.2.1 and 2.1.2.2 respectively. It’s also important to note that

the variant of SQP we employ is a Quasi-Newton (QN) method. This means that

instead of using second order derivative information for finding a search direction (see

Section 2.1.2.1), we instead use an approximation which we update during the algorithms

run. We explain the details of this process in Section 2.1.2.3. In Section 2.1.2.2 we

introduce a penalty parameter ρ which we use to aid in finding a feasible solution. We

describe how this parameter is handled in Section 2.1.2.4. Finally in Section 2.1.2.5 we

provide pseudocode for e04ucf/NPSOL in addition to stating its convergence theorem.

Algorithm 1: General line search method

/* Initialisation: */

input : f // Objective function

1 xxx0 // Starting point

2 ε // Stationary Tolerance

3 Determine ppp0, a direction of descent of f from xxx0.
4 k = 0;
5 while ∥pppk∥ ≥ ε do
6 Determine step length: αk.
7 xxxk+1 = xxxk + αkpppk // Update iterate

8 k = k + 1
9 Determine pppk, a direction of descent of f from xxxk.

output: xxxk.

Remark. Line 6 of Algorithm 1, where the step length αk is calculated, is called a Line

Search. This should not be confused with a LSM.
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2.1.2.1 Determining a descent direction

The first step in a line search method is determining a search direction. In the uncon-

strained case, this step is simple with −∇f(xxxk) being a suitable direction of descent

whenever ∥∇f(xxxk)∥ > ε. For Problem 2.1 though, we need to take both the constraints

and objective function into account. We do this by solving the following Quadratic

Programming problem:

pppk = arg min
ddd ∈ Rn

∇f(xxxk)Tddd + 1
2ddd

THHHkddd

subject to ∇cj(xxxk)Tddd + cj(xxxk) ≤ 0, j ∈ I
(2.4)

Problem 2.4 involves the matrix HHHk which has not yet been defined. This is the Quasi-

Newton matrix which combines approximations for the second derivatives of f and ccc.

We discuss this further in Section 2.1.2.3.

While Problem 2.4 is the conceptually simplest Quadratic Programming problem

to solve to obtain a descent direction, there exist modifications of this which perform

better in practice. For more details, see [11, Chapter 18]. However, the Quadratic

Programming sub-problem solved within e04ucf is equivalent that Problem 2.4.

2.1.2.2 Determining a step length

Once a descent direction pppk has been determined, the next task is to determine a step

length. Here there are two qualitatively different approaches which we might take: exact

line search (ELS) and inexact line search (ILS).

Definition 2.6 (Exact line search [11]). Given the merit function φ ∶ Rn → R, a point

xxx ∈ Rn and a descent direction ppp, an exact line search (ELS) is a type of line search

algorithm which returns a step length α that satisfies:

αk = arg min
α ≥ 0

ϕ(xxx + αppp). (2.5)

While we have defined ELS to return the global minimum of the 1D function ϕ, in the
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context of this thesis, we do no concern ourselves with finding the global minimum so

long as we find a local minimum (we do not care about which local minimum).

While conceptually intuitive, in practice this approach proves to be computationally

expensive and does not perform better than the second approach: inexact line search

(ILS). The idea behind ILS is that when we move away from xxxk, the shape of f and

ccc may change, meaning that the work required for ELS has limited use. Instead, we

choose a step length αk which satisfies the Wolfe Conditions. Before we can define these,

we first need the notion of the directional derivative.

Definition 2.7 (Directional Derivative [13]). Let f ∶ Rn → R be a function and xxx,ddd ∈ Rn,

then we define the directional derivative to be:

f ′(xxx;ddd) = lim
t→0+

(f(xxx + tddd) − f(xxx)
t

) .

Definition 2.8 (Wolfe Conditions [11]). Given the 1D merit function ϕ ∶ R → R, the

step length αk is said to satisfy the Weak Wolfe Conditions if it holds that:

ϕ(αk) ≤ ϕ(0) + c1αkϕ
′(0), (2.6a)

ϕ′(αk) ≥ c2ϕ
′(0), (2.6b)

where 0 < c1 ≪ c2 < 1 are constants.

While more details may be found in [11], the Wolfe Conditions ensure that each

iteration yields a sufficient decrease of the merit function. Moreover, satisfying the

Wolfe Conditions has beneficial properties for the QN matrix approximation, which we

discuss in the following section.

In NAG’s SQP implementation: e04ucf, we use Augmented Lagrangian merit func-

tion to assess the quality of a given point:

L(xxxk,λλλk, ttt;ρ) ∶= f(xxxk) +∑
j∈I

λj(cj(xxxk) + tj) +
1

2
ρ∑
j∈I

(cj(xxxk) + tj)2. (2.7)
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This merit function makes use of variables which we have not yet defined: λλλk, ttt and ρ.

We define these now.

The vector λλλk found in Equation (2.7) refers to the dual variables (which also appear

in Definition 2.5). There exist one of these variables for each constraint, and once

the KKT conditions are satisfied, the magnitude of λi measures how restrictive the

constraint cj is to our optimal solution. Whenever we use a quadratic programming

solver to solve Problem 2.4, we receive a vector of dual variables µµµ as an output. While

we do not take λλλk+1 = µµµ, we will use µµµ to construct λλλk+1.

Meanwhile, ttt is a vector of slack variables which enable the merit function L to work

even when the constraints are inequality as opposed to equality constraints. For each

iteration k, we compute ttt as follows:

tj(xxxk) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

max(0,−cj(xxxk)) if ρ = 0;

max(0,−ci(xxxk)) − λj/ρ otherwise,
∀j ∈ I. (2.8)

Finally, ρ is a penalty parameter. How ρ is handled warrants its own section and is

discussed in Section 2.1.2.4.

Given a (xxxk,λλλk) variable pair, we compute ttt using Equation (2.8). Next we solve

Problem 2.4 to find the search direction pppk, and the alternative vector of dual variables

µµµ. Finally, given the step length α, we compute a trial point (xxx,λλλ,sss) using:

⎛
⎜⎜⎜⎜⎜⎜
⎝

xxx

λλλ

ttt

⎞
⎟⎟⎟⎟⎟⎟
⎠

=

⎛
⎜⎜⎜⎜⎜⎜
⎝

xxxk

λλλk

ttt

⎞
⎟⎟⎟⎟⎟⎟
⎠

+ α

⎛
⎜⎜⎜⎜⎜⎜
⎝

pppk

µµµ −λλλk

rrr

⎞
⎟⎟⎟⎟⎟⎟
⎠

, (2.9)

where rrr is evaluated from:

rj = −cj(xxxk) − ∇cj(xxxk)Tpppk − sj, ∀j ∈ I. (2.10)

In short, starting with xxxk and λλλk, we compute ttt, µµµ, pppk and rrr, ultimately using these
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terms to define our 1D line search function as:

ϕ(α;ρ) = L(xxxk + αpppk,λλλk + α(µµµ −λλλk), ttt + αrrr;ρ). (2.11)

Given ϕ, we now need to apply a line search algorithm to find a step length α which

satisfies the Wolfe Conditions (Definition 2.8). The specific algorithm implemented by

NAG (which is based on NPSOL) makes use a safeguarded cubic interpolation method.

We do not describe it here, both because we could not find a copy of the paper which

describes it [14], but also because inexact line search algorithms are not the focus of

this chapter. Rather we content ourselves with the fact that for each iteration k, a step

length αk satisfying Definition 2.8 can be reliably obtained.

2.1.2.3 Updating the Quasi-Newton Matrix

Quasi-Newton (QN) methods are a class of algorithms where the second derivative is

approximated using prior information instead of being computed directly. While these

methods might not converge as quickly as they would given the true 2nd derivative, they

have the advantages of being computationally cheaper, and not relying on 2nd derivative

information being available. Given our context, these properties are desirable.

When applying QN methods to constrained optimisation, we do not use the QN

matrix HHHk to approximate ∇2f(xxxk), but rather to approximate ∇2
xxxL(xxxk,λλλk, ttt;ρ) (recall

Equation (2.7)) given the values of λλλk and t which we described how to compute in

Section 2.1.2.2.

In order for the Quadratic Programming sub-problem (Problem 2.4) to have a

bounded solution, we require that the QN matrix HHHk be positive definite within the

null space of constraints for all iterations. This must apply regardless of whether or not

∇2
xxxL(xxxk,λλλk, ttt;ρ) is positive definite or not.

We ensure that this is the case by updating the QN matrix in the following way.

Given HHHk, sssk = xxxk+1 − xxxk and yyyk = ∇f(xxxk+1) − ∇f(xxxk) + ∑
j∈I
λj∇(cj(xxxk+1) − cj(xxxk)) (see
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[15, Equation 6.7]), we compute HHHk+1 using the BFGS update [11, 2.19]:

HHHk+1 =HHHk −
HHHksssksssTkHHH

T
k

sssTkHHHksssk
+ y
yykyyyTk
yyyTk sssk

. (2.12)

Remark. We have written the formula showing how HHHk is updated. In practical algo-

rithms, it is the matrix HHH−1
k which is stored and updated instead.

This iteration process ensures that HHHk+1 is positive definite provided that it is well

defined and HHHk is positive definite. For HHHk+1 to be well defined, we require that yyyTsss > 0.

Fortunately, this requirement matches the second Wolfe Condition (see Definition 2.8).

Therefore, if we have selected a step length which satisfies the Wolfe Conditions, we are

assured that HHHk+1 will be well defined. Finally, we initialise HHH0 = IIIn with the identity

matrix, which is positive definite, thus ensuring that HHHk will be positive definite for all

iterations .

2.1.2.4 Updating the penalty parameter ρ

The penalty parameter ρ is a value which plays a role in the definition of the Augmented

Lagrangian function (see Equation (2.7)) which we use to construct our line search

function in Section 2.1.2.2. The purpose of this parameter is to aid SQP in converging

to a feasible solution. With large values of ρ, we force the algorithm to navigate to

the feasible set. However, according to the experience of Gill et al [16], small values of

ρ result in SQP running more quickly. Therefore, ρ is initialised to 0 and then slowly

increased as it is needed. The question is, how big does ρ need to be at each iteration?

Gill et al [16, Lemma 4.3] have addressed this question in the following result:

Lemma 2. There exists ρ̂ > 0 such that:

ϕ′(0;ρ) ≤ −1

2
pppTkHHHkpppk, (2.13)

for all ρ ≥ ρ̂, for every iteration k. Here ϕ is the line search function which we defined
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in Equation (2.11).

Motivated by the proof of Lemma 2 (which we do not show here), at each iteration

we compute the value:

ρ̂k =
2∥µµµ −λλλk∥
∥ccc(xxxk) + ttt∥

, (2.14)

where λλλk is the current value of the dual variables, µµµ is the vector of dual variables

obtained from solving Problem 2.4, and ttt is the vector of slack variables which we

compute using Equation (2.8). While ρ̂k does not necessarily satisfy Lemma 2 for all

iterations, it does for the specific iteration k. Motivated by this, we start with ρk = 0

for k = 0, and update as follows:

ρk =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

ρk−1 if ϕ′(0, ρk−1) ≤ −1
2ppp

T
kHHHkpppk

max(ρ̂k,2ρk−1) otherwise
, (2.15)

where ρ̂k is as defined in Equation (2.14).

2.1.2.5 Convergence conditions for SQP

Having given a brief description the key ingredients for e04ucf, NAG’s SQP imple-

mentation, we write out pseudocode for this algorithm in Algorithm 2. Moreover, we

present the following result which captures the circumstances under which convergence

is guaranteed.

Theorem 3 ([16]). Let {xxxk}∞k=1 be the sequence if iterates generated by Algorithm 2. If

the following assumptions are satisfied:

• The sequences {xxxk}∞k=0 and {xxxk +pppk}∞k=0 are contained in a closed and bounded set

Ω ⊂ Rn for all k;

• Both f and cj (∀j ∈ I), in addition to their first and second derivatives are uni-

formly bounded in norm in Ω;

• HHHk is positive definite, with bounded condition number (see [11]), and smallest

eigenvalue uniformly bounded away from zero, or there exists γ > 0 such that, for
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Algorithm 2: A practical SQP algorithm [16]

/* Initialisation: */

input : f // Objective function

1 ccc // Constraint function

2 xxx0 // Starting point

3 ε // Stationary Tolerance

4 k = 0;
5 Solve Equation (2.4) to obtain the solution primal and dual variables: pppk

and µµµ respectively;
6 ρk = 0;
7 while ∥pppk∥ ≥ ε do
8 Compute sss using Equation (2.8).
9 Update ρk using Equation (2.15);

10 if α = 1 satisfies the Wolfe Condition (see Definition 2.8) then
11 Set pppk = 1.
12 else
13 Construct α ∈ (0,1) which satisfies the Wolfe Conditions using an

ILS algorithm.

14 Update HHHk using Equation (2.12).
15 xxxk+1 = xxxk + αkpppk; λλλk+1 = λλλk + αk(µµµ −λλλk);
16 k = k + 1
17 Solve Equation (2.4) to obtain the solution primal and dual variables:

pppk and µµµ respectively;
output: xxxk.
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all k,

pppTHHHkppp ≥ γ∥ppp∥2
;

• The linear independence constraint qualification (see Definition 2.4) is satisfied at

every iterate xxxk, and strict complementarity holds;

• Problem 2.4 always has a solution;

then it holds that:

lim
k→∞

∥xxxk −xxx∗∥ = 0.

Theorem 3 provides a starting point for investigation if e04ucf, NAG’s SQP im-

plementation, ever fails to converge. Since we know the conditions which assure con-

vergence, it follows that these are the points to check whenever convergence does not

occur.

2.2 NAG’s e04ucf software

While in Section 2.1 we defined SQP and stated the circumstances under which con-

vergence to a stationary point is assured, in this section we discuss the practicalities of

running NAG’s e04ucf function. This involves explaining the key input parameters to

e04ucf as well as the outputs which are written to the result file. Our source for this

section is the NAG library’s documentation [4].

2.2.1 e04ucf inputs

When running NAG’s e04ucf function in practice, the user submits an input file in which

the values of controllable parameters are specified. In this section, we list through the

relevant parameters, explain their meanings, and identify the values which we have used.

• Function precision. This parameter is the accuracy to which f and ccc can be

computed. To our knowledge these functions, which are obtained from 3dv1d, are

deterministic and built with double precision numbers. We use the value 10−14.
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• Optimality tolerance. This parameter specifies the accuracy to which the value

of f at the approximate solution should match the value of f at the true solution.

For this value, we use 10−6.

• Feasibility tolerance. This value specifies the maximum violation of the con-

straint functions which will be tolerated at the approximate solution. We use 10−8

for this value.

• Difference interval. Since we do not have an analytic derivative for f or ccc, these

values must be approximated numerically using finite differences. If no value is

specified for this parameter, a subroutine will run which determines a suitable step

length for each variable. Otherwise, the derivative will be approximated using the

step length provided. For this value, we use 5 × 10−5.

• Step limit. This value is a bound for the initial step length of the line search.

Here we use the value of 1.

• Major Iteration Limit. This is the maximum number of iterations we per-

mit before stopping the algorithm. While rarely important, we allow for 10000

iterations.

While by no means exhaustive, these are the inputs which we have found to be most

important to understand and control.

2.2.2 e04ucf outputs

When the function e04ucf is run, an output file is written which contains information

about the progress of the algorithm and the solution obtained. Here we list through

and explain information which we can access concerning the operation of e04ucf. At

each iteration of the SQP algorithm, the following information is printed out:

• Merit Function. The value of the merit function (see Section 2.1.2.2) at each

iteration. Note that when there is no constraint violation, then this is equal to

the value of the objective function.
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• Step. The step length taken: αk.

• Norm Gz. The norm of projected gradient of the objective function. This value

should approach 0 if the algorithm is successful. (Intuitively, this value corre-

sponds to the gradient of f projected into the feasible domain. For more details,

see [15].)

• Violtn. The quantity by which the constraints are violated at each iteration.

This value should approach 0 if the algorithm is successful.

• Cond Hz. The Condition Number of the QN matrix at each iteration projected

into the search direction. This value measures the ratio of the largest eigenvalue

of the QN matrix to the smallest eigenvalue, and indicates a problem if too large.

In addition to the outputs we receive per iteration, we also are told whether or not

the algorithm has succeeded, and if not why. This is indicated by the value of the output

parameter ifail. In practice, there are three different values which we actually observe:

• ifail = 1. This indicates that the algorithm has succeeded and the outputted point

satisfies the KKT conditions.

• ifail = 3. The algorithm has stopped given that it could not find any feasible point.

• ifail = 6. The algorithm has stopped because it cannot find any point better than

xxxk. However, xxxk does not satisfy the KKT conditions.

Having described all relevant inputs and outputs to e04ucf, the next step is to apply it

to 3dv1d.

2.3 Applying SQP to 3dv1d

Having provided an overview for the theory of constrained optimisation and specifically

sequential quadratic programming in Section 2.1, and the operation of NAG’s SQP

algorithm in Section 2.2, we now apply e04ucf to the specific problem of 3dv1d. In
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Section 2.3.1 we construct a numerical experiment to test e04ucf on 3dv1d and present

the outcome. Afterwards in Section 2.3.2, we take a closer look at 3dv1d itself in order

to understand the results obtained.

2.3.1 Running a numerical experiment on 3dv1d

In order to assess the effectiveness of e04ucf on 3dv1d, since e04ucf is a deterministic

algorithm, we need apply it to 3dv1d many times. This may be accomplished either by

applying e04ucf to many testcases, or to many starting points on specific testcases. As

mentioned in Section 1.3, we only have access to two testcases which are large enough to

be realistic, yet small enough for numerical experiments to be computationally feasible.

For each of these testcases, we run 3dv1d both from the provided starting position,

but also from 20 randomly generated starting positions. At present, we are focussed on

the suitability of e04ucf for 3dv1d, and not on the solutions themselves. Hence for each

starting position, we report only the qualitative outcome, of which the possibilities are:

1. e04ucf converges to a locally optimal feasible solution.

2. e04ucf stalls at a point which does not satisfy the KKT conditions.

3. e04ucf stops due to concluding that it cannot find any feasible points.

4. e04ucf attempts to evaluate 3dv1d at a point corresponding to an nonsensical

steam turbine, causing the 3dv1d to close down as it is not designed to compute

the efficiency of such a turbine (which would be nonsense anyway). We label this

option as ‘other’.

We plot the qualitative outcome of this experiment in Figures 2.3.1 and 2.3.2.

Remark. In our experiment, we do not distinguish between e04ucf concluding that no

feasible solution exists, and e04ucf getting stuck at a point which is not feasible.

The first thing that we observe is that e04ucf converged to a KKT point only once.

On all other occasions when the algorithm didn’t encounter a nonsensical steam turbine
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Figure 2.3.1 – The outcome of running
e04ucf from 20 randomly generated start-
ing positions, in addition to the given
starting point for testcase tc001.
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Figure 2.3.2 – The outcome of running
e04ucf from 20 randomly generated start-
ing positions, in addition to the given
starting point for testcase tc004.

design, it either failed to find a feasible solution, or got stuck at a point which didn’t

satisfy the KKT conditions, yet from which no descent direction for the merit function

could be found. This phenomenon should be treated with suspicion given that for

any smooth function f , if the KKT conditions are not satisfied but the LICQ (see

Definition 2.4) condition holds, then a descent direction usually exists. What then is

going wrong?

When we consult the output files generated by e04ucf, one phenomenon observed

is that the condition number of the QN matrix sometimes grows to very large values.

While this might appear as a cause for concern given that the QN matrix’s condition

number remaining bounded was one of the conditions for Theorem 3, ultimately it is not

a problem. From the perspective of convergence theory, while a bounded QN matrix is a

common requirement to guarantee convergence, it is understood that QN methods often

converge whether or not this condition is satisfied. (For another class of QN methods,

it has been shown the condition number of HHHk may grow linearly without forfeiting

convergence guarantees [17].)

Regardless of this, Siemens have already found a practical solution to this problem.

Whenever e04ucf stalls, we restart e04ucf from the place where the previous run finished.

By doing so, we reset the QN matrix to the identity and let e04ucf continue. This course

of action often works very well, so much so that when running e04ucf, we are in the habit
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of never running it once (unless it finds a KKT point), but rather calling it repeatedly

until it gets stuck at the same location from where it was started. The contents of

Figures 2.3.1 and 2.3.2 are actually the results of running e04ucf repeatedly in this way.

In short, the QN matrix growing large is problematic but not the entire issue. To

see why e04ucf fails, we must take a closer look at the points to which it converges.

2.3.2 Finding why e04ucf fails on 3dv1d

In order to see what causes e04ucf to fail, we attempt to visualise the shape of the

objective function near x̃xx, the point at which e04ucf converges to and gets stuck at. We

systematically loop through all variables, and plot the shape of the function as each

individual variable x̃i is varied within a small range. While most of these plots we

generate are of little interest, we have displayed two of them in Figures 2.3.3 and 2.3.4.

−0.05 0.00 0.05
Perturbation of Inner flow path diameter description

0.000010

0.000015

0.000020

0.000025

E
ffi

ci
en

cy

+9.408×10−1 tc001

Figure 2.3.3 – The efficiency of the
steam turbine corresponding to testcase
tc001 plotted against a variable describing
the inner flow path diameter description is
varied near to where e04ucf stops.
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Figure 2.3.4 – The efficiency of the
steam turbine corresponding to testcase
tc004 plotted against a variable which de-
scribes the stator blade root nominal size
is varied near to where e04ucf stops.

What we see in these figures is that the directional derivative of the objective function

f is not continuously differentiable in that particular direction, thus implying that f is

not continuously differentiable. We have generated these plots at many points for both

testcases and have consistently found locations where the directional derivative is not

continuously differentiable, both for the objective function f and constraint function

ccc. This provides a possible answer as to why e04ucf fails to converge to a KKT point,
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given that all of the theory described in this chapter has been predicated on f and ccc

being continuously differentiable.
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Figure 2.3.5 – For each run of e04ucf to
tc001 which terminated with ‘ifail’=6, we
plot the objective function value against
the total constraint violation evaluated at
the final iterate.
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Figure 2.3.6 – For each run of e04ucf to
tc004 which terminated with ‘ifail’=6, we
plot the objective function value against
the total constraint violation evaluated at
the final iterate.

Before dismissing e04ucf on qualitative grounds, we must first check how good the

solutions it has found are quantitatively. Returning to Figures 2.3.1 and 2.3.2, we

identify all the points which e04ucf converged to when it ultimately got stuck. We

evaluate f and ∥ccc∥ at each of these points and plot the outcome in Figures 2.3.5 and 2.3.6

(where each point in the plot refers to a point at which e04ucf got stuck).

When consulting these plots, we see that for tc001, e04ucf was not very successful

at finding a feasible solution. This is not the algorithms fault, given that it is only

guaranteed to find a feasible solution in the end, but will explore the infeasible domain

beforehand. The problem is that when e04ucf stalls prematurely, we cannot assume

anything about the feasibility of point to which it had converged. While the total

constraint violation for tc004 is much less than for tc001, we have the same qualitative

problem (unless the feasibility tolerance is large enough to ignore these violations).

Meanwhile, we are not even in a position to say how close e04ucf has come to finding

a KKT point. In our experience of applying e04ucf to 3dv1d, the final value of Norm

Gz (see Section 2.2.1) is normally ∼ 10−2. However, we cannot read too much into this

value, given that e04ucf is designed to terminate with error ifail = 6 the moment that it

cannot find a descent direction despite Norm Gz not being less than ε. While is possible
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that e04ucf has indeed converged to a local optimum, we would need an algorithm which

is designed for non-smooth functions to inform us of this. Indeed, we do just this later

in Section 3.4.3.

2.4 Conclusion

In this chapter, we have outlined the theory behind e04ucf, the algorithm which Siemens

has used to optimize their steam turbine designs. We have shown that our problem

lies outside the context in which this algorithm is guaranteed to succeed and have

demonstrated experimentally that indeed e04ucf consistently terminates prematurely.

While in this thesis we proceed with the conclusion that 3dv1d is a non-smooth

function, and its non-smoothness is what causes the problem for 3dv1d, we recognise

that there are other possibilities. First and foremost, Siemens have been in the practice

of implicitly assuming 3dv1d to measure the accuracy of a true steam turbine with

very high accuracy. While we have continued with this approach, it is possible that

3dv1d should be thought of as an imprecise smooth function. If the function precision

value (recall Section 2.2.1) is taken to be sufficiently large, then the kinks we observed

in Section 2.3.2 become irrelevant. Therefore we recommend that regardless of the

potential benefit of later chapters, Siemens should make a priority of determining how

precise 3dv1d is.

However, proceeding as we do with the assumption that 3dv1d is precise, we will need

a stronger theory, one that is suited to when f and ccc are not everywhere differentiable.

This is why, having started this project by diagnosing the failure of applying e04ucf

to 3dv1d, the direction of research which we chose to pursue was that of non-smooth

optimisation.

36



Chapter 3

Applying Non-smooth Methods to

3dv1d

Having established in the previous chapter that the objective and constraint functions

corresponding to 3dv1d are not everywhere differentiable, we now explore the theory of

solving such problems; which are written in the form:

minimize
xxx ∈ Rn

f(xxx)

subject to cj(xxx) ≤ 0, j ∈ I,
(3.1)

where I is the index set of inequality constraints, and the objective and constraint

functions: f and ccc are Lipschitz continuous as opposed to continuously differentiable.

Remark. Unlike in Chapter 2, here we only consider inequality constraints. We justify

this as it simplifies the theory, and is sufficient for the problem of 3dv1d, which only has

inequality constraints.

In this chapter, we begin by reviewing existing work done on non-smooth optimi-

sation (NSO). Next in Section 3.2, we list the main definitions and results which must

be understood when transitioning to NSO from SO. In Section 3.3 we identify from our

literature review two particular algorithms which seem most suitable for the problem of

3dv1d and explain them in detail. Finally, in Section 3.4 we apply the algorithm which
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is immediately applicable for 3dv1d, and comment on its practicality.

3.1 Literature Review

Once the objective function f or constraint function ccc are not smooth, the theory

presented in Chapter 2 breaks down. While an optimisation algorithm such as the one

shown in Chapter 2 may perform well at times, it also may fail due to its inability to

compute a gradient at a point where no gradient exists, fail to converge, or fail to ever

pass an optimality test [18]. If we are to solve Problem 3.1, we require algorithms based

on a more general theory. Fortunately, several of these exist.

The simplest generalisation of the gradient to non-smooth functions, the subgradient

(we define this rigorously later in Definition 3.5), was discovered by Shor in 1962, and

developed further by Shor, Ermoliev and Poljak (according to Poljak in his review of

Soviet research [19]). Subgradients are a natural generalisation to gradients defined

for convex functions. Upon subgradients, the class of algorithms called Subgradient

Methods are built. These algorithms imitate Gradient Descent from SO, only replacing

the gradient with a subgradient at each iteration.

There are two main limitations of Subgradient Methods. First, if vvv is a subgradient

of f at xxx, it does not follow that −vvv is a descent direction from xxx. As a consequence of

this, subgradient methods are not descent methods, meaning that f(xxxk) ≤ f(xxxk−1) does

not necessarily hold for all iterations k. Moreover, if xxx∗ is a local minimum of f , it is

not guaranteed that ∥vvvk∥ → 0 as xxxk → xxx∗ (where vvvk is a subgradient of f at xxxk for all

iterations k).

An alternative to Subgradient Methods are the Cutting Plane methods for convex

optimisation. Where subgradient methods use a single subgradient with each iteration,

and discard it afterwards, Cutting Plane methods keep track of all subgradients com-

puted thus far, making continual use of them. The earliest examples of such methods are

algorithms which were discovered separately by Cheney and Goldstein [20] and Kelley

[21]. The main advantage of cutting plane methods over subgradient methods is that
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cutting plane methods are able to identify when they have located a local minimiser.

The most commonly used extension of the subgradient to non-convex functions is the

Clarke generalised gradient [22], which is well defined for any function which is Lipschitz

continuous. Using this in place of gradient, Clarke generalised the KKT conditions [23],

thus deriving optimality conditions for non-smooth non-convex Constrained Optimisa-

tion. By replacing subgradients with the Clarke generalised gradients, both subgradient

methods and cutting plane methods can be generalised for non-convex functions.

Remark. For the remainder of this thesis, when we use the term subgradient, what we

are referring to is Clarke’s generalised gradient.

Bundle Methods are the extension of Cutting Plane methods which are applicable to

non-convex functions. Discovered by Wolfe [24] and Lemaréchal (according to Schramm

and Zowe [25]), these methods collect a ‘bundle’ or set of subgradients and function

values, continually adding more until a descent direction is obtained. Other examples

of such methods include [26–28]. An issue with this approach is encountered when the

linear approximation to f using a particular subgradient does not underestimate f .

(Note that this can’t happen when f is convex). When such a subgradient is included

in the bundle of gradients, it may obstruct the discovery of a descent direction.

An extension of the Bundle Method which deals with this problem are the Proximal

Bundle Methods [29–33]. These methods make use of a ‘bundle’ of subgradients as

before, but will discard a subgradient once the current iterate is sufficiently far from

the point at which the subgradient was calculated. One proximal bundle method worth

mentioning is the discrete gradient method of Bagirov et al[34], which does not require

an analytic subgradient but rather approximates them numerically, a feature which is

desirable with 3dv1d in mind, given that we lack any analytic subgradient.

Another variant of the Bundle approach which has received much attention recently

is the gradient sampling Algorithm [35]. This method exploits the fact that a non-

smooth function which is Lipschitz continuous will be differentiable almost everywhere,

meaning that the gradient will be well defined for any randomly sampled point with

probability one. Using this fact, the subdifferential (the set of all subgradients, which
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we will defined rigorously in Section 3.2) may be approximated using a ‘bundle’ of

gradients computed at randomly sampling points nearby. This has been used by Burke

et al [36] to generalise the method of steepest descent, and has been developed further

since [37–42].

A particular gradient sampling algorithm to take note of is the sequential quadratic

programming with gradient sampling method of Curtis and Overton [5]. This algorithm

generalises SQP and has been proven to have convergence guarantees for solving a

general non-smooth non-convex constrained optimisation problem. Since NAG’s SQP

algorithm has consistently given Siemens sensible, even if not provably optimal solutions,

we see SQP-GS as the natural next step to take. In this chapter, we provide a brief

description for SQP-GS and demonstrate its effectiveness applied to 3dv1d

It is important to note that our choice to proceed with SQP-GS does not imply

that there no other valid approaches which me might take. Another class of algorithms

which we have not mentioned thus far are derivative free optimisation (DFO) methods.

This class has two major subcategories [43]: Direct Search Methods, and Model-Based

Methods.

The idea of Direct Search methods is to evaluate the objective (and constraint) func-

tion at a finite number of points which are called the polling set. Intuitively, the polling

set may be thought of as a generalisation of the set of points which need to be evaluated

in order to compute a finite difference gradient approximation. Based on the function

values evaluated, a direct search method will then move to a new point and update

the polling set, exactly how it does so depends on the specific method. One algorithm

worth mentioning here is the mesh adaptive direct search (MADS) method [44], which

has convergence guarantees for non-smooth, non-convex functions. Implementations of

this method can be found in software packages such as NOMAD [45].

The other category of DFO methods: Model-Based Methods, involves using a set

of points at which the objective has been evaluated to construct a model (usually

quadratic) to approximate the objective function locally, and selecting the next point

to evaluate by minimising this model within a trust region. While many of these meth-
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ods such as NEWUOA [46, 47], BOBYQA [48], BC-DFO [49], and DFO-LS [50] are

designed with SO in mind, there has been development in the non-smooth setting in

recent years. For example, the algorithm of that of Liuzzi et al [51] combines ideas from

DFO Model-Based Methods with Bundle methods to construct a non-smooth model in

place of a smooth one.

Aside from the DFO methods listed previously, there also exists the ‘nonderivative

gradient sampling’ method of Kiewel [52] which makes use of ideas from gradient sam-

pling methods (see above) in the derivative free context, or the method of Riis et al [53]

which makes use of discrete gradients which are not related to those used by Bagirov

et al [34]. These are all methods which we might have considered using, and indeed are

well suited to the problem of 3dv1d given the lack of availability of gradient information.

It is also worth pointing out here that while algorithms have been constructed to

solve NSO problems, the cost of doing so is far greater than for smooth optimisation. So

much so, that smooth optimisation algorithms, specifically BFGS, are often observed to

perform competitively when applied to NS algorithms [54]. Ultimately, NSO algorithms

can only be assured to converge in so general a setting because they have to do much

extra work in the process. For a NSO algorithm to be competitively fast in practice,

we must identify additional structure in the problem which is stronger than Lipschitz

Continuous but weaker than Continuously Differentiable. For a non-exhaustive list of

such function classes, see Lemaréchal’s review of the theory of NSO[55]. If we can classify

3dv1d into any of these categories between Lipschitz continuous and differentiable, this

may enable us to reduce the computational cost of a solution.

Ultimately, we chose to use the sequential quadratic programming with gradient

sampling algorithm of Curtis and Overton [5] given its suitability to the problem of

3dv1d while being a natural extension from e04ucf, the method previously used. We

overlooked SQPGS’s need of gradient information given that the finite difference ap-

proximations of gradients (at smooth points) appeared to have been working well for

Siemens in the past. Moreover, later in this thesis we decided to use the discrete gra-

dient method of Bagirov et al [34], this time motivated by its deterministic approach
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to constructing a bundle, along with its derivative free capabilities. For the remainder

of this thesis, these are the only two algorithms which we discuss, despite many of the

others mentioned above also being potentially usable for our problem.

Remark. More recently, we have found additional solvers suitable to the full non-smooth

non-convex Constrained Optimisation problem, including SolvOpt [56] and the Bundle

sequential quadratic programming method of Schichl and Fendl [57]. However, we be-

came aware of these too late for them to be included in our analysis.

3.2 Theory of non-smooth optimisation

In order to understand the theory of NSO, we must define precisely what it means to

be differentiable. For this, the first definition we need is that of Lipschitz Continuity:

Definition 3.1. A function f ∶ Rn → R is said to be Lipschitz Continuous with Lipschitz

constant L with respect to the Euclidean norm ∥⋅∥ if for every xxx,yyy ∈ Rn:

∣f(xxx) − f(yyy)∣ ≤ L∥xxx − yyy∥.

In the following definitions and results (which we cite from various sources but don’t

prove), we justify the assertion that Lipschitz Continuous functions are differentiable

almost everywhere.

Recall Definition 2.7 where we define the directional derivative. Using this, we

can define the notion of differentiability in general. Here however, there are multiple

definitions which differ from each other mainly in the context that they apply. We take

our definition to be that of Gâteaux Differentiability.

Definition 3.2 (Gâteaux Differentiable [58]). Let f ∶ Rn → Rm be a real valued function

defined on an open set in Rn. The function f is said to be Gâteaux differentiable at a

point xxx if there exists a bounded linear operator T ∶ Rn → Rm such that:

Tddd = f ′(xxx;ddd) (3.2)
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for every ddd ∈ Rn. The (uniquely determined) operator T is called the Gâteaux derivative

of f at xxx and is denoted by Df(xxx).

Remark. The definition of Gâteaux Differentiability given by Benyamini and Linden-

strauss [58] is more general that Definition 3.2. We have simplified the original defini-

tion to better match our context of use.

Another definition of differentiability is Fréchet differentiability. Although we do not

define it here, we note its significance due to the following result.

Theorem 4 (Rademacher’s Theorem [13]). Any Lipschitz function on Rn is almost

everywhere Fréchet differentiable.

All that remains in order to justify that a Lipschitz Continuous function is Gâteaux

differentiable almost everywhere is to show the circumstances under which Fréchet dif-

ferentiability implies Gâteaux differentiability.

Theorem 5 ([59]). If the function f ∶ Rn → Rm is Fréchet differentiable at xxx ∈ Rn, then

f is Gâteaux differentiable at xxx.

Remark. Theorem 5 is a simplified version of that given by Bell [59]. We have simpli-

fied the original result to better match our context of use.

Between Theorems 4 and 5, we see that a Lipschitz continuous function f ∶ Rn → Rm

will be (Gâteaux) differentiable almost everywhere. It is critical to note that ‘almost

everywhere’ does not mean everywhere. To see this, consider the following example.

Example 3.1. Consider the function f(x) = x sin(logx) on the set [0,1]. We compute

f ′(x) to find that:

f ′(x) = sin(logx) + cos(logx).

First we observe that the function f ′(x) ∈ (−2,2), ∀x ∈ [0,1]. The boundedness of the

derivative implies that f is Lipschitz Continuous. However, the limit limx→0+ f ′(x) does

not exist, meaning f is Lipschitz Continuous at 0 even though the directional derivative

at 0 does not exist.
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Remark. For the remainder of this thesis, when we use the term differentiable, we are

referring to the notion of Gâteaux differentiable.

Definition 3.3 (Kink). Given f a Lipschitz Continuous function, we define a kink of

f to be any subset of Rn on which f is not differentiable.

Having established the definition of differentiable, we can now extend this notion to

Lipschitz continuous functions. First we generalise the directional derivative.

Definition 3.4 (Clarke Generalised Derivative [60]). Let f ∶ Rn → R be a Lipschitz con-

tinuous function. Given a point xxx and a direction ddd, the Clarke Generalised Derivative

is defined as:

f ○(xxx;ddd) = lim sup
yyy→xxx
t↓0

f(yyy + tddd) − f(yyy)
t

.

As a consequence of Lipschitz Continuity, f ○ is uniquely defined everywhere.

This definition enables that of the generalised gradient.

Definition 3.5 (Clarke Generalised Gradient [60]). Given the Lipschitz continuous

function f ∶ Rn → R, the Clarke Generalised Gradient of f at xxx ∈X is defined by:

∂Cf(xxx) = {vvv ∈ Rn ∶ f ○(xxx;ddd) ≥ ⟨vvv∣ddd⟩ , ∀ddd ∈ Rn}.

Having defined the Clarke Generalised Gradient, we now list a few properties of this

gradient taken from [60]. Before doing this however, we require the definition of the

closure of a set.

Definition 3.6 (Closure [61]). Let U ⊂ Rn be given. We define a limit point of U to

be any point yyy ∈ Rn such that there exists a sequence of points {xxxk}∞k=1, with xxxk ∈ U, ∀k

such that yyy = lim
k→∞

xxxk. Let U be the set of limit points of U . Then we define the closure

of U to be U ∪ V , and write it as U .

Proposition 3.1. Given f ∶ Rn → R, a Lipschitz continuous function (with Lipschitz

constant L), the Clarke Generalised Gradient has the following properties:
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1. [60, Proposition 2.1.2] ∂Cf(xxx) is a nonempty, convex, weak-compact subset of Rn

and ∥vvv∥ ≤ L for every vvv ∈ ∂Cf(xxx).

2. [60, Proposition 2.1.2] For every ddd ∈ Rn, it holds that:

f ○(xxx;ddd) = max{⟨vvv∣ddd⟩ ∶ vvv ∈ ∂Cf(xxx)}.

