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ABSTRACT 

A Laboratory Investigation into the Behaviour of Sand at Low Confining Stresses 

Jonathan R.F. White 

St. Peter’s College, University of Oxford 

A thesis submitted for the degree of Doctor of Philosophy 

Trinity 2020 

The mechanical behaviour of sands at low confining stresses may have important implications for 

the design of offshore wind turbine (OWT) foundations. However, previous research investigating 

this behaviour is limited and conflicting, and cyclic testing campaigns have historically adopted load 

characteristics that may be unrepresentative of those sustained by OWT foundations. This thesis 

endeavours to fill the gap in the literature through creation of a new experimental database of soil 

element tests, that explores the constitutive response of sand at low stress levels subjected to 

monotonic and cyclic loading. 

Results of the monotonic experimental campaign indicate that while the shear strength properties 

(𝜂𝑚𝑎𝑥 and 𝜙𝑚𝑎𝑥
′ ) tend to increase with decreasing effective confining stress, 𝜎𝑐,0

′ , this effect becomes 

increasingly minor for 𝜎𝑐,0
′ ≤  50 kN/m2. Furthermore, tests undertaken at lower confining stresses 

exhibit a comparatively stiffer response than those tests sheared at higher pressures. Results of the 

cyclic triaxial testing campaign exemplify the complexities of the response of sands subjected to 

cyclic loading. However, clear and systematic trends are found that can be robustly captured by the 

new cyclic modelling framework adopted in this study.  

Modern design methods for OWT foundations increasingly rely on finite element analysis (FEA); 

however, results depend critically on the constitutive models used, and the model parameters adopted 

in the numerical analyses. This thesis reviews the state-of-the-art with regard to constitutive 

modelling frameworks developed for predicting sand behaviour. Evaluation of four sophisticated 

constitutive models found that it was not possible to determine a single set of calibrated model 

parameters that yield satisfactory model simulations for both drained and undrained load cases. 

Furthermore, only the general trends could be predicted when simulating sustained undrained cyclic 

loading. Further model development is therefore required if such models are to be relied upon for 

predicting the long-term behaviour of OWT foundations. 
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NOMENCLATURE 

ROMAN SYMBOLS: 

𝐴  hardening modulus 

𝐴0  bounding-surface model parameter used to control the rate of dilation 

𝐴𝐺  material constant used in empirical relationship to determine shear modulus 

𝐴𝜓  constant used in Bolton’s (1986) flow rule 

𝐴𝑐𝑜𝑟𝑟  area correction applied to triaxial test specimens 

𝐴𝑓  maximum stored energy 

𝐴𝑐,𝑓  specimen cross sectional area at the end of the consolidation stage 

𝐴𝑙𝑜𝑜𝑝  area of hysteresis loop 

𝐴𝑚  sample area covered by membrane 

𝐴𝑅  ratcheting area 

𝒂  gradient vector to the yield function 

𝒃  gradient vector to the plastic potential function 

𝐶𝑈  coefficient of uniformity 

𝐶𝑍  coefficient of curvature 

𝑐′  effective cohesion 

𝑐  ratio of critical friction ratios in triaxial extension and compression 

𝑐ℎ  bounding-surface model parameter used to control the hardening modulus 

𝑐𝑧  bounding-surface model parameter 

𝑑20  particle size of which 20 % of soil particles are smaller 

𝑑50  median particle size 

𝐷  rate of dilation 

𝐷𝑚𝑖𝑛  maximum rate of dilation 

𝐷  sample diameter 

𝐷1 3⁄   corrected average diameter used in the calculation of deviator stress 

𝑫𝒆  elastic stiffness matrix 

𝑫𝒆𝒑  elastoplastic stiffness matrix 

𝐷𝑚𝑖𝑛  peak measured dilatancy 

𝐷𝑟  relative density 

𝐸  Young’s modulus 

𝐸𝑚  membrane stiffness 

𝑒  void ratio 

𝑒𝑔  reference void ratio for rounded and angular particle shapes 

𝑒𝑐𝑠  critical state void ratio 

𝑒𝑐𝑠(𝑟𝑒𝑓)  reference void ratio at zero mean effective stress 

𝑓  yield function 

𝑓  cycle frequency 
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𝐺  shear stiffness 

𝐺0  small-strain shear modulus 

𝐺𝑢𝑟  shear stiffness measured from unload-reload loops 

𝑔  plastic potential function 

𝑯  non-linear tensorial function used in hypoplasticity constitutive models 

𝐻  specimen height 

𝐻  horizontal load 

𝐻0  plastic hardening parameter intercept used in NorSand 

𝐻𝑡𝑐  plastic hardening parameter for triaxial compression conditions used in NorSand 

𝐻𝜓  plastic hardening parameter gradient used in NorSand 

ℎ0  bounding-surface model parameter used to control the the hardening modulus 

𝐼1, 𝐼2, 𝐼3  first, second, and third ‘fundamental’ stress invariants 

𝐼𝑟  relative density index 

𝐽1, 𝐽2, 𝐽3  first second and third deviatoric stress invariants 

𝐽1
′ , 𝐽2

′   cross dependence parameters 

𝐾  bulk stiffness 

𝐾0  coefficient of earth pressure at rest 

𝑘  empirical constant used in Bolton (1986) flow rule 

𝑘𝑓  central cyclic stiffness 

𝑘𝑙  loading stiffness 

𝑘𝑢  unloading stiffness 

𝐿𝑡𝑡  ‘tip to tip’ or wave path length 

𝑀  critical friction ratio 

𝑀  moment load 

𝑀𝐴𝑉   average moment (in pile / model tests) 

𝑀𝑏  gradient of the bounding surface in bounding surface models 

𝑀𝐶𝑌𝐶  cyclic moment (in pile / model tests) 

𝑀𝑑  gradient of the dilatancy surface in bounding-surface models 

𝑀𝑖  image critical friction ratio 

𝑀𝑖,𝑡𝑐  image critical friction ratio at reference triaxial compression conditions 

𝑀𝑅  reference moment load (in pile / model tests) 

𝑀𝑡𝑐  critical friction ratio in triaxial compression conditions 

𝑀𝜃  Lode angle dependent critical friction ratio 

𝑚  yield surface parameter used in bounding surface models 

𝑚𝑑𝑟𝑦  dry mass of sand used in sample preparation 

𝑛  cycle number 

𝑛  stress state coefficient used in CASM 

𝑛𝑏  model parameter controlling the position of the bounding surface from the CSL 

𝑛𝑑  model parameter controlling the position of the dilatancy surface from the CSL 

𝑁  total number of cycles 
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𝑁  volumetric coupling coefficient 

𝑁𝑓   number of cycles to failure 

𝑁𝐿   number of cycles required to cause liquefaction 

𝑃  vertical force 

𝑝′  (Cambridge) mean effective stress invariant 

𝑝1
′ , 𝑝2

′   net pressure acting across the membrane before and after the volume change 

𝑝𝑐
′   hardening parameter used in CASM 

𝑝𝑖
′  image mean effective stress used in NorSand 

𝑝𝑟𝑒𝑓
′   reference mean effective stress 

𝑞  (Cambridge) deviator stress invariant 

𝑞𝑎𝑣  average deviator stress (static bias used in cyclic triaxial tests) 

𝑞𝑐𝑜𝑟𝑟  deviator stress corrected for membrane resistance and self-weight of the specimen 

𝑞𝑐𝑦𝑐  cyclic deviator stress 

𝑞𝑒  extreme deviator stress during a load cycle 

𝑞𝑚𝑎𝑥  maximum deviator stress 

𝑞𝑟  reversal deviator stress during a load cycle 

𝑞𝑟𝑒𝑓  reference deviator stress 

𝑅𝑢  excess pore pressure ratio 

𝒓  deviatoric stress ratio tensor used in some bounding surface plasticity models 

𝑟  spacing ratio 

𝑆  unit membrane penetration 

𝒔̂  deviatoric stress tensor in matrix form 

𝑠′  (MIT) mean effective stress invariant 

𝑇  cycle period 

𝑡  thickness 

𝑡𝑚  membrane thickness 

𝑢  pore pressure 

𝑉  sample volume 

Δ𝑉𝑚  sample volume change due to membrane penetration 

𝑣  specific volume (1 + 𝑒) 

𝑣𝑠  shear wave velocity 

𝑣𝑝  compression wave velocity 

𝑊  maximum stored energy 

Δ𝑊  energy loss per cycle 

𝑥  radial displacement from on-sample LVDTs 

𝑦  lateral displacement (in pile / model tests) 

𝑧  vertical displacement 

𝑧  bounding-surface fabric internal variable 

𝑧𝑚𝑎𝑥  bounding-surface model parameter 
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GREEK SYMBOLS: 

𝛼  direction of major principal stress 

𝛼  back stress used in the formulation of multi surface constitutive models 

𝛼  curve fitting parameter for estimating pore pressure development in cyclic tests 

𝛾  engineering shear strain 

𝛾′  effective unit weight 

𝛾𝑎𝑣  average shear strain 

𝛾𝑠𝑎 , 𝛾𝑑𝑎  single, double amplitude shear strain 

𝛾𝑝𝑒𝑟𝑚  permanent shear strain 

𝛾𝑡𝑙  linear threshold shear strain 

𝛾𝑡𝑣  volumetric threshold shear strain 

𝜺  (total) strain tensor in Voigt/vector notation 

𝜺𝒆  elastic component of the strain tensor in Voigt/vector notation 

𝜺𝒑  plastic component of the strain tensor in Voigt/vector notation 

𝜺𝒑
𝒑
,  plastic volumetric component of the strain tensor in Voigt/vector notation 

𝜺𝒒
𝒑

  plastic deviatoric component of the strain tensor in Voigt/vector notation 

𝜀  strain 

𝜀1, 𝜀2, 𝜀3  major, intermediate, minor principal strain 

𝜀𝑎  cyclic strain mobilised at 𝜎𝑎𝑣 on reloading during a load cycle 

𝜀𝑏  cyclic strain mobilised at 𝜎𝑎𝑣 on unloading during a load cycle 

𝜀𝑎𝑐𝑐  accumulated residual strain 

𝜀𝑎𝑣  average strain 

𝜀𝑐𝑦𝑐  cyclic strain 

𝜀𝑑𝑎  double amplitude strain 

𝜀𝑒  cyclic strain mobilised at 𝜎𝑒 during a load cycle 

𝜀𝑠𝑎  single amplitude strain 

𝜀𝑚  normalised membrane penetration 

𝜀𝑁  average cyclic strain mobilised during a load cycle 

𝜀𝑝  volumetric strain 

𝜀𝑝  permanent cyclic strain mobilised during a load cycle 

𝜀𝑞  deviatoric strain 

𝜀𝑟  radial strain 

𝜀𝑟  cyclic strain mobilised at 𝜎𝑟 during a load cycle 

𝜀𝑠𝑎  single amplitude cyclic strain 

𝜀𝑧  axial strain 

𝜁  stress exponent used in CSL power law 

𝜁𝑏, 𝜁𝑐  dimensionless cyclic load characterisation parameters 

𝜂  dimensionless ratio of the triaxial stress invariants 𝑝′ and 𝑞 

𝜂𝑚𝑎𝑥  peak stress ratio 

𝜃  pile rotation (in pile / model tests) 
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𝜃  Lode angle 

𝜅  generalised hardening parameter(s) 

𝜅  slope of the swelling/recompression line in 𝑒 − ln 𝑝′ space 

Λ  scalar plastic multiplier 

𝜆  slope of the normal compression line in 𝑒 − ln 𝑝′ space 

𝜆  power function constant used to plot curved critical state lines 

𝜆  wavelength  

𝜇  Poisson’s ratio 

𝜇′  drained Poisson’s ratio 

𝜇𝑢  undrained Poisson’s ratio 

𝜉  energy loss factor 

𝜉  critical state line exponent used in power law 

𝜌  density 

𝜌𝑠  particle density 

𝝈̂  (effective) stress tensor in matrix notation 

𝝈  (effective) stress tensor in Voigt/vector notation 

𝜎  stress 

𝜎0  initial stress 

𝜎1, 𝜎1
′  total, effective major principal stress 

𝜎2, 𝜎2
′   total, effective intermediate principal stress 

𝜎3, 𝜎3
′   total, effective minor principal stress 

𝜎𝑎 , 𝜎𝑎
′   total, effective axial principal stress 

𝜎𝑎𝑣, 𝜎𝑎𝑣
′   average total, effective stress (static bias) 

𝜎𝑐 , 𝜎𝑐
′  total, effective confining stress 

𝜎𝑐𝑒𝑙𝑙
′   effective cell pressure in triaxial tests 

𝜎𝑐,0
′   initial effective confining stress 

𝜎𝑐𝑦𝑐, 𝜎𝑐𝑦𝑐
′   total, effective cyclic deviator stress 

𝜎𝑒  extreme stress 

𝜎ℎ,𝑐
′   effective horizontal consolidation stress 

𝜎𝑛
′   normal effective stress 

𝜎𝑟  reversal stress 

𝜎𝑟, 𝜎𝑟
′  total, effective radial principal stress 

𝜎𝑟,𝑚  membrane correction applied to the radial stress 

𝜎𝑟𝑒𝑓 , 𝜎𝑟𝑒𝑓
′   total, effective reference stress 

𝜎𝑧, 𝜎𝑧
′  total, effective vertical stress 

𝜎𝑧,𝑐
′   effective vertical consolidation stress 

𝜎𝑧,𝑚  membrane correction applied to the vertical stress 

𝜎𝑧,𝑠𝑤
′   effective vertical stress due to the self-weight of the triaxial test specimen 

𝜏  shear stress 

𝜏𝑓  shear stress at failure 
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𝜙′  effective angle of internal shearing resistance 

𝜙𝑚𝑎𝑥
′   peak or maximum effective angle of internal shearing resistance 

𝜙𝐶ℎ
′   characteristic effective angle of internal shearing resistance 

𝜙𝑐𝑣
′   constant volume effective angle of internal shearing resistance 

𝜙𝑓
′   effective angle of internal shearing resistance at failure 

𝜙𝑃𝑇
′   phase transformation effective angle of internal shearing resistance 

𝜙𝑟
′   residual effective angle of internal shearing resistance 

𝜒𝑖   image state-dilation coefficient 

𝜒𝑡𝑐  state dilation coefficient derived from triaxial compression tests 

𝜓  state parameter 

𝜓0  initial state parameter 

𝜓𝐷  angle of dilation 

𝜓(1)
𝐷   angle of dilation calculated according to Eqs. (6-16) and (6-17) 

𝜓(2)
𝐷   angle of dilation calculated according to Eqs. (6-19) and (6-20) 

𝜓𝑖  image state parameter 

𝜓𝑟𝑒𝑓  reference state parameter 
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1. INTRODUCTION 

1.1. BACKGROUND 

The offshore wind energy industry is one of the UK and Europe’s success stories, and has undergone 

rapid growth and development over the past 10 years. This is due to several factors, but is principally 

attributable to both the coordinated domestic policy (e.g. schemes such as the UK Carbon Trust’s 

“Offshore Wind Accelerator”), and increased international pressure to reduce harmful emissions, 

and limit the rise in global temperatures (e.g. the Paris Agreement (United Nations, 2015)). 

Over this time, the offshore wind technology has evolved and advanced to increase efficiency and 

lower costs. This has largely been achievable thanks to improvements in the European supply chain, 

and the continuing trend of building larger capacity (>14MW) turbines, thereby enabling economies 

of scale to be exploited. However, further reductions to the levelized cost of energy continue to be 

realised. For example, estimates suggest that adoption of the new PISA method (Byrne et al., 2015) 

may have the potential to reduce steel requirements for foundations by up to 30 % in some design 

conditions, leading to significant cost savings. 

This research project, which is part of the REMS CDT (Renewable Energy Marine Structures Centre 

for Doctoral Training), therefore aims to further contribute to the advancement of foundation design 

methods used in the offshore renewable energy industry by addressing some of the uncertainties 

associated with predicting the constitutive response of sand at low confining stresses.  

1.2. PROBLEM DEFINITION 

For certain design situations, such as the design of offshore wind turbine foundations, subsea 

pipelines, and slope stability analysis, the response of the shallow, near surface soil deposits often 

has a significant influence on the design. However, published data from experiments undertaken at 

low stresses representative of these design situations are both limited and conflicting. 

Offshore wind turbine (OWT) foundations are also typically subjected to large numbers of low-

amplitude load cycles over their operational lifetime. However, cyclic soil element testing 
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investigations have historically been more focussed on earthquake-related phenomena, with test 

campaigns predominantly being performed on loose specimens subjected to relatively few, high-

amplitude load cycles. The loading characteristics of these experimental programmes are therefore 

unlikely to be representative of the cyclic loads sustained by offshore marine wind energy structures. 

Pertinent questions regarding the constitutive response of shallow soils in these low-stress, low 

cyclic stress amplitude design situations therefore remain unanswered. The aim of this thesis is 

therefore to address this evident gap in the literature, by obtaining high-quality experimental results 

investigating both the monotonic and cyclic behaviour of sand at low stress levels. 

The use of finite element analysis (FEA) has become increasingly important in the design of OWT 

foundations in industry (Burd et al., 2019; Byrne et al., 2019). The results of such analyses depend 

critically on the constitutive models used, and the calibrated model parameters adopted in the 

numerical analyses. However, while there has been significant development in the capability of 

constitutive models over the past few decades, uptake of more sophisticated models in industry has 

been relatively limited. According to Grammatikopolou et al. (2017), this may due to both the limited 

availability of such models within commercial software packages, and difficulties associated with 

deriving model parameters from routine laboratory and field tests. Relatively simple, more robust 

models are therefore typically preferred in practice, though the predictive capabilities of such models 

may be limited for complex loading histories. 

Furthermore, offshore wind farm sites tend to cover large areas, where soil conditions are often 

heterogeneous. As such, it is often necessary to tailor the choice of the constitutive model to best 

meet the requirements of a particular analysis. For example, separate models may be employed to 

model the small strain behavior (relevant for serviceability limit state considerations) and ultimate 

strength behaviour (relevant for ultimate limit state conditions). Similarly, while one model may be 

able to satisfactorily predict monotonic behaviour, the same model may be incapable of capturing 

cyclic loading behaviour. Results of the experimental campaign undertaken in this study will 

therefore provide a useful database that may be used to inform the choice, assessment, and 

development of constitutive models used in practice. 
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1.3. THESIS STRUCTURE 

The structure of this thesis is briefly outlined below: 

Chapter 1 provides some context and the motivation for researching the behaviour of cohesionless 

soils at low confining stresses, and why this may be relevant to the design of offshore renewable 

energy marine structures such as monopiles. 

Chapter 2 presents a review of the literature associated with the behaviour of sands at low confining 

stresses. First, the monotonic, low stress behaviour, as investigated in soil laboratory element testing 

apparatus, is summarised, followed by a review of previous low stress amplitude, high cycle number 

experimental testing campaigns. 

Chapter 3 summarises best practice associated with the laboratory element testing of sand. The 

influences of specimen size, end restraint, and sample reconstitution method on the results of triaxial 

tests are examined, and the various corrections applied to the measured data are discussed. 

Chapter 4 provides a description of the triaxial testing apparatus (stress path and cyclic) and 

instrumentation used in this thesis. The classification and index properties of the test material 

(Leighton Buzzard sand) are then presented, and compared with values published in the literature. 

Testing methods, including sample preparation and testing procedures are then described. Finally, 

the methods used to calculate engineering parameters from the measured test data are summarised. 

Chapter 5 reviews the concepts and terminologies required to describe the behaviour of cohesionless 

soils subjected to both monotonic and dynamic loading. 

Chapter 6 presents the results of 23 drained monotonic stress path triaxial tests, performed to 

investigate the constitutive behaviour of a dense sand at low effective confining stresses. The results 

give additional experimental evidence to help clarify the conflicting behaviours reported in the 

literature, and provide a new database of tests that may be used to aid the development of advanced 

constitutive models, as described in Chapters 8 and 9. 
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Chapter 7 presents the results of 20 undrained cyclic triaxial tests, performed to explore the stress-

strain behaviour and strength characteristics of a dense sand under cyclic loading. The effects of 

stress amplitude and effective confining stress on the development of excess pore water pressure, 

permanent strain and cyclic strain amplitude with number of cycles are investigated. The stiffness 

and damping characteristics are also examined. 

Chapter 8 presents a review of constitutive models and frameworks developed for predicting the 

mechanical behaviour of sand. The current state-of-the-art is summarised, and four promising, state-

dependent constitutive models are selected for the further evaluation presented in Chapter 9. 

Chapter 9 provides an evaluation of four sophisticated constitutive models. The models are evaluated 

in terms of ease of calibration, numerical implementation, and predictive capability. Comparisons of 

single-element model simulations with both monotonic and cyclic experimental data are then 

presented, and their performance is critically assessed. Recommendations associated with scoping 

laboratory test schedules to enable calibration of such models are also provided. 

Chapter 10 summarises the key contributions of this thesis, and provides suggestions for future work 

to refine and extend the research presented herein. 
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2. LITERATURE REVIEW 

2.1. INTRODUCTION 

The purpose of this chapter is to review the literature associated with element testing of sand 

undertaken at low effective stresses. The definition of what constitutes a ‘low’ effective stress is first 

discussed. Low-stress monotonic element testing publications are then reviewed, followed by an 

overview of published cyclic element tests undertaken at similarly low stress levels and their 

applicability to the design of offshore marine energy foundations. 

2.2. BEHAVIOUR OF SANDS AT LOW STRESS LEVELS 

In triaxial testing, the confining stress, 𝜎𝑐, is typically associated with the applied radial pressure, 𝜎𝑟, 

(also sometimes referred to as ‘cell’ pressure). The effective confining stress, 𝜎𝑐
′, is therefore 

calculated as the difference between the cell pressure and pore pressure, 𝑢, such that: 

 𝜎𝑐 = 𝜎𝑟 = 𝜎𝑐𝑒𝑙𝑙;    𝜎𝑐
′ = 𝜎𝑟 − 𝑢 =  𝜎𝑟

′   (2-1) 

In this work, triaxial tests undertaken at ‘low’ confining stresses are arbitrarily taken as tests in which 

the specimen is consolidated (isotropically or anisotropically) to an effective confining stress of 

50 kN/m2 or less prior to shearing, and corresponds to stress levels within approximately 10 m of the 

ground surface. The following sections present a review of previous experimental investigations 

undertaken at low confining stresses published in the literature. 

2.3. PREVIOUS MONOTONIC TESTS AT LOW STRESS LEVELS 

Stroud (1971) investigated the behaviour of Leighton Buzzard sand at low stress levels in the 

Cambridge simple shear device, and found some evidence to suggest that the failure envelope in 

𝑝′ − 𝑞 space (where 𝑝’ and 𝑞 are the triaxial stress invariants defined in Section 4.8.2) may be curved 

rather than straight, resulting in angles of shearing resistance, 𝜙𝑚𝑎𝑥
′  and 𝜙𝑐𝑣

′ , that vary with mean 

effective stress (see Section 5.1.1 for descriptions of 𝜙𝑚𝑎𝑥
′  and 𝜙𝑐𝑣

′ ). 

Ponce & Bell (1971) were some of the first investigators to attempt triaxial testing at low stresses, 

and reportedly achieved cell pressures as low as 1.38 kN/m2. Tests were undertaken on 71 mm 
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diameter, dry pluviated specimens of fairly uniform quartz sand, prepared to relative densities, 𝐷𝑟, 

of 5 % and 94 %. Enlarged, lubricated ends were not used, neither was local strain instrumentation. 

Figure 2.1a shows plots of 𝜙𝑚𝑎𝑥
′  vs. 𝜎𝑐

′ from results of drained triaxial compression tests undertaken 

by Ponce & Bell (1971), and shows that 𝜙𝑚𝑎𝑥
′  increases rapidly once 𝜎𝑐

′ decreases below 20 kN/m2. 

They emphasised the need to re-evaluate several factors often neglected in conventional testing: 

• the resistance contributed by the rubber membrane; and 

• the self-weight of the specimen. 

 

 

 
 (a)    (b)  

Figure 2.1: Relationships between ϕʹmax & σʹc found by (a) Ponce & Bell (1971) in triaxial compression 

tests; and (b) in plane strain (from Tatsuoka, 1987) 

Fukushima & Tatsuoka (1984) also performed carefully controlled drained triaxial compression tests 

on Toyoura sand at low confining stresses (𝜎𝑐
′ = 2.0 to 392 kN/m2). They also emphasized the 

importance of incorporating corrections for both membrane resistance and the self-weight of the 

sample. However, Fukushima & Tatsuoka (1984) observed that the dependency of 𝜙𝑚𝑎𝑥
′  on 𝜎𝑐

′ at 

low stresses was much smaller than that observed by Ponce & Bell (1971), with both 𝜙𝑚𝑎𝑥
′  and the 

volumetric strain response (i.e. dilation) becoming largely independent of 𝜎𝑐
′ below 50 kN/m2. 

Tatsuoka et al. (1986) performed additional drained plane strain tests on Toyoura sand at low 

confining stresses (𝜎𝑐
′ = 5.0 to 392 kN/m2) and observed little variation in the peak friction angle or 

the maximum dilation angle for 𝜎𝑐
′ below 50 kN/m2, as shown in Figure 2.1b. 

Fannin et al. (2005) investigated the shear strength of colluvium material by conducting a series of 

in situ and laboratory direct shear box tests, at vertical effective stresses between 5 to 20 kN/m2. 
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They found 𝜙𝑚𝑎𝑥
′  to range from 54 to 71°, and observed it to be inversely proportional to the 

logarithm of effective stress. Their data matched well with the general trend reported by Leps (1970) 

who undertook triaxial tests on rockfill at higher stresses (40 kN/m2 to 3.5 MN/m2) – see Figure 2.2. 

However, Tatsuoka (1987) cautioned that it may be misleading to assume that both 𝜙𝑚𝑎𝑥
′  and the 

maximum angle of dilation, 𝜓𝑚𝑎𝑥
𝐷 , change in proportion to ln(𝑝′)  in the low stress region, without 

reliable experimental results. 

Sture et al. (1998) and Sture et al. (2004) 

undertook triaxial tests on reconstituted sand 

specimens (𝐷𝑟 = 35 to 85 %) aboard a NASA 

space shuttle, where they were able to achieve 

extremely low confining stresses in the range 

0.05 to 0.5 kN/m2. They observed peak 

friction angles as high as 𝜙𝑚𝑎𝑥
′  = 72±2°; 

together with 𝜓𝑚𝑎𝑥
𝐷  = 30±1°, though it is not 

clear how 𝜓𝑚𝑎𝑥
𝐷  was calculated. 

 

 

 
Figure 2.2: Comparison of ϕʹmax with σʹc (from Fannin 

et al., 2005) 

Lee (2000) undertook plane strain and triaxial compression tests on three sands and found even 

higher dilation angles. For the specimens prepared in loose and dense states, Lee observed 𝜓𝑚𝑎𝑥
𝐷  as 

high as 26° and 39°, respectively, when sheared under a confining stress of 25 kN/m2. However, it 

is not clear how Lee (2000) calculated 𝜓𝑚𝑎𝑥
𝐷 , only stating that “the dilation angle is often obtained 

by measuring the slope angles of the linear portion of the volumetric strain versus axial strain curves 

of drained triaxial test data”. This is inconsistent with conventional definitions typically used to 

determine 𝜓𝐷 (see Section 6.5.3), and may explain the relatively high 𝜓𝑚𝑎𝑥
𝐷  values. 

Figure 2.3 shows results of a study performed by Quinteros et al. (2017), who undertook drained 

triaxial tests on reconstituted specimens of a North Sea sand at low and high effective vertical 

consolidation stresses (10 < 𝜎𝑧,𝑐
′ < 200 kN/m2). The aim was to investigate the effect of small-
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amplitude drained two-way cyclic loading stages, known as “pre-shearing”, prior to monotonic 

shearing, on the strength and stiffness response.  

 

 

 
 (a)    (b)  

Figure 2.3: Results of triaxial tests in terms of the influence of sʹ on (a) ϕʹmax and (b) ψD
max (modified from 

Quinteros et al., 2017) 

Results indicated that pre-shearing did not significantly influence the drained strength or stiffness 

properties of the sand. However, for dense specimens reconstituted to a relative density, 𝐷𝑟, of 88 %, 

𝜙𝑚𝑎𝑥
′  and 𝜓𝑚𝑎𝑥

𝐷  were observed to increase from approximately 𝜙𝑚𝑎𝑥
′  = 46°, 𝜓𝑚𝑎𝑥

𝐷  = 21° at 𝑠’ = 

200 kN/m2, to 𝜙𝑚𝑎𝑥
′  = 52°, 𝜓𝑚𝑎𝑥

𝐷  = 30° at 𝑠’ = 10 kN/m2, where 𝑠′ = 0.5(𝜎𝑧,𝑐
′ + 𝜎ℎ,𝑐

′  ), and 𝜎ℎ,𝑐
′  is 

the effective horizontal consolidation stress. Similar increases in 𝜙𝑚𝑎𝑥
′  and 𝜓𝐷,𝑚𝑎𝑥 were observed 

at lower stresses for the medium dense specimens (𝐷𝑟 = 57 %), as shown in Figure 2.3. 

Previous research on monotonic element tests undertaken at low confining stresses has tended to 

focus on the influence of stress level on mobilised peak shear strengths and dilatory response. 

Investigations into the effect of low confining stresses on the initial stiffness and the shape of the 

whole stress-strain curve appear to be lacking.  

2.4. PREVIOUS CYCLIC TESTING STUDIES 

Historically, cyclic soil element testing has been concerned with earthquake-related phenomena (e.g. 

liquefaction susceptibility analyses). As such, cyclic element tests have typically been conducted 

undrained and on relatively loose specimens. Furthermore, tests tend to adopt large cyclic stress 

amplitudes which lead to failure in a relatively small number of cycles. These types of cyclic tests 

are termed ‘low-cycle’ tests in this thesis. However, offshore wind turbine (OWT) foundations (such 
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as monopiles) are typically subjected to large numbers of low cyclic stress amplitude load cycles 

over their operational lifetime (as detailed in Section 5.2.1). As such, the loading characteristics of 

these ‘low-cycle’ experimental programmes prevalent in the literature are likely to be 

unrepresentative of the types of cyclic loads sustained by marine wind energy structures. The 

following sections therefore focus on published examples of ‘high-cycle’ test programmes 

undertaken on sand, using cyclic loads that are considered more representative of the types of cyclic 

loads experienced by offshore wind energy foundations. 

2.4.1. REALISTIC STORM LOADING 

Figure 2.4, from Richards et al. (2019), shows 

realistic storm loads sustained by an OWT 

foundation, presented within a normalised 

cyclic stress space framework, based on model 

pile experiments performed in a wave tank at the 

Danish Hydraulic Institute (Bredmose et al., 

2016). The loads are presented in terms of 

average and cyclic moment loads, 𝑀𝐴𝑉 and 

𝑀𝐶𝑌𝐶, respectively, normalised by a reference 

moment load, 𝑀𝑅. 

 

 

 Figure 2.4: Typical moment loads sustained by an 

ofshore wind turbine foundation (from Richards et 

al., 2019) 

The dimensionless cyclic loading characterisation parameters 𝜁𝑏 and 𝜁𝑐 , proposed by Leblanc et al. 

(2010) and detailed in Section 7.2.1, are also shown and provide a useful means of quantifying the 

magnitude and type of cyclic loads. Figure 2.4 shows that most of the loading occurs at 𝜁𝑏 < 0.25, 

and is either partial one-way (0 < 𝜁𝑐 < 1) or partial two-way (-1 < 𝜁𝑐 < 0), whereas the larger 

amplitude cycles tend to occur in partially two-way stress space. Although Figure 2.3 is formulated 

in terms of pile load test parameters, the framework may be extended to incorporate results of 

element tests (as described in Chapter 7). 
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2.4.2. PUBLISHED HIGH-CYCLE TEST RESULTS 

Figure 2.5 shows locations in dimensionless cyclic stress space of selected testing programmes found 

in the literature. Results are presented in general stress terms, 𝜎, which correspond to either moment, 

𝑀, or horizontal, 𝐻, loads in pile load test studies, and deviator, 𝑞, or shear, 𝜏, stresses in element 

test publications. It is readily evident from Figure 2.5 that many of the testing programmes occupy 

different spaces in terms of both the magnitude and type (e.g. one- or two-way) of cyclic loading. 

However, it must be noted that the locations of the test studies are strongly influenced by the 

reference stress used to normalise the results (as discussed in Section 7.2.1). 

 

Figure 2.5 Location in cyclic stress space of selected cyclic model and element tests performed on sand 

Albiker et al. (2017) and Bayton et al. (2018) undertook model pile tests at constant 𝜁𝑏 and 𝜁𝑐 values 

at low stress magnitudes which appear to sit within the realistic storm load stress space. Zhu et al. 

(2018) and Truong et al. (2019) modelled pile load tests in a centrifuge covering a wider range of 

stress magnitudes. Truong et al. (2019) also undertook three one-way loading cyclic triaxial tests to 

investigate the potential of using cyclic triaxial tests to estimate a so-called ‘accumulation 

coefficient’, used to predict the rotation of a pile subjected to long-term lateral cyclic loading. 

Peralta (2010) and Peralta & Achmus (2010) undertook laboratory scale (1g) model pile load tests 

in dense to very dense dry sand, with variable load magnitudes, for 10 000 load cycles. The 

accumulated displacements were compared with power and logarithmic function predictions 
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proposed by Long & Vanneste (1994) and Lin & Liao (1999), respectively. It was found that the 

results from flexible piles matched the logarithmic function best while the power function yielded 

closer agreement with the results of rigid pile tests. 

Richards (2019) undertook 1g model pile tests on dry Leighton Buzzard sand (Fraction B), and 

observed that the rotational response for tests undertaken in very loose and dense sands were 

qualitatively similar. This indicated that theoretical models developed for very loose materials (e.g. 

Abadie, 2015) may be extended to the denser materials typically found offshore. Richards et al. 

(2019) also found pile capacities were either maintained or increased following cyclic loading, which 

is at odds with the idea that cyclic loading is always a damaging process. 

However, Richards et al. (2019) note that while model test behaviour is broadly consistent with that 

observed under unidirectional cyclic loading at large field scale (Beuckelaers, 2017), the 

uncertainties associated with scaling 1g model tests means that results should not be applied directly 

to full scale design. Furthermore, the model pile load tests were performed in clean, dry sand and 

therefore behave fully drained. Peralta et al. (2017) showed that while this may be appropriate for 

modelling the response of smaller diameter piles, this may not be representative of full scale, large 

diameter piles which were found to exhibit partially drained to fully undrained behaviour, 

particularly where cohesive soil layers adjacent to sand layers were present. 

Undrained cyclic element tests, undertaken with realistic cyclic load characteristics may therefore 

provide further insight into the behaviour of large diameter offshore wind turbine foundations 

subjected to long-term lateral loading. Results of such tests would also provide a more practical 

means of calibrating constitutive models used in routine design. However, while several high-cycle 

pile load test publications exist, similar high-cycle cyclic element test programmes are more limited. 

Wichtmann & Triantafyllidis (2016) present results of 41 undrained cyclic triaxial tests undertaken 

on Karlsruhe fine sand. However, despite a variety of initial conditions and load characteristics being 

investigated, many of the test points shown in Figure 2.5 are located at relatively high 𝜁𝑏 values that 

may be unrepresentative of realistic storm conditions. Nevertheless, the database of tests, that also 
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includes oedometer, and monotonic triaxial tests, represents a valuable resource to aid the 

development, calibration, and verification of constitutive models capable of capturing the salient 

features of undrained cyclic loading. The study also highlights the inability of certain models to 

capture some of the features observed in the cyclic triaxial tests, e.g. no butterfly-shaped effective 

stress loops for isotropically consolidated tests. 

The cyclic contour diagram framework (Andersen et al., 1988) is considered by some to represent a 

convenient means of predicting cyclic soil behaviour, and are often used in the front-end engineering 

design (FEED) stage of commercial offshore design projects. The diagrams also provide a means of 

estimating behaviour (for sites with similar soil conditions) when limited cyclic data are available, 

or in the planning stage of a cyclic laboratory test programme. However, published examples of 

cyclic contour diagrams developed for sand is limited (Andersen & Berre, 1999; Blaker & Andersen, 

2019). 

Nielsen et al. (2012) undertook a test programme of 17 undrained cyclic triaxial tests on dense 

Frederikshavn sand to simulate in situ conditions offshore, where relative densities are typically high. 

The aim was also to develop design (cyclic contour) diagrams, to estimate the undrained cyclic 

bearing capacity of Frederikshavn sand for arbitrary stress levels and cyclic loading conditions. 

Nielsen et al. (2012) found that the cyclic response was dependent on the stress path and in situ 

conditions; initial pore pressure, stress state and the combination of average and cyclic shear stresses. 

However, relatively high cyclic stress amplitudes were utilised, meaning that the tests are generally 

located outside the realistic storm loading zone in cyclic stress space shown in Figure 2.5. 

2.5. SUMMARY AND CONCLUSIONS 

Technical difficulties have long deterred investigators from attempting to capture the behavioural 

response of granular soils at low confining stresses. There are therefore relatively few examples of 

high-quality, experimental data available in the literature. Furthermore, there appear to be conflicting 

results with respect to the behaviour of granular media when sheared at low confining stresses. 

Furthermore, much of the research investigating the influence of low confining stresses has focused 
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on the response in terms of mobilised peak shear strength and dilation angles. Investigations in to 

the effect of (low) stress level on the initial stiffness and the shape of the stress-strain curve also 

appear to be lacking.  

Additional experimental testing utilising advanced, modern apparatus and techniques is therefore 

required to provide the experimental evidence to clarify the conflicting results published to date, and 

give further insight into the effect of low confining stress on the whole stress-strain response. 

Cyclic element testing has historically been focussed on investigating the response of soil subjected 

to a relatively small number of high amplitude cyclic loads. Such tests are considered 

unrepresentative of the type and number of load cycles experienced by OWT foundations. While 

multiple laboratory scale tests investigating the performance of model piles subjected to long term 

cyclic loading at realistic stress magnitudes exist, examples of high-cycle, low stress amplitude 

cyclic element test databases are more limited.  

A high-cycle cyclic element test database, undertaken with cyclic load characteristics comparable to 

realistic storm loads experienced by OWT foundations, is therefore required to enable more 

representative comparisons with 1g model pile test results. Furthermore, simulation of cyclic soil 

response at single element level is also an important component of constitutive model development. 

A new database of high-cycle cyclic element tests, undertaken at low stress amplitudes comparable 

to OWT loading conditions, will therefore also provide a useful tool for determining the ability of 

certain constitutive models to capture the important aspects of high-cycle, low amplitude loading. 
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3. LABORATORY TESTING OF SAND – BEST 

PRACTICE 

3.1. INTRODUCTION 

The purpose of this chapter is to review current best practices associated with the laboratory testing 

of sands, and also to investigate the factors most likely to influence the quality of results. 

3.2. SPECIMEN SIZE 

The sample size needs to be large enough to ensure that it contains a representative distribution of 

the particle sizes that are in the ground. To satisfy the concept of representative elementary volume, 

Holtz & Gibbs (1956) recommended that test specimens should be six to ten times larger than the 

size of the largest particle. Under this condition, it is assumed that the physical and mechanical 

properties of the element are essentially independent of the specimen size. However, larger samples 

are generally preferred when testing sand, as measurement inaccuracies (e.g. sample height, 

diameter) have less of an impact on the calculated initial voids ratio and density (Lade, 2016). 

Furthermore, when performing advanced triaxial tests with on-sample instrumentation, there is a 

lack of space available for attaching the instruments to specimens smaller than 70 mm diameter. 

Figure 3.1 presents the influence of sample size on the results of experimental tests undertaken by 

several researchers, and shows that the relatively few published data tend to contradict each other. 

Scott (1987) performed drained triaxial compression tests on 38 mm and 100 mm diameter 

specimens of dense fine Leighton Buzzard sand. Results are presented in Figure 3.1a, and show the 

100 mm specimens to develop higher peak strengths and initial shear stiffnesses. However, the 

100 mm specimens mobilised lower post-peak shear strengths than the smaller specimens. 

Figure 3.1b shows results of triaxial tests performed by Jefferies et al. (1990) on 36, 75, 154 and 

289 mm diameter samples of Ticino sand. They noted three clear scale effects – initial modulus, 

volumetric strain at a given axial strain and post-peak brittleness. Unlike Scott’s data which showed 

larger samples mobilising increased shear stiffnesses, Jefferies et al. (1990) observed the opposite 

effect, i.e. a reduction in stiffness with sample size. 
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 (a)    (b)  

 

 

 

 (c)    (d)  

Figure 3.1: Influence of specimen size effects on the stress strain response of (a) fine Leighton Buzzard 

sand (Scott, 1987), (b) Ticino sand (Jefferies et al., 1990), (c) Loire River sand (Hu et al., 2011), and (d) 

Ottawa sand (Omar & Sadrekarimi, 2015) 

Hu et al. (2011) performed a set of drained triaxial compression tests on 100, 500 and 1000 mm 

diameter specimens of Loire River sand (Figure 3.1c), and found that while the pre-peak behaviour 

was not affected, post-peak shearing mobilised smaller friction angles in the larger specimens. 

Omar & Sadrekarimi (2015) undertook a comprehensive programme of isotropically consolidated 

triaxial compression tests on very loose 38, 50 and 70 mm diameter specimens of Ottawa sand. They 

observed that the larger specimens tended to be less compressible during isotropic consolidation than 

the smaller specimens. During shear, they found that the smaller specimens exhibited steeper critical 

state lines (indicative of their higher compressibility), and mobilised larger shear strengths, at both 

peak deviator stress and at large strains (Figure 3.1d). They concluded that the influence of sample 

size on the behavioural response of sands is therefore very important. To reduce specimen size 

effects, they recommended that the largest possible test specimens be used in triaxial testing. 
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Although there is little agreement in the test data of the above authors, most researchers tend to agree 

that it is generally better to test samples as large as is practicable. Large specimens tend to show less 

variability in terms of unit weights, modulus values, shear strength parameters and permeability 

(Lade, 2016). 100 mm diameter specimens are therefore preferred for the current study, as the larger 

apparatus required to perform tests on larger-diameter specimens becomes significantly more 

expensive. Such apparatus also require additional equipment for safe lifting of the triaxial cells. 

3.3. INFLUENCE OF END RESTRAINT 

For a laboratory test to be considered a true element test, the material properties measured must be 

virtually independent of both the dimensions of the test specimen and the test boundary conditions. 

Rough porous stones are often used in routine triaxial testing; however, it has long been recognised 

(Taylor, 1941) that such a boundary condition results in significant end restraint, leading to the 

formation of “dead zones” adjacent to the platens (Rowe & Barden, 1964), and the development of 

non-uniform stresses and strains in the sample. To minimise the effects of end restraint and stress 

non-uniformity, enlarged lubricated end platens should be used (Rowe & Barden, 1964). 

3.3.1. ENLARGED LUBRICATED END PLATENS 

The effects of end restraint can be considerably reduced by using enlarged lubricated end platens 

(Rowe & Barden, 1964; Bishop & Green, 1965). A typical lubricated end set-up is shown in Figure 

3.2a, with systems typically involving an enlarged base pedestal and top cap with a small porous 

stone insert to allow drainage. 

 

 

 
 (a)    (b)  

Figure 3.2: (a) Typical enlarged lubricated end configuration (from Omar & Sadrekarimi, 2014), and (b) 

influence of end restraint on stress-strain response (from Raju et al., 1972) 
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Lubricated ends typically consist of one or two latex rubber discs, separated by a thin (c. 50 μm) 

layer of high-vacuum silicone grease. The latex discs are cut to the required specimen diameter with 

a hole cut to the size of the porous stone to allow drainage. An additional layer of high-vacuum 

silicone grease is also applied to the polished stainless steel end platens to provide a smooth and 

almost frictionless interface between the latex disc and the platen. 

When subjected to compression, triaxial specimens with lubricated, or ‘free’ ends, have been shown 

to maintain an approximately cylindrical shape rather than barrelling, even at large strains, resulting 

in more uniform stress and strain distributions (Kirkpatrick et al., 1974), enabling cross-sectional 

area corrections to be made with greater accuracy. Figure 3.2b shows results of triaxial tests 

undertaken by Raju et al. (1972) for triaxial specimens with lubricated and conventional ends, and 

with different H:D ratios, indicating the influence of lubricated ends on the stress-strain response. 

Tatsuoka & Haibara (1985) investigated whether ‘frictionless’ ends could be obtained using just 

smooth end platens as opposed to a grease and latex disc configuration. The shear resistance between 

Toyoura sand and hard smooth surfaces of either Teflon, glass or polished stainless steel were tested 

and compared against a latex disc/grease setup. It was found that the smooth hard surfaces yielded 

similar results to each other; however, the lubrication method by means of a thin latex rubber 

membrane and a silicone grease layer was found to be much more effective in producing 

‘frictionless’ ends. Furthermore, sand particles were found to indent themselves easily into the 

Teflon sheet under pressure, leading to an increase in shear resistance at the interface. 

Rowe and others (Rowe & Barden, 1964; Bishop & Green, 1965; Roy & Lo, 1971) showed that a 

grease-coated rubber system could all but eliminate end restraint effects, thus making testing on 

shorter, 1:1 height to diameter ratios possible. Another advantage is that the likelihood of shear 

planes developing prematurely though weaker parts of the specimen is reduced. 

Kuwano & Jardine (2002a) undertook a series of undrained triaxial compression tests on Ham River 

sand to ascertain the optimum lubricated end arrangement. They found that the best results were 

obtained using two membranes (each 0.3 mm thick) with high-vacuum silicone grease. Standard 
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silicone grease was found to be insufficiently viscous and tended to ‘squeeze out’ during testing. A 

single 0.5 mm thick membrane was also found to provide similar results when used in some later 

tests. The thickness of the optimum end lubrication configuration was found to be 2.5 times the mean 

particle size, which was similar to the optimum arrangement suggested by Tatsuoka et al. (1984). 

However, in addition to the extra difficulties associated with test set-up, several authors (Lee, 1978; 

Sarsby et al., 1980; Baldi et al., 1988; Kuwano & Jardine 2002a) have highlighted the fact that 

lubricated end platens introduce additional system compliance and bedding deformations, leading to 

errors in external measurements of volume change which must be accounted for. 

3.4. LOCAL STRAIN INSTRUMENTATION 

Conventional procedures for measuring sample 

deformations in routine triaxial testing are based 

on global measurements, made via transducers 

located external to the cell. However, it has been 

shown by several authors (Jardine et al., 1984; 

Tatsuoka, 1988) that this practice introduces 

significant errors (see Figure 3.3), and does not 

allow for sufficiently accurate determinations of 

sample deformation at small strains (i.e. at axial 

strains, 𝜀𝑧 < 10-4). These inaccuracies can be 

mitigated by using local strain instrumentation.  

 

 
 
Figure 3.3: Sources of error in external strain 

measurements (from Jardine et al., 1984) 

Several researchers have proposed devices for measuring local axial strains: 

• Electrolytic liquid levels (Jardine et al., 1984; Ackerley et al., 1987); 

• Hall effect strain transducers (Clayton & Khatrush, 1986; Clayton et al., 1989); 

• Local deformation transducers, LDTs (Tatsuoka et al., 1990; Goto et al., 1991). 

However, locally attached LVDTs (linear variable differential transformers), developed by Brown 

and his colleagues at the University of Nottingham (Brown & Snaith, 1974; Boyce & Brown, 1977; 
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Brown et al., 1980) have been found to offer a robust, reliable and highly accurate solution and are 

generally the preferred option in research and commercial soils testing laboratories in the UK today. 

Similarly, local radial strains can be measured by placing displacement transducers into one or more 

horizontally-oriented callipers, secured to the specimen by two diametrically opposite mounting pads 

(Bishop & Henkel, 1962; El-Ruwayih, 1976). Alternative techniques such as proximity transducers 

(Hight et al., 1983; Hird & Yung, 1989) have also been developed. More recently, Ackerley et al. 

(2016) proposed a new LVDT system in which a calliper belt is no longer required, thereby 

overcoming many of the problems associated with such a device (i.e. weight, lack of range, etc.). 

3.5. BENDER ELEMENTS 

Schultheiss (1981) was the first to install bender elements 

in triaxial (and oedometer) cells, to estimate the small 

strain shear modulus, 𝐺0. They consist of two 

piezoceramic plates, rigidly bonded together. The 

application of a voltage induces elongation in one of the 

plates, while the other is compressed (Ishihara, 1996). This 

results in a bending displacement that generates a shear 

wave that propagates through the sample. 

 

 
 

Figure 3.4: Multidirectional shear wave 

measurement (from Kuwano et al., 2000) 

The elements are placed opposite each other, with one acting as a transmitter. When the shear wave 

reaches the opposite plate, it is deformed by soil movement, inducing a voltage. By measuring the 

time taken for the shear wave to traverse the distance between the two elements, it is possible to 

estimate the shear wave velocity and thus a value of the elastic shear modulus, 𝐺0, from: 

 𝐺0 = 𝜌𝑣𝑠
2 (3-1) 

   

where 𝜌 is the material’s bulk density, and 𝑣𝑠 is the shear wave velocity. 

Leong et al. (2005) and Clayton (2011) provide a good commentary on the state-of-the-art of using 

bender elements in geotechnical engineering, emphasising the following key factors: 
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• Bender element characteristics: y-poled, parallel-wired elements are more suited to transmitter 

elements, while x-poled, series-wired elements are more suited to receiver elements; 

• Waveform: Sinusoidal waveforms are preferred as square waveforms may lead to greater 

ambiguity when attempting to determine arrival times; 

• Applied voltage: The magnitude of the voltage applied to the transmitter element does not 

affect the shape or appearance of the receiver signal; however, it does increase the signal to 

noise ratio (SNR) of the receiver signal. The SNR may therefore be improved by increasing 

the voltage applied to the transmitter element with a power amplifier, and/or adopting parallel 

and series connections for the transmitter and receiver elements, respectively; 

• Frequency: Near-field effects are quantified in terms of the ratio of the wave path length, 𝐿𝑡𝑡, 

to the wavelength, 𝜆, and affect the shape of the received signal, leading to uncertainty when 

determining the first arrival of the shear wave. High frequency, sinusoidal pulses are therefore 

recommended, such that 𝐿𝑡𝑡 𝜆⁄ ≥ 3.33, as this helps to ensure separation of near field coupled 

compression and shear waves. 

The use of bender elements in a conventional triaxial test typically incorporates one pair of vertically 

aligned bender elements. However, granular soils have been shown to exhibit cross-anisotropic 

properties. Installing two additional pairs of horizontal bender elements (see Figure 3.4) enables 

estimates of the anisotropy of the material to be made (Kuwano & Jardine, 2002b). However, while 

bender element tests are generally quick and easy to perform, Alvarado & Coop (2011) caution that 

their interpretation is not straightforward, with several methods available. 

3.6. CORRECTIONS 

Triaxial testing involves procedures and measurements with many sources of error. It may therefore 

be necessary to apply corrections to all measured quantities, unless measures (such as the use of local 

strain instrumentation) are taken to avoid the experimental problems that require corrections. The 

following sections review the various corrections that have been proposed in the literature. 

3.6.1. MEMBRANE RESISTANCE 

Lade (2016) provides a comprehensive review of the various expressions proposed by researchers 

for corrections to the stresses acting on a triaxial specimen due to the rubber membrane (e.g. Duncan 

& Seed, 1967; Fukushima & Tatsuoka, 1984; Henkel & Gilbert, 1952). Ponce & Bell (1971) 
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emphasised the importance of correcting for membrane resistance when testing at low stresses, and 

gave the following equations for the axial and radial membrane corrections: 

 𝜎𝑧(𝑐𝑜𝑟𝑟) = 𝜎𝑧 + 𝜎𝑧,𝑚; and  𝜎𝑟(𝑐𝑜𝑟𝑟) = 𝜎𝑟 + 𝜎𝑟,𝑚 (3-2) 
   

 𝜎𝑧,𝑚 = − [
2

3
𝐸𝑚 (1 + 2𝜀𝑧 − √

1 − 𝜀𝑝

1 − 𝜀𝑧
) + 𝜎𝑟]

4𝑡𝑚,0
𝐷0(1 − 𝜀𝑝)

 (3-3) 

   

 𝜎𝑟,𝑚 = − [
2

3
𝐸𝑚 (2 + 2𝜀𝑧 − 2(√

1 − 𝜀𝑝

1 − 𝜀𝑧
)) + 𝜎𝑟]

2𝑡𝑚,0
𝐷0(1 − 𝜀𝑝)

 (3-4) 

where:   

𝜎𝑧,𝑚 = membrane correction to be applied to the vertical stress 

𝜎𝑟,𝑚 = membrane correction to be applied to the radial stress 

𝜀𝑧 = vertical strain 

𝜀𝑝 = volumetric strain 

𝐸𝑚 = modulus of elasticity of the rubber membrane 

𝑡𝑚,0 = initial thickness of the rubber membrane 

 𝐷0 = initial diameter of the specimen 
   

3.6.2. VOLUME CHANGE DUE TO MEMBRANE PENETRATION 

Penetration of the rubber membrane enclosing the 

triaxial specimen into the voids between the 

particles in granular soils causes spurious volume 

changes in tests with changing effective confining 

stresses (Lade, 2016), as illustrated in Figure 3.5. 

Predicting the magnitude of membrane penetration 

and the factors that influence it has been 

extensively researched over the years. 

 

 
 

Figure 3.5: Membrane penetration effect in 

granular soils (from Head & Epps, 2014) 

Nicholson et al. (1993) and Ali et al. (1995) provide reviews of previous membrane compliance 

evaluation methods. To summarise, membrane compliance evaluation methods have typically been 

investigated either experimentally (e.g. Frydman et al., 1973; Newland & Allely, 1957, 1959; Roscoe 

et al., 1963; Vaid & Negussey, 1984a), or theoretically (e.g. Baldi & Nova, 1984; Kramer et al., 

1990; Molenkamp & Luger, 1981). The concepts of unit membrane compliance and normalised 

membrane penetration proposed by Frydman et al. (1973) represent an important contribution, and 
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it is now well established that there is an essentially linear relationship between the membrane-

induced volume change and applied effective stress when plotted on a semi-logarithmic scale. 

Nicholson et al. (1993) also investigated the factors that influence membrane compliance effects 

during undrained triaxial tests. In agreement with previous investigations, they concluded that soil 

grain size, specimen geometry, specimen density and the range of applied effective confining stresses 

were the most significant contributing factors. They found that the following factors were observed 

to have only minor effects on membrane compliance: 

• sample particle angularity; 

• sample fabric or method of preparation; 

• sample density;  

• membrane thickness or stiffness (within reasonable limits depending on relative ratio of 

particle size to membrane thickness). 

Regarding sample density, concurring with several other previous studies, they found only minor 

effects on membrane compliance; however, they cautioned that membrane penetration may become 

more significant for very loose or very dense soils. Regarding particle size, they found that 

membrane compliance effects may be negligible for fine sands and silts tested in conventional 

71 mm diameter samples, as even when very thin membranes are used, they cannot penetrate 

significantly into the small surficial voids. However, medium to coarse sands and gravels are likely 

to have significant membrane compliance effects. 

Contrary to the work of some researchers (e.g. Molenkamp & Luger, 1981; Baldi & Nova, 1984), 

who derived analytical formulas for unit membrane penetration as a function of both membrane 

thickness and stiffness, Nicholson et al. (1993) found that using different thicknesses and numbers 

of membranes had little or no influence on unit membrane compliance. They also found that while 

previous researchers had consistently correlated membrane compliance magnitudes with median 

particle size, 𝑑50, their results showed that for non-uniformly graded soils, an improved correlation 

could be achieved if correlated against the smaller particle size, 𝑑20. 
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However, according to Jefferies & Been (2015), 

for all practical purposes, the membrane 

penetration can be quantified in terms of the 

normalised membrane penetration, 𝜀𝑚. Values of 

𝜀𝑚 may be determined from Figure 3.6. The 

volume change associated with membrane 

penetration can then be calculated for a given 

sample area and change in net pressure from: 

 

 
 

Figure 3.6: Normalized membrane penetration 

coefficient as a function of median grain size (from 

Jefferies & Been, 2015) 

 

 𝜀𝑚 =
Δ𝑉𝑚

𝐴𝑚 log(𝑝1
′ 𝑝2

′⁄ )
 (3-5) 

where:   

Δ𝑉𝑚 = sample volume change due to membrane penetration 

𝐴𝑚 = sample area covered by the membrane 

𝑝1
′ , 𝑝2

′  = net pressure acting across the membrane before and after the volume change 
   

3.6.3. VOLUME CHANGE DUE TO BEDDING ERRORS 

The externally measured vertical deformation is influenced by the bedding errors associated with 

lubricated ends (Sarsby et al., 1980). Vertical deformation may be measured error-free by using local 

strain measurement devices (see Section 3.4) However, the high resolution of these components 

means that they are only able to operate over a limited displacement range (±5 mm is common). 

Corrected global measurements are thus still important when considering behaviour at large strains. 

Molenkamp & Tatsuoka (1983) analysed the bedding errors in terms of dimensionless quantities, 

and divided them into reversible and irreversible components: 

Reversible: 
Δα

𝑑50
= (0.68 + 0.51 exp (−2

𝑡

𝑑50
)) (

𝜎𝑛
𝐸𝑚
)
2 3⁄

 (3-6) 

   

Irreversible: 
ΔBE
𝑑50

= (0.221 (
𝑡

𝑑50
)
0.3

− 0.126 (
𝑡

𝑑50
)
0.25

) log (
𝜎𝑛
𝐸𝑚
) + 𝑓 (

𝑡

𝑑50
) (3-7) 

where:   

Δ𝛼 = conventional membrane penetration 

𝑡 𝑑50⁄  = ratio of thickness of latex rubber disc, 𝑡, and mean grain size, 𝑑50 

𝜎𝑛/ 𝐸𝑚 = ratio of normal stress, 𝜎𝑛, and Young’s modulus of latex rubber, 𝐸𝑚 

Δ𝐵𝐸/ 𝑑50 = ratio of bedding error, 𝛥𝐵𝐸, and mean grain size, 𝑑50 
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3.6.4. AREA CORRECTION FOR SPECIMEN DEFORMATION 

The vertical stress in a triaxial specimen is computed by dividing the force measured in the load cell 

by the cross-sectional area at the mid-height of the specimen. It is conventionally assumed that a 

triaxial specimen deforms as a right cylinder during triaxial compression (La Rochelle et al., 1988), 

with constant diameter over its full height, where: 

 𝐴𝑐𝑜𝑟𝑟 = 𝐴𝑓,𝑐
(1 − 𝜀𝑝)

(1 − 𝜀𝑧)
 (3-8) 

where:   

𝐴𝑐𝑜𝑟𝑟 = corrected cross-sectional area of the specimen 

𝐴𝑓,𝑐   = cross-sectional area of the specimen at end of consolidation/creep stage 
   

BS 1377-8 (BSI, 1990) and ASTM D4767 (ASTM, 2011) recommend this approach when analysing 

triaxial compression test data. However, end restraint at the platens can cause bulging, or barrelling 

at the mid-height of the specimen at large compressive axial strains, resulting in non-uniform 

vertical, lateral, and volumetric strain (and stress) distributions inside the sample. This bulging leads 

to errors when calculating the deviator stress, and subsequent estimates of the material’s shear 

strength parameters. The deformed shape may be better approximated as a parabola, where the cross 

sectional area at the mid-height of the specimen can be estimated from (Omar & Sadrekarimi, 2014): 

 𝐴𝑐𝑜𝑟𝑟 = [−0.25 + 
√(25 − 20𝜀𝑧 − 5𝜀𝑧

2)

4(1 − 𝜀𝑧)
]

2

 (3-9) 

   

In this work, the area correction described by Zhang & Garga (1997) is adopted. They measured the 

deformation profile of sand specimens during triaxial compression tests utilising lubricated ends 

(section 3.3.1). They also assumed the soil specimen to deform as a parabola; however, their area 

correction is based on the average specimen diameter over the middle third, which may be measured 

with good accuracy from local radial strain instrumentation: 

 𝐷𝑚𝑎𝑥 =
𝐷0
4
[(
30(1 − 𝜀𝑝)

(1 − 𝜀𝑧)
− 5)

1 2⁄

− 1] (3-10) 

   

 𝐷1 3⁄ = 𝐷𝑚𝑎𝑥 −
1

12
(𝐷𝑚𝑎𝑥 − 𝐷0) (3-11) 

where:   

𝐷𝑚𝑎𝑥 = maximum diameter assumed to mobilise at the mid-height of the specimen 

𝐷1 3⁄  = corrected average diameter used in the calculation of deviator stress 
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3.6.5. SELF-WEIGHT OF THE SPECIMEN 

The vertical stresses due to the weight of the specimen, 𝜎𝑧,𝑠𝑤
′ , may be a significant contribution to 

the stresses inducing failure when testing at low confining stress (Ponce & Bell, 1971), where: 

 𝜎𝑧,𝑠𝑤
′ = 𝑧𝛾′ (3-12) 

where:   

𝑧 = the depth from the top of the specimen to a given level (i.e. mid-height) 

𝛾′ = effective unit weight of the specimen material 
   

3.7. SAMPLE RECONSTITUTION TECHNIQUES 

Due to the difficulty and relative expense associated with obtaining high-quality, ‘undisturbed’ 

samples of sand, performing laboratory tests on reconstituted specimens from disturbed samples has 

become standard practice. The effect of sample preparation on a material’s fabric and stress-strain 

behaviour has been the subject of much research for many years (Been et al., 1991; Høeg et al., 

2000; Ladd, 1977; Vaid et al., 1999). 

The main aim in preparing test samples for laboratory testing is to produce a reconstituted specimen 

that reflects the in situ properties of the material (Rad & Tumay, 1987). According to Oda et al. 

(1978), the anisotropic orientation of particles in naturally deposited sands may be simulated by 

adopting a suitable method in the laboratory. However, some researchers (Jefferies & Been, 2015) 

question whether samples prepared in laboratories are able to accurately mimic the fabric and 

anisotropies developed in often turbulent depositional environments. 

While there are several widely accepted sample preparation methods for sands, no industry standard 

method has been established to date. This has led to research and commercial testing laboratories 

developing their own methods, resulting in differences in preparation detail between institutions. 

This can lead to problems as different methods create different fabrics and anisotropies within the 

sample, influencing the mechanical response of the specimen under loading (Been et al., 1991). 

3.7.1. MOIST TAMPING AND LADD’S UNDERCOMPACTION METHOD 

The moist tamping method consists of measuring five or six equal portions of pre-weighed, oven-

dried sand, that are then mixed with de-aired water to a target water content of approximately 5 %. 
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Each portion of the slightly moist sand is then deposited into a sample former and compacted, or 

‘tamped’ to a predetermined height in five to six equal lifts. 

Ladd (1978) modified this method, calling it the “undercompaction” technique, in an attempt to 

minimise the shortcomings associated with the traditional moist tamping technique and wet 

pluviation methods (i.e. segregation of fines and sample non-uniformities). Ladd’s method differs in 

that each layer is typically compacted to a lower density than the final desired value; however, as 

each successive layer is deposited and compacted, additional densification occurs in the underlying 

sand, leading to better homogeneity across the sample. Table 3.1 summarises the key advantages and 

disadvantages associated with moist tamping methods. 

Table 3.1: Advantages and disadvantages associated with moist tamping techniques 

Moist tamping techniques 

Advantages Disadvantages 

• Able to produce specimens encompassing a wide 

range of relative densities (i.e. from very loose to 

very dense); 

• Quick and (relatively) easy to prepare a sample; 

• Capillary forces give the specimen strength, 

enabling it to stand unsupported on triaxial base 

pedestals (i.e. split mould sample formers and 

vacuum lines are not required). 

• Compactive effort required to obtain very dense 

samples may crush sand particles; 

• Non-uniform density throughout specimen 

(lower layers become more densified than upper 

layers); 

- Ladd’s undercompaction method largely 

rectifies this issue; 

• Unnatural soil fabric created; 

• Creates a ‘honeycomb’ type structure, 
susceptible to collapse. 

