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Given a compensated Poisson process (Xi)i>o0 based on (2, F,P), the Wiener-Poisson iso-
morphism W : §1(L*(R;)) — L*(Q,F,P) is constructed. We restrict the isomorphism to
T+ (L%[0,1]) and prove some novel properties of the Poisson exponentials £(f) := W(e(f)).
A new proof of the result A; + A; + AI = W_ljf\tW is also given. The analogous results for
F+(L?(Ry)) are briefly mentioned.

The concept of a compensated Poisson process over R, is generalised to any measure space
(M, M, 1) as an isometry I : L2(M, M, u) — L?(Q, F,P) satisfying certain properties. For
such a generalised Poisson process we recall the construction of the generalised Wiener-Poisson
isomorphism, Wy : 4 (L*(M)) — L?*(Q, F,P), using Charlier polynomials. Two alternative
constructions of Wy are also provided, the first using exponential vectors and then deducing
the connection with Charlier polynomials, and the second using the theory of reproducing
kernel Hilbert spaces.

Given any measure space (M, M, p1), we construct a canonical generalised Poisson process
I:L2(M,M,u) — L?(A,B,P), where A is the maximal ideal space, with B the completion
of its Borel o-field with respect to P, of a C*-algebra A C B(F(L3(M))). The Gelfand
transform A — B(L2(A)) is unitarily implemented by the Wiener-Poisson isomorphism W :
F+(L*(M)) — L*(A). This construction only uses operator algebra theory and makes no a
priori use of Poisson measures.

A new Fock space proof of the quantum Ito formula for (A + A; + AI)Ogtgl is given.
If (Ft)o<t<1 is a real, bounded, predictable process with respect to a compensated Poisson
process (X¢)o<t<1, we show that if M = fg’ FydX, then on Ey, := linsp{e(f) : f € L} [0,1]},

t
W MW = / WFEW(dAs 4 dAg + dAY),
0

and that (W*1@W)0§t§1 is an essentially self-adjoint quantum semimartingale. We prove,
using the classical Ito formula, that if (J;)o<¢<1 is a regular self-adjoint quantum semimartin-
gale, then ()/\/.7\/4\,5)/\/_1 + Ji)o<t<1 is an essentially self-adjoint quantum semimartingale satis-
fying the quantum Duhamel formula, and hence the quantum Ito formula. The equivalent
result for the sum of a Brownian and Poisson martingale, provided that the sum is essentially
self-adjoint with core Ey, is also proved.
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Chapter 1

Introduction

Brownian motion (W;);>p on a complete probability space (Qw, Fr, Pr), first constructed by

Wiener in [71], satisfies the properties

i) for (t1,...,t,) € RY, the joint law of (Wy,,...,W;,) is Gaussian with mean zero and

covariance E[W;, Wy, | = min(tg, t;),
ii) t+— Wy(w) is continuous a.s..

It is well-known that with its natural filtration (W;);>0 is a square integrable martingale with

(W, W); = t. Using this property we can define multiple stochastic integrals
JM  L2(D,) — L*(Qr, Fros Pro),

which are isometries such that for m # n, J™(L?(D,,)) is orthogonal to J™ (L?(D,)) (see
(3.1.1) for the definition of D,,). Multiple stochastic integrals were first defined in [72], however
the more commonly used definition is due to the work of Ito, first for real integrals in [30] and
later for complex integrals in [31]. We can use the multiple stochastic integrals to construct

the isometry
w: Fy (L(Ry)) — L (Do, Fro, Pro),

where F, (L?(R,)) is the symmetric Fock space over L?(R. ). This decomposition agrees with
the one obtained in [13]. If the o-field Fy, is generated by (W});>0, then w is surjective and
is called the Wiener interpretation of Fock space. The connection with symmetric Fock space
was first presented in [61].

Quantum stochastic calculus, originally constructed in [28], is the non-commutative exten-
sion of Ito calculus. If (F)¢>0 is a predictable process with respect to the natural filtration of

Brownian motion and is bounded on finite intervals, then (0, (mflﬁ'\tm)tzo, (mflﬁm)tZO,O),



where E is the operator of multiplication by FY, is a suitable quantum stochastic integrand
and for all f € L3 (Ry),

t
oL Mywe(f) = </o 1 FdA, + m‘lFSmdAl) e(f), (1.0.1)

where M; = fg Fy,dWs. In particular, on the exponential vectors of locally bounded square
integrable functions, multiplication by Brownian motion at time ¢ corresponds to the operator
A+ AI (see (2.1.1) for the definition of A; and AI ). Consequently many results in quantum
stochastic calculus are motivated by the isomorphism to, in particular the establishing of a

quantum Ito formula generalising the classical Ito formula

F(W) = £(0) + /0 POV, + /0 £7(W,)ds.

1.1 Probabilistic interpretations of Fock space

The Wiener interpretation of Fock space over L?(R.) can be generalised. Suppose (X;);>0 is
a real square integrable martingale on the complete probability space (2, F,P) with respect
to its natural filtration (F;);>0 and F is generated by (X¢)i>0. Then (X¢)i>0 is a normal
martingale if (X? — t);>0 is a martingale for the filtration (F;);>0, that is (X, X); = t. For

such a martingale, we say a measurable process (Fy)i>0 is square integrable if
t
/ E[|Fs|*]ds < oo for all t > 0.
0
A normal martingale, (X)¢>0, is said to satisfy the predictable representation property if for

allY € L2(Q, F,P),
Y = E[Y] +/ F.dX,
0

for some predictable process (F)¢>0 such that

oo
/ E[|Fs|?|ds < oc.
0

Since the multiple stochastic integrals defined for Brownian motion, (W});>0, only depend
on the property (W, W), = t, for any normal martingale we may define multiple stochastic
integrals

JM  LX(D,) — LX(Q,F,P),
which are isometries such that J™ (L?(D,,)) is orthogonal to J (L?(D,,)) for m # n. Hence

we have an isometry

wx : F+(L2(Ry)) — L3(Q, F,P). (1.1.1)



These isometries give the various probabilistic interpretations of Fock space. The chaotic
space of (Xy)i>o is defined to be CS(X) := twx (F+(L*(Ry))). We say (X;);>0 has the chaotic
representation property if CS(X) = L*(Q,F,P). It can easily be deduced that if (X;);>0 has
the chaotic representation property then it has the predictable representation property. In
particular, Brownian motion has the chaotic and predictable representation property. The
normal martingales are in some sense generalisations of Brownian motion producing different
interpretations of Fock space. Consequently, quantum stochastic calculus should be considered
as both an extension and unification of classical stochastic calculus.

If (X¢)t>0 is a normal martingale and X; € L*(€), then ([X, X]; — (X, X)¢)1>0 is a square

integrable martingale. Hence if (X¢);>0 has the predictable representation property then
t
(X, X], — (X, X); = / V,dXs, (1.1.2)
0

for some square integrable predictable process (¥4):>0. The equation (1.1.2) is called a struc-
ture equation for (Xi)i>0. From [21], we have the following uniqueness of solution (in law)

results:
o U, =0, (Xt)t>0 is Brownian motion;
o U, =c, (X¢)t>0 is the compensated Poisson process with jump size ¢ and intensity C%;
o U, =X, | (X¢)i>0 is the Azéma martingale with parameter [3.

Our work will primarily be concerned with the case when W, = 1, the Poisson interpretation of
Fock space, in which case (X¢):>0 is the compensated Poisson process with intensity 1. It turns
out that the compensated Poisson process also has the chaotic representation property. Poisson
multiple stochastic integrals are in many ways not as well-known as the Wiener multiple
integrals, however they have been around for just as long. The Poisson chaotic expansion
was first discovered by Wiener under the name of ‘discrete chaos’ in [72, §11] and developed
more fully in [73], although as in the Wiener case, the modern definition of multiple Poisson
integrals is influenced by the work of Ito (see [32]). Extension of multiple Poisson integrals
to more general spaces can be found in [64] and [39]. The construction which we give in our

work is based on these two articles.

1.2 The Wiener-Ito isomorphism

The Wiener interpretation of Fock space over L2(R,) is an example of the Wiener-Ito iso-

morphism. Before describing the construction of the Wiener-Ito isomorphism we discuss the



Hermite polynomials, which are closely related to the isomorphism. The Hermite polynomials

(hn)o2, are defined by the generating function

z—t2 o 1"
otr—t2/2 _ Z Hh”(z)’
n=0

for all ¢t and z in C. It can be shown that

e 1 22
/ hom () hp () \/%677dx =n!6mn,

and thus (h,)%°, is an orthogonal sequence in L%(R, B,v), where if E € B,

1 a2
v(E) = \/—2_7T/Ee_7dx.

We can also show that the Hermite polynomials are total in L?(R,B,~). The Charlier poly-
nomials (Definition 4.2.1) are the analogous polynomials for Poisson variables.

By a Gaussian Hilbert space we mean a closed subspace of L%(Q, F,P), where (2, F,P)
is a probability space, consisting of centred Gaussian random variables. Given a Gaussian

Hilbert space H, following the notations of [34, Chapter 2], we define
Prn = {p(&1,...,&n) : p is a real polynomial of degree <n, &; € H}

and let _
}fm:=:¢ZR7¢%fll g.Lﬁ(Q,f]P)

taking P_; := {0}. H™ is called the nth Wiener chaos. From [34, Theorem 2.6] we know
that

6{)7{n:::L§(Q,U<TO,P%
n=0

where o(H) is the o-field generated by the random variables in H. If &1, ..., &, € H, the Wick
product is defined to be

& =& ),
where 7, is the orthogonal projection onto H™. This is well-defined since all moments of
a Gaussian random variable exist. It follows from [34, Theorem 3.9] that if &1,...,§, and
N,...,Nn are in H,

(& nnyime ) = Z H<fjﬂ70(j)>a

0€Sy j=1



and from [34, Corollary 3.27] that the set of Wick products : &1 ...§, : with &,...,&, € H
form a total subset of H". Therefore H™ is a concrete realisation of the nth symmetric
tensor product H®: and thus we have an identification of F (#), the real symmetric Fock
space over ‘H, with L(Q,0(H),P).

The Hilbert spaces we use will have inner products which are linear on the right and
conjugate linear on the left. Let Hr be a real Hilbert space and H its complexification. Then
we define a Gaussian field over H to be an isometry I : H — L?(Q2, F,P), where (Q, F,P)
is a probability space, such that for each h € Hg, I(h) is a centred Gaussian variable. As
before we shall assume that the probability space is complete and F = o(I(H) U 91) where O
is the collection of null sets in F. If (W;);>0 is Brownian motion, then ro[z2g, ) is a Gaussian
field over L?(R ). Note that given a Gaussian field I : H — L?(Q, F,P), I(Hg) is a Gaussian
Hilbert space and Hg = I(Hg). From [26, Remark 2.0] we know that

§+(H) =3+ (Hr) ® i+ (Hg).
Therefore from the comments above we have the following theorem.

Theorem 1.2.1 Suppose I : H — L?*(Q, F,P) is a Gaussian field. Then there exists an

isometric isomorphism, called the Wiener-Ito isomorphism,
oy g+(H) - L2<Q7‘7:1 P)a

such that

1
m[.h1®8...®shnr—>ﬁ.[(hl)...f(hn) :

for hi,..., h, € Hg.

This result can be found in [61, Theorem 3| and [18, Proposition 5.2]. From [34, Theorem
3.21] it follows that if {hq,...,hi} is an orthonormal set in Hr and Z§:1 pj=n,

wr(hEE @ ... @5 ) = \/%hpl (I(1) + . b (T(1)- (1.2.1)

Thus this definition can be used to provide an alternative construction of to;. From (1.2.1)
we can deduce that the Wiener interpretation of Fock space is the Wiener-Ito isomorphism
induced by 1|[p2(g.)-

The exponential vectors in §, (L?(R,)) are crucial in the construction of quantum stochas-

tic integrals. Consequently it is important to investigate the behaviour of exponential vectors

10



under toy. If I : H — L?(Q) is a Gaussian field, then for h € H we define the Wick exponential
to be
2
Eny (h) = 107 (e(h)) = T —5 (1.2.2)

where e(h) is the Fock space exponential vector of h. It can easily be deduced that the Wick
exponentials satisfy
Sm[ (h‘l)gml (hQ) - e<h17h2>gm1(h1 + h2)'

It is possible to construct the isomorphism t; using just the exponential vectors (see [69, §4]).

In Section 4.3 we shall do a similar construction for the Poisson situation.

1.3 Motivation

The aim of this thesis is to establish results for Poisson processes which are known to hold for
Gaussian processes. In this section we present the results for Brownian motion and Gaussian
random variables which motivated the results in this thesis.

In the various probabilistic interpretations of Fock space a classical Ito formula exists. It
is desirable to obtain an Ito formula in quantum stochastic calculus, which generalises and
unifies the various probabilistic interpretations. The quantum Ito formula (Definition 2.3.1)
for regular self-adjoint quantum semimartingales was established in [66]. It has remained an
open problem whether it is possible to establish an Ito formula for unbounded essentially
self-adjoint quantum semimartingales. This problem is partially tackled in [67] by considering
a matrix formulation of quantum stochastic calculus and proving the Ito formula for various
matrix quantum stochastic integrals (see also [9]). However, this method requires the extension
of quantum stochastic calculus to domains larger than the original exponential domains of the
Hudson-Parthasarathy formulation.

Another possible way to obtain unbounded quantum semimartingales which satisfy the
quantum Ito formula is to consider perturbations of classical martingales, which satisfy the
classical Ito formula, by regular self-adjoint quantum semimartingales. This approach is mo-
tivated by results obtained for perturbations of self-adjoint operators on Hilbert spaces and
on the theory of perturbations of unitary groups. The method of proof used to show that an
essentially self-adjoint quantum semimartingale, M, satisfies the quantum Ito formula is to
deduce it from the quantum Duhamel formula for the unitary group (eipm)peR. Consequently,
it would be expected that perturbations of classical martingales will also satisfy the quantum

Duhamel formula, from which the quantum Ito formula can be deduced.
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In [68], Vincent-Smith shows that if J is a regular self-adjoint quantum semimartingale
and if ‘Brownian motion’, (4; + AI)OStSla is perturbed by J, then the perturbed quantum
semimartingale, (J; + A + AI )o<t<1, is essentially self-adjoint and satisfies the quantum Ito
formula [68, Theorem 3.4]. The proof of this result approximates A; +A;r by fn(At—i—AI) where
frn is bounded and uses the classical Ito formula to approximate ePM: by eith< " where M(™ =
(Je + fn(Ar + AI ))o<t<1 is a regular quantum semimartingale. It is shown in [67, §13] that
the result also holds for perturbations of Brownian martingales of the form ( fg FsdWy)o<i<1,
where (Ft)o<t<1 is a bounded predictable process. Notice that from (1.0.1) that this classical
martingale can be represented as a quantum stochastic integral. Classical Poisson martingales,
via the Poisson interpretation of Fock space, can also be represented as quantum stochastic
integrals (see Theorem 6.2.4). We prove that perturbations of classical Poisson martingales
also satisfy the quantum Ito formula.

Given that there exists an isomorphism from symmetric Fock space over L?(R ) generated
by a Poisson process which is analogous to the isomorphism to induced by Brownian motion,
it is natural to ask if there is a map analogous to the Wiener-Ito isomorphism. Such an
isomorphism, which we call the Wiener-Poisson isomorphism, does exist. However we need to
restrict ourselves from general complexified Hilbert spaces H to L2(M, M, ), where (M, M, 1)
is a measure space, and consider generalised Poisson processes, I : L?(M, M, u) — L*(Q, F,P),
which are proper generalisations of a Poisson process over R;. We shall explain the reasons
for this in Section 4.1. The construction of these isomorphisms was first done in [64] for non-
atomic measure spaces and later in [39] for Polish spaces which may have atoms. We give a
construction of this isomorphism for general measure spaces using Charlier polynomials. Our
approach is slightly different to the two articles mentioned, in that we use well-known results
for the isomorphism on §; (L?(R.)) to obtain results for the isomorphism on F (L2(M)).

In [69], given a complexified Hilbert space, H, Vincent-Smith gives a canonical construction
of a Gaussian field. He constructs a unital commutative C*-algebra, A C B(F4+(H)), with

cyclic vector e(0) and then considers the Segal spatial isomorphism [62, Scholium 9.1],
S F(H) — L*(A,B,P),

which implements the Gelfand transform. Here, the measure IP, which occurs in the construc-
tion of the Segal spatial isomorphism, is a probability measure. It turns out that .|y is a
Gaussian field and the Wiener-Ito isomorphism it induces is .. Thus, Vincent-Smith is able
to produce a Gaussian field using C*-algebra theory, rather than probability theory.

In this thesis, we shall do a similar argument for the Poisson distribution. Given any

12



measure space (M, M, i), we construct a unital commutative C*-algebra A C B(F4 (L?(M)))
with cyclic vector e(0) and look at the associated Segal spatial isomorphism .#. Analogously
to the Gaussian case, .| r2(m) is a generalised Poisson process and & its Wiener-Poisson
isomorphism. It should be noted that in both cases the probability measure P occurs naturally

in the theory of C*-algebras and no a priori use of Gaussian or Poisson measures is required.

1.4 Overview of thesis

There are two main threads to this thesis. The first is proving the quantum Ito formula for
perturbed classical Poisson martingales, and the second is the use of the Segal spatial isomor-
phism to construct Poisson processes. Consequently, this thesis can divided into Chapters 2,
3, 6, which prove the perturbation result and Chapters 3, 4, 5, which describe our construc-
tion of Poisson processes. The material in Chapter 3 is crucial to both ideas and provides
many of the tools we need. It contains a large collection of well-known results on the Poisson
interpretation of Fock space.

Chapter 2 gives details of results in quantum stochastic calculus. We begin the chapter
with a brief account of the Hudson-Parthasarathy construction of quantum stochastic inte-
grals on exponential domains of §; (L?[0,1]). A definition of the quantum Duhamel formula for
essentially self-adjoint quantum semimartingales, including an extra measurability condition
which always holds for regular self-adjoint quantum semimartingales, is given. The quantum
Ito formula is deduced from the quantum Duhamel formula (Theorem 2.3.3), as in the reg-
ular case. This result is useful because in order to show an essentially self-adjoint quantum
semimartingale satisfies the quantum Ito formula we only need to show that it satisfies the
quantum Duhamel formula. The chapter follows the approach of [66], although we need to
take more care when dealing with unbounded quantum semimartingales.

In Chapter 3 we discuss the Poisson interpretation of Fock space over L?(Ry). If (X;):>0

is a compensated Poisson process on (2, F,P), the construction of the isomorphism
W %’+(L2(R+)) - L2(Qa~7:’]P))a

an example of a map of the type given in (1.1.1), is described. Since we only consider quantum
stochastic integrals on 1 (L?[0,1]) we restrict ourselves to the compensated Poisson process
over [0,1]. We show that the operators of multiplication by adapted measurable processes
give rise to suitable quantum stochastic integrands via the isomorphism V. The properties,

such as the multiplication formula, of Poisson exponentials £(f) := W(e(f)) are examined.
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We prove the novel result that &y, the linear span of the Poisson exponentials of bounded
functions on [0, 1], is dense in LP(Q2) for 1 < p < oo, with the o-field generated by (X)o<i<1.
This result is useful, since it can be used to show that certain operators of multiplication on
L?(2) are essentially self-adjoint with core &y,. The result that W intertwines A; + A; + AI
and 5(\25 is well-known. We prove this result using the Poisson multiplication formula and the
classical Ito product formula, which is different from the usual proofs found in the literature.

The main aim of Chapter 4 is to construct the isomorphism for the Poisson distribution
which is equivalent to the Wiener-Ito isomorphism for Gaussian variables alluded to in Section
1.2. We begin by giving the definition of a generalised Poisson process over a measure space
(M, M, p) as an isometry I : L?>(M, M, ) — L?>(Q, F,P), which generalises the notion of a
compensated Poisson process over Ry. The definition is slightly more general than the usual
definition of a Poisson random measure. We introduce the Charlier polynomials and use them
to construct the isometry

Wi : §4(LA(M)) — L*(Q, F,P)

in Theorem 4.2.7. The results in Chapter 3 are then used to establish formulae for certain
exponential vectors Wy(e(f)) which are proved in [64] for non-atomic measure spaces. These
formulae are then used to prove the surjectivity of W; (Theorem 4.2.12), when the o-field
F is generated by the isometry I. The isomorphism will be called the generalised Wiener-
Poisson isomorphism. This approach is different to those of [64] and [39]. We also give a
construction of the isomorphism using a restricted exponential domain and the connection
with the Charlier polynomials deduced from this. The construction is similar to the one for
the Wiener-Ito isomorphism in [69, §4]. Another approach to the Wiener-Poisson isomorphism
using the theory of reproducing kernel Hilbert spaces is briefly discussed. We finish the chapter
by considering the discrete chaos spaces Wy(L2(M)%%) and establishing some formulae which
are proved in [64]. Although our formulae are not as general, the new proofs we give are much
easier to follow.

Chapter 5 is devoted to the canonical construction of generalised Poisson processes, using
operator algebra theory, modifying the arguments in [69, §5]. A unital commutative C*-
algebra A C B (. (L?(M))) is constructed and is shown to have cyclic vector e(0). The Segal
spatial isomorphism

S F(LA(M)) — L*(A,B,P),

associated with the C*-algebra A is shown to be the Wiener-Poisson isomorphism of the

generalised Poisson process | 2(pr) (Theorem 5.2.5 and Theorem 5.3.1). It should be noted

14



that the probability measure P occurs naturally. The final part of the chapter considers the
way in which the generalised Poisson processes we construct are related when two measure
spaces are measure isomorphic.

The concluding chapter, Chapter 6, is concerned with showing that perturbations of cer-
tain classical martingales satisfy the quantum Duhamel formula and hence the quantum Ito
formula. As mentioned before, for convenience we work on L2[0, 1] rather than on L?(R.).
We begin with a new Fock space proof of the Ito formula for (A; + A; + AI)Ogtgl- Then we
prove the well-known result on the representation of classical Poisson martingales as quantum
stochastic integrals (Theorem 6.2.4) and show that the quantum Duhamel and Ito formulae
for these representations can be deduced from the classical Ito formula. The main result of
this chapter is Theorem 6.3.1, which says that perturbations of certain classical martingales by
regular self-adjoint quantum semimartingales are essentially self-adjoint quantum semimartin-
gales which satisfy the quantum Duhamel formula. We then look at mixed Brownian-Poisson
martingales, that is the sum of a classical Brownian and Poisson martingale and prove that
if the sum is also essentially self-adjoint then perturbations of it also satisfy the quantum

Duhamel formula.
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Chapter 2

Quantum Semimartingales

In this chapter we present a very brief account of the construction of quantum stochastic inte-
grals, more details of which can be found in [28], [47], [51] and [10]. We also give an extension
of the definition of the quantum Duhamel and the quantum Ito formulae for essentially self-
adjoint quantum semimartingales and show that with our definitions the quantum Duhamel

formula implies the quantum Ito formula.

2.1 Quantum stochastic integrals

We shall define our integrals on the symmetric Fock space over L2[0, 1], F+ (L?[0, 1]), and shall

not use an initial space. Given f € L2[0, 1] the exponential vector of f is

e
e(f) = (1,f,...,ﬁ,...).
Note that because the exponential vectors are linearly independent, a linear operator can
be defined on the linear span of a set of exponential vectors by defining its action on each

exponential vector. We define
E := linsp{e(f) : f € L?[0,1]};
Eip := linsp{e(f) : f € L*[0,1]}.

The notation Ey, is used since if we work on §,(L?(Ry)) instead, the analogous space will
consist of the linear span of exponential vectors of square integrable locally bounded functions
and not just bounded functions. Following [2] and [66] we shall define our integrals over Ey,

although they can be constructed on
E(S) := linsp{e(f): f € S},

16



where S is any admissible set in L2[0,1]. That is, S is a dense subspace of L?[0, 1] such that
for all t € [0,1], f; := Ljg,gf € S. Such a set E(S), where S is an admissible set, is dense in
F+(L2[0,1]) [51, Corollary 19.5]. In particular, both E and Ey, are dense in g (L?[0,1]).

If Py is the orthogonal projection of L*[0, 1] onto L?[0,t], we define

Ar =M Poy), Ar=a(lpy), Al:=d(1py), (2.1.1)

where \, a and af are defined in [28, §2] and [47, §IV.1.4,6]. (A¢)o<t<1, (At)o<t<1 and (AI)OStﬁh
the gauge, annihilation and creation processes, are often called the basic processes.

For each t € [0, 1], there exists a unique unitary map
W §4(L2[0,1) @ 4 (121, 1]) — §+ (120, 1)
such that
gz e(f) @e(g) — e(f +9)- (2.1.2)
Consequently, 4 (L?[0,t]) can be considered a subspace of § (L?[0, 1]) by identifying it with
w (F4(L2[0,¢]) ® 1). Similarly, &1 (L?(t,1]) can also be considered a subspace of g, (L?[0,1]).

A family of linear operators F' = (Fy : t € [0, 1]) whose domains contain Ejy, is said to be an

adapted process if for all f € L*°[0,1], t — Fe(f) is strongly measurable and for all ¢ € [0, 1],
{ Fre(fe) € 3+(L2[0,1])

Fre(f) =w(Fre(ft) @ e(L1f))

with the identification of § 1 (L?[0,]) as a subspace of § 1 (L?[0, 1]). If F} is a bounded operator

for each t, the measurability of ¢ — Fy¢, for any ¢ € 4 (L?[0,1]), and t — | Fy|| follow from

(2.1.3)

the definition of an adapted process. Our definition of quantum stochastic integrals follow
that of [2, §II].

Definition 2.1.1 Let E, F, G and H be adapted processes such that for all f € L*°|0,1],

1
/0 (PN Ese(II? + £ ) [ Fse(HIl + 1Gsel £ + | Hse()]])ds < oo (2.1.4)

Then the quantum stochastic integral of the quadruple (E, F,G, H) is the unique adapted pro-
cess (My : t € [0,1]) defined on Ey, such that for all f, g € L*[0,1],

(e(f), Mie(g)) = /0 (e(f), (f(s)g(s)Es + g(s)Fs + f(s)Gs + Hs)e(g))ds. (2.1.5)

We write

t
M, = / E.dAs + FodA, + GodAl + Hyds
0

and denote the integral of (E,F,G,H) as M(E,F,G,H) or as M if the dependence on the

integrands is clear or unimportant.
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The uniqueness is immediate since Ey, is dense in §1(L?[0,1]). The existence can be found
in [28, Theorem 4.4] and [47, §VI.1.6,7] amongst others. Notice that if the adjoint processes
(E*,G*, F*, H*) are also adapted processes such that for all f € L*°[0,1],

1
/O (FSPIELeNN? + [f(IGie(H + [FSe(fII? + | Hie(f)])ds < oo, (2.1.6)

then whenever t € [0, 1], on Ey,,
t
M = / EfdA, + G*dA, + F*dAl + H*ds.
0

Consequently, in this case My has a densely defined adjoint and is therefore closable.

Since the original paper of Hudson and Parthasarathy [28], there have been various different
reformulations and extensions of quantum stochastic integrals, primarily in an attempt to
extend the integral to domains larger than the span of exponential vectors. One approach
uses the classical Ito calculus (see [6]), although the definition is implicit and consists of
a series of classical stochastic differential equations. Another approach (see [7] and [42])
uses non-causal stochastic analysis and Malliavin calculus. Recently a new definition which
combines the original Hudson-Parthasarathy definition and the above two approaches has
been formulated (see [5] and [3]). We shall use the original Hudson-Parthasarathy definition of
quantum stochastic integrals on exponential vectors because we shall be investigating essential
self-adjointness of quantum stochastic integrals and this is easier when the domains of the
operators are known.

Attal’s spaces of quantum semimartingales are first introduced in [2]. Regular quantum
semimartingales, which are bounded quantum semimartingales, have the property that they

satisfy the quantum Ito product formula and form a *x-algebra under operator multiplication.