3. [60, Proposition 2.1.5] Let xxxi and vvvi be sequences such that limi→∞xxxi = xxx, and

vvvi ∈ ∂Cf(xxxi) for each i. Then limi→∞ vvvi ∈ ∂Cf(xxx).

4. [60, Proposition 2.1.5] It holds that:

∂Cf(xxx) = ⋂
δ>0

⎛
⎝ ⋃
yyy∈Bδ(xxx)

∂Cf(yyy)
⎞
⎠
.

5. [60, Proposition 2.2.4] If f is Gâteaux differentiable at xxx, then ∂Cf(xxx) = {Df(xxx)}

(see Definition 3.2). Conversely, if ∂Cf(xxx) contains a single element vvv, then f is

Gâteaux differentiable and Df(xxx) = vvv.

6. [60, Proposition 2.5,1] Let Df the set on which f is Gâteaux differentiable. It

holds that

∂Cf(xxx) = Conv {lim∇f(yyy) ∶ yyy → xxx,yyy ∈ Df},

where Conv {X} refers to the convex hull of the set X.

Remark. In many other sources [34, 42, 55, 62], the property listed in Item 6 is given as

the definition of the Clarke Generalised Gradient. We have seen fit to use the definition

from Clarke’s textbook.

When optimizing an unconstrained NS function, the 1st order optimality condition

for the point xxx∗ is simply that 000 ∈ ∂Cf(xxx∗). However, we are concerned with Problem

3.1 which involves constraints, and hence require more elaborate 1st order optimality

conditions. While Definition 2.3 still applies, Theorem 1 is no longer applicable for

identifying a local minimiser. Thus, we need a generalised version of Theorem 1. Though
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the definitions which follow come from Clarke [60], we use the notation of Curtis and

Overton [5]. In Chapter 2, we needed to assume the LICQ conditions before we could

demonstrate optimality. Now we instead require the property of calmness.

Definition 3.7 ([5]). A local minimiser xxx∗ of Problem 3.1 is called calm if ∃K > 0 such

that for all sequences (xxxk, tttk) → (xxx∗,0), with each pair (xxxk, tttk) satisfying ccc(xxxk) ≤ tttk, we

have f(xxx∗) − f(xxxk) ≤K ∣∣tttk∣∣.

To understand Definition 3.7 intuitively, we define the `1 penalty function φρ(xxx)

applied to Problem 3.1 by:

φρ(xxx) ∶= ρf(xxx) + v(xxx), (3.3)

where v is the constraint violation function:

v(xxx) = ∑
j∈I

max(−cj(xxx),0). (3.4)

A calm local minimiser xxx∗ is a point for which there exists ρ∗ > 0 such that xxx∗ is also

a local minimiser for the function φρ(xxx) for all values of ρ ∈ [0, ρ∗]. In other words, calm

local optimisers are the only ones we might expect to find when using a penalty method

to account for constraints. Using the definition of calmness, we finally generalise the

KKT conditions.

Theorem 6 ([5]). Suppose f and ccc are Lipschitz continuous on Rn, let xxx∗ be a calm

local minimizer of Problem 2.1. Then there exists dual variables λλλ∗ ≥ 000 such that the

primal-dual pair (xxx∗,λλλ∗) satisfies:

∂xxxL(xxx∗,λλλ∗) ∋ 0,

λ∗j cj(xxx∗) = 0, j ∈ I,

where ∂xxxL(xxx∗,λλλ∗) is the (partial) Clarke subdifferential [60, p. 48] with respect to the

variable xxx of L(⋅,λλλ∗) at xxx∗ and L(xxx,λλλ) = f(xxx) +λλλTccc(xxx) is the Lagrangian.

Remark. When Theorem 6 is applied to a smooth function, it simplifies to Theorem 1.
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With NS optimality conditions now defined, there is one last difficulty with NSO

which we discuss in this section. A NS optimiser will attempt to generate a sequence of

points {xxxk} such that xxxk → xxx∗ where 000 ∈ ∂Cf(xxx∗). Unlike smooth optimisation where if

∇f(xxx∗) = 000 and xxxk → xxx∗ then ∇f(xxxk) → 000, there is no similar result in NSO. Therefore, it

is not enough for us to approximate ∂Cf(xxxk) given that all the subgradients in ∂Cf(xxxk)

might all point in the same direction even though ∥xxxk −xxx∗∥ < ε.

Definition 3.8 (Goldenstein ε-subdifferential [63]). Given a Lipschitz continuous func-

tion f ∶ Rn → R and ε > 0, we define the Goldstein ε-subdifferential to be

∂εf(xxx) = Conv {∂Cf(yyy) ∣ yyy ∈ Bε(xxx)}.

If 000 ∈ ∂εf(xxx), then we call xxx an ε-stationary point of f .

There are two advantages of using the Goldstein subdifferential in practice. First

of all, if xxxk → xxx∗ where 000 ∈ ∂Cf(xxx∗), once ∥xxxk −xxx∗∥ ≤ ε, then 000 ∈ ∂εf(xxxk). The second

advantage is that ∂εf(xxx) may be naturally approximated using a bundle of gradients

which we now define:

Definition 3.9 (Bundle). Given the function f and xxx ∈ Rn, we define a bundle of points

around xxx to be any finite set of points, each of which is ideally but not necessarily close

to xxx.

Finally we define the approximate subdifferential, which requires a bundle in order

to construct.

Definition 3.10 (Approximate Subdifferential). Given the function f , xxx ∈ Rn, and B,

a bundle (see Definition 3.9) of points close to xxx , we define the approximate subdiffer-

ential to be:

∂̃f(xxx;B) = Conv {∇f(yyy) ∣ yyy ∈ B}, (3.5)

A key property of the Approximate Subdifferential is that if B ∈ Bε(xxx)m for some

number m, then ∂̃f(xxx;B) ⊆ ∂εf(xxx). In short, we can approximate the Goldstein subd-

ifferential with the Approximate Subdifferential using an appropriately chosen bundle
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of points. The accuracy of the Approximate Subdifferential depends on a few factors

including the number of points in the Bundle and their positioning. Both SQP-GS and

DGM make use of a Bundle, but generate them in very different ways. In the section

which follows, we describe these two algorithms in detail.

3.3 Two applicable algorithms

In Section 3.1 we identified the SQP-GS algorithm of Curtis and Overton [5] as an

algorithm with a similar structure to 3dv1d that is equipped to solve Problem 3.1 with

the sole assumption that f and ccc are Lipschitz continuous. However, this algorithm

requires the ability to compute ∇f(xxx) at any point xxx where f is differentiable. In the

context of 3dv1d, we lack this feature and must rely on numerical approximations for

the gradients.

Motivated by this, we identified a second algorithm: the discrete gradient method

of Bagirov et al. Like SQP-GS, the DGM is a bundle method. Unlike SQP-GS, this

method is not currently equipped to handle constraints, and requires more assumptions

to be made about the structure of f . However, it does not assume analytic gradients to

be available either. Although we don’t directly apply this method to 3dv1d, we outline

this method after SQP-GS given that we will make use of it in Chapter 4.

Therefore, in this section we describe in detail how both of these methods operate,

how each of them construct their bundle of points, and under what circumstances we

might expect them to converge to a generalised KKT point.

3.3.1 Sequential quadratic programming with gradient sam-

pling

Sequential quadratic programming with gradient sampling (SQP-GS) is an algorithm

which solves Problem 3.1 by minimising the `1 penalty function φρ(xxx) (see Equa-

tion (3.3)). Given a particular value of ρ, a minimiser of φρ(xxx) may not be feasible.

However, by iteratively reducing the magnitude of ρ and optimising φρ, we can converge
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to a calm local minimiser.

Similar to SQP, SQP-GS is a line search method, meaning that it matches the form

of Algorithm 1. In order to explain how it operates, we must once again define how

SQP-GS: 1. selects a search direction, 2. determines a step length, and 3. modifies its

Quasi-Newton matrix. However, there are two new features of the algorithm to explain:

how the bundle of points used to construct the approximate subdifferential is generated,

and how the penalty parameter ρ is reduced in order to find a feasible solution.

Remark. In Chapter 2, the Lagrangian function (see Equation (2.7)) was constructed

in such a way that when ρ was small, infeasible points were not punished very hard,

while if ρ was large, infeasible points would be penalised. In this section, we construct

a merit function where ρ has precisely the opposite effect. Therefore in this chapter we

talk about reducing ρ as we progress instead of increasing it.

3.3.1.1 Generating the bundle of points

The strategy used by SQP-GS, and indeed GS algorithms in general to approximate

∂C(φρ)(xxx) is to compute ∂̃(φρ)(xxxk;Bk) using Equation (3.5) where Bk refers to a bundle

of points near to xxxk.

As implied by the phrase gradient sampling, SQP-GS generates this bundle ran-

domly. Given the sampling radius ε and number of samples ns ≥ n + 1, SQP-GS gener-

ates ns randomly sampled points which lie within the distance ε of xxxk. When ε is large,

000 ∈ ∂̃(φρ)(xxxk;Bk) doesn’t imply that xxxk is a local minimiser, but rather that there exists

a local minimiser of φρ within a distance ε of xxxk.

It must be noted that for SQP-GS, we must generate ns sample points for f and

each cj, j ∈ I independently, meaning ns(1+ ∣I∣) random points in total. We denote the

set of points randomly generated for f at the k-th iteration by Bfk and the set of points

for each cj by Bcjk .
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3.3.1.2 Determining a descent direction

In order to find a descent direction from xxxk for the function φρ, we solve the following

quadratic programming problem:

pppk = arg min
(ddd, z,rrr) ∈ Rn+∣I∣+1

ρz + 1

2
dddTHHHkddd +∑

j∈I

rj

subject to f(xxxk) + ∇f(yyy)Tddd ≤ z, yyy ∈ Bfk ,

cj(xxxk) + ∇cj(yyy)Tddd ≤ rj, yyy ∈ Bcjk , j ∈ I, ,

rj ≥ 0, j ∈ I.

(3.6)

Problem 3.6 is a natural extension of Problem 2.4 for when f and ccc are NS. Where

in Problem 2.4 the objective depended on the gradients of f and ccc, in Problem 3.6 we

must consider the gradients evaluated at each point within our bundle Bk.

Next, given pppk, the solution obtained from solving Problem 3.6 we define:

qρ(ddd;xxx,Bk,HHH) ∶= ρmax
yyy∈Bf

k

{f(xxx)+⟨∇f(yyy)∣ddd⟩}+∑
j∈I

max
yyy∈B

cj
k

{max(cj(xxx)+⟨∇cj(yyy)∣ddd⟩ ,0)}+ 1
2ddd

THHHddd.

(3.7)

In practice, we never need to compute qρ directly, given that its value is obtained from

any practical solver of Problem 3.6, as qρ would be the outcome if the problem was min

instead of argmin. Using this, we now construct the function:

∆qρ(ddd;xxx,Bk,HHH) ∶= qρ(000;xxx,Bk,HHH) − qρ(ddd;xxx,Bk,HHH),

= φρ(xxx) − qρ(ddd;xxx,Bk,HHH) ≥ 0.

(3.8)

Curtis and Overton [5] show that ∆qρ is an upper bound for the directional derivative

of φρ in the direction of ddd. As such, it is relevant for the next section where we discuss

the line search procedure.

3.3.1.3 Determining a step length

Having solved Problem 3.6 to obtain the search direction pppk, the next step is to determine

the step length αk before setting xxxk+1 = xxxk +αkpppk. For each iteration, we require that if
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∥pppk∥ > 0, then φρ(xxxk+1) must be sufficiently smaller than φρ(xxxk). The condition which

we enforce is:

φρ(xxxk + αpppk) ≤ φρ(xxxk) − c1α∆qρ(pppk;xxxk,Bk,HHHk). (3.9)

Since ∆qρ gives and upper bound for the directional derivative of φρ in the direction pppk,

Equation (3.9) is a weaker condition, but in the same form as Equation (2.6a).

To compute such α satisfying Equation (3.9), we apply Algorithm 3 to the function

ϕ(α) = φρ(xxxk + αpppk).

Algorithm 3: SQP-GS line search algorithm

/* Initialisation: */

input : ϕ // Objective function

1 t ∈ (0,1) // Backtracking constant

2 c1 > 0 // Armijo constant

3 ϕ′(0) // Directional derivative

4 α = 1;
5 while ϕ(α) > ϕ(0) − c1αϕ′(0) do
6 α = tα;

output: α.

Remark. Note that when applying Algorithm 3 to SQP-GS, we insert ∆qρ(pppk;xxxk,Bε,k,HHHk)

instead of φ′ρ(xxxk;pppk) as the directional derivative.

3.3.1.4 Updating the Quasi-Newton Matrix

As in SQP, with SQP-GS we use a QN matrix which approximates ∇2φρ(xxxk). However,

the QN matrix used by SQP-GS differs from that used by NAG’s SQP in two ways.

Firstly, while we still use Equation (2.12), we can no longer define sss = xxxk+1 −xxxk and

yyy = ∇xxxL(xxxk+1,λλλk+1) − ∇xxxL(xxxk,λλλk), given that L(⋅) is no longer a smooth function. Nor

can we simplistically replace ∇xxxL(xxxk,λλλk) and ∇xxxL(xxxk+1,λλλj+1) with −pppk and −pppk+1 given

that pppk and pppk+1 are computed using the values of HHHk and HHHk+1 respectively.

Instead, we replace ∇xxxL(xxxk,λλλk) with the subgradient vvvk which approximates the

minimum norm element of ∂̃φρ(xxxk;Bk) (see Definition 3.10). In order to compute vvvk,

we record the dual variables (λfk,0, . . . , λ
f
k,ns

), (λc0k,0, . . . , λ
c∣I∣
k,ns

), (λc0k,0, . . . , λ
c∣I∣
k,ns

) which are
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obtained from solving Problem 3.6. Then we calculate:

vvvk =
ns

∑
i=1

λfk,i∇f(xxx
f
k,i) +∑

j∈I

ns

∑
i=1

λ
cj
k,i∇f(xxx

cj
k,i), (3.10)

where xxxfk,i ∈ B
f
k , and xxx

cj
k,i ∈ B

cj
k are the points at which the gradient were sampled earlier.

Finally we define yyy (see Equation (2.12)) to be vvvk − vvvk−1.

Remark. Note that for SQP-GS the term yyy = vvvk − vvvk−1 is delayed by an iteration,

given that vvvk and vvvk−1 correspond to xxxk and xxxk−1 respectively, while in Section 2.1.2.3 yyy

depended on the gradients of the Lagrangian at xxxk+1 and xxxk.

The second difference in how the QN matrix is updated is that in SQP-GS a limited

memory QN method is used. What this means is that HHHk does not depend directly

on HHHk−1. Instead of simply updating HHHk each iteration, we store the last kHHH values of

yyyk = vvvk − vvvk−1 and sssk = xxxk −xxxk−1. Then, after initialising HHHk = III, we apply the following

transformation

HHHk ←HHHk −
HHHksss`sssT`HHH

T
k

sssT`HHHksss`
+ y
yy`yyyT`
yyyT` sss`

(3.11)

exactly kHHH times for ` = k, k−1, . . . , k−kHHH +1. ComputingHHHj in this way means that old

information about the shape of f and ccc is eventually forgotten as its relevance decreases.

3.3.1.5 How SQP-GS modifies its parameters

SQP-GS locates a local optimum to Problem 3.1 by finding local minimisers for φρ (see

Equation (3.3)) for a sequence of values for ρ. If xxx∗, a local minimiser for Problem 3.1,

is ‘calm’ (see Definition 3.7), then once ρ is sufficiently small any xxx∗ which minimises

φρ also solves Problem 3.1. In this section, we discuss how to generate this sequence of

ρ values.

The penalty parameter ρ is not the only parameter being modified as SQP-GS runs.

There are also the sampling radius ε, which is the maximum distance from xxxk that the

set of points Bk are sampled and the violation tolerance θ which is the total violation

of the constraint function which SQP-GS is temporarily willing to tolerate without
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reducing the penalty parameter.

Given values for ρ, θ, and ε, we search for a local minimiser to φρ. This is accom-

plished by iteratively constructing the search direction pppk, which depends on Bk and

in turn ε. When ε is large, the approximate subgradient ∂̃φρ(xxxk;Bk) captures the be-

haviour of the function φρ nearby, but isn’t accurate close to xxxk. Therefore, we do not

worry about minimising φρ too precisely and stop once the following condition is met:

∆qρ(pppk;xxxk,Bk,HHHk) ≤ νε2, (3.12)

where ν is a tolerance constant which is specified by the user.

Once Equation (3.12) applies, we conclude that we are approaching a local minimum

of φρ. The next step is to reduce ε so that we might get closer. However, as we do so we

are also faced with two options. If xxxk, the point which minimised φρ satisfies v(xxxk) ≤ θ

(see Equation (3.4)), then we conclude that xxxk is tolerably feasible for now, but reduce

θ in order to force v(xxxk) → 0. Otherwise, we reduce the value ρ in order to give greater

weight to the constraint function in future. By doing so, we likely change where the

minimiser of φρ is located, therefore justifying why we didn’t minimise φρ too precisely.

3.3.1.6 Convergence results for SQP-GS

Now that we have explained the different steps of SQP-GS, we write it in full algorithmic

form in Algorithm 4. The rest of this section focuses on the main results from [5] which

show the circumstances under which SQP-GS is guaranteed to converge.

Assumption 3.1. The functions f and ccc are locally Lipschitz continuous (which is

a weaker property than being Lipschitz continuous) and continuously differentiable on

open dense subsets with full measure in Rn.

Assumption 3.2. The sequences of iterates and sample points generated by Algorithm 4

are contained in a convex set over which the functions f and ccc and their first derivatives

are bounded. In addition, there exists constants ξ > ξ > 0 such that ξ∥ddd∥2 ≤ dddTHHHkddd ≤

ξ∥ddd∥2
for all k and ddd ∈ R.
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Algorithm 4: SQP with Gradient Sampling [5]

/* Initialisation: */

input : ε > 0, ρ > 0, θ > 0, ns > n + 1, c1 ∈ (0,1), t ∈ (0,1), βε ∈ (0,1),
βρ ∈ (0,1), βθ ∈ (0,1), ν > 0, xxx0 ∈ Ωf .

1 Set k = 0;
/* Main loop */

2 while Not Converged do
3 Generate Bk
4 Construct HHHk (see Section 3.3.1.4)
5 Compute the search direction (pppk, zk, rk) from Problem (3.6).
6 if ∆qρ(pppk;xxxk,Bk,HHHk) ≤ νε2 then
7 if v(xxxk) ≤ θ then
8 θ = βθθ;
9 else

10 ρ = βρρ;

11 ε = βεε
12 xxxk+1 = xxxk
13 pppk = 0

14 else
15 Set pppk = max

`∈N
{t` ∶ f(xxxk + t` pppk

∥pppk∥
) − f(xxxk) < −c1t`∆qρ(t`;xxxk,Bk,HHHk)}

16 k = k + 1;

The convergence of SQP-GS relies on Assumptions 3.1 and 3.2. Note that these

assumptions are very similar to the informally stated requirements of SQP in Sec-

tion 2.1.2.5.

Theorem 7 (Global Convergence of SQP-GS[5]). Let {xxxk} be the (infinite) sequence

of iterates generated by Algorithm 4. If Assumptions 3.1 and 3.2 apply, then with

probability one, one of the following holds true:

1. The penalty parameter satisfies ρ = ρ∗ for some ρ∗ > 0 for all large k and every

cluster point of {xxxk} is stationary for the penalty function φρ∗. Moreover, with K

defined as the (infinite) subsequence of iterations during which ε is decreased, we

have {v(xxxk)}k∈K → 0, meaning that all cluster points of {xxxk}k∈K are feasible for

Problem (3.1) in addition to being stationary for φρ∗.

2. The penalty parameters satisfies ρ → ρ∗ = 0 and every cluster point of {xxxk} is

stationary for the constraint violation function v.
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3.3.2 Discrete gradient method

The second existing algorithm we have worked with in this project is the DGM of

Bagirov et al. The DGM differs from SQP-GS in several ways: it does not yet have

an official implementation which is designed for constrained optimisation, it assumes

that the objective function f has more structure than merely being locally Lipschitz

continuous, and it is deterministic. We see fit to explain this algorithm here as we will

make use of it in future chapters.

The DGM is designed for functions which are semismooth and quasidifferentiable.

We do not define these terms in detail here (they may be found in [34]) because any

function which is the maximum of finitely many smooth functions has these properties.

In Chapter 4 we will discuss why we are willing to assume that 3dv1d has this structure.

Like SQP-GS, DGM is also a line search method of the form of Algorithm 1. Since

it does not make use of a QN matrix, we can describe it entirely by stating how it

determines the search direction pppk and step length αk. This we do in Sections 3.3.2.2

and 3.3.2.3 before presenting convergence results in Section 3.3.2.4. However, we begin

in Section 3.3.2.1 by defining the process by which the DGM approximates a subgradient.

3.3.2.1 Approximating a subgradient

Unlike SQP-GS, the DGM does not assume that we have access to analytic subgradients,

but it is equipped with a procedure to approximate them. When approximating a

subgradient, we do so given a particular direction. We begin by defining the unit

sphere, or set of directions:

S1 = {ddd ∈ Rn ∣ ∥ddd∥ = 1}. (3.13)

Given the point xxx ∈ Rn and the direction ddd ∈ S1, we wish to approximate a subgra-

dient vvv with the property that f ′(xxx;ddd) = ⟨vvv∣ddd⟩ (which the DGM requires to be defined

everywhere). To do so, we need two discrete step lengths. In the derivation of the DGM

[34], one of these discrete step lengths is h > 0 while the other is z(h), where z ∈ P with
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P defined by:

P = {z ∣ z(h) ∈ R, z(h) > 0, h > 0, h−1z(h) → 0, h→ 0}. (3.14)

While this notation is important for theoretical purposes, in practice h and z(h) may

be thought of as two finite difference step lengths where 0 < z(h) ≪ h≪ 1.

Definition 3.11 (Discrete Gradient [34]). Let xxx ∈ Rn, ddd ∈ S1, h > 0, i ∈ {1,2, . . . , n} and

z ∈ P be given. We define Γi(xxx,ddd, z, h) to be the discrete gradient of f in the direction

ddd, and compute it as follows:

Γij(xxx,ddd, z, h) =
f(yyyj) − f(yyyj−1)

z(h) , j = 1, . . . , n, j ≠ i,

Γii(xxx,ddd, z, h) =
f(xxx + hddd) − f(xxx) − h

n

∑
j=1, j≠i

Γij(xxx,ddd, z, h)dj

hdi
,

(3.15)

where

yyy0 = xxx + hddd, and yyyj = yyyj−1 + z(h)eeej, ∀j = 1,2, . . . , n. (3.16)

Here ei refers to the i-th Cartesian unit vector.

Remark. Note that from the definition of the Discrete Gradient, it holds that: f(xxx +

hddd) − f(xxx) = h ⟨Γi(xxx,ddd, z, h)∣ddd⟩ , which means that ⟨Γi(xxx,ddd, zh)∣ddd⟩ is a natural approxi-

mation for f ′(xxx;ddd).

The following proposition assures us that the discrete gradient will be bounded, a

property which is important when proving convergence of DGM.

Proposition 3.2 ([34]). Let f be a Lipschitz continuous function defined on Rn and let

L > 0 be its Lipschitz constant. Then for any xxx ∈ Rn, ddd ∈ S1, z ∈ P and h > 0, it holds

that:

∥Γi(xxx,ddd, z, h)∥ ≤ C(n)L, C(n) =
√
n2 + 2

√
n3 − 2

√
n. (3.17)

With discrete gradients now defined, the next step is to construct a descent direction.
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3.3.2.2 Constructing a descent direction

Similar to SQP-GS, DGM computes a search direction by computing an approximate

subdifferential ∂̃f(xxxk;Bk) at the point xxxk using Equation (3.5). The main difference

between DGM and SQP-GS lies in how the bundle Bk is constructed.

Where SQP-GS randomly samples ns points for the bundle at each iteration, DGM

adds points to the bundle through a deterministic process. Moreover for DGM, since

we are not dealing with constraints, we only need to store the gradients in the bundle

and not the points themselves.

For each iteration k, we initialise the bundle to contain the single subgradient: B0 =

{Γf(xxxk,pppk−1, z, h)}. Next we test to see if p̃ppk = −Γf(xxxk,pppk−1, z, h) is a descent direction

by checking if the following holds:

f (xxxk + h
p̃ppk
∥p̃ppk∥

) − f(xxxk) ≤ −c2h∥p̃ppk∥. (3.18)

If Equation (3.18) holds, then we accept p̃ppk as a valid direction of descent and we’re

done. Otherwise, we conclude that our bundle needs more subgradients, and compute

Γf(xxxk, p̃ppk, z, h) to add to the bundle.

From now on, in order to compute a trial direction, we solve the following quadratic

programming problem using the subgradients stored in the bundle.

p̃ppk = arg min
(ddd, z) ∈ Rn+1

z + 1

2
∥ddd∥2

subject to vvvTddd ≤ z, vvv ∈ Bk

(3.19)

Note that Problem 3.19 precisely matches Problem 3.6 if the QN matrix is replaced

with the identity matrix and constraints are removed. This Quadratic Programming

problem has n + 1 variables and 1 constraint for each subgradient in the bundle Bk.

When the number of subgradients in the bundle is much less then n, we solve the
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dual of Problem 3.19 instead:

minimize
λλλ ∈ R∣Bk ∣

XXXXXXXXXXX

∣Bk ∣

∑
j=1

λjvvvj

XXXXXXXXXXX

2

subject to
∣Bk ∣

∑
j=1

λj = 1, ,

λj ≥ 0, j = 1, . . . , ∣Bk∣

(3.20)

Problem 3.20 only has ∣Bk∣ variables and ∣Bk∣ + 1 constraints. Usually this will be

a much smaller number of variables then for Problem 3.20 meaning it will be cheaper

to solve. Problem 3.20 precisely describes the problem of finding the minimum normed

element of a convex set.

We state this procedure more rigorously in Algorithm 5.

Algorithm 5: DGM computation of descent directions [34]

input : xxx ∈ Rn, ddd0 ∈ S1, h≪ 1, c2 ∈ (0,1), ν ≪ 1.
1 Set i = argmax{∣dj ∣, j = 1, . . . , n}.
2 Compute vvv0 = Γi(xxx,ddd0, z, h).
3 Initialise B0, the bundle of gradients to be {vvv0}.

4 Compute ppp0 = −argmin{∥vvv∥ ∣ vvv ∈ Conv {B0}}. k = 0.
5 while ∥pppk∥ > ν and f(xxx + h pppk

∥pppk∥
) − f(xxx) > −c2h∥pppk∥ do

6 Set i = argmax{∣pj ∣, j = 1, . . . , n}.
7 vvvk+1 = Γi(xxx,pppk, z, h).
8 Bk+1 = Bk ∪ {vvvk+1}. (Add vvvk+1 to the bundle of gradients.)

9 Compute pppk+1 = −argmin{∥vvv∥ ∣ vvv ∈ Conv {Bk+1}}.
10 k = k + 1.

output: pppk

Remark. There are two circumstances under which Algorithm 5 terminates. The first is

when a direction ddd satisfies f(xxx+h ddd
∥ddd∥)−f(xxx) > −c2h∥ddd∥ which implies that ddd is a descent

direction. Otherwise the algorithm terminates when ∥ddd∥ < ν, which is an indication that

000 ∈ ∂Cf(yyy) for some yyy near to xxx.

In order for Algorithm 5 to be practical, we need it to produce a descent direction

within a finite number of iterations, a property which is proven in the following result.
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Proposition 3.3 (Convergence of Algorithm 5 [34]). Let f be a Lipschitz function

defined on Rn (with Lipschitz constant L). Then, for ν ∈ (0,C), Algorithm 5 terminates

after finite number of steps m, where

m ≤ 2( log2(ν/C)
log2(r)

+ 1) , r = 1 − (ν(1 − c1)
2C

)
2

,

where C = C(n)L and C(n) is the constant from Proposition 3.2.

3.3.2.3 Line search for DGM

In Algorithm 6 Line 6, we state that the step length at the k-th iteration is selected

such that αk = argmax{α ≥ 0 ∣ f(xxxk + α pppk
∥pppk∥

) − f(xxxk) ≤ −c1α∥pppk∥}. In practice though,

we compute αk by applying Backtracking line search (Algorithm 3).

3.3.2.4 Convergence of DGM

Having described how search directions and step lengths are selected, we now present

the DGM in Algorithm 6. In the remainder of this section, we write out the conditions

which must be satisfied to assure convergence.

Algorithm 6: discrete gradient method [34]

input : xxx0 ∈ Rn, h≪ 1, z ∈ P , 0 < c1 < c2 < 1, ν ≪ 1.
1 Randomly sample ddd ∈ S1.
2 Compute ppp0 by applying Algorithm 5 with inputs (xxx0,ddd, h).
3 k = 0.
4 while True do
5 if ∥pppk∥ > ν then
6 αk = argmax{α ≥ 0 ∣ f(xxxk + α pppk

∥pppk∥
) − f(xxxk) ≤ −c1α∥pppk∥}.

7 xxxk+1 = xxxk + αkpppk.
8 Compute pppk+1 by applying Algorithm 5 with inputs

(xxxk+1,
pppk
∥pppk∥

, h, c2, ν).
9 else

10 xxxk+1 = xxxk.
11 k = k + 1.

output: xxxk

Before we state the convergence result, we must first make the following assumption.
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Intuitively, the following statement assumes that each discrete gradient computed in

Algorithm 5 corresponds to a real subgradient sufficiently close to xxxk.

Assumption 3.3. Let xxx ∈ Rn be a given point. For any ε > 0 there exists δ > 0 and

h0 > 0 such that D0(yyy, h) ⊂ ∂εf(xxx) + Sε for all yyy ∈ Sδ(xxx) and h ∈ (0, h0), where:

D0(xxx,h) = Conv {vvv ∈ Rn ∣ ∃(ddd ∈ S1, z ∈ P ) ∶ vvv = Γi(xxx,ddd, z, h)},

and

Sε = {yyy ∈ Rn ∣ ∥xxx − yyy∥ < ε}.

Theorem 8 (DGM [Convergence [34]). If the function f is the maximum of a fi-

nite number of smooth functions, Assumption 3.3 is satisfied on Rn and the set {xxx ∈

Rn ∣ f(xxx) ≤ f(xxx0)} is bounded for any xxx0 ∈ Rn, then every accumulation point of {xxxk}

belongs to the set {xxx ∈ Rn ∣ 000 ∈ ∂Cf(xxx)}.

Remark. We have simplified the original result [34, Theorem 7.1] into Theorem 8 in

order to reduce amount of notation and definitions required.

3.4 Applying SQP-GS to 3dv1d

In Section 3.3.1.1, we stated that Bfk and Bcjk , j ∈ I must be sampled independently

of each other. This means that ns(∣I∣ + 1) distinct sample points are required and not

merely ns. In addition, if xxxk ∈ Rn, then we need ns ≥ n + 1 gradient samples for each

function.

If the functions f and cj are known and can be computed separately, then having

ns(∣I∣ + 1) sample points as opposed to ns does not effect the number of function evalu-

ations as we will be computing each of f and cj exactly ns + 1 times anyway. However,

when (as is the case for 3dv1d) we only may access f and ccc through an oracle which

evaluates f and ccc at the same time, this increases the number of gradient computations

we need by a factor of ∣I∣.
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Since in our experience, this is the main bottleneck encountered when applying SQP-

GS to 3dv1d, SQP-GS ends up being prohibitively expensive. In order to apply SQP-GS

to 3dv1d in reasonable time, we are forced to relax this condition, thus using the same

ns sample points for f and each cj. By doing so, we forfeit the convergence guaranteed

in Theorem 7. Furthermore, the condition ns ≥ n+1 is also unreasonable due to the cost

required. With convergence assurance already forfeited, we also relax this condition.

Finally it should be noted that Algorithm 4 lacks any termination condition. Ulti-

mately, we would like ∆qρ(αk;xxxk,Bk,HHHk) → 0, thus implying that we can’t find a search

direction. However, this outcome is meaningless unless ε → 0 given the dependence of

the accuracy of ∂̃f(xxxk;Bk) on ε. Therefore, we introduce the minimal sampling radius

εmin and terminate Algorithm 4 once ε < εmin.

With these modifications and using finite differences to approximate gradients, SQP-

GS is fully equipped for the problem of 3dv1d. In Section 3.4.1 we describe how we

set up a numerical experiment to test the effectiveness of SQP-GS on 3dv1d before

presenting the results in Section 3.4.2.

Remark. One approach which might be taken to reduce the cost of gradient calculation

is to use automatic differentiation [11, Section 8.2]. Here we are limited by the source

of our objective function: 3dv1d. Since 3dv1d is a black box function, we can’t know

if automatic differentiation is applicable to it. In fact, our understanding is that some

subroutines within 3dv1d involve iteratively solving sub-problems to within a tolerance,

a feature which automatic differentiation is not designed for. Moreover, we do not have

access to the full source code for 3dv1d. For these reasons, we did not consider using

automatic differentiation for this project.

3.4.1 Setting up the numerical experiment

In order to test SQP-GS on 3dv1d, we start SQP-GS from the provided starting point

as well as from 20 randomly generated starting points. For each starting point, we

run SQP-GS exactly 4 times, corresponding to 4 different values for the initial penalty

parameter. Given that SQP-GS is probabilistic, we note that for full rigour we should
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Name Value Name Value
ε 0.1 βε 0.9
θ 0.1 βθ 0.4
c1 10−8 t 0.6
βρ 0.6 kHHH 10
ν 102 ns 5
εmin 5 × 10−4 h 5 × 10−5

Table 3.4.1 – Table of SQP-GS parameters and the values used.

be running SQP-GS multiple times from each starting point and for each initial penalty

parameter. However, for reasons discussed in Section 1.4.4 we have only conducted

numerical experiments which require at most a week to run. Since each run of SQP-GS

on the testcases tc001 or tc004 in practice takes roughly 2 hours, including multiple

runs from each starting point would exceed this bound.

We list out all the parameters needed for SQP-GS in Table 3.4.1. Of these, we

point out that we have taken ns = 5, a number far lower than the values of n (98 for

tc001 and 72 for tc004). Given that we have violated the condition that ns ≥ n + 1, we

have found that taking ns = 5 offers the best combination of speed and reliability. In

addition, we ensure that the discrete step length h used to approximate the gradient

with finite differences is notably smaller than the sampling radius ε at all times, lest a

pair of sampling gradients be computed from an overlapping cloud of points.

Finally, we have omitted the starting value for ρ from Table 3.4.1 given that we run

SQP-GS multiple times with different values. Specifically, we run SQP-GS 4 times with

the initial penalty parameter taken to be 1, 10, 100 and 1000. In practice values less

than 1 have qualitatively the same outcome in that they converge quickly to a feasible

solution and stop soon after, while values over 1000 tend to drive SQP-GS towards

infeasible regions where nonsensical steam turbine designs are encountered which force

3dv1d to close down (see Section 1.3).
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3.4.2 Outcome of the numerical experiment

In order to discuss the results of the numerical experiment, as in Section 2.3.1 we first

must understand the different qualitative outcomes encountered to running SQP-GS to

3dv1d.

The two basic outcomes which we see are when SQP-GS converges to a feasible or in-

feasible local minimum. However, like SQP, SQP-GS may also navigate to a nonsensical

design, meaning this is another possibility (which we indicate in Figures 3.4.1 and 3.4.2

by ‘other’). Finally, due to the SQP-GS convergence conditions which we have violated,

SQP-GS will on occasion get stuck. This manifests itself similarly to when SQP gets

stuck, meaning that SQP-GS generates the search direction pppk, finds no suitable step

length, and repeats this process indefinitely.
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Figure 3.4.1 – The plot above shows the
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plied to tc001 run given different starting
positions and initial penalty parameters.
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In Figures 3.4.1 and 3.4.2 we show how many times (out of 21) each of these outcomes

occurs when applying SQP-GS to tc001 and tc004. From these plots, it seems that taking

the initial penalty parameter to be 1 is too small, while 1000 is to large.

Taking Figures 3.4.3 and 3.4.4 into account, we see that when the starting penalty

parameter is too small, then SQP-GS converges to a feasible point very quickly, but

doesn’t find as good a local optima with respect to the objective function. On the

other hand, when the initial penalty parameter is too large, SQP-GS will neglect the

constraints initially, navigate to a region with better objective function values, and
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Figure 3.4.3 – Progress made by SQP-
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Figure 3.4.4 – Progress made by SQP-
GS on tc004 per iteration.

then struggle to find a feasible solution when ρ is ultimately reduced. From these

experiments we have run on tc001 and tc004, it certainly seems like taking the initial

penalty parameter to be 10 or 100 is the better option.
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on tc004, we plot the final objective func-
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This observation was based on the qualitative outcome of the experiment, not the

quantitative outcomes. Taking the initial penalty parameter to be large has poor results

with respect to how often SQP-GS converges. However, Figures 3.4.3 and 3.4.4 display

the performance of SQP-GS when starting at a point from which the largest value of the

initial penalty parameter resulted in the best solution in the end. Motivated by this,
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we generate Figures 3.4.5 and 3.4.6 in which we see the effects of the initial penalty

parameter on the final objective function value.

There are two main features of these plots which stand out. First of all, we see that

there is a particular starting point for which the initial penalty parameter makes no

difference, and which consistently produces the best result. Although the plots do not

show this information, this particular point corresponds to the Siemens restart file, that

is the starting point selected manually as a good starting position. If we ignore these

points, then taking the initial penalty parameter to be 1000 yields the best results. It

must be noted however that running SQP-GS consistently requires far more iterations

to converge as we see in Figures 3.4.3 and 3.4.4.

3.4.3 A practical heuristic for 3dv1d

In Section 2.3, we conducted a numerical experiment which showed that e04ucf, the

algorithm currently used by Siemens to solve 3dv1d usually terminates with an error.

While this does not mean that e04ucf has failed to find a suitable steam turbine design,

it does mean that the outcome of running e04ucf cannot be accepted as suitable without

scrutiny afterwords. Now in Section 3.4.2, we have shown that when we apply SQP-GS

to 3dv1d, we face the trade off of cost and reliability vs the quality of the solution.

The natural progression from this point is to ask: might it be practical to apply

SQP-GS starting from the point where e04ucf stalls? In Section 3.4, we concluded that

in order for SQP-GS to computationally affordable (but still expensive), we needed

to relax the conditions which required that the number of gradients sampled at each

iteration exceeded the number of variables, and that these points be sampled separately

for each constraint function. However, in our experience of running SQP-GS to 3dv1d,

we have observed that these relaxations do not seem to be a problem when SQP-GS

operates within (or at least close to) the feasible set. This implies that whenever e04ucf

stalls at a point which is feasible, or at least nearly so, then SQP-GS may be applied to

either make further progress, or confirm that the e04ucf did indeed converge to a local

minimum.
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There are two ways in which e04ucf gets stuck at an infeasible point. The first

corresponds to when ‘ifail’=3 (see Section 2.2.2), and refers to when e04ucf can’t find

any feasible point. In these cases, running SQP-GS with these relaxations is not effective.

