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Abstract

Based on the segmented disc dynamo proposed by H. K. Moffatt, we give out the hidden
chaotic attractors, which can show the imperfection in the dynamo model. In this paper.
control of hidden chaos in the model is investigated by Lyapunov based nonlinear feedback
controllers, sliding mode controllers and hybrid combination of them. Numerical simulations
on the comparative analyses are presented. Moreover, with the aid of ORCAD-Pspice and
oscilloscope, hidden chaos can be implemented by electronic circuit. Compared with the
phase portraits using MATLAB, the simulation results of the oscilloscope outputs verify the
effectiveness of electronic circuit design. Finally, in order to consider the effects of fractional
order, we analyze the fractional order chaotic system (FOCS) and consider its FPGA
implementation for the self-exciting homopolar disc dynamo. The results are helpful for us to
better understand the dynamics behavior of disc dynamos.

Keywords: Homopolar disc dynamo; Hidden attractor; Chaos control; Circuit application;
Fractional order chaotic system; FPGA realization.

1. Introduction

The research of chaotic systems is an important and yet difficult task in the disciplines of

nonlinear dynamics. The dynamical mechanism of chaotic attractors with unstable equilibria

can be applied to designing complex hyperchaotic attractors and communication encryption

(Rosa et al., 2000). From another perspective, Hidden periodic states arose in the analysis of
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Hilbert’s 16th problem on the number and location of limit cycles in systems with quadratic

nonlinearities (Hilbert, 1901). Hidden oscillations can be obtained as a natural feature in

electromechanical rotational models and electrical circuits (Sommerfeld, 1902; Blekhman et

al., 2007; Eckert, 2013).

Recently, In order to consider dynamical systems with polynomial nonlinearities,

oscillations and general issues of stability, etc., the idea of a “hidden attractor” was found in

the mid 20th century (Leonov and Kuznetsov, 2013). Hidden chaotic attractors or

hyperchaotic attractors have stimulated a lot of research interest (Jafari et al., 2013; Kiseleva

et al., 2016; Kuznetsov et al., 2015; Kuznetsov et al., 2016; Wei, 2011; Wei et al., 2016; Wei

et al., 2015; Wei and Yang, 2011; Wei and Yang, 2012; Wei et al., 2015). In comparison,

hidden chaotic attractors from nonlinear systems with a stable equilibrium, or a nonlinear

system without equilibria, are not easy to be localized because the attraction basin for the

hidden attractor does not intersect with any small neighborhoods of any equilibria (Leonov

and Kuznetsov, 2013; Leonov et al., 2015a; Leonov et al., 2015b; Leonov et al., 2012).

It was traditionally believed that chaotic motions were uncontrollable due to their extreme

sensitivity. Researchers frequently encounter chaos control in chaotic systems with

engineering background due to the sensitivity of chaos to initial values. The purpose of

control is to suppress chaotic motions, and drive them towards one of the system’s stable

steady states. Hubler (Hubler, 1989) showed that control of chaotic systems can be achieved.

Then, Ott et al. (Ott et al., 1990) introduced a chaos control method named OGY. Since these

pioneering studies, many researchers have paid attention to control of chaos, such as linear

feedback control (Yassen, 2005), nonlinear control (Nijmeijer and Berghuis, 1995; Fang et

al., 2000; Park, 2005; Chen, 2005; Pehlivan and Wei, 2012; Aghababa, 2014; Aziz and

Al-Azzawi, 2016), adaptive control (Vaidyanathan, 2012), sliding mode control (Yau et al.,

2000; Jang et al., 2000; Yau and Yan, 2004; Chang et al., 2008; Ablay, 2009; Motallebzadeh

et al.,2009; Kocamaz et al., 2009; Vaidyanathan, 2015), active nonlinear control (Li et

al.,2009; Vaidyanathan and Rasappan, 2011), passive control (Chen and Liu, 2010) and

backstepping design (Peng and Chen, 2008).

