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Abstract

This thesis is concerned with extensions and refinements of the

Katznelson-Tzafriri theorem, a cornerstone of the asymptotic

theory of operator semigroups which recently has received re-

newed interest in the context of damped wave equations. The

thesis comprises three main parts. The key results in the first

part are a version of the Katznelson-Tzafriri theorem for bounded

C0-semigroups in which a certain function appearing in the orig-

inal statement of the result is allowed more generally to be a

bounded Borel measure, and bounds on the rate of decay in an

important special case. The second part deals with the discrete

version of the Katznelson-Tzafriri theorem and establishes upper

and lower bounds on the rate of decay in this setting too. In an

important special case these general bounds are then shown to

be optimal for general Banach spaces but not on Hilbert space.

The third main part, finally, turns to general operator semi-

groups. It contains a version of the Katznelson-Tzafriri theorem

in the Hilbert space setting which relaxes the main assumption

of the original result. Various applications and extensions of this

general result are also presented.
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Chapter 1

Introduction

This introductory chapter offers some motivation for investigating the problems

addressed in the later parts of this thesis and provides an overview of the

chapters that follow. More detailed introductory remarks, including surveys of

the relevant literature, are included in the chapters themselves.

1.1 Background and motivation

Many problems arising in physics and other sciences describe the evolution of

some quantity in time and space. Typically these problems can be formulated

as a so-called abstract Cauchy problem of the formu̇(t) = Au(t), t ≥ 0,

u(0) = x.
(1.1.1)

Here u : R+ → X takes values in some complex Banach space X, A is a

suitable linear operator on X and x ∈ X. The problem is said to be well-posed

if the operator A is the generator of a C0-semigroup T , and in this case the

unique solution of (1.1.1) is given by the orbit u(t) = T (t)x for all t ≥ 0;

see [6, Chapter 3] and [45] for background material on C0-semigroups. Since

these orbits are continuous but not in general differentiable, the function u is a

solution only in a certain mild sense unless the initial value x lies in the domain

D(A) of the generator A, in which case the solution is said to be a classical

solution.

It is this interpretation of semigroup orbits as solutions of an associated

Cauchy problem that provides one of the main motivations for studying the
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properties of C0-semigroups. In most examples, though, there is little hope of

obtaining an explicit formula for the operators T (t) for t > 0. The main task

therefore is to deduce properties of the semigroup T , concerning for instance

its regularity or long-time asymptotic behaviour, from the properties of the

generator A, in particular its spectral properties. Perhaps one of the most

important results of this kind is the Katznelson-Tzafriri theorem, which gives

a sufficient condition for certain orbits to decay to zero as t → ∞. Given a

function a ∈ L1(R), define the Fourier-Laplace transform â for s ∈ R by

â(is) =

∫
R
a(t)eist dt

and, given a bounded C0-semigroup T on a complex Banach space X and a

function a ∈ L1(R+), define the operator â(T ) for x ∈ X by

â(T )x =

∫
R+

a(t)T (t)x dt.

The Katznelson-Tzafriri theorem can now be stated as follows; see [48], [104].

Theorem 1.1.1. Let X be a complex Banach space and let T be a bounded

C0-semigroup on X with generator A. Suppose that a ∈ L1(R+) is of spectral

synthesis with respect to σ(A) ∩ iR. Then ‖T (t)â(T )‖ → 0 as t→∞.

Here a function a ∈ L1(R+) is said to be of spectral synthesis with respect

to a closed subset Λ of iR if a can be approximated in L1-norm by elements of

L1(R) whose Fourier-Laplace transforms vanish in a neighbourhood of Λ. One

particularly striking application of the Katznelson-Tzafriri theorem is contained

in [48], where it is used to give a new proof of the well-known Arendt-Batty-

Lyubich-Vũ theorem stating that, for a bounded C0-semigroup T on a complex

Banach space X such that the unitary spectrum σ(A) ∩ iR of its generator A

is at most countable and contains no eigenvalues of the adjoint operator A′ of

A, ‖T (t)x‖ → 0 as t→∞ for all x ∈ X.

A rather simpler consequence of Theorem 1.1.1 is the observation that

lim
t→∞
‖T (t)R(1, A)‖ = 0 (1.1.2)

provided σ(A)∩ iR = ∅, which follows by applying the result to the function to

the function a given by a(t) = e−t for t ≥ 0. Note that (1.1.2) is equivalent to

lim
t→∞

sup
{
‖T (t)x‖ : x ∈ D(A), ‖x‖A = 1

}
= 0, (1.1.3)
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where ‖·‖A denotes the graph norm given, for x ∈ D(A), by ‖x‖A = ‖x‖+‖Ax‖.
Problems in which the generator A of a bounded C0-semigroup T has empty

unitary spectrum arise for instance in the study of damped wave equations,

and in this context (1.1.3) can be interpreted as saying that the total energy

of solutions decays to zero over time, uniformly for initial values x ∈ D(A).

Indeed, consider the damped wave equation

∂2v

∂t2
−∆v + a(x)

∂v

∂t
= 0, x ∈ Ω, t > 0,

to be solved subject to the boundary condition v(x, t) = 0 for x ∈ ∂Ω, t > 0

and with initial data v(·, 0) = v0 ∈ H1
0 (Ω), vt(·, 0) = w0 ∈ L2(Ω). Here Ω

denotes a bounded and sufficiently smooth domain in Rn for some n ≥ 1 and

a : Ω→ [0,∞) is a continuous function measuring the strength of the damping

at different points in Ω. The energy of the solution is defined as

E(t) =
1

2

∫
Ω

(
‖∇v‖2 +

∣∣∣∣∂v∂t
∣∣∣∣2
)

dx.

A straightforward calculation shows that the energy is a non-increasing function

of time, and it is known that except in degenerate cases the energy decays to

zero. The standard approach to turning this damped wave equation into an

abstract Cauchy problem of the same form as (1.1.1) is to rewrite the equation

as a first-order system for u = (v, vt) on the Hilbert space X = H1
0 (Ω)×L2(Ω).

Let A denote the generator of the resulting Cauchy problem and write T for

the bounded C0-semigroup generated by A. Then the energy can be rewritten

simply as E(t) = 1
2‖T (t)x‖2, where x = (u0, w0) ∈ X now denotes the initial

data. Since A can be shown by PDE methods to satisfy σ(A) ∩ iR = ∅, energy

decay for all initial data, uniform for initial data chosen from D(A) = (H1
0 (Ω)∩

H2(Ω))×H1
0 (Ω), follows immediately from the above discussion.

The real question here, however, is whether it is possible to say anything

about the rate at which the energy decays. As is shown in [10], the rate of

decay is necessarily at least exponential when the domain of damping {x ∈
Ω : a(x) > 0} satisfies a certain geometric optics condition. In other cases,

however, the rate of decay can be polynomial or logarithmic, uniformly for all

classical solutions. The interest more generally, therefore, is in the rate of decay

of ‖T (t)R(1, A)‖ as t → ∞. As it turns out, this rate of decay is determined

by the rate at which the resolvent ‖R(is,A)‖ grows as |s| → ∞. General

results in this direction are obtained in [11], [15], [27], [31], [70] and [74]. It

follows from the results in [27], for instance, that in the important case where
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‖R(is,A)‖ = O(|s|α) for some α > 0 as |s| → ∞ the quantity ‖T (t)R(1, A)‖
decays no more slowly than t−1/α as t→∞. When X is no longer assumed to

be a Hilbert space, the results in [15] lead to a rate of decay which is slower by

a logarithmic factor, and it is shown in [27] that this factor cannot in general

be dropped. The focus in the first of the three main parts of this thesis will be

on questions that arise naturally out of these previously known results.

While much of the recent interest in the Katznelson-Tzafriri theorem has

been directed at the version stated in Theorem 1.1.1, which applies to C0-

semigroups, the original result proved by Katznelson and Tzafriri in [62] deals

with a single operator and its powers. In its most basic form it states the

following.

Theorem 1.1.2. Let X be a complex Banach space and T ∈ B(X) a power-

bounded operator. Then

lim
n→∞

‖Tn(I − T )‖ = 0 (1.1.4)

if and only if σ(T ) ∩ T ⊂ {1}.

This result and a number of its variants have interesting applications for

instance in the theory of iterative methods (see [86]), although the main mo-

tivation in [62] comes from applications to so-called zero-two laws for certain

stochastic processes. Given the importance of Theorem 1.1.2 in applications

and the interest in rates of decay for the continuous version of the Katznelson-

Tzafriri theorem described above, it is natural to ask whether anything of in-

terest can be said about the rate at which decay takes place in (1.1.4), and

this will form the subject of the second main part of the thesis. One important

conclusion that follows from the general results established in this context is

that, if σ(T ) ∩ T = {1} and if there exists α ≥ 1 such that ‖R(eiθ, T )‖ � |θ|−α

as θ → 0, then there exist constants c, C > 0 such that

c

n1/α
≤ ‖Tn(I − T )‖ ≤ C

(
log n

n

)1/α

(1.1.5)

for all sufficiently large n ≥ 0. These bounds on the rate of decay mirror those

obtained in the continuous setting discussed above, and one of the main issues

adressed in the relevant chapter of this thesis is the question whether, as in

the continuous case, the logarithmic factor (1.1.5) is needed. The answer again

turns out to depend on the space X.
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Even though the connection between Theorems 1.1.1 and 1.1.2 may not be

immediately obvious, it is possible, as was first demonstrated in [19], to unify

these continuous and discrete versions of the Katznelson-Tzafriri theorem by

moving to the more general framework of representations of locally compact

abelian semigroups. Indeed, if the C0-semigroup T in Theorem 1.1.1 is re-

placed by a bounded representation T of a locally compact semigroup S and if

the unitary spectrum σ(A) ∩ iR of the generator A is replaced by the unitary

spectrum Spu(T ) of the representation T , then the Katznelson-Tzafriri theorem

can be stated in the following general form.

Theorem 1.1.3. Let X be a complex Banach space and let T be a bounded

representation of a locally compact semigroup S on X. Suppose that a ∈ L1(S)

is of spectral synthesis with respect to Spu(T ). Then ‖T (s)â(T )‖ → 0 as

s→∞.

Some structure is lost by moving to this general setting. In particular,

there is less scope here than in the continuous and discrete frameworks to use

tools from complex analysis, and it is no longer obvious even how to formulate

questions about rates of decay. Nevertheless, the fact that any improvement

of Theorem 1.1.3 immediately gives a result in both the continuous and the

discrete settings, as well as in many other interesting special cases, more than

outweighs this drawback, and therefore it is precisely this more general approach

that is taken in the last of the three main parts of this thesis.

1.2 Overview of thesis

The thesis is divided into four parts. The first of these, Part I, comprises

the present chapter and the next, which introduces the necessary notation and

preliminary results.

The first main part, Part II, is concerned with continuous operator semi-

groups, or C0-semigroups, and is made up of two chapters. Chapter 3 first

establishes an extension of Theorem 1.1.1 to the case in which the function

a ∈ L1(R) is replaced by a bounded Borel measure on R+, and in an impor-

tant special case goes on to give an upper bound on the rate of decay in terms

of the behaviour of the resolvent. Chapter 4 is concerned with the so-called

non-analytic growth bound ζ(T ) of a C0-semigroup T , which appears in the

statement of the main results of Chapter 3. The first half of the chapter is

concerned with obtaining a better understanding of the relationship between
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ζ(T ) and the resolvent of the semigroup generator. The chapter then defines a

discrete analogue of the non-analytic growth bound for a single operator and

goes on to show that it has a simple spectral characterisation.

The second half of Chapter 4, turning as it does to the behaviour of a single

operator T and its powers, leads naturally into Part III, which is concerned with

the discrete version of the Katznelson-Tzafriri theorem stated in Theorem 1.1.2

and more specifically with the rate of decay in (1.1.4). Chapter 5 establishes

both upper and lower bounds on the rate of decay which depend on the growth

of ‖R(eiθ, A)‖ as |θ| → 0, before Chapter 6 turns to the important special case

in which the growth of the resolvent is polynomial. It is shown that on the one

hand the results obtained in Chapter 5 for this case cannot be improved upon

for general Banach spaces, but that a sharper result holds when X is a Hilbert

space.

The last part of this thesis, Part IV, turns to general operator semigroups.

The main result in Chapter 7 is a general version of the Katznelson-Tzafriri the-

orem for operator semigroups acting on Hilbert space in which the assumption

of spectral synthesis is replaced by a weaker condition that is also necessary.

Chapter 8, finally, presents a series of extensions and applications of the ideas

contained in Chapter 7. These include a version of the Katznelson-Tzafriri

theorem for individual orbits, a quantified version of the Katznelson-Tzafriri

theorem for contractive operator semigroups and some results relating to the

invertibility of contractive representations, in each case assuming that the un-

derlying space is a Hilbert space.
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Chapter 2

Notation and preliminary

results

2.1 Basic notation

This section introduces various important pieces of notation. Several more ad-

hoc definitions and conventions are supplied as the need arises throughout the

main chapters.

Banach and Hilbert spaces. Banach and Hilbert spaces will typically be

denoted by X, sometimes by Y or Z, with appropriate sub- and superscripts

when there is risk of confusion. Throughout, all Banach spaces will be assumed

to be complex and non-trivial unless specified otherwise. The dual space of

a Banach space X is denoted by X∗ and, if X is a Hilbert space, its inner

product by (·, ·) : X ×X → C. Given a subset Y of a Banach space X, write

Y ⊥ for the annihilator {φ ∈ X∗ : φ(y) = 0 for all y ∈ Y } in X∗ of Y . In the

Hilbert space setting, the same notation denotes the orthogonal complement

{x ∈ X : (x, y) = 0 for all y ∈ Y } in X of Y .

Operators. Given a Banach space X, let B(X) denote the Banach algebra of

all bounded linear operators on X. Elements of B(X) will usually be denoted

by letters from near the end of the alphabet, such as Q or, most often, T . For

any closed (but not necessarily bounded) operator A on X, write D(A) for

the domain of A, and RanA and KerA for its range and kernel, respectively.

Note that a closed linear operator A lies in B(X) if and only if D(A) = X, by

the closed graph theorem. Denote by Fix(A) the set {x ∈ D(A) : Ax = x}
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of fixed points of A. Furthermore, let σ(A) (σp(A), σa(A) and σr(A)) be the

(respectively, point, approximate point and residual) spectrum of A and let

ρ(A) = C\σ(A) be the resolvent set of A. Given λ ∈ ρ(A), write R(λ,A) =

(λ−A)−1 for the resolvent operator and, if A is densely defined, let A′ be the

Banach adjoint of A. If X is a Hilbert space, write A∗ for the Hilbert adjoint

of A.

Banach algebras. Given a commutative Banach algebra A ⊂ B(X) for some

Banach space X, let ∆(A) denote the space of all characters (i.e. non-zero

complex homomorphisms) on A and recall that every element of ∆(A) is in

fact a bounded linear functional on A with norm at most 1 and that ∆(A) is

compact in the inherited weak* topology precisely when A is unital; see [81,

Section 1.3]. Recall also that the Gelfand transform Φ : A → C0(∆(A)), defined

for A ∈ A and χ ∈ ∆(A) by Φ(A)(χ) = χ(A), is an algebra homomorphism

which satisfies ‖Φ(A)‖ = r(A) and becomes an isometric ∗-isomorphism when

A is a commutative C∗-algebra; see [81, Theorem 2.1.10]. Here

r(A) = sup{|λ| : λ ∈ σ(A)}

denotes the spectral radius of A ∈ A and C0(∆(A)) denotes the algebra of

continuous functions on ∆(A) that vanish at infinity.

Function spaces. If X is a Banach space, (Ω, ν) is any measure space and

1 ≤ p ≤ ∞, let Lp(Ω;X) be the shorthand notation for the space Lp(Ω, ν;X) of

X-valued (equivalence classes of) functions that are p-integrable with respect to

ν. Furthermore, for any locally compact space Λ, let C(Λ;X) denote the space

of X-valued continuous functions, and write C0(Λ;X) for the set of continuous

functions φ : Λ→ X which vanish at infinity in the sense that, given any ε > 0,

there exists a compact subset K of Λ such that ‖φ(λ)‖ < ε for all λ ∈ Λ\K.

For k ∈ Z+ ∪ {∞}, let Ck(R;X) denote the space of X-valued functions on R
that possess k continuous derivatives, and define C∞c (R;X) = {φ ∈ C∞(R;X) :

φ has compact support}. In all cases, the target space X will be suppressed if

X = C. Finally, the Schwartz space S(R) of rapidly decreasing functions on R
is defined as

S(R) =

{
φ ∈ C∞(R) : sup

t∈R

∣∣tmφ(n)(t)
∣∣ <∞ for all m,n ≥ 0

}
.
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Asymptotic behaviour. Given a subset Ω of C and functions f, g : Ω→ R+,

the notation f(ω) = O(g(ω)) (as ω tends to some limit or to ∞) indicates

that there exists a constant C > 0 such that f(ω) ≤ Cg(ω) eventually, i.e.

for all ω sufficiently close to the limit or sufficiently large, respectively. To

say that f(ω) � g(ω) for a given limiting behaviour of ω means that both

f(ω) = O(g(ω)) and g(ω) = O(f(ω)). Furthermore, if g(ω) > 0 for all relevant

values of ω, let f(ω) ∼ g(ω) (again as ω tends to some limit or to ∞) indicate

that f(ω)/g(λ)→ 1. The notation f(ω) = o(g(ω)) means that, given any ε > 0,

f(ω) ≤ εg(ω) eventually.

Miscellaneous. The symbols N, Z+ and R+ will be used to denote, re-

spectively, the sets {1, 2, . . . }, {0, 1, 2, . . . } and [0,∞). The open unit disc

{λ ∈ C : |λ| < 1} will be denoted by D and its boundary, the unit circle, by T.

For θ > 0, let Σθ denote the open sector Σθ =
{
λ ∈ C\{0} : | arg λ| < θ

}
and,

for ω ∈ R, let Hω = {λ ∈ C : Reλ > ω}. Given a subset Ω of C, write Ω for

the closure of Ω and ∂Ω for its topological boundary.

2.2 Geometric properties of Banach spaces

Given p ∈ [1, 2], a Banach space X is said to have type p if there exists a

constant C ≥ 0 such that, for any n ∈ N and arbitrary x1, . . . xn ∈ X,(∫ 1

0

∥∥∥∥ n∑
k=1

rk(t)xk

∥∥∥∥2

dt

)1/2

≤ C

(
n∑
k=1

‖xk‖p
)1/p

,

where the Rademacher functions rk : (0, 1)→ R are defined by

rk(t) = sgn sin
(
2kπt

)
.

Likewise, for q ∈ [2,∞], X is said to have cotype q if there exists a constant

C ≥ 0 such that, in the same setting as above,(
n∑
k=1

‖xk‖q
)1/q

≤ C

(∫ 1

0

∥∥∥∥ n∑
k=1

rk(t)xk

∥∥∥∥2

dt

)1/2

if q <∞ and with the left-hand side replaced by max{‖xk‖ : 1 ≤ k ≤ n} when

q =∞. Every Banach space X has type 1 and cotype ∞, and X has type and

cotype 2 if and only if it is isomorphic to a Hilbert space; see [67]. Moreover,

if X has type p, then X∗ has cotype p∗ satisfying

1

p
+

1

p∗
= 1; (2.2.1)
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see [102, Section 4] for further details.

Given p ∈ [1, 2], a Banach space X is said to have Fourier type p if the

operator F , which is defined in terms of the Fourier-Laplace transform for

a ∈ L1(R;X) and t ∈ R by

(Fa)(t) = â(−it) =

∫
R

e−ita(t) dt

extends from the dense subspace C∞c (R;X) to a bounded linear operator from

Lp(R;X) into Lp
∗
(R;X). Any Banach space X has Fourier type 1, and X has

Fourier type 2 if and only if it is isomorphic to a Hilbert space; see [67] again.

Furthermore, X has Fourier type p if and only if X∗ does, and any uniformly

convex Banach space has Fourier type strictly exceeding 1; see [66, Note 4.6].

If the (Fourier) type of a Banach space X is strictly greater than 1, X is

also said to have non-trivial (Fourier) type. It is known that X has non-trivial

Fourier type if and only if it has non-trivial type (see [28]), and spaces with this

property are also referred to as being B-convex. The most important examples

of B-convex spaces for the purposes of this thesis are the so-called UMD-spaces.

A Banach space X is said to be a UMD-space whenever the Hilbert transform

H, which is defined, for a ∈ C∞c (R;X) and t ∈ R, by

(Ha)(t) = lim
ε→0+

1

π

∫
|s−t|>ε

a(s)

t− s
ds,

extends to an element of B(Lp(R;X)) for some (or, equivalently, all) p ∈ (1,∞);

see [29] for a proof that this definition is equivalent to X satisfying the epony-

mous unconditional martingale difference property. Examples of UMD-spaces

include all Hilbert spaces as well as the Lebesgue spaces Lp(R;X) for p ∈ (1,∞)

and any other UMD-space X, and it is known that the UMD-property is pre-

served under taking duals, closed subspaces and quotients by closed subspaces;

see [66, Note 3.15] for further details.

The definition of the UMD-property has a natural reformulation in terms of

Fourier multipliers. Recall that a bounded measurable function M : R→ B(X)

is said to be a Fourier multiplier on Lp(R;X), where 1 ≤ p <∞, if the operator

TM : C∞c (R;X)→ Lp(R;X)

given by

TMa = F−1
(
M · Fa

)
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extends to an element of B(Lp(R;X)). Here

(F−1a)(t) =
(Fa)(−t)

2π
=
â(it)

2π
=

1

2π

∫
R

eita(t) dt

for a ∈ L1(R;X) and t ∈ R, and multiplication in the expression M · Fa is

to be understood in the pointwise sense. Note that the Hilbert transform H

coincides with the operator Tφ, where φ(t) = −i sgn(t) for t ∈ R. It follows

that X is a UMD-space if and only if φ is a Fourier multiplier on Lp(R;X) for

some (or, equivalently, all) p ∈ (1,∞).

2.3 Sectorial operators and fractional powers

Let X be a complex Banach space. An operator T ∈ B(X) is said to be sectorial

if there exists θ ∈ (0, π] such that −Σθ ⊂ ρ(T ) and if sup{‖λR(λ, T )‖ : λ ∈
−Σϑ} < ∞ for all ϑ ∈ (0, θ). It follows from the theory of functional calculus

for sectorial operators that one can form the fractional power Tα ∈ B(X) of T

for any α ≥ 0, which is defined as

Tα =
1

2πi

∮
Γ
λαR(λ, T ) dλ,

where Γ is any contour that contains the origin and otherwise encloses σ(T )

without touching it, and where the complex plane is cut along the negative

real axis. Fractional powers coincide with the usual ones whenever α ∈ N, and

moreover Tα+β = TαT β for all α, β ≥ 0. If T is sectorial and injective, it

is possible to define the negative fractional power T−α for α > 0 as a closed

operator on RanTα by taking it to be the inverse of Tα. For details on sectorial

operators and fractional powers, see for instance [55].

Suppose now that T ∈ B(X) is a power-bounded operator with M =

sup{‖Tn‖ : n ≥ 0}. Since

‖R(λ, T )‖ ≤ M

|λ| − 1

for |λ| > 1, and hence ‖R(λ, I − T )‖ ≤ M |Reλ|−1 for Reλ < 0, the operator

I − T is sectorial. Sectorial operators of this form will play an important role

in what follows.

A fundamental result in the context of fractional powers of sectorial opera-

tors is the following moment inequality ; see for instance [54, Corollary 7.2] for

a relatively direct proof.
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Proposition 2.3.1. Let X be a complex Banach space and let T ∈ B(X) be a

sectorial operator. Suppose that α > β > γ ≥ 0 and let θ = β−γ
α−γ . Then there

exists a constant C > 0 such that

‖T βx‖ ≤ C‖Tαx‖θ‖T γx‖1−θ

for all x ∈ X.

2.4 Elements of abstract harmonic analysis and rep-

resentation theory

2.4.1 Locally compact abelian groups and semigroups

This section introduces various concepts relating to topological groups and

semigroups. Whenever either is introduced in a later section without further

specification, it will implicitly be assumed to fall into the framework set out

below.

Groups and semigroups. Let G be a locally compact abelian group and let

S be a subsemigroup of G, i.e. a subset of G satisfying S + S ⊂ S. Denote by

µ the Haar measure on G, and assume that S is measurable and hence is itself

a measure space with respect to the restriction of µ. Assume further that S, in

the topology induced by G, has non-empty interior S◦ and note that, replacing

G by a smaller group if necessary, there is no loss of generality in assuming

that S generates G, which is to say that G = S − S. The semigroup S defines

a relation � on G via s � t if and only if s − t ∈ S ∪ {0}. This turns G into

a directed set and hence makes it possible to speak of limits as s→∞. When

s− t ∈ S\{0} the notation s � t will occasionally be used.

The dual group. Let Γ denote the dual group of G, consisting of all con-

tinuous characters of G, and let S∗ stand for the set of all continuous bounded

characters on S. Since S spans the group G, the unitary part of S∗, which

consists of all χ ∈ S∗ such that |χ(s)| = 1 for all s ∈ S, can be identified with

Γ. This will be done throughout without further comment.

The Fourier-Laplace transform. Given a ∈ L1(S), the Fourier(-Laplace)

transform â : S∗ → C of a is defined by

â(χ) =

∫
S
a(s)χ(s) dµ(s). (2.4.1)
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When S is replaced by G, this formula defines â(χ) for a ∈ L1(G) and χ ∈ Γ.

The final assumption on S is that the set {â : a ∈ L1(S)} of Fourier-Laplace

transforms separates points, both from each other and from zero; i.e. for each

χ ∈ S∗ there exists a ∈ L1(S) such that â(χ) 6= 0 and, given any two distinct

elements χ and ξ of S∗, there exist a ∈ L1(S) satisfying â(χ − ξ) 6= 0. While

satisfied in all natural examples of interest, this property does not follow from

the previous assumptions, as is shown in [52, Example 1.1.4]. Nevertheless, the

assumption is not excessively restrictive and is satisfied for instance whenever

the interior S◦ is dense in S; see [52, page 2].

Translation, approximation and convolution. For a ∈ L1(S), s ∈ G and

t ∈ S, set

as(t) =

a(t− s) if t− s ∈ S,

0 otherwise.

Then as ∈ L1(S) and, for each s ∈ S and any χ ∈ Γ, χ(s)â(χ) = âs(χ). Note

that, in the case where S = G, as is simply the ordinary (untruncated) translate

of a. Moreover, for each a ∈ L1(G), the translation map τa : G→ L1(G) given

by τa(s) = as is uniformly continuous (see [95, Section 1.1.5]) and restricts,

for a ∈ L1(S), to a uniformly continuous map S → L1(S). Hence, given

a ∈ L1(S), ε > 0 and s0 ∈ S◦, there exists an open neighbourhood U of s0 in

S such that ‖as − as0‖1 < ε for all s ∈ U . As in [95, Section 1.1.8], it follows

that, if b ∈ L1(S) is any non-negative function of unit norm whose support is

contained in U , then by an application of Fubini’s theorem

‖a ∗ b− as0‖1 =

∫
U
b(s)‖as − as0‖1 dµ(s) < ε.

Here an element b of Lp(S), for p ∈ [1,∞], is said to be non-negative if b(s) ≥ 0

for µ-almost all s ∈ S, and ∗ denotes the convolution operation on L1(S), which

is defined, for a, b ∈ L1(S) and s ∈ S, by

(a ∗ b)(s) =

∫
S
a(t)bt(s) dµ(t).

In particular, a ∗ b = b ∗ a ∈ L1(S) for all a, b ∈ L1(S), which shows that, as

a Banach algebra under convolution, L1(S) is commutative . Note finally that

given any a ∈ L1(S) and any ε > 0, there exists a compact subset K of S such

that ∫
S\K
|a(s)|dµ(s) < ε.
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Følner nets and amenability. Given a net (Ωα) of non-null compact Borel

subsets of S, (Ωα) is said to be a Følner net for S if

lim
α→∞

µ(Ωα 4 (Ωα + s))

µ(Ωα)
= 0,

uniformly for s in compact subsets of S, where A4 B denotes the symmetric

difference of two sets A, B. The notion of a Følner sequence is defined analo-

gously. It follows from the assumptions on S and the results in [90, Chapter 4]

that there exists a Følner net for S and that the net may be taken to be a

sequence whenever S is σ-compact; see also [19, Section 2].

If (Ωα) is any Følner net for S, consider the net (φα) in L∞(S)∗, where, for

a ∈ L∞(S),

φα(a) =
1

µ(Ωα)

∫
Ωα

a(s) dµ(s).

Then ‖φα‖ = 1 for all α and, if φ denotes any weak* limit point, then φ is left-

translation invariant in the sense that φ(a) = φ(a−s) for any a ∈ L∞(S) and

any s ∈ S. Furthermore φ(1S) = ‖φ‖ = 1, where 1Ω denotes the characteristic

function of a measurable subset Ω of S. In addition, φ(a) ≥ 0 whenever a ∈
L∞(S) is non-negative, and

ess-lim inf
s→∞

a(s) ≤ φ(a) ≤ ess-lim sup
s→∞

a(s),

where

ess-lim inf
s→∞

a(s) = lim
s→∞

ess-inf{a(t) : t � s}

with

ess-inf{a(t) : t � s} = sup
{
c ∈ R : µ

(
{t � s : a(t) < c}

)
= 0
}

and ess-lim sups→∞ a(s) is defined analogously. Writing

ess-lim
s→∞

a(s) = `

if a ∈ L∞(S) and ` ∈ R are such that, given any ε > 0, there exists s ∈ S with

µ({t � s : |a(t)− `| < ε}) = 0, it follows in particular that

φ(a) = ess-lim
s→∞

a(s)

whenever the essential limit exists. Elements φ of L∞(S)∗ with the above

properties are known as Banach limits. Given any Banach limit φ, it is possible

to define a finitely additive and left-translation invariant probability measure

νφ on S by setting νφ(Ω) = φ(1Ω) for any Borel subset Ω of S. Whenever such

a measure (known sometimes as a mean) exists, the semigroup is said to be

amenable.
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2.4.2 Semigroup representations

Given a locally compact abelian semigroup S and a complex Banach space X,

suppose a map T : S → B(X) is a homomorphism, so that T (s+ t) = T (s)T (t)

for all s, t ∈ S, and furthermore, if 0 ∈ S, satisfies T (0) = I. Then T is said to

be a representation of S on X if the map s 7→ T (s) is strongly continuous on

S. A representation T of a locally compact abelian semigroup S is said to be

bounded if sup{‖T (s)‖ : s ∈ S} < ∞. In this case, given any a ∈ L1(S), the

operator â(T ) ∈ B(X) is defined, for each x ∈ X, by

â(T )x =

∫
S
a(s)T (s)x dµ(s). (2.4.2)

Note that, for all s ∈ S and all a ∈ L1(S), T (s)â(T ) = âs(T ). Any repre-

sentation T of a semigroup S on a Banach space X induces a homomorphism

T ′ : S → B(X∗) given by T ′(s) = T (s)′. The action of T ′ may, however,

need to be restricted to a suitable subspace of X∗ in order for it to induce a

representation of S.

An important example of a bounded representation of a locally compact

abelian semigroup S on the Banach space L1(S) is the shift semigroup Tτ

given, for s ∈ S and a ∈ L1(S), by Tτ (s)a = τa(s).

2.4.3 The spectrum of a representation

Given a locally compact abelian group G and a closed subset Λ of the dual

group Γ, let

JΛ(G) =
{
a ∈ L1(G) : supp(â) ∩ Λ = ∅

}
,

where supp(φ) denotes the support of φ ∈ C(Λ), and define

KΛ(G) =
{
a ∈ L1(G) : â(χ) = 0 for all χ ∈ Λ

}
.

Thus KΛ(G) is a closed ideal of L1(G) containing JΛ(G). An element of KΛ(G)

is said to be of spectral synthesis with respect to Λ if it lies in the closure of

JΛ(G), while the set Λ itself is said to be of spectral synthesis whenever this

closure coincides with the whole of KΛ(G). If T is a bounded representation

of G on a complex Banach space X, then the spectral subspace M(Λ) of X is

defined, again for any closed subset Λ of Γ, by

M(Λ) =
⋂{

Ker â(T ) : a ∈ JΛ(G)
}
.
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Thus M(Λ) is a closed subspace of X satisfying M(∅) = {0}, M(Γ) = X and

M(Λ1) ⊂M(Λ2) whenever Λ1 ⊂ Λ2; see [93, Theorem 8.1.4]. Since moreover⋂
α
M(Λα) = M

(⋂
α

Λα

)
for any collection {Λα} of closed subsets of Γ (again see [93, Theorem 8.1.4]), it

makes sense to speak of the smallest closed subset Λ of Γ for which M(Λ) = X.

This set is denoted by Sp(T ) (or Sp(T ;G) if there is risk of confusion) and is

given by

Sp(T ) =
⋂{

Λ ⊂ Γ : Λ is closed and M(Λ) = X
}
.

It is known as the (Arveson) spectrum of T and coincides with the finite L-

spectrum of [75, Section 5.2]. It can be shown (see [93, Proposition 8.1.9])

that

Sp(T ) =
{
χ ∈ Γ : |â(χ)| ≤ ‖â(T )‖ for all a ∈ L1(G)

}
,

that Sp(T ) is non-empty and that Sp(T ) is compact if and only if T is norm

continuous; see [93, Theorem 8.1.12]. Given a bounded representation T of a

locally compact abelian group G on a Banach space X, define the set Λ(T ) by

Λ(T ) =
{
χ ∈ Γ : â(χ) = 0 for all a ∈ L1(G) s.t. â(T ) = 0

}
.

The following result provides a further alternative characterisation of Sp(T );

see [93, Proposition 8.1.9] for a proof.

Theorem 2.4.1. Let T by a bounded representation of a locally compact

abelian group G on a complex Banach space X. Then Sp(T ) = Λ(T ).

If X is a Hilbert space and T is a representation of G on X by unitary

operators, then there exists a (unique) spectral measure E which associates

with any Borel subset of the dual group Γ of G an element of B(X) and which

is such that, for each s ∈ G,

T (s) =

∫
Γ
χ(s) dE(χ),

the integral here being taken in the weak sense. Moreover, the spectral pro-

jections E(Λ) are orthogonal and satisfy RanE(Λ) = M(Λ) whenever Λ is a

closed subset of Γ; see [93, Theorem 8.3.2].

When T is a bounded representation T of a locally compact abelian semi-

group S on a Banach space X, define the spectrum Sp(T ) of T by

Sp(T ) =
{
χ ∈ S∗ : |â(χ)| ≤ ‖â(T )‖ for all f ∈ L1(S)

}
,
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and let Spu(T ) = Sp(T ) ∩ Γ (denoted also by Spu(T ;S) if there is risk of

confusion) be the unitary spectrum. The following result is taken from [52,

Lemma 1.3.7].

Lemma 2.4.2. Let G be a locally compact abelian group and S a generating

subsemigroup of G. If T is a representation of G by isometries on a complex

Banach space X, then Sp(T ;G) = Spu(T ;S).

To see how the unitary spectrum Spu(T ) of a general bounded representa-

tion T of a locally compact abelian semigroup S on a Banach space X relates

to other notions of spectrum, recall first that χ ∈ S∗ is said to be an eigenvalue

of T if there exists a non-zero vector x ∈ X such that T (s)x = χ(s)x for all

s ∈ S. Denote by PSp(T ) the point spectrum of T , consisting of all its eigen-

values, and write PSpu(T ) for the set PSp(T ) ∩ Γ of unitary eigenvalues of T .

A character χ ∈ S∗ is said to be an approximate eigenvalue of T if there exists

a net (xα) of unit vectors in X such that

lim
α→∞

‖T (s)xα − χ(s)xα‖ = 0,

uniformly for s in compact subsets of S. The approximate point spectrum,

which consists of all approximate eigenvalues, is denoted by ASp(T ) and, fur-

thermore, ASpu(T ) stands for the set ASp(T )∩Γ of unitary approximate eigen-

values of T . The sets PSp(T ′), PSpu(T ′), ASp(T ′) and ASpu(T ′) are defined

analogously. The following result is taken from [19, Proposition 2.2].