However when ‘ifail’=6, this merely means that e04ucf can’t find a direction of descent.

Whether or not xxxk is feasible or not is irrelevant.

In Section 2.3 we ran e04ucf from 20 different starting positions and presented the

qualitative outcome. Of these 20 points, we examine those at which e04ucf stalled due

to the error of ifail = 6 (recall Section 2.2.2). We now run SQP-GS from each of these

points (of which there are roughly 13 for each testcase) in order to see how far from

a local optimum these points actually were. When we do this, we take the values of

ρ0 = 1 but θ0 = 0 (recall Section 3.4.1). This choice of parameters restricts SQP-GS to

prioritise finding a feasible solution quickly.
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Figure 3.4.7 – For each run of e04ucf to
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In Figures 3.4.7 and 3.4.8, we plot the effect of running SQP-GS after e04ucf, by

plotting the difference in objective function value and constraint violation between the

starting point of SQP-GS and the stopping point. This enables us to finally see how

close e04ucf came to finding locally optimal solutions. We see on looking at these figures

that SQP-GS has not made a significant difference to the value of f , thus implying that

e04ucf did nearly all of this. However, SQP-GS was impactful in reducing the constraint

violation to 0. Although this detail is not clearly shown, for both tc001 and tc004, SQP-
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GS managed to reduce the total constraint violation to 0, making negligible changes to

the objective function value in the process.

Remark. One may note that in Figure 2.3.5, one of the points has a constraint violation

∼ 10−1. However, despite our declaring that SQP-GS was able to complete the process of

finding a feasible solution, there is no point in Figure 3.4.7 where the constraint violation

has been modified by this much. This is because the point from Figure 2.3.5 corresponds

to ‘ifail’=3, and thus was neglected later.
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Having established the quantitative effect which running SQP-GS after e04ucf stalls

has, we now compare this combination of algorithms against running SQP-GS on its own.

We consider five contending algorithms: SQP-GS with ρ0 = 0 after e04ucf, and SQP-

GS with ρ0 ∈ {1,10,100,1000}. For each algorithm on each of 20 randomly generated

starting positions (we use the same 20 for all algorithms), we record the value of the

objective function evaluated the point it converged to (all these points were feasible).

In Figures 3.4.9 and 3.4.10 we plot these results, where the values corresponding to

combining SQP-GS after e04ucf are plotted on the left and in red.
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These plots, combined with Figures 3.4.7 and 3.4.8 indicate that e04ucf is far more

effective than SQP-GS at getting close to the best known solution. This comes at the

cost of inconsistently finding feasible solutions. By combining SQP-GS with e04ucf how-

ever, we eliminate this weakness. Moreover, this combination of algorithms consistently

yields better solutions than SQP-GS, as is particularly clear in Figure 3.4.10.

3.5 Conclusions and future work

In this chapter, we have identified SQP-GS as an algorithm which has been designed for

a context which matches 3dv1d. In order to run SQP-GS practically, we have violated

some conditions from the convergence theory for how many gradient samples we use.

As a result of this, we sometimes observe SQP-GS to fail to converge on account of this

modification. However, it still succeeds much of the time, leading to a few conclusions.

In our experience running SQP-GS on 3dv1d, we have never observed SQP-GS get-

ting stuck at a feasible point. Within the interior of the feasible set, the kinks of the

constraint function do not affect our ability to find a descent direction. This means that

we only need enough gradient samples to capture the information related to the objec-

tive function’s kinks. The fact that SQP-GS does not get stuck (for these testcases)

within this set implies that 5 sample points is adequate to capture all required features

of f . Moreover this implies that the objective function f , while non-smooth is not an

unpleasantly structured non-smooth function.

In Section 3.4.3, we demonstrated using SQP-GS that even though e04ucf was failing

to converge to locally optimal, or even feasible solution, it was successful in getting close

to it. Starting from the points where e04ucf has failed, SQP-GS both faster and more

reliably than SQP-GS on its own, while often finding better solutions. We view this

approach to be the most practical short term option for Siemens.

However, we still question whether we might find or construct a method which can

like e04ucf cheaply navigate towards a solution when it is easy to find a descent direction,

and like acrshortsqpgs identify a feasible solution when it finds one. Since far less kinks

68



are to be found in the feasible domain, we reason that we’d like a potential solution

to be adaptive in how much work it puts in to finding a descent direction, thus being

cheap when the task is simple and thorough when more work is needed. This is why we

have identified the DGM of Bagirov et al as a starting point for further research, as it

does not construct its bundle randomly, but in a fashion is designed to find a descent

direction with as small a bundle as possible.

While we have chosen to proceed in this way, we recognize that it is merely one

of several valid options which might be taken from here. Some alternative directions

of research which we might have taken, and which might be investigated in the future

include:

1. Running a larger experiment on 3dv1d with the aim of discovering further struc-

ture.

2. Investigating other algorithms from the long list of possible options discussed in

Section 3.1, both from the original starting point or following after e04ucf as we

did for SQP-GS.
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Chapter 4

Applying exact line search to

non-smooth optimisation

Line search methods (LSMs) are the class of optimisation algorithms which may be

written in the form of Algorithm 1. Every LSM consists of two main steps: determining

the descent direction pppk, and a suitable step length αk. Previously in this thesis, we have

discussed a particular smooth LSM (SQP) in Chapter 2, and two existing non-smooth

LSMs (SQP-GS and DGM) in Chapter 3.

While we applied SQP-GS to 3dv1d in Chapter 3, we have not yet used DGM. There

are two reasons why we have not yet done so: DGM has not yet (to our knowledge)

been generalised to constrained optimisation and DGM is only applicable for functions

which have more structure than merely being locally Lipschitz continuous. To avoid a

bloat of definitions and notation, we did not precisely define the minimum requirement

for DGM, rather noting that it is sufficient for the function f to be piecewise smooth.

Definition 4.1 (piecewise smooth Functions). The function f ∶ Rn → R is called piece-

wise smooth (PS) if there exist N twice continuously differentiable functions fj, j ∈

{1,2, . . . ,N} and open sets Ωj such that
N

⋃
i=1

Ωi = Rn, ∇fj is Lipschitz continuous with

constant Lj, f(xxx) = fj(xxx), ∀xxx ∈ Ωj, ∀j ∈ 1,2, . . . ,N and Ωi ∩Ωj = ∅, ∀i, j ∈ {1, . . . ,N}.

While we don’t know the theoretical properties of 3dv1d given its black-box nature,

we can make an educated guess. For this purpose, we have conducted a large number of
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Figure 4.0.1 – Starting from the value of xxx where e04ucf stalls, we modify x(1) (x axis)
and x(12) (y axis) and plot the value of f , as well as the numerical approximations to the
first and second derivatives.

2D scans of 3dv1d, in which we vary specific pairs of variables, and plot the outcomes.

While insufficient to grasp the full complexity of the function, this is the most we can do

in order to visualise, and hence categorise 3dv1d. Figure 4.0.1 is just one of the many

such plots we have generated. For more plots, and details behind their generation,

consult Appendix A.1. While kinks are not clearly visible in the plot of f , they are

easy to see in the plots of the first and second derivatives. What stands out is that

the kinks appear finite in number, and nicely shaped. Motivated by this, as well as the

advantages of doing so, we choose to hypothesize that the following assumption applies

to 3dv1d:

Assumption 4.1. The objective function f and constraint functions cj, j ∈ I are

all PS function with the property that f(xxx) = maxi(fi(xxx)) where fi are defined as in

Definition 4.1.

Remark. By assuming that f ’s non-smoothness comes from being a max-function, we

have implicitly assumed it to have the property of subdifferential regularity[55]. This

means that for every xxx,ddd ∈ Rn, it holds that: f ′(xxx;ddd) = f ○(xxx;ddd) (recall Definition 3.4).

Without this property, we might easily fail to identify a descent direction. For example,
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the function g(x) = −∣x∣ lacks this property and indeed we see that g○(0; 1) = g○(0;−1) = 1

despite the fact that both 1 and −1 are directions of descent from 0.

Remark. While we assume 3dv1d to be of the form of a max function, it is important

to note that we can only evaluate f , not fi for each i. This is a critical point given that

while there exist algorithms better equipped to solve max functions, these require us to

be able to evaluate fi for each i.

By assuming f and ccc to be PS, we overcome the second of two problems with applying

DGM to 3dv1d. In order to resolve the first problem, we note that if f and ccc are PS,

then φρ (see Equation (3.3)) is also PS. Since a constrained optimisation problem may

be solved by iteratively optimising the penalty function, in this Chapter we neglect the

constraints entirely noting that if we can optimise a PS function reliably, this will still

be applicable to solving Problem 3.1. Therefore, in this chapter we use the function φ

in order to make clear that it is not the same as f from Chapter 2.

We begin this chapter in Section 4.1 by investigating the LS method used by DGM

to construct the step length, and proposing a new LS algorithm designed for NSO. Next

in Section 4.2, motivated by the intention of constructing a new line search method

designed to use our LS algorithm, we state key results from the theory of Generalised

Gradient Descent in order to make it clear what properties a new algorithm must possess

for convergence to be assured. Finally in Section 4.3, we present the outcome of our

efforts to construct this new LSM and comment on its applicability.

4.1 Line search for piecewise smooth functions

When comparing the NSO algorithms from Chapter 3 to SQP from Chapter 2, we

see that while the methods used to find the descent direction pppk differ greatly, the

construction of the step length αk is very similar. In this section, we examine the

calculation of the step length more closely and question whether the algorithms used to

compute αk for smooth optimisations algorithms are the best choice for NSO.
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We begin in Section 4.1.1 by arguing that the theoretical principles behind how the

step length αk is calculated do not apply to NSO. We make this point by use of an

example which demonstrates how a smooth LS process may be very inefficient in the

NS context.

Motivated by this, in Section 4.1.3 we present a new line search procedure of our own

design. This algorithm is designed to combine the desirable features of both inexact

line search and exact line search (recall Definition 2.6), using whichever is most cost

effective at the time. In Section 4.1.3 we equip DGM with our new LS procedure: the

hybrid line search and compare it against DGM with its default ILS method.

4.1.1 Is backtracking line search suitable for NSO?

When determining the step length αk for a smooth optimiser of the form of Algorithm

1, the most common approach is compute αk using inexact line search. This means that

we do not rigorously optimise the 1D function ϕ(α) = φ(xxxk + αpppk), but rather find a

value which merely ensures that the Wolfe Conditions (see Definition 2.8) are satisfied.

Of these conditions, Equation (2.6a) forces φ(xxxk+1) < φ(xxxk) for all iterations k, while

Equation (2.6b) ensures that αk is sufficiently large to guarantee that ∥∇φ(xxxk)∥ does not

go to 0 until xxxk → xxx∗, where xxx∗ is a stationary point of φ. Together, the Wolfe Conditions

also have the desirable effect of ensuring that a Quasi-Newton positive definite matrix

which is updated using Equation (2.12) will remain positive definite.

In practice Equation (2.6b) may be neglected for methods of the form of Algorithm

1 which do not make use of a QN matrix, provided that the αk is constructed in a

manner which ensures that it is not too small. One LS algorithm which accomplishes

this is backtracking line search (BLS) (Algorithm 7), which is the method used by both

SQP-GS and DGM.

This method is designed to be the minimal modification to the iteration process:

xxxk+1 = xxxk − ∇φ(xxxk) which assures convergence. While this algorithm can be applied

within NS optimisers (demonstrated by SQP-GS and DGM), we question whether this

is a natural step to take. This is because in NSO, argminvvv∈∂Cφ(xxx) ∥vvv∥ is not a con-
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Algorithm 7: backtracking line search

/* Initialisation: */

input : f // Objective function

1 t // Backtracking constant

2 c1 > 0 // Armijo constant

3 α = 1;
4 while φ(xxx + αppp) > φ(xxx) + c1αkφ′(xxx;ppp). do
5 α = tα;

output: α.

tinuous function of xxx, meaning that as xxxk → xxx∗, it does not necessarily hold that

argminvvv∈∂Cφ(xxxk) ∥vvv∥ → 0. Because of this, there is no reason to expect ∥pppk∥ → 0 as

k → ∞. Therefore if convergence is to occur, we need αk → 0, which in turn requires

increasing costs from Algorithm 7 when φ is not differentiable at xxx∗. We illustrate this

idea in Example 4.1.

Example 4.1 ([64]). Consider running DGM on the function φ(x, y) = 10∣x∣+∣y∣ starting

from xxx0 = (2,2). We generate the sequence {xxxk}, which in the context of this example,

we write as (xk, yk). By plotting xxxk, we observe a trajectory which is illustrated in

Figures 4.1.1 to 4.1.3 (Note that we split the trajectory into 3 separate plots in order to

visualise all relevant length scales).
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Figure 4.1.1 – We plot above the
progress made by DGM on tc001 per iter-
ation.
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Figure 4.1.2 – We plot above the
progress made by DGM on tc004 per iter-
ation.

During the early iterations which are visualised in Figure 4.1.2, the algorithm behaves
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exactly as we’d expect it to given its usage of BLS. However, in Figure 4.1.3 we see

a sequence of iterations where DGM performs very badly despite the BLS operating

as intended. Although this sequence of iterations eventually ends and we ultimately

converge to the local minimum, in Figure 4.1.4 we see that the cost of the LS increases

steadily as we get closer to the local minimum.
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Figure 4.1.3 – We plot above the
progress made by DGM on tc001 per iter-
ation.
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ation.

Why does this happen? Suppose that xk > 0 and yk > 0, meaning that φ(xxxk) =

10xk + yk. Here the search direction computed will be −∇φ(xxxk) = −(10,1). Therefore, α

will be a suitable step length if:

φ(xxxk − α(10,1)) < φ(xxxk) − c1αφ
′(xxxk; (10,1)),

⇔10∣xk − 10α∣ + ∣yk − α∣ < 10xk + yk − c1α∥(10,1)∥.

If we assume that xxxk is on of the iterates plotted in Figure 4.1.1 or Figure 4.1.2, then

yk > 0 and yk+1 > 0, while xkxk+1 < 0. These assumptions imply:

φ(xxxk − α(10,1)) < φ(xxxk) − c1αφ
′(xxxk; (10,1)),

⇔100α − 10xk + yk − α < 10xk + yk − c1α∥(10,1)∥,

⇔α(99 − c1

√
101) < 20xk⇔ α < 20xk

99 − c1

√
101

.
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The key conclusion which this calculation reveals is that as xk → 0, then the upper bound

of suitable step length α also go to 0. As this happens, it takes more and more iterations

of Algorithm 7 to construct a suitable step length. Ultimately, this is the phenomenon

which Figure 4.1.4 illustrates.

While most of the points plotted in Figure 4.1.4 fit a particular line, there is a small

cluster of points which do not match the pattern at all. These points correspond to

when xxxk has converged to one of the two kinks. Once this happens, the search direction

pppk generated by DGM which approximates the minimal subgradient of ∂εφ(xxxk) will be

affected by the gradient of φ on both sides of the kink, and not only one.

There are a few points which Example 4.1 illustrates. First of all, we see that BLS is

not a cheap algorithm when applied to NSO as it requires up to 40 function evaluations,

a cost which is comparable to ELS. This is caused by the magnitude of the search

direction being far larger than needed, which in this case occurs in part because of the

non-smoothness of the example problem. Note that this issue is not unique to NSO as

it also may occur for SO problems where there is ill conditioning.

Moreover we see that when a descent direction is nearly perpendicular to a nearby

kink, then convergence occurs very slowly. During the sequence of iterations plotted in

Figure 4.1.2, not only is little quantitative progress made from iteration to iteration,

but no qualitative progress is made either. Motivated by this observation, we consider

whether exact line search may have an application here, given that it would select a

step length which would result in rapid convergence to a kink from where a better step

direction might be constructed later.

In this chapter, we have chosen to research the possible merits of exact line search

for non-smooth optimisation motivated by the phenomenon observed in Example 4.1.

We recognize that this motivating phenomenon might be unique to low dimensions, and

might have unrelated causes. The reason why we are influenced by this example is due

to how it qualitatively resembles some of the low dimensional projections of the shape

of 3dv1d in the neighbourhoods where our smooth optimiser has stalled.
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4.1.2 The hybrid line search

Due to the poor performance of BLS demonstrated in Example 4.1, we now reconsider

exact line search (ELS) (recall Definition 2.6) as an alternative despite the fact that it

has been dismissed in the context of smooth optimisation for being too expensive. We

justify this because the cost of BLS observed in Example 4.1 was comparable to ELS,

meaning that ELS might not be prohibitively expensive in a NS context in light of the

alternatives.

However, we recognise two issues with ELS which must be overcome if we are to

apply it. First, as previously stated, ELS is needlessly expensive when applied for

smooth functions. The second problem is that for ELS, we need an upper bound α for

the step length α such that there exists a local minimum of ϕ(α) = φ(xxxk + αpppk) within

[0, α]. In order to apply ELS practically, we need to be able to overcome these two

issues.

We begin by considering the second problem, how to obtain a bound α such that we

are guaranteed for there to exist a local minimiser to the function ϕ(α) = φ(xxxk + αpppk)

within the interval (0, α). To solve this problem, we invoke a fundamental result from

the theory of univariate optimisation. Specifically, if we have three points a, b, c such

that a < b < c and ϕ(a) > ϕ(b) < ϕ(c) and ϕ is a continuous function, then there exists

a local minimum of φ within the interval (a, c). Such an interval is called a bracket.

Therefore the problem of computing the upper bound α simplifies into the problem

of constructing a bracket for ϕ. If the specific line search method we are using is DGM,

then we automatically compute ϕ(0) and ϕ(h) during the process of finding pppk (see

Algorithm 5). In order to complete the bracket, we trial the value α = 1 and identify

two basic outcomes.

First if ϕ(1) > ϕ(h), then the trio of values 0, h,1 form a bracket for ϕ and we have

the bound we need. Otherwise if ϕ(1) < ϕ(h) then we might not have found a bracket,

but we have found a direction in which a large step length yields non-trivial descent.

If our goal was to apply ELS, then we’d need to trial larger steps until a bracket could

be found. However, the entire motivation behind considering ELS was that Backtracking
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LS (Algorithm 7) might be itself expensive when applied to NS functions. Here we note

that unless ϕ(h) > ϕ(1) > ϕ(0) − h∥pppk∥, then we are assured that the step length ppp = 1

will either satisfy Equation (2.6a), or complete a bracket of ϕ. Motivated by this,

in Algorithm 8 we propose a hybrid line search (HLS) which combines features from

Backtracking LS and ELS.

Algorithm 8: hybrid line search.

/* Initialisation: */

input : ϕ // Objective function in the search direction

1 δ > 0 // minimum step size permitted

2 ϕ′(0) // Directional derivative in search direction

3 c1 ∈ (0,1) // Armijo Constant

4 ε > δ // ELS Tolerance

5 Set α1 = 1, α2 = 1, k = 0.
6 if ϕ(δ) > ϕ(0) then

output: 0
7 else
8 while ϕ(α1) > ϕ(0) + c1α1ϕ′(0) do
9 if ϕ(δ) < ϕ(α1) then

10 Compute α∗ by solving the 1D optimisation problem on the
bracket (0, δ, α1).

output: α∗

11 else
12 α2 = α1.
13 α1 = tα1.
14 if ϕ(α1) < ϕ(α2) then
15 Compute α∗ by solving the 1D optimisation problem on the

bracket (δ,α1, α2).
output: α∗

output: α1

Algorithm 8 is our solution to overcome both weaknesses of ELS by only applying

ELS when convenient. Whenever Backtracking LS (Algorithm 7) would find a suitable

step length immediately, HLS will return this answer. However, when the step length

α = 1 does not yield adequate reduction of φ we instead check if a bracket has been found

and if so apply ELS. The only case in which HLS will require more than 1 iteration and

still return the outcome of BLS is when ϕ(α) is a decreasing function on the interval

[0,1], but with very small slope.
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Remark. For simplicity, we have designed Algorithm 8 to reject BLS the moment it

finds a bracket. It may be the case that in practice, the BLS process should be allowed

a small number of iterations to converge before it is abandoned. We have not explored

this possibility, but are aware of its existence.

4.1.3 Running DGM with HLS

Having constructed our new LS algorithm, the hybrid line search (HLS) (see Algorithm

8), we now test its effectiveness experimentally. To do so, we use the DGM as the

foundational line search method, and run it using both Algorithms 7 and 8 on a number

of test functions which are listed in Appendix A.2. We have chosen to use DGM as

our foundational LSM due to it being effectively a derivative-free generalised steepest

descent method. For the remainder of this section, we will refer to DGM operated with

BLS and HLS merely as BLS and HLS respectively.

Remark. In our definition of the HLS we have not stated which external 1D optimisa-

tion algorithm that we use as a subroutine. Here we use an algorithm of our own design

called the dynamic underestimating polynomial method, the derivation of which is the

main purpose of Chapter 5.

Remark. When we defined the DGM in Algorithm 6, we neglected to state how the

algorithm should terminate. This was because Theorem 8 provides a guarantee for the

infinite sequence of points generated by Algorithm 6. For this experiment, we have

halted the DGM when Line 11 is encountered, or in other words when we compute a

search direction pppk which has magnitude less than the stationarity tolerance ν. For the

experiments in this section, we have taken ν = 10−5.

Our test functions (which we list in Appendix A.2) are taken mainly from the list of

functions assembled by Haarala [65]. Given that each function has a predefined starting

position, the first part of our experiment involves running both algorithms on each

test function starting from the specified starting position. We add to this by randomly

generating 20 additional starting points, which are sampled from the multivariate normal
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distribution centred around the default starting point, and with covariance matrix equal

to the identify times the norm of the default starting point.

Since each test function is defined for an arbitrary number of variables, we compare

our two algorithms for n = 2,5,10 and 25. For both algorithms on each function, we

record:

1. The value of φ at the termination point.

2. The total number of function evaluations required. This includes the function

evaluations involved in constructing the discrete gradient in Algorithm 5.

3. The average number of functions evaluations during the line search per iteration.

4. The average number of discrete gradients computed per iteration.

φ Alg φmin #φ #ϕ #g Alg φmin #φ #ϕ #g
A.1 BLS 2.25e-11 257 1.7 1.08 HLS 5.72e-14 58 6.5 2
A.2 BLS 2.43e-07 5256 22.78 1.32 HLS 3.13e-08 265 7.06 1.89
A.3 BLS 6.24e-10 709 16.34 2.03 HLS 3.24e-10 77 4.67 6.33
A.4 BLS 3.42e-06 2032 25.29 1.17 HLS 6.85e-08 118 15 2.2
A.5 BLS 1.22e-06 2282 25.6 1.22 HLS 1.8e-07 118 15 2.2
A.6 BLS 3.62e-06 729 17.22 1.19 HLS 1.42e-06 67 8 2.25
A.7 BLS 5.73e-06 760 17.39 1.21 HLS 2.12e-15 77 16.67 2.33
A.9 BLS 6.19e-09 1139 17.72 1.51 HLS 7.56e-09 660 14.03 2.24
A.10 BLS 3.29e-07 1167 19.13 1.23 HLS 8.39e-09 572 13.42 2.19
A.17 BLS 0.00422 32540 25.5 1.69 HLS 1.62e-09 8624 8.72 1.95
A.18 BLS 1.07e-06 13923 26.21 1.36 HLS 4.07e-08 637 9.62 1.86

Table 4.1.1 – The outcome of running DGM with both HLS and BLS on the set of
functions with known local minima found in Appendix A.2 taking n = 2

We present the outcome of this experiment corresponding to starting from the prob-

lem specific starting point on the test functions for which the analytic solution is known

in Tables 4.1.1 to 4.1.4. The results corresponding to unknown analytic solutions or

alternative starting points are given in Appendix A.3.

When we compare the two algorithms on 2-variable functions, the outcome is com-

prehensive. Looking at Table 4.1.1 we see that for every test function, DGM with HLS

converges to a point with comparable or superior objective function value, and does
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φ Alg φmin #φ #ϕ #g Alg φmin #φ #ϕ #g
A.1 BLS 2.21e-11 884 1.93 1.06 HLS 3.78e-11 459 12.85 1.35
A.2 BLS 9.49e-06 16013 21.89 2.02 HLS 8.22e-06 2739 9.61 2.63
A.3 BLS 0.000294 8388 24.87 3.01 HLS 0.0018 4833 24.08 1.9
A.4 BLS 1.18e-05 2047 22.11 1.48 HLS 1.21e-05 8585 28.53 1.27
A.5 BLS 3.67e-09 25612 28.66 2.39 HLS 1.1e-08 1831 15.24 3.91
A.6 BLS 4.77e-06 1098 19.53 1.5 HLS 3.4e-06 129 6.5 2.17
A.7 BLS 1.13e-05 1284 19.9 1.7 HLS 6.8e-06 16097 28.26 1.04
A.9 BLS 8.21e-10 5732 20.51 1.68 HLS 1.21e-09 1323 13.65 3.35
A.10 BLS 3.48e-06 3610 19.61 2.87 HLS 4.02e-06 20895 24.75 1.25
A.17 BLS 0.0439 6592 26.16 1.41 HLS 9.23e-05 3815 23.47 1.54
A.18 BLS 0.0453 2283 22.87 2.2 HLS 0.0454 2308 24.83 1.63

Table 4.1.2 – The outcome of running DGM with both HLS and BLS on the set of
functions with known local minima found in Appendix A.2 taking n = 5. Whenever one
algorithm has notably outperformed the other, whether due to being cheaper or finding a
better solution, we have highlighted that algorithm.

φ Alg φmin #φ #ϕ #g Alg φmin #φ #ϕ #g
A.1 BLS 1.54e-11 2421 1.9 1.08 HLS 2.16e-11 2957 20.1 1.08
A.2 BLS 0.00358 16786 22.53 1.55 HLS 0.00818 1534 9.15 3.21
A.3 BLS 0.00896 58050 32.65 2.13 HLS 0.000244 57839 22.57 3.18
A.4 BLS 0.0108 64649 36.25 2.4 HLS 0.0546 47531 28.09 1.59
A.5 BLS 0.0161 65200 34.56 2.61 HLS 0.0923 7590 20.62 5.61
A.6 BLS 1e-05 1084 16.52 1.3 HLS 2.72e-06 894 4.31 5.69
A.7 BLS 1.4e-05 2700 21.22 2.05 HLS 8.11e-06 28389 31.11 1.24
A.9 BLS 2.36e-09 20360 22.68 2.01 HLS 7.74e-10 2379 15.4 3.83
A.10 BLS 6.79e-06 5693 22.01 1.99 HLS 5.69e-06 12524 25.8 1.92
A.17 BLS 0.11 60200 29.81 7.42 HLS 0.408 45849 25.48 2.25
A.18 BLS 0.00147 4738 23.33 3.44 HLS 0.00149 29321 27.16 1.4

Table 4.1.3 – The outcome of running DGM with both HLS and BLS on the set of
functions with known local minima found in Appendix A.2 taking n = 10. Whenever one
algorithm has notably outperformed the other, whether due to being cheaper or finding a
better solution, we have highlighted that algorithm.

so with many fewer function evaluations. Moreover, we see that for most of the test

functions, the average number of function evaluations for the LS is actually less for HLS

than for BLS. However, while this experiment validates our observation from Exam-

ple 4.1 for n = 2, we can’t say whether HLS is actually an improvement over BLS until

we check for functions of more variables.

When we look at Tables 4.1.2 to 4.1.4 however, the results are not nearly as clear.

The recurring theme observed is that as n gets larger, the performance of HLS relative

to BLS gets notably worse. Ultimately this means that even though for some test
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φ Alg φmin #φ #ϕ #g Alg φmin #φ #ϕ #g
A.1 BLS 2.86e-11 12593 1.94 1.07 HLS 1.84e-11 10355 18.56 1.11
A.2 BLS 0.0161 39289 21.15 1.62 HLS 0.0343 4320 8.48 2.92
A.3 BLS 0.034 94380 33.91 2.25 HLS 0.101 68036 30.47 1.37
A.4 BLS 6.12 72380 37.24 1.28 HLS 2.49 72870 29.48 1.59
A.5 BLS 0.0457 135021 35.89 3.74 HLS 0.119 13427 22.52 7.39
A.6 BLS 1.26e-05 17775 19.16 7.05 HLS 7.03e-06 4904 6.6 9.1
A.7 BLS 2.15e-05 4002 22.74 2.63 HLS 1.32e-05 21915 22.42 2.45
A.9 BLS 9.7e-09 32416 22.72 3.07 HLS 5.38e-10 7405 15.45 6.45
A.10 BLS 0.0177 86642 35.27 1.9 HLS 0.0716 42994 24.54 4.13
A.17 BLS 0.232 100400 27.93 16.73 HLS 2.69 68596 29.89 1.41
A.18 BLS 0.25 12300 24.61 4.29 HLS 3.8 57664 25.48 1.16

Table 4.1.4 – The outcome of running DGM with both HLS and BLS on the set of
functions with known local minima found in Appendix A.2 taking n = 25. Whenever one
algorithm has notably outperformed the other, whether due to being cheaper or finding a
better solution, we have highlighted that algorithm.

functions one does better than the other (in some cases spectacularly so), most of the

time they perform comparably well or poorly. For more details on this experiment, and

the outcomes when considering additional starting points, see Appendix A.3.

When taking a step back, we note that there exist a few functions for which the same

algorithm consistently performs better, regardless of n. For example, DGM with HLS

usually outperforms BLS for Problems A.2 and A.6. On closer inspection, this shouldn’t

be a surprise as a feature these test functions share is that there is no curvature to kinks.

Therefore the intuition behind Example 4.1 would be particularly applicable.

Perhaps more interesting are the contrasting results for Problems A.9 and A.10.

These two test functions are NS extensions of the same smooth test function, but as-

sembled in different ways. In fact, to convert Problem A.9 into Problem A.10, all

one needs to do is swap the Max operator with the Sum operator. What we observe

here is that HLS performs better when the Max operator is on the outside, the case

corresponding to when there are fewer kinks, but these kinks may be sharper.

This draws our attention to Problem A.4 and A.5 which are assembled from a com-

mon smooth test function in the same fashion. In Table 4.1.2 we see that once again,

HLS performs better on the variant of this test function where the Max operator is on

the outside. However, Tables 4.1.3 and 4.1.4 do not provide strong evidence to back
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this up.

Within this experiment we have seen DGM with HLS perform notably faster than

with BLS for low dimensional problems. However, as the dimension is increased, the

performance DGM with HLS declines such that once n = 25, it is overall the slower

option.

Despite this, we draw attention to the fact that across Tables 4.1.1 to 4.1.4, DGM

with BLS consistently requires as many function evaluations for the LS step as HLS,

thus demonstrating that the cost of the LS itself is not a strong ground to dismiss HLS.

Therefore, the problem with using HLS as the DGM’s line search subroutine lies not in

the cost of HLS but rather in the step length it returns.

While we conclude that HLS is not an effective option for the DGM in higher dimen-

sional problems, we do not yet dismiss it as a direction of research. The step lengths

returned by HLS do not seem suitable for DGM in general, but they still do have greater

qualitative meaning than a BLS step length (in that they identify a 1D local min instead

of merely satisfying the Wolfe conditions). Since the cost of HLS is not the problem, we

continue by attempting to construct a new NSO algorithm which we designed to make

better use of the step lengths returned by HLS.

4.2 Convergence of generalised gradient descent

Before describing our new LSM designed to use the HLS, we need to understand the

properties which it must have in order to take advantage of existing convergence results.

For this, we use the theory developed by Goldstein [63]. Before we do this however, we

first write out the equivalent result for smooth optimisation so that we may see clearly

the theoretical consequences of NSO.

Theorem 9 (Zoutendijk [11]). Consider the sequence of iterations {xxxk} generated by

Algorithm 1, where pppk is a descent direction and αk satisfies the Wolfe Conditions (see

Equations (2.6a) and (2.6b)). Suppose that φ is bounded below in Rn and that φ is

continuously differentiable within an open set N containing the level set S ∶= {xxx ∣ φ(xxx) ≤
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φ(xxx0)}, where xxx0 is the starting point of Algorithm 1. Assume also that the gradient ∇φ

is Lipschtiz continuous on N . Then it holds that:

∑
k≥0

⟨pppk∣∇φ(xxxk)⟩2

∥pppk∥2 < ∞. (4.1)

Corollary 4.1 ([11]). In the setting of Theorem 9, if there exists δ > 0 such that cos θk ≥

δ for all k, where θk is the angle between pppk and ∇φ(xxxk), then limk→∞ ∥∇φ(xxxk)∥ → 0.

Note that Theorem 9 and Corollary 4.1 are quite general in application given that

they do not require that pppk is computed in any particular way, but rather that it

maintains certain properties.

Theorem 10 ([63]). Consider the sequence of iterations {xxxk} generated by Algorithm

1 when applied to function φ. If the set S = {xxx ∣ φ(xxx) ≤ φ(xxx0)} is bounded, φ is

Lipschitz continuous on S, and {αk} is any positive sequence converging to 0 such that

limn→∞∑n
k=0αk = ∞, and xxxk ∈ Dε(φ,xxxk), then limk→0 d(xxxk, Z) → 0, where

Z = {xxx ∣ 0 ∈ ∂Cφ(xxx)}, (4.2)

and

Dε(φ,xxx) = {ppp ∣ max
vvv∈∂εφ(xxxk)

⟨vvv∣ppp⟩
∥ppp∥ ≤ −1

2
min

vvv∈∂εφ(xxxk)
∥vvv∥} . (4.3)

When comparing Theorem 10 to Theorem 9 and Corollary 4.1, we see that these

results apply in a similar setting, albeit with different assumptions made about φ. Zou-

tendijk’s results places additional restrictions on the step pppk, and both results require

that the descent direction is good enough. However, it is not obvious how the condition

on the angle between pppk and ∇φ(xxxk) in Corollary 4.1 relates to the restriction on pppk in

Theorem 10. In order to better understand how these conditions relate to each other, we

apply the additional assumption that φ is PS to simplify Dε(φ,xxxk) (see Equation (4.3)).

To do this, we introduce the following notation:

Definition 4.2 (ε-smoothed gradient [63]). The ε-smoothed gradient of the Lipschitz

continuous function φ at the point xxx is defined by vvvε ∶= argminvvv∈∂εφ(xxx) ∥vvv∥.
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Definition 4.3 (Active Set of piecewise smooth functions). Let φ ∶ Rn → R be a piece-

wise smooth function (see Definition 4.1). Given the N subsets {Ωi}Ni=1 of Ω, and N

functions φi such that φi(xxx) = φ(xxx) ∀xxx ∈ Ωi, we define the active set of φ at xxx by

Af(xxx) = {i ∈ NN ∣ φ(xxx) = φi(xxx)}.

For functions satisfying Assumption 4.1, it is known [55] that ∂Cφ(xxx) =

Conv {∇φi(xxx) ∣ i ∈ Aφ(xxx)}. Moreover, it follows from Definition 3.8 that:

∂εφ(xxx) = Conv {∇φi(yyy) ∣ yyy ∈ Bε(xxx), and i ∈ Aφ(yyy)} . (4.4)

By inserting Equation (4.4) into the Equation (4.3) and using the notation of the ε-

smooth gradient, we find that Dε(φ,xxxk) may now be expressed as:

Dε(φ,xxx) = {ppp ∣ max
yyy∈Bε(xxx)

max
i∈Aφ(yyy)

⟨∇φi(yyy)∣ppp⟩
∥ppp∥ ≤ −1

2
∥vvvε∥} , (4.5)

or equivalently

Dε(φ,xxx) = {ppp ∣ min
yyy∈Bε(xxx)

min
i∈Aφ(yyy)

∥∇φi(yyy)∥∣cos θi,k∣ ≥
1

2
∥vvvε∥} , (4.6)

where θi,k is the angle between ppp and ∇φi(yyy). With this form of Dε(φ,xxx), we may now

compare Theorem 10 to Theorem 9 and Corollary 4.1. The conclusion of Corollary 4.1

was that if we can bound cos θk ≥ δ, where θk is the angle between pppk and ∇φ(xxxk), then

∥∇φ(xxxk)∥ → 0. Meanwhile for Theorem 10, we require that

min
yyy∈Bε(xxxk)

min
i∈Aφ(yyy)

∥∇φi(yyy)∥∣cos θi,k∣ ≥
1

2
∥vvvε∥,

in order to be guaranteed convergence. The problem is that if the true local minimum

xxx∗ is located on a kink, then in general ∇φi(xxxk) /→ 0 as xxxk → xxx∗ (and neither does

∇φi(yyy) → 0 for yyy ∈ Bε(xxxk)). Thus if ∥vvvε∥ → 0, then we would need to compute a

direction pppk with ∣cos θi,k∣ → 0 which is not realistic to expect.

If on the other hand, as was the case for smooth optimisation, we can only compute
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pppk so accurately as to ensure ∣cos θi,k∣ ≥ δ, this implies that from the moment ∥vvvε∥ ≤

2δminyyy∈Bε(xxxk) mini∈Aφ(yyy) ∥∇φi(yyy)∥, we can no longer compute any element of Dε(φ,xxxk).

Intuitively, the set Dε(φ,xxxk) may be thought of as the cone of descent directions.

Once this cone becomes too narrow, we may not be able to produce any of its elements,

at which point Theorem 10 no longer applies. In short, when running any Generalised

Gradient Descent method, we can’t necessarily expect a better outcome than to converge

to a point where the cone of descent directions is too narrow to continue. Therefore,

now that we attempt to construct a new NSO algorithm, we are only concerned about

being able to find a descent direction when the cone of descent directions is sufficiently

wide.

4.3 The blind active set method

In this section, we present some ideas for a line search method designed with the in-

tention of using HLS. This algorithm is intended for the setting which this chapter has

focused on, specifically when φ is a PS function which satisfies Assumption 4.1. As we

intend this method for use in the same context for which the DGM is designed, when

testing its effectiveness we will use the DGM as a comparison.

The idea of our method is to operate like an active set method. What we mean by

this is that by default it should behave like a smooth optimiser. However, once a kink

is encountered by ELS, then we follow the kink until either a descent direction points

away from the kink, or else we merge with another kink. This approach is inspired by

the idea of VU algorithms [66–68].

We call this new method the BASM, because it involves finding, and then staying

within sets of the form: {xxx ∣ φi(xxx) = φj(xxx)}, while being ‘blind’ in the sense that it

can only access the function φ(xxx) = maxi φi and not each φi independently. Before

proceeding, we assume that the HLS algorithm is equipped with the following property:

Assumption 4.2. If the HLS returns αk, the outcome of ELS, then it is known whether

or not αk was computing using BLS or ELS, and if ELS, whether αk is a Smooth or NS
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Figure 4.3.1 – A demonstration of the search direction selection procedure of the Blind
Active Set method when the kink is the intersection of exactly two functions.

local optimiser of the LS function ϕ.

