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Given a compensated Poisson process (Xt)t≥0 based on (Ω,F ,P), the Wiener-Poisson iso-
morphism W : F+(L2(R+)) → L2(Ω,F ,P) is constructed. We restrict the isomorphism to
F+(L2[0, 1]) and prove some novel properties of the Poisson exponentials E(f) := W(e(f)).

A new proof of the result Λt + At + A†t = W−1X̂tW is also given. The analogous results for
F+(L2(R+)) are briefly mentioned.

The concept of a compensated Poisson process over R+ is generalised to any measure space
(M,M, µ) as an isometry I : L2(M,M, µ) → L2(Ω,F ,P) satisfying certain properties. For
such a generalised Poisson process we recall the construction of the generalised Wiener-Poisson
isomorphism, WI : F+(L2(M)) → L2(Ω,F ,P), using Charlier polynomials. Two alternative
constructions of WI are also provided, the first using exponential vectors and then deducing
the connection with Charlier polynomials, and the second using the theory of reproducing
kernel Hilbert spaces.

Given any measure space (M,M, µ), we construct a canonical generalised Poisson process
I : L2(M,M, µ) → L2(∆,B,P), where ∆ is the maximal ideal space, with B the completion
of its Borel σ-field with respect to P, of a C∗-algebra A ⊆ B(F+(L2(M))). The Gelfand
transform A → B(L2(∆)) is unitarily implemented by the Wiener-Poisson isomorphism WI :
F+(L2(M)) → L2(∆). This construction only uses operator algebra theory and makes no a
priori use of Poisson measures.

A new Fock space proof of the quantum Ito formula for (Λt + At + A†t)0≤t≤1 is given.
If (Ft)0≤t≤1 is a real, bounded, predictable process with respect to a compensated Poisson
process (Xt)0≤t≤1, we show that if Mt =

∫ t
0 FsdXs, then on Elb := linsp{e(f) : f ∈ L2

lb[0, 1]},

W−1M̂tW =

∫ t

0
W−1F̂sW(dΛs + dAs + dA†s),

and that (W−1M̂tW)0≤t≤1 is an essentially self-adjoint quantum semimartingale. We prove,
using the classical Ito formula, that if (Jt)0≤t≤1 is a regular self-adjoint quantum semimartin-

gale, then (WM̂tW−1 + Jt)0≤t≤1 is an essentially self-adjoint quantum semimartingale satis-
fying the quantum Duhamel formula, and hence the quantum Ito formula. The equivalent
result for the sum of a Brownian and Poisson martingale, provided that the sum is essentially
self-adjoint with core Elb, is also proved.
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Chapter 1

Introduction

Brownian motion (Wt)t≥0 on a complete probability space (Ωw,Fw,Pw), first constructed by

Wiener in [71], satisfies the properties

i) for (t1, . . . , tn) ∈ Rn+, the joint law of (Wt1 , . . . ,Wtn) is Gaussian with mean zero and

covariance E[WtkWtl ] = min(tk, tl),

ii) t 7→Wt(ω) is continuous a.s..

It is well-known that with its natural filtration (Wt)t≥0 is a square integrable martingale with

〈W,W 〉t = t. Using this property we can define multiple stochastic integrals

J (n) : L2(Dn) −→ L2(Ωw,Fw,Pw),

which are isometries such that for m 6= n, J (m)(L2(Dm)) is orthogonal to J (n)(L2(Dn)) (see

(3.1.1) for the definition of Dn). Multiple stochastic integrals were first defined in [72], however

the more commonly used definition is due to the work of Ito, first for real integrals in [30] and

later for complex integrals in [31]. We can use the multiple stochastic integrals to construct

the isometry

w : F+(L2(R+)) −→ L2(Ωw,Fw,Pw),

where F+(L2(R+)) is the symmetric Fock space over L2(R+). This decomposition agrees with

the one obtained in [13]. If the σ-field Fw is generated by (Wt)t≥0, then w is surjective and

is called the Wiener interpretation of Fock space. The connection with symmetric Fock space

was first presented in [61].

Quantum stochastic calculus, originally constructed in [28], is the non-commutative exten-

sion of Ito calculus. If (F t)t≥0 is a predictable process with respect to the natural filtration of

Brownian motion and is bounded on finite intervals, then (0, (w−1F̂tw)t≥0, (w
−1F̂tw)t≥0, 0),
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where F̂t is the operator of multiplication by F t, is a suitable quantum stochastic integrand

and for all f ∈ L2
lb(R+),

w−1M̂twe(f) =

(∫ t

0
w−1F̂swdAs + w−1F̂swdA

†
s

)
e(f), (1.0.1)

where Mt =
∫ t

0 FsdWs. In particular, on the exponential vectors of locally bounded square

integrable functions, multiplication by Brownian motion at time t corresponds to the operator

At + A†t (see (2.1.1) for the definition of At and A†t). Consequently many results in quantum

stochastic calculus are motivated by the isomorphism w, in particular the establishing of a

quantum Ito formula generalising the classical Ito formula

f(Wt) = f(0) +

∫ t

0
f ′(Ws)dWs +

1

2

∫ t

0
f ′′(Ws)ds.

1.1 Probabilistic interpretations of Fock space

The Wiener interpretation of Fock space over L2(R+) can be generalised. Suppose (Xt)t≥0 is

a real square integrable martingale on the complete probability space (Ω,F ,P) with respect

to its natural filtration (Ft)t≥0 and F is generated by (Xt)t≥0. Then (Xt)t≥0 is a normal

martingale if (X2
t − t)t≥0 is a martingale for the filtration (Ft)t≥0, that is 〈X,X〉t = t. For

such a martingale, we say a measurable process (F t)t≥0 is square integrable if
∫ t

0
E[|Fs|2]ds <∞ for all t ≥ 0.

A normal martingale, (Xt)t≥0, is said to satisfy the predictable representation property if for

all Y ∈ L2(Ω,F ,P),

Y = E[Y ] +

∫ ∞

0
FsdXs

for some predictable process (F t)t≥0 such that
∫ ∞

0
E[|Fs|2]ds <∞.

Since the multiple stochastic integrals defined for Brownian motion, (Wt)t≥0, only depend

on the property 〈W,W 〉t = t, for any normal martingale we may define multiple stochastic

integrals

J (n) : L2(Dn) −→ L2(Ω,F ,P),

which are isometries such that J (m)(L2(Dm)) is orthogonal to J (n)(L2(Dn)) for m 6= n. Hence

we have an isometry

wX : F+(L2(R+)) −→ L2(Ω,F ,P). (1.1.1)
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These isometries give the various probabilistic interpretations of Fock space. The chaotic

space of (Xt)t≥0 is defined to be CS(X) := wX(F+(L2(R+))). We say (Xt)t≥0 has the chaotic

representation property if CS(X) = L2(Ω,F ,P). It can easily be deduced that if (Xt)t≥0 has

the chaotic representation property then it has the predictable representation property. In

particular, Brownian motion has the chaotic and predictable representation property. The

normal martingales are in some sense generalisations of Brownian motion producing different

interpretations of Fock space. Consequently, quantum stochastic calculus should be considered

as both an extension and unification of classical stochastic calculus.

If (Xt)t≥0 is a normal martingale and Xt ∈ L4(Ω), then ([X,X]t− 〈X,X〉t)t≥0 is a square

integrable martingale. Hence if (Xt)t≥0 has the predictable representation property then

[X,X]t − 〈X,X〉t =

∫ t

0
ΨsdXs, (1.1.2)

for some square integrable predictable process (Ψt)t≥0. The equation (1.1.2) is called a struc-

ture equation for (Xt)t≥0. From [21], we have the following uniqueness of solution (in law)

results:

• Ψs = 0, (Xt)t≥0 is Brownian motion;

• Ψs = c, (Xt)t≥0 is the compensated Poisson process with jump size c and intensity 1
c2

;

• Ψs = βXs−, (Xt)t≥0 is the Azéma martingale with parameter β.

Our work will primarily be concerned with the case when Ψs = 1, the Poisson interpretation of

Fock space, in which case (Xt)t≥0 is the compensated Poisson process with intensity 1. It turns

out that the compensated Poisson process also has the chaotic representation property. Poisson

multiple stochastic integrals are in many ways not as well-known as the Wiener multiple

integrals, however they have been around for just as long. The Poisson chaotic expansion

was first discovered by Wiener under the name of ‘discrete chaos’ in [72, §11] and developed

more fully in [73], although as in the Wiener case, the modern definition of multiple Poisson

integrals is influenced by the work of Ito (see [32]). Extension of multiple Poisson integrals

to more general spaces can be found in [64] and [39]. The construction which we give in our

work is based on these two articles.

1.2 The Wiener-Ito isomorphism

The Wiener interpretation of Fock space over L2(R+) is an example of the Wiener-Ito iso-

morphism. Before describing the construction of the Wiener-Ito isomorphism we discuss the
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Hermite polynomials, which are closely related to the isomorphism. The Hermite polynomials

(hn)∞n=0 are defined by the generating function

etz−t
2/2 =

∞∑

n=0

tn

n!
hn(z),

for all t and z in C. It can be shown that

∫ ∞

−∞
hm(x)hn(x)

1√
2π
e−

x2

2 dx = n! δm,n,

and thus (hn)∞n=0 is an orthogonal sequence in L2(R,B, γ), where if E ∈ B,

γ(E) =
1√
2π

∫

E
e−

x2

2 dx.

We can also show that the Hermite polynomials are total in L2(R,B, γ). The Charlier poly-

nomials (Definition 4.2.1) are the analogous polynomials for Poisson variables.

By a Gaussian Hilbert space we mean a closed subspace of L2
R(Ω,F ,P), where (Ω,F ,P)

is a probability space, consisting of centred Gaussian random variables. Given a Gaussian

Hilbert space H, following the notations of [34, Chapter 2], we define

Pn := {p(ξ1, . . . , ξm) : p is a real polynomial of degree ≤ n, ξj ∈ H}

and let

H:n: := Pn ∩ Pn−1
⊥ ⊆ L2

R(Ω,F ,P),

taking P−1 := {0}. H:n: is called the nth Wiener chaos. From [34, Theorem 2.6] we know

that ∞⊕

n=0

H:n: = L2
R(Ω, σ(H),P),

where σ(H) is the σ-field generated by the random variables in H. If ξ1, . . . , ξn ∈ H, the Wick

product is defined to be

: ξ1 . . . ξn : := πn(ξ1 . . . ξn),

where πn is the orthogonal projection onto H:n:. This is well-defined since all moments of

a Gaussian random variable exist. It follows from [34, Theorem 3.9] that if ξ1, . . . , ξn and

η1, . . . , ηn are in H,

〈: ξ1 . . . ξn :, : η1 . . . ηn :〉 =
∑

σ∈Sn

n∏

j=1

〈ξj, ησ(j)〉,
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and from [34, Corollary 3.27] that the set of Wick products : ξ1 . . . ξn : with ξ1, . . . , ξn ∈ H
form a total subset of H:n:. Therefore H:n: is a concrete realisation of the nth symmetric

tensor product H⊗ns and thus we have an identification of F+(H), the real symmetric Fock

space over H, with L2
R(Ω, σ(H),P).

The Hilbert spaces we use will have inner products which are linear on the right and

conjugate linear on the left. Let HR be a real Hilbert space and H its complexification. Then

we define a Gaussian field over H to be an isometry I : H → L2(Ω,F ,P), where (Ω,F ,P)

is a probability space, such that for each h ∈ HR, I(h) is a centred Gaussian variable. As

before we shall assume that the probability space is complete and F = σ(I(H)∪N) where N

is the collection of null sets in F . If (Wt)t≥0 is Brownian motion, then w|L2(R+) is a Gaussian

field over L2(R+). Note that given a Gaussian field I : H → L2(Ω,F ,P), I(HR) is a Gaussian

Hilbert space and HR ∼= I(HR). From [26, Remark 2.0] we know that

F+(H) = F+(HR)⊕ iF+(HR).

Therefore from the comments above we have the following theorem.

Theorem 1.2.1 Suppose I : H → L2(Ω,F ,P) is a Gaussian field. Then there exists an

isometric isomorphism, called the Wiener-Ito isomorphism,

wI : F+(H) −→ L2(Ω,F ,P),

such that

wI : h1 ⊗s . . .⊗s hn 7−→
1√
n!

: I(h1) . . . I(hn) :,

for h1, . . . , hn ∈ HR.

This result can be found in [61, Theorem 3] and [18, Proposition 5.2]. From [34, Theorem

3.21] it follows that if {h1, . . . , hk} is an orthonormal set in HR and
∑k

j=1 pj = n,

wI(h
⊗p1s
1 ⊗s . . .⊗s h⊗

pk
s

k ) =
1√
n!
hp1(I(h1)) . . . hpk(I(hk)). (1.2.1)

Thus this definition can be used to provide an alternative construction of wI . From (1.2.1)

we can deduce that the Wiener interpretation of Fock space is the Wiener-Ito isomorphism

induced by w|L2(R+).

The exponential vectors in F+(L2(R+)) are crucial in the construction of quantum stochas-

tic integrals. Consequently it is important to investigate the behaviour of exponential vectors
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under wI . If I : H → L2(Ω) is a Gaussian field, then for h ∈ H we define the Wick exponential

to be

EwI (h) := wI(e(h)) = eI(h)− E[I(h)2]
2 , (1.2.2)

where e(h) is the Fock space exponential vector of h. It can easily be deduced that the Wick

exponentials satisfy

EwI (h1)EwI (h2) = e〈h1,h2〉EwI (h1 + h2).

It is possible to construct the isomorphism wI using just the exponential vectors (see [69, §4]).

In Section 4.3 we shall do a similar construction for the Poisson situation.

1.3 Motivation

The aim of this thesis is to establish results for Poisson processes which are known to hold for

Gaussian processes. In this section we present the results for Brownian motion and Gaussian

random variables which motivated the results in this thesis.

In the various probabilistic interpretations of Fock space a classical Ito formula exists. It

is desirable to obtain an Ito formula in quantum stochastic calculus, which generalises and

unifies the various probabilistic interpretations. The quantum Ito formula (Definition 2.3.1)

for regular self-adjoint quantum semimartingales was established in [66]. It has remained an

open problem whether it is possible to establish an Ito formula for unbounded essentially

self-adjoint quantum semimartingales. This problem is partially tackled in [67] by considering

a matrix formulation of quantum stochastic calculus and proving the Ito formula for various

matrix quantum stochastic integrals (see also [9]). However, this method requires the extension

of quantum stochastic calculus to domains larger than the original exponential domains of the

Hudson-Parthasarathy formulation.

Another possible way to obtain unbounded quantum semimartingales which satisfy the

quantum Ito formula is to consider perturbations of classical martingales, which satisfy the

classical Ito formula, by regular self-adjoint quantum semimartingales. This approach is mo-

tivated by results obtained for perturbations of self-adjoint operators on Hilbert spaces and

on the theory of perturbations of unitary groups. The method of proof used to show that an

essentially self-adjoint quantum semimartingale, M , satisfies the quantum Ito formula is to

deduce it from the quantum Duhamel formula for the unitary group (eipMt)p∈R. Consequently,

it would be expected that perturbations of classical martingales will also satisfy the quantum

Duhamel formula, from which the quantum Ito formula can be deduced.
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In [68], Vincent-Smith shows that if J is a regular self-adjoint quantum semimartingale

and if ‘Brownian motion’, (At + A†t)0≤t≤1, is perturbed by J , then the perturbed quantum

semimartingale, (Jt + At + A†t)0≤t≤1, is essentially self-adjoint and satisfies the quantum Ito

formula [68, Theorem 3.4]. The proof of this result approximates At+A
†
t by fn(At+A

†
t ) where

fn is bounded and uses the classical Ito formula to approximate eipMt by eipM
(n)
t where M (n) =

(Jt + fn(At + A†t))0≤t≤1 is a regular quantum semimartingale. It is shown in [67, §13] that

the result also holds for perturbations of Brownian martingales of the form (
∫ t

0 FsdWs)0≤t≤1,

where (Ft)0≤t≤1 is a bounded predictable process. Notice that from (1.0.1) that this classical

martingale can be represented as a quantum stochastic integral. Classical Poisson martingales,

via the Poisson interpretation of Fock space, can also be represented as quantum stochastic

integrals (see Theorem 6.2.4). We prove that perturbations of classical Poisson martingales

also satisfy the quantum Ito formula.

Given that there exists an isomorphism from symmetric Fock space over L2(R+) generated

by a Poisson process which is analogous to the isomorphism w induced by Brownian motion,

it is natural to ask if there is a map analogous to the Wiener-Ito isomorphism. Such an

isomorphism, which we call the Wiener-Poisson isomorphism, does exist. However we need to

restrict ourselves from general complexified Hilbert spacesH to L2(M,M, µ), where (M,M, µ)

is a measure space, and consider generalised Poisson processes, I : L2(M,M, µ)→ L2(Ω,F ,P),

which are proper generalisations of a Poisson process over R+. We shall explain the reasons

for this in Section 4.1. The construction of these isomorphisms was first done in [64] for non-

atomic measure spaces and later in [39] for Polish spaces which may have atoms. We give a

construction of this isomorphism for general measure spaces using Charlier polynomials. Our

approach is slightly different to the two articles mentioned, in that we use well-known results

for the isomorphism on F+(L2(R+)) to obtain results for the isomorphism on F+(L2(M)).

In [69], given a complexified Hilbert space, H, Vincent-Smith gives a canonical construction

of a Gaussian field. He constructs a unital commutative C∗-algebra, A ⊆ B(F+(H)), with

cyclic vector e(0) and then considers the Segal spatial isomorphism [62, Scholium 9.1],

S : F+(H) −→ L2(∆,B,P),

which implements the Gelfand transform. Here, the measure P, which occurs in the construc-

tion of the Segal spatial isomorphism, is a probability measure. It turns out that S |H is a

Gaussian field and the Wiener-Ito isomorphism it induces is S . Thus, Vincent-Smith is able

to produce a Gaussian field using C∗-algebra theory, rather than probability theory.

In this thesis, we shall do a similar argument for the Poisson distribution. Given any
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measure space (M,M, µ), we construct a unital commutative C∗-algebra A ⊆ B(F+(L2(M)))

with cyclic vector e(0) and look at the associated Segal spatial isomorphism S . Analogously

to the Gaussian case, S |L2(M) is a generalised Poisson process and S its Wiener-Poisson

isomorphism. It should be noted that in both cases the probability measure P occurs naturally

in the theory of C∗-algebras and no a priori use of Gaussian or Poisson measures is required.

1.4 Overview of thesis

There are two main threads to this thesis. The first is proving the quantum Ito formula for

perturbed classical Poisson martingales, and the second is the use of the Segal spatial isomor-

phism to construct Poisson processes. Consequently, this thesis can divided into Chapters 2,

3, 6, which prove the perturbation result and Chapters 3, 4, 5, which describe our construc-

tion of Poisson processes. The material in Chapter 3 is crucial to both ideas and provides

many of the tools we need. It contains a large collection of well-known results on the Poisson

interpretation of Fock space.

Chapter 2 gives details of results in quantum stochastic calculus. We begin the chapter

with a brief account of the Hudson-Parthasarathy construction of quantum stochastic inte-

grals on exponential domains of F+(L2[0, 1]). A definition of the quantum Duhamel formula for

essentially self-adjoint quantum semimartingales, including an extra measurability condition

which always holds for regular self-adjoint quantum semimartingales, is given. The quantum

Ito formula is deduced from the quantum Duhamel formula (Theorem 2.3.3), as in the reg-

ular case. This result is useful because in order to show an essentially self-adjoint quantum

semimartingale satisfies the quantum Ito formula we only need to show that it satisfies the

quantum Duhamel formula. The chapter follows the approach of [66], although we need to

take more care when dealing with unbounded quantum semimartingales.

In Chapter 3 we discuss the Poisson interpretation of Fock space over L2(R+). If (Xt)t≥0

is a compensated Poisson process on (Ω,F ,P), the construction of the isomorphism

W : F+(L2(R+)) −→ L2(Ω,F ,P),

an example of a map of the type given in (1.1.1), is described. Since we only consider quantum

stochastic integrals on F+(L2[0, 1]) we restrict ourselves to the compensated Poisson process

over [0, 1]. We show that the operators of multiplication by adapted measurable processes

give rise to suitable quantum stochastic integrands via the isomorphism W. The properties,

such as the multiplication formula, of Poisson exponentials E(f) := W(e(f)) are examined.
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We prove the novel result that Elb, the linear span of the Poisson exponentials of bounded

functions on [0, 1], is dense in Lp(Ω) for 1 ≤ p <∞, with the σ-field generated by (Xt)0≤t≤1.

This result is useful, since it can be used to show that certain operators of multiplication on

L2(Ω) are essentially self-adjoint with core Elb. The result that W intertwines Λt + At + A†t
and X̂t is well-known. We prove this result using the Poisson multiplication formula and the

classical Ito product formula, which is different from the usual proofs found in the literature.

The main aim of Chapter 4 is to construct the isomorphism for the Poisson distribution

which is equivalent to the Wiener-Ito isomorphism for Gaussian variables alluded to in Section

1.2. We begin by giving the definition of a generalised Poisson process over a measure space

(M,M, µ) as an isometry I : L2(M,M, µ) → L2(Ω,F ,P), which generalises the notion of a

compensated Poisson process over R+. The definition is slightly more general than the usual

definition of a Poisson random measure. We introduce the Charlier polynomials and use them

to construct the isometry

WI : F+(L2(M)) −→ L2(Ω,F ,P)

in Theorem 4.2.7. The results in Chapter 3 are then used to establish formulae for certain

exponential vectors WI(e(f)) which are proved in [64] for non-atomic measure spaces. These

formulae are then used to prove the surjectivity of WI (Theorem 4.2.12), when the σ-field

F is generated by the isometry I. The isomorphism will be called the generalised Wiener-

Poisson isomorphism. This approach is different to those of [64] and [39]. We also give a

construction of the isomorphism using a restricted exponential domain and the connection

with the Charlier polynomials deduced from this. The construction is similar to the one for

the Wiener-Ito isomorphism in [69, §4]. Another approach to the Wiener-Poisson isomorphism

using the theory of reproducing kernel Hilbert spaces is briefly discussed. We finish the chapter

by considering the discrete chaos spaces WI(L
2(M)⊗

n
s ) and establishing some formulae which

are proved in [64]. Although our formulae are not as general, the new proofs we give are much

easier to follow.

Chapter 5 is devoted to the canonical construction of generalised Poisson processes, using

operator algebra theory, modifying the arguments in [69, §5]. A unital commutative C∗-

algebra A ⊆ B(F+(L2(M))) is constructed and is shown to have cyclic vector e(0). The Segal

spatial isomorphism

S : F+(L2(M)) −→ L2(∆,B,P),

associated with the C∗-algebra A is shown to be the Wiener-Poisson isomorphism of the

generalised Poisson process S |L2(M) (Theorem 5.2.5 and Theorem 5.3.1). It should be noted
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that the probability measure P occurs naturally. The final part of the chapter considers the

way in which the generalised Poisson processes we construct are related when two measure

spaces are measure isomorphic.

The concluding chapter, Chapter 6, is concerned with showing that perturbations of cer-

tain classical martingales satisfy the quantum Duhamel formula and hence the quantum Ito

formula. As mentioned before, for convenience we work on L2[0, 1] rather than on L2(R+).

We begin with a new Fock space proof of the Ito formula for (Λt + At + A†t)0≤t≤1. Then we

prove the well-known result on the representation of classical Poisson martingales as quantum

stochastic integrals (Theorem 6.2.4) and show that the quantum Duhamel and Ito formulae

for these representations can be deduced from the classical Ito formula. The main result of

this chapter is Theorem 6.3.1, which says that perturbations of certain classical martingales by

regular self-adjoint quantum semimartingales are essentially self-adjoint quantum semimartin-

gales which satisfy the quantum Duhamel formula. We then look at mixed Brownian-Poisson

martingales, that is the sum of a classical Brownian and Poisson martingale and prove that

if the sum is also essentially self-adjoint then perturbations of it also satisfy the quantum

Duhamel formula.
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Chapter 2

Quantum Semimartingales

In this chapter we present a very brief account of the construction of quantum stochastic inte-

grals, more details of which can be found in [28], [47], [51] and [10]. We also give an extension

of the definition of the quantum Duhamel and the quantum Ito formulae for essentially self-

adjoint quantum semimartingales and show that with our definitions the quantum Duhamel

formula implies the quantum Ito formula.

2.1 Quantum stochastic integrals

We shall define our integrals on the symmetric Fock space over L2[0, 1], F+(L2[0, 1]), and shall

not use an initial space. Given f ∈ L2[0, 1] the exponential vector of f is

e(f) := (1, f, . . . ,
f⊗

n

√
n!
, . . .).

Note that because the exponential vectors are linearly independent, a linear operator can

be defined on the linear span of a set of exponential vectors by defining its action on each

exponential vector. We define

E := linsp{e(f) : f ∈ L2[0, 1]};
Elb := linsp{e(f) : f ∈ L∞[0, 1]}.

The notation Elb is used since if we work on F+(L2(R+)) instead, the analogous space will

consist of the linear span of exponential vectors of square integrable locally bounded functions

and not just bounded functions. Following [2] and [66] we shall define our integrals over Elb

although they can be constructed on

E(S) := linsp{e(f) : f ∈ S},
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where S is any admissible set in L2[0, 1]. That is, S is a dense subspace of L2[0, 1] such that

for all t ∈ [0, 1], ft :=
�

[0,t]f ∈ S. Such a set E(S), where S is an admissible set, is dense in

F+(L2[0, 1]) [51, Corollary 19.5]. In particular, both E and Elb are dense in F+(L2[0, 1]).

If P[0,t] is the orthogonal projection of L2[0, 1] onto L2[0, t], we define

Λt := λ(P[0,t]), At := a(
�

[0,t]), A†t := a†(
�

[0,t]), (2.1.1)

where λ, a and a† are defined in [28, §2] and [47, §IV.1.4,6]. (Λt)0≤t≤1, (At)0≤t≤1 and (A†t)0≤t≤1,

the gauge, annihilation and creation processes, are often called the basic processes.

For each t ∈ [0, 1], there exists a unique unitary map

ut : F+(L2[0, t])⊗ F+(L2(t, 1]) −→ F+(L2[0, 1])

such that

ut : e(f)⊗ e(g) 7−→ e(f + g). (2.1.2)

Consequently, F+(L2[0, t]) can be considered a subspace of F+(L2[0, 1]) by identifying it with

ut(F+(L2[0, t])⊗ 1). Similarly, F+(L2(t, 1]) can also be considered a subspace of F+(L2[0, 1]).

A family of linear operators F = (F t : t ∈ [0, 1]) whose domains contain Elb is said to be an

adapted process if for all f ∈ L∞[0, 1], t 7→ Fte(f) is strongly measurable and for all t ∈ [0, 1],
{
Fte(ft) ∈ F+(L2[0, t])
Fte(f) = ut(Fte(ft)⊗ e(

�
(t,1]f))

(2.1.3)

with the identification of F+(L2[0, t]) as a subspace of F+(L2[0, 1]). If Ft is a bounded operator

for each t, the measurability of t 7→ F tφ, for any φ ∈ F+(L2[0, 1]), and t 7→ ‖Ft‖ follow from

the definition of an adapted process. Our definition of quantum stochastic integrals follow

that of [2, §II].

Definition 2.1.1 Let E, F , G and H be adapted processes such that for all f ∈ L∞[0, 1],
∫ 1

0
(|f(s)|2‖Ese(f)‖2 + |f(s)|‖Fse(f)‖+ ‖Gse(f)‖2 + ‖Hse(f)‖)ds <∞. (2.1.4)

Then the quantum stochastic integral of the quadruple (E,F,G,H) is the unique adapted pro-

cess (Mt : t ∈ [0, 1]) defined on Elb such that for all f , g ∈ L∞[0, 1],

〈e(f),Mte(g)〉 =

∫ t

0
〈e(f), (f(s)g(s)Es + g(s)Fs + f(s)Gs +Hs)e(g)〉ds. (2.1.5)

We write

Mt =

∫ t

0
EsdΛs + FsdAs +GsdA

†
s +Hsds

and denote the integral of (E,F,G,H) as M(E,F,G,H) or as M if the dependence on the

integrands is clear or unimportant.
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The uniqueness is immediate since Elb is dense in F+(L2[0, 1]). The existence can be found

in [28, Theorem 4.4] and [47, §VI.1.6,7] amongst others. Notice that if the adjoint processes

(E∗, G∗, F ∗,H∗) are also adapted processes such that for all f ∈ L∞[0, 1],

∫ 1

0
(|f(s)|2‖E∗se(f)‖2 + |f(s)|‖G∗se(f)‖+ ‖F ∗s e(f)‖2 + ‖H∗s e(f)‖)ds <∞, (2.1.6)

then whenever t ∈ [0, 1], on Elb,

M∗t =

∫ t

0
E∗sdΛs +G∗sdAs + F ∗s dA

†
s +H∗s ds.

Consequently, in this case Mt has a densely defined adjoint and is therefore closable.

Since the original paper of Hudson and Parthasarathy [28], there have been various different

reformulations and extensions of quantum stochastic integrals, primarily in an attempt to

extend the integral to domains larger than the span of exponential vectors. One approach

uses the classical Ito calculus (see [6]), although the definition is implicit and consists of

a series of classical stochastic differential equations. Another approach (see [7] and [42])

uses non-causal stochastic analysis and Malliavin calculus. Recently a new definition which

combines the original Hudson-Parthasarathy definition and the above two approaches has

been formulated (see [5] and [3]). We shall use the original Hudson-Parthasarathy definition of

quantum stochastic integrals on exponential vectors because we shall be investigating essential

self-adjointness of quantum stochastic integrals and this is easier when the domains of the

operators are known.

Attal’s spaces of quantum semimartingales are first introduced in [2]. Regular quantum

semimartingales, which are bounded quantum semimartingales, have the property that they

satisfy the quantum Ito product formula and form a ∗-algebra under operator multiplication.

Definition 2.1.2 Let 1 ≤ p ≤ ∞ and H := F+(L2[0, 1]). Then Lp([0, 1]; B(H)) consists

of bounded processes (F t : t ∈ [0, 1]) such that t 7→ F tφ is strongly measurable for each

φ ∈ F+(L2[0, 1]) and s 7→ ‖Fs‖ is in Lp[0, 1]. As usual, two processes in Lp([0, 1]; B(H)) are

identified if they are equal almost everywhere. A quadruple (E,F,G,H) is said to be Bochner

integrable if

E ∈ L∞([0, 1]; B(H)), F,G ∈ L2([0, 1]; B(H)), H ∈ L1([0, 1]; B(H)).

Note that if we are working over R+ we consider the Bochner-Lebesgue spaces Lploc(R+; B(H))

with H := F+(L2(R+)) instead. Using the Pettis measurability theorem (see [17, Chapter 2,

Theorem 1.2]), we can easily deduce that it is sufficient in the above definition to only require
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that t 7→ Fte(f) is measurable for each f ∈ L∞[0, 1]. Given F ∈ Lp([0, 1]; B(H)) for some

p ≥ 1, for each t ∈ [0, 1] we can define the integral of F by

(∫ t

0
Fsds

)
φ :=

∫ t

0
Fsφds, (2.1.7)

whenever φ ∈ F+(L2[0, 1]). From the definition of Bochner-Lebesgue spaces this operator

is well-defined and is bounded with norm t1/q‖F‖p, where 1
p + 1

q = 1 (see [67, §2]). From

now on, whenever we write down an integral in B(F+(L2[0, 1])) it will be defined by (2.1.7),

in the strong operator sense, rather than as a Bochner integral in the non-separable space

B(F+(L2[0, 1])).

Definition 2.1.3 A quantum stochastic integral process (Mt : t ∈ [0, 1]) is said to be bounded

if Mt is bounded on Elb for each t ∈ [0, 1]. We define

S ′ := {M(E,F,G,H) : (E,F,G,H) is adapted and Bochner integrable},
S := {M ∈ S ′ : Mt is bounded for each t ∈ [0, 1]}.

Elements of S ′ are called quantum semimartingales, while elements of S are said to be regular

quantum semimartingales.

Elements of S ′ are easy to construct, since any Bochner integrable quadruple (E,F,G,H) gives

rise to an element of S ′. For example taking E = H = 0 and F = G = I gives Mt = At +A†t ,

which corresponds via the Wiener-Ito isomorphism to multiplication by Brownian motion

(see (1.0.1)). It is quite difficult to construct elements in S, because given (E,F,G,H) the

construction of Mt does not ensure it is bounded. However, Attal has shown that there exists a

bijection between the space of quantum semimartingales and regular quantum semimartingales

(see [4, Theorem 4.6]).

One way of constructing elements of S is as solutions of quantum stochastic differential

equations. For example, in [28, §7] unitary solutions (Ut : t ∈ [0, 1]) of

Ut = I +

∫ t

0
(α1 − 1)UsdΛs + α2UsdAs − α1α2UsdA

†
s + (iα3 −

1

2
|α2|2)Usds,

where α1, α2 ∈ C with |α1| = 1 and α3 ∈ R, are constructed. More results on solutions

of quantum stochastic differential equations can be found in [23], [24] and [65]. Another

method of constructing elements of S is to use probabilistic interpretations of Fock space.

In [2, Theorem 4], Attal shows that certain bounded classical stochastic integrals can be
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represented as regular quantum semimartingales. In Section 6.1 we shall give details in the

case of the Poisson interpretation of Fock space.

