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ABSTRACT. In this paper we study high-dimensional correlated random effects panel
data models. Our setting is useful as it allows including time invariant covariates as
under random effects yet allows for correlation between covariates and unobserved
heterogeneity as under fixed effects. We use the Mundlak-Chamberlain device to
model this correlation. Allowing for a flexible correlation structure naturally leads to
a high-dimensional model in which least squares estimation easily becomes infeasible
with even a moderate number of explanatory variables.

Imposing a combination of sparsity and weak sparsity on the parameters of the
model we first establish an oracle inequality for the Lasso. This is valid even when
the error terms are heteroskedastic and no structure is imposed on the time series
dependence of the error terms.

Next, we provide upper bounds on the sup-norm estimation error of the Lasso. As
opposed to the classical £1- and £2-bounds the sup-norm bounds do not directly depend
on the unknown degree of sparsity and are thus well suited for thresholding the Lasso
for variable selection. We provide sufficient conditions under which thresholding results
in consistent model selection. Pointwise valid asymptotic inference is established for a
post-thresholding estimator. Finally, we show how the Lasso can be desparsified in
the correlated random effects setting and how this leads to uniformly valid inference
even in the presence of heteroskedasticity and autocorrelated error terms.

Keywords: Panel data, Lasso, oracle inequality, sup-norm bounds, high-dimensional
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1. INTRODUCTION

In this paper we study panel data models under correlated random effects. As we
will see, these models naturally become high-dimensional when the correlation between
the covariates and the unobserved heterogeneity is to be modeled in a flexible way. The
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baseline panel data model studied is
(1) Yip =25+ +eir, i=1,..,N, t=1,..,T

where z;; is a py,7 % 1 vector of covariates and py r is indexed by N and 7" to indicate
that the number of covariates can increase in the sample size. In the sequel we shall
omit this indexation. The ¢]'s are the unobserved time invariant heterogeneities (such as
intelligence, ability, motivation or perseverance of a person) while the ¢;; are the error
terms about which we shall be more specific later.

The two classical assumptions on the unobserved heterogeneities c; are the fixed and
random effects assumptions. Under fixed effects, no restrictions are imposed on the
dependence between the covariates x;; and the unobserved heterogeneity c;. While the
fixed effects assumption does not restrict the dependence between the covariates and the
¢}, it rules out the inclusion of time invariant regressors. This is a serious drawback in
applications if the primary interest is in the effect of a time invariant variable such as years
of schooling in a wage equation. The random effects specification allows including time
constant variables but imposes x;; to be uncorrelated with c}. This is often unreasonable.
In a wage regression an observed explanatory variable, such as years of schooling, is
very likely to be correlated with unobserved perseverance. The version of the correlated
random effects approach studied in this paper strikes a middle ground between fixed and
random effects as it allows for correlation between covariates and unobserved heterogeneity
while still admitting the inclusion of time constant variables. In this sense, it unifies
the fixed and random effects approaches by modeling the relationship between ¢} and
2. To distinguish between time invariant and time varying explanatory variables, write
Tip = (wg,vat)’ where w; are the time invariant regressors and v;; is a p, x 1 vector of
time varying regressors. Inspired by [Mundlak| (1978), [Chamberlain| (1982} |1984) proposed
the specification E(c}|X;) = o* + Zle ¢;'x; ¢ where X; = (x;1,...,x; 7). This, however,
does not allow us to identify the coeflicients of the time invariant covariates. Only the
sum of the entries of §* and Ethl @7 pertaining to w; can be identiﬁe For that reason,
we shall work under a slightly more restrictive version of the Chamberlain device, namely

T
2) E(c1Xi) = "+ &} vy
t=1

where each of the ¢; are p,-dimensional parameter vectors. This rules out the presence of
the time invariant w; on the right hand side of . However, the time invariant regressors
can still be correlated with the unobserved heterogeneity through their correlation with
the time varying v; ¢ in . The time varying covariates can clearly be correlated with the
unobserved effects in a rather general way. Thus, the Mundlak-Chamberlain device models
the dependence between the ¢} and the covariates. It allows all elements of z; ; = (wj, v; ;)’
to be correlated with ¢ and is much more flexible than the classical random effects
assumption F(cf|X;) = E(c}).

Defining a; = ¢f — E(c}|X;) = ¢f —a* — Zthl #}'v;; and plugging into the baseline
panel model yields

T
(3) Yir = ;0 +a" + Zgbf/vi,t +a;i+é€q, i=1,.,N, t=1,..T.
t=1

1The first p — py entries of f* and Zthl ¢} . are the coefficients of the time invariant covariates.
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reveals that modeling the dependence between ¢ and the covariates naturally leads to
a high-dimensional model even for moderate p, since on top of the p parameters in 5*, (3
contains 1 + T'p, parameters pertaining to the Mundlak-Chamberlain specification
This will often render standard least squares estimation unstable — or even infeasible if
N <14Tp, El Such a situation is not unreasonable as it can occur even for NV = 50 and
T =5 if p, > 10, a situation not uncommon in growth economics panel data where the
number of countries (N) is often limited due to lack of data. This calls for alternative
estimation methods if one wants to use the Mundlak-Chamberlain device. We shall
show that if ¢* = (a*, ¢7, ..., ¢%) is weakly sparse in the sense that its ¢;-norm is not
too large, then we can use the Lasso of [Tibshirani (1996)) to estimate all parameters of
. It is important to stress that the c¢;'s themselves need not be weakly sparse. Their
size is not restricted. Thus, our results also broaden the domain of applicability of the
Mundlak-Chamberlain device. We contribute by

(1) providing a nonasymptotic oracle inequality for the estimation error of the Lasso.

(2) establishing a sup-norm upper bound on the estimation error of the Lasso. The
techniques involved are quite different from the ones used for establishing the
traditional £1- or f5-oracle inequalities.

(3) Based on the established sup-norm bound we show that the thresholded Lasso
can be used for consistent variable selection.

(4) Establish pointwise valid inference for a post-thresholding estimator.

(5) show how the pointwise inferential results can be improved to uniformly valid
inference by desparsifying the Lasso as in [Zhang and Zhang| (2014); [van de Geer]
(2014). We provide an estimator of the asymptotic covariance matrix of the
desparsified Lasso which is valid under heteroskedasticity and dependence.

1.1. Related literature. The last 10-15 years have witnessed a great deal of research into
procedures that can handle high-dimensional data sets. In particular, a lot of attention has
been given to penalized estimators. The Lasso of Tibshirani| (1996) is the most prominent
of these procedures and a lot of subsequent research has focussed on investigating the
theoretical properties of Lasso type estimators, see [Fan and Li (2001)), |Zhao and Yu/ (2006]),
Meinshausen and Bithlmann| (2006)), (Candes and Tao| (2007)), [Fan and Lv]| (2008)), Bickel
et al.| (2009), Belloni and Chernozhukov| (2011)), [Negahban et al. (2012)), Fan et al.| (2014)
and [Bihlmann and van de Geer| (2011 to mention just a few. For recent reviews we refer
to Buhlmann and van de Geer| (2011)), Belloni and Chernozhukov, (2011) and
(2011).

In the context of panel data models has considered oracle efficient inference
in random and fixed effects panel data models with fewer covariates than observations.
In |Li et al.| (2015) and Qian and Su| (2016) panel data models with structural breaks are
estimated by shrinkage estimators. [Caner and Han| (2014)) propose a group bridge estimator
in approximate factor panel data models while oracle inequalities in fixed effects panel data
models have been established in Belloni et al.| (2015)) and Kock! (2013b). Koenker| (2004)
introduced shrinkage of the individual effects to alleviate the incidental parameter problem
in panel quantile regression. This was further studied and developed by
Montes-Rojas| (2010) and [Lamarche| (2010]). [Manresal (2013) used the Lasso to structure

2To understand the infeasibility of least squares when N < 1 4 T'p, it suffices to note that there is no
variation over time in the covariates pertaining to ¢y, t = 1,...,T which results in a Gram matrix of at
most rank N.
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spillovers between individuals in panels. For excellent general expositions of panel data
models we refer to Baltagi| (2008); Hsiao| (2014]); Wooldridge| (2010)).

The rest of the paper is organized as follows: Section [2] introduces relevant notation
and discusses weak sparsity. Section [3| provides a non-asymptotic oracle inequalities for
the Lasso under correlated random effects. Next, Section [4] establishes a sup-norm bound
for the Lasso and shows how this can be used to conduct consistent variable selection via
thresholding. Pointwise inferential results are established. Section [5| constructs uniformly
valid confidence bands for the desparsified Lasso. Finally, Section [6] provides a simulation
study and Section [7] concludes. All proofs are deferred to the appendix.

