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Abstract

The reliability of a cellular automata (CA) simulation for a free dendritic growth problem
relies heavily on its ability to reduce the artificial grid anisotropy. Hence, a computationally
efficient, accurate and elegant cell capturing methodology is essential to achieve reliable
results. Therefore, a novel cell capturing method termed limited circular neighbourhood
(LCN) is proposed in the present study for solidification models. The LCN method is
applied to the canonical test cases with an isotropic growth rate and is compared with
other grid anisotropy reducing methods. It is observed that the LCN method is able to
capture the growth orientation accurately. Moreover, the mass loss and shape error in the
proposed method is significantly reduced as compared with the other methods. In addition,
its performance is also evaluated for a free dendrite growth problem in a pure material in
which the growth captured by the LCN method is found to be accurate. Finally, its efficacy
is also demonstrated in the results presented for a constrained dendritic growth problem in
a binary alloy with multiple growth sites.
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Nomenclature

T Local temperature (K)
Tm Liquid bath temperature far from the dendrite (K)
fs Solid fraction
L Latent Heat (J/m3)
Cl Liquid solute concentration (%wt)
Cs Solid solute concentration (%wt)
Dl Liquid solute diffusion coefficient (m2/s)
Ds Solid solute diffusion coefficient (m2/s)
C∗

l Liquid solute concentration at solid-liquid interface (%wt)
C∗

s Solid solute concentration at solid-liquid interface (%wt)
C0 Initial liquid concentration (%wt)
k partition coefficient
m Liquidus slope (K/%wt)
nx, ny Interface normal components along x and y directions
G Interface growth rate (m/s)
Vx, Vy Interface growth velocity along x and y directions (m/s)
CT Computational time (s)

ρ Density (kg/m3)
cp Specific heat (J/(m3K))
λ Thermal conductivity (W/(mK))
α Thermal diffusivity (m2/s)
κ Interface curvature (m−1)
Γ Gibbs-Thomson coefficient (Km)
µT Surface-tension anisotropy (m/(sK))
µk Kinetic anisotropy (m/(sK))
θ Grain orientation angle
θ1 Angle between interface and horizontal axis
δ Surface-tension anisotropy amplitude
δk Kinetic anisotropy amplitude
ε Shape error
L1 Volume error

1. Introduction1

The modelling of microstructure formation in solidifying metals and alloys is a funda-2

mental and important problem in the field of materials science. The microstructure of a solid3

determines its eventual mechanical properties and therefore understanding the fundamental4

mechanisms of dendritic growth is essential to control the properties of a product. Dendrites5

are the most important features in the solidification process and the driving force for their6
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formation is the presence of a non-zero crystalline anisotropy at the solid-liquid interface [1].7

Recent years have seen the development of many numerical formulations for modelling8

dendritic growth during solidification. Selection of an appropriate simulation methodology is9

affected by the availability of computational resources and desired results required through10

them. Therefore, methods such as, the Monte Calrlo (MC), Phase Field (PF) and Cellular11

Automata (CA) formulations are largely employed in the previous studies. The MC method12

is based on a stochastic model which uses random numbers and probability to solve solidifi-13

cation problems through the trial and error formulation [2, 3]. PF models assume a smooth14

transition of the PF variable across the interface which extends over several grid points. The15

PF is developed by minimising the potential function that depicts the physical behaviour16

[4, 5]. CA based methods demonstrate dendritic growth using cell capturing rules. Unlike17

the MC models, the CA models are based on deterministic physical models and unlike the18

PF method, CA models can maintain a sharp interface where the solid-liquid interface does19

not extend beyond one grid cell. This sharp interface capturing in the CA method also20

allows it to be more computationally efficient than PF models [6]. However, a significant21

drawback that CA models demonstrate is the artificial anisotropy which causes inaccuracies22

in the growth orientation.23

The capture rules that govern the growth of the solidification interface in the CA method24

are based on the variation of physical parameters that govern the growth of the solid-25

liquid interface. This allows the efficient distinction and transition between different states26

(solid, liquid and their interface) of matter. Therefore, CA methods have been applied27

in various growth models for predictions which include: tumour growth [7, 8, 9], epitaxial28

growth [10, 11, 12], urban growth [13, 14] and solidification in binary alloys [15, 16, 17,29

18]. These models, based on the physical laws, perform growth within the interface cells30

(neighbourhood of a solid cell). The Neumann and Moore cell neighbourhoods are typically31

employed in CA methods as demonstrated in Fig 1. The central blue computational cell32

represents a cell in the solid state which captures the immediate four cells in the Neumann33

neighbourhood, whereas it captures eight cells as an interface in the Moore neighbourhood.34

These capture rules demonstrate a major limitation of the CA approach, namely artificial35

(grid) anisotropy caused by the CA square grid. This artificial anisotropy results in a loss of36

initial grain orientation, and produces solid cells along the axes (using the Neumann rule)37

and the diagonal (using the Moore rule). Therefore, as the grid anisotropy overlays the38

physical anisotropy condition, the results obtained through CA methods can lack quantita-39

tive behaviour [19].40
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(a) (b)

Figure 1: Interface cell configuration for a) Neumann and b) Moore neighbourhood.

