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We devise tractable models of unitary quantum many-body dynamics on tree graphs, as a first step
toward a deeper understanding of dynamics in non-Euclidean spaces. To this end, we first demonstrate how
to construct strictly local quantum circuits that preserve the symmetries of trees, such that their dynamical
light cones grow isotropically. For trees with coordination number z, such circuits can be built from z-site
gates. We then introduce a family of gates for which the dynamics are exactly solvable; these satisfy a set
of constraints that we term “tree-unitarity.” Notably, tree-unitarity reduces to the previously established
notion of dual-unitarity for z = 2, when the tree reduces to a line. Among the unexpected features of tree-
unitarity is a trade-off between “maximum butterfly velocity” dynamics of out-of-time-order correlators
and the existence of nonvanishing correlation functions in multiple directions, a tension absent in one-
dimensional dual-unitary models and their Euclidean generalizations. We connect the existence of (a wide
class of) solvable dynamics with nonmaximal butterfly velocity directly to a property of the underlying
circuit geometry called δ-hyperbolicity, and argue that such dynamics can only arise in non-Euclidean
geometries. We give various examples of tree-unitary gates, discuss dynamical correlations, out-of-time-
order correlators, and entanglement growth, and show that the kicked Ising model on a tree is a physically
motivated example of maximum-velocity tree-unitary dynamics.
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I. INTRODUCTION

The emergence and ongoing development of experimen-
tal platforms with precise control over quantum degrees
of freedom has paved the way for detailed investigation
into out-of-equilibrium quantum systems. These platforms
include both analog devices such as ultracold atom simu-
lators [1], Rydberg arrays [2], and trapped-ion devices [3],
as well as digital platforms such as superconducting qubit
arrays [4,5] where discrete operations may be performed
on sets of qubits. Such digital platforms raise new funda-
mental questions about the nature of many-body quantum
dynamics under discrete local gates [6], both regarding
novel universal phenomena that may appear, and their util-
ity in describing more general out-of-equilibrium dynam-
ics. Discrete time evolution in the form of “brickwork
quantum circuits” has gained intense attention as a min-
imally structured model for unitary dynamics generated
by local interactions [7–10]. These brickwork models can
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be used to gain theoretical insight into universal aspects
of many-body dynamics, and are tailor-made for quan-
tum simulation, being natively realized in digital quantum
computing setups.

Analytically studying the properties of such models is
challenging. Currently, two main approaches have allowed
theoretical progress to be made by simplifying this prob-
lem. In the first, randomness is introduced and the focus
is shifted to ensemble-averaged dynamics rather than any
specific realization; such averaging often allows for an
effective description in terms of classical degrees of free-
dom [7–9]. This approach has proven to be highly success-
ful in understanding the dynamics of operator scrambling
and entanglement spreading as well as phase transitions
in these phenomena induced by repeated measurements
(for a recent review, see Ref. [10]). A second approach is
to identify classes of models with special properties that
enable analytic treatment. Dual-unitary circuits are a prime
example [11,12], where the discreteness of both space and
time can be used to realize dynamics that possess uni-
tarity in both the space and time directions. Dual-unitary
brickwork dynamics are both provably quantum chaotic
and exactly solvable, and through the study of these
models many of the insights from random circuits could
be demonstrated to extend to more structured settings.
For instance, dual-unitarity has enabled exact calculation
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FIG. 1. (a) A coloring of the z = 3 tree with three colors. A given circuit realization may apply unitaries in, e.g., the ordering orange,
blue, green. (b) The corresponding time-evolution operator for six layers (two full periods). The colored rectangles correspond to the
2-site unitary gates, which need not all be identical. (c) The light cone for a circuit constructed by z layers of 2-site unitary gates is
strongly asymmetric. Here, we highlight how an operator initially at the root will spread upon application of layers in the order orange,
blue, green. Along a given path, the motion appears as a sequence of steps which may be either “fast” (occur immediately) or “slow”
(occur after an additional time step).

of the dynamics of correlation functions [12,13], entan-
glement [11,14,15], out-of-time-order correlators [16,17],
deep thermalization [18–21], and Hilbert-space delocal-
ization [22]. Dual-unitary circuits have also been realized
experimentally in various quantum computing platforms
[23–25]. Since the discovery of dual-unitarity, further
examples of solvable dynamics have been found, such as
triunitarity and round-a-face circuits involving 3-site oper-
ators [26–28], in circuits with (2 + 1)D square lattices
[29,30], and in (1 + 1)D nonsquare lattices with different
space-time symmetries, leading to hierarchical extensions
of dual-unitarity [31–36].

While most work in these directions has focused on
standard Euclidean geometries, the versatility of quan-
tum devices has now reached a level where this is not
a necessary restriction [37–42]. In fact, implementing
non-Euclidean geometries may be highly beneficial. For
example, they potentially allow the implementation of
quantum error-correcting codes with far lower overhead
[43–47] and, from a more physical perspective [48,49],
have been shown to host unique dynamical and thermody-
namic phases of matter [50–55]. Quantum states defined
on hyperbolic geometries and constructed out of perfect
tensors have also been proposed as minimal models for
holography [56–59]. Among non-Euclidean lattice geome-
tries, one of the simplest is that of the Cayley tree. The
absence of loops has made trees a fruitful source of ana-
lytically solvable statistical mechanics models [60,61],

which can be strikingly different from their Euclidean
counterparts [62].

Non-Euclidean lattice geometries explicitly break the
symmetry between space and time, such that it is not clear
if and how they support a notion of space-time duality.
Additionally, the exact solvability of dual-unitary circuits
is underpinned by the notion of an operator propagating
in a unique “maximum-velocity” direction [16], where the
more complicated geometry of non-Euclidean lattices typ-
ically gives rise to an exponentially growing number of
such directions. The corresponding difficulty of simulat-
ing the quantum dynamics due to this rapid growth further
motivates the study of exactly solvable models of many-
body dynamics on tree geometries, the focus of the present
work. Before proceeding to a summary of our results, a
word of clarification is in order: many existing results
on dynamics on trees [61,63–66] invoke a treelike ten-
sor network structure of space-time. In contrast, here we
exclusively consider the setting where only the spacelike
direction is a tree: in other words, the tensor network for
the time evolution over discrete time t consists of t tree-
like time slices, with local unitary gates acting between
time slices [see, e.g., Fig. 1(b) or Fig. 2(b)]. This more
closely resembles the kind of evolution we might imagine
implementing on a quantum simulator with flexible spa-
tial connectivity, and which would apply in the physical
setting of expander-graph constructions of quantum codes.
An intuitive and vivid description for our construction,
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FIG. 2. (a) A coloring of the z = 3 Cayley tree into two sets of
3-site unitaries. (b) The corresponding time-evolution operator
for three layers (1.5 full periods). (c) The light cone for a circuit
constructed by two layers of z-site gates generates a symmetric
light cone, here highlighted in gray.

reflected in our title, is that we work in “tree + 1” dimen-
sions, with the extra, nontreelike dimension being time
[67]. Such a “graph + 1” structure also appears when using
a code on a given graph as a quantum memory, with the
time direction arising from the need for repeated (noisy)
syndrome measurements, although in this case the prob-
lem on the resulting geometry is a classical statistical
mechanics model rather than a quantum dynamics one
[68,69].

Since brickwork structures have provided rich insights
into local unitary dynamics in the Euclidean context,
we begin by extending the concept to the Cayley tree.
A naïve generalization of the notion of brickwork cir-
cuits in terms of 2-site unitary gates gives rise to highly
anisotropic dynamics (Sec. II). Instead, we show that for
a tree with coordination number z, a brickwork struc-
ture in terms of z-site gates should be deployed in order
to recover isotropic dynamics (Sec. III A). For the corre-
sponding z-site gates, the notion of dual-unitarity can then
be extended, despite the lack of clear space-time dual-
ity, to a notion that we dub “tree-unitarity,” where the
tree geometry results in different space-time isometries
(Sec. III B). Dual-unitarity can be realized through kicked
Ising dynamics on a one-dimensional lattice, and kicked
Ising dynamics on the tree geometry realizes tree-unitarity
(Sec. III C). More generally, for z = 2, tree-unitary cir-
cuits reduce to the familiar dual-unitary brickwork circuits.

In both dual-unitary and tree-unitary models, the dynam-
ical correlation functions are restricted to the edge of a
causal light cone (light tree), where they can be exactly
calculated using a quantum channel approach (Sec. IV A).
Out-of-time-order correlation functions (OTOCs) can be
similarly characterized, although tree-unitary circuits no
longer automatically exhibit the ballistic spreading with
maximal butterfly velocity that is characteristic of dual-
unitary circuits (Sec. IV B). Tree-unitarity does result in
maximal entanglement growth, where for specific initial
states and subregions, the subregion entanglement grows
exponentially before saturating at the maximally mixed
value (Sec. IV C). We then argue that the non-Euclidean
geometry is crucial in obtaining solvable dynamics without
maximal butterfly velocity (Sec. V). A maximal butterfly
velocity is recovered upon imposing additional constraints
on top of tree-unitarity, which also imply that dynami-
cal correlations along any nonmaximal-velocity direction
vanish identically (Sec. VI). In this way, these models we
introduce highlight the features of operator spreading that
are particular to the tree geometry, including the prolifera-
tion of different paths, the exponential growth of subsystem
entanglement, and the trade-off between maximal butter-
fly velocity and nonvanishing correlation functions. We
conclude with a discussion and outlook (Sec. VII).

II. MOTIVATING THE z-SITE UNITARY CIRCUIT
CONSTRUCTION

In this section we will sketch an (ultimately unsatisfac-
tory) attempt to construct unitary circuits on the Cayley
tree by using 2-site unitary gates in a “brickwork” con-
struction. This initially may seem the most natural way to
lift the ideas of dual-unitarity to the tree setting. However,
as we show below, any unitary circuit built from 2-site
gates on a tree will necessarily involve several pathologies.
Ultimately, these are linked to the necessity of choosing
a sequence in which to apply the z possible 2-site gates
at each node, which breaks an extensive number of tree
symmetries. The origins of the issue are already visible in
the (1 + 1)D brickwork setting, where the 2-site decompo-
sition necessarily breaks the symmetry between even and
odd sites on the lattice. This is exponentially magnified in
the tree setting, since there is a sequence choice to be made
at each node. The end result is a highly anisotropic “light
cone” on the tree: the time taken for correlations to spread
to different sites at a fixed depth from a given site depends
strongly on the specific sequence of steps taken to reach
that site, and the resulting order of application of unitaries,
violating the (large) set of symmetries of the tree.

To see this more concretely, consider such a 2-site
unitary construction applied to the z = 3 Cayley tree in
Fig. 1(a). We color the bonds of the tree such that no bonds
of the same color share a vertex, which prescribes a par-
ticular sequence of application of 2-site gates. One such
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coloring is shown in Fig. 1(a), in which we apply 2-site
gates to the orange, blue, and green bonds in sequence, as
shown in Fig. 1(b).

Under such a brickwork unitary evolution, an opera-
tor initially localized to a single site spreads as shown in
Fig. 1(c). To simplify the picture, we only draw the tree
and the gates, and highlight by dark shading the possible
support of the operator as it evolves. Since z = 3, for any
step except for the first, there are two “forward” directions
in which the operator could spread (for the first step, there
are three choices). Since different forward directions by
construction have different colors, the forward propagation
under the unitary evolution occurs first in one direction,
then the other.

Since such choice occurs at each vertex, any path
between two vertices is characterized by a sequence of
“fast” or “slow” steps. In a fast step the support grows
immediately along the path, while in a slow step the front
waits for one time step before progressing. Consequently,
a brickwork construction necessarily produces a highly
asymmetric “light cone” (i.e., the boundary of operator
support at any time that is consistent with unitarity of all
gates), and in particular the existence of a unique “fastest”
path. The fastest path is defined by the sequence of sites in
the operator support that are farthest from the origin at any
given time t.

For brickwork circuits in one dimension, the light cone
spreads with the same speed in both directions, with a
small anistropy based on the fact that in the very first step
an operator either propagates to the left or right depending
on whether it is associated with an even or an odd site. For
higher but still finite dimensions, the situation is slightly
more involved, but the light cone nevertheless typically
retains the discrete symmetry of the lattice, or a subset
thereof. For example, 2-site brickwork unitary evolution
on the square lattice entails distinguishing “fast” paths
between the original site and the corners of the “light pyra-
mid” and slower paths to its perimeter, but preserves the
four-fold rotational and two-fold mirror symmetries of the
lattice. This should be contrasted with the tree setting: if we
consider the “root” of the tree to be at the position of the
operator at t = 0, then demanding isotropy under the tree
symmetries imposes the much more stringent constraint of
a uniform operator front at a given depth (possibly up to
small differences based on the starting site). Evidently, this
is violated by the 2-site brickwork evolution, where the
anisotropy occurs on the light cone.

While a fundamental property of any unitary brick-
work construction involving 2-site gates, the consequences
of this anisotropy are particularly severe for dual-unitary
gates. This naïve generalization of dual-unitarity to the tree
setting exhibits various somewhat pathological features.
The resulting dynamics may be summarized as follows
(details are provided in Appendix F for the interested
reader):

(i) Two-point correlation functions vanish everywhere
except on the light cone in the direction of the
unique fastest path.

(ii) In the fastest direction, operators spread at the max-
imum velocity allowed by unitarity.

(iii) In other directions, operators do not spread at the
maximum velocity allowed by unitarity.

(iv) The entanglement dynamics can be calculated
exactly for special initial states; in such states, the
entanglement entropy of a subregion of “radius”
r grows as S(t) = (z − 1)r + 2(z−1)r

z−2 [1 − (z − 1)−t],
saturating at time t = r.

While possibly interesting in their own right, these results
highlight that such an extension of dual-unitarity is not par-
ticularly appealing, especially from the symmetry perspec-
tive. Therefore, it is clearly desirable to identify a different
generalization of the brickwork construction and of dual-
unitarity that preserves more of the symmetries of the tree.
In the remainder of this paper, we address this question
by introducing the distinct notion of “tree-unitarity,” and
exploring its consequences.

III. z-SITE UNITARY CIRCUITS AND
“TREE-UNITARITY”

From the results of the previous section, it is clear that
the coordination number of the tree should be directly
reflected in the choice of unitary gates. In this section, we
introduce a different approach to unitary dynamics on trees
based on groupings of z-site operators, which presents a
more natural generalization of circuit dynamics (both uni-
tary and dual unitary) to the tree setting. In other words,
the “natural” Trotterization of unitary dynamics on trees
involves 2-colorings of the tree into z-site gates, rather
than z-colorings into 2-site gates. Extensions of dual-
unitarity can be formulated for these circuits in a direct
way, and we will identify the necessary set of conditions
leading to the analogous property, which we dub “tree-
unitarity.” Imposing these conditions results in solvable
dynamics of correlation functions, OTOCs, and entangle-
ment, while avoiding the pathological behavior highlighted
in the preceding section.

A. Isotropic unitary dynamics on trees

As a first step, recall that the conventional brickwork
Trotter decomposition in one dimension separates the uni-
tary evolution into gates acting on even and odd bonds. In
the same spirit, for dynamics on a tree we can identify two
“layers” of the time evolution by decomposing the bonds
of the tree into two sets [70].