2. SETUP AND NOTATION

2.1. Notation. For any = € R, |lz|| = />_/L, «F, =l,, = Y/, |2 and [jz]|, =
maxj<;<n |Z;| denote fo-, ¢1- and ¢s-norms, respectively. We shall also make use of
lzll,, = >2i1 1{e, 20y which is simply the number of non-zero entries of . For an n x n
matrix M, ||M||, = maxi<i<n ), M ;| denotes the induced £ matrix norm while
| M|l = maxi<;j<n |M;;|. If M is also symmetric, ¢min(M) and ¢max(M) denote the
minimal and maximal eigenvalues of M. For two deterministic sequences a,, and b, we
write a,, < b, if there exist constants 0 < a; < ag such that a1b, < a, < asb, for all
n > 1. For any set A, |A| denotes its cardinality while A denotes its complement.

For any vector z € R™ and subset A of {1,...,n}, x4 denotes the vector in RIAl
only consisting of the elements indexed by A. Next, for any two real numbers a and b,
a A'b=min(a,b) and a Vb= max(a,b). |a| denotes the largest integer no greater than a.
For any = € R™, sign(x) denotes the sign function applied to each component of z where,
by convention, the sign of zero is zero. All asymptotic results are for N — oo with T fixed.

2.2. Correlated random effects, weak sparsity and the Mundlak-Chamberlain
device. In , let Jy = {j: B # 0} C {1,...,p} denote the set of active covariates with
s1 = |J1]. We shall assume that 8* is sparse, i.e. $; < p, which is a standard assumption
in the literature on high-dimensional models. We turn next to the weak sparsity of the
Mundlak-Chamberlain projection. Specification is a generalization of the Mundlak
(1978)) projection

(4) B(c1X) = o + 45

where v; = 1/T Zthl Vit reduces to 1| (up to ascalar 1/T) if ¢f =¢* fort =1,...,T.
The Chamberlain specification allows for a richer correlation structure between z;
and ¢} than the Mundlak specification and we shall therefore adopt the former in the
sequel calling it the Mundlak-Chamberlain specification/device. Note again that both
settings allow only the time varying covariates v;; to enter the specification of E(c}|X;)
such that the correlation between the time invariant w; and the unobserved effects c}
must go through the v; ;. This is necessary to identify the coefficients of the time invariant
covariates and still allows for a rather flexible correlation structure between these and the
unobserved effects.

To further motivate how high-dimensionality can arise naturally in the correlated
random effects setting, notice that it is even more general than (2) to assume

E(c1X:) = g(Vi)
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for some Borel-measurable function g : RP*” — R and V; = (vi,15 -, v7)". One can now
seek to approximate g by a linear combination of basis functions (instead of only the
plain p, T entries of X; as in the Mundlak-Chamberlain device). For this approximation
to work well, one would most likely need many such basis functions resulting in a very
high-dimensional model. If, for example, g is additively separable such that g(V;) =
Zle ?;1 gtj(vi¢,;) and one wishes to approximate each of the g;j(v;+ ;) by a linear
combination of B basis functions then this would lead to T'p, B parameters to be estimated
in addition to 8* upon plugging into . Least squares will be infeasible if N < Tp,B
which can easily occur. While the theory below remains valid if the basis functions can be
chosen bounded we shall focus on assumption in the sequel. This has been used in
applied papers such as Papke and Wooldridge (2008)), |Christiansen et al. (2008]) or Xu
et al| (2009).

We assume that the coefficients ¢* are weakly sparse (a generalization of strict, or £,
sparsity) in the sense that R =|[¢*[|, does not increase faster than V/N. In particular, R
is even bounded if the entries of ¢* sorted in decreasing order satisfy |¢;| < Aj~4 5 =
1,....,1+ Tp for some A > 0 and d > 1 as this implies absolute summability of the entries
of ¢*. The weak sparsity assumption does not require any of the entries of ¢* to equal
zero but does not rule this out either.

3. AN ORACLE INEQUALITY

The model studied is the one in (3. Let 2; ; = (1,v; 1, ..., vj p, 7} ;)" be the (p+Tp,+1)x1
vector of explanatory variables for 1nd1v1dua1 1 at time ¢. Note that only the last p, entries
of z;, vary across t = 1,...,T. Define Z; = (2;1,...,zi,7) and Z = (Z], ..., Zy)" as well
as a = (a1, ...,ant’)" where ¢ is a T x 1 vector of ones. Next, y; = (Yi1,-., ¥i,1) s € =
(€i1;.r€ir) fori=1,..,N and y = (y1,....yy) as well as € = (¢}, ..., €}y). Now we may
write

y=2Zv"+(a+e€) =2y +u.
where v* = (¢*',8*')’ and u = a + € is a composite error term. Define I' = E({+2'7)

whose properties will enter the oracle inequalities below. v* = (¢*', 3*')’ is estimated by
minimizing

1 N T p+Tpy+1 1
2
() L) =553 (e =) +dwr D bl =5y =230 + dwrlaly, -
=1 t=1 k=1

The Lasso estimator is denoted 4 = ((;AS’ , B’ ). In order to state the oracle inequality for
the Lasso in the correlated random effects setting we first put forward the statistical
assumptions of the panel data model:

Al a) {X;, ei}ﬁil are identically and independently distributed
b) E(e;¢|Xi,¢f)=0fori=1,...N

Assumption Ala) is standard in the panel data literature, see e.g. [Wooldridge| (2002)
or |Arellano) (2003). We stress that the requirement that the data is identically distributed
is not necessary but it makes the exposition slightly easier. Part b) is the standard strict
exogeneity assumption on {x;;,t =1,...,T} (conditional on the unobserved effects). Note
that we do not impose any restrictions on the temporal dependence of the error terms.
Furthermore, {61,t}tT:1 do not have to be identically distributed and in particular they
can be conditionally and unconditionally heteroskedastic.
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A2) The covariates x4 are jointly uniformly subgaussian in the sense that
supjp <1 £ exp ((«} ,b)?/L?) <1 for some L > 0 and €;; are uniformly subgaus-
sian, i.e. there exist constants C' and K such that P (Je; | > t) < %Ke*Ct2 for
all 1 <t <T.
Assumption A2) controls the tail behaviour of the covariates and the error terms. It is a

standard assumption in the high-dimensional econometrics literature. Under assumptions
A1l and A2 we have the following oracle inequality. Recall that J; = {j: B; # 0} and

R=¢"[l,,-
Theorem 1. Let assumptions A1 and A2 be satisfied and let E(e; ) = 0 for all i and
t. Assume that ¢min (F) > 0. Choose AN, = \/16aN7T log(p + Tpy + 1)NT and assume

32\/—“N’T10g(1’:[+Tp“+1) [J1] < dmin(T)/2 and 16\/—GN’T1°g(§+Tp“H)R <1 for some anr > 1.
Then, one has

1/4
R . ayrlog(p+Tp, +1) anrloglp+Tpy, +1) o
6 — <24 : J 8 : R
( ) HfY Y H = \/ 2 (F)N | 1|+ 2 (F)N

min min

with probability at least 1 — A(p+Tp, + 1)1~ BT — A(p+Tp, +1)2=BaN1 for positive con-
stants A, B > 0. Furthermore, the bound in @) is valid uniformly over { 3* € R? : 18%[l¢, < 51}
{¢* e RPTHL: l¢*], < R}

The bound in (@ consists of two natural parts: i) the first summand which is related to
the effective dimension (the number of non-zero entries) of §* and ii) the second summand
which is related to the ”dimension” (the ¢;-norm R) of ¢*.

The oracle inequalities in @ is valid for any ax 7 > 1. The larger one chooses an,r,
the larger will the probability with which the oracle inequality is valid be. However, the
right hands side of @ is increasing in ay,7 and thus there is a tradeoff between sharpness
of the bound and the probability with which it is valid. Later we shall se that the concrete
choice ayr =log(p V N V T') works well for our purposes.

In the case where ¢* is sparse as well, with the number of non-zero entries being s,
the second summand in @ can be shown to drop out at the price of replacing |J1| by the
total number of non-zero entries in v* in the first summand.

Notice that all entries of 4 converge at the same rate. We do not have to distinguish
between the estimates of 8* and the ¢* pertaining to the Mundlak-Chamberlain assumption
on the unobserved heterogeneity. Next, no gains are made from larger T" — as the dependence
over time of the covariates has not been restricted, one can not hope to gain precision
from more time series observations. The mere application of the Mundlak-Chamberlain
device implies that the first 1 + p, T’ columns of Z; by construction have no variation over
time which leaves no room for imposing independence or mixing assumptions on them.

