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Abstract

This thesis is concerned with extensions and refinements of the
Katznelson-Tzafriri theorem, a cornerstone of the asymptotic
theory of operator semigroups which recently has received re-
newed interest in the context of damped wave equations. The
thesis comprises three main parts. The key results in the first
part are a version of the Katznelson-Tzafriri theorem for bounded
Co-semigroups in which a certain function appearing in the orig-
inal statement of the result is allowed more generally to be a
bounded Borel measure, and bounds on the rate of decay in an
important special case. The second part deals with the discrete
version of the Katznelson-Tzafriri theorem and establishes upper
and lower bounds on the rate of decay in this setting too. In an
important special case these general bounds are then shown to
be optimal for general Banach spaces but not on Hilbert space.
The third main part, finally, turns to general operator semi-
groups. It contains a version of the Katznelson-Tzafriri theorem
in the Hilbert space setting which relaxes the main assumption
of the original result. Various applications and extensions of this
general result are also presented.
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Preliminaries



Chapter 1

Introduction

This introductory chapter offers some motivation for investigating the problems
addressed in the later parts of this thesis and provides an overview of the
chapters that follow. More detailed introductory remarks, including surveys of
the relevant literature, are included in the chapters themselves.

1.1 Background and motivation

Many problems arising in physics and other sciences describe the evolution of
some quantity in time and space. Typically these problems can be formulated

as a so-called abstract Cauchy problem of the form
(1.1.1)

Here v : Ry — X takes values in some complex Banach space X, A is a
suitable linear operator on X and x € X. The problem is said to be well-posed
if the operator A is the generator of a Cy-semigroup 7', and in this case the
unique solution of is given by the orbit u(t) = T'(t)x for all t > 0;
see [6, Chapter 3] and [45] for background material on Cpy-semigroups. Since
these orbits are continuous but not in general differentiable, the function u is a
solution only in a certain mild sense unless the initial value z lies in the domain
D(A) of the generator A, in which case the solution is said to be a classical
solution.

It is this interpretation of semigroup orbits as solutions of an associated

Cauchy problem that provides one of the main motivations for studying the



properties of Cy-semigroups. In most examples, though, there is little hope of
obtaining an explicit formula for the operators T'(¢) for ¢ > 0. The main task
therefore is to deduce properties of the semigroup 7', concerning for instance
its regularity or long-time asymptotic behaviour, from the properties of the
generator A, in particular its spectral properties. Perhaps one of the most
important results of this kind is the Katznelson-Tzafriri theorem, which gives
a sufficient condition for certain orbits to decay to zero as t — oco. Given a
function a € L!(R), define the Fourier-Laplace transform @ for s € R by

alis) = /R a(t)ei* dt

and, given a bounded Cy-semigroup T on a complex Banach space X and a
function a € L'(R), define the operator a(T) for = € X by

a(T):E:/R a(t)T'(t)x dt.

The Katznelson-Tzafriri theorem can now be stated as follows; see [48], [104].

Theorem 1.1.1. Let X be a complex Banach space and let T' be a bounded
Co-semigroup on X with generator A. Suppose that a € L'(R,) is of spectral
synthesis with respect to o(A) NiR. Then ||T(t)a(T)|| — 0 as t — oo.

Here a function a € L*(R, ) is said to be of spectral synthesis with respect
to a closed subset A of iR if @ can be approximated in L'-norm by elements of
LY(R) whose Fourier-Laplace transforms vanish in a neighbourhood of A. One
particularly striking application of the Katznelson-Tzafriri theorem is contained
in [48], where it is used to give a new proof of the well-known Arendt-Batty-
Lyubich-Vu theorem stating that, for a bounded Cy-semigroup 7" on a complex
Banach space X such that the unitary spectrum o(A) NiR of its generator A
is at most countable and contains no eigenvalues of the adjoint operator A’ of
A, || T(t)z|]| > 0ast— oo forall z € X.

A rather simpler consequence of Theorem is the observation that

Jim [T (6)R(1, 4)| = 0 (1.1.2)

provided o(A) NiR = @, which follows by applying the result to the function to
the function a given by a(t) = et for ¢t > 0. Note that (1.1.2) is equivalent to

tliglo sup {||T(¢)z|| : € D(A),||z||la =1} =0, (1.1.3)



where ||-|| 4 denotes the graph norm given, for x € D(A), by ||z||a = ||z||+] Az
Problems in which the generator A of a bounded Cy-semigroup 7T has empty
unitary spectrum arise for instance in the study of damped wave equations,
and in this context ((1.1.3) can be interpreted as saying that the total energy
of solutions decays to zero over time, uniformly for initial values x € D(A).
Indeed, consider the damped wave equation
2
% — Av + a(x)% =

to be solved subject to the boundary condition v(z,t) = 0 for z € 9Q, t > 0
and with initial data v(-,0) = vo € H}(Q), v(-,0) = wo € L*(Q). Here Q

denotes a bounded and sufficiently smooth domain in R” for some n > 1 and

0, x e t>0,

a:Q — [0,00) is a continuous function measuring the strength of the damping
at different points in 2. The energy of the solution is defined as

1 ov|?
E(t):z/Q (HVUHQ—I—‘(% > da.

A straightforward calculation shows that the energy is a non-increasing function

of time, and it is known that except in degenerate cases the energy decays to
zero. The standard approach to turning this damped wave equation into an
abstract Cauchy problem of the same form as (|1.1.1]) is to rewrite the equation
as a first-order system for u = (v, v;) on the Hilbert space X = H} () x L2(Q).
Let A denote the generator of the resulting Cauchy problem and write T for
the bounded Cy-semigroup generated by A. Then the energy can be rewritten
simply as E(t) = £||T(t)z||%, where 2 = (ug,wp) € X now denotes the initial
data. Since A can be shown by PDE methods to satisfy o(A) NiR = (), energy
decay for all initial data, uniform for initial data chosen from D(A) = (H}(2)N
H2(Q)) x H}(R), follows immediately from the above discussion.

The real question here, however, is whether it is possible to say anything
about the rate at which the energy decays. As is shown in [I0], the rate of
decay is necessarily at least exponential when the domain of damping {z €
Q : a(z) > 0} satisfies a certain geometric optics condition. In other cases,
however, the rate of decay can be polynomial or logarithmic, uniformly for all
classical solutions. The interest more generally, therefore, is in the rate of decay
of |[T(t)R(1,A)| as t — oo. As it turns out, this rate of decay is determined
by the rate at which the resolvent ||R(is, A)|| grows as |s| — oo. General
results in this direction are obtained in [I1], [15], [27], [31], [70] and [74]. It
follows from the results in [27], for instance, that in the important case where



|R(is, A)|| = O(|s|*) for some a > 0 as |s| — oo the quantity ||T'(¢)R(1, A)||

/e a5t — 0o. When X is no longer assumed to

decays no more slowly than ¢t~
be a Hilbert space, the results in [I5] lead to a rate of decay which is slower by
a logarithmic factor, and it is shown in [27] that this factor cannot in general
be dropped. The focus in the first of the three main parts of this thesis will be
on questions that arise naturally out of these previously known results.

While much of the recent interest in the Katznelson-Tzafriri theorem has
been directed at the version stated in Theorem which applies to Cp-
semigroups, the original result proved by Katznelson and Tzafriri in [62] deals
with a single operator and its powers. In its most basic form it states the

following.

Theorem 1.1.2. Let X be a complex Banach space and T € B(X) a power-
bounded operator. Then

lim ||[T™(I - T)| =0 (1.1.4)

n—oo
if and only if o(T) N'T C {1}.

This result and a number of its variants have interesting applications for
instance in the theory of iterative methods (see [86]), although the main mo-
tivation in [62] comes from applications to so-called zero-two laws for certain
stochastic processes. Given the importance of Theorem [[.1.2] in applications
and the interest in rates of decay for the continuous version of the Katznelson-
Tzafriri theorem described above, it is natural to ask whether anything of in-
terest can be said about the rate at which decay takes place in , and
this will form the subject of the second main part of the thesis. One important
conclusion that follows from the general results established in this context is
that, if o(T) N'T = {1} and if there exists o > 1 such that ||R(e!, T)|| =< |§]~
as 0 — 0, then there exist constants ¢, C' > 0 such that

C
nl/a

1/a
< | -T)|<C (105”) (1.1.5)

for all sufficiently large n > 0. These bounds on the rate of decay mirror those
obtained in the continuous setting discussed above, and one of the main issues
adressed in the relevant chapter of this thesis is the question whether, as in
the continuous case, the logarithmic factor ([1.1.5)) is needed. The answer again

turns out to depend on the space X.



Even though the connection between Theorems and may not be
immediately obvious, it is possible, as was first demonstrated in [19], to unify
these continuous and discrete versions of the Katznelson-Tzafriri theorem by
moving to the more general framework of representations of locally compact
abelian semigroups. Indeed, if the Cy-semigroup 7' in Theorem [1.1.1] is re-
placed by a bounded representation 1" of a locally compact semigroup S and if
the unitary spectrum o(A) N iR of the generator A is replaced by the unitary
spectrum Spy(T') of the representation 7', then the Katznelson-Tzafriri theorem
can be stated in the following general form.

Theorem 1.1.3. Let X be a complex Banach space and let T' be a bounded
representation of a locally compact semigroup S on X. Suppose that a € L'(.9)
is of spectral synthesis with respect to Spy(T). Then ||T(s)a(T)|| — 0 as
5 — 00.

Some structure is lost by moving to this general setting. In particular,
there is less scope here than in the continuous and discrete frameworks to use
tools from complex analysis, and it is no longer obvious even how to formulate
questions about rates of decay. Nevertheless, the fact that any improvement
of Theorem [1.1.3] immediately gives a result in both the continuous and the
discrete settings, as well as in many other interesting special cases, more than
outweighs this drawback, and therefore it is precisely this more general approach
that is taken in the last of the three main parts of this thesis.

1.2 Overview of thesis

The thesis is divided into four parts. The first of these, Part I, comprises
the present chapter and the next, which introduces the necessary notation and
preliminary results.

The first main part, Part II, is concerned with continuous operator semi-
groups, or Cp-semigroups, and is made up of two chapters. Chapter 3 first
establishes an extension of Theorem [I.1.1] to the case in which the function
a € L'(R) is replaced by a bounded Borel measure on R, and in an impor-
tant special case goes on to give an upper bound on the rate of decay in terms
of the behaviour of the resolvent. Chapter 4 is concerned with the so-called
non-analytic growth bound ((T) of a Cy-semigroup 7', which appears in the
statement of the main results of Chapter 3. The first half of the chapter is
concerned with obtaining a better understanding of the relationship between



¢(T') and the resolvent of the semigroup generator. The chapter then defines a
discrete analogue of the non-analytic growth bound for a single operator and
goes on to show that it has a simple spectral characterisation.

The second half of Chapter 4, turning as it does to the behaviour of a single
operator T" and its powers, leads naturally into Part III, which is concerned with
the discrete version of the Katznelson-Tzafriri theorem stated in Theorem [1.1.2]
and more specifically with the rate of decay in . Chapter 5 establishes
both upper and lower bounds on the rate of decay which depend on the growth
of ||R(e!, A)|| as |§] — 0, before Chapter 6 turns to the important special case
in which the growth of the resolvent is polynomial. It is shown that on the one
hand the results obtained in Chapter 5 for this case cannot be improved upon
for general Banach spaces, but that a sharper result holds when X is a Hilbert
space.

The last part of this thesis, Part IV, turns to general operator semigroups.
The main result in Chapter 7 is a general version of the Katznelson-Tzafriri the-
orem for operator semigroups acting on Hilbert space in which the assumption
of spectral synthesis is replaced by a weaker condition that is also necessary.
Chapter 8, finally, presents a series of extensions and applications of the ideas
contained in Chapter 7. These include a version of the Katznelson-Tzafriri
theorem for individual orbits, a quantified version of the Katznelson-Tzafriri
theorem for contractive operator semigroups and some results relating to the
invertibility of contractive representations, in each case assuming that the un-
derlying space is a Hilbert space.



Chapter 2

Notation and preliminary
results

2.1 Basic notation

This section introduces various important pieces of notation. Several more ad-
hoc definitions and conventions are supplied as the need arises throughout the

main chapters.

Banach and Hilbert spaces. Banach and Hilbert spaces will typically be
denoted by X, sometimes by Y or Z, with appropriate sub- and superscripts
when there is risk of confusion. Throughout, all Banach spaces will be assumed
to be complex and non-trivial unless specified otherwise. The dual space of
a Banach space X is denoted by X* and, if X is a Hilbert space, its inner
product by (-,-) : X x X — C. Given a subset Y of a Banach space X, write
Y+ for the annihilator {¢ € X* : ¢(y) =0forall y € Y} in X* of Y. In the
Hilbert space setting, the same notation denotes the orthogonal complement
{reX:(z,y)=0forallyecY}in X of Y.

Operators. Given a Banach space X, let B(X) denote the Banach algebra of
all bounded linear operators on X. Elements of B(X) will usually be denoted
by letters from near the end of the alphabet, such as @) or, most often, T". For
any closed (but not necessarily bounded) operator A on X, write D(A) for
the domain of A, and Ran A and Ker A for its range and kernel, respectively.
Note that a closed linear operator A lies in B(X) if and only if D(A) = X, by
the closed graph theorem. Denote by Fix(A) the set {x € D(A) : Ax = z}



of fixed points of A. Furthermore, let 0(A) (0,(A), 0a(A) and 0,(A)) be the
(respectively, point, approximate point and residual) spectrum of A and let
p(A) = C\o(A) be the resolvent set of A. Given A € p(A), write R(\, A) =
(A — A)~! for the resolvent operator and, if A is densely defined, let A’ be the
Banach adjoint of A. If X is a Hilbert space, write A* for the Hilbert adjoint
of A.

Banach algebras. Given a commutative Banach algebra A C B(X) for some
Banach space X, let A(A) denote the space of all characters (i.e. non-zero
complex homomorphisms) on A and recall that every element of A(A) is in
fact a bounded linear functional on A with norm at most 1 and that A(A) is
compact in the inherited weak™ topology precisely when A is unital; see [81],
Section 1.3]. Recall also that the Gelfand transform ® : A — Cp(A(A)), defined
for A € Aand x € A(A) by ®(A)(x) = x(A4), is an algebra homomorphism
which satisfies || ®(A)|| = r(A) and becomes an isometric *-isomorphism when
A is a commutative C*-algebra; see [81, Theorem 2.1.10]. Here

r(A) =sup{|A|: A € o(A)}

denotes the spectral radius of A € A and Cy(A(A)) denotes the algebra of
continuous functions on A(A) that vanish at infinity.

Function spaces. If X is a Banach space, (€2, v) is any measure space and
1 <p < oo, let LP(Q; X) be the shorthand notation for the space LP (€, v; X) of
X-valued (equivalence classes of ) functions that are p-integrable with respect to
v. Furthermore, for any locally compact space A, let C'(A; X) denote the space
of X-valued continuous functions, and write Cy(A; X) for the set of continuous
functions ¢ : A — X which vanish at infinity in the sense that, given any € > 0,
there exists a compact subset K of A such that ||¢(N\)|| < e for all A € A\K.
For k € Zy U {oo}, let C¥(R; X) denote the space of X-valued functions on R
that possess k continuous derivatives, and define Ce°(R; X) = {¢ € C°(R; X) :
¢ has compact support}. In all cases, the target space X will be suppressed if
X = C. Finally, the Schwartz space S(R) of rapidly decreasing functions on R
is defined as

S(R) = {¢ € C°(R) : sup ’tm¢(”)(t)| < oo for all m,n > O} i
teR



Asymptotic behaviour. Given a subset €2 of C and functions f,g: Q — Ry,
the notation f(w) = O(g(w)) (as w tends to some limit or to oo) indicates
that there exists a constant C' > 0 such that f(w) < Cg(w) eventually, i.e.
for all w sufficiently close to the limit or sufficiently large, respectively. To
say that f(w) < g(w) for a given limiting behaviour of w means that both
f(w) =0(g(w)) and g(w) = O(f(w)). Furthermore, if g(w) > 0 for all relevant
values of w, let f(w) ~ g(w) (again as w tends to some limit or to co) indicate
that f(w)/g(A) — 1. The notation f(w) = o(g(w)) means that, given any € > 0,
f(w) < eg(w) eventually.

Miscellaneous. The symbols N, Z, and R; will be used to denote, re-
spectively, the sets {1,2,...}, {0,1,2,...} and [0,00). The open unit disc
{A e C: |\ < 1} will be denoted by I and its boundary, the unit circle, by T.
For § > 0, let ¥¢ denote the open sector X9 = {\ € C\{0} : |arg A| < 6} and,
for w € R, let H, = {\ € C: ReX > w}. Given a subset  of C, write Q for
the closure of 2 and 92 for its topological boundary.

2.2 Geometric properties of Banach spaces

Given p € [1,2], a Banach space X is said to have type p if there exists a
constant C' > 0 such that, for any n € N and arbitrary x1,...x, € X,

1 n 2 1/2 n 1/1’
( / > )k dt) <C (Z kaup> :
0 llg=1 k=1

where the Rademacher functions ry, : (0,1) — R are defined by

ri(t) = sgnsin (2k7rt).

Likewise, for g € [2,00], X is said to have cotype ¢ if there exists a constant
C > 0 such that, in the same setting as above,

n 1/q L 2\ 1/2
(Z muq) <c ( / dt)
k=1 0

if ¢ < oo and with the left-hand side replaced by max{||zx|| : 1 < k < n} when

n

Z ri(t)x

k=1

q = 0o. Every Banach space X has type 1 and cotype oo, and X has type and
cotype 2 if and only if it is isomorphic to a Hilbert space; see [67]. Moreover,
if X has type p, then X™* has cotype p* satisfying

1

1
— =1 (2.2.1)
p P

10



see [102, Section 4] for further details.
Given p € [1,2], a Banach space X is said to have Fourier type p if the

operator F, which is defined in terms of the Fourier-Laplace transform for
a€ LYR;X) and t € R by

(Fa)(t) = a(—it) = /R e a(t) dt

extends from the dense subspace C¢°(R; X) to a bounded linear operator from
LP(R; X) into LP"(R; X). Any Banach space X has Fourier type 1, and X has
Fourier type 2 if and only if it is isomorphic to a Hilbert space; see [67] again.
Furthermore, X has Fourier type p if and only if X* does, and any uniformly
convex Banach space has Fourier type strictly exceeding 1; see [66, Note 4.6].

If the (Fourier) type of a Banach space X is strictly greater than 1, X is
also said to have non-trivial (Fourier) type. It is known that X has non-trivial
Fourier type if and only if it has non-trivial type (see [28]), and spaces with this
property are also referred to as being B-convex. The most important examples
of B-convex spaces for the purposes of this thesis are the so-called UMD-spaces.
A Banach space X is said to be a UMD-space whenever the Hilbert transform
H, which is defined, for a € C°(R; X) and ¢t € R, by

(Ha)(t) = lim ~ / a(s) g

€20+ T Jis_¢|>e t—s

extends to an element of B(LP(R; X)) for some (or, equivalently, all) p € (1, 00);
see [29] for a proof that this definition is equivalent to X satisfying the epony-
mous unconditional martingale difference property. Examples of UMD-spaces
include all Hilbert spaces as well as the Lebesgue spaces LP(R; X) for p € (1, 00)
and any other UMD-space X, and it is known that the UMD-property is pre-
served under taking duals, closed subspaces and quotients by closed subspaces;
see [66, Note 3.15] for further details.

The definition of the UMD-property has a natural reformulation in terms of
Fourier multipliers. Recall that a bounded measurable function M : R — B(X)
is said to be a Fourier multiplier on LP(R; X'), where 1 < p < o0, if the operator

Ty : CP(R; X) — LP(R; X)

given by
Tyva=F (M - Fa)

11



extends to an element of B(LP(R; X)). Here

A L L

for a € L'(R; X) and t € R, and multiplication in the expression M - Fa is
to be understood in the pointwise sense. Note that the Hilbert transform H
coincides with the operator Ty, where ¢(t) = —isgn(t) for ¢ € R. It follows
that X is a UMD-space if and only if ¢ is a Fourier multiplier on LP(R; X) for

some (or, equivalently, all) p € (1, 0).

2.3 Sectorial operators and fractional powers

Let X be a complex Banach space. An operator T € B(X) is said to be sectorial
if there exists # € (0, 7] such that —%g C p(T) and if sup{||AR\,T)| : A €
—Yy} < oo for all ¥ € (0,6). It follows from the theory of functional calculus
for sectorial operators that one can form the fractional power 7% € B(X) of T
for any o > 0, which is defined as
1

T =
2mi

7{ NR(AT) A,
r
where I' is any contour that contains the origin and otherwise encloses o(7')
without touching it, and where the complex plane is cut along the negative
real axis. Fractional powers coincide with the usual ones whenever o € N, and
moreover T8 = ToTP for all o, > 0. If T is sectorial and injective, it
is possible to define the negative fractional power T~ for a > 0 as a closed
operator on Ran T'* by taking it to be the inverse of T“. For details on sectorial
operators and fractional powers, see for instance [55].

Suppose now that T € B(X) is a power-bounded operator with M =
sup{||7™|| : n > 0}. Since

M
Al =1

1RO T <

for [A\| > 1, and hence ||[R(\,I —T)| < M|Re)|~! for Re A < 0, the operator
I — T is sectorial. Sectorial operators of this form will play an important role
in what follows.

A fundamental result in the context of fractional powers of sectorial opera-
tors is the following moment inequality; see for instance [54, Corollary 7.2] for

a relatively direct proof.

12



Proposition 2.3.1. Let X be a complex Banach space and let T' € B(X) be a
sectorial operator. Suppose that « > > v > 0 and let § = g;—jy Then there

exists a constant C > 0 such that
1Tz < C||T|° T ||~

for all x € X.

2.4 Elements of abstract harmonic analysis and rep-
resentation theory

2.4.1 Locally compact abelian groups and semigroups

This section introduces various concepts relating to topological groups and
semigroups. Whenever either is introduced in a later section without further
specification, it will implicitly be assumed to fall into the framework set out
below.

Groups and semigroups. Let G be a locally compact abelian group and let
S be a subsemigroup of G, i.e. a subset of G satisfying S +.5 C S. Denote by
p the Haar measure on GG, and assume that S is measurable and hence is itself
a measure space with respect to the restriction of y. Assume further that S, in
the topology induced by G, has non-empty interior S° and note that, replacing
G by a smaller group if necessary, there is no loss of generality in assuming
that S generates G, which is to say that G =S — S. The semigroup S defines
a relation > on G via s = t if and only if s —¢t € SU{0}. This turns G into
a directed set and hence makes it possible to speak of limits as s — co. When
s —t € S\{0} the notation s > ¢ will occasionally be used.

The dual group. Let I' denote the dual group of G, consisting of all con-
tinuous characters of GG, and let S* stand for the set of all continuous bounded
characters on S. Since S spans the group G, the unitary part of S*, which
consists of all y € S* such that |y(s)| =1 for all s € S, can be identified with
I'. This will be done throughout without further comment.

The Fourier-Laplace transform. Given a € L!(S), the Fourier(-Laplace)
transform a : S* — C of a is defined by

a(y) = /S a(5)x(5) dp(s). (2.4.1)
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When S is replaced by G, this formula defines a(x) for a € L*(G) and x € T.
The final assumption on S is that the set {a : a € L*(S)} of Fourier-Laplace
transforms separates points, both from each other and from zero; i.e. for each
X € S* there exists a € L'(S) such that a(x) # 0 and, given any two distinct
elements y and ¢ of S*, there exist a € L!(S) satisfying a(y — &) # 0. While
satisfied in all natural examples of interest, this property does not follow from
the previous assumptions, as is shown in [52, Example 1.1.4]. Nevertheless, the
assumption is not excessively restrictive and is satisfied for instance whenever

the interior S° is dense in S; see [52] page 2].

Translation, approximation and convolution. For a € L'(S), s € G and
tes, set
aa(t) = a(t—s) ift—ses,

0 otherwise.
Then as € L'(S) and, for each s € S and any x € T, x(s)a(x) = as(x). Note
that, in the case where S = G, a, is simply the ordinary (untruncated) translate
of a. Moreover, for each a € L'(G), the translation map 7, : G — L'(G) given
by 74(s) = as is uniformly continuous (see [95 Section 1.1.5]) and restricts,
for a € LY(S), to a uniformly continuous map S — L!(S). Hence, given
a € L'(S), e > 0 and sq € S°, there exists an open neighbourhood U of sq in
S such that |jas — as,||1 < € for all s € U. As in [95, Section 1.1.8], it follows
that, if b € L'(9) is any non-negative function of unit norm whose support is
contained in U, then by an application of Fubini’s theorem

laxb— agls = /U b(s) | as — aso 11 du(s) < <.

Here an element b of LP(S), for p € [1, 00}, is said to be non-negative if b(s) > 0
for p-almost all s € S, and * denotes the convolution operation on L!(S), which
is defined, for a,b € L'(S) and s € S, by

(@ 0)(5) = [ alth(s) dutt)

In particular, a * b = b*a € L'(S) for all a,b € L'(S), which shows that, as
a Banach algebra under convolution, L!(.S) is commutative . Note finally that
given any a € L'(S) and any ¢ > 0, there exists a compact subset K of S such
that

[ lats)lduts) <=
S\K
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Fglner nets and amenability. Given a net (€2,) of non-null compact Borel
subsets of S, (€2) is said to be a Fglner net for S if

lim M(Qa A (Qoz + 5))
o0 1(82a)

=0,

uniformly for s in compact subsets of S, where A A B denotes the symmetric
difference of two sets A, B. The notion of a Fglner sequence is defined analo-
gously. It follows from the assumptions on S and the results in [90, Chapter 4]
that there exists a Fglner net for S and that the net may be taken to be a
sequence whenever S is o-compact; see also [19], Section 2].

If (Q4) is any Folner net for S, consider the net (¢,) in L>°(S)*, where, for

a € L*™(S),
1

ola) = = | afs)duts).
Then ||¢q|| = 1 for all « and, if ¢ denotes any weak™ limit point, then ¢ is left-
translation invariant in the sense that ¢(a) = ¢(a—_s) for any a € L*°(S) and
any s € S. Furthermore ¢(1g) = ||¢|| = 1, where 1 denotes the characteristic
function of a measurable subset  of S. In addition, ¢(a) > 0 whenever a €
L*°(5) is non-negative, and

ess-liminf a(s) < ¢(a) < ess-limsup a(s),

§—00 5§—00
where
ess-liminf a(s) = lim ess-inf{a(t) : t = s}
S5—00 S5—00
with

ess-inf{a(t) : t = s} =sup{c € R: pu({t = s : a(t) < c}) =0}
and ess-limsup,_, . a(s) is defined analogously. Writing

esss;lgom a(s) =14

if a € L*(S) and ¢ € R are such that, given any £ > 0, there exists s € S with
p({t = s:|a(t) — ¢ < e}) =0, it follows in particular that

¢(a) = esss:;loiom a(s)

whenever the essential limit exists. Elements ¢ of L*°(S)* with the above
properties are known as Banach limits. Given any Banach limit ¢, it is possible
to define a finitely additive and left-translation invariant probability measure
vg on S by setting v4(Q) = ¢(1q) for any Borel subset € of S. Whenever such
a measure (known sometimes as a mean) exists, the semigroup is said to be

amenable.
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2.4.2 Semigroup representations

Given a locally compact abelian semigroup S and a complex Banach space X,
suppose a map T : S — B(X) is a homomorphism, so that T'(s +t) = T'(s)T'(t)
for all s,t € S, and furthermore, if 0 € S, satisfies T'(0) = I. Then T is said to
be a representation of S on X if the map s — T'(s) is strongly continuous on
S. A representation T of a locally compact abelian semigroup S is said to be
bounded if sup{||T(s)|| : s € S} < oco. In this case, given any a € L'(S), the
operator a(T") € B(X) is defined, for each z € X, by

&\(T)x:/sa(s)T(s)xdu(s). (2.4.2)

Note that, for all s € S and all a € L'(S), T(s)a(T) = as(T). Any repre-
sentation T' of a semigroup S on a Banach space X induces a homomorphism
T : S — B(X*) given by T'(s) = T(s)’. The action of 7" may, however,
need to be restricted to a suitable subspace of X* in order for it to induce a
representation of S.

An important example of a bounded representation of a locally compact
abelian semigroup S on the Banach space L!(S) is the shift semigroup T
given, for s € S and a € L(S), by Ty (s)a = 74(s).

2.4.3 The spectrum of a representation

Given a locally compact abelian group G and a closed subset A of the dual
group I', let
JA(G) ={a e LY(G) : supp(@) N A = 0},

where supp(¢) denotes the support of ¢ € C(A), and define
KA(G)={ac LYG) :a(x) =0for all x € A}

Thus KA (G) is a closed ideal of L!(G) containing J (G). An element of K (G)
is said to be of spectral synthesis with respect to A if it lies in the closure of
JAa(G), while the set A itself is said to be of spectral synthesis whenever this
closure coincides with the whole of K (G). If T' is a bounded representation
of G on a complex Banach space X, then the spectral subspace M(A) of X is
defined, again for any closed subset A of I, by

M(A) =[{Kera(T) : a € JA(G)}.
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Thus M(A) is a closed subspace of X satisfying M (0) = {0}, M(T') = X and
M(A1) C M(A2) whenever Ay C Ay; see [93, Theorem 8.1.4]. Since moreover

M, M(Aa) =M (), Aa)

for any collection {A,} of closed subsets of I" (again see [93, Theorem 8.1.4]), it
makes sense to speak of the smallest closed subset A of I" for which M(A) = X.
This set is denoted by Sp(T") (or Sp(7; G) if there is risk of confusion) and is
given by

Sp(T) = ﬂ {ACT:Aisclosed and M(A) = X}.