Proposition 2.4.3. Let T be a bounded representation of a locally compact

abelian semigroup S on a complex Banach space X. Then PSp(T )∪PSp(T ′) ⊂
Sp(T ) and Spu(T ) = ASpu(T ).

Finally, given a bounded representation T of a locally compact abelian

semigroup S, consider the algebra homomorphism πT : L1(S) → B(X) given

by πT (a) = â(T ), and let AT denote the norm closure of RanπT . Note that

each χ ∈ Sp(T ) induces a character ξχ on AT defined, for a ∈ L1(S), by

ξχ(πT (a)) = â(χ) and then extended continuously. The following result is

taken from [19, Proposition 2.4].

Proposition 2.4.4. Let T be a bounded representation of a locally compact

abelian semigroup S on a complex Banach space X. Then the map χ 7→ ξχ

maps Sp(T ) bijectively onto ∆(AT ).
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2.5 Discrete and continuous operator semigroups

Discrete operator semigroups The first important special instance of the

general framework set out in Section 2.4 is the case of what here will be referred

to as discrete (operator) semigroups, namely S = Zn+ and G = Zn with the

counting measure for some n ≥ 1. In this case the character space S∗ of

S can be identified with the closed unit n-disc Dn
, via the map that sends

λ = (λ1, . . . , λn) ∈ Dn
to the element χλ of S∗ given, for s = (s1, . . . , sn) ∈ S,

by

χλ(s) =

n∏
k=1

λskk ,

with the understanding that λskk = 1 when λk = sk = 0. Moreover, Γ = Tn.

A natural example of a Følner sequence in this case is (Ωk) where, for k ≥ 1,

Ωk = {1, . . . , k}n.

A (bounded) representation of the discrete semigroup S = Zn+ corresponds

to an n-tuple of commuting (power-bounded) operators T1, . . . , Tn ∈ B(X). In

what follows, the term ‘discrete operator semigroup’ refers in most cases to a

bounded representation of the semigroup S = Z+ and hence can be identified

with a power-bounded operator T ∈ B(X). In this case, the dual operator

T ′ gives rise to a representation of Z+ on the whole of X∗. Furthermore,

σ(T ) ⊂ Sp(T ) and Spu(T ) = σ(T ) ∩ T; see for instance [20, Example 5.1(i)].

Continuous operator semigroups. The second important special case is

that of so-called continuous (operator) semigroups, where, for some n ≥ 1,

S = Rn+ and G = Rn, with Lebesgue measure. The character space S∗ of S

can in this case be identified with the region Cn− via the map sending λ =

(λ1, . . . , λn) ∈ Cn− to the element χλ of S∗ given, for s = (s1, . . . , sn) ∈ S, by

χλ(s) = exp

(
n∑
k=1

skλk

)
.

Here C− = {λ ∈ C : Reλ ≤ 0}, and hence Γ = iRn under this identification.

A natural example of a Følner net in this case is (Ωα) where, for α > 0,

Ωα = [0, α]n.

A (bounded) representation of the discrete semigroup S = Rn+ corresponds

to an n-tuple of commuting (bounded) C0-semigroups T1, . . . , Tn on X. In

what follows, the term ‘continuous operator semigroup’ refers in most cases to

a bounded representation of the semigroup S = R+ and hence is synonymous
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with a bounded C0-semigroup T on X. For any, not necessarily bounded C0-

semigroup T on a complex Banach space X, it follows from the semigroup

property and the uniform boundedness theorem that there exist M ≥ 1 and

ω ∈ R such that ‖T (t)‖ ≤Meωt for all t ≥ 0. Thus the growth bound ω0(T ) of

T , defined as

ω0(T ) = inf
{
ω ∈ R : ∃M ≥ 1 s.t. ‖T (t)‖ ≤Meωt for all t ≥ 0

}
, (2.5.1)

satisfies ω0(T ) < ∞. Furthermore, associated with any C0-semigroup T is a

closed operator A, known as the generator of T , which is defined for x in its

domain

D(A) =
{
x ∈ X : limt→0+ t

−1(T (t)x− x) exists
}
,

which is dense in X, by

Ax = lim
t→0+

t−1(T (t)x− x).

Furthermore, letting

s0(A) = inf
{
ω ∈ R : Hω ⊂ ρ(A) and sup{‖R(λ,A)‖ : λ ∈ Hω} <∞

}
,

it follows from the relation

R(λ,A)x =

∫ ∞
0

e−λtT (t)x dt (2.5.2)

for Reλ > ω0(T ) and x ∈ X that s0(A) ≤ ω0(T ).

C0-semigroups arise naturally in the study of abstract Cauchy problems of

the form u̇(t) = Au(t), t ≥ 0,

u(0) = x.
(2.5.3)

A function u : R+ → X is said to be a classical solution of (2.5.3) if u ∈
C1(R+;X), u(t) ∈ D(A) for all t ≥ 0 and (2.5.3) is satisfied. If a classical

solution exists, then in particular x ∈ D(A), which suggests the need for a

weaker notion of solution allowing for arbitrary initial values x ∈ X. Thus a

continuous function u : R+ → X is said to be a mild solution of (2.5.3) if, for

all t ≥ 0,
∫ t

0 u(s) ds ∈ D(A) and

A

∫ t

0
u(s) ds = u(t)− x. (2.5.4)

If the operator A appearing in (2.5.3) generates a C0-semigroup T , then the

unique mild solution of (2.5.3) is given, for any initial value x ∈ X and all
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t ≥ 0, by u(t) = T (t)x, and the solution is a classical solution if and only if

x ∈ D(A). In this case (2.5.4) becomes

A

∫ t

0
T (s)x ds = T (t)x− x,

which for x ∈ D(A) can be written as∫ t

0
T (s)Ax ds = T (t)x− x. (2.5.5)

For proofs of the above results and further details on C0-semigroups and Cauchy

problems, see for instance [6, Chapter 3] and [45].

When T is a C0-semigroup with generator A on a complex Banach space X,

it is well known that T ′ is strongly continuous on the subspace X� = D(A′) of

X∗ and that the generator A� of the restricted C0-semigroup, known as the sun

dual of T and denoted by T�, is the part of A′ in X�; see [6, Proposition 3.3.14].

As is shown in [19, Corollary 2.3], it follows from Proposition 2.4.3 and standard

results in spectral theory that that σ(A) ⊂ Sp(T ) and that Spu(T ) = σ(A)∩ iR.

See [19, Example 2.1], however, for a class of C0-semigroups satisfying σ(A) 6=
Sp(T ).
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Continuous operator

semigroups
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Chapter 3

A Katznelson-Tzafriri

theorem for measures

3.1 Introduction

The purpose of this chapter is to establish a version of the Katznelson-Tzafriri

theorem for bounded C0-semigroups, Theorem 1.1.1, in which the function a ∈
L1(R+) is replaced by a bounded Borel measure µ on R+ and, for an important

special choice of µ, to estimate the rate at which decay takes place. The starting

point for these investigations is the following result; see [78, Proposition 3.1].

Theorem 3.1.1. Let X be a complex Banach space and let T be a bounded

C0-semigroup on X with generator A. Suppose that σ(A) ∩ iR = {0} and, for

1 < s ≤ 1 and s ≥ 1, respectively, let

m(s) = sup
{
‖R(ir,A)‖ : s ≤ |r| ≤ 1

}
and

M(s) = sup
{
‖R(ir,A)‖ : 1 ≤ |r| ≤ s

}
.

Furthermore, let m−1
log and Mlog−1 denote, respectively, the inverse maps of the

functions mlog and Mlog given, for 0 < s ≤ 1 and s ≥ 1, by

mlog(s) = m(s) log

(
1 +m(s)

s

)
and

Mlog(s) = M(s) log
(
(1 +M(s))(1 + s)

)
.
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Then

lim
t→∞
‖T (t)AR(1, A)2‖ = 0

and in fact there exists c ∈ (0, 1) such that

‖T (t)AR(1, A)2‖ = O

(
m−1

log(ct) +
1

M−1
log (ct)

)

as t→∞.

Notice that the t−1-term appearing in [78, Proposition 3.1] can be omitted

in this context since m−1(t) ≥ t−1 and hence m−1
log(t) ≥ t−1 by the elementary

theory of resolvents (see also [14, Section 8]), and notice furthermore that the

first conclusion, namely that ‖T (t)AR(1, A)2‖ → 0 as t→∞ is a consequence of

Theorem 1.1.1. For a related result in the discrete setting, see Theorem 5.2.12.

As discussed in Chapter 1, problems in which σ(A) ∩ iR = ∅ and the re-

solvent grows along the imaginary axis, arise in connection with damped wave

equations. Partial differential equations leading to σ(A) ∩ iR = {0} arise just

as naturally. Consider for instance the problem

∂2u

∂t2
−∆u = 0, x ∈ Ω, t > 0,

∂u

∂n
+

∫ t

−∞
a(t− s)∂u

∂t
(x, s) ds = 0, x ∈ ∂Ω, t > 0,

where Ω is a bounded open subset of Rn for some n ≥ 1 with sufficiently

smooth boundary, ∂u
∂n denotes the outward normal derivative and a denotes a

sufficiently well-behaved function defined on R+. If u is interpreted as acoustic

pressure, the equation can be understood as modelling the evolution of sound

in a compressible medium with viscoelastic surface. It is shown in [35] and

[36] that the associated semigroup generator A of this problem has unitary

spectrum σ(A) ∩ iR ⊂ {0} and is in general non-empty; see also [1].

In the problem of the damped wave equation, a rate of decay for the quan-

tity ‖T (t)R(1, A)‖ as t → ∞ has the interpretation of a uniform bound on

the rate of decay for differentiable orbits, or in other words of classical solu-

tions, which are those solutions of the associated Cauchy problem whose initial

values lie in D(A). Alternatively, since studying the asymptotic behaviour of

‖T (t)R(1, A)‖ as t→∞ is equivalent to studying the asymptotic behaviour of

‖T (t)A−1‖ when σ(A) ∩ iR = ∅ and since the map t 7→ T (t)A−1x is the prim-

itive of t 7→ T (t)x for any x ∈ X, this setting can be interpreted as describing
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the asymptotics of primitives of general semigroup orbits. On the other hand,

since RanAR(1, A)2 = Ran(A) ∩D(A) by Lemma 3.2.1 below, Theorem 3.1.1

can be interpreted as providing a uniform bound on the rate of decay for or-

bits that are the derivative of an orbit whose initial value lies in D(A2). It

is natural to ask, then, whether a similar result can be obtained for orbits

that are the derivatives of orbits with initial value in D(A). By Lemma 3.2.1

again, this case can be treated by investigating the asymptotic behaviour of

‖T (t)AR(1, A)‖ as t → ∞. However, whereas the unquantified part of Theo-

rem 3.1.1 followed from Theorem 1.1.1, this connection is now lost since there

is no function a ∈ L1(R+) such that â(T ) = AR(1, A). This raises the need for

a version of the Katznelson-Tzafriri theorem in which the function a ∈ L1(R+)

is replaced by a bounded Borel measure µ on R+, and such a result is given in

Theorem 3.3.8 below. The crucial additional assumption required for this result

is connected with the degree to which T can be approximated asymptotically

by certain analytic operator-valued functions, which is encoded in the so-called

non-analytic growth bound of T . With transforms involving bounded Borel

measures being defined analogously to the case of integrable functions, Corol-

lary 3.3.4 extends Theorem 3.3.8 in the important example of the measure µ

for which µ̂(T ) = AR(1, A) to give upper and lower bounds on the rate of decay

depending on the growth of the resolvent operator near zero. The upper bound

turns out to be optimal in some cases but unsatisfactory in others. The present

chapter, which is based on [96], is closely related to the material contained in

[14, Section 6], and indeed the main objective here is to extend the results given

there from the Hilbert space setting to the Banach space setting. All the main

results will be presented in Section 3.3, once the required preliminary results

have been outlined in Section 3.2.

3.2 Background and preliminary results

The following elementary lemma makes it possible to interpret the conclusions

of various special cases of Theorem 1.1.1 and its generalisations in terms of

certain kinds of orbits of the associated Cauchy problem. The result itself is

part of the more general [14, Proposition 3.10(a)].

Lemma 3.2.1. Let X be a complex Banach space and let A be the generator of

a bounded C0-semigroup on X. Then, for k = 1, 2, RanAR(1, A)k = Ran(A)∩
D(Ak−1).
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Proof. Since Ran(A) = RanAR(1, A) and D(Ak−1) = RanR(1, A)k−1,

RanAR(1, A)k ⊂ RanAR(1, A) ∩ RanR(1, A)k−1 = Ran(A) ∩D(Ak−1).

Conversely, given x ∈ Ran(A) ∩ D(Ak−1) let y ∈ D(A) and z ∈ X be such

that x = Ay and x = R(1, A)k−1z. Then Ay = R(1, A)k−1z, so y ∈ D(Ak) =

D((I −A)k). Letting w = (I −A)ky, it follows that x = AR(1, A)kw and hence

that Ran(A) ∩D(Ak−1) ⊂ RanAR(1, A)k, as required.

Thus, while Theorem 3.1.1 provides a bound on the rate of decay of orbits

starting from elements in Ran(A)∩D(A) that is uniform in a natural sense, uni-

form rates of decay for orbits starting in RanA may be studied by considering

the asymptotic behaviour of ‖T (t)AR(1, A)‖ as t → ∞. Indeed, the property

‖T (t)AR(1, A)‖ → 0 as t→∞ is equivalent to

lim
t→∞

sup
{
‖T (t)Ax‖ : x ∈ D(A), ‖x‖A = 1

}
= 0,

where ‖·‖A denotes the graph norm given, for x ∈ D(A), by ‖x‖A = ‖x‖+‖Ax‖.
Note that if the supremum is instead taken over the unit sphere of X, then

the semigroup must be eventually differentiable, and then the following result

applies; see [7, Theorem 3.10].

Theorem 3.2.2. Let X be a complex Banach space and let T be a bounded

and eventually differentiable C0-semigroup on X with generator A. Then

lim
t→∞
‖AT (t)‖ = 0

if and only if σ(A) ∩ iR ⊂ {0}.

Proof. Note first that, since T is eventually differentiable, there exists t0 > 0

such that T (t0)X ⊂ D(A). Then T (2t0)X ⊂ D(A2) and hence, by the closed

graph theorem, (I −A)2T (2t0) ∈ B(X).

Suppose first that σ(A) ∩ iR ⊂ {0}. Since

AT (t+ 2t0) = (I −A)2T (2t0)T (t)AR(1, A)2

for all t ≥ 0, it follows from Theorem 3.1.1 that ‖AT (t)‖ → 0 as t→∞.

Conversely, assume that ‖AT (t)‖ → 0 as t → ∞ and suppose that s ∈ R
is such that is ∈ σ(A) ∩ iR. Since T is bounded, σ(A) ⊂ {λ ∈ C : Reλ ≤ 0}
and hence is ∈ σap(A). It follows that there exists a sequence (xn)n≥1 in D(A)
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such that ‖xn‖ = 1 for each n ≥ 1 and ‖(A− is)xn‖ → 0 as n→∞. By (2.5.5)

applied to the C0-semigroup generated by A− is,

AT (t)xn − iseistxn = T (t)(A− is)xn + is

∫ t

0
e−is(r−t)T (r)(A− is)xn dr

for each n ≥ 1 and all t ≥ 0, and hence ‖AT (t)xn − iseistxn‖ → 0 as n → ∞.

Thus iseist ∈ σ(AT (t)) and consequently |s| = |iseist| ≤ ‖AT (t)‖ for all t ≥ t0,

where t0 > 0 is as above. Since ‖AT (t)‖ → 0 as t → ∞ by assumption, it

follows that s = 0 and therefore that σ(A) ∩ iR ⊂ {0}.

Remark 3.2.3. The above proof can also be found in [14, Remark 6.3] and

is different from the original one given in [7]. Note the argument could be

modified to give a quantified result similar to Theorem 3.1.1.

The method used in the second half of the above proof carries over to the

setting of interest here and leads to the following simple observation; see [14,

Proposition 6.4] for a slightly stronger result.

Lemma 3.2.4. Let X be a complex Banach space and let T be a bounded

C0-semigroup on X with generator A. Suppose that

lim
t→∞
‖T (t)AR(1, A)‖ = 0.

Then σ(A) ∩ iR ⊂ {0}.

Proof. Suppose that s ∈ R is such that is ∈ σ(A) ∩ iR. Then is ∈ σap(A), as

in the proof of Theorem 3.2.2, so there exists a sequence (xn)n≥1 in D(A) such

that ‖xn‖ = 1 for each n ≥ 1 and ‖(A− is)xn‖ → 0 as n→∞. By (2.5.5),

iseistx = isT (t)x− is

∫ t

0
e−is(r−t)T (r)(A− is)x dr

= T (t)R(1, A)
(
(1− is)Ax− (A− is)x

)
− is

∫ t

0
e−is(r−t)T (r)(A− is)x dr

(3.2.1)

for all x ∈ D(A) and t ≥ 0, and hence

T (t)AR(1, A)x− iseist

1− is
x =

1

1− is
T (t)R(1, A)(A− is)x

+
is

1− is

∫ t

0
e−is(r−t)T (r)(A− is)x dr.
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It follows that ∥∥∥∥T (t)AR(1, A)xn −
iseist

1− is
xn

∥∥∥∥→ 0

for all t ≥ 0 as n → ∞. Thus (1 − is)−1iseist ∈ σ(T (t)AR(1, A)) and, in

particular,

|s| ≤
∣∣∣∣ iseist

1− is

∣∣∣∣ ≤ ‖T (t)AR(1, A)‖

for all t ≥ 0. Letting t→∞ gives s = 0 and hence σ(A) ∩ iR ⊂ {0}.

Thus, as in Theorem 3.2.2, the condition σ(A) ∩ iR ⊂ {0} is necessary for

‖T (t)AR(1, A)‖ to decay to zero as t→∞. Sufficiency of this spectral condition

is far from clear, however. For while the operator AR(1, A)2 appearing in the

proof of Theorem 3.2.2 can be expressed as â(T ) for the function a ∈ L1(R+)

given by a(t) = (t− 1)e−t, so that ‖T (t)AR(1, A)2‖ → 0 as t→∞ by a simple

application of Theorem 1.1.1, the operator AR(1, A) has no such representation.

On the other hand, AR(1, A) = µ̂(T ) where µ is the bounded Borel measure

on R+ given by µ = e − δ0. Here δ0 denotes the Dirac mass at 0 and the

function e is defined, for t ≥ 0, by e(t) = e−t. This observation motivates

the search of a version of Theorem 1.1.1 in which the function a ∈ L1(R+) is

replaced by a bounded Borel measure µ on R+. Such a result will be obtained in

Theorem 3.3.8 below, whose proof requires an additional assumption involving

the so-called non-analytic growth bound of the semigroup T .

Given a complex Banach space X and a set Ω ⊂ C, a function S : Ω→ B(X)

will be said to be exponentially bounded if there exist constants C ≥ 0 and

ω ∈ R such that ‖S(λ)‖ ≤ Ceω|λ| for all λ ∈ Ω and, suppressing the dependence

on the Banach space X, the space of all exponentially bounded holomorphic

B(X)-valued functions on Ω will be denoted by H(Ω). The non-analytic growth

bound ζ(T ) of T is defined as

ζ(T ) = inf
{
ω0(T − S) : S ∈ H(Σθ) for some θ > 0

}
,

where S − T is understood to be defined on (0,∞) and ω0(T − S) is defined

as in (2.5.1). Thus the non-analytic growth bound measures the degree to

which T can, or rather cannot, be approximated asymptotically by exponen-

tially bounded analytic functions defined on certain sectors. It is clear that

ζ(T ) ≤ ω0(T ) for any C0-semigroup T and that ζ(T ) = −∞ when T is ana-

lytic. It is shown in [12, Theorem 5.7] that ζ(T ) = −∞ also if T is eventually

differentiable or if T has an Lp-resolvent for some p ∈ (1,∞), in the sense that
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there exist α ∈ R and β ≥ 0 such that {λ ∈ C : Reλ ≥ α, | Imλ| ≥ β} ⊂ ρ(A)

and ∫
|s|≥β

‖R(α+ is,A)‖p ds <∞.

For further discussion of the non-analytic growth bound, see also Chapter 4.

Given α ∈ R and β ≥ 0, let Qα,β = {λ ∈ C : Reλ ≥ α, | Imλ| ≥ β} and, for

any semigroup generator A, let

s∞0 (A) = inf
{
α ∈ R : Qα,β ⊂ ρ(A) and ‖R(λ,A)‖ is

uniformly bounded on Qα,β for some β ≥ 0
}
.

It is shown in [12, Proposition 2.4] that s∞0 (A) ≤ ζ(T ). When X is a Hilbert

space, the following non-analytic analogue of the Gearhart-Prüss theorem holds,

see [17, Example 3.12].

Theorem 3.2.5. LetX be a complex Hilbert space and let T be a C0-semigroup

on X with generator A. Then s∞0 (A) = ζ(T ).

The proof relies on Plancherel’s theorem and the following result, which will

be crucial in what follows; see [17, Theorem 3.6] for a proof. Here L1
s (R;B(X))

denotes the space of maps S : R → B(X) such that t 7→ S(t)x is Bochner

measurable for all x ∈ X and such that there exists g ∈ L1(R) with ‖S(t)‖ ≤
g(t) for almost all t ∈ R. Furthermore, given a semigroup generator A satisfying

s∞0 (A) < 0, a smooth function φ ∈ C∞(R) will be said to be compatible with A

if there exists a bounded open interval I ⊂ R satisfying {s ∈ R : is ∈ σ(A)} ⊂ I
and if φ(s) = 0 for all s ∈ I and φ(s) = 1 when |s| is sufficiently large.

Theorem 3.2.6. LetX be a complex Banach space and let T be a C0-semigroup

on X with generator A. Suppose that 1 ≤ p < ∞. Then the following are

equivalent:

(i) ζ(T ) < 0;

(ii) s∞0 (A) < 0 and, for any compatible function φ ∈ C∞(R), there exists a

map S ∈ L1
s (R;B(X)) such that φ(s)R(is,A) = (FS)(s) for all s ∈ R;

(iii) s∞0 (A) < 0 and, for any compatible function φ ∈ C∞(R), the map s 7→
φ(s)R(is,A) is a Fourier multiplier on Lp(R;X).

Here φ(s)R(is,A) is taken to be zero whenever φ(s) = 0 and the Fourier

transform F is taken in the strong operator topology, so that, given S ∈
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L1
s (R;B(X)) and s ∈ R,

(FS)(s)x =

∫
R

e−istS(t)x dt

for all x ∈ X. Note also that, even though the maps s 7→ φ(s)R(is,A) depend

on the choice of φ, the question whether s 7→ φ(s)R(is,A) is a Fourier multiplier

on Lp(R;X) is independent of this choice; see [17, Remark 2.2].

3.3 Main results

Let T be a bounded C0-semigroup with generator A on a Banach space X. The

main aims of this section are to establish a sufficient condition for the quantity

‖T (t)AR(1, A)‖ to converge to zero as t→∞ and to study the possible rates at

which this decay takes place. By Lemma 3.2.4, it suffices to restrict attention

to the case where σ(A) ∩ iR ⊂ {0}. In fact, the only case of real interest is

when σ(A)∩ iR = {0}, as will be explained in Remark 3.3.13 below. Given C0-

semigroups T whose generator A satisfies σ(A)∩ iR = {0}, it will be convenient

to have in place a few non-standard pieces of notation. Thus a decreasing

function m : (0, 1]→ (0,∞) such that ‖R(is,A)‖ ≤ m(|s|) for s with 0 < |s| ≤ 1

will be said to be a dominating function (for the resolvent of A). Likewise a

decreasing function ω : R+ → (0,∞) such that ‖T (t)AR(1, A)‖ ≤ ω(t) for

all t ∈ R+ will be said to be a dominating function (for T ). The minimal

dominating functions are given, for s ∈ (0, 1] and t ≥ 0, by

m(s) = sup
{
‖R(ir, a)‖ : s ≤ |r| ≤ 1

}
,

ω(t) = sup
{
‖T (s)AR(1, A)‖ : s ≥ t

}
,

(3.3.1)

respectively. The function m defined in (3.3.1) is continuous and in what fol-

lows the same will be assumed to be true of any dominating function m. In

particular, any such dominating function m possesses a right-inverse m−1 de-

fined on the range of m. On the other hand, given a dominating function ω for

T such that ω(t)→ 0 as t→∞, define the function ω∗ : (0,∞)→ R+ by

ω∗(s) = min
{
t ≥ 0 : ω(t) ≤ s

}
. (3.3.2)

Then ω(ω∗(s)) ≤ s for all s > 0, with equality for all s in the range of ω.

Given a bounded C0-semigroup T on a Banach space X whose generator A

satisfies σ(A)∩ iR = {0}, it follows from the elementary properties of resolvent

operators that m(s) ≥ s−1 for any dominating function m for the resolvent of A.
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As is shown in [14, Example 6.7] by means of a simple direct sum construction,

dominating functions ω for T need not satisfy any such lower bound and indeed

can decay arbitrarily slowly, even for semigroups of normal operators on Hilbert

space. The following result, on the other hand, shows that cases in which a

dominating function ω for T decays faster than t−1 must be precisely of this type

involving a direct sum. The proof, which relies on a simple spectral splitting

argument combined with a result from [61], can be found in [14, Theorem 6.9];

for an analogous result in the discrete setting, see Theorem 5.2.1.

Theorem 3.3.1. Let X be a complex Banach space and let T be a bounded

C0-semigroup on X with generator A. Suppose that σ(A) ∩ iR = {0}. Then

either

lim sup
t→∞

t‖T (t)AR(1, A)‖ > 0

or there exist closed T -invariant subspaces X0 and X1 of X such that X0 ⊂
Fix(T ), the restriction A1 of A to X1 is invertible, and X = X0 ⊕X1.

The following result provides an estimate on the growth of ‖R(is,A)‖ for

small and large values of s. It is taken from [14, Theorem 6.10].

Theorem 3.3.2. Let X be a complex Banach space and let T be a bounded

C0-semigroup on X with generator A. Suppose ω is a dominating function for

T such that ω(t) → 0 as t → ∞, and let ω∗ be defined as in (3.3.2). Then

σ(A) ∩ iR ⊂ {0}, sup{‖R(is,A)‖ : |s| ≥ 1} <∞ and, for any c ∈ (0, 1),

‖R(is,A)‖ = O

(
1

|s|
+ ω∗(cs)

)
as s→ 0.

Proof. The fact that σ(A) ∩ iR ⊂ {0} follows from Lemma 3.2.4. Let s ∈
R\{0}, so that is ∈ ρ(A). Since ‖T (t)R(1, A)‖ ≤ M for all t ≥ 0, where

M = sup{‖T (t)‖ : t ≥ 0}, taking norms in (3.2.1) gives

|s|‖x‖ ≤ |1− is|ω(t)‖x‖+M(1 + |s|t)‖(is−A)x‖ (3.3.3)

for all x ∈ D(A) and all t ≥ 0. Since ω(t) → 0 as t → ∞, there exists t0 > 0

such that ω(t0) ≤ 1
3 . For |s| ≥ 1, setting t = t0 in (3.3.3) shows that

|s|‖x‖ ≤ 2

3
|s|‖x‖+M(1 + |s|t0)‖(is−A)x‖,
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and hence ‖x‖ ≤ 3M(1 + t0)‖(is − A)x‖ for all x ∈ D(A). It follows that

sup{‖R(is,A)‖ : |s| ≥ 1} < ∞. On the other hand, given c ∈ (0, 1), let

t = ω∗(c|s|). Since |1− is|c < 1 when |s| is suficiently small, (3.3.3) gives

‖x‖ ≤ M(1 + |s|ω∗(c|s|)
|s|(1− |1− is|c)

‖(is−A)x‖

for all such values of s and all x ∈ D(A). Thus, given any K > M ,

‖R(is,A)‖ ≤ K

1− c

(
1

|s|
+ ω∗(c|s|)

)
whenever |s| is sufficiently small, and the result follows.

Remark 3.3.3. A similar argument shows that, given any constant K > M ,

where M is as above, there exists c ∈ (0, 1) such that

‖R(is,A)‖ ≤ K
(

1

|s|
+ ω∗(c|s|)

)
(3.3.4)

whenever |s| is sufficiently small.

Theorem 3.3.2 is an analogue of [15, Proposition 1.3] and provides the fol-

lowing bound on how fast the quantity ‖T (t)AR(1, A)‖ can decay as t → ∞,

which is taken from [14, Corollary 6.11].

Corollary 3.3.4. Let X be a complex Banach space and let T be a bounded

C0-semigroup on X with generator A. Suppose that σ(A) ∩ iR = {0} and that

lim
s→0

max
{
‖sR(is,A)‖, ‖sR(−is,A)‖

}
=∞, (3.3.5)

and let m be the minimal dominating function for the resolvent of A defined in

(3.3.1). Then, given any right-inverse m−1 of m, there exist constants c, C > 0

such that

‖T (t)AR(1, A)‖ ≥ cm−1(Ct) (3.3.6)

for all sufficiently large t ≥ 0.

Proof. The result is elementary unless ‖T (t)AR(1, A)‖ → 0 as t → ∞. As-

sume, therefore, that this holds and let ω be as defined in (3.3.1). Then ω(t)→ 0

as t→∞ and it follows from Theorem 3.3.2 that there exists B > 0 such that

m(s) ≤ B
(

1

s
+ ω∗ (s/2)

)
,
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and hence

ω∗(s/2) ≥ m(s)

(
1

B
− 1

sm(s)

)
for all s ∈ (0, 1]. Letting C = 2B, it follows from (3.3.5) that ω∗(s/2) >

C−1m(s) for all sufficiently small s > 0. Let s = 2ω(t). Then ω∗(s/2) ≤ t and

hence m(s) < Ct for all sufficiently large t ≥ 0. It follows that m(m−1(Ct)) >

m(s) so, as m is decreasing, 2ω(t) > m−1(Ct) provided t ≥ 0 is sufficiently

large. Since ω(t) ≤ M‖T (t)AR(1, A)‖, where M = sup{‖T (t)‖ : t ≥ 0}, the

result follows with c = (2M)−1.

Remark 3.3.5. A similar argument using Remark 3.3.3 instead of Theo-

rem 3.3.2 shows that the conclusion (3.3.4) remains true if (3.3.5) is replaced

by the weaker condition that L > M , where M is as above and

L = lim inf
s→0

max
{
‖sR(is,A)‖, ‖sR(−is,A)‖

}
.

Taking A = 0 shows that the conclusion can become false when L = M .

In view of (3.3.6), it is natural to ask whether there exists a corresponding

upper bound in terms of m−1 for the quantity ‖T (t)AR(1, A)‖ as t → ∞.

The next result shows that it is not necessarily possible even for semigroups

of normal operators on a Hilbert space; see [14, Theorem 6.13] for a proof and

Proposition 5.2.8 below for an analogous result in the discrete case.

Theorem 3.3.6. Let X be a complex Hilbert space and let T be a bounded C0-

semigroup of normal operators on X with generator A. Suppose that σ(A) ∩
iR = {0} and that sup{‖R(is,A)‖ : |s| ≥ 1} < ∞. Furthermore, let m be

the minimal dominating function for the resolvent of A and let m−1 be any

right-inverse of m. Then, given any constant c > 0,

‖T (t)AR(1, A)‖ ≤ O(m−1(ct))

as t→∞ if and only if there exists a constant C > 0 such that

m(s)

m(t)
≥ c log

(
t

s

)
− C

for 0 < s, t ≤ 1.

An upper bound for ‖T (t)AR(1, A)‖ as t → ∞ in a rather more general

setting will be obtained in Theorem 3.3.11. This result is a refinement of the

Theorem 3.3.8 below, whose proof relies on the following lemma.
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Lemma 3.3.7. Let X be a complex Banach space and let S ∈ L1(R;X).

(a) If µ is a bounded Borel measure on R, then µ ∗ S ∈ L1(R;X).

(b) If ∫
R
ρ(t)S(t) dt = 0 (3.3.7)

for all ρ ∈ S(R), then S(t) = 0 for almost all t ∈ R.

Proof. Part (a) is a special case of the vector-valued version of Fubini’s theo-

rem; see for instance [6, Theorem 1.1.9] and [39, Chapter III, Section 11, Theo-

rem 9]. For a direct proof, let the map F : R2 → X be given by F (s, t) = S(t−s)
and note that, by Pettis’ theorem (see [6, Theorem 1.1.1]), there is no loss of

generality in assuming that X is separable. Moreover, the map F is measur-

able with respect to the product measure of µ and the Lebesgue measure on

R, as can be seen for instance by another application of Pettis’ theorem and

a simple approximation argument based on the fact that, given any Lebesgue

measurable subset E of R, there exists a Borel measurable set E′ ⊂ R such

that the symmetric difference E4E′ is null. Since∫
R

∫
R
‖F (s, t)‖dtd|µ|(s) <∞, (3.3.8)

it follows form the scalar-valued versions of Tonelli’s and Fubini’s theorems

that (s, t) 7→ ‖F (s, t)‖ is integrable over R2 with respect to the product mea-

sure and that
∫
R ‖F (s, t)‖dµ(s) exists for almost all t ∈ R. Hence so does∫

R F (s, t) dµ(s). Furthermore, for each φ ∈ X∗, the map

t 7→
∫
R
φ(F (s, t)) dµ(s) = φ

(∫
R
F (s, t) dµ(s)

)
is measurable on R. By Pettis’ theorem, the map µ ∗S : t 7→

∫
R F (s, t) dµ(s) is

Bochner measurable on R, and the result now follows, since∫
R
‖(µ ∗ S)(t)‖dt ≤

∫
R

∫
R
‖F (s, t)‖ d|µ|(s) dt <∞

by the scalar-valued version of Fubini’s theorem and (3.3.8).

The proof of (b) runs along similar lines. Once again, by Pettis’ theorem,

it is possible to assume that X is separable. Let {xn : n ≥ 1} be a dense

subset of X and, for each n ≥ 1, let φn ∈ X∗ be a Hahn-Banach functional
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corresponding to xn, so that ‖φn‖ = 1 and φn(xn) = ‖xn‖. Applying φn to

both sides of (3.3.7) shows that∫
R
ρ(t)φn(S(t)) dt = 0

for all ρ ∈ S(R), and hence, for each n ≥ 1, there exists a null subset En of

R such that φn(S(t)) = 0 for all t ∈ R\En. Let E =
⋃
n≥1En, noting that E

itself is null, and suppose that t ∈ R\E. Given ε > 0, there exists n ≥ 1 such

that ‖xn − S(t)‖ < ε/2. Thus

‖S(t)‖ ≤ ‖xn‖+ ‖xn − S(t)‖ < φn(xn − S(t)) +
ε

2
< ε.

Since ε > 0 was arbitrary, it follows that S(t) = 0 for all t ∈ R\E.

The next result is an unquantified version of the Katznelson-Tzafriri the-

orem for measures which generalises [14, Theorem 6.14] to the Banach space

setting. The main new idea is to use Theorem 3.2.6. Recall that, in the nota-

tion of Section 2.4.3, a closed subset Λ of iR is said to be of spectral synthesis

if KΛ(R) = JΛ(R).

Theorem 3.3.8. Let X be a complex Banach space and let T be a bounded

C0-semigroup on X with generator A. Suppose that σ(A) ∩ iR is of spectral

synthesis and that ζ(T ) < 0, and let µ be any bounded Borel measure on R+

such that µ̂(λ) = 0 for all λ ∈ σ(A) ∩ iR. Then

lim
t→∞
‖T (t)µ̂(T )‖ = 0.

