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Abstract

Understanding the mass balance of the Antarctic and Greenland ice sheets is essential to

make accurate projections of global sea-level rise. Beyond their mechanics as viscous

fluid flows, the mass balance is influenced by fracturing, a complex and challenging

aspect of glaciology. In grounding zones and floating ice shelves, ice fracturing is often

associated with flexure modulated by ocean tides and subglacial water flow, as well as

stresses created by shearing, such as pinning points. Fracture and flexure significantly

affect the vulnerability of Antarctic ice shelves to hydrofracturing and, by altering but-

tressing effects, the mass balance of the entire Antarctic Ice Sheet. In this thesis, I

investigate the mechanics of ice fracture and flexure, as well as their potential impact on

ice sheet mass balance using mathematical modelling and geospatial data analysis.

Chapter 1 provides an introduction to the context of my studies, including key top-

ics such as sticky patches beneath grounded ice sheets and glaciers, tidally-modulated

grounding line and ice–shelf calving front. In chapter 2, I consider basal fracturing in

grounded glaciers and ice sheets. Sticky patches are regions with higher basal shear

stress than their surroundings. By including basal shear stresses in the classical, vertical

mode-I fracture model, I model basal hydrofracturing on the ice–bedrock interface near

a sticky patch. The study shows the importance of spatially varying basal conditions in

promoting water-assisted crevassing on the ice–bed interface.

In Antarctic grounding zones, where grounded ice sheets transition to floating ice shelves,

ice experiences changing basal conditions and tidal flexure, which can promote fractur-

ing. Meanwhile, meltwater from supraglacial lakes can provide additional stress that

opens a fracture. In chapter 3, I develop a viscoelastic marine ice sheet model and study

tidal flexure together with hydrofracture propagation. The model suggests that tidal
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flexural stress significantly contributes to hydrofracturing in the grounding zones, and

aligns well with remotely sensed data from the Amery Ice Shelf grounding zone.

Tidal flexure can also be modified by subglacial hydrology. To explore the effect of

subglacial hydrology on the grounding line (GL) and tidal flexure, in chapter 4 I develop

a model combining a viscoelastic ice stream and subglacial hydrology. Previous studies

have examined these processes using a 2D elastic framework or 3D regional-scale ice

sheet model. My model serves as an intermediate state, which makes predictions of

tidal variations in velocity and provides a mechanistic understanding of the tidal flexure

of an ice stream with a subglacial hydrological system.

In chapter 5, I focus on calving and flexure near the shelf edge. By using a viscoelastic

flexure model, I investigate different mechanisms that cause flexure near the calving

front, and how the flexure evolves due to viscous creep and leads to calving events.

Keywords— Tidal flexure - hydrofracturing - Antarctic grounding zone - subglacial hy-

drology
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1 | Introduction

The Antarctic ice sheet is an important component of the Earth’s climate system.

With an area of 14 million km2 and a total volume of 27 million km3 ice, it holds

61 % of Earth’s fresh water and has a potential to raise the eustatic global sea

level by 58 metres (Morlighem et al., 2017). According to the Intergovernmental

Panel on Climate Change(IPCC) Special Report on the Ocean and Cryosphere in

a Changing Climate (Meredith et al., 2019), the Antarctic Ice Sheet is projected

to contribute 12cm global sea level rise by 2100 under RCP8.5. Moreover, for

the West Antarctic Ice Sheet (WAIS) that sits on the bedrock below sea level, the

contribution may be increased by the fast and irreversible retreat caused by marine

ice sheet instability related to bed topography, as well as marine ice cliff instability

that are usually associated with fracturing and flexure of ice (e.g., Pattyn, 2018).

Unlike the Greenland ice sheet, which experiences significant surface melting,

the Antarctic Ice Sheet has minimal surface melting. Instead, it loses mass pri-

marily through glaciers feeding into the floating ice shelves, where basal melting

and calving control ice mass loss (Pritchard et al., 2012; Depoorter et al., 2013;

Rignot et al., 2019). Ice shelves provide resistive stress that slows the ice flow

of inland ice sheets, known as the buttressing effect. In grounding zones, ice be-

comes afloat and undergoes flexure modulated by ocean tides and subglacial water

flow. With atmospheric warming and increasing meltwater accumulation on the

surface, Antarctic ice shelves might be destabilised by hydrofracturing (Lai et al.,

2020), assisted by local extensional stresses such as flexural stress. Understand-

ing the vulnerability of the Antarctic Ice Sheet to fracturing requires knowledge

of ice flexure and fracture: their causes and their contributions to ice flow dy-

namics. The thesis aims to address these issues using a combined approach of

mathematical modelling and data analysis.
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Figure 1.1: Research topics included in this thesis. The arrow on the ice–bed in-
terface near the grounding line was intended to indicate subglacial water intrusion.

Fig. 1.1 is a schematic of different topics included in the thesis. The remainder of

this thesis is organised as follows:

Chapter 2 — By modelling propagation of basal hydrofractures under spatially-

nonuniform basal friction in a Linear Elastic Fracture Mechanics (LEFM)

framework, I investigate how sticky patches(regions with excess shear stress

on the ice–bed interface), promote basal hydrofracturing.

Chapter 3 — Using an idealised viscoelastic marine ice sheet model, I in-

vestigate tidally induced grounding line migration and flexure in a ground-

ing zone that resembles that of the Amery Ice Shelf. I use a LEFM model

to derive a criterion for lake drainage through hydrofracturing in the Amery

grounding zone under the influence of tidally-induced flexure.

Chapter 4 — As an extension to chapter 3, I develop a 2D flowline model

that captures the coupled dynamics of a viscoelastic ice sheet and ice shelf

and the subglacial hydrology subject to tidal forcing. The model is used to
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understand how tidal flexure affects the ice-flux rate across the grounding

line, and to explain why tidal responses at different glaciers show different

frequencies.

Chapter 5 — I model the viscoelastic flexure near the calving front of an

ice shelf. The model helps to explain the "rampart–moat" profile observed

near the Ross Ice Shelf edge and can be used to derive a calving mechanism

from shelf-edge flexure.

In the following sections, I provide background motivation for each chapter. The

study incorporates several methods including

LEFM theory,

Viscoelasticity,

Thin-plate theory.

1.1 Basal hydrofractures and sticky patches

In this chapter, we consider fracturing in grounded ice sheets and glacier that

are driven by gravity and subject to basal resistance. In grounded ice sheets and

glaciers, flexure is limited because basal ice is in contact with the underlying

bedrock. Therefore, this chapter is focused on fracturing, particularly the water-

assisted crevassing of basal ice, which we will refer to as basal hydrofracturing.

As a typical type of ice fracturing, crevasses are deep cracks in glaciers, ice sheets

and ice shelves. Based on their position in the ice, they can be classified as surface

crevasses or basal crevasses. On ice shelves, the propagation of surface and basal

crevasses is a precursor to calving and rifting, and thus affects the vulnerability of

ice shelves to hydrofracturing (Scambos et al., 2000; Glasser and Scambos, 2008;

Banwell et al., 2013; Bassis and Ma, 2015; Banwell et al., 2019; Lai et al., 2020;
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Warner et al., 2021; Lipovsky, 2020). In grounded ice, basal crevasses may have

important influences on subglacial hydrology and glacier dynamics (Das et al.,

2008; Walter et al., 2013; Doyle et al., 2013; Tedesco et al., 2013; Stevens et al.,

2015; Dunmire et al., 2020). Crevasses are also a potential explanation for seismic

activity detected in glaciers and ice sheets (Hudson et al., 2020). In alpine glaciers,

(Walter et al., 2013; Helmstetter et al., 2015) have detected clustered, deep ice-

quakes with non-double-couple sources. In cryoseismology, double-couple ice-

quake sources typically originate from pure shear mechanisms, such as stick-slip

motion along the ice–bed interface. In contrast, non-double-couple sources are at-

tributed to tensile mechanisms, producing icequakes with an isotropic component

in the moment tensor, which cannot be explained by shearing. Instead, Walter

et al. (2013) attributed these icequakes to opening-mode fractures deep within the

ice. Basal crevasses have been studied less than surface crevasses because obser-

vations of basal crevasses are few, and because complicated, heterogeneous con-

ditions characterise the ice–bed interface. The propagation of basal crevasses can

be very sensitive to basal conditions, including subglacial hydrological conditions

and bedrock rigidity (Jimenez and Duddu, 2018).

Various observations document the existence of basal crevasses. At Bench Glacier,

Alaska, crevasses with connections to the bed were detected by both drilling

experiments and radar imaging (Harper et al., 2010). Such crevasses, filled by

high-pressure water, serve as important components of the subglacial hydrology

system. In West Antarctica, Wearing and Kingslake (2019) detected relic basal

crevasses in grounded regions of the Henry Ice Rise of the Ronne Ice Shelf using

ice-penetrating radar. To consistently explain the formation of these buried relic

crevasses on the ice rise, they proposed a conceptual model where the floating ice

shelf re-grounds on high points of the bedrock, leading to upstream thickening

and downstream crevassing. Here, the ice–bed contacts are areas where the basal
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shear stress is higher than the nominally stress-free ice–sea water interface.

The complexity of basal crevasses arises from the heterogeneous condition of the

ice–bed interface. Basal conditions of grounded ice sheets such as subglacial

water pressure, basal shear stress and temperature vary spatially and temporarily

(Anandakrishnan and Winberry, 2004; Joughin et al., 2004; Luthra et al., 2016;

Colleoni et al., 2018; Kufner et al., 2021). For some ice streams of the Antarctic

Ice Sheet, rib-like patterns of high basal shear stress are inferred on the basis

of inversions of surface data (Sergienko and Hindmarsh, 2013). Other studies

have argued that spatial and temporal variation of ice flow and surface velocity

are a consequence of basal "sticky spots" (referred to here as sticky patches) that

have higher basal shear stress than their surroundings (Stokes et al., 2007). The

existence of sticky patches has significant influence on the nonuniformity of ice-

flow dynamics (Wolovick et al., 2014). This arises an important question: do

the non-uniform basal conditions caused by sticky patches modulate surrounding

basal crevassing?

To advance our understandings of basal crevassing under grounded ice sheets,

we model hydrofracture propagation under spatially-nonuniform basal friction in

a Linear Elastic Fracture Mechanics (LEFM) framework. We investigate how

sticky patches promote basal hydrofracturing and explore the relevant dimension-

less parameters that control basal hydrofracturing.

1.2 Supraglacial lake drainage at the grounding line

The grounding line is as an internal boundary connecting a grounded ice sheet

and a floating ice shelf. Retreat of the grounding line on retrograde slopes can

potentially increase the ice flux through the grounding line, thereby accelerating

the retreat—a positive feedback known as marine ice sheet instability (e.g., Pat-
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tyn, 2018; Pattyn and Morlighem, 2020). Meanwhile, the grounding-line migra-

tion also occurs diurnally and fortnightly, which is subject to ocean tides. At the

Amery Ice Shelf, East Antarctica, kilometre-scale tidal grounding-line migration

with seawater intrusion has been observed from differential radar interferometry

(Chen et al., 2023). The observed grounding zone is much larger than it would be

if predicted from hydrostatic equilibrium. Model simulations (Rosier and Gud-

mundsson, 2020) suggest that tidal flexure might influence long-term ice mass

balance, which is currently not well understood and not considered in large-scale

ice models. Therefore, it is essential to address the question of how ocean tides

modulate the dynamics of marine ice sheets.

In addition, tidal flexure can drive hydrofracturing in the grounding zone. In

East Antarctica, satellite imagery suggests that supraglacial lakes often cluster

in the grounding zone, particularly at low elevations and bedslopes (Stokes et al.,

2019). Lakes drain either slowly, through surface drainage channels (Banwell

et al., 2019), or rapidly, through hydrofractures (Das et al., 2008). Recently, Trusel

et al. (2022) reported a series of repeated hydrofracturing drainage events of a

supraglacial lake at the grounding line of the Amery Ice Shelf, East Antarctica.

Interestingly, these drainage events did not occur when a threshold in lake volume

was crossed, but rather tended to coincide with times of high daily tidal amplitude.

Trusel et al. (2022) hypothesised that near the grounding line, the drainage events

are promoted by tensile stress due to tidal flexure. These observations raise the

question of how tidal flexure near the grounding line contributes to lake drainages

through hydrofracturing?

In chapter 3, to test this, I present a numerical model that accounts for the tidal

contribution to hydrofracturing near the Amery Ice Shelf grounding line. This en-

ables me to derive a model-based criterion for supraglacial lake drainage in terms

of tidal amplitude and lake-water depth, which I compare to the lake-drainage time
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series presented by Trusel et al. (2022). Its results support the hypothesis that at

the Amery Ice Shelf grounding line, supraglacial lake drainage is controlled by

both lake depth and tidal amplitude.

1.3 Tidal subglacial hydrology and grounding line

Tidal grounding-line migration is influenced not only by ice rheology and bedrock

profile, but also by subglacial hydrology, which I address in chapter 4. In chap-

ter 3, for simplicity, I focused on the viscoelastic dynamics of the ice flow and as-

sumed that the water pressure is hydrostatic on the ice–ocean interface. However,

for fast-flowing ice streams and tidewater glaciers with grounding zones (WaIters,

1989; Reeh et al., 2000; Podrasky et al., 2014), the subglacial drainage system

is an important component of basal slip and grounding-line dynamics. Subglacial

water in the grounding zone reduces basal friction by lubricating the ice–bed inter-

face. It can thereby cause tidal variations in ice velocity. A full-Stokes simulation

of the entire Filchner-Ronne Ice Shelf suggested the importance of asymmetric

grounding-line migration and lubrication caused by subglacial hydrology in pro-

ducing the nonlinear tidal response of the horizontal displacement to tidal forcings

(referred to as “nonlinear tidal response" from this point forward for simplicity) at

the Rutford Ice Stream (Rosier and Gudmundsson, 2020). Warburton et al. (2020)

modelled the combined elastic flexure and subglacial water flow to investigate the

effect of subglacial hydrology on tidally induced grounding-line migration. The

results show that a retained water layer appears on the ice–bed interface at low

tides, causing detachment of basal ice from hosting bedrock and thus asymmetric

grounding-line migration with respect to tidal height. This gives a mechanistic

explanation of the non-linear tidal response of the Rutford Ice Stream.

In chapter 4, to address the problem that how subglacial drainage system con-
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tributes to viscoelastic grounding-line dynamics, I combine a subglacial hydrol-

ogy model with a vertically integrated viscoelastic grounding-line model and quan-

tify the effect of subglacial hydrology on ice flow rates and tidal flexure. The

model extends the mechanistic understanding from Warburton et al. (2020), and

predicts the surface velocity and tidal variations in the surface elevation that can

be compared with observations.

1.4 Ice flexure near the shelf edge and calving

As the floating extension of ice sheets, ice shelves are subject to membrane stress,

flexure and fracturing. Calving, the breaking of icebergs from the shelf edge, re-

mains one of the most critical and challenging problems in modelling the Antarc-

tic Ice Sheet and projecting global sea-level change (Depoorter et al., 2013). In

Antarctica, calving is a major ablation process and plays a crucial role in con-

trolling the mass balance of the Antarctic Ice Sheet. The physics of calving is

complex, involving factors such as longitudinal stretching, flexure, fracturing, and

melting. The modes of calving vary according to the scale of the icebergs, rang-

ing from the detachment of small icebergs from Greenland tidewater glaciers to

the breaking of giant tabular icebergs typically observed on Antarctic ice shelves

(Lazzara et al., 1999; Fricker et al., 2002; Bassis and Jacobs, 2013). Different

calving laws are used to parameterize calving in ice sheet models based on these

variations (Wilner et al., 2023).

Although the physics behind calving is not fully understood, empirical observa-

tions of calving rates have suggested that along-flow extension a major control

on calving (Alley et al., 2008). Besides surface hydrofracturing, calving is pro-

moted by several other factors that induce along-flow extensional stress. When

an ice shelf bends due to gravity and other external forces, hydrofracturing can be
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driven by flexural stress. Buck and Lai (2021) studied basal crevasse propagation

in a floating ice shelf with flexure using high-resolution numerical simulations.

MacAyeal and Sergienko (2013) estimated the flexural stress within an ice shelf

with dolines and supraglacial lakes. Recently, Banwell et al. (2024) observed

meltwater-induced flexure and fracture on the George IV Ice Shelf. Viscous flex-

ure modelling suggested that flexural stress, with magnitudes up to 75 kPa, caused

a "ring fracture" filled with surface meltwater.

Flexure also occurs near the shelf edge. ICESat elevation profiles of the Ronne

Ice Shelf have shown two types of flexure at the ice-shelf edges and iceberg edges

(Scambos et al., 2005). In cold areas covered with sea ice, berms about 0.6 meters

high have been observed, with the outer edge sloping several meters downwards to

the sea. In warmer regions, iceberg edges are raised, forming ramparts 2-to-5 me-

tres high and upstream, edge-parallel moats 50-to-100 centimetres deep. Recent

studies have proposed two different mechanisms to explain the rampart–moat pro-

file. Sartore et al. (2024) analyzed the rampart–moat profile on the Ross Ice Shelf

and suggested that underwater ice feet, protruding beyond the ice cliff, provide

additional buoyancy force, contributing to the observed flexure near shelf edges,

which is referred to as “footloose" mechanism (Wagner et al., 2014, 2016; Mos-

beux et al., 2020). Conversely, Buck (2024) explained the profile as a result of the

internal bending moment caused by vertically non-uniform ice temperature and

viscosity acting on the extensional stress. Therefore, the major control of flexure

near the shelf edge remains unclear, which I want to address in chapter 5.

Using scaling analysis, Hindmarsh (2012) investigated the viscous ice flow within

a boundary layer at the calving front, which was later shown to align well with

observed calving events in Antarctic ice shelves (Wearing et al., 2015). Christ-

mann et al. (2016, 2019) considered the two-dimensional Maxwell viscoelastic

ice shelf, creating a framework for numerically modeling time-dependent stress
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and strain at the calving front. In chapter 5, using viscoelastic beam- bending

theory, I model the evolution of flexure near the shelf edge analytically, consider-

ing both the footloose mechanism and non-uniform viscosity. My study provides

a comprehensive framework that includes different factors related to shelf-edge

flexure and predicts the evolution of shelf deflection, which can be compared with

remotely sensed data.

Following “the direction of the ice flow", this thesis begins in chapter 2 by ex-

ploring the basal hydrofracturing in grounded ice sheets and glaciers. It then

transitions to tidal flexure and fracturing in the grounding zone in chapter 3 and

chapter 4, and finally examines flexure near the calving front in chapter 5.
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2.1 Introduction

The key hypothesis of this study is that for grounded regions of glaciers and ice

sheets, variation of basal-stress conditions near sticky patches can promote basal

crevassing, while high basal water pressure remains the prerequisite. We quantify

and explore the fracturing process induced by a combination of water pressure

and sticky patches. This arrangement is different from the process of pure hy-

drofracturing, as considered by Smith (1976) and Van der Veen (1998). At long

timescales, glacial ice deforms as a viscous fluid, with a viscosity modelled by

Glen’s law (Glen, 1955), which states that the viscosity has a power-law rela-

tion to the effective stress. The fracturing process, however, typically occurs on

a shorter timescale over which ice behaves elastically. Therefore, Linear Elas-

tic Fracture Mechanics (LEFM) theory is widely used to explore the existence

and growth of cracks in ice. Van der Veen (1998) applied LEFM to develop

elastic models of surface and basal crevassing, with the assumption that basal

crevasses are mode-I (i.e., opening) cracks propagating vertically in ice. More re-

cently, Jimenez and Duddu (2018) reassessed a key component of previous LEFM

models of crevassing, finding that the basal boundary conditions influence the

crevasses. For grounded ice sheets, Jimenez and Duddu (2018) recommended a

LEFM weight function from Tada et al. (2000) to study opening-mode fractures

analytically.

The application of LEFM is not limited to opening-mode fractures, however. In

several studies, LEFM is applied to calculating mixed-mode stress intensity fac-

tors in rift propagation on ice shelves in two dimensions (Hulbe et al., 2010) and
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three dimensions (Lipovsky, 2020). Here, we use LEFM theory in the context

of two-dimensional elasticity to explore the mixed-mode (in-plane opening mode

and shearing modes) basal crevasses arising from sticky patches.

The chapter is organised as follows. In the model section we introduce the math-

ematical theory and its numerical implementation. The results section illustrates

the essential mechanics and shows the dependence of crack propagation on phys-

ical parameters. We first consider crack propagation under the mode-I fracture

assumption followed by a consideration of curved fracture trajectories produced

by mixed-mode fracturing. We find that the propagation of basal crevasses is con-

trolled by basal water pressure, the size of the sticky patch, and the stress variation

between the sticky patch and the neighbouring bed. We then evaluate how these

parameters affect the trajectories of basal crevasses. The discussion section ex-

plores the thermal consequences of basal crevasses, potential applications of the

model to real ice sheets, and limitations of the model.

2.2 Governing equations and model set-up

We model a grounded ice sheet sliding due to gravity, influenced by a sticky patch.

Under the assumption of plane strain (i.e., there is no cross-stream elastic strain),

we model the ice sheet with a two-dimensional, infinite elastic strip on a slope.

Figure 2.1 shows a schematic diagram of the mathematical model, which consid-

ers a finite length of the strip that extends across a sticky patch. The total system is

decomposed into two different sub-problems, based on the two components of the

gravity vector in the tilted coordinate system. The first sub-problem addresses the

sliding state, where steady sliding is driven by down-slope component of gravity

gx and resisted by uniform basal stress (Fig. 2.1a). The second sub-problem is

the sticky state, where the sticky patch provides additional basal drag, leading to
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tensile stress that partially offsets the static compression due to gz (Fig. 2.1b).

In the first sub-problem, the ice strip with height H and length 2L (L ≫ H) is

sliding at a constant speed. A uniform basal shear stress τ0, representing back-

ground basal drag, is imposed on (−L,L). The uniform basal stress τ0 exactly

balances the down-slope component of gravity gx, leading to steady sliding with

internal deformation (to maintain torque balance). This is consistent with the fact

that the ice-sheet motion can be decomposed into basal sliding and internal defor-

mation (Van der Veen, 2013).

In the second case of panel (b), we focus on the influence of a sticky patch by

treating it as a superposition to the steady, sliding state. To model the stickiness of

the sticky patch, an excess shear stress ∆τ is imposed on x ∈ [−W,W ] at z = 0.

Since the down-slope component of gravity is already balanced by τ0 in panel (a),

this excess traction needs to be balanced in order for there to be a steady state.

We add an uniform increment of traction W∆τ/L in the opposite direction on

x ∈ [−L,L] at z = 0 — along the whole bottom boundary of the finite ice strip.

This extra increment of uniform traction vanishes for W/L → 0; for W/L ≪ 1 it

has little effect on basal stress estimates around the sticky patch.

In panel (b), the excess traction on −W to W at z = 0 creates tension on the

downstream side of the sticky patch. If that tension, combined with basal water

pressure, is large enough to overcome the ice overburden pressure plus the fracture

toughness of ice, basal crevassing should occur. In natural ice sheets, the basal

drag on the sticky patch ∆τ can be much larger than the background basal drag τ0

(Sergienko and Hindmarsh, 2013). Therefore, in regions close to the sticky patch,

the elastic deformation caused by the uniform basal drag is negligible compared

with the effect of the patch. From this point forward, we will only focus on the

model in panel (b), which accounts for the effect of the sticky patch.

15



University of Oxford St John’s College

Based on LEFM theory, the stress intensity factors (SIFs) are calculated and used

to predict the maximum penetration of the crack (Broek, 1982). Stress intensity

factors are parameters that describe the stress distribution and magnitude close to

the crack tip. A more detailed discussion of stress intensity factors can be found

in the following subsections.