We now give an example of an element of S using ‘upside-down’ Brownian motion. Given

a Brownian motion (Wt)0≤t≤1 we know from the classical Ito formula that

eiWt = 1 + i

∫ t

0
eiWsdWs −

1

2

∫ t

0
eiWsds.

Thus, if w : F+(L2[0, 1]) → L2(Ωw,Fw,Pw) is the Wiener interpretation of Fock space (see

(1.0.1)),

w−1êiWtw = I + i

∫ t

0
w−1êiWsw(dAs + dA†s)−

1

2

∫ t

0
w−1êiWswds,

where êiWt denotes the bounded operator of multiplication by eiWt on L2(Ωw). Now, the

Fourier-Wiener transform is the unitary map

F : F+(L2[0, 1]) −→ F+(L2[0, 1])

e(f) 7−→ e(if).

More details of this map can be found in [47, §IV.2.2] and [34, §13.1]. It can easily be shown

that on Elb,

iAt − iA†t = F−1(At + A†t)F .

Consequently on Elb,

iAt − iA†t = F−1(At +A†t)F = F−1w−1ŴtwF . (2.1.8)

In fact, iAt − iA†t is unitarily equivalent via wF to Ŵt. Hence we have that D(iAt − iA†t) =

D((wF )−1ŴtwF ) and on this common domain (2.1.8) holds with iAt − iA†t replaced by its

closure [34, Theorem 13.21 iii)]. The operator iAt−iA†t is often called ‘upside-down’ Brownian

motion (see [47, §IV.2.3]). It can then be shown in a similar way to the usual Brownian motion

that

(wF )−1êiWtwF = I + i

∫ t

0
(wF )−1êiWswF (idAs − idA†s)−

1

2

∫ t

0
(wF )−1êiWswFds.

Therefore (w−1êiWtw + (wF )−1êiWtwF − 2I)0≤t≤1 is a regular quantum semimartingale.

It is possible to give a characterisation of elements of S which only depends on (Mt)0≤t≤1

without direct reference to the integrands of the quantum semimartingale. We shall not include

any details of this, since we shall not use this characterisation in our work, however details can
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be found in [2, Theorem 7], which extends [52, Theorem 3.10]. The integral representation

of a quantum semimartingale is unique (see [41, Corollary 1.3] or [65, Lemma 4.7]). If the

quadruple (E,F,G,H) is Bochner integrable, then the adjoint quadruple (E∗, G∗, F ∗,H∗)

is also Bochner integrable and thus satisfies (2.1.6). Therefore, if M ∈ S ′, Mt is closable

for each t ∈ [0, 1]. The space S is stable under composition and the adjoint operation [2,

Theorem 5], and many results have been obtained concerning it. Operator processes in S
have the advantage that the operators can be extended to the whole of F+(L2[0, 1]) by the

boundedness property. The extension Mt|Elb
agrees with the quantum stochastic integral if

it is defined on the whole of E. This is because if Mt|E is the quantum stochastic integral

constructed on E then Mt|Elb
⊆ Mt|E (Mt|E is also closable by exactly the same reasons as

for Mt|Elb
) and since D(Mt|Elb

) = F+(L2[0, 1]), we must have that on E, Mt|Elb
= Mt|E. It

should also be noted that the bounded extension also agrees with the Ito calculus formulation

[2, Corollary 2]. For the non-causal stochastic analysis definition, a similar argument using

the closability of the operators, shows that the bounded extension is also compatible with this

formulation.

We say that M ∈ S is a process of self-adjoint operators if the extension of Mt to the whole

of Fock space is self-adjoint for each t ∈ [0, 1]. However, when dealing with S ′ self-adjointness

needs more care since we need to specify the domain we are working on.

Definition 2.1.4 Suppose M ∈ S ′. Then we say that M is a process of essentially self-adjoint

operators if for each t ∈ [0, 1], Mt is an essentially self-adjoint operator with core Elb. We

define

S ′sa := {M ∈ S ′ : M is a process of essentially self-adjoint operators},
Ssa := {M ∈ S : M is a process of self-adjoint operators}.

When working with unbounded quantum semimartingales the domains are important and

this is the reason we shall assume all our integrals are defined on Elb. For M ∈ S ′sa we define

M := (Mt : t ∈ [0, 1]). If M = M(E,F,G,H) ∈ S ′ is a symmetric operator then by the

uniqueness of the integral representations E = E∗, G = F ∗ and H = H∗. In particular this

holds for all M ∈ S ′sa. Unlike for S ′, it is not easy to find quantum semimartingales in S ′sa,

since symmetric operators are not always essentially self-adjoint. One method of constructing

such elements is to use the Wiener interpretation of Fock space, w : F+(L2[0, 1]) → L2(Ωw).

If (Ft)0≤t≤1 is a real predictable process on (Ωw,Fw,Pw), bounded on each finite interval, and
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F̂t is the operator of multiplication by F t on L2(Ωw), then for t ∈ [0, 1],

Mt =

∫ t

0
w−1F̂sw(dAs + dA†s)

is a well-defined quantum semimartingale and wMtw
−1 is equivalent to multiplication by

∫ t
0 FsdWs on w(Elb). Since

∫ t
0 FsdWs ∈ L4(Ωw) (see [36, Exercise 3.25]) and w(Elb) is dense in

L4(Ωw), the operator of multiplication by
∫ t

0 FsdWs is self-adjoint with core w(Elb). Thus Mt

is essentially self-adjoint with core Elb and hence (Mt)0≤t≤1 ∈ S ′sa (see [67, §13]). Given a class

of processes in S ′sa we can construct more examples of essentially self-adjoint quantum semi-

martingales by perturbing the class by regular quantum semimartingales. This perturbation

technique is used frequently in Functional Analysis and Quantum Field Theory. In Chapter

6 we shall consider perturbations of classical semimartingales.

2.2 The quantum Duhamel formula

If (Wt)0≤t≤1 is Brownian motion then a classical Ito formula exists. Namely, if f : R → R is

twice continuously differentiable,

f(Wt) = f(0) +

∫ t

0
f ′(Ws)dWs +

1

2

∫ t

0
f ′′(Ws)ds, (2.2.1)

where the stochastic integral could be in the extended sense (see [16, §2.6] or [49, §1.1.3]). It

is natural to ask if this can be extended to quantum stochastic calculus. That is, given an

essentially self-adjoint quantum semimartingale M , can we obtain a formula for f(M)? In [8,

Theorem 4.4] it is shown that if the classical Duhamel formula holds, that is for all p ∈ R,

eipWt = 1 + ip

∫ t

0
eipWsdWs −

p2

2

∫ t

0
eipWsds, (2.2.2)

then it is possible to deduce the classical Ito formula, (2.2.1), for functions in the set

C2+
loc (R) := {f : R→ R ∈ L1(R) : p 7→ p2f̂(p) ∈ L1(R)}, (2.2.3)

where the Fourier transform f̂ of f is defined by

f̂(p) :=
1

2π

∫ ∞

−∞
f(x)e−ipxdx.

This is deduced by using the Fourier inversion formula

f(Wt) =

∫ ∞

−∞
f̂(p)eipWtdp,
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substituting (2.2.2) and then justifying the interchange of integrals via a Fubini type lemma

[8, Lemma 4.3]. From the Ito formula for functions f ∈ C2+
loc (R), it is possible to deduce

the general Ito formula by using sequences fn ∈ C2+
loc (R) ∩ C∞c (R) which approximate a more

general function f . In the quantum case we would like to establish a formula for eipMt like

(2.2.2), called the quantum Duhamel formula, from which we can deduce a quantum Ito

formula for certain functions.

The existence of a quantum Duhamel formula and a quantum Ito formula has been proved

for regular quantum semimartingales in [66]. For any M ∈ S, the Ito formula for polynomials

is established by induction [66, Lemma 4.1] and then extended to analytic functions [66,

Theorem 4.1]. The result for analytic functions is used to establish the quantum Duhamel

formula for eipMt [66, Proposition 5.1]. Then if M ∈ Ssa, an Ito formula for f(Mt), whenever

f ∈ C2+
loc (R), is obtained in [66, Theorem 6.2], using the quantum Duhamel formula and

the Fourier transform. For bounded quantum semimartingales all these results are possible

primarily due to the fact that since Mt is bounded for each t ∈ [0, 1], two such semimartingales

can be composed. For general quantum semimartingales such compositions are not possible,

however functional calculus can be used to define f(Mt), for bounded continuous functions

f , whenever M ∈ S ′sa. We would like to extend the formulae obtained for regular self-adjoint

quantum semimartingales to certain M ∈ S ′sa. In this section, we give a meaning to the

statement that M ∈ S ′sa satisfies the quantum Duhamel formula and deduce that if M ∈ S ′sa
satisfies the quantum Duhamel formula then this implies that M satisfies the quantum Ito

formula. This has been done for regular quantum semimartingales in [66, Theorem 6.2].

Given subspaces V1 ⊆ F+(L2[0, t]) and V2 ⊆ F+(L2(t, 1]) we shall denote by V1⊗V2 the

algebraic tensor product. Let T be a densely defined operator on F+(L2[0, t]) with domain

D(T ). Suppose that T ⊗ I is an essentially self-adjoint operator on F+(L2[0, t])⊗F+(L2(t, 1])

with domain D(T )⊗X where X is a dense subspace of F+(L2(t, 1]). Then we would like to

investigate if T is essentially self-adjoint on F+(L2[0, t]) and if this is true whether eip(T⊗I) =

eipT ⊗ I.

Lemma 2.2.1 Let T be as above. Then T : D(T )→ F+(L2[0, t]) is an essentially self-adjoint

operator.

Proof: We need to prove that T is closable, D(T ) = D(T ∗) and that for all φ ∈ D(T ),

Tφ = T ∗φ. Note that if φ ∈ D(T ), then φ ⊗ 1 ∈ D(T ⊗ I) with (T ⊗ I)(φ ⊗ 1) = Tφ ⊗ 1.
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Suppose φ, ψ ∈ D(T ). Then by the essential self-adjointness of T ⊗ I,

〈φ, Tψ〉 = 〈φ⊗ 1, (T ⊗ I)(ψ ⊗ 1)〉
= 〈(T ⊗ I)(φ⊗ 1), ψ ⊗ 1〉
= 〈Tφ, ψ〉.

Thus T is a symmetric operator and hence is closable. If φ ∈ D(T ) and ψ ∈ D(T ),

〈φ, Tψ〉 = 〈φ⊗ 1, (T ⊗ I)(ψ ⊗ 1)〉
= 〈(T ⊗ I)(φ⊗ 1), ψ ⊗ 1〉
= 〈Tφ, ψ〉.

Therefore D(T ) ⊆ D(T ∗) and T ⊆ T ∗. Conversely, if φ ∈ D(T ∗), for all ψ ∈ D(T ) and θ ∈ X,

〈φ⊗ 1, (T ⊗ I)(ψ ⊗ θ)〉 = 〈φ, Tψ〉〈1, θ〉
= 〈T ∗φ, ψ〉〈1, θ〉
= 〈T ∗φ⊗ 1, ψ ⊗ θ〉.

Thus φ ⊗ 1 ∈ D((T ⊗ I)∗) = D(T ⊗ I), and hence there exists (φn) ⊆ D(T ⊗ I) such that

φn → φ⊗ 1 and (T ⊗ I)φn converges. Let Pt be the orthogonal projection of F+(L2[0, 1]) onto

ut(F+(L2[0, t]) ⊗ 1). If ψ ∈ D(T ⊗ I), then Ptψ ∈ D(T ⊗ I) and Pt(T ⊗ I)ψ = (T ⊗ I)Ptψ.

Consequently, since F+(L2[0, t]) ⊗ 1 ∼= F+(L2[0, t]), Ptφn → φ in F+(L2[0, t]) and T (Ptφn)

converges. Therefore, φ ∈ D(T ) and D(T ∗) ⊆ D(T ).

The above lemma is a type of converse to [70, Theorem 8.33]. The fact that Pt(T ⊗ I) =

(T ⊗ I)Pt on D(T ⊗ I) can be used as part of an alternative definition of adaptedness. Recall

that the Malliavin gradient on Fock space is defined by

∇ : D(
√
N) −→ L2([0, 1]; F+(L2[0, 1]))

φ = (φn) 7−→ ∇tφ := (
√
nφn(·, t)),

where

D(
√
N) = {φ ∈ F+(L2[0, 1]) :

∞∑

n=0

n‖φn‖2 <∞}

and φn is interpreted as an element of L2
sym([0, 1]n). If Pt : F+(L2[0, 1])→ ut(F+(L2[0, t])⊗ 1)

is the orthogonal projection of F+(L2[0, 1]) onto ut(F+(L2[0, t]) ⊗ 1) as in the above proof,

then P∇ : D(
√
N) → L2([0, 1]; F+(L2[0, 1])), defined by (P∇φ)(t) = Pt(∇tφ), is a bounded
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operator. We define D := P∇ and Dtφ := (Dφ)(t). For each φ ∈ F+(L2[0, 1]), for almost all

t ∈ [0, 1] (depending on the element φ), Dtφ ∈ F+(L2[0, 1]). Then in [5, Proposition 3.5] and

[3, Proposition 1.4] it is shown that an operator with domain Elb is adapted at time t if and

only if on Elb, {
PtF = FPt
DuF = FDu a.e. u ≥ t.

More details can be found in [5, §3] and [3, §I.1.2].

Lemma 2.2.2 Let T be as above. Then for each p ∈ R, eip(T⊗I) = eipT ⊗ I.

Proof: It can easily be shown that T ⊗ I is equal to the closure of the operator T ⊗ I with

domain D(T )⊗F+(L2(t, 1]). Thus, since T is self-adjoint we obtain the result by applying [70,

Theorem 8.35].

Corollary 2.2.3 If M ∈ S ′sa and f ∈ L∞[0, 1], then for each p ∈ R and t ∈ [0, 1],

{
eipMte(ft) ∈ F+(L2[0, t])

eipMte(f) = ut(e
ipMte(ft)⊗ e(f

�
(t,1]))

Proof: This follows immediately from the lemma above since for each t ∈ [0, 1], Mt is in the

same form as T ⊗ I in the lemma.

Therefore, if t 7→ eipMt is strongly measurable, then (eipMt : t ∈ [0, 1]) is an adapted process.

We do not know if this measurability condition is true for all M ∈ S ′sa.

Lemma 2.2.4 Suppose M = M(E,F, F ∗,H) ∈ S ′sa and that the map (p, t) 7→ eipMt is strongly

measurable as a function R × [0, 1] → B(F+(L2[0, 1])). Then Mt + Et is self-adjoint and

(p, t) 7→ eip(Mt+Et) is strongly measurable.

Proof: By the Kato-Rellich theorem (see [55, Theorem X.12] or [70, Theorem 5.28]), Mt+Et

is self-adjoint. Since Et is a bounded self-adjoint operator and t 7→ Et is strongly measurable,

the map (p, t) 7→ eipEt is strongly measurable. By [70, Theorem 7.40] in the strong sense,

eip(Mt+Et) = lim
n→∞

(ei(p/n)Mtei(p/n)Et)n.

However by [66, Lemma 3.3], (p, t) 7→ (ei(p/n)Mtei(p/n)Et)n is strongly measurable. Conse-

quently, eip(Mt+Et) is the strong limit of these operators and so the result follows.

25



For regular self-adjoint quantum semimartingales the quantum Duhamel formula represents

(eipMt)0≤t≤1 as a regular quantum semimartingale. If M belongs to S ′sa the situation is more

delicate and we include an extra measurability condition as part of the definition of the

quantum Duhamel formula, which always holds in the bounded case.

Definition 2.2.5 Let M = M(E,F, F ∗,H) ∈ S ′sa. Then we say M satisfies the quantum

Duhamel formula if the mapping (p, t) 7→ eipMt is strongly measurable as a function R×[0, 1]→
B(F+(L2[0, 1])), and for each p ∈ R and t ∈ [0, 1],

eipMt = I +

∫ t

0
Eexp(ipM)dΛ + Fexp(ipM)dA+Gexp(ipM)dA

† +Hexp(ipM)ds, (2.2.4)

where

Eexp(ipM)(s) := eip(Ms+Es) − eipMs ,

Fexp(ipM)(s) := ip

∫ 1

0
eip(1−u)MsFse

ipu(Ms+Es)du,

Gexp(ipM)(s) := ip

∫ 1

0
eip(1−u)(Ms+Es)F ∗s e

ipuMsdu, (2.2.5)

Hexp(ipM)(s) := ip

∫ 1

0
eip(1−u)MsHse

ipuMsdu

+ (ip)2

∫ 1

0

∫ 1

0
ueip(1−u)MsFse

ipu(1−v)(Ms+Es)F ∗s e
ipuvMsdudv.

The above definition requires some explanation. Firstly, for convenience we write Eexp(ipM)dΛ

instead of Eexp(ipM)(s)dΛs etc. in (2.2.4) and this notation will always be used when stating

the quantum Duhamel formula. The integrals in (2.2.5) are in the strong sense of (2.1.7), that

is, for example, for each φ ∈ F+(L2[0, 1]),

(∫ 1

0
eip(1−u)MsFse

ipu(Ms+Es)du

)
φ =

∫ 1

0
eip(1−u)MsFse

ipu(Ms+Es)φdu,

where the integral on the right-hand side is a Bochner integral over F+(L2[0, 1]). The mea-

surability condition imposed ensures that the integrals in (2.2.5) exist. For example, when

considering Fexp(ipM)(s), we know by Lemma 2.2.4, that for each p ∈ R and φ ∈ F+(L2[0, 1]),

(u, s) 7−→ eip(1−u)MsFse
ipu(Ms+Es)φ

is strongly measurable and furthermore

‖eip(1−u)MsFse
ipu(Ms+Es)φ‖ ≤ ‖Fs‖‖φ‖. (2.2.6)
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Consequently for all s ∈ [0, 1],

u 7−→ eip(1−u)MsFse
ipu(Ms+Es)φ

is integrable on [0, 1] and by Fubini’s theorem,

s 7−→ Fexp(ipM)(s)φ = ip

∫ 1

0
eip(1−u)MsFse

ipu(Ms+Es)φdu

is strongly measurable. The same argument works for the other integrands. Given this strong

integrability, it is now clear from the properties of the Bochner integral that the integrands in

(2.2.4) are adapted processes. It also follows from inequalities like (2.2.6), that the quadruple

(Eexp(ipM), Fexp(ipM), Gexp(ipM),Hexp(ipM)) is Bochner integrable. Therefore the measurability

condition imposed in the definition ensures that both sides of (2.2.4) are well-defined.

If M ∈ Ssa then the requirement that (p, t) 7→ eipMt is strongly measurable always holds.

This is because when Mt is bounded for each t ∈ [0, 1],

eipMt =
∞∑

n=0

(ip)n

n!
Mn
t ,

where the sum converges in the norm operator topology. Therefore since for each n and

φ ∈ F+(L2[0, 1]), t 7→Mn
t φ is measurable,

(p, t) 7−→ eipMtφ =
∞∑

n=0

(ip)n

n!
Mn
t φ

is strongly measurable. When dealing with unbounded essentially self-adjoint quantum semi-

martingales we do not know if this measurability condition is always satisfied. However from

[70, Theorem 8.30] we do know that for each t ∈ [0, 1] there exists a dense subset of analytic

vectors of Mt, say Dt, such that for each φ ∈ Dt,

eipMtφ =
∞∑

n=0

(ip)n

n!
Mt

n
φ.

Unfortunately, the subspace Dt may not be the same for each t.

2.3 The quantum Ito formula

In [66, Theorem 6.2] the Ito formula for regular quantum semimartingales was established for

functions in the set C2+
loc (R) (see (2.2.3) for the definition of C2+

loc (R)). Note that if f ∈ C2+
loc (R),
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f is assumed to be continuous, and from the condition on f̂ and the Fourier inversion theorem,

f is also bounded. It is known that if f ∈ C2+
loc (R) and T is a self-adjoint operator on

F+(L2[0, 1]),

f(T ) =

∫ ∞

−∞
f̂(p)eipTdp, (2.3.1)

where the integral is again in the strong sense.

Definition 2.3.1 Let M = M(E,F, F ∗, G) ∈ S ′sa. We say that M satisfies the quantum Ito

formula if for all f ∈ C2+
loc (R) and t ∈ [0, 1],

f(Mt) = f(0)I +

∫ t

0
Ef(M)dΛ + Ff(M)dA+ F ∗f(M)dA

† +Hf(M)ds, (2.3.2)

where

Ef(M)(s) :=

∫ ∞

−∞
f̂(p)(eip(Ms+Es) − eipMs)dp,

Ff(M)(s) :=

∫ ∞

−∞
ipf̂(p)

(∫ 1

0
eip(1−u)MsFse

ipu(Ms+Es)du

)
dp,

F ∗f(M)(s) :=

∫ ∞

−∞
ipf̂(p)

(∫ 1

0
eip(1−u)(Ms+Es)F ∗s e

ipuMsdu

)
dp, (2.3.3)

Hf(M)(s) :=

∫ ∞

−∞
ipf̂(p)

(∫ 1

0
eip(1−u)MsHse

ipuMsdu

)
dp

+

∫ ∞

−∞
(ip)2f̂(p)

(∫ 1

0

∫ 1

0
ueip(1−u)MsFse

ipu(1−v)(Ms+Es)F ∗s e
ipuvMsdudv

)
dp.

Again, the notational convention as for the quantum Duhamel formula is used and the integrals

in (2.3.3) are in the strong sense. The above definition should be interpreted as the integrals in

(2.3.3) and quantum stochastic integral in (2.3.2) all exist and that equality holds in (2.3.2).

Note that since f̂(p) is f̂(−p), we have Ef(M)(s) = Ef(M)(s)
∗, F ∗f(M)(s) = Ff(M)(s)

∗ and

Hf(M)(s) = Hf(M)(s)
∗. Thus if M ∈ S ′sa satisfies the quantum Ito formula, then for all

f ∈ C2+
loc (R), f(M) = (f(Mt))0≤t≤1 is a regular self-adjoint quantum semimartingale. It

should also be noted that if M ∈ S ′sa is such that (p, t) 7→ eipMt is measurable, then the

right-hand side of (2.3.2) always exists.

When dealing with regular quantum semimartingales it can be deduced from the fact that

M satisfies the quantum Duhamel formula, that it satisfies the quantum Ito formula. This

is proved by using a Fubini type theorem [66, Theorem 6.1] to justify the change of integrals

in (2.3.1) when the formula for eipMt from (2.2.4) is substituted in (see [66, Theorem 6.2]).

Given the slightly stronger definition of the quantum Duhamel formula in the unbounded case,
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we can also deduce that if M ∈ S ′sa satisfies the quantum Duhamel formula, it satisfies the

quantum Ito formula.

Lemma 2.3.2 Let {E(p, s), F(p, s), G(p, s), H(p, s) : p ∈ R, s ∈ [0, 1]} be a set of densely defined

operators, whose domains contain Elb for each p and s such that

a) for all f ∈ L∞[0, 1] the functions

(p, s) 7−→ E(p, s)e(f), (p, s) 7−→ F(p, s)e(f),

(p, s) 7−→ G(p, s)e(f), (p, s) 7−→ H(p, s)e(f)

are Bochner integrable over R× [0, 1],

b) for almost all p, the processes

s 7−→ E(p, s), s 7−→ F(p, s), s 7−→ G(p, s), s 7−→ H(p, s)

are adapted,

c) for all s ∈ [0, 1] the Bochner integral over R of the functions

p 7−→ E(p, s), p 7−→ F(p, s), p 7−→ G(p, s), p 7−→ H(p, s)

are processes E, F , G and H which satisfy (2.1.4),

d) for almost all p,

M(p, t) =

∫ t

0
E(p, s)dΛs + F(p, s)dAs + G(p, s)dA†s + H(p, s)ds

is a regular quantum semimartingale such that p 7→ M(p, t) is Bochner integrable for all

t ∈ [0, 1] with integral M(t).

Then

M(t) =

∫ t

0
E(s)dΛs + F (s)dAs +G(s)dA†s +H(s)ds.

Proof: Note that by Fubini’s theorem, the Bochner integrals E, F , G and H exist for almost

all s. Otherwise it is assumed that they are taken to be zero. Taking F(p, s) for example, by

Fubini, for f ∈ L∞[0, 1],

s 7−→ F (s)e(f) =

∫ ∞

−∞
F(p, s)e(f)dp

29



is strongly measurable. Hence, from the properties of Bochner integrals E, F , G and H are

adapted processes. Condition c) ensures that (E,F,G,H) are suitable integrands. Suppose

that K is one of the functions {E, F, G, H} with corresponding K ∈ {E,F,G,H} and integrator

Aε ∈ {Λ, A,A†, s}. Let f , g ∈ L∞[0, 1] and choose the appropriate h ∈ {f̄ g, g, f̄ , 1}. Then

∫ t

0
〈e(f), h(s)K(s)e(g)〉ds =

∫ t

0
〈e(f), h(s)

∫ ∞

−∞
K(p, s)e(g)dp〉ds

=

∫ t

0

∫ ∞

−∞
〈e(f), h(s)K(p, s)e(g)〉dpds

=

∫ ∞

−∞

∫ t

0
〈e(f), h(s)K(p, s)e(g)〉dsdp

=

∫ ∞

−∞
〈e(f),

∫ t

0
K(p, s)dAεse(g)〉dp.

The interchange of the integrals is allowed by Fubini’s theorem. Now let N = N(E,F,G,H)

be the quantum stochastic integral of (E,F,G,H). Then by (2.1.5),

〈e(f), Nte(g)〉 =

∫ t

0
〈e(f), (f(s)g(s)E(s) + g(s)F (s) + f(s)G(s) +H(s))e(g)〉ds

=

∫ ∞

−∞
〈e(f),

(∫ t

0
E(p, s)dΛs + F(p, s)dAs + G(p, s)dA†s + H(p, s)ds

)
e(g)〉dp

= 〈e(f),M(t)e(g)〉.

The last equality holds because we are assuming that the Bochner integral of p 7→ M(p, t)

exists. Since Elb is dense in F+(L2[0, 1]) the result follows.

Theorem 2.3.3 If M ∈ S ′sa satisfies the quantum Duhamel formula, then M satisfies the

quantum Ito formula.

Proof: We know from (2.3.1) that

f(Mt)− f(0)I =

∫ ∞

−∞
f̂(p)(eipMt − I)dp.

Therefore, substituting in the formula for eipMt we get

f(Mt)− f(0)I =

∫ ∞

−∞

(∫ t

0
E(p, s)dΛs + F(p, s)dAs + G(p, s)dA†s + H(p, s)ds

)
dp,
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where

E(p, s) = f̂(p)(eip(Ms+Es) − eipMs),

F(p, s) = ipf̂(p)

∫ 1

0
eip(1−u)MsFse

ipu(Ms+Es)du,

G(p, s) = ipf̂(p)

∫ 1

0
eip(1−u)(Ms+Es)F ∗s e

ipuMsdu,

H(p, s) = ipf̂(p)

∫ 1

0
eip(1−u)MsHse

ipuMsdu

+ (ip)2f̂(p)

∫ 1

0

∫ 1

0
ueip(1−u)MsFse

ipu(1−v)(Ms+Es)F ∗s e
ipuvMsdudv.

If we can show that the family {E(p, s), F(p, s), G(p, s), H(p, s)} satisfy the condition of Lemma

2.3.2 we obtain the result. We shall show this is true for F(p, s), the other cases following

similarly. From the measurability condition in the quantum Duhamel formula, if

f̃(p, u, s) := ipf̂(p)eip(1−u)MsFse
ipu(Ms+Es),

we know that for φ ∈ F+(L2[0, 1]),

(p, u, s) 7−→ f̃(p, u, s)φ

is measurable as a map R× [0, 1]× [0, 1]→ F+(L2[0, 1]). Furthermore

‖f̃(p, s, u)φ‖ ≤ |p||f̂(p)|‖Fs‖‖φ‖.

Therefore by Fubini’s theorem

(p, s) 7−→ F(p, s)φ =

∫ 1

0
f̃(p, s, u)φdu

is measurable and

‖F(p, s)φ‖ ≤ |p||f̂(p)|‖Fs‖‖φ‖ ∈ L1(R× [0, 1]).

Consequently, (p, s) 7→ F(p, s)φ is Bochner integrable over R× [0, 1]. Furthermore

‖F (s)φ‖ =

∥∥∥∥
∫ ∞

−∞

(∫ 1

0
f̃(p, s, u)φdu

)
dp

∥∥∥∥ ≤
∫ ∞

−∞
|p||f̂(p)|dp‖Fs‖‖φ‖.

Therefore condition c) is satisfied. The proofs for E, G and H are similar. Also p 7→ M(p, t), as

defined in Lemma 2.3.2, is Bochner integrable with integral f(Mt). Therefore, we may apply

Lemma 2.3.2 to obtain the result.
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The quantum stochastic integrals considered in this chapter have been defined on F+(L2[0, 1]).

However, they can easily be constructed on F+(L2(R+)) instead. All the results concerning

unbounded essentially self-adjoint semimartingales can be seen to hold in this case as well.

When we look at perturbations of classical semimartingales in Chapter 6, we shall only consider

integrals defined on F+(L2[0, 1]) in order to simplify our proofs.

2.4 Convergence of quantum semimartingales

We finish this chapter by stating convergence results which will be useful later. A proof of the

first result can be found in [67, Proposition 2.1].

Proposition 2.4.1 Let M = M(E,F,G,H) be a quantum semimartingale, and let M (n) =

M (n)(E(n), F (n), G(n),H(n)) be a sequence of regular quantum semimartingales such that

i) E
(n)
t , F

(n)
t , G

(n)
t and H

(n)
t converge strongly to Et, F t, Gt and Ht respectively, for almost

all t ∈ [0, 1],

ii) sup{‖M (n)
t ‖ : t ∈ [0, 1], n = 1, 2, . . .} = K <∞,

iii) supn ‖E(n)
t ‖ = α(t) ∈ L∞[0, 1],

iv) supn(‖F (n)
t ‖+ ‖G(n)

t ‖) = β(t) ∈ L2[0, 1],

v) supn ‖H(n)
t ‖ = γ(t) ∈ L1[0, 1].

Then

a) M is a regular quantum semimartingale with ‖Mt‖ ≤ K for all t ∈ [0, 1],

b) M
(n)
t converges strongly to Mt for all t ∈ [0, 1].

Some convergence results for self-adjoint operators on Hilbert spaces are now stated for com-

pleteness. The propositions below can be found in [56, Theorem VIII.25, Theorem VIII.21]

and are useful since for a self-adjoint operator T they allow eipT to be approximated by eipTn

where Tn is a sequence of self-adjoint operators which converge in some way to T .

Proposition 2.4.2 Let Tn and T be self-adjoint operators on a Hilbert space H and suppose

that D is a common core for T and all Tn. If Tnφ→ Tφ for each φ ∈ D, then Tn → T in the

strong resolvent sense.

32



Proposition 2.4.3 Let Tn and T be self-adjoint operators on a Hilbert space H. Then Tn → T

in the strong resolvent sense if and only if eipTn converges strongly to eipT for each real p.

Corollary 2.4.4 Let Tn and T be self-adjoint operators on a Hilbert space H and suppose

that D is a common core for T and all Tn. If Tnφ→ Tφ for each φ ∈ D, then eipTn converges

strongly to eipT for each real p.

Our approach to proving that a perturbation of a classical Poisson martingale, M say, satisfies

the quantum Duhamel formula is by approximating the martingale by a sequence of self-

adjoint regular quantum semimartingales, M (n), and then using Proposition 2.4.1. Corollary

2.4.4 gives the tool we need to show that the quantum Duhamel integrands of M (n) converge,

as in the hypothesis of Proposition 2.4.1, to the quantum Duhamel integrands of M .
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Chapter 3

The Poisson Interpretation of Fock
Space

If (Nt)t≥0 is a Poisson process, which exists on a probability space (Ω,F ,P), we can construct

an isomorphism

W : F+(L2(R+)) −→ L2(Ω,F ,P).

We begin this chapter by providing a brief outline of the construction of this map and examine

some of its properties. Since this isomorphism is well-known, we omit most of the proofs. In

the later sections we investigate the Poisson exponentials which are important in quantum

stochastic calculus. We also look at the use of the isomorphism W in constructing examples

of quantum semimartingales.

3.1 The Wiener-Poisson isomorphism

There are various different but equivalent definitions of a Poisson process. We use the definition

which is most appropriate for our work.

Definition 3.1.1 Let (Ω,F ,P) be a complete probability space. We say that (Nt)t≥0 is a

Poisson process (with unit jump size and intensity 1) based on (Ω,F ,P) if

i) N0 = 0 a.s.,

ii) for 0 ≤ s < t < ∞, Nt − Ns is a Poisson random variable with mean t − s, that is

Nt −Ns takes values in N0 such that

P(Nt −Ns = n) =
(t− s)ne−(t−s)

n!
,
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iii) for 0 ≤ t0 < t1 < . . . < tn <∞,

{Nt0 , Ntj −Ntj−1 : j = 1, . . . , n}

is a set of independent random variables.

Given a Poisson process there exists a version such that a.s. the paths are increasing and are

constant except for jumps of size 1, of which there are finitely many in each bounded interval

and infinitely many in [0,∞) [19, §VIII.4]. For such a version, given any t > 0, the paths are

a.s. continuous at t [22, Theorem 3.2 1)]. By taking the right limit we obtain a version of

the Poisson process with the same properties as above, but with paths which are a.s. right

continuous with left-hand limits. The version whose paths are a.s. right continuous with

left-hand limits is referred to as the càdlàg version, and we shall assume that we are always

using this version. This version is unique up to indistinguishability.