Proof. Since s∞0 (A) ≤ ζ(T ), the assumption ζ(T ) < 0 implies that {is : |s| ≥
R} ⊂ ρ(A) and that the set {R(is,A) : |s| ≥ R} is uniformly norm-bounded

for sufficiently large R > 0. Fix a function ϕ ∈ C∞c (R) such that ϕ(s) = 1 for

|s| ≤ R and let ψ = F−1ϕ. Then ψ ∈ S(R), since C∞c (R) ⊂ S(R) and F maps

S(R) bijectively onto itself. Furthermore, let the bounded Borel measures ν

and ξ on R be defined by ν = µ ∗ ψ and ξ = µ ∗ (δ0 − ψ), so that µ = ν + ξ,

and let the functions F,G : R→ B(X) be given by

F (t) =

∫
R
T (s+ t) dν(s) and G(t) =

∫
R
T (s+ t) dξ(s).

Here the semigroup has been extended by zero to (−∞, 0) and the integrals are

to be understood in the strong sense. It is clear that T (t)µ̂(T ) = F (t) + G(t)

for all t ≥ 0.
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Since the measure ν is absolutely continuous with respect to Lebesgue mea-

sure on R, there exists a function a ∈ L1(R) such that dν(t) = a(t)dt, and

hence (Fa)(s) = (Fµ)(s)ϕ(s) for all s ∈ R. Since (Fµ)(s) = µ̂(−is) for all

s ∈ R, Fa vanishes on iσ(A)∩R. By assumption this set is of spectral synthe-

sis, and hence there exist functions an ∈ L1(R), n ≥ 1, such that Fan vanishes

in an open neighbourhood of iσ(A) ∩ R for each n ≥ 1 and ‖an − a‖1 → 0 as

n→∞. Since functions with compactly supported Fourier transform are dense

in L1(R), there is no loss of generality in assuming that each Fan has compact

support. By the dominated convergence theorem and Parseval’s identity,∫
R
an(s)T (t+ s) ds = lim

α→0+

∫
R
an(s− t)e−αsT (s) ds

= lim
α→0+

1

2π

∫
R

eist(Fan)(−s)R(α+ is,A) ds

=
1

2π

∫
R

eist(Fan)(−s)R(is,A) ds

(3.3.9)

for all t ∈ R and n ≥ 1. Since the last integral exists as a Bochner integral in

B(X), ∥∥∥∥∫
R
an(s)T (t+ s) ds

∥∥∥∥→ 0

as t→∞ by the Riemann-Lebesgue Lemma. Now∥∥∥∥F (t)−
∫
R
an(s)T (t+ s) ds

∥∥∥∥ ≤M‖a− an‖1
for all t ∈ R, and hence∥∥∥∥F (t)−

∫
R
an(s)T (t+ s) ds

∥∥∥∥→ 0 (3.3.10)

as n→∞, uniformly for t ∈ R. It follows that ‖F (t)‖ → 0 as t→∞.

Now consider the function G. Since the map φ ∈ C∞(R) given by φ(s) =

1−ϕ(−s) is compatible with A, it follows from Theorem 3.2.6 that there exists a

map S ∈ L1
s (R;B(X)) such that φ(s)R(is,A) = (FS)(s) for all s ∈ R. Writing

µ′ for the bounded Borel measure on (−∞, 0] satisfying µ′(E) = µ(−E) for

any Borel subset E of (−∞, 0], part (a) of Lemma 3.3.7 shows that µ′ ∗ S ∈
L1

s (R;B(X)). For ρ ∈ S(R) and x ∈ X, it follows by Fubini’s theorem, the
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dominated convergence theorem and Parseval’s identity that∫
R
ρ(t)G(t)x dt =

∫
R
ρ(t)

∫
R
T (s+ t)x dξ(s) dt

= lim
α→0+

∫
R

∫
R
ρ(t− s)e−αtT (t)x dt dξ(s)

= lim
α→0+

∫
R

∫
R

eist(F−1ρ)(t)R(α+ it, A)x dt dξ(s)

= lim
α→0+

∫
R

(F−1ρ)(t)(Fµ)(−t)(1− ϕ(−t))R(α+ it, A)x dt

=

∫
R

(F−1ρ)(t)(Fµ)(−t)(FS)(t)x dt

=

∫
R
ρ(t)Sµ(t)x dt,

where Sµ = µ′ ∗ S. Fix x ∈ X and, for t ∈ R, let Sx ∈ L1(R;X) be given by

Sx(t) = G(t)x − Sµ(t)x. Then Sx(t) = 0 for almost all t ∈ R by part (b) of

Lemma 3.3.7, and hence G(·)x ∈ L1(R;X). Since the map Φ : X → L1(R;X)

given by Φ(x) = G(·)x has closed graph, it follows from the closed graph

theorem that, for some constant C > 0,∫
R
‖G(t)x‖ dt ≤ C‖x‖ (3.3.11)

for all x ∈ X. Now, given any x ∈ X and t ≥ 0,∫ t

0
T (t− s)G(s)x ds =

∫ t

0

(∫
R
−
∫

[−t,−s)

)
T (t+ r)x dξ(r)ds

= tG(t)x+

∫
[−t,0)

rT (t+ r)x dξ(r)

and hence, for t > 0,

G(t)x =
1

t

(∫ t

0
T (t− s)G(s)x ds−

∫
[−t,0)

rT (t+ r)x dξ(r)

)
. (3.3.12)

By (3.3.11), ∥∥∥∥∫ t

0
T (t− s)G(s) ds

∥∥∥∥ ≤MC, (3.3.13)

where M = sup{‖T (t)‖ : t ≥ 0}, and the dominated convergence theorem gives∥∥∥∥∥
∫

[−t,0)

r

t
T (t+ r) dξ(r)

∥∥∥∥∥→ 0

as t→∞. Thus ‖G(t)‖ → 0 as t→∞ and the result follows.
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Remark 3.3.9. As observed in [17, Remark 3.8], the map S ∈ L1
s (R;B(X)) in

the above proof can be written down explicitly. Indeed, given x ∈ X,

S(t)x = T (t)x− TR(t)x− 1

2πi

∫
|s|≥R

eistϕ(−s)R(is,A)x ds

for almost all t ∈ R. Here ϕ and R are as above, the semigroup T has again

been extended by zero to (−∞, 0) and

TR(t) =
1

2πi

∫
ΓR

eλtR(λ,A) dλ

for any path ΓR that connects the points ±iR and otherwise lies in {λ ∈ C :

Reλ > 0}. By Cauchy’s theorem, the definition of TR is independent of the

precise choice of the contour ΓR.

As discussed in Section 3.2, the condition ζ(T ) < 0 is satisfied automatically

in a number of important instances. The first part of the following result

corresponds to [14, Theorem 6.14].

Corollary 3.3.10. Let X be a complex Banach space and let T be a bounded

C0-semigroup X with generator A. Suppose that σ(A) ∩ iR is of spectral syn-

thesis, and let µ be any bounded Borel measure on R+ such that µ̂(λ) = 0 for

all λ ∈ σ(A) ∩ iR. Then

lim
t→∞
‖T (t)µ̂(T )‖ = 0

provided one of the following conditions is satisfied:

(i) X is a Hilbert space and sup{‖R(is,A)‖ : |s| ≥ R} < ∞ for sufficiently

large R > 0;

(ii) There exists t > 0 and a compact operator K ∈ B(X) such that ‖T (t)−
K‖ < 1;

(iii) T has Lp-resolvent for some p ∈ (1,∞);

(iv) T is eventually differentiable.

Proof. The first statement follows from Theorem 3.2.5. Indeed, since the

assumption on the resolvent implies that s∞0 (A) < 0 by a simple Neumann series

argument, the result is immediate. The second statement follows immediately

from [12, Proposition 5.3], and the final two statements are consequences of the

observations made in Section 3.2.
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The final theorem of this chapter is a quantified version of Theorem 3.3.8

in the special case where µ̂(T ) = AR(1, A). This result is a generalisation to

the Banach space setting of [14, Theorem 6.15] and provides a counterpart to

Corollary 3.3.4.

Theorem 3.3.11. Let X be a complex Banach space and let T be a bounded

C0-semigroup X with generator A. Suppose that σ(A) ∩ iR = {0} and that

ζ(T ) < 0. Then

lim
t→∞
‖T (t)AR(1, A)‖ = 0. (3.3.14)

In fact, given any dominating function m for the resolvent of A, any right-

inverse m−1 of m and any ε ∈ (0, 1),

‖T (t)AR(1, A)‖ = O
(
m−1(t1−ε)

)
(3.3.15)

as t→∞.

Proof. Since the set {0} is of spectral synthesis, the first statement follows

immediately from Theorem 3.3.8 applied to the bounded Borel measure on R+

given by µ = e−δ0, whose Fourier-Laplace transform satisfies µ̂(λ) = λ(1−λ)−1

for Reλ ≤ 0.

The quantified statement follows from a modification of the argument given

in the proof of Theorem 3.3.8. Fix a function ϕ ∈ C∞c (R) such that ϕ(s) = 1

for |s| ≤ 2 and let ψ ∈ S(R) be given by ψ = F−1ϕ. As in the proof of

Theorem 3.3.8, let the bounded Borel measures ν and ξ on R be defined by

ν = µ ∗ ψ and ξ = µ ∗ (δ0 − ψ). Then µ = ν + ξ and T (t)µ̂(T ) = F (t) + G(t)

for all t ≥ 0, where F,G : R→ B(X) are given by

F (t) =

∫
R
T (s+ t) dν(s) and G(t) =

∫
R
T (s+ t) dξ(s).

As before, the measure ν is absolutely continuous with respect to Lebesgue

measure on R and hence there exists a function a ∈ L1(R) such that dν(t) =

a(t)dt. In fact,

a(t) =

∫ ∞
0

ψ(t− s)e−s ds− ψ(t)

for almost all t ∈ R. Since µ is supported in R+, ξ coincides with −ν on
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(−∞, 0). In particular,

sup
t≥0

∥∥∥∥∥
∫

[−t,0)
rT (t+ r) dξ(r)

∥∥∥∥∥ ≤M
∫

(−∞,0)
|r| d|ξ|(r)

= M

∫ 0

−∞
|r|
∣∣∣∣ψ(r)−

∫ ∞
0

ψ(r − s)e−s ds

∣∣∣∣ dr

<∞,

where M = sup{‖T (t)‖ : t ≥ 0}. By (3.3.12) and (3.3.13), which are conse-

quences Theorem 3.2.6 and the assumption that ζ(T ) < 0,

‖G(t)‖ = O(t−1) (3.3.16)

as t→∞. To complete the proof it remains to obtain a rate of decay for ‖F (t)‖
as t→∞.

Note first that

(Fa)(s) = − is

1 + is
ϕ(s) (3.3.17)

for all s ∈ R. Now let ρ ∈ C∞c (R) be such that 0 ≤ ρ(s) ≤ 1 for all t ∈ R,

ρ(s) = 1 for |s| ≤ 1 and ρ(s) = 0 for |s| ≥ 2. For 0 < r ≤ 1, let ρr ∈ C∞c (R) be

given by ρr(s) = ρ(s/r) and let φr ∈ S(R) be such that Fφr = (Fa)ρr. Since

ϕ(s) = 1 for all s ∈ supp(ρr), it follows from (3.3.17) that

(Fφr)(s) = − is

1 + is
ρr(s)

for all s ∈ R. Thus |(Fφr)(s)| ≤ |s| for |s| ≤ r. Since (Fφr)(s) = 0 for |s| ≥ r,

it follows that ‖Fφr‖1 ≤ r2. Moreover, for |s| ≤ r and k ≥ 1,

(Fφr)(k)(s) =

k−1∑
j=0

k!(−i)k−j

j!rk−j(1 + is)k−j+1
ρ(j)

(s
r

)
− is

rk(1 + is)
ρ(k)

(s
r

)
.

Thus for each k ≥ 1 there exists a constant Bk > 0 such that

|(Fφr)(k)(s)| ≤ Bk
rk−1

(
1 +
|s|
r

)
for |s| ≤ r and ‖(Fφr)(k)‖1 ≤ Bkr2−k. It follows from the inversion formula for

the Fourier transform that

|φr(t)| =
∣∣∣∣ 1

2π

∫ r

−r
eist(Fφr)(s) ds

∣∣∣∣ ≤ 1

2π

∫ r

−r
|s| ds ≤ r2

2π
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and

|t2φr(t)| =
∣∣∣∣ 1

2π

∫ r

−r
eist(Fφr)′′(s) ds

∣∣∣∣ ≤ C
for all t ∈ R. Here and in the remainder of this proof the letter C denotes

a positive constant which is not assumed to be the same at each occurrence.

From these last two estimates it follows that

‖φr‖1 ≤
∫
|t|≤r−1

r2

2π
dt+

∫
|t|≥r−1

C

|t|2
dt ≤ Cr.

Now let ar = a − φr. Then ar ∈ L1(R) and (Far)(s) = 0 for |s| ≤ r. Fur-

thermore, ‖a − ar‖1 = ‖φr‖1 ≤ Cr. By (3.3.17) and the above estimates,

‖(Far)(k)‖1 ≤ C for k = 0, 1 and, making the constants Bk larger if necessary,

‖(Far)(k)‖1 ≤ Bkr2−k for k ≥ 2. For 0 < r ≤ 1, let the map Fr : R→ B(X) be

given by

Fr(t) =

∫
R
ar(t)T (s+ t) dt,

where the semigroup has again been extended by zero to (−∞, 0) and the

integral is to be understood in the strong sense. Applying the dominated con-

vergence theorem and Parseval’s identity as in (3.3.9) gives

Fr(t) =
1

2π

∫
R

eist(Far)(−s)R(is,A) ds

for all t ∈ R, and integrating by parts k times it follows that, for t > 0,

Fr(t) =
1

2πtk

∫
R

eist
k∑
j=0

k!

j!
ij(Far)(j)(−s)R(is,A)k−j+1 ds.

Hence there exists a constant Ck > 0 such that

‖Fr(t)‖ ≤
Ck
tk

m(r)k+1 +m(r)k +

k∑
j=2

m(r)k−j+1

rj−2

 .

Since m(r) ≥ r−1 ≥ 1, it follows on making Ck larger that

‖Fr(t)‖ ≤
Ckm(r)k+1

tk

for all t > 0. Thus

‖F (t)‖ ≤ ‖Fr(t)‖+M‖a− ar‖1 ≤
Ckm(r)k+1

tk
+ Cr (3.3.18)

41



for all t > 0. Given ε ∈ (0, 1), let r = m−1(t1−ε) for sufficiently large t > 0.

Combining (3.3.18) with (3.3.16) shows that, for each k ≥ 1,

‖T (t)AR(1, A)‖ = O

(
1

tε(k+1)−1
+

1

t
+m−1(t1−ε)

)
as t→∞. Now choose k ≥ 1 such that ε(k+1) ≥ 2. Then the first term on the

right-hand side is dominated by the second and, since m−1(t1−ε) ≥ tε−1 ≥ t−1

for t ≥ 1, it follows that (3.3.15) holds.

Remark 3.3.12. By Theorem 3.3.2 and a simple Neumann series argument,

(3.3.14) implies that s∞0 (A) < 0. If X is a Hilbert space, it follows from

Theorem 3.2.5 that ζ(T ) < 0. It remains an open question whether on general

Banach spaces too this condition is necessary for (3.3.14) to hold.

Remark 3.3.13. It is possible to formulate versions of Theorem 3.3.11 in

which the assumption ζ(T ) < 0 is replaced by one of conditions (i)–(iv) of

Corollary 3.3.10. Note also that from the point of view of decay rates the case

σ(A) ∩ iR = ∅ would be of no real interest in Theorem 3.3.11. Indeed, [12,

Proposition 2.4] shows that ω0(T ) = max{ζ(T ), s(A)}, and hence the rate of

decay when σ(A) ∩ iR = ∅ is necessarily at least exponential.

Theorem 3.3.11 yields an asymptotic upper bound on ‖T (t)AR(1, A)‖ as

t → ∞ in terms of a modification of the function m−1 appearing in the cor-

responding lower bound (3.3.6). This phenomenon is unavoidable, as Theo-

rem 3.3.6 shows, and can be observed also in Theorem 3.1.1 and in [15, The-

orem 1.5]. The following example, which is the same as [14, Example 6.16],

shows that in cases where m(s) grows very rapidly as s → 0+ the estimate

(3.3.15) may be optimal but that it is unsatisfactory in general.

Example 3.3.14. Consider a bounded C0-semigroup T with generator A on a

complex Banach space X. Suppose that σ(A) ∩ iR = {0} and that ζ(T ) < 0,

and let m : (0, 1]→ (0,∞) be a dominating function for the resolvent of A.

(a) If m(s) = eα/s for some constant α > 0, then

m−1(t1−ε) =
α

(1− ε) log t

for t > 1 and ε ∈ (0, 1). It follows from Theorem 3.3.11 that

‖T (t)AR(1, A)‖ = O
(
(log t)−1

)
= O

(
m−1(t)

)
as t→∞ and, by Corollary 3.3.4, this estimate is optimal.
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(a) Now suppose that m(s) = s−α for some α ≥ 1. In this case Theorem 3.3.8

shows that, for any β < α−1,

‖T (t)AR(1, A)‖ = O(t−β)

as t → ∞. It is shown in [14, Theorem 7.6] by a completely different

method that this holds also for β = α−1 when X is a Hilbert space, and

Theorem 3.1.1 and [15, Theorem 1.5] suggest that even on Banach space

only a logarithmic correction factor should be needed.
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Chapter 4

Some results relating to the

non-analytic growth bound

4.1 Introduction

The main results of Chapter 3, Theorems 3.3.8 and 3.3.11, involved the assump-

tion that the C0-semigroup T under consideration should satisfy ζ(T ) < 0. In

general, however, there is no easy way of checking whether this condition holds

unless T satisfies one of the properties mentioned in Section 3.2 or the under-

lying space is a Hilbert space. This chapter contains a number of observations

that shed further light on the issue. The main result here, Theorem 4.3.5, is a

strengthening of Theorem 3.2.6. Section 4.4 then turns to the study of a natu-

ral discrete analogue of the non-analytic growth bound and thus establishes a

link with Part III of this thesis. First of all, Section 4.2 presents the necessary

preliminary material.

4.2 Preliminaries

The aim in Section 4.3 is to establish a purely spectral characterisation of the

non-analytic growth bound ζ(T ) of a C0-semigroup T . A crucial notion in this

undertaking is that of R-boundedness. Given a complex Banach space X, a

family B ⊂ B(X) is said to be R-bounded if there exists a constant C > 0 such

that, given any n ∈ N, any T1, . . . , Tn ∈ B and arbitrary x1, . . . , xn ∈ X,∫ 1

0

∥∥∥∥ n∑
k=1

rk(t)Tkxk

∥∥∥∥2

dt ≤ C
∫ 1

0

∥∥∥∥ n∑
k=1

rk(t)xk

∥∥∥∥2

dt,
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where the Rademacher functions rk : (0, 1) → R are defined as in Section 2.2.

For details on the notion of R-boundedness, see for instance [66, Section 2]. It

is easy to see that R-boundedness is a stronger condition than uniform bound-

edness in operator norm, but the two notions coincide when X is a Hilbert

space; see [66, Section 1.9]. The following proposition collects some important

techniques for showing that a given family of bounded linear operators is R-

bounded; see [66, Corollary 2.17], [66, Example 2.19] and [100, Proposition 2.8],

respectively.

Proposition 4.2.1. Let X be a complex Banach space.

(a) Let S ∈ L1
s (R;B(X)) and there exists a constant C > 0 such that∫

R
‖S(t)x‖ dt ≤ C‖x‖

for all x ∈ X. Furthermore, given h ∈ L∞(R), define the operator Th ∈
B(X) by

Thx =

∫
R
h(t)S(t)x dt.

Then the family {Th : ‖h‖∞ ≤ 1} is R-bounded.

(b) Let Ω be an open subset of C and let F : Ω → B(X) be a holomorphic

function. Then, for any compact subset K of Ω, the family {F (λ) : λ ∈
K} is R-bounded.

(c) Suppose that B1,B2 ⊂ B(X) are two R-bounded families of operators.

Then the families B1 + B2 and B1 ∪ B2 are also R-bounded.

In Section 4.4 the focus shifts to the connection between C0-semigroups

and the properties of individual bounded operators. This material provides a

natural link to the next part of the thesis but it arises directly out of the search

for an alternative, more easily verifiable formulation of the condition ζ(T ) < 0.

To see this, define the quantity δ(T ) for any C0-semigroup T with generator A

on a complex Banach space X by

δ(T ) = inf
{
ω0(T − S) : S : (0,∞)→ B(X) is norm continuous

}
.

It is clear from the definitions that δ(T ) ≤ ζ(T ). When X is a Hilbert space,

δ(T ) = ζ(T ) = s∞0 (A). Other cases in which δ(T ) and ζ(T ) coincide are

presented in [12, Section 5], but it remains open whether this is always the

case. The following result is proved in [24, Theorem 3.6]; see also [4] and [83,

Proposition 4.3].
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Theorem 4.2.2. LetX be a complex Banach space and let T be a C0-semigroup

on X with generator A. Then, for all t > 0,

σ(T (t)) ∩
{
λ ∈ C : |λ| > eδ(T )t

}
= exp(tσ(A)) ∩

{
λ ∈ C : |λ| > eδ(T )t

}
.

With Qα,β defined, for α ∈ R and β ≥ 0, as in Section 3.2 and given a

semigroup generator A, let

s∞(A) = inf
{
α ∈ R : Qα,β ⊂ ρ(A) for some β ≥ 0

}
.

Then s∞(A) ≤ s∞0 (A) ≤ ζ(T ) and it follows from Theorem 4.2.2 that −1 ∈
ρ(T (t)) for all sufficiently small t > 0 when ζ(T ) < 0, since then δ(T ) < 0 as

well. The following partial converse is proved in [23, Sections 4.3 and 4.5].

Theorem 4.2.3. Let X be a complex Banach space and let T be a bounded C0-

semigroup on X with generator A. Suppose there exists a non-null set I ⊂ R+

such that −1 ∈ ρ(T (t)) for all t ∈ I. Then s∞0 (A) < 0.

It follows that, for a bounded C0-semigroup T on a complex Hilbert space,

ζ(T ) < 0 if and only if −1 ∈ ρ(T (t)) for all sufficiently small t > 0. On a general

Banach space, no such characterisation is known. Nevertheless, Theorems 4.2.2

and 4.2.3 suggest at least loosely that the property ζ(T ) < 0 is connected with

some notion of regularity of the operators T (t) for small t > 0 relating to

the location of the spectrum of these operators. The aim in Section 4.4 is

to formulate this idea rigorously for a given single operator and to show that

it describes precisely the degree to which the powers of this operator can be

approximated by operator-valued functions which, in a sense to be made precise,

are analytic.

4.3 The non-analytic growth bound and Fourier mul-

tipliers

Suppose that T is a C0-semigroup with generator A on some complex Banach

space X. By Theorem 3.2.5, ζ(T ) = s∞0 (A) when X is a Hilbert space. This

follows from Plancherel’s theorem combined with Theorem 3.2.6. The purpose

in this section is to gain a deeper insight into the situation on general Banach

spaces by slightly extending Theorem 3.2.6, which is done in Theorem 4.3.5

below.
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Given a strongly measurable function S : (0,∞) → B(X) that is exponen-

tially bounded in the sense of Section 3.2, define the Laplace transform LS, for

Reλ > ω0(T ) and x ∈ X, by

(LS)(λ)x =

∫ ∞
0

e−λtS(t)x dt.

By [6, Theorem 3.1.7], (LT )(λ) = R(λ,A) for Reλ > ω0(T ), and in particular

{λ ∈ C : Reλ > ω0(T )} ⊂ ρ(A). Moreover, {R(λ,A) : Reλ > ω} is uni-

formly norm-bounded for every ω > ω0(T ), and hence s0(A) ≤ ω0(T ). The

following simple lemma gives analogous statements involving the notion of R-

boundedness. Here

sR(A) = inf
{
ω ∈ R : Hω ⊂ ρ(A) and {R(λ,A) : λ ∈ Hω} is R-bounded

}
.

Lemma 4.3.1. LetX be a complex Banach space and let S : (0,∞)→ B(X) be

an exponentially bounded and strongly measurable function. Then {(LS)(λ) :

λ ∈ Hω} is R-bounded for every ω > ω0(S). In particular, if T is a C0-

semigroup on X with generator A, then sR(A) ≤ ω0(T ).

Proof. Let ω > ω0(S) and, given λ ∈ Hω, write (LS)(λ) as

(LS)(λ) =

∫ ∞
0

hλ(t)Sω(t) dt,

where hλ(t) = e−(λ−ω)t and Sω(t) = e−ωtS(t) for all t > 0. Since hλ ∈ L∞(0,∞)

with ‖hλ‖∞ ≤ 1 for all λ ∈ Hω, the first part follows from Proposition 4.2.1(a).

The second statement is a consequence of the relation (2.5.2) and the definition

of sR(A).

The aim now is to obtain a non-analytic version of the statement sR(A) ≤
ω0(T ), that is to say a version in which ω0(T ) is replaced by the non-analytic

growth bound ζ(T ) and sR(A) is replaced by the quantity s∞R (A) defined by

s∞R (A) = inf
{
α ∈ R :Qα,β ⊂ ρ(A) and {R(λ,A) : λ ∈ Qα,β}

is R-bounded for some β ≥ 0
}
.

Here, as before, given α ∈ R and β ≥ 0, Qα,β = {λ ∈ C : Reλ ≥ α, | Imλ| ≥ β}.
The desired result will follow from Proposition 4.3.3 below, which in turn re-

quires the following simple lemma taken from [12, Section 2]. Given a suitable
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function S : (0,∞)→ B(X) and α ∈ R, β ≥ 0 such that LS extends holomor-

phically to a region containing Qα,β, let

S̃α,β(t) =
1

2πi

∫
Γα,β

etλ(LS)(λ) dλ

for all t ≥ 0, where Γα,β is any sufficiently smooth path from α−iβ to α+iβ con-

tained in a region to which LS can be extended holomorphically. By Cauchy’s

theorem, this definition is independent of the choice of Γα,β. In particular, if T

is a C0-semigroup with generator A and if Reλ > s(A), then

T̃α,β(t) =
1

2πi

∫
Γα,β

etλR(λ,A) dλ (4.3.1)

for all t ≥ 0, where Γα,β is a suitable path in ρ(A).

Lemma 4.3.2. Let X be a complex Banach space and let T be a C0-semigroup

on X with generator A. Furthermore, let α ∈ R and β ≥ 0 be such that

Qα,β ⊂ ρ(A). Then T̃α,β is exponentially bounded and

ω0

(
T̃α,β

)
≤ max{α, s(A)}.

Proof. Fix ω > max{α, s(A)} and let Γα,β consist of line segments joining

α− iβ, ω− iβ, ω+ iβ and α+ iβ successively. By (4.3.1) and continuity of the

resolvent, there exists C > 0 such that ‖T̃α,β(t)‖ ≤ Ceωt for all t ≥ 0, and the

result follows.

The next result extends [12, Proposition 2.1] by introducing the notion of

R-boundedness. Its most important consequence for the present purposes is

stated in Corollary 4.3.4 below, but the result itself may be of independent

interest. Here H(Ω) is defined for an open subset Ω of C as in Section 3.2.

Proposition 4.3.3. Let X be a complex Banach space and let T be a C0-

semigroup on X with generator A . Furthermore, let ω ∈ R. The following are

equivalent:

(i) There exists S ∈ H(Σθ) for some θ > 0 such that ω0(T − S) < ω.

(ii) There exist α < ω and β ≥ 0 such that Qα,β ⊂ ρ(A), {R(λ,A) : λ ∈ Qα,β}
is R-bounded and

ω0

(
T − T̃α,β

)
< ω. (4.3.2)

(ii)′ There exist α < ω and β ≥ 0 such that Qα,β ⊂ ρ(A) and (4.3.2) holds.
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(iii) There exists an entire exponentially bounded function S : C → B(X)

such that ω0(T − S) < ω and ω0(S) ≤ max{ω, s(A)}.

Furthermore, when these conditions hold, then (4.3.2) holds for all α < ω and

β ≥ 0 such that Qα,β ⊂ ρ(A).

Proof. Apart from the main step (i) =⇒ (ii) the proof is identical to that of

[12, Proposition 2.1]. The implications (ii) =⇒ (ii)′ and (iii) =⇒ (i) are trivial.

Throughout this proof, the letter C will be used to denote a positive constant

which need not be the same at each occurrence.

(i) =⇒ (ii): Suppose that θ > 0 and S ∈ H(Σθ) are as in (i). Since θ may be

taken to lie in (0, π/2) without loss of generality, there exist σ ∈ R and C > 0 be

such that ‖S(λ)‖ ≤ CeσReλ for all λ ∈ Σθ. In particular, ω0(S) ≤ σ. Note also

that there is no loss of generality in assuming that σ ≥ max{0, ω}. Furthermore,

fix θ′, θ′′ ∈ (0, θ) with θ′ < θ′′ and let α, β be such that ω0(T −S) < α < ω and

β = (σ − α) cot θ′; see Figure 6.2. For t > 0, let U(t) = T (t) − S(t). Then by

Lemma 4.3.1 {(LU)(λ) : λ ∈ Qα,β} is R-bounded. Now

R(·, A) = L(S + U) = LS + LU

by linearity of L. Thus by Proposition 4.2.1(c) to prove the first part of (ii) it

suffices to show that LS extends analytically to Qα,β and that {(LS)(λ) : λ ∈
Qα,β} is R-bounded.

Mimicking the proof of [6, Theorem 2.6.1], let Γ± denote the rays {re∓iθ′′ :

r ∈ R+}. It follows from Cauchy’s theorem that, for Reλ > σ,

(LS)(λ) =

∫
Γ±

e−λzS(z) dz,

with either choice of sign. Hence

(LS)(λ) = e∓iθ′′
∫ ∞

0
exp

(
− λre∓iθ′′

)
S
(
re∓iθ′′

)
dr. (4.3.3)

Fix ε such that 0 < ε < min{π2 − θ
′′, θ′′ − θ′} and let

Σ± =
{
λ ∈ C\{σ} : | arg(λ− σ)∓ θ′′| < π

2
− ε
}
,

so that Σ± = σ + e±iθ′′Σπ
2
−ε. Then

Re
(
(λ− σ)e∓iθ′′

)
≥ |λ− σ| sin ε
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ω0(T − F ) α ω σ τ

β

θ′

θ′′ − ε

π
2 − θ

′′ − ε

Σ+

K+

Q+
α,β

θ′′

Figure 4.1: The setting in the upper half-plane. Here the slanted side

of the triangular region K+ is distance τ from the origin.

for all λ ∈ Σ±, respectively, and hence∥∥ exp
(
− λre∓iθ′′

)
S
(
re∓iθ′′

)∥∥ ≤ C exp
(
− r|λ− σ| sin ε

)
(4.3.4)

according as λ ∈ Σ±. It follows that the integrals in (4.3.3) are absolutely

convergent for λ ∈ Σ± and hence, by an application of Morera’s and Fubini’s

theorems, define holomorphic functions on these regions. Now let

Q±α,β = Qα,β ∩
{
z ∈ C : Im z ≷ 0

}
,

so that Q±α,β ⊂ Σ± by the choice of ε. For τ > σ fixed, the sets

K± =
{
λ ∈ Q±α,β : Re(e∓iθ′′λ) ≤ τ

}
are compact and hence the families {(LS)(λ) : λ ∈ K±} are R-bounded by

Proposition 4.2.1(b). For λ ∈ Q+
α,β\K+, (4.3.3) can be written as

(LS)(λ) =

∫ ∞
0

hλ(r)Sτ (r) dr,

where hλ(r) = exp(−iθ′′ − r(e−iθ′′λ − τ)) and Sτ (r) = e−τrS(re−iθ′′) for all

r > 0. Since ‖Sτ (r)‖ ≤ Ce−r(τ−σ) and |hλ(r)| < 1 for all r > 0 and all λ ∈
Q+
α,β\K+, it follows from Proposition 4.2.1(a) that {(LS)(λ) : λ ∈ Q+

α,β\K+}

50



is R-bounded. Likewise {(LS)(λ) : λ ∈ Q−α,β\K−} is R-bounded and hence by

Proposition 4.2.1(c) {(LS)(λ) : λ ∈ Qα,β}, too, is R-bounded, as required.

In order to prove the second part of (ii), note that by the inversion formula

for Laplace transforms (see [6, Section 2.3])

S(t) =
1

2πi

∫
Γ∪Γα,β

etλ(LS)(λ) dλ

for all t > 0. Here Γα,β is any path from α − iβ to α + iβ contained in a

region to which LS can be extended holomorphically and Γ consists of two

rays emanating from α± iβ at angles ±(π2 + θ′), respectively. Equations (4.3.3)

and (4.3.4) imply that ‖(LS)(λ)‖ ≤ C|λ − σ|−1 for all λ ∈ Σθ′ and hence, for

r0 = (σ − α) cosec θ′ and t ≥ 1,

∥∥S(t)− S̃α,β(t)
∥∥ =

∥∥∥∥ 1

2πi

∫
Γ

etλ(LS)(λ) dλ

∥∥∥∥
≤ Cetα

∫ ∞
r0

exp
(
− t(r − r0) sin θ′

)dr

r

≤ Cetα.

It follows that ω0(S− S̃α,β) ≤ α. Recall that ω0(U) < α. Choosing for Γα,β the

vertical straight-line segment from α− iβ to α+ iβ, it follows that

∥∥Ũα,β(t)
∥∥ =

∥∥∥∥∥ 1

2πi

∫
Γα,β

etλ(LU)(λ) dλ

∥∥∥∥∥ ≤ Ceαt

and hence ω0(Ũα,β) ≤ α. Since Ũα,β = T̃α,β − S̃α,β,

ω0

(
T − T̃α,β

)
≤ max

{
ω0(T − S), ω0

(
S − S̃α,β

)
, ω0

(
Ũα,β

)}
≤ α,

which proves (ii).

(ii)′ =⇒ (iii): For λ ∈ C set

S(λ) =
1

2πi

∫
Γα,β

eλzR(z,A) dz,

where Γα,β is any path from α − iβ to α + iβ lying in ρ(A). Then S is an

exponentially bounded entire function which agrees with T̃α,β on (0,∞), so (iii)

follows from Lemma 4.3.2.

For the final statement, suppose that Qα,β, Qα′,β′ ⊂ ρ(A) for some α, α′ ∈
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(−∞, ω) and some β, β′ ≥ 0 and let α0 = max{α, α′}. Then by Cauchy’s

theorem

T̃α,β(t)− T̃α′,β′(t) =
1

2πi

∫
Γ

etλR(λ,A) dλ,

where Γ consists of two paths in {λ ∈ ρ(A) : Reλ ≤ α0} connecting α ± iβ to

α′ ± iβ′, respectively. It follows that∥∥T̃α,β(t)− T̃α′,β′(t)
∥∥ ≤ Ceα0t

for all t ≥ 0 and hence ω0(T̃α,β − T̃α′,β′) ≤ α0. Since

ω0

(
T − T̃α′,β′

)
≤ max

{
ω0

(
T − T̃α,β

)
, ω0

(
T̃α,β − T̃α′,β′

)}
,

the result follows.

The following consequence of Proposition 4.3.3 is an extension of [12, Propo-

sition 2.4 a)] in the context of C0-semigroups.

Corollary 4.3.4. Let X be a complex Banach space and let T be a C0-

semigroup on X with generator A. Then s∞R (A) ≤ ζ(T ).

Proof. Let ω > ζ(T ). Then there exists S ∈ H(Σθ) for some θ > 0 satisfying

ω0(T −S) < ω and by Proposition 4.3.3 there exist α < ω and β ≥ 0 such that

Qα,β ⊂ ρ(A) and {R(λ,A) : λ ∈ Qα,β} is R-bounded. Hence s∞R (A) ≤ α and

the result follows.