To do so, we iteratively “grow” a 2-coloring of the
edges of the tree into green and orange sets [Fig. 2(a)]
by alternating between odd and even steps as follows. In
an odd step, we consider each vertex on the boundary of
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the 2-colored region, and ensure that exactly one of its z
neighbors is green and the remaining z − 1 are orange. In
an even step, we do the converse, i.e., ensure that exactly
one of the neighbors is orange and the remaining z − 1
are green. Iterating this procedure generates a 2-coloring
of the tree edges that partitions it into clusters of z ver-
tices connected by edges of the same color, such that every
vertex (in the finite case, every vertex that is not a leaf of
the tree) belongs to exactly two clusters of opposite color.
We can then apply z-site unitary gates to all the clusters
of a given color in one time step, and then apply them to
clusters of the opposite color in the next time step, thereby
directly generalizing the 2-layer unitary circuits from one
dimension to the tree setting.

We now show that this decomposition into z-site uni-
taries leads to an isotropic light cone, with the same
velocity in any direction, up to a possible correction of
a single time step (similar to the odd-even anisotropy in
one dimension). Specifically, we prove that the number of
time steps ti→j for an operator initially localized at site i to
spread to site j satisfies the inequality

ri, j − 1 ≤ ti→j ≤ ri, j + 1, (1)

where ri, j is the graph distance between i and j .
To see this, first observe that there is a unique path that

connects i and j on the tree; the 2-coloring of the graph
edges then induces an edge coloring of this path. Given our
layered unitary construction, at any time step the operator
front can advance from its current site to any site linked to
it by (one or more) edges of the same color. Thus, depend-
ing on whether the first gate applied is the same or opposite
color as the first edge of the path, we see that ti, j = nc or
ti, j = nc + 1, where nc is the number of edge color changes
in the path, and the offset in the second case captures the
need to wait for a single time step at the outset before
the front starts moving. To determine nc, we can take the
two sites to be part of some rooted tree, as illustrated in
Fig. 3; this can always be done without loss of generality
assuming a sufficiently large system. The 2-coloring then
guarantees that each z-site cluster has one site at depth d
and z − 1 sites at depth d + 1 relative to this root. Now,
any path between two sites i and j at a fixed distance
ri, j = r from each other involves r+ steps “upward” toward
the root and r− steps “downward” toward the leaves, with
r+ + r− = r. Evidently, paths with r+ = 0 or r− = 0 never
“turn away” from the root, and it is straightforward to see
that the edges along such paths strictly alternate between
colors, so that nc = r. The only other possibility is that the
path turns exactly once; in this case, the two edges adja-
cent to the turning vertex are of the same color, and the
rest strictly alternate as before, so that nc = r − 1. Com-
bining the results for nc with those for ti→j , we arrive at
the inequality in Eq. (1).

1i

j

j

j

2

3

FIG. 3. For a pair of nodes i, j separated by a fixed graph dis-
tance, the path joining them can turn away from the root at most
once. The time taken for an operator to spread from i to any pos-
sible j at fixed distance can therefore differ by at most two time
steps. To the right side of the tree, we also show the labeling
convention for the legs of a z = 3 gate on the tree.

B. Tree-unitarity

For brickwork circuits, imposing additional unitarity
constraints such as dual-unitarity has given rise to a wealth
of solvable models. Here, we extend these notions to
dynamics on trees. Focusing again on z = 3 for concrete-
ness, where extensions to arbitrary z are direct, we consider
unitary 3-site gates which we graphically represent as

(2)

Introducing a “folded” notation (the graphical equivalent
of the operator-to-state mapping), we can write the super-
operator that implements unitary conjugation by U and
U † as

(3)

Unitarity can then be graphically represented via

(4)

and

(5)

This folded notation will prove to be convenient when
describing operator dynamics.
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In order to extend dual-unitarity to the Cayley tree and
obtain solvable dynamics, we consider gates that satisfy
the additional properties

(6)

with q the dimension of the local Hilbert space and z = 3
in this example. These constraints can be extended to more
general z, in which we trace over z − 1 pairs of sites and
require that we obtain a term proportional to the identity.
We denote this set of conditions tree-unitarity.

Expressed in the components of U, these conditions read
∑

ijlm

U ijk
lmn(U

†)lmc
ijf =

∑

ijlm

U jki
mnl(U

†)mcl
jf i

=
∑

ijlm

U kij
nlm(U

†)clm
f ij = qz−2δk

f δ
c
n. (7)

As will be shown in the next section, tree-unitarity results
in dynamics that exhibit the same qualitative behavior as
for dual-unitarity, in that, strikingly, all dynamical correla-
tion functions vanish everywhere except on the edge of the
causal light cone.

The conditions are qualitatively similar to dual-unitarity,
but the tree structure results in some crucial differences.
The conditions from Eq. (6) impose that the unitary gates
are isometries from the composite Hilbert spaces corre-
sponding to any pair of opposite legs to the remaining
2(z − 1) legs [71]. This is to be contrasted with the dual-
unitarity condition for 2-site gates, where the single addi-
tional condition is that of unitarity; for z-site gates with
z > 2, the z additional conditions are necessarily modi-
fied to isometries. Dual-unitarity is explicitly recovered
for z = 2. For z > 2, tree-unitarity imposes z independent
isometric constraints, whereas for z = 2, the two unitary
constraints are equivalent.

It is natural to ask if and how tree-unitary gates
can be constructed for different coordination numbers z
and local Hilbert-space dimensions q. Numerically, tree-
unitary gates can be constructed through an extension
of the algorithm proposed in Ref. [72] for the construc-
tion of dual-unitary gates, as detailed in Appendix A. A
numerical estimation of the dimension of the manifold of
tree-unitary gates using the approach of Ref. [27] suggests
that, for 3-site gates with q = 2, tree-unitary gates form
a 37-dimensional space. This dimension is substantially
smaller than that of the space of 3-site unitary operators on
qubits, which has dimension 64, but nevertheless is a large
parameter space containing a range of interesting behavior.

For z = 3, the triunitary gates introduced in Ref. [26]
can be deformed into 3-site tree-unitary gates (see
Appendix B 3). However, gates constructed this way are

nongeneric (in a sense made precise in Sec. VI), with tree-
unitarity gates presenting a much broader class, and are
furthermore not restricted to z = 3.

C. Kicked Ising model

A particular tree-unitary circuit can be obtained by con-
sidering kicked Ising dynamics. The self-dual kicked Ising
model (KIM) is a paradigmatic realization of dual-unitary
dynamics [11,18,21,73–75] and can be directly extended
to the Cayley tree. While the resulting gates do not exhaust
the full space of tree-unitary gates, and are in some aspects
nongeneric, this model serves to both highlight that tree-
unitary gates can be constructed for any coordination num-
ber z, and introduces a circuit that is naturally realized in
(Hamiltonian) Floquet dynamics.

We motivate this construction by first considering Flo-
quet dynamics on a Cayley tree, with every vertex sup-
porting a spin-1/2 degree of freedom. The dynamics under
a classical Ising Hamiltonian HI are periodically alternated
with a transverse kick HK , where

HI = J
∑

〈i, j 〉
σ z

i σ
z
j +

∑

i

hj σ
z
j , HK = b

∑

j

σ
y
j . (8)

Here, the Ising interaction acts on neighboring sites 〈i, j 〉,
J and b are the Ising interaction strength and the trans-
verse kick strength, respectively, and σαi with α ∈ {x, y, z}
are the Pauli matrices. {hj } describes a (possibly inhomo-
geneous) longitudinal field. The dynamics after t periods
can be written as

U(t) = (
e−iHK e−iHI

)t , (9)

where we have absorbed all time scales into the couplings
in HI and HK . When restricted to a one-dimensional lat-
tice, these dynamics can be recast as a dual-unitary circuit
at the parameter values J = b = π/4 [76]. On the Cayley
tree, it is now possible to recast these dynamics as a tree-
unitary circuit. Introducing 2-site Ising gates and 1-site
kicked gates as

I12 = e−iJσ z
1σ

z
2−i(h1σ

z
1+h2σ

z
2 )/2, K = e−ibσ y

, (10)

we can identify the dynamics with a unitary circuit gen-
erated by arranging z-site gates according to the geometry
shown in Fig. 2. The constituting gates are of the form

U =
z∏

〈i, j 〉
Iij

z∏

j =1

Kj

z∏

〈i, j 〉
Iij , (11)

where the Ising gates act on all neighboring lattice sites
inside the cluster of z sites. These gates satisfy the tree-
unitary property [Eq. (6)] for the dual-unitary parameters
|J | = |b| = π/4. Note that U reduces to a Clifford gate if
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hj = Zπ/8, ∀j ; this fact allows for numerical simulations
of tree-unitary dynamics for large system sizes.

It is easiest to see that gates of this form satisfy tree-
unitarity using the graphical tensor network language of
Refs. [18,21]. By introducing the building blocks

(12)

we can write the Ising and kick terms as

(13)

In terms of these, the z = 3 gate in Eq. (11) can be
graphically represented as

(14)

where we have suppressed writing the phases in the δ-
tensors. Similarly, the z = 4 gate is

(15)

In proving identities such as tree-unitarity, it is useful to
note that in the folded representation,

(16)

Using these, we can show that the KIM satisfies tree-
unitarity as follows:

(17)

This derivation directly extends to the remaining tree-
unitary conditions and arbitrary z.

In Fig. 4 we explicitly show how one passes from a ten-

(a) (b)

FIG. 4. (a) Kicked Ising model (KIM) on the z = 3 tree in full
tensor network form. (b) Up to a boundary layer of unitary gates,
the KIM tensor network can be regrouped into identical z-site
gates in a 2-layer circuit structure. Here, orange and green indi-
cate the two layers of the circuit, corresponding to Fig. 2. Two
complete gates in this section of the network are shaded orange
and green, respectively.

sor network written in terms of kicks and Ising phases to
a brickwork structure written in terms of z-site gates (up
to a unitary transformation at the initial and final time,
which does not change the bulk dynamics). A key point
that enables the grouping of kicks and Ising gates into com-
pound z-site gates is that during a single period each site
experiences a kick followed by Ising interactions with all
z neighbors. Since the latter commute, these can be real-
ized in any order. This rewriting of the KIM as a z-site
brickwork circuit offers further motivation for the consid-
ered circuit structure. Making the transition to z-site gates
allows us to identify how the solvability of the KIM in
this geometry arises from the tree-unitary properties of the
individual gates; these constraints in turn allow us to move
beyond the single example of kicked Ising dynamics and
consider a much broader class of models.

This grouping is not unique. It is also possible to iden-
tify the kicked Ising dynamics with 2-site gates, with layers
forming a z-coloring of the circuit and using two differ-
ent types of gate (either Ising phases or Ising phases with
kicks). The important difference relative to the grouping
in terms of z-site gates is that the resulting circuit has in
a physical light cone that, while isotropic, only grows at
the rate of the “slow” steps, and which therefore lags the
geometric light cone identified in Sec. II. This difference
is due to the fact that different 2-site Ising gates in this
decomposition commute. In other words, while it is pos-
sible at a technical level to write the KIM in terms of
2-site gates with correlations spreading isotropically, the
resulting dynamics are unnatural as they lead to a discon-
nect between the physical and geometric light cones. The
isotropy then also relies on fine-tuned properties of the 2-
site gates for the KIM: for generic 2-site gates, the light
cone would be anisotropic as shown in Sec. II. This obser-
vation further underscores the importance of our z-site gate
construction to obtaining isotropic light cones for generic
choices of unitary gates in a tree + 1 circuit.
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IV. DYNAMICS OF TREE-UNITARY CIRCUITS

Having introduced the basic structure and established
the isotropy of the light cone, we now consider the
dynamics of circuits on the tree. We focus on two-point
correlation functions, OTOCSs, and entanglement growth
following a quench. All the results of this section apply to
any tree-unitary circuit; in the following Sec. VI, we dis-
cuss special cases which constrain the dynamics further.
Note that we will generally consider dynamics on the infi-
nite Bethe lattice (regular tree). However, due to the causal
structure of the circuit, the dynamics can be restricted to
the Cayley tree with the leaves on the edge of the causal
light cone without loss of generality.

A. Correlation functions

We first consider two-point correlation functions of the
form

cαβ(i, j ; t) = 〈σβ(i, 0)σα( j, t)〉, (18)

at infinite temperature, with 〈•〉 ≡ tr(•)/tr(1). Here,
σα,β are (possibly generalized) Pauli matrices satisfy-
ing tr(σασβ)/q = δαβ for local Hilbert-space dimension q.
Identifying σ0 = 1, all other Pauli matrices are fixed to be
traceless and chosen to be Hermitian, and we will focus on
α,β 	= 0 in what follows. We take σα( j ) to act as σα on
site j and as the identity everywhere else and define the
dynamics as σα( j, t) = U(t)†σα( j )U(t).

The correlation function in Eq. (18) vanishes due to uni-
tarity whenever one Pauli operator lies outside the light
cone of the other. In (1 + 1)D, while correlation functions
inside this light cone are generally exponentially costly to
compute, correlation functions on the light cone admit an
efficient calculation in terms of quantum channels [12,16].
For dual-unitary circuits, correlation functions inside the
causal light cone additionally vanish due to the space-time
duality, such that the only nonzero correlations are those
on the edge of the causal light cone.

On the tree, we again have vanishing correlation func-
tions outside the light cone, and correlation functions
inside the light cone are exponentially costly to compute
in general. On the edge of the light cone, we can calculate
the correlation functions using quantum channels Meẽ(σ )

with e, ẽ ∈ {1, 2, . . . , z}. The action of these channels is
defined by conjugating the operator on incoming leg e with
U, then tracing over all legs apart from ẽ 	= e:

Meẽ(σ ) = trẽ
[
U †σ(e)U

]
/qz−1, (19)

where trẽ(. . .) denotes a trace over all except the “outgo-
ing” leg ẽ and σ(e) = 1⊗e−1 ⊗ σ ⊗ 1⊗z−e is fixed by the
“incoming” leg e. Observe that the case e = ẽ can never
appear on the light cone, since this would correspond to the
operator moving inside the light cone. We will also write

Meẽ(σ ) ≡ Meẽ|σ), since these quantum channels can
be interpreted as (super)operators acting on an (operator)
Hilbert space spanned by the σα . We define an inner prod-
uct in this operator Hilbert space as (σα|σβ) ≡ tr(σ †

ασβ)/q,
which will help to simplify the following expressions.