Artificial anisotropy was also found to exist in the Monte Carlo model for dendritic41

growth, which references [20] and [21] attempted to amend using the uniform hexagonal42

grid system. Grid anisotropy can also lead to inaccuracies in some of the PF models [22].43

However, Rappaz and Gandin [23] developed a rectangular algorithm that captures the set44

of rectangular interface cells only along the initial grain orientation. The algorithm requires45

vertex tracking of the growing polygon and re-initialisation of this polygon when the parent46

cell solidifies. Hence, the algorithm becomes complex and tedious to implement in three47

dimensions. Therefore, Gandin and Rappaz [24] improved the previous algorithm to a de-48

centred square algorithm but likewise the new algorithm too was not elegant enough to be49

implemented easily in three dimensions. Zhan et al. [25] attempted to further improve the50

de-centred square algorithm by using a multi-mesh layer, which they named as the limited51

angle method. The drawback of this method is its high computational cost. In the literature,52

stochastic approaches to reduce the grid anisotropy are also taken in the form of zig-zag and53

random zig-zag methods [26]. In these methods the fundamental capture rules such as54

Neumann and Moore are applied in an alternating manner to reduce the grid dominance.55

However, the results obtained through these methods demonstrate unphysical perturbations56

at the solid-liquid interface due to rule switching. Additionally, Wei et al. [27] also proposed57

a modified Neumann capturing rule where each cell in the Neumann neighbourhood was58

weighted based on the solid fraction to estimate its closeness to a solid-liquid interface. This59

method, called the limited neighbour solid fraction (LNSF) method, does well to reduce60

the grid anisotropy but does not remove it effectively enough. Grid anisotropy reduction61

was also achieved by modifying the amount of solute rejection in the diagonal cells of the62

Moore neighbourhood by Krane et al. [28]. As the Moore neighbourhood provides dominant63

growth along next nearest cells, the solute rejection is limited by a factor of 0.55 in these64

cells to reduce growth in them. A rotating grid technique was proposed by Liu et al. [29]65

where each grain is subjected to a grid rotated according to the grain orientation, and66

then it is made to expand up-to the global coordinates. This method is complicated to67

implement and even more complex for extension to three dimensional space. Furthermore,68

Marek [30] also developed an anisotropy reducing method namely grid anisotropy reduction69
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with diffusion (GARED) method. GARED established a diffused pilot field based on the70

solid state cells, and used it to produce a reduction parameter for growth velocity. As the71

additional diffusion field has to be computed, the computational efficiency is reduced. To72

the best of the authors’ knowledge, at this point in time, the study on the improvement in73

capture rules has not led to further new rules being proposed. The most recent CA studies74

of solidification have employed the de-centred square algorithm [15, 16, 31], zigzag [32], and75

LNSF [33, 34] for microstructure modelling, whereas GARED has been used for meso-scale76

models [35]. However, as discussed earlier, quantitative information such as growth rate77

and orientation is affected significantly by the grid anisotropy in these methods and the78

simulation results need to be improved by reducing the grid dominance.79

Therefore, the objective of the present paper is to report on the novel cell capturing80

method named limited circular neighbourhood (LCN) which removes the artificial anisotropy81

exerted on growing cells by a Cartesian square grid. Hence, through the canonical test cases82

it is established here that LCN is a computationally efficient, an elegant and an accurate cell83

capturing technique for obtaining reliable results from CA simulations. The LCN method84

makes use of the extended circular neighbourhood which allows the growth to be isotropic,85

and it is supported by a limiting parameter to maintain the interface smoothness. The fore-86

most advantages that the new method provides are its simplicity, computational efficiency87

and effectiveness in reducing grid anisotropy.88

2. Model description89

The present work was aimed at modelling the growth of a solid-liquid interface in a90

solidification process, and the performance of the proposed method is evaluated here for91

the solidification test cases associated with isotropic and anisotropic growth. The solidifi-92

cation model is based on the Cellular Automata (SA) method. The new interface cells are93

captured based on the rules set by the specific CA method. The word capture here means94

marking/identifying the interface cells around a solidified (fs) cell based on these rules.95

Once these cells are captured, the solid fraction is incremented in these cells based on the96

established solute and temperature fields.97

2.1. Thermal field98

The two dimensional transport of heat during solidification without convection is gov-99

erned by Eq. 1.100

ρcp
∂T

∂t
= λ

[
∂2T

∂x2
+
∂2T

∂y2

]
+ ρL

∂fs
∂t

(1)