Figure 2.1: Schematic diagram of the computational domain: a 2L × H strip
extracted from the ice sheet on a slope with angle α. (a) The first sub-problem
where ice is sliding at a constant rate under a uniform basal drag τ0. (b) The
second sub-problem where there is a stick patch and a hydrofracture downstream.
The sticky patch is represented by an interval [−W,W ] on the x-axis with excess
basal stress ∆τ . A water-filled crack is initiated on the downstream end of the
sticky patch. The crack can be a vertical line with length ZC (as illustrated in the
figure), or a curve, depending on the criterion used to determine its propagation.

2.2.1 2D elastic model of basal hydrofracture

Focusing on sub-problem (b) shown in Figure 2.1(b), the equation governing the

conservation of momentum in ice is

∇ · σ − ρigzẑ = 0, (2.1)
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where σ is the Cauchy stress tensor (tensile stress is positive), ρi is the density

of ice, gz = g cosα is the z-component of gravity, and ẑ is the unit vector in

positive-z direction. With the assumption that slope α ≪ 1, we take gz ≈ g in

the following calculations. Both side boundaries of the ice strip are loaded by a

depth-dependent compression ρig (z −H) that represents the overburden stress

due to the weight of the overlying ice,

σ · n = ρig (z −H)n for x = ±L, (2.2)

where n is the outward-pointing unit normal vector of the domain. The top bound-

ary is assumed to be traction free, neglecting the atmospheric pressure and other

traction on the surface,

σ · n = 0 for z = H. (2.3)

On the ice–bed interface (z = 0), we impose a zero-displacement boundary con-

dition in the z-direction and the excess traction ∆τ in x-direction,

u · n = 0, (2.4)

t · σ · n = τ (x, 0) =


− W

L
∆τ |x| ≥ W,(

1− W

L

)
∆τ |x| < W,

(2.5)

where ∆τ represents the stress variation caused by a sticky patch, u is the dis-

placement, and t = −x̂ is the unit tangent vector to the boundary. On the bottom,

t is in the negative x-direction. The extra term −W∆τ/L is for force balance,

as discussed above. Physically, we balance the excess shear stress on the sticky

patch using a uniform stress on a much larger area. In our computation, the ratio

W/L is set to be 0.1, which is small enough to make the effect of the extra term

unimportant.
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Crack walls are loaded by water pressure that is, in general, dependent on the

subglacial hydrology. In this study, we assume static basal water pressure and

represent subglacial hydrology in terms of the flotation fraction, which is the ratio

of basal water pressure to basal overburden pressure,

f =
pw

ρigH
=

ρwgHw

ρigH
, (2.6)

where Hw is the piezometric head measured in borehole experiments as pw =

ρwgHw (Harper et al., 2010). The fracture is assumed to initiate at x = W , where

tensile stress is maximum, and reach a height ZC that is to be determined. Using

Eq. 2.6, the boundary conditions on the crack walls (x = W , 0 ≤ z ≤ ZC) can be

written in terms of f and z,

σ · n =


ρigH

(
ρw
ρi

z

H
− f

)
n at z < Hw,

0 at z ≥ Hw.

(2.7)

The transition at z = Hw occurs because water rises to that height in the crevasse.

In formulating the plane-strain elastic constitutive relation, we assume that strain

occurs in response to deviations from the overburden stress, as suggested by Cath-

les (2015). This approach was used by Lipovsky (2020) to model rift propagation

in floating ice. A perturbation stress tensor T (sometimes referred to as resistive

stress in glaciology), is introduced as the total Cauchy stress tensor σ minus the

ice overburden stress,

T = σ + piI, (2.8)

in which pi = ρig (H − z) accounts for the ice overburden pressure and −piI is

the ice overburden stress. The elastic constitutive law linearly relates the strain to
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the perturbation stress as

T =
Eν

(1 + ν) (1− 2ν)
tr (ϵ) I +

E

1 + ν
ϵ, (2.9)

where

ϵ(u) =
1

2

(
∇u+∇uT

)
. (2.10)

To define the constitutive law, two parameters are needed to account for ice prop-

erties. Here we use the Young’s modulus E = 10 GPa, and a Poisson’s ratio

ν = 0.33 (Van der Veen, 1998). Further details associated with the problem de-

scription in terms of the perturbation stress are provided in Appendix A.1.

In the computation, with the boundary conditions given above, we solve the 2-

dimensional elastic problem for the displacement field u. Based on this solution,

we then analyze the fracture propagation using the LEFM introduced below.

2.2.2 Stress intensity factors

In LEFM theory, stress intensity factors KI , KII are used to describe the addi-

tional stress near the tip of a crack that is due to the presence of the crack (Broek,

1982),

σI
ij(r, θ) =

KI√
2πr

f I
ij (θ) + O

(
r

1
2

)
, (2.11)

σII
ij (r, θ) =

KII√
2πr

f II
ij (θ) + O

(
r

1
2

)
, (2.12)

where I , II represent two in-plane modes of cracks (opening and shearing, re-

spectively), r and θ are coordinates in a local plane-polar coordinate system with

origin at the crack tip, and f I
ij , f

II
ij are tensor-valued functions describing the an-

gular dependence of the excess stress. The O
(
r1/2
)

terms are related to far-field
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stress and are omitted when r is small.

The predicted extent of the crack that is in equilibrium with the total stress field,

including its direction (if not constrained to be vertical), is determined by the cri-

terion of crack propagation. The broadly accepted G-criterion states that cracks

grow in the direction along which the maximum potential energy is released

(Broek, 1982). In the context of this study, the potential energy is the strain en-

ergy stored in the elastic deformation. The elastic energy released when a crack

extends is measured by the release rate G, defined as the energy released per unit

of crack extension. The crack extends when G is greater than or equal to GC , a

threshold value for crack growth. Equilibrium is attained when this condition is

no longer met and the crack ceases to propagate.

G is related to the stress intensity factors by

G = GI +GII =
1− ν2

E

(
K2

I +K2
II

)
, (2.13)

where GI and GII denote the energy release rate for mode-I and mode-II compo-

nents, with GC given by

GC =
1− ν2

E
K2

I,C , (2.14)

where KI,C is the fracture toughness, a material property measured in experi-

ments. The G-criterion (G > GC) can be expressed in terms of the stress inten-

sity factors as K =
√

K2
I +K2

II > KI,C . Therefore, extension of a crack occurs

when the total stress intensity factor exceeds fracture toughness KI,C . We assume

that KI,C = 100 kPa m1/2 (Rist et al., 1996), which is an estimate widely used in

ice-fracture problems.

In the results section, we first assume a vertical, pure mode-I crack and employ a

simple criterion for its propagation. In particular, we neglect the mode-II compo-
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nent by assuming that KII = 0. Thus the criterion for crack extension reduces to

KI > KI,C ; if satisfied, the crack can grow vertically in length. Later we recon-

sider mixed-mode crack growth with KII ̸= 0 and assess the difference associated

with the different criteria.

2.2.3 Non-dimensionalisation

In the results section we focus on solutions of non-dimensional problems; we

denote the non-dimensional version of a variable using the same symbol appended

with a prime ′. We choose to scale length (and displacement) by H and stress

by ρigH . Hence, the conservation of momentum (Eqs. (2.1)–(2.7)) and stress

intensity factors are non-dimensionalised by the following scales:

x′ =
x

H
, u′ =

u

H
, σ′ =

σ

ρigH
, T ′ =

T

ρigH
, ∆τ ′ =

∆τ

ρigH
, (2.15)

K ′
I,II,C =

KI,II,C

ρigH3/2
. (2.16)

Beside the flotation fraction representing basal water pressure, there are two im-

portant, non-dimensional parameters that control fracturing, W ′ = W/H and ∆τ ′,

which represent the size and excess shear stress of the sticky patch, respectively.

The non-dimensional stress intensity factors and non-dimensional fracture tough-

ness are used in the fracture criterion. Note that although the dimensional fracture

toughness is a material property measured by experiments, the non-dimensional

fracture toughness is scaled by ρigH
3/2, giving it a dependence on the ice-sheet

thickness.
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2.2.4 Numerical implementation

For the vertical-line-crack problem, the governing equations are solved using an

open-source finite element (FE) software library, FEniCS (Logg and Wells, 2010;

Logg et al., 2012; Langtangen and Logg, 2017), with meshes generated by Gmsh

(Geuzaine and Remacle, 2009). The basal crevasse is represented by a straight,

triangular notch in the mesh, perpendicular to the bottom boundary. The mesh

is locally refined near the tip of the notch and the bottom boundary. The mesh

is composed of triangular elements, with element size varying from 5 × 10−3

times the crack length (near the tip) to 0.2 ice thicknesses (away from the tip).

For an 1000 m-thick ice sheet with a 500 m-high basal crevasse, the element

sizes are 2.5 m near the tip and 200 m away from the tip. SIFs are calculated

by the Displacement Correlation Method (DCM) (Chan et al., 1970; Banks-Sills

and Sherman, 1986) with Richardson extrapolation (Guinea et al., 2000). The

code is benchmarked by comparison with a weight function from Jimenez and

Duddu (2018) (see Appendix A.2).

The FEniCS code relies on meshing the interior of the elastic domain, and requires

local mesh refinement at the fracture tip to resolve the stress singularity there. To

perform simulations of fracture growth where the path is not specified a priori, this

method would require repeated remeshing. Dynamic remeshing is feasible with

specialised software but is unreliable and incurs a significant computational cost.

To avoid such issues and to provide an additional means to verify the numerical

results, we use a separate code for consideration of curved fracture trajectories.

This code employs the Displacement Discontinuity Method (DDM) (Crouch and

Starfield, 1982), a scheme that is based on the Boundary Element Method (BEM).

In the DDM approach, only boundaries subject to given conditions must be meshed.

The interior of the domain is assumed to be a uniform, linear elastic material
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that deforms according to Green’s functions forced by the facets of the boundary

mesh. This method avoids reliance on meshing software. To extend the fracture

at a given step, a new straight-line segment is connected to the former tip of the

fracture. The orientation of this new segment is defined by the optimal direction

of fracture growth. The new segment must have an appropriately small length, the

choice of which defines the resolution of the model. At each growth step, we test

for multiple orientations of growth and choose that with the highest strain-energy

release rate, as defined by the G-criterion (Dahm, 2000). The BEM code used here

is developed by Davis (2017). As with the FE models, in the DDM models we

subject the base of the glacier domain to the condition of no vertical displacement.

2.3 Results

Results are presented in two parts. The first is for vertical fractures and uses the

FE model; the second is for mixed-mode, curving fractures and uses the DDM

model.

2.3.1 Mode-I fracture growth

We consider a vertical, mode-I fracture as part of a reference case where the sticky

patch has a width two times the ice thickness (W ′ = 1). The non-dimensional

excess shear stress is ∆τ ′ = 0.3, which means the dimensional excess shear stress

is 0.3ρigH . The reference flotation fraction is f = 0.7, which we think is a

reasonable estimate (Engelhardt et al., 1990; Harper et al., 2010; Andrews et al.,

2014). Cases with larger f (0.7 ≤ f ≤ 1) are also included in the following

results. Figure 2.2 shows the three components of the perturbation stress that

arise due to the sticky-patch excess stress and an existing basal crevasse. Among

these, we are most interested in T ′
xx and T ′

xz, which are related to the fracture
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propagation. As shown in panel (a), there is horizontal tension concentrated on the

downstream (right) end of the sticky patch and compression concentrated on the

upstream (left) end. In panel (b), the vertical normal stress T ′
zz is also concentrated

near the ends of the sticky patch and the crack tip. This is a consequence of

the no-vertical-displacement condition Eq. 2.4 imposed on the bottom boundary.

Panel (c) shows the pattern of shear stress, which is localised to a region around the

sticky patch. In this reference case in Fig. 2.2, the stress intensity is KI/KI,C =

8.75. Thus the crack is unstable and will continue growing vertically.

Figure 2.2: Dimensionless perturbation stress in a cracked ice-sheet with W ′ = 1,
∆τ ′ = 0.3, and Z ′

C = 0.3. Panels show (a) T ′
xx, (b) T ′

zz, and (c) T ′
xz. Tension is

defined as having a positive sign. In the zoom-in box a white rectangle is added
to highlight the crack, which is actually much narrower, making it difficult to see
otherwise.

We are interested in the maximum stable crack length permitted by the fracture

criterion, and how this depends on ice-sheet thickness and sticky-patch width. To

investigate, we extend our calculation to cases with varying crack length Z ′
C and
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assume that the criterion for crack growth is K ′
I > K ′

I,C (Van der Veen, 1998).

Figure 2.3 shows the normalised stress intensity factor KI/KIc as a function of

Z ′
C near the sticky patch for the reference case (W ′ = 1, ∆τ ′ = 0.3) and another

case with smaller ∆τ ′ = 0.2. Comparison of the two cases show that increasing

∆τ ′ leads to larger KI . In each case, with the crack length Z ′
C increasing, K ′

I

increases to its maximum due to tension near the sticky patch, then begins to drop

and eventually reaches negative values due to overburden pressure. The maximum

crack length is the value of Z ′
C such that K ′

I = K ′
I,C (i.e., the intersection of the

K ′
I curve and vertical K ′

I,C line in Figure 2.3). For the crack with this value of Z ′
C

to be in a stable equilibrium, the crack should be resistive to perturbations. If we

add a positive perturbation ∆Z ′
C > 0 to the crack length Z ′

C , the perturbed crack

length should return to the stable state, which means K ′
I (Z

′
C +∆Z ′

C) < K ′
I,C .

Thus, the condition for a stable crack is K ′
I = K ′

I,C and dKI
′/dZ ′

C < 0. In

Sect. 2.3, we focus on stable cracks, where all crack solutions presented are stable.

Note there is KI < KI,C at small crack lengths. To propagate a basal crevasse, an

initial flaw or crack of adequate length and orientation is required (Van der Veen,

1998). Here we simply assume a preexisting vertical line crack with KI > KI,C .

Figure 2.4 shows the maximum stable crack length Z ′
C,max as a function of di-

mensionless problem parameters ∆τ ′ and W ′ for an ice thickness of 100 m. In

panel (a), the flotation fraction is f = 0.7. The maximum crack length increases

monotonically with W ′ or ∆τ ′. As the sticky patch gets larger (increasing W ′) or

stronger (increasing ∆τ ′), its influences extends further into the surrounding ice

sheet. This leads to an increase in tensile stress at the downstream end, which in

turn promotes fracture propagation. For sticky patches with W ′ = 1, a minimum

∆τ ′ ≈ 0.2 is required to have a crack with length Z ′
C ∼ 0.2. Panel (b) shows

another case where the ice is closer to flotation (i.e., f = 0.9). Here, fracture can

be propagated by smaller values of W ′ and ∆τ ′, compared with panel (a). The
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Figure 2.3: Stress intensity factor KI versus crack length with W ′ = 1. Two cases
with different ∆τ ′ are considered: ∆τ ′ = 0.2 (red) and ∆τ ′ = 0.3 (blue). The
vertical axis represents the dimensionless crack length. Horizontal axis represents
the dimensionless stress intensity factors normalised by the fracture toughness,
K ′

I,C = KI,C/
(
ρigH

3/2
)
, where H is chosen to be 100 m. The black dash-dotted

line represents the fracture toughness.

sticky patch creates a localised horizontal tension that promotes the growth of the

vertical line crack, as shown by the reference case in Figure 2.2. Evidently, this ef-

fect is sensitive to the non-dimensional parameters W ′ and ∆τ ′. When Z ′
C → 1,

the hydrofracture will penetrate the entire ice thickness. For tidewater glaciers
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experiencing sticky patches near their fronts, this could promote calving.

Figure 2.4: Maximum crack length Z ′
C,max as a function of W ′ and ∆τ ′. Note

that in the criterion, the non-dimensional fracture toughness depends on the ice
thickness H . Here we set H = 100 m. For larger thicknesses, K ′

I,C gets smaller,
leading to longer cracks. Two cases with different f are considered: (a) f = 0.7,
(b) f = 0.9. When the crack length Z ′

C = 1, the crack dissects the full ice-sheet
thickness.

2.3.2 Mixed-mode fracture growth

A limitation of the models above is that they assume basal crevasses are mode-I

cracks that only propagate vertically and, to simplify the calculation, neglect the

mode-II component. This approach is consistent with previous LEFM models of

basal crevasses that are pure hydrofractures (Van der Veen, 1998). However, with

excess shear stress arising from the sticky patch, basal crevasses are expected

to have both mode-I and mode-II contributions. Relaxing our assumption that

the crack propagates vertically, we now consider the curved, quasi-static path of

fractures using the BEM implementation. Note that for curved fracture paths, we

use the G-criterion for fracture growth: the fracture stops when either G < Gc or

when there is closure of fracture walls just behind the fracture’s tip (KI ≤ 0).
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For an ice thickness H = 1000 m, we impose an initial vertical line crack with

length 30m and propagate the crack in its curved trajectories determined by the

above criterion. Figure 2.5 shows the mixed-mode fracture paths with different

values of dimensionless excess shear stress ∆τ ′ and flotation fraction f . The three

panels represent three sizes of the sticky patch: W ′ = 0.1 for panel (a), W ′ = 1.0

for panel (b) and W ′ = 10.0 for panel (c).

Figure 2.5: Fracture paths calculated under different excess basal shear stress ∆τ ′

and flotation fraction f , with three values of W ′: (a) W ′ = 0.1; (b) W ′ = 1.0; (c)
W ′ = 10.0. An ice thickness H = 103 m is used to scale the fracture toughness.
The background vector field indicates the local direction of the maximum com-
pressive stress, with the vector length scaled by the deviatoric stress |T ′

1 − T ′
2|,

where T ′
1 and T ′

2 are the local principal stresses calculated from T ′. In panels (a)
and (b), the fracture paths (colors) are calculated by BEM, with the principal stress
trajectory represented by the dashed curve. Colors represent four different com-
binations of ∆τ ′ and f as in the legend. In panel (c), since the principal stress
trajectory is nearly a vertical line, we no longer conduct the BEM simulation and
just assume purely vertical fracture paths. Thus, the maximum crack length is
determined as we have done in Figure 2.3. Colors represent three different com-
binations of ∆τ ′ and f as in the legend.

In panel (a) we consider a sticky patch whose width is one fifth of the ice thickness

(W ′ = 0.1). There is a zoom-in plot of the fracture paths in the black box. The
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four curves are quasi-static paths with four combinations of flotation fraction f

and dimensionless excess shear stress. The paths deviate from the vertical path

assumed in models above. In particular, they incline upstream under the influence

of the shear stress. Comparing the four curves in panel (a), we find that ∆τ ′ and

f have little effect on the direction of the paths.

In panel (b), the length of the panel is kept the same as panel (a). In addition, we

keep the same combinations of f and ∆τ ′. With W ′ = 1 (sticky patch width twice

the ice thickness; an order of magnitude larger than in panel (a)), the fractures

align closer to the vertical and extend further into the ice sheet.

Panel (c) shows the fracture paths when W ′ = 10. In this case the sticky patch is

20 times wider than the ice thickness. The magnitude of the excess shear stress

∆τ ′ required for fracture propagation is reduced to about 0.035. Meanwhile, since

T ′
xx ≫ T ′

zz, the principal stress trajectories are nearly vertical lines, as indicated

by the background stress field. Thus, fracture paths can be approximated by ver-

tical lines, as we did previously. The crack length becomes very sensitive to the

magnitude of ∆τ ′, since a small perturbation to ∆τ ′ (from 0.033 to 0.036) causes

a large variation of the crack length.

It is possible to predict the trajectory of the curved cracks without solving the

BEM model, using only stresses computed in an uncracked domain. This may

be computationally convenient in combination with Stokes-flow models of ice

sheets (Krug et al., 2014; Yu et al., 2017). As in the models discussed above, the

excess shear stress due to the sticky patch is imposed as a boundary condition on

the uncracked domain. We then calculate the perturbation stress in the uncracked

domain and plot the principal stress trajectories as the dashed curves in Figure 2.5.

We use the perturbation stress due to the excess shear only, because the overburden

stress and water pressure are isotropic and do not contribute to the orientation of
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the principal stresses. Comparison between these trajectories and the fracture

paths predicted by the BEM shows that the former are accurate approximations of

fracture paths under the conditions considered here.

If there is no deviatoric stress from sources other than the sticky patch, the mag-

nitude of ∆τ ′ does not contribute to the direction of the fracture path. Instead, the

direction of trajectories depends only on the ratio W ′. This is consistent with the

results predicted by the BEM and indicates that for real basal crevasses affected

by sticky patches, the direction of the fracture is predominantly controlled by the

relative size of the sticky patch. Since the area of sticky patches can be of the or-

der of 1 km2 to 100 km2 (Stokes et al., 2007), we believe the panels in Figure 2.5

are representative cases that reveal the influence of patch size. If sticky patches

usually have W ′ ≫ 1 in a real ice sheet, then crevasses are mostly vertical and the

BEM would not be necessary for future studies.

2.4 Discussion

We have developed and analysed a model of basal crevassing associated with

sticky patches at the bed of an elastic glacier or ice sheet. Our model, based

on LEFM theory, evaluates the role of shear-stress variations and makes predic-

tions of crack lengths and trajectories. As shown above, the growth of such basal

cracks depends on the flotation fraction f , the non-dimensional size of the sticky

patch W ′, and the non-dimensional stress variation ∆τ ′.

2.4.1 Initiation of basal crevasses

When modelling both vertical and curved basal crevasses in the results section,

we assumed pre-existing small cracks with KI > KI,C . They are a prerequisite

for further fracture propagation. By using a simple Griffith fracture model (Tada
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et al., 2000)

KI = KI,C = σxx

√
πZC , (2.17)

we estimate the minimum crack length ZC required for growth, given a local

effective stress σxx across the fracture. In the BEM simulations we assumed a

30-m-long initial crack, corresponding to a 10 kPa local stress; this combination

guarantees KI > KI,C . If tensile stress reaches 326 kPa, basal fractures might

initiate on the boundaries of grains 3 cm in diameter. This large value of stress

seems unlikely to be achieved under normal circumstances.

2.4.2 Potential applications to real ice sheets

For real ice sheets, basal shear stress patterns are difficult to observe directly. In

several cases, they have been estimated by inversion of surface data under specific

assumptions. Sergienko and Hindmarsh (2013) showed that for a region of the

Antarctic ice sheet with large ice thickness (H ≈ 103 m), the basal shear stress

has rib-like patterns of variation. The width of such sticky patches varies from

one ice thicknesses (W ′ = 0.5) to 10 ice thicknesses (W ′ = 5). The excess shear

stress (200 to 300 kPa) estimated for these locations is small compared with the

overburden pressure (∆τ ′ ∼ 0.03). In this case, the effect of the sticky patch

depends on its size and local water pressure, as discussed in the Results section.

For small patches (W ′ < 1), the excess shear stress ∆τ ′ only affects the extent of

fracture propagation, while the patch size W ′ governs the direction of propagation,

as shown in Figure 2.5. Basal crevassing occurs when the flotation fraction f

approaches 1, which means the ice sheet becomes nearly afloat. The result is

consistent with the conclusions of Van der Veen (1998). For larger patches with

W ′ ∼ 10, the sticky patch extends 20 ice thicknesses in the flow direction, basal

crevasses would initiate on the downstream end at a lower water pressure f ∼ 0.7.
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For alpine glaciers with an ice thickness of order 100 m, variations of basal shear

stress have been found to be in the range of 0 to 200 kPa (Brædstrup et al., 2016).

In the non-dimensional parameter space, ∆τ ′ is of order 0.1, larger than in Antarc-

tic settings. Moreover, W ′ is of the order of 1 to 10, which is similar to that of

sticky patches in Antarctic ice sheets. Thus, we predict that sticky patches play

a more important role in determining the length and direction of basal crevasses

in alpine glaciers. For further investigations of the basal hydrofractures around

sticky patches, we need to go beyond the inversion results, understand the specific

causes of the sticky patches, and include the essential physics in our model.