If (Nt)t≥0 is a Poisson process, we define,

Ft := σ({Nu : u ≤ t} ∪N);

F[t,s] := σ({Nu −Nt : t ≤ u ≤ s} ∪N);

F[t := σ({Nu −Nt : t ≤ u} ∪N);

F∞ := σ({Nu : 0 ≤ u} ∪N),

where N is the collection of P-null sets in Ω. The filtration (Ft)t≥0 satisfies the usual conditions

(see [15, §2.3 Theorem 4]).

Definition 3.1.2 Let (Nt)t≥0 be a Poisson process based on (Ω,F ,P). Then the martingale

{(Xt)t≥0, (Ft)t≥0}, where Xt := Nt− t, is said to be a compensated Poisson process (with unit

jump size and intensity 1).

Notice that by the properties of our version of (Nt)t≥0 mentioned above, (Xt)t≥0 is a process

of finite variation. We also note that L2(Ω,Ft,P) = L2(Ω, σ(Xu : u ≤ t),P) (see [15, §2.3

Lemma]), similarly for F[t,s], F[t and F∞.

Suppose {(Yt)t≥0, (Gt)t≥0} is a square integrable martingale. By the first increasing process

of (Yt)t≥0, we mean the process (〈Y, Y 〉t)t≥0, which is the unique predictable, right continuous,

increasing process such that (Y 2
t −〈Y, Y 〉t)t≥0 is a martingale [44, Proposition 17.2]. The pro-

cess ([Y, Y ]t)t≥0 is called the quadratic variation process of (Xt)t≥0. It is the càdlàg increasing

process such that for any t ≥ 0 and any sequence of partitions of [0, t],

πn : 0 = tn0 < tn1 < . . . < tnk(n) = t,
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with

δπn = sup
1≤j≤k(n)

|tnj − tnj−1| → 0 as n→∞,

we have

[Y, Y ]t = problim
n→∞

k(n)∑

j=1

(Ytnj − Ytnj−1
)2

(see [44, Theorem 18.6]). From the classical Ito product formula we know that

[Y, Y ]t = Y 2
t + 2

∫ t

0
Ys−dYs,

which is often used as an alternative definition of the quadratic variation process.

If (Xt)t≥0 is a compensated Poisson process, then it follows from the independence of the

increments that (X2
t − t)t≥0 is a martingale and hence 〈X,X〉t = t. Given t > 0 consider the

sequence of partitions

πn : 0 <
t

n
< . . . <

(n− 1)t

n
< t.

Then δπn → 0 as n → ∞. If ω ∈ Ω is such that Nt(ω) is monotone increasing with only

finitely many jumps in [0, t], then for large n, since each subinterval ((j − 1)t/n, jt/n] of the

partition has at most one jump and the number of such subintervals with jumps is Nt(ω),

n∑

j=1

(Xjt/n(ω)−X(j−1)t/n(ω))2 =
n∑

j=1

(Njt/n(ω)−N(j−1)t/n(ω)− t

n
)2

=
n∑

j=1

(Njt/n(ω)−N(j−1)t/n(ω))2

− 2
n∑

j=1

(Njt/n(ω)−N(j−1)t/n(ω))
t

n
+
t2

n

= Nt(ω)− 2
t

n
Nt(ω) +

t2

n
.

Since for the version of the Poisson process we are using the paths are a.s. increasing with

only finitely many jumps of size 1 in [0, t], we have that a.s.

n∑

j=1

(Xjt/n −X(j−1)t/n)2 → Nt as n→∞.

Hence for a compensated Poisson process

[X,X]t = t+Xt.
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This is equation (1.1.2) with Ψs = 1.

We now briefly describe the isomorphism between
⊕∞

n=0 L
2(Dn) and L2(Ω,F ,P), where

the simplex

Dn := {(t1, . . . , tn) ∈ Rn : 0 ≤ t1 < . . . < tn} (3.1.1)

is endowed with Lebesgue measure. This isomorphism is often called the Poisson interpretation

of Fock space. The following theorem can be found in [45].

Theorem 3.1.3 Let (Xt)t≥0 be a compensated Poisson process on (Ω,F ,P). Then there exists

a unique isometry

J =

∞⊕

n=0

J (n) :

∞⊕

n=0

L2(Dn) −→ L2(Ω,F ,P),

such that if

f(t1, . . . , tn) =
�

(a1,b1](t1) . . .
�

(an,bn](tn),

with 0 ≤ a1 ≤ b1 ≤ . . . ≤ an ≤ bn, then

J (n)(f) = (Xb1 −Xa1) . . . (Xbn −Xan). (3.1.2)

Notice that form 6= n, J (m)(L2(Dm)) is orthogonal to J (n)(L2(Dn)). In fact we shall consider a

slightly modified map. If L2
sym(Rn+) denotes the set of symmetric square integrable functions on

Rn+, then the map φ(n) : f 7→
√
n!f |Dn is a surjective isometric isomorphism φ(n) : L2

sym(Rn+)→
L2(Dn). If we let Φ =

⊕∞
n=0 φ

(n), the composition

W := J ◦ Φ :
∞⊕

n=0

L2
sym(Rn+) −→ L2(Ω,F ,P)

is an isometry. We define I(n) := J (n) ◦ φ(n), and therefore W =
⊕∞

n=0 I
(n). This map is

preferred since it does not use the order structure of R+ and can be generalised to a more

general measure space (see Section 4.2). Since L2
sym(Rn+) is a concrete realisation of the

symmetric tensor product L2(R+)⊗
n
s given by

(f1 ⊗s . . .⊗s fn)(t1, . . . , tn) =
1

n!

∑

σ∈Sn
f1(tσ(1)) . . . fn(tσ(n)),

where f1, . . . , fn ∈ L2(R+), we can say F+(L2(R+)) ∼=
⊕∞

n=0L
2
sym(Rn+). Consequently we

actually have an isomorphism

W : F+(L2(R+)) −→ L2(Ω,F ,P),
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which we shall call the Wiener-Poisson isomorphism.

Recall that, given f ∈ L2(R+), the exponential vector of f , e(f) ∈ F+(L2(R+)), is defined

by

e(f) := (1, f,
f⊗

2

√
2!
, . . . ,

f⊗
n

√
n!
, . . .).

When considered as an element of L2
sym(Rn+), f⊗

n
(t1, . . . , tn) = f(t1) . . . f(tn). As quantum

stochastic integrals are defined on exponential vectors, we need to consider the random vari-

ablesW(e(f)) in L2(Ω,F ,P). From [46, §II.2] (see also [44, Theorem 29.2]), we have the result

below.

Theorem 3.1.4 Let f ∈ L2(R+), and define ft :=
�

[0,t]f . There is a unique version (Zt)t≥0

of (W(e(ft)))t≥0 which satisfies

Zt = 1 +

∫ t

0
f(s)Zs−dXs for all t ≥ 0. (3.1.3)

Moreover if E(f) :=W(e(f)) and
∫∞

0 f(s)dXs :=W(f), we have

E(f) = exp{
∫ ∞

0
f(s)dXs}

∏

s≥0

(1 + f(s)∆Xs)e
−f(s)∆Xs a.s.. (3.1.4)

The Zs− in (3.1.3) can be replaced by Zs, because we can integrate adapted measurable,

as well as predictable, square integrable processes with respect to the compensated Poisson

process (see [16, §3.3]). We prefer to retain the suffix s− since it is consistent with the

notation used for other square integrable martingales. Notice that E(f) = E(f) and that the

version of (Zt)t≥0 satisfying the exponential equation (3.1.3) is the unique càdlàg version of

the martingale (E(ft))t≥0 (see [57, Theorem II.2.9]). If f ∈ L2(R+) is locally bounded with

compact support, then

∫ ∞

0
f(s)dXs =

∑

s≥0

f(s)∆Xs −
∫ ∞

0
f(s)ds,

because in this case the stochastic integral agrees a.s. with the Lebesgue-Stieltjes integral [44,

Theorem 24.4 3◦]. Consequently, for all such f we can write

E(f) = exp{−
∫ ∞

0
f(s)ds}

∏

s≥0

(1 + f(s)∆Xs). (3.1.5)

The following result will be useful later on, since it shows that if tj ∈ R+ and αj ∈ R for

j = 1, . . . , n, exp{i∑n
j=1 αjXtj} is in the linear span of the exponential vectors.
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Lemma 3.1.5 Let α =
∑n

j=1 αj
�

(aj ,bj ] where αj ∈ R and 0 ≤ aj ≤ bj. Then

E(eiα − 1) = exp{−
∫ ∞

0
(eiα − 1− iα)ds+ i

n∑

j=1

αj(Xbj −Xaj )}. (3.1.6)

Proof: Notice that eiα − 1 equals eiαj − 1 on (aj, bj ] and is zero outside these intervals.

Therefore by (3.1.5), we have

E(eiα − 1) = exp{−
∫ ∞

0
(eiα − 1)ds}

∏

s≥0

(1 + (eiα(s) − 1)∆Xs)

= exp{−
∫ ∞

0
(eiα − 1)ds}

∏

s≥0,∆Xs 6=0

eiα(s)

= exp{−
∫ ∞

0
(eiα − 1)ds}exp{i

∑

s≥0

α(s)∆Xs}

= exp{−
∫ ∞

0
(eiα − 1)ds}exp{i

n∑

j=0

αj(Nbj −Naj )}.

Since Xt = Nt − t, (3.1.6) follows.

Corollary 3.1.6 If tj ∈ R+ for j = 1, . . . , n,

exp{i
n∑

j=1

αjXtj} ∈ linsp{E(eiα − 1) : α ∈ Lstep
R (R+)}

for all αj ∈ R.

Proof: Taking α =
∑n

j=1 αj
�

(0,tj ] in Lemma 3.1.5, because X0 = 0,

E(eiα − 1) = exp{−
∫ ∞

0
(eiα − 1− iα)ds}exp{i

n∑

j=1

αjXtj}.

Therefore the claim holds.

The isometryW actually maps F+(L2(R+)) onto L2(Ω,F∞,P). This can be proved in various

ways, but in [21, Proposition 4], Émery shows that the exponential vectors of Lemma 3.1.5

are total in L2(Ω,F∞,P) to prove surjectivity. It should be noted that he uses his ‘Émery Ito

formula’ to obtain the expression (3.1.6).
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Theorem 3.1.7 The map W : F+(L2(R+))→ L2(Ω,F∞,P) is surjective. Under this map we

can identify

F+(L2[0, t]) ∼= L2(Ω,Ft,P);

F+(L2[t, s]) ∼= L2(Ω,F[t,s],P);

F+(L2[t,∞)) ∼= L2(Ω,F[t,P).

The identification of the appropriate subspaces can be obtained by the same argument as in

[21, Proposition 4] by restricting the functions u ∈ L2(R+) in the proof to having supports in

the appropriate intervals.

3.2 The Poisson exponentials

From now on we shall restrict ourselves to working over L2[0, 1] since our quantum stochastic

integrals will always be defined on F+(L2[0, 1]), and consider the isomorphism

W : F+(L2[0, 1]) −→ L2(Ω,F1,P).

There will be no confusion in denoting F1 by F and Lp(Ω,F ,P) by Lp(Ω). Although we

are restricting ourselves to F+(L2[0, 1]), all the arguments can be transformed to L2(R+) by

making appropriate modifications (see Section 3.4). In this section we look at some of the

properties of the exponential vectors in L2(Ω), which will be useful later on and compare

them to the corresponding properties of the exponentials in the Wiener interpretation of

Fock space. Recall from (1.2.2) that in the Wiener interpretation of Fock space, that is the

isometric isomorphism w : F+(L2[0, 1])→ L2(Ωw,Fw,Pw), where a version of (w(
�

[0,t]))0≤t≤1

gives Brownian motion,

Ew(f) = exp{w(f)− 1

2

∫ 1

0
f(s)2ds}, (3.2.1)

where Ew(f) := w(e(f)). More details can be found in [34, §III.2].

We begin with a lemma that is immediate from (3.1.4), which also holds in the Wiener

case.

Lemma 3.2.1 Let f , g ∈ L2[0, 1] have disjoint supports. Then E(f)E(g) = E(f + g).

Recall that the Hilbert space tensor product, F+(L2[0, t])⊗ F+(L2(t, 1]) is the completion of

the algebraic tensor product F+(L2[0, t])⊗F+(L2(t, 1]) with respect to the norm induced by

the inner product

〈φ1 ⊗ φ2, ψ1 ⊗ ψ2〉 := 〈φ1, ψ1〉〈φ2, ψ2〉.
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Furthermore,

T : F+(L2[0, t])× F+(L2(t, 1]) −→ F+(L2[0, t])⊗F+(L2(t, 1])

given by

T : (φ, ψ) 7−→ φ⊗ ψ

is a bounded bilinear map. The Hudson-Parthasarathy construction of quantum stochastic

integrals relies heavily on the identification F+(L2[0, t])⊗ F+(L2(t, 1]) ∼= F+(L2[0, 1]), via the

isomorphism ut (see (2.1.2)). Let

ũt := ut|F+(L2[0,t])⊗F+(L2(t,1]) ◦ T : F+(L2[0, t])× F+(L2(t, 1]) −→ F+(L2[0, 1]). (3.2.2)

Note that ũt is a continuous bilinear map. From Lemma 3.2.1 above we can easily deduce

the well-known fact that the isomorphism W transforms ũt into ordinary multiplication. The

exact same result holds in the Wiener case.

Proposition 3.2.2 Let mt : L2(Ω,Ft) × L2(Ω,F[t,1]) → L2(Ω,F) be the multiplication map

(X,Y ) 7→ XY . Then the diagram

F+(L2[0, t])× F+(L2(t, 1])
ũt−−−−→ F+(L2[0, 1])

W×W
y

yW

L2(Ω,Ft)× L2(Ω,F[t,1])
mt−−−−→ L2(Ω,F)

commutes, that is mt(W ×W) =W ũt.

Proof: Note that mt is a continuous map. If φ ∈ F+(L2[0, t]) and ψ ∈ F+(L2(t, 1]),

mt(W ×W) : (φ, ψ) 7−→ WφWψ.

From Lemma 3.2.1, if f ∈ L2[0, t] and g ∈ L2(t, 1],

W ũt(e(f), e(g)) =W(e(f + g)) = E(f + g)

= E(f)E(g) =W(e(f))W(e(g))

= mt(W ×W)(e(f), e(g)).

Thus, since {e(f) : f ∈ L2[0, t]} and {e(f) : f ∈ L2(t, 1]} are total in F+(L2[0, t]) and

F+(L2(t, 1]) respectively, and the maps mt(W ×W) and W ũt are both continuous, the result

follows.
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Given a random variable on any probability space (Ω′,F ′,P ′), the corresponding multiplication

operator on L2(Ω′) will be important later on. For clarity we make the following definition.

Definition 3.2.3 Let X be a complex random variable on a probability space (Ω′,F ′,P ′). Then

we denote by X̂ the operator of multiplication by X on L2(Ω′). That is, X̂ : D(X̂)→ L2(Ω′),

where

D(X̂) := {Y ∈ L2(Ω′) : XY ∈ L2(Ω′)},

such that

X̂(Y )(ω) = X(ω)Y (ω).

We shall also use the notation X̂to denote the operator of multiplication by X.

X̂ is a closed operator and from [56, §VIII.3 Proposition 1], if X is real-valued then X̂ is a

self-adjoint operator on L2(Ω′). We shall now return to the Poisson space (Ω,F ,P).

Lemma 3.2.4 Suppose (F t)0≤t≤1 is an adapted, measurable process, and let F̂ t be the operator

of multiplication by F t on L2(Ω,F ,P). Then if

D(F̂ t) := D(F̂ t) ∩ L2(Ω,Ft,P) = {X ∈ L2(Ω,Ft) : F tX ∈ L2(Ω,Ft,P)},

we have that ut(W−1(D(F̂ t))⊗F+(L2(t, 1])) ⊆ D(W−1F̂ tW). Moreover, if φ ∈ W−1(D(F̂ t))

and ψ ∈ F+(L2(t, 1]),

W−1F̂ tW(ut(φ⊗ ψ)) = ut(W−1F̂ tWφ⊗ ψ),

that is on W−1(D(F̂ t))⊗F+(L2(t, 1]),

W−1F̂ t|D(cF t)W ⊗ I = u−1
t (W−1F̂ tW)ut.

Proof: Suppose φ ∈ W−1(D(F̂t)) and ψ ∈ F+(L2(t, 1]). Then by Proposition 3.2.2,Wut(φ⊗
ψ) =W ũt(φ, ψ) =WφWψ. By the independence of Ft and F[t,1], WφWψ ∈ D(F̂t), therefore

ut(φ⊗ ψ) ∈ D(W−1F̂tW), and

W−1F̂tW(ut(φ⊗ ψ)) =W−1(FtWφWψ)

=W−1mt(W ×W)(W−1FtWφ, ψ)

=W−1W ũt(W−1F̂tWφ, ψ)

= ut(W−1F̂tWφ⊗ ψ).

Since W−1(Dt)⊗F+(L2(t, 1]) is spanned by elements of the form φ ⊗ ψ, we arrive at the

result.
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The above result can be interpreted as saying that the operator of multiplication by F t on

L2(Ω,F ,P) is the ampliation of the operator of multiplication by F t on L2(Ω,Ft,P). Using

this result we now construct quantum semimartingales from classical stochastic processes. We

refer the reader to [16, Chapters 2,3] and [38, Chapter 3] for definitions and results for classical

processes.

Theorem 3.2.5 Let (F t)0≤t≤1 be a bounded, adapted, measurable process on (Ω,F ,P). If F̂ t

is the operator of multiplication by F t on L2(Ω,F ,P), then (W−1F̂ tW)0≤t≤1 is an adapted

process of bounded operators such that t 7→ ‖W−1F̂ tW‖B(F+(L2[0,1])) is in L∞[0, 1]. Hence if

(Ht)0≤t≤1 is another bounded, adapted, measurable process and

Mt =

∫ t

0
W−1F̂sW(dΛs + dAs + dA†s) +

∫ t

0
W−1ĤsWds, (3.2.3)

then (Mt)0≤t≤1 is a quantum semimartingale.

Proof: Since Ft is bounded for each t, F̂t is a bounded operator on L2(Ω). Let f ∈ L2[0, 1]

be bounded. If D(F̂t) is as in Lemma 3.2.4, D(F̂t) = L2(Ω,Ft), and hence by Lemma 3.2.4,

since ut(e(ft)⊗ e(f
�

(t,1])) = e(f), we have e(f) ∈ D(W−1F̂tW) and

W−1F̂tW(e(f)) = ut(W−1F̂tW(e(ft))⊗ e(f
�

(t,1])).

Therefore to show that the process (W−1F̂tW)0≤t≤1 is adapted, we only need to show strong

measurability of t 7→ F̂tE(f). Since L2(Ω) is separable, by the Pettis measurability theorem

[17, Chapter 2, Theorem 1.2], we only need to show that for all X ∈ L2(Ω),

t 7−→
∫

Ω
XFtE(f)dP

is measurable. This is true due to Fubini’s theorem. The final part follows immediately

because |Ft| ≤ K for some constant K, thus ‖F̂t‖B(L2(Ω)) ≤ K for all t ∈ [0, 1] and therefore

the map t 7→ ‖W−1F̂tW‖B(F+(L2[0,1])) = ‖F̂t‖B(L2(Ω)) is in L∞[0, 1].

In the Wiener interpretation of Fock space, from the definition of the Wiener exponential (see

(3.2.1)), we obtain the multiplication formula

Ew(f)Ew(g) = e〈f̄ ,g〉Ew(f + g),

for all f , g ∈ L2[0, 1]. As mentioned in [47, §IV.3.6], we do not have such an elegant mul-

tiplication formula in the Poisson case, and certain conditions on f and g are required. In
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order that an analogous formula holds in the Poisson case we shall usually work with bounded

functions. We let

E := linsp{E(f) : f ∈ L2[0, 1]};
Elb := linsp{E(f) : f ∈ L∞[0, 1]}.

As previously mentioned the corresponding spaces in F+(L2[0, 1]) are represented by E and

Elb respectively. We shall work over Elb, because a multiplication formula for exponentials

of bounded functions can be proved. The following formula can also be proved using Yor’s

multiplication formula for stochastic exponentials, E(X)E(Y ) = E(X+Y +[X,Y ]) (see [75, §2.1

Proposition 4]), however we prefer to make use of the explicit formula for Poisson exponentials

instead, because by using this approach we do not need to use the Doléans formula for a general

exponential semimartingale. It should be noted that the multiplication formula for Poisson

exponentials holds for f , g ∈ L2[0, 1] satisfying weaker conditions than boundedness. However

in the work we do, boundedness is the natural condition to impose.

Proposition 3.2.6 Let f , g ∈ L∞[0, 1]. Then

E(f)E(g) = e〈f̄ ,g〉E(f + g + fg). (3.2.4)

Proof: Notice that as f , g ∈ L∞[0, 1], fg ∈ L∞[0, 1], and hence the right-hand side of (3.2.4)

is well-defined. By (3.1.5) we have

E(f)E(g) = exp{−
∫ ∞

0
f(s)ds}

∏

s≥0

(1 + f(s)∆Xs)

× exp{−
∫ ∞

0
g(s)ds}

∏

s≥0

(1 + g(s)∆Xs)

= exp{−
∫ ∞

0
(f(s) + g(s))ds}

×
∏

s≥0

(1 + f(s)∆Xs + g(s)∆Xs + f(s)g(s)(∆Xs)
2)

= e〈f̄ ,g〉exp{−
∫ ∞

0
(f(s) + g(s) + f(s)g(s))ds}

×
∏

s≥0

1 + (f(s) + g(s) + f(s)g(s))∆Xs),

where the last equality comes from the fact that ∆Xs = 0 or 1. As fg ∈ L∞[0, 1] we have the

required formula.
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Corollary 3.2.7 Elb ⊆ Lp(Ω) for all 1 ≤ p <∞.

Proof: We prove this by induction. Let f ∈ L∞[0, 1] and assume E(f)n = knE(gn) for some

constant kn and some gn ∈ L∞[0, 1]. This is clearly true when n = 0. Then by (3.2.4) we have

E(f)n+1 = E(f)nE(f)

= knE(gn)E(f)

= kne
〈f̄ ,gn〉E(f + gn + fgn)

= kn+1E(gn+1)

where kn+1 = kne
〈f̄ ,gn〉 and gn+1 = f + gn + fgn. Therefore the induction is valid and thus

E(f)n ∈ L2(Ω) for all n ≥ 0. Hence Elb ⊆ Lp(Ω) for all 1 ≤ p <∞.

Corollary 3.2.8 If f ∈ L∞[0, 1], then

E(f)2 = e〈f̄ ,f〉E(2f + f2)

and therefore

E[|E(f)|4] = e2Re〈f̄ ,f〉+‖2f+f2‖2 .

Proof: We have from (3.2.4) that E(f)2 = e〈f̄ ,f〉E(2f + f2). Therefore, using the fact that

〈E(g), E(h)〉 = e〈g,h〉 for all g, h ∈ L2[0, 1],

E[|E(f)|4] = e2Re〈f̄ ,f〉〈E(2f + f2), E(2f + f2)〉
= e2Re〈f̄ ,f〉e‖2f+f2‖2 ,

which gives the required formula.

In fact Elb can be shown to be dense in Lp(Ω) for 1 ≤ p < ∞. Our proof of this is similar

to that in [21, Proposition 4 iii)] for the case L2(Ω), however we prove a more general result

(see Proposition 3.2.10) using the approach of [34, Lemma 2.7]. When considering the Wiener

case, since the exponential multiplication formula holds for all f , g ∈ L2[0, 1], or by direct

calculation, we obtain E ⊆ Lp(Ω), and consequently the following results can be stated for E
instead of Elb.

Lemma 3.2.9 Suppose X ∈ L1(Ω,F({Xt1, . . . ,Xtn} ∪ N)), for some tj ∈ [0, 1]. Then if

E[Xexp{i∑n
j=1 αjXtj}] = 0 for all αj ∈ R, then X = 0 a.s..
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Proof: We may assume that a.s. X = f(Xt1, . . . ,Xtn) for some f ∈ L1(Rn, µ) where µ is

the distribution function of {Xt1 , . . . ,Xtn}. Then for (y1, . . . , yn) ∈ Rn, we obtain

0 = E[Xexp{−i
n∑

j=1

yjXtj}]

= E[f(Xt1, . . . ,Xtn)exp{−i
n∑

j=1

yjXtj}]

=

∫

Rn
f(x1, . . . , x1)exp{−i

n∑

j=1

yjxj}dµ(x)

= f̂dµ(y1, . . . , yn).

Hence the Fourier transform of fdµ is zero, and by the injectivity of the Fourier transform,

we have f = 0 µ-a.e., that is X = 0 a.s..

Proposition 3.2.10 Suppose X ∈ L1(Ω) and E[Xexp{i∑n
j=1 αjXtj}] = 0 for all n ∈ N,

αj ∈ R and tj ∈ [0, 1]. Then X = 0 a.s..

Proof: X must be measurable with respect to some F({Xtj}∞j=1 ∪ N). We define Fn :=

F({Xt1, . . . ,Xtn} ∪N). Then E[X|Fn] ∈ L1(Ω,Fn), and if αj ∈ R,

E[E[X|Fn]exp{i
n∑

j=1

αiXtj}] = E[E[Xexp{i
n∑

j=1

αjXtj}|Fn]]

= E[Xexp{i
n∑

j=1

αjXtj}] = 0.

Thus by Lemma 3.2.9, E[X|Fn] = 0 a.s.. Now by the martingale convergence theorem,

E[X|Fn]→ X a.s. as n→∞. Therefore X = 0 a.s..

Using the above we can obtain the density of Elb in Lp(Ω) for 1 ≤ p < ∞. This result does

not appear in any of the literature.

Theorem 3.2.11 Elb is dense in Lp(Ω) for all 1 ≤ p <∞.

Proof: From Corollary 3.1.6, we have that

E ′ := linsp{exp{i
n∑

j=1

αjXtj} : n ∈ N, (α1, . . . , αn) ∈ Rn, (t1, . . . , tn) ∈ [0, 1]n}

is a subset of Elb. For p > 1, if 1
p + 1

q = 1, we know that Lp(Ω)∗ = Lq(Ω). Hence to prove the

density of Elb in Lp(Ω) we only need to show that if X ∈ Lq(Ω), and E[Xexp{i∑n
j=1 αjXtj}] =
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0 for all n ∈ N, αj ∈ R and tj ∈ [0, 1], then X = 0 a.s.. However, as Lq(Ω) ⊆ L1(Ω), this comes

immediately from Proposition 3.2.10. The density of Elb in L1(Ω) follows from the density of

Elb in Lp(Ω) for p > 1.

Corollary 3.2.12 If Y ∈ LpR(Ω) for some p > 2 and Ŷ denotes the operator of multiplication

by Y , as in Definition 3.2.3, then Ŷ is essentially self-adjoint with core Elb.

Proof: Find q such that 1
p + 1

q = 1
2 . Then Elb is dense in Lq(Ω) by Theorem 3.2.11. Hence

by [56, §VIII.3, Proposition 2], Ŷ is essentially self-adjoint with core Elb.

The above result is useful, because if we can show certain multiplication operators by ran-

dom variables in Lp(Ω) (p > 2) can be represented as quantum stochastic integrals on Elb,

then we can say that these quantum stochastic integrals and perturbations of them by reg-

ular self-adjoint quantum semimartingales are essentially self-adjoint with core Elb. Once

self-adjointness is established, we can investigate if the quantum Ito formula holds for these

quantum stochastic integrals.

Notice that Proposition 3.2.10 proves a stronger result than the density of Elb in Lp(Ω).

It proves that E ′ is dense in Lp(Ω). It can also be used to prove that E ′ is weak∗ dense in

L∞(Ω), since L1(Ω)∗ = L∞(Ω).

3.3 The Poisson process in F+(L2[0, 1])

We begin with a definition, which succinctly describes the situation when two closed densely

defined operators on two Hilbert spaces are unitarily equivalent.

Definition 3.3.1 Let H1 and H2 be Hilbert spaces and U : H1 → H2 be a unitary operator.

Let T1 and T2 be closed densely defined operators on H1 and H2 respectively. We say U

intertwines T1 and T2 if U maps D(T1) onto D(T2) and on D(T1), T1 = U−1T2U .

It is well-known that given a compensated Poisson process (Xt)0≤t≤1,W intertwines Λt+At+

A†t (where Λt, At and A†t are defined in (2.1.1)) and the multiplication operator X̂t. One proof

of this result is by showing that

eiu(Λt+At+A
†
t ) =W−1eiu

cXtW

and then using the uniqueness of the Stone infinitesimal generator of a unitary group. A

rough outline of this argument, containing a couple of infelicities, is given in [47, §IV.2.5]. We
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now flesh it out. The proof involves direct calculation of the action of the two exponential

operators on Elb. From [47, §IV.2.5] (see also Proposition 5.1.4), given u ∈ R, f ∈ L∞[0, 1],

eiu(Λt+At+A
†
t )e(f) = exp{(eiu − 1)

∫ t

0
f(s)ds+ t(eiu − 1− iu)}

× e(eiu � [0,t]f + (eiu − 1)
�

[0,t]).

Notice that since Xt = Nt − t and ∆Xs = 0 or 1,

eiuXt = eiu(Nt−t) = e−iut
∏

s≤t,∆Xs 6=0

eiu.

Therefore using (3.1.5),

eiuXtE(f) = exp{−
∫ 1

0
f(s)ds− iut}

×
∏

s≤t,∆Xs 6=0

eiu(1 + f(s)∆Xs)
∏

s>t

(1 + f(s)∆Xs)

= exp{−
∫ 1

0
f(s)ds− iut}

×
∏

s≤t
(1 + (eiuf(s) + eiu − 1)∆Xs)

∏

s>t

(1 + f(s)∆Xs)

= exp{(eiu − 1)

∫ t

0
f(s)ds+ t(eiu − 1− iu)}

× E(eiu � [0,t]f + (eiu − 1)
�

[0,t]).

(3.3.1)

Using the action of eiu(Λt+At+A
†
t ) on Elb described above, we deduce that for each f ∈ L∞[0, 1],

eiu(Λt+At+A
†
t )e(f) =W−1eiuXtWe(f).

Since Elb is dense in F+(L2[0, 1]) and eiu(Λt+At+A
†
t ) and W−1eiu

cXtW are bounded operators,

the equality of the operators follows.

Another proof of this result can be obtained by using the Attal-Meyer extension of quantum

stochastic integrals, which says that if

Mt =

∫ t

0
EsdΛs + FsdAs +GsdA

†
s +Hsds

with suitable integrands, then for each f ∈ L∞[0, 1], Mt satisfies the classical stochastic

differential equation

MtE(ft) =

∫ t

0
f(s)MsE(fs)dXs +

∫ t

0
f(s)EsE(fs)dXs

+

∫ t

0
f(s)FsE(fs)ds+

∫ t

0
GsE(fs)dXs +

∫ t

0
HsE(fs)ds,

(3.3.2)
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where for the integrals with respect to dXs, we take the predictable projections of the inte-

grands (see [6] or [2] for more details). In [3, Theorem II.1] this formula is used to obtain the

result that W intertwines Λt + At + A†t and X̂t.

We give a new proof of the relation between Λt + At + A†t and X̂t using the classical

Ito product formula and the multiplication formula for Poisson exponentials. Meyer’s proof

cannot be extended to more general classical Poisson martingales which will be introduced

in Section 6.1. It is possible to generalise Attal’s proof, but the argument we give only

requires the Hudson-Parthasarathy construction of quantum stochastic integrals and can also

be generalised.

Proposition 3.3.2 Let f ∈ L∞[0, 1], and let (Zt)0≤t≤1 be the càdlàg version of (E(ft))0≤t≤1.

Then

XtZt =

∫ t

0
(f(s)Xs−Zs− + Zs− + f(s)Zs−)dXs +

∫ t

0
f(s)Zsds, (3.3.3)

where the stochastic integrands are square integrable processes. In particular

E[XtE(ft)] =

∫ t

0
E[f(s)E(fs)]ds. (3.3.4)

Proof: Applying the classical Ito product formula and using (3.1.3), in the extended integral

sense,

XtZt =

∫ t

0
Zs−dXs +

∫ t

0
Xs−dZs + [X,Z]t

=

∫ t

0
Zs−dXs +

∫ t

0
Xs−dZs +

∫ t

0
f(s)Zs−d[X,X]s,

Note that since Zs− is the predictable projection of the martingale Zs, we know that for a.a.

s in [0, 1], Zs− = Zs a.s.. Similarly for Xs. From Jensen’s inequality, for all s ∈ [0, 1],

E[|Xs|4] ≤ E[|X1|4], E[|Zs|4] ≤ E[|Z1|4].

Therefore
∫ t

0
E[|Xs−f(s)Zs−|2]ds =

∫ t

0
E[|Xsf(s)Zs|2]ds

≤ ‖f‖2∞
∫ t

0
E[|XsZs|2]ds

≤ ‖f‖2∞
∫ t

0
E[|Xs|4]

1
2E[|Zs|4]

1
2ds

≤ ‖f‖2∞
∫ t

0
E[|X1|4]

1
2E[|Z1|4]

1
2 ds

≤ ‖f‖2∞E[|X1|4]
1
2 eRe〈f̄ ,f〉+ ‖2f+f2‖2

2 ,
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where we use Corollary 3.2.8 in the last inequality. Hence

∫ t

0
Xs−dZs =

∫ t

0
f(s)Xs−Zs−dXs,

where the integrand on the right-hand side is a square integrable process. Furthermore as

[X,X]s = s+Xs, and (s, ω) 7→ f(s)Zs−(ω) is in L2([0, 1]× Ω),

∫ t

0
f(s)Zs−d[X,X]s =

∫ t

0
f(s)Zs−ds+

∫ t

0
f(s)Zs−dXs,

because the stochastic integral agrees with the pathwise Lebesgue-Stieltjes integral [44, The-

orem 24.4 3◦]. Since for all t in [0, 1],
∫ t

0 f(s)Zsds =
∫ t

0 f(s)Zs−ds a.s., we have shown that

formula (3.3.3) holds. As all the integrands with respect to dXs are square integrable pro-

cesses, the expectation formula follows immediately, as the expectation of a Poisson stochastic

integral of a square integrable predictable process is zero.