It is known as the (Arveson) spectrum of T and coincides with the finite L-
spectrum of [75, Section 5.2]. It can be shown (see [93, Proposition 8.1.9])
that

Sp(T) = {x € T+ [a()| < [a(T)]l for all a € LY(G)},

that Sp(7') is non-empty and that Sp(7') is compact if and only if 7" is norm
continuous; see [93, Theorem 8.1.12]. Given a bounded representation 7" of a
locally compact abelian group G on a Banach space X, define the set A(T") by

AT)={xeTl:a(x)=0for all a € L'(G) s.t. a(T) = 0}.

The following result provides a further alternative characterisation of Sp(7T);
see [93, Proposition 8.1.9] for a proof.

Theorem 2.4.1. Let T' by a bounded representation of a locally compact
abelian group G on a complex Banach space X. Then Sp(T') = A(T).

If X is a Hilbert space and T is a representation of G on X by unitary
operators, then there exists a (unique) spectral measure E which associates
with any Borel subset of the dual group I' of G an element of B(X) and which
is such that, for each s € G,

ﬂﬁzzj@mmm7

the integral here being taken in the weak sense. Moreover, the spectral pro-
jections E(A) are orthogonal and satisfy Ran F(A) = M(A) whenever A is a
closed subset of I'; see [93, Theorem 8.3.2].

When T is a bounded representation 1" of a locally compact abelian semi-
group S on a Banach space X, define the spectrum Sp(T') of T by

Sp(T) = {x € 8™ : [a(x)| < [a(T)| for all f € L'(S)},
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and let Spy(T") = Sp(T') N I' (denoted also by Spy(T;S) if there is risk of
confusion) be the unitary spectrum. The following result is taken from [52]
Lemma 1.3.7].

Lemma 2.4.2. Let G be a locally compact abelian group and S a generating
subsemigroup of G. If T is a representation of G by isometries on a complex
Banach space X, then Sp(T; G) = Spu(T}; S).

To see how the unitary spectrum Spy(7') of a general bounded representa-
tion T of a locally compact abelian semigroup S on a Banach space X relates
to other notions of spectrum, recall first that y € S* is said to be an eigenvalue
of T if there exists a non-zero vector x € X such that T'(s)x = x(s)z for all
s € S. Denote by PSp(T') the point spectrum of T, consisting of all its eigen-
values, and write PSp,(7") for the set PSp(T') NI of unitary eigenvalues of T'.
A character x € S* is said to be an approximate eigenvalue of T if there exists
a net (x,) of unit vectors in X such that

lim [T (s)za — x(s)zal =0,

a—0o0

uniformly for s in compact subsets of S. The approximate point spectrum,
which consists of all approximate eigenvalues, is denoted by ASp(7’) and, fur-
thermore, ASp,(7') stands for the set ASp(7")NI" of unitary approximate eigen-

values of T. The sets PSp(7”), PSpu(7”), ASp(T”) and ASp,(7”) are defined
analogously. The following result is taken from [19, Proposition 2.2].

Proposition 2.4.3. Let T' be a bounded representation of a locally compact
abelian semigroup S on a complex Banach space X. Then PSp(T)UPSp(T") C
Sp(T') and Spu(T') = ASpu(T).

Finally, given a bounded representation 7T of a locally compact abelian
semigroup S, consider the algebra homomorphism 7 : L'(S) — B(X) given
by mr(a) = a(T), and let Az denote the norm closure of Ranzp. Note that
each xy € Sp(T) induces a character & on Ap defined, for a € L'(S), by
& (mr(a)) = a(x) and then extended continuously. The following result is
taken from [I9, Proposition 2.4].

Proposition 2.4.4. Let T' be a bounded representation of a locally compact
abelian semigroup S on a complex Banach space X. Then the map x + &,
maps Sp(T') bijectively onto A(Ar).
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2.5 Discrete and continuous operator semigroups

Discrete operator semigroups The first important special instance of the
general framework set out in Section [2.4]is the case of what here will be referred
to as discrete (operator) semigroups, namely S = Z'} and G = Z" with the
counting measure for some n > 1. In this case the character space S* of
S can be identified with the closed unit n-disc D", via the map that sends
A=(A1,...,\n) € D" to the element yy of S* given, for s = ($1,...,8n) €S,
by

n
X)\(S) = H )\Zk7
k=1

with the understanding that A\;* = 1 when A\, = s = 0. Moreover, I' = T".
A natural example of a Fglner sequence in this case is () where, for k > 1,
Q. =A{1,...,k}"™

A (bounded) representation of the discrete semigroup S = Z’} corresponds
to an n-tuple of commuting (power-bounded) operators T1,...,T, € B(X). In
what follows, the term ‘discrete operator semigroup’ refers in most cases to a
bounded representation of the semigroup S = Z, and hence can be identified
with a power-bounded operator T' € B(X). In this case, the dual operator
T’ gives rise to a representation of Z, on the whole of X*. Furthermore,
o(T) C Sp(T) and Spyu(T") = o(T") N T; see for instance [20, Example 5.1(i)].

Continuous operator semigroups. The second important special case is
that of so-called continuous (operator) semigroups, where, for some n > 1,
S = R’ and G = R", with Lebesgue measure. The character space S* of S
can in this case be identified with the region C” via the map sending A =
(M, Ap) € C™ to the element y) of S* given, for s = (s1,...,8,) €5, by

Xa(s) = exp (Z sk/\k> )
k=1

Here C_ = {A € C: Re X < 0}, and hence I" = iR"™ under this identification.
A natural example of a Fglner net in this case is (£2,) where, for a« > 0,
Oy = [0,a]™.

A (bounded) representation of the discrete semigroup S = R’} corresponds
to an m-tuple of commuting (bounded) Cy-semigroups 77,...,T, on X. In
what follows, the term ‘continuous operator semigroup’ refers in most cases to

a bounded representation of the semigroup S = R; and hence is synonymous
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with a bounded Cy-semigroup 71" on X. For any, not necessarily bounded Cp-
semigroup 1" on a complex Banach space X, it follows from the semigroup
property and the uniform boundedness theorem that there exist M > 1 and
w € R such that ||T(t)|| < Me*! for all ¢t > 0. Thus the growth bound wy(T) of
T, defined as

wo(T) =inf{w e R:3IM > 1s.t. |T(t)]| < Me* forall ¢ >0},  (2.5.1)

satisfies wo(T) < oco. Furthermore, associated with any Cp-semigroup 7' is a
closed operator A, known as the generator of T', which is defined for z in its
domain

D(A) = {z € X : limyoq t 1 (T(t)x — x) exists},

which is dense in X, by

— 1 -1 _
Ax—tgrgl+t (T(t)r — x).

Furthermore, letting
so(A) = inf {w € R: H,, C p(A) and sup{||R(\, A)|| : A € H,} < oo},
it follows from the relation
R\, Az = /0 h e MT(t)xdt (2.5.2)

for Re A > wo(T) and = € X that so(A) < wo(T).
Cy-semigroups arise naturally in the study of abstract Cauchy problems of
the form
a(t) = Au(t), t>0,

(2.5.3)
u(0) = x.

A function u : Ry — X is said to be a classical solution of ifu e
CYR,; X), u(t) € D(A) for all t > 0 and is satisfied. If a classical
solution exists, then in particular z € D(A), which suggests the need for a
weaker notion of solution allowing for arbitrary initial values x € X. Thus a
continuous function v : Ry — X is said to be a mild solution of if, for
all t >0, [ u(s)ds € D(A) and

A/O u(s)ds = u(t) — x. (2.5.4)

If the operator A appearing in (2.5.3) generates a Cp-semigroup 7', then the
unique mild solution of (2.5.3)) is given, for any initial value z € X and all
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t > 0, by u(t) = T(t)x, and the solution is a classical solution if and only if

x € D(A). In this case (2.5.4) becomes
t
A/ T(s)xds =T(t)x — x,
0
which for 2z € D(A) can be written as
t
/ T(s)Axds =T(t)r — x. (2.5.5)
0

For proofs of the above results and further details on Cp-semigroups and Cauchy
problems, see for instance [6, Chapter 3] and [45].

When T is a Cy-semigroup with generator A on a complex Banach space X,
it is well known that 7" is strongly continuous on the subspace X© = m of
X* and that the generator A® of the restricted Cp-semigroup, known as the sun
dual of T and denoted by T, is the part of A" in X©; see [6, Proposition 3.3.14].
As is shown in [19, Corollary 2.3], it follows from Proposition[2.4.3|and standard
results in spectral theory that that o(A) C Sp(T) and that Spy(T") = o(A)NiR.

See [19, Example 2.1], however, for a class of Cp-semigroups satisfying o(A) #
Sp(T").
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Chapter 3

A Katznelson-Tzafriri
theorem for measures

3.1 Introduction

The purpose of this chapter is to establish a version of the Katznelson-Tzafriri
theorem for bounded Cy-semigroups, Theorem in which the function a €
L'(R.) is replaced by a bounded Borel measure p on R and, for an important
special choice of u, to estimate the rate at which decay takes place. The starting
point for these investigations is the following result; see [78, Proposition 3.1].

Theorem 3.1.1. Let X be a complex Banach space and let T' be a bounded
Co-semigroup on X with generator A. Suppose that o(A) NiR = {0} and, for
1 < s<1ands > 1, respectively, let

m(s) = sup{||R(i'r, Al :s<|rl < 1}

and
M(s) = sup{||R(ir,A)H 1< r < s}.

Furthermore, let mlgé and M,,—1 denote, respectively, the inverse maps of the

functions myog and Mg given, for 0 < s <1 and s > 1, by

Limt)

S

Miog(s) = ms) log (

and
Miog(s) = M(s) log (1 + M(s))(1 + s)).
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Then
Jim [ T()AR(L AP =0

and in fact there exists ¢ € (0,1) such that

IT(t)AR(1, A?|| = O <m13§(ct) + 1(@)

ast — oo.

Notice that the t~!-term appearing in [78, Proposition 3.1] can be omitted
in this context since m~1(t) > ¢! and hence mgé(t) > t~1 by the elementary
theory of resolvents (see also [14] Section 8]), and notice furthermore that the
first conclusion, namely that || T'(t)AR(1, A)?|| — 0 as t — oo is a consequence of
Theorem For a related result in the discrete setting, see Theorem [5.2.12

As discussed in Chapter |1} problems in which o(A) NiR = ) and the re-
solvent grows along the imaginary axis, arise in connection with damped wave
equations. Partial differential equations leading to o(A) NiR = {0} arise just
as naturally. Consider for instance the problem

9%y

6t27AUZ0’ ze, t>0,
ou t ou
an-|-/_ooa(t—s)at(x,s)d8—0, redf), t >0,

where €2 is a bounded open subset of R™ for some n > 1 with sufficiently
smooth boundary, % denotes the outward normal derivative and a denotes a
sufficiently well-behaved function defined on R4.. If u is interpreted as acoustic
pressure, the equation can be understood as modelling the evolution of sound
in a compressible medium with viscoelastic surface. It is shown in [35] and
[36] that the associated semigroup generator A of this problem has unitary
spectrum o(A) NiR C {0} and is in general non-empty; see also [1].

In the problem of the damped wave equation, a rate of decay for the quan-
tity [|T(t)R(1,A)|| as t — oo has the interpretation of a uniform bound on
the rate of decay for differentiable orbits, or in other words of classical solu-
tions, which are those solutions of the associated Cauchy problem whose initial
values lie in D(A). Alternatively, since studying the asymptotic behaviour of
IT(t)R(1, A)|| as t — oo is equivalent to studying the asymptotic behaviour of
|T(t)A~1|| when o(A) NiR = ) and since the map t — T(t)A~ 1z is the prim-
itive of ¢t +— T'(t)x for any x € X, this setting can be interpreted as describing
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the asymptotics of primitives of general semigroup orbits. On the other hand,
since Ran AR(1, A)? = Ran(A4) N D(A) by Lemma below, Theorem
can be interpreted as providing a uniform bound on the rate of decay for or-
bits that are the derivative of an orbit whose initial value lies in D(A42%). It
is natural to ask, then, whether a similar result can be obtained for orbits
that are the derivatives of orbits with initial value in D(A). By Lemma
again, this case can be treated by investigating the asymptotic behaviour of
|T(t)AR(1, A)| as t — co. However, whereas the unquantified part of Theo-
rem followed from Theorem this connection is now lost since there
is no function a € L'(Ry) such that a(T) = AR(1, A). This raises the need for
a version of the Katznelson-Tzafriri theorem in which the function a € L'(R.)
is replaced by a bounded Borel measure p on R, and such a result is given in
Theorem [3.3:8 below. The crucial additional assumption required for this result
is connected with the degree to which T can be approximated asymptotically
by certain analytic operator-valued functions, which is encoded in the so-called
non-analytic growth bound of T. With transforms involving bounded Borel
measures being defined analogously to the case of integrable functions, Corol-
lary extends Theorem in the important example of the measure p
for which 1i(T) = AR(1, A) to give upper and lower bounds on the rate of decay
depending on the growth of the resolvent operator near zero. The upper bound
turns out to be optimal in some cases but unsatisfactory in others. The present
chapter, which is based on [96], is closely related to the material contained in
[14, Section 6], and indeed the main objective here is to extend the results given
there from the Hilbert space setting to the Banach space setting. All the main
results will be presented in Section once the required preliminary results
have been outlined in Section 3.2

3.2 Background and preliminary results

The following elementary lemma makes it possible to interpret the conclusions
of various special cases of Theorem and its generalisations in terms of
certain kinds of orbits of the associated Cauchy problem. The result itself is
part of the more general [14, Proposition 3.10(a)].

Lemma 3.2.1. Let X be a complex Banach space and let A be the generator of
a bounded Cy-semigroup on X. Then, for k = 1,2, Ran AR(1, A)¥ = Ran(A) N
D(AF),

25



PROOF. Since Ran(A) = Ran AR(1, A) and D(A¥~!) = Ran R(1, A)*1,
Ran AR(1, A)* € Ran AR(1, A) N"Ran R(1, A)*~! = Ran(A) n D(A* ).

Conversely, given € Ran(A) N D(A* 1) let y € D(A) and z € X be such
that 2 = Ay and = R(1, A)*~12. Then Ay = R(1,A)*" 1z, so y € D(AF) =
D((I — A)¥). Letting w = (I — A)*y, it follows that + = AR(1, A)*w and hence
that Ran(A) N D(A*~1) € Ran AR(1, A)¥, as required. O

Thus, while Theorem provides a bound on the rate of decay of orbits
starting from elements in Ran(A)ND(A) that is uniform in a natural sense, uni-
form rates of decay for orbits starting in Ran A may be studied by considering
the asymptotic behaviour of |T'(t)AR(1, A)|| as t — oo. Indeed, the property
IT(t)AR(1, A)|| — 0 as t — oo is equivalent to

tllglosup {IT®)Az| : € D(A),||z||la =1} =0,

where ||-|| 4 denotes the graph norm given, for x € D(A), by ||z]|a = ||z||+] Az
Note that if the supremum is instead taken over the unit sphere of X, then
the semigroup must be eventually differentiable, and then the following result
applies; see [7, Theorem 3.10].

Theorem 3.2.2. Let X be a complex Banach space and let T be a bounded
and eventually differentiable Cy-semigroup on X with generator A. Then

Jim [|AT(8)]| = 0

if and only if o(A) NiR C {0}.

PROOF. Note first that, since T is eventually differentiable, there exists tg > 0
such that T(tg)X C D(A). Then T(2ty)X C D(A?) and hence, by the closed
graph theorem, (I — A)%T(2to) € B(X).

Suppose first that o(A4) NiR C {0}. Since

AT (t 4 2tg) = (I — A)*T(2to)T(t)AR(1, A)?

for all ¢t > 0, it follows from Theorem that [|[AT(t)|| — 0 as t — oo.
Conversely, assume that ||AT(t)|| — 0 as ¢ — oo and suppose that s € R

is such that is € o0(A4) NiR. Since T" is bounded, d(A) C {\ € C: ReX < 0}

and hence is € o,,(A). It follows that there exists a sequence (zy,)p>1 in D(A)
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such that ||z, || = 1 for each n > 1 and ||(A —is)z,|| = 0 as n — oco. By (2.5.5)
applied to the Cy-semigroup generated by A — is,

t
AT (t)z,, — ise'tz, = T(t)(A —is)z, + is/ e SUDT(r) (A — is)z, dr
0

for each n > 1 and all t > 0, and hence |AT(t)z, — ise'*'z,| — 0 as n — oo.
Thus ise!** € o(AT(t)) and consequently |s| = |ise'®!| < ||AT(t)]|| for all t > tg,
where tg > 0 is as above. Since ||AT'(t)|| — 0 as ¢ — oo by assumption, it
follows that s = 0 and therefore that o(A4) NiR C {0}. O

Remark 3.2.3. The above proof can also be found in [14, Remark 6.3] and
is different from the original one given in [7]. Note the argument could be
modified to give a quantified result similar to Theorem [3.1.1

The method used in the second half of the above proof carries over to the
setting of interest here and leads to the following simple observation; see [14,
Proposition 6.4] for a slightly stronger result.

Lemma 3.2.4. Let X be a complex Banach space and let T be a bounded
Cy-semigroup on X with generator A. Suppose that

lim [T(0)AR(L A)] = 0.
Then o(A) NiR C {0}.

PROOF. Suppose that s € R is such that is € o(A) NiR. Then is € o,,(A), as
in the proof of Theorem so there exists a sequence (xy,),>1 in D(A) such
that ||z, || = 1 for each n > 1 and ||(A —is)x,|| = 0 as n — oco. By (2.5.5)),

¢
ise''r = isT(t)x — is/ e BT (1) (A — is)x dr
0

=T(t)R(1,A)((1 —is)Az — (A — is)z) (3.2.1)

t
- is/ TS IT () (A — is)z dr
0

for all z € D(A) and t > 0, and hence

TOARQ, Ay — 2 0 = L RO A) (A — i)
T T T 1 s ’ o)

is

t
—is(r—t)T A—i :
i /0 e (r)( is)zdr
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It follows that )
iselst
—Tn

HT(t)AR(l, Ay, — || = 0

for all t > 0 as n — oo. Thus (1 — is)lise’® € o(T(t)AR(1, A)) and, in
particular,

iseist
sl < |7 | S IT®AR(L, A
—is
for all t > 0. Letting t — oo gives s = 0 and hence o(A) NiR C {0}. O

Thus, as in Theorem the condition o(A) NiR C {0} is necessary for
IT(t)AR(1, A)|| to decay to zero as t — oo. Sufficiency of this spectral condition
is far from clear, however. For while the operator AR(1, A)? appearing in the
proof of Theorem can be expressed as @(7T) for the function a € L'(R.)
given by a(t) = (t — 1)e™t, so that ||T(t)AR(1, A)?|| — 0 as t — oo by a simple
application of Theorem the operator AR(1, A) has no such representation.
On the other hand, AR(1, A) = (T) where p is the bounded Borel measure
on Ry given by pu = e — dp. Here §y denotes the Dirac mass at 0 and the
function e is defined, for t > 0, by e(t) = e!. This observation motivates
the search of a version of Theorem in which the function a € L'(R}) is
replaced by a bounded Borel measure p on Ry. Such a result will be obtained in
Theorem below, whose proof requires an additional assumption involving
the so-called non-analytic growth bound of the semigroup T

Given a complex Banach space X and a set 2 C C, a function S : Q — B(X)
will be said to be exponentially bounded if there exist constants C' > 0 and
w € R such that [|[S(\)|| < Ce¥l for all X € Q and, suppressing the dependence
on the Banach space X, the space of all exponentially bounded holomorphic
B(X)-valued functions on  will be denoted by H(€2). The non-analytic growth
bound ((T) of T is defined as

((T) = inf {wo(T — S) : S € H(Zy) for some 6 > 0},

where S — T is understood to be defined on (0,00) and wo(7T — S) is defined
as in . Thus the non-analytic growth bound measures the degree to
which T can, or rather cannot, be approximated asymptotically by exponen-
tially bounded analytic functions defined on certain sectors. It is clear that
C(T) < wo(T) for any Cp-semigroup T and that (7)) = —oo when T is ana-
lytic. It is shown in [12] Theorem 5.7] that ((T') = —oo also if T is eventually
differentiable or if 7" has an LP-resolvent for some p € (1,00), in the sense that
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there exist & € R and 8 > 0 such that {\ € C: ReA > a,|Im | > 8} C p(4)
and
/ | R(a+is, )P ds < oo.
Is|>8

For further discussion of the non-analytic growth bound, see also Chapter
Given a € Rand 8> 0, let Qo3 ={\ € C:ReX > o, |Im | > §} and, for
any semigroup generator A, let

53°(A) =inf {a € R: Qa3 C p(A) and ||[R(N, A)]| is
uniformly bounded on @, g for some g > O}.

It is shown in [I2, Proposition 2.4] that s§°(A) < ¢(7'). When X is a Hilbert
space, the following non-analytic analogue of the Gearhart-Priiss theorem holds,
see [I7, Example 3.12].

Theorem 3.2.5. Let X be a complex Hilbert space and let T be a Cy-semigroup
on X with generator A. Then sg°(A) = ((T).

The proof relies on Plancherel’s theorem and the following result, which will
be crucial in what follows; see [17, Theorem 3.6] for a proof. Here L!(R; B(X))
denotes the space of maps S : R — B(X) such that ¢ — S(¢)z is Bochner
measurable for all # € X and such that there exists g € L}(R) with ||S(t)]| <
g(t) for almost all t € R. Furthermore, given a semigroup generator A satisfying
s°(A) < 0, a smooth function ¢ € C*°(R) will be said to be compatible with A
if there exists a bounded open interval I C R satisfying {s€ R:is € 0(A4)} C I
and if ¢(s) = 0 for all s € I and ¢(s) = 1 when |s| is sufficiently large.

Theorem 3.2.6. Let X be a complex Banach space and let T be a Cy-semigroup
on X with generator A. Suppose that 1 < p < oo. Then the following are
equivalent:

(1) ¢(T) <0;

(ii) sy°(A) < 0 and, for any compatible function ¢ € C*°(R), there exists a
map S € L} (R; B(X)) such that ¢(s)R(is, A) = (FS)(s) for all s € R;

(iii) s (A) < 0 and, for any compatible function ¢ € C*°(R), the map s —
¢(s)R(is, A) is a Fourier multiplier on LP(R; X).

Here ¢(s)R(is, A) is taken to be zero whenever ¢(s) = 0 and the Fourier
transform F is taken in the strong operator topology, so that, given S €
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LI (R;B(X)) and s € R,

(FS)(s)z = / T S(1) dt

R

for all z € X. Note also that, even though the maps s — ¢(s)R(is, A) depend
on the choice of ¢, the question whether s — ¢(s)R(is, A) is a Fourier multiplier
on LP(R; X) is independent of this choice; see [I7, Remark 2.2].

3.3 Main results

Let T be a bounded Cy-semigroup with generator A on a Banach space X. The
main aims of this section are to establish a sufficient condition for the quantity
|IT(t)AR(1, A)|| to converge to zero as t — oo and to study the possible rates at
which this decay takes place. By Lemma it suffices to restrict attention
to the case where o(A) NiR C {0}. In fact, the only case of real interest is
when o(A) NiR = {0}, as will be explained in Remark below. Given Cp-
semigroups 1" whose generator A satisfies o(A)NiR = {0}, it will be convenient
to have in place a few non-standard pieces of notation. Thus a decreasing
function m : (0,1] — (0, 00) such that ||R(is, A)|| < m(]s|) for s with 0 < |s| <1
will be said to be a dominating function (for the resolvent of A). Likewise a
decreasing function w : Ry — (0,00) such that | T(¢)AR(1, A)| < w(t) for
all ¢ € Ry will be said to be a dominating function (for T). The minimal
dominating functions are given, for s € (0,1] and ¢t > 0, by

m(s) = sup{HR(ir, a)ll : s <|r| < 1},

3.3.1
w(t) =sup {||T(s)AR(1,A)|| : s > t}, ( )

respectively. The function m defined in is continuous and in what fol-
lows the same will be assumed to be true of any dominating function m. In
particular, any such dominating function m possesses a right-inverse m=! de-
fined on the range of m. On the other hand, given a dominating function w for
T such that w(t) — 0 as t — oo, define the function w* : (0,00) — Ry by

w*(s) =min {t > 0: w(t) < s}. (3.3.2)

Then w(w*(s)) < s for all s > 0, with equality for all s in the range of w.
Given a bounded Cy-semigroup 1" on a Banach space X whose generator A
satisfies 0(A) NiR = {0}, it follows from the elementary properties of resolvent

operators that m(s) > s~! for any dominating function m for the resolvent of A.
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As is shown in [14] Example 6.7] by means of a simple direct sum construction,
dominating functions w for T' need not satisfy any such lower bound and indeed
can decay arbitrarily slowly, even for semigroups of normal operators on Hilbert
space. The following result, on the other hand, shows that cases in which a
dominating function w for T decays faster than t~! must be precisely of this type
involving a direct sum. The proof, which relies on a simple spectral splitting
argument combined with a result from [61], can be found in [14, Theorem 6.9];
for an analogous result in the discrete setting, see Theorem [5.2.1

Theorem 3.3.1. Let X be a complex Banach space and let T' be a bounded
Co-semigroup on X with generator A. Suppose that o(A) NiR = {0}. Then
either

limsup t||T(t)AR(1, A)|| > 0

t—o00
or there exist closed T-invariant subspaces Xy and X1 of X such that Xy C
Fix(T), the restriction Ay of A to X is invertible, and X = X @ X;.

The following result provides an estimate on the growth of ||R(is, A)|| for
small and large values of s. It is taken from [14, Theorem 6.10].

Theorem 3.3.2. Let X be a complex Banach space and let T be a bounded
Cy-semigroup on X with generator A. Suppose w is a dominating function for
T such that w(t) — 0 as t — oo, and let w* be defined as in (3.3.2). Then
o(A)NiR C {0}, sup{||R(is, A)|| : |s| > 1} < oo and, for any c € (0,1),

IRlis.A)] =0 (e

]
as s — 0.

PRrROOF. The fact that o(A4) NiR C {0} follows from Lemma Let s €
R\{0}, so that is € p(A4). Since [|[T(t)R(1,A)|| < M for all t > 0, where
M = sup{||T'(t)]| : t > 0}, taking norms in (3.2.1)) gives

[slllfl < 1 —islw(@)z]] + M1+ [s]t)]|(is — A)z]] (3.3.3)

for all z € D(A) and all t > 0. Since w(t) — 0 as t — oo, there exists tg > 0
such that w(ty) < % For |s| > 1, setting t = to in (3.3.3)) shows that

2 :
[slllzll < Slslllzll + M1 +[slto)l(is — A=,
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and hence |z|| < 3M (1 + tg)||(is — A)z|| for all x € D(A). It follows that
sup{||R(is, A)|| : |s|] > 1} < oo. On the other hand, given ¢ € (0,1), let
t = w*(c|s|). Since |1 —is|c < 1 when |s| is suficiently small, (3.3.3) gives

M (1 + |s|w™(c|s])

<
bl < = sl

[(is — A)z]|

for all such values of s and all x € D(A). Thus, given any K > M,

IRtis, )l < 1 (o +e(clD)

1—c \s|
whenever |s| is sufficiently small, and the result follows. O

Remark 3.3.3. A similar argument shows that, given any constant K > M,
where M is as above, there exists ¢ € (0, 1) such that

IR(is, A)|| < K <1 +w*(c\s|)> (3.3.4)

5]
whenever |s| is sufficiently small.

Theorem is an analogue of [I5, Proposition 1.3] and provides the fol-
lowing bound on how fast the quantity ||7'(t)AR(1, A)|| can decay as t — oo,
which is taken from [I4] Corollary 6.11].

Corollary 3.3.4. Let X be a complex Banach space and let T' be a bounded
Co-semigroup on X with generator A. Suppose that o(A) NiR = {0} and that

lim max {||sR(is, A)||, |sR(—is, A)||} = oo, (3.3.5)
s—0

and let m be the minimal dominating function for the resolvent of A defined in
(3.3-1)). Then, given any right-inverse m~' of m, there exist constants c¢,C > 0
such that

IT(t)AR(1, A)|| > em™(Ct) (3.3.6)

for all sufficiently large t > 0.

PROOF. The result is elementary unless ||T(t)AR(1, A)|| — 0 as t — co. As-
sume, therefore, that this holds and let w be as defined in (3.3.1)). Then w(t) — 0
as t — oo and it follows from Theorem that there exists B > 0 such that

m@)gB(i+wwgm>,
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and hence

o622 ms) (5 - s )

for all s € (0,1]. Letting C = 2B, it follows from that w*(s/2) >
C~'m(s) for all sufficiently small s > 0. Let s = 2w(t). Then w*(s/2) <t and
hence m(s) < Ct for all sufficiently large ¢ > 0. It follows that m(m~1(Ct)) >
m(s) so, as m is decreasing, 2w(t) > m~1(Ct) provided t > 0 is sufficiently
large. Since w(t) < M||T(t)AR(1, A)||, where M = sup{||T(¢)|| : ¢ > 0}, the
result follows with ¢ = (2M) 1. O

Remark 3.3.5. A similar argument using Remark instead of Theo-
rem shows that the conclusion (3.3.4) remains true if (3.3.5)) is replaced

by the weaker condition that L > M, where M is as above and
L = liminf max {|sR(is, A) ||, [[sR(—is, A)| }.
s—0
Taking A = 0 shows that the conclusion can become false when L = M.

In view of , it is natural to ask whether there exists a corresponding
upper bound in terms of m~! for the quantity ||T(t)AR(1,A)| as t — oo.
The next result shows that it is not necessarily possible even for semigroups
of normal operators on a Hilbert space; see [14, Theorem 6.13] for a proof and
Proposition below for an analogous result in the discrete case.

Theorem 3.3.6. Let X be a complex Hilbert space and let T' be a bounded Cy-
semigroup of normal operators on X with generator A. Suppose that o(A) N
iR = {0} and that sup{||R(is, A)|| : |s| > 1} < oo. Furthermore, let m be
the minimal dominating function for the resolvent of A and let m™' be any
right-inverse of m. Then, given any constant ¢ > 0,

IT(t)AR(L, A)|| < O(m~"(ct))

as t — oo if and only if there exists a constant C > 0 such that

(1)

for 0 < s,t < 1.