Definition 2.1.2 Let 1 < p < oo and $ := F+(L?0,1]). Then LP([0,1];B($)) consists
of bounded processes (Fy : t € [0,1]) such that t — Fy¢ is strongly measurable for each
¢ € F+(L?[0,1]) and s — ||F|| is in LP[0,1]. As usual, two processes in LP([0,1];B(9)) are
identified if they are equal almost everywhere. A quadruple (E, F,G, H) is said to be Bochner
integrable if

E e L>([0,1];8(9)), F,G < L*([0,1];8(9)), H < L'([0,1];B($)).

Note that if we are working over R we consider the Bochner-Lebesgue spaces LT (R ;B($))

with § := F4+(L?(R,)) instead. Using the Pettis measurability theorem (see [17, Chapter 2,

Theorem 1.2]), we can easily deduce that it is sufficient in the above definition to only require
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that ¢t — Fie(f) is measurable for each f € L*°[0,1]. Given F' € LP([0,1];B($)) for some
p > 1, for each t € [0, 1] we can define the integral of F' by

</Ot Fsds> ¢ = /Ot F,pds, (2.1.7)

whenever ¢ € F4(L?[0,1]). From the definition of Bochner-Lebesgue spaces this operator
is well-defined and is bounded with norm 4| F||,,, where % + % =1 (see [67, §2]). From
now on, whenever we write down an integral in B (g, (L?[0,1])) it will be defined by (2.1.7),

in the strong operator sense, rather than as a Bochner integral in the non-separable space

B(3+(L*[0,1])).

Definition 2.1.3 A quantum stochastic integral process (My : t € [0,1]) is said to be bounded
if My is bounded on Ey, for each t € [0,1]. We define

S :={M(E,F,G,H): (E,F,G,H) is adapted and Bochner integrable},
S:={M € 8" : My is bounded for each t € [0,1]}.

Elements of 8’ are called quantum semimartingales, while elements of S are said to be regqular

quantum semimartingales.

Elements of S’ are easy to construct, since any Bochner integrable quadruple (E, F, G, H) gives
rise to an element of S’. For example taking £ = H =0 and F = G = I gives My = A; + AI,
which corresponds via the Wiener-Ito isomorphism to multiplication by Brownian motion
(see (1.0.1)). It is quite difficult to construct elements in S, because given (E, F,G, H) the
construction of M; does not ensure it is bounded. However, Attal has shown that there exists a
bijection between the space of quantum semimartingales and regular quantum semimartingales
(see [4, Theorem 4.6]).

One way of constructing elements of & is as solutions of quantum stochastic differential

equations. For example, in [28, §7] unitary solutions (U; : ¢ € [0,1]) of
t 1
U:=1 +/ (a1 - 1)USdA5 + apUsdAs — OélCM_QUSdAl + (iag — 5‘&2’2)U3d8,
0

where a1, ag € C with |a;| = 1 and a3 € R, are constructed. More results on solutions
of quantum stochastic differential equations can be found in [23], [24] and [65]. Another
method of constructing elements of S is to use probabilistic interpretations of Fock space.

In [2, Theorem 4], Attal shows that certain bounded classical stochastic integrals can be
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represented as regular quantum semimartingales. In Section 6.1 we shall give details in the
case of the Poisson interpretation of Fock space.

We now give an example of an element of S using ‘upside-down’ Brownian motion. Given
a Brownian motion (W;)o<t<1 we know from the classical Ito formula that

) t 1 [t .
eWe =1+ z/ eWsdw, — —/ eWsds.
0 2 Jo

Thus, if w : 4 (L2[0,1]) — L*(Qw, Fro; Pr) is the Wiener interpretation of Fock space (see
(1.0.1)),

- t — 1 [t -
o leiWip =T +z‘/ o~ LeiWern(dA, + dAT) — 5/ o teiWsods,
0 0

where €Wt denotes the bounded operator of multiplication by e"* on L?(Qy,). Now, the

Fourier- Wiener transform is the unitary map

F 1§ (L70,1]) — F(£2[0,1))
e(f) — elif).

More details of this map can be found in [47, §IV.2.2] and [34, §13.1]. It can easily be shown
that on Ej,,
iA—iAl = Z71(A + A 2.

Consequently on Eyp,
Ay —iAl = F A+ ADNF = 7 o ' Wing. (2.1.8)

In fact, iA; — iA] is unitarily equivalent via 0.% to W,. Hence we have that D(iA; — iAl) =
D((mﬁ)_lﬁmﬁ) and on this common domain (2.1.8) holds with i4; — iA;r replaced by its
closure [34, Theorem 13.21 iii)]. The operator i A, —iAI is often called ‘upside-down’ Brownian
motion (see [47, §1V.2.3]). It can then be shown in a similar way to the usual Brownian motion
that

/\ t _ t _
(Z) eWiwF =1+ z/ (0.7) LeiWsr. 7 (idA, — idAl) — %/ (r0.7) " LeiWsn.Z ds.
0 0

Therefore (v~ teWiro + (0.7) LeiWin.F — 21)p<i<1 is a regular quantum semimartingale.
It is possible to give a characterisation of elements of S which only depends on (M;)o<t<1
without direct reference to the integrands of the quantum semimartingale. We shall not include

any details of this, since we shall not use this characterisation in our work, however details can
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be found in [2, Theorem 7|, which extends [52, Theorem 3.10]. The integral representation
of a quantum semimartingale is unique (see [41, Corollary 1.3] or [65, Lemma 4.7]). If the
quadruple (E,F,G, H) is Bochner integrable, then the adjoint quadruple (E*, G*, F*, H*)
is also Bochner integrable and thus satisfies (2.1.6). Therefore, if M € S’, M; is closable
for each ¢ € [0,1]. The space S is stable under composition and the adjoint operation [2,
Theorem 5], and many results have been obtained concerning it. Operator processes in S
have the advantage that the operators can be extended to the whole of F(L2[0,1]) by the
boundedness property. The extension m agrees with the quantum stochastic integral if
it is defined on the whole of E. This is because if M;|g is the quantum stochastic integral
constructed on E then m C Mi|e (Mg is also closable by exactly the same reasons as
for My|g, ) and since D(M|g,.) = §+(L?0,1]), we must have that on E, Mg, = M|e. Tt
should also be noted that the bounded extension also agrees with the Ito calculus formulation
[2, Corollary 2]. For the non-causal stochastic analysis definition, a similar argument using
the closability of the operators, shows that the bounded extension is also compatible with this
formulation.

We say that M € S is a process of self-adjoint operators if the extension of M; to the whole
of Fock space is self-adjoint for each t € [0, 1]. However, when dealing with S’ self-adjointness

needs more care since we need to specify the domain we are working on.

Definition 2.1.4 Suppose M € S'. Then we say that M is a process of essentially self-adjoint
operators if for each t € [0,1], My is an essentially self-adjoint operator with core Ey,. We
define

Sl,:={M €S8 : M is a process of essentially self-adjoint operators},
Ssa ' ={M € S : M is a process of self-adjoint operators}.

When working with unbounded quantum semimartingales the domains are important and
this is the reason we shall assume all our integrals are defined on Ej,. For M € 8!, we define
M = (M : t € [0,1]). If M = M(E,F,G,H) € S is a symmetric operator then by the
uniqueness of the integral representations £ = E*, G = F* and H = H*. In particular this
holds for all M € S!,. Unlike for &', it is not easy to find quantum semimartingales in S,
since symmetric operators are not always essentially self-adjoint. One method of constructing
such elements is to use the Wiener interpretation of Fock space, v : §4(L?[0,1]) — L?*(Qyp)-

If (Ft)o<t<1 is a real predictable process on (Qy, Fro, Prw), bounded on each finite interval, and
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E is the operator of multiplication by F; on L?(Qy), then for ¢ € [0, 1],
t —_
M, = / o F(dA, 4+ dAT)
0

is a well-defined quantum semimartingale and wM;w~! is equivalent to multiplication by
fot FsdWy on w(Ey,). Since fg FydWy € L*(y) (see [36, Exercise 3.25]) and w(Ey,) is dense in
L*(), the operator of multiplication by f(f FydWy is self-adjoint with core w(Ey,). Thus M,
is essentially self-adjoint with core Ej, and hence (M)o<i<1 € S, (see [67, §13]). Given a class
of processes in 8!, we can construct more examples of essentially self-adjoint quantum semi-
martingales by perturbing the class by regular quantum semimartingales. This perturbation
technique is used frequently in Functional Analysis and Quantum Field Theory. In Chapter

6 we shall consider perturbations of classical semimartingales.

2.2 The quantum Duhamel formula

If (Wi)o<t<1 is Brownian motion then a classical Ito formula exists. Namely, if f : R — R is

twice continuously differentiable,

FOV) = £0)+ [ g+ g [ v, (221)

where the stochastic integral could be in the extended sense (see [16, §2.6] or [49, §1.1.3]). It
is natural to ask if this can be extended to quantum stochastic calculus. That is, given an
essentially self-adjoint quantum semimartingale M, can we obtain a formula for f(M)? In [8,

Theorem 4.4] it is shown that if the classical Duhamel formula holds, that is for all p € R,
ePWe — 1 4 ip/ ePWsqw, — ?/ e®PWs (s, (2.2.2)
0 0
then it is possible to deduce the classical Ito formula, (2.2.1), for functions in the set

CHR):={f:R—ReL'(R):p—p*f(p) € L'(R)}, (2.2.3)

loc

where the Fourier transform f of f is defined by
) 1 [o© .
o) =5 [ e
2 J_
This is deduced by using the Fourier inversion formula

FOV) = / i)™,
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substituting (2.2.2) and then justifying the interchange of integrals via a Fubini type lemma
[8, Lemma 4.3]. From the Ito formula for functions f € C2"(R), it is possible to deduce

loc

the general Ito formula by using sequences f,, € CL5(R) N C°(R) which approximate a more
general function f. In the quantum case we would like to establish a formula for et like
(2.2.2), called the quantum Duhamel formula, from which we can deduce a quantum Ito
formula for certain functions.

The existence of a quantum Duhamel formula and a quantum Ito formula has been proved
for regular quantum semimartingales in [66]. For any M € S, the Ito formula for polynomials
is established by induction [66, Lemma 4.1] and then extended to analytic functions [66,
Theorem 4.1]. The result for analytic functions is used to establish the quantum Duhamel
formula for Mt [66, Proposition 5.1]. Then if M € S,, an Ito formula for f(M;), whenever
f € CXE(R), is obtained in [66, Theorem 6.2], using the quantum Duhamel formula and
the Fourier transform. For bounded quantum semimartingales all these results are possible
primarily due to the fact that since M; is bounded for each t € [0, 1], two such semimartingales
can be composed. For general quantum semimartingales such compositions are not possible,
however functional calculus can be used to define f(M;), for bounded continuous functions
f, whenever M € S!,. We would like to extend the formulae obtained for regular self-adjoint
quantum semimartingales to certain M € S.,. In this section, we give a meaning to the
statement that M € S, satisfies the quantum Duhamel formula and deduce that if M € S,
satisfies the quantum Duhamel formula then this implies that M satisfies the quantum Ito
formula. This has been done for regular quantum semimartingales in [66, Theorem 6.2].

Given subspaces Vi C §4(L?[0,1]) and Vo C F4+(L?(t,1]) we shall denote by Vi@V, the
algebraic tensor product. Let T be a densely defined operator on §(L?[0,t]) with domain
D(T). Suppose that T ® I is an essentially self-adjoint operator on § 1 (L2[0,t]) ® F+(L2(t,1])

with domain D(T)®X where X is a dense subspace of §;(L?(t,1]). Then we would like to
T®I)

investigate if T is essentially self-adjoint on § (L?[0,¢]) and if this is true whether e
el @ 1.

Lemma 2.2.1 Let T be as above. Then T : D(T) — F+(L?[0,t]) is an essentially self-adjoint
operator.

PROOF: We need to prove that T is closable, D(T') = D(T*) and that for all ¢ € D(T),
T¢ = T*¢. Note that if ¢ € D(T), then p® 1 € DT @) with (T@1)(¢®1) =To ® 1.
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Suppose ¢, ¥ € D(T). Then by the essential self-adjointness of T'® I,

(0, Ty) = (9@ 1,(TRI)(Y®1))
=(Tehee1),ye1)
=(T¢,v).

Thus T is a symmetric operator and hence is closable. If ¢ € D(T') and ¢ € D(T),

(0, T) = (901, (T ) (¢ ©1))

Therefore D(T) C D(T*) and T C T*. Conversely, if ¢ € D(T*), for allyp € D(T) and 6 € X,

(P 1L(ToI)(Ye0)=(pTy)1,0)
= (T"¢,4)(1,0)
=(T"o® 1,9 ®0).

Thus ¢ ® 1 € D(T ® I)*) = D(T ® I), and hence there exists (¢,) € D(T ® I) such that
¢n — ¢®1 and (T ® I )¢, converges. Let P; be the orthogonal projection of 4 (L2[0,1]) onto
w (4 (L20,4) ®1). If p € D(T @ I), then Py € D(T ® 1) and Py(T @ I)p = (T ® I)Pp.
Consequently, since §1(L%[0,t]) ® 1 = F4(L%[0,t]), Pipn — ¢ in F4(L%[0,]) and T(Pisy)

converges. Therefore, ¢ € D(T') and D(T*) C D(T). O

The above lemma is a type of converse to [70, Theorem 8.33]. The fact that P,(T ® I) =
(T®I)P, on D(T ®I) can be used as part of an alternative definition of adaptedness. Recall
that the Malliavin gradient on Fock space is defined by

V: D(VN) — L*([0,1];§+(L*[0,1]))
¢ = <¢n) — Vig = (\/ﬁ¢n(7t>)7

where
oo

D(VN) ={¢ € FL(L[0,1]) : Y _nll¢nl?® < oo}

n=0
and ¢, is interpreted as an element of L2, ([0,1]"). If P; : §4(L?[0,1]) — u,(F4 (L*[0,t]) ® 1)

is the orthogonal projection of Fi(L?[0,1]) onto us(F+(L?[0,t]) ® 1) as in the above proof,
then PV : D(v/N) — L2([0,1]; & +(L?[0,1])), defined by (PV)(t) = Pi(Vie), is a bounded
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operator. We define D := PV and D;¢ := (D¢)(t). For each ¢ € F1(L?[0,1]), for almost all
€ [0,1] (depending on the element ¢), D¢ € F4(L?[0,1]). Then in [5, Proposition 3.5] and
[3, Proposition 1.4] it is shown that an operator with domain Ej;, is adapted at time ¢ if and

only if on Ey,
PF =FP
D, F =FD, ae. u>t.

More details can be found in [5, §3] and [3, §1.1.2].
Lemma 2.2.2 Let T be as above. Then for each p € R, T8I — T @ .

PROOF: It can easily be shown that T ® I is equal to the closure of the operator T ® I with
domain D(T)®%F +(L%(t,1]). Thus, since T is self-adjoint we obtain the result by applying [70,
Theorem 8.35]. O

Corollary 2.2.3 If M € 8!, and f € L*[0,1], then for each p € R and t € [0,1],

{ 6Z:p@€(ft) € §+(LZE, t])
ePMie(f) = u(ePMee(f,) ® e(f1 1))

PRrROOF: This follows immediately from the lemma above since for each t € [0, 1], M, is in the

same form as T'® I in the lemma. O

Therefore, if ¢ — M is strongly measurable, then (eMt : ¢ € [0,1]) is an adapted process.

We do not know if this measurability condition is true for all M € S.,.

Lemma 2.2.4 Suppose M = M(E, F,F*, H) € S., and that the map (p,t) — eiPMt s strongly
measurable as a function R x [0,1] — B(F+(L%[0,1])). Then My + E; is self-adjoint and

(p,t) — ePOAED s strongly measurable.

PROOF: By the Kato-Rellich theorem (see [55, Theorem X.12] or [70, Theorem 5.28]), M;+ E;
is self-adjoint. Since Fy is a bounded self-adjoint operator and t — E; is strongly measurable,
the map (p,t) — et is strongly measurable. By [70, Theorem 7.40] in the strong sense,

eiP(Mi+Er) _ iy (ei(p/n)mei(p/N)Et)n.
n—oo

However by [66, Lemma 3.3], (p,t) — (e’®/ n)M: gi(p/ mEn is strongly measurable. Conse-

M+Ey)

quently, e is the strong limit of these operators and so the result follows. O
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For regular self-adjoint quantum semimartingales the quantum Duhamel formula represents
(e?PMt)o<1<1 as a regular quantum semimartingale. If M belongs to SZ, the situation is more
delicate and we include an extra measurability condition as part of the definition of the

quantum Duhamel formula, which always holds in the bounded case.

Definition 2.2.5 Let M = M(E,F,F* H) € S.,. Then we say M satisfies the quantum
Duhamel formula if the mapping (p,t) — Mt jg strongly measurable as a function Rx [0, 1] —

B(F+(L?]0,1])), and for each p € R and t € [0,1],

I t
elth =1+ /0 Eexp(ipM)dA + Fexp(ipM)dA + Gexp(ipM) dAT + Hexp(ipM)dsa (224)

where

Eexpipar)(s) 1= PNt E) — giphle,

ip(1—w)M. pp oipu(Ms+Es) gy,

('b

Fexp(ipM) (S) =ip

Gexp(ipM) (3) = ’Lp eip(l_u)(m“l‘Es)F:eipUﬁsdu’ (225)

—_

ezp(l—u)MS HsezpuMs du
0

1,1 . _ o
ip)2 / / uezp(l—u)Ms Fsewu(l_v)(MS+ES)F;€ZPUUMS dudv.
0 JO

3

Hexp(ipM) (8) =1

_l’_

—~

The above definition requires some explanation. Firstly, for convenience we write Eexp(ipardA
instead of Fexpipar)(s)dAs etc. in (2.2.4) and this notation will always be used when stating
the quantum Duhamel formula. The integrals in (2.2.5) are in the strong sense of (2.1.7), that
is, for example, for each ¢ € §(L?[0,1]),

1 _ _ 1 _ _
</ eip(l—u)MsFseipu(Ms—i—ES)du) " :/ PN o ipu(VT4E2) gy,
0 0

where the integral on the right-hand side is a Bochner integral over § (L?[0,1]). The mea-
surability condition imposed ensures that the integrals in (2.2.5) exist. For example, when

considering Fey,(ipar)(8), we know by Lemma 2.2.4, that for each p € R and ¢ € S.(L2[0,1)),

(u, 8) —> eP(1-w)M; g oipu(MstEs) g

is strongly measurable and furthermore

PN T ED )| < | )] (226)
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Consequently for all s € [0, 1],

" eip(lfu)EFseipu(erEs)d)

is integrable on [0, 1] and by Fubini’s theorem,
1 L
S —— Fexp(ipM)(S)Qb = Zp/ elp(l—u)MsFsezpu(Ms+Es)¢du
0

is strongly measurable. The same argument works for the other integrands. Given this strong
integrability, it is now clear from the properties of the Bochner integral that the integrands in
(2.2.4) are adapted processes. It also follows from inequalities like (2.2.6), that the quadruple
(Bexp(ipn)s Fexp(iprr)s Gexp(ipi)> Hexp(ipar)) is Bochner integrable. Therefore the measurability
condition imposed in the definition ensures that both sides of (2.2.4) are well-defined.

If M € S, then the requirement that (p,t) — e®M¢ is strongly measurable always holds.
This is because when M, is bounded for each ¢ € [0, 1],

: — (ip)"
et = M
n=0 ’

where the sum converges in the norm operator topology. Therefore since for each n and
¢ € F+(L?[0,1]), t — MJ*¢ is measurable,

) t - (Zp)n n
(P,t)'—>€pM¢:nZ:0 Mo

is strongly measurable. When dealing with unbounded essentially self-adjoint quantum semi-
martingales we do not know if this measurability condition is always satisfied. However from
[70, Theorem 8.30] we do know that for each ¢ € [0, 1] there exists a dense subset of analytic
vectors of My, say Dy, such that for each ¢ € Dy,

ipMy; . S ip)" ~——n
ePM¢_Z(n!) M;" .
n=0

Unfortunately, the subspace D; may not be the same for each ¢.

2.3 The quantum Ito formula

In [66, Theorem 6.2] the Ito formula for regular quantum semimartingales was established for
functions in the set C2" (R) (see (2.2.3) for the definition of C>T(R)). Note that if f € C27(R),

loc loc loc
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f is assumed to be continuous, and from the condition on f and the Fourier inversion theorem,

f is also bounded. It is known that if f € CIQOJCF(R) and T is a self-adjoint operator on
54(L0.1)) )
@) = [ foerTap (23.1)
—00

where the integral is again in the strong sense.

Definition 2.3.1 Let M = M(E, F,F*,G) € S.,. We say that M satisfies the quantum Ito
formula if for all f € C>T(R) and t € [0,1],

loc

t

e’} 1 o ] o
Fran(s) =/ ipf(p) (/0 6”’(1")MSFSGZP“(MS+ES)du> dp,
o] R 1 i o
F;(M)(S) :/ ipf(p) (/0 eip(1—u)( s+Es)Fs*62pu sdu> dp, (2.3.3)
—0o0
9] 1 o R
Hpy(s) = / ipf(p) ( / e’p““)MSHselp“Msdu> dp

S 1 1 - v . T . T
+ / (ip)Qf(p) (/ / uelp(lu)Mstezpu(lv)(MSJrES)Fs*e'LpuvMsdudU) dp.
0 JO

—00
Again, the notational convention as for the quantum Duhamel formula is used and the integrals

in (2.3.3) are in the strong sense. The above definition should be interpreted as the integrals in

(2.3.3) and quantum stochastic integral in (2.3.2) all exist and that equality holds in (2.3.2).

Note that since f(p) is f(—p), we have Eron(s) = Eran(s)s, F}‘(M)(s) = Fyun(s)" and

*

Hpay(s) = Hyan(s)"
f € CEH(R), f(M) = (f(M;))o<i<1 is a regular self-adjoint quantum semimartingale. Tt

loc

should also be noted that if M € S., is such that (p,t) — eiPMe g measurable, then the

Thus if M € S, satisfies the quantum Ito formula, then for all

right-hand side of (2.3.2) always exists.

When dealing with regular quantum semimartingales it can be deduced from the fact that
M satisfies the quantum Duhamel formula, that it satisfies the quantum Ito formula. This
is proved by using a Fubini type theorem [66, Theorem 6.1] to justify the change of integrals
in (2.3.1) when the formula for et from (2.2.4) is substituted in (see [66, Theorem 6.2]).

Given the slightly stronger definition of the quantum Duhamel formula in the unbounded case,
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we can also deduce that if M € 8., satisfies the quantum Duhamel formula, it satisfies the

quantum Ito formula.

Lemma 2.3.2 Let {E(p, s),F(p, s),G(p,s),H(p,s) : p € R, s € [0,1]} be a set of densely defined

operators, whose domains contain Ey, for each p and s such that

a) for all f € L*>[0,1] the functions

('O
—~
~
~—

(p,s) — F(p, s)e(f),
(p,s) — H(p, s)e(f)

(p,s) — E(p, s)

s
—~
~
~—

(P, 5) — G(p,s)
are Bochner integrable over R x [0, 1],

b) for almost all p, the processes
s+—— E(p,s), s+——F(p,s), s+ G(p,s), s+ H(p,s)
are adapted,

¢) for all s € [0,1] the Bochner integral over R of the functions

p—E(p,s), p—F(p,s), p—G(p,s), p— H(p,s)
are processes E, F', G and H which satisfy (2.1.4),

d) for almost all p,

t
M(p,t) = /0 E(p, s)dAs + F(p, s)dAs + G(p, s)dAL 4+ H(p, s)ds

is a regular quantum semimartingale such that p — M(p,t) is Bochner integrable for all

t € 10, 1] with integral M (t).

Then
M(t) = / E(s)dAs + F(s)dA, + G(s)dAl + H(s)ds.
0

PRrOOF: Note that by Fubini’s theorem, the Bochner integrals E, F', G and H exist for almost
all s. Otherwise it is assumed that they are taken to be zero. Taking F(p, s) for example, by
Fubini, for f € L*°[0,1],
o0
s+ F(s)e(f) = / F(p,s)e(f)dp

—00
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is strongly measurable. Hence, from the properties of Bochner integrals F, F', G and H are
adapted processes. Condition c¢) ensures that (F, F,G, H) are suitable integrands. Suppose
that X is one of the functions {E,F,G,H} with corresponding K € {E, F,G, H} and integrator
A€ {A, A AT s}. Let f, g € L°°[0,1] and choose the appropriate h € {fg, g, f,1}. Then

o0

/0 (e(f), h(s)K (s)e(g))ds = /0 (e(f), h(s) / Ky 5)elg)ip)ds
- / / (e(f), h(s)K(p, s)e(g)) dpds
-/ N /O (), h()K(p, s)e(g))dsdp
-/ () / K(p, 5)dASe(g))dp.

The interchange of the integrals is allowed by Fubini’s theorem. Now let N = N(E, F,G, H)
be the quantum stochastic integral of (F, F, G, H). Then by (2.1.5),

(e(f), Nie(g)) = /0 {e(f), (f(s)g(s)E(s) + g(s)F(s) + f(s)G(s) + H(s))e(g))ds

= [, ( [ B+ F(p, a4 + Glp. )] + K s)ds) e(g))dp

—00

= (e(f), M(t)e(g))-

The last equality holds because we are assuming that the Bochner integral of p — M(p,t)
exists. Since Ey, is dense in § (L?[0, 1]) the result follows. O

Theorem 2.3.3 If M € 8!, satisfies the quantum Duhamel formula, then M satisfies the

quantum Ito formula.

PRrROOF: We know from (2.3.1) that
FOB) = 101 = [~ Fo)™ - D

Therefore, substituting in the formula for eiPMe o get

e}

t
s - 7o = | ( [ B9+ F(p. ). + 6o, )] + HGp s>ds) dp.

—00
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where

E(p, s) = f(p) (ePMtE) — oMy

1 — . R
F(p, 3) = zpf(p)/ elp(l_u)MSFselpu(MS+E5)du’
0

1 T . —_—
G(p’ 8) = pr(p) / eip(l_u)(M5+ES)F:elp“MSdu7
0

1 - o
H(p, 3) = pr(p)/ eip(l_u)MsHsezpuMsdu
0
1 1 L ‘ o ' -
+ (Zp)Qf(p)/ / ueip(l_u)MsFsezpu(l_v)(Ms‘f'Es)Fs*elp’Uﬂ)Msdudv‘
0 JO

If we can show that the family {E(p, s),F(p, s), G(p, s),H(p, s) } satisfy the condition of Lemma
2.3.2 we obtain the result. We shall show this is true for F(p, s), the other cases following

similarly. From the measurability condition in the quantum Duhamel formula, if
F(pu,5) = ipf (p)eP M (Mt B
we know that for ¢ € F4(L?[0,1]),
(P u,s) — f(p,u.5)0
is measurable as a map R x [0,1] x [0,1] — F4(L?[0, 1]). Furthermore

1 (P s, w0l < [pll I Fsll]-

Therefore by Fubini’s theorem

1
(p7 3) — F(p, S)d) = /0 f(pa S>u)¢du

is measurable and
IF(p, $)¢ll < Ipllf ) Fsllllell € L' (R x [0,1]).

Consequently, (p, s) — F(p, s)¢ is Bochner integrable over R x [0, 1]. Furthermore

iFeal = ([ 1 Fiscoa) o] < [ pllFanl 1o,

Therefore condition c) is satisfied. The proofs for E, G and H are similar. Also p — M(p,t), as
defined in Lemma 2.3.2, is Bochner integrable with integral f(M;). Therefore, we may apply
Lemma 2.3.2 to obtain the result. O
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The quantum stochastic integrals considered in this chapter have been defined on § 1 (L?[0, 1]).
However, they can easily be constructed on §,(L?(R,)) instead. All the results concerning
unbounded essentially self-adjoint semimartingales can be seen to hold in this case as well.
When we look at perturbations of classical semimartingales in Chapter 6, we shall only consider

integrals defined on §4(L?[0,1]) in order to simplify our proofs.

2.4 Convergence of quantum semimartingales

We finish this chapter by stating convergence results which will be useful later. A proof of the

first result can be found in [67, Proposition 2.1].