The challenging part of the proof of Theorem [I| consists in providing the lower bound
on the probability with which the oracle inequality is valid. In particular, many oracle
inequalities rely on independent sampling which is not satisfied in our panel data framework.

4. A SUP-NORM BOUND, VARIABLE SELECTION BY THRESHOLDING AND POINTWISE
CONFIDENCE BANDS

So far we have considered oracle inequalities in the f3-norm. We next turn to variable
selection by means of thresholding. For this purpose we can threshold 4 based on the
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{3-bounds on the estimation error in Theorem [I] However, first developing an upper
bound on the sup-norm estimation error will allow us to make a finer distinction between
the zero and non-zero coefficients. To derive an upper bound on the sup-norm estimation
error we shall assume that also ¢* is strictly sparse and let J = {j : v # 0} denote the set
of non-zero entries of v* = (¢*', 3*')’. In this case | J1| in @ must be replaced by |.J| while
R = 0. Assuming that the coefficients in the Mundlak-Chamberlain projection are strictly
sparse is not unreasonable, yet less general than the setting studied so far, and a weaker
version of below can be established even in the weakly sparse setting. However, this
bound would depend on R and here we are seeking sup-norm bounds neither depending
on R nor |J|.

Theorem 2. Let the assumptions of Theorem [1] be satisfied with Jy replaced by J and

R = 0. Assume furthermore that %\ﬂ — 0. Setting anr = log(N VTV p),
one has

. . _ log?(N VTV p)
(7) F=7 e ST\ ——F—

with probability tending to one.

log?(NVTVp)

Doin (DN

main point is that opposed to (6)) the upper bound in (7)) does not depend on the underlying
dimension s which will allow for sharper thresholding in the sequel and thus more precise
variable selection under correlated random effects. Thus, the above bounds are sharper
than the ones one could have obtained by simply using that |||, < ||-||. As the upper
bound in Theorem [2] increases in [T, it is useful to provide examples of settings
where [T, is bounded.

|J| — 0 restricts the growth rate of s = |.J| and is rather standard. The

Lemma 1. Assume that x;; = v, is weakly stationary fori=1,...,N and define I'yx =

E(zy127 ). Assume that E(xy,7) ) = plltfslljo, p1 € (—1,1) with M% < 1.

1-lp1] T?(1—p1
Then, T, is bounded if ||1"61Hém is bounded.

The stationarity assumption in Lemma [I] is rather innocent and it is not surprising
that as temporal dependence, p;, between the covariates increases, I' gets closer to being
singular and ||I"1||L,oo increases. The assumption that x;; = v;; states that we only
have time varying regressors and is merely made for technical convenience such that the
covariance matrix I' does not have to be split into more than two submatrices prior to
inversion. Note that the contemporaneous correlation between the covariates, I'g, can be

rather general — for example ||T';" || ¢ is bounded if I'g is an equicorrelation matrix or if
it is a Toeplitz matrix of the form I'g; = pg_k‘ for some py € (—1,1). Finally, while
Lemma [1| provides an example of ||T~!|| ¢.. being bounded, remains useful for variable

selection by means of thresholding as long as [T, does not increase too fast.

4.1. Variable selection by thresholding. Having established an upper bound on
} -~ || ¢ » We turn next to variable selection by thresholding. Define

. j if |yl =L
(8) ;=17 . 7
0 if |’}/j| <L
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we have the following result.

for some L > 0. Setting Sy = 9|0~ 1|,_ %

Theorem 3. Let the assumptions of Theorem@ be satisfied and assume that minje s \'y;‘| >
457 and set L = 2S1. Then,

P (sign(7) = sign(y*)) — 1.

Theorem [3] gives sufficient conditions under which the thresholded Lasso can detect
the correct sparsity pattern of v*. The important thing to notice is that the absolute
value of the smallest non-zero coefficient must be at least of the order of the /,-rate of
convergence of 4 to v*. As we have argued above there is a clear wedge between the
larger ¢y-estimation error bound from Theorem (1} which depends on s = |J|, and the
smaller {,.-estimation error bound from Theorem [2| Therefore, it is important to derive
a sup-norm bound prior to thresholding as thresholding based on this allows consistent
model selection even when the non-zero coefficients are much closer to zero than would be
possible in the case of thresholding based on fo-norm error bounds.

4.2. Pointwise valid confidence bands. Having selected variables by thresholding
as justified by Theorem [3] one can reestimate the coefficients of the selected variables,
i.e. those indexed by J = {j :4; # 0}, by a least squares regression only including these
variables. Formally, let 4p,stors be the vector whose jth element equals the just explained
least square estimate for all j € J and zero otherwise. Yors,s will denote oracle assisted
least squares only including the relevant variables, i.e. those indexed by J. The following
theorem shows that this indeed leads to pointwise valid confidence bands for the non-zero
entries of v*, i.e. those indexed by J, as J=J asymptotically by Theorem

Theorem 4. Let the assumptions of Theorem@ be satisfied and assume that Z7Z; is
invertible for N sufficiently large. Then, for any vector p of length |J|,

9) VNP (Apostors,s —73) — VNP (Gors,s —773)| = 0p(1).

Theorem [ reveals that performing least squares after model selection leads to inference
that is asymptotically equivalent to inference based on least squares only including
the relevant variables. However, it is important to stress that such inference is of a
pointwise nature. It is indeed not uniformly valid over any fp-ball of radius greater
than one as the result relies on minjes|v;| > 451 whose complement has non-zero
intersection with every such ¢y ball. To be concrete, assume 7; = S; resulting in
Ypostors,; = 0 for N sufficiently large. In that case, choosing p = e; one gets that
VN (Apostors,; — V) — VN(Aors,; — ;)| = log(N VpV T) 4+ Oy(1)| = oo. This non-
uniformity of @ manifests itself in confidence bands that occasionally undercover the true
parameter as we shall see in section [6] This finding echoes the warning regarding pointwise
inference of |Leeb and Pdtscher| (2005) and we therefore turn next to the construction of
uniformly valid confidence bands.

5. UNIFORMLY VALID CONFIDENCE BANDS

We now turn to constructing confidence bands for the elements of v* which are uniformly
valid, or honest, over all v* in certain ¢y-balls. To this end, we extend the desparsification
idea of Zhang and Zhang| (2014); van de Geer et al.| (2014) to correlated random effects
panel data models. As we neither impose independence nor stationarity across the time
series observations the extension requires a careful analysis of the dependence structure
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as well as a uniformly consistent estimator of the covariance matrix of the parameter
estimates in this setting. Such an estimator must accommodate that we do not impose
the €; ¢ to be independent across ¢ = 1,...,T. First, defining un 1 = Anr/(NT) and
p=p+ Tp, + 1 the first order conditions of may be written as

~Z'(y — Z%)/(NT) + pn,rk = 0,

[Alloo < 1,

and &; = sign(9;) if 45 #0 for j =1,...,p. As y = Zv* 4+ u and defining I = Z'Z/(NT)
the above display yields

pnh+ T =) = Z'u/(NT).

If 5 > N then T is not invertible and a closed form for 4 —~* is not available by standard
techniques. Assume instead that we have an approximate inverse © of I'. Then, the above
display can be rewritten as

(10) 4 =~"—Ounri+O0Z'u/(NT)— A/NY/2, A =+VN@O - I;)(§ — 1)

where A is the error resulting from using an approximate inverse, é, of T as opposed to
an exact inverse. We shall see that A is asymptotically negligible. Note also that the bias
term é,u ~,7k resulting from the penalization of the parameters is known. This suggests
removing it by adding it to both sides of , resulting in the following estimator:

(11) b=4+0Ounrk=7"+0Z'u/(NT) - A/N2
Hence, for any p x 1 vector p with ||p|, = 1 we can consider
(12) VNp ((; —*) = p'OZ'u/(NYV2T) — p'A

such that a central limit theorem for p’©Z'u/(N'/?T) and a verification of asymptotic
negligibility of p’A will yield asymptotic gaussian inference. A leading special case is
p = e; where e; is the j’th unit vector for R?. Then, reduces to

(13) VN (b; —77) = (0Z'u/(NY2T)) . — A,

i
In general, let H = {j =1,.,p:p# 0} be a set of fixed cardinality. Thus, H contains
the indices of the coefficients involved in the hypothesis being tested.