In natural glaciers and ice sheets, there are many factors that might create sticky

patches, including bedrock bumps, till-free areas, well-drained tills and basal

freeze-on. All of these would lead to localised, high basal friction (Stokes et al.,

2007). An important friction phenomenon is the stick-slip motion of ice, detected

in Whillans Ice Stream (WIS) in West Antarctica. Wiens et al. (2008) investigated

the WIS stick-slip motion and related it to a sticky patch on the bed. Further-

more, Sergienko et al. (2009) argued that WIS can be considered as a typical

stick-slip system controlled by basal friction, where the sticky spot nucleates the

stick-slip cycle. Therefore, for sticky spots associated with stick-slip ice motion,

we can estimate the stress variation from parameters in relevant friction experi-

ments (McCarthy et al., 2017; Lipovsky et al., 2019; Zoet et al., 2020), rather than

from inversion from surface data based on viscous rheology. Assuming that the

basal shear stress follows Coulomb’s law of friction, we can interpret ∆τ in terms

of friction coefficient variation ∆µ, we find that

∆τ ′ = ∆µN ′, (2.18)

where N ′ = 1 − f is the dimensionless effective normal stress. The basal stress
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variation is controlled by both friction coefficient variation ∆µ and the flotation

fraction f . The magnitude of ∆µ during the stick-slip motion of ice can be mea-

sured experimentally. By keeping a constant normal stress of N = 500 kPa be-

tween the ice sample and the bedrock asperity, Zoet et al. (2020) found that the

friction-coefficient decrease during stick-slip motion is between 0.1 and 0.4. We

assume that the measurements of ∆µ also apply to the sticky patch discussed in

our model.

Well-drained till could serve as a sticky patch. For a well-drained till surrounded

by a water saturated layer (Stokes et al., 2007), the water pressure on the till would

be smaller than the surroundings. For such a till, we assume that the excess friction

coefficient ∆µ is 0.4 and flotation fraction f is 0.7. Then, according to (2.18), the

excess basal shear stress is ∆τ ′ ∼ 0.1, which would lead to a tensile-stress con-

centration on the downstream end of the patch. Meanwhile, in the surroundings,

the local subglacial water pressure is expected to be higher (f ≥ 0.7). For the

case considered above, when f reaches 0.9, basal crevassing is likely to occur.

2.4.3 Thermal implications of basal crevasses

The temperature structure of ice has important effects on ice dynamics. Using

high-vertical-resolution sensing, Law et al. (2021) reported spatial heterogeneity

of englacial ice temperature and deformation. They found a basal temperate-ice

zone with thickness that varies from 5 m to 73 m at two locations separated by

only 9 km at Store Glacier, an outlet glacier of the Greenland Ice Sheet. Their

study indicates spatially varying basal thermal conditions over distances of a few

ice thicknesses. Injection of water-filled basal crevasses can locally modify the

thermal profile of the ice sheet (Luckman et al., 2012) and is a potential expla-

nation of the spatially-varying temperate ice layer. The thermal structure of basal

crevassing, which is similar to that of dykes in rock (Daniels et al., 2014), has been
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modelled in several studies (Jarvis and Clarke, 1974; McDowell et al., 2021).

Their approach recognises that water-filled basal crevasses in sub-temperate ice

propagate on a short timescale, followed by rapid refreezing of water inside the

crack. McDowell et al. (2021) modelled the refreezing of a basal crevasse as an

instantaneous heat source in a one-dimensional heat-conduction system, using the

analytical solution of Carslaw and Jaeger (1959). We use the same analytical so-

lutions for a two-dimensional thermal structure of a basal crevasse. Details of this

calculation are provided in Appendix A.3.

To estimate the heat released by refreezing, we return to the dimensional problem

and assume a static, water-filled vertical crack with crack length ZC = 50 m in a

100 m-thick, subtemperate ice sheet. The crack width w is assumed to be 10 cm

uniformly along the crack. The water inside the crack instantaneously refreezes at

t = 0, releasing an amount of heat qi per unit length per unit depth into the page

(i.e., in the direction normal to the crack). The heat is estimated as

qi = ρiwL = 3× 107 J m−2, (2.19)

where ρiw is the mass of water per unit area of the fracture and L is the latent

heat of solidification. Mathematically, the refreezing process is assumed to be an

instantaneous source at t = 0. The temperature rise caused by refreezing, ∆T , is

held at 0 K on the surface boundary with the atmosphere, the basal boundary and

at the limit of x → ±∞. The temperature rise will asymptotically decay to zero

after a long cooling process.

Figure 2.6 shows the perturbation in temperature due to the refreezing of water in

a single basal crevasse over twenty years. The surrounding ice undergoes a rapid

warming at t = 0, followed by a long cooling period until the temperature drops

back to the background state ∆T = 0 (McDowell et al., 2021). Panel (a) shows
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that after 5 years of diffusion, the temperature perturbation due to refreezing is

localised around the crevasse and decreases sharply within ±30 m. Panels (b) and

(c) show the temperature perturbation after 10, 15 and 20 years. After 20 years,

∆T drops back below 0.05 K and the system is again close to the background

state.

Figure 2.6: Perturbation of a single basal crevasse on background temperature
field. The basal crevasse is modeled as a vertical, linear, and instantaneous heat
source with a length of 50 m, positioned at the center of the domain. t = 0 is
the time of crevasse opening and refreezing. (a) t = 5 years. (b) t = 10 years.
(c) t = 15 years. (d) t = 20 years.

If a sticky patch is fixed on the bedrock beneath a sliding ice sheet, the patch

could generate a series of basal crevasses, as shown in Figure A.2 (Appendix A.3).

Thus, we next consider a case in which the spacing between these crevasses is

equal to the half-width of the sticky patch W = 100 m. For these equally spaced

basal crevasses, the temperature field is a linear superposition of the effect of

each crevasse. In the mathematical model, the basal crevasse is initiated on the

downstream end of the sticky patch and subsequently advected by sliding. Details

are provided in Appendix A.3.

The thermal effect of a series of basal crevasses is shown in Figure 2.7. The down-
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stream perturbation will gradually smooth out after decades of cooling. The stable

pattern of temperature rise depends on the volume of water inside the crack. The

BEM simulations show that the thickness of basal crevasses is of order 0.1 m,

which is much smaller than the upper limit of basal crevasse thickness observed

by Harper et al. (2010). Here we simply assume that the crack width is 0.1 m. The

initial, localised temperature rise will decay rapidly as it smooths out. Refreez-

ing in basal crevasses is a possible factor influencing the temperature profile of

basal ice, leading to localised heating around the relic basal crevasses, followed

by cooling back toward a steady state (McDowell et al., 2021).

Alternatively, if the basal fracture is embedded in temperate ice and hence doesn’t

freeze rapidly, it becomes a persistent mechanical perturbation to the ice sheet. A

series of such basal crevasses will be carried downstream to the grounding line.

If an ice shelf extends seaward from the grounding line, the basal crevasses will

weaken the shelf to lateral shear stresses associated with buttressing and vertical

shear associated with calving (Bassis and Ma, 2015). The recent numerical model

developed by Berg and Bassis (2022) suggests that the advection of crevasses

could increase the calving rate and promote glacier retreat.

Figure 2.7: Thermal effect of a series of basal crevasses that is 2 km to 3 km
downstream from the sticky patch. The basal crevasses occur at the sticky patch
one by one at a specific time interval. As time progresses, these crevasses are
advected downstream, during which the thermal anomaly created by each crevasse
gradually diffuses and smooths out through conduction.
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2.4.4 Limitations of the model

The model presented has three significant limitations. First, it is based on equi-

librium equations of elasticity. The ice sheet is assumed to be an isotropic, elastic

body without any internal viscous deformation that is commonly computed by a

Stokes model. Therefore, our model only accounts for the physics of fracturing

on a short timescale in which ice is dominated by elastic rheology. This approach

might miss important interactions between the sticky patch and viscous deforma-

tion that would modify the stress field. Basal crevasses can be deformed by the

internal deformation caused by viscous flow. For an ice sheet with a thickness

H = 1000 m, the velocity difference between the surface and the bed can be up

to several kilometers per year, which can significantly deform the basal crevasses

whose length are of the same order as the ice thickness. Thus, a viscoelastic rhe-

ology is required to study basal crevasses on a longer timescale. Moreover, it is

important to include the spatial and temporal variation of subglacial hydrology

(Harper et al., 2005; Hewitt, 2013), which is simplified to a static water pressure

in the current model.

The second main limitation is that the model does not account for the three-

dimensional effects of sticky patches. In a real ice sheet, some sticky patches

may have a round shape instead of a long, rib-like pattern. In that case, it is more

appropriate to study them in a 3-D domain, which includes both vertical and lat-

eral extension of cracks, rather than as a plane-strain problem in the x–z plane.

The third limitation relates to the fracture toughness. In applying the LEFM ap-

proach, we implicitly assume a brittle medium. However, a brittle-to-ductile tran-

sition occurs at a critical grain size (Schulson et al., 1984). Regions and layers of

coarse-grained ice exist in ice sheets (Gow et al., 1997). Thus, in some glaciers

and ice sheets there may exist ductile ice that eludes brittle fracture. This het-
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erogeneity would modify the predicted crack lengths. Furthermore, Sinha (1978)

argued that the Young’s modulus of ice E depends on temperature, even on a

short loading timescale. Further investigation is therefore required to determine

whether the thermal profile is important for ice elasticity and fracture.

A more complete understanding of how basal crevasses grow and interact with

viscous flow will require a three-dimensional, viscoelastic model including varia-

tions in fracture toughness.

2.5 Conclusion

Besides basal water pressure (Van der Veen, 1998), stress variations of sticky

patches at the ice–bed interface can promote the propagation of basal crevasses.

In previous studies, basal crevasses were assumed to be mode-I hydrofractures

under pure horizontal tension (Van der Veen, 1998; Krug et al., 2014; Jimenez

and Duddu, 2018). Assuming water pressure smaller than the flotation condition,

we examined the effect of sticky patches on basal crevassing in a grounded glacier

or ice sheet. We found that sticky patches can provide stress required for crack

extension. Alongside the flotation fraction, such sticky-patch-assisted crevassing

depends on two non-dimensional parameters: (1) the ratio W ′ of the sticky-patch

half-width to the ice thickness, and (2) the ratio ∆τ ′ of excess shear stress to the

basal ice overburden pressure.

With a sufficient variation of basal shear stress, the direction of basal fracture is

controlled by the relative size of the sticky patch. When the width of the sticky

patch is much larger than the ice thickness, basal crevasses grow nearly vertically

and are essentially mode-I fractures. When the width of the sticky patch is smaller

than the ice thickness, however, curved basal crevasses grow with trajectories in-

clined upstream, which could explain the inclined relic basal crevasses in Wearing
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and Kingslake (2019). In this case, principal stresses can be used to approximate

crack trajectories.

For real glaciers or ice sheets with complicated geometries, our model can be

combined with the basal stress pattern to investigate how stress variation pro-

motes basal crevassing. Compared to stress estimates from inversion calculations

(Sergienko and Hindmarsh, 2013; Brædstrup et al., 2016), qualitative analysis

shows that for a flotation fraction of about 0.9, the basal-stress pattern in alpine

glaciers and ice sheets may play an important role in determining the growth of

basal crevasses. To better understand the basal crevasses controlled by sticky

patches, future research could incorporate viscous ice flow, spatially resolved sub-

glacial hydrology, and detailed fracturing properties of ice.
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3 | Viscoelastic mechanics of tidally induced

lake drainage in the Amery grounding zone
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3.1 Introduction

Supraglacial lakes are ephemeral meltwater ponds formed by surface melting, and

have important influences on the mass balance of nearby ice shelves. In addition

to lowering the albedo and increasing the surface melting (Tedesco et al., 2012;

Leeson et al., 2015), the lakes can drain through hydrofractures, leading to accel-

erated ice flow (Stevens et al., 2022) or ice shelf collapses (Banwell et al., 2013).

In East Antarctica, supraglacial lakes often cluster in the grounding zone (Stokes

et al., 2019), where the lake drainage could be modulated by tidal flexure occur-

ring in the grounding zone. Therefore, understanding the causes of lake drainage

in these regions requires insight into how tidal flexure is induced and how it con-

tributes to hydrofracturing that facilitates lake drainage.

Ice-shelf flexure at the grounding line can be modelled using thin-plate theory

with an elastic (Vaughan, 1995; Sayag and Worster, 2011; Wagner et al., 2016;

Warburton et al., 2020) or a viscoelastic constitutive relationship (Reeh et al.,

2003; Gudmundsson, 2007). In these models, the GL is treated as a peeling front

or as the clamped end of the ice shelf. Thin-plate models capture the large-scale

flexure of ice shelves, and neglect the membrane stress that is governed by sliding.

Various studies have used a vertically integrated theory with a viscous rheology

to investigate the dependence of steady-state grounding-line position on ice thick-

ness, sliding laws, buttressing effects and bed topography (Schoof, 2007a,b; Katz

and Worster, 2010; Schoof, 2012; Tsai et al., 2015; Pegler, 2018; Haseloff and

Sergienko, 2022; Sergienko and Haseloff, 2023). Besides depth-integrated mod-

els, full-Stokes models have also been used to study the migration of ground-
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ing lines on both longer timescales (Nowicki and Wingham, 2008; Durand et al.,

2009; Favier et al., 2012; Gudmundsson et al., 2012; Cheng et al., 2020) and

tidal timescales (Gudmundsson, 2011; Rosier et al., 2014, 2015; Rosier and Gud-

mundsson, 2020). In these models, the ice-sheet–bed contact problem has been

implemented as boundary conditions. A more recent development by Stubblefield

et al. (2021) and de Diego et al. (2022) has incorporated the contact boundary con-

ditions into variational inequalities. This formulation enabled the representation

of the contact condition within a variational framework that was implemented in

the Finite Element method. In this study, we adopt the framework by Stubblefield

et al. (2021) to study the tidal effects on GL dynamics of the Amery Ice Shelf.

For a Maxwell viscoelastic ice shelf subject to external tidal forcings, the shelf ini-

tially responds elastically, followed by viscous creep that relaxes the initial defor-

mation. The Maxwell time represents the characteristic timescale over which the

ice transitions from behaving elastically to viscously. Since the semi-diurnal tidal

period at the Amery Ice Shelf (approximately 12 hours) is close to the Maxwell

time of ice (approximately 9 hours in our estimation), we use a viscoelastic con-

stitutive relationship to model the tidal flexure. In particular, we extend the frame-

work for a marine ice sheet with viscous ice flow by Stubblefield et al. (2021)

to an upper-convected Maxwell model to capture the stress and GL migration in-

duced by tides. We predict the tensile stress at the GL for daily maximum tidal

amplitudes. Then, using Linear Elastic Fracture Mechanics (LEFM) analysis, we

estimate the contributions from tidal stress and lake-water supply to quasi-static

hydrofracturing. This enables us to derive a relationship of tidal amplitude and

lake-water depth for tidally-induced supraglacial lake drainage, which we com-

pare to the lake-drainage time series presented by Trusel et al. (2022). Based

on the model results, the relationship predicts tidally-induced lake drainage with

tidal amplitude and lake water depth. The results support the hypothesis that at the
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Amery Ice Shelf GL, supraglacial lake drainage is controlled by both lake depth

and tidal amplitude. Moreover, this new model-based relationship enhances our

understanding of the role ocean tides play in driving lake drainage through tidal

flexure.

In this paper, we begin by analyzing remotely-sensed ice flow data near the se-

lected lake, which informs the setup of the viscoelastic model. We then combine

the model results with a LEFM model to explore hydrofracture propagation with

tidal flexure. Finally, we discuss the model’s sensitivity to variations in ice rheol-

ogy and bedrock geometry.

3.2 Method

We first present an estimation of the local strain-rate and stress fields near the

lake studied by Trusel et al. (2022). Our estimation indicates the lake region is

extension-dominated with negligible shear stress. The background stress is in-

sufficient to produce hydrofracturing, indicating the importance of tidal stress.

Therefore, we extend the marine ice-sheet model with viscous ice rheology (Stub-

blefield et al., 2021) by incorporating a viscoelastic rheological formulation. We

introduce the model set-up and how we predict lake drainage events.

3.2.1 Observed strain rate in the vicinity of the lake

Figure 3.1(a) shows the ice-surface velocity field v from the MEaSUREs InSAR-

Based Antarctica Ice Velocity Map (Rignot et al., 2011b, 2017; Mouginot et al.,

2012, 2017) near the lake, according to which we calculate the streamlines and the

strain rate ε̇ (Fig. 3.1b). The lake is located on the grounding line extracted from

MEaSUREs Antarctic Grounding Line from Differential Satellite Radar Interfer-

ometry, Version 2 (Rignot et al., 2016a, 2011a, 2014; Li et al., 2015). Following
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Wearing (2017), we denote the direction of velocity v̂, and the transverse direction

t̂. The along-flow strain rate can be defined as

ε̇p = v̂ · ε̇ · v̂, (3.1)

and the transverse strain rate as

ε̇t = v̂ · ε̇ · t̂. (3.2)

Figure 3.1(c,d) shows ε̇p and ε̇t near the lake. We are particularly interested in ε̇p

and ε̇t along the streamline that crosses the lake. Assuming that the z-components

of ice deviatoric stress τ are zero on the surface (τxz = τyz = τzz = 0), we cal-

culate the viscosity η using Glen’s flow law (Glen, 1955). The deviatoric stress

along (τp) and transverse (τt) to the streamline are τp = 2ηε̇p, τt = 2ηε̇t, as shown

in Fig. 3.1(f). The magnitude of τt and τp are less than 40 kPa along the stream-

line. Specifically, at the lake, there is negligible background shear stress and an

extensional stress with a magnitude of about 30 kPa in the flow direction. There-

fore, for simplicity, we neglect the background stresses, focus on the streamline

and adopt a 2-D flow line model that accounts for tidally induced extension along

the flow direction.

We use BedMachine Antarctica v2 to obtain the basal topography and ice geom-

etry along the streamline (Fig. 3.1e) (Morlighem et al., 2017, 2020). The surface

gradient is relatively uniform upstream of the GL. The subglacial cavities down-

stream of the grounding zone are more than 20 m wide. Thus, we assume that

the ice shelf downstream of the GL doesn’t contact the bedrock, and the water

pressure on the ice–ocean interface is hydrostatic. In the computation, we use a

linear bedrock topography (Fig. 3.1e) with a slope angle extracted from reality.
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This simplification enables us to further explore the sensitivity of GL dynamics

to bedslope angle. In Appendix A.5 we present a set of model results with real

bed topography for comparison. While the magnitude of tidal stress is modified

quantitatively in the real-bed-topography case, tidal stress remains the main con-

tribution to the extension on the GL, compared with the background extensional

and shear stress.

Figure 3.1: Ice surface velocity, strain rate and stress in the region of the
supraglacial lake. (a) Velocity field near the grounding line (grey), where the
supraglacial lake is denoted with the blue dot. Here the maximum velocity of
the largest arrow in this figure is 20 m yr−1. The color represents the ice-sheet
surface elevation above sea level. The map inset on the top left corner shows the
full Amery Ice Shelf topography, with the plotted region outlined with a red box;
(b) principal strain rate and streamlines. The streamline that crosses the lake is
marked with the bold line; (c) along-flow strain rate with positive values repre-
sent extension and negative values represent compression; (d) transverse strain
rate; (e) local ice-sheet geometry and bed topography; (f) For the streamline that
crosses the lake, along-flow deviatoric extension τp (solid red line) and shear stress
τt (dashed red line), and speed v (blue). Note that x = xg = 0 is the position of
the supraglacial lake as well as the grounding line.
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3.2.2 Lake basin bathymetry

For the drainage events reported in Trusel et al. (2022), we calculate lake-basin

depth from a water-free, 2-m WorldView-1 DEM, with the data given by Trusel

et al. (2022). We set the elevation of the flat basin, excluding craters and hy-

drofractures, as the deepest point of the lake. With this, the lake, located at 70.59

°S, 72.53 °E, has a depth of about 10 m and a width of about 1 km in the di-

rection normal to the GL. Using a shoreline-extraction method (Moussavi et al.,

2016; Trusel et al., 2022), water depth is calculated as the difference between the

median shoreline elevation and the lake-basin elevation.

3.2.3 Model domain

Figure 3.2: Schematic showing the model domain of a marine ice sheet system.

Figure 3.2 shows a schematic of the computational domain. We consider a seg-

ment of marine ice sheet with length 2L and thickness H(x, t) in a Cartesian

coordinate system with position vector x = (x, z), where z increases upward.

The inflow and outflow boundaries are denoted Γin and Γout. The top surface is

denoted Γh. The bottom is divided into two parts, according to whether the ice is

in contact with the bedrock or the ocean. The ice–bedrock interface Γs is where
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ice is in contact with the bedrock at a height b (x). As a simplification, we assume

that the bedrock has a uniform slope θ. The ice–ocean interface Γw is where ice is

detached from the bedrock. The two boundaries Γs and Γw meet at the GL whose

horizontal position, denoted xg (t), migrates with time t. The origin of the coor-

dinate system is set at the middle of the domain on the ice–bedrock interface (at

the position of the GL shown in the schematic).

Following Stubblefield et al. (2021), we first construct the mesh with piecewise

linear bottom profile s (x) and surface profile h (x)

s (x) = max (b (x) , 0) , (3.3)

h (x) = s (x) +H, (3.4)

which are shown in Fig. 3.2. We evolve this initial profile with no tides until the

ice-flow geometry (i.e., s (x), h (x) and GL xg) reaches a steady state. In practice,

the ice flow reaches the steady state when the grounding line reaches its steady

position, when the migration can not be resolved with the 25-m grid size. This

provides a steady profile of the marine ice sheet for use as an initial condition for

simulations with tides.

3.2.4 Governing equations

The governing equations for momentum and mass conservation are

∇ · σ + ρig = 0, (3.5)

∇ · u = 0, (3.6)

where σ is the total Cauchy stress tensor, ρi is ice density, g is gravity, and u is

the ice velocity field. The · here represents dot product of tensors. The stress σ
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can be decomposed as an isotropic part and deviatoric part, σ = −pI + τ , where

p and τ represent the pressure and deviatoric stress, respectively. Here I is the

unit tensor.

To model viscoelasticity, we adopt the upper-convected Maxwell formulation for

the deviatoric stress τ . The constitutive relationship is

τ + λ
∇
τ = 2ηε̇, (3.7)

where the Maxwell time, λ = η/µ, is the ratio of ice viscosity η to shear modulus

µ. The strain rate is denoted ε̇. The upper-convected time derivative (Oldroyd

rate)
∇
τ measures the temporal variation of τ including the effect of rigid body

rotation,
∇
τ = ∂tτ + u · ∇τ − (∇u)T · τ − τ · ∇u, (3.8)

where (·)T represents tensor transpose.

We assume a constant shear modulus µ and non-Newtonian viscosity η that is

governed by Glen’s flow law with regularisation

η =
1

2
B
(
|ε̇|2 + δν

)−(n−1)/2n
, (3.9)

where B = 2(n−1)/2nA
−1/n
0 is determined by the two flow law parameters A0 and

n, and |ε̇| =
√
ε̇ : ε̇ is the Frobenius norm of the strain rate. The regularisation

with the numerical parameter δν is used to prevent infinite viscosity at vanishing

strain rate (Jouvet and Rappaz, 2011; Helanow and Ahlkrona, 2018; Stubblefield

et al., 2021). The value of δν sets an upper limit on the viscosity and, therefore,

also on the Maxwell time. In our reference parameter set, used below, η ≤ 4.3×

1013 Pa s and λ ≤ 40 hr. For δν = 0, Eq. 3.9 reduces to the classical form of

Glen’s flow law.

49



University of Oxford St John’s College

3.2.5 Boundary conditions

Neglecting atmospheric pressure and other surface loading, the top boundary is

assumed to be stress-free. Its elevation h is governed by the kinematic condition

∂h

∂t
(x, t) =

[(
∂h

∂x

)2

+ 1

]1/2
u · n on Γh, (3.10)

where n is the outward-pointing unit normal vector and Γh is the top boundary.