Remark. Recall that the HLS as defined in Algorithm 8 was not complete, but rather

depended on an external univariate optimiser. As Assumption 4.2 is a requirement of

the univariate optimiser used, we will justify this assumption in Section 5.3.6.

In the sections which follow, we describe how the BASM should behave once it

encounters a kink, and how a descent direction is computed in this case.

4.3.1 Constructing the search direction

We design the BASM to behave like a SO algorithm until such a time as NS behaviour

has been detected. Our ability to detect NS behaviour relies on Assumption 4.2. Until

such a time that HLS returns a step length α which is a NS local minimum of the LS

function ϕ, we assume that we are in a region where φ is locally smooth, and compute

a search direction as a Smooth Optimiser would.

The moment that α is a NS local minimum of the LS function, then we know we

have encountered a kink, after which we need a more elaborate process to find a search

direction. The construction we use is conceptually simple, but requires many cases to

be considered. In Section 4.3.1.1, we explain how we construct a search direction, and

the conditions which must apply for it to work. Later in Section 4.3.1.2, we present
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a more rigorous algorithm which sets up the circumstances required by the simplified

construction.

4.3.1.1 Simplified construction

Let {xxxk} be the sequence of iterations generated by the BASM. Suppose that k is an

iteration such that φ is locally smooth near to xxxk−1, but αk−1 is a NS local minimum of

ϕ(α) = φ(xxxk−1+αpppk−1) (meaning that φ is not locally smooth near to xxxk). The construc-

tion which we outline in this section depends on the following notation/assumptions.

Assumption 4.3. The points xxxk−1 and xxxk have the property that Aφ(xxxk−1) = {i} and

Aφ(xxxk) = {i, j}. That is, φ is differentiable at xxxk−1, while xxxk lies on the boundary of the

set Ωi which contains xxxk−1 and in which φ(xxx) = φi(xxx).

Notation 4.1. Let xxxk−1 and xxxk be given such that αk−1, the step length satisfying xxxk =

xxxk−1+αk−1pppk−1, was a NS local minimiser of ϕ(α) = φ(xxxk−1+αpppk−1). Set wwwk = xxxk+δpppk−1,

for some small δ. Then we write:

• g̃ggi = −∇φ(xxxk−1),

• gggi = − lim
Ωi∋yyy→xxxk

∇φ(yyy),

• gggj = − lim
Ωj∋yyy→xxxk

∇φ(yyy),

• g̃ggj = −∇φ(wwwk),

where i and j are the indices mentioned in Assumption 4.3.

Assumption 4.4. The function φ is locally differentiable at wwwk.

Remark. The construction described by Algorithm 9 is illustrated in Figure 4.3.1.

The intention of Algorithm 9 is to produce two points: xxxk and zzzk, both lying on the

same kink, with zzzk −xxxk being a suitable direction of descent from xxxk. In order to make

Algorithm 9 practical, we must elaborate on Line 6. Here, we have implicitly assumed

that HLS returns a step length βk which in turn yields the point zzzk on the same kink

as xxxk. However, we can’t expect this to apply if HLS does not return the outcome of

ELS. In Section 4.3.1.2, we present a more comprehensive version of Algorithm 9 which

overcomes this problem.
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Algorithm 9: The simplified blind active set method.

/* Initialisation: */

input : φ // Objective function

1 xxxk // The currentiterate

2 g̃ggi = −pppk−1 // The previous search direction

3 δ // The overstep constant

4 Define wwwk = xxxk − δ g̃ggi
∥g̃ggi∥

.

5 Evaluate g̃ggj = ∇φ(wwwk), an approximation for gggj = ∇φj(xxxk).
6 Compute βk such that Aφ(wwwk − βkg̃ggj) = Aφ(xxxk).
7 Define zzzk =wwwk − βk

g̃ggj
∥g̃ggj∥

.

8 Set pppk = −( ∥g̃ggi∥⟨g̃ggi−g̃ggj ∣g̃ggj⟩

δ∥g̃ggi−g̃ggj∥
2 ) (zzzk −xxxk).

output: pppk

4.3.1.2 Full construction - non-smooth case

The main challenge to address when trying to make Algorithm 9 robust is to determine

how exactly βk should be computed. It is implicitly assumed in Algorithm 9 that zzzk

should lie on the same kink as xxxk, which we can’t expect to be true if βk was calculated

using BLS. Therefore, we must ensure that ELS is used.

This brings us to the challenge of constructing a bracket for the function ϕ(α) =

φ(wwwk − α
g̃ggj
∥g̃ggj∥

) such that wwwk − α
g̃ggj
∥g̃ggj∥

intersects the kink for some value of α contained

within the bracket. To achieve this, we make use of a new step length parameter:

κ≫ δ, and evaluate φ at the point yyyk =wwwk −κ
g̃ggj
∥g̃ggj∥

. We explain what happens next with

the aid of Figure 4.3.2.

In this figure, we have plotted xxxk−1, xxxk, wwwk, and three possibilities for both yyyk and zzzk

which are distinguished from each other using superscripts. For yyy1
k and yyy2

k, the step to

yyyk takes us to the opposite side of the kink from wwwk, in which case it is straightforward

to complete the bracket to set up a 1D optimisation (see Algorithm 10 for details). The

problem is with the third option yyy3
k.

In Figure 4.3.2, we see that if we made the parameter κ slightly larger, then eventu-

ally yyyk would be positioned on the opposite side of the kink from wwwk. However, there is

no reason to believe this will happen in general as the kink may not intersect with the

line parallel to g̃ggj through wwwk at all. To understand what options we have when this
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Figure 4.3.2 – A demonstration of the search direction selection procedure of the Blind
Active Set method when the kink is the intersection of exactly two functions.

occurs, consider the following Proposition (after introducing some notation).

Notation 4.2. Let vvv,www ∈ Rn. We define ω(vvv,www) to be the angle between vvv and www.

Proposition 4.1. Let xxxk−1,xxxk,wwwk, g̃ggi,gggi,gggj and g̃ggj be defined according to Notation 4.1

and Algorithm 9, and yyyk = wwwk − κ
g̃ggj
∥g̃ggj∥

. If 2δ < κ < 4
5
∥g̃ggj∥/Lj and φ(yyyk) > φ(xxxk), then

Aφ(yyyk) ∩ Aφ(wwwk) = ∅.

Proof. We prove this lemma by showing that if Aφ(yyyk) ∩ Aφ(wwwk) ≠ ∅, then φ(yyyk) <

φ(wwwk). If it is the case that Aφ(yyyk) ∩ Aφ(wwwk) ≠ ∅, then ∃j ∈ Aφ(yyyk) ∩ Aφ(wwwk) such

that φ = φj is continuously differentiable on a set containing xxxk and yyyk. Using this, we
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compute:

φ
⎛
⎝
wwwk − κ

g̃ggj

∥g̃ggj∥
⎞
⎠
= φ(yyyk) < φ(xxxk) = φ(wwwk + δ

g̃ggi
∥g̃ggi∥

) ,

⇔φ(wwwk) − κ∥g̃ggj∥ +
1

2
κ2
g̃ggTj ∇2φ(wwwk − η1κg̃ggj/∥g̃ggj∥)g̃ggj

∥g̃ggj∥
2 <

φ(wwwk) + δ
⟨g̃ggi∣g̃ggj⟩
∥g̃ggi∥

+ 1

2
δ2 g̃gg

T
i ∇2φ(wwwk + η2δg̃ggi/∥g̃ggi∥)g̃ggi

∥g̃ggi∥
,

⇔κ∥g̃ggj∥ − δ∥g̃ggj∥∣cosω(g̃ggi, g̃ggj)∣ >

1

2
κ2
g̃ggTj ∇2φ(wwwk − η1g̃ggj/∥g̃ggj∥)g̃ggj

∥g̃ggj∥
2 − 1

2
δ2 g̃gg

T
i ∇2φ(wwwk + η2g̃ggi/∥g̃ggi∥)g̃ggi

∥g̃ggi∥
2 .

From here, we use the fact that 2δ < κ to conclude:

κ∥g̃ggj∥ − δ∥g̃ggj∥∣cosω(g̃ggi, g̃ggj)∣ > ∥g̃ggj∥(κ − δ) >
1

2
∥g̃ggj∥κ, (4.7)

and

1

2
κ2
g̃ggTj ∇2φ(wwwk − η1g̃ggj/∥g̃ggj∥)g̃ggj

∥g̃ggj∥
2 − 1

2
δ2 g̃gg

T
i ∇2φ(wwwk + η2g̃ggi/∥g̃ggi∥)g̃ggi

∥g̃ggi∥
2

< 1

2
(κ2 + δ2)Lj <

5

8
κ2Lj.

(4.8)

Finally, by merging Equations (4.7) and (4.8), we see that φ(yyyk) < φ(xxxk) whenever

1
2
∥g̃ggj∥ > 5

8κLj. Hence, if δ and κ satisfy the conditions in this proposition, Aφ(yyyk) ∩

Aφ(wwwk) ≠ ∅ implies that φ(yyyk) < φ(xxxk) and the result follows.

Remark. It becomes difficult to select parameters δ and κ if ∥g̃ggj∥/Lj becomes too small.

However, this can only happen either if ∥g̃ggj∥ → 0, which implies that the local minimum

of φ is nearly a smooth local minimum of φj, or that Lj is becoming too large. While

we cannot prove that these cases will not occur, we do not anticipate trouble here. We

expect that if currentapprox
∥currentapprox∥ → 0 for some j, then whenever Aφ(xxxk) = {j}, Algorithm 10

will not be required to compute a descent direction. However, this is mere intuition and

has yet to be proved.
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We gain as much insight from the converse of Proposition 4.1 as from the direct

statement. In particular, if κ is chosen appropriately, then either φ(yyyk) < φ(xxxk) or yyyk

lies on the opposite side of the kink from xxxk. In other words, we are guaranteed to either

bracket the kink, and thus construct the point zzzk on the kink, or else produce a point

yyyk such that φ(yyyk) < φ(xxxk). When the latter applies, we can set pppk = yyyk − xxxk, αk = 1,

and immediately update xxxk+1 = xxxk + αkpppk.

All that is needed to extend Algorithm 9 suitably is to distinguish the cases where

we succeed or fail to find points on both sides of the kink. Regardless of which option

applies, we have a sensible course of action. We write the completed version of Algorithm

9 in Algorithm 10.

There are three qualitatively different ways in which Algorithm 10 might terminate.

Lines 11 and 23 correspond to when yyyk is on the opposite side of the kink from wwwk, and

a bracket is found thus setting up a 1D optimisation. It is when these lines apply that

Algorithm 9 operates as described. The second way Algorithm 10 might terminate is

through Line 18, in which we fail to find points on both sides of the kink, but instead

locate a suitable value for xxxk+1.

The third case, corresponding to Lines 20 and 26 only apply when we encounter

strange behaviour from φ. Specifically, Line 26 is only reached if Assumption 4.4 fails.

While we understand that this might occur when multiple kinks are present, as we have

not yet developed the BASM for such circumstances, we leave this block unwritten.

On the other hand, Line 20 refers to a strange situation where φ(wwwk) > φ(xxxk) >

φ(yyyk) > φ(vvvk). Since this case corresponds to when Proposition 4.1 applies, it follows

that this case should only occur when either an additional kink is encountered, since

Aφ(wwwk) ∩ Aφ(yyyk) = ∅.

At present, we have not equipped the BASM to handle more than a single kink. As

we expect Assumption 4.4 to apply under such circumstances, we terminate the BASM

whenever Lines 20 or 26 are encountered within Algorithm 10.
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Algorithm 10: blind active set method following a non-smooth step.

/* Initialisation: */

input : φ // Objective function

1 xxxk // The currentiterate

2 g̃ggi = −pppk−1 // The previous search direction

3 δ // The overstep length constant

4 κ // The test step length constant

5 h // A finite difference step length

6 Define wwwk = xxxk − δ g̃ggi
∥g̃ggi∥

.

7 Evaluate g̃ggj = ∇φ(wwwk), an approximation for gggj = ∇φj(xxxk).
8 Define yyyk =wwwk − κ

g̃ggj
∥g̃ggj∥

.

9 if φ(yyyk) < φ(wwwk) then

10 Define vvvk = yyyk − h
g̃ggj
∥g̃ggj∥

.

11 if φ(vvvk) > φ(yyyk) then
12 Compute βk by applying a univariate minimiser to

ϕ(α) = φ(wwwk − α
g̃ggj
∥g̃ggj∥

) using the bracket (0, κ, κ + h).
13 else
14 if φ(yyyk) < φ(xxxk) then
15 pppk = yyyk −xxxk.
16 αk = 1.
17 xxxk+1 = yyyk.
18 pppk+1 = −g̃ggj.

output: pppk, αk,xxxk+1,pppk+1

19 else
20 Unwritten

21 else

22 Define vvvk =wwwk − h
g̃ggj
∥g̃ggj∥

.

23 if φ(vvvk) < φ(wwwk) then
24 Compute βk by applying a univariate minimiser to

ϕ(α) = φ(wwwk − α
g̃ggj
∥g̃ggj∥

) using the bracket (0, h, κ).
25 else
26 Impossible if Assumption 4.4 applies.

27 Set pppk = −( ∥g̃ggi∥⟨g̃ggi−g̃ggj ∣g̃ggj⟩

δ∥g̃ggi−g̃ggj∥
2 )(wwwk − βk

g̃ggj
∥g̃ggj∥

−xxxk).

output: pppk

4.3.1.3 Full construction - smooth case

All that remains to define the BASM is to specify more rigorously how the BASM should

behave when xxxk is not known to be on a kink (that is αk−1 was not a NS local minimum

of the ELS). This we write in Algorithm 11.
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Algorithm 11: blind active set method following a smooth step.

/* Initialisation: */

input : φ // Objective function

1 xxxk // The currentiterate

2 g̃ggi = −pppk−1 // The previous search direction

3 h // A finite difference step length

4 pppk = −∇φ(xxxk).
5 Define vvvk = xxxk + h pppk

∥pppk∥

6 if φ(vvvk) < φ(xxxk) then
output: pppk

7 else
8 if φ(xxxk + h pppk−1

∥pppk−1∥
) < φ(xxxk) then

output: pppk−1

9 else if φ(xxxk − h pppk−1
∥pppk−1∥

) < φ(xxxk) then
output: −pppk−1

10 else
11 Unwritten.

Observe that whenever φ is locally smooth within a ball of radius h around xxxk, then

Algorithm 11 should terminate at Line 6. The other options only ever apply if −∇φ(xxxk)

is not a descent direction from xxxk. This is most likely to occur when pppk−1 was generated

using Algorithm 10, and is nearly parallel to the kink, resulting in xxxk also lying on the

kink (or at least close to it). When this applies, assuming αk−1 was not the outcome

of ELS, then we trial both pppk−1 and −pppk−1 as descent directions, given that there are

nearly parallel to the kink. If this does not work, it either means that we are close to a

minimiser, or more likely that φ has a shape near xxxk which we have not yet taken into

account.

4.3.2 BASM convergence results

Having presented Algorithms 9, 10 and 11, in this section we prove that when there is

only one kink in a neighbourhood containing of xxxk−1,xxxk,wwwk,yyyk and zzzk, the cone of de-

scent directions is wide enough and the constants δ and κ are chosen appropriately, then

Algorithm 10 produces a search direction contained within Dε(φ,xxxk) (see Theorem 10).

In order to state how we intend to go about this, we require the following notation:

Notation 4.3. Let xxxk be a point such that Aφ(xxxk) = {i, j} (as in the context of Algorithm
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9). We denote by ggg{i,j} the minimal normed element of ∂Cφ(xxxk), which in this context

can be computed analytically to be:

ggg{i,j} ∶=
⟨gggj ∣gggj − gggi⟩
∥gggj − gggi∥2 gggi +

⟨gggi∣gggi − gggj⟩
∥gggj − gggi∥2 gggj. (4.9)

For this vector, it holds that:

⟨gggi∣ggg{i,j}⟩ = ⟨gggj ∣ggg{i,j}⟩ = ∥ggg{i,j}∥
2 = ∥gggi∥∥gggj∥ sinω(gggi,gggj)

∥gggi − gggj∥
(4.10)

Remark. It is important to recognise that ggg{i,j} is not the same as vvvε, given that ggg{i,j}

is defined with respect to the Clarke Generalised Gradient, while vvvε depends on the

Goldstein Generalised Gradient. However if Aφ(yyy) ⊆ {i, j}, ∀yyy ∈ Bε(xxxk) (meaning no

other kinks are found nearby), then ∥ggg{i,j} − vvvε∥ ∼ O(ε).

For the remainder of this section, we work towards proving that pppk as calculated

within Algorithm 9 approximates −ggg{i,j} and bounding the error. We do so for the

situation where the following assumption applies:

Assumption 4.5. The point zzzk as constructed in Algorithm 9 satisfies: Aφ(zzzk) =

Aφ(xxxk).

Assumption 4.6. The vectors g̃ggi,gggi, g̃ggj and gggj satisfy: ⟨gggi − gggj ∣g̃ggi⟩ ≥ 0, ⟨gggi − gggj ∣g̃ggj⟩ ≤ 0

and ⟨g̃ggi∣g̃ggj⟩ < 0.

The calculations which follow rely on g̃ggi and g̃ggj approximating gggi and gggj. Thus before

continuing, we bound the approximation error in both cases.

Lemma 11. Let gggi,gggj, g̃ggi, and g̃ggj be obtained from applying Algorithm 9 to the piecewise-

smooth function φ. If φ satisfies Assumption 4.1 (within each set Ωi, φ = φi has a

Lipschitz Continuous gradient with Lipschitz constant Li), then:

∥gggi − g̃ggi∥ ≤ αk−1∥g̃ggi∥Li, (4.11)

∥gggj − g̃ggj∥ ≤ δLj. (4.12)
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Proof. From the definition of gggi and g̃ggi, we have:

∥gggi − g̃ggi∥ = ∥∇φi(xxxk) − ∇φi(xxxk−1)∥ ≤ Li∥xxxk −xxxk−1∥ = Li∥αk−1∇φi(xxxk−1)∥ = αk−1Li∥g̃ggi∥.

Furthermore

∥gggj − g̃ggj∥ = ∥∇φj(xxxk) − ∇φj(wwwk)∥ ≤ Lj∥xxxk −wwwk∥ = Lj∥δ
g̃ggi
∥g̃ggi∥

∥ = δLj,

which completes the proof.

The direction pppk as computed in Algorithm 9 is parallel to zzzk − xxxk. If we are to

assess pppk as a descent direction, the first step is to express βk analytically. This in turn

requires an expression for βk.

Lemma 12. Let βk be the value computed in Line 6 of Algorithm 9. If Assumptions 4.3,

4.5 and 4.6 apply, βk is computed using ELS, and δ is sufficiently small to ensure:

δ ≤ 1

3(1 + µ)
∣⟨gggi − gggj ∣g̃ggj⟩∣
∥g̃ggj∥(Li +Lj)

, (4.13)

then it holds that:

∣βk + δµ∣ ≤
3
√

3

2
δ2

∥g̃ggj∥(Li +Lj)
∣⟨gggi − gggj ∣g̃ggj⟩∣

(1 + µ)2
. (4.14)

where

µ =
∥g̃ggj∥
∥g̃ggi∥

RRRRRRRRRRR

⟨gggi − gggj ∣g̃ggi⟩
⟨gggi − gggj ∣g̃ggj⟩

RRRRRRRRRRR
.

Proof. Since Assumption 4.5 is taken to be true, xxxk and zzzk have the same active set:

{i, j}, meaning that they are both contained within Ωi∩Ωj. By Definition 4.3, it follows

that:

(φi − φj)(zzzk) = (φi − φj)(xxxk) = 0. (4.15)

Taylors Theorem reveals that:

⟨gggi − gggj ∣zzzk −xxxk⟩ = −
1

2
(zzzk −xxxk)THHH(zzzk −xxxk), (4.16)
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where HHH is the value of ∇2(φi − φj) at some point between zzzk and xxxk. Using the fact

that zzzk −xxxk = δ pppk−1
∥pppk−1∥

− βk
g̃ggj
∥g̃ggj∥

= −(δ g̃ggi
∥g̃ggi∥

+ βk
g̃ggj
∥g̃ggj∥

), we now compute

⟨gggi − gggj ∣zzzk −xxxk⟩ = −
1

2
(zzzk −xxxk)THHH(zzzk −xxxk),

⇔⟨gggi − gggj
RRRRRRRRRRR
δ
g̃ggi
∥g̃ggi∥

+ βk
g̃ggj

∥g̃ggj∥
⟩ = 1

2

⎛
⎝
δ
g̃ggi
∥g̃ggi∥

+ βk
g̃ggj

∥g̃ggj∥
⎞
⎠

T

HHH
⎛
⎝
δ
g̃ggi
∥g̃ggi∥

+ βk
g̃ggj

∥g̃ggj∥
⎞
⎠
,

⇔β2
k

⎛
⎝

1

2∥g̃ggj∥
2 g̃gg

T
jHHHg̃ggj

⎞
⎠
+ βk

⎛
⎝
δ
g̃ggTi HHHg̃ggj
∥g̃ggi∥

− ⟨gggi − gggj ∣g̃ggj⟩
⎞
⎠

+ 1

2
δ2 g̃gg

T
i HHHg̃ggi

∥g̃ggi∥
2 − δ ⟨gggi − gggj ∣g̃ggi⟩∥g̃ggi∥

= 0.

In the workings above, we have computed a quadratic equation which relates βk to δ.

In order to bound ∣βk − µδ∣, we will need to solve this quadratic with respect to to βk.

To simplify the calculations which follow, we introduce the following notation which is

used only in the context of this proof.

a = 1

2∥g̃ggj∥
2 g̃gg

T
jHHHg̃ggj, b = 1

∥g̃ggi∥∥g̃ggj∥
g̃ggTi HHHg̃ggj, c =

⟨gggi − gggj ∣g̃ggj⟩
∥g̃ggj∥

,

d = 1

2∥g̃ggi∥
2 g̃gg

T
i HHHg̃ggi, e = ⟨gggi − gggj ∣g̃ggi⟩

∥g̃ggi∥
, µ =

∥g̃ggj∥
∥g̃ggi∥

RRRRRRRRRRR

⟨gggi − gggj ∣g̃ggi⟩
⟨gggi − gggj ∣g̃ggj⟩

RRRRRRRRRRR
= ∣e
c
∣.

Note that Assumption 4.6 is equivalent to c ≤ 0 and e ≥ 0. Moreover, recall HHH is

∇2(φi − φj) evaluated at some point. Since φ is piecewise-smooth function satisfying

Assumption 4.1, it follows that:

∣a∣, ∣d∣ ≤ 1

2
(Li +Lj), and ∣b∣ ≤ Li +Lj. (4.17)

We now can write the quadratic which we need to solve in the form:

aβ2
k + (bδ − c)βk + dδ2 − eδ = 0. (4.18)

When solving Equation (4.18) for βk,we do so with the understanding that δ should be

‘small’. Unfortunately, we can’t solve Equation (4.18) directly given how much things
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change if a = 0. Therefore, we consider two cases, that where a = 0 and a ≠ 0. Beginning

with the first case, we find:

βk = −δ
e − δd
c − δb = −δ

e

c
− δ2 be − dc

c(c − δb) ⇒ ∣βk − δµ∣ = δ2∣ be − dc
c(c − δb)∣. (4.19)

In order to simplify Equation (4.19) further, we apply Equation (4.13) which was as-

sumed to be true in the statement of the lemma. Within the context of our transformed

variables, Equation (4.13) becomes:

(Li +Lj)∥g̃ggj∥
∣⟨gggi − gggj ∣g̃ggj⟩∣

δ ≤ 1

3(1 + µ) ,

⇒Li +Lj
∥c∥ δ ≤ 1

3(1 + µ) ,

⇒∥b∥δ ≤ (Li +Lj)δ <
1

3(1 + µ)∥c∥,

⇒∥c∥ − ∥b∥δ ≥ (1 − 1

3(1 + µ)) ∥c∥,

⇒∥c − bδ∥ ≥ 2 + 3µ

3 + 3µ
∥c∥ ≥ 2

3
∥c∥.

We condense the following result from the workings above for future reference.

∥c − bδ∥ ≥ ∥c∥ − ∥b∥δ ≥ (1 − 1

3(1 + µ)) ∥c∥ ≥ 2

3
∥c∥. (4.20)

Inserting this outcome along with Equation (4.17) into Equation (4.19), we find:

∣βk − δµ∣ = δ2∣ be − dc
c(c − δb)∣ ≤

3δ2

2

∣be∣ + ∣dc∣
c2

≤ 3δ2

4

Li +Lj
∣c∣ (1 + 2µ) ≤ 3δ2

4

Li +Lj
∣c∣ (1 + µ)2

.

When reversing the substitution, this becomes

∣βk + δµ∣ ≤
3δ2

4

⎛
⎝
∥g̃ggj∥(Li +Lj)
⟨gggi − gggj ∣g̃ggj⟩

⎞
⎠
(1 + µ)2 < 1

2

⎛
⎝

√
9

5

⎞
⎠

3

δ2
⎛
⎝
∥g̃ggj∥(Li +Lj)
∣⟨gggi − gggj ∣g̃ggj⟩∣

⎞
⎠
(1 + µ)2

.

(4.21)

Next we move our attention to the case in which a ≠ 0. In order to proceed, we are
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forced to apply the quadratic equation, giving us:

βk =
−(bδ − c) ±

√
(bδ − c)2 − 4aδ(dδ − e)

2a
(4.22)

While the quadratic equation yields two solutions, only one is of interest to us. In the

context of this calculation we assume δ ≪ 1 and expect βk to be of a similar size. Given

that c < 0 and e > 0, the root we are interested in corresponds to the ± term being a +.

In order to proceed we need to apply Taylors Theorem to remove the square root

term. Defining g(δ) ∶=
√

(bδ − c)2 − 4aδ(dδ − e), there exists η ∈ [0, δ] such that:

g(δ) = g(0) + δg′(0) + δ
2

2
g′′(η). (4.23)

Using Mathematica to evaluate g(0) and g′(0), we find:

g(δ) = ∣c∣ + δ2ae − bc
∣c∣ + δ

2

2
g′′(η),

⇔ βk =
c − bδ + g(δ)

2a
= 1

2a
(c − bδ + ∣c∣ + δ2ae − bc

∣c∣ + δ2

2a
g′′(η)) .

Since c < 0, it follows that:

βk =
c − bδ + g(δ)

2a
= 1

2a
(−bδ − δ2ae − bc

c
+ δ

2

2
g′′(η)) = −δ e

c
+ δ

2

4
g′′(η) = −δµ + δ

2

4
g′′(η).

(4.24)

Hence, in order to bound ∣βk + δµ∣, all that we need to do is bound ∣g′′(η)∣. Once

again using Mathematica, we obtain:

g′′(δ) = − 4a(c2d − bce + ae2)
√

(bδ − c)2 − 4aδ(dδ − e)
3 . (4.25)

∣βk + δµ∣ = δ2

RRRRRRRRRRRR

c2d − bce + ae2

√
(bη − c)2 − 4aη(dη − e)

3

RRRRRRRRRRRR
. (4.26)

In order to bound the error term above, we need a bound for the denominator. Starting

99



from Equation (4.13) and using Equation (4.20), we compute:

∣(bη − c)2 − 4aη(dη − e)∣ ≥ ∣∣bη − c∣2 − 4∣aη(dη − e)∣∣ ≥ ∣∣bδ − c∣2 − 4∣aδ(dη − e)∣∣,

≥
RRRRRRRRRRR
(1 − 1

3(1 + µ))
2

∣c∣2 − 4δ2∣ad∣ − 4δ∣ae∣
RRRRRRRRRRR
,

≥ ∣c∣2
RRRRRRRRRRR
(1 − 1

3(1 + µ))
2

− 4∣aδ
c
∣∣dδ
c
∣ − 4∣aδ

c
∣∣e
c
∣
RRRRRRRRRRR
,

≥ ∣c∣2
RRRRRRRRRRR
(1 − 1

3(1 + µ))
2

− ( 1

3(1 + µ))
2

− 2µ( 1

3(1 + µ))
RRRRRRRRRRR
,

≥ ∣c∣2∣1 − 2(1 + µ)
3(1 + µ)∣ =

1

3
∣c∣2.

With the denominator now bounded from below, we revisit Equation (4.24) to find:

∣βk + δµ∣ ≤ 3
√

3δ2∣c
2d − bce + ae2

∣c∣3
∣ ≤ 3

√
3δ2 1

∣c∣3
(∣c2d∣ + ∣bce∣ + ∣ae2∣) . (4.27)

Finally we reverse the substitutions to find:

∣βk + δµ∣ ≤ 3
√

3δ2 ∣c2d∣ + ∣bce∣ + ∣ae2∣
∣c∣3

,

≤ 3
√

3δ2 (∣d
c
∣ + ∣be

c2
∣ + ∣ae

2

c3
∣) ,

≤ 3
√

3

2
δ2Li +Lj

∣c∣ (1 + 2µ + µ2) ,

= 3
√

3

2
δ2

∥g̃ggj∥(Li +Lj)
⟨gggi − gggj ∣g̃ggj⟩

(1 + µ)2
.

Combining this result with Equation (4.21) completes the proof.

Remark. Lemma 12 shows that βk ∼ O(δ) when the bound RHS of Equation (4.14) is

not too large. This bound gets large when either Li + Lj is large, ∥g̃ggj∥ is large, or the

vector g̃ggj is nearly perpendicular to gggi−gggj. This outcome is intuitive when Figure 4.3.2,

the illustration of Algorithm 9 is taken into account, since if g̃ggj is perpendicular to the

normal vector of the kink, then of course βk will be large, and our approximation will

be inaccurate. If however the kink is having a sufficient effect as to render smooth

optimisation methods ineffective, then we don’t expect this to happen.
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Lemma 13. Let the points xxxk−1,xxxk,wwwk and βk be obtained from Algorithm 9, µ be as

defined in Lemma 12, and β̃k = δµ be an approximation of zzzk. Then pppk as defined in

Algorithm 9 may be written in the form:

τpppk = −(ggg{i,j} +EEEi +EEEj) , (4.28)

where

τ =
∥g̃ggi − g̃ggj∥

2

∥gggi − gggj∥2

⟨gggi − gggj ∣gggj⟩
⟨g̃ggi − g̃ggj ∣g̃ggj⟩

, (4.29)

EEEi =
1

∥gggi − gggj∥2
(⟨gggi − gggj ∣gggj⟩ (gggi − g̃ggi) + ⟨gggi − gggj ∣gggi − g̃ggi⟩ g̃ggj) , (4.30)

EEEj =
⟨gggi − gggj ∣gggj⟩
∥gggi − gggj∥2

⎛
⎝
β̃k − βk
δ

∥g̃ggi∥
∥g̃ggj∥

g̃ggj −
⟨gggi − gggj ∣gggi⟩
⟨gggi − gggj ∣gggj⟩

(gggj − g̃ggj) −
⟨gggi − gggj ∣g̃ggi⟩
⟨gggi − gggj ∣g̃ggj⟩

⟨gggi − gggj ∣gggj − g̃ggj⟩
⟨gggi − gggj ∣gggj⟩

g̃ggj
⎞
⎠
.

(4.31)

Moreover, the error terms: EEEi and EEEj may be bounded by:

∥EEEi∥ ≤
αk−1∥g̃ggi∥∥g̃ggj∥(Li +Lj)

∥gggi − gggj∥
⎛
⎝
∥gggj∥
∥g̃ggj∥

+ 1
⎞
⎠
, (4.32)

∥EEEj∥ ≤
δ∥g̃ggi∥∥g̃ggj∥(Li +Lj)

∣⟨gggi − gggj ∣g̃ggj⟩∣
(3

√
3

2
(1 + µ)2 + ∥gggi∥

∥g̃ggi∥
+ 1) , (4.33)

where µ is as defined in Lemma 12.
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Proof. From the definition of pppk in Algorithm 9, we have

zzzk −xxxk = δ
pppk−1

∥pppk−1∥
− βk

∇φj(wwwk)
∥∇φj(wwwk)∥

= −δ g̃ggi
∥g̃ggi∥

− βk
g̃ggj

∥g̃ggj∥
,

= −δ g̃ggi
∥g̃ggi∥

− β̃k
g̃ggj

∥g̃ggj∥
+ (β̃k − βk)

g̃ggj

∥g̃ggj∥
,

= − δ

∥g̃ggi∥
⎛
⎝
g̃ggi −

⟨gggi − gggj ∣g̃ggi⟩
⟨gggi − gggj ∣g̃ggj⟩

g̃ggj
⎞
⎠
+ (β̃k − βk)

g̃ggj

∥g̃ggj∥
,

= − δ

∥g̃ggi∥
(gggi −

⟨gggi − gggj ∣gggi⟩
⟨gggi − gggj ∣gggj⟩

gggj) + (β̃k − βk)
g̃ggj

∥g̃ggj∥

+ δ

∥g̃ggi∥
(gggi − g̃ggi) −

δ

∥g̃ggi∥
⎛
⎝
⟨gggi − gggj ∣gggi⟩
⟨gggi − gggj ∣gggj⟩

gggj −
⟨gggi − gggj ∣g̃ggi⟩
⟨gggi − gggj ∣g̃ggj⟩

g̃ggj
⎞
⎠
.

Next, we observe that the expression gggi − ⟨gggi−gggj ∣gggi⟩

⟨gggi−gggj ∣gggj⟩
gggj may be scaled to match ggg{i,j}.

Indeed:

pppk = −
⎛
⎝
∥g̃ggi∥ ⟨g̃ggi − g̃ggj ∣g̃ggj⟩
δ∥g̃ggi − g̃ggj∥

2

⎞
⎠
(zzzk −xxxk),

= −∥gggi − gggj∥2

∥g̃ggi − g̃ggj∥
2

⟨g̃ggi − g̃ggj ∣g̃ggj⟩
⟨gggi − gggj ∣gggj⟩

(⟨gggi∣gggi − gggj⟩gggj + ⟨gggj ∣gggj − gggi⟩gggi
∥gggi − gggj∥2 ) − β̃k − βk

δ

∥g̃ggi∥
∥g̃ggj∥

⟨g̃ggi − g̃ggj ∣g̃ggj⟩
∥g̃ggi − g̃ggj∥

2 g̃ggj

−
⟨g̃ggi − g̃ggj ∣g̃ggj⟩
∥g̃ggi − g̃ggj∥

2 (gggi − g̃ggi) +
⟨g̃ggi − g̃ggj ∣g̃ggj⟩
∥g̃ggi − g̃ggj∥

2

⎛
⎝
⟨gggi − gggj ∣gggi⟩
⟨gggi − gggj ∣gggj⟩

gggj −
⟨gggi − gggj ∣g̃ggi⟩
⟨gggi − gggj ∣g̃ggj⟩

g̃ggj
⎞
⎠
,

= −∥gggi − gggj∥2

∥g̃ggi − g̃ggj∥
2

⟨g̃ggi − g̃ggj ∣g̃ggj⟩
⟨gggi − gggj ∣gggj⟩

ggg{i,j} −
β̃k − βk
δ

∥g̃ggi∥
∥g̃ggj∥

⟨g̃ggi − g̃ggj ∣g̃ggj⟩
∥g̃ggi − g̃ggj∥

2 g̃ggj

−
⟨g̃ggi − g̃ggj ∣g̃ggj⟩
∥g̃ggi − g̃ggj∥

2 (gggi − g̃ggi) +
⟨g̃ggi − g̃ggj ∣g̃ggj⟩
∥g̃ggi − g̃ggj∥

2

⎛
⎝
⟨gggi − gggj ∣gggi⟩
⟨gggi − gggj ∣gggj⟩

gggj −
⟨gggi − gggj ∣g̃ggi⟩
⟨gggi − gggj ∣g̃ggj⟩

g̃ggj
⎞
⎠
⎞
⎠
,

= −∥gggi − gggj∥2

∥g̃ggi − g̃ggj∥
2

⟨g̃ggi − g̃ggj ∣g̃ggj⟩
⟨gggi − gggj ∣gggj⟩

⎛
⎝
ggg{i,j} +

⟨gggi − gggj ∣gggj⟩
∥gggi − gggj∥2

⎛
⎝
β̃k − βk
δ

∥g̃ggi∥
∥g̃ggj∥

g̃ggj

+(gggi − g̃ggi) −
⎛
⎝
⟨gggi − gggj ∣gggi⟩
⟨gggi − gggj ∣gggj⟩

gggj −
⟨gggi − gggj ∣g̃ggi⟩
⟨gggi − gggj ∣g̃ggj⟩

g̃ggj
⎞
⎠
⎞
⎠
⎞
⎠
.
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We proceed by scaling by τ .

τpppk = −
⎛
⎝
ggg{i,j} +

⟨gggi − gggj ∣gggj⟩
∥gggi − gggj∥2

⎛
⎝
β̃k − βk
δ

∥g̃ggi∥
∥g̃ggj∥

g̃ggj + (gggi − g̃ggi)

− ⟨gggi − gggj ∣gggi⟩
⟨gggi − gggj ∣gggj⟩

(gggj − g̃ggj) −
⟨gggi − gggj ∣gggi⟩ ⟨gggi − gggj ∣g̃ggj⟩ − ⟨gggi − gggj ∣g̃ggi⟩ ⟨gggi − gggj ∣gggj⟩

⟨gggi − gggj ∣gggj⟩ ⟨gggi − gggj ∣g̃ggj⟩
g̃ggj

⎞
⎠
⎞
⎠
,

= −
⎛
⎝
ggg{i,j} +

⟨gggi − gggj ∣gggj⟩
∥gggi − gggj∥2

⎛
⎝
β̃k − βk
δ

∥g̃ggi∥
∥g̃ggj∥

g̃ggj + (gggi − g̃ggi)

− ⟨gggi − gggj ∣gggi⟩
⟨gggi − gggj ∣gggj⟩

(gggj − g̃ggj) −
⟨gggi − gggj ∣gggi − g̃ggi⟩ ⟨gggi − gggj ∣g̃ggj⟩ − ⟨gggi − gggj ∣g̃ggi⟩ ⟨gggi − gggj ∣gggj − g̃ggj⟩

⟨gggi − gggj ∣gggj⟩ ⟨gggi − gggj ∣g̃ggj⟩
g̃ggj

⎞
⎠
⎞
⎠
,

= −
⎛
⎝
ggg{i,j} +

⟨gggi − gggj ∣gggj⟩
∥gggi − gggj∥2

⎛
⎝
β̃k − βk
δ

∥g̃ggi∥
∥g̃ggj∥

g̃ggj + (gggi − g̃ggi)

− ⟨gggi − gggj ∣gggi⟩
⟨gggi − gggj ∣gggj⟩

(gggj − g̃ggj) −
⟨gggi − gggj ∣gggi − g̃ggi⟩

⟨gggi − gggj ∣gggj⟩
g̃ggj +

⟨gggi − gggj ∣g̃ggi⟩
⟨gggi − gggj ∣g̃ggj⟩

⟨gggi − gggj ∣gggj − g̃ggj⟩
⟨gggi − gggj ∣gggj⟩

g̃ggj
⎞
⎠
⎞
⎠
.