5.1. Constructing ©. In this subsection we construct the approximate inverse O of 3.
This is done by panel nodewise regressions. The principle is as in [van de Geer et al.| (2014)
but verification of desirable properties must take into account the correlated random
effects structure. Let Z; be the j'th column in Z and Z_; all columns of Z except for the
j’th one. First, define the nodewise regression estimates

N 1 2
(14) ;= argmin ~l%i = 2"+ 2l
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for each j = 1,...,p and the A\; will be made precise later. Using the notation U}j =
{($jm; k=1,..5, k#j} we define

1 *7/;1,2 *1/:11,;3
e
_%71 _1[)13’2 1
To define © we introduce 72 = diag(7,--- ,%5) which is a p x p diagonal matrix with
2 1 22 7

(15) i = gl Zi = Z-55l7 + Al
for all j =1,...,p. We now define
(16) 6=1"2C.

IIt remains to be shown that this © is close to being an inverse of I'. To this end, we
define @ as the j’th row of © but understood as a j x 1 vector and analogously for C’ .
Thus, GJ = C] /’Tj2. Denoting by e; the j’th p x 1 unit vector, arguments similar to the
ones in [van de Geer et al. (2014)E| relying on the first order conditions of yield that

. s

an 168 ~ € loe < 25
J
5.2. Asymptotic Properties of ©. In order to show that p’©Z’u/(N'/2T) is asymp-
totically gaussian, one needs to understand the limiting behaviour of © constructed above.
We show that © is close to © = I'"! in an appropriate sense. To this end, note that by
Yuan| (2010)
-1

(18) 0;,; = [Fj,j —T; ;07 T, and ©; ; =—-0,,;0; ;7
where ©, ; is the jth diagonal entry of ©, ©; _; is the 1 x (p — 1) vector obtained by
removing the jth entry of the jth row of ©, I'_; _; is the submatrix of I' with the jth row
and column removed, I'; _; is the jth row of I' with its jth entry removed, I'_; ; is the
jth column of I' with its jth entry removed. Next, let z;; ; be the jth element of z; ; and
2it,—; be all elements except the jth. Define the (p — 1) x 1 vector

v —argmm*ZZ Gt = #e,50)

such that
(19)

-1

1 N T 1 N T
7 2 2 Bl i) N7 2 D Bleig il | =T55 ;T
=1t

i=1 t=1 =1

3A practical benefit is that the nodewise regressions actually only have to be run for j € H and not
all j = 1,...,p as we only need to estimate the covariance matrix of those parameters involved in the
hypothesis being tested.

4The probabilistic analysis of the limiting properties of © is, however, quite different from the one in
van de Geer et al.|(2014).
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Therefore, ©; _; = —0; ;9; showing that ©7; _; and ¢} only differ by a multiplicative
constant. In particular, the jth row of © is sparse if and only if v; is sparse. Furthermore,
defining 7+ 1= 2i¢j — 2;, _;¥; We may write

(20) Zit,j :Zz/’,t,fj,(/)j + Mit.g fori=1,...N, t=1,...,T.

where by the definition of ¥; as an L? minimizer,

N T
1
(21) ﬁZZE[zi,t7—jni,t,j] =0.

i=1 t=1
We shall sometimes write the nodewise regression equation in stacked form as

Z; = Z,jw] +n;. In light of Theorem l it is sensible that the Lasso estimator % defined
in is close to the population regression coefficients v; (we shall make this formal in
the Appendix). Next, deﬁning

1
Tj = {NT ZZ (2 NN z/',t,fjd]j)ﬂ =T;; -1 7J]'—‘—; —jrﬂj = 0,
i=1 t=1 K
observe ©; _; = —%/72. Thus, we can write © = T~'C where T = diag(r7, ...,77) and

C' is defined similarly to C but with 1; replacing @j for j =1,...,p. Finally, let ©; denote
the jth row of © written as a column vector. We shall see that ¢; and 77 are close to 1;
and Tj2, respectively such that @j is close to ©; (see Lemma [7|in the appendix).

5.3. Confidence bands. To present the uniformly valid confidence bands in the correlated
/
random effects setting define I, = %E (23:1 Zl,tul,t) (Z;‘le Zl,tul,t) and its estimator
T NG . . .
o=+ Zl = (Zt L Zitlig) (30— Ziefise) | where @y = yi ¢ — 2] /5 are the feasible

10g( )

empirical residuals. Choose A; < for each j € H. Let s; denote the number of

non-zero elements of ©;, s = |J|, and recall p=p-+Tp,+ 1. Then we impose
A3 a) 4/ 71%(’3\\,/1\])5% —0
b) 710%\(,?\//;\[)31/2(9]' —0
c) 1]<1ig1(/;;2) s—0
d) dmin(I') and Pmin(T';y) are bounded away from zero. Pmax(I') and dmax(I'y)
are bounded from above. |H| is bounded.

Assumption A3 limits the dimension of the models that can be handled. As p only enters
logarithmically, A3 can be valid even when p is much larger than N. Note, however, that
neither s nor s; can grow faster than N'/2. This requirement is similar to what is needed
in the plain cross section model in [van de Geer et al.,| (2014). Finally, we remark that we
have only assumed that the number of variable involved in the hypothesis to be tested
(|H|) to be bounded to keep expressions simple. Our theory can go through even when
|H| tends to infinity slower than N''/2. Define By, (s) = {|v* e, < s} and let ®(t) be the
cdf of the standard normal distribution. Then,

Theorem 5. Let Assumptions 1-3 be satisfied. Then, for all p € RP with ||p||, =1,
P<N”%N3—vﬂ

\/POr.,0p

(22) sup sup — 0.

tER y*€By, (s)

< t) — B(t)
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Next, v/OI.,0'y converges uniformly to the asymptotic variance of N1/2p’(5 — %), i.e

(23) sup |p/Or.,0'p — p'OT.,0p| = 0,(1).
T*EBey (5)

Furthermore, letting 6; = \/e;(:)f‘zu(:)’ej (corresponding to p = e; in ) and z1_s /2 be
the 1 — §/2 percentile of the standard normal distribution, one has for all j =1,...,p

24 li inf P b — b; 1) =1-4.
( ) Ngnoo v* Elgzo(s) (/yj [ T A8 \/> + 21472 \/N})

Finally, letting diam([a,b]) = b — a be the length of an interval [a,b] in the real line, we
have that

o 0 1
25 5 dia b; — b + =0, —].
. ”n([ SR UL ‘”WND ”(W)

1/2 107 o«
First, (22 reveals that % converges to the standard normal distribution
p'OI'2u©'p

uniformly over the £y-ball of radius at most s. We stress again that we have not restricted
the dependence structure over time of neither the covariates nor the error terms and the
error terms are also allowed to be heteroskedastic. The joint asymptotic normality in
also allows one to construct Wald tests. To be precise, for any H C {1, ...,p},

—-1/2 - 2
(26) |(©1208) ;" VN (bir = i[5 x3h),

where h = |H|. Wald tests test of general smooth hypotheses can be constructed in the
usual way by means of the delta method. h A

is a consequence of and entails that the confidence band [5] —21-5/2 %, Bj +z1-5/2 %}
is uniformly valid for ~; over By, (s). Uniform validity is important to produce practically
useful confidence sets as it ensures that there is a known time N, not depending on ~*,
after which the coverage rate of the confidence set is not much smaller than 1 — §. Thus,
pointwise confidence bands that do not satisfy (24]) but

~ 0' -
’yelng(s)]\/lgnoop( [bj 1= 5/2\/N’bj+ 1= 5/2\/ND_1_5’
are of less practical use since the N from which point and onwards the coverage is
close to 1 — § is allowed to depend on the unknown ~*. Of course, a uniformly valid
confidence set Sy could also easily be produced by setting Sy =R for all N > 1. Such a
confidence set is clearly of little practlcal use. Thus, is important as it reveals that
the confidence band [b —21-5/2 /= \ﬁ b +21-6/2 \ﬁ} unlformly has the optimal rate of

contraction 1/v N V/N. Recall that the asymptotic result in Theorem I was of a pointwise
nature. We shall illustrate in the simulations that the difference between these and the
above uniformly valid ones are not just theoretical as the pointwise confidence bands can
sometimes seriously undercover the true parameter.

6. MONTE CARLO

In this section we investigate the finite sample properties of the proposed procedures by
means of Monte Carlo experiments. The Lasso is implemented using the publicly available
glmnet package for R.



HIGH-DIMENSIONAL PANEL DATA MODELS 13

An,r and A; are chosen by GIC as proposed by [Fan and Tang| (2013). To provide a
benchmark for the Lasso and the thresholded Lasso, least squares including all variables is
also implemented whenever feasible. This procedure is denoted OLSA and corresponds to
the classical implementation of the Mundlak-Chamberlain device as in, e.g., [Wooldridge
(2002)). At the other extreme, least squares only including the relevant variables is applied
to provide an infeasible target which we are ideally aiming at. This procedure is called
the OLS Oracle (OLSO). We measure the performance of the proposed estimators along
the following dimensions

1) The average ¢s-estimation error of the parameter estimates of * and ¢*.