An upper bound for | T(t)AR(1, A)|| as t — oo in a rather more general
setting will be obtained in Theorem [3.3.11} This result is a refinement of the
Theorem below, whose proof relies on the following lemma.
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Lemma 3.3.7. Let X be a complex Banach space and let S € L'(R; X).
(a) If i is a bounded Borel measure on R, then p* S € L'(R; X).
(b) If
/R p(B)S(t)dt = 0 (3.3.7)
for all p € S(R), then S(t) = 0 for almost all t € R.

PROOF. Part (a) is a special case of the vector-valued version of Fubini’s theo-
rem; see for instance [6, Theorem 1.1.9] and [39, Chapter III, Section 11, Theo-
rem 9]. For a direct proof, let the map F': R? — X be given by F(s,t) = S(t—s)
and note that, by Pettis’ theorem (see [0, Theorem 1.1.1]), there is no loss of
generality in assuming that X is separable. Moreover, the map F' is measur-
able with respect to the product measure of p and the Lebesgue measure on
R, as can be seen for instance by another application of Pettis’ theorem and
a simple approximation argument based on the fact that, given any Lebesgue
measurable subset E of R, there exists a Borel measurable set £/ C R such

that the symmetric difference EAFE’ is null. Since

//|]F(s,t)Hdtd]u](s)<oo, (3.3.8)
RJR

it follows form the scalar-valued versions of Tonelli’s and Fubini’s theorems
that (s,t) — || F(s,t)| is integrable over R? with respect to the product mea-
sure and that [p [|F(s,t)||du(s) exists for almost all ¢ € R. Hence so does
Jg F(s,t)dpu(s). Furthermore, for each ¢ € X*, the map

0 [otrts.0)auts) = o [ Fis.0auts))

is measurable on R. By Pettis’ theorem, the map pux S : ¢t — [, F(s,t)dpu(s) is

Bochner measurable on R, and the result now follows, since

AMM$WWSAAM%MMM@&<w

by the scalar-valued version of Fubini’s theorem and .

The proof of (b) runs along similar lines. Once again, by Pettis’ theorem,
it is possible to assume that X is separable. Let {z, : n > 1} be a dense
subset of X and, for each n > 1, let ¢, € X* be a Hahn-Banach functional

34



corresponding to x,, so that ||¢,|| = 1 and ¢, (x,) = ||xn||. Applying ¢, to
both sides of (3.3.7) shows that

/ p(1)6n(S() dt = 0
R

for all p € S(R), and hence, for each n > 1, there exists a null subset E,, of
R such that ¢,(S(t)) = 0 for all t € R\E,. Let E = J,,~; En, noting that F
itself is null, and suppose that ¢t € R\FE. Given ¢ > 0, there exists n > 1 such
that ||z, — S(t)|| < €/2. Thus

€
SO < llzall + lwn = SO < $nlwn = S(E) + 5 <&
Since € > 0 was arbitrary, it follows that S(¢) = 0 for all ¢t € R\ E. ]

The next result is an unquantified version of the Katznelson-Tzafriri the-
orem for measures which generalises [14, Theorem 6.14] to the Banach space
setting. The main new idea is to use Theorem Recall that, in the nota-
tion of Section [2.:4.3] a closed subset A of iR is said to be of spectral synthesis
if Kx(R) = Jx(R).

Theorem 3.3.8. Let X be a complex Banach space and let T be a bounded
Co-semigroup on X with generator A. Suppose that o(A) NiR is of spectral
synthesis and that ((T') < 0, and let u be any bounded Borel measure on R
such that fi(\) = 0 for all A € o(A) NiR. Then

Jim | T()AT)] = 0.

PROOF. Since s§°(A) < ¢(T'), the assumption ¢(7') < 0 implies that {is : |s| >
R} C p(A) and that the set {R(is, A) : |s| > R} is uniformly norm-bounded
for sufficiently large R > 0. Fix a function ¢ € C°(R) such that ¢(s) =1 for
|s| < R and let v = F~1p. Then ¢ € S(R), since C°(R) C S(R) and F maps
S(R) bijectively onto itself. Furthermore, let the bounded Borel measures v
and £ on R be defined by v = g and £ = p* (5o — ¢), so that p = v + &,
and let the functions F,G : R — B(X) be given by

F(t) = / T(s+t)dv(s) and G(t) = / T(s+t)d(s).
R R
Here the semigroup has been extended by zero to (—oo,0) and the integrals are

to be understood in the strong sense. It is clear that T'(¢)u(T) = F(t) + G(t)
for all ¢t > 0.
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Since the measure v is absolutely continuous with respect to Lebesgue mea-
sure on R, there exists a function a € L*(R) such that dv(t) = a(t)dt, and
hence (Fa)(s) = (Fu)(s)p(s) for all s € R. Since (Fu)(s) = u(—is) for all
s € R, Fa vanishes on ioc(A) NR. By assumption this set is of spectral synthe-
sis, and hence there exist functions a,, € L*(R), n > 1, such that Fa, vanishes
in an open neighbourhood of io(A) N R for each n > 1 and |la, — all; — 0 as
n — o0o. Since functions with compactly supported Fourier transform are dense
in L'(R), there is no loss of generality in assuming that each Fa, has compact
support. By the dominated convergence theorem and Parseval’s identity,

/ an(s)T(t+s)ds= lim [ ap(s—t)e **T(s)ds
R a—0+ R

— T 1 ist . .
algng%/Re (Fap)(—s)R(a+1is,A)ds  (3.3.9)

1 .
= — [ &(Fay,)(—s)R(is, A) ds
2 R

for all t € R and n > 1. Since the last integral exists as a Bochner integral in

B(X),
’ /Ran(s)T(t +s)ds

as t — oo by the Riemann-Lebesgue Lemma. Now

=0

< Mlla = anly

HF@%iéaﬁ$T@+$ds

for all £ € R, and hence

Hmw—ém@ﬂu+g® -0 (3.3.10)

as n — oo, uniformly for ¢ € R. It follows that || F(¢)|| — 0 as t — oo.

Now consider the function G. Since the map ¢ € C*(R) given by ¢(s) =
1—¢(—s) is compatible with A, it follows from Theoremthat there exists a
map S € LL(R; B(X)) such that ¢(s)R(is, A) = (FS)(s) for all s € R. Writing
p' for the bounded Borel measure on (—oo,0] satisfying p/(E) = pu(—F) for
any Borel subset F of (—o0,0], part (a) of Lemma m shows that ' xS €
LIR;B(X)). For p € S(R) and = € X, it follows by Fubini’s theorem, the
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dominated convergence theorem and Parseval’s identity that

/R ()G dt = / o(#) / T(s + )z dé(s) dt

— lim / / $)e= T (1) dt A (s)

= Tim. /]R /R S F ) (8 R(ax + it, A)z dt dé(s)

= lim [ (FTOOFER(0)1 ~ o(~0)Ra+it, Ay de
a—r R

= [EOEn-0Es) o

~ [ rs.zat
R

where S, = ¢/ x S. Fix z € X and, for t € R, let S, € L'(R; X) be given by
Sz(t) = G(t)x — S, (t)x. Then S,(t) = 0 for almost all £ € R by part (b) of
Lemma and hence G(-)z € L'(R; X). Since the map ® : X — LY(R; X)
given by ®(z) = G(-)x has closed graph, it follows from the closed graph
theorem that, for some constant C' > 0,

/R||G(t)x|| dt < O] (3.3.11)

for all z € X. Now, given any z € X and ¢t > 0,

/OtT(t—s)G( :Uds—/ (/ /[t ) (t +r)wdg(r)ds
= tG(t)z + /[_w) rT(t +r)xdé(r)

and hence, for ¢ > 0,

G(t)x = 7 (/0 T(t—s)G(s)xds — /[t ) rT(t+r)x d§(r)> . (3.3.12)

‘ /0 tT(t — $)G(s)ds

where M = sup{||T'(¢)|| : ¢ > 0}, and the dominated convergence theorem gives

as t — oo. Thus |G(t)|| — 0 as ¢ — oo and the result follows. O

By (3.3.11),
< MC, (3.3.13)

—0

/ %T(t + ) de(r)
[~t,0)
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Remark 3.3.9. As observed in [I7, Remark 3.8], the map S € L}(R; B(X)) in
the above proof can be written down explicitly. Indeed, given x € X,

1 .
S(t)x =T(t)x — Tr(t)r — — e'ip(—s)R(is, A)x ds
2mi Jys|>R
for almost all £ € R. Here ¢ and R are as above, the semigroup 7" has again
been extended by zero to (—oc,0) and

1

Tr(t) = — / MR(N, A)dX
27l T'r

for any path I'p that connects the points +iR and otherwise lies in {\ € C :

Re A > 0}. By Cauchy’s theorem, the definition of Tx is independent of the

precise choice of the contour I'g.

As discussed in Section 3.2} the condition ¢(T) < 0 is satisfied automatically
in a number of important instances. The first part of the following result

corresponds to [14, Theorem 6.14].

Corollary 3.3.10. Let X be a complex Banach space and let T' be a bounded
Co-semigroup X with generator A. Suppose that o(A) NiR is of spectral syn-
thesis, and let u be any bounded Borel measure on Ry such that ji(\) = 0 for
all A € 0(A) NiR. Then

lim [ T(OR(D)]| = 0

provided one of the following conditions is satisfied:

(i) X is a Hilbert space and sup{||R(is, A)|| : |s| > R} < oo for sufficiently
large R > 0;

(ii) There exists t > 0 and a compact operator K € B(X) such that ||T'(t) —
K| <1;

(iii) T' has LP-resolvent for some p € (1,00);
(iv) T is eventually differentiable.

PRrROOF. The first statement follows from Theorem Indeed, since the
assumption on the resolvent implies that s3°(A) < 0 by a simple Neumann series
argument, the result is immediate. The second statement follows immediately
from [12, Proposition 5.3], and the final two statements are consequences of the
observations made in Section O
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The final theorem of this chapter is a quantified version of Theorem [3.3.8
in the special case where (7)) = AR(1, A). This result is a generalisation to
the Banach space setting of [I4, Theorem 6.15] and provides a counterpart to

Corollary [3.3.4]

Theorem 3.3.11. Let X be a complex Banach space and let T' be a bounded
Co-semigroup X with generator A. Suppose that o(A) NiR = {0} and that
¢(T) < 0. Then

tl;nolo IT(t)AR(1, A)|| = 0. (3.3.14)

In fact, given any dominating function m for the resolvent of A, any right-
inverse m~! of m and any ¢ € (0, 1),

IT(H)AR(L,A)|| = O(m ' (#'79)) (3.3.15)
ast — oo.

PROOF. Since the set {0} is of spectral synthesis, the first statement follows
immediately from Theorem applied to the bounded Borel measure on R
given by p = e— &g, whose Fourier-Laplace transform satisfies fi(\) = A(1—\)~!
for Re A <0.

The quantified statement follows from a modification of the argument given
in the proof of Theorem [3.3.8] Fix a function ¢ € C¢°(R) such that ¢(s) = 1
for [s| < 2 and let v € S(R) be given by ¥ = Flo. As in the proof of
Theorem [3.3.8], let the bounded Borel measures v and £ on R be defined by
v=mpxtand £ = p* (6 — ). Then p=v+ & and T(H)u(T) = F(t) + G(t)
for all t > 0, where F,G : R — B(X) are given by

F(t) = /RT(S +t)dr(s) and G(t) = /RT(S +t) d&(s).

As before, the measure v is absolutely continuous with respect to Lebesgue
measure on R and hence there exists a function a € L'(R) such that dv(t) =
a(t)dt. In fact,

alt) = /0 gt — s)e*ds — (1)

for almost all ¢ € R. Since p is supported in R4, & coincides with —v on
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(—00,0). In particular,

sup
>0

/ rT(t+ 1) dg(r)|| < M / Irldig](r)
[¢,0) (=00,0)

0
=M/ ]

— 00
< 00

where M = sup{||T'(¢)|| : ¢ > 0}. By (3.3.12)) and (3.3.13)), which are conse-
quences Theorem and the assumption that {(T') < 0,

W(r) — /000 P(r—s)e *ds| dr

IG@®] =0t (3.3.16)

as t — 0o. To complete the proof it remains to obtain a rate of decay for || F'(¢)]
as t — oo.
Note first that .
(Fa)(s) = — 17 550(9) (3.3.17)
for all s € R. Now let p € C°(R) be such that 0 < p(s) < 1 for all t € R,
p(s) =1 for |s| <1 and p(s) =0 for |s|] > 2. For 0 <r <1, let p, € CX(R) be
given by p,(s) = p(s/r) and let ¢, € S(R) be such that F¢, = (Fa)p,. Since

p(s) =1 for all s € supp(p,), it follows from (3.3.17) that

1s

(Fon)s) = —175

pr(s)
for all s € R. Thus [(F¢,)(s)| < |s| for |s| < r. Since (Feo,)(s) =0 for |s| > r,
it follows that || F¢,||1 < 2. Moreover, for |s| <r and k > 1,

k—1

kN (—i)k—7 , i
GONOEDY Glrk=i(1 + is)k—i+1 o (;) B 7*(17115)”(16) (;) '

Thus for each k > 1 there exists a constant B > 0 such that

(For) P (s)| < % <1 n !s)

r
for |s| < r and ||(Fp,)®||; < Bgr?~k. It follows from the inversion formula for

the Fourier transform that
L[ g 1 (7 2
)] = |— 19 ds| < — ds < —
o0l = g [ FFoIE ] < 5 [ s
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and

Por0l =5 [ dFo e <

T

for all ¢t € R. Here and in the remainder of this proof the letter C' denotes
a positive constant which is not assumed to be the same at each occurrence.
From these last two estimates it follows that

2
C
Hd»uls/ - dt+/ dt < Cr.
jt]<r—1 2T ek

Now let a, = a — ¢,. Then a, € L'(R) and (Fa,)(s) = 0 for |s| < r. Fur-
thermore, |a — ar|li = [[¢r]1 < Cr. By and the above estimates,
|(Fa,)® |y < C for k = 0,1 and, making the constants By, larger if necessary,
|(Fa,)® |y < Bpr?=* for k > 2. For 0 < r < 1, let the map F, : R — B(X) be
given by

Fu(t) = /R an ()T (s + 1) dt,

where the semigroup has again been extended by zero to (—oo,0) and the
integral is to be understood in the strong sense. Applying the dominated con-
vergence theorem and Parseval’s identity as in (3.3.9)) gives

1

F.(t) = /ReiSt(}"ar)(—s)R(is,A) ds

27
for all t € R, and integrating by parts k£ times it follows that, for ¢t > 0,

F.(t) = W eist Z I(Fa,)9) (=s)R(is, A)F =771 ds.

Hence there exists a constant Cj, > 0 such that

k

Ch m k]“‘l

5@ < 5 m(r)* 4+ m(r k+27
j=

Since m(r) > r~! > 1, it follows on making C} larger that

Cpm(r)k+!
5] < S

for all ¢t > 0. Thus

C'km(r)k'H

IEON < 1E-@ON + Mlla = arlly £ ——p——+Cr (3.3.18)
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for all t > 0. Given ¢ € (0,1), let 7 = m~(¢'7¢) for sufficiently large t > 0.
Combining (|3.3.18)) with (3.3.16]) shows that, for each &k > 1,

1

ITOARL A =0 (i

1
+ E + m—l(t1—6)>
as t — 0o. Now choose k > 1 such that e(k+1) > 2. Then the first term on the
right-hand side is dominated by the second and, since m~=!(¢1=%) > == > ¢~}
for t > 1, it follows that (3.3.15) holds. 0

Remark 3.3.12. By Theorem and a simple Neumann series argument,
implies that s§°(A) < 0. If X is a Hilbert space, it follows from
Theorem that ((T") < 0. It remains an open question whether on general
Banach spaces too this condition is necessary for to hold.

Remark 3.3.13. It is possible to formulate versions of Theorem in
which the assumption ((7') < 0 is replaced by one of conditions (i)—(iv) of
Corollary Note also that from the point of view of decay rates the case
o(A) NiR = () would be of no real interest in Theorem Indeed, [12]
Proposition 2.4] shows that wy(7") = max{((T"),s(A)}, and hence the rate of
decay when o(A) NiR = () is necessarily at least exponential.

Theorem yields an asymptotic upper bound on ||T(t)AR(1, A)| as
t — 0o in terms of a modification of the function m~' appearing in the cor-
responding lower bound . This phenomenon is unavoidable, as Theo-
rem shows, and can be observed also in Theorem and in [I5, The-
orem 1.5]. The following example, which is the same as [I4, Example 6.16],
shows that in cases where m(s) grows very rapidly as s — 0+ the estimate
(3.3.15)) may be optimal but that it is unsatisfactory in general.

Example 3.3.14. Consider a bounded Cy-semigroup 1" with generator A on a
complex Banach space X. Suppose that ¢(A) NiR = {0} and that {(T") < 0,
and let m : (0,1] — (0,00) be a dominating function for the resolvent of A.

(a) If m(s) = e®/* for some constant a > 0, then

o«
(1—¢)logt

fort > 1 and € € (0,1). It follows from Theorem [3.3.11] that

m—l(tl—a) —

IT(t)AR(1, A)|| = O((logt)™") = O(m (1))

as t — oo and, by Corollary this estimate is optimal.
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(a) Now suppose that m(s) = s~ for some a > 1. In this case Theorem [3.3.§]
shows that, for any 8 < a1,

IT()AR(L, A)l| = O(t™")

as t — oo. It is shown in [I4, Theorem 7.6] by a completely different
method that this holds also for 8 = a~! when X is a Hilbert space, and
Theorem and [I5, Theorem 1.5] suggest that even on Banach space
only a logarithmic correction factor should be needed.
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Chapter 4

Some results relating to the
non-analytic growth bound

4.1 Introduction

The main results of Chapter [3] Theorems[3.3.8 and [3.3.11] involved the assump-
tion that the Cy-semigroup 7" under consideration should satisfy ¢(7') < 0. In

general, however, there is no easy way of checking whether this condition holds
unless T satisfies one of the properties mentioned in Section or the under-
lying space is a Hilbert space. This chapter contains a number of observations
that shed further light on the issue. The main result here, Theorem is a
strengthening of Theorem Section [4.4] then turns to the study of a natu-
ral discrete analogue of the non-analytic growth bound and thus establishes a
link with Part [I[TI] of this thesis. First of all, Section 4.2] presents the necessary

preliminary material.

4.2 Preliminaries

The aim in Section is to establish a purely spectral characterisation of the
non-analytic growth bound ((T") of a Cy-semigroup 7. A crucial notion in this
undertaking is that of R-boundedness. Given a complex Banach space X, a
family B C B(X) is said to be R-bounded if there exists a constant C' > 0 such
that, given any n € N, any T1,...,T, € B and arbitrary z1,...,x, € X,

1 2 1 n
/ dt < C/ > re(t)a
0 0 k=1

n

> re(®) Ty

k=1

2
dt,
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where the Rademacher functions ry, : (0,1) — R are defined as in Section
For details on the notion of R-boundedness, see for instance [66), Section 2]. It
is easy to see that R-boundedness is a stronger condition than uniform bound-
edness in operator norm, but the two notions coincide when X is a Hilbert
space; see [60, Section 1.9]. The following proposition collects some important
techniques for showing that a given family of bounded linear operators is R-
bounded; see [66, Corollary 2.17], [66, Example 2.19] and [100, Proposition 2.8],
respectively.

Proposition 4.2.1. Let X be a complex Banach space.

(a) Let S € L}(R;B(X)) and there exists a constant C > 0 such that

/R IS@)z] dt < Cle]

for all x € X. Furthermore, given h € L*°(R), define the operator T}, €
B(X) by

Tho = / h(t)S(1)x dt.
R
Then the family {1}, : ||h||cc < 1} is R-bounded.

(b) Let Q be an open subset of C and let F' : Q@ — B(X) be a holomorphic
function. Then, for any compact subset K of €, the family {F()\) : X €
K} is R-bounded.

(¢) Suppose that Bi,By C B(X) are two R-bounded families of operators.
Then the families B1 + By and B1 U By are also R-bounded.

In Section [4:4] the focus shifts to the connection between Cp-semigroups
and the properties of individual bounded operators. This material provides a
natural link to the next part of the thesis but it arises directly out of the search
for an alternative, more easily verifiable formulation of the condition {(7") < 0.
To see this, define the quantity §(7") for any Cy-semigroup T' with generator A
on a complex Banach space X by

§(T) = inf {wo(T — S) : S:(0,00) — B(X) is norm continuous}.

It is clear from the definitions that §(7') < ¢(T"). When X is a Hilbert space,
T) = ¢(T) = si°(A). Other cases in which 6(7") and ((7T) coincide are
presented in [I2, Section 5], but it remains open whether this is always the
case. The following result is proved in [24, Theorem 3.6]; see also [4] and [83]
Proposition 4.3].
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Theorem 4.2.2. Let X be a complex Banach space and letT" be a Cy-semigroup
on X with generator A. Then, for all t > 0,

a(T(t))N {/\ eC:|A > e&(T)t} = exp(to(4)) N {)\ €C: |\ > e(S(T)t}.

With Qq 3 defined, for « € R and 8 > 0, as in Section and given a
semigroup generator A, let

s°(A) =inf {a € R: Qa3 C p(A) for some 3 > 0}.

Then s*(A) < s§°(A) < ((T) and it follows from Theorem that —1 €
p(T'(t)) for all sufficiently small ¢ > 0 when ((T") < 0, since then §(T) < 0 as
well. The following partial converse is proved in [23] Sections 4.3 and 4.5].

Theorem 4.2.3. Let X be a complex Banach space and let T' be a bounded Cy-
semigroup on X with generator A. Suppose there exists a non-null set I C Ry
such that —1 € p(T'(t)) for all t € I. Then s3°(A) < 0.

It follows that, for a bounded Cp-semigroup 1" on a complex Hilbert space,
¢(T) < 0ifand only if —1 € p(T'(t)) for all sufficiently small ¢ > 0. On a general
Banach space, no such characterisation is known. Nevertheless, Theorems
and suggest at least loosely that the property ((7') < 0 is connected with
some notion of regularity of the operators T'(t) for small ¢ > 0 relating to
the location of the spectrum of these operators. The aim in Section [4.4] is
to formulate this idea rigorously for a given single operator and to show that
it describes precisely the degree to which the powers of this operator can be
approximated by operator-valued functions which, in a sense to be made precise,

are analytic.

4.3 The non-analytic growth bound and Fourier mul-

tipliers

Suppose that T is a Cy-semigroup with generator A on some complex Banach
space X. By Theorem ¢(T) = si°(A) when X is a Hilbert space. This
follows from Plancherel’s theorem combined with Theorem [3.2.6] The purpose
in this section is to gain a deeper insight into the situation on general Banach
spaces by slightly extending Theorem [3.2.6] which is done in Theorem [4.3.5
below.
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Given a strongly measurable function S : (0,00) — B(X) that is exponen-
tially bounded in the sense of Section [3.2] define the Laplace transform LS, for
Re A > wo(T') and = € X, by

(LS)( N = /0 T e M8 () dt.

By [6, Theorem 3.1.7], (LT)(\) = R(\, A) for Re A > wy(T'), and in particular
{A € C:ReX > wy(T)} C p(A). Moreover, {R(A\, A) : ReA > w} is uni-
formly norm-bounded for every w > wo(T"), and hence so(A) < wo(T). The

following simple lemma gives analogous statements involving the notion of R-

boundedness. Here
sp(A) =inf {w € R: H, C p(A) and {R(\, A) : A € H,,} is R-bounded}.

Lemma 4.3.1. Let X be a complex Banach space and let S : (0,00) — B(X) be
an exponentially bounded and strongly measurable function. Then {(LS)()) :
A € H,} is R-bounded for every w > wo(S). In particular, if T is a Cp-
semigroup on X with generator A, then sr(A) < wo(T).

PROOF. Let w > wy(S) and, given A € H,,, write (LS)()) as
(N = [ m®s.
0

where hy(t) = e~ A=) and S,,(t) = e~“!S(t) for all t > 0. Since hy € L>®(0, c0)
with [|hy]le < 1 for all A € H,,, the first part follows from Proposition [4.2.1](a).
The second statement is a consequence of the relation and the definition
of sp(A). O

The aim now is to obtain a non-analytic version of the statement sp(A) <
wo(T"), that is to say a version in which wy(7') is replaced by the non-analytic
growth bound ¢(T") and sgr(A) is replaced by the quantity s (A) defined by

sF(A) =inf {a € R:Qap C p(A) and {R(N\,A) : A € Qa 5}
is R-bounded for some 8 > O}.

Here, as before, given « € Rand > 0, Qa3 ={A € C: ReX > o, |Im )| > 5}.
The desired result will follow from Proposition below, which in turn re-
quires the following simple lemma taken from [12], Section 2]. Given a suitable
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function S : (0,00) — B(X) and a € R, § > 0 such that £S extends holomor-
phically to a region containing Q) g, let

Sos(t) = % /F M (L£S)(N) dA
a,B

for all t > 0, where I, g is any sufficiently smooth path from a—if to a+if con-
tained in a region to which £S can be extended holomorphically. By Cauchy’s
theorem, this definition is independent of the choice of Iy g. In particular, if T’
is a Cp-semigroup with generator A and if Re A > s(A), then

~ 1
Top(t) = /F e R(N, A) dX (4.3.1)
a,B

2w
for all ¢ > 0, where I'y g is a suitable path in p(A).

Lemma 4.3.2. Let X be a complex Banach space and let T be a Cy-semigroup
on X with generator A. Furthermore, let o € R and > 0 be such that
Qa3 C p(A). Then T, g is exponentially bounded and

wo (Ta”g) < max{a, s(4)}.

ProOF. Fix w > max{a,s(A4)} and let I'y g consist of line segments joining
a—if, w—if, w+if and a + i successively. By and continuity of the
resolvent, there exists C' > 0 such that HTva,ﬂ(t)H < Ce¥ for all t > 0, and the
result follows. O

The next result extends [12, Proposition 2.1] by introducing the notion of
R-boundedness. Its most important consequence for the present purposes is
stated in Corollary below, but the result itself may be of independent
interest. Here H () is defined for an open subset €2 of C as in Section

Proposition 4.3.3. Let X be a complex Banach space and let T be a Cj-
semigroup on X with generator A . Furthermore, let w € R. The following are
equivalent:

(i) There exists S € H(Xg) for some 6 > 0 such that wo(T — S) < w.

(ii) There exist o« < w and § > 0 such that Qo3 C p(A), {R(N\, A) : X € Qa g}
is R-bounded and
wo (T — faﬁ) < w. (4.3.2)

(ii) There exist o < w and > 0 such that Q. C p(A) and (4.3.2)) holds.

48



(iii) There exists an entire exponentially bounded function S : C — B(X)
such that wo(T — 5) < w and wp(S) < max{w, s(A)}.

Furthermore, when these conditions hold, then (4.3.2) holds for all &« < w and
B > 0 such that Qq5 C p(A).

PROOF. Apart from the main step (i) = (ii) the proof is identical to that of
[12, Proposition 2.1]. The implications (ii) = (ii)’ and (iii) = (i) are trivial.
Throughout this proof, the letter C' will be used to denote a positive constant
which need not be the same at each occurrence.

(i) = (ii): Suppose that § > 0 and S € H(3y) are as in (i). Since § may be
taken to lie in (0, 7/2) without loss of generality, there exist 0 € R and C' > 0 be
such that [|S(\)|| < Ce?ReX for all A € Zg. In particular, wy(S) < o. Note also
that there is no loss of generality in assuming that o > max{0,w}. Furthermore,
fix ¢',0" € (0,0) with 8’ < 8" and let o, 8 be such that wo(T' — S) < o < w and
B = (6 — «a)cot §'; see Figure For t > 0, let U(t) = T(t) — S(t). Then by
Lemma 3.3 {(LU)(X) : A € Qq,p} is R-bounded. Now

R(A)=L(S+U)=LS+ LU

by linearity of £. Thus by Proposition M(c) to prove the first part of (ii) it
suffices to show that LS extends analytically to Q4 s and that {(LS)(\) : A €
Qa,p} is R-bounded.