• Specimens are not fully saturated. 

3.7.2. DRY PLUVIATION 

The dry pluviation technique is a common and reliable technique used to obtain uniform specimens 

in clean sands. The technique may be considered analogous to the natural deposition of wind-blown 

Aeolian deposits, which generally consist of either well-sorted sand or silt (Kuerbis & Vaid, 1988). 

A wide range of relative densities can be achieved (𝐷𝑟  ≈ 30 to 70 %) by controlling the drop height 

and pouring rate; however, careful control of the drop height is required to obtain uniform samples. 

Rad & Tumay (1987) give a detailed assessment of the technique and the factors which affect the 

final density. The technique requires more sophisticated equipment than the moist tamping or wet 

pluviation method, and thus a number variants of the method have been developed (e.g. Bishop & 

Henkel, 1962; Tatsuoka et al., 1986). Conflicting views on the effects of drop height on the relative 
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density of samples prepared by air pluviation techniques have been proposed (Miura & Toki, 1982; 

Tatsuoka et al., 1982). Vaid & Negussey (1984) study the topic in detail, and provide theoretical and 

experimental evidence supporting the idea that the density of air pluviated samples is highly 

dependent on the drop height. Table 3.2 summarises the key advantages and disadvantages 

associated with dry pluviation method. 

Table 3.2: Advantages and disadvantages associated with the dry pluviation technique 

Dry pluviation techniques 

Advantages Disadvantages 

• Able to prepare uniform specimens in clean 

sands (if drop height is carefully controlled); 

• Sample preparation is very quick. 

• Very loose and loose specimens difficult to 

achieve; 

• Sophisticated equipment is required to ensure 

constant drop height, volume flow rate etc. 

• Unsuitable for sand containing plastic fines 

• Oven drying process can coagulate the fines, 

leading to non-uniformities within the specimen; 

• Specimens require subsequent saturation. 

 

3.7.3. WET PLUVIATION (WATER SEDIMENTATION) 

The wet pluviation method is attractive, as the technique may be considered analogous to the 

underwater depositional processes that occur in natural seabed or river environments. Some 

researchers have therefore suggested that samples prepared using this technique may have similar 

fabrics and anisotropy to natural sands found in situ (Oda et al., 1978; Vaid et al., 1999). Ghionna 

& Porcino (2006) tested this theory, and found that wet pluviated samples were able to capture the 

behaviour exhibited by undisturbed frozen samples. They concluded that such samples closely 

replicate the in situ fabric of marine deposits, and allow the substitution of expensive undisturbed 

samples with their reconstituted counterparts. 

There are several variations in the methodologies proposed by researchers and testing laboratories 

(e.g. Bishop & Henkel, 1962; Ishihara, 1993; Vaid & Negussey, 1988). The wet pluviation method 

may produce samples of relatively loose densities (𝐷𝑟 ≈ 30 %). However, higher relative density 

specimens can also be achieved with additional vibratory effort. 

Kuerbis & Vaid (1988) and Ladd (1978) suggest that the method is less suitable for well graded or 

silty sands, as segregation of particles can occur during pluviation which may lead to non-uniform 
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specimens. Jefferies & Been (2015) also state that the wet pluviation technique often results in an 

approximate loss of fines of about 50 %. Accounting for this fines loss should therefore be 

considered when performing the target density and dry mass calculations. Table 3.3 summarises the 

key advantages and disadvantages associated with wet pluviation method. 

Table 3.3: Advantages and disadvantages associated with the wet pluviation technique 

Wet pluviation techniques 

Advantages Disadvantages 

• Able to prepare uniform specimens in clean 

sands; 

• Able to prepare specimens covering a wide 

spectrum of relative densities (𝐷𝑟  = 40 – 90 %); 

• May be considered analogous to underwater 

depositional process; 

• Specimens are prepared with a high initial 

degree of saturation. 

• Very loose specimens (𝐷𝑟  < 40 %) difficult to 

achieve; 

• Longer preparation time than other methods; 

• Loss and segregation of fines can occur during 

pluviation; 

• Loose zone can develop at the top surface if left 

unconfined during densification. 

 

3.7.4. SLURRY DEPOSITION 

Kuerbis & Vaid (1988), and more recently Carraro & Prezzi (2008) proposed a new sample 

preparation technique in an attempt to overcome some of the problems associated with the methods 

described above – particularly the problem of particle segregation in poorly graded or silty sand 

samples. The method may be considered analogous to sands deposited in natural fluvial 

environments or as hydraulic fill. Wood et al. (2008) further modified the method to accommodate 

different sized specimens, as well as enlarged lubricated end platens. Advantages and disadvantages 

of the method are summarised in Table 3.4. 

Table 3.4: Advantages and disadvantages associated with the slurry deposition technique 

Slurry deposition techniques 

Advantages Disadvantages 

• Able to prepare homogenous specimens of sand 

containing fines; 

• Specimens are prepared with a high initial 

degree of saturation; 

• The typical stress-strain response of the 

specimens resembles that of natural underwater 

soil deposits. 

• More sophisticated equipment is required; 

• Very loose specimens (𝐷𝑟  < 40 %) difficult to 

achieve. 
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3.7.5. REVIEW OF RECONSTITUTION TECHNIQUES 

Several researchers have suggested that the moist tamping method is unrepresentative of natural sand 

deposition and results in non-uniform samples that have a fabric or structure dissimilar to that 

produced in nature (Castro, 1969; Castro et al., 1982). The wet pluviation method is the preferred 

technique of several researchers (Andersen, 2015; Vaid et al., 1999) and is capable of producing 

specimens to a wide spectrum of densities. However, the technique is less suitable for soils 

containing a significant percentage of fines, or when very low target densities are required. 

The slurry deposition method provides a feasible solution to these shortcomings. The method is 

similar to wet pluviation in that the process may be considered analogous to some natural 

depositional environments, and may overcome the inherent problems associated with wet pluviation 

(and other techniques), in that homogenous samples can be obtained in silty or well-graded sand. 

Furthermore, the method recently proposed by Dominguez-Quintans et al. (2019) reports to 

overcome the potential shortcomings associated with preparation of very loose (𝐷𝑟 < 30 %) and very 

dense specimens (𝐷𝑟 > 80 %). However, the method fails to incorporate enlarged lubricated end 

platens which are considered critically important when testing sands in triaxial apparatus. 

In this work, all tests were performed on a clean, uniform-graded, silica sand (described in Section 

4.6). The wet pluviation technique was therefore considered suitable and used to prepare the very 

dense specimens (𝐷𝑟 ≈ 83 %) tested in Chapters 6 and 7. A full description of the modified wet 

pluviation technique developed as part of this study is given in Section 4.7. For tests requiring very 

loose specimens (i.e. the constitutive model calibration tests described in Chapter 8), a variant of 

Ladd’s undercompaction technique was used (as described by Jefferies & Been, 2015).  

However, as shown by Jones et al. (2020) and Blaker & Andersen (2015), natural North Sea sands 

can contain a significant portion of fines. It is therefore recognised that wet pluviation methods are 

unlikely to be suitable for use in commercial laboratory testing projects. Further effort to reduce 

and/or replace commercial testing laboratory’s reliance on moist tamping techniques with the more 

versatile slurry deposition techniques is therefore recommended. 
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4. EQUIPMENT AND METHODOLOGY 

4.1. INTRODUCTION 

The purpose of this chapter is first to describe the testing apparatus (including ancillary equipment) 

and instrumentation used in this study, together with details of the adopted calibration procedures. 

Secondly, the test material is introduced along with results of index tests. Thirdly, the sample 

preparation techniques and test methodologies are described. Finally, data reduction procedures 

including adopted corrections are presented. 

4.2. STRESS PATH TRIAXIAL APPARATUS 

All of the monotonic triaxial tests presented in this thesis were undertaken using a TriScan-100 Pro 

stress path triaxial apparatus supplied and manufactured by VJ Tech, shown in Figure 4.1. 

 

Key: 

1. 100 kN load frame and base unit 

2. Dual cell / back automatic pressure controller 

3. De-aired water distribution panel 

4. External 50mm LSCT 

5. Internal submersible load cell  

6. On-sample LVDTs 

7. Local LVDT signal conditioning unit 

8. Data acquisition unit (for local LVDTs) 

9. Bender element apparatus 
 

Figure 4.1: TriScan-100 Pro stress path triaxial apparatus 

The apparatus, including all instrumentation, plumbing fittings and ancillary equipment, was 

specified, acquired, and commissioned specifically for this research project. The apparatus consists 

of the following elements: 

1

3

2

9

4

5

6

7

8
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4.2.1. LOADING SYSTEM 

The TriScan-100 Pro’s loading system consists of a 100 kN capacity load frame, and a stepper motor 

mounted within the base unit. The stepper motor provides computer-controlled, motorised actuation 

of load, has a stroke of approximately 100 mm, and is able to move at speeds up to 50.8 mm per 

minute. Axial load is applied to the test specimen via a load ram which, once connected to the 

specimen top cap, is carefully screwed into the upper horizontal cross beam. 

4.2.2. DATA ACQUISITION AND CONTROL SYSTEM 

The base unit of the TriScan-100 Pro contains five analogue and one digital channel inputs and uses 

high speed sensor data conversion (24 bit, up to 4000 samples per second). More channels were 

provided by a six channel (five analogue, one digital) data logger (MiniScanner Pro, supplied and 

manufactured by VJ Tech), with similar speed and sampling capabilities to the TriScan-100 Pro. 

The load frame utilises a closed-loop control system, and is capable of both load and displacement 

control. Tests are automated and controlled using VJ Tech’s proprietary modular software ‘Clisp 

Studio’. However, during the commissioning process, it was found that the standard triaxial testing 

software modules (csTriax and csStressPath) were extremely restrictive in that they do not permit 

any deviation from the standard ‘commercial’ type triaxial test procedures, and thus leave little scope 

for the level of test customisation required for research testing. To overcome this issue, a bespoke 

test plan was created for use with the csHostAdvanced module, enabling complete control of the 

instruments, data collection, and parameter calculation, as well as the number and type of test stages, 

and associated automation start/stop triggers. 

4.2.3. TRIAXIAL CELL 

The triaxial cell is fabricated from hard anodised aluminium, with a transparent acrylic chamber. It 

measures approximately 410 x 230 mm, allows specimen sizes of up to 100 mm diameter by 200 mm 

high to be tested, and is rated up to a safe working pressure of 2000 kN/m2. The top plate includes a 

sealed brass linear bushing through which runs a stainless steel low friction piston, an air-bleed screw 

for de-airing, and an additional exit port for use with suction-type top platens. To improve handling 
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and manoeuvrability, the cell is split into three components (base, chamber and top plate), which are 

secured together and sealed using four external strain rods. The base unit incorporates an eight port 

‘access ring’ through which instrumentation cabling may be passed. 

4.2.4. FORCE TRANSDUCER 

A 5 kN capacity internal submersible load cell (ISLC) was used in the majority of monotonic tests 

presented in this thesis. However, the large diameter (and associated area), and high relative densities 

adopted in this study, resulted in the 5 kN ISLC capacity being exceeded in drained tests undertaken 

even at relatively modest effective confining stresses (e.g. 𝜎𝑐
′ ≥  100 kN/m2). 10 kN ISLCs were 

therefore also used when necessary. The ISLCs are manufactured by Applied Measurements Ltd, 

and are based on the design of Dr. A.E. Skinner at Imperial College (Bishop et al., 1975). The ISLCs 

were calibrated against reference load cells (5 kN and 10 kN capacity), and were calibrated 

approximately every six months to an accuracy of ±1 N. 

4.2.5. AUTOMATIC PRESSURE CONTROLLER WITH VOLUME CHANGE 

MEASUREMENT 

Cell and back pressures were measured and/or controlled via a dual cylinder Automatic Pressure 

Controller (APC), manufactured and supplied by VJ Tech. The unit provides two independent 

channels with pressure and volume feedback and control, and incorporates high speed sensor 

conversion (24 bit, 4000 samples per second). Cell and back pressure is applied via computer-

controlled stepper motors. Pressures are measured via independent external 3500 kN/m2 pressure 

transducers, with accuracies of 0.15 % FRO (full range output), and a resolution of 0.1 kN/m2. Each 

cylinder has a volume capacity of 250 cm3, an accuracy of 0.25 % FRO, and a 0.001 cm3 resolution. 

4.2.6. PRESSURE TRANSDUCERS 

Specimen pore water pressures were measured via pressure transducers located immediately outside 

the triaxial cell, connected in series with the specimen top cap and base platen drainage lines. Low 

capacity (e.g. 1000 kN/m2) transducers were adopted whenever possible so as to improve the 

reliability of measurements. High-accuracy transducers (<0.15 % FRO), supplied by VJ Tech, were 
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used in all tests, and were periodically calibrated (every six months) and checked against a known 

reference device to an accuracy of ±1 kN/m2. 

4.2.7. DISPLACEMENT TRANSDUCERS 

Large axial strains (e.g. 𝜀𝑧 ≥ 35 %) were mobilised during the monotonic stress path tests. A 100 mm 

LVDT (linear variable differential transformer) was therefore used to measure displacements and 

ensure displacement travel capacities were not prematurely exceeded. The LVDT was sourced from 

departmental stock and exact specifications are unknown. The transducer was calibrated using a 

comparator stand and ceramic gauge blocks (Grade 0) manufactured by Mitutoyo, following the 

procedure described in Head & Epps (2011). 

4.2.8. ON-SAMPLE SMALL-STRAIN SYSTEM 

Up to four submersible LVDTs (two vertical and two radial) were used as part of the on-sample, 

small-strain measurement system. The LVDTs were manufactured by the RPD Group (Model no: 

D5/200WRA/429), and supplied by VJ Tech. All LVDTs have a travel capacity of ±5 mm, and an 

output resolution of ±0.001 mm. The LVDTs were powered and conditioned via a signal 

conditioning unit supplied by VJ Tech, and logged using the MiniScanner Pro data acquisition unit. 

 

 

 
 (a)    (b)  

Figure 4.2: (a) axial LVDT setup; and (b) radial LVDT calliper (from Klotz & Coop, 2002) 

Axial LVDTs were affixed to the sample using brackets similar to those presented in Figure 4.2a, 

while radial LVDTs were mounted in a radial calliper. During commissioning tests, use of the radial 

calliper supplied by VJ Tech resulted in the radial LVDT’s displacement capacity being exceeded 

even after mobilisation of relatively small axial strains. To extend the range of local strains that could 
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be measured, a prototype radial calliper utilising two radial LVDTs (similar to the design given by 

Klotz & Coop (2002), see Figure 4.2b) was developed. 

4.3. CYCLIC TRIAXIAL APPARATUS 

 

Key: 

1. 100 kN load frame and base unit 

2. Electro-mechanical dynamic actuator 

3. Dynamic servo controller (DSC-3000) 

4. Dual automatic pressure controllers 

5. Balanced ram 

6. External 50 mm LSCT 

7. Internal submersible load cell 

8. Pore pressure transducer 

  
 

Figure 4.3: Cyclic triaxial apparatus 

4.3.1. LOADING SYSTEM 

The cyclic triaxial apparatus’ loading system comprises a 100 kN capacity load frame, with a beam-

mounted electro-mechanical screw drive dynamic actuator. The dynamic actuator provides 

computer-controlled, motorised actuation of load, has a stroke of approximately 100 mm, and may 

operate at frequencies of up to 10 Hz. Axial load is applied to the test specimen via a load ram which, 

once connected to the specimen top cap, is carefully screwed in to the actuator. 

4.3.2. DATA ACQUISITION AND CONTROL SYSTEM 

The dynamic servo controller (DSC-3000) provides PID (proportional-integral-derivative) closed 

loop control of the electro-mechanical screw drive dynamic actuator and incorporates adaptive peak 

and trough control. The 24 bit controller is able to apply both user-defined and typical cyclic load 

waveforms (e.g. square, sinusoidal, sawtooth etc.). Eight analogue input channels are available, with 

in-built signal amplification, conditioning and logging capabilities (up to 500 samples per second). 
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4.3.3. TRIAXIAL CELL 

The triaxial cell used in the cyclic triaxial apparatus is similar to that used in the stress path apparatus. 

However, the cyclic cell differs in that it incorporates a ‘balanced ram’, specified such that the 

movement of the load ram into and out of the cell during cyclic shearing stages results in only minor 

cell pressure changes. The balanced ram therefore eliminates the need for additional (and expensive) 

pneumatic cell pressure controllers, and the hazardous air gaps that are typically required with cyclic 

triaxial systems. The performance of the balanced ram was assessed during commissioning tests, 

with typical cell pressure fluctuations of less than ±0.5 kN/m2 being observed. 

4.3.4. AUTOMATIC PRESSURE CONTROLLER WITH VOLUME CHANGE 

MEASUREMENT 

A dual APC for cell and back pressure control and volume change measurement, similar to that 

described for the stress path triaxial apparatus (see Section 4.2), was used in all cyclic tests. 

4.3.5. INSTRUMENTATION 

Similar instrumentation (e.g. internal load cells, pressure and external/local displacement 

transducers) to that described for the stress path triaxial apparatus (see Section 4.2) was used with 

the cyclic triaxial apparatus and so the description is not repeated here. 

4.4. BENDER ELEMENT APPARATUS 

The bender element testing system was supplied by VJ Tech and comprises a single bender element 

interface unit, incorporating a function generator, oscilloscope and signal amplification and filtering. 

The system is controlled from a laptop with VJ Tech’s software ‘csBender’, and allows for 

sinusoidal, square or triangular waveforms, pulse frequencies of 0.1 to 50 kHz, and amplitudes of 1 

to 12 Volts. The bender elements (also supplied by VJ Tech) utilise both x- and y- polarised 

configurations, and were installed in the base (receiver) and top (transmitter) platens, respectively, 

following the recommendations of Leong et al. (2005). 
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4.5. ANCILLARY EQUIPMENT 

4.5.1. PLUMBING CONNECTIONS AND TUBING 

High quality, stainless steel twin ferrule compression fittings (e.g. Parker A-Lok fittings) were used 

for all critical external plumbing. 8 x 6 mm (outer x inner diameter) advanced polyamide semi-rigid 

nylon tubing (manufactured by Parker Legris) was used to connect the APC cell pressure cylinder to 

the triaxial cell. The tubing was selected due its durability and thermal/mechanical properties. 

Smaller, 3 x 1.8 mm diameter tubing was used for the back pressure drainage lines to reduce tube 

expansion, and improve the accuracy of volume change measurements. 

4.5.2. DE-AIRED WATER SUPPLY 

De-aired water was used as the cell fluid in all tests, and was produced in the laboratory using a de-

aired water system supplied by Controls Group (previously Wykeham Farrance). The system 

consists of a 23 l water reservoir, a vacuum pump with air-drying unit, and a valve panel. De-aired 

water was obtained by filling the water reservoir with mains tap water, and subsequently applying a 

vacuum to the tank for at least 45 minutes. The water reservoir was installed close to ceiling height, 

allowing the triaxial cells to be supplied with de-aired water under gravity. 

4.5.3. ENLARGED LUBRICATED END PLATENS 

Enlarged lubricated end platens were designed and manufactured for use with the stress path and 

cyclic triaxial apparatus. Both platens incorporated a 38 mm OD annular sintered bronze (grade C) 

disc to allow drainage, and vertical bender elements. The lubricated ends were provided by two 

c. 0.35 mm thick latex discs, separated by a thin layer of Dow Corning high-vacuum silicone grease. 

The lower latex discs also included circumferential cuts to facilitate lateral expansion during shear. 

Figure 4.4 shows a sketch of the enlarged lubricated top cap. To minimise the weight acting on the 

specimen, the top caps were fabricated from acrylic. The top platens were connected to the ISLC via 

an M10 threaded connection, tapped into a stainless steel plate secured to the top cap body via four 

allen-head bolts. A suction type connection similar to that developed by Skinner (Atkinson & Evans, 

1985) is also possible and was adopted in early commissioning tests. However, the procedure for 



Jonathan White  Equipment and Methodology 

 

DPhil Thesis  49 

 

connecting the suction cap to the load cell was found to be extremely problematic. This connection 

method was therefore unfortunately abandoned in favour of a screwed connection. Further research 

into the use and in-house manufacture of vylastic sleeves is therefore recommended. 

 

 

Figure 4.4: Sketch of enlarged lubricated top platen used with the triaxial apparatus 

 

4.5.4. WET PLUVIATION APPARATUS 

A new two-part split-mould sample former assembly was designed and manufactured to facilitate 

preparation of wet pluviated samples. It was necessary to design a new split-mould sample former, 

as ‘off the shelf’ split formers are typically incompatible with enlarged end platens. The various 

components making up the assembly are shown in Figure 4.5, and incorporate several additional 

features and components to aid in the sample preparation process, as described in Section 4.7.2. 

 
 

Key: 

1. Enlarged base platen 

2. Latex discs 

3. Split mould (front) 

4. Split mould (rear) 

5. Outer collar 

6. Lower split spacer 

7. Upper split spacer 

8. Inner collar 

9. Mushroom compactor 
 

(a) (b)  

Figure 4.5: New two-part split mould assembly sample preparation equipment 
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4.6. LEIGHTON BUZZARD SAND 

Leighton Buzzard sand (LBS) is a commercially available aggregate often used in the construction 

industry. The sand is sub-angular to rounded and consists of pure quartz with only a few traces of 

microcline. It is available in different gradings or ‘fractions’, as defined in BSI (1998), ranging from 

coarse (fraction A) to fine (fraction E). When comparing results with other published LBS data, it is 

therefore important to know the specific grading of the material if fair comparisons are to be made. 

4.6.1. GEOLOGICAL ORIGIN 

LBS is part of the Lower Greensand formation which stretches across most of southern England. It 

was deposited in a shallow marine environment during the early Cretaceous period approximately 

100 to 140 million years ago. The material used in this study is sourced from the Leighton Buzzard 

Beds from a quarry in southwest Bedfordshire, where it is locally known as ‘The Woburn Sands’. 

Leighton Buzzard is an unusual area, as the Woburn Sands can be divided into three distinct types: 

• the Brown Sands: the oldest and thus located at the bottom of the formation; 

• the Silver Sands: found in the middle of the formation and which may be many colours, 

including red-brown, sandy-tan, and silver-grey; 

• the Red Sands: are the youngest and rarest of the deposits, and are unusual in that they contain 

tiny black balls of an iron mineral known as goethite. 

4.6.2. LEIGHTON BUZZARD SAND – FRACTION B 

LBS fraction B (LBS-B) has been used in this study as its index and mechanical properties are well-

documented in the literature (e.g. Abate et al., 2010; Çabalar & Clayton, 2010; Dietz & Muir Wood, 

2007; Penna et al., 2016; Stroud, 1971), and is readily available in the Oxford soils laboratory. 

Researchers have traditionally designated the grading of LBS by specifying two bounding sieve 

sizes. For example, LBS-B has historically been known as LBS 14/25, and is graded such that 100 % 

of the material passes the no. 14 (1.18mm) sieve and is retained on the no. 25 (0.6mm) sieve. The 

‘14/25’ relates to the ‘mesh number’ (number of meshes per inch) which up until 1962, was the 

recognised standard designation used by sieve manufacturers for identifying sieve sizes (BSI, 2000). 

However, despite BS 410 (BSI, 2000) being withdrawn and replaced by BS ISO 3310 (BSI, 2016), 
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the terminology continues to be used. Other classifications and descriptions based on colour (e.g. 

‘silver Leighton Buzzard sand’) are also used in the literature; however, this is not recommended as 

the material can come in a range of colours and this offers no information on particle size distribution. 

4.6.2.1. Index and Classification Tests 

Leighton Buzzard sand in its various fractions has been the subject of many research investigations 

and its index properties are therefore well documented. The following sections present results of 

index tests undertaken as part of this study along with values found in the literature. 

4.6.2.2. Particle Size Distribution 

Figure 4.6 and Table 4.1 show the results of particle size distribution (PSD) tests performed during 

this study. As the behaviour of sands is grading dependent, a careful control of the initial grading is 

essential to obtain repeatable, high-quality test data. It was therefore decided to sieve the bulk LBS 

into its constituent fractions, and make up fresh batches of a controlled grading (LBS-B1). This is 

because the material has been in use for many years in the testing laboratories at Oxford, and results 

of PSD tests indicate that the grading curve no longer sits within the ‘fraction B’ range (LBS-B0). 

 

Figure 4.6: Particle size distribution curves used in this study, and grading fractions specified in BSI (1998) 

The PSD of the controlled batch (LBS-B1) is presented in Figure 4.6, and is shown to lie within the 

middle of the fraction B range. The coefficient of uniformity, 𝐶𝑈, and the coefficient of curvature, 

𝐶𝑍, provide a means of describing the general slope and shape of the distribution curve. The low 𝐶𝑈 

and 𝐶𝑍 values (1.44 and 0.93, respectively) indicate that LBS-B may be classified as being poorly 

graded, consisting of relatively uniform sized particles. 
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Table 4.1: Summary of LBS-B particle size distribution test results 

batch ID significant particle size 
fines 

content 

coefficient of 

uniformity 

coefficient of 

curvature 

- 𝒅𝟏𝟎 𝒅𝟐𝟎 𝒅𝟑𝟎 𝒅𝟓𝟎 𝒅𝟔𝟎 𝑭𝑪 𝑪𝑼 𝑪𝒁 

(-) (mm) (mm) (mm) (mm) (mm) (%) (-) (-) 

LBS-B0 0.50 0.60 0.66 0.78 0.85 0.04 1.70 1.02 

LBS-B1 0.63 0.68 0.73 0.85 0.91 0.00 1.44 0.93 

where: 𝐶𝑈 =
𝑑60
𝑑10

 (4-1) and  𝐶𝑍 =
𝑑30
2

𝑑60 𝑥 𝑑10
 (4-2) 

       

Table 4.2 shows index and classification test data for LBS 14/25 published in the literature, and 

shows 𝐶𝑈 values to range from 1.16 (Stroud, 1971) to 2.13 (Abate et al., 2010). This emphasises the 

issue associated with the use of ‘14/25’ nomenclature, in that studies using LBS 14/25 may have 

different grading characteristics; therefore, cross-study comparisons of the material behaviour of 

LBS 14/25 may be invalid given the influence of soil grading on the mechanical response. 

Table 4.2: Index Properties for Leighton Buzzard 14/25 sand reported in the literature 

median 

particle size 

coefficient 

of 

uniformity 

maximum 

voids ratio 

minimum 

voids ratio 

fines 

content 

particle 

density 
Reference 

𝒅𝟓𝟎 𝑪𝑼 𝒆𝒎𝒂𝒙 𝒆𝒎𝒊𝒏 𝑭𝑪 𝝆𝒔 - 

(mm) (-) (-) (-) (%) (Mg/m3) (-) 

- 1.24 0.790 0.530 0 - Kolbuszewski (1965) 

0.86 1.16 0.790 0.490 0 2.66 Stroud (1971) 

0.80 1.30 0.774 0.479 - - Schnaid (1990) 

0.93 - 0.760 0.490 0 2.62 Schupp (2009) 

0.85 1.35 0.776 0.510 0 2.65 Çabalar & Clayton (2010) 

0.94 2.13 0.745 0.465 0 2.68 Abate et al. (2010) 

 

4.6.2.3. Particle shape and colour 

Figure 4.7 shows a scanning electron microscope 

(SEM) image of LBS-B taken from Çabalar (2008). 

Based on the BS 5930 classification system (BSI, 

1999) and a visual inspection of the material, the 

LBS-B used in this study can therefore be classified 

as a yellowish brown, sub-angular to rounded, 

uniformly-graded, coarse SAND (SPu). 

 

 
 
Figure 4.7: SEM image of LBS-B sand particles 

(from Çabalar, 2008) 
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4.6.2.4. Particle density 

Klotz (2000) undertook 10 particle density tests on samples of LBS (fraction D), to verify the values 

reported in the literature. Particle density, 𝜌𝑠, values were found to range from 2.63 to 2.66 Mg/m3, 

with an average of 2.65 Mg/m3. These results agree well with commonly reported values given in 

the literature for LBS-B (see Table 4.2), and so further verification tests have not been undertaken. 

A particle density of 𝜌𝑠 = 2.65 Mg/m3 has therefore been adopted for LBS-B in this study. 

4.6.2.5. Limiting density tests 

Granular material has typically been characterised in terms of its relative density, 𝐷𝑟, defined as: 

 𝐷𝑟 =
𝑒𝑚𝑎𝑥 − 𝑒

𝑒𝑚𝑎𝑥 − 𝑒𝑚𝑖𝑛
 (4-3) 

where:   

𝑒𝑚𝑎𝑥, 𝑒𝑚𝑖𝑛 = maximum and minimum index void ratios 

𝑒 = current void ratio 
   

Limiting void ratio index tests were performed on samples of LBS-B, adopting the methods given 

in BS 1377 (BSI, 2002), yielding values of 𝑒𝑚𝑎𝑥 = 0.815, and 𝑒𝑚𝑖𝑛 = 0.533. Figure 4.8 presents the 

results of these tests (OxBS), along with additional test results for LBS-B reported by Lunne et al. 

(2019). Results show close agreement with the comparable “BS” method; however, Figure 4.8 shows 

that the magnitudes of 𝑒𝑚𝑎𝑥 and 𝑒𝑚𝑖𝑛 are greatly affected by the adopted test standard/method. 

Tavenas & La Rochelle (1972) report similar 

findings, concluding that reliable comparisons of 

test results undertaken by different organisations 

may be invalid. Further research to satisfy this 

issue is therefore highly recommended. In the 

absence of a universally agreed method, the 

above values (OxBS) have been adopted for 

LBS-B in this study.  

 

 
 

Figure 4.8: Method dependent variation of limiting 

densities (modified from Lunne et al., 2019) 
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4.7. TEST PROCEDURE 

The following sections describe the procedures, sample reconstitution methods and typical test plans 

adopted in this study. The methodologies adopted in this study were devised based on a review of 

the literature, and from time spent at the advanced soil testing laboratory of Fugro Limited in 

Wallingford, UK.  

4.7.1. PRELIMINARIES 

Several tasks require completion prior to setting up a sample in the triaxial apparatus. These include 

preparation of the enlarged lubricated end platens, weighing out and saturating the required mass of 

dry sand, 𝑚𝑑𝑟𝑦, for use in the test, and marking up membranes to aid fixing local instrumentation.  

4.7.1.1. Preparing enlarged, lubricated end platens 

The following describes the preparation process for enlarged, lubricated end platens: 

• Clean/degrease the porous discs by placing in an ultrasonic cleaner filled with a degreasing 

agent for at least 6 minutes. After, flush discs with tap water for several minutes; 

• Saturate the porous discs by placing them in a tub of de-aired water inside a vacuum desiccator 

for at least 45 minutes, and leave to ‘cure’ overnight; 

• Cut four donut-shaped membranes to suit the required dimensions of the enlarged platens 

being used (batch cutting the membranes with a laser cutter yielded significant time savings); 

• Measure and record the thickness of each membrane (membranes with thicknesses greater 

than 0.35 mm were not used to ensure the final height of the lubricated layers did not protrude 

above the top of the porous disc); 

• Carefully spread a thin and even layer of high-vacuum grease over the face of the base and 

top platens, and then place the first membrane layer. Repeat for the second layer (Figure 4.9a); 

• Place a mass on top of the lubricated platen assemblies and leave overnight to help squeeze 

out excess grease, and aid in the formation of uniform and repeatable assemblies (Figure 4.9b); 

• The following morning, remove the mass and carefully clean any expelled grease from the 

sides of the membrane-grease layers, particularly around the porous disc recess (a cotton bud 

dipped in isopropyl alcohol has been found to work well for this task); 

• Flush the base pedestal with de-aired water to remove any air bubbles in the drainage lines. 

Insert the porous disc immediately before commencing the chosen reconstitution process. 
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(a) (b) 

Figure 4.9: Preparation of enlarged lubricated end platens 

 

4.7.2. SAMPLE PREPARATION 

Test specimens in this study have mainly been prepared using the wet pluviation technique, similar 

to that described by Bishop & Henkel (1962). However, it was found that this method was unable to 

produce specimens with relative densities less than approximately 40 %. A modified 

undercompaction technique was therefore also used in circumstances where loose specimens were 

required such as in tests aiming to determine critical state conditions (see Chapter 8). 

4.7.2.1. Wet pluviation 

The wet pluviation sample preparation equipment was specifically designed for this study. The 

following presents the methodology developed for preparing test specimens of reconstituted sand 

using the wet pluviation technique with this equipment: 

• Note/mark the orientation of the bender element located in the base pedestal. This is important 

as the bender element located in the top platen must be orientated in a similar manner, and 

cannot be identified once the sand has been deposited in the mould; 

• Place pre-measured and marked-up membrane over base pedestal and secure with two O-

rings, ensuring not to entrap any air between the pedestal and the inside of the membrane; 

o To help make a good seal around the top and bottom platens, 3.5 mm thick nitrile (NBR) 

O-rings have been used, with an internal diameter equal to approximately 95 % of the 

platen diameter. The O-rings are stored in an air-tight container filled with distilled water; 

• Place the two parts of the split-mould sample former over the base pedestal – taking care not 

to pinch the membrane between the two halves, and secure with two worm gear clamps; 

• Place two O-rings around the upper portion of the split-mould in preparation for securing the 

membrane to the enlarged top platen; 
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(a) (b) 

Figure 4.10: Preparation of split mould assembly 

• Place the upper and lower split spacers on the top rim of the split-mould, and secure with tape. 

Fold the membrane over the top (Figure 4.10a); 

o The purpose of the upper split-spacer is to provide a stable platform upon which the inner 

collar is seated, and allows the sand to be levelled and compacted to the approximate final 

height using the mushroom compactor; 

o The purpose of the lower split-spacer is to provide some clearance, which allows the 

sample to reduce in height unhindered upon removal of the vacuum; 

• Apply a vacuum to the membrane via the push-in fitting located on the front half of the split-

mould. This helps draw the membrane tightly against the internal face of the split-mould and 

ensure the maximum volume is available for the sand specimen; 

• Fill mould with de-aired water; 

o Also flush the base drainage line with de-aired water from the APC; 

• Insert the inner collar and seat on the top of the split-mould assembly; 

o The inner collar has spaces for two O-rings around its outside surface which help create 

a tight seal between the inner and outer collars; 

• Place the outer split-collar around the split-mould, and tighten around the inner collar with a 

worm gear clamp; 

o To help prevent excessive leakage, the outside joint between the split-mould and outer 

collar is sealed with electrical insulation tape; 

• Insert the bung-funnel assembly into the inner collar to create a water-tight seal; 

• Fill the split-mould and bung-funnel assembly with de-aired water, leaving enough clearance 

such that no overspill occurs when the sand specimen is added to the funnel; 

• Plug the funnel with a rod fitted with a rubber stopper; 

• Deposit the required mass of sand (prepared the previous day) into the funnel (Figure 4.10b); 

• Remove the stopper and allow the sand to pluviate freely into the sample former; 
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(a) insert mushroom compactor and densify (b) Remove inner collar and insert top platen 

  
(c) Roll up membrane and O-rings (d) Remove upper spacer 

  
(e) Densify until contact with lower spacer (f) Remove lower spacer, apply vacuum 

Figure 4.11: Preparation of wet pluviated samples 

 

• Once all sand has been deposited, syphon excess water from the funnel and remove the bung-

funnel assembly; 

• Insert a circular disc of filter paper inside the inner collar, followed by the mushroom 

compactor, and compact until contact is made with the inner collar (Figure 4.11a); 

o The specimen is densified by tapping the outside of the split mould with a nylon hammer; 

o The purpose of the mushroom compactor is to provide a controlled means of densifying 

the sand specimen to the required height, and also minimise the likelihood of a loose layer 

forming at the top of the sample; 
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• Remove the mushroom compactor and filter paper, and then carefully extract excess water 

from inside the inner collar using a syringe; 

• Remove the inner collar and then carefully insert the enlarged top platen, taking care to 

correctly align the bender element with the element located in the base pedestal (Figure 4.11b); 

• Remove the outer split-collar, and then carefully roll the membrane up and on to the enlarged 

top platen, securing in place with two O-rings (Figure 4.11c); 

o The upper split-spacer means that downward pressure can be applied to the top platen 

during this procedure without disturbing/compressing the sample; 

• Remove the upper spacer (Figure 4.11d), and tap the outside of the mould to further densify 

the specimen until it makes contact with the lower split-spacer (Figure 4.11e); 

• The specimen should now be at the desired height and aspect ratio (2:1); 

• Remove the lower split-spacer and apply a 10 kN/m2 vacuum to the specimen via the back-

pressure APC line connected to the base pedestal; 

• Remove the split-mould sample former and monitor the back-pressure APC pressure and 

volume readings on the control panel (Figure 4.11e); 

o Failure of the pressure reading to stabilise indicates the presence of a leak. If such a leak 

cannot be located and repaired, the sample preparation must be abandoned and repeated; 

• Using digital Vernier callipers, take two orthogonal diameter measurements at five positions 

along the height of the specimen, and three height measurements equally spaced about the 

perimeter of the sample; 

o Calculate the initial sample diameter, 𝐷0, height, 𝐻0, and volume, 𝑉0, of the specimen 

from the average of the measurements, allowing for the membrane thickness; 

• Assuming the specimen is fully saturated, then the initial void ratio (and relative density, 

Eq. (4-3)) may then be calculated from phase relationships: 𝑒0 = 𝑉𝑣 𝑉𝑠⁄ =  (𝑉0 − 𝑉𝑠) 𝑉𝑠⁄ , 

where 𝑉𝑣 and 𝑉𝑠 are the volume of voids and solids, respectively, and 𝑉𝑠 = 𝑚𝑑𝑟𝑦 𝜌𝑠⁄ . 

4.7.2.2. Undercompaction 

For tests requiring loose specimens, a modified undercompaction technique was adopted. Full details 

can be found in Jefferies & Been (2015) and will not be repeated here. This method was adopted 

over Ladd's (1978) original method, as it deposits layers of uniform thickness, meaning that a jig 

could be used to help set the drop height of the tamper, resulting in reduced preparation times. 

4.7.2.3. Installation of on-sample displacement transducers 

The methodology for attaching the local displacement transducers to the sample was as follows: 
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• To help position the axial LVDT brackets at the correct height, the membrane is marked up 

using a fine-tipped permanent marker with vertical and horizontal centrelines, and two 

additional horizontal lines offset 28 mm from the centre; 

o The two offset horizontal lines indicate the required vertical locations of the upper and 

lower axial LVDT brackets, and ensure the displacement transducers are correctly 

positioned over the central third of the test specimen; 

• Following application of the vacuum to the sample and removal of the split mould assembly, 

the radial belt is first positioned using the horizontal centreline as a guide, and loosely secured 

in place with an elastic tie (a strip of membrane works well for this purpose); 

• Mark the location of the radial belt pads and the position of the axial LVDT brackets; 

• Loosen the clamping bolt on the top bracket, and then apply a thin layer of glue to each bracket 

and attach to the sample/membrane. Leave to dry. 

o Loctite 4860 flexible, high viscosity, bendable instant adhesive has been found to work 

well for this purpose; 

• Apply a thin layer of glue to the radial belt pads and adhere to the membrane. Leave to dry. 

• Insert the axial LVDT transducers into the top brackets, then drop the armature through the 

top of LVDT so it rests on the bottom bracket’s base pedestal. 

• Adjust the position of the LVDT in the top bracket whilst monitoring the read-out display to 

maximise the available travel. Tighten the clamping bolt to secure. 

o For the ±5 mm LVDTs used in the experiments, the axial LVDTs were positioned such 

that approximately 8.5 mm of travel remained available, i.e. an initial reading of +3.5mm 

was targeted for compression tests; while -3.5mm was targeted for extension tests. 

• Insert the radial LVDT(s) into the radial belt and adjust and secure accordingly to maximise 

the displacement range of the test. 

4.7.3. TEST SET-UP 

Tests typically consisted of five (for monotonic) or six (for cyclic) stages. The first stage, termed 

‘set up’ involves flooding the cell with de-aired water and then docking the specimen’s top cap to 

the ISLC. Great care was exercised during docking to minimise disturbance to the specimen: 

• Manually suspend the load ram so that the base of the threaded connecting rod (screwed into 

the underside of the ISLC) is suspended marginally above the top cap. Record the (submerged) 

load cell reading; 

o It is not possible to ‘zero’ the ISLC using VJ Tech’s proprietary “CLISP Studio” 

software. Therefore, this initial reading is required so that subsequent load measurements 

may be suitably offset; 
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• With extreme care, lower the threaded connecting rod into the tapped hole located in the centre 

of the top cap. Screw into the top cap by rotating the entire load ram assembly, making sure 

not to over-torque and twist/disturb the sample; 

• For triaxial compression tests, raise pedestal using the triaxial frame’s stepper motor to 

approximately 5 mm. This ensures sufficient vertical displacement to shear the sample to large 

axial strains (>30 %), and also provides a buffer to prevent premature test failure due to the 

mobilisation of negative axial strains that can occur during saturation and/or consolidation; 

• Lower the triaxial frame’s cross beam so that the threaded connection (to fix the cross beam 

to the load ram) is fractionally above the load ram. 

• Using the stepper motor’s displacement control, very slowly raise the pedestal until it comes 

into contact with the cross-beam connection and screw together with a quarter-turn; 

• Using the stepper motor’s load control, set the target load to the initial ISLC reading recorded 

in the first step, minus the buoyant weight of the top cap. The weight of the top cap is therefore 

fully compensated, meaning that subsequent load measurements require no further correction; 

• Continue to (slowly) screw the cross-beam – load ram connection until the load ram is fully 

secured. It was found from monitoring the ISLC output during this process that loads could 

be controlled to within 20 N of the target value. 

Once docked, the cell and back pressure are increased to 10 kN/m2 and 0 kN/m2 over a 5-minute 

period, respectively, whilst maintaining the aforementioned target load. 

4.7.4. SATURATION 

The second test stage comprises saturating the specimen. To aid this process, carbon dioxide (CO2) 

was first flushed through the sample for at least 30 minutes, followed by flushing with de-aired water. 

Flushing was continued until a volume of de-aired water equal to at least three times the sample 

volume had passed through, by which time no bubbles should be seen to emerge from the exit 

drainage line. Longer CO2 flushing times (one hour) and de-aired water volumes (five times sample 

volume) were used for specimens prepared using the undercompaction method, as their moisture 

contents and associated degree of saturation were initially much lower, thus requiring greater effort. 

Conventional saturation procedures followed, in which cell and back pressures were typically 

ramped to 300 and 290 kN/m2, respectively, at a rate of 60 kN/m2 per hour. Preliminary tests found 

that for these cell and back pressures, Skempton B-values greater than 0.99 were repeatedly achieved 
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for wet pluviated samples. To avoid disturbing the specimen, it was decided not to undertake B 

checks for tests undertaken at low confining stresses (Chapters 6 and 7). However, B checks were 

employed for specimens prepared using undercompaction, where a similar 10 kN/m2 cell-back 

pressure offset was used. Pressures were increased until B-values greater than 0.98 were achieved. 

4.7.5. CONSOLIDATION 

The third stage typically consisted of an isotropic consolidation stage in which the cell pressure was 

increased to a target effective confining stress, 𝜎𝑐
′, at a rate of 60 kN/m2 per hour. To investigate the 

influence of anisotropic consolidation, ‘𝐾0’ consolidation paths were also adopted to better simulate 

in situ stress conditions prior to shearing, where 𝐾0 is the coefficient of earth pressure at rest. 𝐾0 

consolidation paths may be achieved from closed-loop computer control of axial and radial stresses, 

such that the radial strain, 𝜀𝑟, is maintained at zero – as measured from local strain instrumentation. 

However, preliminary tests indicated that 𝐾0 consolidation paths based on feedback from local strain 

instrumentation were found to be unsatisfactory due to: 

• The stress path in 𝑝′ − 𝑞 space was seldom linear, and often exhibited large ‘spikes’; 

• Although target 𝜎𝑐
′ values were the same for each test, the final positions in 𝑝′ − 𝑞 space were 

different as a result of variable stress paths taken during consolidation. 

It was therefore decided to base anisotropic consolidation paths on explicit 𝑝’ and 𝑞 values. For 

normally consolidated conditions, 𝐾0 can be estimated from: 𝐾0 = 1 − sin(𝜙𝑚𝑎𝑥
′ ), where 𝜙𝑚𝑎𝑥

′  is 

the peak effective angle of internal shearing resistance, determined from isotropically consolidated, 

drained triaxial compression tests (CIDc) undertaken for a comparable soil state (Jaky, 1944).  

Figure 4.12a shows a comparison of the 𝐾0 consolidation stress paths obtained using the two methods 

described above, for two similar anisotropically consolidated, drained triaxial compression tests 

(CADc) with 𝐷𝑟 = 80 %, and 𝜎𝑐
′ = 50 kN/m2. Figure 4.12b shows that when adopting the ‘Stress 

path’ approach (i.e. targeting explicit 𝑝′ − 𝑞 values), the approximate 1:1 ratio of axial to volumetric 

strain indicates that mobilised values of 𝜀𝑟 remain very close to 0 %. This approach is therefore 

considered acceptable for approximating 𝐾0 conditions. 
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 (a)   (b)  

Figure 4.12: (a) Comparison of anisotropic consolidation methods based on feedback from local radial 

strain instrumentation and target stress invariant values; (b) measured axial and volumetric strains. 

4.7.6. CREEP 

The stress-strain behaviour of sand is considered by many to be time-dependent (Aghakouchak et 

al., 2015; Kuwano, 1999). Tatsuoka (1988) found that the cyclic strength of a normally consolidated 

Toyoura Sand specimen, consolidated slowly over a period of 68 days, was approximately equal to 

that exhibited by a similar sample with an OCR of two. It is not the intention of this research to 

investigate the effects of ageing/consolidation time; however, following the recommendations of 

Aghakouchak et al. (2015), the fourth test stage consists of a 24 to 48 hour ‘creep’ period. 

4.7.7. MONOTONIC SHEAR AND CYCLIC LOADING 

For monotonic tests, the fifth stage consists of either drained or undrained shearing, in which the 

specimen is sheared along a defined stress path in 𝑝′ − 𝑞 space. All monotonic tests adopted an axial 

strain rate of 𝜀𝑧̇ = 0.5 % per hour. Test-specific drainage conditions and stress paths are described in 

detail in Chapters 6 and 8. 

For cyclic tests, the fifth stage consists of a conventional drained axial stress ramp (i.e. 𝑑𝑞 / 𝑑𝑝′ = 

3) to a pre-determined average deviator stress, 𝑞𝑎𝑣, followed by application of an undrained cyclic 

deviator stress, 𝑞𝑐𝑦𝑐, for a specified number of load cycles. Test-specific details of the cyclic loading 

characteristics are presented in Chapter 7. 
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4.8. COMPUTATION AND PRESENTATION OF TEST RESULTS 

The purpose of this section is to outline how the raw variables measured in each triaxial apparatus 

were converted and reduced into the engineering parameters (e.g. stress and strain) used in 

subsequent interpretation and analyses. The stress path apparatus instrumentation enabled the 

following variables to be measured and logged: 

• Force: via internal submersible load cells (5 kN or 10 kN capacities used); 

• ‘Global’ displacement: via external LSCT (50 mm) or external LVDT (100 mm); 

• Pore water pressure: via two pressure transducers installed along the back pressure (base 

pedestal and top cap) drainage lines, located immediately outside the triaxial cell; 

• Cell pressure: via a pressure transducer installed along the cell pressure drainage line, located 

immediately outside the triaxial cell; 

• Sample / cell volume change: via volume change measurement apparatus incorporated within 

the dual APCs (see Menzies (1988) for further details); 

• Local displacement: via two ‘axial’ LVDTs and one/two ‘radial’ LVDTs 

Values were logged from the various instruments at a frequency of 1 Hz for the first 20 seconds of 

each new test stage. Logging frequencies were gradually reduced over the first two minutes of each 

new test stage, and maintained at a final rate of 0.05 Hz. Similar instrumentation and logging rates 

were used with the cyclic triaxial apparatus, though significantly faster logging frequencies (50 to 

100 Hz) were used in the cyclic loading stages. 

4.8.1. SIGN CONVENTION 

This thesis adopts the usual soil mechanics convention of taking compressive stresses and strains as 

positive. This is due to most soils typically exhibiting negligible tensile strength, and because 

volumetric deformations are most often the result of an applied compressive stress. Because of this 

sign convention, volumetric strains are positive for compression and negative for dilation. 

4.8.2. TRIAXIAL STRESS AND STRAIN VARIABLES 

All of the laboratory testing has been carried out in axially symmetric tests, the triaxial stress 

invariants, 𝑝′ and 𝑞, and corresponding conjugate strain invariants, 𝜀𝑝 and 𝜀𝑞, are used extensively 

in this thesis. For triaxial compression conditions, the mean effective stress, 𝑝′, is calculated from: 
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 𝑝′ =
(𝜎1
′ + 2𝜎3

′) 

3
 (4-4) 

where:   

𝜎1
′ = major principal effective stress (vertical effective stress, 𝜎𝑧

′, in triaxial comp.) 

𝜎3
′  = minor principal effective stress (radial effective stress, 𝜎𝑟

′, in triaxial comp.) 
   

In triaxial testing, the deviator stress, is usually defined according to: 

 𝑞 = (𝜎𝑧
′ − 𝜎𝑟

′)  (4-5) 
   

In this study, the vertical and radial effective stresses were calculated using a similar method to that 

described by Fukushima & Tatsuoka (1984), where: 

 𝜎𝑟
′ = 𝜎𝑐𝑒𝑙𝑙

′ + 𝜎𝑟,𝑚 (4-6) 
   

 𝜎𝑧
′ =

𝑃

𝐴𝑐𝑜𝑟𝑟
+ 𝜎𝑐𝑒𝑙𝑙

′ + 𝜎𝑠𝑤
′ + 𝜎𝑧,𝑚 (4-7) 

   

The axial and lateral membrane resistance (𝜎𝑧,𝑚 and 𝜎𝑟,𝑚) is calculated according to Eqs. (3-3) and 

(3-4), respectively, and the self-weight of the specimen, 𝜎𝑠𝑤
′ , is estimated at the specimen mid-height 

using Eq. (3-12). The measured vertical force, 𝑃, was zeroed once the cell had been filled with de-

aired water, and corrected to account for the buoyant weight of the top platen. The area correction, 

𝐴𝑐𝑜𝑟𝑟, described by Zhang & Garga (1997) was used (Section 3.6.4). 

Triaxial strain invariants are calculated from measured linear and volumetric deformations. It is 

assumed that deformations are distributed uniformly throughout the specimen, with strains 

calculated with reference to original specimen dimensions. In this thesis, all strains are expressed as 

pure numbers (i.e. mm/mm), ‘global’ vertical displacement changes, Δ𝑧, are positive in the 

downward direction, and strains are calculated and tracked from initial specimen height 

measurements at the start of the test. For the shearing stage, the vertical strain, 𝜀𝑧, is calculated as: 

 Δ𝑧 = 𝑧𝑖 − 𝑧𝑓,𝑐 (4-8) 
   

 𝜀𝑧 =
Δ𝑧

𝐻𝑓,𝑐 − (𝑧𝑓,𝑐 − 𝑧0,𝑠ℎ𝑒𝑎𝑟)
 (4-9) 

where:   

𝑧𝑖  = current vertical displacement measurement 

𝑧𝑓,𝑐 = final vertical displacement at the end of the consolidation/creep stage 

𝑧0,𝑠ℎ𝑒𝑎𝑟 = initial vertical displacement measurement at the start of the shearing stage 

𝐻𝑓,𝑐 = height of the specimen at the end of the consolidation/creep stage 
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Similar expressions are used to calculate 𝜀𝑧 from local axial strain instrumentation measurements, 

𝜀𝑧
𝐿𝐴, where the reference height is taken as the distance between the top of the LVDT mounting 

bracket and the underside of the core pedestal. The volumetric strain is estimated from initial 

specimen height and diameter measurements, and volume change measurements recorded by the 

back pressure APC. For the shearing stage, the volumetric strain, 𝜀𝑝, is calculated from: 

 Δ𝑉 = 𝑉𝑓,𝑐
𝐵𝑃 − 𝑉𝑖

𝐵𝑃 (4-10) 
   

 𝜀𝑝 =
Δ𝑉𝑚

𝑉𝑓,𝑐 + (𝑉𝑓,𝑐
𝐵𝑃 − 𝑉0,𝑠ℎ𝑒𝑎𝑟

𝐵𝑃 )
  (4-11) 

where:   

Δ𝑉 = measured change in sample volume 

Δ𝑉𝑚 = volume change corrected for membrane penetration (see Section 3.6.2) 

𝑉𝑓,𝑐
𝐵𝑃 = back pressure volume measurement at the end of the consolidation/creep stage 

𝑉𝑖
𝐵𝑃 = current back pressure cylinder volume measurement 

𝑉0,𝑠ℎ𝑒𝑎𝑟
𝐵𝑃  = back pressure volume measurement at the start of the shearing stage 

𝑉𝑓,𝑐  = estimated specimen volume at the end of the consolidation/creep stage 
   

Assuming uniform strain, the radial strain, 𝜀𝑟, can then be estimated from Eq. (4-12), which allows 

the deviatoric strain, 𝜀𝑞, to be calculated, where: 

 𝜀𝑟 = 1 − √
1 − 𝜀𝑝

1 − 𝜀𝑧
 (4-12) 

   

 𝜀𝑞 =
2

3
(𝜀𝑧 − 𝜀𝑟) = 𝜀𝑧 −

𝜀𝑝

3
 (4-13) 

   

Alternatively, a more accurate estimate of radial strain can be obtained from local strain 

instrumentation. A single radial LVDT measures circumferential displacements, from which radial 

strains are calculated from: 

 Δ𝑐 = 𝑥𝑓,𝑐
𝐿𝑅 − 𝑥𝑖

𝐿𝑅 (4-14) 
   

 𝜀𝑟
𝐿𝑅 =

Δ𝑐

𝜋 (𝐷𝑓,𝑐
𝐿𝑅 − (𝑥𝑓,𝑐

𝐿𝑅 − 𝑥0,𝑠ℎ𝑒𝑎𝑟
𝐿𝑅 ))

 (4-15) 

where:   

Δ𝑐 = change in radial caliper circumference 

𝑥𝑓,𝑐
𝐿𝑅 = local radial disp. measurement at the end of the consolidation/creep stage 

𝑥𝑖
𝐿𝑅 = current local radial dispalcement measurement 

𝑥0,𝑠ℎ𝑒𝑎𝑟
𝐿𝑅  = initial local radial displacement measurement at the start of the shearing stage 

𝐷𝑓,𝑐
𝐿𝑅 = radial caliper diameter at the end of consolidation/creep stage 
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Volumetric strains may thus be estimated directly from local instrumentation via Eq. (4-16). Note 

that Eq. (4-16) is preferred over the simpler form often used (𝜀𝑝 = 𝜀1 + 2𝜀3), which leads to the 

accumulation of significant errors when tests are sheared to 𝜀𝑧 ≥ 0.1 (Lade, 2016). 

 𝜀𝑝 = (𝜀1 + 𝜀2 + 𝜀3) − (𝜀1𝜀2) − (𝜀2𝜀3) − (𝜀3𝜀1) + (𝜀1𝜀2𝜀3) (4-16) 

where:   

𝜀1 = major principal strain (𝜀𝑧 in triaxial compression; 𝜀𝑟 in triaxial extension) 

𝜀2 = intermediate principal strain (𝜀𝑟 in triaxial compr.; 𝜀𝑧 in triaxial extension) 

𝜀3 = minor principal strain (𝜀𝑟 in triaxial compression; 𝜀𝑧 in triaxial extension) 
   

Calculating 𝜀𝑝 based on local strain instrumentation is particularly useful as reliable estimates of 𝜀𝑝 

may be obtained throughout all test stages, including the sample flushing phase (see Section 4.7.4) 

when the back pressure APC is isolated from the sample. Furthermore, such calculations are not 

susceptible to membrane penetration, bedding errors, system compliance etc. and therefore further 

corrections to measured values are not required. This also enables the void ratio to be tracked 

throughout all test stages, which is critically important for reliable determinations of the CSL, where: 

 𝑒 = 𝑒0 − (1 + 𝑒0)𝜀𝑝 (4-17) 
   

Cyclic triaxial test results are often presented in terms of the shear strain, 𝛾, which may be calculated 

from undrained cyclic triaxial test results where the undrained Poisson’s ratio, 𝜇𝑢 = 0.5, such that: 

 𝛾 = (1 + 𝜇𝑢)𝜀𝑧 (4-18) 
   

4.8.3. SHEAR STRENGTH PARAMETERS 

4.8.3.1. Effective Stress Shear Strength Parameters 

It is convenient to present triaxial test data in terms of the dimensionless ratio of stress invariants, 𝜂: 

 𝜂 =
𝑞

𝑝′
 (4-19) 

   

However, much of the historical literature uses the ‘friction angle’ concept as a means of describing 

the shear strength of drained materials. This angle, termed the effective angle of internal shearing 

resistance, 𝜙′, may be determined from: 

 sin𝜙′ =
|(𝜎1

′ − 𝜎3
′)| 2⁄

(𝜎1
′ + 𝜎3

′) 2⁄
=
3|𝜂|

6 + 𝜂
 (4-20) 

   

Alternatively, for triaxial compression and extension conditions, Eq. (4-20) can be inverted to give: 
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In triaxial compression: 𝜂𝑡𝑐 =
6 sin𝜙𝑡𝑐

′

3 − sin𝜙𝑡𝑐
′  (4-21) 

   

In triaxial extension: 𝜂𝑡𝑒 =
6 sin𝜙𝑡𝑒

′

3 + sin𝜙𝑡𝑒
′  (4-22) 

   

where the subscripts 𝑡𝑐 and 𝑡𝑒 denote triaxial compression and extension conditions, respectively. 

4.8.3.2. Total Stress Shear Strength Parameters 

In undrained cyclic triaxial tests, the maximum shear stress, 𝜏, is induced on a 45 degree plane 

(Ishihara, 1996) and may therefore be determined from the following: 

 Δ𝜏 =
Δ𝜎𝑐𝑦𝑐

2
 (4-23) 

where:   

Δ𝜎𝑐𝑦𝑐 = cyclic deviator stress (as defined in Chapter 7) 
   

4.8.4. STIFFNESS PARAMETERS 

Graham & Houlsby (1983) and Atkinson & Richardson (1985) present a set of constitutive equations 

relating 𝑝’, 𝑞, 𝜀𝑝, and 𝜀𝑞, where: 

 𝛿𝜀𝑞 =
𝛿𝑞

3𝐺
+
𝛿𝑝′

𝐽1
′  (4-24) 

   

 𝛿𝜀𝑝 =
𝛿𝑞

𝐽2
′ +

𝛿𝑝′

𝐾
 (4-25) 

   

The parameters 𝐽1
′  and 𝐽2

′  express the cross dependence of 𝜀𝑞 on 𝑝’, and 𝜀𝑝 on 𝑝′, respectively. 𝐺 is 

therefore strictly defined as the gradient of the stress-strain curve in 𝜀𝑞 − 𝑞 space for tests in which 

𝛿𝑝′ = 0. Similarly, the (tangent) bulk stiffness, 𝐾, is the gradient of the 𝜀𝑝 − 𝑝
′ curve for tests with 

𝛿𝑞 = 0. 

According to Smith (1992), for other stress paths the cross coupling conceals the true nature of 𝐺 

and 𝐾 unless the magnitude of the 𝐽1
′  and 𝐽2

′  moduli are infinitely large. For the anisotropic, perfectly 

elasto-plastic materials described by Graham & Houlsby (1983), 𝐽1
′  = 𝐽2

′ ; whereas for an isotropic 

elastic soil, 𝐽1
′  = 𝐽2

′  = ∞. The shearing and volumetric components are then effectively decoupled in 

that increments of 𝜀𝑞 are related only to increments of 𝑞, and increments of 𝜀𝑝 are related only to 

increments of 𝑝′. Eq. (4-24) and (4-25) for an isotropic material may therefore be simplified to: 
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 𝐺 =
1

3

𝛿𝑞

𝛿𝜀𝑞
𝑒 (4-26) 

   

 𝐾 =
𝛿𝑝′

𝛿𝜀𝑝
𝑒 (4-27) 

   

Stiffness values presented in this thesis are based on this assumption. Furthermore, as the increments 

of stress and strain in Eq. (4-26) and (4-27) tend towards zero, 𝐺 and 𝐾 become tangent stiffnesses, 

such that 𝐺𝑡𝑎𝑛 = 𝑑𝑞 3𝑑𝜀𝑞⁄  and 𝐾𝑡𝑎𝑛 = 𝑑𝑝
′ 𝑑𝜀𝑝⁄ . Alternatively, secant stiffness values may be 

obtained if increments are taken from the origin: 𝐺𝑠𝑒𝑐 = Δ𝑞 3Δ𝜀𝑞⁄ , and 𝐾𝑠𝑒𝑐 = Δ𝑝
′ Δ𝜀𝑝⁄ . 

It should also be noted that for a perfectly elastic, isotropic material, 𝐺 is unaffected by drainage 

conditions. Therefore, the Young’s modulus, 𝐸, may be obtained from the shear stiffness, from: 

 
𝐸𝑢

2(1 + 𝜇𝑢)
= 𝐺𝑢 = 𝐺

′ =
𝐸′

2(1 + 𝜇′)
 (4-28) 

   

where the subscript 𝑢 denotes undrained conditions. For conditions of no volume change (i.e. 

undrained conditions), 𝜇𝑢 = 0.5, therefore Eq. (4-28) reduces to: 

 𝐸𝑢 = 3𝐺𝑢 = 3𝐺′ (4-29) 
   

A distinction is also made here between stiffness and modulus terminology, which are often used 

interchangeably in soil mechanics literature. However, in this thesis, the term modulus is considered 

a specific material property, determined exclusively at small strains (e.g. 𝜀𝑞 < 10-6) where the stress-

strain relationship is linear. 
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5. BEHAVIOUR OF COHESIONLESS SOILS 

To adequately describe and evaluate the results of the experimental testing programme outlined in 

Chapters 6 and 7, the key concepts and terminologies used to describe the behaviour of cohesionless 

soils subjected to both monotonic and dynamic loads must first be reviewed. 

In the first part of this chapter, the main concepts used to describe and quantify the monotonic 

behaviour of sand are examined. The critical state concept is first reviewed followed by the state 

parameter framework developed by Been & Jefferies (1985). The Characteristic and Phase Trans-

formation States are then introduced, before investigating the existence of the quasi-steady state. 

The second part of the chapter looks at some of the key definitions and behaviours associated with 

the dynamic behaviour of cohesionless soils, including threshold strains, and the various 

liquefaction-related phenomena commonly used to describe dynamic failure conditions. The various 

failure criteria adopted in the literature are also reviewed. The section concludes with looking at 

whether any connections exist that might link the monotonic and dynamic response. 

The final section brings together all the concepts reviewed above by introducing some cyclic 

experimental data, and discusses some of the factors that influence the measured response. 

5.1. MONOTONIC BEHAVIOUR 

5.1.1. SHEAR STRENGTH AND DILATANCY PROPERTIES OF SAND 

The shear strength of soils is largely determined by the frictional forces arising during slip at the 

contacts between soil particles. The shear strength of cohesionless soils is often expressed in terms 

of the Mohr-Coulomb failure criterion and effective stress parameters, where: 

 𝜏𝑓 = 𝑐
′ + 𝜎𝑛

′ tan(𝜙𝑓
′ ) (5-1) 

where:   

𝜏𝑓 = shear stress at failure 

𝑐′ = effective cohesion ( = 0 for most uncemented, silica sands) 

𝜎𝑛
′  = effective normal stress 

𝜙𝑓
′  = effective angle of shearing resistance mobilised at failure 
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Figure 5.1 shows the various idealisations of 𝜙′ 

used in engineering design, and how the stress-

strain response varies with density and strain 

level. The behaviour shown in Figure 5.1 can be 

explained using the flow rule proposed by 

Bolton (1986), who reviewed extensive plane 

strain and triaxial test data undertaken on 

predominantly silica sands. 