Finally, we collect all terms containing the (gggi − g̃ggi) expression to be EEEi, and the terms

containing (gggj − g̃ggj) or (βk − β̃k) to be EEEj.

τpppk = −(ggg{i,j} +
1

∥gggi − gggj∥2
(⟨gggi − gggj ∣gggj⟩ (gggi − g̃ggi) − ⟨gggi − gggj ∣gggi − g̃ggi⟩ g̃ggj)

+⟨gggi − gggj ∣gggj⟩
∥gggi − gggj∥2

⎛
⎝
β̃k − βk
δ

∥g̃ggi∥
∥g̃ggj∥

g̃ggj −
⟨gggi − gggj ∣gggi⟩
⟨gggi − gggj ∣gggj⟩

(gggj − g̃ggj) +
⟨gggi − gggj ∣g̃ggi⟩
⟨gggi − gggj ∣g̃ggj⟩

⟨gggi − gggj ∣gggj − g̃ggj⟩
⟨gggi − gggj ∣gggj⟩

g̃ggj
⎞
⎠
⎞
⎠
,

= −(ggg{i,j} +EEEi +EEEj) .

To complete this proof, we must bound ∥EEEi∥ and ∥EEEj∥.

∥EEEi∥ =
1

∥gggi − gggj∥2
∥⟨gggi − gggj ∣gggj⟩ (gggi − g̃ggi) − ⟨gggi − gggj ∣gggi − g̃ggi⟩ g̃ggj∥,

≤ 1

∥gggi − gggj∥2
(∥gggi − gggj∥∥gggj∥∥gggi − g̃ggi∥ + ∥gggi − gggj∥∥g̃ggj∥∥gggi − g̃ggi∥) ,

= ∥gggi − g̃ggi∥
∥gggi − gggj∥

(∥gggj∥ + ∥g̃ggj∥) ≤
αk−1∥g̃ggi∥(Li +Lj)

∥gggi − gggj∥
(∥gggj∥ + ∥g̃ggj∥) .
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Last of all, we have:

∥EEEj∥ =
∣⟨gggi − gggj ∣gggj⟩∣
∥gggi − gggj∥2

XXXXXXXXXXX

β̃k − βk
δ

∥g̃ggi∥
∥g̃ggj∥

g̃ggj −
⟨gggi − gggj ∣gggi⟩
⟨gggi − gggj ∣gggj⟩

(gggj − g̃ggj) +
⟨gggi − gggj ∣g̃ggi⟩
⟨gggi − gggj ∣g̃ggj⟩

⟨gggi − gggj ∣gggj − g̃ggj⟩
⟨gggi − gggj ∣gggj⟩

g̃ggj

XXXXXXXXXXX
,

≤ ∣⟨gggi − gggj ∣gggj⟩∣
∥gggi − gggj∥2

⎛
⎝
∣β̃k − βk∣

δ
∥g̃ggi∥ + ∣ ⟨gggi − gggj ∣gggi⟩⟨gggi − gggj ∣gggj⟩

∣∥gggj − g̃ggj∥ +
RRRRRRRRRRR

⟨gggi − gggj ∣g̃ggi⟩
⟨gggi − gggj ∣g̃ggj⟩

RRRRRRRRRRR

RRRRRRRRRRR

⟨gggi − gggj ∣gggj − g̃ggj⟩
⟨gggi − gggj ∣gggj⟩

RRRRRRRRRRR
∥g̃ggj∥

⎞
⎠
,

≤ ∣⟨gggi − gggj ∣gggj⟩∣
∥gggi − gggj∥2

⎛
⎝

3
√

3

2
δ
∥g̃ggi∥∥g̃ggj∥(Li +Lj)

⟨gggi − gggj ∣g̃ggj⟩
(1 + µ)2

+ ∣ ⟨gggi − gggj ∣gggi⟩⟨gggi − gggj ∣gggj⟩
∣∥gggj − g̃ggj∥ +

RRRRRRRRRRR

⟨gggi − gggj ∣g̃ggi⟩
⟨gggi − gggj ∣g̃ggj⟩

RRRRRRRRRRR

RRRRRRRRRRR

⟨gggi − gggj ∣gggj − g̃ggj⟩
⟨gggi − gggj ∣gggj⟩

RRRRRRRRRRR
∥g̃ggj∥

⎞
⎠
,

≤ 1

∥gggi − gggj∥2

⎛
⎝

3
√

3

2
δ
RRRRRRRRRRR

⟨gggi − gggj ∣gggj⟩
⟨gggi − gggj ∣g̃ggj⟩

RRRRRRRRRRR
∥g̃ggi∥∥g̃ggj∥(Li +Lj) (1 + µ)

2

+ ∥gggj − g̃ggj∥
⎛
⎝
∣⟨gggi − gggj ∣gggi⟩∣ +

RRRRRRRRRRR

⟨gggi − gggj ∣g̃ggi⟩
⟨gggi − gggj ∣g̃ggj⟩

RRRRRRRRRRR
∥gggi − gggj∥∥g̃ggj∥

⎞
⎠
⎞
⎠
,

≤ δ(Li +Lj)
∣⟨gggi − gggj ∣g̃ggj⟩∣∥gggi − gggj∥

2 (3
√

3

2
∥gggi − gggj∥∥gggj∥∥g̃ggi∥∥g̃ggj∥ (1 + µ)

2

+ ∥gggi − gggj∥2∥g̃ggj∥∥gggi∥ + ∥gggi − gggj∥2∥g̃ggi∥∥g̃ggj∥) ,

≤
δ∥g̃ggi∥∥g̃ggj∥(Li +Lj)

∣⟨gggi − gggj ∣g̃ggj⟩∣
(3

√
3

2

∥gggj∥
∥gggi − gggj∥

(1 + µ)2 + ∥gggi∥
∥g̃ggi∥

+ 1) ,

≤
δ∥g̃ggi∥∥g̃ggj∥(Li +Lj)

∣⟨gggi − gggj ∣g̃ggj⟩∣
(3

√
3

2
(1 + µ)2 + ∥gggi∥

∥g̃ggi∥
+ 1) .

At this point we have related pppk as obtained from Algorithm 9 to −ggg{i,j}, the direction

of steepest descent. In order for this relation to imply that pppk is a descent direction, we

need to show that pppk ∈ Dε(φ,xxxk). In the following results, we show that this is achieved

if the following conditions are satisfied:

Condition 4.1. There exits κ1 ∈ (0, 1
4) such that

∥EEEi∥ < κ1

∥ggg{i,j}∥
2

∥gggi − gggj∥
. (4.34)
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Condition 4.2. There exits κ2 ∈ (0, 1
4) such that

∥EEEj∥ < κ2

∥ggg{i,j}∥
2

∥gggi − gggj∥
. (4.35)

Corollary 4.2. If αk−1 and δ are sufficiently small to ensure Conditions 4.1 and 4.2

are satisfied, then it holds that ∥ggg{i,j}∥(1 − κ1 − κ2) < ∥τpppk∥ < ∥ggg{i,j}∥(1 + κ1 + κ2).

Proof. Starting from Equation (4.28), we get

RRRRRRRRRRR

∥τpppk∥ − ∥ggg{i,j}∥
∥ggg{i,j}∥

RRRRRRRRRRR
=
RRRRRRRRRRR

∥ggg{i,j} +EEEi +EEEj∥ − ∥ggg{i,j}∥
∥ggg{i,j}∥

RRRRRRRRRRR
≤ ∥EEEi∥ + ∥EEEj∥

∥ggg{i,j}∥
. (4.36)

Since Conditions 4.1 and 4.2 are satisfied, this becomes:

RRRRRRRRRRR

∥τpppk∥ − ∥ggg{i,j}∥
∥ggg{i,j}∥

RRRRRRRRRRR
≤

∥ggg{i,j}∥
∥gggi − gggj∥

(κ1 + κ2) ≤ (κ1 + κ2), (4.37)

which is equivalent to ∥ggg{i,j}∥(1 − κ1 − κ2) < ∥τpppk∥ < ∥ggg{i,j}∥(1 + κ1 + κ2).

Theorem 14. Let the pppk be the search direction obtained from Algorithm 9. If αk−1 and

δ are sufficiently small so as to ensure that Conditions 4.1 and 4.2 are satisfied, and

κ1 + κ2 ≤ 1
3 , then it holds that: pppk ∈ lim

ε→0
Dε(φ,xxxk).

Proof. First note that in the limiting case where limε→0 vvvε = ggg{i,j} (see Definition 4.2)then

the statement of this theorem is equivalent to:

min
`∈{i,j}

⟨∇φ`(xxxk)∣pppk⟩
∥pppk∥

= min
yyy∈Bε(xxxk)

min
`∈{i,j}

⟨∇φ`(yyy)∣pppk⟩
∥pppk∥

≥ 1

2
lim
ε→0

∥vvvε∥ =
1

2
∥ggg{i,j}∥. (4.38)
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We proceed by invoking Lemma 13 and Corollary 4.2:

∣⟨ggg`∣τpppk⟩∣
∥τpppk∥

≥
∣⟨ggg`∣ggg{i,j} +EEEi +EEEj⟩∣
(1 + κ1 + κ2)∥ggg{i,j}∥

=
∣∥ggg{i,j}∥

2 + ⟨ggg`∣EEEi +EEEj⟩∣
(1 + κ1 + κ2)∥ggg{i,j}∥

,

≥
∣∥ggg{i,j}∥

2 − ∥ggg`∥(∥EEEi∥ + ∥EEEj∥)∣
(1 + κ1 + κ2)∥ggg{i,j}∥

≥

RRRRRRRRRRRRRRRR

∥ggg{i,j}∥
2 −

∥ggg`∥
∥gggi − gggj∥

∥ggg{i,j}∥
2(κ1 + κ2)

RRRRRRRRRRRRRRRR
(1 + κ1 + κ2)∥ggg{i,j}∥

,

≥ 1

2
∥ggg{i,j}∥,

since κ1 + κ2 ≤ 1
3 (which was assumed in the statement of the theorem).

When the conditions for Theorem 14 hold, Theorem 10 applies which in turn shows

convergence for the BASM.

Remark. We can’t ensure Conditions 4.1 and 4.2 are satisfied, and consequentially that

Theorem 14 applies, as ∥ggg{i,j}∥ → 0. However, if ∥gggi − gggj∥ /→ 0, then ∥ggg{i,j}∥ → 0 will only

occur when the cone of descent directions collapses, meaning that we can only construct

a descent direction when this cone is not too narrow. This should not be a surprise as

it was the conclusion of Section 4.2.

4.3.3 Limitations of the analysis

In Section 4.3.2, we proved at length that under certain conditions, pppk as constructed

by Algorithm 9 would satisfy Theorem 10. This is not quite the same as showing that

Theorem 10 is applicable to an algorithm which constructs pppk using Algorithm 10. Here

we list a number of holes in our theory, which may be viewed as a list of what needs to

be proved in order show that the BASM converges.

1. All of the results contained within Section 4.3.2 rely on the assumptions that

the active sets at xxxk−1,wwwk and xxxk are of the form {i}, {j} and {i, j} and that

Assumption 4.4 holds.
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2. The bound in Lemma 12 (one of the foundational results in Section 4.3.2) breaks

down if ⟨gggi − gggj ∣g̃ggj⟩ approaches 0. While we hope that Algorithm 10 will not apply

an ELS in this situation, we have not proven this.

3. While we have taken inaccuracy of gradients into account, we have not included

the LS error. This comes from the fact that ELS never solves the univariate

problem exactly, but only to a tolerance.

These are all points which either we have not had the time to attempt, or have been

unsuccessful in addressing.

4.3.4 Performance of the BASM

Despite the fact that we have not established convergence for the BASM in general, we

still test it against DGM with BLS and HLS as we would a heuristic. On this occasion,

recognising that the BASM is not complete, and thus not suitable for high dimensional

problems, we only run the experiment for n = 2,5.

Before we present the full results in tabular form, we have selected a few select

examples which illustrate how the BASM may perform, both when it performs well, and

otherwise. First, in Figure 4.3.3 we see an example where BASM keeps pace with the

other two algorithms, before ultimately converging both first, and to the best minimum

found. On the other hand, in Figure 4.3.4 we see a case where the BASM gets stuck,

and it takes a long time to do this. Finally Figures 4.3.5 and 4.3.6 show examples where

the BASM performs quite well early, but then gets stuck.

From our experience with the BASM, the main reason why it so often gets stuck

early is that we have not formulated a proper termination condition. As is, we instruct

the BASM to stop whenever Assumption 4.4 does not apply. Aside from this, the BASM

also gets stuck when g̃ggj is nearly parallel (but pointing in the opposite direction) to g̃ggi.

While sometimes a fascinating consequence of BASM enables pppk to be constructed even

here (see Section 4.3.5), in general Algorithm 10 will struggle at such times.

We show the formal experiment results in Tables 4.3.1 and 4.3.2. From Table 4.3.1,

107



101 102 103

Number of function evaluations

10−2

100

S
u

b
op

ti
m

al
it

y

BAS

DGM ILS

DGM HLS

100 101 102

Number of gradient evaluations

10−2

100

S
u

b
op

ti
m

al
it

y

BAS

DGM ILS

DGM HLS

Chained LQ with 5 variables

Figure 4.3.3 – We compare the DGM with both LS algorithms against the BASM on
Problem A.3 with n = 5. Note that we only count the cost of function/gradient evaluations
at the end of each iteration. Since the data for the first coordinates were harvested after
the first (as opposed to zero) iteration, despite the fact that each algorithm was initialised
from the same starting point, our plotted lines do not originate from the same coordinate
since each algorithm required a different cost for the first iteration.

the general trend we get is that BASM is very fast when it works (though not as fast

as DGM with HLS), but doesn’t always converge. This is what is also observed from

Table 4.3.2. However, since DGM with HLS is no longer as effective, BASM has the

best performance for some test functions.

The fact that BASM improves with respect to DGM with HLS as the number of

variables increase is promising, given that it was for this purpose that we derived the

algorithm. However, on the whole the fact that BASM is incomplete is abundantly

clear. Before any statement can be made as to its effectiveness, we need to extend its

ability to construct descent directions.
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Figure 4.3.4 – We compare the DGM with both LS algorithms against the BASM on
Problem A.4 with n = 5. Note that we only count the cost of function/gradient evaluations
at the end of each iteration. Since the data for the first coordinates were harvested after
the first (as opposed to zero) iteration, despite the fact that each algorithm was initialised
from the same starting point, our plotted lines do not originate from the same coordinate
since each algorithm required a different cost for the first iteration.

func Alg fmin #f Alg fmin #f Alg fmin #f
A.1 BLS 2.38e-12 264 HLS 8.73e-12 259 BAS 8.92e-15 273
A.2 BLS 1.68e-06 6214 HLS 3.18e-08 270 BAS 5.41e-08 792
A.3 BLS 5.15e-10 830 HLS 3.24e-10 62 BAS 9.8e-10 107
A.4 BLS 4.4e-06 2787 HLS 2.35e-07 118 BAS 6.45e-07 375
A.5 BLS 6.98e-06 2444 HLS 2.36e-07 118 BAS 6.45e-07 375
A.6 BLS 6.31e-06 842 HLS 8.18e-07 67 BAS 5.59e-09 122
A.7 BLS 3.61e-06 844 HLS 6.82e-15 94 BAS 9.85e-07 305
A.9 BLS 1.82e-06 856 HLS 7.86e-09 625 BAS 0.000258 302
A.10 BLS 1.6e-08 1160 HLS 7.66e-09 650 BAS 0.000258 302
A.17 BLS 0.00444 32637 HLS 2.26e-08 8157 BAS 0.0551 67
A.18 BLS 2.13e-06 16752 HLS 1.53e-08 634 BAS 0.285 23994

Table 4.3.1 – A comparison of the performances of DGM equipped with both BLS and
HLS against BASM. The test functions used here are all functions of two variables.
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Figure 4.3.5 – We compare the DGM with both LS algorithms against the BASM on
Problem A.9 with n = 5. Note that we only count the cost of function/gradient evaluations
at the end of each iteration. Since the data for the first coordinates were harvested after
the first (as opposed to zero) iteration, despite the fact that each algorithm was initialised
from the same starting point, our plotted lines do not originate from the same coordinate
since each algorithm required a different cost for the first iteration.

func Alg fmin #f Alg fmin #f Alg fmin #f
A.1 BLS 3.24e-11 905 HLS 1.92e-11 553 BAS 1.85e-14 835
A.2 BLS 8.84e-06 25013 HLS 1.87e-05 2628 BAS 0.00142 836
A.3 BLS 0.00015 22920 HLS 0.00114 4826 BAS 0.000778 1038
A.4 BLS 1.91e-05 1711 HLS 2.24e-05 8042 BAS 0.018 5602
A.5 BLS 4.59e-09 20023 HLS 6.08e-09 1487 BAS 0.182 486
A.6 BLS 8.45e-06 909 HLS 3.14e-06 129 BAS 2.03e-08 131
A.7 BLS 1.16e-05 1327 HLS 9.51e-06 6898 BAS 0.0328 38405
A.9 BLS 7.89e-10 4686 HLS 1.31e-09 1184 BAS 7.7e-06 972
A.10 BLS 6.48e-06 2310 HLS 0.000331 16486 BAS 0.112 1885
A.17 BLS 0.584 11875 HLS 9.81e-05 3382 BAS 0.114 1579
A.18 BLS 0.0453 2327 HLS 0.0452 3344 BAS 0.0454 1821

Table 4.3.2 – A comparison of the performances of DGM equipped with both BLS and
HLS against BASM. The test functions used here are all functions of five variables.

4.3.5 An interesting side effect of ELS inaccuracy

In our experience of experimenting with the BASM, we have observed a fascinating

phenomenon occur once the cone of descent directions begins to narrow. In this section,
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Figure 4.3.6 – We compare the DGM with both LS algorithms against the BASM on
Problem A.8 with n = 5. Note that we only count the cost of function/gradient evaluations
at the end of each iteration. Since the data for the first coordinates were harvested after
the first (as opposed to zero) iteration, despite the fact that each algorithm was initialised
from the same starting point, our plotted lines do not originate from the same coordinate
since each algorithm required a different cost for the first iteration.

we describe our observations and suggest possible explanations for why it has occurred.

Let it be understood that we have no rigorous justification for the content of this section,

but we consider it sufficiently entertaining to mention anyway.

As the BASM runs, we have observed that cosω(pppk−1, qqqk) → −1, where qqqk = −∇φ(wwwk)

as it begins to converge. When this happens, it usually follows that ∥zzzk −xxxk∥ → 0. Since

the search direction produced by Algorithm 10 is a scaled version of zzzk −xxxk, this means

that as ∥zzzk −xxxk∥ → 0 then our descent direction is increasingly influenced by noise.

If we are working with infinite precision, then we wouldn’t expect this to have any

effect, but when working with machine precision, this means that any LS error dominates

the approximation of pppk. The result of this, as illustrated in Figure 4.3.8, is that pppk is

a poor estimate of a search direction, resulting in an infinitesimal step length to xxxk+1.

At this point, even though pppk was a poor approximation for a descent direction,
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Figure 4.3.7 – When applied to the Problem A.8, we observe the BASM getting stuck
due to ⟨g̃ggi∣g̃ggj⟩ → −1.

unlike pppk−1 we do not expect it to be nearly perpendicular to the kink. As a result,

Algorithm 9 may be repeated, this time with cosω(pppk, qqqk+1) ≫ −1. This allows qqqk+1 to

be constructed significantly further away from xxxk+1, meaning that the LS errors become

insignificant.

In our testing, we have noticed that as the BASM begins to converge (whether to a

local minimum or not), we see this double iteration phenomenon occur more and more

often. In fact, this general process can be repeated more than two times. The only

limit on this approach occurs once wwwk is within a distance ε of the kink. At this point,

Assumption 4.4 will no longer apply and Algorithm 10 will terminate.

Remark. It is possible that the phenomenon we have described in this section is merely

an artefact of low dimensions, or a particular type of test function. We however have

chosen to share it given that we had not planned for this phenomenon to occur, and

in the experiments we conducted this phenomenon resulting in being able to construct

descent directions within regions where we had not expected the BASM to be able to

navigate.
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Figure 4.3.8 – Once ⟨pppk−1∣qqqk⟩ → 0, the LS errors begin to dominate the approximation
of pppk. At such times, we often observe a negligible step to xxxk+1, followed by a repeat of
Algorithm 9 which yields a superior descent direction on the second occasion.
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4.4 Conclusions and future work

In this chapter we have explored the possibility of using ELS for NSO. Our justification

for this is that the ILS methods more commonly used are themselves computationally

expensive, meaning that the traditional objection to ELS does not apply.

To mitigate the remaining weaknesses of ELS, we have designed the HLS to combine

the desirable features of both ILS and ELS. In Section 4.1.2, we have inserted the HLS

into the DGM, a particular generalised gradient descent method, and demonstrated that

when equipped with HLS, the DGM consistently converges faster when applied to low

dimensional problems.

Unfortunately, this trend does not continue when larger dimensions are taken into

account. We can think of two possible reasons for this:

• The reasoning which justifies the HLS for small problems extends only to low

dimensional problem and does not apply to higher dimensional problems.

• The step lengths produced by ELS are less useful (even ignoring cost) then those

produced by BLS in the context of a method like DGM.

While acknowledging the possibility of the first options, we have chosen to suppose the

second. Specifically, we have attempted to construct a new algorithm which doesn’t

merely employ HLS as a subroutine, but is specifically designed to make use of the

additional information which HLS provides.

We have only managed to construct this new algorithm, the BASM, to be well

defined in the context of low dimensional problems. In this setting, we have observed it

to perform competitively with DGM when it does not get stuck prematurely. Therefore,

while we yet cannot say whether the BASM might ultimately be a valid option for NSO,

we can identify a series of questions concerning BASM, which if answered might make

it more clear what its potential might be.

• Is there a computationally affordable construction which can produce a pair of

points (xxxk,zzzk) on a intersection of multiple kinks in the same way we have done

for a single kink?
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• Is it possible to use information from past iterations to approximate any second

order information along the kink itself?

• What is a sensible termination condition to use for the BASM?

• Does the phenomenon observed in Section 4.3.5 only occur in lower dimensions or

in general. If it occurs in general, might it be useful for convergence theory?
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Chapter 5

Robust Univariate Optimisation

5.1 Existing methods

In this chapter, we derive an algorithm suitable for minimising a univariate piecewise

smooth function f within the interval [a, b]. Since we will use this algorithm as the

univariate optimiser in Algorithm 8, we need it to be first robust and then fast. We

begin by exploring existing algorithms and assess whether a suitable one exists for

solving the following problem:

Problem 5.1. Given is a function f ∶ R → R of the form f = maxi=1,...,k fi(x) where

fi ∶ R → R are smooth functions, an oracle for calling function values of f(x), and an

interval [a, b]. Design an optimisation method for finding a local minimiser of f in [a, b]

which makes use of only oracle calls for f .

One category of solutions is that of global Lipschitzian methods such as of Ev-

tushenko [69], Piyavskii [70], and Shubert [71], These methods use the Lipschitz con-

stant to construct a function which equals the objective function at known points, but

underestimates the objective everywhere else. The objective function is then evaluated

at a sequence of points where a global minimum may possibly exist, thus either finding

a new candidate for the global minimum, or else demonstrating that the the global

minimum is not found near to the points evaluated. These algorithms would work very

well for our purposes given that they are designed to find the a 1D global minimum
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robustly. However, our aim is to find a 1D optimiser to use in for the HLS. In this

context, we do not know if it is useful to find the 1D global minimum as opposed to any

other local minimum. In this chapter, we chose to investigate methods for finding a local

minimum with as few iterations as possible. Therefore, while we take inspiration from

the approaches taken by these Lipschitzian methods (and underestimate the objective

function away from known points in a similar way), we have decided not to use them.

Another class of algorithms which solves Problem 5.1 is that of the global optimisers

which use interval analysis. The idea of these methods is to bound the objective function

from below by bounding each individual term in the objective and them combining

these bounds using interval arithmetic (for details see [72–75]). Like the Lipschitzian

methods, algorithms from this class will find a global, not local minimiser, and will

achieve this without needing a Lipschitz constant to be provided. These do not require

the objective function to be known analytically, but do need to be able to decompose

the objective function into a series of simple arithmetic operations (+,−,×, /). However,

our objective function, which comes from 3dv1d, is a black box function, meaning

that we cannot guarantee that all of the operations which go into the calculation of

the objective function are acceptable (we suspect that some internal calculations are

conducted iteratively). Hence, we have not attempted to use these methods for our

research.

When choosing a local univariate solver, one faces a trade off between speed and

robustness. The basic methods are Golden Section [76, 77] which converges Q-linearly

for any continuous function, and interpolating methods [77, 78] which, when successful,

converge super linearly. The latter’s speed depends on their ability to construct a

polynomial which approximates the objective function well locally. If the approximation

does not fit the objective function well, then these algorithms may fail.

In practice, the most effective methods are bracketing interpolation hybrid methods

such as Brent’s Method [79, 80] and Hager’s cubic method [81] which combine the speed

of interpolation methods with the stability of Golden Section by making use of a fall

back option when the interpolation is not working. While convergence is guaranteed
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for such hybrid methods, they will still need their interpolations to match the objective

function well if super linear convergence is to be obtained. Therefore, we can’t expect

them to converge quickly for an objective function of the form stated in Problem 5.1.

There exist other bracketing-interpolation hybrid methods for non differentiable

functions of the form f(x) = maxi fi(x) [64, 82]. However, these algorithms assume

that we can compute each fi (from which f is computed) separately. Therefore, these

are unsuitable for Problem 5.1 given that the oracle is defined to only return the value

of f(x).

The only algorithm (to our knowledge) which is theoretically suited is the five point

method of Mifflin and Strodiot [83], which from now on we refer to as the Mifflin-

Strodiot algorithm (MSA). This algorithm is designed to converge rapidly to the local

minimum x∗ even when the objective function is non-differentiable at x∗.

The remainder of this chapter is structured as follows: In Section 5.2, we define the

notion of a bracket rigorously and describe the existing methods which may be applicable

to our problem, and demonstrate their use. Section 5.3 focuses on the derivation, and

theory of a new univariate optimiser of our design, for which we present three variations.

While it is the final of these variations which we suggest as an viable method to solve

Problem 5.1, the other two are critical for its derivation.

5.2 Bracketing methods

Consider the problem of minimising a function of the form f ∈ C0[a, b], where [a, b] ⊂

R. A common approach is to use a bracketing method. These are a class of 1D

optimisation methods whose strength is their robustness.

Definition 5.1 (Bracket). Let f be a function, and xL, xM , xR ∈ R. We call the trio of

points xL, xM , xR a bracket of f if the following properties are satisfied:

1. xL < xM < xR,

2. f(xL) ≥ f(xM) ≤ f(xR).
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Definition 5.2 (Set of Brackets). We define Bf to be the set of all brackets for the

function f .

Definition 5.3 (Bracket Length). Let X ∈ Bf . We define the length of the bracket X

to be b(X) = xR − xL.

For convenience, we will frequently use the following notation (or generalisations of

it) for the remainder of this document.

• Denote by X ∈ Bf a bracket of f . We further define by xL, xM , xR the individual

elements of the bracket such that xL < xM < xR.

• Denote by b(X) = xR − xL, the length of the bracket.

Having defined a bracket, we now show their importance with the following result.

Lemma 15. Let f be a continuous function and (xL, xM , xR) ∈ Bf be a bracket of f .

There exists a point x∗ ∈ (xL, xR) such that x∗ is a minimum of f .

Proof. Since f is continuous, we apply the Extreme Value Theorem [84, Theorem 4.4.3]

to note that ∃x∗ ∈ [xL, xR] such that x∗ is a minimum of f . As (xL, xM , xR) ∈ Bf is

a bracket of f , it follows that f(xL) ≥ f(xM) ≤ f(xR). If x∗ = argminx∈[xL,xR] f(x) =

f(xM), then x∗ = xM ∈ (xL, xR) is the point referred to by the proposition. Otherwise, if

x∗ = argminx∈[xL,xR] f(x) < f(xM), x∗ can’t be equal to xL or xR1 since f(xL) = f(xM) =

f(xR). Therefore, x∗ ∈ (xL, xR).

Bracketing Algorithms are the set of algorithms which exploit Lemma 15 in order to

guarantee global convergence to a local minimiser. In general they may be written in

the form of Algorithm 12. Note that in order to function, they need two input functions,

the step function σ(X) and the update function U(x̃,X).

In order for Algorithm 12 to converge, the functions σ and U must satisfy the
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Algorithm 12: General Bracketing Method [85]

/* Initialisation: */

input : f // Objective function

1 σ // Step Function

2 U // Update Function

3 X0 ∈ Bf // Initial Bracket

4 ε > 0 // Tolerance

5 i = 0;
6 while b(Xi) > 2ε do
7 x̃i = σ(Xi).
8 Xi+1 = U(x̃i,Xi).
9 i = i + 1;

output: Xi.

following conditions.

X ∈ Bf ⇒ σ(X) ∈ (xL, xR), (5.1a)

X ∈ Bf ⇒ U(σ(X),X) ∈ Bf , (5.1b)

∃C < 1 such that b(U(σ(X),X)) < Cb(X). (5.1c)

Once we define functions σ and U which satisfy Conditions 5.1a to 5.1c, then Algo-

rithm 12 is guaranteed to converge to a bracket which contains a local minimum.

However, robustness is not enough as we also want an algorithm to be fast. Proving

that a bracketing method converges quickly in general is not easy to do. In practice,

we prove super-linear convergence only for certain special cases, while demonstrating

numerical efficiency experimentally. The special case we use when proving super-linear

convergence is that of unimodal functions.

Definition 5.4. A function f ∶ [a, b] → R is called unimodal if there exists ζ ∈ (a, b) such

that f is monotonically decreasing (increasing) on (a, ζ) and monotonically increasing

(decreasing ) on (ζ, b). If a function is not unimodal, then it is multi-modal.

In the following sections, we present 3 particular Bracketing Methods: Golden Sec-

tion, Brent’s method and the Mifflin-Strodiot algorithm (MSA). Then in Section 5.2.4

we demonstrate both the capabilities and limitations of these algorithms, ultimately
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Figure 5.2.1 – Given a starting bracket X1 = (xL1 , xM1 , xR1 ), we show three iterations of
Golden Section. For each iteration i, the position of x̃i is highlighted in red.

motivating the construction of our new algorithm which we discuss in Section 5.3.

5.2.1 Golden Section

The Golden Section algorithm is a simple yet effective method which does not require

any assumptions to be made about the objective function. It follows the outline of Al-

gorithm 12 exactly using the particular step σG and update UG functions corresponding

to Golden Section as the input functions σ and U . In this section, we define explicitly

σG and UG, starting with UG.

Suppose we have a bracket X , and an additional point x̃ such that x̃ ∈ (xL, xR).

How might we construct a new bracket contained within the previous one using x̃? This

depends on two things: the size of x̃ compared to xM and the size of f(x̃) compared to

f(xM). There are four cases to consider, which we write out explicitly below.

UG(x̃,X) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(xL, x̃, xM) if x̃ < xM and f(x̃) < f(xM)

(x̃, xM , xR) if x̃ < xM and f(x̃) > f(xM)

(xM , x̃, xR) if x̃ > xM and f(x̃) < f(xM)

(xL, xM , x̃) if x̃ > xM and f(x̃) > f(xM)

. (5.2)

Remark. Note that U as defined in Equation (5.2) satisfies Conditions 5.1c and 5.1b

provided that x̃ satisfies Condition 5.1a.
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Next we define σG to be:

σG(X) ∶=
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

if xM < 1
2(xL + xR) xM + φ(xR − xM)

else xM + φ(xL − xM)
, (5.3)

where φ = 1
2(3 −

√
5).

What properties does this choice of σG have? First note that σG will always select a

point in the larger of the following intervals: (xL, xM) or (xM , xR). Next consider how

this choice of φ affects the size of the new bracket.

Assume without loss of generality that xM < 1
2(xL + xR). Depending on the sign of

f(xM) − f(σG(X)), the length of the new bracket: b(UG(σG(X),X)) will have one of

two values: xR − xM or σG(X) − xL.

Define w to be the ratio (xM − xL)/(xR − xL). Given this, we compute the ratio of

the length of the new bracket to the length of the old one for both cases. These are

xR − xM
xR − xL = 1 − x

M − xL
xR − xL = 1 −w,

and

σG(X) − xL
xR − xL = x

M + φ(xR − xM) − xL
xR − xL ,

= φ(x
R − xL) + (1 − φ)(xM − xL)

xR − xL = φ + (1 − φ)w.

For Golden Section, we choose w = φ. This means that the relative position of σG(X)

with respect to xR and xM will be the same as that of xM with respect to xR and xL,

that is:

σG(X) − xM
xR − xM = x

M − xL
xR − xL .

Having chosen w this way, the ratio of the length of the new bracket to that of the

old will either be 1 − φ or φ(2 − φ). The value φ = 1
2(3 −

√
5) corresponds to the unique

number such that 1 − φ = φ(2 − φ) and φ < 1.

In short, this choice of φ ensures that the next bracket is smaller than the pre-
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vious one. Furthermore, the reduction of the bracket does not depend on whether

(xL, xM , σG(X)) or (xM , σG(X), xR) is the next bracket chosen. Finally the relative

spacing of the bracket points is preserved.

As a result of this, Golden Section has the property that b(Xi+1)/b(Xi) = 1 − φ for

every iteration i ≥ 0 (assuming that (xM0 − xL0 )/(xR0 − xL0 ) = φ).

Remark. If (xM0 − xL0 )/(xR0 − xL0 ) ≠ φ then one may observe that b(Xi+1)/b(Xi) ≠ 1 − φ

for a few iterations. In practice however, one soon encounters an iteration i0 such that

b(Xi+1)/b(Xi) = 1 − φ for every i ≥ i0.

Not only have we defined the functions σG and UG for Golden Section, but we have

also derived its convergence properties in the process. Specifically, we have shown that

b(Xi+1)/b(Xi) = 1 − φ = 1
2(−1 +

√
5) ≈ 0.618 for all iterations i. In other words Golden

Section converges linearly with a factor ≈ 0.618.

5.2.2 Brent’s Method

While Golden Section is both robust and generally applicable, we often wish to optimise

a function about which more is known. If f ∈ Ck[a, b], with k ≥ 1, then we may take

advantage of the function’s curvature properties in order to achieve faster convergence.

One method which does this is Brent’s Method. In this section, we present a simplified

version of Brent’s Method. It is simplified in the sense that we omit the features which

ensure numerical stability, instead focusing on how the method would operate given

exact arithmetic. A practical version of Brent’s method, as translated from [85], is

given in Appendix B.1 Algorithm 13.

Brent’s method [79, 85] combines ideas from Bracketing Methods, and Interpolation

Methods. It makes use of a bracket to ensure convergence while simultaneously using

interpolation to improve speed. While it mostly conforms to the form of Algorithm 12,

some generalisations are required. We label the step function and update function used

for Brent’s Method as σB and UB.
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In order to proceed, we extend our bracket notation from earlier. Now we define:

X = ( xL, xM , xR, y, z, δ1, δ2 ) .

We need X to contain these four additional values for sake of the step function σB.

When selecting our next test point, we interpolate the 3 values of x found thus far with

the smallest values of f . The best value will by definition be xM . However the other

two need not be xL or xR. Therefore, we update y and z such that yi, the value of y

during the i-th iteration of Brent’s method, is equal to the second best value of x found.

Meanwhile z is defined as the previous value of y.

Another feature of Brent’s method is that it keeps track of the convergence rate.

This way it can revert to Golden Section if gets stuck, or converges too slowly. We

define δ1 to be the previous value of x̃ − xM , and δ2 to be the previous value of δ1.

With the definition of X extended, we now define UB:

UB(x̃,X) ∶=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

if f(x̃) < f(xM) (UG(x̃, (xL, xM , xR)), xM , y, x̃ − xM , δ1)

else if f(x̃) < f(y) (UG(x̃, (xL, xM , xR)), x̃, y, x̃ − xM , δ1)

else (UG(x̃, (xL, xM , xR)), y, z, x̃ − xM , δ1)

(5.4)

Note that Equation (5.4) extends Equation (5.2) only in the sense of bookkeeping. It

merely adds the feature of updating y, z, δ1 and δ2 appropriately.

Next we discuss how σB works. For each iteration, Brent’s method determines two

candidates for x̃, and selects one of them depending on certain conditions. One of the

candidates is simply σG (see Equation (5.3)), the same step used in Golden Section.

The alternative is the point x̃ which satisfies q′(x̃) = 0 where q is the quadratic

polynomial which interpolates xM , y and z. We illustrate this option in Figure 5.2.2.

While this process can be proven to converge super-linearly under ideal conditions (we

state the theorem from [80] in Appendix B.1.2, Theorem 30), there exist circumstances

under which it fails to converge at all. This is why the golden section step σG is
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Figure 5.2.2 – Given the three points in green, Brent’s method constructs the quadratic
q(x). Since the unique minimum of this quadratic is between xLi and xRi , we accept this
step and use x̃i as the next test point.

sometimes used, both to speed up convergence, and prevent the algorithm from stalling.

Formally we state:

σB(X) ∶=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

if argx(q′(x) = 0) ∉ (xL, xR) σG(xL, xM , xR)

else if ∣argx(q′(x) = 0) − xM ∣ > 1
2 ∣δ2∣ σG(xL, xM , xR)

else argx(q′(x) = 0)

(5.5)

In short, there are two circumstances under which the local minimum of the quadratic

q will be rejected. The first is when the local minimum lies outside the bracket (or

doesn’t exist at all). In this case, it is clear that σG is a more sensible option. The

second case in which we select σG is when the alternative option does not appear to be

converging fast enough.

As a consequence of this, Brent’s method usually converges super-linearly and hence

finds a local minimum far faster than golden section. In the event that Brent’s method

fails to converge super-linearly, it in practice performs no worse than Golden Section.

5.2.3 The Mifflin-Strodiot algorithm

To our knowledge, the five point method of Mifflin and Stodiot [83] is the only exist-

ing univariate optimiser with is both suitable for and tailored to Problem 5.1. Like

Brent’s method, the Mifflin-Strodiot algorithm (MSA) approximates f using interpola-

tion. However, the MSA makes use of a larger pool of points to construct more than one
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interpolation in anticipation of the possibility of a NS local optimum. In this section,

we define the Mifflin-Strodiot algorithm using a consistent notation to that which we

have employed thus far.

As stated, the MSA employs a larger set of points than merely a bracket. However,

if we were to replace a bracket with this extended set of points, then the MSA would

match the form of Algorithm 12. This motivates the following definition.