Proposition 3.3.3 On Elb we have Λt + At + A†t =W−1X̂tW.

Proof: From the definition of a Poisson process we know that Ft and F[t,1] are independent.

Thus from (3.2.4) and (3.3.4) we can deduce that for f , g ∈ L∞[0, 1],

〈e(f),W−1X̂tWe(g)〉 = 〈E(f), X̂tE(g)〉 = E[XtE(f̄)E(g)]

= E[XtE(f̄ + g + f̄g)]e〈f,g〉

= E[XtE((f̄ + g + f̄ g)
�

[0,t])]E[E((f̄ + g + f̄g)
�

(t,1])]e
〈f,g〉

=

∫ t

0
E[(f(s) + g(s) + f(s)g(s))E((f + g + fg)t)]ds

× E[E((f + g + fg)
�

(t,1])]e
〈f,g〉

=

∫ t

0
〈E(f), (g(s) + f(s) + f(s)g(s))E(g)〉ds

= 〈e(f), (Λt + At +A†t)e(g)〉

As Elb is dense in F+(L2[0, 1]) we arrive at the fact that for all g ∈ L∞[0, 1], (Λt+At+A
†
t)e(g) =

W−1X̂tWe(g).

To prove that the domains of the two operators also agree, we show that Elb is a core for

Λt +At +A†t . In order to show this, we prove that if k ≥ 0, Elb is dense in the space

Dk,2 := {φ = (φn) ∈ F+(L2[0, 1]) :
∞∑

n=0

(n+ 1)k‖φn‖2 <∞} (3.3.5)
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with the Hilbert space norm

‖φ‖2k,2 :=
∞∑

n=0

(n+ 1)k‖φn‖2.

For φ = (φn) ∈ Dk,2, we define (N + 1)
k
2φn := ((n+ 1)

k
2φn), and hence ‖φ‖k,2 = ‖(N + 1)

k
2φ‖.

If k > 0 and the spaces D−k,2 are defined as above, then they will not be complete. Thus for

k > 0 we must define D−k,2 to be the completion of F+(L2[0, 1]) with respect to the norm

‖φ‖2−k,2 :=
∞∑

n=0

(n+ 1)−k‖φn‖2.

The spaces Dk,2 are examples of the well-known Malliavin or Gaussian Sobolev spaces (see [34,

§15.5] and [43, §2.3]), defined on Fock space rather than on Lp-spaces induced by a Gaussian

Hilbert space. The following result has been proved in the Gaussian Hilbert space setting in

[34, Theorem 15.110]. Janson actually proves density for Dk,p, 1 ≤ p < ∞. In our situation,

p = 2, we have an elementary Fock space proof.

Lemma 3.3.4 If k ≥ 0 then Elb is dense in Dk,2.

Proof: As Dk,2 is a Hilbert space, we only need to show that E
⊥k,2
lb = {0}. Suppose φ =

(φn) ∈ Dk,2 and φ ∈ E
⊥k,2
lb . Then for all f ∈ L∞[0, 1] and t ∈ R,

〈φ, E(tf)〉k,2 =
∞∑

n=0

tn√
n!

(n+ 1)k〈φn, f⊗
n〉.

The power series converges for all real t. Thus 〈φn, f⊗n〉 = 0 for all f ∈ L∞[0, 1]. By the

totality of {f⊗n : f ∈ L∞[0, 1]} in L2
sym(Rn+), we have that φn = 0. Hence φ = 0.

Theorem 3.3.5 W intertwines Λt + At + A†t and X̂t.

Proof: From Proposition 3.3.3,

(Λt + At + A†t)|Elb
=W−1X̂tW|Elb

. (3.3.6)

Now, Λt+At+A
†
t is essentially self-adjoint with core F+(L2[0, 1])00, the subspace of F+(L2[0, 1])

consisting of vectors with finite expansions. However, we know from Lemma 3.3.4 that if

φ ∈ F+(L2[0, 1])00, there exists φn ∈ Elb such that ‖(N + 1)(φ− φn)‖ → 0 and ‖φ− φn‖ → 0

as n→∞. Therefore

‖(Λt + At +A†t)(φ− φn)‖ ≤ ‖Λt(φ− φn)‖+ ‖At(φ− φn)‖+ ‖A†t(φ− φn)‖
≤ 3‖(N + 1)(φ− φn)‖
→ 0 as n→∞.
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This shows that Elb is a core for Λt + At + A†t . Since Xt ∈ L4(Ω), Elb is also a core for

W−1X̂tW. If φ ∈ D(Λt + At + A†t), then there exist (φn) ⊆ Elb such that φn → φ and

(Λt + At + A†t)φn → (Λt + At + A†t)φ as n → ∞. From (3.3.6), we have that Wφn → Wφ

and X̂t(Wφn) → W(Λt + At + A†t)φ as n → ∞. Hence Wφ ∈ D(X̂t) and W−1X̂tWφ =

(Λt + At + A†t)φ. Similarly, if Y ∈ D(X̂t), W−1Y ∈ D(Λt + At + A†t). Therefore W maps

D(Λt + At + A†t) onto D(X̂t) and on D(Λt + At + A†t), Λt + At + A†t =W−1X̂tW.

3.4 The Poisson process in F+(L2(R+))

As mentioned before, the results obtained for L2[0, 1] can be extended to L2(R+), with some

modifications. We have worked over [0, 1] to simplify the arguments in order to illuminate

the underlying ideas. The main simplification occurs because the subspace L∞[0, 1] of L2[0, 1]

is an algebra under pointwise multiplication, while the corresponding subspace L2
lb(R+) of

L2(R+) is not. In this section our Wiener-Poisson isomorphism W acts on F+(L2(R+)) and

not just F+(L2[0, 1]) and our unitary map ut also changes in the appropriate way. Our complete

probability space will be (Ω,F ,P) and we shall denote F∞ by F and Lp(Ω,F ,P) by Lp(Ω).

The first two results showing thatW transforms ũt, defined in an analogous way to (3.2.2),

into ordinary multiplication and that classical stochastic processes can be used to construct

quantum semimartingales remain the same, since the exponential multiplication formula in

Lemma 3.2.1 for functions with disjoint supports still holds. As before if X is a complex

random variable on (Ω,F ,P), X̂ is used to represent the operator of multiplication by X with

domain D(X̂) (see Definition 3.2.3).

Proposition 3.4.1 Let mt : L2(Ω,Ft) × L2(Ω,F[t) → L2(Ω,F) be the multiplication map

(X,Y ) 7→ XY . Then mt(W ×W) =W ũt.

Theorem 3.4.2 Let (F t)t≥0 be an adapted, measurable process on (Ω,F ,P), bounded on each

finite interval. If F̂ t is the operator of multiplication by F t on L2(Ω,F ,P), then (W−1F̂ tW)t≥0

is an adapted process of bounded operators such that t 7→ ‖W−1F̂ tW‖B(F+(L2(R+))) is in

L∞loc(R+). Hence if (Ht)t≥0 is another adapted, measurable process, bounded on finite intervals,

and

Mt =

∫ t

0
W−1F̂sW(dΛs + dAs + dA†s) +

∫ t

0
W−1ĤsWds,

then (Mt)t≥0 is a quantum semimartingale.

Slight modifications are needed when considering the more general multiplication formula. For

Proposition 3.2.6 to hold with [0, 1] replaced by R+ we require fg ∈ L2(R+). This does not
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hold in general if f , g ∈ L2
lb(R+). Consequently, we introduce the space L∞c (R+) of bounded

functions on R+ with compact support, and we let

Elb,c := linsp{E(f) : f ∈ L∞c (R+)}.

Note that L∞c (R+) is an admissible subspace, in the sense of [28].

Proposition 3.4.3 Let f , g ∈ L∞c (R+). Then

E(f)E(g) = e〈f̄ ,g〉E(f + g + fg).

Proof: The proof is the same as that in Proposition 3.2.6, since if f , g ∈ L∞c (R+), then

fg ∈ L∞c (R+).

Corollary 3.4.4 Elb,c ⊆ Lp(Ω) for all 1 ≤ p <∞.

Proof: This comes from applying the above proposition as in Corollary 3.2.7.

We do not, when working over L2(R+), have that Elb ⊆ Lp(Ω). However it should be noted

that if f ∈ L2
lb(R+), for each t > 0, ft ∈ L∞c (R+) and that if Y is a random variable measurable

with respect to Ft for some t > 0, then by the independence of Ft and F[t, Elb ⊆ D(Ŷ ) if and

only if Elb,c ⊆ D(Ŷ ).

Theorem 3.4.5 Elb,c is dense in Lp(Ω) for 1 ≤ p <∞.

Proof: This is proved in exactly the same way as Theorem 3.2.11, using the result that if

X ∈ L1(Ω) and E[Xexp{i∑n
j=1 αjXtj}] = 0 for all n ∈ N, αj ∈ R and tj ∈ R+, then X = 0

a.s.. This can be proved as before using the injectivity of the Fourier transform and the

martingale convergence theorem.

Corollary 3.4.6 If Y ∈ LpR(Ω) for some p > 2 and Ŷ is the operator of multiplication by Y ,

Ŷ is essentially self-adjoint with core Elb,c. In particular, if Y is measurable with respect to

Ft, then Ŷ is essentially self-adjoint with core Elb.

Proof: The first part follows in the same way as Corollary 3.2.12 follows from Theorem

3.2.11. For the last part, because Y is measurable with respect to Ft, and Elb,c ⊆ D(Ŷ ),

it follows that Elb ⊆ D(Ŷ ). Therefore since Ŷ is essentially self-adjoint with core Elb,c, it is

clearly essentially self-adjoint with core Elb.

The result about W intertwining Λt +At +A†t and X̂t for all t ∈ R+ also holds. The proof in

the [0, 1] case with appropriate changes can be used.
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Theorem 3.4.7 For all t ≥ 0, Λt + At +A†t =W−1X̂tW.

Proof: Xt ∈ Lp(Ω) for all 1 ≤ p < ∞ and Xt is measurable with respect to Ft. Therefore

by Corollary 3.4.6, Elb ⊆ D(X̂t). Arguing as in Theorem 3.3.5, if we can show

(Λt + At + A†t)|Elb
=W−1X̂tW|Elb

,

the result follows since it can be shown that Elb is a core for both the operators in question. To

show the operators agree on Elb the same argument as in Proposition 3.3.3 can be used.

3.5 Poisson processes with different intensities

In this chapter, we have only talked about Poisson processes with intensity 1, and we shall in

general only consider such processes. However, it is easy to generalise to Poisson processes with

different intensities. We shall give brief details, more results can be found in [47, §IV.2.4-5,

§IV.3.6].

Let (N c
t )t≥0 be a Poisson process with unit jump size and intensity 1

c2
based on a complete

probability space (Ωc,Fc,P c). Then Xc
t := cN c

t − 1
c t, (Xt)t≥0 is said to be a compensated

Poisson process with jump size c and intensity 1
c2

. If Fct is defined in an analogous way to the

c = 1 case, {(Xc
t )t≥0, (Fct )t≥0} is a martingale such that 〈Xc,Xc〉t = t and

[Xc,Xc]t = t+ cXc
t .

The normalisation we use is not standard but is chosen so that 〈Xc,Xc〉t = t. In classical

stochastic analysis the process (N c
t − 1

c2
t)t≥0, called the compensated Poisson process with

jump size 1 and intensity 1
c2

([16, §1.9 Example 1]), is often used. As for the case when c = 1

there exists a unitary map

Wc : F+(L2[0, 1]) −→ L2(Ωc,Fc1 ,P c).

The product formula for the exponentials E c(f) :=Wc(e(f)), becomes for all f , g ∈ L∞[0, 1],

Ec(f)Ec(g) = e〈f̄ ,g〉Ec(f + g +
1

c
fg).

The result of Section 3.3 becomes cΛt + At + A†t = (Wc)−1X̂c
tWc instead.
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Chapter 4

Generalised Poisson Processes

Recall from Section 3.1 that if (Nt)t≥0 is a Poisson process based on (Ω,F ,P) and we let

I =W|L2(R+) : L2(R+)→ L2(Ω,F ,P), then I is an isometry. It can be shown that if (Ej)
n
j=1

are disjoint Borel sets in R+ with finite Lebesgue measure and α =
∑n

j=1 αj
�
Ej with αj ∈ R,

by approximating α by step functions and using the dominated convergence theorem,

E[eiI(α)] = exp{
∫ ∞

0
(eiα − 1− iα)ds}.

Hence from a Poisson process we may construct an isometry I : L2(R+) → L2(Ω,F ,P) such

that

i) if E ∈ BR+ with m(E) < ∞, then I(
�
E) + m(E) has a Poisson distribution with mean

m(E),

ii) if (Ej)
n
j=1 ⊆ BR+ are disjoint with m(Ej) <∞, then {I(

�
E1), . . . , I(

�
En)} are indepen-

dent random variables,

where BR+ are the Borel sets in R+ and m is the Lebesgue measure on R+. Conversely,

for every such isometry if we let Nt = I(
�

[0,t]) + t, then (Nt)t≥0 is a Poisson process. This

formulation using the isometry is preferred since it does not depend on the order structure of

R+. The aim of this chapter is to generalise this definition of a Poisson process to more general

measure spaces (M,M, µ) and to construct the analogous isomorphism to the Wiener-Poisson

isomorphism. We shall also investigate some of the properties of this isomorphism.

4.1 Definition and properties of generalised Poisson processes

For convenience we make the following definition.
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Definition 4.1.1 A random variable on a probability space (Ω,F ,P) is said to be a com-

pensated Poisson variable, or to have a compensated Poisson distribution, with intensity λ if

X + λ has a Poisson distribution with mean λ.

The definition below generalises the concept of a Poisson process on R+.

Definition 4.1.2 Let (M,M, µ) be a measure space. A generalised Poisson process over

(M,M, µ) is a linear isometry I : L2(M,M, µ)→ L2(Ω,F ,P), where (Ω,F ,P) is a complete

probability space, such that

i) if E ∈ M with µ(E) < ∞, then I(
�
E) has a compensated Poisson distribution with

intensity µ(E),

ii) if (Ej)
n
j=1 ⊆ M are pairwise disjoint with µ(Ej) < ∞, then {I(

�
E1), . . . , I(

�
En)} are

independent random variables.

For all E ∈M such that µ(E) <∞, we shall denote I(
�
E) by XE.

Closely related definitions of what we call generalised Poisson processes, can be found in [22,

Chapter 3], [64, §1], [60, §2] and [39, Definition 1]. Notice that if E ∈ M with µ(E) <

∞, and we let NE = I(
�
E) + µ(E), then the collection of random variables {NE : E ∈

M with µ(E) <∞} has the properties that NE has a Poisson distribution with mean µ(E) and

if (Ej)
n
j=1 ⊆M are disjoint sets with µ(Ej) <∞, then {NE1 , . . . , NEn} are independent with

N∪Ej =
∑n

j=1NEj a.s.. Conversely, suppose we have a family of random variables {NE : E ∈
M with µ(E) <∞} satisfying the properties above. Then by defining I(

�
E) = NE−µ(E), and

extending by linearity and the isometry property, we have a generalised Poisson process over

(M,M, µ). We shall from now on assume that F = σ({XE : E ∈M with µ(E) <∞} ∪N).

Given a Poisson process we can construct an isometric isomorphism

W : F+(L2(R+)) −→ L2(Ω,F ,P).

In Section 4.2 we shall construct an analogous map

WI : F+(L2(M)) −→ L2(Ω,F ,P),

for a generalised Poisson process, I : L2(M,M, µ) → L2(Ω,F ,P). Our construction is more

general than the work of [64] and [39]. Both of them work with σ-finite measure spaces and

with Poisson random measures {NE : E ∈ M with µ(E) < ∞}. These have the properties

that for each ω ∈ Ω, E 7→ NE(ω) is a measure on (M,M), if E ∈ M with µ(E) < ∞ then
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NE has a Poisson distribution with mean µ(E) and if (Ej)
n
j=1 ⊆ M are disjoint sets with

µ(Ej) < ∞ then {NE1 , . . . , NEn} are independent. However as Liebscher mentions in [39,

Remark 1], the construction of the Wiener-Poisson isomorphism only requires the hypothesis

which we have used to define a generalised Poisson process, that is we only require σ-additivity

in the square-mean sense. In the later article [40], in which Liebscher constructs isomorphisms

between Fock space and L2(Ω) generated by more general distributions, [40, Definition 1.1]

which he uses is analogous to our definition. Using a generalised Poisson process to construct

the Wiener-Poisson isomorphism is in some sense more natural than using Poisson random

measures, since the construction does not require the pointwise measure property. In Chapter

5, given a measure space, using the Gelfand transform of a naturally occurring C∗-algebra

we construct a canonical generalised Poisson process, rather than a Poisson random measure,

again indicating that in our work the definition we use is the correct one.

For a generalised Poisson process, we do not know if there is a version of the process

{XE : E ∈ M with µ(E) <∞} such that for each ω ∈ Ω,

E 7−→ XE(ω) + µ(E)

is a σ-additive set function on {E ∈ M : µ(E) < ∞}. However, a Poisson process I :

L2(R+) → L2(Ω) does have a version {XE : E ∈ BR+ with m(E) < ∞} which produces a

Poisson random measure. If Nt = Xt + t, we can choose the version of the Poisson process

(Nt)t≥0 whose paths are increasing and right continuous. For each ω ∈ Ω let

S(ω) = {s ∈ R+ : Ns(ω)−Ns−(ω) 6= 0}.

Then S(ω) is a countable set and

Nt(ω) =
∑

sn∈S(ω)

�
[0,t](sn).

Therefore, by approximating Borel sets by open sets, which is possible because m is a regular

measure on R+, we have that for E ∈ BR+ with µ(E) <∞,

NE(ω) := XE(ω) +m(E) =
∑

sn∈S(ω)

�
E(sn).
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Therefore if E =
⋃∞
j=1Ej with (Ej) ⊆ BR+ pairwise disjoint and µ(E) <∞, for ω ∈ Ω,

NE(ω) =
∑

sn∈S(ω)

�
E(sn) =

∑

sn∈S(ω)

�
∪∞j=1Ej

(sn)

=
∑

sn∈S(ω)

∞∑

j=1

�
Ej (sn) =

∞∑

j=1

∑

sn∈S(ω)

�
Ej (sn)

=

∞∑

j=1

NEj (ω).

Thus we have obtained a Poisson random measure from I : L2(R+)→ L2(Ω). Note that this

argument relies heavily on the topology and order structure of R+.

Surgailis deals with non-atomic measure spaces, which allows him to construct the iso-

morphism without the use of Charlier polynomials. Liebscher considers measure spaces which

may contain atoms, but requires M to be a Polish space and M to be its Borel σ-field.

We construct the Wiener-Poisson isomorphism, WI , without either of these restrictions in

Theorem 4.2.12, in fact we do not even require (M,M, µ) to be σ-finite. Our proof of the

surjectivity of WI uses the Poisson exponentials, WI(e(f)) with f ∈ L2(M), rather than the

space of polynomials of XE , unlike [64] and [39]. In Section 4.3 we give a construction of WI

using the exponential vectors and then deriving the connection with the Charlier polynomi-

als, rather than starting with the Charlier polynomials and then deducing properties of the

Poisson exponentials, which we do in Section 4.2.

Definition 4.1.3 Suppose (M,M, µ) is a measure space. Then we define

LSR(M) := {
n∑

j=1

αj
�
Ej : n ∈ N, αj ∈ R, (Ej)

n
j=1 ⊆M disjoint with µ(Ej) <∞}.

This set will be useful for our work on generalised Poisson processes. Notice that LSR(M) is

dense in LpR(M) for 1 ≤ p <∞ [58, Theorem 3.13]. The vectors e(eiα−1) with α ∈ LSR(M), will

play a crucial role in our work on the Poisson process. The following properties of generalised

Poisson processes can be easily deduced.

Proposition 4.1.4 Suppose I : L2(M,M, µ)→ L2(Ω,F ,P) is a generalised Poisson process.

Then

i) if IR = I|L2
R(M), IR : L2

R(M)→ L2
R(Ω) and I = IR ⊕ iIR,

ii) if f ∈ L1(M) ∩ L2(M) and f ≥ 0, I(f) +
∫
M fdµ ≥ 0 a.s.,
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iii) if f , g ∈ L2(M) and fg = 0, I(f) and I(g) are independent.

Lemma 4.1.5 If I : L2(M,M, µ) → L2(Ω,F ,P) is a generalised Poisson process and α ∈
LSR(M)⊕ iLSR(M), then

E[eI(α)] = exp{
∫

M
(eα − 1− α)dµ}. (4.1.1)

Notice that we could equivalently define a generalised Poisson process I : L2(M)→ L2(Ω) as

an isometry such that (4.1.1) holds for all α ∈ LSR(M). The formula (4.1.1) holds for other

functions f ∈ L2(M), which can be deduced by approximating f by simple functions.

Proposition 4.1.6 Let I : L2(M,M, µ) → L2(Ω,F ,P) be a generalised Poisson process. If

f ∈ L2(M) and ∫

Ref>1
exp{2Ref}dµ <∞, (4.1.2)

then ef − 1− f ∈ L1(M), eI(f) ∈ L2(Ω) and

E[eI(f)] = exp{
∫

M
(ef − 1− f)dµ}. (4.1.3)

Proof: The proof follows that of [64, Proposition 2.2], but we fill in the details. Note that

µ({m : |f(m)| > 1}) <∞ and thus

|(ef − 1− f)
�
{|f |>1}| ≤ (e+ 1 + |f |) �

{Ref≤1∩|f |>1} + (e2Ref + 1 + |f |) �
{Ref>1∩|f |>1} ∈ L1(M).

Also, we have that (ez − 1− z)/z2 → 1/2 as z → 0. Hence, there exists K > 0 such that

|(ef − 1− f)
�
{|f |≤1}| ≤ K|f

�
{|f |≤1}|2 ∈ L1(M).

Thus ef − 1− f ∈ L1(M). Choose a sequence (fj) ⊆ LSR(M)⊕ iLSR(M) such that fj → f a.s.

and in L2(M) with (Refj)
± ≤ (Ref)±, (Imfj)

± ≤ (Imf)±. We may suppose that I(fj)→ I(f)

a.s. as well. Then

|eI(fk) − eI(fj)|2 = (eI(fk) − eI(fj))(eI(f̄k) − eI(f̄j))
= eI(2Refk) + eI(2Refj) − 2Re eI(fk+f̄j).

Thus from (4.1.1),

E[|eI(fk) − eI(fj)|2] = exp{
∫

M
(e2Refk + e2Refj − 2Re e(fk+f̄j))dµ}.

On {m : |f(m)| ≤ 1}, since |fj |, |fk| ≤ |f |,

|e2Refk + e2Refj − 2Re e(fk+f̄j)| ≤ K|fk − fj |2,
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for some constant K. Hence

∫

|f |≤1
(e2Refk + e2Refj − 2Re e(fk+f̄j))dµ→ 0 as j, k →∞.

If Ref(m) ≤ 1, then Refj(m), Refk(m) ≤ 1, therefore on {m : Ref(m) < 1},

|e2Refk + e2Refj − 2Re e(fk+f̄j)| ≤ 4e2.

Furthermore, if Ref(m) > 1 then Refj(m), Refk(m) ≤ Ref(m) and on {m : Ref(m) > 1},

|e2Refk + e2Refj − 2Re e(fk+f̄j)| ≤ 4e2Ref .

Thus from (4.1.2) and the dominated convergence theorem,

∫

|f |>1
(e2Refk + e2Refj − 2Re e(fk+f̄j))dµ→ 0 as j, k →∞.

Hence (eI(fj)) is a Cauchy sequence in L2(Ω) converging a.s. to eI(f). Consequently eI(f) ∈
L2(Ω). Moreover, by the dominated convergence theorem

E[eI(f)] = lim
j→∞

E[eI(fj)]

= lim
j→∞

exp{
∫

M
(efj − 1− fj)dµ}

= exp{
∫

M
(ef − 1− f)dµ},

which gives the required formula.

The converse of the above result also holds. We omit the proof, which can be found in the

proof of [64, Proposition 2.2].

Proposition 4.1.7 Suppose f ∈ L2(M) and eI(f) ∈ L2(Ω). Then

∫

|f |>1
exp{2Ref}dµ <∞.

We can use similar arguments to Proposition 4.1.6 and the moment generating function formula

(4.1.3) to prove another result.

Proposition 4.1.8 Suppose f ∈ ⋂1≤p<∞ L
p(M). Then I(f) ∈ Lp(Ω) for all p <∞.
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Proof: For f ∈ L1(M)∩L2(M) put J(f) = I(f)+
∫
M fdµ. We may assume f ≥ 0, otherwise

we can write f as a linear combination of such functions. If α ∈ LSR(M), then from (4.1.3),

for p ∈ N,

E[J(α)p] =

∫

M
mp(α)dµ

for some polynomial mp. Now let (fj) ⊆ LSR(M) be an increasing sequence of functions such

that fj ≥ 0 and fj → f a.s. and in Lp(M). Then for j ≤ k,

E[|J(fk)− J(fj)|p] = E[(J(fk)− J(fj))
p] =

∫

M
mp(fk − fj)dµ.

Since we know that f ∈ ⋂1≤p<∞ L
p(M), by the dominated convergence theorem we have

shown that (J(fj)) is a Cauchy sequence in Lp(Ω) which converges in L2(Ω) to J(f). Thus

J(f) ∈ Lp(Ω) and hence I(f) ∈ Lp(Ω). The result follows for all p <∞ since Lq(Ω) ⊆ Lp(Ω)

for q ≥ p.

The following density result will be useful when proving that the image of the linear span

of the Fock space exponential vectors under the generalised Wiener-Poisson isomorphism is

dense.

Proposition 4.1.9 The set {exp{i∑n
j=1 αjXEj} : n ∈ N, αj ∈ R, Ej ∈ M with µ(Ej) <∞}

is total in L2(Ω,F ,P).

Proof: The argument follows that of Theorem 3.2.11, and therefore we shall only briefly

outline the details. First, suppose that X ∈ L1(Ω, σ({XE1 , . . . ,XEn} ∪ N),P) is such that

E[Xexp{i∑n
j=1 αjXEj}] = 0 for all αj ∈ R. Then by the injectivity of the Fourier transform

X = 0 a.s. (see the proof of Lemma 3.2.9). Hence, using the martingale convergence theorem

as in Proposition 3.2.10, we can deduce that if X ∈ L1(Ω,F ,P) and E[Xexp{i∑n
j=1 αjXEj}] =

0 for all n ∈ N, αj ∈ R and Ej ∈ M with µ(Ej) < ∞, then X = 0 a.s.. The proof of the

totality of the set in question can be completed in the same way as the proof of Theorem

3.2.11.

Examples of generalised Poisson processes do exist. In [37], given a σ-finite measure space,

Kingman gives a canonical construction of a Poisson random measure on the space (Ω,F ,P),

where Ω is the set of integer or infinite valued measures on (M,M) and F is the smallest σ-

field on Ω such that for each E ∈ M, ν 7→ ν(E) is measurable as a map from Ω to N0 ∪ {∞}.
Kingman’s construction uses Kolmogorov’s consistency theorem and makes a priori use of
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Poisson measures. An outline of the construction can be found in [33, §4], [29, §1.8] and [74,

§II.7,10].

Generalised Poisson processes are in some sense an analogue of Gaussian fields [34, Defini-

tion 1.19]. We do not have an equivalent definition of a Gaussian Hilbert space in the Poisson

situation, since non-trivial scalar multiples of (compensated) Poisson random variables never

have a (compensated) Poisson distribution. Hence, a possible definition of a ‘Poisson Hilbert

space’ could be that it is the closure, in L2(Ω), of the linear span of a set of random vari-

ables with compensated Poisson distributions. However, to obtain an isometry between a

general (complexified) Hilbert space, H, and a so-called Poisson Hilbert space, we need to

specify which elements of H map to compensated Poisson variables. Therefore by working

over L2(M,M, µ) and requiring I(
�
E) to have a compensated Poisson distribution whenever

µ(E) <∞, we can overcome this problem, and so have a canonical definition.

Our definition of a generalised Poisson process is actually analogous to that of a Gaussian

stochastic integral defined in [34, Definition 7.16]. In [34, Theorem 7.25], given a Gaussian

stochastic integral I : L2(M,M, µ) → L2(Ω,F ,P), the Wiener-Ito isometry is constructed

from F+(L2(M,M, µ)) onto L2(Ω, σ({I(f) : f ∈ L2(M,M, µ)} ∪N),P). The Wiener-Poisson

isomorphism we construct is analogous to this isometry. As in the case of F+(L2[0, 1]) the

exponential vectors in F+(L2(M)) are defined in the same way, and again we shall denote the

linear span of these vectors by E .

4.2 Generalised Wiener-Poisson isomorphisms

In order to constructWI we introduce the Charlier polynomials, which are an analogue of the

Hermite polynomials in the Gaussian case. We use the definition from [39, §1].

Definition 4.2.1 For f : N0 → C, we let

∆f(n) = f(n)− f(n− 1)

with f(−1) = 0. If for all t ∈ C the function Tt : N0 → C is

Tt(n) =
tne−t

n!
,

we define the Charlier polynomial of degree n to be the unique polynomial in two variables

such that for all x ∈ N0,

Cn(t, x) = (−t)n (∆)nTt(x)

Tt(x)
.
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The definition above does produce a polynomial since the denominator cancels out and can

be extended for all (t, x) ∈ C2 by taking x! = x(x − 1)!. We should point out that various

different definitions of Charlier polynomials are used, mostly differing by a constant factor.

From [39, Proposition 1], we have the following properties (see also [22, Chapter 3] and [54,

§2]).

Proposition 4.2.2 The Charlier polynomials satisfy the following properties:

i) for all α ≥ 0, the sequence (Cn(α, ·))n∈N0 is a complete orthogonal system in l2(N0, Tα),

ii) for all α ≥ 0, E[Cn(α, ·)2] = n!αn in l2(N0, Tα),

iii) for all z ∈ C, x ∈ N0 and α ≥ 0,

∞∑

n=0

zn

n!
Cn(α, x) = e−αz(1 + z)x,

iv) for all α, β ≥ 0 and n, x, y ∈ N0,

n∑

j=0

(
n

j

)
Cn−j(α, x)Cj(β, y) = Cn(α+ β, x+ y).

These properties of the Charlier polynomials can be used to construct Wiener-Poisson iso-

morphisms. The construction is the same as in [39, §3] (see also [40]). However, Liebscher

works only on Polish spaces with a measure structure on their Borel σ-field. We shall give an

extension of these results to general measure spaces.

Given disjoint sets (Ej)
k
j=1 ⊆ M with µ(Ej) < ∞, and (pj)

k
j=1 natural numbers with

∑k
j=1 pj = n, we define for φ =

� ⊗p1
E1
⊗ . . .⊗ � ⊗pk

Ek
,

L(n)(φ) :=
k∏

j=1

Cpj (µ(Ej),XEj + µ(Ej)). (4.2.1)

For σ ∈ Sn and f1, . . . , fn ∈ L2(M) we define (f1 ⊗ . . .⊗ fn)σ := fσ(1) ⊗ . . .⊗ fσ(n). Then we

can extend L(n) by setting L(n)(φσ) := L(n)(φ). If

Hn
0 := linsp{ �

E1 ⊗ . . .⊗
�
En : Ei = Ej or Ei ∩ Ej = ∅},

then L(n) can be linearly extended to a well-defined map on Hn
0 . The proof of the well-

definedness of L(n) is outlined in [39, Lemma 3]. We fill in the details using

n∑

r=1

N∑

jr=1

≡
N∑

j1

. . .

N∑

jn

to simplify notation.
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Lemma 4.2.3 Suppose (Ej)
N
j=1 is a collection of disjoint sets in M with µ(Ej) < ∞. Then

if
n∑

r=1

N∑

jr=1

αj1,...,jn
�
Ej1
⊗ . . .⊗ �

Ejn = 0,

for all k = 1, . . . , n and jk = 1, . . . , N , either αj1,...,jn = 0 or
∏n
r=1 µ(Ejr) = 0.

Proof: This follows immediately from taking the inner product with
�
Ej1
⊗ . . .⊗ �

Ejn .

Corollary 4.2.4 If (Ej)
N
j=1 ⊆M are as above, and

n∑

r=1

N∑

jr=1

αj1,...,jn
�
Ej1
⊗ . . .⊗ �

Ejn =
n∑

r=1

N∑

jr=1

βj1,...,jn
�
Ej1
⊗ . . .⊗ �

Ejn ,

then

n∑

r=1

N∑

jr=1

αj1,...,jnL
(n)(

�
Ej1
⊗ . . .⊗ �

Ejn ) =
n∑

r=1

N∑

jr=1

βj1,...,jnL
(n)(

�
Ej1
⊗ . . .⊗ �

Ejn ).