 

 

 

Figure 5.1: Idealisations of ϕʹmax, ϕʹcv and ϕʹr 

Bolton (1986) found that 𝜙′ could be predicted with good accuracy (±1°) from: 

 𝜙′ = 𝜙𝑐𝑣
′ + 𝑘𝜓𝐷 (5-2) 

where:   

𝜙𝑐𝑣
′  = critical state or ‘constant volume’ value of 𝜙′ 

𝜓𝐷 = angle of dilation 

𝑘 = empirical constant (0.8 for plane strain; 0.48 for triaxial conditions) 
   

It is clear from Eq. (5-2) that 𝜙′ is a function of dilation rate. The peak of the shear stress-strain 

response occurs at the point where the rate of dilation is at a maximum. There is some debate as to 

how 𝜓𝐷, should be calculated from triaxial tests results (discussed in Section 6.5.3); however, its 

magnitude has been shown to depend on the characteristics of the sand grains (i.e. particle shape, 

roughness, grading). Beyond the peak, the rate of dilation (and 𝜓𝐷) decreases, ‘strain-softening’ 

occurs, and 𝜙′ tends towards the critical state or ‘constant volume’ value, 𝜙𝑐𝑣
′ , as the rate of dilation 

tends to zero (the critical state concept is described in Section 5.1.2). Loose sands tend to contract 

and thus exhibit no peak, and instead ‘strain-harden’ towards a maximum value which coincides 

with 𝜙𝑐𝑣
′ . For cohesionless soils with rounded or sub-rounded grains, the residual state angle, 𝜙𝑟

′  is 

essentially equal to 𝜙𝑐𝑣
′  (Kulhawy & Mayne, 1990), though platy grains can yield lower 𝜙𝑟

′  values. 

It is also interesting to note that there is some evidence to suggest that the obtained value of 𝜙𝑚𝑎𝑥
′  is 

influenced by the drainage conditions of the test. Georgiannou et al. (2008) undertook hollow 

cylinder tests on samples sheared from similar initial densities and stress conditions, and obtained 

peak angles of 𝜙𝑚𝑎𝑥
′ = 41° and 38° from drained and undrained tests, respectively. Zhang et al. (1997) 
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also reported that on specimens of Toyoura sand, 𝜙𝑚𝑎𝑥
′  was higher for the drained tests by 3°. 

Similarly, Blaker & Andersen (2015) found that for Dogger Bank sand reconstituted to 𝐷𝑟 = 100 %, 

𝜙𝑚𝑎𝑥
′  reduced from 45.7° in drained tests to 43.4° in undrained tests, and from 43.6° (drained) to 

39.7° (undrained) for 𝐷𝑟 = 80 % samples. Georgiannou et al. (2008) attribute the relatively higher 

values to the work required to overcome physical dilation that occurs in drained tests. 

5.1.2. STEADY STATE VS CRITICAL STATE 

Casagrande (1936) was one of the first to investigate the behaviour of loose and dense sands sheared 

to large strains. Using shear box apparatus, Casagrande found that at large shear strains, dense sands 

would dilate and loose material would contract towards a similar void ratio, termed the ‘critical void 

ratio’. Roscoe et al. (1958) further defined the concept of critical state as the state at which a soil 

continues to deform at constant stress and constant void ratio, which formed the basis of the Critical 

State Soil Mechanics (CSSM) theoretical framework (Schofield & Wroth, 1968). 

However, in the mid-1960s, Castro (1969), a student of Casagrande’s, undertook a series of stress 

controlled triaxial tests on loose samples of sand. These tests all resulted in liquefaction failures 

leading to a well-defined ‘steady state’ at large strains. This state was later formally defined by 

Poulos (1981) as the “state in which the mass is continuously deforming at constant volume, constant 

normal effective stress, constant shear stress and constant velocity.” 

There has been much debate on whether the critical and steady state are equivalent (Alarcon-Guzman 

et al., 1988; Casagrande, 1975; Sladen et al., 1985). Critical state supporters generally used drained, 

strain-controlled tests on dilatant samples to determine critical state conditions; while steady state 

researchers typically used undrained, load-controlled tests on loose, contractive samples. Been et al. 

(1991) and Chu (1995) examined the issue in detail and concluded that for all practical purposes, 

equivalence can be assumed. 

5.1.3. SHAPE OF THE CRITICAL STATE LINE FOR SANDS 

First attempts to apply CSSM modelling concepts to sands used a simple linear form in 𝑒 − ln(𝑝′) 

space (Been & Jefferies, 1985). However, the occurrence of particle breakage at high stresses (i.e. 
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𝑝′ > 1 MN/m2) resulted in a significant increase in the slope of the Critical State Line (CSL). To 

overcome this issue, Been et al. (1991) proposed a bi-linear form for the CSL, shown in Figure 5.2a. 

 

 

 
 (a)    (b)  

Figure 5.2: (a) Bi-linear crticial state line for Ersak 330/0.7 sand (from Been et al., 1991); and (b) 

comparison between bi-linear and power law CSL approximations (from Taborda, 2011) 

However, this approach led to the prediction of very high critical state void ratios at very low stress 

levels. Verdugo & Ishihara (1996) observed that the CSL tends to curve towards the horizontal at 

low stresses, and Klotz & Coop (2002) suggested that the CSL might intercept the axis of zero mean 

effective stress at a value close to the 𝑒𝑚𝑎𝑥 at atmospheric pressure. To reproduce the required shape 

at both high and low mean effective stresses, Li et al. (1999) proposed a power law, where: 

 𝑒𝑐𝑠 = 𝑒Γ − 𝜆(
𝑝′

𝑝𝑟𝑒𝑓
′ )

𝜉

 (5-3) 

where:   

𝑒𝑐𝑠 = critical state void ratio 

𝑒Γ = reference void ratio at 𝑝′ = 0 kN/m2 

𝜆 = power function constant 

𝑝𝑟𝑒𝑓
′  = reference mean effective stress 

𝜉 = stress exponent 
   

Figure 5.2b shows a comparison between the bi-linear and power law approximations for the CSL, 

indicating the clear advantages of such approximations over the simple linear form (Taborda, 2011). 

Such approximations have therefore been regularly adopted in modern constitutive models for sand 

(e.g. Dafalias & Manzari, 2004; Loukidis & Salgado, 2009; Taborda, 2011). 
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5.1.4. UNIQUENESS OF THE CRITICAL STATE LINE 

Uniqueness is defined here as the general requirement that the CSL may be calculated as a single-

valued function of 𝑝′ (and potentially the Lode angle, 𝜃, defined in Appendix A). The uniqueness of 

the CSL is an important issue as it leads to physical simplicity and easily understandable idealisations 

of soil response, i.e. with a unique CSL, it is relatively straightforward to model the behaviour of a 

soil when sheared. However, published studies on the existence and uniqueness of the CSL are 

conflicting. Jefferies & Been (2015) summarise the various conclusions: 

• There is a unique CSL, but care is required in both testing technique and interpretation to 

accurately establish the CSL (Been et al., 1991; Ishihara, 1993; Poulos et al, 1988). 

• A band of states represents steady-state conditions, depending on the initial density and stress 

level, so that the CSL is actually a zone rather than a line (Konrad, 1993). 

• Sample preparation methods result in different fabrics and anisotropies, giving different stress 

paths and critical states (Kuerbis & Vaid, 1988; Vaid et al., 1990). 

• There is an ‘S-line’ from drained tests, and an ‘F-line’ from undrained tests that differ as a 

result of the collapse potential of the soil (Alarcon-Guzman et al., 1988). 

• Strain rate affects the CSL (Hird & Hassona, 1990) 

More recently, Li & Dafalias (2012) proposed the anisotropic critical state theory (ACST), which 

incorporates the role of fabric anisotropy by supplementing the stress ratio and void ratio conditions 

of the classical CSSM theory with a third fabric term. They claim to cpresent a thermodynamic proof 

of the uniqueness of the CSL on the basis of the well-known Gibbs condition of stability. 2D Discrete 

Element Modelling (DEM) simulations performed by Wang et al. (2017) further support this 

framework and the existence of a unique CSL. 

5.1.5. STATE PARAMETER FRAMEWORK 

The concept of a ‘state parameter’, originally suggested by Wroth & Bassett (1965), was developed 

into a powerful framework by Been & Jefferies (1985). It combines the influence of density and 

stress level with reference to critical state conditions, as shown in Figure 5.3, and is defined as: 
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 𝜓 = 𝑒 − 𝑒𝑐𝑠 (5-4) 

Been & Jefferies (1985) showed that materials 

with similar values of 𝜓 exhibited similar 

qualitative behaviour during shearing, despite 

having different densities and effective stress 

conditions. 

 

 

 Figure 5.3: Definition of the state paramer, ψ 

From Figure 5.3, it is clear that the sign of 𝜓 distinguishes whether the sand is currently in a denser-

than-critical (𝜓 < 0) or looser-than-critical (𝜓 > 0) state. This separation has been shown to capture 

important features of sand behaviour, such as the tendency to dilate or contract when sheared. The 

magnitude of |𝜓| has also been shown to influence behaviour, with larger values exhibiting greater 

dilative responses and peak strengths, as shown in Figure 5.4. The state parameter framework has 

therefore been widely adopted as a general framework for modern constitutive models for sands. 

 

 

 
 (a)    (b)  

Figure 5.4: The influence of the initial state parameter, ψ0, on (a) peak angle of internal shearing 

resistance; and (b) maximum dilatancy rate (from Jefferies & Been, 2015) 

 

 

5.1.6. CHARACTERISTIC AND PHASE TRANSFORMATION STATES 

Luong (1980) proposed the “Characteristic State” for describing the stress ratio corresponding to the 

separation point between volumetric compression and dilation in drained triaxial tests. It is obtained 

from graphs of deviatoric strain, 𝜀𝑞, against volumetric strain, 𝜀𝑝, as the point at which the ratio 𝛿𝜀𝑝 

/ 𝛿𝜀𝑞 tends towards zero. For an entirely contractive sand, the 𝛿𝜀𝑝 / 𝛿𝜀𝑞 = 0 condition is reached at 

the critical state, and the two states may therefore be considered similar. However, for dilative sands, 
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the characteristic state is a transition state reached at a relatively low strain level, while the critical 

state is an ultimate state that is not achieved until the soil is sheared to large shear strains (Chu, 

1995). 

The concept of ‘Phase Transformation’ was introduced by Ishihara et al. (1975) to describe the 

behaviour of sands in undrained triaxial tests, and is defined as the point at which the stress path is 

observed to change direction the 𝛿𝑝′ / 𝛿𝑞 = 0. Ishihara (1993) describes this point in 𝑝′ − 𝑞 space 

as a transient state, separating contractive and dilative-like behaviours. For relatively loose materials 

which exhibit entirely contractive behaviour, the state of phase transformation coincides with the 

critical state. 

Georgiannou et al. (2008), Chu (1995) and Lade & Ibsen (1997) studied the characteristic and phase 

transformation states based on drained and undrained shear tests on sands. For a given density and 

initial mean effective stress, 𝑝0
′ , they concluded that the phase transformation and characteristic 

states were similar. Lade & Ibsen (1997) also found that relative density had no influence on the 

location of the two state lines; however, the gradient of the lines defined in 𝑞 − 𝑝’ space was observed 

to increase with increasing confining pressure, as was also reported by Verdugo & Ishihara (1996). 

5.1.7. PHASE TRANSFORMATION AND QUASI-STEADY STATE 

Under undrained loading conditions, loose sands sheared at large initial effective confining pressures 

tend to exhibit a “quasi-steady state” (QSS) (Alarcon-Guzman et al., 1988; Been et al., 1991). This 

state is illustrated schematically in Figure 5.5, and is characterised by a peak strength at a low strain 

level followed by a limited period of strain-softening, followed by continuous dilation to a high 

strength at a large mean effective stress. The state of minimum strength defines the QSS, and 

coincides with the point of phase transformation (Ishihara, 1993). This was later confirmed 

experimentally by Uthayakumar & Vaid (1998). 

The QSS shares many similar aspects associated with the definition of steady state given by Poulos 

(1981); however, for the QSS, the condition of no change in deviatoric stress is only temporary and 

care is therefore required in interpretation of test data to not mistake the QSS as the steady state. 
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Figure 5.5: Undrained shear behaviour of sand under large deformations (Yoshimine & Ishihara, 1998) 

 

The existence of the quasi-steady state has been the subject of some controversy. Questions have 

been raised as to the distinction between the quasi-steady and steady state, leading to some 

researchers (Jefferies & Been, 2015) arguing that erroneous, mis-interpretation of the QSS as the 

steady state (Konrad, 1993; Vaid et al., 1990) resulted in resistance to the acceptance of state-

parameter type approaches. Zhang & Garga (1997) also argued that the QSS is not a real material 

behaviour, but rather a test-induced phenomenon, mainly attributable to end restraint / friction, but 

also non-uniform deformation, membrane penetration and sample dimension correction. 

However, Vaid et al. (1999) observed the QSS in their triaxial tests regardless of the use of lubricated 

(frictionless) end platens. Furthermore, Yang & Dai (2011) examined the existence of the QSS from 

a micromechanical perspective, concluding that it is a real soil behaviour rather than a testing 

phenomenon, and may be regarded as a transient state resulting from spatial rearrangement of 

discrete particles sheared under the constant volume condition. 



Jonathan White  Behaviour of Cohesionless Soils 

 

DPhil Thesis  77 

 

5.2. CYCLIC BEHAVIOUR 

Cyclic loading generally leads to a breakdown of the soil structure. For fully saturated, undrained 

conditions, volumetric changes due to dynamic loading are prevented due to the relative 

incompressibility of water, and instead manifest themselves as changes in the pore water pressure. 

The tendency for loose soils to contract results in an increase in pore pressure, and the effective stress 

in the soil decreases accordingly. Each additional stress cycle yields additional incremental pore 

pressure changes, until the stress path eventually reaches some failure envelope. 

5.2.1. NATURE OF STATIC, CYCLIC AND DYNAMIC LOADING 

Cyclic loads typically originate from environmental (e.g. waves, wind, earthquakes) or 

anthropogenic sources (e.g. traffic, machinery rotations, pile driving). The nature of loading in terms 

of both number of applied cycles and frequency content varies considerably between sources, as 

illustrated in Figure 5.6. 

This means that the loading waveform may be relatively uniform and essentially consist of a single 

frequency (e.g. vibrating machinery), or somewhat random and contain a range of frequencies (e.g. 

earthquakes). Multi-directional, multi-amplitude loading can also occur, as is the case for wave and 

wind loads acting on offshore wind power structures. 

 

 
Table 5.1: Typical frequency ranges adopted in 

cyclic triaxial testing 

Loading type 
Typical test frequency 

(Hz) 

Wave action 0.1 

Wind action 0.1 – 1.0 

Earthquake 1.0 

Rail transit >1.0 

Vibrating machinery >60 
 

Figure 5.6: Periods and number of cycles 

charcterising typical cyclic loading events (from 

Andersen, 2013) 
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Static loads are those whose characteristics do not change with time. Conversely, cyclic loads are 

loads which vary in their magnitude, direction, or position with respect to time. Das & Ramana 

(2011) define cyclic loads as a particular type of dynamic load which tend to exhibit a degree of 

regularity both in their magnitude and frequency. For practical purposes, Ishihara (1996) suggests 

that the division between static and cyclic frequencies is generally in the order of 0.05 – 0.1 Hz. 

Typical test frequency ranges for various cyclic loading scenarios are presented in Table 5.1. 

The duration of extreme cyclic loading events also varies, ranging from one to two days for an 

offshore storm to less than one minute for most earthquakes (Andersen, 2013). However, critical 

cases for design are not always governed by these extreme events. A very important feature for 

offshore monopile foundations, for example, is that they may be subjected to extremely large 

numbers (>108) of small-amplitude cycles (Houlsby, 2016). Despite the intensity of these individual 

loads being relatively trivial, their accumulated effect is likely to be of engineering significance. 

5.2.1.1. Cyclic Loading for use in Element Test Programmes 

Laboratory element tests are often used to explore the response of a soil subjected to cyclic loading. 

However, applying complex waveforms to a soil specimen in the laboratory requires sophisticated 

test systems, and is often impractical from a load control perspective. Therefore, tests are usually 

restricted to those which can be conducted within feasible timeframes, and at loading frequencies 

that allow suitable control, precision, and data acquisition rates (Andersen, 2013). 

Complex load histories may be transformed into simplified parcels of constant cyclic loads using the 

‘rain flow’ procedure (ASTM, 2017; Matsuishi & Endo, 1968), or alternative methods such as that 

proposed by Norén-Cosgriff et al. (2015). Such regular-cycle tests can therefore be defined in terms 

of the number of cycles, 𝑁, the cycle period, 𝑇, the average stress, 𝑞𝑎𝑣, and the cyclic stress 

amplitude, 𝑞𝑐𝑦𝑐 (see Figure 5.7). Three types of cyclic loading must also be distinguished: 

• Case 1: This case, usually referred to as ‘one way’ or ‘repeated’ loading, involves a fluctuating 

shear stress that oscillates in 𝑝′ − 𝑞 space without ever crossing the 𝑝′-axis (i.e. 𝑞𝑎𝑣 − 𝑞𝑐𝑦𝑐 ≥

 0). The direction of the major principal effective stress, 𝜎1
′, remains fixed throughout the test, 

and is therefore analogous to a triaxial compression test with variable deviator stress. 
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• Case 2: This case, usually referred to as ‘two way’ loading, is similar to case 1 in that the 

orientation of stresses remains fixed; however, the direction of 𝜎1
′ switches between the 

vertical and horizontal throughout the cycle (i.e. 𝑞𝑎𝑣 − 𝑞𝑐𝑦𝑐 < 0). Therefore, the magnitude 

of the principal stress direction, 𝛼 (where 𝛼 is the angle between the direction of the major 

principal stress and the direction of deposition of the soil), jumps instantaneously between 0° 

and 90° as the stress point crosses the 𝑝′-axis. 

•  Case 3: This case has both vertical and horizontal stress components, but also includes shear 

stresses. Because of the shear component, 𝜎1
′ is no longer oriented with the reference vertical 

direction and thus the directions of the principal effective stresses rotate with time as the 

magnitude of the shear stress varies. This case is analogous to the cyclic simple shear test. 

 

 

Figure 5.7: Conventional definitions of cyclic loading used in cyclic triaxial test programmes 

 

5.2.2. QUALITATIVE CYCLIC BEHAVIOUR 

Several concepts are often used to qualitatively describe the behaviour of soil under cyclic loading, 

particularly when considering relatively large numbers of cycles. These concepts are illustrated in 

Figure 5.8, and based on the definitions given by Rascol (2009): 

• Adaptation: The cyclic stress-strain hysteresis loop converges to a new elastic state, such that 

further cycling involves no dissipation of energy. In soils this state is never reached practically, 

as a small amount of energy dissipation always occurs during cyclic loading. 

• Accommodation: The cyclic stress-strain hysteresis loop evolves and accumulates permanent 

strains, before eventually stabilising and forming a closed hysteresis loop. Energy continues 

to be dissipated with each cycle; however, no further plastic strains are accumulated. 

• Ratcheting: Plastic strain continuously accumulates with each new load cycle. Soil failure is 

eventually reached if loading continues.  

• Cyclic softening: the secant stiffness of the soil decreases with the number of cycles. 

• Cyclic hardening: the secant stiffness of the soil increases with the number of cycles. 
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(a) Adaptation (b) Accommodation (c) Ratcheting 

 

 

  

 

 

 (e) Softening   (f) Hardening  

Figure 5.8: Summary of qualitative descriptions of soil behaviour under cyclic loading (Rascol, 2009) 

 

5.2.3. THRESHOLD STRAINS AND STRAIN-LEVEL RESPONSE 

Vucetic (1994) studied published cyclic laboratory test data and examined two types of cyclic 

threshold shear strains, which represent boundaries between fundamentally different categories of 

cyclic soil behaviour. These are illustrated graphically in Figure 5.9 and classified as follows: 

 

 

 
 (a)    (b)  

Figure 5.9: (a) Secant shear stiffness degradation curve and damping curve with different zones of cyclic 

shear strain amplitude (Vucetic, 1994); and (b) effect of mean confining stress on γtv (Dyvik et al., 1984) 

 

• The linear threshold shear strain, 𝛾𝑡𝑙: Below this strain level (typically 𝛾𝑡𝑙 < 10-5), material 

behaviour is essentially linear-elastic, and any deformations are recoverable. Theoretically no 
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energy dissipation takes place below 𝛾𝑡𝑙; however, there is some experimental evidence to 

suggest that limited dissipation takes place even in this very small, pseudo-elastic strain range. 

For sands, 𝛾𝑡𝑙 is usually taken as the shear strain mobilised at 𝐺 / 𝐺0  = 0.99. 

• The volumetric threshold shear strain, 𝛾𝑡𝑣: Above this strain level, soil behaves in an 

increasingly non-linear and inelastic manner, with significant permanent microstructural 

changes taking place under cyclic loading. 

Dobry, Ladd and co-workers (Dobry & Ladd, 1980; Dobry et al., 1982; Ladd et al., 1989) undertook 

the first comprehensive review of 𝛾𝑡𝑣 and concluded that for many different types of sands, 𝛾𝑡𝑣 is 

essentially 10-4, regardless of confining stress, density and specimen fabric. However, additional 

studies have since shown that the magnitude of 𝛾𝑡𝑣 in sand tends to increase with OCR, and 𝑝′ 

(Dobry, 1991; Dyvik et al., 1984; Kim et al., 1992). 

Between 𝛾𝑡𝑙 and 𝛾𝑡𝑣, (i.e. 10-5 < 𝛾 < 10-4) the soil behaves in a markedly non-linear way, but remains 

largely elastic because permanent changes of its microstructure do not occur or are negligible. The 

soil shear stiffness, 𝐺 and energy loss factor, 𝜉, therefore remain constant with increasing numbers 

of cycles. This kind of behaviour is known as ‘non-degraded hysteresis’ behaviour (Ishihara, 1996), 

and may be modelled with reasonable accuracy using linear-viscoelastic models. 

However, once 𝛾𝑡𝑣 is exceeded, (i.e. 10-4 < 𝛾 < 10-2) soil properties tend to change considerably with 

both 𝛾 and increasing numbers of cycles. Non-linear hysteresis loops are formed, their breadth 

depending on the magnitude of the induced shear strain. This type of response, known as ‘degraded 

hysteresis’ behaviour (Ishihara, 1996), is characterised by 𝐺 and 𝜉 evolving with the number of 

cycles due to either changes in the effective confining stress resulting from excess pore-water 

pressure development (for undrained cyclic loading), or permanent volume changes (for drained test 

conditions). The Masing law is typically used to describe the stress-strain relationship at each stage 

of loading (i.e. first loading, unloading and reloading). 
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5.2.4. PORE PRESSURE RESPONSE TO CYCLIC LOADING 

Excess pore pressures tend to increase when soils are subjected to undrained cyclic loading in cyclic 

triaxial tests, eventually approaching a value equal to the initial effective cell pressure, 𝜎𝑐,0
′ . Excess 

pore pressures are therefore typically expressed as the pore water pressure ratio, 𝑅𝑢, where: 

 𝑅𝑢 =
Δ𝑢

𝜎𝑐,0
′ =

Δ𝑝′

𝑝0
′  (5-5) 

where:   

Δ𝑢 = excess pore water pressure 

𝜎𝑐,0
′  = initial effective confining stress 

   

For loose sands, the first instance of 𝑅𝑢 = 1.0, termed ‘initial liquefaction’ by Lee & Seed (1967), is 

immediately followed by significant deformation and a sudden and complete loss of strength. 

Medium-dense to dense sands also undergo a state of softening on achieving 100 % pore water 

pressure build-up, but subsequent deformations do not grow indefinitely large and complete loss of 

strength does not occur (Ishihara, 1996). However, significant cyclic strains are mobilised following 

this condition, which is why the state of 100 % excess pore pressure build-up (i.e. 𝑅𝑢 = 1.0) is often 

used as a measure of cyclic instability. 

Dobry et al. (1982) investigated the build-up up of pore pressures and liquefaction susceptibility of 

sands and found that there is a predictable correlation between the cyclic shear strain amplitude and 

the excess pore water pressures developed. They also suggested that no excess pore pressures will 

develop if cyclic shear strains remain lower than the threshold strain (described in Section 5.2.3), 

due to no inter-particle sliding occurring at the particle contacts. 

Erten & Maher (1995) investigated the influence of silt content on the development of pore pressures 

in sand. They found that there is a significant increase in the pore pressures developed at strain levels 

higher than the threshold strain in those soils with increased fines content. Ishihara (1996) also states 

that pore pressure build-up in sandy soils containing some amount of fines tends to stop increasing 

over a value of 𝑅𝑢 = 0.9 to 0.95. However, as with medium-dense to dense clean sands, significant 

cyclic shear strains are mobilised. Furthermore, tests that involve no stress reversal may not 

necessarily reach 100 % pore pressure build-up, yet significant permanent plastic strains are 
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accumulated. The failure of some soil types or test conditions to ever achieve 𝑅𝑢 = 1.0 is one reason 

why limiting double amplitude strains (usually 5 %) are often preferred as the failure criterion over 

the onset of so-called ‘initial liquefaction’. Failure definitions are discussed in detail in Section 5.2.6. 

5.2.5. LIQUEFACTION RELATED PHENOMENA 

The development of excess pore pressures and the associated reduction of mean effective stress under 

undrained loading conditions is a hallmark of all liquefaction phenomena. Historically, liquefaction 

related phenomena have been classified as either ‘flow liquefaction’ or ‘cyclic mobility’. A proper 

understanding of the behaviours associated with these phenomena is therefore important if the 

response of saturated soils subjected to cyclic loading is to be evaluated. 

5.2.5.1. Flow Liquefaction 

The term ‘static’ or ‘flow’ liquefaction is often adopted to describe the phenomenon in which loose 

sands lose a large percentage of their shear resistance and flow in a liquid manner when subjected to 

undrained monotonic loading (Castro, 1969). This type of behaviour is illustrated in Figure 5.10 and 

is associated with relatively loose soils that lie above the CSL (i.e. 𝑒0 > 𝑒𝑐𝑠;  𝜓0 > 0). 

 

 

 
 (a)    (b)  

Figure 5.10: Flow liquefaction stress paths in monotonic and cyclic triaxial tests 

When sheared, these soils exhibit an easily identifiable maximum shear strength, 𝑞𝑚𝑎𝑥, at relatively 

small strains, and then flow rapidly to large strains as at low mean effective stresses. According to 

Kramer (1996) axial strains in element tests may increase from less than 1 % to more than 20 % in 

a fraction of a second. This behaviour occurs because the mobilised shear stress required for the 

static equilibrium of the soil mass increases beyond the shear strength of the liquefied soil. 
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‘Flow with limited liquefaction’ may also occur. In this case, rather than contracting immediately to 

the critical state following mobilisation of 𝑞𝑚𝑎𝑥, the material softens to a minimum value coinciding 

with the QSS, before dilating towards the steady state. However, in practical terms the distinction 

between the two cases is unimportant as the strains generated during softening are likely to be above 

permissible thresholds for most geotechnical structures. It is also important to note that relatively 

dense soils (i.e. 𝑒0 < 𝑒𝑐𝑠;  𝜓0 < 0) are not susceptible to flow liquefaction type behaviour (Kramer, 

1996). After initially contracting, dense specimens tend to dilate towards critical state conditions at 

relatively large axial strains (e.g. 𝜀𝑧 > 25 %). The CSL therefore provides a useful tool in determining 

the susceptibility of a soil to flow liquefaction.  

5.2.5.2. Flow Liquefaction Surface 

Figure 5.11 shows a graphical representation of a ‘Flow Liquefaction Surface’ (FLS) (Kramer, 

1996). This surface is similar to the ‘critical effective stress ratio’ proposed by Vaid & Chern (1983), 

and provides a useful framework for describing the conditions required to initiate flow liquefaction.  

 

 

 
 (a)    (b)  

Figure 5.11: (a) Response of five specimens isotropically consolidated to the same void ratio and sheared 

from different initial effective stresses; and (b) orientation of the FLS in pʹ-q space (after Kramer, 1996) 

Several researchers (Hanzawa et al., 1979; Olson & Stark, 2003) suggested that a locus going 

through the effective stress conditions at the onset of flow liquefaction (i.e. 𝑞𝑚𝑎𝑥) is a straight line, 

that projects through the origin in 𝑝′ − 𝑞 space. However, since flow liquefaction cannot occur for 

samples that are located below the CSL, the FLS is truncated at the deviatoric stress conditions at 

critical state. The FLS therefore marks the boundary between stable and unstable states in undrained 

shear. If the stress conditions in an element of soil reach the FLS under undrained conditions, whether 

by monotonic or cyclic loading, flow liquefaction will be triggered, and the strength of the soil will 

be reduced to the critical state strength. 
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5.2.5.3. Cyclic Mobility 

Cyclic mobility is another liquefaction phenomenon that can lead to the accumulation of significant 

permanent deformations. However, unlike flow liquefaction, it is difficult to define the point at which 

cyclic mobility is initiated. Furthermore, both loose and dense soils are susceptible to cyclic mobility, 

which occurs when the static shear stress is less than the liquefied strength of the soil. Therefore, any 

stress state that plots below the upper shaded region of Figure 5.11b is susceptible to cyclic mobility. 

   
(a) (b)  (c)  

Figure 5.12: Three cases of cyclic mobility (from Kramer, 1996) 

 

Figure 5.12 illustrates the three initial state and cyclic loading combinations generally required to 

produce cyclic mobility (Kramer, 1996): 

a. No shear stress reversal and no exceedance of steady state strength: Development of excess 

pore water pressure causes the effective stress path to move to the left until it reaches the 

drained failure envelope. For any additional loading cycles, the stress path moves up and down 

along the envelope. 

b. No shear stress reversal and momentary periods of ultimate state strength exceedance during 

cycling: Each time the stress path reaches the FLS, momentary periods of instability occur 

causing permanent significant straining. 

c. Shear stress reversal and no exceedance of steady state strength: Once the stress path reaches 

the drained failure envelope, it oscillates along the compression and extension portions 

passing instantaneously through the origin (𝑝′ = 0). Significant permanent strains may 

accumulate, but flow failure cannot occur. The first instance of 𝑝′ = 0 occurring may be 

referred to as ‘initial liquefaction’ (Lee & Seed, 1967); however, that is not to say that the soil 

has no shear strength – subsequent monotonic loading will show strain-hardening (dilative) 

behaviour until it reaches the steady point. 
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5.2.6. FAILURE CRITERIA UNDER CYCLIC STRESS CONDITIONS 

Contrary to monotonic loading tests where failure conditions are relatively easy to identify, the 

definition of failure conditions in cyclic loading problems can be chosen in many different ways. 

Historically, failure criteria were developed in relation to liquefaction susceptibility research. These 

criteria were typically based on either the build-up of excess pore pressures or some double-

amplitude strain within a sample. This has led to numerous definitions of ‘soil liquefaction’ and 

inevitable inconsistencies within the geotechnical community over the years. 

5.2.6.1. Pore Water Pressure Based Criteria 

Pore water pressure criteria capture some vital elements of the mechanism of liquefaction; and as a 

result, it is appealing to researchers who actually measure the change of pore pressure in the 

laboratory. When based on pore pressure related criteria, failure has often been defined as the state 

at which liquefaction initially occurs, i.e. the moment at which the excess pore water pressure ratio, 

𝑅𝑢 = 1. However, as discussed in Section 5.2.4, Ishihara (1993) found that 𝑅𝑢 in silty sands may 

stop increasing beyond 90 to 95 % of the initial confining stress. Therefore, if failure was strictly 

defined as the occurrence of ‘initial liquefaction’ at 𝑅𝑢 1.0, these soils would never technically 

‘liquefy’ despite behaving as liquefiable materials for all practical engineering purposes. 

5.2.6.2. Strength Based Criteria 

Changes in soil strength due to cyclic loading are often of great concern for the overall stability of 

structures. Strength-based criteria therefore also exist; however, given that soil strength is a function 

of the mean effective stress, this definition is essentially equivalent to the pore water pressure criteria 

definitions, and consequently suffers from the same previously discussed shortcomings. 

5.2.6.3. Strain / Deformation Based Criteria 

Cyclic shear strain and deformation serve as good criteria for dynamic performance assessment 

purposes. The response of most structures to cyclic loading is strongly linked to the performance of 

the soils on which they are built. Defining failure based on some limiting cyclic or permanent strain 

therefore serves as a good criterion for dynamic performance assessment purposes. 
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Yet according to Wu et al. (2004), this type of failure criterion was not initially as popular as pore 

pressure or shear strength criteria. This may in part be due to many researchers tending to regard 

shear strain/deformation in soils as a consequence of liquefaction. This misconception quickly 

became obsolete, as it is now accepted that shear deformations and pore pressure (and thus effective 

stress and strength) are all closely interrelated. However, while the shear strain/deformation failure 

criterion seems to be the preferred basis for performance-based engineering, it potentially suffers 

from some serious limitations. 

One such limitation is the influence of the applied mode of deformation (i.e. triaxial or simple shear) 

on the type of mobilised strain. For example, while shear strain may be obtained from undrained 

cyclic triaxial tests (Eq. (4-18)), to allow comparisons with cyclic simple shear test data, drained 

cyclic triaxial test data is typically limited to measurement of axial strain. Different strain criteria 

have therefore developed for different deformation shear modes and test conditions. In cyclic triaxial 

testing, Ishihara (1993) suggests 5 % double-amplitude axial strain, 𝜀𝑑𝑎, as a criterion to define the 

occurrence of liquefaction / cyclic softening for both clean sands and sands with fines. Whereas for 

cyclic simple shear tests, a value of 3 % single-amplitude shear strain, 𝛾𝑠𝑎, was proposed. 

This has led to another potential limitation in that there is no consistent, recommended value 

associated with these limiting strains (values ranging between 2 and 10 % have been proposed in the 

literature). Furthermore, strain-based liquefaction criteria are also sometimes used interchangeably 

with strain-based failure criteria, such as the 𝜀𝑑𝑎 = 20 % value proposed by Lee & Seed (1967) and 

given in the ASTM cyclic triaxial standard (ASTM, 2015). 

Furthermore, these values have largely been developed in relation to liquefaction susceptibility 

research, where the test material is subjected to relatively few high amplitude, two-way stress cycles. 

These failure criteria definitions may therefore be inappropriate when considering other design 

situations, such as an offshore wind structure, which is subjected to very different cyclic stress 

conditions. Nielsen et al. (2012) suggest that when analysing cyclic tests, failure modes may be 

separated into two main groups. Tests in which permanent, or residual shear strains, 𝛾𝑝, dominate, 
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were subjected to one-way loading and failed by incremental collapse. While the other group of tests, 

subjected to two-way loading, were dominated by cyclic strains, 𝛾𝑐𝑦𝑐, and failed due to liquefaction. 

Nielsen et al. (2012) defined failure as either the point at which 𝛾𝑝 = 15 % or 𝛾𝑐𝑦𝑐 = 15 %. This is 

similar to the failure criterion adopted by the Norwegian Geotechnical Institute (NGI) who define 

failure as the point where either the average strain, 𝛾𝐴𝑣, or 𝛾𝑐𝑦𝑐 reaches 15 % (Andersen, 2015). The 

difference between the use of 𝛾𝑝 and 𝛾𝐴𝑣 (defined in Section 7.2.2) in the above-mentioned failure 

definitions is relatively minor for all practical purposes; however, it again illustrates the lack of a 

consistent and robust framework for defining failure criteria in cyclic element tests. 

5.2.7. EVALUATION OF CYCLIC SHEAR STRENGTH 

Cyclic strength is an important design consideration in the evaluation of a soil’s dynamic 

performance. Although there is much detail in the cyclic stress–strain response, cyclic strength is 

commonly represented in terms of a fatigue model, in which the number of cycles to a particular 

failure criterion, 𝑁𝑓, is taken as the basic result of the cyclic triaxial test. Typically, results are 

presented in terms of the cyclic stress ratio, 𝐶𝑆𝑅, vs 𝑁𝑓, where 𝐶𝑆𝑅 is the shear stress induced by 

the dynamic load as a fraction of the initial effective confining pressure, and is calculated from: 

 𝐶𝑆𝑅 =
𝑞𝑐𝑦𝑐

2𝜎𝑐,0
′  (5-6) 

   

It has been customary to select 10 or 20 cycles as 𝑁𝑓; however, in principle, this value is entirely 

arbitrary and was adopted due to it being similar to the typical number of significant cycles present 

in earthquake acceleration time-history records (Ishihara, 1996). Cyclic strength is then defined as 

the cyclic stress ratio required to cause ‘failure’ (i.e. 𝜀𝑑𝑎 =5 %) after e.g. 20 stress cycles. 

5.2.8. CONNECTIONS BETWEEN MONOTONIC AND CYCLIC RESPONSE 

Alarcon-Guzman et al. (1988) performed undrained monotonic and cyclic torsional shear tests on 

saturated sand samples, and found that the undrained monotonic stress path constituted a state 

boundary surface that controlled the initiation of strain softening under undrained cyclic loading. 

However, cyclic and monotonic triaxial tests undertaken by Vaid & Chern (1985) showed that flow 
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liquefaction was initiated once the cyclic stress path intercepted the flow liquefaction surface 

(defined in Section 5.2.5.2). 

Cyclic triaxial tests performed by Hyodo et al. (1994) to help clarify the issue remained inconclusive. 

More recently, Georgiannou et al. (2008) undertook a series of cyclic torsional shear tests using 

hollow cylinder apparatus, and found density to be an influencing factor, with looser material 

exhibiting flow liquefaction at the point of crossing the FLS, while denser materials showed 

instability as they approached the phase transformation line. Yang & Sze (2011) also found some 

difference in the points at which flow deformation was triggered in their cyclic and monotonic 

triaxial tests, and attributed the discrepancy to the use of stress-controlled loading in cyclic tests but 

of strain-controlled loading in monotonic tests. 

5.3. INFLUENCE OF CYCLIC TEST VARIABLES 

Figure 5.13 shows the stress-strain behaviour of a saturated medium-dense sand subjected to 

undrained cyclic loading. For sufficiently low cyclic stress amplitudes, the soil will exhibit only 

contractive tendencies, resulting in increases to excess pore pressures and decreases to the mean 

effective stress. The cyclic stress path will therefore migrate leftwards in 𝑝′ − 𝑞 space until it 

intercepts the phase transformation line (PTL). 

 

 

 
 (a)    (b)  

Figure 5.13: Undrained cyclic behaviour of a medium-dense sand (Wichtmann & Triantafyllidis, 2016) 

As defined in Section 5.1.7, the phase transformation state marks the boundary between contractive 

and dilative behaviour. Large strains are rapidly mobilised on approach and during transition; 
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however, once the PTL is crossed, the soil tends to dilate, excess pore pressures decrease, mean 

effective stresses increase and the cyclic stress path moves to the right. The shear strength and 

stiffness of the material rapidly increase with dilation, thereby limiting the mobilisation of further 

excessively large strains. Similar behaviour occurs on unloading, leading to the characteristic 

‘butterfly’ profile arising from alternate phases of dilation (hardening) and densification (softening). 

This type of behaviour, known as ‘cyclic mobility’ (see in Section 5.2.5.3), tends to be limited to 

clean sands and non-plastic silts with relative densities above 45 % (Seed, 1979). While large, 

liquefaction-induced cyclic shear strains continue to accumulate with stress cycles, complete loss of 

strength and subsequent flow-type failure – characteristic of relatively loose soils – does not occur. 

Historically, investigation into the behaviour of sand subjected to cyclic loading was dominated in 

the literature by geotechnical earthquake engineering researchers, and the need to develop robust 

liquefaction-susceptibility design guidelines. The response of loose sand to relatively high stress 

amplitude, low-cycle number cyclic loading has therefore been extensively investigated using cyclic 

triaxial, cyclic simple shear, and cyclic torsional shear tests, as summarised in a series of 

comprehensive state-of-the-art reviews (Finn, 1981; Seed, 1979; Townsend, 1978; Yoshimi et al., 

1977). These early studies showed that the liquefaction resistance of laboratory-reconstituted clean 

sand to cyclic loading is primarily influenced by the initial state, the intensity of shaking, and the 

number of cyclic stress applications. 

However, as described in Section 5.2.1, the cyclic loads appropriate for the design of earthquake 

hazard resistant structures are very different to those used in the design of offshore wind energy 

structures. Such structures are typically subjected to millions of relatively low-stress amplitude 

cycles. Limiting the gradual accumulation of permanent deformation over the design life of the 

structure therefore becomes important if serviceability limit design criteria are to be satisfied. 

Despite the large body of cyclic triaxial test data available, comparison of data between different 

soils and different testing laboratories can be confusing as there are numerous testing factors that 

influence the test results. The following sections therefore examine some of the factors found to 
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influence sand response, with a particular emphasis on the accumulation of permanent strains 

following application of large numbers of cycles. 

5.3.1. INFLUENCE OF THE NUMBER OF CYCLES 

According to Jefferies & Been (2015), soil shows fatigue-like behaviour in that much the same result 

is obtained with many low amplitude cycles as a few large cycles. Frameworks that capture both 

high- and low-cycle response are therefore preferred over those requiring some artificial distinction. 

Figure 5.14 presents three idealised strain cases given in Wichtmann (2005) used to qualitatively 

describe the relationship between accumulated residual strains, 𝜀𝑎𝑐𝑐, and cycle number, 𝑛, where: 

• Stepwise failure: residual strains are observed to increase linearly with cycle number. 

• Shakedown: the magnitude of residual strain decreases with cycle number and eventually 

stabilises. Only elastic strains need to be considered in the following cycles. This is similar to 

the ‘Accommodation’ case defined in Section 5.2.2. 

• Abation: the rate of residual strain accumulation decreases with each cycle, but never 

completely disappears (e.g. 𝜀𝑎𝑐𝑐~ ln(𝑁)). This is equivalent to the ‘Ratcheting’ case defined 

in Section 5.2.2. 

   

(a) (b) (c) 

Figure 5.14: Distinction of the deformation behaviour of a foundation (dispalcement, u) or a soil specimen 

(strain, ε) under cyclic loading: (a) stepwise failure; (b) shakedown; (c) abation (from Wichtmann, 2005) 

 

Figure 5.15 shows plots of accumulated strain with cycles found in the literature. Figure 5.15a shows 

drained cyclic triaxial test results from Lentz & Baladi (1980), who found the accumulated axial 

strain to increase linearly with the logarithm of the number of cycles. A similar relationship is shown 

in Figure 5.15b; however, Wichtmann ( 2005) suggests that the increase of the residual strain with 
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the number of cycles is proportional to ln(𝑁) only up to 𝑁 = 104. Beyond this, over-logarithmical 

curves were obtained, which Wichtmann ( 2005) attributes to abrasion at the particle contacts. 

 

 

 

(a) (Lentz & Baladi, 1980) 
 

(b) (Wichtmann, 2005) 

Figure 5.15: Influence of the number of cycles on accumulated axial strain 

 

5.3.2. INFLUENCE OF FREQUENCY 

The influence of frequency, 𝑓, has been examined by many researchers (e.g. Hardin, 1965; Peacock 

& Seed, 1968; Tatsuoka et al., 1986; Wong et al., 1975), who found virtually no significant effect 

of loading rate on the dynamic properties of sands. Wichtmann (2005) examined the effect of 

frequency in relation to the accumulation rate of permanent residual strains, and concluded that for 

the tested range of 0.05 ≤ 𝑓 ≤ 2 Hz, 𝑓 had no influence on the accumulation rate. 

5.3.3. INFLUENCE OF FABRIC 

Early studies (Ladd, 1974, 1977; Mulilis et al., 1977; Tatsuoka et al., 1986) also found the cyclic 

resistance of sand to vary depending on the fabric created by different sample reconstitution 

techniques, with air pluviation and moist tamping methods shown to produce the lowest and greatest 

resistance to liquefaction, respectively. Similar conclusions were reported more recently by Sze & 

Yang (2014). Ishihara (1996) therefore recommends that cyclic element tests be conducted on 

undisturbed samples if the dynamic response of in situ sand deposits is to be evaluated with any 

reasonable level of confidence. 
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5.3.4. INFLUENCE OF STATIC BIAS AND CYCLIC STRESS AMPLITUDE 

Cyclic triaxial testing often includes anisotropic consolidation to give an initial average stress, or 

static bias. Historic research investigating the influence static bias on the occurrence of flow 

deformation (Castro, 1975; Hyodo et al., 1991; Lee & Seed, 1967; Mohamad & Dobry, 1986; Vaid 

& Chern, 1983) was conflicting, concluding that an initial static bias either improves or deteriorates 

the resistance to flow deformation.  

As described in Section 5.2.8, the monotonic stress path defines a collapse boundary surface 

(Alarcon-Guzman et al., 1988; Georgiannou et al., 2008; Vaid & Chern, 1985). In symmetrical two-

way loading (i.e. no static bias), the first indication of large strains occurs in extension since the 

critical friction ratio in extension, 𝑀𝑡𝑒, is less than in compression, 𝑀𝑡𝑐 (Jefferies & Been, 2015). 

With a constant cyclic deviator stress, a positive static bias therefore reduces the excursion into 

triaxial extension space during each stress cycle. The cyclic strength or resistance to liquefaction 

may therefore increase, as the cycle approaches the compression and extension instability surfaces 

at the same time. However, a larger static bias will decrease the cyclic strength by bringing in the 

compression failure mode more quickly. This is illustrated schematically in Figure 5.16. 

 

 

 
 (a)    (b)  

Figure 5.16: Schematic diagram outlining the initiation of cyclic instability based on initial static bias (from 

Hyodo et al., 1994) 
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5.3.5. INFLUENCE OF STATE 

As discussed in Section 5.1.5, the mechanical response of a sand is largely governed by its state 

(density and stress level). Vaid & Chern (1983) performed undrained cyclic triaxial tests on Ottawa 

sand, to investigate the influence of 𝐷𝑟 on the CSR needed to cause specified levels of strain in 10 

stress cycles. Results showed that resistance to liquefaction increases significantly for 𝐷𝑟 > 60 %. 

Wichtmann (2005) investigated the influence of void ratio and mean effective stress on the rate of 

strain accumulation in a series of high-cycle, drained cyclic triaxial tests. Figure 5.17a shows that 

the accumulation rate increases with increasing void ratio. Figure 5.17b shows that the influence  of 

𝑝′ on the accumulated residual strain is negligible until 𝑁 > 104, after which the curves diverge, with 

larger values of 𝜀𝑎𝑐𝑐 mobilised at smaller effective stresses. 

 

 

 
(a)   (b)  

Figure 5.17: Influence of sand state in terms of (a) relative density, and (b) mean effective stress, on the 

accumulation of residual strain (from Wichtmann, 2005) 

According to Ishihara (1996), all cyclic shear tests ever performed on sands indicate a tendency for 

cyclic strength to decrease with increasing confining stress. This is evident from Figure 5.18, which 

shows a summary of cyclic triaxial test results from 13 sands compiled by Jefferies & Been (2015). 

The plot shows the cyclic stress ratio, CSR (defined in Section 5.2.7) vs the number of cycles 

required to reach a given failure criterion 𝑁𝑓. All tests were isotropically consolidated, with relative 

densities ranging from 30 to 80 %. Figure 5.18a shows significant scatter. This is expected as the 

data have not been normalised, and are therefore subject to the influences of the aforementioned 

factors. 
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 (a)    (b)  

Figure 5.18: (a) Cyclic triaxial test data on 13 sands for which the CSL is known; (b) results normalised by 

the CSR required to cause failure after 15 cycles, CRR15 (from Jefferies & Been, 2015) 

However, despite the large range in behaviour, Jefferies & Been (2015) suggest that there is actually 

a simple underlying behavioural trend. For any given sand, state parameter and sample preparation 

procedure, normalising the CSR by the CSR that results in liquefaction failure after 15 cycles, a 

relatively narrow band now fits the data (Figure 5.18b), and the trend smoothly extends from a few 

cycles to nearly a thousand cycles. Jefferies & Been (2015) call this normalised strength as the ‘cyclic 

resistance ratio’, CRR, which is the CSR that causes failure after a given number of cycles. Jefferies 

& Been (2015) therefore propose that the complex, multi-variable situation described above, has 

now been largely reduced to understanding how state and fabric control 𝐶𝑅𝑅15. 

Figure 5.19 shows a graph of 𝐶𝑅𝑅15 vs. the state 

parameter, 𝜓, and a reasonable trend is obtained. Jefferies 

& Been (2015) suggest that the scatter of results is likely 

to be due to the influence of fabric, which is not captured 

by 𝜓, and comment that the error band of 𝐶𝑅𝑅15 shown in 

Figure 5.19 (approximately ±0.1), is consistent with 

studies investigating the influence of sample preparation 

technique on cyclic stability (e.g. Ladd, 1977). 

 

 

 Figure 5.19: CRR15 as a function of state 

parameter for sands (from Jefferies & 

Been, 2015) 
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6. MONOTONIC TRIAXIAL TESTS 

6.1. INTRODUCTION 

This chapter presents results of monotonic triaxial tests undertaken on 100 mm diameter samples of 

Leighton Buzzard (Fraction B) sand (LBS-B). As described in Chapter 2, there are conflicting views 

in the literature regarding the behaviour of sand at very low stress levels. The primary aim of this 

study was therefore to investigate the constitutive behaviour of sand at such low (less than 50 kN/m2) 

effective confining stresses, and, with the aid of modern, commercially available triaxial testing 

apparatus, provide the additional experimental evidence needed to clarify the issue. 

The secondary aim of the test programme was to produce a suite of tests that could be readily used 

to calibrate nested-surface, kinematic-hardening type constitutive models such as the Prévost model 

(Prévost, 1985) described in Chapter 8. Despite the large quantity of triaxial tests undertaken on 

sands published in the literature, freely available numerical data comprising both compression and 

extension test results are extremely limited. According to Cerfontaine (2014), the VELACS 

(Verification of Liquefaction Analyses by Centrifuge Studies) programme (Arulmoli et al., 1992), 

is the only freely available triaxial test database containing the necessary tests required to fully 

calibrate a nested-surface, kinematic-hardening type model. 

As discussed in Chapter 8, nested surface, kinematic hardening models are identified as a potentially 

useful tool for modelling the long-term behaviour of offshore wind turbine (OWT) foundations 

installed in the North Sea and elsewhere. North Sea sand formations tend to be relatively uniform 

and have high (greater than 80 %) relative densities (Bjerrum, 1973); however, the majority of the 

VELACS test programme was undertaken on 63.5 mm diameter samples of Nevada Sand at relative 

densities of approximately 40 % and 60 %. Calibration and further development of such models for 

use in the design of North Sea OWT foundations would therefore benefit from a modern database of 

triaxial tests, undertaken on sand samples at densities more representative of in situ conditions. 
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6.2. TESTING SCHEDULE 

The 23 monotonic triaxial tests performed as part of this programme included both conventional 

isotropically and anisotropically consolidated, drained compression and extension tests, as well as a 

number of constant mean effective stress compression and extension tests. The nomenclature used 

to identify the tests is described below and further explained in Table 6.1. A summary of all 

monotonic tests presented in this chapter is given in Table 6.2. 

 
180916⏟    -

a

VJ⏟
b

LBS-B⏟  
c

CIDc⏟
d

(+v′)⏟  
e

80.⏟
f

50.⏟
g

8⏟
h

 
 

   

Table 6.1: Nomenclature used to identify tests 

Key Description Nomenclature 

a Date of test  yymmdd e.g. 180916 

b Triaxial test apparatus VJ: Stress path apparatus 

  VJX: Cyclic triaxial apparatus 

c Material tested LBS-B: Leighton Buzzard Sand (Fraction B) 

d Test type CIDc: Isotropically consolidated, drained compression test 

  CIDe: Isotropically consolidated, drained extension test 

  CIUc: Isotropically consolidated, undrained compression test 

  CADc: Anisotropically consolidated, drained compression test 

e Stress path See Figure 6.1 for details 

f Relative density Numerical value (in percent) 

g Effective confining stress Numerical value (in kN/m2) 

h Overconsolidation Ratio  Numerical value (usually neglected as OCR typically = 1) 

The bulk of the drained testing programme were undertaken on normally consolidated samples, 

prepared to an initial target relative density of 80 % using the wet pluviation technique described in 

Section 4.7.2. Table 6.2 shows that the prepared test specimens were slightly denser than anticipated, 

and were generally in the range 𝐷𝑟 = 82 ±1 %. 

The tests typically utilised a 𝜎𝑐,0
′  of 50, 25, 12 and 6 kN/m2. To investigate the influence of 

overconsolidation ratio (𝑂𝐶𝑅), one test was undertaken on a specimen with 𝑂𝐶𝑅 = 8.0. This was 

considered necessary as the application of a -10 kN/m2 vacuum pressure after sample deposition, 

placement of the top cap, and subsequent filling of the triaxial cell results in an effective confining 

pressure of approximately 16 kN/m2 acting on the sample. The specimens sheared at initial effective 

confining pressures of 6 and 12 kN/m2 are therefore overconsolidated.
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Table 6.2: Summary of monotonic triaxial stress-path tests undertaken on Leighton Buzzard Sand (Fraction B) 

Test ID 𝒑𝟎
′  OCR 𝒆𝟎 𝑫𝒓,𝟎 Test type Stress path Filename 

(-) (kN/m2) (-) (-) (%) (-) (-) (-) 

s01 50 1 0.584 81.9 CIDc +vʹ 180509 - VJ LBS-B CIDc(+v) 80.50.s01 

s02a 25 1 0.586 81.3 CIDc +vʹ 181016 - VJ LBS-B CIDc(+v) 80.25.s02a 

s03 12 1 0.587 81.0 CIDc +vʹ 180718 - VJ LBS-B CIDc(+v) 80.12.s03 

s04a 6 1 0.584 82.0 CIDc +vʹ 181219 - VJ LBS-B CIDc(+v) 80.6.s04a 

s05 80 1 0.586 81.3 CADc +vʹ 180515 - VJ LBS-B CADc(+v) 80.50.s05 

s06 40 1 0.587 80.9 CADc +vʹ 180705 - VJ LBS-B CADc(+v) 80.25.s06 

s07 20 1 0.588 80.3 CADc +vʹ 180727 - VJ LBS-B CADc(+v) 80.12.s07 

s08 - - - - -  - 

s09a 50 1 0.585 81.5 CIDe -vʹ 181106 - VJ-LBS-B CIDe(-v) 80.50.s09a 

s10a 25 1 0.585 81.6 CIDe -vʹ 181109 - VJ-LBS-B CIDe(-v) 80.25.s10a 

s11 12 1 0.583 82.3 CIDe -vʹ 181210 - VJ LBS-B CIDe(-v) 80.12.s11 

s12 6 1 0.587 80.9 CIDe -vʹ 181214 - VJ LBS-B CIDe(-v) 80.6.s12 

s13a 50 1 0.582 82.8 CIDc +q 181103 - VJ LBS-B CIDc(+q) 80.50.s13a 

s14 25 1 0.588 80.5 CIDc +q 181005 - VJ LBS-B CIDc(+q) 80.25.s14 

s15 12 1 0.587 81.0 CIDc +q 181009 - VJ LBS-B CID(+q) 80.12.s15 

s16 6 1 0.586 81.3 CIDc +q 181012 - VJ LBS-B CIDc(+q) 80.6.s16 

s17a 50 1 0.586 81.3 CIDe -q 181001 - VJ LBS-B CIDe(-q) 80.50.17a 

s18 25 1 0.584 81.9 CIDe -q 181023 - VJ LBS-B CIDe(-q) 80.25.s18 

s19 12 1 0.586 81.4 CIDe -q 181026 - VJ LBS-B CIDe(-q) 80.12.s19 

s20 6 1 0.584 81.8 CIDe -q 181029 - VJ LBS-B CIDe(-q) 80.6.s20 

s21 50 8 0.585 81.5 CIDc +vʹ 180821 - VJ LBS-B CIDc(+v) 80.50.8.s21 

s22 100 1 0.591 79.6 CIDc +vʹ 180611 - VJ LBS-B CIDc(+v) 80.100.s22 

s23 200 1 0.585 81.5 CIDc +vʹ 190205 - VJ LBS-B CIDc(+v) 80.200.s23 

s24 - - - - - - - 

s25 400 1 0.586 81.3 CIDc +vʹ 190211 - VJ LBS-B CIDc(+v) 80.400.s25 
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Test Stress path 

CIDc(+vʹ) O-O1-O2-C2 

CIDe(-vʹ) O-O1-O2-E2 

CIDc(+q) O-O1-O2-C1 

CIDe(-q) O-O1-O2-E1 

CADc(+vʹ) O-O1-A1-C2 
 

Figure 6.1: Typical stress paths for monotonic triaxial tests 

To ensure fully drained conditions, all samples were sheared at an axial strain rate of 𝜀𝑧̇ = 0.5 % per 

hour, as recommended by Kuwano (1999). In an attempt to achieve critical state conditions, the 

CIDc(+vʹ) and CADc(+vʹ) tests were generally extended until the axial strain exceeded 35 %; while 

the remaining tests were terminated following observation of peak conditions, typically between |𝜀𝑧| 

= 10 to 15 %. To investigate the effect that stress ratio and mobilised deviatoric strain have on the 

small-strain shear modulus, 𝐺0, many tests also included several unloading-reloading cycles of 

varying magnitude. 

6.3. TEST RESULTS 

Test results are summarised in Figure 6.2 through Figure 6.7, and contain plots of deviatoric stress, 

𝑞, vs mean effective stress, 𝑝′; 𝑞 vs. deviatoric strain, 𝜀𝑞; volumetric strain, 𝜀𝑝, vs. 𝜀𝑞, and void ratio, 

𝑒, vs. 𝑝′. Normalised plots of stress ratio, 𝜂 =  𝑞 / 𝑝′ vs. 𝜀𝑞 based on local, small-strain 

instrumentation are also shown. 

All of the tests performed on LBS-B were carried out on the monotonic stress path apparatus 

described in Chapter 4 (Section 4.2). The stress paths were followed by computer control of the cell 

pressure, and allowed continuous paths to be followed and all instrumentation to be logged 

automatically. All of the tests used local axial and radial strain instrumentation, which were used to 

determine the deformations at small strains (i.e. 𝜀𝑞 < 5 %). The stress-strain response at large strain 

magnitudes is calculated based on external instrumentation. Results are summarised in Table 6.3. 
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6.3.1. DRAINED ISOTROPIC COMPRESSION TESTS 

6.3.1.1. CIDc(+vʹ) Tests (𝝈𝒄,𝟎
′ ≤ 50 kN/m2) 

  
 (a)   (b)  

  
 (c)   (d)  

  
 (e)   (f)  

Figure 6.2: Summary of CIDc(+vʹ) test results (for σʹc,0 ≤ 50 kN/m2) 
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6.3.1.2. CIDc(+vʹ) Tests (𝝈𝒄,𝟎
′ > 50 kN/m2) 

  
 (a)   (b)  

  
 (c)   (d)  

  
 (e)   (f)  

Figure 6.3: Summary of CIDc(+vʹ) test results (for σʹc,0 > 50 kN/m2) 
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6.3.1.3. CIDc(+q) tests 

  
 (a)   (b)  

  
 (c)   (d)  

  
 (e)   (f)  

Figure 6.4: Summary of CIDc(+q) test results 
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6.3.2. DRAINED ANISOTROPIC COMPRESSION TESTS 

6.3.2.1. CADc(+vʹ) Tests 

  
 (a)   (b)  

  
 (c)   (d)  

  
 (e)   (f)  

Figure 6.5: Summary of CADc(+vʹ) test results 
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6.3.3. DRAINED ISOTROPIC EXTENSION TESTS 

6.3.3.1. CIDe(-vʹ) Tests 

  
 (a)   (b)  

  
 (c)   (d)  

  
 (e)   (f)  

Figure 6.6: Summary of CIDe(-vʹ) test results 
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6.3.3.2. CIDe(-q) Tests 

  
 (a)   (b)  

  
 (c)   (d)  

  
 (e)   (f)  

Figure 6.7: Summary of CIDc(-q) test results 
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Table 6.3: Summary of effective stress strength parameters determined from drained triaxial stress-path tests 

Test ID Test type void ratio 
relative 

density 

initial mean 

effective stress 

maximum 

deviator stress 

mean effective 

stress at failure 

maximum stress 

ratio 

effective angle of 

internal friction 
angle of dilation* 

maximum 

dilatancy* 

- - 𝒆𝒄
† 𝑫𝒓,𝒄

† 𝒑𝟎
′  |𝒒|𝒎𝒂𝒙 𝒑𝒇

′  |𝜼|𝒎𝒂𝒙 𝝓𝒎𝒂𝒙
′  𝝓𝒄𝒗

′  𝝍(𝟏)
𝑫  𝝍(𝟐)

𝑫  𝑫𝒎𝒊𝒏 

(-) (-) (-) (%) (kN/m2) (kN/m2) (kN/m2) (-) ( ° ) ( ° ) ( ° ) ( ° ) (-) 

s01 CIDc(+v’) 0.584 81.9 50.7 188.7 93.0 1.653 40.3 31.5 23.1 15.5 -0.55 

s02a CIDc(+v’) 0.585 81.7 25.1 95.8 45.4 1.680 41.0 30.8 25.9 17.2 -0.63 

s03 CIDc(+v’) 0.586 81.0 14.1 46.3 24.3 1.616 39.6 29.3 26.1 17.3 -0.65 

s04a CIDc(+v’) 0.583 82.2 5.4 24.6 12.4 1.798 44.0 30.6 27.7 18.1 -0.68 

s05 CADc(+v’) 0.575 85.0 77.3 188.3 91.7 1.656 40.3 30.9 22.5 15.2 -0.54 

s06 CADc(+v’) 0.586 81.2 42.4 94.6 47.2 1.649 40.4 31.2 26.1 17.3 -0.65 

s07 CADc(+v’) 0.588 80.4 20.5 50.5 23.9 1.685 41.1 29.9 27.2 18.0 -0.68 

s09a CIDe(-v’) 0.585 81.7 51.3 1.6 40.1 1.024 38.1 - 17.4 14.2 -0.39 

s10a CIDe(-v’) 0.585 81.7 25.1 1.4 20.2 1.029 38.4 - 18.9 15.2 -0.42 

s11 CIDe(-v’) 0.583 82.3 12.2 1.1 8.7 0.951 34.4 - 19.7 16.0 -0.46 

s12 CIDe(-v’) 0.587 80.9 6.0 1.0 4.4 0.902 32.1 - 20.9 17.8 -0.52 

s13a CIDc(+q) 0.581 82.8 50.1 85.1 48.9 1.691 41.2 - 28.8 18.8 -0.71 

s14 CIDc(+q) 0.587 80.7 25.2 43.6 24.6 1.730 42.2 - 28.6 18.6 -0.69 

s15 CIDc(+q) 0.587 80.9 12.3 22.3 12.3 1.716 42.5 - 29.9 19.3 -0.73 

s16 CIDc(+q) 0.586 81.2 6.6 11.4 6.4 1.672 41.1 - 30.6 20.1 -0.76 

s17a CIDe(-q) 0.586 81.3 50.2 0.8 48.3 1.063 40.2 - 17.4 14.0 -0.43 

s18 CIDe(-q) 0.584 82.0 25.9 1.2 25.8 1.003 37.0 - 18.0 14.5 -0.42 

s19 CIDe(-q) 0.585 81.5 13.0 1.1 12.8 0.932 33.5 - 18.4 14.9 -0.43 

s20 CIDe(-q) 0.584 81.8 7.0 1.1 6.9 0.860 30.1 - 19.8 16.1 -0.48 

s21 CIDc(+v’) 0.581 82.9 50.4 188.8 87.1 1.676 40.9 32.4 25.8 17.1 -0.64 

s22 CIDc(+v’) 0.590 79.7 101.2 369.9 170.5 1.650 40.3 31.5 23.1 15.5 -0.55 

s23 CIDc(+v’) 0.581 82.9 197.7 666.2 335.5 1.586 38.8 31.2 20.9 14.2 -0.49 

s25 CIDc(+v’) 0.575 85.2 395.6 1252.2 813.0 1.538 37.7  18.5 12.7 -0.42 

Notes: 

† subscript ‘c’ represents values at the end of consolidation 

* See Section 6.5.3 for definitions of 𝜓(1)
𝐷  and 𝜓(2)

𝐷  and 𝐷𝑚𝑖𝑛 
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6.4. GENERAL OBSERVATIONS 

Despite the use of enlarged and lubricated end platens, barrelling and shear bands were still observed 

in the compression tests, a typical example of which is shown in Figure 6.8a. 