For fixed z, there are z(z − 1) choices of such quan-
tum channels. Graphically, these can be represented as, for
example (again fixing z = 3 for concreteness),

(20)

or in the folded representation, with all other z = 3
channels,

(21)

When z = 2, these reduce to the usual quantum channels
for the calculation of light-cone correlation functions in
(1 + 1)D [12],

(22)

Light-cone correlation functions between two operators
can be calculated through the successive application
of such quantum channels, where the precise sequence
depends on the path, as we explain below. The argu-
ment is identical in most respects to the quantum channel
construction for (1 + 1)D brickwork circuits (see, e.g.,
Refs. [12,16]), so we here only quote the final result and
comment on key distinctions. We consider the path for an
operator initially localized at site i to spread to site j as
outlined in Sec. III A, and fix the number of time steps
t = ti→j . The path connecting i and j consists of a set of
vertices (v1, v2, . . . vt), with v1 = i and vt = j . For the gate
that spreads the operator from vτ to vτ+1, we take eτ to be
the leg acting on vτ and ẽτ to be the leg acting on vτ+1. The
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resulting correlation function reads

cαβ(i, j ; t) = (σβ |Metẽt . . .Me2 ẽ2Me1 ẽ1 |σα). (23)

This expression can be efficiently evaluated for arbitrar-
ily long times. One key difference from the (1 + 1)D case
is already apparent in the freedom to choose a (nearly)
arbitrary set of ingoing and outgoing legs of the Meẽ in
Eq. (23). This stems from the fact that there are many dis-
tinct paths and hence choices of e, ẽ that remain on the
light cone, in contrast to the (1 + 1)D case where there is
a unique choice (so that, e.g., propagation along the left
light cone is generated by repeated iterations of the channel
M12, and along the right light cone by iterations of M21).
For a tree with the layout as in Fig. 2, one can clearly make
several more choices depending on the precise choice of
path, with one important constraint: the “single-turn” rule
(that we used in our proof of isotropy in Sec. III A) means
that there can be at most one appearance of a channel of
the form Meẽ for which e and ẽ are both “leaf” legs. Here,
the terms “leaf” and “root” leg refer to the location of the
legs of the gate, with respect to the rooted tree on which
we are considering the light cone, as in our discussion in
Sec. III A; each gate acts on z sites, the “root” of which
is nearest neighbor to all z − 1 “leaf” sites. The resulting
exponentially growing choice of channels to apply is in
accord with the exponentially growing light cone on the
tree.

These quantum channels are unital, i.e., they satisfy
Mij |1) = |1), similar to the quantum channels appearing
in dual-unitarity. As such, the identity is a trivial eigen-
operator with eigenvalue one. For ergodic dynamics the
remaining eigenvalues generally lie inside the unit cir-
cle, such that the correlation functions decay exponentially
with the graph distance. To illustrate this construction, let
us consider the correlation function down the rightmost
path in Fig. 3. For each step, the ingoing leg is e = 2
and the outgoing site is ẽ = 3, such that the correlation
function is

cαβ(i, j ; t) = (σβ |Mt
23|σα) = tr

[
σβMt

23(σα)
]
/q. (24)

On the other hand, a path that departs from this at, e.g., the
very last leaf is characterized by

cαβ(i, j ; t) = (σβ |M21Mt−1
23 |σα)

= tr
[
σβM21Mt−1

23 (σα)
]
/q, (25)

and so on.
All we have used at this stage is that the evolution on

the tree is generated by unitary z-site gates. In principle, we
could develop expressions similar to Eq. (23) for two-point
correlation functions anywhere, but the dimensions of the
corresponding superoperators, and hence the complexity
of the computations, grow exponentially in the distance off

the light cone. In the (1 + 1)D case, a crucial simplification
is that imposing dual-unitarity results in two-point cor-
relation functions that vanish everywhere inside the light
cone [12]. As a result, we can calculate all two-point cor-
relation functions efficiently, leading to the “solvability”
of such circuits. This argument directly extends to our z-
site construction on imposing tree-unitarity. In order to
show this, it is useful to reinterpret the tree-unitarity con-
ditions [Eq. (6)] on the level of operator spreading. For a
general z-site unitary gate acting on sites 1, 2 . . . z, the uni-
tary transformation of a single-site Pauli matrix generally
returns a linear combination of products of Pauli matrices,

U †σα(i)U =
∑

α1,α2,...,αz

c(α,i)
α1α2...αz

σα1 ⊗ σα2 ⊗ . . . σαz . (26)

Correlation functions probe the terms in the expansion
where only a single Pauli matrix is nontrivial (different
from the identity), since due to the trace-orthonormality
of the Pauli matrices

1
q

tr[σβ( j )U †σα(i)U] = c(α,i)
0...0αj =β 0...0. (27)

Tree-unitarity now strongly constrains the terms that can
appear in the right-hand side of Eq. (26), enforcing that
terms with a single nontrivial Pauli matrix can only appear
when this Pauli matrix is located on the edge of the causal
light cone, similar to how dual-unitarity enforces maximal
operator spreading [16].

Again turning to z = 3 tree-unitary gates for concrete-
ness, we can use tree-unitarity to constrain, e.g., the evo-
lution of a Pauli matrix located on the second site, σα(2),
since

(28)

where we have used that the Pauli matrices are traceless.
As such, these dynamics do not generate any terms of the
form 1 ⊗ σβ ⊗ 1, where the operator remains on the sec-
ond site, since these would not vanish under the trace.
The only possible terms either act nontrivially on two or
more sites, and hence do not contribute to two-point func-
tions, or the initial Pauli operator has “hopped” to one
of the two other sites, i.e., 1 ⊗ σα ⊗ 1 → σβ ⊗ 1 ⊗ 1 or
1 ⊗ 1 ⊗ σβ . These “hopping” terms, however, give rise
exactly to the correlation function on the light cone, and
thus all other correlation functions are identically zero. It
is easy to see that the same reasoning applies when per-
muting the initial position of the operator. Similarly, for
z > 3, a tree unitary can only generate superpositions of

040316-9



BREACH, PLACKE, CLAEYS, and PARAMESWARAN PRX QUANTUM 6, 040316 (2025)

(a) (b)

FIG. 5. A heat map showing the values of correlation functions cαβ(x, t)with σα = 1√
2
(X + Z) and σβ = Z, for a generic tree-unitary

brickwork circuit, generated using the algorithm in Appendix A. The size of the points is proportional to the value of ln |cαβ(x, t)|. The
origin (initial location for σα(0, 0)) is colored black for reference, but cαβ(0, t) = 0 for all times t shown. The correlation functions are
0 everywhere not on the light cone. In (a), the first layer is chosen to act on green bonds, leading to nonvanishing correlations around a
fraction (z − 1)/z of the light cone. In (b), the first layer is chosen to act on orange bonds, leading to nonvanishing correlations around
a fraction 1/z of the light cone.

Pauli strings in which each string has at least one Pauli on
one of the z − 1 sites other than the input site.

For tree-unitary circuits, the single-site correlation func-
tions hence vanish identically inside the light cone, but are
generically nonzero on the edge of the light cone. This
is demonstrated in Fig. 5 with a heat map for values of
correlation functions, both for the first layer being applied
to green bonds [Fig. 5(a)] and orange bonds [Fig. 5(b)].
Notice that in neither case are correlations nonzero around
the entire light cone; the position of the first gate applied
dictates that correlations can be nonzero either in the direc-
tion of z − 1 leaves of the first gate (equivalent to moving
“down” the rooted tree), or in the remaining direction. This
is analogous to dual-unitary circuits, in which correlation
functions will only be nonvanishing along the light cone
in one direction, which depends on the positioning of the
first layer of gates relative to the location of the operator
at t = 0. We emphasize that this is a special feature of the
correlation functions in the tree-unitary case; for a generic
unitary circuit, correlation functions would be nonvanish-
ing all around the light cone, as well as inside the light
cone.

This construction should be contrasted to previous
extensions of dual-unitary circuits to higher dimensions
[26,30], for which correlation functions are nonvanishing
only along particular rays. In Fig. 6 we plot the light-cone
correlation function for five random tree-unitary gates. In
each case the equilibrium value of 0 is approached, with

differing time scales depending on the eigenvalues of the
channel M23.

B. Out-of-time-order correlation functions

The exact solvability of the correlation functions for
both tree-unitary and dual-unitary circuits is underpinned
by the nature of operator spreading in these circuits. We
now consider the OTOC as a different probe of operator
spreading, which will be useful in highlighting how mov-
ing from dual-unitarity to tree-unitarity induces qualitative

FIG. 6. Correlation function cαβ(x, t) on the light-cone direc-
tion 2 → 3 plotted with σα = 1√

2
(X + Z) and σβ = Z, for

three random tree-unitary gates generated using the method in
Appendix A.
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changes in the dynamics. The OTOC is defined as

Cαβ(i, j ; t) = 〈σβ(i, 0)σα( j, t)σβ(i, 0)σα( j, t)〉. (29)

Outside the light cone, the OTOC always takes the triv-
ial value of 1 because σα(0, t) and σβ(x, 0) commute. In
generic unitary circuits, the OTOC develops a front which
propagates ballistically at the butterfly velocity vB < 1 and
broadens diffusively [7]. For (1 + 1)D circuits consisting
of dual-unitary gates, the butterfly velocity takes its maxi-
mally allowed value vB = 1 consistent with the strict light
cone, with such circuits referred to as “maximum velocity”
[16,77]. This maximum velocity has been experimentally
observed in quantum simulators [24]. In recent years, vari-
ous circuits exhibiting differing degrees of solvability have
been identified, all of which exhibit such a maximum
velocity [32,35], suggesting a strong connection between
maximum butterfly velocity and solvability. Remarkably,
in tree-unitary circuits this connection breaks down.

We restrict our analysis below to the OTOC on the edge
of the causal light cone, and find that tree-unitarity alone
does not lead to a nontrivial OTOC on the light cone,
indicating a “butterfly velocity” that is not maximal. In
(1 + 1)D circuits, the OTOC value on the light cone can
be efficiently calculated using a quantum channel approach
[16], and a similar result applies on the tree, where the
results of the preceding section can be directly extended
to obtain a quantum channel representation of the OTOC
on the light cone. This can be expressed in terms of quan-
tum channels involving two copies of the unitary gate and
its conjugate (i.e., two replicas). We define

(30)

along with the contractions

(31)

and superoperators

(32)

The channel Teẽ used to compute the OTOC can then be
written graphically; for example,

(33)

Using unitarity and the geometry of the circuit, the light-
cone OTOC can be directly expressed as

Cαβ(i, j ; t) = (σβ |Tetẽt . . .Te2 ẽ2Te1 ẽ1 |σα). (34)

The derivation is analogous to that for (1 + 1)D unitary
circuits [16], so we do not give it here in full and only cite
the final result.

The maximal velocity property for dual-unitary cir-
cuits corresponds to showing that this OTOC decays to a
nontrivial value. To do so, one can study the eigenspec-
trum of the relevant quantum channel, to characterize the
nondecaying eigenoperators. Unitarity alone requires the
existence of at least a single left and right eigenoperator
with eigenvalue 1,

(35)

In isolation, however, this unitarity condition does not lead
to a nontrivial behavior of the OTOC, which is sensible:
maximal velocity is not a property of generic unitary cir-
cuits. If this is the only eigenoperator with unit-modulus
eigenvalue, then the late-time behavior of the OTOC
follows as a projection on these eigenoperators and

(36)

where both overlaps vanish because the Pauli matrices are
traceless. Without any further structure imposed, there are
generically no other unit-eigenvalue eigenoperators, so the
OTOC approaches the trivial value of 1, as shown in Fig. 7.
This indicates that the butterfly velocity vB < 1.

Imposing dual-unitarity in (1 + 1)D forces the existence
of nontrivial nondecaying eigenoperators. Following the
argument above, we then obtain a nontrivial value of the
OTOC on the light cone, and hence a maximal velocity
vB = 1. We will return to this argument and the explicit
construction of such eigenoperators in Sec. VI.

In striking contrast to this, while imposing tree-unitarity
facilitates solvability (by forcing causal correlators to van-
ish off the light cone) just as in dual-unitary circuits, it does
not allow us to construct further unit-eigenvalue eigen-
operators to the channels Teẽ relevant to computing the
OTOCs. Numerical inspection of the eigenspectrum of
the light-cone channels for a “generic” tree-unitary circuit
(from the construction in Appendix A) shows that indeed
no additional such eigenoperators exist. Thus, we conclude
that a generic tree-unitary circuit has butterfly velocity
vB < 1 along any given path. However, in Sec. VI we
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FIG. 7. OTOC Cαβ(x, t) on the light-cone direction 2 → 3
with σα = 1√

2
(X + Z) and σβ = Z, for the same random tree-

unitary gates as in Fig. 6. The OTOC approaches the trivial value
of 1 on the light cone, indicating that operators do not spread at
maximum velocity.

will see that tree-unitary gates can also obey stronger addi-
tional constraints which do give vB = 1 in some directions,
analogous to the situation in finite dimensions.

The reason for this difference relative to dual-unitary cir-
cuits is that while dual-unitarity requires the operator front
to grow with every time step, tree-unitarity does not. For
dual-unitary 2-site gates U†(σ ⊗ 1)U consists of a linear
combination of 1 ⊗ σ and σ ⊗ σ , such that the opera-
tor front always moves a single step to the right. How-
ever, tree-unitarity implies that, e.g., U†(1 ⊗ σ ⊗ 1)U can
have contributions of the form 1 ⊗ 1 ⊗ σ and σ ⊗ 1 ⊗ 1
for example. While single-site Pauli matrices necessarily
“hop” at every time step, this does not imply that the opera-
tor front also grows: e.g., the contribution 1 ⊗ 1 ⊗ σ does
not grow the front along the “leftmost” direction. This
freedom to “hop” single-site Paulis without growing the
operator front in all directions is again due to the growing
number of sites on the light cone on the tree, to be con-
trasted with the constant number of sites on the light cone
in the (1 + 1)D brickwork circuit.

C. Entanglement dynamics

Both dual-unitarity and tree-unitarity can be used to
obtain exact results for state dynamics in the Schrödinger
picture, in addition to the operator dynamics in the Heisen-
berg picture considered so far. For dual-unitary circuits,
such computations rely on the existence of special classes
of “solvable” initial states that do not break spatial unitar-
ity, and for which the dynamics of entanglement can be
exactly characterized [78]. These states thermalize exactly
after a fixed number of time steps, i.e., their reduced den-
sity matrix reduces to the maximally mixed state that
maximizes the entropy.

The simplest example of a solvable state for a dual-
unitary circuit is a product wave function consisting of
Bell states on alternating bonds [78]. We now show that

(generalized) Greenberger-Horne-Zeilinger (GHZ) states
on z sites furnish a natural extension of solvable states
to tree-unitary dynamics. The resulting states also exhibit
maximal entanglement growth, which is now exponential
because of the geometry of the tree, to be contrasted with
the linear growth exhibited in (1 + 1)D brickwork circuits.
We consider GHZ states of the form

|GHZ〉 = 1√
q

q∑

a=1

|a, a, . . . , a〉. (37)

These states can be interpreted as isometries in the folded
picture. The GHZ states satisfy

tre(|GHZ〉〈GHZ|) = 1e, (38)

for all e, which can be compared with the tree-unitarity
conditions [Eq. (6)].