Proposition 2.4.1 Let M = M(E, F,G,H) be a quantum semimartingale, and let M™ =
M(")(E(”), F) g H(")) be a sequence of reqular quantum semimartingales such that

i) Et(n), Ft(n), ng) and Ht(n) converge strongly to Fy, Fy, Gy and Hy respectively, for almost
all t € [0,1],

i) sup{|M{™M|| st € [0,1],n=1,2,...} = K < o0,
iii) sup, | B = a(t) € L*[0.1],
iv) sup, (IF™ |+ 1671 = 8(t) € L2[0.1],
o) sup, [H;" | =~(t) € L'[0,1].
Then
a) M is a regular quantum semimartingale with |M|| < K for all t € [0, 1],
b) Mt(n) converges strongly to My for all t € [0, 1].

Some convergence results for self-adjoint operators on Hilbert spaces are now stated for com-
pleteness. The propositions below can be found in [56, Theorem VIII.25, Theorem VIII.21]
ipT ian

and are useful since for a self-adjoint operator T' they allow e’’* to be approximated by e

where T,, is a sequence of self-adjoint operators which converge in some way to 7.

Proposition 2.4.2 Let T,, and T be self-adjoint operators on a Hilbert space H and suppose
that D is a common core for T and all T,,. If T, — T'¢ for each ¢ € D, then T,, — T in the

strong resolvent sense.
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Proposition 2.4.3 Let T}, and T be self-adjoint operators on a Hilbert space H. ThenT,, — T

in the strong resolvent sense if and only if €T converges strongly to T for each real p.

Corollary 2.4.4 Let T, and T be self-adjoint operators on a Hilbert space H and suppose
that D is a common core for T and all T,,. If Typ — T'¢ for each ¢ € D, then eP1n converges
ipT

strongly to ' for each real p.

Our approach to proving that a perturbation of a classical Poisson martingale, M say, satisfies
the quantum Duhamel formula is by approximating the martingale by a sequence of self-
adjoint regular quantum semimartingales, M ("), and then using Proposition 2.4.1. Corollary
2.4.4 gives the tool we need to show that the quantum Duhamel integrands of M (™ converge,

as in the hypothesis of Proposition 2.4.1, to the quantum Duhamel integrands of M.
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Chapter 3

The Poisson Interpretation of Fock
Space

If (Nt)e>0 is a Poisson process, which exists on a probability space (2, F,P), we can construct
an isomorphism

W § (LA (Ry)) — L*(Q, F,P).

We begin this chapter by providing a brief outline of the construction of this map and examine
some of its properties. Since this isomorphism is well-known, we omit most of the proofs. In
the later sections we investigate the Poisson exponentials which are important in quantum
stochastic calculus. We also look at the use of the isomorphism W in constructing examples

of quantum semimartingales.

3.1 The Wiener-Poisson isomorphism

There are various different but equivalent definitions of a Poisson process. We use the definition

which is most appropriate for our work.

Definition 3.1.1 Let (Q,F,P) be a complete probability space. We say that (N¢)i>o is a
Poisson process (with unit jump size and intensity 1) based on (2, F,P) if

i) No=0 a.s.,
it) for 0 < s <t < 0o, Ny — Ny is a Poisson random variable with mean t — s, that is
N; — Ny takes values in Ny such that

(t — s)re—(t=5)

P(N; — Ny =n) = -

)
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i) for 0 <tp <t <...<t, <oo,
{NtO,th — th71 j = 1, e ,7’1,}
1s a set of independent random variables.

Given a Poisson process there exists a version such that a.s. the paths are increasing and are
constant except for jumps of size 1, of which there are finitely many in each bounded interval
and infinitely many in [0, 00) [19, §VIIL.4]. For such a version, given any ¢ > 0, the paths are
a.s. continuous at ¢ [22, Theorem 3.2 1)]. By taking the right limit we obtain a version of
the Poisson process with the same properties as above, but with paths which are a.s. right
continuous with left-hand limits. The version whose paths are a.s. right continuous with
left-hand limits is referred to as the cadlag version, and we shall assume that we are always
using this version. This version is unique up to indistinguishability.

If (N¢)>0 is a Poisson process, we define,

Fii=0({Ny :u<t}uM);
Fit) = 0({Ny = Ny 1t <u < s} UM);
Fip = 0({Nu — Ny : t <u} UN);
Foo = 0({Ny: 0 < ul UM,

where 9 is the collection of P-null sets in §2. The filtration (F;):>0 satisfies the usual conditions
(see [15, §2.3 Theorem 4)).

Definition 3.1.2 Let (Ni)i>0 be a Poisson process based on (2, F,P). Then the martingale
{(Xt)t=0, (Ft)t>0}, where Xy := Ny —t, is said to be a compensated Poisson process (with unit

Jump size and intensity 1).

Notice that by the properties of our version of (IV¢):>0 mentioned above, (X;):>0 is a process
of finite variation. We also note that L*(Q, 7, P) = L?(Q,0(X, : u < t),P) (see [15, §2.3
Lemma]), similarly for F, g, F; and Feo.

Suppose {(Y;)i>0, (Gt)r>0} is a square integrable martingale. By the first increasing process
of (Y;)t>0, we mean the process ((Y,Y)¢)r>0, which is the unique predictable, right continuous,
increasing process such that (Y;2 — (Y, Y);)¢>0 is a martingale [44, Proposition 17.2]. The pro-
cess ([Y,Y];)e>0 is called the quadratic variation process of (X¢)i>o. It is the cadlag increasing

process such that for any ¢ > 0 and any sequence of partitions of [0, ],

T 0 =15 <t] <...<tp,) =t
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with

omp = sup |[t] —t; 4] —0 asn — oo,
1<j<k(n)
we have
k(n)
— : 2
[Y. Y] = problim 2(1@; —Yir )
j:

(see [44, Theorem 18.6]). From the classical Ito product formula we know that
t
Y, Y], = Y72+ 2/ Y, dYs,
0

which is often used as an alternative definition of the quadratic variation process.
If (X¢)¢>0 is a compensated Poisson process, then it follows from the independence of the
increments that (X7 — t);>0 is a martingale and hence (X, X); = t. Given t > 0 consider the

sequence of partitions
(n—1)t
n

t
T, 0< —< ... < <t.
n

Then 0w, — 0 as n — oco. If w € Q is such that Ny(w) is monotone increasing with only
finitely many jumps in [0, ¢], then for large n, since each subinterval ((j — 1)t/n, jt/n] of the
partition has at most one jump and the number of such subintervals with jumps is Ny(w),

n

t

Z(th/n(w) — X(j-1yin(w))? = Z(th/n(w) — Ngj—1yt/n(w) — 5)2
j=1 j=1
= (Njt(w) = NG—1)e/m(w))?
j=1
n 2
=23 (Nya(@) = Ngaym(@)) - + —
J=1

t 12

Since for the version of the Poisson process we are using the paths are a.s. increasing with

only finitely many jumps of size 1 in [0, ¢], we have that a.s.

Z(th/n — X(j—1y/n)° — N as n — oo.
j=1

Hence for a compensated Poisson process

(X, Xt =t + Xq.
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This is equation (1.1.2) with ¥g = 1.
We now briefly describe the isomorphism between @2, L*(D,,) and L*(Q2, F,P), where
the simplex
Dy :={(t1,...,tn) ER":0< t1 < ... <tn} (3.1.1)

is endowed with Lebesgue measure. This isomorphism is often called the Poisson interpretation

of Fock space. The following theorem can be found in [45].

Theorem 3.1.3 Let (X;)i>0 be a compensated Poisson process on (Q, F,IP). Then there exists

a unique isometry

J= 1" L (D, — L*(Q,F,P),
n=0 n=0

such that if
f(th s atn) = ]l(al,b1](t1) s l(an,bn} (tn)v

with 0 < a1 <b; < ... <ay <b,, then
J(n)(f) = (Xbl - Xal) cee (an - Xan)- (312)

Notice that for m # n, J™(L?(D,,)) is orthogonal to J™ (L?(D,,)). In fact we shall consider a
slightly modified map. If Lgym (R ) denotes the set of symmetric square integrable functions on
R, then the map ¢™ : f s V/nlf|p, is a surjective isometric isomorphism ¢ : Lgym(R’}r) —
L2(Dy). If we let ® = @22, (™), the composition

o0

Wi=Jo®: (PL2,,(R}) — L*(Q, F,P)

n=0
is an isometry. We define I(™ := J™ o ¢ and therefore W = DI (") This map is
preferred since it does not use the order structure of Ry and can be generalised to a more
general measure space (see Section 4.2). Since Lgym(Rﬂ_) is a concrete realisation of the

symmetric tensor product L2(R,)®s given by

(1 @ oo @ fa)(t1yst) = = 3 il fultoge):

’ UESn

where fi,...,fn € L*(Ry), we can say §4+(L*(Ry)) = @, L2, (R%). Consequently we

sym

actually have an isomorphism

W §i(LA(Ry) — LA(QF,P),
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which we shall call the Wiener-Poisson isomorphism.

Recall that, given f € L%(R, ), the exponential vector of f, e(f) € 4+ (L?(Ry)), is defined
by ,
1 re"

e(f):= (1,f,ﬁ,...,ﬁ,...).

When considered as an element of Lgym(Rﬁ), & (t1, ... ty) = f(t1)... f(tn). As quantum
stochastic integrals are defined on exponential vectors, we need to consider the random vari-
ables W(e(f)) in L?(€2, F,P). From [46, §11.2] (see also [44, Theorem 29.2]), we have the result

below.

Theorem 3.1.4 Let f € L*(R,), and define f; := Lio,qf- There is a unique version (Zi)i>o
of W(e(ft)))e>0 which satisfies

Zy =1+ /t f(8)Zs—dXs for all t > 0. (3.1.3)
0
Moreover if E(f) := W(e(f)) and [;° f(s)dXs := W(f), we have

E(f) = exp{/oo F(8)dX 3 [+ f(s)AX)e TN g5, (3.1.4)
0 5>0

The Zs— in (3.1.3) can be replaced by Zs, because we can integrate adapted measurable,
as well as predictable, square integrable processes with respect to the compensated Poisson
process (see [16, §3.3]). We prefer to retain the suffix s— since it is consistent with the
notation used for other square integrable martingales. Notice that m = £(f) and that the
version of (Z;);>o satisfying the exponential equation (3.1.3) is the unique cadlag version of
the martingale (£(f;))i>0 (see [57, Theorem 11.2.9]). If f € L?(R,) is locally bounded with

compact support, then

| rax. =¥ seax.— [ peas

s>0

because in this case the stochastic integral agrees a.s. with the Lebesgue-Stieltjes integral [44,

Theorem 24.4 3°]. Consequently, for all such f we can write

e(h) =exol= [ rs [T+ F9AX,), (3..5)

s>0

The following result will be useful later on, since it shows that if t; € Ry and «o; € R for

j=1,...,n, exp{i E?Zl a;j Xy, } is in the linear span of the exponential vectors.
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Lemma 3.1.5 Let a = Z?Zl oLy, ) where aj € R and 0 < aj < bj. Then

e 1) = el [T i i YK, )l 610
j=1

PRrROOF: Notice that ¢® — 1 equals €' — 1 on (aj,b;] and is zero outside these intervals.

Therefore by (3.1.5), we have

E(e"™ —1) = exp{— /Ooo(eia —1)ds} H(1 + (e — 1)AX,)

s>0
0 . .
= exp{—/ (e'* — 1)ds} H eols)
0 $>0,A X540
~ expi— / (e — Ddstexp{i 3 a(s) AX,}
0 s>0

= exp{— /O (e' —1)ds}exp{i ;0 aj(Ny; — Na,)}-

Since X; = N —t, (3.1.6) follows. O

Corollary 3.1.6 Ift; c R forj=1,...,n,
n .
exp{iZantj} € linsp{&(e™ — 1) : a € LyP(Ry)}
j=1
for all oj € R.

ProOOF: Taking o = Z?:l @1, in Lemma 3.1.5, because Xy = 0,

E(e" —1) = exp{— /Ooo(ew‘ — 1 —ia)ds}exp{i Z o Xy, }

j=1
Therefore the claim holds. ]

The isometry W actually maps §+(L?(Ry)) onto L?(€2, Foo,P). This can be proved in various
ways, but in [21, Proposition 4], Emery shows that the exponential vectors of Lemma 3.1.5
are total in L2(Q, Foo,P) to prove surjectivity. It should be noted that he uses his ‘Emery Ito

formula’ to obtain the expression (3.1.6).
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Theorem 3.1.7 The map W : F4+(L*(Ry)) — L?(2, Foo, P) is surjective. Under this map we
can identify

Il

LQ(Qa fta ]P)a
LQ(Qa f[t,s}a]P));
L*(Q, Fy, P).

3+(L2 [07 t])
3+(L2[t, SD
F+(L2[t, 00))

I

I

The identification of the appropriate subspaces can be obtained by the same argument as in
[21, Proposition 4] by restricting the functions u € L?(R) in the proof to having supports in

the appropriate intervals.

3.2 The Poisson exponentials

From now on we shall restrict ourselves to working over L?[0,1] since our quantum stochastic

integrals will always be defined on 1 (L?[0,1]), and consider the isomorphism
W g4 (L2[0,1)) — L*(Q, 7y, P).

There will be no confusion in denoting F; by F and LP(Q, F,P) by LP(2). Although we
are restricting ourselves to §4(L?[0,1]), all the arguments can be transformed to L?(R.) by
making appropriate modifications (see Section 3.4). In this section we look at some of the
properties of the exponential vectors in L?(f2), which will be useful later on and compare
them to the corresponding properties of the exponentials in the Wiener interpretation of
Fock space. Recall from (1.2.2) that in the Wiener interpretation of Fock space, that is the
isometric isomorphism 1o : 4 (L?[0,1]) — L*(Q, Fro, Pr), where a version of (w (1 4))o<e<1

gives Brownian motion, .
Enlf) = expw(f) =5 [ 1(s)7ds) (3:2.1)

where En(f) :=w(e(f)). More details can be found in [34, §I11.2].
We begin with a lemma that is immediate from (3.1.4), which also holds in the Wiener

case.
Lemma 3.2.1 Let f, g € L?[0,1] have disjoint supports. Then E(f)E(g) = E(f +g).

Recall that the Hilbert space tensor product, §4(L?[0,t]) ® §+ (L3(t,1]) is the completion of
the algebraic tensor product F4 (L2[0,t])®@F 1 (L?(t,1]) with respect to the norm induced by

the inner product

(1 @ p2,11 @ Pa) = (P1,%1) (P2, 2).
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Furthermore,
T 54 (L2[0,4)) x §4(L2(t1]) — § (L2[0, )05+ (L2(2, 1])

given by
T:(6,0)— 9®Y

is a bounded bilinear map. The Hudson-Parthasarathy construction of quantum stochastic
integrals relies heavily on the identification §(L?[0,]) ® F+(L2(t,1]) = F+ (L?[0,1]), via the
isomorphism 1 (see (2.1.2)). Let

Uy = g, (2mes ey © 7§+ (L2[0,8]) x T4 (L2 (4, 1) — F+(L2[0,1]).  (3.2.2)

Note that u; is a continuous bilinear map. From Lemma 3.2.1 above we can easily deduce
the well-known fact that the isomorphism W transforms 1; into ordinary multiplication. The

exact same result holds in the Wiener case.

Proposition 3.2.2 Let m; : L?(Q, F;) x LQ(Q,]-'[t,l]) — L2(Q,F) be the multiplication map
(X,Y) — XY. Then the diagram

T (L200,4]) x F4 (L2(,1]) —— F4(L2[0,1))

wen| w

LXQ, Fi) x LP(Q, Fieyy) ——  L¥(Q,F)
commutes, that is my(W x W) = Wi,.

PROOF: Note that m; is a continuous map. If ¢ € §4 (L?[0,t]) and ¢ € Fo(L3(t,1]),
(W X W) 2 (o, 9) — WoWip.
From Lemma 3.2.1, if f € L?[0,¢] and g € L?(t,1],

Wi (e(f),e(g)) = Wle(f +9g)) =E(f +9)
= E(f)E(g) = W(e(f))W(e(g))
=m (W x W)(e(f),e(g))-

Thus, since {e(f) : f € L%0,t]} and {e(f) : f € L%(t,1]} are total in F(L?[0,t]) and
T+ (L%(t,1]) respectively, and the maps m;(WW x W) and Wiy, are both continuous, the result
follows. O
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Given a random variable on any probability space (', F',P’), the corresponding multiplication

operator on L?(£Y) will be important later on. For clarity we make the following definition.

Definition 3.2.3 Let X be a complex random variable on a probability space (', F',P’). Then
we denote by X the operator of multiplication by X on L?(Q). That is, X: D()?) — L2(Q)),
where

D(X):={Y € L*(%V) : XY € L*()},

such that
X(V)(w) = X(w)Y (w).

We shall also use the notation X to denote the operator of multiplication by X.

X is a closed operator and from [56, §VIII.3 Proposition 1], if X is real-valued then Xisa
self-adjoint operator on L%(€2'). We shall now return to the Poisson space (£, F,P).

Lemma 3.2.4 Suppose (Ft)o<t<1 is an adapted, measurable process, and let ﬁ’\t be the operator
of multiplication by Fy on L*(Q0, F,P). Then if

D(F,) := D(F;) N LA(Q, F,P) = {X € L*(Q, F,) : FyX € L*(Q, 74, P)},

we have that ut(W_l(D(f?\t))@&r(L?(t, 1])) C D(W_lﬁ’\tW). Moreover, if ¢ € W_I(D(E_’\t))
and ¥ € F(L2(¢,1]),

WIFW(w(6 @ 9)) = w (W FWe @ ),
that is on W=H(D(F,))®F 4+ (L2(t, 1]),
W W e T =u W FW)u,,

PROOF: Suppose ¢ € WL(D(F})) and ¢ € F4 (L2(t,1]). Then by Proposition 3.2.2, Wuy(¢®
V) = Wik(¢, 1) = WoWi. By the independence of F; and Fi; 1), WoWe € D(Fy), therefore
u (¢ ® 1) € DOV-IEF,W), and
WIEW(u(¢ @) = WHEWeW)
=W (W x W)W E V6, )
= W IWi, W FWe, )
=u (W FWs @ ).

Since W™Y(D;)®F+ (L%(t,1]) is spanned by elements of the form ¢ ® v, we arrive at the
result. O
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The above result can be interpreted as saying that the operator of multiplication by F; on
L?(Q), F,P) is the ampliation of the operator of multiplication by F; on L%(Q, F;,P). Using
this result we now construct quantum semimartingales from classical stochastic processes. We
refer the reader to [16, Chapters 2,3] and [38, Chapter 3] for definitions and results for classical

processes.

Theorem 3.2.5 Let (Fy)o<i<1 be a bounded, adapted, measurable process on (2, F,P). Ifﬁ\t
is the operator of multiplication by Fy on L*(Q, F,P), then (W*Iﬁ’\tW)ggtg is an adapted
process of bounded operators such that t — ‘|W_1ﬁ\tWH%(g+(LQ[O71])) is in L>°[0,1]. Hence if

(Ht)o<t<1 is another bounded, adapted, measurable process and
t . t —~
M, :/ WIFW(dAs + dAs + dAY) +/ W HWads, (3.2.3)
0 0

then (My)o<t<1 is a quantum semimartingale.

PROOF: Since F} is bounded for each t, F; is a bounded operator on L3(). Let f € L*0,1]
be bounded. If D(F}) is as in Lemma 3.2.4, D(F}) = L(, F;), and hence by Lemma 3.2.4,
since u(e(fr) @ e(fle,1))) = e(f), we have e(f) € D(Wﬁlﬁ’\tW) and

WIEW(e(f)) = uW T TFEW(e(f2) @ e(f1 1))

Therefore to show that the process (WﬁlﬁW)ggtgl is adapted, we only need to show strong
measurability of ¢ — ES (f). Since L?(f2) is separable, by the Pettis measurability theorem
[17, Chapter 2, Theorem 1.2], we only need to show that for all X € L?(Q),

t»—>/QXFt€(f)dIP>

is measurable. This is true due to Fubini’s theorem. The final part follows immediately
because |F;| < K for some constant K, thus ”ﬁ”%(LQ(Q)) < K for all ¢t € [0,1] and therefore
the map t — ||W_1FtW||%(g+(L2[071])) = ||Ft||%(L2(Q)) is in LOO[O, 1]. ]

In the Wiener interpretation of Fock space, from the definition of the Wiener exponential (see

(3.2.1)), we obtain the multiplication formula

Enlf)En(g) = N9 EG(f + ),

for all f, g € L?[0,1]. As mentioned in [47, §IV.3.6], we do not have such an elegant mul-

tiplication formula in the Poisson case, and certain conditions on f and g are required. In
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order that an analogous formula holds in the Poisson case we shall usually work with bounded

functions. We let

£ :=linsp{&(f) : f € L?[0,1]};
& = linsp{&(f) : f € L™>[0,1]}.

As previously mentioned the corresponding spaces in & (L?[0,1]) are represented by E and
Ey, respectively. We shall work over &y, because a multiplication formula for exponentials
of bounded functions can be proved. The following formula can also be proved using Yor’s
multiplication formula for stochastic exponentials, £(X)E(Y) = E(X+Y +[X, Y]) (see [75, §2.1
Proposition 4]), however we prefer to make use of the explicit formula for Poisson exponentials
instead, because by using this approach we do not need to use the Doléans formula for a general
exponential semimartingale. It should be noted that the multiplication formula for Poisson
exponentials holds for f, g € L?[0, 1] satisfying weaker conditions than boundedness. However

in the work we do, boundedness is the natural condition to impose.

Proposition 3.2.6 Let f, g € L*>[0,1]. Then

E()E(g) = eIE(f + g+ fg). (3.2.4)

PROOF: Notice that as f, g € L™°|0, 1], fg € L*°[0,1], and hence the right-hand side of (3.2.4)
is well-defined. By (3.1.5) we have

e(nele) =exp(= [ fe)as [T+ f)AX.)

s>0

X exp{— / " g(s)ds [[(1+ 9(5)AX,)

s>0

— exp{— / (s))ds}

x [T+ F()AX, + g(s)AX, + f(5)9(5)(AX,)?)

s>0

exp{ / s) + f(s)g(s))ds}
< TL1+ (P + a(s) + F)g(s)AX,),

s>0

where the last equality comes from the fact that AX; =0or 1. As fg € L*[0,1] we have the

required formula. O
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Corollary 3.2.7 &, C LP(Q) for all 1 < p < co.

PROOF: We prove this by induction. Let f € L>°[0, 1] and assume E(f)" = k,&(gn) for some
constant k, and some g, € L*°[0, 1]. This is clearly true when n = 0. Then by (3.2.4) we have

E(NHM =E(f)"E(S)
= kn&(gn)E(f)
= knePIVE(f + go + fgn)
= kn+1€(gn+1)

where k41 = knelf9n) and In+1 = [+ gn + fgn. Therefore the induction is valid and thus
E(f)™ € L?(Q) for all n > 0. Hence &y, C LP(Q) for all 1 < p < oo, O

Corollary 3.2.8 If f € L™°|0, 1], then

E(N)2=eTDef + f?)

and therefore
E[|E(F)[4] = e2ReLNHIRI+2I?,

PROOF: We have from (3.2.4) that £(f)2 = e/"1E(2f + f2). Therefore, using the fact that
(E(9),E(R)) = elh) for all g, h € L?[0,1],

E[|E(f)|"] = XS0 (E2f + f2),£2f + £7))
_ RU(FD 24P

which gives the required formula. O

In fact & can be shown to be dense in LP(2) for 1 < p < oco. Our proof of this is similar
to that in [21, Proposition 4 iii)] for the case L?(£)), however we prove a more general result
(see Proposition 3.2.10) using the approach of [34, Lemma 2.7]. When considering the Wiener
case, since the exponential multiplication formula holds for all f, g € L?[0,1], or by direct
calculation, we obtain & C LP(2), and consequently the following results can be stated for £

instead of &.

Lemma 3.2.9 Suppose X € L'(Q, F({X¢y,..., Xt} UM)), for some t; € [0,1]. Then if
E[Xexp{i> i a;jX¢;}] =0 for all aj € R, then X =0 a.s..
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PROOF: We may assume that a.s. X = f(Xy,,...,Xy,) for some f € L'(R™, i) where u is
the distribution function of {Xy,,..., Xy, }. Then for (yi,...,y,) € R™, we obtain

0 =E[Xexp{—i » y;X;}]
Jj=1

= E[f(Xt,, ..., Xe,)exp{—i > y;X¢,}]
j=1

= RN flx1,...,x1)exp{—1i Z y;r; hdp(r)
j=1

p—

= fd,u(yb .- 'ayn)'

Hence the Fourier transform of fdu is zero, and by the injectivity of the Fourier transform,

we have f =0 p-a.e., that is X =0 a.s.. O

Proposition 3.2.10 Suppose X € L'(Q) and E[Xexp{i Y1 X} =0 for alln € N,
aj; €R and t; € [0,1]. Then X =0 a.s..

PROOF: X must be measurable with respect to some F({X¢;}52; U9). We define 7, :=

F({Xtys- .., X, } UMN). Then E[X|F,] € LY(Q, F,), and if a; € R,

E[E[X | Fpexp{i Z a; Xy, }] = E[E[Xexp{i Z a; Xy, Y| Fnl]

= E[Xexp{i »_ a; X, }] = 0.
j=1

Thus by Lemma 3.2.9, E[X|F,] = 0 a.s.. Now by the martingale convergence theorem,
E[X|F,] — X a.s. as n — oco. Therefore X =0 a.s.. O

Using the above we can obtain the density of &, in LP(2) for 1 < p < oo. This result does

not appear in any of the literature.
Theorem 3.2.11 &y, is dense in LP(§2) for all 1 < p < co.

PrOOF: From Corollary 3.1.6, we have that

&= linsp{exp{iZantj} neN, (ar,...,an) € R, (t1,...,t,) €[0,1]"}
j=1

is a subset of &,. For p > 1, if % + é = 1, we know that LP(2)* = L9(2). Hence to prove the
density of &y, in LP(€2) we only need to show that if X € L(2), and E[Xexp{i ) 7_; a; Xy, }] =
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0foralln € N, a; € Randt; € [0,1], then X = 0 a.s.. However, as L(Q2) C L*(Q), this comes
immediately from Proposition 3.2.10. The density of &y, in L'(Q) follows from the density of
Ep in LP(Q) for p > 1. L]

Corollary 3.2.12 IfY € L]%(Q) for some p > 2 and Y denotes the operator of multiplication
by Y, as in Definition 3.2.3, then Y is essentially self-adjoint with core &.

ProoF: Find ¢ such that % + % = % Then &y, is dense in L4(2) by Theorem 3.2.11. Hence
by [56, §VIIL.3, Proposition 2], Y is essentially self-adjoint with core &y,. O

The above result is useful, because if we can show certain multiplication operators by ran-
dom variables in LP(€2) (p > 2) can be represented as quantum stochastic integrals on Ej,
then we can say that these quantum stochastic integrals and perturbations of them by reg-
ular self-adjoint quantum semimartingales are essentially self-adjoint with core Ep,. Once
self-adjointness is established, we can investigate if the quantum Ito formula holds for these
quantum stochastic integrals.

Notice that Proposition 3.2.10 proves a stronger result than the density of &y in LP(Q).
It proves that &£ is dense in LP(Q2). It can also be used to prove that £ is weak™ dense in
L>®(Q), since L1(Q)* = L>=(Q).

3.3 The Poisson process in §,(L?[0,1])

We begin with a definition, which succinctly describes the situation when two closed densely

defined operators on two Hilbert spaces are unitarily equivalent.

Definition 3.3.1 Let Hy and Hs be Hilbert spaces and U : Hy — Hy be a unitary operator.
Let Th and Ty be closed densely defined operators on Hi and Hy respectively. We say U
intertwines Ty and Ty if U maps D(Ty) onto D(T3) and on D(Ty), Ty = U 'ThU.