As mentioned in the work by Plunian (Plunian et al., 1998), dynamos will be usefull to

understand magnetic field generation and reversals in astrophysical bodies. The Bullard

model (Bullard, 1955), known mainly for its educational interest, presents the typical features

of a fluid dynamo. The conventional description of the one-disc dynamo has been shown to

be misleading from the fundamental point of view. H. K. Moffatt in 1979 (Moffatt, 1979)

proposed a self-exciting homopolar dynamo, which segmented the disc by insulating foils, in



such a way that the current is forced to flow radially, except in the neighbourhood of the

disc's rim, where it is azimuthal. The dynamo has not yet been completely well understood

because of the existence of hidden chaotic attractors, which is one of important features for

imperfect systems. Because hidden chaos is belong to one of the imperfect uncertain systems

(Fortuna et al., 2001; Fortuna et al., 2017), the goal of control engineering is to take suitable

feedback actions despite imperfections and uncertainties in the model for disc dynamo.

Our objective is to investigate control, electronic circuit application and fractional-order

analysis self-exciting homopolar disc dynamo in the paper. Well-known nonlinear based

controllers and sliding mode controllers are assigned for controlling the hidden chaos. In

order to view the hidden chaos in real time, we design an electronic circuit, and use an

oscilloscope in the re-scaled dynamo. Finally, fractional order self-exciting homopolar disc

dynamo and its FPGA implementation for the self-exciting homopolar disc dynamo are

analyzed.

2. Hidden attractors in self-exciting homopolar disc dynamo

2.1. System Description

Dynamo models have been established to discuss the generation of magnetic fields and

their reversals in astrophysics. Moffatt (Moffatt, 1979) extended the simplest self-exciting

Bullard dynamo to include radial diffusion of magnetic field, and obtained the segmented

disc dynamo model, which was written non-dimensionally as:

2

( )
(1 )

[1 (1 ) ].

x r y x
y mx m y xz
z g mx m xy

  
    
    







(1)

Here ( )x t and ( )y t denote the magnetic radial and azimuthal current distributions, ( )z t

is the angular velocity of the disc, and the dot denotes differentiation with respect to time; g

measures the applied torque, and r and m are positive constants that depend on the

electrical properties of the circuit.

From the following equations
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we can obtain two equilibria: 1E (-1, -1, 1) and 2E (1, 1, 1) . Linearizing the system (1) about

1,2E yields the following characteristic equation:

0. = λ + r)λ + m + (1 + gm)λ + (g + 2gr 32 (3)

Base on the Routh-Hurwitz criterion, 1,2E are both locally asymptotically stable if and only if

1 m or . 1, <
m-1
1)(mr m

2
 (4)

In order to consider hidden chaos in the self-exciting homopolar disc dynamo (1), we

firstly give out the comment from Prof. Moffatt: “When
m-1
1)(mr

2
 , it seems probable that

all trajectories tend to one of the two equilibrium points” (Moffatt, 1979). However, as we

know, multistability depends on the choice of initial conditions, as well as small changes in

parameters, so that a sudden transition can occur to a different attractor. Hidden chaos, called

one kind of imperfection, can actually exploited to reveal complex dynamics.

2.2. Hidden chaos

We now address multistability for Moffatt’ inequalities:

}. 1, <|){(
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2
 (5)

When r = 10, m = 0.75, g = 20, we can obtain chaotic attractor, which comes from the effects

of different choice of initial data.

(A) For initial values of (2, 2, 0.75), we obtain a hidden chaotic attractor with Lyapunov

exponents: 1L = 0.5145, 2L = 0.0000, 3L = -12.2685. It shows the coexistence of chaos with

stable steady states;

(B) When we choose initial conditions (1.5, 1.5, 0.75), chaotic attractors can not be

obtained and Lyapunov exponents: 1L = -0.0332, 2L = -0.0332, 3L = -11.6836.

The above Lyapunov exponents are calculated using Wolf’s method to run the orbit for a

time of 4e7 using a fourth-order Runge-Kutta integrator with an adaptive step size. They can

be obtained from a standard Gram-Schmidt reorthonormalization procedure, using a Jacobian

matrix (Wolf et al., 1985; Leonov and Kuznetsov, 2007; Govorukhin, 2004). Note that the

behavior of system (1) is very sensitive to initial values. A change in the initial values for x

and y lead to very different dynamics. Fig. 1 shows these two coexisting attractors, which

show orbit of system (1) will eventually evolve into either a stable steady state or a chaotic



attractor. This suggests there are still discoveries to be made towards a unified theory for

chaotic systems (Wei et al., 2017). In this following sections, we mainly focus on the control,

electronic circuit application and fractional-order analysis for the self-exciting homopolar

disc dynamo (1) .