Considering again z = 3 for concreteness, the GHZ state
can be represented as

(39)

The identity in Eq. (38) can be graphically represented for
e = 2 by using the folded picture, where we fold the ket
|GHZ〉 behind the bra 〈GHZ| and indicate the trace with
circles as

(40)

We take an initial state |ψ0〉 that is a product state of
GHZ states, arranged according to the 2-coloring, such
that the states correspond to one color and the first layer
of unitary gates corresponds to the second color, shown

FIG. 8. Regions of the unrooted and rooted trees for which
entanglement entropy can be computed exactly using tree-
unitarity. Here, GHZ states [Eq. (37)] are placed on green bonds,
and the first layer of the circuit is applied to orange bonds.
The “solvable regions” for which entanglement can be computed
exactly correspond to interiors of light cones. In each case, we
show a light cone generated by t = 3 time steps from the black
site. The red site provides a reference for Eq. (57).
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in Fig. 8. Using tree-unitarity, the entanglement entropy
can be exactly computed for specific solvable subregions
A. These subregions correspond to the interior of the light
cone starting from any point on the lattice, such as any of
the snapshots in Fig. 2(c). For example, the regions shown
in Fig. 8 correspond to a light cone after three time steps.
We consider the dynamics of the reduced density matrix

ρA(t) = trĀ[U(t) |ψ0〉 〈ψ0| U †(t)]. (41)

Suppose we take a subregion A which consists of a
light cone grown from r steps (e.g., r = 3 in Fig. 8). The
calculation of ρA(t) for even times proceeds as follows:

(1) At a fixed time t, we write ρA as a tensor network
[see below Eq. (48)] and use unitarity as far as pos-
sible to contract the network outside of region A.
This will allow us to fully remove gates and GHZ
states only outside of a new boundary, extending
the boundary of A by t steps. The new boundary
will be called the “contraction front”; one can view
this as evolving during the process of contracting the
network.

(2) We then use the GHZ contraction property in
Eq. (40) and tree-unitarity to move the contraction
front inward. This can be performed t times, such
that the position of the contraction front at the final
time t is t steps smaller than region A. Sites which
are inside region A, but lie outside the contraction
front, are now fully thermalized, and contribute ln q
to the entanglement entropy.

(3) When t = r, after using unitarity and tree-unitarity,
the contraction front has shrunk to its deepest pos-
sible position (r = 0), and all states within A have
been thermalized.

The final contraction front (after using unitarity and tree-
unitarity) at odd times t will be the same as at t + 1 if the
initial entanglement of A was 0, and the same as t − 1 is
the initial entanglement of A was nonzero (i.e., GHZ states
cross the boundary of A).

We now illustrate these steps by calculating the entan-
glement growth on the rooted tree first, because the manip-
ulations involved are simpler to visualize. To do this, we
introduce a new notation in terms of what we refer to
as a “tree-folded” circuit. This will allow us to represent
the state of a rooted tree conveniently in a plane, upon
which the computation proceeds as a straightforward gen-
eralization of the (1 + 1)D calculation [14]. The key step in
tree-folding is to fold together the z − 1 legs on the leaves

of the z-site gate. For z = 3, this is graphically depicted as

(42)

In terms of the resulting folded gates, tree-unitarity is then
expressed as

(43)

and unitarity as

(44)

Note that the legs on the right-hand side of each folded
gate now have a larger Hilbert space compared to the legs
on the left-hand side. This is in accord with the general
move from unitarity to isometry in this work, which we
make explicit in the graphical notation. We also introduce
the tree-folded GHZ state

(45)

where the identity in Eq. (40) with n folded GHZ states can
be represented as

(46)

Using this notation, a segment of two layers of the
circuit acting on two GHZ states can be written

(47)

where for clarity we have indicated that time (i.e., layers of
the circuit) will run upward. With this notation established,
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we now return to our objective of computing Eq. (41) for
the rooted tree (with r = 3, for specificity, corresponding
to the region A in Fig. 8). At t = 2, the reduced density
matrix on the rooted tree can be represented in the folded
notation as

(48)

with the dashed red line separating A from its comple-
ment Ā, which is traced over. Following the steps pre-
sented above, we use unitarity to remove as many gates
as possible outside A:

(49)

We see that unitarity has allowed us to disconnect the ten-
sor diagram beyond the contraction front. We can now
apply the GHZ contraction property in Eq. (46), then
(folded) tree-unitarity in Eq. (43), to move the contraction

front inward:

(50)

This final expression shows that ρA(t = 2) is a unitary
transformation of |GHZ〉 〈GHZ| ⊗ 1

qz(z−1)2
1⊗z(z−1)2 , where

the original GHZ states closest to the boundary of A have
fully thermalized. Since the unitary transformation will
not affect the entanglement spectrum, the entanglement
entropy is SA(t = 2) = z(z − 1)2 ln q. We also see that
the entanglement spectrum is flat, such that all entangle-
ment entropies are identical; the entanglement dynamics
consists solely of growing the rank of the entanglement
spectrum while maintaining a uniform distribution over the
nontrivial eigenvalues, similar to the case of dual-unitary
circuits.

At t = 4, after using unitarity in step 1, the initial posi-
tion of the contraction front has moved outwards by two
steps,

(51)

In this equality we have used the GHZ contraction and
tree-unitarity to move the contraction front inside region
A, until we can go no further. Observe that although after
step 1 the contraction front is two steps further outside A
than for t = 2, the additional two layers of gates for t = 4
allows us to use the GHZ or tree-unitarity conditions to
move the front two steps further inside A than in the t = 2
case. For our choice of region with r = 4, we explicitly
see from the above graphical equation that at all sites are
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now thermalized, such that ρA(t = 4) is a unitary transfor-
mation of 1

qn I⊗n, where n = [(z − 1)4 − 1]/(z − 2) is the
number of sites in A.

The extension to a larger region A of r generations on
the rooted tree directly follows: the initial reduced density
matrix will be

ρA(0) =
(r−1)/2⊗

j =0

(|GHZ〉 〈GHZ|)⊗(z−1)2j
, (52)

and for every two layers of the circuit applied, successive
sets of GHZ states (moving inward from the boundary of
A toward the root) will be transformed as

(|GHZ〉 〈GHZ|)⊗(z−1)2j → 1

qz·z2j 1
⊗z·(z−1)2j

(53)

up to a unitary transformation—the process that we termed
“thermalization.” This therefore will increase the entangle-
ment entropy by z · (z − 1)2j ln q, for every two time steps,
until saturation when t = r.

Translating this into entanglement entropy, and keeping
in mind the fact that the number of GHZ states is bigger
for increasing r, we find that for even times t ≤ r,

Se
A(t) = (z − 1)r+1

z − 2
(1 − (z − 1)−t) ln q, (54)

and for odd times t ≤ r

So
A(t) = Se

A(t + 1). (55)

For t ≥ r, the entanglement entropy saturates to its maxi-
mum value

S∞ = (z − 1)r+1 − 1
z − 2

ln q. (56)

We emphasize that this result applies independent of the
specific choice of tree-unitary gates and, furthermore, that
there is no requirement that all gates be the same: the only
properties used in the calculation are tree-unitarity and the
GHZ contraction.

The rooted tree allows for straightforward calculation
of the entanglement entropy through the folding trick, but
remains slightly unsatisfactory since the root is ascribed a
special role. However, the calculation can be adapted to the
unrooted tree, for “solvable regions” where A is taken to be
the interior of a light cone starting from any point.

The key idea is that when we choose such a region, the
same 3-step process to find ρA(t) applies, such that the
outermost GHZ states thermalize successively in intervals

t = 2, just as for the rooted tree. We will again illus-
trate this for a region A of radius r = 3, as in Fig. 8. First,
find the single “anomalous” gate the root of which is at

the boundary of A (in Fig. 8, this is the green gate con-
nected to the red site). Take the leaf of this gate (i.e., the
red site), and fold all other gates from this point just as for
the rooted tree. Although not all of these folded legs will
have the same “radius,” the calculation applies in the same
way to all of them—i.e., we use unitarity to disconnect the
region t steps beyond the boundary, then use tree-unitarity
to move this contraction front t steps within the boundary
(for even t).

As long as we choose the region A to be enclosed by a
light cone of the unrooted tree, the same principle applies
to the anomalous gate too. For even t, unitarity initially
places the contraction front t steps from the boundary, with
tree-unitarity allowing us to move the contraction front t
steps inside. To make this a little more concrete, consider
again ρA(t = 2). After using unitarity, the part of the tree
near the anomalous gate will be

(57)

Here, the thickened red line corresponds to the red site in
Fig. 8 (note that the first layer corresponds to orange bonds
and the second layer to green), and the ellipsis indicates
that the folded pattern is continued up to the edges of the
region. The calculation there will be identical to the rooted
tree. The shortened section in front corresponds to the top
right of Fig. 8.

Now we can use GHZ contractions and tree-unitarity to
move the contraction front inwards, to 2 steps inside the
region A (here, moving inward by a step means reversing
the growth of the light cone by one time step):

(58)

The light-cone structure allows this process to be contin-
ued with further time steps, with the outermost GHZ states
thermalizing on alternating time steps as in the case of the
rooted tree.
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For a light cone of radius r (i.e., generated by r time
steps), the number of sites inside this region is

nLC(r) = z
z − 2

[(z − 1)r − 1] . (59)

From this, the entanglement entropy after an even time t ≤
r will be given by nLC(r)− nLC(r − t), giving

Se
A(t) = z · (z − 1)r

z − 2
(1 − (z − 1)−t) ln q, (60)

whereas for odd time steps, t ≤ r,

So
A(t) = Se

A(t + 1). (61)

For t ≥ r, S(t) saturates to its maximum value

S∞ = z
(z − 1)r − 1

z − 2
ln q. (62)

The above results apply when the initial entanglement is
0, with the boundary of A not cutting any GHZ states. If
such a boundary is shifted by one, the above formulas are
simply shifted by a time step. On the unrooted tree, for odd
times t ≤ r,

So
A(t) = z · (z − 1)r

z − 2
(1 − (z − 1)−t) ln q (63)

and for even times t ≤ r,

Se
A(t) = So

A(t + 1), (64)

reaching the same S∞ for t ≥ r.
Had we not chosen a light-cone region, then after using

unitarity, there would be insufficiently many contractions
to use tree-unitarity in going from Eqs. (57) to (58). To
understand this, note that in the case of a light-cone region,
the final contraction fronts from different branches will
reach the common node of those branches at the same time.
This ensures that as we contract inward, we are always
able to trace over z − 1 pairs of legs. However, with a
region that is not a light cone, the final contraction fronts
of two branches will reach their common node at different
times; in the next time step, we will therefore not be able to
contract over enough legs to use tree-unitarity to continue
propagating the contraction front inward. It is worth not-
ing that the idea that the solvable regions for entanglement
growth correspond to a light-cone region applies also to the
rooted tree with the light cone starting from the root, and
can be seen as extending the notion of a contiguous region
from (1 + 1)D circuits, in which the light-cone region is
just a line.

We verify the formulas presented above for the entangle-
ment growth for the rooted and unrooted tree by comparing

FIG. 9. Entanglement entropy S(t) (in units of ln 2) starting
from an exactly solvable GHZ state for a subsystem consisting
of the first r = 7 generations of the unrooted and rooted trees.
The crosses are numerical data from simulating a tree-unitary
Clifford circuit with z = 3, and the solid lines correspond to
Eqs. (54)–(56) for the unrooted tree and Eqs. (60)–(62) for the
rooted tree.

against classical simulations of Clifford tree-unitary z = 3
circuits, as shown in Fig. 9. Note that although Clifford
circuits can be efficiently simulated in polynomial time
in the number of sites N , the challenge in tree simula-
tions is that N itself grows exponentially with depth r,
N ∼ z(z − 1)r−1.

V. NON-EUCLIDEAN GEOMETRY, SOLVABILITY,
AND MAXIMUM VELOCITY

We now clarify the importance of the tree geometry in
obtaining the above results. One of our striking results is
the construction of a class of solvable models with a non-
maximal butterfly velocity vB < 1. For models where the
solvability arises because the correlation functions are con-
strained to be nonvanishing only on the edge of causal
light cones (see Sec. IV A), the butterfly velocity coincides
with the light-cone velocity in all known constructions:
in (1 + 1)D dual-unitarity [12,16], known instances of
ternary-unitary circuits [30], triunitarity [26], and hierar-
chical dual-unitarity [31–35]. Note that such light cones
do not necessarily need to correspond to the geomet-
ric light cones, as, e.g., in special classes of hierarchical
dual-unitary gates [33,34].

We also demand that the correlation functions reflect
the underlying lattice, in that correlation functions are
non-vanishing on a finite fraction of the light cone (this
excludes, e.g., ternary-unitary circuits [30] in (2 + 1)D lat-
tices, for which the correlation functions are non-vanishing
only at a single site on the light cone at a given time). We
here first argue that for a circuit satisfying criterion (a) to
have nonmaximal butterfly velocity, the number of sites
on the light cone must generally grow in time. Second, we
argue that on Euclidean lattices, a light cone that grows in
time implies a violation of criterion (b) above. In contrast,
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we show that even if the light cone grows with time, a suf-
ficient condition for criterion (b) is for the lattice to possess
a property known as δ-hyperbolicity. The tree geometry is
the simplest example with this property. We leave open the
question of categorizing the full class of solvable lattice
models that satisfy both the above criteria.

A. Growing light cone requirement

As also discussed in Sec. IV B, the restriction that cor-
relations are nonvanishing only on light cones strongly
constrains operator spreading, which is in turn reflected
by the OTOC. Under unitary dynamics an initially local-
ized Pauli operator σβ( j , t = 0) will grow in time, as can
be quantified by expanding the time-evolved operator in a
basis of (products of) generalized Pauli operators

σβ( j , t) =
∑

S
cS(t)S , (65)

where S denotes a string of Pauli operators and |cS(t)|2 is
the operator weight on this Pauli string. (Recall that Pauli
strings furnish a basis for Hermitian operators.) Under uni-
tary dynamics the total operator weight is conserved: for an
initially normalized operator we have that

∑

S
|cS(t)|2 = 1. (66)

In addition to the above constraint, we now argue that in
models satisfying criterion (a), the total weight on Pauli
strings that act nontrivially on the outermost light cones is
constant:

w =
∑

S,SLC 	=1

|cS(t)|2 = const., (67)

where SLC denotes the part of S which acts on the outer-
most light cones. To this end, we first show that Eq. (67)
is exactly fulfilled in a specific but large class of cir-
cuit geometries (which includes all examples of solvable
dynamics mentioned above). These are geometries where
each z-site unitary gate that acts on the light cone is con-
strained as follows: it has a single ingoing leg from the
light cone at time t, with all the other z − 1 ingoing legs
from outside the light cone. As a consequence, at time
t + 1, this gate advances the light cone forward to the
z − 1 sites corresponding to the latter, leaving a single leg
inside the light cone, corresponding to the site that was on
the light cone at time t. We then argue that even beyond
this setting, violating Eq. (67), while possible in principle,
would require excessive fine tuning and hence can be ruled
out by “naturalness.”

For the specific class of circuit geometries outlined
above, the proof of Eq. (67) is relatively straightforward.