It is well-known that given a compensated Poisson process (X)o<t<1, W intertwines Ay + A, +
AI (where A¢, A; and AI are defined in (2.1.1)) and the multiplication operator X;. One proof
of this result is by showing that

eiu(At+Ai+AI) — W*leiu)/(\tw

and then using the uniqueness of the Stone infinitesimal generator of a unitary group. A

rough outline of this argument, containing a couple of infelicities, is given in [47, §IV.2.5]. We
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now flesh it out. The proof involves direct calculation of the action of the two exponential

operators on &yp. From [47, §1V.2.5] (see also Proposition 5.1.4), given u € R, f € L*°[0, 1],

t
eiu(At+At+AI)e(f) = exp{ (™ — 1)/0 f(s)ds +t(e™ — 1 —du)}
x e(e™od f 4 (e — D1py)-

Notice that since Xy = Ny —t and AX; =0 or 1,

equt _ ezu(Nt—t) — o tut H et

s<t,AXs#0

Therefore using (3.1.5),

1
eXeg(f) = exp{—/o f(s)ds —iut}
< JI ™+ fs)aAXy) J[1+ f(s)AXS)

s<t,AXs#0 s>t
1
= exp{—/o f(s)ds —iut}
< [T+ (€™ f(s) + ™ = )AX,) [[(1+ f(s)AX,)

s<t s>t

= exp{(e™ —1) /0 f(s)ds +t(e™ — 1 —iu)}

x E(eMToa f 4 (i — Do)

(3.3.1)

Using the action of (Mt ActA]) o E, described above, we deduce that for each f € L0, 1],
e’Lu(At-l—At—l-AI)e(f) — W—leiuXt We(f)

Since Ey, is dense in §4(L?[0,1]) and eit(MtActAD) and W1emXW are bounded operators,
the equality of the operators follows.
Another proof of this result can be obtained by using the Attal-Meyer extension of quantum

stochastic integrals, which says that if
t
M, = / E.dAs + FodA, + GodAl + Hyds
0

with suitable integrands, then for each f € L°°[0,1], M; satisfies the classical stochastic

differential equation

t t
M&Mz/f@MJ%M&+/f@&ﬂﬁM&
0 0 (3.3.2)

t t t
+Af@ﬂﬂm%+AGJ%M&+AHﬁ%M&
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where for the integrals with respect to dX, we take the predictable projections of the inte-
grands (see [6] or [2] for more details). In [3, Theorem II.1] this formula is used to obtain the
result that VW intertwines A; + A; + AI and )/(\t

We give a new proof of the relation between A; + A; + AI and X\t using the classical
Ito product formula and the multiplication formula for Poisson exponentials. Meyer’s proof
cannot be extended to more general classical Poisson martingales which will be introduced
in Section 6.1. It is possible to generalise Attal’s proof, but the argument we give only
requires the Hudson-Parthasarathy construction of quantum stochastic integrals and can also

be generalised.

Proposition 3.3.2 Let f € L*>[0,1], and let (Z¢)o<i<1 be the cadlag version of (E(fi))o<t<1-
Then

¢ t
X7y = / (f(8)Xs—Zs— + Zs— + f(5)Zs—)d X5 +/ f(s)Zsds, (3.3.3)
0 0
where the stochastic integrands are square integrable processes. In particular

t
E[X,E(f,)] = /0 ELf(5)€(f.)]ds. (3.3.4)

PROOF: Applying the classical Ito product formula and using (3.1.3), in the extended integral

sense,

t t
tht:/ ZS_dXS—i—/ X, dZ, + [X, Z),
0 0

t t t
:/ Zs_dXer/ Xs_dZer/ F(5)Zs_d[X, X]s,
0 0 0

Note that since Z_ is the predictable projection of the martingale Z;, we know that for a.a.

sin [0,1], Zs— = Zs a.s.. Similarly for X,. From Jensen’s inequality, for all s € [0, 1],
E[|X:|"] <E[X1|"], E[lZ|* <E[Z1]*.
Therefore
t t
| B f(0)Z Plds = [ BIX.£(5) 2. Plds
0 0
t
<1 [ BOX.Z s
2 ! 471 471
< [Ifll% ; E[|X;s[*]2E[| Zs|"] 2 ds
t
1
<1 | BIXENZ s

L Re(f,f)+ 12022017
< I IZE[ X 1[4 RN+ 50
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where we use Corollary 3.2.8 in the last inequality. Hence

t t
/ X, dZ, = / F(8) X Zs_dX,,
0 0

where the integrand on the right-hand side is a square integrable process. Furthermore as
(X, X]s =5+ Xs, and (s,w) — f(5)Zs_(w) is in L2([0,1] x Q),

/Otf(s)st[X,X]s = /Otf(S)ster/Otf(s)stXS,

because the stochastic integral agrees with the pathwise Lebesgue-Stieltjes integral [44, The-
orem 24.4 3°]. Since for all ¢ in [0, 1] fo $)Zsds = fo $)Zs—ds a.s., we have shown that
formula (3.3.3) holds. As all the integrands with respect to dXs are square integrable pro-
cesses, the expectation formula follows immediately, as the expectation of a Poisson stochastic

integral of a square integrable predictable process is zero. O
Proposition 3.3.3 On Ey, we have Ay + Ay + AI = W_ljf\tW.

PROOF: From the definition of a Poisson process we know that F; and F|; ;) are independent.
Thus from (3.2.4) and (3.3.4) we can deduce that for f, g € L*°[0,1],

(f), XiE(9)) = E[X:E(F)E(g)]
[X:E(f + g+ fg)let?)
(XeE((f +9+ f9) L )IEIE((f + 9+ Fg) T a)]et

/ 9(5) + F@g(s)E(T + g+ T)o)lds
E[E ((f+g+fg)]l(t1])] elf9

/ )+ F05) + F(9)9(s)E (9))ds

= (e(£), (s + A; + Ae(9))

(e(f), WX We(g)) =

(€
E[X.
E

As Eyp, is dense in §4 (L2[0, 1]) we arrive at the fact that for all g € L>[0, 1], (At+At+AI)e(g) =
W_ljf\tWe(g). O

To prove that the domains of the two operators also agree, we show that Ey, is a core for

Ay + Ay + AI. In order to show this, we prove that if £ > 0, Ej;, is dense in the space

e}

D2 = {6 = (¢n) € F4(L°[0,1]) : D (n + 1) dnl* < 00} (3.3.5)

n=0
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with the Hilbert space norm

o0

9172 =D _(n+1)"¢nl”.

n=0

For ¢ = (¢n) € D52, we define (N +1)% ¢, := ((n+1)2¢,), and hence ||| = [[(N +1)z ).
If k> 0 and the spaces D2 are defined as above, then they will not be complete. Thus for
k > 0 we must define D™%2 to be the completion of F(L2[0,1]) with respect to the norm

[ee)

1612k := D (n+1) 7"l

n=0
The spaces D*? are examples of the well-known Malliavin or Gaussian Sobolev spaces (see [34,
§15.5] and [43, §2.3]), defined on Fock space rather than on LP-spaces induced by a Gaussian
Hilbert space. The following result has been proved in the Gaussian Hilbert space setting in
[34, Theorem 15.110]. Janson actually proves density for D*?, 1 < p < co. In our situation,

p = 2, we have an elementary Fock space proof.
Lemma 3.3.4 If k > 0 then Ey, is dense in D2,

PRrROOF: As DF? is a Hilbert space, we only need to show that EL“ = {0}. Suppose ¢ =
(¢n) € DF2 and ¢ € E; %2, Then for all f € LOO[O, 1] and t € R,

(¢, E(tf))k Z n+1 (dn, [E").

The power series converges for all real t. Thus (¢, f") = 0 for all f € L>[0,1]. By the
totality of {f®" : f € L>®°[0,1]} in Lsym(RﬁL), we have that ¢, = 0. Hence ¢ = 0. O

Theorem 3.3.5 W intertwines Ay + A + AI and 5(\,5

PRrOOF: From Proposition 3.3.3,
(A + A+ ADg, = WX WIg,,.- (3.3.6)

Now, AH—AH—AI is essentially self-adjoint with core F 4 (L?[0, 1])go, the subspace of §1 (L?[0,1])
consisting of vectors with finite expansions. However, we know from Lemma 3.3.4 that if
¢ € F+(L%[0,1])00, there exists ¢, € Ep, such that ||(N 4+ 1)(¢ — ¢n)|| — 0 and ||[¢ — ¢n| — 0
as n — 00. Therefore
(A + Ar + AD(6 — dn) | < M@ — @) | + | Ai( — )| + [ Af (6 — )
<3|V +1)(0 = ¢l

— 0 as n — oo.
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This shows that Ej, is a core for Ay + Ay + AI . Since X; € L*(Q), Eyp, is also a core for
W_ljf\tW. If ¢ € D(At + Ay + AI), then there exist (¢,) C Ej, such that ¢, — ¢ and
(At + Ay 4+ AN — (Ar + A + A))¢ as n — oco. From (3.3.6), we have that We, — W¢
and )/(\t(Wgén) — W(A: + A + AI)@Z) as n — oo. Hence W¢ € D(E(\t) and W_IEV\@ =
(A + Ay + Al)¢. Similarly, if Y € D(X;), W'Y € D(A; + A, + A]). Therefore W maps
D(A¢ + Ay + A}) onto D(X;) and on D(A; + A + A}), Ay + A, + Al = WIX,W. 0

3.4 The Poisson process in §.(L*(R,))

As mentioned before, the results obtained for L?[0,1] can be extended to L?(R, ), with some
modifications. We have worked over [0, 1] to simplify the arguments in order to illuminate
the underlying ideas. The main simplification occurs because the subspace L>[0,1] of L?[0, 1]
is an algebra under pointwise multiplication, while the corresponding subspace Lfb(R+) of
L?(R,) is not. In this section our Wiener-Poisson isomorphism W acts on 1 (L?(R;)) and
not just §4 (L?[0,1]) and our unitary map u; also changes in the appropriate way. Our complete
probability space will be (€2, F,P) and we shall denote F, by F and LP(Q2, F,P) by LP(Q).
The first two results showing that WV transforms u;, defined in an analogous way to (3.2.2),
into ordinary multiplication and that classical stochastic processes can be used to construct
quantum semimartingales remain the same, since the exponential multiplication formula in
Lemma 3.2.1 for functions with disjoint supports still holds. As before if X is a complex
random variable on (2, F,P), X is used to represent the operator of multiplication by X with

~

domain D(X) (see Definition 3.2.3).

Proposition 3.4.1 Let m;y : L?(, F;) x LQ(Q,]-'[t) — L2(Q,F) be the multiplication map
(X,Y)— XY. Then mi(W x W) = Wiy,.

Theorem 3.4.2 Let (F)i>0 be an adapted, measurable process on (2, F,P), bounded on each
finite interval. Ifﬁ is the operator of multiplication by Fy on L*(Q, F,P), then (WﬁlﬁW)tzg
is an adapted process of bounded operators such that t +— HW_lﬁ\tWH%(ng(Lz(RJr))) s in
LS (Ry). Hence if (Hy)i>o0 is another adapted, measurable process, bounded on finite intervals,

and

t e t e
M; = / WYEW(dA, + dA, + dAY) +/ W tH Wds,
0 0
then (My)i>0 is a quantum semimartingale.

Slight modifications are needed when considering the more general multiplication formula. For

Proposition 3.2.6 to hold with [0, 1] replaced by R, we require fg € L?(R). This does not
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hold in general if f, g € L3 (R4). Consequently, we introduce the space L°(R;) of bounded

functions on R} with compact support, and we let

&b, = linsp{E(f) : f € LE(Ry)}.
Note that LZ°(Ry) is an admissible subspace, in the sense of [28].

Proposition 3.4.3 Let f, g € LX(R;). Then

E()E(g) = eIE(f + g+ fg).

PRrROOF: The proof is the same as that in Proposition 3.2.6, since if f, g € L(Ry), then
fg € LE®RY). O

Corollary 3.4.4 &, € LP(Q) for all 1 < p < oo.
PRrROOF: This comes from applying the above proposition as in Corollary 3.2.7. O

We do not, when working over L?(R, ), have that &, C LP(Q). However it should be noted
that if f € L2 (R4), for each t > 0, f; € L°(Ry) and that if Y is a random variable measurable
with respect to F; for some ¢ > 0, then by the independence of F; and F;, &, C D(?) if and

~

only if 511376 - D(Y)
Theorem 3.4.5 &, is dense in LP(Q2) for 1 < p < oo.

PRrROOF: This is proved in exactly the same way as Theorem 3.2.11, using the result that if
X € LY(92) and E[Xexp{i > 10Xy} =0foralln €N, a; € R and ¢; € Ry, then X =0
a.s.. This can be proved as before using the injectivity of the Fourier transform and the

martingale convergence theorem. O

Corollary 3.4.6 IfY € LE(Q) for some p > 2 and Y is the operator of multiplication by Y,
Y is essentially self-adjoint with core &y, .. In particular, if Y is measurable with respect to

F:, then Y is essentially self-adjoint with core &p.

ProOOF: The first part follows in the same way as Corollary 3.2.12 follows from Theorem
3.2.11. For the last part, because Y is measurable with respect to F;, and &y C D(}A/),
it follows that &y, C D(}/;) Therefore since Y is essentially self-adjoint with core &y, it is

clearly essentially self-adjoint with core &,. O

The result about W intertwining A; + A; + AI and )/(\t for all ¢ € Ry also holds. The proof in

the [0, 1] case with appropriate changes can be used.
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Theorem 3.4.7 For allt >0, Ay + A; + AI = W_l)/(\tW.

ProoF: X; € LP(Q) for all 1 < p < oo and X is measurable with respect to F;. Therefore
by Corollary 3.4.6, &y, C D(E(\t) Arguing as in Theorem 3.3.5, if we can show

(A + A+ ADg, = WL W,

the result follows since it can be shown that Ej, is a core for both the operators in question. To

show the operators agree on Ejj, the same argument as in Proposition 3.3.3 can be used. [

3.5 Poisson processes with different intensities

In this chapter, we have only talked about Poisson processes with intensity 1, and we shall in
general only consider such processes. However, it is easy to generalise to Poisson processes with
different intensities. We shall give brief details, more results can be found in [47, §IV.2.4-5,
§IV.3.6].

Let (Nf)t>0 be a Poisson process with unit jump size and intensity Cig based on a complete
probability space (¢, F¢,P¢). Then X{ := cNf — 1t, (X;)i>0 is said to be a compensated
Poisson process with jump size ¢ and intensity C% If F¥ is defined in an analogous way to the

c =1 case, {(X{)t>0, (Ff)t>0} is a martingale such that (X¢ X¢); =t and
(XX =t + X[

The normalisation we use is not standard but is chosen so that (X¢ X¢); = ¢. In classical
stochastic analysis the process (Nf — c%t)tzo, called the compensated Poisson process with
jump size 1 and intensity C% ([16, §1.9 Example 1]), is often used. As for the case when ¢ =1

there exists a unitary map
W § L (L20,1]) — L3(0°, F,P©).
The product formula for the exponentials E¢(f) := W¢(e(f)), becomes for all f, g € L*[0, 1],
c ¢(g) = olfra) ge 1
E(f)e(g) = M TE(f + g+ — f9g).

The result of Section 3.3 becomes cA; + A; + AI = (WC)_l)/(\fWC instead.
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Chapter 4

Generalised Poisson Processes

Recall from Section 3.1 that if (/V;):>0 is a Poisson process based on (£, F,P) and we let
I =Wl2g,y: L*(Ry) — L*(Q, F,P), then I is an isometry. It can be shown that if (Ej)j=1
are disjoint Borel sets in Ry with finite Lebesgue measure and oo = Z?Zl a;jlpg, with a; € R,

by approximating « by step functions and using the dominated convergence theorem,
Ele ()] = exp{/ (e —1—ia)ds}.
0

Hence from a Poisson process we may construct an isometry I : L2(R,) — L?(Q, F,P) such

that
i) if E € Br, with m(E) < oo, then I(1g) + m(E) has a Poisson distribution with mean
m(E),
ii) if (Ej)j_; C Br, are disjoint with m(Ej;) < oo, then {I(1g,),...,I(1E,)} are indepen-

dent random variables,

where Bg, are the Borel sets in Ry and m is the Lebesgue measure on R;. Conversely,
for every such isometry if we let Ny = I(1y) + ¢, then (Ni)¢>0 is a Poisson process. This
formulation using the isometry is preferred since it does not depend on the order structure of
R,. The aim of this chapter is to generalise this definition of a Poisson process to more general
measure spaces (M, M, u) and to construct the analogous isomorphism to the Wiener-Poisson

isomorphism. We shall also investigate some of the properties of this isomorphism.

4.1 Definition and properties of generalised Poisson processes

For convenience we make the following definition.
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Definition 4.1.1 A random variable on a probability space (2, F,P) is said to be a com-
pensated Poisson variable, or to have a compensated Poisson distribution, with intensity A if

X 4+ X has a Poisson distribution with mean A.
The definition below generalises the concept of a Poisson process on R .

Definition 4.1.2 Let (M, M, pu) be a measure space. A generalised Poisson process over
(M, M, 1) is a linear isometry I : L>(M, M, u) — L*(Q, F,P), where (Q, F,P) is a complete
probability space, such that

i) if E € M with u(E) < oo, then I(1g) has a compensated Poisson distribution with
intensity p(E),

i) if (Ej)j—y © M are pairwise disjoint with (Ej) < oo, then {I(1g,),...,I1(1g,)} are

independent random variables.
For all E € M such that u(E) < oo, we shall denote I(1g) by Xg.

Closely related definitions of what we call generalised Poisson processes, can be found in [22,
Chapter 3|, [64, §1], [60, §2] and [39, Definition 1]. Notice that if £ € M with p(E) <
oo, and we let Np = I(1g) + pu(E), then the collection of random variables {Ngp : E €
M with u(F) < oo} has the properties that Ng has a Poisson distribution with mean p(E) and
if (E£)7_; € M are disjoint sets with u(Ej) < oo, then {Ng,,..., Ng,} are independent with
Nug; = E?:l Ng; a.s.. Conversely, suppose we have a family of random variables {Ng:E¢€
M with u(F) < oo} satisfying the properties above. Then by defining I(1g) = Ng—u(E), and
extending by linearity and the isometry property, we have a generalised Poisson process over
(M, M, ). We shall from now on assume that F = c({Xg : E € M with u(E) < co} UMN).

Given a Poisson process we can construct an isometric isomorphism
W4 (L (Ry)) — L*(Q, F,P).
In Section 4.2 we shall construct an analogous map
Wyt §L(LA(M)) — L*(Q,F,P),

for a generalised Poisson process, I : L?(M, M, ) — L?(92, F,P). Our construction is more
general than the work of [64] and [39]. Both of them work with o-finite measure spaces and
with Poisson random measures {Ng : E € M with p(E) < oo}. These have the properties
that for each w € Q, E — Ng(w) is a measure on (M, M), if E € M with u(E) < oo then
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Ng has a Poisson distribution with mean u(E) and if (Ej)7_; C M are disjoint sets with
u(E;) < oo then {Ng,,...,Ng,} are independent. However as Liebscher mentions in [39,
Remark 1], the construction of the Wiener-Poisson isomorphism only requires the hypothesis
which we have used to define a generalised Poisson process, that is we only require o-additivity
in the square-mean sense. In the later article [40], in which Liebscher constructs isomorphisms
between Fock space and L?(Q) generated by more general distributions, [40, Definition 1.1]
which he uses is analogous to our definition. Using a generalised Poisson process to construct
the Wiener-Poisson isomorphism is in some sense more natural than using Poisson random
measures, since the construction does not require the pointwise measure property. In Chapter
5, given a measure space, using the Gelfand transform of a naturally occurring C*-algebra
we construct a canonical generalised Poisson process, rather than a Poisson random measure,
again indicating that in our work the definition we use is the correct one.

For a generalised Poisson process, we do not know if there is a version of the process
{XEg: E € M with u(E) < oo} such that for each w € €2,

Er— Xg(w)+ u(E)

is a o-additive set function on {EF € M : u(E) < oo}. However, a Poisson process I :
L*(R;) — L*(Q) does have a version {Xp : E € Bg, with m(E) < co} which produces a
Poisson random measure. If Ny = X; + ¢, we can choose the version of the Poisson process

(Nt)i>0 whose paths are increasing and right continuous. For each w € ) let
S(w) = {S SR Ns(w) - st(w) e 0}'
Then S(w) is a countable set and

Ne(w) = Z Lio,4(8n)-

sn€S(w)

Therefore, by approximating Borel sets by open sets, which is possible because m is a regular

measure on R, we have that for E € Bg, with u(E) < oo,

Np(w) = Xpw)+m(E) = > 1g(sn).
sn€S(w)

o7



Therefore if £ = J;Z, Ej with (E;) C Bg, pairwise disjoint and p(E) < oo, for w € Q,

Ng(w) = Z 1g(sp) = Z ]lu_1 (sn)

sn€S(w) snES(w)
- Y Y-y Y 1
snGS(w Jj=1 J=1 sp,eS(w)

= Z NE]. (w)
j=1

Thus we have obtained a Poisson random measure from I : L?(R,) — L?(Q). Note that this
argument relies heavily on the topology and order structure of R .

Surgailis deals with non-atomic measure spaces, which allows him to construct the iso-
morphism without the use of Charlier polynomials. Liebscher considers measure spaces which
may contain atoms, but requires M to be a Polish space and M to be its Borel o-field.
We construct the Wiener-Poisson isomorphism, Wy, without either of these restrictions in
Theorem 4.2.12, in fact we do not even require (M, M, u) to be o-finite. Our proof of the
surjectivity of Wy uses the Poisson exponentials, Wy (e(f)) with f € L?(M), rather than the
space of polynomials of X g, unlike [64] and [39]. In Section 4.3 we give a construction of Wy
using the exponential vectors and then deriving the connection with the Charlier polynomi-
als, rather than starting with the Charlier polynomials and then deducing properties of the

Poisson exponentials, which we do in Section 4.2.

Definition 4.1.3 Suppose (M, M, u) is a measure space. Then we define
n
L§(M) := {Z ajlp, :neN, a; €R, (E;)j_; € M disjoint with u(Ej) < oo}.
j=1

This set will be useful for our work on generalised Poisson processes. Notice that L (M) is
dense in LE (M) for 1 < p < oo [58, Theorem 3.13]. The vectors e(e’®—1) with a € L (M), will
play a crucial role in our work on the Poisson process. The following properties of generalised

Poisson processes can be easily deduced.

Proposition 4.1.4 Suppose I : L>(M, M, ) — L?(Q, F,P) is a generalised Poisson process.
Then

i) if In = Il p2apy Ir 2 LR (M) — L§(Q) and I = I @ ilR,
i) if f € LN(M)NL*(M) and f >0, I(f)+ [, fdp >0 a.s.,
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iii) if f, g € L*(M) and fg =0, I(f) and I(g) are independent.

Lemma 4.1.5 If I : L>(M, M, pn) — L*(Q, F,P) is a generalised Poisson process and o €
LE(M) @iLg(M), then

E[e!(®] = exp{ /M(ea —1—a)du}. (4.1.1)

Notice that we could equivalently define a generalised Poisson process I : L?(M) — L?(Q) as
an isometry such that (4.1.1) holds for all @ € Lg(M). The formula (4.1.1) holds for other
functions f € L2(M), which can be deduced by approximating f by simple functions.

Proposition 4.1.6 Let I : L>(M, M, u) — L?>(Q, F,P) be a generalised Poisson process. If
feL?M) and
/ exp{2Ref}du < oo, (4.1.2)
Ref>1

then el —1— f e LY (M), e'V) € L2(Q) and
Ele!H] = exp{/ (ef —1— f)du}. (4.1.3)
M

PRrROOF: The proof follows that of [64, Proposition 2.2], but we fill in the details. Note that
w({m :|f(m)| > 1}) < oo and thus

e/ = 1= N1gpsnyl < e+ 1+ [fD)Lrer<inipsty + (€ + 1+ [f)Liressinps1y € LH(M).
Also, we have that (e* — 1 — 2)/2% — 1/2 as z — 0. Hence, there exists K > 0 such that
(ef —1-— Nlyp<iyl < K|f]l{\f|§1}|2 e LY(M).

Thus e/ — 1 — f € LY(M). Choose a sequence (f;) C L§(M) @ iL§(M) such that f; — f a.s.
and in L2(M) with (Ref;)* < (Ref)®, (Imf;)* < (Imf)*. We may suppose that I(f;) — I(f)

a.s. as well. Then

) — U2 = (I _ I ((IUh) _ (1)

— I (2Refi) 4 JI(Ref;) _ gRe oI (fetfi),
Thus from (4.1.1),
E[|e! %) — I3 2] = exp{/ (e2Refs 4 e2Refi _ 9Re e(fﬁf}))dﬂ}_
M

On {m: ‘f(m)| < 1}7 since |f]’a |fk5| < |f|a

|€2Ref;C + €2R€fj — 2Re e(fk‘f’fj)| < K|fk N fj‘Q7
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for some constant K. Hence
/ (e*Refk 4 2Refi _ 9Re e(f”ff))du — 0 as j,k — oc.
If1<1
If Ref(m) <1, then Refj(m), Refi(m) < 1, therefore on {m : Ref(m) < 1},
|e2Refi 4 2Refi _ 9Re e(f’“ﬂff)\ < 4e?,
Furthermore, if Ref(m) > 1 then Ref;(m), Refi(m) < Ref(m) and on {m : Ref(m) > 1},
‘€2Refk + ¢2Refi _ 9Re e(fk-i-f})‘ < 4¢2Ref
Thus from (4.1.2) and the dominated convergence theorem,

/ (e2Refk 4 2Refi _ 9Re e(f’“Jrfj))d,u — 0 as j,k — oo.
lf1>1

Hence (e!(/i)) is a Cauchy sequence in L?(Q) converging a.s. to e/(f). Consequently e/(/) ¢

L%(9). Moreover, by the dominated convergence theorem

Ele!V] = lim E[e!f7)]

j—oo
= lim exp{ [ (efi —1— f;)du}
j—oo
—exp{ [ (ef 1 fdu},
M
which gives the required formula. O

The converse of the above result also holds. We omit the proof, which can be found in the

proof of [64, Proposition 2.2].

Proposition 4.1.7 Suppose f € L>(M) and e!) € L*(Q). Then
/ exp{2Ref}du < co.
[f1>1

We can use similar arguments to Proposition 4.1.6 and the moment generating function formula

(4.1.3) to prove another result.

Proposition 4.1.8 Suppose f € (V1<,.o, LP(M). Then I(f) € LP(Q) for all p < oo.
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Proo¥: For f € LY(M)NL*(M) put J(f) = I(f)+ [,; fdp. We may assume f > 0, otherwise
we can write f as a linear combination of such functions. If o € Lg (M), then from (4.1.3),
for p € N,

B = [ myfo)d

for some polynomial m,. Now let (f;) C Lg(M) be an increasing sequence of functions such
that f; > 0 and f; — f a.s. and in LP(M). Then for j <k,

E[lJ(fx) = J(f)IP] = El(J(fr) = J(f3))*] = /M myp(fe — f5)dp.

Since we know that f € (\;<, o LP(M), by the dominated convergence theorem we have
shown that (J(f;)) is a Cauchy sequence in LP(2) which converges in L*(Q) to J(f). Thus
J(f) € LP(2) and hence I(f) € LP(Q2). The result follows for all p < oo since L(Q2) C LP(Q)
for ¢ > p. O

The following density result will be useful when proving that the image of the linear span
of the Fock space exponential vectors under the generalised Wiener-Poisson isomorphism is

dense.

Proposition 4.1.9 The set {exp{i > a;Xp;} :n €N, aj € R, E; € M with pu(Ej) < oo}
is total in L?(Q, F,P).

PRrROOF: The argument follows that of Theorem 3.2.11, and therefore we shall only briefly
outline the details. First, suppose that X € LY (Q,0({Xg,,...,Xg,} UN),P) is such that
E[Xexp{i} i a;Xp;}] = 0 for all a; € R. Then by the injectivity of the Fourier transform
X =0 a.s. (see the proof of Lemma 3.2.9). Hence, using the martingale convergence theorem
as in Proposition 3.2.10, we can deduce that if X € L!(Q, F,P) and E[Xexp{i > Xp ] =
0 forall n € N, a;j € R and E; € M with p(E;) < oo, then X = 0 a.s.. The proof of the
totality of the set in question can be completed in the same way as the proof of Theorem
3.2.11. ]

Examples of generalised Poisson processes do exist. In [37], given a o-finite measure space,
Kingman gives a canonical construction of a Poisson random measure on the space (2, F,P),
where (2 is the set of integer or infinite valued measures on (M, M) and F is the smallest o-
field on €2 such that for each E € M, v +— v(E) is measurable as a map from € to Ng U {oo}.