  
 

(a) (b) (c) 

Figure 6.8: Deformed specimens at end of shearing from (a)CIDc(+q) 85.50; and (b) CIDe(-q) 85.50; and 

(c) sketch of development of step in dual-skin lubricated end set-up. 

Causes of the barrelling are thought to be due to the following: 

• The inclusion of bender elements requires relatively large annular porous discs, which, when 

added to the surface area of the bender element, reduce the effective ‘frictionless’ area of the 

platen; 

• Despite best efforts to select appropriately thick latex discs for use in the dual-skin lubricated 

end set-up, a ‘step’ often developed between the finished height of the upper latex disc and 

porous disc (see Figure 6.8c), thereby reducing the effectiveness of the ‘frictionless’ ends. 

• Dense specimens with 2:1 height to diameter ratios are highly susceptible to developing shear 

bands in drained triaxial compression tests, as can be seen in Figure 6.8a. 

However, Lade (2016) comments that as the specimen is expected to deform away from its central 

axis, centrally located rough porous discs have negligible influence on the soil behaviour. Figure 6.9 

shows photographs taken of the lower latex discs following careful excavation of the test specimen, 

and clearly show the circumferential cuts having deformed outwardly, indicating that the lubricated 

end set-up is performing to some extent. 
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(a) (b) 

Figure 6.9: Excavation of (a) the base pedestal; and (b) the top cap allowing post-test inspection of the lower 

latex disc from lubricated end set-up. 

Improvement could be obtained by reducing the 𝐻:𝐷 ratio of the specimen to 1:1, which would 

promote the development of more uniform strains in the sample (Rowe & Barden, 1964). 

Furthermore, because shear bands are less likely to develop in 1:1 𝐻:𝐷 specimens, results of drained 

compression tests yield more appropriate failure conditions that better represent the soil strength at 

the final, uniform void ratio (Lade, 2016). 

To further improve the effectiveness of the set-up, the bender elements could be removed, permitting 

the use of smaller porous discs, and thereby maximising the ‘frictionless’ area. This configuration, 

if incorporated into a modular/detachable pedestal set-up, would also permit ‘end of sample 

freezing’. This has been shown to significantly improve the accuracy of end-of-test void ratio 

estimations (Sladen & Handford, 1987), which is critically important for testing campaigns 

concerned with determination of the CSL (Reid et al., 2020). 

It is therefore recommended that future researchers performing tests on sand with this apparatus 

adopt 1:1 𝐻:𝐷 ratio specimen sizes. Abandoning platen-mounted bender elements is not 

recommended, as they provide a valuable means of determining 𝐺0. However, fabricating a second 

set of modular, ‘bender-free’, enlarged end platens is also recommended given the importance of 

reliable predictions of the CSL and its associated use in modern constitutive models. 
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EXTENSION TESTS 

Figure 6.8b shows a photograph of a drained triaxial extension test specimen after approximately 

𝜀𝑞 ≈ 19 %. The deformed shape shown in Figure 6.8b was found to be typical of extension test 

specimens in that significant necking was observed, with strain localisations tending to develop in 

the upper third of the sample. This is outside the area where the local small-strain instrumentation 

was installed, meaning that calculations of parameters based on these measurements (i.e. shear 

stiffness) are unreliable. 

Furthermore, cylindrical triaxial test specimens are typically assumed to deform as right cylinders, 

so that all parts of the specimen contribute equally in the overall strains. The problem associated 

with the relatively severe strain localisations typical to triaxial extension tests, is that computations 

of axial and volumetric strain become erroneous, as does the assumed calculated cross-sectional area 

on which estimations of axial stresses are based. 

The shortcomings associated with triaxial extension tests are well-known to researchers, with Lam 

& Tatsuoka (1988), Roscoe et al. (1963), and Lade (2016) all concluding that results of such tests 

cannot be relied upon for evaluating failure criteria. However, quantifying the different behaviour of 

cohesionless soils in compression and extension is an important component of constitutive models, 

and in the absence of other methods, triaxial extension test data can still provide useful information. 

VOLUME CHANGE BEHAVIOUR 

The CIDc(+vʹ) and CADc(+vʹ) tests were sheared to deviatoric strains in excess of 30 % in an attempt 

to achieve critical state conditions, and enable the determination of useful parameters such as 𝜙𝑐𝑣
′  

and 𝑒𝑐𝑠. However, the formation of shear bands results in deformations and volume changes that 

occur along complex localisation zones (Desrues et al., 1996). Within these zones, the local void 

ratio tends towards critical state conditions and is greater than the global average void ratio measured 

from conventional volume change instrumentation. The practical consequence of this behaviour is 

illustrated in Figure 6.10, which shows that the critical state line determined from dense specimens 

(path C) does not coincide with that estimated from loose specimens. 
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 (a)  (b)  

Figure 6.10: Idealised profiles of mobilised void ratio vs. axial strain; and (b) mean effective stress during 

conventional drained and undrained triaxial compression tests (modified from Jefferies & Been (2015)). 

Shear bands were observed in all the CIDc(+vʹ) tests, which may explain why calculated values of 

volumetric strain and void ratio fail to stabilise despite large levels of mobilised strain. It has 

therefore not been possible to reliably determine values of 𝑒𝑐𝑠 and thus the location of the critical 

state line in 𝑒 − ln (𝑝′) space from these tests. 

6.5. STRESS-STRAIN BEHAVIOUR DURING DRAINED LOADING 

6.5.1. INFLUENCE OF 𝝈𝒄
′
 ON SHEAR STRENGTH 

The typical variation of the drained shear strength of sand with confining pressure is illustrated 

schematically in Figure 6.11. For a sand of a given initial density, the shear strength is considered to 

comprise two components (Taylor, 1948): 

• The first is due to the basic inter-

particle friction between sand grains, 

which is a combination of rolling and 

sliding friction. The resulting 

strength is calculated as the constant 

volume friction angle, 𝜙𝑐𝑣
′ . 

• The second component arises from 

the contribution of dilation during 

shearing, and tends to occur in dense 

sands (i.e. 𝜓0 < 0). 

 

 

 Figure 6.11: Idealised drained shear strength envelope 

for sand (modified from Lade & Ibsen, 1997). 

Very high pressures (e.g. 𝑝′ > 2 MN/m2) tend to cause particle crushing and suppress dilation, 

meaning that the contribution due to the rate of dilation at very high pressures reduces to zero. A 



Jonathan White  Monotonic Triaxial Tests 

 

DPhil Thesis  111 

 

curved failure surface in 𝑝′ − 𝑞 space is thus often observed in experimental data (Stroud, 1971). 

The stress-strain plots for the 23 drained stress path tests are presented in sub-plot (b) of Figure 6.2 

to Figure 6.7, and show typical behaviour associated with dense sands. The plots show that the peak 

deviator stress increases with effective confining stress, with both compression and extension tests 

exhibiting brittle behaviour, with post-peak strain softening continuing until the test termination. 

To better investigate the influence of confining stress, Figure 6.12 presents stress-strain plots 

normalised by the current mean effective stress, 𝑝′. Similar stress-strain plots are obtained for triaxial 

compression and extension tests. However, results from CIDc(+vʹ) 80.6 and CIDc(+q) 80.6 plot 

above and below the grouped compression test profiles, respectively. While the results from 

CIDc(+vʹ) 80.6 do agree with the expected behaviour of lower effective confining stresses yielding 

higher stress ratios, this behaviour is not validated by the tests undertaken at incrementally higher 

effective confining stresses, and is further contradicted by the results from CIDc(+q) 80.6. These 

results are therefore considered anomalous. 

The cause of the anomalies is not clear, but are thought to be due to estimates of axial stress becoming 

increasingly sensitive to the internal load cell measurements, which are dependent on the selection 

of an initial ‘zero offset’. Temperature fluctuations in the laboratory were found to influence the 

measured load cell reading by approximately ±1 N, which although relatively small, are found to 

have a significant influence on the deviator stress for tests undertaken at such low confining 

pressures. 

Considering the influence of 𝑂𝐶𝑅, the stress-strain curve of CIDc(+vʹ)80.50 is practically 

indistinguishable from that of a similar test isotropically consolidated to an 𝑂𝐶𝑅 = 8.0 prior to 

shearing (CIDc(+vʹ)80.50.8). This implies that concerns associated with samples sheared at effective 

confining pressures less than 25 kN/m2 being overconsolidated (due to unavoidable factors 

associated with setting up the specimen) may therefore be considered negligible. 
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(a) 

 

(b) 

Figure 6.12: Normalised stress-strain curves calculated from external instrumentation from (a) ± vʹ; and 

(b) ± q stress path tests. 
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In triaxial extension, similar post-peak strain-softening behaviour is observed in tests sheared at 

𝜎𝑐,0
′ ≥  25 kN/m2. However, results from tests sheared at 𝜎𝑐,0

′ ≤  25 kN/m2 appear to show strain 

hardening behaviour, with no observable peak obtained before significant necking occurred, 

resulting in termination of the test. The displayed behaviour is thought to be a result of erroneous 

deviator stress calculations arising from unrealistic cross-sectional area assumptions. 

Figure 6.13 shows the stress paths for tests sheared at 𝜎𝑐,0
′ ≤  50 kN/m2. Initial inspection of the 

stress paths indicate that a linear failure envelope may enclose both the compression and extension 

tests, the slope of which can be quantified by the peak stress ratio, 𝜂𝑚𝑎𝑥, defined as: 

 𝜂𝑚𝑎𝑥 =
𝑞𝑓

𝑝𝑓
′  (6-1) 

where:   

𝑞𝑓 = deviator stress at failure 

𝑝𝑓
′  = mean effective stress at failure 

   

However, tests performed at higher 𝜎𝑐,0
′  (Figure 6.14) show that 𝜂𝑚𝑎𝑥 tends to progressively decrease 

with increasing confining stresses. meaning that the linear failure envelope drawn in Figure 6.13 for 

𝜎𝑐,0
′ ≤  50 kN/m2 is no longer appropriate for higher stress levels. Based on the limited data for 𝜎𝑐,0

′ >

  50 kN/m2, a bi-linear failure envelope is tentatively sketched on Figure 6.14 for triaxial compression  

 

Figure 6.13: Stress paths for triaxial tests undertaken at σʹc,0 ≤ 50kN/m2 
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tests, with the two envelopes intersecting at 190 kN/m2. A curved failure envelope may also capture 

the response; however, tests at higher 𝜎𝑐,0
′  values would be required to confirm this. 

Figure 6.15 shows estimates of 𝜂𝑚𝑎𝑥 plotted against the mean effective stress at failure, 𝑝𝑓
′ , and 

indicates that at relatively low effective confining stresses (e.g. 𝑝′ < 100 kN/m2) the value of 𝑝′ has 

little influence on the mobilised 𝜂𝑚𝑎𝑥 for LBS-B in triaxial compression, and yield an average value 

of 𝜂𝑚𝑎𝑥 = 1.686 ±0.03 for 25 ≤ 𝑝𝑓
′ ≤  100 kN/m2. 𝜂𝑚𝑎𝑥 also appears to be independent of both stress 

path and OCR. 

At 𝑝′ ≤ 25 kN/m2, factors such as the accuracy of 

applied corrections, temperature fluctuations within the 

laboratory and electrical noise become increasingly 

influential on measured data. Despite best efforts to 

minimise these factors, the calculated 𝜂𝑚𝑎𝑥 exhibits 

increased scatter at these stress levels (1.62 ≤ 𝜂𝑚𝑎𝑥 ≤

 1.80), making it difficult to reliably quantify the effect 

of 𝑝′ on 𝜂𝑚𝑎𝑥 at very low stress levels.  

 

 
 
Figure 6.15: Effect of the initial mean effective 

confining stress, pʹf on ηmax 

 

Figure 6.14: Stress paths for all triaxial tests 
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However, the relatively narrow band of 𝜂𝑚𝑎𝑥 show that the effect of confining stress at very low 

stress levels is small and potentially negligible for triaxial compression conditions. Conversely, for 

𝑝𝑓
′  >100 kN/m2, 𝜂𝑚𝑎𝑥 is found to decrease from 1.65 to 1.54 at 𝑝𝑓

′  =11 and 813 kN/m2, respectively. 

Both the conventional triaxial extension stress path tests (tests s09a to s12), and the ‘constant 𝑝′’ 

stress paths (tests s17a to s20) show the magnitude of 𝜂𝑚𝑎𝑥 to decrease with decreasing confining 

stress, from -1.02 at 𝑝𝑓
′  = 40 kN/m2 (s09a) to -0.902 at 𝑝𝑓

′  = 4.4 kN/m2 (s12). Similar results were 

obtained from the constant 𝑝′ stress path tests. This yields a shear stress ratio between extension and 

compression (i.e. |𝜂|max,te / 𝜂𝑚𝑎𝑥,𝑡𝑐) of approximately 60 %, which is less than the typical value of 

2/3 commonly assumed by numerical modelling practitioners (Cerfontaine, 2014). 

The lower (absolute) values of 𝜂𝑚𝑎𝑥 mobilised in the extension tests contradict the results of the 

triaxial compression tests performed at similar confining stresses, and are treated with caution. The 

differing behaviour is thought to be related to the known issues associated with triaxial extension 

tests (sample necking etc.), and the experimental accuracy of the instrumentation. 

6.5.1.1. Influence of Effective Confining Stress on 𝝓′ 

The previous discussion has focused on characterising shear strength in terms of a dimensionless 

ratio of stress invariants, 𝜂 = 𝑞 / 𝑝′; however, much of the historic literature uses a ‘friction angle’ 

notation, so it is useful to frame the results within that context. In drained tests, this angle, termed 

the effective angle of internal shearing resistance, 𝜙′, is determined from Eq. (4-20), and may be 

related to 𝜂 by Eqs. (4-21) and (4-22), for compression and extension conditions, respectively. 

Figure 6.16(a & b) show measured values of 𝜙𝑚𝑎𝑥
′ , and 𝜙𝑐𝑣

′ , plotted against 𝑝𝑓
′ , and 𝑝𝑐𝑣

′ , respectively. 

As previously discussed, it was not possible to determine 𝜙𝑐𝑣
′  from every test due to premature 

termination following shear band development. However, the CIDc(+vʹ) and CADc(+vʹ) tests were 

sheared to large strains (𝜀𝑞 ≥ 35 %), from which relatively reliable estimates of 𝜙𝑐𝑣
′  are possible. 

Given the relationship between 𝜙′ and 𝜂, similar conclusions to those described in Section 6.5.1 can 

be drawn. Results from CIDc(+vʹ) and CADc(+vʹ) tests show reasonable agreement (𝜙𝑚𝑎𝑥,𝑡𝑐
′  ≈ 41.2  
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±1.7° for 12 ≤ 𝑝𝑓
′ ≤ 100 kN/m2), while results from the constant 𝑝′ suite of compression tests show 

less scatter (𝜙𝑚𝑎𝑥,𝑡𝑐
′  ≈ 41.8 ±0.7°). Both stress paths suggest a modest increase in 𝜙𝑚𝑎𝑥

′  with 

decreasing values of 𝑝′. Values of 𝜙𝑚𝑎𝑥
′  determined from triaxial extension show wide scatter, 

ranging from 30.1° ≤ 𝜙𝑚𝑎𝑥,𝑡𝑒
′  ≤ 40.2°. 

As discussed in Chapter 2, experimental evidence for the drained strength of granular media at very 

low stress levels is both limited and conflicting. Results presented here tend to agree with the work 

of Tatsuoka (Fukushima & Tatsuoka, 1984; Tatsuoka, 1987; Tatsuoka et al., 1986), who concluded 

that the magnitude of 𝜙′𝑚𝑎𝑥 is independent of the effective confining stress for pressures less than 

approximately 50kN/m2. Figure 6.16a supports this conclusion to some extent; however, results 

show that for LBS-B, notable reductions in 𝜙𝑚𝑎𝑥
′  only mobilise once 𝜎𝑐,0

′  > 100 kN/m2.  

The behaviour observed in these tests may also be explained in terms of the state parameter, 𝜓, and 

supports the notion of a critical state line that curves towards a horizontal asymptote in the 𝑒: ln(𝑝′) 

plane at low stress values (see Section 5.1.3). For example, given that all test specimens were sheared 

from initially similar void ratios, the magnitude of the initial state parameter, |𝜓0|, will tend towards 

a similar value as the initial confining stress, 𝜎𝑐,0
′ , (and 𝑝0

′ ) decreases, and therefore exhibit similar 

behaviour once the shape of the CSL begins to plateau at low stress levels. 

  
(a) (b) 

Figure 6.16: (a) Maximum, ϕʹmax; and (b) constant volume, ϕʹcv, effective angle of internal shearing 

resistance, versus mean effective stress 
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To achieve critical state conditions from drained triaxial tests on dense sands requires large strains 

to be mobilised. This, together with the strain localisation issues, is one of the reasons why undrained 

tests undertaken on loose samples, are typically the preferred option for obtaining critical state 

properties (Jefferies & Been, 2015). Inspection of Figure 6.12 shows that even at 𝜀𝑞 > 30 %, the 

development of shear bands results in stress-strain curves that fail to plateau, meaning estimates of 

𝜙𝑐𝑣
′  continue to decrease with strain and fail to stabilise.  

For consistency, the values of 𝜙𝑐𝑣
′  presented in Figure 6.16b represent the average 𝜙′ value mobilised 

over the strain range 0.30 ≤ 𝜀𝑞 ≤  0.35. Relatively consistent estimates of 𝜙𝑐𝑣
′  are obtained: 𝜙𝑐𝑣

′  ≈ 

30.9 ±0.9°, which is less than both the value of 𝜙𝑐𝑣
′  ≈ 35° reported by Stroud (1971) determined from 

simple shear tests undertaken on similar LBS 14/25, and the more general value of 𝜙𝑐𝑣
′  ≈ 33° reported 

by Bolton (1986) for quartz sand in triaxial compression. 

However, given that the calculation of 𝜙𝑐𝑣
′  is dependent on the estimated value of axial stress, 𝜎𝑧

′, 

the accuracy of 𝜙𝑐𝑣
′  is therefore also influenced by the accuracy of the adopted area correction, which 

at such large strains becomes increasingly questionable. 𝜙𝑐𝑣
′  values calculated from drained triaxial 

tests on dense samples that exhibit significant barrelling may therefore be inaccurate. 

6.5.2. INFLUENCE OF 𝝈𝒄
′
 ON VOLUMETRIC RESPONSE 

Subplots (d) of Figure 6.2 through Figure 6.7 show plots of volumetric strain vs deviatoric strain for 

the 23 drained stress path tests. The results show that all tests initially undergo a very small 

compression before dilating towards critical state conditions. The plots show the rate of dilation, 𝐷, 

decreases with mobilised strain; however, despite mobilising strains in excess of 35 % in some cases, 

the curves fail to plateau, indicating critical state conditions were not achieved. As discussed in 

Section 6.4, the development of shear bands leads to localised zones of shearing in which local void 

ratios tend towards critical state conditions, and are greater than the global average void ratio 

estimated from conventional volume change instrumentation. 

With a few exceptions (CIDc(+vʹ) 80.12; CIDc(+vʹ) 80.50.8; CIDc(+q) 80.6), the plots show that the 

magnitude of mobilised compressive volumetric strain increases with effective confining stress; 
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while the rate of dilation generally increases with decreasing confining stress. The mobilised strain 

at which the soil transitions from compressive to dilative behaviour is also found to increase with 

stress level. This point of separation between regions of compression and dilation was termed the 

“characteristic state” by Luong (1980), and defined as the point at which the ratio 𝛿𝜀𝑣 / 𝛿𝜀𝑞 tends 

towards zero for any chosen loading path. 

 
 (a)  (b)  

Figure 6.17: Schematic diagram illustrating the determination of the characteristic state line. 

Transferring the characteristic state conditions into 𝑝′ − 𝑞 space (see Figure 6.17) defines a line that 

passes through the stress origin with slope, 𝜂𝐶ℎ, where the 𝐶ℎ subscript denotes characteristic state: 

 𝜂𝐶ℎ =
𝑞𝐶ℎ
𝑝𝐶ℎ
′  (6-2) 

   

Alternatively, this stress ratio may also be characterised by an angle, 𝜙𝐶ℎ
′ , such that: 

 𝜙𝐶ℎ
′ = 𝐴𝑟𝑐𝑠𝑖𝑛 (

3|𝜂|𝐶ℎ
𝜂𝐶ℎ + 6

) (6-3) 

   

For loose sand or sand at very high confining stresses (i.e. sands with a positive state parameter, 𝜓 

> 0), the characteristic state is reached at the critical state, and so may be considered equivalent. 

According to Luong (1980), although not being strictly equivalent, the characteristic state and critical 

state angles are similar, which is advantageous when testing dense sands at low confining stresses, 

as while the critical state requires the mobilisation of large strain magnitudes, the characteristic state 

is achieved much sooner. 
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It is often considered that the characteristic line and phase transformation line (Ishihara et al., 1975) 

described in Section 5.1.7, as determined from undrained tests, are equivalent (Lade & Ibsen, 1997). 

However, examining the definitions mathematically: 

Characteristic state occurs when: 𝛿𝜀𝑝 = 0 (6-4) 
   

 𝛿𝜀𝑝 = 𝛿𝜀𝑝
𝑒 + 𝛿𝜀𝑝

𝑝
= 0 (6-5) 

   

 𝛿𝜀𝑝
𝑝
= −𝛿𝜀𝑝

𝑒 (6-6) 
   

From Hooke’s law for isotropic materials, with 𝐾𝑡𝑎𝑛 denoting the tangent bulk modulus: 

 𝛿𝜀𝑝
𝑒 =

𝑑𝑝′

𝐾𝑡𝑎𝑛
;  𝛿𝜀𝑝

𝑝
= −

𝑑𝑝′

𝐾𝑡𝑎𝑛
;  ∴ 𝛿𝜀𝑝

𝑝
≠ 0 (6-7) 

   

According to Ishihara et al. (1975), the phase transformation marks the point at which “the stress 

path turns its direction in 𝑝′ − 𝑞 space”, therefore: 

Phase transformation occurs at: 𝑝′ = 𝑝𝑚𝑖𝑛
′  (6-8) 

   

 𝑑𝑝′ = 0 (6-9) 
   

From Hooke’s law for isotropic materials: 

 𝑑𝑝′ = 𝛿𝜀𝑝
𝑒𝐾𝑡𝑎𝑛 = 0 (6-10) 

   

For an undrained material: 𝛿𝜀𝑝
𝑒 = 0 (6-11) 

   

 𝛿𝜀𝑝 = 𝛿𝜀𝑝
𝑒 + 𝛿𝜀𝑝

𝑝
= 0 (6-12) 

   

 𝛿𝜀𝑝
𝑝
= −𝛿𝜀𝑝

𝑒 = 0 (6-13) 
   

Despite experimental evidence supporting the notion of equivalence between the characteristic state 

and point of phase transformation, comparison of Eq. (6-7) with Eq. (6-13) shows that the two 

definitions are dissimilar. The characteristic line is also considered to represent a much less 

fundamental aspect of soil behaviour and is a function of the material’s assumed elastic properties; 

whereas the phase transformation line on the other hand, is considered non-unique and may be more 

easily characterised by the simple condition of zero incremental plastic strains (Taborda, 2014). This 

has implications for numerical modelling, which is perhaps why current modelling approaches 

include the phase transformation line explicitly (e.g. the “dilatancy surface” of Taborda et al., 2014). 
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Lade & Ibsen (1997) investigated the effect of relative density and effective confining stress on the 

characteristic angle of Santa Monica Beach sand, and found that 𝜙𝐶ℎ
′  is independent of relative 

density but reduces with decreasing confining pressure or minor principal effective stress. Figure 

6.18 presents values of 𝜙𝐶ℎ
′  determined from drained compression tests undertaken as part of this 

study, as well as estimates of 𝜙𝑐𝑣
′ . Results are summarised in Table 6.4. 

  
 (a)  (b)  

Figure 6.18: Variations of (a) estimated characteristic state angles, ϕʹCh; and (b) characteristic line gradient, 

ηCh, vs. mean effective stress at the characteristic state, pʹCh. 

 

Table 6.4: Summary of estimated characteristic state angles and characteristic line slope 

Test ID 𝒑𝟎
′  𝜺𝒑,𝑪𝒉 𝜺𝒒,𝑪𝒉 𝒒𝑪𝒉 𝒑𝑪𝒉

′  𝜼𝑪𝒉 𝝓𝑪𝒉
′  𝝓𝒄𝒗

′  

( - ) (kN/m2) ( - ) ( - ) (kN/m2) (kN/m2) ( - ) ( ° ) ( ° ) 

s01 50.7 1.03E-03 7.43E-04 126.3 92.4 1.37 33.8 31.5 

s02a 25.1 7.09E-04 4.34E-04 60.4 45.0 1.34 33.3 30.8 

s03 14.1 1.01E-03 7.43E-04 33.7 24.1 1.40 34.6 29.3 

s04a 5.4 Local strain instrumentation results spurious 35.0 

s05 77.3 6.84E-04 5.89E-04 128.1 93.3 1.37 34.0 30.9 

s06 42.4 4.71E-04 4.67E-04 71.4 49.4 1.44 35.6 31.2 

s07 20.5 2.54E-04 2.69E-04 34.0 24.0 1.41 34.9 29.9 

s13a 50.1 7.62E-04 5.29E-04 72.8 50.5 1.44 35.6 -1 

s14 25.2 4.82E-04 3.23E-04 35.7 24.9 1.44 35.4 -1 

s15 12.3 3.26E-04 3.71E-04 18.9 12.8 1.47 36.3 -1 

s16 6.6 1.08E-03 1.36E-03 10.4 6.7 1.56 38.2 -1 

s21 50.4 2.20E-04 4.24E-04 110.7 86.1 1.29 32.0 32.4 

s22 101.6 Local strain instrumentation results spurious 32.0 

s23 197.7 1.09E-03 1.13E-03 446.0 346.8 1.29 32.0 31.2 

s25 395.6 1.50E-03 2.15E-03 909.0 699.7 1.30 32.3 -1 

Notes: 

1. Tests terminated before critical state conditions achieved 
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Figure 6.18a shows that 𝜙𝐶ℎ
′  tends to increase with decreasing confining stress. Similarly, Figure 

6.18b shows that for LBS-B, the characteristic stress ratio, 𝜂𝐶ℎ, appears to increase at relatively lower 

effective confining stresses, with tests undertaken at higher 𝜎𝑐,0
′  values mobilising lower 𝜙𝐶ℎ

′  and 

𝜂𝐶ℎ values. In terms of the comparison with the constant volume state friction angle, 𝜙𝐶ℎ
′  is found 

to show reasonable agreement with 𝜙𝑐𝑣
′  determined at large strains for those tests performed at 

relatively high initial confining stresses (i.e. 𝜎𝑐,0
′ > 50 kN/m2), where 𝜙𝐶ℎ

′  ≈ 32.7°. 

However, while 𝜙𝐶ℎ
′  obtained at relatively low stresses (i.e. 𝜎𝑐,0

′ < 50 kN/m2) tends to show closer 

agreement with the 𝜙𝑐𝑣
′  ≈ 35° value reported by Stroud (1971), the average characteristic stress ratio 

of 𝜂𝐶ℎ = 1.40 ±0.01 is higher than the range of triaxial compression critical friction ratios, 𝑀𝑡𝑐, 

reported by Jefferies & Been (2015) for quartz sands (1.25 ≤ 𝑀𝑡𝑐 ≤ 1.35), where: 

 𝑀𝑡𝑐 =
𝑞𝑐𝑣
𝑝𝑐𝑣
′ =

6 sin𝜙𝑐𝑣
′

3 − sin𝜙𝑐𝑣
′  (6-14) 

   

 

Table 6.4 shows that characteristic state conditions are typically mobilised at 𝜀𝑞 ≤ 0.1 %. 𝜙𝐶ℎ
′  may 

therefore be determined with a much higher degree of accuracy than 𝜙𝑐𝑣
′ , given that estimates are 

based on specimen dimensions that can be reliably tracked from initial measurements via local strain 

instrumentation. Results of tests performed at conventional initial confining stresses therefore 

support the findings of Luong (1980) and suggest that, in the absence of undrained tests on loose 

sand specimens, reasonably accurate estimations of 𝜙′𝑐𝑣 and 𝑀𝑡𝑐 may be obtained from drained 

triaxial tests without needing to mobilise large strain magnitudes. However, at lower confining 

stresses, using 𝜙𝐶ℎ
′  and 𝜂𝐶ℎ to estimate 𝜙𝑐𝑣

′  and 𝑀𝑡𝑐 may result in values being overpredicted. 

6.5.3. DILATANCY AT LOW STRESS LEVELS 

Dilatancy is a measure of the change in volume that occurs with shear distortion of a material, and 

must be accounted for in constitutive models if reliable predictions of soil deformation and pore 

pressure development are to be made. Historically, dilatancy was characterised by a dilation angle, 

𝜓𝐷, which is an expression of the ratio of the plastic volume change to plastic shear strain, and is an 
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important input parameter of the Mohr-Coulomb model. (Note: the superscript “D” is used here to 

differentiate between the shared notation with state parameter, 𝜓). 

The dilation angle varies during shearing, but is found to be greatest near and at peak strength, and 

for soils the maximum instantaneous dilation angle is known to be significantly smaller than 𝜙𝑚𝑎𝑥
′ . 

According to Vermeer & de Borst (1984), dense sands typically exhibit maximum dilation angles of 

approximately 15°, while looser sands tend to have lower values (< 10°).  

The angle of dilation is conventionally defined for plane strain conditions (e.g. Hansen, 1958; 

Roscoe, 1970; Bolton, 1986; Houlsby, 1991):  

 sin𝜓𝐷 = −(
𝛿𝜀𝑝

𝑝

𝛿𝛾𝑚𝑎𝑥
𝑝 ) =− (

𝛿𝜀1
𝑝
+ 𝛿𝜀3

𝑝

𝛿𝜀1
𝑝
− 𝛿𝜀3

𝑝) (6-15) 

where:   

𝛿𝜀𝑝
𝑝

 = volumetric plastic strain increment 

𝛿𝛾𝑚𝑎𝑥
𝑝

 = maximum plastic shear strain increment 

𝛿𝜀1
𝑝

 = major principal plastic strain increment 

𝛿𝜀3
𝑝

 = minor principal plastic strain increment 
   

However, for loading other than plane strain conditions, other definitions have been suggested for 

determining 𝜓𝐷 In triaxial compression, Houlsby (1991) and Vaid & Sasitharan (1992) proposed: 

 sin𝜓𝐷 =− (
𝛿𝜀1

𝑝
+ 𝛿𝜀2

𝑝
+ 𝛿𝜀3

𝑝

𝛿𝜀1
𝑝
− 𝛿𝜀3

𝑝 ) = −(
𝛿𝜀𝑧

𝑝
+ 2𝛿𝜀𝑟

𝑝

𝛿𝜀𝑧
𝑝
− 𝛿𝜀𝑟

𝑝 ) (6-16) 

where:   

𝛿𝜀𝑧
𝑝

 = vertical strain increment (plastic component) 

𝛿𝜀𝑟
𝑝

 = radial strain increment (plastic component) 
   

and in triaxial extension: 

 sin𝜓𝐷 =− (
𝛿𝜀𝑧

𝑝
+ 2𝛿𝜀𝑟

𝑝

𝛿𝜀𝑟
𝑝
− 𝛿𝜀𝑧

𝑝 ) (6-17) 

   

However, an alternative definition of 𝜓𝐷 has been suggested by Vermeer (Schanz & Vermeer, 1996; 

Vermeer & de Borst, 1984) for plane strain and triaxial compression conditions, of the form: 

 sin𝜓𝐷 = −(
𝛿𝜀𝑝

𝑝

2𝛿𝜀1
𝑝
− 𝛿𝜀𝑝

𝑝) (6-18) 

   

In plane strain Eq. (6-18) reduces to Eq. (6-15); therefore, for plain strain conditions there is 

compatibility between the two definitions. However, in triaxial compression, Eq. (6-18) becomes: 
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 sin𝜓𝐷 = −(
𝛿𝜀1

𝑝
+ 2𝛿𝜀3

𝑝

𝛿𝜀1
𝑝
− 2𝛿𝜀3

𝑝) = −(
𝛿𝜀𝑧

𝑝
+ 2𝛿𝜀𝑟

𝑝

𝛿𝜀𝑧
𝑝
− 2𝛿𝜀𝑟

𝑝) (6-19) 

   

Vermeer & de Borst (1984) did not refer to triaxial extension, but according to Frydman et al. (2007), 

the form of their development leads to the following relation for triaxial extension: 

 sin𝜓𝐷 = −(
2𝛿𝜀1

𝑝
+ 𝛿𝜀3

𝑝

2𝛿𝜀1
𝑝
− 𝛿𝜀3

𝑝) = −(
2𝛿𝜀𝑟

𝑝
+ 𝛿𝜀𝑧

𝑝

2𝛿𝜀𝑟
𝑝
− 𝛿𝜀𝑧

𝑝) (6-20) 

   

Alternatively, the mobilised angle of dilation may also be determined graphically from results of 

triaxial tests. Rearranging Eq. (6-15) in terms of the gradient of the line determined from a volumetric 

strain vs. axial strain plot (𝑑𝜀𝑝 / 𝑑𝜀𝑧), Vaid & Sasitharan (1992) derived the following expression: 

 𝜓𝐷 = 𝐴𝑟𝑐𝑠𝑖𝑛 [
2

3
(𝑑𝜀𝑝 𝑑𝜀𝑧⁄ )

− 1
] (6-21) 

   

Similarly, rearranging Eq. (6-19) in terms of the slope of the volumetric strain vs axial strain curve: 

 𝜓𝐷 = 𝐴𝑟𝑐𝑠𝑖𝑛 [

𝑑𝜀𝑝
𝑑𝜀𝑧

𝑑𝜀𝑝
𝑑𝜀𝑧

− 2

] (6-22) 

   

The above illustrates that while there exists a universally accepted definition of the angle of dilation 

in plane strain (Eq. (6-15)), multiple definitions are available when considering triaxial stress 

conditions. While the adopted definition of 𝜓𝐷 is somewhat arbitrary, the lack of a unique, 

universally agreed-on relationship is cause for confusion and may have significant implications on 

design without due care. 

This is exemplified by the numerical modelling work undertaken by Lee (2000), who measured 

dilation angles of up to 45°, obtained from drained triaxial compression tests by “measuring the slope 

of the linear portion of the volumetric strain versus axial strain”. It is not clear from the above exactly 

which method Lee adopted to determine the values of 𝜓𝐷; however, he goes on to note that the 

magnitude of 𝜓𝐷 used in the numerical analyses had an enormous effect on the predicted 

deformations of geosynthetic reinforced retaining walls under investigation. 
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Furthermore, Frydman et al. (2007) point out that the commonly used numerical codes PLAXIS 

(Plaxis, 2018) and FLAC (Itasca Consulting Group Inc., 2015), recommend that 𝜓𝐷 used in plane 

strain analyses be estimated from triaxial compression tests according to Eq. (6-19); however, 

without appreciation of the above, calculating 𝜓𝐷 according to Eq. (6-16) would yield a different 

value for input into the plane strain analyses, leading to a different result.  

Figure 6.19a presents angles of dilation determined from external strain measurements based on the 

two methods described above, with 𝜓(1)
𝐷  based on ‘method 1’ (Eqs. (6-16) and (6-17)), and 𝜓(2)

𝐷  

calculated from ‘method 2’ (Eqs. (6-19) and (6-20)). Results are summarised in Table 6.3. 

  
 (a)   (b)  

Figure 6.19: (a) Maximum dilation angle, ψD, calculated from the two definintions given in the literature; 

and (b) maximum dilatancy, Dmin, versus mean effective stress, pʹ. 

Figure 6.19a shows that samples sheared at lower mean effective stresses mobilise higher values of 

𝜓𝐷. Mobilised 𝜓𝐷 values are also found to be higher in compression than in extension tests 

undertaken at similar 𝜎𝑐,0
′  values. Two distinct groups are clearly visible in Figure 6.19a, with results 

from Eq. (6-16) yielding 𝜓𝐷 values approximately 10° higher than those from Eq. (6-19).  

Figure 6.19b presents the maximum dilatancy rate, 𝐷𝑚𝑖𝑛, (subscript 𝑚𝑖𝑛 because of the compression 

positive sign convention used in soil mechanics), defined by Jefferies & Shuttle (2002) as the ratio 

between the two plastic strain increment invariants: 

 𝐷 =
𝛿𝜀𝑝

𝑝

𝛿𝜀𝑞
𝑝 ≈

𝛿𝜀𝑝
𝛿𝜀𝑞

 (6-23) 
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where:   

𝛿𝜀𝑝
𝑝

 = plastic component of the incremental volumetric strain 

𝛿𝜀𝑞
𝑝

 = plastic component of the incremental deviatoric strain 
   

These curves show a similarly linear trend in both compression and extension, indicating that the 

magnitude of the dilatant response increases with decreasing mean effective stress. 

The adopted definition of 𝜓𝐷 also influences the outcome of predictions of 𝜙𝑚𝑎𝑥
′  made from 

Bolton’s empirical flow rule (Bolton, 1986). From compilation of an extensive database, Bolton 

proposed an empirical relationship for determining 𝜙𝑚𝑎𝑥
′  from soil state variables for both triaxial 

and plane-strain compression conditions, where: 

 𝜙𝑚𝑎𝑥
′ = 𝜙𝑐𝑣

′ + 𝐴𝜓𝐼𝑅 (6-24) 

where:   

𝐴𝜓 = constant (5 for plane-strain; 3 for triaxial conditions) 

𝐼𝑅 = relative dilatancy index (function of density and mean effective stress) 
   

This relationship was later modified following work and comments made by Tatsuoka (1987) to 

account for the behaviour of sands at relatively small confining stresses: 

for 𝑝′ > 150𝑘𝑁/𝑚2: 𝐼𝑅 = 𝐷𝑟 [5 − ln(
𝑝′

150
)] − 1 (6-25) 

   

for 𝑝′ ≤ 150𝑘𝑁/𝑚2: 𝐼𝑅 = 5𝐷𝑟 − 1 (6-26) 
   

Bolton (1986) found that for plane strain conditions, Eq. (6-24) could be simplified to: 

 𝜙𝑚𝑎𝑥
′ = 𝜙𝑐𝑣

′ + 0.8𝜓𝑚𝑎𝑥
𝐷  (6-27) 

   

where the maximum dilation angle is defined according to plane strain definitions as: 

 sin𝜓𝑚𝑎𝑥
𝐷 = (−

𝛿𝜀𝑝
𝑝

𝛿𝛾𝑝
) = −

(𝛿𝜀1 𝛿𝜀3⁄ )𝑚𝑎𝑥 + 1 

(𝛿𝜀1 𝛿𝜀3⁄ )𝑚𝑎𝑥 − 1 
 (6-28) 

   

Eq. (6-24) and Eq. (5-2) suggest that for plane strain compression, 0.8𝜓𝑚𝑎𝑥
𝐷  is equivalent to 𝜙𝑚𝑎𝑥

′ −

𝜙𝑐𝑣
′ = 𝐴𝜓𝐼𝑅, with 𝐴𝜓 = 5. Considering triaxial conditions, where 𝐴𝜓 = 3, and a similar value for 

𝐼𝑅, then the difference between 𝜙𝑚𝑎𝑥
′  and 𝜙𝑐𝑣

′  should be 60 % of the value of this difference for 

plane strain compression, or 0.6(0.8𝜓𝑚𝑎𝑥
𝐷 ) = 0.48𝜓𝑚𝑎𝑥

𝐷 . For triaxial compression conditions, 

Bolton’s (1986) expression may therefore be presented as  

 𝜙𝑚𝑎𝑥
′ = 𝜙𝑐𝑣

′ + 0.48𝜓𝑚𝑎𝑥
𝐷 ≈ 𝜙𝑐𝑣

′ + 0.5𝜓𝑚𝑎𝑥
𝐷  (6-29) 
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or: 𝜙𝑚𝑎𝑥
′ − 𝜙𝑐𝑣

′ = 3𝐼𝑅 (6-30) 
   

Figure 6.20a presents values of 𝜙𝑚𝑎𝑥
′  determined from the drained triaxial compression tests at mean 

effective stresses coinciding with failure conditions, 𝑝𝑓
′ . Also shown are values of 𝜙𝑚𝑎𝑥

′  calculated 

from Eq. (6-29) using 𝜓𝑚𝑎𝑥
𝐷  values estimated from both Eq. (6-16) and Eq. (6-19), 𝜓(1)

𝐷  and 𝜓(2)
𝐷 , 

respectively. In situations where test-specific values of 𝜙𝑐𝑣
′  were unavailable, the average value 

defined in Section 6.5.1 was adopted (𝜙𝑐𝑣
′ = 30.9°). Figure 6.20a shows that the definition of 𝜓𝐷 

proposed by Vermeer & de Borst (1984) yields 𝜙𝑚𝑎𝑥
′  values that agree more closely with the 

experimental data than those calculated from Eq. (6-16). 

  
(a) (b) 

Figure 6.20: (a) ϕʹmax determined both experimentally and from Eq. (6-29); and (b), comparison of 

experimentally determined ϕʹmax - ϕʹcv values with Bolton’s (1987) modified empirical prediction, versus 

mean effective stress at failure, pʹf 

Figure 6.20b presents Bolton’s modified empirical profile (Tatsuoka, 1987) of 𝐼𝑅 ( = 𝜙𝑚𝑎𝑥
′  – 𝜙𝑐𝑣

′ ) 

against the mean effective stress at failure, 𝑝𝑓
′ , for various relative densities, following the 

modification to account for small effective confining stresses (Eqs. (6-25) and (6-26)). The 

experimental data obtained from this investigation shows good agreement with the modified 

empirical prediction, further supporting the notion of a low stress ‘threshold’ at approximately 𝑝′ = 

150 kN/m2.  
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6.6. STIFFNESS AT LOW STRESS LEVELS 

The small-strain, elastic behaviour is an important part of constitutive modelling, an accurate 

determination of which is essential if realistic predictions of soil deformations are required. Jardine 

et al. (1986) and Mair (1993) have shown that the strain levels around typical geotechnical structures 

fall in the range where soil stiffness changes most dramatically with strain, and are normally in the 

range 0.01 to 0.1 %, as illustrated in Figure 6.21. 

Therefore, in addition to estimates of small strain elastic stiffness moduli, stiffness degradation data 

are also required for accurate ground movement predictions. Laboratory testing plays an important 

role in the determination of stiffness parameters. With appropriate instrumentation, the triaxial test 

can provide a complete history of the degradation of soil stiffness with increasing strain level. 

 

Figure 6.21: Characteristic stiffness degradation profile for soils with typical strain ranges for laboratory 

tests and structures (from Atkinson & Sallfors, 1991). 

 

6.6.1. ESTIMATION OF G0 FROM BENDER ELEMENT TESTS 

Figure 6.22(a-d) shows transmitted and received data stacked from four bender element pulses from 

various tests undertaken as part of this study, via bender elements mounted in the top and bottom 

platens. The tests were carried out at the end of the creep stage and immediately prior to shearing, 

and comprised firing a single 12 V amplitude shear wave pulse through the sample.  
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 Time domain methods   Cross correlation method 

  
(a) s01 CIDc(+vʹ) 80.50: G0 = 172.2 MN/m2  (b) s01 CIDc(+vʹ) 80.50: G0 = 172.2 MN/m2 

  
(c) s02a CIDc(+vʹ) 80.25: G0 = 133.3 MN/m2 (d) s02a CIDc(+vʹ) 80.25: G0 = 135.2 MN/m2 

  
(e) s03 CIDc(+vʹ) 80.12: G0 = 75.5 MN/m2 (f) s03 CIDc(+vʹ) 80.12: G0 = 75.5 MN/m2 

  
(g) s12 CIDe(-vʹ) 80.6: G0 = 43.6 MN/m2 (h) s12 CIDe(-vʹ) 80.6: G0 = 45.6 MN/m2 

Figure 6.22: Bender element test results comparing time domain (i.e. first major peak to peak) and cross-

correlation methods at different mean effective stresses for Leighton Buzzard sand (Fraction B). 
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The bender testing apparatus allows for various input frequencies to be selected; however, to avoid 

near-field effects, input frequencies of 10 kHz were typically adopted to ensure wavelength ratios 

greater than 3.33 (as recommended by Leong et al., 2005 and Arroyo et al., 2006). Lade (2016) 

presents an overview of the various methods typically employed for interpreting bender element 

signal data, and comments that reliability in results depends upon employing the same method 

throughout a study, coupled with consistent user judgement during interpretation. Clayton (2011) 

suggests that the “First break” and the “First peak-to-peak” methods be adopted in routine triaxial 

testing, as significant differences were found in cases adopting the more complex cross correlation 

and phase/frequency methods (Ferreira & da Fonseca, 2005; Yamashita et al., 2009). However, there 

is no clear consensus regarding which approach yields the most reliable results. 

Several features can be seen from Figure 6.22: 

• Well-defined peaks are clearly visible in the received signal data, and the time histories 

indicate that the shear wave velocity increases with increasing mean effective stress. 

• The signals are subject to significant background noise, resulting in multiple random and 

localised peaks both before and after the received trace.  

• It is not possible to reliably determine the ‘first break’ given the extent of noise in the data 

• Several peaks are observed in the received trace. Determination of the ‘first major peak’ 

therefore requires judgement. 

As shown in Figure 6.22, the ‘First break’ is not well defined and so this method was not considered 

further. However, the profiles do show reasonably well-defined peaks that are clearly distinguishable 

from the background noise. The ‘First major peak-to-peak’ method was therefore initially adopted 

for determining estimates of the shear wave velocity, 𝑣𝑠, and small-strain shear modulus, 𝐺0. 

However, the location of the first major peak was not always clearly identifiable, particularly at very 

low stress levels which leads to unreliable estimates of 𝐺0. The cross correlation method was 

therefore also implemented, and was found to provide a more robust means of determining the arrival 

of the shear wave, as shown in Figure 6.22. Full details of the cross-correlation method are provided 

by Mohsin (2008). 𝐺0 values estimated using this method are summarised in Table 6.6. 
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Determining the small-strain shear modulus of soils has been the focus of much research, and has 

led to the development of numerous empirical relationships. Clayton (2011) states that the shear 

modulus of granular material at very small strains is affected by three main factors: 

• the void ratio of the specimen; 

• the effective stress, and interparticle contact stiffness (related to particle mineralogy, 

angularity and roughness); 

• deformation and flexing within individual particles (related to particle mineralogy and shape). 

A comprehensive list of published relationships was compiled by Benz (2007), who found that most 

empirical equations adopt a similar form, where: 

 G0 = 𝐴𝐺𝑝𝑟𝑒𝑓𝑓(𝑒)𝑂𝐶𝑅
𝑘 (

𝑝′

𝑝𝑟𝑒𝑓
)

𝑛𝐺

 (6-31) 

where:   

𝑓(𝑒) = some function of void ratio 

𝐴𝐺 , 𝑘, 𝑛𝐺 = dimensionless material constants 

𝑝𝑟𝑒𝑓 = reference pressure (usually taken as atmospheric pressure = 101.3kN/m2) 

For cohesionless soils, the factor 𝑘 (a function of the plasticity index) reduces to 0, meaning that 𝐺0 

depends only on the mean effective stress and void ratio, and not on 𝑂𝐶𝑅. To account for the 

influence of void ratio, Hardin & Black (1966) proposed: 

 𝑓(𝑒) =
(𝑒𝑔 − 𝑒)

2

(1 + 𝑒)
 (6-32) 

where 𝑒𝑔 = 2.17 and 2.97 for rounded and angular particles shapes, respectively. Different values for 

the material constant, 𝐴𝐺 have been proposed for sands with various grading, particle size, surface 

roughness, and minerology. The exponent 𝑛𝐺 is often taken as 0.50, which has the advantage of 

conforming to Hertzian theory for pressure dependence of conical contacts (Goddard, 1990). 

Figure 6.23 summarises values of 𝐺0 determined from bender element tests carried out on samples 

of LBS-B at various mean effective stresses. Figure 6.23 also presents predictions of 𝐺0 vs 𝑝′, 

determined from empirical relationships based on the results of tests undertaken on silica sands. 

These relationships use Eq. (6-31), and are summarised in Table 6.5. 

Figure 6.23 shows that the experimentally determined 𝐺0 values are generally higher than would be 

estimated from empirical relationships for silica sands. However, relatively good agreement is 
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achieved with the Hoque & Tatsuoka (2004) and Penna et al. (2016) profiles, both of which are 

based on element tests undertaken on LBS. Hoque & Tatsuoka (1998) also observed that the axial 

Young’s modulus of silver LBS is much larger than that of other clean uniform sands and gravels at 

similar states. This is encouraging, as despite the silver LBS used by Hoque & Tatsuoka having 

different grading characteristics to the LBS-B used in this study, it originates from the same 

geological formation and thus shares similar geotechnical characteristics, suggesting that relatively 

higher values of 𝐺0 are to be expected. 

  
 (a)   (b)  

Figure 6.23: Small-strain shear modulus, G0, vs mean effective stress, pʹ, estimated from bender element 

test results and empirical relationships found in the literature 

 

Table 6.5: Summary of select empirical relationships used to estimate G0 (modified from Benz, 2007) 

soil tested 𝒅𝟓𝟎 𝑪𝑼 𝑨𝑮 𝒇(𝒆) 𝒏𝑮 Reference 

(-) (mm) (-) (-) (-) (-) (-) 

crushed sand - - 330 (2.97 − 𝑒)2 (1 + 𝑒)⁄  0.5 (Hardin & Black, 1966) 

Ham River sand 0.27 1.67 720-810 (2.17 − 𝑒)2 (1 + 𝑒)⁄  0.50-0.52 
(Kuwano & Jardine, 

2002b) 

silica sand 0.55 1.66 2750 (1.46 − 𝑒)2 (1 + 𝑒)⁄  0.42 
(Wichtmann & 

Triantafyllidis, 2004) 

silver LBS 0.62 1.11 820-1300 (2.17 − 𝑒)2 (1 + 𝑒)⁄  0.44-0.53 
(Hoque & Tatsuoka, 

2004) 

LBS-B 0.82 - 1500 (1.85 − 𝑒)2 (1 + 𝑒)⁄  0.35 (Penna et al., 2016) 
       

The Hoque & Tatsuoka (2004) profile shown in Figure 6.23 uses 𝐴𝐺 = 1300 (and 𝑚 = 0.5), and 

therefore represents an upper bound in terms of the range of 𝐴𝐺 values appropriate for silver LBS, 

but also in comparison to the material constants quoted in the other empirical relationships listed in 

Table 6.5. One reason as to why silver LBS exhibits higher values of 𝐺0 may be on account of its 
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relatively larger median particle size, 𝑑50. Bui (2009) investigated the effect of particle size on the 

small strain behaviour of granular material and found that 𝐺0 increased significantly with increasing 

particle size. The relatively larger particle size of the LBS tested in this study (𝑑50 = 0.85 mm) and 

associated higher 𝐺0 values appear to support Bui's (2009) findings. 

However, there is also research to support the idea that estimates of 𝐺0 are independent of particle 

size, as the effects of particle size are intrinsically accounted for within the void ratio function 

(Hardin & Drnevich (1972), Iwasaki & Tatsuoka (1977) and Wichtmann & Triantafyllidis (2010)). 

Iwasaki & Tatsuoka (1977) also indicated that differences in normalised 𝐺0 values of various clean 

sands with different particle shapes are generally less than 10 %. The higher shear moduli observed 

in this study may therefore be attributable to differences in the mineralogy or the surface roughness 

of the grains influencing individual particle contact stresses. More research in this area is needed to 

clarify the issue. 

The analysis also emphasizes the problems associated with using empirical relationships to 

determine 𝐺0, which may lead to significant underpredictions if the material under consideration 

differs from that used in the formulation of the empirical relationship. However, for LBS-B, 

Eq. (6-33) is found to provide a satisfactory fit to the experimental data as shown in Figure 6.23: 

 
𝐺0
𝑝𝑟𝑒𝑓

= 1400
(2.17 − 𝑒)2

(1 + 𝑒)
(
𝑝′

𝑝𝑟𝑒𝑓
)

0.42

 (6-33) 

   

 

6.6.2. ESTIMATION OF G0 FROM LOCAL STRAIN INSTRUMENTATION 

One of the key advantages of triaxial testing is that the full non-linear stiffness degradation curve 

may be determined if local small-strain instrumentation is installed on test specimens. Scholey et al. 

(1995) recommended that local strain instrumentation must be capable of measuring strains to an 

accuracy of at least 10-5; however, to accurately measure purely elastic behaviour, higher resolution 

local strain instrumentation may be required. 

Details of the submersible on-sample LVDTs used in this study are presented in Chapter 4. In 

summary, they have a working range of ±5 mm, and were found to output a stable signal to a 
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resolution of 0.001 mm. Figure 6.24 illustrates that when installed over the central third of the test 

specimen, the bracket distance covers a length of approximately 70 mm for extension tests, and 

90 mm for compression tests. This distance is taken as the reference length for strain calculations. 

  
(a) (b) 

Figure 6.24: Sketch showing (a) defintion of reference lengths in determination of axial strains from small-

strain instrumentation; and (b) photograph of a typical specimen set-up. 

Based on this set-up, reliable estimates of axial strain to 10-5 are considered achievable (𝜀𝑧 = 𝛿𝑧 / 𝐿0 

= 0.001 / 70 = 1.43x10-5). While the LVDTs may display to resolutions less than 1 μm, it was found 

that the fourth decimal place (when displayed in mm) suffered from fluctuations of the order 

±0.5 μm. Therefore, estimations of strains to an accuracy of less than 10-5 are potentially misleading. 

In hindsight, acquiring on-sample LVDTs with a reduced range (e.g. ±2.5 mm) may have been 

prudent, as the reduced working range would serve to improve the accuracy of measurements in the 

very small strain, elastic range, while still having sufficient range to capture the majority of the 

stiffness degradation profile (i.e. maximum measurable strain range = 𝛿𝑧 / 𝐿0 = 5 / 90 ≈ 5 %.). 

With local strain instrumentation, the secant shear stiffness, 𝐺𝑠𝑒𝑐, may be calculated directly from 

plots of deviatoric stress, 𝑞, vs. deviatoric strain, 𝜀𝑞, (see Section 4.8.4). Figure 6.25 shows secant 

stiffness degradation profiles for the drained triaxial stress path tests undertaken as part of this study 

(for 𝜎𝑐,0
′ ≤  50 kN/m2), calculated from local strain instrumentation, together with 𝐺0 values 

determined from bender element tests. The unload-reload loops are not shown for clarity.  
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 (a)   (b)  

  
 (c)   (d)  

Figure 6.25: Secant shear stiffness, Gsec vs. deviatoric strain, εq, from (a) CIDc(+vʹ) tests; (b) CIDe(-vʹ) 

tests; (c) CIDc(+q) tests; and (d) CIDe(-q) tests. 

The plots show the influence of effective confining stress, with higher confining stresses yielding 

higher estimates of 𝐺𝑠𝑒𝑐 as expected. However, while the initial portions of some of the curves do 

show signs of plateauing, the data becomes increasingly noisy at strain levels less than approximately 

3x10-5, making reliable estimates of 𝐺0 difficult. 

Table 6.6 summarises values of 𝐺0 estimated from local small-strain instrumentation, together with 

values determined from bender element tests. Values are also presented graphically in Figure 6.26, 

indicating that despite the difficulty in determining 𝐺0 values from local strain instrumentation, 

reasonable agreement is achieved with the bender element test results. 
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However, it is evident from Figure 6.26 that 

despite conservative values of 𝐺0 being estimated 

from the local strain instrumentation, these values 

often exceed those determined from the bender 

element tests by more than 10 %. Reasons for the 

differences in calculated 𝐺0 values are unclear, but 

may be associated with the inherent anisotropy of 

LBS-B, and the different shearing modes 

associated with each method of calculation. 

 

 

Figure 6.26: Comparison of G0 values from local 

strain instrumentation and from bender 

elements. 

Table 6.6: Summary of small-strain shear modulus estimated from local strain instrumentation 

Test ID Test type 𝒑𝟎
′  𝒆𝒄 𝑮𝟎(𝒍𝒐𝒄𝒂𝒍)* 𝑮𝟎(𝑩𝑬) 

𝑮𝟎(𝒍𝒐𝒄𝒂𝒍)

𝑮𝟎(𝑩𝑬)
 

(-) (kN/m2) (kN/m2) (-) (MN/m2) (MN/m2) (-) 

s01 CIDc(+v’) 50.9 0.584 173 172.2 1.00 

s02a CIDc(+v’) 25.2 0.585 130 135.2 0.96 

s03 CIDc(+v’) 14.1 0.586 90 75.5 1.19 

s04a CIDc(+v’) 5.4 0.583 48 56.4 0.85 

s05 CADc(+v’) 77.5 0.575 - 178.5 - 

s06 CADc(+v’) 42.5 0.586 150 143.9 1.04 

s07 CADc(+v’) 20.5 0.588 110 113.1 0.97 

s09a CIDe(-v’) 51.6 0.585 - 154.1 - 

s10a CIDe(-v’) 25.3 0.585 - 116.1 - 

s11 CIDe(-v’) 12.2 0.583 - 69.9 - 

s12 CIDe(-v’) 6.0 0.587 - 45.6 - 

s13a CIDc(+q) 50.2 0.581 200 181.8 1.10 

s14 CIDc(+q) 25.3 0.587 150 114.6 1.31 

s15 CIDc(+q) 12.4 0.587 78 82.8 0.94 

s16 CIDc(+q) 6.6 0.586 48 43.2 1.11 

s17a CIDe(-q) 50.5 0.586 - 173.0 - 

s18 CIDe(-q) 26.0 0.584 - 110.7 - 

s19 CIDe(-q) 13.1 0.585 - 72.9 - 

s20 CIDe(-q) 7.0 0.584 - 57.8 - 

s21 CIDc(+v’) 50.5 0.581 190 150.0 1.27 

s22 CIDc(+v’) 101.6 0.590 - - - 

s23 CIDc(+v’) 198.1 0.581 350 297.3 1.18 

s25 CIDc(+v’) 396.8 0.575 440 394.1 1.12 

Notes: 

* = Best estimate from inspection of Figure 6.25 

 

Figure 6.27 presents plots of normalised secant shear stiffness vs deviatoric strain, for each suite of 

stress path tests undertaken in this study. 
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 (a)   (b)  

  
 (c)   (d)  

Figure 6.27: Normalised secant shear stiffness, Gsec / G0 vs. deviatoric strain, εq, from (a) CIDc(+vʹ) tests; 

(b) CIDe(-vʹ) tests; (c) CIDc(+q) tests; and (d) CIDe(-q) tests. 

The plots show that the shape of the stiffness degradation “S” curve is mildly dependent on the mean 

effective stress, and indicates that the rate of reduction in shear modulus with strain becomes greater 

as the confining stress decreases. Thus, tests undertaken at higher confining stresses are shown to 

plot to the right of tests sheared at lower stresses. This is due to the influence of confining stress on 

the so-called reference strain, 𝜀𝑞,𝑟𝑒𝑓, as defined by Ishihara (1996), who shows that for clean sands, 

is related to the shear strength properties of the material and the mean effective stress: 

 𝜀𝑞,𝑟𝑒𝑓 =
𝜂𝑚𝑎𝑥
𝐺0

 ∝ (𝑝′)0.5 (6-34) 

   

Figure 6.28 shows idealised and graphical determination of 𝜀𝑞,𝑟𝑒𝑓 from the normalised stress-strain 

curves of tests CIDc(+q)80.50 and CIDc(+q)80.12, and indicates that the magnitude of 

𝜀𝑞,𝑟𝑒𝑓 increases with increasing mean effective stress. According to Figure 6.28a, the normalised 
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secant shear modulus at reference strain conditions should be similar for both confining stresses. 

Values of 𝐺𝑟𝑒𝑓 / 𝐺0 = 0.62 and 0.68 for 𝑝ʹ = 50 and 12 kN/m2 respectively, are calculated which is 

in reasonable agreement with idealised behaviour.  

 

 

 

 

 

 
(a) (b) 

Figure 6.28: (a) idealised and (b) calculated reference strains from CIDc(+q)80.50 and CIDc(+q)80.12, and 

their influence on the shape of the normalised stiffness degradation curve (after Ishihara, 1996) 

The 𝜀𝑞,𝑟𝑒𝑓 therefore provides a useful means of evaluating the shape of the stiffness degradation 

curve, with larger values being mobilised from tests undertaken at higher 𝜎𝑐
′. Such tests tend to have 

stiffness degradations curves that plot to the right of tests undertaken at lower mean effective stresses 

(which mobilise smaller values of 𝜀𝑞,𝑟𝑒𝑓); therefore, the increase in effective confining stress results 

in an increase to the normalised 𝐺𝑠𝑒𝑐 at a given strain level, as shown in Figure 6.28. 
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Figure 6.29 shows normalised stiffness degradation curves for tests sheared at similar 𝑝0
′  values, 

illustrating the influence of stress path on the shape of the ‘S’ curve. Conventional triaxial 

compression and extension tests (i.e. CIDc(+vʹ) and CIDe(-vʹ) tests, respectively) are shown to 

bracket the (+q) stress path tests. This is thought to be due to reasons described above, as the change 

in 𝑝’ that occurs during compression/extension acts to shift the curve right/left with mobilised strains. 

  
 (a)   (b)  

  
 (c)   (d)  

Figure 6.29: Normalised secant shear stiffness, Gsec / G0 vs. deviatoric strain, εq, from (a) pʹ0 = 50kN/m2; 

(b) pʹ0 = 25kN/m2; (c) pʹ0 = 12kN/m2; and (d) pʹ0 = 6kN/m2 tests. 

The magnitude of 𝜀𝑞,𝑟𝑒𝑓 is also linked to the shear strength properties of the soil (Eq. (6-34)), 

represented by the maximum shear stress ratio 𝜂𝑚𝑎𝑥. Section 6.5.1 showed that 𝜂𝑚𝑎𝑥,𝑡𝑒 is 

approximately 60 % of 𝜂𝑚𝑎𝑥,𝑡𝑐; therefore, 𝜀𝑞,𝑟𝑒𝑓 in extension tests will be less than in compression, 

resulting in stiffness degradation curves plotting to the left of an equivalent compression test. 
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6.6.3. ESTIMATION OF Gur FROM UNLOAD-RELOAD CYCLES 

The true elastic stiffness may also be approximated by performing unloading-reloading cycles, as 

illustrated in Figure 6.30. The slope of the straight line between point A (the point at which unloading 

begins) and point B (the point at which reloading begins) is taken as the unloading-reloading 

modulus, 𝐺𝑢𝑟. According to Lade (2016), 𝐺𝑢𝑟 captures the average soil behaviour during unloading 

and reloading and may be sufficiently accurate for many situations involving elastic deformations. 

 

Figure 6.30: Schematic illustration of determination of the unloading-reloading modulus, Gur, and the true 

elastic modulus, G0 (modified from Lade, 2016). 

While reliable estimates of peak behaviour constitute an important aspect of constitutive models for 

sand, their ability to accurately model the stress-strain behaviour at small strains may be equally (or 

more) important in some applications. Figure 6.31 therefore presents the initial profiles of 𝜂 vs. 𝜀𝑞 

obtained from local, small-strain instrumentation, to better identify the effect of confining stress on 

the shape of the stress-strain profile at the very start of shearing. 