Here, ρ, cp, λ and L represent density, specific heat, thermal conductivity and latent heat of101

the melt, respectively; where temperature T evolves in time t within the domain Ω(x, y). It102

is assumed in the present study that these thermophysical properties are treated equivalent103

in solid and liquid regions. This simplifying assumption is commonly made in the literature104

as in references [31] and [36]. The second term on the right hand side of Eq. 1 denotes105

the latent heat of solidification that is released at the interface. Hence, the second term on106

the right hand side of Eq. 1 is evaluated only for the interface cells. The term fs represents107
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the solid fraction inside a computational cell. The spatial discretisation is performed using108

the central difference scheme, whereas the temporal terms are resolved through the Crank-109

Nicholson method [37] (Appendix A).110

2.2. Solute field111

The solute or concentration field (C) is considered for a binary alloy melt or the melt112

consisting of more than one constituent. The solute transport for liquid and solid phases113

is governed by the Eqs. 2 and 3,respectively. The temporal terms of these equations are114

treated using Crank-Nicholson method [37] (Appendix A).115

∂Cl

∂t
= Dl

[
∂2Cl

∂x2
+
∂2Cl

∂y2

]
(2)

∂Cs

∂t
= Ds

[
∂2Cs

∂x2
+
∂2Cs

∂y2

]
(3)

such that, Cl and Cs denote the liquid and solid solute concentrations, respectively. Dl and116

Ds represent the liquid and solid solute diffusivity, respectively. At the solid-liquid interface117

a local equilibrium is established as,118

C∗
s = kC∗

l (4)

C∗
l = C0 +

T ∗ − Tm + ΓκµT (θ, θ1)

m
(5)

where, the terms with superscript ∗ represent the solid-liquid interface values . The terms119

C0, Tm, k, Γ, κ, m and µT (θ, θ1) denote initial liquid concentration, bath temperature far120

from this interface, solute partition coefficient, Gibbs-Thomson coefficient, local interface121

curvature, liquidus slope of the phase diagram and surface-tension anisotropy, respectively.122

The surface-tension anisotropy is evaluated as µT = 1 + δcos(4[θ − θ1]), such that θ and123

δ are the grain orientation angle and anisotropy amplitude, respectively. The variable θ1124

is the angle between the interface and horizontal grid, and it is evaluated using interface125

normals (nx, ny) as θ1 = tan−1(ny/nx). The interface normals nx and ny are estimated using126

the Youngs’ method [38]. Furthermore, the interface curvature κ is estimated according to127

reference [39].128

2.3. Evaluation of growth in solid fraction129

In a pure metal case the growth is driven by thermal, kinetic and curvature under-130

cooling, whereas, for an alloy it is driven by the thermal, solutal, curvature and kinetic131

effects. Therefore, the growth in solid fraction for pure metal is estimated by Eq. 6 [30].132

∆fs =
∆t

∆x
Gp (6)

Gp = (T ∗ − Tm) · µk(θ, θ1) (7)

where Gp denotes the growth velocity in pure metals and µk represents the kinetic anisotropy133

that is evaluated as µk = µ0 [1 + δkcos(4[θ − θ1])], with δk being the amplitude of kinetic134
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anisotropy. On the other hand, the growth rate in an alloy (Ga) is estimated through Eq. 8135

[39].136

∆fs =
∆t

∆x
Ga (8)

Ga =

(
Vx + Vy − VxVy

∆t

∆x

)
· µk(θ, θ1) (9)

such that, Vx and Vx is the interface velocity components in x and y directions, respectively.137

The interface velocities Vx is estimated based on the [39] formulation as,138

Vx =
Dl

∆x(1− k)

[(
1−

Cli−1,j

Cli,j

)
(1− fsi−1,j

) +

(
1−

Cli+1,j

Cli,j

)
(1− fsi+1,j

)

]
+

kDs

∆x(1− k)

[(
1−

Csi−1,j

kCli,j

)
fsi−1,j

+

(
1−

Csi+1,j

kCli,j

)
fsi+1,j

]
(10)

The interface growth velocity in vertical direction (Vy) can be estimated in a similar manner.139

2.4. LCN capture rule140

The capture rule in CA method is required to identify the interface cells to carry-out the141

solidification in them. The proposed LCN method considers the circular neighbourhood (cell142

configuration) as demonstrated in Fig. 2. The black coloured cell at the centre represents143

a solid state cell and the surrounding red and blue cells denote the interface cells for the144

proposed method. The solid cell state here is identified by a maker as I = 2 and liquid145

cell state by I = 0; whereas interface cell by I = 1. All the red coloured cells are captured146

as the interface cells (I = 1) unconditionally when black cell becomes solid. On the other147

hand, the blue cells are captured conditionally and can be treated as an interface or a liquid148

cell (I = 1 ∨ 0) depending on the satisfiability of inequality f̄s > fLNSF . f̄s is the average149

solid fraction in Moore neighbourhood, and fLNSF is the value a priori choice. The proposed150

LCN method considers the extended circular neighbourhood of 20 cells in 2D and 80 cells151

in 3D coming under the outer white circle (radius[R] = 2dx), unlike Neumann and Moore152

neighbourhood which consider cells under the influence of circle R = dx. The growth in solid153

fraction (∆fs) is carried out in the captured interface cells and is evaluated by Eqs. 6 and154

8. As the radius of influence for the proposed method is twice (R = 2dx) the fundamental155

rule (R = dx), the growth rate (Ga or Gp) needs to be multiplied by a factor of 0.5 to make156

the method consistent. Hence the modified equation for the solid fraction growth becomes,157

∆fs = 0.5
∆t

∆x
G (11)
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(a) (b)

Figure 2: Limited circular neighbourhood (LCN) interface cell configuration in the a) two-dimensional (2D)
and b) three-dimensional (3D) space.