Kingman’s construction uses Kolmogorov’s consistency theorem and makes a priori use of
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Poisson measures. An outline of the construction can be found in [33, §4], [29, §1.8] and [74,
§11.7,10].

Generalised Poisson processes are in some sense an analogue of Gaussian fields [34, Defini-
tion 1.19]. We do not have an equivalent definition of a Gaussian Hilbert space in the Poisson
situation, since non-trivial scalar multiples of (compensated) Poisson random variables never
have a (compensated) Poisson distribution. Hence, a possible definition of a ‘Poisson Hilbert
space’ could be that it is the closure, in L2(€2), of the linear span of a set of random vari-
ables with compensated Poisson distributions. However, to obtain an isometry between a
general (complexified) Hilbert space, H, and a so-called Poisson Hilbert space, we need to
specify which elements of H map to compensated Poisson variables. Therefore by working
over L?(M, M, ;1) and requiring I(1g) to have a compensated Poisson distribution whenever
u(E) < oo, we can overcome this problem, and so have a canonical definition.

Our definition of a generalised Poisson process is actually analogous to that of a Gaussian
stochastic integral defined in [34, Definition 7.16]. In [34, Theorem 7.25], given a Gaussian
stochastic integral I : L?(M, M, u) — L?(Q,F,P), the Wiener-Ito isometry is constructed
from §4(L*(M, M, u)) onto L2(Q, c({I(f) : f € L*(M, M, u)} UN),P). The Wiener-Poisson
isomorphism we construct is analogous to this isometry. As in the case of F. (L?[0,1]) the
exponential vectors in §4 (L?(M)) are defined in the same way, and again we shall denote the

linear span of these vectors by E .

4.2 Generalised Wiener-Poisson isomorphisms

In order to construct Wy we introduce the Charlier polynomials, which are an analogue of the

Hermite polynomials in the Gaussian case. We use the definition from [39, §1].
Definition 4.2.1 For f: Ng — C, we let

Af(n) = f(n) = f(n—1)
with f(—=1) = 0. If for all t € C the function Ty : Ng — C is

et
Ty(n) =

n! ’

we define the Charlier polynomial of degree n to be the unique polynomial in two variables

such that for all x € Ny,
(A)"Ty(x)
Cp(t,z) = (—t)"———7—.
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The definition above does produce a polynomial since the denominator cancels out and can
be extended for all (t,x) € C? by taking x! = x(x — 1)!. We should point out that various
different definitions of Charlier polynomials are used, mostly differing by a constant factor.

From [39, Proposition 1], we have the following properties (see also [22, Chapter 3] and [54,
§2]).
Proposition 4.2.2 The Charlier polynomials satisfy the following properties:

i) for all a > 0, the sequence (Cp(a,*))nen, s a complete orthogonal system in 1?(Ng, Ty,),
ii) for all a > 0, E[Cp(a,-)?] = nla™ in 12(No, Ty),

i11) for all z € C, x € Ny and a > 0,
0o o -
Z —Cn(a, @) = e (1 +2)7,
= n!

i) for all a, >0 and n, x, y € Ny,

n

n

3 ( .)cn_j< )C5(B,y) = Cula+ B,z + y).
j=0
These properties of the Charlier polynomials can be used to construct Wiener-Poisson iso-
morphisms. The construction is the same as in [39, §3] (see also [40]). However, Liebscher
works only on Polish spaces with a measure structure on their Borel o-field. We shall give an
extension of these results to general measure spaces.

Given disjoint sets (E-);?,1
Z?zl pj = n, we define for ¢ = Il®p1 R...® Il%:k,

C M with p(E;) < oo, and (pj)?zl natural numbers with

k
H ), Xg, + u(E;)). (4.2.1)
For 0 € S, and f1,..., fn € L(M) we define (f1 ®...® f,)7 := fo() ® -+ ® fo(n)- Then we
can extend L™ by setting L™ (¢7) := L™ (¢). If
Hg = linsp{]lEl ®R...Q ]lEn B, = Ej or EZ ﬂEj = @},

then L(™ can be linearly extended to a well-defined map on HE. The proof of the well-
definedness of L™ is outlined in [39, Lemma 3]. We fill in the details using

ZZZZ

r=1j,=1

to simplify notation.
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Lemma 4.2.3 Suppose (E)N,1 is a collection of disjoint sets in M with (Ej) < co. Then
if
n N
> Geinly, €. 1p, =0,
r=1j,=1
forallk=1,...,n and j, =1,...,N, either aj, ., =0 or []"_; u(Ej.) = 0.
ProOOF: This follows immediately from taking the inner product with 1p;, ®...® 1g, . U
Corollary 4.2.4 If (E ) 1 €M are as above, and
n n N
S SLTIFETICTIETIND o SV R TP PP
r=1j,=1 r=1j,=1
then
Z Z Uy L ILE ®...01g, Z Z Bjtvin L ILE ®...®1g,).
r=1j,=1 r=1 jr.=1
Lemma 4.2.5 Let (Ej)}_; € M with p(Ej;) < oo be such that E; N Ej = or E; = Ej for all
i,j=1,...,n and suppose ly, ...l € {1,...,n} are distinct such that £, = ... = E, = E,
but E;NE =0 for j #1,. If E=F1U...UFy, where (F;)]L; C M are disjoint and o € Sy,
maps {1,...,k} onto {l1,...,lx}. Then
o1
1lp, ®...®1p, = Z Z , ®1m, @ 1p, @lp,,) @@ 1g,,)°
r=1 jr.=1
Furthermore
k m .
LM(1p ®...91g,) = Z Z L lp, @1p, ©...015 @lp,,,, ®...01g, )7 ).
r=1j,.=1
PrOOF: By the linearity of the tensor product,
k
(g, ®...®1g,)7 = ]l% ® ]]'Ea(k+1) ®...® ]lEo(n)
kK m
=> Y 15, ®1p, ®...0 15 ®lg,,,, ®...®1g,,),
r=1 jr=1
which establishes the first part. Consequently, from Proposition 4.2.2 iv)
k _
L(n)(]]'El d...® ]lEn) = L(k)(]]‘% )L(n k)(]]‘Ea(kJrl) ®...® ]]'Eo(n))
l lm
= Z Ally-uylmL(ll)(]l%ll) ctt L(lM)(]l%m )
L+..+lm=k
—k
x L )(]1Eg(k+1> ®...®1g,,),
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where A;, ;. is the coefficient of :zlf ...zlm in the expansion (z1 + ...+ z,,)*. However, by
the definition of the multinomial coefficient we obtain the second expression. O

Proposition 4.2.6 L™ is a well-defined map on Hy.

PROOF: Suppose

m
¢:ZO‘11EM . ®1g,,,
=1
where foreach j = 1,...m, E;;, = Ej;or Ej ;NE;; =0 and p(E; ;) < oo forallk,l=1,...,n

Let (E; ) , be a finer partition of (£}, k)] 1k—1- By applying Lemma 4.25t01lp,,®...Q1g,,

we may find constants ;. j, such that

n

n N
¢ = Z Z /8j1,~.,jn]lEj1 R...&® ][Ejn,

r=1 jr=1

and

Zaj ]1E31 .®]1E ZZBJ% 7_771 IlE & . ®]1Ejn)'

r=1 j,=1
Suppose that
n N
$=D D VirinlE, @ @ 1g,,
r=1 jril
for some constants 7j, .. j,. Then by Corollary 4.2.4, we have that

ZZBJI, G LM(p, ®.. 0 1g, ZZ% LW (g, ®... @ 15,).

r=1j,=1 r=1j,=1

Consequently, if we have two different representations of ¢ € H{, by choosing a partition finer

than both we obtain that L™ is well-defined. O
If S: L2(M)®" — L?(M)®: is the symmetrisation operator

S(f1®...®fn) I:f1®5...®5fn:% Z(f1®.-~®fn)ov

’ O’GSn

we have the following result.

Theorem 4.2.7 Let (M, M, ) be a measure space and that I : L>(M, M, u) — L*(Q, F,P)
is a generalised Poisson process. Then with the above definitions the map L™ : S(Hf) —
L*(Q, F,P) satisfies

IL™(@)]* = nlllg]1?,
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and thus extends to a continuous linear map L™ : L2(M)®5 — L2(Q, F,P) with the property
that for m # n, LU (L?(M)®5") is orthogonal to L™ (L?(M)®%). If we define I™ := ﬁL("),
the map

o

Wr =@ 1™ : g (L*(M EBLQ 2 L2, F,P)

n=0
1s an isometry and will be called the Wiener-Poisson isomorphism associated with the gener-
alised Poisson process I : L>(M, M, ) — L*(Q, F,P).

PROOF: The proof is the same as in [39, Proposition 4], thus we shall only outline it. If

¢=15" ®,...0, 15", where (E;)L_

j—1 € M are mutually disjoint with u(E;) < oo, then

2 P Pl P pk
ol = — Z 1Y ®...019", (1% ©...0 19°)° ,Hpj'u
'065'

From Proposition 4.2.2 ii), we have

IL™) (9)]* = Hp]‘u

Thus || L™ (¢)||> = n!||¢||?. For ¢ € S(HY), we may write

n N
Y= Z Z jy,.jn 1B, Bs ... ®s g ,

I=1 j;=1
for some constants ;. j, and (E )N,1 C M disjoint. Then since 1g, ®;...®; 1g, and
1g; ®s...®s1g;, areorthogonal in L?(M)®s and L(”)(ILEZ.1 Rs ... Qs ]lEin) and L(’"”)(ILEJ.1 Rs
.. ®s 1, ) are orthogonal in L?(M, M, ) for i # j, the result follows for all ¢ € L2(M)®s
The fact that L™ (S(HE")) is orthogonal to L™ (S(HE)) for m # n follows from the orthog-
onality of the Charlier polynomials. O

This construction agrees with the normal construction of Poisson multiple stochastic integrals
given by a generalised Poisson process over an atomless measure space (see [64, §1]), since
Ci(t,z) = v —t and the diagonals in M"™ have zero measure. In particular this is true when
M = Ry. In this case, if I : L?(Ry) — L?*(Q2, F,P) is a generalised Poisson process, then
clearly (N¢)i>0, where Ny = I(1jgy) + t, is a Poisson process, and hence by Section 3.1 we

may construct the isomorphism W. Note that if a1 < b1 <... < a, < b, and we let
f(tl, L. ,tn) = 1(a1,b1}(t1) o ]]'(arubn](tn) € LQ(Dn),
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then functions of the form ) g f are total in Lgym(]RfL), a concrete realisation of L?(R,)®5.
We have from (3.1.2) that

WD f7) =T (/nlf)

oc€Sh

= W(Xbl - Xal) T (an - Xfln)?

and from (4.2.1)

Z fa - \/— () ( Z (l(al,bﬂ ®...0 Il(an,bn])a)

O'ES O'Esn
_ \/_IL(”)( (a1,b] @ - ® (g, b.1)

- \/_Hc — a;), Xy, — Xa; + (bj — a;))
—\/_(Xb1 al)---(an_Xan)'

Hence since both operators are bounded, Wi = W. Results for the Wiener-Poisson isomor-
phism when working over Ry are well-known and have been presented in Chapter 3. We
would like to use these results in order to deduce results about the generalised Wiener-Poisson

isomorphisms.

Lemma 4.2.8 Let I : L>(M, M, ) — L*(Q, F,P) be a generalised Poisson process. Suppose
(Ej)?:1 C M are disjoint sets with p(E;) < oo, 0 < tg < t1 < ... < t, are such that
w(E;) =t; —tj—1 and (N¢)e>o is a Poisson process on (', F',P’). For a; € C, define

n n
a=> ajlg € (M), o = ajlg, 4 € LP(Ry).
j=1 j=1
Then if
6(0/) = f(th - Xto, v )th - th—l) S L2(Q/7]:/7]P>,)

for some Borel function f,

Wi(e(a)) = f(Xp,,...,Xp,) € L*(Q,F,P).
PRrOOF: Note that a®" € S(HY), and hence from (4.2.1),

1

Wi(a®") = ﬁﬂ’f)(a@k) = P(Xp,....,Xp,),
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for some polynomial P,. However as the construction of L(*) is the same for each generalised

Poisson process I, we also have that
k
W('®) = Po(Xy, — Xigy o ooy Xon, — Xt 1)

By independence, {X;, — X4, ..., Xy, — Xt,,_, } has the same distribution as {Xg,,..., Xg, }.

Therefore
m ®k
Eqrplf(Xe.,. ... XE,) — ZWI(T/——')IQ]
—0 n!
=Eq menllf(Xey, — Xigy ooy Xty — Xt ) — W( )I7]
(Q,F' P t1 to» y Aty th—1
er
— 0 as m — oo.
Hence, we have the result. ]

Lemma 4.2.9 Suppose (Ej)?:1 C M are as above. Then if a = Z?Zl a;lp, with o € R,

Wr(e(e'® — 1)) = exp{—/ (€ — 1 —ia)du +il(a)}. (4.2.2)
M
PrROOF: Let 0 < ty < t; < ... < t, be such that t; —t;_1 = p(Ej). Then if o =

Z?Zl il ;) and (N¢)¢>0 is a Poisson process, by Lemma 3.1.5,

™ —1) = exp{_/ (€ —1—ia)ds + i ZO‘J'(XtJ’ - X))
; ;
7j=1

n n
=exp{— ) (€' =1 —iay)(tj —tj1) +i ) _aj(Xe; = Xiy 1)}
j=1 J=1
Therefore we may apply Lemma 4.2.8 to get
E(e —1) =exp{— > (" —1—iaj)u(Ej)+iy o;Xp},
j=1 j=1

because t; —t;—1 = p(E;). Since

D (€ — 1 —iaj)u(Ey) = / (¢ =1 —ia)dp, D a;Xp, =I(a),

j=1 M j=1

we have (4.2.2). O

Corollary 4.2.10 The set {W(e(e’® — 1)) : a € L§(M)} is total in L*(Q, F,P).
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Proor: If (E;)"_, C M with u(F;) < oo, then if a; € R,
i)j=1 J J

exp{i ZanEj} e linsp{Wr(e(e’™ — 1)) : a € LE(M)}.
j=1

Thus the result follows immediately from Proposition 4.1.9. O

The formula (4.2.2) agrees with that given in [64, Corollary 2.1] for the usual construction
of multiple Poisson integrals over non-atomic measure spaces. However, in our proof we use
the definition of the Poisson exponential for a Poisson process over R, , and then obtain the
formula (4.2.2) for more general Poisson processes. The formula [64, (2.11)] also holds in the

non-atomic case. Surgailis has shown that
') = expf / (ef —1 = fduIWr(e(ef —1)), (4.2.3)
by showing "
(€D 1M (1, ®,...0;15,)) = <exp{/M(€f —1— f)dute(e! = 1), 1, ®, ... ®, 1g,),

where (E;)7_; C M are disjoint with p(E};) < oo, since vectors of the form 1, ®;...®; 1g,
are total in 4 (L?(M)) when (M, M, ) is a non-atomic measure space. This argument cannot
be used when (M, M, 1) has atoms. However, we can use Corollary 4.2.10 and the formulae
(4.1.3) and (4.2.2) to obtain (4.2.3).

Proposition 4.2.11 Let f € L?*(M) be such that
/ exp{2Ref}du < 0.
Ref>1
Then ') € L2(Q) and
el = exp{/ (ef —1— f)duIWr(e(e! —1)). (4.2.4)
M

PROOF: From Proposition 4.1.6 we know that /() € L2(M). By similar arguments to the
proof of Proposition 4.1.6 we can establish that e/ — 1 € L?(M), thus the right-hand side of
(4.2.4) exists. If a € L§(M), it follows from (4.1.3) that

(O, Wiele = 1)) = exp{~ [ (¢~ 1~ ia)dp)Ble D7)
M
= exp{— e — 1 —ia ex frie 1 F_iq
—exp{= [ (e~ 1~ ia)dujexn{ | ( 1= F—ia)du)
—oxpl [ (/= 1= Pdupexnl [ (¢ = (e = 1)dn)
= (exp( | (¢ = 1= Pdube(e! — 1).ee ~ 1)
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Since {Wy(e(e!® — 1)) : a € L§(M)} is total in L2(9), (4.2.4) holds. O

From Corollary 4.2.10, it follows that W;(E) is dense in L?(2) and thus we can easily deduce
the surjectivity of the map Wy onto L?(Q, F,P). Although the density of the linear span of
elements exp{i Z?:1 a;j X, } € Wi(E) is probably well-known, this approach to proving the
surjectivity of generalised Wiener-Poisson isomorphisms appears to be new. Alternative ways

of showing the surjectivity of Wr are described after Corollary 4.5.2.

Theorem 4.2.12 W; maps §+(L*(M)) onto L*(Q, F,P). Thus the Wiener-Poisson isomor-
phism Wy : §+(L*(M)) — L*(Q, F,P) is an isometric isomorphism.

PrOOF: From Corollary 4.2.10, Wy (E) is dense in L?(Q,0({Xg : E € M with u(E) <
oo} UM),P). Since Wr is an isometry surjectivity follows. O

Corollary 4.2.13 ([39, Theorem 5]) Let M be a Polish space and M its Borel o-field.
Then if I : L>(M) — L%() is a generalised Poisson process, Wy : §+(L*(M)) — L*(Q, F,P)

s an tsometric isomorphism.

If (M, M,p) is a o-finite measure space, then L2(M™)®s = [2 (M™). Thus we have an

sym

isometry

sym

™ — Wil 2(pmyen (L (MM — L*(Q,F,P),
and we can define multiple Poisson integrals for f € L2(M™) by
fdX™ = 1M (Sf).
Mn
The surjectivity of W is equivalent to saying that each random variable X € L?(Q, F,P) has

a unique expansion of the form

oo
X=3 [ fadX",
n=0"M"

where f, € L?

sym

(M™) and
n2d n E )(2 )
nEO/]WnU’ p" =E[[X]7] < oo

If E € M with u(FE) < oo and Pg denotes the orthogonal projection on L2(M) consisting
of multiplication by 1g, then as in [28, §2] or [47, §IV.1.4,6], we can define operators \(Pg),
a(l1g) and a' (1) on F4(L*(M)), which we shall write as Ap, Ag and AE respectively. It
is true that Wy intertwines Ag + Ag + AE and 5(;, however we shall leave the proof until
Section 5.1.
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4.3 Construction of W; using exponential vectors

It is possible to construct the isomorphism Wy using the exponential vectors e(e® — 1) with
o € L§(M) and the formula (4.2.2), similar to the approach in [10, Proposition 14], although
we shall construct our map initially on a more restricted exponential domain than Biane. In
[8, §7] and [67, §4] the Wiener-Ito isomorphism is constructed in an analogous way using the
full set of exponential vectors. In the Poisson case we restrict ourselves to a smaller set of
exponential vectors since we know explicitly the formula for Wy (e(e’® — 1)) with a € L§(M).

The following density result is based on the proof of [28, Proposition 6.2 d)].

Lemma 4.3.1 Let (M, M, 1) be any measure space. Then the set {e(e’® — 1) : a € L§(M)}
is total in F4(L?(M)).

PROOF: Suppose that for j = 1,...,n, fj : R — L?(M) is differentiable with derivative i
Then

O By 0 Fa(0) = D2 F16) B .04 (6) @ 04 l0)
j=1

Let 3 € L§(M) be such that 3 = 2?21 Bilg;, where (Ej)§=1 C M are disjoint sets with
w(Ej) < oo and B; € R. If we define f: R — L?(M) by

it follows that

In particular if F = U?zl E;, then for all § € R,

IF O < 2u(E),  (IF™ @) < 18™ loonl(E).

We now differentiate 6 — e(f(6)) in g4 (L?(M)). By using the mean value theorem we have

fO0+1)®" — [
B

< nsup{[| ()" I (&)1}
PER

< nl|Bl2" p(E)".
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By the properties of Fock space,

i [$5 L0+ D7~ 10" ng 0 e 10)|

h—0 1 \/mh m
~ lim i”ﬂu N = 1O nfO) . 110) |
0 Vnlh vnl

By an application of the series version of the dominated convergence theorem the limit and
sum can be interchanged and thus the above becomes
n n n—1
fO+R) — O nf(0)®  @sf'(0)
Vnlh V!

which can easily be seen to be zero. Therefore

00 2

lim
1 h—0

)

n—=

[e.9]

d S nf(0)® @, f1(6)
—5e(f(0) =2 Ne .

n=1

Arguing similarly for the second derivative we get

n—2

d\? X I — DO @5 (0% nf(0)® @5 (0
<@> e(f(H)):Z(( )f()\/m®f() L nfO* © ()>.

e

n=1
Continuing in this way we obtain that

(i) ewron],_,

which lies in the closure of the linear span of {e(e’® — 1) : a € L§(M)}, is of the form
(o, oy ey, Vnlg®",0,0,.. ).

Thus for all 3 of this form, we have that

B%" € linsp{e(ei® — 1) : a € L§(M)}.
As these vectors are total in F4 (L2(M)), the result follows. O

In fact we know this density results holds by Corollary 4.2.10, since Wr is an isomorphism.
However, a different proof is given since we need to use this result to give an alternative

construction of Wy. Given the density of
E” := linsp{e(e’® — 1) : « € L (M)},

if we can define a bounded linear operator on E” then we can extend it to a bounded linear
operator on F, (L2(M)). Also, given the linear independence of the exponential vectors, we

only need to define the operator on each exponential vector and extend it by linearity to E”.
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Theorem 4.3.2 Define a linear operator #; : E" — L?(Q) by setting

Wi(e(e’ — 1)) = exp{— / —1—da)dp+il(a)}. (4.3.1)

Then #7 is a well-defined isometry and thus can be uniquely extended to an isometric isomor-
phism
Wi+ 5 (L2(M)) — LX(Q, . P)

such that W12y = 1.
PRrROOF: Note that if « € Lg(M), #1(a) € L*(Q). Suppose a, 3 € Lg(M), then 3 — a €
LE(M) and from Lemma 4.1.5,

(el = 1) Hile(e” = 1)) =expl= [ (75 =1+ ia)dp)

x exp{— [ (¢ —1—iB)du}E[eP=o)]
M

Hence if a, B € L§(M) are such that e/* — 1 = ¢’ — 1 then
E[[#i(e(e" — 1)) = #1(e(e” = 1))]"] = le(e" — 1) —e(e” = 1)|* = 0.

Thus #; : E” — L%(Q) is a well-defined isometry and hence by Lemma 4.3.1 we can extend
it to an isometry #7 : §+(L*(M)) — L2(9). Since #;(E") is dense in L%*(Q), the map %7 is
surjective and we have an isometric isomorphism. For the last part, recall from the proof of
Lemma 4.3.1 that for a € Lg§(M),

d 0
i e(e? 1 = a.
zdae(e ) o o

Since #7 is a unitary map, (4.3.1) implies that in L?(Q),
exp{—/ (e — 1 —ifa)dp + i0I(a)}
M
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is differentiable with respect to 6 at § = 0. Thus in L?(£2),

d

—Z@exp{— /M(eieo‘ —1—ifa)du+i0I(a)} = I(a).

The above can also be proved directly using the dominated convergence theorem. Therefore
differentiating both sides of (4.3.1) and multiplying by —i gives that on Lg§(M), #; = I.
Hence by the totality of L(M) in L?(M) the claim follows. O

From the definition of #7 we can deduce that #7| L2(M)® () where L™ is as described

L
vn! L
previously.

Lemma 4.3.3 If E € M with u(E) < oo then
1

V1AE") = 7= Cn(u(E), X + p(E)).
In particular for all 8 € R,
Wile(e?HE — 1)) = i (-1 (W(E), X + n(E))

PROOF: The proof is by induction. When m =0, #7(1) = #7(e(0)) = 1. Assume

N
VE!

for all £ < m. For all § € R we know from Proposition 4.2.2 iii) that pointwise

P1(15") = —=Cu(u(E), Xp + u(E))

X (e — 1) 4
> %Cn(u@), Xg + u(E)) = exp{—(e” — 1 — i0)u(E) + i0X g} (4.3.2)
n=0 ’

= Wi(e(erE — 1)),

However, from Proposition 4.2.2 ii) we know that

(e~ 1" RN (Gl
Z i (B), X + (B = F (B < .
n=0 ’

Thus the sum in (4.3.2) also converges in L%(Q) to #7(e(e?'® — 1)). Since #; is a unitary
map,
A\ s (e 1) A\ e
<—%> Y Cnlu(E), X + p(E)) = 7/[((_%) e(e” " —1)).

n=0
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Term by term differentiation is valid. Hence,

> ()

o m ei@_ n ”
Col(B). X+ (B = Y- (=i ) | )

n=0 6=0 n—=0 vn! Y
Due to the fact that N
<@> (e —1)" o = 0 for all m < n,
the lemma follows by the induction hypothesis. O

Theorem 4.3.4 If a« € L§(M) and a = > iz ol where (Ej)i_y € M are disjoint with
w(E;) < 0o and o € R, then #1(a®") is

1
= Y Mgl ol B, Xy + (D). G (B, X, + (), (433
“lhiH4..Hl=n

Ly

7 in the expansion (1 4+ ...+ x,)™.

where \j, .1, 5 the coefficient of xlll T

PROOF: When n = 0 the result holds since #7(1) = 1. Assume the formula holds for all

m < n. Then by polarisation it follows that for m < n,

1
vm!

C M are disjoint with pu(Fj) < oo, Z§:1 pj = m and LM is as previously

LmMag" ... .e18"), (4.3.4)

where (Fj)g?:l
defined. Let « be as in the statement of the theorem and put Fy := c({Xg,,..., Xg, } UN).

From the proof of Lemma 4.3.1 we have

(_zd%> #i(e(e™ — 1)) \ oo = Vilfor s fu1, Vla®",0,.), (4.3.5)

where for ¢ =0,...,n—1,

% T
fi = Z Z /le,...,ji]lEjl ®S cee ®S ]]-Eji7
k=1 jy=1
for some constants 3, _j,. From the definition of #7 and (4.3.4) it follows that #7(a®") €
L?(Q, Fo,P). For [ > 0 define

HY =linsp{LO (15" ... 0 157): Y kj =1} (4.3.6)
j=1
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Then by the completeness and orthogonality of the Charlier polynomials (Proposition 4.2.2

i)), we can deduce

L*(Q, Fo,P) = EBH

Since L%(M)®:" is orthogonal to L2(M)®s in § (L*(M)) for m # n, #7(L*(M)®:") is orthog-
onal to #7(L*(M)®%) for m # n. Therefore from (4.3.4), #7(a®") is orthogonal to H(™) for
m < n. We shall denote the expression (4.3.3) by K (a). If > i—1kj = n then

(VK™ (a), LMW1 ©...©12"))

= > gl el e, ©18), LA @, 018 ).
lh+..+l-=n

By the orthogonality of the Charlier polynomials the inner product in the above sum vanishes

unless I; = k; for j = 1,...,r. Consequently

(ValK™(), LW ©... 0 197)) = Ay,pal o LW 0. 01572

T

Now for m > n and }7%_, kj = m from the definition of #7,

d\" b (m) (1 &M ®Fr
() et Lmag . .o1g)],

= (Y TLontete e 1, 915

i 0=0
r d lj a1 k.
= > New [ 55) Flee®tEm —1)), L& @g )| .
A do J 0=0
Lh+...+lr-=n 7j=1
If I; < kj for some j, then by Lemma 4.3.3,
d\" ibo;lp, (k) (7@
(5) vt - ppagmy| _ =o

and therefore the product in the previous expression vanishes. In particular this is true when
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m > n. If m =n by Lemma 4.3.3,

d\" 0o n k1 b
(-i5) Watetes — ). 001

= Ny H <—z—> (#7(e(e%9M 85 — 1)),L<kj>(1%ff)>

0=0
o [TV, L0 1))
j=1
= Ny OO0 kTHHL ]1®J ?
= Ay 0 a’:rnL (18 ©... 0192
Therefore by (4.3.5) for all m, whenever > "_, kj =m
(o), LM ®... @ 127) = (K™(), LWL ©...0127).
Hence by (4.3.6) since #7(a®") € L*(Q, Fa,P), the result follows by induction. O

Corollary 4.3.5 Suppose (F})j_,

numbers with Y%, kj = m, then

C M are disjoint with u(Fj) < oo, and (k;)j_, are natural

WA @015 ) = Oy (u(F). Xpy + p(FY) .. Cu (u(Fr), X, + p(Fy)).