Mimicking the proof of [6, Theorem 2.6.1], let 'y denote the rays {reF" :
r € Ry }. It follows from Cauchy’s theorem that, for Re A > o,

(LS)(\) = / e=25(2) dz,

ry

with either choice of sign. Hence

(LS)(\) = T / exp (— MreT) S (re") dr. (4.3.3)
0

Fix € such that 0 < & < min{f — 6",6" — '} and let

Y, = {)\GC\{J} arg(A — o) F 0] <g—5},
so that X3 =0 + eiw"Z%,g. Then

Re (A — U)eij”) > |\ —olsine
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Figure 4.1: The setting in the upper half-plane. Here the slanted side
of the triangular region K is distance 7 from the origin.

for all A € ¥4, respectively, and hence

H exp ( — )\reﬂgn)S ('rejFie”)

| < Cexp(—r|A—olsine) (4.3.4)

according as A € X4. It follows that the integrals in (4.3.3) are absolutely
convergent for A € X1 and hence, by an application of Morera’s and Fubini’s

theorems, define holomorphic functions on these regions. Now let
Qiﬁ =QapN {z €cC:Imz 2 0},
so that Qi'fﬁ C X4 by the choice of €. For 7 > ¢ fixed, the sets
:t ‘9//
Ki={\e Q5 Re(e™ ) < T}

are compact and hence the families {(£S)(A\) : A € K4} are R-bounded by
Proposition (b) For X\ € Qz’ﬁ\K+, (4.3.3) can be written as

(LS)(N) :/ h(r)S7(r) dr,
0
where hy(r) = exp(—i0” — r(e™' X\ — 7)) and S.(r) = e~ S(re"?") for all

r > 0. Since ||S;(r)|| < Ce™("=9) and |hy(r)| < 1 for all r > 0 and all A €
QI}B\KJF, it follows from Proposition (a) that {(LS)(A) : X € QZ”B\KJF}
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is R-bounded. Likewise {(L£S)(A) : A € Q s\K_} is R-bounded and hence by
Proposition [4.2.1j(c) {(£S)(A) : A € Qq,8}, too, is R-bounded, as required.
In order to prove the second part of (ii), note that by the inversion formula

for Laplace transforms (see [6l, Section 2.3])

1
S(t) = — e (LS)(N) dA
0= 507 ., ESN
for all ¢ > 0. Here I'y g is any path from o — i3 to a + if contained in a
region to which £S can be extended holomorphically and I' consists of two
rays emanating from o if at angles +(5 +6'), respectively. Equations (4.3.3)
and (4.3.4) imply that ||(LS)(\)| < C|A — o|7! for all A € Xy and hence, for

ro = (0 — a)cosech and t > 1,

~ 1
I50) - Bast0)] = | [ esionar]
< C’eta/ exp (—t(r —ro)siné’) %
ro
< e,

It follows that wy(S — §aﬁ) < a. Recall that wo(U) < a. Choosing for I, 5 the
vertical straight-line segment from o — i to o + i3, it follows that

1 ofh
/F RRRCALTY

< Ce
27 -

[Uas(®)| =

and hence wo(ﬁaﬁ) < «. Since (70475 = Ta,g — Sa.s
wo (T — Taﬁ) < max {wo(T —5),wo (S — §a,g),wg (ﬁa”g)} < a,

which proves (ii).
(il) = (iii): For A € C set

1
S(\) = — / e*R(z, A)dz,
La,s

27

where T'y g is any path from a —if to o+ if lying in p(A). Then S is an
exponentially bounded entire function which agrees with 7T, a,5 on (0,00), so (iii)
follows from Lemma [4.3.2)

For the final statement, suppose that Q. g,Qw g C p(A) for some o, o’ €
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(—oo,w) and some §,5 > 0 and let ap = max{«a,a’}. Then by Cauchy’s
theorem

~ ~ 1
o (8) = Tov () = —— / AR, A)d),
’ ' 27 Jp
where I" consists of two paths in {\ € p(4) : Re A < ap} connecting o + i3 to
o’ +1if’, respectively. It follows that

|Ta5(t) = T (1)]| < Ce®!

for all ¢t > 0 and hence wo(faﬂ — Ta/ﬁ/) < ay. Since

wo (T — fa/ﬁ/) < max {wo (T — Ta,ﬁ),wo (Taﬁ ~Twp)},
the result follows. O

The following consequence of Proposition is an extension of [12, Propo-
sition 2.4 a)] in the context of Cp-semigroups.

Corollary 4.3.4. Let X be a complex Banach space and let T be a Cjy-
semigroup on X with generator A. Then s (A) < ((T).

PROOF. Let w > ((T'). Then there exists S € H(Xy) for some 0 > 0 satisfying
wo(T — S) < w and by Proposition [4.3.3] there exist & < w and 8 > 0 such that
Qap C p(A) and {R(X, A) : X € Qqp} is R-bounded. Hence s (A) < a and
the result follows. O

The following result is a strengthening of Theorem [3.2.6f The proof is
identical to the one given in [I7, Theorem 3.6] except that the statement
sg°(A) < ((T) is replaced by the conclusion of Corollary in proving the
implication (i) = (ii). The notation here is as in Section

Theorem 4.3.5. Let X be a complex Banach space and T a Cy-semigroup
on X with generator A. Suppose that 1 < p < oco. Then the following are
equivalent:

(1) ¢(T) <0;

(ii) s} (A) < 0 and, for any compatible function ¢ € C*(R), there exists a
map S € LL(R; B(X)) such that ¢(s)R(is, A) = (FS)(s) for all s € R;

(iii) s3(A) < 0 and, for any compatible function ¢ € C*°(R), the map s —
¢(s)R(is, A) is a Fourier multiplier on LP(R; X).
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The final result in this section is analogous to [I7, Corollary 3.10] and gives
a characterisation of ((7") in terms of a Fourier multiplier condition.

Corollary 4.3.6. Let X be a complex Banach space, let T be a Cy-semigroup
on X with generator A and let 1 < p < co. Then

((T) =inf {a > sF(A) : s = ¢(s)R(a +is, A) is a Fourier multiplier on
LP(R; X) for all ¢ € C*°(R) that are compatible with A — a}.

PrOOF. Let a € R. By Theorem 4.3.5| applied to the rescaled semigroup Ty,
given, for t > 0, by To(t) = e~ “T(t), ((Tn) < 0 if and only if s¥(A) < a and
s — ¢(s)R(a + is, A) is a Fourier multiplier on LP(R; X)) for all ¢ € C*(R)
that are compatible with A — «. The result follows. O

4.4 Analytic approximation for a single operator

The discussion at the end of Section suggested a special importance of
power-bounded operators T' on a Banach space X satisfying —1 € p(T). A

natural quantity to introduce, then, is
Too(T) =inf{r >0:0(T)NT C 1+rD}.

Thus 0 < roo(T) < 2 for any power-bounded operator T, and the results
obtained at the end of Section [4.2] by combining Theorems and can
be restated as ((T) < 0 for a bounded Cy-semigroup 7" on a Hilbert space if and
only if 7 (T(t)) < 2 for all sufficiently small ¢ > 0. Note also that r(7) = 0
precisely when o(T)NT C {1}. Operators with this property will be the focus
of the next part of this thesis. The purpose here is to show that the quantity
Too(T") for a power-bounded operator T is connected to the degree to which the
powers of T" can be approximated by certain analytic maps @ : Z4 — B(X).

Given a complex Banach space X, a function @ : Z; — B(X) will be said
to be exponentially bounded if, for some constants C,r > 0, [|Q(n)|| < Cr™ for
allm > 0. If Q : Z, — B(X) is exponentially bounded and C,r > 0 are as
above, let

o
Q(n)
Fo(\) = Z N+l
n=0
for all A € C with |A] > 7 and note that Fg is holomorphic in this region.

For 6 € (0,7/2], let Qp denote the closed convex hull of the point 1 and the
set {\ € C: |\ < cos@}; see Figure An exponentially bounded map
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Figure 4.2: The region )y for a typ-
ical value of 6 € (0,7/2].

Q : Z4+ — B(X) will be said to be analytic if there exist 0§ € (0,7/2] and C > 0
such that Fg extends to the complement of €}y and

C

FoN)| <
IFall < 75,

(4.4.1)

for all A € C\Qy.

The next result is an analogue of [87, Theorem 2.1] and provides two
alternative characterisations of analyticity for exponentially bounded maps
Q :Z4 — B(X). Given such a map, let Sg : Ry — B(X) be given by

Solt) =S Q).
n=0

n!

Theorem 4.4.1. Let X be a complex Banach space and let Q : Z4 — B(X)

be exponentially bounded. Then the following are equivalent:
(i) Q is analytic;

(ii) Fg extends analytically to {A € C\{1} : |\| > 1} and there exists C > 0
such that

]Z: (f) (~1}IQn + j)| < ¢+ (” . ’“>_1 (14.2)

for all k,n > 0;

(iii) Fg extends analytically to {\ € C\{1} : |A\| > 1} and there exists 6 €
0,7/2] such that Sg has a bounded analytic extension to the sector Y.
Q
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Figure 4.3: The contour
Ly =~UL, UL,

PROOF. Suppose that (i) holds and note that, for n > 0,

1
27

Q(n) = A"FQ(A) da,

where I' is any contour which contains Qg in its interior. In particular,

f:( > DEIQ(n + 5) = 2W17§Z< >)\n+g 159 F () dA

= (4.4.3)

= A”()\ DFFg(2) dA

27

for all n,k > 0. The aim is to show that (ii) holds, which requires establishing
. If n = k = 0 there is nothing to prove, so assume that n + k > 0. Now
fix 7 € (0,1) such that —r ¢ Qp and choose for I' the contour I';,,, where, for
m > 1, I'y, consists of the arc v = rT\(1 + ¥(5,9)/2) together with the rays
L connecting the point 1 + m™! to the end points of v lying in the upper
and lower half-plane, respectively; see Figure 4.3 By modlfylng the values of
r and 6 if necessary, it is possible to assume that |\ — 1] < i 5 when A is either
of the endpoints of v. Letting the letter C' denote a positive constant whose
value may vary from occurrence to occurrence, it follows from the fact that Fg
is bounded along v that

1
’ — / AT\ = DFFg(N) d/\H < Or(1+ 1)k < oltkpen,
27 J,
Keeping r € (0, 1) fixed, an elementary calculation shows that (¥ + 1k <ok
for all z > 0 and k > 0, and hence " < Cck (1 + %)_k for all n > 0 and k£ > 0.
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Since

n+k k ny\k
< — 4.
< . >_e (1+k> , (4.4.4)
for all n > 0 and k£ > 0, it follows that
1 n+k -1
— [ A"(A=DFEo(\) dN|| < CFE 4.4.
|3 [ o vr e <o (M (@4.5)

for all n, k > 0 with n + k£ > 0, the claim being obvious if £ = 0. It remains to
estimate the contributions along the rays LZE k- ouppose first that k£ > n. If
n =0 and k = 1, the estimate with ~ replaced by Lf -, can be achieved
simply by allowing the constant C' to be sufficiently large. In all other cases,
n+k > 2 and it follows from the choice of 7 and @ that |A — 1| < 3 for all
A€ LTiLJrk. Since moreover |A"| < (1 + %Hc)” < efor k >n >0 and all
AE Lf;k, the estimates and 1+ 7 < 2 show that

L ney _ 1\k
/L A"(A — 1)FFo(A) dA

2mi o+
n+k

in this case, and it follows from (4.4.4) that (4.4.5) holds again with 7 re-

placed by L* Now suppose that 0 < k < n. Note, as in the proof of [86),

n+k*
Theorem 4.9.3], that the rays LI are subsets of the lines parameterised by

<02k <C (1 + %)_k

A(s) =1+ m™! + sefom where s > 0 and ay, € (§, ) is chosen as shown
in Figure Hence there exists ¢ > 0 such that [A(s)] < (1 +m~1)e ™ and
consequently |A\(s)|™ < e!=™ for all s > 0 and all m > 1. Consider first the
case k = 0. Since a, < a3 < 7 for all n > 1,

2

1
>

1 .
4 Se:tlan i
n

- ((1 —ns)2 +2ns(1+cosa1))

and hence [n~1 + se™@| > (Cn)~! for all n > 1. It follows from (4.4.1)) that

1 o I
- nE d < —cns [ © i, d
ot ) A"Fg(N) )\H < C/O e (n + se ) s

oo
< C’n/ e—cnsds’
0

so that
1

2mi

/i)\”FQ()\) d)\H <C
Ly
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for all n > 1, which is the required estimate when £ = 0. For 0 < k < n, it
follows from (4.4.1)) and the estimate |m =1 + se*'@m| < m~! 4 s for s > 0 that

00 1 k—1
S C1+k/ e—cns <’I’L—|—k‘ + S) ds
0

14k
< ¢ Ooe_ssk_l ds = CHku.
nk J nk

i niy _ 1\k
/L AT(A — 1)FFo(A) dA

2mi Jr+
n+k

and hence

L ney _ 1\k
/L MO = 1)FFo(A) dA

27 Jr+
n+k

Since % < 2(1+ %)~ in this case, it follows that

—k
! / AP\ — 1)FFg(\) dA|| < C1F (1 + %) .
L

27 Jr+
n+k

Using (4.4.3) and (4.4.4), these estimates together show that (ii) holds.
Now suppose that (ii) holds and note that, for £ > 0 and t > 0,

n

o k
k - k ;i N
9w =33 (§)0em e
n=0 j=0 J ’
It follows from (|4.4.2]) that there exists C' > 0 such that
k o0
159" 01 _ & ciken o1
—— <e < ,
K (n+k) — tk

n=0

and hence the Taylor expansion

o] . )\k
So(t+X) =Y 55" (1075
k=0

is valid for |A\| < ¢t/C. Thus Fg has a bounded holomorphic extension to ¥y for
0 < 6 <sin~!(1/C), so (iii) holds.
Suppose finally that (iii) is satisfied and let Ug(t) = e'Sq(t), so that

o tn
Uolt) =Y Q"
n=0
for all ¢ > 0. By [6, Theorem 2.6.1] the Laplace transform

(LU = [ e MUg(tyat
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extends holomorphically to the shifted sector 1439y /2 and there exists C' > 0
such that

(TN < 7=,

for all A € 1+ ¥(;,9)/2- Since @ is exponentially bounded, it follows from
Fubini’s theorem that the Laplace transform LUg of UQ satisfies

—)\ttn
£UQ / Z An—f—l = )

for Re A sufficiently large. Hence by the identity theorem Fg extends to 1 +
Y(n46)/2 and satisfies the estimate (4.4.1)) on this region. Since Fg extends to
an open set containing T\(1 + X(;14)/2) and is bounded on compact subsets of

its domain, it follows that ) is analytic. O

Given T € B(X), let Qr(n) = T™ for n > 0. Then, writing Fr instead
of Fg,, Fr(A\) = R(\,T) for |A| > r(T'). The following lemma shows that
in this special case can be replaced by a simpler condition when 7T is
power-bounded.

Lemma 4.4.2. Let X be a complex Banach space and let T € B(X) be a
power-bounded operator satisfying o(T)N'T C {1}. Then Qr is analytic if and
only if there exists B > 0 such that

B
1+n

171 = T)|| < (4.4.6)

for allm > 0.

PROOF. It is clear that the first part of condition (ii) in Theorem is
equivalent to (7)) N'T C {1} in this case. If Q7 is analytic, then holds
by Theorem and the estimate follows on setting k = 1.

Suppose conversely that holds. For k& = 0, is satisfied by
power-boundedness of T'. Suppose therefore that & > 1. If n < k, then 1+ < 2
and hence .

I (1 =) < M =TI < R (14 %)_ , (4.4.7)
where M = sup{||T"|| : n > 0} and C = 2(1+ M). If n > k, on the other hand,
let n =mk + j for some m > 1 and 0 < j < k. By ,

—k
|T™(I —T)¥| < M|T™(I —T)||* < MB* <1 + kﬂ) _

Since 1+ 7 <2(1 + %), 4.4.7)) holds for C' = max{M,2B} in this case, and
the result follows from (4.4.4) and Theorem O
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In fact, given a power-bounded operator T' € B(X) satisfying o(T) N'T C
{1}, it follows by a simple Neumann series argument that analyticity of the
map @Qr is equivalent to the existence of a constant C' > 0 such that

C

<

just for || > 1; see [76], [85], [86l, Theorem 4.5.4] and also Theorem in

the next chapter. By Theorem is equivalent not only to the map
QT being analytic but also to the Cp-semigroup St generated by T'— I being a
bounded analytic semigroup; see [87, Theorem 2.1]. An operator 1" satisfying
these equivalent conditions is said to be a Ritt operator; various interesting
results on Ritt operators may be found for instance in [8], [25], [26], [40], [42],
[43], [44], [68], [79], [80] and [103].

This connection between bounded analytic Cy-semigroups and Ritt opera-
tors motivates the following definition of a discrete analogue of the non-analytic
growth bound. Given an exponentially bounded function @ : Z; — B(X), let

Ag(n) = ZO (%) -vraa)

for all n > 0 and write A7 instead of Ag,. Note that, for all £ > 0,

o tn
Salt) =3 Aqln)",
n=0
and that St (t) = Sg, (t) = exp(t(T' — I)) for T € B(X). Furthermore, let

wo(Q) = inf {r > 0 : there exists C' > 0 s.t. |Q(n)|| < Cr" for all n > 0}.

The non-analytic growth bound n(T') of a power-bounded operator T' € B(X)
is defined as
n(T) = inf {wo(Ar — Ag) : Q is analytic}.

Note that 0 < n(T") < 2 for any power-bounded operator 7. The next result is
a discrete analogue of [12, Proposition 2.1].

Proposition 4.4.3. Let X be a complex Banach space and let T € B(X)
be a power-bounded operator. Furthermore, let r € (0,2]. The following are
equivalent:

(i) There exists an analytic map Q : Z4 — B(X) such that wo(Ar—Ag) < r;
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(ii) There exists s € (0,7) such that o(T)NT C {A € C: |\ —1| < s} and
wo(Ar — Ag,) < r, where

Qu(n) = 2% /C MR, T) dA (4.4.8)

for all n > 0, Cs being any contour lying in p(T) N D such that o(T') can
be enclosed by adding to Cs an arc contained in {\ € C: |\ — 1| = s}.

Moreover, when these conditions are satisfied then in fact wo(Ar — Ag,) < T
for all s € (0,7) such that o(T)NT C {A € C:|\—1| < s}.

PROOF. Suppose (i) holds and let wo(Ar — Ag) < so < s < 7. For n > 0 let
B(n) = Ar(n) — Ag(n). By assumption there exists C' > 0 such that ||B(n)| <
Csy for all n > 0 and hence Fp extends analytically to {A € C : |\| > sp}.
Moreover, using the notation and also the Laplace transform argument in the
proof of Theorem [4.4.1

Fao(A) = (LSQ)(A) = (LUQ)(A +1) = Fo(A+1)
when Re A is sufficiently large. Since () is analytic, s, extends analytically to
the complement of €y — 1 for some ¢ > 0. Since A7 = B 4 Ag and

Far(N) =) (TA;{)H =R(\+1,T)
n=0

when |A| is sufficiently large, it follows from the identity theorem that the
resolvent set of T contains the complement of the set QyU{\ € C: |A—1] < s¢}.
In particular, o(T) N T C {A € C: |X — 1] < s}. Furthermore,

Ar(n) = (T =" = — d (A= 1)"R(\, T) dA

27 Jr

for any contour I" that lies in the exterior of Qy U{\ € C: A — 1| < sp} and
encloses o(7'). Choose I' = CsU~y,, where Cj is as in the statement of the result

and 1, is a suitable arc contained in {\ € C: |A — 1| = s}. For Q) as in (4.4.8))
it then follows that there exists C' > 0 such that

41 () = A, ()] = 51 § o-vrro) R

for all n > 0, and hence wo(Ar — Ag,) < s. Thus (ii) holds.

60



To show conversely that (ii) = (i) it suffices to note that, by Fubini’s
theorem,

)\nt" 1
— (A=1)t T
§ 5 /C T)dA = /C OTROLT) )

for all ¢ > 0 and

1 R(z,T)
Fo,(\) = — —=d
Q.(A) = 27r1/c A—2

for |A| > 1. Thus Sg, has a bounded analytic extension to any sector 3y with
0 < 0 < mand Fp, extends analytically to the complement of Cj, thus in
particular to {\ € C\{1} : |\| > 1}. It follows from Theorem that Qs is
analytic.

To prove the final statement, suppose that s, s’ € (0,7) are such that o(7")N
T C{AeC:|\—1] <min{s,s'}}. By Cauchy’s theorem

1

27

40,0~ Aq, 00 = 5 [ =1 ROT) O

for all n > 0, where I' ¢ consists of any two curves lying in p(7) N D that
connect points in {A € C: |A =1 = s} and {\ € C: |\ — 1] = ¢’} that lie
in the upper and lower half-plane, respectively. Letting ro = max{s,s'}, it is
possible to choose I'y ¢ to lie entirely within {A € D : A — 1| < ro}. It follows
that there exists C' > 0 such that ||Ag,(n) — Ag,, (n)|| < Crg for all n > 0, and
hence wo(Aq, — Ag,,) < 70. Since

wo(Ar — Ag,) < max {wo(Ar — Ag,),wo(Aq, — Aq, )}
the claim follows. O

The following result shows that 7(7") and 7+ (7") not only take values in the
same range for any power-bounded operator 7' € B(X) but in fact coincide.
The result is a discrete analogue of Theorem but does not require X to
be a Hilbert space.

Theorem 4.4.4. Let X be a complex Banach space and let T € B(X) be a
power-bounded operator. Then n(T') = r(T).

PROOF. Suppose that r > ro(T') and let s € (roo(T"),r) be such that o(T) N
T c {A e C:|X—1] < s}. Letting Qs denote the analytic map defined in
(4.4.8), it follows by the same argument as in the proof of Proposition [1.4.3]
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that wo(Ar — Ag,) < s. Hence n(T') <, so n(T) < roo(T). Now suppose that
r > n(T). By Proposition there exists s € (0,7) such that o(T)NT C
{A e C: |A—1] < s}. Hence 7o(T) < s, 50 7oo(T) < n(T). It follows that
(1) = roo(T). [

Remark 4.4.5. Suppose that T"is a power-bounded operator on some complex
Banach space X. Given r > n(T), let Q : Z+ — B(X) be an analytic map such
that ||Ap(n) — Ag(n)|| < Cr™ for some constant C' > 0 and all n > 0. Then
|S7(t) — So(t)|] < Ce™ for all t > 0, and it follows that ¢(St) < n(T). This
bound is of no interest, however, as the semigroup St generated by T' — I
is bounded and hence satisfies the stronger estimate ((St) < wo(Sr) < 0.
Suppose on the other hand that T' is a bounded Cy-semigroup on a complex
Banach space X. It follows from Theorem and the discussion following
it that n(T'(t)) < 2 for all sufficiently small ¢ > 0 whenever ((T') < 0, and
by Theorems [3.2.5] and [£.2.3] the two statements are equivalent when X is
a Hilbert space. Determining the precise relationship between the discrete

and the continuous non-analytic growth bounds remains a problem for future
research.
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Part 111

Discrete operator semigroups
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Chapter 5

Rates of decay in the classical
Katznelson-Tzafriri theorem

5.1 Introduction

The Katznelson-Tzafriri theorem in its original and most basic form states the
following; see [62, Theorem 1] and also [46].

Theorem 5.1.1. Let X be a complex Banach space and T € B(X) a power-
bounded operator. Then

lim ||[T™(I - T)| =0 (5.1.1)

n—oo
if and only if o(T)N'T C {1}.

This result, which has applications both in the theory of iterative methods
and in the context of zero-two laws for Markov processes (see [86] and [62], [89],
respectively), is a cornerstone of the asymptotic theory of operator semigroups
and is shown in [33], Section 4] to be optimal in various ways. One aspect which
so far has been investigated only in special cases is the rate at which the decay
takes place in . The purpose of this chapter, then, is to relate this rate
of decay to the growth of the resolvent ||R(e?,T)| as 6 — 0; see [37], [41], [86,
Chapter 4], [87] and [88] for previous results in this area.

The main results of this chapter are Corollary and Theorem
The first establishes a rate of decay which, under certain conditions, is the
fastest that can occur, while the latter adapts a contour integral argument
used in [15] and [78] to yield a slowest possible rate of decay in (5.1.1). The
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question of whether Theorem [5.2.12]is optimal, at least in an important special
case, will form the main subject of Chapter[6] The material in this chapter and
the next is based on [97].

5.2 Main results

Let X be a complex Banach space and let T' € B(X) be a power-bounded
operator. Since rate of decay in is necessarily exponential when o(7") N
T = 0, the real interest lies in the case when o(7T) N'T = {1}. In order to
obtain estimates on the rate of decay in this situation, it will be convenient to
have in place a few additional pieces of notation. Thus, given an operator 1" as
above, a decreasing function m : (0, 7] — (0, 00) such that ||R(e'?, T)|| < m(|0)])
for all # with 0 < |6] < 7 will be said to be a dominating function (for the
resolvent of T'). Likewise a decreasing function w : Zy — (0,00) such that
|IT"(I —T)|| < w(n) for all n € Z, will be said to be a dominating function
(for T'). The minimal dominating functions are given, for 6 € (0, 7] and n > 0,
by

m(6) = sup {| R(e”. 7] : 0 < 9] <}, _—

w(n):sup{HTk(I—T)H ik >n}, o
respectively. Thus, for the minimal dominating function w of T', w(n) — 0 as
n — oo precisely when holds. Note also that the function m defined
in is continuous. In what follows, the same will be assumed to be true
of any dominating function m for the resolvent of T. In particular, any such
dominating function m possesses a right-inverse m ! defined on the range of
m. On the other hand, given a dominating function w for T" which satisfies
w(n) — 0 as n — oo, define the function w* : (0,00) — Z4 by

w*(s) =min{n € Z; : w(n) < s}. (5.2.2)

Then w(w*(s)) < s for all s > 0, with equality for all s in the range of w.

5.2.1 An upper bound on the rate of decay

Recall that, given any complex Banach space X and any T' € B(X),
[~
~ dist(\, o(T))

for all A € p(T). Thus if 1 € o(T) then m() > 0~! for all § € (0, 7], so there is
a minimal rate at which the resolvent of any operator 1" as above must blow up

IR\, T) (5.2.3)
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near its singularity. This might suggest that there should exist a corresponding
minimal rate, independent of the operator T, at which decay takes place in
(5.1.1). This is false, however, as Corollary below will show; see also [3|
Theorem 4.2] for a related observation in the context of Banach algebras. The
next result, on the other hand, shows that instances in which the decay is faster
than that of n~! are of a very special nature. It is a direct analogue of [14]
Theorem 6.9]; see also [87, Remarks 2.3 and 2.4].

Theorem 5.2.1. Let X be a complex Banach space and let T € B(X) be such
that o(T)N'T = {1}. Then either

limsupn||T"(I —T)| >0 (5.2.4)
n—o0

or there exist closed T-invariant subspaces Xy and X1 of X such that Xy C
Fix(T), the restriction Ty of T' to X, satisfies r(T1) < 1, and X = Xy & X1.

PROOF. Supposing first that 1 is a limit point of o(T), let A\; € o(T)\{1} be
such that \; — 1 as j — oo and set n; = ||1—\;|7!|. Since the spectral radius
r(IT™(I —T)) of T"(I — T') is bounded by the norm of this operator for each
n > 0, it follows that

. 1\
limsupn||T"(I — T)| > lim e (1 - > —c !
n—00 j—oo nj + 1 n;

and hence ([5.2.4)) holds.

If 1 is an isolated point of o(7T'), on the other hand, then a standard spectral
decomposition argument (see for instance [6, Proposition B.9]) shows that there
exist closed T-invariant subspaces Xy and X; of X and a bounded projection P
of X onto X; along Xy which commutes with T". In particular, X = Xo ® X;.
Moreover, the restrictions Ty and 77 of T to Xy and X satisfy o(Tp) = {1}

and o(T1) = o(T)\{1}, respectively. Now, if ([5.2.4) fails, then
liminfn| T3 (I —To)|| =0
n—oo
and it follows from [61, Theorem 2.2] that Tx = x for all z € X. O

Remark 5.2.2. It is easy to see that, if X splits, then in fact Xy = Fix(T)
and X; = Ran(I — T'). In particular, Ran(I — T') is closed; see also [86], Theo-
rem 4.4.2].
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Thus the rate of decay as n — oo in is either at least exponential or no
faster than n~!. The case of decay at this borderline rate is connected with the
class of Ritt operators introduced in Section [£.4] Ritt operators will be treated
as part of a more general framework in the following chapter. The reason why
they are important in the present context is that a power-bounded operator T
satisfying o(T)NT = {1} is a Ritt operator if and only if | R(e!’, T)|| = O(|0|~1)
as |#] — 0; see for instance the proof of Lemmal[6.4.1]below. The following result
shows that these operators are precisely those for which the rate of decay in
(5.1.1)) is no slower than n~!. This characterisation was obtained independently
in [76], [85] and [86, Theorem 4.5.4].

Theorem 5.2.3. Let X be a complex Banach space. An operator T € B(X)
is a Ritt operator if and only if it is power-bounded and

IT™(1 = T)| = O(n™")
asn — oQ.

Thus decay in at a rate no slower than n~! already implies a strong
condition on the growth of the resolvent near its singularity at 1. The next result
establishes a corresponding resolvent bound in a rather more general situation;
see [14, Theorem 6.10] for an analogous result in the setting of Cp-semigroups.

Theorem 5.2.4. Let X be a complex Banach space and let T € B(X) be
a power-bounded operator. Suppose that w is a dominating function for T
such that w(n) — 0 as n — oo and let w* be as defined in (5.2.2). Then
o(T)NT C {1} and, for any c € (0,1),

R(?,T)| = O 1 +w* (c 2.
as 0] — 0.

PROOF. Suppose that A € o(T) NT. By the spectral mapping theorem for
polynomials, A"(1 — ) € o(T™(I —T)) and hence

[1=Al= "1 =N <w(n)

for all n > 0. Letting n — oo, it follows that A =1, s0o o(T)NT C {1}.
Now let A € T\{1}. Then, for n > 0,

n—1
N L=X) =TI =T)= 1=\ Y ANFTFA-T) - T"(A - T)
k=0
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and hence, letting M = sup{||T"|| : n > 0},
1= AR D)zl < w®)|RO, Tzl + M (1+n/1 = )]

for all z € X. Fix b € (¢,1) and let n = w*(b|]1 — A|). Then

RO < 12 (g + o7 0= )

and, since b|1 — \| > || for A = e with sufficiently small 6 € (—x, 7]\{0}, the
result follows. O

Remark 5.2.5. A similar argument shows that, given any constant K > M,
where M is as above, there exists ¢ € (0, 1) such that

|R(eY, T)| < K <|é’ +w* (c|9)) (5.2.6)

whenever |6] is sufficiently small. Note also that, by (5.2.3)), the |#|~! term in
(5.2.5) and (j5.2.6|) cannot in general be omitted.

In analogy with [I4, Corollary 6.11], these observations can be used to
obtain a lower bound on the quantity ||7"(I — T)|| when n > 0 is large, thus

giving a fastest possible rate of decay in (5.1.1)).