First, under unitary evolution every single-site Pauli oper-
ator on a light cone at time t necessarily gets mapped to
a linear combination of Pauli operators (single- or mul-
tisite) that all act nontrivially on the light cone at time
t + 1. Evolution to a single-site Pauli operator inside the
light cone would lead to a nontrivial “subluminal” correla-
tion function inside the light cone, contradicting solvability
condition (a). The only remaining possibilities are that this
single-site Pauli operator gets mapped to single-site Pauli
operators on the light cone or to multisite Pauli opera-
tors. The latter necessarily act nontrivially on the light
cone due to our constraint on the geometry. This argument
immediately extends to multisite Pauli operators which act
nontrivially on the light cone, as these can always be fac-
torized into a single-site Pauli matrix on the light cone and
a Pauli operator acting nontrivially only inside the light
cone. In all cases an operator with support on the light
cone evolves into another operator with support on the
light cone: the total operator weight on the light cone is
conserved.

Finally, in the absence of the constraint that only one
leg acts on the light cone, it is in principle possible that a
single-site Pauli operator gets mapped to a multisite Pauli
operator inside the light cone. However, such multisite
Pauli operators inside the light cone could subsequently be
mapped to a single-site Pauli operator and result in nonvan-
ishing subluminal correlations; eliminating this possibility
for more general geometries would require further con-
straints on the dynamics, and hence additional fine tuning
beyond “just” generalizations of dual-unitarity.

Assuming Eq. (67), we can now show that a nonmax-
imal butterfly velocity requires that the size of the light
cone grows with time. To see this, note that if the butterfly
velocity is nonmaximal, then the operator weight on any
single site on the light cone vanishes as t → ∞. Thus, if
the total operator weight on the light cone is conserved,
a nonmaximal butterfly velocity requires that the num-
ber of sites on the light cone grows in time. Conversely,
if in addition to the total operator weight the number of
sites on the light cone is also conserved, then the butterfly
velocity must be maximal. In Appendix C we derive a pre-
cise bound relating the light-cone weight to the light-cone
OTOCs. In particular, we introduce Ō, which is the OTOC
of a time-evolved operator σβ( j , t) with a single-site Pauli
σα(i, 0), averaged over all sites i on the light cone of the
time-evolved operator and all nontrivial Pauli operators σβ ,

Ō = 1
|R|

∑

i∈R

1
q2 − 1

∑

β

〈σα(i, 0)σβ( j, t)σα(i, 0)σα( j, t)〉,

(68)

where R denotes the light cone consisting of |R| sites. For
circuits where the butterfly velocity is nonmaximal, vB <

1, O approaches 1 in the late-time limit. However, if the
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total operator weight on the light cone is fixed at w, then

1 − Ō ≥ 2w
|R|

q2 − 2
q2 − 1

. (69)

A nonmaximal butterfly velocity with fixed light-cone
weight w then requires that |R| grows in time.

Note that, as demonstrated in the previous section, the
tree-unitary circuits we construct exhibit maximal growth
of entanglement entropy independent of whether they
show the maximum butterfly velocity (see also the fol-
lowing section). This should be contrasted with (1 + 1)D,
where the entanglement velocity lower bounds the butter-
fly velocity, and maximum entanglement velocity implies
dual-unitarity [15]. Maximum-rate entanglement growth
without maximum butterfly velocity is made possible by
the fact that the weight on the light cone remains fixed in
tree-unitary circuits.

B. Non-Euclidean requirement

We now turn to the constraint that correlation functions
on the light cone be efficiently computable in the sense
of solvability condition (b). We show that this cannot be
true on Euclidean lattices unless correlation functions are
constrained to be nonvanishing only along a line, which is
ruled out by requiring them to be nonvanishing on a region
growing with time. However, it is possible on graphs
which are δ-hyperbolic with finite δ ≥ 0, a term defined
below. The essential intuition behind this result is as fol-
lows: the computational hardness of computing correlation
functions between two arbitrary sites is directly related
to the intersection of their forward and backward light
cones. When considering lightlike correlations [which are
the only nonvanishing correlations in circuits satisfying
criterion (a)], the size of such intersections is in turn are
related to how geodesics between the sites “spread” with
the separation between sites. The spreading of geodesics is
fundamentally different in the Euclidean and δ-hyperbolic
settings, so that while the size of light-cone intersections
is unbounded (for large time and distances) in the former
case, it is bounded by a constant in the latter.

To make the above intuition concrete, we first set up
the problem of computing light-cone correlations more
formally. To this end, we build an auxiliary graph G the
vertices V(G) of which correspond to the physical sites on
the lattice (i.e., to the qubits), and the edges E(G) of which
are defined by the unitaries acting on this graph: if a given
pair of sites x, y ∈ V(G) are acted on together by a given
unitary gate, then an (undirected) edge exists between them
[79], i.e., {x, y} ∈ E(G). Note that these are not necessarily
the “natural” edges for the original lattice geometry. We
equip such a graph with a distance function between any
two vertices d(i, j ), defined as the shortest number of edges
that must be traversed to pass from i to j , i.e., we use the
“graph distance.” (V(G), d) then forms a metric space.

(a) (b)

FIG. 10. (a) A plot of the level sets for a square lattice with
“graph distances.” These level sets correspond to the light cones
when gates are allowed to act between nearest neighbors on the
lattice. (b) The intersections of level sets between two points.
Intersections of two level sets containing more than one point are
colored in red. The maximum size of any of these intersections
here scales linearly with the separation between the two points.
Only sites within these intersections contribute to the light-cone
correlation function between the two points colored red.

The light cone of a given site i after a time t is equiv-
alent to the level set of d(i) in V(G), Li(t) = {x ∈ V(G) :
d(i, x) = t}. This is illustrated for the square lattice in
Fig. 10(a). Recall that from our criterion (a) for solvabil-
ity, the only nontrivial correlations are between sites i and
j that are lightlike separated. Thus, without loss of gen-
erality, let j lie on the forward light cone of i, such that
t = d(i, j ). The correlations are then determined only by
gates that lie on the intersection of the forward light cone
of i and the backward light cone of j , since all other
gates in the circuit can be contracted using unitarity. (Note
that the preceding statement is true of light-cone correla-
tions in any unitary circuit, though these will in general
have nonzero correlations everywhere inside the light cone
as well.)

The complexity of computing correlations between i and
j is controlled by the number of gates in this intersection.
To determine this, it suffices to characterize paths in G
that lie on the light-cone intersections, which depend cru-
cially on the graph geometry. Given our definition of the
light cones as level sets, it follows that such paths must
pass through sites in intt(i, j , s) = Li(s) ∩ Lj (t − s) = {x ∈
V(G) : d(i, x) = s, d( j , x) = t − s}, with s ≤ t. Notice that
this implies d( j , x)+ d(i, x) = t, i.e., all such paths from i
to j are geodesics [80]. Crucially, if |intt(i, j , s)| remains
bounded [81] for all s ≤ t as t → ∞, then this light-cone
correlation function is efficiently computable as demanded
by solvability condition (b). The two-point correlation
function can only depend on those Pauli strings S in the
expansion Eq. (65) which at time s have weight only
on intt(i, j , s), and if |intt(i, j , s)| remains bounded the
total number of such Pauli strings also remains bounded.
The former follows essentially from the fact that the
dynamics trace lightlike geodesics: causality forbids con-
tributions to light-cone correlators from Pauli strings with
support outside the intersection of forward and backward
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light cones of i and j . Computing the correlation func-
tion thus only requires us to compute, at each s, the
amplitude intt(i, j , s) to intt(i, j , s + 1), which requires
quantum channels acting on |intt(i, j , s)| ingoing sites
and |intt(i, j , s + 1)| outgoing sites, the size of which is
exp(max(|intt(i, j , s)|, |intt(i, j , s + 1)|). The overall com-
putational complexity is O(t expDt), where

Dt = max
s∈[0,t]

|intt(i, j , s)| (70)

is the size of the maximal intersection of the light cones.
Observe that if Dt grows polynomially or worse with t,
then the problem is in principle exponentially difficult,
absent some other physical simplification in the channel
structure.

We now argue that, for any graph obtained from a
Euclidean lattice, Dt = �(t), i.e., is at least linear, mean-
ing that computing correlations is exponentially diffi-
cult. This fact leads to the non-solvability of correlation
functions in Euclidean lattices with unitarity imposed in
one spatial direction, as considered for (2 + 1)D in Ref.
[29]. It is straightforward to prove this for graphs that
are n-dimensional lattices (i.e., isomorphic to Z

n) with
a set of lattice basis vectors {êk} for k = 1, . . . n. Let i
be the origin, and j = a(ê1 + ê2) for some a > 0, such
that d(i, j ) = 2a. Then the intersection of the level sets
Li(a) ∩ Lj (a) consists of all points mê1 + (a − m)ê2 for
0 ≤ m ≤ a, so |Li(a) ∩ Lj (a)| = a + 1, which scales lin-
early with t = d(i, j ); it follows that Dt > O(t) and is
therefore unbounded. This is illustrated for the square
lattice in Fig. 10(b). By further considering j = a

∑
k êk

one can show that Dt = �(tn−1), but the simple exam-
ple above with two lattice vectors is sufficient to show
unboundedness.

The alert reader might worry that some choices of uni-
tary gate structures could lead to edges in G such that its
level sets are distinct from those of the underlying lattice of
qubits. However, for sensible gate structures for which the
light cone grows “smoothly,” we expect that the light cones
(level sets of the graph) will remain the levels sets of some
Euclidean sublattice of the original sites, as demonstrated
in Fig. 11 for the square lattice, and therefore level-set
intersections will still be unbounded. Indeed, one could
simply define a well-behaved circuit to be one for which
the level sets of the auxiliary graph G satisfy this property.

It is of course possible to choose special pairs i, j
for which intt(i, j , s) remains bounded in size. This is
leveraged in existing higher-dimensional extensions of
dual-unitarity, such as ternary-unitary circuits [30], where
correlation functions are constrained to be nonvanishing
only along such special directions that admit efficiently
computations of light-cone correlations. However, since
we require that correlations are nonvanishing on a growing
number of sites, such correlations will not be efficiently

FIG. 11. The structure of gates can modify the way distances
are measured on the lattice. For example, if we allow 4-site gates
to act on squares in the square lattice, we should add diagonal
edges which allow one to cross the diagonal of the square with
a distance 1. This changes the level sets from diamonds (as in
Fig. 10) to squares. However, these can still be considered the
level sets of the rotated square lattice shown in orange, and thus
level-set intersections are unbounded by the argument in the text.

computable in Euclidean geometries except between spe-
cial such pairs of sites.

For what graphs G does this property hold for any
pair of sites? One natural answer is in terms of a prop-
erty called Gromov δ-hyperbolicity [82]. Consider a point
ys ∈ intt(i, j , s). Then we can form a geodesic triangle con-
sisting of the three points {i, j , ys} and three geodesics
[i, ys], [ys, j ], [i, j ] joining them. We say that this triangle
is δ-thin if each side lies within a distance δ of some
point on the other two sides. In other words, for any
point p on one side (say [i, j ]) there is some point q on
the union [i, ys] ∪ [ys, j ] with d(p , q) ≤ δ. If there exists
a fixed finite δ ≥ 0 such that every geodesic triangle in
G is δ-thin, then the metric space (V(G), d) is called δ-
hyperbolic. In Appendix D, we prove that a sufficient
condition for |intt(i, j , s)| to remain bounded for all s ≤ t
is that (V(G), d) is δ-hyperbolic. Intuitively, this is because
in δ-hyperbolic lattices, any two geodesics between a pair
of sites i, j must remain within a bounded distance of
each other, and therefore the intersection of the level sets
(through which all geodesics pass) cannot grow without
bound.

This result establishes that on Euclidean geometries,
quantum circuits with vB < 1, i.e., nonmaximal butterfly
velocity, cannot be exactly solvable in the sense of our
definition. In contrast δ-hyperbolicity is a sufficient con-
dition for efficiently computable light-cone correlations
[criterion (b)], in the sense of linear-in-t scaling of the
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relevant complexity. The simplest example satisfying this
criterion is the Cayley tree (with δ = 0); here the light-
cone correlations are even analytically tractable—and not
just computationally “simple”—since they can be com-
puted by repeated applications of one of a finite set of
channels. However, δ-hyperbolicity alone does not guar-
antee the latter: in principle each time slice from s to
s + 1 could require a different channel (although each is
of bounded size), so while the computation scales linearly
it is still potentially challenging to perform analytically.
Whether simplifications similar to those on the tree emerge
will require a more careful analysis, potentially on a
case-by-case basis. Examples of δ-hyperbolic graphs with
nonzero δ include the hyperbolic tilings of the plane (with
Schläfli symbols {p , q} where (p − 2)(q − 2) > 4 [83]). It
remains to identify brickwork structures that realize solv-
able dynamics [i.e., that also satisfy criterion (a), triviality
of correlations off the light cone] on hyperbolic lattices and
other δ hyperbolic graphs; we defer this to future work.

VI. MAXIMUM-VELOCITY TREE-UNITARY
CIRCUITS

Above, we have found that tree-unitarity alone does
not imply operator spreading with a maximum butterfly
velocity, in contrast with the situation for dual-unitary cir-
cuits. Fundamentally, this difference is due to the fact that
the tree geometry allows the operators to move in multiple
directions at a given time step, as opposed to a single direc-
tion in (1 + 1)D. However, by imposing further constraints
beyond just tree-unitarity, it is possible to obtain tree-
unitary circuits in which operators spread with maximal
velocity in either specific directions or all directions.

In fact, the latter scenario pertains to the kicked Ising
dynamics of Sec. III C. In Fig. 13, we show that for the
KIM the OTOC approaches a nontrivial value on the light
cone (dependent on the choice of operators), indicating a
maximal butterfly velocity. This maximal butterfly veloc-
ity in all directions can be understood by observing that
the KIM satisfies a further set of relations, which we term
the maximum-velocity conditions. In order for a gate to be
maximal velocity from ingoing leg i to outgoing leg j 	= i,
it needs to be unitary when these gates are swapped, i.e.,
when it is viewed as a transformation from the z legs con-
sisting of the z − 1 incoming legs different from i and the
outgoing leg j , to the remaining set of z legs consisting
of i grouped with the z − 1 outgoing legs distinct from
j . In the folded graphical notation, focusing on z = 3 and
i = 2, j = 1 for concreteness, this condition reads

(71)

which is equivalent to tracing over the other set of legs,

(72)

There are z(z − 1) such maximum-velocity conditions cor-
responding to the possible choices for the ingoing and
outgoing legs. When a gate satisfies the maximum-velocity
condition for at least one pair of ingoing and outgoing legs,
we shall term it a maximum-velocity gate.

The maximum-velocity conditions are stronger than
tree-unitarity, since unitarity is stronger than isometry. Put
differently, the maximum-velocity condition in Eq. (71)
automatically implies the corresponding tree-unitarity con-
dition in Eq. (6). In the same way that dual-unitarity
implies a maximal butterfly velocity, imposing the max-
imal velocity condition between sites i and j implies
maximal operator spreading from site i to site j. Consid-
ering Eq. (71) (where i = 2, j = 1) for concreteness, this
identity implies that tr1[U†σ(2)U] = 0. As discussed in the
context of correlation functions, tree-unitarity implies that
U†(1 ⊗ σ ⊗ 1)U can only have single-site Pauli contribu-
tions where the single-site Pauli matrix “hops” to another
site. This additional condition, however, implies that only
terms in which there is a Pauli matrix on site 1 can appear.
As such, the operator front necessarily moves to site 1.
More generally, if tracing over all ingoing legs except for i
and tracing over the single outgoing leg j yields the iden-
tity (i.e., the maximum-velocity condition between i and j
is satisfied), then the operator front initially localized at site
i necessarily grows to site j . This property manifests itself
as a nontrivial light-cone OTOC in the i → j direction.