=

PROOF: The result follows from the previous theorem by polarisation, similarly to (4.3.4). O

Note that the above corollary gives a new way of showing that the maps L™ are well-defined.
For aj € L§(M),

1
Wi Qs ... Qs ) = ﬁL(")(al ®...0ap).

and therefore Wi = #;. Thus we have shown it is possible to construct the Wiener-Poisson
isomorphism from just the exponentials. In the Gaussian case, if I : L2(M) — L*(Qw, Fro; Pro)
is a Gaussian field, we know that if f € L?(M) is of norm 1,

1
ﬁhn(l(f))a

where h,, is the nth Hermite polynomial. Such a general formula does not exist in the Poisson

w(f€7) =

case, since only for very special functions f € L?(M) can W;(f®") be written in terms of

Charlier polynomials.
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4.4 Reproducing kernel Hilbert spaces

Fock space can also be constructed using reproducing kernel Hilbert spaces. The theory of
reproducing kernel Hilbert spaces was first developed by Aronszajn in [1]. A brief summary

of the main results is presented in [34, Appendix F].

Definition 4.4.1 Let T be a set. Then a covariance on T is a function C : T x T — C such
that

i) C(s,t) =C(t,s),

i) 35— AiX;C(ti tj) > 0 for all finite subsets {t; 1 CT and {N;}}_, CC.

Theorem 4.4.2 ([34, Theorem F.2]) Suppose that C : T x T — C is a covariance function
onT. Then there exists a unique Hilbert space K(C) of functions on T, called the reproducing
kernel Hilbert space of C, such that

i) C(t,) € K(O),
i) f(t) =(C(t, "), f).

Lemma 4.4.3 ([34, Theorem F.3]) Let K(C) be the reproducing kernel Hilbert space of
C:TxT—C. Then {C(t,-)}ier is total in K(C) and

C<Sa t) = <C(S> ')7 C(t7 )>
If H is any Hilbert space then I'y; : H x H — C defined by
T (h,K) =)

is a covariance function and hence there exists a reproducing kernel Hilbert space K (I'g).

From the above lemma it follows that the mapping
La(h, ) — e(h)
induces an isometric isomorphism from K(I'g) onto §4(H).

Proposition 4.4.4 ([34, Theorem F.5]) Let H be a Hilbert space and {hi}ier a total set in
H. Define a map R from H into the space of all functions on T, by R(h)(t) = (h¢, h). Then
R is injective and if we define an inner product on R(H) :={R(h) : h € H} by

(f.9) = (B(f), R (9)m,
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which makes R : H — R(H) into an isometry, then R(H) becomes a reproducing kernel Hilbert

space with covariance

C(s,t) = (hs, he).
Using this result Chatterji and Mandrekar gave a construction of the Wiener-Ito isomorphism
vy : K(Ty) — L*(Q,F,P) induced by a Gaussian field I : H — L?(Q, F,P) (see [14, Corollary
6.1]). If En, (h) = eI(h)_%”hHQ, then {Ew, (h)}nen is a total set in L2(€2, F,P). Consequently,
from the above theorem we can construct the reproducing kernel Hilbert space of the covariance

function
C(h, 1) = (Exay (h), Ewoy () = €M) =T (b, ).
Therefore
K(Ty) = {R(X): R(X)(h) = (£w, (), X), X € L*(Q)}
with the inner product
(R(X),R(Y)) = (X,Y).

Hence, we have an isomorphism 1o : K(T'g) — L*(Q, Fro, Pro) given by e s £, (h), which
by the identification of e!®? and e(h) is the Wiener-Ito isomorphism. More details of this
construction of the Wiener-Ito isomorphism can be found in [35]. We would like to construct
the Wiener-Poisson isomorphism in a similar fashion. Since we only work with a restricted

exponential domain for the Poisson case, we need the following lemma.

Lemma 4.4.5 ([34, Theorem F.8]) Suppose K(C) is the reproducing kernel Hilbert space
of the covariance C : T x T — C and that T' is a subset of T such that the only function in
K(C) which vanishes on all of T' is the zero function. Then the set

K(C') = {flr: f e K()}
with inner product

(flrsglr) ey = (fr 9) k(o)
is the reproducing kernel Hilbert space of the covariance C|prxr.
Lemma 4.4.6 Let f € K(I'y). Then h— f(h) is a continuous map from H to C.
PROOF: Suppose h, h' € H, then from Lemma 4.4.3,

ITw(h,-) = Ta(l, ')H%{(FH) = (Cu(h, ), Ta(h, ) k) + Ca' ), Tu(h, ) k)
- <FH(h7 ')7 FH(h/v '))K(FH) - <PH(h/7 ')7 FH(h‘v ')>K(FH)
= FH(h‘7 h) + FH(hla h/) - FH(ha h/) - FH(hla h)
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Thus, if hy, — h then I'g(hy,-) — Ty (h,-), which implies that h +— 'y (h,-) is continuous.
Since f(h) = (I'(h,-), f) it follows that h — f(h) is continuous. O

Corollary 4.4.7 If f € K(I'yz) and f|p = 0 for some total set D in H, then f = 0.

Now suppose we have a generalised Poisson process I : L?(M, M, u) — L*(Q, F,P). Then
consider the set D = {¢® —1:a € L§(M)} which is total in L2(M). For o € L (M) we let

E(e — ) := exp{— / ¢ —1—da)dp+il(a)}.

By the same argument as in the proof of Theorem 4.3.2, the above expression is well-defined.
From Proposition 4.1.9 the set {E(f) : f € D} is total in L%(Q, F,P). Furthermore for f, g
eD,

(E(f):E(9)) = eI =T 4 (1, 9),
where I‘}JQ(M) = FLQ(M)]DXp. Hence by Proposition 4.4.4,
K(T20p) = {R(X) : R(X)(f) = (£(f), X), X € L*(Q)},

and we have an isometry Wy : K(F}Jg(M)) — L2%(Q) given by e ~1) s (el — 1) for
a € Lg(M). By Corollary 4.4.7, if f € K(Tr2(p)) and f[p = 0, then f = 0. Therefore
we may apply Lemma 4.4.5 to obtain that K(I'z25)) = K(F’LQ(M)) with the identification
[+ flp.

Theorem 4.4.8 Let [ : L>(M, M, ) — L?(, F,P) be a generalised Poisson process. Then

there exists a unique isometric isomorphism
Wi« K(T o) — L*(Q,F,P),

such that if o € Li(M); '
WI : e<ela—1,'> — £(em — ].)

4.5 Discrete chaos

When dealing with the Gaussian case, that is if I : L2(M) — L?(€) is a Gaussian field, then
for f1,..., fn € L*(M),

ml(mfl Rs .. s fn) = 7Tn(I(fl) I(fn))a
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where T, is the orthogonal projection onto the nth chaos space L2(M )™ := ro;(L?(M)®%). In
this section, we shall briefly describe a similar formula for the Wiener-Poisson isomorphism.
A formula of this type is given in [64, Proposition 1.1] for the non-atomic case. However, the
proof is quite complex and requires a multiplication formula to be established [64, Proposition
3.1]. The result we shall present here is not as general, but the proofs we give are much

simpler. Following the notations of [22] we let

k
P,: :hnsp{H Cp; (u(Ej), XE; + n(Ej)) :ij < n, (Ej);?:l C M disjoint with p(E;) < oo}
j=1 j=1

k k
=linsp{] | X3 > pj < n, (By)k_; C M disjoint with p(E;) < oo},
j=1 j=1
Note that .
P, = Wi(ED L*(M)®*).
k=0

We let
Qn =Py NPy = Wi(L*(M)®F),

the nth discrete chaos, and define p,, to be the orthogonal projection onto Q,,.
Proposition 4.5.1 Ifaq,...,a, € Li(M) then
Wi(Vnlog @s ... @5 o) = pn(I(1) ... I(an)). (4.5.1)
PROOF: We show first that if (Ej);?:1 C M are disjoint with p(F;) < oo and Z?lej =n,
Pl DL
Wr(Vallg: @, ... @, 1% ) = pa(XE ... X2, (4.5.2)

Note that C),(¢,z) is a monic polynomial of degree n in z. Therefore

Pl Pk
WI(Vnl1E @, ... @15 ) = Cp, (w(Er), Xg, + p(E1)) ... Cy, (u(Ey), Xp, + p(Ey))
= Xgll X%’Z —I-Pn_l(XEl,...,XEk),

where P,_ is a polynomial in k variables with degree less than n. Hence if (F 3)2:1 C M are
disjoint with p(Fs) < oo and le:I gs = n, then
(WI(\/HIL%?1 ®s ... Qs H%Ek),L(")(]l%ifl ®..®@1%")
= (XP XY+ Py (Xpy, ... Xp,), LYAR" @ ... @ 13"))
=(Xp X LAY ®.. . ®13")),
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since P,—1(XE,,...,XE,) € Py—1 and thus (4.5.2) holds. The general result follows because we

Pl Pk
may write a1 ®s. . .®s, as a linear combination of functions of the form ll%f Rs-. . .®S]l%; . O

Corollary 4.5.2 If f1,..., fa € (N1<pcoo LP(M) then

Wi(Valfi @ ... ®s fn) = pa(I(f1) ... I(f2)). (4.5.3)

PROOF: By Proposition 4.1.8, the right-hand side of (4.5.3) is well-defined. From the proof
of Proposition 4.1.8, we may find sequences (fjm) C Lg(M) such that fj,, — f; in L2(M)
and I(fjm) — I(f;) in L**(Q) as m — oo. Then by Holder’s inequality,

IL(f1) - I(fn) = I(frm) - - - L(frm) |2
< NI) = I(frm)I(f2) - I(fa)ll2 + -
A frm) - I (frem) I (fr) = L(fam)) 2
< M(f1) = ICm)llznllL(f2)ll2n - - - L (fa)ll2n + - -
oo I (frm)llon - H (Famtm) 2011 (Fr) = I(fn,m)ll2n

— 0 asm — oo.
Consequently I(fim) ... I(fam) — I(f1)...I(fa) in L*(Q) as m — oo and

Wl(mfl Rg ... Rg fn) = rr}gnoowf(mfl,m Qs - Bs fn,m)
= n%gnoo Pn(I(fl,m) ce I(fn,m))

giving the required formula. O

Note that it is in general not possible to extend the formula (4.5.3) for a; € L?(M), since it
may not be the case that I(ay)...I(ay) € L2(Q).

We can also use the space of polynomials |J7” P, to show that if o € Lﬁ(M ) then
(@) ¢ Wr(F+(L*(M))). One possible method follows that of [34, Theorem 2.6]. By the
definition of P, for all n € Ny, > () Us2 o P Furthermore,

j=0 " j!
n
ciey
j=0

<14l eI,

Gil(@) _ Zn: (if(fé))j ﬂ
! 5!

J

J=0
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However, by the properties of the Poisson process 1 + e!(®) 4+ e=1(@) ¢ [2(Q). Thus by the

dominated convergence theorem, in L?(Q),

Z (zl(?)) S el@ asn o oo,
= 7

and hence e/(®) € W;(§(L?(M))). Therefore from Proposition 4.1.9 we may deduce that
Wr is surjective.

The density of |J22 Py, in L*(Q2), and thus the surjectivity of Wy, also follows from [18,
Proposition 2.1], since for all E € M with u(E) < oo, eX? € L'(Q). We prefer to show
surjectivity by explicitly calculating Wy (e(e’® —1)) for a € Lg (M), because we make frequent
use of this formula in our work.

In [34, §7.3] given a Gaussian stochastic integral, Iy, : L?(M, M, u) — L*(Q, F,P), over a

o-finite measure space, the Skorohod integral
Oy + LP(M, M, p; L*(Q, F,P)) — L*(Q, F,P),

a densely defined operator, is constructed. If I : L2(M, M, ) — L?(Q2, F,P) is a generalised
Poisson process the Skorohod integral can be constructed in an analogous manner as a linear
map

87+ L2(M, M, p; L*(, F,P)) —> L*(Q, F,P).

Similar properties with the appropriate modifications to those obtained in the Gaussian case
can also be deduced for the Poisson case, although we shall not give details. We can also

construct the Malliavin gradient operator
v] : LQ(Qa f) ]P)) - L2(M7 M7 22 L2(Qa f) ]P)))v

which is the adjoint of the Skorohod integral (see [25, Theoréme 2] and [42, Theorem 1.3]). In

Fock space it is known that the Malliavin gradient
Ve § (L2(M)) — L*(M, M, ;51 (L*(M)))
has domain D(V) = D2 (see (3.3.5)), and for all f € L?(M),
(Ve(f))(m) = f(m)e(f). (4.5.4)
Note that for f € LZ(M), by (4.2.4),

) = exp{/ (e —1 —if)duywr(e —1).
M
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Therefore, using (4.5.4) we have that for f € L(M),
(Ve (m) = (/M) — 1)), (4.5.5)
This should be compared with the Gaussian case where for f € L% (M),
(V1D (m) = i (m)e 1D,

By a similar argument to Lemma 4.3.1 it can be shown that vectors of the form e(e’® — 1)
with o € Lg (M) are total in D2 and therefore {e’/(/) : f € L2 (M)} is a core for V. Hence
the formula (4.5.5) uniquely determines the operator V. In [50] explicit expressions for the
Skorohod integral §; and the Malliavin gradient V; for certain special Poisson processes are

given.
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Chapter 5

Construction of Generalised Poisson
Processes

In this chapter we shall assume that (M, M, u) is any measure space. We give a canonical
construction of a generalised Poisson process over (M, M, i) using the Gelfand transform of
a unital commutative C*-algebra A C B(F; (L?(M))). The ideas here are similar to that in
[28, §6], although we actually construct a probability space and an isometry, via the Segal
spatial isomorphism (see [62, Scholium 9.2]), which is not done in the article mentioned. We
do obtain a generalised Poisson process rather than a Poisson random measure, but we do
not need to impose any conditions on the measure space (M, M, u). A similar construction

of Gaussian fields can be found in [69].

5.1 The C*-algebra A

The aim of this section is to give a description of the C*-algebra A which we shall be working
with. The C*-algebra we construct is a commutative C*-subalgebra of the C'*-algebra gener-
ated by the Weyl operators in B (g (L?(M))). We give a brief description of Weyl operators
on §+(H), where H is any complex space and refer the reader to [47, §IV.1.9] for more details.
Consider the set G of ordered pairs U = (u,U) where v € H and U is a unitary operator
on L?(M). For f € H set Uf := Uf +u. Then the Weyl operator Wy is defined on E by
2
Widle() = e~ UDeup) where Cu(f) = (w,Uf) + 121
and extended by linearity to E. By the linear independence of the exponential vectors this

operator is well-defined. Clearly, Wi, maps E into E. If V = (v, V) € G, then it can be easily
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deduced that
Wy Wy = e~ mwlviyy, ), (5.1.1)

where we define
UY = u+Uv,UV).

It can be shown that Wy, is an isometry on E and so extends to an isometry on F4 (L?(M)).
Furthermore (5.1.1) still holds for the extension. By taking V = (—=U*u,U*), (5.1.1) implies
that Wy, is invertible and hence the Weyl operators form a unitary group. The operators in
the set {Wy : U = (u, I)} are often called the pure translation Weyl operators. The C*-algebra
generated by the pure translation Weyl operators, A say, is the C*-algebra of the CCR. If we
define W (u) := Wi van for v € H, then

W ()W (v) = e~ 20 (4 + v) = e MW ()W (v),
whenever u, v € H. Thus, {W(u) : u € H} satisfies the Weyl form of the canonical commu-
tation relations. The C*-algebra of the CCR has been studied in detail in [12, §5.2.1.2].
It is shown in [12, Theorem 5.2.8] that if A’ is another C*-algebra generated by a set
{W'(u) : uw € H} which also satisfies the Weyl form of the canonical commutation rela-
tions and W' (u)* = W/(—u), then there exists a unique *-isomorphism ¢ : A — A’ such that
W(u) — W' (u).
For each a € Lg (M) (see Definition 4.1.3), we define a linear operator on E C § (L?(M))
by
V(a):re(f)— eXp{/M(em — 14 (e = 1)f)dule(e™f + e — 1). (5.1.2)
As ais real-valued and the exponential vectors are linearly independent in Fock space, this map
is well-defined. These maps are just multiples of Weyl operators. To see this, fix a € Li(M )

and take
Uy := (" — 1,€]) € G.

Then it follows immediately that
V(Oé) _ eifM sinaduWua_

The multiplication by the phase factor ensures that the formula V(a)V(5) = V(a+ 3) holds.
These Weyl operators on §4(L?(M)) are also mentioned in [51, Exercise 26.10]. In the Gaus-
sian case the Weyl operators used to construct the analogous C*-algebra have the unitary

operator equal to I and hence are a subset of the pure translation Weyl operators. The maps
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{V(a) : @ € L§(M)} will be used to construct our C*-algebra A. The following properties
can be deduced from the properties of Weyl operators, however for completeness we compute

them directly.

Proposition 5.1.1 Let a, 8 € L%(M). Then
i) V() extends to a unitary operator on §4(L*(M)),
i) V@)V (8) = V(a+f).

PROOF: If we can show that V(«) is an isometry and ii) holds, then since V(0) = I, we have
that V() is surjective, and thus we get the fact that V(«) is unitary. If f, g € L2(M),

(V(@)e(f), V(a)e(g)) = exp{ /M<em S (e = 1) )y}

<exp{ [ (€= 1+ (€ = Dg)d)
x (e(e™f + €™ — 1), e(e"g + €™ — 1))

« expl / (7™ = 1)f + (¢ — 1)g)du}
xexp{/ Tef e —1)(e" g + e — 1)du}
_ exp{ /M Fadu} = (e(f).e(g)-

Thus V() extends to an isometry on §(L?(M)). To prove ii) if f € L?(M),
V@VBe() = Viesn{ [ (€ =1+ =1)1)du}

xe(ePf+ef 1)

—expl [ (€= 1+ (1) 1))
xoxp{ [ (e = L4 (e = D(ef + ¢ - 1)d)

M

xe(e(ePf e —1)+ e —1)

—exp{ [ (¢~ 14 (D) - 1) f)au)

M

x e(el @B 4 gilatB) _ 1)

= V(a+ Be(f).

Hence we have that V(a)V(8) = V(a + 3) on E, and thus by continuity on g, (L*(M)). O
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Proposition 5.1.2 Let f, g € L>(M), then for a € L§(M),

{e(f),V(a) = exp{/ )+ 1)(g + Ddp}{e(f), e(g))- (5.1.3)

PROOF: Using the definition of V' («
(e(f). V(@)e(g)) = expf / ° 14 (¢ — 1)g)du}
x expi / Fle g + e — 1)y}

_exp{/ V(1 + F + 9+ f)du}(e()), e(9))
= exp{ [ (€ =17 + Do+ Didu}el).(9).
Hence we have the required result. ]

Proposition 5.1.3 Let o € LZ(M). Then (V(ta))er is a strongly continuous unitary group.

PROOF: The fact that (V(ta))tcr is a unitary group comes from Proposition 5.1.1. From
(5.1.3) we know that for all f, g € L?(M), the map

t— (e(f), V(ta)e(g))

is continuous at ¢ = 0. Thus, since E is dense in §; (L?(M)) and V (t«) is unitary for each t,

by a simple approximation argument it follows that for all ¢, 1 € F(L2(M)),

t— (o, V(ta)y)

is continuous at ¢ = 0. Since weak continuity implies strong continuity for unitary groups [76,
§IX.1 Theorem], the result follows. O

For E € M with pu(E) < oo, if we define
Utlg) = e "BV (1), (5.1.4)

then (U(t1lg))ter is a strongly continuous unitary group with an infinitesimal generator, which
we shall call S. We may now prove that S = Agp + Ag + Al s Where Ap, Ap and AE are
defined at the end of Section 4.3. Consequently we have an explicit expression for action of
the unitary group (eit(AEJ“AE*'AE))teR on the exponential vectors in §4(L?(M)). Using this
we can deduce that if Wy : §4 (L2(M)) — L*(Q) is a generalised Wiener-Poisson isomorphism,
then Wy intertwines Agp + Ag + AE and 5(; by considering the unitary groups they generate.
This generalises Theorem 3.3.5 for Poisson processes on R to generalised Poisson processes
over (M, M, ).
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Proposition 5.1.4 With the notations above D(S) = D(AE—l-AE—l-AE) and on their common
domain S = A+ A + AE.

PrOOF: If f, g € L?(M) from (5.1.3) we have

D V(t1pete) = [

E

-+ 1)+ D expd [ (€ =17 + Do+ D elf).e(9).
Using (5.1.2) we also obtain
(V(—t1p)e(), (Ap + Ap + Al + u(E)De(g))
= exp{ [ (" =1+ (" = 1))}
x (e(e P f 4 (e — 1)1g), (Mg + Ag + Al + u(E)I)e(g))
= exp{ [ (" =1+ (e = 1))d}
X /E(e“er et —1+g+ (' f+et —1)g+1)du
X (el E S + (e — 1)15), e(g))
= [+ g+ el [ (€ = 1+ (€= 1))
<exp{ [ (" + (¢ - D1gg)dn)

_ _i%@(f), V(t1p)e(g)).

Therefore we have

L), Ul p)e(g)) = e L (e(1), V(L p)elg) — in(B)e P (e(1), V(11 p)e(o))
= i{U(~t1p)e(f), (Mg + Ar + AL)e(g))- (5.1.5)

Therefore since (5.1.5) is continuous, for all ¢ € E,

(6, U(t1p)e()) = (b, e(9)) +1 /0 (U(=s15)6, (As + Ap + Al)e(g))ds.

If v € §+(L*(M)), approximating 1 by a sequence (¢,) C E and using the dominated

convergence theorem we get

(¥, U(tlg)e(g)) = ($,e(9)) + Z/O (U(=s1p)y, (Ag + Ap + Al)e(g))ds.

Hence t — U(t1g)e(g) is weakly differentiable with weak derivative i(Ag + Ag + AE)e(g) at
t =0 and by [53, Theorem 2.1.3], e(g) € D(S) with

Se(g) = (Ap + Ap + Al)e(g).
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By a similar argument to Theorem 3.3.5, E is a core for Agp + Ag + ATE and the result follows

by the maximality of self-adjoint operators. O

Corollary 5.1.5 Let (M, M, u) be a measure space and E € M with u(E) < oo. If I :
L?(M, M, ) — L*(Q, F,P) is a generalised Poisson process then Wy intertwines AE—G—AE—{—ATE
and j(;

PROOF: From Lemma 5.1.4 we know that e(As+As+AL) — = U(t1lg). We prove that
U(tlp) = etAetAstal) — yy-14itXe)y (5.1.6)

which by the uniqueness of the infinitesimal generator of a unitary group establishes the result.

If « € L§(M) from (4.2.2),

erfit“(E)V(tIlE)(e(em . 1)) _ eit,u(E)eXp{/ eia(eitllE _ 1)dﬂ}
x W ( ( itlp+ia 1))

= "X EBexp{— / —1—da)dp+il(a)}
= S Wy (e - 1))
Thus by the continuity of the operators and the density of E”, (5.1.6) holds. O

The proof of the above corollary is just a generalisation of Meyer’s argument (see (3.3.1)), to
show that e?“(Mi+Ae+AD — ))=16itXi)y  When working on [0, 1] we evaluate both operators
on the exponential vectors of locally bounded square integrable functions, however in this
corollary we only show explicitly that the two operators agree on a more restricted exponential
domain which is still total in § (L?(M)).

We define A to be the commutative unital C*-algebra generated by {V(a): a € L§(M)}.

From Proposition 5.1.4 we can deduce that A is quite a naturally occurring C*-algebra.
Proposition 5.1.6 A is the C*-algebra generated by the set {e”(AE+AE+ATE) :teR, F e
M with u(E) < oo}.

PROOF: Let A’ be the C*-algebra generated by {eit(AE+AE+AE) :teR, F e M with u(E) <
oco}. Then from Proposition 5.1.4 we have that A" C A. Conversely, if a = "7, a;15; where
a; € Rand (Ej;)7_; C M are disjoint with u(E};) < oo then

V(a) = V(alllEl) R V(an]lEn) S .A/,

P 1
(Ej)elaj (AE‘j +AEJ.+AEJ_)

since V(a;jlg,) = e# e A'. Thus AC A O
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It should be noted that in [67, §5] when constructing a Gaussian field over a complexified
Hilbert space H, the C*-algebra introduced is in fact the C'*-algebra generated by the elements
eit(a(h)+a'(h) with h € Hp and t € R (see [47, §IV.1.4] for definitions of a(h) and ' (h)). Hence,
although our algebra A does not appear to be as natural as in [67, §5], it is the analogous one
for the Poisson case.

The next result is crucial to the construction of our probability space. It shows that the

vacuum vector e(0) is cyclic for our C*-algebra A.
Proposition 5.1.7 {V(a)e(0) : a € L§(M)} is a total set in 4 (L*(M)).
PROOF: By the definition of V(a), for all a € Lg (M),
e(e® — 1) € linsp{V (a)e(0) : v € L§(M)}.
Therefore the result holds by Lemma 4.3.1. O
Corollary 5.1.8 If a € A and ae(0) =0, then a = 0.

PROOF: Suppose a € A and ae(0) = 0. Then for all b € A, 0 = bae(0) = abe(0). As
{be(0) : b € A} is dense in F1 (L*(M)), we get a = 0. O

The density result above can also be deduced from the properties of unitary groups generated
by self-adjoint operators. For a € Lg(M) let M, : L*(M) — L%*(M) be the operator of
multiplication by «, and denote by A,, A, and Al, the operators A(M,), a(a) and af(a)
respectively. Then A, + A, + AL is a self-adjoint operator such that

Ao+ Ao + Al = (Ao + Ao + AD) 5, 2n)

)oo?

where § 1 (L?*(M))qo is the set of vectors with finite Fock space expansion. If a = Y7 a1,

J
where aj € R and (Ej;)_; € M are disjoint with u(E;) < oo, then

(Ao + Ao + AL)|S+(L2(M))00 - Z aj(Ag; + A, + ATEJ)'
j=1

itozj(AEj—&-AE].-i—ATEj))n

Therefore by [56, Theorem VIII.31], since the operators (e 7_) commute,

n
) itous i )
ezt(AaJrAaJrAL) _ | | elt%(AEj'FAEj"FAEj) _ efzth ad,uv(ta).

Jj=1
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We know that e(0) € D((Aq+ Aq+ AL)™) for all n > 0, thus by the differentiability properties
of unitary groups,
a\" ;
(i) ettt A | = (ha+ Ao+ ALe(0)
dt t=0
= (%,...,% (Al )"e(0),0,...).

However, since (AL)"e(0) = v/nla®*, and these vectors are total in §; (L2(M)), the density
result above follows. This also gives an alternative proof of Lemma 4.3.1.

Proposition 5.1.7 should be compared to Corollary 4.2.10. As mentioned before the vectors
e(e’—1) or £(e’ —1) with a € Lg(M) are important in the Poisson case. This is not entirely

surprising since if X is a random variable which has a Poisson distribution with mean A, then
E[e"] = exp{A(e™ — 1)}.

Therefore e —1 appears naturally when dealing with the Poisson distribution. In the Gaussian
case the corresponding exponential vectors are e(ia) and &(ia) with a € L§(M) (see [21,
Proposition 4] with ¢ = 0 and [69, Proposition 5.4]). If X is a zero mean Gaussian random

variable with variance o2, then its characteristic function is
25412
; o-(1t
Ele"] = exp( 0,
Again, the exponential vectors used to show density in the Gaussian case also appear to be

natural.

5.2 The Segal spatial isomorphism .7

Before applying the Segal spatial isomorphism to our C*-algebra to construct a generalised
Poisson process we give a brief account of the general theory. If A is a unital commutative

C*-algebra we can construct the maximal ideal space

A:={p: A— C:¢linear, ¢ # 0, ¢(ab) = ¢(a)p(b)}.