Corollary 5.2.6. Let X be a complex Banach space, let T € B(X) be a power-
bounded operator such that o(T) N'T = {1} and let m be the minimal domi-
nating function for the resolvent of T' defined in (5.2.1)). Suppose that

lim max {[|0R(",T)|,[|0R(e™,T)||} = cc. (5.2.7)
—

Then, given any right-inverse m~' of m, there exist constants c,C > 0 such
that
|T™(I = T)|| > em™Y(Cn) (5.2.8)

for all sufficiently large n > 0.

PROOF. Let w be as defined in (5.2.1)). Since w(n) — 0 as n — oo by Theo-
rem it follows from Theorem that there exists B > 0 such that

m(0) < B (; bt (9/2))
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for all sufficiently small 6 € (0, 7], and hence

W (0/2) > m(0) <}9 - amlw)> (5.2.9)

for all such values of . Let C = 2B and, for n > 0, let 6, = 2w(n). By

(5.2.7), 6,m(0,) > C for all sufficiently large n > 0, so (5.2.9) implies that
w*(0,/2) > C~'m(6,) for each such n > 0. Since w*(6,/2) < n and therefore

m(m~1(Cn)) = Cn > Cw*(0,/2) > m(6,),

it follows that m~(Cn) < 6, for all sufficiently large n > 0. Moreover, 6,, <
2M||T™(I — T)| for all n > 0, where M = sup{||T"|| : » > 0}. Hence (5.2.8)
holds for ¢ = (2M)~L. O

Remark 5.2.7. A similar argument using Remark instead of Theo-
rem shows that the conclusion ([5.2.8)) remains true if ([5.2.7) is replaced

by the weaker condition that L > M, where M is as above and
L= ligliélfmax{HHR(eie,T)H, [0R(e™,T)][}.
—

Taking T to be the identity operator shows that the conclusion can become
false when L = M.

5.2.2 A lower bound on the rate of decay

Suppose that T" is a power-bounded operator such that ¢(7) N'T = {1} and
let m be the minimal dominating function for the resolvent of T" defined in
. If T is a Ritt operator, then it follows from Theorem that, for
any c € (0,1),

|T™(I = T)|| = O(m™*(cn)) (5.2.10)

as n — oo and, in view of Corollary[5.2.6] this type of upper bound is in general
the best possible. The next result describes the class of functions m for which
such an upper bound is satisfied in the case of a normal operator on a Hilbert
space; see also [14] Proposition 6.13].

Proposition 5.2.8. Let X be a complex Hilbert space and let T € B(X) be a
normal operator such that o(T) C DU{1}. Furthermore, let m be the minimal
dominating function for the resolvent of T defined in , let m~! be any
right-inverse of m and let S C N.
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1. Suppose there exist constants ¢, C' > 0 such that
|1T™(I —T)| < Cm ™ (cn) (5.2.11)

for allm € S. Then, for any b € (0, c), there exists a constant B > 0 such

that 0) 9

m

——= >blog—-—B 5.2.12
for all§ € (0, 7] of the form § = m~(cn) withn € S and for all sufficiently

small ¥ € (0, ].

2. Conversely, if there exist constants b, B > 0 such that (5.2.12|) holds for
all 0 € (0, 7] of the form § = m~'(bn) withn € S and all ¥ € (0, 7], then
there exists a constant C' > 0 such that (5.2.11]) holds with ¢ = b.

Proor. Note first that, for 6 € (0, 7],
m(0)"" = min {|A — | : A € 0(T),0 < || < 7},

and that (5.2.11) is equivalent to having

1Al

1 L >1
nlog — —_—
TN =8 Cm~(en)

By (5.2.13)

for all A € o(T)\{1} and all n € S.
Suppose this holds and let # = m~!(cn) for some n € S. Then

for all A € o(T)\{1}. Define the function g : (0,1) — R by

s—1
g(S)— lOgS.

Then g is a continuous increasing function satisfying g(s) — 1 as s — 1, and
in fact

ots) =t { |

:s<r<1}
ogr

for all s € (0,1). Thus, given any b € (0, c), there exists sop € (0,1) such that
cg(so) > b. Now suppose that ¥ € (0,1 — sg), let A\ € o(T") be such that
m(¥) = |\ — e¥|7! for some ¢ € (0,7] with |p| > 9, and let r = |A|. Since
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m(¥9) > 971, it follows from the estimate 1 — r < |\ — e'?| that » > sg. Thus,
if |1 — A| > 2, then

s> Pl A g Y
m(®) = logt o co " Face

which gives (5.2.12)) with B = blog2C. If |1 — \| < g, on the other hand, then
A —el¥| > % and hence

which gives with B = blog3b. This proves the first statement with
B = bmax{log 2C, log 3b}.

Now suppose, conversely, that holds for some constants b, B > 0,
all § € (0,7] of the form # = m~!(cn) with n € S and all ¥ € (0,7]. Let
A =re'® € o(T)\{1}, and set ¥ = |¢|, so that

1 ; 1
log=>1—r=|e? -\ >—r
r

m(d)’
Hence, if ¥ > 11 — [, then (5.2.12) gives
1 _ Im(m~t(bn)) V B 11—\ B
log=>-—— P >log(——— )| —Z>log ([ —— )| - =
BT =% m(d) =108 m=1(bn) b =% 2m~1(bn) b’
thus establishing (5.2.13) with ¢ = b and C' = 2e5/°. On the other hand, if
¥ < |1 — A|, then

1= Al

L—r>|1=X—]e?—1>1-X-9> 5

and consequently

1 11— )| . 11—\ 1= Al
log = >n(l—r) > b)) Z =i = 8\ ST (o
nlog e n( T‘) = 2 m(m ( n)) - 2bm‘1(bn) = 108 Qbm_l(bn) 5

which gives (5.2.13) with ¢ = b and C' = 2b. Thus taking C' = 2max{eB/b,b}
completes the proof. ]

Remark 5.2.9. The conclusion of Proposition [5.2.8] remains true, with the
same proof, for any complex Banach space X and any power-bounded operator
T € B(X) satisfying

1A = sup {|f(N)] : A € o(T)}
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for all functions f of the form f(\) = A\"(1—\) withn > 0or f(A) = (u—A)~!
with p € p(T'). This includes, in particular, the class of multiplication operators
on any of the classical function or sequence spaces. Note also that the second of
the two implications holds more generally when m is an arbitrary dominating
function for the resolvent of T

Thus holds for a normal operator T if and only if the minimal
dominating function m(#) for the resolvent of T grows in a fairly regular way
as @ — 0. The following example, which is an adaptation of [6, Example 4.4.15],
exhibits a class of normal operators for which this is not the case.

Example 5.2.10. Let X = ¢2(N). Given a strictly increasing sequence (r) of
positive terms such that 7, — 1 as k — oo, let Ay, = rrel/* and consider the
operator T' € B(X) given by Tx = (Agxr). Then T is a normal contraction

with o(T) = {\; : £ > 1} U {1}. Moreover, if

1
T > 2(1—|-k3)2
for all k > 1, then, for j # k,
; ; 1/1 1 ;
and hence 1
k_l — 1/kT —
m(k) = | REE D) =

for all kK > 1, where m is the minimal dominating function for the resolvent of
T defined in (5.2.1]). Suppose furthermore that

log rgi41 > 2log (41

for all k > 1 and, given ¢ > 0, let b € (0, ¢) and

-1
ng=|——|.
: [blog T(k+1)!—‘

! !
L — 7ty log r (k411

Then

m (((k+1)H™)

~ bnk

as k — oo, and hence
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for all sufficiently large £ > 1. Since

1
‘1 - )\k!+1| > %

and [ARf | > e 2/b for all k > 1, it follows that

n " 1 k 1
1771 = D) 2 N (L= M) 2 s = 25m (o)

when k > 1 is sufficiently large. In particular, (5.2.11)) fails for every ¢ > 0.

Thus, given a power-bounded operator T such that o(T) N'T = {1}, a
right-inverse m~! of some dominating function m for the resolvent of T and a
constant ¢ € (0,1), the asymptotic upper bound fails to hold in general.
The next result shows that it is nevertheless possible to obtain an upper bound
of this kind provided the function m is modified appropriately. Indeed, given
an operator 1" as above and a dominating function m for the resolvent of T,
define the function myeg : (0, 7] — (0,00) by

miog(6) = m(0) log (1 4 m?) , (5.2.14)

noting that this function is strictly decreasing and hence possesses a well-defined

inverse mlgé defined on the range of mj,s. As Theorem [5.2.12| below shows,
(5.2.10) is valid when m~! is replaced by mg; This raises the question by
how much the asymptotic behaviour of these two functions differs in particular

instances; see also [I5, Example 1.4] and [78] Section 2].

Example 5.2.11. (a) If m(0) = Ce®/?, where C, o > 0 are constants, then

_ «
mloé(s)

~ log s

as § — 00, SO mlgé has the same asymptotic behaviour as m™! in this

case.

(b) If m(0) = CO~ for some constants C' > 0 and o > 1, then

B log s\ /@
mloé(s) ~ <g>

S

as s — 00, SO mlgé differs from m~! by a logarithmic factor.
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The following theorem is the main result of this chapter. It is a discrete
analogue of [I4], Theorem 6.15] and [78, Proposition 3.1], which in turn are
variants of [15, Theorem 1.5]; see also [49, Chapter VI], where similar techniques
are discussed in the context of combinatorial problems.

Theorem 5.2.12. Let X be a complex Banach space and let T € B(X) be a
power-bounded operator such that o(T) N T = {1}. Furthermore, let m be a
dominating function for the resolvent of ' and let m),g be as defined in .
Then, for any ¢ € (0,1),

IT7(1 = T)|| = O(mijgy(cn))
as n — oQ.

PRrROOF. Throughout this proof, the letter C' will stand for a positive constant
which will typically be thought of as being large and which need not be the
same at each occurrence.

Having fixed a dominating function m and a constant ¢ € (0, 1), let {2 denote
the closure of the set

c

6
rer eC:0<r<1-—
{ m(|0])

,0<|0|§7T}.

Noting that (7)) C Q by a standard Neumann series argument, define the
function F,, : C\Q2 — B(X) by

F,(A\)=T"2-T)(I-(A-=1)R\\,T)).
It then follows from the resolvent identity that

E,(\) =T"2-T)’R(\,T)(I - R(2,T)), (5.2.15)
and hence F,,(2) =T"(I —T). Thus, by Cauchy’s integral formula,

T —T) = QLm ]{F ;\L(_)\)2Fn()\) d),

where I' is any contour outside 2 around the point 2 and where h is any
function that is holomorphic in the relevant region and satisfies h(2) = 1. In
what follows, it will be convenient to take I' = I}, U I,y to consist of an outer
contour I'yyt, which encloses both the point 2 and the set 2, and an inner
contour I3,, which lies in the interior of I,y and encloses €2 but not the point

74



Figure 5.1: The contour I' = Tj, U Iy, where Iy, = I'g and I}, =
Cr Ut with C, =C2UCHUC,.

A = 2. Such a contour can be thought of as being closed by inserting a cut from
any point on I}, to any point on Iy, the contributions along which cancel out.
Let ¢ be the Cayley transform defined by

1-A
\) =
PN =15
and, for r € (0,1) and R > 0, let
1472 2r
=19 A A — = 2.1
T

and I'r = {\ € C: |\ — 1| = R}, noting that ¢ maps 7, onto rT, the real line
onto itself and the unit circle T onto the imaginary axis. Now suppose that
r € (0, %) and R > 2, and let T,y = g and [}, = C. U~,", where 7,7 denotes
the part of ~, that lies outside I and where C) is any suitable path in D\Q
connecting the endpoints of v,". Furthermore, choose for h the map h, given

by )
1 r

N =5 (1+ = )

(V) 1+9r2< +g0()\)2>

so that h, is holomorphic away from the point A = 1. Now, letting M =
sup{||7™]| : n > 0}, it follows from the series expansion of the resolvent that

M
Al =1

IR T < (5.2.17)
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whenever |A| > 1 and hence, by (5.2.15) and the fact that 7" is power-bounded,

C

F,l <
17l < 57

for all such A, where C is independent of n > 0. Since h, is bounded above in
modulus independently of r along I'g, it follows that

FRCTI

A—2 R
where C' is independent of n > 0, and hence, appealing to Cauchy’s theorem

and allowing R — oo, this contribution can be neglected.
Next note that, for A € rT, the function g, defined by

2

r
gr(>‘) = 1+ﬁ

satisfies |g,(A\)| = 2r~1| Re A|. Moreover, an elementary calculation shows that,

for A € v,
4Rep(A)
1— A= : 5.2.18
Al 1+ 2Rep(X) + 12 ( )

Since
_ gr @
1+9r2

and ¢(vy,) = rT, it follows that

Al = 1]
.

7 (V)] < C’Ref(A)’ <c! (5.2.19)

for all A € v,.. But for each A € ., |A\|—1 < Cr and |1 —\| < Cr so, by (5.2.17))
and the definition of F;,,

IE NI < CIT = (A= DRAT)| <

where C is independent of n > 0, and it remains to control only the contribution

Al =1

for all A € v;F. Hence

hr(A)
F, <o,
/w—z ()\)d)\H_Cr

along Ci.
Let 0, € (0, %) denote the argument of the point at which ~, meets T in the
upper half-plane and define the curve Cy, for 6, < |0 < 7, by

0 = (1~ )
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Furthermore, let C;F denote the rays given, for 1 — cm(6,)"! < s < 1, by
C#(s) = se™¥ and set C, = C°UC;f UC; . Defining

n—1

pn(>\) _ Z Anfk:flTk

k=0

for A € C\Q, it follows from the resolvent identity, the relation
pn(A) = (A" =T")R(AT)

and some elementary manipulations that

1 n n
Fad) = 15 @ =T ((A= D(\"ROT) = pu(N) = T"R(2.T))
for all A € C\Q with A # 2; see also |78, Lemma 2.2]. Hence Cauchy’s theorem
gives

hr(A)(A = 1)A"

R(2,T)? /C ﬁg Fy(A)dX = TP R(\,T)dA
B [yf ()]\IT_O;))Q (A= Dpn(N) + T"R(2,T)) dA,

where v~ = 7, ND. To estimate the first integral on the right-hand side, note
first that, by a standard Neumann series argument,

m(6,)
1-c

1R T)] <

for all A € C?. Since h, is uniformly bounded independently of r along C7, it
follows that

/ MR(A’T)CM
oF

<omo) (1~ )

(A —2)?
Similarly,
. — 1\ 1
‘/ WR(A,T)dAH <C s < -
ct (A—2) 1—em(6,)—1 n—+1
To bound the integral along 7, , note that
Cr
A=Dp,( V|| € ——
= DI < 75
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for all A € . Thus by (5.2.19)) both h,(A) and A, (A)(A—1)p,(A) are uniformly
bounded, independently of r and n, as A ranges over v, , and it follows that

where C' is independent of n > 0.

/ (fr_();))?(()\ = Dpn(A) + T”R(2,T)) d/\H <Cr,
Tr

Since C~1r <6, < Crr, combining these bounds gives

=1l < € (64 g i) (1 m<e>>> |

where C is independent of n > 0 and r € (0, %) Now, if n > 0 is sufficiently

large, choosing r € (0, 1) so as to satisfy 6, = m;)é(cn) gives

exp (mc(gr)) 14+ 07 m(,)

and hence

o) (1= ) S mdew () <o

Since (n+1)7! < legé(cn) for all n > 0, the proof is complete. O

Remark 5.2.13. Applying the above arguments to the rotated operator Ty =
e T it is clear that the condition o(T) N'T = {1} can be replaced, in the
previous result and elsewhere in this chapter, by the condition o(T)NT = {e?}
for some 6 € [0,27). In this case the conclusion of Theorem becomes
that, for any ¢ € (0, 1),

[T (e — T)| = O(mallog(cn))

as n — 0o, where the function mg jog : (0,7] — (0,00) is defined, in analogy
with , in terms of a given dominating function my for the resolvent of Ty.
In fact, by an argument analogous to the one outlined in [78, Section 3.2], it is
possible to extend Theorem [5.2.12] to certain cases with finite unitary spectrum.
Supposing that o(T) N'T = A, where A = {e% : 1 < j < k} for some k € N
and 0 < 0y <--- <0 < 2m, let

eozmin<{'9j“2_9j:1§j§k—1}u{w+61;0’“})

and define the decreasing function mp : (0,6] — (0, 00) by

ma(6) = sup {||R(e“9,T)|| :9 € [0,27) with |9 — 8;] > 0 for all j} :
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Then, given any c € (0, 1),
IT"p(T)|| = O(m} 1oq(cn))

as n — oo, where

pa(z) = [[(A-2)

AEA
and ma 1o : (0,6p] = (0,00) is defined in terms of my as in (5.2.14)).
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Chapter 6

Rates of decay for polynomial
resolvent growth

6.1 Introduction

The purpose of this chapter is to investigate more closely the general results of
Chapter 5] in the special case where the resolvent growth is at most polynomial.
Given a power-bounded operator T' € B(X) on a complex Banach space with
o(T)NT = {1}, the resolvent growth is said to be polynomial if the resolvent of
T admits a dominating function of the form m(#) = C#~* for some constants
C > 0 and a > 1. Here the restriction on the parameter « is a consequence
of (5.2.3)). If the resolvent R(e!,T) of T happens also to grow no more slowly
than |6]7* as § — 0, Corollary and Theorem combine to give the
following result, which describes the range of decay rates that are possible in

this situation.

Corollary 6.1.1. Let X be a complex Banach space and let T € B(X) be a
power-bounded operator such that o(T) N'T = {1}. Suppose that, for some
a>1,

IR, T)| =< 10|~

as 0 — 0. Then there exist constants ¢, C > 0 such that

c n logn Lo
sl <o (<) (6.1.1

n

for all sufficiently large n > 0.
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The remainder of this chapter is concerned with the question whether the
logarithmic factor on the right-hand side of is in fact needed. In Sec-
tion[6.2] the question is first investigated in the case of a simple but illustrative
example involving a Toeplitz operator. Here the logarithmic factor turns out
not to be required, but Section then shows that this is not true in gen-
eral. Finally, Section turns to the Hilbert space setting, showing both that
the logarithmic factor can be omitted in this case (Theorem and that
this result is robust under perturbations by certain finite-rank operators (The-

orem [6.4.7)).

6.2 An example

Let X = (P(Zy), 1 < p < o0, and write S for the right-shift operator on X
given by (Sz) = z41. Define the operator T' € B(X) as T = 1(I +5)?. Then
T is a non-normal Toeplitz operator which has unit norm and spectrum
: 1 0
J(T):{relee((::—wgé?gﬂand()grg—i—gos}.

In particular, o(T) N'T = {1}; see Figure

A simple calculation using the estimate
(5.2.3) shows that |R(e'?,T)| > 4/0|72 as T
6 — 0, which by Corollary implies that : :
the decay of | T™(I — T)|| as n — oo can be

no faster than that of n—1/2.

Finding an expression for the resolvent
operator R(A,T') for A € p(T), and hence an
upper bound on its norm as A approaches 1
through values in T, requires solving the re-

currence relations

()\ 1) ” 1 1 Figure 6.1: The spectrum o(7T)
— )y —

- _ = -
4 Yk+1 4yk+2 k

2 of T is enclosed by a cardioid.

for £ > 0 and a fixed x € X. Iterating this
equation and letting p = A — % shows that the components of the solution
y = R(\,T)x are given by

0
Pn (1)
2nlun+1 Lhtns

Yk = (6.2.1)

n=0
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where pg, p1,... are polynomials satisfying the recurrence relation

Prt2(2) = Pnt1(2) + 2pn(2)

for all n > 0 and all z € C. Solving this yields

L (-H)

k=0
or, alternatively,
(14+ V1 +42)" — (1 — 1+ 42)" "L
ontly/1 + 4z ’

where the complex square root is defined with the plane being cut along
(—00, —1] in the z-plane. Using this in (6.2-I)) gives

pn(2) =

R IR - VR 1 B 1 )
yk—ﬁ;( 1)+ ((1_2\@%1 (1+2ﬁ)“+1> [

and a simple estimate now shows that, for p € {1, 00},

IRAT)| = 0 (“ - 2% - 1)

as A — 1 through p(T"). By interpolation, the statement remains true for
1 < p < oo. In particular, therefore, |R(e, T)|| = O(|6]72) as § — 0 and

hence, by Example |5.2.11{b) and Theorem [5.2.12

- 1) = o (105”)1/2).

In order to obtain the actual rate of decay in this example, and hence to

determine whether this upper bound is in fact optimal, recall first that, for
p =1 and p = oo, the norm of an operator on X is simply the supremum of
the absolute column or row sums, respectively, of the matrix representing the
operator with respect to the standard basis. It follows in this example that, for
each n > 0, the norms ||[7"(I — T)|| are the same for p = 1 and for p = co. In
fact, for p=1

|77 (1 =T = | T = e,

where ey = (1,0,0,...), and a simple calculation shows that for p = co

|71 =)l = ||T"(I = T)=™|

0o’
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where
—1 for0<k<zm
(n) _

x,, +1 for 2™ < k < 2n
0 for k > 2n
with

FONE <3+4n—\/4n2+6n+3>.

2
Since 2(") = n + 3 4+0(n™t) as n — oo, it follows that for p € {1, 00}

|71 = T)|| = (T"(I = T)z™)a,

2n
1 2n (n) (n) (n)
gl )3 (j )(3%’ — 2500~ Tj)
=0

= (207 +o(0)

when n is sufficiently large and hence, by Stirling’s formula,

T =T ~ =

as n — oo. By interpolation
1T = T)|| =< n~/?

as n — oo for 1 < p < oo, so the logarithmic factor in Corollary is not

required in this case.

Remark 6.2.1. In this example the lower bound on the rate of decay follows
straightforwardly from Corollary and the geometry of o(7T"). However,

—1/a a5 n — oo for some o > 1

asymptotic behaviour of type |T"(I —T)|| < n
can arise even when o(7T") = {1}, the smallest possible spectrum of interest here.
Indeed, it is shown in [73] that for each o € (1,2) there exists a contraction T’
on a Hilbert space such that o(T) = {1} and |T"(I — T)| < n~ Y/ as n — .

This answered a question raised in [107]; see also [77].

6.3 Optimality of Theorem [5.2.12

The purpose of this section is to exhibit a family of Banach spaces and an oper-
ator on each of these spaces for which the logarithmic factor in Corollary
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cannot be omitted. This is achieved in Theorem [6.3.4] by considering the restric-
tion of the left-shift operator to a certain Banach space continuously embedded
in £*°(N). As Theorem in the following section will show, the situation
changes if the underlying space is required to be a Hilbert space. All of these
results are discrete analogues of statements contained in [27]. The proof of
Theorem requires two lemmas. The first is a variant of [0, Lemma 4.6.6],
which itself is a special form of Levinson’s log-log theorem; see for instance [65]
VII D7].

Lemma 6.3.1. Let X be a complex Banach space, let 0 € (—m, 7| and let )
be a neighbourhood of the point ¢ € T. Furthermore, given r € (0,1), let

_ei01+r2
1—r2

Qng:{)\GC:‘)\

2r
< =2 } . (6.3.1)

Then, for some constant C' > 0, the following holds: If r € (0, i) is such that
Qo9 C Q and if F: Q — X is a holomorphic function such that, for some

constant B > 0,

B
F)| € —-
17O < 7=

for all X € 009, 9\T, then ||F(N\)|| < BCr~! for all A € Q..
PRrROOF. Assume without loss of generality that # = 0 and, as in the proof of
Theorem [5.2.12] let ¢ denote the Mobius transformation defined by

Y
N=-—=
(N) Y

so that ¢ maps the circle v, = 0, onto rT for each r € (0,1). Moreover,
by with 7 replaced by 2r, there exists a constant C/ > 0 which is
independent of 7 € (0, 1) and such that |Re p(A)| < C’||A| — 1] for all A € o,
Consider the function G : Q — X defined by

G(N) = (1 + ‘pi;)?) FON.

For \ € vy,

p(A)?
42
and hence, by the assumption on F, [|G()\)|| < BC'r~! for all such \. Since
Q0 C Qarp, it follows from the maximum principle that ||G(\)| < BC'r~! for
all A € Q0. But if A € Q,.0, then [p(A)| < r and hence |[G(N)|| > 3[|F(N)],
which gives the result with C = %C” . O

[Rep(V)]

r

i
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Figure 6.2: The regions 2, and

0O, for a typical value of o > 1.

The second auxiliary result is a technical one and analogous to [27, Lemma 3.9].
Given o > 1 and A € C\{0}, let

_ |arg A
o

Ko (M) (6.3.2)

where the argument of a complex number is taken to lie in (—m, 7|, and define
the regions ,,0, C C by

Qa = {A € C\{0}: [A| < 1 — K,(\)} U {0},

Oq = {>\ eC\{0}:1—-K,(\) <)< 2}7 (6.3.3)

respectively, so that ©, = 2D\, ; see Figure Furthermore, given a complex
measure ;4 whose support is contained in €2, define the transforms Cqp, Lot
and Dyp, for A € ©,, k> 1 and n > 0, respectively, by

Car) = [ S

Qo A—2’

(La(t) = [V dutz), (6.3.4)

Qa

(Dapt)(n) = / (1 - 2) du(2).

Qa

Lemma 6.3.2. Suppose that a > 2 and let the function K, the regions {2,
and O, and the transforms C, L, and D, be defined as in 7 and
, respectively. Then there exists a constant C' > 0 with the following
property: Given any ng € N, there exists a complex measure . whose support
is contained in ), and for which

(i) Koa(MN)|[(Cap)(N)] < C for all X € O4;
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(i) |(Lap)(k)| < C for all k > 1;
(iii) |(Dap)(n1)|®* > (Cni)~tlogn; for some ny > ny.

ProOF. Throughout this proof, the letter C, if used without having been in-
troduced explicitly, will stand for a positive constants, which will be thought
of as being large and which need not be the same at each occurrence. Choose
0 € (0,3) and B € (55, 2) in such a way that £ = —36~*log6 is an integer
satisfying £ > % + 2 and that 6=(@=2) > 2081 + 1. Now let

BZ 14
1) r
51/2 ZCE < 2Bg>\0> Ao-‘r%’

where By = 20log, ¢, (4 = e2m/t and g = %eio, and where §) denotes the Dirac
measure concentrated at A.
Then, for any A € O,

;s 2ByG) 1 G
(Cap)(A £1/2 Z <2Bg (A=Xo) = ¢ +)\OQBZ(/\_>‘0)_C£> .

However, for 1 < j < ¢ and A € C such that \¢ # 1,

/-1

3 Ggro et
A—C M1

r=0

(see also the proof of [27, Lemma 3.9]), and applying this with j = 1,2 gives

A 201/2
Ao 26\ — No)t — B/

(Ca)() = (6.3.5)
for all A € ©4. Since B, ! < |A — X\o| and |A| < 2 for all A € O, this in turn
becomes 1/2
Cct
|(Cap) N < Sr—7-
27\ — Al
Let A € O, be given. If K,(\) > 6%, then |argA| > 7m0 and an elementary
geometric argument involving the assumption that o > 2 gives

1 1 im «
|)\—)\0|25—1—5(1—605((%—1)9)—}(&(6 9)) 5( 1+ 6% —0%).

(6.3.6)

—_

Since 1+ 0% — 6% > e2(=0%) for all § € (0, 1), it follows from (6.3.0) that

[(Cap) V)| < CFV2e= 3070 — 0 (— 51Og9)1/29—5+§(9—<a—2>—1)'
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Now the choices of 8 and 8 ensure that the exponent of # on the right-hand
side of this expression is strictly greater than §, and hence |[(Cop)(A)| and
consequently Ko (A)[(Cop)(N)| are uniformly bounded, independently of 6 and
B, for all A € O, satisfying K,(A) > 0. If K,(\) < 6%, on the other hand,
then |A — Xg| > 1(1 — 20%) and, using the fact that 1 — 260 > e~4%" for all
0 € (0,3), (6:3.6) gives

(Cap)(N)] < CE/2M = C(—Blog )26 (5+46).

Since the choice of 3 ensures that & 4+ 453 < 2%, K, (A)|(Cap)(A)| is uniformly

bounded, again independently of ¢ and B, also for all A € O, with K,(\) < 6°.

This establishes (i) for C' = C, where C > 0 is some suitably large constant.
Next observe that, for each k > 1,

Bé 1)\k 1 k
(Cap) (k) = =575 — Z@( QBMO) : (6.3.7)

Expanding and using the fact that, for any integer s > 0,

Zid(”l) CJe ifs+1=0 (mod o),
—0 ‘ 0 otherwise,

this becomes
Btz 1)\k 1 k (-1 r(s+1)

s=0 r=0
(Mlil)

L5
_ g2 gl-1\k—1 )
£ 0 ; (QBg)\o)M_l

(6.3.8)

Next note that, for 1 <r < {%J,

()= () e

Thus, for 1 < k < By,

k+1

(Ca® < g, )Z e e

where C' is independent of /. Now, if k < 2¢ — 3, then (661) < %(’;ﬁ) and, if
k > 20 — 2, then (Efl) < 2(12:%), so in either case

1/ k < 1 [20-2
2\l —1) — 222\ (-1 )"
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Hence

1/2
om0 < O3 (2 )): (6.3.9)

which by Stirling’s formula is bounded above independently of £. If £ > By, on
the other hand, then (6.3.7) and the fact that 1 + B, ' < e/B¢ give

gl/?Bf—l

1\* _ /2 gt-1
(Lap) (k)] < —5— (1 i B) < 202 B{ e o2 B < ot

25

and, by the definition of By, the right-hand side is again bounded above inde-
pendently of £. Thus (ii) holds with C' = C5 for some sufficiently large Cy > 0.
In order to establish (iii), note first that, for each n > 0,

Be 1)‘3 -1 Cg n+1 CE
(Dap)(n) = fl/? Z@ ( 2Bg)\0) <1_A° (H QBgA()))'

Thus, if n > 0 is such that |22 | = |22 |  proceeding as in gives

Ln}ﬁ_QJ n+1 n+2
_ j1/2pt—1yn (7"@71)_)\0(7"671)
o)) = EFB708 D gyt

Now let ny = 2¢ — 4, so that n; > ng and |“#2| = |83 | = 1. Then

02 (20— 2\ |1
|(Daﬂ)(n1)|:4@2<£_1)'2—>\0

and hence, by another application of Stirling’s formula, |(Dqp)(n1)| > ¢, where

c is independent 6. Since the definition of ¢ implies that % > cnl_l logny, it
follows that (iii) holds for C' = Cs, where C3 > 0 is another suitably large
constant. Setting C' = max{C}, C2, C3} now completes the proof. O

Remark 6.3.3. The estimates leading to may be viewed from a prob-
abilistic point of view. Indeed, given £ > 1, let Y, be the random variable
counting the number of tosses of a fair coin required in order to obtain a total
of exactly ¢ heads, so that Y; has the negative binomial distribution with

S

for each k£ > 1. Then the aforementioned estimates amount to the observation
that Y, has mode 2¢ — 1. This probabilistic interpretation will reappear in
Remark [6.3.5 below.
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The following result, which is an analogue of [27, Theorem 4.1], shows that
the logarithmic factor in Corollary cannot in general be omitted.