2) The average {-estimation error of the parameter estimates of §* and ¢*.

3) How often is the true model included in the model chosen. This measure is

reported for 8* as well as ¢*.

(4) How often is the correct sparsity pattern uncovered, i.e. how often is exactly the
correct model chosen. This measure is reported for 8* as well as ¢*.

(5) What is the mean number of non-zero parameters in the estimated model. This is
reported for §* as well as ¢*.

(6) Size: We evaluate the size of the y2-test in for a hypothesis involving more
than one parameter.

(7) Power: We evaluate the power of a x2-test in for a hypothesis involving more
than one parameter.

(8) Coverage rate: We calculate the coverage rate of a gaussian confidence interval
constructed as in . This is done for the coefficient for a time invariant and a
time varying covariate.

(9) Length of confidence interval: We calculate the length of the two confidence

intervals considered in point (8) above.

A~~~

The data is generated from and the error terms are N(0,1) unless mentioned
otherwise. One time invariant covariate is included, thus p, = p — 1. To be precise, we
generate the covariates as follows. Let 7+ = (i ,&; ;) ~ Np(0,€2) be px1 and uncorrelated
over time. & 4 is p, x 1 and Q; , = 0.5/=kl. In all experiments v;; = av;1—1 + &, a €
(—1,1) while w; = ¢;1. This construction ensures that the time invariant and time varying
covariates are correlated.

All tests are carried out at a 5% significance level and all confidence intervals are at
the 95% level. The x2-tests always involve the two first parameters in v* of which we
deliberately make sure that first one is non-zero (equaling one) and the second one is
zero. Thus, the y2-test involves the coefficient of the time invariant regressor and of the
first time varying regressor. For measuring the power of the x2-test, we test the false
hypothesis Hy : (77,75) = (1,0.25). The hypothesis is only false on the second entry of
~*. Similarly, we construct confidence intervals for the first two parameters of v* such
that the coverage rate can be compared between the coefficients of the time invariant and
time varying regressors.

Remark: Conventions and definitions. All results regarding x2-tests and confidence
intervals for the Lasso are based on the desparsified Lasso. For the OLS oracle the joint
x2-test is not carried out as it by construction leaves out all zero coefficients from the
outset. We use the convention that the confidence band for the zero coefficient is a point
mass at zero. All results relating to tests and confidence intervals of the thresholded Lasso
are based on post selection least squares estimation as detailed in Section Again the



14 ANDERS BREDAHL KOCK

joint x2-test is not carried out as thresholding may have eliminated one of the coefficients
involved in the hypothesis. If a variable is excluded by thresholding we use the convention
that the confidence band for its coefficient is a point mass at zero. We stress that these
are just conventions and regarding tests and confidence bands one can safely focus only
on the results for the desparsified Lasso and OLSA if one disagrees on these conventions.

The following experiments are carried out to gauge the performance along the above
dimensions (the number of Monte Carlo replications is always 1000).

Recall that the effective sample size is N and the dimension of the parameter vector
should be compared to this. ¢* has T'p, entries where p, = p — 1 in all experiments.
Recall also that the Mundlak-Chamberlain device is infeasible in general when p,T > N.
Thus, in order to be able to compare to the classical least squares implementation of the
Mundlak-Chamberlain device, we start with some settings where p, 7' < N.

e Experiment A: N = 100 and T = 5 with 8* having two equidistant entries of 1
and 8 of zero (thus, p =10, p, = 9). ¢* has the first 5 entries equal to 1 and the
last T'p, — 5 = 40 equal to zero. a = 0.5

e Experiment B: As experiment A but with the last 40 entries of ¢* equal to 0.05.

e Experiment C: As experiment B but with a = 0.9.

e Experiment D: As experiment C but with €;; and r;; being ¢(3)-distributed.

The above experiments become gradually harder and we have deliberately chosen p
moderately small since otherwise the classical Mundlak-Chamberlain device (OLSA) is
not even feasible. The following experiments increase the dimension of 8*. Note that even
the oracle easily becomes infeasible as is the case in experiment G.

e Experiment E: N =100,7 = 5. 8* has 4 equidistant nonzero entries equaling one
and 36 entries equaling 0. The first 5 entries of ¢* equal 1. The last T'p, —5 = 190
entries equal 0. @ = 0.5. Note that OLSA is not feasible.

e Experiment F: As experiment E but with the last 190 entries of ¢* equal to 0.01.
Note that now not even the oracle is feasible as ¢* is too dense.

e Experiment G: N = 400,7 = 5. 8* has 4 equidistant nonzero entries equaling
one and 36 entries equaling 0. The first 5 entries of ¢* equal 1. The remaining
Tp, —5 = 190 entries equal 0.01. The reason for choosing N = 400 is to make
OLSA feasible again.

e Experiment H: As experiment G but with all non-zero coefficients equaling 0.01
instead of 1. The point is to illustrate the difference between pointwise and
uniformly valid confidence bands by considering small, yet nonzero coefficients.

6.1. Results. Experiment A shows that as expected the estimation error of the Lasso
is between the one of the oracle and full least squares. The thresholded Lasso selects
the correct sparsity pattern for 5* as well as ¢* almost all the time. The power of the
x2-test based on the desparsified Lasso is high and its size is not much higher than the
nominal one (and certainly lower than the one from the classical implementation of the
Mundlak-Chamberlain device). The coverage rate of the confidence intervals is close
to 95% as desired — perhaps with a slight undercoverage for the coefficient of the time
invariant covariate (se TT column). Note that the confidence interval of the time varying
coefficient is around twice as wide as the one of the time varying regressor; a finding
which will reappear in the remaining simulations. The reason for this is that even though
the asymptotic theory only utilizes the variation over N, in practice the time varying
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regressors show more variation than the time-invariant ones as the former vary over time
as well.

Experiment B changes ¢* such that it has no zero entries. The thresholded Lasso now
estimates 8* almost as precisely as the infeasible oracle and both Lasso based estimators
estimate ¢* more precisely than the oracle. The thresholded Lasso still selects the correct
sparsity pattern of 5* every time but no longer detects the sparsity pattern of ¢* due to
the presence of many small albeit non-zero coefficients. The size distortion of the y2-test
has increased for the desparsified conservative Lasso but it remains below the one for
OLSA.

Experiment C increases the dependence over time of the covariates. This results in
slightly less precise parameter estimates. Furthermore, the sparsity pattern of g* is
detected less often by the thresholded Lasso. Overall, the results are robust to increased
time series dependence. The reason for this is that all variables in Z pertaining to the
Mundlak-Chamberlain projection are already identical over time. The confidence bands of
the desparsified Lasso become slightly wider resulting in superior coverage of the coefficient
of the time invariant regressor compared to all other methods.

Experiment D adds heavy tails to experiment C. The Lasso based procedures are not
affected much by this while the oracle and full OLS deteriorate in particular when it comes
to estimating ¢*. They are now much less precise in this respect than the Lasso and
the thresholded Lasso. Furthermore, the variable selection capability of the latter is not
affected by heavy tails. Note that the power of the y2-test is reduced as the y2-distribution
is no longer a good approximation with N = 100 observations and heavy tailed variables.
However, the performance remains above the one of OLSA. Finally, there is only slight
undercoverage for the confidence intervals produced by the desparsified Lasso while the
length of all bands increases in the presence of heavy tails.

Experiment E is a very ill-conditioned one in which N > p,T such that OLSA is not
feasible. However, the model is exactly sparse such that the oracle can exclude many
irrelevant variables. This is explains its lower estimation error compared to the Lasso based
methods. The thresholded Lasso always selects the correct sparsity pattern as the zero and
non-zero coefficients are well-separated. For the same reason, the non-uniformity of the
asymptotics of the thresholded Lasso do not result in confidence bands with undercoverage
even though the bands are as narrow as those of the oracle.

In experiment F not even OLSO is feasible. The thresholded Lasso still does a good job
in detecting the sparsity pattern of 8*. All numbers regarding size, power and confidence
bands are reasonable. The confidence band for the time invariant variable is still wider
than that for the time varying variable.

In experiment G N = 400 to make all procedures feasible. The thresholded Lasso
detects the correct sparsity pattern of 8* almost all the time but does a poor job on ¢*
as its non-zero coefficients are very small. The y2-tests based on the desparsified Lasso
perform well in terms of size and power and the confidence intervals have coverage close
to the nominal rate.