3. Control for the self-exciting homopolar disc dynamo (1)

In order to drive the chaos of system (1) towards its equilibria control signals 1 2,u u and

3u are added to the x, y and z state variables of the system, respectively:
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We represent an equilibrium as ( , , )d d dx y z , and define perturbations about this state as error

states: 1    ,de x x  2    de y y  and 3    .de z z  Thus, the equations for the errors 1 2 3( , , )e e e

become:
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Since 0 dd xy , 0)1(  dddd zxymmx and 0)1(1 2  ddd yxmmx , the system

(7) can be simplified as
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Now we use different control methods to produce asymptotically stable states of system (8) at

the zero point.

3.1. Nonlinear Feedback Control

We introduce the Lyapunov function

)(
2
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3
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2

2
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for system (8), which is positive definite. Differentiating Eq. (9) with respect to time, one

has:
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There are many alternatives for the control signals in equation (10). Therefore, we set:
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Then, equation (10) becomes
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which vanishes at the equilibrium of system (8) and is negative definite as 0r .

Consequently, from Lyapunov’s direct stability method, error system (8) will converge to

zero asymptotically with the choice of controllers in Eq. (11). Hence, the control of the

self-exciting homopolar disc dynamo (6) is completed.

3.2. Sliding Mode Control

System (8) can be written as

,),,( uzyxAee   (13)

where

   
,

0)1()1(2
)1(

0























ddd

dd

xmgymmxg
xmzm

rr
A (14)

 
,

)1(

0
),,(

21
2
1

31




















eemmeg
eezyx (15)

and 1 2 3 [ ]Tu u u u . Basing on sliding mode control theory, the formula of the control signal

u is:

,),,( Bvzyxu   (16)

where B is a column vector and v is a control function (Vaidyanathan, 2015). For the purpose

of control, the matrix

 ACCBBI 1)(  (17)



must have all its eigenvalues in the left half plane. Here, I is the identity matrix, C is a row

vector and B = [0 1 1]T for ensuring that (A, B) is controllable (Vaidyanathan, 2015). It is easy

to know the controlled system will be globally stable for an appropriate choice C vector. To

make sliding mode control simpler to be completed, we take C = [1 -5xd 4]. Then, the sliding

surface s is given by

  321 45451 eexeexCes dd  , (18)

and the control function v is:
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where k and q are positive real control gains. Large values of k lead to chattering but will

decrease the time taken to approach the sliding surface; small values of q reduce chattering

but will increase this time of approach.

The control function v is acquired from Eq. (19) as
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Eventually, from Eq. (16), the required sliding mode control signals become
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We have therefore completed the control of the disc dynamo (6) with hidden chaos with the

sliding mode control signals via Eqs. (18), (20) and (21).

3.3. Hybrid Control

We now combine the nonlinear feedback control and sliding mode control methods in a

novel control strategy. The error system (8) is again considered. There are now two control

functions, so there are two alternative solutions, which we now describe.

Case A.

If the nonlinear controller 2u is taken as

),)(1()( 313313212 eeexmgeeexmeezrmu ddd  (22)

we obtain the error equations:
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Differentiating the Lyapunov function V with respect to time gives
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From Eq. (24), we can see that 2e is either zero or negative definite. Therefore, 2e will

converge to zero as t tends infinity. (23) can be simplified to
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Next we apply the sliding mode control and Eq. (25) can be expressed in matrix form:
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B is taken as B = [0 1]T. The sliding mode theory leads to the sliding surface
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The control function v is
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Afterward, the required sliding mode control signals become
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The controlled system (6) is thereby completed with a hybrid combination of nonlinear and

sliding mode control signals via Eqs. (22), (28) and (29).

Case B.