Theorem 6.3.4. Given any « > 2, there exists a complex Banach space X,
and a power-bounded operator T' € 3(X,,) such that o(T)NT = {1} and

IR(e”,T)|| = O(16]~)

as 0 — 0, and for which

1/«
hmprmU—TH< ”>/ > 0. (6.3.10)
n—00 logn
PROOF. Throughout this proof, the letters ¢ and C will be used to denote
positive constants which will be thought of, respectively, as being small and
large and which need not be the same at each occurrence.
Given any sequence x € {*°(N), define the function F,, for |A| > 1, by

(o) ,Ik.
ﬂmzih?
k=1

Now, with K,, Q4 and O, as defined in (6.3.2)) and (6.3.3), let X, denote the
subspace of ¢°°(N) consisting of sequences x for which F, extends analytically
to ©, and satisfies

sup { Ka W) Fx(N)] : A € B4} < o0.

This space is non-trivial, containing for instance any finitely supported sequence
as well as the constant sequence (1,1,1,...), and, by an application of Vitali’s
theorem, it is complete under the norm || - ||x, given by ||z|x, = [|%]lco + ||Z] a5
where

o = sup {Ka(N)F(V)] : A € O4).

Consider the restriction "= S|x, to X, of the left-shift operator S € B(£>).
Given z € X, and |A| > 1,

Fr,(\) = AF,(\) — 21,
so Fp, extends analytically to ©, and

1
ITzlla < Slzlleo +2lzlla-
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Thus 7" maps X, into itself and defines an element of B(X,,) with norm ||7']| < 2.
More generally, having fixed some x € X, and given n > 0, let F,, = Frn,.
Then F,, extends analytically to ©, and is given, for |A| > 1, by

00 Tork . n o
Fa(N) =) Az = A"F(A) = ) Ay, (6.3.11)
k=1 k=1
Writing A for the annulus {A € C: 1 < |\ < 2}, it follows that
e :
E(0)] < = it A€ A,

\Mﬁ\ + [Fp(N)| if XA € ©,ND,

and, in particular,

7] x.,

11— [l

for all A € ©,\T. Let A € ©, be given. If X\ € (1,2), then K,(\)|F,(\)| = 0.
Suppose therefore that § = arg \ satisfies 0 < |#] < 7, and note that Qa,, 4 C
O, where 7y = iKa()\) and €, ¢ is defined, for r € (0,1), as in . Now
either |1 —|A|| > ry, in which case Ko (\)|Fn(AN)| < C||z||o for some constant C
which is independent of x € X, n > 0 and A, or |1 — |A|| < ry. In the latter
case A € Q,, g, so the same estimate follows from Lemma [6.3.1] applied to the

[Fn(N)] <

function F), on the disc Qg,, 9. Thus |[|[T"z|, < C||z| x, for some constant C
which is independent of z € X, and n > 0. Since ||T"z|c < ||z]|co for all
n > 0, it follows that T" is power-bounded.

Now fix # € X, and let @ = {A € C: 1 < [\ < 3}. Then Q C p(T)
and (RN, T)x)p+1 = F,(A) for all A € Q and all n > 0, where F,, is as above.
In particular, remains true for each n > 0 when the left-hand side is
replaced by (R(A,T)x)n+1, SO the argument in the previous paragraph shows
that

KoM IR, T)lloo < O]l xa, (6.3.12)
where C' is independent of both z € X, and A € 2. The aim now is to show

that
KoMN[[ R, T)zllo < Cllz|a

for all A € Q, from which it will follow that the norm of the resolvent of T
grows at most polynomially. Since the estimate holds trivially when A is real,
assume that A\ € €2 satisfies 0 < |arg A\| < 7 and let F)\ = Fg(y7),. Then, for

| >3,

oo 00 e n—1

Lk4n—1 Al Lk Fr(A) — Fi(p)

R =303 et =S (- S - BB,
n=1k=1 n=1 k=1
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so F extends analytically to ©,, taking the values

NS A
F(p) = o i€ OaltA), (6.3.13)
~F(\) Ty

Now let u € ©, and set
1
MG!()‘MU') = ZmaX{Ka(A)7Ka(M)}a

which is positive by the assumption on arg A. If |\ — p| > My (A, u), then by
6313)

Ka(A) + Ka(p)
Mo (A, 1)

Ka(N)EKao(p) [FA(p)] < [2]lo < Cllz]las (6.3.14)

where C is independent of A and p. Now suppose that |\ — u| < My (A, ). By
Cauchy’s formula,

Fu(p) = 2% ]g mdz, (6.3.15)

where I' is any contour in ©, whose interior contains the point p and is itself
contained in O,. If |A — p| < %KQ(A), choose T" to be the circle with centre A
and radius %Ka()\), so that I' C ©, by the definitions of ©, and . Elementary
estimates show that, for any z € O, satisfying [A — 2| < $Ka()),

larg | < | argz| < Clarg A

and hence
cKo(\) < Ko(2) < CKy(N),

where ¢ and C are independent of A and z. This applies in particular to all
z € I' and also to z = . Since | — 2| > 1Ko () for all z € T, it follows from

(6-3.15) that

Clela [ (Kal) . Kalp)
KWKol < Q08§ (G + 32 ) 146l < Clala. (6310

where C depends neither on A nor on u. A similar argument applies when

1 1
— K — < — K
4 a(A) <[A=pl < 4 o),
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this time taking I' to be the circle with centre A and radius 3K, (p). Then
lu—z] < 3Ko(p) forall z € T, soI' C O as before. Moreover, Kq (1) < CKq(2)
for all z € I', where C' is independent of A and p, and K, (\) < Ko(pn), giving

Clall Ka(N)
KW Eal)l 0] < T12 (1 n Ka(z)) 42 < Cllalla. (63.17)

Combining (6.3.14)), (6.3.16)) and (6.3.17)) shows that

KoM [IRA T)zllo < Clff|a
for all A € Q. Together with , this gives
Ka(WIRAX, T)xllx, < Cllzlx,,
where C' is independent of z € X, and A € €, and hence
sup {KJA)HR(A,T)H t A €N} < oo.

In particular, it follows from by that o(T) N'T C {1}, and a simple
approximation argument shows that ||R(e!, T)|| = O(|0|~%) as # — 0. Further-
more, since (1,1,1,...) is a fixed point of T', 1 € o(T).

Finally, let the transforms C,, L, and D, be as defined in and note
that, given any complex measure 1 whose support is contained in €2, and for
which

sup {|(Lap) (k)| : k> 1} < o0,

there exists an associated sequence z# € (*°(N) whose entries are given, for
each k > 1, by a} = (Lap)(k). By Fubini’s theorem,

N[ AT - [deE)
qu(A)—;/Qa e du) = [ S = €amy

whenever |\| > 1, so a* € X, provided

sup { Ka(N)[(Cap)(N)] : X € B4} < 0.

Note also that, for each n > 0, (Dap)(n) = ah ,; — x5, which coincides with
the first entry of 7"(I — T")z". Now, by Lemma it is possible to find an
increasing sequence (n;) of integers, with n; — oo as j — oo, and associated
measures f; such that {z# : j > 1} is a bounded subset of X, and moreover

logn;

|(Daptj)(nj)|* > ¢ n;
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for each j > 1. By rescaling if necessary, there is no loss of generality in
assuming that ||z || x, <1 for all j > 1, so that

[T (I =) = |T" (I = T)a" oo = [(Dap;)(nj)]-
Hence ([6.3.10]) holds and the proof is complete. O

Remark 6.3.5. It is possible to replace Lemma which here gives rise to
the sequences z# € X, used to establish to (6.3.10]), by a simpler, more ad-hoc
construction. Indeed, using the notation introduced in the proof of that result,

let
£1/2)\k—[ k
T = —9—
2¢-1 /-1
for each k > 1, so that xj, equals the first term of the final sum in (6.3.8)) which
defines ), in the above proof. In the notation of Remark this becomes

z, = 402 (200)FP(Y, = k4 1),

so the formula for the probability generating function of Y, (see for instance
[53, Section 4.2]) gives

A 2012
" 2= )
whenever || > 1, which should be compared with the right-hand sides of
and . Since the estimates for z* established in Lemma apply equally
to x, it follows that may also be obtained using sequences of this simpler
form in the final paragraph of the above proof.

Fa(X)

Remark 6.3.6. It is unclear whether Theorem [6.3.4] can be extended, for
instance by modifying the construction in Lemmal6.3.2] to the range 1 < o < 2.
Note however that, by Theorem the case o = 1 is necessarily excluded.
For a result relating specifically to the case aw = 2, see [41, Theorem 1.2].

6.4 The Hilbert space case

6.4.1 Non-optimality of Theorem [5.2.12

While Theorem shows that on general Banach spaces the logarithmic
factor in Corollary cannot in general be omitted, thus proving Theo-
rem to be essentially optimal in the case of polynomial resolvent growth,
Theorem below will show that the situation is different on Hilbert space.
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The ideas and results in this section are discrete analogues of statements con-
tained in [I4] and [27]. In particular, the following lemma is analogous to [27,
Lemma 2.3]; see also [I1, Lemma 1.1], [I4] Theorem 5.5] and [69, Lemma 3.2].

Lemma 6.4.1. Let X be a complex Banach space and let T € B(X) be a
power-bounded operator such that o(T) N'T = {1}. Furthermore, let o > 1

and suppose that
IR(e, T)|| = O(16]~*) (6.4.1)

as 0 — 0. Then
sup {||(1 = T)*R(\, T)| : [N > 1} < oc.

PRrROOF. Let M = sup{||T"|| : n > 0} and, throughout the proof, let C' denote
various positive constants, which need not be the same at each occurrence.

Since

IR, T)I < (6.4.2)

M
A =1
for |A| > 1, it suffices to prove that
sup {[|[(I = T)*R(\,T)|| : A € A} < o0,

where A = {A € C: 1 < |\ < 2}. A first step towards this result is to establish
that, under the above assumptions,

sup {[|(1 = N)*R(\,T)|| : A € A} < 0.

Thus, given r € (0,1), let

1472 2r
— 2 - 1—92

QT:{)\EC:IS\)\§2and ’1—)\ >

(see Figure and let the map H, : Q, — B(X) be defined by
2
H,(\) = <1 + W) (1—=XN)*R(\,T),
so that Hy(A\) = hy(N\)(1 = N)*R(A, T'), where h, = g, o ¢ with g, and ¢ as in
the proof of Theorem Then
sup {|hy(A)] : 7 € (0,1/2),A € Q,} < o0

and, by the argument leading to equation ([5.2.19)),
Al -1

r

(M) < C
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Figure 6.3: The region 2, for a

typical value of r € (0,1).

for all A € 99, N ~,., where =, is the circle defined in ([5.2.16)). Note also that

1 — Al < Cr for all A € 9Q, N~7,. Thus, by (6.4.1) and (6.4.2)), [|H,(N)]|
is uniformly bounded, independently of r, for all A\ € 92, and hence by the

maximum principle
sup {HHr()\)H :r € (0,1/2),\ € QT} < 0.

Since, for any A € A, there exists r € (0, 3) such that A € Q, and |h,(\)| > 3,
the claim follows.

Now let n € N and § € [0,1) be such that « = n + 3, and note that, for
any k>0 and A € p(T),

k—1
k . i
I(T = TFROT)) < 1= AFIROLT) + 3 (j)u AP = T

=0

Setting kK =n — 1 and k = n, this shows, respectively, that

C C
_ myn—1 < - —T" < —
H(I T) R()‘vT)H = ‘1 _ )\’14—5 and H(I T) R()\,T)H - ’1 — MB

for all A € A. In particular, if 8 = 0, the proof is complete. If 3 # 0, the
moment inequality (see Proposition [2.3.1]) gives

I(7 = T)* 'R T < O = T)" PR T)IFPI(T = T)" RO T)II?,

and hence o
I-T)*'R\T)|| € ——~
10 =T ROT) < g

for all A € A. Since
IROT)(I —T)|| < [1= MR T)I = T)* |+ |(L = T)*H|

for all A € p(T), the result follows. O
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The final result shows that the phenomenon described in Theorem
cannot arise on Hilbert space. For analogous results in the continuous-time
setting see [14, Theorem 7.6] and [27, Theorem 2.4]; compare also with [8§]
Theorem 9.

Theorem 6.4.2. Let X be a complex Hilbert space and let T € B(X) be a
power-bounded operator such that o(T) N T = {1}. Furthermore, let a > 1.
Then

IR, T)]| = O(6] ) (6.4.3)

as 0 — 0 if and only if
IT™(1 = T)]| = O(n~"/) (6.4.4)
asn — 0o.

PRrOOF. The fact that (6.4.4) implies (6.4.3) is an immediate consequence of
Theorem Suppose therefore that (6.4.3)) holds, so that by Lemma [6.4.1]

sup {||(I = T)*R(\,T)| : |A] > 1} < .

For n > 0 and |A\| > 1, let

Fu(X) = AR T) > AFTH,
k=0

Then

00 k
FoN) =Y 1,y (k= AT | AFTE

k=0 \7=0 (6.4.5)
= (min{k,n} + AT,
k=0

where 1 denotes the indicator function of a set 2. Hence, by Parseval’s iden-
tity,
(0]
. Tkm 2 1 2 ) )
Z(mm{kz,n} + 1)27H r%H = %/0 HFn(reIG)xH de

k=0
for all n > 0, x € X and r > 1. Replacing z with (I — T)%z and letting

B =sup {||(I = T)*R\T)| : [\ > 1},

it follows from the definition of Fj, that
2

ae,

n

k 1 2 BQ 2 2
Z( ) T - T)o|? < - /
0

r2k o
k=0

n

Z T,fkefikOTka?

k=0
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or indeed, by another application of Parseval’s identity, that

n n
(k+1)* & 2 2.2 T )2
Letting » — 1+, this gives

Y (k+ DT = T)%xl® < M2B(n + 1) ||, (6.4.6)
k=0

where M = sup{||T"|| : n > 0}. Now, for y € X and n > 0,

n

((n+2)T"(I =T)%,y) = — i S (R D)THI =T, (T7) ).
k=0

By (6.4.6) and Cauchy’s inequality, the right-hand side is bounded above in
modulus by 2M?B||z||||y||, and hence

2M2B
n—+ 2

|71 —T)% < (6.4.7)

for all » > 0. Thus the proof is complete in the case « = 1. If & > 1, on the
other hand, the moment inequality gives

|71 =)l < ClT| =T (L - 1)

for all n > 0, and the result now follows from (6.4.7) and the fact that T is
power-bounded. O

Remark 6.4.3. From the proof of [I4, Theorem 4.7], which establishes the
first part of the above argument in the continuous setting, it is clear that the
calculation in(/6.4.5) could be reformulated in terms of convolutions.

The above proof uses the ideas in [I4], but there is an alternative proof
analogous to the method used in [27]. This alternative proof requires the fol-
lowing preparatory result, which is contained in more or less the same form in
[50].

Proposition 6.4.4. Let X be a complex Hilbert space and let T € B(X).
Then T is power-bounded if and only if r(T) < 1 and

2m
sup (r— 1)/ <HR(re“9,T)xH2 + HR(relg,T*)xH2> df < o0 (6.4.8)
r> 0

for every x € X.
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PROOF. Suppose first that 7" is power-bounded and let M = sup{||7"| : n >
0}. Then certainly

r(T) = inf {||T"]"/" :n >0} < 1.
Given € X and r > 1, define the function f € L?(0,2m; X) by
f(0) = re’ R(re?, Tz,

and note that

[e.e]

T"x —in
n=0

It follows from Parseval’s identity that

oI L e
> 5, IOPa

But

o T _ MR
> < lel
n=0
and hence
2w M?
r+1
Repeating the argument with 7" replaced by T™ proves that (6.4.8]) holds.

Now suppose, conversely, that (7)) < 1 and that (6.4.8) is satisfied. By the
closed graph theorem, there exists a constant C' > 0 such that

27
(r—1) / IR(re”, T)z|? o < 272,
0

2m
sup (r=1) [ (IRG" T)alf + [ RO, 7)) a6 < C1laf

r>1

for every x € X. Now for z,y € X and n > 0, integration by parts gives

(T2, y) = — fi (RO T)z, y) dA

27 Jp,
1 )\n+1
= T)?

where '), = 7, T with r,, = z—ﬁ By (6.4.8) and the Cauchy-Schwarz inequality,
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applied first in X and then in L2(0,2m; X), it follows that

n rt? o i —i0
|(T x,y)\ S 27T(’)’L—|—1)/0 ‘(R(Tnee,T).’L',R(Tne Q,T )y)|d0

<(7“n ) /027r R (rnel?, T2 d9>

: <(Tn -1 /027r IIR(Tne_w,T*)de@)

1/2

IN
o

1/2

Ce
< —l=llllyl,
T
and hence | T"|| < Ce/w for all n > 0. Thus T is power-bounded. O
This result leads to the following alternative proof of Theorem [6.4.2

PROOF. Since the other implication follows from Theorem suppose that
(6.4.3) holds. As before, it suffices to show, by the moment inequality, that

IT™(I = 1) = O(n™")

as n — oo. Consider the operator @ € B(X x X) defined by
T T(I-T)~

W [T I -T)"
(T

Then

for all n > 0 and p(Q) = p(T). Moreover, for A € p(Q),

R\, Q) = ( R\T) RA\T)*T(I-T)~ ) |

0 R\, T)
By Lemma [6.4.1]
sup {[|(I = T)*R(\,T)|| : A > 1} < o0

and hence there exists C' > 0 such that, for any z = (z,y) € X x X and any
A € C with |\ > 1,

IR, Q)z[1* < C(IR(A, T)al* + [|IR(X, T)yl?)
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and the same estimate holds with Q) and T replaced by Q* and T™, respectively.
Since T is power-bounded, this estimate together with Proposition [6.4.4]implies
that

27 . )
sup (r=1) [ (IR0 Q)1 + [ R(re", @)zl 4o < o

r>1
for all z € X x X. By Proposition[6.4.4] Q is power-bounded and, since T itself
is power-bounded, it follows that ||[77(I — T)%| = O(n~!) as n — oo, which
completes the proof. O

The final result of this section is an extension of Theorem [6.4.2|in the spirit
of [27, Theorem 2.4]. It shows that the two equivalent conditions of the theorem

are in turn equivalent to having a certain rate of decay for individual orbits.

Theorem 6.4.5. Let X be a complex Hilbert space and let T € B(X) be a
power-bounded operator such that o(T) N'T = {1}. Furthermore, let a > 1.
Then the following are equivalent:

(@) IR, T)] = O(|6]=*) as 6 — 0;
(ii) |T"(I =T)| = O(n~*) as n — oo;
(iii) for each x € X, |T"(I — T)z| = o(n~"%) as n — oco.

PRrOOF. Equivalence of (i) and (ii) is established in Theorem By the
moment inequality, (ii) and (iii) are equivalent, respectively, to

nT"(I —T)% = o(1)

for all z € X and to
nT"(I —T)* = O(1)
as n — oo. Thus the implication (iii) = (ii) follows at once from the uniform

boundedness theorem and it remains only to show that (ii)) = (iii).

Suppose therefore that
sup {n[|T"(I = T)*)| : n >0} < oc.

Then the operator @ € B(X x X) introduced in the previous proof is power-
bounded and (@) = o(T"). In particular, o(Q) N T = {1}. Letting Pr and
Pg denote the projections onto Fix(T") along the closure of Ran(/ — T') and
onto Fix(Q) along the closure of Ran(I — @), respectively, it follows from [9,
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Theorem 4.1] that 7" — Pr and Q" — Py strongly as n — co. Now, given
z=(z,y) € X x X,

Qz= (Tz+T(I—T)%,Ty).

Suppose that Qz = z. Then y € Fix(T) and hence, as a > 1, (I — T)%y = 0.
Thus = € Fix(T), and it follows that Fix(Q) = Fix(T") x Fix(T) and Pgz =
(Prz, Pry). Since Q" — Py strongly as n — oo, it follows from the matrix

representation of Q" that
Tz +nT"(I —T)y — Prz

as n — oo for all z,y € X. But since Tz — Prx for all x € X as n — oo,
this implies that nT"(I — T')* — 0 strongly as n — oo. Thus (iii) holds and
the proof is complete. O

6.4.2 Robustness under finite-rank perturbations

The purpose of this final section is to study the robustness of polynomial decay
under perturbations. Theorem below combines ideas from the preceding
sections with adaptations of results contained in [92] to show that decay of the
form described in is stable under certain finite-rank perturbations; see
also [91]. This result relies on the following simple observation, known some-
times as the Shermann-Morrison-Woodbury formula, which may be verified by
direct calculation.

Lemma 6.4.6. Let X and Y be complex Banach spaces and let T € B(X), U €
B(Y,X)andV € B(X,Y). Suppose that A € p(T') and that 1 € p(VR(A,T)U),
and let S=T + UV. Then X € p(S) and

R(\,S) = RO\ T) + RO\, T)UR(L, VR, TYU)VR(A, T). (6.4.9)

The following is the main result of this section. Recall that the assumption
FixT = {0} for a power-bounded operator T' on a Banach space X makes it
possible to define the negative fractional powers of I — T on suitable subspaces
of X.

Theorem 6.4.7. Let X be a complex Hilbert space and suppose that T € B(X)
is a power-bounded operator such that Fix(T') = {0} and, for some o > 1,

IT"(I = T)|| = O(n="/%)

101



as n — oo. Furthermore let 5, > 0 be such that 8+ v > « and, for some
meN, let U € B(C", X) and V € B(X,C™), and suppose that

RanU C Ran(I —T)? and RanV* C Ran(I — T*)". (6.4.10)
Let S =T + UV. Then there exists 6 > 0 such that
1S™(I = S)|| = O(n~1/®) (6.4.11)
as n — oo provided ||(I —T) PU||||[(I —T*)™"V*|| < 6.

PRrROOF. Throughout the proof, the letter C' will denote various positive con-
stants which need not be the same at each occurrence. There is no loss of
generality in assuming that 5+ v = a.

Let @ = {\ € C: |\| > 1,\ # 1}. Then by Theorem [5.2.4] Q C p(T) and,
for A € Q,

VR, T)U| = oo (VR T)Uz, y)|
z|,||ly]|=1

= s |((I =T ROTYI - T) Uz, (I - T V)|
el lyl=1

< (I =T)*RO DT = T) U TV,

Since

sup {[|(I = T)*R(\,T)| : A € Q} < 0

by Lemma there exists § > 0 such that [|[VR(\,T)U|| < 3 for all A € Q
provided ||(I —T)7PU||||(I — T*)™"V*|| < §. In this case 1 € p(VR(\, T)U) for
all A € 2 and

sup {[|[R(1, VRA\, T)U)| : X € Q} < oc.

By Lemma Q C p(S) and (6.4.9) holds for all A € Q.
Suppose that v = 0. Then, for A € Q and z € X,

|R(A,S)z|| < (1+ |UR(L, VR, T)U)VRAT)|) R, T)z||.

Letting
F(A) = [[UR(L, VR, T)U)VR(X, T,

it follows that

FQ) < (I =T)" U R(L VEA, TYO) V(I = T)*RA,T)[| < C
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and hence that
IR, S)z| < CIROT)a] (6.4.12)

for all A € 2 and all z € X. Similarly
IR, Sz < ClIR(A, T)z]|

for all A € Q and z € X. Since T is power-bounded, Proposition [6.4.4] implies
that

2
sup (r — 1)/0 (HR(rela,T)a:HQ + HR(re‘e,T*)a:HQ) df<oo  (6.4.13)

r>1

for all x € X and, by the above estimates, the same condition holds when T is
replaced by S. Hence S is power-bounded by Proposition [6.4.4] Furthermore,

IR, T)|| = O(l6] =)
as § — 0 by Theorem so by (6.4.12))
IR(e”, 8)] = O(16]7*)

as § — 0. It follows from Theorem [6.4.2| that (6.4.11) holds. An analogous
argument applies when g = 0.

Suppose now that 8,7 > 0. It follows from and the elementary
estimate (a + b)? < 2(a® + b?) for real numbers a, b that, for A € Q and x € X,

IR(Y, S)z|* < 2([|RO, T)a|* + CIRO, DU PIIVRO, TP 2]%). - (6.4.14)

In order to control the term ||R(A, T)U||||VR(A,T)||, let the operators Ug, V, €
B(C™, X) be given by Ug = (I — T)~PU and V,, = (I — T*)~YV*, respectively.
By the moment inequality,

IR T)U| = [|(I = T)°R(\, T)Ug||
< C||RO\ T)Us ||/ |(I — T)*R(\, T)Ug |/
< C||R\, T)Us| =5/

and similarly
VRO, T)| = RO TV < CI RO, T*)V4 |7/
for all A € Q. It follows that

IR TYUIIVRAT)I| < C[ RO TYUs || RO TV, 777 (6.4.15)
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Now, since Ug has finite rank, there exist x1,..., 2, € X such that

m
Us(v) = kal‘k
k=1

for all v = (v1,...,v,) € C™. A simple application of the Cauchy-Schwarz
inequality shows that

IR T)Us* < Y IR T ?
k=1

for all A € Q and hence, using ((6.4.13)),

2w m 2w
sup (r—l)/ HR(relg,T)UgHZdH < Zsup (r—l)/ |R(re, T)ay|? A0 < oo.
0 0

r>1 —1 r>1

An analogous argument shows that
27 )
sup (r — 1)/ HR(rele,T)*VVHQdH < 00.
r>1 0

Letting p = (1 —8/a) ' and ¢ = (1 —/a)~!, so that p~1 + ¢~ = 1, it follows
from (6.4.15)) and Holder’s inequality that

2
sup (r — 1)/ HR(rele,T)UHQHVR(reIG,T)HQdH < 0.
r>1 0

Thus (6.4.13)) and (6.4.14) show that

2
sup (r — 1)/ |R(re', 8)z||? df < oo
0

r>1

for all x € X, and a similar argument gives

2w
sup (r — 1)/ |R(re, $*)z||> df < oo
r>1 0

for all x € X. It follows from Proposition that S is power-bounded.
Moreover, (6.4.15)) implies that

IR TUN[VEA,T)|| < CI RO T

for all A € Q, so by (6.4.14])
IR, S)[| = 016~

as # — 0. As before, the result now follows from Theorem [6.4.2 0
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Remark 6.4.8. Note that the assumption that Fix 7T = {0} could be relaxed.
Indeed, what is really needed here is merely that there exist operators Ty, Ty,
such that (I — T)PTyU = U and (I — T*)YT;V* = V*, and this follows from
(6.4.10) and the assumption that U, V' have finite rank. Moreover, the condition
on the size of || Ty U||||Ty;V*|| can now at least in principle be replaced by condi-
tions involving only finite-dimensional vector spaces, though this is unlikely to

be very insightful unless the ranks of the operators in question are very small
indeed.

Remark 6.4.9. Note also that the condition FixT = {0} in the reflexive
setting is equivalent to 1 ¢ o,(7T™) and hence implies that 7" in the above result
satisfies [|[T"x| — 0 as n — oo for all z € X; see [5]. This property of strong
stability is inherited by S when ¢ is sufficiently small. Indeed, suppose that
x € X is such that Sz = z and let 8’ € [0, 8],+" € [0,7] be such that 8+~ = 1.
Then, choosing § > 0 so small as to ensure that

(=) PovI-1)7"| <1,
it follows that
0=I-8)z=I-T)"U—-IT-T)"UVUI-T)")I-T)"=z,

and hence z = 0, as all three operators on the right-hand side are injective.
Thus o(S)NT C {1} and 0,(S)NT = 0p,(S*)NT = O, and therefore || S™z| — 0
as n — oo for all z € X. See [92] for a discussion of robustness of strong
stability in the case of Cip-semigroups.
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Part 1V

General operator semigroups
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Chapter 7

The Katznelson-Tzafriri
theorem on Hilbert space

7.1 Introduction

Parts [[Il and [II] of this thesis have dealt with extensions of the Katznelson-
Tzafriri theorem in the case of continuous and discrete operator semigroups,
respectively. Both results can be viewed as special cases of the following gen-
eral theorem for bounded representations of general locally compact abelian
semigroups, which was obtained in [19, Theorem 4.3] and [104]. Here and in
what follows, all groups and semigroups that appear will implicitly be assumed
to satisfy the assumptions set out in Section

Theorem 7.1.1. Let X be a complex Banach space and let T be a bounded
representation of a locally compact abelian semigroup S on X. Suppose that
a € L'(S) is of spectral synthesis with respect to Spy(T). Then || T(s)a(T)|| — 0
as s — oo.

Note that the condition on the function a could alternatively have been
stated simply as a € L'(S) N JA(G), where A = Spy(T). The Katznelson-
Tzafriri theorem for Cp-semigroups, or continuous operator semigroups, dis-
cussed in Part [II| corresponds to the choice S = R and likewise the original
Katznelson-Tzafriri theorem for discrete operator semigroups [62, Theorem 5],
a special case of which was discussed in Part corresponds to the choice
S=17.