In experiment H all the non-zero coefficients are very close to zero. This reduces the
estimation error of the Lasso of §* as well as ¢* which is now lower than the one of the
oracle. However, it is detrimental to the screening and variable selection properties of the
Lasso and the thresholded Lasso. None of these is able to even retain the relevant variables.
This directly materializes in zero coverage of the pointwise post-thresholding least squares
based confidence bands. On the other hand, uniformly valid confidence bands based on
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the desparsified Lasso are not affected by the poor variable selection properties of the
first step Lasso — they only utilize the good first step estimation precision. Therefore,
the confidence bands based on the desparsified Lasso have excellent coverage and are as
narrow as those of the oracle.

7. CONCLUSION

This paper has established £5 oracle inequalities for the Lasso in high-dimensional panel
data models under correlated random effects. Importantly, we allowed for the inclusion
of time invariant regressors and correlation between all regressors and the unobserved
heterogeneity. This strikes a middle ground between fixed and random effects. A weak
sparsity assumption on the coefficients of the Mundlak-Chamberlain projection an £,
oracle inequality not depending on the dimension of the model was given. This allowed
for sharp thresholding results and was derived in a manner quite different from the one
used to establish classical ¢1; and /5 oracle inequalities. Pointwise asymptotic inference
results were established for post thresholding least squares. Finally, we showed how the
Lasso may be desparsified in the correlated random effects setting and how this can be
used for uniformly valid inference under heteroskedasticity and dependence.

Avenues for future research include extending our results to settings with dependence
across individuals as often encountered in, e.g., finance. Furthermore, it is of interest to
consider non-linear panel data models.
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8. APPENDIX

8.1. Oracle inequalities and variables selection by thresholding. As is customary
when establishing oracle inequalities we start with a deterministic bound which is valid
on a certain set. This bound will follow from a result in Negahban et al.| (2012) upon
reparameterizing the objective function. After stating the deterministic bound, we use
the structure of the panel data to provide a lower bound on the probability of this set.
This is where the real work lies.

Deterministic bound: Note that 4 is a minimizer of

(21) L) = 5y

where uy 1 = An.1/(NT). As ||y +7elly, = IVsllg, + 1vsell,, for any v € RPFTPo+! and
JCA{L,....,p+ Tp, + 1}, the ¢1-norm is decomposable with respect to J in the terminology
of [Negahban et al|(2012). Therefore, on

1 4
frd —_— <
A {NT 1Z"ull, < MN,T/Q}

it follows by Lemma 1 in [Negahban et al.|(2012) that for any J C {1,...,p+ Tp, + 1} one
has that 4 — «v* belongs to the set

C(J) = {A e R Agell,, <3(AS,, + 4175, }-

If, furthermore,

lv— 29| + un ||,

1
(28) NFAZZA >k IAI? = 72(y*)  for all A € C(J,~%)
for k > 0 and 7 a function of v*, then Theorem 1 of Negahban et al.|(2012) yields that

:uNT UN,T " "
(29) 15 =717 < 95011+ =5 (202 (9) + 4lldelly, ) -

The hard part now consists of pr0v1d1ng good values of uy r,x and 7(v*). We shall
also utilize that we are free to choose the set J. We first provide a lower bound on the
probability of A.

Lemma 2. Assume that assumptions A1 and A2 are satisfied and set un 7 = \/16QN’T 10%p+Tp”+1] )

Then, P(A) Z 1-— A[p+Tp,U + 1]lfBaN’T'

Proof. First, note that ‘Z’uﬂém < ﬁ”Z’eHZoo + ﬁHZ’aHZM. Consider one of the

¥
last p entries entry of +2=Z’a. Such an entry is of the form = SN | S a4 for
some k=1,...,p. Smce a; and %4 ¢,% are uniformly subgaussian for all 4, and k it follows
that a;z; ¢k is uniformly subexponential with mean zero which, in turn, implies that the
same is the case for % Zthl a;T;+ . A similar argument applies to the first 14 1'p, entries
of 1 +Z'a. Thus, by a union bound and Corollary 5.17 in |Vershynin| (2012), it follows that
there exists positive constants A, B such that

log[p+Tpy+1]
N N

1
P (57l Zall, . = uvr/a) < Alp+Tp, + e 5o = Alp+ Tp, + 1]1-Bav.

P (ﬁ ||Z’e||é > HN,T/4) can be bounded by the same quantity using the same technique.
Thus, P (7| 2'ull, = pnr/2) < Alp+ Tp, + 1)1 Fevr, O
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We next turn to condition , called the restricted strong convexity condition. The
following Lemma will be useful.

Lemma 3. For all A € C(J,~*) one has

1
NT

1
NZ'ZA > NTA =32 52z = 0| (1IAIR + el

Proof. Define I'y r = ﬁZ’Z and observe that for all A € C(J,v*)

1AL, = 180, + 185l < 40A g, + 4175 e, < 4VITIAS + 475l
< AVIJIAL+ 4 v,
such that
ATynrA > ATA = Ty gr =T A7, = ATA = 32| Ty =Tl (I IAI7 + 175117, -

0

Define

1, an rloglp + Tp, + 1]
= _— — < 4
s-{lwprer] =y

Lemma 4. Under assumptions A1 and A2) one has that
P(B) >1— Alp+Tp, + 1>~ P~
for positive constants A and B.

Proof. Consider an element of the lower right hand p x p block of ﬁZ’ Z —T (a similar
argument applies to the remaining entries with slightly different notation). Such an element
is on the form % Zivzl (% ZtT:l [xivt’kzml — E(:L’M,kxi,t,l)]) for some k,l € {1,...,p}. A
small calculation shows that % ZtT:1 [xi7t)kxi7t)l — E(Jc”kx”l)] is subexponential for all
1<i< Nand 1<kl < p. By the independence across ¢ = 1,..., N we may apply
Corollary 5.17 in [Vershynin| (2012)) to conclude that there exist constants A and B such

_ . /an7log[p+Tp,+1]
that for e = %,
A
P (’N Z (T Z [«Ti,t,kxi,t,l - E(xi,t,kxi,t,l)} )’ > e>
i=1 t=1
(30) < Ae~B(EN) — go—Ban,rloglp+Tpu+1],

Next, via a union bound over [p + T'p, + 1]? terms
P (“PN,T _ FHoo > 6) < A[p—I—Tpv + 1]26—BCLN,T10g(p2+Np) — A[p+Tpv + 1]2—BaN,T.

O
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Proof of Theorem[d Set J = J;. Then we conclude from Lemmal[3|that for all A € C(.J,v*)
one has on B
1

Izl l 1 ! 2 * (12
STAZZA > NTA =32 22 1| (AIAP + I )

a lo +Tp, +1
>¢>mm<r>|A||2—32J bl ek Lb

min r I T v 1
(b 2( )|A||2_32\/G’N,T Og<p]\j_ Py + )R2

(Il A]* + R?)

(31) >

where the last estimate follows from 32\/wul| < ¢min(T')/2. Thus, in

we can set K = ¢min(l)/2, 72 = 32\/%]%2, 175e o = Bopnr =
\/16aN’T 10%p+Tp”+1] and conclude that
Iy - < sro S logl e £l
N \/ 64aN,T¢1)§ngi£zz EL) ]\T[pu +1] (6 4 \/ an,r log(p ]\ﬂ; Tpo+ 1) oy R)
(32) < ool O T U \/64aN,T1c§iizz F+) Tpot 1)y

where the second inequality used that 16\/ wfi < 1. Thus, the subadditivity
of z — /x yields

min min

1/4
. . an1log(p+ Tp, + 1) anrloglp+Tpy+1)
_ < 24 ) )
(33) 15 =" < \/ 2 (O)N |J1] + 8 2 (TN R

The conclusion of the Theorem now follows upon noting that is valid on A N B whose
probability has been bounded from below by Lemmas [2] and 4] upon synchronizing the
constants in these lemmas. g

Proof of Theorem[3 Note first that for all A € C(J,7*) one has that

1AL, = 1A, + 1Al <4lAgly, + 4175l <4AVITHTA]

where we used [vj.[|,, = 0. Therefore, as 4 — " € C(J,7"), using the bound in @ with
R =0 yields

R N Tl +Tp, +1

min(F)NT
on AN B. Note that this set has probability tending to one as ayr = log(p V N vV T).
Next, the Karush-Kuhn-Tucker condition for the problem read

1

~57Z (4= Z3) + pnoz =0
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where [|2[|, < 1and z; = sign(’yj) if 4; # 0. This can be rewritten as

1
This is, in turn, equivalent to
. 1 1
L =77 = (F*WZZ>( )+WZU*NNTZ
such that
_ 1 _
15 =2l <TI0 - 5722]|_II5 e 2|, I e

where we used |2, < 1. Next, consider one term at a time in the above display. First,