The red cells are captured unconditionally and are treated as interface cells once the black158

cell is solidified. However, the blue cells in Fig. 2 are the interface cells which require the159

conditional capturing to reduce the shape error [40] of a growing interface. This conditional160

capturing is based on the limited neighbour solid fraction method [27] where the judgment161

is made about the closeness of these blue cells to a solid-liquid interface. A factor (fLNSF )162

is a priori decided by carrying out the series of simulations for the equaixed dendrite case163

at different values of fLNSF , and then an optimum value for which dendrite arms are both164

symmetric and consistent. This fLNSF value will remain fixed for the particular material for165

an entire simulation. The average of solid fraction (f̄s) in Moore neighbourhood is carried166

out in 2D as,167

f̄s =
1

8

8∑
i=1

fsi (12)

where, fsi is the solid fraction in Moore neighbourhood. Therefore, in the present study, the168

blue cells are only captured when f̄s > fLNSF . The simplified example of fLNSF operation169

to decide the closeness of the blue cell to the interface is demonstrated in Fig. 3. In this170

example, the central red cell is about to become a solid cell (fs → 1) and will capture the171

neighbouring cells as interface cells. The blue-coloured cells will be captured (become inter-172

face cells) only if f̄s > fLNSF . If two blue cells at the top are considered (cell 1 and cell 2 ),173

then the average of solid fraction within a 3× 3 cell stencil (orange for cell 1 and green for174

cell 2 ) is performed using Eq. 12. This average is compared with fLNSF . It can be observed175

that the f̄s for cell 1 is greater than f̄s for cell 2 . Therefore, cell 1 has a greater possibility176

of being captured than cell 2 . The cell 2 is away from the interface and orientation axis as177

compared to cell 1 . Hence, by following this methodology of cell capturing, it is evident that178

the growth is promoted along the orientation axis, reducing grid dominance.179
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Figure 3: Schematic diagram to demonstrate working of f̄s > fLNSF inequality in Limited circular neigh-
bourhood (LCN) interface cell configuration in the two-dimensional space. Red line denotes the grain
orientation axis along which the dendrite is prescribed to grow.

To understand the solution procedure with LCN method better, the alloy solidification180

algorithm is demonstrated in Fig. 4. Initially, the solid seeds (fs = 1) are initiated and181

marked as I = 2 and surrounding liquid region as I = 0. The interface cells are identified182

as I = 1 based on the LCN rules. In these interface cells the solidification velocities (Vx183

and Vy) are calculated and increase in the solid fraction is estimated using Eq. 10 and 8,184

respectively. The new temperature field is established over the entire domain through Eq. 1185

and the solute field is estimated through Eq. 2-5 in the respective cells based on I value.186

3. Numerical results187

First, the present section provides a comparison between the proposed LCN method and188

the existing GARED [30], LNSF [27] and zig-zag [26] methods. This comparison is carried189

out for test cases of isotropic and anisotropic growth, and is based on the computational190

time, volume (ε) and shape (L1) errors. The computational wall time (CT ) required for191

these tests is evaluated using time.h library of C++ . The errors ε and L1 are based on the192

solid fraction fs and are estimated using Eqs. 13 and 14, respectively.193

ε =

∑
|fpredicted

s − f exact
s |∑

f extact
s

(13)

L1 =

∑
fpredicted
s −

∑
f exact
s∑

f extact
s

(14)

Secondly, we also report results for the LCN method when applied to the modelling of194

dendritic growth in the following environments: growth of a single isolated dendrite in an195

undercooled pure liquid; growth of a single isolated dendrite in an undercooled binary alloy;196

and constrained dendritic growth in a binary alloy from two nuclei.197
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Figure 4: LCN alloy solidification code.