On the inflow boundary Γin, we impose a uniform horizontal inflow rate u0 and

zero shear stress  u · n = u0,

t · σ · n = 0,
on Γin, (3.11)

where t is the tangential unit vector. The inflow velocity u0 is set to be the satellite-

derived surface velocity, 17 m y−1 (Rignot et al., 2016b). On the outflow bound-

ary, we impose the ice-overburden pressure

σ · n = −ρig (h− z)n, on Γout, (3.12)

which means that at the downstream boundary Γout, the ice shelf floats at hydro-

static equilibrium, without bending stress.

Similar to Eq. 3.10, the bottom profile s (x, t) is governed by the kinematic equa-

tion
∂s

∂t
(x, t) = −

[(
∂s

∂x

)2

+ 1

]1/2
u · n, on Γw, (3.13)

where Γw is the ice–ocean interface. The stress on the bottom boundary depends

on the local contact condition. To introduce the boundary conditions related to

the contact problem, we consider hydrostatic water pressure pw on the ice–ocean
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interface, defined as

pw = ρwg [hw (t)− s∗] , on Γw, (3.14)

where ρw is water density, g is gravitational acceleration, hw is the sea level and

s∗ is the approximated bottom boundary that will be introduced in Sect. 3.2.6.

The atmospheric pressure is neglected at the ice–ocean interface, as it is generally

small compared to the hydrostatic pressure.

The sea level hw is a superposition of a steady state h0 and a sinusoidal function

of time, representing ocean tides with amplitude A and frequency f ,

hw (t) = h0 + A sin (2πft) . (3.15)

On the ice–ocean interface, the hydrostatic pressure pw is imposed as the traction

σ · n = −pwn, on Γw. (3.16)

On the ice–bedrock interface, ice can be either attached or detached from the

bed. In the normal direction, the contact condition is established by the following

boundary conditions 
σn ≥ pw,

un ≤ 0,

(σn − pw)un = 0,

on Γs, (3.17)

where σn is the normal component of traction. Here the water pressure pw follows

Eq. 3.14. When un = 0, ice is attached to the bed, σn ≥ pw. When un < 0,

ice is detached from the bed, thus σn = pw. The impenetrability is implemented
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using a penalty term shown in Sect. 3.2.6, originally proposed by Stubblefield

et al. (2021).

In the tangential direction, ice sliding is resisted by friction that is governed by a

Weertman-type sliding law (Weertman, 1957)

t · σ · n = −C
[
(u · t)2 + δs

]−n−1
2n u · t on Γs, (3.18)

where C is the friction coefficient, δs is a numerical factor preventing singularity

and n is the exponent in Glen’s flow law Eq. 3.9. In the computation, we choose

C such that the surface velocity at the GL matches the inflow speed u0. This

choice gives a relatively low surface velocity gradient, which agrees with satellite

observations at the lake region (Rignot et al., 2016b).

3.2.6 Numerical Implementation

When implementing the hydrostatic water pressure on the ice–ocean interface,

for numerical stability, rather than the bottom elevation from the previous time

step, s∗ is an approximation to the current step elevation (Durand et al., 2009;

Stubblefield et al., 2021), defined as

s∗(x, t) = s(x, t−∆t)− un(x, s, t)∆t, (3.19)

where ∆t is the numerical time step, s(x, t − ∆t) is the bottom profile at the

previous time step, and un is the normal velocity on the bottom boundary (un > 0

accounts for downward motion).

In the variational formulation, on the ice–bed interface, the contact condition

Eq. 3.17 is accounted for by adding the hydrostatic pressure Eq. 3.16 , along with
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a line integral as a penalty term

1

ε

ˆ
Γs

1

2
(u · n+ |u · n|)v · n ds, (3.20)

where ε is the penalty parameter and v is the test function corresponding to the

velocity field u. The penalty term Eq. 3.20 becomes nonzero only when un > 0

and thus penalises penetration. For the viscous contact problem, when ε → 0, the

solution to the variational formulation weakly converges to the solution governed

by the contact condition Eq. 3.17 (Kikuchi and Oden, 1988). Although for the

viscoelastic, the variational formulation cannot be directly cast as a minimization

problem, as ε → 0, it is still a good approximation to the solution governed by the

contact condition.

The variational formulation is implemented using the finite-element library FEn-

iCS (Logg and Wells, 2010; Logg et al., 2012; Langtangen and Logg, 2017). A

mixed finite element is used to solve for a combined field (u, p, τ ). We use

triangular elements in which the pressure varies linearly and the velocity and de-

viatoric stress vary quadratically. In A.4, we report convergence tests showing the

results are mesh-independent and, in the limit of no elastic deformation (µ → ∞),

converge to the viscous solutions by Stubblefield et al. (2021). For further details

about the variational formulation and its numerical implementation, the reader is

referred to Stubblefield et al. (2021).

3.3 Results

First, we show a reference case representing the tidal response of the marine ice

sheet near the lake reported in Trusel et al. (2022). The lake, whose depth (≤ 10

m) is much smaller than the ice thickness (≈ 500 m) at the location, is assumed
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Table 3.1: Parameters used in the model and their reference values.

Physical property Notation Value
Density of water ρw 1027 kg m−3

Density of ice ρi 917 kg m−3

Length of the domain L 20 km
Ice thickness H 500 m
Bedslope angle θ 0.02
Glen’s Law exponent n 3
Viscosity coefficient A0 3.1689× 10−24 Pa−n s−1

Characteristic (inflow) velocity u0 9 m y−1

Friction coefficient C 1.0× 107 Pa1/n m−1

Shear modulus µ 0.30× 109 Pa
Viscosity regularisation parameter δν 10−18 s−2

Friction regularisation parameter δs 10−15 m2s−2

Penalty parameter ε 10−13

Tidal amplitude A 1 m

to have no effects on ice dynamics and thus is not included here. We consider

a 20-km long section of a 500-m thick ice sheet sliding on bedrock with con-

stant bedslope angle θ = 0.02 that represents the characteristic bedslope angle

upstream of the lake, as shown by the dash-dotted line in Fig. 3.1(e). The ice

thickness and bedslope angle, representing the local topography, are adopted from

Morlighem et al. (2017). Initially, the grounded ice sheet and floating ice shelf

both cover 10 km of the domain. In the model of elasticity, we use Young’s modu-

lus E = 0.88 GPa and Poisson’s ratio ν = 0.41, as suggested by Vaughan (1995)

for tidal flexure problems. A list of of parameters and their references values is

provided in Table 3.1. The tidal amplitude A = 1m is a characteristic local tidal

amplitude calculated from the CATS2008 (Circum-Antarctic Tidal Simulation)

model (Howard et al., 2019).
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Figure 3.3: Tidal response of a marine ice sheet at different tidal phases. (a)–
(d) Deviatoric stress τxx in one tidal period, with red colour indicating tensile
stress and blue colour indicating compressive stress. The black triangle marks the
position of the grounding line. (e) The maximum tensile stress σxx,max (blue) on
the top boundary within the lake region (x̄g − 0.5 km ≤ x ≤ x̄g + 0.5 km) and
the GL position xg (red) versus time (scaled by the tidal period T ) with positive
values representing downstream migration. Vertical dashed lines show the time of
panels (a)-(d).

3.3.1 Tidally-induced grounding line migration and related stress

We find tidally-modulated GL migration and corresponding change in stress. The

GL position xg is shown in Fig. 3.3e. Whereas Stubblefield et al. (2021) find

double GLs at low tides with a relatively small bedslope angle θ = 2.5 × 10−4

(Stubblefield et al., 2021), in our model we find only a single GL migrating in

phase with the tides. This migration results in a 600-m wide grounding zone,

which is larger than estimated from hydrostatic equilibrium assuming a uniform

ice thickness (2A/θ = 100 m).

To demonstrate tidal flexure, we plot the deviatoric stress component τxx at four

tidal phases (Fig. 3.3a–d). The ice undergoes upward and downward flexure at
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high and low tides, respectively. At high tide (Fig. 3.3a), the stress is concen-

trated close to the GL, with compression near the top and tension near the bottom,

closely downstream of the GL. This resembles the stress pattern of a thin plate

(Timoshenko, 1955), indicating a region where the ice vertical velocity transitions

from the ice-sheet flow to the ice-shelf oscillation with tides. Further downstream

at the floating shelf, the stress is predominantly hydrostatic without bending, as

indicated by the boundary condition Eq. 3.12. At low tide (Fig. 3.3c), the tensile

stress dominates the ice-sheet top surface near the GL. The region experiencing

tensile stress is larger and located further upstream. At rising tides (Fig. 3.3b) and

falling tides (Fig. 3.3d), τxx is tensile at the GL, but the magnitude is smaller than

τxx at low tide.

The full horizontal stress σxx is considered for hydrofracturing at the lake. As-

suming that the lake covers the ice-sheet surface within |x− xg| ≤ 0.5 km, where

xg is the time-averaged GL position in a tidal period, we calculate the maximum

σxx on the ice-sheet surface within the lake region for any given time, which is

denoted σxx,max. The temporal variation of σxx,max is shown in Fig. 3.3e. In each

tidal period, σxx,max reaches its peak at low tide, corresponding to the downward

flexural stress in Fig. 3.3c.

The reference case gives the tidal stress at tidal amplitude A = 1 m. We further

consider cases with a series of tidal amplitude from 0 to 1 m, and thus obtain a

stress–amplitude relationship for sinusoidal semi-diurnal tides, which is referred

to as the “σ–A relationship” from this point forward. Specifically, it’s the rela-

tionship between σxx,max, the maximum tensile stress in the lake region within

one tidal period and the tidal amplitude A, assuming that the sea level variation

due to tides follows a sinusoidal function over time. However, with solar tides,

tidal amplitude is modulated in a two-week cycle. Given the viscoelastic rheol-

ogy with its history-dependence, such an amplitude modulation might complicate
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the σ–A relationship from monochromatic tides.

Figure 3.4: (a) Modulated tidal amplitude (red) and corresponding GL migration
(blue). The horizontal axis is time scaled by the tidal period. (b) (blue) Maximum
deviatoric tensile stress σxx,max on the ice-sheet surface within the lake region
with modulated tidal amplitude. The dots denote the low-tide stress in one tidal
period. The dashed blue line is the estimated low-tide stress calculated from the
modulated tidal amplitude using σ–A relationship from sinusoidal semi-diurnal
tides in Sect. 3.3.1.

To explore the σ–A relationship with solar tides, we replace the sinusoidal tides in

Eq. 3.15 with a modulated sine wave over a 14-day period, with sea-level variation

shown in Fig. 3.4. Applying this forcing to the reference case, the GL migrates in

phase with tides (Fig. 3.4a). In each tidal period the low-tide σxx,max tracks the σ–

A relationship for sinusoidal tides (Fig. 3.4b), indicating that solar tidal amplitude

modulation does not change the σ–A relationship. Therefore, daily maximum

tidal amplitude proves to be a good metric to estimate the daily maximum tidal

stress that contributes to hydrofracturing.
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3.3.2 Linear Elastic Fracture Mechanics model of the hydrofrac-

ture

Figure 3.5: (a) The LEFM model of the hydrofracture. The lake basin with depth
db, is filled with water to a depth dw. Here dw serves as a measurement of the
water pressure pw, as shown in the zoom-in window. Promoted by the tidal stress
σxx (z) and lake-water pressure pw, a vertical fracture with length dl is initiated
from the lake bottom. (b) A reference case showing KI/KC varying with depth
(scaled by the ice thickness) and tidal phases, with A = 1.0 m, db = 10 m, and
dl,init = 0.1 m. The solid lines represent KI/KC at low tides. The dashed lines
represent KI/KC at high tides when upward flexure causes compression, and thus
a negative tidal contribution to hydrofracture.

Since hydrofracturing typically occurs on a short timescale over which ice behaves

elastically, we consider the fracture propagation in the LEFM framework. The hy-

drofracture is assumed to be a quasi-static elastic fracture occurring at the location

with σxx,max at low tides. The stress that drives its propagation is the sum of the
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water pressure and tidal stress. The water pressure in the fracture pw is assumed

to be hydrostatic; the tidal stress σxx,max is calculated by the viscoelastic model

mentioned above. We use the weight-function method to calculate the stress in-

tensity factor KI (Tada et al., 2000). Since at low tides the GL goes downstream

and leaves the ice beneath the lake attached to the bedrock, we use a weight func-

tion that is designed for ice grounded on rigid bedrock, as suggested by Jimenez

and Duddu (2018).

Figure 3.5a shows a schematic of the fracture model. The lake basin has a depth

db = 10 m (obtained from the DEM) and is filled with water to a depth dw. The

horizontal stress σxx(z) represents the low-tide tidal stress, and is obtained from

the numerical results with a given tidal amplitude A. For a vertical fracture, we can

calculate the stress intensity factor KI as a function of its length dl. If KI exceeds

the ice fracture toughness KC , the fracture can propagate, until KI = KC . We

assume that lake drainage occurs when a vertical hydrofracture reaches the ice-

sheet bottom.

Note that for the initial fracture, KI is sensitive to its length dl,init. However, there

is little observational constraint on the lengths of pre-existing fractures at the lake

basin. While the choice of dl,init requires further study, the relative importance

of the lake pressure versus the tidal amplitude is independent of dl,init, which is

shown in the model-based relationship below. Here we will choose dl,init such

that the modelled relationship best fits the drainage data.

In Fig. 3.5b, assuming that A = 1 m, we plot a reference case showing KI/KC

versus the fracture length dl, under different combinations of lake depth dw (dw =

0, 2, 4 m) and tidal phases (low tide and high tide). The vertical dashed line

represents the ice fracture toughness KC . At low tide, downward flexure gives

positive KI near the upper surface. Conversely, at high tides, compression gives

59



University of Oxford St John’s College

negative KI there. Figure 3.5b can be used to predict lake drainage: at low tides,

for a pre-existing fracture with length dl,init, if KI > KC holds for any depth

that the fracture can reach, then A and dw are predicted to induce lake drainage.

Repeating this treatment for different combinations of A and dw yields the model-

based drainage relationship, which is shown in Sect. 3.3.3.

3.3.3 Drainage criteria in terms of tidal amplitude and lake

depth

As shown above, at low tides for an initial fracture with a given length dl,init =

0.1 m, the prediction of hydrofracturing is controlled by two factors: tidal stress

and water pressure, measured by tidal amplitude A and lake depth dw. When

the combined effect of tidal flexure and lake-water pressure can overcome the ice

fracture toughness and ice-overburden stress, the fracture propagates, reaches the

ice–bedrock interface, and drains the lake.

We construct a model-based drainage relationship in terms of A and dw in a 2-D

parameter space. The relationship is defined as the marginal conditions at which

the initial fracture can reach the ice–bedrock interface. In Fig. 3.6a, we show two

criteria with different initial crack lengths dl,init of 0.1 and 0.2 m. When (A, dw)

of a lake crosses the critical line from bottom-left to top-right, the total tensile

stress is large enough that the hydrofracture can reach the bottom of the ice sheet.

As shown in Fig. 3.6a, the increasing tidal amplitude can reduce the lake depth

required for hydrofracturing. This provides a measure of the relative importance

of tidal flexure to water pressure for lake drainage. Meanwhile, there exists a

maximum tidal amplitude above which fracturing can be induced entirely by tidal

stress, without a water supply. Supraglacial lakes would not be able to form under

such large tidal stress.
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Figure 3.6: (a) A comparison between the model relationship and the drainage
data. Each circle represents one drainage event from Trusel et al. (2022). The hor-
izontal coordinate is the time-averaged daily maximum tidal amplitude during the
drainage, with an error bar representing the range of the daily maximum tidal am-
plitude. The vertical coordinate is the pre-drainage lake depth. The dashed black
line is a weighted linear regression of the observations. The red and violet lines
are model-based criteria with different initial crack lengths, with squares repre-
senting the numerical experiments. The four coloured circles represent drainage
events with best-constrained temporal evolution of lake depth and tidal ampli-
tude. The 95% confidence interval on the regression slope is shown by the grey
area on the top left corner, with the solid line indicating the regression result, and
the dashed lines showing the upper and lower limit. (b) Temporal evolution of
coloured events in panel (a). The points labelled “0” represent the day of the
drainage. The negative and positive values represent the days before and after the
drainage, respectively.

In Fig. 3.6a, we compare the model-based relationship with observations from

Trusel et al. (2022). Each circle represents a drainage event. To leading order,

the model agrees with the data. The data cluster close to the model-based rela-

tionship for realistic values of dl,init. A weighted linear regression of the observa-

tions also suggests that higher tidal amplitude reduces the lake depth required for

drainage. However, the steeper slope of the regression line suggests the depen-

dence of drainage on tidal amplitude is stronger than predicted by our model.
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To better demonstrate the drainage process, in Fig. 3.6b we show four events with

the best observational constraint on temporal evolution of lake depth and tidal am-

plitude. We show measurements from before, during and after the drainage. Note

that we simply assume the drainage occurs at the highest water level observed,

which is the minimum pre-drainage water level due to the time interval between

satellite images. The two events dated 2018-12-25 and 2020-01-04 cross the crit-

ical line with dl,init = 0.2 m in the observational interval of several days. The

event dated 2018-01-14 crosses both criteria. The post-drainage states are below

the critical line with dl,init = 0.1 m, representing the end of drainage due to in-

sufficient water supply. Therefore, we believe our model captures the essential

physics that controls hydrofracturing in the grounding zone.

3.4 Discussion

We use a viscoelastic model to predict GL migration and tidal stress of a marine

ice sheet. By considering tidally-induced hydrofracturing in an LEFM model, we

construct a model-based drainage relationship that accounts for the tidal amplitude

and lake depth required for drainage. The relationship agrees with observations

to leading order, thus supporting the hypothesis from Trusel et al. (2022) that

“hydrofracture is assisted by tidally forced ice flexure inherent to the ice shelf

grounding zone.” Furthermore, the relationship suggests that, in grounding zones,

ocean tides might set a maximum volume for supraglacial lakes. We hypothesise

that lakes tend to remain at a smaller volume than this critical value due to regular

drainage events. This hypothesis could be tested by a statistical study of more

supraglacial lake drainage events with local ocean tides.

The tidal-flexure model and drainage relationship can be applied to other marine

ice sheets with different rheological properties and bed topography. In the follow-

62



University of Oxford St John’s College

ing, we perform a sensitivity analysis to explore the dependence of GL migration

and tidal stress on ice rheology and bedslope angle. Finally, we discuss the limi-

tations of our model by exploring missing factors that might affect GL dynamics

and hydrofracture.

3.4.1 Sensitivity to ice Maxwell time

The ice Maxwell time λ controls the viscoelastic tidal response of a marine ice

sheet. Depending on the Deborah number De, the ratio of λ to the tidal period

T , the tidal response can be dominated by either elasticity (De ≪ 1) or viscosity

(De ≫ 1). Here, we explore the tidal response with a varying τ , representing a

transition from viscoelastic to viscous rheology.

Figure 3.7: (a) The grounding-zone width ∆xg (solid line), defined as ∆xg =
max {xr} − min{xl} as a function of shear modulus µ = 3 × 107 to 3 × 1012

Pa, with xl and xr denote the left and right GL, respectively. Here for both the
viscous case and the viscoelastic case, xl = xr. The dashed line shows ∆xg,ν , the
grounding-zone width in the viscous limit (µ → ∞). (b) Maximum tensile stress
σxx,max versus µ. The numerical reference case in Sect. 3.3 is labelled.

With the viscosity governed by Glen’s Flow law, we consider cases with varying

shear modulus µ, thus varying Maxwell time. All other parameters are set to their
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reference values. We define a grounding-zone width, ∆xg, as the range of GL in a

tidal period. In Fig. 3.7a, ∆xg is plotted versus µ. With the bedslope θ = 2×10−2,

only one GL is found to migrate with the tides, giving a grounding-zone width of

about 0.5− 1 km. As µ → ∞, the tidal response becomes purely viscous and the

grounding zone widens and reaches its viscous limit ∆xg,ν . In Fig. 3.7b, σxx,max

increases with increasing µ and converges to the viscous stress calculated by the

viscous model (Stubblefield et al., 2021).

The ice Maxwell time is crucial in determining GL migration and tidal stress,

because viscous rheology tends to increase the width of a grounding zone and

produce larger tensile stress than viscoelastic rheology. Therefore, our model indi-

cates the importance of using viscoelastic rheology with an accurate ice Maxwell

time to predict the magnitude of tidal stress. Given the dependence of ∆xg on µ

(Fig. 3.7a), it may be possible to infer ice mechanical properties from observations

on the range of GL migration.

3.4.2 Sensitivity to bedslope angle

The above discussion shows how tidal response varies with shear modulus, with

a characteristic bedslope θ = 2 × 10−2 at the Amery Ice Shelf GL. Here we ex-

tend the results to different bedslopes and explore how the tidal response of a GL

would change with local bathymetry. We consider three marine ice sheets with

bedslope θ = 2 × 10−4, 2 × 10−3, and 2 × 10−2, with all other parameters set to

be the same as the reference case. For simplification, we focus on the effect of θ

while keeping the inflow velocity u0 and basal friction coefficient C in Eq. 3.18

fixed. Because of this, the ice adjusts to the changing bedslope through either

thinning or thickening. The modelled surface velocity near the grounding line

deviates from the observed value u0, but maintains the same order of magnitude.

The GL migration is shown in Fig. 3.8a. Different from the single GL shown
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above, the low-bedslope regime θ = 2× 10−4 is characterized by double ground-

ing lines at low tides. Between the left GL at xl and the right GL at xr, the ice

sheet is lifted due to a water layer trapped underneath (Stubblefield et al., 2021),

forming a “low-tide grounding zone.” For the other two cases, only a single GL

is found, with the range of the GL decreasing with increasing θ. Moreover, the

maximum tidal stress monotonically increases with θ (Fig. 3.8b). This is consis-

tent with thin-plate models. As the bed slope angle increases, the curvature at the

grounding line also increases, resulting in greater flexural stress. Simultaneously,

the gravitational body force resisting grounding-line migration becomes stronger,

causing the width of the grounding zone to decrease. However, the dependence

is no longer linear in this viscoelastic model. For a specific grounding line, the

local basal topography and characteristic bedslope angle can be constrained by

observations (Fretwell et al., 2013). Thus, the uncertainties of the modelled tidal

GL migration and stress mainly come from the rheological model.

Figure 3.8: (a) The range of the GL position in one tidal period as a function of
bedslope angle θ = 2× 10−4, 2× 10−3, 2× 10−2. When θ = 2× 10−4, there are
two GLs. The left and right GLs are denoted xl and xr, respectively. The other
two cases give single GL xg shown by the black line. (b) Maximum tidal stress
σxx,max versus θ.
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Our sensitivity analysis is based on the assumption of a fixed basal friction pa-

rameter. To estimate the tidal stress at a specific geographical location, the tidal

response should be modelled with a basal sliding law that matches observed sur-

face velocities. Then, a drainage relationship can be set up to estimate the local

tidal contribution to supraglacial lake drainage.

3.4.3 Limitations

Deviations between the model-based relationship and data regression indicate that

we may be underestimating the tidal contribution to hydrofracturing (Fig. 3.6).

Currently, we assume a stress-free top surface and constant ice properties in the

viscoelastic flow model. However, the supraglacial lake can induce additional

stress in the surrounding ice, particularly on floating portions of the grounding

zone that allow downward flexure (MacAyeal and Sergienko, 2013). Meanwhile,

the existence of ice fatigue due to stress oscillations can weaken ice strength and

promote hydrofracturing (Borstad et al., 2012; Lhermitte et al., 2020). A better

approach may be to directly consider the supraglacial lake and the ice damage

within the 2-D viscoelastic model.