Lemma | Py 77, < PEETE  c felnNeT

for some C; > 0 El Furthermore, the right hand side of tends to zero. Thus,
¢, < 1/(Ch) for N sufficiently large. In total,

log? [(pV N VT)]
HFWDHF— ZZH!h g, <P ¢ N :

Furthermore, on A, with puyr = \/ %@\Wm a small modification of the proof of

Lemmayields that ||ﬁZ’u||e < \/%@VNVT) < 4\/l°g2(p+NVT). Thus,

log?(pV N VT)

I, 2 -

T

Therefore, using that uyr = \/16’“\’” 1°]gV(WNVT) = 4\/10g2(”xlNVT) we conclude that

_ _ log? (pVNVT)
o=l v <40, A\ ——F——
In total,
o _ log>(pV N VT
17 =7 lle <O, %
where. Finally, A N B has probability tending to one. O

Lemma 5 (Theorem 1.1 in |Gil| (2003)) adapted to our setting). Let

A A
A p—
[ Ao Az ]

and define v = ||A12A;21\\€x and v = ‘|A21Afll||zw' Then, if vlovv"? < 1, A is
invertible and

(AL e V1A% Nl Y1+ (L + )

1 — plowyup

1A=, <

5Recall that an,r =log(pV N VT) and use that log [p+ Tp, + 1] $log(pV N Vv T).
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Proof of Lemma[ll Let V be a T x T matrix whose (4,7)th entry is plf_jl. By the
stationarity assumption on the z;;, one has that

r— Vel v@T)y
U/ ®F6 FQ

where v is a T x 1 vector whose sth element equals % Zthl pllt_sl. Note that in the
terminology of Lemma [5]

o = ST . = 0@ L, = ol <z

> > < T T —p)
and
V= (W @ TR) (VT @ Tg ), = IV e Lll, = vV,
A+lp)? 2 Ldpa| 2

=V~ toll,, < IV ol < =
lo loo 1M 11Eos 1—p? T(1—p1) 1—|p|T(1—p1)

where we have used that |C® D|, = |Cll,_ [|Dl|,_ for arbitrary matrices C, D as well
as that V! is a banded matrix with only the diagonal and its two adjacent bands non-zero
Hsuch that [V, = %. By assumption v"*?v% < 1 such that Lemmayields
the boundedness of ||I'~* . as ITo! |, is assumed to be bounded.

O

Proof of Theorem[3 First, for all j € J, with probability tending to one,

451 = 5116151|7;| =& =", 245 —S1 =35 >1L

such that 7; = 4; # 0 for all j € J. A similar argument shows that the sign is actually
correct. On the other hand, for all j € J¢,

il < 1A ="l <S1<L

with probability tending to one. O

Proof of Theorem |Z| When J = J one has YPostorLs,; = Yors,7- Thus, they can only
differ when J # J; an event which is asymptotically negligible by Theorem O

Lemmas and proof related to uniform inference. In the remainder of the appendix
we shall repeatedly make use of the following bounds where for brevity we write p =

6To be precise, V! equal ﬁ times a banded matrix whose diagonal equals (1,1 + p%, vy L4 p%, 1)
—FP1

while the two bands on either side of the diagonal have all elements equal to —p;.
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Lemma 6. Let assumptions A1-A3 be satisfied. Then,

(35) 26— = 0, (BD,)
(36) =7 = 0y (1 E2)
(37) 22y ) = 0, (22))
(39) 195 — il = 0y (1) 222s)

(39) 11523 /NTlloc = Op

where -@ hold for all j =1, ..., p.

Proof. follows directly from Theorem [1| with R = 0 and ay r sufficiently large upon
using that 4 —* € C(J,~*) implies [|[§ — v*[|,, <4v/s || —~*||. To see why is valid
note that

126 =7 < 6= 7VTG =7 (=7 22 (=7~ (G~ VTG = 77)
< bmax )| = | +| 57522 - 1|6 =,
_o, (10%}5) s) +Op< 10%\(?)) 0, (%82)
e

where we used Lemmaand A/ %s — 0.
Next, note that the arguments leading to Theorem [I| also apply to the nodewise
regression Z; = Z_;v; +n; for j = 1,...,p. Thus, and follow from the same

arguments as above with \; < %. Finally, (39) follows by the same technique as in
Lemma O

Lemma 7. Let assumptions A1, A2 and A3 be satisfied. Then,

- log(p)
(40) 16; = ©5ll, = 0 (s =22) -
A B 172 [log(p)
(41) 16; = ©5ll2 = 0, (5% 257 -
(42) 15l = O(s;"*)
(43) 1851 = Op(s;*)
Proof. First, consider |72 — 72|. To this end, we note that the first order conditions for

J J
the nodewise regressions can be manipulated to get

22 (4 - Z_j)'Z; i n 2oy (b =) 22 (- i)' 2% 55

J NT - NT NT NT NT
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where the second equality used Z; = Z_;1; + n;. Using the above expression one gets for
allj=1,...,p

(44)

72 — 72| < ‘77] o

Tj

‘wl VA *J(wj ¢j) )

L Z_j(h; — ;) /NT| + |5 Z_jb; INT| + NT

Since X S, (n3::— E(n},;)) is mean zero and subexponential forall i =1,..., N it fol-

n;n;
lows from the independence across i that Jz — TJ = NT Zz 1 Zt 1 (nz’m E(77i2,t7j)) =

O,(N~1/2) (alternatively, the order of magmtude follows by the classical CLT). Next,
consider the second term in . By (38) and (39) it follows that

N N
-0, <sj 10%;3))

_ log(p)

using 4/ s; log( 2, 0. Furthermore, using the variational characterization of eigenvalues

, N , A I D I D
|njz_]—<wj%)/Nﬂsmz_j/NToowjwjnlop< Og(p)>0p<sj °g<p)>

and ¢min( ) bounded away from 0 we can arrive at ||¢);
O(,/55)- Proceeding to the third term of ,

uniformly bounded and ||1;

H2 Hl

6) 12503/ NT| < 125 /NT sl = 0, (v 252

where we have also used ([39). It remains to bound the fourth summand in ([44). By the
Karush-Kuhn-Tucker conditions for the nodewise regression one has

Z 7 b 7.7
)\f. -7 J77 _ e =O
ik TN NT :

which upon using Z; = Z_;3; + n; yields

U

Z' .7 .
N (s

. log(p
F il =0, (| 52)

o0

where we have used ||#;]|cc < 1 as well as 1} and \; < %. This means, using

;1 = O(s}?),

o R | =00 (55

2 2 _ 172 [log(p)
T—Tj|—0p<8j N)'

Thus,
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Next, note that Tj2 =1/0,; > 1/bmax(0) = ¢dmin(T) for all j = 1,...,p with @umin(T)

bounded away from zero by assumption. Thus, 7'j2 is bounded away from zero, and so

~2 ~2

7i = [7; —7' +7']>7' —|7' —7'|
_ 2 1/2 [log(p) | _
is bounded away from zero with probability tending to one using |T T |=0, (s J N ) =
0p(1). This implies
1 77 — 77| 172 [log(p)
18 S|="at =0, (s ).
(48) G G P \% N

We are now ready to bound ||©; — ©,]|;. Recall that ©; is formed by dividing C; by
A-z Let ©; denote the j'th row of © written as a column vector. ©; is formed by dividing

C (j’th row of C written as a column vector) by 77. Therefore, using ||¢; [, = (s;/2),
B9, and @

¢ G 11 i 11| Ny v
185 -6ill=|z -~ 2| S|z -=|t|7 2| =z =tz 2ta 2

j i1 J J J i J J J J J j

1 1 %5 — il 1 1

< ~2 ﬁ + ’ ~2 ’ Jr”7703”1 fzfﬁ
j j J J J

w9) =0, (s/ED).