The following result is a strengthening of Theorem 3.2.6. The proof is

identical to the one given in [17, Theorem 3.6] except that the statement

s∞0 (A) ≤ ζ(T ) is replaced by the conclusion of Corollary 4.3.4 in proving the

implication (i) =⇒ (ii). The notation here is as in Section 3.2.

Theorem 4.3.5. Let X be a complex Banach space and T a C0-semigroup

on X with generator A. Suppose that 1 ≤ p < ∞. Then the following are

equivalent:

(i) ζ(T ) < 0;

(ii) s∞R (A) < 0 and, for any compatible function φ ∈ C∞(R), there exists a

map S ∈ L1
s (R;B(X)) such that φ(s)R(is,A) = (FS)(s) for all s ∈ R;

(iii) s∞R (A) < 0 and, for any compatible function φ ∈ C∞(R), the map s 7→
φ(s)R(is,A) is a Fourier multiplier on Lp(R;X).
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The final result in this section is analogous to [17, Corollary 3.10] and gives

a characterisation of ζ(T ) in terms of a Fourier multiplier condition.

Corollary 4.3.6. Let X be a complex Banach space, let T be a C0-semigroup

on X with generator A and let 1 < p <∞. Then

ζ(T ) = inf
{
α > s∞R (A) : s 7→ φ(s)R(α+ is,A) is a Fourier multiplier on

Lp(R;X) for all φ ∈ C∞(R) that are compatible with A− α
}
.

Proof. Let α ∈ R. By Theorem 4.3.5 applied to the rescaled semigroup Tα

given, for t ≥ 0, by Tα(t) = e−αtT (t), ζ(Tα) < 0 if and only if s∞R (A) < α and

s 7→ φ(s)R(α + is,A) is a Fourier multiplier on Lp(R;X) for all φ ∈ C∞(R)

that are compatible with A− α. The result follows.

4.4 Analytic approximation for a single operator

The discussion at the end of Section 4.2 suggested a special importance of

power-bounded operators T on a Banach space X satisfying −1 ∈ ρ(T ). A

natural quantity to introduce, then, is

r∞(T ) = inf
{
r > 0 : σ(T ) ∩ T ⊂ 1 + rD

}
.

Thus 0 ≤ r∞(T ) ≤ 2 for any power-bounded operator T , and the results

obtained at the end of Section 4.2 by combining Theorems 4.2.2 and 4.2.3 can

be restated as ζ(T ) < 0 for a bounded C0-semigroup T on a Hilbert space if and

only if r∞(T (t)) < 2 for all sufficiently small t > 0. Note also that r∞(T ) = 0

precisely when σ(T ) ∩ T ⊂ {1}. Operators with this property will be the focus

of the next part of this thesis. The purpose here is to show that the quantity

r∞(T ) for a power-bounded operator T is connected to the degree to which the

powers of T can be approximated by certain analytic maps Q : Z+ → B(X).

Given a complex Banach space X, a function Q : Z+ → B(X) will be said

to be exponentially bounded if, for some constants C, r > 0, ‖Q(n)‖ ≤ Crn for

all n ≥ 0. If Q : Z+ → B(X) is exponentially bounded and C, r > 0 are as

above, let

FQ(λ) =

∞∑
n=0

Q(n)

λn+1

for all λ ∈ C with |λ| > r and note that FQ is holomorphic in this region.

For θ ∈ (0, π/2], let Ωθ denote the closed convex hull of the point 1 and the

set {λ ∈ C : |λ| ≤ cos θ}; see Figure 4.2. An exponentially bounded map
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T

1
Ωθ

cos θ θ

Figure 4.2: The region Ωθ for a typ-

ical value of θ ∈ (0, π/2].

Q : Z+ → B(X) will be said to be analytic if there exist θ ∈ (0, π/2] and C > 0

such that FQ extends to the complement of Ωθ and

‖FQ(λ)‖ ≤ C

|1− λ|
(4.4.1)

for all λ ∈ C\Ωθ.

The next result is an analogue of [87, Theorem 2.1] and provides two

alternative characterisations of analyticity for exponentially bounded maps

Q : Z+ → B(X). Given such a map, let SQ : R+ → B(X) be given by

SQ(t) = e−t
∞∑
n=0

Q(n)
tn

n!
.

Theorem 4.4.1. Let X be a complex Banach space and let Q : Z+ → B(X)

be exponentially bounded. Then the following are equivalent:

(i) Q is analytic;

(ii) FQ extends analytically to {λ ∈ C\{1} : |λ| ≥ 1} and there exists C > 0

such that ∥∥∥∥∥∥
k∑
j=0

(
k

j

)
(−1)k−jQ(n+ j)

∥∥∥∥∥∥ ≤ C1+k

(
n+ k

k

)−1

(4.4.2)

for all k, n ≥ 0;

(iii) FQ extends analytically to {λ ∈ C\{1} : |λ| ≥ 1} and there exists θ ∈
(0, π/2] such that SQ has a bounded analytic extension to the sector Σθ.
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T

γ

L−m

L+
m

1 +m−1

αm

θ/2

−r
Ωθ

Figure 4.3: The contour

Γm = γ ∪ L−m ∪ L+
m.

Proof. Suppose that (i) holds and note that, for n ≥ 0,

Q(n) =
1

2πi

∮
Γ
λnFQ(λ) dλ,

where Γ is any contour which contains Ωθ in its interior. In particular,

k∑
j=0

(
k

j

)
(−1)k−jQ(n+ j) =

1

2πi

∮
Γ

k∑
j=0

(
k

j

)
λn+j(−1)k−jFQ(λ) dλ

=
1

2πi

∮
Γ
λn(λ− 1)kFQ(λ) dλ

(4.4.3)

for all n, k ≥ 0. The aim is to show that (ii) holds, which requires establishing

(4.4.2). If n = k = 0 there is nothing to prove, so assume that n+ k > 0. Now

fix r ∈ (0, 1) such that −r 6∈ Ωθ and choose for Γ the contour Γn+k, where, for

m ≥ 1, Γm consists of the arc γ = rT\(1 + Σ(π+θ)/2) together with the rays

L±m connecting the point 1 + m−1 to the end points of γ lying in the upper

and lower half-plane, respectively; see Figure 4.3. By modifying the values of

r and θ if necessary, it is possible to assume that |λ − 1| ≤ 1
2 when λ is either

of the endpoints of γ. Letting the letter C denote a positive constant whose

value may vary from occurrence to occurrence, it follows from the fact that FQ

is bounded along γ that∥∥∥∥ 1

2πi

∫
γ
λn(λ− 1)kFQ(λ) dλ

∥∥∥∥ ≤ Crn(1 + r)k ≤ C1+krn.

Keeping r ∈ (0, 1) fixed, an elementary calculation shows that rx(xk + 1)k ≤ Ck

for all x ≥ 0 and k > 0, and hence rn ≤ Ck
(
1 + n

k

)−k
for all n ≥ 0 and k > 0.
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Since (
n+ k

k

)
≤ ek

(
1 +

n

k

)k
, (4.4.4)

for all n ≥ 0 and k > 0, it follows that∥∥∥∥ 1

2πi

∫
γ
λn(λ− 1)kFQ(λ) dλ

∥∥∥∥ ≤ C1+k

(
n+ k

k

)−1

(4.4.5)

for all n, k ≥ 0 with n+ k > 0, the claim being obvious if k = 0. It remains to

estimate the contributions along the rays L±n+k. Suppose first that k > n. If

n = 0 and k = 1, the estimate (4.4.5) with γ replaced by L±n+k can be achieved

simply by allowing the constant C to be sufficiently large. In all other cases,

n + k > 2 and it follows from the choice of r and θ that |λ − 1| ≤ 1
2 for all

λ ∈ L±n+k. Since moreover |λn| ≤ (1 + 1
n+k )n ≤ e for k > n ≥ 0 and all

λ ∈ L±n+k, the estimates (4.4.1) and 1 + n
k ≤ 2 show that∥∥∥∥∥ 1

2πi

∫
L±n+k

λn(λ− 1)kFQ(λ) dλ

∥∥∥∥∥ ≤ C21−k ≤ C
(

1 +
n

k

)−k
in this case, and it follows from (4.4.4) that (4.4.5) holds again with γ re-

placed by L±n+k. Now suppose that 0 ≤ k ≤ n. Note, as in the proof of [86,

Theorem 4.9.3], that the rays L±m are subsets of the lines parameterised by

λ(s) = 1 + m−1 + se±iαm , where s ≥ 0 and αm ∈ (π2 , π) is chosen as shown

in Figure 4.3. Hence there exists c > 0 such that |λ(s)| ≤ (1 + m−1)e−cs and

consequently |λ(s)|m ≤ e1−cms for all s ≥ 0 and all m ≥ 1. Consider first the

case k = 0. Since αn ≤ α1 < π for all n ≥ 1,∣∣∣∣ 1n + se±iαn

∣∣∣∣2 ≥ 1

n2

(
(1− ns)2 + 2ns(1 + cosα1)

)
and hence |n−1 + se±iαn | ≥ (Cn)−1 for all n ≥ 1. It follows from (4.4.1) that∥∥∥∥ 1

2πi

∫
L±n

λnFQ(λ) dλ

∥∥∥∥ ≤ C ∫ ∞
0

e−cns
(

1

n
+ se±iαn

)−1

ds

≤ Cn
∫ ∞

0
e−cnsds,

so that ∥∥∥∥ 1

2πi

∫
L±n

λnFQ(λ) dλ

∥∥∥∥ ≤ C
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for all n ≥ 1, which is the required estimate when k = 0. For 0 < k ≤ n, it

follows from (4.4.1) and the estimate |m−1 + se±iαm | ≤ m−1 + s for s ≥ 0 that∥∥∥∥∥ 1

2πi

∫
L±n+k

λn(λ− 1)kFQ(λ) dλ

∥∥∥∥∥ ≤ C1+k

∫ ∞
0

e−cns
(

1

n+ k
+ s

)k−1

ds

and hence∥∥∥∥∥ 1

2πi

∫
L±n+k

λn(λ− 1)kFQ(λ) dλ

∥∥∥∥∥ ≤ C1+k

nk

∫ ∞
0

e−ssk−1 ds = C1+k (k − 1)!

nk
.

Since k
n ≤ 2(1 + n

k )−1 in this case, it follows that∥∥∥∥∥ 1

2πi

∫
L±n+k

λn(λ− 1)kFQ(λ) dλ

∥∥∥∥∥ ≤ C1+k
(

1 +
n

k

)−k
.

Using (4.4.3) and (4.4.4), these estimates together show that (ii) holds.

Now suppose that (ii) holds and note that, for k ≥ 0 and t ≥ 0,

S
(k)
Q (t) = e−t

∞∑
n=0

k∑
j=0

(
k

j

)
(−1)k−jQ(n+ j)

tn

n!
.

It follows from (4.4.2) that there exists C > 0 such that

‖S(k)
Q (t)‖
k!

≤ e−t
∞∑
n=0

C1+ktn

(n+ k)!
≤ C1+k

tk
,

and hence the Taylor expansion

SQ(t+ λ) =

∞∑
k=0

S
(k)
Q (t)

λk

k!

is valid for |λ| < t/C. Thus FQ has a bounded holomorphic extension to Σθ for

0 < θ < sin−1(1/C), so (iii) holds.

Suppose finally that (iii) is satisfied and let UQ(t) = etSQ(t), so that

UQ(t) =

∞∑
n=0

Q(n)
tn

n!

for all t ≥ 0. By [6, Theorem 2.6.1] the Laplace transform

(LUQ)(λ) =

∫ ∞
0

e−λtUQ(t) dt
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extends holomorphically to the shifted sector 1+Σ(π+θ)/2 and there exists C > 0

such that

‖(LUQ)(λ)‖ ≤ C

|1− λ|
for all λ ∈ 1 + Σ(π+θ)/2. Since Q is exponentially bounded, it follows from

Fubini’s theorem that the Laplace transform LUQ of UQ satisfies

(LUQ)(λ) =

∫ ∞
0

∞∑
n=0

Q(n)
e−λttn

n!
dt =

∞∑
n=0

Q(n)

λn+1
= FQ(λ)

for Reλ sufficiently large. Hence by the identity theorem FQ extends to 1 +

Σ(π+θ)/2 and satisfies the estimate (4.4.1) on this region. Since FQ extends to

an open set containing T\(1 + Σ(π+θ)/2) and is bounded on compact subsets of

its domain, it follows that Q is analytic.

Given T ∈ B(X), let QT (n) = Tn for n ≥ 0. Then, writing FT instead

of FQT , FT (λ) = R(λ, T ) for |λ| > r(T ). The following lemma shows that

in this special case (4.4.2) can be replaced by a simpler condition when T is

power-bounded.

Lemma 4.4.2. Let X be a complex Banach space and let T ∈ B(X) be a

power-bounded operator satisfying σ(T )∩T ⊂ {1}. Then QT is analytic if and

only if there exists B > 0 such that

‖Tn(I − T )‖ ≤ B

1 + n
(4.4.6)

for all n ≥ 0.

Proof. It is clear that the first part of condition (ii) in Theorem 4.4.1 is

equivalent to σ(T ) ∩ T ⊂ {1} in this case. If QT is analytic, then (4.4.2) holds

by Theorem 4.4.1 and the estimate (4.4.6) follows on setting k = 1.

Suppose conversely that (4.4.6) holds. For k = 0, (4.4.2) is satisfied by

power-boundedness of T . Suppose therefore that k ≥ 1. If n ≤ k, then 1+ n
k ≤ 2

and hence

‖Tn(I − T )k‖ ≤M‖I − T‖k ≤ C1+k
(

1 +
n

k

)−k
, (4.4.7)

where M = sup{‖Tn‖ : n ≥ 0} and C = 2(1+M). If n > k, on the other hand,

let n = mk + j for some m ≥ 1 and 0 ≤ j < k. By (4.4.6),

‖Tn(I − T )k‖ ≤M‖Tm(I − T )‖k ≤MBk

(
1 +

n− j
k

)−k
.

Since 1 + n
k ≤ 2(1 + n−j

k ), (4.4.7) holds for C = max{M, 2B} in this case, and

the result follows from (4.4.4) and Theorem 4.4.1.
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In fact, given a power-bounded operator T ∈ B(X) satisfying σ(T ) ∩ T ⊂
{1}, it follows by a simple Neumann series argument that analyticity of the

map QT is equivalent to the existence of a constant C > 0 such that

‖R(λ, T )‖ ≤ C

|1− λ|

just for |λ| ≥ 1; see [76], [85], [86, Theorem 4.5.4] and also Theorem 5.2.3 in

the next chapter. By Theorem 4.4.1, (4.4.6) is equivalent not only to the map

QT being analytic but also to the C0-semigroup ST generated by T − I being a

bounded analytic semigroup; see [87, Theorem 2.1]. An operator T satisfying

these equivalent conditions is said to be a Ritt operator; various interesting

results on Ritt operators may be found for instance in [8], [25], [26], [40], [42],

[43], [44], [68], [79], [80] and [103].

This connection between bounded analytic C0-semigroups and Ritt opera-

tors motivates the following definition of a discrete analogue of the non-analytic

growth bound. Given an exponentially bounded function Q : Z+ → B(X), let

AQ(n) =

n∑
j=0

(
n

j

)
(−1)n−jQ(j)

for all n ≥ 0 and write AT instead of AQT . Note that, for all t ≥ 0,

SQ(t) =

∞∑
n=0

AQ(n)
tn

n!

and that ST (t) = SQT (t) = exp(t(T − I)) for T ∈ B(X). Furthermore, let

ω0(Q) = inf
{
r > 0 : there exists C > 0 s.t. ‖Q(n)‖ ≤ Crn for all n ≥ 0

}
.

The non-analytic growth bound η(T ) of a power-bounded operator T ∈ B(X)

is defined as

η(T ) = inf
{
ω0(AT −AQ) : Q is analytic

}
.

Note that 0 ≤ η(T ) ≤ 2 for any power-bounded operator T . The next result is

a discrete analogue of [12, Proposition 2.1].

Proposition 4.4.3. Let X be a complex Banach space and let T ∈ B(X)

be a power-bounded operator. Furthermore, let r ∈ (0, 2]. The following are

equivalent:

(i) There exists an analytic map Q : Z+ → B(X) such that ω0(AT −AQ) < r;
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(ii) There exists s ∈ (0, r) such that σ(T ) ∩ T ⊂ {λ ∈ C : |λ − 1| < s} and

ω0(AT −AQs) < r, where

Qs(n) =
1

2πi

∫
Cs

λnR(λ, T ) dλ (4.4.8)

for all n ≥ 0, Cs being any contour lying in ρ(T ) ∩D such that σ(T ) can

be enclosed by adding to Cs an arc contained in {λ ∈ C : |λ− 1| = s}.

Moreover, when these conditions are satisfied then in fact ω0(AT − AQs) < r

for all s ∈ (0, r) such that σ(T ) ∩ T ⊂ {λ ∈ C : |λ− 1| < s}.

Proof. Suppose (i) holds and let ω0(AT − AQ) < s0 < s < r. For n ≥ 0 let

B(n) = AT (n)−AQ(n). By assumption there exists C > 0 such that ‖B(n)‖ ≤
Csn0 for all n ≥ 0 and hence FB extends analytically to {λ ∈ C : |λ| > s0}.
Moreover, using the notation and also the Laplace transform argument in the

proof of Theorem 4.4.1,

FAQ(λ) = (LSQ)(λ) = (LUQ)(λ+ 1) = FQ(λ+ 1)

when Reλ is sufficiently large. Since Q is analytic, FAQ extends analytically to

the complement of Ωθ − 1 for some θ > 0. Since AT = B +AQ and

FAT (λ) =
∞∑
n=0

(T − I)n

λn+1
= R(λ+ 1, T )

when |λ| is sufficiently large, it follows from the identity theorem that the

resolvent set of T contains the complement of the set Ωθ∪{λ ∈ C : |λ−1| ≤ s0}.
In particular, σ(T ) ∩ T ⊂ {λ ∈ C : |λ− 1| < s}. Furthermore,

AT (n) = (T − I)n =
1

2πi

∮
Γ
(λ− 1)nR(λ, T ) dλ

for any contour Γ that lies in the exterior of Ωθ ∪ {λ ∈ C : |λ − 1| ≤ s0} and

encloses σ(T ). Choose Γ = Cs∪γs, where Cs is as in the statement of the result

and γs is a suitable arc contained in {λ ∈ C : |λ− 1| = s}. For Qs as in (4.4.8)

it then follows that there exists C > 0 such that

‖AT (n)−AQs(n)‖ =

∥∥∥∥ 1

2πi

∮
γs

(λ− 1)nR(λ, T ) dλ

∥∥∥∥ ≤ Csn
for all n ≥ 0, and hence ω0(AT −AQs) ≤ s. Thus (ii) holds.
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To show conversely that (ii) =⇒ (i) it suffices to note that, by Fubini’s

theorem,

SQs(t) =

∞∑
n=0

e−t

2πi

∫
Cs

λntn

n!
R(λ, T ) dλ =

1

2πi

∫
Cs

e(λ−1)tR(λ, T ) dλ

for all t ≥ 0 and

FQs(λ) =
1

2πi

∫
Cs

R(z, T )

λ− z
dz

for |λ| > 1. Thus SQs has a bounded analytic extension to any sector Σθ with

0 < θ ≤ π and FQs extends analytically to the complement of Cs, thus in

particular to {λ ∈ C\{1} : |λ| ≥ 1}. It follows from Theorem 4.4.1 that Qs is

analytic.

To prove the final statement, suppose that s, s′ ∈ (0, r) are such that σ(T )∩
T ⊂ {λ ∈ C : |λ− 1| < min{s, s′}}. By Cauchy’s theorem

AQs(n)−AQs′ (n) =
1

2πi

∫
Γs,s′

(λ− 1)nR(λ, T ) dλ

for all n ≥ 0, where Γs,s′ consists of any two curves lying in ρ(T ) ∩ D that

connect points in {λ ∈ C : |λ − 1| = s} and {λ ∈ C : |λ − 1| = s′} that lie

in the upper and lower half-plane, respectively. Letting r0 = max{s, s′}, it is

possible to choose Γs,s′ to lie entirely within {λ ∈ D : |λ − 1| ≤ r0}. It follows

that there exists C > 0 such that ‖AQs(n)−AQs′ (n)‖ ≤ Crn0 for all n ≥ 0, and

hence ω0(AQs −AQs′ ) ≤ r0. Since

ω0(AT −AQ′s) ≤ max
{
ω0(AT −AQs), ω0(AQs −AQs′ )

}
,

the claim follows.

The following result shows that η(T ) and r∞(T ) not only take values in the

same range for any power-bounded operator T ∈ B(X) but in fact coincide.

The result is a discrete analogue of Theorem 3.2.5 but does not require X to

be a Hilbert space.

Theorem 4.4.4. Let X be a complex Banach space and let T ∈ B(X) be a

power-bounded operator. Then η(T ) = r∞(T ).

Proof. Suppose that r > r∞(T ) and let s ∈ (r∞(T ), r) be such that σ(T ) ∩
T ⊂ {λ ∈ C : |λ − 1| < s}. Letting Qs denote the analytic map defined in

(4.4.8), it follows by the same argument as in the proof of Proposition 4.4.3
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that ω0(AT −AQs) ≤ s. Hence η(T ) < r, so η(T ) ≤ r∞(T ). Now suppose that

r > η(T ). By Proposition 4.4.3 there exists s ∈ (0, r) such that σ(T ) ∩ T ⊂
{λ ∈ C : |λ − 1| < s}. Hence r∞(T ) ≤ s, so r∞(T ) ≤ η(T ). It follows that

η(T ) = r∞(T ).

Remark 4.4.5. Suppose that T is a power-bounded operator on some complex

Banach space X. Given r > η(T ), let Q : Z+ → B(X) be an analytic map such

that ‖AT (n) − AQ(n)‖ ≤ Crn for some constant C > 0 and all n ≥ 0. Then

‖ST (t) − SQ(t)‖ ≤ Cert for all t ≥ 0, and it follows that ζ(ST ) ≤ η(T ). This

bound is of no interest, however, as the semigroup ST generated by T − I

is bounded and hence satisfies the stronger estimate ζ(ST ) ≤ ω0(ST ) ≤ 0.

Suppose on the other hand that T is a bounded C0-semigroup on a complex

Banach space X. It follows from Theorem 4.2.2 and the discussion following

it that η(T (t)) < 2 for all sufficiently small t > 0 whenever ζ(T ) < 0, and

by Theorems 3.2.5 and 4.2.3 the two statements are equivalent when X is

a Hilbert space. Determining the precise relationship between the discrete

and the continuous non-analytic growth bounds remains a problem for future

research.
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Part III

Discrete operator semigroups

63



Chapter 5

Rates of decay in the classical

Katznelson-Tzafriri theorem

5.1 Introduction

The Katznelson-Tzafriri theorem in its original and most basic form states the

following; see [62, Theorem 1] and also [46].

Theorem 5.1.1. Let X be a complex Banach space and T ∈ B(X) a power-

bounded operator. Then

lim
n→∞

‖Tn(I − T )‖ = 0 (5.1.1)

if and only if σ(T ) ∩ T ⊂ {1}.

This result, which has applications both in the theory of iterative methods

and in the context of zero-two laws for Markov processes (see [86] and [62], [89],

respectively), is a cornerstone of the asymptotic theory of operator semigroups

and is shown in [33, Section 4] to be optimal in various ways. One aspect which

so far has been investigated only in special cases is the rate at which the decay

takes place in (5.1.1). The purpose of this chapter, then, is to relate this rate

of decay to the growth of the resolvent ‖R(eiθ, T )‖ as θ → 0; see [37], [41], [86,

Chapter 4], [87] and [88] for previous results in this area.

The main results of this chapter are Corollary 5.2.6 and Theorem 5.2.12.

The first establishes a rate of decay which, under certain conditions, is the

fastest that can occur, while the latter adapts a contour integral argument

used in [15] and [78] to yield a slowest possible rate of decay in (5.1.1). The
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question of whether Theorem 5.2.12 is optimal, at least in an important special

case, will form the main subject of Chapter 6. The material in this chapter and

the next is based on [97].

5.2 Main results

Let X be a complex Banach space and let T ∈ B(X) be a power-bounded

operator. Since rate of decay in (5.1.1) is necessarily exponential when σ(T ) ∩
T = ∅, the real interest lies in the case when σ(T ) ∩ T = {1}. In order to

obtain estimates on the rate of decay in this situation, it will be convenient to

have in place a few additional pieces of notation. Thus, given an operator T as

above, a decreasing function m : (0, π]→ (0,∞) such that ‖R(eiθ, T )‖ ≤ m(|θ|)
for all θ with 0 < |θ| ≤ π will be said to be a dominating function (for the

resolvent of T ). Likewise a decreasing function ω : Z+ → (0,∞) such that

‖Tn(I − T )‖ ≤ ω(n) for all n ∈ Z+ will be said to be a dominating function

(for T ). The minimal dominating functions are given, for θ ∈ (0, π] and n ≥ 0,

by

m(θ) = sup
{
‖R(eiϑ, T )‖ : θ ≤ |ϑ| ≤ π

}
,

ω(n) = sup
{
‖T k(I − T )‖ : k ≥ n

}
,

(5.2.1)

respectively. Thus, for the minimal dominating function ω of T , ω(n) → 0 as

n → ∞ precisely when (5.1.1) holds. Note also that the function m defined

in (5.2.1) is continuous. In what follows, the same will be assumed to be true

of any dominating function m for the resolvent of T . In particular, any such

dominating function m possesses a right-inverse m−1 defined on the range of

m. On the other hand, given a dominating function ω for T which satisfies

ω(n)→ 0 as n→∞, define the function ω∗ : (0,∞)→ Z+ by

ω∗(s) = min
{
n ∈ Z+ : ω(n) ≤ s

}
. (5.2.2)

Then ω(ω∗(s)) ≤ s for all s > 0, with equality for all s in the range of ω.

5.2.1 An upper bound on the rate of decay

Recall that, given any complex Banach space X and any T ∈ B(X),

‖R(λ, T )‖ ≥ 1

dist(λ, σ(T ))
(5.2.3)

for all λ ∈ ρ(T ). Thus if 1 ∈ σ(T ) then m(θ) ≥ θ−1 for all θ ∈ (0, π], so there is

a minimal rate at which the resolvent of any operator T as above must blow up
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near its singularity. This might suggest that there should exist a corresponding

minimal rate, independent of the operator T , at which decay takes place in

(5.1.1). This is false, however, as Corollary 5.2.6 below will show; see also [3,

Theorem 4.2] for a related observation in the context of Banach algebras. The

next result, on the other hand, shows that instances in which the decay is faster

than that of n−1 are of a very special nature. It is a direct analogue of [14,

Theorem 6.9]; see also [87, Remarks 2.3 and 2.4].

Theorem 5.2.1. Let X be a complex Banach space and let T ∈ B(X) be such

that σ(T ) ∩ T = {1}. Then either

lim sup
n→∞

n‖Tn(I − T )‖ > 0 (5.2.4)

or there exist closed T -invariant subspaces X0 and X1 of X such that X0 ⊂
Fix(T ), the restriction T1 of T to X1 satisfies r(T1) < 1, and X = X0 ⊕X1.

Proof. Supposing first that 1 is a limit point of σ(T ), let λj ∈ σ(T )\{1} be

such that λj → 1 as j →∞ and set nj = b|1−λj |−1c. Since the spectral radius

r(Tn(I − T )) of Tn(I − T ) is bounded by the norm of this operator for each

n ≥ 0, it follows that

lim sup
n→∞

n‖Tn(I − T )‖ ≥ lim
j→∞

nj
nj + 1

(
1− 1

nj

)nj
= e−1,

and hence (5.2.4) holds.

If 1 is an isolated point of σ(T ), on the other hand, then a standard spectral

decomposition argument (see for instance [6, Proposition B.9]) shows that there

exist closed T -invariant subspaces X0 and X1 of X and a bounded projection P

of X onto X1 along X0 which commutes with T . In particular, X = X0 ⊕X1.

Moreover, the restrictions T0 and T1 of T to X0 and X1 satisfy σ(T0) = {1}
and σ(T1) = σ(T )\{1}, respectively. Now, if (5.2.4) fails, then

lim inf
n→∞

n‖Tn0 (I − T0)‖ = 0

and it follows from [61, Theorem 2.2] that Tx = x for all x ∈ X0.

Remark 5.2.2. It is easy to see that, if X splits, then in fact X0 = Fix(T )

and X1 = Ran(I − T ). In particular, Ran(I − T ) is closed; see also [86, Theo-

rem 4.4.2].
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Thus the rate of decay as n→∞ in (5.1.1) is either at least exponential or no

faster than n−1. The case of decay at this borderline rate is connected with the

class of Ritt operators introduced in Section 4.4. Ritt operators will be treated

as part of a more general framework in the following chapter. The reason why

they are important in the present context is that a power-bounded operator T

satisfying σ(T )∩T = {1} is a Ritt operator if and only if ‖R(eiθ, T )‖ = O(|θ|−1)

as |θ| → 0; see for instance the proof of Lemma 6.4.1 below. The following result

shows that these operators are precisely those for which the rate of decay in

(5.1.1) is no slower than n−1. This characterisation was obtained independently

in [76], [85] and [86, Theorem 4.5.4].

Theorem 5.2.3. Let X be a complex Banach space. An operator T ∈ B(X)

is a Ritt operator if and only if it is power-bounded and

‖Tn(I − T )‖ = O(n−1)

as n→∞.

Thus decay in (5.1.1) at a rate no slower than n−1 already implies a strong

condition on the growth of the resolvent near its singularity at 1. The next result

establishes a corresponding resolvent bound in a rather more general situation;

see [14, Theorem 6.10] for an analogous result in the setting of C0-semigroups.

Theorem 5.2.4. Let X be a complex Banach space and let T ∈ B(X) be

a power-bounded operator. Suppose that ω is a dominating function for T

such that ω(n) → 0 as n → ∞ and let ω∗ be as defined in (5.2.2). Then

σ(T ) ∩ T ⊂ {1} and, for any c ∈ (0, 1),

‖R(eiθ, T )‖ = O

(
1

|θ|
+ ω∗ (c|θ|)

)
(5.2.5)

as |θ| → 0.

Proof. Suppose that λ ∈ σ(T ) ∩ T. By the spectral mapping theorem for

polynomials, λn(1− λ) ∈ σ(Tn(I − T )) and hence

|1− λ| = |λn(1− λ)| ≤ ω(n)

for all n ≥ 0. Letting n→∞, it follows that λ = 1, so σ(T ) ∩ T ⊂ {1}.
Now let λ ∈ T\{1}. Then, for n ≥ 0,

λn(1− λ)− Tn(I − T ) = (1− λ)λn−1
n−1∑
k=0

λ−kT k(λ− T )− Tn(λ− T )
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and hence, letting M = sup{‖Tn‖ : n ≥ 0},

|1− λ|‖R(λ, T )x‖ ≤ ω(n)‖R(λ, T )x‖+M
(
1 + n|1− λ|

)
‖x‖

for all x ∈ X. Fix b ∈ (c, 1) and let n = ω∗(b|1− λ|). Then

‖R(λ, T )‖ ≤ M

1− b

(
1

|1− λ|
+ ω∗ (b|1− λ|)

)
and, since b|1−λ| ≥ c|θ| for λ = eiθ with sufficiently small θ ∈ (−π, π]\{0}, the

result follows.

Remark 5.2.5. A similar argument shows that, given any constant K > M ,

where M is as above, there exists c ∈ (0, 1) such that

‖R(eiθ, T )‖ ≤ K
(

1

|θ|
+ ω∗ (c|θ|)

)
(5.2.6)

whenever |θ| is sufficiently small. Note also that, by (5.2.3), the |θ|−1 term in

(5.2.5) and (5.2.6) cannot in general be omitted.

In analogy with [14, Corollary 6.11], these observations can be used to

obtain a lower bound on the quantity ‖Tn(I − T )‖ when n ≥ 0 is large, thus

giving a fastest possible rate of decay in (5.1.1).

Corollary 5.2.6. Let X be a complex Banach space, let T ∈ B(X) be a power-

bounded operator such that σ(T ) ∩ T = {1} and let m be the minimal domi-

nating function for the resolvent of T defined in (5.2.1). Suppose that

lim
θ→0

max
{
‖θR(eiθ, T )‖, ‖θR(e−iθ, T )‖

}
=∞. (5.2.7)

Then, given any right-inverse m−1 of m, there exist constants c, C > 0 such

that

‖Tn(I − T )‖ ≥ cm−1(Cn) (5.2.8)

for all sufficiently large n ≥ 0.

Proof. Let ω be as defined in (5.2.1). Since ω(n) → 0 as n → ∞ by Theo-

rem 5.1.1, it follows from Theorem 5.2.4 that there exists B > 0 such that

m(θ) ≤ B
(

1

θ
+ ω∗ (θ/2)

)
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for all sufficiently small θ ∈ (0, π], and hence

ω∗(θ/2) ≥ m(θ)

(
1

B
− 1

θm(θ)

)
(5.2.9)

for all such values of θ. Let C = 2B and, for n ≥ 0, let θn = 2ω(n). By

(5.2.7), θnm(θn) > C for all sufficiently large n ≥ 0, so (5.2.9) implies that

ω∗(θn/2) > C−1m(θn) for each such n ≥ 0. Since ω∗(θn/2) ≤ n and therefore

m(m−1(Cn)) = Cn ≥ Cω∗(θn/2) > m(θn),

it follows that m−1(Cn) < θn for all sufficiently large n ≥ 0. Moreover, θn ≤
2M‖Tn(I − T )‖ for all n ≥ 0, where M = sup{‖Tn‖ : n ≥ 0}. Hence (5.2.8)

holds for c = (2M)−1.

Remark 5.2.7. A similar argument using Remark 5.2.5 instead of Theo-

rem 5.2.4 shows that the conclusion (5.2.8) remains true if (5.2.7) is replaced

by the weaker condition that L > M , where M is as above and

L = lim inf
θ→0

max
{
‖θR(eiθ, T )‖, ‖θR(e−iθ, T )‖

}
.

Taking T to be the identity operator shows that the conclusion can become

false when L = M .

5.2.2 A lower bound on the rate of decay

Suppose that T is a power-bounded operator such that σ(T ) ∩ T = {1} and

let m be the minimal dominating function for the resolvent of T defined in

(5.2.1). If T is a Ritt operator, then it follows from Theorem 5.2.3 that, for

any c ∈ (0, 1),

‖Tn(I − T )‖ = O
(
m−1(cn)

)
(5.2.10)

as n→∞ and, in view of Corollary 5.2.6, this type of upper bound is in general

the best possible. The next result describes the class of functions m for which

such an upper bound is satisfied in the case of a normal operator on a Hilbert

space; see also [14, Proposition 6.13].

Proposition 5.2.8. Let X be a complex Hilbert space and let T ∈ B(X) be a

normal operator such that σ(T ) ⊂ D∪{1}. Furthermore, let m be the minimal

dominating function for the resolvent of T defined in (5.2.1), let m−1 be any

right-inverse of m and let S ⊂ N.
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1. Suppose there exist constants c, C > 0 such that

‖Tn(I − T )‖ ≤ Cm−1(cn) (5.2.11)

for all n ∈ S. Then, for any b ∈ (0, c), there exists a constant B > 0 such

that
m(θ)

m(ϑ)
≥ b log

ϑ

θ
−B, (5.2.12)

for all θ ∈ (0, π] of the form θ = m−1(cn) with n ∈ S and for all sufficiently

small ϑ ∈ (0, π].

2. Conversely, if there exist constants b, B > 0 such that (5.2.12) holds for

all θ ∈ (0, π] of the form θ = m−1(bn) with n ∈ S and all ϑ ∈ (0, π], then

there exists a constant C > 0 such that (5.2.11) holds with c = b.

Proof. Note first that, for θ ∈ (0, π],

m(θ)−1 = min
{
|λ− eiϕ| : λ ∈ σ(T ), θ ≤ |ϕ| ≤ π

}
,

and that (5.2.11) is equivalent to having

n log
1

|λ|
≥ log

|1− λ|
Cm−1(cn)

(5.2.13)

for all λ ∈ σ(T )\{1} and all n ∈ S.