To see this more formally, consider the channel Teẽ
introduced in Sec. IV B [Eq. (33)]. If the circuit satisfies
the maximum-velocity condition for e → ẽ, then we can
construct an additional (left and right) eigenoperator of Teẽ
with unit eigenvalue,

(73)

such that Teẽ|R′) = |R′) and (L′|Teẽ = (L′|. To understand
this, suppose that Eq. (71) is satisfied, such that the circuit
is maximum velocity in the 2 → 1 direction. In the four-
folded notation, this becomes

(74)
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and therefore

(75)

The steady-state value of the OTOC on the light cone is
set by these nontrivial eigenvalues. From the right eigen-
states |R) and |R′) and the left eigenstates (L| and (L′| we
construct a biorthonormal basis

|v) = |R), |v′) = |R′)− q|R)√
q2 − 1

, (76)

(v| = (L|, (v′| = q(L| − (L′|√
q2 − 1

, (77)

satisfying (v|v) = (v′|v′) = 1 and (v′|v) = (v|v′) = 0. At
late times we can replace the repeated action of the channel
by a projection on these states, i.e.,

lim
t→∞T t

eẽ = |v)(v| + |v′)(v′|. (78)

The OTOC will hence approach a nontrivial value on the
light cone,

lim
t→∞ Cαβ(i, j ; t) = (σα|v)(v|σβ)+ (σα|v′)(v′|σβ)

= 1 − q2

q2 − 1
= −1

q2 − 1
, (79)

where we have evaluated the overlaps as

(σα|v) = 1, (σα|v′) = − q√
q2 − 1

, (80)

(v|σβ) = 1, (v′|σβ) = q√
q2 − 1

. (81)

This value indicates a maximal butterfly velocity as well
as maximal scrambling on the edge of the causal light
cone. In Fig. 12, we show this for five randomly gener-
ated maximum-velocity tree-unitary gates (constructed as
described in Appendix B).

Despite their appearance, these additional maximum-
velocity conditions in Eq. (71) are quite natural, since
various explicit constructions of tree-unitary gates satisfy
one or more maximum-velocity conditions. The KIM of,
e.g., Sec. III C is maximum velocity between neighboring

FIG. 12. OTOC Cαβ(x, t) on the light-cone direction 2 →
3 with σα = 1√

2
(X + Z) and σβ = Z, for randomly gener-

ated maximum-velocity tree-unitary gates (as described in
Appendix B). The OTOC approaches −1/(q2 − 1) = −1/3 on
the light cone, as expected from the calculation in the text.

legs. It can be directly checked that, e.g.,

(82)

which constrains U†σα(2)U to only generate terms of the
form σ ⊗ σ ⊗ σ or σ ⊗ 1 ⊗ σ . In fact, for ingoing site
2 the KIM satisfies an additional identity, as proven in
Appendix E,

(83)

which additionally removes the possibility of σ ⊗ 1 ⊗ σ

terms.
The prediction −1/(q2 − 1) assumes that there are no

other nontrivial unit-modulus eigenoperators; for the KIM,
more eigenoperators can be constructed, giving rise to a
light-cone OTOC value that depends on the choice of oper-
ators in Fig. 13 (see Appendix E). Taking the KIM again,
for an operator initially at the root of a gate in the first
layer, all correlation functions vanish, indicating maximum
ergodicity. The only nonvanishing correlation functions
are for an operator passing from a leaf to the root of the
gate always. For higher-z KIM, an operator initially at the
root of the gate will spread with maximum velocity to all
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FIG. 13. OTOC Cαβ(x, t) on the light-cone direction 2 → 3
with σα = 1√

2
(X + Z) and σβ = Y or σβ = (Y + Z)/

√
2, for the

kicked-Ising model (KIM) and a Hadamard-based construction
(HC) discussed in Appendix B. The OTOC approaches the val-
ues of −0.5 or −0.25, in accordance with the calculation in
Appendix E, confirming that the operators spread at maximum
velocity.

leaf sites (but unlike z = 3, need not remain on the root).
An operator initially at a leaf will spread with maximum
velocity to the root of the gate, without spreading to the
other leaves.

A different class of tree-unitary gates that are maximum
velocity in all directions are perfect tensors. Perfect tensors
(for an even number of legs) encode a unitary transforma-
tion between any equal-size bipartitions of their legs, i.e.,
for z = 3 these satisfy

(84)

The maximum-velocity conditions correspond to a subset
of these conditions. For z = 2, perfect tensors return dual-
unitary gates that are additionally maximally ergodic, i.e.,
all correlation functions vanish identically after a single
time step [84]. Remarkably, for tree-unitary gates this is
also the case, but with a much less stringent condition: all
correlation functions vanish identically after a single time
step provided that the gate satisfies at least two maximum-
velocity conditions. In the language of Ref. [84], these
tree-unitary gates result in Bernoulli dynamics. Interest-
ingly, while Bernoulli dynamics cannot be realized for
q = 2 in dual-unitary gates, moving to tree-unitarity with
z > 2 directly returns a large class of such models.

This result can be understood by noting that the
maximum-velocity condition strongly constrains the quan-
tum channel in Eq. (23) in the calculation of the correlation
functions. If Eq. (71) is satisfied, then M23(σ ) = 0, so
correlation functions in the 2 → 3 direction vanish. More
generally, if the gate satisfies maximum velocity for i → j ,

then Miẽ(σ ) = 0 for ẽ 	= j . A particular direction being
maximum velocity means that no other direction can have
nonvanishing correlation functions. Accordingly, if a gate
is maximum velocity in two directions (from a given ingo-
ing leg), then all correlation functions stemming from this
ingoing site must vanish. Both perfect tensors and the
KIM, along with further constructions which we consider
in Appendix B, are not just maximum velocity but are max-
imal velocity in more than one direction. All correlation
functions therefore vanish, indicating maximum ergodicity
on the level of the correlation functions.

VII. CONCLUDING REMARKS

We began this paper with two central objectives. Our
first and more conceptual goal was to understand the basic
properties of local unitary dynamics on trees. Our second
was more technical: namely, to identify a notion of solv-
ability akin to dual-unitarity in one dimension in the result-
ing “tree + 1-dimensional” unitary circuits. The obstacle
to the former is the desire to preserve (to the greatest extent
possible) the extensively large set of tree symmetries that
arise from the freedom to permute the branches at any
given node. For the latter, the challenge is that a spatial
structure that is a tree clearly cannot admit a space-time
duality of the type central to the original formulation of
dual-unitarity.

In spite of these challenges, as reported in the pre-
ceding sections, we have made substantial progress on
both of our main objectives. First, we have demonstrated
that a seemingly natural generalization of local unitary
dynamics to trees, based on applying 2-site gates accord-
ing to a z-coloring of the bonds, fails to preserve the tree
symmetries—most obviously reflected in the existence of
slow and fast portions of the light cone (despite such
pathologies, the resulting circuits allow exact solvability
using dual-unitary techniques, summarized for the inter-
ested reader in Appendix F). Instead, we have shown that
a distinct unitary circuit construction, involving z-site gates
applied alternately to sets of sites dictated by a certain bond
2-coloring, results in an isotropic light cone.

For these z-site-gate circuits we have then defined a
notion of “tree-unitarity,” that trades the unitary space-
time duality for a requirement of space-time isometry
between the spacelike (treelike) and timelike directions.
Notably, a physically motivated example of dual-unitarity,
the self-dual kicked Ising model, exhibits tree-unitarity
when appropriately generalized to the tree setting. Impos-
ing tree-unitarity has in turn allowed us to lift much
of the solvability of dual-unitary circuits to trees. For
example, in tree-unitary circuits, operator correlations van-
ish except on the light cone, where they can be exactly
computed using quantum channels despite the exponen-
tial growth of the number of sites; the “out-of-time order
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correlator” (OTOC), a key diagnostic of operator scram-
bling and quantum chaos, can be computed on the light
cone using similar techniques; and exact calculations of
entanglement growth are possible for a set of special
initial conditions, essentially by “folding” the problem
into a one-dimensional system the Hilbert-space dimen-
sion of which grows exponentially with distance from the
origin.

However, the move from unitarity to isometry has also
revealed that tree-unitary quantum circuits are richer than
their dual-unitary counterparts. This is especially evident
in the computation of OTOC: whereas for dual-unitary cir-
cuits the OTOC spreads at the maximum possible “butter-
fly velocity,” manifesting in nontrivial operator scrambling
already at the causal light cone, this is not automatically
the case for a generic tree-unitary circuit. Instead, requiring
nontrivial OTOCs on the light cone stems from an addi-
tional set of “maximum-velocity” conditions, which are
not satisfied by generic tree-unitaries. We discuss exam-
ples of such maximum-velocity tree-unitary circuits in
Appendix B, but note that the KIM is one such example.
This weakening of the connection between solvability and
“maximum velocity” means that, in a certain sense, tree-
unitary circuits are more “generic” than dual unitaries—at
least in their operator-scrambling properties. We argue
that, subject to certain mild assumptions on the solvabil-
ity constraints and geometry, this feature can never occur
in Euclidean geometries, but is possible on graphs which
are δ-hyperbolic, of which the Cayley tree studied here is
the simplest example.

Having established these new ideas and results, in the
remainder of this section we discuss their possible exten-
sions, links to other work, and questions they raise about
dynamics more generally.

First, we note that there are other interesting com-
putations one can envisage on the tree, or even locally
treelike graphs. For instance, all our present results make
no assumptions of regularity in either space or time (other
than, of course, tree-unitarity). However, one can compute
additional quantities when such structure is present—as is
the case for, e.g., Floquet circuits such as the KIM, that
repeat periodically in time. One such quantity is the so-
called spectral form factor (SFF) [76], defined as K(t) =
Tr[Ut], where U is the unitary evolution operator for a
single full time step (in our case, corresponding to a sin-
gle application of gates on each of the disjoint sets of
bonds). The SFF encodes correlations between the eigen-
phases of the Floquet operator U, and as such is a sensitive
spectral probe of chaos (complementing the OTOC). One
challenge in computing the SFF is that it is not self-
averaging, necessitating the introduction of some sort of
disorder averaging to obtain sensible results. While such
an analytic computation may be feasible on a tree, a more
subtle issue is to interpret the result, since the thermody-
namic limit of locally treelike problems is often subtle [85]

Numerical computations are challenged both by the expo-
nential growth of the system size with depth, and, more
seriously, by the finite bulk-boundary ratio; it is hence cru-
cial to identify ways to consider “closed” trees by suitably
rewiring sites on the boundary. Addressing these issues,
both for the computation of the SFF and more generally, is
an important direction for future work.

This connects naturally to the broader question of
extending tree-unitarity and similar notions to more gen-
eral “expander” graphs, such as hyperbolic lattices, that
share a similar finite bulk-boundary ratio for subsystems.
The dynamics in such systems are clearly important to
address, given the relevance of expanders to quantum error
correction and related ideas [43–47]. The crucial new fea-
ture in such settings, in common with the closed trees
mentioned above, is the presence of loops (which are usu-
ally short in the former case, and long in the latter). From
our discussion in Sec. V, it follows that our definition of
exact solvability could extend to the (δ-)hyperbolic case.
We hope to present a construction of brickwork struc-
tures that realize such dynamics in future work. For more
general graphs which do not admit such solvability, one
promising direction is to utilize techniques such as the cav-
ity method [86–90] and belief propagation [91–93] that
have proven to be powerful tools in more conventional
statistical mechanics problems on trees. Along these lines,
Ref. [94] has developed influence-functional belief propa-
gation to simulate local observable dynamics on arbitrary
graphs, with “tree + 1” forming a starting point. In a dif-
ferent direction, multiunitary gates arranged on expander
graphs have gained interest as holographic codes, and it
is natural to explore how tree-unitarity modifies, e.g., the
coding properties and correlation structure within such
models [56–59].

Even within the tree + 1-dimensional unitary setting,
there are several open problems that we briefly flag. We
have already mentioned the use of Clifford tree unitaries
as a means of simulating entanglement growth (albeit for
small system sizes due to the exponential-growth prob-
lem). Of course, Clifford dynamics are more general and
would allow a deeper understanding of non-tree-unitary
circuits on trees [95]. A second class of solvable quan-
tum circuits are built from so-called “matchgate” tensors,
which can often be mapped to free fermions. Studying
such matchgate circuits on trees potentially offers a distinct
tractable limit to tree-unitarity [96–99]. A rather differ-
ent question is whether tree-unitarity can be extended in
a hierarchical manner, as in the case of dual-unitary cir-
cuits, where such constructions can lead to circuits with
multiple light cones and submaximal entanglement growth
[31–36]. Moving away from tree-unitary problems and
instead considering Haar-random unitary gates offers an
entirely new line of investigation [7,8]. Such random uni-
tary circuits are usually analytically tractable in the limit
of infinite Hilbert-space dimension of each individual gate
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[100–102]. Since for the z-site construction, each gate is a
qz × qz unitary, this limit can be accessed by taking either
q or z to infinity while holding the other fixed. Under-
standing the differences, if any, between these limits is an
intriguing question, as is the development of an “entan-
glement membrane”–like picture for trees [32,34,35,103,
104]. For structured models, these different limits should
be reflected in the eigenstates of the unitary evolution
operator. Eigenstates of systems with local (one-to-one,
z = 2) and long-range (all-to-all, similar to z → ∞) inter-
actions have different entanglement structure [105,106],
and it is natural to wonder where treelike interactions fall
in between these limits using, e.g., probes of the eigen-
state thermalization hypothesis. Still further extensions of
both random and tree-unitary circuits are possible by mod-
ifying them to include conservation laws [9,107,108], and
exploring the resulting dynamics.

Breaking unitarity by introducing measurements is yet
another possible extension of our work [102,109–113].
Here, the relevant question is whether there are new
insights to be gleaned into the measurement-induced phase
transition (MIPT) by moving to the tree setting. Since the
boundary of a region now scales in proportion to its vol-
ume, we expect scrambling to have a stronger effect than
in finite dimension. However, given that MIPTs (charac-
terized by information retained from an initial state) are
observed even in all-to-all models [65,112,114], an MIPT
in tree + 1 dimensions seems likely. We note that although
dynamical quantum trees have allowed for analytic insight
into the MIPT beyond what is achievable in (1 + 1)D
[63,65], these simplifications are unlikely to hold in the
tree + 1 setting. Within the tree-unitary setting, one perti-
nent consideration is if the restricted choice of projective
measurements and associated circuit modifications that are
necessary in order to preserve solvability [115] are richer
than their counterparts in finite-dimensional circuits.