3.1. Isotropic growth test198

The LCN method is evaluated for the outward and inward isotropic growth of solid re-199

spectively. The constant value for growth rate (G in Eqs. 6 and 8) of 0.01 is assumed for200

the present test. A domain of size 140 × 140 is resolved by a grid of 150 × 150 cells. The201
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outward growth test is performed by considering a circular solid nucleus of radius (R1) 3 at202

the centre of the domain; whereas, for the inward growth test the solid region outside the203

circle of radius (R2) 60 is considered as an initial state. Therefore, the exact radius of the204

solid-liquid interface after iterations i is R1 + 0.01i and R2 − 0.01i for outward and inward205

growth test, respectively.206

Fig. 5 shows the comparison of the solid-liquid interface for the outward growth test. The207

central black circle denotes the initial solid nucleus of radius 3. It is observed that GARED208

provides more isotropy in growth which is evident from its circular interface topology. How-209

ever, GARED shows an overestimation in solidification when compared to the exact solution210

(solid black circle). Furthermore, LNSF (with fLNSF = 0.375) cannot maintain the isotropic211

growth and underestimates the solidification considerably. The zig-zag method is able to212

estimate the location of solidification interface accurately but the depicted interface itself213

is not smooth and contains unphysical perturbations. On the other hand, the proposed214

LCN method (with fLNSF = 0.165) when compared with existing methods, predicts the215

solidification accurately. Fig. 5(c) demonstrates the 3D results of solid fraction iso-surfaces216

(fs = 0.5) obtained through 3D LCN method as demonstrated in Fig. 2(b), and maintaining217

same earlier definition of simulation setup.218

(a) (b)

(c)

Figure 5: Results of the 2D outward isotropic growth test and the comparison between LCN (red) and
other methods (black: exact, blue: GARED, green: LNSF and brown: zig-zag) for the outward isotropic
solidification after a) 1000 and b) 2000 iterations. Plot c) depicts 3D solid fraction iso-surfaces (fs = 0.5)
obtained with the 3D LCN method at various iterations (i).
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The quantitative comparison between the various methods for the ε and L1 errors along219

with their computational time (CT ) is reported in Table 1. It is observed that LCN method220

demonstrates the least loss in volume and conserves the solidification interface shape better221

than the other methods. It is observed that the computational efficiency for the LCN method222

is slightly more than LNSF method. This higher CT in LCN is due to its larger radius of223

influence. However, the computational cost is at par with these methods and in view of the224

growth accuracy, LCN proves to be a better method.225

Table 1: Errors and CT values for various grid anisotropy reduction methods during outward growth test.

Method ε(%) L1(%) CT (sec)

1000 iterations

LCN 7.69 7.98 0.36
GARED 25.38 25.38 2.03

LNSF 48.34 48.34 0.33
zig-zag 11.15 11.15 0.37

2000 iterations

LCN 5.61 6.32 0.61
GARED 33.66 33.66 4.10

LNSF 49.00 49.00 0.58
zig-zag 12.36 12.36 0.65

The results for the isotropic inward growth test are shown in Fig. 6. It is observed226

through these comparisons that only the LCN and the zig-zag methods closely predict the227

exact solidification interface. However, the zig-zag method reveals the unphysical perturba-228

tions at the interface similar to those noted in the outward growth test. Whilst the GARED229

method shows a circular interface shape (isotropic growth), it overestimates growth con-230

siderably. Fig. 6(c) demonstrates the 3D results of solid fraction iso-volume (grey) sliced231

by yz − plane and liquid region (red) obtained through 3D LCN method (Fig. 2(b)), and232

maintaining same earlier definition of simulation setup.233
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(a) (b)

(c)

Figure 6: Results of the inward isotropic growth test the comparison between LCN (red) and other methods
(black: exact, blue: GARED, green: LNSF and brown: zig-zag) for the inward isotropic solidification after
a) 2000 and b) 4000 iterations. Plot c) depicts the sliced solid fraction by grey iso-volume and liquid by red
iso-surface obtained from 3D LCN method at various iterations (i).

The quantitative comparison between the various methods for the inward growth test is234

presented in Table 2. It is observed that the proposed LCN method demonstrates the least235

errors of all those considered. However, it has to be noted that, for the present test, LCN236

gives a higher computational time as compared to LNSF and zig-zag methods. This is due237

to the larger number of cells (20 in 2D) that the LCN method has to consider as compared238

with LNSF and zig-zag. However, the LCN method has the advantage of lower solidification239

errors and absence of unphysical interfacial perturbations.240
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Table 2: Errors and CT values for various grid anisotropy reduction methods during inward growth test.

Method ε(%) L1(%) CT (sec)

2000 iterations

LCN 0.29 0.67 1.71
GARED 8.4 8.4 5.85

LNSF 4.77 4.77 1.43
zig-zag 0.49 1.04 1.28

4000 iterations

LCN 0.51 0.67 3.28
GARED 5.45 5.45 11.63

LNSF 3.21 3.21 2.84
zig-zag 0.42 0.71 1.76

3.2. Anisotropic growth test241

The ability of the proposed LCN method to capture the growth orientation accurately242

was evaluated through the anisotropic growth test described below. This test was carried243

out over the domain and grid resolution similar to § 3.1 with an initial circular solid nucleus244

of radius (Ri) 3 placed at centre of the domain. The growth rate (G in Eqs. 6 and 8) was245