Suppose this holds and let θ = m−1(cn) for some n ∈ S. Then

m(θ) ≥ c

log 1
|λ|

log
|1− λ|
Cθ

for all λ ∈ σ(T )\{1}. Define the function g : (0, 1)→ R by

g(s) =
s− 1

log s
.

Then g is a continuous increasing function satisfying g(s) → 1 as s → 1, and

in fact

g(s) = inf

{
r − 1

log r
: s < r < 1

}
for all s ∈ (0, 1). Thus, given any b ∈ (0, c), there exists s0 ∈ (0, 1) such that

cg(s0) > b. Now suppose that ϑ ∈ (0, 1 − s0), let λ ∈ σ(T ) be such that

m(ϑ) = |λ − eiϕ|−1 for some ϕ ∈ (0, π] with |ϕ| ≥ ϑ, and let r = |λ|. Since
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m(ϑ) ≥ ϑ−1, it follows from the estimate 1 − r ≤ |λ − eiϕ| that r > s0. Thus,

if |1− λ| ≥ ϑ
2 , then

m(θ)

m(ϑ)
≥ c|λ− eiϕ|

log 1
r

log
|1− λ|
Cθ

≥ b log
ϑ

2Cθ
,

which gives (5.2.12) with B = b log 2C. If |1− λ| < ϑ
2 , on the other hand, then

|λ− eiϕ| ≥ ϑ
3 and hence

m(θ)

m(ϑ)
≥ ϑ

3θ
≥ b log

(
θ

3bϑ

)
,

which gives (5.2.12) with B = b log 3b. This proves the first statement with

B = bmax{log 2C, log 3b}.
Now suppose, conversely, that (5.2.12) holds for some constants b, B > 0,

all θ ∈ (0, π] of the form θ = m−1(cn) with n ∈ S and all ϑ ∈ (0, π]. Let

λ = reiφ ∈ σ(T )\{1}, and set ϑ = |φ|, so that

log
1

r
≥ 1− r = |eiφ − λ| ≥ 1

m(ϑ)
.

Hence, if ϑ ≥ 1
2 |1− λ|, then (5.2.12) gives

n log
1

r
≥ 1

b

m(m−1(bn))

m(ϑ)
≥ log

(
ϑ

m−1(bn)

)
− B

b
≥ log

(
|1− λ|

2m−1(bn)

)
− B

b
,

thus establishing (5.2.13) with c = b and C = 2eB/b. On the other hand, if

ϑ < 1
2 |1− λ|, then

1− r ≥ |1− λ| − |eiφ − 1| ≥ |1− λ| − ϑ > |1− λ|
2

and consequently

n log
1

r
≥ n(1− r) ≥ |1− λ|

2b
m(m−1(bn)) ≥ |1− λ|

2bm−1(bn)
≥ log

(
|1− λ|

2bm−1(bn)

)
,

which gives (5.2.13) with c = b and C = 2b. Thus taking C = 2 max{eB/b, b}
completes the proof.

Remark 5.2.9. The conclusion of Proposition 5.2.8 remains true, with the

same proof, for any complex Banach space X and any power-bounded operator

T ∈ B(X) satisfying

‖f(T )‖ = sup
{
|f(λ)| : λ ∈ σ(T )

}
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for all functions f of the form f(λ) = λn(1−λ) with n ≥ 0 or f(λ) = (µ−λ)−1

with µ ∈ ρ(T ). This includes, in particular, the class of multiplication operators

on any of the classical function or sequence spaces. Note also that the second of

the two implications holds more generally when m is an arbitrary dominating

function for the resolvent of T .

Thus (5.2.11) holds for a normal operator T if and only if the minimal

dominating function m(θ) for the resolvent of T grows in a fairly regular way

as θ → 0. The following example, which is an adaptation of [6, Example 4.4.15],

exhibits a class of normal operators for which this is not the case.

Example 5.2.10. Let X = `2(N). Given a strictly increasing sequence (rk) of

positive terms such that rk → 1 as k → ∞, let λk = rke
i/k and consider the

operator T ∈ B(X) given by Tx = (λkxk). Then T is a normal contraction

with σ(T ) = {λk : k ≥ 1} ∪ {1}. Moreover, if

rk > 1− 1

2(1 + k)2

for all k ≥ 1, then, for j 6= k,

|ei/k − λj | ≥ |ei/k − λk+1| ≥
1

2

(
1

k
− 1

k + 1

)
> 1− rk = |ei/k − λk|

and hence

m(k−1) = ‖R(ei/k, T )‖ =
1

1− rk
for all k ≥ 1, where m is the minimal dominating function for the resolvent of

T defined in (5.2.1). Suppose furthermore that

log rk!+1 ≥ 2 log r(k+1)!

for all k ≥ 1 and, given c > 0, let b ∈ (0, c) and

nk =

⌈
−1

b log r(k+1)!

⌉
.

Then

m
(
((k + 1)!)−1

)
=

1

1− r(k+1)!
∼ − 1

log r(k+1)!
∼ bnk

as k →∞, and hence

m−1(cnk) ≤
1

(k + 1)!
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for all sufficiently large k ≥ 1. Since

|1− λk!+1| ≥
1

3k!

and |λnkk!+1| ≥ e−2/b for all k ≥ 1, it follows that

‖Tnk(I − T )‖ ≥ |λnkk!+1(1− λk!+1)| ≥ 1

3e2/bk!
≥ k

3e2/b
m−1(cnk)

when k ≥ 1 is sufficiently large. In particular, (5.2.11) fails for every c > 0.

Thus, given a power-bounded operator T such that σ(T ) ∩ T = {1}, a

right-inverse m−1 of some dominating function m for the resolvent of T and a

constant c ∈ (0, 1), the asymptotic upper bound (5.2.10) fails to hold in general.

The next result shows that it is nevertheless possible to obtain an upper bound

of this kind provided the function m is modified appropriately. Indeed, given

an operator T as above and a dominating function m for the resolvent of T ,

define the function mlog : (0, π]→ (0,∞) by

mlog(θ) = m(θ) log

(
1 +

m(θ)

θ

)
, (5.2.14)

noting that this function is strictly decreasing and hence possesses a well-defined

inverse m−1
log defined on the range of mlog. As Theorem 5.2.12 below shows,

(5.2.10) is valid when m−1 is replaced by m−1
log. This raises the question by

how much the asymptotic behaviour of these two functions differs in particular

instances; see also [15, Example 1.4] and [78, Section 2].

Example 5.2.11. (a) If m(θ) = Ceα/θ, where C,α > 0 are constants, then

m−1
log(s) ∼ α

log s

as s → ∞, so m−1
log has the same asymptotic behaviour as m−1 in this

case.

(b) If m(θ) = Cθ−α for some constants C > 0 and α ≥ 1, then

m−1
log(s) ∼

(
log s

s

)1/α

as s→∞, so m−1
log differs from m−1 by a logarithmic factor.

73



The following theorem is the main result of this chapter. It is a discrete

analogue of [14, Theorem 6.15] and [78, Proposition 3.1], which in turn are

variants of [15, Theorem 1.5]; see also [49, Chapter VI], where similar techniques

are discussed in the context of combinatorial problems.

Theorem 5.2.12. Let X be a complex Banach space and let T ∈ B(X) be a

power-bounded operator such that σ(T ) ∩ T = {1}. Furthermore, let m be a

dominating function for the resolvent of T and let mlog be as defined in (5.2.14).

Then, for any c ∈ (0, 1),

‖Tn(I − T )‖ = O
(
m−1

log(cn)
)

as n→∞.

Proof. Throughout this proof, the letter C will stand for a positive constant

which will typically be thought of as being large and which need not be the

same at each occurrence.

Having fixed a dominating function m and a constant c ∈ (0, 1), let Ω denote

the closure of the set{
reiθ ∈ C : 0 ≤ r ≤ 1− c

m(|θ|)
, 0 < |θ| ≤ π

}
.

Noting that σ(T ) ⊂ Ω by a standard Neumann series argument, define the

function Fn : C\Ω→ B(X) by

Fn(λ) = Tn(2− T )
(
I − (λ− 1)R(λ, T )

)
.

It then follows from the resolvent identity that

Fn(λ) = Tn(2− T )2R(λ, T )
(
I −R(2, T )

)
, (5.2.15)

and hence Fn(2) = Tn(I − T ). Thus, by Cauchy’s integral formula,

Tn(I − T ) =
1

2πi

∮
Γ

h(λ)

λ− 2
Fn(λ) dλ,

where Γ is any contour outside Ω around the point 2 and where h is any

function that is holomorphic in the relevant region and satisfies h(2) = 1. In

what follows, it will be convenient to take Γ = Γin ∪ Γout to consist of an outer

contour Γout, which encloses both the point 2 and the set Ω, and an inner

contour Γin, which lies in the interior of Γout and encloses Ω but not the point
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σ(T )

T

γ+
r

γ−r

C◦r

2 R

ΓR

C+
r

C−r

Figure 5.1: The contour Γ = Γin ∪ Γout, where Γout = ΓR and Γin =

Cr ∪ γ+
r with Cr = C◦r ∪ C+

r ∪ C−r .

λ = 2. Such a contour can be thought of as being closed by inserting a cut from

any point on Γin to any point on Γout, the contributions along which cancel out.

Let ϕ be the Cayley transform defined by

ϕ(λ) =
1− λ
1 + λ

and, for r ∈ (0, 1) and R > 0, let

γr =

{
λ ∈ C :

∣∣∣∣λ− 1 + r2

1− r2

∣∣∣∣ =
2r

1− r2

}
(5.2.16)

and ΓR = {λ ∈ C : |λ− 1| = R}, noting that ϕ maps γr onto rT, the real line

onto itself and the unit circle T onto the imaginary axis. Now suppose that

r ∈ (0, 1
3) and R > 2, and let Γout = ΓR and Γin = Cr ∪ γ+

r , where γ+
r denotes

the part of γr that lies outside D and where Cr is any suitable path in D\Ω
connecting the endpoints of γ+

r . Furthermore, choose for h the map hr given

by

hr(λ) =
1

1 + 9r2

(
1 +

r2

ϕ(λ)2

)
,

so that hr is holomorphic away from the point λ = 1. Now, letting M =

sup{‖Tn‖ : n ≥ 0}, it follows from the series expansion of the resolvent that

‖R(λ, T )‖ ≤ M

|λ| − 1
(5.2.17)
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whenever |λ| > 1 and hence, by (5.2.15) and the fact that T is power-bounded,

‖Fn‖ ≤
C

|λ| − 1

for all such λ, where C is independent of n ≥ 0. Since hr is bounded above in

modulus independently of r along ΓR, it follows that∥∥∥∥∮
ΓR

hr(λ)

λ− 2
Fn(λ) dλ

∥∥∥∥ ≤ C

R
,

where C is independent of n ≥ 0, and hence, appealing to Cauchy’s theorem

and allowing R→∞, this contribution can be neglected.

Next note that, for λ ∈ rT, the function gr defined by

gr(λ) = 1 +
r2

λ2

satisfies |gr(λ)| = 2r−1|Reλ|. Moreover, an elementary calculation shows that,

for λ ∈ γr,

1− |λ|2 =
4 Reϕ(λ)

1 + 2 Reϕ(λ) + r2
. (5.2.18)

Since

hr =
gr ◦ ϕ

1 + 9r2

and ϕ(γr) = rT, it follows that

|hr(λ)| ≤ C |Reϕ(λ)|
r

≤ C ||λ| − 1|
r

(5.2.19)

for all λ ∈ γr. But for each λ ∈ γr, |λ|−1 ≤ Cr and |1−λ| ≤ Cr so, by (5.2.17)

and the definition of Fn,

‖Fn(λ)‖ ≤ C‖I − (λ− 1)R(λ, T )‖ ≤ Cr

|λ| − 1

for all λ ∈ γ+
r . Hence ∥∥∥∥∫

γ+
r

hr(λ)

λ− 2
Fn(λ) dλ

∥∥∥∥ ≤ Cr,
where C is independent of n ≥ 0, and it remains to control only the contribution

along Cr.

Let θr ∈ (0, π2 ) denote the argument of the point at which γr meets T in the

upper half-plane and define the curve C◦r , for θr ≤ |θ| ≤ π, by

C◦r (θ) =

(
1− c

m(|θ|)

)
eiθ.
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Furthermore, let C±r denote the rays given, for 1 − cm(θr)
−1 ≤ s ≤ 1, by

C±r (s) = se±iθr and set Cr = C◦r ∪ C+
r ∪ C−r . Defining

pn(λ) =
n−1∑
k=0

λn−k−1T k

for λ ∈ C\Ω, it follows from the resolvent identity, the relation

pn(λ) = (λn − Tn)R(λ, T )

and some elementary manipulations that

Fn(λ) =
1

λ− 2
(2− T )2

(
(λ− 1)

(
λnR(λ, T )− pn(λ)

)
− TnR(2, T )

)
for all λ ∈ C\Ω with λ 6= 2; see also [78, Lemma 2.2]. Hence Cauchy’s theorem

gives

R(2, T )2

∫
Cr

hr(λ)

λ− 2
Fn(λ) dλ =

∫
Cr

hr(λ)(λ− 1)λn

(λ− 2)2
R(λ, T ) dλ

−
∫
γ−r

hr(λ)

(λ− 2)2

(
(λ− 1)pn(λ) + TnR(2, T )

)
dλ,

where γ−r = γr ∩ D. To estimate the first integral on the right-hand side, note

first that, by a standard Neumann series argument,

‖R(λ, T )‖ ≤ m(θr)

1− c

for all λ ∈ C◦r . Since hr is uniformly bounded independently of r along C◦r , it

follows that∥∥∥∥∥
∫
C◦r

hr(λ)(λ− 1)λn

(λ− 2)2
R(λ, T ) dλ

∥∥∥∥∥ ≤ Cm(θr)

(
1− c

m(θr)

)n
.

Similarly,∥∥∥∥∫
C±r

hr(λ)(λ− 1)λn

(λ− 2)2
R(λ, T ) dλ

∥∥∥∥ ≤ C ∫ 1

1−cm(θr)−1

sn ds ≤ C

n+ 1
.

To bound the integral along γ−r , note that

‖(λ− 1)pn(λ)‖ ≤ Cr

1− |λ|
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for all λ ∈ γ−r . Thus by (5.2.19) both hr(λ) and hr(λ)(λ−1)pn(λ) are uniformly

bounded, independently of r and n, as λ ranges over γ−r , and it follows that∥∥∥∥∫
γ−r

hr(λ)

(λ− 2)2

(
(λ− 1)pn(λ) + TnR(2, T )

)
dλ

∥∥∥∥ ≤ Cr,
where C is independent of n ≥ 0.

Since C−1r ≤ θr ≤ Cr, combining these bounds gives

‖Tn(I − T )‖ ≤ C
(
θr +

1

n+ 1
+m(θr)

(
1− c

m(θr)

)n)
,

where C is independent of n ≥ 0 and r ∈ (0, 1
3). Now, if n ≥ 0 is sufficiently

large, choosing r ∈ (0, 1
3) so as to satisfy θr = m−1

log(cn) gives

exp

(
cn

m(θr)

)
= 1 + θ−1

r m(θr)

and hence

m(θr)

(
1− c

m(θr)

)n
≤ m(θr) exp

(
− cn

m(θr)

)
≤ θr.

Since (n+ 1)−1 ≤ Cm−1
log(cn) for all n ≥ 0, the proof is complete.

Remark 5.2.13. Applying the above arguments to the rotated operator Tθ =

e−iθT , it is clear that the condition σ(T ) ∩ T = {1} can be replaced, in the

previous result and elsewhere in this chapter, by the condition σ(T )∩T = {eiθ}
for some θ ∈ [0, 2π). In this case the conclusion of Theorem 5.2.12 becomes

that, for any c ∈ (0, 1),

‖Tn(eiθ − T )‖ = O
(
m−1
θ,log(cn)

)
as n → ∞, where the function mθ,log : (0, π] → (0,∞) is defined, in analogy

with (5.2.14), in terms of a given dominating function mθ for the resolvent of Tθ.

In fact, by an argument analogous to the one outlined in [78, Section 3.2], it is

possible to extend Theorem 5.2.12 to certain cases with finite unitary spectrum.

Supposing that σ(T ) ∩ T = Λ, where Λ = {eiθj : 1 ≤ j ≤ k} for some k ∈ N
and 0 ≤ θ1 ≤ · · · ≤ θk < 2π, let

θ0 = min

({
θj+1 − θj

2
: 1 ≤ j ≤ k − 1

}
∪
{
π +

θ1 − θk
2

})
and define the decreasing function mΛ : (0, θ0]→ (0,∞) by

mΛ(θ) = sup
{
‖R(eiϑ, T )‖ : ϑ ∈ [0, 2π) with |ϑ− θj | ≥ θ for all j

}
.
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Then, given any c ∈ (0, 1),

‖Tnp(T )‖ = O
(
m−1

Λ,log(cn)
)

as n→∞, where

pΛ(z) =
∏
λ∈Λ

(λ− z)

and mΛ,log : (0, θ0]→ (0,∞) is defined in terms of mΛ as in (5.2.14).
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Chapter 6

Rates of decay for polynomial

resolvent growth

6.1 Introduction

The purpose of this chapter is to investigate more closely the general results of

Chapter 5 in the special case where the resolvent growth is at most polynomial.

Given a power-bounded operator T ∈ B(X) on a complex Banach space with

σ(T )∩T = {1}, the resolvent growth is said to be polynomial if the resolvent of

T admits a dominating function of the form m(θ) = Cθ−α for some constants

C > 0 and α ≥ 1. Here the restriction on the parameter α is a consequence

of (5.2.3). If the resolvent R(eiθ, T ) of T happens also to grow no more slowly

than |θ|−α as θ → 0, Corollary 5.2.6 and Theorem 5.2.12 combine to give the

following result, which describes the range of decay rates that are possible in

this situation.

Corollary 6.1.1. Let X be a complex Banach space and let T ∈ B(X) be a

power-bounded operator such that σ(T ) ∩ T = {1}. Suppose that, for some

α ≥ 1,

‖R(eiθ, T )‖ � |θ|−α

as θ → 0. Then there exist constants c, C > 0 such that

c

n1/α
≤ ‖Tn(I − T )‖ ≤ C

(
log n

n

)1/α

(6.1.1)

for all sufficiently large n ≥ 0.
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The remainder of this chapter is concerned with the question whether the

logarithmic factor on the right-hand side of (6.1.1) is in fact needed. In Sec-

tion 6.2, the question is first investigated in the case of a simple but illustrative

example involving a Toeplitz operator. Here the logarithmic factor turns out

not to be required, but Section 6.3 then shows that this is not true in gen-

eral. Finally, Section 6.4 turns to the Hilbert space setting, showing both that

the logarithmic factor can be omitted in this case (Theorem 6.4.2) and that

this result is robust under perturbations by certain finite-rank operators (The-

orem 6.4.7).

6.2 An example

Let X = `p(Z+), 1 ≤ p ≤ ∞, and write S for the right-shift operator on X

given by (Sx)k = xk+1. Define the operator T ∈ B(X) as T = 1
4(I +S)2. Then

T is a non-normal Toeplitz operator which has unit norm and spectrum

σ(T ) =

{
reiθ ∈ C : −π ≤ θ ≤ π and 0 ≤ r ≤ 1 + cos θ

2

}
.

1

σ(T )

T

Figure 6.1: The spectrum σ(T )

of T is enclosed by a cardioid.

In particular, σ(T )∩T = {1}; see Figure 6.1.

A simple calculation using the estimate

(5.2.3) shows that ‖R(eiθ, T )‖ ≥ 4|θ|−2 as

θ → 0, which by Corollary 5.2.6 implies that

the decay of ‖Tn(I − T )‖ as n → ∞ can be

no faster than that of n−1/2.

Finding an expression for the resolvent

operator R(λ, T ) for λ ∈ ρ(T ), and hence an

upper bound on its norm as λ approaches 1

through values in T, requires solving the re-

currence relations(
λ− 1

4

)
yk −

1

2
yk+1 −

1

4
yk+2 = xk

for k ≥ 0 and a fixed x ∈ X. Iterating this

equation and letting µ = λ − 1
4 shows that the components of the solution

y = R(λ, T )x are given by

yk =
∞∑
n=0

pn (µ)

2nµn+1
xk+n, (6.2.1)
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where p0, p1, . . . are polynomials satisfying the recurrence relation

pn+2(z) = pn+1(z) + zpn(z)

for all n ≥ 0 and all z ∈ C. Solving this yields

pn(z) =

bn/2c∑
k=0

(
n− k
k

)
zk

or, alternatively,

pn(z) =
(1 +

√
1 + 4z)n+1 − (1−

√
1 + 4z)n+1

2n+1
√

1 + 4z
,

where the complex square root is defined with the plane being cut along

(−∞,−1
4 ] in the z-plane. Using this in (6.2.1) gives

yk =
1√
λ

∞∑
n=0

(−1)n+1

(
1

(1− 2
√
λ)n+1

− 1

(1 + 2
√
λ)n+1

)
xk+n,

and a simple estimate now shows that, for p ∈ {1,∞},

‖R(λ, T )‖ = O

(
1

|1− 2
√
λ| − 1

)
as λ → 1 through ρ(T ). By interpolation, the statement remains true for

1 ≤ p ≤ ∞. In particular, therefore, ‖R(eiθ, T )‖ = O(|θ|−2) as θ → 0 and

hence, by Example 5.2.11(b) and Theorem 5.2.12,

‖Tn(I − T )‖ = O

((
log n

n

)1/2)
.

In order to obtain the actual rate of decay in this example, and hence to

determine whether this upper bound is in fact optimal, recall first that, for

p = 1 and p = ∞, the norm of an operator on X is simply the supremum of

the absolute column or row sums, respectively, of the matrix representing the

operator with respect to the standard basis. It follows in this example that, for

each n ≥ 0, the norms ‖Tn(I − T )‖ are the same for p = 1 and for p = ∞. In

fact, for p = 1

‖Tn(I − T )‖ =
∥∥Tn(I − T )e0

∥∥
1
,

where e0 = (1, 0, 0, . . . ), and a simple calculation shows that for p =∞

‖Tn(I − T )‖ =
∥∥Tn(I − T )x(n)

∥∥
∞,
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where

x
(n)
k =


−1 for 0 ≤ k ≤ z(n)

+1 for z(n) < k ≤ 2n

0 for k > 2n

with

z(n) =
1

2

(
3 + 4n−

√
4n2 + 6n+ 3

)
.

Since z(n) = n+ 3
4 +O(n−1) as n→∞, it follows that for p ∈ {1,∞}

‖Tn(I − T )‖ = (Tn(I − T )x(n))2n

=
1

4n+1

2n∑
j=0

(
2n

j

)
(3x

(n)
j − 2x

(n)
j+1 − x

(n)
j+2)

=
1

4n+1

(
2

(
2n

n− 1

)
+ 6

(
2n

n

))
when n is sufficiently large and hence, by Stirling’s formula,

‖Tn(I − T )‖ ∼ 2√
πn

as n→∞. By interpolation

‖Tn(I − T )‖ � n−1/2

as n → ∞ for 1 ≤ p ≤ ∞, so the logarithmic factor in Corollary 6.1.1 is not

required in this case.

Remark 6.2.1. In this example the lower bound on the rate of decay follows

straightforwardly from Corollary 5.2.6 and the geometry of σ(T ). However,

asymptotic behaviour of type ‖Tn(I − T )‖ � n−1/α as n→∞ for some α ≥ 1

can arise even when σ(T ) = {1}, the smallest possible spectrum of interest here.

Indeed, it is shown in [73] that for each α ∈ (1, 2) there exists a contraction T

on a Hilbert space such that σ(T ) = {1} and ‖Tn(I − T )‖ � n−1/α as n→∞.

This answered a question raised in [107]; see also [77].

6.3 Optimality of Theorem 5.2.12

The purpose of this section is to exhibit a family of Banach spaces and an oper-

ator on each of these spaces for which the logarithmic factor in Corollary 6.1.1
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cannot be omitted. This is achieved in Theorem 6.3.4 by considering the restric-

tion of the left-shift operator to a certain Banach space continuously embedded

in `∞(N). As Theorem 6.4.2 in the following section will show, the situation

changes if the underlying space is required to be a Hilbert space. All of these

results are discrete analogues of statements contained in [27]. The proof of

Theorem 6.3.4 requires two lemmas. The first is a variant of [6, Lemma 4.6.6],

which itself is a special form of Levinson’s log-log theorem; see for instance [65,

VII D7].

Lemma 6.3.1. Let X be a complex Banach space, let θ ∈ (−π, π] and let Ω

be a neighbourhood of the point eiθ ∈ T. Furthermore, given r ∈ (0, 1), let

Ωr,θ =

{
λ ∈ C :

∣∣∣∣λ− eiθ 1 + r2

1− r2

∣∣∣∣ ≤ 2r

1− r2

}
. (6.3.1)

Then, for some constant C > 0, the following holds: If r ∈ (0, 1
4) is such that

Ω2r,θ ⊂ Ω and if F : Ω → X is a holomorphic function such that, for some

constant B > 0,

‖F (λ)‖ ≤ B

|1− |λ||
for all λ ∈ ∂Ω2r,θ\T, then ‖F (λ)‖ ≤ BCr−1 for all λ ∈ Ωr,θ.

Proof. Assume without loss of generality that θ = 0 and, as in the proof of

Theorem 5.2.12, let ϕ denote the Möbius transformation defined by

ϕ(λ) =
1− λ
1 + λ

,

so that ϕ maps the circle γr = ∂Ωr,0 onto rT for each r ∈ (0, 1). Moreover,

by (5.2.18) with r replaced by 2r, there exists a constant C ′ > 0 which is

independent of r ∈ (0, 1
4) and such that |Reϕ(λ)| ≤ C ′||λ| − 1| for all λ ∈ γ2r.

Consider the function G : Ω→ X defined by

G(λ) =

(
1 +

ϕ(λ)2

4r2

)
F (λ).

For λ ∈ γ2r, ∣∣∣∣1 +
ϕ(λ)2

4r2

∣∣∣∣ =
|Reϕ(λ)|

r

and hence, by the assumption on F , ‖G(λ)‖ ≤ BC ′r−1 for all such λ. Since

Ωr,0 ⊂ Ω2r,0, it follows from the maximum principle that ‖G(λ)‖ ≤ BC ′r−1 for

all λ ∈ Ωr,0. But if λ ∈ Ωr,0, then |ϕ(λ)| ≤ r and hence ‖G(λ)‖ ≥ 3
4‖F (λ)‖,

which gives the result with C = 4
3C
′.
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21−1
2

Ωα

Θα

Figure 6.2: The regions Ωα and

Θα for a typical value of α > 1.

The second auxiliary result is a technical one and analogous to [27, Lemma 3.9].

Given α ≥ 1 and λ ∈ C\{0}, let

Kα(λ) =
| arg λ|α

2πα
, (6.3.2)

where the argument of a complex number is taken to lie in (−π, π], and define

the regions Ωα,Θα ⊂ C by

Ωα =
{
λ ∈ C\{0} : |λ| ≤ 1−Kα(λ)

}
∪ {0},

Θα =
{
λ ∈ C\{0} : 1−Kα(λ) < |λ| < 2

}
,

(6.3.3)

respectively, so that Θα = 2D\Ωα; see Figure 6.2. Furthermore, given a complex

measure µ whose support is contained in Ωα, define the transforms Cαµ, Lαµ
and Dαµ, for λ ∈ Θα, k ≥ 1 and n ≥ 0, respectively, by

(Cαµ)(λ) =

∫
Ωα

dµ(z)

λ− z
,

(Lαµ)(k) =

∫
Ωα

zk−1 dµ(z),

(Dαµ)(n) =

∫
Ωα

zn(1− z) dµ(z).

(6.3.4)

Lemma 6.3.2. Suppose that α > 2 and let the function Kα, the regions Ωα

and Θα, and the transforms Cα, Lα and Dα be defined as in (6.3.2), (6.3.3) and

(6.3.4), respectively. Then there exists a constant C > 0 with the following

property: Given any n0 ∈ N, there exists a complex measure µ whose support

is contained in Ωα and for which

(i) Kα(λ)|(Cαµ)(λ)| ≤ C for all λ ∈ Θα;
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(ii) |(Lαµ)(k)| ≤ C for all k ≥ 1;

(iii) |(Dαµ)(n1)|α ≥ (Cn1)−1 log n1 for some n1 > n0.

Proof. Throughout this proof, the letter C, if used without having been in-

troduced explicitly, will stand for a positive constants, which will be thought

of as being large and which need not be the same at each occurrence. Choose

θ ∈ (0, 1
2) and β ∈ ( α32 ,

α
16) in such a way that ` = −βθ−α log θ is an integer

satisfying ` > n0
2 + 2 and that θ−(α−2) > 2αβ−1 + 1. Now let

µ =
B`−1
`

`1/2

`−1∑
r=0

ζr`

(
1 +

ζr`
2B`λ0

)
δ
λ0+

ζr
`

2B`

,

where B` = 2` log2 `, ζ` = e2πi/` and λ0 = 1
2eiθ, and where δλ denotes the Dirac

measure concentrated at λ.

Then, for any λ ∈ Θα,

(Cαµ)(λ) =
B`−1
`

`1/2

`−1∑
r=0

(
2B`ζ

r
`

2B`(λ− λ0)− ζr`
+

1

λ0

ζ2r
`

2B`(λ− λ0)− ζr`

)
.

However, for 1 ≤ j ≤ ` and λ ∈ C such that λ` 6= 1,

`−1∑
r=0

ζjr`
λ− ζr`

=
`λj−1

λ` − 1

(see also the proof of [27, Lemma 3.9]), and applying this with j = 1, 2 gives

(Cαµ)(λ) =
λ

λ0

2`1/2

2`(λ− λ0)` −B−``
(6.3.5)

for all λ ∈ Θα. Since B−1
` ≤ |λ − λ0| and |λ| ≤ 2 for all λ ∈ Θα, this in turn

becomes

|(Cαµ)(λ)| ≤ C`1/2

2`|λ− λ0|`
. (6.3.6)

Let λ ∈ Θα be given. If Kα(λ) > θα, then | arg λ| > πθ and an elementary

geometric argument involving the assumption that α > 2 gives

|λ− λ0| ≥
1

2
+

1

2

(
1− cos((π − 1)θ)−Kα(eiπθ)

)
≥ 1

2
(1 + θ2 − θα).

Since 1 + θ2 − θα ≥ e
1
2

(θ2−θα) for all θ ∈ (0, 1
2), it follows from (6.3.6) that

|(Cαµ)(λ)| ≤ C`1/2e−
`
2

(θ2−θα) = C(−β log θ)1/2θ−
α
2

+β
2

(θ−(α−2)−1).
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Now the choices of θ and β ensure that the exponent of θ on the right-hand

side of this expression is strictly greater than α
2 , and hence |(Cαµ)(λ)| and

consequently Kα(λ)|(Cαµ)(λ)| are uniformly bounded, independently of θ and

β, for all λ ∈ Θα satisfying Kα(λ) > θα. If Kα(λ) ≤ θα, on the other hand,

then |λ − λ0| ≥ 1
2(1 − 2θα) and, using the fact that 1 − 2θα ≥ e−4θα for all

θ ∈ (0, 1
2), (6.3.6) gives

|(Cαµ)(λ)| ≤ C`1/2e4`θα = C(−β log θ)1/2θ−(α
2

+4β).

Since the choice of β ensures that α
2 + 4β < 3α

4 , Kα(λ)|(Cαµ)(λ)| is uniformly

bounded, again independently of θ and β, also for all λ ∈ Θα with Kα(λ) ≤ θα.

This establishes (i) for C = C1, where C1 > 0 is some suitably large constant.

Next observe that, for each k ≥ 1,

(Lαµ)(k) =
B`−1
` λk−1

0

`1/2

`−1∑
r=0

ζr`

(
1 +

ζr`
2B`λ0

)k
. (6.3.7)

Expanding and using the fact that, for any integer s ≥ 0,

`−1∑
r=0

ζ
r(s+1)
` =

` if s+ 1 = 0 (mod `),

0 otherwise,

this becomes

(Lαµ)(k) =
B`−1
` λk−1

0

`1/2

k∑
s=0

`−1∑
r=0

(
k

s

)
ω
r(s+1)
`

(2B`λ0)s

= `1/2B`−1
` λk−1

0

b k+1
`
c∑

r=1

(
k

r`−1

)
(2B`λ0)r`−1

.

(6.3.8)

Next note that, for 1 ≤ r ≤ bk+1
` c,(

k

r`− 1

)
≤
(

k

`− 1

)
(`− 1)!

(r`− 1)!
k(r−1)`.

Thus, for 1 ≤ k < B`,

|(Lαµ)(k)| ≤ `1/2

2k−1

(
k

`− 1

) b k+1
`
c∑

r=1

(`− 1)!

(r`− 1)!
≤ C `

1/2

2k

(
k

`− 1

)
,

where C is independent of `. Now, if k ≤ 2` − 3, then
(
k
`−1

)
≤ 1

2

(
k+1
`−1

)
and, if

k ≥ 2`− 2, then
(
k
`−1

)
≤ 2
(
k−1
`−1

)
, so in either case

1

2k

(
k

`− 1

)
≤ 1

22`−2

(
2`− 2

`− 1

)
.

87



Hence

|(Lαµ)(k)| ≤ C `1/2

4`−1

(
2`− 2

`− 1

)
, (6.3.9)

which by Stirling’s formula is bounded above independently of `. If k ≥ B`, on

the other hand, then (6.3.7) and the fact that 1 +B−1
` ≤ e1/B` give

|(Lαµ)(k)| ≤
`1/2B`−1

`

2k−1

(
1 +

1

B`

)k
≤ 2`1/2B`−1

` e−k(log 2−B−1
` ) ≤ C

`1/2B`−1
`

2B`

and, by the definition of B`, the right-hand side is again bounded above inde-

pendently of `. Thus (ii) holds with C = C2 for some sufficiently large C2 > 0.

In order to establish (iii), note first that, for each n ≥ 0,

(Dαµ)(n) =
B`−1
` λn0
`1/2

`−1∑
r=0

ζr`

(
1 +

ζr`
2B`λ0

)n+1(
1− λ0

(
1 +

ζr`
2B`λ0

))
.

Thus, if n ≥ 0 is such that bn+2
` c = bn+3

` c, proceeding as in (6.3.8) gives

(Dαµ)(n) = `1/2B`−1
` λn0

bn+2
`
c∑

r=1

(
n+1
r`−1

)
− λ0

(
n+2
r`−1

)
(2B`λ0)r`−1

.

Now let n1 = 2`− 4, so that n1 > n0 and bn1+2
` c = bn1+3

` c = 1. Then

|(Dαµ)(n1)| = `1/2

4`−2

(
2`− 2

`− 1

) ∣∣∣∣12 − λ0

∣∣∣∣ ,
and hence, by another application of Stirling’s formula, |(Dαµ)(n1)| ≥ cθ, where

c is independent θ. Since the definition of ` implies that θα ≥ cn−1
1 log n1, it

follows that (iii) holds for C = C3, where C3 > 0 is another suitably large

constant. Setting C = max{C1, C2, C3} now completes the proof.

Remark 6.3.3. The estimates leading to (6.3.9) may be viewed from a prob-

abilistic point of view. Indeed, given ` ≥ 1, let Y` be the random variable

counting the number of tosses of a fair coin required in order to obtain a total

of exactly ` heads, so that Y` has the negative binomial distribution with

P(Y` = k) =
1

2k

(
k − 1

`− 1

)
for each k ≥ 1. Then the aforementioned estimates amount to the observation

that Y` has mode 2` − 1. This probabilistic interpretation will reappear in

Remark 6.3.5 below.
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The following result, which is an analogue of [27, Theorem 4.1], shows that

the logarithmic factor in Corollary 6.1.1 cannot in general be omitted.