As is shown in [33, Section 5], the Katznelson-Tzafriri theorem is optimal

in various important ways. Nevertheless stronger statements are true in special
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cases, for instance when X is a Hilbert space. Note first that in the case S = Z
the mapping @ — a(T') can be viewed as a functional calculus from A™ (D) into
B(X), where AT(D) is the set of maps g : D — C such that g = @ for some
a € (Y(Zy). If X is a Hilbert space and T € B(X) is a contraction, it follows
from the validity of von Neumann’s inequality that this functional calculus can
in fact be extended from AT (D) to the entire disc algebra A(D) = H(D)NC (D),
where H(ID) denotes the set of all holomorphic functions ¢g : D — C. It is shown
in [47, Corollary 2.12] that the conclusion of the Katznelson-Tzafriri theorem,
namely that ||T"g(T")|| — 0 as n — oo, remains valid in this case under the
weaker (and necessary) condition that g € A(D) satisfies g(\) = 0 for all
A € o(T)N'T; see [63, Proposition 1.6] for a slightly more general result. In
the classical setting of functions ¢ = @ with a € L'(S) this result in turn has
recently been improved, in [I06] to the cases of two commuting contractions
and of Cp-semigroups of contractions, and in [71] to the case of a single operator
T which is merely power-bounded rather than contractive.

The purpose of this chapter is to extend both of these improvements to
bounded representations 1" of general locally compact abelian semigroups .S on
a Hilbert space, by showing that the condition a € L'(S) N Jo(G) in Theo-
rem can be replaced by a € L1(S) N K, (G) in this case. In fact, the main
result of this chapter, Theorem shows not only that this spectral condi-
tion is necessary and sufficient for the conclusion ||T'(s)a(T)|| — 0 as s — oo
to hold but also that both are equivalent to a certain ergodic condition. The
argument is a generalisation of the one given in [71] for the case S = Z,. Be-
fore the main result is presented in Section Section develops the three
important constructions that are needed in the proof of Theorem [7.3.1] The
chapter concludes with an alternative, more direct proof of the equivalence of
the aforementioned spectral and asymptotic statements, this time without go-
ing through the ergodic condition. This argument is presented in Section [7.4]
The present chapter, and also parts of the next, are based on [9§].

7.2 Preliminary results

This section contains three constructions that will be needed in the later parts
of the chapter. Given two representations 77 and 75 of a locally compact
abelian semigroup S on Banach spaces X; and Xs, respectively, a bounded
linear map m : X7 — Xo is said to intertwine the representations 77 and T3 if
mT1(s) = Ta(s)m for all s € S. In this case it follows from the continuity of 7
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that, for a € L'(S) and = € X7,

wa(Ty)x = /Sa(s)le(s)x du(s) = /SCL(S)TQ(S)W(.’L‘) du(s) = a(Tz)m(z),

and hence ma(Ty) = a(Ty)w.

The first construction is a powerful tool allowing one to obtain results for the
operator norm from corresponding statements that hold for individual orbits.
It is similar to a construction appearing in the proof of [19, Theorem 4.3]
(see also [104, Note added in proof]) but differs in that it preserves the inner
product structure of the underlying space; see [57], [84] and [94] for similar
constructions.

Proposition 7.2.1. Let X be a complex Hilbert space, let T be a bounded
representation of a locally compact abelian semigroup S on X and let A be any
directed set. Then there exist:

(a) a Banach space X3 C {*°(A; X)), containing all nets of the form (a(T)xq)
fora € LY(S) and (x,) € £°°(A; X), a bounded representation T of S on
X with Sp(T'F°) = Sp(T') and, for each o € A, a surjective intertwining
operator mq : X9 — X of unit norm;

(b) a Hilbert space X 4 which is a quotient of X7°, a bounded representation
Ty of S on X with Sp(Ta) C Sp(TY) and a surjective intertwining
operator wa : X3° — X 4 which is contractive and such that

|ma(zq)|| > liminf ||2,]| (7.2.1)
a—r 00
for all (zq) € XF.
In particular, Sp(T4) C Sp(T).

PROOF. Denote by T'3° : S — B({>°(A; X)) the bounded homomorphism given,
for s € S and (z4) € £°(A; X), by

T3 (s)(wa) = (T(5)7a),

and let X° be the maximal closed subspace of ¢*°(A4;X) on which T%° is
strongly continuous. Let M = sup{||T'(s)|| : s € S} and note that sup{||73°(s)|| :
s€ S} < M. Now, for a € L'(S), x € X and any s,t € S,

[(T(s) = T(®))a(D)x|| = [|(zr(as — ar)) || < M|[7a(s) — 7a(t)]11]|]]
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and hence, by continuity of the shift maps 7,, X° contains all nets of the form
(@(T)zq) with a € LY(S) and (z4) € €°(A; X). For a € A, define the map
ot X3 — X by mo(28) = 4. Then each 7, is a surjection of unit norm which
intertwines 73° with 7". It follows from the fact that m,a(7'3°) = a(T")m, for all
a € LY(S) and a € A that |[a(T)| = ||a(T)|| and hence that Sp(TS°) = Sp(T).
This proves (a).

Letting F be the filter on A generated by the sets A, = {8 € A: [ = a}
with o € A, and U any ultrafilter on A that contains F, define

Xa=XT/co(A; X;U)NXT,

where cy(A; X;U) denotes the subspace of ¢*°(A; X) consisting of nets that
converge to zero along the ultrafilter . Since X4 is a closed subspace of the

ultrapower

Xy = 0(A; X) [co(A; X;U),

which is a Hilbert space (see [64] for details), X 4 is itself a Hilbert space. More-
over, by invariance of co(A; X;U) under T3°(s) for each s € S, T'3° descends
to a bounded representation T4 of S on X4. Let m4 : X3 — X4 denote the
canonical surjection. Then 74 is a linear contraction which intertwines 7'3°
with T4 and, if ¢(z,) denotes the limit of the bounded real net (||z,]||) along
the ultrafilter ¢ for a given (z,) € X7°, then

Ira(za)ll = £(2a)

for all (zo) € X3°. Supposing that for some fixed (z,) € X7 there exists ¢ € R
with

Uzy) <c< lirr_1>inf lzall,
let ap € A be such that inf{||z.|| : @ = ag} > ¢. Then
Ac={a € A:|||za| — lza)| < c—l(za)}

is an element of U satisfying A,, N A. = (). Since U is an ultrafilter, this is a
contradiction and hence proves (7.2.1)). Finally, given a € L'(9),

la(Ta)ll < sup {[[a(Ta)ma(za)ll : [[(za)lloo < 1}
= sup {[m4a(T3°) (za)| : [(@a)lloo < 1}
< sup {[[a(T5) (x|l : [[(za)lloe < 1}
= [[a(TZ)I,

from which it follows that Sp(7'4) C Sp(1'%°), thus proving (b). O
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The remaining results of this section follow well-known patterns. The first is
a Hilbert space version of [19, Proposition 3.1] and is similar to the construction
given in [63, Section 1]. Here, given a bounded representation T' of a locally
compact abelian semigroup S on a Banach space X, the space Xo(T") is defined
as
Xo(T) = {z € X : lim |IT(s)z] = 0}.
S5—00

Proposition 7.2.2. Let X be a complex Hilbert space, let T be a bounded
representation of a locally compact abelian semigroup S on X with M =
sup{||T°(s)|| : s € S} and let ¢ be any Banach limit on L*°(S). Then there
exist a Hilbert space X, a representation Ty, of S by isometries on X, with
Sp(Ty) C Sp(T) and an intertwining operator my : X — Xg with ||me| < M
which has dense range and satisfies Ker g = Xo(T').

PROOF. Let ¢ be a Banach limit on L*°(S) and let (-,-)s : X X X — C denote
the semi-inner product given, for z,y € X, by

(@,9)¢ = o((T()z, T(-)y))-

Define Ky = {z € X : (z,2)s = 0} and write X4 for the Hilbert space obtained
by completing the quotient space X/Ky4 with respect to the norm ||-||4 induced
by the inner product

Since ¢ is translation invariant, 7'(s) descends, for each s € S, to a well-defined
isometry on X/Ky given by « + K4 — T'(s)x + K4, and hence, by continuous
extension, to an isometry Ty(s) on X4. Let w4 : X — X, denote the canonical
surjection onto X/Kgy, so that m, has dense range in Xy, 7y is bounded with
|mgl] < M and 74T (s) = Ty(s)my for all s € S. Since, for s,t € S and any
x e X,

(T (s) — T¢(t))7r¢,(:c)H¢ = ||ms(T(s) — T(t))m“¢ < M||(T(s) = T(t))=

it follows from the density of X/Ky4 in X4 that the homomorphism Ty : S —

Y

B(X4) is strongly continuous and hence a bounded representation of S on X.

Note further that x € Kerm, if and only if ¢(|T(-)z[?) = 0. Hence
|T(s)z|| — 0 as s = oo certainly implies that « € Kerms. Suppose conversely
that = € Kermy. Since

. 2, o T N ll2 Nzll?
1nf{HT(5)x|| 1S € S} < ebbsl_lglolnf IT()z||* <o (HT( )x|| ) ,
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it follows that
inf {||T(s)x||2 :se S} =0.

Suppose there exist ¢ > 0 and a net (s,) in S with s, — 00 as @ — oo and
such that ||T'(sq)z|| > € for each a. Let sop € S be such that || T(so)x| <
emin{1, M~1}. Then sg # s, for all a and, given « such that s, > so,

e <[ T(sa)ll = 1T (sa — s0)T(s0)x|| < M[[T(s0)z]| <e,

which is absurd. Hence ||T'(s)z| — 0 as s — oo, giving Ker 7y = Xo(T').
Finally, using the fact that m4a(T") = a(Ty)my, it is easy to show that

[a(Ts)mo (@)l < la(T)|ll|mg ()]l

for all a € L'(S) and all z € X. By density of Ranmy in X, it follows
that ||a(Ty)|| < ||a(T)|| for all a € L*(S) and hence that Sp(T,) C Sp(T), as
required. O

Proposition is particularly powerful in conjunction with the follow-
ing result, which is contained in various forms in [16, Proposition 2.1], [19]
Proposition 3.2], [20], [38] and [58].

Proposition 7.2.3. Let S be a locally compact abelian semigroup and let
G be the group generated by S. Furthermore, let X be a complex Hilbert
space and let T' be a representation of S by isometries on X. Then there exist
a Hilbert space Y, a representation U of G by unitary operators on Y with
Sp(U) = Spu(T") and an isometric intertwining operator my : X — Y such that
the set {U(—s)my(z):s € S,z € X} is densein Y.

PROOF. Define the complex vector space Z by
Z={¢e X5:3 S¢ € Ss.t. @(s+sy) =T(s)p(sg) for all s € S},

where X% denotes the space of all maps ¢ : S — X, and note that Z admits a
semi-inner product (-,-)r defined, for ¢, p € Z, by

(6, 0)r = lim (¢(s), (s)).

S5§—00

Given s € S, consider the map Tz(s) on Z given, for ¢ € Z and ¢t € S, by

(Tz(5)¢) (t) = T()$(t)-
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Then Tz(s) maps Z into itself, since

(Tz(5)9) (t + 54) = T(t)(Tz()8) ()
for all ¢ € Z and all ¢t € S, and, writing || - ||z for the semi-norm induced by
(.7 ')T7

IT2()6llr = Jim [T(s)o(0)] = ¢l
by isometricity of T. Since the space Zy = {¢ € Z : ||¢||r = 0} is invariant

under Tz(s) for all s € S, each of these operators descends to an isometry on
the normed vector space Z/Zy. Noting, moreover, that

[(T(s) = T())o(r + s4)|| = [ (T(5) — T(£))b(s0) |

for all € Z and all r,s,t € S, it follows that Tz induces an isometric rep-
resentation U of S on the Hilbert space Y obtained from Z/Zy by completion
with respect to the quotient norm. Now, given any sg € S and any ¢ € Z, let
©o € X° be defined by

d(s —s0) if s = s0+ s,
vo(s) = ,
0 otherwise.

Then g € Z with s,, = sg + 54 and
U(so)(po+2)=¢+ 2,
since
(Tz(s0)po — ¢)(s) =0

for all s = so9 + s4. By density of Z/Zy in Y, therefore, U(s) is in fact a
surjection for each s € S. Defining

Us—t)=U(s)Ut)!

for all s,t € .9, it is easy to see that U extends to a representation of the group
G = S — S by unitary operators on Y.
Let mz : X — Z denote the map given, for x € X and s € S, by

(m2(2))(s) = T(s)z,

and write mg : Z — Y for the canonical surjection onto Z/Zy. Then the map
my : X — Y given by the composition my = mgomy is isometric and intertwines
T with U. Given ¢ € Z, let x4 = ¢(s4). Then

(Tz(s)¢ — mz(24))(s) =0

113



for all s = s4, and hence

m0(¢) = U(=s¢)my (z4),

which by density of Ranmg in Y implies that {U(—s)my(z) : s € S,x € X} is
dense in Y. From this it follows in turn that

[a)|l = sup {la(U)U(=s)my (z)] : s € S, [l]] < 1}
= sup {[|mya(T)z| : =] < 1}
= [[a(D)]
for all @ € L'(S). Hence Sp(U;S) = Sp(T) so, by Lemma Sp(U) =
Spu(T). O

7.3 The main result
The aim of this section is to prove the following generalisation of [71, Theo-
rem 2.1].

Theorem 7.3.1. Let X be a complex Hilbert space, let T be a bounded rep-
resentation of a locally compact abelian semigroup S on X and let a € L*(9).

Then the following are equivalent:
(i) a(x) = 0 for every x € Spu(T);

(ii) Given any Folner net (€,) for S and any x € Spu(7T),

/ XET($)a(T) du(s)

[e3

lim
a—oo (1(q) ’

= 0; (7.3.1)

(iii) || T(s)a(T)|| — 0 as s — oc.

Remark 7.3.2. In [71, Theorem 2.1], conditions (ii) and (iii) above are pre-
sented in a slightly more general form, with the operator a(T") replaced by an
arbitrary @ € B(X) that commutes with the representation. The presentation
here is restricted to the case @ = a(T") purely for the sake of clarity.

The proof of this result will be broken up into a number of separate steps,
all of which correspond to some part of the proof of [71, Theorem 2.1] but
typically involve some modifications to accommodate the more general setting
in which the representation need not be norm continuous. The following lemma
constitutes the main step towards proving that (i) = (ii); it corresponds to
[71, Lemma 2.2]. Note that the Hilbert space assumption is not required for

this part of the argument.
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Lemma 7.3.3. Let X be a complex Banach space, let T be a bounded repre-
sentation of a locally compact abelian semigroup S on X and let a € L'(S).
Then, for all x € T,

lim

- =0,
a—00 (1((a)

/Q XGIT(s) @(T) — a(x)) dpa(s)

where (§),,) is any Folner net for S and the integral is taken in the strong sense.
PrOOF. With a € L'(S) and x € T fixed, let 2 € X be of unit norm and set

I(a) = Mg) / G ()~ 7007) d(s)

Then, by a simple application of Fubini’s theorem,

1(Qa A (Qa +5))
I.(ax) < M/ a(s)| du(s),
(@) g ) la(s)| dp(s)
where M = sup{||T(s)|| : s € S}. Let ¢ > 0. Since a € L'(S), there exists a
compact subset K of S such that fS\K la(s)| du(s) < e/4M. Defining

dr (@) = sup {M(Qa ﬁ(gzo)‘ +5)) 15 € K} ,

it follows from the definition of a Fglner net that dx(a) — 0 as @ — oco. Since

I1(e) < Mlalli3x(@) + 20 [ Jals)]d(s),
S\K
I, () < ¢ for all sufficiently large a, and the result follows. O

Corollary 7.3.4. Let X be a complex Banach space, let T be a bounded
representation of a locally compact abelian semigroup S on X and let x € I.
Suppose that a € L'(S) is such that a(x) = 0. Then holds for any
Folner net (Q,) for S.

The next result is crucial in establishing the implication (i) = (iii) in
Theorem and should be compared with [71, Lemma 2.4].

Proposition 7.3.5. Let S be a locally compact abelian semigroup and let G
be the group generated by S. Furthermore, let X be a complex Hilbert space,
let T be a representation of G by unitary operators on X and let a € L'(G).
Suppose that, for each x € Sp(T),

lim

a—oo (1) ‘/Q @T(s)a(T) du(s)

where (§,) is any Folner net for S. Then a(T') = 0.
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PROOF. Let E denote the spectral measure associated with 7' (see [03, Theo-
rem 8.3.2]) and, for s € G and any Borel subset A of T, let Tx(s) = T'(s)E(A).
Then

Ty(s) = /A x(s) dE(x),

the integral being taken in the weak sense, and, by Fubini’s theorem,
1) = [ 500 4B (7.3.2)

for all b € LY(G). Thus if A is a closed subset of I' and b € JA(G), then
/b\(TA) = 0, and it follows that Mz, (A) = X, so that Sp(7x) C A. Choosing A
to be a compact subset of I' ensures that the representation T of G on X is
norm continuous.

Set @ = a(T) and, for a given compact subset A of Sp(7T'), define Qx =
QE(A), noting that Q4 is normal and that @y, — @ in the strong operator
topology as A approaches Sp(7T') through compact subsets. Furthermore, let Ax
denote the commutative unital C*-algebra generated by {Qa, Q} }U{TA(s) : s €
G}, and let A(Ap) denote its character space. Write ®p : Ay — C(A(Ap))
for the Gelfand transform of Aa, which is an isometric *-isomorphism, and
consider the map x¢ : G — C\{0} given, for { € A(Ax) and s € G, by
Xe(s) = PA(Ta(s))(&). Since the representation T, is norm continuous, x¢
is a continuous group homomorphism, and the fact that each & € A(A,) is
a bounded linear functional on Ax with ||£]| = [€(E(A))| = 1 implies that
IXe(s)] <1 for all s € G. Hence x¢ € I'. Moreover, if b € L'(G), then

el =e ([ omoaus))

which is to say that x¢ € Sp(Ta), and hence x¢ € Sp(T). Let ga = ®A(Qn).
Then

< [[b(Tn)

)

194(6)] = / Ixe(s) 2 (6) du(s)

Qa) [Ja,
! Dy </Qa xe(s)Ta(s)Qa dM(S)) H

<

[e.9]

_ /Q Xe(5)Th(5)Qn dpals)

<

)

| et
Qa

for any £ € A(Ap) and letting @ — oo shows that gy = 0. Since ®, is an

isometry, it follows that @, = 0, and allowing A to approach Sp(7T’) through
compact subsets gives () = 0, as required. 0
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Remark 7.3.6. The result remains true when a(7") is replaced by any @ €
B(X) which commutes with 7. If @ is normal, this follows from the same
argument as above, and the general case can then be obtained by considering
the operator Q*Q; see also [71, Lemma 2.4].

Propositions [7.3.7] and [7.3.8| below correspond in essence to the two main
stages in the proof of [71, Theorem 2.1] and show, via an intermediate result
for individual orbits, that (ii) = (iii) in Theorem [7.3.1]

Proposition 7.3.7. Let X be a complex Hilbert space, let T be a bounded
representation of a locally compact abelian semigroup S on X and let a € L*(.5).
Suppose that, for some Folner net () for S, holds for all x € Spu(T).
Then, for each x € X, | T(s)a(T)x|| — 0 as s — 0.

PrOOF. Fix a Banach limit ¢ on L*°(S) and let Xy, T and 74 be as in Propo-
sition noting in particular that, for any operator @@ € B(X) that com-
mutes with 7', the operator Q4 € B(Xy) defined by m,Q = Qgmy satisfes
|Qqsll < [|Q|. By Proposition there exist a further Hilbert space Yy, a
representation Uy of the group G = S — S by unitary operators on Y, with
Sp(Ug) = Spu(Ty) and an isometric intertwining operator 7y, : X4 — Y, such
that {Uy(—s)my,(z) : s € S,z € Xy} is dense in Y. The latter implies, in
particular, that [|Qy,|| = [|Qg| for all Q4 € B(Xy) and all Qy, € B(Y) which
commute with Uy and satisfy 7y, Qy = Qy,7y,. Thus it is possible to assume,
dropping only the density condition on the range of the intertwining operator,
that T itself is in fact a representation of G' by unitary operators on Xj.
Now, given x € Sp(Ty), define operators Qo € B(X) and Q4 o € B(Xy) as
1

Qo = i T du() (7.33)

and

()
Then m4Qa = Q¢,aTe, from which it follows that ||Qg || < ||Qq||. In particular,
|Qs.all = 0 as a — oco. Identifying L'(S) in the natural way with a subset of
LY(G), Proposition applied to Ty, X4 and a implies that @(7y) = 0. Thus
ng(a(T)x) = a(Ty)my(x) = 0 for any = € X, so the result follows from the fact
that Ker Ty = X()(T). L]

Qoo = ——— /Q X To(s)a(T,) du(s).

Proposition 7.3.8. Let X be a complex Hilbert space, let T be a bounded
representation of a locally compact abelian semigroup S on X and let a € L'(S).
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Suppose that, for some Folner net (Q,) for S, equation (7.3.1)) is satisfied for
all x € Spu(T"). Then ||T'(s)a(T)|| — 0 as s — oo.

PROOF. Suppose, for the sake of contradiction, that holds for all x €
Spu(T) and some Fglner net (€,) but that there exist ¢ > 0 and a net (sg)
in S, with indexing set A say, such that s3 — oo as f — oo and, for some
suitable sequence (yg) of unit vectors in X, ||T'(sg)a(T)yg| > € for all g € A.
Letting M = sup{||T(s)|| : s € S}, it follows that | T(s)a(T)yg| > eM~*
whenever sg3 —s € S. Fix t € S° and let b € LY(9) satisfy ||b]; = 1 and
lla*b— ally <e/2M3, where a; € LY(S) is given by

a(s—t) ifs—tes,
ai(s) = .
0 otherwise.

Let Xa, Ta, X3, T and ma be as in Proposition [7.2.1] and consider the
element (zg) of X°, where g = b(T")yg. Then, writing ¢ = a * b — a,

ITa(s)a(Ta)malzs)l| = |maTs (s)a(T) (25|
= ||ra(T(s)a+ b(T)ys)
> |ma(T (s + )a(T)ys) || = [lra(T(s)e(T)ys) |
> liminf [ 7(s + )a(T)ys]| — Ml

for all s € S, where the last line follows from the definition of the norm on X 4.
Thus | Ta(s)a(Ta)ma(zg)|| > e/2M for all s € S.

Fix x € Spu(Ta) and define the operators Q%, € B(XY) and Qan €
B(X4) as

Q%o = u(é) / NI T die)

and

1 — ~
Q= gy | NEITAGAT) dus).

Then WAQ%CZQ = (QA,aT 4, so the properties of 74 and the fact that Qiﬁa acts on
X by entrywise application of the operator @, defined in equation ([7.3.3) im-
ply that |Qaal < [|Qall. Hence [[Qaqll = 0 as a — oo, and Proposition [7.3.7]
applied to T4 and X 4 leads to the required contradiction. ]

Corollary and Proposition together prove the implications (i) =
(ii) = (iii) of Theorem The following simple lemma, which follows
immediately from the definition of the spectrum of a semigroup representation
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T along with the observation that ay(7) = T(s)a(T) for all a € L'(S) and
s € S, shows that (iii) = (i), thus completing the proof of the main result.

Lemma 7.3.9. Let X be a complex Banach space, let T' be a bounded repre-
sentation of a locally compact abelian semigroup S on X and let a € L'(S).
Then |a(x)| < ||T(s)a(T)|| for all x € Spu(T) and all s € S.

Remark 7.3.10. There is a direct proof of the implication (iii) = (ii) in
Theorem Indeed, if T' is a bounded representation of a locally compact
abelian semigroup S on any Banach space X, if a € L'(S) and if () is any
Fglner net for S, then

1(Qa O (Qa + 1))

1(€2a)
for any ¢ € S, where @, is as in and M = sup{||T(s)| : s € S}. Hence
(iii) = (ii) by definition of a Fglner net. Moreover, it is possible, at least in
special cases, to show directly that (ii) = (i). When S = Z., this follows
from Corollary and the uniform ergodic theorem (see [71], Corollary 2.3]),
and a similar argument works when S = R,.

1Qall < sup {|IT(s)a(T)|| = s = t} + M?|lallx

7.4 A direct argument

There is an alternative argument of independent interest which establishes more
directly the equivalence of statements (i) and (iii) in Theorem Recall the
classical fact that, given a representation 1" of a locally compact abelian group
G by isometries on a Banach space X, one has a(T) = 0 for all a € L'(G)
which are of spectral synthesis with respect to Sp(7'). This is a simple conse-
quence of the definition of Sp(T") (see also [34, Chapter 8|, [75, Chapter 5] and
[101, Lemma 2.4.3]) and is used in [19, Theorem 4.3] along with constructions
analogous to those in Section to obtain Theorem Corollary
below, which is an improved version of this classical result in the case where
X is a Hilbert space, makes it possible to obtain the implication (i) = (iii) of
Theorem by an analogous argument that bypasses Proposition It
is a special case of the following more general statement.

Proposition 7.4.1. Let X be a complex Hilbert space, let T be a representa-
tion of a locally compact abelian group G by unitary operators on X and let
a € LY(G). Then

[a(T)]| = sup{[a(x)| : x € Sp(T)}-
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PRrROOF. Let Ar denote the norm closure in B(X) of {B(T) :g € LY(G)}. Then
Ar is a commutative C*-algebra and hence, writing A(Ar) for the character
space of Az, the Gelfand transform ® : Ar — Co(A(Ar)) is an isometric *-
isomorphism. By [I9, Proposition 2.4], the map sending a character x € Sp(T)
to the character &, on A7 defined, on the dense subspace {/b\(T) g € LYG)}, by
éx(/l;(T)) =b(x) is a bijection, and hence [|[a(T)|| = ||®(@(T))]|s0 = sup{[a(x)| :
X € Sp(T)}, as required. O

Corollary 7.4.2. Let X be a complex Hilbert space, let T' be a representation
of a locally compact abelian group G by unitary operators on X and let a €
LY(G). Then @(T) = 0 if and only if a(x) = 0 for all x € Spu(T).

Remark 7.4.3. Proposition follows also from ([7.3.2) with A = Sp(T),
while Corollary [7.4.2] has an alternative proof using Corollary [7.3.4] and Propo-

sition together with Lemma [7.3.9]
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Chapter 8

Extensions and applications

8.1 Overview

The present chapter contains a number of extensions and applications of the
results and ideas presented in Chapter Consider a bounded representation
T of a locally compact abelian semigroup S on a Hilbert space X. The first
extension, described in Section is a Katznelson-Tzafriri type result for
individual orbits. Section then establishes a certain quantified form of the
Katznelson-Tzafriri theorem for contractive representations and Section [7.4
finally, addresses the problem of invertibility of contractive representations.

8.2 A Katznelson-Tzafriri theorem for orbits

8.2.1 Introduction

The first natural extension of the results of the previous chapter is to individual
orbits of a given bounded representation, leading to so-called ‘local’ results.
Local results have been studied for instance in [18], [20, Section 4], [63] and
[105, Chapter 6] and are of particular interest in the context of Cy-semigroups,
where orbits correspond to solutions of the associated abstract Cauchy problem;
see Section [1.1} In general, the aim is to obtain stability results for individual
orbits under assumptions weaker than those used to obtain the corresponding
‘global’ result valid in the operator norm. The purpose of this section is to
obtain a local version of Theorem [7.3.1] using the appropriate local analogue of
the unitary spectrum.
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8.2.2 The local spectrum

Given a power-bounded operator 1" on a Banach space X and a vector x € X,
one reasonably natural definition of a local spectrum o (7T, x) of T at x is as
the set of numbers p € C such that there does not exist a neighbourhood €2
of u and a holomorphic function g : Q — X satisfying (A — T")g(\) = z for all
A € Q. Similarly, given a bounded Cy-semigroup T with generator A, the local
spectrum o (A, x) of T at z can be defined as the set of numbers p € C such
that there does not exist a neighbourhood €2 of A and a holomorphic function
g : 2 — X satisfying g(A\) € D(A) and (A — A)g(A) = x for all A € Q. The
analogue for general semigroup representations that turns out to be appropriate
in the present context is the (Albrecht) local spectrum; see [2], [105, Chapter 6].

Consider a bounded representation 7" of a locally compact abelian semigroup
S on some Banach space X and let z € X be given. A character y € S* will
be said to be locally regular at z if there exist n € N, a1,...,a, € L'(9), a
neighbourhood Q of the point A\g = (@1(x),---,an(x)) in C" and holomorphic
functions g1, ..., gy : @ = X such that

n

> (- @(D)ge(N) == (8.2.1)

k=0
for all A = (A1,...,An) € Q. The local (Albrecht) spectrum Sp(T,z) of T
at x is then defined to be the set of all characters x € S* which fail to be
locally regular at z, and the unitary local (Albrecht) spectrum of T at x is
given by Spy(T, z) = Sp(T,z) NI'. The following simple observation shows why
spectral conditions on the unitary local spectrum are typically weaker than the
conditions imposed in Chapter

Lemma 8.2.1. Let X be a complex Banach space and let T' be a bounded
representation of a locally compact abelian semigroup S on X. Then, for any
z € X, Sp(T,z) C Sp(T).

PROOF. By definition of the spectrum, if y ¢ Sp(T') then there exists a € L*(S)
such that [a(x)| > |[a(T)]|. Let Q =a(T) and \g = a(x). Then Xy € p(Q), and
taking n = 1, Q = p(Q) and g(\) = R(\,Q)x for A € Q, it follows that x is
locally regular at x. O

A further set that will be of interest in what follows is

AT, z) = {x €5 :a(x) =0for all a € L'(S) s.t. a(T)z = 0}.
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The importance of this set arises from the following fact; see [105, Theo-
rem 6.2.7].