The plots show that the initial slope of the normalised stress-strain curves generally increases with 

decreasing effective confining stress. This suggests that while the peak stress appears to be 

independent of 𝑝′ for stress levels less than approximately 50 kN/m2, the value of 𝑝′ may still 

influence the stiffness response. However, the hysteresis loop obtained from the loading-unloading 

cycle implies that some inelastic behaviour is included in the estimation of 𝐺𝑢𝑟. To investigate 

whether 𝐺𝑢𝑟 provides a reasonable approximation of 𝐺0 (as determined from bender elements), many 

of the present tests incorporated unloading-reloading cycles. 
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(a) 

 

(b) 

Figure 6.31: Initial normalised stress-strain response with εq calculated from local small-strain 

instrumentation from (a) ± vʹ; and (b) ± q stress path tests 
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𝐺𝑢𝑟 also constitutes one of the key input parameters in the Plaxis ‘Hardening Soil Model’ and 

‘HSSmall’ models (Plaxis, 2018); however, there is relatively little guidance on how to determine 

𝐺𝑢𝑟 both in terms of at what axial strain or stress ratio to commence unloading, and how large the 

unloading-reloading cycle needs to be. 

Appendix B contains plots of deviator stress, 𝑞, vs, 𝜀𝑞 for the drained triaxial stress path tests that 

incorporated unload-reload loops, and corresponding estimates of the unload-reload shear stiffness, 

𝐺𝑢𝑟. Results are summarised in Figure 6.32, and normalised by 𝐺0 obtained from bender elements. 

  
 (a)   (b)  

Figure 6.32: Unload-relaod to small strain-shear modulus ratio, Gur / G0 vs. (a) mobilised stress ratio, η; 

and (b) mobilised deviatoric strain, εq 

Figure 6.32a shows a clear trend, indicating that for 𝜂 ≤  0.8, shear stiffness estimated from unload-

reload loops are likely to yield values greater than 𝐺0 determined from bender element tests. 

Furthermore, once 𝜂 exceeds approximately 1.2, the shear stiffness ratio generally falls below 0.85, 

suggesting that the optimal stress ratio range in which to conduct unload-reload loops lies between 

0.8 < 𝜂 < 1.2. Similarly, from Figure 6.32(b) it may be seen that there is a small window of strain 

(1x10-4 < 𝜀𝑞 < 4x10-4) in which unload-reload loops appear to provide the best estimates of 𝐺0.  

Inspection of individual unload-reload loops undertaken at stress ratios or strain magnitudes less than 

those recommended above are found to suffer from excessive noise, and given that the calculation 

of 𝐺𝑢𝑟 is sensitive to small changes in 𝜀𝑞, estimations of 𝐺𝑢𝑟 based on such data may be unreliable. 
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6.7. SUMMARY 

This chapter presents results of 23 drained triaxial extension and compression tests undertaken at 

low stress levels on newly acquired soil testing apparatus. It is shown that the commercially available 

equipment is able to perform conventional compression and extension tests, as well as relatively 

straightforward stress paths, from which reliable results have been obtained. These results provide 

the basis of a new database of tests from which advanced constitutive models may be calibrated. 

The focus of this chapter has been on the drained behaviour of sand at low stress levels. Experimental 

data obtained from this study indicates that the mean effective confining stress has minor influence 

on the effective stress shear strength properties (𝜂𝑚𝑎𝑥 and 𝜙𝑚𝑎𝑥
′ ) for tests undertaken at initial 

effective confining stresses, 𝜎𝑐,0
′ , less than 50 kN/m2. These results therefore provide further 

experimental evidence in support of the findings presented by Tatsuoka (Fukushima & Tatsuoka, 

1984; Tatsuoka et al., 1986), and support the notion of a critical state line that curves towards a 

horizontal asymptote in the 𝑒: ln(𝑝′) plane at low stress levels. Tests undertaken at higher stress 

levels (i.e. 𝜎𝑐,0
′ ≥  100 kN/m2) show a stress level effect, with decreasing 𝜂𝑚𝑎𝑥 and 𝜙𝑚𝑎𝑥

′  values 

mobilised with increasing 𝜎𝑐,0
′  values. 

This is a useful finding as it indicates that the behaviour at low stress levels may be adequately 

captured from tests undertaken at relatively high 𝜎𝑐,0
′   values (i.e. 𝜎𝑐,0

′ =  50 kN/m2), negating the 

need for performing more challenging low stress tests (i.e. 𝜎𝑐,0
′ ≤  12 kN/m2) where testing issues 

(e.g. applied corrections, instrumentation accuracy, temperature fluctuations etc.) become 

increasingly influential on the calculated response. 

The characteristic state has been investigated, and results showed that the characteristic stress ratio 

(and friction angle) tends to increase with decreasing 𝜎𝑐
′. For tests performed at relatively large 

effective confining stresses (i.e. 𝜎𝑐,0
′ > 50 kN/m2), characteristic angles were found to be within 5 to 

10 % of 𝜙𝑐𝑣
′  determined from tests at large strains. It was therefore proposed that in the absence of 

undrained tests on loose sand specimens, reasonably accurate estimations of 𝜙𝑐𝑣
′  and 𝑀 may be 

obtained from drained triaxial tests, based on estimations of 𝜙′ and 𝜂 at the characteristic state. 
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The chapter has highlighted the potential confusion regarding the different definitions commonly 

adopted for determining the angle of dilation, 𝜓𝐷, from triaxial tests. Calculations using commonly 

adopted methods found that differences in 𝜓𝐷 of up to 10° were obtained, which obviously has 

significant implications on any subsequent design calculation. It was shown that the set of equations 

proposed by Vermeer (Schanz & Vermeer, 1997; Vermeer & de Borst, 1984) provided closer 

agreement with Bolton's (1986) commonly used empirical relationship (modified for triaxial 

compression conditions), and is therefore recommended. 

The test results were compared against Bolton’s empirical relationship (modified following the work 

of Tatsuoka to account for the changing behaviour at stress levels less than 150 kN/m2 (Tatsuoka, 

1987). The modified empirical relationship yielded improved agreement with the test data. 

The small-strain shear modulus, 𝐺0, has been examined via bender elements, local small-strain 

instrumentation, and unload-reload cycles. Estimations of 𝐺0 based on bender element test results 

yield significantly higher values than would be predicted from commonly used empirical 

relationships. It was found that a relatively high material constant parameter, 1200 ≤ 𝐴𝐺 ≤ 1600, is 

required to accurately predict 𝐺0 values. Reasons for the high 𝐺0 values are uncertain, but may be 

associated with the relatively high median particle size of the tested material (as suggested by Bui, 

2009), or due to differences in the mineralogy and surface roughness of the grains influencing 

individual particle contact stresses (Iwasaki & Tatsuoka, 1977). 

The effect of mean effective stress on the shape of the stress-strain and stiffness degradation curves 

has been investigated. It was found that tests undertaken at lower mean effective stresses exhibit a 

comparatively stiffer response than those tests sheared at higher pressures. It was shown that this 

behaviour may be explained by considering the so-called reference strain, 𝜀𝑞,𝑟𝑒𝑓 (Ishihara, 1996), 

which is found to be dependent on both the maximum stress ratio and mean effective stress. 

The magnitude of small-strain shear modulus estimates based on local strain instrumentation was 

investigated. It was found that the instrumentation suffered from excessive noise in the very small 

strain range (𝜀𝑞 < 3x10-5) making reliable estimates of 𝐺0 difficult. Improving the performance of 
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the local instrumentation to capture the response in the very small strain range is therefore considered 

critical for future researchers utilising the apparatus. 

Finally, analysis of large unload-reload loops found that reasonably accurate estimates of 𝐺0 can be 

obtained from local strain instrumentation if unloading cycles are undertaken within the stress ratio 

window 0.8 < 𝜂 < 1.2, or in terms of deviatoric strain, within 1x10-4 < 𝜀𝑞 < 4x10-4. 
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7. CYCLIC TRIAXIAL TESTS 

7.1. INTRODUCTION 

In the previous chapter, the stress-strain characteristics of dense Leighton Buzzard sand - Fraction B 

(LBS-B) subjected to monotonic shear were investigated. This chapter investigates how LBS-B 

behaves when subjected to cyclic loading with an emphasis on the development of deformations and 

the number of cycles it can withstand before failure conditions are reached. Cyclic triaxial tests were 

undertaken on dense specimens, reconstituted to a relative density of approximately 82 %, to 

simulate natural offshore soil deposits where in situ relative densities are typically relatively high. 

The main objectives of carrying out this series of tests are as follows: 

• To further investigate the stress-strain behaviour and strength characteristics of LBS-B under 

cyclic loading, in terms of the effect of stress amplitude and effective confining stress on the 

development of excess pore water pressure, and permanent and cyclic strains with number of 

cycles; 

• To correlate the monotonic and cyclic behaviour of LBS-B; 

As discussed in Chapter 2, there is a significant lack of cyclic triaxial test data in the cyclic stress-

space considered most applicable to offshore monopile foundations. The purpose of this test 

programme is therefore to populate this region and enable the development of design methods, 

undertaken within a framework that is consistent with model pile load tests performed on the same 

material (Richards, 2019), which may then be used to estimate the cyclic bearing capacity of offshore 

monopile foundations for given stress levels and cyclic loading conditions. 

This chapter is arranged in the following order: Firstly, an overview of the cyclic definitions and 

framework adopted in this investigation are described. The utilised cyclic loading characteristics and 

test schedule summaries are then presented, followed by an interpretation and discussion of the 

experimental results. The chapter finishes with an examination of the stiffness and damping 

characteristics, and presentation of tentative cyclic contour diagrams. 
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7.2. CYCLIC DEFINITIONS 

An aim of this research project was to carry out a set of cyclic triaxial tests within a robust framework 

that is consistent with both pile loading and model tests. However, cyclic loading and cyclic response 

definitions differ significantly between element and pile/model testing publications. Cyclic 

definitions used in this thesis are therefore largely based on those given in Richards (2019), so that 

researchers might more easily draw parallels between pile and soil element behaviour. 

The following expresses the cyclic response in general stress, 𝜎, and strain, 𝜀, terms; however, these 

terms can represent a number of stress and strain parameters. In element tests, 𝜎 typically refers to 

the deviator stress, 𝑞 (in triaxial tests), or 𝜏 (in shear tests), while for pile tests, 𝜎 may represent the 

applied moment, 𝑀, or horizontal load, 𝐻. Similarly, 𝜀 may correspond to axial or shear strain, 𝜀𝑧, 

or 𝛾, in element tests; or pile rotation, 𝜃, or pile displacement, 𝑦, in pile tests. 

7.2.1. LOAD CHARACTERISATION 

The cycle definition shown in Figure 8.1a is adopted to allow both pile response and element tests 

to be presented in a consistent framework. The cycle is defined in terms of the extreme stress, 𝜎𝑒, 

and reversal stress, 𝜎𝑟, which for constant amplitude loading is defined as the maximum and 

minimum absolute stress at load reversal, respectively. The cycle numbering convention is similar 

to that used in pile load testing publications. 

 

 

 
 (a)    (b)  

Figure 7.1: (a) Cycle definition adopted in this study (after Richards, 2019); and (b) cyclic definition more 

commonly used in element testing publications  
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Cycle 1 is defined as the second load-unload loop to pass through 𝜎𝑒, while cycle 0 always begins at 

𝜎0 and 𝜀0, and includes all loading prior to cycle 1. As shown in Figure 8.1, 𝜎0 may be non-zero (as 

is the case for anisotropically consolidated tests) and is not necessarily equal to 𝜎𝑎𝑣. 

In element testing, the cyclic load is characterised by the average shear stress, 𝜎𝑎𝑣, and the cyclic 

deviator stress, 𝜎𝑐𝑦𝑐. The average shear stress comprises two components: the shear stresses 

associated with in situ conditions, 𝜎0 (e.g. the static loading caused by the dead-weight of the 

structure), and the mean stress created by cyclic loading, Δ𝜎𝑎𝑣. In terms of the extreme and reversal 

loads shown in Figure 8.1, the cyclic loads are therefore defined as: 

 𝜎𝑐𝑦𝑐 =
𝜎𝑒 − 𝜎𝑟
2

 (7-1) 
   

 𝜎𝑎𝑣 =
𝜎𝑒 + 𝜎𝑟
2

 (7-2) 

   

where, in terms of the average stress, 𝜎𝑎𝑣: 

𝑓𝑜𝑟 𝜎𝑎𝑣 ≥ 0: 𝜎𝑒 = 𝜎𝑎𝑣 + 𝜎𝑐𝑦𝑐;     𝜎𝑟 = 𝜎𝑎𝑣 − 𝜎𝑐𝑦𝑐 (7-3) 
   

𝑓𝑜𝑟 𝜎𝑎𝑣 <  0: 𝜎𝑒 = 𝜎𝑎𝑣 − 𝜎𝑐𝑦𝑐;     𝜎𝑟 = 𝜎𝑎𝑣 + 𝜎𝑐𝑦𝑐 (7-4) 
   

The use of 𝜎𝑒 and 𝜎𝑟 allows the framework to consistently capture the behaviour during cyclic 

triaxial extension tests where the magnitude of the peak cyclic stress in extension may be greater 

than that in compression, i.e. |𝜎𝑒𝑥𝑡| > |𝜎𝑐𝑜𝑚𝑝|. This definition also ensures consistency for all initial 

load scenarios, particularly for tests involving pre-loading which is typical for cyclic triaxial 

extension tests (Richards, 2019). Furthermore, the definition allows for a straightforward 

determination of half cycles which become important when considering multi-amplitude loading. 

For pile response, loads are typically characterised in terms of the ratios 𝜁𝑏 and 𝜁𝑐 (LeBlanc et al., 

2010). Defining the load cycle in terms of 𝜎𝑒 and 𝜎𝑟, the following is obtained: 

 𝜁𝑏 =
𝜎𝑒
𝜎𝑟𝑒𝑓

;     𝜁𝑐 =
𝜎𝑟
𝜎𝑒

 (7-5) 

   

 

The ratio 𝜁𝑏 gives an indication of the magnitude of the cyclic loading, normalised with respect to 

some reference stress, 𝜎𝑟𝑒𝑓, and lies in the range 0 ≤ 𝜁𝑏 ≤ 1; while the ratio 𝜁𝑐 quantifies the 
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characteristics of the cyclic load. With this definition of 𝜎𝑒 and 𝜎𝑟, the ratio 𝜁𝑐 is well defined (−1 ≤

 𝜁𝑐 ≤ 1), and is independent of load direction. 

Figure 8.2 shows graphically the relationship between 𝜎𝑎𝑣, 𝜎𝑐𝑦𝑐, 𝜁𝑏, and 𝜁𝑐 using the framework 

developed by Richards (2019), and offers a convenient way of expressing the interactions between 

the amplitudes and average loads sustained during a test. Loading type can be extracted by 

considering areas between limiting 𝜁𝑐 values of -1, 0, and 1, while contours of increasing 𝜁𝑏 fan 

outwards from the origin. Charts similar to this are often used in both pile load testing (e.g. Jardine 

& Standing, 2000; Poulos, 1988) and element testing (e.g. Andersen & Berre, 1999) to define loading 

regimes of a suite of cyclic tests, with individual tests represented by a single point located at 

normalised 𝜎𝑎𝑣 and 𝜎𝑐𝑦𝑐 co-ordinates. Considering cyclic triaxial tests, the left-hand side of the plot 

represent extension tests with negative initial static bias (𝑖. 𝑒. 𝜎𝑎𝑣 < 0), while the right-hand side 

(𝜎𝑎𝑣 > 0) represent compressive tests. 

 

Figure 7.2: Cyclic triaxial test interaction diagram 

It should be noted that there is no consistent method for defining 𝜎𝑟𝑒𝑓. For laterally loaded piles, the 

stress mobilised at some limiting rotation or pile head displacement is often adopted. In element 

testing, some measure of ultimate strength (i.e. 𝑠𝑢 or 𝑞𝑚𝑎𝑥) is used. Alternatively, for triaxial stress 

conditions, the initial effective confining stress, 𝜎𝑐,0
′ , is often adopted, while the initial effective 

overburden pressure, 𝜎𝑧0
′ , is usually used in cyclic simple shear tests. Adopting these values would 

yield the ‘cyclic stress ratio’, 𝐶𝑆𝑅, on the y-axis, as defined in Section 5.2.7. 
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However, the cyclic simple shear and cyclic triaxial tests impose quite different loading conditions, 

and their cyclic stress ratios are therefore not equivalent, as is the case for axially and laterally loaded 

piles. It is therefore important to keep in mind that 𝜁𝑏 may not be directly comparable across sources. 

7.2.2. STRAIN PER CYCLE DEFINITIONS 

 

 

 
 (a)    (b)  

Figure 7.3: Cyclic strains as a function of (a) time and (b) stress 

A robust definition of strain per cycle is sought, that is consistent between both element and pile load 

tests. Figure 7.3 shows graphical representations of some of the strain definitions adopted in element 

testing publications. The average strain, 𝜀𝑎𝑣, is often reported, and is usually defined as the average 

of the high and low peak values within a cycle (Andersen, 2015). Adopting the cycle numbering and 

similar definitions for load reversal strains described in Section 7.2.1, then 𝜀𝑎𝑣 may be defined as: 

 𝜀𝑎𝑣𝑖 =
1

2
(𝜀𝑒𝑖 + 𝜀𝑟𝑖) (7-6) 

where:   

𝜀𝑎𝑣𝑖 = average cyclic strain mobilised during cycle i 

𝜀𝑒𝑖  = cyclic strain mobilised at 𝜎𝑒 during cycle i 

𝜀𝑟𝑖  = cyclic strain mobilised at 𝜎𝑟 during cycle i 
   

The ‘permanent’ strain, 𝜀𝑝, is also used, defined as the strain mobilised “at the end of a cycle when 

the shear stress returns to the value at the start of the cycle” (Andersen, 2015). This definition is 

similar to 𝜀𝑎𝑐𝑐 adopted by Wichtmann (2005). Defining the point 𝑎𝑖 as the location where the stress-

strain cycle intersects 𝜎𝑎𝑣 on reloading (see Figure 7.3b), then 𝜀𝑝 may be calculated from: 
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 𝜀𝑝𝑖
= 𝜀𝑎𝑖 (7-7) 

where:   

𝜀𝑝𝑖  = permanent cyclic strain mobilised during cycle i 

𝜀𝑎𝑖  = cyclic strain mobilised at 𝜎𝑎𝑣 on relaoding during cycle i 
   

Richards (2019) reviewed common strain definitions used in both element and pile load testing and 

recommended the definition given in Eq. (8-8), as it does not combine stiffening or change in 

hysteresis loop shape with ratcheting: 

 𝜀𝑁𝑖 =
1

2
(𝜀𝑎𝑖 + 𝜀𝑏𝑖) (7-8) 

where:   

𝜀𝑁𝑖 = average cyclic strain mobilised during cycle i 

𝜀𝑏𝑖 = cyclic strain mobilised at 𝜎𝑎𝑣 on unloading during cycle i 
   

The double amplitude strain, 𝜀𝑑𝑎, is often quoted in cyclic element tests, normally in reference to 

some limiting ‘failure condition’ value (e.g. 𝜀𝑑𝑎 ≤ 5 %). 𝜀𝑑𝑎 is made up of two components: 

 𝜀𝑑𝑎𝑖 = (𝜀𝑐𝑜𝑚𝑝𝑖 + 𝜀𝑒𝑥𝑡𝑖) (7-9) 

and: 𝜀𝑐𝑜𝑚𝑝𝑖 = (𝜀𝑒𝑖 − 𝜀𝑁𝑖);  𝜀𝑒𝑥𝑡𝑖 = (𝜀𝑁𝑖 − 𝜀𝑟𝑖) (7-10) 

where:   

𝜀𝑐𝑜𝑚𝑝𝑖 = cyclic strain mobilised during the relaoding part of a given cycle 

𝜀𝑒𝑥𝑡𝑖 = cyclic strain mobilised during the unloading part of a given cycle 
   

The cyclic strain, 𝜀𝑐𝑦𝑐, sometimes referred to as the ‘single amplitude’ strain, 𝜀𝑠𝑎, is then the average 

of the compressive and extensive cyclic strain components, or: 

 𝜀𝑐𝑦𝑐𝑖 = 𝜀𝑠𝑎𝑖 =
𝜀𝑑𝑎
2

 (7-11) 
   

 

7.2.3. STIFFNESS AND ENERGY LOSS FACTOR 

The soil shear stiffness, 𝐺, and energy loss factor, 𝜉, (more commonly known as the damping ratio) 

are two major cyclic soil parameters specifying the non-linear deformation characteristics of the 

material. These parameters have historically been defined based on perfectly closing hysteresis loops 

(e.g. Ishihara, 1996; Kramer, 1996); however, inspection of experimental data (Abadie, 2015) show 

the accumulation of permanent or residual strains with cycle number, results in non-closing 

hysteresis loops. Furthermore, the shape and area of the hysteresis loop is also found to evolve with 
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increasing numbers of cycles. Accurate modelling of soil behaviour under long-term cyclic loading 

is therefore dependent on being able to determine reliably these parameters as they develop. 

7.2.3.1. Secant Stiffness 

As with definitions of stress and strain, a robust definition of stiffness is sought so as to provide a 

consistent framework between pile load and element testing. A number of alternative definitions for 

stiffness within a given cycle have been proposed in the literature (Abadie, 2015; LeBlanc et al., 

2010). However, these definitions tend to conflate ratcheting with stiffening. The ‘central cyclic 

stiffness’ definition given in Richards (2019) is therefore adopted here to avoid these shortcomings. 

 

 

 
 (a)    (b)  

Figure 7.4: Definition of stiffness and elastic stored energy (from Ishihara, 1996); and (b) definition of 

stiffness and elastic stored energy used in this study 

The definition of secant cyclic stiffness used in this study is illustrated graphically in Figure 7.4b, 

and may calculated from: 

 𝑘𝑓𝑖 = 2(
𝑘𝑙𝑖𝑘𝑢𝑖
𝑘𝑙𝑖 + 𝑘𝑢𝑖

) (7-12) 

   

and: 𝑘𝑙𝑖 =
𝜎𝑒𝑖 − 𝜎𝑟𝑖
𝜀𝑒𝑖 − 𝜀𝑟𝑖

;   𝑘𝑢𝑖 =
𝜎𝑒𝑖 − 𝜎𝑟𝑖+1
𝜀𝑒𝑖 − 𝜀𝑟𝑖+1

 (7-13) 

where:   

𝑘𝑓𝑖  = central cyclic stiffness 

𝑘𝑙𝑖 = loading stiffness 

𝑘𝑢𝑖  = unloading stiffness 
   

 



Jonathan White  Cyclic Triaxial Tests 

 

DPhil Thesis  152 

 

7.2.3.2. Energy Loss Factor 

Figure 7.4a shows the methodology used to define the energy loss factor, 𝜉, for a given load cycle 

as given by Ishihara (1996), where 𝜉 is a constant factor times the ratio of the energy loss per cycle, 

Δ𝑊, to the maximum stored energy, 𝑊. Δ𝑊 is equal to the area enclosed by the hysteresis loop, and 

𝑊 is the area of the triangle bounded by a straight line defining the secant stiffness modulus. As 

shown by Figure 7.4a, the energy loss factor is typically calculated from perfectly closing stress-

strain loops, which is rarely true for real experimental data. 

The definition therefore needs to be modified for situations where hysteresis loops are non-closing 

due to stiffening, softening, or ratcheting behaviour. Several methods for calculating 𝜉 from non-

closing hysteresis loops have been proposed in the literature (e.g. Abadie, 2015; Taborda, Potts, & 

Zdravković, 2016). However, these methods may not correctly capture the hysteretic energy loss for 

non-closing loops, when Δ𝑊 is defined according to: 

 Δ𝑊 = 𝐴𝑙𝑜𝑜𝑝 + 𝐴𝑅 (7-14) 
   

and: 𝐴𝑙𝑜𝑜𝑝 = ∫ 𝜎
𝑒𝑖

𝑟𝑖

𝑑𝜀;  𝐴𝑅 = ∫ 𝜎
𝑟𝑖+1

𝑒𝑖

𝑑𝜀 (7-15) 

where:   

Δ𝑊 = hysteritic energy loss 

𝐴𝑙𝑜𝑜𝑝 = area of the hysteresis loop 

𝐴𝑅 = ratcheting area 
   

Figure 7.4b presents a new definition for the energy loss factor proposed by Richards (2019). This 

definition is based on the rigorous definition of Δ𝑊, where: 

 𝜉 =
4𝑘𝑓𝑖

𝜋(𝜎𝑒𝑖 − 𝜎𝑟𝑖)
2 (∫ 𝜎

𝑒𝑖

𝑟𝑖

𝑑𝜀 + ∫ 𝜀
𝑟𝑖+1

𝑒𝑖

𝑑𝜎) (7-16) 

   

The maximum stored energy, 𝐴𝑓, in this case is equal to the area of the triangle defined by the central 

cyclic stiffness, 𝑘𝑓. For a closed loop system, the conventional soil “damping ratio” (as presented by 

Ishihara, 1996; Kramer, 1996) is obtained; however, this definition is superior as it remains 

consistent and robust for situations involving negative ratcheting or convex hysteresis loops.  
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7.3. TEST PLAN 

Cyclic strength and deformation characteristics of sand are important for the design of offshore wind 

turbine foundations and other offshore structures. However, as discussed in Chapter 2, there is a 

significant lack of published cyclic element test data conducted at stress levels – both in terms of the 

confining stress and stress amplitude – appropriate for use in the design of offshore wind energy 

structures. Furthermore, no industry accepted guidance exists that stipulate how results of cyclic 

element testing might be applied to the design of such structures, leading to different methods being 

developed (e.g. Achmus et al., 2011; Andersen, 2009).  

The contour diagram framework developed by the NGI is one such method, and provides a useful 

basis for planning cyclic laboratory test campaigns as well as enabling the interpretation of cyclic 

tests from other test materials to be quantitatively compared. The diagrams also combine measured 

laboratory data and thus may be used as a tool in both the development of cyclic constitutive models 

and provide a means of checking such models at different stress conditions (Blaker & Andersen, 

2019). 

The aim of this testing programme is therefore to populate the area of stress space highlighted in 

Figure 2.5, and produce and plot data that may be used to inform constitutive model development, 

as well as potentially enable comparisons to be drawn with recently performed model pile tests 

conducted at similar stress levels (Richards, 2019). 

7.3.1. LOADING FREQUENCY 

As discussed in Section 5.3.2, research has found there to be virtually no significant effect of loading 

rate on the dynamic properties of sands. However, while relatively high frequencies may be desirable 

when undertaking high-cycle tests, trial tests identified a frequency of 𝑓 = 0.1 Hz as providing the 

optimum value when considering the trade-off between test duration and control, precision, and data 

acquisition. Furthermore, this value is similar to the typical cyclic periods (10 to 20 s) developed 

under storm wave loading (Andersen, 2009), and is also consistent with frequency adopted by the 

NGI. 
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7.3.2. NUMBER OF CYCLES 

Offshore wind energy structures may be subjected to several millions of cycles over the course of 

their design life. However, element tests running to over 106 cycles are considered unfeasible in 

terms of both the time and financial cost required to carry out such tests. Such high-cycle tests also 

have significant data storage implications, and require careful consideration of the sampling rate – 

sampling needs to be frequent enough to accurately capture the small-strain response, but not so 

frequent that file sizes become impractical. Sampling rate was therefore typically set to 50 or 100 

samples per cycle, with higher values adopted in tests that were predicted to reach failure conditions 

after relatively few numbers of cycles. 

Results presented by Abadie (2015) suggest that there is a diminishing return in undertaking high-

cycle element tests beyond 104 stress cycles, who found that the first 1000 cycles caused 

approximately the same magnitude of deformation as the next 9000. All tests in this campaign 

therefore adopted a target of 104 cycles, which was considered to offer a good trade-off in terms of 

both capturing the long-term behaviour of cyclic soil response, and the number of tests that may be 

completed within the available timeframe. 

7.3.3. CONFINING STRESS, AVERAGE STRESS AND CYCLIC STRESS 

AMPLITUDE 

Cyclic triaxial tests used various combinations of average stress, 𝑞𝑎𝑣, and cyclic deviator stress, 𝑞𝑐𝑦𝑐, 

to simulate the various dynamic loading conditions applied to offshore wind energy structures. 𝑞𝑎𝑣 

and 𝑞𝑐𝑦𝑐 values were selected to provide similar values of 𝜁𝑏 and 𝜁𝑐 used in the 1-g model pile tests 

undertaken by Richards (2019). The normalising stress, 𝑞𝑟𝑒𝑓, was taken as 𝑞𝑚𝑎𝑥, which is the peak 

deviator stress mobilised during a drained monotonic triaxial compression test, undertaken on a 

sample from a similar initial state. Figure 7.5a summarises the cyclic loading regime, where each 

circle denotes a cyclic triaxial test with specific stress conditions. 

To investigate the influence of the initial effective confining stresses, all test ‘locations’ shown in 

Figure 7.5a were undertaken at 𝜎𝑐,0
′  = 50kPa and 12kN/m2. As discussed in Section 5.2.7, 2𝜎𝑐,0

′  is 



Jonathan White  Cyclic Triaxial Tests 

 

DPhil Thesis  155 

 

often used as a normalising stress in cyclic triaxial tests. Figure 7.5b shows the influence of adopting 

2𝜎𝑐,0
′  as 𝑞𝑟𝑒𝑓, and indicates that while the test pattern remains the same, the individual test locations 

are radially shifted to greater 𝜁𝑏 values. It is therefore again emphasised that 𝜁𝑏 values used in this 

study (Figure 7.5a) may not be directly comparable to those adopted by Richards (2019). 

 

 

 
 (a)    (b)  

Figure 7.5: Normalised cyclic stress space showing the influence of reference stress, qref, on test location  

Target loads for 𝑞𝑎𝑣 and 𝑞𝑐𝑦𝑐 should be based on the area of the test specimen at the end of the creep-

ageing and load-ramping stage, respectively. However, as the control software requires target loads 

to be input prior to starting the test, initial specimen areas, 𝐴0, were used. This can obviously lead to 

stresses mobilised during the test deviating from target values; however, comparisons of initial and 

consolidated specimen areas show relatively small change, and thus the impact of using 𝐴0 is 

considered minor. Development of a custom test plan for use in the cyclic control software is 

therefore recommended to overcome this issue in future test campaigns. 

7.3.4. CYCLIC TEST SCHEDULES 

Detailed test plans for the 20 cyclic triaxial tests undertaken at 𝜎𝑐,0
′  = 50 and 12 kN/m2 are shown in 

Table 7.1 and Table 7.2, respectively. All test specimens were prepared using the modified wet 

pluviation technique to a target initial relative density of 82 %. Test plans followed a similar 

procedure to that used in the monotonic test campaign (see Chapter 4). Saturation was achieved by 

simultaneously ramping the cell and back pressures, maintaining an effective cell pressure of 
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10 kN/m2. The sample was then isotropically consolidated to the target 𝜎𝑐,0
′ , and then left to creep/age 

for a period of 24 to 36 hours. The target average stress was then applied by ramping the vertical 

stress under drained conditions over a period of five minutes. The cyclic shearing stage was 

subsequently performed undrained and under load control. 

The cyclic loading stage finished on completion of N = 104 stress cycles, or on reaching pre-defined 

axial deformation limits (governed by the travel limits of the external 50 mm LSCT). Tests that 

achieved 104 stress cycles without failing were subjected to additional cyclic loading stages, as 

shown in Table 7.3 and Table 7.4. These stages used progressively higher 𝑞𝑐𝑦𝑐 values (while 

maintaining the same 𝑞𝑎𝑣 value) until failure conditions were achieved. No drainage was allowed 

between stages, leading to variable 𝜎𝑐,0
′  values at the start of each additional cyclic stage. 

Table 7.1: Cyclic loading characteristics for tests performed at σ'c0 = 50 kN/m2 (qref = 188.7 kN/m2; f =0.1Hz) 

Test ID ζb ζc qav / qref qcyc / qref qav qcyc qe qr 

(-) (-) (-) (-) (-) (kN/m2) (kN/m2) (kN/m2) (kN/m2) 

c01 0.4 0.0 0.20 0.20 37.7 37.7 75.5 0.0 

c02 0.2 0.0 0.10 0.10 18.9 18.9 37.7 0.0 

c03 0.1 0.0 0.05 0.05 9.4 9.4 18.9 0.0 

c04 0.4 0.5 0.30 0.10 56.6 18.9 75.5 37.7 

c05 0.2 0.5 0.15 0.05 28.3 9.4 37.7 18.9 

c06 0.1 0.5 0.075 0.025 14.2 4.7 18.9 9.4 

c07 0.4 -0.5 0.10 0.30 18.9 56.6 75.5 -37.7 

c08 0.2 -0.5 0.05 0.15 9.4 28.3 37.7 -18.9 

c09 0.1 -0.5 0.025 0.075 4.7 14.2 18.9 -9.4 

c10 0.4 -1.0 0.00 0.40 0.0 75.5 75.5 -75.5 

c11 0.2 -1.0 0.00 0.20 0.0 37.7 37.7 -37.7 

c12 0.1 -1.0 0.00 0.10 0.0 18.9 18.9 -18.9 

 

Table 7.2: Cyclic loading characteristics for tests performed at σ'c0 = 12 kN/m2 (qref = 45.8 kN/m2; f =0.1Hz) 

Test ID ζb ζc qav / qref qcyc / qref qav qcyc qe qr 

(-) (-) (-) (-) (-) (kN/m2) (kN/m2) (kN/m2) (kN/m2) 

c13 0.4 0.0 0.20 0.20 9.2 9.2 18.3 0.0 

c15 0.1 0.0 0.05 0.05 2.3 2.3 4.6 0.0 

c16 0.4 0.5 0.30 0.10 13.7 4.6 18.3 9.2 

c18 0.1 0.5 0.075 0.025 3.4 1.1 4.6 2.3 

c19 0.4 -0.5 0.10 0.30 4.6 13.7 18.3 -9.2 

c21 0.1 -0.5 0.025 0.075 1.1 3.4 4.6 -2.3 

c22 0.4 -1.0 0.00 0.40 0.0 18.3 18.3 -18.3 

c24 0.1 -1.0 0.00 0.10 0.0 4.6 4.6 -4.6 
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7.4. CYCLIC TEST RESULTS 

Table 7.3 and Table 7.4 summarise the results of the 20 cyclic triaxial tests undertaken at various 

values of 𝜁𝑏, 𝜁𝑐 for 𝜎𝑐,0
′  = 50 and 12 kN/m2, respectively. The stress-strain behaviour and effective 

stress paths are presented in Figure 7.6 to Figure 7.10. The failure envelopes obtained from 

monotonic CID compression and extension tests (for 𝜎𝑐,0
′  = 50 and 12 kN/m2) are included for 

reference, as is the characteristic / phase transformation line. Cycles at log decades (i.e. 𝑛 = 1, 10, 

100, 1000 etc) are also highlighted in black. The results show that behaviour is predominantly 

governed by the value of 𝜁𝑐, but also influenced by the magnitude of 𝜁𝑏. 

Engineering parameters have been calculated using the methodology and corrections described in 

Chapter 4. The loads were controlled via the equipment manufacturer’s software csDyna (VJ-Tech, 

2017), and typically achieved a stress tolerance of ±0.5 kN/m2. However, as the cyclic actuator is 

force (rather than stress) controlled, the accuracy of mobilised target stresses tends to reduce as axial 

strains accumulate and the specimen area changes. 

To avoid system compliance negatively influencing calculated values, all strain, stiffness and 

damping values presented are based on local, on-sample displacement measurements. Unfortunately, 

the ±5 mm range of the local strain transducers limits the maximum strain range to |𝜀𝑧| = 5 % for a 

200 mm high specimen; therefore, failure criteria based on mobilised double amplitude or permanent 

strains (i.e. 𝜀𝑑𝑎 = 5 %, or 𝜀𝑎𝑣 = 12 %) are unachievable for this equipment set up. 

However, inspection of the results show that failure criteria based on ‘initial liquefaction’ (i.e. 𝑅𝑢 = 

1) is achieved in several cases, followed by the mobilisation of progressively larger strains. Allowing 

continued accumulation of strains to some arbitrary value was not permitted, as strain 

localisation/necking was typically observed in the top third of the specimen during post-liquefaction 

cyclic loading. Furthermore, strict actuator displacement limits were necessary to avoid the risk of 

damage to the apparatus. To reduce the development of non-uniform strains and increase the 

measurable axial strain range, samples with a height to diameter ratio of 1:1 (used in conjunction 

with enlarged, lubricated end platens) are therefore recommended. 
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Table 7.3: σʹc,0 = 50 kN/m2 cyclic test results summary 

Test ID e0 Dr A0 Ac,f σ'c,0 qav pʹ0 qcyc qe qr qe /qe,t qr /qr,t ζb ζc CSR Nf(Ru = 1) 

(-) (-) (%) (cm2) (cm2) (kN/m2) (kN/m2) (kN/m2) (kN/m2) (kN/m2) (kN/m2) (%) (%) (-) (-) (-) (-) 

c01.1 0.584 81.99 78.04 77.99 51 37.8 63.6 37.6 75.4 0.2 99.9 - 0.4 0 0.296 - 

c02.1 0.587 80.92 78.18 78.12 48.4 18.9 54.7 18.9 37.8 0.1 100.2 - 0.21 0 0.173 - 

c03.1 0.585 81.57 78.16 78.08 48.6 9.5 51.8 9.4 19 0.1 100.7 - 0.11 0.01 0.091 - 

c04.1 0.583 82.41 78.31 78.2 50.7 56.7 69.7 18.8 75.5 37.9 100 100.4 0.41 0.5 0.135 - 

c05.1 0.582 82.8 78.07 77.99 50.3 28.3 59.8 9.4 37.7 18.9 99.9 100.2 0.2 0.5 0.079 - 

c05.2 0.582 82.8 78.07 78.01 45 28.3 54.6 28.3 56.6 0.1 100 - 0.34 0 0.259 - 

c05.3 0.582 82.8 78.07 81.74 16.8 27.6 26 35.2 62.8 -7.5 95.1 79.5 1.02 -0.12 0.677 9 

c06.1 0.58 83.33 77.96 77.91 50.1 14.3 54.8 4.7 19.1 9.6 101.2 101.7 0.1 0.5 0.043 - 

c06.2 0.58 83.33 77.96 77.92 50 14.3 54.8 14.1 28.5 0.2 100.7 - 0.16 0.01 0.129 - 

c07.1 0.582 82.64 77.94 77.68 49.7 19.4 56 56 75.4 -36.5 99.9 96.7 0.41 -0.48 0.5 5 

c08.1 0.584 81.89 77.92 77.77 50.2 9.6 53.3 28.2 37.8 -18.7 100.2 99.1 0.21 -0.49 0.265 149 

c09.1 0.582 82.67 78.04 77.82 49.7 4.8 51.3 14.2 18.9 -9.4 100.2 99.6 0.1 -0.5 0.138 - 

c09.2 0.582 82.67 78.04 77.84 24 4.7 25.8 33.2 37.8 -28.7 100.2 101.4 0.43 -0.76 0.643 8 

c10.1 0.587 81.01 78.16 77.98 49.4 -1 49.4 76.2 75.2 -77.1 99.6 102.1 0.42 -1.03 0.771 5 

c11.1 0.583 82.27 77.84 76.99 49.4 -0.1 49.3 37.9 37.7 -37.9 99.9 100.4 0.21 -1.01 0.384 6 

c12.1 0.578 84.02 77.74 77.61 49.5 0 49.5 19 18.9 -19 100.2 100.7 0.1 -1.01 0.192 3118 
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Table 7.4: σʹc,0 = 12 kN/m2 cyclic test results summary 

Test ID e0 Dr A0 Ac,f σʹc,0 qav pʹ0 qcyc qe qr qe /qe,t qr /qr,t ζb ζc CSR Nf(Ru = 1) 

(-) (-) (%) (cm2) (cm2) (kN/m2) (kN/m2) (kN/m2) (kN/m2) (kN/m2) (kN/m2) (%) (%) (-) (-) (-) (-) 

c13.1 0.581 82.99 78.1 77.91 12.6 9.1 16 9.1 18.1 0 98.9  0.39 0 0.284 - 

c13.2 0.581 82.99 78.1 80.56 4.9 8.8 8.1 11 19.9 -2.2 96.6 95.7 1.11 -0.11 0.679 51 

c15.1 0.581 82.94 77.93 78.06 13.1 2.3 14.1 2.3 4.6 0 100  0.1 0 0.082 - 

c15.2 0.581 82.94 77.93 78.06 12.5 2.3 13.6 4.6 6.9 -2.3 100 100 0.15 -0.33 0.169 - 

c15.3 0.581 82.94 77.93 78.06 11.2 2.3 12.2 6.8 9.1 -4.5 98.9 97.8 0.22 -0.49 0.279 3203 

c16.1 0.582 82.55 78.06 78.17 12.7 13.7 17.5 4.5 18.2 9.1 99.5 98.9 0.39 0.5 0.129 - 

c16.2 0.582 82.55 78.06 78.22 11.3 13.7 16.1 9.1 22.8 4.6 99.6 100 0.55 0.2 0.283 - 

c16.3 0.582 82.55 78.06 78.52 10 13.7 14.8 13.6 27.3 0.2 99.3 - 0.75 0.01 0.459 - 

c16.4 0.582 82.55 78.06 80.2 9.1 13.4 13.9 17.6 31.1 -4.3 96.9 93.5 0.93 -0.14 0.633 20 

c18.1 0.581 83.1 78.02 78.1 12.6 3.5 14.1 1.1 4.6 2.3 100 100 0.1 0.5 0.039 - 

c18.2 0.581 83.1 78.02 78.1 12.9 3.4 14.3 5.7 9.2 -2.3 100 100 0.2 -0.25 0.199 - 

c18.3 0.581 83.1 78.02 78.13 6.9 3.6 8.4 10 13.6 -6.3 99.3 91.3 0.54 -0.46 0.595 14 

c19.1 0.583 82.18 78.15 77.92 12.7 4.9 14.5 13.1 18 -8.2 98.4 89.1 0.39 -0.46 0.452 8 

c21.1 0.583 82.3 78.01 78.14 12.7 1.2 13.3 3.4 4.5 -2.2 97.8 95.7 0.1 -0.49 0.128 - 

c21.2 0.583 82.3 78.01 78.16 9.6 1.2 10.2 6.9 8.1 -5.6 101.2 98.2 0.23 -0.69 0.338 224 

c22.1 0.583 82.41 78.09 78.08 11.5 0.1 11.8 17.4 17.5 -17.2 95.6 94 0.42 -0.98 0.737 7 

c24.1 0.584 82.07 78.18 78.17 11.2 0.2 11.5 4.5 4.7 -4.4 102.2 95.7 0.11 -0.94 0.196 270 
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(a) c04: ζc = 0.5, ζb = 0.4  (b) c04   (c) c04  

   
(d) c01: ζc = 0.0, ζb = 0.4  (e) c01   (f) c01  

   
(g) c07: ζc = -0.5, ζb = 0.4  (h) c07   (i) c07  

   
(j) c10: ζc = -1.0, ζb = 0.4  (k) c10   (l) c10  

Figure 7.6: Influence of ζc on the effective stress path and stress-strain behaviour for tests sheared at ζb = 

0.4 and σʹc,0 = 50kN/m2 
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(a) c05: ζc = 0.5, ζb = 0.2  (b) c05   (c) c05  

   
(d) c02: ζc = 0.0, ζb = 0.2  (e) c02   (f) c02  

   
(g) c08: ζc = -0.5, ζb = 0.2  (h) c08   (i) c08  

   
(j) c11: ζc = -1.0, ζb = 0.2  (k) c11   (l) c11  

Figure 7.7: Influence of ζc on the effective stress path and stress-strain behaviour for tests sheared at ζb = 

0.2 and σʹc,0 = 50kN/m2 
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(a) c06: ζc = 0.5, ζb = 0.1  (b) c06   (c) c06  

   
(d) c03: ζc = 0.0, ζb = 0.1  (e) c03   (f) c03  

   
(g) c09: ζc = -0.5, ζb = 0.1  (h) c09   (i) c09  

   
(j) c12: ζc = -1.0, ζb = 0.1  (k) c12   (l) c12  

Figure 7.8: Influence of ζc on the effective stress path and stress-strain behaviour for tests sheared at ζb = 

0.1 and σʹc,0 = 50kN/m2 
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(a) c16: ζc = 0.5, ζb = 0.4  (b) c16   (c) c16  

   
(d) c13: ζc = 0.0, ζb = 0.4  (e) c13   (f) c13  

   
(g) c19: ζc = -0.5, ζb = 0.4  (h) c19   (i) c19  

   
(j) c22: ζc = -1.0, ζb = 0.4  (k) c22   (l) c22  

Figure 7.9: Influence of ζc on the effective stress path and stress-strain behaviour for tests sheared at ζb = 

0.4 and σʹc,0 = 12kN/m2 
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(a) c18: ζc = 0.5, ζb = 0.1  (b) c18   (c) c18  

   
(d) c15: ζc = 0.0, ζb = 0.1  (e) c15   (f) c15  

   
(g) c21: ζc = -0.5, ζb = 0.1  (h) c21   (i) c21  

   
(j) c24: ζc = -1.0, ζb = 0.1  (k) c24   (l) c24  

Figure 7.10: Influence of ζc on the effective stress path and stress-strain behaviour for tests sheared at ζb = 

0.1 and σʹc,0 = 12kN/m2 
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7.4.1. TEST REPEATABILITY 

To investigate the repeatability of the test results, tests c08 and c05 were repeated. Figure 7.11b 

shows the stress paths of the duplicate tests (identified by the letter ‘r’ after the test ID), and shows 

qualitatively that good repeatability is achieved in terms of the shape of the stress paths, and the 

performance of the control system. 

 

 

 
 (a)    (b)  

Figure 7.11: Repeatability of cyclic triaxial test results 

Figure 7.12 shows plots of pore pressure ratio, 𝑅𝑢, and cyclic shear strain, 𝜀𝑐𝑦𝑐, vs. the number of 

cycles, 𝑛, normalised by either the number of cycles to liquefaction, 𝑁𝑓 (for tests c08), or the total 

number of cycles, 𝑁 (for tests c05). Very close agreement is obtained for the c05 tests in terms of 

both 𝑅𝑢 and 𝜀𝑐𝑦𝑐. Reasonable agreement is achieved for the c08 repeat tests. Test c08r was able to 

withstand approximately 30 more load cycles than test c08 before the onset of liquefaction, with 

𝑁𝑓
𝑐08 = 121, and 𝑁𝑓

𝑐08𝑟 = 149. The reason for this variation is unclear, as similar initial relative 

densities were obtained for each test (𝐷𝑟
𝑐08 = 81.9 % and 𝐷𝑟

𝑐08𝑟 = 81.5 %). However, the variation 

is relatively minor and considered to be within satisfactory tolerances. 

 

 

 
 (a)    (b)  

Figure 7.12: Pore pressure ratio and cyclic shear strain measured from similar cyclic triaxial tests 
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7.4.2. GENERAL CYCLIC BEHAVIOUR 

Inspection of tests undertaken at both 𝜎𝑐,0
′  = 50 and 12 kN/m2 show that for 𝜁𝑐 ≥ 0, tests were 

generally able to withstand the full 104 cycles without mobilising significant permanent axial strains. 

Tests undertaken at 𝜁𝑐 = 0.5 are shown to mobilise negligible permanent axial strains (−0.05 % ≤

 𝜀𝑧 ≤ 0.05 %) after 104 cycles, with observed variations most likely attributable to temperature 

fluctuations in the laboratory. 

Tests undertaken at 𝜁𝑐 = 0.0 and low 𝜁𝑏 values (i.e. 𝜁𝑏 ≤ 0.2) exhibit similar behaviour; however, 

tests with 𝜁𝑏 = 0.4 (i.e. tests c01 & c13) show a greater reduction of 𝑝’ after 104 cycles, and intercept 

the dilatancy surface after approximately 1000 (c01 at 𝜎𝑐,0
′  = 50 kN/m2, Figure 7.6d) and 100 (c13 

at 𝜎𝑐,0
′  = 12 kN/m2, Figure 7.9d) cycles. Although the effective cyclic stress path appears to intercept 

the failure envelope in both cases, run-away failure, or ‘flow liquefaction’ does not occur, instead 

permanent axial strains are observed to accumulate steadily with increasing numbers of cycles. 

Similar behaviour was observed by Wichtmann & Triantafyllidis (2016), who also found that the 

effective stress path of cyclic triaxial tests undertaken on dense sands with high 𝑞𝑐𝑦𝑐 and 𝑞𝑎𝑣 values 

were able to cross the undrained failure envelope. 

All cyclic effective stress paths for 𝜁𝑐 ≥ 0 are shown to migrate towards the failure envelope, 

indicating the development of excess pore pressures, thereby suggesting that failure conditions and 

subsequent accumulation of large strains will inevitably occur given sufficient numbers of cyclic 

loading. The rate at which excess pore pressures develop is shown to be influenced by the value of 

𝜁𝑏, with higher values leading to faster accumulation rates. This is exemplified in test c01 (Figure 

7.6(d-f)), which shows that for 𝜁𝑐 = 0.0 and 𝜁𝑏 = 0.4, the dilatancy surface/PTL is reached after 

about 1000 cycles, leading to the steady accumulation of approximately 1.8 % of permanent axial 

strain after 104 cycles. However, test c03 undertaken at 𝜁𝑐 = 0.0; 𝜁𝑏 = 0.1 (Figure 7.8(d-f)) shows 

only a modest reduction in the mean effective stress after 104 cycles, and negligible mobilised axial 

strains. Test c02 (Figure 7.7(d-f)), an intermediate test undertaken at 𝜁𝑐 = 0.0; 𝜁𝑏 = 0.2 shows an 

increased reduction in 𝑝’ after 104 cycles compared with test c03; however, the cyclic stress path 
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remains relatively far away from the dilatancy surface, resulting in negligible accumulation of 

permanent axial strains. Similar behaviour is observed for tests undertaken at 𝜎𝑐,0
′  = 12 kN/m2. 

With the exception of tests c09 and c21, cyclic triaxial tests undertaken with 𝜁𝑐 < 0 developed 

sufficient excess pore pressures to trigger ‘initial liquefaction’ (i.e. 𝑝′ = 0, or 𝑅𝑢 = 1), leading to the 

characteristic ‘butterfly’ stress path shape in 𝑞 − 𝑝′ space, and accumulation of increasingly large 

permanent strains. However, despite failure conditions being reached, significantly large strains are 

not mobilised. This is because dense sands tend to dilate when sheared, which in undrained tests is 

manifested by the development of negative pore pressures and subsequent increases in 𝑝′. 

Development of large ‘runaway’ strains are therefore arrested by the onset of dilation and subsequent 

stiffness increases resulting from the increased 𝑝’. As cycling continues, progressively larger strains 

are required in each load cycle to mobilise dilatancy and associated increases in 𝑝’. 

The number of cycles required to reach initial liquefaction (shown in Table 7.3 and Table 7.4) is 

found to be principally influenced by 𝜁𝑐, with full, 2-way loading (𝜁𝑐 = −1) causing cyclic instability 

in relatively fewer numbers of cycles than those tests carried out at 𝜁𝑐 = −0.5. Results also indicate 

the influence of 𝜁𝑏, in that liquefaction conditions were not reached after 104 cycles when 𝜁𝑏 was ≤

0.1, as shown by results from tests c09 (Figure 7.8g) and c21 (Figure 7.10g).  

The above behaviour may be explained by considering the shape of the effective stress-path in 𝑞 −

𝑝′space, the static bias (𝑞𝑎𝑣), and the magnitude of the cyclic deviator stress (𝑞𝑐𝑦𝑐). For 2-way 

cyclical axial loading with no static bias, the orientation/direction of the stress path means that the 

extension failure envelope will be intercepted at a lower magnitude of stress than in compression. 

This type of behaviour is evident in Figure 7.7(k), which shows the stress path intercepting the 

extension dilatancy surface during the unloading component of cycle 0. Static bias can therefore 

improve the resistance of the material, by ‘shifting’ the stress path up in 𝑞 − 𝑝′ space, and thus 

further away from the extension failure envelope. 

However, increasing the static bias too much may result in the compression failure envelope being 

intercepted first. The influence of static bias is shown in the results of tests c02 (Figure 7.7(d-f)), c04 
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(Figure 7.6(a-c)), and c12 (Figure 7.8(j-l)). These tests trace a horizontal line in the cyclic stress 

space diagram (i.e.  𝑞𝑐𝑦𝑐= constant – see Figure 7.5) but were sheared from different initial static 

biases. Despite a relatively small cyclic load amplitude, test c12 – which had no static bias – reached 

initial liquefaction conditions after approximately 3122 cycles. However, liquefaction did not occur 

in tests c02 and c04, but inspection of the effective stress paths show that test c04 is closer to the 

compression failure envelope after 104 cycles, and would probably intercept the compression failure 

envelope in fewer cycles than c02. Test c04 may therefore be considered as having a lower ‘cyclic 

resistance’ than c02. 

This behaviour may be explained in part by comparing the 𝜁𝑏 values for tests c02 and c04 (0.2 and 

0.4, respectively). Despite test c04 having a higher 𝜁𝑐 value than test c02 (𝜁𝑐 = 0.5 and 0.0, 

respectively), which as previously discussed is shown to generally improve cyclic resistance, test 

c04 also has a higher 𝜁𝑏 value (𝜁𝑏= 0.4 compared to 0.2 for test c02).  

This is further exemplified in the results of tests c07 (Figure 7.6(h)) and c09 (Figure 7.9(h)). Both 

tests included some beneficial static bias (exemplified by 𝜁𝑐 ≠ −1); however, the magnitude of the 

cyclic deviator stress was significantly larger in test c07 than in test c09 (𝜁𝑏 = 0.4, and 𝜁𝑏 = 0.1, 

respectively), leading to liquefaction after relatively few cycles. Conversely, despite stress reversal, 

test c09 did not liquefy even after 104 cycles as the magnitude of the cyclic deviator stress was 

sufficiently small. 

The use of 𝜁𝑏 and 𝜁𝑐 within a normalised cyclic stress-space framework therefore provides a useful 

and robust tool for not only characterising cyclic loads in a test programme, but also for qualitatively 

predicting cyclic soil response. 𝜁𝑐 gives an indication of the type of cyclic loading and amount of 

static bias. 𝜁𝑐 = −1 represents full 2-way cyclic loading, and is shown to constitute the most 

destructive or ‘worst case’ conditions (for triaxial loading conditions with positive static bias). The 

‘cyclic resistance’, defined broadly as the ability of a soil to withstand cyclic loading, is dependent 

on the type of cyclic loading and is significantly improved in situations where stress reversal does 

not occur (i.e. 𝜁𝑐 ≥ 0). 𝜁𝑏 gives an indication of the magnitude of the applied cyclic stress amplitude. 
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Higher values of 𝜁𝑏 therefore become increasingly destructive in terms of the cyclic response, even 

in one-way loading situations. The cyclic resistance is therefore a balance between relative 

magnitudes of 𝜁𝑐 and 𝜁𝑏. 

As defined in Section 5.1.7, the phase transformation state marks the boundary between contractive 

and dilative behaviour. Large strains are rapidly mobilised on approach and during transition; 

however, once the PTL is crossed, the soil tends to dilate, excess pore pressures decrease, mean 

effective stresses increase and the cyclic stress path moves to the right. The shear strength and 

stiffness of the material rapidly increases with dilation, thereby limiting the mobilisation of further 

excessively large strains. Similar behaviour occurs on unloading, leading to the characteristic 

‘butterfly’ profile arising from alternate phases of dilation (hardening) and densification (softening). 

7.5. INTERPRETATION 

7.5.1. EXCESS PORE PRESSURE ACCUMULATION RATE 

Figure 7.13 shows graphs of pore pressure ratio, 𝑅𝑢, vs. the number cycles. Each column represents 

tests carried out at a constant value of 𝜁𝑏. Similar colour groupings are employed across each column 

to denote 𝜁𝑐 values, with 𝜎𝑐,0
′  = 50 and 12 kN/m2 shown as solid and dashed lines, respectively. 

Values of 𝑅𝑢 shown represent the maximum value mobilised over the duration of an individual cycle. 

Similar behavioural trends to that described in Section 7.4 are observed, indicating that the rate and 

magnitude of accumulated strains are closely related to the build-up of excess pore water pressures 

and corresponding reduction in mean effective stress. 

It is evident from the results that: 

• The increase in 𝑅𝑢 with cycle number is non-linear, with significant excess pore pressures 

accumulating in cycle 0. 

• The accumulation of 𝑅𝑢 is relatively linear between cycle 1 up to about 𝑅𝑢 = 40-50 %, after 

which the rate of accumulation increases significantly. 

• The rate of pore pressure accumulation increases with higher 𝜁𝑏 and lower 𝜁𝑐 values 
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 (a) ζb = 0.4   (b) ζb = 0.2   (c) ζb = 0.1  

Figure 7.13: Measured pore pressure ratio development with numbers of cycles 

Table 7.5 and Table 7.6 shows the rate of pore pressure ratio accumulation for tests sheared at 𝜎𝑐,0
′  

= 50 and 12 kN/m2, respectively. The results show similar accumulation rates for tests carried out 

with similar 𝜁𝑏 and 𝜁𝑐 values; however, tests undertaken at 𝜎𝑐,0
′  = 50 kN/m2 show generally higher 

accumulation rates than those tests sheared at 12kN/m2. Table 7.5 and Table 7.6 also present the 

higher 𝑅𝑢 accumulation rates mobilised during those cycles immediately prior to initial liquefaction, 

and shows that the accumulation rate generally increases by two to three orders of magnitude. 

Table 7.5: Pore pressure ratio accumulation rates 

for tests sheared at σʹc,0 = 50 kN/m2 

Test ID ζb ζc 𝒅𝑹𝒖 𝒅𝒏⁄  

(-) (-) (-) (-) 

c01 0.4 0.0 4.5e-05 

c02 0.2 0.0 1.5e-05 

c03 0.1 0.0 5.7e-06 

c04 0.4 0.5 1.5e-05 

c05 0.2 0.5 8.2e-06 

c06 0.1 0.5 8.0e-07 

c07 0.4 -0.5 0.196* 

c08 0.2 -0.5 1.4e-03 | 3.6e-02* 

c09 0.1 -0.5 3.2e-05 

c10 0.4 -1.0 0.185* 

c11 0.2 -1.0 0.07 

c12 0.1 -1.0 3.8e-05 | 1.8e-02* 
 

 

Table 7.6: Pore pressure ratio accumulation rates 

for tests sheared at σʹc,0 = 12 kN/m2 

Test ID ζb ζc 𝒅𝑹𝒖 𝒅𝒏⁄  

(-) (-) (-) (-) 

c13 0.4 0.0 4.1e-05 

c14 0.2 0.0  

c15 0.1 0.0 5.0e-06 

c16 0.4 0.5 1.2e-05 

c17 0.2 0.5  

c18 0.1 0.5 1.0e-06 

c19 0.4 -0.5 0.147* 

c20 0.2 -0.5  

c21 0.1 -0.5 2.1e-05 

c22 0.4 -1.0 0.150* 

c23 0.2 -1.0  

c24 0.1 -1.0 4.7e-04 | 1.5e-02* 
 

* Maximum rate mobilised  

The significant increase in the rate of 𝑅𝑢 accumulation (and corresponding axial strains) observed in 

tests c08, c12 and c24 (Figure 7.13(bc)) emphasises how instability can suddenly occur over 

relatively few cycles. This behaviour was first reported by Lee & Albaisa (1974) following undrained 
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cyclic triaxial tests on 𝐷𝑟 = 30 to 100 % samples of Monterey sand. Seed et al. (1975) proposed 

Eq. (7-17) to describe the observed behaviour. 

 𝑅𝑢 =
1

2
+
1

𝜋
arcsin(2(

𝑁

𝑁𝐿
)

1
𝛼
− 1 ) (7-17) 

where 𝛼 is a curve fitting parameter. Figure 7.14a presents 𝑅𝑢 vs the normalised number of cycles 

required to cause initial liquefaction, 𝑁/𝑁𝐿, reported by Lee & Albaisa (1974). Also shown are 

empirical estimates based on Eq. (7-17), indicating the influence of various 𝛼 values on the 

calculated pore pressure ratio. Figure 7.14a shows that while the upper bound may be accurately 

modelled by taking 𝛼 = 1.2, Eq. (7-17) is evidently unable to adequately reproduce the characteristic 

“S-shape” curve for the lower bound curve. 

 

 

 
 (a)    (b)  

Figure 7.14: (a) Range of pore pressure ratios reported by Lee & Albaisa (1974), and (b) measured pore 

pressure ratios from tests observed to reach conditions of initial liquefaction 

An improvement may be obtained by adopting a generalised logistic (or Sigmoid) function (GLF), 

as given in Eq. (7-18): 

 
𝑁

𝑁𝐿
=

𝐾

(1 + 𝑄𝑒𝑥𝑝−𝐵𝑅𝑢)1 𝑣⁄
 (7-18) 

where 𝐾,𝑄, 𝐵, and 𝑣 are curve fitting parameters. The dashed red lines in Figure 7.14a represent 

three curves calculated using Eq. (7-18), and show that a very close match to the Lee & Albaisa 

(1974) range may be achieved. Figure 7.14b presents results obtained from this study and shows 
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that, for tests that took a relatively large number of cycles to liquefy (i.e. c08, c12, c24), qualitatively 

similar behaviour to that found by Lee & Albaisa (1974) is observed. However, the rate of excess 

pore pressure accumulation appears to be greater in the first few and last few loading cycles. 

Furthermore, tests that reached initial liquefaction in relatively few numbers of cycles do not exhibit 

the same “S-shape” curve, and instead develop significant excess pore pressures in the first few 

cycles. 

Both types of behaviour may be accurately reproduced with Eq. (7-18), as shown by the dotted red 

lines in Figure 7.14b, indicating the flexibility and improved performance of the GLF in capturing 

the various responses. The differences in the observed responses may be explained by considering 

the magnitude of mobilised cyclic shear strains in relation to the cyclic volumetric threshold strain, 

𝛾𝑡𝑣 (see Section 5.2.3). This concept and its implications are examined further in Sections 7.5.3 and 

7.5.4. 

7.5.2. STRAIN ACCUMULATION RATE 

Figure 7.15 and Figure 7.16 show plots of 𝜀𝑑𝑎 and 𝜀𝑁, vs 𝑛, respectively, for the 20 cyclic triaxial 

tests undertaken in this study. Similar qualitative behavioural trends described in Section 7.4.1, in 

terms of the influence of 𝜁𝑏 and 𝜁𝑐 on cyclic response, may also be drawn from inspection of Figure 

7.15. Results from additional cyclic shearing stages are not presented for clarity purposes.  

   
 (a) ζb = 0.4   (b) ζb = 0.2   (c) ζb = 0.1  

Figure 7.15: Estimated double amplitude vertical strain, εda, mobilised with cycle number 

 



Jonathan White 

 

Cyclic Triaxial Tests 

 

DPhil Thesis  173 

 

   
 (a) ζb = 0.4   (b) ζb = 0.2   (c) ζb = 0.1  

   
 (d) ζb = 0.4   (e) ζb = 0.2   (f) ζb = 0.1  

Figure 7.16: Estimated and residual vertical strain, εN , mobilised with cycle number 

Figure 7.15 and Figure 7.16 show that tests with high 𝜁𝑏 values are found to mobilise larger strain 

values in fewer cycles. The same is true for tests with lower 𝜁𝑐 values. Tests that were found to reach 

liquefaction conditions are easily identifiable by both the relatively large cyclic and residual axial 

strains mobilised, and also by their failure in reaching the intended 104 cycles. 

Figure 7.15(abc) shows that 𝜀𝑑𝑎 tends to increase with increasing numbers of cycles, before rapidly 

increasing once liquefaction conditions have been reached (e.g. tests c08, c12, c24). However, once 

liquefaction has occurred the magnitude of 𝜀𝑑𝑎 tends to reach a maximum value of approximately 2-

3 %, and then decreases on further cycling. This type of behaviour is unexpected, and is thought to 

be due to the occurrence of necking in the top third of the specimen. Large displacements were 

observed in this zone during the last few cycles prior to halting a test, which were visibly not being 

captured by the local strain instrumentation.  
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Figure 7.16 presents the accumulation of permanent strains with cycle number, and show similar 

behaviour to that observed for 𝑅𝑢 (Figure 7.13). Table 7.5 and Table 7.6 shows the estimated residual 

vertical strain accumulation rates for tests sheared at 𝜎𝑐,0
′  = 50 and 12 kN/m2, respectively, and show 

that tests with relatively high 𝜁𝑏 and low 𝜁𝑐 values mobilise relatively higher accumulation rates. 