0.01, and the kinetic anisotropy µk = 1 + δkcos(4[θ − θ1]) was provided with an amplitude246

(δk) of 0.2. Hence the change in solid fraction (∆fs) is given as ∆fs = (∆t/∆x)Gµk.247

Fig. 7 demonstrates the comparison of the anisotropic growth shown by various methods248

after 3000 iterations at θ of 22.5◦ and 30◦. As the growth velocity is Gµk, the maximum249

growth should occur along the axis of orientation. Moreover, analytically, the radial distance250

covered by the solid-liquid interface along the orientation axis after N iterations at maximum251

anisotropy of µkmax is given by Ri +GµkmaxN . Therefore, the exact radial distance covered252

by the solidifying interface along the orientation axis after N = 3000 is 39. It is clearly253

revealed that the LCN method captures both the growth rate and orientation accurately.254

Whilst the LNSF method underestimates the growth, it is not able to capture the orientation255

effectively. The zig-zag method is able to capture the exact growth rate and the orientation256

satisfactorily, but the depicted interface is irregular due to spurious growth as discussed257

earlier. The GARED method overestimates the growth. and also shows a slight deviation258

(1◦) in capturing the growth orientation as evident from the Fig. 7(b). It is also to be noted259

that this deviation is smaller for small θ values. Fig. 7(c) demonstrates the 3D results of260

solid fraction iso-surfaces (fs = 0.5) obtained through LCN method.261
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(a) (b)

(c)

Figure 7: Results of the anisotropic growth test and the comparison between LCN (red) and other methods
(black (dashed): exact growth extent, blue: GARED, green: LNSF and brown: zig-zag) for the anisotropy
driven solidification after 3000 iterations at a) θ = 22.5◦ and b) θ = 30◦. Plot c) depicts solid fraction
iso-surfaces (fs = 0.5) obtained from 3D LCN method (Fig. 2(b)) at various iterations (i).

3.3. Free dendritic growth in a pure metal262

The dendrite formation test in a solidifying pure metal is carried out to evaluate the263

performance of the LCN method in a realistic physical growth process. The dendrite test is264

carried out based on the work of Marek [30], and the physical parameters used for the pure265

metal are listed in Table 3. The domain of 400 µm× 400 µm is resolved by the uniform grid266

of 250 × 250 cells for the present problem. The circular solid nucleus of radius equal to 3267

grid cells is initialised. The domain which is initially at a bath temperature (Tm) which is268

cooled gradually at the circular boundary of radius 200 µm by temperature T = Tm − 0.1t.269

This condition is provided to the circular boundary to obtain uniform growth. Therefore,270

the growth in solid fraction is governed by Eqs. 6 and 7. Although, the Gibbs-Thomson271

coefficient needs to be considered in the dendrite formation [26], this parameter in [30]272

is presented in the form of anisotropy term. Therefore, in the present study to obtain a273

consistent comparison of results with Marek [30] a similar mathematical configuration is274

considered.275
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Table 3: Physical properties of the pure metal for the dendrite test [30].

Parameter V alue Unit

ρ 7×103 kg/m3

λ 3.5×102 W/(mK)
L 2×107 J/m3

cp 6×106 J/(m3K)
Tm 1811 K
µ0 10−3 m/(sK)
δk 0.2 –

Fig. 8 demonstrates the evolution of the dendrite using the LCN method and its com-276

parison with the other methods for the anisotropy angle of θ = 20◦. The LCN method (with277

fLNSF = 0.165) captures the growth orientation well as compared to the GARED method278

as the latter shows a deviation of 3◦ whilst capturing the growth. It is to be mentioned here279

that the GARED method also shows broader dendrite arms as compared with the LCN280

method. This can be attributed to the overestimation of growth shown by GARED method281

which was discussed in the earlier sections. The LNSF value used for LCN method depends282

on the material configuration and is estimated through the numerical experiments for such283

configuration [27]. It is observed that LNSF method underestimates the growth and also284

deviates its orientation. The results for zig-zag method are not reported here as the results285

obtained through it were highly erroneous.286

(a) (b)

Figure 8: Results of the pure metal dendrite growth for a) LCN method (at different time steps) and b) its
comparison with other methods (red: LCN, blue: GARED and green: LNSF) at θ = 20◦.