Finally, one can consider the z-site tree-unitary gates,
but now acting in one dimension. The isometry con-
ditions now offer a different class of dynamics beyond
dual-unitarity; although the dynamics here would not nec-
essarily be solvable, it would be interesting to explore the
attendant physical consequences of the isometries.

We could continue to enumerate further new directions,
but close here with the hope that answers to those raised
above might appear in the not-too-distant future.
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openly available [116]. We provide implementations of the
algorithm to generate tree-unitary gates, estimation of their
dimensionality, calculation of correlation functions and
OTOCs, and Clifford simulations of entanglement entropy.

APPENDIX A: NUMERICAL CONSTRUCTIONS
OF GENERAL TREE-UNITARY GATES

The KIM is an example of a tree-unitary gate which in
many ways is nongeneric: it is an example of a “maximum-
velocity” tree-unitary gate, as we discuss in Sec. VI. In
this section we describe how to construct more generic
tree-unitary gates, and thereby numerically estimate the
dimensionality of the set of such gates.

To generate ensembles of tree-unitary gates, we extend
the method of Ref. [72], which generates dual-unitary
gates by iteratively shuffling indices and performing a
polar decomposition to find the closest unitary. For clarity,
we focus on the z = 3 case; the generalization for z > 3 is
straightforward.

Given a matrix M , with matrix elements 〈abc|M |def 〉,
we define “reshuffled” matrices as

〈abde|MR1 |cf 〉 = 〈abc|M |def 〉, (A1)

〈acdf |MR2 |be〉 = 〈abc|M |def 〉, (A2)

〈bcef |MR3 |ad〉 = 〈abc|M |def 〉. (A3)

Tree-unitarity of M is the statement that MRi is an isometry
∀i, i.e., M †

Ri
MRi

= 1q2 .

We now define the map TRi : C
q3×q3 → C

q3×q3
to con-

sist of three stages. First, shuffle the indices to take M →
MRi . Second, map MRi → NRi , where NRi is the nearest
isometry to MRi . Finally, unshuffle the indices NRi → N .
The second step, finding the nearest isometry to MRi , is
achieved by performing a polar decomposition

MRi
= NRi

√
M †

Ri
MRi

, (A4)
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where NRi is a q4 × q2 matrix satisfying N †
Ri

NRi = 1q2×q2 .
We shall also need the analogous result for a square matrix:
the closest unitary matrix to M is N , where M = N

√
M †M

is the polar decomposition. We shall denote this map M →
N by T.

Define the composite map Tc : C
q3×q3 → C

q3×q3
to act

as Tc(M ) = TR3(TR2(TR1(T(M )))). Given a random q3 ×
q3 “seed” matrix M0, we act with Tc a large number of
times n to produce a matrix Mn = Tn

c(M0). If this procedure
converges, as numerically seems to be the case for generic
initial matrices, it converges to a matrix satisfying all the
tree-unitary conditions.

One can generate random tree-unitary gates that sat-
isfy one or more of the maximum-velocity conditions
by including this unitarity constraint (in place of the
tree-unitarity condition that follows from it) in the
above algorithm. We provide an implementation of this
algorithm [116].

Since we do not have a general parametrization of
tree-unitary gates, we numerically estimate the dimen-
sionality of the set of tree-unitary gates. To do this we
follow Ref. [27], writing the tree-unitarity constraints as
a vector function �f (�a) = 0 of all real parameters �a in our
matrix. Finding the rank of the Jacobian matrix ∂fi

∂aj
gives

the (local) dimension of the manifold of solutions to this
equation. For 3-site gates with q = 2, for each of 100 sam-
ples this approach returns that tree-unitary operators form
a 37-dimensional space.

APPENDIX B: CONSTRUCTIONS OF
TREE-UNITARY GATES

We now give more explicit examples of tree-unitary
gates beyond the KIM. All examples will turn out to
be “maximum velocity” as defined in Sec. VI in at
least one direction. While we do not have any explicit
constructions of tree-unitary gates which do not satisfy
maximum-velocity conditions, such gates can be obtained
numerically using the algorithm described in Appendix A.

1. Two dual-unitary gates

The first explicit construction consists of two dual-
unitary gates applied on adjacent bonds,

(B1)

The entire circuit from this construction could in fact be
viewed as a 4-layer circuit of 2-site gates. Tree-unitarity of
this composite gate follows directly from dual unitary of
the 2-site gate.

The maps to calculate light-cone correlation func-
tions [Eq. (19)] here obey M12(σ ) = M23(σ ) = M31(σ ) =
0, while M32(σ ), M13(σ ), M21(σ ) 	= 0 in general. The
indices in Eq. (B1) correspond to our labeling convention
of the nodes, with Mij dictating the correlation functions
from ingoing leg i to outgoing leg j . Consistent with this,
these gates satisfy the maximum-velocity condition for
2 → 1, 1 → 3, and 3 → 2. As a result, for an operator
initially on ingoing leg 2 of a gate in the first layer, cor-
relations are only nonvanishing along the single ray in the
2 → 1 direction, along which operator spreading is max-
imum velocity. For an operator initially on ingoing leg 1,
after one time step the operator will have spread to site
3. This site will then be ingoing leg 2 for the next layer,
leading to the single ray 2 → 1. Similarly, an operator ini-
tially on ingoing leg 3 will spread to site 1, at which point
it will move along the 2 → 1 direction. We see that the
maximum-velocity condition here constrains the nonvan-
ishing correlations to be only along that direction. This
construction directly extends to higher z, for which z − 1
dual unitaries applied to different bonds in any order also
yield a tree-unitary.

2. Hadamard construction

A more symmetric example can be constructed from
Hadamard matrices and δ-tensors. This 2-site “Hadamard
construction” is physically obtained through Ising terms
and kicks, like the KIM, but we include Ising couplings
between all pairs of spins (not just nearest neighbors
according to the tree geometry)

U =
z∏

(i, j )

Iij

z∏

j =1

Kj

z∏

(i, j )

Iij , (B2)

where Iij are the Ising terms and Kj are the kick terms
[Eq. (13)], with (i, j ) indicating all pairs i 	= j . For z = 3,
this gate is represented as

(B3)

In this construction, the circuit is maximum velocity in all
directions, and therefore all two-point correlation functions
vanish, Mij (σ ) = 0, as discussed in Sec. VI. The light-cone
OTOC is plotted in Fig. 13 and tends to the same nontrivial
values as the KIM, since it possesses the same additional
eigenoperators constructed in Appendix E.

As with all tree-unitary gates, dressing each outgo-
ing leg with a single-site unitary gate does not alter the
tree-unitarity conditions. Furthermore, if we dress this
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Hadamard construction with a single 2-site unitary,

(B4)

the maximum-velocity conditions of the original construc-
tion imply that we still obey the tree-unitary conditions.
Suppose that the 2-site unitary is applied between sites
1 and 3. Then the circuit is no longer maximum veloc-
ity in the 2 → 3 or 2 → 1 directions, but maintains the
maximum velocity along 3 → 2 and 1 → 2. However, the
two-point correlation functions still vanish, because of a
further identity satisfied by the gate (see Appendix E),

(B5)

which can be interpreted as saying that for the undressed
construction,

U †(1 ⊗ σ ⊗ 1)U −→ σ ⊗ σ ⊗ σ , (B6)

while for the dressed construction

U †(1 ⊗ σ ⊗ 1)U −→

⎧
⎪⎨

⎪⎩

σ ⊗ σ ⊗ σ ,
σ ⊗ σ ⊗ 1,
1 ⊗ σ ⊗ σ .

(B7)

3. Controlled gates and triunitary gates

Tree-unitary gates can also be constructed from a gate
with two control qubits and one target qubit, along with
SWAP gates

(B8)

with open circles representing the controls. This gate is
maximum velocity in the 1 → 3, 2 → 1, and 3 → 2 direc-
tions. The extension to higher z is to have z − 1 controls,
and a cyclic SWAP on all sites. One can further dress this
construction with a further SWAP and a dual-unitary gate to

obtain

(B9)

which is also tree unitary.
Tree-unitary gates acting on three sites can also be

obtained from a family of triunitary gates [26], which are
3-site gates satisfying unitarity under π/3 rotations:

(B10)

Given a triunitary gate, we can obtain a tree-unitary gate
by applying a SWAP to sites 2 and 3 or sites 1 and 2:

(B11)

This gate is maximum velocity in the 3 → 1 and 1 → 2
directions. It also satisfies

(B12)

which is neither a tree-unitary condition nor a maximum-
velocity condition, but enforces M21(σ ) = M22(σ ) = 0. In
words, the gate is not maximum velocity from 2 → 3, but
for operators starting on site 2 of the gate, they can only
have nonzero correlation functions in the 2 → 3 direction.
More explicitly, an operator initially on site 2 can evolve
into terms of the form

U †(1 ⊗ σ ⊗ 1)U −→

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

σ ⊗ σ ⊗ σ ,
σ ⊗ σ ⊗ 1,
1 ⊗ σ ⊗ σ ,
σ ⊗ 1 ⊗ σ ,
1 ⊗ 1 ⊗ σ .

(B13)

This, along with the maximum-velocity conditions, is what
allows for the solvability of the circuits in Ref. [26]. Ref-
erence [26] provides a partial parametrization of triunitary
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gates. Using controlled phases CPij (φ) = e−i φ4 (Zi−1)(Zj −1)

(indicated with blue circles) and single-site unitaries (white
boxes) we construct the tree-unitary gate

(B14)

This gives a 31-parameter space of circuits, but is max-
imum velocity in the 2 → 1, 3 → 2, and 1 → 3 direc-
tions, and therefore is highly nongeneric. Notice that the
dual-unitary construction in Eq. (B 1) is contained in this
construction as a special case.

APPENDIX C: BOUND ON THE OTOC

In this appendix we derive a bound on the average light-
cone OTOC, given that an operator has a total weight w on
the light cone. As argued in Sec. V, a solvable model will
generically conserve operator weight on the light cone and
the following bound will apply.

Under unitary dynamics a Pauli operator, initially
located at site j , will grow into a superposition of Pauli
strings

σα( j, t) =
∑

S
cS(t)S , (C1)

where unitarity conserves the total operator weight∑
S cS(t)2 = 1 [from here on, we suppress the time for

notational convenience; cS(t) = cS]. Note that since uni-
tary evolution of a Hermitian operator preserves Hermitic-
ity, we take all cS to be real.

Denote the region of sites on the light-cone R, with
number of sites |R|. The support of S on R is defined as
suppR(S) = {i ∈ R : Si 	= I}, where Si is the value of the
Pauli string on site i. |suppR(S)| therefore counts the num-
ber of sites in R on which S does not act as the identity. For
example, if we consider the Pauli string S = XIY and the
region R = {1, 2}, then S1 = X and |suppR(S)| = 1. The
total weight w of σα( j, t) on R is defined as

w =
∑

S:|suppR(S)|	=0

c2
S . (C2)

For solvable circuits, as argued in the main text, the weight
w on the light cone is constant. For tree-unitary circuits in
particular, the weight w = 1, i.e., every Pauli string with
nonzero weight has support on the light cone.

We now seek to relate this weight w to the OTOCs on
any given site in R. To this end, consider taking the OTOC
[Eq. (29)] between the growing operator σα( j, t), and a

local Pauli operator on a site in R, σβ(i, 0). We average
over all sites i ∈ R, and over all nontrivial Pauli operators
β = 1, . . . , q2 − 1, yielding

Ō = 1
|R|

∑

i∈R

1
q2 − 1

∑

β

〈σβ(i, 0)σα( j , t)σβ(i, 0)σα( j , t)〉.

(C3)

If σα( j , t) has no support on R, i.e., w = 0, then Ō = 1.
When w 	= 0, Ō 	= 1, and we now find a bound on the
difference 1 − Ō given w.

Using the decomposition in Eq. (C1), we can write the
OTOC in terms of the coefficients cS :

〈σβ(i, 0)σα( j , t)σβ(i, 0)σα( j , t)〉
=
∑

S,S′
cScS′ 〈σβ(i, 0)Sσβ(i, 0)S ′〉

=
∑

S:Si∈{σβ ,I}
c2
S −

∑

S:Si /∈{σβ ,I}
c2
S , (C4)

since if Si ∈ {σβ , I}, then S commutes with σβ(i, 0); other-
wise S anticommutes with σβ(i, 0). Returning now to the
average Eq. (C3),

Ō = 1
|R|

∑

i∈R

1
q2 − 1

∑

β

⎡

⎣
∑

S:Si∈{σβ ,I}
c2
S −

∑

S:Si /∈{σβ ,I}
c2
S

⎤

⎦ ,

(C5)

we seek to rewrite the sums over β and S into a more
unified form. First note that

∑

β

∑

S:Si=I

c2
S = (q2 − 1)

∑

S:Si=I

c2
S (C6)

because the inner sum is independent of β. Second, we
have

∑

β

∑

S:Si=σβ
c2
S =

∑

S
c2
S −

∑

S:Si=I

c2
S

= 1 −
∑

S:Si=I

c2
S . (C7)

Finally,
∑

β

∑

S:Si 	={I ,σβ }
c2
S =

∑

β

∑

γ 	=β

∑

S:Si=σγ
c2
S

= (q2 − 2)
∑

β

∑

S:Si=σβ
c2
S

= (q2 − 2)

⎡

⎣1 −
∑

S:Si=I

c2
S

⎤

⎦ . (C8)
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Collecting these, we obtain

Ō = 1
|R|

∑

i∈R

⎡

⎣−q2 − 3
q2 − 1

+ 2
q2 − 2
q2 − 1

∑

S:Si=I

c2
S

⎤

⎦ . (C9)

So far we have been exact, but we now place a bound on∑
i∈R
∑

S:Si=I c2
S given a weight on R of w. To do so, let

wn be the total weight of σα( j, t) for which |suppR(S)| = n,
i.e.,

wn =
∑

S:|suppR(S)|=n

c2
S . (C10)

These wn satisfy

|R|∑

n=0

wn = 1,
|R|∑

n=1

wn = w. (C11)

Now, restricting the sum to include only strings S with
|suppR(S)| = n,

∑

i∈R

∑

S:Si=I
|suppR(S)|=n

c2
S = (|R| − n)

∑

i∈R

∑

S|suppR(S)|=n

c2
S

= wn(|R| − n), (C12)

because a Pauli string with Sk = I will be counted when-
ever i = k, and by definition this occurs on |R| − n sites k.
This means that

∑

i∈R

∑

S:Si=I

c2
S =

|R|∑

n=0

wn(|R| − n)

= (1 − w)|R| +
|R|∑

n=1

wn(|R| − n)

≤ (1 − w)|R| +
|R|∑

n=1

wn(|R| − 1), (C13)

so we have

∑

i∈R

∑

S:Si=I

c2
S ≤ (1 − w)|R| + w(|R| − 1). (C14)

Putting this into Eq. (C9) yields, after some simple algebra,

1 − Ō ≥ 2w
|R|

q2 − 2
q2 − 1

. (C15)

APPENDIX D: SUFFICIENCY OF
δ-HYPERBOLICITY FOR COMPUTABLE

LIGHT-CONE CORRELATIONS

Here, we prove that |intt(i, j , s)| remains bounded if the
metric space (V(G), d) is δ-hyperbolic (see Sec. V B for
definitions). This means that δ-hyperbolicity is a sufficient
condition for efficiently computable light-cone correlation
functions for any circuit.