Figure 7.16(abc) shows tests that undergo stress reversal (𝜁𝑐 < 0) initially accumulate negative (i.e. 

extensive) residual strains, but tend to change direction after a certain number of cycles. The 

accumulation of axial strain on the triaxial extension or compression side is thus found to depend on 

whether the main portion of the stress path lies above or below the isotropic axis. Analysis of the 

excess pore pressure ratio profiles for these tests finds that the local minimum generally coincides 

with values of 𝑅𝑢 ≥ 90 %, and is ≥ 98 % in three cases (test c10, c11 and c12). This change in the 

direction of strain accumulation is therefore probably associated with the onset of liquefaction. 

First inspection of the one-way loading tests (𝜁𝑐 > 0) in Figure 7.16(abc) suggests that negligible 

residual strains are accumulated after 104 cycles; however, replotting the data on a log scale (Figure 

7.16(def)) shows that modest positive (compressive) strains are accumulated with increasingly large 

numbers of cycles. However, the displacements seen for tests sheared at lower stress amplitudes (i.e. 

𝜁𝑏 = 0.1 and 0.2) were of comparable magnitude (or less) to the resolution of the on-sample strain 

instrumentation. Furthermore, temperature fluctuations in the laboratory become increasingly 

influential at such low displacement amplitudes (see Figure 7.16(e) – test c05), and despite adopting 

filtering techniques to reduce electrical noise, reliable estimates of strain are difficult in these tests. 

Tests c01 and c13, both undertaken at 𝜁𝑐 = 0 and 𝜁𝑏 = 0.4, show different behaviour to that 

described above. Unlike tests which trigger liquefaction conditions, relatively high residual strains 

are found to progressively accumulate (1.9 and 1.3 %, respectively) over the course of 104 cycles. 

According to Figure 7.6 and Figure 7.9, both effective stress paths appear to have intercepted the 

maximum failure envelope as determined from monotonic tests. Unstable behaviour is therefore 

expected (i.e. sudden increase in 𝑅𝑢 and associated increases in permanent strains). 
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Table 7.7: Strain rates for tests sheared at σʹc,0 = 

50 kN/m2 

Test ID ζb ζc 𝒅𝜺𝑵 𝒅𝒏⁄  

(-) (-) (-) (% per cycle) 

c01 0.4 0.0 1.1e-04** 

c02 0.2 0.0 5.0e-07 

c03 0.1 0.0 3.5e-07 

c04 0.4 0.5 1.4e-06 

c05 0.2 0.5 9.9e-07 

c06 0.1 0.5 1.9e-07 

c07 0.4 -0.5 -9.0e-04 

c08 0.2 -0.5 -5.8e-05 | 3.1e-01* 

c09 0.1 -0.5 9.0e-07 

c10 0.4 -1.0 -1.8e-02 

c11 0.2 -1.0 -8.3e-02 | 4.4e-01* 

c12 0.1 -1.0 -9.7e-06 | 7.8e-02* 
 

 

Table 7.8: Strain rates for tests sheared at σʹc,0 = 

12 kN/m2 

Test ID ζb ζc 𝒅𝜺𝑵 𝒅𝒏⁄  

(-) (-) (-) (% per cycle) 

c13 0.4 0.0 1.0e-04** 

c14 0.2 0.0  

c15 0.1 0.0 2.4e-07 

c16 0.4 0.5 1.6e-06 

c17 0.2 0.5  

c18 0.1 0.5 1.5e-07 

c19 0.4 -0.5 -8.9e-05 

c20 0.2 -0.5  

c21 0.1 -0.5 2.0e-07 

c22 0.4 -1.0 -3.9e-03 

c23 0.2 -1.0  

c24 0.1 -1.0 -2.8e-05 | 1.8e-01* 
 

* Maximum rate mobilised  

However, inspection of the 𝑅𝑢 profile for these tests (Figure 7.13a) shows a similar steady increase 

in excess pore pressure with increasing cycle number to approximately 60 %; however, the sudden 

collapse observed in other tests following development of 𝑅𝑢 ≥  40-50 % is not observed. This 

behaviour may be explained by again considering the mobilised value of 𝛾𝑐𝑦𝑐 in relation to 𝛾𝑡𝑣. 

Inspection of 𝜀𝑑𝑎 profiles (related to 𝛾𝑐𝑦𝑐 by Eq. (7-11)) for these tests (Figure 7.15a) show small 

increases in 𝜀𝑑𝑎  up to about 3000 cycles, after which values stabilise or decrease slightly. Instability 

conditions are therefore not mobilised as 𝛾𝑐𝑦𝑐 remain less than 𝛾𝑡𝑣. 

7.5.3. STIFFNESS RESPONSE 

Figure 7.17 presents the evolution of the secant shear modulus, 𝐺𝑠𝑒𝑐, with increasing numbers of 

cycles, and shows that both the magnitude and rate of degradation of 𝐺𝑠𝑒𝑐 is influenced by a number 

of factors: 

• 𝐺𝑠𝑒𝑐 decreases with increasing numbers of cycles. 

• 𝐺𝑠𝑒𝑐 decreases with decreasing 𝜎𝑐,0
′ . 

• Initial 𝐺𝑠𝑒𝑐 values decrease with decreasing 𝜁𝑐. 

• The rate of degradation of 𝐺𝑠𝑒𝑐 is non-linear, and is strongly influenced by 𝜁𝑏 and 𝜁𝑐. 

• Initial 𝐺𝑠𝑒𝑐 values and degradation rates are higher for smaller values of 𝜁𝑏. 
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 (a) ζb = 0.4   (b) ζb = 0.2   (c) ζb = 0.1  

Figure 7.17: Evolution of the secant shear modulus, Gsec with increasing numbers of cycles 

The behaviour observed in Figure 7.17 may be explained by considering the cyclic stress space 

diagram presented in Figure 7.5 and the volumetric threshold cyclic shear strain concept described 

in Section 5.2.3. For tests undertaken at similar 𝜁𝑏 values, the magnitude of 𝑞𝑐𝑦𝑐 increases as 𝜁𝑐 

reduces, with higher cyclic stress amplitudes mobilising larger cyclic strains. Similarly, the 

magnitude of 𝑞𝑐𝑦𝑐 (and subsequent Δ𝜀𝑧) decreases with decreasing 𝜁𝑏. For tests with relatively high 

𝑞𝑐𝑦𝑐 values (e.g. c07, c10), the cyclic volumetric threshold strain, 𝛾𝑡𝑣, is exceeded during the initial 

load cycle, causing significant excess pore pressures and reductions to initial 𝐺𝑠𝑒𝑐 values. 

Similar tests in terms of 𝜁𝑐 but lower 𝜁𝑏 values (e.g. c09, c12) are subjected to lower cyclic stress 

amplitudes, and exhibit a greater initial stiffness. Excess pore pressures and cyclic strains accumulate 

relatively slowly with increasing numbers of cycles, resulting in modest reductions to 𝐺𝑠𝑒𝑐 over this 

period. However, once 𝛾𝑡𝑣 is exceeded, significant stiffness degradation occurs. This behaviour is 

not observed for 𝜁𝑐 ≥ 0, as accumulated cyclic shear strains remain below 𝛾𝑡𝑣, even after 104 cycles. 

Figure 7.17 shows that the data suffer from excessive noise in some tests, particularly for 𝜁𝑐 ≥  0, 

and 𝜁𝑏 ≤ 0.2, making reliable estimations of 𝐺𝑠𝑒𝑐 difficult. This is because the magnitude of 𝑞𝑐𝑦𝑐 

decreases with decreasing 𝜁𝑏  values (see Figure 7.5), and as result smaller cyclic strains are 

mobilised. Such low cyclic stress and strain amplitudes are challenging to accurately measure and 

require the use of instrumentation with appropriate capacity/displacement range and resolution. 

However, the instrumentation must have sufficient capacity/range to adequately capture the response 

of the material, but also be robust enough to ensure accidental damage/over-ranging does not occur. 
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Despite utilising filtering methods (e.g. simple moving average techniques) to reduce noise, the data 

remains erratic in some cases, suggesting that the instrumentation adopted in this study is sub-

optimal for the range of cyclic stresses and strains mobilised in some of these tests. Improving the 

quality of stress measurements may be relatively easily achieved by tailoring the capacity of the 

ISLC to the anticipated demands of each individual test. However, improving the quality of the local 

strain instrumentation results, in terms of capturing behaviour in the very small strain range (i.e. for 

𝜀𝑧 < 10-6) is more challenging, and would likely require manufacturer input/support. 

Figure 7.18 shows stiffness degradation curves for tests undertaken at 𝜁𝑐 ≤ 0, normalised by the 

small-strain shear modulus, 𝐺0, obtained from bender element tests carried out immediately prior to 

cyclic shearing. Tests at 𝜁𝑐 ≥ 0 are not presented as the data suffered from excessive electrical noise. 

Figure 7.18 shows that tests undertaken at 𝜎𝑐,0
′  = 12 kN/m2 mobilise a lower 𝐺𝑠𝑒𝑐 at the same 𝛾𝑐𝑦𝑐 

value than similar tests carried out at 𝜎𝑐,0
′  = 50 kN/m2 (i.e. curves are ‘shifted’ to the left), which is 

consistent with the findings of Chapter 6. 

A similar response is observed for tests carried out at the same 𝜁𝑐 but decreasing values of 𝜁𝑏. This 

type of behaviour may again be explained by considering the cyclic stress space diagram presented 

in Figure 7.5, which shows that along lines of constant 𝜁𝑐, the magnitude of 𝑞𝑎𝑣 decreases with 

decreasing 𝜁𝑏. Despite 𝜎𝑐,0
′  remaining constant during the drained ramp up to 𝑞𝑎𝑣, the 3:1 inclination 

of the stress path in 𝑞 − 𝑝′ space, results in different initial mean effective stress, 𝑝0
′ , values for each 

test. Tests undertaken at lower 𝜁𝑏 values are therefore sheared from progressively lower initial mean 

effective stresses, and thus behave in a manner similar to that described in Chapter 6. 

The relatively steep gradient of the stiffness degradation curves in the range 10-5 ≤ 𝛾𝑐𝑦𝑐 ≤ 10-3 may 

be a result of the mean effective stresses decreasing with increasing numbers of cycles and excess 

pore pressures accumulation. Alternatively, the shape of the curve may be an artefact of constant 

amplitude cyclic testing, with each amplitude yielding a particular 𝐺 − 𝛾𝑐𝑦𝑐 relationship. 
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 (a) -0.5 ≤ ζc ≤ 0  

 
 (b) -1.0 ≤ ζc < -0.5  

Figure 7.18: Stiffness degradation curves 

Figure 7.18 includes empirically determined stiffness degradation profiles for 𝑝′ = 50 and 12 kN/m2 

using the equations proposed by Darendeli (2001), as well as the range of values found by Seed et 

al. (1986), following compilation of a large database of clean sand and gravel test data. Also included 

are the results of Penna et al. (2016), who undertook resonant column and torsional shear tests on 

samples of LBS-B sand at low mean effective stresses (𝑝0
′ ≤  10 kN/m2). The results show that for 

𝛾𝑐𝑦𝑐 < 2x10-4, the 𝐺𝑠𝑒𝑐 values associated with cycle 1 show good agreement with results from Penna 

et al. (2016), and the lower bound profile presented by Seed et al. (1986). The empirical curves 

proposed by (Darendeli, 2001) are found to generally overpredict 𝐺𝑠𝑒𝑐 at a given 𝛾𝑐𝑦𝑐.  
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Furthermore, it is unfortunate that several of the tests were not permitted to continue cycling beyond 

𝑁=104, as the results show that accumulated cyclic shear strains may have been close to exceeding 

𝛾𝑡𝑣. Therefore, rather than specifying a target total number of cycles a priori, an improved test 

procedure would allow cycling to continue indefinitely, and assess, after some threshold number of 

cycles (e.g. 𝑛 = 10,000) whether it is worthwhile (or financially feasible) to continue the test. This 

assessment should be based on real-time evaluations of both the magnitude and rate of increase of 

𝛾𝑐𝑦𝑐 (or an equivalent 𝜀𝑐𝑦𝑐 for drained tests), and its proximity to the estimated 𝛾𝑡𝑣 value. 

7.5.4. MATERIAL DAMPING BEHAVIOUR 

   
(a) ζb = 0.4 (b) ζb = 0.2 (c) ζb = 0.1 

Figure 7.19: Evolution of the energy loss factor, ξ, with cycle number, n 

Figure 7.19 shows the evolution of the energy loss factor, 𝜉, with cycle number and shows that 𝜉 is 

a function of both the type of cyclic loading (i.e. 𝜁𝑏 and 𝜁𝑐), and the number of stress cycles. 

However, it is clear that the data suffers from substantial noise, particularly for lower 𝜁𝑏 values, 

making reliable estimation of 𝜉 difficult in some tests. Rascol (2009) suggests that there is a log scale 

difference between accurate measurements of 𝐺 and 𝜉, and found that satisfactory estimates could 

only be obtained when 𝛾𝑐𝑦𝑐 ≥  5.5x10-4. 

Figure 7.20 presents material damping curves estimated from tests which underwent stress reversal 

(i.e. 𝜁𝑐 ≤ 0), and thus mobilised relatively large cyclic shear stain amplitudes. Empirically 

determined curves (after Darendeli, 2001) for 𝑝′ = 50 and 12 kN/m2, and values obtained from the 

literature (Penna et al., 2016; Seed et al., 1986) are also included. 
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Figure 7.20 shows that the material damping response appears to be governed by the mobilised 𝛾𝑐𝑦𝑐 

and whether it exceeds the cyclic volumetric threshold shear strain, 𝛾𝑡𝑣 (see Section 5.2.3). Results 

show that when 𝛾𝑐𝑦𝑐 is less than approximately 10-4, 𝜉 does not increase greatly (except for c24) and 

remains relatively constant with cycle number. This is in agreement with findings in the literature 

(e.g. Dobry & Ladd, 1980; Dobry et al., 1982; Ladd et al., 1989) where 𝛾𝑡𝑣 is found to be essentially 

10-4, regardless of confining stress, density and specimen fabric. This type of response where 𝛾𝑡𝑙 <

 𝛾𝑐𝑦𝑐 < 𝛾𝑡𝑣  (i.e. 10-5 < 𝛾𝑐𝑦𝑐 < 10-4), termed ‘non-degraded hysteresis’ behaviour by Ishihara (1996), 

is observed for tests c09 and c21 where 𝜁𝑏 = 0.1 in both cases. 

 
 (a) -0.5 ≤ ζc < 0  

 
 (b) -1.0 ≤ ζc < -0.5  

Figure 7.20: Material damping curves from tests that underwent stress reversal 
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Figure 7.20 also shows that once 𝛾𝑡𝑣 is exceeded (i.e. 10-4 < 𝛾𝑐𝑦𝑐 < 10-2), 𝜉 tends to change 

considerably with both 𝛾𝑐𝑦𝑐 and cycle number due to changes in 𝑝′ resulting from excess pore-water 

pressure development. 𝜉 increases to a peak value of approximately 0.25 – 0.35 at 𝛾𝑐𝑦𝑐 = 10-3, and 

then decreases with further stress cycles. The points at which 𝑅𝑢 = 1.0 are circled on the plots, and 

show similar values of 𝜉 = 0.1 – 0.15 at 𝑛 = 𝑁𝐿. This type of response is termed “degraded hysteresis” 

behaviour by Ishihara (1996). Figure 7.20 also indicates the influence of 𝜎𝑐,0
′  on 𝜉. Comparison of 

tests with similar cyclic loading characteristics (in terms of 𝜁𝑏 and 𝜁𝑐) but different 𝜎𝑐,0
′ , show that 

tests undertaken at lower 𝜎𝑐,0
′  are typically shifted left, supporting the findings of Kokusho (1980). 

Comparison of the results with the Darendeli (2001) and Seed et al. (1986) curves show that LBS-B 

mobilises significantly larger 𝜉 values, in terms of both the gradient of the material damping curve 

and 𝜉𝑚𝑎𝑥. However, the results do show reasonably good agreement with Penna et al. (2016). Using 

empirical relationships and ranges found in the literature to estimate 𝜉 for LBS-B are therefore not 

recommended, as they fail to capture the complex response observed in these tests. Similar 

conclusions were also given by Blaker & Andersen (2019) who found that 𝜉 is significantly more 

influenced by the number of cycles than indicated by Seed et al. (1986), and tend to overestimate 𝜉 

at large cycle numbers. This is important, as overestimating 𝜉 will have potentially significant 

consequences, particularly in fatigue analyses where the number of cycles can be very high. 

 

 

 
 (a) c08    (b) c12  

Figure 7.21: Evolution of hyseresis loops for (a) test c08; and (b) test c12 
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The shape of the material damping curves may be explained by considering the changing shape of 

the hysteresis loop as the sample accumulates excess pore pressures and begins to dilate with cycle 

number. Figure 7.21 presents the evolution of the hysteresis loops for tests c08 and c12 for a select 

number of cycles, and shows that for the initial increase in 𝜉 exhibited in Figure 7.20, the stress-

strain curve remains relatively similar in terms of the shape of the hysteresis loop; however, the 

width of the loop tends to increase with increasing numbers of cycles up to 𝜉𝑚𝑎𝑥. As cycling 

continues, parts of the hysteresis loop become increasingly concave, and the central portion of the 

loop gets progressively wider. From Eq. (7-16) and Figure 7.4, 𝜉 must therefore decrease as the 

maximum elastic energy, 𝐴𝑓, increases disproportionately to the enclosed area of the loop, Δ𝑊. 

7.6. CYCLIC CONTOUR DIAGRAMS 

Contour diagrams represent a convenient way of combining and summarising the results of multiple 

cyclic triaxial tests, as well as providing a basis for practical foundation of offshore structures (Blaker 

& Andersen, 2019). The diagrams allow performance checks for stress conditions outside the range 

of measured laboratory data. Figure 7.22 present tentative contour diagrams for dense LBS-B in 

terms of pore pressure ratio, and cyclic shear strains, as functions of the cyclic shear stress, 𝜏𝑐𝑦𝑐, and 

𝑛. Results are normalised by the initial mean effective stress at the end of the drained ramp stage, 

𝑝0
′ . The contour diagrams are valid for stress-controlled cyclic loading with a constant shear stress 

amplitude and 𝑞𝑎𝑣 / 𝑞𝑟𝑒𝑓 = 0 (i.e. two-way cyclic loading) only. 

  

 (a) 𝑹𝒖   (b) 𝜸𝒄𝒚𝒄  

Figure 7.22: Contours of (a) pore pressure ratio; and (b) cyclic shear strain 
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The contour diagrams enable 𝑅𝑢 and cyclic strain values to be predicted for a sand of a given density 

after a certain number of cycles. The diagrams also show that very small strains (𝛾𝑐𝑦𝑐 <0.25 %) are 

mobilised in tests with low cyclic stress ratios, (i.e. 𝜏𝑐𝑦𝑐 ⁄ 𝑝0
′  < 0.2), and therefore represents the 

lower limit in terms of the cyclic load ratio that should be attempted using the cyclic triaxial 

apparatus if meaningful results are to be obtained. 

When constructing diagrams for use in practical design situations, the average and cyclic shear 

stresses are often normalised with respect to a certain stress value, yielding the “average load ratio”, 

ALR, and “cyclic load ratio”, CLR, respectively (Nielsen et al., 2012). However, while the contour 

diagrams presented in Figure 7.22 are useful for predicting the cyclic response in terms of mobilised 

cyclic shear strain and pore pressure accumulation, Shajarati et al. (2012) found that contour 

diagrams that only consider CLR are insufficient for predicting the effects of cyclic loading in terms 

of bearing capacity, as they do not include the capture the influence of the ALR. Nielsen et al. (2012) 

also argue that using an effective stress parameter (e.g. 𝜎𝑐,0
′  or 𝑝0

′ ) to normalise cyclic and average 

shear stresses for use in design / contour diagrams is inappropriate for the undrained case, as pore 

pressure is not taken into account, and instead recommend the use of the undrained shear strength, 

𝑠𝑢, as the normalising parameter. Such discussions are beyond the scope of this study, and have thus 

not been investigated further. 

7.7. SUMMARY AND CONCLUSIONS 

This chapter has presented the results of 20 undrained cyclic triaxial tests, undertaken on samples of 

dense (𝐷𝑟 ≈ 82 %) Leighton Buzzard sand at different initial effective confining pressures (𝜎𝑐,0
′   = 

50 and 12 kN/m2). The stress cycles were applied from different initial average shear stresses (𝑞𝑎𝑣), 

and with relatively low cyclic stress amplitudes (𝑞𝑐𝑦𝑐) to investigate the cyclic response and explore 

the area of cyclic stress space considered appropriate for the design of offshore wind energy 

structures. 

Tests were planned and presented as part of a new, robust cyclic framework, formulated to provide 

compatibility with pile-load test results. Together with the results from the monotonic stress path 



Jonathan White 

 

Cyclic Triaxial Tests 

 

DPhil Thesis  184 

 

tests presented in Chapter 6, the cyclic tests presented in this chapter form the basis of an 

experimental database which may be used for the development, calibration, and verification of 

advanced constitutive models with a specific focus on cyclic loading. 

The undrained cyclic triaxial tests with isotropic consolidation (i.e. no static bias, 𝑞𝑎𝑣 = 0; and 𝜁𝑐 =

−1) were all found to reach conditions of initial liquefaction (i.e. 𝑝’ = 0), and show the butterfly-

shaped effective stress path characteristic of cyclic mobility conditions. The number of stress cycles 

required to cause initial liquefaction was found to depend on the magnitude of 𝜁𝑏, which was shown 

to decrease with increasing 𝜁𝑏 (and 𝑞𝑐𝑦𝑐). 

Cyclic mobility was also observed in tests with some static bias but stress reversal (i.e. 𝑞𝑎𝑣 > 0; 𝜁𝑐 

= -0.5); however, such tests were able to sustain a higher number of stress cycles before developing 

the characteristic butterfly shape, and in some cases (i.e. where 𝜁𝑏 = 0.1) cyclic mobility / initial 

liquefaction was not observed even after the initial 104 cycles. 

After initial liquefaction (𝑝’ = 0), the strain amplitudes were found to progressively increase with 

subsequent stress cycles. The accumulation of axial strain on the triaxial extension or compression 

side prevailed, depending on whether the main part of the stress path lay above or below the isotropic 

axis. Significant necking was often observed in the top third of the test specimen following initial 

liquefaction; therefore, tests were typically terminated before conventional, strain-based failure 

criteria were reached to safeguard the apparatus against damage. A pore pressure-based failure 

criterion was therefore adopted in this study. 

For tests that did not cross the isotropic axis (i.e. 𝜁𝑐 > 0), initial liquefaction / cyclic mobility 

conditions were not reached after 104 cycles. The test specimens generally exhibited very stiff stress–

strain behaviour under the imposed load cycling, with cyclic secant stiffnesses reducing only 

moderately as cycling continued. However, excess pore pressures and cyclic strains continued to 

accumulate with increasing numbers of cycles, even for relatively small cyclic stress amplitudes (e.g. 

 𝜁𝑏 = 0.1). Furthermore, there is some limited data (tests c01 & c13) to support the findings of 

Wichtmann & Triantafyllidis (2016), who found that for dense samples with relatively large static 
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bias and cyclic stress amplitudes, the effective stress path may exceed the failure envelope (and PTL) 

as determined from undrained monotonic tests. 

Secant stiffness degradation profiles show good agreement with the trends reported in the literature 

(Penna et al., 2016), and may be reasonably predicted with the empirical relationship proposed by 

Darendeli (2001). However, comparison of material damping curves with both empirically 

determined and historical values finds that that LBS-B mobilises significantly larger 𝜉 values, in 

terms of both the gradient of the material damping curve and 𝜉𝑚𝑎𝑥. Using empirical relationships 

and ranges found in the literature to estimate 𝜉 for LBS-B are therefore not recommended, as they 

fail to capture the complex response observed in these tests. 

The results presented in this chapter therefore exemplify the complexities of the material response 

when subjected to cyclic loading. However, the experiments showed clear and systematic trends, 

indicating that the cyclic response depends on a combination of both the average and cyclic shear 

stresses, and the stress path. These factors are adequately and robustly captured by the new cyclic 

framework adopted in this study. However, the test results have also highlighted some shortcomings 

with both the apparatus and testing procedure.  

The initial effective cell pressure at the end of consolidation, 𝜎𝑐,0
′ , has historically been used as a 

normalising parameter in undrained cyclic triaxial tests, and tests are often anisotropically 

consolidated to some initial average stress at a fixed effective cell pressure. This is not recommended 

as for cases other than isotopically consolidated, two-way loading tests (i.e. 𝑞𝑎𝑣 = 0), anisotropic 

consolidation will generally result in 𝑝0
′  > 𝜎𝑐,0

′  due to the shape of the stress path in 𝑝′ − 𝑞 space. 

Given that the number of cycles required to achieve some failure criterion is largely influenced by 

the proximity of the effective stress path to the undrained failure envelope, analysing the number of 

cycles to failure therefore becomes inconsistent (for tests with similar 𝑞𝑐𝑦𝑐 and 𝜎𝑐,0
′  values, but 

different initial 𝑞𝑎𝑣) unless samples are anisotropically consolidated in such a way that 𝑝0
′  = 𝜎𝑐,0

′ . To 

properly assess the influence of effective confining stress, it is therefore recommended that the role 
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and significance of 𝜎𝑐,0
′  be demoted in favour of the more fundamental mean effective stress, 𝑝′, 

when planning cyclic triaxial test programmes and normalising results.  

The contour diagrams showed that for tests where the cyclic stress ratios, 𝜏𝑐𝑦𝑐 𝑝0
′⁄  < 0.2, both residual 

and cyclic shear strains were very small (𝛾𝑁 < 0.05 % & 𝛾𝑐𝑦𝑐 < 0.1 %, respectively) even after 104 

cycles. In terms of the cyclic stress space framework utilised in this study, these tests correspond to 

one-way loading with some static bias (i.e. 𝜁𝑐 > 0 and 𝑞𝑐𝑦𝑐 ≤ 𝑞𝑎𝑣), where stress and strain 

amplitudes were found to be close to or less than the resolution of the instrumentation utilised, 

particularly for low values of 𝑞𝑐𝑦𝑐 (i.e. 𝜁𝑏 ≤ 0.2). Results from these tests therefore suffered from 

excessive electrical noise, making reliable estimates of cyclic strains etc. very challenging, and thus 

represent the limits of the apparatus in its current state. Attempting further tests in this area of cyclic 

stress space is therefore not recommended without first improving the capabilities of the local strain 

instrumentation, and improving the temperature regulation control system in the laboratory. 

Significant strain localisation / necking was observed following initial liquefaction, resulting in large 

displacements. However, it was noted that these displacements were typically located in the top third 

of the specimen – outside of the zone captured by the local strain instrumentation. The general quality 

and reliability of results may therefore be significantly improved by adopting a 1:1 (𝐻:𝐷) ratio 

sample size. Furthermore, this would enable tests to be sheared to larger cyclic strain magnitudes, 

enabling conventional strain-based failure criteria to be achieved. 

Results showed that the cyclic volumetric threshold shear strain, 𝛾𝑡𝑣, is approximately 𝛾𝑐𝑦𝑐 = 2x10- 4, 

and thus in close agreement with values in the literature. The cyclic response changes significantly 

once this threshold is exceeded. However, several tests were found to be relatively close to this 

threshold after 104 cycles, but prevented from evolving further due to the software requirement of 

specifying a discrete number of cycles before commencing a test. It is therefore recommended that 

new, bespoke testing scripts be developed, that enable such flexibility and provide real-time 

estimates of key parameters such as 𝛾𝑐𝑦𝑐 and 𝑅𝑢. 
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8. CONSTITUTIVE MODELLING FRAMEWORKS 

8.1. INTRODUCTION 

This chapter presents an overview of constitutive models and their associated frameworks developed 

for cohesionless soils used in research and practice. A review of the various model types developed 

for sand and current state-of-the-art is provided, followed by a brief review of other modelling 

frameworks. Background material concerning the formulation and components of elastoplastic 

constitutive models based on conventional plasticity theory are included in Appendix A. 

8.2. OVERVIEW OF SAND CONSTITUTIVE MODELS 

Numerous constitutive models have been developed to describe the stress-strain behaviour of soils 

over the past several decades. For example, a Google Scholar search of “constitutive model sand” 

yields approximately 22,000 results! It would therefore be impractical to describe every model in 

detail. However, while an apparently vast number of constitutive models for sand exist, most tend to 

have been formulated (and further extended) within relatively few theoretical frameworks. 

Lade (2005) presents a comprehensive review and evaluation of the various constitutive models and 

theoretical frameworks published in the literature. The following summarises and extends this work 

where necessary, by presenting a brief overview of notable models formulated within each of the 

popular theoretical frameworks. The models presented are also limited to those capable of capturing 

the behaviour of cohesionless soils, and subsequently evaluated using the ‘category scale’ proposed 

by Lade (2005), where: 

• Category 1: Model is formulated within a (i) transparent and (ii) theoretically sound 

framework, that may (iii) be easily calibrated from (iv) conventional triaxial compression 

tests, isotropic compression tests, and conventional (i.e. incremental load) oedometer tests. 

The model must also (v) exhibit an overall high quality of fitting experimentally observed 

material behaviour, (vi) including confining stress effects, and (vii) be capable handling 3D 

stress conditions; 

• Category 2: Model lacks one or more of the conditions mentioned above; 

• Category 3: Model is deficient in several of the conditions mentioned above. 
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8.2.1. ELASTIC AND SIMPLE ELASTIC PERFECTLY PLASTIC MODELS 

Early constitutive models were predominantly formulated using simple elastic and elastic perfectly 

plastic theory (e.g. the Hyperbolic model proposed by Duncan & Chang, 1970). Examples of simple 

elastic perfectly plastic models include the Drucker-Prager model (Drucker & Prager, 1952), 

traditional Mohr Coulomb based models (Brinkgreve & Vermeer, 1997; Smith & Griffiths, 2013), 

and the so-called ‘Cap’ models (DiMaggio & Sandler, 1971; Drucker et al., 1957). 

According to Prévost (1985), Cap models once represented the most popular and widely used 

constitutive models for modelling sand. However, their inability to capture post-peak, strain 

softening behaviour, stress-induced anisotropy, and cyclic loading response, means their universal 

application is limited. As such, Lade (2005) classifies these models according to Categories 2 and 3. 

8.2.2. CRITICAL STATE MODELS 

The Critical State Soil Mechanics (CSSM) theoretical framework (Schofield & Wroth, 1968) 

underpins many popular constitutive models in use today. The ‘Clay And Sand Model’, or ‘CASM’ 

(Yu, 1998; Yu et al., 2005, 2007), and NorSand (Jefferies, 1993; Jefferies & Shuttle, 2005, 2011) 

represent critical state type models, reformulated in terms of the state parameter concept (Been & 

Jefferies, 1985). State parameter based models are attractive from a modelling point of view because 

the model parameters for a particular soil are independent of both void ratio and effective stress, with 

the model itself incorporating the effect of these factors on the predicted response. 

According to Jefferies et al. (2015), NorSand is able to capture the full range of sand response, 

including static liquefaction of very loose soils through to dilation of very dense soils. Lade (2005) 

classifies NorSand according to Category 1, and there are several examples of its successful 

application in 3D boundary value problems (Jefferies & Been, 2015). 

CASM is not included in Lade's (2005) review, but a review of the literature suggests that it may 

meet all the requirements of a Category 1 model. However, while the model has been successfully 

implemented in FEA software to solve 3D boundary value problems (Khong, 2004), its wider use in 

engineering practice appears to be relatively limited. Further investigation into the potential 
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limitations of this model may therefore be beneficial, so that practical guidance in terms of its safe 

use and application may be determined. 

8.2.3. MULTI SURFACE MODELLING CONCEPTS 

Single yield surface, isotropic hardening models define the elastic domain using a single state 

boundary surface. While such models have been shown to offer reasonable stress-strain predictions 

for soils loaded monotonically, models of this type suffer from significant shortcomings when 

applied to more complex loading conditions. According to Yu (2006), these shortfalls are due to: 

• The elastic domain is too large compared with experimental observations. Furthermore, the 

instantaneous change from elastic to plastic behaviour predicted by these models contrasts 

with the gradual transition in stiffness from elastic to plastic states exhibited in experiments; 

• The isotropic hardening and early kinematic hardening models (Prager, 1955; Ziegler, 1959) 

are generally unable to capture the complex behaviour observed in experiments where soil is 

subjected to cyclic or repeated loading where large stress reversals frequently occur. 

Improved hardening rules capable of modelling both cyclic behaviour and the smooth transition from 

elastic to plastic behaviour were therefore required. To date, the two most successful and widely 

used theories developed for this purpose are: 

1. Multi surface plasticity theory, proposed by Mróz (1967) and Iwan (1966, 1967); 

2. Bounding surface plasticity theory, proposed by Dafalias & Popov (1975) and Krieg (1975). 

These concepts, collectively known as ‘multi-surface’ frameworks, were initially developed for 

metals but found application in modelling geomaterials. Notable examples for each type are: 

8.2.3.1. Nested Surface Models 

Prévost (1985) was the first to propose a nested surface, kinematic hardening model for cohesionless 

soil, and used Mróz's (1967) mapping rule. The original Prévost (1985) model used a conical 

(Drucker-Prager) yield surface in stress space with its apex at the origin, resulting in a circular cross 

section in the deviatoric plane, whose position is determined by the magnitude of the so-called ‘back 

stress, 𝛼. A purely deviatoric, kinematic hardening rule is adopted. The plastic potential is selected 

such that the deviatoric plastic flow is associative, while a non-associated flow rule is used for the 

dilational component. 
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Compared with bounding-surface models, research and development of nested surface type models 

for sandy soils is more limited. Elgamal et al. (2002, 2003) implemented the Prévost (1985) model 

with modified flow and hardening rules to better simulate the behaviour of dense saturated sand 

subjected to cyclic loading. Further extensions incorporating Lode angle effects were proposed by 

Zerfa & Loret (2003) and Yang & Elgamal (2008), who introduced rounded Mohr-Coulomb (Van 

Eekelen, 1980) and Lade-Duncan (Lade & Duncan, 1975) failure criteria, respectively. The Prévost 

(1985) model has also been successfully implemented in the finite element code LAGAMINE to 

model the behaviour of suction caissons installed in dense sands (Cerfontaine et al., 2016). However, 

Cerfontaine (2014) notes that implementation of the model is non-trivial, and observed progressive 

accumulation of errors when comparing model predictions with cyclic triaxial test results. 

Identification of model parameters is relatively straightforward and may be determined from a single 

triaxial compression and extension test. However, model parameters tend to be calibrated for a 

specific sand state (void ratio and mean effective stress), though exceptions to this do exist such as 

the continuous hyperplasticity model presented by Houlsby & Mortara (2004). From a practical 

design perspective, this is potentially a significant shortcoming given the heterogeneity of in situ 

soils, and the need to model soil behaviour over a range of depths (and hence effective stress levels). 

For example, use of such models for large project sites such as offshore wind farms may be 

impractical due to the number of tests (and expense) required to adequately calibrate the model for 

all in situ states found on site.  

8.2.3.2. Bounding Surface Models 

Bounding-surface plasticity models are based on the principles of critical state soil mechanics, 

formulated within bounding surface plasticity theory, and are perhaps the most well established and 

researched advanced constitutive models for predicting sand behaviour. 

The original two-surface model proposed by Manzari & Dafalias (1997) adopted a state parameter 

approach to define the peak and dilatancy stress ratios of sand. The model is formulated in a 

normalised deviatoric plane, using a deviatoric stress ratio tensor given by 𝒓 =  𝒔 𝑝′⁄ . The model 
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assumes that the hardening modulus is a function of the current stress state and the relative distance 

of this state from an ‘image’ stress state, located on the bounding surface. 

Several extensions to the Manzari & Dafalias (1997) model, collectively known as “SANISAND” 

(Simple ANIsotropic SAND) models, have since been developed (Dafalias & Manzari, 2004; 

Dafalias et al., 2004; Loukidis & Salgado, 2009; Taborda et al., 2014). According to Whyte (2019), 

the principal differences between these models is with respect to the definition of the hardening law. 

Dafalias et al. (2004) also incorporated a second-order fabric tensor to capture the inherent 

anisotropy observed in experimental tests. 

 
 

(a) (b) 

Figure 8.1: Components of bounding surface plasticity models (Loukidis & Salgado, 2009) 

Figure 8.1 shows the key components of modern bounding surface plasticity models. The various 

surfaces control the evolution of the yield surface and plastic potential function during a strain 

increment. The evolution of the dilatancy and bounding surfaces is controlled by the state parameter, 

𝜓, with each of them approaching the critical state surface as 𝜓 approaches zero (Whyte, 2019).  

Wichtmann et al. (2019) tested the performance of a bounding surface model (Dafalias & Manzari, 

2004) against element tests, and found that the wedge-type open yield surface made it unable to 

capture oedometric behaviour. Wichtmann et al. (2019) concluded that the model is therefore 

unsuitable for use in boundary values problems where settlement is of interest. Furthermore, 

Wichtmann et al. (2019) found that while simulations were able to capture fairly well the cyclic 

mobility effect (see Section 5.2.5.3), the model was less successful at capturing the cyclic response 

when subjected to small amplitude cycles, and showed overshooting effects on some reloading paths. 
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Wichtmann et al. (2019) also noted that it was impossible to obtain a single set of parameters that 

delivered accurate simulations for both monotonic and cyclic loading, and found that to better 

reproduce monotonic test results led to a reduction of the predictive capabilities for cyclic loading. 

8.2.4. HYPOPLASTICITY 

The Hypoplasticity modelling framework was developed for modelling the response of granular 

media in terms of rational continuum mechanics. An extensive account of its development and 

formulation is provided Wu & Kolymbas (2000). The approach aims to model the inelastic behaviour 

of granular materials without using the manufactured components devised for traditional plasticity-

based models (e.g. yield functions, plastic potentials, etc.). Furthermore, the approach does not 

decompose strains into elastic and plastic components, but rather recognises that inelastic 

deformations may occur from the very beginning of the loading process.  

The attractive feature of hypoplasticity is its simplicity, and it has been adopted by several authors 

(Niemunis, 2005; von Wolffersdorff, 1996; Wichtmann et al., 2019). Hypoplastic models have also 

been successfully used in boundary value problems to predict the response of foundations subjected 

to both monotonic and cyclic loading (Fuentes et al., 2019; Thieken et al., 2014). However, 

Wichtmann et al. (2019) found that these models were also less successful at simulating the 

behaviour of sand subject to small amplitude cycles. 

8.2.5. HYPERPLASTICITY 

In the Hyperplasticity framework, the principles of thermodynamics play a central role. The 

framework originates from the work of Ziegler (1983), and has since been extensively developed by 

Prof. Houlsby at the University of Oxford as described in Houlsby & Puzrin (2006). The approach 

assumes that the constitutive behaviour of a dissipative material may be defined by two scalar 

potential functions: an energy function (either the Gibbs or Helmoholtz free energy); and a 

dissipation function.  

A considerable advantage of adopting this approach is that there are well defined rules that allow for 

compact development of constitutive models that are guaranteed to obey the laws of 
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thermodynamics. Furthermore, interpretation of this framework in terms of conventional plasticity 

theory demonstrates that similar yield surfaces, flow and hardening rules are all incorporated within 

these two scalar potential functions. 

8.3. REVIEW 

Constitutive modelling provides an understanding of the stress-strain response of soils, based on an 

appropriate framework derived from mechanics. Modern design approaches are also increasingly 

requiring the use of detailed 3D finite element analyses (FEA) to enable more accurate predictions 

of the soil-structure response (e.g. Burd et al., 2019; Byrne et al., 2019). The choice of an appropriate 

constitutive model is therefore critically important if reliable predictions are to be made. 

Several authors have attempted to categorise constitutive models based on their predictive capability 

and general complexity (Kolymbas, 2000; Muir Wood, 1991). The following is based on the 

hierarchy adopted by Whyte (2019): 

BASIC MODELS: 

• Simplistic but very robust; 

• Generally provide a poor prediction of the overall constitutive response; 

• Examples are linear elastic perfectly plastic Tresca or Mohr-Coulomb models. 

ENGINEER DESIGN MODELS: 

• Improved predictive capability over basic models 

• Additional modelling features incorporated within the constitutive model, which engineers, 

using their judgement, consider to be needed for the design application; 

• Models have been validated by simulating foundation boundary value problems accurately 

(i.e. prediction compared to foundation load tests) and are suitably robust to be used for design 

FEA). 

• Examples include Modified Cam Clay (Roscoe & Burland, 1968), HSSmall (Plaxis, 2018) 

PHILOSOPHER MODELS: 

• Mathematically complex models which aim to accurately capture the soil response; 

• Implementation of models is an extensive task due to model mathematical complexity; 
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• Models typically not fully validated, with most publications focusing on single element 

response, and little evidence in the literature of the model’s predictive performance or 

numerical robustness in (for example) analysis of foundations. 

Constitutive models available within commercial FEA packages (e.g Abaqus, Plaxis) typically fall 

within the Basic and Engineer Design Models defined above. Whyte (2019) suggests that such 

models are unlikely to be suitable for modelling the behaviour of dense sand subjected to undrained 

and/or cyclic loading. For example, while the HSSmall (Plaxis, 2018) and Mohr-Coulomb models 

may adequately capture the response of loose to medium dense sands that exhibit entirely contractive 

behaviour, for dense (dilative) sands, such models would typically predict an infinite undrained shear 

strength due to the use of a fixed (non-zero) dilation angle as one of the model parameters. 

Such models may therefore lead to unconservative predictions of the stress-strain response if not 

appropriately calibrated. Dilatancy ‘cut-offs’ may be added to prevent unrealistic dilative behaviour; 

however, for undrained conditions, such cut-offs would not be activated given that they are typically 

defined in terms of some value of void ratio (e.g. at critical state). 

The multi-surface plasticity models offer improved versatility and flexibility for predicting the 

behaviour of sands subjected to complex loading. At the time of their inception, the computational 

effort and impractical storage requirements associated with nested surface models resulted in limited 

development. Conversely, the comparatively cheap (computationally) bounding-surface plasticity 

models have since undergone considerable development, and are generally considered to represent 

the current state-of-the-art for modelling sand behaviour (Taborda et al., 2019). However, for high-

cycle, repeated loading situations (e.g. modelling OWT foundations), Niemunis et al. (2005) argue 

that such frameworks are unsuitable as the requirement for every cycle to be modelled individually 

leads to both an accumulation of significant errors, and excessively long computation times. 

Furthermore, despite the powerful predictive behaviour and oft-cited (by the model developers) 

‘simplicity’ of advanced models, their uptake in the wider geotechnical engineering community 

appears to be limited. Whyte (2019) undertook a high level review of all constitutive models 

presented at a recent offshore geotechnical engineering conference (ISFOG 2015), and found that of 
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the 197 papers presented, approximately 30 % (58) involved FEA, of which only 17 % (five) 

described the use of advanced constitutive models. 

Philosopher models have also been considered unsuitable for practical design FEA due to difficulty 

in implementation, lack of model validation, high computational cost, and lack of robustness under 

the range of stress paths experienced in boundary value problems (Whyte, 2019). According to Scott 

(1989), there has also been an undesirable trend in the area of constitutive modelling to increase the 

number of model parameters, with some models now having as many as 40 material parameters. The 

large number of parameters, often only determinable from complex laboratory test programmes, 

therefore make such models hard to apply to practical problems. However, Lade (2005) argues that 

increasing the number of model parameters is necessary if flexible models, that capture multiple 

behavioural features, are required. Lade (2005) also suggests that the determination of model 

parameters represents a small effort compared to the effort and expense involved in obtaining the 

experimental results.  

8.4. CONCLUSION 

To satisfy design certification bodies (e.g. DNV), designers must often demonstrate that realistic 

foundation performance predictions have been made. Predictions made with relatively simple 

(Basic), single surface, isotropic hardening models are unable to capture many important features of 

sand behaviour under complex loading, and are therefore of limited use in practical design situations. 

More advanced (i.e. Philosopher) constitutive models, implemented within commercial FEA 

packages, are therefore likely to become increasingly necessary. 

The practical use of some advanced constitutive models in design situations has been reviewed. 

Nested-surface kinematic hardening models (e.g. Houlsby & Mortara, 2004; Prévost, 1985) are 

identified as powerful constitutive models that are capable of capturing the important features of 

sand subjected to both monotonic and cyclic loading. However, their development and use in 

commercial 3D FEA packages has been relatively limited. In addition to the difficulties associated 

with the implementation of such models (Cerfontaine, 2014), the lack of high-quality experimental 
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test data required for calibration is considered to be a contributing factor associated with their limited 

development. A secondary aim of the element test programme undertaken in Chapter 6 is therefore 

to provide a set of triaxial compression and extension tests at different stress states, which may be 

used by future researchers to calibrate and develop nested-surface kinematic hardening models. 

The CASM and NorSand models are identified as representing potentially promising constitutive 

models based on their ease of calibration, implementation, and predictive capability. The ability of 

these models to capture the important features of dense sand behaviour is further investigated in 

Chapter 9, where single element simulations are compared against real monotonic and cyclic test 

data. Two sophisticated constitutive models – a multi-surface bounding plasticity model (Dafalias & 

Manzari, 2004), and a nested surface kinematic hardening model (Houlsby & Mortara, 2004) – 

considered to represent the current state-of-the-art for modelling sand behaviour, are also selected 

for evaluation. 
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9. NUMERICAL MODELLING 

9.1. INTRODUCTION 

The purpose of this chapter is to evaluate the ease of calibration and performance of some advanced 

constitutive models for sand using single element simulations. Two constitutive models (CASM (Yu 

et al., 2007) and NorSand (Jefferies et al., 2015)) have been implemented using the Python (version 

3) programming language. While a more straightforward ‘triaxial variables’ formulation is often 

adopted in research for developing constitutive models, the general stress space implementation has 

been adopted here. This approach was adopted to provide increased flexibility, and enable further 

model evaluation (e.g. in 3D boundary value problems) in the future. Further detail associated with 

the implementation of elastoplastic constitutive models in general stress space is provided in 

Appendix A. 

These models were selected for implementation following the review of constitutive models 

presented in Chapter 8, and their perceived ability to capture important features of sand behaviour. 

Two sophisticated, state-dependent constitutive models, considered to represent the state-of-the-art 

in terms of predictive capability for modelling sand behaviour, are also examined: 

• SANISAND: a state parameter bounding-surface plasticity model (Dafalias & Manzari, 

2004); 

• HySand: a multi-surface, ‘continuous hyperplasticity’ model (Houlsby & Mortara, 2004). 

The evaluation presented herein therefore aims to provide an assessment of the various types of 

constitutive models, and yield practical recommendations for their use in the analysis and design of 

foundations. The chapter consists of five parts: 

• First, the additional tests required to calibrate the model-specific parameters are presented, 

with a particular focus on identifying the critical state line for LBS-B; 

• Detailed descriptions of the CASM and NorSand formulations are then provided, followed by 

calibration of model parameters. The SANISAND and HySand models are then introduced, 

and model parameters determined; 
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• Numerical integration techniques commonly used for implementing numerical models are 

briefly reviewed, and an appropriate integration scheme selected. The Python implementation 

is then validated against CASM and NorSand simulations published in the literature; 

• Single element, monotonic and cyclic triaxial model simulations for a range of initial states 

and drainage conditions are then presented, and compared with experimental test results 

excluded from the calibration procedure; 

• Finally, the performance of the models in terms of their predictive capability and ease of 

calibration is critically assessed, and recommendations are provided. 

9.2. MODEL CALIBRATION TESTS 

Modern constitutive models for sand are typically formulated in terms of the state parameter, 𝜓, and 

therefore require the critical state line (CSL) to be accurately determined. Table 9.1 presents the test 

schedule undertaken to determine the CSL, and the additional model parameters required to calibrate 

the constitutive models considered in this study. Tests were undertaken using the procedures and 

reconstitution techniques described in Section 4.7. 

Table 9.1: Model calibration testing schedule 

test ID 𝒆𝟎1 𝑫𝒓1 𝒑𝟎
′ 1 test type prep. method2 purpose 

(-) (-) (%) (kN/m2) (-) (-) (-) 

m01 0.781 12.2 300.0 CIUc MT CSL 

m02 0.754 21.7 346.7 CIUc MT CSL 

m03 0.726 31.7 396.9 CIUc MT CSL 

m04 0.754 21.7 299.0 CIDc MT CSL 

m07 0.739 27.1 596.4 CIUc MT CSL 

m08 0.770 16.0 247.0 CIUc MT CSL 

m09 0.694 42.9 49.0 CIDc WP Mtc, χtc 

m10 0.667 52.6 48.3 CIDc WP Mtc, χtc 

m11 0.636 63.5 49.2 CIDc WP Mtc, χtc 

m12 0.614 71.2 48.9 CIDc WP Mtc, χtc 

Notes: 

1. Represents initial values at the start of the shearing phase 

2. MT = moist tamping (undercompaction); WP = wet pluviation 

9.2.1. CRITICAL STATE LINE 

The strategy used to determine the CSL is based on the recommendations given in Jefferies & Been 

(2015), in which a series of CIUc tests are performed on samples that are markedly looser than the 

critical state. As discussed in Chapter 4, CIDc tests on dense samples are generally poorly suited for 

determining the CSL as they have a tendency to form shear bands/zones of strain localisation, and 

thus tend to underpredict critical state void ratios, 𝑒𝑐𝑠. However, researchers have continued to 

determine CSLs from dense CIDc tests (Zdravković et al., 2019) despite these known shortcomings, 
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and this may result in relatively poor FEA predictions of a laterally loaded pile as part of a 3D 

boundary value problem (Taborda et al., 2019). 

Zdravković et al. (2019) justified the use of using exclusively dense CIDc tests by stating that their 

experimental programme was focussed on characterising the constitutive behaviour of samples at 

conditions representative of those found in the field. Samples were therefore reconstituted using the 

wet pluviation technique to representative in situ densities and stresses – as is conventional when 

scheduling a laboratory test programme in academic research or industry practice. However, with 

the advent of new, FEA focussed design methods (e.g. Burd et al., 2019; Byrne et al., 2019), this 

convention is no longer considered appropriate, given the influence of the position of the CSL on 

predicted soil response. Instead, when it is known that an advanced, state parameter based 

constitutive model is to be adopted for design, the primary focus of the laboratory testing campaign 

should focus more on accurately defining the location of the CSL. 

As discussed in Section 3.7, the wet pluviation and slurry deposition sample reconstitution methods 

are able to produce samples that exhibit similar constitutive responses to undisturbed specimens 

when sheared in the triaxial apparatus (Ghionna & Porcino, 2006). However, a significant 

shortcoming of these techniques is that they are unable to produce the loose samples (e.g. 𝐷𝑟 < 40 %) 

that are required for easier and more reliable determination of the CSL. A modified 

undercompaction/moist tamping technique was therefore adopted when necessary (described by 

Jefferies & Been, 2015), as this method allows for very loose specimens to be produced. 

Figure 9.1 presents the results of the 5 CIUc tests outlined in Table 9.1. The stress-strain profiles 

show that in spite of relatively loose initial densities being achieved, none of the tests exhibits the 

easily recognisable critical state behaviour illustrated in Figure 5.5f. Instead all tests show the quasi-

steady state (QSS) condition described in Section 5.1.7, followed by continuous dilation to high 

strengths at large mean effective stresses (shown in Figure 5.5e). 

The critical friction ratio for triaxial compression conditions, 𝑀𝑡𝑐, is typically determined from either 

multiple CIDc tests on samples with varying density (Bishop, 1966), or from one or more triaxial 
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compression tests on loose samples. Figure 9.1c shows that the critical stress ratio for LBS-B may 

range between 1.22 and 1.33. However, despite shearing to large strains, all stress-strain profiles fail 

to plateau (or collapse), suggesting that critical state conditions may not have been achieved. 

Furthermore, shearing beyond 𝜀𝑞 > 30 % is problematic in terms of the displacement limits of 

common laboratory apparatus, and estimates of stress become increasingly unreliable due to the 

distorted shape and applied area correction.  

 

 

 
 (a)    (b)  

 

 

 
 (c)    (d)  

Figure 9.1: Summary of CIUc stress paths and stress-strain behaviour 

To determine 𝑀𝑡𝑐, the method proposed by Bishop (1966) has been used. Figure 9.2 presents the 

results of a series of drained triaxial compression tests undertaken at various relative densities (𝐷𝑟 ≈ 

40 to 70 %), and 𝜎𝑐,0 
′ = 50 kN/m2. Figure 9.2b shows each test reduced to a value of measured peak 

dilatancy, 𝐷𝑚𝑖𝑛, at peak strength, 𝜂𝑚𝑎𝑥. Projecting the result to zero dilation therefore indicates 𝑀𝑡𝑐 

= 1.31 for LBS-B. Both methods therefore show good agreement with the typical range for quartz 

sands of 1.2 – 1.35 given by Jefferies & Been (2015). 
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Accurate estimation of the initial void ratio (immediately prior to shearing) is also essential if the 

CSL is to be determined reliably, and requires the void ratio to be tracked as it evolves through every 

test stage. This is not done in routine commercial testing, as it is normally assumed that volumetric 

strains occurring during the saturation stages are negligible. While this may be reasonable for dense 

samples, this was found to be a poor assumption for very loose samples (i.e. 𝐷𝑟 < 25 %) reconstituted 

using the moist tamping / undercompaction method, which required very low (<10 %) initial 

moisture contents to achieve the desired densities. 

 

 

 
 (a)    (b)  

Figure 9.2: (a) Triaxial compression stress-strain curves for LBS-B for various densities undertaken at σʹc 

= 50kN/m2; and (b) relation between peak strength, ηmax, and peak dilatancy rate, Dmin. 

As a result, additional effort is required to ensure complete saturation of the sample (e.g. longer CO2 

and water flushing periods, higher back pressures), and large volume changes were measured by the 

volume change measurement instrumentation (APCs) during these stages. However, the large 

volume changes measured by the APC are thought to be due to the relatively high air content present 

in the sample following deposition, despite best efforts to remove it by extended CO2 and de-aired 

water flushing stages. An additional volume of water must therefore be transferred into the sample 

to fill these air voids as they compress and dissolve into solution during the saturation ramp.  

Estimates of sample volumetric strain and associated void ratio changes based on APC 

measurements during the saturation stage are therefore unlikely to be reliable. Furthermore, the 

APCs are isolated during CO2 flushing, and then used to flush de-aired water through the sample, 

meaning that any changes in void ratio that occur during these periods are not captured by the 

external volume change instrumentation. 
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Sample volume changes may be estimated during saturation stages from cell volume measurements; 

however, this method requires the cell to be calibrated so that corrections can be made to the 

measured cell volume for creep/expansion of the cell and for piston movements. The method also 

relies on the cell being completely free from air, which is difficult to achieve in practice. 

Several authors have also recommended end-of-test soil freezing to verify void ratio estimates 

(Jefferies & Been, 2015; Sladen & Handford, 1987). A recent laboratory testing ‘round robin’ 

conducted by Reid (2019) to assess how reliably the CSL of sandy silt tailings could be determined, 

found that of the 15 testing laboratories taking part, those that used both enlarged, lubricated end 

platens, and end-of-test soil freezing for void ratio measurement produced the most consistent CSLs. 

However, end-of-test soil freezing requires modification to the triaxial apparatus, and also cannot be 

used if the platens incorporate electronic equipment such as bender elements. Soil freezing 

techniques were therefore not pursued in this project, though it is recognised that reliable void ratio 

estimates are arguably more important than the ability to undertake bender element tests, if the 

primary purpose of the test is for determining the location of the CSL. 

 

 

Table 9.2: Summary of CSL parameters 

determined for LBS-B 

CSL type: semi log power function 

𝒆𝚪 [-]: 0.950* 0.815^ 

𝝀 [-]: 0.035 0.03 

𝝃 [-]: - 0.62 

𝒑𝒓𝒆𝒇
′  [kN/m2]: 101.3 101.3 

Notes: 

* void ratio at 𝑝𝑟𝑒𝑓
′  

^ void ratio at 𝑝′ = 0 kN/m2 
 

Figure 9.3: Critical stale line proposed for LBS-B  

To overcome these issues, local strain instrumentation was used to estimate sample volumetric 

strains and track the evolution of void ratio throughout the various saturation stages. Figure 9.3 

shows the evolution of soil state in 𝑒 − ln(𝑝′) space during the 10 triaxial compression tests. Red-

filled markers denote cases where the state of the soil was continuing to evolve at the end of the test, 



Jonathan White 

 

Numerical Modelling 

 

DPhil Thesis  203 

 

or where the development of shear bands has led to an assumed underprediction of the critical state 

void ratio, 𝑒𝑐𝑠 (i.e. in drained tests). Both a semi-log and curved CSL based on a power law (e.g. Li 

et al., 1999) have been fitted to the data and the parameters are summarised in Table 9.2, such that: 

power law: 𝑒𝑐𝑠 = 0.815 − 0.03(𝑝′ 𝑝𝑟𝑒𝑓
′⁄ )

0.62
 (9-1) 

   

semi log: 𝑒𝑐𝑠 = 0.789 − 0.035 ln(𝑝′ 𝑝𝑟𝑒𝑓
′⁄ ) (9-2) 

   

The above relationships are valid for 𝑝′ < 1 MN/m2. To validate the shape of the CSL at larger 

stresses requires high-pressure triaxial apparatus and is beyond the capabilities of the apparatus. 

Stroud (1971) also proposed a CSL for LBS 

14/25, based on results of simple shear tests. 

However, Stroud presents the data in terms of the 

MIT effective stress variable, 𝑠′, where: 

 𝑠′ =
(𝜎1
′ + 𝜎3

′)

2
 (9-3) 

Figure 9.4 shows that the data presented by 

Stroud (1971) tends to lie above the results 

obtained in this study. 

 

 

 

 
Figure 9.4: Comparison with results and CSL 

presented by Stroud (1971) 

Figure 9.4 also shows the maximum void ratio value, 𝑒𝑚𝑎𝑥, adopted in this study (𝑒𝑚𝑎𝑥= 0.815), as 

well as the upper and lower bounds given by Lunne et al. (2019) for LBS 14/25. Figure 9.4 shows 

that many of Stroud’s tests mobilise 𝑒𝑐𝑠 values that are greater than the 𝑒𝑚𝑎𝑥 = 0.790 value adopted 

in his study, which is at odds with Coop (1999), who proposed that the void ratio must tend towards 

its maximum value (i.e.  𝑒𝑚𝑎𝑥) as 𝑝′ tends towards zero. This issue further emphasises the need for 

consistent, robust, and universally accepted limiting density tests for sands. 

9.3. NUMERICAL IMPLEMENTATION 

Appendix A presents definitions for the various stress and strain invariants required to formulate and 

implement isotropic elastoplastic constitutive models in general stress space. Implementation of 

constitutive models involves solving the constitutive equation: 
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 Δ𝝈 = 𝑫𝒆𝒑Δ𝜺 (9-4) 

where:   

Δ𝝈 = increment of the stress tensor 

𝑫𝒆𝒑 = elastoplastic stiffness matrix 

Δ𝜺 = increment of the total strain tensor 
   

The numerical integration technique used to determine the updated stress state is known as the stress 

point algorithm, and can have a significant influence on the accuracy of the computed response. 

Several numerical techniques are available for implementing non-linear constitutive models in finite 

element analysis (FEA) packages, the most popular being the tangent stiffness method (Britto & 

Gunn, 1987), the viscoplastic method (Shuttle, 2004), and the modified Newton Raphson method 

(Potts, 2003). All methods involve applying boundary conditions incrementally. However, Potts 

(2003) argued that the tangent stiffness and the viscoplastic approaches are sensitive to increment 

size, and can lead to inaccurate predictions unless sufficiently small solution increments are adopted. 

Potts (2003) shows the modified Newton-Raphson scheme to be a robust and economical means of 

solving non-linear constitutive equations. It may be used with both explicit and implicit integration 

schemes, such as the ‘substepping’ (explicit) (Sloan, 1987) and ‘return mapping’ (implicit) stress 

point algorithms (Borja & Lee, 1990; Ortiz & Simo, 1986). Potts & Ganendra (1994) compared the 

two approaches and concluded that the substepping approach typically yields more accurate 

solutions than those based on the return mapping algorithm. Furthermore, implementation of return 

mapping algorithms is non-trivial for all but the simplest of soil models (Potts & Zdravkovic, 1999; 

Sloan et al., 2001; Zhao et al., 2005) given the complex mathematics involved. 

Conversely, explicit schemes employ the standard elastoplastic constitutive law and require only 

first derivatives of the yield function and plastic potential. They can therefore be used as a general 

purpose integrator for a wide range of models. The automatic substepping stress point algorithms 

described by Sloan (1987) integrate the constitutive equation by dividing the strain increment, Δ𝜺, 

into smaller strain sub-increments. The error in the integration process is controlled by automatically 

adjusting the size of each sub-increment, or ‘substep’ using a modified Euler or Runge-Kutta-
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Dormand-Prince approach. The number of substeps used is a function of the error tolerance specified, 

the magnitude of the imposed strain increment, and the non-linearity of the constitutive relations. 

The explicit Runge-Kutta-Dormand-Prince scheme is similar to the modified Euler scheme, but uses 

a pair of fourth and fifth order integration formulae to perform the integration (Sloan & Booker, 

1992). This higher order algorithm yields very accurate results and seldom needs correcting back to 

the yield surface to satisfy prescribed tolerances. Whyte (2019) adopted this method and noted that 

despite being computationally slower than the modified Euler approach, it was found to be more 

robust when implemented into 3D FEA boundary value problems. However, the higher order scheme 

is not considered necessary, as the modified Euler scheme is well suited to applications requiring 

moderate accuracy, and is the method of choice for most practical analyses (Sloan et al., 2001). 

9.3.1. MODIFIED EULER SUBSTEPPING SCHEME WITH ERROR CONTROL 

The explicit substepping scheme implemented in this thesis therefore uses the Modified Euler 

approach, with further enhancements for computing the yield surface intersection point, and 

restoring the updated stress state to the yield surface as described by Sloan et al. (2001). The stress 

point algorithm has been implemented in general (3D) stress space within a single element driver to 

compare the performance of the constitutive models with the behaviour observed in triaxial tests 

subjected to various stress boundary conditions. The numerical algorithms used to integrate the 

constitutive equation (Eq. (9-9)) for drained and undrained conditions are briefly described below. 