Another limitation arises from our assumption of hydrostatic water pressure on

the ice–ocean interface. The pressure gradient induced by tidally modulated sub-

glacial water flow can cause elastic flexure in ice sheets close to the grounding

line (Warburton et al., 2020). Furthermore, ocean tides can change the effective

pressure at the bed and lubricate the ice–bedrock interface, leading to a variation

of basal friction that is not accounted for by the sliding law in our model (Gud-

mundsson, 2011). Thus, it is important to incorporate the subglacial hydrology in

simulating the tidal response of a marine ice sheet.

Limitations also come from the data availability. Relative to the tidal period and
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lake-drainage period, the lower temporal resolution of the remotely sensed ob-

servations might obscure the true lake depth and tidal amplitude at the time of

drainage. Field measurements and satellite images of supraglacial lake drainage

with a higher observational frequency could improve our understanding of tidally-

induced drainage.

3.5 Conclusion

Our study of tidally-induced stress and hydrofracture propagation in a viscoelas-

tic marine ice sheet grounding zone supports the hypothesis on tidally-induced

supraglacial lake drainage proposed by Trusel et al. (2022). We further propose a

model-based relationship for lake drainage that indicates how ocean tides and lake

depth together determine whether supraglacial lakes will drain via hydrofracture

at the Amery Ice Shelf GL. Importantly, the relationship indicates that grounding-

zone lakes tend to remain at a smaller volume than a critical value controlled by

tidal flexure. For similar, tidally-modulated marine ice sheets, our results suggest

that ocean tides can generate significant stress near the grounding line, potentially

increasing the vulnerability of ice sheets to hydrofracturing in grounding zones

where lakes form. Our work serves as an initial attempt to analyse the tidal effect

on hydrofracturing, which helps to better explain the role of ocean tides in driving

supraglacial lake drainage.
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4 | Tides modulate ice-shelf and ice-stream ve-

locity through asymmetric grounding line

migration

4.1 Introduction

An ice stream is a region of fast-flowing ice within the surrounding grounded ice

sheet. For Antarctica Ice Sheet, more than 90% of the discharge happens through

outlet glaciers and ice streams. Thus, understanding the controlling mechanics is

important for our understanding of the mass balance of Antarctic Ice Sheet. In

this chapter, we focus on the responses of Antarctic ice streams to ocean tides on

a diurnal or fortnightly timescale.

The tidal response of Antarctic ice streams can be classified depending on their

linearity with respect to tidal forcings. In ice streams such as Whillans Ice Stream

(Bindschadler et al., 2003) and the Bindschadler Ice Stream (Anandakrishnan

et al., 2003) flowing into the Ross Ice Shelf, ice velocity varies at the same fre-

quency as ocean tides, indicating a linear response to tidal forcings. Conversely,

some other glaciers and ice streams exhibit tidal variations at a fortnightly fre-

quency that is absent in tidal forcings. For example, the Rutford Ice Stream into

the Filchner–Ronne Ice Shelf shows a predominantly fortnightly tidal response

to semi-diurnal tidal forcings (Gudmundsson, 2006; Minchew et al., 2017). The

Beardmore Glacier flowing into the Ross Ice Shelf (Marsh et al., 2013) also shows

a fortnightly tidal variation in velocity but with a much smaller magnitude com-

pared to the Rutford Ice Stream. On the Priestley Glacier, which is a highly but-

tressed valley glacier flowing into the Nansen Ice Shelf, the velocity responds
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semi-diurnally to diurnal tidal forcings (Drews et al., 2021). On these ice streams

and glaciers, these tidal signals can propagate up to 80 kilometres upstream of

the grounding line (Gudmundsson, 2006), or persist within less than 20 kilome-

tres upstream (Heinert and Riedel, 2007; Marsh et al., 2013; Drews et al., 2021),

depending on the tidal amplitude. Due to their variability across regions, tidal

responses serve as an ideal entry point to investigate the competing mechanisms

that control the dynamics of Antarctic grounding zones. As a result, the tidal re-

sponses of Antarctic ice streams are garnering increasing attention from ice sheet

modellers.

With the fortnightly variation dominating the tidal response, the Rutford Ice Stream

is an ideal place to explore the mechanisms causing nonlinear tidal responses.

Gudmundsson (2006) observed the tidal response of the Rutford Ice Stream using

GPS measurements. This was followed by a series of numerical simulations inves-

tigating the potential causes, such as basal sliding law, subglacial hydrology and

tidal flexure (Gudmundsson, 2007, 2011; Rosier et al., 2014, 2015). Minchew

et al. (2017) developed a Bayesian method to infer surface velocity data from

remote-sensing and synthetic-aperture-radar observations. They proposed that at

the Rutford Ice Stream, periodic grounding of the ice shelf along the ice-shelf

margins causes migration of shear margins and changes in the effective width of

the ice shelf. The nonlinear dependence of horizontal ice velocity on the effective

width is responsible for the nonlinear tidal responses. Robel et al. (2017) studied

this hypothesis using a viscoelastic ice-shelf model with parameterised nonlin-

ear dependence of ice-shelf buttressing stress on tidal height. They have shown

that the asymmetry in buttressing stress to tidal height could cause fortnightly

variations in horizontal displacement. Recently, Rosier and Gudmundsson (2020)

conducted a 3-D full-Stokes simulation of the entire Filchner-Ronne Ice Shelf and

highlighted the importance of asymmetric grounding-line migration with respect
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to tidal forcings in producing the fortnightly tidal response.

Besides periodic grounding, asymmetric grounding-line migration can also occur

through tidally modulated subglacial hydrology. By modelling the coupled dy-

namics of an elastic ice shelf with the subglacial water discharge, Warburton et al.

(2020) showed that seawater can be retained in the subglacial cavity at low tides,

causing detachment of basal ice from the bed and lubricating the ice–bed interface.

This process can be nonlinear with tidal height, depending on the permeability of

the subglacial hydrological system and tidal frequency. Their model produced

asymmetric grounding line migration with respect to tidal height. However, the

flow variability was not considered due to the limit of elastic ice rheology. On the

other hand, MacAyeal et al. (2021) developed an ice-stream flow-line model that

incorporates both viscoelastic vertical flexure and viscous horizontal flow, which

could be further extended to modelling tidally-modulated grounding line dynam-

ics. In this chapter, I combine the subglacial hydrology model by Warburton et al.

(2020) with the ice-stream model by MacAyeal et al. (2021).

By applying the combined model to an idealised, Rutford-like ice stream, we pre-

dict tidal variations in ice velocity with a given tidal height. The model serves

as an intermediate state between complex 3-D regional-scale models (Rosier and

Gudmundsson, 2020) and simple 1-D elastic ice-shelf bending models, and is

aimed at acquiring mechanistic understanding of the tidal response due to asym-

metric grounding-line migration caused by subglacial hydrology and viscoelastic

tidal flexure.

4.2 Governing equations and model set-up

For the dynamics of ice, we adapt the modelling framework by MacAyeal et al.

(2021), in which ice motion is assumed to be a superposition of viscoelastic ver-
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tical flexure and viscous horizontal flow. While the model by MacAyeal et al.

(2021) is focused on the dynamics of ice shelves, we add the effect of subglacial

hydrology by introducing a water layer between ice and bed, which gives us flex-

ibility to model the grounded ice and migration of the grounding line. Fig. 4.1

shows a schematic of the model domain. The Cartesian coordinate is (x, z), with

the origin O on the bedrock. The bottom and top of the ice shelf are represented

by B(x, t) and S(x, t), respectively. The thickness is H(x, t) = S − B. The

length of the domain is denoted as L. For simplicity, we use the vertical coordi-

nate ζ = z − (B +H/2), with ζ = 0 on the mid-plane in the ice.

Figure 4.1: Model set-up. Here R+40 represents the GPS station 40 km upstream
of the grounding-line station R0, and R-20 is the station 20 km downstream of the
grounding line (Gudmundsson, 2007). Time series will be extracted from these
three stations to study the tidal responses.

Ice motion is described by the horizontal velocity u and vertical deflection η. The

rheology of the vertical flexure is assumed to be viscoelastic and governed by the

Maxwell constitutive law. Thus, the net vertical displacement η is the sum of the

elastic component ηe(x, t) and viscous component ην(x, t).
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The horizontal velocity u is assumed to be the superposition of vertically uniform

stretching u, flexure −∂2η̇ν
∂x2 ζ (linear in ζ), and higher order terms in terms of the

aspect ratio ε =
H

L
,

u = u (x, ζ, t) = u (x, t)− ∂η̇ν
∂x

ζ +O
(
ε2
)
. (4.1)

The overline is used to denote variables that are depth-averaged and thus indepen-

dent of ζ .

4.2.1 Combined viscoelastic flexure and ice flow

The vertical stress balance related to flexure is

∂2M

∂x2
+ f = 0, (4.2)

where M is the bending moment and f is the distributed force. The bending

moment M is associated with the elastic deflection ηe according to the thin-plate

theory (e.g., Turcotte and Schubert, 2002)

M = −E ′I
∂2ηe
∂x2

, (4.3)

where E ′ =
E

1− µ2
is the effective Young’s modulus for plane strain, µ is the

Poisson’s ratio, and I =
H3

12
is the second moment of area of the cross section.

For simplicity, we drop the prime on E ′ and denote the effective Young’s modulus

as E. In the following, we derive the expression of M in terms of the viscous

deflection ην to construct the constitutive law of viscoelastic bending.

We denote the stress tensor as σ = T − pI , where T is the deviatoric stress, and

p is the cryostatic pressure. Ice viscosity is denoted by ν. According to Eq. 4.1,
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dropping the higher order terms O (ε2), the horizontal net stress is

σxx = −p+ 2ν
∂u

∂x
= −p+ 2ν

(
∂u

∂x
− ∂2η̇ν

∂x2
ζ

)
. (4.4)

Therefore, the bending moment M can be written as

M =

ˆ H
2

−H
2

(Txx − p) ζdζ =

ˆ H
2

−H
2

[
−p+ 2ν

(
∂u

∂x
− ∂2η̇ν

∂x2
ζ

)]
ζdζ. (4.5)

To get M in terms of u and ην , we need to derive an expression for p. The stress

balance in the vertical direction gives

∂

∂ζ
(Tzz − p) +

∂

∂x
(Txz) = ρig, (4.6)

where ρi and g are ice density and gravitational acceleration, respectively. The

normal vertical deviatoric stress component is Tzz = 2ν
∂w

∂ζ
. We assume that

the stream slides over an soft bed, thus shear deformation is negligible compared

with horizontal stretching. Therefore, the vertical shear stress Txz is negligible,

thus
∂

∂x
Txz ≪

∂

∂ζ
(Tzz − p), and Eq. 4.6 can be simplified to

∂

∂ζ

(
2ν

∂w

∂ζ

)
− ∂p

∂ζ
− ρig = 0. (4.7)

Assuming that ice is incompressible, the continuity condition gives that

∂w

∂ζ
= −∂u

∂x
= −∂u

∂x
+

∂2η̇ν
∂x2

ζ, (4.8)

which can be substituted into Eq. 4.7 to get

− ∂

∂ζ

(
2ν

∂u

∂x

)
+

∂

∂ζ

(
2νζ

∂2η̇ν
∂x2

)
− ∂p

∂ζ
− ρig = 0. (4.9)
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Assuming that the top surface is traction free, thus

σzz = (−p+ Tzz) |ζ=H
2
= −p|ζ=H

2
+ 2ν

(
−∂u

∂x
+

∂2η̇ν
∂x2

ζ

)
|ζ=H

2
. (4.10)

Integrating Eq. 4.9 from ζ to the top surface ζ =
H

2
, and substituting Eq. 4.10,

we obtain the expression of ice overburden pressure

p(ζ) = −2ν
∂u

∂x
+ 2νζ

∂2η̇v
∂x2

+ ρig

(
H

2
− ζ

)
. (4.11)

Here the viscosity can be decomposed as ν = ν(x) + S(x, ζ), where ν(x) is the

depth-averaged component and S(x, ζ) represents the depth-dependent compo-

nent. Thus the depth-averaged pressure is

p(ζ) = −2ν
∂u

∂x
+ 2ζS ∂2η̇v

∂x2
+ ρig

H

2
. (4.12)

Similarly, T xx can be derived as

T xx = 2 (ν + S (x, ζ))

(
∂u

∂x
− ∂2η̇ν

∂x2
ζ

)
= 2ν

∂u

∂x
− 2

(
ζS
) ∂2η̇ν
∂x2

. (4.13)

In our calculation, we assume a constant ice viscosity (ν = ν = ν0, S = 0) for

simplicity. Substituting Eq. 4.11 into Eq. 4.5 gives the bending moment M in

terms of the viscous deflection ην ,

M = −νH3

3

∂2η̇v
∂x2

+
ρigH

3

12
. (4.14)

The last term
ρigH

3

12
is a consequence of ice overburden pressure that is not in-

volved in the constitutive relationship. We will treat it as a forcing term in the

force balance equation Eq. 4.19. Combining Eq. 4.3 and Eq. 4.14 gives the vis-

74



University of Oxford St John’s College

coelastic constitutive law of flexure

∂2η̇

∂x2
=

∂2η̇e
∂x2

+
∂2η̇ν
∂x2

= − Ṁ

EI
− 3

νH3
M. (4.15)

We follow MacAyeal et al. (2021) by introducing a new variable Φ =
∂2ην
∂x2

to

denote the viscous curvature. Thus

Φ̇ =
∂Φ

∂t
+ u

∂Φ

∂x
= − 3

νH3
M. (4.16)

The constitutive law for Maxwell viscoelasticity Eq. 4.15 can be rewritten by re-

placing the − 3

νH3
M term with Φ̇:

D

Dt

(
Φ− 12 (1− µ2)

EH3
M − ∂2η

∂x2

)
= 0. (4.17)

Integrating Eq. 4.17 over t gives the constitutive law in terms of Φ

Φ− 12 (1− µ2)

EH3
M − ∂2η

∂x2
= 0. (4.18)

In the stress balance equation Eq. 4.2, the distributed force f depends on the

gravity and surface loadings. In the model, we assume that

f = pw +N − ρigH, (4.19)

where pw is the subglacial water pressure, N is the effective pressure applied

on the bottom, and −ρigH is the weight of ice. There should be another term

− ∂2

∂x2

(
ρigH

3

12

)
related to the gravity term in Eq. 4.14. However, assuming that

the x-derivatives of H are small, this term can be neglected from Eq. 4.19. More

details about the thickness profile will be provided in Sect. 4.2.4.
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The effective pressure N is defined as the pressure imposed vertically by the ice

stream on its bed. Note that if there is no flexure in ice, f = 0, thus Eq. 4.19 is

simplified to N = ρigH − pw, which is the typical definition of N . In Sect. 4.2.3

we will derive pw and N as a part of the subglacial hydrology model adapted from

Warburton et al. (2020).

4.2.2 Shelfy stream approximation

In the above section, we derive the vertical stress balance Eq. 4.19 and consti-

tutive relationship Eq. 4.15 for the viscoelastic flexure problem. In the horizon-

tal direction, the ice stream is accounted for by the shelfy stream approximation

(MacAyeal, 1989). A more detailed derivation can be found in MacAyeal et al.

(2021).

The stress balance in x gives

∂

∂x
(Txx − p) +

∂

∂z
(Tzx) = 0. (4.20)

Integrating Eq. 4.20 over z from the bottom B (x, t) to the top S (x, t) gives

∂

∂x

(
H(Txx − p)

)
= [Txx − p(S)]

∂S

∂x
− [Txx − p(B)]

∂B

∂x
− Txz (S) + Txz (B) .

(4.21)

We assume that the top surface is traction free

(T − pI) · n = 0, z = S, (4.22)

and the bottom of both the grounded and floating ice is loaded with water pressure
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pw, effective pressure N and basal friction τb

(T − pI) · n = − (pw +N)n− τbt, (4.23)

where n is the outward-pointing normal unit vector and t is the tangential unit

vector. Substituting Eq. 4.12 and Eq. 4.13 into Eq. 4.21, the stress balance Eq. 4.21

can be rewritten as

∂

∂x

[
H

(
4ν

∂u

∂x
− 4

(
ζS
) ∂2η̇ν
∂x2

)]
− τb = ρigH

∂H

∂x
+ (N + pw)

∂B

∂x
. (4.24)

If the ice stream is in hydrostatic equilibrium (pw = ρigH) with the water under-

neath and has a vertically uniform viscosity (S = 0) dominated by the horizontal

strain rate (ν =
1

2
A−1/n|ux|1/n−1) based on Glen’s flow law, Eq. 4.24 can be

simplified to

∂

∂x

[
2A−1/nH|ux|1/n−1∂u

∂x

]
− τb = ρigH

∂(H +B)

∂x
= ρigH

∂S

∂x
, (4.25)

which is the typical horizontal stress balance for the shelfy stream approximation

used by Muszynski and Birchfield (1987) and MacAyeal (1989). Eq. 4.24 rep-

resents the balance between the membrane stress, basal friction and gravitational

body force. For τb, we will consider a sliding law that includes the effect of sub-

glacial hydrology τb = C|ub|1/m−1ubN
q/m (Budd et al., 1979), where q, m and C

are adjustable parameters.
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4.2.3 Subglacial hydrology model

We follow Warburton et al. (2020) by assuming that the subglacial water is a

laminar flow with a thickness h and pressure pw. Mass conservation requires that

∂h

∂t
+

∂q

∂x
= 0, (4.26)

where q is the flux driven by the hydraulic potential ϕ. Using lubrication theory, q

can be written as

q = − h3

12µw

∂ϕ

∂x
, (4.27)

where µw is water viscosity. Here ϕ is defined as

ϕ = pw + ρwgB (x) = pw + ρwg (b(x) + h) , (4.28)

where we use b(x) to denote the bedrock profile. Substituting Eq. 4.2 and Eq. 4.19

into Eq. 4.28 to eliminate pw gives

ϕ = −∂2M

∂x2
+ ρigS −N + (ρw − ρi) g (b(x) + h) . (4.29)

To close the system, we need one more equation for the effective pressure N .

Assuming that the bedrock is rigid, the contact condition of the ice stream and

bedrock requires that N → ρigH when h → 0 and N → 0 when h → ∞.

Therefore, we relate N to the water thickness h using the function Λ (h) used by

Kyrke-Smith et al. (2014). The function is

N(h) = ρigHΛ(h) = ρigHδ ln

(
1 + exp

hc − h

δhc

)
, (4.30)
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where δ = 0.1 is a small regularisation parameter, and hc is the critical distance

above which the ice stream is treated as detached from the bed with N ∼ 0.

When h → 0, N → ρigH , which signifies the ice shelf grounding on the bed.

Conversely, when h ≫ hc, N → 0, indicating detachment from the bed. This is

an ad-hoc treatment of the contact condition of an ice stream on a rigid bed.

4.2.4 Full governing equations

Eq. 4.31 is the full set of governing equations describing the coupled dynamics

of vertical viscoelastic flexure, horizontal viscous flow and subglacial hydrology,

in terms of seven variables Φ, u, M , H , h, pw, N . The bottom of the ice shelf is

B = b + h. Therefore the mid plane is η = B +
H

2
= b + h +

H

2
. Thus the

deflection η is eliminated by using the geometric constraint η − b− h− 1
2
H = 0.

The full system of the ice shelf and the subglacial water flow is governed by

∂Φ

∂t
+ u

∂Φ

∂x
+

3

νH3
M = 0,

Φ− 12 (1− µ2)

EH3
M − ∂2

∂x2

(
b+ h+

1

2
H

)
= 0,

∂2M

∂x2
− ρigH +N + pw = 0,

∂

∂x

[
4νH

∂u

∂x

]
− Cu1/mN q/m − ρigH

∂H

∂x
− (N + pw)

∂(b+ h)

∂x
= 0,

∂H

∂t
+

∂(Hu)

∂x
= 0,

∂h

∂t
− ∂

∂x

[
h3

12µw

∂

∂x
(pw + ρwg (b+ h))

]
= 0,

N − ρigHδ ln

(
1 + exp

hc − h

δhc

)
= 0.

(4.31)

We use H0(x) to denote the initial thickness profile of the ice stream. For the
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inflow boundary, the boundary conditions are

M = 0,

Φ = 0,

H = H0,

u = U0,

pw = ρwg (sw − b− h) ,

N = ρigH0 − pw,

N = ρigHδ ln

(
1 + exp

hc − h

δhc

)
,

at x = −L, (4.32)

where sw refers to the sea level. It is set at z =

(
ρw
ρi

)
H0|x=−L. Physically, M =

0 and Φ = 0 represent the absence of bending moment and flexure, respectively,

in the upstream ice shelf. The ice thickness H is assumed to remain at its initial

value H0|x=−L. The inflow velocity is prescribed as U0. In addition, we assume

that the subglacial water pressure pw is hydrostatic, proportional to sw − b − h,

which represents the depth below sea level. Consequently, the effective pressure

N can be determined from N = pi − pw. Finally, we calculate the corresponding

subglacial water thickness h using Eq. 4.30.

At the steady state where sw is fixed, the subglacial hydrological system is in

equilibrium with the sea, with no flux in the drainage system. However, water

flow can be driven by ocean tides with sw evolving periodically. For the outflow
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boundary at x = ∞, the boundary conditions are

M = 0,

h (x) = sw − ρi
ρw

H0 − b,

Φ = 0,

H = H0|x=L,

4ν
∂u

∂x
= σb (t) ,

pw = ρigH,

N = 0,

at x = L, (4.33)

where σb is a parameterisation of the buttressing stress (Robel et al., 2017). At the

downstream boundary, we assume that the ice shelf is floating freely, with zero

bending moment M and zero viscous curvature Φ. The subglacial water thickness

h is determined by the elevation difference between the ice-shelf bottom and the

bedrock. The water pressure pw is balanced by the ice overburden pressure ρigH ,

resulting in an effective pressure of 0. The ice thickness H remains at the initial

value H0|x=L. In addition, the downstream boundary is subject to an extensional

stress σb, which represents the buttressing effect exerted by pinning points.

For simplicity, a linear bedrock profile b(x) = −θx (θ ≪ 1) and a linear initial

ice thickness profile H0(x) = Hi − βx are used for all simulations. Here Hi is

the ice thickness at x = 0 and treated as a constant. Note that on tide timescales,

the thickness variation of the ice shelf is negligible, thus the ice thickness H can

be approximated by the initial thickness profile H0. We can drop the mass bal-

ance(5th) equation in Eq. 4.31 that governs H .
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4.2.5 Nondimensionalisation

For the flexure problem, the bending lengthscale describes the characteristic wave-

length of elastic flexure

lw =

(
EI

ρwg

) 1
4

, (4.34)

where ρw is the density of the sea water. We use the following scales to nondi-

mensionlise the problem

[x] = lw, [H] = lw, [b] = lw, [h] = h0, [t] =
12µw

ρwglwε2
= τ, [u] = U0,

[N ] = N0 = ρiglw, [pw] = p0 = ρiglw, [M ] = M0 = ρigl
3
w, [Φ] = Φ0 =

1

lw
.

(4.35)

Here h0 is the characteristic thickness of the subglacial water layer, which is in-

ferred from the permeability and has a reference value of 5× 10−4 m (Warburton

et al., 2020), and τ is the characteristic timescale of subglacial water transport.

We define a small parameter ε =
h0

lw
, which is the ratio of water thickness to the

ice bending lengthscale.

Table 4.1 shows the reference values of the variables used in the model. The val-

ues of β and θ are set to resemble the geometry at the grounding line of Rutford

Ice Stream. The velocity accounts for the upstream inflow velocity, and the fric-

tion coefficient is chosen such at the velocity at the grounding line matches the

observed value v ∼ 400m/yr.
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Physical property Notation Value
Density of water ρw 1027 kg m−3

Density of ice ρi 917 kg m−3

Length of the domain L 20 km
Ice thickness Hi 1700 m
Initial ice thickness gradient β 2× 10−3

Bedslope angle θ 10−3

Sliding law component (velocity) m 3
Sliding law component (effective pressure) q 1
Glen’s Law exponent n 3
Characteristic (inflow) velocity u0 300 m y−1

Friction coefficient C 1.5× 104 Pa1/n m−1

Young’s modulus E 0.88× 109 Pa
Poisson’s ratio µ 0.33
M2 (Lunar) Tidal amplitude AM 3 m
S2 (Solar) Tidal amplitude AS 3 m
Lunar tidal period TM 12.42 hr
Solar tidal period TS 12.00 hr
Water thickness h0 5.0× 10−4 m

Table 4.1: Parameters used in the model and their reference values.