Theorem 6.3.4. Given any α > 2, there exists a complex Banach space Xα

and a power-bounded operator T ∈ B(Xα) such that σ(T ) ∩ T = {1} and

‖R(eiθ, T )‖ = O(|θ|−α)

as θ → 0, and for which

lim sup
n→∞

‖Tn(I − T )‖
(

n

log n

)1/α

> 0. (6.3.10)

Proof. Throughout this proof, the letters c and C will be used to denote

positive constants which will be thought of, respectively, as being small and

large and which need not be the same at each occurrence.

Given any sequence x ∈ `∞(N), define the function Fx, for |λ| > 1, by

Fx(λ) =
∞∑
k=1

xk
λk
.

Now, with Kα, Ωα and Θα as defined in (6.3.2) and (6.3.3), let Xα denote the

subspace of `∞(N) consisting of sequences x for which Fx extends analytically

to Θα and satisfies

sup
{
Kα(λ)|Fx(λ)| : λ ∈ Θα

}
<∞.

This space is non-trivial, containing for instance any finitely supported sequence

as well as the constant sequence (1, 1, 1, . . . ), and, by an application of Vitali’s

theorem, it is complete under the norm ‖ · ‖Xα given by ‖x‖Xα = ‖x‖∞+ ‖x‖α,
where

‖x‖α = sup
{
Kα(λ)|Fx(λ)| : λ ∈ Θα

}
.

Consider the restriction T = S|Xα to Xα of the left-shift operator S ∈ B(`∞).

Given x ∈ Xα and |λ| > 1,

FTx(λ) = λFx(λ)− x1,

so FTx extends analytically to Θα and

‖Tx‖α ≤
1

2
‖x‖∞ + 2‖x‖α.
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Thus T mapsXα into itself and defines an element of B(Xα) with norm ‖T‖ ≤ 2.

More generally, having fixed some x ∈ Xα and given n ≥ 0, let Fn = FTnx.

Then Fn extends analytically to Θα and is given, for |λ| > 1, by

Fn(λ) =
∞∑
k=1

xn+k

λk
= λnFx(λ)−

n∑
k=1

λn−kxk. (6.3.11)

Writing A for the annulus {λ ∈ C : 1 < |λ| < 2}, it follows that

|Fn(λ)| ≤


‖x‖∞
|1−|λ|| if λ ∈ A,
‖x‖∞
|1−|λ|| + |Fx(λ)| if λ ∈ Θα ∩ D,

and, in particular,

|Fn(λ)| ≤ ‖x‖Xα
|1− |λ||

for all λ ∈ Θα\T. Let λ ∈ Θα be given. If λ ∈ (1, 2), then Kα(λ)|Fn(λ)| = 0.

Suppose therefore that θ = arg λ satisfies 0 < |θ| ≤ π, and note that Ω2rλ,θ ⊂
Θα, where rλ = 1

4Kα(λ) and Ωr,θ is defined, for r ∈ (0, 1), as in (6.3.1). Now

either |1− |λ|| > rλ, in which case Kα(λ)|Fn(λ)| ≤ C‖x‖α for some constant C

which is independent of x ∈ Xα, n ≥ 0 and λ, or |1 − |λ|| ≤ rλ. In the latter

case λ ∈ Ωrλ,θ, so the same estimate follows from Lemma 6.3.1 applied to the

function Fn on the disc Ω2rλ,θ. Thus ‖Tnx‖α ≤ C‖x‖Xα for some constant C

which is independent of x ∈ Xα and n ≥ 0. Since ‖Tnx‖∞ ≤ ‖x‖∞ for all

n ≥ 0, it follows that T is power-bounded.

Now fix x ∈ Xα and let Ω = {λ ∈ C : 1 < |λ| < 3
2}. Then Ω ⊂ ρ(T )

and (R(λ, T )x)n+1 = Fn(λ) for all λ ∈ Ω and all n ≥ 0, where Fn is as above.

In particular, (6.3.11) remains true for each n ≥ 0 when the left-hand side is

replaced by (R(λ, T )x)n+1, so the argument in the previous paragraph shows

that

Kα(λ)‖R(λ, T )x‖∞ ≤ C‖x‖Xα , (6.3.12)

where C is independent of both x ∈ Xα and λ ∈ Ω. The aim now is to show

that

Kα(λ)‖R(λ, T )x‖α ≤ C‖x‖α
for all λ ∈ Ω, from which it will follow that the norm of the resolvent of T

grows at most polynomially. Since the estimate holds trivially when λ is real,

assume that λ ∈ Ω satisfies 0 < | arg λ| ≤ π and let Fλ = FR(λ,T )x. Then, for

|µ| ≥ 3
2 ,

Fλ(µ) =

∞∑
n=1

∞∑
k=1

xk+n−1

λkµn
=

∞∑
n=1

λn−1

µn

(
Fx(λ)−

n−1∑
k=1

xk
λk

)
= −Fx(λ)− Fx(µ)

λ− µ
,
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so Fλ extends analytically to Θα, taking the values

Fλ(µ) =

−
Fx(λ)−Fx(µ)

λ−µ if µ ∈ Θα\{λ},

−F ′x(λ) if µ = λ.
(6.3.13)

Now let µ ∈ Θα and set

Mα(λ, µ) =
1

4
max

{
Kα(λ),Kα(µ)

}
,

which is positive by the assumption on arg λ. If |λ − µ| > Mα(λ, µ), then by

(6.3.13)

Kα(λ)Kα(µ) |Fλ(µ)| ≤ Kα(λ) +Kα(µ)

Mα(λ, µ)
‖x‖α ≤ C‖x‖α, (6.3.14)

where C is independent of λ and µ. Now suppose that |λ− µ| ≤Mα(λ, µ). By

Cauchy’s formula,

Fλ(µ) =
1

2πi

∮
Γ

Fx(λ)− Fx(z)

(λ− z)(z − µ)
dz, (6.3.15)

where Γ is any contour in Θα whose interior contains the point µ and is itself

contained in Θα. If |λ − µ| ≤ 1
4Kα(λ), choose Γ to be the circle with centre λ

and radius 1
2Kα(λ), so that Γ ⊂ Θα by the definitions of Θα and Ω. Elementary

estimates show that, for any z ∈ Θα satisfying |λ− z| ≤ 1
2Kα(λ),

c| arg λ| ≤ | arg z| ≤ C| arg λ|

and hence

cKα(λ) ≤ Kα(z) ≤ CKα(λ),

where c and C are independent of λ and z. This applies in particular to all

z ∈ Γ and also to z = µ. Since |µ − z| ≥ 1
4Kα(λ) for all z ∈ Γ, it follows from

(6.3.15) that

Kα(λ)Kα(µ)|Fλ(µ)| ≤ C‖x‖α
Kα(λ)

∮
Γ

(
Kα(µ)

Kα(λ)
+
Kα(µ)

Kα(z)

)
|dz| ≤ C‖x‖α, (6.3.16)

where C depends neither on λ nor on µ. A similar argument applies when

1

4
Kα(λ) < |λ− µ| ≤ 1

4
Kα(µ),
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this time taking Γ to be the circle with centre λ and radius 1
2Kα(µ). Then

|µ−z| ≤ 3
4Kα(µ) for all z ∈ Γ, so Γ ⊂ Θα as before. Moreover, Kα(µ) ≤ CKα(z)

for all z ∈ Γ, where C is independent of λ and µ, and Kα(λ) < Kα(µ), giving

Kα(λ)Kα(µ)|Fλ(µ)| ≤ C‖x‖α
Kα(µ)

∮
Γ

(
1 +

Kα(λ)

Kα(z)

)
|dz| ≤ C‖x‖α. (6.3.17)

Combining (6.3.14), (6.3.16) and (6.3.17) shows that

Kα(λ)‖R(λ, T )x‖α ≤ C‖x‖α

for all λ ∈ Ω. Together with (6.3.12), this gives

Kα(λ)‖R(λ, T )x‖Xα ≤ C‖x‖Xα ,

where C is independent of x ∈ Xα and λ ∈ Ω, and hence

sup
{
Kα(λ)‖R(λ, T )‖ : λ ∈ Ω

}
<∞.

In particular, it follows from by (5.2.3) that σ(T ) ∩ T ⊂ {1}, and a simple

approximation argument shows that ‖R(eiθ, T )‖ = O(|θ|−α) as θ → 0. Further-

more, since (1, 1, 1, . . . ) is a fixed point of T , 1 ∈ σ(T ).

Finally, let the transforms Cα, Lα and Dα be as defined in (6.3.4) and note

that, given any complex measure µ whose support is contained in Ωα and for

which

sup
{
|(Lαµ)(k)| : k ≥ 1

}
<∞,

there exists an associated sequence xµ ∈ `∞(N) whose entries are given, for

each k ≥ 1, by xµk = (Lαµ)(k). By Fubini’s theorem,

Fxµ(λ) =
∞∑
k=1

∫
Ωα

zk−1

λk
dµ(z) =

∫
Ωα

dµ(z)

λ− z
= (Cαµ)(λ)

whenever |λ| > 1, so xµ ∈ Xα provided

sup
{
Kα(λ)|(Cαµ)(λ)| : λ ∈ Θα

}
<∞.

Note also that, for each n ≥ 0, (Dαµ)(n) = xµn+1 − x
µ
n+2, which coincides with

the first entry of Tn(I − T )xµ. Now, by Lemma 6.3.2, it is possible to find an

increasing sequence (nj) of integers, with nj → ∞ as j → ∞, and associated

measures µj such that {xµj : j ≥ 1} is a bounded subset of Xα and moreover

|(Dαµj)(nj)|α ≥ c
log nj
nj
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for each j ≥ 1. By rescaling if necessary, there is no loss of generality in

assuming that ‖xµj‖Xα ≤ 1 for all j ≥ 1, so that

‖Tnj (I − T )‖ ≥ ‖Tnj (I − T )xµj‖∞ ≥ |(Dαµj)(nj)|.

Hence (6.3.10) holds and the proof is complete.

Remark 6.3.5. It is possible to replace Lemma 6.3.2, which here gives rise to

the sequences xµ ∈ Xα used to establish to (6.3.10), by a simpler, more ad-hoc

construction. Indeed, using the notation introduced in the proof of that result,

let

xk =
`1/2λk−`0

2`−1

(
k

`− 1

)
for each k ≥ 1, so that xk equals the first term of the final sum in (6.3.8) which

defines xµk in the above proof. In the notation of Remark 6.3.3, this becomes

xk = 4`1/2(2λ0)k−`P(Y` = k + 1),

so the formula for the probability generating function of Y` (see for instance

[53, Section 4.2]) gives

Fx(λ) =
λ

λ0

2`1/2

2`(λ− λ0)`

whenever |λ| > 1, which should be compared with the right-hand sides of (6.3.5)

and (6.3.6). Since the estimates for xµ established in Lemma 6.3.2 apply equally

to x, it follows that (6.3.10) may also be obtained using sequences of this simpler

form in the final paragraph of the above proof.

Remark 6.3.6. It is unclear whether Theorem 6.3.4 can be extended, for

instance by modifying the construction in Lemma 6.3.2, to the range 1 < α ≤ 2.

Note however that, by Theorem 5.2.3, the case α = 1 is necessarily excluded.

For a result relating specifically to the case α = 2, see [41, Theorem 1.2].

6.4 The Hilbert space case

6.4.1 Non-optimality of Theorem 5.2.12

While Theorem 6.3.4 shows that on general Banach spaces the logarithmic

factor in Corollary 6.1.1 cannot in general be omitted, thus proving Theo-

rem 5.2.12 to be essentially optimal in the case of polynomial resolvent growth,

Theorem 6.4.2 below will show that the situation is different on Hilbert space.
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The ideas and results in this section are discrete analogues of statements con-

tained in [14] and [27]. In particular, the following lemma is analogous to [27,

Lemma 2.3]; see also [11, Lemma 1.1], [14, Theorem 5.5] and [69, Lemma 3.2].

Lemma 6.4.1. Let X be a complex Banach space and let T ∈ B(X) be a

power-bounded operator such that σ(T ) ∩ T = {1}. Furthermore, let α ≥ 1

and suppose that

‖R(eiθ, T )‖ = O(|θ|−α) (6.4.1)

as θ → 0. Then

sup
{
‖(I − T )αR(λ, T )‖ : |λ| > 1

}
<∞.

Proof. Let M = sup{‖Tn‖ : n ≥ 0} and, throughout the proof, let C denote

various positive constants, which need not be the same at each occurrence.

Since

‖R(λ, T )‖ ≤ M

|λ| − 1
(6.4.2)

for |λ| > 1, it suffices to prove that

sup
{
‖(I − T )αR(λ, T )‖ : λ ∈ A

}
<∞,

where A = {λ ∈ C : 1 < |λ| < 2}. A first step towards this result is to establish

that, under the above assumptions,

sup
{
‖(1− λ)αR(λ, T )‖ : λ ∈ A

}
<∞.

Thus, given r ∈ (0, 1), let

Ωr =

{
λ ∈ C : 1 ≤ |λ| ≤ 2 and

∣∣∣∣1 + r2

1− r2
− λ

∣∣∣∣ ≥ 2r

1− r2

}
(see Figure 6.3) and let the map Hr : Ωr → B(X) be defined by

Hr(λ) =

(
1 +

r2

ϕ(λ)2

)
(1− λ)αR(λ, T ),

so that Hr(λ) = hr(λ)(1 − λ)αR(λ, T ), where hr = gr ◦ ϕ with gr and ϕ as in

the proof of Theorem 5.2.12. Then

sup
{
|hr(λ)| : r ∈ (0, 1/2), λ ∈ Ωr

}
<∞

and, by the argument leading to equation (5.2.19),

|hr(λ)| ≤ C |λ| − 1

r
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σ(T )

Ωr

21

Figure 6.3: The region Ωr for a

typical value of r ∈ (0, 1).

for all λ ∈ ∂Ωr ∩ γr, where γr is the circle defined in (5.2.16). Note also that

|1 − λ| ≤ Cr for all λ ∈ ∂Ωr ∩ γr. Thus, by (6.4.1) and (6.4.2), ‖Hr(λ)‖
is uniformly bounded, independently of r, for all λ ∈ ∂Ωr and hence by the

maximum principle

sup
{
‖Hr(λ)‖ : r ∈ (0, 1/2), λ ∈ Ωr

}
<∞.

Since, for any λ ∈ A, there exists r ∈ (0, 1
2) such that λ ∈ Ωr and |hr(λ)| ≥ 1

2 ,

the claim follows.

Now let n ∈ N and β ∈ [0, 1) be such that α = n + β, and note that, for

any k ≥ 0 and λ ∈ ρ(T ),

‖(I − T )kR(λ, T )‖ ≤ |1− λ|k‖R(λ, T )‖+
k−1∑
j=0

(
k

j

)
|1− λ|j‖λ− T‖k−j−1.

Setting k = n− 1 and k = n, this shows, respectively, that

‖(I − T )n−1R(λ, T )‖ ≤ C

|1− λ|1+β
and ‖(I − T )nR(λ, T )‖ ≤ C

|1− λ|β

for all λ ∈ A. In particular, if β = 0, the proof is complete. If β 6= 0, the

moment inequality (see Proposition 2.3.1) gives

‖(I − T )α−1R(λ, T )‖ ≤ C‖(I − T )n−1R(λ, T )‖1−β‖(I − T )nR(λ, T )‖β,

and hence

‖(I − T )α−1R(λ, T )‖ ≤ C

|1− λ|
for all λ ∈ A. Since

‖R(λ, T )(I − T )α‖ ≤ |1− λ|‖R(λ, T )(I − T )α−1‖+ ‖(I − T )α−1‖

for all λ ∈ ρ(T ), the result follows.
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The final result shows that the phenomenon described in Theorem 6.3.4

cannot arise on Hilbert space. For analogous results in the continuous-time

setting see [14, Theorem 7.6] and [27, Theorem 2.4]; compare also with [88,

Theorem 9].

Theorem 6.4.2. Let X be a complex Hilbert space and let T ∈ B(X) be a

power-bounded operator such that σ(T ) ∩ T = {1}. Furthermore, let α ≥ 1.

Then

‖R(eiθ, T )‖ = O(|θ|−α) (6.4.3)

as θ → 0 if and only if

‖Tn(I − T )‖ = O(n−1/α) (6.4.4)

as n→∞.

Proof. The fact that (6.4.4) implies (6.4.3) is an immediate consequence of

Theorem 5.2.4. Suppose therefore that (6.4.3) holds, so that by Lemma 6.4.1

sup
{
‖(I − T )αR(λ, T )‖ : |λ| > 1

}
<∞.

For n ≥ 0 and |λ| > 1, let

Fn(λ) = λR(λ, T )
n∑
k=0

λ−kT k.

Then

Fn(λ) =

∞∑
k=0

 k∑
j=0

1{1,...,n}(k − j)λ−jT j
λ−kT k

=

∞∑
k=0

(min{k, n}+ 1)λ−kT k,

(6.4.5)

where 1Ω denotes the indicator function of a set Ω. Hence, by Parseval’s iden-

tity,
∞∑
k=0

(min{k, n}+ 1)2 ‖T kx‖2

r2k
=

1

2π

∫ 2π

0

∥∥Fn(reiθ
)
x
∥∥2

dθ

for all n ≥ 0, x ∈ X and r > 1. Replacing x with (I − T )αx and letting

B = sup
{
‖(I − T )αR(λ, T )‖ : |λ| > 1

}
,

it follows from the definition of Fn that

n∑
k=0

(k + 1)2

r2k
‖T k(I − T )αx‖2 ≤ B2r2

2π

∫ 2π

0

∥∥∥∥∥
n∑
k=0

r−ke−ikθT kx

∥∥∥∥∥
2

dθ,
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or indeed, by another application of Parseval’s identity, that

n∑
k=0

(k + 1)2

r2n
‖T k(I − T )αx‖2 ≤ B2r2

n∑
k=0

‖T kx‖2

r2k
.

Letting r → 1+, this gives

n∑
k=0

(k + 1)2‖T k(I − T )αx‖2 ≤M2B2(n+ 1)‖x‖2, (6.4.6)

where M = sup{‖Tn‖ : n ≥ 0}. Now, for y ∈ X and n ≥ 0,

(
(n+ 2)Tn(I − T )αx, y

)
=

2

n+ 1

n∑
k=0

(
(k + 1)T k(I − T )αx, (T ∗)n−ky

)
.

By (6.4.6) and Cauchy’s inequality, the right-hand side is bounded above in

modulus by 2M2B‖x‖‖y‖, and hence

‖Tn(I − T )α‖ ≤ 2M2B

n+ 2
(6.4.7)

for all n ≥ 0. Thus the proof is complete in the case α = 1. If α > 1, on the

other hand, the moment inequality gives

‖Tn(I − T )‖ ≤ C‖Tn‖(α−1)/α‖Tn(I − T )α‖1/α

for all n ≥ 0, and the result now follows from (6.4.7) and the fact that T is

power-bounded.

Remark 6.4.3. From the proof of [14, Theorem 4.7], which establishes the

first part of the above argument in the continuous setting, it is clear that the

calculation in(6.4.5) could be reformulated in terms of convolutions.

The above proof uses the ideas in [14], but there is an alternative proof

analogous to the method used in [27]. This alternative proof requires the fol-

lowing preparatory result, which is contained in more or less the same form in

[50].

Proposition 6.4.4. Let X be a complex Hilbert space and let T ∈ B(X).

Then T is power-bounded if and only if r(T ) ≤ 1 and

sup
r>1

(r − 1)

∫ 2π

0

(
‖R(reiθ, T )x‖2 + ‖R(reiθ, T ∗)x‖2

)
dθ <∞ (6.4.8)

for every x ∈ X.
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Proof. Suppose first that T is power-bounded and let M = sup{‖Tn‖ : n ≥
0}. Then certainly

r(T ) = inf
{
‖Tn‖1/n : n ≥ 0

}
≤ 1.

Given x ∈ X and r > 1, define the function f ∈ L2(0, 2π;X) by

f(θ) = reiθR(reiθ, T )x,

and note that

f(θ) =
∞∑
n=0

Tnx

rn
e−inθ.

It follows from Parseval’s identity that

∞∑
n=0

‖Tnx‖2

r2n
=

1

2π

∫ 2π

0
‖f(θ)‖2 dθ.

But
∞∑
n=0

‖Tnx‖2

r2n
≤ r2M2

r2 − 1
‖x‖2

and hence

(r − 1)

∫ 2π

0
‖R(reiθ, T )x‖2 dθ ≤ 2πM2

r + 1
‖x‖2.

Repeating the argument with T replaced by T ∗ proves that (6.4.8) holds.

Now suppose, conversely, that r(T ) ≤ 1 and that (6.4.8) is satisfied. By the

closed graph theorem, there exists a constant C > 0 such that

sup
r>1

(r − 1)

∫ 2π

0

(
‖R(reiθ, T )x‖2 + ‖R(reiθ, T ∗)x‖2

)
dθ ≤ C‖x‖2

for every x ∈ X. Now for x, y ∈ X and n ≥ 0, integration by parts gives

(Tnx, y) =
1

2πi

∮
Γn

λn
(
R(λ, T )x, y

)
dλ

=
1

2πi

∮
Γn

λn+1

n+ 1

(
R(λ, T )2x, y

)
dλ,

where Γn = rnT with rn = n+2
n+1 . By (6.4.8) and the Cauchy-Schwarz inequality,
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applied first in X and then in L2(0, 2π;X), it follows that

|(Tnx, y)| ≤ rn+2
n

2π(n+ 1)

∫ 2π

0

∣∣(R(rneiθ, T )x,R(rne−iθ, T ∗)y
)∣∣ dθ

≤ e

π

(
(rn − 1)

∫ 2π

0
‖R(rneiθ, T )x‖2 dθ

)1/2

·
(

(rn − 1)

∫ 2π

0
‖R(rne−iθ, T ∗)y‖2 dθ

)1/2

≤ Ce

π
‖x‖‖y‖,

and hence ‖Tn‖ ≤ Ce/π for all n ≥ 0. Thus T is power-bounded.

This result leads to the following alternative proof of Theorem 6.4.2.

Proof. Since the other implication follows from Theorem 5.2.4, suppose that

(6.4.3) holds. As before, it suffices to show, by the moment inequality, that

‖Tn(I − T )α‖ = O(n−1)

as n→∞. Consider the operator Q ∈ B(X ×X) defined by

Q =

(
T T (I − T )α

0 T

)
.

Then

Qn =

(
Tn nTn(I − T )α

0 Tn

)
for all n ≥ 0 and ρ(Q) = ρ(T ). Moreover, for λ ∈ ρ(Q),

R(λ,Q) =

(
R(λ, T ) R(λ, T )2T (I − T )α

0 R(λ, T )

)
.

By Lemma 6.4.1,

sup
{
‖(I − T )αR(λ, T )‖ : λ| > 1

}
<∞

and hence there exists C > 0 such that, for any z = (x, y) ∈ X ×X and any

λ ∈ C with |λ| > 1,

‖R(λ,Q)z‖2 ≤ C
(
‖R(λ, T )x‖2 + ‖R(λ, T )y‖2

)
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and the same estimate holds with Q and T replaced by Q∗ and T ∗, respectively.

Since T is power-bounded, this estimate together with Proposition 6.4.4 implies

that

sup
r>1

(r − 1)

∫ 2π

0

(
‖R(reiθ, Q)z‖2 + ‖R(reiθ, Q∗)z‖2

)
dθ <∞

for all z ∈ X×X. By Proposition 6.4.4, Q is power-bounded and, since T itself

is power-bounded, it follows that ‖Tn(I − T )α‖ = O(n−1) as n → ∞, which

completes the proof.

The final result of this section is an extension of Theorem 6.4.2 in the spirit

of [27, Theorem 2.4]. It shows that the two equivalent conditions of the theorem

are in turn equivalent to having a certain rate of decay for individual orbits.

Theorem 6.4.5. Let X be a complex Hilbert space and let T ∈ B(X) be a

power-bounded operator such that σ(T ) ∩ T = {1}. Furthermore, let α ≥ 1.

Then the following are equivalent:

(i) ‖R(eiθ, T )‖ = O(|θ|−α) as θ → 0;

(ii) ‖Tn(I − T )‖ = O(n−1/α) as n→∞;

(iii) for each x ∈ X, ‖Tn(I − T )x‖ = o(n−1/α) as n→∞.

Proof. Equivalence of (i) and (ii) is established in Theorem 6.4.2. By the

moment inequality, (ii) and (iii) are equivalent, respectively, to

nTn(I − T )αx = o(1)

for all x ∈ X and to

nTn(I − T )α = O(1)

as n→∞. Thus the implication (iii) =⇒ (ii) follows at once from the uniform

boundedness theorem and it remains only to show that (ii) =⇒ (iii).

Suppose therefore that

sup
{
n‖Tn(I − T )α)‖ : n ≥ 0

}
<∞.

Then the operator Q ∈ B(X × X) introduced in the previous proof is power-

bounded and σ(Q) = σ(T ). In particular, σ(Q) ∩ T = {1}. Letting PT and

PQ denote the projections onto Fix(T ) along the closure of Ran(I − T ) and

onto Fix(Q) along the closure of Ran(I − Q), respectively, it follows from [9,
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Theorem 4.1] that Tn → PT and Qn → PQ strongly as n → ∞. Now, given

z = (x, y) ∈ X ×X,

Qz =
(
Tx+ T (I − T )αy, Ty

)
.

Suppose that Qz = z. Then y ∈ Fix(T ) and hence, as α ≥ 1, (I − T )αy = 0.

Thus x ∈ Fix(T ), and it follows that Fix(Q) = Fix(T ) × Fix(T ) and PQz =

(PTx, PT y). Since Qn → PQ strongly as n → ∞, it follows from the matrix

representation of Qn that

Tnx+ nTn(I − T )αy → PTx

as n → ∞ for all x, y ∈ X. But since Tnx → PTx for all x ∈ X as n → ∞,

this implies that nTn(I − T )α → 0 strongly as n → ∞. Thus (iii) holds and

the proof is complete.

6.4.2 Robustness under finite-rank perturbations

The purpose of this final section is to study the robustness of polynomial decay

under perturbations. Theorem 6.4.7 below combines ideas from the preceding

sections with adaptations of results contained in [92] to show that decay of the

form described in (6.4.4) is stable under certain finite-rank perturbations; see

also [91]. This result relies on the following simple observation, known some-

times as the Shermann-Morrison-Woodbury formula, which may be verified by

direct calculation.

Lemma 6.4.6. Let X and Y be complex Banach spaces and let T ∈ B(X), U ∈
B(Y,X) and V ∈ B(X,Y ). Suppose that λ ∈ ρ(T ) and that 1 ∈ ρ(V R(λ, T )U),

and let S = T + UV . Then λ ∈ ρ(S) and

R(λ, S) = R(λ, T ) +R(λ, T )UR(1, V R(λ, T )U)V R(λ, T ). (6.4.9)

The following is the main result of this section. Recall that the assumption

FixT = {0} for a power-bounded operator T on a Banach space X makes it

possible to define the negative fractional powers of I −T on suitable subspaces

of X.

Theorem 6.4.7. Let X be a complex Hilbert space and suppose that T ∈ B(X)

is a power-bounded operator such that Fix(T ) = {0} and, for some α ≥ 1,

‖Tn(I − T )‖ = O(n−1/α)
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as n → ∞. Furthermore let β, γ ≥ 0 be such that β + γ ≥ α and, for some

m ∈ N, let U ∈ B(Cm, X) and V ∈ B(X,Cm), and suppose that

RanU ⊂ Ran(I − T )β and RanV ∗ ⊂ Ran(I − T ∗)γ . (6.4.10)

Let S = T + UV . Then there exists δ > 0 such that

‖Sn(I − S)‖ = O(n−1/α) (6.4.11)

as n→∞ provided ‖(I − T )−βU‖‖(I − T ∗)−γV ∗‖ < δ.

Proof. Throughout the proof, the letter C will denote various positive con-

stants which need not be the same at each occurrence. There is no loss of

generality in assuming that β + γ = α.

Let Ω = {λ ∈ C : |λ| ≥ 1, λ 6= 1}. Then by Theorem 5.2.4, Ω ⊂ ρ(T ) and,

for λ ∈ Ω,

‖V R(λ, T )U‖ = sup
‖x‖,‖y‖=1

|(V R(λ, T )Ux, y)|

= sup
‖x‖,‖y‖=1

∣∣((I − T )β+γR(λ, T )(I − T )−βUx, (I − T ∗)−γV ∗y
)∣∣

≤ ‖(I − T )αR(λ, T )‖‖(I − T )−βU‖‖(I − T ∗)−γV ∗‖.

Since

sup
{
‖(I − T )αR(λ, T )‖ : λ ∈ Ω

}
<∞

by Lemma 6.4.1, there exists δ > 0 such that ‖V R(λ, T )U‖ ≤ 1
2 for all λ ∈ Ω

provided ‖(I −T )−βU‖‖(I −T ∗)−γV ∗‖ < δ. In this case 1 ∈ ρ(V R(λ, T )U) for

all λ ∈ Ω and

sup
{
‖R(1, V R(λ, T )U)‖ : λ ∈ Ω

}
<∞.

By Lemma 6.4.6, Ω ⊂ ρ(S) and (6.4.9) holds for all λ ∈ Ω.

Suppose that γ = 0. Then, for λ ∈ Ω and x ∈ X,

‖R(λ, S)x‖ ≤
(
1 + ‖UR(1, V R(λ, T )U)V R(λ, T )‖

)
‖R(λ, T )x‖.

Letting

F (λ) = ‖UR(1, V R(λ, T )U)V R(λ, T )‖,

it follows that

F (λ) ≤ ‖(I − T )−αU‖‖R(1, V R(λ, T )U)‖‖V ‖‖(I − T )αR(λ, T )‖ ≤ C
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and hence that

‖R(λ, S)x‖ ≤ C‖R(λ, T )x‖ (6.4.12)

for all λ ∈ Ω and all x ∈ X. Similarly

‖R(λ, S∗)x‖ ≤ C‖R(λ, T ∗)x‖

for all λ ∈ Ω and x ∈ X. Since T is power-bounded, Proposition 6.4.4 implies

that

sup
r>1

(r − 1)

∫ 2π

0

(
‖R(reiθ, T )x‖2 + ‖R(reiθ, T ∗)x‖2

)
dθ <∞ (6.4.13)

for all x ∈ X and, by the above estimates, the same condition holds when T is

replaced by S. Hence S is power-bounded by Proposition 6.4.4. Furthermore,

‖R(eiθ, T )‖ = O(|θ|−α)

as θ → 0 by Theorem 6.4.2, so by (6.4.12)

‖R(eiθ, S)‖ = O(|θ|−α)

as θ → 0. It follows from Theorem 6.4.2 that (6.4.11) holds. An analogous

argument applies when β = 0.

Suppose now that β, γ > 0. It follows from (6.4.6) and the elementary

estimate (a+ b)2 ≤ 2(a2 + b2) for real numbers a, b that, for λ ∈ Ω and x ∈ X,

‖R(λ, S)x‖2 ≤ 2
(
‖R(λ, T )x‖2 + C‖R(λ, T )U‖2‖V R(λ, T )‖2‖x‖2

)
. (6.4.14)

In order to control the term ‖R(λ, T )U‖‖V R(λ, T )‖, let the operators Uβ, Vγ ∈
B(Cm, X) be given by Uβ = (I − T )−βU and Vγ = (I − T ∗)−γV ∗, respectively.

By the moment inequality,

‖R(λ, T )U‖ = ‖(I − T )βR(λ, T )Uβ‖
≤ C‖R(λ, T )Uβ‖1−β/α‖(I − T )αR(λ, T )Uβ‖β/α

≤ C‖R(λ, T )Uβ‖1−β/α

and similarly

‖V R(λ, T )‖ = ‖R(λ, T ∗)V ∗‖ ≤ C‖R(λ, T ∗)Vγ‖1−γ/α

for all λ ∈ Ω. It follows that

‖R(λ, T )U‖‖V R(λ, T )‖ ≤ C‖R(λ, T )Uβ‖1−β/α‖R(λ, T ∗)Vγ‖1−γ/α. (6.4.15)

103



Now, since Uβ has finite rank, there exist x1, . . . , xm ∈ X such that

Uβ(v) =
m∑
k=1

vkxk

for all v = (v1, . . . , vm) ∈ Cm. A simple application of the Cauchy-Schwarz

inequality shows that

‖R(λ, T )Uβ‖2 ≤
m∑
k=1

‖R(λ, T )xk‖2

for all λ ∈ Ω and hence, using (6.4.13),

sup
r>1

(r−1)

∫ 2π

0
‖R(reiθ, T )Uβ‖2 dθ ≤

m∑
k=1

sup
r>1

(r−1)

∫ 2π

0
‖R(reiθ, T )xk‖2 dθ <∞.

An analogous argument shows that

sup
r>1

(r − 1)

∫ 2π

0
‖R(reiθ, T )∗Vγ‖2 dθ <∞.

Letting p = (1− β/α)−1 and q = (1− γ/α)−1, so that p−1 + q−1 = 1, it follows

from (6.4.15) and Hölder’s inequality that

sup
r>1

(r − 1)

∫ 2π

0
‖R(reiθ, T )U‖2‖V R(reiθ, T )‖2 dθ <∞.

Thus (6.4.13) and (6.4.14) show that

sup
r>1

(r − 1)

∫ 2π

0
‖R(reiθ, S)x‖2 dθ <∞

for all x ∈ X, and a similar argument gives

sup
r>1

(r − 1)

∫ 2π

0
‖R(reiθ, S∗)x‖2 dθ <∞

for all x ∈ X. It follows from Proposition 6.4.4 that S is power-bounded.

Moreover, (6.4.15) implies that

‖R(λ, T )U‖‖V R(λ, T )‖ ≤ C‖R(λ, T )‖

for all λ ∈ Ω, so by (6.4.14)

‖R(eiθ, S)‖ = O(|θ|−α)

as θ → 0. As before, the result now follows from Theorem 6.4.2.
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Remark 6.4.8. Note that the assumption that FixT = {0} could be relaxed.

Indeed, what is really needed here is merely that there exist operators TU , TV ,

such that (I − T )βTUU = U and (I − T ∗)γT ∗V V ∗ = V ∗, and this follows from

(6.4.10) and the assumption that U, V have finite rank. Moreover, the condition

on the size of ‖TUU‖‖T ∗V V ∗‖ can now at least in principle be replaced by condi-

tions involving only finite-dimensional vector spaces, though this is unlikely to

be very insightful unless the ranks of the operators in question are very small

indeed.

Remark 6.4.9. Note also that the condition FixT = {0} in the reflexive

setting is equivalent to 1 6∈ σp(T ∗) and hence implies that T in the above result

satisfies ‖Tnx‖ → 0 as n → ∞ for all x ∈ X; see [5]. This property of strong

stability is inherited by S when δ is sufficiently small. Indeed, suppose that

x ∈ X is such that Sx = x and let β′ ∈ [0, β], γ′ ∈ [0, γ] be such that β′+γ′ = 1.

Then, choosing δ > 0 so small as to ensure that

‖(I − T )−β
′
UV (I − T )−γ

′‖ < 1,

it follows that

0 = (I − S)x = (I − T )β
′
(I − (I − T )−β

′
UV (I − T )−γ

′
)(I − T )γ

′
x,

and hence x = 0, as all three operators on the right-hand side are injective.

Thus σ(S)∩T ⊂ {1} and σp(S)∩T = σp(S∗)∩T = ∅, and therefore ‖Snx‖ → 0

as n → ∞ for all x ∈ X. See [92] for a discussion of robustness of strong

stability in the case of C0-semigroups.
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Part IV

General operator semigroups
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Chapter 7

The Katznelson-Tzafriri

theorem on Hilbert space

7.1 Introduction

Parts II and III of this thesis have dealt with extensions of the Katznelson-

Tzafriri theorem in the case of continuous and discrete operator semigroups,

respectively. Both results can be viewed as special cases of the following gen-

eral theorem for bounded representations of general locally compact abelian

semigroups, which was obtained in [19, Theorem 4.3] and [104]. Here and in

what follows, all groups and semigroups that appear will implicitly be assumed

to satisfy the assumptions set out in Section 2.4.