UNDRAINED TRIAXIAL TEST SIMULATIONS 

For undrained triaxial test conditions, 𝛿𝜀𝑝 = 0, therefore the constitutive equation (Eq. (9-9)) may be 

solved by applying a known increment of total strain, δ𝜺, as described in the following: 

1. Specify an increment of total axial strain, 𝛿𝜀𝑧, to be applied in the current step; 

o For undrained triaxial test conditions: 𝛾𝑥𝑦 = 𝛾𝑦𝑧 = 𝛾𝑧𝑥 = 0 and 𝛿𝜀𝑝 = 0; therefore 

𝛿𝜀𝑥 = 𝛿𝜀𝑦 = −0.5𝛿𝜀𝑧; 

2. Initialise state variables (e.g. 𝝈𝟎, 𝐴0, 𝑝0
′ , 𝑒0, 𝐾, 𝐺, 𝜓 etc.); 

3. Enter the stress update algorithm with the current stress state, 𝝈, hardening modulus, 𝐴, and 

specified increment of total strain, 𝛿𝜺; 
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4. Solve the constitutive equation using the explicit modified Euler algorithm with automatic 

substepping and error control procedure described by Sloan et al. (2001) to obtain the updated 

stress state, 𝝈, and hardening modulus, 𝐴, at the end of the current strain increment; 

5. Update state variables for new stress state; 

6. Repeat steps 3 to 5 for the next increment of total strain. 

DRAINED TRIAXIAL TEST SIMULATIONS 

For drained triaxial conditions, the radial stresses (𝜎𝑥 and 𝜎𝑦) remain constant throughout the test; 

therefore 𝛿𝜎𝑥 = 𝛿𝜎𝑦 = 0. As for the undrained case, the calculations are ‘strain controlled’ and 

commenced by specifying an increment of total axial strain, 𝛿𝜀𝑧. However, the radial strain 

increments, (𝛿𝜀𝑥 and 𝛿𝜀𝑦) are unknown as 𝛿𝜀𝑝 ≠ 0; and vary with each applied increment of total 

strain, 𝛿𝜺. 𝛿𝜀𝑥 and 𝛿𝜀𝑦 values were therefore computed using an iterative procedure, such that test 

boundary conditions (𝛿𝜎𝑥 = 𝛿𝜎𝑦 = 0) were satisfied at the end of each stress update calculation: 

1. Initialise state variables (e.g. 𝝈𝟎, 𝐴0, 𝑝0
′ , 𝑒0, 𝐾, 𝐺, 𝜓 etc.); 

2. Specify an increment of total axial strain, 𝛿𝜀𝑧, to be applied in the current step; 

o For initial stress update calculation, adopt 𝛿𝜀𝑥 = 𝛿𝜀𝑦 = −0.5𝛿𝜀𝑧, (and 𝛾𝑥𝑦 = 𝛾𝑦𝑧 =

𝛾𝑧𝑥 = 0); 

3. Enter the stress update algorithm with the current stress state, 𝝈, hardening modulus, 𝐴, and 

specified increment of total strain, 𝛿𝜺; 

4. Solve the constitutive equation using the explicit modified Euler algorithm with automatic 

substepping and error control procedure described by Sloan et al. (2001) to obtain trial values 

of the updated stress state, 𝝈𝒕𝒓𝒊𝒂𝒍, and hardening parameter, 𝐴𝑡𝑟𝑖𝑎𝑙, at the end of the current 

strain increment; 

5. Calculate the change in radial stress based on the current trial stress state and initial values: 

 𝛿𝜎𝑥𝑥 = 𝜎𝑥𝑥,𝑡𝑟𝑖𝑎𝑙 − 𝜎𝑥𝑥,0 (9-5) 
   

 𝛿𝜎𝑦𝑦 = 𝜎𝑦𝑦,𝑡𝑟𝑖𝑎𝑙 − 𝜎𝑦𝑦,0 (9-6) 
   

6. Compare calculated 𝛿𝜎𝑥𝑥 and 𝛿𝜎𝑦𝑦 values against a radial stress error tolerance, 𝑅𝑆𝑇𝑂𝐿 (a 

value of 𝑅𝑆𝑇𝑂𝐿 = 0.1 kN/m2 was used in the simulations): 

o If error is greater than specified tolerance (i.e. 𝛿𝜎𝑥𝑥 =  𝛿𝜎𝑦𝑦 > 𝑅𝑆𝑇𝑂𝐿): 

▪ Calculate new trial components of the total strain vector, 𝛿𝜺𝒕𝒓𝒊𝒂𝒍 (Eq. (9-7)); 

▪ Enter the stress update algorithm with the current stress state, 𝝈, hardening 

modulus, 𝐴, and trial increment of total strain, 𝛿𝜺𝒕𝒓𝒊𝒂𝒍; 

▪ Repeat steps 4 to 6 until boundary conditions are satisfied; 
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o If error is within specified tolerance (i.e. 𝛿𝜎𝑥𝑥 =  𝛿𝜎𝑦𝑦 ≤ 𝑅𝑆𝑇𝑂𝐿): 

▪ Accept trial stress state and hardening modulus (i.e. 𝝈 = 𝝈𝒕𝒓𝒊𝒂𝒍, 𝐴 = 𝐴𝑡𝑟𝑖𝑎𝑙), 

and update state variables; 

▪ Repeat steps 2 to 6 for the next applied increment of total strain. 

 𝛿𝜺𝒕𝒓𝒊𝒂𝒍 = (𝑫
𝒆)−1𝛿𝝈 (9-7) 

where:   

𝑫𝒆 = elastic stiffness matrix (based on state variables from the previous step) 

𝛿𝝈 = change in stress state calculated from the current step: 

 𝛿𝝈 = 𝝈𝒕𝒓𝒊𝒂𝒍 − 𝝈𝟎 (9-8) 
   

9.4. CASM 

CASM (Clay And Sand Model) is a relatively simple, state parameter based volumetric hardening 

model developed by Yu (1998). The main feature of CASM is that it adopts a single yield and plastic 

potential function for predicting the behaviour of both clay and sand under drained and undrained 

loading conditions. Simplicity is a major advantage of the model, as (in its original form) only two 

new model constants need be determined over the well-known Cam-clay model parameters. 

9.4.1. MODEL SUMMARY AND PARAMETERS 

Yu (2006) and Khong (2004) present a comprehensive overview of the CASM model and subsequent 

extensions, and therefore only a brief summary is provided here. CASM is described in terms of the 

critical state model parameters (𝜆, 𝜅, Γ), 𝜓, and the spacing ratio, 𝑟, as shown in Figure 9.5(a), where: 

 𝑟 =
𝑝0
′

𝑝𝜅
′  (9-9) 

   

and: 𝜓 = 𝑣 + 𝜆 ln(𝑝′) − Γ (9-10) 
   

The reference state parameter, 𝜓𝑟𝑒𝑓, defines the vertical distance between the critical state line (CSL) 

and the reference consolidation line, and may be calculated according to: 

 𝜓𝑟𝑒𝑓 = (𝜆 − 𝜅) ln(𝑟) (9-11) 
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(b) yield surface shapes 

 
 (a) definitions    (c) plastic potential shapes  

Figure 9.5: Summary of CASM model paramaters and features (modified from Khong, 2004)  

While determination of the hardening parameter, 𝑝𝑐
′ , is relatively straightforward for cohesive soils, 

it is less clear for sands. According to Wang (2005), 𝑝𝑐
′ , may be calculated from: 

 𝑝𝑐
′ = exp [

Γ + 𝜓𝑟𝑒𝑓 − 𝑣 − 𝜅 ln(𝑝
′)

𝜆 − 𝜅
] (9-12) 

   

YIELD SURFACE 

The CASM yield function, expressed in terms of conventional triaxial stress invariants, is given by: 

 𝑓 = (
𝑞

𝑀𝑝′
)
𝑛

+
1

ln(𝑟)
ln (

𝑝′

𝑝𝑐
′) = 0 (9-13) 

   

where 𝑛 is the ‘stress state coefficient’ and is the second new model parameter required by CASM. 

𝑛 controls the shape of the yield surface as shown in Figure 9.5(b), while the spacing ratio, 𝑟, defines 

the intersection point with the CSL. It is worth noting that adopting 𝑛 = 1 and 𝑟 = 2.7183 recovers 

the original Cam Clay (OCC) model exactly, while selecting 𝑟 = 2 and an appropriate value of 𝑛 

(typically 1.5 to 2, depending on the material) accurately matches the modified Cam Clay model. 

The critical friction ratio, 𝑀, varies with Lode angle, and is calculated from Eq. (9-14). When plotted 

in the deviatoric plane, it forms a shape similar to the Matsuoka & Nakai (1974) yield surface. 
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 𝑀𝜃 = 𝑀𝑡𝑐 (
2𝛼4

1 + 𝛼4 + (1 − 𝛼4) sin(3𝜃)
)

1 4⁄

 (9-14) 

   

where:   

𝑀𝜃 = critical friction ratio at current Lode angle, 𝜃 

𝑀𝑡𝑐 = critical friction ratio for triaxial compression stress conditions (𝜃 = 30°) 

and: 𝛼 =
3 − sin𝜙𝑐𝑣

′

3 + sin𝜙𝑐𝑣
′  (9-15) 

   

PLASTIC POTENTIAL 

CASM adopts the stress-dilatancy rule proposed by Rowe (1962), which for triaxial compression is: 

 
𝛿𝜀𝑝

𝑝

𝛿𝜀𝑞
𝑝 =

𝜕𝑔

𝜕𝑝′
𝜕𝑔

𝜕𝑞
⁄ =

9(𝑀𝜃 − 𝜂)

9 + 3𝑀𝜃 − 2𝑀𝜃𝜂
 (9-16) 

   

The plastic potential function, 𝑔, is then obtained by integration: 

 𝑔 = 3𝑀𝜃 ln (
𝑝′

𝛽
) + (3 + 2𝑀𝜃) ln (

2𝑞 + 3𝑝′

𝑝′
) − (3 −𝑀𝜃) ln (

3𝑝′ − 𝑞

𝑝′
) = 0 (9-17) 

   

where the size parameter, 𝛽, may be determined for any stress state by solving the above equations. 

Figure 9.5(c) presents the shape of CASM’s plastic potential, which is similar to the OCC model. 

ELASTIC MODEL 

CASM uses the same elastic model as the Cam Clay models, where the expressions for the tangent 

bulk, 𝐾𝑡𝑎𝑛, and shear, 𝐺𝑡𝑎𝑛, moduli are obtained by assuming a constant Poisson’s ratio, 𝜇, from: 

 𝐾𝑡𝑎𝑛 =
𝜕𝑝′

𝜕𝜀𝑝
𝑒 =

(1 + 𝑒)

𝜅
𝑝′ =

𝑣𝑝′

𝜅
 (9-18) 

   

 𝐺𝑡𝑎𝑛 =
3(1 − 2𝜇)𝐾

2(1 + 𝜇)
=
3(1 − 2𝜇)

2(1 + 𝜇)

𝑣𝑝′

𝜅
 (9-19) 

   

However, use of constant 𝜇 violates the laws of thermodynamics, introduces mild elastic-plastic 

coupling, and can lead to a non-conservative elastic response (Zytynski et al., 1978). Houlsby et al. 

(2005) proposed a viable, thermodynamically correct alternative based on the hyperelasticity 

framework, noting that while the effect may be small for relatively simple load cases, significant 

differences may arise when modelling behaviour over many cycles, and its use is therefore 

recommended. 
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HARDENING LAW 

In CASM, the size of the yield surface is governed by the hardening parameter, 𝑝𝑐
′ . CASM is a 

volumetric hardening model, meaning that the evolution of 𝑝𝑐
′  (and 𝑓) is only related to changes in 

plastic volumetric strain, 𝛿𝜀𝑝
𝑝

, and is estimated from: 

 𝛿𝑝𝑐
′ =

𝜈𝑝𝑐
′

𝜆 − 𝜅
𝛿𝜀𝑝

𝑝
=
𝜈𝑝𝑐

′

𝜆 − 𝜅
Λ
𝜕𝑔

𝜕𝑝′
 (9-20) 

   

where Λ is the non-negative quantity known as the scalar plastic multiplier (see Appendix A.2 for 

further details). The hardening modulus, 𝐴, required in the calculation of the elastoplastic stiffness 

matrix, 𝑫𝒆𝒑, is obtained from: 

 𝐴 = −
1

Λ

𝜕𝑓

𝜕𝑝𝑐
′ 𝛿𝑝𝑐

′ = −
𝜕𝑓

𝜕𝑝𝑐
′

𝜈𝑝𝑐
′

𝜆 − 𝜅

𝜕𝑔

𝜕𝑝′
 (9-21) 

   

such that: 

 𝑫𝒆𝒑 = 𝑫𝒆 −
𝑫𝒆
𝜕𝑔
𝜕𝝈
𝜕𝑓
𝜕𝝈

𝑻

𝑫𝒆

𝜕𝑓
𝜕𝝈

𝑻

𝑫𝒆
𝜕𝑔
𝜕𝝈
+ 𝐴

 (9-22) 

   

where 𝑫𝒆 is the elastic stiffness matrix defined in Appendix A.2. 

9.4.2. CASM MODEL DERIVATIVES 

As described in Appendix A.3, the partial derivatives required to form the 𝑫𝒆𝒑 matrix may be 

determined by applying the chain rule to the partial derivatives of the stress invariant set {𝑝′, 𝑞, 𝜃}: 

 
𝜕𝑓

𝜕𝝈
=
𝜕𝑓

𝜕𝑝′

𝜕𝑝′

𝜕𝝈
+
𝜕𝑓

𝜕𝑞

𝜕𝑞

𝜕𝝈
+
𝜕𝑓

𝜕𝜃

𝜕𝜃

𝜕𝝈
 (A-39 – bis) 

   

 
𝜕𝑔

𝜕𝝈
=
𝜕𝑔

𝜕𝑝′

𝜕𝑝′

𝜕𝝈
+
𝜕𝑔

𝜕𝑞

𝜕𝑞

𝜕𝝈
+
𝜕𝑔

𝜕𝜃

𝜕𝜃

𝜕𝝈
 (A-40 – bis) 

The following CASM specific partial derivatives (along with the partial derivatives presented in 

Appendix A.3) are therefore required to construct the 𝑫𝒆𝒑 matrix, and solve the constitutive equation 

(Eq. (9-4)): 

 
𝜕𝑓

𝜕𝑝′
=

1

𝑝′ ln(𝑟)
−

𝑛𝑞𝑛

𝑀𝜃
𝑛𝑝′(𝑛+1)

; (9-23) 

   

 
𝜕𝑓

𝜕𝑞
=
𝑛𝑞𝑛−1

𝑀𝜃
𝑛𝑝′𝑛

 (9-24) 
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𝜕𝑓

𝜕𝑝𝑐
′ = −

1

𝑝𝑐
′ ln(𝑟)

 (9-25) 

   

 
𝜕𝑔

𝜕𝑝′
= 3(

3 + 2𝑀𝜃
2𝑞 + 3𝑝′

−
3 −𝑀𝜃
3𝑝′ − 𝑞

) (9-26) 

   

 
𝜕𝑔

𝜕𝑞′
=
2(3 + 2𝑀𝜃)

2𝑞 + 3𝑝′
+
3 −𝑀𝜃
3𝑝′ − 𝑞

 (9-27) 

   

 
𝜕𝑓

𝜕𝑀𝜃
= −

𝑛𝑞𝑛

𝑝′𝑛𝑀𝜃
(𝑛+1)

 (9-28) 

   

9.4.3. CASM EXTENSIONS 

According to Khong (2004), for monotonic conditions the original CASM strikes a good balance 

between simplicity and practicality. Khong (2004) shows that CASM is able to capture the important 

features of sand behaviour for both drained and undrained conditions. In particular, the response of 

dense sands is shown to be satisfactorily modelled. However, CASM is unable to adequately capture 

cyclic behaviour due to the use of a single yield surface. As described in Chapter 8, such models 

yield a purely elastic stress range within the yield surface, and offer limited flexibility in terms of 

describing changes to the plastic hardening modulus following a load reversal. Several extensions to 

CASM have therefore been proposed (Yu & Khong, 2003; Yu et al., 2005, 2007): 

• CASM-b: Reformulates the model using bounding-surface plasticity theory, providing 

improved predictions of sand behaviour; 

• CASM-c: Extension of CASM-b to incorporate cyclic loading predictive capability, by 

assuming different expressions for the hardening modulus based on the loading conditions; 

• CASM-d: Introduces a combined volumetric-deviatoric hardening rule to provide more 

realistic predictions of material response. 

9.4.4. CASM MODEL CALIBRATION 

Wang (2005) describes the testing requirements needed to determine the CASM parameters. 

9.4.4.1. Elastic constants, 𝝁 and 𝜿 

The elastic behaviour is modelled by the Poisson’s ratio, 𝜇, and the slope of the 

swelling/recompression line, 𝜅. For uncemented sands, Lade (Lade, 1977; Lade & Duncan, 1975) 

recommends a constant value of 𝜇 = 0.20. Wang (2005) proposes two methods for determining the 
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Poisson’s ratio. The first method uses bender elements to measure the compressional and shear wave 

velocities, 𝑣𝑝 and 𝑣𝑠, respectively, from which 𝜇 may be estimated from: 

 𝜇 =
1

2

(
𝑣𝑝
𝑣𝑠
)
2

− 2

(
𝑣𝑝
𝑣𝑠
)
2

− 1

 (9-29) 

   

Reliable estimates of 𝑣𝑝 from bender element tests in saturated soils are often problematic, as such 

tests tend to yield the 𝑣𝑝 of the pore fluid water, rather than the soil itself. The second method 

described by Wang (2005), using measurements obtained from high-quality, on-sample strain 

instrumentation taken during conventional CIDc triaxial tests is therefore preferred. 

 
𝛿𝜀𝑝

𝑒

𝛿𝜀𝑞
𝑒 =

𝐺

𝐾
=
3(1 − 2𝜇)

2(1 + 𝜇)
 (9-30) 

   

 𝜇 =
3 − 2

𝐺
𝐾

6 + 2
𝐺
𝐾

 (9-31) 

   

However, as discussed in Chapters 6 and 7, the on-sample strain instrumentation used in this study 

was unable to capture the very small strain (i.e. elastic) response; thus accurate determination of 𝜇 

based on this approach is not possible. Furthermore, given that this study made use of commercially 

available, unmodified small-strain testing equipment used by several commercial testing laboratories 

in the UK, this approach is probably beyond the capabilities of such facilities, and therefore a more 

practical approach is sought. A Poisson’s ratio of 𝜇 = 0.20 was therefore adopted for LBS-B, which 

is within the range 0.1 to 0.22 suggested by Loukidis & Salgado (2009) for silica sands. 

The critical state constant, 𝜅, determined from a triaxial compression tests with an isotropic 

consolidation stage including unloading (i.e. test s21), was calculated as 𝜅 = 0.003. 

9.4.4.2. Spacing ratio, r, and stress state coefficient, n 

The spacing ratio, 𝑟, is required to estimate the reference state parameter, 𝜓𝑟𝑒𝑓: 

 𝜓𝑟𝑒𝑓 = (𝜆 − 𝜅) ln 𝑟 (9-32) 
   

Wang (2005) adopts a value of 𝜓𝑟𝑒𝑓 = 0.06, which is the value of 𝜓 at the so-called ‘threshold’ void 

ratio (Ishihara, 1993), and represents the value of 𝑒 at which flow liquefaction (i.e. sample ‘collapse’ 
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to zero residual stress) occurred. Despite preparation of very loose samples (e.g. 𝐷𝑟 = 12 %), this 

type of behaviour was not observed in this study, therefore determining 𝑟 is not straightforward. Yu 

(2006) comments that in such circumstances it is acceptable to choose a positive reference state 

parameter, typically ranging between 0.05 to 0.2. 

The parameters 𝑟 and 𝑛 have therefore been 

determined using iterative forward modelling, in 

which test results are plotted in terms of the 

abscissa presented in Figure 9.6, and 

combinations of 𝑟 and 𝑛 trialled until a 

satisfactory envelope to the test data is obtained. 

Based on this approach, 𝜓𝑟𝑒𝑓 = 0.1 (𝑟 = 40.6), 

and 𝑛 = 4.0 were adopted for LBS-B. 

 

 

 
Figure 9.6: Determination of CASM spacing ratio 

and stress state coefficient 

 

9.5. NORSAND 

NorSand is a state parameter based, critical state type constitutive model, developed from the 

fundamental axioms of critical state theory and results of element tests undertaken on sand. The 

original NorSand was originally formulated for triaxial compression conditions (Jefferies, 1993), 

with subsequent refinement and generalisation to three dimensions presented by Jefferies & Shuttle 

(2002). Jefferies & Shuttle (2011) proposed a simplified, computationally efficient function for 

calculating the critical friction ratio including Lode angle effects, that yields similar results to the 

Matsuoka & Nakai (1974) relationship. The version described and implemented in this thesis is based 

on that presented in Jefferies et al. (2015), and is briefly described in the following. 

9.5.1. MODEL SUMMARY AND PARAMETERS 

NorSand includes the usual elastoplastic constitutive model components of (i) a yield surface, (ii) a 

flow rule which describes the relative plastic strain increments, and (iii) a hardening law, which 

controls how the yield surface evolves with plastic strain. However, NorSand differs from other 

‘Cambridge type’ models in that it assumes an infinite number of possible normal compression lines 
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(NCLs) in 𝑒 − ln 𝑝′ space. The implication of this is that the yield surface does not in general 

intersect the CSL (though it does have a similar shape), and is offset by the state parameter, 𝜓, with 

the requirement that: 

 𝜓 → 0 𝑎𝑠 𝜀𝑞 → ∞ ∀ 𝜂 > 𝑀  
   

Because the yield surface has been decoupled from the CSL, an additional plastic hardening 

parameter, 𝐻 (not to be confused with the hardening modulus, 𝐴), is also necessary as 𝜆 − 𝜅 no 

longer serves as a plastic compliance (Jefferies & Shuttle, 2002). However, as with CASM, by 

adopting appropriate values for 𝜓, 𝐻 and elastic parameters, the original Cam-clay (and Granta-

gravel) Cambridge models may be recovered. NorSand assumes that the maximum dilation rate, 

𝐷𝑚𝑖𝑛, is linearly related to 𝜓 (as shown in Figure 5.4b) via a so-called ‘state-dilation’ coefficient, 𝜒: 

 𝐷𝑚𝑖𝑛 = 𝜒𝑖𝜓𝑖 (9-33) 
   

The concept of an ‘image’ condition is introduced here (denoted by the subscript, 𝑖), defined as the 

point on a yield surface where the plastic strain rates give 𝐷𝑝 = 0, which is one of the two criteria 

required for satisfying critical state conditions. The image state, 𝜓𝑖, is therefore defined as: 

 𝜓𝑖 = 𝑒 − 𝑒𝑐,𝑖 (9-34) 

where:   

𝑒𝑐,𝑖  = critical state void ratio at the image stress, 𝑝𝑖
′ 

In NorSand, 𝑝𝑖
′ is a further hardening parameter that is controlled by the hardening law, i.e. it evolves 

with plastic shear strain at a rate that depends on 𝜓. 

PRELIMINARIES 

The original NorSand model (Jefferies, 1993) used the flow rule proposed by Nova (1982): 

 𝐷𝑝 =
𝛿𝜀𝑝

𝑝

𝛿𝜀𝑞
𝑝 =

𝑀 − 𝜂

1 − 𝑁
 (9-35) 

   

where 𝑁 is a density-independent material property relating to volumetric work. However, to account 

for the observation that 𝑀 depends on the direction of the major principal stress (i.e. Lode angle, 𝜃), 

Jefferies & Shuttle (2002) modified the flow rule to: 

 𝐷𝑝 = 𝑀𝑖 − 𝜂 (9-36) 
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Eq. (9-36) is similar to the flow rule used in the well-known Original Cam Clay (OCC) model, but 

differs in using the ‘image stress ratio,’ 𝑀𝑖. This quantity is a function of both 𝑀 and 𝜓, and evolves 

with shear strain such that 𝑀𝑖 → 𝑀 as 𝜓 → 0, and 𝜀𝑞 → ∞, and is calculated from: 

 𝑀𝑖 = 𝑀𝜃 (1 −
𝜒𝑖𝑁|𝜓𝑖|

𝑀𝑡𝑐
) (9-37) 

   

The critical friction ratio used in NorSand, 𝑀𝜃, (subscript 𝜃 used to emphasize its variation with 

Lode angle) is calculated from the simplified relationship proposed by Jefferies & Shuttle (2011): 

 𝑀𝜃 = 𝑀𝑡𝑐 −
𝑀𝑡𝑐
2

3 +𝑀𝑡𝑐
cos (

3𝜃

2
−
𝜋

4
) (9-38) 

The state-dilatancy coefficient, 𝜒𝑖, equates the maximum dilation rate, 𝐷𝑚𝑖𝑛, to the current image 

state parameter, through: 

 𝐷𝑚𝑖𝑛 = 𝐷𝑚𝑖𝑛
𝑝

=
𝑀𝜃
𝑀𝑡𝑐

𝜒𝑖𝜓𝑖 (9-39) 

   

which is the general form of Eq. (9-33). 𝜒𝑖 may be determined from results of triaxial compression 

tests undertaken on dense samples (see Section 9.5.3), such that: 

 𝜒𝑖 ≈ 1.1𝜒𝑡𝑐 (9-40) 

where:   

𝜒𝑡𝑐 = NorSand state dilatancy parameter determined from triaxial compression tests 
   

YIELD SURFACE 

NorSand is an isotropic, deviatoric hardening model, with the yield surface expanding or contracting 

while retaining its shape. NorSand adopts a similar ‘bullet’ shaped yield surface to that adopted by 

the OCC model. However, one of the aims in the formulation of NorSand was to limit maximum 

dilation to replicate dense soil behaviour without resorting to non-associated flow rules (Jefferies & 

Been, 2015). 

Realistic maximum dilatancy is obtained via an internal cap, which prevents the soil from unloading 

to very low stresses without yielding. The internal cap is taken as a flat plane – its location dependent 

on the current state of the material, as illustrated in Figure 9.7 for both loose and dense states, and 

controls the limiting stress ratio, 𝜂𝐿, that the soil can sustain. 
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 (a)    (b)  

Figure 9.7: Illustration of NorSand yield surfaces and limiting stress ratios for (a) loose sand, and (b) dense 

sand (from Jefferies et al., 2015) 

The main difference between Figure 9.7a (loose sand) and Figure 9.7b (dense sand) is the location 

of the critical state relative to the image condition. For sands that are loose of critical (i.e. 

contractive), the image condition is at a higher mean effective stress, and the yield surface will 

therefore soften to the critical state. However, for dense, dilative sands, 𝑝𝑖
′ is less than 𝑝’ at critical 

state, and therefore the yield surface must harden to reach the critical state. The yield function, 

expressed in terms of conventional triaxial stress invariants, is scaled by the ‘image stress’, 𝑝𝑖
′, and 

is given by (Jefferies et al., 2015): 

 𝑓 =
𝑞

𝑝′
− 𝑀𝑖 +𝑀𝑖 ln (

𝑝′

𝑝𝑖
′) = 0 (9-41) 

   

where: 𝑝𝑖,𝑚𝑎𝑥
′ = 𝑝′ exp (

−𝜒𝑖𝜓𝑖
𝑀𝑖,𝑡𝑐

) (9-42) 

   

and: 𝑀𝑖,𝑡𝑐 = 𝑀𝑡𝑐 (1 −
𝜒𝑖𝑁|𝜓𝑖|

𝑀𝑡𝑐
) (9-43) 

   

PLASTIC POTENTIAL 

NorSand adopts associated flow, therefore the yield and plastic potential functions are similar: 

 𝑔 = 𝑓 =
𝑞

𝑝′
− 𝑀𝑖 +𝑀𝑖 ln (

𝑝′

𝑝𝑖
′) = 0 (9-44) 

   

ELASTIC MODEL 

The elasticity model adopted uses the power law relationship developed for LBS-B from bender 

element tests, as presented in Section 0: 
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𝐺0
𝑝𝑟𝑒𝑓

= 1400
(2.17 − 𝑒)2

(1 + 𝑒)
(
𝑝′

𝑝𝑟𝑒𝑓
)

0.42

 (6-33 bis) 

   

HARDENING LAW 

The hardening law describes the evolution of the yield surface with plastic strain, and is a simple 

difference equation between the current maximum allowable value of hardness (Eq. (9-41)) and the 

current hardness (i.e. size). The rate of change in the size of the yield surface with incremental plastic 

(deviatoric) strain is therefore: 

 𝛿𝑝𝑖
′ = 𝐻𝑡𝑐(𝑝𝑖,𝑚𝑎𝑥

′ − 𝑝𝑖
′)𝛿𝜀𝑞

𝑝
 (9-45) 

   

where 𝐻𝑡𝑐 is a dimensionless hardening parameter, obtained from an iterative forward modelling 

approach as described in Section 9.5.3. Jefferies & Been (2015) express the hardening law in 

dimensionless form by dividing through by the current image and mean effective stresses: 

 
𝛿𝑝𝑖

′

𝑝𝑖
′ = 𝐻𝑡𝑐 (

𝑀𝑖
𝑀𝑖,𝑡𝑐

)(
𝑝′

𝑝𝑖
′)(

𝑝𝑖,𝑚𝑎𝑥
′

𝑝′
−
𝑝𝑖
′

𝑝′
)𝛿𝜀𝑞

𝑝
 (9-46) 

   

where the 𝑀𝑖 𝑀𝑖,𝑡𝑐⁄  term is included to account for undefined Lode angles when the stress state is 

isotropic. To incorporate the influence of shear stress level and obtain closer agreement with realistic 

sand behaviour, Jefferies & Been (2015) further multiply the RHS of Eq. (9-46) by the ratio 𝑝′ 𝑝𝑖
′⁄ , 

which results in an approximate threefold change in the hardening rate as 𝜂 changes from zero to 

𝜂𝑚𝑎𝑥. The hardening law therefore becomes: 

 
𝛿𝑝𝑖

′

𝑝𝑖
′ = 𝐻𝑡𝑐 (

𝑀𝑖
𝑀𝑖,𝑡𝑐

)(
𝑝′

𝑝𝑖
′)

2

(
𝑝𝑖,𝑚𝑎𝑥
′

𝑝′
−
𝑝𝑖
′

𝑝′
)𝛿𝜀𝑞

𝑝
 (9-47) 

   

Substituting the equations for 𝛿𝜀𝑞
𝑝

 (Eq. (A-31)), and 𝑝𝑖,𝑚𝑎𝑥
′  (Eq. (9-41)) yields the hardening rule: 

 𝛿𝑝𝑖
′ = 𝑝𝑖

′𝐻𝜃 (
𝑝′

𝑝𝑖
′)

2

[exp (
−𝜒𝑖𝜓𝑖
𝑀𝑖,𝑡𝑐

) −
𝑝𝑖
′

𝑝
] Λ
𝜕𝑔

𝜕𝑞
 (9-48) 

   

noting that: 𝐻𝜃 = 𝐻𝑡𝑐 (
𝑀𝑖
𝑀𝑖,𝑡𝑐

) (9-49) 

   

However, Jefferies and co-workers found that while Eq. (9-48) performed well for drained tests, 

unsatisfactory agreement was observed when applied to loose undrained tests. The predicted 

response was improved by incorporating an additional ‘softening term’: 
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 𝛿𝑝𝑖
′ = 𝑝𝑖

′𝐻𝜃 (
𝑝′

𝑝𝑖
′)

2

[exp(
−𝜒𝑖𝜓𝑖
𝑀𝑖,𝑡𝑐

) −
𝑝𝑖
′

𝑝
]Λ
𝜕𝑔

𝜕𝑞
+ 𝑍

𝜂

𝜂𝐿

𝛿𝑝𝑖,𝑚𝑎𝑥
′

𝑝𝑖
′  (9-50) 

   

where 𝑍 is a binary switch operator, and the ratio 𝜂 𝜂𝐿⁄  controls the additional softening such that it 

becomes progressively more important as 𝜂 approaches its current limiting value, 𝜂𝐿, given by 

 𝜂𝐿 = 𝑀𝑖 (1 −
𝐷𝑚𝑖𝑛
𝑀𝑖,𝑡𝑐

) (9-51) 

   

The hardening modulus, 𝐴, required to calculate the 𝑫𝒆𝒑 matrix, may then be determined from: 

 𝐴 = −
1

Λ

𝜕𝑓

𝜕𝜅
𝛿𝜅 = −

1

Λ

𝜕𝑓

𝜕𝑝𝑖
′ 𝛿𝑝𝑖

′ (9-52) 

   

 𝐴 = −
𝜕𝑓

𝜕𝑝𝑖
′ (𝑝𝑖

′𝐻𝜃 (
𝑝′

𝑝𝑖
′)

2

[exp(
−𝜒𝑖𝜓𝑖
𝑀𝑖,𝑡𝑐

) −
𝑝𝑖
′

𝑝
]
𝜕𝑔

𝜕𝑞
+ 𝑍

𝜂

𝜂𝐿

𝛿𝑝𝑖,𝑚𝑎𝑥
′

𝑝𝑖
′ ) (9-53) 

   

Alternatively, if the current stress state lies on the internal cap, hardening is controlled by: 

On the internal cap: 𝛿𝑝𝑖
′ = −𝑝𝑖

′𝐻𝜃
2
|𝛿𝜀𝑞

𝑝
| (9-54) 

   

9.5.2. NORSAND MODEL PARTIAL DERIVATIVES 

The following partial derivatives (along with the general stress derivatives presented in Appendix 

A.3) are required to construct the elastoplastic stiffness matrix, 𝑫𝒆𝒑, and solve the constitutive 

equations. Note, these derivatives are specific to the yield function given in Section 9.5.1, and must 

be redefined should an alternative form of Eq. (9-41) be adopted. NorSand adopts an associated flow 

rule, therefore: 

 
𝜕𝑓

𝜕𝑝′
=
𝜕𝑔

𝜕𝑝′
=
𝑀𝑖
𝑝′
−
𝑞

𝑝′2
 (9-55) 

   

 
𝜕𝑓

𝜕𝑞
=
𝜕𝑔

𝜕𝑞
=
1

𝑝′
 (9-56) 

   

 
𝜕𝑓

𝜕𝑀𝑖
=
𝜕𝑔

𝜕𝑀𝑖
= ln(

𝑝′

𝑝𝑖
′) − 1 (9-57) 

   

 
𝜕𝑓

𝜕𝑝𝑖
′ = −(

𝑀𝑖
𝑝𝑖
′) (9-58) 

   

9.5.3. NORSAND MODEL CALIBRATION 

Jefferies & Shuttle (2005) provide a description of the testing requirements and methods needed to 

determine the NorSand model parameters. 
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9.5.3.1. Critical Friction Ratio and Volumetric Coupling Coefficient, Mtc and N 

The critical friction ratio and volumetric coupling coefficient may be obtained from the ‘stress-

dilatancy’ plot shown in Figure 9.2. A trend line fitted through the data based on the flow rule 

proposed by Nova (1982) subsequently yields the volumetric coupling coefficient for reference 

triaxial compression conditions, such that 𝑁 = 0.46. The critical friction ratio was previously 

determined (Section 9.2.1) as 𝑀𝑡𝑐 = 1.31. 

9.5.3.2. State-dilatancy coefficient, χtc 

The state dilatancy coefficient for reference 

triaxial compression conditions, 𝜒𝑡𝑐, relates the 

maximum dilatancy to the state parameter, and 

may be obtained from the gradient of the state 

dilatancy plot shown in Figure 9.8. For LBS-B, 

𝜒𝑡𝑐  is calculated as 3.0 which agrees well with 

the 2 < 𝜒𝑡𝑐   < 5 range given by Jefferies & Been 

(2015). 

 

 

 
Figure 9.8: State-dilatancy in triaixal compression 

tests on dense LBS-B 

9.5.3.3. Plastic hardening parameter, Htc 

NorSand uses the dimensionless plastic hardening parameter, 𝐻𝑡𝑐, to represent plastic shear 

hardening. 𝐻𝑡𝑐 is determined by iterative forward modelling of several CIDc triaxial tests, where an 

initial value of 𝐻𝑡𝑐 is used to predict the stress–strain response with NorSand, while keeping the 

other model parameters fixed. The process is repeated with updated values of 𝐻𝑡𝑐 until a satisfactory 

agreement between the computed and measured response is obtained, such that: 

 𝐻𝑡𝑐 = 𝐻𝜓𝜓 + 𝐻0 (9-59) 
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where 𝐻0 and 𝐻𝜓 represent the y-intercept and 

slope of a trendline on a plot of 𝐻 vs 𝜓0, as 

shown in Figure 9.9. Jefferies & Been (2015) 

suggest that 𝐻𝑡𝑐 typically ranges between 50 and 

450 for softer and stiffer materials, respectively. 

Analysis of CIDc tests performed as part of this 

study indicate that 𝐻0 = 98.2 and 𝐻𝜓 = -1920 

represent appropriate values for predicting 𝐻𝑡𝑐 

for LBS-B at other states. 

 

 

 
Figure 9.9: Calibration of NorSand hardening 

parameter, Htc 

9.6. SANISAND 

SANISAND describes a group of state parameter based constitutive models developed for sand, 

formulated using bounding surface plasticity theory (Taiebat & Dafalias, 2008). Several variants to 

the original model proposed by Manzari & Dafalias (1997) exist, as described in Section 8.2.3. The 

version used in this thesis is based on the model described by Dafalias & Manzari (2004). This model 

was selected as it is freely available for download as a user defined soil model (UDSM) from 

SoilModels (2020), and may therefore be implemented within the commercial finite element 

software, Plaxis. A comprehensive description of the model formulation and model constants is 

given in Dafalias & Manzari (2004) and Dafalias et al. (2004) and is therefore not provided here. 

9.6.1. SANISAND MODEL CALIBRATION 

Table 9.3 presents the key equations used to formulate the SANISAND model in triaxial stress space, 

together with the 16 model parameters that must be determined. SANISAND models are often 

criticised for containing an impractical number of model parameters. However, inspection of Table 

9.3 shows that many of the parameters are not exclusive to the SANISAND model (e.g. the critical 

state parameters 𝑒Γ, 𝜆, 𝜉,𝑀𝑡𝑐, 𝑐), and should be routinely determined as part of an advanced 

laboratory test programme. Furthermore, several parameters may be ‘switched off’, if the particular 

aspect of behaviour which they control is not required in the simulation being undertaken. 
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Table 9.3: SANISAND equations and model parameters (modified from Dafalias & Manzari, 2004) 

Model 

component 
Parameters Governing equation Eq. 

critical state line 𝑒Γ, 𝜆, 𝜉 𝑒𝑐𝑠 = 𝑒Γ − 𝜆(
𝑝′

𝑝𝑟𝑒𝑓
)

𝜉

 (9-60) 

elastic deviatoric 

strain increment 
- 𝛿𝜀𝑞

𝑒 =
𝛿𝑞

3𝐺0
 (9-61) 

 𝐴𝐺 𝐺0 = 𝐴𝐺𝑝𝑟𝑒𝑓
(2.97 − 𝑒)2

1 + 𝑒
(
𝑝′

𝑝𝑟𝑒𝑓
′ )

0.5

 (9-62) 

elastic volumetric 

strain increment 
- 𝛿𝜀𝑝

𝑒 =
𝛿𝑝′

3𝐾
 (9-63) 

 𝜇 𝐾 = 𝐺0
2(1 + 𝜇)

3(1 − 2𝜇)
 (9-64) 

yield surface 𝑚 𝑓 = |𝜂 − 𝛼| − 𝑚 = 0 (9-65) 

plastic deviatoric 

strain increment 
- 𝛿𝜀𝑞

𝑝
=
𝛿𝜂

𝐴
 (9-66) 

 - 𝐴 = ℎ(𝑀𝑏 − 𝜂) (9-67) 

 𝑐 𝑀𝜃 =
2𝑐𝑀𝑡𝑐

(1 + 𝑐) − (1 − 𝑐) cos(3𝜃)
 (9-68) 

 𝑀𝑡𝑐, 𝑀𝑡𝑒 𝑐 =
𝑀𝑡𝑒
𝑀𝑡𝑐

 (9-69) 

 𝑛𝑏 𝑀𝑏 = 𝑀𝜃 exp(−𝑛𝑏𝜓) (9-70) 

 - ℎ =
𝑏0

|𝜂 − 𝜂0|
 (9-71) 

 ℎ0, 𝑐ℎ 𝑏0 = 𝐴𝐺ℎ0(1 − 𝑐ℎ𝑒) (
𝑝′

𝑝𝑟𝑒𝑓
′ )

−0.5

 (9-72) 

plastic volumetric 

strain increment 
- 𝛿𝜀𝑝

𝑝
= 𝐷|𝜀𝑞

𝑝
| (9-73) 

 - 𝐷 = 𝐴𝑑(𝑀𝑑 − 𝜂) (9-74) 

 𝑛𝑑 𝑀𝑑 = 𝑀𝜃 exp(𝑛𝑑𝜓) (9-75) 

 𝐴0 𝐴𝑑 = 𝐴0(1 + 〈𝑠𝑧〉) (9-76) 

Fabric-dilatancy 

tensor update 
𝑐𝑧 , 𝑧𝑚𝑎𝑥  𝛿𝑧 = −𝑐𝑧〈−𝛿𝜀𝑝

𝑝〉(𝑠𝑧𝑚𝑎𝑥 + 𝑧) (9-77) 

Back-stress ratio 

tensor update 
- 𝛿𝛼 = 𝛿𝜂 (9-78) 

Notes: 

〈 〉 = Macaulay brackets, yielding 〈𝐴〉 = 𝐴 if 𝐴 >  0, and 〈𝐴〉 = 0 if 𝐴 ≤ 0 

𝛼 = yield surface back stress 

𝑚 = yield surface parameter controlling the size of the cone aperture 

ℎ = function of state variables 

𝑀𝑏 = gradient of the bounding surface 

𝑐 = ratio of critical friction ratios in triaxial extension and compression 

𝑛𝑏 = model parameter controlling the position of the bounding surface from the CSL 

𝜂0 = initial stress ratio 

ℎ0, 𝑐ℎ  = scalar model parameters controlling the magnitude of the hardening modulus, 𝐴 

𝐴𝑑 = function of state variables 

𝑀𝑑  = gradient of the dilatancy surface 

𝑛𝑑 = model parameter controlling the position of the dilatancy surface from the CSL 

𝐴0 = model parameter controlling the rate of dilation, 𝐷 

𝑠 = ±1 according to 𝜂 = 𝛼 ± 𝑚 

𝑧 = fabric internal variable 

𝑐𝑧 , 𝑧𝑚𝑎𝑥  = model parameters controlling the rate of evolution of 𝑧 and the maximum value 𝑧 can attain 
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(a) h0 = varies as shown, ch = 1.1, A0 = 1.2, m = 0.0655 

 

 

 
(b) h0 =0.6, ch = varies as shown, A0 = 1.2, m = 0.0655 

 

 

 
(c) h0 =0.6, ch =1.1, A0 = varies as shown, m = 0.0655 

 

 

 
(d) h0 =0.6, ch =1.1, A0 =1.2, m = varies as shown 

Figure 9.10: Influence of SANISAND model parameters on simulated constitutive response of a CIDc test 
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To better understand the influence of varying the SANISAND model parameters on the simulated 

response, a parameter sensitivity analysis was performed. Results are shown in Figure 9.10, and 

indicate that relatively minor variations in the model parameters leads to significant changes in both 

the simulated stress-strain and volumetric responses. Calibration of the model is therefore 

challenging, with the possibility that multiple calibrated model parameter sets may exist that yield a 

similar constitutive response. 

9.6.1.1. Yield surface parameter, m 

The yield surface parameter, 𝑚, controls the aperture size of the elastic inner yield surface (a 

Drucker-Prager cone), and remains constant throughout the simulation (i.e. no hardening is 

assumed). According to Dafalias & Manzari (2004), 𝑚 is of the order 𝑀𝑡𝑐/100, while Papadimitriou 

et al. (2001) suggest setting 𝑚 = 0.05𝑀𝑡𝑐, with typical values for sand ranging between 0.06 and 

0.07. For LBS-B, a value of 𝑚 = 0.05(1.31) = 0.0655 is adopted. 

9.6.1.2. State dependence parameters, nb and nd 

These parameters control the gradient of the bounding and dilatancy surfaces, 𝑀𝑏 and 𝑀𝑑, 

respectively. Calibration requires monotonic compression tests sheared from various initial states. 

Plotting the peak and dilatancy (i.e. characteristic) deviatoric stress ratios, 𝜂𝑚𝑎𝑥 and 𝜂𝐶ℎ, against 

their corresponding values of 𝜓 yields the model parameters 𝑛𝑏 and 𝑛𝑑, as shown Figure 9.11a. 

 

 

 
(a)  (b) 

Figure 9.11: Calibration of SANISAND model parameters nb, nd and A0 

However, preliminary calibration simulations using the 𝑛𝑏 and 𝑛𝑑 values shown in Figure 9.11, 

yielded consistent overpredictions of the deviator stress at both peak and large strains. A sensitivity 
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analysis found that the magnitude of 𝑞𝑚𝑎𝑥 is strongly influenced by the value of 𝑛𝑏. It was found 

that reducing both 𝑛𝑏 and 𝑀𝑡𝑐 yielded improved comparisons with the measured test data. The 

following values were therefore adopted in the simulation presented in Section 9.9: 𝑛𝑏 = 1.67 and 

𝑀𝑡𝑐 = 1.25. 

9.6.1.3. State dilatancy parameter, A0 

Whyte (2019) showed that for triaxial stress conditions, the magnitude of the state dilatancy 

parameter, 𝐴0, may be estimated from the gradient of a plot of dilatancy rate, 𝐷, versus 

√2 3⁄ (𝜂 −𝑀𝑑). Figure 9.11b presents this data for four dense CIDc tests, and indicates 𝐴0 = 1.1 

for LBS-B, which is within the range 1 < 𝐴0 < 3.0 suggested by Papadimitriou et al. (2001). 

9.6.1.4. Hardening parameters, h0 and ch 

Dafalias & Manzari (2004) suggest that the hardening constants, ℎ0 and 𝑐ℎ, be obtained by trial and 

error. For LBS-B, ℎ0 = 1.3 and 𝑐ℎ = 1.3 were found to yield satisfactory agreement with results of 

CIDc tests. It must be noted that this procedure is not particularly efficient and requires multiple 

iterations before a reasonable match is obtained. 

9.6.1.5. Fabric parameters, cz and zmax 

The fabric parameters 𝑐𝑧 and 𝑧𝑚𝑎𝑥 were found to have minimal influence on the predicted response, 

and therefore for simplicity, these parameters are set to 0. 

9.7. HYSAND 

Houlsby & Mortara (2004) present a multi-surface kinematic hardening model for sand formulated 

within the hyperplasticity framework (Houlsby & Puzrin, 2006), henceforth referred to as ‘HySand’ 

for brevity. A full description of the formulation of the model is provided in Houlsby & Mortara 

(2004) and is therefore not repeated here.  

9.7.1. HYSAND MODEL CALIBRATION 

Table 9.4 summarises the 12 model parameters used in HySand. Several of the model parameters are 

similar to those previously defined for other models (e.g. 𝐾, 𝐺, 𝑀𝑡𝑐, 𝜆, 𝑣Γ, 𝑟𝑒𝑐); however, the model 
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parameters 𝑣𝐵, 𝑣𝐷, ℎ, 𝑏, 𝐴, 𝛽𝑚𝑎𝑥 are exclusive to HySand. Houlsby & Mortara (2004) provide 

minimal calibration guidance; therefore, to better understand the influence of these parameters on 

the simulated response, a sensitivity analysis was performed. 

Table 9.4: HySand model constants defined in Houlsby & Mortara (2004) 

HySand constants symbol 

bulk modulus 𝐾 

shear modulus 𝐺 

critical stress ratio in triaxial compression 𝑀𝑡𝑐 
slope of the critical state line in ln(𝑝′) − ln(𝑣) space 𝜆 

specific volume at critical state at 𝑝′ = 𝑝𝑟𝑒𝑓
′  𝑣Γ 

ratio between triaxial compression and extension critical stress ratios 𝑟𝑒𝑐  
specific volume at loosest state at 𝑝′ = 𝑝𝑟𝑒𝑓

′  𝑣𝐵 

specific volume at densest state at 𝑝′ = 𝑝𝑟𝑒𝑓
′  𝑣𝐷 

hardening modulus constants ℎ, 𝑏 

rate of anisotropy development constant 𝐴 

maximum rate of dilation 𝛽𝑚𝑎𝑥  

 

Figure 9.12 shows the results of a parameter sensitivity analysis for a conventional triaxial CIDc test, 

and indicate that: 

• The shape of the stress strain curve is most influenced by the parameters ℎ and 𝑏, with high ℎ 

and low 𝑏 values yielding the stiffest response, leading to 𝑞𝑚𝑎𝑥 being mobilised at decreasing 

deviatoric strains; 

o 𝛽𝑚𝑎𝑥 is also shown to affect the shape of the stress-strain curve, with initial 

stiffnesses increasing with increasing 𝛽𝑚𝑎𝑥 values; 

o 𝐴 is shown to have only minor influence on the shape of the stress-strain curve; 

• The volumetric response is predominantly controlled by 𝛽𝑚𝑎𝑥; however, 𝐴, ℎ and 𝑏 are also 

shown to influence the shape of the 𝜀𝑞 − 𝜀𝑝 curve; 

o The magnitude of compressive volumetric strain mobilised at the start of shearing 

is influenced by the value of 𝐴, with lower values (i.e. 𝐴 < 400) yielding a greater 

initially compressive response; 

• 𝐴 has minimal influence on the rate of dilation. 

To simulate CIDc tests, the following method was therefore used to calibrate the HySand model 

parameters: 

1. Determine maximum and minimum specific volumes, 𝑣𝐵 and 𝑣𝐷; 

2. Determine elastic constants, 𝐺 and 𝐾; 

3. Determine critical state constants, 𝑣Γ, 𝜆, and 𝑀𝑡𝑐; 

4. Determine 𝑟𝑒𝑐 from CIDe triaxial tests if available, otherwise assume a value; 
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5. Run simulation with reasonable ‘starter’ values (e.g. ℎ = 1000, 𝑏 = 3, 𝐴 = 200, 𝛽𝑚𝑎𝑥 = 0.8); 

6. Inspect 𝜀𝑞 − 𝜀𝑝 curves, and adjust 𝛽𝑚𝑎𝑥 until a satisfactory fit with the test data is obtained; 

7. Inspect 𝜀𝑞 − 𝜀𝑝 curves, and adjust 𝐴 until the intersection of the simulated curve with the 𝜀𝑝 

= 0 axis yields good agreement with the experimental data; 

8. Determine ℎ and 𝑏 parameters by iterative forward modelling until close agreement with the 

experimental stress-strain curve is obtained. 

9.7.1.1. Limiting specific volumes, vB and vD 

Houlsby & Mortara (2004) define 𝑣𝐵 and 𝑣𝐷 as the specific volume at a reference mean pressure, 

𝑝𝑟𝑒𝑓
′ , at the loosest and densest states, respectively, as illustrated in Figure 9.13. It is reasonable to 

assume that 𝑣𝐵 and 𝑣𝐷 are similar to the maximum and minimum specific volumes determined from 

limiting density tests. However, results of such tests may not achieve the absolute limiting densities 

physically possible for a particular material, and it is therefore recommended that the HySand 𝑣𝐵 

and 𝑣𝐷 parameters be obtained from:  

 𝑣𝐵 = 1 + 1.1(𝑒𝑚𝑎𝑥) (9-79) 
   

 𝑣𝐷 = 1 + 0.9(𝑒𝑚𝑖𝑛)  (9-80) 
   

Results of limiting density tests performed on LBS-B (see Section 4.6.2.1) yield: 𝑣𝐵 = 1.897, 𝑣𝐷 = 

1.480, at a reference mean pressure of 𝑝𝑟𝑒𝑓
′  = 101.3 kN/m2. 

9.7.1.2. Elastic moduli, K and G 

The elastic bulk and shear moduli, 𝐾 and 𝐺 respectively, are constant in the original HySand model 

(Houlsby & Mortara, 2004). Values of 𝐺 used in the model simulations are therefore calculated 

according to Eq. (6-33), from which 𝐾 is subsequently estimated (from Eq. (A-25)) assuming a 

constant Poisson’s ratio of 𝜇 = 0.2. 
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(a) h = varies as shown, b = 3, A = 400, βmax = 0.2 

 

 

 
(b) h = 1000, b = varies as shown, A = 400, βmax = 0.2 

 

 

 
(c) h = 1000, b=3, A = varies as shown, βmax = 0.2 

 

 

 
(d) h = 1000, b=3, A = 400, βmax = varies as shown 

Figure 9.12: Influence of HySand model parameters on simulated constitutive response of a CIDc test 
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9.7.1.3. Critical state constants, Mtc , λ and vΓ 

The slopes of the critical state line in 𝑝′ − 𝑞 and 

𝑒 − 𝑝′ space have been previously determined 

as 𝑀𝑡𝑐 =1.31 and 𝜆 = 0.035, respectively. 𝑣Γ is 

shown in Figure 9.13, defined as the specific 

volume on the critical state line at 𝑝′ = 𝑝𝑟𝑒𝑓
′ . 

Using the value of 𝑒Γ defined in Table 9.2 

associated with the semi-log form of the CSL, 

gives 𝑣Γ = 1.789 for 𝑝𝑟𝑒𝑓
′  = 101.3 kN/m2. 

 

 

 
Figure 9.13: Graphical representation of the density 

and critical state constants used in HySand 

 

9.7.1.4. HySand Model parameters h, b A and βmax 

Figure 9.14 presents the results of a calibration exercise performed to determine the remaining 

HySand model parameters, and shows that excellent agreement with the experimental data may be 

obtained with the HySand model. A summary of the best-fit model parameters is given in Table 9.5. 

 

 

 

Figure 9.14: Calibration of HySand model parameters from CIDc tests 

 

Table 9.5: Summary of best-fit HySand model parameters determined from CIDc tests 

test ID 𝒑𝟎
′  (kN/m2) 𝝍𝟎 (-) 𝑫𝒓 (%) 𝒉 (kN/m2) 𝒃 (-) 𝑨 (-) 𝜷𝒎𝒂𝒙(-) 

m09 49.0 -0.102 42.9 80000 4.1 225 0.55 

m10 48.3 -0.129 52.6 80000 4.4 400 0.75 

m11 49.2 -0.160 63.5 80000 4.7 380 0.85 

m12 48.9 -0.182 71.2 80000 5.1 400 1.00 

vB

vD

vΓ
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To ease the calibration process, the model parameter ℎ was kept constant in all simulations. A value 

of ℎ = 80000 yielded good agreement with the initial slope of the stress strain curve, and was 

therefore adopted for LBS-B. However, inspection of the best-fit model parameters shows that both 

𝑏 and 𝛽𝑚𝑎𝑥 appear to increase with decreasing state. This presents a calibration challenge, as 

adoption of a single value is therefore unlikely to yield a satisfactory response for all states. 

 

 

 
 (a)    (b)  

Figure 9.15: Variation of the HySand model parameters b and βmax with initial state, ψ0 

Figure 9.12 shows that the shape of the stress-strain curve is influenced by the magnitude of 𝑏, with 

lower values yielding an initially stiffer and more brittle (i.e. increased post-peak strain softening) 

response. As ℎ is kept constant, it is therefore reasonable to expect that 𝑏 may vary with 𝜓0. The 

relationship shown in Figure 9.15a was therefore used for determining 𝑏 in the HySand simulations: 

 𝑏 = −12.12𝜓0 + 2.84 (9-81) 
   

However, despite the apparent relationship with 𝜓0 shown in Figure 9.15b, HySand is formulated to 

be state dependent and therefore a single value of 𝛽𝑚𝑎𝑥 must be specified. An average value 

(𝛽𝑚𝑎𝑥 =   0.80) was therefore adopted for the LBS-B simulations. A similar approach was used for 

determining the rate of anisotropy development model parameter, 𝐴 (𝐴 =  350).  

9.8. MODEL VALIDATION 

This section presents validation of the CASM and NorSand models, and implementation of the stress 

update algorithm by comparing CIDc and CIUc triaxial test simulations against those found in the 

literature. Verification of the SANISAND and HySand code (obtained from external sources) is also 

presented via comparisons with published source material. These simulations adopted the model 

parameters provided in the source material. 
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Figure 9.16 shows results of CIDc triaxial tests for both loose and dense samples of Ersak 330/0.7 

sand given in Jefferies & Been (2015). Also shown are CASM and NorSand simulations presented 

by Yu (2006), and Jefferies & Been (2015), respectively, along with simulations obtained using the 

Python single element driver developed as part of this thesis. 

 

 

 
(a) Loose CIDc: 𝒆𝟎 = 0.82, 𝒑𝟎

′  = 200 kN/m2 

 

 

 
(b) Dense CIDc: 𝒆𝟎 = 0.59, 𝒑𝟎

′  = 130 kN/m2 

Figure 9.16: CASM and NorSand model validation of CIDc test simulations for Ersak sand 

The CIDc simulations shown in Figure 9.16 yield excellent agreement with the results given in the 

literature for both CASM and NorSand, indicating that the model equations have been implemented 

correctly and the numerical integration scheme is performing as intended for CIDc tests. It should 

be noted that Yu (2006) does not explicitly give values of the hardening parameter, 𝑝𝑐
′ . Eq. (9-12) 

was therefore used to estimate initial values of 𝑝𝑐
′ , and may be the cause of the slight discrepancy 

observed between the Python simulations and the published curves in Figure 9.16a.  

For loose sands, 𝑝𝑐
′  is generally similar to 𝑝0

′  (𝑝𝑐
′  ≈ 𝑝0

′  when 𝜓𝑟𝑒𝑓 = 𝜓0); however, for dense sands, 

𝑝𝑐
′  is found to be excessively large (e.g. for the dense CIDc test shown in Figure 9.16b, 𝑝𝑐,0

′  = 

1.48x1014 kN/m2). This is a potentially significant issue as it implies that CASM may be unable to 
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appropriately capture realistic material response for stress paths other than conventional triaxial 

compression and extension tests.  

Figure 9.17 shows CASM simulations presented by Yu (2006) for CIUc tests undertaken on loose 

Ottawa sand by Sasitharan (1994). The CIUc predictions yield excellent agreement with the results 

presented by Yu (2006). The stress point update algorithm implemented is therefore considered 

validated for both CIDc and CIUc triaxial tests, and may be used with confidence in subsequent 

numerical modelling simulations. 

 

9.8.1.1. SANISAND code verification 

The SANISAND code used in this thesis is based on the Dafalias & Manzari (2004) model 

formulation. The model was implemented in Plaxis as a UDSM (user defined soil model) using the 

freely downloadable code developed by Dr. D. Mašín (available from https://soilmodels.com/). 

Plaxis simulations were performed on axisymmetric models, using a 1 m x 1 m square samples 

comprising two 15-noded triangular elements. Line loads were applied to the right and top model 

boundaries to simulate the applied confining and axial stresses, as shown in Figure 9.18. With respect 

to boundary conditions, the top (ymax) and right (xmax) boundaries were set to Free, and the left (xmin) 

and bottom (ymin) boundaries were set to Normally fixed. 

 

 

 
Loose CIUc: 𝒆𝟎 = 0.793, 𝒑𝟎

′  = 475 kN/m2, 𝒑𝒄
′  = 475 kN/m2  

Figure 9.17: CASM model validation of CIUc test simulations for loose Ottawa sand presented in Yu (2006) 
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Figure 9.19 shows comparisons of CIDc and CIUc model simulations presented by Dafalias & 

Manzari (2004) with Plaxis simulations undertaken as part of this study. Figure 9.19 shows excellent 

agreement between the published and Plaxis-simulated results, indicating that the SANISAND code 

has been correctly implemented and may therefore be used with confidence in the following sections. 

 

 

 
 (a) CIDc: σʹc0 = 500 kN/m2    (b) CIUc: e = 0.735  

Figure 9.19: SANISAND code verification based on results presented in Dafalias & Manzari (2004)  

 

9.8.1.2. HySand code verification 

The HySand code used in this thesis is based on the continuous hyperplasticity model described by 

Houlsby & Mortara (2004). The model was implemented in Python using code provided by Prof. 

Houlsby (personal communication). Figure 9.20 shows a comparison of a HySand triaxial test 

 

 

 

 (a)  
 

 (b)  

Figure 9.18: Plaxis 2D triaxial test simulations showing (a) model geometry and loading conditions, and 

(b) mesh used in FEA simulations 
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simulation against that presented in Houlsby & Mortara (2004), and shows good agreement between 

the published and Python-simulated results. 

 

 

 
 (a) CIDc (e0 = 0.85)    (b) CIUc (e = 0.85)  

Figure 9.20: HySand code verification based on results presented in Houlsby & Mortara (2004) 

 

9.9. MODEL SIMULATIONS 

This section presents triaxial test predictions using the CASM, NorSand, SANISAND, and HySand 

models. Table 9.7 summarises the model parameters determined for LBS-B used in the triaxial 

simulations. Figure 9.21 to Figure 9.24 show the model predictions compared against results of 

triaxial tests performed on LBS-B, sheared monotonically from a range of initial states and under 

different drainage conditions, as summarised in Table 9.6. 

Table 9.6: Summary of monotonic triaxial tests performed on LBS-B to compare against model predictions 

Test ID test type 
preparation 

method 
𝒆𝟎 𝑫𝒓 𝒑𝟎

′  𝝍𝟎 

(-) (-) (-) (-) (%) (kN/m2) (-) 

p01 CIDc WP 0.581 82.9 198.6 -0.188 

p02 CIDc MT 0.752 22.3 495.0 0.017 

p03 CIUc MT 0.695 42.6 348.9 -0.055 

p04 CIUc MT 0.770 16.1 495.8 0.035 
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Table 9.7: Summary of calibrated model parameters 

model description parameter 
CASM 

value 

NorSand 

value 

SANISAND 

value 

HySand 

value 

Common critical state void ratio at 𝑝𝑟𝑒𝑓
′  𝑒Γ 0.950* 0.815+ 0.815+ 0.789† 

 CSL parameter 𝜆 0.035 0.030 0.030 0.035 

 CSL parameter 𝜉 - 0.62 0.62 - 

 slope of CSL (compression) 𝑀𝑡𝑐 1.31 1.31 1.25 1.31 

 slope of CSL (extension) 𝑀𝑡𝑒 0.91 0.91 0.91 0.91 

 shear modulus constant 𝐴𝐺 - 1400 1400 1400 

 shear modulus exponent 𝑛𝐺 - 0.42 0.50 0.42 

 Poisson’s ratio 𝜇 0.20 0.20 0.20 0.20 

 slope of swell line 𝜅 0.003 - - - 

CASM spacing ratio 𝑟 40.6 - - - 

 stress state coefficient 𝑛 4.0 - - - 

 reference state parameter 𝜓𝑟𝑒𝑓  0.1 - - - 

NorSand volumetric coupling coefficient 𝑁 - 0.46 - - 

 state-dilatancy coefficient 𝜒𝑡𝑐 - 3.0 - - 

 hardening parameter 𝐻0 - 98.2 - - 

 hardening parameter 𝐻𝜓 - -1920 - - 

SANISAND yield surface parameter 𝑚 - - 0.0655 - 

 bounding surface constant 𝑛𝑏 - - 1.67 - 

 dilatancy surface constant 𝑛𝑑 - - 0.89 - 

 dilatancy parameter 𝐴0 - - 1.10 - 

 hardening parameter ℎ0 - - 1.30 - 

 hardening parameter 𝑐ℎ - - 1.30 - 

 fabric index constant 𝑧𝑚𝑎𝑥 - - 0 - 

 fabric index constant 𝑐𝑧 - - 0 - 

HySand loosest specific volume at 𝑝𝑟𝑒𝑓
′  𝑣𝐵 - - - 1.897 

 densest specific volume at 𝑝𝑟𝑒𝑓
′  𝑣𝐷 - - - 1.480 

 maximum rate of dilation 𝛽𝑚𝑎𝑥  - - - 0.80 

 rate of anisotropy development 𝐴 - - - 350 

 hardening parameter ℎ - - - 80000 

 hardening parameter 𝑏 - - - varies^ 

Notes: 

* 𝑝𝑟𝑒𝑓
′  = 1 kN/m2 

+ 𝑝𝑟𝑒𝑓
′  = 0 kN/m2,  

† 𝑝𝑟𝑒𝑓
′  = 101.3 kN/m2 

^ See Figure 9.15a 

 

9.9.1. DENSE CIDC TRIAXIAL SIMULATIONS 

Figure 9.21 presents CIDc triaxial test model predictions for a dense specimen of LBS-B (p01), and 

shows that all models are able to capture the general constitutive response of a dense sand subjected 

drained shearing. However, the accuracy of the model predictions (as compared with measured test 

data) is found to vary, with the NorSand and SANISAND models considered to yield the closest 

agreement with the measured test data in terms of both the stress-strain and volumetric responses. 
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(a)  (b) 

 

 

 
(c)  (d) 

Figure 9.21: Comparison of dense CIDc triaxial test simulations with measured data (Test p01) 

While CASM is shown to capture the general behavioural trend observed in the experiment, it is 

found to overpredict both the peak deviator stress and initial stiffness. This is because the size of the 

initial yield surface is governed by the magnitude of the initial hardening parameter, which for a 

dense sand tends to be very large (e.g. 𝑝𝑐
′  = 1.4 x106 kN/m2 in this test simulation). The resultant 

elastic zone is correspondingly large, resulting in CASM significantly overpredicting the initial 

stiffness. Furthermore, the single yield surface used by CASM results in relatively abrupt ‘corners’ 

in both the stress-strain and volumetric responses, whereas the other models are shown to more 

realistically capture the smooth transitions observed in the test data. 