The dimensionless governing equations are

M0

l2w

∂2M̂

∂x̂2
− ρiglwĤ + p0p̂w +N0N̂ = 0,

Φ0

τ

∂Φ̂

∂t̂
+

U0Φ0

lw
û
∂Φ̂

∂x̂
+

3M0

ν0ν̂l3w

M̂

Ĥ3
= 0,

Φ0Φ̂− 12 (1− µ2)M0

El3w

M̂

Ĥ3
− h0

l2w

∂2ĥ

∂x̂2
= 0,

h0

τ

∂ĥ

∂t̂
− h3

0

12µwl2w

∂

∂x̂

[
ĥ3 ∂

∂x̂

(
p0p̂w − ρwglwb̂ (x̂) + ρwgh0ĥ

)]
= 0.

N̂N0 − ρigHδ ln

(
1 + exp

hc/h0 − ĥ

δhc/h0

)
= 0,

4ν0U0

lw

∂

∂x̂

[
ν̂Ĥ

∂û

∂x̂

]
− CU

1/m
0 N

q/m
0 û1/mN̂ q/m − ρiglwĤ

∂Ĥ

∂x̂
−
(
N̂N0 + p̂p0

) ∂
(
b̂+ εĥ

)
∂x̂

= 0.

(4.36)
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Further simplification gives

∂2M̂

∂x̂2
− Ĥ + p̂+ N̂ = 0,

∂Φ̂

∂t̂
+

U0

lw/τ
û
∂Φ̂

∂x̂
+

3ρigτ

ν0ν̂Φ0

M̂

Ĥ3
= 0,

Φ̂− 12(1− µ2)ρiglw
E

M̂

Ĥ3
− h0

l2w

∂2ĥ

∂x̂2
= 0,

∂ĥ

∂t̂
− τρwglwε

2

12µw

∂

∂x̂

(
ĥ3

(
ρi
ρw

∂p̂w
∂x̂

− ∂b̂

∂x̂
+ ε

∂ĥ

∂x̂

))
= 0,

N̂ − ρigH

N0

δ ln

(
1 + exp

hc/h0 − ĥ

δhc/h0

)
= 0.

∂

∂x̂

[
ν̂Ĥ

∂û

∂x̂

]
− CU

1/m
0 N

q/m
0 lw

4ν0U0

û1/mN̂ q/m − ρigl
2
w

4ν0U0

Ĥ
∂Ĥ

∂x̂
−
(
N̂ + p̂

) ρigl
2
w

4ν0U0

∂
(
b̂+ εĥ

)
∂x̂

= 0,

(4.37)

The dimensionless boundary conditions are

M̂ = 0,

Φ̂ = 0,

û = 1,

p̂w =
ρwg(sw − lwb̂− h0ĥ)

p0
,

N̂ =
ρigH0 − ρwg(sw − lwb̂− h0ĥ)

N0

,

N̂ =
ρigH0

N0

δ ln

(
1 + exp

hc − h0ĥ

δhc

)
,

at x̂ = −L

lw
(4.38)
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and
M̂ = 0,

ĥ (x) =
hw

h0

+
1

h0

(
sw − ρi

ρw
H0 − lwb̂

)
,

Φ̂ = 0,

ν̂
∂û

∂x̂
=

lw
4ν0U0

σb,

p̂w =
ρigH

p0
,

N̂ = 0,

at x̂ =
L

lw
(4.39)

where L is the dimensionless half-length of the domain, and sw(t) is the sea level

variation induced by tides.

The initial condition is determined by a purely floating ice-shelf bending profile

with hydrostatic subglacial water pressure. For the floating part, the initial condi-

tion is
Ĥ =

H0

lw
,

p̂w =
ρigH0

p0
,

ĥ =
hw

h0

+
1

h0

(
sw − ρi

ρw
H0 − lwb̂

)
,

N̂ = 0,

M̂ = 0,

Φ̂ = 0,

û =
Qi

U0H0

,

. (4.40)

where Qi = U0H0|x=−L is the total inflow flux at the left boundary. For the
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grounded part, the initial condition is

Ĥ =
H0

lw
,

p̂ =
ρwg

(
sw − lwb̂− h0ĥ

)
p0

,

N̂ =
1

N0

(ρigH0 − p0p̂) =
ρigH0 − ρwg(sw − lwb̂− h0ĥ)

N0

,

M̂ = 0,

Φ̂ = 0,

û =
Qi

U0H0

,

ĥ = −δ
hc

h0

ln

[
exp

(
N̂N0

ρigH0δ

)
− 1

]
+ γ

hc

h0

,

. (4.41)

where γ is a constant such that ĥ is continuous across the grounding line.

4.2.6 Numerical implementation

The full set of governing equations Eq. 4.36 is solved by a finite difference im-

plementation with the SNES library of PETSc (Balay et al., 1997, 2024a,b). The

computational domain is set between x̂ = −50 and x̂ = 20. The grid size is

∆x̂ = 0.35. We use the Crank–Nicolson method for time stepping in the govern-

ing equation for h.

4.3 Results

In the model, the horizontal stress balance in Eq. 4.36 includes basal friction, grav-

itational driving stress, membrane stress and buttressing. In this section, we show

two reference cases to demonstrate the tidal response of an idealised ice stream.
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In the first case we assume that there is no buttressing from the downstream ice

shelf, thus the fortnightly tidal response is a consequence of the nonlinear sliding

law and viscoelastic flexure. In the second case, we adapted the tidally induced

buttressing stress from Robel et al. (2017) as an additional source of nonlinearity.

4.3.1 Semi-diurnal tidal forcing without buttressing

Here we show a reference case in comparison with the results from Sect. 3.3.

The outflow boundary condition is ice overburden stress with no buttressing stress

σb = 0. The tides consist of M2 and S2 components with the same magnitude

AM = AS = 3 m. The period of M2 and S2 components are denoted by TM =

12.42 hr and TS = 12 hr, respectively. For simplicity, we assume a constant ice

viscosity ν = ν̄. The Maxwell time of ice, denoted λ, is given by λ = ν̄/E ∼ 63

hr. For the sliding law, we choose a nonlinear one with m = 3 and q = 1. The

geometric and tidal parameters are close to the characteristic parameters observed

at the Rutford Ice Stream (Morlighem et al., 2017, 2020).

As done in Sect. 3.3, we calculate the tidal variations in flexural stress, grounding-

line position, and ice velocity near the grounding line.

Fig. 4.2 shows the tidal response at different tidal phases in one tidal period. Simi-

lar to Sect. 3.3, the maximum tensile stress and surface velocity occur at low tides

shown in panel (d), similar to the results in chapter 3. In this case, the ice-thickness

gradient β is large in the grounding zone. Therefore, tidal variations in the sub-

glacial water pressure are too small to overcome the increasing weight of the ice

column upstream of the grounding line, making it difficult for the grounding line

to migrate further upstream at high tides. Fig. 4.3 shows the water thickness in the

grounding zone at four tidal phases. At low tides, the retained water thickness in

the grounding zone is close to the critical value hc, which is the boundary condi-
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Figure 4.2: Tidally induced horizontal deviatoric stress Txx in a tidal period near
the grounding line, which is denoted by the black square. (a) rising tide at t = 0,
(b) high tide at t = 0.25TS , (c) falling tide at t = 0.5TS , (d) low tide at t =
0.75TS .

tion for h at x → −∞, indicating that the shelf is attached to the bed, with N > 0.

This is different from Warburton et al. (2020), where the retained water layer is

much larger than hc, causing detachment of the shelf from the bed. Therefore,

subglacial water pressure pw in this case can be approximated to be hydrostatic.

Recall that in this case, we use h0 = 5 × 10−4 m, and the permeability of the

subglacial hydrological system scales with h3
0. Models with a higher drainage

permeability (hw = 5 × 10−3 m and 5 × 10−2 m) give similar results, indicating

that the subglacial drainage process occurs without any temporal lag and can be

approximated as hydrostatic in this Rutford-like case.

This is different from the results from Warburton et al. (2020), where the bedslope

angle is smaller and the variations in the ice thickness is not considered. There-

fore, tidal variations in the ice velocity u are mainly caused by the tidally modu-
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Figure 4.3: Tidally modulated subglacial water thickness h at different tidal
phases. Here the origin of the x-axis is randomly chosen. And the y-axis is the
water thickness in metres.

lated gravitational driving stress ρigH
∂S

∂x
. At low tides, when the ice shelf in the

grounding zone is attached to the bedrock, the surface elevation gradient is
∂S

∂x
=

θ + β. The gravitational driving stress is thus ρigH (θ + β). At high tides, when

the ice shelf floats up, the surface gradient is reduced to
∂S

∂x
=

(
1− ρi

ρw

)
β, giv-

ing a much smaller driving stress ρigH
(
1− ρi

ρw

)
β. Thus the amplitude of tidal

variations in gravitational driving stress is σh0 = ρigH

(
θ +

ρi
ρw

β

)
≈ 40 kPa.

Fig. 4.4 shows the time series of velocity, grounding-line migration and detrended

horizontal displacement over several tidal periods. The results begin with t =

30T , after spin-up of the model. While the ice is advected by the background

flow at a constant velocity, our primary focus is on the tidal variations in dis-

placement. Therefore, the displacement is detrended to exclude the effects of

background advection. Here R+40 represents the GPS station 40 km upstream

of the grounding line, R-20 is the station 20 km downstream of the grounding

line, and R0 is the one at the grounding line. The horizontal velocity reaches

its maximum at low tides when the driving stress is maximised (Fig. 4.4c). Spa-
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Figure 4.4: Time series of (a) grounding-line position and sea level sw, (b) de-
trended horizontal displacement, (c) velocity. (d) Spectra of tides and the de-
trended tidal displacement at R+40 in the reference case.
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tially, the tidal variation reaches the max magnitude at R0 and diminishes fur-

ther upstream. The tidal signals observed on the ice shelf at R − 20 are nearly

identical to those at R0, indicating minimal spatial variation at the ice shelf. As

shown in Fig. 4.4(a), the grounding-line migration is asymmetric with respect to

tidal height. Fortnightly variations in the detrended horizontal displacement are

observed (Fig. 4.4b). Fig. 4.4(d) shows the tidal responses in the frequency do-

main, where there are two peaks corresponding to fortnightly variations and semi-

diurnal variations. However, the produced fortnightly variations have a smaller

magnitude compared with observations (∼ 10 cm). More importantly, the above

results indicate that the ice stream is dominated by tidal variations in the gravita-

tional driving force. The daily maximum horizontal velocity occurs at low tides

with higher driving stress. However, at the Rutford Ice Stream, the observed daily

maximum horizontal velocity occurs at high tides instead, indicating that the basal

shear stress or buttressing from downstream ice shelves is the dominant control.

We will discuss the effect of buttressing in the following.

4.3.2 Tidal responses with buttressing

The nonlinear tidal responses can be a consequence of tidally modulated buttress-

ing stress due to ephemeral grounding at the pinning point (Robel et al., 2017) or

ice-shelf margin (Minchew et al., 2017). The low-tide downward deflection of ice

shelves is restricted by the pinning points underneath, but the high-tide upward

deflection is free. Therefore, variations in the depth-integrated basal shear stress

are larger from mean to high tide than from low tide to mean, leading to a but-

tressing effect that is asymmetric to tidal height. Robel et al. (2017) studied the

tidal response of a viscoelastic ice shelf with a parameterised buttressing stress.

We follow this parameterisation by imposing a buttressing stress σb on the outflow
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boundary of the domain. It takes the form

σb = σb0

[
21−α(1 + ŝw(t))

α − 1
]
, (4.42)

where α is a "shape parameter measuring the asymmetry in buttressing stress with

respect to tidal height", and σb0 is the magnitude of buttressing stress. Eq. 4.42

serves as a parametrisation of the nonlinear dependence of the buttressing stress

on tidal height. The physics underlying Eq. 4.42 is the nonlinear dependence of

the total contact area on tidal height at a pinning point. As the tide rises from

mean to high tide, the reduction in contact area is larger than rising from low to

mean tide. If we assume that the basal shear stress is uniform across the contact

area, this results in a nonlinear dependence of the buttressing force, derived from

the spatially integrated basal shear stress, on tidal height.

When α = 1, it is reduced to the linear case σb = σb0ŝw(t). In this case, we

consider the Rutford-like case where α = 1.54 following Robel et al. (2017). The

magnitude of tidal variations in buttressing stress is 1.4 times the driving stress,

giving σb0 = 1.4σh0.

The pattern of tidal stress Txx in Fig. 4.5 is similar to the case without buttress-

ing (Fig. 4.2). However, because of the additional compressive stress provided

by the pinning point on the outflow boundary, the tensile stress on the ice sur-

face is reduced. Meanwhile, in addition to the tidal responses due to asymmetric

grounding-line migration (Fig. 4.4), the buttressing nonlinearity in Eq. 4.42 pro-

duces fortnightly variations through "frequency mixing" of the solar tidal com-

ponent S2 and the lunar tidal component M2 (Robel et al., 2017), giving rise to

larger fortnightly variations (Fig. 4.6d) compared with the previous case. The

magnitude of fortnightly variations (Fig. 4.6d) is about five times larger than the

previous case.
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Figure 4.5: Tidally induced stress Txx in a tidal period near the grounding line
where buttressing is provided by pinning points. (a) rising tide at t = 0, (b) high
tide at t = 0.25TS , (c) falling tide at t = 0.5TS , (d) low tide at t = 0.75TS .

4.4 Discussion

In Sect. 4.3, we have shown that for an ideal Rutford-like ice stream, the sub-

glacial hydrology is nearly hydrostatic. Besides the ephemeral grounding at the

ice-shelf pinning point (Minchew et al., 2017; Robel et al., 2017; Zhong et al.,

2023), asymmetric grounding-line migration with viscoelastic flexure can cause

fortnightly variations through the nonlinear basal sliding law. Here, we focus on

exploring the effects of the nonlinear sliding law and viscoelastic flexure near the

grounding line. Although the effect of the nonlinear sliding law is much smaller

than of the buttressing in the reference cases, we show now that it can be large

depending on the choice of sliding laws and rheological parameters. In the fol-

lowing calculation, we exclude the parameterised buttressing stress in the force

balance and only consider the effect of basal sliding.
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Figure 4.6: Time series of (a) grounding-line position and sea level sw, (b) de-
trended displacement, (c) velocity with the buttressing effect from pinning points.
(d) Spectra of the detrended tidal displacement at R+40 in the reference case.
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4.4.1 Effect of the nonlinear sliding law

As shown by Gudmundsson (2011), the basal sliding law can cause nonlinearity

and affect the tidal responses of ice streams. For the horizontal viscous flow, we

investigate how the nonlinear sliding law contributes to the tidal response. The

key dimensionless parameter here is the ratio of the basal friction to the membrane

stress
τb

4ν0U0/lw
. Here we follow Gudmundsson (2011) and consider sliding laws

where q = 1 and m = 1, 3, 10. Here m serves as a metric of nonlinearity, where

m = 1 represents the linear case and m = 3, 10 represents the nonlinear cases.

The typical Weertman type sliding law (m = 3, q = 0) accounts for sliding on

a hard bed. And the limit m → ∞ corresponds to sliding on plastic subglacial

sediments, where basal shear stress is constant. The nonlinearity gets stronger

with increasing m, which accounts for the transition from a hard bed to plastic

sediments. For all cases we modify the value of the slipperiness C such that the ice

velocity at the grounding line matches the observed value u ≈ 400 m/yr. Fig. 4.7

shows the modelled time series of the fortnightly and semi-diurnal variations in

the detrended displacement (Fig. 4.7(a)) and the corresponding amplitude in the

frequency domain (Fig. 4.7(b)). The semi-diurnal component is insensitive to

the form of the sliding law. However, the fortnightly component increases with

m and can dominate the system with a sufficiently nonlinear sliding law with

m = 10, which is in agreement with Gudmundsson (2011). However, different

from Gudmundsson (2011), even with a linear sliding law m = 1, there is still a

fortnightly component comparable to the semi-diurnal component, which can be

explained by the asymmetric grounding-line migration caused by the viscoelastic

flexure (Fig. 4.4(b), Fig. 4.6(b)).
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Figure 4.7: (a) The time series of detrended displacement at R+40 with different
values of m. (b) Amplitude of the fortnightly and semi-diurnal detrended dis-
placement with different m.

4.4.2 Sensitivity to elastic modulus

The tidally induced viscoelastic flexure has two important timescales: the tidal

timescale TS = 12 hr and the Maxwell time of ice λ = ν̄/E. The Maxwell

time of ice controls how quickly elastic deformation is relaxed by viscous creep.

However, the elastic modulus of the ice shelf is poorly constrained, causing uncer-

tainties in λ and thus the modelled tidal responses. Here we assume a constant ice

viscosity and show how different elastic moduli and the corresponding ratio λ/TS

controls the type of tidal responses. We use a nonlinear sliding law with q = 1

and m = 3 that is consistent with the reference case in Sect. 4.3.

In Fig. 4.8, the amplitude of both fortnightly and semi-diurnal tidal variations at

R+40 is plotted against the ratio λ/TS . When the elastic modulus E is large, λ

is close to the tidal period (λ/TS ∼ 1), and ice behaves viscoelastically. The

tidal response is predominantly fortnightly. When E is small, elastic deformation
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Figure 4.8: The amplitude of tidal variations in detrended displacement at 40 km
upstream the grounding line as a function of Maxwell time λ. The red-dotted
line represents the fortnightly component, and the blue-dotted line represents the
semi-diurnal component.

dominates in the grounding zone. The semi-diurnal tidal variation remains close

to other cases, but the fortnightly variations vanish. The results suggest that the

viscoelastic rheology is critical in producing the nonlinear tidal responses.

A possible explanation is that the fortnightly variation depends on the asymmet-

ric grounding-line migration. When ice in the grounding zone is elastic, the

grounding-line migration is symmetric to tidal forcings, as shown by the elastic

flexure models (Sayag and Worster, 2011; Wagner et al., 2016). The linear sys-

tem can not produce fortnightly variations in the displacement through frequency

mixing of M2 and S2 tidal components. However, when the shelf is sufficiently

viscous, the grounding line migrates asymmetrically with respect to tidal forcings,

as shown by Stubblefield et al. (2021) and chapter 3. The asymmetry might be an

intrinsic property of the viscous and viscoelastic contact problems, even with hy-

drostatic subglacial water pressure. Further analysis of the viscoelastic contact
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problem is required to find the dependence of tidal responses on ice rheology.

4.4.3 Limitation

The model is limited by a lack of lateral shear stress in the horizontal stress bal-

ance. Lateral stress may also contribute to nonlinearity in tidal responses, partic-

ularly through periodic grounding (Minchew et al., 2017). Since lateral stress can

be formulated similarly to basal friction, the flowline model can be extended to

incorporate a parameterisation of lateral shear stress into Eq. 4.24.

Meanwhile, the robustness of the numerical model should be enhanced to explic-

itly account for the ephemeral grounding line at a pinning point, instead of using

the current parameterisation in Eq. 4.42 (Robel et al., 2017).

4.5 Conclusion

We modelled the tidal responses of an idealised Rutford-like ice stream and its

subglacial hydrology using a depth-integrated flow-line model. The subglacial

water pressure was found to be nearly hydrostatic, primarily due to the increasing

weight of the ice towards the inland ice streams. Our findings demonstrate that in

addition to ephemeral grounding at pinning points (Minchew et al., 2017; Robel

et al., 2017) and nonlinear sliding law (Gudmundsson, 2011), viscoelastic flexure

modulate fortnightly tidal variations. We further examined the sensitivity of these

fortnightly variations to changes in the elastic modulus and the form of the sliding

law. The results underscore the importance of viscoelastic flexure and nonlinear

sliding law in driving nonlinear tidal responses, which are governed by the ratio

of the Maxwell time to the tidal period.

As discussed in chapter 3 and Sect. 4.3, viscoelastic and viscous grounding zones
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exhibit asymmetric grounding-line migration—a characteristic not present in purely

elastic models. For nonlinear tidal responses induced by buttressing, Robel et al.

(2017) demonstrated that the magnitude of these responses is influenced by the

geometry of the ice and bedrock, with viscoelastic rheology primarily contribut-

ing to the phase lag between tidal variations in horizontal displacement and tidal

height. However, our results suggest that for nonlinear tidal responses induced by

viscoelastic flexure, viscoelasticity modulates the magnitude of fortnightly tidal

variations. Future research will focus on the analytical properties of the viscoelas-

tic contact problem in the grounding zone, with a particular focus on the depen-

dence of nonlinear tidal responses on ice rheology.
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5 | Ice shelf bending near the calving front

5.1 Introduction

Ice shelves can provide buttressing to grounded ice sheets. They lose mass through

calving and basal melting (Depoorter et al., 2013). Unlike ice sheets that are influ-

enced by basal friction, ice shelves behave like a floating, thin plate that undergoes

vertical flexure and horizontal stretching (Cuffey and Paterson, 2010).

As typical flexure profiles of Antarctic ice shelves near their edges, the rampart–

moat and berm profiles were first observed and named by Scambos et al. (2005)

at the Ronne Ice Shelf. In warm water, the ice-shelf edge is raised up by up to 5

meters, with an edge-parallel moat located upstream. In contrast, in colder wa-

ter, the shelf edge bends down and forms so-called "berms" upstream of the edge

(Scambos et al., 2005). Both profiles are consequences of the shelf-edge flexure.

A similar deflection profile was also observed by Sartore et al. (2024) at the Ross

Ice Shelf. They analyse ICESat elevation profiles from 2003 to 2007 that have a

growing rampart–moat deflection profile between 2003 and 2006, followed by a

calving event of about 950 meters. Using an elastic thin-plate model, they have

attributed the rampart–moat profile to elastic bending caused by an underwater ice

foot that provides additional buoyancy force at the calving front. Such observa-

tions of growing flexure and subsequent calving events motivate us to investigate

shelf-edge flexure using the viscoelastic thin plate theory and consider its rela-

tionship with calving.

As introduced in Sect. 3.1, edge flexure can be treated with thin plate theory us-

ing viscous (Reeh, 1968), elastic (Wagner et al., 2016) or viscoelastic rheology

(Walker et al., 2013; MacAyeal and Sergienko, 2013; MacAyeal et al., 2021). For
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a vertically uniform ice shelf, the imbalance between the ice overburden stress and

water pressure on the edge causes downward flexure, as shown in Reeh (1968).

However, Buck (2024) modelled the elastic flexure near the edge with vertically

non-uniform viscosity. He showed that the vertical variations in ice viscosity can

reverse the bending moment due to stress imbalance, causing upward flexure that

forms a rampart. The modelled deflection profile matched the observations when

using an effective bending lengthscale that is determined by viscous creep. How-

ever, the temporal evolution of the shelf deflection and the effect of underwater

feet were not studied.

This chapter, as an extension to Buck (2024), is aimed at setting up a viscoelastic

flexure framework that includes both the vertically non-uniform viscosity and un-

derwater ice feet. The model should predict the evolution of the shelf deflection

and the tensile stress that is associated with calving, thus answer the question that

what is the controlled mechanism of ice–shelf edge flexure in the rampart–moat

and berm profiles. We follow the viscoelastic bending model by Walker et al.

(2013) to account for both the elastic response after a calving event and the sub-

sequent viscous creep. We show how strain and stress are built up near the shelf

edge to form the rampart–moat and berm profiles and how these profiles evolve

due to viscous creep.