Lemma 4.2.5 Let (Ej)
n
j=1 ⊆M with µ(Ej) <∞ be such that Ei ∩Ej = ∅ or Ei = Ej for all

i, j = 1, . . . , n and suppose l1, . . . , lk ∈ {1, . . . , n} are distinct such that El1 = . . . = Elk = E,

but Ej ∩ E = ∅ for j 6= lr. If E = F1 ∪ . . . ∪ Fm where (Fj)
m
j=1 ⊆ M are disjoint and σ ∈ Sn

maps {1, . . . , k} onto {l1, . . . , lk}. Then

�
E1 ⊗ . . .⊗

�
En =

k∑

r=1

m∑

jr=1

(
�
Fj1
⊗ �

Fj2
⊗ . . .⊗ �

Fjk
⊗ �

Eσ(k+1)
⊗ . . .⊗ �

Eσ(n)
)σ
−1
.

Furthermore

L(n)(
�
E1 ⊗ . . .⊗

�
En) =

k∑

r=1

m∑

jr=1

L(n)((
�
Fj1
⊗ �

Fj2
⊗ . . .⊗ �

Fjk
⊗ �

Eσ(k+1)
⊗ . . .⊗ �

Eσ(n)
)σ
−1

).

Proof: By the linearity of the tensor product,

(
�
E1 ⊗ . . .⊗

�
En)σ =

� ⊗k
E ⊗

�
Eσ(k+1)

⊗ . . .⊗ �
Eσ(n)

=
k∑

r=1

m∑

jr=1

�
Fj1
⊗ �

Fj2
⊗ . . .⊗ �

Fjk
⊗ �

Eσ(k+1)
⊗ . . .⊗ �

Eσ(n)
,

which establishes the first part. Consequently, from Proposition 4.2.2 iv)

L(n)(
�
E1 ⊗ . . .⊗

�
En) = L(k)(

� ⊗k
E )L(n−k)(

�
Eσ(k+1)

⊗ . . .⊗ �
Eσ(n)

)

=
∑

l1+...+lm=k

λl1,...,lmL
(l1)(

� ⊗l1
F1

) . . . L(lm)(
� ⊗lm
Fm

)

× L(n−k)(
�
Eσ(k+1)

⊗ . . .⊗ �
Eσ(n)

),
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where λl1,...,lm is the coefficient of xl11 . . . x
lm
m in the expansion (x1 + . . .+ xm)k. However, by

the definition of the multinomial coefficient we obtain the second expression.

Proposition 4.2.6 L(n) is a well-defined map on Hn
0 .

Proof: Suppose

φ =
m∑

j=1

αj
�
Ej,1 ⊗ . . .⊗

�
Ej,n ,

where for each j = 1, . . .m, Ej,k = Ej,l or Ej,k∩Ej,l = ∅ and µ(Ej,k) <∞ for all k, l = 1, . . . , n.

Let (Ej)
N
j=1 be a finer partition of (Ej,k)

m,n
j=1,k=1. By applying Lemma 4.2.5 to

�
Ej,1⊗. . .⊗

�
Ej,n

we may find constants βj1,...,jn such that

φ =
n∑

r=1

N∑

jr=1

βj1,...,jn
�
Ej1
⊗ . . .⊗ �

Ejn ,

and

L(φ) :=
m∑

j=1

αjL
(n)(

�
Ej,1 ⊗ . . .⊗

�
Ej,n) =

n∑

r=1

N∑

jr=1

βj1,...,jnL
(n)(

�
Ej1
⊗ . . .⊗ �

Ejn ).

Suppose that

φ =
n∑

r=1

N∑

jr=1

γj1,...,jn
�
Ej1
⊗ . . .⊗ �

Ejn ,

for some constants γj1,...,jn . Then by Corollary 4.2.4, we have that

L(φ) =
n∑

r=1

N∑

jr=1

βj1,...,jnL
(n)(

�
Ej1
⊗ . . .⊗ �

Ejn ) =
n∑

r=1

N∑

jr=1

γj1,...,jnL
(n)(

�
Ej1
⊗ . . .⊗ �

Ejn ).

Consequently, if we have two different representations of φ ∈ Hn
0 , by choosing a partition finer

than both we obtain that L(n) is well-defined.

If S : L2(M)⊗
n → L2(M)⊗

n
s is the symmetrisation operator

S(f1 ⊗ . . .⊗ fn) := f1 ⊗s . . .⊗s fn =
1

n!

∑

σ∈Sn
(f1 ⊗ . . .⊗ fn)σ,

we have the following result.

Theorem 4.2.7 Let (M,M, µ) be a measure space and that I : L2(M,M, µ) → L2(Ω,F ,P)

is a generalised Poisson process. Then with the above definitions the map L(n) : S(Hn
0 ) →

L2(Ω,F ,P) satisfies

‖L(n)(φ)‖2 = n!‖φ‖2,

65



and thus extends to a continuous linear map L(n) : L2(M)⊗
n
s → L2(Ω,F ,P) with the property

that for m 6= n, L(m)(L2(M)⊗
m
s ) is orthogonal to L(n)(L2(M)⊗

n
s ). If we define I(n) := 1√

n!
L(n),

the map

WI :=
∞⊕

n=0

I(n) : F+(L2(M)) ∼=
∞⊕

n=0

L2(M)⊗
n
s −→ L2(Ω,F ,P)

is an isometry and will be called the Wiener-Poisson isomorphism associated with the gener-

alised Poisson process I : L2(M,M, µ)→ L2(Ω,F ,P).

Proof: The proof is the same as in [39, Proposition 4], thus we shall only outline it. If

φ =
� ⊗p1s
E1
⊗s . . .⊗s

� ⊗pks
Ek

, where (Ej)
k
j=1 ⊆M are mutually disjoint with µ(Ej) <∞, then

‖φ‖2 =
1

n!

∑

σ∈Sn
〈 � ⊗p1
E1
⊗ . . .⊗ � ⊗pk

Ek
, (

� ⊗p1
E1
⊗ . . .⊗ � ⊗pk

Ek
)σ〉 =

1

n!

k∏

j=1

pj !µ(Ej)
pj .

From Proposition 4.2.2 ii), we have

‖L(n)(φ)‖2 =
k∏

j=1

pj !µ(Ej)
pj .

Thus ‖L(n)(φ)‖2 = n!‖φ‖2. For ψ ∈ S(Hn
0 ), we may write

ψ =
n∑

l=1

N∑

jl=1

αj1,...,jn
�
Ej1
⊗s . . .⊗s

�
Ejn ,

for some constants αj1,...,jn and (Ej)
N
j=1 ⊆ M disjoint. Then since

�
Ei1
⊗s . . . ⊗s

�
Ein and

�
Ej1
⊗s . . .⊗s

�
Ejn are orthogonal in L2(M)⊗

n
s and L(n)(

�
Ei1
⊗s . . .⊗s

�
Ein ) and L(n)(

�
Ej1
⊗s

. . .⊗s
�
Ejn ) are orthogonal in L2(M,M, µ) for i 6= j, the result follows for all ψ ∈ L2(M)⊗

n
s .

The fact that L(m)(S(Hm
0 )) is orthogonal to L(n)(S(Hn

0 )) for m 6= n follows from the orthog-

onality of the Charlier polynomials.

This construction agrees with the normal construction of Poisson multiple stochastic integrals

given by a generalised Poisson process over an atomless measure space (see [64, §1]), since

C1(t, x) = x − t and the diagonals in Mn have zero measure. In particular this is true when

M = R+. In this case, if I : L2(R+) → L2(Ω,F ,P) is a generalised Poisson process, then

clearly (Nt)t≥0, where Nt = I(
�

[0,t]) + t, is a Poisson process, and hence by Section 3.1 we

may construct the isomorphism W. Note that if a1 ≤ b1 ≤ . . . ≤ an ≤ bn and we let

f(t1, . . . , tn) =
�

(a1,b1](t1) . . .
�

(an,bn](tn) ∈ L2(Dn),
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then functions of the form
∑

σ∈Sn f
σ are total in L2

sym(Rn+), a concrete realisation of L2(R+)⊗
n
s .

We have from (3.1.2) that

W(
∑

σ∈Sn
fσ) = J (n)(

√
n!f)

=
√
n!(Xb1 −Xa1) . . . (Xbn −Xan),

and from (4.2.1)

WI(
∑

σ∈Sn
fσ) =

1√
n!
L(n)(

∑

σ∈Sn
(

�
(a1,b1] ⊗ . . .⊗

�
(an,bn])

σ)

=
√
n!L(n)(

�
(a1,b1] ⊗ . . .⊗

�
(an,bn])

=
√
n!

n∏

j=1

Cj((bj − aj),Xbj −Xaj + (bj − aj))

=
√
n!(Xb1 −Xa1) . . . (Xbn −Xan).

Hence since both operators are bounded, WI = W. Results for the Wiener-Poisson isomor-

phism when working over R+ are well-known and have been presented in Chapter 3. We

would like to use these results in order to deduce results about the generalised Wiener-Poisson

isomorphisms.

Lemma 4.2.8 Let I : L2(M,M, µ)→ L2(Ω,F ,P) be a generalised Poisson process. Suppose

(Ej)
n
j=1 ⊆ M are disjoint sets with µ(Ej) < ∞, 0 ≤ t0 ≤ t1 ≤ . . . ≤ tn are such that

µ(Ej) = tj − tj−1 and (Nt)t≥0 is a Poisson process on (Ω′,F ′,P ′). For αj ∈ C, define

α :=
n∑

j=1

αj
�
Ej ∈ L2(M), α′ :=

n∑

j=1

αj
�

(tj−1,tj ] ∈ L2(R+).

Then if

E(α′) = f(Xt1 −Xt0 , . . . ,Xtn −Xtn−1) ∈ L2(Ω′,F ′,P ′)

for some Borel function f ,

WI(e(α)) = f(XE1 , . . . ,XEn) ∈ L2(Ω,F ,P).

Proof: Note that α⊗
k ∈ S(Hk

0 ), and hence from (4.2.1),

WI(α
⊗k) =

1√
k!
L(k)(α⊗

k
) = Pk(XE1 , . . . ,XEn),
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for some polynomial Pk. However as the construction of L(k) is the same for each generalised

Poisson process I, we also have that

W(α′⊗
k
) = Pk(Xt1 −Xt0 , . . . ,Xtn −Xtn−1).

By independence, {Xt1 −Xt0 , . . . ,Xtn −Xtn−1} has the same distribution as {XE1 , . . . ,XEn}.
Therefore

E(Ω,F ,P)[|f(XE1, . . . ,XEn)−
m∑

k=0

WI(
α⊗

k

√
n!

)|2]

= E(Ω′,F ′,P ′)[|f(Xt1 −Xt0 , . . . ,Xtn −Xtn−1)−
m∑

k=0

W(
α′⊗

k

√
n!

)|2]

→ 0 as m→∞.

Hence, we have the result.

Lemma 4.2.9 Suppose (Ej)
n
j=1 ⊆M are as above. Then if α =

∑n
j=1 αj

�
Ej with αj ∈ R,

WI(e(e
iα − 1)) = exp{−

∫

M
(eiα − 1− iα)dµ+ iI(α)}. (4.2.2)

Proof: Let 0 ≤ t0 ≤ t1 ≤ . . . ≤ tn be such that tj − tj−1 = µ(Ej). Then if α′ =
∑n

j=1 αj
�

(tj−1,tj ], and (Nt)t≥0 is a Poisson process, by Lemma 3.1.5,

E(eiα
′ − 1) = exp{−

∫ ∞

0
(eiα

′ − 1− iα′)ds+ i
n∑

j=1

αj(Xtj −Xtj−1)}

= exp{−
n∑

j=1

(eiαj − 1− iαj)(tj − tj−1) + i
n∑

j=1

αj(Xtj −Xtj−1)}.

Therefore we may apply Lemma 4.2.8 to get

E(eiα − 1) = exp{−
n∑

j=1

(eiαj − 1− iαj)µ(Ej) + i
n∑

j=1

αjXEj},

because tj − tj−1 = µ(Ej). Since

n∑

j=1

(eiαj − 1− iαj)µ(Ej) =

∫

M
(eiα − 1− iα)dµ,

n∑

j=1

αjXEj = I(α),

we have (4.2.2).

Corollary 4.2.10 The set {WI(e(e
iα − 1)) : α ∈ LSR(M)} is total in L2(Ω,F ,P).
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Proof: If (Ej)
n
j=1 ⊆M with µ(Ej) <∞, then if αj ∈ R,

exp{i
n∑

j=1

αjXEj} ∈ linsp{WI(e(e
iα − 1)) : α ∈ LSR(M)}.

Thus the result follows immediately from Proposition 4.1.9.

The formula (4.2.2) agrees with that given in [64, Corollary 2.1] for the usual construction

of multiple Poisson integrals over non-atomic measure spaces. However, in our proof we use

the definition of the Poisson exponential for a Poisson process over R+, and then obtain the

formula (4.2.2) for more general Poisson processes. The formula [64, (2.11)] also holds in the

non-atomic case. Surgailis has shown that

eI(f) = exp{
∫

M
(ef − 1− f)dµ}WI(e(e

f − 1)), (4.2.3)

by showing

〈eI(f), I(n)(
�
E1 ⊗s . . .⊗s

�
En)〉 = 〈exp{

∫

M
(ef − 1− f)dµ}e(ef − 1),

�
E1 ⊗s . . .⊗s

�
En〉,

where (Ej)
n
j=1 ⊆M are disjoint with µ(Ej) <∞, since vectors of the form

�
E1 ⊗s . . .⊗s

�
En

are total in F+(L2(M)) when (M,M, µ) is a non-atomic measure space. This argument cannot

be used when (M,M, µ) has atoms. However, we can use Corollary 4.2.10 and the formulae

(4.1.3) and (4.2.2) to obtain (4.2.3).

Proposition 4.2.11 Let f ∈ L2(M) be such that∫

Ref>1
exp{2Ref}dµ <∞.

Then eI(f) ∈ L2(Ω) and

eI(f) = exp{
∫

M
(ef − 1− f)dµ}WI(e(e

f − 1)). (4.2.4)

Proof: From Proposition 4.1.6 we know that eI(f) ∈ L2(M). By similar arguments to the

proof of Proposition 4.1.6 we can establish that ef − 1 ∈ L2(M), thus the right-hand side of

(4.2.4) exists. If α ∈ LSR(M), it follows from (4.1.3) that

〈eI(f),WI(e(e
iα − 1))〉 = exp{−

∫

M
(eiα − 1− iα)dµ}E[eI(f̄)+iI(α)]

= exp{−
∫

M
(eiα − 1− iα)dµ}exp{

∫

M
(ef̄+iα − 1− f̄ − iα)dµ}

= exp{
∫

M
(ef̄ − 1− f̄)dµ}exp{

∫

M
(ef̄ − 1)(eiα − 1)dµ}

= 〈exp{
∫

M
(ef − 1− f)dµ}e(ef − 1), e(eiα − 1)〉.
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Since {WI(e(e
iα − 1)) : α ∈ LSR(M)} is total in L2(Ω), (4.2.4) holds.

From Corollary 4.2.10, it follows that WI(E) is dense in L2(Ω) and thus we can easily deduce

the surjectivity of the map WI onto L2(Ω,F ,P). Although the density of the linear span of

elements exp{i∑n
j=1 αjXEj} ⊆ WI(E) is probably well-known, this approach to proving the

surjectivity of generalised Wiener-Poisson isomorphisms appears to be new. Alternative ways

of showing the surjectivity of WI are described after Corollary 4.5.2.

Theorem 4.2.12 WI maps F+(L2(M)) onto L2(Ω,F ,P). Thus the Wiener-Poisson isomor-

phism WI : F+(L2(M))→ L2(Ω,F ,P) is an isometric isomorphism.

Proof: From Corollary 4.2.10, WI(E) is dense in L2(Ω, σ({XE : E ∈ M with µ(E) <

∞} ∪N),P). Since WI is an isometry surjectivity follows.

Corollary 4.2.13 ([39, Theorem 5]) Let M be a Polish space and M its Borel σ-field.

Then if I : L2(M)→ L2(Ω) is a generalised Poisson process, WI : F+(L2(M))→ L2(Ω,F ,P)

is an isometric isomorphism.

If (M,M, µ) is a σ-finite measure space, then L2(Mn)⊗
n
s ∼= L2

sym(Mn). Thus we have an

isometry

I(n) =WI |L2(Mn)⊗ns : L2
sym(Mn) −→ L2(Ω,F ,P),

and we can define multiple Poisson integrals for f ∈ L2(Mn) by
∫

Mn

fdXn := I(n)(Sf).

The surjectivity of WI is equivalent to saying that each random variable X ∈ L2(Ω,F ,P) has

a unique expansion of the form

X =
∞∑

n=0

∫

Mn

fndX
n,

where fn ∈ L2
sym(Mn) and

∞∑

n=0

∫

Mn

|fn|2dµn = E[|X|2] <∞.

If E ∈ M with µ(E) < ∞ and PE denotes the orthogonal projection on L2(M) consisting

of multiplication by
�
E , then as in [28, §2] or [47, §IV.1.4,6], we can define operators λ(PE),

a(
�
E) and a†(

�
E) on F+(L2(M)), which we shall write as ΛE , AE and A†E respectively. It

is true that WI intertwines ΛE + AE + A†E and X̂E , however we shall leave the proof until

Section 5.1.
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4.3 Construction of WI using exponential vectors

It is possible to construct the isomorphism WI using the exponential vectors e(eiα − 1) with

α ∈ LSR(M) and the formula (4.2.2), similar to the approach in [10, Proposition 14], although

we shall construct our map initially on a more restricted exponential domain than Biane. In

[8, §7] and [67, §4] the Wiener-Ito isomorphism is constructed in an analogous way using the

full set of exponential vectors. In the Poisson case we restrict ourselves to a smaller set of

exponential vectors since we know explicitly the formula for WI(e(e
iα− 1)) with α ∈ LSR(M).

The following density result is based on the proof of [28, Proposition 6.2 d)].

Lemma 4.3.1 Let (M,M, µ) be any measure space. Then the set {e(eiα − 1) : α ∈ LSR(M)}
is total in F+(L2(M)).

Proof: Suppose that for j = 1, . . . , n, fj : R → L2(M) is differentiable with derivative f ′j .

Then
d

dθ
(f1(θ)⊗s . . .⊗s fn(θ)) =

n∑

j=1

f1(θ)⊗s . . .⊗s f ′j(θ)⊗s . . .⊗s fn(θ).

Let β ∈ LSR(M) be such that β =
∑k

j=1 βj
�
Ej , where (Ej)

k
j=1 ⊆ M are disjoint sets with

µ(Ej) <∞ and βj ∈ R. If we define f : R→ L2(M) by

f(θ) = eiθβ − 1 =
k∑

j=1

(eiθβj − 1)
�
Ej ,

it follows that

f (m)(θ) =
k∑

j=1

(iβj)
meiθβj

�
Ej .

In particular if E =
⋃k
j=1Ej , then for all θ ∈ R,

‖f(θ)‖ ≤ 2µ(E), ‖f (m)(θ)‖ ≤ ‖βm‖∞µ(E).

We now differentiate θ 7→ e(f(θ)) in F+(L2(M)). By using the mean value theorem we have

∥∥∥∥
f(θ + h)⊗

n − f(θ)⊗
n

h

∥∥∥∥ ≤ n sup
φ∈R
{‖f(φ)‖n−1‖f ′(φ)‖}

≤ n‖β‖∞2n−1µ(E)n.
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By the properties of Fock space,

lim
h→0

∥∥∥∥
∞∑

n=1

f(θ + h)⊗
n − f(θ)⊗

n

√
n!h

− nf(θ)⊗
n−1
s ⊗s f ′(θ)√
n!

∥∥∥∥
2

= lim
h→0

∞∑

n=1

∥∥∥∥
f(θ + h)⊗

n − f(θ)⊗
n

√
n!h

− nf(θ)⊗
n−1
s ⊗s f ′(θ)√
n!

∥∥∥∥
2

.

By an application of the series version of the dominated convergence theorem the limit and

sum can be interchanged and thus the above becomes

∞∑

n=1

lim
h→0

∥∥∥∥
f(θ + h)⊗

n − f(θ)⊗
n

√
n!h

− nf(θ)⊗
n−1
s ⊗s f ′(θ)√
n!

∥∥∥∥
2

,

which can easily be seen to be zero. Therefore

d

dθ
e(f(θ)) =

∞∑

n=1

nf(θ)⊗
n−1
s ⊗s f ′(θ)√
n!

.

Arguing similarly for the second derivative we get
(
d

dθ

)2

e(f(θ)) =
∞∑

n=1

(
n(n− 1)f(θ)⊗

n−2
s ⊗s f ′(θ)⊗2

s

√
n!

+
nf(θ)⊗

n−1
s ⊗s f ′′(θ)√
n!

)
.

Continuing in this way we obtain that
(
−i d
dθ

)n
e(f(θ))


θ=0

,

which lies in the closure of the linear span of {e(eiα − 1) : α ∈ LSR(M)}, is of the form

(∗, ∗, . . . , ∗,
√
n!β⊗

n
, 0, 0, . . .).

Thus for all β of this form, we have that

β⊗
n ∈ linsp{e(eiα − 1) : α ∈ LSR(M)}.

As these vectors are total in F+(L2(M)), the result follows.

In fact we know this density results holds by Corollary 4.2.10, since WI is an isomorphism.

However, a different proof is given since we need to use this result to give an alternative

construction of WI . Given the density of

E′′ := linsp{e(eiα − 1) : α ∈ LSR(M)},

if we can define a bounded linear operator on E′′ then we can extend it to a bounded linear

operator on F+(L2(M)). Also, given the linear independence of the exponential vectors, we

only need to define the operator on each exponential vector and extend it by linearity to E′′.
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Theorem 4.3.2 Define a linear operator WI : E′′ → L2(Ω) by setting

WI(e(e
iα − 1)) = exp{−

∫

M
(eiα − 1− iα)dµ+ iI(α)}. (4.3.1)

Then WI is a well-defined isometry and thus can be uniquely extended to an isometric isomor-

phism

WI : F+(L2(M))→ L2(Ω,F ,P)

such that WI |L2(M) = I.

Proof: Note that if α ∈ LSR(M), WI(α) ∈ L2(Ω). Suppose α, β ∈ LSR(M), then β − α ∈
LSR(M) and from Lemma 4.1.5,

〈WI(e(e
iα − 1)),WI(e(e

iβ − 1))〉 = exp{−
∫

M
(e−iα − 1 + iα)dµ}

× exp{−
∫

M
(eiβ − 1− iβ)dµ}E[eiI(β−α)]

= exp{−
∫

M
(eiβ + e−iα + i(α− β)− 2)dµ}E[eiI(β−α)]

= exp{−
∫

M
(eiβ + e−iα + i(α− β)− 2)dµ}

× exp{
∫

M
(ei(β−α) − 1− i(β − α))dµ}

= exp{
∫

M
(eiβ − 1)(e−iα − 1)dµ}

= 〈e(eiα − 1), e(eiβ − 1)〉.

Hence if α, β ∈ LSR(M) are such that eiα − 1 = eiβ − 1 then

E[|WI(e(e
iα − 1))−WI(e(e

iβ − 1))|2] = ‖e(eiα − 1)− e(eiβ − 1)‖2 = 0.

Thus WI : E′′ → L2(Ω) is a well-defined isometry and hence by Lemma 4.3.1 we can extend

it to an isometry WI : F+(L2(M)) → L2(Ω). Since WI(E′′) is dense in L2(Ω), the map WI is

surjective and we have an isometric isomorphism. For the last part, recall from the proof of

Lemma 4.3.1 that for α ∈ LSR(M),

−i d
dθ
e(eiθα − 1)


θ=0

= α.

Since WI is a unitary map, (4.3.1) implies that in L2(Ω),

exp{−
∫

M
(eiθα − 1− iθα)dµ+ iθI(α)}
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is differentiable with respect to θ at θ = 0. Thus in L2(Ω),

−i d
dθ

exp{−
∫

M
(eiθα − 1− iθα)dµ+ iθI(α)}


θ=0

= I(α).

The above can also be proved directly using the dominated convergence theorem. Therefore

differentiating both sides of (4.3.1) and multiplying by −i gives that on LSR(M), WI = I.

Hence by the totality of LSR(M) in L2(M) the claim follows.

From the definition of WI we can deduce that WI |L2(M)⊗ns = 1√
n!
L(n), where L(n) is as described

previously.

Lemma 4.3.3 If E ∈ M with µ(E) <∞ then

WI(
� ⊗m
E ) =

1√
m!
Cm(µ(E),XE + µ(E)).

In particular for all θ ∈ R,

WI(e(e
iθ � E − 1)) =

∞∑

n=0

(eiθ − 1)n

n!
Cn(µ(E),XE + µ(E)).

Proof: The proof is by induction. When m = 0, WI(1) = WI(e(0)) = 1. Assume

WI(
� ⊗k
E ) =

1√
k!
Ck(µ(E),XE + µ(E))

for all k < m. For all θ ∈ R we know from Proposition 4.2.2 iii) that pointwise

∞∑

n=0

(eiθ − 1)n

n!
Cn(µ(E),XE + µ(E)) = exp{−(eiθ − 1− iθ)µ(E) + iθXE} (4.3.2)

= WI(e(e
iθ � E − 1)).

However, from Proposition 4.2.2 ii) we know that

∞∑

n=0

|(eiθ − 1)n|2
n!2

‖Cn(µ(E),XE + µ(E))‖2 =
∞∑

n=0

|(eiθ − 1)n|2
n!2

n!µ(E)n <∞.

Thus the sum in (4.3.2) also converges in L2(Ω) to WI(e(e
iθ � E − 1)). Since WI is a unitary

map,

(
−i d
dθ

)m ∞∑

n=0

(eiθ − 1)n

n!
Cn(µ(E),XE + µ(E)) = WI(

(
−i d
dθ

)m
e(eiθ � E − 1)).

74



Term by term differentiation is valid. Hence,

∞∑

n=0

(
−i d
dθ

)m (eiθ − 1)n

n!


θ=0

Cn(µ(E),XE + µ(E)) =
∞∑

n=0

(
−i d
dθ

)m (eiθ − 1)n√
n!


θ=0

WI(
� ⊗n
E ).

Due to the fact that (
d

dθ

)m
(eiθ − 1)n


θ=0

= 0 for all m < n,

the lemma follows by the induction hypothesis.

Theorem 4.3.4 If α ∈ LSR(M) and α =
∑r

j=1 αj
�
Ej where (Ej)

r
j=1 ⊆ M are disjoint with

µ(Ej) <∞ and αj ∈ R, then WI(α
⊗n) is

1√
n!

∑

l1+...+lr=n

λl1,...,lrα
l1
1 . . . α

lr
r Cl1(µ(E1),XE1 + µ(E1)) . . . Clr(µ(Er),XEr + µ(Er)), (4.3.3)

where λl1,...,lr is the coefficient of xl11 . . . x
lr
r in the expansion (x1 + . . .+ xr)

n.

Proof: When n = 0 the result holds since WI(1) = 1. Assume the formula holds for all

m < n. Then by polarisation it follows that for m < n,

WI(
� ⊗p1s
F1
⊗s . . .⊗s

� ⊗pks
Fk

) =
1√
m!
L(m)(

� ⊗p1
F1
⊗ . . .⊗ � ⊗pk

Fk
), (4.3.4)

where (Fj)
k
j=1 ⊆ M are disjoint with µ(Fj) < ∞,

∑k
j=1 pj = m and L(m) is as previously

defined. Let α be as in the statement of the theorem and put Fα := σ({XE1 , . . . ,XEr} ∪N).

From the proof of Lemma 4.3.1 we have

(
−i d
dθ

)n
WI(e(e

iθα − 1))

θ=0

= WI(f0, . . . , fn−1,
√
n!α⊗

n
, 0, . . .), (4.3.5)

where for i = 0, . . . , n− 1,

fi =
i∑

k=1

r∑

jk=1

βj1,...,ji
�
Ej1
⊗s . . .⊗s

�
Eji
,

for some constants βj1,...,ji . From the definition of WI and (4.3.4) it follows that WI(α
⊗n) ∈

L2(Ω,Fα,P). For l ≥ 0 define

H(l) := linsp{L(l)(
� ⊗k1

E1
⊗ . . .⊗ � ⊗kr

Er
) :

r∑

j=1

kj = l}. (4.3.6)
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Then by the completeness and orthogonality of the Charlier polynomials (Proposition 4.2.2

i)), we can deduce

L2(Ω,Fα,P) =
∞⊕

l=0

H(l).

Since L2(M)⊗
m
s is orthogonal to L2(M)⊗

n
s in F+(L2(M)) for m 6= n, WI(L

2(M)⊗
m
s ) is orthog-

onal to WI(L
2(M)⊗

n
s ) for m 6= n. Therefore from (4.3.4), WI(α

⊗n) is orthogonal to H(m) for

m < n. We shall denote the expression (4.3.3) by K(n)(α). If
∑r

j=1 kj = n then

〈
√
n!K(n)(α), L(n)(

� ⊗k1

E1
⊗ . . .⊗ � ⊗kr

Er
)〉

=
∑

l1+...+lr=n

λl1,...,lrα
l1
1 . . . α

lr
r 〈L(n)(

� ⊗l1
E1
⊗ . . .⊗ � ⊗lr

Er
), L(n)(

� ⊗k1

E1
⊗ . . .⊗ � ⊗kr

Er
)〉.

By the orthogonality of the Charlier polynomials the inner product in the above sum vanishes

unless lj = kj for j = 1, . . . , r. Consequently

〈
√
n!K(n)(α), L(n)(

� ⊗k1

E1
⊗ . . .⊗ � ⊗kr

Er
)〉 = λk1,...,krα

k1
1 . . . αkrr ‖L(n)(

� ⊗k1

E1
⊗ . . .⊗ � ⊗kr

Er
)‖2.

Now for m ≥ n and
∑r

j=1 kj = m from the definition of WI ,

(
d

dθ

)n
〈WI(e(e

iθα−1)), L(m)(
� ⊗k1

E1
⊗ . . .⊗ � ⊗kr

Er
)〉

θ=0

=

(
d

dθ

)n r∏

j=1

〈WI(e(e
iθαj � Ej − 1)), L(kj)(

� ⊗kj
Ej

)〉

θ=0

=
∑

l1+...+lr=n

λl1,...,lr

r∏

j=1

(
d

dθ

)lj
〈WI(e(e

iθαj � Ej − 1)), L(kj)(
� ⊗kj
Ej

)〉

θ=0

.

If lj < kj for some j, then by Lemma 4.3.3,

(
d

dθ

)lj
〈WI(e(e

iθαj � Ej − 1)), L(kj)(
� ⊗kj
Ej

)〉

θ=0

= 0,

and therefore the product in the previous expression vanishes. In particular this is true when
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m > n. If m = n by Lemma 4.3.3,

(
−i d
dθ

)n
〈WI(e(e

iθα − 1)), L(n)(
� ⊗k1

E1
⊗ . . .⊗ � ⊗kr

Er
)〉

θ=0

= λk1,...,kr

r∏

j=1

(
−i d
dθ

)kj
〈WI(e(e

iθαj � Ej − 1)), L(kj)(
� ⊗kj
Ej

)〉

θ=0

= λk1,...,kr

r∏

j=1

〈
√
kj !α

kj
j WI(

� ⊗kj
Ej

), L(kj)(
� ⊗kj
Ej

)〉

= λk1,...,krα
k1
1 . . . αkrr

r∏

j=1

‖L(kj)(
� ⊗kj
Ej

)‖2

= λk1,...,krα
k1
1 . . . αkrr ‖L(n)(

� ⊗k1

E1
⊗ . . .⊗ � ⊗kr

Er
)‖2.

Therefore by (4.3.5) for all m, whenever
∑r

j=1 kj = m,

〈WI(α
⊗n), L(m)(

� ⊗k1

E1
⊗ . . .⊗ � ⊗kr

Er
)〉 = 〈K(n)(α), L(m)(

� ⊗k1

E1
⊗ . . .⊗ � ⊗kr

Er
)〉.

Hence by (4.3.6) since WI(α
⊗n) ∈ L2(Ω,Fα,P), the result follows by induction.

Corollary 4.3.5 Suppose (Fj)
r
j=1 ⊆M are disjoint with µ(Fj) <∞, and (kj)

r
j=1 are natural

numbers with
∑r

j=1 kj = m, then

WI(
� ⊗k1

s
F1
⊗s . . .⊗s

� ⊗krs
Fr

) =
1√
m!
Ck1(µ(F1),XF1 + µ(F1)) . . . Ckr(µ(Fr),XFr + µ(Fr)).

Proof: The result follows from the previous theorem by polarisation, similarly to (4.3.4).

Note that the above corollary gives a new way of showing that the maps L(n) are well-defined.

For αj ∈ LSR(M),

WI(α1 ⊗s . . .⊗s αn) =
1√
n!
L(n)(α1 ⊗ . . .⊗ αn).

and therefore WI = WI . Thus we have shown it is possible to construct the Wiener-Poisson

isomorphism from just the exponentials. In the Gaussian case, if I : L2(M)→ L2(Ωw,Fw,Pw)

is a Gaussian field, we know that if f ∈ L2(M) is of norm 1,

wI(f
⊗n) =

1√
n!
hn(I(f)),

where hn is the nth Hermite polynomial. Such a general formula does not exist in the Poisson

case, since only for very special functions f ∈ L2(M) can WI(f
⊗n) be written in terms of

Charlier polynomials.
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4.4 Reproducing kernel Hilbert spaces

Fock space can also be constructed using reproducing kernel Hilbert spaces. The theory of

reproducing kernel Hilbert spaces was first developed by Aronszajn in [1]. A brief summary

of the main results is presented in [34, Appendix F].