Assume that (V(G), d) is δ-hyperbolic. Recall from
the main text that this means that any geodesic trian-
gle {i, j , y} is δ-thin, namely, that for any point p on
one side there exists a point q on the union of the
other two sides with d(p , q) ≤ δ. We now show that for
any two points xs, x′

s ∈ intt(i, j , s), d(xs, x′
s) ≤ 2δ, which

in turn implies that the number of sites in intt(i, j , s) is
bounded. To see this, consider two geodesics γ and γ ′
which go from i → j . Consider the “degenerate” trian-
gle which consists of {i, j , j }, with sides being geodesics
γ , γ ′, and a geodesic of 0 length. Then by the assump-
tion this triangle is δ-thin, which implies that any p point
on γ is within δ of a point on γ ′ (more precisely, the
union of γ ′ with the geodesic of 0 length, but this is
just γ ′). Consider now two points xs ∈ γ , and x′

s ∈ γ ′,
for which xs, x′

s ∈ intt(i, j, s). Again, by the previous argu-
ment, there exists a point u′ ∈ γ ′ such that d(xs, u′) ≤ δ. By
the triangle inequality, |d(i, u′)− d(i, xs)| ≤ d(u′, xs) ≤ δ.
But since d(u′, x′

s) = |d(x′
s, i)− d(u′, i)|, and d(i, xs) = s =

d(i, x′
s), we have d(u′, x′

s) ≤ δ. Therefore, using the trian-
gle inequality once more, d(xs, x′

s) ≤ d(u′, xs)+ d(u′, x′
s) ≤

2δ. Reiterating, we have shown that for any pair of points
xs, x′

s ∈ intt(i, j, s), d(xs, x′
s) ≤ 2δ. Since every vertex has

a finite number of edges, a bounded distance between
any pair of points in |intt(i, j, s)| implies a bounded size
|intt(i, j, s)|.

APPENDIX E: IDENTITIES FOR KIM

1. Trace identity

Here, we prove an identity for the 3-site KIM used in
Eq. (83) to constrain the form of Pauli operators under
conjugation. We show that

(E1)

This equality cannot be shown simply using the identities
in Eq. (16), but still relies on the properties of complex
Hadamard matrices. Consider separating out the left-hand
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side of Eq. (E1) into the following parts:

(E2)

Each of these parts has the form of a δ-tensor surrounded
by an equal number of complex Hadamard matrices and
their Hermitian conjugates. Our goal will be to show that
these parts are themselves (essentially) δ-tensors, follow-
ing similar arguments as in Ref. [75], from which the
identity will follow. The complex Hadamard matrix H
[Eq. (12)], making up the kick and the Ising terms, can
be written as

H = DFD, (E3)

where F is the q = 2 Fourier matrix

F =
(

1 1
1 −1

)
, (E4)

and D is a diagonal matrix with matrix elements
Daa = eiφa .

Since each of the parts above consists of a complex
Hadamard and its Hermitian conjugate, the phases on and
next to the δ-tensor cancel out. For the parts consisting of
two folded gates, this leaves us with

(E5)

where δ(i) ≡ δi mod 2,0. Similarly, with three folded gates we
have

(E6)

Piecing these together in Eq. (E2) and cancelling com-
mon phase factors, we obtain

δ(abde)δ(abcdef )δ(bcef ) = δa,dδb,eδc,f , (E7)

where, e.g., δ(abde) ≡ δ(a+b+d+e), and so on. This returns the
right-hand side of the identity in Eq. (E1) that we set out to
show.

2. OTOC channel eigenoperators

In Sec. VI, we have shown that satisfying a maximum-
velocity condition leads to a nontrivial eigenoperator with
unit eigenvalue of the OTOC channel. Constructing this
eigenoperator explicitly, we have shown that the light-
cone OTOC approaches the value of −1/(q2 − 1). The
KIM, however, has additional symmetries that allow for
the construction of further eigenoperators with eigenvalue
1, changing this nontrivial light-cone OTOC value in a way
which depends explicitly on the choice of operators, as for
the 2-site KIM in Refs. [16,117].

Let us briefly recall the status in the main text. The light-
cone OTOC is computed using the channel Teẽ defined by,
e.g.,

(E8)

Unitarity allows the construction of a single left or right
eigenoperator with eigenvalue 1,

(E9)

Maximum velocity in the direction e → ẽ allows the
construction of a further left or right eigenoperator with
eigenvalue 1,

(E10)

Without any further structure, these are the only unit-
eigenvalue eigenoperators, and from these one can show
that the light-cone OTOC approaches −1/(q2 − 1), as
done in the main text. For the KIM, however, we can
construct one additional left or right eigenoperator with
eigenvalue 1 [117],

(E11)

We now orthonormalize the first pair as before (with q = 2
for the KIM),

|v) = |R), |v′) = |R′)− 2|R)√
3

, (E12)

(v| = (L|, (v′| = 2(L| − (L′|√
3

, (E13)
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with the new eigenoperators orthonormalized to

|v′′) = 1√
2

(
1√
6
|R)−

√
2
3
|R′)+

√
3
2
|R′′)

)
, (E14)

(v′′| = 1√
2

(
−
√

2
3
(L| + 1√

6
(L′| +

√
3
2
(L′′|

)
. (E15)

The overlaps required for the OTOC now explicitly
depend on the operator. We take σα = αxσx + αyσy + αzσz
and σβ = βxσx + βyσy + βzσz, with α2

x + α2
y + α2

z = β2
x +

β2
y + β2

z = 1. Then

(σα|R′′) = (2α2
z − 1), (L′′|σβ) = 2β2

z , (E16)

such that

(σα|v′′) = 1√
2

[√
3
2
(2α2

z − 1)+
√

1
6

]
, (E17)

(σα|v′′) = 1√
2

[√
3
2
(2β2

z )−
√

2
3

]
. (E18)

From the projection on the resulting eigenspace, we find
that the light-cone OTOC approaches

lim
t→∞ Cαβ(i, j ; t) =

∑

i={v,v′,v′′}
(σα|i)(i|σβ)

= 1 − 4
3

+ 1
2

(√
6α2

z −
√

2
3

)(√
6β2

z −
√

2
3

)

= 3α2
zβ

2
z − α2

z − β2
z . (E19)

For Fig. 13, αz = 1/
√

2 and βz = 0 when σβ = Y, so the
OTOC approaches −1/2. When σβ = (Y + Z)/

√
2, βz =

1/
√

2 and the OTOC approaches −1/4.

APPENDIX F: DYNAMICS OF 2-SITE GATE
BRICKWORK CIRCUITS

In the main text we have briefly explored the construc-
tion of brickwork circuits on the tree using 2-site gates,
finding that they suffer from anisotropy. Nevertheless, it is
noteworthy that many of the techniques used in (1 + 1)D
circuits can be applied in this setting to calculate prop-
erties such as light-cone correlation functions, light-cone
OTOCs, and entanglement growth following a quench. To
illustrate how these calculations proceed, and to contrast
them with the isotropic, tree-unitary case, we summarize
them in this appendix.

1. Correlation functions

a. On the light cone

In Sec. II we have discussed the anisotropy of the light
cone in brickwork circuits constructed from 2-site gates.
Despite this anisotropy, it is still possible to efficiently cal-
culate light-cone correlation functions for any choice of
unitary gate, along any light-cone path.

Let us describe a light-cone path by its sequence of fast
steps (F) and slow steps (S). To calculate the correlation
function along such a path, we introduce the channels

(F1)

and

(F2)

For each fast step we apply M1, and for each slow step we
apply M1M2 (for z = 3). For example, a path consisting of
steps FFS has correlation function

〈σβ(xLC, t)σα〉 = tr
[
σβM1M2M1M1(σα)

]
. (F3)

Physically, the M2 channel arises due to the unitary gate
applied to the site which is not along the path of interest.
For z > 3, we have a hierachy of steps from fast (advance
immediately) to slow (wait z − 1 time steps before advanc-
ing). In a step which waits m time steps before advancing,
one applies the channel M1M m

2 .

b. Inside the light cone

The calculation of correlation functions inside the light
cone is complicated because a large number of unitary
gates can contribute (those within the intersection of light
cones from the two operators). In (1 + 1)D, imposing
dual-unitarity on the gates leads to correlation functions
vanishing inside the light cone [76], so all correlation
functions can be calculated efficiently.

On the Cayley tree, dual-unitary gates have the same
consequence—correlation functions inside the light cone
vanish. This result follows from the identity (in the folded
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notation introduced in the main text)

(F4)

which implies that U†(σα ⊗ 1)U cannot generate terms
of the form σβ ⊗ 1. Physically, the operator has ampli-
tude 1 to spread. Applying layers of the circuit, this means
that only terms which have nonzero weight on the fastest
path can be generated. Single-site correlation functions
hence vanish identically (by trace orthonormality of Pauli
operators) everywhere except for the fastest path.

In passing we note that alternating layers of dual-unitary
and unitary gates also lead to correlation functions vanish-
ing inside the light cone, but correlation functions can now
be nonvanishing on a range of paths around the light cone.

2. Out-of-time-order correlators

In Fig. 14, we plot the OTOC for random Clifford sim-
ulations of both dual-unitary and unitary circuits in fast,
intermediate, and slow directions. The first aspect to notice
is that the asymmetry of the light cone is nicely visi-
ble in these plots. Second, on the dual-unitary fast path,
the OTOC converges to a nontrivial value, and propa-
gates with a butterfly velocity vB = 1. However, away
from the fast direction, we observe a butterfly velocity
that is slower than the light velocity, with spreading of the
OTOC inside the light-cone. In Fig. 15 we plot the OTOC

FIG. 14. OTOCs for dual-unitary and unitary circuits on the
z = 3 tree along fast, medium (alternating fast and slow steps),
and slow directions. For dual-unitary circuits in the fastest direc-
tion, the OTOC converges to a nontrivial value on the light
cone, corresponding to a butterfly velocity vB = 1. In all other
directions, and for unitary-only circuits, the typical rate at which
operators grow is vB < 1, with a front that broadens in time. The
simulations have been performed using the QuantumClifford.jl
software package [118], with the random unitary gates generated
using the algorithm in Ref. [119], and random dual-unitary gates
from the SDKI-r class introduced in Ref. [113].

value on the light cone only in these directions, this time
where the dual-unitary gate is the kicked Ising model at the
dual-unitary point.

To understand these properties, we follow Ref. [16]
and diagrammatically write the OTOC in the form of a
quantum channel. We use the same notation developed in
Sec. IV B. As for the correlation functions, we define two
maps (using the four-folded notation of the main text):

(F5)

where each fast step corresponds to T1 and each slow step
for z = 3 to T1T2.

For unitary gates, right and left eigenoperators of both
T2 and T1 with eigenvalue 1 are given by

(F6)

Assuming only unitarity, we expect no other unit eigen-
values, and the light-cone OTOC approaches the trivial
value

(F7)

FIG. 15. OTOC for the 2-site brickwork circuit on the tree,
where each 2-site gate is the kicked Ising model at its dual-
unitary point. Here, σα = (X + Z)/

√
2 and σβ = Y. Along the

fastest direction the OTOC converges to the nontrivial value of
−0.5. In the slowest direction and a direction consisting of alter-
nating fast and slow steps, the OTOC approaches the trivial value
of 1.
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FIG. 16. Here, we demonstrate how sites in region A thermal-
ize under dual-unitary dynamics into maximally mixed states.
The initial state consists of Bell pairs on orange bonds, shown
as the black arcs. We apply the unitary gates in the order
orange, green, blue. At each successive time step, Bell pairs
across another radial layer thermalize to 1

21 (up to a unitary
transformation), shown in red.

Imposing dual-unitarity on the gates allows one to con-
struct a further left or right eigenoperator pair of T1,

(F8)

As a result, the OTOC on the fastest path (which
involves only T1) approaches a nontrivial light-cone value
[16], indicating butterfly velocity vB = 1. Notably, how-
ever, |R′) and (L′| are not eigenoperators of T2. As a
result, paths involving a finite fraction of slow steps have a
light-cone OTOC which approaches the trivial value of 1,
consistent with the observations made in Figs. 14 and 15.

This result is perhaps unsurprising, because the
“maximum-velocity” condition follows from the “always-
hop” property of dual-unitary gates in Eq. (F4). There is no
guarantee that operator weight is left behind on the original
site, and therefore no guarantee that weight will be moved
forward in a slow step.

3. Entanglement spreading

As in (1 + 1)D dual-unitary circuits, the entanglement
dynamics can be exactly calculated for specific classes of
initial states when the gates are dual unitary. In particular,

FIG. 17. Entanglement entropy growth for a z = 3 tree, under
dual-unitary dynamics starting from an exactly solvable Bell-pair
state for a subsystem A consisting of the first r = 10 generations
of the tree.

we start from a product state, and consider the entangle-
ment entropy (EE) of a region A of r generations from
the center (shown in Fig. 16). One solvable class of ini-
tial states consists of Bell pairs 1√

2
(|↑↑〉 + |↓↓〉) on the

bonds corresponding to layer z of the circuit. In Fig. 16
with layers applied in the order orange, blue, green, this
corresponds to Bell pairs on the green bonds.

To calculate the EE, we construct the reduced den-
sity matrix ρA(t) = trĀ(U(t) |ψ0〉 〈ψ0| U†(t)). Analogously
to the (1 + 1)D calculation, we use unitarity and dual-
unitarity to write ρA(t) as a unitary transformation of a
simple state in region A. As an example, we will consider
z = 3 and a region of size r = 3. The number of spins in
the layer at radius r is n(r) = 3 × 2r−1.

At t = 0, all the entanglement comes from the Bell pairs
which span the boundary; looking at Fig. 16 we see that
there are 2

3 n(r) = 2r of these (on the orange bonds). Trac-
ing over Ā, the residual spin of any Bell pair which crosses
the boundary is in a maximally mixed state. The reduced
density matrix is then ρA(0) = (|Bell〉 〈Bell|)⊗(2r−1) ⊗
(1)⊗2r

, so S(0) = 2r. We show this in Fig. 16 at t = 0
by highlighting the sites which contribute a

( 1
21
)

to the
reduced density matrix.

For each layer of the circuit applied, the next outermost
Bell pairs thermalize. The argument is fully analogous to
the (1 + 1)D case, so we do not repeat it here. This pat-
tern of thermalization leads to an exponentially saturating
entanglement entropy, as shown in Fig. 17 for r = 10.
Since the number of initial Bell pairs between layer r and
layer r + 1 is 2r, and noting that Bell pairs on the edge
only contribute one site, the entanglement entropy in units
of ln 2 is

S(t) = 2r + (2r−1 + · · · + 2r−t) · 2 = 2r + 2r+1(1 − 2−t).
(F9)
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For general z,

S(t) = (z − 1)r + 2(z − 1)r

z − 2
[
1 − (z − 1)−t] . (F10)
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