5.2 Method

In this section, we set up the viscoelastic thin plate model by adding a viscous

modification to the elastic beam theory of Walker et al. (2013). Fig. 5.1 shows a

schematic of the model. The coordinate system is x = (x, z), with the positive

x direction pointing to the upstream direction and positive z direction pointing

upward. The calving front is at x = 0, with the ice flow from right to left. The

101



University of Oxford St John’s College

thickness of the ice shelf is assumed to be a constant h. The neutral plane is

defined by z = w (x), where w (x) is the deflection.

Figure 5.1: The model set up for flexure at the edge of an ice shelf.

5.2.1 Elastic thin plate

According to the elastic thin plate model (Turcotte and Schubert, 2002), the de-

flection profile w (x) satisfies

∂2

∂x2

(
E ′I

∂2w

∂x2

)
= q(x), (5.1)

where E ′ =
E

1− µ2
is the effective Young’s modulus for plane strain, E is the

Young’s modulus, µ is Poisson’s ratio, I is the second moment of area, and q (x)

is the distributed force. Here we assume that E ′ is constant and drop the ′ from

E ′. For an ice shelf with thickness h, the moment I is I =
h3

12
, and the distributed

force is the sum of gravity and water pressure

q (x) = −ρigh+ ρwg

(
ρi
ρw

h− w

)
= −ρwgw. (5.2)
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Substituting Eq. 5.2 into Eq. 5.1, we have

∂2

∂x2

(
EI

∂2w

∂x2

)
+ ρwgw = 0. (5.3)

The ice shelf is loaded with a bending moment Me and a shear force Qe on the

edge x = 0, and is assumed to be flat without flexure far upstream (x → ∞). The

boundary conditions are

M = −EI
∂2w

∂x2
= Me, x = 0,

Q =
∂M

∂x
= − ∂

∂x

(
EI

∂2w

∂x2

)
= Qe, x = 0,

w = wx = wxx = 0, x → ∞.

(5.4)

Physically, Me accounts for the net bending moment due to the pressure differ-

ence between water and ice (Reeh, 1968) and the vertically non-uniform viscosity

(Buck, 2024). Here Qe accounts for the buoyancy shearing force provided by the

underwater ice foot (Scambos et al., 2005; Sartore et al., 2024). Both Me and Qe

should depend on the deflection at the edge we. For the elastic flexure problem, we

assume that we is small so that Me and Qe can be approximated as constants. In

the viscoelastic model, we consider the full problem with Me and Qe as functions

of we. Eq. 5.3 can be solved analytically to obtain the elastic flexure profile

w = − 2Me

ρwgl2w
exp

(
− x

lw

)[
− sin

(
x

lw

)
+

(
1 +

Qelw
Me

)
cos

(
x

lw

)]
, (5.5)

where lw is the bending lengthscale of a floating ice shelf

lw =

(
4EI

ρwg

)1/4

. (5.6)
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The elastic flexure profile Eq. 5.5 is essentially a linear superposition of the de-

formation induced by Me and Qe. In Sect. 5.2.2, we will use Eq. 5.5 as the initial

condition for the viscoelastic flexure problem.

5.2.2 Viscoelastic thin plate

For a viscoelastic ice shelf, the elastic bending strain is relaxed viscously. The

dimensional governing equation is (Walker et al., 2013)

∂

∂t

[
∂2

∂x2

(
EI

∂2w

∂x2

)]
+ ρwg

∂w

∂t
+

Eρwg

2η
w = 0, (5.7)

where η is the viscosity of ice, assumed to be a constant for simplicity. A detailed

derivation of Eq. 5.7 can be found in Sect. A.6. Eq. 5.7 shows that the curvature

of the viscoelastic beam increases with time due to viscous creep. This results

in a decrease of the effective bending legnthscale, which will be discussed in the

following. The bending moment Me and shearing force Qe are applied on the

edge. The boundary conditions are

ˆ t

0

E

2η
Medτ +Me −Me,0 = −EI

[
∂2w

∂x2
− ∂2w0

∂x2

]
, x = 0,

ˆ t

0

E

2η
Qedτ = −EI

[
∂3w

∂x3
− ∂3w0

∂x3

]
, x = 0,

w = wx = wxx = 0, x → ∞,

(5.8)

where
´ t
0

dτ represents the integration over time from the initial condition to time

t, Me,0 and w0 are the initial (t = 0) bending moment and the initial shelf de-

flection at the edge, respectively. Here we drop the term Qe − Qe,0 in the second

equation because the buoyancy force provided by an underwater ice foot is con-

stant if the foot remains under the sea level, which is true in our study. Because

of the viscoelastic rheology, the deflection at the edge increases with time due to
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viscous creep, causing changes in the bending moment and the shearing force.

5.2.3 Nondimensionalisation

We nondimensionalise the governing equation Eq. 5.7 with the following scales,

x̂ =
x

lw
, ŵ =

w

wa

, t̂ =
t

λ
=

t

η/E
,

M̂e =
Me

EIwa/l2w
, Q̂e =

Qe

EIwa/l3w

(5.9)

where ·̂ represents dimensionless variables. The dimensionless equation and bound-

ary conditions are given in Eq. 5.10 and Eq. 5.11, respectively,

∂4ŵ

∂x̂4
+ 4ŵ + 2

ˆ t̂

0

ŵdt̂ =
∂4ŵ

∂x̂4
|t̂=0 + 4ŵ|t̂=0 = 0, (5.10)

∂2ŵ

∂x̂2
=

∂2ŵ

∂x̂2

(
t̂ = 0

)
− (M̂e − M̂e,0)−

1

2

ˆ t̂

0

M̂edt̂, x̂ = 0,

∂3ŵ

∂x̂3
=

∂3ŵ

∂x̂3

(
t̂ = 0

)
− 1

2

ˆ t̂

0

Q̂edt̂, x̂ = 0,

ŵ =
∂ŵ

∂x̂
=

∂2ŵ

∂x̂2
= 0, x̂ → ∞.

(5.11)

Here t̂ = 0 represents the initial condition. In the following section, we assume

that the initial condition is the elastic bending profile given by Eq. 5.5.

5.2.4 Boundary conditions on the edge

In this section, we derive the net bending moment Me and the shearing force Qe

on the shelf edge. We consider the effect of both an underwater ice feet (Scambos

et al., 2005; Sartore et al., 2024) and a vertically non-uniform viscosity(Buck,

2024).
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5.2.4.1 Underwater ice foot

The underwater ice foot is formed due to variations of frontal melt with depth. At

the calving front, ice melting at the waterline is enhanced by warm surface water

and convection due to surface waves. This leads to the formation of a melting

notch, followed by the collapse of the overhanging ice slab and the formation of

the underwater ice foot (Slater et al., 2018, 2021; Sartore et al., 2024). Assuming

that the foot has a rectangular shape and is completely below sea level, the force

balance suggests that Qe = − (ρw − ρi) glbhb, where lb and hb are the length and

height of the ice foot, respectively. We choose the length of the ice foot to be

10 m. The top surface of the ice foot is assumed to be 20 m below the sea level

(Sartore et al., 2024). Therefore hb =
ρi
ρw

h− 10 m, lb = 20 m.

5.2.4.2 Internal bending moment due to vertical viscosity gradient

We follow Buck (2024) in deriving the internal bending moment Me due to the

vertical viscosity gradient. For an ice shelf, neglecting the atmospheric pressure,

the stress consists of ice overburden pressure and horizontal tensile resistive stress

∆σ

σxx = ρig

(
z − h

2

)
+∆σ (z) ,

σzz = ρig

(
z − h

2

)
.

(5.12)

We assume hydrostatic water pressure Pw on the edge,

Pw (z) =

0 (z ≥ sw) ,

ρwg (sw − z) (z < sw) ,
(5.13)

where sw =

(
ρi
ρw

− 1

2

)
h is the sea level. The internal bending moment MI
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is caused by the stress imbalance between the internal stress σxx and the water

pressure Pw at the edge

MI =

ˆ h/2

−h/2

(−Pw(z)− σxx) zdz. (5.14)

To calculate MI we need to derive the tensile resistive stress ∆σ (z) with further

assumptions. If we assume that ∆σ (z) is vertically uniform (∆σ (z) = ∆σ =

const), the force balance gives

∆σ =

[
1

2
ρigh− 1

2
ρwg

(
ρi
ρw

h− we

)2
]
, (5.15)

where we is the edge deflection. When the deflection is negligible we ∼ 0, the

simplified Eq. 5.15 is in agreement with Weertman (1957).

We denote the bending moment with a vertically uniform tensile resistive stress

∆σ as Mw:

Mw = − 1

12

(
ρi
ρw

)
(ρw − ρi) gh

3

[
1− 2

ρi
ρw

]
> 0, (5.16)

which indicates that the edge bends down due to the stress imbalance with verti-

cally uniform tensile resistive stress. However, the ice shelves in Antarctica are

usually subject to a vertically non-uniform temperature profile, with the upper sur-

face colder than the bottom that is in contact with the sea (Cuffey and Paterson,

2010). According to Glen’s law, the ice viscosity is also vertically non-uniform

η(ε̇, T ) = A−1/nε̇(
1
n
−1) exp

(
Q0

RT

)
, (5.17)

where ε̇ is the strain rate, A, n and R are constants, Q0 is the activation energy,

and T is the temperature. Vertical variations in T cause vertically non-uniform
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viscosity η(z) and thus the stress ∆σ (z). Following Buck (2024), we assume the

temperature varies linearly with the depth, from TS on the top surface to T = TB

on the bottom

T (z) = TS − TB − TS

h

(
z − h

2

)
. (5.18)

Substituting Eq. 5.18 into Eq. 5.17, the vertical distribution of viscosity can be

approximated using Taylor expansion for TB − TS ≪ TS

η (ε̇, z) = η (ε̇, 0) exp

(
z − h/2

z0

)
= ηs exp

(
z − h/2

z0

)
, (5.19)

where z0 =
RT 2

s

Q0(TB − TS)
h is the characteristic lengthscale of vertical variations

in viscosity, and ηs is the ice viscosity on the top surface. Further assuming verti-

cally uniform strain rate ε̇ = const, the stress distribution is

∆σ (z) = η (ε̇, z) ε̇ = ηs exp

(
z − h/2

z0

)
ε̇ = ∆σs exp

(
z − h/2

z0

)
, (5.20)

where ∆σs = ηsε̇ is the tensile resistive stress on the top surface. Integrating

Eq. 5.20 across the depth and using the force balance at the calving front gives

∆σs = ∆σ

(
h

z0

)[
1− exp

(
−h

z0

)]−1

. (5.21)

Note that ∆σ is the uniform tensile resistive stress from Eq. 5.15. Substituting

Eq. 5.15 into Eq. 5.21 gives

∆σs =

[
1

2
ρigh− 1

2
ρwg

(
ρi
ρw

h− we

)2
](

h

z0

)[
1− exp

(
−h

z0

)]−1

. (5.22)

Thus we can calculate ∆σ (z) by substituting Eq. 5.22 into Eq. 5.20. Combining
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with the definition of MI (Eq. 5.14), MI(we) can be expressed as

MI (we) = − 1

12
ρigh

3 − 1

6

ρ3i
ρ2w

gh3 +
1

4

ρ2i
ρw

gh3 +

(
ρ2i
2ρw

− ρi
2

)
gh2w+

(ρw
4

− ρi
2

)
ghw2 +

1

6
ρwgw

3 +
1

4

[
ρigh− ρwg

h

(
ρi
ρw

h− we

)2
]

(
h3

z0

)[
1− exp

(
−h

z0

)]−1(
1− 2

z0
h

+ exp
−h

z0

(
1 + 2

z0
h

))
.

(5.23)

When imposed on the edge Eq. 5.23 causes either downward or upward deflection

depending on the value of z0. When the temperature difference TB − TS is small,

z0 → ∞, and the stress is nearly vertically uniform, giving MI > 0 and downward

deflection at the edge. On the other side, when z0 is small due to a big temeprature

difference, the internal bending moment MI < 0 gives upward deflection.

5.2.5 Numerical implementation

Here we denote the solution at the n-th time step as ŵn. The initial condition is

ŵ0, and the time step is ∆t. We descritise the time integral in Eq. 5.10 and keep

the spatial derivative. At time step n, the equation is

∂4ŵn

∂x̂4
+ 4ŵn + 2

n−1∑
i=0

ŵi∆t =
∂ŵ0

∂x̂
+ 4ŵ0| = 0, (5.24)

with boundary conditions

∂2ŵn

∂x̂2
=

∂2ŵn

∂x̂2

(
t̂ = 0

)
−
ˆ t̂

0

M̂edt̂, x̂ = 0,

∂3ŵn

∂x̂3
=

∂3ŵn

∂x̂3

(
t̂ = 0

)
−
ˆ t̂

0

Q̂edt̂, x̂ = 0,

ŵn =
∂ŵn

∂x̂
=

∂2ŵn

∂x̂2
= 0, x̂ → ∞.

(5.25)
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Thus the governing equation is reduced to a boundary value problem at the n-th

time step in terms of ŵn. It is solved by the NDSolve function in Mathematica.

5.3 Results

5.3.1 Viscoelastic bending due to vertically non-uniform vis-

cosity

The viscoelastic bending problem can be solved by numerically integrating Eq. 5.10

over time from an initial state. Here we consider a reference case with only the

internal bending moment Me = MI from Eq. 5.23 on the shelf edge. The values

of parameters used in this case can be found in Table 5.1. In this case, the temper-

ature difference between the top and bottom is large such that MI < 0, causing

upward flexure on the edge.

Physical property Notation Value
Density of water ρw 1027 kg m−3

Density of ice ρi 917 kg m−3

Length of the domain L 20 km
Ice thickness h 200 m
Deflection scale wa 1 m
Foot length lb 20 m
Foot height hb 169 m
Viscosity η 1.0× 1015 Pa s
Young’s modulus E 1.1× 109 Pa
Poisson’s ratio µ 0.33
Activation energy Q0 60 kJ mol−1

Ideal gas constant R 8.314 J mol−1 K−1

Surface temperature TS 253.15 K
Basal temperature TB 273.15 K

Table 5.1: Parameters and their reference values.

Fig. 5.2 shows the evolution of the deflection. At t = 0, the shelf bends as an
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Figure 5.2: (a) Shelf deflection profile near the edge at t = 0, 1000λ, 2000λ, and
the elastic bending solution with lw,eff = 0.25lw. (b) The modelled moat position
(solid blue) and the approximation according to Eq. 5.27 (dashed blue). Here the
x-axis is time scaled by the ice Maxwell time. The y-axis is the distance from the
edge. The red line represents the increasing deflection at the ice-shelf edge. Note
that for the figures from this point forward, the horizontal axis is flipped compared
with Fig. 5.1 to have a natural view of ice-flow direction from the left to the right.

elastic plate with the effective bending lengthscale lw,eff equal to the elastic bend-

ing lengthscale lw given by Eq. 5.6, followed by viscous creep causing decreasing

lw,eff. Fig. 5.2(a) shows the shelf deflection near the edge at t = 0, 1000λ, 2000λ,

where λ ≈ 9 d is the Maxwell time of ice. As a result of decreasing lw,eff, the

moat gets deeper and moves towards the edge, and the edge deflection we in-

creases, forming a rampart–moat profile. The dashed line represents the elastic

bending solution Eq. 5.5 with the effective bending lengthscale lw,eff = 0.25lw.

In Fig. 5.2(b), we plot the time series of the moat–edge distance and the edge

deflection we. We calculate the moat position xmoat as where w reaches the mini-

mum. According to the elastic solution, xmoat =
π

2
lw. For a viscous or viscoelas-

tic thin plate, Reeh (1968) and Olive et al. (2016) found that lw,eff decreases with

time as

lw,eff (t) =

(
ηh3

ρwgt

)1/4

. (5.26)
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Therefore, the moat position xmoat can be estimated as

xmoat =
π

2
lw,eff (t) =

π

2

(
ηh3

ρwgt

)1/4

. (5.27)

In Fig. 5.2(b), the calculated moat position agrees well with the estimation from

Eq. 5.27, and the edge deflection keeps increasing without reaching a steady state,

indicating that the edge flexure might keep growing until reaching the calving

criterion. We thus investigate the variation in the horizontal tensile stress within

the shelf. The bending moment of the shelf can be calculated according to the

vertical stress balance
∂2M

∂x2
+ ρwgw = 0, with the boundary conditions

M = Me, x = 0

M = 0. x = ∞
(5.28)

The tensile stress within the thin-plate can be calculated as

σxx (x, z) =
M(x)z

I
, (5.29)

which indicates that the maximum tensile stress occurs on the top or bottom sur-

face. The maximum stress stress |σmax| is then

σmax =
max (|M |)h

2I
=

6max (|M |)
h2

, (5.30)

where max (|M |) is the maximum of |M | within the shelf. In Fig. 5.3(a) we

plot the bending moment M(x) profile at t = 0, 1000λ, 2000λ. The bending

moment reaches its maximum near the moat, and reaches its minimum at the

edge. The maximum stress magnitude |σmax| occurs at the edge where M = Me

and increases with time (Fig. 5.3(b)) due to the increasing deflection we.
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Figure 5.3: (a) Bending moment M near the edge at t = 0, 1000λ, 2000λ. (b)
Evolution of the maximum horizontal stress magnitude |σmax|.

The model results suggest a possible mechanism for the calving events near the

shelf edge: the tensile stress and shelf deflection increase until reaching the calv-

ing criterion and causing break-up of ice near the edge. The size of the produced

iceberg will provide information about the effective bending scale at the time of

calving. But such calving processes can be influenced by non-uniform ice thick-

ness and preexisting crevasses that weaken the strength of the ice shelf.

5.3.2 Viscoelastic bending due to underwater ice foot

In this section we investigate the alternative mechanism for flexure by modelling

the effect of the underwater ice foot as well as the imbalance Eq. 5.16 between

hydrostatic pressure and water pressure. The underwater ice foot tends to cause

upward deflection, while the pressure imbalance between the ocean and ice causes

downward deflection. So the total deflection is controlled by the trade-off between

the two factors.

We assume that the viscosity is vertically uniform, with an ice foot whose size is

given in Table 5.1. The boundary condition is Me = Mw (Eq. 5.16) and Qe =
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Figure 5.4: (a) Shelf deflection profile near the edge at t = 0, 1000λ, 2000λ. The
dashed black line is the elastic solution with an effective bending wavelength of
0.25lw, in contrast to the elastic solution with a bending wavelength of lw as shown
by the blue line. (b) time series. The solid blue line is where ∂xw = 0. Initially,
there is the rampart–moat profile rather than the berm on the ice shelf. The solid
blue line represents the position of the moat. As the shelf creeps viscously, the
rampart–moat profile transitions to the berm profile. And the blue line represents
the berm position. The dashed blue line is the estimated moat/berm position using
the elastic solution with a varying lw,eff . The red line is the maximum elevation
wmax. Initially the topographic high occurs on the edge, and then transitions to
the top of the berm.

(ρw − ρi)glbhb on the edge. Assuming Mw is constant, the elastic solution is

w (x) = − 2Mw

ρwgl2w
exp

(
− x

lw

)[
− sin

(
x

lw

)
+

(
1− (ρw − ρi)glbhblw

Mw

)
cos

(
x

lw

)]
.

(5.31)

Fig. 5.4 shows the evolution of shelf deflection and relevant time series. Initially

there is upward deflection on the edge due to the buoyancy force Qe provided

by the ice foot, which is similar to the rampart–moat profile in Fig. 5.2. Then

the upward deflection vanishes by viscous creep and the applied bending moment

Mw, forming a berm with a downward-deflected edge. However, the transition is

very slow: given the 200m-thick ice with a 20m-long ice foot, it takes 2000λ to

form a 2m-high berm. The transition can be explained using the elastic bending

solution Eq. 5.31 with a decreasing bending lengthscale lw,eff(t). According to
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Eq. 5.31, the edge deflection we(t) can be approximated by

we(t) = w (x, t) |x=0 = − 2Mw

ρwgl2w,eff (t)

(
1− (ρw − ρi)glbhblw,eff (t)

Mw

)
, (5.32)

where Mw > 0. The sign of we(t) depends on the value of 1−(ρw − ρi)glbhblw,eff (t)

Mw

.

Assuming that Mw and ρiglbhb are fixed, 1 − (ρw − ρi)glbhblw,eff (t)

Mw

monotoni-

cally increases with time as lw,eff (t) decreases, which may cause the transition

from we(t) > 0 to we(t) < 0. Note that this transition doesn’t necessarily occur

as it depends on the initial value of Eq. 5.32.

The position of the berm (topographic high) in an elastic shelf, denoted by xb,

follows

xb = lw arctan

(
2Mw

(ρw − ρi)glbhblw
− 1

)
. (5.33)

Thus the berm position xb(t) in the viscoelastic solution can be approximated as

xb(t) = lw,eff (t) arctan

(
2Mw

(ρw − ρi)glbhblw,eff (t)
− 1

)
, (5.34)

where lw,eff (t) follows Eq. 5.26. In Fig. 5.4(b) we show that Eq. 5.34 is a good

approximation to the position of the berm extracted from the numerical solution.

Initially, the berm quickly goes away from the edge and reaches the maximum

distance, followed by a slow decrease in the distance. The berm–edge distance

can be a metric to help constrain the viscoelastic models and make comparisons

with the observed ice surface profiles.

In Fig. 5.5 we plot the bending moment M(x) (Fig. 5.5(a)) and the maximum

stress magnitude on the shelf (Fig. 5.5(b)) (occurring on the edge in this case).

Bending moment around the berm within the shelf decreases with time, with the

edge value Me = Mw(we) staying close to the initial condition. Thus the corre-
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sponding stress at the edge also remains close to the elastic solution.

Figure 5.5: (a) Bending moment M near the edge at t = 0, 1000λ, 2000λ. (b)
Evolution of the maximum horizontal stress magnitude |σmax|. In this case |σmax|
occurs on the edge.

5.4 Discussion

5.4.1 Comparison with observations at the Ross Ice Shelf

We modelled the viscoelastic flexure near the shelf edge using a simplified, lin-

ear Maxwell constitutive law. The results align with previous models, showing

increasing ice deflection and a decreasing effective bending lengthscale due to

viscous creep. To explain the observations of the edge deflection profile, we com-

pare the results from two different hypotheses: vertically non-uniform viscosity

and underwater ice feet. The two models yield different flexure profiles. In this

section, we compare the modelled deflection profile with the observations from

Sartore et al. (2024).

5.4.1.1 Vertically non-uniform viscosity

We first consider the vertically non-uniform viscosity as the cause of edge deflec-

tion. Note that a key parameter of such a rampart-moat profile or a berm profile
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is the elevation difference between the topographic high and the topographic low,

based on which we can conduct the model-data comparison. We first perform

coordinate translation on the data such that the observed topographic high over-

laps with the modelled one. We use the model results from the reference case,

where the surface temperature is −20◦C with no underwater ice feet. All values

of parameters are the same as Table 5.1.

In Fig. 5.6, we plot the observed surface elevation profiles at 10/2003 and 02/2006.

There is approximately 2.3yr between the time of the two observations. The mod-

elled deflection profiles that are close to the observed elevation difference are at

t = 400λ and t = 600λ, respectively.

Note that we have shifted the data to match the topographic high with the modelled

deflection profiles. However, the observed surface elevation profile has a steep

downward slope towards the edge, which is absent from the modelled rampart

profile. Instead, it can be a consequence of a berm profile caused by underwater

ice feet, which we will consider in the following section.

5.4.1.2 Underwater ice feet

Here we compare the same observations with the modelled deflection profile with

an underwater foot. The model results are from the reference case with the un-

derwater foot. The observations are still shifted such that the topographic high

overlaps with the modelled berm. At t = 500λ and t = 2000λ, the elevation dif-

ferences in the model results are close to the observations at 10/2003 and 02/2006,

respectively.