Definition 4.4.1 Let T be a set. Then a covariance on T is a function C : T × T → C such

that

i) C(s, t) = C(t, s),

ii)
∑n

i,j=1 λiλjC(ti, tj) ≥ 0 for all finite subsets {tj}nj=1 ⊆ T and {λj}nj=1 ⊆ C.

Theorem 4.4.2 ([34, Theorem F.2]) Suppose that C : T ×T → C is a covariance function

on T . Then there exists a unique Hilbert space K(C) of functions on T , called the reproducing

kernel Hilbert space of C, such that

i) C(t, ·) ∈ K(C),

ii) f(t) = 〈C(t, ·), f〉.

Lemma 4.4.3 ([34, Theorem F.3]) Let K(C) be the reproducing kernel Hilbert space of

C : T × T → C. Then {C(t, ·)}t∈T is total in K(C) and

C(s, t) = 〈C(s, ·), C(t, ·)〉.

If H is any Hilbert space then ΓH : H ×H → C defined by

ΓH(h, h′) := e〈h,h
′〉

is a covariance function and hence there exists a reproducing kernel Hilbert space K(ΓH).

From the above lemma it follows that the mapping

ΓH(h, ·) 7−→ e(h)

induces an isometric isomorphism from K(ΓH) onto F+(H).

Proposition 4.4.4 ([34, Theorem F.5]) Let H be a Hilbert space and {ht}t∈T a total set in

H. Define a map R from H into the space of all functions on T , by R(h)(t) = 〈ht, h〉. Then

R is injective and if we define an inner product on R(H) := {R(h) : h ∈ H} by

〈f, g〉 := 〈R−1(f), R−1(g)〉H ,
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which makes R : H → R(H) into an isometry, then R(H) becomes a reproducing kernel Hilbert

space with covariance

C(s, t) = 〈hs, ht〉.

Using this result Chatterji and Mandrekar gave a construction of the Wiener-Ito isomorphism

wI : K(ΓH)→ L2(Ω,F ,P) induced by a Gaussian field I : H → L2(Ω,F ,P) (see [14, Corollary

6.1]). If EwI (h) := eI(h)− 1
2
‖h‖2 , then {EwI (h)}h∈H is a total set in L2(Ω,F ,P). Consequently,

from the above theorem we can construct the reproducing kernel Hilbert space of the covariance

function

C(h, h′) = 〈EwI (h), EwI (h′)〉 = e〈h,h
′〉 = ΓH(h, h′).

Therefore

K(ΓH) = {R(X) : R(X)(h) = 〈EwI (h),X〉, X ∈ L2(Ω)}

with the inner product

〈R(X), R(Y )〉 = 〈X,Y 〉.

Hence, we have an isomorphism w : K(ΓH)→ L2(Ωw,Fw,Pw) given by e〈h,·〉 7→ Ew(h), which

by the identification of e〈h,·〉 and e(h) is the Wiener-Ito isomorphism. More details of this

construction of the Wiener-Ito isomorphism can be found in [35]. We would like to construct

the Wiener-Poisson isomorphism in a similar fashion. Since we only work with a restricted

exponential domain for the Poisson case, we need the following lemma.

Lemma 4.4.5 ([34, Theorem F.8]) Suppose K(C) is the reproducing kernel Hilbert space

of the covariance C : T × T → C and that T ′ is a subset of T such that the only function in

K(C) which vanishes on all of T ′ is the zero function. Then the set

K(C ′) = {f |T ′ : f ∈ K(C)}

with inner product

〈f |T ′, g|T ′〉K(C′) = 〈f, g〉K(C)

is the reproducing kernel Hilbert space of the covariance C|T ′×T ′.

Lemma 4.4.6 Let f ∈ K(ΓH). Then h 7→ f(h) is a continuous map from H to C.

Proof: Suppose h, h′ ∈ H, then from Lemma 4.4.3,

‖ΓH(h, ·)− ΓH(h′, ·)‖2K(ΓH) = 〈ΓH(h, ·),ΓH(h, ·)〉K(ΓH) + 〈ΓH(h′, ·),ΓH(h′, ·)〉K(ΓH)

− 〈ΓH(h, ·),ΓH(h′, ·)〉K(ΓH) − 〈ΓH(h′, ·),ΓH(h, ·)〉K(ΓH)

= ΓH(h, h) + ΓH(h′, h′)− ΓH(h, h′)− ΓH(h′, h).
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Thus, if hn → h then ΓH(hn, ·) → ΓH(h, ·), which implies that h 7→ ΓH(h, ·) is continuous.

Since f(h) = 〈Γ(h, ·), f〉 it follows that h 7→ f(h) is continuous.

Corollary 4.4.7 If f ∈ K(ΓH) and f |D = 0 for some total set D in H, then f ≡ 0.

Now suppose we have a generalised Poisson process I : L2(M,M, µ) → L2(Ω,F ,P). Then

consider the set D = {eiα − 1 : α ∈ LSR(M)} which is total in L2(M). For α ∈ LSR(M) we let

E(eiα − 1) := exp{−
∫

M
(eiα − 1− iα)dµ+ iI(α)}.

By the same argument as in the proof of Theorem 4.3.2, the above expression is well-defined.

From Proposition 4.1.9 the set {E(f) : f ∈ D} is total in L2(Ω,F ,P). Furthermore for f , g

∈ D,

〈E(f), E(g)〉 = e〈f,g〉 = Γ′L2(M)(f, g),

where Γ′L2(M) = ΓL2(M)|D×D. Hence by Proposition 4.4.4,

K(Γ′L2(M)) = {R(X) : R(X)(f) = 〈E(f),X〉, X ∈ L2(Ω)},

and we have an isometry WI : K(Γ′L2(M)) → L2(Ω) given by e〈e
iα−1,·〉 7→ E(eiα − 1) for

α ∈ LSR(M). By Corollary 4.4.7, if f ∈ K(ΓL2(M)) and f |D = 0, then f ≡ 0. Therefore

we may apply Lemma 4.4.5 to obtain that K(ΓL2(M)) ∼= K(Γ′L2(M)) with the identification

f 7→ f |D.

Theorem 4.4.8 Let I : L2(M,M, µ) → L2(Ω,F ,P) be a generalised Poisson process. Then

there exists a unique isometric isomorphism

WI : K(ΓL2(M)) −→ L2(Ω,F ,P),

such that if α ∈ LSR(M),

WI : e〈e
iα−1,·〉 7−→ E(eiα − 1).

4.5 Discrete chaos

When dealing with the Gaussian case, that is if I : L2(M)→ L2(Ω) is a Gaussian field, then

for f1, . . . , fn ∈ L2(M),

wI(
√
n!f1 ⊗s . . .⊗s fn) = πn(I(f1) . . . I(fn)),
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where πn is the orthogonal projection onto the nth chaos space L2(M):n: := wI(L
2(M)⊗

n
s ). In

this section, we shall briefly describe a similar formula for the Wiener-Poisson isomorphism.

A formula of this type is given in [64, Proposition 1.1] for the non-atomic case. However, the

proof is quite complex and requires a multiplication formula to be established [64, Proposition

3.1]. The result we shall present here is not as general, but the proofs we give are much

simpler. Following the notations of [22] we let

Pn : =linsp{
k∏

j=1

Cpj (µ(Ej),XEj + µ(Ej)) :
k∑

j=1

pj ≤ n, (Ej)
k
j=1 ⊆M disjoint with µ(Ej) <∞}

=linsp{
k∏

j=1

X
pj
Ej

:
k∑

j=1

pj ≤ n, (Ej)
k
j=1 ⊆M disjoint with µ(Ej) <∞}.

Note that

Pn =WI(
n⊕

k=0

L2(M)⊗
n
s ).

We let

Qn := Pn ∩ P⊥n−1 =WI(L
2(M)⊗

n
s ),

the nth discrete chaos, and define ρn to be the orthogonal projection onto Qn.

Proposition 4.5.1 If α1, . . . , αn ∈ LSR(M) then

WI(
√
n!α1 ⊗s . . .⊗s αn) = ρn(I(α1) . . . I(αn)). (4.5.1)

Proof: We show first that if (Ej)
k
j=1 ⊆M are disjoint with µ(Ej) <∞ and

∑k
j=1 pj = n,

WI(
√
n!

� ⊗p1s
E1
⊗s . . .⊗s

� ⊗pks
Ek

) = ρn(Xp1

E1
. . .Xpk

Ek
). (4.5.2)

Note that Cn(t, x) is a monic polynomial of degree n in x. Therefore

WI(
√
n!

� ⊗p1s
E1
⊗s . . .⊗s

� ⊗pks
Ek

) = Cp1(µ(E1),XE1 + µ(E1)) . . . Cpk(µ(Ek),XEk + µ(Ek))

= Xp1

E1
. . .Xpk

Ek
+ Pn−1(XE1 , . . . ,XEk),

where Pn−1 is a polynomial in k variables with degree less than n. Hence if (Fs)
l
s=1 ⊆M are

disjoint with µ(Fs) <∞ and
∑l

s=1 qs = n, then

〈WI(
√
n!

� ⊗p1s
E1
⊗s . . .⊗s

� ⊗pks
Ek

), L(n)(
� ⊗q1
F1
⊗ . . .⊗ � ⊗ql

Fl
)〉

= 〈Xp1

E1
. . .Xpk

Ek
+ Pn−1(XE1 , . . . ,XEk), L(n)(

� ⊗q1
F1
⊗ . . .⊗ � ⊗ql

Fl
)〉

= 〈Xp1

E1
. . .Xpk

Ek
, L(n)(

� ⊗q1
F1
⊗ . . .⊗ � ⊗ql

Fl
)〉,
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since Pn−1(XE1 , . . . ,XEk) ∈ Pn−1 and thus (4.5.2) holds. The general result follows because we

may write α1⊗s. . .⊗sαn as a linear combination of functions of the form
� ⊗p1s
E1
⊗s. . .⊗s

� ⊗pks
Ek

.

Corollary 4.5.2 If f1, . . . , fn ∈
⋂

1≤p<∞ L
p(M) then

WI(
√
n!f1 ⊗s . . .⊗s fn) = ρn(I(f1) . . . I(fn)). (4.5.3)

Proof: By Proposition 4.1.8, the right-hand side of (4.5.3) is well-defined. From the proof

of Proposition 4.1.8, we may find sequences (fj,m) ⊆ LSR(M) such that fj,m → fj in L2(M)

and I(fj,m)→ I(fj) in L2n(Ω) as m→∞. Then by Holder’s inequality,

‖I(f1) . . . I(fn)− I(f1,m) . . . I(fn,m)‖2
≤ ‖(I(f1)− I(f1,m))I(f2) . . . I(fn)‖2 + . . .

. . .+ ‖I(f1,m) . . . I(fn−1,m)(I(fn)− I(fn,m))‖2
≤ ‖I(f1)− I(f1,m)‖2n‖I(f2)‖2n . . . ‖I(fn)‖2n + . . .

. . .+ ‖I(f1,m)‖2n . . . ‖I(fn−1,m)‖2n‖I(fn)− I(fn,m)‖2n
→ 0 as m→∞.

Consequently I(f1,m) . . . I(fn,m)→ I(f1) . . . I(fn) in L2(Ω) as m→∞ and

WI(
√
n!f1 ⊗s . . .⊗s fn) = lim

m→∞
WI(
√
n!f1,m ⊗s . . .⊗s fn,m)

= lim
m→∞

ρn(I(f1,m) . . . I(fn,m))

= ρn(I(f1) . . . I(fn)),

giving the required formula.

Note that it is in general not possible to extend the formula (4.5.3) for αj ∈ L2(M), since it

may not be the case that I(α1) . . . I(αn) ∈ L2(Ω).

We can also use the space of polynomials
⋃∞
n=0 Pn to show that if α ∈ LSR(M) then

eiI(α) ∈ WI(F+(L2(M))). One possible method follows that of [34, Theorem 2.6]. By the

definition of Pn, for all n ∈ N0,
∑n

j=0
(iI(α))j

j! ∈ ⋃∞n=0 Pn. Furthermore,

∣∣∣∣eiI(α) −
n∑

j=0

(iI(α))j

j!

∣∣∣∣ ≤ 1 +
n∑

j=0

∣∣∣∣
I(α)j

j!

∣∣∣∣

≤ 1 + eI(α) + e−I(α).
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However, by the properties of the Poisson process 1 + eI(α) + e−I(α) ∈ L2(Ω). Thus by the

dominated convergence theorem, in L2(Ω),

n∑

j=0

(iI(α))j

j!
→ eiI(α) as n→∞,

and hence eiI(α) ∈ WI(F+(L2(M))). Therefore from Proposition 4.1.9 we may deduce that

WI is surjective.

The density of
⋃∞
n=0 Pn in L2(Ω), and thus the surjectivity of WI , also follows from [18,

Proposition 2.1], since for all E ∈ M with µ(E) < ∞, eXE ∈ L1(Ω). We prefer to show

surjectivity by explicitly calculatingWI(e(e
iα−1)) for α ∈ LSR(M), because we make frequent

use of this formula in our work.

In [34, §7.3] given a Gaussian stochastic integral, Iw : L2(M,M, µ)→ L2(Ω,F ,P), over a

σ-finite measure space, the Skorohod integral

δIw : L2(M,M, µ;L2(Ω,F ,P)) −→ L2(Ω,F ,P),

a densely defined operator, is constructed. If I : L2(M,M, µ) → L2(Ω,F ,P) is a generalised

Poisson process the Skorohod integral can be constructed in an analogous manner as a linear

map

δI : L2(M,M, µ;L2(Ω,F ,P)) −→ L2(Ω,F ,P).

Similar properties with the appropriate modifications to those obtained in the Gaussian case

can also be deduced for the Poisson case, although we shall not give details. We can also

construct the Malliavin gradient operator

∇I : L2(Ω,F ,P) −→ L2(M,M, µ;L2(Ω,F ,P)),

which is the adjoint of the Skorohod integral (see [25, Thèoréme 2] and [42, Theorem 1.3]). In

Fock space it is known that the Malliavin gradient

∇ : F+(L2(M)) −→ L2(M,M, µ; F+(L2(M)))

has domain D(∇) = D1,2 (see (3.3.5)), and for all f ∈ L2(M),

(∇e(f))(m) = f(m)e(f). (4.5.4)

Note that for f ∈ L2
R(M), by (4.2.4),

eiI(f) = exp{
∫

M
(eif − 1− if)dµ}WI(e

if − 1).
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Therefore, using (4.5.4) we have that for f ∈ L2
R(M),

(∇IeiI(f))(m) = (eif(m) − 1)eiI(f). (4.5.5)

This should be compared with the Gaussian case where for f ∈ L2
R(M),

(∇IweiI(f))(m) = if(m)eiI(f).

By a similar argument to Lemma 4.3.1 it can be shown that vectors of the form e(eiα − 1)

with α ∈ LSR(M) are total in D1,2 and therefore {eiI(f) : f ∈ L2
R(M)} is a core for ∇I . Hence

the formula (4.5.5) uniquely determines the operator ∇I . In [50] explicit expressions for the

Skorohod integral δI and the Malliavin gradient ∇I for certain special Poisson processes are

given.
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Chapter 5

Construction of Generalised Poisson
Processes

In this chapter we shall assume that (M,M, µ) is any measure space. We give a canonical

construction of a generalised Poisson process over (M,M, µ) using the Gelfand transform of

a unital commutative C∗-algebra A ⊆ B(F+(L2(M))). The ideas here are similar to that in

[28, §6], although we actually construct a probability space and an isometry, via the Segal

spatial isomorphism (see [62, Scholium 9.2]), which is not done in the article mentioned. We

do obtain a generalised Poisson process rather than a Poisson random measure, but we do

not need to impose any conditions on the measure space (M,M, µ). A similar construction

of Gaussian fields can be found in [69].

5.1 The C∗-algebra A

The aim of this section is to give a description of the C∗-algebra A which we shall be working

with. The C∗-algebra we construct is a commutative C∗-subalgebra of the C∗-algebra gener-

ated by the Weyl operators in B(F+(L2(M))). We give a brief description of Weyl operators

on F+(H), where H is any complex space and refer the reader to [47, §IV.1.9] for more details.

Consider the set G of ordered pairs U = (u,U) where u ∈ H and U is a unitary operator

on L2(M). For f ∈ H set Uf := Uf + u. Then the Weyl operator WU is defined on E by

WU(e(f)) := e−CU (f)e(Uf) where CU(f) := 〈u,Uf〉+
‖u‖2

2
,

and extended by linearity to E. By the linear independence of the exponential vectors this

operator is well-defined. Clearly, WU maps E into E. If V = (v, V ) ∈ G, then it can be easily
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deduced that

WUWV = e−iIm〈u,Uv〉WU .V , (5.1.1)

where we define

U .V := (u+ Uv,UV ).

It can be shown that WU is an isometry on E and so extends to an isometry on F+(L2(M)).

Furthermore (5.1.1) still holds for the extension. By taking V = (−U ∗u,U∗), (5.1.1) implies

that WU is invertible and hence the Weyl operators form a unitary group. The operators in

the set {WU : U = (u, I)} are often called the pure translation Weyl operators. The C∗-algebra

generated by the pure translation Weyl operators, A say, is the C∗-algebra of the CCR. If we

define W (u) := W(u/
√

2,I) for u ∈ H, then

W (u)W (v) = e−
i
2

Im〈u,v〉W (u+ v) = e−iIm〈u,v〉W (u)W (v),

whenever u, v ∈ H. Thus, {W (u) : u ∈ H} satisfies the Weyl form of the canonical commu-

tation relations. The C∗-algebra of the CCR has been studied in detail in [12, §5.2.1.2].

It is shown in [12, Theorem 5.2.8] that if A′ is another C∗-algebra generated by a set

{W ′(u) : u ∈ H} which also satisfies the Weyl form of the canonical commutation rela-

tions and W ′(u)∗ = W ′(−u), then there exists a unique ∗-isomorphism φ : A → A′ such that

W (u) 7→W ′(u).

For each α ∈ LSR(M) (see Definition 4.1.3), we define a linear operator on E ⊆ F+(L2(M))

by

V (α) : e(f) 7→ exp{
∫

M
(eiα − 1 + (eiα − 1)f)dµ}e(eiαf + eiα − 1). (5.1.2)

As α is real-valued and the exponential vectors are linearly independent in Fock space, this map

is well-defined. These maps are just multiples of Weyl operators. To see this, fix α ∈ LSR(M)

and take

Uα := (eiα − 1, eiαI) ∈ G.

Then it follows immediately that

V (α) = ei
R
M sinαdµWUα .

The multiplication by the phase factor ensures that the formula V (α)V (β) = V (α+ β) holds.

These Weyl operators on F+(L2(M)) are also mentioned in [51, Exercise 26.10]. In the Gaus-

sian case the Weyl operators used to construct the analogous C∗-algebra have the unitary

operator equal to I and hence are a subset of the pure translation Weyl operators. The maps
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{V (α) : α ∈ LSR(M)} will be used to construct our C∗-algebra A. The following properties

can be deduced from the properties of Weyl operators, however for completeness we compute

them directly.

Proposition 5.1.1 Let α, β ∈ LSR(M). Then

i) V (α) extends to a unitary operator on F+(L2(M)),

ii) V (α)V (β) = V (α+ β).

Proof: If we can show that V (α) is an isometry and ii) holds, then since V (0) = I, we have

that V (α) is surjective, and thus we get the fact that V (α) is unitary. If f , g ∈ L2(M),

〈V (α)e(f), V (α)e(g)〉 = exp{
∫

M
(e−iα − 1 + (e−iα − 1)f̄)dµ}

× exp{
∫

M
(eiα − 1 + (eiα − 1)g)dµ}

× 〈e(eiαf + eiα − 1), e(eiαg + eiα − 1)〉

= exp{
∫

M
−(e−iα − 1)(eiα − 1)dµ}

× exp{
∫

M
((e−iα − 1)f̄ + (eiα − 1)g)dµ}

× exp{
∫

M
(e−iαf̄ + e−iα − 1)(eiαg + eiα − 1)dµ}

= exp{
∫

M
f̄ gdµ} = 〈e(f), e(g)〉.

Thus V (α) extends to an isometry on F+(L2(M)). To prove ii) if f ∈ L2(M),

V (α)V (β)e(f) = V (α)exp{
∫

M
(eiβ − 1 + (eiβ − 1)f)dµ}

× e(eiβf + eiβ − 1)

= exp{
∫

M
(eiβ − 1 + (eiβ − 1)f)dµ}

× exp{
∫

M
(eiα − 1 + (eiα − 1)(eiβf + eiβ − 1))dµ}

× e(eiα(eiβf + eiβ − 1) + eiα − 1)

= exp{
∫

M
(ei(α+β) − 1 + (ei(α+β) − 1)f)dµ}

× e(ei(α+β)f + ei(α+β) − 1)

= V (α+ β)e(f).

Hence we have that V (α)V (β) = V (α+ β) on E, and thus by continuity on F+(L2(M)).

87



Proposition 5.1.2 Let f , g ∈ L2(M), then for α ∈ LSR(M),

〈e(f), V (α)e(g)〉 = exp{
∫

M
(eiα − 1)(f̄ + 1)(g + 1)dµ}〈e(f), e(g)〉. (5.1.3)

Proof: Using the definition of V (α),

〈e(f), V (α)e(g)〉 = exp{
∫

M
(eiα − 1 + (eiα − 1)g)dµ}

× exp{
∫

M
f̄(eiαg + eiα − 1)dµ}

= exp{
∫

M
(eiα − 1)(1 + f̄ + g + f̄ g)dµ}〈e(f), e(g)〉

= exp{
∫

M
(eiα − 1)(f̄ + 1)(g + 1)dµ}〈e(f), e(g)〉.

Hence we have the required result.

Proposition 5.1.3 Let α ∈ LSR(M). Then (V (tα))t∈R is a strongly continuous unitary group.

Proof: The fact that (V (tα))t∈R is a unitary group comes from Proposition 5.1.1. From

(5.1.3) we know that for all f , g ∈ L2(M), the map

t 7−→ 〈e(f), V (tα)e(g)〉

is continuous at t = 0. Thus, since E is dense in F+(L2(M)) and V (tα) is unitary for each t,

by a simple approximation argument it follows that for all φ, ψ ∈ F+(L2(M)),

t 7−→ 〈φ, V (tα)ψ〉

is continuous at t = 0. Since weak continuity implies strong continuity for unitary groups [76,

§IX.1 Theorem], the result follows.

For E ∈ M with µ(E) <∞, if we define

U(t
�
E) := e−itµ(E)V (t

�
E), (5.1.4)

then (U(t
�
E))t∈R is a strongly continuous unitary group with an infinitesimal generator, which

we shall call S. We may now prove that S = ΛE + AE + A†E , where ΛE , AE and A†E are

defined at the end of Section 4.3. Consequently we have an explicit expression for action of

the unitary group (eit(ΛE+AE+A†E))t∈R on the exponential vectors in F+(L2(M)). Using this

we can deduce that ifWI : F+(L2(M))→ L2(Ω) is a generalised Wiener-Poisson isomorphism,

then WI intertwines ΛE +AE +A†E and X̂E by considering the unitary groups they generate.

This generalises Theorem 3.3.5 for Poisson processes on R+ to generalised Poisson processes

over (M,M, µ).
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Proposition 5.1.4 With the notations above D(S) = D(ΛE+AE+A†E) and on their common

domain S = ΛE + AE + A†E .

Proof: If f , g ∈ L2(M) from (5.1.3) we have

d

dt
〈e(f), V (t

�
E)e(g)〉 = i

∫

E
eit(f̄ + 1)(g + 1)dµ exp{

∫

E
(eit − 1)(f̄ + 1)(g + 1)dµ}〈e(f), e(g)〉.

Using (5.1.2) we also obtain

〈V (−t �
E)e(f), (ΛE + AE + A†E + µ(E)I)e(g)〉

= exp{
∫

E
(eit − 1 + (eit − 1)f̄)dµ}

× 〈e(e−it � Ef + (e−it − 1)
�
E), (ΛE + AE + A†E + µ(E)I)e(g)〉

= exp{
∫

E
(eit − 1 + (eit − 1)f̄)dµ}

×
∫

E
(eitf̄ + eit − 1 + g + (eitf̄ + eit − 1)g + 1)dµ

× 〈e(e−it � Ef + (e−it − 1)
�
E), e(g)〉

=

∫

E
eit(f̄ + 1)(g + 1)dµ exp{

∫

E
(eit − 1 + (eit − 1)f̄)dµ}

× exp{
∫

M
(eit � E f̄g + (eit − 1)

�
Eg)dµ}

= −i d
dt
〈e(f), V (t

�
E)e(g)〉.

Therefore we have

d

dt
〈e(f), U(t

�
E)e(g)〉 = e−itµ(E) d

dt
〈e(f), V (t

�
E)e(g)〉 − iµ(E)e−itµ(E)〈e(f), V (t

�
E)e(g)〉

= i〈U(−t �
E)e(f), (ΛE + AE + A†E)e(g)〉. (5.1.5)

Therefore since (5.1.5) is continuous, for all φ ∈ E,

〈φ,U(t
�
E)e(g)〉 = 〈φ, e(g)〉+ i

∫ t

0
〈U(−s �

E)φ, (ΛE + AE +A†E)e(g)〉ds.

If ψ ∈ F+(L2(M)), approximating ψ by a sequence (ψn) ⊆ E and using the dominated

convergence theorem we get

〈ψ,U(t
�
E)e(g)〉 = 〈ψ, e(g)〉+ i

∫ t

0
〈U(−s �

E)ψ, (ΛE + AE +A†E)e(g)〉ds.

Hence t 7→ U(t
�
E)e(g) is weakly differentiable with weak derivative i(ΛE + AE + A†E)e(g) at

t = 0 and by [53, Theorem 2.1.3], e(g) ∈ D(S) with

Se(g) = (ΛE + AE + A†E)e(g).
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By a similar argument to Theorem 3.3.5, E is a core for ΛE +AE +A†E and the result follows

by the maximality of self-adjoint operators.

Corollary 5.1.5 Let (M,M, µ) be a measure space and E ∈ M with µ(E) < ∞. If I :

L2(M,M, µ)→ L2(Ω,F ,P) is a generalised Poisson process thenWI intertwines ΛE+AE+A†E
and X̂E.

Proof: From Lemma 5.1.4 we know that eit(ΛE+AE+A†E) = U(t
�
E). We prove that

U(t
�
E) = eit(ΛE+AE+A†E) =W−1eit

dXEW, (5.1.6)

which by the uniqueness of the infinitesimal generator of a unitary group establishes the result.

If α ∈ LSR(M) from (4.2.2),

WIe
−itµ(E)V (t

�
E)(e(eiα − 1)) = e−itµ(E)exp{

∫

M
eiα(eit � E − 1)dµ}

×WI(e(e
it � E+iα − 1))

= eitXEexp{−
∫

M
(eiα − 1− iα)dµ+ iI(α)}

= eit
dXE (WI(e(e

iα − 1))).

Thus by the continuity of the operators and the density of E′′, (5.1.6) holds.

The proof of the above corollary is just a generalisation of Meyer’s argument (see (3.3.1)), to

show that eiu(Λt+At+A
†
t ) = W−1eit

cXtW. When working on [0, 1] we evaluate both operators

on the exponential vectors of locally bounded square integrable functions, however in this

corollary we only show explicitly that the two operators agree on a more restricted exponential

domain which is still total in F+(L2(M)).

We define A to be the commutative unital C∗-algebra generated by {V (α) : α ∈ LSR(M)}.
From Proposition 5.1.4 we can deduce that A is quite a naturally occurring C∗-algebra.

Proposition 5.1.6 A is the C∗-algebra generated by the set {eit(ΛE+AE+A†E) : t ∈ R, E ∈
M with µ(E) <∞}.

Proof: Let A′ be the C∗-algebra generated by {eit(ΛE+AE+A†E) : t ∈ R, E ∈ M with µ(E) <

∞}. Then from Proposition 5.1.4 we have that A′ ⊆ A. Conversely, if α =
∑n

j=1 αj
�
Ej where

αj ∈ R and (Ej)
n
j=1 ⊆M are disjoint with µ(Ej) <∞ then

V (α) = V (α1
�
E1) . . . V (αn

�
En) ∈ A′,

since V (αj
�
Ej ) = eiαjµ(Ej)e

iαj(ΛEj+AEj+A†Ej ) ∈ A′. Thus A ⊆ A′.
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It should be noted that in [67, §5] when constructing a Gaussian field over a complexified

Hilbert space H, the C∗-algebra introduced is in fact the C∗-algebra generated by the elements

eit(a(h)+a†(h)) with h ∈ HR and t ∈ R (see [47, §IV.1.4] for definitions of a(h) and a†(h)). Hence,

although our algebra A does not appear to be as natural as in [67, §5], it is the analogous one

for the Poisson case.

The next result is crucial to the construction of our probability space. It shows that the

vacuum vector e(0) is cyclic for our C∗-algebra A.

Proposition 5.1.7 {V (α)e(0) : α ∈ LSR(M)} is a total set in F+(L2(M)).

Proof: By the definition of V (α), for all α ∈ LSR(M),

e(eiα − 1) ∈ linsp{V (α)e(0) : α ∈ LSR(M)}.

Therefore the result holds by Lemma 4.3.1.

Corollary 5.1.8 If a ∈ A and ae(0) = 0, then a = 0.

Proof: Suppose a ∈ A and ae(0) = 0. Then for all b ∈ A, 0 = bae(0) = abe(0). As

{be(0) : b ∈ A} is dense in F+(L2(M)), we get a = 0.

The density result above can also be deduced from the properties of unitary groups generated

by self-adjoint operators. For α ∈ LSR(M) let Mα : L2(M) → L2(M) be the operator of

multiplication by α, and denote by Λα, Aα and A†α the operators λ(Mα), a(α) and a†(α)

respectively. Then Λα + Aα +A†α is a self-adjoint operator such that

Λα + Aα + A†α = (Λα + Aα + A†α)|F+(L2(M))00
,

where F+(L2(M))00 is the set of vectors with finite Fock space expansion. If α =
∑n

j=1 αj
�
Ej ,

where αj ∈ R and (Ej)
n
j=1 ⊆M are disjoint with µ(Ej) <∞, then

(Λα + Aα + A†α)|F+(L2(M))00
=

n∑

j=1

αj(ΛEj + AEj +A†Ej ).

Therefore by [56, Theorem VIII.31], since the operators (e
itαj(ΛEj+AEj+A†Ej )

)nj=1 commute,

eit(Λα+Aα+A†α) =
n∏

j=1

e
itαj(ΛEj+AEj+A†Ej )

= e−it
R
M αdµV (tα).
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We know that e(0) ∈ D((Λα+Aα+A†α)n) for all n ≥ 0, thus by the differentiability properties

of unitary groups,
(
−i d
dt

)n
eit(Λα+Aα+A†α)e(0)


t=0

= (Λα + Aα + A†α)ne(0)

= (∗, . . . , ∗, (A†α)ne(0), 0, . . .).

However, since (A†α)ne(0) =
√
n!α⊗

n
s , and these vectors are total in F+(L2(M)), the density

result above follows. This also gives an alternative proof of Lemma 4.3.1.

Proposition 5.1.7 should be compared to Corollary 4.2.10. As mentioned before the vectors

e(eiα−1) or E(eiα−1) with α ∈ LSR(M) are important in the Poisson case. This is not entirely

surprising since if X is a random variable which has a Poisson distribution with mean λ, then

E[eitX ] = exp{λ(eit − 1)}.

Therefore eit−1 appears naturally when dealing with the Poisson distribution. In the Gaussian

case the corresponding exponential vectors are e(iα) and E(iα) with α ∈ LSR(M) (see [21,

Proposition 4] with φ = 0 and [69, Proposition 5.4]). If X is a zero mean Gaussian random

variable with variance σ2, then its characteristic function is

E[eitX ] = exp{σ
2(it)2

2
}.

Again, the exponential vectors used to show density in the Gaussian case also appear to be

natural.

5.2 The Segal spatial isomorphism S

Before applying the Segal spatial isomorphism to our C∗-algebra to construct a generalised

Poisson process we give a brief account of the general theory. If A is a unital commutative

C∗-algebra we can construct the maximal ideal space

∆ := {φ : A → C : φ linear, φ 6= 0, φ(ab) = φ(a)φ(b)}.

Then ∆ with the weak∗ topology is a compact Hausdorff space and if we define â : φ 7→ φ(a),

then â ∈ C(∆) and the Gelfand transform a 7→ â is an isometric ∗-isomorphism (see [48,

Theorem 1.3.6]). We shall sometimes use â to denote â. Note that since A is abelian, the

pure state space of A, which is the set of extreme points of the state space

S := {ρ ∈ A∗ : ρ(1) = 1, ρ ≥ 0},

coincides with the maximal ideal space [48, Theorem 5.1.6].
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Theorem 5.2.1 ([62, Scholium 9.2]) Suppose A ⊆ B(H) is a unital commutative C∗-

algebra with a cyclic vector x. Then there exists a unique finite, regular measure ν on the

Borel sets B of ∆ such that

〈x, ax〉 =

∫

∆
âdν.

Furthermore, there exists a unique unitary isomorphism, called the Segal spatial isomorphism,

S : H −→ L2(∆,B, ν),

such that for all a ∈ A and f ∈ L2(∆), S (ax) = â and S aS −1f = âf .