Then A with the weak™ topology is a compact Hausdorff space and if we define a : ¢ — ¢(a),
then @ € C(A) and the Gelfand transform a +— @ is an isometric x-isomorphism (see [48,
Theorem 1.3.6]). We shall sometimes use a~ to denote a. Note that since A is abelian, the

pure state space of A, which is the set of extreme points of the state space
S:={pe A :p(1)=1, p=0},

coincides with the maximal ideal space [48, Theorem 5.1.6].
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Theorem 5.2.1 ([62, Scholium 9.2]) Suppose A C B(H) is a unital commutative C*-

algebra with a cyclic vector x. Then there exists a unique finite, regular measure v on the

Borel sets B of A such that
(z,ax) = / adv.
A

Furthermore, there exists a unique unitary isomorphism, called the Segal spatial isomorphism,
S H — L*(A,B,v),
such that for alla € A and f € L*(A), S (ar) =a and Sa’ ' f =af.

PRrROOF: Consider the linear functional ¢ : A — C defined by

¢(a) = (z, ax).

Then ¢ is a positive linear functional, so by Riesz’s theorem there exists a unique regular

Borel measure v on A such that

(z,az) = $(@) = / adv.

A

Since v(A) = ¢(1) = ||z||? we obtain that the measure is finite. If az = bz for some a, b € A,
for all ¢ € A, (a — b)cx = 0. Thus since {cx : ¢ € A} is dense in H, a = b. Hence we may
construct a linear map

S H{ax:a € A} — L*(A,B,v),

by defining . (ax) = @. Then for a, b € A,

(S (az), S (bz)) = / abdv
A
= (x,a"bx)
= (ax,bx).
By the density of {az : a € A} and C(A) in H and L?(A, B, v) respectively, .# extends to a
unitary map

S H — L*(A,B,v).

For the last part, if f € C(A), f = b for some b € A. Thus
S0V f = Sa(S ) = Fa(be(0)) = ab = af.
Hence on C(A), @ = .%a. ! and by density equality holds on L?(A, B,v). O

93



Suppose €2 is a compact Hausdorff space and A is a finite, standard, regular Borel measure
on Q (see [62, p.236 Definitions]). Then the unital commutative C*-algebra C(£2) can be
considered to be a subalgebra of L2(,B,\). It is well-known that for this C*-algebra, A
is homeomorphic to Q (see [48, Theorem 2.1.15]). Since X is a finite measure, 1 € L%(Q)
is a cyclic vector for C(€2). Consequently, we can construct the Segal spatial isomorphism

associated with this C*-algebra, which as expected turns out to be the identity map
S =1:L%Q,B,\) — L*(,B,\).

Another example of the Segal spatial isomorphism can be found in [69, §5], in which the
isomorphism is used to construct Gaussian fields. If Hy is a real Hilbert space and H its
complexification, the unital C*-algebra generated by the set {e“(“(hH“T(h)) :t € R, h € Hg},
can be shown to be commutative with cyclic vector e(0). The Segal spatial isomorphism in

this case
S F(H) — L*(A,B,P),

turns out to be the Wiener-Ito isomorphism of the Gaussian field .| p.
We now consider the C*-algebra, A, constructed in Section 5.1. As usual we denote by A
the maximal ideal space of A. From Proposition 5.1.7 we know that e(0) is a cyclic vector for

A. Therefore we can apply Theorem 5.2.1 to A.

Proposition 5.2.2 Let Ba be the Borel o-field of the mazimal ideal space A of the C*-algebra
A. Then there exists a unique regular, Borel probability measure, Pa, on A such that for all
a€ A,

(e(0),ae(0)) = /AadIP)A.

Furthermore, there exists a unique unitary isomorphism
S F+(LA(M)) — L*(A, Ba,Pa)
such that for all a € A and X € L*(A,Ba,Pa), #(ae(0)) =a and Sa. ' X =aX.

The result that P, is a probability measure comes from the fact that Pa(A) = ||e(0)]|? = 1.
We shall now complete the probability space (A, Ba,Pa) and denote the completion (A, B, P).
Since every X measurable with respect to B is equal P-a.s. to a function X’ measurable with
respect to Ba (see [58, p.169, Lemma 1]), we have that L2(A, Ba,Pa) = L*(A, B,P). Hence
the isomorphism holds for the ‘new’ probability space, and from now on we shall work with

the completed probability space.
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Lemma 5.2.3 Let I be the restriction of % to L>(M). Then if « € L§(M), as an element
of L*(A, B, P),

V/(E) = exp{i(/Madu+I(a))}. (5.2.1)
PROOF: By Proposition 5.1.3 (V(ta))scr is a strongly continuous unitary group. Therefore
by Stone’s theorem (.#V (ta).” )ier has a self-adjoint infinitesimal generator, S say, which
can be obtained by a differential limit in the Hilbert space. Differentiating in L2(£),

CV(a)| = S ovia)eo)|
_ y%v(m)e(o) |
— y%{exp{/M(e“a — )dute(e™® — 1)} —o
= S (ia+i /M adp)

If X € L®(A,B,P),

i (/M adp + I(a)> .

HW# i (/M ady + I(a)> XH < HXHOOH@ y (/M ady + I(a)> H
Therefore

%V/(ta\)X ‘ el (/M adp + I(a)> X.

Hence for X € L*(A, B,P),
SX = </ adu—i—[(a)) X.
M

This implies that [,, ady + I(c), and hence I(a), is a.s. real-valued and as L>°(A, B, P) is a
core for the self-adjoint operator [ o @dp + I(a), by the maximality of self-adjoint operators,

we have that the two operators agree on their common domain. Therefore we can deduce that

o —

V(ta) = exp{it(/ adp + I(a))}.
M
Letting t = 1, gives (5.2.1). O

Lemma 5.2.4 B=0({Xg: E € M with u(E) < oo} UN), where Xg = I(1g).
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PRroOF: The inclusion of the null sets occurs because X g is only defined a.s., so the statement
makes sense irrespective of which representative is chosen for Xg. From Proposition 5.1.7 we

have that {.7(V(a)e(0)) : @ € L (M)} is dense in L2(A, B,P). However as
S V(@) = expli( | adu+ I(a))}
and we have completed B with respect to P,
BCo({Xg:EeMwith u(E) < co} UN).
The converse inclusion is trivial. O

Collecting all the results of this section together we arrive at the following theorem.
Theorem 5.2.5 The map I : LQ(M, M, 1) — L*(A,B,P) is a generalised Poisson process.
ProOF: If a € L§(M) and p(e) = [}, audps, then
E{ei(f(a)w(a))] — (1A,V(oz)>

= (V(0), V(a))

= (€(0), V()e(0))
—exp{ [ (€~ 1du).

M

In particular, if £ € M with pu(F) < oo, Xg + p(E) has a Poisson distribution with mean

w(E). If (E;)}-; € M are disjoint sets with p(E;) < oo, then

E[ezj:1 itj(Xm; +M(Ej))] = E[e!(/(@)Hn(@)],
where a = Z}Z:l tj1g;. Therefore from above,

E[ei(l(@)+u@)] = expf / 1)du)

s (e, F(ED)

Hence the joint characteristic function sphts into a product of the characteristic function of
each random variable, and thus {Xpg,,..., Xg,} are independent. The isometry property of

I comes from Proposition 5.2.2. O



5.3 Properties of .

We have shown that I = .| r2(m) is a generalised Poisson process. Hence, from Section 4.2
there exists a Wiener-Poisson isomorphism Wj. Not surprisingly, W; and .¥ turn out to be

the same map.
Theorem 5.3.1 With the definitions above, . = Wy.

PROOF: From Proposition 4.3.1, {e(e’® — 1) : a € L§(M)} is total in F4(L3(M)). In order
to show the equality of the two maps we only need to show they agree on e(e® — 1) for each
a € L§(M). Using Lemma 5.2.3, and the definition of V(a),

Fele® = 1) =exp{= [ (€ = Ddu}#V(@)e(0)
—exp(= [ (€= Dau}V(a)
— exp{— /M(em —1—ia)dp +il(a)}.
However from (4.2.2),
Wie(e® — 1)) = exp{— /M(em —1—ia)du + I(a)}.
Thus .7 (e(e’® — 1)) = Wy(e(e'* — 1)). O

We finish this section by investigating how our construction behaves for two different measure
spaces (M, M, ) and (M', M’ 1'). Tt turns out that if the spaces (M, M, ) and (M', M', 1)
are isomorphic as measure spaces, then the two constructions are very closely related. However,
we cannot obtain these conclusions from just a Hilbert space isometry between L2(M, M, i)
and L2(M', M',1'). We shall use two different notions of equivalence of measure spaces, one
definition requiring the measurable sets to be identified and the other requiring the underlying
spaces M and M’ to be identified.

If (M, M, ) is a measure space we define an equivalence relation on M by
E~F & u(EAF) =0,

where EAF is the symmetric difference. We denote by M[u] the set of equivalence classes of
~. The complement and countable union of elements in M |u] can be defined in a natural way

and p can be considered a map on M|u].
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Definition 5.3.2 Let (M, M, pu) and (M', M', 1) be two measure spaces. Then a measure
isomorphism is a bijective map T : M|[u| — M'[1/] such that

TENF]) = TIE\T(F), T(JED) = J T(E),
n=0 n=0

and

whenever E, F and E, € M. (M, M,u) and (M', M, ') are said to be measure isomorphic

if there exists a measure isomorphism between the two spaces.

This definition follows that of [27, p.167]. From this definition we can easily obtain the result

below.

Lemma 5.3.3 Let (M, M,pu) and (M', M’ 1') be isomorphic measure spaces with measure
isomorphism T : M[u] — M'[]. Then there exists an isometric isomorphism I : L*(M) —
L?(M') defined by the extension of

IT : Zaj]lEj — ZajI]'T(Ej)7
j=1 J=1
where Ej € M with u(E;) < oo and T(E;) € T([Ej]).

If (M, M,pu) is a non-atomic o-finite measure space, then (M, M, u) is measure isomorphic
to ([0, u(M)), Bo u(aryy, m) [27, §41 Theorem C, Exercise 6]. We can also introduce the notion
of a measure preserving map (see [27, p.162]), which is a stronger definition than a measure

isomorphism.

Definition 5.3.4 Let (M, M,pu) and (M', M',i') be two measure spaces. Then a bijective
map U : M — M’ is said to be measure preserving if both ¥ and ¥~' are measurable and for

al Ee M, (/(E) = u(¥1(E)).

Given this definition, from [27, §39 Theorem C] or [63, Lemma 5.0.1] we arrive at the next

lemma.

Lemma 5.3.5 Let (M, M, u) and (M', M’ 1//) be measure spaces and ¥ : M — M’ a measure

preserving map. Then there exists an isometric isomorphism Iy : L2(M) — L?>(M") such that
Iy(f)=foT .
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Notice that if (Q,F,P) and (', F',P’) are probability spaces with measure preserving map
U:Q —  then if X € L°(Q), X and X o U~! have the same distribution. This follows

because

Therefore the map Iy also preserves distributions as well as the Hilbert space norms.
From now on we shall assume that (M, M, ) and (M’, M’ i) are measure isomorphic
with measure isomorphism 7. If I is the isometric isomorphism defined in Lemma 5.3.3, we

have an induced isometric isomorphism
S (Ir) : F+ (LA (M) — F4(LH(M")),
defined by

f1®s---®sfn'—>ITf1®s--'®sITfn

and whose inverse, §4 (I71), is defined in the same way (see [34, Appendix E] for more details).

Proposition 5.3.6 Let A C B(F,(L*(M))) and A" C B(F.(L*(M"))) be the C*-algebras
constructed in Section 5.1 for (M, M, i) and (M', M’, /') respectively. Then for o € Lg(M),
F+(Ir)V ()4 (I7") = V(Ir(a)). In particular, F1(Ir)AF+(I5') = A'.
PROOF: Suppose o/ € Lg(M’) and let a = I' (/). If 8’ € L (M') and 8 = I.*(5'),
T+ (In)V(@)F+(Ir"e() = F+(Ir)V (@)e(I'5)

S+(Ir)V(a)e(B)
—oxpl [ (" =1+ (€ = 1)5)d)

x F(Ir)e(eB + e — 1)
—oxp{ [ (" =1+ (€ = 1)5)d)

x e(Ip(e“B +e* — 1))
= exp{ M/(e“‘ — 1+ (e = 1)B)dp'}

x e(e' B + e —1)
= V(a')e(3).
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Since L§(M') is total in L%(M'), by the continuity of the two operators we have
§+(In)V(@)F+(I7") = V(a).

The last part follows immediately. O

Thus the C*-algebras A and A’ are unitarily equivalent to each other. Consequently, if A
and A’ are the Gelfand spaces of A and A’, by the definition of the Gelfand spaces being
the maximal ideal spaces with the induced weak® topology, there exists a homeomorphism
Y A — A’ such that (§4(I7)aF+(I71)) " o1 = a.

Lemma 5.3.7 If (A, Ba,Pa) and (A, Bar,Par) are as constructed in Proposition 5.2.2, then

the homeomorphism ¢ : A — A’ is a measure preserving map.

PROOF: As 1) is a homeomorphism, 1 and ~! are measurable with respect to the Borel
o-fields. Hence we can define the push forward measure of P under ¢, ¥.Pa, by ¢.PA(E) =
Pa(yp~Y(E)) for E € Bas (see [63, §5.0]). Since 1 is a homeomorphism, it follows that 1.Pa
is a regular Borel measure on (A’ Ba/). If a € A and o/ = 4 (I7)aF+(I;"), then a ot =a,
hence by [63, Lemma 5.0.1],

d(a') = (e(0),d'e(0))
= (€(0), ae(0))
- / adP,
A
= / , d'dipPa.
Therefore by the uniqueness of Pa: we must have Par = ¥, Pa. O

Corollary 5.3.8 If (A,B,P) and (A’,B,P') are the completions of the probability spaces
(A, BA,PA) and (A', Bar,Par) respectively, 1 : A — A’ is a measure preserving map between
the two completed spaces.

We shall denote by . : §4 (L?(M)) — L*(A,B,P) and .7’ : o (L*(M")) — L*(A', B, P’) the
Segal spatial isomorphisms of Proposition 5.2.2, and by I, the map induced by the measure
preserving map v as in Lemma 5.3.5.

Theorem 5.3.9 The diagram

3 (LA(M)) —Z— L*(A,B,P)

&-!—(IT)l lfw

o (LA(M) —L— LA(A B P
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commutes, that is I, = '§(Ir). In particular, the restriction of the map #'F(Ir) to
L?(M) gives a generalised Poisson process over (M, M, ).

ProOF: Since {V(a)e(0) : a € LE’Q";} is total in § 4 (L2(M)) (Proposition 5.1.7), we only need

to show that the two maps coincide on this set. However,

S"F(Ir)(V(@)e(0)) = " F1(I7) (V () (§+ (I )e(0)))
= @+Un)V(@)F+(I7p1)"

V(a)ow™
I,(V(a)) = 1.7 (V(a)e(0)),

and thus the diagram commutes. By the comment after Lemma 5.3.5, since the map I, also
preserves distributions, the claim that .#'§ 1 (I7)] r2(m) is a generalised Poisson process comes

immediately from the fact that |12 (yy) is. O

Notice that if instead of a measure isomorphism, we have a Hilbert space isometric isomorphism
J: LA (M, M, p) — LA2(M', M, i), it may not be possible to construct the map I, because it
may not be true in this case that F4(J)AF4(J 1) = A'. It is possible to construct an isometry
S'F(N) S LA B,P) — L*(A/,B',P’). However, this map need not be induced by a
measure preserving map between the two probability spaces. If it was, then by the same
argument as in the proof of Theorem 5.3.9, .%'F(J)] r2(m) would be a generalised Poisson
process. However, if E € M with u(FE) < oo, then '§+(J)(1g) = '(J(1g)) need not
have a compensated Poisson distribution, if J(1g) is not a characteristic function. Hence
S'F1(J)]12(m) need not be a generalised Poisson process, and thus .7/F 1 (J).~ " may not
be induced by a measure preserving map between (A, B,P) and (A', B',P').

We have discovered that if the measure spaces (M, M, ) and (M’, M', i) are isomorphic
as measure spaces, then the corresponding probability spaces constructed in Section 5.2 are the
same, up to a measure preserving isomorphism. Thus, the construction in Section 5.2 depends
on the underlying measure structure, rather that on the Hilbert space structure, unlike the
construction in [69] for the Gaussian case. This is not surprising, since as mentioned before,
in the Poisson case, in order to construct an isomorphism we needed to make a choice as to
which elements of a Hilbert space map to compensated Poisson variables. We chose it so that
the characteristic functions in L?(M, M, i) map to compensated Poisson variables. Thus, it
is expected that the probability spaces (A, B,P) constructed by the Gelfand transform rely

on the measure structure.
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If we take (M, M, i) to be the Lebesgue space (Ry,Bg,,m) and let Ny := 7 (1jg) + ¢,
then we have the usual Poisson process. In this case . becomes the Poisson interpretation
of Fock space. Now suppose M = Ry x {1,...,n} and endow M with the product of the
Lebesgue and counting measure. Then in this example, if we set Xg] = S ((1,1,5)) + tj,

(X

412+ X{") becomes an n-dimensional Poisson process.

Our construction can also be used to produce any set of independent Poisson variables
without the use of Kolmogorov’s theorem. Suppose M is a set and we have a function A :
M — Ri. We let

My :={m e M : \(m) = 0}.

For E C M we define u(FE) := oo if E N Mg, where Mg is the complement of My, is

uncountable and

WE):= Y Almy),

m]-GEﬂM]C\,
otherwise. It can be shown that if M is the collection of all subsets of M, then (M, M, ) is a
measure space. Hence applying our construction we obtain an isometry I : L2(M) — L%(A).

If we let
Nip = I(Lgmy) + A(m) = I(Limy) + p({m}),
then { Ny, bmens is a collection of independent Poisson variables such that E[N,,] = A(m).

The process could be constructed using Kolmogorov’s theorem. We would consider the

product [, cas N and the measures

k . .
)\ mi nj e_A(mJ)
Pe((n,...mp) = [ [ 2
i n;!
on [[,,cx Nim where E = {my1,...,m;}. The measures Pr form a consistent family of proba-

bility measures and we can apply Kolmogorov’s theorem [74, Theorem 6.3], to construct our
process. The Gelfand space can be constructed by interpreting the maximal ideal space as
A C J],e4 Cq and using Tychonoff’s theorem. Consequently, in our construction the use of

product spaces is hidden within the Gelfand space and does not appear explicitly.
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Chapter 6

Perturbations of Classical
Semimartingales

In [68, §3] it is proved that perturbations of Brownian motion, (A; + A:{ )Jo<t<1, by regular
quantum semimartingales satisfy the quantum Duhamel formula. In this chapter we show
that certain classical Poisson martingales can be represented as essentially self-adjoint quan-
tum semimartingales and that perturbations of these quantum semimartingales by regular
self-adjoint quantum semimartingales also satisfy the quantum Duhamel formula. We finish
by showing that perturbations of essentially self-adjoint mixed Brownian-Poisson quantum

semimartingales satisfy the quantum Duhamel formula.

6.1 The Ito formula for (A; + A; + AI)OStSI

Given a compensated Poisson process (X¢)o<t<1, by Emery’s Ito formula [21, Proposition 2],
we have the classical Duhamel formula
t t
ePXe =1 —|—/ (eip(Xs'H) — X)X, +/ (6ip(Xs+1) — ePXs _ jpeXs)ds,
0 0
for all p € R. Consequently, since WV intertwines A; + A; + AI and )/(: we can use the formula
above to deduce a formula for eP(AitAi+A]), However, in this section we shall deduce the
Duhamel formula for (A; + A; + AI )o<t<1, using the Fock space structure, without using the
Poisson interpretation of Fock space and classical stochastic calculus. We cannot apply the
formula from [66, Proposition 5.1] directly since (A¢ + Ay + AI )Jo<t<1 is not a regular quantum

semimartingale.

Recall from (5.1.4) the definition of U(pljy,) on T+ (L2[0,1]). We define for p € R and
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te0,1],
; T
U(pa t) = U(p]l[07t]) = ezp(At“rAt-l—At).

If f € L?[0,1], it follows from (5.1.3) that (p,t) — U(p,t)e(f) is weakly measurable and hence

strongly measurable by the Pettis measurability theorem.

Lemma 6.1.1 For all p € R the quantum stochastic integral
t
M(p,t) = / (U (p, s) — Ulp, s))(dAs + dAs + dAT)
0
t
4 [@Up.5) = Ulp.s) iU p,9)ds
0

is well-defined and the process (M (p,t))o<t<1 s a quantum semimartingale. Furthermore for
f. 9 € L>[0,1],

(N Moot} = [ [T+ Dlas) + (e = e —ipe7)

) - (6.1.1)
X eXp{/0 (€ = 1)(f(x) + 1)(g(x) + 1)dz} |ds (e(f), e(g))-

PROOF: From the comments above the integrands are strongly measurable and from (5.1.2)
or by Corollary 2.2.3 the integrands are adapted. Since |U(p, s)|| < 1 the quantum stochastic
integrals in the lemma exist and the integral processes are in fact quantum semimartingales.

By (2.1.5),

(D) Mp)ela)) = [ e, (F) + as) + ) = DU . s)e(a) (6.1.2)
+ (e

£), (" —1—ip)U(p, s)e(g)) Hds.

It follows from (5.1.3) that
(e(f),Ulp, s)e(g)) = €_ipsexp{/08(€ip — 1)(f(z) + 1)(g(x) + )dx} {e(f).e(9).  (6.1.3)
Substituting this in (6.1.2), the last part follows. O

Lemma 6.1.2 For all p € R the map t — (e(f),U(p,t)e(g)) is differentiable a.e. on [0,1]

with derivative
u(p,t) = ((er D(g(t) +1)(e®? — 1)e” P — jpe ")
t(eip
0

x exp{ = 1)(f(x) + 1)(g(2) + 1)dz} {e(f), e(9))-
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Furthermore if f and g are continuous t — (e(f),U(p,t)e(g)) is differentiable everywhere on
[0,1], and

(e(f), Ulp,t)e(g)) — (e(f), e(9)) = /0 u(p, s)ds. (6.1.4)

Proor: If f, g € L*[0,1] then from (6.1.3) and the fundamental theorem of calculus for
Lebesgue integrable functions, ¢t — (e(f),U(p,t)e(g)) is differentiable a.e. with derivative
u(p,t). If f and g are continuous then the integrand in (6.1.3) is continuous. Thus applying the
fundamental theorem for continuous functions (see [58, Theorem 7.21]) gives differentiability

everywhere and hence we obtain (6.1.4). O

Lemma 6.1.3 If f, g are continuous functions on [0,1], then for allp € R and t € [0, 1],

{e(f),Ulp,t)e(g)) = (e(f), (I + M(p,1))e(g))-
ProOF: This follows immediately from (6.1.1) and (6.1.4). O

Theorem 6.1.4 On Ey,, for allp € R and t € [0,1],

t
ePA+A+AD _ 7y / (ez‘p(As+As+Ai+I) _ eip(As+As+Al))(dAs + dA, + dAD)
0

t
+/ (6z‘p(AS+AS+AZ+I) _ gip(AsFA+AD) _ ipeip(AS+As+Ai))ds.
0

PROOF: Let S be the set of continuous functions on [0, 1]. Then E(S) is dense in §(L?[0,1]).
Therefore by Lemma 6.1.3, M(p,t) + 1 = U(p,t) on E(S). Since M(p,t)|g,, is closable and
U(p,t) is bounded, we must have U(p,t) = I + M(p,t) on Ep. The theorem follows by
substituting in the definition of U(p,t). O

Given the strong measurability of (p,t) — U(p,t) the theorem above implies that the quantum
semimartingale (A, + Ay + Al)o<i<1 satisfies the quantum Duhamel formula. If we let M, =
A+ A+ AI, then (M;)o<i<1 = M(I,1,1,0). Hence considering Feypipary for example, given
any ¢ € §4(L?[0,1)),

1 N
Fexp(ipnr)(8)0 = ip/o ePA=W)Ms o ipu(Mat]) gy gy,

1
= ipe’pMS¢/ e®Pldu
0

= (e®Mst]) _ pipMs) g,
Similarly for the other coefficients Eexp(ipar)s Gexp(ipar) and Hexp(ipar)-
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Theorem 6.1.5 (A; + A; + AI)Ogtgl satisfies the quantum Duhamel formula.
Corollary 6.1.6 (A;+ A: + AI)OStSl satisfies the quantum Ito formula.

Using arguments similar to that above and using the inversion formula for Fourier transforms,

it My =AM+ Ay + AI then we can write the quantum Ito formula, when f € CQ+(R), as

loc

(M) = F(O)T + /0 (F(M,+ 1) — f(M.))dM, + /0 (F(M,+ 1) — F(Ms) — f'(M,))ds.

By similar methods to [66, §7], it is possible to deduce the classical Ito formula for f(X;)
whenever f € CIQO’: (R). Therefore this method gives a Fock space proof of Ito’s formula for a
compensated Poisson process.

This approach can also be used to prove the Ito formula for (A; + AI)OStSL without using
classical stochastic analysis. From [47, §IV.2.9] it can easily be deduced that for p € R and
fer?0o,1],

eip(AmLAI)e(f) e T dse(f +iplig g)-

Then by the same argument as for A; + A; + AI, we can show that if f and ¢ are continuous

on [0, 1],

, t o i 1 [t - i
(e(f),eP At A)e(g)) = (e(f), (I+/ ipelp(AerAS)(dAs—FdAl)-F_/ (ip)Qelp(As+AS)dS> (9))-
0 2 Jo

Consequently on Ey,,

t t
oiP(Ac+A]) _ 1 + / z’peip(AerAi)(dAs +dAl) + 1 / (ip)Qeip(AerAi)ds
S 2 Y

0 0

which is the quantum Duhamel formula for (A; + AI Jo<t<1 and thus (A; + AI Jo<t<1 satisfies
the quantum Ito formula, which if My = A; + AI and f € C'IQO'Z(R) can be written as

(M) = F(O) + /0 F/(M)AM, + /O J(M,)ds.

6.2 Classical Poisson martingales

In this section we shall consider the representation of some classical multiplication operators
as quantum stochastic integrals. We shall always consider classical stochastic integrals with
respect to a compensated Poisson process (X¢)o<i<1 on (2, F,P) (see Chapter 3 for more

details).
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Definition 6.2.1 Let (F't)o<t<1 be a bounded, predictable process. Then the cadlag martingale

(My)o<i<1, where
t
M; = / F.dX,,
0
is said to be the classical Poisson martingale associated with (Ft)o<i<i -

Note that unlike in [2, Theorem 4], we do not require M; to be bounded. This is because we

shall work with quantum semimartingales rather than just regular quantum semimartingales.

Lemma 6.2.2 If (M;)o<t<1 and (Fi)o<i<1 are as in Definition 6.2.1, then M; € L*(Q) for
each t € [0,1]. Hence fort € [0,1], E[|M|*] < E[|M;[*].

PRroOOF: Note that for all t < 1, E[M;|F;] = M;. Consequently if we prove that M; € L4(Q),

then by Jensen’s inequality, the lemma is proved. By the classical Ito product formula,
1
M} :/ 2My_dM, + [M, M];. (6.2.1)
0

For some constant K, |Fs| < K for all s € [0, 1], thus (s,w) = 2M,_ (w)Fs(w) is in L2([0, 1]x€2),
and hence since dMy = Fyd X,

/0 1 2M,_dM, = /0 1 2M, F.dX, € L*(Q).
Also, because [M, M]; = fol F2d[X, X, = fol F2(ds + dXs),
(M, M], = /01 F2(ds + dX,) € L*(Q).
Therefore from (6.2.1), M? € L%(2), hence M; € L4(Q). O

Corollary 6.2.3 Let (Fi)o<i<1 be a real, bounded, predictable process and (My;)o<i<1 the
associated Poisson martingale. Then for t € [0,1], W*1AZW is an essentially self-adjoint

operator with core Ep,.