Definition 5.5 (Mifflin-Strodiot Extended Bracket). Given the function f , we call

X ∈ R5 a Mifflin-Strodiot extended bracket written in the following form

X = ( xL2 xL1 xM xR1 xR2 )
T

, (5.6)

if the following conditions apply:

xL2 < xL1 <xM < xR1 < xR2 (5.7a)

f(xL1 ) ≥ f(xM) ≤ f(xR1 ). (5.7b)

Having extended the bracket, we now define the update function UM , which is the

natural extension of UG to MS extended brackets.

UM(x̃;X , α) ∶=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

( xL2 xL1 x̃ xM xR1 )
T

if x̃ < xM and f(x̃) < f(xM)

( xL1 xM x̃ xR1 xR2 )
T

if x̃ > xM and f(x̃) < f(xM)

( xL2 xL1 xM x̃ xR1 )
T

if x̃ > xM and f(x̃) > f(xM)

( xL1 x̃ xM xR1 xR2 )
T

if x̃ < xM and f(x̃) > f(xM)

, (5.8)

Having specified UM , all that remains to define the MSA is to write out σM . Intu-

itively, the MSA will both construct the pair of linear functions which interpolate xL2 , x
L
1

and xR1 , x
R
2 respectively, in addition to the quadratic which interpolates xL1 , x

M , xR1 . The

MSA will first attempt to select the point which minimises the maximum of these linear

functions, but will resort to the minimum of the quadratic function if needed.

In order to be more rigorous, we must introduce a considerable amount of notation.
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We begin by defining the following pair of polynomials which interpolate the points on

the left and right respectively:

qL(x) = 1
2aLx

2 + bLx + cL, and qR(x) = 1
2aRx

2 + bRx + cR (5.9)

Next we have:

gL = q′L(xM) = aLxM + bL, gR = q′R(xM) = aRxM + bR,

ĝL =
f(xL1 ) − f(xL2 )

xL1 − xL2
, ĝR = f(x

R
1 ) − f(xR2 )
xR1 − xR2

,

eL = f(xM) − f(xL1 ) − ĝL(xM − xL1 ), eR = f(xM) − f(xR1 ) − ĝR(xM − xR1 ).

Using this notation, we define S∗, the new trial point to evaluate before modification:

S∗ =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

xM + (eR − eL)/(ĝR − ĝL) if ĝR > 0 and ĝL < 0

Q∗ otherwise
, (5.10)

where Q∗ is the minimiser of the polynomial which interpolates xL1 , x
M , xR1 . In short,

before applying modifications, the MSA will check if the line interpolating xL1 and xL2

has negative slope and the line interpolating xR1 and xR2 has positive slope. If so, then

the default trial point is the intersection of these lines. Otherwise, the minimum of the

polynomial which interpolates xL1 , x
M , xR1 is selected.

Next we apply modifications. This phase involves constructing an interval which

we’d like our trial point to be contained in, and by doing so protect ourselves from

extreme circumstances. We begin by computing QL and QR, which are defined to be

the local minima of qL and qR respectively which are constrained to the interval [xL1 , xR1 ].

If QL and QR are close together, this implies that the quadratic functions qL and qR

agree with each other, which in turn suggests that f may be smooth. Ultimately we

modify S∗ by projecting it onto [QR,QL]. This has the effect that when f is NS, the

piecewise model is used, but when f is smooth, this is overridden.
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However, there is still more to be done, we define:

PL =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

xM + eR/(ĝR − gL) if QL > xM , QR ≥ xM , and eR < (ĝR − gL)(QL − xM)

QL otherwise
,

(5.11)

and

PR =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

xM − eL/(gR − ĝL) if QL ≤ xM , QR < xM , and eL < (gR − ĝL)(xM −QR)

QR otherwise
.

(5.12)

Finally we define L = min(PL, PR), U = max(PL, PR), and

σM(X) ∶= proj(S∗, [L,U]), (5.13)

where proj(x,S) refers to the projection of the point x onto the set S.

Remark. There exists an additional step in [83] for computing the next test point. This

step is a numerical stabilising step which ensures that no two points in the bracket are

too close together. We have omitted this step for consistency, as we have not discussed

such details previously.

5.2.4 Are these methods suitable for Problem 5.1?

With Golden Section, Brent’s method and the Mifflin-Strodiot algorithm defined, we

now demonstrate their use. Before we do, we identify the class of functions which these

algorithms are designed for.

Golden Section is perfectly suitable for any continuous function, while Brent’s is

most applicable to twice differentiable unimodal functions. Meanwhile, the MSA is the-

oretically suited to non-smooth functions. In this section, we illustrate the performance

of these three algorithms on a selection of test functions which are chosen to demonstrate

both their capabilities and weaknesses. We begin by demonstrating all three algorithms

on a smooth function, for which they all apply, and show the outcome in Figure 5.2.4.
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Figure 5.2.3 – A plot of the objective function f(x) = − cosπx.
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Figure 5.2.4 – We plot the convergence of Brent’s method, Golden Section and the
MSA when applied to the same objective function f(x) = − cosπx, with the same starting
bracket.

As we see in Figure 5.2.4, Golden Sections converges linearly and is clearly the slowest

option. Brent’s method is the fastest, which is to be expected given it is designed for

such purposes. Meanwhile, the MSA performs much faster that Golden Section, but

notably slower than Brent’s method.

However, the goal we are working towards is finding a univariate optimiser for NS

functions. In Figure 5.2.6, we run all three algorithms on a function which is NS, but

convex.

What we note from Figure 5.2.6 is that Brent’s method performs pretty much ex-

actly the same as Golden Section. This implies that it requires its fall back option at

literally every iteration. Meanwhile, the MSA reasonably quickly here, demonstrating

its capabilities for such functions.

It might be tempting to conclude that the MSA is exactly what we need for Algo-

129



−2.0 −1.5 −1.0 −0.5 0.0 0.5 1.0 1.5 2.0

0.4

0.6

0.8

1.0

max( 1
x+3,

1
(x−3)2)

Figure 5.2.5 – A plot of the objective function f(x) = max((x + 3)−1, (x − 3)−2).
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Figure 5.2.6 – We plot the convergence of Brent’s method, Golden Section and the MSA
when applied to the same objective function f(x) = max((x + 3)−1, (x − 3)−2), with the
same starting bracket.

−1.00 −0.75 −0.50 −0.25 0.00 0.25 0.50 0.75 1.00

0.0

0.2

0.4

0.6

0.8

1.0

max(− sin(πx2 ), 1− cos(πx2 ))

Figure 5.2.7 – A plot of the objective function f(x) = max (− sin 1
2πx,1 − cos 1

2πx).

rithm 8. However, in Figure 5.2.8 we show one additional example, this time running

all three algorithms on a function which is NS and non-convex.

The main point to note in Figure 5.2.8 is that the MSA fails utterly. Not only does

it converge slowly, but it makes no apparent convergence at all within 60 iterations.
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Figure 5.2.8 – We plot the convergence of Brent’s method, Golden Section and the MSA
when applied to the same objective function f(x) = max (− sin 1

2πx,1 − cos 1
2πx), with the

same starting bracket.

Meanwhile Brent’s method performs only slightly better than Golden Section.

In short, Golden Section always converges linearly regardless of the function. Brent’s

method converges quickly for smooth functions, but slowly yet robustly for NS functions.

Finally, while the MSA converges quickly for smooth functions and some NS functions,

it is not robust given that certain functions such as the one plotted in Figure 5.2.8

cause it to stall effectively indefinitely. Motivated by this, in Section 5.3 we derive a

new algorithm designed to be both robust, and fast in as many contexts as possible.

5.3 The underestimating polynomial method

The idea of bracketing methods such as Brent’s method [79, 80], and Hager’s Cubic

method [81] is that the polynomial which interpolates the bracket points approximates

the objective function well locally. Therefore the local minimum of the quadratic is a

sensible location to evaluate next. The error of this approximation can be quantified

and bounded, yielding super-linear convergence guarantees [80, Theorem 4.1]. While

this analysis works well for smooth functions, our problem is a piecewise smooth (recall

Definition 4.1), black box function.

The theory behind algorithms such as Brent’s method collapses due to the existence

of kinks, because interpolating across a kink has no meaning and yields no meaningful

error bound. Therefore, if the local minimum of a function f is a kink, we expect
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algorithms like Brent’s method to converge to it slowly. The premise of the UPM is

inspired by the approach used in the Mifflin-Strodiot method [86]. We approximate

the objective function with two polynomials, one on each side of the bracket. If the

local minimum is a kink, then the combination of these polynomials may be valid

approximations and useful for locating the minimum. To construct these polynomials,

we need more than the three points contained in a bracket and therefore extend the

definition of a bracket to include seven points:

Definition 5.6 (Extended Bracket). Given the function f , we call X ∈ R7 an extended

bracket written in the following form

X = ( xL3 xL2 xL1 xM xR1 xR2 xR3 )
T

, (5.14)

if the following conditions apply:

xL3 < xL2 < xL1 <xM < xR1 < xR2 < xR3 (5.15a)

f(xL1 ) ≥ f(xM) ≤ f(xR1 ). (5.15b)

Remark. If X is an extended bracket, then (xL1 , xM , xR1 ) form a bracket.

For expressing an extended bracket’s size, we define the following functions.

Definition 5.7 (Extended Bracket Length). Let X be an extended bracket of f . We

define: diam(X) = diam(Conv {X}), and b(X) = xR1 − xL1 .

Remark. Definition 5.7 is the natural extension of the function b(X) from Section 5.2

where X is merely a bracket as opposed to an extended bracket.

The subsections below are structured in the following way. In Section 5.3.1, we

define the core method and in the process introduce the notation we use in later sec-

tions. Afterwards in Sections 5.3.2 to 5.3.4 we explore three variations of this core

underestimating polynomial method, the order of which is motivated by the derivation

process.
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5.3.1 UPM core method

The UPM mostly conforms to the form of Algorithm 12. The main difference, apart

from replacing the bracket with an extended bracket, is the fact that the UPM also

depends on an input parameter α. This parameter is used by the step function σ when

constructing the next point to evaluate. The three variations of the UPM presented in

this chapter differ in how they treat α.

The static underestimating polynomial method (SUPM) requires an initial value

of α to be supplied by the user, which is then kept constant for the duration of the

algorithm. For the remainder of this section, we denote the step function σ and update

function U which apply to the SUPM by σS and US respectively.

Given the objective function f , our strategy is to use the points xL1 , x
L
2 , x

L
3 and

xR1 , x
R
2 , x

R
3 to construct the model functions qL(x;X , α), and qR(x;X , α) which approxi-

mate f and f to the left and right of xM respectively. We will employ Newtons Divided

Difference notation which we summarize below.

Definition 5.8. Given a, b, c ∈ R, and f ∶ R→ R, the 1st and 2nd divided differences are

defined by:

f[a, b] = f(a) − f(b)
a − b , and f[a, b, c] = f[a, b] − f[a, c]

b − c .

The reason we use this notation is that the 1st and 2nd divided differences are natural

approximations for the 1st and 2nd derivatives of f respectively. We will state this result

in a later section when more rigour is needed (see Theorem 17).

Now we define our model functions qL and qR as the following:

qk(x;X , α) = f(xk1) + f[xk1, xk2](x− xk1) + (f[xk1, xk2, xk3] −αh(X))(x− xk1)(x− xk2), (5.16)

where k ∈ {L,R}, α > 0 is a constant and h(X) is a scaling function with the property

that h(X) → 0 as diam(X) → 0. Note that qk has the form of the 2nd order Newton In-

terpolating Polynomial combined with the adjustment term αh(X). Finally we express
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σS in terms of qL and qR:

σS(X ;α) = argmin
x∈[xL1 ,x

R
1 ]

max(qL(x;X , α), qR(x;X , α)). (5.17)

Remark. The model functions qL and qR are designed to underestimate f to the left

and right of xM respectively, within [xL1 , xR1 ]. We will show how we achieve this in

Lemma 18.
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f (x)

qL(x)

qR(x)

Figure 5.3.1 – We plot the objective function in addition to the quadratic function
approximating the left and right. These two quadratics intersect at x = 0.005 . . ..

Example 5.1. Consider the function f(x) = max (sin(1
2xπ),1 − cos(1

2xπ)). This func-

tion is piecewise smooth and unimodal in the interval [−1,1] with a local minimum at

0. At this local minimum, f is not differentiable.

Now suppose that {xLi }3
i=1 = {−0.75,−0.9,−1} and {xRi }3

i=1 = {0.6, 0.8, 0.95}. We

construct qL and qR by interpolating {(xki , f(xki ))}3
i=1 for k = L,R. These two quadratics

intersect at x ≈ 0.005 as shown in Figure 5.3.1. This value is taken to be the next point

at which we evaluate f .

All that remains is for us to define the function US. With each iteration there are

exactly 4 different ways in which we might update Xn. The one we choose depends on
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the values of x̃ = σS(X ;α) and f(x̃) compared to f(xM). In particular we define:

US(x̃;X , α) ∶=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

U1(x̃;X) if x̃ < xM and f(x̃) < f(xM)

U2(x̃;X) if x̃ > xM and f(x̃) < f(xM)

U3(x̃;X) if x̃ > xM and f(x̃) > f(xM)

U4(x̃;X) if x̃ < xM and f(x̃) > f(xM)

, (5.18)

where

U1(x̃;X) ∶= ( xL3 xL2 xL1 x̃ xM xR1 xR2 )
T

, (5.19a)

U2(x̃;X) ∶= ( xL2 xL1 xM x̃ xR1 xR2 xR3 )
T

, (5.19b)

U3(x̃;X) ∶= ( xL3 xL2 xL1 xM x̃ xR1 xR2 )
T

, (5.19c)

U4(x̃;X) ∶= ( xL2 xL1 x̃ xM xR1 xR2 xR3 )
T

. (5.19d)

Remark. The update function σS(X) is the natural extension of the one used by the

Mifflin-Strodiot method [83] to 7 points.

Lemma 16. Let X1 be an extended bracket. If x̃ = σS(X1) ∈ (xL1 , xM) ∪ (xM , xR1 ), then

X2 = US(x̃;X1, α) is an extended bracket and b(X2) < b(X1).

Proof. If x̃ ∈ (xL1 , xM), then the update function U applies either U1 or U4 to X1. In both

cases, x̃ is placed between xL1 and xM which implies that X2 satisfies Equation (5.15a).

Given that X1 satisfies Equation (5.15b), it follows that xM is the location within

[xL1 , xR1 ] where the smallest value of f has been evaluated. If f(x̃) < f(xM), then US

applies U1, which implies X2 satisfies Equation (5.15b). Alternatively if f(x̃) > f(xM),

then US applies U4, in which case X2 still satisfies Equation (5.15b). Since X2 satisfies

Equations (5.15a) and (5.15b), it is an extended bracket.

The equivalent argument may be applied to the case where x̃ ∈ (xM , xR1 ), exchanging

U1 and U4 for U2 and U3 respectively.
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5.3.2 Static underestimating polynomial method

The first variation of the UPM which we discuss is the static underestimating polyno-

mial method (SUPM). Here the word static refers specifically to the treatment of the

parameter α. The SUPM requires a user defined value of α which then remains con-

stant. In this section, we provide intuition as to the meaning of the parameter α and

show the effect of α on the convergence of the UPM.

5.3.2.1 SUPM convergence theory

In the previous section, we defined US, the update function for the SUPM, and showed in

Lemma 16 that it maps an extended bracket which satisfies Equations (5.15a) and (5.15b)

to a new extended bracket which satisfies the same conditions by inserting the point

σS(X). However, an assumption made in the statement of Lemma 16 was that σS(X) ∈

(xL1 , xM) ∪ (xM , xR1 ). Ultimately we will require a stability perturbation if σS(X) = xM .

However, we would like σS(X) ∈ (xL1 , xR1 ) to hold naturally and without the need for

intervention. As we work towards this, we introduce the following definition:

Definition 5.9. Let f be a piecewise smooth function. We call f locally unimodal

if for any local minimum x∗ of f , there exists an open set (a, b) ∋ x∗ such that f is

unimodal on (a, b).

When constructing convergence results, there are three levels of assumptions we

might make. First is the case where f is a piece-wise smooth function, X is a bracket,

and nothing more is assumed. In this general context, we can do nothing beyond

defining a minimum distance between points δ. If ∣σS(X) − xM ∣ < δ, we replace σS(X)

with argminx ∣x−σS(X)∣ such that ∣x−xM ∣ ≥ δ, xR1 −x ≥ δ and x−xL1 ≥ δ. If σS(X) = xM ,

then there exists two equally valid solutions: xM + δ and xM − δ. When this applies, we

arbitrarily set σS(X) = xM − δ. By doing this, we are sure to converge eventually, even

if slowly.

For the next level of assumptions, we additionally require f to be in the form f(x) =

max(fL(x), fR(x)), and X satisfy f(xLj ) = fL(xLj ), j = 1,2,3 and f(xRj ) = fL(xRj ), j =
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1,2,3. Given these assumptions, we show in Lemma 18 and Corollary 5.1 that σS(X ;α) ∈

(xL1 , xR1 ) given a sufficiently large choice of α. In short, when there are not too many

kinks in one place, then the UPM selects sensible points to evaluate f at.

Finally, we add the assumptions that f is unimodal and diam(X) is sufficiently

small. Under these circumstances, we show in Lemma 19 and Theorem 20 that the

distance between σS(X) and the true solution x∗ can be bounded.

Taken in the context of locally unimodal functions, these results will imply that the

SUPM is stable when the function is not unimodal, and fast when it is. This is sufficient

for our purposes given that a stable algorithm applied to a locally unimodal function

will eventually converge to a bracket in which the function is unimodal.

For the analysis that follows, we require the following external result:

Theorem 17 ([80]). Suppose that k,n ≥ 0; f ∈ Cn+k[a, b]; ζ ∈ [a, b]; and x0, . . . , xn are

distinct points in [a, b]. Then

f[x0, . . . , xn] =
f (n)(ζ)
n!

+ ( ∑
0≤r1≤n

(xr1 − ζ))
f (n+1)(ζ)
(n + 1)!

+ . . . + ( ∑
0≤r1≤...≤rk≤n

k

∏
j=1

(xrj − ζ))
f (n+k)(ζ)
(n + k)! +E

(5.20)

where

E = 1

(n + k)! ( ∑
0≤r1≤...≤rk≤n

(
k

∏
j=1

(xrj − ζ)) [f (n+k)(ξr1,...,rk) − f (n+k)(ζ)]) , (5.21)

and ξr1,...,rk are points in the interval spanned by xr1 , . . . , xrk and ζ.

We prove the existence of a constant α and h(X) such that σS(X) ∈ (xL1 , xR1 ).

Lemma 18. Let f be a function of the form f = max(fL, fR) such that f ′′L and f ′′R

are both Lipschitz continuous with Lipschitz constants ML and MR respectively, and X

be an extended bracket of f where f(xkj ) = fk(xkj ) for j = 1,2,3 and k ∈ {L,R}. If

α ≥ 1
2max(ML,MR) and h(X) = max(xR3 − xL1 , xR1 − xL3 ), then qR(x;X , α) < fR(x) ∀x ∈

[xL1 , xR1 ) and qL(x;X , α) < fL(x) ∀x ∈ (xL1 , xR1 ] .
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Proof. Suppose y ∈ (xL1 , xR1 ]. Since f(xLj ) = fL(xLj ) for j = 1,2,3, we have:

fL(y) > qL(y;X , α),

⇔fL(y) > fL(xL1 ) + fL[xL1 , xL2 ](y − xL1 ) + (fL[xL1 , xL2 , xL3 ] − αh(X))(y − xL1 )(y − xL2 ),

⇔fL[y, xL1 ] > fL[xL1 , xL2 ] + (fL[xL1 , xL2 , xL3 ] − αh(X))(y − xL2 ),

⇔fL[y, xL1 , xL2 ] > fL[xL1 , xL2 , xL3 ] − αh(X),

⇔αh(X) > fL[xL1 , xL2 , xL3 ] − fL[y, xL1 , xL2 ].

Analogously, for y ∈ [xL1 , xR1 ) we have:

αh(X) > fR[xR1 , xR2 , xR3 ] − fR[y, xR1 , xR2 ].

From Theorem 17, we know that there exists ξR1 ∈ [xR1 , xR3 ] such that 1
2f

′′
R(ξR1 ) =

fR[xR1 , xR2 , xR3 ] and ξR2 ∈ [y, xR2 ] such that 1
2f

′′
R(ξR2 ) = fR[y, xR1 , xR2 ]. Equivalently, the

points ξL1 and ξL2 exist for fL[xL1 , xL2 , xL3 ] and fL[y, xL1 , xL2 ] respectively. Therefore:

fL[xL1 , xL2 , xL3 ] − fL[y, xL1 , xL2 ] = 1
2
(f ′′L(ξL1 ) − f ′′L(ξL2 )) ,

≤ 1
2ML∣ξL1 − ξL2 ∣,

≤ 1
2ML∣max(y, xL1 ) − xL3 ∣.

The bound on the RHS depends on the value of y, and is itself bounded by 1
2ML∣xR1 −xL3 ∣

when considering y ∈ [xL1 , xR3 ]. Therefore, a sufficient condition for fL(y) > qL(y;X , α) ∀y ∈

(xL1 , xR1 ] is that αh(X) > 1
2ML∣xR1 − xL3 ∣. Similarly, a sufficient condition for fR(y) >

qR(y;X , α) ∀y ∈ [xL1 , xR1 ) is αh(X) > 1
2MR∣xR3 − xL1 ∣.

Choosing h(X) = max(xR1 − xL3 , xR3 − xL1 ), and 2α > max(ML,MR) ensures that both

of these are satisfied.

Corollary 5.1. Let f be a function of the form f = max(fL, fR) such that f ′′L and f ′′R

are both Lipschitz continuous with Lipschitz constants ML and MR respectively, and X

be a an extended bracket of f where f(xkj ) = fk(xkj ) for j = 1,2,3 and k ∈ {L,R}. If
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α ≥ 1
2 max(ML,MR) and h(X) = max(xR1 − xL3 , xR3 − xL1 ), then σS(X) ∈ (xL1 , xR1 ).

Proof. As Lemma 18 is applicable, we know that qR(x) < fR(x) ∀x ∈ [xL1 , xR1 ) and

qL(x) < fL(x) ∀x ∈ (xL1 , xR1 ]. Since f = max(fL, fR), it follows that qL(xM) < f(xM)

and qR(xM) < f(xM). For convenience, write q(x) = max(qL(x;X , α), qR(x;X , α)) .

Starting from Equation (5.17), we obtain:

q(σS(X ;α)) ≤ q(xM) < f(xM) ≤ min(f(xL1 ), f(xR1 )) = min(qL(xL1 ), qR(xR1 )).

But q(xL1 ) = qL(xL1 ) and q(xR1 ) = qR(xR1 ). Therefore q(σS(X ;α)) < min(q(xL1 ), q(xR1 )),

which implies that σS(X ;α) ≠ xL1 or xR1 . Since σS(X ;α) ∈ [xL1 , xR1 ] by definition (see

Equation (5.17)), it follows that σS(X ;α) ∈ (xL1 , xR1 ).

Remark. Between Corollary 5.1 and the requirement that the minimum distance be-

tween any two points in X is δ, we are assured that the conditions for Lemma 16 will

be satisfied.

For the remainder of this section, we work towards bounding the convergence of the

SUPM when f is piecewise-smooth and unimodal. We define x∗ to be the unique local

minimum of f in (xL1 , xR1 ). When assessing the SUPM’s convergence rate, we consider

two cases based on the values of f ′L(x∗) and f ′R(x∗).

If f ′R(x∗) = 0 or f ′L(x∗) = 0 holds, then we expect the SUPM to behave similarly

to Brent’s Method. For example, if f ′R(x∗) = 0 and f ′L(x∗) < 0, then we expect qR to

behave similarly to the interpolated polynomial from Brent’s Method. The SUPM will

be slower however for two reasons.

1. When the SUPM computes a new point, that value may be stored in xM which

does not impact the next computation but only the one after that.

2. As only qR is converging, any point which is used to construct qL will play little

to no role in determining σS(X), and is therefore useless.

We focus our attention primarily on the case where f ′L(x∗) < 0 and f ′R(x∗) > 0.

In order to bound ∣σS(X)∣, we need to understand what type of point σS(X) returns.
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We address this in Lemma 19. First however, we introduce a shorthand notation for

Divided Differences which we use for the remainder of this section.

fk1 = f(xk1), k ∈ {L,R},

fk2 = f[xk1, xk2], k ∈ {L,R},

fk3 = f[xk1, xk2, xk3], k ∈ {L,R}.

Lemma 19. Let f be a piecewise smooth unimodal function of the form f = max(fL, fR)

such that f ′′L and f ′′R are both Lipschitz continuous with Lipschitz constants ML and

MR respectively, and X be an extended bracket of f . Further let α be given such that

2α ≥ max(ML,MR). If f ′L(0) < 0 and f ′R(0) > 0, then there exists ε > 0 such that if

X ∈ (−ε, ε)7, then the model functions qL and qR intersect exactly once within (xL1 , xR1 )

and σS(X) returns this unique intersection point.

Proof. Since f = max(fL, fR) is unimodal, and X is an extended bracket, it follows

that f(xkj ) = fk(xkj ) for j = 1,2,3 and k ∈ {L,R}. We use this along with Lemma 18 to

show: qL(xL1 ) = f(xL1 ) = fL(xL1 ) ≥ fR(xL1 ) > qR(xL1 ), and similarly qR(xR1 ) > qL(xL1 ). By

the Intermediate Value Theorem [61, Theorem 4.23], it follows that qL intersects with

qR at least once in (xL1 , xR1 ). Moreover, since qL and qR are both quadratic functions,

they must intersect exactly once.

A sufficient but not necessary condition for the result to follow would be ∃ε > 0 such

that qL and qR are monotonically decreasing and increasing respectively. Once this

holds, σS(X) = argminx max(qL(x), qR(x)) must refer to the intersection of qL and qR.

To show that qL is monotonically decreasing, it is sufficient to prove that (qL)′(xL1 ) ≤

0 and (qL)′(xR1 ) < 0. Once this is shown, we are done since (qL)′ is a linear function of

x. We find :

(qL)′(xL1 ) = fL2 = f(x
L
1 ) − f(xL2 )
xL1 − xL2

≤ 0,

since f is unimodal and X is an extended bracket of f (recall Definition 5.6). For
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(qL)′(xR1 ) we begin with

(qL)′(xR1 ) = fL2 + (fL3 − αh(X))(2xR1 − xL1 − xL2 ). (5.22)

Next we apply Theorem 17 to conclude:

∃ξL1 , ξL2 ∈ [xL2 , xL1 ] such that fL2 = f ′L(0) + 1
2(xL1 f ′′L(ξL1 ) + xL2 f ′′L(ξL2 )),

∃ξL3 ∈ [xL3 , xL1 ] such that fL3 = 1
2f

′′
L(ξL3 ).

From this and Equation (5.22) it follows that

(qL)′(xR1 ) = f ′L(0) + 1
2
(xL1 f ′′L(ξL1 ) + xL2 f ′′L(ξL2 ))

+ 1
2(2xR1 − xL1 − xL2 ) (f ′′L(ξL3 ) − 2αh(X)) .

Since f ′′L and f ′′R are Lipschitz continuous, we know that they are bounded on [xL3 , xR3 ].

Let M be constant which bounds f ′′L and f ′′R. We use this along with the fact that

X ∈ (−ε, ε)7 to conclude:

(qL)′(xR1 ) ≤ f ′L(0) + 1
2
(−xL1M − xL2M + (2xR1 − xL1 − xL2 )(M − 2αh(X)) ,

(qL)′(xR1 ) ≤ f ′L(0) + 1
2 (2εM + 4ε(M − 2αh(X)) ,

≤ f ′L(0) + ε (3M − 4αh(X)) ≤ f ′L(0) + 3εM,

since 0 < h(X) < 2ε and α is constant. Therefore a sufficient condition for (qL)′(xR1 ) < 0

to hold is that ε < ∣f ′L(0)∣/3M . That qR is monotonically increasing given sufficiently

small ε follows from the equivalent argument.

Having established the conditions under which we can express σS(X) analytically,

we now bound the distance between this point and the true minimiser.

Theorem 20. Let f ∶ [a, b] → R be a piecewise smooth unimodal function of the form

f = max(fL, fR) such that x∗ ∈ [a, b] is a minimiser of f , f ′L(x∗) < 0, f ′R(x∗) > 0, and X
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be an extended bracket of f . If the functions f ′′L and f ′′R are both Lipschitz continuous

(with constant ML and MR) and α > 1
2 max(ML,MR), then there exists ε > 0 such that

∣σS(X)∣ ≤
√

2

f ′R(x∗) − f ′L(x∗)
(∣xL1 − x∗∣∣xL2 − x∗∣(∣xL1 − x∗∣ + ∣xL3 − x∗∣)ML

+ ∣xR1 − x∗∣∣xR2 − x∗∣(∣xR1 − x∗∣ + ∣xR3 − x∗∣)MR) ,

when X ∈ (−ε, ε)7.

Proof. Since Lemma 19 applies, we know that σS(X) returns the unique point of

intersection between qL and qR in (xL1 , xR1 ). The intersection points of these quadratics

are the roots to the polynomial ax2 + bx + c = 0, where:

a = fR3 − fL3 ,

b = fR2 − fL2 − (xR1 + xR2 )(fR3 − αh) + (xL1 + xL2 )(fL3 − αh),

c = fR1 − fL1 − xR1 fR2 + xL1 fL2 + xR1 xR2 (fR3 − αh) − xL1 xL2 (fL3 − αh).

Assuming without loss of generality x∗ = 0, we invoke Theorem 17 to make the following

substitutions for ` ∈ {L,R}.

f `1 = f`(0) + x`1f ′`(0) + 1
2(x`1)2f ′′` (ξ`1), ξ`1 ∈ [0, x`1],

f `2 = f ′`(0) + 1
2
(x`1f ′′` (ξ`2) + x`2f ′′` (ξ`3)) , ξ`2 ∈ [0, x`1], ξ`3 ∈ [0, x`2],

f `3 = 1
2f

′′
` (ξ`4), ξ`4 ∈ [0, x`3].

By inserting the substitutions above into the definitions of a, b and c, we get:

a = 1
2 (f ′′R(0) − f ′′L(0)) +KR

a −KL
a ,

b = f ′R(0) − f ′L(0) +KR
b −KL

b ,

c =KR
c −KL

c ,
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where K`
a, K

`
b and K`

c are in turn defined for ` ∈ {L,R} by:

K`
a = 1

2
(f ′′` (ξ`4) − f ′′` (0)) ,

K`
b = 1

2
(x`1(f ′′` (ξ`2) − f ′′` (ξ`4)) + x`2(f ′′` (ξ`3) − f ′′` (ξ`4))) + (x`1 + x`2)αh(X),

K`
c = 1

2x
`
1 (x`1(f ′′` (ξ`1) − f ′′` (ξ`2)) + x`2(f ′′` (ξ`4) − f ′′` (ξ`3))) − x`1x`2αh(X).

Writing a, b and c in terms of these K values allows us to give bounds using the as-

sumption that f ′′L and f ′′R are Lipschitz Continuous .

∣K`
a∣ ≤ 1

2M`∣x`3∣ ≤ 1
2M`ε, (5.23a)

∣K`
b ∣ ≤ 1

2(∣x`1∣ + ∣x`2∣) (M`∣x`3∣ + αh(X)) ≤ ε2(M` + 2α), (5.23b)

∣K`
c ∣ ≤ 1

2 ∣x`1∣∣x`2∣M` (∣x`1∣ + ∣x`3∣) ≤M`ε
3. (5.23c)

Choose an ε1 small enough to ensure 1
2(f ′R(0) − f ′L(0)) > KL

b −KR
b (note that b →

f ′R(0) − f ′L(0) as ε→ 0). If ε ≤ ε1, then it follows that b > 0 which in turn implies:

σS(X) = −b +
√
b2 − 4ac

2a
, (5.24)

because the other root lies outside [xL1 , xR1 ] as ε → 0. We apply Taylor’s Theorem to

conclude ∃ξ ∈ [−∣4ac∣, ∣4ac∣] such that
√
b2 − 4ac = b+2ac/

√
b2 − ξ. Since ac→ 0 as ε→ 0,

there exists ε2 such that ∣4ac∣ ≤ 1
2b

2 when ε < ε2. Then if ε < min(ε0, ε1, ε2), we have:

∣σS(X)∣ = ∣−b +
√
b2 − 4ac

2a
∣ =

1

2∣a∣

RRRRRRRRRRRRRRRR

2ac
√
b2 − ξ

RRRRRRRRRRRRRRRR

, ξ ∈ [0,4ac],

≤ ∣c∣√
b2 − ξ

≤ ∣c∣√
b2 − 4∣ac∣

≤
√

2 ∣c
b
∣ ,

=
√

2
KR
c −KL

c

f ′R(0) − f ′L(0) +KR
b −KL

b

≤ 2
√

2
∣KR

c ∣ + ∣KL
c ∣

f ′R(0) − f ′L(0)
,

where the last step follows from us having previously chosen ε small enough to ensure

1
2(f ′R(0) − f ′L(0)) >KL

b −KR
b . Finally we insert Equation (5.23c) and the result follows.
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Theorem 20 is remarkably similar to [86, Theorem 4.1], the equivalent result which

bounds the convergence of the MSA. Using our own notation for their result, Mifflin

and Strodiot showed ∣xMi − x∗∣ ≤ Ai∣x∗ − xL1,i∣ + Bi∣xL1,i − x∗∣ for each iteration i, where

Ai and Bi are sequences which converge to 0 as i → ∞. If we rewrite the result from

Theorem 20 in the same form, the sequence Ai may be written explicitly in terms of

xL1,i, x
L
2,i, and xL3,i, and similarly for Bi. Then, if xL1,i and xL1,i both converge to x∗, the

rate at which Ai and Bi tend to zero begins to resemble quadratic convergence.

However, Theorem 20, like [86, Theorem 4.1] does not prove quadratic convergence,

nor even linear convergence. This is because we cannot know a priori whether the

sequences {xL1,i} and {xL1,i} converge at all, nor how quickly if they do. Suppose there

exists an iteration i0 such that ∀i > i0, xL1,i is constant. In this case, the bound given by

Theorem 20 will decrease, but not converge to 0. In practice, when this occurs xMi will

still converge to x∗ but only sub-linearly, while b(Xi) /→ 0.

On the other hand, suppose that both {xL1,i} and {xL1,i} converge to x∗, but we only

update xL1,i once every k iterations. Then we may say that ∣xMki − x∗∣ → 0 super-linearly

as i→∞, but depending on the size of k, this may not be particularly useful.

In short, there are three main weaknesses of the SUPM which lead to its failure. The

first is that we need to choose α, a suitable value of which we cannot know in advance.

The second is that convergence only occurs in reasonable time if both updates of xL1,i

and xL1,i occur regularly. Finally, we require a bracket sufficiently close to the solution

that f is unimodal before any of our results apply. These shortcomings of the SUPM

motivate subsequent sections, in which we describe more stable variations of the UPM.

5.3.2.2 Numerical performance of the SUPM

Having discussed the theoretical properties of the SUPM, in this section we now show

it in action. We will demonstrate how its performance is affected by choice of α and on

the objective function. Before showing the results of our numerical experiment, we first

provide specific examples to show what occurs in practice.
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When testing the SUPM, we apply it to three categories of test-functions: smooth

unimodal, non-smooth unimodal and smooth multimodal. To our knowledge there is not

a commonly used set of univariate test functions. Therefore, we have taken some test

functions from Jamil et al [87], keeping the ones which are well defined for one variable.

Adding to this, we have added a few of our own design to be adversarial examples based

on our observations. We scale each test function f such that the minimum Lipschitz

constant for f ′′ lies between 0.8 and 1. For the category of smooth unimodal, we use

the following test functions:

fSU1 = − 1√
e

exp (−1
2x

2) , −1 ≤ x ≤ 1, (5.25)

fSU2 = 1

24
x4, −1 ≤ x ≤ 1, (5.26)

fSU3 = 1

11
(− sin(2x − 1

2π) − 3 cosx − 1
2x) , −2.5 ≤ x ≤ 3, (5.27)

fSU4 = 1

2500
(x

2

2
− cos (5πx)

25π2
− x sin(5πx)

5π
) , −10 ≤ x ≤ 10, (5.28)

fSU5 = − 1

250
(x 2

3 + (1 − x2) 1
3) , 0.1 ≤ x ≤ 0.9, (5.29)

fSU6 = 1

6000
(ex + 1√

x
) , 0.1 ≤ x ≤ 3, (5.30)

fSU7 = − 1

13
(16x2 − 24x + 5)e−x, 1.3 ≤ x ≤ 3.9. (5.31)
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Figure 5.3.2 – We demonstrate the SUPM with various values of α when applied to
fSU1 (x).

The results obtained from running the SUPM on fSU1 (x) are shown in Figure 5.3.2.
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We see that Brent’s method converges fastest, which is not surprising given that Brent’s

method is designed for such functions. Next we see the SUPM converging slightly slower

than Brent’s method for α = 0,0.1,1. In fact, it seems that the larger the value of α, the

slower convergence appears. While the MSA ultimately converges quickly, it does so in

a less robust manner, making no progress initially before rapidly converging in the end.

The next class of test functions we consider is that of non-smooth unimodal:

fNU1 = −60000 exp(−∣x∣
50

) , −32 ≤ x ≤ 32, (5.32)

fNU2 = 1

6
max( 1

x + 3
, log(x)) , −2 ≤ x ≤ 10, (5.33)

fNU3 = 1

24
max( 1

x + 3
,

1

(x − 3)2
) , −2 ≤ x ≤ 2, (5.34)

fNU4 = 1

160
max( 1

x + 3
, exp(x)) , −2 ≤ x ≤ 5, (5.35)

fNU5 = 1

150
max (exp(−x), exp(x)) , −5 ≤ x ≤ 5. (5.36)
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Figure 5.3.3 – We demonstrate the SUPM with various values of α on the fNU2 .

From Figure 5.3.3, we observe that the SUPM fails to converge when α = 0. Ex-

cluding α = 0, we see that the larger α is, the slower the SUPM converges. While

convergence occurs at different rates, the SUPM appears to converge super-linearly for

all finite values of α > 0. Meanwhile, the performance of Brent’s method is barely dis-

tinguishable from Golden section. Last of all, the MSA fails entirely to converge. Its

worth noting that fNU2 is non-convex, a property which the other function which we

previously showed the MSA struggles with shares.
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Finally we list our smooth multimodal test functions:

fSM1 = x6

300
(2 + sin(1

x
)) , −1 ≤ x ≤ 1, (5.37)

fSM2 = − 1

40000
sin (5πx)6

, −1 ≤ x ≤ 1, (5.38)

fSM3 = − 1

250000
sin(5π(x 3

4 − 1

20
))

6

, 0.01 ≤ x ≤ 1, (5.39)

fSM4 = 1

5
(sin(16

15
x − 1) + sin(16

15
x − 1)

2

) , −1 ≤ x ≤ 1, (5.40)

fSM5 = x2

4000
− cosx + 1, 100 ≤ x ≤ 100, (5.41)

fSM6 = 1

71
((log(x − 2))2 + (log(10 − x))2 − x 1

5) , 2.5 ≤ x ≤ 9.5, (5.42)

fSM7 = 1

40
(sin(x) + sin(10x

3
) + log(x) + 21

25
x) , 0.5 ≤ x ≤ 10. (5.43)
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Figure 5.3.4 – We demonstrate the SUPM with various values of α on the function fSM5 .