Proof: Consider the linear functional φ : A → C defined by

φ(â) = 〈x, ax〉.

Then φ is a positive linear functional, so by Riesz’s theorem there exists a unique regular

Borel measure ν on ∆ such that

〈x, ax〉 = φ(â) =

∫

∆
âdν.

Since ν(∆) = φ(1̂) = ‖x‖2 we obtain that the measure is finite. If ax = bx for some a, b ∈ A,

for all c ∈ A, (a − b)cx = 0. Thus since {cx : c ∈ A} is dense in H, a = b. Hence we may

construct a linear map

S : {ax : a ∈ A} −→ L2(∆,B, ν),

by defining S (ax) = â. Then for a, b ∈ A,

〈S (ax),S (bx)〉 =

∫

∆

¯̂ab̂dν

= 〈x, a∗bx〉
= 〈ax, bx〉.

By the density of {ax : a ∈ A} and C(∆) in H and L2(∆,B, ν) respectively, S extends to a

unitary map

S : H −→ L2(∆,B, ν).

For the last part, if f ∈ C(∆), f = b̂ for some b ∈ A. Thus

S aS −1f = S a(S −1b̂) = S a(be(0)) = âb̂ = âf.

Hence on C(∆), â = S aS −1 and by density equality holds on L2(∆,B, ν).
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Suppose Ω is a compact Hausdorff space and λ is a finite, standard, regular Borel measure

on Ω (see [62, p.236 Definitions]). Then the unital commutative C∗-algebra C(Ω) can be

considered to be a subalgebra of L2(Ω,B, λ). It is well-known that for this C∗-algebra, ∆

is homeomorphic to Ω (see [48, Theorem 2.1.15]). Since λ is a finite measure, 1 ∈ L2(Ω)

is a cyclic vector for C(Ω). Consequently, we can construct the Segal spatial isomorphism

associated with this C∗-algebra, which as expected turns out to be the identity map

S = I : L2(Ω,B, λ) −→ L2(Ω,B, λ).

Another example of the Segal spatial isomorphism can be found in [69, §5], in which the

isomorphism is used to construct Gaussian fields. If HR is a real Hilbert space and H its

complexification, the unital C∗-algebra generated by the set {eit(a(h)+a†(h)) : t ∈ R, h ∈ HR},
can be shown to be commutative with cyclic vector e(0). The Segal spatial isomorphism in

this case

S : F+(H) −→ L2(∆,B,P),

turns out to be the Wiener-Ito isomorphism of the Gaussian field S |H .

We now consider the C∗-algebra, A, constructed in Section 5.1. As usual we denote by ∆

the maximal ideal space of A. From Proposition 5.1.7 we know that e(0) is a cyclic vector for

A. Therefore we can apply Theorem 5.2.1 to A.

Proposition 5.2.2 Let B∆ be the Borel σ-field of the maximal ideal space ∆ of the C∗-algebra

A. Then there exists a unique regular, Borel probability measure, P∆, on ∆ such that for all

a ∈ A,

〈e(0), ae(0)〉 =

∫

∆
âdP∆.

Furthermore, there exists a unique unitary isomorphism

S : F+(L2(M)) −→ L2(∆,B∆,P∆)

such that for all a ∈ A and X ∈ L2(∆,B∆,P∆), S (ae(0)) = â and S aS −1X = âX.

The result that P∆ is a probability measure comes from the fact that P∆(∆) = ‖e(0)‖2 = 1.

We shall now complete the probability space (∆,B∆,P∆) and denote the completion (∆,B,P).

Since every X measurable with respect to B is equal P-a.s. to a function X ′ measurable with

respect to B∆ (see [58, p.169, Lemma 1]), we have that L2(∆,B∆,P∆) = L2(∆,B,P). Hence

the isomorphism holds for the ‘new’ probability space, and from now on we shall work with

the completed probability space.
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Lemma 5.2.3 Let I be the restriction of S to L2(M). Then if α ∈ LSR(M), as an element

of L2(∆,B,P),

V̂ (α) = exp{i
(∫

M
αdµ+ I(α)

)
}. (5.2.1)

Proof: By Proposition 5.1.3 (V (tα))t∈R is a strongly continuous unitary group. Therefore

by Stone’s theorem (S V (tα)S −1)t∈R has a self-adjoint infinitesimal generator, Ŝ say, which

can be obtained by a differential limit in the Hilbert space. Differentiating in L2(Ω),

d

dt
V̂ (tα)


t=0

=
d

dt
S V (tα)e(0)


t=0

= S
d

dt
V (tα)e(0)


t=0

= S
d

dt
{exp{

∫

M
(eitα − 1)dµ}e(eitα − 1)}


t=0

= S (iα+ i

∫

M
αdµ)

= i

(∫

M
αdµ+ I(α)

)
.

If X ∈ L∞(∆,B,P),

∥∥∥∥
V̂ (tα)X −X

t
− i
(∫

M
αdµ+ I(α)

)
X

∥∥∥∥ ≤ ‖X‖∞
∥∥∥∥
V̂ (tα)− 1

t
− i
(∫

M
αdµ+ I(α)

)∥∥∥∥.

Therefore
d

dt
V̂ (tα)X


t=0

= i

(∫

M
αdµ+ I(α)

)
X.

Hence for X ∈ L∞(∆,B,P),

ŜX =

(∫

M
αdµ+ I(α)

)
X.

This implies that
∫
M αdµ+ I(α), and hence I(α), is a.s. real-valued and as L∞(∆,B,P) is a

core for the self-adjoint operator
∫
M αdµ+ I(α), by the maximality of self-adjoint operators,

we have that the two operators agree on their common domain. Therefore we can deduce that

V̂ (tα) = exp{it
(∫

M
αdµ+ I(α)

)
}.

Letting t = 1, gives (5.2.1).

Lemma 5.2.4 B = σ({XE : E ∈ M with µ(E) <∞} ∪N), where XE := I(
�
E).
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Proof: The inclusion of the null sets occurs because XE is only defined a.s., so the statement

makes sense irrespective of which representative is chosen for XE . From Proposition 5.1.7 we

have that {S (V (α)e(0)) : α ∈ LSR(M)} is dense in L2(∆,B,P). However as

S (V (α)e(0)) = exp{i(
∫

M
αdµ+ I(α))}

and we have completed B with respect to P,

B ⊆ σ({XE : E ∈ M with µ(E) <∞} ∪N).

The converse inclusion is trivial.

Collecting all the results of this section together we arrive at the following theorem.

Theorem 5.2.5 The map I : L2(M,M, µ)→ L2(∆,B,P) is a generalised Poisson process.

Proof: If α ∈ LSR(M) and µ(α) =
∫
M αdµ, then

E[ei(I(α)+µ(α))] = 〈1∆, V̂ (α)〉
= 〈V̂ (0), V̂ (α)〉
= 〈e(0), V (α)e(0)〉

= exp{
∫

M
(eiα − 1)dµ}.

In particular, if E ∈ M with µ(E) < ∞, XE + µ(E) has a Poisson distribution with mean

µ(E). If (Ej)
n
j=1 ⊆M are disjoint sets with µ(Ej) <∞, then

E[e
Pn
j=1 itj(XEj+µ(Ej))] = E[ei(I(α)+µ(α))],

where α =
∑n

j=1 tj
�
Ej . Therefore from above,

E[ei(I(α)+µ(α))] = exp{
∫

M
(eiα − 1)dµ}

= exp{
n∑

j=1

(eitj − 1)µ(Ej)}

=

n∏

j=1

exp{µ(Ej)(e
itj − 1)}

=
n∏

j=1

E[e
itj(XEj+µ(Ej))].

Hence the joint characteristic function splits into a product of the characteristic function of

each random variable, and thus {XE1 , . . . ,XEn} are independent. The isometry property of

I comes from Proposition 5.2.2.
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5.3 Properties of S

We have shown that I = S |L2(M) is a generalised Poisson process. Hence, from Section 4.2

there exists a Wiener-Poisson isomorphism WI . Not surprisingly, WI and S turn out to be

the same map.

Theorem 5.3.1 With the definitions above, S =WI .

Proof: From Proposition 4.3.1, {e(eiα − 1) : α ∈ LSR(M)} is total in F+(L2(M)). In order

to show the equality of the two maps we only need to show they agree on e(eiα − 1) for each

α ∈ LSR(M). Using Lemma 5.2.3, and the definition of V (α),

S (e(eiα − 1)) = exp{−
∫

M
(eiα − 1)dµ}S V (α)e(0)

= exp{−
∫

M
(eiα − 1)dµ}V̂ (α)

= exp{−
∫

M
(eiα − 1− iα)dµ+ iI(α)}.

However from (4.2.2),

WI(e(e
iα − 1)) = exp{−

∫

M
(eiα − 1− iα)dµ+ I(α)}.

Thus S (e(eiα − 1)) =WI(e(e
iα − 1)).

We finish this section by investigating how our construction behaves for two different measure

spaces (M,M, µ) and (M ′,M′, µ′). It turns out that if the spaces (M,M, µ) and (M ′,M′, µ′)
are isomorphic as measure spaces, then the two constructions are very closely related. However,

we cannot obtain these conclusions from just a Hilbert space isometry between L2(M,M, µ)

and L2(M ′,M′, µ′). We shall use two different notions of equivalence of measure spaces, one

definition requiring the measurable sets to be identified and the other requiring the underlying

spaces M and M ′ to be identified.

If (M,M, µ) is a measure space we define an equivalence relation on M by

E ∼ F ⇔ µ(E∆F ) = 0,

where E∆F is the symmetric difference. We denote by M[µ] the set of equivalence classes of

∼. The complement and countable union of elements inM[µ] can be defined in a natural way

and µ can be considered a map on M[µ].
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Definition 5.3.2 Let (M,M, µ) and (M ′,M′, µ′) be two measure spaces. Then a measure

isomorphism is a bijective map T :M[µ]→M′[µ′] such that

T ([E]\[F ]) = T ([E])\T ([F ]), T (

∞⋃

n=0

[En]) =

∞⋃

n=0

T ([En]),

and

µ([E]) = µ′(T ([E])),

whenever E, F and En ∈M. (M,M, µ) and (M ′,M′, µ′) are said to be measure isomorphic

if there exists a measure isomorphism between the two spaces.

This definition follows that of [27, p.167]. From this definition we can easily obtain the result

below.

Lemma 5.3.3 Let (M,M, µ) and (M ′,M′, µ′) be isomorphic measure spaces with measure

isomorphism T :M[µ]→M′[µ′]. Then there exists an isometric isomorphism IT : L2(M)→
L2(M ′) defined by the extension of

IT :
n∑

j=1

αj
�
Ej 7−→

n∑

j=1

αj
�
T (Ej),

where Ej ∈ M with µ(Ej) <∞ and T (Ej) ∈ T ([Ej ]).

If (M,M, µ) is a non-atomic σ-finite measure space, then (M,M, µ) is measure isomorphic

to ([0, µ(M)),B[0,µ(M)),m) [27, §41 Theorem C, Exercise 6]. We can also introduce the notion

of a measure preserving map (see [27, p.162]), which is a stronger definition than a measure

isomorphism.

Definition 5.3.4 Let (M,M, µ) and (M ′,M′, µ′) be two measure spaces. Then a bijective

map Ψ : M →M ′ is said to be measure preserving if both Ψ and Ψ−1 are measurable and for

all E ∈ M′, µ′(E) = µ(Ψ−1(E)).

Given this definition, from [27, §39 Theorem C] or [63, Lemma 5.0.1] we arrive at the next

lemma.

Lemma 5.3.5 Let (M,M, µ) and (M ′,M′, µ′) be measure spaces and Ψ : M →M ′ a measure

preserving map. Then there exists an isometric isomorphism IΨ : L2(M)→ L2(M ′) such that

IΨ(f) = f ◦Ψ−1.
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Notice that if (Ω,F ,P) and (Ω′,F ′,P ′) are probability spaces with measure preserving map

Ψ : Ω → Ω′, then if X ∈ L0(Ω), X and X ◦ Ψ−1 have the same distribution. This follows

because

P ′(X ◦Ψ−1 ≤ x) = P ′({ω′ ∈ Ω′ : X(Ψ−1(ω′)) ≤ x})
= P(Ψ−1{ω′ ∈ Ω′ : X(Ψ−1(ω′)) ≤ x})
= P({Ψ−1(ω′) : X(Ψ−1(ω′)) ≤ x})
= P({ω : X(ω) ≤ x}) = P(X ≤ x).

Therefore the map IΨ also preserves distributions as well as the Hilbert space norms.

From now on we shall assume that (M,M, µ) and (M ′,M′, µ′) are measure isomorphic

with measure isomorphism T . If IT is the isometric isomorphism defined in Lemma 5.3.3, we

have an induced isometric isomorphism

F+(IT ) : F+(L2(M)) −→ F+(L2(M ′)),

defined by

f1 ⊗s . . .⊗s fn 7−→ IT f1 ⊗s . . .⊗s IT fn
and whose inverse, F+(I−1

T ), is defined in the same way (see [34, Appendix E] for more details).

Proposition 5.3.6 Let A ⊆ B(F+(L2(M))) and A′ ⊆ B(F+(L2(M ′))) be the C∗-algebras

constructed in Section 5.1 for (M,M, µ) and (M ′,M′, µ′) respectively. Then for α ∈ LSR(M),

F+(IT )V (α)F+(I−1
T ) = V (IT (α)). In particular, F+(IT )AF+(I−1

T ) = A′.

Proof: Suppose α′ ∈ LSR(M ′) and let α = I−1
T (α′). If β′ ∈ LSR(M ′) and β = I−1

T (β′),

F+(IT )V (α)F+(I−1
T )e(β′) = F+(IT )V (α)e(I−1

T β′)

= F+(IT )V (α)e(β)

= exp{
∫

M
(eiα − 1 + (eiα − 1)β)dµ}

× F+(IT )e(eiαβ + eiα − 1)

= exp{
∫

M
(eiα − 1 + (eiα − 1)β)dµ}

× e(IT (eiαβ + eiα − 1))

= exp{
∫

M ′
(eiα

′ − 1 + (eiα
′ − 1)β′)dµ′}

× e(eiα′β′ + eiα
′ − 1)

= V (α′)e(β′).
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Since LSR(M ′) is total in L2(M ′), by the continuity of the two operators we have

F+(IT )V (α)F+(I−1
T ) = V (α′).

The last part follows immediately.

Thus the C∗-algebras A and A′ are unitarily equivalent to each other. Consequently, if ∆

and ∆′ are the Gelfand spaces of A and A′, by the definition of the Gelfand spaces being

the maximal ideal spaces with the induced weak∗ topology, there exists a homeomorphism

ψ : ∆→ ∆′ such that (F+(IT )aF+(I−1
T ))̂ ◦ ψ = â.

Lemma 5.3.7 If (∆,B∆,P∆) and (∆′,B∆′ ,P∆′) are as constructed in Proposition 5.2.2, then

the homeomorphism ψ : ∆→ ∆′ is a measure preserving map.

Proof: As ψ is a homeomorphism, ψ and ψ−1 are measurable with respect to the Borel

σ-fields. Hence we can define the push forward measure of P∆ under ψ, ψ∗P∆, by ψ∗P∆(E) =

P∆(ψ−1(E)) for E ∈ B∆′ (see [63, §5.0]). Since ψ is a homeomorphism, it follows that ψ∗P∆

is a regular Borel measure on (∆′,B∆′). If a ∈ A and a′ = F+(IT )aF+(I−1
T ), then â′ ◦ ψ = â,

hence by [63, Lemma 5.0.1],

φ(â′) = 〈e(0), a′e(0)〉
= 〈e(0), ae(0)〉

=

∫

∆
âdP∆

=

∫

∆′
â′dψ∗P∆.

Therefore by the uniqueness of P∆′ we must have P∆′ = ψ∗P∆.

Corollary 5.3.8 If (∆,B,P) and (∆′,B′,P ′) are the completions of the probability spaces

(∆,B∆,P∆) and (∆′,B∆′ ,P∆′) respectively, ψ : ∆→ ∆′ is a measure preserving map between

the two completed spaces.

We shall denote by S : F+(L2(M))→ L2(∆,B,P) and S ′ : F+(L2(M ′))→ L2(∆′,B′,P ′) the

Segal spatial isomorphisms of Proposition 5.2.2, and by Iψ the map induced by the measure

preserving map ψ as in Lemma 5.3.5.

Theorem 5.3.9 The diagram

F+(L2(M))
S−−−−→ L2(∆,B,P)

F+(IT )

y
yIψ

F+(L2(M ′)) S ′−−−−→ L2(∆′,B′,P ′)
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commutes, that is IψS = S ′F+(IT ). In particular, the restriction of the map S ′F+(IT ) to

L2(M) gives a generalised Poisson process over (M,M, µ).

Proof: Since {V (α)e(0) : α ∈ L∞,+R,S } is total in F+(L2(M)) (Proposition 5.1.7), we only need

to show that the two maps coincide on this set. However,

S ′F+(IT )(V (α)e(0)) = S ′F+(IT )(V (α)(F+(I−1
T )e(0′)))

= (F+(IT )V (α)F+(I−1
T ))̂

= V̂ (α) ◦ ψ−1

= Iψ(V̂ (α)) = IψS (V (α)e(0)),

and thus the diagram commutes. By the comment after Lemma 5.3.5, since the map Iψ also

preserves distributions, the claim that S ′F+(IT )|L2(M) is a generalised Poisson process comes

immediately from the fact that S |L2(M) is.

Notice that if instead of a measure isomorphism, we have a Hilbert space isometric isomorphism

J : L2(M,M, µ)→ L2(M ′,M′, µ′), it may not be possible to construct the map Iψ, because it

may not be true in this case that F+(J)AF+(J−1) = A′. It is possible to construct an isometry

S ′F+(J)S −1 : L2(∆,B,P) → L2(∆′,B′,P ′). However, this map need not be induced by a

measure preserving map between the two probability spaces. If it was, then by the same

argument as in the proof of Theorem 5.3.9, S ′F+(J)|L2(M) would be a generalised Poisson

process. However, if E ∈ M with µ(E) < ∞, then S ′F+(J)(
�
E) = S ′(J(

�
E)) need not

have a compensated Poisson distribution, if J(
�
E) is not a characteristic function. Hence

S ′F+(J)|L2(M) need not be a generalised Poisson process, and thus S ′F+(J)S −1 may not

be induced by a measure preserving map between (∆,B,P) and (∆′,B′,P ′).
We have discovered that if the measure spaces (M,M, µ) and (M ′,M′, µ′) are isomorphic

as measure spaces, then the corresponding probability spaces constructed in Section 5.2 are the

same, up to a measure preserving isomorphism. Thus, the construction in Section 5.2 depends

on the underlying measure structure, rather that on the Hilbert space structure, unlike the

construction in [69] for the Gaussian case. This is not surprising, since as mentioned before,

in the Poisson case, in order to construct an isomorphism we needed to make a choice as to

which elements of a Hilbert space map to compensated Poisson variables. We chose it so that

the characteristic functions in L2(M,M, µ) map to compensated Poisson variables. Thus, it

is expected that the probability spaces (∆,B,P) constructed by the Gelfand transform rely

on the measure structure.
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If we take (M,M, µ) to be the Lebesgue space (R+,BR+ ,m) and let Nt := S (
�

[0,t]) + t,

then we have the usual Poisson process. In this case S becomes the Poisson interpretation

of Fock space. Now suppose M = R+ × {1, . . . , n} and endow M with the product of the

Lebesgue and counting measure. Then in this example, if we set X j
tj

= S ((
�

[0,1], j)) + tj ,

(X1
t1 , . . . ,X

n
tn) becomes an n-dimensional Poisson process.

Our construction can also be used to produce any set of independent Poisson variables

without the use of Kolmogorov’s theorem. Suppose M is a set and we have a function λ :

M → R+. We let

MN := {m ∈M : λ(m) = 0}.

For E ⊆ M we define µ(E) := ∞ if E ∩ M c
N , where M c

N is the complement of MN , is

uncountable and

µ(E) :=
∑

mj∈E∩Mc
N

λ(mj),

otherwise. It can be shown that ifM is the collection of all subsets of M , then (M,M, µ) is a

measure space. Hence applying our construction we obtain an isometry I : L2(M)→ L2(∆).

If we let

Nm := I(
�
{m}) + λ(m) = I(

�
{m}) + µ({m}),

then {Nm}m∈M is a collection of independent Poisson variables such that E[Nm] = λ(m).

The process could be constructed using Kolmogorov’s theorem. We would consider the

product
∏
m∈M Nm and the measures

PE((n1, . . . , nk)) =

k∏

j=1

λ(mj)
nje−λ(mj)

nj !
,

on
∏
m∈E Nm where E = {m1, . . . ,mk}. The measures PE form a consistent family of proba-

bility measures and we can apply Kolmogorov’s theorem [74, Theorem 6.3], to construct our

process. The Gelfand space can be constructed by interpreting the maximal ideal space as

∆ ⊆ ∏a∈ACa and using Tychonoff’s theorem. Consequently, in our construction the use of

product spaces is hidden within the Gelfand space and does not appear explicitly.
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Chapter 6

Perturbations of Classical
Semimartingales

In [68, §3] it is proved that perturbations of Brownian motion, (At + A†t)0≤t≤1, by regular

quantum semimartingales satisfy the quantum Duhamel formula. In this chapter we show

that certain classical Poisson martingales can be represented as essentially self-adjoint quan-

tum semimartingales and that perturbations of these quantum semimartingales by regular

self-adjoint quantum semimartingales also satisfy the quantum Duhamel formula. We finish

by showing that perturbations of essentially self-adjoint mixed Brownian-Poisson quantum

semimartingales satisfy the quantum Duhamel formula.

6.1 The Ito formula for (Λt + At + A†t)0≤t≤1

Given a compensated Poisson process (Xt)0≤t≤1, by Émery’s Ito formula [21, Proposition 2],

we have the classical Duhamel formula

eipXt = 1 +

∫ t

0
(eip(Xs+1) − eipXs)dXs +

∫ t

0
(eip(Xs+1) − eipXs − ipeipXs)ds,

for all p ∈ R. Consequently, since W intertwines Λt +At +A†t and X̂t we can use the formula

above to deduce a formula for eip(Λt+At+A
†
t ). However, in this section we shall deduce the

Duhamel formula for (Λt + At + A†t)0≤t≤1, using the Fock space structure, without using the

Poisson interpretation of Fock space and classical stochastic calculus. We cannot apply the

formula from [66, Proposition 5.1] directly since (Λt +At +A†t)0≤t≤1 is not a regular quantum

semimartingale.

Recall from (5.1.4) the definition of U(p
�

[0,t]) on F+(L2[0, 1]). We define for p ∈ R and
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t ∈ [0, 1],

U(p, t) := U(p
�

[0,t]) = eip(Λt+At+A
†
t ).

If f ∈ L2[0, 1], it follows from (5.1.3) that (p, t) 7→ U(p, t)e(f) is weakly measurable and hence

strongly measurable by the Pettis measurability theorem.

Lemma 6.1.1 For all p ∈ R the quantum stochastic integral

M(p, t) :=

∫ t

0
(eipU(p, s)− U(p, s))(dΛs + dAs + dA†s)

+

∫ t

0
(eipU(p, s)− U(p, s)− ipU(p, s))ds

is well-defined and the process (M(p, t))0≤t≤1 is a quantum semimartingale. Furthermore for

f , g ∈ L∞[0, 1],

〈e(f),M(p, t)e(g)〉 =

∫ t

0

[
((f(s) + 1)(g(s) + 1)(eip − 1)e−ips − ipe−ips)

× exp{
∫ s

0
(eip − 1)(f(x) + 1)(g(x) + 1)dx}

]
ds 〈e(f), e(g)〉.

(6.1.1)

Proof: From the comments above the integrands are strongly measurable and from (5.1.2)

or by Corollary 2.2.3 the integrands are adapted. Since ‖U(p, s)‖ ≤ 1 the quantum stochastic

integrals in the lemma exist and the integral processes are in fact quantum semimartingales.

By (2.1.5),

〈e(f),M(p, t)e(g)〉 =

∫ t

0
{〈e(f), (f(s) + g(s) + f(s)g(s))(eip − 1)U(p, s)e(g)〉

+ 〈e(f), (eip − 1− ip)U(p, s)e(g)〉}ds.
(6.1.2)

It follows from (5.1.3) that

〈e(f), U(p, s)e(g)〉 = e−ipsexp{
∫ s

0
(eip − 1)(f(x) + 1)(g(x) + 1)dx} 〈e(f), e(g)〉. (6.1.3)

Substituting this in (6.1.2), the last part follows.

Lemma 6.1.2 For all p ∈ R the map t 7→ 〈e(f), U(p, t)e(g)〉 is differentiable a.e. on [0, 1]

with derivative

u(p, t) = ((f(t) + 1)(g(t) + 1)(eip − 1)e−ipt − ipe−ipt)

× exp{
∫ t

0
(eip − 1)(f(x) + 1)(g(x) + 1)dx} 〈e(f), e(g)〉.
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Furthermore if f and g are continuous t 7→ 〈e(f), U(p, t)e(g)〉 is differentiable everywhere on

[0, 1], and

〈e(f), U(p, t)e(g)〉 − 〈e(f), e(g)〉 =

∫ t

0
u(p, s)ds. (6.1.4)

Proof: If f , g ∈ L∞[0, 1] then from (6.1.3) and the fundamental theorem of calculus for

Lebesgue integrable functions, t 7→ 〈e(f), U(p, t)e(g)〉 is differentiable a.e. with derivative

u(p, t). If f and g are continuous then the integrand in (6.1.3) is continuous. Thus applying the

fundamental theorem for continuous functions (see [58, Theorem 7.21]) gives differentiability

everywhere and hence we obtain (6.1.4).

Lemma 6.1.3 If f , g are continuous functions on [0, 1], then for all p ∈ R and t ∈ [0, 1],

〈e(f), U(p, t)e(g)〉 = 〈e(f), (I +M(p, t))e(g)〉.

Proof: This follows immediately from (6.1.1) and (6.1.4).

Theorem 6.1.4 On Elb, for all p ∈ R and t ∈ [0, 1],

eip(Λt+At+A
†
t ) = I +

∫ t

0
(eip(Λs+As+A

†
s+I) − eip(Λs+As+A†s))(dΛs + dAs + dA†s)

+

∫ t

0
(eip(Λs+As+A

†
s+I) − eip(Λs+As+A†s) − ipeip(Λs+As+A†s))ds.

Proof: Let S be the set of continuous functions on [0, 1]. Then E(S) is dense in F+(L2[0, 1]).

Therefore by Lemma 6.1.3, M(p, t) + I = U(p, t) on E(S). Since M(p, t)|Elb
is closable and

U(p, t) is bounded, we must have U(p, t) = I + M(p, t) on Elb. The theorem follows by

substituting in the definition of U(p, t).

Given the strong measurability of (p, t) 7→ U(p, t) the theorem above implies that the quantum

semimartingale (Λt + At + A†t)0≤t≤1 satisfies the quantum Duhamel formula. If we let Mt =

Λt +At +A†t , then (Mt)0≤t≤1 = M(I, I, I, 0). Hence considering Fexp(ipM) for example, given

any φ ∈ F+(L2[0, 1]),

Fexp(ipM)(s)φ = ip

∫ 1

0
eip(1−u)MsIeipu(Ms+I)φdu

= ipeipMsφ

∫ 1

0
eipudu

= (eip(Ms+I) − eipMs)φ.

Similarly for the other coefficients Eexp(ipM), Gexp(ipM) and Hexp(ipM).

105



Theorem 6.1.5 (Λt + At + A†t)0≤t≤1 satisfies the quantum Duhamel formula.

Corollary 6.1.6 (Λt + At + A†t)0≤t≤1 satisfies the quantum Ito formula.

Using arguments similar to that above and using the inversion formula for Fourier transforms,

if Mt = Λt + At + A†t then we can write the quantum Ito formula, when f ∈ C2+
loc (R), as

f(Mt) = f(0)I +

∫ t

0
(f(Ms + I)− f(Ms))dMs +

∫ t

0
(f(Ms + I)− f(Ms)− f ′(Ms))ds.

By similar methods to [66, §7], it is possible to deduce the classical Ito formula for f(Xt)

whenever f ∈ C2+
loc (R). Therefore this method gives a Fock space proof of Ito’s formula for a

compensated Poisson process.

This approach can also be used to prove the Ito formula for (At +A†t)0≤t≤1, without using

classical stochastic analysis. From [47, §IV.2.9] it can easily be deduced that for p ∈ R and

f ∈ L2[0, 1],

eip(At+A
†
t )e(f) = e−p

2t+ip
R t
0 f(s)dse(f + ip

�
[0,t]).

Then by the same argument as for Λt + At +A†t , we can show that if f and g are continuous

on [0, 1],

〈e(f), eip(At+A
†
t )e(g)〉 = 〈e(f),

(
I+

∫ t

0
ipeip(As+A

†
s)(dAs+dA†s)+

1

2

∫ t

0
(ip)2eip(As+A

†
s)ds

)
e(g)〉.

Consequently on Elb,

eip(At+A
†
t ) = I +

∫ t

0
ipeip(As+A

†
s)(dAs + dA†s) +

1

2

∫ t

0
(ip)2eip(As+A

†
s)ds,

which is the quantum Duhamel formula for (At + A†t)0≤t≤1 and thus (At + A†t)0≤t≤1 satisfies

the quantum Ito formula, which if Mt = At + A†t and f ∈ C2+
loc (R) can be written as

f(Mt) = f(0)I +

∫ t

0
f ′(Ms)dMs +

1

2

∫ t

0
f ′′(Ms)ds.

6.2 Classical Poisson martingales

In this section we shall consider the representation of some classical multiplication operators

as quantum stochastic integrals. We shall always consider classical stochastic integrals with

respect to a compensated Poisson process (Xt)0≤t≤1 on (Ω,F ,P) (see Chapter 3 for more

details).
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Definition 6.2.1 Let (F t)0≤t≤1 be a bounded, predictable process. Then the càdlàg martingale

(Mt)0≤t≤1, where

Mt =

∫ t

0
FsdXs,

is said to be the classical Poisson martingale associated with (F t)0≤t≤1 .

Note that unlike in [2, Theorem 4], we do not require Mt to be bounded. This is because we

shall work with quantum semimartingales rather than just regular quantum semimartingales.

Lemma 6.2.2 If (Mt)0≤t≤1 and (F t)0≤t≤1 are as in Definition 6.2.1, then Mt ∈ L4(Ω) for

each t ∈ [0, 1]. Hence for t ∈ [0, 1], E[|Mt|4] ≤ E[|M1|4].

Proof: Note that for all t ≤ 1, E[M1|Ft] = Mt. Consequently if we prove that M1 ∈ L4(Ω),

then by Jensen’s inequality, the lemma is proved. By the classical Ito product formula,

M2
1 =

∫ 1

0
2Ms−dMs + [M,M ]1. (6.2.1)

For some constantK, |Fs| ≤ K for all s ∈ [0, 1], thus (s, ω) 7→ 2Ms−(ω)Fs(ω) is in L2([0, 1]×Ω),

and hence since dMs = FsdXs,

∫ 1

0
2Ms−dMs =

∫ 1

0
2Ms−FsdXs ∈ L2(Ω).

Also, because [M,M ]1 =
∫ 1

0 F
2
s d[X,X]s =

∫ 1
0 F

2
s (ds+ dXs),

[M,M ]1 =

∫ 1

0
F 2
s (ds+ dXs) ∈ L2(Ω).

Therefore from (6.2.1), M 2
1 ∈ L2(Ω), hence M1 ∈ L4(Ω).

Corollary 6.2.3 Let (F t)0≤t≤1 be a real, bounded, predictable process and (Mt)0≤t≤1 the

associated Poisson martingale. Then for t ∈ [0, 1], W−1M̂tW is an essentially self-adjoint

operator with core Elb.

Proof: This follows immediately from Corollary 3.2.12, because from Lemma 6.2.2 for all

t ∈ [0, 1], Mt ∈ L4(Ω).

Let f ∈ L∞[0, 1] and (Ft)0≤t≤1, (Mt)0≤t≤1 be as above, with |F t| ≤ K and suppose that

(Zt)0≤t≤1 is the càdlàg version of (E(ft))0≤t≤1. We know that for a.a. s ∈ [0, 1], Ms− = Ms

and Zs− = Zs a.s.. Since E[|Zs|2] = E[|E(fs)|2] = e‖fs‖
2
,

∫ 1

0
E[|FsZs−|2]ds ≤ K2

∫ 1

0
E[|Zs|2]ds ≤ K2e‖f‖

2
, (6.2.2)
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and ∫ 1

0
E[|Fsf(s)Zs−|2]ds ≤ K2‖f‖2∞

∫ t

0
E[|Zs|2]ds ≤ K2‖f‖2∞e‖f‖

2
. (6.2.3)

From Corollary 3.2.8 and Lemma 6.2.2 it also follows that
∫ 1

0
E[|Ms−f(s)Zs−|2]ds ≤ ‖f‖2∞

∫ 1

0
E[|MsZs|2]ds

≤ ‖f‖2∞
∫ 1

0
E[|Ms|4]

1
2E[|Zs|4]

1
2ds

≤ ‖f‖2∞E[|M1|4]
1
2 e‖f‖

2+
‖2f+f2‖2

2 . (6.2.4)

By the classical Ito formula we have

MtE(ft) =

∫ t

0
FsZs−dXs +

∫ t

0
Ms−f(s)Zs−dXs

+

∫ t

0
Fsf(s)Zs−dXs +

∫ t

0
Fsf(s)Zs−ds.

(6.2.5)

By the inequalities (6.2.2), (6.2.3) and (6.2.4), the integrands in (6.2.5) with respect to dXs are

in L2([0, 1]×Ω). Therefore the stochastic integrands in (6.2.5) are square integrable processes

and so

E[MtE(ft)] =

∫ t

0
E[f(s)FsE(fs)]ds. (6.2.6)

Using (6.2.6), by exactly the same argument as in Proposition 3.3.3, we can conclude that for

f , g ∈ Elb,

〈E(g),MtE(f)〉 = 〈e(g),

∫ t

0
W−1F̂sW(dΛs + dAs + dA†s)e(f)〉.

Notice that by Theorem 3.2.5, since a predictable process is adapted and measurable (see [16,

§2.2]), the integral on the right-hand side is well-defined. By the density of Elb, we have a

representation of classical Poisson integrals as quantum stochastic integrals.