Theorem 7.1.1. Let X be a complex Banach space and let T be a bounded

representation of a locally compact abelian semigroup S on X. Suppose that

a ∈ L1(S) is of spectral synthesis with respect to Spu(T ). Then ‖T (s)â(T )‖ → 0

as s→∞.

Note that the condition on the function a could alternatively have been

stated simply as a ∈ L1(S) ∩ JΛ(G), where Λ = Spu(T ). The Katznelson-

Tzafriri theorem for C0-semigroups, or continuous operator semigroups, dis-

cussed in Part II corresponds to the choice S = R+ and likewise the original

Katznelson-Tzafriri theorem for discrete operator semigroups [62, Theorem 5],

a special case of which was discussed in Part III, corresponds to the choice

S = Z+.

As is shown in [33, Section 5], the Katznelson-Tzafriri theorem is optimal

in various important ways. Nevertheless stronger statements are true in special
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cases, for instance when X is a Hilbert space. Note first that in the case S = Z+

the mapping â 7→ â(T ) can be viewed as a functional calculus from A+(D) into

B(X), where A+(D) is the set of maps g : D → C such that g = â for some

a ∈ `1(Z+). If X is a Hilbert space and T ∈ B(X) is a contraction, it follows

from the validity of von Neumann’s inequality that this functional calculus can

in fact be extended from A+(D) to the entire disc algebra A(D) = H(D)∩C(D),

where H(D) denotes the set of all holomorphic functions g : D→ C. It is shown

in [47, Corollary 2.12] that the conclusion of the Katznelson-Tzafriri theorem,

namely that ‖Tng(T )‖ → 0 as n → ∞, remains valid in this case under the

weaker (and necessary) condition that g ∈ A(D) satisfies g(λ) = 0 for all

λ ∈ σ(T ) ∩ T; see [63, Proposition 1.6] for a slightly more general result. In

the classical setting of functions g = â with a ∈ L1(S) this result in turn has

recently been improved, in [106] to the cases of two commuting contractions

and of C0-semigroups of contractions, and in [71] to the case of a single operator

T which is merely power-bounded rather than contractive.

The purpose of this chapter is to extend both of these improvements to

bounded representations T of general locally compact abelian semigroups S on

a Hilbert space, by showing that the condition a ∈ L1(S) ∩ JΛ(G) in Theo-

rem 7.1.1 can be replaced by a ∈ L1(S)∩KΛ(G) in this case. In fact, the main

result of this chapter, Theorem 7.3.1, shows not only that this spectral condi-

tion is necessary and sufficient for the conclusion ‖T (s)â(T )‖ → 0 as s → ∞
to hold but also that both are equivalent to a certain ergodic condition. The

argument is a generalisation of the one given in [71] for the case S = Z+. Be-

fore the main result is presented in Section 7.3, Section 7.2 develops the three

important constructions that are needed in the proof of Theorem 7.3.1. The

chapter concludes with an alternative, more direct proof of the equivalence of

the aforementioned spectral and asymptotic statements, this time without go-

ing through the ergodic condition. This argument is presented in Section 7.4.

The present chapter, and also parts of the next, are based on [98].

7.2 Preliminary results

This section contains three constructions that will be needed in the later parts

of the chapter. Given two representations T1 and T2 of a locally compact

abelian semigroup S on Banach spaces X1 and X2, respectively, a bounded

linear map π : X1 → X2 is said to intertwine the representations T1 and T2 if

πT1(s) = T2(s)π for all s ∈ S. In this case it follows from the continuity of π
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that, for a ∈ L1(S) and x ∈ X1,

πâ(T1)x =

∫
S
a(s)πT1(s)x dµ(s) =

∫
S
a(s)T2(s)π(x) dµ(s) = â(T2)π(x),

and hence πâ(T1) = â(T2)π.

The first construction is a powerful tool allowing one to obtain results for the

operator norm from corresponding statements that hold for individual orbits.

It is similar to a construction appearing in the proof of [19, Theorem 4.3]

(see also [104, Note added in proof ]) but differs in that it preserves the inner

product structure of the underlying space; see [57], [84] and [94] for similar

constructions.

Proposition 7.2.1. Let X be a complex Hilbert space, let T be a bounded

representation of a locally compact abelian semigroup S on X and let A be any

directed set. Then there exist:

(a) a Banach space X∞A ⊂ `∞(A;X), containing all nets of the form (â(T )xα)

for a ∈ L1(S) and (xα) ∈ `∞(A;X), a bounded representation T∞A of S on

X∞A with Sp(T∞A ) = Sp(T ) and, for each α ∈ A, a surjective intertwining

operator πα : X∞A → X of unit norm;

(b) a Hilbert space XA which is a quotient of X∞A , a bounded representation

TA of S on XA with Sp(TA) ⊂ Sp(T∞A ) and a surjective intertwining

operator πA : X∞A → XA which is contractive and such that

‖πA(xα)‖ ≥ lim inf
α→∞

‖xα‖ (7.2.1)

for all (xα) ∈ X∞A .

In particular, Sp(TA) ⊂ Sp(T ).

Proof. Denote by T∞A : S → B(`∞(A;X)) the bounded homomorphism given,

for s ∈ S and (xα) ∈ `∞(A;X), by

T∞A (s)(xα) =
(
T (s)xα

)
,

and let X∞A be the maximal closed subspace of `∞(A;X) on which T∞A is

strongly continuous. LetM = sup{‖T (s)‖ : s ∈ S} and note that sup{‖T∞A (s)‖ :

s ∈ S} ≤M . Now, for a ∈ L1(S), x ∈ X and any s, t ∈ S,∥∥(T (s)− T (t)
)
â(T )x

∥∥ =
∥∥(πT (as − at)

)
x
∥∥ ≤M‖τa(s)− τa(t)‖1‖x‖
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and hence, by continuity of the shift maps τa, X
∞
A contains all nets of the form

(â(T )xα) with a ∈ L1(S) and (xα) ∈ `∞(A;X). For α ∈ A, define the map

πα : X∞A → X by πα(xβ) = xα. Then each πα is a surjection of unit norm which

intertwines T∞A with T . It follows from the fact that παâ(T∞A ) = â(T )πα for all

a ∈ L1(S) and α ∈ A that ‖â(T∞A )‖ = ‖â(T )‖ and hence that Sp(T∞A ) = Sp(T ).

This proves (a).

Letting F be the filter on A generated by the sets Aα = {β ∈ A : β � α}
with α ∈ A, and U any ultrafilter on A that contains F , define

XA = X∞A
/
c0(A;X;U) ∩X∞A ,

where c0(A;X;U) denotes the subspace of `∞(A;X) consisting of nets that

converge to zero along the ultrafilter U . Since XA is a closed subspace of the

ultrapower

XU = `∞(A;X)
/
c0(A;X;U),

which is a Hilbert space (see [64] for details), XA is itself a Hilbert space. More-

over, by invariance of c0(A;X;U) under T∞A (s) for each s ∈ S, T∞A descends

to a bounded representation TA of S on XA. Let πA : X∞A → XA denote the

canonical surjection. Then πA is a linear contraction which intertwines T∞A
with TA and, if `(xα) denotes the limit of the bounded real net (‖xα‖) along

the ultrafilter U for a given (xα) ∈ X∞A , then

‖πA(xα)‖ = `(xα)

for all (xα) ∈ X∞A . Supposing that for some fixed (xα) ∈ X∞A there exists c ∈ R
with

`(xα) < c < lim inf
α→∞

‖xα‖,

let α0 ∈ A be such that inf{‖xα‖ : α � α0} > c. Then

Ac =
{
α ∈ A : |‖xα‖ − `(xα)| < c− `(xα)

}
is an element of U satisfying Aα0 ∩ Ac = ∅. Since U is an ultrafilter, this is a

contradiction and hence proves (7.2.1). Finally, given a ∈ L1(S),

‖â(TA)‖ ≤ sup
{
‖â(TA)πA(xα)‖ : ‖(xα)‖∞ ≤ 1

}
= sup

{
‖πAâ(T∞A )(xα)‖ : ‖(xα)‖∞ ≤ 1

}
≤ sup

{
‖â(T∞A )(xα)‖ : ‖(xα)‖∞ ≤ 1

}
= ‖â(T∞A )‖,

from which it follows that Sp(TA) ⊂ Sp(T∞A ), thus proving (b).
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The remaining results of this section follow well-known patterns. The first is

a Hilbert space version of [19, Proposition 3.1] and is similar to the construction

given in [63, Section 1]. Here, given a bounded representation T of a locally

compact abelian semigroup S on a Banach space X, the space X0(T ) is defined

as

X0(T ) =
{
x ∈ X : lim

s→∞
‖T (s)x‖ = 0

}
.

Proposition 7.2.2. Let X be a complex Hilbert space, let T be a bounded

representation of a locally compact abelian semigroup S on X with M =

sup{‖T (s)‖ : s ∈ S} and let φ be any Banach limit on L∞(S). Then there

exist a Hilbert space Xφ, a representation Tφ of S by isometries on Xφ with

Sp(Tφ) ⊂ Sp(T ) and an intertwining operator πφ : X → Xφ with ‖πφ‖ ≤ M

which has dense range and satisfies Kerπφ = X0(T ).

Proof. Let φ be a Banach limit on L∞(S) and let (·, ·)φ : X ×X → C denote

the semi-inner product given, for x, y ∈ X, by

(x, y)φ = φ
(
(T (·)x, T (·)y)

)
.

Define Kφ = {x ∈ X : (x, x)φ = 0} and write Xφ for the Hilbert space obtained

by completing the quotient space X/Kφ with respect to the norm ‖ ·‖φ induced

by the inner product (
x+Kφ, y +Kφ

)
φ

= (x, y)φ.

Since φ is translation invariant, T (s) descends, for each s ∈ S, to a well-defined

isometry on X/Kφ given by x + Kφ 7→ T (s)x + Kφ, and hence, by continuous

extension, to an isometry Tφ(s) on Xφ. Let πφ : X → Xφ denote the canonical

surjection onto X/Kφ, so that πφ has dense range in Xφ, πφ is bounded with

‖πφ‖ ≤ M and πφT (s) = Tφ(s)πφ for all s ∈ S. Since, for s, t ∈ S and any

x ∈ X,∥∥(Tφ(s)− Tφ(t)
)
πφ(x)

∥∥
φ

=
∥∥πφ(T (s)− T (t)

)
x
∥∥
φ
≤M

∥∥(T (s)− T (t)
)
x
∥∥,

it follows from the density of X/Kφ in Xφ that the homomorphism Tφ : S →
B(Xφ) is strongly continuous and hence a bounded representation of S on Xφ.

Note further that x ∈ Kerπφ if and only if φ(‖T (·)x‖2) = 0. Hence

‖T (s)x‖ → 0 as s → ∞ certainly implies that x ∈ Kerπφ. Suppose conversely

that x ∈ Kerπφ. Since

inf
{
‖T (s)x‖2 : s ∈ S

}
≤ ess-lim inf

s→∞
‖T (·)x‖2 ≤ φ

(
‖T (·)x‖2

)
,
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it follows that

inf
{
‖T (s)x‖2 : s ∈ S

}
= 0.

Suppose there exist ε > 0 and a net (sα) in S with sα → ∞ as α → ∞ and

such that ‖T (sα)x‖ ≥ ε for each α. Let s0 ∈ S be such that ‖T (s0)x‖ <
εmin{1,M−1}. Then s0 6= sα for all α and, given α such that sα � s0,

ε ≤ ‖T (sα)x‖ = ‖T (sα − s0)T (s0)x‖ ≤M‖T (s0)x‖ < ε,

which is absurd. Hence ‖T (s)x‖ → 0 as s→∞, giving Kerπφ = X0(T ).

Finally, using the fact that πφâ(T ) = â(Tφ)πφ, it is easy to show that

‖â(Tφ)πφ(x)‖ ≤ ‖â(T )‖‖πφ(x)‖

for all a ∈ L1(S) and all x ∈ X. By density of Ranπφ in Xφ it follows

that ‖â(Tφ)‖ ≤ ‖â(T )‖ for all a ∈ L1(S) and hence that Sp(Tφ) ⊂ Sp(T ), as

required.

Proposition 7.2.2 is particularly powerful in conjunction with the follow-

ing result, which is contained in various forms in [16, Proposition 2.1], [19,

Proposition 3.2], [20], [38] and [58].

Proposition 7.2.3. Let S be a locally compact abelian semigroup and let

G be the group generated by S. Furthermore, let X be a complex Hilbert

space and let T be a representation of S by isometries on X. Then there exist

a Hilbert space Y , a representation U of G by unitary operators on Y with

Sp(U) = Spu(T ) and an isometric intertwining operator πY : X → Y such that

the set {U(−s)πY (x) : s ∈ S, x ∈ X} is dense in Y .

Proof. Define the complex vector space Z by

Z =
{
φ ∈ XS : ∃ sφ ∈ S s.t. φ(s+ sφ) = T (s)φ(sφ) for all s ∈ S

}
,

where XS denotes the space of all maps φ : S → X, and note that Z admits a

semi-inner product (·, ·)T defined, for φ, ϕ ∈ Z, by

(φ, ϕ)T = lim
s→∞

(
φ(s), ϕ(s)

)
.

Given s ∈ S, consider the map TZ(s) on Z given, for φ ∈ Z and t ∈ S, by(
TZ(s)φ

)
(t) = T (s)φ(t).
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Then TZ(s) maps Z into itself, since(
TZ(s)φ

)
(t+ sφ) = T (t)

(
TZ(s)φ

)
(sφ)

for all φ ∈ Z and all t ∈ S, and, writing ‖ · ‖T for the semi-norm induced by

(·, ·)T ,

‖TZ(s)φ‖T = lim
t→∞
‖T (s)φ(t)‖ = ‖φ‖T

by isometricity of T . Since the space Z0 = {φ ∈ Z : ‖φ‖T = 0} is invariant

under TZ(s) for all s ∈ S, each of these operators descends to an isometry on

the normed vector space Z/Z0. Noting, moreover, that∥∥(T (s)− T (t)
)
φ(r + sφ)

∥∥ =
∥∥(T (s)− T (t)

)
φ(sφ)

∥∥
for all φ ∈ Z and all r, s, t ∈ S, it follows that TZ induces an isometric rep-

resentation U of S on the Hilbert space Y obtained from Z/Z0 by completion

with respect to the quotient norm. Now, given any s0 ∈ S and any φ ∈ Z, let

ϕ0 ∈ XS be defined by

ϕ0(s) =

φ(s− s0) if s � s0 + sφ,

0 otherwise.

Then ϕ0 ∈ Z with sϕ0 = s0 + sφ and

U(s0)
(
ϕ0 + Z

)
= φ+ Z,

since (
TZ(s0)ϕ0 − φ

)
(s) = 0

for all s � s0 + sφ. By density of Z/Z0 in Y , therefore, U(s) is in fact a

surjection for each s ∈ S. Defining

U(s− t) = U(s)U(t)−1

for all s, t ∈ S, it is easy to see that U extends to a representation of the group

G = S − S by unitary operators on Y .

Let πZ : X → Z denote the map given, for x ∈ X and s ∈ S, by(
πZ(x)

)
(s) = T (s)x,

and write π0 : Z → Y for the canonical surjection onto Z/Z0. Then the map

πY : X → Y given by the composition πY = π0◦πZ is isometric and intertwines

T with U . Given φ ∈ Z, let xφ = φ(sφ). Then(
TZ(sφ)φ− πZ(xφ)

)
(s) = 0
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for all s � sφ, and hence

π0(φ) = U(−sφ)πY (xφ),

which by density of Ranπ0 in Y implies that {U(−s)πY (x) : s ∈ S, x ∈ X} is

dense in Y . From this it follows in turn that

‖â(U)‖ = sup
{
‖â(U)U(−s)πY (x)‖ : s ∈ S, ‖x‖ ≤ 1

}
= sup

{
‖πY â(T )x‖ : ‖x‖ ≤ 1

}
= ‖â(T )‖

for all a ∈ L1(S). Hence Sp(U ;S) = Sp(T ) so, by Lemma 2.4.2, Sp(U) =

Spu(T ).

7.3 The main result

The aim of this section is to prove the following generalisation of [71, Theo-

rem 2.1].

Theorem 7.3.1. Let X be a complex Hilbert space, let T be a bounded rep-

resentation of a locally compact abelian semigroup S on X and let a ∈ L1(S).

Then the following are equivalent:

(i) â(χ) = 0 for every χ ∈ Spu(T );

(ii) Given any Følner net (Ωα) for S and any χ ∈ Spu(T ),

lim
α→∞

1

µ(Ωα)

∥∥∥∥∫
Ωα

χ(s)T (s)â(T ) dµ(s)

∥∥∥∥ = 0; (7.3.1)

(iii) ‖T (s)â(T )‖ → 0 as s→∞.

Remark 7.3.2. In [71, Theorem 2.1], conditions (ii) and (iii) above are pre-

sented in a slightly more general form, with the operator â(T ) replaced by an

arbitrary Q ∈ B(X) that commutes with the representation. The presentation

here is restricted to the case Q = â(T ) purely for the sake of clarity.

The proof of this result will be broken up into a number of separate steps,

all of which correspond to some part of the proof of [71, Theorem 2.1] but

typically involve some modifications to accommodate the more general setting

in which the representation need not be norm continuous. The following lemma

constitutes the main step towards proving that (i) =⇒ (ii); it corresponds to

[71, Lemma 2.2]. Note that the Hilbert space assumption is not required for

this part of the argument.

114



Lemma 7.3.3. Let X be a complex Banach space, let T be a bounded repre-

sentation of a locally compact abelian semigroup S on X and let a ∈ L1(S).

Then, for all χ ∈ Γ,

lim
α→∞

1

µ(Ωα)

∥∥∥∥∫
Ωα

χ(s)T (s)
(
â(T )− â(χ)

)
dµ(s)

∥∥∥∥ = 0,

where (Ωα) is any Følner net for S and the integral is taken in the strong sense.

Proof. With a ∈ L1(S) and χ ∈ Γ fixed, let x ∈ X be of unit norm and set

Ix(α) =
1

µ(Ωα)

∥∥∥∥∫
Ωα

χ(s)T (s)
(
â(T )x− â(χ)x

)
dµ(s)

∥∥∥∥ .
Then, by a simple application of Fubini’s theorem,

Ix(α) ≤M
∫
S

µ
(
Ωα 4 (Ωα + s)

)
µ(Ωα)

|a(s)| dµ(s),

where M = sup{‖T (s)‖ : s ∈ S}. Let ε > 0. Since a ∈ L1(S), there exists a

compact subset K of S such that
∫
S\K |a(s)| dµ(s) < ε/4M. Defining

δK(α) = sup

{
µ(Ωα 4 (Ωα + s))

µ(Ωα)
: s ∈ K

}
,

it follows from the definition of a Følner net that δK(α)→ 0 as α→∞. Since

Ix(α) ≤M‖a‖1δK(α) + 2M

∫
S\K
|a(s)|dµ(s),

Ix(α) < ε for all sufficiently large α, and the result follows.

Corollary 7.3.4. Let X be a complex Banach space, let T be a bounded

representation of a locally compact abelian semigroup S on X and let χ ∈ Γ.

Suppose that a ∈ L1(S) is such that â(χ) = 0. Then (7.3.1) holds for any

Følner net (Ωα) for S.

The next result is crucial in establishing the implication (ii) =⇒ (iii) in

Theorem 7.3.1 and should be compared with [71, Lemma 2.4].

Proposition 7.3.5. Let S be a locally compact abelian semigroup and let G

be the group generated by S. Furthermore, let X be a complex Hilbert space,

let T be a representation of G by unitary operators on X and let a ∈ L1(G).

Suppose that, for each χ ∈ Sp(T ),

lim
α→∞

1

µ(Ωα)

∥∥∥∥∫
Ωα

χ(s)T (s)â(T ) dµ(s)

∥∥∥∥ = 0,

where (Ωα) is any Følner net for S. Then â(T ) = 0.
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Proof. Let E denote the spectral measure associated with T (see [93, Theo-

rem 8.3.2]) and, for s ∈ G and any Borel subset Λ of Γ, let TΛ(s) = T (s)E(Λ).

Then

TΛ(s) =

∫
Λ
χ(s) dE(χ),

the integral being taken in the weak sense, and, by Fubini’s theorem,

b̂(TΛ) =

∫
Λ
b̂(χ) dE(χ) (7.3.2)

for all b ∈ L1(G). Thus if Λ is a closed subset of Γ and b ∈ JΛ(G), then

b̂(TΛ) = 0, and it follows that MTΛ
(Λ) = X, so that Sp(TΛ) ⊂ Λ. Choosing Λ

to be a compact subset of Γ ensures that the representation TΛ of G on X is

norm continuous.

Set Q = â(T ) and, for a given compact subset Λ of Sp(T ), define QΛ =

QE(Λ), noting that QΛ is normal and that QΛ → Q in the strong operator

topology as Λ approaches Sp(T ) through compact subsets. Furthermore, let AΛ

denote the commutative unital C∗-algebra generated by {QΛ, Q
∗
Λ}∪{TΛ(s) : s ∈

G}, and let ∆(AΛ) denote its character space. Write ΦΛ : AΛ → C(∆(AΛ))

for the Gelfand transform of AΛ, which is an isometric ∗-isomorphism, and

consider the map χξ : G → C\{0} given, for ξ ∈ ∆(AΛ) and s ∈ G, by

χξ(s) = ΦΛ(TΛ(s))(ξ). Since the representation TΛ is norm continuous, χξ

is a continuous group homomorphism, and the fact that each ξ ∈ ∆(AΛ) is

a bounded linear functional on AΛ with ‖ξ‖ = |ξ(E(Λ))| = 1 implies that

|χξ(s)| ≤ 1 for all s ∈ G. Hence χξ ∈ Γ. Moreover, if b ∈ L1(G), then∣∣̂b(χξ)∣∣ =

∣∣∣∣ξ(∫
G
b(s)TΛ(s) dµ(s)

)∣∣∣∣ ≤ ∥∥b̂(TΛ)
∥∥,

which is to say that χξ ∈ Sp(TΛ), and hence χξ ∈ Sp(T ). Let gΛ = ΦΛ(QΛ).

Then

|gΛ(ξ)| = 1

µ(Ωα)

∣∣∣∣∫
Ωα

|χξ(s)|2gΛ(ξ) dµ(s)

∣∣∣∣
≤ 1

µ(Ωα)

∥∥∥∥ΦΛ

(∫
Ωα

χξ(s)TΛ(s)QΛ dµ(s)

)∥∥∥∥
∞

=
1

µ(Ωα)

∥∥∥∥∫
Ωα

χξ(s)TΛ(s)QΛ dµ(s)

∥∥∥∥
≤ 1

µ(Ωα)

∥∥∥∥∫
Ωα

χξ(s)T (s)Qdµ(s)

∥∥∥∥ ,
for any ξ ∈ ∆(AΛ) and letting α → ∞ shows that gΛ = 0. Since ΦΛ is an

isometry, it follows that QΛ = 0, and allowing Λ to approach Sp(T ) through

compact subsets gives Q = 0, as required.
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Remark 7.3.6. The result remains true when â(T ) is replaced by any Q ∈
B(X) which commutes with T . If Q is normal, this follows from the same

argument as above, and the general case can then be obtained by considering

the operator Q∗Q; see also [71, Lemma 2.4].

Propositions 7.3.7 and 7.3.8 below correspond in essence to the two main

stages in the proof of [71, Theorem 2.1] and show, via an intermediate result

for individual orbits, that (ii) =⇒ (iii) in Theorem 7.3.1.

Proposition 7.3.7. Let X be a complex Hilbert space, let T be a bounded

representation of a locally compact abelian semigroup S onX and let a ∈ L1(S).

Suppose that, for some Følner net (Ωα) for S, (7.3.1) holds for all χ ∈ Spu(T ).

Then, for each x ∈ X, ‖T (s)â(T )x‖ → 0 as s→∞.

Proof. Fix a Banach limit φ on L∞(S) and let Xφ, Tφ and πφ be as in Propo-

sition 7.2.2, noting in particular that, for any operator Q ∈ B(X) that com-

mutes with T , the operator Qφ ∈ B(Xφ) defined by πφQ = Qφπφ satisfes

‖Qφ‖ ≤ ‖Q‖. By Proposition 7.2.3, there exist a further Hilbert space Yφ, a

representation Uφ of the group G = S − S by unitary operators on Yφ with

Sp(Uφ) = Spu(Tφ) and an isometric intertwining operator πYφ : Xφ → Yφ such

that {Uφ(−s)πYφ(x) : s ∈ S, x ∈ Xφ} is dense in Yφ. The latter implies, in

particular, that ‖QYφ‖ = ‖Qφ‖ for all Qφ ∈ B(Xφ) and all QYφ ∈ B(Yφ) which

commute with Uφ and satisfy πYφQφ = QYφπYφ . Thus it is possible to assume,

dropping only the density condition on the range of the intertwining operator,

that Tφ itself is in fact a representation of G by unitary operators on Xφ.

Now, given χ ∈ Sp(Tφ), define operators Qα ∈ B(X) and Qφ,α ∈ B(Xφ) as

Qα =
1

µ(Ωα)

∫
Ωα

χ(s)T (s)â(T ) dµ(s) (7.3.3)

and

Qφ,α =
1

µ(Ωα)

∫
Ωα

χ(s)Tφ(s)â(Tφ) dµ(s).

Then πφQα = Qφ,απφ, from which it follows that ‖Qφ,α‖ ≤ ‖Qα‖. In particular,

‖Qφ,α‖ → 0 as α → ∞. Identifying L1(S) in the natural way with a subset of

L1(G), Proposition 7.3.5 applied to Tφ, Xφ and a implies that â(Tφ) = 0. Thus

πφ(â(T )x) = â(Tφ)πφ(x) = 0 for any x ∈ X, so the result follows from the fact

that Kerπφ = X0(T ).

Proposition 7.3.8. Let X be a complex Hilbert space, let T be a bounded

representation of a locally compact abelian semigroup S onX and let a ∈ L1(S).
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Suppose that, for some Følner net (Ωα) for S, equation (7.3.1) is satisfied for

all χ ∈ Spu(T ). Then ‖T (s)â(T )‖ → 0 as s→∞.

Proof. Suppose, for the sake of contradiction, that (7.3.1) holds for all χ ∈
Spu(T ) and some Følner net (Ωα) but that there exist ε > 0 and a net (sβ)

in S, with indexing set A say, such that sβ → ∞ as β → ∞ and, for some

suitable sequence (yβ) of unit vectors in X, ‖T (sβ)â(T )yβ‖ ≥ ε for all β ∈ A.

Letting M = sup{‖T (s)‖ : s ∈ S}, it follows that ‖T (s)â(T )yβ‖ ≥ εM−1

whenever sβ − s ∈ S. Fix t ∈ S◦ and let b ∈ L1(S) satisfy ‖b‖1 = 1 and

‖a ∗ b− at‖1 < ε/2M3, where at ∈ L1(S) is given by

at(s) =

a(s− t) if s− t ∈ S,

0 otherwise.

Let XA, TA, X∞A , T∞A and πA be as in Proposition 7.2.1 and consider the

element (xβ) of X∞A , where xβ = b̂(T )yβ. Then, writing c = a ∗ b− at,

‖TA(s)â(TA)πA(xβ)‖ = ‖πAT∞A (s)â(T∞A )(xβ)‖

=
∥∥πA(T (s)â ∗ b(T )yβ

)∥∥
≥
∥∥πA(T (s+ t)â(T )yβ

)∥∥− ∥∥πA(T (s)ĉ (T )yβ
)∥∥

≥ lim inf
β→∞

‖T (s+ t)â(T )yβ‖ −M2‖c‖1

for all s ∈ S, where the last line follows from the definition of the norm on XA.

Thus ‖TA(s)â(TA)πA(xβ)‖ ≥ ε/2M for all s ∈ S.

Fix χ ∈ Spu(TA) and define the operators Q∞A,α ∈ B(X∞A ) and QA,α ∈
B(XA) as

Q∞A,α =
1

µ(Ωα)

∫
Ωα

χ(s)T∞A (s)â(T∞A ) dµ(s)

and

QA,α =
1

µ(Ωα)

∫
Ωα

χ(s)TA(s)â(TA) dµ(s).

Then πAQ
∞
A,α = QA,απA, so the properties of πA and the fact that Q∞A,α acts on

X∞A by entrywise application of the operator Qα defined in equation (7.3.3) im-

ply that ‖QA,α‖ ≤ ‖Qα‖. Hence ‖QA,α‖ → 0 as α→∞, and Proposition 7.3.7

applied to TA and XA leads to the required contradiction.

Corollary 7.3.4 and Proposition 7.3.8 together prove the implications (i) =⇒
(ii) =⇒ (iii) of Theorem 7.3.1. The following simple lemma, which follows

immediately from the definition of the spectrum of a semigroup representation
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T along with the observation that âs(T ) = T (s)â(T ) for all a ∈ L1(S) and

s ∈ S, shows that (iii) =⇒ (i), thus completing the proof of the main result.

Lemma 7.3.9. Let X be a complex Banach space, let T be a bounded repre-

sentation of a locally compact abelian semigroup S on X and let a ∈ L1(S).

Then |â(χ)| ≤ ‖T (s)â(T )‖ for all χ ∈ Spu(T ) and all s ∈ S.

Remark 7.3.10. There is a direct proof of the implication (iii) =⇒ (ii) in

Theorem 7.3.1. Indeed, if T is a bounded representation of a locally compact

abelian semigroup S on any Banach space X, if a ∈ L1(S) and if (Ωα) is any

Følner net for S, then

‖Qα‖ ≤ sup
{
‖T (s)â(T )‖ : s � t

}
+M2‖a‖1

µ
(
Ωα 4 (Ωα + t)

)
µ(Ωα)

for any t ∈ S, where Qα is as in (7.3.3) and M = sup{‖T (s)‖ : s ∈ S}. Hence

(iii) =⇒ (ii) by definition of a Følner net. Moreover, it is possible, at least in

special cases, to show directly that (ii) =⇒ (i). When S = Z+, this follows

from Corollary 7.3.4 and the uniform ergodic theorem (see [71, Corollary 2.3]),

and a similar argument works when S = R+.

7.4 A direct argument

There is an alternative argument of independent interest which establishes more

directly the equivalence of statements (i) and (iii) in Theorem 7.3.1. Recall the

classical fact that, given a representation T of a locally compact abelian group

G by isometries on a Banach space X, one has â(T ) = 0 for all a ∈ L1(G)

which are of spectral synthesis with respect to Sp(T ). This is a simple conse-

quence of the definition of Sp(T ) (see also [34, Chapter 8], [75, Chapter 5] and

[101, Lemma 2.4.3]) and is used in [19, Theorem 4.3] along with constructions

analogous to those in Section 7.2, to obtain Theorem 7.1.1. Corollary 7.4.2

below, which is an improved version of this classical result in the case where

X is a Hilbert space, makes it possible to obtain the implication (i) =⇒ (iii) of

Theorem 7.3.1 by an analogous argument that bypasses Proposition 7.3.5. It

is a special case of the following more general statement.

Proposition 7.4.1. Let X be a complex Hilbert space, let T be a representa-

tion of a locally compact abelian group G by unitary operators on X and let

a ∈ L1(G). Then

‖â(T )‖ = sup{|â(χ)| : χ ∈ Sp(T )}.
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Proof. Let AT denote the norm closure in B(X) of {b̂(T ) : g ∈ L1(G)}. Then

AT is a commutative C∗-algebra and hence, writing ∆(AT ) for the character

space of AT , the Gelfand transform Φ : AT → C0(∆(AT )) is an isometric ∗-
isomorphism. By [19, Proposition 2.4], the map sending a character χ ∈ Sp(T )

to the character ξχ on AT defined, on the dense subspace {b̂(T ) : g ∈ L1(G)}, by

ξχ(̂b(T )) = b̂(χ) is a bijection, and hence ‖â(T )‖ = ‖Φ(â(T ))‖∞ = sup{|â(χ)
∣∣ :

χ ∈ Sp(T )}, as required.

Corollary 7.4.2. Let X be a complex Hilbert space, let T be a representation

of a locally compact abelian group G by unitary operators on X and let a ∈
L1(G). Then â(T ) = 0 if and only if â(χ) = 0 for all χ ∈ Spu(T ).

Remark 7.4.3. Proposition 7.4.1 follows also from (7.3.2) with Λ = Sp(T ),

while Corollary 7.4.2 has an alternative proof using Corollary 7.3.4 and Propo-

sition 7.3.5 together with Lemma 7.3.9.
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Chapter 8

Extensions and applications

8.1 Overview

The present chapter contains a number of extensions and applications of the

results and ideas presented in Chapter 7. Consider a bounded representation

T of a locally compact abelian semigroup S on a Hilbert space X. The first

extension, described in Section 8.2, is a Katznelson-Tzafriri type result for

individual orbits. Section 8.3 then establishes a certain quantified form of the

Katznelson-Tzafriri theorem for contractive representations and Section 7.4,

finally, addresses the problem of invertibility of contractive representations.

8.2 A Katznelson-Tzafriri theorem for orbits

8.2.1 Introduction

The first natural extension of the results of the previous chapter is to individual

orbits of a given bounded representation, leading to so-called ‘local’ results.

Local results have been studied for instance in [18], [20, Section 4], [63] and

[105, Chapter 6] and are of particular interest in the context of C0-semigroups,

where orbits correspond to solutions of the associated abstract Cauchy problem;

see Section 1.1. In general, the aim is to obtain stability results for individual

orbits under assumptions weaker than those used to obtain the corresponding

‘global’ result valid in the operator norm. The purpose of this section is to

obtain a local version of Theorem 7.3.1 using the appropriate local analogue of

the unitary spectrum.
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8.2.2 The local spectrum

Given a power-bounded operator T on a Banach space X and a vector x ∈ X,

one reasonably natural definition of a local spectrum σ(T, x) of T at x is as

the set of numbers µ ∈ C such that there does not exist a neighbourhood Ω

of µ and a holomorphic function g : Ω → X satisfying (λ − T )g(λ) = x for all

λ ∈ Ω. Similarly, given a bounded C0-semigroup T with generator A, the local

spectrum σ(A, x) of T at x can be defined as the set of numbers µ ∈ C such

that there does not exist a neighbourhood Ω of λ and a holomorphic function

g : Ω → X satisfying g(λ) ∈ D(A) and (λ − A)g(λ) = x for all λ ∈ Ω. The

analogue for general semigroup representations that turns out to be appropriate

in the present context is the (Albrecht) local spectrum; see [2], [105, Chapter 6].

Consider a bounded representation T of a locally compact abelian semigroup

S on some Banach space X and let x ∈ X be given. A character χ ∈ S∗ will

be said to be locally regular at x if there exist n ∈ N, a1, . . . , an ∈ L1(S), a

neighbourhood Ω of the point λ0 = (â1(χ), . . . , ân(χ)) in Cn and holomorphic

functions g1, . . . , gn : Ω→ X such that

n∑
k=0

(
λk − âk(T )

)
gk(λ) = x (8.2.1)

for all λ = (λ1, . . . , λn) ∈ Ω. The local (Albrecht) spectrum Sp(T, x) of T

at x is then defined to be the set of all characters χ ∈ S∗ which fail to be

locally regular at x, and the unitary local (Albrecht) spectrum of T at x is

given by Spu(T, x) = Sp(T, x)∩Γ. The following simple observation shows why

spectral conditions on the unitary local spectrum are typically weaker than the

conditions imposed in Chapter 7.

Lemma 8.2.1. Let X be a complex Banach space and let T be a bounded

representation of a locally compact abelian semigroup S on X. Then, for any

x ∈ X, Sp(T, x) ⊂ Sp(T ).