For this example, the MSA is clearly the fastest, followed closely by Brent’s method.

Similarly to the non-smooth example, we see the SUPM getting slower as α increases.

This is of course with the exception of α = 0 where the SUPM fails to converge. It is

worth noting that even though none of the theory for the SUPM was designed for multi

modal functions, it often converges anyway.

In the examples we have shown, there exist a few occasions for which the SUPM

has failed to converge. In order to show why this occurs, we present a specific example

below, showing what properties qL and qR have when this happens.
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Figure 5.3.5 – When the SUPM is run for 6 iterations on fNU3 from the starting bracket
X0 (see Example 5.2), the model functions qL and qR are as plotted above .

Example 5.2. Consider the objective function fNU3 with α = 0 and

X0 = (−1.811263,−2.171330,−2.23927,1.820150,2.102197,2.293404,2.334091).

If we run the SUPM up to the 6th iteration, we find the scenario illustrated in Fig-

ure 5.3.5.

The value of x̃, which is calculated to be the minimum of max(qL(x), qR(x)) within

(xL1 , xR1 ) is evaluated to be xR1 . Moreover, x̃ is determined only by qL because qL(x) >

qR(x) for every x ∈ [xL1 , xR1 ]. This is problematic given that the location of x̃ means

that qR will be updated for the following iteration, but qL will be left the same. Thus the

same thing will happen again, resulting the SUPM stalling.

Our takeaway from this example is that the UPM process may fail if the model

functions qL and qR do not underestimate the objective function f . This is a consequence

of α not being large enough. In fact, this failure to underestimate f is the same problem

which affects the MSA. Not only this, but the MSA is more vulnerable to this problem

then the UPM given that it relies on linear approximations and not quadratic ones.

Thus, for any non convex function, the MSA the linear approximation constructed by

the MSA is guaranteed to overestimate f in places.

Having presented some specific examples which illustrate the performance of the

SUPM, we now conduct a more rigorous experiment. For each test function, we run
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Brent’s Method, the MSA and the SUPM with α values 0,0.1,1,10 for randomly gen-

erated starting brackets.

Each test function has an interval [a, b] on which it is intended to be used. To

construct our random starting brackets, we sample 4 points uniformly from both [a, a+
1
5(b − a)] and [b − 1

2(b − a), b]. After evaluating the function at these 8 points, we select

the point where f is minimised to be xM ; usually this will be one of the points closer

to 1
2(b − a). Finally we order the remaining points, and select the 3 closest on the left

and right to be xL3 , x
L
2 , . . . , x

R
3 .

After generating the bracket, we run each algorithm and compute the average con-

vergence rate over 1000 different starting brackets. If the algorithm converged for a

particular starting bracket, then its average convergence rate is by definition between 0

and 1, the smaller the better. If an algorithm did not converge, we assign ∞ instead.

We do this because the purpose of the SUPM is to be a robust algorithm. Since

we are constructing the underestimating polynomial method with line search in mind,

we anticipate needing to call the UPM many times within the context of a line search

method. If any proposed 1D optimisation method is not capable of converging robustly,

then there is not point in not using Golden Section instead. Therefore we are not

interested in it only having a probability of success. Either it always converges or it

does not. We present the outcome of this experiment in Tables 5.3.1 to 5.3.3.

Functions α = 0 α = 0.1 α = 1 α = 10 Brent Mifflin

fSU1 0.3268 0.4273 0.4912 0.5472 0.2159 0.1477
fSU2 0.68 0.6164 0.6183 0.6187 0.3282 0.6614
fSU3 ∞ 0.4848 0.5438 0.5882 0.3329 ∞
fSU4 ∞ 0.6105 0.6104 0.6104 0.5626 ∞
fSU5 ∞ 0.5469 0.5925 0.6233 0.2756 0.2581
fSU6 ∞ 0.5871 0.615 0.6246 0.2812 ∞
fSU7 0.35 0.4966 0.5521 0.5944 0.2575 ∞

Table 5.3.1 – Average convergence rate of different algorithms on the set of smooth
unimodal test functions.

From these tables, we see justification for our observations made earlier. In par-

ticular, when the SUPM converges, it usually converges faster for small values of α.
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Functions α = 0 α = 0.1 α = 1 α = 10 Brent Mifflin

fNU1 ∞ 0.1868 0.2684 0.3272 0.5115 ∞
fNU2 ∞ 0.3999 0.4445 0.4806 0.6337 ∞
fNU3 ∞ 0.4538 0.4931 0.5255 0.6457 0.3259
fNU4 ∞ 0.4153 0.4665 0.5006 0.5934 0.3378
fNU5 ∞ 0.4204 0.4645 0.4974 0.4903 0.3592

Table 5.3.2 – Average convergence rate of different algorithms on the set of non-smooth
unimodal test functions. We write ∞ when the algorithm fails to converge at least once.

Functions α = 0 α = 0.1 α = 1 α = 10 Brent Mifflin

fSM1 ∞ 0.6146 0.6138 0.6144 0.4828 ∞
fSM2 ∞ 0.5076 0.5579 0.5961 0.3588 ∞
fSM3 ∞ 0.5481 0.5918 0.6177 0.3372 ∞
fSM4 ∞ 0.4536 0.5308 0.5789 0.2703 ∞
fSM5 ∞ 0.4704 0.5188 0.5582 0.311 ∞
fSM6 ∞ 0.5599 0.5962 0.6191 0.2982 ∞
fSM7 ∞ 0.4733 0.5353 0.5776 0.273 ∞

Table 5.3.3 – Average convergence rate of different algorithms on the set of smooth
multimodal test functions.

However, the smaller the value of α, the less likely the SUPM will converge in the first

place.

For the smooth test functions, we see that Brent’s Method is usually the best, al-

though it is occasionally beaten by the MSA. While the MSA converges very quickly at

times, we see that it lacks the robustness of Brent’s method, sometimes failing to con-

verge even on smooth functions. Meanwhile for non-smooth functions, Brent’s method

performs little better then Golden Section. On the other hand, the SUPM performs

between Brent’s method and Golden Section for smooth functions and is far superior

for non-smooth functions.

5.3.3 Extremal underestimating polynomial method

In Section 5.3.2.1 , we showed that if α was sufficiently large, then the σS is guaranteed

to select a point within (xL1 , xR1 ). Coupled with a restriction on the minimum distance

between points, this is enough to ensure convergence eventually. However, for an arbi-

trary piecewise smooth objective function, we have no idea what a suitable value for α
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might be. As there is no finite value of α which satisfies Lemma 18 for all functions, we

ask what happens if we let α →∞ and name the corresponding variation of the SUPM

the extremal underestimating polynomial method (EUPM), denoting its step function

and update function by σE and UE respectively.

As α → ∞ we are assured by Lemma 18 that qL and qR will underestimate fL

and fR respectively within [xL1 , xR1 ]. Furthermore, if h(X) > 0, then we can pick a

sufficiently large α such that the coefficient of x2 in qk(x;X , α) (see Equation (5.16))

will be negative. Once α satisfies both of these, then qL and qR will intersect at exactly

one point, which is the point that σS(X) returns. We define σE(X) to be this point

which we calculate by identifying the root of qR(x;X , α)−qL(x;X , α) = 0 , which remains

bounded as α → ∞. By starting from Equation (5.24) and noting the Taylor Series as

α →∞, we find:

σE(X) = xR1 x
R
2 − xL1 xL2

xR1 + xR2 − xL1 − xL2
. (5.44)

Note that the step function σE does not depend on either xL3 or xR3 . Therefore,

within the context of this section, we reduce the extended bracket X to the form:

X = ( xL2 xL1 xM xR1 xR2 )
T

, (5.45)

In order to construct UE, we first define ŨS to be the update function US, where we

remove the entries corresponding to xR3 and xL3 . Using this notation, we define:

UE(X) ∶= ŨS(σE(X),X). (5.46)

Given σE and UE, the EUPM is precisely in the form of Algorithm 12.

Remark. Equation (5.46) is of the same form as the update function used by the Mifflin-

Strodiot method [83].

Remark. We see the EUPM is qualitatively different from the SUPM in that σE depends

only on the values of X , and not on the function f at all. Therefore, like Golden Section,
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the EUPM is equally suited to smooth, non-smooth, unimodal and multi-modal functions

and is scale invariant.

5.3.3.1 EUPM convergence theory

In this section we derive a bound for the convergence rate of the EUPM. In particular,

we find an integer k and constant C such that b(Xi+k)/b(Xi) ≤ C holds for any objective

function. While there exist infinitely many possible objective functions, there are only

finitely many possible values for Xi+k given Xi. This is because σE does not depend on

the objective function f and thus the only effect that f has on the EUPM is in the

function UE (See Equation (5.18)) by determining which update function: U1, U2, U3 or

U4 to apply, none of which depend on f .

Therefore, there are only 4 possible values of Xi+1 given Xi: UjX for j = 1,2,3,4.

Moreover, there are at most 4k possible values of Xi+k given Xi. Each possible value of

Xi+k depends on the sequence of update functions which generated it.

Remark. In this section, we will refer to the update functions U1, U2, U3 and U4 exten-

sively. To simplify notation, we replace Uj with Ũj, where Ũj(X) ∶= Uj(σE(X),X). For

the remainder of Section 5.3.3, Uj should be read as Ũj.

Definition 5.10. Let {Xi}ni=0 be a sequence of extended brackets generated by the EUPM

such that Xi+1 = UE(Xi) for each i. Let I = {ij}n−1
j=0 ∈ {1,2,3,4}n be the sequence of

numbers such that Xj+1 = Uij(Xj), ∀j ∈ {0,1, . . . , n− 1}. Then we call I the sequence of

EUPM iterations which generate {Xi}ni=0. Moreover we write:

UI ∶= Uin○ . . . Ui2○Ui1 , where I = {ij}nj=1.

Definition 5.11. Define In to be the set of all length n sequences of EUPM iterations.

Definition 5.12. Define Qk(f,X0) to be the sequence of the first k iterations generated

by the EUPM when applied to the function f with the starting bracket X0.

Lemma 21. Let f be a function, X ∈ Bf , and I ∈ In such that I = {I1, I2} = Qn(f,X0),

where I1 ∈ In−k and I2 ∈ Ik. Then it holds that: Qk(f,UI1X0) = I2.
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Proof. I1 = Qn−k(f,X0) refers to the first (n−k) iterations of the EUPM when applied

to the function f with the starting bracket X0. On the other hand, I2 refers to the

next k iterations, suggesting that I2 = Qk(f,Xn−k). But Xn−k = UI1X0, thus implying

I2 = Qk(f,UI1X0).

Using the notation from Definitions 5.10 and 5.12, it follows that Xn+k = UQk(f,Xn)(Xn).

Since Qk(f,Xn) ∈ Ik for every function f , it follows that:

b(Xn+k)
b(Xn)

≤ C for any function f ⇔
b(UQk(f,Xn)Xn)

b(Xn)
≤ C, for any function f. (5.47)

We’d like to say that Equation (5.47) is equivalent to saying b(UIX0)/b(X0) ≤ C for

every I ∈ Ik, but unfortunately this is not true. This is because the set Ik is larger

than the set of sequences containing elements of the form Qk(f,X0) for any f given a

particular X0. This being the case, we need to define the following notation so as to be

adequately rigorous later.

Definition 5.13. Given I ∈ In, we define:

B̃I ∶= {X ∈ R5∣ ∃n > 0, and ∃f such that X ∈ Bf , and Qn(f,X) = I}.

This notation enables us to state our main convergence result.

Theorem 22. The EUPM converges R-linearly. In particular:

max
I∈I5

max
X∈B̃I

b(UIX)
b(X) ≤ 1

2
.

Given how long the proof of Theorem 22 is, we reserve an entire section for it. The

proof may be found in Section 5.3.3.2, although it may be skipped on first reading.

Theorem 22 provides a bound on the linear convergence rate for the EUPM albeit

a weak one. In practice, we observe far faster convergence as will be demonstrated

in Sections 5.3.3.3 and 5.3.5. The main justification for the EUPM is its robustness.

In Section 5.3, we assumed that the SUPM started with a bracket that was already
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sufficiently close to the solution. Once equipped with this, we might expect the SUPM

to converge quickly. The EUPM is useful for producing such a bracket in the first place.

In Section 5.3.4, we present the final variation of the UPM, in which we combine the

initial robustness of the EUPM with the desirable properties of the SUPM.

5.3.3.2 Proof of Theorem 22

We divide this proof into two parts, which are defined by Lemmas 23 and 24. Within

this section, we write particular sequences of iterations such as I = {4,1,3} simply as

I = 413.

Lemma 23. It holds that b(UIX)/b(X) ≤ 1
2 ∀I ∈ A where A = {44 , 111, 143, 422, 414,

434, 1411, 1141, 1423, 4322, 4314, 4114}.

Lemma 24. If b(UIX)/b(X) ≤ 1
2 ∀I ∈ A then b(UIX)/b(X) ≤ 1

2 ∀I ∈ I5, where A is as

defined in Lemma 23.

Given that the proof of Lemma 23 is entirely algebraic calculations, we leave it for

Appendix B.2. In this section, we work towards proving Lemma 24. Together, these

two results are sufficient to prove Theorem 22.

To proceed, we need a rigorous definition of a sub-string.

Definition 5.14. Let I = {ij}nj=1 ∈ In be a length n sequence of iterations of the EUPM.

A sub-string of the sequence I is a subsequence of the form J = {ij}k2j=k1 such that

1 ≤ k1 < k2 ≤ n. Denote by S(I) the set of sub-strings of the sequence I.

The first step we take towards proving Lemma 24 is to show that b(UIX)/b(X) ≤ 1
2

holds whenever b(UJX)/b(X) ≤ 1
2 for any sub-string J of I. The impact of this approach

on proving Lemma 24 is that if we can show, for example, that b(U44X)/b(X) ≤ 1
2 , then

it would immediately follow that b(UIX)/b(X) ≤ 1
2 for I = 441,444,144,244,344 . . ..

Lemma 25. Let I ∈ In be of the form I = {I1, I2}, where I1 ∈ In−k and I2 ∈ Ik. Then it

holds that: B̃I ⊆ B̃I1 and UI1(B̃I) ⊆ B̃I2.
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Proof. If X ∈ B̃I , then there exists a function f such that I = Qn(f,X). Since, I =

{I1, I2}, then I1 = Qn−k(f,X) by definition of Q. Hence X ∈ B̃I1 , meaning X ∈ B̃I ⇒X ∈

B̃I1 . Moreover, I2 = Qk(f,UI1X) by Lemma 21, which implies UI1X ∈ B̃I2 .

Lemma 26. Let X be an extended bracket of f . Given I ∈ In, and J ∈ S(I), it holds

that:

max
X∈B̃I

b(UIX)
b(X) ≤ max

X∈B̃J

b(UJX)
b(X) .

Proof. Since J is a sub-string of I, it follows that we might write I in the form:

I = {I1, J, I2}. This implies that UI = UI2UJUI1 . Next we have:

b(UIX)
b(X) = b(UI2UJUI1X)

b(X) = b(UI2UJUI1X)
b(UJUI1X)

b(UJUI1X)
b(UI1X)

b(UI1X)
b(X) .

Now we use the fact that b(UI2UJUI1X)/b(UJUI1X) ≤ 1 and b(UI1X)/b(X) ≤ 1 to get:

max
X∈B̃I

b(UIX)
b(X) ≤ max

X∈B̃I

b(UJUI1X)
b(UI1X) = max

sss∈B̃{J,I2}

b(UJsss)
b(sss) ≤ max

sss∈B̃J

b(UJsss)
b(sss) , (5.48)

where the last two steps follow from Lemma 25.

The next step we take towards proving Lemma 24 is to show that In is smaller than

{1,2,3,4}n. This would greatly reduce the number of sequences which we’d need to

check in order to confirm Lemma 24.

Lemma 27. Let I = {ij}n−1
j=0 ∈ In be a sequence of EUPM iterations. If ij = 1 then

ij+1 ∈ {1,4}. Similarly, if ij = 2 then ij+1 ∈ {2,3}.

Proof. If ij = 1, then by definition Xj+1 = U1Xj. From this, we calculate:

σE(Xj+1) − xMj+1 =
xL1,j+1x

L
2,j+1 − xL1,j+1x

L
2,j+1

xL1,j+1 + xL2,j+1 − xL1,j+1 − xL2,j+1

− xMj+1,

=
xL1,jx

M
j − xL1,jxL2,j

xL1,j + xMj − xL1,j − xL2,j
−

xL1,jx
L
2,j − xL1,jxL2,j

xL1,j + xL2,j − xL1,j − xL2,j
,

=
−(xL2,j − xMj )(xL1,j − xL1,j)(xL1,j − xL2,j)

(xMj + xL1,j − xL1,j − xL2,j)(xL1,j + xL2,j − xL1,j − xL2,j)
< 0,
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since each Xj is an extended bracket. Given that σE(Xj+1) − xMj+1 < 0, it follows from

Equation (5.18) that ij+1 ∈ {1,4}. The equivalent argument applies for when ij = 2.

Now we know that no sequence containing the sub-string 12,13,21 or 24 can be

an element of In. In the process of proving this, one may notice a symmetry between

the functions U1, U4 and U2, U3 respectively. In the lemmas which follow, we derive a

relation between U1, U4 and U2, U3 respectively to show that if b(UIX)/b(X) ≤ 1
2 holds

for some I, it will still hold after replacing U1 and U4 with U2 and U3 and vice versa.

Definition 5.15. Let I ∈ In be a sequence of EUPM iterations. We define X ∶ R5 → R5

to be the function which satisfies X(a, b, c, d, e) = −(e, d, c, b, a).

We make use of the function X because of the following useful properties.

Lemma 28. It holds that XXX = X , σE(XX) = −σE(X), b(XX) = b(X), U1X =

XU2XX , U2X =XU1XX , U3X =XU4XX and U4X =XU3XX .

Proof. Let X = (a, b, c, d, e). It follows that:

XXX =XX(a, b, c, d, e) = −X(e, d, c, b, a) = (a, b, c, d, e) = X ,

σE(XX) = σE(−e,−d,−c,−b,−a) = −
ed − ab

d + e − a − b = −σE(a, b, c, d, e) = −σE(X),

b(XX) = b(X(a, b, c, d, e)) = b(−e,−d,−c,−b,−a) = d − b = b(X).
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XU2XX =XU2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

−e

−d

−c

−b

−a

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

=X

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

−d

−c
ab−ed
d+e−a−b

−b

−a

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

a

b

ed−ab
d+e−a−b

c

d

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

= U1X ,

XU3XX =XU3

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

−e

−d

−c

−b

−a

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

=X

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

−e

−d

−c

− ed−ab
e+d−a−b

−b

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

b

ed−ab
e+d−a−b

c

d

e

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

= U4X .

Having shown that the function X relates U1 to U4 and U4 to U3, we now show that

this relation also holds for sequences of iterations.

Definition 5.16. Let I = {ij}nj=1 ∈ In. Define W ∶ In → In to be the function: W (I) =

{w(ij)}nj=1, where w(1) = 2,w(2) = 1,w(3) = 4 and w(4) = 3.

Lemma 29. If f and g are functions such that g(x) = f(−x) and X0 ∈ Bf , then XX ∈ Bg.

Moreover, if {X f
i }ni=0 and {X g

i }ni=0 are the sequences of extended brackets generated by

the EUPM when applied to f and g starting from X0 and XX0 respectively, then it holds

that X f
j =XX g

j for every j = 0,1, . . . , n and Qn(g,XX) =W (Qn(f,X)).

Proof. Note that XX ∈ Bg follows from Definitions 5.6 and 5.15. Let {X f
i }ni=0 and

{X g
i }ni=0 be the sequences of extended brackets generated by applying the EUPM with

the starting brackets X0 and XX0 to f and g respectively. Define:

ϕ(X) = σE(X) − xM . (5.49)

Since σE(X) = −σE(XX), it follows that f(σE(X0)) = g(σE(XX0)) and ϕ(X0) <

0⇔ ϕ(XX0) > 0. Given that sign(ϕ(X)) is precisely the condition in Equation (5.18)
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which determines whether to apply update functions U1, U4 or U2, U3, it follows that

X f
1 = UjX f

0 = UjX0⇔X g
1 = Uw(j)X g

0 = Uw(j)XX0.

Applying Lemma 28, we note that Uw(j)XX0 = XUjX0 which in turn means X g
1 =

XX f
1 . From this it follows inductively that X f

j = XX g
j for all j = 1,2, . . . , n. Moreover,

if we write Qn(f,X) and Qn(g,XX) in the forms {ifj }n−1
j=0 and {igj}n−1

j=0 respectively,

it also follows inductively that ifj = w(igj) for each j = 0,1, . . . , n − 1; in other words

Qn(g,XX) =W (Qn(f,X)).

Corollary 5.2. If I ∈ In, then: X(B̃I) = B̃W (I) (recall Definition 5.13).

Proof. If X ∈ B̃I , then there exists a function f such that I = Qn(f,X) and X ∈ Bf . By

defining g(x) ∶= f(−x), it follows from Definition 5.6 that: X ∈ Bf ⇔XX ∈ Bg. Moreover

by Lemma 29, Qn(g,XX) =W (Qn(f,X)) =W (I). Since g satisfies Qn(g,XX) =W (I),

it follows from Definition 5.13 that XX ∈ B̃W (I).

Corollary 5.3. For any X , it holds that UIX =XUW (I)XX , ∀I ∈ In.

Proof. Let f be a function such that I = Q(f,X). By Lemma 29, the function

g(x) = f(−x) has the property that Qn(g,XX) =W (Qn(f,X)). Furthermore UI(X) =

UQn(f,X)(X) = UQn(f,X)(XXX) =XUQn(g,XX)(XX) =XUW (I)(XX).

The map W serves as a natural bijection between sequences of EUPM iterations

which start with 1 or 4 and those which start with 2 or 3. Dividing I5 is useful due to

the following result.

Corollary 5.4. Given I ∈ In a sequence of EUPM iterations, it holds that:

max
X∈B̃I

b(UIX)
b(X) = max

X∈B̃W (I)

b(UW (I)X)
b(X)

Proof. Using Lemma 28 and Corollaries 5.2 and 5.3 it follows that:

max
X∈B̃I

b(UIX)
b(X) = max

X∈B̃I

b(XUW (I)XX)
b(X) = max

X∈B̃I

b(UW (I)XX)
b(XX) = max

sss∈B̃W (I)

b(UW (I)sss)
b(sss) .
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We are now equipped to prove Lemma 24.

Proof of Lemma 24. To prove this lemma, we list out elements of I3,I4 and I5 which

begin with either 1 or 4 and mark them in the following way. If a sequence is contained

in A, we overline it. If a sequence contains a sub-string which is contained in A, we

underline the relevant sub-string. Finally, if a sequence contains a sub-string J such

that W (J) ∈ A, then we place square brackets around J . We will show that all elements

of I5 can be marked in one of these three ways. There is no need to list the sequences

starting with 2 or 3 because each of those sequences is merely W (J) for some J listed

below.

111 141 143 411 422 431 4[33] 441 443

114 142 144 414 423 432 434 442 444

We see that only 7 (or 14 if you count the equivalent sequences starting with 2 or 3) of

the sequences above are unmarked. We take these seven sequences, and list all elements

of I4 which begin with any of these 7 sub-strings. We neglect to list out elements of I4

which begin with a marked sub-string because these elements are themselves guaranteed

to be marked .

1141 1143 1411 1422 4111 4231 42[33] 4[311] 4322

1142 1144 1414 1423 4114 4232 4[234] 4314 4[323]

Using the same procedure as earlier, we see only 3 sequences are left unmarked. We list

out all elements of I5 which begin with one of these three sequences and note that all

of them are marked.

11422 42311 4[2322] 11423 4[2314] 42[323].

If a sequence J is marked in any of these ways, then it follows from Lemma 26 and
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Corollary 5.4 that b(UIX)/b(X) ≤ 1
2 ∀I ∈ A implies b(UJX)/b(X) ≤ 1

2 .

5.3.3.3 Numerical performance of the EUPM

In Section 5.3.3.1 we bounded the convergence rate over 5 iterations of the EUPM. In

practice we observe far superior convergence rates. From our observation, this seems

to be because the extremal values of X0 which yield the worst convergence rate over

5 iterations tend to yield best case performance over 6 iterations and so on. In this

section, we show what performance might realistically be expected from the EUPM.

In order to construct a suitable experiment, we first must ask what factors affect the

convergence of the EUPM? The answer to this question is the function to minimise f ,

along with the initial value of X0. However, the only effect that the function f actually

has is to determine whether f(x̃) < f(xM). This along with the current value of X0

uniquely determines which update function will be used. Therefore, when testing the

convergence rate of the EUPM, we do not test it on a range of functions, but rather for

different binary sequences, where 1’s mean f(x̃) < f(xM) and 0’s the opposite.

The main advantage of this is that while the set C([a, b]) has infinite cardinality,

the set of binary sequences of length n is finite. Therefore, given an initial bracket X0,

it is possible to determine how the EUPM will perform on literally any function. Given

X0 and I ∈ {0,1}n, we plot the average convergence rate of the EUPM.
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Figure 5.3.6 – We compare the convergence rate of the EUPM with Golden Section over
all possible sequences I ∈ {0,1}10. These sequences are ordered such that the slowest ones
are plotted first. For each sequences, we sample a large number of values for X0 and
average over these.
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For each sequence I ∈ {0,1}, we sample a large number of X0 values, constrained

such that b(X0) = 1, and average over these. This leaves us with an average convergence

rate for every possible sequence in {0,1}, and by extension for every possible function.

We choose n = 10 and plot the resulting data corresponding to both the EUPM and

Golden Section in Figure 5.3.6.

What we see is that Golden Section is the more conservative of the two. It performs

notably better in the worst case scenario even if notably worse in the best case scenario.

Even though we see some convergence rates from the EUPM which are significantly

worse than those observed in Tables 5.3.1 to 5.3.3, they still are far better than the

upper bound from Theorem 22.

5.3.4 Dynamic underestimating polynomial method

In Section 5.3, we identified three main weaknesses of the SUPM: that of choosing a

suitable α, and that of ensuring that both xR1,i and xL1,i converge to x∗ fast enough. In

this section, we introduce a heuristic which makes use of the features of the SUPM, while

being equipped with a safeguarding option designed to avoid the situations where the

SUPM fails. We call this heuristic the dynamic underestimating polynomial method

(DUPM), and denote the step and update functions for the DUPM by σD and UD

respectively.

The effect that α has on σS lies in how the model functions qL and qR (see Equa-

tion (5.16)) are constructed. Since α is multiplied to h(X), and h(X) → 0 should occur

as the algorithm converges, a finite but excessively large value of α should not prevent

αh(X) → 0 eventually. However, the SUPM may stall temporarily when α is too small.

Therefore, we construct the DUPM such that it will increase α when necessary, but

never decrease it.

In order for Theorem 20 to apply, we need α to satisfy Lemma 18. While there is no

way to check this, a necessary condition for Lemma 18 to apply is that f(xM) ≥ qL(xM)

and f(xM) ≥ qR(xM). Using a method similar to the proof of Lemma 18, we find that
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this is equivalent to:

α ≥ 1

h(X) max
k∈{L,R}

(f[xk1, xk2, xk3] − f[xM , xk1, xk2]) . (5.50)

Therefore, at each iteration of the DUPM we set αi+1 ≥ max(αi, α∗) where α∗ is the

smallest value α which satisfies Equation (5.50).

Next we wish to force the DUPM to update both xL1,i and xR1,i regularly. In order to do

this, we must first equip the DUPM to recognize when this occurs. We append the three

variables u1, u2, u3, whose purpose is record whether the update function UD updated

xL or xR during each of the last three iterations, to the extended bracket X . The update

function UD is defined to be the natural extension of US (see Equation (5.18)) which

includes u1, u2 and u3:

UD(x̃;X , α) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(U1(x̃;X),R, u1, u2) if x̃ < xM and f(x̃) < f(xM)

(U2(x̃;X), L, u1, u2) if x̃ > xM and f(x̃) < f(xM)

(U3(x̃;X),R, u1, u2) if x̃ > xM and f(x̃) > f(xM)

(U4(x̃;X), L, u1, u2) if x̃ < xM and f(x̃) > f(xM)

, (5.51)

where the functions U1, . . . , U4 are as defined in Equation (5.19).

If u1 = u2 = u3, then this means that the DUPM has updated either xL1,i, or xR1,i

for each of the last three iterations. When this occurs, we force the DUPM to take an

EUPM step instead, σD(X ;α) = σE(X). This interference is similar to the fall back

option used by Brent’s method [79, 80]. The choice to interfere after three iterations is

based on practical experience, and not on any theoretical insight.

Finally, we define one more condition under which we interfere with the SUPM.

From practical experience, we observe situations where either qL or qR is a convex

function whose local minimum is returned by σS, which result in slow convergence.

As a response to this, we ensure that α is sufficiently big that σD returns a point of
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intersection between qL and qR. More rigorously, we require α such that

qL (σS(X ;α);X , α) = qR (σS(X ;α);X , α) (5.52)

holds, where σS is the step function for the SUPM (see Equation (5.17)).

Define χ(X) to be the the smallest value of α such that Equation (5.52) holds for all

α ≥ χ(X). Then at each iteration of the DUPM, we require αi+1 ≥ max(αi, χ(X)). In

order to compute χ(X), note Equation (5.52) is satisfied whenever qL and qR are concave

functions, provided that Equation (5.50) holds. Define α+ to be maxk f[xk1, xk2, xk3]/h(X),

k ∈ {L,R}. Then it follows that for all α > α+, Equation (5.52) is satisfied, implying

that χ(X) ≤ α+.

If at iteration i, αi satisfies Equation (5.52), then there is no need to compute χ(X).

Otherwise, we know that χ(X) lies in the interval (αi, α+]. Therefore, we can apply

bisection to compute χ(X) to any desired accuracy.

To define the DUPM rigorously, we must insert an additional line into Algorithm

12. Before computing σD, we set

αi+1 = max(αi, χ(Xi),
1

h(X) max
k∈{L,R}

(f[xk1, xk2, xk3] − f[xM , xk1, xk2])) .

Finally we define

σD(X ;α) ∶=
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

if u1 = u2 = u3 σE(X)

else σS(X ;α)
. (5.53)

Ultimately the purpose of these interferences is to ensure that Theorem 20 applies

as soon as possible while forcing both xL1,i and xR1,i to be updated.

Remark. When running the DUPM in practice, one sometimes encounters values of

χ(X) which are very large ∼ 1010. If defined as above, the DUPM will update α to be

this enormous number, thus resulting in the DUPM behaving like the EUPM. We have

found that better performance is encountered if we select a maximum value of α, such

that we only update α to be a number less than this bound. Whenever α would otherwise
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SUPM with parameter value Other methods
Functions α = 0 α = 0.1 α = 1 α = 10 EUPM DUPM Brent MSA

fSU1 0.3268 0.4273 0.4912 0.5472 0.6192 0.48 0.2159 0.1477
fSU2 0.68 0.6164 0.6183 0.6187 0.6188 0.6182 0.3282 0.6614
fSU3 ∞ 0.4848 0.5438 0.5882 0.6349 0.5293 0.3329 ∞
fSU4 ∞ 0.6105 0.6104 0.6104 0.6107 0.6103 0.5626 ∞
fSU5 ∞ 0.5469 0.5925 0.6233 0.6323 0.4854 0.2756 0.2581
fSU6 ∞ 0.5871 0.615 0.6246 0.6249 0.5569 0.2812 ∞
fSU7 0.35 0.4966 0.5521 0.5944 0.6353 0.4885 0.2575 ∞
fNU1 ∞ 0.1868 0.2684 0.3272 0.6188 0.264 0.5115 ∞
fNU2 ∞ 0.3999 0.4445 0.4806 0.6265 0.427 0.6337 ∞
fNU3 ∞ 0.4538 0.4931 0.5255 0.6413 0.4421 0.6457 0.3259
fNU4 ∞ 0.4153 0.4665 0.5006 0.6204 0.4051 0.5934 0.3378
fNU5 ∞ 0.4204 0.4645 0.4974 0.6195 0.4142 0.4903 0.3592
fSM1 ∞ 0.6146 0.6138 0.6144 0.6149 0.6224 0.4828 ∞
fSM2 ∞ 0.5076 0.5579 0.5961 0.6183 0.486 0.3588 ∞
fSM3 ∞ 0.5481 0.5918 0.6177 0.6234 0.5085 0.3372 ∞
fSM4 ∞ 0.4536 0.5308 0.5789 0.6338 0.5282 0.2703 ∞
fSM5 ∞ 0.4704 0.5188 0.5582 0.6165 0.5143 0.311 ∞
fSM6 ∞ 0.5599 0.5962 0.6191 0.624 0.5353 0.2982 ∞
fSM7 ∞ 0.4733 0.5353 0.5776 0.6224 0.4815 0.273 ∞

Table 5.3.4 – Average convergence rate of different algorithms on the set of smooth
multimodal test functions.

become greater than this bound, we leave α unchanged, and apply the EUPM update

instead.

5.3.5 Numerical performance of the DUPM

Having defined the DUPM, and justified parts of it based on observed results, all that

remains is to show these results. We present a comparison of the DUPM vs Brent’s

method, Golden Section, the EUPM, SUPM and MSA in Table 5.3.4, using the same

format as in Tables 5.3.1 to 5.3.3.

There are a few points to note from this table. First and foremost, the DUPM

performs at worst at the rate of Golden Section, but usually better. Two of the three

particular cases where the DUPM only matches Golden Section corresponds to the test-

functions where f ′′ and f (3) also vanish at the minimiser. On non-smooth functions, the

DUPM outperforms Brent’s method, except for fNU5 , where Brent’s method converges
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surprisingly fast. Finally, when comparing the DUPM with the SUPM, the DUPM

converges at a rate between the SUPM for the two best values of α, while it never fails

to converge.

5.3.6 Using the DUPM within Algorithm 8

In Section 4.1.2, we defined a LS algorithm which relies on calling an external univariate

optimiser. Given that this motivated the derivation of the DUPM, we must ensure that

all the conditions required by Algorithm 8 are satisfied. In particular, the univariate

optimiser called by Algorithm 8 must

1. require no inputs other than a bracket,

2. be able to distinguish a smooth minimum from a NS minimum.

To resolve the first of these issues, we implement the algorithm such that the DUPM

will run Golden Section, until it has constructed a length 5 extended bracket. From this

point it will apply the EUPM, until finding a length 7 extended bracket. Only at this

point will the DUPM operate as described.

Regarding identifying a NS minimum, we use the points xL1 , x
L
2 , x

R
1 and xR2 to con-

struct two slopes mL and mR. Then we check if f is continuously differentiable by

investigating if: ∣mL −mR∣ ≤ L∣xR2 − xL2 ∣. Given a parameter value for L, this process can

identify, subject to error, whether ϕ′ is continuously differentiable near to the univariate

optimiser.

5.4 Conclusions and future work

In this chapter , we have constructed a univariate optimization algorithm for black box,

piece-wise smooth functions. As seen in Section 5.3.5, this new method, the DUPM,

converges both more robustly and often faster than existing methods for such problems.

Furthermore, while it is not the fastest algorithms for standard smooth test functions,

it is not prohibitively slow either.
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It must be acknowledged that the comparison between the UPM, the Mifflin-Strodiot

method and Brent’s method is not entirely fair given that they require a different number

of points to start. Therefore, in the context of a line-search, we expect to start with

a method like Golden Section, and switch to the DUPM once we have accumulated

enough points to form and extended bracket. Regardless, the DUPM offers a univariate

solver which performs well in most contexts and is therefore suitable for non-smooth

functions.

However, we do not view the UPM algorithms to be a completed body of research.

Indeed, we consider the following points to be valid avenues of further research which

we have not managed to explore thoroughly:

1. Can the convergence rate bound for the EUPM be made sharper and thus better

reflect its numerical performance observed in Figure 5.3.6.

2. Do we actually need to consider all possible EUPM sequences (recall Defini-

tion 5.10) to construct a general bound, or might there exist an alternative prop-

erty of f which might refine this list?

3. What alternative approaches exists for modifying α for the DUPM?

4. Can we develop a convergence theory for the DUPM specifically?
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Appendix A

Additional content for NSO

A.1 What does 3dv1d look like?

In Chapter 4, we chose to assume that the objective function corresponding the efficiency

of a steam turbine was PS. At the time, we justified this by showing a single plot which

illustrated the shape of 3dv1d when two particular variables were modified. In this

section, we explain in greater detail how this plot was produced, in addition to proving

a host of additional plots of this type. By doing so, we hope to strengthen the argument

for treating 3dv1d as a PS function.

Recall from Section 1.3 that we have access to five different test functions. Only

two of these are simultaneously large enough to be realistic while small enough not to

be prohibitively expensive for numerical testing. Two others are unrealistically small.

While the performance of optimisers on these test functions are of little interest to

Siemens, we make use of them to assess the properties of 3dv1d. The fact that these

functions are far cheaper computationally is a desirable feature for this.

Our approach in this section is as follows. We start by defining x̃xx to be the point

at which e04ucf stalls. Since the smooth optimiser gets stuck here, we know there must

be kinks present, making this an ideal location to investigate. Next, we loop over all

possible pairs of variables, and plot the outcome using the format of Figure 4.0.1 from

earlier. While we do not provide literally every one of these images here, we do show a
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selection which captures all the phenomena observed.
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Figure A.1.1 – Starting from the value of xxx where e04ucf stalls, we modify x(1) (x axis)
and x(12) (y axis) and plot the result to f , as well as the numerical approximations to the
first and second derivatives.
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Figure A.1.2 – Starting from the value of xxx where e04ucf stalls, we modify x(1) (x axis)
and x(3) (y axis) and plot the result to f , as well as the numerical approximations to the
first and second derivatives.
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Figure A.1.3 – Starting from the value of xxx where e04ucf stalls, we modify x(1) (x axis)
and x(7) (y axis) and plot the result to f , as well as the numerical approximations to the
first and second derivatives.
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Figure A.1.4 – Starting from the value of xxx where e04ucf stalls, we modify x(2) (x axis)
and x(12) (y axis) and plot the result to f , as well as the numerical approximations to the
first and second derivatives.