The second (pure metal solidification) benchmark test is carried out to compare perfor-287
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mance of the proposed LCN method with the phase-field method. This test is governed by288

the non-dimensional version of Eq. 1, where temperature and temporal terms are scaled as289

(T − Tm)/(L/cp) and t/(l2/α), respectively [41]. The numerical and model parameters used290

here for this test are based on Jokisaari et al. [41], and are chosen to examine sensitivity of291

the numerical model. Temporal and spatial discretization is based on the Euler and central292

difference method, respectively. The domain of 960 × 960 is resolved by 2400×2400 cells, and293

time step of 0.003 is used. The homogenous Neumann boundary condition is applied to all294

sides of the domain. Fig. 9(a) demonstrates the development of the solidification front over295

time, and temperature contours at t = 1200 are plotted. The interface topology obtained296

through different CA methods is compared with PF results from [41] in Fig. 9(b). It is ob-297

served that the CA methods are able to complete the growth of the dendrite arm equivalent298

to PF results at t = 1200 which PF required 1500 time units. This difference in the time299

scales arises due to the different growth velocities shown by both the methods, which can300

be attributed to the inherent formulations of these methods [6]. Moreover, the dendrite arm301

observed is more slender with a sharper tip in the CA results as compared to the PF results.302

This happens as fewer interface cells (characteristics of front-tracking methods) are present303

at the dendrite tip in CA method which produces the sharper dendrite tip, and this strong304

influence of the tip growth drives the dendrite arm to become slender [6]. The overall results305

depicted in Fig. 9(b) suggest that the CA methods are comparable to PF results, and are306

capable to effectively simulate dendrite growth even with the challenging parametric choices.307

Amongst the CA methods, as evident from the previous tests, GARED overestimates and308

LNSF underestimates the growth. As the grain orientation for the present test is θ = 0◦,

(a) (b)

Figure 9: Results of the pure metal dendrite growth for a) LCN method (at different time steps) and b) its
comparison with phase-field (t = 1500) and other CA methods at t = 1200.

309

Neumann method should provide good results but it overestimates the growth; whereas310
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Moore and zig-zag method fail to obtain reasonable results (not shown in figure). However,311

the key point to note is that the LCN method provides good agreement with PF results and312

also has the capability to be used at arbitrary orientations and still obtain accurate results.313

3.4. Free dendritic growth in an alloy314

The LCN method is also applied to an alloy solidification problem to evaluate its perfor-315

mance. The Al-4wt%Cu alloy is considered for the present study and results are compared316

with those of Wei et al. [31]. The domain size of 300 µm× 300 µm is resolved by square317

cells of size 1 µm. The homogenous Neumann condition is imposed at the outer boundary318

of the domain. The circular solid nucleus of radius 3∆x (3 µm) is initiated at the centre of319

domain and a temperature under-cooling of 3 K is provided for this problem. The physical320

parameters employed for the Al-4wt%Cu alloy are listed in Table 4321

Table 4: Physical properties of the Al-4wt%Cu [31] and Ni-4.85wt%Nb [36] alloy.

Parameter V alue Unit
Al − 4wt%Cu Ni− 4.85wt%Nb

ρ 2475 7491 kg/m3

λ 30 25 W/(mK)
L 3.76×104 2.72×105 J/m3

cp 5×102 620 J/(m3K)
Tm 919 1609 K
µ0 1 1 m/(sK)
δk 0.6 0.6 –
δ 0.03 0.03 –
k 0.17 0.48 –
m -3.39 -10.9 K/wt%
Dl 3×10−9 3×10−9 m2/s
Ds 3×10−13 3×10−12 m2/s
Γ 2.4×10−7 1.0×10−7 Km

Fig. 10 depicts the Cu concentration and dendrite growth at an orientation angle θ =322

22◦. It is observed that the LCN method is able to capture the growth and its orientation323

satisfactorily. Moreover, the steady-state interface growth velocity of 40 µm/s, obtained324

through the present model is in agreement with results reported in reference [31]. It is325

observed that the initially high growth velocity continuously decreases to reach a steady326

state value. During growth solute is rejected at the solid-liquid interface and is diffused327

into the domain as discussed in reference [42]. This reduces the solute gradient across the328

interface which reduces the growth velocity and when this diffusion stabilizes in the domain,329

the growth velocity reaches a steady state.330
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(a) (b)

Figure 10: An equiaxed dendrite develops for Al-4wt%Cu alloy. a) Cu concentration contours and b)plot of
growth velocity versus time at θ = 22◦.

3.5. Constrained dendritic growth in an alloy331

The comparison of constrained dendritc growth for Al-4wt% Cu and Ni-4.85wt% Nb332

alloys is performed to demonstrate the additional capability of the LCN method. The phys-333

ical properties used for both these alloys are listed in Table 4. The simulation is performed334

within a domain of 150 µm×150 µm with a grid resolution of 350×350. As depicted in Fig.335

11, initial seeds are placed on the bottom face at L/4 and 3L/4 with orientation angle of336

150◦ and 30◦, respectively. The initial under-cooling of 3 K is provided within the domain.337