Next, for later purposes, we also bound [|©; — ©]|2. Using ||%;||3 uniformly bounded

A 1] 1/J [l2 1
16; =4l < |5 ~ | + 1 ¢l (—1)
. 1/2 10g(p 1/2 (15) 1/2 log(;ﬁ)
- VN ( \/ N ) TO (SJ' N )
1/2 10%(15)
(50 o

Finally, we show that ||(:)JH1 = Op(,/3;). To this end, recall [|¢);]|; = O(,/s;) such that

1
(51) 185, < =5 + /731, = O(s}/?)
J

2

(as 77 1/2 log(p) — 0,

is uniformly bounded away from zero). Then, using s

62) 10,1 < 16, - 0,01 + 10,11 = 0y (55 22 + 0(ys) = 0,7,
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Proof of Theorem[5 We show that the ratio
LN
Jrer.ep
is asymptotically standard normal. First, note that by one can write
t =11 +to,

(53)

where

_ p'OZ'u/(NY2T) oA

\/ p’@fzu@’p \/p’@f‘zu@’p
It suffices to show that ¢; is asymptotically standard normal and to = 0,(1).
Step 1. We first show that ¢; is asymptotically standard normal.
a) To show that ¢; is asymptotically standard normal we first show that
N T
Y= p'0Z'u/(N'?T) — PO it Yo Zittie/(N'/?T)
L VPerLe) VPer.,6p
converges in distribution to a standard normal where I',,,, = %E (Zthl Z1,tu1,t) (Z?:l Zl,tul,t)/ =

&E (Zthl z1e(ere +a1)) (23:1 z1(€1¢ + al))l. Then we show that ¢} and ¢; are asymp-
totically equivalent. Note that

tq

and tg = —

oy p|fOZWWIET)|_ p [PONE T s/ (NPT) |
Vp'Or.,0p I Vp'Or.,0p ]
and
2 r =92
5 (2020w (NPT |7 PO Sy s/ (NYPT) |
Vp'Oer,,0p B Vp'Oer,,0p ] -

Therefore, using the independence and identical distributedness across i = 1,..., N the
classical central limit theorem yields ¢] converges in distribution to a standard normal.
Next, we remark that p'OrI',,0'p is asymptotically bounded away from zero. Clearly,

(55) ,0,®qu®,[) > ¢min(rzu) ||@,PH§ > (ybmin(FZH) ilin(G) ||pH§ > (bmin(rzu)g;(l—\)a
max

which is bounded away from zero since ¢min(I,,,) is bounded away from zero and ¢pax(T')

is bounded from above.

b) We now show that ¢} —t; = 0,(1). To do so it suffices that the numerators as
well as the denominators of ¢} and t; are asymptotically equivalent since p’OT,,©’p is
bounded away from zero by . We first show that the denominators of ¢} and ¢, are
asymptotically equivalent, i.e.

(56) |p'O1.,0'p — p'Or.,0'p| = 0,(1).

Set T',, = & ZZ\LI (72 (Zthl 24Ut (Zthl zi7tui7t)/]. To establish it suffices to
show the following relations:

(57) |p'O1.,0"p — p'OT.,0'p| = 0,(1).

(58) 90T, 0'p — pOT.,0'p| = 0,(1).
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(59) |p'OT.,0"p — p'Or.,0'p| = 0,(1).
We first prove (57)). To this end, note that
(60) |p/éfzué/p - pléfzué/p| < Hfzu - f‘zuHOOHé)/pH?
But by and [|p|l, =1

(61)

> 0,

JjeH

<> 1pilll&sll, = 0 (v55) -

1 JEH

|&'ll, =

To proceed, we bound ||, — Tyl Using ¢ = wi; — z; (¥ —~) in the definition of

f‘zu we get
} 1 1T ! 1N T T !
Pow =Tow=—% Y = (Z Zit U t) (Z ziZi 4 *)) W > 72 (Z zigzi (¥ — 7*)) (Z Zi,tui,t)
=1 t=1 i=1 = t=1
(62)

1 L1 e T '
g (e =) (sl =) -
=1 t=1 t=1

We bound each sum separately. By Cauchy-Schwarz’s and Jensen’s inequality

1 N 1 T T
N > T2 (D ziawuie) (D ziaa2i (3 = 77)
=1 t=1 t=1

max
1<kI<p
N T 2 1/2 N T 2 1/2
<1<kl<pNT2 {; (;zz‘,tku”) ] [; (ZZZHZ” (3=~ ))

N T 1/2 T 1/2

= 1<ha<h NT [;;Zakuzt} {;tz_;z?,u[,z{t@ 7))
N 1/2 s

<1<k;<p|: ;tzzlzlzt 1t:| {male“NTHZ H _

where the final maximum is over the obvious indices of 7, t,l. Tedious calculations using the
1/2

subgaussianity of the z; ¢ and u; ; yield that max1<k<p [ 21 1 Zt 1% t s t] 2

0,(1) if log(p)®/N — OD Furthermore, max; ;; 22, , = O (log(p V N)) Thus, combining

this with we get that that the first term of

! ~
H;f g % (tzT; Zi,tui,t) (tzT; zi,tZ;t(ﬁ — ’y*)) HOO =0, (%81/2) )

As the second term in has identical entries to the first (it is its transpose) they have
identical [-|| . ,-norms. Regarding the third term in note that using Cauchy-Schwarz

"See Proposition 2, Appendix B of [Kock and Tang| (2015)).
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and Jensen’s inequality as above

N T T
1 1 !/ o * / 2~ * 2 1 2 * 2
1516%)%13 N Z; T2 (tz_; zi,t,kzi,t(’Y -7 )) <; Zi,t,zzi7t(’y -y )) ‘ < Iff?ziatvkﬁnz(” — )H
log(p VvV N)?
(64) -0, (PR

Then, combining and implies that
2 = log(pV N) 1/» log(p vV N)?
Combining with yields

~ ~ 2
0O, — O ,,6/p| = 0, (M 1/2 ) 10, (Mssj) = 0,(1),

N1/2 N
using % 1/2Sj — 0. This establishes . Next, we turn to . First, note that
(65) |Pléfzuélp - p(:)qu(:)/p| < ”fzu - quHoouéll’H%
Using the subgaussianity of the the z; ;3 and u,, it can be shown that
- log(p v N)5

By 65) and

A A A log(p VvV N)®

‘plerzuelp - pGqu(_)/m = Op ( %83‘ = 0p<1),

which establishes . Finally, we establish to conclude (56). By Lemma 6.1 in
van de Geer et al. (2014)

|p/(§qu(;)/p —p'Or.,0'p| < ||qu||00||é/p — Ol + 2||qu@/p||2|\(:)/p — &'l
< Paullos [(©" = Ol + 26max (L) [|© ], (O = ©)p]l2-
Note that

(66) (0" —©")pllr =

> (6 - 0

log(p
=Xl 0,1, oyl = 0, (1 B12s,))

jeEH jeEH
by and ||p|l, = 1. Furthermore, using the symmetry of O,
1
o < Pmax(© = )
H p“2 — ¢ a ( )||p||2 ¢m1n(r)

which is bounded by assumption. Finally,

1
> (6-05) | <1165 - 65, lesl = 00 O%V()Sym)»

jEH 2 JjEH

by and ||pll, = 1. Therefore, by |[I.u| < dmax(I'2u) with the latter assumed
bounded,

16" — ©)pll2 =

A A log(p log(p
|p'er.,0' p—p'er,,0 o =0, ( ?\(f )sf) + 0, ( %3;/2) = 0p(1).
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The uniformity of over By, (s) follows from simply observing that and above
are actually valid uniformly over this set and that this is the only place in which v* enters
in the above arguments thus establishing .

We now turn to showing that the numerators of ¢} and ¢; are asymptotically equivalent,
ie.

1p'©Z"u/(NV2T) — p'OZ'u/(NY?T)| = 0,(1).
By Lemma [2| and
|77l

NY2|g07'u/(NT) - p07'u/(NT)| < N'2| 2| 06 - @)l

=00, (152 0, (/52

(67) = 0,(1).

Step 2. It remains to be shown that ¢ = 0,(1). The denominators of ¢; and ¢, are
identical. Hence, the denominator of ¢, is asymptotically bounded away from zero with
probability approaching one by and . Thus, it suffices to show that the numerator
of to vanishes in probability. Note that, by the definition of A and ||p||2 =1,

781 % g 1841 3 I < max| (41 = ¢;) (VN (=) 3 Ioy

jeEH

(68) < ma|(O57 — &) |_IVNG =),

First, it follows from that N'/2||5 — v*||1 = O, (y/log(p)s). Next, we consider
Aj log(p)
20,0,
‘i) Lo B AN
where we have used the definition of A; and 1/77 = O,(1) by (48). In total we have

/Al =0, ( IO%’;)) 0, (\/log(p)s) = O, (1?\?1(/@ s> = 0,(1).

The fact that sup,-cp, (s |0’ A| = op(1) follows from the observation that actually
yields that sup-¢p, (s NY2||5 —4*|l1 = O, (y/log(p)s) in the above argument and that
this is the only place in which v* enters these arguments. Thus, for later reference,
(69) sup  |p/A| = 0,(1).

v*€Byq (5)

The uniformity in in and — is established using arguments similar to the ones
in |Caner and Kock| (2014)). Thus full details are provided in the version of the present paper
on the author’s homepage at https://sites.google.com/site/andersbkock/. g

maXH (é/ f -
JjEH
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