If the nonlinear controller 3u is taken as
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Again differentiating V with respect to time gives
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Eq. (32) shows that now 3e is zero or negative definite. Therefore, 3e will converge to zero

as t tends infinity. We obtain the error evolution equations:
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Next we apply the sliding mode control, and re-write Eq. (33) in matrix form:
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B is taken as B = [0 1]T. The sliding surface is
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while the control function v is
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Afterward, the required sliding mode control signals become
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This completes the analysis of the hybrid controlled system (6) with Eqs. (30), (36) and (37).

3.4. Numerical Simulations

As shown in Fig. 1, for r = 10, m = 0.75, g = 20, system (1) has hidden chaos. To

demonstrate the control of chaotic behavior in the dynamo, we used a fourth-order

Runge-Kutta scheme, and take a fixed time step of 0.0001 in numerical integrations. The

gains of the controllers are selected as k1 = 1, k2 = 1, k = 1 and q = 0.1.

When the controllers were activated at 15t  and 25,t  nonlinear feedback controllers,

sliding mode controllers and hybrid controllers are deployed for the control with initial

conditions (0.2, 0.2, 2). Simulations show evolution towards equilibrium 1E (-1, -1, 1) , as

shown in Figs. 2 and 3, respectively. For equilibrium 2E (1, 1, 1), the results are shown in

Figs. 4 and 5, respectively.

After activating the controllers, successful control of the system is seen for all signals and

methods, thereby, validating the theoretical analyses. In the simulations, the signal z generally



designates the effectiveness of overall control. When the control is activated, it is observed

with nonlinear feedback controllers around 5-6 times the period, sliding mode controllers

around 4-5 times the period, while the hybrid controllers in Case B at around 3-4 times

period, and the control is activated at twice the period with the hybrid controllers in Case A .

Therefore, the simulation results show that the proposed hybrid controllers in Case A produce

an improved performance in control time.

From the above control methods, we can know each of the nonlinear controllers mentioned

in the introduction has unique merits. But it is believed that a hybrid control approach may be

able to take advantage of several algorithms' benefits, and thus address the unique properties

and needs of the various magnetic bearing subsystems. In addition, the overall control

scheme would be divided into smaller subsystems, each of which may be easier to design

than a full-state, nonlinear controller for the entire system dynamics.

4. The electronic circuit implementation of 3D chaotic system (1)

To prevent electronic components such as operational amplifiers saturating, the variable

amplitudes are reduced by linearly re-scaling them (Akgul et al.,2016a; Akgul et al.,2016b;

Sundarapandian and Pehlivan, 2012; Pehlivan et al.,2014; Cicek et al.,2016; Kacar, 2016;

Cicek et al., 2016; Buscarino et al., 2011). Fig. 1 shows the x, y and z signals in the interval of

(-20, 30). The values for x, y do not require rescaling because their values fall within the

interval of (-15, 15). However, z has to be rescaled for real-time observations on the

oscilloscope.

Under the transform X = x, Y = y and Z = z/2, the self-exciting homopolar disc dynamo (1)

becomes:
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By using ORCAD-Pspice to design and implementing the electronic circuit on the

oscilloscope, we can obtain the schematic in Fig. 6, where the circuit comprises standard

electronic components such as resistors, capacitors, op-amps and multipliers.

We continue to choose the parameter values for the hidden chaos: r = 10, m = 0.75, g = 20

and initial conditions x(0) = 0.3, y(0) = 2.9, z(0) = 0.1. TL081 op-amps and Analog Device

AD633 multipliers are used, as well as resistors with R1 = R2 = 40 Kohm, R3 = 533.33 Kohm,



R4 = 288.5 Kohm, R5 = 20 Kohm, R6 = 600 Kohm, R7 = 5.33 Kohm, R8 = 2.28 Kohm, R9 =

R10 = R11 = R12 = 100 Kohm, and capacitors C1 = C2 = C3 = 1 nF, Vn = -15 V, Vp = 15 V are

chosen. Inputs to the AD633 multiplier IC are constrained to lie between -10V and +10 V.

The output voltage is the product of the inputs divided by 10 V. Real-time realizations of the

chaos were made using the electronic card shown in Fig. 7. The oscilloscope outputs of the

scaled system are shown in Figs.8, which shows consistent with corresponding plots from

MATLAB integrations in Fig.1. Therefore, it is effective for the electronic circuit design and

experiments.