The directional cooling is imposed by the top face having the thermal gradient of 2000 K/m338

and this face is also gradually cooled further at a rate of 7 Km−1s−1. The other boundary339

faces of the domain are prescribed with homogenous Neumann condition.340

Figure 11: Computational domain and boundary conditions for the constrained dendritic growth problem.
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Fig. 12 demonstrates the constrained dendrite growth results obtained through the LCN341

method for Al-4wt% Cu and Ni-4.85wt% Nb alloys. It is observed that the LCN method342

captures the growth orientation accurately. As the strong gradual cooling is provided by343

the top face, the contribution of thermal under-cooling Tm − T becomes dominant over the344

solutalm(C∗−C0) and curvature ΓκµT under-cooling. Hence, the primary dendrites oriented345

closer to the top face demonstrate accelerated growth than the other. It is observed that346

the Al-Cu alloy shows greater development of the lower primary and secondary dendrites as347

compared to the Ni-Nb alloy. Moreover, the Al-Cu alloy also shows the initiation of tertiary348

dendrites, which is subdued in the case Ni-Nb alloy.349

(a) (b)

Figure 12: Solute concentration contours for constrained dendrite growth in a) Al-4wt%Cu (at t = 2.2) and
b) Ni-4.85wt%Nb (at t = 3.9) alloy.

Fig. 13 depicts variation of the temperature and solute concentration within the two350

alloys. This variation is evaluated across the lower primary dendrite tip along a segment351

(A-B) which is oriented towards the growth orientation axis (θ = 30◦). The lower primary352

dendrite is chosen for the comparison of these variables due to the distinct change in the353

growth rate of Al-Cu and Ni-Nb alloys as observed in Fig. 12. Fig. 13(a) demonstrates354

that the temperature gradient Tm − T ∗ across the dendrite tip in Al-Cu alloy is greater355

than the Ni-Nb alloy. On the other hand, Fig. 13(b) demonstrates that the gradient of356

solute concentration C∗ − C0 in Al-Cu alloy is greater than Ni-Nb alloy. Therefore, as the357

contributions of thermal Tm − T and solutal m(C∗ − C0) under-cooling is higher in Al-Cu358

alloy as compared to Ni-Nb alloy, the growth velocity in Al-Cu is 154 µm/s, that is greater359

than Ni-Nb alloy growth rate which is 105 µm/s. Similar to the lower primary dendrite, the360

secondary dendrites in Al-Cu alloy also demonstrate accelerated growth than Ni-Nb alloy361

due to similar reasons discussed earlier.362
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(a) (b)

Figure 13: Comparison between Al-4wt%Cu (red) and Ni-4.85wt%Nb (green) alloy for the a) temperature
and b) solute concentration across the tip of lower primary dendrite at t = 1.16.

4. Conclusions363

The present study is aimed at introducing a novel cellular automata (CA) cell capturing364

method named Limited Circular Neighbourhood (LCN) targeted at modelling solidification365

processes. The proposed method is introduced to tackle the issues of grid dominance and366

growth inaccuracy. The method is evaluated on the basis of benchmark solidification test367

cases with isotropic and anisotropic growth rate. The LCN method is also compared with368

other CA methods, which were aimed to reduce grid anisotropy, and the phase field method.369

Furthermore, the binary alloy solidification results are also demonstrated in the present370

study to assert the effectiveness of the LCN method.371

1. The test cases involving the isotropic and anisotropic growth demonstrated that LCN372

method is able to reduce grid anisotropy and capture growth rate effectively as com-373

pared to the existing grid dominance reducing methods.374

2. The LCN method shows better computational efficiency than GARED method; how-375

ever, the CT is slightly greater than, but comparable to, the LNSF and zig-zag meth-376

ods. This is due to the greater radius of influence (20 cells in 2D and 80 cells in 3D)377

used for the LCN method. However, the growth accuracy and growth rate indicated378

by LCN method remains significantly better than these methods.379

3. The LCN method is based on simplified cell capturing rules and can be elegantly380

implemented for the solidification problems.381

4. Results obtained through the LCN method are comparable to phase field results. It re-382

quires less growth time in the CA-LCN method to reach an equivalent dendrite length383

than the PF method due to different growth velocities. Moreover, the dendrite arm384
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developed through LCN is more slender than the PF results due to the effect of a385

sharper dendrite tip in LCN method.386

5. The proposed method also provides accurate results when employed to the binary387

metal alloy solidification problem.388
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Appendix A. Discretization using Crank-Nicholson (CN) method

The temporal term in temperature and solute transport equations are discretized using
CN method. The temporal discretization is performed as follows for an arbitrary scalar P
with its spatial diffusivity represented by Dp,

P∗
ij − Pn

ij

∆t
= Dp

[Pn
i+1,j + Pn

i−1,j − 2Pn
ij

∆x2
+
Pn

i,j+1 + Pn
i,j−1 − 2Pn

ij

∆y2

]
(A.1)

Pn+1
ij − Pn

ij

∆t
=
Dp

2

[Pn
i+1,j + Pn

i−1,j − 2Pn
ij

∆x2
+
Pn

i,j+1 + Pn
i,j−1 − 2Pn

ij

∆y2

]
+
Dp

2

[P∗
i+1,j + P∗

i−1,j − 2P∗
ij

∆x2
+
P∗

i,j+1 + P∗
i,j−1 − 2P∗

ij

∆y2

]
+ S (A.2)

S denotes the source term in the P transport equation.
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