Proof. By definition of the spectrum, if χ 6∈ Sp(T ) then there exists a ∈ L1(S)

such that |â(χ)| > ‖â(T )‖. Let Q = â(T ) and λ0 = â(χ). Then λ0 ∈ ρ(Q), and

taking n = 1, Ω = ρ(Q) and g(λ) = R(λ,Q)x for λ ∈ Ω, it follows that χ is

locally regular at x.

A further set that will be of interest in what follows is

Λ(T, x) =
{
χ ∈ S∗ : â(χ) = 0 for all a ∈ L1(S) s.t. â(T )x = 0

}
.
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The importance of this set arises from the following fact; see [105, Theo-

rem 6.2.7].

Theorem 8.2.2. Let X be a complex Banach space and let T be a bounded

representation of a locally compact abelian group G on X. Then, for any x ∈ X,

Sp(T, x) = Λ(T, x).

As is shown in [105, Proposition 6.2.5], it follows from this result that

if T is a bounded representation of Z or R, then Sp(T, x) = σ(T, x) (re-

spectively, Sp(T, x) = σ(A, x)). Moreover, for bounded representations of

the corresponding semigroups Z+ and R+, Sp(T, x) ⊂ σ(T, x) (respectively,

Sp(T, x) ⊂ σ(A, x)) by [105, Propositions 6.2.9 and 6.2.10], but it remains an

open problem whether the two sets necessarily coincide in this case; see [105,

Chapter 4] for some partial results.

8.2.3 The main result

The following lemma plays an important part in proving a local analogue of

the Katznelson-Tzafriri theorem; it is a combination of [105, Lemmas 6.4.1

and 6.4.2]. Recall that, by Proposition 7.2.2, given a bounded representation T

of a locally compact abelian semigroup S on a Hilbert space X and any Banach

limit φ on L∞(S), there exist a Hilbert space Xφ, a representation Tφ of S by

isometries on Xφ which satisfies Sp(Tφ) ⊂ Sp(T ) and an intertwining operator

πφ : X → Xφ with Kerπφ = X0(T ), where

X0(T ) =
{
x ∈ X : lim

s→∞
‖T (s)x‖ = 0

}
as in Section 7.2. Moreover, by Proposition 7.2.3, there exist a further Hilbert

space Yφ, a unitary representation Uφ on Yφ of the group G = S − S, and an

isometric intertwining operator πYφ : Xφ → Yφ. Fix φ and let π denote the

composition πYφ ◦πφ. Given z ∈ Yφ, finally, let Yz denote the closed linear span

of the set {Uφ(s)z : s ∈ G} and write Uz for the representation obtained by

restricting Uφ to Yz.

Lemma 8.2.3. Let X be a complex Hilbert space, T a bounded representation

of a locally compact abelian semigroup S on X and let x ∈ X. Furthermore,

let φ be a Banach limit on L∞(S) and let z = π(x). Then, with Uz as above,

Sp(Uz) ⊂ Spu(T, x).

Proof. By Theorem 2.4.1, Sp(Uz) = Λ(Uz). But for a ∈ L1(G), â(Uz) = 0 if

and only if â(Uφ)z = 0 and hence Λ(Uz) = Λ(Uφ; z). Thus, by Theorem 8.2.2,
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it remains to show only that Sp(Uφ; z) ⊂ Spu(T, x). Suppose therefore that χ ∈
Γ\ Spu(T, x). Then there exist n ∈ N, a1, . . . , an ∈ L1(S), a neighbourhood Ω of

the point λ0 = (â1(χ), . . . , ân(χ)) in Cn and holomorphic functions g1, . . . , gn :

Ω→ X such that (8.2.1) holds. Applying the map π to both sides gives

n∑
k=0

(
λk − âk(Uφ)

)
hk(λ) = z,

where hk, for 1 ≤ k ≤ n, is the holomorphic function π ◦ gk : Ω → Yφ. Since

L1(S) ⊂ L1(G), the result follows.

Remark 8.2.4. The result remains true (with the same proof) in the Banach

space setting; see [105, Section 6.4]. A slightly more careful argument in the

second half of the proof shows that in fact Sp(Uφ; z) ⊂ Spu(Tφ; y) ⊂ Spu(T, x),

where y = πφ(x).

The main result of this section is the following theorem, which extends and

improves the local result [18, Theorem 5.1] in the Hilbert space setting.

Theorem 8.2.5. Let X be a complex Hilbert space, T a bounded representa-

tion of a locally compact abelian semigroup S onX and let x ∈ X. Suppose that

a ∈ L1(S) is such that â(χ) = 0 for all χ ∈ Spu(T, x). Then ‖T (s)â(T )x‖ → 0

as s→∞.

Proof. Using the same notation as before, Lemma 8.2.3 gives the inclusion

Sp(Uz) ⊂ Spu(T, x), where z = π(x). Hence â(χ) = 0 for all χ ∈ Sp(Uz), and

it follows from Corollary 7.4.2 that â(Uz) = 0. Thus π(â(T )x) = â(Uφ)z = 0,

and the fact that πYφ is isometric implies that â(T )x ∈ Kerπφ. Since Kerπφ =

X0(T ), this completes the proof.

8.2.4 Unbounded representations

It is natural to ask whether the results of the previous section carry over to the

case of unbounded orbits, and indeed the answer is affirmative provided the

growth is sufficiently slow and regular. A measurable function w : S → [1,∞)

which is bounded on compact subsets of S and satisfies

w(s+ t) ≤ w(s)w(t)

for all s, t ∈ S is said to be a weight, and a representation T of S on a Banach

space X is said to be dominated by the weight w if ‖T (s)‖ ≤ w(s) for all s ∈ S.
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Given a semigroup S and a weight w on S, let L1
w(S) denote the so-called

Beurling algebra of measurable functions a : S → C for which∫
S
|a(s)|w(s) dµ(s) <∞,

and let the superscript w on a spectrum (as e.g. in Spw
u (T, x) for x ∈ X) indicate

that any occurrence of L1(S) is replaced in the definition by the Beurling algebra

L1
w(S). For more details on weights and representations dominated by weights,

see [20], [56] and [75] and [105, Section 2.8].

The main result of this section is the following generalisation of Theo-

rem 8.2.5 to representations which are dominated by sufficiently well-behaved,

but potentially unbounded, weights.

Theorem 8.2.6. Let X be a complex Hilbert space and let T be a represen-

tation of a locally compact abelian semigroup S on X which is dominated by

a weight w satisfying

lim
t→∞

w(s+ t)

w(t)
= 1 (8.2.2)

for all s ∈ S. Furthermore, let x ∈ X and suppose that a ∈ L1
w(S) is such that

â(χ) = 0 for all χ ∈ Spw
u (T, x). Then

lim
s→∞

‖T (s)â(T )x‖
w(s)

= 0.

Proof. The proof follows the same lines as that of Theorem 8.2.5 except that

Proposition 7.2.2 is replaced by a version allowing for non-constant weights; see

[105, Section 5.1]. In particular, the regularity assumption (8.2.2) on the weight

w ensures that the limit representation of [105, Section 5.1] is isometric, and

hence can be extended as before to a representation of G by unitary operators

on some Hilbert space. Using the notation of the previous section, the spectral

inclusion Sp(Uz) ⊂ Spw
u (T, x) remains valid (see [105, Lemma 6.4.2]), so the

result follows almost exactly as in the proof of Theorem 8.2.5.

Remark 8.2.7. As before, the first part of the proof is valid in the more general

Banach space setting. It remains open whether the argument in the proof of

Proposition 7.3.8, which converts a result for individual orbits to a result valid

for the operator norm, can be adapted to the case of representations that are

bounded by a weight of the form considered here; for a result of this type in

the Banach space setting see [105, Theorem 5.2.2]. It is also unclear whether

Theorems 8.2.5 and 8.2.6 can be established when the boundedness condition
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(involving a constant weight or otherwise) is imposed only on the orbit in

question instead of the representation itself.

8.3 A quantified Katznelson-Tzafriri type theorem

for contractive representations

8.3.1 Introduction

Given a bounded representation T of a locally compact abelian semigroup S

on a complex Hilbert space X and a function a ∈ L1(S), Theorem 7.3.1 gives

a necessary and sufficient condition in terms of the unitary spectrum Spu(T )

for the limit lims→∞ ‖T (s)â(T )‖ to vanish. However, even in the case of a con-

tractive representation T , for which this limit exists without any assumptions

on a, no conclusion is possible if â fails to vanish at all points of Spu(T ). It

was recently shown in [106] that for contractive representations of S = Zn+ with

n ≥ 1 or S = R+ and any a ∈ L1(S)

lim
s→∞

‖T (s)â(T )‖ = sup{|â(χ)| : χ ∈ Spu(T )}, (8.3.1)

and that, for S = Zn+ with n = 1, 2, the conclusion remains valid when â

is replaced by elements of larger algebras of functions. A number of related

results may be found in [3], [13], [21], [22] and [82]. The intention here is to

examine to what extent the validity of (8.3.1) can be extended to contractive

representations of more general semigroups on a Hilbert space. Section 8.3.2

sets the scene with a few preliminary observations before the main results are

presented in Section 8.3.3.

8.3.2 Preliminaries

The following simple lemma shows that, for the present purpose of studying

the asymptotics of contractive representations T of a locally compact abelian

semigroup S, nothing is lost by assuming that in fact ‖T (s)‖ = 1 for all s ∈ S.

Lemma 8.3.1. Let X be a complex Banach space and let T be a bounded

representation of a locally compact abelian semigroup S on X. Suppose that

there exists some s0 ∈ S such that ‖T (s0)‖ < 1. Then Spu(T ) = ∅ and

‖T (s)‖ → 0 as s→∞.
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Proof. Let χ ∈ ASp(T ). Then there exists a net (xα) of unit vectors in X

with

lim
α→∞

‖T (s)xα − χ(s)xα‖ → 0,

uniformly for s in compact subsets of S. In particular, χ(s0) ∈ σa(T (s0)) and

it follows that

|χ(s0)| ≤ r(T (s0)) ≤ ‖T (s0)‖ < 1,

so that χ /∈ Γ. Thus ASpu(T ) = ∅, which by Proposition 2.4.3 implies the first

part of the claim.

For the second part, suppose there exists ε > 0 such that, for some net (sα)

in S with sα →∞ as α→∞, ‖T (sα)‖ ≥ ε for each α. Let n0 ∈ N be such that

‖T (s0)‖n0 < εmin{1,M−1}, where M = sup{‖T (s)‖ : s ∈ S}. Thus n0s0 6= sα

for all α and, if α is such that sα � n0s0, then

ε ≤ ‖T (sα)‖ ≤ ‖T (s0)‖n0‖T (sα − n0s0)‖ < ε,

which gives the required contradiction.

Remark 8.3.2. If T is a C0-semigroup, the result follows immediately from

the inequality s(A) ≤ ω0(T ) together with the fact that, for every t > 0,

ω0(T ) =
log r(T (t))

t
≤ log ‖T (t)‖

t
.

Now, given a locally compact abelian semigroup S, let G be the group

generated by S and let Λ be any closed subset of the dual group Γ. Consider the

contractive algebra homomorphism WΛ : L1(G) → C0(Λ) defined by WΛ(a) =

â |Λ. Then KerWΛ = KΛ(G) and, by the Stone-Weierstrass theorem, RanWΛ is

dense in C0(Λ); see [95, Theorem 1.2.4]. Since KΛ(G) is a closed ideal of L1(G),

the quotient L1(G)/KΛ(G) is a Banach algebra under the quotient norm

‖a+KΛ(G)‖ = inf
{
‖a− b‖1 : b ∈ KΛ(G)

}
.

Moreover, WΛ induces a well-defined injective algebra homomorphism

UΛ : L1(G)/KΛ(G)→ C0(Λ)

given, for a ∈ L1(G), by UΛ(a + KΛ(G)) = WΛ(a). This homomorphism is

bounded with ‖UΛ‖ = ‖WΛ‖ ≤ 1 so that, in particular,

sup{|â(χ)| : χ ∈ Λ} ≤ ‖a+KΛ(G)‖ (8.3.2)

for all a ∈ L1(G) and all closed subsets Λ of Γ.
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8.3.3 Main results

Let T be a contractive representation of a locally compact abelian semigroup S

on a complex Hilbert space X. Then, by a simple application of Lemma 7.3.9,

sup{|â(χ)| : χ ∈ Λ} ≤ lim
s→∞

‖T (s)â(T )‖ (8.3.3)

whenever Λ ⊂ Spu(T ). This raises the question whether it is possible to com-

pare the right-hand side of (8.3.2) with that of (8.3.3). Proposition 8.3.4 below,

which again follows from the corresponding result for individual orbits estab-

lished in Proposition 8.3.3, answers this in the affirmative when Λ = Spu(T ).

The argument is similar to that of [13, Proposition 5.5], but the result is sharper

since there exist locally compact abelian groups G whose dual groups contain

subsets Λ which are not of spectral synthesis; see [95, Chapter 7].

Proposition 8.3.3. Let X be a complex Hilbert space, let T be a contractive

representation of a locally compact abelian semigroup S on X and let Λ =

Spu(T ). Furthermore, let G be the group generated by S and suppose that

a ∈ L1(S). Then, for all x ∈ X,

lim
s→∞

‖T (s)â(T )x‖ ≤ ‖a+KΛ(G)‖‖x‖

Proof. Fix a Banach limit φ on L∞(S) and let Xφ, Tφ and πφ be as in Propo-

sition 7.2.2, noting that, since T is contractive,

‖πφ(x)‖φ = lim
s→∞

‖T (s)x‖

for all x ∈ X. As in the proof of Proposition 7.3.7, it is possible by Propo-

sition 7.2.3 to assume that Tφ is in fact a representation of the group G by

unitary operators on Xφ. It follows from Corollary 7.4.2 that b̂(Tφ) = 0 for all

b ∈ KΛ(G) and hence that

‖â(Tφ)‖ ≤
∥∥â(Tφ)− b̂(Tφ)

∥∥ ≤ ‖a− b‖1
for any such b. Thus ‖â(Tφ)‖ ≤ ‖a+KΛ(G)‖ and hence, given any x ∈ X,

lim
s→∞

‖T (s)â(T )x‖ = ‖πφ(â(T )x)‖φ

= ‖â(Tφ)πφ(x)‖φ
≤ ‖a+KΛ(G)‖‖πφ(x)‖φ.

The result now follows since ‖πφ‖ ≤ sup{‖T (s)‖ : s ∈ S} = 1.
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Proposition 8.3.4. Let X be a complex Hilbert space, let T be a contractive

representation of a locally compact abelian semigroup S on X and let Λ =

Spu(T ). Furthermore, let G be the group generated by S and suppose that

a ∈ L1(S). Then

lim
s→∞

‖T (s)â(T )‖ ≤ ‖a+KΛ(G)‖.

Proof. Suppose not. Then there exist ε > 0 and a net (sβ) in S, with indexing

set A, say, and satisfying sβ → ∞ as β → ∞, as well as a net of unit vectors

(yβ) in X such that

‖T (sβ)â(T )yβ‖ ≥ ‖a+KΛ(G)‖+ ε

for all β ∈ A. In particular,

‖T (s)â(T )yβ‖ ≥ ‖a+KΛ(G)‖+ ε

whenever sβ � s.
Let XA, X∞A , TA and πA be as in Proposition 7.2.1 and, for a fixed t ∈ S◦,

choose b ∈ L1(S) such that ‖b‖1 = 1 and ‖a ∗ b − at‖1 < ε/2, and define

(xβ) ∈ X∞A by setting xβ = b̂(T )yβ. It then follows from a calculation analogous

to the one in the proof of Proposition 7.3.8 that

‖TA(s)â(TA)πA(xβ)‖ > ‖a+KΛ(G)‖+
ε

2

for all s ∈ S. However, Proposition 8.3.3 applied to the contractive representa-

tion TA of S on XA with unitary spectrum ΛA ⊂ Λ shows that

lim
s→∞

‖TA(s)â(TA)πA(xβ)‖ ≤ ‖a+KΛA(G)‖‖πA(xβ)‖ ≤ ‖a+KΛ(G)‖,

since ‖πA(xβ)‖ ≤ ‖b̂(T )‖ ≤ 1. This gives the required contradiction.

Remaining in the setting of this result, it turns out that in order to obtain

an upper bound on the limit lims→∞ ‖T (s)â(T )‖ in terms of sup{|â(χ)| : χ ∈ Λ}
rather than ‖a + KΛ(G)‖ it is necessary to require the unitary spectrum Λ to

be of a special type. Note first that, by the Inverse Mapping Theorem, the

operator UΛ is an isomorphism precisely when it is surjective. Since its range

is dense in C0(Λ), this is the case if and only if the map is an isomorphic

embedding, which in turn is equivalent to the dual operator U ′Λ : M0(Λ) →
KΛ(G)⊥ being either a surjection or an isomorphic embedding; see for instance

[95, Appendix C11]. Here M0(Λ) denotes the space of bounded Radon measures

on Λ and the annihilator KΛ(G)⊥ of KΛ(G) is a subspace of L∞(G). A set Λ for

which these conditions are satisfied is said to be a Helson set, and the quantity

α(Λ) = ‖U−1
Λ ‖ is then known as its Helson constant.
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Remark 8.3.5. Note that, for any Helson set Λ, α(Λ) ≥ ‖UΛ‖−1 ≥ 1, and

that, by an application of Fubini’s theorem, U ′Λ(ν) = ν̂, where

ν̂(s) =

∫
Λ
χ(s) dν(χ)

for ν ∈M0(Λ) and s ∈ G. In particular, it follows from [95, Section 1.3.3] that

every element KΛ(G)⊥ is uniformly continuous.

The following result provides an upper bound for representations whose

spectrum is a Helson set; it should be compared with the corresponding results

in [106].

Proposition 8.3.6. Let X be a complex Hilbert space, let T be a contractive

representation of a locally compact abelian semigroup S onX and let a ∈ L1(S).

Furthermore, let Λ = Spu(T ) and suppose that Λ is a Helson set. Then

lim
s→∞

‖T (s)â(T )‖ ≤ α(Λ) sup{|â(χ)| : χ ∈ Λ}. (8.3.4)

Proof. By Proposition 8.3.4 and the definition of the Helson constant,

lim
s→∞

∥∥T (s)â(T )
∥∥ ≤ ‖U−1

Λ (WΛ(a))‖ ≤ α(Λ)‖WΛ(a)‖∞,

as required.

Combining this result with equation (8.3.3) for Λ = Spu(T ) gives the follow-

ing quantified result, which combines aspects of [106, Theorems 3.1 and 5.4].

The first of these applies only when S = R+ but involves no assumptions on the

unitary spectrum, whereas the second imposes an even stronger assumption on

the unitary spectrum but does not require X to be a Hilbert space.

Corollary 8.3.7. Let X be a complex Hilbert space, let T be a contractive

representation of a locally compact abelian semigroup S onX and let a ∈ L1(S).

Furthermore, let Λ = Spu(T ) and suppose that Λ is a Helson set. Then

sup{|â(χ)| : χ ∈ Λ} ≤ lim
s→∞

‖T (s)â(T )‖ ≤ α(Λ) sup{|â(χ)| : χ ∈ Λ}.

Remark 8.3.8. Note that the Hilbert space assumption on X in Proposi-

tion 8.3.6 and Corollary 8.3.7 cannot be dropped, at least not completely. In-

deed, given any closed subset Λ of Γ, if (8.3.4) were to hold for all contractive

representations T of S with Spu(T ) = Λ on any Banach space X (or even just

for the shift semigroup on any quotient of L1(G) by a closed ideal), then Λ
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would necessarily be not only a Helson set but moreover of spectral synthesis;

see [106, Theorem 5.4]. Since there exist Helson sets which are not of spectral

synthesis (see [51, Section 4.6]), some condition on the geometry of X must

be retained. It is unclear, however, whether a weaker condition on X, such as

(super)reflexivivity (see also [72, Remark 4.2.6]) or B-convexity, is sufficient.

Example 8.3.9. 1. If T is a contractive representation of a locally compact

abelian semigroup S on a complex Hilbert space X such that Λ = Spu(T )

is finite, then

lim
s→∞

‖T (s)â(T )‖ ≤ |Λ|1/2 sup{|â(χ)| : χ ∈ Λ}

for any a ∈ L1(S). This follows from the fact that any finite set Λ is a

Helson set with Helson constant α(Λ) ≤ |Λ|1/2; see [51, Proposition 1.1.6].

In particular, if Λ = {χ} then

lim
s→∞

‖T (s)â(T )‖ = |â(χ)|.

2. If T is a contractive C0-semigroup on a complex Hilbert space and Λ =

σ(A) ∩ iR is a Helson set, then

1

dist(1,Λ)
≤ lim

t→∞

∥∥T (t)R(1, A)
∥∥ ≤ α(Λ)

dist(1,Λ)
.

This follows from Corollary 8.3.7 with the choice a(t) = e−t for t ≥ 0 and

extends [101, Corollary 5.2.6] in the Hilbert space case.

3. If T is a contraction on a Hilbert space and Λ = σ(T )∩T is a Helson set,

then

dist(1,Λ) ≤ lim
n→∞

‖Tn(I − T )‖ ≤ α(Λ) dist(1,Λ).

This follows from Corollary 8.3.7 with the choice a = (1,−1, 0, 0, . . . ),

and is a special case of the more general result [106, Theorem 3.2].

8.4 Invertibility of contractive representations

8.4.1 Introduction

The purpose of this section is to apply the results of Chapter 7 to the study

of invertibility of contractive representations on Hilbert space. The objective

is to find conditions on the spectrum which ensure that a representation of a
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locally compact abelian semigroup S extends to a representation of the group

G = S − S generated by S; for previous results in this area, see for instance

[13] and [99]. Section 8.4.2 contains the necessary preliminary observations

for the main result, Theorem 8.4.6, which is presented in Section 8.4.3. In

Section 8.4.4 this result is then used to obtain a quantified stability result for

individual orbits of a representation.

8.4.2 Preliminaries

Let S be a locally compact abelian semigroup and let G = S − S be the group

generated by S. Note that, for any closed subset Λ of the dual group Γ of G,

there exists a contractive embedding

VΛ : L1(S)/KΛ(S)→ L1(G)/KΛ(G),

where KΛ(S) = KΛ(G) ∩L1(S). A closed subset Λ of Γ will be said to be thin

if the map VΛ is an isometric isomorphism. Making the usual identifications,

this is equivalent to the restriction mapping

V ′Λ : KΛ(G)⊥ → KΛ(S)⊥

given by V ′Λ(φ) = φ|S being an isometry; see [95, Appendix C11]. Noting that

if φ ∈ KΛ(G)⊥ then φs ∈ KΛ(G)⊥ for each s ∈ G and ‖φ‖∞ = ‖φs‖∞, this in

turn is the same as requiring that

‖φ‖∞ = ess-lim sup
s→∞

|φ(s)| (8.4.1)

for all φ ∈ KΛ(G)⊥.

Remark 8.4.1. It is clear that, if Λ is a thin subset of the dual group Γ of a

locally compact abelian group G and Λ′ ⊂ Λ, then Λ′ is also thin.

It is known that any countable closed subset Λ of Γ is thin (see [13, Proposi-

tion 2.1]), and in fact the same argument applies to any scattered closed subset.

In general, however, there is no easy way of determining whether a given closed

subset Λ of Γ is thin. The following lemma constitutes a small step in this

direction, although it is not clear whether it provides any interesting examples,

such as sets which fail to be of spectral synthesis. Recall from Remark 8.3.5

that elements of KΛ(G)⊥ are uniformly continuous whenever Λ is a Helson set,

so that the “ess” in (8.4.1) can be dropped in this case.
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Lemma 8.4.2. Let S be a locally compact abelian semigroup and let G be the

group generated by S. Suppose that Λ is a Helson subset of the dual group Γ

of G and that

lim inf
s→∞

sup{|1− χ(s)| : χ ∈ Λ} = 0. (8.4.2)

Then Λ is thin.

Proof. By definition of a Helson set, the map U ′Λ : M0(Λ) → KΛ(G)⊥ intro-

duced in Section 8.3 is surjective. Thus, given φ ∈ KΛ(G)⊥ and s, t ∈ G, there

exists a measure ν ∈M0(Λ) such that U ′Λ(ν) = ν̂ = φ and hence

|φ(s)− φ(t)| =
∣∣∣∣∫

Λ

(
χ(s)− χ(t)

)
dν(χ)

∣∣∣∣ ≤ ‖ν‖ sup{|1− χ(s− t)| : χ ∈ Λ}.

Thus the result follows from (8.4.2).

Remark 8.4.3. The result remains true for S = Z+ even when Λ is not

assumed to be a Helson set; see for instance [32] and [59]. In this case it follows

from this result together with an application of the Dirichlet approximation

theorem that any closed subset Λ of T is thin provided

lim inf
ε→0

Nε(Λ)

| log ε|
= 0, (8.4.3)

where Nε(Λ) denotes the least number of arcs of length at most ε needed to

cover Λ; see [59]. Using Lemma 8.4.2 it is possible to extend this result for

instance to the case S = R+ with Λ a Helson subset of the dual group iR
satisfying (8.4.3) with a suitable interpretation of Nε(Λ). For further details on

sets Λ ⊂ T satisfying (8.4.3), including a proof that any such set is necessarily

of measure zero, see also [60, Chapter VII].

8.4.3 Main results

The results presented here are analogous to those contained in [13, Section 4]

and [18, Section 7], where the unitary spectrum is assumed to be countable;

see also [16] and [52, Section 5.4]. The first corresponds to [13, Lemma 4.4].

Together with Proposition 8.4.5 below it leads to the main result of this section,

Theorem 8.4.6, which gives a sufficient condition in terms not of countability but

of thinness of the unitary spectrum for a contractive representation of a locally

compact abelian semigroup S on a Hilbert space to extend to a representation

of the group G = S − S by unitary operators on the same Hilbert space. A

representation T of a locally compact abelian semigroup S on a Banach space

X is said to be trivially asymptotically stable if X0(T ) = {0}.
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Lemma 8.4.4. Let S be a locally compact abelian semigroup, let G be the

group generated by S and let X be a complex Hilbert space. Suppose that T

is a trivially asymptotically stable contractive representation of S on X and let

Λ = Spu(T ). Then, for any a ∈ L1(S), ‖â(T )‖ ≤ ‖a + KΛ(S)‖. In particular,

if Λ is thin, then ‖â(T )‖ ≤ ‖a+KΛ(G)‖.

Proof. Let b ∈ KΛ(S). By Theorem 7.3.1, ‖T (s)̂b(T )‖ → 0 as s→∞ and, in

particular, Ran b̂(T ) ⊂ X0(T ). Since T is assumed to be trivially asymptotically

stable, it follows that b̂(T ) = 0. Hence

‖â(T )‖ =
∥∥â(T )− b̂(T )

∥∥ ≤ ‖a− b‖1
and, taking the infimum over all b ∈ KΛ(S), it follows that ‖â(T )‖ ≤ ‖a +

KΛ(S)‖. The final statement follows from the definition of a thin set.

The following result corresponds to [13, Proposition 4.5] and [18, Lemma 7.1].

Here, given a ∈ L1(G) and s ∈ G for some locally compact abelian group G,

the notation as once again denotes the translate of a by s.

Proposition 8.4.5. Let S be a locally compact abelian semigroup, let G be

the group generated by S and let X be a complex Hilbert space. Suppose that

T is a trivially asymptotically stable contractive representation of S on X, let

Λ = Spu(T ) and suppose that Λ is thin. Then there exists a contractive algebra

homomorphism πΛ : L1(G)→ B(X) with KerπΛ = KΛ(G) such that

(i) πΛ(a) = â(T ) for all a ∈ L1(S);

(ii) πΛ(as) = T (s)â(T ) for all a ∈ L1(G) and all s ∈ S.

Proof. Let a ∈ L1(G). Since Λ is thin, there exists a function b ∈ L1(S)

such that a − b ∈ KΛ(G). Define πΛ(a) = b̂(T ). Then πΛ is well-defined by

Lemma 8.4.4 and it is clear that πΛ is an algebra homomorphism satisfying (i).

Futhermore,

‖πΛ(a)‖ ≤ ‖b+KΛ(S)‖ = ‖a+KΛ(G)‖ ≤ ‖a‖1

and, by Theorem 7.3.1, πΛ(a) = 0 if and only if b ∈ KΛ(S), which is equivalent

to a ∈ KΛ(G). Since as − bs ∈ KΛ(G) for each s ∈ S, it follows from the fact

that KerπΛ = KΛ(G) together with (i) that

πΛ(as) = b̂s(T ) = T (s)πΛ(a),

as required.
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The following is the main result of this section and corresponds to [13, The-

orem 4.8]; see also [18, Theorem 7.2]. Suppose that S is a locally compact

abelian semigroup and let G be the group generated by S. Given a representa-

tion T of S on a Banach space X and x ∈ X, a map φ : G→ X is said to be a

complete orbit through x if φ(0) = x and T (s)φ(t) = φ(s+ t) for all s ∈ S and

all t ∈ G. Note that any trivially asymptotically stable representation has at

most one complete orbit through any x ∈ X.

Theorem 8.4.6. Let S be a locally compact abelian semigroup, let G be the

group generated by S and let X be a complex Hilbert space. Suppose that T is

a trivially asymptotically stable contractive representation of S on X such that

Spu(T ) is thin. Then T extends to a representation of G by unitary operators

on X.

Proof. Fix x ∈ X and let Λ = Spu(T ). For a ∈ L1(G) such that the support

K of â is compact, define the map φa,x : G→ X by φa,x(s)πΛ(as)x, where the

map πΛ : L1(G)→ B(X) is as in Proposition 8.4.5. By [95, Section 2.6.8], it is

possible, given any ε > 0, to find a function b ∈ L1(G) such that b̂(χ) = 1 for

all χ ∈ K and ‖b‖1 ≤ 1 + ε. Then â · b̂ = â and hence, for any s ∈ G,

φa,x(s) = πΛ

(
(a ∗ b)s

)
x = πΛ(a ∗ bs)x = πΛ(bs)πΛ(a)x.

Thus sup{‖φa,x(s)‖ : s ∈ G} ≤ (1 + ε)‖πΛ(a)x‖. By part (ii) of Proposi-

tion 8.4.5, φa,x(s) = T (s)φa,x(0) = T (s)πΛ(a)x whenever s ∈ S, and hence φa,x

is a complete orbit through πΛ(a)x.

Fix s0 ∈ S◦ and let (a(β)) be a net in L1(G) whose elements have compactly

supported Fourier-Laplace transform and are such that∥∥T (s0)x− πΛ

(
a(β)

)
x
∥∥→ 0

as β → ∞. Such a net exists by density in L1(G) of functions whose Fourier-

Laplace transform is compactly supported together with an approximation ar-

gument based on the result of Section 2.4.1. As in the proof of [18, Theorem 7.2],

a standard completeness argument now shows that the map φx : G→ X given

by

φx(s) = lim
β→∞

φa(β),x(s)

is well-defined and, moreover,

sup{‖φx(s)‖ : s ∈ G} ≤ ‖T (s0)x‖ ≤ ‖x‖
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and φx is the complete orbit through T (s0)x. Note also that T (s0)φx(−s0) =

φx(0) = T (s0)x and hence, by injectivity of T (s0), φx(−s0) = x.

Let U : G → B(X) be given, for s ∈ G and x ∈ X, by U(s)xφx(s − s0).

Then U is well-defined and satisfies ‖U(s)‖ ≤ 1 for all s ∈ G. For s ∈ S

and x ∈ X, U(s)x = φx(s − s0) = T (s)x, giving U(s) = T (s). Furthermore,

U(−s) = U(s)−1 for all s ∈ G, so each of the operators U(s) is unitary and the

result follows.

Remark 8.4.7. The requirement that the unitary specturm be thin is in gen-

eral too strong. For instance, it is shown in [99, Theorem I.3.7 and Propo-

sition II.6.7] and [30, Corollary 2], respectively, that for S = Z+ or R+ the

conclusion Theorem 8.4.6 holds under the milder condition that the unitary

spectrum have measure zero; see also [63] and Remark 8.4.3. On the other

hand, the example given in [13, Example 4.1] of an operator T ∈ B(`2(Z))

which has unit norm, satisfies σ(T ) ∩ T = T and is trivially asymptotically

stable but neither isometric nor invertible shows that some restriction on the

unitary spectrum is necessary.

8.4.4 Stability of orbits

The purpose here is to apply Theorem 8.4.6 to the study of stability of indi-

vidual orbits of a semigroup representation with thin unitary spectrum. The

main result, Corollary 8.4.9 below, is a simple consequence of Theorem 8.4.6

and corresponds to the first statement in [13, Corollary 5.3]; see also [18, The-

orem 7.4]. It requires the following auxiliary result, which is a Hilbert space

version of [13, Proposition 4.3]. Note that if T is a representation of a locally

compact abelian semigroup S on a Hilbert space X then, by T -invariance of

X0(T ), T induces a representation T0 of S on X0(T )⊥ given, for s ∈ S, by

T0(s) = PT (s)|X0(T )⊥ , where P denotes the orthogonal projection of X onto

X0(T )⊥.

Lemma 8.4.8. Let X be a complex Hilbert space, let T be a contractive rep-

resentation of S on X and let P denote the orthogonal projection of X onto

X0(T )⊥. Then, for any x ∈ X,

lim
s→∞

‖T (s)x‖ = lim
s→∞

‖T0(s)y‖,

where T0 is the representation of S on X0(T )⊥ induced by T and y = Px. In

particular, X0(T0) = {0}.
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Proof. Given x ∈ X, fix ε > 0 and let ` = lims→∞ ‖T0(s)y‖, where y = Px.

Then T0(s)y = PT (s)x for all s ∈ S, so ` = lims→∞ ‖PT (s)x‖. Hence there

exist s0 ∈ S and z ∈ X0(T ) such that ‖T (s0)x− z‖ < `+ ε and therefore

‖T (s0 + t)x‖ ≤ ‖T (s0 + t)x− T (t)z‖+ ‖T (t)z‖ < `+ ε+ ‖T (t)z‖

for any t ∈ S. Letting t→∞ gives lims→∞ ‖T (s)x‖ ≤ `+ ε. Since ‖T0(s)y‖ ≤
‖T (s)x‖ for all s ∈ S and since ε > 0 was arbitrary, it follows that ` =

lims→∞ ‖T (s)x‖. In particular, ` = 0 if and only if x ∈ X0(T ), so T0 is trivially

asymptotically stable, as required.

Corollary 8.4.9. Let X be a complex Hilbert space and let T be a contractive

representation of a locally compact abelian semigroup S on X such that Spu(T )

is thin. Then, for any x ∈ X,

lim
s→∞

‖T (s)x‖ = inf
{
‖x− z‖ : z ∈ X0(T )

}
.

Proof. By Lemma 8.4.8, the induced representation T0 of S on X0(T )⊥ is triv-

ially asymptotically stable. Moreover, ‖â(T0)‖ ≤ ‖â(T )‖ for any a ∈ L1(S) and

hence Sp(T0) ⊂ Sp(T ). In particular, Spu(T0) is thin by Remark 8.4.1. Thus

Theorem 8.4.6 shows that T0 extends to a representation by unitary operators

on X0(T )⊥ of the group G = S−S. In particular, it follows from Lemma 8.4.8

that, for x ∈ X and y = Px,

lim
s→∞

‖T (s)x‖ = lim
s→∞

‖T0(s)y‖ = ‖y‖,

as required.
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[98] D. Seifert. Some improvements of the Katznelson-Tzafriri theorem on

Hilbert space. Proceedings of the American Mathematical Society, to ap-

pear.

[99] B. Sz.-Nagy, C. Foias, H. Bercovici, and L. Kérchy. Harmonic analysis of

operators on Hilbert space. Springer, Berlin, 2010.

[100] O. van Gaans. On R-boundedness of unions of sets of operators. In

E. Koelink, J.M.A.M. van Neerven, B. de Pagter, and G. Sweers, editors,

Partial Differential Equations and Functional Analysis, volume 168 of

Operator Theory: Advances and Applications. Birkhäuser, Basel, 2006.
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