5. Analysis of a fractional order chaotic system (FOCS) for the self-exciting homopolar
disc dynamo (1)

Self-exciting homopolar disc dynamo is one more dynamic system, which play significant

role to describe the generation of magnetic fields. With the application of fractional-order

systems, we will consider chaos in the homopolar disc dynamo of total order less than 3 in

this section.

Based on definition of the fractional-order differential operator, viz. Grunwald-Letnikov,

Riemann-Liouville and Caputo (Cicek et al.,2016; Zhou, 2014; Diethelm, 2010), we will

study the dynamical behavior of fractional order model of self-exciting homopolar disc

dynamo (1) by the Grunwald -Letnikov (GL) definition

0 00
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t q
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 , (39)

where a and t are limits of the fractional order system, ( )q
h f t is generalized difference,

h is step size and q is the fractional order.

The above equation (39) can be further modified as
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where the binomial coefficient

11j j
a qb b

j 
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 

. (41)

In order to calculate the fractional order system, we can use finite memory principal, where L

is the memory length and h is the time sampling.
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Therefore, the fractional order 3D chaotic system is derived as described:
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where 10, 0.75, 20r m g   and commensurate fractional order 0.997q  . The 2D phase

portraits of the FOCS system is shown in Fig. 9.

5.1. Dynamic analysis of the FOCS system (43)

Most of the dynamic properties of the FOCS systems like the Lyapunov exponents and

bifurcation with parameters are preserved in the FOCS system (Rajagopal et al.,2017d;

Rajagopal et al.,2017c) if 0.994iq  where , ,i x y z . In Fig.10, the bifurcation of the FOCS

system with parameter r for backward continuation can be obtained in red points. The red

points of bifurcation show that the FOCS system has multiple chaotic regions for parameter

r . The FOCS shows the highest Lyapunov exponent in the region 9 11.8r  . Two small

quasi chaotic regions can be seen for 11.8 11.83r  and 12.2 12.3r  , where the only

positive Lyapunov exponent becomes zero. The third chaotic region exists for12.3 13.5r  .

The FOCS system exists the chaotic region by inverse period doubling bifurcations. The

fourth chaotic region exists for the range 14.4 15.2r  and the FOCS system exits the

chaotic region via a second inverse period doubling.

Furthermore, we made some adjustments and tried forward continuation with initial

conditions (2, 2, 0.75) and found coexisting attractors. When r in (9,13), it is easy to see the

multistability and coexisting attractors in the fractional order system (blue part means stable

equilibrium, red part means chaos), shown in blue points in Fig.10. Fig.11 shows the

bifurcation of the FOCS chaotic systems for variation in fractional orders x y zq q q q   .

The largest positive Lyapunov exponent ( 1L =0.5516 ) of the FOCS appears when q=0.997.

When the fractional order q decreases, the FOCS systems starts losing its largest positive

Lyapunov exponent. When q ≤ 0.994, the chaotic behavior will not exist as the only positive

Lyapunov exponent of the system turns to a negative value.



Remark: It is found that the decreasing of the self-exciting homopolar disc dynamo

model’s order has great effect on the dynamics of this nonlinear system. the change of

fractional order has little effect on the bandwidth of frequency spectrum using the time

domain approximation method. According to the bifurcation analysis, the fractional order

disc dynamo system can show period bifurcation and chaotic attractors.

5.2. FPGA implementation of the FOCS system (43)

From subsection 5.1, fractional order self-exciting homopolar disc dynamo also present

hidden attractors depend on the parameters and order. Therefore, we consider to realize the

imperfection in real world applications in this section.