PrOOF: This follows immediately from Corollary 3.2.12, because from Lemma 6.2.2 for all
t €10,1], M; € LA(Q). O

Let f € L*>[0,1] and (F%)o<t<1, (M¢)o<i<1 be as above, with |F¢| < K and suppose that

(Zi)o<t<1 is the cadlag version of (€(f:))o<t<1- We know that for a.a. s € [0,1], Ms_ = M,
and Zs_ = Zs a.s.. Since E[|Zs|?] = E[|E(f5)]?] = e||fs||2,

1 1
/ E[|F,Z,_|ds < KQ/ E[|Z,|2)ds < K2elfI?, (6.2.2)
0 0

107



and
1
/ E[|Fsf(5)Zs—Plds < K?|| fI|2 /t]E[ZSIZ]dS < K2||f|2 eI, (6.2.3)
0 0

From Corollary 3.2.8 and Lemma 6.2.2 it also follows that
1

1
/ E|M,_f(s)Zs_"lds < || £|% / E[|M, Z, %] ds
0 0

! 1 1
< IFI% /0 E[|M, |5 E[| Z.|']ds

2f4 2,2
%€||f||2+” f2f I )

< || FIZE[ M |] (6.2.4)

By the classical Ito formula we have

t t
Mtg(ft):/ FSZS_dXer/ M,_f(s)Zs_dX,
0 0 (6.2.5)

+ /Ot st(s)Zs—dXs + /Ot st(S)ZS—dS'

By the inequalities (6.2.2), (6.2.3) and (6.2.4), the integrands in (6.2.5) with respect to dX are
in L2([0, 1] x Q). Therefore the stochastic integrands in (6.2.5) are square integrable processes

and so .
BME()] = | Bl REFds (626)
Using (6.2.6), by exactly the same argument as in Proposition 3.3.3, we can conclude that for
[, 9 € Em, .
(E0). ME(D) = (elg), [ WIEW(AA, +dA +dADe().
Notice that by Theorem 3.2.5, since a predictable process is adapted and measurable (see [16,

§2.2]), the integral on the right-hand side is well-defined. By the density of Ej,, we have a

representation of classical Poisson integrals as quantum stochastic integrals.

Theorem 6.2.4 Let (Ft)o<i<1 and (Mi)o<i<1 be as above. If t € [0,1], on Ep,,
—~ t —~
WIMW = / W YEW(dA, + dA, + dAY).
0

This result is a slight generalisation of [2, Theorem 4], since we do not require M; to be
bounded for each t. A proof of this result can also be obtained using (3.3.2) (see [3, Theorem
I1.1]).

Since the time integral is just a Bochner integral, if (H¢)o<t<1 is a bounded, adapted,
measurable process, then multiplication by fg Hds € L>®(Q) is represented as the quantum
stochastic integral fg Wﬁlf/{\Sst on Eyp.
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Corollary 6.2.5 Let (Fi)o<t<1 and (Hi)o<t<1 be bounded, adapted, measurable processes, with
(Ft)o<i<1 predictable. Then if

t t
N, :/ Fsts—i—/ Hgds,
0 0

on Elb; . .
Wlﬁth/ W1EW(dAS+dAS+dA§)+/ W H Wds.
0 0

Consequently (Wﬁll/\f\tW)ogtg s a quantum semimartingale.

Corollary 6.2.6 If (Ft)o<t<1 s a real, bounded, predictable process, M; = fot FydXs, and
f R — C is a bounded, twice continuously differentiable function, with bounded derivative,

then on Eyp,

WF (M)W = fF(0)I + /t W (M + Fs) — f(M3)"W(dAs + dAs + dAY)
0 (6.2.7)

t
+ [ WL ) - £ - B (M) Wi,
0
PrROOF: By Emery’s Ito formula [21, Proposition 2],

(M) = £(0) + /0 (F(Ms- + Fu) — F(M,_))dX,
+ /() (f(Msf + Fs) - f(Msf) - st/(Msf))dS-

Consequently, as the integrands above are all bounded and predictable, by Corollary 6.2.5 we
have (6.2.7) with M,_ instead of M,. However, M,_ = M; a.s., for a.a. s € [0, 1], therefore if

—

g : R — R is a Borel function, as operators W_lg(/]W:)W =Wlg(Ms)W for a.a. s € [0,1].
Thus the representation (6.2.7) holds. O

If X is a real-valued random variable on (2, 7, P), then from [56, Theorem VIII.4],if f : R — R
is a bounded Borel function, then f(W 1XW) = W*lﬁf)w. Consequently, (6.2.7) can be

written as
FOVTIW) = FO1 + [ GOV 0+ BT W) - OV TEW))(a, + dA, +dal)
0

+ [Vt + Earw) — oV W)~ WO B v T W)ds
0
(6.2.8)
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Also, we note that any convergence results in spectral theory, concerning the convergence of
the sequence ( fn(W_l)? W)), where f, : R — R are bounded real-valued functions, can be
applied to the sequence (WﬁlmW) instead.

Using (6.2.8) we can now prove that if (M;)o<¢<1 is the classical Poisson martingale as-
sociated to a real, bounded, predictable process, then (W*1@W)0§t§1, which is essentially
self-adjoint with core Ey, for each ¢ (see Corollary 6.2.3), satisfies the quantum Duhamel

formula.

Theorem 6.2.7 Let (Fyt)o<i<1 be a real, bounded, predictable process, and (My)o<i<1 the

associated classical Poisson martingale. Then if
t
W IMWw = / W YEW(dA, + dA, + dAY),
0

(W71@W)0§t§1 satisfies the quantum Duhamel formula.

PROOF: First, we want to show that (p,t) — e®Mt is strongly measurable as a map in
B(L%(Q)). This follow from the Pettis measurability theorem and Fubini’s theorem, because
for all X, Y € L?(9),

(p,t,w) — ePM@) X ()Y (w)

is a measurable function R x [0,1] x Q — R. Since f(z) = e’P* satisfies the hypothesis of
Corollary 6.2.6, we have by (6.2.8),

— t —
SPWTIEW _ | +/ (P OLAEY W _ W SEWY (A 4 A, + dAT)
0

t — —
+/ (W M P W W W =1 oW ™ MWy g
0

We now need to show that the integrands above coincide with the integrands F

and Hexp(z’pW* 1 ]/\4\1/\/)

the others follow similarly. For X € L?(1Q),

exp(ipW 1MW)’

Fexp(im/v,1 AWy Gexp(z.]ﬁ/\/,1 Tiw) in the quantum Duhamel formula. We

shall just show it for Fexp(ipW_l W)’

1 xr — . _ —~
Foni- i (DX = Wi [ Ay O x

1 —
= ip/ W@ip(liu)w_lMswwilﬁWeip“W_l(MerEg)AWWledu
0

1
— ip/ eip(lfu)MsFseipu(MerFs)Xdu’
0
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where this is a Bochner integral in L?(2). However by [20, Theorem II1.11.17], we can change
it (a.s.) to a pointwise integral, that is to integrate with respect to u with w fixed. All the

operators in the integrand are multiplication operators, therefore they commute. Hence
1 ! ipM+ipuF,
_ — - 1pMs+ipuls
WFeXp(ipW*IMW)(S)W X = zp/o Fse duX
1
= ipelpMstX/ P gy
0
— (eip(Ms"l‘Fs) — eipMs)X'

Thus,
W H(MaA+F)™W _ ipW =1 MW

J{Texp(ipi/\/_1 MwW) (S)

Similarly for the other terms in the quantum Duhamel formula. O

By the method used in the above proof, and the inversion formula for the Fourier transform, we

can also deduce the quantum Ito formula for these martingales from the classical Ito formula.

Proposition 6.2.8 Let (Ft)o<i<1 and (My)o<t<1 be as above. If
t
W MW = / WIEW(dA, + dA, + dAY),
0
then (W*IZ\ZW)OQQ satisfies the quantum Ito formula.

6.3 Perturbations of classical Poisson martingales

We now examine perturbations of the classical Poisson martingales introduced in the previous
section by regular self-adjoint quantum semimartingales, and show that these also satisfy the
quantum Duhamel formula. The analogous result for Brownian motion has been shown in [68,
Theorem 3.4], and for general Brownian martingales in [67, Theorem 13.1]. The proof in the

Poisson case differs, because the classical Ito formula is different.

Theorem 6.3.1 Suppose (Fit)o<t<1 is a real, bounded, predictable process and (My)o<i<1 the

associated classical Poisson martingale, such that on Ey,
t
W IMW = / W YEW(dA, + dA, + dAY).
0

Furthermore, let

t
Jy = / RydAg + SsdAg + SFdAT + Uyds
0
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be such that (Ji)o<i<1 is a regular self-adjoint quantum semimartingale. Then, if Ny =
W_ll\ZW + Ji, the essentially self-adjoint quantum semimartingale N = (N¢|g,, :t € [0,1])

satisfies the quantum Duhamel formula.

ProOF: By Corollary 6.2.3 we know that for ¢ € [0, 1], WLM,W is an essentially self-adjoint
operator with core Ey,. Therefore by the Kato-Rellich theorem (see [55, Theorem X.12] or [70,
Theorem 5.28]), Ny = WLIMW + J, is self-adjoint and Ny = Ny[g,. For n = 1,2, ..., choose
a C*°(R) function, f, : R — R, with f, = 0 on (—00,4n| U [4n,c0), f(x) =z for x € [-n,n],
such that —1 < f/ . f/ < 1. Then f, satisfies the hypothesis of Corollary 6.2.6 and therefore

FaOVTIMW) = /0 W (M + EPW) — oV STW))(dAs + dA, + da)
[ OV Mk B W) = O T
- /0 WOEW W L) s
Hence (f, W™ M;W))o<i<1 is a regular self-adjoint quantum semimartingale. Let

E = Ry + fuW (M + FSW) = fu( W MLW),
FO) = S, 4 fuW (M, + FEYW) — fo( W MLW),

s (W
G = St + fu(W M, + FYW) = fu (W LW,
Hsn) = Us + fn(W_l(Ms + FS)AW) - fn(W_l-]/w\sW) - W—lﬁwfé(w—lmw)

If X € L?(€), then by the mean value theorem, there exists a function 6 :  — [0, 1], such
that

1(fa(Ms + Fo) = fu(M:)X|* = /Q | fa(Ms + Fy) = fu(Ms) | X |*dP
= /Q |Es ()P | f (M (w) + 8(w) F(w) [P X (w) [*dP(w)

2 2
< /Q IFy() 2| X (@) PAP(w)

< 1P 151X 112,
where [|Flco = supsc(o 1), weq [Ft(w)]. Therefore

Lfn OV (M + F )W) = fuOV T MW)|| < [|F . (6.3.1)
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Also, since |f}| <1, it follows that Hf,’L(W_IJ\ZW)H <1 for all n. Hence

IES < RSl + [1F oo
IS NG < 186l + 11 F oo (6.3.2)
IS < U]+ 201 Floo

Define .
N = / EMdA, + FMdA, + GMdAL + HM ds.
0

Then Nt(n) = fn (W_1AZW)+Jt. By the spectral theorem [56, Theorem VIIL5 c)], for ¢ € Ey,

Tim fu, (W MW = W MW, (6.3.3)
Jim FaOVTH M, + FY W) = WM, + Fi Y We. (6.3.4)

Thus we have for ¢ € Ey,,
Tim N = Nig,  Tim (N + B )p = (Ne + Re + WL EW)o.

Therefore, by Corollary 2.4.4, since Ey, is a core for Ny and Ny + Ry + Wﬁlﬁ’\tW, the following

is true in the strong operator sense

. . ar(n) ; . ; (n) (n) ; —17
lim ePNe " = PN Jim PWNe P = oI (NeHReAW T EY) (6.3.5)

n—oo n—oo

Notice that this implies that the maps

(p.1) = €PN, (py1) o PONHRAWTIEOY),

are strongly measurable. Since ||f]||lcc < 1 and f], converges pointwise to 1, by another
application of the spectral theorem [56, Theorem VIIIL.5 d)], f,’l(Wflj\/f\tW) converges strongly
to 1. From (6.3.3) and (6.3.4) we know that if ¢ € Ey,,

(FaOV YU M, + F, VW) — Fu W IMW)) 6 — W IF, W as n— oo.

If v € §(L%0,1]), then choose ¢ € Ey, such that ||¢p — | < €/4(||F|loc + 1). Since
(faOVH( My + Fy )W) — fn(Wfll\ZW))gb converges to WLF,W¢, there exists N such that

[(faOV Y (M + F )W) = faOV I MW) = WIEW) || < €/2
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whenever n > N. Then for n > N by (6.3.1),

(o OV H( My + Fe W) — foWTLMW) = WEE W)Y
<N (faV UMy + F Y W) = faOVTIMW) = WEEW) 9|
F I fo VM + Fe )W) — fuWTLMW) = WEE W) (4 — )|

€ €
<=4+ 2|Fllc—T7——=
2+l H°°4(HFHoo+1)

<S4
2Ty~ ¢

Therefore f,(W=1(M; + F,YW) — f,(W=1MyW) converges strongly to W~ F,W. This can
also be shown using the dominated convergence theorem on (2, F,P). Hence in the strong

operator sense

lim B = R, + W' FW, Tim_ ™ =S, + WIEW,

lim G = S; +W'FW,  lim 6" = U

(n)

From [66, Proposition 5.1], we know that the regular quantum semimartingale (N, )o<i<1

satisfies the quantum Duhamel formula. Therefore

t
ePVe T =T+ /0 Eexp(ipN("))dA + Fexp(ipN("))dA + Gexp(ipN("))dAT + Hexp(ipN("))d87

where

; (n) 4 p(n) o oa(n)
— oP(Ns "+E;s ipNs
Eexp(ipN("))(s) = el ) —e )

. (n) . (n) (n)
ip(1—u)Ng n) jipu(Ng '+Es
Fopipnm)(s) = NS (e )du,

ip 1—U)Ns(n)H(n)eiPUNt(n)du
s

1
() =ip [ e
0
b () ()
Gexp(ipN("))(S) :ip/ eP(1—u)(Ns ™ +Es )ng) ipuN{" du
0
1
Heyp(ipn ) (5) —zp/ et

) / / uezp( —u)N Fs(n) ipu(1—v)(Ns "+ )G(n) ipuv dudv
0 Jo

To finish the proof we would like to apply Proposition 2.4.1 to show that for all ¢ € Eyy,

(/ exp(ipN () dA + Fexp(sz(”))dA + Gexp(ipN(”))dA +H xp(sz("))d‘S) ¢

converges to
</ exp(ipN) dA + Fexp(ipN) dA + Gexp(ipN) dAT + Hexp(ipN)d5> ¢
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The strong convergence of the integrands will only be shown for Fexp(ipN("))’ However the

arguments for the other integrands are very similar. We have
() o N ()
e 0PN E N ED | < [lpE | < (IS + (1 F ).
Operator multiplication is continuous on norm bounded sets for the strong operator topology
[11, Proposition 2.4]. Therefore for all ¢ € F(L?[0,1]),

lim peip(l—u)Nt(")Ft(n)eipu(Nt(n)—i—Et(n))¢ — peiP(1=uNe(g, 4 W—lﬁw\tw)eipu(Nt—i-Et-l—Ft)qb.

n—oo

Applying the dominated convergence theorem for Bochner integrals, we get

nll—>I20 Fexp(ipN(n)) (t)¢ = nh—{go Fexp(ipN) (t)qb

Similar arguments show that E,. Ny, Gexp(ipnm) and He, g,y converge strongly to

Eexp(ipN)s Gexp(ipn)y and Hegpipny respectively. Hence condition i) of Proposition 2.4.1 is
satisfied. Condition ii) is immediate in view of the fact that we are dealing with uni-
tary operators. Finally, since || Fogipnin) (1) + Goppnon Ol < [pI(1F™ ] + |G} and
| Hepipaveony 1 < Il QEL I+ [ E G using (6.3.2),

oxp
| Eexp(ipnm) (D) < 2 € L>0,1],
| F o ipne oy (8) + G ipneny (DI < ISl + 21 Flloo) € L2[0,1],
[ H expipney O < [Pl (U]l + 2] F | oo
+Sell? + 20 Sell[|Fllo + 1F13) € L[0,1].

Thus, conditions iii), iv) and v) of Proposition 2.4.1 are also satisfied. Therefore we can

conclude that for ¢ € Ep,,

i N ¢ = lm <I - /ot Eexp(ipn ) @A + Fop(ipnom)d4
+ C*Yexp(ipN("))dAT + Hexp(ipN("))d8> )
- <I + /Ot Eexp(ipN) A + Fexp(ipn) dA
+ GexpipnydAT + Hexp(ipmds> o.
By (6.3.5), we also know that for ¢ € Eyp,, lim,, eipNt(n)¢ = PNt therefore
ePNe — T 4 /0 t Eoxp(ipN)@A + Foxpipn) @A + Gexp(ipn) dAT + Hexpipn) ds,

and N = W-LMW + J satisfies the quantum Duhamel formula. O
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Corollary 6.3.2 If (W_IJ\//EW)OS,:Q and (J¢)o<t<1 are as above, (W_IJ\ZW—F Jt)o<t<1 sat-

isfies the quantum Ito formula.

Corollary 6.3.3 If W_l)/(\tW = At—i-At—}-AI and (Jt)o<t<1 is a reqular quantum semimartin-
gale, then (Wﬁlj(\tW + Ji)o<t<1 satisfies the quantum Duhamel and quantum Ito formulae.

PrOOF: This follows immediately from the above theorem, since X; = fg 1dX,, and 1 is a

real, bounded, predictable process. ]

Using the results obtained on perturbations of Poisson martingales, we can deduce an Ito
formula for the ‘compensated Poisson process with non-commuting drift’, an analogue of the

result [68, Theorem 1.1].

Theorem 6.3.4 Let (Ut)o<i<1 be a process of bounded, adapted, self-adjoint operators on
§+(L?[0,1]), belonging to L*([0,1],B(§+(L?[0,1]))). Define

t
Jp = / Usds,
0

and put Ny = W_ljf\tW + Ji. If f € CEH(R), then

loc
F(V) = £(0) + / (J(Ns+ ) — f(N.))dN,

+ [0+ D = 5N = £V (6.3.6)

t proo 1
+/ / ipf(p) (/ eP(1—u)Ns [Us,eip“NS]du> dpds.
0 J—oo 0

PrOOF: This is an application of Corollary 6.3.2, with R =S = S* = 0. (N¢)o<i<1 satisfies

the quantum Ito formula,

t
F(Ny) = f(0) + /0 EpnydA + FnydA + FfnydAT + Hpyyds,

where the integrands are those in the definition of the quantum Ito formula. From the defi-
nition, Eyn)(s) = f(Ns+ I) — f(Ns). By the spectral theorem [55, Theorem VIIL5 a)] (see
also [59, Theorem 13.24 b)]), for all ¢, r € R,

einS eir(Ns—i-[) _ ei(q—l—r)NS-l—irI'
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Therefore if ¢ € F4(L2[0,1]),
0 1 )
Frvy(s)o = / ipf(p) </ eZp(l_“)NseZp”(NSH)cf)du) dp
—00 0

(e’ 1
ipf(p)ePNs ( / eip“asdu) dp
00 0

o

F(p)(ePNFD — iPN) g

— —

—00

= (f(Ns +1) - f(Ns))¢
Therefore Fy(ny(s) = f(Ns+1)— f(Ns) and since f is real-valued F;(N)(s) = f(Ns+1I)—f(Ns).
By a similar argument to that above, we have

1
ipf(p) </0 eip(lu)Nseip“NsUsdu> dp.

<ﬂm+n—ﬂMM@:f”

—00

Thus, again arguing as for Fyn,

0o 1 )
Hpny(s) = / f(p) < /0 ezp(l_“)Ns[Usvelp“NS]dQ dp
+ (f(Ns“‘I) _f(Ns))Us+f(Ns+I) _f(Ns) _f/(Ns)'

Since dNg = dAs + dAs + dAL + Usds, substituting in Er(ny, Fr(ny, F}“(N) and Hyyy into the

quantum Ito formula gives the result. O

We remark that this argument cannot be generalised to N; = J; +W_1]\//.EW where (My)o<t<1
is the classical Poisson martingale associated with the process (F})o<¢<1, because we would
then require e’V and e (NeAWTTEW) 46 commute with W_lf’;W, which may not be the case.
When U, commutes with N, for example when Uy is a multiplication operator on L?(Q), the

formula (6.3.6) reduces to the usual Ito formula, since in this case [Us, e?"Ns] = 0.

6.4 Mixed quantum semimartingales

As mentioned, the perturbation result proved in the previous section also holds for Brownian
martingales. In this section we examine if this theorem holds if we perturb a Poisson martingale
added to a Brownian martingale. Let 1o : F4(L?[0,1]) — L?*(Qu, Fro,Pr) be the Wiener
interpretation of Fock space. If X is a complex random variable on (Q, Fr, Pr), we define
X to be the operator of multiplication by X on L?(0, Fro, Pro) (see Definition 3.2.3). If X
is real-valued then w1 X is a self-adjoint operator and f(mfl)?m) = mflji)?)m. Recall
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that if (F¢)o<t<1 is a bounded predictable process on (Qyw, Fr, Pr), then (m_lf’\tm)ogtgl is a
suitable quantum stochastic integrand and if we let M; = fg FsdWs, then from (1.0.1),

t
m‘lth:/ o Fw(dA, + dATD).
0

Theorem 6.4.1 Let (Fi)o<i<1 and (Fat)o<i<1 be real, bounded, predictable processes on
(Q,F,P) and (Qw, Fro, Pro) respectively. Define

My = /Ot Fi4dXs, Moy = /Ot Fs (dWs.
Suppose that the mized quantum semimartingale (My)o<t<1 given by
My = W MW + w0~ My o
_ /Ot W FL W(dA, + dA, + dAD) + /Ot v Fyaro(dA, + dAD),

is essentially self-adjoint with core Ey,. If J is a reqular self-adjoint quantum semimartingale
given by
t
Ji = / RydAg + SydAg + STdAl + Uds,
0

then Ny = M+ Jy is essentially self-adjoint with core Ey,, and N = (N¢|g,, : t € [0,1]) satisfies

the quantum Duhamel formula.

PrOOF: The proof follows that of Theorem 6.3.1, thus we shall only give an outline. We treat
W”]\/ﬂ\, WV and m*1A/42\, 0 separately. Since we are given that M; is essentially self-adjoint
with core Ey,, by the Kato-Rellich theorem M; + J; is also essentially self-adjoint with core
Ejp. Define functions f,, : R — R as in the proof of Theorem 6.3.1. Then as previously we

have
FaOWV M W) = /Ot(fn(Wl(Ml,s 4 FLW) — fu(W W) (dAs + dA, + dAD)
* /Ot<fn<W1<M17s + PLo W) = (W My W) ds
- /Ot WL WL (W My W))ds.

By the Ito formula for Brownian motion, and the representation of classical Brownian mar-

tingales as quantum stochastic integrals discussed above,
17 ! 177 Ly 1 170 )2 1yr
Jn(ro™ ' Ms 41v) :/ o By o f) (o Ml,sm)(dAerdAi)Jrg/ (™' Fy st0)* fr (0~ " Mo sto)ds.
0 0
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Thus (fn(W_IJV[:tW) + fn(m_I@tm))ogtgl is a regular quantum semimartingale. Let

E® = Ry + fuW™ (Mg + FLW) = fu(W L),

WM + FLTW) = fu W M W) + w07 oo f (0™ My ),
WM + Fi )W) = Fu(W ML) + 0 B gro f (10~ M o),
H™ = Uy + fuOV (Mg 4 FL W) — fo( WM W)

!

~ W R WEW T ML) + 5 (0 B o) (0™ My ).

Using (6.3.1), and the fact that |f/,| <1 and |f}]| < 1, we have
IES < RS + 1125
IES L, NG < NSl + 1 Fslloo + 1 Fsllocs (6.4.1)
1
IE ) < ([Us] + 21| Fslloo + 1250
As f, is bounded, if

t
N = / EMdA, + FMdA, + GMdAl + HMds,
0

then Nt(n) = fn(Wfll\/I-;tW) + fn(mfll\/i-g\,tm) + Ji, and (Nt(n))()gtgl is a regular quantum
semimartingale. From exactly the same arguments used in Theorem 6.3.1, in the strong
operator topology

lim PN = N fim (P ONVTVHE) (Nt Rt W EW) (6.4.2)
n—oo ’ n—oo ’

giving the strong measurability of the maps

(1) = 67V, (p, ) oo PNV,

We can also deduce that in the strong limit

lim E™ = R, + W' F, W, lim F™ = 8, + W FL,W + 0 By i,
n—o00 n—0o0

lim G\ = SF + W IR W+ Fw,  lim G =T,

n—0oo n— 00

Using the above and (6.4.1), we can apply Proposition 2.4.1 to obtain that for ¢ € Ey,

. ipN™ !
lim ePNi ¢ = <I + /0 Eexp(ipn) A + Foxp(ipn)dA

n—00
+ G(exp(ipN)d‘Al-r + Hexp(ipN) dS) ¢

Therefore from (6.4.2) we can deduce (N¢)o<¢<1 satisfies the quantum Duhamel formula. [
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Corollary 6.4.2 If (M;)o<t<1 and (Ji)o<i<1 are as above, (Mi+Ji)o<t<1 satisfies the quantum

Ito formula.

It should be noted that the assumption Wﬁll\/fz tW—I—mAMZ 1o is essentially self-adjoint with
core Ey, is required. This property does not automatically follow, even though each of the
operators which are added together do satisfy this property.

Examples of essentially self-adjoint mixed semimartingales for which the above result can
be applied do exist. If F; 3 = 0 or Fbs = 0, we obtain a classical Poisson or Brownian
martingale. Also if either My s or Ma , is bounded for each s € [0, 1] as a function on (€, F,P)
or (Qw, Fro, Pr), then the hypothesis of the theorem holds by Kato-Rellich. Another example
is obtained by taking Fy , =1 and F5 s = 1. Then on Ey,,

1
Aﬂ:m+%&+AD:%?h+&+AD

However from Section 3.5, we know that $A, + A, + AI and th /2 are intertwined by W2,
Since th/2 is essentially self-adjoint with core Ey,, the same is true of Ay + 2(A; + AI)

For a slightly less trivial example, consider the case when Fi s = 1 /271](3) and Fy, =

]].[071/2](5). Then
Ao A Al 0<t<i
Tl A A A Al L <<

The essential self-adjointness of M; for 0 < ¢ < 1/2 is immediate, since it corresponds to
multiplication by Brownian motion via the Wiener-Ito isomorphism. We can use Nelson’s
analytic vector theorem (see [55, Theorem X.39] or [70, Theorem 8.31]) to show self-adjointness
for 1/2 <t < 1. Note that

HAt‘L2[071}®?” <vn+1;
1AL o ez | € VR T;

1At 2p0 g2 | < 7.
If ¢ € L?[0,1]®+, then
I(Ae — Ay g + A + ADE|| < 45(n + ) 9.

Therefore

(A — Ayja + A + AE ¢H i n+k

k!
k=0 -0

1
(4th* < oo if Jt| < i
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Thus by Nelson’s analytic vector theorem Ay — Ay /9 + At + AI is essentially self-adjoint. Since
F+(L?[0,1])g0 is invariant under Ay — Ayjp + Ay + AI, by [55, Theorem 8.31 Corollary 2],
F+(L[0,1])oo is a core for Ay — Ay o + Ay + AI. Now Ey, € D(At — Ayjp + A + AI), and from
Lemma 3.3.4, Ey, is dense in D?2. Hence given ¢ € §1(L?[0,1])0o, there exists ¢,, € Ep, such
that ||[¢ — ¢n|| — 0 and [[(N + 1)(¢ — én)|| — 0 as n — oo. Consequently

1(Ar = Ay jg + Ar + AN (S — d)|| < 4N +1)(6 — )|

— 0 as n — oo.

Therefore Ey is a core for M;, and we can apply Theorem 6.4.1 to it.

We can also consider the case when Fi s = ¢; and Fo s = co — ¢1, where ¢1, co € R. Then
My = 1Ay + CQ(At + AI)

By a similar argument to that above, it can be shown that M; satisfies the hypothesis of
Theorem 6.4.1.
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