As shown in Fig. 5.7, the modelled ice deflection not only matches the observation

in the elevation difference but also has a similar downward slope towards the edge,

indicating that the observed profile could be a berm caused by viscous creep.
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Figure 5.6: Comparison between the modelled ice deflection with vertically non-
uniform viscosity and the observation at the Ross Ice Shelf (Sartore et al., 2024).
The solid lines represent the modelled surface elevation at t = 400λ (red) and
t = 600λ (green). The dashed lines are observed surface elevation profiles, which
are shifted such that the topographic high is aligned with the modelled one.

However, this requires further investigation of the ICESat data. Meanwhile, the

time interval between the two modelled profiles is about 1500λ. Given the typical

ice Maxwell time is about several days, this is much larger than the observed time

interval.

By comparing the model results with data from Sartore et al. (2024), we find that

both mechanisms can produce part of the observed deflection near the edge of

the Ross Ice Shelf. However, the growing rate of the deflection and surface slope

towards the edge are different between the two mechanisms. Further analysis of

the data is required to determine the real cause of the observed growing deflection

profiles.
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Figure 5.7: Comparison between the modelled ice deflection with an underwater
ice foot and the observation at the Ross Ice Shelf (Sartore et al., 2024). The
solid lines represent the modelled surface elevation at t = 500λ (red) and t =
2000λ (green). The dashed lines are observed surface elevation profiles, which
are shifted such that the topographic high is aligned with the modelled one.

5.4.2 Limitations

This model has some limitations due to simplification. In the viscoelastic flex-

ure model, although we considered the bending moment caused by vertically

non-uniform viscosity, we use a constant viscosity when setting up the govern-

ing equation for flexure. For a real ice shelf bending near its edge, the viscosity

should depend on the flexural strain and the vertical temperature profile as shown

in Eq. 5.17. Meanwhile, when deriving the additional stress ∆σ in Eq. 5.20, we

have assumed that the strain rate is vertically uniform in upstream ice shelves.

However, given the vertically non-uniform ice viscosity, the upstream strain rate

should also be depth-dependent. This could be solved by considering the verti-

cally non-uniform viscosity in the thin-plate model Eq. 5.7.

The buoyancy force of ice feet scales linearly with the foot size. However, the
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length of the underwater ice foot is poorly constrained when setting up the ref-

erence case by using an arbitrary lengthscale. In a real ice shelf, foot growth

and viscous creep occur simultaneously, highlighting the necessity to incorpo-

rate the evolution of ice feet into the model. Since directly observing the size of

underwater ice feet is challenging, one potential improvement could be to trace

medium-sized icebergs that calve through the foot-bending mechanism.

To predict calving events, a fracturing criterion, such as a yield strength σY or a

LEFM model of fracture propagation is required to be combined with the mod-

elled stress field (Sartore et al., 2024). For the case with underwater ice feet, the

stress is complicated and consists of both the flexural tensile stress and the shear-

ing force, which can cause mixed-mode fracture propagation near the edge Tada

et al. (2000).

Therefore, Glen’s flow law (Glen, 1955) should be used to calculate the viscos-

ity related to ice flexure. Thus we make more accurate predictions of the surface

elevation, which can be compared with the observed elevation profile. A frac-

turing criterion should be introduced to predict calving. For observations, more

constraints on the size of the underwater ice feet are required to better account for

their effect.

5.5 Conclusion

We have shown that viscoelastic flexure can explain the formation of both the

"rampart–moat" and "berm" profiles observed at the edges of ice shelves. By

comparing the results from two different hypotheses, we find that for a vertically

non-uniform ice shelf, stress and deflection at the edge increase over time, leading

to the formation of a rampart. In contrast, for an ice shelf with an underwater ice

foot, the edge exhibits an initial upward deflection that transitions to downward
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deflection, resulting in the formation of a berm. This change occurs due to the

decreasing effective bending lengthscale caused by viscous creep. Our model

serves as a preliminary approach to studying the evolution of the surface profiles

and related calving events near the shelf edge. The model’s prediction offers a

new perspective for distinguishing between flexure profiles driven by these two

different mechanisms.
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6 | Conclusion

Using numerical models and geospatial data, I investigated the mechanics of frac-

ture and flexure in the Antarctic Ice Sheet and ice shelves.

In grounded ice sheets, basal ice is subject to spatially non-uniform basal con-

ditions such as soft and hard bed, influenced by varying subglacial hydrology

and basal topography. The sticky patches can create excess tensile stress on the

ice–bed interface, which promotes hydrofracturing. I modelled the mixed-mode

fracture propagation near a sticky patch and explored the parameters controlling

these hydrofracturing processes. The results showed that the size of sticky patches

and the magnitude of excess shear stress together control the propagation of basal

hydrofractures. For sticky patches larger than the local ice thickness, vertical frac-

turing is more likely to occur. In contrast, for sticky patches whose size is smaller

or comparable to the local ice thickness, propagation of nearby basal hydrofrac-

tures deviates from previous mode-I assumptions. The crack trajectories tend to

align upstream and can be approximated by the principal stress trajectories. This

reflects the influence of localised stress fields generated by the sticky patch on

fracture propagation. The fractures and their thermal effects can be parameterised

in large-scale ice-flow models by utilizing the principal stress trajectories and the

analytical solutions provided in our discussion. This approach would allow for a

more accurate representation of fracture propagation and the associated thermal

impact within Antarctic Ice Sheet, enhancing the predictive capabilities of large-

scale models.

In the grounding zone, flexure and fracture are caused by the tidally modulated

grounding line migration. Tidal flexure can induce supraglacial lake drainage

through hydrofracturing. I modelled the viscoelastic mechanics of tidally-induced
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grounding line migration using Full-Stokes model. Using LEFM, I have investi-

gated the dependency of tidally induced drainage events on the ocean tidal am-

plitude. The relationship between the tidal amplitude and lake depth aligns with

remotely sensed data analysis, highlighting the significant role of ocean tides in

driving hydrofracturing in the grounding zone. Furthermore, sensitivity analysis

of the model results underscores the necessity of using viscoelastic rheology in

modelling tidal grounding line dynamics, particularly for estimating the magni-

tude of flexural stress and the width of the grounding zone. The elastic model

tends to underestimate both the magnitude of tidally induced tensile stress and the

grounding-zone width, while the viscous model overestimates them. The depen-

dence of the grounding line dynamics on ice rheology have implications for large-

scale modelling. The viscoelastic flexure model is necessary to obtain an accurate

estimate of tidally induced stress when considering fracturing in the grounding

zone. In addition, elastic or viscous representations of grounding-line migration

could be improved.

In the next chapter, instead of using full-Stokes simulations, I modelled the vis-

coelastic tidal flexure in the grounding zone using a depth-integrated flow line

model. This framework retains the crucial aspect of viscoelastic flexure for the

grounding line while avoiding the complexity of the full-Stokes model. It can be

used to investigate the mechanisms behind different nonlinear tidal responses at

Antarctic ice streams. The results show that the nonlinear basal sliding law with

viscoelastic flexure near the grounding line can cause nonlinear tidal responses,

which is in agreement with previous results from full-Stokes models. The relative

importance of fortnightly variations is controlled by the ratio of the tidal period

to the Maxwell time of ice: fortnightly variations dominate only when the ice is

sufficiently viscous over the tidal period.

In addition to the grounding zone, flexure and fracture also occur on ice shelves.
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These processes are usually associated with calving, rifting, and ice-shelf disinte-

gration. To better understand this, I focus on the edge of ice shelves: Using vis-

coelastic thin-plate theory, I modelled the flexure due to vertically non-uniform

temperature and underwater ice foot. The viscoelastic ice shelf edge is charac-

terised by a decreasing effective bending lengthscale and an increasing deflection

magnitude near ice shelf edges, which is in agreement with previous studies. In

specific, the vertically non-uniform viscosity could cause a growing rampart–moat

profile with an increasing edge deflection. The underwater ice foot can induce

similar rampart–moat profile when the flexure is mainly elastic, which transitions

to a growing berm profile under the effect of viscous creep caused by stress imbal-

ance. The growing berm profile is qualitatively consistent with the observations

of the surface elevation profiles at the Ross Ice Shelf calving front. The above

difference between the two mechanisms can be used to determine the controlling

mechanism at a specific ice shelf. However, the model needs to be further devel-

oped to include nonlinear ice viscosity. In addition, it could be further expanded

with a calving criterion to make testable predictions of the deflection profile and

related calving events. Previous calving laws based on elastic flexure models

could be further improved.

Further study is required to understand the mechanisms of flexure and fracture

of ice, particularly in the grounding zone and near the calving front. In chap-

ter 3 and chapter 4, we have shown that viscoelasticity plays an important role in

tidally modulated grounding-line dynamics. However, most studies on viscoelas-

tic grounding line and ice flexure are numerical. The role of viscoelasticity in

ice flexure is still not fully understood. Therefore, analytical or semi-analytical

models could be developed to gain mechanistic understanding of viscoelastic ice

flexure, and how it could be parameterised in large-scale ice shelf models with-

out complicated numerical treatment. Given the sensitivity of the grounding zone
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to ice rheology, further remotely-sensed observations of the tidal grounding zone

width would help to better constrain the Maxwell time of ice, which is a dominant

control on the viscoelastic ice flexure.

In chapter 5, we have calculated the viscoelastic flexure under two different mech-

anisms. Our results have shown that the flexure at ice shelf edges is growing with

time, which indicates that models of calving fronts should incorporate the effect

of viscous creep when predicting the surface elevation profiles and fracturing. In

addition, we have found that shelf edges that are subject to both the ice foot and

stress imbalance could transition from a rampart–moat profile to a berm profile,

which is different from edges subject to non-uniform viscosity. This difference

can be used to find the controlling mechanism of flexure near ice shelf edges. In

the future, the model needs to be improved by incorporating non-Newtonian vis-

cosity and a spatially non-uniform thickness profile, which enables comparison

with more complicated numerical models. Meanwhile, the model could be ex-

panded with a fracturing criterion, and thus make testable predictions of calving

events. Currently, the main uncertainty of the model comes from the size of the

underwater foot, which is difficult to observe directly from satellite images. In-

stead, it could be better constrained by tracing medium-sized icebergs or in-situ

field measurements.

Flexure and fracture are crucial factors influencing both the grounded ice sheets

and floating ice shelves in Antarctica. By integrating mathematical models with

geospatial analysis, this thesis offers new insights into the mechanics of flexure

and fracture, and their relationship with spatially-varying basal conditions, tidal

variations and viscoelastic rheology. The findings have important implications for

large-scale modelling.
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A | Appendix

A.1 Appendix A. 2D elasticity in terms of perturba-

tion stress

The domain is a notched ice strip with length 2L as shown in Figure 2.1. We

set L ≫ W to make sure the crack is far from the boundaries to avoid any edge

effects. Substituting T = σ+ piI into the governing equation and boundary con-

ditions, we can express the stress equilibrium equation in terms of the perturbation

stress as

∇ · T = 0. (A1)

For the top boundary, a traction-free boundary condition is imposed as

T · n = 0 for z = H, (A2)

where n is the outward-pointing unit normal vector of the domain. On both sides,

we impose traction-free boundary condition for the perturbation stress,

T · n = 0 for x = ±L. (A3)

On the crack walls (x = W , 0 ≤ z ≤ ZC), compression caused by static water

pressure is imposed as

T · n =


ρigH

[(
ρw
ρi

− 1

)
z

H
+ 1− f

]
n for z < Hw,

ρigH
(
− z

H
+ 1
)
n for z ≥ Hw,

(A4)
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where ρifH/ρw = Hw is the hydraulic head. The bottom boundary condition

remains the same as (2.5) and (2.4), and since the overburden stress doesn’t con-

tribute to the shear stress and the elastic deformation,

t · T · n = τ (x, 0) =


− W

L
∆τ |x| ≥ W,(

1− W

L

)
∆τ |x| < W,

(A5)

u · n = 0. (A6)

Here t = −x̂ is the unit tangent vector to the bottom boundary. Note that in

Eq. A5 an extra term −W∆τ/L is added on the bottom boundary in order to

maintain the total force balance of the ice strip. Because L ≫ W , we can neglect

the near-field effect of this force-balance term.

Different from standard elasticity, we set up a constitutive relation between the

perturbation stress tensor T and the strain tensor ϵ as in Eq. 2.9.

A.2 Appendix B. Benchmark

The weight function method has proved to be a useful tool to calculate stress in-

tensity factors in ice sheets under certain basal boundary conditions (Tada et al.,

2000; Jimenez and Duddu, 2018). In essence, this involves calculating stress in-

tensity factors by integrating the stress along a hypothesised crack in an uncracked

domain with an appropriate weight function. The advantage of the weight func-

tion method is that the computation is performed in the uncracked domain with

no discontinuity and singularity caused by cracks. For certain simple domain and

crack geometry and boundary conditions, the weight function method can give

SIFs with high accuracy.
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Jimenez and Duddu (2018) has provided the appropriate weight function from

Tada et al. (2000) to be used for basal cracks in a grounded ice-sheet,

KI =

ˆ ZC

0

σxx (z)G1 (λ, γ) dz, (C1)

G1 (λ, γ) =
2√
2H

√
tan
(
πλ
2

)
1− cos πλ

2
/cos πλγ

2

{
1 + 0.297

√
1− γ2

[
1− cos

(π
2
λ
)]}

,

(C2)

where λ = ZC/H is the non-dimensional crack length and γ = z/ZC is the z

coordinate normalised by the crack length. This weight function can be used to

predict the mode-I stress intensity factor KI in grounded ice. A similar weight

function in Tada et al. (2000) can also be applied to calculating mode-II stress

intensity factor,

KII =

ˆ ZC

0

σxz (z)G2 (λ, γ) dz, (C3)

G2 (λ, γ) =
2√
2H

√
tan
(
πλ
2

)
1− cos πλ

2
/cos πλγ

2

{
1 + 0.297

√
1− γ2

[
1− cos

(π
2
λ
)]} sin πλγ

2

sin πλ
2

.

(C4)

To verify the implementation of the DCM method we consider a problem where

there is a mixed-mode (mode-I and mode-II) water-filled crack. SIFs are calcu-

lated by both the DCM method and the weight function method in Figure A.1. In

the DCM calculation, the element size is set to be 0.005 times the crack length

near the crack tip and 0.2 ice thicknesses away from the tip.

For KI , these two methods agree over most crack lengths. However, there is large

deviation for KII at large crack length, likely due to the limitations of the DCM
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method when the crack tip is near the boundaries. As the crack tip approaches

a boundary, the stress singularity introduces errors into the displacement calcu-

lation, leading to the observed discrepancy between the DCM method and the

analytical solution. Since we do not consider mode-II fractures in chapter 2, the

deviation doesn’t change the results.

Figure A.1: Stress intensity factors KI and KII when ∆τ ′ = 0.3 and f = 0.7.
The red lines show SIFs calculated by the weight function method ("WF" in the
legend means "weight function"). The blue dots show SIFs calculated by DCM.

A.3 Appendix C. Thermal Structure of basal crevasses

A.3.1 Thermal structure of a single basal crevasse

Refreezing of water inside basal crevasses is a factor potentially affecting the ther-

mal profile of ice. Using analytical solutions of Carslaw and Jaeger (1959), this

section shows how a single basal crevasse or a series of basal crevasses affects the

thermal structure of ice.

In order to simplify the computation, we neglect advection and other englacial
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heat sources and focus on heat diffusion after refreezing (Luckman et al., 2012).

The background temperature profile is assumed to have no effect on the heat con-

duction caused by refreezing. That means that the simple analytical model just

accounts for the effect of refreezing and doesn’t make any prediction of the net

temperature profile. Let ∆T be the temperature perturbation induced by a basal

crevasse. The ice sheet is simplified to an isotropic infinite strip 0 < z < H .

On the boundaries we assume zero temperature perturbation (∆T = 0) at z = 0,

z = H and x = ±∞. The governing equation of thermal conduction in terms of

∆T is
∂2∆T

∂x2
+

∂2∆T

∂z2
=

1

κ

∂∆T

∂t
, (E1)

where κ is the thermal diffusivity of ice.

The boundary conditions are

∆T (±∞, z) = 0, (E2)

∆T (x, 0) = ∆T (x,H) = 0. (E3)

Table A.1 shows the values of parameters used in the calculation. At time t = 0,

an amount of heat qi per unit length per unit depth into the page is released by a

line heat source from (0, 0) to (0, Zc). In order to get an estimated value of that

released heat, we need to estimate the volume of water that refreezes at t = 0.

Based on the BEM simulations, the width of the crack w is approximately 0.1 m

and hence qi is estimated as

qi = ρiLw = 3× 107 J m−2, (E4)

where L is the latent heat of melting.

Thus we have the full thermal problem in an infinite strip with an initial line heat
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source representing refreezing in real basal crevasses.

Table A.1: Constants used in calculation of temperature around basal crevasses.

Physical property Notation Value
Density of water ρw 1.0× 103 kg · m−3

Density of ice ρi 0.92× 103 kg · m−3

Latent heat of fusion L 3.34× 105 J · kg−1

Thermal Conductivity k 2.1 W · m−1K−1

Heat capacity of ice Cp 2.10× 103 J · kg−1 · K−1

Thermal diffusivity κ 1.09× 10−6 m2 · s−1

Sliding velocity vs 1.0× 102 m · y−1

Crevasse spacing ws 1.0× 102 m

The solutions are given by Carslaw and Jaeger (1959) as

∆T =
qi

πρiCp

√
κπt

exp

(
−(x− x′)2

4κt

)
+∞∑
n=1

1

n

(
1− cos

(
nπZC

H

))
sin
(nπz

H

)
exp

(
−κn2π2t

H2

)
. (E5)

A.3.2 Thermal structure of a series of equally spaced basal

crevasses

A stable sticky patch can cause a local stress variation and potentially generate

a series of basal crevasses. The thermal effect of a single basal crevasse, which

is shown above, can be advected downstream and superposed with the effect of

other basal crevasses, resulting in temperature variation on a longer timescale and

larger area. Mathematically, based on ∆T (x, z, t) that we have obtained above,

the net effect of a series of basal crevasses can be obtained by a simple linear

superposition of the ∆T of each crevasse.

Assuming these crevasses are generated at a fixed spacing ws = W = 100 m in
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Figure A.2: Schematic of a series of basal crevasses produced on a sticky patch.

an 100-m-thick ice sheet, starting from t = 0, we fix the coordinate system on the

sticky patch and move the ice sheet at vs = 100 my−1. Thus the crevasses are

also generated at a fixed time interval ∆t = W/vs = 1 y. The net temperature

perturbation ∆Tnet is

∆Tnet =
∞∑
n=0

∆T (x− x′
n, z, t− t′n) , (E6)

where n is the number of the crack, x′
n = nws is the position of the crack n, t′n =

−n∆t is the time when the crack n formed and refroze. Note that the solution

assumes that each crack has moved an integer number of crack separations from

the origin, thus is only a demonstration of the thermal perturbations at integer

multiples of ws/vs.
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A.4 Convergence test

This section is a convergence test of the viscoelastic grounding-line model in

chapter 3. The convergence test shows the results are mesh-independent. Con-

sidering a marine ice sheet with bedslope θ = 10−3 and friction coefficient C =

7 × 105, we use the fine-grid solution xg,e, σe (∆x = 6.25m) as a best estimate

of the exact solution. Here xg,e denotes the time series of the exact GL position,

and σe denotes the time series of the exact maximum tensile stress on the ice-

sheet surface within the lake region |x− x̄g| ≤ 0.5 km. As ∆x decreases, the GL

position xg and maximum tensile stress σxx,max linearly converge to the fine-grid

solution (Fig. A.3). Note that the magnitude of ||xg,e|| is sensitive to the choice of

coordinate origin, thus Fig. A.3 is only a measurement of relative error.

Figure A.3: Convergence of (a) GL position and (b) maximum tensile stress
σxx,max with decreasing element size ∆x (12.5 m, 25 m, 50 m, 100 m). For sim-
plicity, we denote σxx,max by σ without causing any confusion. Here xg,e and σe

denote the exact solution to the GL position and maximum tensile stress σxx,max,
respectively. || · || is the L2 norm taken over time.
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A.5 Simulation with real bed topography

In Fig. A.4 we present model results using the real bed topography shown in

Fig. 3.1e (Morlighem et al., 2017, 2020). For comparison, the physical properties

of ice and basal slipperiness C are kept the same as in idealised models with a lin-

ear bed. The jagged variation of xg(t) is a consequence of the use of coarse grids

near the grounding line for convergence. While the tidal stress and grounding-

zone width are modified by bed undulation, the results have an equivalent order

of magnitude to the case with linear bed topography, indicating the importance of

tidal stress regardless of bed roughness. Therefore, we use the linear bed topog-

raphy in the model.

Figure A.4: Tidal response of the Amery Ice Shelf with real bed topography. (a)–
(d) Deviatoric tensile stress τxx in one tidal period. (e) The maximum tensile stress
σxx,max (blue) on the top boundary within the lake region (x̄g − 0.5 km ≤ x ≤
x̄g + 0.5 km) and the GL position xg (red) versus time (scaled by the tidal period
T ) with positive values representing downstream migration. Vertical dashed lines
show the time of panels (a)-(d).
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A.6 Viscoelastic Euler-Bernoulli beam model

We follow the derivation by Walker et al. (2013). The force balance for an Euler-

Bernoulli beam suggests

∂2M

∂x2
= −q, (A.7)

M (x) =

ˆ h
2

−h
2

σxxzdz, (A.8)

where M is the bending moment, x is the horizontal coordinate, t is time, w (x, t)

is the beam deflection, q is the distributed force, h is the beam thickness and z is

the z-coordinate with z = 0 on the neutral plane.

Neglecting the advection, the Maxwell viscoelastic constitutional law is

Dσxx

Dt
=

∂σxx

∂t
= E

(
∂εxx
∂t

− 1

2η
σxx

)
, (A.9)

where E is the modified Young’s modulus for plane strain, ν is Poisson’s ratio and

η is the viscosity that is assumed to be a constant in the following discussion.

The net strain εxx is related to the curvature κ as

εxx = −κz = −z
∂2w

∂x2
(A.10)

Substituting Eq. A.9 and Eq. A.10 into (A.8) gives

(
∂

∂t
+

E

2νs

)
M = −

[
Eh3

12

∂

∂t

∂2w

∂x2

]
. (A.11)
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Finally, substituting Eq. A.11 into Eq. A.7 gives the governing equation for w (x, t)

∂

∂t

[
∂2

∂x2

(
EI

∂2w

∂x2

)]
=

∂q (x, t)

∂t
+

E

2η
q (x, t) . (A.12)

When q(x) = −ρwgw(x, t), we have Eq. 5.7, which is the governing equation for

viscoelastic flexure problems in terms of w.

A.6.1 Boundary conditions

The boundary conditions at the ice-shelf edge is

M = Me, x = 0,

Q =
∂M

∂x
= Qe, x = 0.

(A.13)

Applying the operator
(

∂

∂t
+

E

2η

)
to Eq. A.13, then substituting Eq. A.8 and

Eq. A.10, we obtain

(
∂

∂t
+

E

2η

)
M = −

ˆ +h/2

−h/2

E
∂

∂t

∂2w

∂x2
z2dz = −EI

∂

∂t

∂2w

∂x2
=

(
∂

∂t
+

E

2η

)
Me, x = 0(

∂

∂t
+

E

2η

)
Q = −EI

∂

∂t

∂3w

∂x3
=

(
∂

∂t
+

E

2η

)
Qe, x = 0.

(A.14)

Eq. A.14 can be integrated over time from 0 to t to obtain

ˆ t

0

E

2η
Medτ +Me −Me,0 = −EI

[
∂2w

∂x2
− ∂2w0

∂x2

]
, x = 0,

ˆ t

0

E

2η
Qedτ +Qe −Qe,0 = −EI

[
∂3w

∂x3
− ∂3w0

∂x3

]
, x = 0,

(A.15)

If Qe = Qe,0, Eq. A.15 is reduced to the boundary condition Eq. 5.8.
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