A.2 A list of NS test functions

1. Generalization of MAXQ [65]

minimize
xxx ∈ Rn

max
1≤i≤n

x2
i (A.1)
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Figure A.1.5 – Starting from the value of xxx where e04ucf stalls, we modify x(2) (x axis)
and x(17) (y axis) and plot the result to f , as well as the numerical approximations to the
first and second derivatives.
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Figure A.1.6 – Starting from the value of xxx where e04ucf stalls, we modify x(3) (x axis)
and x(7) (y axis) and plot the result to f , as well as the numerical approximations to the
first and second derivatives.

starting from yyy where yi = i for i = 1,2, . . . , n/2 and yi = −i for i = n/2 + 1 . . . , n.

For this function, it is known that f(xxx∗) = 0.
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Figure A.1.7 – Starting from the value of xxx where e04ucf stalls, we modify x(5) (x axis)
and x(13) (y axis) and plot the result to f , as well as the numerical approximations to the
first and second derivatives.
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Figure A.1.8 – Starting from the value of xxx where e04ucf stalls, we modify x(11) (x axis)
and x(16) (y axis) and plot the result to f , as well as the numerical approximations to the
first and second derivatives.

2. Generalization of MXHILB [65]

minimize
xxx ∈ Rn

max
1≤i≤n

∣
n

∑
j=1

xj
i + j − 1

∣ (A.2)

starting from yyy where yi = i for i = 1,2, . . . , n. For this function, it is known that
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f(xxx∗) = 0.

3. Chained LQ [65]

minimize
xxx ∈ Rn

n−1

∑
i=1

max (−xi − xi+1,−xi − xi+1 + (x2
i + x2

i+1 − 1)) (A.3)

starting from yyy where yi = −0.5 for i = 1,2, . . . , n. For this function, it is known

that f(xxx∗) = −(n − 2)
√

2.

4. Chained CB3 1 [65]

minimize
xxx ∈ Rn

n−1

∑
i=1

max (x4
i + x2

i+1, (2 − xi)2 + (2 − xi+1)2,2 exp(−xi + xi+1)) (A.4)

starting from yyy where yi = 2 for i = 1,2, . . . , n. For this function, it is known that

f(xxx∗) = 2(n − 1).

5. Chained CB3 2 [65]

minimize
xxx ∈ Rn

max(
n−1

∑
i=1

x4
i + x2

i+1,
n−1

∑
i=1

(2 − xi)2 + (2 − xi+1)2,
n−1

∑
i=1

2 exp(−xi + xi+1))

(A.5)

starting from yyy where yi = 2 for i = 1,2, . . . , n. For this function, it is known that

f(xxx∗) = 2(n − 1).

6. Number of Active Faces [65]

minimize
xxx ∈ Rn

max
1≤i≤n

(g (−
n

∑
i=1

xi) , g(xi))

subject to g(y) = ln(∣y∣ + 1),
(A.6)

starting from yyy where yi = 1 for i = 1,2, . . . , n. For this function, it is known that

f(xxx∗) = 0.
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7. NS generalization of Brown function 2 [65]

minimize
xxx ∈ Rn

n−1

∑
i=1

(∣xi∣x
2
i+1+1 + ∣xi+1∣x

2
i+1) (A.7)

starting from yyy where yi = 1 when mod (i,2) = 0 and yi = −1 when mod (i,2) = 1.

For this function, it is known that f(xxx∗) = 0.

8. Chained Mifflin 2 [65]

minimize
xxx ∈ Rn

n−1

∑
i=1

(−xi + 2(x2
i + x2

i+1 − 1) + 1.75∣x2
i + x2

i+1 − 1∣) (A.8)

starting from yyy where yi = −1 for i = 1,2, . . . , n.

9. Chained Crescent 1 [65]

minimize
xxx ∈ Rn

max(
n−1

∑
i=1

(x2
i + (xi+1 − 1)2 + xi+1 − 1),

n−1

∑
i=1

(−x2
i − (xi+1 − 1)2 + xi+1 − 1))

(A.9)

starting from yyy where yi = 2 when mod (i,2) = 0 and yi = −1.5 when mod (i,2) =

1. For this function, it is known that f(xxx∗) = 0.

10. Chained Crescent 2 [65]

minimize
xxx ∈ Rn

n−1

∑
i=1

max ((x2
i + (xi+1 − 1)2 + xi+1 − 1), (−x2

i − (xi+1 − 1)2 + xi+1 − 1))

(A.10)

starting from yyy where yi = 2 when mod (i,2) = 0 and yi = −1.5 when mod (i,2) =

1. For this function, it is known that f(xxx∗) = 0.

11. Referred to as “Problem 2 in TEST29” [65]

minimize
xxx ∈ Rn

max
1≤i≤n

∣xi∣ (A.11)

starting from yyy where yi = i/n for i = 1,2, . . . , n/2 and yi = −i/n for i = n/2+1, . . . , n.
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12. Referred to as “Problem 5 in TEST29” [65]

minimize
xxx ∈ Rn

n

∑
i=1

∣
n

∑
j=1

xj
i + j − 1

∣ (A.12)

starting from yyy where yi = 1 for i = 1,2, . . . , n.

13. Referred to as “Problem 6 in TEST29” [65]

minimize
xxx ∈ Rn

max
1≤i≤n

∣(3 − 2xi)xi + 1 − xi−1 − xi+1∣

subject to x0 = xn+1 = 0,

(A.13)

starting from yyy where yi = −1 for i = 1,2, . . . , n.

14. Referred to as “Problem 19 in TEST29” [65]

minimize
xxx ∈ Rn

max
1≤i≤n

((3 − 2xi)xi − xi−1 − 2xi+1 + 1)2

subject to x0 = xn+1 = 0,

(A.14)

starting from yyy where yi = −1 for i = 1,2, . . . , n.

15. Referred to as “Problem 20 in TEST29” [65]

minimize
xxx ∈ Rn

max
1≤i≤n

∣(0.5xi − 3)xi − 1 + xi−1 − 2xi+1∣

subject to x0 = xn+1 = 0,

(A.15)

starting from yyy where yi = −1 for i = 1,2, . . . , n.

16. Referred to as “Problem 22 in TEST29” [65]

minimize
xxx ∈ Rn

max
1≤i≤n

∣2xi +
1

2(n + 1)2
(xi +

i

n + 1
+ 1)

3

− xi−1 − xi+1∣

subject to x0 = xn+1 = 0,

(A.16)

starting from yyy where yi = i
n+1

( i
n+1 − 1) for i = 1,2, . . . , n.
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17. Nesterov 1 [88]

minimize
xxx ∈ Rn

1

4
(x1 − 1)2 +

n−1

∑
i=1

(xi+1 − 2x2
i + 1)2 (A.17)

starting from yyy where yi = 3 for i = 1,2, . . . , n. For this function, it is known that

f(xxx∗) = 0.

18. Nesterov 2 [88]

minimize
xxx ∈ Rn

1

4
(x1 − 1)2 +

n−1

∑
i=1

∣xi+1 − 2x2
i + 1∣ (A.18)

starting from yyy where yi = 3 for i = 1,2, . . . , n. For this function, it is known that

f(xxx∗) = 0.

19. Nesterov 3 [88]

minimize
xxx ∈ Rn

1

4
∣x1 − 1∣ +

n−1

∑
i=1

∣xi+1 − 2∣xi∣ + 1∣ (A.19)

starting from yyy where yi = 3 for i = 1,2, . . . , n. For this function, it is known that

f(xxx∗) = 0.

A.3 Further results from experiment

In Section 4.1.3, we ran a numerical experiment comparing DGM operating with BLS

to HLS. At the time, we stated that we ran each algorithm both for the designated

starting point of each test function, but also from 20 randomly generated starting points.

Moreover, in Section 4.1.3 we only showed the results corresponding to test functions

for which f(xxx∗) was known.

In this section, we present the remainder of this experiment. In Tables A.3.1, A.3.4,

A.3.7 and A.3.10 we show the outcomes corresponding to the test functions for which

the minimum is not known, while starting from the default starting position. When

comparing fmin here, all we can do is see which algorithm performed better than the

other. Thus we write 0 in this column for the algorithm which won, and the performance

difference for the algorithm which was slower.
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f Alg fmin #f #ϕ #g Alg fmin #f #ϕ #g
A.8 BLS 2.05e-07 3075 21.23 1.33 HLS 0 1672 14.47 1.65
A.11 BLS 3.47e-06 787 17.82 1.12 HLS 0 37 4.33 2
A.12 BLS 1.26e-06 4909 23.9 1.22 HLS 0 194 7.92 2.08
A.13 BLS 4.28e-07 858 20.18 1.27 HLS 0 43 7.5 4
A.14 BLS 4.06e-11 710 10.26 2.13 HLS 0 266 20.83 7.17
A.15 BLS 4.2e-06 866 21.5 1.19 HLS 0 119 14.6 2.4
A.16 BLS 4.14e-06 818 20.71 1.23 HLS 0 116 15.2 2

Table A.3.1 – The outcome of running DGM with both HLS and BLS on the set of
functions with unknown local minima found in Appendix A.2 taking n = 2

f Alg fmin #f #ϕ #g Alg fmin #f #ϕ #g
A.1 BLS 1.37e-11 254.8 1.65 1.1 HLS 9.28e-12 114.05 10.47 1.92
A.2 BLS 9.36e-07 5397.95 23.19 1.27 HLS 3.09e-08 266.65 7.02 1.93
A.3 BLS 5.38e-10 850.25 15.68 1.98 HLS 3.24e-10 72.5 4.67 5.83
A.4 BLS 3.82e-06 2132.9 25.35 1.18 HLS 6.11e-07 116.8 14.79 2.19
A.5 BLS 4.63e-06 2150.6 25.51 1.19 HLS 6.37e-07 116.9 14.57 2.19
A.6 BLS 3.29e-06 819.05 17.96 1.25 HLS 1.26e-06 67.05 8.01 2.25
A.7 BLS 4.9e-06 771.1 17.54 1.24 HLS 1.43e-14 83.2 12.95 2.04
A.9 BLS 3e-07 1070.45 16.51 1.4 HLS 1.08e-08 646.1 13.27 2.23
A.10 BLS 2.32e-07 1093.85 16.75 1.43 HLS 3.03e-08 626.95 13.36 2.2
A.17 BLS 0.00478 32502.5 25.45 1.69 HLS 0.00312 7181.5 9.96 1.9
A.18 BLS 1.23e-06 15115.5 26.04 1.32 HLS 3.17e-07 678.5 9.39 1.86

Table A.3.2 – The average outcome of running DGM with both HLS and BLS on the
set of functions with known local minima found in Appendix A.2 taking n = 2

Furthermore, in Tables A.3.2, A.3.3, A.3.5, A.3.6, A.3.8, A.3.9, A.3.11 and A.3.12,

we display the results for the randomly generated starting points. In each cell of the

every table, the number displayed is the average value over all starting points.
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f Alg fmin #f #ϕ #g Alg fmin #f #ϕ #g
A.8 BLS 0 3612.9 21.5 1.3 HLS 4.3e-07 1716.1 14.57 1.68
A.11 BLS 4.27e-06 712.1 17.23 1.15 HLS 0 37.6 4.33 2.07
A.12 BLS 2.42e-06 5591.35 23.26 1.21 HLS 0 225.4 8.61 1.99
A.13 BLS 3.58e-06 880.9 19.9 1.3 HLS 0 47.3 7.9 3.99
A.14 BLS 9.27e-11 735 10.12 2.02 HLS 0 222.65 19.38 6.09
A.15 BLS 2.64e-06 900.85 21.63 1.24 HLS 0 119.85 14.58 2.4
A.16 BLS 5.31e-06 873.2 21.13 1.26 HLS 0 117.6 15.43 2.03

Table A.3.3 – The average outcome of running DGM with both HLS and BLS on the
set of functions with unknown local minima found in Appendix A.2 taking n = 2

f Alg fmin #f #ϕ #g Alg fmin #f #ϕ #g
A.8 BLS 0 17568 21.64 2.69 HLS 7.51e-09 3174 19.04 3.36
A.11 BLS 3.14e-06 2227 16.16 1.15 HLS 0 664 19.33 1.71
A.12 BLS 0 35933 24.33 1.94 HLS 0.0045 570 14.29 4.07
A.13 BLS 3.34e-06 2225 19.65 1.21 HLS 0 5128 22.77 2.45
A.14 BLS 2.61e-12 2478 11.86 1.82 HLS 0 3604 20.8 3.1
A.15 BLS 4.29e-06 22720 31 1.31 HLS 0 1413 21.91 3.15
A.16 BLS 4.05e-07 42286 31.22 1.75 HLS 0 2015 21.74 3.19

Table A.3.4 – The outcome of running DGM with both HLS and BLS on the set of
functions with unknown local minima found in Appendix A.2 taking n = 5. Whenever one
algorithm has notably outperformed the other, whether due to being cheaper or finding a
better solution, we have highlighted that algorithm.

f Alg fmin #f #ϕ #g Alg fmin #f #ϕ #g
A.1 BLS 5.53e-11 857.05 1.89 1.07 HLS 2.07e-11 586.8 15.11 1.32
A.2 BLS 1.23e-05 17751.8 21.94 2 HLS 1.01e-05 2760.85 9.6 2.74
A.3 BLS 0.0019 5937 24.17 2.54 HLS 0.00122 6605.95 24.65 1.88
A.4 BLS 1.69e-05 1957.05 21.66 1.45 HLS 1.38e-05 9445.85 28.67 1.32
A.5 BLS 3.61e-07 23511.8 27.88 2.44 HLS 2e-08 1764.05 16.02 3.86
A.6 BLS 5.67e-06 949.25 18.45 1.49 HLS 2.96e-06 142.75 7.62 2.3
A.7 BLS 8.71e-06 1401.6 20.52 1.72 HLS 0.106 14311.3 28.07 1.19
A.9 BLS 7.65e-10 5968.7 19.05 1.78 HLS 7.28e-10 1269.1 14.21 2.95
A.10 BLS 4.25e-06 2650.35 19.58 1.66 HLS 0.000109 17839.8 24.74 1.29
A.17 BLS 0.481 18136.4 28.02 1.52 HLS 9.17e-05 3659.4 25.21 1.6
A.18 BLS 0.0452 2252.95 22.15 2.15 HLS 0.0453 2771.1 24.86 1.66

Table A.3.5 – The average outcome of running DGM with both HLS and BLS on the set
of functions with known local minima found in Appendix A.2 taking n = 5. Whenever one
algorithm has notably outperformed the other, whether due to being cheaper or finding a
better solution, we have highlighted that algorithm.
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f Alg fmin #f #ϕ #g Alg fmin #f #ϕ #g
A.8 BLS 3.86e-08 18915.8 22.23 2.64 HLS 0 3554.8 18 3.54
A.11 BLS 2.95e-06 2291 16.64 1.15 HLS 0 802.95 19.88 1.43
A.12 BLS 0 28482.9 23.65 1.89 HLS 0.00281 542.55 12.88 4.05
A.13 BLS 0 2417.65 20.42 1.26 HLS 0.0276 3429 22.13 2.37
A.14 BLS 1.67e-11 2681.25 11.66 2.07 HLS 0 2627.55 19.84 3.07
A.15 BLS 8.69e-05 25622.3 31.59 1.48 HLS 0 1405.5 22.62 2.8
A.16 BLS 0.000155 36134.9 31.24 1.69 HLS 0 1880 21.18 3.2

Table A.3.6 – The average outcome of running DGM with both HLS and BLS on the set
of functions with unknown local minima found in Appendix A.2 taking n = 5. Whenever
one algorithm has notably outperformed the other, whether due to being cheaper or finding
a better solution, we have highlighted that algorithm.

f Alg fmin #f #ϕ #g Alg fmin #f #ϕ #g
A.8 BLS 0.131 51943 32.69 1.57 HLS 0 79913 21.43 6.89
A.11 BLS 2.35e-06 5589 16.34 1.16 HLS 0 3047 24.36 1.25
A.12 BLS 0.000267 23942 23.38 2.55 HLS 0 7050 19.15 3.6
A.13 BLS 3.74e-06 6722 20.99 1.55 HLS 0 47639 23.33 2.63
A.14 BLS 2.37e-10 4575 12.6 1.78 HLS 0 31621 23.48 3.02
A.15 BLS 0.28 48956 32.52 1.31 HLS 0 29434 24.19 3.29
A.16 BLS 0.00625 74849 30.25 3.88 HLS 0 63389 21.62 5.86

Table A.3.7 – The outcome of running DGM with both HLS and BLS on the set of
functions with unknown local minima found in Appendix A.2 taking n = 10. Whenever
one algorithm has notably outperformed the other, whether due to being cheaper or finding
a better solution, we have highlighted that algorithm.

f Alg fmin #f #ϕ #g Alg fmin #f #ϕ #g
A.1 BLS 2.64e-11 2350.25 1.91 1.08 HLS 1.99e-11 2609.9 18.39 1.12
A.2 BLS 0.00636 20504.5 22.49 1.78 HLS 0.00817 1552.75 8.79 3.3
A.3 BLS 0.00696 58263.5 32.48 2.17 HLS 0.00168 48490.4 22.65 3.12
A.4 BLS 0.0424 49953.8 35.76 2 HLS 0.129 39986.1 29.46 1.58
A.5 BLS 0.0843 64956.4 35.4 2.7 HLS 0.0937 7496.6 20.8 5.24
A.6 BLS 7.22e-06 1970.8 18.42 2.42 HLS 3.97e-06 667.9 6.35 4.45
A.7 BLS 1.31e-05 2646.7 21.47 2.01 HLS 1.14e-05 19847.7 29.36 1.49
A.9 BLS 5.71e-09 14931 21.87 1.86 HLS 6.32e-10 2500.9 15.17 3.91
A.10 BLS 8.23e-06 5053.55 20.7 1.84 HLS 0.0012 38358.2 26.37 2.74
A.17 BLS 0.109 84591.8 29.93 7.46 HLS 0.32 42164 25.89 2.57
A.18 BLS 0.00147 4547.3 22.91 3.3 HLS 0.00149 25968.2 26.16 1.51

Table A.3.8 – The average outcome of running DGM with both HLS and BLS on the set
of functions with known local minima found in Appendix A.2 taking n = 10. Whenever one
algorithm has notably outperformed the other, whether due to being cheaper or finding a
better solution, we have highlighted that algorithm.
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f Alg fmin #f #ϕ #g Alg fmin #f #ϕ #g
A.8 BLS 0.0203 54558.4 31.03 2.22 HLS 0 85611.4 21.05 7.79
A.11 BLS 0.00115 4593.85 15.64 1.17 HLS 0 4127.55 24.78 1.32
A.12 BLS 0.000675 20026 23.67 1.81 HLS 0 6516.75 19.49 3.21
A.13 BLS 0 5915.05 20.71 1.38 HLS 0.0283 37442.1 24.38 2.54
A.14 BLS 2.13e-11 5484.4 12.21 2.28 HLS 0 30370.1 22.53 2.95
A.15 BLS 0.36 52550.3 33.34 1.57 HLS 0 31602.6 24.22 3.29
A.16 BLS 0.00456 71240.9 30.76 3.51 HLS 0 35136.5 21.87 5.49

Table A.3.9 – The average outcome of running DGM with both HLS and BLS on the set
of functions with unknown local minima found in Appendix A.2 taking n = 10. Whenever
one algorithm has notably outperformed the other, whether due to being cheaper or finding
a better solution, we have highlighted that algorithm.

f Alg fmin #f #ϕ #g Alg fmin #f #ϕ #g
A.8 BLS 0 191546 30.94 6.32 HLS 0.505 84954 23.03 2.31
A.11 BLS 5.95e-07 24805 15.93 1.8 HLS 0 43408 26.87 1.79
A.12 BLS 0.0344 51366 22.86 1.02 HLS 0 48004 21.03 6.22
A.13 BLS 0 35623 19.64 2.37 HLS 1.99 102704 23.1 2.98
A.14 BLS 0 60789 28.71 1.16 HLS 0.797 129703 23.6 4
A.15 BLS 0.0731 185949 32.71 5.82 HLS 0 211499 22.59 7.19
A.16 BLS 0 124623 24.47 10.48 HLS 0.000136 21612 20.44 8.08

Table A.3.10 – The outcome of running DGM with both HLS and BLS on the set of
functions with unknown local minima found in Appendix A.2 taking n = 25. Whenever one
algorithm has notably outperformed the other, whether due to being cheaper or finding a
better solution, we have highlighted that algorithm.

f Alg fmin #f #ϕ #g Alg fmin #f #ϕ #g
A.1 BLS 3.16e-11 12396.5 2.01 1.06 HLS 3e-11 11830.4 19.28 1.1
A.2 BLS 0.0208 29773.8 20.06 1.75 HLS 0.0342 4487.6 8.65 2.97
A.3 BLS 0.036 92593.2 33.56 2.2 HLS 0.071 73773.1 27.77 1.69
A.4 BLS 3.88 76127.3 37.18 1.43 HLS 2.32 76689.9 27.74 1.81
A.5 BLS 0.0706 134184 35.85 3.97 HLS 0.124 40028.7 23.93 10.1
A.6 BLS 1.29e-05 11269.4 17.29 6.45 HLS 9.14e-06 5077.6 5.51 9.85
A.7 BLS 2.11e-05 5560.25 24.46 3.24 HLS 0.0644 57392.6 27.61 1.9
A.9 BLS 4.98e-09 31819 23.31 2.84 HLS 7.47e-10 5736.3 16.25 5.27
A.10 BLS 0.0192 91448 34.84 2.15 HLS 0.0754 73852.6 26.38 3.06
A.17 BLS 0.232 79390.2 27.2 13.66 HLS 2.85 67019.3 29.57 1.36
A.18 BLS 0.349 55700.8 30.02 4.39 HLS 3.02 57472.6 25.66 1.15

Table A.3.11 – The average outcome of running DGM with both HLS and BLS on the set
of functions with known local minima found in Appendix A.2 taking n = 25. Whenever one
algorithm has notably outperformed the other, whether due to being cheaper or finding a
better solution, we have highlighted that algorithm.
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f Alg fmin #f #ϕ #g Alg fmin #f #ϕ #g
A.8 BLS 0 147395 31.26 4.57 HLS 0.444 79987.4 23.13 2.11
A.11 BLS 0 19829.8 15.85 1.26 HLS 1.54e-05 40809.5 27.05 1.3
A.12 BLS 0.0164 51796.1 22.57 1.09 HLS 0 22097.4 21.46 4.17
A.13 BLS 0 29088.5 19.98 1.59 HLS 1.92 97185 24.33 2.73
A.14 BLS 0 58198.9 27.91 1.09 HLS 0.83 126431 24.24 3.85
A.15 BLS 0.0743 187497 32.69 5.88 HLS 0 188550 22.43 6.31
A.16 BLS 0 156360 24.08 10.77 HLS 4.52e-06 51009.6 19.26 10.4

Table A.3.12 – The average outcome of running DGM with both HLS and BLS on the set
of functions with unknown local minima found in Appendix A.2 taking n = 25. Whenever
one algorithm has notably outperformed the other, whether due to being cheaper or finding
a better solution, we have highlighted that algorithm.
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Appendix B

Additional content for univariate

optimisation

B.1 More on Brent’s Method

B.1.1 A practical implementation of Brent’s Method

When implementing Brent’s method in practice, the main question faced is how to

determine when to use a Golden Section step and when to use an interpolation step.

In Algorithm 13, we present an implementation of Brent’s method in pseudo-code as

taken from Numerical Recipes [85].

There are a few points to note within this implementation. First observe that two

tolerances ε1 and ε2 are required. The first of these, ε1 can be thought of as the minimum

step size which is considered meaningful. That is, if ∣x− y∣ < ε1, then we consider x and

y to be numerically equivalent. Separately we have a second tolerance ε2. This value

refers to our targeted accuracy; that is the length of the final bracket must have a length

of at most ε2.

We determine whether to carry out an interpolation step in Line 8. Having already

computed the interpolating quadratic in Line 5, we accept the minimum of the quadratic

xi as the next test point if it satisfies the following conditions:
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Algorithm 13: Brent’s Method [85]

/* Initialisation: */

input : br([`0, r0],m0),0 < ε1 < 1
10ε2.

1 i = 0;
2 dold = ∣ri − `i∣;
3 f`, fm, fr = f(`i), f(mi), f(ri);
4 while ∣ri − `i∣ > 2ε2 do

5 Interpolate the points `i, ri,mi to obtain the quadratic function
q(x).

6 xi = arg min
x
q(x).

7 dnew = xi −mi;
8 if (xi ∉ (`i, ri) or ∣dold∣ ≤ ε1 or ∣dnew∣ ≥ 1

2 ∣dold∣ then
9 if xi >mi then

10 dnew = (ri −mi)3−
√

5
2 .

11 else

12 dnew = (`i −mi)3−
√

5
2 .

13 xi =mi + dnew;

14 else if ∣dnew∣ < ε1 then
15 xi =mi + ε1sign(dnew);

16 fx = f(xi).
17 if fx ≤ fm then
18 if xi <mi then
19 `i+1,mi+1, ri+1 = `i, xi,mi

20 f`, fm, fr = f`, fx, fm
21 else
22 `i+1,mi+1, ri+1 =mi, xi, ri
23 f`, fm, fr = fm, fx, fr
24 else
25 if xi <mi then
26 `i+1,mi+1, ri+1 = `i,mi, xi
27 f`, fm, fr = f`, fm, fx
28 else
29 `i+1,mi+1, ri+1 = xi,mi, ri
30 f`, fm, fr = fx, fm, fr
31 i = i + 1;
32 dold = dnew;

output: `i,mi, ri

1. xi ∈ (`i, ri). If `i,mi, ri is indeed a bracket, then this should always be the case.

Regardless, this condition ensures that we never take a step outside of the current
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bracket.

2. ∣dnew∣ < 1
2 ∣dold∣. When the interpolation method is working properly, convergence

should be rapid. Therefore we require that the step from the current minimum

decrease by at least a factor of two with each iteration. Failure to do this in practice

implies that the interpolation steps are not converging. When this happens, we

resort to a Golden Section step for ensured robustness.

3. ∣dold∣ > ε1. When this condition is not satisfied, it means that the previous test

point was within a distance ε1 of a previously known point, and thus must have

been generated with an interpolation step. When this condition applies, it could

either mean that the interpolation step has converged successfully, or else that it is

going very slowly. At this point we force a Golden Section step in order to ensure

robustness. If the interpolation step process had indeed converged, than this will

only add one additional function evaluation before the algorithm terminates.

When running the algorithm, it may happen that the interpolation step suggests a

new point which is close to a previously known point. While this may imply convergence,

it is also dangerous given that the closer two points are together, the more sensitive the

interpolation process is to computational error. Hence in Line 14 we check whether the

step length is less than ε1, our minimum allowable step length. If so, we increase the

length of the step to ε1 while maintaining the original direction.

Finally, depending on the relative positions of xi and mi along with the relative

values of fx and fm, there exists a unique trio of points which form a smaller bracket

than previously. Lines 17 to 30 lay out which points we pick for our refined bracket

given xi,mi, fx, fm.

B.1.2 Super-linear convergence of Brent’s method

As seen in previous sections, Brent’s method does not necessarily behave in the same

manner for every iteration with both an interpolation step and a Golden Section step
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being possible. Therefore, when determining the convergence rate of Brent’s method

we view these possibilities separately.

Clearly when a Golden Section step is taken, convergence is the same as in Sec-

tion 5.2.1. Thus all that we need is the convergence rate when using interpolation steps.

For the purpose of rigour, we formally define a sequence of points generated in this way:

Definition B.1. Let f ∈ C2[a, b] and {xi} ∈ [a, b] be a sequence of points. We call {xi}

a sequence of successive interpolated minima if it holds that:

P ′(xi+3) = 0,

where P is the unique 2nd order polynomial which interpolates the function f at the

points xi, xi+1 and xi+2.

We now present the following definition and result taken from [80].

Definition B.2 ([80]). Let f ∶ [a, b] ∋ R → R be a function. The modulus of conti-

nuity w(f ; δ) is defined by:

w(f ;d) ∶= sup
x,y∈[a,b]
∣x−y∣≤δ

∣f(x) − f(y)∣,

given any δ > 0.

Remark. We note that if f is Lipschitz Continuous with Lipschitz constant M , then it

holds that w(f, δ) ≤Mδ.

Theorem 30 ([80]). Suppose that f ∈ C2[a, b], {xi} ∈ [a, b] is a sequence of successive

interpolated minima , ζ ∈ [a, b] such that f ′(ζ) = 0, [ζ − δ0, ζ + δ0] ⊂ [a, b] where δ0 =

maxi ∣xi − ζ ∣ and 3w(f (2); δ0) < ∣f (2)(ζ)∣. Then the sequence {xi} converges superlinearly

to ζ. In particular, if we define:

δn = max
i=0,1,2

∣xn+i − ζ ∣
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and

λn =
3w(f (2); δn)
∣f (2)(ζ)∣ ,

then the sequence δn is monotonically decreasing and δn+3 ≤ λnδn+1.

Remark. What Theorem 30 proves is that the sequence of points generated by the

interpolation step converges superlinearly under certain conditions. This is not enough

to guarantee superlinear convergence for Brent’s method itself as it does not guarantee

that the algorithm consistently uses the interpolation step instead of Golden section step.

While we do not prove that this happens, it is what we observe in practice.

B.2 Calculations for Theorem 21

For the calculations in this section, we use the following change of variables: ttt =

( p q r s )
T

= ( xL1 − xL2 , xM − xL1 , xR1 − xM , xR2 − xR1 )
T

. Converting our calcu-

lations to being in terms of ttt both reduces the number of variables, and simplifies the

constraint X ∈ B̃ (recall Definition 5.13) into ttt ∈ R4
+.

The algebra for the calculations which follow is tedious, and therefore we employed

Mathematica to compute the values of UI , I ∈ A as well as changing the variables used.
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b(U44X)
b(X) = (q + r)(p + q + r)

2(q + r)(p + q + r) + (q + r)2 + s2 + s(p + 3q + 3r) < 1

2
,

b(U111X)
b(X) = q

p + 2q + r <
1

2
,

b(U143X)
b(X) = q(p + q)(p + q + r)

(p + 2q + r)(3q2 + 3qr + r2 + p(2q + r)) ,

< q(p + q)
3q2 + 3qr + r2 + p(2q + r) < 1

2
,

b(U422X)
b(X) = (q + r)(p + q + r)

2(q + r)(p + q + r) + (q + r)2 + s2 + s(p + 3q + 3r) < 1

2
,

b(U1411X)
b(X) =

1

2 +
⎛
⎜⎜
⎝

4q3 + p2r + 7q2r + 5qr2 + r3 + p(q + r)(3q + 2r)
q(p + q)(p + q + r)

⎞
⎟⎟
⎠

≤ 1

2
,

b(U1141X)
b(X) = q(p + q)(p + q + r)

(p + 2q + r)(p2 + 3q2 + r(r + s) + 2q(2r + s) + p(3q + 2r + s)) ,

< q(p + q)
3q(p + q) + p2 + r(r + s) + 2q(2r + s) + 2rp + ps <

1

3
,

b(U1423X)
b(X) = (p + q + r)(p + 2q + r)(q(p + q) − r(r + s))

(p + 2q + 2r + s) ×

1

(4q(q + r)2 + r3 + p2(2q + r) + q2(s − r) + p(6q2 + 2r2 + q(7r + s))) ,

< (p + q + r)(q(p + q) − r(r + s))
4q(q + r)2 + r3 + p2(2q + r) + q2(s − r) + p(6q2 + 2r2 + q(7r + s)) ,

< (p + q + r)(q(p + q) − r2)
4q(q + r)2 + r3 + p2(2q + r) − q2r + p(6q2 + 2r2 + 7qr) ,

< q(p + q) − r
2

2q(p + q) < 1

2
.

For the sequence 414, we need to employ another piece of information. From Equa-

tion (5.18), we see that U1 is only applied to X if ϕ(X) < 0 (see Equation (5.49)). This

is equivalent to q(p+ q)− r(r+ s) > 0 when written in terms of our alternative variables.
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Proceeding with the calculation we find:

b(U414X)
b(X) = 1

2 +
⎛
⎜⎜
⎝

q3 + r2(p + r) + q2(7r + s) + qr(3p + 7r + 3s)
q(q(p + q) − r(r + s))

⎞
⎟⎟
⎠

,

which is bounded above by 1
2 precisely when q(p+q)−r(r+s) > 0. Therefore b(U414X)/b(X) <

1
2 as required.

There remain 4 elements of A for which we must establish a bound: 434, 4322, 4314

and 4114. As the previous change of variables does little to simplify the calculations

for these subsequences, we instead use the following alternative change of variables:

(a, b, c, d) = ( xR1 − xL1 , xR1 − xL2 , xR2 − xL1 , ϕ(X) ) . For this set of variables, X ∈ B̃ is

equivalent to a, b, c > 0, b > a and c > a. Using this transformation, we find:

b(U434X)
b(X) = bc2(b + c)(b + c − a)

(ab + bc + c2)(ab2 + 2b2c + 3bc2 + c3) < bc(b + c)
ab2 + 2b2c + 3bc2 + c3

< bc(b + c)
2b2c + 3bc2 + c3

< b(b + c)
2b2 + 3bc + c2

< b

2b + c <
1

2
,

b(U4322X)
b(X) = bc2(b + c)(b + c − a)

(ab + bc + c2)(ab2 + 2b2c + 3bc2 + c3) < bc(b + c)
ab2 + 2b2c + 3bc2 + c3

< bc(b + c)
2b2c + 3bc2 + c3

< b(b + c)
2b2 + 3bc + c2

< b

2b + c <
1

2
.

Remark. From the calculations above, we see that b(U434X)/b(X) = b(U4322X)/b(X)

and b(U44X)/b(X) = b(U422X)/b(X). While this may imply another relation which we

have not taken advantage of, we have not examined this further.

Finally we have the sequences 4314 and 4114. Similar to what we did with the

sequence 414, we need to make use of additional information, specifically the fact that

U4 is only applied if ϕ(X) = d < 0. In addition, U1 may only follow after U4 if ϕ(U4X) < 0.
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This is equivalent to: −d(ab + bc + c2) > abc(b + c − a). From this it follows that:

b(U4114X)
b(X) = abc2(b + c)(b + c − a)

(ab + bc + c2)(ac(b + c)2 − d(ab + bc + c2)) ,

< abc2(b + c)(b + c − a)
(ab + bc + c2)(ac(b + c)2 + abc(b + c − a)) ,

= bc(b + c)(b + c − a)
(ab + bc + c2)((2b + c)(b + c) − ab) < bc(b + c)2

(ab + bc + c2)(2b + c)(b + c) ,

= bc(b + c)
(ab + bc + c2)(2b + c) < b

2b + c <
1

2
.

Similarly for the sequence 4314, U3 may only follow after U4 if ϕ(U4X) > 0. This is

equivalent to: −d(ab + bc + c2) < abc(b + c − a). First we compute

b(U4314X)
b(X) = −d(ac − d)(ab + bc + c2)

a(b + c)(ac(b + c)2 − d(ab + bc + c2)) .

Next we observe that ϕ(U4X) > 0 is equivalent to:

− d > abc(b + c − a)
ab + bc + c2

⇔ ac − d > ac(b + c)2

ab + bc + c2
. (B.1)

This implies that:

b(U4314X)
b(X) < −dc(b + c)

ac(b + c)2 − d(ab + bc + c2) .

Finally we that a sufficient condition for b(U4314X)/b(X) < 1
2 is:

− 2dc(b + c) < ac(b + c)2 − d(ab + bc + c2),

⇔− d(−ab + bc + c2) < ac(b + c)2.

We see that this is true when we combine the requirement that ϕ(U4X) > 0 must hold

for the sequence 4314 to occur with Equation (B.1). In particular:

−d(−ab + bc + c2) < −d(ab + bc + c2) < (ac − d)(ab + bc + c2) < ac(b + c)2.

Therefore, b(U4314X)/b(X) < 1
2 holds and moreover b(UIX)/b(X) < 1

2 ∀I ∈ I5.
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[66] Robert Mifflin and Claudia Sagastizábal. On VU-theory for Functions with Primal-

Dual Gradient Structure. SIAM Journal on Optimization, 11(2):547–571, 2000.
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[68] Robert Mifflin and Claudia Sagastizábal. VU-decomposition derivatives for convex

max-functions. In Ill-Posed Variational Problems and Regularization Techniques,

pages 167–186. Springer, 1999.

[69] Yu G Evtushenko. Numerical methods for finding global extrema (case of a non-

uniform mesh). USSR Computational Mathematics and Mathematical Physics, 11

(6):38–54, 1971.

[70] S A Piyavskii. An algorithm for finding the absolute extremum of a function. USSR

Computational Mathematics and Mathematical Physics, 12(4):57–67, 1972.

[71] Bruno O Shubert. A sequential method seeking the global maximum of a function.

SIAM Journal on Numerical Analysis, 9(3):379–388, 1972.

[72] Eldon R Hansen. Global optimization using interval analysis: the one-dimensional

case. Journal of Optimization Theory and Applications, 29(3):331–344, 1979.

[73] Ramon E Moore. Methods and applications of interval analysis. SIAM, 1979.

[74] Arnold Neumaier. Complete search in continuous global optimization and con-

straint satisfaction. Acta numerica, 13(1):271–369, 2004.

196



[75] Marco Locatelli and Fabio Schoen. Global optimization: theory, algorithms, and

applications. SIAM, 2013.

[76] Jack Kiefer. Sequential minimax search for a maximum. Proceedings of the Amer-

ican mathematical society, 4(3):502–506, 1953.

[77] Philip E Gill, Walter Murray, and Margaret H Wright. Practical optimization.

Academic Press, 1981.

[78] P Jarratt. An iterative method for locating turning points. The Computer Journal,

10(1):82–84, 1967.

[79] R P Brent. A new algorithm for minimizing a function of several variables without

calculating derivatives. Algorithms for minimization without derivatives, pages

200–248, 1976.

[80] R P Brent. Algorithms for minimization without derivatives. 1973.

[81] W W Hager. A derivative-based bracketing scheme for univariate minimization

and the conjugate gradient method. Computers & Mathematics with Applications,

18(9):779–795, 1989.

[82] Walter Murray and Michael L Overton. Steplength algorithms for minimizing a

class of nondifferentiable functions. Computing, 23(4):309–331, 1979.

[83] Robert Mifflin and J-J Strodiot. A rapidly convergent five-point algorithm for

univariate minimization. Mathematical programming, 62(1-3):299–319, 1993.

[84] Stephen Abbott. Understanding analysis, volume 2. Springer, 2001.

[85] William H Press, Saul A Teukolsky, William T Vetterling, and Brian P Flannery.

Numerical recipes 3rd edition: The art of scientific computing. Cambridge univer-

sity press, 2007.

[86] Robert Mifflin. On superlinear convergence in univariate nonsmooth minimization.

Mathematical Programming, 49(1-3):273–279, 1990.

197



[87] Momin Jamil and Xin-She Yang. A literature survey of benchmark functions for

global optimization problems. arXiv preprint arXiv:1308.4008, 2013.
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