Theorem 6.2.4 Let (F t)0≤t≤1 and (Mt)0≤t≤1 be as above. If t ∈ [0, 1], on Elb,

W−1M̂tW =

∫ t

0
W−1F̂sW(dΛs + dAs + dA†s).

This result is a slight generalisation of [2, Theorem 4], since we do not require Mt to be

bounded for each t. A proof of this result can also be obtained using (3.3.2) (see [3, Theorem

II.1]).

Since the time integral is just a Bochner integral, if (Ht)0≤t≤1 is a bounded, adapted,

measurable process, then multiplication by
∫ t

0 Hsds ∈ L∞(Ω) is represented as the quantum

stochastic integral
∫ t

0 W−1ĤsWds on Elb.
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Corollary 6.2.5 Let (F t)0≤t≤1 and (Ht)0≤t≤1 be bounded, adapted, measurable processes, with

(F t)0≤t≤1 predictable. Then if

Nt =

∫ t

0
FsdXs +

∫ t

0
Hsds,

on Elb,

W−1N̂tW =

∫ t

0
W−1F̂sW(dΛs + dAs + dA†s) +

∫ t

0
W−1ĤsWds.

Consequently (W−1N̂tW)0≤t≤1 is a quantum semimartingale.

Corollary 6.2.6 If (F t)0≤t≤1 is a real, bounded, predictable process, Mt =
∫ t

0 FsdXs, and

f : R → C is a bounded, twice continuously differentiable function, with bounded derivative,

then on Elb,

W−1f̂(Mt)W = f(0)I +

∫ t

0
W−1(f(Ms + Fs)− f(Ms))̂ W(dΛs + dAs + dA†s)

+

∫ t

0
W−1(f(Ms + Fs)− f(Ms)− Fsf ′(Ms))̂ Wds.

(6.2.7)

Proof: By Émery’s Ito formula [21, Proposition 2],

f(Mt) = f(0) +

∫ t

0
(f(Ms− + Fs)− f(Ms−))dXs

+

∫ t

0
(f(Ms− + Fs)− f(Ms−)− Fsf ′(Ms−))ds.

Consequently, as the integrands above are all bounded and predictable, by Corollary 6.2.5 we

have (6.2.7) with Ms− instead of Ms. However, Ms− = Ms a.s., for a.a. s ∈ [0, 1], therefore if

g : R→ R is a Borel function, as operators W−1 ̂g(Ms−)W =W−1ĝ(Ms)W for a.a. s ∈ [0, 1].

Thus the representation (6.2.7) holds.

IfX is a real-valued random variable on (Ω,F ,P), then from [56, Theorem VIII.4], if f : R→ R
is a bounded Borel function, then f(W−1X̂W) = W−1f̂(X)W. Consequently, (6.2.7) can be

written as

f(W−1M̂tW) = f(0)I +

∫ t

0
(f(W−1(Ms + Fs)̂ W)− f(W−1M̂sW))(dΛs + dAs + dA†s)

+

∫ t

0
(f(W−1(Ms + Fs)̂ W)− f(W−1M̂sW)−W−1F̂sWf ′(W−1M̂sW))ds.

(6.2.8)
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Also, we note that any convergence results in spectral theory, concerning the convergence of

the sequence (fn(W−1X̂W)), where fn : R → R are bounded real-valued functions, can be

applied to the sequence (W−1f̂n(X)W) instead.

Using (6.2.8) we can now prove that if (Mt)0≤t≤1 is the classical Poisson martingale as-

sociated to a real, bounded, predictable process, then (W−1M̂tW)0≤t≤1, which is essentially

self-adjoint with core Elb for each t (see Corollary 6.2.3), satisfies the quantum Duhamel

formula.

Theorem 6.2.7 Let (F t)0≤t≤1 be a real, bounded, predictable process, and (Mt)0≤t≤1 the

associated classical Poisson martingale. Then if

W−1M̂tW =

∫ t

0
W−1F̂sW(dΛs + dAs + dA†s),

(W−1M̂tW)0≤t≤1 satisfies the quantum Duhamel formula.

Proof: First, we want to show that (p, t) 7→ eipMt is strongly measurable as a map in

B(L2(Ω)). This follow from the Pettis measurability theorem and Fubini’s theorem, because

for all X, Y ∈ L2(Ω),

(p, t, ω) 7→ eipMt(ω)X(ω)Y (ω)

is a measurable function R × [0, 1] × Ω → R. Since f(x) = eipx satisfies the hypothesis of

Corollary 6.2.6, we have by (6.2.8),

eipW
−1cMtW = I +

∫ t

0
(eipW

−1(Ms+Fs)bW − eipW−1 cMsW)(dΛs + dAs + dA†s)

+

∫ t

0
(eipW

−1(Ms+Fs)bW − eipW−1 cMsW − ipW−1F̂sWeipW
−1 cMsW)ds.

We now need to show that the integrands above coincide with the integrands E
exp(ipW−1cMW)

,

F
exp(ipW−1cMW)

, G
exp(ipW−1cMW)

and H
exp(ipW−1cMW)

in the quantum Duhamel formula. We

shall just show it for F
exp(ipW−1cMW)

, the others follow similarly. For X ∈ L2(Ω),

WF
exp(ipW−1cMW)

(s)W−1X =Wip

∫ 1

0
eip(1−u)W−1 cMsWW−1F̂sWeipuW

−1(Ms+Fs)bWduW−1X

= ip

∫ 1

0
Weip(1−u)W−1cMsWW−1F̂sWeipuW

−1(Ms+Fs)bWW−1Xdu

= ip

∫ 1

0
eip(1−u)MsFse

ipu(Ms+Fs)Xdu,
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where this is a Bochner integral in L2(Ω). However by [20, Theorem III.11.17], we can change

it (a.s.) to a pointwise integral, that is to integrate with respect to u with ω fixed. All the

operators in the integrand are multiplication operators, therefore they commute. Hence

WF
exp(ipW−1cMW)

(s)W−1X = ip

∫ 1

0
Fse

ipMs+ipuFsduX

= ipeipMsFsX

∫ 1

0
eipuFsdu

= (eip(Ms+Fs) − eipMs)X.

Thus,

F
exp(ipW−1cMW)

(s) = eipW
−1(Ms+Fs)bW − eipW−1 cMsW .

Similarly for the other terms in the quantum Duhamel formula.

By the method used in the above proof, and the inversion formula for the Fourier transform, we

can also deduce the quantum Ito formula for these martingales from the classical Ito formula.

Proposition 6.2.8 Let (F t)0≤t≤1 and (Mt)0≤t≤1 be as above. If

W−1M̂tW =

∫ t

0
W−1F̂sW(dΛs + dAs + dA†s),

then (W−1M̂tW)0≤t≤1 satisfies the quantum Ito formula.

6.3 Perturbations of classical Poisson martingales

We now examine perturbations of the classical Poisson martingales introduced in the previous

section by regular self-adjoint quantum semimartingales, and show that these also satisfy the

quantum Duhamel formula. The analogous result for Brownian motion has been shown in [68,

Theorem 3.4], and for general Brownian martingales in [67, Theorem 13.1]. The proof in the

Poisson case differs, because the classical Ito formula is different.

Theorem 6.3.1 Suppose (F t)0≤t≤1 is a real, bounded, predictable process and (Mt)0≤t≤1 the

associated classical Poisson martingale, such that on Elb,

W−1M̂tW =

∫ t

0
W−1F̂sW(dΛs + dAs + dA†s).

Furthermore, let

Jt =

∫ t

0
RsdΛs + SsdAs + S∗sdA

†
s + Usds
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be such that (Jt)0≤t≤1 is a regular self-adjoint quantum semimartingale. Then, if Nt =

W−1M̂tW + Jt, the essentially self-adjoint quantum semimartingale N = (Nt|Elb
: t ∈ [0, 1])

satisfies the quantum Duhamel formula.

Proof: By Corollary 6.2.3 we know that for t ∈ [0, 1],W−1M̂tW is an essentially self-adjoint

operator with core Elb. Therefore by the Kato-Rellich theorem (see [55, Theorem X.12] or [70,

Theorem 5.28]), Nt =W−1M̂tW + Jt is self-adjoint and Nt = Nt|Elb
. For n = 1, 2, . . ., choose

a C∞(R) function, fn : R→ R, with fn = 0 on (−∞, 4n] ∪ [4n,∞), f(x) = x for x ∈ [−n, n],

such that −1 ≤ f ′n, f ′′n ≤ 1. Then fn satisfies the hypothesis of Corollary 6.2.6 and therefore

fn(W−1M̂tW) =

∫ t

0
(fn(W−1(Ms + Fs)̂ W)− fn(W−1M̂sW))(dΛs + dAs + dA†s)

+

∫ t

0
(fn(W−1(Ms + Fs)̂ W)− fn(W−1M̂sW))ds

−
∫ t

0
W−1F̂sWf ′n(W−1M̂sW))ds.

Hence (fn(W−1M̂tW))0≤t≤1 is a regular self-adjoint quantum semimartingale. Let

E(n)
s = Rs + fn(W−1(Ms + Fs)̂ W)− fn(W−1M̂sW),

F (n)
s = Ss + fn(W−1(Ms + Fs)̂ W)− fn(W−1M̂sW),

G(n)
s = S∗s + fn(W−1Ms + Fs)̂ W)− fn(W−1M̂sW),

H(n)
s = Us + fn(W−1(Ms + Fs)̂ W)− fn(W−1M̂sW)−W−1F̂sWf ′n(W−1M̂sW).

If X ∈ L2(Ω), then by the mean value theorem, there exists a function θ : Ω → [0, 1], such

that

‖(fn(Ms + Fs)− fn(Ms))X‖2 =

∫

Ω
|fn(Ms + Fs)− fn(Ms)|2|X|2dP

=

∫

Ω
|Fs(ω)|2|f ′n(Ms(ω) + θ(ω)Fs(ω))|2|X(ω)|2dP(ω)

≤
∫

Ω
|Fs(ω)|2|X(ω)|2dP(ω)

≤ ‖F‖2∞‖X‖2,

where ‖F‖∞ = supt∈[0,1], ω∈Ω |Ft(ω)|. Therefore

‖fn(W−1(Ms + Fs)̂ W)− fn(W−1M̂sW)‖ ≤ ‖F‖∞. (6.3.1)
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Also, since |f ′n| ≤ 1, it follows that ‖f ′n(W−1M̂sW)‖ ≤ 1 for all n. Hence

‖E(n)
s ‖ ≤ ‖Rs‖+ ‖F‖∞;

‖F (n)
s ‖, ‖G(n)

s ‖ ≤ ‖Ss‖+ ‖F‖∞; (6.3.2)

‖H(n)
s ‖ ≤ ‖Us‖+ 2‖F‖∞.

Define

N
(n)
t =

∫ t

0
E(n)
s dΛs + F (n)

s dAs +G(n)
s dA†s +H(n)

s ds.

Then N
(n)
t = fn(W−1M̂tW)+Jt. By the spectral theorem [56, Theorem VIII.5 c)], for φ ∈ Elb,

lim
n→∞

fn(W−1M̂tW)φ =W−1M̂tWφ, (6.3.3)

lim
n→∞

fn(W−1(Mt + Ft)̂ W)φ =W−1(Mt + Ft)̂ Wφ. (6.3.4)

Thus we have for φ ∈ Elb,

lim
n→∞

N
(n)
t φ = Ntφ, lim

n→∞
(N

(n)
t + E

(n)
t )φ = (Nt +Rt +W−1F̂tW)φ.

Therefore, by Corollary 2.4.4, since Elb is a core for Nt and Nt +Rt +W−1F̂tW, the following

is true in the strong operator sense

lim
n→∞

eipN
(n)
t = eipNt , lim

n→∞
eip(N

(n)
t +E

(n)
t ) = eip(Nt+Rt+W

−1cF tW). (6.3.5)

Notice that this implies that the maps

(p, t) 7→ eipNt , (p, t) 7→ eip(Nt+Rt+W
−1cF tW),

are strongly measurable. Since ‖f ′n‖∞ ≤ 1 and f ′n converges pointwise to 1, by another

application of the spectral theorem [56, Theorem VIII.5 d)], f ′n(W−1M̂tW) converges strongly

to I. From (6.3.3) and (6.3.4) we know that if φ ∈ Elb,

(fn(W−1(Mt + Ft)̂ W)− fn(W−1M̂tW))φ→W−1F̂tWφ as n→∞.

If ψ ∈ F+(L2[0, 1]), then choose φ ∈ Elb such that ‖φ − ψ‖ < ε/4(‖F‖∞ + 1). Since

(fn(W−1(Mt + Ft)̂ W)− fn(W−1M̂tW))φ converges to W−1F̂tWφ, there exists N such that

‖(fn(W−1(Mt + Ft)̂ W)− fn(W−1M̂tW)−W−1F̂tW)φ‖ ≤ ε/2
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whenever n ≥ N . Then for n ≥ N by (6.3.1),

‖(fn(W−1(Mt + Ft)̂ W)− fn(W−1M̂tW)−W−1F̂tW)ψ‖
≤ ‖(fn(W−1(Mt + Ft)̂ W)− fn(W−1M̂tW)−W−1F̂tW)φ‖
+ ‖((fn(W−1(Mt + Ft)̂ W)− fn(W−1M̂tW)−W−1F̂tW))(ψ − φ)‖
≤ ε

2
+ 2‖F‖∞

ε

4(‖F‖∞ + 1)

<
ε

2
+
ε

2
= ε.

Therefore fn(W−1(Mt + Ft)̂ W)− fn(W−1M̂tW) converges strongly to W−1F̂tW. This can

also be shown using the dominated convergence theorem on (Ω,F ,P). Hence in the strong

operator sense

lim
n→∞

E
(n)
t = Rt +W−1F̂tW, lim

n→∞
F

(n)
t = St +W−1F̂tW,

lim
n→∞

G
(n)
t = S∗t +W−1F̂tW, lim

n→∞
G

(n)
t = Ut.

From [66, Proposition 5.1], we know that the regular quantum semimartingale (N
(n)
t )0≤t≤1

satisfies the quantum Duhamel formula. Therefore

eipN
(n)
t = I +

∫ t

0
Eexp(ipN(n))dΛ + Fexp(ipN(n))dA+Gexp(ipN(n))dA

† +Hexp(ipN(n))ds,

where

Eexp(ipN(n))(s) = eip(N
(n)
s +E

(n)
s ) − eipN

(n)
s ,

Fexp(ipN(n))(s) = ip

∫ 1

0
eip(1−u)N

(n)
s F (n)

s eipu(N
(n)
s +E

(n)
s )du,

Gexp(ipN(n))(s) = ip

∫ 1

0
eip(1−u)(N

(n)
s +E

(n)
s )G(n)

s eipuN
(n)
s du,

Hexp(ipN(n))(s) = ip

∫ 1

0
eip(1−u)N

(n)
s H(n)

s eipuN
(n)
t du

+ (ip)2

∫ 1

0

∫ 1

0
ueip(1−u)N

(n)
s F (n)

s eipu(1−v)(N
(n)
s +E

(n)
s )G(n)

s eipuvN
(n)
s dudv.

To finish the proof we would like to apply Proposition 2.4.1 to show that for all φ ∈ Elb,
(∫ t

0
Eexp(ipN(n))dΛ + Fexp(ipN(n))dA+Gexp(ipN(n))dA

† +Hexp(ipN(n))ds

)
φ

converges to
(∫ t

0
Eexp(ipN)dΛ + Fexp(ipN)dA+Gexp(ipN)dA

† +Hexp(ipN)ds

)
φ.
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The strong convergence of the integrands will only be shown for Fexp(ipN(n)). However the

arguments for the other integrands are very similar. We have

‖pei(1−u)pN
(n)
t F

(n)
t eiup(N

(n)
t +E

(n)
t )‖ ≤ ‖pF (n)

t ‖ ≤ |p|(‖St‖+ ‖F‖∞).

Operator multiplication is continuous on norm bounded sets for the strong operator topology

[11, Proposition 2.4]. Therefore for all φ ∈ F+(L2[0, 1]),

lim
n→∞

peip(1−u)N
(n)
t F

(n)
t eipu(N

(n)
t +E

(n)
t )φ = peip(1−u)Nt(St +W−1F̂tW)eipu(Nt+Et+F t)φ.

Applying the dominated convergence theorem for Bochner integrals, we get

lim
n→∞

Fexp(ipN(n))(t)φ = lim
n→∞

Fexp(ipN)(t)φ.

Similar arguments show that Eexp(ipN(n)), Gexp(ipN(n)) and Hexp(ipN(n)) converge strongly to

Eexp(ipN), Gexp(ipN) and Hexp(ipN) respectively. Hence condition i) of Proposition 2.4.1 is

satisfied. Condition ii) is immediate in view of the fact that we are dealing with uni-

tary operators. Finally, since ‖Fexp(ipN(n))(t) + Gexp(ipN(n))(t)‖ ≤ |p|(‖F
(n)
t ‖ + ‖G(n)

t ‖) and

‖Hexp(ipN(n))(t)‖ ≤ |p|(‖H
(n)
t ‖+ ‖F (n)

t ‖‖G
(n)
t ‖) using (6.3.2),

‖Eexp(ipN(n))(t)‖ ≤ 2 ∈ L∞[0, 1],

‖Fexp(ipN(n))(t) +Gexp(ipN(n))(t)‖ ≤ |p|(2‖St‖+ 2‖F‖∞) ∈ L2[0, 1],

‖Hexp(ipN(n))(t)‖ ≤ |p|(‖Ut‖+ 2‖F‖∞
+ ‖St‖2 + 2‖St‖‖F‖∞ + ‖F‖2∞) ∈ L1[0, 1].

Thus, conditions iii), iv) and v) of Proposition 2.4.1 are also satisfied. Therefore we can

conclude that for φ ∈ Elb,

lim
n→∞

eipN
(n)
t φ = lim

n→∞

(
I +

∫ t

0
Eexp(ipN(n))dΛ + Fexp(ipN(n))dA

+Gexp(ipN(n))dA
† +Hexp(ipN(n))ds

)
φ

=

(
I +

∫ t

0
Eexp(ipN)dΛ + Fexp(ipN)dA

+Gexp(ipN)dA
† +Hexp(ipN)ds

)
φ.

By (6.3.5), we also know that for φ ∈ Elb, limn→∞ eipN
(n)
t φ = eipNtφ, therefore

eipNt = I +

∫ t

0
Eexp(ipN)dΛ + Fexp(ipN)dA+Gexp(ipN)dA

† +Hexp(ipN)ds,

and N =W−1M̂W + J satisfies the quantum Duhamel formula.
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Corollary 6.3.2 If (W−1M̂tW)0≤t≤1 and (Jt)0≤t≤1 are as above, (W−1M̂tW + Jt)0≤t≤1 sat-

isfies the quantum Ito formula.

Corollary 6.3.3 If W−1X̂tW = Λt+At+A†t and (Jt)0≤t≤1 is a regular quantum semimartin-

gale, then (W−1X̂tW + Jt)0≤t≤1 satisfies the quantum Duhamel and quantum Ito formulae.

Proof: This follows immediately from the above theorem, since Xt =
∫ t

0 1dXs, and 1 is a

real, bounded, predictable process.

Using the results obtained on perturbations of Poisson martingales, we can deduce an Ito

formula for the ‘compensated Poisson process with non-commuting drift’, an analogue of the

result [68, Theorem 1.1].

Theorem 6.3.4 Let (Ut)0≤t≤1 be a process of bounded, adapted, self-adjoint operators on

F+(L2[0, 1]), belonging to L1([0, 1],B(F+(L2[0, 1]))). Define

Jt =

∫ t

0
Usds,

and put Nt =W−1X̂tW + Jt. If f ∈ C2+
loc (R), then

f(Nt) = f(0) +

∫ t

0
(f(Ns + I)− f(Ns))dNs

+

∫ t

0
(f(Ns + I)− f(Ns)− f ′(Ns))ds

+

∫ t

0

∫ ∞

−∞
ipf̂(p)

(∫ 1

0
eip(1−u)Ns[Us, e

ipuNs ]du

)
dpds.

(6.3.6)

Proof: This is an application of Corollary 6.3.2, with R = S = S∗ = 0. (Nt)0≤t≤1 satisfies

the quantum Ito formula,

f(Nt) = f(0) +

∫ t

0
Ef(N)dΛ + Ff(N)dA+ F ∗f(N)dA

† +Hf(N)ds,

where the integrands are those in the definition of the quantum Ito formula. From the defi-

nition, Ef(N)(s) = f(Ns + I)− f(Ns). By the spectral theorem [55, Theorem VIII.5 a)] (see

also [59, Theorem 13.24 b)]), for all q, r ∈ R,

eiqNseir(Ns+I) = ei(q+r)Ns+irI .
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Therefore if φ ∈ F+(L2[0, 1]),

Ff(N)(s)φ =

∫ ∞

−∞
ipf̂(p)

(∫ 1

0
eip(1−u)Nseipu(Ns+I)φdu

)
dp

=

∫ ∞

−∞
ipf̂(p)eipNs

(∫ 1

0
eipuφdu

)
dp

=

∫ ∞

−∞
f̂(p)(eip(Ns+I) − eipNs)φdp

= (f(Ns + I)− f(Ns))φ.

Therefore Ff(N)(s) = f(Ns+I)−f(Ns) and since f is real-valued F ∗f(N)(s) = f(Ns+I)−f(Ns).

By a similar argument to that above, we have

(f(Ns + I)− f(Ns))Us =

∫ ∞

−∞
ipf̂(p)

(∫ 1

0
eip(1−u)NseipuNsUsdu

)
dp.

Thus, again arguing as for Ff(N),

Hf(N)(s) =

∫ ∞

−∞
f̂(p)

(∫ 1

0
eip(1−u)Ns[Us, e

ipuNs ]du

)
dp

+ (f(Ns + I)− f(Ns))Us + f(Ns + I)− f(Ns)− f ′(Ns).

Since dNs = dΛs + dAs + dA†s +Usds, substituting in Ef(N), Ff(N), F
∗
f(N) and Hf(N) into the

quantum Ito formula gives the result.

We remark that this argument cannot be generalised to Nt = Jt+W−1M̂tW where (Mt)0≤t≤1

is the classical Poisson martingale associated with the process (F t)0≤t≤1, because we would

then require eiqNs and eir(Ns+W
−1cFsW) to commute withW−1F̂sW, which may not be the case.

When Us commutes with Ns, for example when Us is a multiplication operator on L2(Ω), the

formula (6.3.6) reduces to the usual Ito formula, since in this case [Us, e
ipuNs ] = 0.

6.4 Mixed quantum semimartingales

As mentioned, the perturbation result proved in the previous section also holds for Brownian

martingales. In this section we examine if this theorem holds if we perturb a Poisson martingale

added to a Brownian martingale. Let w : F+(L2[0, 1]) → L2(Ωw,Fw,Pw) be the Wiener

interpretation of Fock space. If X is a complex random variable on (Ωw,Fw,Pw), we define

X̂ to be the operator of multiplication by X on L2(Ωw,Fw,Pw) (see Definition 3.2.3). If X

is real-valued then w−1X̂w is a self-adjoint operator and f(w−1X̂w) = w−1f̂(X)w. Recall
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that if (Ft)0≤t≤1 is a bounded predictable process on (Ωw,Fw,Pw), then (w−1F̂tw)0≤t≤1 is a

suitable quantum stochastic integrand and if we let Mt =
∫ t

0 FsdWs, then from (1.0.1),

w−1M̂tw =

∫ t

0
w−1F̂sw(dAs + dA†s).

Theorem 6.4.1 Let (F1,t)0≤t≤1 and (F2,t)0≤t≤1 be real, bounded, predictable processes on

(Ω,F ,P) and (Ωw,Fw,Pw) respectively. Define

M1,t =

∫ t

0
F1,sdXs, M2,t =

∫ t

0
F2,sdWs.

Suppose that the mixed quantum semimartingale (Mt)0≤t≤1 given by

Mt =W−1M̂1,tW + w−1M̂2,tw

=

∫ t

0
W−1F̂1,sW(dΛs + dAs + dA†s) +

∫ t

0
w−1F̂2,sw(dAs + dA†s),

is essentially self-adjoint with core Elb. If J is a regular self-adjoint quantum semimartingale

given by

Jt =

∫ t

0
RsdΛs + SsdAs + S∗sdA

†
s + Usds,

then Nt = Mt+Jt is essentially self-adjoint with core Elb, and N = (Nt|Elb
: t ∈ [0, 1]) satisfies

the quantum Duhamel formula.

Proof: The proof follows that of Theorem 6.3.1, thus we shall only give an outline. We treat

W−1M̂1,tW and w−1M̂2,tw separately. Since we are given that Mt is essentially self-adjoint

with core Elb, by the Kato-Rellich theorem Mt + Jt is also essentially self-adjoint with core

Elb. Define functions fn : R → R as in the proof of Theorem 6.3.1. Then as previously we

have

fn(W−1M̂1,tW) =

∫ t

0
(fn(W−1(M1,s + F1,s)̂ W)− fn(W−1M̂1,sW))(dΛs + dAs + dA†s)

+

∫ t

0
(fn(W−1(M1,s + F1,s)̂ W)− fn(W−1M̂1,sW))ds

−
∫ t

0
W−1F̂1,sWf ′n(W−1M̂1,sW))ds.

By the Ito formula for Brownian motion, and the representation of classical Brownian mar-

tingales as quantum stochastic integrals discussed above,

fn(w−1M̂2,tw) =

∫ t

0
w−1F̂2,swf

′
n(w−1M̂1,sw)(dAs+dA

†
s)+

1

2

∫ t

0
(w−1F̂2,sw)2f ′′n(w−1M̂2,sw)ds.
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Thus (fn(W−1M̂1,tW) + fn(w−1M̂2,tw))0≤t≤1 is a regular quantum semimartingale. Let

E(n)
s = Rs + fn(W−1(M1,s + F1,s)̂ W)− fn(W−1M̂1,sW),

F (n)
s = Ss + fn(W−1(M1,s + F1,s)̂ W)− fn(W−1M̂1,sW) + w−1F̂2,swf

′
n(w−1M̂2,sw),

G(n)
s = S∗s + fn(W−1(M1,s + F1,s)̂ W)− fn(W−1M̂1,sW) + w−1F̂2,swf

′
n(w−1M̂2,sw),

H(n)
s = Us + fn(W−1(M1,s + F1,s)̂ W)− fn(W−1M̂1,sW)

−W−1F̂1,sWf ′n(W−1M̂1,sW) +
1

2
(w−1F̂2,sw)2f ′′n(w−1M̂2,sw).

Using (6.3.1), and the fact that |f ′n| ≤ 1 and |f ′′n | ≤ 1, we have

‖E(n)
s ‖ ≤ ‖Rs‖+ ‖F1,s‖∞;

‖F (n)
s ‖, ‖G(n)

s ‖ ≤ ‖Ss‖+ ‖F1,s‖∞ + ‖F2,s‖∞; (6.4.1)

‖H(n)
s ‖ ≤ ‖Us‖+ 2‖F1,s‖∞ +

1

2
‖F2,s‖∞.

As fn is bounded, if

N
(n)
t =

∫ t

0
E(n)
s dΛs + F (n)

s dAs +G(n)
s dA†s +H(n)

s ds,

then N
(n)
t = fn(W−1M̂1,tW) + fn(w−1M̂2,tw) + Jt, and (N

(n)
t )0≤t≤1 is a regular quantum

semimartingale. From exactly the same arguments used in Theorem 6.3.1, in the strong

operator topology

lim
n→∞

eipN
(n)
t = eipNt , lim

n→∞
eip(N

(n)
t +E

(n)
t ) = eip(Nt+Rt+W

−1cF tW), (6.4.2)

giving the strong measurability of the maps

(p, t) 7→ eipNt , (p, t) 7→ eip(Nt+Rt+W
−1cF tW).

We can also deduce that in the strong limit

lim
n→∞

E
(n)
t = Rt +W−1F̂1,tW, lim

n→∞
F

(n)
t = St +W−1F̂1,tW + w−1F̂2,tw,

lim
n→∞

G
(n)
t = S∗t +W−1F̂1,tW + w−1F̂2,tw, lim

n→∞
G

(n)
t = Ut.

Using the above and (6.4.1), we can apply Proposition 2.4.1 to obtain that for φ ∈ Elb,

lim
n→∞

eipN
(n)
t φ =

(
I +

∫ t

0
Eexp(ipN)dΛ + Fexp(ipN)dA

+Gexp(ipN)dA
† +Hexp(ipN)ds

)
φ.

Therefore from (6.4.2) we can deduce (Nt)0≤t≤1 satisfies the quantum Duhamel formula.
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Corollary 6.4.2 If (Mt)0≤t≤1 and (Jt)0≤t≤1 are as above, (Mt+Jt)0≤t≤1 satisfies the quantum

Ito formula.

It should be noted that the assumptionW−1M̂1,tW+w−1M̂2,tw is essentially self-adjoint with

core Elb is required. This property does not automatically follow, even though each of the

operators which are added together do satisfy this property.

Examples of essentially self-adjoint mixed semimartingales for which the above result can

be applied do exist. If F1,s = 0 or F2,s = 0, we obtain a classical Poisson or Brownian

martingale. Also if either M1,s or M2,s is bounded for each s ∈ [0, 1] as a function on (Ω,F ,P)

or (Ωw,Fw,Pw), then the hypothesis of the theorem holds by Kato-Rellich. Another example

is obtained by taking F1,s = 1 and F2,s = 1. Then on Elb,

Mt = Λt + 2(At + A†t) = 2(
1

2
Λt + At + A†t).

However from Section 3.5, we know that 1
2Λt + At + A†t and X̂

1/2
t are intertwined by W1/2.

Since X̂
1/2
t is essentially self-adjoint with core Elb, the same is true of Λt + 2(At + A†t).

For a slightly less trivial example, consider the case when F1,s =
�

[1/2,1](s) and F2,s =
�

[0,1/2](s). Then

Mt =

{
At +A†t 0 ≤ t ≤ 1

2

Λt − Λ1/2 + At + A†t
1
2 < t ≤ 1.

The essential self-adjointness of Mt for 0 ≤ t ≤ 1/2 is immediate, since it corresponds to

multiplication by Brownian motion via the Wiener-Ito isomorphism. We can use Nelson’s

analytic vector theorem (see [55, Theorem X.39] or [70, Theorem 8.31]) to show self-adjointness

for 1/2 < t ≤ 1. Note that

‖At|L2[0,1]⊗ns ‖ ≤
√
n+ 1;

‖A†t |L2[0,1]⊗ns ‖ ≤
√
n+ 1;

‖Λt|L2[0,1]⊗ns ‖ ≤ n.

If φ ∈ L2[0, 1]⊗
n
s , then

‖(Λt − Λ1/2 +At + A†t)
kφ‖ ≤ 4k(n+ k)!‖φ‖.

Therefore

∞∑

k=0

‖(Λt − Λ1/2 + At + A†t)
kφ‖

k!
|t|k ≤

∞∑

k=0

(n+ k)!

k!
(4|t|)k <∞ if |t| < 1

4
.
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Thus by Nelson’s analytic vector theorem Λt−Λ1/2 +At +A†t is essentially self-adjoint. Since

F+(L2[0, 1])00 is invariant under Λt − Λ1/2 + At + A†t , by [55, Theorem 8.31 Corollary 2],

F+(L2[0, 1])00 is a core for Λt −Λ1/2 +At +A†t . Now Elb ⊆ D(Λt−Λ1/2 +At +A†t), and from

Lemma 3.3.4, Elb is dense in D2,2. Hence given φ ∈ F+(L2[0, 1])00, there exists φn ∈ Elb such

that ‖φ− φn‖ → 0 and ‖(N + 1)(φ− φn)‖ → 0 as n→∞. Consequently

‖(Λt − Λ1/2 + At +A†t)(φ− φn)‖ ≤ 4‖(N + 1)(φ− φn)‖
→ 0 as n→∞.

Therefore Elb is a core for Mt, and we can apply Theorem 6.4.1 to it.

We can also consider the case when F1,s = c1 and F2,s = c2 − c1, where c1, c2 ∈ R. Then

Mt = c1Λt + c2(At + A†t).

By a similar argument to that above, it can be shown that Mt satisfies the hypothesis of

Theorem 6.4.1.
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Boston, 1983.

[17] J. Diestel and J.J. Uhl, Vector measures, American Mathematical Society, Provi-
dence, Rhode Island, 1977.

[18] R.L. Dobrushin and R.A. Minlos, Polynomials in linear random functions, Russian
Mathematical Surveys 32 (1977), 71–127.

[19] J.L. Doob, Stochastic processes, Wiley, New York, 1990.

[20] N. Dunford and J.T. Schwartz, Linear operators: Part 1, Interscience, New York,
1958.
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