Theorem 8.2.2. Let X be a complex Banach space and let T' be a bounded
representation of a locally compact abelian group G on X. Then, for any x € X,
Sp(T,z) = AT, z).

As is shown in [105, Proposition 6.2.5], it follows from this result that
if T is a bounded representation of Z or R, then Sp(T,z) = o(T,x) (re-
spectively, Sp(T,z) = o(A,x)). Moreover, for bounded representations of
the corresponding semigroups Z; and Ry, Sp(T,z) C o(T,z) (respectively,
Sp(T,x) C o(A,z)) by [105, Propositions 6.2.9 and 6.2.10], but it remains an
open problem whether the two sets necessarily coincide in this case; see [105]
Chapter 4] for some partial results.

8.2.3 The main result

The following lemma plays an important part in proving a local analogue of
the Katznelson-Tzafriri theorem; it is a combination of [105, Lemmas 6.4.1
and 6.4.2]. Recall that, by Proposition given a bounded representation T'
of a locally compact abelian semigroup S on a Hilbert space X and any Banach
limit ¢ on L*°(S), there exist a Hilbert space Xy, a representation Ty of S by
isometries on X, which satisfies Sp(Ty) C Sp(T') and an intertwining operator
g+ X — Xy with Ker my = Xo(T'), where

Xo(T)={zeX: Jim. |T(s)z| =0}

as in Section Moreover, by Proposition there exist a further Hilbert
space Yy, a unitary representation Uy on Yy of the group G = S — 5, and an
isometric intertwining operator 7y, : Xy — Yp. Fix ¢ and let 7 denote the
composition 7y, omy. Given z € Yy, finally, let Y, denote the closed linear span
of the set {Uy(s)z : s € G} and write U, for the representation obtained by
restricting Uy to Y.

Lemma 8.2.3. Let X be a complex Hilbert space, T" a bounded representation
of a locally compact abelian semigroup S on X and let x € X. Furthermore,
let ¢ be a Banach limit on L>(S) and let z = w(z). Then, with U, as above,
Sp(U.) € Spu(T, 2).

ProOOF. By Theorem Sp(U.) = A(U,). But for a € L}(G), a(U,) = 0 if
and only if @(Uy)z = 0 and hence A(U,) = A(Uy; z). Thus, by Theorem
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it remains to show only that Sp(Usy; z) C Spu(T, ). Suppose therefore that x €
'\ Spu(T, ). Then there exist n € N, ay,...,a, € L'(S), a neighbourhood 2 of
the point A\g = (a@1(x),---,an(x)) in C™ and holomorphic functions g1, ..., gy, :
) — X such that holds. Applying the map 7 to both sides gives

D (A — @(Ug) (M) =
k=0

where hy, for 1 < k < n, is the holomorphic function m o g; : £ — Y. Since
LY(S) c LY(G), the result follows. O

Remark 8.2.4. The result remains true (with the same proof) in the Banach
space setting; see [105, Section 6.4]. A slightly more careful argument in the
second half of the proof shows that in fact Sp(Uy; z) C Spu(Ty;y) C Spu(T, z),
where y = my(z).

The main result of this section is the following theorem, which extends and
improves the local result [I8, Theorem 5.1] in the Hilbert space setting.

Theorem 8.2.5. Let X be a complex Hilbert space, T' a bounded representa-
tion of a locally compact abelian semigroup S on X and let x € X. Suppose that
a € LY(S) is such that @(x) = 0 for all x € Spy(T,x). Then ||T(s)a(T)xz|| — 0
as s — oo.

Proor. Using the same notation as before, Lemma [8.2.3] gives the inclusion
Sp(U.) C Spu(T,x), where z = w(x). Hence a(x) = 0 for all x € Sp(U,), and
it follows from Corollary that a(U,) = 0. Thus n(a(T)x) = a(Ug)z = 0,
and the fact that 7y, is isometric implies that @(7")x € Ker y. Since Kermy =
Xo(T), this completes the proof. O

8.2.4 Unbounded representations

It is natural to ask whether the results of the previous section carry over to the
case of unbounded orbits, and indeed the answer is affirmative provided the
growth is sufficiently slow and regular. A measurable function w : S — [1, 00)
which is bounded on compact subsets of S and satisfies

w(s+t) < w(s)w(t)

for all s,t € S is said to be a weight, and a representation 7" of S on a Banach
space X is said to be dominated by the weight w if | T'(s)|| < w(s) for all s € S.
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Given a semigroup S and a weight w on S, let L. (S) denote the so-called
Beurling algebra of measurable functions a : S — C for which

/ la(s) w(s) du(s) < oo,
S

and let the superscript w on a spectrum (as e.g. in Sp¥(T, z) for z € X)) indicate
that any occurrence of L!(S) is replaced in the definition by the Beurling algebra
L} (S). For more details on weights and representations dominated by weights,
see [20], [56] and [75] and [105, Section 2.8].

The main result of this section is the following generalisation of Theo-
rem to representations which are dominated by sufficiently well-behaved,
but potentially unbounded, weights.

Theorem 8.2.6. Let X be a complex Hilbert space and let T be a represen-
tation of a locally compact abelian semigroup S on X which is dominated by

a weight w satisfying
. w(s+1)
lim ————

Jim =05 =1 (8.2.2)

for all s € S. Furthermore, let x € X and suppose that a € L} (S) is such that
a(x) =0 for all x € Sp¥(T,x). Then

T _
5—00 w(s)

0.

PROOF. The proof follows the same lines as that of Theorem [8.2.5| except that
Proposition[7.2.2]is replaced by a version allowing for non-constant weights; see
[T05] Section 5.1]. In particular, the regularity assumption on the weight
w ensures that the limit representation of [105, Section 5.1] is isometric, and
hence can be extended as before to a representation of G by unitary operators
on some Hilbert space. Using the notation of the previous section, the spectral
inclusion Sp(U,) C Sp¥(T,x) remains valid (see [105, Lemma 6.4.2]), so the
result follows almost exactly as in the proof of Theorem O

Remark 8.2.7. As before, the first part of the proof is valid in the more general
Banach space setting. It remains open whether the argument in the proof of
Proposition which converts a result for individual orbits to a result valid
for the operator norm, can be adapted to the case of representations that are
bounded by a weight of the form considered here; for a result of this type in
the Banach space setting see [105, Theorem 5.2.2]. It is also unclear whether
Theorems [R.2.5] and R:2.6] can be established when the boundedness condition
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(involving a constant weight or otherwise) is imposed only on the orbit in
question instead of the representation itself.

8.3 A quantified Katznelson-Tzafriri type theorem

for contractive representations

8.3.1 Introduction

Given a bounded representation T' of a locally compact abelian semigroup S
on a complex Hilbert space X and a function a € L!(S), Theorem gives
a necessary and sufficient condition in terms of the unitary spectrum Spy(7)
for the limit lims_, || 7(s)a(T)|| to vanish. However, even in the case of a con-
tractive representation 7', for which this limit exists without any assumptions
on a, no conclusion is possible if @ fails to vanish at all points of Sp, (7). It
was recently shown in [106] that for contractive representations of S = Z’} with
n>1orS=R, and any a € L'(9)

lim [ T(s)a(T)]| = sup{la(x)| : x € Spu(T)}, (8.3.1)
and that, for S = Z" with n = 1,2, the conclusion remains valid when @

is replaced by elements of larger algebras of functions. A number of related
results may be found in [3], [13], [21], [22] and [82]. The intention here is to
examine to what extent the validity of can be extended to contractive
representations of more general semigroups on a Hilbert space. Section [8.3.2

sets the scene with a few preliminary observations before the main results are
presented in Section [8.3.3

8.3.2 Preliminaries

The following simple lemma shows that, for the present purpose of studying
the asymptotics of contractive representations 1" of a locally compact abelian
semigroup S, nothing is lost by assuming that in fact ||7°(s)|| =1 for all s € S.

Lemma 8.3.1. Let X be a complex Banach space and let T' be a bounded
representation of a locally compact abelian semigroup S on X. Suppose that
there exists some sy € S such that ||T(sg)|| < 1. Then Spy(T) = 0 and
IT(s)|]| — 0 as s — oo.
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PRrROOF. Let x € ASp(T). Then there exists a net (z,) of unit vectors in X
with
Tim [[7()20 — x(s)zall = 0,
uniformly for s in compact subsets of S. In particular, x(so) € oa(T(s0)) and
it follows that
IX(s0)| < 7(T(s0)) < IT(s0)ll <1,

so that x ¢ I'. Thus ASp,(7') = 0, which by Proposition implies the first
part of the claim.

For the second part, suppose there exists € > 0 such that, for some net (s,)
in S with s, — 00 as a — 00, ||T(sq)]| > € for each a. Let ng € N be such that
IT(s0)||™ < emin{1, M~1}, where M = sup{||T(s)| : s € S}. Thus ngsg # sa
for all « and, if « is such that s, > ngsg, then

e < I T(sa)ll < [IT(s0) "I T (sa — noso)ll <,
which gives the required contradiction. O

Remark 8.3.2. If T" is a Cpy-semigroup, the result follows immediately from
the inequality s(A) < wo(T) together with the fact that, for every ¢ > 0,

_logr(T(®) _ log | T()]
t - t

wo(T)

Now, given a locally compact abelian semigroup S, let G be the group
generated by S and let A be any closed subset of the dual group I'. Consider the
contractive algebra homomorphism W) : L'(G) — Co(A) defined by Wy (a) =
a|p. Then Ker Wy = K (G) and, by the Stone-Weierstrass theorem, Ran W) is
dense in Cy(A); see [95, Theorem 1.2.4]. Since K (G) is a closed ideal of L' (G),
the quotient L'(G)/K(G) is a Banach algebra under the quotient norm

la + KA(G)|| = inf {||a —bll1:be KA(G)}.
Moreover, Wy induces a well-defined injective algebra homomorphism
Up : LN(G)/KA(G) = Co(A)

given, for a € L'(G), by Up(a + Kx(G)) = Wx(a). This homomorphism is
bounded with ||Up|| = ||[Wa|| <1 so that, in particular,

sup{[a()] : x € A} < la+ Ka(G)]] (8.3.2)

for all a € L'(G) and all closed subsets A of T
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8.3.3 Main results

Let T be a contractive representation of a locally compact abelian semigroup S
on a complex Hilbert space X. Then, by a simple application of Lemma [7.3.9]

sup{[00)| < x € A} < Jim | T()a(T))| (8:3.3)

whenever A C Spy(T'). This raises the question whether it is possible to com-

pare the right-hand side of (8.3.2)) with that of (8.3.3]). Proposition below,

which again follows from the corresponding result for individual orbits estab-
lished in Proposition answers this in the affirmative when A = Sp, (7).
The argument is similar to that of [I3, Proposition 5.5], but the result is sharper
since there exist locally compact abelian groups G whose dual groups contain
subsets A which are not of spectral synthesis; see [95, Chapter 7).

Proposition 8.3.3. Let X be a complex Hilbert space, let T' be a contractive
representation of a locally compact abelian semigroup S on X and let A =
Spu(T). Furthermore, let G be the group generated by S and suppose that
a € LY(S). Then, for all z € X,

Jim (|7 (s)a(T)z| < lla+ Ka(G)]]lz]]

PRrROOF. Fix a Banach limit ¢ on L>°(S) and let Xy, T and 7, be as in Propo-
sition [7.2.2] noting that, since T is contractive,

Imo(@)lly = lim |IT(s)e]

for all x € X. As in the proof of Proposition [7.3.7 it is possible by Propo-
sition to assume that Tj is in fact a representation of the group G by
unitary operators on X,. It follows from Corollary that 3(T¢) =0 for all
b € KA(G) and hence that

[a(Te)ll < [[a(Ts) — b(Te) || < lla— bl
for any such b. Thus |[a(Ty)|| < |la + Ka(G)|| and hence, given any z € X,
Jim (|7 (s)a(T)z|| = |lmg (@(T)2)]4

= [[a(Ty)ms(x)llo
< la+ Ka(G)lll7e(2)ll4-

The result now follows since ||7g|| < sup{||T(s)| : s € S} =1. O
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Proposition 8.3.4. Let X be a complex Hilbert space, let I' be a contractive
representation of a locally compact abelian semigroup S on X and let A =
Spu(T"). Furthermore, let G be the group generated by S and suppose that
a € LY(S). Then

Tim [T()a(T)] < fla+ KA(G)]

PROOF. Suppose not. Then there exist € > 0 and a net (sg) in S, with indexing
set A, say, and satisfying sg — oo as 8 — oo, as well as a net of unit vectors
(yg) in X such that

1T (sg)a(T)ysll = [la+ Ka(G)| + €
for all 8 € A. In particular,
IT(s)a(T)ysll > lla+ Ka(G)| +¢

whenever sg > s.

Let X4, X%, T4 and 74 be as in Proposition and, for a fixed t € S°,
choose b € L'(S) such that ||bll; = 1 and |la * b — ]|y < /2, and define
(xg) € X by setting xg = Z(T )yg- It then follows from a calculation analogous
to the one in the proof of Proposition that

[Ta(s)a(Ta)ma(zs)| > [la+ Ka(G)] + %

for all s € S. However, Proposition [8.3.3| applied to the contractive representa-
tion T4 of S on X 4 with unitary spectrum A4 C A shows that

Jim (| Ta(s)a(Ta)ma(as)|| < lla+ Ka, (G)llllmalzs)|| < [la+ Ka(G)]l;
since ||ma(zg)|| < ||/5(T)H < 1. This gives the required contradiction. O

Remaining in the setting of this result, it turns out that in order to obtain
an upper bound on the limit lims_, || 7(s)a(T)|| in terms of sup{|a(x)| : x € A}
rather than [|a + KA (G)|| it is necessary to require the unitary spectrum A to
be of a special type. Note first that, by the Inverse Mapping Theorem, the
operator Uy is an isomorphism precisely when it is surjective. Since its range
is dense in Cy(A), this is the case if and only if the map is an isomorphic
embedding, which in turn is equivalent to the dual operator U} : My(A) —
KA(G)* being either a surjection or an isomorphic embedding; see for instance
[95, Appendix C11]. Here My(A) denotes the space of bounded Radon measures
on A and the annihilator K (G)* of K (G) is a subspace of L>(G). A set A for
which these conditions are satisfied is said to be a Helson set, and the quantity

a(A) = ||Uy Y| is then known as its Helson constant.
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Remark 8.3.5. Note that, for any Helson set A, a(A) > ||Upl|~' > 1, and
that, by an application of Fubini’s theorem, Uj (v) = U, where

ﬂ@zﬁmgwu>

for v € My(A) and s € G. In particular, it follows from [95, Section 1.3.3] that
every element K (G)* is uniformly continuous.

The following result provides an upper bound for representations whose
spectrum is a Helson set; it should be compared with the corresponding results
in [106].

Proposition 8.3.6. Let X be a complex Hilbert space, let T' be a contractive
representation of a locally compact abelian semigroup S on X and let a € L'(S).
Furthermore, let A = Spy(T) and suppose that A is a Helson set. Then

lim || T(s)a(T)|| < a(A)sup{|a(x)|: x € A}. (8.3.4)

S—00

ProoF. By Proposition [8.3.4] and the definition of the Helson constant,

lim {|7(s)a(T)|| < IUx" (Wa(a)] < a(8)[[Wa(a)llo,

§—00

as required. ]

Combining this result with equation for A = Spy(T') gives the follow-
ing quantified result, which combines aspects of [106, Theorems 3.1 and 5.4].
The first of these applies only when S = R but involves no assumptions on the
unitary spectrum, whereas the second imposes an even stronger assumption on
the unitary spectrum but does not require X to be a Hilbert space.

Corollary 8.3.7. Let X be a complex Hilbert space, let T be a contractive
representation of a locally compact abelian semigroup S on X and let a € L'(S).
Furthermore, let A = Spy(T') and suppose that A is a Helson set. Then

sup{[a() : x € A} < Jim [T()a(T)] < a(A) sup{[ay)] : x € A).

Remark 8.3.8. Note that the Hilbert space assumption on X in Proposi-
tion [8:3.6] and Corollary [8:3.7) cannot be dropped, at least not completely. In-
deed, given any closed subset A of I, if were to hold for all contractive
representations 7" of S with Sp,(7") = A on any Banach space X (or even just
for the shift semigroup on any quotient of L'(G) by a closed ideal), then A
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would necessarily be not only a Helson set but moreover of spectral synthesis;
see [106, Theorem 5.4]. Since there exist Helson sets which are not of spectral
synthesis (see [51], Section 4.6]), some condition on the geometry of X must
be retained. It is unclear, however, whether a weaker condition on X, such as
(super)reflexivivity (see also [72, Remark 4.2.6]) or B-convexity, is sufficient.

Example 8.3.9. 1. If T' is a contractive representation of a locally compact
abelian semigroup S on a complex Hilbert space X such that A = Sp,(T")
is finite, then

Jim [IT()a(T) | < A/ sup{[ao)]  x € A}

for any a € L'(S). This follows from the fact that any finite set A is a
Helson set with Helson constant a(A) < |A|'/?; see [51], Proposition 1.1.6].
In particular, if A = {x} then

lim [[T(s)a(T)|| = [a(x)|

§—00

2. If T is a contractive Cp-semigroup on a complex Hilbert space and A =
o(A)NiR is a Helson set, then

1 . a(A)
—— <1 T 1L,LA)|I| < ————.
dist(1, A) < Jim [|T()R(L )] < dist(1, A)

This follows from Corollary with the choice a(t) = e~ for t > 0 and
extends [I0I], Corollary 5.2.6] in the Hilbert space case.

3. If T is a contraction on a Hilbert space and A = o(T7) NT is a Helson set,
then
dist(1,A) < lim [|[T"(I —T)|| < a(A)dist(1, A).
n—o0

This follows from Corollary with the choice a = (1,-1,0,0,...),
and is a special case of the more general result [L06, Theorem 3.2].
8.4 Invertibility of contractive representations

8.4.1 Introduction

The purpose of this section is to apply the results of Chapter [7] to the study
of invertibility of contractive representations on Hilbert space. The objective
is to find conditions on the spectrum which ensure that a representation of a
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locally compact abelian semigroup S extends to a representation of the group
G = § — S generated by S; for previous results in this area, see for instance
[13] and [99]. Section contains the necessary preliminary observations
for the main result, Theorem [8.4.6] which is presented in Section 8.4.3] In
Section this result is then used to obtain a quantified stability result for
individual orbits of a representation.

8.4.2 Preliminaries

Let S be a locally compact abelian semigroup and let G = S — S be the group
generated by S. Note that, for any closed subset A of the dual group I' of G,
there exists a contractive embedding

Vi : LY(S)/KA(S) = LY (G)/KA(G),

where K (S) = KA(G) N LY(S). A closed subset A of T' will be said to be thin
if the map V), is an isometric isomorphism. Making the usual identifications,
this is equivalent to the restriction mapping

Vi KA(G)E — Ka(S)*

given by V) (¢) = ¢|s being an isometry; see [95, Appendix C11]. Noting that
if € KA(G)* then ¢s € Kx(G)* for each s € G and ||¢]lso = ||¢s|lco, this in
turn is the same as requiring that

o0 = ess-limsup o) (8.4.1)

for all ¢ € Kx(G)*.

Remark 8.4.1. It is clear that, if A is a thin subset of the dual group I' of a
locally compact abelian group G and A’ C A, then A’ is also thin.

It is known that any countable closed subset A of I is thin (see [13, Proposi-
tion 2.1]), and in fact the same argument applies to any scattered closed subset.
In general, however, there is no easy way of determining whether a given closed
subset A of I' is thin. The following lemma constitutes a small step in this
direction, although it is not clear whether it provides any interesting examples,
such as sets which fail to be of spectral synthesis. Recall from Remark
that elements of K (G)* are uniformly continuous whenever A is a Helson set,
so that the “ess” in can be dropped in this case.
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Lemma 8.4.2. Let S be a locally compact abelian semigroup and let G be the
group generated by S. Suppose that A is a Helson subset of the dual group T’
of G and that

lisniggf sup{|1 — x(s)| : x € A} =0. (8.4.2)

Then A is thin.

PROOF. By definition of a Helson set, the map U} : My(A) — K (G)* intro-
duced in Section is surjective. Thus, given ¢ € K(G)* and s,t € G, there
exists a measure v € My(A) such that U, (v) = U = ¢ and hence

[9(s) — (1) = /A (x(s) = x(t)) dv(x)| < [[vllsup{|l — x(s = t)] : x € A}.
Thus the result follows from . ]

Remark 8.4.3. The result remains true for S = Z, even when A is not
assumed to be a Helson set; see for instance [32] and [59]. In this case it follows
from this result together with an application of the Dirichlet approximation
theorem that any closed subset A of T is thin provided

lim inf Ne(A) =
=0 |loge]

0, (8.4.3)

where N:(A) denotes the least number of arcs of length at most ¢ needed to
cover A; see [59]. Using Lemma it is possible to extend this result for
instance to the case S = R4 with A a Helson subset of the dual group iR
satisfying with a suitable interpretation of N.(A). For further details on
sets A C T satisfying , including a proof that any such set is necessarily
of measure zero, see also [60, Chapter VII].

8.4.3 Main results

The results presented here are analogous to those contained in [I3), Section 4]
and [I8, Section 7], where the unitary spectrum is assumed to be countable;
see also [16] and [52, Section 5.4]. The first corresponds to [13, Lemma 4.4].
Together with Proposition [8.:4.5] below it leads to the main result of this section,
Theorem [8.4.6] which gives a sufficient condition in terms not of countability but
of thinness of the unitary spectrum for a contractive representation of a locally
compact abelian semigroup S on a Hilbert space to extend to a representation
of the group G = S — S by unitary operators on the same Hilbert space. A
representation 1" of a locally compact abelian semigroup S on a Banach space
X is said to be trivially asymptotically stable if Xo(T') = {0}.
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Lemma 8.4.4. Let S be a locally compact abelian semigroup, let G be the
group generated by S and let X be a complex Hilbert space. Suppose that T
is a trivially asymptotically stable contractive representation of S on X and let
A = Spu(T). Then, for any a € L*(S), ||a(T)| < ||la + Ka(S)||. In particular,
if A is thin, then |[a(T)] < |la + Ka(G)||-

PROOF. Let b € K(S). By Theorem IT(s)b(T)| — 0 as s — oo and, in
particular, Rang(T ) C Xo(T). Since T is assumed to be trivially asymptotically
stable, it follows that B(T ) = 0. Hence

j@(T)ll = [[a(r) = (T)|| < la - bl

and, taking the infimum over all b € K, (5), it follows that ||a(T)|| < [la +
KA(S)||- The final statement follows from the definition of a thin set. O

The following result corresponds to [I3], Proposition 4.5] and [I8, Lemma 7.1].
Here, given a € L'(G) and s € G for some locally compact abelian group G,
the notation as once again denotes the translate of a by s.

Proposition 8.4.5. Let S be a locally compact abelian semigroup, let G be
the group generated by S and let X be a complex Hilbert space. Suppose that
T is a trivially asymptotically stable contractive representation of S on X, let
A = Spy(T') and suppose that A is thin. Then there exists a contractive algebra
homomorphism 7, : L'(G) — B(X) with Ker my = KA (G) such that

(i) ma(a) = a(T) for all a € L*(S);
(i) ma(as) = T(s)a(T) for all a € L'(G) and all s € S.

PROOF. Let a € L'(G). Since A is thin, there exists a function b € L!(S)
such that a — b € KA(G). Define mp(a) = E(T) Then 7y is well-defined by
Lemma and it is clear that 7 is an algebra homomorphism satisfying (i).
Futhermore,

[ma(@)ll < (b + Ka(S)] = [la + Ka(G)]| < [lally

and, by Theorem ma(a) = 0 if and only if b € K (.S), which is equivalent
to a € Kx(G). Since as — bs € KA(G) for each s € S, it follows from the fact
that Kermpy = K (G) together with (i) that

a(as) = be(T) = T(s)ma(a),

as required. O
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The following is the main result of this section and corresponds to [13, The-
orem 4.8]; see also [I8, Theorem 7.2]. Suppose that S is a locally compact
abelian semigroup and let G be the group generated by S. Given a representa-
tion T of S on a Banach space X and z € X, a map ¢ : G — X is said to be a
complete orbit through x if $(0) = z and T'(s)p(t) = ¢(s +t) for all s € S and
all t € G. Note that any trivially asymptotically stable representation has at
most one complete orbit through any z € X.

Theorem 8.4.6. Let S be a locally compact abelian semigroup, let G be the
group generated by S and let X be a complex Hilbert space. Suppose that T is
a trivially asymptotically stable contractive representation of S on X such that
Spu(T) is thin. Then T extends to a representation of G by unitary operators
on X.

PROOF. Fix z € X and let A = Sp,(7T). For a € L'(G) such that the support
K of @ is compact, define the map ¢q, : G — X by ¢q 2 (s)ma(as)x, where the
map 7 : L}(G) — B(X) is as in Proposition By [95, Section 2.6.8], it is
possible, given any ¢ > 0, to find a function b € L*(G) such that /b\(x) =1 for
all y € K and ||bll; <1+¢. Then@-b=a and hence, for any s € G,

Gaz(s) =7Ta((a*b)s)z =ma(a*bs)z = mp(bs)ma(a)z.

Thus sup{||¢az(s)|| : s € G} < (1 + ¢)||ma(a)z|. By part (ii) of Proposi-

tion B.4B] dar(s) = T(5)¢a,(0) = T(s)ma(a)z whenever s € S, and hence ¢,
is a complete orbit through 7 (a)x.

Fix so € S° and let (a(?)) be a net in L'(G) whose elements have compactly
supported Fourier-Laplace transform and are such that

HT(so)x - ﬂ'A(a(B))xH —0

as 3 — oo. Such a net exists by density in L'(G) of functions whose Fourier-
Laplace transform is compactly supported together with an approximation ar-
gument based on the result of Section[2.4.1] As in the proof of [18, Theorem 7.2],
a standard completeness argument now shows that the map ¢, : G — X given
by

62(5) = Jim 6,0, (5)

is well-defined and, moreover,

sup{[|¢z(s)]l - s € G} < [|T(s0)x[| < |||
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and ¢, is the complete orbit through T'(sg)x. Note also that T'(sg)¢.(—s0) =
¢2(0) = T'(sp)z and hence, by injectivity of T'(sg), ¢=(—s0) = =.

Let U : G — B(X) be given, for s € G and « € X, by U(s)z¢s(s — so).
Then U is well-defined and satisfies |[U(s)|| < 1 for all s € G. For s € S
and x € X, U(s)x = ¢z(s — s0) = T(s)z, giving U(s) = T'(s). Furthermore,
U(—s) =U(s)~! for all s € G, so each of the operators U(s) is unitary and the
result follows. O

Remark 8.4.7. The requirement that the unitary specturm be thin is in gen-
eral too strong. For instance, it is shown in [99, Theorem 1.3.7 and Propo-
sition I1.6.7] and [30, Corollary 2], respectively, that for S = Z; or Ry the
conclusion Theorem [8.4.6] holds under the milder condition that the unitary
spectrum have measure zero; see also [63] and Remark On the other
hand, the example given in [13, Example 4.1] of an operator T € B({*(Z))
which has unit norm, satisfies o(7) N T = T and is trivially asymptotically
stable but neither isometric nor invertible shows that some restriction on the

unitary spectrum is necessary.

8.4.4 Stability of orbits

The purpose here is to apply Theorem [8.4.6] to the study of stability of indi-
vidual orbits of a semigroup representation with thin unitary spectrum. The
main result, Corollary below, is a simple consequence of Theorem [8.4.6
and corresponds to the first statement in [I3, Corollary 5.3]; see also [I8, The-
orem 7.4]. It requires the following auxiliary result, which is a Hilbert space
version of [I3, Proposition 4.3]. Note that if T is a representation of a locally
compact abelian semigroup S on a Hilbert space X then, by T-invariance of
Xo(T), T induces a representation Ty of S on Xo(T)* given, for s € S, by
To(s) = PT(s)|x,(r)+, where P denotes the orthogonal projection of X onto
Xo(T)*.

Lemma 8.4.8. Let X be a complex Hilbert space, let T' be a contractive rep-
resentation of S on X and let P denote the orthogonal projection of X onto
Xo(T)*. Then, for any z € X,

Jim [ T(s)e]| = lim || To(s)y]l

where Ty is the representation of S on Xo(T)* induced by T and y = Px. In
particular, Xo(Tp) = {0}.
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PRrROOF. Given x € X, fix € > 0 and let £ = lims_, ||70(s)y||, where y = Px.
Then Ty(s)y = PT(s)x for all s € S, so £ = lims_so ||PT(s)z||. Hence there
exist so € S and z € Xo(T') such that | T(so)x — z|| < £+ € and therefore

1T (s0 + t)zl| < [ T(so + )z = T(&)z[| + [T @)z < £+ +[T(t)z]l

for any t € S. Letting ¢t — oo gives lims_, ||T(s)z|| < ¢+ €. Since || To(s)y| <
|T(s)z|| for all s € S and since ¢ > 0 was arbitrary, it follows that ¢ =
lims_s o0 ||T°(s)z]|. In particular, £ = 0 if and only if z € X(7T'), so Tj is trivially
asymptotically stable, as required. O

Corollary 8.4.9. Let X be a complex Hilbert space and let T' be a contractive
representation of a locally compact abelian semigroup S on X such that Spy(7T)
is thin. Then, for any ¢ € X,

slgglo |T(s)z|| = inf {||lz — 2| : z € Xo(T)}.

ProOF. By Lemma the induced representation Tj of S on Xo(T)* is triv-
ially asymptotically stable. Moreover, ||a(7p)|| < ||a(T)|| for any a € L'(S) and
hence Sp(7p) C Sp(T). In particular, Sp,(7p) is thin by Remark Thus
Theorem [8.4.6| shows that Ty extends to a representation by unitary operators
on Xo(T)* of the group G = S — S. In particular, it follows from Lemma
that, for x € X and y = Px,

Jim | T(s)e| = Jim [To(s)y] = [l

as required. O
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