Let fractional order q=0.997 in system (43), we will discuss the implementation in FPGA

using the Xilinx (Vivado) System Generator (Rajagopal et al.,2017a; Rajagopal et al.,2017b;

Rajagopal et al., 2017d; Rajagopal et al., 2017c; Tlelo-Cuautle et al., 2016; Wang et al., 2016;

Dong et al., 2016; Tlelo-Cuautle et al., 2015a; Rashtchi and Nourazar, 2015; Tlelo-Cuautle et

al., 2015b; Xu et al., 2016). Here we implement the integrators using the mathematical

relation (Chen et al., 2004) and the value of time sampling interval h is taken as 0.001

seconds in (42). The initial conditions are fed in to the forward register. As we know, the

results on FPGA is directly related to the number of threads and its performances, therefore

FOCS system (43) with fractional order taken as q=0.997 will be designed as four parallel

threads (Rajagopal et al.,2017d). Fig. 12 shows the RTL schematics of the FOCS system.

Fig.13a and 13b shows the power utilization and power consumption for various fractional

orders, table I shows the resource consumption. Fig 14 shows the 2D phase portraits of the

FOCS system.

6. Conclusion

In this paper, we investigated the control of dynamics in a simplified three-dimensional

self-exciting homopolar disc dynamo, which can exhibit hidden chaos and coexisting

attractors without unstable equilibria. The control of chaotic system with only stable

equilibria can be achieved by means of nonlinear controllers, sliding mode controllers and a

hybrid combination of them. Based on the Lyapunov stability and sliding mode control

theories, the conditions for asymptotic stability of the steady states are provided theoretically.

An electronic circuit of the rescaled system is implemented using the ORCAD-PSpice

program. Numerical simulations validated the theoretical analyses. A fractional order model



of the self-exciting homopolar disc dynamo is derived and implemented in FPGA. Power

efficiency analysis for various fractional orders are derived and it is shown that the fractional

order disc dynamo system can show period bifurcation and chaotic attractors. Such analysis

about imperfection for the suitable physical example will form the basis of more systematic

studies of hidden chaos in a forthcoming study.
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Figure 1. Phase portraits of system (1) with r = 10, m = 0.75 and g = 20. Case A: for initial
values (2, 2, 0.75), Case B: for initial values (1.5, 1.5, 0.75).



Figure 2. Time series of controlled self-exciting homopolar disc dynamo for E1(–1, –1, 1)
when the controllers are activated at t = 15 with (a) Lyapunov based controllers, (b) sliding
mode controllers, (c) hybrid controllers – case A, (d) hybrid controllers – case B.
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Figure 3. Time series of controlled self-exciting homopolar disc dynamo for E1(–1, –1, 1)
when the controllers are activated at t = 25 with (a) Lyapunov based controllers, (b) sliding
mode controllers, (c) hybrid controllers – case A, (d) hybrid controllers – case B.
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Figure 4. Time series of controlled self-exciting homopolar disc dynamo for E2(1, 1, 1)
when the controllers are activated at t = 15 with (a) Lyapunov based controllers, (b) sliding
mode controllers, (c) hybrid controllers – case A, (d) hybrid controllers – case B.
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Figure 5. Time series of self-exciting homopolar disc dynamo for E2(1, 1, 1) when the

controllers are activated at t = 25 with (a) Lyapunov based controllers, (b) sliding mode
controllers, (c) hybrid controllers – case A, (d) hybrid controllers – case B.
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Figure 6. The electronic circuit schematic of the scaled hidden chaotic attractor.



Figure 7. The experimental circuit of the hidden chaotic attractor.

Figure 8. The phase portraits of scaled chaotic system with r = 10, m = 0.75 and g = 20 on
the oscilloscope outputs.
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Figure 9. 2D phase portraits of FOCS system (43) for 10; 0.75; 20r m g   and
commensurate fractional order 0.997.q 

Figure 10. Bifurcation of the FOCS system (43) with parameter r . Red shows backward
continuation and blue shows forward continuation .



Figure 11. 2D phase portraits of FOCS system for fractional orders .x y zq q q q  

Figure 12. RTL schematics of FOCS system (43).
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Figure 13. (a) Power utilized and (b) Power utilization vs fractional order of FOCS system (43).

Figure 14. 2D phase portraits of the FPGA implemented FOCS for fractional order
0.997.q 



Table I: Resource utilization of FOCS system (43).

Resource Utilization Available Utilization
%

LUT 725 101400 0.71
FF 192 202800 0.09
DSP 20 600 3.33
IO 97 285 34.04
BUFG 1 32 3.13