The HySand model is also shown to reproduce the general trend; however, it is found to significantly 

underpredict both the peak deviator stress, initial stiffness, and the rate of dilation. Improved 

predictions of the measured data may be achieved with further ‘tuning’ of the HySand model 

parameters (e.g. increasing 𝛽𝑚𝑎𝑥 to 1.5); however, doing so violates the purpose of these simulations, 

and is therefore not performed here. 
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9.9.2. LOOSE CIDC TRIAXIAL SIMULATIONS 

Figure 9.22 shows CIDc triaxial test model predictions for a loose specimen of LBS-B. As for the 

dense CIDc test, NorSand and SANISAND yield high-quality predictions, and satisfactorily capture 

the changing stiffness observed in the test data. The CASM and HySand model predictions are less 

satisfactory, with CASM significantly overpredicting the initial stiffness, and underpredicting the 

volumetric strains, and HySand failing to capture the observed volumetric response. 

 

 

 
(a)  (b) 

 

 

 
(c)  (d) 

Figure 9.22: Comparison of loose CIDc triaxial tests simulations with measured data (Test p02) 

 

9.9.3. CIUC TRIAXIAL SIMULATIONS 

Figure 9.23 and Figure 9.24 show single element CIUc triaxial simulations for samples sheared from 

relatively dense and loose states, respectively. It is evident that the models are less successful at 

simulating the behaviour of sands subjected to undrained shearing based on the model parameter sets 

calibrated in this study. In particular, the HySand and SANISAND models indicate instability and 

collapse to 𝑝’ = 0 in both instances.  
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(a)  (b) 

Figure 9.23: Comparison of dense CIUc triaxial tests simulations with measured data (Test p03) 

 

 

 

 
(a)  (b) 

Figure 9.24: Comparison of loose CIUc triaxial tests simulations with measured data (Test p04) 

The NorSand predictions capture the general behavioural trends; however, both the dense and loose 

simulations are shown to significantly underpredict the deviatoric strain at which critical state 

conditions are achieved. For example, in the loose CIUc test simulation, the strain softening from 

the initial peak deviator stress to quasi-steady state, followed by strain hardening towards critical 

state conditions is correctly captured by the model; however, this transition occurs much too rapidly 

compared with the experimental data. 

Furthermore, the pre-softening peak stress is found to be significantly underpredicted by the model. 

Improved predictions may be obtained by artificially increasing the OCR and thus the initial image 

mean effective stress, 𝑝𝑖,0
′ , such that: 

 𝑝𝑖,0
′ =

𝑝′𝑂𝐶𝑅

𝑟
 (9-82) 
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where 𝑟 is the spacing ratio that defines the offset between the NCL and CSL (Jefferies & Been 

(2015) suggest adopting 𝑟 = 2.718 for NorSand). Alternatively, closer agreement with the measured 

response may be obtained by modifying the shear modulus parameter such that 𝐴𝐺
𝑢 = 0.2𝐴𝐺, where 

𝐴𝐺
𝑢  is the modified ‘undrained’ stiffness parameter denoted by the ‘u’ superscript. 

Adopting a modified ‘undrained’ shear modulus parameter in the HySand (𝐴𝐺
𝑢 = 0.2𝐴𝐺) and 

SANISAND (𝐴𝐺
𝑢 = 0.075𝐴𝐺) models also yielded improved predictions; however, the SANISAND 

model also required significant modifications to the hardening modulus constants (ℎ0 = 12 and 𝑐ℎ =

0.95) to obtain satisfactory predictions. The NorSand, HySand and SANISAND model simulations 

using the modified ‘undrained’ stiffness parameter, 𝐴𝐺
𝑢 , are shown in Figure 9.23 and Figure 9.24 as 

dashed lines. 

The CASM simulations are shown to closely replicate the shapes of the stress paths in 𝑝′ − 𝑞 space, 

particularly for the loose CIUc test where it accurately predicts the initial ‘pre-softening’ peak 

deviator stress. However, as with NorSand, the value of 𝜀𝑞 at which this peak value is mobilised is 

found to be significantly underpredicted, i.e. the simulated response is much stiffer than anticipated 

based on the experimental test data. CASM also fails to capture the strain-hardening response 

following the QSS condition. As noted by Yu (2006), this type of behaviour cannot be captured with 

a purely volumetric hardening model such as CASM. An improved response may be obtained by 

incorporating an amended combined volumetric-deviatoric hardening rule of the form: 

 𝛿𝑝𝑐
′ =

𝜈𝑝𝑐
′

𝜆 − 𝜅
(𝛿𝜀𝑝

𝑝
+𝜔𝛿𝜀𝑞

𝑝
) (9-83) 

   

where 𝜔 is an additional model constant, typically ranging from 0 to 0.5. This extension to the 

original CASM model was termed ‘CASM-d’ by Yu et al. (2005), and is easily implementable within 

the Python single element driver. Figure 9.24 shows the improved prediction obtained using CASM-

d (𝜔 = 0.1); however, the simulation continues to underpredict the value of 𝜀𝑞 at 𝑞𝑚𝑎𝑥. 

In the dense CASM simulation, the stress path moves vertically upwards until intercepting the yield 

surface at approximately 𝑞 = 500 kN/m2, emphasising the sensitivity of the model to the magnitude 

of 𝑝𝑐
′  ( = 37,990 kN/m2, suggesting an OCR of ≥ 100), and its inability to capture features such as 
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phase transformation. The relatively high deviator stress mobilised at large strains is also 

significantly greater than that predicted by the NorSand model and experimental results. This 

difference is predominantly due to CASM’s use of a semi-log CSL, leading to the mobilisation of 

greater 𝑝′ values before the model intercepts the CSL in 𝑒 − ln(𝑝′) space. 

9.9.4. CYCLIC LOADING 

This section presents comparisons of numerical model simulations with both undrained cyclic 

triaxial test data and monotonic triaxial tests that included unload-reload stages, as summarised in 

Table 9.8. Cyclic loading is considered beyond the capabilities of the original version of CASM, and 

therefore CASM predictions are not presented in the following. 

Table 9.8: Summary of monotonic and cyclic triaxial tests selected for comparison with model predictions 

Test ID test type 𝒆𝟎 𝑫𝒓 𝝈𝒄,𝟎
′  𝒑𝟎

′  𝝍𝟎 𝒒𝒂𝒗 𝒒𝒄𝒚𝒄 

(-) (-) (-) (%) (kN/m2) (kN/m2) (-) (kN/m2) (kN/m2) 

s03 CIDc 0.586 81.0 14.1 14.1 -0.220 - - 

u01 CIUc 0.580 83.3 49.7 49.7 -0.216 - - 

c01 Cyclic CIU 0.584 82.0 51.0 63.6 -0.211 38.0 38.0 

c11 Cyclic CIU 0.583 82.3 49.4 49.4 -0.213 0 38.0 

 

9.9.4.1. CIDc Test with unload-reloading 

Figure 9.25 shows model predictions of a dense LBS-B CIDc test (s03, described in Chapter 6) 

performed at a relatively low confining stress (𝜎𝑐,0
′  = 14.1 kN/m2), that included monotonic (𝜀𝑧̇ = 

0.5 % / hour) unload-reload stages during shear. Dotted lines represent model predictions without 

inclusion of unload-reload loops. 

Figure 9.25c shows that the HySand model accurately simulates both the shape and area enclosed by 

the hysteresis loop observed in the experimental data in both 𝜀𝑞 − 𝑞 and 𝜀𝑞 − 𝜀𝑝 space. The 

SANISAND simulation (Figure 9.25b) also correctly simulates the general trends observed in the 

experimental data; however, the simulation shows a response that is much too soft on reloading. 

However, all models tend to overpredict the magnitude of plastic softening mobilised during 

unloading, indicated by an underestimation of the point of intersection of the unload-reload loop on 

reloading. 
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(a) NorSand model prediction 

 

 

 
(b) SANISAND model prediction 

 

 

 
(c) HySand model prediction 

Figure 9.25: Comparison of model predictions with CIDc test data (s03) involving unload-reload loops 

 

The NorSand simulation yields the least satisfactory prediction of drained cyclic loading, and 

predicts purely elastic behaviour during the first unload-reload loop. This is due to the stress path 

failing to intercept the internal cap used in the NorSand model formulation. However, though not 

visible at the scale shown in Figure 9.25a, the simulation correctly captures the hysteretic behaviour 

and characteristic loop shape in the second and third unload-reload loops. 
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9.9.4.2. CIUc Test with unload-reloading 

Figure 9.26 shows model predictions of a CIUc test (u01) performed on a dense specimen of LBS-

B, that included monotonic (𝜀𝑧̇ = 0.5 % / hour) unload-reload stages during undrained shear. Dotted 

lines represent model predictions without including unload-reload loops. Figure 9.26 shows that 

none of the model simulations yields particularly satisfactory predictions of the test data. However, 

while the HySand and SANISAND model simulations are able to at least capture the general trends 

observed in the experimental data, the NorSand simulation fails to do so. 

 

 

 
(a) NorSand model prediction 

 

 

 
(b) SANISAND model prediction 

 

 

 
(c) HySand model prediction 

Figure 9.26: Comparison of model predictions with CIUc test data (u01) involving unload-reload loops 
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Furthermore, inspection of the experimental stress path shows a response similar to that idealised in 

Figure 5.5c. This is expected given the relatively high density of the test specimen (𝐷𝑟 = 83.3 %); 

however, none of the models captures this type of response, and instead this predicted stress paths 

that are more consistent with the one idealised in Figure 5.5d, representative of a less dense material 

initially located closer to the CSL in 𝑒 − ln(𝑝′) space. 

Initial SANISAND predictions using the parameter set defined in Table 9.7 were found to exhibit 

similar issues to those discussed in Section 9.9.3, i.e. high deviator stresses were mobilised at 

significantly lower deviatoric strains than observed in the test data (as shown by the dashed line in 

Figure 9.26b). Therefore, the SANISAND model prediction presented in Figure 9.26b (solid line) 

was obtained using the ‘undrained’ shear stiffness and modified hardening modulus parameters 

(𝐴𝐺
𝑢 = 0.075𝐴𝐺 , ℎ0 = 12 and 𝑐ℎ = 0.95). The resultant stress path shows reasonable agreement 

with the test data in terms of both shape and area enclosed by the unload-reload cycle; however, as 

observed for drained cyclic loading, the point of intersection of the stress-strain loop on reloading is 

significantly underpredicted in both the SANISAND and HySand model predictions. 

The vertical stress paths exhibited during load cycling in the NorSand model predictions are typical 

of single yield surface constitutive models, and represent a significant shortcoming of such models 

for predicting undrained cyclic behaviour. Furthermore, given that the stress path is vertical, the 

internal cap will never be intercepted. As a result, no plastic softening of the outer yield surface 

occurs, and purely elastic behaviour is simulated during undrained load cycling. This is clearly 

unrepresentative of the behaviour observed in the test data. 

9.9.4.3. Undrained Cyclic Triaxial Tests – One way loading 

Figure 9.27 shows the undrained cyclic triaxial model simulations considering one-way loading, 

compared against experimental data (test c01, described in Chapter 7). Given the inability of the 

NorSand model to satisfactorily simulate undrained cyclic loading, only HySand and SANISAND 

model predictions are presented in the following. Furthermore, only the first 10 cycles from the 

model simulations are shown for clarity.  
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(a) Test data  (b) SANISAND (N = 10)  (c) HySand (N = 10) 

Figure 9.27: Comparison of model predictions with undrained, one-way loading, cyclic triaxial test (c01) 

Test c01 sustained 10,000 load cycles, and exhibited a gradual decrease in mean effective stress with 

increasing cycle number. Cycle number 1, 10, 100, 1000 and 10000 are highlighted on Figure 9.27a, 

and indicate that approximately 2 % vertical strain was accumulated at the end of the test. As with 

previous undrained simulations, the SANISAND model parameters were modified to improve the 

model performance and reduce numerical stability issues. 

Figure 9.27 shows that the models perform poorly in terms of both reproducing the shape and 

orientation of the stress paths, and significantly overpredict the magnitude and rate of accumulation 

of vertical strain. Furthermore, both models fail to capture the gradual reduction in mean effective 

stress exhibited in the test data, and instead rapidly tend towards zero, resulting in conditions of 

cyclic mobility occurring in less than 10 load cycles. 

9.9.4.4. Undrained Cyclic Triaxial Tests – Two way loading 

Figure 9.28 shows undrained cyclic triaxial model simulations considering two-way loading, 

compared against experimental data (test c11, described in Chapter 7). Test c11 reached conditions 
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of initial liquefaction (𝑅𝑢 = 1.0) after approximately six load cycles, and was terminated after 20 

load cycles. Cycle numbers 1 and 10 are emphasised in black in Figure 9.28a. 

 

 

 

 

 

 

 

 

 

 
(a) Test data  (b) SANISAND (N=10), AGU  (c) HySand (N = 10) 

Figure 9.28: Comparison of model predictions with undrained, two-way loading, cyclic triaxial test (c11) 

Figure 9.28 shows that the models are able to capture the general trends observed in the test data, 

and correctly mobilise failure conditions within relatively few cycles. However, neither simulation 

reaches conditions of zero mean effective stress, and both fail to reproduce the characteristic 

‘butterfly’ shape associated with the initial liquefaction failure criterion. In particular, the ‘figure of 

eight’ stress path simulated by the HySand model is considered a poor match compared with the 

experimental data, and fails to reach the failure envelope indicated in the test data. 

Furthermore, both models fail to capture the shape of the stress-strain curves, particularly with 

respect to the accumulation of negative vertical strain observed in the test data. Figure 9.28b shows 

that the SANISAND model yields a reasonable prediction of the magnitude of vertical strain 

mobilised after 10 cycles. However, HySand significantly underestimates both the rate of 

accumulation and magnitude of vertical strain, which is curious given the overprediction of strain 

rate accumulation simulated in the one-way loading test (Figure 9.27c). 
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9.10. SUMMARY AND CONCLUSIONS 

9.10.1. CONSTITUTIVE MODEL PERFORMANCE 

The purpose of this assessment was to ascertain whether a single set of calibrated model parameters 

is able to yield satisfactory predictions of dense and loose sand behaviour in both drained and 

undrained conditions, and for both monotonic and cyclic loading. Comparisons of model simulations 

with experimental data indicate that this may not be possible, at least, not based on the model 

parameters determined as part of this study. This is in agreement with Wichtmann et al. (2019), who 

also concluded that it was “impossible” to obtain a single set of model parameters for the three 

sophisticated, state-dependent constitutive models considered in their analysis. 

The relatively poor model predictions obtained in the undrained test simulations may be a result of 

the calibrated model parameters being determined predominantly from drained triaxial compression 

tests. As noted by Cerfontaine (2014), independent calibration of model parameters from drained 

and undrained test data leads to the definition of two distinct sets of parameters. This point is seldom 

highlighted in numerical modelling publications, which tend to present model simulations for a 

single drainage condition. To overcome these issues, numerical modelling practitioners appear to 

have either: 

1. Modified parameters beyond normal limits, e.g. Dafalias & Manzari (2004) used 𝜇 = 0.05 in 

their parameter set to obtain satisfactory predictions of drained and undrained tests; 

2. Introduced additional elastic stiffness degradation rules to account for the degradation of 

elastic stiffness that occurs during shearing (Loukidis & Salgado, 2009; Taborda et al., 2014) 

The modified ‘undrained’ shear modulus parameter, 𝐴𝐺
𝑢 , proposed in this study and used in the 

undrained SANISAND model simulations, effectively achieves the same end as item 2 (albeit in a 

simpler manner), and is conceptually similar to the 𝐸𝑓𝑎𝑐𝑡 parameter used by Whyte (2019): 

 𝑫𝒆𝒑 = 𝐸𝑓𝑎𝑐𝑡𝑫
𝒆 −

𝐸𝑓𝑎𝑐𝑡𝑫
𝒆𝒃𝒂𝑻𝐸𝑓𝑎𝑐𝑡𝑫

𝒆

𝒂𝑻𝐸𝑓𝑎𝑐𝑡𝑫
𝒆𝒃 + 𝐴

 (9-84) 

   

It is therefore important to understand what measures are incorporated within a chosen constitutive 

model when performing undrained FEA in real design situations, as model parameters calibrated 
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predominantly to CIDc test data may overpredict the stiffness response, leading to potentially 

unconservative designs.  

The formulation (e.g. semi-log or power function) and location of the CSL has also been shown to 

strongly influence the predicted response of drained sands subjected to undrained shearing. As 

shown in Figure 9.23, adopting a semi-log CSL in the CASM model leads to significantly higher 

predictions of 𝑞𝑚𝑎𝑥 than observed in the test data, and is therefore likely to be highly unconservative. 

However, as discussed in Section 9.2.1, typical site investigation campaigns and laboratory test 

programmes tend to focus on reconstituting materials to in situ (usually dense) states. Determining 

the CSL from such tests is therefore likely to underpredict the location of the CSL in 𝑒 − ln(𝑝′) 

space. While this approach is likely to result in conservative estimates of 𝑞𝑚𝑎𝑥, CSLs determined in 

this way are unlikely to yield realistic predictions of in situ behaviour when used in FEA simulations. 

The monotonic model simulations presented in this chapter show that none of the models are able to 

satisfactorily capture the constitutive response of LBS-B using a single parameter set. However, of 

the models investigated as part of this study, NorSand is considered to represent the most versatile 

and user-friendly model in terms of ease of implementation and calibration. Its predictive capability 

is also found to be comparable to SANISAND for modelling CIDc tests, and was found to be 

generally more numerically stable when predicting undrained tests. It also offers a significant 

improvement in terms of predictive capability over less sophisticated models such as CASM (and 

Mohr-Coulomb). The calibration procedure is also simpler than that required for SANISAND and 

HySand, which involve considerable ‘trial and error’ to determine several parameters.  

The cyclic test simulations presented in this chapter show that both SANISAND and HySand yield 

reasonable predictions for drained cyclic loading conditions. However, both models produce 

unsatisfactory predictions of undrained cyclic loading, and are only able to capture basic trends. 

Improved simulations of the experimental data were possible; however, to achieve this required time-

consuming, iterative adjustment of model parameters, which is considered both impractical from a 
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(commercial) design perspective, and in violation of the ideal requirement for a single, robust set of 

calibrated model parameters. 

It is also worth noting that the version of the SANISAND model used in this study (Dafalias & 

Manzari, 2004) fixed some parameters (e.g. the shear modulus exponent, 𝑛𝐺 is set at 0.5), possibly 

to avoid criticism associated with high numbers of model parameters. However, such practice is not 

recommended, with increased model parameters being a necessary by-product of flexible models, 

capable of capturing the complex constitutive behaviour exhibited by sands. Furthermore, in 

agreement with Lade (2005), the effort and expense involved in obtaining reliable experimental 

results represents a small effort compared to determining model parameters – provided the correct 

tests are performed. 

NorSand was found to be less successful at simulating cyclic loading, particularly for undrained 

loading conditions. Realistic model predictions of cyclic behaviour rely on the interception of the 

internal cap to cause plastic softening of the outer yield surface during unloading. However, it has 

been demonstrated that this is a significant shortcoming, given that for undrained loading conditions, 

and certain drained stress paths (e.g. constant mean effective stress), interception of the internal cap 

will not occur. 

9.10.2. TESTING RECOMMENDATIONS FOR CALIBRATION OF ADVANCED 

CONSTITUTIVE MODELS 

This chapter set out to provide practical recommendations and transparent guidelines associated with 

the selection of constitutive models for sand, and associated calibration processes that are needed for 

such models for use in FEA. It has been shown that a relatively modest experimental test programme 

is capable of calibrating four sophisticated constitutive models for sand. 

However, it has also been shown that despite the potential predictive capability of these models, 

calibration is not always straightforward, and a single set of model parameters for all initial states, 

drainage conditions, and loading conditions is unlikely to exist. Nevertheless, the following 

summarises the minimum number of laboratory tests considered necessary to provide a reasonable 

calibration of such constitutive models for sand: 
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1. Classification tests for index parameters required for sample reconstitution calculations: 

• Limiting density (𝑒𝑚𝑎𝑥 and 𝑒𝑚𝑖𝑛), PSDs, and particle density tests; 

2. Triaxial compression tests on loose (𝜓 > 0) specimens to determine the CSL in 𝑒 − 𝑙𝑛(𝑝’) space: 

• Minimum of four CIUc tests, and two CIDc tests, preferably employing sample freezing 

techniques, and enlarged lubricated end platens; 

3. Drained triaxial compression tests with bender elements to develop shear modulus relationship: 

• Minimum of four dense CIDc tests, performed at constant 𝑒0, with increasing 𝑝0
′ ; 

4. Constitutive model specific tests: 

• Four CIDc tests, with variable 𝑒0, constant 𝑝0
′ ; 

o To verify 𝑀𝑡𝑐 obtained from loose CIUc tests, and also obtain state-dilatancy 

parameters (e.g. 𝜒𝑡𝑐 , 𝐴0, 𝑛𝑏 , 𝑛𝑑 , 𝛽𝑚𝑎𝑥 etc.); 

• Optional CIDe / CIUe tests to ascertain the critical stress ratio 𝑀𝑡𝑐 / 𝑀𝑡𝑒; 

o Such tests should be interrogated and used with caution (see Section 6.4). 

The chapter has emphasised the importance of undertaking a bespoke test plan tailored to finding the 

location of the CSL. It is argued that conventional experimental programmes, focussed on 

characterising samples subjected to initial conditions representative of those found in the field, 

should be of secondary importance, if it is known that FEA with an advanced constitutive model is 

likely to be required during design. Modern commercial testing laboratories therefore need to upskill 

in terms of available sample reconstitution techniques and equipment, to meet the anticipated 

demand for the high-quality sand test data needed to reliably calibrate modern constitutive sand 

models. 
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10. CONCLUSIONS 

This thesis has explored the constitutive response of a dense sand sheared at low effective confining 

stresses. A comprehensive review of the literature has been presented, including the current state-of-

the-art with respect to experimental testing best practice, sample preparation methods, and the 

various constitutive models and frameworks used to model sand behaviour. 

An extensive experimental test programme has been completed. Drained stress path tests allowed 

the monotonic behaviour at low effective confining stresses to be systematically investigated. High 

cycle cyclic triaxial tests, incorporating low stress amplitude, undrained cyclic loading have enabled 

exploration of material behaviour for conditions analogous to the type of loading experienced by 

offshore renewable energy structures. 

Four sophisticated constitutive models have been examined. Issues associated with the ease of 

implementation, calibration procedure, and predictive capability have been discussed. 

Recommendations relating to scoping laboratory testing schedules to permit calibration of such 

models have been proposed. 

Summary sections presented at the end of each chapter have presented detailed conclusions. This 

chapter therefore aims to distil only the key contributions and implications for design. Suggestions 

for further work are also provided. 

10.1. KEY CONTRIBUTIONS 

The key contributions arising from this study are presented below: 

10.1.1. NEW SOIL TEST DATABASE  

According to Cerfontaine (2014), when developing advanced constitutive models, “surprisingly, the 

hardest step of the calibration of parameters is the finding of data to be calibrated.” It has been shown 

that the commercially available testing devices used in this thesis are capable of performing both 

monotonic stress path and cyclic triaxial tests, from which reliable results have been obtained. The 

results presented in this study therefore provide the basis of a new database of experimental tests, 



Jonathan White 

 

Conclusions 

 

DPhil Thesis  250 

 

performed in a systematic manner with consistent test procedures and sample preparation methods, 

which may now be used to inform the calibration, evaluation and development of advanced 

constitutive models. 

10.1.2. MONOTONIC RESPONSE AT LOW CONFINING STRESSES 

Experimental data obtained in this study have shown that the mean effective confining stress has a 

minor influence on the effective stress shear strength properties (𝜂𝑚𝑎𝑥 and 𝜙𝑚𝑎𝑥
′ ) for tests 

undertaken at initial effective confining stresses, 𝜎𝑐,0
′ , less than 50 kN/m2. This behaviour may be 

explained in terms of the state parameter, 𝜓, and supports the notion of a critical state line that curves 

towards a horizontal asymptote in the 𝑒: ln (𝑝′) plane at low stress values. Tests undertaken at higher 

stress levels (i.e. 𝜎𝑐,0
′  ≥ 100 kN/m2) show a stress level effect, with decreasing 𝜂𝑚𝑎𝑥 and 𝜙𝑚𝑎𝑥

′  values 

mobilised with increasing 𝜎𝑐,0
′   values. This has useful implications for practice, as it indicates that 

the increased shear strength response mobilised at lower stress levels may be adequately 

characterised from tests performed at relatively high 𝜎𝑐,0
′  values (i.e. 𝜎𝑐,0

′ =  50 kN/m2). Therefore, 

scheduling tests at more challenging low stresses (i.e. 𝜎𝑐,0
′ ≤ 12 kN/m2), where testing issues (e.g. 

applied corrections, instrumentation accuracy, temperature fluctuations etc.) become increasingly 

influential on the calculated response, may be unnecessary. 

The magnitude of the small-strain shear modulus, 𝐺0, estimated from bender elements, local small-

strain instrumentation, and unload-reload cycles has been examined. Results obtained in this thesis 

have shown that for Leighton Buzzard sand (Fraction B), bender element derived 𝐺0 values are 

significantly higher than would be predicted from commonly used empirical relationships. This 

results in the determination of a relatively high material constant parameter, 𝐴𝐺 ≈ 1400. 

Similarly, the magnitude of the shear stiffness estimated from unload-reload loops was shown to be 

influenced by the strain level at which the unload-reloading was performed. This has important 

implications for practice, as calibration of constitutive models based on such tests may yield 

unrepresentative and potentially unconservative predictions. 
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10.1.3. CYCLIC RESPONSE AT LOW CONFINING STRESSES 

This study has created a new database of undrained cyclic triaxial tests, performed within a new, 

robust cyclic framework, that allows for easier comparisons with model and field pile testing 

publications. Furthermore, the cyclic loading characteristics used in this study cover an area of cyclic 

stress that was both largely unpopulated, and potentially more representative of the actual loading 

conditions sustained by offshore renewable energy structures.  

The undrained cyclic triaxial tests presented in this thesis exemplify the complexities of the material 

response when subjected to cyclic loading. However, the experimental results have shown clear and 

systematic trends, that are adequately and robustly captured by the new cyclic framework adopted 

in this study. For example, it has been shown that predictions of the general behavioural response 

under cyclic loading may be obtained using the 𝜁𝑏 and 𝜁𝑐 parameters. For Leighton Buzzard sand 

(Fraction B), failure and subsequent instability was generally observed in all tests where stress 

reversal occurred (i.e. 𝜁𝑐 < 0). Conversely, tests performed at relatively low 𝜁𝑏 values, and which did 

not undergo stress reversal (i.e. 𝜁𝑐 > 0) were generally stable and able to sustain 10,000 load cycles 

without reaching failure conditions.  

The secant stiffness and material damping properties of Leighton Buzzard sand (Fraction B) under 

cyclic loading have been investigated. Results obtained in this study show good agreement with 

trends reported in the literature, and may be reasonably predicted with empirical relationships (e.g. 

Darendeli, 2001). However, the experimental data showed a poor match with predictions made using 

empirical relationships, and found that LBS-B mobilises significantly larger 𝜉 values, in terms of 

both the gradient of the material damping curve and 𝜉𝑚𝑎𝑥. 

The results presented in this thesis have therefore shown that use of empirical relationships and 

generic material damping profiles may fail to capture the complex response. This has significant 

implications for the design of OWT foundations, given the sensitivity of the structural response to 

the material damping properties of the foundation material. Use of empirical relationships and 

generic material damping profiles in the design of these structures is therefore not recommended. 
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10.1.4. CONSTITUTIVE MODEL EVALUATION 

The calibration and evaluation of four sophisticated constitutive models has highlighted several 

shortcomings associated with the current state-of-the-art. Firstly, it has been shown that use of a 

single set of calibrated model parameters is unlikely to yield satisfactory predictions of material 

behaviour for all states and drainage conditions. In particular, undrained model simulations based on 

calibrated model parameters derived principally from drained triaxial compression tests, have been 

shown to result in poor predictions compared with real test data. 

However, provided these model shortcomings are known and anticipated, additional corrections such 

as the use of a reduced, ‘undrained’ material stiffness constant, 𝐴𝐺
𝑢 , may be employed that result in 

reasonable model predictions of undrained monotonic behaviour. In terms of ease of implementation, 

calibration, and predictive capability for monotonic shearing conditions, the NorSand model has 

been shown to offer good performance, and represents a significant improvement over simpler 

models such as CASM and the traditional Mohr-Coulomb model. 

However, due to the single yield surface adopted by the NorSand formulation, it has been shown to 

be unsuitable for modelling undrained cyclic loading. More sophisticated bounding surface (e.g. 

SANISAND) or kinematic hardening (e.g. HySand) models have been shown to offer improved 

predictive performance and are therefore required to capture the general behavioural trends. 

However, the model evaluation presented in this study has shown that despite the relative 

sophistication of such models, simulations of sustained, undrained cyclic loading remain 

unsatisfactory, and they fail to capture all but the most basic behavioural trends. 

Use of such models in engineering practice to predict the long-term behaviour of offshore wind 

turbine structures should therefore be approached with caution. However, it has been shown that the 

models tend to overpredict the rate of strain accumulation, and underpredict the cyclic resistance of 

the soil (i.e. the number of load cycles the soil can sustain before failure conditions are reached), and 

are therefore likely to provide conservative predictions. 
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This study has also shown that it is possible to calibrate four distinct constitutive models from a 

relatively modest experimental test programme. This has useful implications for engineering 

practice, as the personnel responsible for scheduling laboratory testing programmes are not always 

aware of the testing requirements associated with a particular constitutive model. Furthermore, the 

specific constitutive model(s) to be adopted in the detailed design phase is typically not known until 

after completion of the site investigation campaign, and the subsequent onshore laboratory testing 

programme. Adherence to the minimum sand laboratory testing programme proposed in Section 

9.10.2 would therefore ensure that sufficient tests are undertaken to enable reasonable calibration of 

some commonly used advanced constitutive models. 

This study has also emphasised the importance of undertaking a bespoke test plan tailored to finding 

the location of the CSL. It has been argued that conventional experimental programmes focussed on 

characterising samples prepared to initial conditions representative of those found in the field are 

unlikely to meet the requirements of a robust calibration test programme, and should be of secondary 

importance if it is known that FEA with an advanced constitutive model is likely to be required 

during the design phase of a project. 

10.2. FUTURE WORK 

This section presents suggestions for future work based on findings arising from this study. 

10.2.1. INFLUENCE OF FINES CONTENT AND SAMPLE PREPARATION 

METHOD ON THE BEHAVIOUR AT LOW STRESS LEVELS 

All low stress triaxial tests were undertaken on a relatively clean, dense sand, reconstituted using the 

wet pluviation technique developed as part of this study. This sample preparation method is not 

suitable for materials containing more than approximately 5 % fines. Given the relatively high silt 

content of typical natural North Sea sands (Jones et al., 2020), the influence of fines content on the 

constitutive response needs to be verified. Further tests on cohesionless soils at low stress levels with 

varying fines content are therefore required to confirm the findings presented in this study.  
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Preparation of homogenous samples with varying silt content requires adoption of alternative sample 

reconstitution techniques such as the slurry deposition method described by Dominguez-Quintans et 

al. (2019). Further development of this method to facilitate use of enlarged lubricated end platens 

and horizontal bender elements is therefore recommended.  

10.2.2. EXPANSION OF SAND TEST DATABASE 

The creation of a database of tests performed on a single test material is of great value to numerical 

modelling researchers. While the test programme presented in this thesis is considered to be a useful 

contribution, expansion of the database to include additional soil element test types (e.g. simple 

shear, resonant column) would provide further value by enabling constitutive model developers to 

explore shearing modes other than triaxial stress conditions. 

Furthermore, it is the author’s opinion that the soil element testing community in both academia and 

industry lacks a set of universally accepted test results. Historically, universities and soil testing 

equipment manufacturers have developed their own soil testing apparatus, and subsequently 

published results without any validation of how their test equipment performs in comparison with 

other brands / testing laboratories etc. Such practices have therefore led to the current, unsatisfactory 

situation, where the measured response may be significantly influenced by human factors such as 

the person responsible for setting up the test, and the particular piece of testing apparatus used 

(Ramsey et al., 2017). Development of an accepted set of test results on a widely available standard 

test material will therefore drive up standards in the industry and promote consistency between 

commercial testing laboratories. 

10.2.3. NUMERICAL MODELLING 

The findings presented in this thesis indicate that further efficiencies in the design of offshore 

renewable energy foundations may be realised by exploiting the increased shear strengths that may 

be mobilised in the shallow, low stress zones of the foundations. It is therefore recommended that 

finite element analyses be performed, to investigate the influence and potential benefit of accounting 

for these shallow, higher strength soils, for typical offshore geotechnical structures. 
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10.2.4. CONSTITUTIVE MODELLING 

Further work to develop the performance of sand constitutive models for predicting cyclic and 

pseudo-random loading is recommended. In particular, while HySand showed promise for predicting 

the cyclic response, monotonic test predictions were less satisfactory. The fact that the 𝛽𝑚𝑎𝑥 model 

parameter needs to be treated as a constant, despite evidence indicating that it may vary as a function 

of state, seems to be a key limitation of the current version of the model. More sophisticated functions 

relating 𝛽𝑚𝑎𝑥 to the current state are therefore recommended in future developments of the model. 

10.3. OVERVIEW 

As the design of geotechnical structures becomes more efficient, some of the inherent conservatism 

built into the design methods is lost. While this is attractive from an economic perspective, the 

current trend of using increasingly large wind turbines, and the move to deeper waters with 

associated harsher met-ocean conditions, brings new challenges to the designer. In such 

circumstances, the cyclic design and long-term performance of the structure may become critical. 

This thesis forms part of a coordinated programme of research at the University of Oxford, which 

aims to further develop practical cyclic design methods for the next generation of offshore wind 

turbine foundations. Through acquisition and development of a new soil element testing laboratory, 

a new high quality database of experimental test results has been created, providing useful insights 

into the behaviour of dense sands at low stress levels, subjected to both monotonic and cyclic 

shearing.  

The experimental programme of work undertaken as part of this thesis may help bridge the gap 

between single element laboratory tests, and pile load tests at field and/or 1-g scale. Furthermore, 

there is often a disconnect in geotechnical engineering between numerical modelling practitioners 

and experimentalists. The numerical work presented in this thesis therefore aims promote synergy 

between the two disciplines and prevent occurrence of further divergence. This combined approach 

has resulted in useful, practical insights that may be used to inform the choice, evaluation, and 

development of constitutive models used in practice. 
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APPENDIX A MODELLING PRELIMINARIES 

A.1 STRESS INVARIANTS 

Formulation of simple isotropic elastoplastic constitutive models in general stress space requires 

definition of various stress and strain invariants. The following sections give an overview of these 

invariants based on the definitions given in (Lade, 2016). 

A 3D stress state using Cartesian axes (𝑥, 𝑦, 𝑧) and assuming a compression-positive sign 

convention, may be defined by the stress tensor: 

 𝝈̂ = [

𝜎𝑥𝑥 𝜏𝑥𝑦 𝜏𝑥𝑧
𝜏𝑦𝑥 𝜎𝑦𝑦 𝜏𝑦𝑧
𝜏𝑧𝑥 𝜏𝑧𝑦 𝜎𝑧𝑧

] (A-1) 

   

Where the bold typeset and ̂  notation denote tensorial form. When implementing constitutive 

models, it is generally more convenient to work with vectors, and expressing the stress tensor in 

Voigt/vector form gives: 

 𝝈 = [𝜎𝑥𝑥 𝜎𝑦𝑦 𝜎𝑧𝑧 𝜏𝑥𝑦 𝜏𝑦𝑧 𝜏𝑧𝑥  ]
𝑇

 (A-2) 
   

Similarly, the effective stress tensor, 𝝈′̂, may be expressed as: 

 𝝈′ = [𝜎′𝑥𝑥 𝜎′𝑦𝑦 𝜎′𝑧𝑧 𝜏𝑥𝑦 𝜏𝑦𝑧 𝜏𝑧𝑥  ]
𝑇
 (A-3) 

   

where: 𝝈′ = 𝝈 − 𝑢[1 1 1 0 0 0 ]𝑇 (A-4) 
   

and 𝑢 is the pore water pressure. For brevity, the prime notation (used to denote effective stresses) 

is dropped, with all stresses representing their effective stress equivalent. The ‘fundamental’ stress 

invariants, 𝐼1, 𝐼2, 𝐼3, may be obtained from: 

 𝐼1 = 𝜎𝑥𝑥 + 𝜎𝑦𝑦 + 𝜎𝑧𝑧 = trace(𝜎̂) (A-5) 
   

 𝐼2 = 𝜎𝑥𝑥𝜎𝑦𝑦 + 𝜎𝑦𝑦𝜎𝑧𝑧 + 𝜎𝑧𝑧𝜎𝑥𝑥 + 𝜏𝑥𝑦
2 + 𝜏𝑦𝑧

2 + 𝜏𝑧𝑥
2  (A-6) 

   

 𝐼3 = 𝜎𝑥𝑥𝜎𝑦𝑦𝜎𝑧𝑧 − 𝜏𝑥𝑦
2 𝜎𝑧𝑧 − 𝜏𝑦𝑧

2 𝜎𝑥𝑥 − 𝜏𝑧𝑥
2 𝜎𝑦𝑦 + 2𝜏𝑥𝑦𝜏𝑦𝑧𝜏𝑧𝑥 = det(𝜎̂) (A-7) 

   

It is also useful to decompose the stress tensor into its hydrostatic and deviatoric components: 

 
[

𝜎𝑥𝑥 𝜏𝑥𝑦 𝜏𝑥𝑧
𝜏𝑦𝑥 𝜎𝑦𝑦 𝜏𝑦𝑧
𝜏𝑧𝑥 𝜏𝑧𝑦 𝜎𝑧𝑧

] = [

𝑝 0 0
0 𝑝 0
0 0 𝑝

]
⏟      

ℎ𝑦𝑑𝑟𝑜𝑠𝑡𝑎𝑡𝑖𝑐 𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡

+ [

𝑠𝑥𝑥 𝑠𝑥𝑦 𝑠𝑥𝑧
𝑠𝑦𝑥 𝑠𝑦𝑦 𝑠𝑦𝑧
𝑠𝑧𝑥 𝑠𝑧𝑦 𝑠𝑧𝑧

]
⏟          
𝑑𝑒𝑣𝑖𝑎𝑡𝑜𝑟𝑖𝑐 𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡

 
(A-8) 

   

where 𝑝 is the mean (or hydrostatic) effective stress: 
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 𝑝 =
1

3
(𝜎𝑥𝑥 + 𝜎𝑦𝑦 + 𝜎𝑧𝑧) =

1

3
𝐼1 (A-9) 

   

and 𝒔̂ is the deviatoric stress tensor, defined as: 

 𝑠̂ = [

𝑠𝑥𝑥 𝑠𝑥𝑦 𝑠𝑥𝑧
𝑠𝑦𝑥 𝑠𝑦𝑦 𝑠𝑦𝑧
𝑠𝑧𝑥 𝑠𝑧𝑦 𝑠𝑧𝑧

] = [

𝜎𝑥𝑥 − 𝑝 𝜏𝑥𝑦 𝜏𝑥𝑧
𝜏𝑦𝑥 𝜎𝑦𝑦 − 𝑝 𝜏𝑦𝑧
𝜏𝑧𝑥 𝜏𝑧𝑦 𝜎𝑧𝑧 − 𝑝

] (A-10) 

   

The invariants of 𝒔̂ may then be found from: 

 𝐽1 = 𝑠𝑥𝑥 + 𝑠𝑦𝑦 + 𝑠𝑧𝑧 = trace(𝑠̂) = 0 (A-11) 
   

 𝐽2 = −𝑠𝑥𝑥𝑠𝑦𝑦 − 𝑠𝑦𝑦𝑠𝑧𝑧 − 𝑠𝑧𝑧𝑠𝑥𝑥 + 𝑠𝑥𝑦
2 + 𝑠𝑦𝑧

2 + 𝑠𝑧𝑥
2 =

1

2
𝑠 ̂: 𝑠 ̂ (A-12) 

   

 𝐽3 = 𝑠𝑥𝑥𝑠𝑦𝑦𝑠𝑧𝑧 − 𝑠𝑥𝑦
2 𝑠𝑧𝑧 − 𝑠𝑦𝑧

2 𝑠𝑥𝑥 − 𝑠𝑧𝑥
2 𝑠𝑦𝑦 + 2𝑠𝑥𝑦𝑠𝑦𝑧𝑠𝑧𝑥 = det(𝑠 ̂̂) (A-13) 

   

Where the contraction symbol, :, represents the trace of the product of two tensors (i.e. 𝒙 ̂: 𝒚̂ =

trace(𝒙̂𝒚̂). However, it is generally more useful to express 𝐽2 in terms of the components of 𝝈̂, which 

after some algebra, yields: 

 𝐽2 =
1

6
[(𝜎𝑥𝑥 − 𝜎𝑦𝑦)

2
+ (𝜎𝑦𝑦 − 𝜎𝑧𝑧)

2
+ (𝜎𝑧𝑧 − 𝜎𝑥𝑥)

2] + 𝜏𝑥𝑦
2 + 𝜏𝑦𝑧

2 + 𝜏𝑧𝑥
2  (A-14) 

   

There is no simple expression for 𝐽3 in terms of the stress components 𝜎𝑖𝑗. However, both 𝐽2 and 𝐽3 

may be calculated directly from the invariants of 𝝈̂ from: 

 𝐽2 =
1

3
𝐼1
2 − 𝐼2 (A-15) 

   

 𝐽3 =
2

27
𝐼1
3 −

1

3
𝐼1𝐼2 + 𝐼3 (A-16) 

   

Any set of three independent stress invariants can be used to describe a 3D stress state, with different 

sets being useful in different situations. The set {𝐼1, 𝐽2, 𝜃} is particularly useful in constitutive 

modelling, where 𝜃, known as the ‘Lode angle’, represents an angular measure of the location of the 

stress point on the deviatoric plane in principal stress space (see Figure 11.1b), defined from: 

 𝜃 =
1

3
arcsin(−

3√3

2

𝐽3
(𝐽2)

3 2⁄
) (A-17) 

   

Various definitions of 𝜃 exist (e.g. Jefferies & Been, 2015; Manzari & Dafalias, 1997). The version 

used here is similar to that proposed by Potts & Zdravkovic (1999) and Yu (2006), and yields 𝜃 = 

−30°, and 30° for triaxial compression and extension conditions, respectively. 
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 (a)   (b)  

Figure 11.1: Geometric interpretation of the invariant set {I1, J2, θ} in principal stress space 

The physical meaning of the invariant set {𝐼1, 𝐽2, 𝜃} is shown in Figure 11.1. The second invariant of 

the deviatoric stress tensor, 𝐽2, is often scaled when developing constitutive models. For example, 

the scaled value √2𝐽2 is sometimes used as this represents the perpendicular distance of the stress 

point from the space diagonal in principal stress space, as shown in Figure 11.1a. Another advantage 

of utilising the invariant set {𝐼1, 𝐽2, 𝜃}  is that the principal stresses, {𝜎1, 𝜎2, 𝜎3}, may then be easily 

determined (e.g. for post processing purposes) from: 

 𝜎1 =
1

3
𝐼1 +

2

√3
√𝐽2 sin (𝜃 +

2𝜋

3
) (A-18) 

   

 𝜎2 =
1

3
𝐼1 +

2

√3
√𝐽2 sin(𝜃) (A-19) 

   

 𝜎1 =
1

3
𝐼1 +

2

√3
√𝐽2 sin (𝜃 −

2𝜋

3
) (A-20) 

   

The stress invariants 𝐼1 and 𝐽2 are closely related to the ‘Cambridge’ triaxial stress invariants 𝑝′ and 

𝑞, commonly used to interpret triaxial tests and to formulate elastoplastic constitutive models. 𝑝′ is 

defined according to Eq. (A-9), while the deviator stress, 𝑞, may be obtained from: 

 𝑞 = √3𝐽2 = √
3

2
𝑠̂ ∶ 𝑠̂ (A-21) 

   

 𝑞 = [
1

2
[(𝜎𝑥𝑥 − 𝜎𝑦𝑦)

2
+ (𝜎𝑦𝑦 − 𝜎𝑧𝑧)

2
+ (𝜎𝑧𝑧 − 𝜎𝑥𝑥)

2] + 3𝜏𝑥𝑦
2 + 3𝜏𝑦𝑧

2 + 3𝜏𝑧𝑥
2 ]

1
2

 (A-22) 
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A.2 FORMULATION OF ELASTOPLASTIC CONSTITUTIVE 

MODELS 

The basic factors of the formulation and implementation of an elastoplastic constitutive model are 

described in detail by several authors (Britto & Gunn, 1987; Pietruszczak, 2010; Potts & Zdravkovic, 

1999; Yu, 2006). The following therefore provides only a brief overview of the fundamental 

components required to formulate conventional, single surface, elastoplastic constitutive models. 

Most conventional elastoplastic constitutive models consist of four components: 

• a yield function; 

• a plastic potential function; 

• a hardening /softening rule; and 

• an elastic model. 

The yield function defines the region of allowable stress states, and separates elastic from 

elastoplastic behaviour. It typically takes the form, 𝑓(𝝈, 𝜅), where 𝝈 is the vector of current stresses, 

and 𝜅 is some hardening parameter. The equation 𝑓(𝝈, 𝜅) = 0 defines a (usually convex) surface in 

stress space known as the yield surface. For stress states lying inside the yield surface (i.e. 𝑓(𝝈, 𝜅) <

0), the material behaviour is purely elastic, and the incremental stiffness is given by the constitutive 

relation: 

 𝛿𝝈 = 𝑫𝒆𝛿𝜺 (A-23) 
   

where 𝑫𝒆 is the elastic stiffness matrix, 𝜺 is the total strain tensor in Voigt/vector form (Eq. (A-27)), 

and 𝛿 denotes an infinitesimal increment. For a linear isotropic elastic material, 𝑫𝒆 is given by: 

 𝑫𝒆 =

[
 
 
 
 
 
𝐾 + 4𝐺 3⁄ 𝐾 − 2𝐺 3⁄ 𝐾 − 2𝐺 3⁄ 0 0 0
𝐾 − 2𝐺 3⁄ 𝐾 + 4𝐺 3⁄ 𝐾 − 2𝐺 3⁄ 0 0 0
𝐾 − 2𝐺 3⁄ 𝐾 − 2𝐺 3⁄ 𝐾 + 4𝐺 3⁄ 0 0 0

0 0 0 𝐺 0 0
0 0 0 0 𝐺 0
0 0 0 0 0 𝐺]

 
 
 
 
 

 (A-24) 

   

where 𝐾 and 𝐺 are the elastic shear and bulk moduli, respectively, defined as: 

 𝐾 =
𝐸

3(1 − 2𝜇)
=
2𝐺(1 + 𝜇)

3(1 − 2𝜇)
 (A-25) 

   

 𝐺 =
𝐸

2(1 + 𝜇)
=
3(1 − 2𝜇)𝐾

2(1 + 𝜇)
 (A-26) 
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and 𝐸 is the Young’s modulus (units N/m2), and 𝜇 is the (dimensionless) Poisson’s ratio. The total 

strain tensor, 𝜺, expressed in Voigt/vector form is given by: 

 𝜺 = [𝜀𝑥𝑥 𝜀𝑦𝑦 𝜀𝑧𝑧 𝛾𝑥𝑦 𝛾𝑦𝑧 𝛾𝑧𝑥]
𝑇

 (A-27) 
   

where 𝛾𝑖𝑗 = 2𝜀𝑖𝑗 is the engineering shear strain. For stress states lying on the yield surface (i.e. 

𝑓(𝝈, 𝜅) = 0), the behaviour is elastoplastic, resulting in the mobilisation of plastic strains. Given 

that the condition 𝑓(𝝈, 𝜅) > 0 represents an inadmissible stress state, the stress point must remain 

on the yield surface during elastoplastic yielding. This leads to the consistency condition: 

 𝛿𝑓 = (
𝜕𝑓

𝜕𝝈
)
𝑇

𝛿𝝈 +
𝜕𝑓

𝜕𝜅
𝛿𝜅 = 𝒂𝑇𝛿𝝈 +

𝜕𝑓

𝜕𝜅
𝛿𝜅 = 0 (A-28) 

   

Where 𝒂 is the gradient vector to the yield surface and equal to: 

 𝒂 =
𝜕𝑓

𝜕𝝈
= [

𝜕𝑓

𝜕𝜎𝑥𝑥
 
𝜕𝑓

𝜕𝜎𝑦𝑦
 
𝜕𝑓

𝜕𝜎𝑧𝑧
 
𝜕𝑓

𝜕𝜏𝑥𝑦
 
𝜕𝑓

𝜕𝜏𝑦𝑧
 
𝜕𝑓

𝜕𝜏𝑧𝑥
]

𝑇

 (A-29) 

   

For elastic-perfectly plastic constitutive models (e.g. Von Mises, Mohr-Coulomb), no hardening 

occurs, and the shape and position of the yield surface remain fixed in stress space. However, 

isotropic and kinematic hardening models include a hardening/softening rule which controls the 

evolution of 𝜅 as plastic strains occur. This new value of 𝜅 is then used to update the shape and/or 

position of the yield surface in stress space. 

To satisfy the consistency condition requires two assumptions. Firstly, the total strain increment, 𝛿𝜺, 

may be decomposed into the sum of its elastic and plastic components: 

 𝛿𝜺 = 𝛿𝜺𝒆 + 𝛿𝜺𝒑 (A-30) 
   

The second assumption is that the direction of the plastic strain increment, 𝛿𝜺𝒑, is normal to a surface 

known as the plastic potential function. This assumption is conventionally known as the ‘flow rule’ 

and is usually expressed as: 

 𝛿𝜺𝒑 = Λ
𝜕𝑔

𝜕𝝈
= Λ𝒃 (A-31) 

   

therefore: 𝛿𝜺𝒑
𝒑
= Λ

𝜕𝑔

𝜕𝑝′
; 𝛿𝜺𝒒

𝒑
= Λ

𝜕𝑔

𝜕𝑞
  (A-32) 
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where Λ is a non-negative quantity known as the scalar plastic multiplier, 𝑔 is the plastic potential 

function, and 𝒃 is the unit outward normal gradient vector to 𝑔, defined as: 

 𝒃 =
𝜕𝑔

𝜕𝜎
= [

𝜕𝑔

𝜕𝜎𝑥𝑥
 
𝜕𝑔

𝜕𝜎𝑦𝑦
 
𝜕𝑔

𝜕𝜎𝑧𝑧
 
𝜕𝑔

𝜕𝜏𝑥𝑦
 
𝜕𝑔

𝜕𝜏𝑦𝑧
 
𝜕𝑔

𝜕𝜏𝑧𝑥
]

𝑇

 (A-33) 

   

Λ therefore defines the magnitude of the incremental plastic strains, while 𝑏 defines the direction in 

stress space, as shown in Figure 11.2. 

When the gradients to the yield function and 

plastic potential functions are coincident, (i.e. 

𝑎 = 𝑏) incremental plastic flow takes place in a 

direction which is normal to the yield surface, 

and the flow rule is said to be associated. For the 

more general case of 𝒂 ≠  𝒃, flow is said to be 

non-associated. 

 

 

 Figure 11.2: Yield surface and plastic potential 

(Martin & Burd, 2018) 

Substituting Eqs. (A-30) and (A-31) into Eq. (A-23) yields: 

 𝛿𝝈 = 𝑫𝒆(𝛿𝜺 − 𝛿𝜺𝒑) = 𝑫𝒆𝛿𝜺 − Λ𝑫𝒆𝒃 (A-34) 
   

Inserting Eq. (A-34) into Eq. (A-28) allows the plastic multiplier, Λ, to be written as: 

 Λ =
𝒂𝑇𝑫𝒆𝛿𝜺

𝒂𝑇𝑫𝒆𝒃 + 𝐴
 (A-35) 

   

where 𝐴 is the hardening modulus. The precise from of 𝐴 depends on the type of the hardening model 

adopted. For critical state type models, the hardening law is usually defined by a rate relation between 

𝛿𝜅 and an increment of plastic (volumetric and/or deviatoric) strain, and is defined as: 

 𝐴 = −
1

Λ

𝜕𝑓

𝜕𝜅
𝛿𝜅 (A-36) 

   

It is convenient to link the increment of stresses to increments of strain via a single, elastoplastic 

stiffness matrix, 𝑫𝒆𝒑, such that: 

 𝛿𝝈 = 𝑫𝒆𝒑𝛿𝜺 (A-37) 

𝑫𝒆𝒑 may then be obtained by substituting the expression for Λ from Eq. (A-35) into Eq. (A-34): 
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 𝑫𝒆𝒑 = 𝑫𝒆 −
𝑫𝒆𝒃𝒂𝑻𝑫𝒆

𝒂𝑻𝑫𝒆𝒃 + 𝐴
 (A-38) 

   

With known initial stress conditions, Eq. (A-37) describes a small system of incremental non-linear 

equations which may solved by integrating over an enforced increment of strain (or stress) to obtain 

the unknown stresses (or strains) and hardening parameter. 

A.3 STRESS INVARIANT DERIVATIVES 

The partial derivatives required to form the 𝑫𝒆𝒑 matrix may be determined by applying the chain 

rule to the partial derivatives of the stress invariant set {𝑝′, 𝑞, 𝜃}: 

 
𝜕𝑓

𝜕𝝈
=
𝜕𝑓

𝜕𝑝′

𝜕𝑝′

𝜕𝝈
+
𝜕𝑓

𝜕𝑞

𝜕𝑞

𝜕𝝈
+
𝜕𝑓

𝜕𝜃

𝜕𝜃

𝜕𝝈
 (A-39) 

   

 
𝜕𝑔

𝜕𝝈
=
𝜕𝑔

𝜕𝑝′

𝜕𝑝′

𝜕𝝈
+
𝜕𝑔

𝜕𝑞

𝜕𝑞

𝜕𝝈
+
𝜕𝑔

𝜕𝜃

𝜕𝜃

𝜕𝝈
 (A-40) 

   

The leading terms on the right hand side of equations Eqs. (A-39) and (A-40) are partial derivatives 

of the yield and plastic potential functions with respect to their defining stress invariants, and are 

therefore specific to the formulation of the adopted constitutive model. However, the trailing terms 

are the partial derivatives of the invariants themselves and are therefore standard for any isotropic 

elastoplastic constitutive model formulated in terms of the stress invariant set {𝑝′, 𝑞, 𝜃}, and are 

defined as: 

 
𝜕𝑝′

𝜕𝝈
=
1

3
[1 1 1 0 0 0]𝑇 (A-41) 

   

 
𝜕𝑞

𝜕𝝈
=
3

2𝑞
[𝜎𝑥𝑥 − 𝑝

′ 𝜎𝑦𝑦 − 𝑝′ 𝜎𝑧𝑧 − 𝑝′ 2𝜏𝑥𝑦 2𝜏𝑦𝑧 2𝜏𝑧𝑥]𝑇 (A-42) 

   

 
𝜕𝜃

𝜕𝝈
=

√3

2𝐽2
3 2⁄ cos 3𝜃

(
3

2

𝐽3
𝐽2

𝜕𝐽2
𝜕𝝈

−
𝜕𝐽3
𝜕𝝈
) (A-43) 

   

 
𝜕𝐽2
𝜕𝝈

= [𝜎𝑥𝑥 − 𝑝
′ 𝜎𝑦𝑦 − 𝑝′ 𝜎𝑧𝑧 − 𝑝′ 2𝜏𝑥𝑦 2𝜏𝑦𝑧 2𝜏𝑧𝑥]𝑇 (A-44) 

   

 
𝜕𝐽3
𝜕𝝈

=

[
 
 
 
 
 
 
 
 
 
1

3
(𝜎𝑥𝑥𝑠𝑥𝑥 + 𝜎𝑦𝑦𝑠𝑧𝑧 + 𝜎𝑧𝑧𝑠𝑦𝑦 + 𝜏𝑥𝑦

2 + 𝜏𝑦𝑧
2 + 𝜏𝑧𝑥

2 )

1

3
(𝜎𝑦𝑦𝑠𝑦𝑦 + 𝜎𝑧𝑧𝑠𝑥𝑥 + 𝜎𝑥𝑥𝑠𝑧𝑧 + 𝜏𝑦𝑧

2 + 𝜏𝑧𝑥
2 + 𝜏𝑥𝑦

2 )

1

3
(𝜎𝑧𝑧𝑠𝑧𝑧 + 𝜎𝑥𝑥𝑠𝑦𝑦 + 𝜎𝑦𝑦𝑠𝑥𝑥 + 𝜏𝑥𝑦

2 + 𝜏𝑦𝑧
2 + 𝜏𝑧𝑥

2 )

−2𝜏𝑥𝑦𝑠𝑧𝑧 + 2𝜏𝑦𝑧𝜏𝑧𝑥
−2𝜏𝑦𝑧𝑠𝑥𝑥 + 2𝜏𝑧𝑥𝜏𝑥𝑦
−2𝜏𝑧𝑥𝑠𝑦𝑦 + 2𝜏𝑥𝑦𝜏𝑦𝑧 ]

 
 
 
 
 
 
 
 
 

 (A-45) 
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For models that adopt a circular shape in the deviatoric plane (e.g. Drucker-Prager), the final terms 

of Eqs. (A-39) and (A-40) may be omitted. However, for models which account for Lode angle 

effects, 𝜕𝑓 𝜕𝜃⁄  and 𝜕𝑔 𝜕𝜃⁄  may be further broken down according to Eq. (A-46), in which the 

material derivatives depend on the chosen idealisation for 𝑀 (e.g. Mohr-Coulomb, Matsuoka & 

Nakai, 1974). 

 
𝜕𝑓

𝜕𝜃
=
𝜕𝑓

𝜕𝑀

𝜕𝑀

𝜕𝜃
; 
𝜕𝑔

𝜕𝜃
=
𝜕𝑔

𝜕𝑀

𝜕𝑀

𝜕𝜃
 (A-46) 
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APPENDIX B MONOTONIC UNLOAD-RELOADS 

  
(a) (b) 

  
(c) (d) 

Figure B-1: Plots of q vs εq used to estimate the unload-reload modulus, GUR, from CIDc(+v’) tests 

undertaken at initial confining stresses of (a) 50kN/m2; (b) 25kN/m2; (c) 12kN/m2; and (d) 6kN/m2 

Table B-1: Summary of calculated unload-reload shear moduli, GUR, estimated from CIDc(+v’) tests 

Test ID 𝑝0
′  UR loop 𝜀𝑞 𝑞𝑢𝑟 𝜂 𝐺𝑢𝑟  

𝐺𝑢𝑟
𝐺0(𝐵𝐸)

 

(#) (kN/m2) (#) (-) (kN/m2) (-) (MN/m2) (-) 

s01 50       

s02 25.2 1 1.93E-05 6.28 0.23 183.15 1.36 

s02 25.2 2 3.85E-05 12.6 0.43 122.03 0.90 

s02 25.2 3 7.50E-05 25.05 0.75 155.13 1.15 

s02 25.2 4 2.85E-04 49.97 1.20 118.15 0.87 

s03 14 1 4.86E-04 30.73 1.31 71.00 0.94 

s03 14 2 2.21E-03 36.81 1.46 54.45 0.72 

s03 14 3 5.30E-03 40.91 1.53 44.27 0.58 

s04 7.2 1 7.62E-04 18.06 1.46 81.76 1.45 

s04 7.2 2 3.06E-03 21.72 1.58 58.55 1.04 

s04 7.2 3 6.84E-03 23.88 1.66 43.17 0.77 

s21 50.6 1 4.01E-04 108.84 1.27 184.98 1.23 

s21 50.6 2 1.52E-03 147.13 1.49 138.62 0.92 

s21 50.6 3 3.70E-03 163.26 1.57 100.19 0.67 

s21 50.6 4 6.95E-03 174.60 1.62 70.54 0.47 
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(a) (b) 

Figure B-2: Plots of q vs εq used to estimate the unload-reload modulus, Gur, from CADc(+’v) tests 

undertaken at initial confining stresses of (a) 40kN/m2; and (b) 20kN/m2. 

 

Table B-2: Summary of calculated unload-reload shear moduli, Gur, estimated from CADc(+v’) tests 

Test ID 𝒑𝟎
′  UR loop 𝜺𝒒 𝒒𝒖𝒓 𝜼 𝑮𝒖𝒓 

𝑮𝒖𝒓
𝑮𝟎(𝑩𝑬)

 

(#) (kN/m2) (#) (-) (kN/m2) (-) (MN/m2) (-) 

s06 42.5 1 7.55E-04 73.5 1.45 203.8 1.41 

s06 42.5 2 3.17E-03 83.45 1.55 226.51 1.56 

s06 42.5 3 7.09E-03 89.05 1.60 177.61 1.23 

s06 42.5 4 1.27E-02 92.18 1.63 180.37 1.24 

s07 20.5 1 8.96E-04 36.82 1.47 214.72 1.90 

s07 20.5 2 3.24E-03 41.94 1.55 159.14 1.41 

s07 20.5 3 7.15E-03 45.12 1.60 147.98 1.31 

s07 20.5 4 1.24E-02 47.33 1.64 135.51 1.20 
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(a) (b) 

  
(c) (d) 

Figure B-3: Plots of q vs εq used to estimate the unload-reload modulus, Gur, from CIDc(+q) tests 

undertaken at initial confining stresses of (a) 50kN/m2; (b) 25kN/m2; (c) 12kN/m2; and (d) 6kN/m2. 

Table B-3: Summary of calculated unload-reload shear moduli, Gur, estimated from CIDc(+q) tests 

Test ID 𝒑𝟎
′  UR loop 𝜺𝒒 𝒒𝒖𝒓 𝜼 𝑮𝒖𝒓 

𝑮𝒖𝒓
𝑮𝟎(𝑩𝑬)

 

(#) (kN/m2) (#) (-) (kN/m2) (-) (MN/m2) (-) 

s13a 50.2 1 4.99E-05 25.29 0.5 245.17 1.37 

s13a 50.2 2 6.29E-05 31.52 0.62 271.2 1.51 

s13a 50.2 3 8.27E-05 37.64 0.75 256.64 1.43 

s13a 50.2 4 1.10E-04 43.87 0.87 210.76 1.18 

s13a 50.2 5 1.41E-04 49.95 0.99 204.09 1.14 

s14 25.3 1 3.85E-05 12.64 0.5 230.96 2.01 

s14 25.3 2 6.29E-05 18.84 0.74 154.23 1.35 

s14 25.3 3 1.04E-04 24.91 0.98 156.10 1.36 

s14 25.3 4 1.94E-04 31.05 1.23 125.29 1.09 

s14 25.3 5 6.75E-04 37.11 1.47 74.62 0.65 

s15 12.4 1 3.01E-05 6.14 0.49 - - 

s15 12.4 2 4.24E-05 9.08 0.71 112.82 1.47 

s15 12.4 3 6.42E-05 12.01 0.93 116.87 1.52 

s15 12.4 4 1.01E-04 14.89 1.16 83.95 1.09 

s15 12.4 5 3.42E-04 17.76 1.40 59.92 0.78 

s16 6.6 1 3.43E-05 3.05 0.46 - - 

s16 6.6 2 7.27E-05 4.50 0.67 53.67 1.24 

s16 6.6 3 1.41E-04 5.95 0.89 40.9 0.95 

s16 6.6 4 2.47E-04 7.40 1.11 38.53 0.89 

s16 6.6 5 6.20E-04 8.87 1.32 22.72 0.53 
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